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Chapter 1

Introduction

First conjectured in the late 1950s, the Taniyama-Shimura Conjecture (now
the Modularity Theorem) posited a connection between rational elliptic curves
and classical modular forms. The combined efforts of Breuil, Conrad, Diamond,
Taylor and Wiles at the turn of the 21° century confirmed this connection, by
proving that the Galois representation attached to a rational elliptic curve is
equivalent to a representation attached to a rational weight 2 Hecke eigenform.

Viewed within the framework of the Langlands program, this is one of many
conjectured results linking Galois representations to automorphic forms and
representations of reductive algebraic groups, and as such readily lends itself to
generalisation. Indeed, it is well-known that classical modular forms correspond
to automorphic forms for GL2(Q) (exploiting the fact that the complex upper
half-plane h is the globally symmetric space for the Q-group GL3) and so, even
restricting our attention to general linear groups, there are two clear paths to
choose from: we can change the dimension, or we can change the base field.

Both approaches have their merits, but, in keeping with the spirit of the
Taniyama-Shimura Conjecture, the focus of this thesis is the latter case, which
allows one to consider the modularity of elliptic curves defined over a number
field. The question of modularity has already been extensively studied for both
totally real and imaginary quadratic fields. In the former case, work by Kisin
and Taylor shows that all elliptic curves over totally real fields are potentially
modular, in the sense that any such curve becomes modular over some totally
real field extension (and it has recently been shown by Freitas, Hung and Siksek
that any elliptic curve defined over a real quadratic field is truly modular).
Modular forms over imaginary quadratic fields have been studied in great depth
computationally, with a substantial body of work produced by Cremona and a
number of his students.
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As such, we consider perhaps the next logical case: that of a quartic CM
field (a totally imaginary quartic field which is a quadratic extension of a real
quadratic field). This is inspired by a recent result due to C.P. Mok, which
shows how one can attach Galois representations to automorphic forms defined
over such fields (two recent papers; one by Harris, Lan, Taylor and Thorne, and
another by Scholze, study this question in greater generality, but Mok’s result
suffices for forms that we expect to correspond to elliptic curves). The represen-
tations are in fact attached to classes in the group cohomology H*(T', C), where
I" is an arithmetic subgroup of the Q-group G' = Resp/q(GL2) (here F' denotes
our CM field). By a generalization of the Eichler-Shimura isomorphism, it is
known that certain automorphic forms for G can be realized as such cohomology
classes, and moreover that the Hecke action translates to this new setting.

The Galois representations thus obtained satisfy certain local-to-global com-
patibility conditions. Indeed, let p : Gal(F/F) — GL2(Q,) denote the repre-
sentation attached to the automorphic representation m = ®,m,, where v runs
through the places of F. Then, for each finite place v at which 7, is unramified,
the representation p, obtained by restriction to the local absolute Galois group
Gal(F,/F,), and the local component 7, are connected as described by the local
Langlands correspondence for GLs. In particular, the characteristic polynomial
of p on a Frobenius element at such places is described by the Langlands class
of m,, which can be determined through knowledge of the Hecke action on those
vectors which are fixed by certain compact subgroups of G(A) under the action
of m.

We therefore follow in the footsteps of Cremona et al by working with auto-
morphic forms computationally, in a setting that allows us to compute the Hecke
action. As is standard in the field, rather than work with the forms directly,
we exploit the connection between automorphic forms and group cohomology,
which is more amenable to computation. Given an arithmetic subgroup I" of the
Q-group G, we identify H*(T', C) with the cohomology of the locally symmetric
space Xr = I'\G(R)/AL(R)K, where K., denotes a maximal compact sub-
group of G(R), and A% (R) the split component lying in the centre of G (these
are the analogues of the modular curves of classical theory).

The globally symmetric space X := G(R)/A%(R)K o can be identified with
the space of binary Hermitian forms over our field F'. Work by Voronoi, which
was later generalized by Koecher, shows that such spaces admit a decomposition
into convex polytopes which is stable under the action of any arithmetic sub-
group of G, and that, moreover, there are only finitely many equivalence classes
of polytopes under this I'-action. We can therefore compute the cohomology
of Xt by working with a finite polytopic cell complex, known as the Koecher
complex.



To compute the Hecke action, however, we need a new approach. While
the spaces Xt are acted on by Hecke operators, the cells in the corresponding
complex are not preserved, making computation impossible. We therefore fol-
low the approach of Gunnells in his paper [Gun99], which is expanded upon
in the papers [AGMO02], [GYO08], [GHY13] and [GY13], by looking at a
larger combinatorial cell complex ., known as the sharbly complex, whose T'-
equivariant homology is known to compute the group cohomology H*(T', C), and
which also admits a Hecke action. In these papers, the authors describe how
one can construct a finite subcomplex of .% using cells of the Koecher complex,
which moreover computes the homology of the whole complex.

The Hecke action on .¥ does not preserve this subcomplex, but the au-
thors describe a theoretical algorithm which, given a homology class in H. (.%),
produces an equivalent class whose support lies wholly in this subcomplex. In
particular, they show how to implement this algorithm practically for certain
number fields, including a quartic CM field, giving us a means for computing
the Hecke action for such fields.

The paper [GHY13] describes this procedure for the quartic CM field Q(5),
where (5 denotes a fifth root of unity. In particular, they consider arithmetic
subgroups of the form I'g(n) comprising matrices whose lower left entry vanishes
modulo some ideal n, and compute the action of several Hecke operators on such
forms for a large range of levels n. I transfer this approach to three different
quartic CM fields of small discriminant (the fields Q(¢s) and Q((12) of eighth
and twelfth roots of unity, and the field generated by the roots of the quartic
polynomial #% — 234222 +2+1), finding examples of rational Hecke eigenclasses,
and computing the Hecke action on them, using my own adaptation of the
authors’ algorithm in MAGMA. I also study the symmetric spaces X for such
fields, identifying certain phenomena which were not apparent in [GHY13],
as well as providing data for the polytopic decomposition of Koecher for such
spaces.

Having computed the action of the Hecke operators on the group cohomology
H*(To(n),C), Gunnells et al seek to pair the corresponding eigenclasses with
elliptic curves over the field F'. In my analysis I do the same, but seek to go one
step further and prove the Galois representation attached to an elliptic curve is
equivalent to that of the corresponding automorphic form.

To prove equivalence of the two Galois representations, I adapt an idea pre-
sented in [DGP10], in which the authors use the Faltings-Serre-Livné method
to prove modularity of elliptic curves over imaginary quadratic fields. I show
that these methods extend to CM fields, using the Galois representations estab-
lished by Mok’s result. I have implemented my own version of the algorithm
described in [DGP10] using PARI, which, given an elliptic curve, provides a
finite list of primes of the quartic field F. If [¢] is a Hecke eigenclass whose
eigenvalues equate to the local data of our chosen elliptic curve at each such
prime, then the associated Galois representations are provably equivalent.
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Using this algorithm, it is possible to prove modularity of all but one of the
elliptic curves over F' that have appeared during my previous analysis. For each
such curve, I compute the required Hecke eigenvalues and establish modularity
of the curves. In practice, the number of Hecke eigenvalues to compute varies
depending on the residual image of the 2-adic Galois representations - if the
residual image is degenerate, a significant number of eigenvalues must be com-
puted - and so I also discuss some of the practical issues which arise during the
course of our computations.



Chapter 2

Classical Theory

We begin with a discussion of the classical theory behind the Modularity
Theorem for rational elliptic curves, which lays the groundwork for our study.

In Section 2.1, we discuss classical modular forms, and discuss some of their
properties. This is followed by a discussion of the action of Hecke operators on
spaces of modular forms in Section 2.2. Such Hecke actions will be a recurring
theme throughout our discussion, as one can define these actions on a variety
of objects, several of which we shall see in time.

Section 2.3 discusses rational elliptic curves, and gives the simplest state-
ment of modularity - an equivalence between the local data of an elliptic curve
and the eigenvalues of a certain cusp form under the action of the Hecke opera-
tors. Section 2.4 follows this up with a second statement of modularity, which
states a correspondence between representations of the absolute Galois group of
the rationals attached to both elliptic curves and modular forms.

In Section 2.5, we discuss L-functions, which are complex analytic func-
tions that we can attach to a variety of objects. In particular, we can attach
them to elliptic curves, modular forms and Galois representations, and can once
again rephrase modularity in terms of equality of the corresponding L-functions.
Finally, in Section 2.6 we provide an alternative realization of modular forms
as certain cohomology classes, an idea which will be exploited later in our study.
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2.1 Classical Modular Forms

Modular forms can loosely be described as complex-valued functions which
satisfy a number of functional equations, derived from an action of a finite-index
subgroup of the modular group SL(Z). More precisely, for a positive integer N,
define the group

To(N) = {( “! ) € SL(Z), ¢ = 0 (mod N)}

(we call To(N) a congruence subgroup of level N). Fix a positive integer k, let
f : 5 — C be holomorphic (where b denotes the complex upper half-plane), and
let v € SLy(Z). We denote by f|, the function

fla(2) = (cz + d)™" f(72),

where v = (2 %) and SL»(Z) acts on b via fractional linear transformations. For
future reference, we note that the action of SLs(Z) on b extends naturally to an
action of the group GLJ (R) of 2 x 2 real matrices with positive determinant,
and that we can similarly define the function f|, for v € GL3 (R) by

k
2

fly(2) = det(7)2 (cz + d) " f(72).

We define a modular form of weight k and level N to be a function f as
above which satisfies the functional equation

fly = f for all vy € T'y(N),
and which is holomorphic at the cusps of .

We explain this last notion by considering the open and closed modular
curves Yo(N) = To(N)\b and Xo(N) = Io(N)\b*, where we obtain h* by ad-
joining the cusps P1(Q) to h. These are Riemann surfaces, and any holomorphic
function f : h — C extends to a meromorphic function in the local coordinate
systems around each cusp. If in fact f extends to a holomorphic function at
every cusp, then we say that f is holomorphic at the cusps. If, moreover, f
vanishes at every cusp, we call f a cusp form.

We denote by My (N) and S, (V) the spaces of modular (respectively cusp)
forms of weight k and level N. As the name suggests, these are complex vector
spaces, and are in fact finite-dimensional.

We will later want to consider modular forms that are twisted by the action
of some character. To this end, let v denote a Dirichlet character modulo N,
and denote by My (N,v) and Si(IV,v) the spaces of functions satisfying the
functional equations

fly =) f
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for all v = (‘é 2) € T'g(NNV), and which possess all the other properties required
of modular forms and cusp forms respectively.

One can define an inner-product on the space of cusp forms, the Petersson

iner product
(,):Sk(N) xSp(N) — C.

While this does not extend to a function Mg (N) x My (N) — C, it does extend
partially to allow us to take the inner product of a cusp form with an arbitrary
modular form. Under this understanding, the space of modular forms admits a

decomposition
M (N) = Eisg(N) @ Sp(N),

where the space Eisg(N) of Eisenstein series is the “orthogonal complement”
of Sp(N) in M (N).

Note that not all cusp forms of level IV are unique to that level. In particular,
if M is a divisor of N, then (since I'o(N) C I'o(M)), it is clear that any cusp
form of level M is also a cusp form of level N. In addition, if d is a divisor of
%, we can raise the level of an element f of S;(M) by considering the function
g defined by

g(z) = d" f(dz).

We define the space of newforms, Si(N)™*" to be the orthogonal complement
in Sk (N) under the Petersson inner product of the space of forms arising from
lower levels in this manner.



8 CHAPTER 2. CLASSICAL THEORY

2.2 Hecke Operators

A common idea throughout our study of modular forms (and their gener-
alizations) is that of a Hecke correspondence. In the classical situation, such
correspondences are manifested through certain operators on spaces of modular
forms, which we refer to as Hecke operators. Since these correspondences are
central to our study, we shall spend some time discussing them now.

Let T’ denote a subgroup of SLy(Z) of finite index (typically we shall consider
the congruence subgroup I'g(N)) and let g € GLF (R) satisfy the condition that
the subgroups I'y :== I'Ng~!I'g and I'y := I'Ngl'g~! have finite index in T'. One
can relate the groups I', I'; and I'y by the following diagram:

Qg
Fl —_— FQ
Lll J/LQ
T T

where ¢; denotes the inclusion I'; < I", and a4 is the homomorphism

Iy = Doy gyg

Then, denoting by X (I') the modular curve I'\h, one can define relations
between the modular curves associated to the above groups by the diagram:

X(T) —2y X (Ty)

X(T) X(T)

where 7; denotes the projection map from X (I';) to X (I') and oy the diffeomor-
phism from X (I'y) to X (I'2) induced by the map g4, sending the orbit I';x to
the orbit I'sgx.

The composition 7 0 ay o m; * is our Hecke correspondence. This can be
thought of as a multi-valued function on X (I'), and we can in fact provide an
explicit description of this function. First, given a set {v;} of coset representa-
tives for the space I'1\I', an orbit 'z is mapped to the set of preimages {I'1y;2}
via 7, !, This is subsequently mapped to the set {T'sgv;x} via @, which is
finally sent to the set {I'gy;xz} via the projection 7.
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For calculation purposes, we make note of the following fact (see, for exam-
ple, [DS05], Lemma 5.1.2):

Lemma 2.2.1. There is a natural bijection between the coset space T1\I' and
the orbit space T\T'gT" induced by left multiplication:

I'—Tgl',y — gv.

In particular, {v;} is a set of coset representatives for T1\I if, and only if, {g7:}
18 a set of orbit representatives for T'gl.

Thus the Hecke correspondence can be viewed as a multi-valued function
Tz — {Tg;x},

where {g;} is a set of representatives of the orbit space I'\I'¢I" (one can easily
check that this function is well-defined).

Our interest in Hecke correspondences lies in the fact that such correspon-
dences give rise to operators on spaces of modular forms, which we refer to as
Hecke operators. In particular, suppose we set I' = I'g (V) and, for a prime p not
dividing N, we set g = ((1) 2). Then, from the resulting Hecke correspondence,
we obtain a Hecke operator, which we denote by 7T},, which acts on the spaces
My (N) and Si(N) via:

p+1

T(f) = flo:
i=1

where f

g; is as defined in the previous section, and
p+1

To(N) (§9) To(N) = _]_[ To(N)g;.

One can check that the operators T}, and T, commute for distinct primes p and
q. A standard choice of representatives g; is given by the set

{(62)(65) 5 (6"") - (59)}-

Recall from the previous section that we have a decomposition

Since the Hecke operator T}, preserves both My (N) and S,(N), it also preserves
the space Eis (V) of Eisenstein series. In fact, one can show (see, for example,
[DS05], Proposition 5.2.3) that there exists a basis of Eisenstein series, each
of which is a simultaneous eigenform for the operators T5,.
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Eisenstein series are not the only eigenforms for the Hecke operators. Indeed,
it is known (see, for example, [DS05], Theorem 5.8.2) that one can exhibit a
basis of the space Sk(N) of newforms of level N which consists entirely of cusp
forms that are simultaneous eigenforms for the Hecke operators T},, with p not
dividing N. Given such an eigenform f, we write a,(f) for the eigenvalue of f
with respect to the operator T,.
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2.3 Elliptic Curves and Modularity

Modular forms play a key role in Wiles’ proof of Fermat’s Last Theorem,
and as such they (and their more recent generalizations) are of great interest to
modern-day number theorists. Their importance lies in the Taniyama-Shimura
conjecture (now often referred to as the Modularity Theorem), which states that
all rational elliptic curves are modular (which we shall expand upon soon, but
for now it suffices to understand that modularity implies some connection to
modular forms). The idea behind the proof of Fermat’s Last Theorem is that a
non-trivial solution to the Fermat equation

a+b"=c", abceZ, n>3

can be used to construct an elliptic curve which is not modular, and the Mod-
ularity Theorem then tells us that no such solution can exist.

We shall now expand on some of these concepts, beginning with the notion
of an elliptic curve. The standard definition is that an elliptic curve E is a non-
singular projective algebraic curve of genus one, together with a distinguised
point Op, often referred to as the point at infinity. For our purposes, it is
enough to think of an elliptic curve defined over the rationals to be the set of
solutions (over an algebraic closure Q of the rationals) of a Weierstrass equation,

E:y® + aizy + azy = 2° + a22® + asz + ag, a; € Q,

together with the point at infinity Og. The requirement that £ be non-singular
simply means that the curve has a well-defined tangent at each point.

Elliptic curves are interesting objects in their own right; for example, one
can define an abelian group structure on the set of points on an elliptic curve,
in which the point at infinity becomes the identity element. Since our interest is
to establish a link between such curves and modular forms, we shall concentrate
on the properties that are directly related to the topic at hand.

We say that two elliptic curves E; and F, are isogenous if there exists a
surjective rational map ¢ : Ey — Es such that ¢(Og,) = ¢(Og,), and which
preserves the group structure on the curves. Such a map necessarily has finite
kernel, and if an isogeny with trivial kernel exists between F; and E5 then we
say that they are isomorphic. It is known that every elliptic curve over the
rationals is isomorphic to one defined by a Weierstrass equation of the above
form, all of whose coefficients are integral. Moreover, each isomorphism class
of curves contains an integral Weierstrass model whose discriminant is minimal
among all such models (see, for example, [Sil09], Corollary 8.3); henceforth,
we shall assume without loss of generality that any rational elliptic curve is
defined by such an equation.
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Given a prime p, it makes sense to define the reduction of the curve E at
p — it is simply the set of solutions over the finite field F, to the Weierstrass
equation obtained by reducing the coefficients a; modulo p (together with the
point at infinity). For all but finitely many primes p, this reduction in fact
defines an elliptic curve over the field IF,,, and we say that E has good reduction
at p. At all other primes, we say that E has bad reduction.

In the same way that we have Hecke eigenvalues a,, associated to a cuspidal
newform f for primes p away from the level NV of f, one can attach local data
to a given elliptic curve at all but finitely many primes. Given an elliptic curve
E, one can define an integer Ng, the conductor of E, which is divisible only by
those primes at which E has bad reduction. At all primes not dividing Ng, we
let |[E(F,)| denote the number of points on the reduced curve E at p. We may
then define _

ap =ap(E) =p+1—|E(F,)|.

The Modularity Theorem, in its most basic form, then states (see, for ex-
ample, [DS05], Theorem 8.8.1):

Theorem 2.3.1. Let E be an elliptic curve defined over the rationals, with
conductor N. Then there exists a cuspidal newform of weight 2 and level N,
which is an eigenform for the Hecke operators T, such that, for every prime p
not dividing N, we have

ap(f) = ap(E)-

Thus we can understand modularity, in a sense, to denote an equivalence
between local data attached to elliptic curves and that attached to modular
forms. To extend this idea to more general settings, we will need to consider
some of the underlying machinery, which we will do in the next section.
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2.4 Galois Representations

A key tool when studying modularity is the concept of a Galois representa-
tion, that is, a representation of the absolute Galois group Gg = Gal(Q/Q) of
the rationals. It turns out that one can define Galois representations attached
to both elliptic curves and modular forms, which encapsulate the local data a,,
associated to each of these objects at all but finitely many primes. The Mod-
ularity Theorem can then be rephrased as an equivalence between these Galois
representations, from which our statement in the previous section follows as an
immediate consequence.

We now discuss these ideas in more detail. Given a prime ¢, an ¢-adic Galois
representation is a continuous representation

p: GQ — GLH(@2)7

for some n € N (for our discussion, we shall consider only the case n = 2).
Equivalently, we have a Q-vector space V' which is also a Gg-module, for which
the action of Gg is continuous. We say that p is irreducible if V contains no
proper Gg-submodules, else we say it is reducible.

Since we require our representations to be continuous, it makes sense to
briefly describe the topologies we are using: the group Gg, defined to be the
profinite limit

Go= lm Gal(F/Q),
F/Q Galois

is given the Krull topology, in which a neighbourhood basis of the identity is
given by the subgroups Gal(F/K), where F/K is a finite Galois extension.
On the other hand, the topology on GLo(Q,) is derived from the usual f-adic
topology.

As stated previously, we are interested in local data. To this end, we will
define a family of elements of the absolute Galois group Gy, indexed by the
rational primes. Given a prime p, let p denote a maximal ideal of the integral
closure Z which contains p. We can then define a reduction map

Z— 7[p ~TF,.

Define the decomposition group at p to be

D, = {0 € Gg,o(p) =p},

so that elements of D) can be viewed (under the above reduction map) as
elements of the absolute Galois group Gy, = Gal(F,/F,). The latter group is

isomorphic to the profinite group Z, and is known to be generated topologically
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by the geometric Frobenius element. This is defined to be the inverse of the
arithmetic Frobenius element, which is the standard automorphism

T ST P
op:Fp = Fp,x— 2P,

It can be shown that the elements of D), cover the group G, , and thus in partic-
ular the absolute Galois group contains a preimage of the geometric Frobenius;
we call any such preimage a Frobenius element at p, and denote it by Frob,,.

As it stands, Frobenius elements are not well-defined: for each choice of
maximal ideal p above p, Frob, is defined only up to the inertia group, which is
defined to be the kernel

Ip = ker(Dp — G]F,,)

We can sidestep this irregularity by restricting our attention to primes p at
which our Galois representation p is unramified, meaning that the inertia group
I, lies in the kernel of p.

This still leaves one slight problem, as our definition of Frobenius elements
remains dependent on our choice of maximal ideal p above p. However, for the
objects we are interested in, this difficulty will not prove insurmountable. It
is not too difficult to see that any two maximal ideals p and p’ above p are
related by an element of Gg, and that the resulting decomposition groups must
be conjugate in Gg. Thus the idea of ramification is independent of our choice
of ideal, and the Frobenius elements at p form a well-defined conjugacy class
in Gg. We shall mostly be interested in conjugation-invariant properties of our
representation p (in particular, the trace), and so it is enough to choose an
arbitrary representative of this class to be the Frobenius element at p.

It is known that the Frobenius elements Frob,, as we range over all rational
primes p, are dense in the absolute Galois group Gg. We shall therefore usually
restrict our attention to evaluating our Galois representation p at Frobenius
elements. In particular, it will turn out that the local data we are interested
in can be found by evaluating the trace of our representations at Frobenius
elements.

Before discussing the Galois representations associated to elliptic curves and
modular forms, we would like to know how to compare two representations.
Fortunately, there is a simple notion of isomorphism between Galois represen-
tations: we say that p; and py are isomorphic (denoted p; =~ po) if there exists
some element g € GLy(Q,) such that

p2(0) =g pi(c) g~*

for all o € Gg.

Now, given an elliptic curve E defined over the rationals, how can we define
an {-adic Galois representation pg ¢ associated to it? It turns out that the group
structure defined on FE is key here, as we will wish to consider the ¢-torsion of
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E. More precisely, for any positive integer r, define the ¢"-torsion points of E
to be the subgroup

E[f"] = {P € BE(Q),"P = Op).

This is known to be an abelian group, isomorphic to (Z/¢"Z)?. We define the
l-adic Tate module Ty(E) of E to be the profinite limit

Tay(E) = lim E[¢"].

By fixing appropriate bases for each of the torsion groups E[¢"], we obtain an
isomorphism
Tay(F) ~ Z?,

and similarly an isomorphism

Aut(Ta,(E)) ~ GLy(Zy).

We now bring the absolute Galois group into play. The coordinates of the ¢"
torsion points are known to be algebraic integers, and so, defining Q(E[("]) to
be the number field generated by these coordinates, we obtain an action of Gg
on Q(E[¢"]) for each r, which induces an automorphism of the torsion subgroup
E[¢"]. These actions are compatible with the Tate module structure, and thus
we can define a homomorphism

PEC: GQ — GLQ(Z@)

for each prime ¢. In fact, we have the following result (see, for example,
[Wie08], Theorem 1.3.3):

Theorem 2.4.1. Let E be a rational elliptic curve of conductor N, and let £
be prime. Then there exists an irreducible Galois representation

pe: Gg = GL2(Qy)

which is unramified at all primes p not dividing {N. For each such prime, the
characteristic polynomial of pg ¢(Froby) is

X% —a,(B)X +p.

Moreover, the determinant of pg ¢ is the £-adic cyclotomic character of Q.

We briefly recall that the ¢-adic cyclotomic character of Q is the one-dimensional

Galois representation x, defined by

7(¢) = ¢¥®

for all /-power roots of unity ¢ € Q. It is unramified at all primes apart from £.
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And what of modular forms? Although more complicated to define com-
pletely, the representation one attaches to a modular form turns out to bear
similarities to that for an elliptic curve, in that one defines a Tate module
related to modular curve Xo(IN), and a Gg-action on this module. Given a
cuspidal newform f of level N and weight 2, which is an eigenform for the
Hecke operators T),, one can also define a Tate module Ta,(f) for f, and the
aforementioned Gg-action will descend to an action on Tay(f).

We now flesh out this idea (for a more detailed exposition, see [DS05],
Chapter 9.5). For each N, define the divisor group Div(Xo(N)) to be the
group of formal finite Z-linear combinations of points on Xo(V),

Div(Xy(N)) = {Z np-Pnp€Z, Pe XO(N)} .
We say a divisor is principal if it is of the form

D:ZnP-P—nQ~Q,

where P and @) denote the zeros and poles respectively of some meromorphic
function on the Riemann surface Xo(IN), and np and ng denote their multi-
plicities. We define the Picard group Pic’(Xo(N)) to be the quotient

{D € Div(Xo(N)); S np = o} /{D € Div(Xo(N)), D is principal} .

It is known that the Picard group is isomorphic to the Jacobian Jac(Xo(N))
of Xo(N), which can be thought of as a means of measuring the behaviour of
complex linear maps from the space of holomorphic differentials on the mod-
ular curve. Since an in-depth discussion of the Jacobian is superfluous to our
purposes, we shall simply make note of the fact that it has the structure of a g-
dimensional complex torus, where g is the genus of the Riemann surface Xo (V).
With this in mind, it is clear that, given a prime ¢ and a positive integer r, we
have an isomorphism of ¢"-torsion

Pic®(Xo(N)[0"] ~ (20" 7).

We can therefore define the ¢-adic Tate module of Xo(N),
Tay(Pic’ (X (N))) = lim Pic’(Xo(N))["].

Similarly to the case of elliptic curves, choosing compatible bases for these
torsion groups leads to an isomorphism

Tay(Pic’(Xo(N))) =~ Z79.

Now, it turns out that the modular curve Xo(N) can be defined algebraically,
as can any function defined upon it. As a result, we obtain an action of Gg
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on the divisor group, which descends to an action on the Picard group. The
fields generated by the torsion groups Pic’(X(N))[¢"] are seen to be Galois
extensions of the rationals, and thus are also acted on by Gg, and moreover this
action is compatible with the structure of the Tate module. We can therefore
define a homomorphism

pxo(n) : Gg = Aut(Tag(Pic(Xo(N)))) =~ GLag(Zy).

This is not yet the representation we seek, however, as there has been no
mention of a specific modular form. It is now that the restriction of our at-
tention to cusp forms which are eigenforms for the Hecke operators comes into
play. Define the Hecke algebra Ty to be the Z-algebra generated by the Hecke
operators T},. Then it is possible to define an action of Tz on the Picard group
Pic’(Xo(N)), which restricts to £-power torsion, and thus extends to an ac-
tion on the Tate module Tay(Xo(N)). Moreover, this action can be defined
algebraically, and so commutes with the Gg-action on the Tate module.

We now fix a weight 2 cuspidal Hecke eigenform f of level NV, and let I
denote the ideal in Tz given by

Iy = {T € Ty, Tf = 0}.

The action of Tz on the Picard group descends to an action on the Jacobian
Jac(Xo(N)), and we can define an abelian variety

Af = Jac(Xo(N))/IJac(Xo(N)).

Let Q; denote the number field generated by the Hecke eigenvalues a,(f),
and let d denote its degree over the rationals. In an analogous manner to the
case of elliptic curves, one can define an ¢-adic Tate module

Tag(Af) = LimAg[¢"] ~ Z°,

T

and we have a natural action of Gg on this module. Tying this together, we
obtain the following result:

Theorem 2.4.2. Let f € S3(To(N)) be an eigenform for the Hecke operators
T,, and let Qf denote the number field generated by its Hecke eigenvalues. Then,
giwen a prime £ and a maximal ideal X of the ring of integers Oq, lying above
¢, we have a 2-dimensional irreducible (-adic Galois representation

pre: Gg = GL2(Qy.0),

which is unramified at all primes p not dividing £N. For each such prime, the
characteristic polynomial of py ¢(Frob,) is

X2 - ap(f)X +p.
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Since the characteristic polynomial is conjugation-invariant, it is indepen-
dent of our choice of Frobenius element at each unramified prime, and is pre-
served under isomorphism of Galois representations. We may therefore rephrase
the statement of the Modularity Theorem, resulting in:

Theorem 2.4.3. Let E be a rational elliptic curve, with conductor N. Then
there exists an eigenform f € So(Lo(IN)) for the Hecke operators T, with number
field Qf ~ Q such that

Pfe = PEL

for all primes £.

Since this implies equality of the characteristic polynomials at the Frobenius
elements Frob,, Theorem 2.3.1 follows immediately.
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2.5 L-functions

With a view to what we shall consider in the next chapter, we shall touch
upon another important concept in modern number theory: that of an L-
function. These are meromorphic functions defined on the complex plane, which
can be attached to a variety of mathematical objects.

L-functions arise by means of analytically continuing an L-series, which is
an infinite series that converges absolutely on some complex half-plane, defining
a function there. The most common example of an L-series is that of a Dirichlet
L-series, which are constructed using Dirichlet characters. Specifically, let x :
(Z/NZ)* — C* be a Dirichlet character for some NNV, and extend it to a function
on the integers by composition with the reduction map modulo N. Then we
define the Dirichlet L-series

n

Lisx) =3 X

Here s denotes a complex variable, and L(s, x) converges absolutely for Re[s] > 1.

Since Dirichlet characters are multiplicative, and the L-series converges ab-
solutely, we have a decomposition of L(s,x) into a product of local factors
L,(s,x), where

T L

for Re[s] > 1, which we call the Euler product expansion of L(s, ).

The Riemann zeta function is a well-known example of a Dirichlet L-function,
obtained by taking the trivial character with N = 1. The resulting L-series is
given by

()=

n=1

for Re[s] > 1, which can be shown to extend to a meromorphic function on the
whole of C, with a simple pole located at the point s = 1. Study of the Riemann
zeta function has important applications to number theory, most notably with
regards to the distribution of primes.

We shall proceed by discussing L-series attached to our three main objects
of interest, namely modular forms, elliptic curves, and Galois representations.
Over Q, each of these is known to extend to a true L-function, but this need
not be true for general number fields, and so we shall restrict our attention to
the Euler product form of these L-series, which is a concept that will readily
generalize to other settings.
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To begin with, then, let f € S;(V, x) be a cusp form. Then we can define
an L-series L(s, f) attached to f, which converges absolutely for Re[s] > % +1,
by means of an Euler product, whose local factors L,(s, f) are given by

Ly(s, f) = (L —app™* + x(p)pF~ 172"

at each prime not dividing N. Here a, denotes the eigenvalue of f under the
action of the Hecke operator T},,. One can also define local factors at the finitely
many primes which divide N, but we shall not do so here.

Similarly, to an elliptic curve E defined over Q we attach an L-series L(s, F),
which converges absolutely for Re[s] > %, by means of an Euler product with
local factors Ly (s, E) given by

Ly(s, E) = (1L —app™* +p' )7

for each prime at which £ has good reduction. In this case a, denotes the
quantity a,(E) defined previously. We note that this resembles the L-series
attached to a cusp form of weight 2 and trivial character.

Finally, let p : Gg — GL,(Q,) be an f-adic Galois representation. Then
one can attach an Artin L-series L(s,p) to p which converges absolutely for
Re[s] > 1. The local factors L,(s, p) in the Euler product expansion are given
by

Ly(s, p) = det(1 — p(Frob,)p~) ™"

at all but finitely many primes.

One can easily check that the L-series attached to modular forms and elliptic
curves are equivalent to the Artin L-series attached to their respective Galois
representations, and thus the Modularity Theorem can be rephrased in terms
of an equivalence of L-functions. We shall return to this topic later, when we
discuss generalizations of modularity within the framework of the Langlands
programme, in which L-functions play a key role.
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2.6 The Eichler-Shimura Isomorphism

In practice, one often wishes to determine which modular form f corre-
sponds to a given elliptic curve E. As a result, we are interested in methods of
determining the Hecke eigenvalues a,(f), and then comparing these to the local
data ap(E). This idea will prove to have great significance when we move to
non-classical modular forms defined over number fields, where we do not know
whether all elliptic curves are modular, but where there exist techniques to prove
isomorphism of Galois representations given the characteristic polynomials of
Frobenius elements at a finite set of primes.

A result which shall motivate our methods is the Eichler-Shimura isomor-
phism, which states that modular forms can be viewed as certain classes in the
cohomology of the congruence subgroup I'g(N). More importantly, it turns out
that the action of Hecke operators on modular forms can be realized in this new
setting, so that the arithmetic data we seek is preserved. Since the topological
setting lends itself more amenably to computational methods, it provides us
with an easier pathway to identifying Galois representations.

We begin with some basic notions from group cohomology. Given a group G
and a G-module M, we define the first cohomology group of G with coefficients
in M H'(G; M) to be the quotient of the group of “twisted homomorphisms”,
or cocycles

{f:G = M, f(g192) = g1 f(g2) + f(91)},

modulo the subgroup of coboundaries, which are cocycles that take the form

f(g) =g(m) —m, g € G,
for some m € M.

We apply this to the group I'g(/N). For our purposes, we will restrict our
attention to cohomology with coefficients in C, on which To(NV) acts trivially.
From the definition we observe that H'(I'q(N), C) is simply the group of homo-
morphisms Hom(I'y(N),C) from T'o(N) to the additive group C. Now, for any
cusp s € P}(Q), let I'y denote the stabilizer of s in T'o(N). By definition, we
have a map of cohomology groups

H'(To(N),C) — H'(Ts,C)
obtained by restriction. We therefore obtain a map
P: H'(To(N),C) » @ H'(T,C),
s€EPH(Q)

and we define the parabolic cohomology of To(N), Hs(Io(N),C), to be the
kernel of this map (in other words, the elements of Hom(I'g(V), C) which vanish
on the stabilizers of cusps).
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We are now in a position to state the Eichler-Shimura isomorphism:

Theorem 2.6.1. We have isomorphisms

Eisy(N) @ So(N) @ So(N) ~ HY(I'y(N), C),
S3(N) & 82(N) ~ Hp(I'9(N), C),

where

So(N) = {F, f € Sa(N)}.

The theorem exists in greater generality; one can replace trivial coefficients
with more exotic systems to obtain higher-weight modular forms. Since we are
primarily interested in the correspondence between elliptic curves and weight 2
modular forms, the above statement is sufficient for our needs.

We make note of the fact that the above cohomology groups have an alter-
native realisation as cohomology groups of the open and closed modular curves
Yo(V) and Xo(N); indeed, we have isomorphisms

H'(To(N),C) =~ H'(Y5(N), C),

This is a standard result (see for example the appendix of [Hid93]) and
essentially involves constructing a simplicial complex from the modular curve,
and then proving that the cohomology of the resulting resolution is isomorphic
to the group cohomology.

The idea behind the proof of the Eichler-Shimura isomorphism is simple;
given a form f € My (N), we wish to somehow construct a function from I'y(NV)
to C which is dependent on f. We do this by utilising differentials. Given
f € My(N), define a holomorphic differential wy on fh by

wy = f(2)dz.

One can then define a function ¥y : T'y(N) — C by

~Y(z0)
)= [ e
20

for some choice of base-point zy € h. This in fact gives rise to a well-defined
cohomology class, which moreover is independent of our choice of base-point.

In the same manner, we can define a holomorphic differential

wy = f(z)dz
for any f € So(N). The isomorphism in the theorem is then obtained by sending
a pair (f,g) to the cohomology class of the map ¥, + Ug.
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If f is in fact a cusp form, then the differential wy; extends to a holomorphic
differential at the cusps P1(Q). In particular, we may take the base-point zq to
be a cusp s, in which case it is clear that W¢|r, is trivial, and thus ¥; defines
a class in the first parabolic cohomology group.

Recall from Section 2.2 the Hecke correspondence on modular curves:

where T is a congruence subgroup of SLy(Z), 'y = T’Ng~'T'g and 'y = T'Nglg~*
have finite index in T' for some g € GLJ (R), 7; denotes the projection map from
X(T;) to X(T') and ay is the diffeomorphism from X (I';) to X (I'2) sending a
point I'1z to the point I'ygz.

This induces a correspondence between cohomology groups:

Qg *

Hl(X(Fl)v(C) — Hl(X(FQ)aC)

WIT lﬂ"z,*

H'(X(T),C) H'(X(I),C)

We refer to the map (mo0ay).m} as the Hecke operator arising from this corre-
spondence. A stronger version of the Eichler-Shimura isomorphism than that
which we have presented states that the isomorphism preserves the action of
Hecke operators, which we shall now explain.

As in the case of Hecke operators acting on modular forms, let T' = T'o(N)
and, for a prime p not dividing N, set g = ((1) 2). In this particular case, we can
give an explicit description of the resulting Hecke operator (which we shall also
denote by T,) through the action induced by the maps between modular curves
on the corresponding spaces of differentials.

Let wy = f(2)dz denote a differential on the modular curve X(I'). The
map 7} simply pulls wy back to a differential on X (I'), which we shall (by a
minor abuse of notation) also refer to as wy. The map (maay ). corresponds to
integration along the fibres of the map macy,. Since the groups I'; and I'y have
been chosen to have finite index in I', this map has only finitely many fibres,
and so we obtain a finite sum of differentials.
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More precisely, let {7;} be a set of representatives for the coset space T's\T.
The fibres of a point I'z € X(I') under 75 are then given by the set of points
{T'27y;x}, and the fibres of these points under the map a, are given by the set
{Tog7'y;2}. Now, by Lemma 2.2.1 (replacing the element g in the lemma
with g71), we see that the elements {g~!7;} are a set of representatives of the
orbit space I'\I'gI', and thus we can simplify the fibres of the point I'z under the
map 7oy, to the set {T'1g;x}, where g; is a set of representatives of the above
orbit space.

As a result, we find that

p+1

(maiy)us) = 3 Foi2)dlgiz).

Observe that for g = (¢ Y) € GL (R),

az+b
cz+d

d(gz) =d ( > = det(g)(cz + d)2dz,

and so
p+1

(m20g)s(wp) =Y f
=1

g:(2)dz = W (f)-

Thus the action of the Hecke operator T}, on differentials by the formula

Tp(wy) = wr,(p)-

Note that, under this action, if f € My(N) is an eigenform for the operator
Tp, then the corresponding differential wy is an eigenfunction, with the same
eigenvalue. The induced Hecke action on cohomology classes is then defined by

Tp([Yy]) = W, ()]

(one can check that this is well-defined).



Chapter 3

Automorphic Forms and
Representations

In this chapter, we discuss an important generalization of modular forms,
the notion of an automorphic form, which allows us to consider forms defined
over arbitrary number fields.

We begin in Section 3.1 by discussing automorphic forms, which are func-
tions on adele groups that obey certain functional equations, which reflect those
imposed on modular forms. In particular, we show how a classical modular form
gives rise to an automorphic form. Moreover, we discuss a generalization of the
classical Hecke action to the space of automorphic forms, and establish that,
for an automorphic form constructed from a classical modular form, the two
actions are equivalent.

Section 3.2 provides an exposition of automorphic representations, which
are a useful construction that allow us to study automorphic forms through
the representation theory of local fields. We also rephrase the Hecke action
on automorphic forms in terms of such objects. Section 3.3 states how the
local representations which define an automorphic representation are associated
with Galois representations over local fields, and the properties shared by such
representations.

Echoing Section 2.6, Section 3.4 then shows how we can view certain
automorphic representations as cohomology classes of symmetric spaces (which
take the place of the upper-half plane in the classical theory), which moreover
preserves the Hecke action on automorphic representations. Finally, Section
3.5 gives an example of a global correspondence, in which one can attach global
Galois representations to certain automorphic representations, which is compat-
ible with the local correspondences discussed in Section 3.3.

