Finite Difference Solutions of Quantum W ire

and Quantum Dot Sysytems

Dureld EI-Moghraby

Submitted In accordance with the requirements
for the degree of Doctor of Philosophy

The University of Leeds
School of Electronic ana Electrical Engineering

January 2005

The candidate confirms that the work submitted 1S his own and that appropriate
credit has been given where reference has been made to the work of others.
This copy has been supplied on the understanding that it 1s copyright material and
that no quotation from the thesis may be published without proper

acknowledgement.



Acknowledgements

In the Name of Allan the Most Beneficent, the Most Merciful

| would like to extend my warmest regards and sincerest gratitude to my supervisors, Paul
Harrison and Rob Johnson, without whose guidance and encouragement this thesis would
not have been possible. Thank you for your patience.

To Ms Moyra Culbert, | would like to express my most sincere thanks for all her haro
work and patience, with my occasionally unreasonable demands.

They say no man 1s an island and | would have surely have drowned If not for the
support and help of my frienas and colleagues Naush and Mazin. You have made the
seemingly unbearable times, an unforgettable experience. | am deeply grateful for your
help In all things non-academic and even some of the academic ones. To all the Holt Park
gang, thank you for making this an Interesting experience.

My regards also go to Nell Pilgrim, for the countless helpful, stimulating and sometimes
overwhelming conversations. V_

No words can express the depth of gratitude, love and respect I have for my English
family, ana In particular my Uncle Mike.... Thank you for having faith.

To my uncle Mohamed and aunt Cathy, who are like my parents, without whose help
| could never have adjusted to life in England I express my warmest thanks.

To all my colleagues In 1SS, thank you for providing a working environment that makes
WOrk a oy rather than a chore.

To everyone unmentioned ( you know who you are!), you are Indeed unforgotten, | owe
you all a debt that I cannot repay.

Last but by no means least, my parents, the indomitable Asim EI-Moghraby and the
incomparable Alawiyya Jamal. Thank you for giving me the confidence, the tools ana
above all the Inspiration to believe that anything Is possible.



| 1st of Publications

D. EI-Moghraby, R.G. Johnson, and P. Harrison, “Calculating modes of quantum
wire and dot systems using a finite differencing technique,v Computer Physics
Communications, vol. 150, no. 3, pp. 235 —246, 2003

D. El-Moghraby, R.G. Johnson, and P. Harrison, “The effect of inter-dot separa-
tion on the finite difference solution of vertically aligned coupled quantum dots.™*
Computer Physics Communications, vol. 155, no. 3, pp. 236 —243, 2003,

D. El-Moghraby, R.G. Johnson, and P. Harrison, “Calculating modes of quantum
wire and dot systems using a finite differencing technique,” in Proceedings of the

CMMP 2002- Condensed Matter and Materials Physics , vol. 26A , pp. 229-229,
April 2002, Poster presentation.



Abstract

A new Implementation of the finite difference method was developed, and discussed, for
solving the time-Independent, constant effective mass Schrodinger equation In three di-
mensions. The motivation behind this approach was to develop a computational technique
which IS fast to execute and requires a small memory footprint.

To demonstrate its validity, this numerical finite difference method was utilised to
calculate the electronic elgenenergies of an Infinitely deep quantum wire (QWW), where
the results were within 0.25 meV of the analytical values. The method was used to calculate
energles of a triangular QWW of finite depth that was found In the literature [62]. The
calculated energies showed very good agreement with that of Gangopahdhyay [62], with
the difference In eigenenergies ranging between 1 and 10 meV. This difference Is likely to
arise from the simplified constant effective mass Hamiltonian. The case of a pyramidal
quantum dot (QD) was then Investigated. It was found that the calculated results were
within 2 meV of the values found In the literature [5]. However, the advantages of this
method become apparent as It requires a fraction of the memory needed by the eigenvalue
method and the computational times also compare favourably.

The effect of the Inter-dot separation In a system of vertically aligned pyramidal QDs
was then Investigated. It was found that when the separation between the QDs was large
enough, they behaved as If Isolated. As the proximity Increased, so did the Interaction,
which manifests Itself as an Increase In the peak value of the wave function of the higher
energy dot and a reduction In the overall eigenenergies.

