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Abstract

In the early 1980s, the forum of ordinal analysis switched from analysing subsystems of second
order arithmetic and theories of inductive definitions to set theories. The new results were much
more uniform and elegant than their predecessors. This thesis uses techniques for the ordinal
analysis of set theories developed over the past 30 years to extract some useful information

about Kripke Platek set theory, KP and some related theories.

First I give a classification of the provably total set functions of KP, this result is reminiscent
of a classic theorem of ordinal analysis, characterising the provably total recursive functions of

Peano Arithmetic, PA.

For the remainder of the thesis the focus switches to intuitionistic theories. Firstly, a detailed
rendering of the ordinal analysis of intuitionistic Kripke-Platek set theory, IKP, is given. This
is done in such a way as to demonstrate that IKP has the existence property for its verifiable
¥ sentences. Combined with the results of [40] this has important implications for constructive

set theory.

It was shown in [42] that sometimes the tools of ordinal analysis can be applied in the context of
strong set-theoretic axioms such as power set to obtain a characterisation of a theory in terms of
provable heights of the cumulative hierarchy. In the final two chapters this machinery is applied
to ‘scale up’ the earlier result about IKP to two stronger theories IKP(P) and IKP(E). In
the case of IKP(E) this required considerable new technical legwork. These results also have

important applications within constructive set theory.
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Chapter 1

Introduction

Ordinal analysis is a collection of tools and techniques that allow the extraction of certain kinds
of information about a formal theory. This thesis is focused on applying these techniques to
theories related to Kripke-Platek set theory, KP. It could be seen as an attempt at answering

the question:
What extra information can we learn from the ordinal analysis of KP?

Firstly the techniques are used to say something about how KP deals with set functions. Next
the techniques are transferred to the intuitionistic case and put to good use in creating definable
witnesses for existential theorems. Finally these techniques are ‘scaled up’ to say something
useful about two more intuitionistic theories related to KP, but of much higher proof theoretic

strength than those traditionally analysed in ordinal analyses.

1.1 A brief history of ordinal analysis

Ordinal analysis is the process of characterising a formal theory by the assignment of a transfinite
ordinal, which somehow measures its ‘proof theoretic strength’. The first example of an ordinal
analysis came in the form of Gentzen’s consistency proof for arithmetic in 1936 [15]. Gentzen

showed that using transfinite induction up to the ordinal
go = least a. w® = «

one may prove the consistency of PA. In order to understand the significance of Gentzens
result it must be noted that he made use of transfinite induction only for primitive recursive
predicates and beyond that only finitistically justifiable arguments. Thus a more accurate (and

modern) statement of Gentzen’s result could be

(1) PRA + PR-TI(¢p) - Con(PA).



It is now fairly commonly accepted that ‘finitistic means’ can be accurately described by the

theory of Primitive Recursive Arithmetic PRA ([50]). Gentzen also showed that
(2) PA - PR-TI(«) for any o < eo.

The intuition strongly suggested by (1) and (2) is that the ordinal g somehow ‘measures’
the strength of PA. Over the years following Gentzen’s paper the concept of the proof theoretic
ordinal of a theory was made rigorous. Ordinal analyses were carried out for ever stronger

theories with ever higher corresponding proof theoretic ordinals.

In 1964 Feferman [9] and Schiitte [45], [46] independently determined I'g as the ‘limit of
predicativity’, the proof theoretic ordinal of the theory of autonomous ramified progressions.
The next major step came from Takeuti who analysed systems of second order arithmetic (first
I} — CA [51] and then A} — CA [52]). This was the first time an ordinal analysis was obtained
for an impredicative theory. Next the field began to provide ordinal analyses for theories of

iterated inductive definitions (see Bucholz, Pohlers, Sieg and Feferman [5]).

However the landscape of ordinal analysis was dramatically changed in the early 1980s by
Jager [16], [17] and Jdger and Pohlers [19]. They began a switch from analysing subsystems
of second order arithmetic to analysing set theories directly. This new field has been termed
admissible proof theory. The switch was a desirable one since the new methods employed were

more transparent and uniform across the analysis of different theories.

KP was of central importance in the new wave of ordinal analysis and has continued to be
the base theory over which ever stronger systems have been analysed. The strongest theory
that has so far been subjected to an ordinal analysis lies somewhere in the region of Il — CA

or even A} — CA [33], [38].

1.2 Kripke-Platek set theory

A common justification for the axioms of set theories such as ZF is by a description of a universe
of sets being created in ordinal stages. We imagine we have created a certain part of the universe
V, and then apply certain set building operations to form V1. For example if we have a set
x € V, and ¢(y) is a formula of set theory we may apply the axiom of separation to form the

set

yez| vy}



A feature that often goes unnoticed in such an operation is that the formula ¢ can contain
unbounded quantifiers. These quantifiers make reference to a completed universe of sets, of
which the new set we are attempting to create is already a member. This kind of definition is
called an impredicative definition and is philosophically troublesome to some mathematicians.

The axioms of replacement and power set give rise to similar concerns.

These worries lead Kripke [22] and Platek [28], in the mid 1960s, to axiomatise a set theory
that was compatible with the idea of a growing universe. This standpoint is known as predica-

tivism. The now accepted axioms of KP are

Extensionality: (Vz ea)(x € b)AN(Vz €b)(x € a) = a=b.

Foundation/Set Induction: Vz|[(Vy € z)F(y) — F(x)] — VzF(x)
for any formula F.

Pair: 32(z = {a,b}).
Union: 32(z = Ua).

Infinity: Jwlz £ DA (Vy € 2)(3z € 2)(y € 2)].
Ao-Separation: Jyly = {z € a| F(z)}]

for any Ap-formula F'(a).

Agp-Collection: (Vz € a)IyG(z,y) — Fz(Vz € a)(Jy € 2)G(x,y)
for any Ap-formula G.

A Ay formula is one in which no unbounded quantifiers appear. Note that in [3] infinity is
not included in the definition of KP, however in proof theory it is now considered convention
to include it. Whilst it has been argued that KP doesn’t fall into the most stringent definition
of a predicative theory [9], [10], each of its axioms appear compatible with the idea of a growing

universe, making it more philosophically palatable to the predicativists than, for example, ZF.

Philosophy aside, KP has turned out to be an interesting and rich area of study. One reason
for this is that the vast majority of ordinary mathematics and even set theory can be carried
out in KP. KP turns out to be the ‘right’ theory for extending recursion theory to the ordinals.
Moreover, models of KP, the so-called admissible sets have been a major source of interaction

between different areas of logic: recursion theory, model theory and set theory [3].



1.3 Proof theoretic ordinals

The compelling intuition arising from Gentzens result is that the ordinal €y somehow ‘measures’
the strength of Peano Arithmetic. The immediate thought on how to generalise this measure

leads to the following definition of the proof theoretic ordinal of a theory T,
(3) | T | oo := least .  PRA + TI(«) = Con(T).

The problem with this definition is that it’s not clear how we are to represent ordinals in PRA..
In fact, it is always possible (see [34]) to cook up an ordering <7 on the natural numbers, with
order type w such that

PRA + TI(<r) - Con(T).

Apparently making a mockery of the measure |T"|,,. The ordering <7 is highly pathological
and ‘unnatural’, effectively coding up the consistency of T" into the definition of the ordering.
It has long been suggested ([20], [11], [12]) that if one restricted to ‘natural’ well orderings, it
should be possible to restore the dignity of | T'|,,. However, it has proved very difficult to find
a rigorous definition of a ‘natural’ ordinal representation system which excludes all pathological
counter-examples [34]. It is thus desirable to distill what is meant by the definition of |1 |~,,

into a more rigorous mathematical framework, devoid of the word ‘natural’.

For simplicity let us assume 7" is a theory that allows quantification over subsets of N (e.g.
a subsystem of second order arithmetic or a set theory) and that 7' comprises ACA(. Suppose
A C N and < is an ordering on A, such that (A, <) is definable in the language of T'. Let
LO(A, <) be the formula of T" expressing that (A, <) is a linear ordering. We define

WO(A, <) :=LO(A, <) A
(VX CN)[(Vu e A)[(Vv <u)(veE X) v ue X]— (Yue A)(ue X)].

An ordinal « is said to be provably recursive in T if there is a well ordering (A, <), which is

provably recursive in T and of the same order type as «, such that
THWO(A,<).

We then define

| T'|gyp »= sup{e [ v is provably recursive in T'}.

It turns out that |T'|,, is a much more robust measure than |7'[q,, [34]. The following

observation is from [34] p9.



Observation 1.3.1. “Fvery ordinal analysis that has so far appeared in the literature has
provided a primitive recursive ordinal notation system (A, <) such that T is proof theoretically
reducible to PA + (J,ca TI(Alq, <|a). Moreover, if T is a classical theory then T and PA +
Uasea TI(Alq, <la) prove the same arithmetic sentences and if T is an intuitionistic theory then
T and HA + U,c 4 TI(Al4, <|a) prove the same arithmetic sentences. Furthermore, |T |
|<].”

sup

Chapter 3 provides an ordinal analysis in the sense of 1.3.1 for IKP. However, since the
publication of [34] a new application of the techniques of ordinal analysis has been pioneered,

that of relativised ordinal analysis.

Power Kripke-Platek Set theory KP(P) is formed from KP by adding the power set axiom
and allowing the power set operation as primitive in the Ag separation and collection schemas.
Owing to power set, the proof theoretic strength of KP(P) dwarfs all theories for which an
ordinal analysis (in the sense of 1.3.1) has been carried out to date. Let PRST be the weak
system of set theory, containing basic operations on sets and the defining axioms for the primitive
recursive set functions (see [30]), let IPRST stand for PRST formulated with intuitionistic
logic. Extractable from [42] is a proof theoretic reduction of KP(P) to a weak system of
set theory, e.g. PRST, plus transfinite iterations of the power set construction up to but
not including the Bachmann-Howard ordinal. When compared with 1.3.1, this looks like a
‘scaled up’ version of ordinal analysis. In a similar vein chapters 4 and 5 can be seen as giving
reductions of IKP(P) and IKP(£) to PRST plus transfinite iterations of the power set or
set-exponentiation operation. Or more precisely, showing that IKP(P) and IKP(E) prove
the same Y sentences as IPRST together with transfinite iterations of the power set or set

exponentiation operation up to but not including the Bachmann-Howard ordinal.

1.4 The existence property

Intuitionistic theories often possess pleasing meta-mathematical properties in comparison to
their classical counterparts, such as the disjunction property. For an intuitionistic theory T'
where quantifiers range over natural numbers, it is often relatively straight forward to show
the numerical existence property, i.e. If T F JzA(x) then there is some n such that T+ A(n)
(provided A contains no other free variables). The numerical existence property can also be
required of a set theory. A set theory T has the numerical existence property if whenever
T+ (3z € w)A(z), there is some n such that 7'+ A(n). It turns out that most intuitionistic and

constructive set theories have the numerical existence property [36], [39]. However, extending



this property to unbounded existential set quantifiers poses significant technical challenges and

turns out to be impossible in some cases.

Definition 1.4.1. Let T be a theory formulated in a language containing the language of set
theory and A(z) be a formula from the language of T' with no free variables other than z. T is
said to have the ezistence property if whenever T'+ Jx A(x) there is a formula B(x) with exactly
x free such that

T+ 3lz[B(x) A A(x)].

T is said to have the weak existence property if whenever T+ 3xA(x), there is some formula

C'(y) with exactly y free, such that
T+ yC(y) AVx(C(x) — Jy(y € x)) AVy[C(y) — (Vz € y)A(x)].
The weak existence property asks for a definable, inhabited set of witnesses.

Intuitionistic Zermelo-Fraenkel set theory IZF, formulated with collection, does not possess
the existence property or even the weak existence property [14], [40]. However IZF formulated
with replacement instead of collection does have the existence property [26]. The comparison of
these two results indicates that somehow the collection axiom hinders the defining of witnesses

in intuitionistic set theories, this led Beeson ([4] IX.1) to ask
Does any reasonable set theory with collection have the existence property?

Perhaps the most studied form of constructive set theory is Constructive Zermelo Fraenkel set
theory CZF ([1], [2]). It was shown in [49] that CZF possesses neither the existence property or
the weak existence property. Since CZF contains the axiom subset collection, again collection

is indicated in the breakdown of the existence property.

Three theories arising in the study of CZF are CZF~, CZF¢ and CZF?. CZF~ arises
from CZF by omitting the subset collection axiom, CZF¢ and CZF” then arise from CZF~
by adding the exponentiation and power set axioms respectively. We have the following easy

relationships between the theories
CZF~ 4 CZF¢ 4 CZF 4 CZF”.

These implications cannot be reversed. That CZF I/ CZF” comes from the fact that CZF”
has much stronger proof theoretic strength that CZF [2], [41]. The fact that CZF® I CZF
was shown in [24]. It was shown in [40] that CZF~, CZF® and CZF” all have the weak
existence property. Also given in [40] were reductions to three versions of intuitionistic Kripke-

Platek set theory, IKP, IKP(P) and IKP(E), these reductions were given in such a way that



if the latter theories possessed the existence property for certain restricted classes of formulae
then the corresponding versions of CZF would possess the full existence property. It is thus
desirable to prove that these three versions of IKP have the existence property for ¥, 7 and
¢ formulae respectively. This is where ordinal analysis enters the stage. The strategy is to
embed the three versions of IKP into corresponding infinitary systems, then remove problematic
inferences (such as collection) from the infinite derivations of existential statements, then show
that from these transformed derivations we can extract a witnessing term from the infinitary
system. In chapter 3 this programme is carried out in full for IKP, thus confirming that CZF~
has the existence property. In chapters 4 and 5 we define infinitary systems corresponding to
IKP(P) and IKP(&) respectively. We then remove problematic inferences for derivations of
existential statements in these infinitary systems. The final step of extracting witnessing terms
from these transformed derivations, thus confirming that CZF” and CZF¢ have the existence

property, will be carried out in [43].

1.5 Outline of the thesis

The first section of this thesis is concerned with classifying the provably total set-functions of
KP. A classic result from ordinal analysis is the characterisation of the provably recursive
functions of Peano Arithmetic, PA, by means of the fast growing hierarchy [7]. Whilst it is
possible to formulate the natural numbers within KP, the theory speaks primarily about sets.
For this reason it is desirable to obtain a characterisation of its provably total set functions. We
will show that KP proves the totality of a set function precisely when it falls within a hierarchy

of set functions based upon a relativised constructible hierarchy.

The third chapter will be concerned with performing an ordinal analysis of Kripke-Platek
set theory formulated with intuitionistic logic; IKP. This will be carried out in such a way
that if IKP proves a Y-sentence A, we can computably extract a term s from the pertaining
infinitary system, which witnesses A. This enables us to prove that IKP has the existence
property for its verifiable 3 sentences. This has important applications within constructive set
theory. in particular, when combined with the results of [40], this chapter confirms that CZF~

has the existence property.

Chapter 4 provides a relativised ordinal analysis for intuitionistic power Kripke-Platek set
theory IKP(P), which comprises IKP but where the operation power-set is allowed as primitive

in the separation and collection schemas. In particular IKP(P) proves the power set axiom.



The relativised ordinal analysis for the classical version of the theory, KP(P), was carried out
n [42], the work in this chapter adapts the techniques from that paper to the intuitionistic
case. Whilst full cut-elimination cannot be attained, these results allow the classification of the

theory in terms of provable heights of the Von-Neumann hierarchy.

The final chapter provides a relativised ordinal analysis for intuitionistic exponentiation
Kripke-Platek set theory IKP(E), which comprises IKP and where the operation of set-
exponentiation is allowed as primitive in the separation and collection schemas. Given sets
a and b, set-exponentiation allows the formation of the set ®b, of all functions from a to b. This
work allows us to classify the theory in terms of the provable height of an exponentiation hier-
archy. This system was much more difficult to analyse than IKP(P) and posed considerable
technical challenges. A particular problem was assigning an ordinal level to the formal terms of
the infinitary system. Ultimately this turned out to be impossible and had to be dealt with by
allowing level declarations in the hypothesis, the level of a term becomes a dynamic property
requiring its own derivation in the infinitary system. As far as I know the ideas in this chapter

is new.

The results of the final two chapters also have important applications within constructive
set theory. In particular, when combined with the results of [40] they provide an important step
on the way to proving that the theories CZF” and CZF¥¢ have the full existence property, the
final part of this proof will appear given in [43].



Chapter 2

A classification of the provably total

set functions of KP

A major application of the techniques of ordinal analysis has been the classification of the prov-
ably total recursive functions of a theory. Usually the theories to which this methodology has
been applied have been arithmetic theories, in that context it makes most sense to speak about
arithmetic functions. The concept of a recursive function on natural numbers and be extended
to a more general recursion theory on arbitrary sets. For more details see [25], [27] and [44].
Since KP speaks primarily about sets, it is perhaps desirable to obtain a classification of its

provably total recursive set functions.

To provide some context we first state a classic result from proof theory, the classification of
the provably total recursive functions of PA. This result probably first appeared in [21], [23]
and [48], was considerably simplified by Bucholz and Wainer in [7] and has been carried out
in much greater generality by Weiermann in [54]. For the following definitions, suppose we
have an ordinal representation system for ordinals below £y, together with an assignment of
fundamental sequences to the limit ordinal terms. For an ordinal term «, let o, denote the n-th
element of fundamental sequence for «, ie. a,41 < oy, and sup, (o) = . There are certain

technical properties that such an assignment must satisfy, these will not be gone into here, for

a detailed presentation see [7].

Definition 2.0.1. For each o < ¢y we define the function F, : w — w by transfinite recursion



as follows

Fy(n):=n+1
n+1
——
Foi1(n) := F(n) (= Fyo...0 Fy(n))
Fy(n) :=F,,(n) if ais a limit.

This hierarchy is known as the fast growing hierarchy. Given unary functions on the natural
numbers f and g, we say that f majorises g if theres is some n such that (Vm > n)(g(m) <
f(m)). For a recursive function f let A¢(n,m) be the ¥ formula expressing that on input n
the turing machine for computing f outputs m, to avoid frustrating counter examples let us

suppose Ay does this in some ‘natural” way.

Theorem 2.0.2. Suppose f :w — w is a recursive function. Then
i) If PA FVa3lyAs(z,y) then f is majorised by F,, for some a < .
ii) PA - Vz3lyAg, (z,y) for every a < go.

Proof. This classic result is proved in full in [7]. 0

This chapter will be focused on obtaining a similar result for the provably total set functions
of KP. A similar role to the fast growing hierarchy in Theorem 2.0.2 will be played by the

relativised constructible hierarchy.

Definition 2.0.3. Let X be any set. We may relativise the constructible hierarchy to X as

follows:

Lo(X) :=TC({X}) the transitive closure of {X}
Lot1(X) :={B C Lo(X) : B is definable over (L,(X),€)}
Lo(X) == | J Le(X)  when 6 is a limit.
£<0

In section 1. we build an ordinal notation system relativised to an arbitrary well ordering,
this will be used for the rest of the chapter. In section 2. we define the infinitary system
RSq(X), based on the relativised constructible hierarchy and show that we can eliminate cuts
for derivations of ¥ formulae. In section 3. we embed KP into RSq(X), allowing us to obtain
cut free infinitary derivations of KP provable ¥ formulae. In section 4. we give a well ordering
proof in KP for the ordinal notation system given in section 1. Finally we combine the results
of this chapter to give a classification of the provably total set functions of KP. This result,
whilst perhaps known to those who have thought hard about these things, has not appeared in

the literature to date.

10



2.1 A relativised ordinal notation system

The aim of this section is to relativise the construction of the Bachmann-Howard ordinal to
contain an arbitrary well ordering W := (X, <). We will construct an ordinal representation
system that will be primitive recursive given access to an oracle for W. Here the notion of
recursive and primitive recursive is extended to arbitrary sets, see [27] or [44] for more detail.
The construction of an ordinal representation system for the Bachmann-Howard ordinal is now
fairly standard in proof theory, carried out for example in [6]. Intuitively our system will appear
similar, only the ordering W will be inserted as an initial segment before new ordinals start

being ‘named’ via the collapsing function.

Before defining the formal terms and the procedure for computing their ordering, it is infor-
mative to give definitions for the corresponding ordinals and ordinal functions themselves. To
this end we will begin working in ZFC, later it will become clear that the necessary ordinals
can be expressed as formal terms and comparisons between these terms can be made primitive

recursively relative to W.

In what follows ON will denote the class of all ordinals. First we require some information

about the ¢ function on ordinals. These definitions and results are well known, see [47].

Definition 2.1.1. For each a € ON we define a class of ordinals Cr(a) € ON and a class
function

Yo : ON — ON
by transfinite recursion.
i) Cr(0) == {w? | # € ON} and p(8) := wP.
if) For a > 0 Cr(a) == {B] (%7 < a)(¢,(8) = B)}.

iii) For each o € ON ¢, (+) is the function enumerating Cr(«).

The convention is to write paf3 instead of ¢, (5). An ordinal g € Cr(0) is often referred to as
additive principal, since for all 51, f2 < § we have 81 + B2 < S.

Theorem 2.1.2.

a; < ag and B = pafs
i) pa161 = pagfy if and only if ¢ or a1 =as and 1=/

or az<a; and paif; = Fo.

11



ap <az and 1 < pasfs
ii) pafB1 < pagPs if and only if ¢ or a3 =@ and B < B
or as<a; and @aif < fo.

iii) For any additive principal 8 there are unique ordinals §; < f and B2 < [ such that

B = ¢b1B2.
Proof. This result is proved in full in [47]. 0
Definition 2.1.3. We define I'(.) : ON — ON to be the class function enumerating the ordinals

B such that for all 81,82 < 8 we have 3132 < 8. Ordinals of the form I'g will be referred to

as strongly critical.

Now let § € ON be the unique ordinal corresponding to the order type of the well ordering W.

Definition 2.1.4. Let Qy be the least uncountable cardinal greater than 6. The sets By(a) C
ON and ordinals 1g(«) are defined by transfinite recursion on « as follows:

Bg(a) := Closure of {0,Q} U{I's : 8 <0} under +, ¢ and ¢glq

Yo(e) :=min{B : B ¢ By(a)}
For the remainder of this section, since 6 remains fixed, the subscripts will be dropped from g,
By and vy to improve readability. At first glance it may appear strange having the elements
from 6 inserted into the I'-numbers. Ultimately we aim to have + and ¢ as primitive symbols
in our notation system, simply having 6 as an initial segment here would cause problems with

unique representation. Some ordinals could get a name directly from 6 and other names by

applying + and ¢ to smaller elements.
Lemma 2.1.5. For each o € ON:
i) The cardinality of B(«) is max{Xy, |#|}, where || denotes the cardinality of 6.
ii) Ya < Q.
Proof. 1) Let
BY(a) ={0,2} U{Ty : 5 <0)
B"(a) :=B"(a) U{{+ 1 : &n € B"(a)}

U{pén = &n € B"(a)}
U{y¢ : £ € B"(a) Na}.

Observe that B(a) = Up<,B"(a), this can be proved by a straightforward induction on n.

12



If 6 is finite then, again by induction on n, we can show that each B™(«) is also finite. Since

B(«) is a countable union of finite sets and w C B(«) it follows that it must have cardinality Rg.

Now suppose € is infinite, so B(«) is the countable union of sets of cardinality |f| and thus also

has cardinality |6|.
ii) If o > Q then Q C B(«) contradicting i). 0

Lemma 2.1.6.

i) If v <4 then B(vy) C B(0) and 1y < 0.

ii) If v € B(6) N6 then 1y < 9d.

iii) If v < ¢ and [y,9) N B(y) = 0 then B(y) = B(9).

iv) If £ is a limit then B(§) = U, B(n).

v) 1y is a strongly critical and 1y > I'gyq.

vi) B(7) N9 = .

vii) If £ is a limit then 1§ = sup, . ¥n.

viii) ¥(y + 1) < (¢y)', where ' denotes the smallest strongly critical ordinal above 4.
ix) If a € B(a) then ¢(a+ 1) = (o).

x) If o ¢ B(a) then ¢(a + 1) = 9a and B(a + 1) = B(«).

xi) If v € B(y) and 6 € B(J) then [y < ¢ if and only if ¢y < 9d].

Proof. i) Suppose v < 4, now note that B(J) is closed under |5 which includes 1|, so
B(y) € B(6). From this it immediately follows from the definition that iy < 0.

ii) From v € B(d) Né we get ¢y € B(J), thus ¥y < 1§ b the definition of 4.

iii) It is enough to show that B(y) is closed under 9|s. Let § € B(y) and 5 < d, then by
assumption 8 < 7, thus ¢35 € B(7y).

iv) By i) we have U,¢B(n) C B(§). It remains to verify that Y := U, <¢B(n) is closed under
Ple. Solet 6§ € Y NE, since € is a limit there is some § < & such that § € Y N ¢y and there
is some & < & such that 6 € B(&;). Therefore 6 € B(£*) N &* where £* = max{p, &1}, thus
o e BE)CY.
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v) We may write the ordinal 1o in Cantor normal form, so that Ya = w* + ... + w* with
ay > ... > ap. Ifn > 1then ay, ..., a, < ¥a whih implies by the definition of ¥« that aq, ..., a,, €
B(a). But by closure of B(a) under + and ¢ we get ¢0a; + ... + p0ay, = w®! + ..w* € B(«)
contradicting Ya ¢ B(«). Thus 1« is additive principal and it follows from Theroem 2.1.2iii)
that we may find ordinals v < o and § < ¥« such that Yo = @yd. If § > 0 then v < Y since
v < 70 < @7d, but if §, v < 1o then we have 6,y € B(a) and hence ¢vé € B(«) contradicting
Yo ¢ B(a). Thus Ya = ¢70, but if v < ¥a then again we get 0 € B(«); a contradiction. So
it must be the case that ¥a = v, ie. Y« is additive principal.

For the second part note that 1o # I'g for any 8 < 6 since by definition each such I's € B(«).

vi) By 2.1.5ii) and the definition of ¢ it is clear that ya C B(a) N 2. Now let
Y :=¢9paU{d>Q|de Bla)}

by v) Y contains 0, and I'g for # < 6, moreover it is closed under + and ¢. It remains to

show that Y is closed under 1|4, this follows immediately from ii).

vii) Let £ be a limit ordinal. Using parts vi), iv) and i) we have

P& = B(§) NQ = (Up<eB(n)) N Q= Upce(B(n) N Q) = Upcethn = sup, 9.
viii) Let
Y := (a)' U{6 > Q|6 e B(a)}.

Y is closed under + and ¢, also it contans I'g for any § < 6 by v). Moreover it contains 1~y
for any v < a by i), so it is closed under 9| (41). Therefore Y must contain B(a + 1), and so

Yla+1) < (Yot

ix) From o € B(a) we get @ € B(a + 1), it then follows from ii) that Ya < ¥(a + 1).
Thus (o + 1) < ()t by viii) and ¥(a + 1) > (Ya)! from v), so it must be the case that
P(a+1) = (da)t.

x) Suppose o ¢ B(a), then [, 4+ 1) N B(«) = () so we may apply iii) to give B(aw+ 1) = B(«)
from which ¥ (a + 1) = ¥« follows immediately.

xi) Suppose v € B(7) and 6 € B(§). If v < § then from ix) we get (v + 1) = () > 9, but
by i) (v + 1) < 96.

Now if ¢y < 1§ then from the contraposition of i) we get v < 4. O
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Definition 2.1.7. We write

i) a=yrar+..+apifa=a;+...+ay,n>1, a,..,«a, are additive principal numbers and

o1 > ... 2 Q.
i) a=np @y if a =@y and 7,5 < pvd.
iii) o =np Yy if @ =4y and v € B(y)
Lemma 2.1.8.
i) If o =nF a1 + ... + a, then for any n € ON

a € B(n) ifandonly if «y,...,a, € B(n).

ii) If @« =np @70 then for any n € ON

a € B(n) ifand only if ~,d € B(n).

iii) If & =np ¥y then for any n € ON

a € B(n) ifand only if ~ € B(n)Nn.

Proof. 1) Suppose o =nf 1 + ... + oy, the < direction is clear from the closure of B(n) under
+. For the other direction let
0 ifa=0
AP(a) := { {a} if a is additive principal
{a1,..,an} fa=ypaj+.+a,
AP(«) stands for the additive predecessors of a.. Now let
Yi={y e B(n) [AP(y) € B(n)}.

Observe that 0,Q € Y and {I's | 8 < 6§} C Y. Now choose any 7,6 € Y, we have AP(y + ) C
AP(v) U AP(0) C B(n), thus Y is closed under +. Now AP(¢vd) = {p7yd} since the range of
¢ is the additive principal numbers thus Y is closed under ¢. Finally AP(¢y) = {47} for any
v €Y NnsoY is closed under v|,. It follows that B(n) C Y and thus the other direction is

proved.

ii) Again the < direction follows immediately from the closure of B(n) under ¢. For the other

direction we let )

0 ifa=0
{a} if « is strongly critical

{76} ifa=nr ey

{aq,..,an}t fa=yFa;+ ..+ a.
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for want of a better phrase PP(«) stands for the predicative predecessors of a. Now set

Y :={y € B(n)|PP(y) C B(n)}

It is easily seen that Y contains 0,2 and I'g for any g < 0. PP(y+d) C PP(y)UPP(0) soY
is closed under +. PP(pv6) C {v,d} so Y is closed under ¢. Finally PP(¢y) = {47} for any
v < n by 2.1.6v). It follows that Y must contain B(n), which proves the = direction.

ili) Suppose a =nF 1y, the < direction is clear by the closure of B(n) under |,. For the
other direction suppose o € B(7n), from this we get 1y < 1n which gives us v < n. Now by
assumption v € B(v), and B(y) € B(n) so v € B(n) Nn. O

In order to create an ordinal notation system from the ordinal functions described above, we
single out a set R(#) of ordinals which have a unique canonical description.

Definition 2.1.9. We give an inductive definition of the set R(f), and the complexity Ga < w
for every a € R(0)

(R1) 0,9 € R(A) and GO := GQ := 0.
(R2) For each f <0, I's € R(#) and GI'3 := 0.

(R3) Ifa=nF a1+...4ap and oy, ..., € R(0) then o € R(0) and Gov := max{Gay, ..., Ga, }+
1.

(R4) If 7,6 < Q, a =nF ¢y and 7,0 € R(A) then a € R(A) and Ga := max{Gv,Gd} + 1.
(R5) If v > Q, a =nF 90y and v € R(0) then a € R(#) and G := Gy + 1
(R6) If « =np ¢y and v € R(0) then o € R(A) and G := Gy + 1

Lemma 2.1.10. Every element o € R(0) is included due to precisely one of the rules (R1)-(R6)
and thus the complexity Ga is uniquely defined.

Proof. This follows immediately from 2.1.8. O
Our goal is to turn R(f) into a formal representation system, the main obstacle to this is that

it is not immediately clear how to deal with the constraint v € B(y) in a computable way. This

problem leads to the following definition.

Definition 2.1.11. To each a € R(f) we assign a set K« of ordinal terms by induction on the

complexity Ga:

(K1) K0:=KQ:=KI'g:=( for all 8 <.
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(K2) If o =yp a1 + ... + oy then Ko := Koy U ... U Kay,.
(K3) If @ =nF ¢y6 then Ka := Ky U K.

(K4) If o =nyF ¢y then Ko := {y} U K~.

Ko consists of the ordinals that occur as arguments of the 1) function in the normal form
representation of ow. Note that each ordinal in K« belongs to R(6) itself and has complexity

lower than Goa.

Lemma 2.1.12. For any a,n € R(0)
a € B(n) ifand only if (V€ € Ka)( <n)

Proof. The proof is by induction on Ga. If Ga = 0 then « € B(n) for any 1, and Ka = () by
(K1) so the result holds.

Case 1. If a =nF a1 + ... + ay, then a € B(n) iff oy, ..., € B(n) by 2.1.81). Now inductively
al,...,on € B(n) iff (V€ € Koy U...UKay)(§ <n), but by (K2) Ka=Kaj U...U Kay,.

Case 2. If @ =nF ¢y we may argue in a similar fashion to Case 1, using 2.1.8ii) and (K3)

instead.

Case 3. If « =y 9y then « € B(n) iff v € B(n) Nn by 2.1.8iii). Now by induction hypothesis
v € B(n)Nniff (V& € Kv)(§ < n)andy < n, and by (K4) this occurs precisely when (V¢ €
Ka)(€ <) .

Recall that 6 is the ordinal corresponding to the order type of the well ordering W = (X, <).
Let

Lw:=10,Q,+, 0,0} U{l; : € X} and

Ly : = {s | s is a finite string of symbols from Ly }.