25
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3.1 Automorphic Forms for GL,

A theorem as beautiful as the Modularity Theorem doesn’t deserve to lan-
guish forever in the realm of the rationals, especially since the definition of an
elliptic curve can easily be extended to arbitrary number fields simply by chang-
ing our coefficient field. However, things are not so simple when dealing with
modular forms; a priori, their definition has little to do with the rationals, save
for their behaviour under the modular group. This leads us to ask the question:
can we “free” classical modular forms from the upper half-plane, and instead
give a definition which is more amenable to altering the coefficient field? It turns
out that we can, and in fact the modular group plays a key role in this. The
material in the following sections can be found in [JL70], or the expositions in
[Bum98], Chapter 3 and [Gel97], Chapter VI

It is a standard fact that the upper half-plane § can be identified with a
quotient of the group SLo(R). Indeed, this group acts transitively on b, and the
subgroup SO(2) stabilizes the point i € b, so we obtain a bijection

SL2(R)/SO(2) — b, gSO(2) — ¢(i).

We can therefore think of a cusp form f € S;(IN), for k a positive integer,
as a function on SLy(R) which is right-invariant under the group SO(2), and
which exhibits the usual properties under the left action of T'g(N). Things
become interesting if we twist this idea, and instead consider functions ¢ on
SL2(R) which are left-invariant under I'g(N), and satisfy a certain symmetry
with respect to the right action of SO(2). More precisely, denoting by kg the
element of SO(2) corresponding to an anti-clockwise rotation through an angle
0, we require

¢(vgke) = e ¢(g),
for all v € Ty(N), g € SLa(R).

Cusp forms give rise to such functions: indeed, given f € Si(N) we can
define such a function ¢¢ by

¢7(9) = flg(d)

(it is a straightforward check to see that this function satisfies the desired prop-
erties). Ideally this mapping would be a bijection, but it is not: indeed, any
modular function f will give rise to such a ¢, so we expect that both the holo-
morphicity of a modular form f and its behaviour at the cusps should somehow
be mirrored in ¢.

Perhaps unsatisfyingly, we shall not provide the full details here, as we would
soon like to generalize this idea to account for a different base field, which will
include the rational setting as a special case, for which we shall provide a more
detailed description. Suffice to say, the holomorphicity of f translates to the
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vanishing of ¢ under the action of a certain differential operator on the Lie
group SLy(R), and the behaviour of f at the cusps translates to a certain growth
condition on ¢.

We now take what may seem a radical departure, in keeping with the modern
theory, by considering functions adelically. Justification for this move can be
found by considering the seminal work of John Tate in his thesis, produced
in 1950, which concerns generalizations of Dirichlet L-series to number fields.
Such objects, known as Hecke L-series due to their discovery by Erich Hecke,
were already known to extend analytically to L-functions, but Tate provided
greater insight into their behaviour by realizing them as functions on adele
class groups. The local factors of a Dirichlet L-function then correspond to
functions on the local field at each prime. Since we have already seen that the
important arithmetic properties of classical modular forms are reflected in their
L-functions, it is unsurprising that we should choose to follow this path when
moving to arbitrary number fields.

We begin by considering the adelic analogue of a Dirichlet character: a
Hecke character. We can consider such characters as one-dimensional analogues
of modular forms (which can be thought of as two-dimensional objects, given
their connection with the group SLy) , and thus they provide a more accessible
introduction to the concepts we will be working with.

Fix, therefore, a number field F', with ring of integers O, and let A denote
the ring of adeles over F. We define a character x : Ax — C* to be a product

X:®X1}7
v

running over all places v of F', where all but finitely many of the x, are unram-
ified, meaning that x, is trivial on the unit group O,¢ of the valuation ring. A
Hecke character is then a character which is trivial on F'*, embedded diagonally
into A%, i.e., a character of the idele class group F*\AJ.

Since AX = GL;(Ar), we can think of Hecke characters as “automorphic
forms for GL;”. Typically, we would like our algebraic group (GL; in this
case) to be defined over the rationals. Since we would like to consider arbitrary
number fields, we replace GL; with the Q-group Resp/qo(GL1) for a number
field F', where Resp/g denotes Weil restriction of scalars (this has the prop-
erty that Resp/q(GL1(A)) ~ GL1(A ®q F) for any Q-algebra A; in particular,
Resp/o(GL1(Ag)) ~ Aj, and Resp/g(GL1(Q)) ~ F*). Henceforth we shall
denote by A the adele ring Ag over the rationals.

In the special case in which F' = Q, we can obtain a Hecke character on A
from a Dirichlet character ¢ : (Z/NZ)* — C*. Indeed, suppose for each prime
p we define subgroups K,(N) and K (N) of Z, by

x €Zy; x=1(mod N)}, if p|N,

D
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and
{x €Zy; £ =1 (mod N)}, if p|N,
X

5= N

p b
If we let

K(N) =R% x [[ Kp(N) and K*(N) = RX [ K;(N),

then we have identifications
A*/Q* ~ K*(N)/(Q* N K*(N))

and
K*(N)/(K(N)(Q* N K*(N))) ~ (Z/NZ)*

(see, for example, [Bum98], Section 3.1). Precomposing x with this second
map gives us a character on K*(N) which is trivial on Q N K*(N), which by
the first identification can be realized as a Hecke character on A*/Q*.

‘We move on to the two-dimensional case. In a departure from the classical
theory, we shall work with the group GLs rather than SLo; in part this is due
to the fact that the centre of the group GLg is a torus, and thus has nicer
properties than the centre of SLo, which simply consists of the matrices £1. In
particular, we will be able to define Hecke characters on the centre of the group,
which shall be important later.

To this end, fix a number field F', let G = Resp;q(GL2), and denote by Z
the centre of G. Note that G(R) ~ GL2(R)" x GLy(C)*, where F has r real and
s pairs of complex conjugate embeddings. Let K., denote the compact open
subgroup of G(R) given by

Koo ~0(2)" x U(2)?,

and let

Ky = H Ky,
p

where each K, is a compact open subgroup of the group G(Q,) (we shall not
specify a choice just yet). Let K = Ky - K.

Finally, let g denote the Lie algebra of G(R), and g¢ its complexification.
In addition, denote by U(gc) the universal enveloping algebra of gc. We shall
not discuss this in too much detail, merely noting that it can be identified with
the space of left-invariant differential operators on G(R). We denote by Z the
centre of U(gc).
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As mentioned previously, automorphic forms for G are the two-dimensional
analogue of Hecke characters, and thus are functions on G(A) which are left-
invariant under the subgroup G(Q). To give the full definition, an automorphic
form for G of level K is a function

¢:GQ\GA) = C

which satisfies the following properties:

e The restriction of ¢ to G(R) is smooth.

e (¢ is invariant under the right regular action of Ky, and the image of ¢
under the right regular action of K is a finite-dimensional vector space
(such a function is called K-finite).

e ¢ lies in a finite-dimensional vector space that is invariant under the action
of Z (such a function is called Z-finite).

e ¢ is of moderate growth. To explain this notion, define a local height
function |[-||, : GL2(F,) — R at each finite place v of F' by

lgll,, = max(lgi ;lo, |det(go)l, ),

where the g; ; run through the matrix coefficients of g. We then define a
global height function ||-|| to be the product of the local heights. Then ¢
is of moderate growth if there exist constants C' and N such that

lo(g)| < Cllgl|™Y for all g € G(A).

If, in addition, ¢ satisfies the following cuspidal condition, namely that

o [ eldDgdz=0torallg < Gla),
F\Ap

then we say that ¢ is a cuspidal automorphic form for G.

The form ¢; obtained from a cusp form f € Si(N) can be realized as
an automorphic form for GLy according to this definition, once we specify an
appropriate open compact subgroup Ky and extend ¢ to a function on GLy(A).
For our choice of subgroup Ky we take the group

KO(N) = H KP(N)7

where

@b) € GLy(Zp); ¢=0 (mod N)}, if p|N,
(N)—{ {(¢d) 2GL2(ZP), } ifppJ[N.
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We then exploit the homeomorphism
To(N)\SL2(R) =~ GL2(Q)\GL2(A) /A% (R) K,

where A% (R) denotes the elements in the centre of GLa(R) with positive eigen-
values (and thus is isomorphic to Ry ), to extend ¢ to a function on GLa(A),
where it defines an automorphic form.

Explicitly, we make use of the strong approximation theorem (see [Bum98],
Theorem 3.3.1) to express any element g € GL2(A) as a product

9 = Vgooko,
where v € GL2(Q), goo € GL3 (R) and ko € Ko(N). We then define a function
@5 on GLa(A) by
2r(9) = 5(9goo)-

The function ¢ is in fact an automorphic form, and is said to have trivial
central character, meaning that

vr(29) = ¢5(9)

for all z € Z(A), the centre of GLy(A), and all g € GL2(A). This is easy to see:
the Q,-component of any such z in fact lies in GL3(Z,) for all but finitely many
primes p so, after clearing denominators, we may assume that

2 =2 zo0kg

with 2/ € GLa(Q), ze € GL3 (R) and kg € Ko(N) (since each Q,-component is
diagonal, once it lies in GL2(Z,) we know it lies in K,(NV)).

200
OZO

Thus, letting 2o = ( ), and decomposing g = Ygook(, we have

‘Pf(z.‘]) = ¢f(zoog<><>)
= f|zoogoo (@)
= [flgocze (7)
= det(200) * 2" flg.. (4)
= flgoo (Z)
= ¢7(9),

as required.

It is clear that this depends on the fact that f has trivial character. If we
were to consider a cusp form f € Sg(N,x), for some Dirichlet character x on
(Z/NZ)*, we would like the corresponding form ¢ to mirror the effect of x on

f
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We therefore consider automorphic forms with non-trivial character. Pre-
cisely, fix a Hecke character x : Ax — C*, and extend it to a function w = w,
on Z(A), where Z is the centre of GLo, by defining

w((§2)) = x(a).

We then say that an automorphic form ¢ for GLo has central character w if

o(29) = w(z)p(g)

for all z € Z(A), g € G(A). We denote by Ag(G(Q)\G(A),w) the space of
cuspidal automorphic forms with central character w.

We state without proof that a cusp form f € Sk(N,x) does indeed corre-
spond to an automorphic form ¢; with central character w,, where w, is the
character on Z(A) induced by realizing x as a Hecke character as described
previously (see, for example, [Bum98], Section 3.6, but note that we have to
slightly alter our construction of the form ). For future reference, we note that
the conditions we have imposed on automorphic forms imply in particular that
they are square-integrable, and thus lie in the Hilbert space L3(G(Q)\G(A),w)
of square-integrable functions on G(A) which are trivial on the component G(Q),
have central character w, and satisfy the cuspidal condition (in fact, they form
a dense subset).

Just as we can translate classical modular forms into this new, adelic setting,
so too can we translate the action of Hecke operators. Since the role of the
congruence subgroups I'g(N) in classical theory is taken on by the compact
subgroups Ko(N) when considering automorphic forms, it should not be too
much of a surprise to see that these operators arise from Hecke correspondences
of the form

agy
K —— Ky

L1J/ lbz
K K

where K is a compact subgroup of GLa(Ay), g5 € GLa(Ay) is an element such
that K1 .= KN gf_lKgf and Ky := KN ngngl have finite index in K, ¢;
denotes the inclusion K; — K, and «y, is the homomorphism:

K — Ko, kg — gfk09f1~
Analogously to the classical case, let {g1,...,g,} be a set of representatives

for the orbit space KgfK/K (note that, while the congruence subgroups of
classical theory act on the left, our compact subgroups act on the right) so that

KgiK =[] giK.

i=1
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Then we can define an operator Tj;, on automorphic forms of level K by setting

n

Ty, (9)(9) = elg:)-

i=1

We shall soon see how to recover the action of Hecke operators on classical
forms in terms of automorphic forms. Before proceeding, however, we shall need
to establish the following notation:

For a prime p, let
lp - GLQ(Q) — GLQ(Af)

denote the embedding sending a matrix in GL2(Q) to the @Q,-component of
GL2(Ay). Similarly, let
loo ¢ GL2(Q) — GL2(A)
denote the embedding sending a matrix to the real component of GL3(A).
Additionally, for a prime p, let
ip : GL2(Q) — GL2(Ay)

denote the embedding sending a matrix in GL2(Q) to all Q,-components with
q # p. Finally, let

L=1lp ip-loo
denote the diagonal embedding of a matrix in GL2(Q) into GL2(A) (note that

the latter two maps are well-defined, in that an element of GL2(Q) lies in
GL3(Z,) for all but finitely many primes p).

Now, let G = GLg, let K = Ky(N) and, for a prime p not dividing N, let
gr = tp (g (1)) A set of representatives for the orbit space KgyK is then given
by {t5(90): -, tp(gp—1) tp(gp)}, where

We then define the Hecke operator 7}, by the action

T,(0)(9) = Y _ ¢(gtn(9:))-

=0
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For an arbitrary element g € GLa(A), write

9 = Ygooko

with v € GL2(Q), goo € GL2(R) and k¢ € K, using the strong approximation
theorem. Then

(9)(g) = Z @(vgokoty(g:))
= Z @(Vgootp(9i)K0.,)

= Z o(vtp(9:) 900kl ;)

noting that, by the double coset decomposition

P
KoK =[] wl9)K,
i=0
we have koip(gi) = tp(g5)k( ; for some kj ; € K and some j € 0,...,p (we rely

on the fact that distinct g; give rise to distinct g; for a fixed choice of ko, which
follows from the disjointness of the right cosets ¢,(g;)).

Note that, for g # p, g; e GL, (Z4), and moreover the lower-left entry of
each g; is equal to zero, implying that in(g; 1) € K. Thus, in the decomposi-
tion

(i) = t(gi)oo(g; ip(gi ),
we have 1(g;) € GL2(Q), too(g; ') € GLF (R) and i,(g; ') € K.

Suppose now that ¢ = ¢y for some f € My (N). Then

To(0p)(9) = D @r(71(9i)too (95 ) gooin(gi kG )
1=0

|
-M"d

s
I
=)

¢f(g;1900)'

-1 0

For each i € {0,...,p}, we have g; ' = (po - ) §i, where

4o = (65), ifiefo,....p—1},
Slan. ai=p

i.e., {go,---,Jpt is a set of representatives for the orbit space I'g(IV) ((1)
associated to the classical Hecke operator 7.

5) To(N)
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Since we have already seen that ¢ acts trivially on scalar matrices, we find
that

To(es)(9) = ¢(di9)
§=0

Flasg (2)

M= LM-

(f1a;)lgo (9)

J
= 01,(£)(9oc)
= 1,1 (9)-

Il
<

Thus if f is an eigenform for the Hecke operators T}, so too is ¢y, and the
eigenvalues of f are preserved under this correspondence.

It will prove useful later on to explain precisely how we came to the definition

P
T,(0)(9) = Y _ ¢(gtn(9:))-
i=0
To this end, given a compact subgroup Ky of GLy(A[), define the Hecke algebra
‘H, at the prime p to be the set of locally constant functions with compact
support on GL2(Q,), and the Hecke algebra Hy, to be the subset of functions
that are both left- and right-invariant under the action of the subgroup K, of
K. The Hecke algebra is a commutative unital ring under convolution (see, for
example, [Bum98], Section 4.6).

The ring Hg, admits an action on automorphic forms of level Ky, given by

o(¢)(g) = / o(h)p(gh)dh
GL2(A)

for o € H,.

For our particular example, in which Ky = Ky(N), let p be a prime not
dividing NV, and define T}, € Hx, to be the characteristic function of the double
coset,

Ky (§1) Ky,

normalised by a factor of m, so that
p

I[ T, (h)dh = 1.

P
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Then, letting {go, ..., gp} be our set of representatives for this double coset, we
have

as required.
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3.2 Representation Theory of GLs

Recall that our definition of an automorphic form with central character
w implies that such objects lie in the Hilbert space L?(GL3(Q)\GL2(A),w) of
square-integrable functions on GLg(A). This space is acted on by G(A) under
the right regular action, and we can study this behaviour by considering the
representation theory of G(A) (this statement is not entirely accurate - at the
archimedean places v of F' we will study objects known as (g, K)-modules rather
than true representations of G(F,) - but suffices for the moment). We shall
therefore spend this section describing the representation theory of GLs.

In order to understand the representation theory of GLa(Ap), we first con-
sider the corresponding theory of the groups GLa(F,), where v is a place of the
number field F', and then piece together these local theories to obtain a global
theory.

We begin with the non-archimedean places. Let v be a finite place of F', F,
the completion of F' with respect to v, and O, the valuation ring of F,. For
ease of notation, we will denote by G the group GLy(F,) for the duration of
this discussion.

We define an admissible representation of G on a complex vector space V to
be a homomorphism
m: G — GL(V)

that is smooth, by which we mean that the stabilizer in G of any point v € V is
open, and that satisfies the property that for any compact open subgroup K of
G, the space

VE .={veV,r(kjv=wv forall k € K}

of K-fixed vectors is finite-dimensional. We will be interested in irreducible
representations; i.e., those V' which admit no smaller G-invariant subspace. It
can be shown that any smooth, irreducible representation of G is automatically
admissible. We say that 7 is unramified if the space of GLo (O, )-fixed vectors
is non-trivial. Analogously to the example of Hecke characters, the adelic rep-
resentations we shall consider will be unramified at all but finitely many places.

We now discuss our main source of admissible representations: induced rep-
resentations. These are constructed from characters applied to the Borel sub-
group of upper-triangular matrices. Explicitly, let x1,x2 : F,X — C* be two
characters, and define B(x1,x2) to be the set of functions f : G — C* which
are smooth under the right regular action of GG, and satisfy

1
ail?

f (( 661 52 >g> = x1(a1)x2(az2) a;

f(g)

for all g € G (we understand | - | to mean the non-archimedean absolute value

||v)
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It is simple to see that the B(x1, x2) are admissible. Indeed, the smoothness
of each f implies that B(x1, x2) is smooth as a G-representation. Moreover, the
Twasawa decomposition of G shows that G = B - K, where B denotes the Borel
subgroup and K = GL2(0,) is a maximal compact open subgroup of G, and so
any f € B(x1,x2) is defined completely by its values on K. In particular, since
any compact open subgroup K’ has finite index in K, any f € B(Xl,XQ)KI
is defined by its values on a finite set of representatives for K/K’, and thus
B(x1, x2)X is finite-dimensional.

The representations we will be interested in can be derived from induced
representations. Although B(x1, x2) need not be irreducible, the following result
(see [Kud04], Theorem 3.1) shows that every induced representation contains
a unique irreducible subrepresentation or quotient:

Theorem 3.2.1. Let x1,x2 : F,X = C* be two characters. Then:

(1) If x1x5~ # | - |*Y, then the representation B(x1,X2) is irreducible.

(i) If xaxa " = |- |, write xs = x| - |2 and x2 = x| - [72, for x : F — C*
a character. Then B(x1,Xx2) has a one-dimensional quotient on which
G acts by the character x o det, and an infinite-dimensional irreducible
subrepresentation o(x).

(i) If xixa " = |- |71, write xa = x| - |72 and x2 = x| - |2, for x : F) = C*
a character. Then B(x1,x2) has a one-dimensional submodule on which
G acts by the character x o det, and an infinite-dimensional irreducible
quotient o(x).

We call the B(x1,x2) principal series representations, and the o(x) special
representations. In the special case where x is the trivial character, we call o(x)
the Steinberg representation, which we denote by St. One can easily see that for
any character x, o(x) =~ St ® x, and thus special representations are also known
as twists of the Steinberg representation.

The above examples are all that we shall require: indeed, it is known that
every irreducible admissible representation of G is either an irreducible principal
series, a twist of the Steinberg representation, a one-dimensional representation
of the form x o det, for x a character of F,*, or else is a supercuspidal repre-
sentation, which we shall not define. Each of these types of representation are
known to be inequivalent.

Since we will require most of our representations to be unramified, we would
like to classify such representations. Recall that for a representation 7 to be
unramified, we require that it has a non-trivial GL2(O,)-fixed vector. In par-
ticular, an unramified character x : F* — C* is trivial on the unit group O},
and thus is defined completely by its value on a uniformiser w. The following
result (see [Kud04], Theorem 3.3) says that unramified representations can
be classified by pairs of unramified characters:
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Theorem 3.2.2.

(i) For every pair of unramified characters x1,x2 : F,, — C*, there is an un-
ramified irreducible admissible representation w(x1,x2) of G. If Xlxgl =+
|-|£1, then m(x1, x2) s given by the irreducible principal series B(x1, x2)-
Otherwise, w(x1, x2) s given by the one-dimensional representation yodet,

1 1
where x1 = x| -[*2, x2 = x| - [F=.

(ii) Bvery unramified irreducible representation of G is isomorphic to one of
the w(x1,x2). Moreover, any two such representations are inequivalent,
with the exception that

(X1, x2) = T(X2, X1)-

The unramified representations we shall consider will always take the form
of an irreducible principal series. To each such representation, we can assign a
semisimple conjugacy class in GLy(C), obtained via the mapping

et (6]

x2(@)

In fact (see [Kud04], Corollary 3.4), this map is a bijection, and we call the
conjugacy class corresponding to 7w the Langlands class t, of m.

For an unramified representation m, of G, we can define a local L-factor
L(s,m,) by setting

L(s,m) = [(1 = xa(@)q*) (1 = xa(@)g )],

where ¢ is the cardinality of the residue field of F,,. We shall bear this in mind
for later, when we shall consider local Galois representations.

At this juncture, we would like to return to the action of Hecke operators on
automorphic forms, and see how this can be extended to the setting of admissible
representatives of GLy over non-archimedean local fields. For a place v of F,
fix a compact open subgroup K, of GLs(F,), and recall that the Hecke algebra
H, is a commutative ring consisting of locally constant functions on GLy(F,)
with compact support, which are K,-biinvariant.

Given an admissible representation (, Vy), we can define an action of Hx,
on V by

wow= [ olomlgudg
GLy(Fy)
for all 0 € Hgk, and w € V. It is not difficult to see that this is in fact a
representation of the ring Hg, (which we recall is a ring under convolution).

Moreover, the space VE» of K ,-fixed vectors in V is preserved under this action,
and thus forms a H g, -module.
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The following fact (see [Bum98], Proposition 4.2.3) will be useful to us:

Proposition 3.2.3. Let (7, V;) be an irreducible admissible representation of
GL3(F,). Then the space VEv of K,-fized vectors in V is either trivial or a
finite-dimensional admissible Hg, -module, for all compact open subgroups K,

Of GLQ(FU)

Now, suppose further that K, = GL2(O,). In this case, H, is commutative
(a proof of which can be found in [Bum98], Theorem 4.6.1), and Schur’s
lemma, combined with the finite-dimensionality of VXv, implies that in fact
VEv (if non-trivial) is a one-dimensional representation of Hy,. In particular,
fixing a vector wg, € VEv, we obtain a character 6 : Hy, — C by setting

m(o)wg, = 0(0)wk, .

We consider this in the context of the adelic extension of classical Hecke
operators. For an integer N and a prime p not dividing N, set K, = GL2(Z,),
and let m = 7w(x1,x2) be an unramified principal series. The corresponding
space VEr of K,-fixed vectors can easily be seen to be spanned by the function
¢p, where

B (5 &) o) = xa(n)xa(an) | 22|

2lp

for a1,as € F,, and ko € K.

Recall that the Hecke operator T}, is defined to be the normalized character-
istic function of the double coset K, (© 9) K,. Letting {go, ..., gp—1,9p} be the
set of representatives for this double coset established in the previous section,
we therefore see that

I
<
c.
|
=
SN~—
)=
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Now, recalling that the representatives g; are given by

)

, ifie{0,...,p—1},
), if i =p,

(51
9i = (10
0p
we see that

#r(:) {XQ(p)Ipl‘écbp, if i = p,

and thus deduce that

T(Tp)(6p) = p? (X1 (D) + X2(P))bp = ? Tr(t) by,
where ¢, denotes the Langlands class of .

Thus L
0(T,) = p>Tr(t,),

a result which we shall return to later.

Having discussed the non-archimedean theory, let us now consider the case
where v is an archimedean place of F. As before, let G denote GLa(F),), and
let K be a maximal compact subgroup of G (so K ~ O(2) or U(2), depending
on whether v corresponds to a real or complex embedding). A representation
m : G = GL(V), for V a complex vector space, is called admissible if it is
smooth (i.e., infinitely differentiable) and if, when restricted to the subgroup K,
the resulting representation contains each irreducible unitary representation of
K with finite multiplicity.

As alluded to in the previous section, we do not want to consider such
representations. The reason for this can be seen by considering automorphic
forms. Recall that such forms span a finite-dimensional vector space under the
right regular action of the maximal compact subgroup at the archimedean places
of F.

Analogously, given a representation 7 : G — GL(V) as above, one defines
the subspace Vi of K-finite vectors of V' to be

Vi :={v € V; n(K)v spans a finite-dimensional vector space}.

One would hope that the space Vi is preserved under the action of 7(G), but
this need not be the case. It is the case, however, that Vi is preserved under the
corresponding action of the Lie algebra g of GG, which motivates the following
definition:
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A (g, K)-module is a complex vector space V with actions of both g and K,
satisfying the following conditions:

1. The actions of g and K are compatible, in the sense that
kE(Xv) = (Ad(k)X) (kv),

for all k € K, X € g, where Ad denotes the adjoint action of K on g, and

d
Xv =+ (exp(tX)) li=0

for all x € &, the Lie algebra of K, for all v € V.

2. For all v € V, the K-translates of v span a finite-dimensional vector space.

Given any irreducible admissible representation 7 of G, the space of K-
finite vectors is a (g, K )-module. As such, we will sometimes make reference to
representations of G as (g, K)-modules, implicitly meaning the corresponding
space of K-finite vectors.

The condition of K-finiteness implies that a (g, K)-module V' admits a de-
composition into finite-dimensional irreducible representations of K. We say
that V is admissible if every isomorphism class of representations of K occurs
with finite multiplicity in any such decomposition.

As in the non-archimedean case, we can define a principal series B(x1, x2),
where x; and y2 are two (not necessarily unitary) characters of F,, and once
again all irreducible admissible (g, K)-modules arise from these principal series.
However, the classification of these representations differs, and so we shall briefly
discuss it.

It turns out that the irreducible admissible (g, K)-modules are characterized
by the irreducible representations of the subgroup Ky of K, given by

SO(2); if K = O(2),
Ko = { SU(2):  if K = U(2),

To begin with, we consider the case in which F, ~ R. The irreducible
representations of SO(2) take the form

pn : SO(2) = C*, pn(ky) = e™?,

where Ky € SO(2) corresponds to an anticlockwise rotation through an angle 6.
Using the Iwasawa decomposition GL3(R) = B-SO(2), we can define a function
¢n € B(x1,x2) by

1
a 2

Pn <( %1 ;2 )ke) = x1(a1)x2(az2) al

2

ezne i
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The functions ¢,, span B(x1, x2), and so we can define the irreducible admis-
sible representations of GL2(R) in terms of them. In fact, we have the following
classification (see [JL70], Theorem 5.11):

Theorem 3.2.4. Let x1 and x2 be two characters of R*.

(1) If x1x5 " is not of the form x v+ x"sgn(z), where r a non-zero integer, then
the representation B(x1, x2) is irreducible, and we denote by w(x1, x2) any
(g, K)-module equivalent to B(x1, x2)-

(ii) If x1x5 ' (x) = x"sgn(x), where v is a positive integer, then the space
B(x1,X2) contains an infinite-dimensional irreducible subrepresentation,
Bs(x1,x2), spanned by the functions

{0 03,01, Orp1, Orys, ..}

The quotient, B¢(x1,x2) := B(x1,Xx2)/Bs(x1,x2), is finite-dimensional.
We denote by m(x1,Xx2) and o(x1,x2) any (g, K)-modules equivalent to
Br(x1,x2) and Bs(x1, X2) respectively.

(iit) If x1x5 ' (x) = a"sgn(z), where r is a negative integer, then the space
B(x1,x2) contains a finite-dimensional irreducible subrepresentation,
By(x1,X2), spanned by the functions

{¢T+17 R (b—r—l} .

The quotient, Bs(x1,x2) := B(x1, x2)/Bf (X1, x2), is infinite-dimensional.
We denote by m(x1,Xx2) and o(x1,x2) any (g, K)-modules equivalent to
Br(x1,x2) and Bs(x1, X2) respectively.

(iv) Any irreducible admissible (g, K)-module is equivalent to w(x1, x2) or o(x1, X2)
for some characters x1 and xo2 of R*.

Recall that when we say a (g, K)-module is equivalent to a representation
of GL2(R), we really mean that it is equivalent to the (g, K)-module arising
by considering the K-finite vectors of the representation. In keeping with the
notation established in the non-archimedean setting, we have denoted by 7 any
irreducible principal series or finite-dimensional representation, and by o any of
the remaining infinite-dimensional representations, which are known as discrete
series representations. The weight of a discrete series is the integer 4 1, where

Xlxgl(m) = z"sgn(x).
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The complex case is similar, but now we have to utilise the irreducible rep-
resentations of SU(2). Unlike those of SO(2), these are not one-dimensional;
rather, there is a unique irreducible representation of degree n + 1 for each pos-
itive integer n, which we denote by p,. This can be realised by the action of
SU(2) on the space of homogeneous polynomials of degree n in two variables
with complex coefficients, given by

( _ag 2 )f(XvY) = f(@X - pY, BX +aY), ( _‘% g ) e SU(2).

For each n, let B(x1, X2, prn) denote the set of functions in B(x1, x2) which
transform according to p, (where again we use the Iwasawa decomposition
GL2(C) = B -SU(2)). Then we have the following classification (see [JL70],
Theorem 6.2):

Theorem 3.2.5. Let x1 and x2 be two characters of C*.

(i) If X1X2_1 s not of the form z — 2PZ? or z — 27PZ79 for integers p,q >
1 then B(x1,X2) is irreducible, and we denote by w(x1,x2) any (g, K)-
module equivalent to B(x1, x2)-

(ii) If x1x5 *(2) = 2PZ%, with p,q > 1, then the space B(x1,X2) contains an
infinite-dimensional irreducible subrepresentation, Bs(x1, x2), defined by

Bs(x1,x2) = > B(xixa )

n2p+q
n=p+q (mod 2)

The quotient, Bf(x1,x2) := B(x1,Xx2)/Bs(X1,Xx2), is finite-dimensional.
We denote by m(x1,x2) and o(x1,x2) any (g, K)-modules equivalent to
Br(x1,Xx2) and Bs(x1,X2) respectively.

(iil) If x1x5 ' (2) = 27PZ~C with p,q > 1, then the space B(x1,Xz2) contains a
finite-dimensional irreducible subrepresentation, By(x1, X2), defined by

By(x1,x2) = > B(xix2 )

lp—ql<n<p+q
n=p+q (mod 2)

The quotient, Bs(x1,x2) = B(x1, x2)/Br(x1, x2), is infinite-dimensional.
We denote by w(x1,x2) and o(x1,x2) any (g, K)-modules equivalent to
By(x1,x2) and Bs(x1, X2) respectively.

(iv) Any irreducible admissible (g, K)-module is equivalent to w(x1, x2) oro(x1, X2)

for some characters x1 and xo of C*.
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Finally, we can return to the global theory. Once again, let F' be a number
field, and set G to be the Q-group Resp,q(GL2). Let Ay denote the finite adeles
(i.e., the restriction of the adeles to the non-archimedean places), so that

G(Ag) ~ [] GLa(F),

vlp
p prime

let g denote the Lie algebra of G(R), and let Ko, = O(2)" x U(2)®, where F' has
r real and s pairs of complex conjugate embeddings.

We define a (g, Koo ) XG(Af)-module (7, V) to be a (g, Ko )-module equipped
with a smooth action of G(A¢) (in the sense that every vector v € V is fixed
by a compact open subgroup of G(Ay)) such that the actions of (g, K ) and
G(Ay) commute.

We say that a (goo, Koo) X G(Ag)-module (m, V;) is irreducible if it has no
proper subspaces preserved by the actions of g, Ko, and G(Ay), and that it is
admissible if the multiplicity of every irreducible representation of the compact
open subgroup Ko X [[ GL2(O,) in V is finite.

It is known (see [Kud04], Theorem 2.5), that any irreducible admissible
(9, Koo) X G(Ay)-module 7 takes the form 7 = ®m,, where we run over all
places v, and where each m, is either a representation of GLo(F,) (if v is a
non-archimedean place of F') or a (g, K)-module for GL2(R) or GLy(C) (if v
is a real or complex place of F') such that all but finitely many of the m, are
unramified.

The following result (see, for example, [Kud04], Theorem 2.6) justifies
our interest in these objects:

Theorem 3.2.6.

(i) The space Ao(G(Q)\G(A),w) decomposes as an algebraic direct sum

Ao(GQ\G(A),w) = @) maVa,

(m,Vr)

where the sum runs over all irreducible admissible (g, Koo)X G(A¢)-modules
(m, V), and the m, are non-negative integers.

(i) (Strong Multiplicity One) Each irreducible admissible (g, Koo) X G(Af)-
module appears in the above decomposition with multiplicity at most one
(that is, the integers m, € {0,1} for all (7,Vy)). Moreover, if (71, Vz,)
and (ma, Vx,) are two admissible (g, Koo) X G(Af)-modules appearing in
the above decomposition, with m1 = ®@my, and T2 = @Ta ,, such that m ,
and T, are equivalent for all but finitely many places v, then Vi, = Vg, .
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Thus we can better understand automorphic forms through the study of
(9, Ko) X G(Af)-modules. Any irreducible admissible (g, K~ ) x G(Af)-module
which appears as a summand in Ay(G(Q)\G(A),w) with multiplicity one is
known as a cuspidal automorphic representation (with central character w).
It is known (see for example [Bum98], Chapter 3.5, p. 332) that, given a
cuspidal automorphic representation 7, the representations 7, at the unramified
non-archimedean places are all irreducible principal series.

Returning once again to the classical situation, let f € Si(IN) be a cusp
form of weight k and level N, which we suppose is an eigenform for the Hecke
operators T;, with p not dividing N. We have seen that the corresponding
automorphic form ¢ of level Ko(IN) and trivial character is also an eigenform
for the operators T}, (realized adelically). Moreover, we have the following result
(see, for example, [Bum98], Theorem 3.6.1):

Proposition 3.2.7. If f € S(N) is an cuspidal eigenform for the Hecke op-
erators T, with p not dividing N, then ¢y lies in an irreducible subspace of
Ao(GL2(Q)\GL2(A), 1) of automorphic forms with trivial central character, and
thus corresponds to an automorphic representation me.

Now, since ¢y is an eigenform for the Hecke operators, we know that

T(pr) = ap( ey

where a,(f) is the eigenvalue of f with respect to T}, for a prime p not di-
viding N. Moreover, since ¢y is of level Ko(N), and K,(N) = GL2(Z,) if
p does not divide NN, it is clear that the components 7y, are unramified at
such primes. They therefore take the form of an unramified principal series
¢ p(X1, x2) for some pair of characters x1, x2, for which we have seen that the
space of K,(N)-fixed vectors is one-dimensional, on which the Hecke operator
T, acts as multiplication by the scalar

1
0(Ty) = p? Tr(tr, ),
where ¢, is the Langlands parameter of 7y .

Thus .
ap(f) = pETr(tﬂ'f,p)a
and we may henceforth restrict our attention solely to automorphic represen-

tations, safe in the knowledge that the arithmetic information we covet is pre-
served.
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3.3 The Local Langlands Correspondence

Having introduced automorphic representations as a generalization of classi-
cal modular forms, we would like to discuss the Galois representations attached
to them. Unfortunately, this is not as straightforward as the classical case -
indeed, in general it is not known how to construct such representations. What
one can say is what behaviour we would expect the Galois representation at-
tached to an automorphic representation to exhibit, which is what we aim to
describe in this section.

As before, let I’ be a number field, and G' = Resp;g(GLz2). Given an f-adic
Galois representation

p: Gal(F/F) — GL3(Qy),

one can define local representations
pv : Gal(F,/F,) — GL2(Qy)

for each place v by composing p with the natural map (up to conjugation)
Gal(F,/F,) — Gal(F/F).

Now, given a cuspidal automorphic representation 7 = ®m, of G(A), there
is a well-defined notion of what it means for a local Galois representation p,
to be attached to the admissible representation 7, (which we shall explain in
more detail later). Our hope, therefore, is that given 7, one can find a global
representation p such that the local representations p, are attached to the local
components 7, in this manner (at least for all but finitely many primes). In
a later section, we shall describe a result proving the existence of such a p
for certain number fields F' (with appropriate conditions on the automorphic
representation ), but for now we shall make the correspondence between local
representations more explicit (for a more detailed reference, see [Cog04]).

Let v be a non-archimedean place of F', and let I, and Frob, denote the
inertia subgroup and a geometric Frobenius element of Gal(F,, /F,) respectively.
Define the Weil group W, to be the subgroup of Gal(F, /F,) generated by Frob,
and I,; this can be seen to have dense image in Gal(F', /F,). We have a valuation
map

v: Wy, = Z, v(Frob,z) =r for all r € Z, x € I,,
and consequently define a map
-]l s Wy = Fyyw s g2,
where the residue field of F,, has cardinality q.

Any representation of Gal(F,/F,) immediately gives rise to a representation
of W,, and much of the information we are interested in is preserved under this
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correspondence (since it is linked to the geometric Frobenius). We can extend
W, to a group scheme W/ known as the Weil-Deligne group, defined by setting

W! =W, x G,
where W,, acts on the additive group G, via

wrw ™ = ||lw|| z.

The main reason for studying the Weil-Deligne group is that its represen-
tation theory is simpler: effectively it allows us to ignore the topology of the
target field. To expand on this, we define a representation p’ of W, to be a pair
(p, N), where

p: W, = GL(V)

is & homomorphism from W, to the group of automorphisms of an n-dimensional
vector space V', which is continuous with respect to the discrete topology on
V (i.e., the kernel of p contains an open subgroup of I,,) and N is a nilpotent
endomorphism of V' such that

p(w)Np(w)~" = [[w|| N
for all w € Wy,.

We call a representation p’ of W, irreducible if the corresponding represen-
tation p of W, is. Note that, being nilpotent, N has non-trivial kernel, and
that this kernel is a p-invariant subspace of V. Thus for any irreducible rep-
resentation of W), we must have N = 0, and so irreducible representations of
W simply correspond to irreducible representations of W, that are continuous
with respect to the discrete topology on V.

We call a representation p’ of W, Frobenius semisimple if the representation
p of W, is semisimple (that is, a direct sum of irreducible representations). Any
representation p’ has a canonical Frobenius semisimplification py,,,, which we
define as follows: given a lift ¢ of Frob, to W,, we can decompose p(¢) as a
product ®,®, = ¢,P,,, where ®,, is unipotent and ® semisimple (that is, every
®-invariant subspace of the vector space V has a ®,-invariant complement).
We obtain pf,,, by leaving N and p|;, unchanged, and replacing p(Frob,,) with
D,

For our purposes, we will choose the vector space V to be defined over
either Q, or C. In fact, since the definition of a representation of W, makes
no mention of the topology on V, any choice of isomorphism Q, ~ C gives
rise to an identification between ¢-adic and complex representations of W), so
for practical purposes we consider only the latter. Moreover, when considering
1rreducible representations, we can restrict ourselves to complex representations
of the Weil group W,,.
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With these ideas in place, one can easily define the local L-factor attached
to a Frobenius semisimple representation p’ = (p, N) of W/. To do this, define
Vi to be the subspace of ker(N) fixed by the action of I, under p. We then set

L(s, p) = det(1 — g~*p(Frob,)|Vy) !,
where we recall that ¢ is the cardinality of the residue field of F,.

We shall omit a discussion of the archimedean places, as these will not play
a prominent role in our work. It turns out that the irreducible admissible rep-
resentations of GLs(F},) and the irreducible representations of the Weil-Deligne
group W, are closely linked:

Theorem 3.3.1. Let v be a non-archimedean place of F. Then there is a
bijection between the 2-dimensional irreducible admissible representations of
GLo(F,) and the 2-dimensional representations of W).

We denote the image of an irreducible admissible representation 7, under
this correspondence by pr, . One can show that if 7, is an unramified principal
series m, = w(x1, X2), then p,, is the direct sum ;@2 of unramified characters,
where x;(Frob,) = xi(w), for a uniformiser w of F,. With this in mind, it is
straightforward to see that we have an equivalence of local L-factors

L(s,my) = L(s, pr, )-

In particular, we note that
Tr(pr, (Froby)) = Tr(tr,),

where t,, denotes the Langlands class of 7.

We now return to the global situation. As mentioned previously, a global
Galois representation p gives rise to a local Galois representation p, for each
non-archimedean place v, which in turn gives rise to a representation of the
Weil group W,. If this is irreducible, then it corresponds to a representation
of the Weil-Deligne group W/, which we denote by WD(p,). By fixing an
isomorphism ¢ : Q, — C if necessary, we will always assume that WD(p,) is a
complex representation.

