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Abstract

Motivated by Doty’s Conjecture we study the coalgebras formed from the
coefficient spaces of the truncated modules Tr*E. We call these the Doty
Coalgebras D, ,(r). We prove that D,, ,(r) = A(n,r) for n = 2, and also that
D,, ,(r) = A(m,r) with 7 a suitable saturated set, for the cases;
)n=3,0<r<3p—1,6p—8<r<n?p-—1) for all p;

ii) p =2 for all n and all r;

i) 0<r<p—1landnt—(p—1) <r <nt for all n and all p;

iv) n =4 and p = 3 for all r.

The Schur Algebra S(n,r) is the dual of the coalgebra A(n,r), and S(n,r)
we know to be quasi-hereditary. Moreover, we call a finite dimensional coal-
gebra quasi-hereditary if its dual algebra is quasi-hereditary and hence, in the
above cases, the Doty Coalgebras D, ,(r) are also quasi-hereditary and thus
have finite global dimension. We conjecture that there is no saturated set =
such that Dj ,(r) = A(m,r) for the cases not covered above, giving our reasons
for this conjecture.

Stepping away from our main focus on Doty Coalgebras, we also describe
an infinite family of quiver algebras which have finite global dimension but are
not quasi-hereditary.
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Introduction

This thesis is concerned with the Polynomial Representation Theory of the
General Linear Group as studied in Green [11]. Its motivation is a conjecture
put forward by S. Doty, known as Doty’s Conjecture, concerning the trun-
cated symmetric powers of the general linear group. It states that a matrix,
the Modular Kostka matrix, is non-singular. If true, then from its inverse and
Steinberg’s Tensor Product Theorem, one could obtain all irreducible polyno-
mial characters of GL,, in characteristic p.

The focus of our research is on these truncated symmetric powers TrE,
and the coalgebras defined from their coefficient spaces, the so-called Doty
Coalgebras, D, ,(r) = > cf (Tr*E) where A = (A1, ..., \,) such that 327" \;
=7r, A\t > Ageq... > N\, and A\ < n(p—1). The dual of a coalgebra is an
algebra, and as shown in [11], we have that the Schur Algebra S(n,r) is the
dual of the coalgebra A(n,r), which consists of homogeneous polynomials of
degree r in n? variables. Our other motivation for this thesis is the notion
of a Quasi-Hereditary Algebra (see for example [4]), and indeed it is the case
that the Schur algebra is quasi-hereditary, and thus, as its dual, A(n,r) is a
quasi-hereditary coalgebra.

This thesis proves the following;

i) Dy p(r) = A(2,r) for all primes p;
ii) Ds,(r) = A(m,r) for all primes p, 0 <r <3p—1,6p—8<r <n?p—1)
and 7 a suitable saturated set;
iii) D, 2(r) = A(m,r) for all n and 7 a suitable saturated set;
iv) D, ,(r) = A(m,r) for all p and all n, and for 0 < r < p—1 and
n?—(p—1) <r <n?(p—1) with 7 a suitable saturated set;
v) Dys(r) = A(m,r) for 0 <r < n?(p—1) with 7 a suitable saturated set.
We therefore have that in all these cases, the corresponding Doty Coalgebra
is quasi-hereditary, and thus has finite global dimension.
We now give a general overview of the structure of this thesis. Chapter
1 first states the Doty Conjecture and then goes on to define the notion of
algebraic groups and coalgebras, and shows how the dual of an algebra is
indeed a coalgebra. It then goes on to define the coalgebra A(n,r) and the
Schur Algebra S(n, r) stating how they are each others dual. Quasi-Hereditary
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Algebras are then defined, along with finite global dimension, and it is shown
how all quasi-hereditary algebras have finite global dimension. We then explain
why the Schur algebra is quasi-hereditary.

Chapter 2 focuses on defining the Doty Coalgebras, which initially involves
introducing the Symmetric and Exterior Algebras, and then the aforemen-
tioned truncated modules Tr*E and their coefficient spaces. To be able to
prove the cases above, we must show that the coefficient spaces of the tilting
modules of A(n,r) (or respectively A(m,r)) are contained in the coefficient
spaces of the truncated modules. With this in mind we then have a section on
Classification by Highest Weights, which defines the irreducible G L,,-modules
L(m,n), and then a section on tilting modules, giving the definition of these
modules, classifying them for SLs, and then stating why it is enough to show
that their coefficient spaces arise in the coefficient spaces of the truncated
modules.

Chapter 3 then proves the case Dy ,(r) = A(2,r) for all primes p, whilst
Chapter 4 proves D3 ,(r) = A(m,r) for all primes p, 0 < r < 3p—1,6p—8 <r <
n?(p—1) and 7 a saturated set. The case for n = 3 is much more complex, and
thus it is necessary to introduce p-cores and core classes, and then classify all
core classes for 0 < r < 5p — 5. Tilting modules are then reintroduced and we
prove a number of theorems on tilting truncated modules. We then introduce
some facts on the filtration multiplicities (7'(A) : V(u)), and then state the
method we will use to prove the case n = 3, which incorporates an algorithm for
calculating the character of the truncated modules, the Littlewood-Richardson
Rule.

Chapter 5 considers the ‘missing’ range for the case n = 3, namely 3p <
r < 6p — 9, and explains why we conjecture that Ds,(r) # A(m,r) for this
range. It also takes a brief look at the case n > 4 which incorporates the
proof of D, ,(r) = A(mw,r) for all p and all n, and for 0 <r <p—1, with 7 a
saturated set. We then give reasons why we conjecture that D, ,(r) # A(m,r)
for n > 4 and r > p except for when n = 4 and p = 3. Finally, Chapter 5
proves the case D, »(r) = A(m,r) for all n and 7 a suitable saturated set.

Chapter 6 then steps away from Doty Coalgebras. As stated above, we have
that all quasi-hereditary algebras have finite global dimension. The reverse of
this is not necessarily true, and in our research on quasi-hereditary alegbras
we came across a paper by Dlab and Ringel [3], which gives an example of
an 11-dimensional serial algebra which has finite global dimension but is not
quasi-hereditary. Studying this example we were able to find an infinite family
of such algebras, all of which are quiver algebras and thus can be displayed
as a nice picture. This chapter defines this family of quiver algebras, proving
why they have finite global dimension, but are not quasi-hereditary.
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Chapter 1

Preliminaries

1.1 Doty’s Conjecture, Algebraic Groups,
Coalgebras and Algebras

ATIM: This section states Doty’s Conjecture, defines algebraic groups, coalge-
bras and their comodules. It shows how we get from an algebra to a coalgebra
and how an algebraic group can be viewed as a coalgebra. Doty’s Conjecture
is stated first as this was the motivation behind the research, we will go on to
define the modules used in the conjecture.

CONJECTURE 1.1.1 Doty’s Conjecture [9, Conjecture 2.6]

The modular Kostka numbers are defined as follows: K/, = [Tr AE . L(p)], for
Tr*E the truncated module and L () the irreducible polynomial G'L,,-module
of highest weight . Then Doty’s Conjecture states that the modular Kostka
matrix K’ = (K, ), with rows and columns indexed by the set of all partitions
A of length < n, and bounded by n(p—1) (fixed in some order), is non-singular
for all n and all primes p.

We now go on to define an algebraic group.

DEFINITION 1.1.2 Let GL,(k) be the group of invertible matrices over k
an algebraically closed field, and M, (k) be the space of all n X n matrices over
k.

A k-valued function f on M, (k) is a polynomial function if

f € klci1, cia, ..., o) With ¢;5(g) = (4, j)th entry of g, for g € GL, (k).

A subgroup G C GL,(k) is a linear algebraic group if there is a set A of
polynomial functions on M, (k) such that

G ={g€GLy(K)| f(g) =0 Vfe A}

11



REMARK 1.1.3 [24, Theorem 2.3.5]
Every affine algebraic group over k is isomorphic to a closed subgroup of
GL,(k), for some n.

DEFINITION 1.1.4 Let k be an algebraically closed field. Let G = GL,(k),
and H a subgroup of GG. Then

k[G] = k[ci1, €12, -y Cuny (det) ]

where ¢;;(g) = (4, j)th entry of g.
Now fix fi, ..., f» € k[G]. Suppose H = {g € G| fi(g) =--- = f.(g9) = 0} then
H is a closed set in the Zariski topology [26], and k[H]| = {f lu | f € k[G]}.

We now give some definitions on coalgebras and comodules.

DEFINITION 1.1.5 A k-coalgebra is a triple (C, 0, €) where C'is a k-vector
space, and 0 : C' — C' ® C, and € : C' — k are linear maps such that

(d®id)d = (id ® 9)d coassociativity
(e®)6 = (id®e€)d =id counit

where 0 is the comultiplication or diagonal map, and € is the counit or aug-
mentation map.

A subspace C' C C is a subcoalgebra if §(C") C " @ C'. Note that C” is
a coalgebra itself by restricting d to ¢’ : ¢ — C'" @ C" and € to € : C" — k.

DEFINITION 1.1.6 A right C-comodule is a pair (V,7) where V is a k-
vector space and 7 : V' — V ® C' is a linear map such that

(T ®ide)T = (idy ® 0)7 and (idy ® €)7 = idy.
We call 7 the structure map of V.

DEFINITIONS 1.1.7 [6, Section 1.1 and 1.2]

(i) Let C and C’ be two coalgebras. Then ¢ : C' — C” is a morphism of
coalgebras if € op =€ and (¢ @ p)od =05 0¢

(ii) Let (V,7) and (V',7') be two C-comodules. Then ¢ : V' — V' is a mor-
phism of comodules if (¢ ® id¢)T = 7" 0 ¢.

(iii) Let C be a coalgebra. Then a coideal of C' is a subspace I such that
() CC®I+1®C and €(1) = 0.

(iv) Let J be a set and C; a coalgebra for each j € J. Then we have that
the direct sum C' = P, ; €} is a coalgebra with ¢ : C' — C ® C such that
0D jes i) = D jes0i(z;) and € : C — k such that e(3-;c,25) = >, €(y),
for X S Cj.
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We now show how a coalgebra is the dual of an algebra.

DEFINITION 1.1.8 Let (C,0,€) be a k-coalgebra and R a k-algebra.
Then A = Homy(C, R) is an associative k-algebra with multiplication given
by the convolution product

(f*g)(c chz

for f,g € A, where 6(c) = ), ¢; ® ¢; and with identity 14(c) = €(c)1r.
In particular the linear dual C* = Homy(C, k) is the dual algebra of C.

The following defines the invariant matrix, needed for the next proposition
which shows how we get from a comodule to a module.

DEFINITION 1.1.9 Let (V,7) be a right C-comodule and let {v;};c; be a
k-basis of V. The elements ¢;; € C, for ¢,j € I, are defined by

:ZUZ’@)CU

icl

for j € I. We call the matrix (¢;;) the invariant matrix afforded by the basis

{Uz‘}z‘ef-

PROPOSITION 1.1.10 [6, Proposition 2.2a]
Let C be a coalgebra and (V,7) a C-comodule. Let f € C* and v € V and
define fv € V' by

fo=(ide fir(v) = (ide [)Q_vi@ ) = ) _idv) @ f(v:) Zf z:)v

%

In particular, if {v;}ier is a basis for V' then fv; = Y .., f(cji)v; for (ci;) the
invariant matrix. Then the product fv makes the right C'-comodule V into a
(unital) left C*-module.

The next remark gives well known canonical isomorphisms between duals of
comodules which will be needed later in the proof of Theorem 4.1.3.

REMARK 1.1.11 Let C be a coalgebra, and let V, W be C-comodules.
Then

H(VeW) 2V W

ii) Home(V, W) = Home (W*, V7).
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PROPOSITION 1.1.12 [6, Proposition 2.1b]

(i) If f : C — D is a morphism of coalgebras then f* : D* — C* where
f*(a) = ao f is a morphism of algebras.

(ii) The assignment C' — C* determines a contravariant functor from coalge-
bras to algebras which restricts to an equivalence of categories between finite
dimensional coalgebras and algebras.

Finally we show how an algebraic group can be viewed as a coalgebra.

PROPOSITION 1.1.13 [24, Exercise 2.1.2]

Let G be an algebraic group over k and algebraically closed field.

Then we can define R = k[G] with € : k|G| — k such that €(f) = f(1) and
also with m* = § : k[G] — k[G] x k|G|, the comorphism of the multiplication
mapm: G x G — G.

Thus we have a triple (R, 6, €) where § and e satisfy the following:

(i) (0 ®idg)od = (idr® ) oo

(ii) (e ® idg) 0 6 = (idgr ® €) 0 § = idp,

and hence (R, 6, €) is a coalgebra.

1.2 The coalgebra A(n,r) and the Schur Alge-
bra S(n,r)

AIM: In this section we define the coalgebra A(n,r) C k[G], and also the
Schur Algebra S(n,r), the dual algebra of A(n,r). We also consider a different
way of viewing the Schur Algebra, resulting in a theorem by Schur.

DEFINITION 1.2.1 Let G = GL,(k), with k[G] as in Definition 1.1.4.

Let n ={1,2,...,n}, then for each pair i, j € n, let ¢;; € k[G] be the function
which associates to each g € G its (¢, j)-coefficient g; ;.

Let A(n) = kle;; | 1 < i,j < n], the algebra of polynomial functions in n?
variables.

Then A(n,r) C A(n), consists of the elements expressible as homogeneous
polynomials of degree r in the ¢;;.

DEFINITION 1.2.2 Let I(n,r) be the set of all maps ¢ : {1,2,...,r} —
{1,2,...,n}. Then for i,5 € I(n,r) write ¢;; for ¢, Ciyjy - - - Cirjr.-
Then A(n,r) = k-span {c¢;;| i = (i1,...,%),5 = (j1,...,Jr) € I(n,7)}

REMARK 1.2.3 [11, Section 2.1] The dimension of A(n,r) is as follows;

R
dimA(n,r)z(n tr 1)

r
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A(n,r) has a coalgebra structure as a subcoalgebra of k[G], giving rise to
an algebra structure on the dual A(n,r)*.

After defining the coalgebra A(n,r) we now move on to the Schur Algebra
S(n,r).

DEFINITION 1.2.4 The Schur Algebra S(n,r) = A(n,r)* where S(n,r)
has basis {&;; | ¢,7 € I(n,r)} dual to {c¢;; | ¢,5 € I(n,r)}, the basis for A(n, ).

However we can also look at S(n,r) in a different way as now shown.

DEFINITION 1.2.5 Let E be a k-vector space with basis {eq,...,e,}, so
dim F =n. Then G = GL,(k) acts on E as follows

gey, = Zg;weu - ZCW(Q)€V

HEN HEN

for all g € G and v € n.

Now, for i = (i1,42,...,4,) € I(n,r) where 1 < 4y,...,4, < n, we write ¢;
for e;, ®e;, ®...®¢;.. Then {e; | i € I(n,r)} is a basis of E®". Now suppose
G = GL,(k) then we have the action

G x E®°" — E®"

gej = gej, & ... & ge;,

where

ge; = E Girjr - - - Girjr€i
1€l(n,r)

- Z Ci,j(.g)ei Vg € ij € I(TL,T‘)

1€l(n,r)

We also have the action by the symmetric group E®" x Sym(r) — E®" given
by e;m = e;;. Note that the action is associative with (e;0)T = (€i5)T = €jor =

(e:)(om).
THEOREM 1.2.6 [11, Theorem 2.6¢] By Schur’s Theorem

S(n,r) = Endgyy,, (E®T).

15



1.3 Quasi-hereditary Algebras and finite
global dimension

A IM: Definiton 1.3.1 up to Proposition 1.3.14 introduces the notion of a quasi-
hereditary algebra. There is a reasonable amount of detail needed for this, with
the introduction of standard and costandard modules, high-weight categories,
saturated sets and hereditary ideals. In sections 1.3.15-1.3.19 we define projec-
tive dimension and global dimension, and Proposition 1.3.21 states that any
quasi-hereditary algebra has finite global dimension.

We begin with the definition of a weight space.

DEFINITION 1.3.1 (i) Let X(n) = Z", so a = (ay,...,a,) € X(n) for
a; € Z. Let GLY = GLy(k)" = GLy(k) x ... x GL1(k) (n times), and let V' be
a GL}-module, with comodule structure map 7: V — V ® k[GLY].

Now, for (z1,...,z,) € GLi(k)" we define t;(z1,...,z,) = x; where 1 <i <mn.
Moreover for a € X(n) we put t* = 7" ...t%. We can then define the
corresponding weight space

Vé¥={veV|r(v) =v®t*},
and we call a a weight of V' if V@ # 0.

We then move on to the definition of a dominance order.

DEFINITION 1.3.2 Let a,8 € X(n), with o = (a,...,,) and § =
(B1, .-y Bm). Let |a| = ag + as + ... + a,. Then, we define a dominance
order, written o < 3 if

1) Ja| = |3

o +... a0, <P+...+ 0. foralll <a<n

Moreover, for A € X (n) we say that A = (A,...,\,) is dominant if \; > Ay >
R W

DEFINITION 1.3.3 We have

(i) A(n,r) ={a e N},a=(a1,...,a,) : |a| =71}

(i) XT(n) ={a=(aq,a0,...,ap) : a1 >y >...>au}.
(iii) AT (n,r) = Aln,r) N XT(n)

The following defines certain properties of modules.

DEFINITION 1.3.4 We define mod(A) to be the category of all finitely-

generated A-modules.
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DEFINITION 1.3.5 Let A be an algebra with M an A-module.

i) The socle of M, notated soc(M), is defined to be the unique largest semisim-
ple submodule of M.

ii) We define the radical of M, denoted rad(M), to be the intersection of all
proper maximal submodules of M. The head of M, hd(M) = M /radM.

DEFINITION 1.3.6 Let A be a finite dimensional algebra with M a finitely-
generated A-module.

Choose Py a projective A-module such that hd(Pys) =hd(M). Then Py is
the projective cover of M.

Choose I, an injective A-module such that soc(Ip;) =soc(M). Then I, is
the injective envelope of M.

DEFINITION 1.3.7 Let A be a finite dimensional k-algebra with simples
{L(A\) | A € AT}, P()\) the projective cover of L(A\) and I()) the injective
envelope of L(\).

Then if X € mod(A) we define [X : L()\)] to be the multiplicity of L()\) as a
composition factor of X.

The following looks at maximal and minimal submodules of an A-module.

DEFINITION 1.3.8 (i) Let # C A*. Then V € mod(A) belongs to  if all
composition factors of V' belong to {L(\)| A € 7}.

(ii) Among all submodules of arbitrary V in 7 there is a unique maximal

submodule U C V such that U belongs to 7. We write O, (V) =U.

(iii) Among all submodules of arbitrary V' in 7 there is a unique minimal
submodule W C V' such that V/W is in 7. We write O™(V') = W.

It is then necessary to define standard and costandard modules.

DEFINITION 1.3.9 Fix a partial ordering < on AT. For A € AT define
m(A) ={p e AT p <A}

Let M(A) be the unique maximal submodule of P()), and define K(\) =
O™ (M())). Then we define the standard modules by A(X\) = P()\)/K()),
and the costandard modules by V(X)/L(A) = O (I (N)/L(N)).

The next three definitions look at filtrations, high weight categories, and hered-
itary ideals, all needed to define Quasi-Hereditary Algebras.

DEFINITION 1.3.10 An A-module filtration 0 = X, < X; < ... < X, =
X is a A-filtration if X;/X; 1 =0 or X;/X; 1 = A()\) for some A € AT, If
such a filtration exists we write X € F(A).

One similarly defines V-filtration.

17



DEFINITION 1.3.11 We say mod(A) is a high weight category (with re-
spect to ordering <) if for all A € AT,

() I)/V() € F(V),

(ii) whenever (I(X)/V(A) : V(i) # 0 for p € AT then p > A.

We call the elements of AT the dominant weights.
This can be defined analogously via P(\) and A(\).

DEFINITION 1.3.12 An ideal H of A is called a hereditary ideal if the
following conditions are satisfied;

(i) H is a projective left A-module,

(ii) Homyu(H, A/H) = 0,

(iii) HJ(A)H = 0 where J(A) is the radical of A.

Finally we can define a Quasi-Hereditary Algebra.

DEFINITION 1.3.13 A is a quasi-hereditary algebra if there exists a chain
of ideals

A=Hy>H,>...>H,=0

with H;/H,; . hereditary in A/H; ; for 1 <i <n.

PROPOSITION 1.3.14 [4, Proposition A3.7]

Suppose mod(A) is a high weight category with respect to the partial ordering
<. Write out the elements of AT as Ay, ..., A, such that i < j when \; < A,
and define w(i) = {\1,..., \;} where 1 <i <n.

Then A > O™W(A) > ... > O™™(A) = 0 is a hereditary chain of ideals.

Thus A is quasi-hereditary.

We now move on to projective and global dimension, to be able to show all
Quasi-Hereditary Algebras have finite global dimension.

DEFINITION 1.3.15 The projective dimension of an A—module M is de-
noted by Pd4(M), and is defined as the smallest positive integer n such that
Ext’™(M,C) = 0 for all A—modules C. If no such n exists, then we say
Pda(M) = oco. Equivalently, the projective dimension of M is the smallest
integer n such that M has a projective resolution

0—-P"—-pP!—...5P" 5 M0,

where the P! are all projective A—modules.

18



DEFINITION 1.3.16 The left global dimension of a finite dimensional al-
gebra A is denoted l.gl.dim A and is defined as

l.gl.dim A =sup {Pd,(M) | M is a finitely-generated left A-module}.
Analogously, for the right global dimension of A we have

r.gl.dim A = sup {Pd (M) | M is a finitely generated right A-module}.

DEFINITION 1.3.17 We therefore say that an algebra A has finite global
dimension provided there exists some A-module M such that Pds(M) = n
and all modules have projective dimension less than or equal to n. If no such
module M exists then the algebra has infinite global dimension.

DEFINITION 1.3.18 A ring R is called left Noetherian if every left ideal
of R is finitely generated. Similarly, a ring R is right Noetherian if every right
ideal of R is finitely generated. We say a ring is Noetherian if it is both left
and right Noetherian.

PROPOSITION 1.3.19 [18, Page 58][13, Proposition 4.7]

(i) If a ring R is left and right Noetherian, then the left and right global
dimensions are equal.

(ii) Suppose R is a finite dimensional algebra over a field k. Then R is both
left and right Noetherian.

DEFINITION 1.3.20 We define I(A\) = [ to be the length of the longest
chain \g < \; < ... < X\ = Ain A", and define

I(AT) = {maximum of the lengths I(\) | A € AT}.
We then show how all quasi-hereditary algebras have finite global dimension.

PROPOSITION 1.3.21 [4, Proposition A2.3]
Let A be a quasi-hereditary algebra. Then Ext'(L()), L(p)) =0 for A, p € AT
andi > [(\)+1(p), and hence A has finite global dimension bounded by 2I(A™).

The following remark will be the basis of our final chapter.

REMARK 1.3.22 [3, Example Page 283] The above is not an if and only if
statement; there exist algebras of finite global dimension which are not quasi-
hereditary.
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1.4 The Schur Algebra is Quasi-hereditary

ATIM: This section is fairly self-explanatory. We explain why the Schur al-
gebra is quasi-hereditary, defining its standard and costandard modules. We
also highlight that this therefore means the Schur algebra has finite global
dimension.

DEFINITION 1.4.1 [10, 3.3.1]
The simple S(n,r)-modules are {L(\) | A € AT (n,r)}.

DEFINITION 1.4.2 [10, 3.3.2] If a > 1 is an integer, we denote by S*(FE)
the a-th symmetric power of E. More generally, let A\ = (A1,...,\,) be a
partition of 7, then the tensor product of symmetric powers S*(E) = S (E)®
... ® S*M(E) is a GL,(k)-module and hence an S(n,r)-module.

The canonical epimorphism ¥ : E*" — S*(E) is an S(n,r)-homomorphism.

We now go on to define the module D) j, which requires a build up of defini-
tions, we start with the diagram of A and a bijective A-tableau.

DEFINITION 1.4.3 [11, 4.2] We call the diagram of A, the subset
A ={(s,1) | 1 <s5,1 <t <A}

of Z x Z. A M-tableau is a map from [A] to a set, and as [A] has r elements
there exists at least one bijection T' : [\] — r. We choose one bijection and
call it the bijective A-tableau T = T*.

We now move on to define the column stabilizer of T'.

DEFINITION 1.4.4 [11, 4.2] If the image under T of (s,t) is z(s,t) we can
depict T as follows;

z(1,1) =(1,2) ... ... z(1, A1)
x(2,1) x(2,2) ... x(2,\)
3,1) 2(3,2)

So, every element of r appears once in the above depiction, and we say x(s, t) is
in row s and column ¢ of T. The column stabilizer C(T") of T is the subgroup
of Sym(r) consisting of all 7 € Sym(r) which preserve the columns of the
above depiction.

We now go on to introduce the bideterminants (7; : 7).
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DEFINITION 1.4.5 [11, 4.3] If ¢ = (i1,...,4,) is an element of I(n,r) we
denote the A-tableau iT : [\] — n by T;.

Now let k£ be an infinite field, and let i,; be elements of I(n,r). Then we
define an element (7; : 7)) = (T; : T;)i of A(n,r) by the formula

(T;:T) = Y sen(m)cije = Y sg0(7)cin;.

reC(T) reC(T)

Where sgn(7) is the sign of . Then, apart from the interchange of rows and
columns, (7; : T;) is a bideterminant [11, 4.3a].

After defining the following element of I(n,r) we can then define the module
D k-

DEFINITION 1.4.6 [11, 4.3 Example 2 and 4.4] Let ¢ be the element of
I(n,r) whose A-tableau is

T, =

W N =
W N =
[\]

Then we define Dy as the k-span of the bideterminants (7, : 7;) for all
i € I(n,r). Hence D,y is a subspace of A(n,r).

REMARK 1.4.7 [11, 4.4] The module D, is independent of the choice of
T.

Having defined D), j, we now go on to show how it can be viewed as an S(n,r)-
submodule of A(n,r), first showing how A(n,r) is a bimodule for S(n,r).

PROPOSITION 1.4.8 [11, 4.4] Let h,j € I(n,r), then the space A(n,r) is
a bimodule for S(n,r) via the following;

o Chj = Zf(Cz’,j)Ch,m

i€l
Chj o0& = Zf(chn‘)ci,f
el
Now, if we replace h by {m, multiply by s(m) and sum over all m € C(T'), then,
for all ¢ € S(n,r), we get

£o(Toy) = &(cij)(Ti: Ty).

el

It thus follows D, is a left S(n,r)-submodule of A(n,r).
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We now move on to the module V) .

DEFINITION 1.4.9 [11, 2.7 Example 1] For the module E®” we can define
a non-singular bilinear form

<, > E®" x E*" =k

by < e;,e; >=d;; for all i, j € I(n,r). This bilinear form is contravariant and
we call it the canonical form on E®".

DEFINITION 1.4.10 Let A € A*(n, ), then we denote by N, the kernel of
the S(n,r)-epimorphism ¢ : E®" — D, ; where ¢; — (1) for all j € I(n,r).
We have an exact sequence in M (n,r)

0—>N—>E®r—>D,\,kHO.

Then we let V) ;, be the orthogonal compliment to N, relative to the canonical
form <,> on E®". So

VA,k = {CL’ e E%" | <z, N >= 0}
PROPOSITION 1.4.11 [11, 5.1] The module V), = (D x)°.