Now let T'(W) C Lj;, be the set of strings that correspond to ordinals in R(f) expressed in
normal form. Owing to Lemma 2.1.10 there is a one to one correspondence between T'(W) and
R(6). The ordering on T(W) induced from the ordering of the ordinals in R(f) will be denoted
<. To differentiate between elements of the two sets, greek letters «, 5,7,1,&, ... range over

ordinals and roman letters a,b,c,d, e, ... range over finite strings from Lj;,.

Theorem 2.1.13. Suppose W = (X, <) is an arbitrary well ordering. The set T'(W) and the

relation < on T'(W) are primitive recursive in W.
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Proof. We need to provide the following two procedures
A) A W-primitive recursive procedure which decides for a € £}, whether a € T(W).

B) A W-primitive recursive procedure which decides for non-identical a,b € T(W') whether
a<borb=<a.

We define A) and B) simultaneously by induction on the term complexity Ga.
For the base stage of A) we have 0,Q € T(W) and I';, € T(W) for all x € X.

For the base stage of B) we have 0 < I', < Q for all x € X and the terms I', inherit the

ordering from W, for which we have access to an oracle.
For the inductive stage of A) we require the following 3 things:

A1) A W-primitive recursive procedure that on input ai,...,a, € T(W) decides whether
ai+ ...+ a, € T(W).

A2) A W-primitive recursive procedure that on input a1, as € T(W) decides whether pajas €
T(W).

A3) A W-primitive recursive procedure that on input a € T(W') decides whether va € T'(W).

For A1) we need to decide if n > 1 and if a; > ... = a,, which we can do by the induction
hypothesis. We also need to decide if aq, ..., a,, are additive principal; all terms other than those

of the form by + ... + b, (m > 1) and 0 are additive principal.

For A2), First let ORDyy denote the set of Ly strings which represent an ordinal (not neces-
sarily in normal form), ie. each function symbol has the correct arity. Next we define the set of

strings which correspond to the strongly critical ordinals.
SCw :={Q}uU{l'y : € X}U{a € ORDw : a= b}

We may decide membership of SCy in a W-primitive recursive fashion. For the decision

procedure we split into cases based upon the form of as:
i) If aa = 0 then gajas € T(W) whenever a; ¢ SCy
ii) If ag € SCw then pajas € T(W) whenever a; = az and ay # Q.

iii) If ag = Q then pajas € T(W) exactly when a; = 0.
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iv) If ag = b1 + ... + by, < Q, with n > 1 then pajay € T(W) regardless of the form of a;.
iv) If as = pb1by < Q then pajas € T(W) whenever ay = b;.

For a rigourous treatment of the ¢ function see [47].

The function K from Definition 2.1.11 lifts to a W-primitive recursive function on 7'(W'). More-
over every b € Ka is a member of T(W) of lower complexity than a. Owing to Lemma 2.1.12,
for the decision procedure A3) we may first compute Ka, then check whether (Vb € Ka)(b < a),
which we may do by the induction hypothesis.

Finally for the inductive stage of B), given two elements of T'(W) we may decide their ordering

using the following procedure.

B1) 0 < a for every a # 0.

B2) I'; < Q for every z € X.

B3) The elements I', inherit the ordering from W.

B4) If a € SCy or a = pbc then a1 + ... + a, < a if a1 < a.
B5) If a € SCp then pbc < a if b, c < a.

B6) b < Q for all b.

B7) ¢a > T, for all z € X.

B8) ai+...4ap < bi+...4bp, if n < mand (Vi < n)[a; = b
or 3 < min(n,m)[Vj < i(a; = b;) and a; < b;].

B9) pai1by < asbs if a1 < as A by < pasbs
oraj; =as A by < bs
or azg < ay A paiby < bs.

B10) va < ¢bif a < b.

2.2 A Tait-style sequent calculus formulation of KP

Definition 2.2.1. The language of KP consists of free variables ag, a1, ..., bound variables
xo, 1, ..., the binary predicate symbols €, ¢ and the logical symbols V, A,V, 3 as well as paren-
theses ), (.

19



The atomic formulas are those of the form

(a€b) , (aghb)

The formulas of K P are defined inductively by:

i) Atomic formulas are formulas.

ii) If A and B are formulas then so are AV B and A A B.

iii) If A(D) is a formula in which the bound variable x does not occur, then VzA(z), 3xA(x),
(Vx € a)A(z) and (Fz € a)A(x) are all formulas.

Quantifiers of the form 3z and Vz will be called unbounded and those of the form (3z € a) and

(Vz € a) will be referred to as bounded quantifiers.

A formula is said to be Ag if it contains no unbounded quantifiers. A formula is said to be X

(IT) if it contains no unbounded universal (existential) quantifiers.

The negation —A of a formula A is obtained from A by undergoing the following operations:

i) Replacing every occurrence of €,¢ with ¢,€ respectively.

ii) Replacing any occurrence of A, V,Vz, 3z, (Vz € a), (Ix € a) with V, A, Jz,Vz, (Ix € a), (Vx €

a) respectively.

Thus the negation of a formula A is in negation normal form. The expression A — B will be
considered shorthand for —A Vv B.

The expression a = b is to be treated as an abbreviation for (Va € a)(z € b) A (Vz € b)(z € a).

The derivations of KP take place in a Tait-style sequent calculus, finite sets of formulae denoted
by Greek capital letters are derived. Intuitively the sequent I' may be read as the disjunction

of formulae occuring in I.

The axioms of KP are:
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Logical axioms: T, A,—~A for any formula A.
Eztensionality: T',a =bA B(a) — B(b) for any formula B(a).
Pair: I3z(aezNbe z).
Union: I, 3z(Vy € 2)(Vz € y)(z € 2).
Ag-Separation: T, Jy[(Vx € y)(z € a A B(z)) A (Vo € a)(B(x) = x € y)]
for any Ag-formula B(a).
Set Induction:  T',Vz[(Vy € xF(y) — F(z)] — VaF(z) for any formula F(a).
Infinity: I 3z[(Fz € x)(z € x) AN(Vy € )(Fz € z)(y € 2)].
Ag-Collection: T, (Vz € a)IyG(z,y) = Iz(Vx € a)(3y € 2)G(z,y)
for any Ag-formula G.

The rules of inference are

M)RA T,B
T,ANB

W) T, A T,B
TAVB T1,AVB

I'yaebA F(a) I, F(a)
(63) I',(3z € b)F(x) 3 I, 3zF ()
I'aeb— F(a) T, F(a)
) T veevrm Y Tovar@
r'A T,-A

(Cut) T

In both (bV) and (V), the variable a must not be present in the conclusion, such a variable is

referred to as the eigenvariable of the inference.

The minor formulae of an inference are those rendered prominently in the premises, the other
formulae in the premises will be referred to as side formulae. The principal formula of an
inference is the one rendered prominently in the conclusion. Note that the principal formula
can also be a side formula of that inference, when this happens we say that there has been a

contraction. The rule (Cut) has no principal formula.

As an example of a KP derivation, it is informative to show that the bounded and unbounded

quantifiers interact with one another as expected.
Lemma 2.2.2. The following are derivable within KP:

i) (Vx € b)F(z) > Vz(x € b — F(x)).
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ii) (Jz € b)F(x) <> Jx(x € bA F(x)).

Proof. We verify only i) as the proof of ii) is very similar. First note that a € b A =F(a),a €
b — F(a) is a logical axiom of KP, we have the following derivation in KP.

ac€bA-F(a),a €b— Fl(a) ac€bA—-F(a),a €b— Fla)

(?3; (3z € b)—=F(z),a € b — F(a) (153,; Jz(x € bA-F(z)),a € b— F(a)
(V) twice (e € b)-F(z) velz € b = Flz)) (V) twice Jz(x € b A F(x)), (Vo € b)F(x)

") (Vz € b)F(x) — Va(z € b — F(x)) Ve(z € b— F(z)) — (Vo € b)F(x)

(Vx € b)F(x) <> Vz(z € b — F(x)) .

2.3 The infinitary system RSq(X)

Let X be an arbitrary (well founded) set and let 6 be the set-theoretic rank of X (hereby referred
to as the €-rank). Henceforth all ordinals are assumed to belong to the ordinal notation system
T'(0) developed in the previous section. The system RSq(X) will be an infinitary proof system
based on L (X); the relativised constructible hierarchy up to €.

Definition 2.3.1. We give an inductive definition of the set T of RSq(X) terms, to each term

t € T we assign an ordinal level |7 |

i) For every u € TC({X}), u € T and | 4| := [yapiu) [here rank(u) is the €-rank of v and TC

denotes the transitive closure operator.]
ii) For every a < Q, Lo(X) € T and |Lo(X) | :=To41 + .

iii) If « < Q, A(a,by,...,by,) is a formula of KP with all free variables displayed and si, ..., s,

are terms with levels less than I'g;; + o then
(& € La(X)[A(3, 51, ., 50)F= ]

is a term of level I'g;q + . Here the superscript L,(X) indicates that all unbounded
quantifiers occuring in A are replaced by quantifiers bounded by L, (X).

The terms of RS (X) are to be viewed as purely formal, syntactic objects. However their names
are highly suggestive of the intended interpretation in the relativised constructible hierarchy up
to Q.

Definition 2.3.2. The formulae of RSq(X) are of the form A(sy, ..., s,), where A(ay,...,a,) is
a formula of KP with all free variables displayed and s1, ..., s, are RSq(X) terms.

Formulae of the form % € v and @ ¢ v will be referred to as basic. The properties Ag, 3 and II

are inherited from KP formulae.
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Note that the system RSq(X) does not contain free variables

For the remainder of this section we shall refer to RSq(X) terms and formulae simply as terms

and formulae.

For any formula A we define

k(A) :={|t| |t occurs in A, subterms included}

U{Q | if A contains an unbounded quantifier}.
If T is a finite set of the RSo(X) formulae Ay, ..., A, then we define
E(T) = k(A1) U...UEk(A).
Abbreviations 2.3.3.
i) For RSq(X) terms s and t, the expression s =t will be considered as shorthand for

(Vz € s)(x €t) AN(Vz et)(z € s).

i) If |s| < |t], A(s,t) is an RSq(X) formula and < is a propositional connective we define:

setOA(s,t) ift=u
s €O A(s,t) == ¢ A(s, 1) if t =Lo(X)
B(s) O A(s,t) ift=[zeLy(X) | B(zx)]

Our aim will be to remove cuts from certain RSq(X) derivations of ¥ sentences. In order to
do this we need to express a certain kind of uniformity in infinite derivations. The right tool

for expressing this uniformity was developed by Bucholz in [8] and is termed operator control.
Definition 2.3.4. Let P(ON) :={Y : Y is a set of ordinals}. A class function
H : P(ON) — P(ON)
is called an Operator if the following conditions are satisfied for Y, Y’ € P(ON)
(H1) 0 e H(Y) and I's € H(Y) for any B <6 + 1.
(H2) If « =nF a1 + ... + oy, then a € H(Y) iff aq, ..., € H(Y).
(H3) If o =nF paias then a € H(Y) iff g, a0 € H(Y)

(H4) Y C H(Y)
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(H5) Y' CH(Y) = H(Y') CH(Y)

Note that this definition of operator, as with the infinitary system RSq(X) is dependent on the
set X and its €-rank 6.

Abbreviations 2.3.5. For an operator H:

i) We write a € H instead of a € H(().

ii) Likewise Y C H is shorthand for Y C H(0).

iii) For any RSq(X) term ¢, H[t](Y) := H(Y U|t]).

iv) If X is an RSq(X) formula or set of formulae then H[X](Y) := H(Y U k(X)).

Lemma 2.3.6. Let H be an operator s an RSq(X) term and X an RSq(X) formula or set of

formulae.

i) If Y CY’ then H(Y) C H(Y").

ii) H[s] and H[X] are operators.

iii) If |s| € H then H[s] = H.

iv) If k(X)) C H then H[X] = H.

Proof. These results are easily checked, they are proved in full in [35]. O
Definition 2.3.7. If H is an operator, o an ordinal and T" a finite set of RSq (X )-formulae, we

give an inductive definition of the relation H }E I’ by recursion on «a. (H-controlled derivability
in RSq(X).) We require always that

{a} UKT) CH

this condition will not be repeated in the inductive clauses pertaining to the axioms and inference

rules below. We have the following axioms:

HIE0aev if uwoeTC(X)anducv
HIE0u¢v if wveTC(X)andu ¢ v.

The following are the inference rules of RSq(X), the column on the right gives the requirements

on the ordinals, terms and formulae for each rule.

HIr, A #[ET,B

(N) " g, < o
HFET,AANB
Dr0 f Cc{AB
W) H T, zrsome € {A, B} a0 < a
HET,AVB
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Hs| F°T,s &t »r#s forall |s|<|t|

) HIET,r¢t

HIET, sEtAr=s
H }EI’,TEt

H[s] I°T,s €t — A(s) forall |s| < |t]

(bY) -
H T, (Vo € t)A(x)
b3) HIPD, s €tAA(s)
HET, 3z € t)Az)
) H]s] }—SI;,A(S) for all s
H T, Vo A(z)
3) H O}é— I, A(s)
H =T, Iz A(z)
(Cut) HI®r, A -4
HET
(S-Refq (X)) HEnA
H =T, 3247

A? results from A by restricting all unbounded quantifiers in A to z. The reason for the condition
preventing the derivation of basic formulas in the rules (€) and (¢) is to prevent derivations
of sequents which are already axioms, as this would cause a hindrance to cut-elimination. The

condition that |s| < I'g41 + « in (€) and (3) inferences will allow us to place bounds on the

location of witnesses in derivable ¥ formulas.

2.4 Cut elimination for RSq(X)

We need to keep track of the complexity of cuts appearing in a derivation, to this end we define

the rank of an RSq(X) formula.
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r € t is not basic

oy <
|| <1t
|s| <Toy1 +

r € t is not basic

as < «

oy < «o
[s| <|t]
|s| < Top1 +

ag < Qo

o) <

|s| <Toy1+

o) <

g, ) < «

A is a ¥ formula



Definition 2.4.1. The rank of a term or formula is defined by recursion on the construction

as follows:
1. 7k(u) = T aniu)

2. rk(Lo(X)) =Ty +w-a

3. rk([x € Lo(X)|F(2)]) := max(Dgy1 +w - a+ 1,7k(F(0)) + 2)

4. rk(s € t) :=rk(s ¢ t) := max(rk(t) + 1, rk(s) + 6)

5. rk((3z € @)F(x)) := rk((Yz € @) F(z)) := max(rk(a) + 3, 7k(F(0)) + 2).

6. rk((Fz € t)F(z)) := rk((Vz € t)F(x)) := max(rk(t), rk(F (D)) + 2) if ¢ is not of the form 4.
7. rk(3zF(z)) == rk(VeF (z)) := max(Q, rk(F(0)) + 1)

8. rk(A A B) :=rk(AV B) := max(rk(A), rk(B)) + 1

H }%F will be used to denote that H }2 I' and all cut formulas appearing in the derivation have
rank < p.

Observation 2.4.2. i) For each term ¢, rk(t) = w - |t |+ n for some n < w.
ii) For each formula A, rk(A) = w - max(k(A)) + n for some n < w.
iii) rk(A) < Q if and only if A is Ay.

The next Lemma shows that the rank of a formula A is determined only by max(k(A)) and the

logical structure of A.
Lemma 2.4.3. For each formula A(s), if | s | < max(k(A(s))) then rk(A(s)) = rk(A(0)).

Proof. The proof is by induction on the complexity of A.

Case 1. If A(s) = s € t then by assumption |s| < |t], so rk(A(s)) = rk(t) + 1 = rk(A(D)).
Case 2. If A(s) =t € s we may argue in a similar fashion to Case 1.

Case 3. It cannot be the case that A(s) = s € s.

Case 4. If A(s) = (Fy € u)B(y, s) then
rk(A(s)) = max(rk(a) + 3, rk:(B(@, s))+2)

and
rk(A(0)) = max(rk(a) + 3, 7k(B(0,0)) + 2).
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4.1 If |@| > max(k(B(0,0))) then | s| < |@| by assumption, so using observation 2.4.2ii) gives
us

rk(A(s)) = rk(u) + 3 = rk(A(D)).
4.2 If |a| < max(k(B(D,0)) then |s| < max(k(B(@,0))) by assumption, so by induction hy-
pothesis

rk(B(0,s)) = rk(B(0,0))
and hence using Observation 2.4.2ii) gives us
rk(A(s)) = rk(B(D,0)) + 2 = rk(A(D)).

Case 5. If A(s) = (Jy € t)B(y, s) for some t not of the form @, we may argue in a similar way

to case 4.

Case 6. A(s) = (3y € 5)B(y, s), now |s| < max(k(A(0))) = max(k(B(0,0))), so by induction
hypothesis
rk(B(0,s)) = rk(B(D,0))

and hence using observation 2.4.2 we see that

rk(A(s)) = rk(B(0, s)) + 2
= rk(B(0,0)) + 2
= rk(A(D)).

Case 7. If A(s) = JxB(z,s) then by assumption |s| < max(k(A(s))) = max(k(B(0,s))) so
we may apply the induction hypothesis to see that rk(A(s)) = max(Q,rk(B(0,s)) + 1) =
max(@, rE(B(0,0)) + 1) = rk(A(0)).

Case 8. All other cases are either propositional in which case we may just use induction hy-

pothesis directly or are dual to cases already considered. O

Definition 2.4.4. To each non-basic formula A we assign an infinitary disjunction (\/ A4;)icy

or conjunction (/\ A4;)iey as follows:

1. ret:~\(s €t Ar = 5)|5)<|¢| Provided r € ¢ is not a basic formula.
2. (Fz € t)B(x) = \/(s €t AB(5))s)<|t|

3. JwB(x) := V(B(s))seT

4. BoV B = V(Bi)ieo,1}

5. =B :~ \(—B;)iey if B is of the form considered in 1.-4.
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The idea is that the infinitary conjunction or disjunction lists the premises required to derive
A as the principal formula of an RSq(X)-inference different from (3-Refq (X)) or (Cut).

Lemma 2.4.5. If A~ (\/ Ai)icy or A~ (A Ai)icy then
Vi € y(rk(A;) < rk(A))
Proof. We need only treat the case where A ~ (\/ A;);ey since the other case is dual to this one.

We proceed by induction on the complexity of A.

Case 1. Suppose A = r € t then by assumption either r or t is not of the form u, we split cases

based on the form of ¢.

1.1 If ¢t = @ then r is not of the form v and rk(A) = rk(r) + 6. In this case A; =v € unv=r

for some |v| < || and we have
rk(A;) = max(rk(v € u),rk(v =r)) + 1
=rk(v=r)+1
= max(rk((Vx € v)(x € r)),rk((Vx € r)(x € 1))) + 2
=rk(r)+5 <rk(r)+6 =rk(A)
1.2If t =L,(X) then A; = s = r for some | s| < |t]. So we have
rk(A;) =rk((Vx € s)(x e r) AN (Vx € r)(x € 5))
= max(rk(s) + 4,7k(r) + 4)
< max(rk(r) + 1,7k(t) + 6) = rk(A)
1.31If t = [z € Lo(X)|B(x)] then A; = B(s) A s =r for some |s| < |t|. So we have
rk(A;) = max(rk(B(s)) + 1,rk(r = s) + 1).

First note that rk(r = s) + 1 = max(rk(s) + 5,rk(r) +5) < rk(A). So it remains to verify that
rk(B(s)) + 1 < rk(A), for this it is enough to show that rk(B(s)) < rk(t).

1.3.1 If max(k(B(s))) < |s| then by Observation 2.4.2ii) we have rk(B(s)) +1 < w-|s|+w <
rk(t).

1.3.2 Otherwise max(k(B(s))) > | s| then by Lemma 2.4.3 we have

rk(B(s)) +1=rk(B(0)) +1
<max(Tgs1 +w-a+ 1,rk(B(0)) + 2) = rk(t)
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Case 2. Suppose A = (Jz € t)B(x), we split into cases based on the form of ¢.

2.1 If t = @ then 7k(A) := max(rk(a) + 3,7k(B(0)) + 2). In this case 4; = o € @ A B(7) for

some | 0| < | @], so we have
rk(A;) = max(rk(u) + 2,r7k(B(v)) + 1).

Clearly rk(u) + 2 < rk(a) + 3 so it remains to verify that rk(B(v)) + 1 < rk(A)
2.1.1 If |9| > max(k(B(v))) then by Observation 2.4.2i) rk(B(v)) + 1 < rk(u) < rk(a) + 3.
2.1.2 If |5] < max(k(B(7))) then by Lemma 2.4.3 rk(B(0)) + 1 = rk(B(0)) + 1 < rk(B(0)) + 2.

2.2 Now suppose t = Lo (X), so rk(A) = max(rk(t), rk(B(0)) + 2). In this case A; = B(s) for

some | s| < |t].
2.2.1If | s| > max(k(B(s))) then rk(B(s)) < rk(t) by Observation 2.4.2.
2.2.2 If | s | < max(k(B(s))) then by Lemma 2.4.3 7k(B(s)) = rk(B(0)) < rk(A).

2.3. Now suppose t = [y € Lo(X) | C(y)], so we have

rk(A) := max(rk(t), rk(B(0)) + 2)
= max(Doq1 +w - a+ 1,7k(C(0)) + 2, rk(B(D)) + 2).

In this case 4; = C(s) A B(s) for some |s| < |t].

2.3.1 If | s| < max(k(B(s))) then rk(B(s)) + 1 = rk(B(0)) + 1 < rk(B(0)) + 2. It remains to
show that rk(C(s)) < rk(A).

2.3.1.1 If max(k(C(s))) < |t| then rk(C(s)) + 1 < rk(t) by Observation 2.4.2.

2.3.1.2 Now if max(k(C(s))) > |t| then we may apply Lemma 2.4.3 to give
rk(C(s)) + 1 = rk(C(0)) + 1 < rk(C(0)) + 2 < rk(A).
2.3.2 If | s| > max(k(B(s))) then rk(B(s)) < I'gy1 + w - a by Observation 2.4.2. Now we may

apply the same argument as in 2.3.1.1 and 2.3.1.2 to yield rk(C(s)) + 1 < rk(A).

Case 3. If A = 3zB(z) then rk(A) := max(Q, rk(B(0)) + 1). In this case 4; = B(s) for some

term s.
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3.1 If B contains an unbounded quantifier then by Lemma 2.4.3 rk(B(s)) = rk(B(0)) < rk(A).
3.2 If B does not contain an unbounded quantifier then rk(B(s)) < 2 by Observation 2.4.2iii)
Case 4. If A = BV C then the result is clear immediately from the definition of rk(A). 0

Lemma 2.4.6. i) If a <o’ e H, p <, k(I') CH and H }%F then H }j—;F,F’.

ii) If C is a basic formula which holds true in the set X and H }%F, —C then H }%F .
iii) If % ST, AV B then H ST, 4,B.

iv) If A~ \(A)icy and H ST, A then (Vi € y) H]i] 5T, A; .

v) Ify € H and M |5 T,VaF(z) then H 5T, (Ve € Ly(X))F(x).

Proof. All proofs are by induction on «.
i) If I is an axiom then I', I is also an axiom, and since {o/}Uk(I”) C H there is nothing to show.

Now suppose I' is the result of an inference

2

—(€ey) a<a
HT

Using the induction hypothesis we have

(D

NERE

uﬂm%nmh.@ew a; < a

It’s worth noting that k(I") C H,;, since H;()) D H(0), this can be observed by looking at each

inference rule.

Finally we may apply the inference (I) again to obtain
H =D, 1
o
as required.

ii) If I, =C is an axiom then so is I" so there is nothing to show.

Now suppose I', ~C' was derived as the result of an inference rule (I), then =C' cannot have been

the principal formula since it is basic so we have the premise(s)

H; }%FZ’,—\C o; < Q.
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Now by induction hypothesis we obtain

‘T o <o

to which we may apply the inference rule (I) to complete the proof.

iii) If ', AV B is an axiom then I', A, B is also an axiom. If AV B was not the principal formula

of the last inference then we can apply the induction hypothesis to its premises and then the

same inference again.

Now suppose that AV B was the principal formula of the last inference. So we have
H }%F,C or H }%F,C,A\/B where C' € {A, B} and ap < «

By i) we may assume that we are in the latter case. By the induction hypothesis, and a

contraction, we obtain
@

HiE

T,A B

Finally using i) yields
HET,AB.

iv) If I', A is an axiom, then I' is also an axiom since A cannot be the active part of an axiom,
so I', A; is an axiom for any i € y. If A was not the principal formula of the last inference then

we may apply the induction hypothesis to its premises and then use that inference again.

Now suppose A was the principal formula of the last inference. With the possible use of part

i), we may assume we are in the following situation:
H[i] 5T, A4 A (Viey a<a
Inductively and via a contraction we obtain
. (677
,H[Z] }p_ F, Al .
Here it is important to note that #[i][i] = H[i]. To which we may apply part i) to obtain
H[i] 5T, A;

as required.

v) The interesting case is where VxF(z) was the principal formula of the last inference. In this

case we may assume we are in the following situation:

(1) H]s] }% I VaF(x),F(s) for all terms s, with as < a.
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Using the induction hypothesis yields

(2) Hls] |52 T, (V& € Ly (X)) F (), F(s)

Note that for | s| < Tp41 + 7 we have s € L, (X) — F(s) = F(s). So as a subset of (2) we have
H[s] 57T, (Vo € Ly(X))F(2), s €Ly (X) = F(s) for all | s| < Tgp1 +7, with as < a.

From which one application of (bV) gives us the desired result. O

Lemma 2.4.7 (Reduction for RSq(X)). Suppose C =@ € v or C =~ \/(C})iey and 7k(C) :=

p 7 €L
It [H2A-C & HET,C] then #[ZPAT

Proof. If C = u € v then by 2.4.6ii) we have either H }%A or H }éf. Hence using 2.4.61) we

obtain H }j—w A, T as required.

Now suppose C' ~ \/(C});ey, we proceed by induction on 5. We have
(1) HEA-C

(2) H

NERIE

r,C.

If C was not the principal formula of the last inference in (2), then we may apply the induction
hypothesis to the premises of that inference and then the same inference again. Now suppose
C' was the principal formula of the last inference in (2). If B was the principal formula of
the inference (3-Refq(X)), then B is of the form 3zF(sy, ..., sp)?, which implies rk(B) = 2,
therefore the last inference in (2) was not (X-Refq(X)). So we have

(3) HL2T,0,Cy,  for some ig € y, By < B with |ig| < Tgsr + 6.

The induction hypothesis applied to (2) and (3) yields

(4) H AT,

Now applying Lemma 2.4.6iv) to (1) provides

(5) Hlio] &5 A, ~Ci, .

But |ip | € H by (4), which means H[ig] = H by Lemma 2.3.6iv), so in fact we have
(6) HE A G, .

Thus we may apply (Cut) to (4) and (6) (noting that rk(Cj,) < rk(C) := p by Lemma 2.4.5)
to obtain

HEE AT

p

as required. 0
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Theorem 2.4.8 (Predicative cut elimination for RSq(X)).
If H }%I’ and Q ¢ [p, p +w®) then H }f;.éﬁf

Proof. The proof is by main induction on « and subsidiary induction on 8. If I' is an axiom then
the result is immediate. If the last inference was anything other that (Cut) we may apply the
subsidiary induction hypothesis to its premises and then the same inference again. The crucial
case is where the last inference was (Cut), so suppose there is a formula C with rk(C) < p+ w®
such that

(1) HIE T, ¢ with o < 8.

ptwe

2) HI T ¢ with By < 8.

prwe

Applying the subsidiary induction hypothesis to (1) and (2) yields

(3) A el
(4) H I —C.

Case 1. If rk(C) < p then we may apply (Cut) to (3) and (4), noting that pafBy+1 < paff € H,

to give the desired result.

Case 2. Now suppose rk(C) € [p, p + w®), so we may write rk(C) in the following form:
(5) rk(C)=p+w™ + .. +w* witha>a; > .. > a,.

Here n = 0 indicates that rk(C) = p. From (3) we know that k£(C) C H and thus rk(C) € H.
Now (5) and (H2) and (H3) from Definition 2.3.4 give us oy, ..., a, € H. Since 7k(C) # Q we
may apply the Reduction Lemma 2.4.7 to (3) and (4) to obtain

(6) H paBot+paBo T

pHwl+. Fwrn

Now pafy + pafy < paf, so by Lemma 2.4.61) we have

(7) niEr  _p

pHw i+ Hwn
Applying the main induction hypothesis (since o, < «) to (7) gives

\‘P&n(ﬁoaﬁ)
prwol w1

But since paf is a fixed point of the function pay,(-) we have

[pap
‘p+wo‘1+...+wan*1

Now since af, ..., ap—1 < a we may repeat this application of the main induction hypothesis a

further n — 1 times to obtain
sy

as required. O
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Lemma 2.4.9 (Boundedness for RSq(X)). If C'is a ¥ formula, o < g < Q, f € H and
HT,C then H |5 T, Cls(X)

Proof. The proof is by induction on a. If C is basic then C' = C#(X) 5o there is nothing to
show. If C' was not the principal formula of the last inference then we may apply the induction
hypothesis to its premises and then the same inference again. Now suppose C' was the princi-

pal formula of the last inference. The last inference cannot have been (X-Refq (X)) since av < Q.

Case 1. Suppose C ~ A(C})iey and H]i] }& I',C,C; with a; < «. Since C'is a X formula, there
must be some 7 € H(B) N Q such that (Vs € y)(|s| < 7). Therefore Cs(X) ~ /\(C}’B(X))Zey.

Now two applications of the induction hypothesis gives

}Z‘_ T, C]Lg C]LB(X)

)

to which we may apply the appropriate inference to gain the desired result.

Case 2. Now suppose C' ~ \/(C})icy and H }%F,C, Ci, , with ig € y, |i0] < I'p41 + « and
ap < a. In this case CT#(X) ~ \/(C});e,s where either ¢/ =y or y' = {i € y||i| < Tpy1 + B}.
Now by assumption |ig| < Igy1 + a < Tgy1 + B, so ig € y'. Thus using the same inference

again, or (b3) in the case that the last inference was (3), we obtain
e Ls(X)
H T, O
as required. O
Definition 2.4.10. For each n € T'(f) we define

H, : P(ON) — P(ON)
= ﬂ{B(a) |Y C B(a)and n < a}

Lemma 2.4.11. For any 7, H, is an operator.

Proof. We must verify the conditions (H1) - (H5) from Definition 2.3.4.

(H1) Clearly 0 € H,(Y) and {I'g | 8 < 0} € H,(Y) since these belong in any of the sets B(«).
It remains to note that H,(Y) 2 B(1) and since I'g1 = 40 € B(1) we have I'gy1 € H,(Y).

(H2) and (H3) follow immediately from Lemma 2.1.8i) and ii) respectively.

(H4) is clear from the definition. Now for (H5) suppose Y’ C H,(Y"), then Y’ C B(«) for every
a such that n < o and Y C B(«). It follows that #H,(Y") C H,(Y). 0
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Lemma 2.4.12. i) H,(Y) is closed under ¢ and 1|y41.
ii) If 0 < n then Hs(Y) C H,(Y)
iii) If 6 < nand Hs (5 T then H, |5 T

Proof. i) Note that for any X, #H,(X) = B(«) for some a > n+ 1.

ii) follows immediately from the definition of H, and iii) follows easily from ii). 0

Lemma 2.4.13. Suppose 1 € B(n) and for any ordinal g let Bi= n + wh,
i) If a € H,) then &, ¢Ya € Hqa
ii) If ap € H,, and ap < « then ay < Pa

Proof. i) First note that H,(0) = B(n+1). Now from «,n € B(n+1) we get & € B(n+ 1) and
thus & € B(&). It follows that & € B(a+ 1) = Ha(0).

ii) Suppose that ag € H, and ag < «, using the preceding argument we get that dy €
B(dyg+ 1) C B(&), thus ¥ay < pa. O

Theorem 2.4.14 (Collapsing for RSq(X)). Suppose I' is a set of ¥ formulae and n € B(n).

If H, %ﬂr then Hg

HE

r

Proof. We proceed by induction on «. First note that from o € H, we get &, & € Hg from
Lemma 2.4.13i).

If T" is an axiom then the result follows by Lemma 2.4.6i). So suppose I' arose as the result of

an inference, we shall distinguish cases according to the last inference of H, }g—ﬂ I.

Case 1. Suppose A ~ A(A;)icy € T and H,[i] }?{—H I', A; with o; < o for each i € y. Since A is
a 3 formula, we must have sup{|i||i € y} < Q, therefore as k(A) C H, = B(n + 1) we must
have sup{|i||i € y} < ¢(n+ 1). It follows that for any i € y |i| € H,, and thus H,[i| = H,.