Now, given a cuspidal automorphic representation 7 = ®,, we will say that
a Galois representation p is attached to = if, for all but finitely many places v
of F', we have
WD(p,) ~ %, (),

where %, (m,) denotes the representation of W) corresponding to m, under The-
orem 3.3.1.

We shall soon give an explicit example of a class of automorphic representa-
tions to which we can attach Galois representations. These representations will
be connected to the cohomology of certain arithmetic groups, and so we shall
begin with a discussion of precisely what this means.
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3.4 Automorphic Representations and Cohomol-
ogy

We now discuss the promised generalization of the Eichler-Shimura isomor-
phism. As before, fix a number field F', with ring of integers O, and let G
denote the Q-group Resp/q(GL2). The group cohomology of G can be decom-
posed into two summands - the cuspidal and Fisenstein cohomology of G, the
former of which is connected to cuspidal automorphic representations for G,
and is our main object of interest. We shall give a more detailed description of
this cuspidal cohomology in the following exposition, which follows the spirit of
Joachim Schwermer’s treatment in [Sch06].

Before proceeding further, we establish some notation. Let A denote the
ring of adeles over the rationals, which we decompose into finite and infinite
parts

A= Af x R

as standard. If Sy and S, denote the sets of finite and infinite places of F'
respectively, then we obtain a similar decomposition

G(A) = G(Ay) x GR) = [] GLa(F,) x ] GLa(F),

veESy VES

where the product over the finite places Sy is restricted with respect to the
subgroups GL3(O,).

Noting that
G(R) ~ GLy(R)" x GLo(C)?,

where the number field F has signature [r, s], we fix a standard choice of compact
open subgroup K., of G(R) by setting

Koo = 0(2)" x U(2)".

We shall not yet specify a compact open subgroup Ky of G(Ay), instead we
shall simply state that all such subgroups under our consideration will be of the

form ,
K= ][ K.,
’UESf

where K, is a compact subgroup of GLo(F,,), which we take to be GLy(O,) for
all but finitely many places v € Sy.

Let Ag denote the maximal Q-split torus in the centre of G, which can be
identified with the multiplicative Q-group G,,. Moreover, let Ag(R) denote
the set of real points of Ag, and AZ(R) the connected component of Ag(R)
containing the identity, so that A%(R) ~ R, embedded diagonally into the
components of G(R) (we refer to A%(R) as the split component of G).
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Recall from Section 3.1 that we have an identification
To(N)\SLa (R) ~ GL(Q)\GLa(A) /AL (R) Ko(N),
and thus can identify the open modular curve Yy (V) with the double coset space
GL2(Q)\GL2(A) /A% (R) Koo Ko(N),

where K, = SO(2). Motivated by this, we would like to consider spaces of the
form

Xk, = G(Q\G(A)/Ag(R) Koo Ky
for various choices of compact open subgroup Ky C G(Ay).

We shall be interested in cohomology with trivial coefficients (in keeping with
the classical connection between elliptic curves and modular forms of weight 2).
Given a compact subgroup Ky, we define the de Rham complex Q(Xg,,C) to
be the complex of smooth, complex-valued differential forms on X, and let
H*(Xk,,C) denote the cohomology of Q(Xg,,C).

While we will be interested in spaces X, for a specific choice of Ky, it is
useful at first to consider all such subgroups at once by means of a direct limit
over the cohomology groups H*(Xg,,C). Explicitly, given a second compact
subgroup K} of G(A), with K C Ky, we obtain an inclusion H*(Xg,,C) —
H*(X K/ C), thus forming a directed system of cohomology groups. We denote
the direct limit by

H*(G,C) = h_n)1 H*(Xk,,C).
Ky

We note that H*(G, C) admits a natural G(Ay)-module structure, induced
by the natural map g : X, = Xy-1p,, for g € G(Ay). Thus, given a particular
compact subgroup Ky C G(Ay), one may recover the cohomology of X, simply
by taking K ¢-invariants.

Now, let Mg denote the connected component of the intersection of the
kernels of all Q-rational characters of G, and mg the corresponding Lie algebra of
Mg (R). Denoting by g and ag the Lie algebras of G(R) and A (R) respectively,
we have a decomposition

g=ag dmg,

and so we can view mg as the Lie algebra of A% (R)\G(R).
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For ease of notation, write A(G) and Ay (G) for the spaces A(G(Q)\G(A),1)
and Ao (G(Q)\G(A), 1) of automorphic (respectively cuspidal automorphic) forms
for G with trivial central character (in which we run through all possible com-
pact subgroups K). Then we have an isomorphism of G(A ;)-modules:

H*(G,C) ~ H*(mg, Koo; A(G)),

where the cohomology on the right-hand side is the relative Lie algebra coho-
mology with respect to (mg, Ko ) (see, for example, [Sch06], Section 3.2).

There is a decomposition

H*(G.C) = H, (G, C) & H

cusp

(G,C)
of H*(G,C) into Eisenstein and cuspidal cohomology, where

H:oo (G, C) = H* (mg, Kooi Ao(G)).

We are primarily interested in the cuspidal cohomology, but we briefly men-
tion that the Eisenstein cohomology can be thought of as being connected to
automorphic forms for parabolic subgroups of G (i.e., it arises from subgroups
of G of strictly smaller rank).

Since we are concerned with the cuspidal cohomology H},, (G, C), we would
like to understand more about its structure. Given a cuspidal automorphic
representation 7, let Vy = Vi ® Vi, denote the (g, Koo) X G(Af)-module
associated with the representation 7. Then we have a decomposition of G(Ay)-
modules

H\ (G, C) = P H* (g, Koo; Vi) @ Vi,

where the sum ranges over those cuspidal automorphic subrepresentations of
the space A(G) (see [Sch06], Theorem 4.1).

In particular, fixing a compact open subgroup K¢ and taking K s-invariants,
we find that

H:usp(XKfa(C) = @ H*(vaKoo§ VTFOO) ® lejff,

where now the sum is restricted to those cuspidal automorphic representations
of level Ky of the space Ay(G).

For our purposes, we will say that a cuspidal automorphic representation
7 is of cohomological type and weight two if the summand H*(mg, Koo; Vi)
is non-zero. Higher weight representations correspond to non-trivial coefficient
systems in the cohomology.
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As in the classical case, the cohomology H* (X, C) admits a Hecke action.
Indeed, let K = Ky, and choose g € G(Ay) such that each of the subgroups
K; == KNg'Kg and K, := K N gKg~! have finite index in K. Then the
Hecke correspondence

«

9f
K —— Ky
Lll JLQ
K K

from Section 3.1 induces a correspondence on the cohomology groups

H*(Xk,,C) —L5 H*(Xg,,C)

TLI lbz‘*

H*(Xg,C) H*(Xg,C)

via the action on the corresponding de Rham complexes. We shall not give an
explicit computation here, rather we shall wait until later, when we have shaped
the cohomology into a more computationally accessible form.

We will make one final observation regarding the action of Hecke operators
on cohomology. Suppose first that we restrict to cohomology with rational co-
efficients. According to [Har06], Chapter 2, Proposition 2.2, H*(G,Q) is a
G(Ay)-module, and by taking K -coinvariants we obtain the rational cohomol-
ogy groups H*(Xk,,Q), on which the Hecke operators act as defined previously.
Crucially, it can be shown that the rational cuspidal cohomology in fact gener-
ates the complex vector space Hp,., (Xx,,C), and so in particular the action of
the Hecke operators on cuspidal cohomology groups can be defined rationally.

We will bear this in mind for future reference.

While we do not have an explicit description of the (mg, Ko )-cohomology
appearing in the decomposition of HC*USP(X iy, C), we can at least state a result
concerning the degrees in which we can have non-vanishing cuspidal cohomology.
Indeed, let X denote the symmetric space

X = G(R)/AY(R)K .

and let £o(G) = rk(g) — rk(€) — 1, where g and ¢ denote the Lie algebras of the
(real) Lie groups G(R) and K respectively (here the rank of a real Lie algebra
is given by the dimension of a Cartan subalgebra). Then we have the following
result:

Proposition 3.4.1.

Hig(G,C) = 0iF i ¢ | 2 (dim(X) — £6(G)), 5 (dim(X) + £o(@)
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This is similar to, but differs slightly from, [Sch06], Theorem 6.2, in that
the result there allows arbitrary coefficient systems, and makes no mention of
the split component A% (R). Justification for this result can be found on page
34 of [Gun1l].

For our example, in which G' = Resp,q(GL2), we can give a simple formula
for the degrees in which the cuspidal cohomology is non-vanishing. As before,
let F' have signature [r, s], so that

G(R) ~ GLy(R)" x GLy(C)*,

and
Ko ~0(2)" x U(2)°.

In the next chapter, we shall see that the dimension of the symmetric space
X is given by
dim(X) =3r+4s—1,

which makes use of the identifications
SL2(R)/SO(2) ~ ha and SLo(C)/SU(2) ~ b3,
where ho and hs denote hyperbolic 2- and 3-space respectively.

To work out the value £y(G), we note that the Lie algebras gly(R) and gl,(C)
comprise all 2 x 2 real (respectively complex) matrices, while 0(2) and u(2)
comprise all 2 x 2 real skew-symmetric (respectively complex skew-hermitian)
matrices. For each of the above, with the exception of 0(2), the subalgebra of
all diagonal matrices is a Cartan subalgebra, while 0(2) is a 1-dimensional (and
thus abelian) Lie algebra. Thus

2; if g =glL(R),
k(@) =94 1. i g=0(2),
2: if g =u(2),

and so
L(G)=r+2s—1.

Combining this information, we have the following result:

Corollary 3.4.2. Let G = Resp/g(GL2), where F' is a number field with sig-
nature [r,s]. Then H'(G,C) is non-zero only if

i€[r+s,2r+3s—1].
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3.5 A Global Langlands Correspondence

We now give the promised example of a Galois representation attached to
a cuspidal automorphic representation, as presented by C.P. Mok in [Mok14],
which will form the basis for our later study. While Mok’s result is more gen-
eral, we shall restrict our attention to automorphic representations with trivial
central character, echoing the classical treatment in which elliptic curves corre-
spond to modular forms without character.

We begin by stating the result (an adaptation of [Mok14], Theorem 1.1).
Recall that we say a cuspidal automorphic representation 7 is of cohomological
type if it corresponds to a non-zero summand in the cohomology H}, (G, C).

Theorem 3.5.1. Let F' be a CM field, and let w be a cuspidal automorphic rep-
resentation of Respq(GLz2) of cohomological type, with trivial central character,
and fix a prime £. Then there exists an ¢-adic Galois representation

pr : Gal(F/F) — GLy(Q,)

such that, for each place v of F not dividing ¢, we have the local-to-global com-
patibility statement, up to semisimplification:

WD (pr.0)* = L, (10 ® |det]y ).

Furthermore, if m, is not a twist of Steinberg (e.g., is an unramified princi-
pal series) then we have the full local-to-global compatibility statement, up to
Frobenius semisimplification:

_1
WD(pw,v)Frob = "%U(ﬂ-’u oy |det‘v 2 )

We will require a few details regarding the representation p,. Note first
that for each place v at which the representation 7, is unramified, so too is the

_1
representation ., (m, ® |det|, ?). Since Frobenius semisimplification preserves
the action on inertia groups, this implies that p is similarly unramified at these
places.

Next, for each unramified place v, we have
Te( L, (my @ |det]y *)(Froby)) = ¢ Tr(tn, ),

where ¢ is the cardinality of the residue field of F),, and ¢, denotes the Langlands
class of 7.
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In particular, suppose that ¢ is an automorphic form of level Ky(n), for some
ideal n of F', which is an eigenform for the Hecke operators T}, and let 7 be
its associated automorphic representation. If v is a place of F' not dividing n,
then the subgroup K,(n) of Ky(n) is, by definition, the group GL2(O,). Since
© is invariant under Ko(n), it follows that there is a non-trivial vector fixed
by the action of GL2(O,) under m, (which in fact spans the one-dimensional
space of GL2 (O, )-fixed vectors, by the results of Section 3.2), and thus =, is
unramified. In this case, ¢z Tr(t,, ) is equal to (T,) as in Section 3.2 (where
we extend the notion of a Hecke operator to arbitrary fields in the obvious
manner).

Finally, by Theorem 3.3.1, the determinant of the local Galois representa-

_1
tion p, is equivalent to |det|, 2. Denoting by w a uniformiser of F;,, we have
1
|det(@)]v * = g,

where ¢ is the cardinality of the residue field of F,,. Under the aforementioned
correspondence, we observe that

det(p,(Frob,)) = q,

and thus the determinant of p,, is given by the local cyclotomic character, which
we recall is the same as the determinant of the Galois representation attached
to a rational elliptic curve.
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Chapter 4

Koecher Theory

Motivated by the results of Section 3.4, we aim to study automorphic repre-
sentations through the corresponding cohomology of certain symmetric spaces
for the group Resp/g(GL2), with the aim of being able to compute the data
attached to the Galois representations constructed in Section 3.5 in the case
where F' is a CM quartic field.

We begin by establishing the structure of the global symmetric spaces we
will study in Section 4.1, and show that they can be realised as cones of
binary Hermitian forms over the field F'. Such cones are examples of positivity
domains, and in Section 4.2 we recall the theory of Koecher (generalising work
of Voronofi) which provides us with a decomposition of such domains. In Section
4.3 we continue our exploration of this theory by studying the Koecher polytope,
an infinite polytope which captures the information of this decomposition in a
manner that will lend itself more readily to our future calculations.

Finally, in Sections 4.4 and 4.5 we return, armed with the knowledge of
the previous sections, to our case of interest, and provide some details of the
Koecher polytope specific to our global symmetric space.

57
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4.1 A Model for the Symmetric Space of GL,

Let F' be a number field, with signature [r, s] and ring of integers O, and let
G denote the reductive Q-group Resp/q(GLz), where Res r/@ denotes the Weil
restriction of scalars. By the results of Section 3.4, we can study automorphic
forms for G by instead looking at the cohomology of certain symmetric spaces

Xi; = GQ\G(A)/AG(R) KK,

where A% (R) is the split component of G, and K is a compact open subgroup of
G(Ay). These spaces can, in turn, be realized as quotient spaces of the globally

symmetric space
X = G(R)/AG(R) K.

As touched upon earlier, there is a geometric realization of this space, echoing
the role of the complex upper half-plane in the theory of classical modular forms.
Indeed, note that

G(R) ~ GLy(R)" x GLy(C)?,

while
Ko ~0(2)" x U(2)°.

In addition, we have identifications

GL3(R)/0O(2) ~ ha x R4
and

GLy(C)/U(2) ~ b3 x Ry,

where hs and hs denote hyperbolic 2- and 3-space respectively. Recalling that
A% (R) ~ R, we obtain the final identification

~ +s—1
X ~ b5 x b3 x R0,

We will now present an alternative description of the symmetric space X, in
terms of a cone of binary Hermitian forms over F', which will have the benefit of
being more amenable to computations. The field F' has r real embeddings and s
conjugate pairs of complex embeddings; for each conjugate pair, fix a particular
embedding F' — C. For each infinite place v, define

V. — Sym, (R); if v is real;
Y| Herms(C); if v is complex,

where Sym,(R) and Hermz(C) denote the real vector spaces of real symmetric
and complex Hermitian 2 x 2 matrices respectively.
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Define the space of Hermitian forms over F' to be

V=[]V

This is a real vector space, with

dimg (V) = 3r + 4s.

We can equip V with an inner product ( , ) by setting

<X7 Y> = Z CUTr(Xva)7

where ¢, = 1 if v is a real place of I, and ¢, = 2 if v is a complex place of F.

The vector space V admits an action of the group G(R). Indeed, identifying
G(R) ~ GL2(R)" x GLy(C)*® via the embeddings corresponding to the infinite
places of F', we have, for an arbitrary element g = (g,) € G(R):

g-X = (guXvg,) for all X €V,

where ¢} denotes the transpose of g, if v is a real embedding, and the complex
conjugate transpose of g, if v is a complex embedding.

We can define a cone C contained in V by setting C,, to be the cone of positive
definite matrices in V,, for each v, and then defining

c=]]c..

With respect to the inner product ( , ) previously defined on V, C is self-
adjoint, meaning that we have a characterization

C={XecV; (X,Y)>0forall Y €C\ {0}},

where the closure C of C consists of all positive semi-definite forms (in the sense
that we allow each component to be positive semi-definite).

The group action of G(R) on V restricts to an action on C, and in fact any
linear automorphism of C arises in this way. Moreover, we have the following
result:
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Proposition 4.1.1. The action of G(R) on the cone C described above is tran-
sitive.

Proof. Since both C and G(R) decompose into products indexed by the
infinite places of F, it suffices to prove transitivity of the action componentwise.
Let X1, X5 € C), for some place v. Since both are positive definite real symmetric
(respectively Hermitian) matrices, there exist orthogonal (respectively unitary)
matrices M; and My such that the matrices M; X;M*are diagonal, say

M X, M; = < @ 0 )
s 1
g—M§< (6)*

0 B
0o (B )M“

then g € G(R), and we have g - X; = X», as required. O

where the «; and §; are positive real numbers.

If we define

(NI

=)

Now, consider the point I = (I,) € C, where each I, is the 2 x 2 identity ma-
trix in the factor Sym,(R) or Hermy(R). It is clear to see that under the action
of G(R), each I, is fixed by the orthogonal subgroup O(2) or unitary subgroup
U(2) of GLy(Fy), depending on whether v is real or complex. It therefore follows
that C ~ G(R)/K, where K, is the standard maximal compact subgroup of
G(R) defined previously. Furthermore, if we quotient out C by positive real
homotheties, we obtain an isomorphism

C/Ry = G(R)/AG(R) Ko,

thus confirming our earlier statement that we can realise our symmetric space
X as a cone of Hermitian forms over F.



4.2. KOECHER’S REDUCTION THEORY 61

4.2 Koecher’s Reduction Theory

As stated previously, the benefit of viewing the symmetric space X as a
cone of positive definite Hermitian forms is that it makes computations more
straightforward. To clarify this statement, we will now give a brief exposition
of the work of Koecher on positivity domains ([Koe60]), which will give us a
computable model for this cone. We follow the treatment given by Paul Gunnells
(see for example, [Gun1l] or [GY13]).

Let V be a finite-dimensional real vector space, equipped with an inner
product (, ), and give V the standard topology induced by this inner product.
For a subset C' C V, let C denote its closure (with respect to the aforementioned
topology), Int(C) its relative interior, and C = C'\ Int(C) its boundary.

We call a subset C' C V' a positivity domain if the following are satisfied:
i. C is open and non-empty;
ii. (X,Y)>0forall X,Y € C; and
iii. For each X € V' \ C there exists a non-zero Y € C such that (X,Y) < 0.

Proposition 4.2.1. The cone C of positive definite Hermitian forms over F de-
fined in the previous section (viewed as a subset of the full space V of Hermitian
forms) is a positivity domain.

Proof. This follows immediately from the fact that C is self-adjoint. (]

In fact, it is easy to see that any positivity domain is a cone (in the sense
that it is convex and closed under positive real homotheties) and cannot contain
any lines.

Now, let D be a discrete non-empty subset of C'\ {0}. For each ® € C, let
mp(®) = inf {(@,X)},

the minimum of ® (with respect to D). In [Koe60] it is shown that mp(®) > 0,
and furthermore that the infimum is achieved only on a finite set of points. We
call this set the set of minimal vectors of ®, and denote it by Mp(®P):

Mp(®) = {X € D; (&, X) = mp(®)}.

We call a point ® € C perfect (with respect to D) if the linear span of its
minimal vectors Mp(®) is the full space V.
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In the specific example of the cone C of positive definite Hermitian forms
over F', we refer to perfect points as perfect forms. We have the following
characterization of such forms:

Proposition 4.2.2. Let C denote the cone of positive definite Hermitian forms
over F, and let D be a discrete non-empty subset of C. Then a point ® € C is per-
fect if, and only if, it can be recovered uniquely from the data {mp(®), Mp(®)}
(that is, if ®' € C satisfies mp(P') = mp(P) and Mp(P') = Mp(P), then
o' = D).

Proof. Let vy,...,v,. and v.41,...,v.4s denote the set of real and complex
places of F' respectively, and define an R-basis for V by giving each V,,, the basis

B — {1, i2, i3} ie{l,...,r}
’ {Ti1, iz, iz, waa}; i€ {r+1,...,r+s},
where
xil:((l)g)’ xi2:(8(1)), xi3:((1)(1))7 Tiqg = (7(18‘)7

and a2 = —1.

Now, let
A = Z aijo:ij, and B = Z bijxij
i,j ,J

be any two points in V. Then

r+s r+s
(A,B) = Z (@i1bin + aiobio + 2a:3b;3) + 2 Z aigbia = ab’,
i=1 i=r+1

where

i = Ay,

f)ij _ { bij; lfj = 1,2,

and

Given ® € C, let Mp(®) = {Py,..., P} denote the set of minimal vectors
of &, and let

P, = Z pz(;?)mij for each k, and ® = Z bijij.

(2] (2]
We obtain a linear system of equations

p(k)(i)T = mD(d))a k= 1,... )L,

as above. From this it is clear that we have a unique solution for @ if, and only
if, the p(¥) form the rows of a matrix of rank 3r + 4s, which occurs if, and only
if, ® is perfect. O
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Throughout our work, we will fix a choice of discrete set D, taking the set
E consisting of points of the form ¢(x), z € 0% \ {0}, where

q(z) = (zo13),

with each z,, the image of 2 under the embedding F* < F. Note that each
matrix z,z* has rank one, and thus ¢(z) € C.

It is clear that a point ® in a positivity domain C' is perfect if, and only
if, A® is also perfect for any A € R, in which case mp(A®) = Amp(P). We
may therefore consider only those perfect forms ® for which mp(®) = 1. Given
a discrete set D, we denote by Perf(D) the set of perfect points for D whose
minimum is 1.

One of the benefits of studying positivity domains is that they exhibit a re-
duction theory: given a positivity domain C, we will find that we can decompose
C into a family of cones 3 which has only finitely many orbits under the action
of certain discrete subgroups I' of the automorphism group G C GL(V) of C.
This is reminiscent of the classical situation, and the fundamental domains for
the action of congruence subgroups I' C SL,,(Z) on the complex upper half-plane

ba.

In the case of binary Hermitian forms over a number field, this theory will
utilize the discrete set = we have described previously. More generally, given a
positivity domain C, call a non-empty discrete set D C C'\ {0} admissible if for
any sequence (®;) in C' converging to a point in OC, we have mp(®;) — 0.

Proposition 4.2.3. The set = defined above is an admissible subset of the cone
C of positive definite Hermitian forms over F.

Proof. See [Koe60], Lemma 11. O

We are almost in a position to discuss the aforementioned reduction theory.
Before we proceed, we need a few basic notions from the field of convex geometry.

A polyhedral cone in a real vector space V is a subset o of the form

c=0(vy,...,v) = {Z)\ivi; i 20},

where v1,...,v; € V is a fixed set of vectors. We say that the set {vy,...,v:}
is a spanning set for o. If o admits a linearly independent spanning set, then
we call o simplicial. The dimension of a polyhedral cone o is the dimension of
its linear span; if d = dim(o), we call o a d-cone.
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Fix an inner product space V', with positivity domain C, and let D c C \ {0}
be an admissible subset. Given a perfect point ® € Perf(D), one can naturally
define a polyhedral cone o(®) = o(P4,...,P,), where {Py,..., P} = M(®) is
the set of minimal vectors of ®. We call such a cone the perfect pyramid asso-
ciated to ®. By definition, it is a cone of dimension dimg(V'), although it need
not be simplicial. Let ¥ = X denote the set of perfect pyramids, together with
all their proper faces, as we range over all perfect points ® € Perf(D). Then
Koecher proves in [Koe60] the following result:

Theorem 4.2.4. The perfect pyramids have the following properties:

(i) Any compact subset of C meets only finitely many perfect pyramids.
(ii) Two different perfect pyramids have no interior point in common.

(iil) Given a perfect pyramid o, there are only finitely many perfect pyramids
o’ such that o N o’ contains a point of C. By part (ii), this must lie on
the boundaries of o and o’.

(iv) The intersection of any two perfect pyramids is a common face of each.

(v) Let o be a perfect pyramid and T a codimension one face of o. If T does
not lie completely in the boundary OC, then there exists precisely one other
perfect pyramid o’ such that o No’ =T.

(vi) UyegonC=C.

By a facet of a perfect pyramid o, we shall mean a codimension one face. If
two perfect pyramids o and ¢’ meet in a facet T as in condition (v) above, we
say that o and o’ are neighbours.

We call 3 the Koecher fan, and the cones in ¥ the Koecher cones.

Let Go € GL(V) denote the group of automorphisms of V' which fix the cone
C, and let I" C G¢ be a discrete subgroup which preserves the admissible set D.
In [Koe60], Section 5.4 it is shown that T' admits a properly discontinuous
action on C. Then:

Theorem 4.2.5. We have an ezplicit reduction theory for T' in the following
sense:
(i) There are finitely many T-orbits in 3.
(ii) Bvery X € C is contained in a unique cone in X.
(iii) If o € 3 does not lie completely in the boundary OC, the stabilizer
Sq:={y €T} y(o) =0}

is finite.
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If we choose representatives o1, ...,0 of the orbits of I' € X, and let
k
Q=0T = J(e:n0),
i=1

then the intersection of each cone ¢ € ¥ with C' has a I'-translate which is
contained in 2. This is not quite a fundamental domain, as we have non-trivial
stabilizers to worry about, but since these are finite groups, it doesn’t in practice
cause a problem.
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4.3 The Koecher Polytope

For computational purposes, we will use an alternative realization of the
Koecher fan and perfect pyramids, which accounts for the scaling present in the
identification

X =C/Ry.

Given an admissible set D in a positivity domain C, call a point P € D primitive
if it is a minimal vector of some perfect point, and define Dp,im to be the set
of all primitive points. We then define the Koecher polytope 11 to be the convex
hull in C of Dpyiy. This is an infinite polytope, of dimension dimg(V). By
a facet of II we shall mean any subpolytope of II of codimension one, while a
face of TI refers to a subpolytope of arbitrary dimension (which is necessarily a
subpolytope of some facet of IT). We say that two facets of IT are neighbours if
their boundaries intersect in a face of IT of codimension two.

Given an arbitrary face F of II, we define the cone above F to be the
polyhedral cone o(Py, ..., P,), where the P; are the vertices of F. The following
result gives a justification for considering II in lieu of the Koecher fan X.

Proposition 4.3.1. Given a perfect point ® € C, the convex hull of the minimal
vectors of ® defines a facet of the Koecher polytope I1. Moreover, if no facet T
of a perfect pyramid o € X is contained in the boundary OC, then this in fact
establishes a bijection between perfect points and facets of 11.

Proof. (See also [GY13], Proposition 2.7). Let ® be a perfect point,
with minimal vectors Py, ..., P;. The perfect pyramid o(®) is defined to be the
set of non-negative linear combinations of the P;, and so its intersection with
the hyperplane

He :={X €C; (9, X) =1}

is precisely the convex hull of the P; (recalling that we have chosen our perfect
forms such that the minimum mp(®) = 1). Since the vectors P; span V, this
intersection must be a convex polytope of codimension one. Moreover, since
(®,P) > 1 for any P € D\ Mp(®), it follows that all other points of II lie in
the half-plane

{X eC; (9,X) > 1}

cut out of V by He (we call Hg a supporting hyperplane for IT). Thus o(®)NHe
is a proper subpolytope of II, of codimension one, i.e., a facet.

Thus to each perfect point & we can associate a unique facet Fg of the
Koecher polytope II. Conversely, the requirement that no facet of a perfect
pyramid is contained in the boundary means that we can apply Theorem 4.2.4
(v), and so any neighbour of F¢ corresponds to a unique perfect point ®'. It
therefore follows that the facets of IT are in bijection with the perfect pyramids,
as required. O



4.3. THE KOECHER POLYTOPE 67

We shall see later (in Proposition 4.4.3) that the hypothesis of Proposi-
tion 4.3.1 is satisfied in our case of interest. Thus we shall often refer to cones
in ¥ and faces of II interchangeably. For each face F of II, we define M (F) to
be the set of vertices of F (that is, the minimal subset of D of which F is the
convex hull). If F is a facet of II, and ®x is the perfect point associated to F,
then every vertex of F is necessarily a minimal vector of ® z, but the converse
need not hold (which we shall see later in our specific case).

Henceforth, we shall restrict our attention to the space C of Hermitian forms
over a number field F', under the assumption that the above hypothesis holds.
Moreover, motivated by the results of Section 3.5, we shall assume further that
F is a CM field, and that F/Q is a Galois extension. Unless otherwise stated,
proofs in the remainder of Section 4.3 are (to the best of our knowledge)
original, and often specifically tailored to our special case. Where a result exists
in greater generality, we shall endeavour to make this clear.

Since F'is a CM field, there is a unique totally real subfield K of F', such that
F/K is a quadratic extension, and a unique non-trivial element 7 € Gal(F/Q)
which fixes this subfield. Fixing an initial embedding of F' into C, we identify our
choice of complex embeddings with a set {o1,...,0,} of coset representatives
for the quotient group Gal(F/Q)/(r), and note that 7 acts on F' via complex
conjugation, regardless of which embedding we choose.

Recall that, for our admissible subset, we take the set = comprising points
of the form {g(z); * € O%} defined previously (for ease of notation, we shall
henceforth denote by m(®) and M (®) the minimum and minimal vectors of a
perfect form @ respectively, suppressing any mention of Z). Note that in the
classical example of F' = Q the subset =;in, is precisely the set

E = {q(2); = € Z? is primitive},

where we call a vector x = (§) primitive if ged(a,b) = 1. For more general
fields, however, this need not be the case (in the next section we will see that
Eprim always contains the latter set - a consequence of Corollary 4.4.2 - and
shall also see an example of a minimal vector which is not an element of this
set).

The group GL2(Or) admits an action on the sets Z and Zprim, given by

g-q(x) =q(gz), g € GLy(OF), z € OF..

We will typically identify GLy(Op) with its image in G(R), obtained by
embedding GLy(OF) into each component. Thus GL2(OF) can be realized as a
discrete subgroup of G(R), and its action on = is induced by the action of G(R)
on C. In particular, by Theorem 4.2.5 (combined with Proposition 4.3.1)
there are only finitely many orbits of faces of IT under the action of GL2(OF).
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The main aim of this section is twofold. Firstly, we wish to construct a set
of representatives of the faces of IT under this GLy(Op)-action. In doing so, we
shall present an algorithm which allows one to, given a facet F of II, construct
all neighbouring facets F'. Using this, we will present a second algorithm which,
given a point X € II, allows one to determine the precise facet F = F(X) in
which X lies.

Before proceeding, it will be useful to define subsets of the space V and cone
C which can be defined rationally. Since each point in = can be defined by a
series of rational equations (for example, by defining an Q-basis for F) these
shall be our starting point. Define, therefore, V(Q) and C(Q) to be the subsets
of V and C respectively comprising all points which can be defined as a rational
linear combination of elements of Z. Note that, since the minimal vectors of a
perfect form span the entire space V, we have V(Q) ®g R ~ V.

We make the following alternative characterization:

Proposition 4.3.2. Let F be as described above. Let ® € V (respectively C).
Then ® € V(Q) (respectively & € C(Q)) if, and only if, (2,X) € Q for all
XckE.

Proof. Note first that (X,Y) € Q for any X,V € =. Indeed, let X = ¢(z),
Y = q(y), with 2,y € O%. Then, noting that Tr(xz*yy*) is invariant under
complex conjugation, we find that

(X,Y)=2 Z oi(Tr(zz*yy™))
= Trp/o(Tr(zz™yy™)),

which is clearly rational. Consequently, (®, X) € Q for any ® € V(Q) and all
Xe=.

Conversely, suppose (¢, X) € Q for all X € Z, for some ® € V. In particular,
choose any R-basis for V of such points (from the set of minimal vectors of some
perfect form, for example). Then, since (X,Y) € Q for all X,Y € =, we can
define an orthogonal R-basis for V consisting of rational linear combinations of
elements in =, using the Gram-Schmidt algorithm. For each such basis vector,
the inner product with ® remains rational, and consequently ® is a rational
linear combination of these basis vectors, and thus of the original elements of
=. O

Note that the same result holds if we replace the condition (@, X) € Q for
all X € E with the weaker condition that (®, X) € Q for all X in some finite
subset of Z which spans V as a real vector space. In particular, all perfect forms

lie in C(Q).
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We shall now proceed with the task of constructing the Koecher polytope.
This relies heavily on the fact, which we shall now prove, that, given any facet
F of the Koecher polytope II, we can construct all facets G of II which are
neighbours of F. Thus, by translation (noting that, being a convex subset of a
real vector space, II is connected), we can understand the entire polytope.

Our first step towards this construction is to prove a finiteness result, namely
that there are only finitely many points of = within a certain distance of any
given facet of II (where we measure the distance of a point X from a facet F
by evaluating the inner product (®x, X)).

Lemma 4.3.3. Let F' be as above, and fir A € Ry. Then the set
{x € Op; |o(z)]* <\ for all 0 € Gal(F/Q)}

1s finite.

Proof. The hypothesis that all Galois conjugates of x be bounded in abso-
lute value implies that the coefficients of the characteristic polynomial of = are
bounded, and since these coefficients must be integral the result follows. U

In fact, we have the following, more general result:

Proposition 4.3.4. Let F be as above, and fix A € Ry. Given ® € C(Q), the
set
{XeZ 0<(®,X) <)}

s finite.

Proof. (For a more general proof, see [Gun99], Proposition 3). Let
P = (¢;), with each ¢; positive definite, and let X = ¢(z), for z € O%. Then

i=1
where z; = o;(z). Since (®,X) is bounded, the elements x}¢;z; € R are all
bounded. Write ¢; = (%7 IC”:), where a;, ¢;, and det(¢;) € R are positive, and
let z; = (%). Then:

a

. _ - b; det(o;
Tiim; = a;|wil? + biwizi + bwiZ + ¢ilzi]? = a; <|wi + *2_21\2 + a(2 0 |Z1'2> .
(] 7

It follows that |z;]? is bounded for each element o;, and thus there are only
finitely many choices for z € Op, by Lemma 4.3.3. For each value of z, the
conjugates w; are bounded in absolute value with respect to z, and so are also
bounded, proving the result. O
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Suppose, now, that we are given a facet F of II (and so, by Proposition
4.2.2, we know the perfect form ®x). The following result (whose proof we
borrow from [Gun99], Lemma 1) gives a means of constructing the perfect
forms corresponding to neighbouring facets of II:

Proposition 4.3.5. Let F and G be neighbouring facets of I, and let € = FNG.
Choose a point ¥ € V(Q) orthogonal to the cone above the polytope £, such that
(¥, X) >0 for all X € F. Then

g =0+ p¥

for a unique p € Ry

Proof. The cones above F and G are perfect pyramids, and so the cone
above £, being a facet of both of these pyramids, is of codimension 1, i.e., a
hyperplane in V. Thus ¥ is unique up to a scalar multiple. If ¥/ = &g — O£,
then (U’ X) = 0 for all X € &, and ¥’ # 0, so p¥ = ¥’ for some non-zero
p € R, and thus &g = &x + p¥. Now, let X € F\ &, so that (¥, X) > 0. Then

1< (®g, X) = (B, X) + (¥, X) = 1 + p(¥, X),
and so p > 0, as required. O

Computation of the point ¥ in the above proposition is a straightforward
application of linear algebra, given knowledge of F, £ and ¥. Computation of
p, on the other hand, requires a little more work. If we can find a point X € =
which lies in G \ &, then we can easily compute p, so our plan is to search over
“nearby” points X € Z and determine whether or not the points (ENE)U{X}
define a unique form. To begin with, we define a function p on the set = by

1 (D5, X)
o=

Proposition 4.3.6. Given X € =, we have p(X) = p if, and only if, X € G\ E.

Proof. Suppose first that X € G\ &, so that (Pg, X) =1 < (®x, X), and
(¥, X) #0. Then

_1—<<I> ,X>_<<D ,X) —(®r, X)
O 75 I

Conversely, if p(X) = p then clearly (¥, X) # 0, hence X ¢ &, and
(@g, X) = (@7, X) + p(X)(W, X) = (B, X) + 1~ (B, X) = 1,

so X € G, as required. O



4.3. THE KOECHER POLYTOPE 71

Thus we seek to find a point X € E with p(X) = p. To this end, define a
set S by
S={X €5 (V,X) <0and ®+ p(X)¥ € C}.

We claim that S is non-empty. Indeed, if X € = lies in G\ &, then the above
result shows that @z + p(X)¥ = &g € C, and moreover p(X) = p € Ry, so
(¥, X) <0, and thus X € S.

Proposition 4.3.7. The minimal value of p(X) as X runs over all elements
of § is p, and this minimum is attained.

Proof. (See also [Gun99], Lemma 2). We have already seen that p(X) = p
for some elements of S, so suppose X € S with p(X) < p. Then

(Pg, X) = (2F, X) + p(¥, X)

=
<{@F, X) + p(X)(T, X)
=1,

which is a contradiction. O

If we could construct the set S and find an element X € S with p(X)
minimal, then we would have our perfect form ®g. However, a priori, S need
not be finite, so we shall attempt to restrict our attention to a set which is
provably finite, allowing us to perform a search over all of its elements. Given
an arbitrary point P € S, define ®p = & x + p(P)V¥ € C, and let Tp be the set

Tp:={X €= (®p,X) <1}

Proposition 4.3.8. The set Tp is finite, and contains those points of = which

liein G\ E.

Proof. (We use the proof from [Gun99], Lemma 3) Note first that the
points P, ®x and ¥ € V(Q), and consequently so too is ®p. Thus by Propo-
sition 4.3.4 the set Tp is finite. Now, given X € = lying in G\ £, we have seen
that X € §, and so

X)
Br, X) + p(¥, X)

so X € Tp, as required. O
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We finally have all the information we require. Indeed, the above result
shows that the set Tp NS is non-empty. Thus, if we choose an element X of
this set such that p(X) is minimal, then by Propositions 4.3.6 and 4.3.7,
X € G\ &, and so we can construct ®g.

With this in mind, it is straightforward to determine a set of representatives
for the faces of IT modulo the action of GLy(OF). It suffices to determine a set
of representatives of the facets of II, since any lower-dimensional face of II will
be contained in one of these.

Equivalently, we wish to define a set Perf of GLy(Op)-representatives of
perfect forms. To do this, we begin with an initial perfect form ®; € C, and
define Perf := {®;}. We then proceed to determine all perfect forms which are
neighbours of @4, find a subset of representatives of the orbits under GL2(OF)
of these forms, and add to the set Perf any of these resulting perfect forms
which are not GLy(OF)-equivalent to ®;. We continue this process inductively.

Now, if ® and @ are two GL2(Op)-equivalent perfect forms, then the sets
of neighbouring forms of ® and @ are similarly GLo(Op)-equivalent. It fol-
lows, therefore, that if the set Perf stabilizes (that is, if at any point we do not
add any new forms the Perf) then we must have a complete set of GL2(Op)-
representatives of perfect forms. Since we know that there are only finitely many
GL2(OpF)-orbits of perfect forms, we will eventually find that Perf stabilizes un-
der this process, at which point we have found a complete set of representatives.

Note that, having found a set of representative perfect forms (and thus facets
of the Koecher polytope) one can easily find a set of representatives faces of any
lower dimension, simply by decomposing each of the facets, and testing the
resulting faces for GL2(Op)-equivalence (which we shall do in Section 4.5).

To determine an initial perfect form, we use a method discussed in [Sch09],
which was suggested to us by Dan Yasaki. A generalisation of Proposition
4.3.5 states the following:

Proposition 4.3.9. Let ® be a positive definite Hermitian form over F', and
choose a point U € V(Q) orthogonal to the cone o(®), such that (¥, P) > 0 for
all minimal vectors P of ®. Then there exists p € Ry such that the linear span
of the minimal vectors of the Hermitian form ® + p¥ has dimension strictly
greater than that of the minimal vectors of ®.

Proof. See the discussion in [Sch09], Section 7. O

One can find this constant p in the same manner as discussed previously.
In practice, therefore, we choose an arbitrary positive definite form, determine
its minimal vectors, and repeatedly apply Proposition 4.3.9 until we obtain
a form whose minimal vectors span the entire space V, which must therefore be
perfect (if necessary, we then scale this form so that its minimum is equal to 1).
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The final goal of this section is to determine, given a point X € C, the facet
F(X) of II above which X lies (equivalently, given any point on the Koecher
polytope, the facet in which it is contained). The algorithm for doing this is
the same as stated in [Gun99] for the Voronoi polyhedron, and applies to the
more general setting of the Koecher polytope.