The method was extended to Incorporate the Poisson equation, and used to calculate
the eigenenergies of a QD for a varying number of electrons. As would be expected the
elgenenergies of the system rose as more electrons were added to the system. The effect
of Introducing a varying number of electrons Into a system of vertically aligned QDs,



for a number of Inter-dot separations, showed that the eigenenergies for a single electron
Increased as the Inter-dot separation was Increased. However, for the case of multiple
electrons, It was found that the eigenenergies Initially decrease and then Increase as the
Inter-dot separation IS Increased.



Li1st of Principal Abbreviations

AFM Atomic Force Microscopy

DOS Density of States

EMA Effective Mass Approximation
FWHM  Full Wiath at Half Maximum

LO Longitudinal Optical Phonon
MBE Molecular Beam Epitaxy

ML Monolayer

MOVCVD  Metaloraganic Chemical Vapour Deposition
OPW Orthogonalized Plane Waves

PL Photoluminescence

PW Plane Waves

QD Quantum Dot

QW Quantum Wire

QWW  Quantum Well Wire

SH Semiconductor Heterostructure
STM Scanning Tunnelling Microscopy
SAQD  Self Assembled Quantum Dot
TEM Transmission Electron Microscopy
THz Terahertz

Vi



Contents

Acknowledgements |
List of Publications Il
Abstract |V
List of Principal Abbreviations VI
1 Introduction 1
L1 QUANTUM QOIS oo 2
1.2 FADIICALION tECNNTQUES..coiiiieesssirrrrssssssssisissssssssssssssssssssssssssssssssssssssssienn 3
121 Self-assembled quantum dots (SAQD ). 5

1.3 Optical properties of QUANTUM T 0TS ..., [
14 Size and sNape 0f SAQD .. 11

2 Frameworks/Methods of Solution 14
21 K oD TRROTY oot 14
2.2 The pseudopotential MEtO ... 18
2.3 Effective mass approXiMation ., 22

2.3.1  Effective mass theory In NEteroStruCtUIeS .......nsesssssssiinnnnnn 24

2.4 Orthogonal Periodic TUNCLIONS ... 25

2.5 FOUITET BXPANSION coviieesiisssssiiisssssssssisssssssss s 28

2.0 CONCIUSION oo 3l



3 Quantum Wires 32
3L INETOAUCTION s 32

3.2 Finite difference method I tWO AIMENSIONS .vrerrrrsssssssssssssmmmmmmmmssssse 33
3.2.1  Finite difference expansion of Schrodinger \S equation ... 33

322 MALIX BQUALION oo 3

3.2.3  Correct phySICAl SOIUTTONS ..ovvvvvvvvvviiiissssesss s 45

3.3 Trianqular qUANEUM WITE oo 43
331 RESUIES it 43

3.4 Extension to variable effective MaSS.........mmnrssssssssssssssssins 52

3.9 CONCIUSION oo s o

4 Quantum Dots H9
4.1 Finite difference expansion of Schrodinger 's qUALION  ..oeeessnneeeeeesssssnens 59

411 MAtrIX QUALION s 0l

4.1.2  Correct pRYSICAl SOTULIONS .ovvccssiieerrsrssssssissssssssssssssssssssssse 05

4.2 Infinitely deep QUANTUM DOX oo 66

4.3 Pyramidal qUantum @0t 10
4.3.1  Convergence and cOMPUEALION tIME....vvvnnsnnnsssssssssssssmmmmmne 12

A4 Coupled QUANTUM Q0TS v, 11
AAT  INOAUCTION oo 11

BA.2  RESUIS oo, 11

4.5 CONCIUSION oo 3/

5 Self-consistent Poisson-Schrodinger Solution 35
0.1 POISSON'S BUUALION coovrrrrrrvrrsssssssssssmnisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssess 85
5.1.1  Poisson’'s equation: DErVAION ... 36