This means that we may use the induction hypothesis to give
ha; .
Ha, }1#_@ I'A; foralliey.
Now applying Lemma 2.4.12ii) we get

Ha @F,Ai for all ¢ € y.
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Upon noting that 1d; < ¥éa by 2.4.13ii) we may apply the appropriate inference to obtain

. %r

[0}

Case 2. Now suppose that A >~ \/(A;i)icy € I' and H,, %F,Aio with ig € y, |io| € H, and
ap < a. We may immediately apply the induction hypothesis to obtain

Hd }% Pa Aio

do
Now we want to be able to apply the appropriate inference to derive I' but first we must check
that |ip | < g1 + ¥a. Since |ig| € H,y = B(n + 1) we have

lig| < ¥(n+1) < & < Toypq + Ya.

Therefore we may apply the appropriate inference to yield

P&
%a%r.

Case 3. Now suppose the last inference was (X-Refq (X)) so we have 32F* € T" and H,, }% INF
with ap < a and F a ¥ formula. Applying the induction hypothesis we have

paig
Ha }EF,F.

o

Applying Boundedness 2.4.9 we obtain

Hea P20, Flveio (X) |
Paip

Now by Lemma 2.4.13 | Ly, (X) | = To1 + ¥y < T'o11 + ¥, so we may apply (3) to obtain

s, % T, 3:F*

(0%

as required.

Case 4. Finally suppose the last inference was (Cut), so for some A with rk(A) < Q we have

6] .

(1) Hy }QLH I''A with ag < .
(e .

(2) H, }QL-H I'-A with op < .

4.1 If rk(A) <  then A is Ap. In this case both A and —A are ¥ formulae so we may
immediately apply the induction hypothesis to both (1) and (2) giving

(3) Hay 52T, A
(4) Heo % T,-A.
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Since k(A) € H,(0) = B(n+ 1) and A is Ag it follows from Observation 2.4.2 that rk(A) €
B(n+1)N . Thus rk(A) < ¥(n+ 1) < &, so we may apply (Cut) to complete this case.

4.2 Finally suppose rk(A) = . Without loss of generality we may assume that A = JzF(z)
with F' a Ay formula. We may immediately apply the induction hypothesis to (1) giving

(5) Heo Fr A.

Applying Boundedness 2.4.9 to (5) yields

(6) Hay [ T, Alvso(X
do

Now using Lemma 2.4.6v) on (2) yields

(7) Heo fg Ty~ Al v ()

Observe that since 7, a9 € H, we have dy € B(n+ 1) C B(dp). So since T', Al (X) is a set
of Y-formulae we may apply the induction hypothesis to (7) giving

(8) Hoy }1#_21 [, —~Abvweo  where aq 1= dp + wittao,
1

Now

o1 = dg + w0 = 4 a0 L a0 o e G,

Owing to Lemma 2.4.13ii) we have ¥dp, a1 < 1é, thus we may apply (Cut) to (6) and (8)
giving

Ha %F

as required. O

2.5 Embedding KP into RSq(X)

Definition 2.5.1. i) Given ordinals aq, ..., ;. The expression w* #...#w*" denotes the or-
dinal w*® + ... +w* ™, where p : {1,...,n} = {1,...,n} such that a,q) > ... > ).
More generally a#0 = 0#a := 0 and a#f = W #.. HFwr #WPr #.. F#HwPm for a =yp
w* + ...+ w* and 8 =np WP 4 WP,

ii) If A is any RSq(X)-formula then no(A) := w4,
iii) If I' = {A4, ..., A, } is a set of RSq(X)-formulae then no(I") := no(Ay)#...#no(Ay).

iv) IF T will be used to abbreviate that

] }ZO—(F) I" holds for any operator H
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v) IF5 ' will be used to abbreviate that

r
HIT] M I'  holds for any operator H
As might be expected IF* I' and I, I' stand for I-§ I and Il—g I' respectively.

The following lemma shows that under certain conditions we may use I as a calculus.

Lemma 2.5.2. i) If T follows from premises I'; by an RSq(X) inference other than (Cut) or
(3-Refq (X)) and without contractions then

if |I—z‘ I'; then Il—fj r
ii) IfIF) ', A, B then IF ', AV B.
Proof. Part i) follows from Lemma 2.4.5. It also needs to be noted that if the last inference was

universal with premises {T'; };cy, then H[I';] C H[i].

For part ii) suppose |- I', A, B, so we have

I,A,B
HIr) (2ADH D A B,
Two applications of (V) and a contraction yields

) EeLADEE D 4y B,

It remains to note that since w™*(AVB)

is additive principal, Lemma 2.4.5 gives us
no(T, A, B)#a + 2 = no(T)#a#w™ W #0™B) 19 < no(D)#a#w ™ AVE) = no(T, AV B)#a.

So we may complete the proof with an application of Lemma 2.4.6i). O

Lemma 2.5.3. Let A be an RSq(X) formula and s,¢ be RSq(X) terms.
D) A4,-A

ii)IFsé¢s

iii) IF s C s where s C s := (Vx € s)(z € s)

iv) If |s| <|t|thenlFsé€t—setandIF~(sEt),set
v)IFs#tt=s

vi) If |s| < |t]and FT,A,B then FT,s €t - A,s €tAB

vii) If | s| < Tgq1 + a then IF s € Ly (X)
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Proof. 1) We use induction of rk(A), and split into cases based upon the form of A.:

Case 1. Suppose A = u € ©. In this case either A or —A is an axiom so there is nothing to

show.

Case 2. Suppose A = r € t where max(|r|,[t]) > I'py1. By Lemma 2.4.5 and the induction
hypothesis we have |- s €t Ar =s,s €t — r # s for all |s| < |t|. Thus we have the following
template for derivations in RSgq(X):

Fs€tAr=s,s€t—r+#s
Fret,sé€t—r+#s
Fretrét

S
(¢)

Case 3. Suppose A = (Jz € t)F(x). By Lemma 2.4.5 and the induction hypothesis we have
IFs €tAF(s),s €t — —F(s) for all |s| < |t|.We have the following template for derivations
in RSq(X):

IFs€tAF(s),s€t— —F(s) forall|s|<]|t|
- (3x € t)F(x),s €t — —F(s)

(63) (
IF 3z € t)F(x), (Vz € t)~F(2)

(bv)

Case 4. A= AoV A;. We have the following template for derivations in RSq(X):

() Ao~y ) Aoy
(/\) I Ay Vv Ay, Ay Ay Vv Ay, A
IF Ay Vv Ay, —Ag A —Aq

All other cases may be seen as variations of those above.
ii) We proceed by induction on rk(s). If s is of the form @ then s ¢ s is already an axiom.

Inductively we have I r ¢ r for all |r| < |s|. Now suppose s is of the form L, (X), in this case

rér=r¢&sAr¢rsowe have the following template for derivations in RSq(X):

FresArér

(63) Ik (3z € s)(x &r)
(\/) Fs#r

2.3.311) Frés—s#r
(%) IFs¢s

Now suppose s is of the form [z € L, (X)|B(z)], by i) we have |- B(r),B(r) for any |r| < |s].
We have the following template for derivations in RSq(X):
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Fré¢r IFB(r),-B(r) forany|r|<]|s]
Ik B(r)Ar ¢ r,~B(r)

IF (3z € s)(x ¢ r),~B(r)

Ik s #r,—B(r)

IFB(r) = s#r

IFsé¢s

Lemma 2.5.2ii

(¢

iii) Again we proceed by induction on rk(s). If s =@ then I- v ¢ 4,0 € @ for any |v| < |u| by

—~
<
— — Y N

part i), so we have the following template for derivations in RSq(X):

Lemma 2.5.2ii) ix 1_} ¢ 1_177) e_u -
(bY) Fveu—veu
I (Vx € s)(x € s)

Suppose s = L,(X), by the induction hypothesis we have IF r C r for all |r| < |s|. We have

the following template for derivations in RSq(X):

IFr Cr IFr Cr
(n) _H—r:r -
(€)mres

23$D:trgs -
T S —=>T S
(V)

I (Vx € s)(x € s)
Finally suppose s = [z € L,(X) | B(z)], again by the induction hypothesis we have I- r C r

for all |r| < |s|. Also by part i) we have |- —=B(r), B(r) for all such r. We have the following
template for derivations in RSq(X):

- =B(r),rCr
(/\) I —|B(T),T:7a s —|B(7“),B(7“)
(n) - =B(r),B(r)Ar=r
Lemma 25éi; FoBr)r € s
) IFB(r) > res

I (Vz € s)(x € s)

iv) Was shown whilst proving iii).

v) By part i) we have IF —(s C t),s C t and IF —(t C s),t C s for all |s| < |[t]|. We have the
following template for derivations in RSq(X).

IF=(sCt),sCt
IF=(sCt)V(tCs),sCt
IF=(sCt)V(tCs),sCtAtCs

Fs#tt=s

vi) If t = L, (X)) then this result is trivial since s €t — A:= A and s €t A B:= B.

(V)
(N)

2.3.3i)

Nowift=uthens €t:=sectandift =[x € Lo(X)|C(z)] then s € t := C(s). In either case
we have the following template for derivations in RSq(X):
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FT,A, B () FLo(s€0,s €t by )
FT,s€t— A,B FT,s€t— A,s€t
FT,s€t— A sEtAB

(V)

(N)

vii) By part iii) we have I s = s for all | s| < T'y1 +« which means we have I- s € Lo(X)As = s

for all such s. From which one application of (€) gives the desired result. O

Lemma 2.5.4 (Extensionality). For any RSq(X) formula A(sq, ..., sy),

F [81 75 tl], veuy [Sn 75 tn], —\A(Sl, ceuy Sn), A(tl, ...,tn).
Where [s; # ti] :== —(s; Ct;),(t; C s4).

Proof. The proof is by induction on rk(A(s1, ..., Sn))#rk(A(t1, ..., tn)).

Case 1. Suppose A(s1,s2) = s1 € s2. By the induction hypothesis we have IF [s; # t1],[s #
t],s1 # s,t1 =t forall |s| <|s2|and all |¢| < |t2]. What follows is a template for derivations
in RS (X), for ease of reading the principal formula of each inference is underlined (some lines
do not necessarily represent single inferences, but in these cases it is clear how to extend the

concept of ”principal formula” in a sensible way).

s1# 1), (Fzr € s2)(z ¢ ta), 51 & s2,t1 € Lo
- [s1 # t1], 52 # ta, 51 & s2,11 € Lo
Case 2. Suppose A(s1) = s1 € s1. In this case —A(s1) = s1 ¢ s1 so the result follows from
Lemma 2.5.3ii).

Lemma 2.4.61

(\/) I+ [Sl#tl] [57575],51758,751 =1
Lemma253v1) Fls1 7 ), S%t781#87t1:t :
[81#tﬂ,tEtz—)S#t,Sl#S,tetg/\tlzt
(6) [81#t1],tét2—>875t,817587t1EtQ
Lemma 2.5. 3(51; (bl s gl Fah el
(3) IF [s1 #tl],SESQ/\sgétg,ses.g—)sl;és,tl€t2
Fs1 #t1],( 3z € s2)(x & ta),s € sg — 81 # 8,11 € to
(é) i T
)

Case 3. Suppose A(S1,...,8,) = (y € s;)(B(y, s1, ..., 8n)) for some 1 < i < n. Inductively we

have
F st # t1], ey [Sn F tn], 7 B(1r, 81,500y Sn), B(ry t1, ooy ty)

for all || <|s;|. Now by applying 2.5.3iv) we obtain
F st # t1], o, [Sn # tn]ym € 8 = = B(r, 81, ..oy 8n), 7 € 8 A B(r,t1, ..., tn)

To which we may apply (b3) followed by (bV) to arrive at the desired conclusion.
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Case 4. Suppose A(s1,...,$,) = (Ix € r)B(z, s1, ..., S, ) for some 7 not present in 1, ..., $,. From

the induction hypothesis we have
- [s1 # t1], ., [Sn # ta],p €7 — =B(p, 81, .-, 8n),p € 7 A B(p, t1,...,t,) for all |p| <|r].

Applying (b3) followed by (bV) gives us the desired result.

The cases where A(s1,...,s,) = JzB(z, s1, ..., Sy) or A(s1,...,8,) = BV C may be treated in a

similar manner to case 4. All other cases are dual to one of the ones considered above. O

Lemma 2.5.5 (Set Induction). For any RSq(X)-formula F:

WwTk(A)

I- Vz[(Vy € z)F(y) — F(x)] — Vo F(z)
where A :=Vz[(Vy € z)F(y) — F(x)].

Proof. Claim:

'rk(A)#w| s|+1

(*) H[A, s] }‘6’7 —A, F(s) for any term s.

We begin by verifying (*) using induction on | s|. From the induction hypothesis we know that

rk(A)#w\ t]|+1

(1) H[AH] f—"—— A, F(t) forall [t| <|s|.

By applying (V) if necessary to (1) we obtain

() HIA L o) BT g e s Pt forall [¢] < |s).
To which we may apply (bY) yielding

(3) H[A, s] }Z—H —A, (Vy € $)F(y)  where 5 := W™ A gl5]
Observe that no(—F(s), F(s)) < w™) so by Lemma 2.5.31) we have

(4) H[A, 5] F= F(s), F(s).

Applying (A) to (3) and (4) yields

n+3

(5) HIA,s] |

-A,(Vy € s)F(y) AN —F(s),F(s).

To which we may apply (3) to otain

(6) HA, 5] 2 A, 3a((Vy € 2)F(y) A ~F(2)], F(s).
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It remains to observe that =A = 3z[(Vy € z)F(y) A —~F(x)] and that n + 4 < w™ D4l +1

and hence we may apply Lemma 2.4.61) to provide

A) gl s 141

(7) HIA, ) AR (s)

so the claim is verified.

Applying (V) to (*) gives
wrk:(A)#Q
H[A] [——— —A,VaF ().

Now by two applications of (V) we may conclude

k(A)
}ﬂA — VaF(z).

It remains to note that no(A — Vo F(z)) > w*! > Q + 2, so we have

rk(A)

(2.1) ETTA 5 (Vo € Lo(X))F()

ole

as required. O

Lemma 2.5.6 (Infinity). Suppose w < p < €2, then
IF(Fz e L(X))[(Fzex)(zex)A(Vycx)(Tzex)(y € 2)

Proof. The following gives a template for derivations in RSq(X), the idea is that L,,(X) serves

as a witness inside L, (X).

Lemma 2.5.3vii)

2.3.3ii) IFseLg(X) forany|s|<|Lg(X)|and k < w.
”(bEl) IF Ly(X) € Lo(X) A s € Ly(X)

3.3ii) IF (32 € Lu(X))(s € L (X)) 2.3.3i1) IF Lo(X) € Ly (X)

'(W) IFs&Ly(X) — (32 € Lo (X))(s € 2) H(ba) IF Lo(X) € Lo (X) ALo(X) € Ly(X)

") IF (Vy € L,(X))(3z € Ly(X))(y € 2) IF (32 € L,(X))(z € Ly(X))

2.3.3ii) Ik (Vy € Ly, ( ))(3Fz € Ly(X))(y € 2) A (3z € Ly(X)) (2 € Ly(X))
3) IF Loy (X) € Ly(X) A [(Vy € Lo (X)) (32 € Loy (X)) (y € 2) A (32 € Luy(X))(2 € Lu(X))]
IF(Fz e Ly(X)[(3Fz €x)(z€x)AN(Vy €x)(Tz € x)(y € 2)]

O

Lemma 2.5.7 (Ap-Separation). Suppose A(a, by, ...,b,) be a Ap-formula of KP with all free
variables indicated, p a limit ordinal and |s|,|to |, ..., |tn | < Tos1 + p.

F(3y e LX) (Ve e y)(z € sAA(z,t1,....tn)) AN (Vx € 8)(A(z, t1, ..., tn) = T € V)]
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Proof. Let o := max{|s|,|to|,...,|tn |} + 1 and note that @ < I'yp1 + p since p ia a limit. Now
let 8 be the unique ordinal such that o = I'g;1 + B if such an ordinal exists, if not set 5 := 0.
Now define

t:=[zelg(X)|zesADB(2)

where B(z) := A(z,t1,...,t,). We have the following templates for derivations in RSq(X):

Lemma 2.5.3 i)
IF=(resAB(r)),resAB(r) foral |r|<a
Ik (resAB(r) —resAB(r)
Fret—resAB(r)

IF (Vz € t)(x € s AB(r))

In the following derivation r ranges over terms |7 | < |s]|.

Lemma 2.5.2ii)
2.3.3i)
(b¥)

Lemma 2.5.3 iv) Lemma 2.5.3 i)
) IF=(r €s),r€s - =B(r), B(r) Lemma 2.5.3 iii)
(/\) I =(r € s),~B(r),r € s A B(r) IFr=r

IF=(r €s),=-B(r),(resANB(r))Ar=r
II——|(r€s) B(r),r€tAr=r
=(r €s),mB(r),r et
IF=(r €s),(B(r) = ret)
Fr€s— (B(r) —ret)
Ik (Vx € s)(B(z) » z € t)
Now applying (A) to the two preceding derivations and noting that |¢| < I'g;q + u gives us

bt €L,(X)A[(Vz € t)(z € s AB(r) A (Vo € 5)(B(x) = z € t)]
to which we may apply (b3) to obtain
- (Jy € Lu(X))[(Vz € y)(z € s A B(x)) A (Va € s)(B(z) = z € y)].
It should also be checked that
t € H[(Fy € Lu(X))[(Vz € y)(z € s A B(x)) A (Va € s)(B(z) = z € y)]]
but this is the case since
[sl;1to ], [tn | € k((Fy € Lu(X))[(Vz € y)(z € s A B(x)) A (Vo € 5)(B(z) = = € y)])

and |t | = max{max{|s|,|to], ..., | tn |} + 1,To41}. 0

Lemma 2.5.8 (Pair and Union). Let p be a limit ordinal and let s,¢ be RSq(X)-terms such
that | s|,|t| < Tg41 + p, then

i) IF(Fzel(X))(sezNtez)
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ii) (Jz e Ly(X))(Vy € 5)(Vx € y)(x € 2)

Proof. Let a := max{|s|,|t|} + 1, now let 5 be the unique ordinal such that a = T'gy; + 3 if

such an ordinal exists, otherwise set 5 := 0. Now by Lemma 2.5.3vii) we have
Fsels(X) and I-teLg(X).
Now by (A) and noticing that 8 < p since u is a limit, we have
IFLg(X) € L,(X)A (s eLpg(X)AteLsg(X)).
To which we may apply (b3) to obtain the desired result.
ii) Let 8 be the unique ordinal such that | s| = g1 + f if such an ordinal exists, otherwise let

f = 0. By Lemma 2.5.3vii) we have I r € Lg(X) for any |r| < |s|. In the following template

for derivations in RSq(X), r and ¢ range over terms such that |r| < |t| < |s|:

IFr € La(X)
IFret—relg(X)

(V) if necessary

bv
. (BY) I (Vz e t)(x € Lg(X))
(V) if necessary .
(oY) IFt€s— (Vo et)(relg(X))
2.3.3i) - (Vy € s)(Vz € y)(z € L(X))
.3.3ii -
3) IFLg(X) € Ly(X)A(Vy € s)(Vo € y)(x € Lg(X)) since B < pu
I (3z € Lu(X))(Vy € s)(Vx € y)(x € 2)
O
Lemma 2.5.9 (Ag-Collection). Suppose F(a,b) is any A formula of KP.
IF (Vo € s)JyF(x,y) = Fz(Vx € 5)(Ty € 2)F(x,y)
Proof. By Lemma 2.5.3i) we have
IF=(Va € s)IyF(z,y), (Vo € s)IyF(z,y).
Applying (X-Refo (X)) yields
H((Va € 8)IyF(z,y)] = ~(Vz € 5)3yF(z,y), 32(Vz € 5)(Iy € 2)F(z.y)
where o 1= w"k(V2E€s)IYF (@.9)) 4 yrk((V2€s)3yF (2.9)) - Now two applications of (V) provides
H[(Vz € s)TyF(x,y)] }g—% (Vx € s)IyF(z,y) — Fz(Vx € s)(Ty € 2)F(z,y) .
It remains to note that
o+ 3 < WFPEITEEVFL — oV € )TyF (2, y) — Jz(Ve € s)(Jy € 2)F(x,y))

so the proof is complete. O
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Theorem 2.5.10. If KP + I'(aq, ..., a,) where I'(aq, ..., a,) is a finite set of formulae whose free
variables are amongst ay, ..., a,, then there is some m < w (which we may compute from the

derivation) such that

Q-w™
H[S1,y ey Sn) }Q— I(s1y .0y 8n)

+m
for any operator H and any RSq(X) terms sq, ..., Sp.

Proof. Suppose I'(ai,...,a,) = {A1(a1,...,an), ..., Ax(a1,...,an)}. Note that for any choice of

terms $1,...,8, and each 1 <i <k

rk(Ai(s1, ..., $n)) = w - max(k(4;(s1,...,8,))) + m; for some m; < w
<w-Q+m;=Q+m,.

Therefore
no(Ai(s1, ..., sp)) = W FAST ) < Fms — (0 mi — ) mi

So letting m = max(myq, ..., my) + 1 we have

no(L(s1, .y 8p)) < Q- W™ H# L H#Q - W™
= Q- (WM#. HwW™m)
<Q-Wwm

The proof now proceeds by induction on the KP derivation. If I'(aq, ..., a,) is an axiom of KP
then the result follows from 2.5.31), 2.5.4, 2.5.5, 2.5.6, 2.5.7, 2.5.8 or 2.5.9.

Now suppose that I'(ay, ..., a,) arises as the result of an inference rule.

Case 1. Suppose the last inference was (bY), so (Vz € a;)F(z,a) € I'(a) and we are in the
following situation in KP
I'(a),c € a; = F(c,a)

I'(a)

where c is different from ay, ..., a,,. Inductively we have some m < w such that

(bV)

(1) His, 7 [g e T(5),7 € 5i = F(r,5)  forall |r] <|si].

1.1 If s; is of the form @ we may immediately apply (bV) to complete this case.

Suppose s; = L, (X) for some a. Applying Lemma 2.4.6iii) to (1) gives

Q-w™
(2) HIs, 7] }m—m I'(5),~(r € s;), F(r,5) .
Since |r| < |s|, by Lemma 2.5.3vii) we have

(3) IFres.
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Applying (Cut) to (1) and (2) yields

(4) H[5, 1] [ T(5), F(r,5)

To which we may apply (bV) to complete this case.

Suppose s; = [z € Lo(X) | B(x)], again we may apply Lemma 2.4.6iii) to (1) to obtain
(5) H[s, 1) [g e T(5), ~(r € 1), F(r,5).
Since |r| < | s| by Lemma 2.5.3iv) we have
(6) I =(r €s),r € s.
Applying (Cut) to (5) and (6) yields
_ Q-w™+1 _ . _
(7) H[s, 7] }Q-FT I'(5),~(r € s;), F(r,5) .
Now two applications of (V) provide
_ Q-w™+3 _ . _
(8) Hs, 7] }Q-&-T I'(s),r € si = F(r,35).

To which we may apply (bV) to complete this case.

Case 2. Suppose the last inference was (V) so VxA(z,a) € I'(a) and we are in the following

situation in KP

) F<a)f‘f;()c’ a)

where c is different from aq,...a,. Inductively we have some m < w such that
HIs, 7] }M ['(s), F(r,s) for all terms 7.
Q+m
We may immediately apply (V) to complete this case.
Case 3. Suppose the last inference was (b3) so (Iz € s;)F(z,5) € I'(5) and we are in the
following situation in KP

I'(a),c € a; N F(c,a)
I'(a)

(63)

3.1 Suppose c is different from aq, ..., a,. Using the induction hypothesis we find some m < w
such that

9) (3] %r(g),(?) € s AF(0,3).
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3.1.1 If s; is of the form u we may immediately apply (b3) to complete the case.

3.1.2 Suppose s; is of the form L,(X). Applying Lemma 2.4.6iv) to (1) yields

(10) }Q—F F(0,5).

+m

Noting that in this case § € s A F(,5) = F(0, 5), we may apply (b3) to complete this case.

3.1.3 Suppose s; is of the form [z € Ly(X) | B(z)]. First we must verify the following claim
(*) - —(0 € s; AF(0,5),0 € s; A F(0,5).

Note that owing to Lemma 2.5.4 we have I+ [r # 0], ~B(r), B(0) for all |r| < |s;|. In the

following template for derivations in RSq(X) r ranges over terms |r| < |s;|.

- [r # @], —-B(r), B(;0)
k7 #0,-B(r), B(D)

Lemma 2.5.2ii

)
Lemma 2.5.2ii)
)F
)

(¢ - B(r) — r # 0, B(D) Lemma 2.5.31)
(A (VJ ¢ s;), B(0) I jF(@),g),F(@, 5)
Lemma 2.5.211) (0 € ), ~F(0.5). BO) A F(0.5)
(0 € s;) v-F(0,5),B(0) A F(0,5)

Now applying (Cut) to (9) and (*) we get

(11) 3] B (5),0 & s; A F(D,5).

Q+’

Note the possible increase in cut rank. We may apply (b3R) to (11) to complete this case.

3.2 Suppose c is one of ay, ..., a, without loss of generality let us assume ¢ = a;. Applying the

induction hypothesis we can compute some m < w such that

(12) 7‘[[5] %F(E),sl € s N F(Sl,g).

Note that in fact 3.2 subsumes 3.1 since we can conclude (12) from the induction hypothesis
regardless of whether or not ¢ is a member of a. To help with clarity 3.1 is left in the proof

above, but in later embeddings we shall dispense with such cases.

If s; and s; are of the form @ and v with |s;| < |s;| then we may immediately apply (b3) to

complete this case. If this is not the case then we verify the following claim
(**) IF —(s1 € s; A F(s1,38)),(3z € s;)F(x,3).

To prove (**) we split into cases based on the form of s;.
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3.2.1 Suppose s; is of the form w.

3.2.1.1 If s; is also of the form ¥ [remember that by assumption |s;| > |s;|] then —(s; €

si), F(s1,5),(3x € s;)F(x,§) is an axiom so we may apply (V) twice to complete this case.

3.2.1.2 Now suppose s; is not of the form v. We have following template for derivations in

RSq(X), here r ranges over terms with || < |s;|.

Lemma 2.5.3i) Lemma 2.5.4
IF=(r € s;),r€s IFr # s1,-F(s1,5), F(r,s)
I =(r € s;),7 # s1,—F(s1,8),r € 8; AN F(r,5)
) Ik =(r € s;),r # s1,7F(s1,5), (3 € s;)F(x, 5)
) IFres;—r+#s,7F(s1,5),(3x € s;)F(x,38)
) I =(s1 € s;), 7 F(s1,5),(3x € s;)F(x,5)
) Ik —=(s1 € s;) V—F(s1,38),(3x € s;)F(x,3)

3.2.2 Now suppose s; is of the form L, (X). In the following template for derivations in RSq(X)

(A)
(b3

Lemma 2.5.2ii

(¢

Lemma 2.5.2ii

r ranges over terms with || <|s;|.

Lemma 2.5.4
I -F 3), F(x,5
23311) r 7é S1, (sla‘i)v ('.’I},S) -
b3) Ik 7 # s1,-F(s1,5),r € s; A F(x,5)
2.3.3ii) =7 # s1,-F(s1,5), (37 € 5;)F(x,5)
J3ii :
@) IFr € s —r+#s,7F(s1,3),(3x € s;)F(x,3)
IF = i), F(s1,5), (3 i) F(x,s
Lemma 2.5.2i) (s1 € 5), ~F(s1,5), (32 € si)F(, 5)

Ik —=(s1 € s;) V—F(s1,8),(3x € s;)F(x,5)
3.2.3 Finally suppose s; is of the form [z € L, | B(z)]. In the following template for derivations
in RSq(X) r ranges over terms with |r| < |s;]|.
Lemma 2.5.3i) Lemma 2.5.4
Ik =B(r), B(r) IFr #s,-F(s1,8), F(r,Ss)
Ik =B(r),r # si1,~F(s1,5), B(r) A F(r,3)

()
(b3

—~~ |

) Ik =B(r),r # s1,—F(s1,8),(3z € s;)F(z,5)
Lemima 2'5‘?;3 F B(r) — r # s1,~F(s1,5), 3z € 5,) F (x, 5)
) IF=(s1 € s;),~F(s1,5), 3z € s;)F(x,5)

Lemma 2.5.2ii

(
Ik —=(s1 € s;) V—F(s1,8),(3x € s;)F(x,5)
This completes the proof of the claim (**). It remains to note that we may apply (Cut) to (**)
and (12) to complete Case 3.

Case 4. Suppose the last inference was (3) so JzF(z,35) € I'(5) and we are in the following
situation in KP:
I'(a), F(c,a)

9w
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Let p = s; if ¢ = a; otherwise let p = 0, from the induction hypothesis we can compute some
m < w such that

H[s] fo T(5), F(p, ) -

+m
Applying (3) completes this case.

Case 5. If the last inference was (A) or (V) the result follows immediately by applying the
corresponding RSq(X) inference to the induction hypotheses.

Case 6. Finally suppose the last inference was (Cut). So we are in the following situation in
KP

I'(a),B(a,b)  T(a),—B(a,b)
T(a)

Here b := by, ..., b; denotes the free variables occurring in B that are different from aq, ..., a,.

(Cut)

Let () denote the sequence of [ occurrences of (). From the induction hypothesis we find m; and

ms such that

1[5 22" 1(5), B(5, 0)

Q+mq B
H[s] 22" 1(5), ~B(5, 0)

Q+mo

To which we may apply (Cut) to complete the proof. O

2.6 A well ordering proof in KP

The aim of this section is to give a well ordering proof in K P for initial segments of formal

ordinal terms from T'(9). First let

60(9) =0y +1

ens1(0) 1 = w (@),

Each e,(0) may be seen as a formal term from the representation system 7'() from 2.1.13.
Although the term is the same, the order type of terms in 7'(f) below e, () will be dependent

upon 6. We aim to verify that for every n < w

KP - A, (0) :=3a3f[dom(f) = a A range(f) ={a € T(0)|a < g(en(0)))}
AV, 6 € dom(f)(y <& — f(7) < f(9))].

Ay (0) is a X-formula of KP in which 6 is a free variable ranging over ordinals. For the remainder

of this section we argue informally in KP. The symbols «, 3,7, 0... are to be KP-variables
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ranging over ordinals and are ordered by <, the symbols a,b,c,... are seen as KP-variables
ranging over codes of formal terms from T'(6), these are ordered by <. For the remainder of this
section the variable 6 will remain free as we argue in KP, for ease of reading we shall simply
Q and ) instead of €0y and 1y. This proof is an adaptation to the relativised case of a well

ordering proof in [35].
Definition 2.6.1. The set Accy is defined by

Accg :={a < Q| Jadf[dom(f) = a A range(f) =1{b : b <a}
Ay, 6 € dom(f)(y <& — f(7) < f(8))]}-

Lemma 2.6.2 (Accp-induction). For any KP-formula F'(a) we have
(Va € Accy)[(Vb < a)F(b) — F(a)] = (Va € Accy)F(a).

Proof. For a € Accy let o(a) and f, be the unique ordinal and function such that o(a) = dom(f,),
{b : b= a} =range(f,) and Vv,0 € o(a)(y < § = fa(y) < fa(9)). Now for a contradiction let

us assume that
(Va € Accy)[(Vb < a)F(b) — F(a)] but —F(ap) for some ag € Accy

Using set induction/foundation we may pick ag such that o(ag) is minimal. (Note that here we
must make use of the full set induction schema of KP since the formula F' is of unbounded
complexity) Now for any b < ag we have o(b) < o(ap), thus by our choice of ag we get F(b),
thus we have

(Vb < ap)F(b).

So by assumption we have F'(ap), contradiction. 0

Lemma 2.6.3. Accy has the following closure properties:
i) beAccyNa<b — a€ Accy

ii) (Va <b)(a € Accy) — b€ Accy

iii) a,b€ Accy — a+be Accy

iv) a,b € Accy —  pab € Accy

v) (VB <0)T'5 € Accy

Proof. 1) Using the notation defined at the start of the proof of Lemma 2.6.2 we may define

o(a) :={d €0(b) | fo(0) 2 a} and fo:= folo(@)t1
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thus witnessing that a € Accy.

ii) Let us assume that (Va < b)(a € Accy), we must verify that b € Accg. Using Ap-Separation
and Infinity we may form the set {a | a < b}, therefore f := U,<pfa is a set by Ag-Collection
and Union. Let 8 := dom(f). Setting o(b) := 8+ 1 and f;, := fU{(5,b)} furnishes us with the

correct witnesses to confirm that b € Accy.

iii) Firstly we must specify what a+b means, since it may not be the case that the string a+0b is
a term in 7'(f). However, we may define a -primitive recursive function + : 7'(8) x T'(6) — T'(0)

which corresponds to ordinal addition.