Proof. The canonical form <,> we know to be contravariant, and N is an
S(n,r)-submodule of E®". Hence V) is also a submodule of E®". Moreover,
since <, > is non-singular, we can define a non-singular, contravariant form

(,):Vak X Dyp — k

by (z,¢(y)) =< x,y > for all x € V), and y € E®". Hence V), = (Dyg)*. O

THEOREM 1.4.12 [10, Theorem 3.4]
The Schur Algebra S(n,r) is quasi-hereditary with respect to the dominance
order and with A(\) = V), and V(A) = Dy .

COROLLARY 1.4.13 The Schur Algebra has finite global dimension.
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Chapter 2

The Doty Coalgebras

2.1 The Symmetric and Exterior Algebras

AIM: The Doty Coalgebras are the focus of our research, and thus we spend a
reasonable amount of time defining them. The symmetric and exterior algebras
are themselves GL, (k)-modules and they play a crucial role in defining these
Doty coalgebras.

We first define the Symmetric Algebra.

DEFINITION 2.1.1 [8, Introduction] Let G = SL(2), then there exists an
irreducible G-module V,,, of dimension m+1 form =1,2,.... Leteq,...,e,, be
a basis for V,,,_1, then we define the symmetric algebra S(E) = kle, ea, ..., enl.

We have that F = ke + key + ... + ke, C S(E).
There is also a G-action by algebra automorphisms, extending the G-module

structure on F and hence we can write S(E) as a G-module decomposition
via:

S(E) =D s"(E)

where S"(E) = k-span{e;, - ...-¢e; | i1,...,i, € n}.
In particular for n = 2 we have

S"(E) = k-sp{e}, e/ teq, e €5, ... eteh % el e}
We now introduce the tensor algebra and then define the Exterior Algebra.
DEFINITION 2.1.2 Consider the tensor algebra
T(E)=k & FE ® EQE & EQEQE &...
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with multiplication

(T1®..0%) (N®..QUs) =71 R .. 0T, QY1 ... R Ys.

Let I be the ideal generated by all z ® y —y ® x where x,y € E. Then we also
have that the symmetric algebra S(E) = T(E)/I.

Now, let J be the ideal generated by all the x ® y + y ® x and the z ® z for
all x,y € E. Then we define the exterior algebra to be

A(E) = T(E)/J.

The elements & = x + J satisfy 29 = —& and 2? = 0 for z,y € E.

We write x1 Azg A ... Az, for 21 Qe ® ... 0z, +J € A(E).

If F has a basis ey, ..., e, then A(E) has basis e;, Ae,, A...Ne;, forip <iy <
... <'i,. As in the case for S(E), we also have A(E) = @ 2, A" (E) where

A"(E) = k-span{e;, A...Ne;| i1 <...<i.}.

2.2 The Doty Coalgebras

AIM: For C' a coalgebra and V' a C-comodule we can define the coefficient
space cf (V), which is a subcoalgebra of C'. In this section we define this
coefficient space and give further information about its properties. We then
return to the symmetric algebra S(E) and with the use of an ideal I = @,.1,
we form a set of irreducible G L, (k)-modules S"E = S"E/I,. We then form
the truncated modules Tr*E = SME ® ... ® S™E for A = (A,...,\,) a
partition of r into n parts. In 2.2.13 we then define the Doty coalgebras
D, ,(r) = 3, cf (Tt *E). We complete this section with an example of the
case Dy o(r).

DEFINITION 2.2.1 [12, Section 1.2] Let X and Y be k-spaces with bases
{&}ier and {n;}je;. Then for all u € X ® Y we define z; and y; by u =
diesTi ®@n; = icr & ®y; for some uniquely determined z; € X, y; € V. If
U = {ur}xea is a subset of X ® Y then in particular

uy = Z Tr; Q@n; = Z §i @ Yxi-

AEA, jeJ AEA, i€l

We then define the left span of U to be
LU) =k-sp{zy;j | A€ N, jeJ}
a subspace of X, and define the right span of U to be
R(U) = k-sp{yni | A€ A,ie I}

a subspace of Y.
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LEMMA 2.2.2 [12, Section 1.2] Let (V, 7) a right C-comodule. Then for any
subset U of V' the L(7(U)) is a subcomodule of V' containing U.

Having defined the left and right span, we can now define the coefficient space
of a module.

DEFINITION 2.2.3 The coefficient space cf (V') is R(7(V)). So for {v; }ies
a basis for Vand 7: V — V®C such that 7(v;) = > ,., v; ® ¢;; for j € I then

cf (V) = k-sp{c;j | i,5 € I}.
The following two lemmas give further information on the coefficient space.
LEMMA 2.2.4 [12, 1.2¢] cf (V') is independent of the choice of basis of V.
LEMMA 2.2.5 [12, 1.2¢] cf (V') is a subcoalgebra of C.
We now give an example of a coefficient space.

EXAMPLE 2.2.6 Let G = GLy(k). Let V = k-sp{vy,v2} the natural G-
module, and
k[G] = k[Cn, Ci2, C21, C2, det_l}.

Now, V has structure map 7 : V — V ® k[G] with

2

T(vy) = sz‘@)@l =11 ® 11 + V2 K Cy
i=1

2
T(vg) = Zvi®0i2 = V1 ® €21 + V2 & Caa.

=1

Then cf (V) = R(7(V)) = k-sp{ci1, c12, Co1, C20 }.
Note that if we take two different basis elements for V', say {w;,wq} we still
get cf (V) = R(7(V)) = k-sp{c11, 12, ¢21, Can }-

THEOREM 2.2.7 Let C be a coalgebra over an algebraically closed field,
and V a simple C-comodule. Let D = cf (V'), then D* = M, (k) where n =
dim V. Thus D* is semisimple.

Proof. Refer to [12, Section 1.3], and choose a dual basis for 7. Then there is
an isomorphism between the multiplication of these dual elements and matrix
multiplication. O
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EXAMPLE 2.2.8 Let n = 2, C' a coalgebra and V a C-comodule. Let
D = cf(V) = k-sp{ci1, 12, Co1, 022} as in Example 2.2.6. Ms(k) has basis
€11, €12, €1, €22 Where e;; is a 2 x 2 matrix with 1 in the (7, j)th position, and
0 everywhere else, and D* has a dual basis aq1, aqo, (a1, Qigo.

Multiplication on M, (k) is as follows; e;;e,5 = 0;.€;s where ¢ is the Kronecker
delta. Now consider multiplication in D*;

(Qijairs)(Cap) = (Qtij ® )0 (Cap)

= (0 ® o) () Car ® )
t

= Giabibrday
t

= 5ia6rj§sb
- 5rjais(cab)-
SO, Qi Olps = 6Tjai8'
Then we have an isomorphism ¢ : D* — My (k) such that ¢(a,s) = ey,
and if & € D* then
@ = An1a11 + A2z + A21g1 + Agaaizg

= 04(011)0411 + 06(012)0512 + 06(021)0621 + Oé(CQQ)OéQQ.

é(a) = ( a(en) alen) )

Oz(021) (I(CQQ)

Then

The following looks at coefficient spaces of simple comodules.

REMARK 2.2.9 [12, 1.3.2] For A a finite dimensional algebra over an al-
gebraically closed field k, we have A/J(A) = M, (k) ® ... ® M, (k), and for
C a coalgebra with pairwise non-isomorphic simples Vi, ..., V,, we have that
COct(Vi)®...®cf(V,,) where the cf (V;) are all simple subcoalgebras.

We now give an example of this.

EXAMPLE 2.2.10 (i) There exists a surjective homomorphism £ ® E —
S?F and thus

cf (S?°E) Ccf (E® E) = cf (B)cf (E) = A(2,1)A(2,1) C A(2,2).
(ii) Let p > 5 and let
C= A(27 3) = k_sp{cijcklcmn} | 1 S iaja ka l7m7 n S 2}

Then by Remark 1.2.3, dim A(2,3) = 20. A(2,3) has two simple comodules;
S3E = k-sp{e}, eieq, er1€3,e5} and E @ A°E = k-sp{er, ea} @ k-sp{e; A es}.
Then

A(2,3) = cf (S°E) @ of (E ® A’E).
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We now give two basic definitions which are required to define the Doty Coal-
gebras.

DEFINITION 2.2.11 Let A = (Aq, A2,...,A,) be a partition of r into n
parts. Then we call A\ a proper partition if A\ > Xy > ... > A,.

DEFINITION 2.2.12 A ring A is called graded if A = @, A, where all
A, are subspaces of A and we have that A, A, C A, .
An ideal I = @ I, where I, = A, NI is called homogeneous.

We are now able to define the Doty Coalgebras.

DEFINITION 2.2.13 [9, Section 1] We have from Definition 2.1.1 that
S(E) = kler,es,....e,] =P SE.
r=0

Then S(F) is a graded ring. Let I be the ideal generated by e/, eb, ... e for
char k = p prime. This is a GL,-submodule, and is also a homogeneous ideal
with I = @.2 I where

I, =sp{ef™ -...-ep™| m1+ ...+ m, =r and some m; > p}.

Then we have

S(E) = S(E)/I = é S"E/I,.

So let S"E = S"E/I, which are all irreducible. Note that for r > n(p — 1)

we have S"E = 0. Now let t = n(p — 1) and let A = (A1, \a, ..., \,) with

t> M >...> A, > 0. Then we define the truncated modules
TE=S"E®...@ S™E.

We then define the Doty Coalgebras to be

Dyy(r) =Y cf (Tr*E)

A

v
>
3

v
o

where A\ runs over all partitions of r into n parts, with t > \; > ...

We follow this with a detailed example of Dj .
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EXAMPLE 2.2.14 Let n =2 and p = 2. Then S(E) = @2, S"E/I, and

S'E =k
S'E = k-sp{e1, e2}/{0} = E
S?E = k-sp{e}, ereq, 5} /k-splei, e5} =2 A°E

a3 3 2 2 2 3 2 2 2
S°FE = k-sp{ey, eies, e1€5, €5} /k-spley, efea, e1€5, €5} = 0.

Indeed STE =0 for r > 2, and thus S(E) 2 k& E & A’E.
As A = (A1, \y) runs over all partitions of 7 into n parts, then in this case A
runs over the partitions (2,2),(2,1),(2,0),(1,1),(1,0),(0,0).
Giving
Tr?YE = S?FE ® S?°E = A’E ® A’E,
Tr?YVE = S?2E® S'E = AN’ EQ® F,
Tr?0E = S?2E ® S°E = A’E® k,
TWE =8'EF®S'E=F®E
TE =8'F®S°E=E®k,
TE=SEeS°E=kek.

Now, as an example, let us calculate cf (A’E ® A?E). Well, take g € GLy(k)

and write
_(a b
9=\ ¢ d

gler Aea) @ gler A e)

e1 + ces Abey + des) ® (aeq + ces Abey + des)

d(e; Neg) 4+ be(es Aep)) @ (ad(ey A eg) + be(ex A eq))
ad — bc)ep N\ ey ® (ad — be)ey A eg

then

gler Nes @ e A es)

= la
= la

(
(
(

Thus cf (Tr @2 E) = E(det)?.
Similarly we can say that cf (F) = A(2,1) and cf (F® E) = A(2,2). Note also
that kdet C A(2,2) and thus Tr *YF embeds in Tr Y E. Therefore we have
that

Doy =k® A(2,1) ® A(2,2) ® A(2,1)det © kdet>.
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2.3 Classification by Highest Weights

AIM: To be able to move on to proving our theorem, that Dy ,(r) = A(2,7), it
is first necessary to introduce further information. This section defines weight
spaces and also gives the classification of modules of highest weights which
form an irreducible set of G L, (k)-modules: the modules {L(m;,...,m,)}. We
again finish on some examples, referring back to the final example in the last
section and this time giving the result as tensor products of these irreducible
modules of highest weights.

We first define X (7), the group of algebraic group homomorphisms.

REMARK 2.3.1 [24, Section 2.5] Let
T = {diag(as,...,an) | a1,...,a, € *}

where k> is the multiplicative group of the field k. Define X (T') = Hom(T', k™)
the group of algebraic group homomorphisms. Now, given A = (my,...,my) €
7" we define a homomorphism A : T"— k> by

3 mi _mso

A(diag(aq,...,a,)) = a"ay?---a

mn
n -

Write k), for the corresponding simple 1-dimensional module, so T" acts on k
by tv = S\(t)v. Then every irreducible module for T" has the form ky for some
A € X(T). And as every T-module is semisimple then each rational T-module
V= Gaiel k))\i where \; € X(T)

The following returns to weight spaces which we follow with an example.

DEFINITION 2.3.2 In Definition 1.3.1 we defined the weight space V¢ for
a € X(n). Analogously, for A € X(T'), we can define the A\-weight space

Vi={veV|tv=ANtVteT}
So, in the case n = 2 we have
Let T = { (6 2)\7“,36/{%} and define
Ve — Ly e V|to ="Vt € T}.
The fact that V' is a polynomial module implies that V' = ®a,b20 V(@b

DEFINITION 2.3.3 With V' as in the definition above, then we define the
character of V to be chV = " (dim V(@9)xaa8.
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EXAMPLE 2.3.4 (i) For E = ke; + key we have
te; = re; = r's%e; and so EY) = ke; with dim EOY =1, so
and
chE =Y (dim V@)zaz8
= + Xa.

(ii) For S?E = ke? + kejey + ke3 we have
te? = (te)? = r?e? and so E?9 = ke? with dim E?? =1
teres = reqses and so FOY = kejes with dim EGD = 1
te2 = (teg)? = s%e2 and so BE*? = ke? with dim E®? =1
SO

ch S?°F = z7 + zy29 + 73

(iii) ch A’E = x1 2.

DEFINITION 2.3.5 We say a module has highest weight (my,...,m,), if,
(mq,...,my) is itself a weight, and, with respect to the dominance order,
(my,...,my) > (r1,...,7,) for all other weights r.

For example with £ = E9) @ EOY we have that (1,0) > (0,1), and E has
highest weight at (1,0).

The above information now allows us to look at the following theorem.

THEOREM 2.3.6 [11, Theorem 3.5a] Classification by Highest Weights

For each (my,...,my,) with my > ms > ... > m, > 0, there exists an ir-
reducible module of highest weight (my,ms,...,my). We call this module
L(my,ma,...,my). The {L(my,ma,...,my,) | my >...>m,} form a full set

of irreducible rational GL, (k)-modules.

REMARK 2.3.7 For G-modules V; and V5 we have;

(i) ch (Vi © 3) = (ch Va)(ch V)

(ii) V1, V4 have the same composition factors (including multiplicities) if and
only if ch V] = chV,

We finally return to our example from the last section.
EXAMPLE 2.3.8 (i) Consider A*(E) = k(e; A e3), then

t(el A\ €2> = t€1 A t€2
= aey A bey
= ab(ey N e2)
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Hence A?(E) = L(1,1).

(ii) L(r,0) is the submodule of S"E generated by e].

(iii) L(r +s,8) = L(r,0) @ A’ E ® ... ® A*’E (s times).
(iv) Consider Example 2.2.14 where n = 2 and p = 2, then

S(E)=k®E®AE=1L(0,0)® L(1,0) ® L(1,1),
and

TtV = S2E® §°E = A2E© A’E = L(1,1) ® L(1,1) = L(2,2),
Tr®VE = N’E® E = L(1,1) ® L(1,0) = L(2,1),

TtV E = A°E@k = L(1,1) ® L(0,0) = L(1,1),

TYE = E® E = L(2,0) + 2L(1, 1),

TOE = E® k= L(1,0) ® L(0,0) = L(1,0),

Tr*E =k ® k= L(0,0) ® L(0,0) = L(0,0).

2.4 Tilting Modules

ATIM: Tilting modules play a crucial role in proving our theorem Ds,(r) =
A(2,71), and so we introduce these now. In this section we also give a theo-
rem that states if the coefficient spaces of the tilting modules of A(2,r) are
contained within Ds,(r), then we will have proven that D, ,(r) = A(2,r) and
thus that D, (r) is quasi-hereditary and has finite global dimension, the re-
sult required. It therefore remains to find the coefficient spaces of these tilting
modules!

DEFINITION 2.4.1 Define V(r,s) = S"*F ® kdet®® for r > s.

Then for G = GLy(k) a G-module M has a good filtration if there is a filtration
M = My > M, > My > ... > M, = 0 where each M;/M;1 = V(a,b), for
some (a,b) € XT(2).

DEFINITION 2.4.2 We call a finite dimensional rational module M, a tilt-
ing module, if M and M* both have a good filtration.

REMARK 2.4.3 [5, Theorem 1.1, Proposition 1.2]

(i) For A = (ry,...,m,) with ry > ... > 7, there exists a tilting module
M(rq,...,r,) with unique highest weight (ry,...,r,), (occurring once).

(ii) Any tilting module is isomorphic to a direct sum of these M (ry,...,m,).
(iii) The tensor product of two tilting modules is again a tilting module.

So far we have considered G L, but now, having defined a tilting module we
classify them for SL,.
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THEOREM 2.4.4 [5, Section 2 Ex. 2] Classifying the Tilting Modules for
SLy
(i) Forr <p—1, then T(r) = L(r) = S"E.
(ii) For r = p, then T(r) = T(p) = E ® SP"'E, and there exists a short exact
sequence

0> ANERSPP?E - EQS''E — SPE — 0

and we notate this by

SPE
) = gap
(iii) Forp — 1 <r < 2p — 2, then
Sp—l-i-aE
T(p -1+ a) = m

where 1 < a <p—1.
(iv) Forp—1<r <2p—2+cp, let s =b+ pc wherep—1 <b < 2p— 2 and
¢ >0, then T(s) 2 T(b) @ T(c)".

REMARK 2.4.5 For GLy(k), with a > b, then
T(a,b) = T(a—b,0)® (A*E)*,

and so for SLy(k), T(a,b) |sr,wy= T(a —b).
In particular T'(r,0) |sp,u= T(r). For example T'(4,3) = T(1,0) ® (A*E)®?
and T(4, 3) J,SLg(k): T(l)

The following theorem is then crucial to proving our main theorem 3.1.1 for
the case n = 2.

THEOREM 2.4.6 Suppose {T'(\)| A € A} is a full set of tilting modules
for the coalgebra A(n,r). Suppose also that cf (T'(\)) C D, ,(r) for all A €
At(n,r).

Then D, ,(r) = A(n,r).

Proof. By [7, Corollary 7.3] we have that A(n,r) = >\ x4, cf (T'(A)), and

c
hence if cf (T'(A\)) C D, p(r) for all A € At (n,r), then A(n,r) C D, ,(r). We
also have by definition that D,, ,(r) C A(n,r) and hence A(n,r) = D,,,(r). O

32



Chapter 3

The case n = 2 for all primes p

3.1 The Theorem for n=2

AIM: This short section gives the main theorem we will prove for the case
n = 2, and explains briefly how we will go about proving this theorem.

THEOREM 3.1.1 The Doty Coalgebras D, ,(r) are quasi-hereditary for all
primes p and 0 < r < 2t, where t = 2(p — 1), as

A(2,1) 0<r<t
Doy(r) ={ A2, t—j)det’ r=t+j, 0<j<t
0 r> 2t

REMARK 3.1.2 By Theorem 2.4.6 we know that
Dy (r) = A(2,7) if cf (T (X)) € Dy p(r)

for all tilting modules T'(\) of A(2,r). Thus we prove Theorem 3.1.1, by find-
ing the coefficient spaces of these tilting modules within the Doty Coalgebra

Doy (7).

The proof splits into three parts;
Ho<r<p-1

i)p<r<t

(ifi) t +1 < r < 2t.

Before we begin these parts of the proof we shall first do some general work
on the Doty Coalgebra Ds (7).
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3.2 Generalisation of the D,,(r) for all p and
all r

AIM: This section describes the S™F for 0 < r < t and then describes the
truncated modules Tr*E. We then give a full description of the Dy, (r) =
S cf (Tr*E). Examples are given throughout the section.

THEOREM 3.2.1 We have

o p S"E, if0<r<p-1
SUTE @ A2ZESTPTL ifp <o <t

Proof. For 0 <7 < p—1 we have S"E = k-sp{e, e es, ..., e1eh " €5} /0 =
S"E.

For p < r <t we have;

Q r—1 r—1
STE = k-sp{ej,e] ‘eq,...,e1en e}/
ror—1 p_r—p TP _p r—1 _r
k-sp{el, e ea,... e1e5 P ey ey, ey eq)
— p—1_p p—2 2 2 ,p—2 p—1
= k-splel eb+ 1, el "es+ 1, ... e7eh T+ Iy ey + 1}

L(p—1,7—(p—1)) by Theorem 2.3.6

L(p 1)~ — (p— 1)),0) @ L(1, 1>~
S-D-(=0-)) f ¢ A2EEr— (1)

SQp—Q—rE ® A2E®r—(p—1)

StfrE ® A2E®rfp+1

e 1 e 1

EXAMPLE 3.2.2 Take n =2 and p =5, then t = n(p — 1) = 8.
We have that S"TE = S"Efor 0 <r <4=p-—1,

S°E = S°FE /k-sp{e}, 3}
= k-sp{efes + I5,e3e2 + I, e2e3 + I5, e1e5 + I5}
= L(4,1)
~ 1,(3,0)® L(1,1)
~ S3E @ AN’E
(] S8—5E ® A2E®5_5+1.

SOE = SCE /k-sp{e$, eleq, e1€5, €5}
= k-sp{efel + Is, e3es + I, e3eq + I}
= L(4,2)
>~ [(2,0) @ L(1,1)®2
~ S?F @ A2E®?
o~ SS—6E ® A2E®6_5+1.
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S'E = S"E k- sp{el,elez,ei’e%,elez,eleQ,eQ}
= k-sp{eies + Ir, efes + I}
— L(4,3)
~ 1,(1,0) ® L(1,1)%3
~ S'E @ A’E®3
~ Q8T ® A2 E®7T=5+1

S8E = S3E /k-sp{el, eley, eSe3 eled, edel, elel, erel €5}
= k-sp{efes + Is}
= L(4,4)
= L(1,1)**
— A2E®4
— 98-8p ® A2 F®8—5+1

Having looked at the S”E we now look at the number of ways we can partition
r into n = 2 parts.

THEOREM 3.2.3 We have D, ,(r) = S cf (Tr M*2E) where A\, + Xy =
and t Z /\1 Z )\2.
Then the number of such partitions (A1, \2) Is as follows:

<
+
[y

for 0 <r <t,rodd

2
2 for 0 <r <t,reven

%—(r—t) for t+1<r <2t,r odd
%—(r—t) for t+1<r <2t r even

Proof. For r even, the number of ways of partitioning r into two parts is T+2

and for r odd, it is ’"+1
For example;

r=1 12i1 =1, so 1 can be partitioned into (1,0)

r=2 22 =2 50 2 can be partitioned into (2,0) and (1,1)

r=3 331 =2 50 3 can be partitioned into (3,0) and (2,1)
r=4 %2 =3, s0 4 can be partitioned into (4,0), (3,1) and (2,2)

r=>5 21 =3 505 can be partitioned into (5,0), (4,1) and (3,2)

So, we would have for r/2 < Ay < r for r even, and (r +1)/2 < A\ < r
for r odd. However, in our case, A\; < t, thus restricting the number of parti-
tions available. For example in the case above, when p = 3 then t =4 and 5
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partitions as (4, 1) and (3,2) only.

To make this adjustment to the number of partitions, we find » — ¢t when-
ever r > t+ 1, (when r <t we do not need to make an adjustment). Then for
r even the number of partitions is % — (r —t) and for r odd then number is

= (r—t). 0

EXAMPLE 3.2.4 n=2,p=3,t =4

r=1 % =1, so 1 can be partitioned into (1,0)

r=2 % = 2, so 2 can be partitioned into (2,0) and (1,1)

r=3 % = 2, s0 3 can be partitioned into (3,0) and (2,1)

r=4 %2 =3 504 can be partitioned into (4,0), (3,1) and (2,2)
r=>5 2 —(5—4) =2 s05 can be partitioned into (4,1) and (3,2)
r=6 %2 —(6—4)=2, 506 can be partitioned into (4,2) and 3, 3)
r=7 T _(7—-4)=1,s0 7 can be partitioned into (4,3)

r=8 &2 —(8—4)=1,s0 8 can be partitioned into (4,4)

Now that we have an understanding of what the S” E look like we can formulate
the truncated modules Tr A2 E whose coefficient spaces sum together to give
the Doty Coalgebras.

THEOREM 3.2.5 The truncated modules Tr*E are equal to

i) SCMWE @ S B @ kdetM—PHDT02=pHD for 0y < NN, <t

ii) SCME ® St E kdet™ P for p< A\ <t, 0< W <p-—1
111) S/\lE & S)\QE,fOT 0< )\1, )\2 < P — 1

Proof. (iii) For 0 < \; < p — 1, we have SYME = SME for i =1,2.
Hence Tt MM E = SME @ SME = SME @ S2E.

(ii) For 0 < Ay <p—1land p <\ <, we have SME = S"ME@ A2 E®M P
and S E = S™E. Hence

TN p — SME g SME
— S(t*h)E ® A2 F® M —ptl ® S/\QE
= S-ME @ SME @ A2EM Pt
— St=x)p ® Sh B ® detM P+

36



(i) For p < \; <t we have SNE = SN E @ A2E®N—P+! for § = 1,2. Hence

TrME = SME®R SME
— S(t—/\l)E ® A2E®)\1—p+1 ® S(t—)\g)E ® A2E®)\2—p+1
— S(t—/\l)E ® S(t—Ag)E ® A2E®/\1—p+l ® A2E®)\2—p+l
= St-M B @ St=22) F g A2 FOA—p+1)+(A2—p+1)
= St=)p ® St=2r2) @ ® det®()\1*p+1)+()\2*p+1)

REMARK 3.2.6 For future use we will call;

Tr MM E with p< M\ <t fori=1,2; Category 1.

Tr A122) B with p <A <t0< A <p-—1; Category 2.
Tr M2 E with 0 < \; < p— 1 for i = 1,2; Category 3.

Having generalised the S”E and the Tr*E along with the partitions of 7 into
n parts, we can now formulate the Doty Coalgebras.

THEOREM 3.2.7 For r even let . = % and for r odd let | = % Then we

have that D, ,(r) is equal to one of the following;

)Y e cf (SME®SME)if0<r<p-—1
i) Yongpr F(SME @ SRE) + 37 o, cf (STME @ SRE @ N B2
iftp<r<t

i) Y, oy, < ¢f (STMWE @ S¥E @ N2 EM P dfr =t 41

iV) Zr—p+1§)\1§t cf (S(t—kl)E® SA2E®A2E®A1—p+1) + ZLS)\lgr—p of (S(t—)\l)E®
St=22) B A2E®(>\1—P+1)+(>\2—P+1)) ift+2<r<t+(p-1)

V) ZLS)\lgt cf (S(t—)xl)E ® S(t—Az)E ® A2E®(>\1_p+1)+(>\2—p+1)> ift +p<r< 2

Proof. (i) 0<r<p-—1

In this case, where » = A1 + Ay, Ay < p — 1 < t, so we have no restrictions on
the number of partitions and there will be % for r even, and “2"—1 for r odd.
Referring now to the Tr (’\1’)‘2)E, then as Ay < p—1 and Ay < Ay, then both
A1, Ao < p—1 and so all Tr 812 E will be from Category 3. Hence Tr Y122 f =
SME ® SME.

Recall also that 5§ < A\ for r even and %1 < \; for r odd. So we have

Dyy(r) = Z cf (SAIE & S/\QE) for0<r<p-1.

<M\ <r
(ii) p<r<t

Again, as r < t, then \; <t and so we have no restrictions on the number of
partitions. Thus there will be Z£2 for 7 even and “£* for r odd.We now want
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to know the range of A\; and Ay to know which categories the Tr MA2) Bowill

come from.