The idea behind the algorithm is to choose a perfect form ®, and then re-
peatedly pass to a neighbouring perfect form @’ such that (®', X) < (®, X). We
continue this until this inner product stabilizes, at which point the required facet
F(X) is that associated to the perfect form we have reached. We now provide
some justification (which differs somewhat from that presented in [Gun99]) for
this argument.

Proposition 4.3.10. Let ® € C(Q) be a perfect form, let X € 11, and fix
A€ Ry. Then the set

{9-X; g€ GL2(OF), (®,9-X) <A}

18 finite.

Proof. This follows as a result of Proposition 4.3.4. Indeed, let

r

X:zr:)\iXi, /\ieR-l-)Z)\i:l

i=1 i=1

for some X; € =, and suppose on the contrary that the above set is infinite. If
each point X; had a finite orbit under the action of GL2(OFr), then there would
be only a finite number of possible images of X; thus, without loss of generality,
we may assume that X; has infinitely many GLo(OFp)-translates.

However, by Proposition 4.3.4, there are only finitely many points Y € =
such that (®,Y) < /\%, so we must have (®,g- X1) > /\% for some g € GLy(OF),
whence (®,g- X) > A, a contradiction. O

Corollary 4.3.11. Let X € C(Q) and fix A € Ry.. Then the set of values
{{®, X); ® a perfect form, (&, X) < A}

18 finite.

Proof. By Theorem 4.2.5, there are only finitely many GLo(Op)-orbits of
perfect forms, so let @1, ..., d, be a set of representatives. Thus for an arbitrary
perfect form ®, we have ® = g - ®; for some 7 and some g € GL2(OF), and so

(@, X) =(g- P4, X) = (P4s,9" - X),

by definition of the inner product on V.
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By Proposition 4.3.10, only finitely many members of the orbit GLa(OF)-
X satisfy the required inequality, and the result follows. O

We require the following classification of the facet F(X) in which a point
X e II lies:

Proposition 4.3.12. Let F be a facet of I, and let X € II. Then X is
contained in F if, and only if, (Pr, X) < (®g, X) for all neighbouring facets G
of F.

Proof. (For an alternative proof, see [Gun99], Lemma 4). If X is con-
tained in F, then (®x, X) = 1, and we may write

X:Z/\qu )\iGR+, Z/\z:1
=1 =1

for some X; € M(F). Since for any neighbouring facet G of F, (®g, X;) > 1,
we have

(Bg, X) = Zn: Ai(®g, X,) > Zn: A= 1,
i=1 i=1

as required.

Conversely, suppose X ¢ F, and let

B]—‘ = Z X,’

X, EM(F)

denote the (scaled) barycenter of F. Parametrize the line in C joining X and
B by defining
P,:=(1—-t)Br +tX, t€[0,1]

(note that, since C is a convex cone, P; is indeed contained in C).

Now, P lies in the cone above F for small ¢, but must eventually leave this
cone, as for t close to 1, @Q; lies in the same cone as X, and X ¢ F. Thus
P,, must lie in the cone above £ for some codimension two face £ of II and
some to € (0,1). Let G be the facet which meets F in the face &£, so we have
(®r, Pyy) = (Pg, P,) (by the construction in Proposition 4.3.5). Equating
the two, we obtain

(1 = to)(®F, BF) + to(Pr, X) = (1 — t0){(Pg, Br) + to(Pg, X).

But (&g, Br) > (Px,Bx), since not every vertex of F is a minimal vector
of ®g, and thus we must have (®x, X) > (Pg, X), as required. O
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As a consequence, we note the following;:

Corollary 4.3.13. Let F be a facet of I, and let X € II. Then (®g, X) =
(DF, X) for some neighbouring facet G of F if, and only if, X € FNG.

The reduction algorithm as presented in [Gun99], Theorem 3 is then:

Theorem 4.3.14. Given X € 11, define an algorithm as follows. Choose a facet
F of II, and choose the neighbouring facet G of F such that (®g, X) is minimal
amongst all such neighbours. If (®g, X) < (Px, X), then replace F with G, and
repeat. Otherwise, terminate the procedure.

This algorithm terminates after a finite number of steps, and the facet F(X)
containing X is the final facet of 11 selected by the procedure.

Note that, since any point in C lies above a facet of II, the algorithm works
equally well when applied to an arbitrary point in C, since some scalar multiple
of it lies in II.

Proof. By Proposition 4.3.12, the algorithm will produced the required
facet of II if it terminates, so it remains to prove termination. At each non-
terminating stage, we replace a perfect form ® with a perfect form @’ such that
(?', X) < (®,X). Corollary 4.3.11 shows that there are only finitely many
possible values of (®, X) < (&, X), where F is our initial choice of facet, and
consequently the algorithm must terminate after a finite number of steps. [

We note, finally, that for an arbitrary point X € C, we have AX € II for
some A € R;. Thus the above algorithm will, given a point X in C which does
not lie in the Koecher polytope, produce the perfect pyramid in which X lies
(being the cone above the facet in which AX lies).
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4.4 Facets of the Koecher Polytope

As we have seen previously, in order to understand the Koecher polytope
IT it suffices to understand a set of representatives for the finite number of
GL3(Op)-orbits of facets of II, as every face is a subpolytope of such a facet.
For our future computations, we will require knowledge of both the facets of
IT and the perfect forms associated to them, and we shall therefore use this
section to discuss a few observations which arose during our study. Throughout
this section, we shall assume that F' is a quartic CM field (we shall discuss the
reasons for our further specialization to quartic fields in the next chapter).

Let F = Q(t) be our quartic CM field, which we shall continue to assume is
Galois, and suppose for simplicity that the class group of F' is trivial. Denote
by K the real quadratic subfield of F. Fix a choice v1,vs of non-conjugate
embeddings of F' into the complex numbers, and denote by o the element of
Gal(F/Q) satistying vo = v1 0 0.

We begin by briefly discussing the practical means by which we switch be-
tween facets of IT and their corresponding perfect forms. Moving from a facet
to a form is simple: by Proposition 4.2.2, knowledge of the vertices of a facet
F (the set of which contains a subset of minimal vectors of ®z which spans V
as a real vector space) immediately allows us to compute @z by solving a linear
system of equations.

Conversely, given a perfect form &, we can define a quadratic form
Q:0% — Qby
Q(z,y) = 5(®,q(z +y) — a(z) — q(y))
(note that by Proposition 4.3.2; since ® € C(Q), this does indeed define a
map into Q).

By fixing a Z-basis for O, we can identify O% with Z®, and compute the
rational matrix Ag of @ with respect to this matrix (note that, since ® is a
positive definite Hermitian form, Ag is positive definite). We can then define
an integral lattice Ly equipped with an inner product given by

(P1, Py)q = Pl AqP,

which can be constructed using MAGMA. Note that, if the point x € O%
corresponds to P, in Lg, then

(®.q(x)) = Q(z,2) = (Pr, o) = | Bl »

and so all minimal vectors of ® correspond to points in Lg of unit norm, and
similarly all points in Ly of unit norm give rise to a minimal vector (although
multiple points can correspond to the same minimal vector).
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Since Aq is positive definite, the set of such vectors is finite, and may be
enumerated (using standard routines in MAGMA), allowing us to reconstruct
the minimal vectors of our form ®.

We can therefore choose to work either with the set M (®) of minimal vectors
of a perfect form @, or the set

{z € O%; q(x) € M(D)}.

For computational efficiency, we prefer to work with smaller sets, and so choose
to use M(®). However, there is in fact a potentially smaller set, which still
retains all the information about the Koecher polytope, namely the set M (Fg)
of vertices of the facet Feo.

Recall from the previous section that we define the subset Zp.im to be the
points ¢(z),z € O% that are minimal vectors of some perfect form, and that II
is the convex hull of Z,,i. In the classical situation, it is easy to see that

Eprim = {q(z); z € Z* is primitive},

where we say that © = (¢ ) is primitive if ged(a, b) = 1. In fact, each such point
corresponds to a vertex of II, but this need not be the case for all fields.

We would therefore like to know how to determine precisely which minimal
vectors are vertices. While this can be done simply by constructing the convex
hull, this can be time consuming, so we would like to find a swifter method.
The following result provides this:

Proposition 4.4.1. Let F' be a Galois quartic CM field, with trivial class group,
and let ® be a perfect form. Then there exists a minimal vector q(x) € M(P)
which is not a vertex of Il if, and only if, there exist at least three vectors
T1,%2,T3 € O% such that:

(i) The points q(x1), q(z2) and g(x3) are distinct minimal vectors of ®; and

(ii) x1, xo and x3 are scalar multiples of each other.

Proof. Suppose first that g(x) € M(®) does not correspond to a vertex of
II. Multiplying by an element of GL2(OpF) if necessary, we may assume that
x = (§) for some z € Op (since if ¢(x) is a convex linear combination of points
in C, so too must ¢(gz) be). Then we have A,..., A\, € Ry and 21,...,2, € O%
(where necessarily r > 2) such that

Z Aigq(z;) = q(z)

and so, letting x; = (3! ), we have in particular

r

(il wiwi Y _ (122 0
Z )\2 (ﬂrﬂ)i I’Ui‘2 - 0 0)/°
=1

1=
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Since all of the A; are positive, it follows that we must have v; = 0 for each
1, and the result follows.

Conversely, suppose that we have three vectors z,x2, 23 € O% satisfying
conditions (i) and (ii) and, without loss of generality, suppose they take the
form z; = ('§) for some u; € Op. Note that if |uz|> = Aug|? for some A € Q,
then (@, q(x2)) = AP, q(z3)), whence A = 1, and ¢(z2) = ¢(z3). Since the g(z;)
are assumed distinct, this is not possible, and so |us|? and |uz|* are two Q-
linearly independent elements of the quadratic field K, and thus form a Q-basis
for K. In particular, we have |u;|? = A uz|? + plus|? for some A, u € Q.

Now, since |ui|> > 0, at most one of A, p can be negative. Thus (re-
labeling the z; if necessary) we may assume that g(z1) = Ag(x2) + pg(zs),
where A\, u € Q4. Then

1= (®,q(z1)) = MNP, q(x2)) + p(®, q(3)) = A+ 1,

and so ¢(x1) is a convex linear combination of ¢(z2) and g(x3), and thus is not
a vertex of II. O

Thus, given a perfect form ®, we can construct the set of points z € 0%
such that ¢g(x) € M(®), and take a representative for each minimal vector. From
these, it is a quick check to see whether or not we have a set of three vectors
satisfying conditions (i) and (ii) above, and from each such set, it is easy to
determine which of the corresponding minimal vectors is a convex combination
of the other two. Omitting all such minimal vectors, we obtain the set M (Fg)
of vertices of the facet ®.

To see that this is a valid concern, consider the field F = Q(t), where t
denotes a primitive eighth root of unity. As we shall see in the next section,
there is a perfect form ® = [M, M?], where

1 ( —B+t+2 B+t2-1 )

M=gl —e—i-1 —Byi42

Now, for z € 0%, we have

(®,q(x)) = 2Tr(Mzz™) + 2Tr(Mz7x*7))
= Trp)g(a" Mz).

Using this, one can see that the points
Xl = Q((lj)a X2 :(J(t3_(f+1) ) X3 = Q(lat)
are all minimal vectors of ®, and we have
X3 = 3X1 + £ Xo,

as expected (note too that the vector (1at) is not primitive, as
Normp /(1 —t) = 2).
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We remark that, as we would hope, primitive vectors in 0% do still corre-
spond to vertices of II:

Corollary 4.4.2. If x € O% is primitive, then q(x) is a vertex of II.

Proof. Without loss of generality, we may assume that x = ({). If ¢(z) is
not a vertex of Il, then we have x1,xz9 € (912;, and A1, Ay € Q4, with Ay + Ao =1,
such that ¢(z) = A1q(z1) + A2q(x2), and thus z; = (4 ) for some a; € Op. It
therefore suffices to show that it is not possible to write

1= )\|a1|2 +(1- )\)|ag|2
where 0 < A < 1 and ay, a2 € O, with neither of the a; torsion units.

More generally, we will show that it is not possible to express
1= w4+ (1 = Nws

where 0 < A < 1 and wy,ws € Ok are totally positive, unless w; = wy = 1.
Indeed, since K is a real quadratic field, it is isomorphic to Q(v/d) for some
positive square-free integer d. If d #Z 1 (mod 4), then write w; = u; + v;Vd.
Then

1 =TRe[Awy + (1 — Nwa] = Aug + (1 — Nus.

Since the w; are totally positive, u; > 1, with equality if, and only if, v; = 0.
But since A > 0, this equation can only hold if u; = uy = 1, as required.

If d =1 (mod 4), then write w; = (u; + $v;) + $v;Vd. Then
1 1
1 =Re[Awy + (1 = Nws] = AMug + 51)1) + (1= XN)(u2 + 5'{)2).

Note that, since each w; is totally positive, we must have (u; + %vz) > 1.
Indeed, if (ui—i—%vi) = %, then v; = 1—2uy, so |v;| > 1. Since d > 5, |%vl\/&| > %,
and so either w; or its conjugate is negative, contradicting the assumption that
w; be totally positive. Thus we must have (u; + %vz) =1, whence v; = 2 — 2u;,
so either v; = 0 or |v;| > 2. The latter assumption again leads us to conclude
that w; is not totally positive, so v; = 0, and w; = 1, as required. O

As a final note, we recall that throughout the previous chapter, we had
assumed that the Koecher polytope satisfied the conditions of Proposition
4.3.1, namely that no facet of II was contained completely in the boundary
OC = C \ C of C. We can now justify this claim:
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Proposition 4.4.3. If a face £ of the Koecher polytope 11 is contained com-
pletely in the boundary OC, then £ has at most two vertices.

Moreover, a non-vertex point in I lies in the boundary OC if, and only if, it
s contained in such a face.

Proof. Let ® be a perfect form, and let z,y € O% such that g(z) and
q(y) are distinct minimal vectors of ®. Without loss of generality, assume that
x=(§) and y = (%) for some a,u,v € Op, with a non-zero. Then the cone

spanned by ¢(z) and ¢(y) is contained in the boundary if, and only if
u|? uv
(1) +a-n (5 )
is semi-definite for all A € [0, 1], i.e., if, and only if,
M1 = Na]*|v)* =0

for all A € [0, 1], which occurs if, and only if, v = 0, i.e.,  and y lie in the same
F-span.

Thus a face is contained within the boundary if, and only if, the vectors corre-
sponding to its vertices span a 1-dimensional vector space. But by Proposition
4.4.1, these can correspond to at most two such vertices in any given cone.

For the second statement, suppose we have vertices ¢(x1),...,q(x,) and
A1,...,Ar € Ry such that

T
> Nig(w;) € C,
i=1
and assume without loss of generality that 1 = (§). Then, writing the remain-
ing sum as (¥%9), where u,w € Of and uw — |[v|? € OF U {0} (since the sum
defines a point in C), we must have A1 |a|?w+ (uw — |v|?) = 0, whence v = w = 0.
Thus x1,...,z, all lie in the same F-span, so r < 2, and the result follows. [

Thus clearly no facet of II (whose vertices by definition must span the real
vector space V) can be contained fully in the boundary of C.
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4.5 Examples

We illustrate these ideas by providing details of the decomposition of the
Koecher polytope for three examples of quartic CM fields F' of small discrimi-
nant.

4.5.1 The Field F}

Let Fy = Q(t), where ¢ = (12 denotes a primitive twelfth root of unity. Let o €
Gal(F/Q) be the automorphism of F' sending ¢ to 7. There are two equivalence
classes of perfect forms under the action of GLy(OF), with representatives given
by the Hermitian forms [My, M{] and [Ms, MS], where

oo L PE2+3 20 +42 -1 -2
o\ 88— 2—t—1  —t342t+3
and
M= L 243 34t —t-2
2T\ B-—r—t—-1 —3+2+5 ’

whose corresponding perfect pyramids have 20 and 8 vertices respectively.

We present details of the decomposition of the Koecher polytope below. By
a boundary face we mean a face of II that lies completely within the bondary
OC of the cone of positive definite forms; the columns denoted simplicial and
non-simplicial faces implicitly refer to faces which have non-trivial intersection

with C.

Dimension | Simplicial Faces | Non-Simplicial Faces | Boundary Faces | Total
1 1 0 1 2
2 4 0 0 4
3 12 1 0 13
4 15 2 0 17
5 11 3 0 14
6 4 2 0 6
7 1 1 0 2

We also note:

e There is a single 3-dimensional non-simplicial face, with 6 vertices.
e There are two 4-dimensional non-simplicial faces, each with 7 vertices.
e There are three 5-dimensional non-simplicial faces, each with 8 vertices.

e There is one 6-dimensional non-simplicial face with 10 vertices, and one
with 11 vertices.

e The single 7-dimensional non-simplicial face has 20 vertices, as noted pre-
viously.
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4.5.2 The Field F,

Let Fy = Q(t), where t is a root of the polynomial z* — 23 + 222 + x + 1. Let
o € Gal(F/Q) be the automorphism of F sending ¢ to t3 — t? 4+ 2t + 1. There
are two equivalence classes of perfect forms under the action of GLy(OF), with
representatives given by the Hermitian forms [M;, M{] and [Ms, MJ], where

M= L 3t3 +21 —12¢3 4 141% — 22t — 8
760 \ 663 — 1442 + 22t — 4 3t3 4+ 21
and
M= L 3t 451 —28t% 4 30t* — 40t — 16
2760 \ 743 — 3062 + 40t — 11 30 ’

whose corresponding perfect pyramids have 40 and 8 vertices respectively.

As before, we present details of the decomposition of the Koecher polytope:

Dimension | Simplicial Faces | Non-Simplicial Faces | Boundary Faces | Total
1 1 0 1 1

5

11

14

10

6

2

N O Ut WN
=N O
N S
(el sl en B e Bl e M en]

We also note:

e There is a single 2-dimensional non-simplicial face, with 4 vertices.
e There are two 3-dimensional non-simplicial faces, each with 5 vertices.

e There are four 4-dimension non-simplicial faces with 6 vertices, and three
with 7 vertices.

e There is a single 5-dimensional non-simplicial face with 8 vertices, two
with 9 vertices, and three with 10 vertices.

e There is a single 6-dimensional non-simplicial face with 12 vertices, two
with 15 vertices, and one with 20 vertices.

e The single 7-dimensional non-simplical face has 40 vertices, as noted pre-
viously.
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4.5.3 The Field F;

Let F3 = Q(t), where t = (g denotes a primitive eighth root of unity. Let
o € Gal(F/Q) denote the automorphism of F' sending ¢ to ¢3. There are three
equivalence classes of perfect forms under the action of GLo(Op), with rep-
resentatives given by the Hermitian forms [M;, MY, [M2, MJ] and [Ms5, MS],
where

Moo L 2 H2t+d 222
Y716\ 283442 -2 —28342t+4 )
Moo L —t34+t+2 -2 -2t -1
2T g\ 2322+t —1 —4t3 4+ 4t + 6
and
Moo L EAt2 P21
3T\ —2—t—1 —34t+2 )

whose corresponding perfect pyramids have 12, 12 and 24 vertices respectively.

As before, we present details of the decomposition of the Koecher polytope:

Dimension | Simplicial Faces | Non-Simplicial Faces | Boundary Faces | Total
1 2 0 1 3
2 8 0 0 8
3 23 1 0 24
4 33 4 0 37
5 27 7 0 34
6 4 10 0 14
7 0 3 0 3

We also note:

e There is a single 3-dimensional non-simplicial face, with 6 vertices.

e There are two 4-dimensional non-simplicial faces with 6 vertices, and two
with 7 vertices.

e There are four 5-dimensional non-simplicial faces with 7 vertices, and three
with 8 vertices.

e There are four 6-dimensional non-simplicial faces with 8 vertices, four with
9 vertices, one with 10 vertices, and one with 11 vertices.

e There are two 7-dimensional non-simplicial faces with 12 vertices, and one
with 24 vertices, as noted previously.
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Chapter 5

The Cohomology of
Arithmetic Subgroups

This chapter concerns the practical computation of both the group coho-
mology H*(I'p(n),C) and the Hecke action on cohomology classes. We begin in
Section 5.1 by presenting a cell complex, known as the sharbly complex, whose
homology is dual to the group cohomology we wish to study, and which exhibits
a Hecke action.

Section 5.2 provides an in-depth explanation of how we can compute the
group cohomology via the homology of the sharbly complex, and the techniques
required in order to compute the Hecke action on classes in the sharbly homol-
ogy. In Section 5.3 we present details of Hecke eigenclasses in the sharbly
homology which correspond to cuspidal automorphic forms, while in Section
5.4 we discuss some of the practical issues regarding our computations.

85
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5.1 The Sharbly Complex

We now move towards our main task of finding modular elliptic curves,
beginning by studying the automorphic representations with which we hope to
match such curves. As before, let F' be a number field, with ring of integers
Op, and set G = Resp;g(GL2). We shall assume throughout that F' has trivial
class group, and signature [r,s]. Given an ideal n of F, define an arithmetic
subgroup Io(n) of G(Q) ~ GLy(F) to be the subgroup

Lo(n) :=={(2Y) € GL2(Op); c€n}.

Let Sy denote the set of finite places of F'. Similarly to the classical case in
Section 3.2, define a compact subgroup Ky(n) of

G(Af) ~ ] GL2(F)

veS;
to be the product of the subgroups K, (n) for v € S¢, where

K,(n)={(2%) € GL2(O,); ¢ =0 (mod n)}
if v divides n, and K,(n) = GL(O,) otherwise.

Then, denoting by X the symmetric space G(R)/A%(R)K o, we have (since
F is assumed to have trivial class group) an identification

Po(m)\X = Ag(R)G(Q\G(A)/ Ko Ko(n),

as in Section 3.4. By the results of that section, we can realise automor-
phic representations through the cohomology of the locally symmetric space
I'p(n)\X. In turn (as for the classical case in Section 2.6), we can identify this
with the group cohomology H*(T'y(n), C).

There are two main approaches for computing this cohomology. The first is
perhaps the most obvious; using the Koecher decomposition of the symmetric
space X, one can naturally construct a cell complex using the resulting Koecher
cells. One can then compute the cohomology of I'g(n)\X by computing the
I'yp(n)-equivariant cohomology of this complex - since there are only finitely
many Koecher cells under the action of I'g(n), this computation can indeed be
performed in practice.

We shall take a second approach, which has noticeable advantages over the
first. The trouble with working with the Koecher cell complex is that it is fairly
restrictive - the Hecke operators which we shall later want to compute do not
preserve the Koecher cells, and so we cannot hope to compute their action on
the cohomology using this method. The approach which we shall now explain
allows us to compute both the cohomology and the Hecke action, by working
with a much larger space.
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To begin with, we require a few preliminary notions. Let I" be an arbitrary
arithmetic subgroup of G(Q), for G a reductive algebraic group defined over Q.
If T is torsion-free, we define the cohomological dimension of T' to be the smallest
integer v such that HYT1(I', M) = 0 for all coefficient systems M. For an
arbitrary arithmetic subgroup I', we define the virtual comological dimension v
of I' to be the cohomological dimension of any finite-index torsion-free subgroup
(this is known to be well-defined).

A formula for the virtual cohomological dimension is given by the following
result (see [BS73], Theorem 11.4.4):

Theorem 5.1.1. Let G be a reductive Q-group, R its radical, and
X = G(R)/ALR)K

a globally symmetric space, where AL(R) denotes the split component of G(R)
and K is a maximal compact subgroup of G(R). Then for any arithmetic sub-
group T of G(Q), we have

v = dim(X) — rko(G/R).

Returning to the case of G = Resp/g(GL2), where we recall that F' has
signature [r, s], the radical R is the subgroup of diagonal matrices, and subse-
quently rkg(G/R) = 1, while we have seen previously that dim(X) = 3r+4s—1,
and so

v=3r+4s—2

for each arithmetic subgroup I" of G(Q).

Next, let P!(F) denote the projective line over our field F, and let Z[P!(F)]
denote the free abelian group generated by it. One defines the augmentation
map € : Z[P*(F)] — Z by

€ (anP) = an,

and subsequently we define the Steinberg module Sty for GLa(F) by the short
exact sequence
0 — Sty — Z[PY(F)] - Z — 0.

This clearly admits an action of GLo(F'), induced by the action on P*(F).

The Steinberg module is a dualizing module for T'y(n) (in the sense of [BS73],
Section 11.4) and so we have

H"~*(Ty(n),C) = Hi(To(n),St2 @z C),

a result known as Borel-Serre duality.
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To compute the homology of I'g(n) with coefficients in the Steinberg module,
we require an appropriate resolution of Sto. Such a resolution is provided for us
by the sharbly complex. This is defined as follows: for each k, let A denote the
Z-module of Z-linear combinations of (k + 2)-tuples u = [uy, ..., ugt2], where
u; € O%. In addition, let Rj denote the submodule generated by the relations:

o [ur,... , upyo] —5g0(0)[Ug(1), - - -, Ug(kt2)], for any permutation o € Siyo;

b [u7u27 s 7uk+2} - [U,’UQ, s 7uk+2]’ for any u,v € O%‘ with q(“’) = )\q(’l]),
for some A € Ry;

® [u1,...,Ups2], if the F-span of the vectors us,...,ur12 is 1-dimensional
(we call such sharblies degenerate).

We then define the Z-module of k-sharblies to be the quotient
Sk = Ag/Ry.

Using the relations in Ry, we shall always assume that the vectors u; € O%
satisfy the property that there is no point of Z on the line segment joining q(u;)
with the origin (that is, if v; € O% with q(v;) = Aq(u;) for some X\ € R, then
A>1).

One can define a boundary map 0 : . — %,_1 by

k+2
8([U1, . ,uk+2]) = Z(—l)i"'l[ul, . 7’IALi7 e ,’U/]g+2]7

i=1

where 4, indicates that we omit w;. The resulting complex %, is called the
sharbly complex. The sharbly complex admits an obvious action of GLy(OF),
given by

g ur,. .. upye] = [gui, ..., guria], 9 € GL2(OF),

and this clearly commutes with the boundary map. In particular, for any sub-
group I' of GLy(OF), we can define the quotient of T'-coinvariants, (Z)r, by
enforcing the additional relation

o [uy,...,Upsa] — - [ut,...,upyo] for all vy € T.

One can define a map ¢ : % — Sty as follows: given u € 0%, let [u]
denote the line spanned by u, viewed as an element of P'(F). Then, given
u = [ug,us] € S, we define

p(u) = [ur] = [ua].
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This map is well-defined: indeed, the first and third relations defining the
sharbly complex clearly have no effect on ¢. For the second, suppose that
q(u) = Aq(v) for some X € R; and u,v € O%. Without loss of generality (since
the map ¢ is GLa(F)-equivariant) we may assume that v = (§) and so v = (}),
whence u = ba~'v. Since a,b € Op, ba~! € F, and so [u] = [v], as required.

Consequently, we can define a sequence

N A LN N N Ny TN}

In fact (see [AGM11], Theorem 5) this sequence is exact, and thus pro-
vides an acyclic resolution of the Steinberg module. In particular, we have an
isomorphism

H""*(Ty(n),C) ~ Hi((-)ry(n), C),

the latter of which is straightforward to determine computationally.

All the results we have stated apply to an arbitrary number field. Henceforth,
with the results of Section 3.5 in mind, we shall specialize to CM fields. In fact,
we shall restrict ourselves further to quartic CM fields, for reasons which shall
soon become apparent. In this case, F' has signature [0, 2], and thus the virtual
cohomological dimension of any subgroup T'g(n) is 6, by Theorem 5.1.1. In
addition, by Corollary 3.4.2, we have

Héusp(ro(n)’ (C) =0if: ¢ [2’ 5]7
so the smallest degree of the sharbly homology in which we could hope to study
cuspidal classes is degree 1. In the next section, we shall describe a method for
computing the Hecke action on these particular homology groups.
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5.2 Hecke Operators and Sharbly Reduction

The action of GLy(OF) on (% )r (for an arithmetic subgroup I' of GLy(OF))
extends readily to an action of the subgroup M (Op) N GL2(F') of GLy(F). In
particular, suppose g € GLy(F) such that the groups I'y := I' N g 'T'g and
I'y := I'NgIl'g~! have finite index in I'. Then the resulting Hecke correspondence:

I i} T
L1J JLQ
T T

where ¢; denotes the inclusion I'; < I", and a4 is the homomorphism

[y —To, v gyg?

defines in turn a correspondence on homology groups:

H\(H,,C) —2% Hy (S, C) .

L;T J{LQ,*

H,(47,C) H,(s7,C)

Working through the definitions, it is not difficult to see that the correspond-
ing Hecke operator T, acts on (Z)r via

Ty(u) = Z gi - 4,
i=1

where we have a decomposition of the double coset space

T'gl' = ﬁ Tg;.

i=1

Most importantly, the isomorphism
HU?k(FO(n)a C) = Hk((y*)Fo(n)a (C)v

is Hecke equivariant (see, for example, [AGM13], Theorem 2.4), meaning
that it commutes with the action of the Hecke operators on the respective spaces.

In particular, let I' = T'g(n) for some ideal n of F, and let g = (§ %), where v

generates a prime ideal p of F' not dividing n. Then, by the results of Section
3.4 and the previous section, we can use the homology of the sharbly complex
to compute the Hecke action on the corresponding spaces of cusp forms.
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It is straightforward to compute a set of representatives g; for the double
coset To(n) (§ 9)To(n), as the following result shows:

Proposition 5.2.1. Let p be a prime ideal of a number field F with trivial class
group, with generator v, and let ay,...,aq—1 be a representative set of lifts of
the elements of Op/p. Then a set of representatives for the g; is given by

o %)l ) 6 )y

Moreover, any set of representatives gives the same Hecke action.

Proof. This is a standard result, but for the sake of completeness we give
a proof. Let v = (%) € Ty(n), and note that

GOE D6 (),
BED6 -

If a € p, then the right-hand matrix in the second equation lies in T'g(n). If

a ¢ p, then b — ac; € p for some «;, and thus the right-hand matrix in the first
equation belongs to I'g(n). Thus the cosets I'g(n)g; cover To(n) (§ %) To(n).

and

Next, we note that I'o(n)g; # I'o(n)g; if 7 # j, i.e., the union is disjoint. To
see this, we note that

GG -6 )
oG =)

The latter is clearly not an element of GL2(Op) while the former only belongs

to To(n) if v™1(a; — a;) € Op, i.e., if a; and a; project to the same element in
Or/p, which implies that i = j.

while

Now, suppose we have two sets of representatives {¢1,...,g,} and {¢1, ..., 4.}
Then, after reordering if necessary, we must have g; = -y, g, for some ; € To(n).

But then
n n n
Yogiu=) vi-(giw=) gi-u
=1 i=1 =1

for any sharbly u, using the relations on (.%%)r, (), and thus both sets of repre-
sentatives yield the same Hecke action. O
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One problem soon becomes apparent: the operators T}, do not preserve any
finitely-generated submodule of .#} for any k. Indeed, suppose we define a
notion of the “size” of a sharbly as follows (a definition that we borrow from
[GHY13]): given a O-sharbly u = [u1, us], define the size of u to be the absolute
value of Normpq (det (u1|uz)), where (u1|uz) is the matrix with columns given
by the vectors u; and us. One can see that this is well-defined: indeed, we
observe that det (u1|ug) = det(ujuf4usu}), and the conditions we have imposed
on the sharbly complex means that the points w;u] and wguj are uniquely
determined (since the points q(u1) and g(ug) are).

We can extend this notion to an arbitrary k-sharbly u by defining the size of
u to be the maximal size of a O-sharbly u’ formed using any of the columns of
u. Then, given any prime ideal p and a sharbly u, we have Normp,q(det(7;)) =
Normpg /g (p) for each representative y; from the corresponding double coset de-
composition, and so the Hecke operator will, in general, increase the size of any
given sharbly.

We therefore take the following approach: for each value of k, we choose
a finite set of k-sharblies, and consider the subcomplex of (7)) generated
by these sets. Suppose that the homology in degree k of this subcomplex is
isomorphic to that of the whole complex (% )r,(n) (Which can be ascertained by
comparing Betti numbers, for example) and that, given a cycle £ € (Z)pym)»
one can construct a homologous cycle & whose support consists entirely of
sharblies contained in our finite set. Then, given a basis for the homology in
degree k of our subcomplex, we can apply a given Hecke operator to each basis
cycle in turn, and then rewrite the resulting cycle in terms of our original basis,
allowing us to effectively compute the Hecke action.

Our choice of subcomplex is as follows: call a k-sharbly u = [ug, ..., ug42]
totally reduced if the points {g(u1),...,q(ur1+2)} are the vertices of a face of the
Koecher polytope II. Then we take the subcomplex generated by the totally re-
duced sharblies to be our object of study. Note that, since there are only finitely
many faces of IT modulo the action of I'y(n), there are only finitely many totally
reduced sharblies up to I'g(n)-equivalence, and so this subcomplex is indeed
finitely-generated. For each of the fields we have studied, this particular choice
of subcomplex proves to be sufficient, in that the algorithm which follows always
produces a sharbly chain whose support consists of totally reduced sharblies.

At this point we remark that our choice of subcomplex differs from that
in [GHY13]. They define a sharbly u = [u1,...,ugt2] to be reduced if the
points {q(u1),...,q(uxy+2)} are a subset of the vertices of some face of II. This
produces, in general, a much larger subcomplex than that generated by totally
reduced sharblies, but (after enforcing some additional relations on the sharbly
complex) accounts for non-simplicial faces of II - our definition of a totally
reduced sharbly only corresponds to a simplicial face of II. However, all of our
computations match up to those of the aforementioned paper. We shall make
use of both the terms reduced and totally reduced in the sequel.
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We will give a new definition of the size of a sharbly. Given a sharbly

u=[up,...,up2], let

k42

Blw) = q(w),

i=1
and let 7y, and ®, denote the facet of II above which B(u) lies and the perfect
form corresponding to F, respectively (so that (®,,B(u)) is minimal amongst
all perfect forms). We then define the size N(u) of u to be

N(u) = (P, B(u)).

Note that N(u) > k + 2, with equality if, and only if, u is totally reduced
(as N(u) = k + 2 if, and only if, (Dy,q(u;)) =1 forall i =1,...,k+ 2, ie,
if, and only if, each g(u;) is a vertex of Fy). This does not distinguish between
reduced and totally reduced sharblies, however.

It seems that the two notions of size (ours and that given in [GHY13])
appear to correspond, in the sense that if a sharbly has small size according
to one definition, then it has according to the other also, although we are un-
able to prove an exact relation between the two. The definition of [GHY13]
seems, in practice, to distinguish between reduced and totally reduced shar-
blies (for example, a totally reduced non-degenerate O-sharbly u often satisfies
Normp/g(det(u1|uz)) = 1), while ours extends readily to more general positivity
domains.

Given a sharbly chain £ which defines a cycle in the homology of (#%)r,(n)
we would like to find a second sharbly chain, homologous to the first, whose
support consists of totally reduced sharblies. In the remainder of this section,
we shall define an algorithm which, given a 1-sharbly u in the support of such
a cycle &, produces a 1-sharbly chain whose support comprises 1-sharblies that
are “closer” to being totally reduced than u (in the sense that either the sizes
of the resulting 1-sharblies are smaller than that of u, or these 1-sharblies are
totally reduced). Moreover, the resulting chains should satisfy the condition
that, when we perform one iteration of the algorithm for each of the sharblies in
the support of £, then the chain produced by summing over all the resulting 1-
sharblies should in fact be a cycle homologous to £, thus enabling us to compute
the Hecke action on the sharbly homoloy Hi((-%%)r,m),C).

For illustrative purposes, we will first give an algorithm which works for
O-sharblies. Let u = [uj,us2] be an arbitrary 0-sharbly, which is not totally
reduced, and let B(u), Fy and ®, be as above. Note that, for any = € O%, we
have

8[U2,u1,$] = [ulvx] + [.’E,’LLQ] + [U’Q?ul]v

so that

[ur, ] + [x,us] = u+ Oug, u, x]
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is homologous to u. Our aim is to find a point z € O% such that the sharblies
[ur,z] and [z, us] are in a sense more reduced than u, by which we mean that
they either have smaller size than u (if u is not reduced) or are totally reduced
(if u is reduced, but not totally reduced). We call such a point a reducing point
for u.

Note first that the points g(u1) and ¢(us) need not be vertices of II. While
in practice this doesn’t cause an issue, the following result shows that we can,
without loss of generality, assume that both are vertices:

Lemma 5.2.2. Let u = [uy,us] be a 0-sharbly. Then we can find a chain

fzz AvV

of 0-sharblies v = [v1, va] such that each q(v;) is a vertex of 11, and £ is homol-
ogous to u.

Proof. For each 4, let u; = (3!), 2z = ged(z4,y:), and w; = z;lui € 0%
(recall that we have restricted attention to fields with trivial class group, and
so the notion of ged makes sense). Then

O([ug, w1, wi] + [ug, wi, wa]) = [ug, u1] + (w1, wa],

(since the sharblies [u;, w;] are degenerate) and the g(w;) are vertices of II (by
Corollary 4.4.2, since each w; is primitive). Thus

§ =u+ 9([uz, u1,wi] + [uz, wy, wa])
is our desired chain. a
We shall henceforth suppose that both ¢(u1) and g(us) are vertices of II.
Suppose first that u is also non-degenerate. There are three possibilities:
(i) u is reduced, but not totally reduced;
(ii) w is not reduced, but exactly one of the g(u;) is a vertex of Fy;
(iii) Neither g(u;) nor g(usg) is a vertex of Fy.
In the first case, we choose a reducing point x € 0% with q(z) € M(Fy,)

such that both [u,z] and [z, us] are totally reduced (or, if this is not possible,
at least one of these sharblies is).
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In the second case, suppose, without loss of generality, that g(u;) is a vertex
of Fy. Since g(uz) ¢ Fu, there is some neighbouring facet G such that

(®g,q(u2)) < (Pusg(u2)),

by Corollary 4.3.13. Then, if ¢(x) € M(Fy) N M(G), the O-sharbly [u1, ] is
reduced, and we have

N([z, u2]) = (P, u,), ¢()+q(u2)) < (Pg, q(x)+q(u2)) < (Pu, q(2)+q(uz2)) = N(u),
as required, so we choose a reducing point from amongst all such points z € O%.
In the third and final case, note that for z € 0% with q(z) € M(Fy),

N([ur, ]) + N[z, u2]) < (Pu, g(ur) + q(uz) + 2¢(x))
= N(u)+2.

Without loss of generality, suppose N ([u1,z]) < N([uz,z]), so that (noting
that, since u is not reduced, N(u) > 2)

N([u1,z]) < $N(u) +1 < N(u).
Moreover, if [u1, ] is not reduced, then, since
N([ur,2]) + N([uz, z]) < N(u) + 2,

we must have N ([ug, x]) < N(u) as well. On the other hand, if [u1, x] is reduced,
then the barycentre B([u1, z]) must lie above the facet of IT containing both ¢(u;)
and ¢(z). Since g(uy) is not a vertex of Fy, B([u1,z]) cannot lie above Fy, and
so

N([u1,z]) + N([ug, z]) < N(u) + 2,

and so once again N ([ug,z]) < N(u). Thus we can choose as a reducing point
for u any point x € O% with g(z) € M(Fy).

Finally, suppose that u is degenerate (that is, us = Au; for some A € F).
Without loss of generality, we may assume that u; = ({). Since B(u) must
be a positive linear combination of vertices of JFy, it is clear that each vertex
appearing in this sum must be of the form ¢(z), where x also lies in the same F-
span as u;. Thus we may choose for our reducing point any such point z € O0%.

The case of 1-sharblies is significantly more complicated. To begin with, let
§=2_ Auu
be a cycle in (.-#1)r, ). The cycle condition then implies that

06 =" Ayv =0 (mod Ty(n)),

where v is an edge of u.
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Fix a set {wy,...,w,} of I'y(n)-representatives for the edges v € Supp(9¢),
up to sign. There are three possibilities for each w; that we must consider:

e w; is degenerate;

e w; is non-degenerate, and there is no element of I'g(n) which reverses the
orientation of w; (we call such sharblies non-trivial);

e w; is non-degenerate, but there is some element of I'g(n) which reverses
the orientation of w; (we call such sharblies trivial).