Let us assume that (Ve < b)(a + ¢ € Accy), now if we can show that a + b € Accy then the
desired result will follow from Accg-induction (2.6.2). Now let d < a + b, either d < a in which
case d € Accy by i) or d = a and thus d = a + ¢ for some unique ¢ < b. Such a ¢ may be

determined in a #-primitive recursive fashion, hence d € Accy by assumption. Thus we have
(Vd < a+b)(d € Accy).

From which we may use ii) to obtain a + b € Accy, completing the proof.

iv) Again a function ¢ : T(0) x T'(f) — T'(0) may be defined in a f-primitve recursive fashion.
It is our aim to show (Va,y € Accy)(pxy € Accy), to this end let

F(a) := (Vb € Accy)(pab € Accy)
and assume
(*) (Vz < a)F(2)
by 2.6.2 it suffices to verify F'(a). So let us assume
(*) a,b € Accy and (Vy < b)(pay € Accy)
now we must verify pab € Accyg. To do this we prove that
d < wab = d € Accy

by induction on Gd; the term complexity of d.
1) If d is strongly critical then d < a or d < b in which case d € Accy by (*) or (*¥).

2) If d = ¢dpd; then we have the following subcases:
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2.1) If dy < a and dy < @ab then since Gdy < Gd we get di € Accy from the induction hypoth-
esis. So by (*) we get d = @dpd; € Accy

2.2) If d = pad; and dy < b then d € Accy by (**).
2.3 If a < dy and d < b then d € Accy since b € Accy.

3. fd=di + ...+ d, and n > 1 we get dy,...,d, € Accy from the induction hypothesis and
thus d € Accy follows from iii).

Thus we have verified that
(Vb € Accy)[(Vy < b)(pay € Accy) — pab € Accy]

So, from Accy-induction we get (Vb € Accy)(pab € Accy), ie. F(a) completing the proof.

v) We aim to show that
(VB < 0)[(Vy < B)(I'y € Accy) = I'g € Accy]

from which we may use transfinite induction along 6 (since € is an ordinal) to obtain the desired

result.

So suppose < 0 and (V6 < §)(I's € Accg). Now suppose b < I'g, by induction on the term
complexity of b we verify that b € Accy.

If b = 0 we are trivially done by ii) or if b = I's for some 6 < ( then we know b € Accy by

assumption.

If b=1by+ ...+ by or b = pbyb; then we may use parts iii) and iv) and the induction hypothesis

since the components b; have smaller term complexity.

It cannot be the case that b = by since Ya >~ I'y for every a.

Thus using ii) we get that I'g € Accy and the proof is complete. O
Definition 2.6.4. By recursion through the construction of ordinal terms in 7'(f) we define

the set SC<q(a) which lists the most recent strongly critical ordinal below € used in the build

up of the ordinal term a:

1) SC-q(0) := SC=0(Q) =0
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2) SCzq(a) :={a} if a =T'g for some B < 0 or a = ay.
3) SCzalar + ... + ap) := Ui<i<nSCzq(a;)

4) SCza(pagar) == SCxq(ao) U SC=o(ar)

5) SCza(ya) = {Ya}.

Now let
My :={a € T()|SCzq(a) C Accy}

and
a=<pn, b:=a,be MgANa=<b.

Finally for a definable class U we define the following formula
Progy, (U) := (Vy € My)[(Vz <m, y)(z € U) — (y € U)]

Lemma 2.6.5.
Accg =MyNQ:={a€ My|a=<Q}

Proof. Suppose that a € Accy and observe that (Vo € SC2q(a))(z < a), thus SC<q(a) C Accy
by 2.6.31) thus we have verified that a € My N Q.

Now let us suppose that a € My N, so we know that SCq(a) C Accyg. By induction on the

term complexity Ga we verify that a € Accy.
Clearly 0 € Accg and if a = I'g for some 3 < 0 then a € Accy by Lemma 2.6.3v).

If a = a1 +...+a, then we get ay, ..., a, € MpNQ since SC<q(a;) € SC<q(a) for each i. Now us-
ing the induction hypothesis we get ay, ..., a, € Accg and so by Lemma 2.6.3ii) we have a € Accy.

If a = pbe then we get b, c € My N, so using the induction hypothesis we get b, c € Accyg and
so by Lemma 2.6.3iii) we have a € Accy.

If a = yap then SCxq(a) = {a} so we have a € Accg by assumption. 0

Definition 2.6.6. For a definable class U let
U°:={be My|(Vae My)[MynaCU— Myna+w®CUJ}
where MgNa:={be My|b=<a}.

Lemma 2.6.7. KP - Prog,, (U) — Prog,,, (U9)
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Proof. Assume

(1) Prog,, (U)
(2) be My
(3) (Vz <, b)(z € U)

Under these assumptons we need to verify that b € U?. Since we already have that b € M by
(2), it suffices to verify

(VCLGMQ)[M@OCLQ U—>M9ﬂa+wbg U]
to this end we assume that
(4) a€ My and MpNaCU

Now choose some d € My N a + w®, we must show that d € U under the assumptions (1)-(4).
If d < a then we have d € U by (4).
If d = a then using (1) and (4) we have a € U.

If d > a then since d < a + w®, we may find dy, ..., dj, such that
d=a+wh + ... +w* and dp <...=d1 =b

Since My Na C U we get MyNa+wh C U from (3).

In a similar fashion using (3) a further k£ — 1 times we obtain
Myna+wh + ... +w™ CU

Finally using one application of Progaz, (U) (assumption (1)) we have d € U and thus the proof

is complete. O

Definition 2.6.8. We define the class Xy in KP as
Xo:={ae€ My|(3zr € Ka)(x > a) Via € Accy}

Recall that the function k was defined in Definition 2.1.11 and can be computed in a f-primitive
recursion fashion. The class Xy may be thought of as those a € My for which either va is
undefined or ©a € Accy.

Lemma 2.6.9. KP - Prog,, (Xy).
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Proof. Assume

(1) a € My
(2) (Vz <, a)(z € Xp)

We need to verify that a € Xy. If (3v € Ka)(z > a) then we are done, so assume (Vz €
Ka)(x < a) and thus Ya € T(0) and we must verify that ¥a € Accy. To achieve this we verify
that

(*) b=<1a = be Accy

from which we would be done by 2.6.3ii). To verify (*) we proceed by induction on Gb, the

term complexity of b.
If b=0or b =T for some § < 6 we are done by 2.6.3v).

If b=bg+ ...+ b, or b = pbyby then the result follows by the induction hypothesis and 2.6.3ii)
or 2.6.3iii).

So suppose that b = 1by. It must be the case that (Vo € Kby)(z < bg) and by < a. We must
now show that by € Mpy in order to use (2) to conclude that by € Xy. The claim is that

(**) SC=qa(bo) € Accy and thus by € My

Suppose d € SCq(bg) then either d = I'g for some 3 < 6 in which case d € Accy by 2.6.3v) or
d = dy < Ya for some dy. But
Gd < Gby < Gb

and thus d € Accy by induction hypothesis. Thus the claim (**) is verified. Now using (2) we
obtain by € Xy which implies b = 1by € Accy. O

Lemma 2.6.10. For any n < w and any definable class U

KP - Prog,,, (U) — MyNen(0) CU Nen(0) €U.
Proof. We proceed by induction on n [outside of KP].
If n = 0 then Progy, (U) says that

(Va € Accy)[(Vb < a)(beU) —a e U]

So using Accyp-induction (Lemma 2.6.2) we obtain Accy C U. Hence from 2.6.5 we get MyNQ C
U. Now Q,Q+ 1 € My so using Progys, (U) a further two times we have Q + 1 := e,(0) € U as
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required.

Now suppose the result holds up to n; since the induction hypothesis holds for all definable

classes we have that that

KP - Progy;, (U°) = My Nen(0) CU° Aey(0) € U°
and by Lemma 2.6.7 we have
(1) KP - Progy,, (U) = My Nen(8) € U° Aey(0) € U,
Now we argue informally in KP. Suppose Progyz, (U), then from (1) we obtain

MyNe,(0) CUS A en(d) €U
This says that
(Vb € My N (en(0) +1))(VYa € Mp)[MyNa CU — MyNa+w’ CU]
Now if we put a = 0 and b = e, () (noting that e, (0) € My) we obtain
Mynwe® c U
from which Progay, (U) implies w®(®) € U as required. 0
Theorem 2.6.11. For every n < w
KP F 9(en(0)) € Accy

and hence KP F A,,(0).

Proof. By 2.6.9 we have Prog,, (Xg) recalling that
Xop:={ae€ My|(3z € Ka)(x > a) Via € Accg}.

So from 2.6.10 we get e, (f) € X for any n < w and thus ¥ (e, (0)) € Accy. 0

2.7 The provably total set functions of KP
For each n < w we define the following recursive set function

Gn(X) 7= Ly(en(rh(x)) (X)
For a formula A(a,b) of KP let

VzdlyA(z,y) = VaVy Viye[A(z, y1) A A(z,y2) = y1 = yo] A VaIyA(z,y).
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Definition 2.7.1. If T is a theory formulated in the language of set theory, f a set function
and X a class of formulae. We say that f is X definable in 7" if there is some X-formula A¢(a,b)

with exactly the free variables a, b such that
i) ViEAp(z,y) < f(2) =y
ii) T F VadlyAs(z,y).

Theorem 2.7.2. Suppose f is a set function that is ¥ definable in KP, then there is some n

(which we may compute from the finite derivation) such that
V =Vz(f(z) € Gp(x)).
Moreover G, is ¥ definable in KP for each m < w.

Proof. Let Af(a,b) be the ¥ formula expressing f such that KP F Va3lyAs(z,y) and fix an
arbitrary set X. Let 6 be the rank of X. Applying Theorem 2.5.10 we can compute some k < w
such that

Q-wk
Ho b Yoy Ag(e,y) .
Applying Lemma 3.4.1iv) twice we get
Q-wk
Ho kg A (X,y).
Applying Theorem 2.4.8 (predicative cut elimination) we get
ex+1(0)
Ho g 3yAs(X.y).
Now by Theorem 2.4.14 (collapsing) we have
Y(ert2(0))
dyAr(X,y).
Hep\o(0) m yAr(X,y)
Applying Theorem 2.4.8 (predicative cut elimination) again yields
Hy g(wv)(dw) JyAr(X,y) where v :=ep42(0).
Now by Lemma 2.4.9 (boundedness) we obtain
(1) My 5 Gy € La) Ap(X,y)t  where a := (1y)(17).
Since (1) contains no instances of (Cut) or (3-Refq(X)), it follows by induction on « that
Lo(X) | JyAp(X,y)

It remains to note that Ly (X) C Gi43(X) to complete this direction of the proof.

For the other direction we argue informally in KP. Let X be an arbitrary set, we may specify
the rank of X in a Ag manner([3] p29). By Theorem 2.6.11 we can find an ordinal of the same
order type as e, (rk(X)). We can now generate L., x(x))(X) by X-recursion ([3] p26 theorem
6.4). O
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The comparison of Theorem 2.0.2 with Theorem 2.7.2 provides a pleasing relation between the

arithmetic and set theoretic worlds.

Remark 2.7.3. In fact the first part of 2.7.2 can be carried out inside KP, ie. If f is X
definable in KP then we can compute some n such that KP - Va(3ly € G,.(x))A¢(z,y). This
is not immediately obvious since it appears we need induction up to ¥ (eq,+1), which we do not
have access to in KP. The way to get around this is to note that we could, in fact, have managed
with an infinitary system based on an ordinal representation built out of By(e,,(0)), provided
m is high enough, and we may compute how high m needs to be from the finite derivation. We
do have access to induction up to ¥ (e;,(6)) in KP by Theorem 2.6.11.

59



60



Chapter 3

An ordinal analysis of IKP

This chapter provides a detailed rendering of the ordinal analysis of Kripke-Platek set theory
formulated with intuitionistic logic, IKP. This is done in such a way that not only do we char-
acterise the proof theoretic ordinal of IKP (in the sense of [34]), but also so that we are able
to extract witness terms from the resulting cut-free derivations of ¥ sentences in the infinitary
system. This results in a proof that IKP has the existence property for 3 sentences, which in

conjunction with results in [40] verifies that CZF ™ has the full existence property.

This chapter is essentially an application of well known techniques to the intuitionistic case.
There are certain technical issues arising in the intuitionistic case that need checking, moreover
many of the arguments in this chapter are modular and transfer over to the stronger systems

analysed in subsequent chapters with minimal changes.

3.1 A sequent calculus formulation of IKP

Definition 3.1.1. The language of IKP consists of free variables ag, a1, ..., bound variables
xg,T1, ..., the binary predicate symbol € and the logical symbols -, V, A, —,V, 3 as well as paren-
theses ), (.

The atomic formulas are those of the form a € b.

The formulas of IKP are defined inductively by:

i) All atomic formulas are formulas.
ii) If A and B are formulas then so are =A, AV B, AN B and A — B.

iii) If A(b) is a formula in which the bound variable x does not occur, then VzA(x), 3zA(x),
(Vz € a)A(z) and (3z € a)A(z) are also formulas.
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Quantifiers of the form 3z and Vz will be called unbounded and those of the form (3z € a) and

(Vz € a) will be referred to as bounded quantifiers.
A Ap-formula is one in which no unbounded quantifiers appear.
The expression a = b is to be treated as an abbreviation for (Va € a)(x € b) A (Vz € b)(z € a).

The derivations of IKP take place in a two-sided sequent calculus. The sequents derived are
intuitionistic sequents of the form I' = A where I" and A are finite sets of formulas and A
contains at most one formula. The intended meaning of I' = A is that the conjunction of
formulas in I' implies the formula in A, or if A is empty, a contradiction. The expressions = A
and I' = are shorthand for ) = A and I" = () respectively.

The axioms of IKP are:

Logical axioms: T,A,= A for every Ay formula A.
Eztensionality: T = a=bA B(a) — B(b) for every A formula B(a).
Pair: I'=3z(aczAbe z).
Union: I'= 32(Vy € 2)(Vz € y)(z € 2).
Ag-Separation: I' = Jy[(Vz € y)(z € a A B(z)) A (Vx € a)(B(z) = z € y)]
for every Ag-formula B(a).
Set Induction: T’ = Vz[(Vy € 2F(y) — F(z)] — Vo F(x) for any formula F(a).
Infinity: = 3z[(Fzex)(zex) N(Vy € x)(3z € x)(y € 2)].
Ag-Collection: T = (Vx € a)3yG(x,y) = F2(Vz € a)(Jy € 2)G(x,y) for any Ag-formula G.

The rules of inference are

rc=A
IN'AANB= A

For Ce{A,B}) (\R)1=4 TI'=B

(AL) I'=AAB

(VL) INA= A I''B=A
INAvB=A

r=<=C
(VR) = AV B For C € {A, B}

INA=
I'=> -4

I'= A 4
D) paL OB

(1) I''B=A I'=A (= I'A= 1B
I'N'A—-B=A

IFaebAF(a)= A
I'(3z €b)F(z) = A

(b3L) (b3R)
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IFaeb— F(a)= A I'=a€b— F(a)

VL) T Ve evFm s TS waenF@
[VF(a) = A I'= F(a)
(3L) I 3zF(x) = A (35) I'= J2F(x)
IVF(a) = A I'= F(a)
(vL) IWVaeF(z) = A (V) I' = VaF(x)

r=A4 A=A
'=sA

(Cut)

In each of the inferences (b3L), (3L) (bVR) and (VR) the variable a is forbidden from occurring

in the conclusion. Such a variable is known as the eigenvariable of the inference.

The minor formulae of an inference are those rendered prominently in its premises, the other
formulae in the premises will be referred to as side formulae. The principal formula of an
inference is the one rendered prominently in the conclusion. Note that in inferences where the
principal formula is on the left, the principal formula can also be a side formula of that inference,

when this happens we say that there has been a contraction.

3.2 An ordinal notation system

Given below is a very brief description of how to carry out the construction of a primitive
recursive ordinal notation system for the Bachmann-Howard ordinal. This construction is very
similar to the one carried out in full detail in the previous chapter, only there is no ordering

inserted as an initial segment.

Definition 3.2.1. Let Q be a ‘big’ ordinal, eg. N;. (In fact we could have chosen wch as shown

in [31].) We define the sets B(a) and ordinals ¢q() by transfinite recursion on « as follows

closure of {0,Q} under:

(3.1) Ba) = { +.(&n pn)
(f — 7/19(5))&@
(3.2) Yola) ~ min{p<Q: p¢ B(a)}.

It can be shown that ¢q(«) is always defined and thus q(a) < Q. Moreover, it can also be
shown that Bo(a) N Q= Ya(a).
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Let g1 be the least orinal 7 > Q such that w” = 7. The set B®(cq1) gives rise to a primitive
recursive ordinal notation system [6] [35]. The ordinal ¥ (eq+1) is known as the Bachmann-
Howard ordinal. There are many slight variants in the specific ordinal functions used to build
up a notation system for this ordinal, for example rather than ‘closing off” under the ¢ function
at each stage, we could have chosen w-exponentiation, all the systems turn out to be equivalent,
in that they eventually ‘catch-up’ with one another and the specific ordinal functions used can
be defined in terms of one another. Here the functions ¢ and v are chosen as primitive since
they correspond to the ordinal operations arising from the two main cut elimination theorems

of the next section.

3.3 The infinitary system IRSq

The purpose of this section is to define an intuitionistic style infinitary system IRSq within

which we will be able to embed IKP and then extract useful information about IKP derivations.

Henceforth all ordinals will be assumed to belong to the primitive recursive ordinal representa-

tion system arising from B%(eq1).

The system is based around the constructible hierarchy up to level Q.

L() = (Z)
Lot1 ={X C L, | X is definable over L, in the language of IKP with parameters}

Ly = U L¢ if Ais a limit ordinal
E<A

Definition 3.3.1. We inductively define the terms of IRSq. To each term ¢ we also assign an

ordinal level [t].
i) For each oo < , L, is a term with |L,| := a.

ii) If F(a, by, ...,by) is a formula of IKP with all free variables indicated and sy, ..., s, are IRSq
terms with levels less than «, then
[z € Lo | F(x, 51, ..., sn)]

is a term of level o. Here F indicates that all unbounded quantifiers in F are restricted
to L.
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The formulae of IRS¢ are of the form F(sq, ..., s,) where F(ay,...,ay) is a fomula of IKP with

all free variables displayed and s1, ..., s, are IRSq-terms.

Note that the system IRSq does not contain free variables. We can think of the universe
made up of IRSq-terms as a formal, syntactical version of Lg, unbounded quantifiers in IRSq-

formulas can be thought of as ranging over Lg.

For the remainder of this section IRSq-terms and IRSq-formulae will simply be referred to as

terms and formulae.

A formula is said to be Ag if it contains no unbounded quantifiers.

The Y-formulae are the smallest collection containing the Ag-formulas and containing AV B,
ANB, (Vx € s)A, (3x € s)A and Jx A whenever it contains A and B. Likewise The II-formulae
are the smallest collection containing the Ag-formulas and containing AV B, AA B, (Vx € s)A,

(3z € s)A and Vz A whenever it contains A and B.

Abbreviation 3.3.2. For ¢ a binary propositional connective, A a formula and s, ¢ terms with

|s| < |t| we define the following abbreviation:

sEtoAd:=A if ¢ is of the form L,,
:=B(s)o A iftis of the form [x € L, | B(x)]

Like in IKP, derivations in IRSq take place in a two sided sequent calculus. Intuitionistic
sequents of the form I' = A are derived, where I" and A are finite sets of formulae and at most
one formula occurs in A. T', A, A, ... will be used as meta variables ranging over finite sets of

formulae.

IRS( has no axioms, although note that some of the rules can have an empty set of premises.

The inference rules are as follows:
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C,petAr=p=A forall |[p| <|t]

€L)o
€r) Lret = A
r —t N = :
€R) ;‘;isef S if|s| < |t
Iset— A(s) = A .
bvYL : f t
VL) FVzenAw) —a lsl<lt
I'=pet— A(p) forall |p| <|t]
bYR)oo
(BVR) I'= (Vo et)A(x)
(b3L) D,petNAlp) = A forall |p| <|t]
T, Bret)A(z) = A
F'=setNAs) .
b3R f t
O3R) S E e nA@) el <l
I, A(s) = A
VL ’
(VL) Wz A(z) = A
I'= A(p) for all p
VR)oo
(VR) = V2 A(z)
I, A(p) = A for all p
L)oo :
(3L) I, 3zA(z) = A
I'= A(s)
JR —
(3R) I'= 3zA(x)

(3-Refq) IETI} it A is a X-formula,
As well as the rules (AL), (AR), (VL), (VR), (=L), (-R), (L), (= L), (— R) and (Cut) which

are defined identically to the rules of the same name in IKP.

In general we are unable to remove cuts from IRSq derivations, one of the main obstacles to full
cut elimination comes from (X-Refq) since it breaks the symmetry of the other rules. However
we can still perform cut elimination on certain derivations, provided they are of a very uniform
kind. Luckily, certain embedded proofs from IKP will be of this form. In order to express
uniformity in infinite proofs we draw on [8], where Bucholz developed a powerful method of

describing such uniformity, called operator control.

Definition 3.3.3. Let
P(ON) ={X : X is a set of ordinals}.
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A class function
H: P(ON) — P(ON)

will be called an operator if H satisfies the following conditions for all X € P(ON):
1. X CY = H(X) CH(Y) (monotone)

2. X C H(X) (inclusive)

3. H(H(X)) = H(X) (idempotent)

4. 0 € H(X) and Q € H(X).

5. If a has Cantor normal form w®! + - -+ 4+ w*", then

aceH(X) iff ag,..,aneH(X).

The latter ensures that #H(X) will be closed under + and o +— w?, and decomposition of its

members into additive and multiplicative components.

From now on o € H and {aq,...,a,} C H will be considered shorthand for o € H((})) and
{1, ..., an} € H(0) respectively.

Definition 3.3.4. If A is a formula let
k(A) := {a € ON : the symbol L, occurs in A, subterms included}.
Likewise we define
k({A1, ..., An}) = k(A1) U...Uk(4,) and Kk = A):=EkI)Uk(A).

Now for H an arbitrary operator, s a term and X a formula, set of formulae or a sequent we
define

H[s](X) =H(X U{[s]})
H[X](X) ==H(X Uk(X))

Lemma 3.3.5. Let H be an operator, s a term and X a formula, set of formulae or sequent.
(i) For any X, X’ € P(ON), if X’ C X then H(X') C H(X)].
(ii) H[s] and H[X] are operators.
(iii) If k(X) C H(D) then H[X] = H.

(iv) If | s| € H then H[s] = H.
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Proof. This result is demonstrated in full in [35]. 0

We also need to keep track of the complexity of cuts appearing in derivations.
Definition 3.3.6. The rank of a term or formula is determined by
1. rk(Ly) = w -«

2. rk([z € Ly | F(2)]) := max{w - a+ 1,7k(F(Ly)) + 2}

6. rk((Fz € t)A(x)) = rk((Vx € t)A(x)) := max{rk(t),rk(F(Lo)) + 2}

7. rk(3xA(x)) = rk(VzA(x)) := max{Q, rk(F(Lo)) + 1}

Observation 3.3.7. i) rk(s) = w - |s| + n for some n < w.

ii) If Ais Ag, rk(A) = w - max(k(A)) + m for some m < w.

iii) If A contains unbounded quantifiers rk(A) =  + m for some m < w.

iv) rk(A) < Q if and only if A is Ay.

There is plenty of leeway in defining the actual rank of a formula, basically we need to make

sure the following lemma holds.

Lemma 3.3.8. In every rule of IRSq other than (X-Refq) and (Cut), the rank of the minor

formulae is strictly less than the rank of the principal formula.

Proof. This result is demonstrated for a different set of propositional connectives in [35], the

adapted proof to the intuitionistic system is similar. O

Definition 3.3.9 (Operator controlled derivability for IRSq). Let H be an operator and I' = A
an intuitionistic sequent of IRSq, we define the relation H }%F = A by recursion on .

We require always that k(I' = A)U{a} C H, this condition will not be repeated in the inductive
clauses for each of the inference rules of IRSq below. The column on the right gives the ordinal

requirements for each of the inference rules.

H|r] }%r,rét/\r:S:Aforall|r]<|t|

(EL)oo o 7| <ar <«
H};F,setiA
. o) <
7—[}21“ =>retAr=s
(€ R) p%}fr ) [ <t
o T 7| <a
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}% ,sEL— A(s) = A

o) < @

(bYL) - |s| < |t]
}; ,\V/CCEt ():>A |8|<Oé

His| 2T = s €t — F(s) forall |s| < |t
(BVR)w [s] b5 s (s) for all [s] < |t] 5| < as<a

H bFé(VxEt)F(:U)

Qs

Ise€tANF(s)= Aforall|s|<]|t|

ALy, Tl
HET, (Fzet)F(z) = A

|s| <as < a

g . apg < @
(b3R) H 7 F'=ssetNA(s) 5] < [¢]
Vi) HEST, F(s) = A am+1l<a
H D VaF(z) = A |s| <«
Hs] BT = F(s) for all
(VR) o 5] 15 - (s) for all 5 |s| <as+1<a
H T = VaF(x)
H[s| =T, F(s) = A for all
(L) s b— (s) orans |s|<as+1<a
H};F,EIxF )= A
@R HEST = F(s) a+1<a
HET, = 32F(2) |s| <a
(Cut) HE*T,B=A HEFT=B g, < a
HET=A rk(B) <p
HET = A 1,Q
(S-Refq) }p— o+ LI <o

H Er:azm

Lastly if I' = A is the result of a propositional inference of the form (AL), (A
(— R), with premise(s) I'; = A; then from H

(_'L)a (_'R)v (J—)a (_) L) or
i) we may conclude H }%F = A, provided ag < a.

A is a Y-formula

) ( L), (VR),
I (for each

ap
P

Lemma 3.3.10 (Weakening and Persistence for IRSq). i) If 'y C T', 5(I' = A) C H, a9 <

a€H,po<pand H %F0:>A then

H%F:A
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ii) f B>y e€Hand H T, (32 € Ly)A(x) = A then H ST, (Fx € Ly)A(z) = A.
iii) If 8>y €M and H 5T = (Vo € Lg)A(z) then H ST = (Vo € L) A()

iv) If y € H and H 5T, 3zA(x) = A then H T, (FJz € L)) A(z) = A

v) IfyeH and H T = VaA(z) then H T = (Vo € Ly)A(x) .

Proof. We show i), ii) and v).
i) is proved by an easy induction on a.

ii) Is also proved using induction on «, suppose 8 > v € H(0) and H }%F, (Fz e Lg)A(z) = A.
If (3z € Lg)A(z) was not the principal formula of the last inference or the last inference was
not (bdL)s then we may apply the induction hypotheses to it’s premises followed by the same
inference again. So suppose (3x € Lg)A(x) was the principal formula of the last inference which

was (b3L)so, so we have
H]s] }% I',(3z € Lg)A(x), A(s) = A for all |s| < 3, with a, < a.
From the induction hypothesis we obtain
H]s] }% I',(3z € Ly)A(z), A(s) = A for all |s| < 3, with oy < «
but since 8 >  this also holds for all |s| < 7. So by another application of (b3L)s we get
HET, 3z el,)A(x) = A

as required.

For v) suppose H }%F = VxA(z). The interesting case is where VzA(z) was the principal

formula of the last inference, which was (VR)«, in this case we have
H|s] }%F = A(s) forall s, with |s| < as+1< a.

So taking just the cases where |s| < 7 and noting that in these cases A(s) = s € Ly, — A(s),
we may apply (bVR) to obtain

HET = (Vo eL,)A(x)

as required.

The proofs of iii) and iv) may be carried out in a similar manner to those above. O
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3.4 Cut elimination for IRS(

Lemma 3.4.1 (Inversions of IRSq). i) If H }%F,AAB:>A then H }%F,A,B:>A.
i) IfHET=AAB then H ST = A and H 5T = B.

i) fH T, AVB=A then H ET, A=A and H 5T, B= A,

iv) fHET,A-B=A then H [T, B= A.

V) fHET = A B then H T, A= B.

vi) fHET = =A then H ST, A=

vii) If H }%I‘,ret:A then H[s] }%F,sét/\r:séA for all |s| < |t].

viii) If H }%F,(Elxet)A( ) = A then H|s }—F sELtNA(s) = A forall |s| < |t|.
ix) If H }%F:> (Vz € t)A(x) then H|s] }%F:sét—hél(s) for all |s| < |t|.

x) If H };F JxA(z) = A then H|s }—FA = A for all s.

xi) If H };F = VzA(z) then H]s] }%F:A(s) for all s.

Proof. All proofs are by induction on «, we treat three of the most interesting cases, iv), vi)

and x).

iv) Suppose H }%F, A — B = A, If the last inference was not (— L) or the principal formula
of that inference was not A — B we may apply the induction hypothesis to the premises of that
inference, followed by the same inference again. Now suppose A — B was the principal formula

of the last inference, which was (— L). Thus, with the possible use of weakening, we have

(1) ’H}p—FBA%B:>A for some ap < a.
(2) H}%F,A—)B:A for some a1 < a.

@Q

> I.B= A from which we may obtain the

Applying the induction hypothesis to (1) yields H

desired result by weakening.

vi) Now suppose H }% I' = = A If = A was the principal formula of the last inference which was
(—R) then we have H }% I'; A = for some ag < «, from which we may obtain the desired result
by weakening. If the last inference was different to (—R) we may apply the induction hypothesis

to the premises of that inference followed by the same inference again.
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x) Finally suppose H }%F, drA(z) = A. If 3xA(z) was the principal formula of the last infer-

ence which was (3L)o then we have
s] }% I3z A(z), A(s) = A with ay < « for each s.

Applying the induction hypothesis yields

Qg

s|o- T A(s) = A

from which we get the desired result by weakening. If JzA(x) was not the principal formula
of the last inference or the last inference was not (3L)o then we may apply the induction

hypothesis to the premises of that inference followed by the same inference again. O

Lemma 3.4.2 (Reduction for IRSq). Let p := rk(C) # Q
If HET,C=A and HIZPE=C then #H [ = A

Proof. The proof is by induction on a#a#8# 5. Assume that

(1) p:=rk(C) #Q
(2) HETD C=A
(3) Hibz=c

If C was not the principal formula of the last inference in both derivations then we may simply

use the induction hypothesis on the premises and then the final inference again.

So suppose C' was the principal formula of the last inference in both (2) and (3). Note also that
(1) gives us immediately that the last inference in (3) was not (X-Refq).

We treat three of the most interesting cases.

Case 1. Suppose C = r € t, thus we have

[e% . .
(4) ’H[pHp—pF,C,pEt/\r:pﬁA for all |p| < |t| with o < &

Te

(5) HI-E=s€tAr=s forsome |s|<|t|with By <}.
Now from (5) we know that | s| € H and thus from (4) we have

(6) HiSF,C,sét/\r:(s:A.
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Applying the induction hypothesis to (6) and (3) yields

(7) H ;s#as#ﬁ#ﬁ ElsctAr=s=A.

Finally a (Cut) applied to (5) and (7) yields

afa#BHL

Hp =2I'=A

as required.

Case 2. Now suppose C = (Vz € t)F(x) so we have

(8) H }%F,C,sét%F(s)#A for some |s| < |t| with ap,|s| < «
and

9) Hipl 22 = pet— F(p) forall |p| < |t] with 8, < 5.
Now (8) gives s € H and thus from (9) we have

(10) HIEE s sét— F(s).

Applying the induction hypothesis to (3) and (8) gives
(11) H AT = s &t F(s) = A

Finally (Cut) applied to (10) and (11) yields the desired result.

Case 3. Now suppose C' = A — B so we have

(12) HET,C=> A withag < a
(13) HE-T,C,B= A witha <a
(14) HEYZ, A= B with fy <

The induction hypothesis applied to (12) and (3) gives

(15) i SNy
Now an appilication of (Cut) to (15) and (14) gives
(16) HPH = B

Inversion (Lemma 3.4.1 iv)) applied to (13) gives
(17) HET,B=A.

Finally a single application of (Cut) to (16) and (17) yields the desired result.
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Theorem 3.4.3 (Predicative Cut Elimination for IRSq). Suppose H }%F = A, where
ptw

Q¢ [p,p+w’) and B € H, then

’H}f—ﬁaF:A.

Provided H is an operator closed under ¢.

Proof. The proof is by main induction on S and subsidiary induction on «.

If the last inference was anything other than (Cut) or was a cut of rank < p then we may apply
the subsidiary induction hypothesis to the premises and then re-apply the final inference. So
suppose the last inference was (Cut) with cut-formula C' and rk(C) € [p, p + w?). So we have
(1) HIZ—T,0=A withag < o

p+w?