We have p < r < t, so similarly, A\; < t. Take r greatest, so r = t. As
t

t = 2(p — 1) then ¢ is always even. Thus the smallest A; can be is 5, when

r=t Inthiscase \y =r— X\ =t—5 =1 = 2(p21) =p—1. So, \» < p.
Obviously, when A\ =t, then \s =t — X1 =0. So, 0 < X\ < p—1.

When r is smallest, » = p and p odd, so with ’”erl < A < r then p'QH <X <p
Hence, overall ’%1 < A\ < t. Thus, in this case, we have Tr ***?) E from both

Categories 1 and 2. So

1
TrAp — ghMp g g E fOrp <AM<p-1

and
Tt p = M B @ B @ A2ESN P for p < A <t

Then, for p < r <t, we have

Dyy(r)= ) f(SME@SME)+ Y of (STME@SE@AEN ),

<M <p-1 psAisr
(ifi) r =t + 1
For r = t 4+ 1 there is a restriction on the number of partitions. As ¢

is always even, then t 4+ 1 is always odd, so the number of partitions is
i21—(7"—2f) =p-—1 WithT:t+1wehave% = MTH < )\ <t

Now#:%:%%—1:@%—lzp—l—l—l:p,andthuspg)\lSt.
When A\; = p, then Ay =t+1—p=2p—2+1—p=p—1. Hencel < Ay <p—1.

So, in this case, the Tr Y2 E come from Category 2, and thus for r = ¢ + 1,

DQvP(T) - Z Cf (S(t_Al)E ® S)‘QE ® A2E®)\1—p+1)'

<\ <t

(iv)t+2<r<t+(p—1)

As in (iii), » < t 4+ 1 and so there is a restriction on the number of parti-
tions, namely 2 — (r — t) for r even and " — (r — ¢) for 7 odd. Now
r2t+2andso% < N\ §t:>p§)\1 <t Ifr =t+2 then
M =r—AN=1t+2—-—p=2p—-2+2—p=mp,s02 < )\ < pand thus
we have Tr **2) F from both Categories 1 and 2.

38



Then

Doy(r)= > f (S"ME®SVE @A EM )

r—p+1<A1 <t

+ Z of (STME @ SR @ A2EERaprD)+0a—ptl)

t<A1<r—p

fort+2<r<t+(p-1).

Note: In Category 2, the greatest A\ can be is p — 1. So we have \y =
r—\M<p—-1l=r—-\<p—-1=-M<p—-1l—-r=X\>r—p+1.

(V)t+p<r<2t

Again there is a restriction on the number of partitions, as in (iv). Also Ay > 7
for r even and \; > % for r odd. In both cases Ay > p. To find the smallest A\,
can be, take r least at r =t+p. We have \y <t,s0 o =r— A\ =t+p—t =p,
and hence \y > p, and we thus we have Tr AA2) B from Category 1 only.

So for t + p < r < 2t we have that

D27p(7«> — Z of (S(t*/\l)E ® S(t*AQ)E ® A2E®()\1*p+1)+()\2*p+1))_

<A1 <t

3.3 Proof of Theorem 3.1.1 part (i)

THEOREM 3.3.1 The Doty Coalgebras D, ,(r) = A(2,7) for0 <r <p—1

In Definition 2.3.3 we defined the character of a module. As we prove the
above theorem, we will be viewing characters both in terms of SLs-modules
and in terms of GLs-modules. We therefore prove the following two lemmas
so we understand the relationship between GGL and SL.

LEMMA 3.3.2 Let X and Y be polynomial modules of degree r. Then
Homegr(X,Y) = Homgy (X, Y).
Proof. We have Homg(X,Y) C Homg.(X,Y). Now let
Z ={diag(t,...,t) | t € k*}

with k algebraically closed. Then GL = ZSL. Take z, = diag(t,t,...,t), then
we now make the following claim;
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CLAIM 3.3.3 If V is a finite dimensional polynomial of degree r then
zv=1t"v
forveV.
Proof. Let V = E®" then V is spanned by vectors e = ¢;, ® €;, ®...®¢;.. So
zie = (te,) ® ... Q (te;,) =t"e.

Now let 7 : E®" — S*E, such that o has at most n parts and |a| = r, then
for v € S*E we have v = 7(u) where u € E®". Hence

20 = zm(u) = m(zu) = w(t"u) = t"r(u) = t".

Now, every module embeds in a direct sum of these S“F and hence with
¢:V — M =@&(SE) then for v € V we have

¢(zv) = 20(v) = 1" ¢(v) = ¢(t"v)
and thus z;v = t"v as required. O

So, returning to our Lemma, if § € Homg,(X,Y) and g € GL then g = zh
where h € SL and

LEMMA 3.3.4 If X and Y are polynomial modules of degree r then
X 2Y as GL-modules < X =Y as SL-modules.

Proof. * ="1f ¢ : X — Y is a GL-module isomorphism then certainly it is an
S L-module isomorphism.
‘<’ Suppose ¢ : X — Y is an SL-module isomorphism. Then

¢ € Homg (X,Y) = Homg (X, Y)

by Lemma 3.3.2, so ¢ is a GL-module map and is one-to-one and onto and
thus is an isomorphism. O

Having clarified the relationship between GL and SL we now give the following
formula which gives a way of working with characters of modules.
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THEOREM 3.3.5 The Clebsch-Gordon Formula[16, Chapter 22 Exercise 7]
Let G = SLy(C) and let V, be an irreducible G-module of dimension r + 1.
So, Vo =k, Vi 2 B, V3 = STE, ...

Taker < s, then V, @ V;, 2 Vs ® Viys 2o @ ... & V,_.. Now take x(r) =
chS"E =a" + 22 4+ ... 4+ 27", then we have

X(r)x(s) =x(r+s)+x(r+s—2)4+...+x(s—r).
EXAMPLE 3.3.6 Let p =25,
ch(T(4) ® T(3)) = chT(4) ch T(3)
= ch (S*E) ch (S°E)

= x(4)x(3)
= x(7) +x(5) + x(3) + x(1).

REMARK 3.3.7 (i) Let a > b, then

x(a,b) = x(1,1)x(a — b,0) = ch (S °E @ (A’E)*"),

(ii) ch T'(r) = x(r) for r < p —1,
(iii) chT(p—1+m) =x(p—14+m)+x(p—1—m) where p—1+m < 2p—2.

EXAMPLE 3.3.8 Let p =5,
(1)
chT(7) =chT(p—1+3)
=chSP'E 4 chSP 1 3E
=chS"E+chS'E
= x(7) + x(1).

(i)
chT'(5) =chT(p)
= ch (SPE) + ch (SP72F)
=chS°E +ch S°F
=x(5) + x(3).

Having gathered this information we are now able to prove Theorem 3.3.1.

Proof of Theorem 3.5.1 part(i) where 0 <r <p— 1.
A(2,7) has indecomposable tilting comodules T'(r — «, «) where, for r even
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0<a<ig and for rodd 0 < a < 1. Moreover, as SLy-modules, T'(a, b)
has character x(a — b), and thus we have that ch T'(r — a, ) = x(r — 2a).

We know from Theorem 3.2.7, that D,,(r) = 3, o, cf (SME ® S*E) for
0 <r<p-—1. So, for r even, take \; = Ay = 5. Then

ch (SME ® SM™FE) = ch

I
=
=
|
N
2

I
(@)
=

=
s

|
Q
2

Now, using Remark 2.3.7 (ii) and our work on tilting modules, we have that
two tilting modules are isomorphic if and only if they have the same characters.

Therefore SME @ SME & Zé:o chT(r — o, «v) and hence
f T(r —a,a) Ccf (SME ® SME) C Dyy(r),

for0<a< 5

Similarly, for r odd, we have cf T'(r — «, @)
0<a< %, where A\ = ”2“1 and Ay = ’;1.
So D5, (r) contains the coefficient space of all the tilting comodules of A(2,r)

and thus, for 0 <r < p— 1 we have

Ccf (SME® SME) C Dyy(r), for

A(2,7) € Dy (1) and so A(2,7) = D, (7).

3.4 Proof of Theorem 3.1.1 part (ii)

We first study the characters of the tilting modules we wish to find. We express
these characters in a way which will allow us to show that they occur in the
coefficient space of a certain truncated module.

THEOREM 3.4.1 Notation: For p < r < t, when r is even, write r =
p—1+j5. When r is odd writer =p — 1+ 1.
We know t is always even, thus for r even, we have p+ 1 <r<t= p+1<
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p—1+j<t= 2<j<p-—1
Forrodd, thenp<r<t—1= p<p—-14+i<t—-1= 1<:1<p—2.

The characters of the tilting comodules of A(2,r) for p < r < t are as fol-
lows;

For r even;
ChT(T_a,Oé):{X(T JH=20) 4 x(r—j = (-20) 0sas<ih
X(r —2a) 35S as<3

For r odd;
B Cxtr—i+(i—2a)+x(r—i—(i—2a)) 0<a<iH
Tl a’a)_{x<r—2a) Hlca<s

Proof. Recall:

(i) A(n,r) has tilting comodules T'(r — a, o) where 0 < a < 7 for r even, and
0§a§%f0rrodd.

(ii) The chT'(a,b) = chT(a — b,0) = chT'(a — b) as an SLy-module. Hence

| x(a—1b) for0<a—-b<p-1
ChT(a’b)_{X(p—l—i—m)—l-x(p—l—m) a—bzp, p—l+m=a—b

1) r even

We first want to show chT(r — a,a) = x(r — 2a) for £ < a < L. Here
a—b=r—2a and so we require 0 < r —2a < p—1. Well, if 0 < r — 2« then
2a < r which implies o < % Moreover if r —2a < p—1 then withr =p—1-+j
we have p — 1+ 7 — 2a < p — 1 which implies o > % So as stated % <a<s.

We next wish to show ch T'(r —a, a) = x(r — j+(j —2a)) + x(r —j — (j — 2a))

for 0 < a < ]%2 Again a — b = r — 2a and so we require r — 2a > p, and so

with r = p—1+ 7 we have p— 1+ 7 — 2a > p which implies a < ]%1 However
j—=2

% is odd and thus we must have o < == as stated.

So

chT(r —a,a) =chT(r —2a,0)
=chT(r —2a) as an SL-module
=x(p—14+m)+x(p—1-m)
=x(r=j+m)+x(r—j—m)
=x(r =5+ —2a)+x(r—j—(—-2a))

asm=a—b—p+l=r—2a—p+1=75-2a.
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2) r odd

We first want to show chT'(r — o, ) = x(r — 2a) for % < o < 51, Here
a—b=1r—2a and so we require 0 < r —2a < p—1. Well, if 0 < r — 2« then
2a < r which implies @ < 7. However as we are considering when r is odd,
then we must have o < % Moreover if r —2a < p—1 then withr =p—1+1
we have p — 1 +4 — 2a < p — 1 which implies o > £, and again as i is odd,
then we require a > % So as stated % <a< 7";—1

We next wish to show ch T(r —a, a) = x(r —i+ (i —2a)) + x(r —i — (i — 2a))
for 0 < a < % Again a — b = r — 2« and so we require r — 2« > p, and so
with r = p— 1417 we have p — 1+ 17— 2a > p which implies a < % as stated.
So

chT(r —a,a) =chT(r — 2, 0)
=chT(r — 2a) as an SL-module
=x(p—1+m)+x(p—1-m)
= X(r— i+ m)+x(r —i— m)
=x(r—i+(i—2a))+x(r—i— (i —2a))

asm=a—b—p+l=r—2a—p+1=1—2a. O

We now move on to showing that the coefficient spaces of the tilting modules
occur in the coefficient spaces of the truncated modules.

CALCULATION 3.4.2 Finding ‘most’ of A(2,r)’s tilting comodules for r
even

For 0 < r < p —1 we were able to show directly that D, ,(r) contains the
coefficient spaces of the tilting modules of A(n,r) by equating the characters
of the tilting modules to those modules whose coefficient spaces sum to give
the D27p (T‘)

For p < r <t we use the same method of equating characters but due to the
structure of Dy, (1) for p <r <t it is slightly more complex. We have to ‘find’
the tilting modules in two stages.

In this section we show how for p < r < t and r even we can find most
of the tilting modules of A(n,r). We then do the same for r odd, and then in
the next section we show how to ‘find’ the remaining tilting modules, again
for r even and r odd.

Recall
Dyy(r) = ), f(SME@SME)+ ) cf (STME@SMEQNETN )

E<h<p-1 p<A1<r
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for p < r <t with r even.

THEOREM 3.4.3 Let r=p— 1+ 7 withp <r <t, then

T r _2 _2
ch@5E®55E%:dﬂYnm+thU—JJ)+-~+chT0—27rgi§—)
JJ
hT(r—2,2
ranrr—17)
+nhﬂr—@—¢%j—m+.“+dﬂx;g)

Proof. ch (S:E® S2E) = x(£)x(%) = x(r) + x(r —2) + x(r —4) +... + x(0)

N3

We now rewrite this sum using j, where, as before, r = p — 1 + j and
2 < j < p—1. In this way we can compare the ch (S2 E® Sz E) with the char-
acters of the tilting modules in the form we found them in the previous section.

So,
ch(S:E® S3E)

Mﬂﬁx@—%+x@;@+~~+M®+X9%ﬁw®

A\ N\

=xX(r=Jj+i)+x(r=j+(=2)+x(r—j+(—4)
4 5 4

+.oo o+ xX(r—F+2)+x(r—5)+x(r—7—-2)+...

3 2 1

A A\ A
la N N - ™\

+Xh—j;U—4D+X&—j;0—ﬂﬁ+xﬁ—j—ﬁ

A\ N
~ ™~ I ™~

S GE)HA—- G )+

A\

-~

+x(r—j—(-1))

We now rearrange this sum so that we are pairing some of these characters off:
1

A\

ch(SPE® S3E) =X(r—j+j)+x(r—j—j)

Ve

X =+ (G —2)+x(r—j—(—2)+

4 5
5 — ~—/
+x(r—Jj+2)+x(r—j—2)+x(r—j)
6 7

~ R =~

ST G- )

A\

N

+x(r—j—(p-1))

Then we compare these characters with those found for the tilting modules in
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Theorem 3.4.1 and we have;
1 2 3
r r /_/A r % ~N - ~N
ch(S:2E® S2E) =chT(r,0)+chT(r—1,1)+chT(r—2,2)+...
4 5

A\ A\
~ ™~ I

~——— —
+chT('r—jﬁT,jT)+ch T(r—%,%)

A

+CehT(r—(j—1),j—1)

l —N—

+chT(r—(j—2),j — 25+...+ehT(g, g).

8

To ensure this is clear we check the following;

i) chT(r —2,2) = x(r — j).

202/

Well, Ch-T(T — 1.4y = chT(r—j,0) = chT(r—j) = x(r —j) asr —j =

—~

=
|
_
+
o
|
.
I
=
|
o
IA |
=
|
o

i) chT(r—(Gj—1),7—1)=x(r—j—(+2).

Well, chT(r —(j—1),j —1) = chT(r — (25 — 2),0) = chT(r — (25 — 2)) =
X(r—(2j—2)asr—2j+2=p—1+j-2j+2=p—-1-j<p-lasj>2
Hence chT(r—(j—1),j —1) =x(r—j—(j+2)).

iii) ch T'(5,5) = x(r —j — (p—1)).

Well, chT'(5,5) =chT(0) =x(0) =x(r—j—(p—1)asr=p—1+j5. O
So we see that by considering the character of the module Sz2F ® Sz E we can
equate it to the character of certain tilting modules of the A(2,r). Hence the
coeflicient spaces of these tilting modules are contained within the Dy ,(r) of

corresponding degree. As stated above we will show later how the remaining
tilting modules can be ‘found’.

EXAMPLE 3.4.4 p=7,r =8 thus j =2

ch(S:E® S:E) =ch(S*E® S*E)
= x(4)x(4)
= X(8) + x(6) + x(4) + x(2) + x(0)
=x(r—j+j)+xtr—j—U—-2)+x(r—3j—2)
+x(r—=j—=0U+2)+x(r—j—(p-1))
=x(r—j+J)+x(r—7)+x(r—3j—7j)
+x(r—j+0U+2)+x(r—j—(@-1))
A(2,8) has tilting modules 7'(8,0),7(7,1),7(6,2),T(5,3),7(4,4), and;

chT'(8,0) = x(8) + x(4) = x(r —j + j) + x(r — 5 — 7)
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chT'(7,1) = x(6) = x(r — j)
chT(6,2) = x(4) = x(r —j — 2)
chT(5,3) = x(2) = x(r—j—(j+2)
chT(4,4)=x(0)=x(r—j—(p—1))
So,

ch(S'E®S'E) =x(r—j+j)+x(r—j) +x(r—j—j)
+x(r—j+0G+2)+x(r—j—(@-1))
=x(r—j+j)+x(r—7—7)+x(r—17j)
+x(r—j+0G+2)+x(r—j—(@-1))
=ch T(8,0) +ch T(7,1) 4+ ch T(5,3) + ch T(4,4).

We most now repeat the process for r odd.

CALCULATION 3.4.5 Finding ‘most’ of A(2,r)’s tilting modules, for r
odd

THEOREM 3.4.6 Let r =p— 141 with p <r <t, then

ch(STE®STE)=chT(r,0)+chT(r—1,1)+...+

1 -2
mT@—Z2,Z2)+mT&—@+DJ+U
r+1 r—1
o chT

Proof. We follow a similar method as in the previous section, but for r odd.
Take \; = %, then

r—i—l) (r—l
5 X\

r+1

ch (S

E®S7TE)=( )= x(r) + x(r—2)+ ...+ x(1)

Now rewrite this sum using ¢, where r =p —1+14, for 1 <i <p—2. So,

r+1 r—1

ch(SzE®SzE

)= x(r)+x(r—=2)+x(r—4)+...
= x(r—i+i)+x(r—i+(i—2)

+.oFxtr—i+ )+ x(r—i—-1)+...+
xXr—i—(G—4)+x(r—i—(i—2)
X(r—i—i)+x(r—i—(+2)+x(r—i—(i+4))
+...+x(r—i—(p—2)).

Again rearrange this sum, pairing off certain characters, and compare with

the characters of the tilting modules found in Theorem 3.4.1;
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ch (S5 E)= x(r—i+i)+x(r—i—i) + x(r—i+(i—2))
+x(r—i—(—2) + x(r—i+(—4))
+x(r—i—(—4)+... +x(r—i+1)
+x(r—i—1) +x(r—i—(i+2) +
Xr—i—(G+4)+...+x(r—i—(p—2)).

Thus

ch(STE®STE) =chT(r,0)+ch T(r—1,1)+chT(r—2,2) +...
+chT(r — 5L, &)

2 2

+chT(r—(+1),i+1)+...+chT (= 1),

To ensure this is clear, we check the following;

i)chT(r—(i+1),i+1)=x(r—i—(i+2)).
Well, chT(r — (i +1),i+ 1) = chT(r — (20 +2),0) = chT(r — (2i + 2)) =
X(r—(2i+2)asp—14+i—2i—2 =p—-—3—1i < p—1 and hence
chT(r—(i+1),i+1))=x(r—i—(i+2)).

i) ch T (5, 550) = x(r —i— (p—2)).
Well, chT( +1 =) =chT(1)=x(1)=x(r—i—(p—1) asr—i—p+2=1.

So as in the r even case, the character of STE®STE corresponds to
the character of certain tilting modules of A(n,r). Thus the coefficient spaces
of these tilting modules are contained in Ds (7). O

We then find the remaining tilting modules.

CALCULATION 3.4.7 Finding the coefficient spaces of the remaining tilt-
ing comodules of A(2,7) in Dy ,(r) for p <r <t, r even and odd.

If we look back at the list of characters of tilting modules which equate to
r+1

the ch (S2 F ® S2F) and ch (S E® S"% E) respectively, then we can make
the following list of ‘missing’ tilting modules, along with their characters;

For r even;
J+2 7+2 .
aT(r— 112105 = - j - 2)

chT(r—j,j) = x(r —j —j)

and for r odd;
i+1 i+1

h T'(r —

=x(r—i—1)
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chT(r—i,i)=x(r—i—1)

Recall
Section 2
Dyyp(r) = Z of (SMEQSVE)+ Z of (STME @ SME @ A2ZEPM P
tshsp-l p<h<r

for p < r <t and call the second part of this sum Section 2.

THEOREM 3.4.8 For r even

I +2 7+2
ch (S"™ME ® SME) = ch T(r — ‘% ‘%) +...4+chT(r—3,7)
wheret — A\ + o =1 —j — 2.
For r odd
1+1 i+1

ch (S"™ME ® S™E) =chT(r — )+ ... +chT(r—i,i)

2 72
wheret — A\ + Xy =1 —1— 1.

Proof. We start with the following claim

CLAIM 3.4.9 There exists a A; and Ay such that;
(i)t—M+A=r—i—1forrodd
(i) t =X\ + Ay =17 —j—2 for r even.

Proof. (i) r odd

Suppose t — A\ + o =r—1—1
:>t—)\1+T—)\1:T—i—1
=2p—-2—-\N+p—14+i—M=p—14+1—i—1
=3p—3-2\ +i=p—2

=2 —1-2\ +i=0
=>p+p—1+i—-2\ =0

:>p+7’:2)\1

= 2 =\

e Now check that p < % < ras we know p < A\ <.

In fact, because in this case ¢ = 3,...,t —p and r = p — 1 + i then we have
p+ 2 <r <t rather than p <r <'t.
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So, let us take r = p + 2.
Then Z3& = 222 — 2222 — 4 | and indeed p < p+ 1 < p+ 2 if and only if
p < p+ 1 < r which holds if and only if p < ’% < r as required.

Now take r = t, then we require p < pTH <t
+2p—2
&p< % <2p-2
-~
Sp<SH-<2p-2
S2p<3p—-2<4p-—-14
< 2 < p which is obviously true!

e Now we need to find \s.
Well, we havet — A\ + Ao =1r—1—1
:>)\2 :T—Z—l—t+)\l
=p—14i—i—1—t+X)
=p—2—(2p—2)+ N\
:p—2—2p—|—2—|—)\1
:_p+)\1
=\ —p
:1%_19
r=p

5.
And with Ay = A; —p and Ay > p then \; > \o.

(ii) r even

Suppose t — A\ + g =71 —j —2
:>t—>\1+’l"—)\1:7“—j—2
=2p—-2—-M+p—1—j—XM=p—1+7—7—-2
=3p—3-2\M+j=p—3
=p—1+7+2p—2—-2\=p—3
=r+p+1=2\

S,

e Now check that p < % < r as we know that p < A\ <.
In fact, because in this case j =4,...,p—landr=p—1+ 7 = p+ 3 then
we have p 4+ 3 < r <t rather than p <r <t.

So, let us take r = p + 3.
Then T“’H = p+3+p+1 = 2p+4 =p+2andindeed p < p+2 < p+ 3 of and

only if p < < P+ 2 < r which holds if and only if p < ”+p+1 < r as required.

Now take r = ¢ then we require p < # <t
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Sp<t+p+1<2
S2p<2p—24+p <4dp—14
= p > 3.

When p = 2 we can see Dy ,(r) = A(2,r) by observation thus it is enough
to take p > 3.

e Now we need to find \,.

Well, we have t — Ay + g =71 —j — 2

:>)\2 :T—j—Q—t—f-)\l
:p—1+j—j—2+)\1

=p—-3-(2p—-2)+ X\
=M —p—1
=Mh-(p—-1)
=" — (p+1)
:rfpfl
==
And with Ay = Ay — (p+ 1) and \; > p then \; > \,. O

Now that we know there exists such a A; and \s, we can go about calculating
ch (S E @ S*E) for both r even and r odd. Firstly, for 7 even
ch(S"ME® SME) = x(t—M)x(\2)
= X(t—)\l—i‘)\g)—'—X(t—)\l—F)\g—Q)
+X(E =AM+ —4) +. .+ x((E—= ) —A2)
= X(r—=j=2)+x(r—j—4)+x(r—j-06)
+...+x(r—35-—17)
N.B.
(a) t — A1 > Ay because we have Ay = r — A\ and t — A\; > r — A; because here
pH2<r<t
(b) For proof of t — A\; — Ay =r — j — j see proof of Claim 3.4.10.

Comparing these characters with those of the ‘missing’ tilting modules, we
see;

42 j+2
Ch@tME@SMEy:mT&—!%%nigﬂ+~~+fhur_$”'

Hence we have shown that the coefficient spaces of the ‘remaining’ tilting
modules are contained in cf (S M E®@S* E) C Dy ,(r). Thus Dy, (r) = A(2,7)
for r even and p <r <.
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For r odd

ch(S"ME®S¥E) = x(t—M)x(\)
= X(t—)\1+>\2)+X(t—)\1+)\2—2)
+x(t— A1+ XA —4) + x((t— A1) — A2))
= x(r—i—1)+x(r—i=3)+x(r—i-=2>5)
+.. .+ x(r—i—1)
= ch T(r—534 20 + .. +ch T(r—4,4)
N.B. For proof of t — Ay — Ay = r — i — ¢ see proof of Claim 3.4.10.

Hence we have shown that the coefficient spaces of the ‘remaining’ tilting mod-
ules are contained in cf (S" M E ® SMFE) C Dy, (r). Thus Dy ,(r) = A(2,7)
for r odd and p < r <t O

CLAIM 3.4.10 With A\; and A\ as in Claim 3.4.9, thent —\; — XAy =1r—i—1
for r odd, and t — A\y — Ay =r — j — j for r even.

Proof. (i) r odd

P == ()
=2p—2—1r—p+p
=2p—2—r
=2p—2—(p—1+1)
—2p—2—p+1—i

=p—1—1
=p—1+i—i—1
=r—1—1

(ii) r even

F— A — Ay :t_r+}27+1_(r+]27+1_p_1)

=t—r—-p—1+p+1

=2p—2—r

=2p—2—(p—1+)) H
=p—1—7

=p—1+j—-7—J

=r—j—7J

3.5 Proof of Theorem 3.1.1 part (iii)

A IM: This final section proves a reflection property, which completes the proof
of Theorem 3.1.1. The previous sections proved this theorem for 0 < r < t,

whilst this section proves it for %t < r < nt, which for n = 2 is the range
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t <r < 2t. We prove this theorem for general n as it will be used again when
we consider n > 3 in later chapters.
We first define the antipode map o.

DEFINITION 3.5.1 Let k[G] = k-sp{z;j,det™'}. Then we define the an-
tipode map
o : k|G] — k[G] such that o(f)(z) = f(z™').

Then o : Dy, (1) — Dy p(7).

REMARK 3.5.2

We therefore have that o(det) = det ™.
We can now give our theorem for proving the reflection property.
THEOREM 3.5.3

D, ,(r) = o(D,,(nt — r))det"

where %t < r < nt and o is the antipode map.

Thus
D, ,(r) = A(n,nt — r)det'

Proof. For any n and any prime p then
S(Ey =SE®S'EF®S’E®...oS'E
=k E®...e DL

Let N o B
v:SE® STVE — S'E

be a multiplication G-map. So
v:SE®SYVE — DL

Now let D®P~! = [, so dim L = 1. Then multiplying each side by L* gives the
map B o
B:(YERL)Y®SE —k
as L® L* = k. )
With V = S7E® L* and W = S*7E then V, W are G-modules and we have

a bilinear form

p:V®@W — k where (v,w) — [(v®w).
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This is non-degenerate:

Let VI ={w € W | (v,w) =0 forallv € V}. This is a G-submodule as
for w € V+ and g € G then (v, gw) = (g7 'v,w) = 0 so gw € V+. Now, V is
simple and thus either V+ =0 or V+ = V. Well, we cannot have V+ =V as
then the multiplication map S7F ® S*7E — S*E would be zero. However we
can find v € SYFE and w € S*™7E such that vw # 0.