While trivial O-sharblies vanish in (“%)p,m) (as their name suggests), we
shall still need to consider them. Suppose that to each O-sharbly v € Supp(9¢),
where v € T'o(n)w;, we assign a point z(v) € 0% as follows:

e If w; is degenerate, then z(v) lies in the same F-span as v; and vs;

e If w; is non-trivial, then we can write v = ey, w; where v, € T'g(n), and
ey = £1 is well-defined. After fixing an initial choice of point z(w;), we
set z(v) = yyx(w;).

o If w; is trivial, then we can find some 4, € T'g(n) such that w; = —7yw, w;.
Choose an initial point x(w;), and replace w; with %(wj + w; ), where
wi = w;, but we set 2(w;") = z(w;) and z(w; ) = J,2(w;). Since w; is

trivial, we can always find v, € Ig(n) such that v = v, w;. Then replace

v with (vt +v7), where v¥ = v, and we set z(v¥) = Yoz (Wi).

We say such a set of points has been chosen I'g(n)-equivariantly.

Suppose, then, that we have a cycle £ € (1)p,m) together with a set of
I'p(n)-equivariant points z(v) for each v € Supp(9¢). For each representative
0-sharbly w;, we obtain a chain

N = Z 6v/\uvaWi7

velg(n)w;

where v is an edge of u € Supp(¢). Since ¢ is a cycle in (.71)r, (), its boundary,
which is the sum of the 7;, must vanish modulo I'g(n), and thus, since the edges
in the support of distinct 7; are inequivalent, each 7; must vanish in (yo)r‘o(n).

In particular, if w; is non-trivial, then, since each ~,w; is equivalent to w;
under the action of I'g(n), we find that

n; = Z evAuw; (mod To(n)),

velo(n)w;

Z €vAyq = 0.

velg(n)w;

and so
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The following result is key to the implementation of our algorithm:

522 Ay

be a cycle in (F1)r,m), and choose a set of points x(v) € 0% for the edges
v € Supp(9€) T'y(n)-equivariantly. Then

Z Aulv1, v2,2(v)] =0 (mod Ty(n)),
vESupp(9¢)

Proposition 5.2.3. Let

where v = [v1,v9] is an edge of u € Supp(§).

Proof. We use the notation established above. It suffices to show that for
each representative w;, the chain

V; = Z )\u[’Ul,’Uz,l'(V)]

velg(n)w;
vanishes modulo I'p(n). We consider the three separate cases:

Firstly, if w; is degenerate, then by definition the point z(v) for each v =
[v1,v2] € To(n)w; lies in the same F-span as vy and vg, so [v1, vz, (V)] is also
degenerate. Thus v;, being a chain of degenerate sharblies, must vanish.

Secondly, if w; is non-trivial, then we have

V; = Z Au[vlav%x(v)]

velp(n)w;

- Z €V)\U’YV ['LUl,U)Q,.’I}(W)]
velg(n)w;

= Z evAulwi, we, z(w)] (mod T').
vely(n)w;

Thus, since

Z evAu =0,

velo(n)w;

v; must vanish modulo T'g(n).

Finally, if w; is trivial, then by our definition of I'y(n)-equivariance we have

Z )\u[’UhU%«T(V)] = % Z ()‘U'VV[wwaam(W;r)] + )‘u’VV[wlvw%x(W;)D

Vero(ﬂ)wi VGFo(ﬂ)Wi

- % Z ()\u’yv[wlvw27 (E(Wj)] + )‘U’YV/VW[U)valv‘T(Wj)])'

velo(n)w;

Each pair of terms cancels, and thus v; vanishes modulo T'g(n), as required. O
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Note that, since the notions of totally reduced, reduced and non-reduced
sharblies are preserved under the action of GLy(OF), Proposition 5.2.3 applies
equally well if we restrict our attention to the subset of edges of £ which are not
totally reduced.

Throughout our algorithm, we will require the existence of a T'g(n)-equivariant
set of reducing points for the edges of £. Since, by the nature of our algorithm,
we will often be replacing sharblies in Supp(&) with sharblies that are “closer” to
being reduced, we also need to ensure that reducing points chosen for any new
edges that occur are also selected I'g(n)-equivariantly. We do this by assigning
to each non-reduced sharbly v a matrix My, known as a lift of v (see [Gun99],
Definition 5.3).

Our choice of lifts reflects our definition of T'g(n)-equivariance. To begin
with, we assign to each degenerate or non-trivial representative w; = [wy, wo)
the lift My, = (w1|wz) (that is, the matrix with columns w; and ws). For all
other v € T'o(n)w;, we write v = ey, w; for some 7, € I'g(n), and give v the
lift vy My,. Note that, if M, = (mi|ms), then the sharblies v and [m1, ms)
must be equal.

If w; is trivial then, as in our definition, we rewrite it as w; = %(W;Ir +w; ),

and define M+ = (w|wz) and M- = (wz|w;). Given v € T'g(n)w;, we can
find 74 € Ty(n) such that v = ~,w;; we then rewrite v as %(v"‘ +v7), and
define My+ =M+ and M- =M -.

To ensure that our reducing points are chosen I'g(n)-equivariantly, we store
the lifts My, of our representatives w;, and assign to each such edge a reducing
point x(w;). Then, given an arbitrary 1-sharbly v for which we want to select
a reducing point, we check whether its lift M, is equivalent to one of our rep-
resentative lifts under the left action of T'g(n). If so, say M, = 7y My,, then
we assign to v the reducing point v,z (w;). If M, is inequivalent to all our
representatives, we choose an arbitrary reducing point, and add M, to our list
of representatives.

We need a final word on how to select lifts for the new edges which arise
during the course of our algorithm. Given a representative edge w; = [wy, wa)
and a point x(w;) chosen I'g(n)-equivariantly, the edge w; is replaced during
our algorithm by the edges [wy,z(w;)] and [z(w;), ws]. Assign to these edges
the lifts (wy|z(w;)) and (z(w;)|ws) respectively.
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If v is an arbitrary edge, with v = ey, w; for some v, € I'g(n), and the
point z(v) is chosen I'y(n)-equivariantly, then we have

_ viw, z(wy)],  if ey =1,
(o1, 2(v)] = { 3v[w;,x(wi)], if e, = —1,

and similarly

8

7w2]7 if EV:]-v
,w1]7 if €y — —1.

[2(V), va] = { Y lr(wi

Vv [.%‘(WZ

)
)
Note that, if v has lift M, = (m1|msz), then

[ = [v1,v2], if & =1,
My, Ma| = [’UQ,’Ul], lf €y = —1.

Thus, if the edge v has lift M, = (m1|mz), the choice of lifts

_ | (malz(v)), if [my, ma] = [v1,v2],
Moy o) = { (x(v)|mz), if [my, ma] = [va, v1],

and

(malz(v)), if [m1,ma] = [va, v1],

(x(v)|m2), if [m17m2] = [1)1,1}2]7
Mig(vy,va) = {

ensure that any future points will also be selected I'g(n)-equivariantly.

Finally, it is not hard to see that if { My }vesupp(e) is a set of lifts of the edges
v of & and {y1,...,7,} denotes a set of representatives as in Proposition
5.2.1, then {71 My, ..., vn My }vesupp(e) 18 a set of lifts of the edges of the chain
T, (&), which are still I'g(n)-equivariant.

Thus, in practice, we will choose a set of lifts for our chain &, apply the
Hecke operator T}, and give the cycle T}, (&) the corresponding lifts. This cycle,
together with the set of lifts, forms the input for our algorithm.
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Before proceeding to discuss the algorithm in full, we establish an analogue
of Lemma 5.2.2:

Lemma 5.2.4. Let £ € (S1)pym) be a 1-sharbly cycle. Then we can find a

chain
§=> Av

of 1-sharblies v = [v1,va,v3] such that each q(v;) is a vertex of II and £ 1is
homologous to €.

x

Proof. For each edge [u1,us] of &, let u; = (%), z = ged(wx;,y;) and
w; = zi_lui, so that in particular ¢(w;) is a vertex of II, and w; lies in the same
F-span as u;. To each such edge, assign one of the w; for which ¢(u;) is not a
vertex of I, and assign these points I'g(n)-equivariantly (which is possible, since
¢ is a cycle).

us
w2 w1
(5% w3 u
Now, given u = [u1,ug,u3] € Supp(§), let wy,wy, w3 be the points cho-
sen for the edges [usz,us], [ug,u1] and [u1,uz] respectively. Define four tetra-
hedra Ty = [ui,ug, uz,w1], To = [uz,ur, wi,wa], T3 = [uy,uz,wr,ws] and

T4 = [ul,wl,wg,wg]. Then

5T1 [ug, ug, wi]|™ + [uz, w1, w] + [u1, u2, wi] + [ug, w1, us),
= [u1, w1, wo] + (w1, uz, wa] + [uz, w1, wa]* + [u1, us, wil,

8T3 [ug, w1, ws] + [w1, w1, wa] + [ur, uz, ws]* + [uz, ur, w1l
[

0Ty = [wy, wa, w3] + [we, ur, w3] + [u1, wi, ws] + [wy, ur, ws],

and u+ 90Ty + 015 + 013 + 9T, is homologous to u. By Proposition 5.2.3, the
starred terms cancel when we consider the whole cycle &, so we replace u with

u+0T1 +90T5+01T3+0Ty = [wl,ug, w2]+[u27w1,w3]+[w1,w27w3]+[w2, ul,wg].
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Note in particular that each of the resulting sharblies contains at most one
point which does not correspond to a vertex of II. Let v = [v1, va, v3] be such a
sharbly, and, after permuting if necessary, assume that ¢(v1) is not a vertex of II.
Let p and ps be the points chosen for the edges [vs, v1] and [v1, v2] respectively,
and note that ps and p3 both lie in the same F-span as v.

U3

b2

U1 ps3 V2

Define two tetrahedra T = [vy, v2, 3, p3] and Tz = [vs, v1, 3, p2]. Then

0T = [va, v, p3] + [v3,v1,p3] + [v1, V2, p3]" + [v2, V1, V3],
0Ty = [v1,p3, p2] + [p3,v3,p2] + [U3,v1, p2]* + [v1,v3, p3],

and u + 9Ty + 9T5 is homologous to u. As before, the starred terms cancel, so
we replace u with

u + 0Ty + 9Tz = [va, v, p3] + [v1, p3, p2| + [p3, V3, P2].
Now, since py and p3 have been chosen to lie in the same F-span as vy, the
sharbly [v1, p3, p2] is degenerate, and the result follows. O

Thus we may, if we so choose, assume that all the sharblies in the support
of our cycle ¢ define a set of vertices of II.
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We now proceed to discuss the algorithm with which we reduce an arbitrary
1-sharbly cycle &. Given a 1-sharbly u = [uq, uz, us] € Supp(§), we perform one
of the following steps, based on the reduction type of u (that is, based on the
configuration of reduced and non-reduced edges of u). Note that this algorithm
is essentially the same as that found in, for example, [GHY13], but we treat
reduction types IILi and V.ii differently. As is the case in [GHY13], we have
no proof that the algorithm will terminate, but in practice it always does so.

Reduction Type I
If u is already totally reduced, we leave it untouched.

Reduction Type 11

us

Ui U2

If all three edges of u are totally reduced, but u itself is not totally reduced,
we begin by selecting a central point p € 0% from among the vectors mapping
to the vertices of F. We choose p such that the number of totally reduced
sharblies in the set

{lur, w2, pil, [u2,us,pil, [us,u1,pil}
is maximal among all such vectors.
Define a tetrahedron T' = [ug, ua, uz, p]. Then
OT = [ug, uz, p| + [uz, ur, p] + [u1, u2, p| + [uz, ur, usl,
and u + 9T is homologous to u. We therefore replace u with

u+ 0T = [ug, uz, p] + [uz, ur,p| + [u1, uz, pl.
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Reduction Type III

If u has one edge which is not totally reduced, then after cyclic permutation
of the vectors u; we may assume, without loss of generality, that the edge [u1, usg)
is not totally reduced. We select a reducing point x3 for this edge, and consider
the new edges [u1, x3], [u2, 3] and [ug, x3]. We have two separate cases:

Reduction Type III.i

u3

3} €3 U2

If [uy,x3] and [ug,x3] are both totally reduced, but [uz,x3] is not totally
reduced, then we attempt to construct a chain of points p1, ..., p, such that

e The O-sharblies [u1, p;] and [ug, p;] are totally reduced for i =1,...,n;
e The O-sharblies [p;, p;+1] are totally reduced for i = 1,...,n — 1; and

e The O-sharblies [z3,p1] and [ug, p,] are totally reduced.

Suppose we can find such a chain. Then, setting pg = x3, and p,1+1 = us,
we define tetrahedra Ty, ..., T, by T; = [u1, u2, pit1,pi]- Then

OT; = [ug, pit1,pi] + [Piv1, w1, pi] + [u1, uz, pi] + [ug, u1, pit1],

and so
n n
Z orT; = Z ([u2, pit1, pil + [Pig1, w1, pi]) + [wr, u2, 23]" + [ua, ur, us).
=0 i=0

By Proposition 5.2.3 the starred term cancels when this reduction is per-
formed across the whole chain &, so we replace u with

u+ Z or; = Z [u2, pit1,pi] + [Pit1, ur, pil)-
=0
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In practice, we were either able to find such a chain or find a vector p € 0%
mapping to a vertex of Fg such that:

e Three of the 0-sharblies in
{[ulvp}v [U27p}, [Uva}v [xl’np]}
were totally reduced;

e The single non-reduced sharbly in the above set was either [uq,p], [uz, p]
ot [z3,7]; and

e We were able to find such a chain for the 1-sharbly [ug, u1, 3], [u2, us, z3]
or [u1,usg,p] in each respective case.

us us us
p b
Ui €3 Uz U &3 Uz U €3 U2

If either [u1, p] or [uz, p] is non-reduced, define a tetrahedron T' = [uy, ug, us, x3],
so that

OT = [ug, us, x3] + [uz, u1, 3] + [u1, u2, 23]" + [uz, u1, us).
As before, the starred term cancels, so we replace u with
u+ 0T = [ug, us, x3] + [us, u1, z3).

Since each resulting 1-sharbly contains the edge [us, x3] with opposite orienta-
tions, it cancels upon applying the boundary map. Thus, assigning the point p
as a reducing point for this edge in both 1-sharblies, we ensure that the terms
[us, 3, p] still cancel, as per Proposition 5.2.3.

If [z3, p] is non-reduced, define a tetrahedron T = [uq, uz, us, p|, so that
OT = [uz, uz, p| + [uz, ur, p] + [u1, u2, p| + [uz, ur, us).
We then replace u with
u+ 0T = [ug, us, p] + [uz, u1,p] + [u1, u2,p],

retaining the point x3 as a reducing point for the edge [u1, us].
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Reduction Type IIL.ii

u3

U1 €3 U2

If [ug, z3] is totally reduced, or at least one of [u1,z3] and [ug,x3] is not
totally reduced, we define a single tetrahedron
T = [u1,u2,us,z3]. Then

OT = [ug, us, x3] + [us, u1, x3] + [u1, us, x3]* + [uz, ur, us),

and u + 0T is homologous to u. As before, the starred term cancels, so we
replace u with
u -+ oT = [’UQ, us, 933] + [’LL37 Uy, 1‘3].
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Reduction Type IV

us us

T2 T2

Ul €T3 U2 U1 T3 U2

If u has two edges which are not totally reduced then, after cyclic permuta-
tion of the vectors x;, we may assume, without loss of generality, that the edges
[us,u1] and [ug, uz] are not totally reduced. We select reducing points xzo and
x3 respectively for these edges.

We have a choice of decomposition. To decide which one to use, define new
sharblies

Wi1 = [1172,1’3,163], Wiz = [9337U2,U3] and wo; = [!173,1!2,352], Wag = [U27U3,1172]-
If N(wi1) + N(wi2) < N(wa1) + N(waa), we define two tetrahedra
Ty = [uy,us, us, x3] and Ty = [us, u1, 23, x2]. Then

0T = [ug, ug, x3] + [uz, w1, x3] + [u1, ua, x3]™ + [ug, ur, usl,

0T = [u1, 3, T3] + [T3, U3, T2] + [u3, U1, 2]" + [u1,us, x3),

and u + 077 + 9T is homologous to u. As before, the starred terms cancel, so
we replace u with

u+ 9Ty + 0T = [ug, us, x3] + [ur, 3, x2] + |23, us, x2].
If N(w11) + N(wi2) > N(wa1) + N(was), define two tetrahedra
T1 = [ul,U,Q,u;),,l‘g] and Tg = [ul,uQ,xg,xg]. Then

0T = [ua, us, T2] + [u3, w1, T2]™ + [u1, ug, T2] + [ug, u1, us),

0T, = [ug, 2, k3] + [T2, U1, T3] + [u1, U2, 3]" + [ug, w1, x2),

and u + 977 + 975 is homologous to u. Once again, the starred terms cancel,
so we replace u with

u+t 07T, + 071y = [UQ,U3,J,‘2] + [ug,xg,xg} + [Z‘Q,ul,.ﬁg].
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Reduction Type V.i

us

X2 T

(5% I3 u2

If all three edges [ug,us], [us,u1] and [ug,us] are not reduced, we choose
reducing points x1, o and x3 for these edges respectively. Define four tetrahedra
Ty = [uy,ug,us, x1), To = [ug, u1, 1, 22), T3 = [u1, uz, x1, 23] and
T4 = [ul, T1,x2, mg]. Then

A+ [us, ur, 21 + [u, v, 1] + [ue, ur, ug),
u&aulva] +[u17u3,x1]7

+ [
+ [z1, w1, x3) + [ur, ue, z3]* + [ue, u1, z1],
+ [

[U2,U37l‘1]
= [u1, 21, T2] + [21, U3, T2] +
8T3 [
[

U2,21,T 3]
0Ty = [z1, 2, 3]

T, u1, T3] + [u1, 1, T3] + [21, U1, T2,

and u+ 0T + 915 + 013 + 9Ty is homologous to u. As usual, the starred terms
cancel, so we replace u with

u+ 0T + 0T, + 013 + 0Ty = [x1, u3, T2 + [u2, 1, 3] + [21, T2, T3] + T2, U1, T3].
Reduction Type V.ii

us

If all three edges [ug,us], [ug,u1] and [u1,us] are reduced, but not totally
reduced, we proceed as above. However, if the resulting 1-sharbly [z1, 22, x3)
has the properties that:
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e The edges [x1,x2], |22, 23] and [z3,x1] are all reduced, but not totally
reduced; and

o {Normp/g(zi|z;); i < j} = {Normp/q(us|u;); i < j},

then we perform an additional step. In this case, we choose a central point p for
the 1-sharbly [z1, 22, 23] as for Reduction Type II, and define an additional
tetrahedron Ty = [x1, 22, 23, p], so that

OTs = [x2, x3,p] + [23, 01, p] + [21, T2, p] + [22, T1, T3]

We then proceed as in the previous case, except we replace the 1-sharbly
[$1,1‘2,1‘3] with

[.T],.’L'27.'L'3] + 8T5 = [anxi%p] + [.'1,'3,33]_,])] + [.1717.'152,])].
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5.3 Examples

The following pages give details of cuspidal Hecke eigenclasses defined over the
fields Fy, F5 and F5. For the field F;, we were able to provide an in-depth
analysis, by investigating the cohomology H®(X((n),C) for all levels n with
norm at most 5500. Due to time constraints, however, we were unable to repeat
this process for the fields F5 and Fj3, and instead focused on a restricted set of
levels n.

In order to detect non-trivial cuspidal cohomology, we required data regard-
ing the rank of the corresponding Eisenstein cohomology. This is provided in the
following table, which collates heuristic data from [GHY13] (to determine these
ranks, one observes that the Hecke operator T,,, where v does not divide the
level n, acts on the Eisenstein subspace via multiplication by Normg/q(v) +1):

Factorisation Type p p2 p3 p? p° p Pq
dim BY_(Xo(m),0) || 3 | 5 | 7 9 | 13| 7

Factorisation Type || p%q | p°q | p¥q | p%q p3q2 | pqe | pZqe
dim Ho, (Xo(m),C) || 11 | 15 | 19 | 17 | 23 | 15 | 23

Before proceeding to discuss each individual case, we make a mention of
two ways in which cuspidal eigenclasses in H*(Xy(n),C) can arise from other
cohomology groups, namely level lifting and cyclic base change, examples of
which were observed for the field Fj.

Firstly, suppose that the level n = dm, for ideals 0 and m of F. The inclusion
Ko(n) — Kp(m) induces a map H*(Xo(m),C) — H*(Xp(n),C) of cohomology
groups. Consequently, one expects cuspidal eigenclasses at level m to contribute
to the cohomology at level n (one draws an obvious analogy to classical modular
forms, in which oldforms at level n = dm are cuspidal eigenforms arising from
the smaller level n).

Just as eigenclasses can arise from lower levels, so too can they arise from
subfields of F'. Let F/K be a cyclic extension of number fields of degree n,
and let w be a non-trivial character of Gal(F/K), which we can regard as a
character of Ay /F*. Given an automorphic representation m of Resy/q(GLz2),
the base change of m to F' is an automorphic representation 7 of Resp/q(GLz2),
which satisfies the property

L(s,7) = H L(s,w' ® ).
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In particular, suppose that F'/K is a quadratic extension, and observe that
the non-trivial character w € Gal(F/K) (viewed as a Hecke character) is defined
locally at unramified non-archimedean places v by

(@) = 1; if v splits in F,
Wolw) = —1; if v is inert in F,

where w is a uniformiser of K.

If 7 is the automorphic representation associated to some automorphic form
over K, then we have

L(S77Tv) = (1 - av(ﬂ—)q_s + q1_2s)_17

where ¢ denotes the size of the residue field of Og,, and a,(7m) denotes the

eigenvalue of the Hecke operator T, on the corresponding automorphic form.
Then:

e If v splits in F', with corresponding places wy, ws, then
L(8, T, ) L(8, Ty ) = L(8,74)?,
e If v is inert in F', with corresponding place w, then

L(s,7w) = (1= (ay(7)* = 2q)q~ > + ¢* )",

We therefore deduce that the Hecke eigenvalues on the corresponding eigen-
class should be given by

o a,(7); if v splits,
aw(7) = { a,(m)? —2q; if v is inert.
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5.3.1 The Field F;

Let FF = F; = Q(t), where t denotes a primitive twelfth root of unity. We
searched over a range of levels n to detect those for which the cuspidal cohomol-
ogy HJ,.,(Xo(n),C) was non-trivial. As mentioned previously, we investigated
all levels of norm at most 5500, of which there are 544, up to Galois conjuga-
tion. We discovered non-FEisenstein cohomology at 55 of these levels, with a
total of 99 non-FEisenstein Hecke eigenclasses spread across these levels. Table
5.3.1.1 below lists a set of generators for the levels studied, together with their
factorization type and the discrepancy d between the rank of Hi((-7%)r,m),C)
and the expected rank of the Eisenstein cohomology:

Level Generator Type d Level Generator Type d
169 2t3 — 3t — 3t + 2 pq 1 || 3721a T2 — 62 —t — 1 pq 3
441 52 — 1 pq 1 3721b 6tZ — 5t — 6 pq 1
484 544t — 4t — 1 pq 1 3844 565 —t2 +t+6 g 1
576 2t + 2t7 + 2t — 4 p3q 1 3969 9tZ — 6 p2q 2
625 5 pq 2 || 4033a —8t5 49t — 9 pq 1
676 3t5 —t2 + 3t pqc 2 4033b | —11t3 +6t2 + 5t — 9 pq 1
1089 —t5+2t—6 pq 2 4057 615 + 262 — 9t — 2 b 1
1156 3tZ 4+ 5t — 3 pq 1 4069 —7t> — 6t + 6t + 2 pq 1
1369 265 + 2t + 3t — 5 pq 2 4096 8 p® 1
1521 43 +4t7 — 5t + 1 pqe 2 || 4225a | —5t° +3t24+9t — 3 pqr 2
1764 t3+4at? + 4t — 5 pge 2 4225b —9t3 + 3t% + 6t — 1 pZq 1
1936 at> — 4t — 6t — 2 p2q 2 4225¢ —at® 4+ 7 pqr 1
2041 —t3 4+ 6t2 —t—7 pq 1 4356 5t + 3tZ + 5t pqe 6
2116 5t° — 5t2 +t + 6 pq 2 4516 —4t3 —3t7 + 9t + 1 pq 1
2197a t5—2t7 +3t+7 pge 2 4624 —8t3 — 2 pZq 2
2197b 342t — Tt —2 p2q 2 4672 8¢5 + 6t2 — 6t — 2 p3q 1
2209 45 — 8t — 1 p 1 4761 —7t5 + 562 + 2t + 2 pq 3
2257 | —2t° +6t2 45t + 1 pq 1 4852 — 4t + 7t2 43t + 1 pq 1
2304 8¢5 — 4t plq 2 5041 —8t° +3t° +3t—8 p 2
2401 7 pq 3 5184 —6t + 6t + 6 p3q | 2
2452 — T2t 42 pq 1 5317 —7t5 + 3t — 2t — 4 rq 1
2500a, —t5 —Tt2 ¢ p2q 1 5329a, 5+ 562 +3t—9 p2 2
25000 5t2 + 5t — 5 pqr 4 53290 3t — 8tZ2 — 3t pq 2
2704 | —2t° —6t24+6t+2 | p2qr | 4 || 5329¢ 3t3 — 6t — 10 pq 4
2916 3t — 3t + 3t + 6 p3q 2 5329d 85 — 9Ot pq 1
2977 4t +2t7 — 9t + 2 pq 1 5473 —9t — 8 pq 1
3328 4t5 + 8t7 — 4t — 4 plq 1 5476 —5t2 —t—5 pqr 5
3481 5t — 5t2 — 6t — 1 » 2

Table 5.3.1.1: Levels with non-Eisenstein cohomology classes
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Of the 99 non-Eisenstein Hecke eigenclasses we detected:

e 68 admitted rational eigenvalues;
e 18 admitted eigenvalues lying in a quadratic extension of Q;
e 9 admitted eigenvalues lying in a cubic extension of QQ; and

e 4 admitted eigenvalues lying in a quartic extension of Q.
Of the 68 eigenclasses which admitted rational Hecke eigenvalues:

e 31 had eigenvalues matching an eigenclass appearing at a lower level;

e 15 had eigenvalues matching those expected from the base change of an
automorphic form defined over a quadratic subfield of F’;

e 2 had eigenvalues matching those from the Eisenstein cohomology, up to
sign; and

e 20 classes could not be attributed to any of these phenomena, and we were
able to find elliptic curves defined over F' whose local data matched the
eigenvalue data for each of these classes. We list these classes in Table
5.3.1.2 below, together with their Hecke eigenvalues for a number of primes
of small norm, while the corresponding elliptic curves are listed in Table
5.3.1.10 (a discussion of how these curves were discovered can be found in
Section 6.6).

Class P2 p3 P131 P13,2 P13,3 P13,4 P5,1 Ps5.2
441 0 * —6 4 4 —6 —4 —4
1156 * 0 4 4 —6 —6 6 6
2041 2 —2 2 2 * —4 —4 —10
2257 -3 —4 —1 1 —6 -3 1 —8
2452 * 1 —4 —4 —4 5 —1 8
2500a * 0 4 4 —1 —1 1 *
2977 2 4 2 —4 * —4 2 —10
3328 * 2 —2 —2 6 * 2 —6
3721b 2 —2 —4 —4 2 2 8 8
3844 * —5 —1 —6 —6 —1 1 1
4033a —1 4 2 —4 2 2 2 —4
4033b 2 -2 —4 2 2 2 —4 2
4057 -3 -2 —4 —1 —4 1 -5 —2
4069 —3 —4 -3 1 * —5 7 1
4225b —2 —2 —4 * —2 —6 * 4
4516 * 5 4 —1 —6 4 —4 6
4672 * 2 —2 —2 —2 6 —6 2
4852 * —3 —1 —7 —2 —4 3 —8
5317 -3 2 —2 6 —2 * 2 2
5473 —1 —2 2 2 —4 * 2 8

Table 5.3.1.2: Rational Hecke eigenclasses over F;
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Table 5.3.1.3 below lists generators for the prime ideals of norm up to 25:

p Generator p Generator
p2 — Tt 1 P13z | —t° —t+1
3 741 pisa | O+ +1

piza | 0+t F1 P51 27—t —2
P13,2 B rt+1 P52 t*—2t% —¢

Table 5.3.1.3: Generators for prime ideals of F; of small norm

In Table 5.3.1.4, we list the “old” classes we discovered: those which corre-
spond to classes appearing at a lower level. We observe that in each case, the
set of Hecke eigenvalues matches those of the original eigenclass. Lower case
Roman numerals are used to denote each eigenclass.

Class P2 P3 P13.1 P132 P13.3 P13.4 P51 P52 Original Class
676 (i-i1) * —4 0 = 0 = —3 —2 169
1521 (i-ii) —2 * 0 * 0 O —3 —2 169
1764 (i-i1) = = —6 1 1 —6 —3 —3 441
1036 (i-i1) * —5 —1 —1 —1 —1 —4 —4 184

2197a (i-ii) —2 —4 0 = = = —2 —2 169
21976 (i-i1) —3 =1 0 * 0 * =2 =2 169
2304 (i-i1) - - —2 —2 —2 —3 —6 —6 576
2704 (ii-iv) * —1 0 * 0 * =2 =2 169
3969 (i-i1) 0 * —6 1 1 —6 —4 —1 141
42254 (i-ii) —3 —3 0 = 0 = —2 = 169
4356 (i-11) * * =) 6 —2 6 —6 6 1089 (1)
4356 (iii-iv) * * 4 -6 4 -6 6 6 1089 (II)
4356 (v-vi) * * -1 -1 -1 -1 —4 —4 484
1624 (i-i1) = 0 I 1 —6 —6 6 6 1156
5184 (i-i1) * * -2 -2 —32 —2 —6 —6 576

Table 5.3.1.4: “Old” cohomology classes

In Table 5.3.1.5 we list the eigenclasses which correspond to the base change
of an automorphic representation 7’ defined over a subfield of F', such that the
Hecke eigenvalues a, (') are rational. For each of these classes, we were able to
find an elliptic curve defined over the corresponding subfield whose local data
matched these eigenvalues (listed in Table 5.3.1.11).

Class ) p3 P13.1 P13.2 P13.3 P13.4 P51 P52 Base Field
484 = —5 —1 —1 —1 —1 —4 —4 Q(V3)
576 * * —2 —2 —2 —2 —6 —6 Q(V3)
1089 (i) -3 * —2 6 —2 6 —6 —6 Q(v3)
1089 (ii) 0 * 4 —6 4 —6 6 6 Q(+/3)
2209 —3 —2 —6 0 —6 0 —6 —6 Q(V3)
2704 (i) * —2 2 * 2 * 2 2 Q(+v3)
2916 (i) * * 5 —4 5 —4 —1 —1 Q(v/3)
2916 (ii) * * —4 5 —4 5 -1 -1 Q(V3)
4225¢ —4 —2 = = —4 —a * —10 0G/—1)
5041 (i) 0 5 —6 —1 —6 —1 1 1 Q(+v3)
5041 (ii) —4 5 2 —1 2 —1 -7 -7 Q(+/3)
5329d —1 —2 2 2 2 2 2 2 Q(v/—3)
5476 (i) * —5 —4 —7 —4 —7 2 2 Q(V3)

Table 5.3.1.5: Base change from rational Hecke eigenclasses
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In Table 5.3.1.6 we list the remaining eigenclasses which correspond to the
base change of an automorphic representation 7’ defined over a subfield of F.
In each case, the Hecke eigenvalues a,(7’) lie in a quadratic extension of Q, and
so there is no elliptic curve defined over the corresponding subfield of F' whose
local data matches these eigenvalues. However, for each class, we were able to
find an elliptic curve defined over F' whose local data matched the eigenvalues
ap(m) (listed in Table 5.3.1.12).

Class [P p3 P13,1 P13,2 P13.3 P13.4 P5.1 P5.2 Base Field
169 —2 —4 0 * 0 * —2 —2 Q(V3)
4096 * 2 —2 —2 —2 —2 2 2 Q(V3)

Table 5.3.1.6: Base change from non-rational Hecke eigenclasses

In Table 5.3.1.7 we list the remaining two eigenclasses with rational Hecke
eigenvalues, which match those of the Eisenstein cohomology, up to sign. We
observe that the ray class group Cl(Op,n) of the corresponding level admits
a single non-trivial quadratic character y, and that the Hecke eigenvalues are

given by
ap(m) = x(p)(Normp/q(p) +1).
Class P2 P3 P13.1 P13,2 P13,3 P13.,4 P5,1 P5,2 P37.1 37,2 P37.,3 P37.4
5329a (i) —5 —10 14 —14 —14 —14 26 —26 —38 —38 38 38
5329a (ii) —5 —10 14 —14 —14 —14 26 —26 —38 —38 38 38

Table 5.3.1.7: Remaining rational eigenclasses

In Tables 5.3.1.8 and 5.3.1.9 we list the remaining eigenclasses, whose eigen-
values lie in a proper extension of Q. For the classes appearing in Table 5.3.1.8,
the field Q(ap(m)) generated by these eigenvalues is a quadratic extension of
@, and we list the pair of Galois conjugate eigenvalues for each prime. For
the classes appearing in Table 5.3.1.9, the field Q(a, (7)) is either a cubic or a
quartic extension of QQ, and for each prime we list the polynomial whose roots
are the corresponding eigenvalues.

Class P2 v3 P13.1 P13,2 P13.3 P13.4 Q(ap (7))
625 (i-ii) e —1+ V17 14+ VI7T | 14+ VIT | -1+ VIT | —14VI7 Q(VIT)
1369 (i-ii) =3 V17 —5EV/17 3T 14 V1T 34417 1+ V17 Q(VI7)
2116 (i-ii) * —2+2V3 —14 3V3 2 4 23 —1+3V3 2 £ 2v3 Q(v3)

25006 (i-iv) - —1L Ji7 1L V17 | 1 EVi7 | 1 EViT | -1 & V17 (/17
3481 (i-ii) =540 =5d3vh —1t2vs | ZTESVE [ g oy | ZTEVE Q(V5)
53206 (i-i1) VT T2v7 1 ~1 1E V7 v %)
5476 (ii-v) . =5 VAT 1+ VI7 SEMAT 14 V17 3417 Q(VI7)

Table 5.3.1.8: Eigenclasses with eigenvalues lying in a quadratic extension of Q
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Class po

3 Qap (M)

2401 (i-iii) 23 4+ 222 — 11z — 20 23 + 222 — 32z — 80 Q25 + 2 — 8z — 10)
3721a (i-iii) 5 4+ 222 — 9z — 6 5 + 532 —a — 2 Q2> — 22 — 9z + 12)
4761 (i-iii) 25 + 322 — 4w — 4 * Q3 — 22 — 4z + 2)
5329¢ (i-iv) 2%+ 423 — 322 — 162 — 8 z1 § 825 + 622 — 48z — 64 QT — 922 — 20+ 2)

Table 5.3.1.9: Eigenclasses with eigenvalues lying in a cubic or quartic extension of Q

In Table 5.3.1.10 (on the next page) we list the coefficients a; of the Weier-
strass polynomial

92 +aixy +azy = z° +a2:172 + agx + 6

defining the global minimal model of an elliptic curve E over F' whose local data
matches the Hecke eigenvalues of the classes appearing in Table 5.3.1.2.

In Table 5.3.1.11 (below) we list the coefficients a; of the Weierstrass poly-
nomial defining the global minimal model of an elliptic curve E over a subfield
of F such that the Hecke eigenvalues of the classes appearing in Table 5.3.1.5
match the local data of the base change of E to F.

In Table 5.3.1.12 (on the next page) we list the coefficients of the Weierstrass
polynomial defining the global minimal model of an elliptic curve E over F

whose local data matches the Hecke eigenvalues of the classes appearing in
Table 5.3.1.6.

Class ay as as as ag
484 V3 V3+1 V3 2v3+2 V341
576 V3+1 | —VB+1 0 —5V3—6 3vV3+6
1089(i) 1 -3 0 1 0
1089(ii) V341 -3 1 5v3 —9 —6+/3 + 10
2209 1 -3 1 —V/3 -1 0
2704(i) 0 V3—1 0 2 2v/3 43
2916(i) 1 —1 V3+1 —23v3 —41 | 2173+ 377
2916(ii) 1 -1 V3+1 223 — 41 —218+/3 + 377
4225¢ vV—14+1 —v/—1 vV—1 1 0
5041(i) 0 —1 V3 —2v3-—14 3vV3+5
5041(ii) 0 1 V3 V3 +2 V341
5320d 3V—3 | V3+7 | I(/—3-5 | 4/-38+1 I/=3-3)
5476 1 —V34+1 V3 —V3+1 —V/34+1

Table 5.3.1.11: Elliptic curves corresponding to the classes in Table 5.3.1.5
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Class ai as as aq ag

441 —3t5 — 3t2 + 3t 2t + 2 5t° — 262 — 4t — 2 —t5 —12t2 — Tt +9 6t° + 612 — 9t — 3
1156 —6t> — 6t + 3 —13t% — 72 + 20t + 20 at® —7t2 — 17t — 13 —165t° — 6612 + 64t + 11 235t° — 270t2 — 288t + 145
2041 —3t5+3 —t5 —7t2 42+ 1 —t5 -9t — 2t — 1 —10t3 + 282 + 31t + 15 —262t% — 262t% + 98¢ + 219
2257 —3t% — 3t? —8t° — +26+7 9% + 12 — 12t — 13 —10t° — 29t2 — 28t — 14 68t> 4 35t% — 65t —

2452 3t3 — 3t — 3 2t + 562 + 3t — 1 55 — 12t — 9 29¢3 + 17t2 — 9t — 17 41t3 + 22t — 39t — 33
2500a —3t° — 6t° —11¢% — 132 + 13t + 14 4t —3t2 — 8t — 3 —15t° — 46t — 11t + 28 4t — 1117 — 29t — 3
2977 —3t5+3 —t5 —3t7 42t — 1 —8tZ —t—6 —11t3 + 82+ 5 2t3 — 29t% — 3t

3328 —3t% 4+ 3tZ + 3t 2t3 —9t — 1 5t2 — 3t — 7 —50t> 4 25t2 4 54t — 31 139t% — 872 — 115t + 121
3721b —3t3+3 5 —TtT + ¢ 5t° — 82 — 3t — 4 —14t3 + 23t —t — 15 28t% — 21t%7 — 13t + 21
3844 —3t5 — 3t2 —8t3 —TtZ + 2t + 8 83 —9t — 7 —7399t% — 3866t2 + 8173t + 9088 | —182355t° — 372229t2 — 280418t — 56472
4033a —3t —5tZ —t+1 515 + 4t2 — Tt 8t3 —2t7 —t — 10 aS 207 + 11t — 7
4033b —6t°> — 3t + 3t + 3 S 6t + 7t 2t — 5t2 — 12t — 2 —24t3 — 28t% + 19t + 37 —11t% — 24t% — 26t — 20
4057 —6t5 — 6t + 3 —9t3 — 7t + 16t + 17 14t3 + 7t — 16t — 19 —53t% — 82t7 — 41t — 3 132t% 4 106t — 90t — 130
4069 3t3 +3t2+ 3 —11t5 —5t2 + 9t + 6 8tZ 4 4t — 2 —17t3 — 21¢%Z + 19t + 29 —15t% — 5t2 + 14t + 20
4225b 3t2 — 3t — 3 35— 17 — —At3 + 4t + Tt + 2 —4t% — 2t + 5t + 16 — 6t2 — 16t — 8
4516 3t3 +3t2 — 3 S+ at? + 3t 3 —3t2 —3t— 1 —5t5 + 13t + 5t — 22 —16t> + 5t2 + 10t — 15
4672 3t° + 3 —9t% + 4t + 10t + 9 4t3 4+ 82 + 12t + 14 130t% — 1522 — 30t + 208 —514t% — 122t% + 1086t — 764
4852 —3t2 — 6t — 3 —7t3 —13t7 — 10t — 1 —10t5 — 9t + 6t + 7 —47t3 — 29t% + 42t + 52 16t5 + 312 + 24t + 4
5317 —3t%2 — 3t —4t3 — 4t — 3t + 1 5t5 + 612 —t — 2 13t% + 13t — 8t — 15 —6t% 4+ 13t + 10

5473 3t2 —2tZ7 + 3t + 3 t2 43t —1 —20t3 + 13t% 4+ 58t + 43 190t% + 188t2 — 54t — 144

Table 5.3.1.10: Elliptic curves corresponding to the classes in Table 5.3.1.2

Class ay as as as ag
169 33 —3t7 —3t | —t° 4262 —3t—2 | —25 +2t7 —t+2 | —6t5+t2+9t—3 | 5t° —3tZ —t+2
4096 2t + 2 —tZ 4+t —1 2% + 2 —2t3 + 2t7 — 2t 0

Table 5.3.1.12: Elliptic curves corresponding to the classes in Table 5.3.1.6
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5.3.2 The Field F;

Let F = F, = Q(t), where t is a root of the polynomial z* — 23 + 222 + x + 1.
As mentioned previously, due to time constraints we were unable to perform
such an in-depth analysis as for the field Fj, so we restricted our attention to
levels n which were unfixed by the Galois group Gal(F/Q), as we expect that
eigenclasses arising from such levels should not occur as a base change from a
subfield.