(2) HI®E—T'=C witho <o
ptwh

First applying the subsidiary induction hypothesis to (1) and (2) gives

3) HIEP D0 = A
(4) HIE" T = 0

Now if rk(C) = p then one application of the Reduction Lemma 3.4.2 gives the desired result
(once it is noted that pBag#HpLav#ebar#pBal < pPa since pfa is additive principal.)

Now let us suppose that 8 > 0 and 7k(C) € (p, p+w?). Since rk(C) < p+w? we can find some
By < B and some n < w such that

rk(C) < p+n-w.
Thus applying (Cut) to (3) and (4) gives

HE oA

p+n~w50
Now by the main induction hypothesis we obtain

©Bo(pBa)

r=A
pt(n—1)w

But by definition ¢S« is a fixed point of the function ¢f(+) ie. vSBo(pLfa) = pPa, so we have

leler
" p+(n—1)-wbo F=a

From here a further (n — 1) applications of the main induction hypothesis yields the desired

result. O
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Lemma 3.4.4 (Boundedness for IRSg). If A is a ¥-formula, B is a II-formula, o < 5 < © and
B € H then

i) fH [T = A then H ST = Als.
ii) If % [ST,B = A then H [>T, B = A

Proof. Suppose that H }%I‘ = A. We proceed by induction on «.

If A was not the principal formula of the last inference then we can simply use the induction
hypothesis. If A was the principal formula of the last inference and is of the form —C, C' A D,
CVD,C— D, (3zxet)C(x) or (Ve € t)C(x), then again the result follows immediately from
the induction hypothesis.

Note that the last inference cannot have been (VR), or (X-Refq) since A is a 3 formula and
a < .

So suppose A = JxC(x) and
H AT = C(s)

For some «y, | s| < a. By induction hypothesis we obtain
HEST = C(s)-s.

Which may be written as
HEET = s ELg AC(s)™s .

Now an application of (b3R) yields the desired result.
Part ii) is proved in a similar manner. O

Definition 3.4.5. For each n we define
M, : P(B%(ea41)) — P(B"(cat1))
Hy(X) : = ﬂ{BQ(a) . X C B¥(a)andn < a}
Lemma 3.4.6. i) #,, is an operator for each 7.
i) n<n’ = Hy(X) S Hy(X)
iii) If £ € H,)(X) and & < n+ 1 then (&) € Hy(X)

Proof. This is proved in [8]. 0
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Lemma 3.4.7. Suppose 77 € H,, and let § := 1 + w5

i) If a € H,) then &, ¥qo(&) € Ha.

ii) If ap € H, and o < a then Yo (dp) < Ya(&).

Proof. i) From a,n € H, = B (n+ 1) we get & € B(n+ 1) and hence & € B%(&) by 3.4.6ii).
Thus ¥q(d) € B (a+ 1) = Ha(0).

ii) Suppose that o > ap € H,. By the argument above we get ¥q(d,) € B(dp + 1) C B%(a),
thus Ya(do) < Pa(a). O

Theorem 3.4.8 (Collapsing for IRSq). Suppose that n € H,, A is a set of at most one
Y-formula and T a finite set of II-formulae with max{rk(A)| A € T'} < Q then:

« . . 1/’0(‘34)
H, }Q—HF: A implies Hg }MF@ A
Proof. We proceed by induction on «. If the last inference was propositional then the assertion
follows easily from the induction hypothesis.
Case 1. Suppose the last inference was (bVR)so, then A = {(Vz € t)F(z)} and
Hypl %Fjpét%F(p) for all |p| < |t| with o), < a.

Since k(t) C H,, we know that |t| € B(n+ 1) and thus |t| < ¥o(n + 1). Thus k(p) C H,, for
all [p| < |t], so Hy[p] = H, for all such p. At this point we would like to use the induction
hypothesis, the problem is that p € ¢ — F(p) may not be a X-formula. Instead we may first

use inversion 3.4.1v) to obtain

[e7 .
Hy }QLHF,pEtiF(p).

Noting that at worst p € t contains only bounded quantification, we may now apply the induc-

tion hypothesis to give A
He, %F,p Et= F(p).
Since Yq(ap) +1 < Yq(a) for all p, we may apply (— R) and then (bVR)« to obtain the desired
result.
Case 2. Suppose the last inference was (bVL) so (Vx € t)F(z) € T and
Hy %F,sét%F(s):A for some | s| < |t| with ag < a.

Since max{rk(A) | A € I'} < Q, F(s) contains only bounded quantifiers and thus s € t — F(s)

is itself a II-formula. So we may apply the induction hypothesis to give

Heip }%F,sét%F(s):A
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from which we obtain the desired result using one applicaton of (bYL).

Case 3.(b3L) and (b3R) ae similar to cases 1 and 2 but without the worry that the formula

in the premise could not be X.
Case 4. Suppose the last inference was (3IR), so A = {JxF(x)} and
Hy %FéF(s) for some |s| < a and ag < a.
Since F'(s) is ¥ we may immediately apply the induction hypothesis to obtain
Pado
Hao }m I'= F(s
Now since |s| € H, = B(n+ 1) we know that |s| < ¥o(n+ 1) < ¥ad&, so we may apply (IR)
to obtain the desired result.

Case 5. If the last inference was (VL) we may argue in a similar fashion to case 4.

It cannot be the case that the last inference was (3L) or (VR) since I' contains only II formulae

and A only ¥ formulae.

Case 6. Suppose the last inference was (3-Refq), so A = {3zF*} for some ¥ formula F' and

ao
The induction hypothesis yields
Pado
Hei, }_wgdo I'=sF
Now applying Boundedness 3.4.4 yields
Yado Lo (o
Ho?g }_¢Qd0 T = F¢aldp)

From which one application of (3R) yields the desired result.

Case 7. Finally suppose the last inference was (Cut), then there is a formula C' with 7k(C) < Q
and ag < « such that

a0

(1) Myl 1,0 = A
Qo

(2) Hﬂ }Q_-‘rl r=c=C

7.1 If rk(C) < § then C contains only bounded quantification and as such is both ¥ and II,
thus we may apply the induction hypothesis to both (1) and (2) to give

(3) %&EHC$A
P (do)

)

)

(4) Heio % r—
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Since k(C) C H, and rk(C) < Q, we have rk(C) < ¢q(n + 1), so we may apply (Cut) to (3)
and (4) to obtain the desired result.

72 If rk(C) = Q then C = JxF(x) or C = VzF(z) with F(LLy) a A formula. The two cases

are similar so for simplicity just the case where C' = 3xF(z) is considered.

We can begin by immediately applying the induction hypothesis to (2) since C' is a ¥ formula,
giving

Ha, WP:C.

a(do)

Now applying boundedness 3.4.4 yields
Ya(do) L, -
(5) Heo }—A I' = C™¥aldo) |
e (do)
Since 9q(dp) € Hq, we may apply 3.3.10iii) to (1) to obtain
Hao [y T (B2 € Lyg(ay)) Fz) = A.

Now (3z € Ly, (qy))F () is bounded and hence II so by the induction hypothesis we obtain

Yoo
(6) He, % T, (32 € Lyg ) Flz) = A.

Where o := dp + w70, Since a1 <+ w* := & and rk((3z € Lyg o)) F(2)) < ta(a) we
may apply (Cut) to (5) and (6) to complete the proof. 0

3.5 Embedding IKP into IRS(

In this section we show how IKP derivations can be carried out in a very uniform manner
within IRSq. First some preparatory definitions. To facilitate independence from Chapter 2, I

redefine the commutative sum of o« and 8, a#0.

Definition 3.5.1. i) Given ordinals ay, ..., ay,. The expression w®!#...#w®" denotes the ordi-
nal

w@ + .+ w0

where p: {1,...,n} = {1,..,n} such that a,q) > ... > ap). More generally a0 :=
0#a = 0 and if &« =np W + ... + w* and f =np W + ... + WP then a#f =
WO H . FwOrn HWP . HwPm.

ii) If Ais any IRSq-formula then no(A) := w™) and if I' = A is an IRSqg-sequent containing
formulas {Aq, ..., A, }, then no(I' = A) := no(A1)#...#no(A,).
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iii) IF ' = A will be used to abbreviate that

no(l'=A

HIT = A }% I'= A holds for any operator H

iv) H—g I' = A will be used to abbreviate that

no A
H[I = A] M I'= A holds for any operator H

We would like to be able to use I as a calculus since it dispenses with a lot of superfluous

notation, luckily under certain conditions this is possible.

Lemma 3.5.2. i) If I' = A follows from premises I'; = A; by an inference other than (Cut)

or (3-Refq) and without contractions then
if K30 =A; then IF)T = A.
i) IfFIFS T, A, B = A then IF) ', AN B = A,

Proof. In a similar manner to 2.5.2 the first part follows from the additive principal nature of

ordinals of the form w® and Lemma 3.3.8.

For the second part suppose IF I'; A, B = A which means we have

%[F’ A’ B = A] }ZO(F:A)#TLO(A)#HO(B)#

T A,B= A.

Two applications of (AL) yields

no(I'=A)#no(A)#no(B)#a+2
p

H[T, A, B = Al | TLAANB= A.
It remains to note that H[I', A, B = A] = H[[', AN B = A] and
no(A)#no(B) 4+ 2 = WA g "HB) 9 < (yrHANE) — (A A B)

to complete the proof. O

Lemma 3.5.3. For any IRS( formulas A, B and terms s,¢ we have
i) IFT,A= A

ii) Fses=

iii) IF= s C s here s C s is shorthand for (Vz € s)(z € s).

iv) IF=set—setandlFset=set, for |s|<|t]

v) lIFs=t=t=s
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vi) IfIFT,A= BthenT',s€tNA=sctABfor|s|<|t]
vii) If IFT,A,B= AthenlFI',s€t— A s EtAB= Afor|s|<]|t]
viii) If |s| < B then IF= s € Lg

Proof. 1) By induction of rk(A). We split into cases based on the form of the formula A.

Case 1. If A = (r € t) then by the induction hypothesis we have
FT,s€tAr=s=s€tAr=s forall|s|<|t]

The following is a template for IRSq derivations.

(€R) Il—sét/\r:s:sét/\r:s for all |s| < ||
(€L)a FsetAr=s=ret forall|s|<|t]
Fret=rect
Case 2. If A = (3x € t)F(x) then by the induction hypothesis we have

IFs€tNF(s)=sEtANF(s) forall|s|<|t]

We have the following template for IRSq derivations.
IFsEtANF(s)=sEtANF(s) forall|s|<|t]
IFs€tANF(s)= (Fx €t)F(z) forall|s|<|t]
IF (3z € t)F(z) = (3x € t)F(x)

Case 3. All remaining cases can be proved in a similar fashion to above.

(b3R)
(b3L) oo

ii) The proof is by induction on rk(s), inductively we get I r € r = for all || < |s|. Now if
s is of the form L,, then r € r =r € s — r € r and we have the following template for IRSq

derivations.
(W) Frer= forall |r|<|s]|
(AL) - (Vz e s)(xer)= forall|r|<]s|
Fs=r= forall |r|<]|s]
(€L)s

IFses=
Now if s = [x € L, | B(x)] then we have the following template for derivations in IRSq.

i) Induction Hypothesis
(> L) IF B(r) = B(r) forall|r|<|s| Frer=forall|r|<|s|
(L) Ik B(r),B(r) - rer=
(AL) IF B(r),(Vzx e s)(zer)=
L IFB(r)r=s=

Lemma 3.5.2ii)

I IFB(r)Ar=s=

(€)oo IFses=
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iii) Again we use induction on rk(s). Inductively we have k= r C r for all |r| < |s]|. If

s =[x € L, | B(x)] then we have the following template for derivations in IRSq.

Induction Hypothesis
i) (AR) IFB(r)=rCr forall|r|<|s|
IF B(r) = B(r) forall|r|<|s]| FB(r)=r=r
(€R) - B(r) = B(r)Ar=r
- B(r)=res

(= R) :

(bVR) F=res—recs

* k= (Vz € s)(z € )

(AR)

If s = L, then we have the following template for derivations in IRSq.

Induction Hypothesis
lF=r Cr forall|r|<]|s]|
F=r=r

( F=recs
(BVFR)oo IF= (Vz € s)(z € s)

iv) Was shown whilst proving iii).

v) The following is a template for IRSq derivations

i) i)
FsCt=sCt (/\)H—tgsitgs
Fs=t=sCt Fs=t=1t¢tCs

Fs=t=t=s

vi) Trivial for t = L, now if ¢t = [x € L, | C(x)] then we have the following template for IRSq

derivations.
FT,A= B IFT,C(s) = C(s)

iT.co)nast AT o ras o
FT,C(s) A A= C(s) A B

(AL)
(AR)

vii) This is also trivial for t = L, so suppose t = [z € L, | C(x)] and we have the following

template for IRSq derivations.

IFT,C(s) = C(s) (AL) FT,A,B= A
IFT',C(s) AN B = C(s) IFT',A,C(s) N\B= A
IFT,C(s) - A,C(s) N\B= A

(AL)
(= L)

viii) Suppose | s| < 8 then we have the following template for derivations in IRSgq.
i)

F=s=s
(€R) S =re1,
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Lemma 3.5.4. For any terms s, ..., Sp, t1, ..., t, and any formula A(sq, ..., s,) we have
I [81 = t1], ceny [Sn = tn], A(Sl, ceny Sn) = A(t1, ...,tn)
Where [s; = t;] is shorthand for s; C ¢;,t; C s;.

Proof. We proceed by induction on rk(A(s1, ..., $n))#rk(A(t1, ..., tn)).

Case 1. Suppose A(z1,22) = (z1 € x2), then for all |s| < |s2| and |t| < |t2| we have the
following template for derivations in IRSq.

Lemma 3.5.2ii) Fls1=t],[t=s,s1=s5s=t =t
3.5.3vi) Fli=tlt=ssi=s=>t=t
F[S1:t1],tet2/\t—s 31_3:>t6t2/\t1_t
(G(L)oz F[Slztl],tétg/\t—s S]] =s=1] €ty
3.5.3vii) IF[s1=t],s€ty, 51 =s=1 €ty
(VL) IF[s1=1t1],s €sa > sEta,sESaNs1 =8=1 €ty
(€L) I-[s1 = t1], (Vo € s3)(x E t2),s E 59 As1 =8 =11 € to
Lemma 3.3.10) Fls1 =t1], (Vo € s2)(x € t2),51 € s2 =11 €1
I [s1 = t1], [s2 = to], 51 € 850 = t1 € to

Case 2. If A(z1,22) = x1 € 1 then the assertion follows by Lemma 3.5.3ii) and weakening.

Case 3. Suppose A(x1,...,x,) = (Jy € z;)B(y,x1,...,x,), for simplicity let us suppose that
i = 1. Inductively for all |r| < |s;| we have

IF[s1 = t1], e, [Sn = tn], 7 € 51 AB(1, 81,00y 8n) = 1 € t1 A B(r,t1, ..., ty)

Ik [s1 = t1], .., [Sn = tn], 7 € 51 A B(r, 31,...,3 )= (Jy € s1)B(y,t1,....tn)

I [81 t ] [Sn - tn] (Ely € Sl)B(yatla i ) (Ely € SI)B(yatl’ atn)

Case 4. The bounded universal quantification case is dual to the bounded existential one.

(b3R)
(b3L) o

Case 5. If A(x1,...,x,) = JyB(y, z1, ..., ) then inductively for all terms r we have
Ik [s1 = t1], ..., [Sn = tn], B(1, 81, oy Sn) = B(r,t1, ... ty)

subsequently applying (FR) followed by (IL)s yields the desired result.
Case 6. The unbounded universal quantification case is dual to the unbounded existential one.

Case 7. All propositional cases follow immediately from the induction hypothesis. O

Corollary 3.5.5 (Equality). For any IRSq-formula A(sq, ..., s,)

lF=s1 =t1 Ao Asp =1ty ANA(S1, .oy Sn) = Alt1, .y ty)
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Lemma 3.5.6 (Set Induction). For any formula F

wrk(A)
o

= Vz[(Vy € x)F(y) — F(x)] = VaF(z).
Where A :=Vz[(Vy € )F(y) = F(x)].

Proof. First we verify the following claim:

rR(A) grol s 141

(*) H[A, s] }:7 A= F(s) foralls.

The claim is verified by induction on | s |, inductively suppose that

Wk (A) gyl 141

HIA, t] }OiAéF(t) holds for all |¢] < |s].

If necessary we may apply (— R) to obtain

rh(A) g, |t |41 ]
H[A 8] T At € s F(t).

Next applying (bVR)« yields

W) gl 51 10
H[A, s] }07 A= (Yyes)F(y).

Also by Lemma 3.5.31) we have

‘wrk(F(s))#wrk:(F(s))

H[A, s] 5

F(s) = F(s).

Now one may note that wrk’(F(s))#wrk(F(s)) < WEF )+l < max(Qrk(F(Lo))+3) — ,rk(4) to gee

that by weakening we can conclude

wrk(A#wlsl 4o

H[A, s] 5

F(s) = F(s).

Hence using one application of (— L) we get

HIA, o] [EZHTED 4 vy € )P (y) — F(s) = F(s).

Applying (bVL) yields
wrk(A) glsl 44
H[A, s] }07 A= F(s).
Thus the claim (*) is verified. A single application of (VR)s to (*) furnishes us with

wrk

HIA] T 4 e P ().

Finally applying (— R) gives

rk(A)

IFg = A = VzF(x)

as required. O
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Lemma 3.5.7 (Infinity). For any ordinal a@ > w we have
lF= (Fz € Lo)[(3z €z)(z € x) A (Vy € x)(3z € z)(y € 2)]

Proof. The following is a template for derivations in IRSq:

Lemma 3.5.3 viii)
F=sel, forall|s|]<a<w

Lemma 3.5.3 viii)

bdR
(b3R) IF= Lo € Ly, (béR) ) IF= (3z € L,)(s € 2) forall|s| <w
(AR) k= (32 € L,)(z € L) ® = (Ve ly)(3zely,)(y € 2)
(b3R) IF= (3z € Ly)(z € Ly) A (Vy € Ly,)(3z € Ly,)(y € 2)
lF= (Fz € Lo)[(3z € z)(z € z) A (Vy € x)(3z € z)(y € 2)]
O
Lemma 3.5.8 (Ap-Separation). Suppose |s|,|t1], ..., [tn] < A where X is a limit ordinal and

A(a, by, ...,b,) is a Ag-formula of IKP with all free variables displayed, then
IF= (Fy e L))[(Vz € y)(x € s A A(x, t1,....tn)) A (Vo € 8)(A(z, 1, ..., 1) = x € y)]
Proof. First let 5 := max{|s|,|t1], ..., |tn|} + 1 and note that 8 < X since A is a limit. Now let
t:=[uelg|luesAAluty,..t,)l.

Let B(z) := A(z,t1,...,t,), in what follows r ranges over terms with || < |[¢| and p ranges

over terms with |p| < |s|. We have the following two templates for derivations in IRSq:

Derivation (1)

Lemma 3.5.3i)
lFresAB(r)=resAB(r)

- R :
(b(VR)) F=r &t — (resnAB(r))
* k= (Vz € t)(z € s A B(x))
Derivation (2)
Lemma 3.5.3iv) Lemma 3.5.3i) Lemma 3.5.3iii)
Fp€s,B(p)=pe I-p € s,B(p) = B C
(AR) T PES () =pEs p € s, B(p) (p) MR)Wép_p
IFp€s,B(p)=pesAB(p) F=p=0p

I-p€s,B(p)= (pE€sAB({p)Ap=p
Fp€s,B(p)=>pet

Fp€es=B(p) —>pet
F=pée€s— (B(p) >pet)

lF= (Vz € s)(B(z) —» x € t)

(e

(

(
(BWR)s

—
_>

R)
R)
R)
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Now applying (AR) to the conclusions of derivations (1) and (2) we obtain
IF= (Vx € t)(x € s AN B(x)) A (Vx € s5)(B(z) — x € ).
Finally note that || = 8 < A so we may apply (b3R) to obtain
lF= (y € L))[(Vz € y)(z € s A B(x)) A (Vz € s)(B(z) = x € y)]

as required. 0

Lemma 3.5.9 (Pair). If A is a limit ordinal and |s|, [t| < A, then
IF= (Fz €Ly (s€zAtE2)

Proof. Let § := max{|s|, |t|} + 1 and note that § < X since A is a limit. We have the following
template for IRSq derivations:

Lemma 3.5.3viiii) Lemma 3.5.3viiii)
IF= s € LLs IF=t € Ls

IF= (s €L5At€L5>

IF= (Fz e Ly)(s€zAt€z)

(AR)

(b3R)

Lemma 3.5.10 (Union). If A is a limit ordinal and |s| < A then
IF= (3z € Ly)(Vy € s)(Vx € y)(z € 2)
Proof. Let a = |s|, we have the following template for derivations in IRSq:

Lemma 3.5.3viii)

Fré€s,gér=qel, foralllq <|r|<a
Frés=qer—qecl,
IFr€s= (Ve er)(zel,)

F=r €s— (Vo er)(z €Ly)

IF= (Vy € s)(Vz € y)(z € Ly)

IF= (3z € Ly)(Yy € s)(Vx € y)(z € z)

(— R)
(BYR)oc
(— R)
(BYR) oo
(v3R)

Lemma 3.5.11 (Ag-Collection). For any A formula F(x,y).

IF= (Vx € s)JyF(z,y) — Jz(Vx € 5)(Jy € 2)F(z,y)
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Proof. Using Lemma 3.5.3 we have
IF (Vo € s)3yF(x,y) = (Vz € s)IyF(x,y)

Now let H := H[(Vx € s)IyF(z,y)] and a := no((Vx € s)IyF(x,y) = (Vo € s)IyF(x,y)), by
applying (2-Refq) we obtain

H }S—H (Vx € s)JyF(z,y) = Fz(Vx € s)(y € 2)F(z,vy) .
Applying (— R) gives
HEE = (Vx € 5)3yF(z,y) = F2(Vx € 5)(Fy € 2)F(z,y) .
It remains to note that

a+2=a=no((Vr € s)JyF(z,y) = (Vx € s)IyF(z,y)) + 2
<no(= (Vz € s)JyF(x,y) — Fz(Vz € 5)(Ty € 2)F(z,y))

and H = H[= (Vx € s)IyF(z,y) — Iz(Va € 5)(3y € 2)F(z,y)] to complete the proof. 0

Theorem 3.5.12. If IKP + I'(a) = A(a) where I'(a) = A(a) is an intuitionistic sequent
containing exactly the free variables a := ay, ..., ay, then there is an m < w (which we may

compute from the IKP-derivation) such that

_ Q2™ _ _
HIT(5) = A(9)] }m—m I'(s) = A(s)
for any IRS(q terms s := s1,...s,, and any operator H.

Proof. Let A be any IRSq, formula, note that by Observation 3.3.7, we have rk(A) < Q+1 for

some [ < w. Therefore
no(A) = wHA < ¥ — (2 1.
Thus for any choice of terms 5 we have
no(I'(s) = A(3)) < Q-w™ for some m < w.

The remainder of the proof is by induction on the derivation IKP F I'(a) = A(a).

If I'(a) = A(a) is an axiom of IKP then the assertion follows by Lemmas 3.5.5, 3.5.6, 3.5.7,
3.5.8, 3.5.9, 3.5.10 or 3.5.11. If I'(a) = A(a) was the result of a propositional inference then
we may apply the induction hypothesis to the premises and then the corresponding inference

in IRSq. In order to cut down on notation we make the following abbreviation, let

H = HT(5) = A®5)].
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Case 1. Suppose that I'(a) = A(a) was the result of the inference (bVR), then A(s) = {(Vx €
si)F(x)}. The induction hypothesis furnishes us with an k£ < w such that

— Q-wk _
H[pHQ—MI‘(s) =pes;— F(p) foral|p|<]|s|,

Now by Lemma 3.4.1v) we have

_ Q-wk B
Al 22 T (5),p € 51 = F(p)
Also by 3.5.3iv) we have
FpEsi=peEs;

Applying (Cut) to these two yields

— Qwk41 _ .
Hlp] }#F(S),p € s; = F(p)
Now by (— R) we have
— Q-wk+2 _ .
HIp) o= T(5) = p & s — F(p).
Hence by (bVR)~ we have
Wkl

HITE—T(5) = (Y2 € 5:)F(2)

as required.

Case 2. Now suppose that I'(a) = A(a) was the result of the inference (bVL). So (Vx €
a;)F(x) € I'(a) and we are in the following situation in IKP
I['(a),c € a; = F(c) = A(a)

I'(a) = A(a)

If ¢ is not a member of a then by the induction hypothesis we have an m < w such that

(bVL)

(1) HICT(5), 51 € 50— Fls1) = A).

Now if ¢ is a member of @, for simplicity let us suppose that ¢ = a;. Inductively we can find an

m < w such that (1) is also satisfied. First we verify the following claim:
(2) IFT, (Vo € s;)F(x) = s1 € s; — F(s1)

2.1 Suppose s; is of the form L,. The claim is verified by the following template for derivations
in IRSq, here r ranges over terms with |r| < |s;|.
Lemma 3.5.4
IFT, F(r),r € si,r =s1 = F(s1)
IFT, (Vo € s;)F(x),r € 8,7 =s1 = F(s1)
IFT, (Vo € s;)F(x),r € s N\ =5s1 = F(s1)
IF T, (Vx € s;)F(x),s1 € s; = F(s1)
IFT, (Vx € s;)F(x) = s1 € s; = F(s1)

(bVL)
Lemma 3.5.2ii)
(= R)
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2.2 Now suppose s; is of the form [z € L, | B(z)], we have the following template for derivations

in IRSg, here r and p range over terms with level below | s; |.

Lemma 3.5.4
IFp € sj,r=pr=s =rcs;

Lemma 3.5.2ii)

(€L) FpEsinT=pr=s=r€s Lemma 3.5.4
(_>£<)) IFresi,r=s=r¢cs - F(r),r € sij,r =s1= F(s1)
(L) I-T,r € s; — F(r),r € si,7 =s1 = F(s1)
L IFT (Vo € s;)F(x),r € si,r = s1 = F(s1)
Lemma 3.5.2ii)
(L) I-T, (Vo € s;)F(x),7 € s; A\r =51 = F(s1)
(_”;(; IF T, (Vz € s;)F(x),s1 € s = F(s1)
IFT, (Vz € ;) F(z) = s1 € s = F(s1)

Now that the claim is verified we may apply (Cut) to (1) and (2) to obtain
HEZ2T(5) = A®S)
where Q +m’ := max{Q + m,rk(s; € s; — F(s1))}, which is the desired result.

All other quantification cases are similar to Cases 1 and 2.

Finally suppose I'(a) = A(a) was the result of (Cut). So we are in the following situation in
IKP.
I'(a), F(a,¢) = Ala) I'(a) = F(a,c)
I'(a) = A(a)

Where ¢ are the free variables occurring in F'(a, ¢) that are distinct from a. By the induction

hypothesis we can find mg, m; < w such that

— I.w™0 —

Q+mgo I'(3), F(5,Lo) = A(5)

—Iw™1 —

O F(g) = F(g, Lo) .

Note that k(F(5,Lg)) € H so we may apply (Cut) to finish the proof. O

3.6 An ordinal analysis of IKP

Lemma 3.6.1. If A is a X-sentence and IKP + = A, then there is some m < w, which we

may compute explicitly from the derivation, such that

Hy }M = A where v := wp (- w™).

Here wo(a) := a and w1 () := w (@),
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Proof. Suppose that A is a Y-sentence and that IKP F = A, then by Theorem 3.5.12 there is

some 1 < m < w such that
Q-w™
(1) Ho }Q—i-_m = A.
By applying Predicative Cut Elimination 3.4.3 (m — 1) times we obtain
m— Q-w™
(2) Hy [0 4,
Applying Collapsing 3.4.8 to (2) gives
(3) H, }wﬂ—m = A where v := w,, (- w™).
Yo ()
Finally by applying Predicative Cut Elimination 3.4.3 again we get

H, g(wn(v))(d)n(v)) = A

completing the proof. O
Theorem 3.6.2. If A = 32C(z) is a X-sentence such that IKP F = A then there is an ordinal
term a < ¥ (eq+1), which we may compute from the derivation, such that

Lo = Al

Moreover, there is a specific IRSq term s, with | s| < «, which we may compute explicitly from
the IKP derivation, such that

L, = C(s).

Proof. Suppose IKP F = A for some Y-sentence A, from Lemma 3.6.1 we may compute some
1 < m < w such that

H, }M = A where 7 := wp, (Q-w™).
Let a := o(a(7))(¥a(7)), applying Boundedness 3.4.4 we obtain
(2) My ls = Ale

Since the derivation (2) contains no instances of (Cut) or (X-Refq) and the correctness of the

remaining rules within L, is easily verified by induction on the derivation, it may be seen that
L, E A.

For the second part of the theorem note that it must be the case that the final inference in (2)
was (b3R) and thus by the intuitionistic nature of IRSq there must be some s, with | s| < «a,
such that

(3) My 5 = Cls)t.
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Thus

(4) Lo = C(s).

The remainder of the proof is by checking that each part of the embedding and cut elimination

of the previous two sections may be carried out effectively, details will appear in [43]. O

Remark 3.6.3. In fact Theorem 3.6.2 can be verified within IKP, this is not immediately
obvious since we do not have access to induction up to ¥q(eq+1). However one may observe
that in an infinitary proof of the form (3) above, no terms of level higher than « are used.
By carrying out the construction of IRSq just using ordinals from B(wy,+1(€2-w™)) we get a
restricted system, but a system still capable of carrying out the embedding and cut elimination
necessary for the particular derivation of the sentence A. This can be done inside IKP since
we do have access to induction up to ¥ (wmy1 (€2 - w™t)). It follows that IKP has the set

existence property for ¥ sentences. More details will be found [43].
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Chapter 4

A relativised ordinal analysis of
IKP(P)

This chapter provides a relativised ordinal analysis for intuitionistic power Kripke-Platek set
theory IKP(P). The relativised ordinal analysis for the classical version of the theory, KP(P),
was carried out in [42], the work in this chapter adapts the techniques from that paper to the
intuitionistic case. We begin by defining an infinitary system IRS}, unlike in IRS( the terms
in IRSS can contain sub terms of a higher level, or from higher up the Von-Neumann hierarchy
in the intended interpretation. This reflects the impredicativity of the power set operation.
Next we prove some cut elimination theorems, allowing us to transform infinite derivations of X
formulae into infinite derivations with only power-bounded cut formulae. The following section
provides an embedding of IKP(P) into TRS]. The final section collates these results into a
relativised ordinal analysis of IKP(P).

4.1 A sequent calculus formulation of IKP(P)

Definition 4.1.1. The formulas of IKP(P) are the same as those of IKP except we also allow

subset bounded quantifiers of the form
(Vz Ca)A(z) and (Fz Ca)A(z).

These are treated as quantifiers in their own right, not abbreviations. In contrast, the formula

a C b is still viewed as an abbreviation for the formula (Vx € a)(x € b)

Quantifiers Va, 3z will still be referred to as unbounded, whereas the other quantifiers (includ-

ing the subset bounded ones) will be referred to as bounded.
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A Al -formula of IKP(P) is one that contains no unbounded quantifiers.

As with IKP, the system IKP(P) derives intuitionistic sequents of the form I' = A where at

most one formula can occur in A.

The axioms of IKP(P) are the following:

Logical axioms:
Ezxtensionality:
Pair:

Union:

Ag —Separation:

AL —Collection:

Set Induction:

Infinity:
Power Set:

'’ A= A for every Aszformula A.

I' = a=bA B(a) = B(b) for every Al-formula B(a).
I'= Jzfacz Nbex]

I'= Jz(Vyea)(Vzey)(z€)

I'= Jy[(Vz e y)(x € aAB(x)) A (Vz € a)(B(z) = = € y)]
for every A}-formula B(a).

I'= (Vo € a)IyG(z,y) = F2(Vx € a)(Ty € 2)G(x,y)
for every Al —formula G(a,b).

I'= Vul[(Vz € u) Gx) — G(u)] = YuG(u)

for every formula G(b).

= 3z[(Fyex)yex AN (Vyex)(Fzeca)y € 2.
I'= 3z (Vx Ca)z € 2.

The rules of IKP(P) are the same as those of IKP (extended to the new language containing

subset bounded quantifiers), together with the following four rules:

IaCbA Fla)= A I'=aCbAF(a)
W3l T mcnr@ s PP T @ core
(phL) IFaCb— F(a) = A (PVR) I'=aCb— F(a)

I, (Ve CO)F(z) = A I'= (Vo Cb)F(x)

As usual it is forbidden for the variable a to occur in the conclusion of the rules (pb3L) and

(pbVR), such a variable is referred to as the eigenvariable of the inference.