CLAIM 3.5.4 This gives an isomorphism
¢:SE® L* — (S"7E)* where ¢(v)(w) = (v, w)

Proof. Assume (3 : VW — k a G-homomorphism, then 5(gv®@gw) = f(v@w)
and so we have (gv, gw) = (v, w). If ¢(v) = 0 then ¢(v)(w) = 0 for all w € W
and thus (v,w) = 0 for all w € W and hence v = 0.

Therefore ¢ is injective and so dim V' =dim Im¢ < dim W* = dim W.

We have that dim W < dim V and so dim V = dim W and thus ¢ is a linear
isomorphism.

Now ¢(gv)(w) = (gv,w) = (97 'gv, 9~ 'w) = (v,g"'w)
and (go(v))(w) = ¢(v)(g~'w) = (v,g7'w) = ¢ an isomorphism of G-
modules. O

Hence B - B B
S'E® L* = (St_JE)* = S/p (St_jE)* ® L

Now suppose S*™7E = V has basis v1, vs, . .., v, with coefficient functions fiss
where gv; = > fji(g)v;. Then V* has dual basis oy, as, ..., a;, where

(go)(vy) = ai(g™ vy)
= ai(3, frilg™)vr)
= fij(g7").

Hence go; = 37 fi;(97")ey. So, if
goy = Z Fji(g)y then Fji(g) = fij(g7")
i.e. F}z = U(fz])
Hence
cf (V) = k-sp{Fy;} = k-sp{o(fi;)} = o(cE (V).

So
cf (S"E*) = o(cf (ST E)).
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Now suppose that V; x Wy — k and Vo, x W5 — k are non-singular bilinear
forms. Then the product form V; ® Vo x W7 ® Wy — k is also non-singular
as (V1 ® vy, w1 ® wy) = (vy,wy)(ve,wsy). It then follows from this that the
product form Tr*E ® (D®)* x Tr*E — k with A = (A,...,\,) and p =
(t — At — A9, ..., t — A,) is non-singular.
Then by 3.5.4

(Tr*E @ (D®)*)* =2 Ty "E
and thus

(Tr*E) @ (D®)* = (Tr P E)*

where i = (t — Ay, t — Ap_1,...,t — A1). So
(Tr*E = (v E)* @ D
and thus
cf (Tr*E) = cf ((Tr”E)*)cf (D®Y) = o(cf (Tr P E))cf (D).

Now

Dpy(r) = Z|,\|:r, n<tcf (TrE) .
= Z|m+\>\|:nt, <t o(cf (Tr#E))cf (D®')
= 0(Dyp(nt —r))(det)
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Chapter 4

The case n = 3 for all primes p

4.1 The theorem and the method

AIM: In this section we first give some brief definitions which are necessary in
giving our main theorem 4.1.3. In Section 1.2 we defined the coalgebra A(n,r),
and then in Chapter 3 we proved that for n = 2 the coefficient spaces of all the
tilting modules of A(2,r) were contained in the Doty Coalgebra D, ,(r). For
the case n = 3 we follow a similar method, but instead of finding all tilting
modules of A(3,7) we instead show that all coefficient spaces of the tilting
modules of A(m,r) are contained in the Doty Coalgebra D ,(r) where 7 is a
suitable saturated set. We explain why this is true, drawing on our previous
work on quasi-hereditary algebras, and show how we will go about proving
this.

DEFINITION 4.1.1 Recall the dominance order defined in 1.3.2. Let At (n, )
be the partitions of r into at most n parts. We say a subset m of A*(n,r) is
saturated if whenever A € 7 and p < A then p € 7.

EXAMPLE 4.1.2 In A"(3,5), the set # = {(3,2,0),(3,1,1),(2,2,1)} is sat-

urated.

THEOREM 4.1.3 The Doty Coalgebras Ds,(r) = A(m,r) for
T ={A= (A, A2, A3) | A is a partition of r and \y <t =3(p—1)}

a saturated set, and 0 <r <3p—1or6p —8 <r < 3t.

We now explain the role this saturated set can play in quasi-hereditary algebras
to be able to explain how we will prove Theorem 4.1.3.
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DEFINITION 4.1.4 In Definition 1.3.8 we stated that for S a finite-dimensional
algebra, and a subset 7 C AT, then V' € mod(S) belongs to 7 if all compo-
sition factors of V' belong to {L(A) | A € w}. Now fix some saturated subset

of A, m, and let I(m) be the ideal of all elements x in S suchthat 2V = 0 for
every module V' belonging to .

THEOREM 4.1.5 If S is a quasi-hereditary algebra with poset A and w C A
is a saturated set then we can form another quasi-hereditary algebra

S(x) = S/I(r).

Proof. [4, Lemma A3.10]. O

REMARK 4.1.6 i) {L(\) | A € 7} is a full set of simples for S(7) and S()
is a quasi-hereditary algebra, (with partial ordering on 7 being restriction to
7 of partial ordering on A).

ii) We can prove that I(7m) is the set of all x € S such that T = 0 for all
T =T(\) with A € 7.

iii) We can dualise this for coalgebras. So define A(7) to be the span of all
cf (V) suchthat V belongs to m. Then A(w) is a quasi-hereditary coalgebra
with A(m)* = S(n,r)/I(r).

In fact A(m) = k-sp{cf (T'(\)) | XA € 7}.

Proof. i) See [4, Proposition A3.11].

ii) If V' belongs to 7, then embed V in an injective module I, where O, (1)
is the largest submodule of I belonging to w. Then I has a good filtration,
which implies O, (I) has a good filtration. Now, any module M with a good
filtration has a resolution by tilting modules [4, Lemma A4.3]

0—-1T,—- - -1 —=Ty—-M—0

and so we can assume that if M belongs to m, then so do all the T;.
Now, if  vanish on all 7; then M = 0, so 2O, (I) = 0 so V = 0.
iii) See [7, Corollary 7.3]. O

REMARK 4.1.7 The proof of Theorem 4.1.3 is split into the following sec-
tions;

Ho<r<p-1

i)p<r<2p-1

i) 2p <r<3p-—1

iv) 6p — 8 <r < 3t.

In Section 3.5 we proved a reflection property for all n which completed the
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case for n = 2. The same property is used here for the n = 3 case. We prove
Theorem 4.1.3 for all  up to 3p — 1, i.e. for each degree r we need to ensure
the coefficient spaces of the tilting modules of A(7,7) are contained in Ds (7).
We do this by considering characters of these tilting modules and showing they
arise in the characters of certain truncated modules of Ds (7).

4.2 p-cores and core classes

AIM: Throughout the proof of our main theorem, the use of core classes
plays a crucial role in clarifying whether we know that the coefficient spaces
of the necessary tilting modules arise in the coefficient spaces of the truncated
modules, and thus in this section we introduce p-cores and core classes. We
start with p-cores, giving their definition and then showing how we calculate
p-cores in general. We then define core classes, namely a block of partitions
with the same p-core.

DEFINITION 4.2.1 Suppose we have a proper partition A = (Ay, Ay, Az) of
r into n = 3 parts. Then we can draw this partition by placing A\; x’s in row
1, A X’s in row 2 and A3 x’s in row 3. For example, with A\ = (6,4, 1) then we
can draw this as follows;

2XXXX
QXXX
X

We call each of these x’s a node.

The edge of this consists of the set of nodes of the partition which are on
the right-hand edge and can be removed together whilst still leaving a proper
partition. So in the above example the edge is as follows;

P

A rim p-hook consists of p nodes along the edge of the partition, and we then
define the p-core to be what remains of the original partition once we have
removed all possible rim p-hooks from it ensuring we leave a proper partition.
So in the example we can remove two rim 5-hooks as follows;

9K

&

and so what remains is simply
X
so in another way we can say that for p = 5, the partition (6,4, 1) has p-core

(1,0,0).
We can now define a core class.
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DEFINITION 4.2.2 A core class consists of all partitions of r into n parts
which have the same p-core.

REMARK 4.2.3 [21, Chapter 1, Section 1, Exercises 8b, 8c|] Note that for
some partitions the rim p-hooks can be removed in different ways whilst still
leaving a proper partition. It is a theorem that it does not matter in which way
the rim p-hooks are removed, as the result will always give the same p-core.

4.3 Classification of core classes for p < r <
2p — 1

AIM: Having clarified this definition we shall now do some work on calculating
p-cores for a general partition, as this will be needed later when we classify the
core classes of partitions for each degree r. As shown above, we can see that
depending on the partition, it may be possible to remove more than one rim
p-hook, on the other hand it may not be possible to remove any rim p-hooks.
For the moment however we shall consider the range p < r < 2p — 1 and the
cases where we can remove one rim p-hook from each partition, showing the
general method for calculating a p-core. We then go on to classify the core
classes for this range.

1) Consider first a partition of the form (A1, 0,0), so;

XXXX...X

then we can only remove a rim p-hook from this provided A\; = r > p, which
is true for p < r < 2p — 1 and thus the partition has p-core (A\; — p,0,0). For
example with p = 5 and A\; = r = 6 then the partition (6,0,0) has p-core
(1,0,0);

XORX

2) Now consider a partition of the form (A1, Ay, 0), so;

XXX - X

i) We remove the rim p-hook by beginning at the top right hand corner and
working back along the first row, and thus if A\; —\y > p then we can remove the
rim p-hook without touching the second row, and hence this partition will have
p-core (A1 — p, A2, 0). For example with p =5, r =7 and (A1, \2,0) = (6,1,0)
then A\; — Ay =5 = p and so (6, 1,0) has p-core (A —p, \2,0) = (1, 1,0):

X00RKK
X

ii) If Ay — A2 < p then to remove the rim p-hook we must remove some
nodes from the first row and some from the second. We therefore consider
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A1 — Ay + 1 as this is the most we can remove from the first row before mov-
ing down to the second. Then what remains of the first row after removing
what we can of the rim p-hook is A — (A; — Ay +1) = Ay — 1. We then have
p — (A1 — Ay + 1) remaining to remove from the second row. We therefore
calculate Ao — (p — A\; + A2 — 1) = Ay — p+ 1 to find out what remains of the
second row once we have removed the rim p-hook. Thus the p-core here is
()\2 — 1,)\1 —p+ 1,0)

For example with » = 7, p = 5 and (A, A2,0) = (5,2,0) then we remove
A1 —Ao+1 =5-241 = 4 from the first row, leaving p— (A —Xy+1) =5—-4 =1
to remove from the second row leaving p-core (1, 1,0):

NG

3) Finally consider a partition of the form (A1, A2, A3), so;

AXXX: - X

i) As usual, if \; — Ay > p then we can remove the rim p-hook from the first
row without affecting the second or third rows. In this case the partition will
have p-core (A1 — p, Mg, A3). For example, with » = 9 and p = 5 then the
partition (7,1,1) has p-core (2,1,1):

XXXXRXXX
X
X

ii) Now suppose that A\; — Ay < p, so we remove \; — Ay + 1 nodes from the
first row, leaving Ay — 1. Then, as above, what remains of the rim p-hook
to remove is p — (A\; — Ay + 1), which we must now remove starting at the
right hand side of the second row. Suppose that g — A3 > p — (A1 — Ay + 1)
then we can remove what remains of this rim p-hook from the second row
without affecting the third row, and hence what remains of the second row
is dg — (p— A + X —1) = A\ —p+ 1 and so this partition has p-core
(A2 — 1,\y — p+ 1,A3). For example, with » = 9 and p = 5 then the par-
tition (5,3, 1) has p-core (Aa—1,\{ —p+1,A3) = (3—1,5—-5+1,1) = (2,1,1):

N

X

iii) Finally, suppose A\; — A2 < p and also A\ — A3 < p—(A; — A2+ 1) and thus to
remove the rim p-hook we must use all three rows. So, we remove \; — Ay + 1
from the first row, leaving Ay —1 in that row, and p— (A —Ay+1) to remove from
the second two rows. In this case, the most we can remove from the second row
is A\o—A3+1 and so what remains in this second row is Ado— (Ao —A3+1) = A\3—1,
and calculating p— (A —A2+1)—(Aa—A3+1) = p— A+ A3—2 gives what remains
to take away from the third row, thus leaving As — (p— A1 +A3—2) = \; —p+2
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in this third row. Hence this partition has p-core (Ay — 1, A3 — 1, A\; — p + 2).
For example with » = 9 and p = 5 then the partition (4,3,2) has p-core
3-1,2—-1,4—-5+2)=(2,1,1):

¥

Note here that in case 3), all three examples have the same p-core, and hence
we have a core class:
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(7,1,1)
(5,3,1)
(4,3,2)
With A = (7,1,1), u = (5,3,1) and 0 = (4,3,2) then we can see that A\; >
H1 = 01, Ai+Ag > pytpp > oy+0g and A\ +Ao+ A3 > gy +pot sz > 01+02+03
and thus (7,1,1) is the highest or ‘top” weight in this core class, (5,3,1) is the
‘middle’ weight and (4, 3,2) is the lowest or ‘bottom’ weight. It is these core

classes and the structure of the weights within them that will play a crucial
role in solving Theorem 4.1.3.

N = =

Y I

DEFINITION 4.3.1 We call a partition self-titled if it is its own p-core. In
other words it is impossible to remove a rim p-hook and still leave a proper
partition.

PROPOSITION 4.3.2 Let A be a non self-titled partition of r into < 3
parts. Then there are three possible types of core classes for the range p <
r < 2p — 1. They are as follows;

Forp <r <2p—1, where \y — Ao > p and \y < 2p — 3;

()\1, )\2, )\3)

(A +p—1 A —p+1,A3)

As+p—2, M —p+1,A+1)

Forr =2p—1 with \y + p >t and \y — p = p — 1 we have;
(A1, A2, A3) = (2p — 1,0,0)
(M—pA—pl)=(p-Lp-11)

Forr=2p—22p—1with\+p>tand \y —p=p—2;
(A1, Ag, Az)

(A+p—1, M —p+1,X)

which for r = 2p — 2 is the core class

(2p —2,0,0)

(p—1,p—1,0)

and for r = 2p — 1 is the core class

(2p —2,1,0)

(pap_ 170)

Proof. Take a general p-core (pu1, fi2, i13), then there are three possible ways of
attaching a rim p-hook to this p-core. Firstly by adding the rim p-hook to the
first row, then adding it starting on the second row, and finally by adding it
starting on the third row. We calculate the new partitions formed in each of
these cases.
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Adding to the first row gives a new partition 7 = (u1 + p, u2, pi3), to the sec-
ond row gives the partition ¢ = (p + 2 — 1,1 + 1, 3), and adding to the
third row gives the partition ¢ = (u3 +p — 2,41 + 1, uo + 1). Then letting
(A1, A2, Ag) = (u1 +p, po, pi3) gives the core class above consisting of three par-
titions.

We must now check that each of these new partitions is indeed a proper par-
tition. Clearly 7 is a proper partition as pu; + p > ps > p3. Next consider ¢,
well this is a proper partition unless p+ps+1 < puy + 1, ie. if p—2 < g — po.
Thus we would require p — 1 < py — ps < g, but as we know that yy < p—1
then the case where this is not a proper partition is when py =p—1= XA, —p.
Thus we have A\ = 2p — 1 and so must have that r = 2p — 1 giving the core
class above consisting of two partitions where r = 2p — 1.

Finally consider 1, well this is a proper partition unless puz +p — 2 < puy + 1
thus implying that p — 3 < p; — pus < pp. So this would not be a proper
partition when puy = Ay — p > p — 2 which requires \; > 2p — 2 and thus
r = 2p—2, 2p — 1 and these give the core classes above consisting of two
partitions where r = 2p — 2, 2p — 1. This also shows that we only have the
core class consisting of three weights when \; = u; +p < 2p — 3.

The final thing we need to check is that these partitions can only be ordered
in the way shown in the above proposition. Consider the following [25] ;
Define oy = (1,-1,0,...,0)

az =(0,1,—-1,0,...,0)

an—1 =(0,0,...,1,—1)

Then for two partitions A and g, we have A > pif and only if A\—p = >"7" | a;ou
with a; > 0.

We apply this now to the case n = 3. Firstly n—¢ = (1 —po+1, po—p1+1,0) =
(1 — p2 + 1)(1,=1,0), secondly ¢ — b = (g — p3 — 1,0, 13 — pig + 1) =
(ﬂ2_ﬂ3_1)<1707_1)' u
It now remains to find the partitions in the range p < r < 2p — 1 that are
self-titled.

PROPOSITION 4.3.3 The self-titled partitions can be broken down into
the following four cases;

DDA —X=p—1and Ay + 1 < p with \3 < \y;

)M —X=p—& X+1<E&and A\3 =0 where \y <p—3 and £ > 2;

i) AN —X=p—& M+2<E&and \3 # 0 where \y <p—3 and § > 2;

iv) M —Xdo=p—E&and g — \3 =& — 2 where £ > 1.

Proof. i) With A\ — Ay = p — 1 then removing a rim p-hook from the first row
would leave the p-core (Ay — 1, Ay, A3) which is not a proper partition. More-
over due to being restricted to the range p < r < 2p — 1 then we are unable
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to remove a rim p-hook from the second and third rows. This is equivalent to
saying dg — A3+ A3+ 1 =X+ 1<p.

ii) Now suppose A\; — Ay = p— & where £ > 3. Assume firstly that A3 = 0, then
if we were able to remove a rim p-hook it would be from the first two rows
only, so with A\; — Ay = p — £ then we could remove p — & + 1 from the first
row, leaving p — (p — £+ 1) = £ — 1 to remove from the second row, however
if g +1 <& = Ay <& —1 then there are not enough nodes to remove the
remainder of the rim p-hook.

We must also state why A\; < p — 3 in this case. Well, take \; = p — 2 then
p—2—X=p—&and so Ay =& — 2, which fits into the final case. Indeed if
A1 > p— 2 then we can find a Ay such that Ay = & — 2. However, if \; <p—3
then Ay < & — 3.

iii) Suppose again that \; — Ay = p — & but in this case A3 # 0, then again we
could, remove p — & + 1 from the first row, and we have remaining £ — 1 to
remove from the second two rows. However, if Ao — A3+ A3 +2 =X +2 < ¢
then Ay +1 < £ — 1 and there are not enough nodes to remove the remainder
of the rim p-hook.

iv) As above, with Ay — Ay = p — £ then we can remove p — & + 1 from
the first row, and so need to remove & — 1 from the remaining two rows. In a
similar way to part i) if Ay — A3 = £ — 2 then after removing the rim p-hook
we will not leave a proper partition. O

We can split these self-titled partitions into three cases depending on A; and
As.

COROLLARY 4.3.4 The self-titled partitions given in the previous propo-
sition each relate to one of the following three cases as shown;

)M — Xy =p—1ifandonly if \ — A3 >p— 2.

ii) @« With \y +1 < & and A3 = 0, where £ > 3, then \y — Ay = p — ¢ if and
OIlyjf)\l =X — X3 <p-—2.

e With Ao +2 < & and \3 # 0, where £ > 3 then \y — \y = p — £ if and only
jf)\l—)\g <p—2

iii) With £ > 2, then \y — Ay = p — & and Ay — A3 = & — 2 if and only if
)\1 — )\3 =p— 2.

This way of defining self-titled partitions will be used in the proof of Theorem
4.1.3, which is why we have introduced this now.

Proof. i) ‘=" If Ay — Ao =p—1land Ay > Agthen \y — A3 >p—1>p—2.
‘<" We have A\ — A3 > p — 2 where ) is self-titled. Now suppose for a con-
tradiction that \y — Ay # p — 1. Well if Ay — Ay > p then we can remove a
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p-edge from the first row and thus A is not self-titled. If, on the other hand
A — Ao < p—¢&, where £ > 1 then to ensure we have a self-titled partition we
require either A3 =0 and \y+1 < &, or A3 # 0 and Ao+ A3+ 1 < &. But these
are the cases in part ii) which we will prove imply A\; — A3 < p — 2. Thus we
have a contradiction and so Ay — Ay =p — 1.

ii) © =’ Firstly take the case where A\ — Ay = p — & and Ay + 1 < & where
A3 = 0. Then Ay — A3 = Ay = p— &+ Ay. Suppose for a contradiction that
p—&+A=>p—2then > —-2and My =M - A3 >2p—-§+{—2=p—2
and thus p — & > p — 2 thus giving that £ < 2, which is a contradiction as we
have £ > 3. Hence it must be that p — & 4+ Ay < p—2 implying Ay < p —2 and
thus A\ — A3 < p — 2 as required.

Now take the case where A3 # 0 and hence we have \; — Ay = p — £ and
Ao+ 2 < & Suppose for a contradiction that Ay — A3 > p — 2. Then
P—=2< AM—=A3 = A=A+l — A3 =p—EF A= A3 < p—E+E—2—A3 =p—2—)A3.
So, we have that p —2 < p — 2 — A3 which is not true. Hence \; — \y < p — 2.

‘<’ Suppose A\ — A\3 < p — 2, then Ay < p — 2 + A3 which implies that
A — A < p—24+A3—Xy. We have that Ay > A3 and hence \{— Xy < p—2 =p—¢
with £ > 2. Moreover as we have a self-titled partition, then if A3 = 0 we re-
quire Ay + 1 < &, and if A3 # 0 then we require Ay +2 < €.

i) ‘="IfA—A=p—Cand A\g— A3 =&—2then Ay — A3 = A\ — A+ Xo— A3 =
p—E+E—2=p—2.

‘<’ Assume \; — A3 = p — 2, then as Ay > A3 then Ay — Ay < p — 2 hence
A=A =p—E&with& > 2. Moreover \g— A3 =p—2+X— A =p—2+E&—p =
¢ — 2 as required. O

4.4 Classification of core classes for 2p < r <
3p — 1

ATIM: Looking back to 4.3.2 we can see that we have one type of core class
consisting of 3 partitions, which we shall call a 3-set and two types of core
classes consisting of 2 partitions, which we shall call 2-sets, and then with
Corollary 4.3.4 we also have three types of self-titled partitions. Each of these
self-titled partitions and core classes has a different p-core, so we shall take
each separately and show how a rim p-hook can be added on in each case to
preserve the p-core but create a new core class in the range 2p < r < 3p — 1.
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1) The 3-set.
We use the letters T', M and B to signify the partitions which are at the top,
the middle and the bottom of the core class respectively. In this case we have
the core class

(A7, Aoz, Asr) = (M, Aar, Asr)
(Mg, Aoy Asnr) = (Nor +p— L\ —p+ 1, Asp)
(MBsAop, Asg) = Asr +p— 2, \ip —p+ 1, Aop + 1)

where A\j7 — Aor > p, and the core class has p-core (A\ir — p, Aar, As7).

Now consider a general partition A where we need to add on a rim p-hook
whilst maintaining the above p-core. What are the possible ways of attaching
this p-core? Well, as stated in the proof of Proposition 4.3.2, we can add it to
the top row, add it starting on the middle row and then moving up to the top
row, or add it starting on the bottom row and then move up to the middle row
and top row. So there are three possible options. Thus for each of the above
partitions in the 3-set we shall find out the resulting partition when each of
the above options is completed.

i) Adding to the top row:

T) Then (/\IT; )\QT, /\3T) becomes ()\IT +p, )\2T7 >\3T)

M) (>\1M7 )\2M7 /\3M) becomes ()\IM —i—p, )\QM, /\3M) = (>\2T + 2]? — 1, )\1T — P +
LAsr) = (Mor +2p— 1L, Mir —p+ 1, Asp)

B) (A1, A2, Asp) becomes (A1p+p, Mg, Asp) = (Asr+2p—2, \ir—p+1, dor+

1)
ii) Adding to the middle row:

T) (A1, Aar, Asr) becomes (A1, Aar + p, Asr), this does not affect the top
row as Ay — A9 > p and hence A > \op + p.

M) (>\1M7 )\QM,/\gM) becomes ()\IM —|—p — ()\1M + 1) + /\2]\47 )\lM + 1, )\3M)

= (Mo +p— 1, M + 1, Asr)

=Mr—p+14+p—1dr+p—1+1 A37)

= (A7, Aar + P, Asp)

B) ()\13, )\23, )\33) becomes ()\13 —I—p — ()\13 + 1) + )\23, )\13 + 1, )\33)

= (Mg +p—1 Mg+ 1 \p)

= (/\1T—p+1+p— 1,/\3T+p—2—|—1,)\2T+1)

= (M Asr +p— 1, Ar + 1)

iii) Adding to the bottom row:
T) ()\1T7 >\2T7 >\3T> becomes <)\1T7 )\QT + P — ()\QT + ].) + /\3T7 )\QT + 1)
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= (M Asr +p — 1, dor + 1).

M) (A1ar, Aoar, Asar) becomes

M +p— (M + 1) — (Aanr + 1) 4+ Aoar + Asar, A + 1, Ao + 1)

= (M +p =2, + 1, Aon +1)
=Nr+p—2r+p—1+LNr—p+1+1)

=(Nsr +p—2, 010 +p, \ir —p+2)

B) ()\13, )\QB, )\33) becomes ()\13 +p — ()\13 + 1) — ()\23 + 1) + /\QB + >\33, )\13 +
1L, Ap+1)

=\sp+p—2, M+ 1, p+1)
=Mor+1+p—2r+p—2+1, \ir —p+2)

=Mor+p—1LAr+p—1, \ir —p+2)

Looking at each of these results we can see that the partition we get from
iT), namely (A7 + p, Aoz, A7), gives the new top weight, followed by the
partition we get from iM) and then the partition we get from iB). The next
highest weight will be that from iiT), namely (Air, Aar + p, Agr), which is also
the result we get from iiM), and then the partition we get from iiB), namely
(M7, Asr +p — 1, Ao + 1), will be the fifth weight which is also the result for
iiiT). Looking at iiiM), i.e. the partition (Asr + p — 2, Aoy + p, \ir — p + 2),
we see that as Aor > Agp, then Aoy + p > A3r + p and thus Aor + p >
Asr + p — 2 and therefore iiiM) is not a proper partition and we can discount
this from our results. Finally we have that the partition from iiiB), namely
(Aor+p—1, 30 +p—1, \i7 — p+ 2), will be the final weight in our new core
class for 2p <r < 3p — 1.

We therefore have that the 3-set from the range p < r < 2p — 1 which has p-
core (A;7—p, Aoz, Asr) becomes the following 6-set in the range 2p < r < 3p—1;

(A7 + D, Aoz, Asr)

(Aoar+2p— 1, M0 —p+1, A1)
(Asr+2p =2, \ir —p+ 1, dar + 1)
(A7, Aot + P, Asr)

(M, Asr +p— 1, Aop + 1)
(>\2T—|—p—1,)\3T—i—p— 1,)\1T—p—|—2)

The final thing we need to understand is why specifically we have the core class
in this order, so why have we stated that the highest weight is (A17+p, Aoz, As7)
and the lowest weight (Ao +p—1, A3y +p—1, \ir — p+2), and why do all the
other partitions sit as they do in the block? From Definition 1.3.2 we know
that for two weights A = (A1, A2, A\3) and g = (1, g2, pi3), that A has a higher
weight than p if;

i) A\ >

i) A1 + Ao > 1 + po
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i) Ay 4+ Ao+ Ag > g + po + s

Now clearly A\ + Ao + A3 = 1 + p2 + p3 as they both sum to give the same
degree r so it is unnecessary to check iii) in each case. However, we must prove
parts i) and ii) to show why the core class is structured as it is. We do this
now by numbering the weights 1 to 6 then proving 1 > 2, 2 B> 3, etc.

1>2

i) Mir — Aop > pand so \ip +p > dor +2p — 1.

i) Mor +2p— 1)+ (Mir —p+1) = (Mr+p) + dor

2> 3

i) >\2T2>\3T SO )\2T+2p—1> )\3T—|—2p—2

ii) Mir —p+1= A1 —p+1so0ifi) holds then ii) holds.