We searched over all such levels of norm up to 2150, of which there are
196, up to Galois conjugation. We detected non-Eisenstein cohomology at 4 of
these levels, with a total of 6 non-Eisenstein Hecke eigenclasses spread across
these levels. Table 5.3.2.1 below lists a set of generators for the levels studied,
together with their factorization type and the discrepancy d between the rank
of Hy((-%%)ry(m), C) and the expected rank of the Eisenstein cohomology:

Level Generator Type | d Level Generator Type
244 —t°5 + 3t — 6t + 2 pq 976b 3 —2t2 +6t—5 pqr
976a 32 —2t+7 p2q 2071 | 1(9¢% —16t7 + 28t + 3) pq

Table 5.3.2.1: Levels with non-Eisenstein cohomology classes

Each of the 6 non-Eisenstein Hecke eigenclasses we detected admitted ratio-
nal eigenvalues, of which:

e 4 had eigenvalues matching an eigenclass appearing at a lower level;

e 2 classes appear to be defined purely over F', and we were able to find
elliptic curves defined over F' whose local data matched the eigenvalue
data for both of these classes. We list these classes in Table 5.3.2.2 below:

Class P21 p2,2 p3 Pi9,1 Pi9,2 P19,3 P19,4 Ps
244 * * -2 —4 —4 —4 8 2
2071 -1 —1 -2 2 * 2 2 8

Table 5.3.2.3 below lists generators for the prime ideals of norm up to 25:

Table 5.3.2.2: Rational Hecke eigenclasses over Fb

P Generator p Generator
p21 | S(—+2t7—4t—1) || pro2 | 2(—t°+2t7 — 4t - 3)
p2.2 t— 1%+ 2t Pro.3 L(—t* — 2t —5)

P3 3 (17 — 267 +2t — 3) P19,4 t—2
prog | 23 — 4 +4t+1) || ps | 2(=3t° + 2t — 6t —3)

Table 5.3.2.3: Generators for prime ideals of F» of small norm
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Table 5.3.2.4 lists the “old”

classes we detected at the two levels of norm

976:
Class P2,1 P22 P3 P1g,1 P1g,2 P19,3 P19,4 Original Class
976a (i-ii) * * —2 —4 —4 —4 8 244
976b(i-ii) * * —2 —4 —4 —4 8 244

Table 5.3.2.4: “Old” cohomology classes

In Table 5.3.2.5 we list the coefficients a; of the Weierstrass polynomial
defining the global minimal model of an elliptic curve E over F whose local
data matches the Hecke eigenvalues of the classes appearing in Table 5.3.2.1.

Class al as as a4 as
244 2t7 — 3t t3+3t7 —3t+3 —t3 —t2 —t+1 —6t3 —t7 —8t—3 | —t>+6t° +2t—1
2071 Ht+1 [ 20447 —6t—1 | IT(=3t°—2t—1) | 35 —2°+t—5 3t — 3t + 2t

Table 5.3.2.5: Elliptic curves corresponding to the classes in Table 5.3.2.2
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5.3.3 The Field F3

Let ' = F5 = Q(t), where ¢ is a primitive eighth root of unity. As was the case
for the field Fy, we restricted our attention to levels n which were unfixed by
the Galois group Gal(F/Q).

We searched over all such levels of norm up to 1000, of which there are 90,
up to Galois conjugation. We detected non-Eisenstein cohomology at only a
single level, which we list in Table 5.3.3.1 below:

Level | Generator | Type | d
881 | —4t?+ 5t p

Table 5.3.3.1: Level with a non-Eisenstein cohomology class

This class did not appear to correspond to the base change of an automorphic
representation over a subfield of F'; and we were able to find an elliptic curve
whose local data matched the Hecke eigenvalues for this class. We list these
eigenvalues for a number of primes of small norm in Table 5.3.3.2.

Class p2 P31 P32 Pi7.1 Pi7,2 pPi7,3 Pi7,4 P51 Ps5,2
881 0 4 —2 —6 0 0 0 2 2

Table 5.3.3.2: Rational Hecke eigenclass over F3

Table 5.3.3.3 below lists generators for the prime ideals of norm up to 25:

P Generator P Generator

p2 t+1 P17,3 2xt+1
Pa1 | Bt —t || pira | 2%t 41
pao | 2=t —t || psa1 | 2%t —¢
pi7.1 t+2 P52 3 —2xt
P72 342

Table 5.3.3.3: Generators for prime ideals of F3 of small norm

In Table 5.3.3.4 we list the coefficients a; of the Weierstrass polynomial
defining the global minimal model of an elliptic curve E over F whose local
data matches the Hecke eigenvalues of this class.

Class ai as as as

ae

881 2t —t—1 | —Tt5 —TtZ —2t+3 | 1485 —2t> — 17t — 22 | 55t°> — 88tZ — 75t + 29

138t° + 192¢% — 515t — 81

Table 5.3.3.4: Elliptic curve corresponding to the class in Table 5.3.3.2
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5.4 Practical Considerations

We shall now briefly mention a few technical issues relating to our computation.
To begin with, as per [AGMO02], we choose to work with the finite field Fi2379
rather than the complex numbers as our coefficient field. While this runs the
risk of introducing additional cohomology classes (as would be the case if the
torsion subgroup of the integral cohomology H*(Ty(n),C) had order divisible
by 12379, this can be remedied by computing Betti numbers for various large
primes, and ensuring that they match. Working with coefficients in a finite field
makes several calculations both quicker and less susceptible to error, which we
illustrate with the following example:

Let n be the ideal of norm 2977 in F; generated by 4¢3+ 2t%2 —9t+2, where ¢ is
a primitive twelfth root of unity. To construct the homology H1((-)r,(n), F12379),
we first determine a set of representatives for the I'g(n)-orbits of totally reduced
sharblies (as per [AGMO02], Section 3). We find that there are a total of 135
non-trivial T'g(n)-orbits of totally reduced 0-sharblies (where by a non-trivial
sharbly we mean one whose stabilizer in I'g(n) contains no orientation-reversing
elements), 4024 non-trivial I'g(n)-orbits of totally reduced 1-sharblies, and 20269
non-trivial I'g(n)-orbits of totally reduced 2-sharblies.

We construct matrices Dy and Dy corresponding to the differentials
O (L1)rem) = (F0)ro(m)

92+ (F2)ro(m) = (F1)ro(n)-

Consequently, D; is a 135 x 4024 matrix, and D5 is a 4024 x 20269 matrix. For
such large matrices (and these are by no means the largest we will be dealing
with) working with coefficients in a finite field is much more efficient.

Using MAGMA, we can compute the kernel of the matrix Dy and the image
of the matrix Dy, and then construct the quotient space ker(Ds)/Im(D;), which
is isomorphic to the homology Hi((-7%)ry(m), F12379) (we remark that this differs
from the method outlined in [AGMO2], Section 5.2, in which one instead
constructs the kernel of the matrix

_( D1
D‘(DQT)’

which is also isomorphic to the homology of the sharbly complex. In practice,
our method seems to yield a “better” choice of basis for the homology, in the
sense that the resulting vectors have significantly fewer non-zero entries, mean-
ing we have fewer sharblies to reduce in order to compute the Hecke action).

We can therefore construct a basis for the first homology group, which we
find is an 8-dimensional space. Since the ideal n is prime, this corresponds to
the expected 7-dimensional Eisenstein space and a 1-dimensional cuspidal space.
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The basis sharbly cycles &1, ..., & have, respectively, 55, 5, 66, 1, 2, 1, 1 and 1
non-trivial sharblies in their support. This is fairly typical, in our experience;
quite often we can find basis sharbly cycles with both quite large and very small
support.

The matrix for the action of the Hecke operator T}, where ps lies above the
rational prime 2, on this basis is given by

10321 0 0 5158 0 5158 7221 7221

4120 5 0 2060 O 2060 10319 10319

4126 0 5 2063 0 2063 10316 10316
0 0 0 5 0 0 0 0

4123 0 0 8251 5 8251 4128 4128
0 0 0 0 0 ) 0 0

8259 0 0 10319 0 10319 2065 2060
0 0 0 0 0 0 0 5

which we see has eigenvalues 5 (with multiplicity seven) and 2.

A basis for the Eisenstein subspace (with respect to our original basis &1, . . ., &g)
is then given by the vectors

0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
of’fo’foj1’roj’pr 1 {10}’ 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
2 0 0 1 0 1 12378
while the cuspidal cycle is given by
1
12341
12377
0
12359
0
38
0
In particular, if we denote by Fisy, ..., Eisy the above basis for the Eisenstein

subspace, and by Cusp the cuspidal cycle, we have

Cusp = Eis; + 12341Eis, + 12377Eis3 + 12359Eis; + 38Eis; 4 36&s.
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This is key to our ability to compute Hecke operators efficiently. Suppose,
for example, that reducing a single 1-sharbly u (that is, applying the algorithm
in the previous section as many times as necessary to produce a chain whose
support is all totally reduced) were to take 15 seconds (in practice, some shar-
blies can take much, much longer to reduce, and the time increases with the size
of the sharbly). The cycle Cusp has 79 sharblies in its support, so computing
the Hecke operator T}, would take 5925 seconds, or just under 1.6 hours. For a
Hecke operator at a prime ideal of norm roughly 400, this increases to roughly
5.5 days.

Fortunately, in our case we can rapidly speed up proceedings. Indeed, since
we can express Cusp in terms of Eisenstein cycles and the cycle &g, we can (since
we know the action of the Hecke operators on the Eisenstein cycles) compute the
action of Cusp simply by computing the corresponding action on &g, which has
only a single sharbly in its support. In this case, computing a Hecke operator
at a prime of ideal of norm roughly 400 will take only around 1.6 hours. For
many of our examples, we were able to use this method to compute many more
Hecke eigenvalues than would otherwise be possible.



Chapter 6

Proving Modularity of an
Elliptic Curve

In this, the final chapter, we discuss a method for determining the equivalence
of two Galois representations

p1.p2 : Gal(F/F) — GLa(Q),

subject to certain constraints. We begin in Section 6.1 by discussing residual
Galois representations, and show that the residual representation p of a repre-
sentation p can be defined over any field which contains the coefficients of the
characteristic polynomials of p on Frobenius elements.

In Section 6.2, we recall the Galois representations that we wish to com-
pare, namely those attached to elliptic curves defined over a number field F,
and the representation presented in Section 3.5 attached to certain cuspidal
automorphic forms.

Section 6.3 is dedicated to the method of proving equivalence of the resid-
ual reprsentations p; and pz. Sections 6.4 discuss the method of Livné for
proving equivalence of the original representations when the p; are not abso-
lutely irreducible, while Section 6.5 discuss the method of Faltings and Serre
for proving equivalence when the representations p; are absolutely irreducible.

Finally, in Sections 6.6 we apply these methods to prove modularity of all
but one of the elliptic curves found in Section 5.3.

123
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6.1 Residual (GGalois Representations

Let F' be a number field, let G denote the absolute Galois group Gal(F/F),
and let p : Gp — GL2(Qy) be a continuous ¢-adic Galois representation. In this
section we will show that one can define a residual representation

[) : GF — GLQ(F@),

related to p, such that two isomorphic representations pi, po have isomorphic
residual representations. Moreover, we shall show that the image of this rep-
resentation is contained in the finite group GLa(F,), for some r > 1, which
depends only on the coefficients of the characteristic polynomial of p on Frobe-
nius elements of Gp.

We begin with the following standard result, a proof of which we borrow
from a note by C. Skinner ([Ski09], Section 2).

Proposition 6.1.1. Let p : Gr — GL2(Qy) be a continuous {-adic Galois
representation. Then there exists a finite extension V' of Qg such that the image
of p is contained in GLy(V).

Proof. It is known (see, for example, Chapter 3, Section 1.6 of [Rob00])
that for each positive integer n, there are only finitely many extensions of Qy
of degree n. The finite extensions W of Q; contained in Q, therefore form a
countable set, and for each such field W, GLo (W) is closed in GL2(Q,). Since pis
by definition continuous, the subgroups Gy := p~}(GL2(W)) form a countable
set of closed subgroups of Gg, whose union is G itself. Since G is compact,
it carries a Haar measure with total measure finite and non-zero. In particular,
since the countable union of measurable sets each having measure zero must
also have measure zero, it follows that some Gy must have non-zero measure,
and hence finite index in Gr. Write G as the disjoint union

Gr=1] 9:Gw

i=1

for some choice of coset representatives g;. Then the image of p is contained in
GL2(V), where V is the finite extension of Q; generated by W and the entries
of the p(g;). O

To construct the residual representation, we first show that any represen-
tation p : Gp — GLo(V) with V a finite extension of Q, fixes a lattice in V
(that is, an Oy-module II such that [I ®e,, V ~ V2, where Oy is the valuation
ring of V). We then show that the representation in fact factors through the
group GL(IT), so that, up to isomorphism, we may consider p as a representation
p: Gp — GL2(Oy), which we may then compose with the reduction map from
GL2(Ov) to GLa(ky ), where ky is the residue field of V.
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Proposition 6.1.2. Let p: Gp — GLa(V) be a Galois representation, with V
a finite extension of Qp, and let Oy denote the valuation ring of V.. Then, up
to isomorphism, we may realise p as a representation p : Ggp — GLa(Oy).

Proof. Let A be any lattice in V2. Since A is open in V2, the group
Gp = {g € GL3(V); g(A) = A} is open in GLy(V), and so Hp := p(G) N Ga
is open in p(G). Since p is continuous, p(G) is compact and thus Ha has finite
index in p(G).

Choose a set {g1, ..., gn} of coset representatives of p(G)/Hpx. Now, for each
i, g;(A) has finite index in O%, and thus in particular

is a lattice in V2, which is G p-stable by construction.

Since by definition I ®p, V =~ V2, any element p(g) € GLa(V) which acts
trivially on IT must also act trivially on V2, and so p factors through GL(II).
Since II is of full rank, we can find some matrix in GL2(V') which maps the
generators of II to the standard generators of 0%, and thus after conjugation
by this matrix we may assume that p: Gp — GLy(Oy ), as required. O

As mentioned previously, we then obtain a reduction p by composing p
with the homomorphism GLo(Oy) — GLa(ky) given by reducing the matrix
coefficients. However, this particular reduction is dependent on our choice of
lattice A in Proposition 6.1.2. Since any two choices of lattice differ by an
element of GLy(V'), this means that our reduced representation is unique up to
conjugation by an element of this group. As representations over ky, however,
they need not be isomorphic.

To remedy this, we want to fix a choice of representation, and call this our
residual representation p. To this end, we will require some results from general
representation theory, the statements of which we quote from G. Wiese’s lecture
notes ([Wie08], Theorems 2.1.8, 2.4.6.).

Theorem 6.1.3. (Jordan-Hdlder) Let k be a field, A a k-algebra, andV an A-
module which is a finite-dimensional k-vector space. Then V has a composition
series, i.e., a descending chain of submodules

V=V 2V 2Ve2...2V, =0,
such that all composition factors V;/V;+1 are simple.

Theorem 6.1.4. (Brauer-Nesbitt) Let k be a field, A a k-algebra, and V, W
two A-modules which are finite-dimensional k-vector spaces. If for all a € A,
the characteristic polynomials on V and W are equal, then V and W have the
same composition factors.
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We adapt this to our setting. Let p; and pa be two different realisations of our
original representation p over Oy (so that p1(c) = gpa(o)g~* for all o € G, for
some fixed element g € GLy(V)). Since the characteristic polynomial of a matrix
is invariant under conjugation, the characteristic polynomials of p; and ps must
be identical on Ggr. Moreover, since p; and ps take values in GLo(Oy ), the
coeflicients of this polynomial are integral, and so the corresponding reductions
also have equal characteristic polynomials. Applying Brauer-Nesbitt with
k= kv, A= k[GF], and V and W the vector space k? with k[G ] action defined
by the reductions of p; and py respectively, we deduce that the composition
series have identical composition factors.

To this end, we now define the residual representation p of the representation
p to be the semisimplification of any of our previously obtained reductions, by
which we mean the direct sum of the associated composition factors, which
thus frees us from our choice of lattice, leaving us with a well-defined (up to
isomorphism) representation

/3 : GF — GLg(kv)

From this argument it is clear that isomorphic representations must have
isomorphic residual representations, and thus, given two representations p; and
p2 which we suspect are isomorphic, it is natural to first look at their residual
representations. Since this reduces to a finite problem, establishing isomorphism
of the residual representations should be a simpler task than establishing iso-
morphism of the original representations. In fact, the methods we shall describe
later for comparing the full representations will assume that their residual rep-
resentations are isomorphic, so it is necessary for our purposes to develop tools
for comparing these reductions.

Since this will result in a computational task, it is in our best interests to
find as small a field as possible over which to define our residual representations.
That is, given a representation p : Ggp — GLy(V), for some finite extension V
of Qy, we wish to find the smallest subfield k of the residue field ky for which
GL2 (k) contains the image of the reduction p.

In fact, we shall show that the residual representation may be defined over
the field k,, the subfield of ky generated over F, by the coefficients of the
characteristic polynomials of p(Frob, ), for all finite places v of F. In particular,
if the trace and determinant of our representation p are integer-valued, then p
is defined over Fy.

To show this, we begin with a variant of a standard result from cohomological
algebra. Given two groups G and X, with an action of G on X, we define the
first cohomology set H'(G; X) to be the set of cocycles {v: G — X, 0+ v,}
satisfying v, = v, - 0(7,) for all o, 7 € G, modulo the relation ~, where v ~ 4
if, and only if, 4, = x -7, - o(x) ! for all 0 € G, for some x € X.
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Theorem 6.1.5. (Hilbert’s Theorem 90) Let L/K be a finite Galois exten-
sion, and let G = Gal(L/K). Then H'(G,GL, (L)) is trivial.

We shall make use of the following result. While it is no doubt well-known
to experts, we were unable to find a reference, and so we provide a full proof.

Proposition 6.1.6. Let p : Ggp — GLa(V) be a Galois representation, with V a
finite extension of Qq, and let p: Gp — GLa(ky) be its residual representation.
Then p may be realised over the subfield k, of ky generated over F, by the
coefficients of the characteristic polynomials of p(Frob,), for all finite places v
of F, in the sense that we may conjugate p by some element of GLy(Fy) so that
its image lies in GLa(k,).

Proof. The group Gal(ky /k,) is cyclic, generated by the Frobenius element

oz 27 Since by definition o fixes k,, the representations p and o o p

have the same characteristic polynomial. Since j (and thus oop) are semisimple,
Brauer-Nesbitt implies that they must be isomorphic, and so there exists some
element s € GLy(ky) such that o(p(g)) = s~ 1p(g)s for all g € G.

(kv ko]
Now, let 75 = Normy, 1, (s) = H o'(s). Since 15 € GLa(k,), it must

i=1
have finite order, r, say. Let k, denote a field extension of ky of degree r. Then
Normy, /1., (7s) = my = Id, and thus Normy,_; (s) = Normy, /z, (7s) = Id.

Let G = Gal(k,/k,), and let 7 be the generator of G, so that in particular
T|ky = 0. Then the map

m—1
v: G — GLa(ky); T = e = H 7'(s)
i=0

is a G-cocycle, which can easily be deduced from the definition and the fact that
Yriel = Normy, /. (s) = 1d.

By Hilbert’s Theorem 90, H'(G, GLy(k,.)) is trivial, so in particular (since
vr = s) there exists some t € GLa(k,.) such that ts7(t)~! = 1d, i.e., s = t17(¢).

Embedding GLy(ky ) into GLo(k,.), we may view p as a representation
p: Gp — GLa(k,), which is fixed by Gal(k,/kv). In particular,

Top=p"v =gop.

Then for each g € G,
T(tp(g)t™") = T()o(p(9)) (1)~ = T(t)s™ p(g)sT() "t = tp(g)t ™,

and so the image of ¢pt ! is contained in GL2(k,), as required. O
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In particular:

Corollary 6.1.7. Let p: Gp — GLo(V) be a Galois representation, with V a
finite extension of Qg, and let p: Gp — GLa(ky) be its residual representation.
If the coefficients of the characteristic polynomial of p(Frob,) are rational for
all finite places v of F, then we may realise p over the field Fy.
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6.2 Sources of Galois Representations

In this section we will provide a brief recap of the particular Galois repre-
sentations with which we will be concerned, namely those arising from elliptic
curves, and those arising from automorphic forms.

The Galois representation attached to an elliptic curve E over a number field
F is constructed in the same manner as for rational elliptic curves (as in Sec-
tion 2.4), namely by considering the action of Gg on the ¢-adic Tate module.
Theorem 2.4.3 extends naturally to elliptic curves defined over number fields,
and as a consequence we have the following result (see [Wie08], Theorem
1.3.3):

Theorem 6.2.1. Let E be an elliptic curve over F', with conductor n, and let
£ be a rational prime. Then the above action of G on Tay defines an (-adic
Galois representation

pE 1 Gp — GL2(Qy),

which is unramified at all finite places not dividing n. At each such unramified
place p, the characteristic polynomial of Froby is given by

®p(X) = X? — ap X + Normpg(p),

where ~
ap = Normpq(p) — [E(Or/p)| + 1,

where E(Op/p) denotes the reduction of the curve E at the prime p C Op.
Moreover, the determinant of pg is given by the £-adic cyclotomic character of
F.

The residual representation pg is straightforward to describe, it is the semisim-
plification of the representation induced by the action of Gr on the set of ¢-

torsion points E(F')[{]. In particular, if ¢ = 2, then we can determine the image
of p, from the Weierstrass equation

E:y?>=2%+ax+b.

Since GLy(F2) ~ S5, the image of pg must be a subgroup of S3. In fact, it
must be either Ss itself, the cyclic group C5 or the trivial group {Id}. Indeed, it
is not hard to see that any representation with Ss3- or Cs-image is irreducible, and
thus unchanged by semisimplification. On the other hand, a representation with
Co-image is not irreducible (as F3 contains a line invariant under each subgroup
of GLa(FF3) of order 2) and so has trivial image after semisimplification. To
determine which image our residual representation has, it suffices to compute
the splitting field of the cubic 23 4 az + b, as the field F(F[2]) generated by the
coefficients of the 2-torsion points of E is isomorphic to this field.
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On the automorphic side, we use the representation presented in Section
3.5, which we recall below:

Theorem 3.5.1. Let F be a CM field, and let w be a cuspidal automorphic rep-
resentation of Resg/q(GLa) of cohomological type, with trivial central character,
and fix a prime £. Then there exists an £-adic Galois representation

pr : Gal(F/F) = GL3(Q,)

such that, for each place v of F' not dividing £, we have the local-to-global com-
patibility statement, up to semisimplification:

WD (pr.0)* = Ly (0 @ |det]y 2).

Furthermore, if m, is not a twist of Steinberg (e.g., is an unramified princi-
pal series) then we have the full local-to-global compatibility statement, up to
Frobenius semisimplification:

_1
WD(pﬂ,v)Frob ~ fv(ﬂ—v ® |det‘v 2 )

In particular, we use the automorphic representation 7 corresponding to
a cuspidal automorphic form of level Ky(n) attached to one of the cuspidal
Hecke eigenclasses found in Section 5.3. In particular, we recall the following
properties of p, from Section 3.5:

e p. is unramified at all primes not dividing /n;
e The determinant of p, is equal to the f-adic cyclotomic character of F;

e The traces p, (Frob,) of Frobenius elements at unramified primes are given
by the eigenvalues of the Hecke operators T, acting on the corresponding
Hecke eigenclass.

e Since the eigenclasses we are interested in have rational eigenvalues, the
residual representation p, takes values in GLo(FF;) by Proposition 6.1.6.

We shall call an elliptic curve E defined over F' modular if, for some prime
{, the representation pg is equivalent to the representation p, for some 7, up to
semisimplification (due to the compatibility of families of such representations,
equivalence of pg and p; for some prime ¢ implies equivalence for all but finitely
many primes /).
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6.3 Comparing Residual Representations

Suppose now that we have 2-adic representations pg and p,, associated to
an elliptic curve and an automorphic representation respectively, and we wish
to check whether or not they are isomorphic.

We shall follow the spirit of [DGP10]. The first step we shall take is to
determine whether or not the residual representations pg and p, are isomor-
phic, which we shall do by investigating the fields cut out by their respec-

—ker

tive kernels. More precisely, let Lg denote the fixed field F' (ﬁg), and L,

the fixed field err(p"), so that Gal(Lg/F) ~ Gp/ker(pg) ~ Im(pg), and
Gal(L,/F) ~ Gp/ker(py) ~ Im(p,). Since the coefficients of the characteristic
polynomials of each representation are rational, the residual representations can
be assumed to take values in GLo(F2), and thus their images are isomorphic to
subgroups of S3. Now, elements of GLy(F2) of the same order share the same
characteristic polynomial so, applying Brauer-Nesbitt, we see that if the images
of the residual representations are isomorphic then in fact pg ~ p, as represen-
tations. Thus our task reduces to determining whether or not the fixed fields
Lg and L, are isomorphic, for which we can use class field theory, following the

treatment established in [DGP10].

We begin by establishing an isomorphism between GLy(F3) and S3, which
we shall use throughout the remaining discussion. This isomorphism is induced
by the action of GLy(F2) on the three elements of P!(FFy), and can be defined

by the mapping
0 1 10
(12) — (1 0> , (13) — (1 1) .

From the statements of the previous section, we are considering representa-
tions unramified outside of those places which divide the rational prime 2 and
the conductor of the elliptic curve E (since we restrict our attention to F a CM
field, all infinite places are unramified). Consequently, the fields Lg and L, are
also unramified outside of these primes (by definition, if a representation p is
unramified at p, then the absolute inertia group I, C G lies in ker(p). If F,

denotes the fixed field err(p), then for any prime q C O, above p the elements
of the inertia group I,,, C Gal(F,/F) lift to elements of the absolute inertia
group, and thus act trivially on F},, so p has trivial inertia in F},, and thus is
unramified).
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Our aim is to establish isomorphism of the fields Lg and L, which we do by
building up these fields by abelian extensions of F', leading us to consider ideas
from class field theory. Recall that, for an ideal m in a number field K (known as
a modulus), the ray class group Cl(Of,m) is defined to be the quotient group
I™/P™ where I™ denotes the group of fractional ideals of K coprime to m,
and P™ is the group of principal ideals of K generated by elements which are
congruent to 1 modulo m (while the notion of ray class groups can be extended to
include behaviour at infinite places, we shall not require such a generalization).

The ray class group Cl(Ok,m) is a finite abelian group, and it is known
that there exists an abelian extension K(m)/K, known as a ray class field,
which is unramified away from the primes dividing m, and whose Galois group
is isomorphic to C1(Ok,m). This isomorphism is established via the Artin map
Art g (m)/ K, Which is defined as follows: any element of CI(Ox,m) can be defined
as the image of a product of integral powers of prime ideals of K, not dividing
m. The Artin map sends the image of such a prime p to the Frobenius element
Frob g (m)/x (p) in Gal(K(m)/K), and is extended to the entire ray class group
multiplicatively. Moreover, the Artin map establishes a correspondence between
the subgroups of Cl(Ok,m) and subextensions of K (m)/K.

The following result states that, if K is a CM field, then every cyclic Galois
extension of K of prime degree appears as a subextension of some K (m)/K, for
a prescribed choice of modulus m:

Theorem 6.3.1. Let K be a CM field, and let L/K be an abelian Galois
extension of prime degree p, unramified away from the finite set of primes
S ={p1,...,pn}. Denote by m the modulus

m= Hpe(p),

peS
where
L if pip,
e(p) = e .
®) { v/l L1 if plp.

Then Gal(L/K) is isomorphic to a subgroup of Cl(Og,m).

Proof. See [Coh00], Propositions 3.3.21 and 3.3.22. O

Every cyclic order p subgroup of Cl(Ok,m) defines a character x of order p,
and vice-versa. Thus we can identify degree p extensions L/K with characters
of ray class groups, assigning to each such extension the character defined by the
Galois group Gal(L/K). For example, if L/K is a quadratic extension whose
Galois group is a subgroup of Cl(Ok,m), evaluation of the Artin map shows
that the corresponding character y, is defined on the image of a prime p of K
not dividing m by

0; if p splits in L,
1; if p is inert in L.

xL(p) = {
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The following result (an extension of [DGP10], Proposition 5.4) will be
used regularly:

Proposition 6.3.2. Let K be a number field, m an ideal of K, and define an
(Z/pZ)-basis {11, ..., Vs, X1s---, Xt} Of the order p characters of Cl(Og,m) for
some prime p. Then there exists a set {p1,...,p.} of prime ideals of Ok such
that ¥;(p;) = 0 for all i,j, and the vectors (x1(p;), ..., xe(p;)) forj=1,...,r
span (Z/pZ)*.

Moreover, for any set {p1,...,p,} of prime ideals of Ok satisfying the above
conditions, if x is a non-trivial order p character of Cl(Ox,m) not lying com-
pletely in the span of the characters {11,...,%s}, then x(p;) # 0 for some ideal

Pj-

Proof. The first statement follows from Chebotarev’s density theorem. In-
deed, let K (m) be the ray class field of K with respect to m, so that Cl(Ox,m)
is isomorphic to Gal(K(m)/K). In particular, the latter group is abelian,
and thus Chebotarev’s theorem implies that it is covered by Frobenius ele-
ments Frob g (m)/ (), for the primes p of K which do not divide m. For each
character x;, it is possible to find an element of CI(Ok,m) which has triv-
ial image under all other order p characters, and the corresponding element of
Gal(K(m)/K) is therefore of the form Frobg (m)/x (pi) for some prime p; of K
— the set {p1,...,p,} satisfies the required conditions.

For the second statement, we may write x in the form
t
X=1t+ ZEiXi,
i=1

for some ¢; € Z/nZ, not all zero, and where 1 lies in the span of the characters
{t1,...,s}. Suppose then that x(p;) = 0 for all 1 < j < r. Since x(p;) =0
for each p;, it follows that

xi(p1) - xe(p1) €1
: - : : =0.

xi(pr) o xe(pr) €t

Since the matrix (x;(p;))i; has maximal rank, it follows that ¢; = 0 for all
i, and x = v, contradicting our assumption. O

We now proceed to compare the residual representations, which we shall do
on a case-by-case basis, depending on the image of pg.
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Case 1: Im(pg) ~ {Id}.

If pg has trivial image, then it suffices to establish that p, does not have

image isomorphic to either C5 or S5. Suppose then that Im(p;) = C5 or Ss.

We begin by noting that if this is the case, then the fixed field L, = chr(p”)

contains a subfield F; such that [L, : Fr] = 3 (if Im(p;) = Cs, then F; is simply
F itself, while if Im(p;) = S3 then Fy is a quadratic extension of F'). Let n
denote the conductor of the elliptic curve F, and denote by m the modulus

m= Hpﬁ(P)7

pl2n

where
(p) = 1; if pt2,
W= 2e(p/2) +1; i pl2.

By Theorem 6.3.1, any quadratic extension of F' unramified away from the
primes dividing 2n (and, consequently, the extension F,) must correspond to a
quadratic character of Cl(Op,m).

Now, for each such character, we construct the corresponding field F, and
let m, denote the modulus

my; = H Cle(q)7

q|12n0F,,

where

B 1; if q13,
e(q){ 3B 1 if q)3.

Since L, is a cubic extension of F,, Theorem 6.3.1 implies that it corresponds
to a cubic character x, of Cl(Op_,my). Let {x1,..., Xt} denote a (Z/3Z)-basis
of these characters, let {qi,...,qs} be a set of prime ideals in OF_ not dividing
m,; such that the vectors (x1(q:),--.,x¢(q:)) span (Z/3Z)!, and let {p1,...,p,}
denote the set of prime ideals in OF lying below the q;.

By Proposition 6.3.2, since x is assumed non-trivial, there must be some
prime q; for which x-(q;) # 0. We claim that this means that p;(Frob,) must
have odd trace, where p lies below q;. Indeed, if x.(q;) is non-trivial then it
must have order 3 in Z/3Z, whence the image of Frob, must also have odd order
in GLa(FF3) ~ S3. By observation, the only such elements of GLy(F3) are those
with trace equal to 1.

Thus if the traces of pr(Froby,,) are even for each p, defined above, then
p» has trivial image, while if any of these traces are odd, the character x, is
non-trivial and thus L, is not isomorphic to Lg.
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Case 2: Im(pg) ~ Cs.

In this case, there are two steps: we first prove that the residual represen-
tation p, has image isomorphic to C3, which we do by showing that its image
is non-trivial, and contains no order 2 elements. We then prove that its image
factors through the extension Lg, which we do by looking at all possible cu-
bic extensions of F' and showing that L, can only correspond to the character
associated to Lg.

We will need to consider both quadratic and cubic extensions of L and so,
guided by Theorem 6.3.1, we let m denote the modulus

m= Hpe(p),

p[2n
where
1; if p16,
e(p) =4 2e(p/2)+1; i p[2,

B + 15 if pf3,
where n denotes the conductor of the elliptic curve E as before.

Now, if p, contains an order 2 element in its image, then there must be some
quadratic extension F, of F' contained in L., which therefore corresponds to a
quadratic character of Cl(Op,m). Now, suppose p C Op is a prime which is
inert in F. Since Im(p;) C S3, px(Frob,) must have order exactly 2, and in
particular has trace equal to 0.

Let {x1,..., Xt} be a (Z/2Z)-basis for the quadratic characters of CI(Op, m),
and let {p1,...,pr} be a set of prime ideals of Op not dividing m, such that
the vectors (x1(pi),---,xt(pi)) span (Z/2Z)!. By Proposition 6.3.2, for any
quadratic extension K of F' unramified away from the primes dividing 2n, there
must be some prime p; that is inert in K. Thus if Tr(p,(Froby,)) is odd for all
primes p;, p, can contain no order 2 elements. In addition, since the identity
matrix has even trace, this implies that p; must have Cs-image.

Next, let g denote the cubic character associated to the cubic extension
Lg, and extend it to a (Z/3Z)-basis {¢g, x1,...,xt} of the cubic characters
of Cl(Op,m). Compute a second set {p1,...,ps} of prime ideals of Op, not
dividing m, such that ¥ g(p;) = 0 for all i and the vectors (x1(p:),--.,xt(p:))
span (Z/27)".

Let 1, be the cubic character of Ci(Op, m) corresponding to L., and write

t
Ur =g+ Y _€Xi, €6 € L[3L.
i=1
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If v, = e¥g, then L, ~ Lg, so suppose ¥ # e¢g. By Proposition 6.3.2,
we must have ¥ (p;) # 0 for some prime p;. In particular, pr(Froby,) must
have odd order in Ss, while pg(Froby, ) has even order, or is the trivial element.
Thus Tr(px (Froby,)) # Tr(pg(Froby,)).

We therefore evaluate the traces of p, and pg on the Frobenius elements
at the primes p; above. If these all coincide, then we indeed have L, ~ L,
and so p; ~ pg. If any of these traces differ, the residual representations are
non-isomorphic.

Case 3: Im(pg) ~ Ss.

This case is slightly more involved than the previous two. We begin by
noting that the group S5 contains a unique (up to inner isomorphism) subgroup
of order 2, and thus it follows that F' has a unique quadratic extension Fpg
contained in Ly. We wish to show that L, can contain no quadratic extension
of F' other than Fg.

As before, let m denote the modulus

m= Hpe(p)7

p[2n
where
L if p 16,
e(p) =9 2e(p/2)+1;  if p[2,

3B p1; if pl3,
where once again n denotes the conductor of the elliptic curve E.

Let ¢, denote the quadratic character of Cl(Op, m) corresponding to Fg.
After evaluating the Artin map, it is clear that

0;  if p splits in Fg,
1; if pis inert in Fg.

Vrg(p) = {

Now, extend ¢, to a (Z/27Z)-basis {¢r,, X1, -, Xt} of the quadratic char-
acters of Cl(Op,m), and let {p1,...,p,} be a set of prime ideals in OF, not
dividing m, such that ¢p,(p;) = 0 and the vectors (x1(p;),-..,xt(P;)) span
(Z/2Z)'. To ensure that ¥, (p;) = 0, we can restrict our attention to primes
with inertial degree 3 on Lg; any such prime must necessarily split on Fg. For
any such prime p;, pg(Frob,,) must have order 3 in GLy(F53), and thus must
have trace equal to 1.

Let x be a quadratic character of Cl(Op, m) corresponding to a subfield of
L., and write

t
X = €Pry + qui, € € € L/2Z.

i=1
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If x = eyp,, then x corresponds to either F itself (if e = 0) or Fig (if e = 1).
If x # eYp,, then L, contains a quadratic extension of F' not isomorphic to Fg,
and we wish to prove that this is not possible. By Proposition 6.3.2, we must
have x(p;) # 0 for some p;, so in particular p; must have even inertial degree
in Ly, and the image of p;(Froby,) must have even order, and hence has trace
equal to 0. Thus if Tr(p, (Froby,)) is odd for all primes p; above, L, can contain
no quadratic extension of F' other than Fg. If any of these traces are even, we
can immediately deduce that the residual representations are non-isomorphic.

We now wish to eliminate the possibility that Im(p;) ~ Cs. If this were
the case, let x, denote one of the cubic characters of Cl(Op,m) associated to
L., and let {x1,...,xt} be a (Z/3Z)-basis of the cubic characters of CI(Op,m).
By Chebotarev, we can choose a set {p1,...,p,} of prime ideals of Or which
either split completely in Lg or are inert in the quadratic extension Fg of F
mentioned above, such that the vectors (x1(p;),- .-, x¢(p:)) span (Z/3Z)'. Note
that for any such prime p;, pg(Froby,) has order at most 2 in GLy(F2), and
thus has trace equal to 0.

Since X is non-trivial, by Proposition 6.3.2 we must have x,(p;) # 0 for
some prime p;. Thus x(p;) has order 3 in Z/3Z, and subsequently so too must
pr(Froby,) in Gal(L,/F). It follows that p,(Frob,,) must have odd trace, so
if Tr(p~(Froby,)) is even for all primes p;, we know that L. cannot be a Cs-
extension. Since we know that the image of p, is isomorphic to a subgroup of
S3, it follows that it must be Ss3 itself.

If the residual representations have not yet been shown to be non-isomorphic,
then we know that L, is an Ss-extension, containing the same quadratic exten-
sion Fg of F' as Lg. We therefore wish to ascertain that the only possible cubic
extension of F contained in L, is L itself. Using Theorem 6.3.1 once more,
we consider the ray class group Cl(Op,, mg), where

mg = H qe(q)a

q‘QHOFE

where
1; if q¢3,

0 ‘{ B2 413 if qf3,
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Denote by ¢ one of the cubic characters of Cl(Op,, mg) associated to the
extension L, and extend it to a (Z/3Z)-basis {{g, X1, - - . , Xt } of the cubic char-
acters of Cl(Op,, mg). Compute a set {q1,...,qs} of prime ideals of O, such
that ¥ (g;) = 0 for each 4, and the vectors (x1(q:),---,x¢(q:)) span (Z/3Z)t,
and let {p1,...,p,} denote the set of prime ideals of Op lying beneath the g;.
Now, since ¥g(q;) = 0, each prime g; must split completely in Lg, so every
prime p; has inertial degree at most 2 in Lg. Consequently, pg(p) has order at
most 2 in GLy(F2), and thus pg(p) has even trace.

Let 1, be the cubic character of Cl(Op,, mg) corresponding to L,, and

write
t

Yy = g + ZeiXi- €, € € Z/37.

i=1

Now, if ¥, = €eyg, then v, and g must both correspond to the same
extension, and thus L, ~ Lg, so suppose that this is not the case. Then
by Proposition 6.3.2 ¢,(q,) # 0 for some q;, and so gq; must have inertial
degree 3 in L., and subsequently so too must the prime p; beneath q;. Thus
pr(Frob,, ) must have order 3 in GLy(F2), and so p,(Froby, ) has odd trace. Thus
if Tr(px(Froby,)) is even for all primes p;, we can conclude that the residual
representations p, and pg are isomorphic.
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6.4 Livné’s Criterion

Having shown how to decide isomorphism of the residual representations, we
are now in a position to determine whether or not the full representations pg and
pr are isomorphic, up to semisimplification. We shall use one of two different
approaches, depending on what the images of the residual representations look
like. The first of these, using a result due to Livné, may be used in the cases
where the residual images are either trivial or cyclic.