4.2 The infinitary system IRSS

The purpose of this section is to introduce an infinitary proof system IRS@. As before all

ordinals will be assumed to be members of B®(q1).

Definition 4.2.1. We define the IRS], terms. To each TRS], term t we also assign its ordinal

level, |t].

1. For each a < Q, V,, is an IRS] term with |V, | = a.
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2. For each a < ), we have infinitely many free variables ag, af, a5, ...

3. If F(z,y) is a A)-formula of IKP(P) (whose free variables are exactly those indicated) and
5 = 51,..., 5, are IRS], terms, then the formal expression [z € V,, | F(z,5)] is an IRS}

term with |[z € Vo | F(2,5)] ] := .

The TRS] formulae are of the form A(sy, ..., s,), where A(ay, ...,a,) is a formula of IKP(P)

with all free variables indicated and s, ..., s, are IRSS terms.

A formula A(sy, ..., s,) of IRS is AY if A(ay,...,an) is a A} formula of IKP(P).

The ©% formulae of IRS] are the smallest collection containing the A} formulae and contain-
ing AVB, AANB, (Vz € s)A, (3x € s)A, (Vz C s)A, (Fz C s)A and Jx A whenever it contains A
and B. Likewise The IT”-formulae are the smallest collection containing the AZ; formulae and
containing AV B, AN B, (Vx € s)A, (3z € s)A, (Vo C s5)A, (3x C s)A and VrA whenever it

contains A and B.

The azioms of TRSY are:

[ys1 =11,y Sn = tn, A(S1, ..y Sn) = A(t1, ..., t,) for A(sy,...,sy,) in Ag.

I,t€[z eV, | F(z,5)] = F(t,3) for F(t,5)is A} and |t| < .
[ F(t,3) =te[xreV,| F(z,5)] for F(t,5)is A} and |t| < .

I''set— F(s) = A
I, (Veet)F(z) = A

if |s| < |t]

I'=>set— F(s) forall |s| <|t]
I'= (Vzet)F(z)

I, setAF(s)= A forall |s|<|t]
I, Bzet)F(x) = A

I'=setAF(s)
I'= (Jzet)F(x)

if |s]| < |t]

I''sCt— F(s) = A
I (Ve Ct)F(z) = A

if |s| <|t]

I'=sCt— F(s) forall |s|<|t]

(A1) T,A= A for Ain A].

(A2) T'=t=t.

(A3)

(Ad) T=seV,if|s]|<a.

(A5) T'=sCV,if|s|<a.

(A6)

(A7)

The inference rules of IRSY, are:

(bVL)
(BVR) oo
(b3L)
(b3R)
(pbvL)
(POVR) oo

I'= (Vo Ct)F(x)
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I, sCtANF(s)= A forall |s|<|t]

o3 I,(3z Ct)F(z) = A

W3R § SN i<
"D Ere SE

e E2Elte:

(3L)e 1{ 5 :U(SF)(; A:»f(X all s

(€L)oe DretAr=s= A forall |r|<|t]

I'set = A

IP'=retANr=s
€ER
(€R) I'set

if |r] < |t|

D,rCtAr=s= A forall |[r|<|t|
I sCt = A

(CR) F:>r§t/\r:3 1f’7"|§|$|
I'=sCt

A=A I'= A
Cut 2
(Cut) ' = A

(P-Ref) I‘:E%zﬁz if A is a XP-formula,
As well as the rules (AL), (AR), (VL), (VR), (=L), (=R), (L), (— L), (— R) from IKP. As

usual A* results from A by restricting all unbounded quantifiers to z.
Definition 4.2.2. The rank of a formula is determined as follows.
1. rk(s € t) ;== max{|s|+1,|t]| + 1}.
2. rk((3x € t)F(x)) :=rk((Vz € t)F(x)) := maz{|t|,rk(F (Vo)) + 2}.
3. rk((Fz Ct)F(x)) :=rk((Vxe Ct)F(z)) := maz{|t|+ 1,rk(F (Vo)) + 2}.
4. rk(3x F(x)) := rk(Vx F(z)) := maz{Q,rk(F (Vo)) + 2}.
5. rk(ANB) :=r1k(AV B) :=rk(A — B) := max{rk(A),rk(B)} + 1.

6. rk(-A) :=rk(A)+1
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Note that the definition of rank for TRS} formulae is much less complex than for TRSg, this
is because we are only aiming for partial cut-elimination for this system. In general it will not
be possible to remove cuts with A’ cut formulae. Note however that we still have rk(A) < Q

if and only if A is AJ.

We also have the following useful lemma.

Lemma 4.2.3. If A is a formula of IRS}, with rk(A) > Q (ie. A contains unbounded quan-
tifiers), and A was the result of an TRS}, inference other than (X%-Ref) and (Cut) then the

rank of the minor formulae of that inference is strictly less than rk(A).

Definition 4.2.4 (Operator controlled derivability for TRS}). If A(sy, ..., s,) is a formula of
IRS], then let

| A(s1,o8n) | :=={] 81|, | 80|}

Likewise if I' = A is an intuitionistic sequent of IRSS containing formulas Ay, ..., A, we define
IT=A|:=]|A1|U...U|A,|

Definition 4.2.5. Let H be an operator and I' = A an intuitionistic sequent of IRSS formu-
lae. We define the relation H }%F = A by recursion on «.

IfT' = Ais an aziom and |I' = A|U{a} C H, then H }%F:>A.
We require always that |[I' = A |U{a} C H where I' = A is the sequent in the conclusion, this

condition will not be repeated in the inductive clauses pertaining to the inference rules of IRSS

given below. The column on the right gives the ordinal requirements for each of the inference

rules.
Hr| BT, retAr=s= Aforall |r|<|t
(€L)oe [r] 5-T,r ar s orall |r| <|t] | <a<a
H};F,setiA
o) <
HICTD = retAr=s
(ER) a - [ <|t]
'H};F:sGt "I"’<Oé
Hr) FoD,r CtAr=s= Aforall |r|<|t
(CL)n [r] 5-T',r < ar s orall |[r|<|t] | <ar<a
H};F,s@tiA
o) <
HIETD =rCtAr=s
(CR) e R [r| < |t
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(bVL)

(bYR) oo

(b3L)

(b3R)

(PbVL)

(PbVR)oo

(PbIL) oo

(b3R)

(VR)oo

(3L)oo

(3R)

HE'T,set— Als) = A
HET, (Vo € t)A(z) = A

H[s] BT = s et — F(s) forall |s| < |t]

p
H };Fé(Vxet)F(x)

As

S L,s€tNF(s) = Aforall [s| <[t]

}%F (Fz et)F(z) = A

«@Q

o L= setNA(s)
gr (3z € t)A(z)

HEET, s Ct— Als) = A
HET, (Ve Ct)A@) = A

Qs

5 Ct— F(s)forall |s| <|t]

g (V& C t)F(x)

s CtAF(s)= Aforall |s|<]|t|

HET, @z CH)F(z) = A

psF ) for all s
H }%F:VwF x)

[

ps I'F(s) = A for all s
HET,3aF(x) = A

H ST = F(s)
HET, = 30F(2)
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o) < @
[s| <|t]
|s| < a

|s| <as < a

|s| <as < a

o) < @
[s] <[t
|s| <«
oy < &
[ <[t]
|s| < a

|s| <as < a

|s| <as <

o) < @
[s] <[t
|s| < a

ag+1<a

|s| <«

|s|<as+1<a

|s|<as+1<a

ag+ 1< a
|s| <«



[e 7)) [e70]

(Cut) HpF,B:>A HpF:>B oy < a
u
HET=A rk(B) < p
(SP-Re ) 'H}%F:>A ap+ 1,0 < «
HET = 3242 A'is a XP-formula
P

Lastly if I' = A is the result of a propositional inference of the form (AL), (AR), (VL), (VR),
(=L), (=R), (L), (= L) or (— R), with premise(s) I'; = A; then from H }% I'i = A; (for each
i) we may conclude H }%F = A, provided ag < a.

4.3 Cut elimination for IRS)

Lemma 4.3.1 (Weakening and Persistence for IRSE).

ag

0 I'o = A then

i) UToCT, [T=A|CH,ap<a€eH,pg<pand H
A

H}%F:

ii) If y € H and H [T, 30A(z) = A then H ST, (32 € V,)A(z) = A.
iii) If v € H and H 5T = Vo A(z) then H T = (Vo € V,)A(z).

Proof. All proofs are by induction on . We show ii), suppose v € H and H }%F, JzA(x) = A.
The interesting case is where JxA(z) was the principal formula of the last inference which was
(L), in this case we have H|s] }% I, 3z A(z), A(s) = A for each term s with | s| < as+1 < «
(If 3z A(x) was not a side formula we can use part i) to make it one). By the induction hypothesis
we obtain H|s] }% I',(Jr € V,)A(z), A(s) = A for all |s| <. By (AL) we get

H[s] }ZS—H I',(3z € V,)A(z),s € V, NA(s) = A.
Hence we may apply (b3L)~ to obtain H }%F, (Jz € V,)A(z) = A as required. 0

Lemma 4.3.2 (Inversions of IRS}).

i) If H ST, AAB= A and rk(AAB) > Qthen H T, A, B = A.

ii) f % ST = AAB and rk(AAB) > Qthen H ST = A and H T = B.

iii) If H ST, AVB = A and rk(AVB) > Qthen H CT,A= A and H ST, B= A,
iv) f H 5T,A— B= A and rk(A — B) > Qthen X ST, B = A.

V) EHET=A— B andrk(A— B) > Qthen M ST, A= B.
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vi) IfH 5T = —A and rk(A) > Q then H ST, A =

vil) If # 5T, (3z € )A(z) = A and rk(A(Vo)) > Q then H[s] 5T, s € t A A(s) = A for all
|s| < [t].

viii) If H }%F = (Vz € t)A(z) and rk(A(Vy)) > Q then H|s }—I‘ =set— A(s) forall |s| <
2.

ix) If # 5T, (32 C t)A(x) = A and rk(A(Vy)) > Q then H[s] 5 T,s CtA A(s) = A for all
|s| < [¢].

x) If H }%F = (Vo Ct)A(x) and rk(A(Vp)) > Q then Hls }— I'=sCt— A(s) for all [s| <
2]

xi) If # 5T, 3zA(z) = A then H[s] 5T, F(s) = A for all s.
xil) If # 5T, = VaA(z) then H[s] 5T = F(s) for all s.

Proof. The proof is by induction on a and many parts are standard for many intuitionistic

systems of a similar nature. We show viii) and ix).

viii) Suppose that H }%F = (Vo € t)A(z) and rk(A(Vy)) > Q. Since A must contain an un-
bounded quantifier, the sequent I' = (Va € t)A(z) cannot be an axiom. If the last inference
was not (bVR). then we may apply the induction hypothesis to the premises of that inference,
and then the same inference again. Finally suppose the last inference was (bVR)~ so we have

Qs

sl T =set— As) forall [s| <[t] with as <a.

Applying weakening completes the proof of this case.

ix) Suppose that H }%F, (z Ct)A(x) = A and rk(A(Vy)) > Q. Since A(x) contains an un-
bounded quantifier 3z C t) A(z) cannot be the active part of an axiom, thus if I', (3= C ¢)A(x) =
A is an axiom then so is I',s C t A A(x) = A for any |s| < |t|. As in viii) the remaining
interesting case is where (dz C t)A(x) was the principal formula of the last inference, which

was (pbdL)~. In this case we have

Qs

[, (3x Ct)A(z),s CtAA(s) = A forall |s| < |[t] with as < a.

)
Now applying the induction hypothesis yields H|s j& I's CtAA(s) = A, to which we may
apply weakening to complete the proof of this case. O

Lemma 4.3.3 (Reduction). If rk(C) :=p > Q, H }%F,C = A and H }éE = C then

H P = o A
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Proof. The proof is by induction on a#a#p#/5. The interesting case is where C was the
principal formula of both final inferences, notice that in this case the last inference cannot have
been (XP-Ref) since rk(C) > Q and the conclusion of an application of (X7-Ref) always has
rank ). Thus the rest of the proof follows in the usual way by the symmetry of the rules and
Lemmas 4.2.3 and 4.3.2, we treat the case where C = (Vo C t)A(x) and C was the principal

formula of both last inferences, so we have

(1) HET,C=A

2) Hbz=c

(3) HjOF,C,sgt—)A(s)#A with ag,|s| < aand |[s| <|t].
(4) Hip] 22 = pCt— Ap) for all | p| < | ¢] with | p| < ap < a.

From (3) we know that s € H, so from (4) we get
(5) H}%E:sgt—hél(s).
Applying the induction hypothesis to (2) and (3) yields

(6) HCHHTEE D o C s Afs) = A

Finally by applying (Cut) to (5) and (6), whilst noting that by Lemma 4.2.3 rk(s C t — A(s)) <

p, we obtain
(U e i RN

as required. O

Lemma 4.3.4. If H hF = A then H }%F = A for any n < w.

Proof. The proof is by induction on «, suppose H h I'= A. If ' = A is an axiom there
is nothing to show. If I' = A was the result of an inference other that (Cut) or a cut with
cut-rank < 24 n then we may apply the induction hypothesis to the premises of that inference

and then the same inference again. So suppose the last inference was (Cut) with cut-formula
C, and that rk(C) = Q +n. So we have

a0 .

(1) H }mF,CﬁA with ag < a.
a1 .

(2) H Y] I'=<=C with a1 < a.

Applying the induction hypothesis to (1) and (2) gives

w0
(3) H}Q—MF,C:A
w1
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Now applying the Reduction Lemma 4.3.3 to (3) and (4) provides us with

‘wO‘O HWX FHw FHwl

H 'Q+n

It remains to note that w*HwHWM #w < w* since w® is additive principal, so we can

complete the proof by weakening. O
Theorem 4.3.5 (Partial cut elimination for IRS]). If H h I'= A then H }L;;T(fl) = A

where wo(B) := 8 and wi1(8) := wrB).

Proof. The proof uses an easy induction on n and the previous Lemma. O

Note that 4.3.5 is much weaker than the full predicative cut elimination result we obtained for
IRSq (Theorem 3.4.3), this is because in general we cannot eliminate cuts with A]” cut-formulae

from TRS, derivations.

Lemma 4.3.6 (Boundedness). If A is a ©P-formula, B is a I”-formula, o < 8 < Q and 8 € H
then

i) fH ST = A then H ST = AVs .
ii) If % [>T, B= A then # 5T, B" = A

Proof. The proofs are by induction on «, we show ii), the proof of i) is similar. As with Lemma
3.4.4 the only interesting case is where B was the principal formula of the last inference and B

is of the form VzC(x). So we have
«@Q .
H }p—F,B,C(s) = A for some |s| < a with ap +1 < .
Using the induction hypothesis we obtain

H }%F,BVE,C’(S) = A for some |s| < a with ap+ 1 < a.

@Q

5 I,BYs = s€ Vg, so by (= L) we

Now since I', BYs = s € Vj is an axiom, we have H
obtain
H }ZO—HF,BW,S € Vg = C(s) = A for some |s| < a with ap +1 < a.

Finally an application of (bVL) yields
H }%F, BYs = A

as required. 0
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Theorem 4.3.7 (Collapsing). Suppose that 7 € H,, A is a set of at most one X7-formula and
I' a set of ITP-formulae with max{rk(4)|A € T'} < Q then:

[e] . ) ¢'ﬂ(d)
H, @réA implies  Hg }wQ—@FéA.
Here B =1+ w™P and the operators H¢ are those defined in Definition 3.4.5.
Proof. Note first that from n € H, and Lemma 3.4.7 we obtain
(1) &, Pa(d) € Ha-

The proof is by induction on «a.
Case 0. If I' = A is an axiom then the result follows immediately from (1).

Case 1. If the last inference was propositional then the assertion follows easily by applying the

induction hypothesis and then the same inference again.

Case 2. Suppose the last inference was (pbVR)o, then A = {(Vz C t)F(z)} and
Hylp] }QLﬂfipgt%F(p) for all |p| < |t| with o, < a.

Since |t| € Hy(0) = B%(n+1) and |t| < Q, we have |t| < ¥qo(n+ 1), thus |p| € H, for all
|p| <|t|. So we have

’HW}QLHFéth%F(p)

By Lemma 4.3.2 v) we get
Qp
Hy by Top St = F(p)
Now since p C t is Ag we may apply the induction hypothesis to obtain

He, }%F7pgt:>F(p) for all |p| < |t] with o, < av.
Q(Qp

Now noting that ¥q(d,) + 1 < q(&), by applying (— R) followed by (pbVR) we obtain the
desired result. The cases where the last inference was (bVR)so, (pb3L)oo, (b3L)so, (€ L)oo OF

(C L) are similar.

Case 3. Now suppose the last inference was (pbVL), so (Vo C t)F(x) € I' and
Hy %F,s Ct— F(s)= A forsome |s| < |t| with ap < «a.

Since max{rk(A) | A€ T} < Q F(s) is a A} formula and thus s C t — F(s) is A} as well. So
we may apply the induction hypothesis to obtain

Heiy }%F,sgt%F(s):A
Q&0
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to which we may apply (pbVL) to complete this case. The cases where the last inference was
(bYL), (pb3R), (b3AR), (€ R) or (C R) are similar.

Case 4. Now suppose the last inference was (VL), so VzA(x) € T and
Hy %F,F(s) = A for some | s| < a and o < «.
Since F(s) is II” (in fact A}) we may apply the induction hypothesis to obtain
Hey P B = A
$a(do)
Now since |s| € H, = B(n+ 1) we have | s| < ¥q(n+ 1) < 1o(&). So we may apply (VL) to

complete the case. The case where the last inference was (3R) is similar.

The rest of the proof is completely analogous to that of Theorem 3.4.8, using boundedness for
TRS], (4.3.6) instead of for IRSq. O

4.4 Embedding IKP(P) into IRS)

Definition 4.4.1. As in the embedding section for the case of IKP, IF I' = A will be used to
abbreviate that

r=A
H[I = A] P I'= A holds for any operator H.
Also Il—f; I' = A will be used to abbreviate that
I'=A
HT = A] }M ' = A holds for any operator H.

Only this time we are referring to operator controlled derivability in IRSS.

Lemma 4.4.2. For any formula A
FA= A

Proof. We proceed by induction on the complexity of A. If A is A]’ then this is axiom (A1) of
IRS).

Suppose A is of the form JzF(x). Let as = |s| + no(F(s) = F(s)) and a = no(A = A), note
that |s| < as+1 < a5+ 2 < a for all s. By the induction hypothesis we have
H[F(s)] }% F(s) = F(s) for all terms s and for an arbitrary operator H.
Now using weakening if necessary on the operator and (IR) we get
HIF(s), 5] (£ F(s) = FaF(x)
Finally since H[F(s), s](0) C H[FxF(x)][s](D) we may apply (IL)~ to obtain the desired result.

The other cases are similar. O
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Lemma 4.4.3 (Extensionality). For any formula A and any terms sq, ..., Sp,t1, ..., tn
I+ 51 =1%1,...,8n ::tn,14(81,“.,8n) = f4(t1,.“,tn).

Proof. If A is Ag then this is an axiom. The remainder of the proof is by induction on
rk(A(s1, ..., 5p)), note that rk(A(s1, ..., sn) = rk(A(t1, ..., t,) since A is not A}
Case 1. Suppose A(s1, ..., $,) = JxB(x, s1, ..., $p), we know that rk(B(r, s1, ..., 85)) < rk(A(s1, ...
for all » by Lemma 4.2.3, so by induction hypothesis we have

Ik s1 =11,y Sp = ty, B(T, 81, ..., $p) = B(r,t1,...,t,) for all terms 7.
Now successively applying (3R) and then (3L) yields the desired result.
Case 2. Now suppose A(s1,...,s,) = (3z C s;)B(2,51,...,8,). Since A is not A}, B must

contain an unbounded quantifier, and thus by Lemma 4.2.3 Q < rk(r C s; A B(r, $1,...,5n)) <
rk(A(s1,...,8p)) for any |r| <|s; |, thus by induction hypothesis we have

IFs1 =11,y Sn =tn, 7 € 8; AB(1,81, .0y 8p) =17 C t; AB(r,ty,...,t,) forall [r]|<|s;|.

Thus successively applying (pb3R) and then (pb3L)~ yields the desired result. The other cases

are similar. O

Lemma 4.4.4 (A]-Collection). For any A} formula F
lF= (Vo € s)3yF(x,y) = Fz(Vz € 5)(3y € 2)F(x,y).
Proof. Lemma 4.4.2 provides us with
IF (Vo € s)3yF(x,y) = (Vz € s)FyF(x,y)

Noting that (Vz € s)3yF(x,y) is a ¥ formula and that rk((Vx € s)IyF(z,y)) = w2 we may
apply (XF-Ref) to obtain

H :Q+2.2+2 (Vz € s)JyF(x,y) = Fz(Vx € s)(3y € 2)F(z,vy)

where H = H[(Vz € s)JyF(z,y)] and H is an arbitrary operator. Now applying (— R) we get

= w2243

5 = (Vo € s)IyF(x,y) = Fz(Vx € s)(Fy € 2)F(x,y).

It remains to note that w2 .2 + 3 < W3 = no((= Vr € 5)IyF(z,y) — J2(Vx € s)(3y €
2)F(x,y)) to see that the result is verified. 0

Lemma 4.4.5 (Set Induction). For any formula F

k= Vz[(Vy € z)F(y) — F(x)] — VzF(z).
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Proof. Let H be an arbitrary operator and let A := Vz[(Vy € z)F(y) — F(z)]. First we prove

the following
wrh(A) gl s |+1

Claim: HI[A, s] }07 A= F(s) for all terms s.

The claim is proved by induction on | s|. By the induction hypothesis we have

rR(A) gpyl 141

HA M [——— A= F(t) forall |[t|<]s|.

Using weakening and then (— R) we get

rk(A) g, | t]+1
H[A, 5,8 [oT DA tes 5 F(t) forall |¢]<|s|.

Hence by (bVR)~ we get

WrR () gl 5| 4o
HIA, s] }07 A= (Vx € s)F(x)
(the extra +2 is needed when | s| is not a limit.) Now let 7, := W™ 4wl*l 4 2. By Lemma
4.4.2 we have H[A, s]}% F(s) = F(s), so by (= L) we get
HIA, 8] [ A, (Vy € 5)F(y) — F(s) = F(s).
Finally by applying (VL) we get
HIA, 8] [ A= F(s),
since 1 + 3 < w™ A #wl 51+ the claim is verified. Now by applying (VR)s we deduce from the

claim that
rk(A

HIAN 4 = P (o).

Hence by (— R) we obtain the desired result. O

Lemma 4.4.6 (Infinity). For any operator H we have

H 2 S 33y € 2)(y € 2) A (Vy € 2)(3z € 2)(y € 2)]

Proof. First note that for any |s| < a we have H %5 €V, by virtue of axiom (A4). Let

| 5| = n < w, we have the following derivation in TRSS:

’H}%:>Vn+1€Vw H}—O:>seVn+1

(AR) - 0
(3R H %;> Vig1 €EVoAs €V 0
) P = (FzeVy)(s€2) (AR) HF?:Vove
VR §+3 =scV,— (FzeV,)(s€2) (3R H E = Vo e Vy, AV €V,
(AR) HIs = (VyeV,)(EFzeVy)(y € 2) HIg = (FzeVy)(zeVy,)
HEE = (e V)32 € Vo)(y € 2) A (32 € V) (2 € V)

(3R)

A(
HEE = Jal(vyen)Fzea)(y € 2) A (B2 € a)(z € 1))
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O

Lemma 4.4.7 (A]-Separation). If A(a,b,c1, ...,c,) is a A}-formula of IKP(P) with all free

variables indicated, r, 5 := s1, ..., S, are IRSS terms and H is an arbitrary operator then:
Hlr, 5] }j—” = Jy[(Vz € y)(x € r AN A(z,7,5)) A (Va € r)(A(z,7,5) = = € y)]
where o := |r| and p := max{|r|,|s1],....| sn |} + w.
Proof. First we define
p=[z€Vy|zernAlx,rs)] and H:=H[r s3]

For t any term with || < « the following are derivations in TRS}, first we have:
Axiom (A1) Axiom (A1)
7:[}%7567“:>t6r ﬂ%A(t,r,E)éA(t,r,E) Axiom (A7)

(AR)

HEter Alt,r3) =t ernAltrs3) HEterNA(tr5) =tep
(cut)

HEter Alt,r,5) =tep

S

(= R)

X

ter= A(t,r,5) >tep

(= R)
(Y R) oo

]
STh[STe

=ter— (A(t,r,5) =t €p)

7 |+
Hp

= (Vz € r)(A(z,7,8) = x € p)
Next we have:

Axiom (A6)

tep=terNA,r,Ss)

H

olo

(— R)
(WR)s

—

7:”_0 =tep—terNA,rSs)

— a+2
HO

= (Vz € p)(x € r AN A(z,1,5))

Now by applying (AR) followed by (3R) to the conclusions of these two derivations we get
H }j—” = Jy[(Vz € y)(x € r N A(z,7,5)) A (Vx € r)(A(z,7,5) = x € y)]

as required. O

Lemma 4.4.8 (Pair). For any operator H and any terms s and ¢ we have
Hls, t] }S—H = Jz(s€zNt € z)
Where « := max(|s|,|t]) + 1.

Proof. The following is a derivation in TRS):
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Axiom (A4) Axiom (A4)
’H[s,t]%:%sEVa H[s,t]%:tEVa

(AR)

H[s,t]% =seV,AtEVY,
7’-[[5>’,t]}g(——~_2 = Jz(s€zNtE€2)

(3R)

Lemma 4.4.9 (Union). For any operator H and any term s we have

H]s] }? = Jz(Vy € s)(Vz € y)(x € 2)

where = |s|.
Proof. Let r and t be terms such that |r | < |#| < 3, we have the following derivation in IRS]:

Axiom (A4)
tes,ret=recVg

Hs,t,r]

(— R)
(WVR)o
(— R)

olr|olTo

His,t,r]-tes=ret—reVg
+2

Hs, t] }O—t €s= (Vxet)(x e Vp)
Hs, 8] 1272 = t € s — (Va € t)(z € V)

H][s] p+4
ar)
H]s] }0— = 3z(Vy € s)(Vx € y)(x € 2)

iy

(B R)oo
= (Vy € s)(Vz € y)(x € Vp)

Lemma 4.4.10 (Powerset). For any operator # and any term s we have
H]s] }S—H = Jz(Vx C s)(z € 2)
where a = | s].
Proof. Let t be any term with || < , we have the following derivation in TRS}:

Axiom (A4)
tCs=te Va+1

O R) H|s, ]

=tCs—teVyu
+2

ofg |oT=|cTo
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Theorem 4.4.11. If IKP(P) - I'(a) = A(a) where I'(a) = A(a) is an intuitionistic sequent
containing exactly the free variables a = ay, ..., a,, then there exists an m < w (which we may

calculate from the derivation) such that
M g 1) = AS)
Q+m
for any operator H and any IRSE terms § = sq, ..., Sp.-

Proof. Note that the rank of TRS] formulas is always < Q + w and thus the norm of IRS]
sequents is always < w?T¥ = Q- w¥. The proof is by induction on the IKP(P) derivation. If

I'(@) = A(b) is an axiom of IKP(P) then the result follows by one of Lemmas 4.4.2, 4.4.3 4.4.4,
445, 4.4.6, 4.4.7, 4.4.8, 4.4.9 and 4.4.10. Let H = H]3].

Case 1. Suppose the last inference of the IKP(P) derivation was (pbdL) then (Jz C a;)F(x) €
I'(a) and from the induction hypothesis we obtain a k such that

APl 22 T(5),p C 51 A F(p) = A()

for all |p| < |s;| (using weakening if necessary). Thus we may apply (pb3L)~ to obtain the

desired result.

Case 2. Now suppose the last inference was (pbaR) then A(a) = {(Ix C a;)F(z)} and we are
in the following situation in IKP(P):

FI'(a) = cCa; A F(c)

FT(a) = (Fz C a;)F(x)

2.1 If ¢ is not a member of @ then by the induction hypothesis we have a k < w such that

(pb3R)

_ Quwk
IS T(5) = Vo C 51 A F(Vo)

Hence we can apply (pbdR) to complete this case.

2.2 Now suppose c is a member of a for simplicity let us suppose that ¢ = a;. Inductively we
can find a k < w such that

(1) 7:[}%1“(5) = 51 C s; A F(s1)

Next we verify the following

(2) claim: [FYT(3),s1 C s; A F(s1) = (3x C s;)F(x).
Owing to axiom (A1) we have

(3) ﬁ[r]}%rgsi:rgsi for all || </|s;].
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Also by Lemma 4.4.3 we have
(4) I-T[s],r = s1,F(s1) = F(r) forall [r]|<]|s;].
Now let v, = no(I'[s],r = s1, F(s1) = F(r)). Applying (AR) to (3) and (4) provides

Hlr] }gr_ﬂr(g)ﬂ“ Csi,r=s51,F(s1)=>rCs;ANF(r).
Using (pb3R) we may conclude

HIr) }gr—ﬂ ['(s),r C s, =s1,F(s1) = 3z C s;)F(x).
Now two applications of (AL) gives us

H]r] }gT—M [(s),r CsiAr=s1,F(s1) = (Fz C s;)F(x).
Now applying (C L)~ provides

HI2T(5), 51 C 51, F(s1) = (32 C ) F(x)
where v = sup|, |<|,| 7 Finally, by applying (AL) a further two times we can conclude
H }g—“ I'(5),s1 Csi AF(s1) = (3z C s;)F(x).

Via some ordinal arithmetic it can be observed that

v+ 7 <no(I'(5),s1 CsiANF(s1) = 3z C s;)F(z))#w,

so the claim is verified.
To complete this case we may now apply (Cut) to (1) and (2).

All other cases are similar to those above, or may be treated in a similar manner to Theorem
3.5.12. 0

4.5 A relativised ordinal analysis of IKP(P)

A major difference to the case of IKP is that we don’t immediately have the soundness of cut-
reduced IRSE derivations of X% -formulae within the appropriate segment of the Von-Neumann
Hierarchy. This is partly due to the fact that we don’t have a term for each element of the
hierarchy (this can be seen from a simple cardinality argument). In fact we do still have
soundness for certain derivations within Vy, (.o, ), which is demonstrated in the next lemma,

where we must make essential use of the free variables in TRS). First we need the notion of
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an assignment. Let VARp be the set of free variables of IRSE. A variable assignment is a
function

v VARP — an(

€a+1)
such that v(a$) € V41 for each i. v canonically lifts to all terms as follows
v(Vy) = Vy
v({z eV, | F(x,s1,....,s0)}) = {x € Vo |F(x,v(s1),...,v(sn)) }
Moreover it can be seen that v(s) € V|41 and thus v(s) € Vi (cq, ) for all terms s.

Theorem 4.5.1 (Soundness for IRS5). Suppose I'[sy, ..., 5, is a finite set of IT7 formulae with
max{rk(A4) |A € T} < Q, Alsy, ..., s,] a set containing at most one ¥¥ formula and

H }%F[g] = A[s] for some operator H and some a, p < €.

Then for any assignment v,

Viatar) E \T0(s1), - v(sn)] = \/ Alo(s1), ..., v(sn)].

Where AT and \/ A stand for the conjunction of formulas in I' and the disjunction of formulas

in A respectively, by convention A® =T and \/0 = L

Proof. The proof is by induction on «. Note that the derivation H }%F[E] = A[5] contains no
inferences of the form (VR)wo, (3L)s or (X7-Ref) and all cuts have Al cut formulae. All

axioms of IRSS can be observed to be sound with respect to the interpretation.

First we treat the case where the last inference was (pbVL) so we have

@0

H -5t Csi— F(t,5) = A[s]  for some ao, |[t| < a, with |t < |s;].

Since max{rk(A) | A € T'} < Q, it follows that t C s; — F(t,35) is a A}’ formula. So we may
apply the induction hypothesis to obtain

V¢Q(EQ+1) ): /\F[U(§)} A [v(t) C U( ) — F( 4) \/A

where v(3) := v(s1), ..., v(8,). From here the desired result follows by regular logical semantics.

Now suppose the last inference was (pbVR)~, so we have
(1) HET[s] =t Csi— F(t,5)  forall [t <|s;| with oy < a.
In particular this means we have

(2) o Tls

- f9.5)  for some ag < .

K’Tb
IN
>
1
=
S
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Here 8 := | s; | and j is chosen such that af does not occur in any of the terms si,...,s,. If F

contains an unbounded quantifier we may use inversion for IRS}, 4.3.2v) to obtain
(3) H }%F[E],a? Cs = F(af,E) for some ap < a.