3>4

1) /\1T§2p—380 )\3T+2p—2 > 2p—2>2p—32)\1T

i) If \ir +p—1> Aoy + p then A\ — Aor > 2p — 1 which is a contradiction,
so in fact Ao +p > A7 —p+ 1 so for 3>4 we could actually write the weights
either way round, we choose as we have, simply because A3y + 2p — 2 > A\ip
4>5

i) Clear.

ii) Ao = A3 SO A7 + Aor +p> AT + AsT +p—1

56

i) Mir — Aor > p and so Ay > Aoy +p — L.

ii) As i) holds then so does ii).

Thus we have clarified why the core class appears in the order it does.

2) The self-titled partition where Ay — A3 < p — 2.

We are beginning with a partition (A7, Ao, Asr) where Aip — A3 < p—2, and
as before we can add a p-hook on in three ways, by adding it to the top row,
adding it on starting on the second row, or adding it on starting on the third
row. Note that as this partition has its own p-core then we need to preserve
the structure of A\ when adding on the p-hook.

i) Adding to the top row: (A1, Aoz, Agr) becomes (A1 + p, Aar, A3r).

11) Addlng to the middle row: ()\IT, /\2T7 >\3T> becomes ()\1T —f-p — (>\1T + ].) +
Aors M+ 1, A3p) = (Dor +p — 1, Mir + 1, Agp).

iii) Adding to the bottom row: (Air, Aoz, Agr) becomes (A7 +p— (Aor +1) —
M+ 1)+ X+ dsr, Mir + L Aor +1) = Asr +p— 2, \ip + 1, Aop + 1)

As each of these new weights are different then we can conclude that the
self-titled partition from p < r < 2p — 1 where A\ — A3 < p — 2 becomes the
following 3-set in the range 2p < r < 3p — 1;

(M7 + D, Aoty Asr)
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Mor 4+ p — 1, A + 1, Asp)
Msr+p—2, M7+ 1, dor + 1).

It now remains to prove why the core class appears in the above order, just as
we did in 1). So ordering the core class 1,2,3, we prove 1 > 2, 2 > 3.

1>2

1) M1 — Ao > p and so Air +p> Ao +p—1.

i) Mr+p—1)4+MNr+1)=\Nr+p+ dor

253

i) Clearly holds as Ao > Asr.

ii) Holds as i) does.

3) The self-titled partition where Ay — A3 > p — 2.

We are beginning with a partition (A1, Aor, A3r) where A\jp — A3 > p—2, and
as before we can add a p-hook on in three ways, by adding it to the top row,
adding it on starting on the second row, or adding it on starting on the third
row. Note that as this partition has its own p-core then we need to preserve
the structure of Ay when adding on the p-hook.

i) Adding to the top row: (Air, Aoy, Agr) becomes (A1 + p, Aor, Asr).

ii) Adding to the middle row: We know from Corollary 4.3.4 that if A\;7— Agp >
p— 2 then Ay — Aoy = p— 1, and thus when adding p onto the second row we
get that (A7, Aar, Asr) becomes (Ai7, Ao +p, Asr) = (M1, Air + 1, Agr) which
is clearly not a proper partition.

iii) Adding to the bottom row: Again we have A7 — Agr = p — 1 and thus
if we start by adding on to the third row, then whatever remains to be
added on to the second row will always fit without affecting the first row
and hence (A7, Aoy, Agr) becomes (A7, Ao +p — (Aar + 1) + A3, Ao + 1) =
(M7, Az +p— 1, Aop + 1)

We can discount the weight in ii) and as the remaining two weights are different
then we can conclude that the self-titled partition from p <r < 2p — 1 where
A1 — A3 > p — 2 becomes the following 2-set in the range 2p < r < 3p — 1;
(M7 + P, Aars Asr)

(Mirs Asr +p — 1, Ao + 1),

By now numbering the top weight 1 and the bottom weight 2, we must now
explain why we have this ordering of the core class.

1>2

i) Clear.

ii) Adop > Agp and so A\ip +p + Xor > Mip + Agp +p — 1.
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4) The self-titled partition where A\; — A3 = p — 2.

So we are beginning with a partition (A7, Ao, Asr) where A\ip — Asr = p — 2,
and as before we can add a p-hook on in three ways, by adding it to the top
row, adding it on starting on the second row, or adding it on starting on the
third row. Note that as this partition has its own p-core then we need to
preserve the structure of Ay when adding on the p-hook.

1) Addmg to the tOp Tow: ()\1T7 >\2T7 )\ST) becomes ()\IT -+ D, )\QT, /\ST)-

11) Addlng to the middle row: <)\1T7 /\2T7 )\3T> becomes ()\1T —f-p — ()\IT + ].) +
Aors M+ 1, Asp) = (Dor +p — 1, M + 1, Agp).

iii) Adding to the bottom row: We have that \jr — A3z = p — 2 and thus we
have two more nodes to add on to get it up to a p-hook. Well, one of these
will be used as we step up from the third row, to the second row, and thus
the final node will be added on to the end of the second row. We therefore
have that (Ai7, Aoy, Asr) becomes (A7, A1 + 1, Aoy + 1) which is clearly not
a proper partition.

We can discount this final weight and as the remaining two new weights are
different then we can conclude that the self-titled partition fromp <r < 2p—1
where A\ — A3r = p — 2 becomes the following 2-set in the range 2p < r <
3p — 1;

(A + D, Aoty Asr)

(Aor +p — 1, Air + 1, Asp).

Numbering the core class 1 and 2, we must now explain why we have this
ordering of the core class.

1>2

1) At > Ao and thus A +p> Ao +p—1.

i) Aor+p—1)+ (Mir+1) = Mz +p+ Aor.

5) The 2-set where \yr +p >t and \jp —p=p —2
In this case we have the following core class;

<>\1T7 )\2T7 >\3T) - <)\1T7 )\2T7 )\3T)
(MiB, A2g, Asg) = (Nar +p— L A\ip —p+ 1, Asp)

So as usual we need to take these two partitions and see what happens when
we add a p-hook first to the top row, then the middle row, and finally the
bottom row.

i) Adding to the top row:

T) It is a requirement in any partition p that gy < ¢ and thus as in this case
A1 + p > t then we cannot add a p-hook to the first row.

B) (/\13, )\23, )\33) becomes ()\13 + p, /\23, )\33)
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=Aor+p—1+4p,\ir —p+1,A\37)

= Xor+2p— L Ar —p+1,A37)

ii) Adding to the middle row:

T) (A7, Ao, A3r) becomes (A17, Aor+p, Asr) as here A\jp = 2p—2 and Aoy =0
or 1 and hence adding a p-hook to the second row will not affect the first row.
B) (/\13, )\QB, )\33) becomes ()\13 +p-— (/\13 + 1) + )\23, )\13 + 1, )\33)

= (Mg +p—1, M +1, A5)

=(Mr—p+14+p—1%r+p A1)

= (M1, Aoz + D, Asr)

iii) Adding to the bottom row:

T) ()\17’, )\QT, )\3T) becomes ()\17’, )\QT +p— ()\27""1) +)\3T7 >\2T+1) = (>\1T, )\3T+
p—1, r+1)and as Ay = (2p—2,1,0) for r =2p—1 and Ay = (2p —2,0,0)
for r = 2]? — 2 then we have that ()\1T, /\3T +p — ]., )\QT + ].) = ()\3T + 2]7 —
2Mr—p+ 1L, Ar+1).

B) (Mg, A2, A35) = (p—1,p—1,0) for r = 2p — 2 and thus we would result in
(p—1,p—1, p) which is not a proper partition. For r = 2p—1, A\g = (p,p—1,0)
and so result in the partition (p,p—1, p) which again is not a proper partition.
We therefore have that iB) gives the new top weight followed by iiT) which is
the same as iiB). Then we have iiiT) as the iiiB) have been discounted. Thus
the 2 set where Ay —p < p—1 for p < r < 2p—1 becomes the following 3-set
for 2p <r < 3p—1;

(Ao +2p =1L, \ip —p+ 1, Asp)

(A17s Aor + D, Asr)

(Asr+2p =2, \ir —p+ 1, dor +1).

We must now explain why we have this ordering of the core class, by number-
ing the core class 1 to 3.

1>2

DXdr+2p—1>2p—1>2p—2>2p—1land \;r=2p—1, 2p—2

i) (Ao +2p— 1)+ (Mir —p+1) = Mir + Aop + p.

2> 3

) Agr=0s0oX3r+2p—2=2p—2<\ir=2p—1, 2p—2.

11) )\QT—l—prZ/\lT—p—l—l as )\1T:2p—1, 2]?—2.

6) The 2-set where A7 +p>tand \;p —p=p—1,soforr=2p—1
In this case we have the following core class;

(M1, Aor, Asr) = (Mg, Aor, Asr) = (2p — 1,0, 0)
()\137 A2B, )\33) = ()\1T —p, M — D, )\ST) = (P - 1,p—1, 1)

So as usual we need to take these two partitions and see what happens when

72



we add a p-hook first to the top row, then the middle row, and finally the
bottom row.

i) Adding to the top row:

T) It is a requirement in any partition p that gy <t and thus as in this case
A1 + p > t then we cannot add a p-hook to the first row.

B) (Mg, Aep, Asg) = (p—1,p—1,1) becomes (2p—1,p—1,1) = (A7, \ir—p, 1)
ii) Adding to the middle row:

T) (Air, Aor, Asr) = (2p — 1,0,0) becomes (2p — 1,p,0) = (A7, Aar + p, Asr)
B) (A1, A2, As) = (p—1,p—1,1) becomes (2p—2,p,1) = (Air—1, dor+p, 1)
iii) Adding to the bottom row:

T) (M7, Aar, Asr) = (2p—1,0,0) becomes (2p—1,p—1,1) = (A1, \ir —p, 1).
B) (MB, A2, A35) = (p—1,p—1,1) becomes (p— 1, p, p) which is not a proper
partition.

We therefore have that iiT) (Air, Aer + p, A3r) gives the new top weight fol-
lowed by iT) (A7, \ir — p,1) as dar +p =p > p—1 = A\ir — p. We have
that iiiT) is the same as iB) and as iiiB) has been discounted then we are left
with iiB) as the new lowest weight. Thus the 2-set where \yy —p =p — 1 for
p < r < 2p— 1 becomes the following 3-set for 2p < r < 3p — 1;

(A7, Aoz + D, Asr)

()\1T, At — D, 1)

()\1T - 1,]?, 1)

It remains to show why we having this ordering on the core class, again by
numbering the core classes 1 to 3.

1>2

i) Clear.

11) Mr=2p—1, dr =080 dor+p=p>p—1=X i —p.

23

i) Clear.

ii) )\1T+)\1T+p=3p—2:2p—1—1+p=)\1T—1+p.

7) Finally, for 2p < r < 3p — 1 we will also have the new self-titled parti-
tions. As they follow the normal rules for a self-titled partition then they will
be of the same form as those in the range p < r < 2p—1, and so using Proposi-
tion 4.2.19 and Corollary 4.2.20 we have A = (A1, A2, A3) where A\; + o+ A3 =71
such that;

1) Al — A3 >p—2.

i) Ay — A3 <p—2.
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4.5 Classification of core classes for 3p < r <
4p — 1

AIM: Although we are only proving Theorem 4.1.3 up to r = 3p — 1 we still
continue our classification of p-core for the range 3p < r < 4p—1. This will help
us in Chapter 5 when we conjecture that Ds (1) # A(m,r) for 3p < r < 6p—09.
Using the above classification we can see that we have a 6-set, three 3-sets,
two 2-sets and the three new types of self-titled partitions, each of which
has a different p-core. We will not go into the same detail as for the range
p < r < 3p—1, but by applying the same method we will give the new core
classes formed for the range 3p < r < 4p — 1.

1) The 6-set from the 3-set.
In this case we have the core class;

(Mor +2p— 1L, Mir —p+ 1, As7)
= ()\3T+2p—2,)\1T—p+ 17)\2T+1)

= (A1, Aoz + D, Asr)

= (M, Asr+p— 1 Aor + 1)
=Nar+p—LAsr+p—1, Mir—p+2)

where A\;7 — Aor > p and each has p-core (A7 — p, Aar, As7).

Following the method for the previous ranges, we result in a new core class for
3p < r < 4p — 1 consisting of 7 weights;

(A + D, Ao + P, Asr)

(M +Dp, A0 +p— 1, Ao + 1)

(Aor +2p — 1, M + 1, Asp)
(Aor+2p =1 X3 +p—1, \ir —p+2)
(>\3T —+ 2]) — 2, )\1T + 1, )\QT + 1)
(Asr+2p — 2, Xor +p, \ir —p+ 2)
(A7, Aot + p, Asr + p)

2) The 3-set from the self-titled where A\j7 — Agr < p — 2.

In this case we have the following core class for the range 2p <r < 3p — 1;
(A7 + D, Aoz, Asr)

(Aor +p— 1, Mir + 1, Asp)

(Asr+p =2, \ir + 1, Aop + 1)

which has p-core (A7, Aar, A3r). We again work through each one adding on
the p-hook to each row to form the new core class for the range 3p < r < 4p—1;
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(Air + 2p, Aor, Asr)

()\2’1" —+ 2p — 1, )\lT + 1, )\3T)

(Asr +2p — 2, \ir + 1, Aop + 1)

(A1 +p, Aot + p, Asr)

(Mir+p, A3r +p— 1, dor + 1)

(Aor +p— 1, A0 +p— 1, \ir + 2).

3) The 2-set from the self-titled where A\j7 — Agr > p — 2.

In this case, for 2p < r < 3p — 1 we have the following core class;
(A1 + D, Aor, Asr)

(M, Asr +p — 1, Aop + 1)

and as usual we now add p-hooks to each one to find the new core class for
Ip<r<dp-—1;

(A1 + P, Aar + D, Asr)
(Mr+p, 230 +p—1, dar + 1)
(Asr+2p—2, i+ 1, Aor + 1)

4) The 2-set from the self-titled where \yp — Agr = p — 2

In this case we have the following core class for 2p < r < 3p — 1;

(A + D, Aoty Asr)

(Aar+p—1, M0 + 1, Asp)

and we now add p-hooks to each of these partitions to find the new core class
formed for the range 3p <r <4p — 1;

(Aor +2p — 1, \ir + 1, Asp)
(A7 + P, Aar + D, Asr)
(>\3T —+ 2]) — 2, )\lT + 1, )\QT + 1)

5) The 2-set from the 3-set where \jr +p >t and \ir —p=p — 2.

In this instance we have the following core class for the range r = 3p—1, 3p—2;
(Aor +2p— 1L, \ir —p+ 1, Azr)

(A1r; Aot + D, Asr)

(Asr +2p =2, \ir —p+ 1, Ao + 1)

We now add p-hooks to these partitions to find the new core class for r =
4p — 1,4p — 2.

(Aor +2p — 1, \ir + 1, Asp)
(Asr +2p — 2, Aor + p, A\ — p+ 2)
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6) The 2-set from the 3-set where Ay +p >t and \ir —p=p— 1.

In this instance we have the following core class for the range r = 3p — 1;
(Airs Aor + D, Asr)

(M, Mir —p, 1)

()\lT - 17p7 1)

We now add p-hooks to these partitions to find the new core class for r = 4p—1.

(A7, A7y 1)
(M1, Ao + D, Asr + )

7)i) The new self-titled where 2p —2 > A\; — A3 > p — 2.
This is exactly the same proof as for number 3) in the range 2p < r < 3p —1

7)ii) The new self-titled where A\; — A3 < p — 2.
This is the same proof as for 2) in the range 2p <r < 3p — 1.

7)iii) The new self-titled where A\; — A3 = p — 2.
This is the same proof as for 4) in the range 2p <r < 3p — 1.

7)iv) The new self-titled where A\ — A3 = 2p — 2.
We show here that these cannot be made into a new partition.

CLAIM 4.5.1
)\1—)\3:2p—2<:>)\1—)\2:p—1and)\g—)\gzp—l.

Suppose this is true and we go about trying to add p-hooks to this partition.
Well, we know that \;y > 2p —2 and thus \y +p > 3p—2 > 3p—3 =1 so
adding to the top row would produce a partition out of the range required.
As Ay — Ay = p — 1 then adding to the middle row would give the partition
(A1, A1 + 1, A3) which is not a proper partition. Finally, as Ay — A3 = p — 1
then adding to the bottom row would give the partition (A1, Ay, A2 + 1) which
again is not a proper partition. Hence no new partitions can be formed.

Proof. of Claim

Ly

Suppose for a contradiction that Ay — A3 =2p—2 but Ay — Ay = p—1+n and
A2 — A3 =p—1—n wheren > 1 then we can remove p—1+n+1=p+n>p
from the first row and hence the partition is not self-titled and we have a
contradiction.

On the other hand, suppose \{ — A3 = 2p —2 but Ay — Ay = p—1—1n and
Ay — A3 =p—1+4n where n > 1 then we can remove p—1—n+1=p—n
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from row one and as p — 1 + 1 > 1 then we can remove the remainder of the
p-hook from the second row and so the partition is not self-titled which is a
contradiction. Hence we must have A\ — Ao = Ay — A3 =p — 1.

4 <:7

If)\l—)\g = p—l = )\2—)\3 then )\1—>\3 = )\1—)\2—|—)\2—)\3 = p—1+p—1 = 2p—2
as required. 0O

7)v) The case where A\; — A3 > 2p — 2. We show here that there exists no
self-titled partitions where A\; — A3 > 2p — 2. Recall from Corollary 4.3.4 that
for \1—A3 > p—2then \{—Xy = p—1. Then \g— A3 > \{—p+1+2p—1—X\; =p
and so we can always remove a p-hook from the second row and the partition
is not self-titled.

8) Finally for this range we have the new self-titled partitions.

CLAIM 4.5.2 For the range 3p < r < 4p—1 there are no self-titled partitions
where \; — A3 < p— 2.

Proof. Suppose for a contradiction there does exist a self-titled partition where
A1 — A3 < p — 2 then from Corollary 4.3.4 we know that we have either;

1) A1 — Aa :p—ﬁand/\2+1<§when)\3:0

i) Ay — A =p—E&and \y +2 < & when A3 # 0.

i) If this holds then r = A+ Ao+ A3 = A1+ A =2\ —p+E<2p—2—p+& =
p—2+¢&, so to ensure that r > 3p we require p—2+4¢ > 3p implying £ > 2p+2.
Thus we have that A\ — Ao =p—& < p—(2p+2) = —p — 2 which is clearly a
contradiction. Hence there are no self-titled partitions of type i).

ii) Now suppose this holds, then 7 = A\j + Ao+ A3 < (p—E+X2) +(—2)+ X3 <
(p—2)4+(£—2)+ A3 = p—4+E+A3. Soto ensure r > 3p we need p—4+£+A3 > 3p
so A3 > 2p+4 — & Now we know that 2 < & < pso A3 > p + 4, moreover if
2<E<pthen 0 < A\ —Xy < p—2and hence Ay < A\ < Ay +p—2 giving that
A2 = p — 2 < A3 which is a contradiction, so there are no self-titled partitions
of type ii) O

We therefore have only the following type of self-titled partitions;

i) Those where A\; — A3 > p—2, for example p =7, r = 3p = 21, A = (11, 5,5).
ii) Those where \; — A3 = p — 2, for example p = 11, r = 3p + 3 = 36,
A= (17,8,8).
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4.6 Classification of core classes for 4p < r <
bp — 5

A IM: Finally we repeat the process to find the core classes for 4p < r < 5p—>5.
The reason we need go no further than r = 5p — 5 is because the ‘halfway’
point % < 5p—>5, and after r = % we can apply the reflection property shown
in Section 3.5. From above we can see that we have a 7-set, a 6-set, two 3-sets
and four 2-sets, and the two types of new self-titled partitions. Note however
that two of the 2-sets are for the cases r = 4p— 1, 4p — 2 and thus for our new
range will be for r = 5p — 1, 5p — 2 which is greater than 5p — 5 and thus we

do not need to worry about these particular core classes.

1) The 7-set from 6-set from the 3-set.
In this case we have the following core class;

(Ar + D, Ao + p, Asr)

(Mr+p, Asr+p— 1, Aor + 1)

(Aor +2p — 1, My + 1, Asp)
(Aor+2p =1L Xsr+p—1, \ir —p+2)
<)\3T + 2p — 2, )\1T =+ 1, )\ZT + 1)
(>\3T—|—2p—2,)\2T +p,)\1T —p—|—2)
(A7, Aot + D, Asr + ).

We now add p-hooks to these partitions to find the new core class for 4p—1 <
r<5p—75;

(A + p, Ao + 2p, Asr)

(Mr+p, Asr+2p— 1, Aor + 1)

(A7 + D, Aor + P, Asp + p)

Aor+2p— 1L, A3r+2p— 1, \ir — p + 2)
(>\QT —+ 2]) — 1, )\1T + 1, )\3T —i—p)
(/\3T+2p—2,)\1T+1,)\2T +p+1)

2) The 6-set from the 3-set from the self-titled where A\yp — Az < p — 2
In this case we have the core class;

(A1 =+ 2p, Ao, Asp)

()\2’1" —+ 2]) — 1, )\lT + 1, )\3T)

(Ast+2p =2, \ir + 1, Ao + 1)

(M + D, Ao + p, Asp)

(M7 +p,Asp +p— 1, dop + 1)

(Aor+p—1, 230 +p—1, \ir +2)
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and we now go about adding on p-hooks to each partition to find the new
core class for 4p — 1 <r < bp —5;

(A1 + 2p, Aot + P, Asr)

(A7 +2p, Asr +p — 1, Aop + 1)
()\QT —+ 2p — 1, )\1T —|—p -+ 1, )\BT)
(>\2T—|—2p— 1,)\3T +p— 1,>\1T—|—2)
(Asr+2p—2, \ir +p+ 1, dar + 1)
(Asr +2p — 2, Xar + p, Mir + 2)
(M + D, Aar + D, Asp + p)

3) The 3-set from the 2-set from the self-titled where A\jp — A3 > p — 2
In this case we have the following core class from 3p < r < 4p — 1;

(M1 + D, Ao + D, Asr)

()\1T +p, A3 +p—1, 1 + 1)

()\ST + 2p — 2, )\1T + 1, )\ZT + 1)

which for the range 4p < r < 5p — 5 gives the new core class;

(M + 0, A30 +2p— 1, dor + 1)
(A7 + P, Aar + D, Asr + D).

4) The 3-set from the 2-set from the self-titled where Ay — A3 = p — 2.
In this case we have the following core class for 3p < r < 4p — 1;

(Ao +2p — 1, \ir + 1, Agp)

(M + D, Aot + p, Asp)

<)\3T + 2p — 2, )\1T + 1, )\ZT + 1)

which gives the new core class for 4p < r < 5p — 5;

(Aor +2p— 1L, Mir +p+ 1, A3p)
(A7 + P, Aar + D, Asr + p)

5) and 6) are not important as they are the cases where r = 5p — 2, 5p — 1 >
5p — 5 > 3t 5o are out of the range we need to consider as any degree above

2
r= % we shall prove with the reflection property in Section 3.5.

7)i) The 2-set from the self-titled where 2p — 2 > A\; — A3 > p — 2.
This is the same proof as for 3) from the range 3p < r < 4p — 1
7ii) The 3-set from the self-titled where \; — A3 < p — 2.

This is the same proof as for 2) from the range 3p < r < 4p — 1.
7)iii) The 2-set from the self-titled where A\ — A3 = p — 2.
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This is the same proof as for 4) from the range 3p < r < 4p — 1.

8)i) The new self-titled where 2p —2 > Ay — A3 > p — 2.

This is the same proof as for 3) from the range 2p < r < 3p — 1.
8)ii) The new self-titled where A\; — A3 =p — 2.

This is the same proof as for 4) from the range 2p < r < 3p — 1.

9) What remains now is the new-self-titled in this range.

CLAIM 4.6.1 The only self-titled partitions that exist in the range 4p < r <
5p — b are where Ay — A3 > 2p — 2. For example, p =7, r = 5p — 5 = 30 and
A = (16,10,4).

Proof. i) First we shall prove that there exists no self-titled partitions where
p—2 < A —A3 < 2p—2. From Corollary 4.3.4 we know that if such a partition
did exist then Ay — Ay = p—1, and thus 0 < Ay — A3 < p—2. Let Ay — A3 = p,
then for the self-titled partition to exist we would require A3 < p— (u+1), as
then we cannot remove the rim p-hook from the third row, and so we can say
that r = M+ X+ < (p—14+p+(p—p—1)+(p+{p@—p+1)+(p—p+1) =
4p —  — 4 < 4p, which is a contradiction as we require 4p < r < 5p — 5.

ii) We now prove there exists no self-titled partitions where A\; — A3 = p — 2.
Suppose there exists a partition of this kind, then from Corollary 4.3.4 we
know that Ay — A = p— & and Ay — A3 = £ — 2 and of course we must have
that (A —A3)+ A3+ 1 < p—1i.e. that \a+1 < p—1. Therefore we have that
A3 <p—&§andsor = \+X+A3 < (p—E{+E—2+p—E§)+(§—24+p—E+(p—¢§) =
4p — 4 — 26 < 4p which is a contradiction as we require 4p < r < bp — 5.

iii) Finally we prove that there exists no self-titled partition where \; — A3 <
p — 2. So suppose there is and that A3 = 0 then from 4.3.4 we know that
A=Az = p—&and \+1 < & thenr = A+ < (p—2)+(p—2—p+E&) = p—4+E.
So for r > 4p then we require at least for p — 4 4+ £ > 4p which only occurs if
& > 3p 4+ 4 which implies \; — Ay < —2p — 4 which is clearly a contradiction.

If on the other hand we have A3 # 0 then Ay — Ay =p —&, Mo+ 2 < £ and
A3 < p—1. Therefore r = \j+Xo+ A3 < (—2+p—E)+(§—2)+(p—1) = 2p+£—5
and so for r > 4p we require at least for 2p+£—>5 > 4p which implies £ > 2p+5,
thus giving that Ay — Ay < —p — 5 which is a contradiction. So there are no
self-titled partitions in the range 4p < r < 5p — 5 such that A\ — A3 < p — 2.

O
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4.7 Classification of core classes for 0 < r <
bp — D

Bringing all of the previous work together we can now classify the core classes
for each degree 0 < r < 5p — 5.

e We first do this for the case p < r < 2p — 1, in which we have the fol-
lowing four categories;

1) Self-titled partitions A where

1) /\1—)\3 <p—2,

i) A1 — A3 >p—2,

i) Ar — As = p— 2.

2) A 3-set where A\; — Ay > pand \; <2p—3
()\17)\27)\3)

A+p—1LA A —p+1X3)
As+p—=2,\1 —p+1A+1)

3) A 2-set where A\y — Ao >p, i +p>tand \y —p<p-—1
()\17>\27)\3)
(A2 +p—1 A —p+1,23)

This is 7 = 2p — 2 with A = (1,0,0) and r = 2p — 1 with A = (r — 1,1,0).