5.1.2  FInite aIfference eXpansion ... 31

0.1.3  MALrIX BQUALION s, 89

5.2 Self-consistent PoISSON-SCIOAINGEr ..o 03

VIl



5.3 SINGIE QUANTUM G0 T oo, %

ST T 1] Y %

5.4 COUPIEd QUANTUM QOES .o, 106
DAL RESUIS oo 107

ST O 01110 [V ] Y 112

6 Conclusions 114
0.1 Concluding remarks........ T 114

0.2 FULUIE WOTK oooveeoeeeeeeeeseesessesssssesssssssesesesssenesssesssssenssssessssssssssssesssenesssessssssssssnseses 120

IX



15t of FIgures

1.1

1.2

1.3

2.1

2.2

Schematic ilustration of the basic fabrication principles of three dimen-
sional structure by lithography and the subsequent wet (bottom) or dry
(top) etching. (a,d): exposure of the masked resist to radiation; (b): dry
etching by heavy lon bombardment; (c). dry etched structure, (e): wet
etching by Immersion In a solvent; (f): wet etched structure. (Reproduced
frOM TETEIENCE [B]) ovvvvvvvviiiisnsssss s
Schematic diagram of the growth of Ge (solid circles) on a Si (open circles)
substrate. The Initial 2D layer-by-layer growth takes place (a) up till the
critical thickness for island formation r = 3.7ML (), after which small
slands nucleate on the flat 3.7ML of Ge (c), which turn to 3D islands (d)
while leaving 3.0 ML of 2D Ge. (Taken from reference [19]) .
Schematic lfustration of conduction band structure of GaAs quantum well
of width a sandwiched between thick barriers of GaAlAs. The total energy
of a conduction band electron is E —Eeh + h2/2m* (k] 2-Ky) where Een =
h2[2m*(nn/@) and z Is the direction perpendicular to the interface......

Top of the valence band and bottom of conduction band for GaAs (taken

from Wenckebach, 1999 [54])......vsss,
A schematic view of quantum wire under Investigation (taken from Tadic

et al. [s6]), with dimensions 2wx x wy and core dimensions 2dx X 2dy and
putlt-in potential



3.1
3.2
3.3

3.4
3.9

3.0

3.1

3.8

3.9

Infinitely deep rectangular cross-Section quUantum WIrG............vvvvvnssn 33
The first derivative 0f @ fUNCEION.........cconriiis e, 34
Schematic illustration of array representing cross section of wire and depen-
dence Of Wave TUNCEION POINES.....uuurvvvvvvviiiiinssssssssssissssssssssssssssssssmssaneen 37
Schematic of five by five array with arrows showing dependence of points. . 39
Position of maxima along the y —axis vs. Energy for a 600 x 600 A wire
WITN ZET0 POTENLIAL ..o 46
Normalised ground state wave function for a 600 x 600 A wire with zero
potential, horizontal coordinates represent position on the cross section of

the QWW. Energy = 3.18 MEV ..., AT
Normalised wave function of the first excited state for a 600 x 600 A wire
with zero potential, horizontal coordinates represent position on the cross

section of the QWW. Energy = 7.95 MeV.....iinn, AT
FIgure showing rectangular cross sectional wire with finite barrier height
with triangular region having N0 POLENEIAL.......cccoieeieevviiiiiiiissssissiisns 49

Normalised wave function of the ground state for a triangular cross sectional
wire, horizontal coordinates represent position on the cross section of the
QWW. Energy= 00.70 MEV ...orriiirriiisnnsssinnnsesssssssssssssssssssssssssssnenns o0

3.10 Energy eigenenergies of triangular wire with finite barrier potential. Dots

4.1

data from Gangopahdhyay [62], line with triangle data obtained using the

finite difference method Presented NBIE........emessssssissssssssssieienn ol
3.11 Ground state energy vs. Mesh size for triangular QWAW with a base width
OF 200 Ao ———————— 52
SChematic SNOWING QISCIELIZEA DOX..vvvvvvvvsnsnssssssssssssssmmimsssssssssssssssmssenn 02

4.2 Infinitely deep quantum box, V =0 inside and V = 00 outside the box. .. 67
4.3 Energy vs. mesh size for a 100 X 100 X 100 A Infinitely deep quantum nox.