So we may apply the induction hypothesis to get

(4) Viotearn) E ATE)], 0(d)) € o(si) = F(u(dl),v(3))

for all variable assignments v. Thus by the choice of af we have

(5) Viotear = ATGE)] = (V2 € v(s) F (o, v(5))

as required. If F is Ag then we may immediately apply the induction hypothesis to (2) to
obtain

(6) Vigtearn E ATE)] = [v(a)) S v(si) = Fo(d]),v(5))]

for all variable assignments v, again by the choice of af we obtain the desired result. All other

cases may be treated in a similar manner to the two above. O

Lemma 4.5.2. Suppose IKP(P) - = A for some X7 sentence A, then there is an m < w,

which we may compute from the derivation, such that

Ho }zﬂ—f; = A where 0 := w, (2 -w™).
Q

o

Proof. Suppose IKP(P) - = A for some X% sentence A, then by Theorem 4.4.11 we can

explicitly find some m < w such that
Q-w™
Ho }m = A.
Applying Partial cut elimination 4.3.5 we have
m— Q m
o H ~ A
Now using Collapsing 4.3.7 we obtain
Ya(o) m
Ho }1/)—() = A where 0 :=wp, (- w™).
Qlo

completing the proof. O

Note that we cannot eliminate all cuts from the derivation since we don’t have full predicative

cut elimination for IRS] as we do for IRSq.
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Theorem 4.5.3. If A is a ¥"-sentence and IKP(P) - = A then there is some ordinal term

a < Ya(eqt1), which we may compute from the derivation, such that
Vo E A

Proof. From Lemma 4.5.2 we obtain some m < w such that
Pa(o) m

(1) Hy F—— = A  where 0 := wp, (Q-w™).
Pa(o)

Let a:= 1¢q(0). Applying Boundedness 4.3.6 to (1) we obtain

(2) Hy fo = AV

Now applying Theorem 4.5.1 to (2) we obtain

VwQ(EQ+1) ': AVe

and thus
Va EA

as required.

O

Remark 4.5.4. Suppose A = JzC(z) is a ©¥ sentence and IKP(P) - = A. As well as the

ordinal term « given by Theorem 4.5.3, it is possible to determine (making essential use of the

intuitionistic nature of IRS}) a term s, with |s| < a, such that

Vo | O(s).

This proof is somewhat more complex than in the case of IKP since the proof tree correspond-

ing to (2) above can still contain cuts with A} cut formulae.

Moreover, in order to show that IKP(P) has the existence property, the embedding and cut

elimination for a given finite derivation of a 7 sentence, needs to be carried out inside IKP(P).

In order to do this it needs to be shown that from the finite derivation we can calculate some

ordinal term v < £q41 such that the embedding and cut elimination for that derivation can still

be performed inside IRS}, with the term structure restricted to B(y).

These proofs will appear in [43].

111



112



Chapter 5

A relativised ordinal analysis of
IKP(E)

This final chapter provides a relativised ordinal analysis for intuitionistic exponentiation Kripke-
Platek set theory IKP(E). Given sets a and b, set-exponentiation allows the formation of the
set %b, of all functions from a to b. A problem that presents itself in this case is that it is not
clear how to formulate a term structure in such a way that we can read off a terms level in the
pertinent ‘exponentiation hierarchy’ from that terms syntactic structure. Instead we work with
a term structure similar to that used in TRS}, and a terms level becomes a dynamic property
inside the infinitary system. Making this work in a system for which we can prove all the
necessary embedding and cut-elimination theorems turned out to be a major technical hurdle.
The end result of the chapter is a characterisation of IKP(€) in terms of provable height of the
exponentiation hierarchy, this machinery will also be used in a later paper by Rathjen [43], to

show that CZF¢ has the full existence property.

5.1 A sequent calculus formulation of IKP(E)

Definition 5.1.1. The formulas of IKP () are the same as those of IKP except we also allow

exponentiation bounded quantifiers of the form
(Vo € “b)A(z) and (Jx € “b)A(x).

These are treated as quantifiers in their own right, not abbreviations. The formula ”fun(z, a,b)”

is defined below. It’s intuitive meaning is "z is a function from a to b”.

fun(z,a,b) ;=2 Caxb A (Vy €a)(Iz e b)((y,2) € x)
A (Yy € a)(Vz1 € b)(Vz2 € D)[((y,21) € T A (y,22) € ) = 21 = 23]
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Quantifiers Va, 3z will be referred to as unbounded, whereas the other quantifiers (including

the exponentation bounded ones) will be referred to as bounded.
A Af-formula of TKP(E) is one that contains no unbounded quantifiers.

As with IKP, the system IKP(E) derives intuitionistic sequents of the form I' = A where I’

and A are finite sets of formulae and A contains at most one formula.

The axioms of IKP (&) are given by:

Logical axioms: T'JA,= A for every Agfformula A.
Eaxtensionality: T = a=bA B(a) — B(b) for every A§-formula B(a).

Pair: I'= Jzjacz Nbex]
Union: I'= Jz(Vyea)(Vzey)(z€)
Infinity: F'=s3Jz[(Fyex)yex N (Vyex)(Fzea)y € 2.

A§ ~Separation: T = Fz((Vy € x)(y € aAA(y)) A (Vy € a)(A(y) — y € z))
for every A§ formula A(b).

A§ —~Collection: T = (Vz € a)IyB(z,y) — 32(Vr € a)(Jy € 2)B(x,y)
for every A§ formula B(b, c).

Set Induction: I'=Vu[(Vz € u)G(z) = Gu)] = YuG(u)
for every formula G(b).

Ezponentiation: T = 3z (Vx € *b)(x € 2).

The rules of IKP(E) are the same as those of IKP (extended to the new language containing

exponentiation bounded quantifiers), together with the following four rules:

I, fun(c,a,b) A F(c) = A
I',(3z € *b)F(x) = A

I' = fun(c,a,b) A F(c)
I'= (Jz € “b)F(x)

(€b3L) (€b3R)

I', fun(c,a,b) — F(c) = A
I, (Ve € “b)F(z) = A

I' = fun(c,a,b) — F(c)

(EDVL) I = (Vo € *b)F(x)

(EBYR)

As usual it is forbidden for the variable a to occur in the conclusion of the rules (£63L) and

(ELVYR), such a variable is referred to as the eigenvariable of the inference.

5.2 The infinitary system IRS%

The purpose of this section is to introduce an infinitary system IRS]SEZ within which we will be

able to embed IKP (). As with the Von-Neumann hierarchy built by iterating the power set
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operation through the ordinals, one may define an Exponentiation-hierarchy as follows

Ey =
Ey = {0}
Eoio:={X | X is definable over (E+1, €) with parameters}
U{f | fun(f,a,b) for some a,b € E,.}

FE\ = U Eg for A a limit ordinal.
B<A

E)i1:={X | X is definable over (E,1, €) with parameters} for A a limit ordinal.

Lemma 5.2.1. If y € E,y; and x € y then x € E,.
Proof. The proof is by induction on «. If y is a set definable over (E,, €) with parameters, the

members of y, including x, must be members of F,,.

Now suppose a = 341 and y € E,1 is a function y : p — ¢ for two sets p, g € F. Since x € y,
it follows that x is of the form (xg,x1) with 29 € p and x; € ¢, we use the standard definition

of ordered pair so

(1) (w0, 21) := {{zo, 21}, {wo}}

We must now verify the following claim:

() {zo}, {z1} {zo, 21} € Ep.

If 3 =~ + 1 then by the induction hypothesis applied to 29 € p € Eg and 21 € ¢ € Eg we get

zo, 1 € Ey and thus {zo}, {z1}, {zo, z1} € Es as required.

If 3 is a limit then by the induction hypothesis and the construction of the E hierarchy at limit
ordinals, we know that sg € Eg, and s; € Eg, for some Sy, 51 < S, thus {so}, {s1},{s0,51} €
Enax(8o,8,)+1 Which completes the proof of (*).

From (*) and (1) it is clear that (so,s1) € Eg41 as required. 0

The idea of IRS% is to build an infinitary system for reasoning about the E hierarchy.
Definition 5.2.2. The terms of IRS§ are defined as follows
1. E, is an IRSE term for each o < Q.

2. af is an TRS§ term for each o < Q and each i < w, these terms will be known as free

variables.
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3. If F(a,b) is a A§ formula of IKP(£) containing exactly the free variables indicated, and

t,5:=81,..., 8, are IRSIS% terms then
[z ct| F(z,5)]
is also a term of TRS§.

Observe that IRSIS% terms do not come with ‘levels’ as in the other infinitary systems. This is
because it is not clear how to immediately read off the location of a given term within the E

hierarchy, just from the syntactic information available within that term.

The formulas of TRSS are of the form F(s1, ..., s,), where F(a1, ..., a,) is a formula of TKP(&)
with all free variables indicated and s, ..., s,, are IRSIgE) terms. The formula A(sy, ..., s,) is said
to be A§ if A(a1,...,a,) is a A§ formula of IKP(E). The X¢ (II¢) formulae are the smallest
collection containing the Ag formulae and closed under A, V, bounded quantification and un-

bounded existential (universal) quantification.

The axioms of IRS% are given by

=
=

I'A= A for every Agfformula A.

I =t=t for every IRSE term t.

I,5=1t,B(5) = B(t) for every A§-formula B(3).

' Eg€E, forall § <a<Q

Féai’@EEa forallicwand 8 < a<
I'teEy,set=scE, forall a <
IteEqyr1,s€et=s€k, forall a <

I'set,F(s,p) =s€lzet|F(z,p)]
I''selxet|F(x,p)]=setNF(s,p)

I's € Eq,t € Eg, fun(p, s,t) = p € E, for all v > max(«, 3) + 2.
I'NteEg,peEs= [z et]| F(x,p)] € Ey for all ¥y > max(8, &)

N N N N N N N N N N
oo ool oMl ol o llic)
= © 00 g O Ut k= W N
O — Y — T N
~—

=
—_
—_
~—

Definition 5.2.3. For a formula A(ay, ...,a,) of IKP(E) containing exactly the free variables
@:= ai,..,a, and any IRSS terms 5 := sq,..., 5, we define the B-rank |A(5)|| 5 where 3 :=
b1, ..., Bn are any ordinals < . The definition is made by recursion on the build up of the

formula A.
i) HS € tHBl,BQ = maX(ﬁl»ﬁZ)
i) [|(3z € )F(x,3)|, 5 = [|(Vz € ) F(x,35)]],, 5 := max(7, | F'(Eo, 5)|lo 5 + 2)

i) [|(3z € *O) (e p)ll, 5.5 = | (Ve € OF (@, )15
= max(y + w,6 +w, | F(Eo, p)lly 5+ 2)
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) [[FzF(z, 8)||5 := Ve F (2, 5)| 5 := max(, [ F(Eo, 5) /o 5 + 2)
v) [AABlz = [|AV Bl|5 = [[A = Bl|5 := max(|[Al[5, | Bll5) + 1
vi) [[-Allz = [l Allz + 1

We define the rank of A(s) by
rk(A(5)) = [ A() g

Observation 5.2.4.
i) [[A(3)ll5 < if and only if Ais A§
i) If A contains unbounded quantifiers then rk(A(s)) = ||A(5)|5 for all 5 and B.

Definition 5.2.5 (Operator Controlled Derivability in IRS§). IRSE derives intuitionistic se-
quents of the form T' = A where I' and A are finite sets of TRS§ formulae and A contains at
most one formula. For ‘H an operator and «, p ordinals we define the relation H }%F = A by

recursion on c.
IfI' = A is an axiom and o € ‘H then H }%F:A.

It is always required that o € H, this requirement is not repeated for each inference rule below.

) it
] 6] B2, s € Es = A for all § < v e
(E-Lim) oo o as <«
%}?F,SE]E»Y:>A ")/EH
’H}p—FSGtHA() = A ap, a1, e < @

AT =>tek
(VL) o ’ hren
HEIT = s€ek, T<a
L <
HET, (Va € H)A(r) = A veh
’H}p—l“:>s€t—>F()foralls ag, o1 <
(VR)oo  H =T =t c Ry BeH
HET = (Vo € H)F(x) f<a
H}Z—I‘set/\F()éAforalls ag, o1 < o
(b3L)o  HET =t g peH
HET, (3 € )F(x) = A pa
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(b3R)

(EBVL)

(EDYR) o

(EbIL) o

(€b3R)

=setNA(s)

:>t€E5

AENENE
= o

=sck,

xR & X

NS
=

= (Jr € t)A(x)

Jfun(p, s, t) — A(p) = A
= s & E@

=>teck,

H = =

:>p€E5

b‘lg;bgb‘rg{l@

B I S S G

, (Vo e*t)A(x) = A

<Te
—

= fun(p, s,t) — F(p) for all p

=sekg

= = =

AN ENE

=tek,

TR 2 X

slef
=

= (Vo € *t)F(x)

fun(p, s, t) A F(p) = A for all p

:>S€Eﬁ

EENE

H =3 A

=tek,

TR 2 X

<l
=

,(Bx est)F(x) = A

= fun(p, s,t) A A(p)
:>S€Eﬁ

=teck,

=4 3 3

ERENENE

= p € E;

i o e R ™
NS
—

x X

= (Jz € °t)A(z)

Q
S

F(s)=A

’—,1’1

€|T;7o

:>SEE/3

X
A
—

Ve F(x) = A

H[B] }p—'BF s € Eg = F(s) for all s and all 5 < Q

H

}% = VaF ()
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ap, 01,0 <
B,y eH

v <a

v<pB

agp, 01, g, 3 < &
B,v,0 € H
)<«

0 < max(8,v) + 2

op, 1,00 <
ByeH
max(8,7) +2 < a

op, 1,00 <
B,y €H
max(8,7) +2 < a

op, X1, 2,3 < &
8,7, 0 €H

)<«

0 < max(f,7y) + 2

ag+ 3,01 +3 < «
b < a
BeH

f<ag+3<a



I'N'seE A for all dall 5 <Q
(L) 5O]ép )8 3, F(s) = A for all s and all 3 B<astd<a
H }?F = VaF ()
H}TF:F() ag+ 3,01 +3 <«
(3R) HET=scRys B<a
HIET = JF () peH
HEST, A 1,0
(SF-Ref) — e
X }%Rgz A A is a ¥¢-formula
H ST, A(sy, .y 5n) = A
[e51 g, 0, Qg < Q@
H I' = A(sy,
(Cut) o1 Al o) JAG)l5 < o
H}p—risiEEﬁi’L:L...,n BEH
H }EF = A
Lastly if I' = A is the result of a propositional inference of the form (AL), (AR), ( L), (VR),
(=L), (-R), (L), (= L) or (— R), with premise(s) I'; = A,; then from #H jo I = (for each

i) we may conclude H }%I‘ = A, provided g < a.

Convention 5.2.6. In cases where terms E, and af occur directly as witnesses in existential
rules or in cut formulae we will omit the extra premise declaring the terms location in the E
term hierarchy since

]Ea S Ea+1 and a? € Ea—i—l

are axioms (E4) and (E5) respectively. It must still be checked that o € H however.

5.3 Cut elimination for IRS

Lemma 5.3.1 (Inversions of TRSS). If max(rk(A),rk(B)) > Q then we have the usual propo-

sitional inversions for intuitionistic systems:

i) f H ST, AANB= A thenH T, A, B= A,

i) fH T = AAB then H ET= A and H ST = B.
iii) If # T, AVB=A then LT, A=A and H ST, B= A.

=
iv) T H [ST,A— B=A then H ST,B=A.
V) I HET = A— B thenH T,A= B.

If rk(A) > Q we have the following additional inversions:
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vi) fH 5T = —A then H ST, A=,

vii) If H }%F = (Vx € t)A(z) then H }%F = set— A(s) for all terms s.

viii) If H }%F, (Jz € t)A(x) = A then H }%I‘, s€tNA(s) = A for all terms s.

ix) If H }%F = (Vx € *t)A(x) then H }%F = fun(p, s,t) — A(p) for all terms p.

x) If H }%F, (Jx €°t)A(z) = A then H }%F, fun(p, s,t) A A(p) = A for all terms p.
Finally we have the following persistence properties:

xi) fy € HNQand H 5T = VrA(z) then H 5T = (Vo € B))A(x) .

xil) If y e HNQand H 5T, 32A(z) = A then H [T, (32 € E,)A(z) = A.

Proof. All proofs are by induction on «, i) to vi) are standard for intuitionistic systems of this

type.

For viii) suppose that H }%F, (Fz € t)A(x) = A and rk(A(Eq)) > Q. (Jz € t)A(x) cannot
have been the ”active component” of an axiom, so if I, (3z € ¢t)A(xz) = A is an axiom then so
isT',s et AN A(s) = A. Now if (3z € t)A(x) was not the principal formula of the last inference
we may apply the induction hypothesis to the premises of that inference followed by the same
inference again. Finally if (3= € ¢t)A(x) was the principal formula of the last inference and the

last inference was (b3L )~ so we have
H }% [, (3x € t)A(z),s € t N A(s) = A for all terms s and for some o < .
Applying the induction hypothesis followed by weakening yields
H }%I’,s €tNA(s)=A for all terms s

as required. The proofs of vii), xi) and x) are similar.

«

For xi) suppose H }7 I'=VzA(xz) and vy € HNQ. ' = VzA(x) cannot be an axiom. If the last
inference was not (VR)s then we may apply the induction hypothesis to its premises and then
the same inference again. So suppose the last inference was (VR)~ in which case we have the

premise
HI[6] }%F,s € Es = A(s) forall s and all § < Q, with § < a5+ 3 < .
In particular since v € H we have

H }%F,SGEW=>A($) for all s with v < o, + 3 < ..
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So by (— R) we have
HEET 5 s €y — A(s)  for all s

Now since = E,, € E, 4 is an instance of axiom (E4), v € # and v < o we may apply (bVR) to

obtain
HET = (Vo € E,)A(z)
as required. The proof of xii) is similar. 0

Lemma 5.3.2 (Reduction for IRSg). Suppose rk(C(5)) := p > Q where C(a) is an IKP(E)
formula with all free variables displayed. If

= C(3)
,C(5)= A

= s; €Ky,  withn, € HNQ for each 1 <i < n.

= A

23w Be

T X X
T2
:

Then

(1) rk(C(5)) :==p > Q

(2) HET=C(3)

(3) HET,CE) = A

(4) H T = s €, for cach 1 <i<n and for some n; € H N Q.

Since rk(C(3)) := p > Q, C cannot be the ‘active part’ of an axiom, hence if (2) or (3) are
axioms of IRS§ then so is T' = A.

If C(5) was not the principal formula of the last inference in either (2) or (3) then we may ap-

ply the induction hypothesis to the premises of that inference and then the same inference again.

So suppose C(5) was the principal formula of the last inference in both (2) and (3). Since the
conclusion of a (X¢-Ref) inference always has rank © and 7k(C(5)) := p > Q we may conclude
that the last inference of (2) was not (X¢-Ref).
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Case 1. Suppose C(5) = (I € s;)F(x, §), thus we have

(5) HET =resiAF(rs)

(6) HET = s € Bs o) <aanddeH
(7) HEET =r el Eag <o, E€H(P)and € <6
(8)  HET,C(s).pesiAF(p3s) = A for all p and 8o < 8
9) H AT, C(5) = s € Eg &', 61 < Band &' € H(D)

From (8) we obtain
(10) HECT,C(5),r € 5i A F(r,5) = A

Applying the induction hypothesis to (2), (4) and (10) yields

(11) H}MF,TGSi/\F(T,g)éA.
Note that
Q<rk(res;ANF(r,s)) =rk(F(r,s))+1

<rk(F(r,s))+2

— P(C(3)) = p
So we may apply (Cut) to (4),(5),(7) and (11) giving

H Z#a#ﬁ#ﬁ#'y = A

as required. The case where C(5) = (Vz € s;)F(z,5) is similar.
Now suppose C(5) = (Vz € *is;)F(x,5), so we have
(12) H }% I' = fun(p, si, 5;) = F(p, 5) for all p and ag < «
(13) H}%F:sieﬂi(g a1 < a and § € H(D)
(14) H ZQ I'= s; € Ey as < a, &' € H(D) and max(6,8') +2 < «
(15) H 2T, C(5), tun(r, i, 5;) = F(r,5) = A Bo < B
(16)  HL'T,0(5) = r € Eg €< B, €cHD) and By < B
(17)  HE2T,C(5) = 5 € B CeH®) and B2 < B
(18)  HE'T,C(s5) = 55 € Eo ¢ € H(D), B3 < B and £ < max(C,¢’) + 2
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As an instance of (12) we have
(19) H }% I' = fun(r, s;, s;) = F(,3) .

Applying the induction hypothesis to (2), (4) and (15) gives

(20) H }w I, fun(r, s;,s5) = F(r,5) = A.
Furthermore the induction hypothesis applied to (2),(4) and (16) gives
(21) ol bty NS

Note that

Q < rk(fun(r, s;,s5) = F(r,5)) = rk(F(r,5)) +1
<rk(F(r,5)) +2=rk(C(5))

so we may apply (Cut) to (4), (19), (20), (21) to give

(22) Xy Zé#a#ﬂ#ﬁ#‘r = A

as required.
The case where C(5) = (3 € *is;)F(x, 5) is similar.

Case 3. Now suppose that C(s) = VzF(z,3s), so we have

(23)  H[O] E°T,peEs= F(p,s) for all p and all § < Q with a5+ 3 < a
(24)  HL°T,C(5),F(r,5) = A with 8o + 3 < 3
(25)  H AT, C(s5) = r e B with € < 8, € € H(0) and 8, +3 < B.

Since § € H(0), from (23) we obtain
(26) H ST, r € Ee = F(r,5)

Applying the induction hypothesis to (2), (4) and (24) gives

(27) H EAPERI P 5) = A
Again applying the induction hypothesis to (2), (4) and (25) gives
(28) H}MF:TEI&.
Now a (Cut) applied to (26) and (28) yields

(29) H AN s P s).
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Note that
Q<rk(F(r,5)) <rk(F(r,5))+2=rk(C)=0p

So a (Cut) applied to (4), (27), (28) and (29) yields

(30) H Z#a#ﬁ#ﬁ#'yfiA

as required.
The case where C(8) = JxF(z, 5) is similar.

In the cases where C = AN B, AV B,A — B or - A we may argue as with other intuitionistic

systems of a similar nature. O

Theorem 5.3.3 (Cut Elimination I). If # h I'= A then H }g%(?) I'= A for all n < w.

Where wo(a) = o and wy,41(a) = wn (@),

Proof. By main induction on n and subsidiary induction on «.. The interesting case is where the
last inference was (Cut), with cut formula A(S) such that rk(A(5)) = Q+n and § = s1,..., 5,

are the only terms occurring A(S). In this case we have

@0 — .
(1) H }m I'= A(S) with ag < «

a1 — .
(2) H }m I'VAGS) = A with oy <

(3) H %r:si € Eg, with ap < o and f; € H for each i = 1, ..., m.

Applying the subsidiary induction hypothesis to (1), (2) and (3) gives

(4) HIEZT = A®5) with ap <

(5) HIET, A(5) = A with a; <
w2

(6) H }Q—MF:%% € Eg, with s < @ and 3; € H for each i = 1, ..., m.

Now applying the Reduction Lemma 5.3.2 to (4), (5) and (6) gives

‘wO‘O HwO HwY HwL Hw2

(7) H ‘Q—i—n I'= A .
Note that w0 Hw O HwW T HwH #wW*? < w® so by weakening we have
w(l
(7) H m I'=A.
Finally applying the main induction hypothesis gives
wn ()
as required. 0
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Lemma 5.3.4. If y < 8 < Q with 8,7 € H(0) and H }%F = s € E, then
H };—H I'=sekg
where p* := max(p, 5 + 1).
Proof. If v = B the result follows by weakening, so suppose v < 8. Assume that
(1) HET=scEk,.
Now as instances of axioms (E4) and (E6) respectively we have

(2) HIT=E, ckg
3) nlr

oloolo

,s€E, E,€eEg = seckEg.
Applying (Cut) to (2) and (3) yields

1
(4) H}mf,seEV:seE@.
Now applying a second (Cut) to (1) and (4) supplies us with

H}ZT“F:>SEEB

as required. 0

Lemma 5.3.5 (Boundedness). Suppose o < 3 < Q, 3 € H, A is a X¢-formula and B is a II¢

formula then

)IfH T = A then %F:>A]E5.

il) If # 5T, B = A then %F,BEB = A.
where p* := max(p, 5+ 1).

Proof. By induction on «. The interesting case of i) is where A = JxC(z) and A was the
principal formula of the last inference which was (3R). Note that since a < €2 the last inference
cannot have been (X€-Ref). So we have

ao
- r
(2) ’H}%Fjreﬂiv with oy < a, 7y € H and v < a.

(1) H = C(r) with ap + 3 < .

Since v < « we also know that v < 3 so using Lemma 5.3.4 we get

(3) My e By
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Now by applying the induction hypothesis to (1) we get

(4) HEET = C(r)Fe

(AR) applied to (3) and (4) yields

(5) HMF:TGEMC(T)EB.

Now since I' = Eg € Egy; is an axiom we may apply (b3R) to (2) and (5) giving
H T = (o € Bp)O(x)™

as required.

Now for ii) the interesting case is where B was the principal formula of the last inference which
was (bVYL), thus B = VzC(z). So we have

(6) H T, B,C(s) = A with ag < a.
(7) H}%T,B:%seEv with a1 +3 < a, vy € H and v < o

Applying the induction hypothesis twice to (6) and once to (7) we get

(8) H }% I, B% C(s)% = A with ap < a.
(9) H}%F,BEIB:%SEEW with ;1 +3 < a, vy € H and v < a.

Now since v < o we also know that v < § so by applying Lemma 5.3.4 to (9) we get
(10) H%“F,BEﬁzsseEﬂ.

Applying (— L) to (8) and (10) supplies us with

(11) H }MF,BEB,SGI%%C(S)EB S A

Now applying (bVL) to (11), (9) and = Eg € Egy; which is an instance of axiom (E4), we
obtain
H % I, BE = A

completing the proof. O

Theorem 5.3.6 (Cut Elimination II; Collapsing). Suppose n € H,, A is a set of at most one
»¢ formula and T is a finite set of II¢ formulae with maxacr(rk(4)) < Q then

o L Ya(a)
Hylgs T = A implies Hdwz—(d)FéA,

where & 1= n + w®.
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Proof. The proof is by induction on a. Note that since n € H, we know from Lemma 3.4.7 that
&, Po(a) € Ha.

Case 1. If I' = A is an axiom the result follows easily.

Case 2. If ' = A was the result of a propositional inference we may apply the induction hy-

pothesis to the premises of that inference, and then the same inference again.

Case 3. Suppose the last inference was (E-Lim), then s € E, is a formula in I' for some limit
ordinal v and
Hylo) |y Tos €Bs = A for all § < v with a5 < a.

Since v € H,)(0) = B (n+ 1) and v < Q we know that v < ¢o(n + 1) and thus § € H,, for all
4 < 7. So we have

H, };LHF,SE]E(;:>A for all 0 < v with ag < a.
Now applying the induction hypothesis provides
s %r,sem = A forall § <~ with as < a.
Qlas

Now since ¥q(ds) < 1¥q(&) we may apply (E-Lim) to get the desired result.

Case 4. Suppose the last inference was (bVL), then (Vz € t)F(x) € I and

(1) H, g%lr,s €t— F(s)= A with ap < a.
(2) H, %F:teﬂ‘:ﬂ B € Hy,(0) and oy < a.
(3) ’H,,%Fiseﬂiv v € Hy(B), v,00 < a and y < B.

Since maxcr(rk(A)) < Q, we know that s € t — F(s) is a A§ formula so we may immediately
apply the induction hypothesis to (1), (2) and (3) giving

(4) Ha }%ﬁ?)r,set%F(s):A
(&

(5) Ha }—Zﬂga;) I=tckg
Qla

(6) Ho 20T = s € B,
o (&

Since v € H, we know that v < ¥q(n + 1) and thus v € Hs and v < o(&). Moreover
Ya(a;) < Yo(a) for i = 0,1,2 so we may apply (bVL) to complete this case. The case where

the last inference was (b3R) is treated in a similar manner.
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Case 5. Suppose the last inference was (bVR)oo, then A = {(Vz € t)F(z)} and

(7) H, % IF=set— F(s) for all s, with ag < cv.
(8) Hn%FéteEg with a1, 8 < a and 8 € H,,.
We may apply Inversion 5.3.1v) to (7) giving
(9) ’Hnﬂ%lr,set;»f?(s).
Applying the induction hypothesis to (8) and (9) yields
(10) Ho 2T 5t € By

e (do
(11) Ha Wr,set;sF(s).

o(&

Note that since § € H,, we know that 8 < ¢q(n+ 1) < 9q(&), thus applying (— R) to (11)
followed by (bVR)s (noting that va(dp) + 1 < 1q(&)) gives the desired result. The case where

the last inference was (b3L)s is treated in a similar manner.

Case 6. Now suppose the last inference was (£b3L), so (3z € °t)F(x) € T and

12 H, 2T, fun p, s, t) AN F(p) = A for all p, with oy < a.

T 041
(13) Hy }%Fjselﬁlg with 8 € H, and a1 < .
(14) Hy %thEEv with ap < a, v € H, and max(3,v) +2 < a.

By assumption fun(p, s,t) A F(p) is a II¢ [in fact Ag | formula so we may apply the induction
hypothesis to (12), (13) and (14) giving

(15) Ha }%Fﬁmp,s t)ANF(p) = A for all p.
(16) Ha }—ZEQ I'=scbBg
(17) Ho P22 >t By

a(&

Since Pq(d;) < Pa(&) for i = 0,1,2 and 3,7 € H, means that max(5,7) +2 < ¢a(n+1) <
Ya(&) we may apply (Eb3L)s to (15), (16) and (17) to complete this case. The case where the

last inference was (EbVR)o may be treated in a similar manner.

Case 7. Now suppose the last inference was (£b3R), so A = {(Jz € *¢t)F(z)} and we have

(18) Hy }%—H I' = fun(p, s,t) A F(p) for all p with ap < av.
(19) H, }%H = schg with 8 € H,(0) and a1 < a.
(20) My % I'=>tek, with v € H,(0) and o < a.
21)  H, ;%1 = peks 3,8 < a, § € Hy(0) and § < max(B,7) + 2.
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Since fun(p, s,t) A F(p) is a ¢ formula we can apply the induction hypothesis to (18), (19), (20)
and (21) followed by (£b3R), in a similar manner to Case 4. The case where the last inference

was (EbVL) can also be treated in a similar manner.

Now suppose the last inference was (VL), so VzF(z) € I" and

(22) Hy % I'VF(s) = A with ap + 3 < a.
(23) Hn%FéseEB B,a1+ 3 < aand 3 € H,(0).

Since F(s) is A§ we may immediately apply the induction hypothesis to (22) and (23) giving

(24) Ha %ﬁ“i‘f) T, F(s) = A
Q&

(25) Hea }—ZQE?;) I'=>se Eﬁ .
o (&

Now since 3 € H, we know that 8 < ¥q(n+ 1) < ¢q(&) hence we may apply (VL) to (24)
and (25) to complete this case. The case where the last inference was (3R) can be treated in a

similar manner.

Case 9. Now suppose the last inference was (X€-Ref), so A = {3247} where A is a ©¢ formula,

and
(26) H, %F:A with ap +1,Q < a.

We may immediately apply the induction hypothesis to (26) giving

(27) My 28T = A
(clo

Applying Boundedness 5.3.51) to (27) provides

(28) Ya(do) I = AFvao)

aodf(o

Now as an instance of axiom (E4) we have

0
(29) Heio }6 = By (o) € By () +1

Since ¥ (dp)+1 € Ha and o (do) +1 < a(&) we may apply (IR) to (28) and (29) to complete

the case.

Now suppose the last inference was (Cut), then we have

(30) H, g%l I = A(5) with o < a.
(31) H, %l I, A(5) = A with oy < a.
(32) My k5 T = s € By, with as < o, B € H, and [|A(5)[|5 < Q.
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10.1 If [|A(5)||3 < Q it follows from 3 € H, = B®(n + 1) that |A(3)]l5 € B%(n + 1) and thus
[AG)]z < vYaln+1) < ¢a(a). Also Ais A§, thus we may apply the induction hypothesis to
(30), (31) and (32) followed by (Cut) to complete this (sub)case.