4) A 2-set where Ay — Ao >p, My +p>tand \y —p=p—1
()\17)\27)\3)
()\1 —p, A —p,l)

This is r = 2p — 1 with A = (1,0, 0).

e For 2p < r < 3p — 1 then the above categories form new core classes as
follows;

1) A 3-set becomes a 6-set consisting of the core class

()\1 +p, )\2, )\3)

Cat 20— 1A —p+1,A)

(A3 +2p =2\ —p+ 1, +1)
(A1, A2 +p, A3)

()\1,)\3 +p— 1,)\2 + 1)
M+p—LA3+p—1,\—p+2)
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2) The self-titled partition where A\; — A3 < p — 2 becomes a 3-set consisting
of the new core class

(AL + D, A2, A3)

A2+p—1, A +1X3)

As+p—2,\+1,A+1)

3) The self-titled partition where \; — A3 > p — 2 becomes a 2-set consist-
ing of the new core class

()‘1 + D, )‘Qa )‘3>

()\1,)\3 +p—1,+ 1)

4) The self-titled where \; — A3 = p — 2 becomes a 2-set consisting of the
new core class

(/\1 + D, )‘Za )‘3>

Ae+p—1, A +1 ;)

5) A 2-set where A\; — p < p — 1 becomes a 3-set consisting of the new core
class

Cot 20— 1,0 —p+1, )

(A1, A2 +p, Az)

As+2p—2, 01 —p+1,+1)

6) A 2-set where A\ — p = p — 1 becomes a 3-set consisting of the new core
class

(A1, A2+, Az)

(A,p—1,1)

(A1,p, 1)

7) We have new self-titled partitions A where
1) A1 — A3 <p-—2,
11) )\1—)\3>p—2,

e For 3p < r < 4p — 1 then the above categories form new core classes as
follows;

1) The 6-set from the 3-set becomes a 7-set consisting of the new core class
()\1 + p, A + D, )\3)

()\1 —|—p,)\3 +p— 1,)\2 + 1)

(/\2 + 2]3 — 1, )\1 + 1,/\3)

A+2p =1 X +p—1,\ —p+2)

(As+2p =2, M +1, X +1)

()\3+2p—2,)\2 +p,>\1 —p—|—2)
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(A1, A2 +p, A3 +p)

2) The 3-set from the self-titled where Ay — Ay < p — 2 becomes a 6-set con-
sisting of the new core class

(A1 4+ 2p, Ao, Ag)

()\2 -+ 2]? — 1, )\1 —+ 1,)\3)

(>\3+2p—2,)\1—|—1,)\2+1)

(A1 4D, A2+, As)

()\1 +p,)\3+p— 1,)\2+1)

A+p—LA+p—1,\+2)

3) The 2-set from the self titled where Ay — A3 > p — 2 becomes a 3-set
consisting of the new core class

(A1 4+, A2 +p, A3)

()\1 +p,)\3—|—p— 1,)\2‘1‘1)

As+2p—2, 0 +1, A +1)

4) The 2-set from the self titled where A\; — A3 = p — 2 becomes a 3-set
consisting of the new core class

(A2 +2p—1, A +1,)3)

(A1 4+, A2 +p, Az)

()\3"‘2]9-2,)\14‘ 1,/\2+1)

5) A 3-set from a 2-set where \; — p < p — 1 becomes a 2-set consisting
of the new core class

(A2 +2p =1, A +1,)3)

()\3"‘2]?—2,)\2 —|—p,>\1 —p+2)

6) A 3-set from a 2-set where A\; — p = p — 1 becomes a 2-set consisting
of the new core class

(A1, A1, 1)

(A1, A2 +p, Az +p)

7i) A new self-titled where \; — A3 < p — 2 becomes a 3-set consisting of
the new core class

()\1 + D, )\2, )\3)

(Ae+p—1,A+1,XA3)

()\3 +p—2,)\1 + 1,)\2+1)

7ii) A new self-titled where 2p—2 > A\ — A3 > p—2 becomes a 2-set consisting
of the new core class
(A1 +Dp, A2, A3)
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()\17)\3+p_17>\2+1)

7iii) A new self-titled where A\; — A3 = p — 2 becomes a 2-set consisting of
the new core class

(A1 D, A2, A3)

(Ao+p—1,A+1,13)

8) We have new self-titled partitions A where
1) Al — )\3 >Dp— 2

e For 4p < r < 5p — 5 then the above categories form new core classes as
follows;

1) The 7-set from the 6-set from the 3-set becomes a 6-set consisting of the
new core class;

(AL +p, A2+ 2p, A3)

(/\1 —|—p,)\3 +2p— 1,/\2 + 1)

(A +p, A2 +Dp, A3+ D)

()\2—|-2p—1,)\3+2p— 1,)\1 —p+2)

()\2 + 2]?— 1,)\1 + 1,)\3 —l—p)

()\3 -+ 2]9 — 2,)\1 + 1,/\2 +p1)

2) The 6-set from the 3-set from the self-titled where A\; — A3 < p — 2 be-
comes a 7-set consisting of the new core class;

(A1 +2p, A2 +p, Ag)

()\1 +2p,)\3 —|—p— 1,)\2 -+ 1)

()\2 + 2]9— 1,)\1 +p+ 1,)\3)

(/\2+2p—1,)\3+p—1,/\1+2)

M+2p =2\ +p+ 1, +1)

()\3 + 2p— 2,)\2 +p7)\1 +2)

(A 4D, A2 +p, A3 + D)

3) The 3-set from the 2-set from the self-titled where Ay — A3 > p — 2 be-
comes a 2-set consisting of the new core class;

()\1 +p,)\3+2p— 1,)\2 + 1)

(A1 +p, X2 +p, A3 +p)

4) The 3-set from the 2-set from the self-titled where Ay — A3 = p — 2 be-
comes a 2-set consisting of the new core class;

()\2 + 2])— 1,)\1 +p+ 1,)\3)

(A1 +p, X2 +p, A3 +p)
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5) and 6) are not important as they are the cases when r = 5p — 2,5p — 1
which is out of the range we are considering.

7i) A 3-set from a new self-titled where A\; — A3 < p — 2 becomes a 6-set
consisting of the new core class;

(A1 4+ 2p, Ao, A3)

(A2 +2p—1,A +1,3)

()\3+2p—2,)\1 +1,)\2+1)

(AL 4D, A2+, Az)

()\1 —|—p,)\3 —l—p— 1,)\2—|—1)

()\2 +p— 1,)\2 +p— 1,)\1 +2)

7ii) A 2-set from a new self-titled where Ay — A3 = p — 2 becomes a 3-set
consisting of the new core class;

(A2 +2p—1, A\ +1,X3)

(A1 +p, A2 +p, Az)

(/\1 —|—p,)\3 +p— 1,)\2 + 1)

7iii) A 2-set from a new self-titled where 2p — 2 > A\; — A3 > p — 2 becomes a
3-set consisting of the new core class;

()\1 + p, A + D, )\3)

()\1 —|—p,)\3 +p— 1,)\2 + 1)

(A3+2p—2,)\1 +1,/\2+1)

8i) A new self-titled where 2p — 2\; — A3 > p — 2 becomes a 2-set consist-
ing of the new core class;

(AL + D, A2, Az)

(/\17/\3 -I—p— 1,/\2 + 1)

8ii) A new self-titled where \; — A3 = p — 2 becomes a 2-set consisting of
the new core class;

(A1 +p, A2, A3)

(/\2 +p— 1,/\1 + 1,)\3)

9) We have new self-titled partitions A where A\ — A3 > 2p — 2.

EXAMPLE 4.7.1 To illustrate this we shall now give the results of the core
classes for p = 5 and for all 0 < r < 5p — 5. Each degree will be shown
separately, along with each core class within that degree. The p-core of each

core class will be given at the top of each core class, with self-titled partitions
being marked ST.
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e 0<r<p-1

deg 0 deg 1
ST ST
0,0,0 1,0,0

deg 4

ST ST ST
4,00 310 220

ep<r<2p-1

deg 5
%) ST ST
5,0,0 3,20 221
4,1,0
3,1,1

deg 7

XX X qT
70,0 6,1,0 5,1,1

4,3,0 5,2,0
3,3,1  3,2,2
deg 9
XXX XX
XXXX X XX

d

2,0,0

ST
2,1,1

ST
4,21

XX
X
X

eg 2
ST

deg 6
6,0,0

4,2,0
3,2,1

ST

ST

1,1,0

ST
5,1,0

deg 8

8,0,0
4,40

ST

d

eg 3
ST

ST

ST

3,00 210 11,1

ST
41,1

7,10
5,3,0
3,3,2

9,00 81,0 720 711 621 522
44,1 540 630 53,1
33,3 432
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3,3,0

ST
6,2,0

ST
2,22

6,1,1
5,2,1
4,22

ST
4,31



e2p<r<3p-1

deg 10

XX
XX

XXX
o X gr X ST ST
10,00 820 730 721 622 532

9,1,0 6,40 6,3,1
8,1,1 4,3,3
5,5,0
54,1
4,42
deg 11

XXXX XX
N = S - S
11,00 10,1,0 91,1 83,0 7,3,1 7,22
9,2,0 5,4,2 55,1 7,40 6,3,2
8,2,1 5,3,3
6,5,0
6,4,1
4,43
deg 12

X P B

XX X X X ST ST ST

12,0,0 11,1,0 10,1,1 92,1 84,0 7,32 6,33
93,0 10,20 55,2 6,5,1

8,3,1 8,22
7,50  6,6,0
74,1 6,42
444 543
deg 13
X XXXX
XX XXXKXX X XXX
X XX X XXX X ST

12,10 11,20 11,1,1 940 93,1 7,33
10,3,0 6,4,3 10,2,1 8,50 7,5,1

8,3,2 922 84,1
7.6,0 6,6,1
74,2 6,5,2
5,4,4 55,3
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deg 14

XX
& %
1220 12,11
11,30 10,31
83,3 932
770 76,1
743 752
644 554

edp<r<i4p-1

deg 15

XX
ggpo R
12,3,0 12,2,1
7,44 11,3,1

9,3,3

77,1

75,3

6,5,4
deg 16

9,0,0.0.0.0.0.¢

B
12,4,0 12,3,1
8,8,0 7,54
8,4,4

XAXXXXX
b

11,2,1

6,5,3

XXX
XX

11,4,0
8,7,0
8,43

XX

12,2,2
11,3,2
10,3,3
7,72
7.6,3
6,6,4

XXX
X

10,4,0
8,6,0
8,4,2

11,2,2
6,6,3

X

11,5,0
11,4,1
9,7.0
9,4,3
8,7.1
8,5,3
6,5,5

XXXXX
XX

XX XXXX
10,22 9.5,0
6,62 94,1

85,1

XXXXX
XXX

@ XX
10,50 10,3,2
104,1  7,6,2
9,6,0
9,4,2
8,6,1
8,5,2
5,5,5

XXXX
XXXXX X
X X

10,6,0 10,51
10,42 96,1
9,5,2
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deg 17

XXXXXXX XXXX XXXXXX XXXXX
XXX X XX XXX X
XX XX X X XXX X

12,50 1232 11,60 11,51 11,33  10,6,1
1241 764 1142 971 773 1052

9,8,0 10,7,0  9,5,3 9,6,2
9,44 10,4,3
8,8,1 8,7,2
8,5,4 8,6,3
7,5,5 6,6,5
deg 18
XXXK  XXXXKXX X
> S G o ¢ S\ % g XXX
12,6,0 12,51 12,3,3 11,70 11,6,1 10,6,2 9,9,0
1242 98,1 7,74 1143  11,5,2 8,5,5
10,8,0 9,54 8,7,3 10,71
10,4,4 10,5,3
8,8,2 9,72
8,6,4 9,6,3
7,6,5 6,6,6
deg 19
XX XXXKXX XXXXX
¥ % & K X o

12,70 1261 11,71 11,62 1090 99,1
1243 1252 1153 10,72 86,5 955
1180 1081 973 10,63

1144 10,54
8,83 982
8,74 96,4
775 766
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deg 20

poe XXX XYXKXX
D,0,0.0.0.0.0.¢ XX XXX XXX
po'e'e b'e plo'e plo'e KX %

1280 1271 1262 11,90 11,72 10,10,0
1244 1253 1082 875 11,63 10,9,1

884 11,81 10,64 10,7,3 10,55
11,5,4 9,9,2
9,8,3 9,6,5
9,74 8,6,6
7.7.6

4.8 Tilting Modules

AIM: We have clarified that to prove Theorem 4.1.3 it is necessary to find all
tilting comodules of A(7,r) for 7 a saturated set, which we do by comparing
their characters with those of the truncated modules Tr*E, whose coefficient
spaces sum to form Dj ,(r). These truncated modules are made up of tensor
products of the modules S* E, some of which are tilting, and some of which
aren’t. We therefore now study these modules, first stating when they are and
are not tilting and then describing them just as we did for the n = 2 case.
We also describe the coalgebras Dj ,(r) and give an example when p = 3 and
r = 3. From 4.8.8-4.8.15 we then use the information on the S*E to prove
which of the truncated modules are tilting and which are not. This will then
give us the tilting truncated modules we need to work with, to find the tilting
comodules of A(m,r).

THEOREM 4.8.1 For n = 3 and all primes p the simple modules S"E are
ti]tiqg for 0 <r <p-—1and2p—2<r <3p-—3. Analogously we have that
the S"E are not tilting for p < r < 2p — 3.

Proof. Firstly, take the range 0 < r < p—1, then S"E = S"E = V(r,0,0) =
L(r,0,0) = A(r,0,0) and thus S"E = T'(r,0,0). Similarly for the range 2p —
2 < r < 3p— 3 we can use the multiplication map as described in Theorem
3.5.3

STE®STE — L

where t = n(p — 1) and L = det® ', This then induces the isomorphism
STTE = (S"E)*® L

We know S”E to be tilting and thus (S"E)* is tilting, moreover we have that
L is tilting and hence S*""E is tilting.
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If we now look at the range p < r < 2p— 3 and consider the specific case p = 3
and 7 = p then STE = L(2,1,0). This is tilting if L(2,1,0) = V(2, 1, 0) which,
restricting to SLs, would imply that L(1,1) = V(1,1). However V(1,1) is 8
dimensional, whilst we can see that L(1,1) is 7 dimensional from the following
short exact sequence:

0— L(1,0)" — V(3,0) = L(1,1) = 0

and thus it is not possible for L(2,1,0) to equal V(2,1,0) and hence SPE is
not tilting for p = 3.

Let us now prove the general result. Well for the range p < r < 2p — 3
then for GL, S"E = L(p — 1,a,0) where 1 < a < p — 2. Then we have
Lp—1,a,0)|s15) = L(p—1—a,a) = L(m,n) where 1 <m,n < p—2. Now
consider the following picture [14, Section 5.2].

(-1L,p—1) (p—1,p—1)

0.0 N4

(=1,-1) (p—1,-1)

For any weight in the bottom alcove, labeled A, we have V() = L(\). However
for weights in the top alcove, labeled ., we have the short exact sequence

0 — L(u) — V(p) = L(A) — 0.

So, V(u) # L(p) and we see that the non tilting modules for GL3 are those of
the form L(m,n,0) where 1 < m,n < p — 2, exactly the range we have above
and hence we know that S"FE is not tilting for p < r <2p — 3. O

We now give a detailed description of the S™E whose tensor products form the
truncated modules.
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DESCRIPTION 4.8.2 Description of the S"(E)

i) For 0 <7 <p—1wehave S"E = S"E/{0} = S"E.
ii) We have S"F = k-sp{edebes | a+b+c=r} and let

I, = k-sp{efeses | a,bor cis > p}.
Then for p <r < 2p — 2 we have
S'E=S"E/I,

= k-sp{efebeS + I, |a+b+c=r, a,bc<p—1}

iii) For 2p — 2 <r <'t, with S"E and I, as above then we have
S"E=Lp—1,p—1,7—(2p—2)).

Bringing this together we have that;

S(E)=SE9S'E®.. ¢SSP 'EQSPED.. 0S*2EQS¥'E®.. ¢S5 3E.

So therefore

S(E) =L(0,0,0) & L(1,0,0) & L(2,0,0) & ... & L(p — 1,0,0)®
Lp—1,1,0)® L(p—1,2,0)® L(p—1,3,0) @ ... ®
Lp-1,p—-1,00Lp—-1,p—1,1)®& Llp—1,p—1,2)
®..dLp-1,p—1,p—1),

where the modules in the range L(p — 1,1,0),...,L(p — 1,p — 2,0) are not
tilting as L(p — 1,a,0) # V(p — 1,a,0) for 1 <a <p—2.

EXAMPLE 4.8.3 When n = 3 and p = 3 then we have
S(E)y = SEoS'E®S?’E® S*E® S*E® S°E @ S°E
= [L(0,0,0) ® L(1,0,0) & L(2,0,0) ® L(2,1,0) & L(2,2,0)

®L(2,2,1) @ L(2,2,2)
with L(2,1,0) the only non-tilting summand.

We now give a description of the truncated modules and finally the Doty
Coalgebras themselves.
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EXAMPLE 4.8.5 With n = 3 and p = 3 we have;

D373(0) = cf (SOE X SOE X SOE)

Ds3(1) = cf (S'E® S°E ® S°FE)

D33(2) = cf (S’ E® S°E ® SYE) +cf (S'E® S'E ® S°FE)
D33(3) = cf (L(2,1,0) ® S°E ® S°FE) + cf (S’°E® S'E ® S°E)

+cf (S'E® S'E® S'E)
Ds3(4) = of (L(2,2,0) ® SYE® S°E) + cf (L(2,1,0) ® S'F ® SE)
+cf (S?°E @ S?°E @ S°F) + cf (S’E @ S'E @ S'F)
D33(5) = cf (L(2,2,1) ® S°E® S°E) + ¢f (L(2,2,0) ® S'E ® S'F)
+cf (L(2,1,0) ® SPE® S°E) + cf (L(2,1,0) ® S'E ® S'E)
+cf (S’E ® S?FE ® S'F)
D33(6) = cf (L(2,2,2) ® S°F ® S°E) + cf (L(2,2,1) @ S'EF ® S°E)
+cf (L(2,2,0) @ S?E ® SYE) + cf (L(2,2,0) ® S'E ® S'F)
+cf (L(2,1,0) ® L(2,1,0) ® S°E) + ¢f (L(2,1,0) ® S’°E @ S'E)
+cf (S?E ® S*F ® S*F)

REMARK 4.8.6 We now understand when the S"E are and are not tilting
and how the coefficient spaces of these modules sit within the Ds (7). It is now
necessary to prove which of these truncated modules (whose coefficient spaces
form the Dj ,(r)) are tilting, so we know which characters to calculate in the
hope of equating them with the characters of the tilting modules of A(w, 7).
The following theorems bring together a number of results which show which
of the truncated modules are tilting.

We first consider the following remark which is necessary to prove this collec-
tion of theorems.

REMARK 4.8.7 [22, Section 5.1, Lemma 5.3.1] For S a finite dimensional
algebra with blocks Bi,...,B,, and X a finitely generated S-module, then
X=X106Xo®...® X, where each X; belongs to block B;. Then in the case
where S = S(n,r), each core class is a union of blocks so, with the core classes
Ay, ... A, we get the decomposition X = Y] @ ... D Y,, where each Y; belongs
to the core class A,;.

We now begin our theorems, first looking at a specific truncated module for
all p.

THEOREM 4.8.8
Lp—1,1,0)® SP*F

is tilting for all primes p.
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Proof.

i) For p=2, L(p —1,1,0) ® SP2E = L(1,1,0) which we know to be tilting
by Theorem 4.8.1.

ii) Now let p > 3. Consider A(p — 1,1,0) ® SP~2F then we have the short
exact sequence

0—Lp—2,1,1) > A(p—1,1,0) - L(p —1,1,0) = 0
giving the short exact sequence
0—Lp—21,1)®S2%E - Alp—1,1,0)® SP°E

— L(p—1,1,0) ® SP?FE — 0.

We claim this splits. By using Pieri’s Formula [21, Chapter 1, Section 5], we
have

ch A(p—1,1,0)® SP2E = 5,11 Sp_2
= S9p—31 T Sop_42+ S2p—a1,1F S2p—53 + Sop_52.1
+oo T Soppp2t S2ppp-31 Tt S2p—(p+1),p-1
T S2p—(p+1),p—2,1-
We also have

ch L<p - 2) 17 1) & Sp—2E = Sp-2,1,1 " Sp—-2

Sop—4,1,1 + S2p—521 + S2p-631 + - -

+S2p—(p+1),p-2,1-
Hence

ch L(p — 1, 1, 0) (024 Sp_zE = (Spfl,l — Sp,2,171)8p,2

= Sop-31 1+ Sop-42+ Sop-53+ ...+ Spp—2+ Sp-1p-1-

Then using Remark 4.8.7 we can write A(p—1,1,0) ® SP"2E = M & N where
all composition factors of M have p-core from the set

MCOY@ = {(p_47 1a 1)’ (p_5v 2a 1)7 (p_Ga 2a 1)7 cr (p—S,p—S, 1)’ (p_17p_27 1)}

i.e. those with last entry 1, and all composition factors of N do not.
Then

chM = sy, 411+ S2p-521+ S2p—631+ ...+ Sp_1p-21

=ch L(p—2,1,1) ® SP°E

We also have that
Lip—2,1,1)® SP*E — M
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by the definition of M. Hence by characters, M = L(p — 2,1,1) @ SP?E.
Thus
N=(A(p-1,1,00®S"*E)/(L(p —2,1,1) ® S"*E)
>~ L(p—1,1,0) ® SP2E.

So L(p — 1,1,0) ® SP72F is isomorphic to a summand of a module with a
A-filtration, thus it has a A-filtration [19, Page 211].

Run the same argument with V(p — 1,1,0), then V(p — 1,1,0) ® SP2E =
M; & N; where all composition factors of M; have p-core from the set Mcore

above.
We now have

0= Lp—1,1,00® SP2E L V(p—1,1,0) ® " 2E

L Lp—2,1,1)®SP2E -0

and Ker g = N; = L(p—1,1,0) ® SP72F hence N; C L(p — 1,1,0) ® SP2E.
Thus L(p—1,1,0) ® SP~2F is a direct summand of the module V(p—1,1,0) ®
SP=2F which has a V-filtration, thus L(p —1,1,0) ® SP~?E has a V-filtration
and so has a good filtration. Hence L(p — 1,1,0) ® SP72E is tilting. O

We then move on to another specific truncated module for all p.
THEOREM 4.8.9 The module

L(p—1,2,0)® SP*FE
is tilting for all p > 3.

Proof. The structure of this proof follows that of the previous theorem.

i) When p =3, L(p—1,2,0)®SP2F = L(2,2,0)®S'E, and by Theorem 4.8.1
we know both L(2,2,0) and S'E are tilting, and hence the tensor product is
also tilting.

ii) Now let p > 5. Consider A(p — 1,2,0) ® SP~?F then we have an exact
sequence

0—L(p—221)—Alp—1,20)— Lp—-1,2,0)—0
giving an exact sequence
0—Lp—2,21)®S"*E — Alp—1,2,0)® SP°E

— L(p—1,2,0)® SP2E — 0.

We claim this splits. We have
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—2 _

ch A(p — 1, 2, O) ® SPPE = Sp—1,2 " Sp—2

Sop—3,2 + Sop—4a3 + Sop_421 + Sop_54 + S2p_531
tS2p-522 "+ ..+ Soppp1t Sppp-21

+S2p—pp-3.2 T Sop—(p+1)p-1,1 T Sp-1p-22
Moreover, we have

ch L(p - 27 27 1) ® SP—QE = 5p72,2,1 : 3p72

Sop—4,21 T S2p—531 T S2p-522 + ... T S2p_pp-21
+S2p—pp-32 T Sp—1p-22-
Hence
ch L(p - ]., 2, 0) X Sp_2E == (Sp_l’g - 8p_2,271)8p_2

= Sop—3,2 T+ S2p—43 T Sop—54+ ...+ Spp—1 T Sp—1p-1,1-
Now, using Remark 4.8.7, write A(p — 1,2,0) ® SP72E = M @& N where all
composition factors of M have p-core of the form (o, 3,7) where v > 1 and

all composition factors of N do not, so have p-cores of the form (a,b,0).
Then

ch M = 55, 421 + Sop—531 + Sop—522 + ...+ Sop_pp—21 + Sop—pp—32 + Sp—1p-22
=chL(p—2,2,1)®SP2E.
We also have that L(p —2,2,1) ® SP"2E < M by the definition of M. Hence
M=L(p—2,2,1) ® SP72E. Thus
N2 (Alp—1,2,00® SP?E)/(L(p — 2,2,1) @ S ?E)
>~ [(p—1,2,0)® SP?E.
So L(p — 1,2,0) ® SP~2E is isomorphic to a summand of a module with a

A-filtration, thus it has a A-filtration.
Run the same argument with V(p — 1,2,0), then

Vip—1,2,0)® S °E = M, & N,

where all composition factors of M; have p-core of the form (aq, £1,v1) where
v1 > 1. We now have

0= L(p—1,2,0095"2E L V(p—1,2,0)95"2E % L(p—2,2,1)0S"2E — 0

and Ker g = Ny = L(p — 1,2,0) ® SP~2E hence N; C L(p — 1,2,0) ® SP2E.
Thus L(p—1,2,0) ® SP~2FE is a direct summand of the module V(p—1,2,0) ®
SP=2F which has a V-filtration, thus L(p —1,2,0) ® SP~2E has a V-filtration
and so has a good filtration. Hence L(p — 1,2,0) ® SP~2E is tilting. O

The two previous theorems are then brought together to give a more general
case.
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THEOREM 4.8.10 The module
L(p—1,m,0)® SP*F

is tilting for 1 <m < p—2 and p > m.

Proof. This again follows the same method as the previous two theorems.

i) Let p=m+ 1, then L(p — 1,m,0) ® SP72E = L(m,m,0) ® S™'E which
we know to be tilting by Theorem 4.8.1.

ii) Now let p > m. Consider A(p — 1,m,0) ® SP72E then we have

0—L(p—2m1) = Alp—1,m,0) = L(p — 1,m,0) — 0

giving
0— Lip—2,m,1)®SP*E - A(p—1,m,0) ® SP°E

— L(p—1,m,0) ® SP>E — 0.

We claim this splits, as using Pieri’s Formula we have;
chA(p—1,m,0) @ SP2E = $p 1, * Sp2

=Sop—3m T S2p—am+1 + Sop—a.m,1 + S2p—5m+2 + S2p—5m+1,1 + S2p—5m2 + - - -
+ S2p—(3+m),2m T S2p—(3+m),2m—1,1 T S2p—(3+m),2m-2,2 + - - -
+ S2p—(3+m),mm T S2p—(3+m+1),2m+1 T S2p—(3+m—+1),2m,1 T S2p—(3+m+1),2m—1,2
+ o S Btmt ) mtlm T S2p—(p+2—m) p—1 T S2p—(p+2—m) p—2,1
+ Sop—(p+2-m)p—32 T - - - T S2p—(p+2—m) p—(1+m);m T S2p—(p+2—m+1),p—1,1
+ Sop—(p+2—m+1)p-2,2 T - - - T S2p—(p+2—m+1) p—mm T S2p—(p+2—-m+1),p—2,2 T - - -
+ S2p—(p+2—m+1)p—mm T S2p—(p+2-m+2),p—1,2 T S2p—(p+2-m+2),p—2,3 + - - -

+ S2p—(p+2-m+2),p—(m—1);m T - -+ T S2p—(p+1),p—1,m—1 T S2p—(p+1),p—2,m

Moreover we have

chL(p—2,m,1) @ SP2E

=Sop—am,1 t S2p—5m+1,1 + S2p—5.m,2 + -« + S2p—(3+m),2m—1,1 T S2p—(3+m),2m—2,2
+ o S2p—(34m),mum T S2p—(3+m+1),2m,1 T S2p—(3+m+1),2m—-1,2 T - - -
+ S2p—(3+m+1),m+1m T - oo T S2p—(p+2-m),p—2,1 T S2p—(p+2-m),p—3,2 T - - -
+ S2p—(p+2—m),p—(1+m)m T S2p—(p+2—m+1),p—2,2 T - - - + S2p—(p+2—-m+1) p—m,m

+ Sop—(p+2-m+2),p-23 T - - - + Sp—(pr2-mt2) p—(m-1)m + - - - T S2p—(p+1)p—2m-
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Hence

—2
chL(p—1,m,0) ® SP°E =53p_3.m + Sop—a,m+1 + Sop—5.m+2 + - - - + S2p—(34m),2m
+ S2p—(34+m+1)2m+1 T - - T S2p—(pr2-m) p—1
+ Sop—(p+2—m+1),p—1,1 T S2p—(p+2—m+2),p—1,2

T Sop—(pr1) p-1m—1

Now, using Remark 4.8.7, write A(p — 1,m,0) ® SP72E = M @& N where all
composition factors of M have p-core of the form (o, 3,7) where v > 1 and
all composition factors of N do not, so have p-cores of the form (a,b,0).
Then ch M = ch L(p — 2,m,1) ® SP72E. We also have that

Lip—2,m,1)®SP?E— M
by the definition of M. Hence M = L(p — 2,m,1) ® SP72E. Thus

N = (A(p—1,m,0) @ S*E)/(L(p — 2,m,1) @ S*E)
~Lp—-1,m,0)® SP2E.