We begin by stating the main result:

Theorem 6.4.1. Let F' be a number field, and V) a finite extension of Qo with
ring of integers Oy and mazimal ideal A. Let

p1,p2 1 Gp — GLa(V))

be two continuous representations unramified outside a finite set S of places of
F, such that

Tr(p1) = Tr(pz) =0 (mod A), and det(pr) = det(pz) =1 (mod N).

Let Fy s denote the compositum of all quadratic extensions of F' unramified
outside S, and suppose there exists a set of prime ideals T' of O, disjoint from
S, such that:

(i) {Froby; p € T} surjects onto Gal(F» g/F); and

(ii) The characteristic polynomials of p1 and ps at the Frobenius elements
Froby; p € T} are equal.
p

Then p1 and ps have isomorphic semisimplifications.

Proof. See [Liv87] (our statement of the theorem comes from [Ché08§],
Theorem 5.4.9). O

If both p; and pg have trivial image, we may use Theorem 6.4.1 imme-
diately. The Galois group Gal(F» g/F) may be identified with the subgroup of
quadratic characters of Cl(Op, m) from Section 6.3, Case 1, where S is the
set of prime ideals of Op dividing 2n.

Let {x1,..., Xt} be a (Z/2Z)-basis of the quadratic characters of Cl(Op, m).
Then any set {p1,...,p,} of primes for which the vectors (x1(p:),- .., xt(p:))
cover (Z/2Z)"\ {0} satisfies the criterion. Given such a set of primes, we check
for equality of the characteristic polynomials of p,(Froby,) and pg(Froby,) for
all p;. If we have equality for each such prime, the representations are equal.
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If both p; and pg have image isomorphic to Cs, the matter is slightly more
complicated, as the traces of the residual representations are no longer iden-

tically zero. However, we make the following observation: if we define the

fixed field L = err(m (where p is isomorphic to both our residual represen-

tations), then L/F is a cubic Galois extension, and Gy, is a normal subgroup
of Gp. If plz and pl. denote the restrictions of our original representations to
G, then the corresponding residual representations are trivial, and thus we can
use Theorem 6.4.1 to determine isomorphism of p’, and p!. (as usual, up to
semisimplification).

If we impose the additional restriction that the base change of the elliptic
curve F to the field L does not possess complex multiplication, then the rep-
resentation pf (and thus also pf) is in fact irreducible. By Schur’s lemma,
Homg, (pz, p.) contains a copy of V) on which G, acts trivially, and thus
Homg, (1, (pe ® pY)|c,) is non-trivial (where 1 denotes the trivial represen-
tation). Frobenius reciprocity implies that the latter group is isomorphic to
Homg,. (Indgf(l), pE ® pY), which decomposes as a direct sum

Homg ,, (Indgi(l)mE ® py) =~ @ Homeg,. (pr ® X, PE)-
Xxla, =1

Invoking Schur’s lemma once more, we observe that one of these summands
must be non-trivial, and that pg ~ p, ® x for some character x of Gr whose
restriction to Gy, is non-trivial. One can then determine whether this character
is trivial, by finding a prime p of F' which is inert in L. In this case, Froby is non-
trivial, and so x is completely determined by the value it takes on this Frobenius
element. In particular, if Tr(p.(Frob,)) = Tr(pg(Froby)), then x(Frob,) = 1,
x is trivial, and p, and pg have isomorphic semisimplifications, as required.
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6.5 The Faltings-Serre Method

This section concerns the remaining case: if the residual representations
pr and p, are isomorphic and both have full image in GLy(F3), how can we
determine whether the full representations pgr and p, are also isomorphic (as
usual, up to semisimplification)?

The Faltings-Serre method gives us a means to answer this. We follow the
spirit of [DGP10], Section 4.1. Let F be a number field, and suppose that

P1,P2 : GF — GLQ(ZQ)

are two representations such that:

e p; and ps have the same determinant;
e p; and po are unramified outside a finite set S of primes of F;

e The residual representations p; and ps are absolutely irreducible and iso-
morphic.

If p; and ps were not isomorphic, then by Brauer-Nesbitt there must exist
some prime p in F' such that Tr(p; (Froby)) # Tr(p2(Froby,)). The Faltings-Serre
method will allow us to construct a finite set of candidate prime ideals that will
contain such a prime, should it exist.

We will apply this to our representations pg and p,. While it is clear that
pg is defined over Zs, we need to show that p, is. For this, we use the following
result (adapted from [Car94], Theorem 2):

Theorem 6.5.1. Let V,W be finite extensions of Qa, with rings of integers Oy
and Ow, and suppose that W D V. If

PW - G — GLQ(W)

is a representation of some group G such that the traces Tr(pw (g)) lie in V' for
all g € G, and the residual representation py is absolutely irreducible, then pw
18 equivalent to a representation

pv : G — GLy(V).

Since the two-dimensional irreducible representation of Ss is in fact abso-
lutely irreducible over any field of characteristic 2 (see, for example, [LP10],
Example 1.3.5), we can apply Theorem 6.5.1 to p,, and deduce that it is
indeed equivalent to a representation defined over Zs.
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We now return to our original situation. Since the traces of p; and py are
non-equal, there must be a maximal r € N for which Tr(p;) = Tr(ps) (mod 2")
(if this were not so, then the traces, being defined over Zs, would necessarily be
equal). Thus we can define a non-trivial map ¢ : Gp — Fy by

¢(0) _ Tr(pl(g)) 2: Tr(pQ(J)) (HlOd 2)

Now, ¢(Frob,) = 1 precisely when the traces of p;(Frob,) differ, so we wish to
find some prime p such that Frob, has non-trivial image under ¢. The difficulty
lies in the fact that the group G is too large for us to approach directly, so we
would like to factor the map ¢ through some finite group G.

More precisely, we wish to find a factorisation ¢ = ¢ o 6, with € a group
homomorphism, such that the following diagram commutes:

Gr —>F2

N

Thus ¢ is non-trivial if, and only if, ¢ is non-trivial on Im(#), so we may
restrict our attention to the finite group G.
—=ker(0) .
Now, we can associate a field Fp to the map 6 by defining Fy := F' ert ) in
which case Fyp/F is a Galois extension, with

Gal(Fy/F) ~ Gp/ker(0) ~ Im(0).

If we can choose 6 appropriately, so as to control ramification in Fjy, then,
since Fp must be a Galois extension of F' with a finite number of potential
Galois groups, we can hope to use class field theory to determine a finite list of
candidates for Fy. For each possible field, we can determine which elements of
Gal(Fy/F) can have non-trivial image under . If, for each possible Fy, we can
then find a set of prime ideals p € Op such that the images 6(Frob,) cover this
set, then ¢(Froby,) should be non-trivial for at least one of them. The union of
all these primes thus gives us our desired set of candidates.

We now describe how we do this in practice. Since the residual representa-
tions p; and ps are isomorphic, we shall henceforth assume that p; = p2 = p,
say. We note the following result (see [Car94], Theorem 1):

Theorem 6.5.2. Let A be a local ring, R an A-algebra, and let p, ¥ be two
representations of R of the same dimension n. Suppose that the residual rep-
resentation p is absolutely irreducible, and that p and v have the same trace.
Then p and v are equivalent.
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We apply this as follows: let A be the local ring A = Zy/2"7Z5, and let p
and ¢ be the compositions of p; and py with the projection Zg — Zo/2"Zs.
In particular, the residual representations p and 1; are equivalent to p; and ps.
Since we have assumed the representations to be absolutely irreducible, and that
the traces of p; and py are equal modulo 2", it follows that the representations
p1 and ps are in fact isomorphic modulo 2".

We can therefore define a map p: Gp — Ma(F3) by setting

p1(o) = (142" u(o))pa(0),

so that
6(0) = Te(F(0)u(r)) (mod 2).
Note that
p1(o7) = (14 2"u(or))p2(oT),
but also

pi(a7) = pr(o)pi(T) = (L+2"p(0))pa(0) (1 + 2" (7)) pa (7).

Equating the two, we observe that

o) = u(o) + plo)u(r)p(o) ™" (mod 2),

and so we may define a homomorphism 6 : Gg — Im(p) x My (F2) by setting

0(0) = (p(0), p(0)) (mod 2).

Note that ker(§) = {0 € Gp,u(o) = 0 (mod 2)} Nker(p). In particular,
¢(0) = 0for all o € ker(#), and so ¢ factors through Im(p) x My (F2) as ¢ = o,
where (by definition of ¢) we find ¢ : Im(p) x Ma(F3) — Fy is defined by

@((My, My)) := Tr(M; My).

Let iz denote the reduction of y modulo 2. Since

det(p1(0)) = det(L + 2 u(0))det(pa(0)
— (1+ 2" Te(u(0) + 27" det(u()))det(pa (o))
= (1 + 2" Te(u(0)))det(p2(0)) (mod 2+1),

equality of the determinants of p; and ps implies that
Im(f) € MI(Fy) := {M € My(F3), Tr(M) = 0 (mod 2)},

and hence has at most order 23. Thus we may take the group G mentioned
previously to be Im(p) x M3(Fy).
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Since the residual representations have Ss-image, we are interested in the
structure of the group Sz x MJ3(F3). The following result will be useful:

Lemma 6.5.3. We have an isomorphism Ss x M3(Fy) ~ Sq x Cs.

Proof. Recall our previous identification of S3 with GLa(FF3), given by:

(12) (g’ é) (13) G ?)

Now, M3 (Fq) ~ (Z/2Z)3, where we may choose our generators to be

11 /10 (10
01_0171}2_1171}3_01’

and the group action corresponds to matrix addition. The action of S3 on
MZ(F3) is given by the usual conjugation of matrices.

It is clear that under this action, the generator vz is fixed by all elements
of S3, and so we have an isomorphism S5 x M (Fs) =~ (S3 x V) x Co, where
V4 is the Klein group generated by v; and va. A quick check reveals that the
Ss-action induces a permutation on the set {v1,ve,v1 + v2}. More precisely, if
we set u; = vy, us = v, uz = v1 + va, then the action of S3 on {u,us,us} is
given by

o(u;) = Ue (1)

corresponding to the action of S3 on the subgroup Vy = ((14)(23), (13)(24)) of
Sy (where we identify S3 C Sy as the set of permutations fixing the element 4).
Indeed, the identification

vy > (14)(23), ve — (13)(24)
gives a concrete isomorphism S3 X (vy,vs) =~ Sy, and the result follows. O

As per our previous discussion, this means we may restrict our attention to
Galois extensions L/F with Gal(L/F) C Sy x Cy. This still gives us an infinite
choice, so we attempt to control ramification in the field L. This turns out to
be straightforward: we claim that the only primes of O which can ramify in
L are those lying in the finite set S. Indeed, if p is a prime not contained in
the set S, then p; and p, are unramified at p, so in particular Frob, € ker(9).
It therefore follows that p must be unramified in the field L = Fy. Restricting
ramification in this manner results in a finite number of possible extensions. We

may reduce this even further by noting that Fjp must also contain the fixed field

F, = err(m.
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As stated previously, we wish to know which elements of Im(p) x M (F3) have
non-trivial image under the map . A simple check reveals that the elements of
S4 % Cy with non-trivial image are precisely those of order 4 or 6. These elements
split into three conjugacy classes: if we choose elements o3 and o4 of order 3
and 4 in S, respectively, and let 7 be the generator of Cy, then representatives
of these conjugacy classes are (04,id), (04,7) and (o3, 7).

Thus for each extension L of F' as described above, we need to find primes
pr in Op whose Frobenius elements correspond to these conjugacy classes in
Gal(L/F), and compare the traces of p; and ps on Frob,, . Since we are looking
for elements of order 4 or 6, and since Gal(L/F) must contain Im(p) ~ S3, we
may restrict our attention to extensions L/F with Galois group isomorphic to
S3 X 027 54, or S4 X Cg.

In fact, we may make things even easier than this, by considering only those
extensions with Galois group S3 x Cs or Sy. First of all, note that S, x C5 fits
into the exact sequences

1*)%%54)(02%53)(02*}1,

1%02*)54)(02*)54*)1.

In the first sequence the map Vy — S4 x (5 is given by embedding the
Klein group V4 naturally into Sy, while the map Sy x Co — S5 x Cs is given
by the isomorphism Sy x Cy ~ (S3 x V) x Cy, followed by the projection
((o,7), ) = (o, ). The maps in the second sequence are the obvious choices.
Also, every order 4 element of Sy x Cy maps to an order 4 element in Sy, while
every order 6 element of S; x Co maps to an order 6 element of S3 x Cy under
these surjections.

How does this help us? Suppose that L/F is an (S4 x Cy)-extension, such
that L contains F), as a subfield. Then, denoting by G1 and G35 the first and
third non-trivial groups in either sequence respectively, we have the following
situation:

S4><CQ
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Since we wish to consider primes p € Ok whose Frobenius elements have
order 4 or 6 in S; X Cs, and each such element maps to an element of order 4
or 6 in G, we may instead consider the extension L& /F. As such, we shall
henceforth assume that Gal(L/F) ~ S; or S3 x Cy. Since these groups have
only a single conjugacy class of order 4 and order 6 elements respectively, this
means that for each such extension, we need only find a single prime p of inertial
degree either 4 or 6 in L.

We have therefore significantly reduced the number of cases we need to
consider, but there are still some fairly substantial difficulties which we need
to circumvent. Most notably, the groups S3 x Cs and S4, while small, are
non-abelian, and thus do not fall under the remit of class field theory, which we
would hope to use to characterize extensions of F'. However, the extension L/F,
is much smaller, and will prove more tractable. Indeed, we shall show that L is
the normal closure of a quadratic extension of F),.

Let m, be a modulus in F,, invariant under the action of Gal(¥,/F'). Then
Gal(F),/F') acts on the ray class group Cl(OF,, m,), and thus induces an action
on the additive characters of the group, given by %7 = v o o, for a character 1
and o € Gal(F,/F).

Lemma 6.5.4. Let v be a character of Cl(OFp,,m,), corresponding to the
quadratic extension F,(y/a), and let 0 € Gal(F,/F). Then Vo " corresponds to
the quadratic extension F,(\/o(a)).

Proof. Any character is completely defined by its values on non-ramified
prime ideals of F),. Precisely, if p C OF,, then

0; if p splits,
1; if p is inert.

Y(p) = {

If p does not divide the fractional ideal «, then p splits if, and only if, « is a
square modulo p, which holds if, and only if, () is a square modulo o(p), and
the result is clear. O
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We will need the following result:

Proposition 6.5.5. Let L/F be a Galois extension, with Gal(L/F) = V4, and
let Ly, Lo and L3 denote the three intermediate quadratic extensions of F'. Then
for any prime p C Op which does not ramify in L, p either has inertial degree
2 in precisely two of the L;, or splits completely in L.

Proof. Since Vj is a 2-group, any such prime p has either inertial degree 2
in L or splits completely, so we consider only the former case. Let Gal(L/F) =
(o, 7), and suppose pOj, = tity, where D(t;|p) ~ Cy. Without loss of generality,
v is fixed by o, and, after reordering, we may assume that L, = L{°}, and thus

Gal(L/Lk) N D(tzhj) = { {(Itd|£) i; k= 2’ 3.

Therefore, given a prime q; C Op, above p, we see that

oy = Delp); if k=1,
D(vilqx) = { {1d}; if k=2,3,

and the result follows. O

Proposition 6.5.6. Let F,/F be a Galois S3-extension, and let ¢ be a quadratic
character of Cl(OF,,m,), where m, is a Gal(F,/F)-invariant modulus in L.
Then:

(i) The quadratic extension of F, corresponding to v is Galois over F if, and
only if, Y7 = for all o € Gal(F,/F);

(ii) The quadratic extension of F, corresponding to ¢ has normal closure over
F with Galois group isomorphic to Sy if, and only if, the elements fixing
¥ form an order 2 subgroup, and ¥ + ¢Y° = waz, where o is any order 3
element of Gal(F,/F).

Proof. Let F,(y/a) be a quadratic extension of F),. Its normal closure over
F' is the compositum

L= [ F/ol),
o€Gal(F, /F)
and so in particular Gal(L/F,) is an abelian 2-group. By the previous lemma, if

F,(y/a) corresponds to the character 9, then the fields F,(y/o(a)) correspond
to the characters ¢7, for o € Gal(F,/F), and so statement (i) is clear.
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We therefore consider the second statement. Suppg)se first that the stabilizer
of ¢ in Gal(F,/F) is a 2-group, and that ¢+ = )", for ¢ an order 3 element
of Gal(F,/F). The condition on the stabilizer of 1) implies that

L =F,(Va) - F,(vy(a)) - F,(vV7* (@),
for some order 3 element v € Gal(F,/F).

Let ¢ = 71, so that the corresponding quadratic characters are given by 0,
¢ and ¥°". Consider the compositum F,(v/a) - Fy(y/v(a)). By Proposition
6.5.5, the field corresponding to the character ¢ = ¥ + ¥ is a quadratic
subfield of this compositum. However, the conditions in the statement imply

that ¢ = ¢°", and so L = Fy(va) - Fy(v/v()).

As aresult, [L: F,] =4, and Gal(L/F,) ~ V4, and the situation is summed
up by the following diagram:

Gal(L/F)| F,

We therefore have a short exact sequence
1 —Vy - Gal(L/F) — S5 — 1,
and so Gal(L/F) ~ S3 x Vy, with the action of S3 on Vj given by
7 =1 Your)o™t), 0 €83, TE VY,
where we embed S3 into Gal(L/F') via the inclusion Gal(F,/F) — Gal(L/F).

We claim that this action induces a right action of Gal(F,/F) ~ S3 on the
quadratic characters of CI(OF,, m,), given by ¢ - 0 = o1 . 4. Indeed, suppose
we embed V; — Gal(L/F) via the map ¢. Each non-trivial element 7 € Vj gives
rise to a quadratic extension of F,, namely L. Say LT = F,(\/B) for some
B € F,. Then L") = F,(0(v/B)) = F,(1/o(B)) for any o € S3. Associating
quadratic characters of Cl1(OF,,m,) with quadratic extensions of F}, as before,
the previous lemma confirms our claim.
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As a result, the assumption (ii) means that, in the action of S3 on Vj, any
order 3 element of S3 must act non-trivially (as the stabilizer of our character
is a 2-group). Identifying V, with a 2-dimensional Fa-vector space, this Ss-action
gives a morphism

(073 Sg — GLQ(]FQ)7

whose image must therefore contain an order 3 element. Since the kernel of «
must be a normal subgroup of S3 containing no order 3 elements, it is trivial,
and thus « is an automorphism of GLy(F2). Now, there is a unique such auto-
morphism (up to inner automorphisms, which will not change the isomorphism
class of S3 x V) and so Gal(L/F) ~ Sy, as claimed.

Conversely, if Gal(L/F) ~ S, then Gal(L/F,) ~ V,. Thus there are pre-
cisely 3 intermediate quadratic extensions, so the stabilizer of v is a 2-group.
Moreover, since L = Ly - Lo for any pair Ly, Lo of these intermediate fields, the
relation 1 - 7 = 1/1"2 must hold for any o € S3 of order 3. ]

In summary, to find our list of primes we need to compute all Galois exten-
sions L/F' which are unramified outside of .S, which contain F}, as a subfield,
and for which Gal(L/F) ~ S5 x Cy or S4. Having found these, we need to
find a prime p for which Frob, has maximal order in Gal(L/F), and compare
the traces of p; and p2 on Frob,. By Proposition 6.5.6, it is enough to find
all quadratic extensions of F, which satisfy either criterion (i) or (ii), and then
compute their normal closures.

Since we have already determined whether the residual representations are
isomorphic, we may use the Faltings-Serre method to determine whether the
representations themselves are isomorphic. We need to find all possible Galois
(S5 x C3)- or Sy-extensions L of F, and compare the traces of p, and pg at
Frobenius elements of maximal order in each extension. We do this by consid-
ering the Galois closures of quadratic extensions of L ~ L,. Using Theorem
6.3.1 once again, we consider the ray class group Cl(Op, ., my, ), where

Mmrg = H qe(q)7

q|2nO0r,

where
_ L if 12,
cla) = { 2e(q/2) +1;  if p2.

Then any quadratic extension of Lg corresponds to a quadratic character
of Cl(Or,,mr,). For the rest of this section, fix a basis {x1,...,x:} of these
characters, and a basis {a,...,a;} of even-order elements of CI(Of,,mp,),
such that x;(a;) = d;;.
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We begin by considering the (S5x C5)-extensions. By Proposition 6.5.6.(i),
we know that such extensions correspond to quadratic characters ¢ which are
fixed by Gal(Lg/F) or, equivalently, that ¢ +¢° = 0 for all o € Gal(Lg/F).
In other words, writing ¥ = Y €;x;, we are looking for exponents ¢; for which

Zei(Xi(a) + Xi(o(a))) =0
for all ideals a.

Fixing an order 3 element o and an order 2 element 7 of Gal(Lg/F), we
therefore find the kernels V,, and V. of the homogeneous systems

xi(ar) +xi(v(ar)) .o xe(ar) +xe(v(ar))
: - : , v €{o, T}
xi(an) +xa(v(ar) oo xe(ar) + xe(v(ar))

and intersect them. The corresponding characters give rise to all (S5 x Cy)-
extensions of F' containing Lg.

Let {11,...,¢s} be a (Z/2Z)-basis of V, N V,, and let {p1,...,p,}, be
a set of primes of Op with inertial degree 3 in Lp, such that the vectors
(¥1(:), ..., ¥s(q;)) span (Z/27Z)°, where ¢; is any prime in Of,,, above p;.

Now, for any Galois (S5 x Cy)-extension L of F' containing L, let 1, be the
corresponding quadratic character on Cl(Op,,mz,). By Proposition 6.3.2,
we know that ¢ (q;) is non-trivial for some prime q;, and so gq; has inertial
degree 2 in L. By our choice of p;, this means that p; has inertial degree 6 in L,
as required. If the traces of Frobenius elements at the primes p; are equivalent
then, if the two representations were non-isomorphic, the map ¢ must factor
through an S4-extension.

Our last step is to eliminate this possibility. By Proposition 6.5.6, we
know that any Sy-extension L of F' containing L arises as the normal closure
of a quadratic extension of Lg such that, denoting by v the corresponding
quadratic character of Ci(Op,,mr,), the stabilizer of ¢y, in Gal(Lg/F) is an
order 2 subgroup, and ¢y + ¥§ = 1/}%2, where o is any order 3 element of
Gal(Lg/F).

Since the stabilizer of any such character has order 2, ¢ cannot act trivially,
and thus v, ¥? and 1/102 are three distinct characters with these properties,
and all give the same normal closure. Thus, if we let S denote the set of all
characters with these properties, we see that we can write S as the union of
three disjoint sets.
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Moreover, since o acts transitively by right multiplication on the order 2
elements of S3, we see that

S= VeU Ve UVige,

where V. denotes the quadratic characters belonging to S invariant under the
action of an order 2 element 7 and the union is disjoint. Thus each of these

sets is in bijection with all extensions L of Lr whose normal closure L satisfies
Gal(L/F) ~ S,.

Analogously to the previous case, we are searching for characters ¢ = > €;x;
whose exponents satisfy

> cilxi(a) + xi(o(@) + xi(0?(a)) = 0

and
Zei(Xi(a) +xi(7(a))) =0

for some order 3 and order 2 element ¢ and 7 € Gal(Lg/F). Fixing o, we
compute the kernel W, to the homogeneous system

xi(a) +xi(o(a1)) + x1(0?(a1)) .. xelar) + xe(o(ar)) + xe(0?(a1))

xa(@) + X0 (00)) + x1(02(@)) r xe(a) + xe(o(an) + xi(0%(ar))

and intersect it with the kernel V, obtained previously. The corresponding
characters give rise to all quadratic extensions of L whose normal closure over
F' is an Sj-extension.

Let {¢1,...,%s} be a (Z/2Z)-basis of W, N V., and let {p1,...,p-} be
a set of primes of Op with inertial degree 2 in Lg, such that the vectors

(djl(ql)v s 71/15(5[1'))» (1/}1 (J(qz))a s 71/)5(0(%))) and (1/}1 (02(qi))7 s 7%(02(%)))

span (Z/2Z)%, where ¢; is any prime in Of,,, above p;.

Now, for any Galois S-extension L of F containing Lpg, let L be the
quadratic extension of Lg contained within, and let ¢y be the corresponding
quadratic character on Ci(Or,,mr,). By Proposition 6.3.2, we know that
¥r1.(9;) is non-trivial for some prime ¢;, and so g; has inertial degree 2 in L. By
our choice of p;, this means that p; has inertial degree 4 in L, as required. If
the traces of Frobenius elements at the primes p; are equivalent then we can
conclude that the semisimplifications of our two representations are isomorphic.
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6.6 Examples

In this section we provide examples of elliptic curves corresponding to each of
the cohomology classes listed in Section 5.3, and aim to prove that the Galois
representation pp arising from each curve is isomorphic to the representation
pr attached to each cuspidal eigenclass (in the sense of Section 3.5).

For each isomorphism class of curves over F', we present a global minimal
model - an integral element of the isomorphism class whose discriminant has
minimal valuation at all prime ideals dividing it. Since each field we consider
has trivial class group, such a model is guaranteed to exist.

The elliptic curves were found using MAGMA - once a candidate cuspi-
dal eigenclass in H*(T'g(n),C) had been identified for a particular level n, we
were able to search for elliptic curves of conductor n using Steve Donnelly’s
EllipticCurveSearch routine. This process was accelerated by computing a num-
ber of Hecke eigenvalues, and providing these as input for the routine. In all
cases, with the exception of the class labelled 4516 over the field F}, this method
yielded the correct curve.

To find this remaining curve, we made use of an idea presented in [DGKY14],
Section 3.3, which involves considering the possible torsion subgroups of the
curve E. Noting that the groups of points on the reduced curves E(Op/p) have
order divisible by 5, we posit that the torsion subgroup of E(F') is isomorphic
to Z/5Z (since for any prime p of good reduction, the torsion subgroup of E(F')
injects into E(Op/p), so the order of this torsion subgroup must divide 5).

According to [Kub76], Table 3, any rational elliptic curve E with 5-torsion
is isogenous to a curve E’ with a parametrization of the form

2 rel.

E :y?+ (1 —r)ay—ry=a®—rx
Inspired by this, we performed a search over values of r € O, which yielded the
required curve with the value r = t3 4+ t? — 4t + 3, where ¢ denotes a primitive
twelfth root of unity.

For each curve, we compute, using the ideas of the previous sections, a finite
set {p1,...,pn} of primes of F such that equality of the traces of pg(Froby,)
and p,(Frob, ) for each prime p; implies isomorphism of pg and p,. We then
compute the eigenvalues for the Hecke operators 7T}, for each of these primes to
ascertain the isomorphism.

We found that none of the curves had complex multiplication. In particular,
if the residual representation pg has S3-image, this implies absolute irreducibil-
ity, allowing us to apply the Faltings-Serre method.
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Of these curves, there are several that cannot be isogenous to the base change
of an elliptic curve defined over a subfield. We note that, in each of our examples,
if the conductor n of the given curve is not of the form ngOp, for some ideal ng
contained in a proper subfield of F', then we can find a rational prime p which
splits completely over the field F' as pOp = p1papspa, such that the traces of
the Hecke operators T}, take on at least three distinct values. In particular, the
local L-factor at p has at least three distinct factors. By contrast, the L-factors
of a curve defined over a subfield Ky would have at most two distinct factors,
since such a curve is invariant under any element of Gal(F/Kj). Since isogeny
preserves L-factors, the result is clear.

Computations to determine the set of primes as described in the previous
sections were performed with PARI ([PAR14]). For each of the elliptic curves
we discovered, the corresponding residual representation was either trivial, or
had image isomorphic to S3. For ease of reference, we shall briefly summarize
the methods of Sections 6.3, 6.4 and 6.5 for determining isomorphism in these
two cases:

If pg has trivial image, then:

e We compute the ray class group Cl(Op,m) from Section 6.3, Case
1, whose quadratic characters correspond to quadratic extensions of F
unramified away from the primes dividing 2n.

e For each quadratic character of this group, we construct the correspond-
ing field Fy, and compute the ray class group Cl(Of,_,m,), again from
Section 6.3, Case 1. We compute a (Z/3Z)-basis {x1,...,xz} of the
cubic characters of this group, and determine a set of primes {p1,...,p,}
of F such that the vectors (x1(q:),- .., xt(q:)) span (Z/3Z)", where q; is a
prime of F lying above p;.

o If Tr(p,(Froby,)) is even for each of these primes (running over all choices
of F}) then the residual representations are isomorphic.

e If this is the case, then we compute a (Z/27Z)-basis {x1,...,xt} of the
quadratic characters of the ray class group Cl(Op,m), and determine a
set {p1,...,p,} of primes of F for which the vectors (x1(p:),...,xt(P:))
cover (Z/27)" \ {0}.

o If Tr(pr(Froby,,)) = Tr(pg(Froby,)) for each of these primes, then the
representations p, and pg are isomorphic.
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If pg has image isomorphic to Ss, then:

e We compute the ray class group Cl(Op, m) from Section 6.3, Case 3,
whose quadratic and cubic characters correspond to quadratic and cubic
extensions of F' unramified away from the primes dividing 2n.

e We compute the quadratic character ¥ g, of Cl(Op,m) corresponding to
the unique quadratic extension of F' contained in Lg, extend this to a
(Z)2Z)-basis {YF,, X1,---,x¢} of the quadratic characters of this group,
and determine a set of primes {p1,...,p,} of F such that ¢ p,(p;) = 0 and
the vectors (x1(ps),- -, Xx¢(ps)) span (Z/27Z).

o If Tr(p,(Frob,,)) is even for any of these primes, then we deduce that the
residual representations are non-isomorphic, otherwise, we deduce that
the field L, can contain no quadratic extension of F' other than Fpg.

e In this case, we compute a (Z/3Z)-basis {x1, ..., xt} of the cubic charac-
ters of CI(Op, m), and determine a set of primes {py,...,p,} of F which
are either inert in Fg, or split completely in Ly, such that the vectors

(x1(pi), > xe(pi)) span (Z/3Z)".

o If Tr(px(Froby,)) is odd for any of these primes, then we deduce that the
residual representations are non-isomorphic, otherwise, we deduce that L.,
cannot be a cubic extension of F.

e If this is the case, we compute the ray class group Cl(Op,,mg), again
from Section 6.3, Case 3, whose cubic characters correspond to cubic
extensions of the subfield F'r of L.

e We determine a cubic character ¥ g of Cl(Op,, mg) corresponding to the
extension Lg, extend it to a (Z/3Z)-basis {¥g, Xx1,..., Xt} of all such
cubic characters, and determine a set {p1,...,p,} of primes of F such
that g (q;) = 0, and the vectors (x1(q:),---,x:(q:)) span (Z/37Z)t, where
q; is a prime of Fg lying above p;.

o If Tr(px(Froby,)) is even for each of these primes, we deduce that the
residual representations are isomorphic.

e If this is the case, we then compute the ray class group Cl(Op,,mr,)
from Section 6.5, whose quadratic characters correspond to quadratic
extensions of L unramified away from the primes dividing 2n. We fix a
(Z/2Z)-basis {x1,...,xt} of these characters, and a basis {ay,...,a;} of
even-order elements of Cl(Of,,my,) such that x;(a;) = d;;.

e We compute the kernels V,, V. and W, of the homogeneous systems de-
scribed in Section 6.5, where ¢ and 7 are elements of the Galois group
Gal(Lg/F) of order 3 and 2 respectively.
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e We compute a (Z/2Z)-basis {¢1,...,9¥s} of V, NV, and a set of primes
{p1,...,p,} of F with inertial degree 3 in Lg, such that the set of vectors
of the form (¢1(q;),...,%s(q;)) span (Z/2Z)°, where q; lies above p;.

e Next, we compute a (Z/27Z)-basis {t¢1,...,9¥s} of W, NV, and a set of
primes {py,...,p,} of F' with inertial degree 2 in Lg, such that the set
of vectors of the form (¢1(q:), ..., ¥s(as)), (¥1(0(ai)), ..., ¥s(o(q:))) and
(1(0%(94)), - - -, ¥s(0%(q:))) span (Z/27Z)%, where g; lies above p;.

o If Tr(p, (Froby,)) = Tr(pg(Froby,)) for the primes p; in each of these sets,
then we deduce that the representations p, and pg are isomorphic.
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6.6.1 The Field F}
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Let F' = Fy, which we recall is defined to be Q(t), where ¢ is a primitive twelfth
root of unity. The table below gives a list of the prime ideals of F' of norm at
most 650, together with a generator for each ideal:

P Generator p Generator p Generator

P2 7t2+t+1 p1s81,3 4¢3 +t2 —t—2 P397,1 —4¢3 — 242 +3t—1

P3 t+1 P181,4 23 +t2 —t— 4 P3o7,2 34312 42t —4
P13,1 —tF 7+ 1 P193,1 T4t -1 psor3 | —t>+3t°—2t—4
p13,2 2 +t+1 P1o3,2 32 —t—4 psor.a | —t>+3t> 4t —2
p133 —t* —t41 P103.3 3t° +t—4 Pao9,1 —5t5 7+t — 1
P13.4 2 +t°+1 P193.4 t2 417 —4at—1 P409,2 —t2 4 t2 4t -5
P51 27—t — 2 P2201 | —3t° + 262 +3t+1 || paoes | —3t°+4t2 —t—4
Ps5,2 t3 -2t — ¢ P229,2 —¢3 + 3t2_—2t—3 P409.,4 at® — 5t — 1
p37,1 2t3 + tZ —2 pP229.3 2t3 — 3t2 — 3¢ Pa21,1 3t + t2 —2t—5
P37.2 t3 — 2t — 2t posoa | —3t2 —2t2 43t —1 Pao1.2 2t3 +4t2 -3t —5
ps7,3 2+t —t—3 P41 1 T —Aat—1 Pa21,3 5t — 3t — 2
P37,4 3t 42—t —1 Poai,2 —t3 +4t® — 4 pasia | —3t3+t>+2t-5
P71 2t% — 3t P241,3 t*—t—4 Pa33,1 —3t°+2t7 +t—5
pr.2 t3 — 3t P2a1.4 —at® 142 -1 Pass.2 565 412 — 2t — 3
Pe1.1 P 3t—1 P277,1 3t7 + 2t — 4 Pa33,3 t3 —2t% — 5t
Pe1,2 2t —t —3 p277,2 2t — 2 — 3t — 4 P433,4 33 +2t2 —t—5
P61,3 2t +t—3 P277,3 3 4 2t? —4t -2 Pas7,1 3t° 43t —4
P61.4 34t —3t—1 P277.4 263 — 4t 4t —1 pas72 | —3t3 —3t2 43t —1
P31 —t5 — 3t? P17.1 a7 —t—4 Pas7,3 3t3 —3t2 -3t —1
P73,2 2t3 +2t% — 3 Pi7.2 2 —4t? — ¢ Pas7,4 t3 4+ 3t +3t -3
pr33 —2t3 42t — 3 P313,1 —t3 4+ 2t7 +3t -5 P231 2t +3t7 -2t — 6
P73, —t3 432+t -3 p313,2 3 — 4t — 2t pose | —2t°4+3t2 42t —6
Por 1 200 F¢2 — 2t — 4 P313,3 3t3 +3t2 —t—5 P541,1 25 ¥2t—5
Po7,2 —2t3 4 4t? — 1 P313,4 t34+2t2 -3t—5 Psa1,2 5t —3t—3
Po7.3 —2t% —at? 41 P337.1 515 + 2 — 2t — 2 P541,3 5t3 — 5t — 2
Po7,4 —2t3 2 42t —4 P3s7,2 —2t3 422+t —5 Psa1a —5t2 — 2t
P109,1 St —2t— 4 P337.3 23 +2t2 —t -5 ps771 | —2t° +3t° — 2t — 4
proge | =2t —2t2 42t —1 || pasra —t3 4 3t2 42t —5 psrre | —4t2 —2t2 £ 3t —2
P109.3 2t —2t? — 2t — 1 P349,1 —2t°+3t—5 P577,3 4t —2t2 — 3t —2
P109.4 — 34242t —4 P349,2 4 — 2 — 2t —2 P577,4 2t% — 412 — 4t + 1
P11 —3C+t°+t—3 P349.3 t3 4+ 2t% 42t — 4 P6o1,1 5t° — 5t — 1
P11,2 t3 42t —3t—3 P349,4 2t -3t -5 Peo1,2 —t3 4+ 5t2 -5
P157,1 —4t + 2t —1 P19,1 2t° — 5t P601,3 t?—t—5
P157,2 —t3 +2t% — 4 P19.2 3t3 — 5t P601,4 —5¢3 + 2 — 1
P157,3 3 + 2t2 — 4 P373,1 45 2t —2t -5 P613,1 t3 + 2t — 5t — 2
P157,4 43 — 2t — 1 p373,2 2t3 =+ 32 —4t—5 P613,2 42 — 2t —5
P1s1,1 -2 +t7 +t—4 P373.3 5t5 — 3t — 1 P613,3 4t2 +2t -5
Pi1s1,2 t3 — 212 — 4t P373,4 3¢3 -+ t? —5t—1 P613.,4 —t3 + 2t2 + 5t — 2

The following pages provide, for each of the cuspidal classes with rational
eigenvalues found in Section 5.3.1, a list of primes which suffice to prove mod-
ularity of the corresponding elliptic curve, using the techniques of the previous
sections. For each example, we then list the Hecke eigenvalues ay () for these
primes, and are therefore able to prove that each of these curves is indeed mod-

ular.
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Class 441

e The level n = pap7 2, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3psp7 2, and the corresponding ray class group Cl1(Op,m)
is isomorphic to Z /247 x Z/87 x (Z/27)3.

e The primes {p13,1, P13,2, P13,3, 13,4, P5,1, P5,2, V37,1, P37,2, P37,3, P7.1, P61,25
p73’1} suffice to prove isomorphism of the residual representations.

e The primes {pi3,1, P13,2, P13,3, P13,4, P51, P37,1, P37,2, P37.3, P3r.a, P71,
P61,2, P61,3, P73,1, P73,2, Po7.1, Po7,2, P109,25 P109,3, P11,1, P181,25 P181,3, P193,1,
D171, P313,1, P337.1, P349,1, P349.4, P19,1, Paoo.2, P23.1, Peo1,2} satisfy the
conditions for Livné’s theorem, and therefore suffice to prove isomorphism
of the full representations.

Class 1156

e The level n = popi7,2, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3p;7,2, and the corresponding ray class group Cl(Op,m)
is isomorphic to Z/327Z x (Z/27)3.

e The prime py3; suffices to prove isomorphism of the residual representa-
tions.

e The primes {p3, p13,1, P13,2, P13,3, P13.4, P5.1, P37,1, P37,3, P7.1, P73.1, P73,3,
Poa7,3, P109,2, P109,4, p45771} satisfy the conditions for Livné’s theorem, and
therefore suffice to prove isomorphism of the full representations.

Class 2041

e The level n = py33p157,3, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3pi33p157,3, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/127Z x Z/AZ x (Z./27)3.

e The prime py3; suffices to prove isomorphism of the residual representa-
tions.

e The primes {p3, p13,1, P13,2, P13,4, P5,1, V5,2, P37,1, P37,2, P37.3, P37.4, P61,15
P61,2, P61,3; P73,1, P73,3, 73,4, Po7,1, P97.2, P97,4, P109,1, P109,2; P109,4, P181,1,
P193,1, P229,3, P17,1, P313,1, P313,4, P373,1, P409,1, P1321,1}, where pigo1 1 is
generated by the element —3t3 — 8t — ¢ + 3, satisfy the conditions for
Livné’s theorem, and therefore suffice to prove isomorphism of the full
representations.
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Class 2257

e The level n = p37.1p61,2, and the residual representation attached to the
corresponding elliptic curve has image isomorphic to S3.

e The modulus m = p3ps71pe1,2, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/12Z x Z/AZ x (Z/27)3.

e The primes {p13,1, 13,2, P13,4, P5,1} suffice to show that L, can contain no
quadratic extension of F' other than Fg, while the prime ps suffices to
show that L, cannot be a cubic extension of F.

e The modulus mg = 2437761, where the primes q; divide 2nOp,, and the
corresponding ray class group Cl(Of,,mg) is isomorphic to (Z/3Z)3.

e The prime p3 suffices to deduce that the residual representations are iso-
morphic.

e The modulus mr, = tg,1tg,2t873t37,1t3772t3773t6171t61,2t6173, where the primes
t; ; divide 200y, and the corresponding ray class group Cl(Or,, mr,)
is isomorphic to Z/247Z x 7./87 x (Z/AZ)> x (Z/27)'.

e The kernels V,, V; and W, are 14-, 9-, and 7-dimensional respectively,
and the intersections V, NV, and W, NV, are a 5- and a 7-dimensional
subspace of (Z/2Z)?' respectively. The set of primes {ps, 131, P13.2,

P13,3, P13.4, P5,1, P37.3, V61,1, Por,1, Po7.3, P109,3, P1o3,1} suffice to prove
isomorphism of the full representations.