10.2 Now suppose || A(5)||z = 2. Then either A =VzF(z) or A = 3z F(z) with F' a A§ formula.
The two cases are dual, we assume that the former is the case. Thus A is II¢, so we may apply

the induction hypothesis to (31) giving
Yo (o) _

(33) He, F—— T, A(5) = A
Yo (di)

Applying Boundedness 5.3.5ii) to (33) yields

A ‘max(wg(d0)7¢ﬂ(dl))
e (dr)

(34) H I, A(5)Fvato = A

Now applying Inversion 5.3.1xi) to (30) gives

(35) Hao [ T = A(5)P0at0

Noting that A(E)]E%(do) is A§ we may apply the induction hypothesis to (35) giving

*

(36) o % T = A(5)Evato .
Q

[e%
where o* := dy + w0, Now applying the induction hypothesis to (32) gives
(37) Hay P22 e By,

2 Ty (da) ! ‘
Now as an instance of axiom (E4) we have

0
(38) Ha }6 = Eyg(ao) € Eyq(g)+1 -
Since B € B%(n+ 1) we get

IA(8)*42 ) |5 4 ()1 = Yea(do) + 1 < ().
It remains to note that
of = n+w9+a0 +wﬂ+a0 < n+wﬂ+a =&
and thus ¥ (a*) < ¥q(a). So we may apply (Cut) to (34),(36),(37) and (38) to conclude
H 129 A

Yo (&)

as required. O
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5.4 Embedding IKP(£) into IRSS,.

Definition 5.4.1. If I'[a] = Ala] is an intuitionistic sequent of IKP(E) with exactly the free

variables @ = ay, ..., a, and containing the formulas A;(a), ..., Ay (a) then
nog(I'[s] = A[3]) = wiAtla g | gl Amlls.

For terms 5 := $1,...s, and ordinals 8 := f, ..., B, the expression 5 € Ez will be considered
shorthand for s; € Eg,, ..., s, € Eg,

The expression IF I'[s] = A[s] will be considered shorthand for

nog(I'[5]=A[3]

H[B }7 5€E5I'[s] = Als].
For any operator H and any ordinals 8 < .

The expression I I'[s] = A[3] will be considered shorthand for

__nog(T'[s]=A[3]) #a
HIB) b

5€E5 I'[s] = Af3].

For any operator H and any ordinals 8 < .

As might be expected IF* T'[s] = A[s] and IF, I'[s] = A[5] will be considered shorthand for
6 T[s] = Al5] and IF) T'[5] = A[s] respectively.

Lemma 5.4.2. For any formula A(a) of IKP(E) containing exactly the free variables displayed
and any IRS% terms § = s1, ..., Sn
IFq A(5) = A(S)

Proof. By induction on the construction of the formula A. If A is Ag then this is an instance
of axiom (E1).
Suppose A(5) = VaF(x,5). For each v < Q we define

Ti=y+ no%B(F(t, §) = F(t7 5))7

note that
¥ <a’ <al+8 < nog(A(8) = A(3)).

By axiom (E1) we have
(1) 7—[[7,5]}%15GIE?W:HEEIE7 for all ¢t and all v < €.

Now from the induction hypothesis we have

v

(2) Hly, Bl 55 € B t € By, F(t,5) = F(t,5) for all t and all y < Q.
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It is worth noting that this use of the induction hypothesis is where we really need cuts of
B-rank arbitrarily high in . Applying (VL) to (1) and (2) yields

Hly. Bl 5 € By t € By, A(3) = F(t,5)
to which we may apply (VR) to get the desired result.

Case 2. Now suppose A = (Vz € s;)F(z,5). From the induction hypothesis we have

JFED5 5

(3) H[, Bl [g———t € Es,5 € B3, F(t,5) = F(t,5) foralltandall§ <.
In particular when § = §; in (3) we have
(4) 16, Bl t € g, 5 € By, F(t,5) = F(t,5)

1Ft:5)5,5 . 2 Now as an instance of axiom (E6) we have

where ag 1= w
(5) H(B|IS s € Ep t € 512 t € Ep,
Now applying (Cut) to (4) and (5) yields
(6) HIBI S 5 € Byt € 51, F(t,5) = F(L,5).
As an instance of axiom (E1) we have
(7) HBltes =tes:.
Applying (— L) to (6) and (7) yields
(8) HBIE 25 € Byt € st € 51— F(t,5) = F(t,5).
An application of (bVL) to (5) and (8) provides
HIBIEEE 5 € Byt € 51, (Y € 5i)F(x,5) = F(t,5).

Finally using (— R) followed by (bVR)s and noting that ap +5 < nog(A(5) = A(5)) we get

the desired result.

Case 3. Suppose that A = (3x € *s;)F(x,5). From the induction hypothesis we know that

JIFEDs 5

(9) H[B, 6] }97 s5€Egt€Rs, F(t,5) = F(t,5) foralltandall § <.
In particular when 6 = v := max(f3;, 8;) + 2 we have

(10) H[B)[o" 5 € gt €E,, F(t,5) = F(t,5) for all t,
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where ag := wlF®355 . 2. Now as an instance of axiom (E10) we have
(11) H[B I3 5 € E5, fun(t, s,57) = t € E, .
Applying (Cut) to (10) and (11) gives

(12) HIBI I 5 € By, fun(t, 51, 5), F(t,5) = F(t,5).
As an instance of axiom (E1) we have

(13) H[B] %fun(t, si, ;) = tun(t, s;, s;)
Applying (AR) to (12) and (13) gives

(14) HIBI I 5 € By, fun(t, i, 5), F(t, 5) = fun(t, s;, 5,) A F(t,5).
Now applying (£b3R) to (11) and (14) yields

(15) H[B] }?20——% 5 € Eg, fun(t, s;, 85), F(t,5) = (Jz € ¥is;) F(x,5) .
Two applications of (AL) gives

(15) HIBI 2 5 € By, fun(t, si,57) A F(t,5) = (3z € s;)F(x,5) .
Finally using (£b3L) gives

(15) H[B] }go_% 5 €K, (3z €%s)F(x,3) = (Fr € *isj)F(,5).

It remains to note that g + 6 < nog(A(5) = A(3)) to complete this case.

All other cases are either propositional, for which the proof is standard or may be regarded as

dual to one of the three above.

Lemma 5.4.3 (Extensionality). For any formula A(a) of IKP (&) (not necessarily with all free

variables displayed) and any IRS% terms 5 := S1, ..., Sp, t := t1, ..., t, we have
IFq 5 =1, A(35) = A(?)

where 5 = t is shorthand for s1 = t1, ..., 8, = tp,.

Proof. If A(5) is A§ then this is an instance of axiom (E3). The remainder of the proof is by

induction on 7k(A(S)), note that since A is assumed to contain an unbounded quantifier

rk(A) = [|A(3)]l3 = 2 for any ordinals B<Q.

Case 1. Suppose A(S) = VazF(x,5). By the induction hypothesis we have

_ 'rLo-’f7 (EZE,F(T,E)éF(T,ﬂ)
H[B,7,0] 22
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for all  and all § < Q. For ease of reading we suppress the other terms possibly occurring in
F(r,s) and the assumptions about their locations in the E hierarchy since these do not affect

the proof. By virtue of axiom (E1) we have

5 _ a0

H(B,7,0] }67" €eE;=recks.
Hence we may apply (VL) to obtain
H([B,7, 0] ?j 5€Egt € By, 5=1,r € B, YaF(z,5) = F(r,{)
where a5 := § +nog - 5(5 =, F(r,5) = F(r,t)) + 1. Note that
as+3 <nog5(5=1A(3) = At)) =: a.

Hence we may apply (VR)s to obtain

o

5 S EEg teEs 5=t A(s) = A(?)

—

H[B,7]
as required.

Case 2. Now suppose A(5) = (Vo € *sj)F(x,5). Using the induction hypothesis we have

(1) H(B,7,0] 15" 5 € Bs, T € Ey,r € Bs, 5 = £, F(r,5) = F(r,f)

for any term 7 and any § < €2, where ag = nog - 5(s = ¢, F(r,5) = F(r,t)). At this point we
set § = max(B;, B;) + 2, note that § € H[3,7]. By virtue of axiom (E1) we have

(2) H[B,7] %fun(r, si, s5) = fun(r, s;, s5).
Hence by (— L) we get
(3) HIB A s e By f€ By r € By, 5 =1,
fun(r, s;, sj) — F(r,5),fun(r, s;, s;) = F(r,1).
As an instance of axiom (E10) we have
(4) H[B,7] %EeEg,fun(r,si,sj) =rek;.
An application of (Cut) to (3) and (4) yields
(5) HIB AN 5 e By f e By 5 =1,
fun(r, s;, s5) — F(r,5), fun(r, s;, s5) = F(r,1).
Now applying (EbVL) to (4) and (5) gives

(6) H[B, 7] }go_+3 s5€ Bt €By,5=1, (Vo €%s))F(z,5), fun(r, s;, 85) = F(r,1).
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Note that ag > €2 since F' is not A‘S, so we don’t have to worry about the condition § < aqg + 3.

Now as an instance of axiom (E3) we have

(7) H[B,7] %5 = t,fun(r, ¢;,t;) = fun(r, s;, s;) .

Also axiom (E10) gives rise to

(8) H[B, 7] %56 Ey, fun(r,t;,t;) = r € E,;, where n = max(v;, ;) + 2.

Applying (Cut) to (6),(7) and (8) gives

() HIBA I 5 € Byt € By5 = £, (Var € %) F(w,5), Ran(r, ti, £;) = F(r, ).

Now (— R) gives

(10)  H[B A5 € By T € Bs,5 =1, (Vo €%5))F(x,5) = fun(r, t;, ;) — F(r, 7).

Finally we may apply (EbVR)oo, noting that ag + 6 < nog (5 = ¢, A(5) = A(t)) to complete

this case.

Note that it could also be the case that A(S) = (Vx € Pq)F(x,5) where p and/or ¢ is not a

member of 5. The following case is an example of this kind of thing.

Case 3. Suppose A(5) = (Iz € p)F(z,5,p), where p is not present in 5. By the induction

hypothesis we have

(11) H[B,7, 0]

Q

0

EEEB,EE Es,p € Es,r € Es,5 =1t, F(r,5,p) = F(r,t,p)

o}

~+

where ag 1= nog - 55(5 = t, F(r,5,p) = F(r,t,p)). As an instance of axiom (E1) we have
(12) H[B,'?,é]}%rEpé'rEp.

Applying (AR) to (11) and (12) yields

(13) H[B,7, 9] }go_ﬂge IEB,t_E Es,p € Es,r € Es,5=1¢t,F(r,5,p),r €p=re€pAF(rt,p).
As an instance of axiom (E6) we have

(14) H[3,7.8 5 p € Bs,r € p= 1 € Es.

(Cut) applied to (12) and (13) gives

(15) H[B,7, 6] }?20—4_256 EB,EE Ey,p € Es,5=1t,F(r,5,p),r €p=r€pAF(rtp).

Now (b3R) gives

(16) H[B,7, 6] }30—4_35 € Ep,t €Ey,p€Bs,5=1F(r,5p),r €p= A(5).
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Two applications of (AL) gives
(17) H(B,7.0 2 5 € By T € By, p € Bs, 5 =L, € pA F(r,5,p) = A(5).

To which we may apply (b3L) to complete this case.

All other cases are similar to one of those above. O

Lemma 5.4.4 (Set induction). For any formula F'(a) of IKP(E) we have
lFo= Vz[(Vy € ) F(y) — F(z)] = Vo F(x).
Proof. Let H be an arbitrary operator and let
A :=Vz[(Vy € z)F(y) — F(x)].

Let p be the terms other than s that occur in F(s), sub-terms not included. Let H := H[3]
where 3 is an arbitrary choice of ordinals < €. In the remainder of the proof we shall just write
H }%F = A instead of H|f] }%]3 € Eg I' = A, since p € E5 will always remain a side formula

in the derivation.

Claim:

wrk(A) #w'y+1

(*) H[Y] }97 A,seE, = F(s) forally < and all terms s.

Note that since A contains an unbounded quantifier 7k(A) = nog(A). We prove the claim by

induction on «y. Thus the induction hypothesis supplies us with

_ wrk(A) 541

(1) HI[] }97 At e Es = F(t) for all § <+ and all terms t.

So by weakening we have

wrk(A)#w§+1

(2) Hly, 0l fo———A,s € Bt €s,t € Bs = F(t).
Case 1. Suppose v = 79 + 1, so a special case of (2) becomes

(3) ﬁ[’y]MA,sEE%tES,tEEW:>F(t).
As an instance of axiom (E7) we have

(4) 'H["}/]%SEEW,tESétGE%.

Applying (Cut) to (3) and (4) yields

_ WA 4,7 41
(5) H[V]}QiA,seEwtes:F(t).
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(— R) followed by (bVR)~ provides

_ Wk (A) 4,7 43
(6) Hv] }Qi AseEy= (Vo€ s)F(z).

Now from Lemma 5.4.2 we have

nog . (F(s)=F(s))

(7) Hhlfg———————3s€E,,F(s) = F(s).

Since nog ., (F(s) = F(s)) <w™), by (= L) we get

(8) A T A S e B, (Va € 5)F(2) — F(s) = F(s).
To which we may apply (VL) giving

_ WA 4,7 41
(9) Hhlfg——— A s €E, = F(s)

as required.

Case 2. Now suppose v is a limit ordinal. Applying (E-Lim) to (2) provides us with

_ Wk (A) 4y

(10) Hh g A,s €Ey t €5t €Ey = F(1).
As an instance of axiom (E6) we have

(11) HA s €Eytes=tek,.

An application of (Cut) to (10) and (11) yields

_ WA 0,7 41
(12) Hhlf———AseE tes= F(t).

The remainder of this case can proceed exactly as in Case 1 from (5) onwards. Thus the claim

(*) is verified.

Finally applying (VR)s to (*) gives

_ o wrk(A)
HIe—T2 A= VaF(x).

Finally noting that w440 < nog(A — Vo F(r)) we may apply (— R) to complete the proof.
d

Lemma 5.4.5 (Infinity). For any operator H we have

M = Se[(Fy e a)(y e x) A (Vy € x)(Fz € z)(y € 2)].
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Proof. Firstly note that by Definiton 3.3.3 1,w € H. We have the following derivation trees in
IRSE.

Axiom (E4)
0
(AR) H }6 = Eg € E,
(b3R) H % =EyceE, ANEy € E,
2
H I = By € Eu)(y € Ey)
Axiom (E6) Axiom (E4)
0 0
(Cut) Hlgs€En,Ey €Bpy1 = s€Bpn HEg > Ey€Eppy Axiom (E4)
u
’H}l—seEniseEnH H}E:]EnHEEW
H }mseEn:En+1 EE,As€EE,
(031 HIEE s e R, = (32 €K
(E-Lim) s S € En = (3z € Ey)(s € 2)
o R) H %seEw:(HzeEw)(sEz)
(VR) NS = s e R, — (32 € By)(s € 2)

w—+2
w

= (Vy € Ey)(3z € E,)(y € 2)

Applying (AR) followed by (b3R) to the conclusions of the two proof trees above yields the

required result. O

Lemma 5.4.6 (A§-Separation). For any A§ formula A(a,b) of IKP(E) containing exactly the

free variables a,b = by, ..., b,, any IRS% terms 7, $1, ..., S, and any operator H:

H[y, B] }3—” seBgrel, = Fz[(Vyex)(yernAlys) Ay er)(Aly,5) =y € )]

where a = max ([, 7).

Proof. First let
p=[zer|A,Ss).

As an instance of axiom (E11) we have
— 0 _
(1) H[’y,ﬁﬂaseEﬁ*,reEv:peEa.

Moreover we have the following derivations in TRS§:
Axiom (E9)
H }2§€E5,7‘ ceE,,tep=>terANA(tS)

o

(= R)

H

ST—

seEgrek, =tep—ternAs) (1)

a+2
H 0

(0VR) o
seEzrek, = (Vyep)yerAAy,s)

138



Axiom (ES8)
H }EEEEB,TGEV,tET,A(t,E) =tep

(— R) (1)

HE5cE;reR, tcr= A(t,35) —tcp
(- R)—o —" i
() His5€EgreE, =ter— (A(t,5) —tep)

H 5By r € By = (Vy € r)(A(y,5) = y € p)

Now applying (AR) to (1) and the conclusions of the two proof trees above, followed by an
application of (3R) yields the desired result. O

Lemma 5.4.7 (Pair). For any operator H, and TRS§ terms s,¢ and any ordinals 3,y <
H[B,] }Z_igs €EgtcEy=32(sczAtE2)
where a := max(3,7).

Proof. If B =« the proof is straightforward, without loss of generality let us assume 5 > . As

instances of axioms (E6) and (E4) we have

(1) H[B, st €Ey By € By = t € By
0
(2) 18,915 = Ey € Eg.
Applying (Cut) gives
1
(3) HB At €By =t €Ep.
By axiom (E1) we have
0
(4) ’H[ﬁ,’yHBSG]E[g:%seEg.
Applying (AR) to (3) and (4) provides
(5) H[B, A B—s€EgtcBs=scEsnt € By,

B+2
to which we may apply (IR) giving

+

HIBA

m“%
(@}

scEgteE,=>32(sczNtez).

as required. O

Lemma 5.4.8 (Union). For any operator H, IRSS term s and any 8 < Q we have
HB] }w seEg = 3z[(Vy € s)(Vz € y)(z € 2)].

Proof. We have the following template for derivations in TRS§.
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Axiom (E6) Axiom (E6)
HB) St eBgret=reBy  H[F NseEstes=tek

e H[B]%SEEﬁ,tES,TEtiTGEﬁ
= H[ﬁ]%SEEﬂ,tesiTEt—}TEEB
(WREO H[B) %s €Eg tes= (Vet)(zeEp)
(b(v_I;) ) H[B] %SEEBétGS—}(VxEt)(weEB)
(3}; HIB) B s € By = (Vy € 5)(Va € y)(w € Eg)

s € Eg = 3z2(Vy € s)(Vx € y)(x € 2).

=
=
|| ™
o
[NV BN} I )

+

O

Lemma 5.4.9 (A§-Collection). Let F(a,b,¢) be any A§ formula of IKP(€) containing exactly

the free variables displayed then for any § = s1, ..., Sp

lFo= (Vo € s;)3yF(x,y,5) — Fz(Vx € 5;)(Jy € 2)F(z,y,5).
Proof. Since F' is Ag we have
Q+2

nog((Vz € s;)3yF(z,y,5)) = w

Hence by Lemma 5.4.2 we have

— w22

HB] }Q— 5€Eg, (Vo € s)FyF(x,y,5) = (Vo € 5)IyF(z,y,5).
Applying (X-Ref) gives
42,

HIB e—"2 5 € Bg, (Vo € 5)3yF(x,y.5) = J2(Va € 5)(Iy € 2)F (2,7, 5).

By (— R) we get
_ wQ+2.2+3 _ _ B
H[S] }97 5cEs = (Vo €s;)F(2,y,5) — 32(Ve € 5;)(3y € 2)F(z,y,5) .

Finally since w2 .2 + 3 < w3 we may conclude

lFo= (Vz € s;)3yF(z,y,5) — Fz(Va € s;)(3y € 2)F(z,y, )

as required. a

Lemma 5.4.10 (Exponentiation). For any terms s,¢ any 8,7 < © and any operator H

H[B,] }%s € Eg,t € E, = 3z(Vx € *t)(z € 2)

where ¢ := max(3,7) + 2.
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Proof. First let
p:= [z € Es | fun(z, s,1)].

As an instance of axiom (E10) we have
(1) H[B, Y] %5 € Eg, t € Ey, fun(q,s,t) = ¢ E; for all q.
Also axiom (E8) provides
2) H[B, A ¢ € B, fun(q,s,) > g € p forall q.
Applying (Cut) to (1) and (2) provides

1

(3) H[B, Y] 5725 € Eg,t € E,,fun(q,s,t) = g€ p forall q.

Now by (— R) we have

(4) H[B,~] §+2 s € Eg,t € E, = fun(q,s,t) > g€ p forallq.

Thus we may use (EbVR)oo giving

(5) HB.

+
—_

;s€Bgtek, = (Vz €®t)(x € p) for all q.

+

As instances of axioms (E11) and (E4) we also have

0
(6) H[B]lgs € Ep,t € By, Es € Esq = p € Esy
0
(7) H[B,7] k5 = Es € Es1.
We may apply (Cut) to (6) and (7) to obtain
1
(8) %[57’7]}mseEﬁat€E’y:>p€]E§+l-

Finally by applying (3R) to (5) and (8) we get

H[B,] }%s € Eg,t € E, = 3z(Vx € *t)(z € 2)

as required. 0

Theorem 5.4.11. If IKP(E) + T'[a] = Ala] with a the only free variables occurring in the
intuitionistic sequent I'[a] = A[a]. Then there is a k < w such that for any TRS§ terms 5, any

8 < Q and any operator H
—Quwk _ _
HB] }Q_Jrk 5€Ep T'[s] = Af3].
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Proof. The proof is by induction on the IKP (&) derivation. If I'la] = Ala] is an axiom of
IKP(E) then the result follows by one of lemmas 5.4.2, 5.4.3, 5.4.4, 5.4.5, 5.4.6, 5.4.7, 5.4.8,
5.4.9 and 5.4.10.

Case 1. Suppose the last inference was (£b3L), then (z € %a;)F(x) € I'[a] and the final
inference looks like

I'[a], fun(b, a;, aj) A F'(b) = Ala

I'la] = Ala]

where b does not occur in a. By the induction hypothesis we have a kg such that

(1) H[B,7] }g%]:: 5€Eg,p € E,,I'[s], fun(p, si, s5) A F'(p) = Al3]

(€b3L)

for all p and all v < Q. Let us choose the special case of (1) where v := max(f;, 5;) + 2 and
note that for this choice of v, H[B,~] = H[B]. Now fun(p, s;, s;) = fun(p, s;, s;) is an axiom due
to (E1) and by Lemma 5.4.2 we have |- F(p) = F(p) so applying (AR) gives

(2) IFq fun(p, si, s5), F(p) = fun(p, s, s;) A F(p).
Applying (Cut) to (1) and (2) provides
. Qwkl _ _
(3) H(Bl fr 5 € Egop € By, T[3], fun(p, si, 55), F(p) = Als].
Now as an instance of axiom (E10) we have
0
(4) % € Eg, fun(p, s, 55) = p € E, .
So (Cut) to (3) and (4) gives
Qwk141 _ _
(5) HB) f o § € Eg, Tls), fun(p, si. 55), F(p) = Als].
To which we may apply (AL) twice followed by (£b3L)+ to complete the case.

Case 2. Suppose the last inference was (£b3R) then Ala] = {(3z € “a;)F(x)} and the final
inference looks like

I'la] = fun(b, a;,a;) A F(b)

I'la] = (Jz € *“a;)F(x)

Suppose b is a member of a, without loss of generality let us suppose that b = a1, so by the

(EVAR)

induction hypothesis we have a ky < w such that

(8) Bl 5 € Eg T[s) = fun(s, s1,57) A Fs).

If b is not a member of @ we can also conclude (8) by the induction hypothesis. As an instance

of axiom (E1) we have fun(s, s;, s;) = fun(sy, s;, s;) to which we may apply (AL) giving

9) H[B] %fun(sl, si,85) A F(s1) = fun(si, s4, 55) .
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Now applying (Cut) to (8) and (9) yields

(10) H[B] }%{?H 5 € Eg, I'[5] = fun(sy, si, s5)

Axiom (E10) gives us

(11) H[] %5 € Eg, fun(sy, s;,55) = s1 € Es where 0 := max(;, 5;) + 2.
So applying (Cut) to (10) and (11) gives

(12) HIA] %zﬂgezag,r[g] = 51 € Es.

Finally we may apply (€b3R) to (8) and (12) to complete this case.

Case 3. Now suppose the last inference was (EbVL), so (Vo € %a;)F(x) € I'[a] and the final
inference looks like

I'[a], fun(b, a;, aj) — F(b) = Ala]

Ila] = Ala).

If b is present in a, without loss of generality let us suppose b = a1, regardless of whether b is

(EBYL)

present in a, by the induction hypothesis we have a ky < w such that

(13) H[A] }g%]: 5 € Eg,p € E,,I'[5], fun(p, si, ;) = F(p) = Al3].

The problem here is that 51 may be greater than max(;, §;)+2 meaning we cannot immediately
apply (EbVL), moreover unlike in case 2 it is not possible to derive 5 € Eg, I'[3] = fun(sy, 54, 55).

Instead we verify the following claim:
(*) IFo I'[3], (Vo € %isj) F(x) = fun(sy, s;, 55) — F(s1)
To prove the claim we first note that as an instance of axiom (E10) we have

(14) H[B] %5 € Eg, fun(sy, s;,85) = s1 € Es  where 0 := max(f;, ;) + 2.

Then we have the following template for derivations in IRSIS.

(E1) Lemma 5.4.2
(> 1) IF fun(sy, s;, sj) = fun(sy, s;, s;) IFo F(s1) = F(s1)
(EWL) ko fun(s1, s;,55) = F(s1), fun(s1, 55, 55) = F(s1) (14)

IFo (Vo € %is;)F(x), fun(sy, s;, s5) = F(s1)
ko (Vo € %is;)F(x) = fun(sy, s, 55) — F(s1)

(= R)

Thus the claim is verified. Now we may complete the case by applying (Cut) to (13) and (*).

Case 4. Now suppose the last inference was (bVL), so (Vx € a;)F(x) € I'[a] and the final

inference looks like
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Ilal,b € a; — F(b) = Alal

(bvL) I'la] = Alal.

If b does occur in a, without loss of generality we may assume b = a;. Regardless of whether b

is present in a, by the induction hypothesis we have a ky < w such that

(15) HIA) %:gexag,r[g},sl € 5 — F(s1) = Afs].
Claim:
(**) IFo (Vl‘ S Sl)F(LE) = 81 €8 —~ F(Sl).

To prove the claim we first note that by axiom (E6) we have
(16) 'H[B] %5 S EB,Sl €8, =81 € ]Eﬁi

Then we have the following template for derivations in IRSE.

(E1) Lemma 5.4.2
(_> L) I 51 €8 =>81€8; o F(Sl) =>F(81)
bVL) ko s € S5 — F(Sl), S1 €85 = F(Sl) (16)
lFo (Vo € si)F(x),s1 € sj = F(s1)

(= R)

lFq (Vz € s;)F(x) = s1 € s; = F(s1)

Finally we may apply (Cut) to (15) and (**) to complete this case.

Case 5. Now suppose the last inference was (VL), so Vo F(x) € I'[a] and the final inference looks
like

[[a], F(b) = Ala]

(vL) I'la] = Alal.

If b is a member of a, without loss of generality let us assume b = a;. By the induction

hypothesis we have a kg < w such that

(19) HI) 2 5 € By, T(s), F(s1) = Alg]

If b is not a member of a we can in fact still conclude (19) from the induction hypothesis. Now

as an instance of axiom (E1) we have
— .0 _
(20) H[B|[;5 € E5 = s1 € Eg, .

So applying (VL) gives the desired result.

Case 6. Now suppose the last inference was (VR), then {VzF(x)} = Ala] and the final inference
looks like
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I[a] = F(b)
I'a] = VzF(x)

with b not present in a. By the induction hypothesis we have a ky < w such that

(VL)

_ Q-wko .
HIB A for 5 € Egop € By, T[5] = F(p)
for all p and all v < Q. Applying (VR)~ gives the desired result.

Case 7. Suppose the last inference was (Cut) then the derivation looks like

I'[a], B(a,b) = Ala] I'la] = B(a,b)
I'la] = Ala]

where each member of b is distinct from the members of @. By the induction hypothesis we get
ko, k1 € w such that

(21) HIB) g 5 € Eg. Eo € B, T[3], B(5. Eo) = Als
(22) HIB) |2 s € B5,Eo € B, T[3] = B(s,Eo).

Now since = Eqg € [E; is an instance of axiom (E4) and 5 € E5 = s; € Eg, is an instance of

axiom (E1) we may apply (Cut) to (21) and (22) giving
— Q-wk
(23) HIB) ko 5 € B Eo € By, 5] = A[s].
Finally applying (Cut) to (23) and H|f] %Eo € E; we can complete this case.

All other cases can be treated in a similar manner to one of those above. O

5.5 A relativised ordinal analysis of IKP(E)

Analogously to with TRS§ we will prove a soundness theorem for certain TRSgG derivable

sequents in Ey,,( . Again we need the notion of an assignment. Let V ARg¢ be the set of free

£o+1)
variables of IRSg, an assignment is a map
v:VARe — Ey(

EQ+1)

such that v(a$') € Eq41 for all ¢ < w and ordinals a. Again an assignment canonically lifts to

all TRS§ terms by setting

vz et]| F(x,s1,....,s0)]) = {ze€v(t)| Flx,v(s1),...,v(sn))}
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The difference between here and the case of IRSS is that for a given term t, it is no longer
possible to ascertain the location of v(¢) within the E-hierarchy solely by looking at the syntactic
structure of t. It is however possible to place an upper bound on that location using the following

function

m([x € t| F(z,81,...,8)]) : = max(m(t), m(s1), ..., m(sy)) + 1.

It can be observed that v(s) € E, ()41 for any s, however in general m(s) is only an upper

bound on a terms position in the E-hierarchy.

Theorem 5.5.1 (Soundness for IRSE). Suppose I'[sy, ..., s,] is a finite set of IT€ formulae with
max{rk(A) | A€ T} <Q, Alsy, ..., s,] a set containing at most one %€ formula and

H }%F[E] = A[s] for some operator H and some a, p < €.
Then for any assignment v,

Eyo(eain) ):/\F v(81), e, U(8p) —>\/A v(81), e, v(8n)].

Where AT and \/ A stand for the conjunction of formulae in I and the disjunction of formulae

in A respectively, by convention A0 :=T and \/ 0 := L.

Proof. The proof is by induction on «. Note that the derivation H }%F [s] = AlS] contains no
inferences of the form (VR)uo, (3L)oo or (6-Ref) and all cuts have A§ cut formulae.

All axioms apart from (E6) and (E7) are clearly sound under the interpretation, the soundness
of (E6) and (E7) follows from Lemma 5.2.1.
Now suppose the last inference was (Eb3R), so amongst other premises we have
}%I‘ = fun(t, s;,s5) N A(t,5) for some ap < a.
Applying the induction hypothesis yields
Eyotea) F /\F — [fun(v(t), v(s;),v(sj)) A A(v(t),5)] where v(5) = v(s1),...,v(sp).

Suppose I'[v(5)] holds in Ey,, so we have

EQ+1)?
By (e F fan(v(t),v(si),v(s;)) A A(v(t), v(s)).

It remains to note that the function space **)v(s;) is a member of Eyo(

E¢Q(€Q+1) ): (3r € U(Si)v(sj))A@:vv(g))'

cqyr) and thus
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as required.

Now suppose the last inference was (£b3L), thus amongst other premises we have

(2) jo I'[s], fun(p, s;, sj) A A(p,5) = A[s]  for all terms p and some o < a.

For the remainder of this case fix an arbitrary valuation vg. Let Sy := m(s;), B1 := m(s;) and
B := max(fp, 1) + 2. Choose k such that af does not occur in any of the terms in 5. As a

special case of (2) we have

a0
p

H = I'[s], fun af,sz,sj)/\A(ak, 5) = Als].

Applying the induction hypothesis we get

3)  Bygear = ATE)] A lfun(v(ay), v(s:), v(s;)) A Al ) =\ Al

for all valuations v. In particular (3) holds true for all valuations v which coincide with vy on

5. By the choice of ag it follows that

Eyotean) ):/\I‘vo —>\/Av0

as required.

All other cases may be treated in a similar manner to those above, using similar reasoning to
Theorem 4.5.1. |

Lemma 5.5.2. Suppose IKP(E) - = A for some X¢ sentence A, then there exists an n < w,

which we may compute from the derivation, such that

Ho }7/19_@'; = A where 0 := w, (- -w™).

Ya(o

Proof. Suppose IKP(£) - = A, then by Theorem 5.4.11 we can explicitly calculate some
1 < m < w such that

Q-w™
Ho fory =4
Applying partial cut elimination for IRS% 5.3.3 we get

Q-w

'Ho% = A.

Finally by applying collapsing for IRSIS% 5.3.6 we get

me(ﬂ'wm) P (wm (Q2-w™)) — A

Yo (wm (Q2-w™))

as required. O
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Theorem 5.5.3. If A is a Y¥-sentence and IKP(£) - = A then there is an ordinal term

a < Ya(eqt1), which we may compute from the derivation, such that
E, = A.

Proof. By Lemma 5.5.2 we can determine some m < w such that

Ho }zg—f; = A where 0 1= wp, (- w™).
Q

g

Let o := (o). Applying boundedness 5.3.5 we get
HE = AFa.
Now Theorem 5.5.1 yields

E’L/JQ(EQH) = AP,

It follows that
E,FA

as required.
O

Remark 5.5.4. Suppose A = 3xC(z) is a ©¢ sentence and IKP(E) - = A. As in the case
of IKP(P), as well as the ordinal term « given by Theorem 5.5.3, it is possible to compute a

specific IRSS term s such that E, |= C(s). Moreover this process can be carried out inside
IKP(E). These results will be verified in [43].
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