So L(p — 1,m,0) ® SP~?FE is isomorphic to a summand of a module with a
A-filtration, thus it has a A-filtration.
Run the same argument with V(p — 1,m,0), then

Vip—1,m,0)® SP2E = M; & N

where all composition factors of M; have p-core of the form (aq, £1,v:) where
mn =1
We now have a short exact sequence

0— L(p—1,m,0)® SP2E L V(p—1,m,0)® SP2E

L Lp—2,m,1)®SP2E =0

and Ker g = N; = L(p—1,m,0)® SP~2F hence N; C L(p—1,m,0)® SP2E.
Thus L(p—1,m,0)®SP72F is a direct summand of the module V(p—1,m,0)®
SP~2F which has a V-filtration, thus L(p —1,m,0) ® SP72F has a V-filtration
and so has a good filtration. Hence L(p — 1,m,0) ® SP72F is tilting. O

The previous theorem is then generalised further.
THEOREM 4.8.11 The module
Lip—1,m,0) ® S°E

is tilting for L <m<p—2andp—2<a<p—1withp > m.
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Proof. We have L(p—1,m,0)® SP2E tilting, and as the tensor product of two
tilting modules is again tilting then we have that L(p—1,m,0)® SP2E® S'E
is also tilting.

We also have that SP7'F | SP72F ® S'E thus implying L(p — 1,m,0) ®
SPIE | L(p—1,m,0)® SP72E® S'E and as the right hand side is tilting then
so is the left hand side. O

The following well known Proposition and Corollary are then needed to give
the final two theorems on tilting truncated modules.

PROPOSITION 4.8.12 For V any finite dimensional G-module then
ViveV eV

Proof. Define a G-homomorphism V ® V* @V 5 V such that 7(u ® a ® v) =
a(v)u for u,v € V, a € V*. We wish to find the G-map ¢: V -V V*V
such that 7o ¢ = id.

Well, we have V ® V* = Endg(V), and let vy,...,v, be a basis for V' and
aq,...,q, adual basis for V* then I = > v; ® ; is an element in V @ V*.
Let ¢(v) = I®@wv, then (mo¢)(v) = 1D v; @ ®@v) = > viy(v) =D vy =v
with v = A\jvg + ... + A\ Up.

Hence mogp:V - Visid:V — V,and so V@ V*®V = Ker(r) @ Im(9)
where Im(¢) =V = V |V V*@V. O

COROLLARY 4.8.13 Using this proposition we also have that if M is a
tilting module and X @ M and Y ® M are tilting then X ® Y ® M is also
tilting.

Proof. Since M is a direct summand of M ® M*® M we have that X @Y @ M
is a direct summand of

XQYMOIMeM =2 (XM & (YM)® M.
Since X®@M, Y ® M and M* are all tilting then so is (X@M)® (Y @ M)@ M*

and thus X ® Y ® M is isomorphic to a direct summand of a tilting module
and hence is itself a tilting module. O

THEOREM 4.8.14 The module
Lip—1,m,0)® L(p—1,m,0) ® S°E
is tilting for L <m<p—2andp—2<a<p—1withp > m.
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Proof. For V any G-module, V' | V ® V ® V*, and hence S*E | S*E ® S“E ®
(S*E)*, and thus L(p—1,m,0)® L(p—1,m,0) ® S*E is a direct summand of

Lip—1,m,0)® Lp—1,m,0)® S"E® S°E ® (S“E)*.

We know L(p — 1,m,0) ® S°E is tilting from Theorem 4.3.8, thus the right
hand side is tilting and thus the left hand side is tilting. O

THEOREM 4.8.15 L(p— 1,m’,0) ® L(p — 1,m,0) ® S°E is tilting for 1 <
m m<p—2andp—2<a<p-—1withp>m.

Proof. S°E | S°E ® S°FE ® (S°E)* = L(p—1,m,0)® L(p — 1,m,0) ®
SE | L(p—1,m',0)® L(p —1,m,0) ® S°E ® S°E ® (S*E)*. We have L(p —
1,m',0) ® S°F tilting, and L(p—1,m,0) ® S°E tilting, so the right hand side
is tilting and thus the left hand side is tilting. O

4.9 Decomposition Numbers

AIM: Although we have stated that the core classes will play a crucial role in
finding the necessary tilting modules, this is not all the information we need.
We now give a short section on decomposition numbers, explaining why they
are important and giving certain facts about them which we can use.

The previous section has given us a clear understanding of which of the trun-
cated modules Tr*E are tilting and thus we know which we can consider
calculating the character of. This is not the end of the story though. Suppose
we calculate the character of a certain truncated module and the leading term
in this character corresponds to the character of the highest weighted tilting
module T'(¢,0,0). Suppose moreover its character, when expressed as a sum of
Schur functions, contains multiplicities of many other weights of tilting mod-
ules whose highest weight is less than that of 7(¢,0,0). Without knowing the
V-filtration multiplicities (7°(¢,0,0) : V(u,0,0)) for g < t we cannot be sure
this tilting module T'(u,0,0) is in fact a composition factor of the truncated
module in question, and thus do not know if cf (T'(x,0,0)) C Ds,(r). We
need to therefore gather together information on these decomposition num-
bers, and we do this now. There is unfortunately not a clear understanding
of these numbers for all values of n and p, but we do have the following facts,
which together will be enough for our research.

FACT 4.9.1 [5, Corollary 3.8] For » < n and A, u € A™(n,r) then

(T'(A) = V(w) = [V(1) : L(N)]
where p/ is the transpose of u. So for example (5,3,1) = (3,2,2,1,1).

101



FACT 4.9.2 [22, Theorem 5.1.3] Let A and u be two partitions of r into n
parts.
Then (T'(A) : V(i) 20 = X and p have the same p-core with p < A.

We combine this information with our classification of core classes; only those
tilting modules whose partitions are in the same core class may be composition
factors of each other.

DEFINITIONS 4.9.3 [23, Sections 2 and 4] The Mullineux Bijection
The next fact uses the Mullineux Bijection so we do a little bit of background
work before defining this bijection.

DEFINITION 4.9.4 i) The edge of a partition was defined in 4.2.1. In
Mullineux’s paper, he also defines a p-edge which consists of p-segments, all
but at most one of which contains p nodes. The first p-segment comprises of
either the first p nodes of the edge of the diagram starting at the uppermost
right hand corner of the partition, or of the entire edge if its length is less than
p. The next p-segment is obtained similarly starting in the row below that
which contains the last node of the previous p-segment defined. This process
continues until the final row is reached.

ii) For a partition P, e(P) denotes the number of points in the p-edge of P,
and I(P) denotes the partition (possibly empty) obtained by removing the
p-edge from P.

EXAMPLE 4.9.5 Let p = 5 and P = (9,8,8,7,6,3,3,2,1)

ity
R

*

3
Then e(P) =16 and I(P) = (7,7,6,5,3,2,1)

We now define a p-regular partition, with an example, which, combined with
the above information, will allow us to define the Mullineux Bijection.

DEFINITION 4.9.6 A partition p is p-singular if for some ¢

Pit1 = Hiy2 = .. = firp > 0.

Otherwise, pu is p-regular.

EXAMPLE 4.9.7 The partition (6,6,5,5,5,5,1) is p-regular if and only if
p>5.
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DEFINITION 4.9.8 The Mullineux Bijection

Given a partition P, let I(P) = P’, then we can continue removing the p-edge
from P’ to form I(P’), and so on until we have the empty partition. Suppose
this takes a steps, then we have partitions F,..., P, where P, = P, P, =
0, Py =1I(F) fori=1,2,...,c.

Now set a; = e(P;) and let r; be the number of rows of P,. Suppose also that
P is p-regular, then so is each P; (|23, Lemma 2.2]) and we define a sequence
(81,.-.,84) by the formula

Si=a; —T; + €;
where ¢; = 0 if p divides a; and is 1 otherwise.
We now give an example of the Mullineux Bijection.

EXAMPLE 4.9.9 Let p = 5 and P = (3,3,2,2,1,1) = P,, then a, = 7
and r, = 6, as there are 7 nodes in the p-edge removed from P and they are
removed from 6 rows;

¥

x
x

Then I(P) =P =P, 1=1(2,1,1,1) and so ,—1 = 5 and r,_; = 4, as there is
only one p-edge that can be removed from the 4 rows.

1

After removing this p-edge we are left with the empty partition and so Fy =
I(P") = 0 and therefore we know o = 2. We can then go about reforming the
new partition s from (s, s2). We take s; to start with, where s; = a3 —r1+e€; =
5—4 =1 so we have to put the p = 5 nodes of the p-edge of P, back in 1 row.
There is only one way of doing this;

XXXXX

This is then built on with so = ay — 19+ =7—6+ 1 = 2 so we must put
back the 7 nodes of the p-edge of P, back in 2 rows, so that when we remove
them, following the p-edge, what remains is the above partition xxxxx. There
is only one way of doing this;

):9,0:0.0,9.0,0.0,0.4
XX

We therefore know that Mull(P) = Mull(3,3,2,2,1,1) = (10,2) or P = (10, 2).

We now give another fact we shall use in the proof of Theorem 4.1.3, which
uses the Mullineux Bijection.

FACT 4.9.10 [2, Theorem 5.1] Let A be some partition of r into n parts, and
denote the transpose of X\ by \. We say A is restricted if \; — A1 < p.
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Then the injective module I(\) = T'(Mull(X\')) provided A is restricted and
M <(n—1)(p—1).

REMARK 4.9.11 If there exists a filtration 0 = Vo < Vi < Vo < ... <V, =
V with V;/V;_1 = V()\;) with 0 < i < m then we often represent this by saying
V' has filtration structure

V(Am)

V(A1)
We follow this with an example of Fact 4.9.10.

EXAMPLE 4.9.12 Let p =5, r =12 and A = (6,4,2) then X is restricted
as;

DA —X=06—4=2<b=pand \y—N3=4—-2=2<5=p

i) \=6<8=0B-1)56-1)=m-1)(p-1)

Therefore 1(6,4,2) = T (Mull((6,4,2)")), so now we need to calculate
Mull((6,4,2)"). Well (6,4,2) = (3,3,2,2,1,1) and from Example 4.9.9 we
know that Mull(3,3,2,2,1,1) = (10,2) and thus 1(6,4,2) = 7(10,2).

So why does this help us in our work? Well I()) always has socle L(\) and
we have that L(A\) € V(A) C I(A) and thus if I(A\) = T(Mull(\)) then
T(Mull(X')) also has socle L(A), hence in constructing the filtration structure
for T'(Mull()\')) we always know that V() is at the bottom. So in this example
we have that 7°(10,2,0) has filtration structure

v(10,2,0)

V(6,4,2)

If we then refer back to the core classes of r = 12 for p = 5, then (11,1, 0) sits
at the top of the following core class;

11,1,0
10,2,0
8,2,2
6,6,0
6,4,2
5,4,3

Thus by this calculation, we know that V(5,4,3) is not in the filtration struc-
ture of T(10,2,0), but V(6,4,2) is.
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We now move onto another fact which we shall need in the proof of Theorem
4.1.3.

FACT 4.9.13 [10, 3.8][11, Section 6.3]

As stated previously, the full V-filtration multiplicities for (T'(\) : V(u)) are
not known, however, for p = 2,3 and 0 < n < 13 the results are known, and
are contained in James’ book ‘The Representation Theory of the Symmetric
Groups’. However the relevant numbers are given there as decomposition
numbers of the Specht modules, thus it is necessary to understand how we get
from one result to the other.

Let S = S(n,r) for n > r and e = ¢ € S. Then eSe = kSym(r) and
we define the Schur functor f : mod(S) — mod(eSe) such that f(V) = eV
where eV = {ev | v € V'}. So when we apply this Schur functor to a V(\)
we get that fV(A\) = S* the Specht module, and applied to some L(p) then
FL(p) = DM where Dr = hd S* [4, 4.4(5)).

Putting all this together, and using Fact 4.9.1 we get

(T(A) : V() = V(1) : L)
= [V () : FLN)]
— [Su’ . DMUH(/\)]

Then we can refer to the tables of decomposition numbers given in James [17,
Appendix].

EXAMPLE 4.9.14 Let p = 3 and r = 6, and suppose we wish to know the
composition factors of the tilting module 7'(4,1,1). Well, from our Classifi-
cation of core classes, we have that (4,1, 1) sits third highest in the following
core class;

(6,0,0)

? )

1,0

1,1
;3,0
2,1
(2,2,2)
Thus using Fact 4.9.2 we know that besides V(4, 1, 1), the only other possible
modules in the V-filtration of 7'(4,1, 1) are V(3,3,0), V(3,2,1) and V(2,2, 2).
So we wish to find (7'(4,1,1) : V(u)) for p < (4,1,1).

(5
(4,1,
(3
(3

~— — N —

V(1) : L(4,1,1)]
= [fv(ﬂl) : fL<47 L, 1)]
_ [S“/ : DMull(4,1,1)]

(T'(4,1,1) - V()
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So let us calculate Mull(4,1,1), well P, = (4,1,1), ag = 5, 1o = 3, P =
(1,0,0), a; =1, 1y = land Py = 0. Sos; =1—1+1 =1 giving the
partition consisting of one node, and ss = 5 —3 4+ 1 = 3 and so we need to
attach the 5 nodes to this single node over 3 rows. This is only possible by
reforming the partition (4,1,1). So we need to consider [$# : pMull.1)]
and referring to James’ book we see that ¢/ = (4,1,1), (3,2,1), (3,1,1,1) and
thus p = (3,1,1,1), (3,2,1), (4,1,1). Therefore the only composition factors
of T'(4,1,1) are V(4,1,1) as expected and also V(3,2,1).

We now have one final fact to give which will help us in finding those tilting
modules whose highest weight sits in the middle of its core class. To give the
fact we first introduce the following theorem about horizontal h-cuts.

THEOREM 4.9.15 Suppose A = (\y,...) and u = (u1,...) are partitions
of r. We say that the partitions (A, u) admit a horizontal h-cut if we have
/\1 +...+ /\h = U1 + .. - Up- Put )\t(h) = ()\1, ce ,/\h), /\b(h) = ()\;H_l, /\}H_Q, .. )
and pt(N) = (g1, ... o), p°(h) = (hs1s finga, - - -), i.e. the top and bottom
parts of A and p. Then

(T(A) : V(1) = (TN) = V()T (X) = V().

Proof. Using [4, 4.2(9), 4.2(15)] we have the above for ordinary decomposition
numbers. If we then apply the reciprocity formula of [4, 4.2(14)] it then applies
to tilting modules. O

PROPOSITION 4.9.16 Let A and u be two partitions of r inton = 3 parts.
Then for the cases we are considering, where 0 < r < 3p — 1, X\ and pu always
admit a horizontal h-cut.

Proof. Clearly, in the range 0 < r < p — 1 there are no weights in the middle
of a core class as all weights are self-titled.

Now consider the range p < r < 2p — 1, where, from Proposition 4.3.2, we
know we have only one 3-set to consider, which is of the form

()\17)\27)\3)
(AQ +p_17/\1_p+1a)\3)
As+p—2, M —p+1,X+1)

Then with A = (A1, Ao, A\3) and p = (Ao +p—1, A\ —p+1, A\3), because A3 = ps
we can make a horizontal 2-cut.

Now consider the final range 2p < r < 3p — 1, where, from Section 4.7,
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we know we have to consider three 3-sets and one 6-set. We shall look at the
3-sets first, which are as follows;

()\1 +p7 >\27>\3)
()‘2 +p_ 17)‘1+17A3)
()\3+p—2,>\1+1,)\2+1)

()\2+2p_1>)\1_p+17/\3)
(A1, A2+ p, A3)
(As+2p—2, M —p+1,A+1)

<)\17)\2 +p7 >\3)
(Alvp - 17 1)
()‘17]771)

Now in the first two 3-sets here, we can see that the top and middle weights
both have final entry A3, and hence they admit a horizontal 2-cut. Meanwhile,
in the final 3-set, both the top and middle weight have first entry A; and hence
they admit a horizontal 1-cut. Finally we consider the 6-set in this range which
is as follows;

(
()‘2+2p_ 1a)\1 _p+17)\3)

()\3—1-2])—2,)\1 —p+1,)\2+1)

(A1, A2 +p, Az)

(>\17A3 +p - 17A2 + 1)

Aetp—1LA+p—1LA\ —p+2)

In this case, the first and second weight both have last entry A3 and thus these
partitions admit a horizontal 2-cut. We shall show later that it is only then
necessary to check the fourth and fifth weights in this core class, and indeed

we can see these both have first entry A\; and thus they admit a horizontal
1-cut. O

We are now able to give our final fact.

FACT 4.9.17 Let X\ and p be partitions of r into at most 3 parts, with u < .
Then in the cases given above

(T(A): V() < 1.
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Proof. We have that A and p always admit a horizontal h-cut, and thus
(T(\) : V(p) = (T(AY) = V() (T(A®) : V(1)) There are two cases of this
horizontal cut, the first being between the first and second row, in which case
(T(AY) : V(p") = 1 as T(\') has highest weight A\' = u'. Hence (T'()) :
V(1)) = (T(A\%) : V(1u®)) < 1 as these are now G Lo-modules [4, 3.4(3)].

The second case is where we make a horizontal cut between the second and
third row, in which case (T(A\’) : V(u®)) = 1 as T(\?) has highest weight
N = pb. Hence (T(N) : V(w) = (T(M\) : V(u!)) < 1 as these are now
G Ly-modules [4, 3.4(3)]. O

4.10 The method for the case n =3

AIM: In this section we explain the method we use to prove the case for n = 3,
namely that we are wishing to show that the coefficient spaces of all tilting
modules of A(m,r) for 7 a saturated set are contained in D3 ,(r). By using the
classification of the core classes in Section 4.7 we split this into those tilting
modules whose weights are a) at the top of their core class or are self-titled,
b) at the bottom of their core class, and c) in the middle of their core class,
explaining in each case what we need to prove to show cf (T'(\)) C D3, (r) for
T(X) a tilting module of A(w,r). We then introduce Young’s Rule and the
Littlewood-Richardson Rule which we will apply to calculate the character of
the truncated modules and find the tilting modules within them via the above
methods a)-c).

a) Those tilting modules whose highest weights are either self-titled
or are the highest in their core class.

Suppose we have a tilting module T'(«) where this highest weight « is highest
in its core class, then T'(«) has filtration structure

V()

fora> 01 >...> 0.

So, provided there exists some tilting truncated module Tr *E, such that when
we express its character as the sum of Schur functions, the function s, occurs
as a coefficient, then we have that c¢f T'(a) C cf (Tr*E), as although there
may exist other coefficients in this character expression which are of a higher
weight than o they will sit in a different core class to a and by Fact 4.9.2
[T (p) : V()] = 0 for p and « in different core classes with u > a.
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This is also true of self-titled weights and hence it is enough to show that the
Schur function s, occurs in some ch Tr*E for v highest in its core class or
self-titled. We will show later that these s, will always occur in the character
of the truncated module 77* E where ) is minimal in its degree 7.

b) Those tilting modules whose highest weights are at the bottom
of their core class.

Suppose we have a core class where « is the highest weight in that core class
and w is the lowest. Suppose also that V(w) occurs as a section in the V-
filtration of T'(«), so

T(a)= V(a)
V(3)
V(w)
where w < ( < a.
As w is the lowest weight in its core class then T(w) = V(w) as there is

no weight lower which can sit under V(w) as a composition factor. Then in
fact
T(a)= V()

Case 1:

Suppose we find both the ch 7T'(a) and the ch 7'(w) in some ch (Tr*E). Then
cf T(w) C cfT(a) C cf (Tt *E) C Ds,(r). Hence we have the tilting module
T(w).

Case 2:

Suppose we cannot find the character of the tilting module T'(«) in the charac-
ter of some truncated module, moreover suppose T'(w) sits at the bottom of a
number of tilting modules all whose p-cores are the same as that of & and w, but
are tilting modules whose coefficient spaces we cannot find in any cf (Tr*E). If
however, ch T'(w) arises in some ch Tr *E then we have cf T'(w) C of (Tr*E) as
none of the tilting modules that T'(w) is a composition factor of can be found
in the TrE.

Thus in conclusion, if the character of all those tilting modules whose weight
sits at the bottom of its core class arise at some point in the character of
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some tilting Tr*E, then whether we have found the coefficient spaces of the
tilting modules above it in its core class or not, we know we have these tilting
modules. We prove later that all these characters will arise.

c) The tilting modules whose highest weights are in the middle of
their core class.

Suppose we have a certain core class whose highest weight is @ and then
there is a ‘middle’ weight p. It may be that

and thus the tilting module

may arise as a section in the V-filtration of T'(a)). Suppose moreover there
exists a tilting truncated module Tr*E where the character of T'(a) and T(y)
arise with a multiplicity of m and n respectively. Using Fact 4.9.17 we know
that [T'(«) : V(u)] = 0 or 1, and thus we require that n > m + 1, in fact we
require that chT'(u) arises with a multiplicity of at least one higher than the
sum of all the multiplicities of the T'(c;) where a; > p and all «; are in the
same core class as .

For example, suppose chTr*E = s, + 25, + ZKM asS, with © < o and
chT(a) = s, and chT'(p) = s,. Suppose also that [T'(a) : V(u)] = 1 then
chTr E = ch T(a) + ch T(u) + 3, _, asch T(0).

There is also a second option. Suppose there exists a truncated tilting mod-
ule whose character has leading term s, where chT'(1) = s, and p is in the
middle of its core class. As there is no higher weight in the character of
that truncated module then there is no occurrence of a higher weighted tilt-
ing module which T'(x) may be a composition factor of. Hence ch Tr*E =
chT(p) + >, asch T (o), and we have the tilting module 7'(u).

We will prove that for all tilting modules whose weight is in the middle of

its core class, there exists either:
i) a truncated tilting module whose character contains that of this ‘middle’
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tilting module, with a multiplicity higher than the sum of all multiplicities of
the tilting modules whose weights are higher and in the same core class.

ii) a truncated tilting module whose character has leading term equal to the
highest weight of this ‘middle’ tilting module.

Now that we understand what we need to find it remains to identify the
truncated modules whose coefficient spaces contain the coefficient spaces of
the tilting modules. To do this it will sometimes be necessary to calculate the
character of these truncated modules. This we did in Chapter 3 for the case
n = 2, however for the case n = 3 the calculations are slightly more com-
plicated and so we shall need to use both Young’s Rule and the Littlewood-
Richardson Rule which gives us a method for calculating these characters. We
describe these now.

DEFINITIONS 4.10.1 All the information in this section can be found in
G.D. James’ book ‘The Representation Theory of the Symmetric Groups’ [17,
Chapter 16]. Clearly there is a lot more detail contained in his work and it
is unnecessary for this research to go into all of the background work that
results in both Young’s Rule and The Littlewood Richardson Rule. We shall
go into it in as much detail as we feel necessary but the book can of course be
consulted for further information.

DEFINITION 4.10.2 We call T' a standard tableau if the numbers in the
array increase along the rows and down the columns of 7.

DEFINITION 4.10.3 A tableau T is called semistandard if the numbers in
the array are non-decreasing along the rows and strictly increasing down the
columns of T'.

DEFINITION 4.10.4 A tableau T has type pu if for every ¢, the number ¢
occurs p; times in T'. For example

2211

1

is a (4, 1)-tableau of type (3,2).

DEFINITION 4.10.5 Let S, be the symmetric group of degree n. Then for
each partition p of n we associate a Young Subgroup S, of S,, by taking

Su = 5020} X St 1gmtpny X S tpn 4Ly tpatpsy X -

For example with n =5 and p = (3,1,1) then S, = S{123) X S{ay X Sz
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REMARK 4.10.6 [17, Chapter 4] The study of representations of S,, starts
with the permutation module M* of S,, on the cosets of S,,. The Specht module
S* is a submodule of M*, and when the base field £ = Q the different Specht
modules, as p varies over partitions of n, give all the ordinary irreducible
representations of S,,.

Using the above definitions we are now able to define Young’s Rule.

DEFINITION 4.10.7 Young’s Rule [17, 14.1]
The multiplicity of S@ as a composition factor of M6 is equal to the number
of semi-standard A-tableaux of type pu.

EXAMPLE 4.10.8 Consider p = (3,2,2) then the semi-standard tableaux
of this type are:

111223 11
1112233 3 33

13

122 %11233

11 111 111
11133 1113 22 223 33
22 223 3 2 35
Adjusting notation slightly, we then have that s3seso = s7 + 2861 + 3552 +
2843 + S511 + 28421 + S331 + S322 SO for example the multlphclty of 5(6’1) as a

composition factor of M2 ig 2.

We now move onto the Littlewood Richardson Rule, first giving a definition
and theorem which are necessary in defining it.

DEFINITION 4.10.9 Given a sequence of numbers, the quality of each term
is determined as follows (each term is either good or bad);

i) All the 1s are good.

ii) An i + 1 is good if and only if the number of previous good i’s is strictly
greater than the number of previous good (i + 1)s.

EXAMPLE 4.10.10 Consider the sequence;
31 2 2 1 1 2 3
x v v x v v v V

REMARK 4.10.11 It follows from Definition 4.10.9 that an 7 + 1 is bad if

and only if the number of previous good i’s equals the number of previous
good (i + 1)s. Hence we have the following result.

THEOREM 4.10.12 [17, 15.4] If a sequence contains m good (i — 1)’s in
succession, then the next m i’s in the sequence are all good.
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DEFINITION 4.10.13 The Littlewood-Richardson Rule

This rule is an algorithm for calculating sys, where X is a proper partition of
n —r and p is a proper partition of r. The details of this rule can be found
from pages 54-63 in James’ book, however these details are unnecessary here
and so what we give is the method for applying the rule.

First draw the diagram A then add p; 1s, then po 2s and so on, making sure
that at each stage A, together with the numbers which have been added, form
a proper, semi-standard diagram. Then reject the result unless reading from
right to left in successive rows, each i is preceded by more (i — 1)’s than i’s,
thus ensuring that every term is good.

We shall now do two examples using this rule, the first being an example
of Young’s Rule with A = (A1,0,0), u = (11,0,0), 0 = (01,0,0), and the
second being a more complex example using the Littlewood-Richardson Rule,
with A = (A, A0,0), = (u1,p2,0). We shall take information from the
Classification of core classes in Section 4.7 and also from our description of
how we go about finding the necessary tilting modules depending on where
their weights sit in their respective core classes from Section 4.10. This will
give a clear example of all future work and how we shall find the tilting modules
needed to prove Theorem 4.1.3.