Line with triangles shows analytical values and the line with circles shows
the values calculated using the finite difference Method.....cmennneneerrssnnnnn 68

X|



44 Slice, at 7 —50 A, of normalised ground state wave function for @ 1oo X
100 X 100 A Infinitely deep quantum box. Horizontal coordinates represent
position on the X —y plane. Energy= 173.00 MEV.......ciiiiimnnnnnnsensssnnnn 68

45 Slice, at z = 50 A, of normalised verted ground state wave function for
a 100 X 100 X 100 A Infinitely deep quantum box. Horizontal coordinates
represent position on the x —y plane. Energy= 173.07 MeV.......coveeennvvnnnnn 69

4.6 Schematic of pyramidal qUANTUM Q0L 10

47 Slices of the potential used to model the pyramidal dot potential. Horizontal
coordinates represent position on the x —y plane, (a) Showrs the apex of
the pyramid at z —260A. (b) and (c) show slices of the potential which are
squares of progressively Increasing size at at z = 228.8 Aand z = 197.6 A
respectively. * The vertical axis has been inverted for visual clarity..............

48 Slice, at z —228.8 A, of normalised ground state wave function for a pyra-
midal quantum dot of dimensions h =60 A and h = 120 A, with potential
parriers of 276 meV, norizontal coordinates represent position on the x —y
plane of the QD. Energy= 172.612 M eV ... 12

49 Slice, at z = 260 A, of normalised ground state wave function for a pyra-
midal quantum dot of dimensions h = 60 A and h = 120 A, with potential
parriers of 276 meV, horizontal coordinates represent position on the x —y
plane of the QD. Energy= 172612 M eV i 13

4.10 Slhice, at z —416 A, of normalised ground state wave function for a pyra-
midal quantum dot of dimensions h = 60 Aand h = 120 A, with potential
parriers of 276 meV, horizontal coordinates represent position on the x —y
plane of the QD. Energy= 172612 M eV ... 14

411 Energy vs. Mesh size for pyramidal QD. Line with triangles shows data
from literature [5], line with circles data obtained using finite difference

Nl



4.13 Time per iteration vs. mesh size for a pyramidal quantum dot.................... 16
4.14 Schematic showing box with two embedded pyramidal dots with zero po-

tential. . 18
4.15 Slice of the potential used to model the quantum dot potentials for the

example case of 40 A separation. Horizontal coordinates represent position

on the x —z plane, and y = 255,15 A, *The vertical potential axis has been

INVEITEd 1O VISUBI CIAMEY oottt 79
416 Difference ir energy E 2ots —E It vs. dot SEPATALION o 4l
4.17 Normalised ground state, or bonding state, vertical slices of the wave func-

tion for box with two pyramidal dots with zero potential, horizontal co-

ordinates represent position on the x —z plane and at y —255.15 A (3)

Box size 520 x 520 x 600 A, separation of 10 A and Energy = 139.70 meV.

(0)Box size 520 x 520 x 610 A, separation 20 A and Energy = 144.30 meV.

(c) Box size 520 x 520 x 630 A, separation 40 A and Energy = 147.10 meV.

(d) Box size 520 x 520 x 690 A, separation 100 A and Energy = 147.59 meV. 8l
4.18 Normalised ground state horizontal slices of the wave function for a 520x690

A box with two pyramidal dots at a separation of 100 A With zero potential,

horizontal coordinates represent position on the X —y plane. Bottom slice

s at z = 9.45 A Middle plot at z = 292.95 A Top plot at 2 = 680.4 A

ENErgy = 14750 M BV oo, 0
4.19 Normalised first excited state, or antl bonding state, vertical slices of the

wave function for box with two pyramidal dots with zero potential, horl-

zontal coordinates represent position on the x —z plane and at y —255.15

A. (a) Box size 520 x 520 x 610 A, separation of 20 A and Energy = 176.20

meV. (0)Box size 520 x 520 x 640 A, separation 50 A and Energy = 172.61

meV. 33

5.1 Slice, at z = 255.15 A, of the calculated Poisson electrostatic potential for
a point charge. Horizontal coordinates represent position on the x —y plane. 93