Class 2452

o The level n = pape13,3, and the residual representation attached to the
corresponding elliptic curve has image isomorphic to Ss.

e The modulus m = p3pe13 3, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z/127Z x (Z/2Z)3.

e The primes {ps, p13,1, P52} suffice to show that L, can contain no quadratic
extension of F' other than Fg, while the prime p;3; suffices to show that
L cannot be a cubic extension of F'.

e The modulus mg = q29613,19613,2, Where the primes g; divide 2nOp,,, and
the corresponding ray class group Cl(Op,, mg) is isomorphic to Z/97Z x
Z/3Z.

e The prime p;3 3 suffices to deduce that the residual representations are
isomorphic.
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e The modulus mz, = t3 ;13 5t] 3t613,1%613,2, Where the primes v; ; divide
200y, and the corresponding ray class group Cl(Oy,,, my, ) is isomorphic
to Z/127 x (Z/AZ)? x (Z/27)'3.

e The kernels V,, V; and W, are 10-, 8-, and 7-dimensional respectively,
and the intersections V, NV, and W, NV, are a 4- and a 5-dimensional
subspace of (Z/2Z)!7 respectively. The set of primes {ps, p13.1, P13.3,
P5.2, P37.2, P37.3, P7.1, P7.2, Pe1,3} suffice to prove isomorphism of the full
representations.

Class 2500a

e The level n = P2P§’1, and the residual representation attached to the
corresponding elliptic curve has image isomorphic to Ss.

e The modulus m = p3p5 1, and the corresponding ray class group Cl(Op,m)
is isomorphic to Z/87Z x (Z/27)3.

e The primes {p133,P13.4,P37,1} suffice to show that L, can contain no
quadratic extension of F' other than Fg. Since the ray class group ad-
mits no cubic characters, L, cannot be a cubic extension of F'.

e The modulus mg = q25.195,2, where the primes q; divide 2nOp,, and the
corresponding ray class group Cl(Op,, mpg) is isomorphic to Z/3Z.

e Since this class group admits only a single cubic character, the only pos-
sible cubic extension of F; must be Lg, and we deduce that the residual
representations are isomorphic.

e The modulusmpy,, = tg,1t372t873t571t572, where the primes t; ; divide 2nOp, ,,
and the corresponding ray class group Cl(Op,,mr ) is isomorphic to
ZJ8Z x (ZJAZ)? x (Z)27)*3.

e The kernels V,, V. and W, are 10-, 7-, and 7-dimensional respectively, and
the intersections VNV, and W,NV, are a 4- and a 6-dimensional subspace
of (Z/QZ)B respectively. The set of primes {p1371, P13,3, P5,2, P31, P37,2,
p37.3, Pe1,3} suffice to prove isomorphism of the full representations.

Class 2977

e The level n = pi33p229,4, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3p133P22g.4, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/12Z x Z/AZ x (Z/27)3.

e The primes {p13,1,P13,2, P52} suffice to prove isomorphism of the residual
representations.
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e The primes {p3, p13,1, P13,2, P134, P5,1, P5.2, P37.1, P3r.2, P37.3, P37.4, P72,
P61,15 P61,2, P73,1, P73,2, P73,3, Po7,1, P97,2, P109,2, P109,3; P157,2, P157,4, P229,1,
P229,2, P241,3, P17,1, P313,15 P19,1, P397,3, P409,2, Pa0g,3} satisfy the conditions
for Livné’s theorem, and therefore suffice to prove isomorphism of the full
representations.

Class 3328

e The level n = p§p13,4, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3py3 4, and the corresponding ray class group Cl1(Op,m)
is isomorphic to Z/47Z x (Z/27)3.

e For each possible extension F}; of F' corresponding to a quadratic character
of Cl(Op,m), the ray class group Cl(Op_, m,) admits no cubic characters,
and thus we immediately deduce that the residual representations are
isomorphic.

e The primes {p3, p13,1, P13,2, P13,3; P5,1, P52, P37,1, P37.2, P37,4, P61,1, Pe1.2,
P73.1, P73.4, Po7.1, P17,1} satisfy the conditions for Livné’s theorem, and
therefore suffice to prove isomorphism of the full representations.

Class 3721b

o The level n = pg1,1P61,2, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3pe11pPe1,2, and the corresponding ray class group
Cl(Op, m) is isomorphic to Z/60Z x Z/AZ x (Z/27)3.

e The primes {p13,1,p13,3} suffice to prove isomorphism of the residual rep-
resentations.

e The primes {ps, P13,1, P13,2, P13,3, P13,4, P5,1, P37,1, P37,3, P7,1, P72, P61,3,
Pe1,4, P73.1, P73,2, Po7,1, Po7.2, P109,1, P109,3, P157,1, P157,3, P181,1, P181,2,

P181,3, P181,4, P103,1, P17,15 P337,15 P19,15 P409,1, P409,3, Peo1,3} satisfy the
conditions for Livné’s theorem, and therefore suffice to prove isomorphism
of the full representations.



162

CHAPTER 6. PROVING MODULARITY OF AN ELLIPTIC CURVE

Class 3844

The level n = papsi 2, and the residual representation attached to the
corresponding elliptic curve has image isomorphic to Ss.

The modulus m = p3ps1 2, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z/120Z x (Z/27Z)3.

The primes {p3, p13,3, P73,2 } suffice to show that L, can contain no quadratic
extension of F' other than Fg, while the prime p;3,; suffices to show that
L, cannot be a cubic extension of F.

The modulus mg = ¢2q31,1931,2, where the primes ¢; divide 2nOp,, and
the corresponding ray class group Cl(Op,, mg) is isomorphic to Z/360Z x
7/3Z.

The prime p;3, suffices to deduce that the residual representations are
isomorphic.

The modulus mz, = t3 ;1] 5t) 5ta1,1t31,2, Where the primes t;; divide
200y, ,,, and the corresponding ray class group C1(Oy,,,, my ) is isomorphic
to Z/1440Z x Z/A8Z x Z/AZ x (Z)27)**.

The kernels V,, V; and W, are 10-, 8-, and 7-dimensional respectively,
and the intersections V, NV, and W, NV, are a 4- and a 5-dimensional
subspace of (Z/2Z)'" respectively. The set of primes {ps, p13.1, P13.2, P5.1,
P37.2, P61,1, Pr3,2} suffice to prove isomorphism of the full representations.

Class 4033a

The level n = p37.4P109,4, and the residual representation attached to the
corresponding elliptic curve has trivial image.

The modulus m = p3ps7.4p109.4, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/36Z x Z/AZ x (Z/27)3.

The prime p3,; suffices to prove isomorphism of the residual representa-
tions.

The primes {p3, P13,1, P13,2, P13,3, P134, P5,1, P5,2, P37.1, V37,2, P37.3, P7.1,
Pe61,15 P61,35 P61,4, P73,1, P73,2, P73,3, P73,4, P97,1, P97,2, P97,3, P109,1, P109,2,
P157.4, P277.1, P17,1, P17,2, P337.4, P349,2, P373.1, Paog,3 } satisfy the conditions
for Livné’s theorem, and therefore suffice to prove isomorphism of the full
representations.
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Class 4033b

o The level n = P37 4p109,3, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3ps7.4P109,3, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/36Z x Z/AZ x (Z]27)3.

e The primes {ps3,p13,2} suffice to prove isomorphism of the residual repre-
sentations.

e The primes {p3, P13,1, P13,2, P13,3, P13.45 P5,1, P5,2, P37,1, P37.2, V37,3, P7.1,
P61,1, P61,2; P61,3, P61,4, P73,1, P73,2, P73,3, P73,4, Po7,1, Po7.2, P97.3, P109,1,
P109,2, P109,45 P157,4, P17,2, P313,4, P373,1, P409,2, Paog 3} satisfy the condi-
tions for Livné’s theorem, and therefore suffice to prove isomorphism of

the full representations.
Class 4057

e The level n = pyps7,1, which is generated by the element 6t + 2¢% — 9t — 2,
and the residual representation attached to the corresponding elliptic
curve has image isomorphic to Ss.

e The modulus m = p3p4os57.1, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z/8Z x (Z/27)3.

e The primes {pi31,p13,3,P52} suffice to show that L. can contain no
quadratic extension of F' other than Fg. Since the ray class group ad-
mits no cubic characters, L, cannot be a cubic extension of F.

e The modulus mg = q294057,194057,2, Where the primes g; divide 2nOp,,
and the corresponding ray class group Cl(Op,, mg) is isomorphic to Z/6Z x
7/27.

e Since this class group admits only a single cubic character, the only pos-
sible cubic extension of F must be Lg, and we deduce that the residual
representations are isomorphic.

e The modulus my,, = t9 ;3 519 3t4057,1t4057,2, where the primes v; ; divide
200y, and the corresponding ray class group Cl(Oy,,,, my,,,) is isomorphic
to (Z/8Z)* x (ZJAZ)* x (Z)2Z)* .

e The kernels V,, V; and W, are 10-, 8-, and 7-dimensional respectively,
and the intersections V, NV, and W, NV, are a 4- and a 5-dimensional
subspace of (Z/2Z)'7 respectively. The set of primes {ps, 131, P13.2;
P13,3, P5,1, P5,2, P37,2, P61,2, p61,4} suffice to prove iSOHlOI“phiSHl of the full
representations.
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Class 4069

e The level n = py33p313,4, and the residual representation attached to the
corresponding elliptic curve has image isomorphic to Ss.

e The modulus m = pgp1373p313,4, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/247Z x Z/AZ x (Z)27)3.

o The primes {p13,1,P13,2,P13,4, P52} suffice to show that L, can contain no
quadratic extension of F' other than F, while the prime p37 5 suffices to
show that L, cannot be a cubic extension of F.

e The modulus mg = q2q139313, where the primes q; divide 2nOFp,, and the
corresponding ray class group Cl(Op,,mg) is isomorphic to (Z/3Z)2.

e The prime ps7 o suffices to deduce that the residual representations are
isomorphic.

e The modulus mr, = tg’1tg’2t8’3t13’1t13,2t13)3t313,1t313’2t31373, where the
primes t; ; divide 2nQy,,, and the corresponding ray class group Cl(Op,, mz )
is isomorphic to Z /247 x (7Z/87.)% x (Z/AZ)? x (Z./27)**.

e The kernels V,, V; and W, are 14-, 9-, and 7-dimensional respectively,
and the intersections V, NV, and W, NV, are a 5- and a 7-dimensional
subspace of (Z/27Z)%' respectively. The set of primes {p131, 132, P13.4,

P52, P37,1, P37,2, P37,3, P61,3, P73,2, Po7,2, Po73, P109,3} suffice to prove
isomorphism of the full representations.

Class 4225b

e The level n = p%372p571, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3p132p5.1, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/24Z x Z/AZ x (Z/27)3.

e The primes {ps3,p13,3} suffice to prove isomorphism of the residual repre-
sentations.

e The primes {p3, p13,1, P13,3, P13,4, P5,2, P37,1, P37,2, P37.3, V37,4, P7,1, P72,
P61,1, P61,3; Pe1,4, P73.1, P73,2, P73,3, Po7.2, P97,3, P109,3, P11,1, P157,2, P157.4,

P181,4, P193,4, P229.1, P229,2, P17,1, P313,3, P409.1, P409,2} satisfy the condi-
tions for Livné’s theorem, and therefore suffice to prove isomorphism of

the full representations.
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Class 4516

e The level n = papi129,1, where pi129,1 is generated by 6t —2t2—3t—1, and
the residual representation attached to the corresponding elliptic curve has
image isomorphic to Ss.

e The modulusm = pgpuggJ, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z /247 x (Z/27)3.

e The primes {p3, 13,2, P37,3} suffice to show that L, can contain no quadratic
extension of F other than Ff, while the prime p;3 3 suffices to show that
L, cannot be a cubic extension of F.

e The modulus mg = qaq1129, where the primes q; divide 2nOp,, and the
corresponding ray class group Cl(Op,,mg) is isomorphic to (Z/37Z)?%.

e The prime p;3 3 suffices to deduce that the residual representations are
isomorphic.

e The modulus mr, = tg’ltggtg,gtllgg’1t1129’2t112973, where the primes Cij
divide 2nOy, ., and the corresponding ray class group Cl(Op,,myp,) is
isomorphic to Z/487Z x (Z/AZ)* x (Z/2Z)'3.

e The kernels V,, V; and W, are 12-, 8-, and 6-dimensional respectively,
and the intersections V, NV, and W, NV, are a 4- and a 6-dimensional
subspace of (Z/27)'® respectively. The set of primes {p3, p13.1, P13.2, P13.3
P51, P52, Pa7.1, P37,3, P71, Prs,1} suffice to prove isomorphism of the full
representations.

Class 4672

e The level n = p3p731, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3pr3 1, and the corresponding ray class group C1(Op, m)
is isomorphic to Z/8Z x (Z/2Z)3.

e For each possible extension F); of F' corresponding to a quadratic character
of Cl(Op,m), the ray class group Cl(Op,_, m; ) admits no cubic characters,
and thus we immediately deduce that the residual representations are
isomorphic.

e The primes {p3, p13,1, P13,2, P13,3, P13.4, P5,1, P5.2, P37,3, V61,3, P61,4, P73.2,
P73.3, Po7,2, P109,1, P17,2} satisfy the conditions for Livné’s theorem, and
therefore suffice to prove isomorphism of the full representations.

Class 4852
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e Thelevel n = popi213,1, where pi213,1 is generated by —t34+2t2+6t—2, and
the residual representation attached to the corresponding elliptic curve has
image isomorphic to Ss.

e The modulus m = p3pja13.1, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z/12Z x (Z/27)3.

o The primes {ps, p13,1, P13,2} suffice to show that L, can contain no quadratic
extension of F' other than Fg, while the prime p;3 3 suffices to show that
L, cannot be a cubic extension of F'.

e The modulus mg = q2q1213, where the primes q; divide 2nOp,,, and the
corresponding ray class group Cl(Op,,mp) is isomorphic to (Z/3Z)?.

e The prime p;3 3 suffices to deduce that the residual representations are
isomorphic.

e The modulus mr, = ‘C%1tg}2t2’3t1213}1t1213’2t1213,3, where the primes Tij
divide 2nOp,, and the corresponding ray class group Cl(Op,,mp,) is
isomorphic to Z/247 x (Z/AZ)3 x (Z.]27)'*.

e The kernels V,, V; and W, are 12-, 8-, and 6-dimensional respectively,
and the intersections V, NV, and W, NV, are a 4- and a 6-dimensional
subspace of (Z/27Z)'® respectively. The set of primes {ps3, p13.1, P13.2, P5.1,
Ps5.2, P37.,3, P61,2, P61.3, P73,2, Po7,3} suffice to prove isomorphism of the full
representations.

Class 5317

o The level n = py3 4P409,3, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3p134Pa09.3, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/24Z x Z/AZ x (Z.)27)3.

e The primes {ps3,p13,2} suffice to prove isomorphism of the residual repre-
sentations.

e The primes {p3, 13,1, P13,2, P13.3, P5,1, P5.2, P37,1, P3r,2, P37.4, P7.2, Pe1,1,
P61,2, P61,3; P73,1, P73,2, P73,4, Po7,1, P97.3, P97,4, P109,3, P157,2, P157,3, P181,1,
P181,2, P193,2, P277.4, P17,15 P313,2, P373,3, Pa09,1, Pas7,1} satisfy the condi-
tions for Livné’s theorem, and therefore suffice to prove isomorphism of
the full representations.
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Class 5473

e The level n = py3 4pa21,2, and the residual representation attached to the
corresponding elliptic curve has trivial image.

e The modulus m = p3p134P421,2, and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/12Z x Z/AZ x (Z/27)3.

e The primes {p3,p13,1} suffice to prove isomorphism of the residual repre-
sentations.

e The primes {ps, P13,1, P13,2, P13,3, P5,1, P5,2, P37,1, P37,2, P37,3, P37.4, P61,1,
Pe1,2, P73,1, P73,2, P73,4, P97,1, P97.3, P97.4, P109,1, P109,3, P109,4, P157,1, P157,2,

Pis1,4, P193,2, P17.1, P313,1, P313,3, P349.1, P409,2, Pas7a} satisfy the condi-
tions for Livné’s theorem, and therefore suffice to prove isomorphism of

the full representations.
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p P13,1 P13,2 P13,3 P13,4 Ps5.1 Ps5,2 p37,1 p37,2
ap —6 4 4 —6 —4 —4 —2 —2
p P37,3 P37,4 P71 Pe1,2 Pe1,3 P73,1 P73,2 Po7,1
ap -2 -2 10 2 2 14 4 -2
p Po7,2 P109,2 P109,3 P11,1 pPig1,2 Pi181,3 P193,1 Pi7,1
ap 8 10 10 2 —8 —8 —26 —20
p P313,1 P337,1 P349,1 P349,4 P1g9,1 Pa09,2 P23,1 P601,2
ap 34 —22 —30 —30 2 30 10 22

Eigenvalues ap of the Hecke operators T, on class 441

P p3 P13,1 Pi13,2 13,3 P13,4 Ps5.1 p37.1 p37.3
ap 0 4 4 —6 —6 6 —2 —2
P P71 P73,1 P73,3 Po7,3 P109,2 P109,4 Pas7,1

ap —10 4 —6 —2 10 10 18

Eigenvalues ap of the Hecke operators T}, on class 1156

p P3 P13,1 P13,2 P13,4 Ps5,1 Ps5,2 P37,1 P37,2
ap -2 2 2 —4 —4 —10 2 2

P P37,3 P37.4 Pe1,1 Pe1,2 Pe1,3 P73,1 P73,3 P73,4
ap 2 8 2 —10 8 —16 14 —10
p Po7,1 Po7,2 Por,a P109,1 P109,2 P109,4 Pisi,1 P193,1
ap 2 2 —4 2 2 —10 2 —22
P P229,3 P17,1 P313,1 P313,4 P373,1 Pa09,1 P1321,1

ap —4 2 —10 14 —10 32 —10

Eigenvalues ap of the Hecke operators T}, on class 2041

P p3 P13,1 P13,2 P13,3 P13,4 Ps,1
ap —4 —1 1 —6 -3 1

P P37.3 Pe1,1 Po7,1 Po7,3 P109,3 P193,1
ap —3 —12 0 —10 8 —10

Eigenvalues a, of the Hecke operators T}, on class 2257

p P3 P13,1 P13,3 Ps5,2 pP37.2
ay 1 —4 —4 8 2
P P37,3 P71 P7,2 P61,3

ap 11 —4 —4 —10

Eigenvalues ap of the Hecke operators T}, on class 2452

P P13,1 P13,3 P13, Ps,2
ap 1 —1 —1 1

P P37,1 P37,2 P37,3 Pe1,3
ap —7 —2 =7 —8

Eigenvalues ay, of the Hecke operators T, on class 2500a

p P3 P13,1 P13,2 P13,4 P51 P52 P37.1 P37,2
ap 4 2 —4 —4 2 —10 2 —10
p pP37,3 pP37.4 P72 Pe1,1 Pe1,2 P73,1 pP73.2 p73,3
ap —10 2 8 —10 2 —4 14 2

p Po7,1 Po7,2 P109,2 P109,3 Pi57,2 P157,4 P229,1 P229,2
ap 2 14 14 —10 2 —16

P P241,3 Pi7,1 P313,1 P19,1 P397,3 P409,2 P409,3

ap 14 8 —10 2 2 14 2

Eigenvalues ap of the Hecke operators T}, on class 2977
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p p3 P13,1 P13,2 P13,3 P51 Ps,2 pP37,1 P37,2
ap 2 —2 —2 6 2 —6 —10 —2
P P37,4 Pe1,1 Pe1,2 P73,1 P73,4 Po7,1 P17,1
ay — — 10 10 18 2
Eigenvalues ap of the Hecke operators T}, on class 3328
P P3 P13,1 P13,2 P13,3 P13,4 Ps5,1 P37,1 P37,3
ap —2 —4 — 8 —10 —2
P P71 P72 Pe1,3 Pe1,4 P73,1 p73,2 Po7.1 Po7,2
ap 2 2 2 2 2 2 14 14
p P109,1 P109,3 Pis7,1 P1s57,3 Pisi,1 Pisi,2 P181,3 P181,4
ap — — —10 —10
P P193,1 P17,1 P337,1 P19,1 Pa09,1 P409,3 Pe01,3
ap 14 32 2 20 —22 —22 20
Eigenvalues ay of the Hecke operators T, on class 3721b
P Ps3 P13,1 P13,2 P13,3
ap -5 —1 —6 —6
p P5.1 p37,2 P61,1 P73,2
ap 1 3 —13
Eigenvalues ap of the Hecke operators T}, on class 3844
p P3 P13,1 Pi13,2 P13,3 P13,4 P5,1 P5,2 P37,1
ay 4 2 — 2 2 2 —4 2
p P37,2 P37,3 P71 Pe1,1 Pe1,3 Pe1,4 P73,1 P73,2
ap 2 2 —4 2 14 —10 2 2
P P73,3 P73,4 Po7,1 Po7,2 Po7,3 P109,1 P109,2 P157,4
ap 2 2 —16 2 14 2 —16 —4
P pP277,1 Pi7,1 Pi7,2 P337,4 P349,2 P373,1 P409,3
ap —10 2 2 2 32 14 —10
Eigenvalues ay of the Hecke operators T, on class 4033a
P P3 P13,1 P13,2 P13,3 P13,4 P5,1 P5,2 P37.1
ay —2 —4 2 2 —4 2
p p37.2 p37,3 P71 Pe1,1 Pe1,2 Pe61,3 Pe1,4 pP73,1
ap 2 2 —10 8 —4 8 2 2
P P73,2 P73,3 P73,4 Po7,1 Po7,2 Po7,3 P109,1 P109,2
ap —16 —10 —10
P P109,4 Pi157,4 Pi7,2 P313,4 P373,1 P409,2 P409,3
ap 2 —10 20 26 —34 2 14

Eigenvalues a, of the Hecke

operators T}, on class 4033b

p ps P13,1 P13,2 P13.3 P51
ap —2 —4 —1 —4 -5
p Ps,2 P72 Pe1,2 Pe61,4
ap —2 1 —13 10

Eigenvalues ap of the Hecke operators T}, on class 4057

p P13,1 P13,2 P13,4 P52 p37,1 p37,2
ap — -5 1 — —10
P P37,3 Pe1,3 P73,2 Po7,2 Po7,3 P109,3
p —2 —12 14 10 8 —10

Eigenvalues ajp

of the Hecke operators Ty on class 4069



170 CHAPTER 6. PROVING MODULARITY OF AN ELLIPTIC CURVE

p p3 P13,1 P13,3 P13,4 Ps,2 p37,1 p37,2 p37,3
ap —2 —4 —2 —6 4 0 —2 —6

P P37,4 P71 P72 Pe1,1 Pe1,3 Pe1,4 P73,1 P73,2
ap —2 —6 2 —6 —10 —2 3 2

p pP73,3 Po7.,2 Po7,3 P109,3 P11,1 Pi57,2 P157,4 P181,4
ap —14 —2 6 14 —12 —6 4 —10
p P193,4 P229,1 pP229,2 Pi7.1 pP313,3 P409,1 P409,2

ap —2 —14 20 —24 —10 10 —38

Eigenvalues a, of the Hecke operators T}, on class 4225b

P P3 P1s,1 P13,2 P13,3 Ps,1
ap 5 4 —1 —6 —4
P P52 P37,1 P37.3 P71 P73
ap 6 —12 3 —10 —11

Eigenvalues a, of the Hecke operators T}, on class 4516

p p3 P13,1 P13,2 P13,3 Pi13,4 P51 P52 p37,3
ap 2 —2 —2 —2 6 —6

P Pe1,3 Pe61,4 P73,2 P73,3 Po7,2 P109,1 Pi7,2

a, —2 —10 —6 10 2 14 —30

Eigenvalues ap of the Hecke operators T}, on class 4672

P P3 P13,1 P13,2 P13,3 P5,1 Ps5,2
ap -3 —1 —7 —2 3 —8
p 37,3 Pe61,2 Pe61,3 p73,2 pPo7,3

ap 2 —12 4 14

Eigenvalues ap of the Hecke operators T}, on class 4852

p p3 P13,1 P13,2 P13,3 Ps,1 P52 P37,1 P37,2
ayp 2 -2 6 -2 2 2 6 —10
p P37,4 P72 Pe61,1 Pe1,2 P61,3 pP73,1 p73.2 P73.,4
ap 6 2 —2 —10 —10 10 10 10
p Po7.1 Po7.3 Po7,4 P109,3 Pi57,2 Pi57,3 pPig1,1 pPig1,2
ap —14 2 —6 —2 —2 —2 —2 22
p P193,2 p277,4 P71 P313,2 p373,3 P409,1 Pas7,1

ap 2 6 34 —22 22 10 —22

Eigenvalues ap of the Hecke operators T}, on class 5317

P p3 P13,1 P13,2 Pi13,3 P51 Ps,2 P37,1 p37,2
ap —2 2 2 4 2 8 2 —4

p P37.3 P37.4 Pe1,1 Pe1,2 P73,1 P73,2 P73,4 Po7.1
ap 2 2 14 8 14 14 14 8

p Po7,3 Po7.,4 P109,1 P109,3 P109,4 Pis7,1 Pis7,2 Pi181,4
ap 8 2 2 14 —10 —4 —22 2

p P193,2 P17,1 P313,1 P313,3 P349,1 P409,2 Pas7,4

ayp —22 —10 8 —10 2 —22 —12

Eigenvalues ap of the Hecke operators T}, on class 5473
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Let F' = F5, which we recall is defined to be Q(t), where ¢ is a root of the
polynomial z* — 22 + 222 + 2+ 1. The table below gives a list of the prime ideals
of F of norm at most 500, together with a generator for each ideal:

P Generator p Generator p Generator
P21 %(7153 +2t2 — 4t — 1) P139,4 —3 —3t+1 p17,1 %(7t3 78t75)

P22 3 — 2 4+ 2t Pis11 T(3t° —2t7 + 6t — 3) pi7.2 —3d 422 —3t—1
p3 It —2t° + 2t —3) P151,2 3t — 4t® + 6t P31l T(3#° — 6t% + 10t — 9)
P19,1 T3t — 4t + 4t +1) Pi51,3 (=t + 2t — 6t — 5) pasi2 | 5(=5t° +6t% — 10t — 11)
P1o.2 I(—t3 +2t% — 4t - 3) Pi514 (=3t +2t> —6t—9) P331,3 L(7t3 — 12¢® + 18t — 5)

P1o,3 1(—t® =2t —5) Pi3.1 T® -2t +2t— 1) P331.4 —4t> 4+ 6t2 — 9t — 4
P19,a t—2 p13.2 13t —6t> + 6t —5) P349.1 I(5t5 — 2t + 2t + 11)
s T(—3t"+2t> =6t —3) p1s1,1 1(3t° — 8t* + 8t — 3) P349,2 1(5¢% — 2t> + 10t + 3)
P31l 2t f2t7 — 4t — 1 Pisi,2 1(3t3 — 4t + 6t — 5) P349,3 3t —5t2 + 6t —1
P31z 1t + 2t — 2t + 3) Pis1,3 —t3 4+ 2t2 -3t -3 paaoa | (=T34 6t — 14t —9)
pP31,3 %(t3 -+ 2t% — 2t -+ 5) Pis1,4 2t3 — 3¢2 + 4t — 2 P379,1 3¢5 — 2t + 4t
P31,4 L(=3t® +2t> —2t - 3) P199,1 T(7t° — 10t + 14t + 1) P37o.2 1(5t% —2t> + 8t — 1)
P71 5 —2t7 F 2t 2 P199.2 —3t3 +3t2 -6t —1 P379.3 1(3t% —106% + 14t — 7)
p7.2 342t —2t 42 P199.3 —2t3 422 —4t—5 Pa7o.4 (=3 -2t —6t—17)
Po1,1 $(3t° =2t + 6t — 1) P109.4 1(3t% —6t> + 2t 4+ 3) Pa09,1 T — 2t ¥ 10t + 1)
Pe1,2 L3> +2t> —6t—7) P211.1 1Tt =6t +8t—17) P409,2 —t3 —2t2 42t — 2
P61,3 —2t3 4+ 2t2 — 2t — 3 P211,2 1(3t® —4t* + 4t —5) pace,s | 3(=7t> +6t> — 14t — 11)
Pe1,a —2t2 42t —1 P211,3 —2t3 +3t2 — 4t — 4 P4109,4 1(9t® — 10t* + 18t + 5)
p79.1 7 -2t +3t -3 P211.,4 2 —2t° +t—3 Pa21,1 (3t —8t” + 4t — 5)
pro.2 1(—t3 4+ 4t® — 4t - 3) P229,1 5 — 3t% + 2t — 3 Pazi,2 1(5t% — 8t + 6t — 3)
p79.3 L(=3t® + 4> — 6t —7) P229,2 1(3t% — 8> + 8t — 5) paz1,s | 5(=7t3 +12¢% — 16t — 5)
Pro.a L(3t° —4t> + 4t —3) P229,3 3 — 242t -3 pazia | S(=7t3 +106% — 12t — 9)
P1o9,1 | 3(—bt° +8t2 — 12t —5) || p2ze.a 1(5t% — 8t> + 10t — 3) Paso.1 T(—t*+ 4t =8t —5)
P109.2 (3t —6t* + 10t — 7) P2a1.1 T —8t7 + 12t — 1) Paso2 1(5t% — 4t* + 8t — 3)
pio9,3 | 5(—5t> +6t2 — 10t — 9) P241,2 —t3 42 —4t -3 Paso,3 —3t3 4+ 5t2 —8t—3
P109.4 213 — 212 42t — 1 P241,3 1(3t® — 4t® 4+ 10t — 5) Paso,a L(7t® —106® 4 16t — 3)
P11 T(—5t° + 8t — 10t — 5) Pod1,4 13t —2t> +8t—3) P199,1 T° +4t7 =8t +09)
Pi1,2 13t —6t> +4t —3) pari1 | 5 (—7t° + 10t7 — 14t — 9) P49g,2 1(—5t% + 82 — 10t — 9)
P139,1 —2t3 + 3t — 6t + 2 Pa71,2 %(7775‘5 + 12t% — 16t — 3) Pag9.3 2t2 — 5t +4
pizo2 | $(=5t3+6t2 =12t —7) || par1z L(® — 4® + 6t — 11) Pa99,a 2t3 — 4t% 4 5t — 4
P139,3 %(7t3 — 6t — 5) P271,4 %(73153 + 82 — 4t — 1)

We now provide, for the two cuspidal classes with rational eigenvalues found
in Section 5.3.2, a list of primes which suffice to prove modularity of the
corresponding elliptic curve, using the techniques of the previous sections. For
the curve with conductor of norm 244, we list the Hecke eigenvalues ay(m) for
each of these primes, and are therefore able to prove that it is modular. For the
second curve, with conductor of norm 2071, we were unable to compute all of
the required Hecke eigenvalues, but list those that we were able to calculate.
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Class 244

The level n = ps 2p61,3, and the residual representation attached to the
corresponding elliptic curve has trivial image.

The modulus m = 13%7113%,2]361,37 and the corresponding ray class group
Cl(Op,m) is isomorphic to Z/127Z x Z/AZ x (Z/27)3.

The prime pqg,; suffices to prove isomorphism of the residual representa-
tions.

The primes {p3,1, P19,1, P19,2, P19,3, P19.4, V5, P31,1, P31,2, P31.4, P71, P72,
P61,1, P61,2; P61,4, P79,1, P79.2, P79,3, P109,4, P11,1, P139,3, P151,2, P181,1, P181,2,

P181,3, P199,1, P211,15 P211,4, P229,1, P241,3, P379.4, P1009,1}, Where piggg 1 is
generated by (113 — 14t% + 20t + 5), satisfy the conditions for Livné’s

theorem, and therefore suffice to prove isomorphism of the full represen-
tations.

Class 2071

The level n = p19.2P109,3, and the residual representation attached to the
corresponding elliptic curve has trivial image.

The modulus m = p§’1p§,2p1972p10973, and the corresponding ray class
group Cl(Op,m) is isomorphic to Z/36/Z x Z/12Z x (Z./27)*.

The primes {ps.1, P19,1, P19,4, P31,1} suffice to prove isomorphism of the
residual representations.

The primes {p3 1, P19,1, P19,3, P19,4; P5, P31,1, P31,2, P31,3, P31,4, P7.1, P7,2,
P61,1, P61,2; P61,3, P61,4, P79,1, P79,2, P79,3, P79,4, P109,1, P109,4, P11,2, P139,2,
P139,3, P139,4, P151,1, P151,2, P13,1, P13,2, P181,1, P181,2, P181,4, P199,1, P199,2,
P211,1, P211,2, P211,4, P229,1, P229,2, P229,3, P229,4, P241,1, P241,3, P241,4, P271,2,
P331,1, P331,3; P331,4, P379,4, P409,1, P439,2, P439,4, P499,1, P541,1, P601,1, P691,1,
P739,1, Po19,1, P1009,1, P1009,2, P1069,15 P13s1,1, Pa1,1}, where the primes
Ps41,1, P601,15 P691,15 P739,1, Po19,1, P1009,1, P1009,2, P1069,1, P1381,1 and Pa1;1
are generated by 1(—7t3 + 8t% — 16t — 11), 1(9t> — 8% + 14t +9),
2(=3t3 + 1062 — 4t — 1), t3 — 5> + 6t — 5, $(—5t> — 12t — 3),

i(—7t3 + 8% — 16t — 13), L (11¢3 — 14t 4 20t + 5), 4t — 2% + 5t + 2,
;(7t3—14t2+22t—13), and (—5t°+10t> —22t+5) respectively, satisfy the
conditions for Livné’s theorem, and therefore suffice to prove isomorphism
of the full representations.
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P P31 Pig,1 P1g,2 P19,3 P19,4 Ps P31,1 P31,2
ap —2 —4 —4 —4 8 2 —4 8
p P31,4 P71 P7.2 P61,1 Pe1,2 P61,4 P79.1 P79,2
ap — —10 —10 —16 8
p Pr79,3 P109,4 P11,1 P139,3 P151,2 Pis1,1 Pis1,2 P181,3
ap 8 14 —10 8 —16 —10 26 —10
P P199,1 P211,1 P211,4 P229,1 P241,3 P379,4 P1009,1
ap —16 —4 8 14 2 20 —22
Eigenvalues ap of the Hecke operators T, on class 244
p P31 P19,1 P19,3 P19,4 Ps P31,1 P31,2 P31,3
ap —2 2 2 2 8 8 8 2
P P31,4 P71 P72 Pe1,1 Pe1,2 Pe1,3 Pe1,4 P79,1
ap —10 —10 —4 —4 14 2 14
p P79,2 P79,3 P79,4 P109,1 P109,4 P11,2 P139,2 P139,3
ay, —4 8 8 8 —16 2 —10 —4
p P139,4 Pis1,1 Pi1s1,2 P13,1 P13,2 Pi1si,1 Pi1s1,2 P1s1,4
ap 20 20 2 8 2 —10 2 —16
p P199,1 P199,2 P211,1 P211,2 P211,4 P229,1 P229,2 P229,3
ap 2 —16 —16 2 —16 20 —22 2
P P229,4 P241,1 P241,3 P241,4 P271,2 P331,1 P331,3 P331,4
ap —10 20 2 8 —22 2 —16 8
P P379,4 P409,1 P439,2 P439,4 P499,1 P541,1 Peo1,1 Pe91,1
ap 20 20 —34 —4 8 —28 - -
p P739,1 Po1g,1 P1009,1 P1009,2 P1069,1 P1381,1 Pai1
ap — — — — — — —

Eigenvalues a, of the Hecke operators T}, on class 2071
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6.6.3 The Field I3

Let F' = F5, which we recall is defined to be Q(t), where ¢ is a primitive eighth
root of unity. The table below gives a list of the prime ideals of F' of norm at
most 350, together with a generator for each ideal:

p Generator p Generator P Generator

b2 t+1 po7,1 —3t> — 2t P233,4 —2t5 417 +4t+2
P31 T+ttt —t Po7,2 2t3 — ¢ —t—3 P2a1,1 —t°+4t +2
P32 -t —t po7,3 t2—t> 43t —2 paare | —3t% — 7 +3t+2
P17.1 t+2 Po7.4 t2 41> —2t—3 pas13 —2t% — 4t° + 1
pi7.2 t* +2 P113,1 5 — % — 3t poara | —t2—3t2 —2t—3
p17.3 2t +1 pP113,2 3t 42—t P257,1 t+4
Pi7.4 2t3 41 P113,3 —2t3 — % f 2t 44 Pos7.2 —4t3 — 3t — 3t + 1
P51 2t° —t P113.4 —2t3 4 t% f 2t 4+ 4 P257.3 4t + 1

Ps.2 3 — 2t P11 °+3t7 —t posra | —t° +3t2 +3t+4
paa | L F2°Ft—1 P11,2 3 —3t2 — ¢ Pasit 3t + 27 — 2t
pare | —t3+t2 42t -1 P137.1 205 + 27 — 2t — 1 pasi,2 2t3 — 2¢%2 — 3¢
parz | =2t —t2 —t—1 pisre | —2t3 —2t2 42t —1 P2si3 —at® —t> 4+t +5
Pa1.4 3 +t2 42t —1 P137,3 2t3 — 2t — 2t — 1 P281,4 —5t3 —t% Lt 44
P71 —t° —2t7 + 2 piara | =265 +2t2 42t -1 P31z | —3t° — 267 + 3t + 3
P72 2 +3t+1 P11 —3t° — 2t P31z | —2t5 —2t2 43t +2
p731 —3t°+t+3 P13,2 3t3 — 2t P313,3 —3t3 — 3¢2 +2t+ 3
p73,2 —3t3 — ¢2 +3 Pi193;1 —3t° —t7 —2t—1 P313,4 —2t3 — 3¢2 —+ 2t 4+ 2
p73,3 t® —2t? — 2t P193,2 2t3 2 + 3t — 1 P337,1 —4t7 — 3t
P73.4 2t% 4 262 — ¢t P193,3 —3t3 —t2 42t —1 p337,2 33 —t2 —t—4
Pso,1 —2t3 —2t7 — 3t P1o3.4 —2t% 412 43t — 1 P33z, —t3 44t -3t —1
Ps9,2 3t +t+1 P233.1 B+ t2Ft+4 P337.4 34+ t2 —3t—4
Pso,3 —2t° + 3t +2 posza | —2t° —2t2 —4t — 1
Pso.4 —3t° —t—1 poszs | —263 4262 —4t 41

We now provide, for the single cuspidal class with rational eigenvalues found
in Section 5.3.3, a list of primes which suffice to prove modularity of the
corresponding elliptic curve, using the techniques of the previous sections. We
list the corresponding Hecke eigenvalues for each prime, and are therefore able
to conclude that the curve is indeed modular.
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Class 881

e The level n = pgg1,1, which is generated by the element —4t? + 5t, and the
residual representation attached to the corresponding elliptic curve has
trivial image.

e The modulus m = p3pssi 1, and the corresponding ray class group Cl(Op, m)
is isomorphic to Z/8Z x (Z/27)3.

e For each possible extension F); of F' corresponding to a quadratic character
of C1(Op,m), the ray class group Cl(OF,, m,) admits no cubic characters,
and thus we immediately deduce that the residual representations are
isomorphic.

e The primes {p31, P32, P17,1, P17,2, P17.3, P5,1, P52, Pa1,2, P7.1, P7,2, D731,
P73.4, Po7,2, P13,2, P337,3} satisfy the conditions for Livné’s theorem, and
therefore suffice to prove isomorphism of the full representations.

P P31 P3,2 Pi7,1 Pi7,2 Pi7,3 Ps,1 Ps5,2 Pa1,2
ap 4 —2 —6 0 0 2 2 6
P P71 P72 P73,1 P73.4 Po7,2 P13,2 P337,3

ap 2 2 —16 —10 2 —10 14

Eigenvalues ap of the Hecke operators T, on class 881
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