Xm-



0.2

0.3

2.4

2.0

2.0

o.1

2.8

2.9

Algorithm for the implementation of the self consistent solution to the Pois-

SON aNd SCArOTINGEr BAUALIONS  w.vvvvvvvvssssssrsssssssssssssssssssssmmmmssssssssssssssssssssess 94
Slice, at z = 255,15 A, of the normalised ground state wave function In the
absence of electrons, 1.e. empty, of a pyramidal dot of height= 60 A ana

pase width = 120 A Horizontal coordinates represent position on the x —
plane of the QD. Energy= 172.35 MV .., %
Slice, at z —255.15 A, of the Poisson electrostatic potential resulting from

one electron. Horizontal coordinates represent position on the X —y plane

OF TNE QD ovvi s s e 01
Ground state energy versus number of iterations for single quantum dot In
the case of one electron (corresponding to the potential in figure 54) ... 9B

Slice, at 7 —255.15 A, of the normalised ground state self-consistent wave

for the case of a single electron for a pyramiaal dot of height= 60 A and

pase width = 120 A. Horizontal coordinates represent position on the x —y
plane of the QD. Energy= 193.96 MEV ... %
Slice, at 2 = 255.15 A, of the normalised first excited state wave function

for the case of an empty pyramidal dot of height= 60 A and base width

= 120 A Horizontal coordinates represent position on the x —y plane of

the QD. ENergy= 261.3 MEV ... 100
Slice, at z = 255.15 A, of the Poisson potential resulting from 3 electrons

and used for the first iteration. Horizontal coordinates represent position

on the X —Y plane 0f the QD 101
Slice, at z = 255.15 A, of the normalised first excited state wave function

for the case of 3 electrons for a pyramidal dot of height= 60 A and base
width = 120 A, calculated by the first iteration of the Poisson-Schrodinger
solver. Horizontal coordinates represent position on the x —y plane of the

QD. Energy= 293.948 MEV ..., 102

XIV



510 Slice, at 7 —255.15 A, of the Poisson potential resulting from s electrons
and used for the second Iteration. Horizontal coordinates represent position

on the X —Y plane of the QD ..., 103
511 Slice, at z = 255.15 A, of the normalised first excited state wave function for
the case of 3 electrons for a pyramidal dot of height= 60 A and base width
= 120 A calculated by the second Iteration of the Poisson-Schrodinger
solver. Horizontal coordinates represent position on the X —y plane of the

QD. ENergy= 272.828 MEV ... 104

0.12 First excited state energy versus number of iterations for single quantum
(0t I the CASE 0T 3 BIECIIONS....ovvvvviiiiissssssiiss s 104

5.13 Self-consistent energy versus number of Iterations for single quantum dot
of h =60 Aand b= 120 A In the case of 2, 3 and 4 electrons........cccceerinnnn 106

5.14 Self-consistent energy versus Inter-dot separation for a pair of vertically
aligned quantum dots for the case 0f 0Ne eleCtroN.......cniccvisssiiiiiiiiissnnne 107

5.15 Normalised slices of the self-consistent ground state wave function for a pair
of vertically aligned QDs, for varying Inter-dot separations In the case of a
single electron. Horizontal coordinates represent position on the x — plane

ALY = 290.10 A ———— 108
5.16 Self-consistent energy versus Inter-dot separation for a pair of vertically
aligned quantum dots for the case of multiple electrons........nnnreersssssnnn 110

5.17 Normalised slices of the self-consistent ground state wave function for a pair
of vertically aligned QDs, for varying Inter-dot separations In the case of 4
electrons. Horizontal coordinates represent position on the x —z plane at

V= 295,10 A ——————— [ ]

XV



Chapter 1

Introduction

With the aavent of recent advances In epitaxial crystal growth technology, such as molecular-
peam epitaxy (MBE) and metalorganic chemical vapour deposition (MOCVD) [1], which
have enabled the fabrication of atomically sharp heterojunction Interfaces, there has been
a growing Interest In spatially quantized systems [2]. This Interest Is largely fuelled by
the miniaturisation trend overtaking the microelectronics Industry. For Instance, as the
dimensions of devices become smaller It Is becoming apparent that at some scale present
device fabrication technology will reach limits at which it will become economically feasi-
ble to consider alternative approaches to computing and data storage. Yet the limits set
py the physical laws governing present CMOS-based devices may occur at much smaller
scales, and as such there 1S a consideranle opportunity for the development of nanoprocess-
Ing and nanocharacterization technologies that will enable the present scheme of silicon
electronics to reach Its ultimate limits. Scanned probe techniques, such as the scanning
tunnelling microscope (STM) and the atomic force microscope (AFM), are prime con-
tenders as the silicon nanoprocessing and characterisation tools of the future. Even so,
the physical limits of present CMOS based devices, such as tunnelling currents In gate
oxioes (3] or statistical effects in doping very small structures, will eventually be reacheo
possIDly requiring entirely new approaches to computing [4]. One such route Is the use
of heterojunction devices wilicli operate at the nanoscale level, 1.e. operation as quantum



1.1. Quantum dots :

confined devices or quantum tunnelling structures, through structural miniaturisation [}
One-dimensional confinement 1s easily achieved through miniaturisation, by forming lay-
ered films using MBE. However, unique quantum properties, some based on the behaviour
of a single electron, can only be achieved by higher degrees of confinement. Also, optoelec-
tronic devices such as photo-detectors and lasers operating in the far-infrared or teranertz
region require quantum structures with very small interlevel spacing, and high emission
efficiency which may only be achieved at room temperature with higher dimensional con-
finement. Arrays of well defined quantum dots (QD) structures are particularly valuable
In such applications. These structures must be different enough In composition from the
surrounding matrix, so that significant band offsets occur, they must be small enough so
that the charge carriers are spatially confined and they must be uniform In size so that
the energy levels are well defined [5).

1.1 Quantum dots

Quantum dots (QDs) are low-dimensional nanometre sized semiconductor (In some cases
metallic) structures that are artificially created for the quantum confinement of only a few
electrons. They are called quantum dots, or zero dimensional systems, In reference to their
quantum confinement In all three spatial dimensions [s], which Is similar to the physical
situation In atoms. These dots exnidit typical atomic properties such as discrete energy
levels, shell structures and a density of states (DOS) which consists of a series of sharp
peaks and, as such, quantum dots are frequently referred to as artificial atoms [5,7,8]
However In contrast to natural atoms, the number of electrons ina QD IS tunable [7] anc
thelr energy levels can be manipulated to tailor the number of confined states ana their
Intersublevel energy spacings (9

The unique properties of QDs have led to their utilisation In the construction of photo-
mixer devices used for teranertz generation |10, In photoconductive Intersubband detec-
tors [12], In lasers [12], and more recently pairs of QDs have been used as “quantum bits™



1.2. Fabrication techniques | 3

(quoits) 13, 14] for storing Information with the ultimate goal of realising a quantum
computer,

1.2 Fabrication techniques

From a chronological point of view, the first techniques to be employed In the realisation
of the three dimensional confinement of charge carriers In semiconductor heterostructures
were the lithographic patterning and etching of quantum well structures and they stil

remain the most straightforward way of creating QDs [15]. There are a number of different
lithographic techniques such as:

o optical lithography and holography,

o X-ray lithography,

o electron and focused lon beam lithography,
o scanning tunnelling microscopy.

However the fundamental steps involved are basically the same. Namely, to grow a layereo
structure and Impose further structure on It or a three dimensional pattern. Layers are
usually patterned In two steps. First the desired area Is marked out, by depositing a
layer of light-sensitive material or photo-resist, using lithography, and the pattern Is then
transfered to the semiconductor by either etching, see figure 1.1, or by depositing a layer
of a different material, usually metal, on Its surface.

As regards the resolution of the these techniques, patterns with line widths larger
than 0.5 fxm can be obtained using the basic optical lithographic processes by employing
llght sensitive layers deposited on the material and then exposed to radiation of suitanle
wavelengths. For line widths smaller than about 0.5 //m, radiation of shorter wavelengths
S required and thus an electron beam or X-rays must be used, and these can be focuseo
to a spot of about 10 A In diameter. For high resolution line widths, below 0.1 //m, a
modified version of the scanning electron microscope has been used, which can process


























































































































































































































































































































































