EXAMPLE 4.10.14 Let n =3, p=>5 and r = 7, then from the description
of the D, ,(r) in 4.8.4 we have

D35(7) = cf (Tr"E) + cf (Tt ' E) + of (Tr>?E) + cf (Tr >V E) + of (Tr °F)
dcf (Tr 4 E) + of (Tr**'E) + cf (Tr ¥*2E)
= of (L(4,3,0) ® S°E ® S°E) + cf (L(4,2,0) ® S'E @ S°E)
+cf (L(4,1,0) ® SPE® S°E) + cf (L(4,1,0) ® S'E ® S'E)
+cf (S*E® SPE ® S°E) + cf (S*E ® S?E @ S'F)
+cf (SPE® SPE ® S'E) + ¢f (S°E @ S?E ® S?E)
Now, for r =7 =p+2 < 2p—1 = 9 we can refer to the Classification

of core classes for p < r < 2p — 1 to find the core classes in this case, where
the partitions of r = 7 into n = 3 parts are as follows;

(7,0,0), (6,1,0), (5,2,0), (5,1,1), (4,3,0), (4,2,1), (3,3,1) and (3,2,1).

For this range we have 3-sets where \;y — Ay > p and \; < 2p — 3, and as
7—0=7>5=pand 6—1=>5=pthen we have (7,0,0) and (6, 1,0) sitting
at the top of two different core classes. Using the information from Section
4.7 then we can complete these core classes as follows;

(7,0,0) (6,1,0)
(4,3,0) (5,2,0)
(3,3,1) (3,2,2)
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The only other core classes for this degree consist of self-titled partitions,
and indeed as 5 — 1 =4 = p — 1 then (5, 1,1) is self-titled, and (4,2, 1) gives
M—A=4-2=2=p—-3=p—EwithAy—A3=2—-1=1=¢—2and thus
(4,2,1) is also self-titled by Proposition 4.3.3. This accounts for all partitions
of r into n parts.

We now use Section 4.10 which shows that for partitions at the top or bottom
of their core class and those which are self-titled in this range we find their cor-
responding tilting modules by calculating the character of the lowest weighted
truncated module in D;5(7), and showing their weight arises at least once.
The weights second highest in these core classes also occur in this truncated
module as long as their weight arises with a higher multiplicity. We must
therefore calculate the character of Tr 33 E = $3E ® S?E @ S2F as this is
the lowest weighted tilting truncated module for this degree.

We now use the Young’s Rule to calculate sys,s, = 535252, as shown in Ex-
ample 4.10.8. We therefore have that

835289 = S7 + 2861 + 3552 + S511 + 2543 + 25421 + S331 + S322,

and thus as the top weights s; and sg; arise at least once we have the cor-
responding tilting modules 7'(7,0,0) and 7'(6,1,0). Similarly, the bottom
weights s331 and s300 arise once and so we have their corresponding tilting
modules 7'(3,3,1) and T'(3,2,2). Finally the self-titled weight s51; and s49
arise at least once giving their tilting modules 7'(5,1,1) and T'(4, 2, 1). Looking
at the second weights in the 3-sets, we have that sy3 arises with multiplicity
2 which is greater than the multiplicity of s;, the weight above it, and hence,
by applying horizontal cuts and using Fact 4.9.17, we have the tilting module
T(4,3,0). In the same way, the weight ss5 arises with multiplicity 3 which is
greater than that of sg; and hence we have the tilting module 7'(5,2,0). Thus
the coefficient spaces of all of the tilting modules of A(3,7) are contained in
cf (Tr @22 E) which is itself contained in Ds5(7) and hence Ds5(7) = A(3,7)
and so Theorem 4.1.3 is proven for this particular example.

We now move onto our second example which requires the use of the Littlewood-
Richardson Rule.

EXAMPLE 4.10.15 Let n =3, p=>5 and r = 14 then
of (Tr SO E) = of (L(4,4,0) ® L(4,2,0) ® S°E) C Ds5(14)

and it is the character of this truncated module that we shall calculate using
the Littlewood-Richardson Rule. Recall from Theorem 4.8.1 that L(4,4,0) is
a tilting module, but L(4,2,0) is not, and thus by [14, Page 18] we have

ch (L(4,4,0) ® L(4,2,0)) = s44(S42 — S321)-
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We shall first calculate sy4 - 542 and then take from this sy4 - S301. So we begin
by writing down s44 and then add on four 1s and two 2s for the s4s.
xxxx1111

XXXX22

Using the method from the previous remark we shall begin by moving down
the 2s one by one, recalling that as the four 1s in the top row are good then
both of the 2s will also be good.

xxx1111 xxx1111

XXXX2 XXXX

22

This is the most we can do with the 2s whilst still leaving all of the 1s on
the top row, so we now move down one 1 and then begin to move down the
two 2s. To ensure the resulting partition is semi-standard we cannot put a 1
under a 1, thus it must go on the third row. We therefore have three good
1s on the top row and so both 2s after this will also be good if left on the
second row. Note that the 1 must come before the 2 to ensure the rows are
non-decreasing.

xxxx111 xxxx111 xxxx111
XXXX22 XKD §:0,0,0.¢

1 12 122

We now move down two 1s and then the two 2s. Again the 1s must go on the
third row to ensure we have a semi-standard partition, and they must come
before the 2s. Moreover there are enough good 1s on the top row to ensure
both 2s will be good in the first partition where we do not move any 2s down.
xxx]]l oxxxx]1l xxxx11

XXXX22 XXXX2 XXXX

11 112 1122

This is the most we can do. If we were to move down three 1s, we would
also have to move down at least one 2 as otherwise we will not have a proper
partition. However, placing the three 1s before the 2 in the fourth row, means
that reading from right to left in successive rows gives the sequence 122111,
and thus the second two in this sequence is not good.

XxXxXx1
XXXX2
1112

Furthermore, we cannot go on to move down all four 1s as wherever we place
the 2s we will not have a proper partition. For example

XXXX22
XXXX
1111

is not a proper partition and also the two 2s are bad as there are not two good
1s preceding them. We therefore have that

S44 + Sag = Sge + Ss51 T Sga2 1+ S7e1 1+ S752 + S743 + Se62 + S653 Tt S644

We now go on to calculate sy - S321 so again draw sy first and then add on
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S391 as shown;

xxxx111
XXXX29

We cannot place the 3 anywhere else except in the third row, so we start by
moving the 2s which must sit before the 3 to ensure the result is semi-standard.
Moreover, one 2 must always be left in the second row to ensure the 3 in the
third row is good.

xxxx111

XXXX2

23

We now move one 1 and then move the 2s. The 1 must go down to the third
row as it cannot sit below itself in the second row. The two good 1s left in the
first row ensure the two 2s will also be good if left in the second row.

xxxx11 xXxxx11
XXXX22 XXXX2
13 123

This is all we can do as if we move down another 1 then there will not be
enough 1s in the first row to ensure both 2s are good. We thus have that

Sa4 * S321 = S761 1+ S752 + See2 + S653

and so subtracting this from sy - s49 gives the final result

S44(S42 — S321) = Ss6 + Ss51 + Ssa2 + S743

and so we have calculated the character of the truncated module Tr ®%0 F as
a sum of Schur function.

REMARK 4.10.16 The Littlewood-Richardson Rule will be used when we
are finding tilting modules in the range 2p < r < 3p — 1. By 4.7, we know
that there are core classes in this range which consist of 6 weights, and thus
to find those middle weights we must consider the multiplicity of the Schur
function corresponding to their weight as it arises in the character of a tilting
truncated module. The truncated modules we use require both Young’s Rule
and the Littlewood-Richardson Rule to calculate the multiplicities of these
Schur functions. However, we first of all start with the range 0 <r < p — 1.

4.11 The proof for 0 <r <p-—1

ATIM: The section contains a simple proof which resolves the above range.
THEOREM 4.11.1 For 0 <r < p— 1 then cf (T'(\)) C cf (Tr*E)
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Proof. For 0 < r < p—1then L(\) = V(A) = A(X\) = T()\) as for r < p,
S(n,r) is semisimple. Moreover each weight A is self-titled and thus has its
own core class. Tr*E = SME® S E ® S*E, where \; < p—1 and thus each
SAE is tilting. The Schur function sy arises in ch (Tr*E) and as the weight
) is self-titled then cf (T/(\)) C cf (Tr *E) as required. O

4.12 The proof for p<r <2p—1

A IM: In this section we shall prove that, when represented as Schur functions,
the characters of the tilting modules whose weights are either self-titled or are
highest or lowest in their core classes, always arise in the character of Tr#*E for
p the minimal element in A*(3, 7). Moreover we shall prove that the coefficient
space of the tilting modules whose weights are in the middle of their core class
also arise in the coefficient space of the same truncated module, due to the
Schur function corresponding to their weight arising with a higher multiplicity
than that of the weight above them in their core class.

PROPOSITION 4.12.1 Forp <r <2p—1, A™(3,r) has a unique minimal
element p and py < p—1.

Proof. Case 1: 3 divides r. In this case p = (r/3,7/3,r/3) and as r < 2p — 1
then /3 <2p—1/3 <p—1/3 and thus /3 <p— 1.

Case 2: 3 divides r + 1. Here p = ((r +1)/3,(r+1)/3,(r — 2)/3) and so we
require (r+1)/3 <p—1. Well < 2p —1 and so (r +1)/3 < 2p/3 and we
require 2p/3 < p — 1 which is true if and only if 3 < p. For the case p = 2 we
refer you to Chapter 5.

Case 3: 3 divides r+2. Here p = ((r+2)/3,(r+2)/3—1,(r+2)/3—1) and so
we require (r+2)/3 <p—1. Asr <2p—1then (r+2)/3<(2p—1)/3<p—1
if and only if 2 < p. O

THEOREM 4.12.2 Forp <r < 2p—1and || = r then Homg(S*E, V(X)) #
0 where p is the unique minimal element of A*(3,), and hence L(\) is a com-
position factor of S*E.

Proof. First note that (S*E)° = SFE for u; < p as each S* E is simple in this
case.
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Then, using the information given in Remark 1.1.11, we have that

Homg(S*E,V(\)) = Homg(V(N)°, (SHE)°)
=~ Homg(A(N), (S E)° ® (S"E)° ® (S*E)°)
~ Homg(A(N),SME ® SME ® S E)
= Homg(A(N), SE)
= AN
£ 0

as by our knowledge about the characters of finite dimensional modules of
complex Lie algebras by [16, Section 2.4] we have that p is a weight of the
Weyl module as p < A.

There therefore exists a non-zero map ¢ : S*E — V(\) which implies L(\) C
Im(¢) as L(A) = socgV(A) and therefore L(\) is a composition factor of
Im(¢) = (S*E)/Ker(¢) and thus L()) is a composition factor of SHE. O

The above proposition and theorem allow us to give the following corollary
which resolves those tilting modules whose weights are highest in their core
class or are self-titled.

COROLLARY 4.12.3 If X is maximal in its core class, or self-titled, then
cf (T'(N)) C cf (SPE) = cf (Tr*E) where p is the unique minimal element of
AT(3,7).

Proof. We have that S*E = T'(vy)®...®T (v,,) and so as L(\) is a composition
factor of S*E then L(\) is a composition factor of some T'(v;). Thus A < v;
and A and v; are in the same core class, however ) is maximal in its core class
and hence we must have A\ = v;. So, T'(A) is a summand of S*FE and therefore

cf (T(\)) C cf (S“E). 0

We now move on to the tilting modules whose weights are lowest in their core
class.

THEOREM 4.12.4 For p <r < 2p—1 and X lowest in its core class, then
cf (T'(N\)) C cf (SPE) for p minimal in A™(3,r).

Proof. We have Homg(V(N), S*E) = V(A\)* # 0 as p < A. Moreover for
A minimal in its core class we have L(A) = V(A\) = A(A\) = T'(\) and thus
cf (T'(N)) = cf (V(N)) Ccf (SPE). O

We now look at the tilting modules whose weights are second highest in the
core class of the 3-set.
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THEOREM 4.12.5 The tilting modules whose weights are in the middle of
the core class consisting of three weights, arise in the truncated module Tr*FE
for p minimal in each A*(3,r), due to 4.10. Namely that the Schur function
sy for each tilting module T'(\) arises as a term in ch (Tr*FE) with a higher
multiplicity than the Schur function s, for o > X in the same core class.

Proof. To prove this we shall calculate the character of the truncated module
Tr#E and consider the multiplicities. Note that there are three cases to con-
sider:

Case 1: For 3|r we use Tr 535/ F = S5 F ® S5 E ® S35 F which we know to be
tilting as £ <p — 1.

Case 2: For 3|r + 1 we use S5 VE =8
which again is tilting as ==+ < p — 1.

Case 3: For 3|r+2 we use Tr (L p = g
which again is tilting as T+2 <p-1

r+1 r+l r+l

s FPRQS3 E®RS 3 -

r+2 r+2

3 FRS 3

r+2

1E®Ss

Case 1: 3 | r
Let us first do an example, so take n = 3, p =5 and r = 9, then we wish to
calculate

ch(Tr**E) = S*E® S*E® S°FE

(83 53)83

(86 + S51 +42 +533)53

(39 + S81 + S79 + 863)+

(881 + 572+ S711 + Se3 + Se21 + S54 + S531)+
(

(

S7o + Se3 + Se21 + S54 + S1531 + Sp22 + Saa1 + Saz2)+
Se3 + S531 + Saz2 + S333)

We can display this result with multiplicities as follows;

189
2881
3s72 s
4sg3 25621

2854 38531 1Ss22
1sga1 25432
15333

THEOREM 4.12.6 The Schur function sy for all weights A = (A1, A2, A3)
such that |\| = r arises at least once in ch (Tr 3°5°3 F).

Proof. From Theorem 4.12.5 we have clarified that the truncated module we
are using, Tr*E where p is minimal, is equal to S E ® S"E ® S* E where
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each S* F is simple as u; < p — 1. Hence, irrelevant of the fact we are now
in a greater range for the degree r, we can still apply the proof of Theorem
4.12.2, to show that each weight A arises at least once in the ch (Tr 333 F). O

THEOREM 4.12.7 The character of the truncated module

rror B -
ch(Tr333E) = Za,\S/\ where ay = { ij i 1 — iz igi iz >

Proof. 1) We shall first consider the case where Ay < 2.

First recall that A = (A1, A2, A3) where [A| = r and A\; > Ay > A3. Now, letting
each 7 be notated by 1s, 2s and 3s, then, by Young’s Rule, a, is the number of
ways we can form a semi-standard A-tableau of type (g, %, 3)- Let us consider
this proof for three cases; where A\; # 0 and Ay, A\3 = 0, where A\, Ay # 0 and
Az = 0, and finally where Ay, Ay, A3 # 0.

Wiz wIs

i) Let A = (A\1,0,0), then we can form only one increasing row, where we first
insert the 1s, followed by the 2s and finally the 3s. Thus ay =1 = A +1— 3.
For example, with p = 7 and r = 9 then we have A = (9,0,0) as

111222333.

ii) Let A = (A1, A2,0), then to ensure we have a semi-standard tableau we
first place all the 1s in the first row from left to right. As Ay < 5 then we can
fit at most Ay 3s in the second row, so we have the following options;

Put all 2s in Ay and the remaining 2s and all 3s in A\; from left to right;

Put Ay —1 2s and then at the end of the row put one 3 in Ay, then the remain-
ing 2s and 3s in Ay from left to right;

Put Ay — 2 2s and then at the end of the row put two 3s in Ay, then the re-
maining 2s and 3s in A\; from left to right;

This continues until we reach the final option which is placing s 3s in Ay, and
then all 2s and Z — Ay 3s in A; from left to right.

Then ay =X+ 1 =X+ 1— As.

For example with p =7, r =9 and A = (8,1,0) we have;

%)1122233

%1122333

iii) Let A = (A1, A9, A3). As before, all 1s must go first in the top row. Then to
ensure we have a semi-standard tableau, and as A3 < £, the first A3 columns

must be of the form;

1
2
3

There are then 7 — A3 2s and 3s remaining to place in the first and second
rows. Now as Ag < ¢ then A\; — Ay > A — g but Ay — Az < g — A3. The ways
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of forming a semi-standard tableau are therefore dependent upon Ag, and we
have the following options;

Put Ay — A3 2s in Ay and the remaining 2s and all 3s in Ay from left to right;
Put Ay — A3 — 1 2s and then at the end of the row put one 3 in Ay, then the
remaining 2s and 3s in \; from left to right;

Put Ay — A3 — 2 2s and then at the end of the row put two 3s in Ay, then the
remaining 2s and 3s in A\; from left to right;

This continues until we reach the final option which is placing Ay — A3 3s in Ag,
and then all 2s and 5 —(A2—A3) 3s in A; from left to right. Thus ay = Aa—A3+1
as required.

For example, with p =7, r =9 and A = (6,2, 1) we have

111233

2) We now consider the case where Ay > %.

If Ay > £, then there are only two cases to consider, namely where Ay, Ay # 0
and A3 = 0, and then where Aj, Ay, A3 # 0.

i) In the first case we have A = (A1, A\2,0), and as usual, place all 1s in the
first row from left to right. Now, as Ay > %, then Ay — £ > 0, and so we
must place Ay — £ 2s after the 1s in the first row, and underneath these 2s we
must place Ay — £ 3s at the end of the second row, to give strictly increasing
columns. There therefore remains £ — (Ay — %) = % — Xy 2s and 3s to place
in the tableau. Now, \; < % and so A\j — Ay < % — A9 and so a, is dependent
on \; — A9, and we have the following options;

Put A\ — A3 2s in A; and the remaining 2s and all 3s in Ay from left to right;
Put Ay — Ay — 1 2s and then at the end of the row put one 3 in Ay, then the
remaining 2s and 3s in Ay from left to right;

Put A\ — Ay — 2 2s and then at the end of the row put two 3s in Ay, then the
remaining 2s and 3s in Ay from left to right;

This continues until we reach the final option which is placing Ay — Ay 3s
in A;, and then all 2s and § — (A1 — Az) 3s in Ay from left to right. Thus
ay) = )\1 +1-— )\2.

For example, with p =7, r =9 and A = (5,4,0) we have the options;

ii) For the case where A = (A1, A2, A3), as before, all 1s must go first in the top
row. Then to ensure we have a semi-standard tableau, and as A3 < 7, the first
A3 columns must be of the form;
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1
2
3

Then again, as for the previous case, we must place A\ — £ 2s after the 1s in
the first row, and below these place Ay — 3 3s at the end of the second row.
There then remains § — A3 — (A2 — §) = ¥ — Xy — A3 2s and 3s to place in the
first and second rows. We can do this as follows;

Put A\ — Ay 2s in A; and the remaining 2s and all 3s in Ay from left to right;
Put Ay — Ay — 1 2s and then at the end of the row put one 3 in Ay, then the
remaining 2s and 3s in Ay from left to right;

Put A\ — Ay — 2 2s and then at the end of the row put two 3s in A{, then the
remaining 2s and 3s in Ay from left to right;

This continues until we reach the final option which is placing Ay — Ay 3s in Ay,
and then all 2s and § —(A1—X2) 3s in Ay from left to right. Thus ay = A —Aa+1
as required.

For example, with p =7, r = 9 and A = (4,4, 1), we have the following option;

1112
2233
3

O

Case 2: 3| r+1
Let us first do an example, so take n = 3, p =5 and r = 9, then we wish to
calculate
ch(Tr**E) = S*F® S°E® S’°F
= (83-53)s2

= (86 + S51 +a2 +533)52
= (Sg + S71 + 862)+

(571 + S62 + Se11 + S53 + S521)+

(Se2 + S53 + Ss21 + Saa + Saz1 + Saza2)+
(853 + 5431 + S332)

We can display this result with multiplicities as follows;

]_88
2871
3se62  1sen
3853 28521

1s4q 25431 18422
15332
THEOREM 4.12.8 The character of the truncated module

r+1 r4+1 r+1

ch (TI‘ 33 ’T_IE) = ZCL)\S)\

where
)\2"—1—)\3 for )\2 rng—l
ay = r+1
A1 — )X fOI')\2> 3 —1
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Proof. The proof follows the same method as for case 1, except in this instance
we replace z by % - 1. O
Case 3: 3| r+2
Let us first do an example, so take n = 3, p = 5 and r = 7, then we wish to
calculate
ch(Tr**E) = S*F® S?E® S°F
(83 52)82
= (85 + s41+32)52
= (s7+ 861+ 852)+
(861 + S52 + S511 + Sa3 + S421)+
(852 + 543 + 5421 + S331 + 5322).

We can display this result with multiplicities as follows;

]_87
2561
3s52 1ssn
2843 28421

Isg31  1s322

THEOREM 4.12.9 The character of the truncated module

r42 r42 1 742 _
Ch(TI" 373 73 1E) = E ax)Sx

where
3

s — )\2—{—1—)\3 fOl")\gSr+2—1
g A +1=X for A >"2 -1

Proof. The proof follows the same method as for case 1, except in this instance
we replace £ by £t — 2. O
So, how does this help us prove theorem 4.12.57 Well, letting the ‘top’ weight
be A and the ‘middle’ weight be p, let us first assume that both Ay and py < %

(or = —1, =2 — 1 respectively), then ay = A +1— X3 and a, = iz +1 — pg.

Recafling from Section 4.7 that p = (p1, po, p3) = (Ao +p— 1L, A —p+1,A3),
we have that a, = (A —p+1) +1— X3 = A\ —p+2— A3, so we need to check
that \i —p+2— X3 > Ay + 1 — A3. Well, indeed this is true if and only if
A1 — p+ 1> Ay which holds if and only if \; — A3 > p — 1, which we know to
be true. Thus the Schur function of the ‘middle’ weight arises with a higher
multiplicity than that of the ‘top” weight.

We now need to consider the case when both weights do not necessarily have
second entry less than £. Well, it cannot be the case that a top weight can
have second entry greater than % as then A\; — Ay < p which is a contradiction.

So in all cases the top weight will arise with multiplicity Ao + 1 — A3. It is
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possible however for a ‘middle’ weight, u, to have second entry greater than
3, and we know in this case that the multiplicity of a, = pu3 — ps +1 =
(A+p—1)— (M —p+1)+1= X — A\ +2p— 1. We therefore need to show
that a, > ay i.e. that A\g —A; +2p—1 > Ay — A3+ 1. This is true if and only if
A1 — A3 < 2p — 2 which we know to be true, as by Proposition 4.3.2 we know
that \; < 2p — 3. Hence in all cases a, > a) and thus by 4.10 we have that
the coefficient spaces of all tilting modules whose weights are second highest
in the core class of the 3-set are contained in the coefficient space of the tilting

truncated module Tr? E for ¢ minimal in the degree r. O

EXAMPLE 4.12.10 We now give a full example of the above proof for the
casen =3, p=>5and p <r < 2p— 1. For each degree p < r < 2p — 1, the
following tilting modules are needed;

r=p=>5
T(5,0,0), T(4,1,0), T7(3,2,0), T(3,1,1), T(2,2,1)

-
T(6,0,0), T(5,1,0), T(4,2,0), T(4,1,1), T(3,3,0), T(3,2,1), T(2,2,2)

7
7,0,0), T(6,1,0), T(5,2,0), T(5,1,1), T(4,3,0), T(4,2,1), T(3,3,1),
3,2,2

), T(7,1,0), T(6,2,0), T(6,1,1), T(5,3,0), T(5,2,1), T(4,4,0),
), T'(4,2,2

,2), T(3,3,2)

NS

=2p—1=9
), T(8, 7(6,3,0), 7(6,2,1), T(5,4,0),
), T , T(3,3,3)

(8,1,0), T(7,2,0), T(7,1,1
(5,2,2 )

0
737 Y Y )7 T(47 47 1

For each degree p < r < 2p — 1 the following partitions sit at the top of
their core class;

r=5 (5,0,0)

r=6 (6,0,0)

r=17 (7,0,0), (6,1,0)

r=8 (8,0,0), (7,1,0), (6,1,1)

r=9 (9,0,0), (8,1,0), (7,2,0), (7,1,1)

For each degree p < r < 2p — 1 the following partitions sit in the middle
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of their core class;

ENEIINTNS
W W W N
coocoo

— — N N
~—~

For each degree p < r < 2p — 1 the following partitions sit at the bottom
of their core class;

r=5 (3,1,1)

r=6 (3,2,1)

r=17 (3,3,1), (3,2,2)

r=38 (4,4,0), (3,3,2), (4,2,2)

r=9 (4,4,1), (5,4,0), (3,3,3), (4,3,2)

For each degree p < r < 2p — 1 the following partitions are self-titled;

r=5 (3,2,0), (2,2,1)
r=6 (51,0), (4,1,1), (3,3,0), (2,2,2)
r=17 (51,1), (4,2,1)
r=28 (6,2,0), (4,3,1)
r=9 (6,2,1), (5,2,2)

Recall that the Schur functions corresponding to those weights at the top,
the bottom and those that are self-titled must occur at least once in the char-
acter of a truncated tilting module, and those Schur functions correspond-
ing to the middle weights must occur with a higher multiplicity than the
weight above it. For each degree p < r < 2p — 1 we shall find ch (Tr*E) =
ch(SME @ SME @ SME) for A the lowest weight in that degree, and show
how the multiplicities of the Schur functions occur in the necessary way.

er =295
Here A = (2,2,1) and

chTr*E = ch (S*E ® S*E ® S'E)
= 89 8y 8
= (54 + 531 + 522) - 51
= S5+ S41 T S41 + S32 + Sz11 + S32 + S221
= 85 + 2841 + 2832 + S311 + Sa221-

As s5, 839, S311, and s991 all occur and are either at the top or bottom of their
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core classes, or are self-titled then we have that the coefficient spaces of their
corresponding tilting modules occur in ¢f Tr*E. Moreover for (A7, Aar, Asr) =
(5,0,0) then A\py = (p— 1,7 — p+1,0) = (4,1,0) and indeed s4; occurs with
a higher multiplicity than ss in ch (S?E ® S?E ® S'E).

Hence Tr ®*VE = T(5,0,0) ® T(4,1,0) ® T(3,2,0) ® T'(3,1,1) & T(2,2,1).

o7 =0
Here A = (2,2,2) and

chTr*E = ch (S*E @ S’E ® S?E)
= Sy - Sy - 89
= (84 + 531 + 522) - 52
= 86 + S51 1 Sa2 + S51 + Saz + Sa11 + S33 1 Sz21 + Sa2 + Sz21 + S222
= 86 + 2851 + 3842 + Sa11 + S33 + 28321 + S220.

The issue here is T'(4, 2, 0) which is the only partition in the middle of its p-core.
With A\p = (6,0,0) then A\py = (p— 1,7 —p+1,0) = (4,2,0) and s42 occurs
with a higher multiplicity than sg. For all other weight, the corresponding
Schur function occurs at least once and thus

Tr 22D E =7(6,0,0) ® T(5,1,0) & T(4,2,0) & T(4,1,1) & T(3,3,0)
®T(3,2,1)dT(2,2,2).

or =7
Here A = (3,2,2) and

chTr*E = ch(S°E ® S’E ® S*F)
= S3-8y- 89
(85 + S41 + 832) * S9
= 87+ Se1 + S52 + Se1 + S52 + S511 + S43 + Sa21 + S52 + Sa3 + S4m1
+5331 + S322
= 87+ 2861 + 3552 + S511 + 2543 + 25491 + S331 + S300-

The issues here are 7'(4,3,0) and 7'(5,2,0). With Ay = (r,0,0) = (7,0,0)
then Ay = (4,3,0), and with A\ = (6,1,0) = (r — 1,1,0) then A\yy = (p +
1—1,r—p—1+1,0) = (5,2,0) and both s43 and sz, occur with a higher
multiplicity than s; and sg; respectively. Hence

Tr 2D E =T(7,0,0) ® T(6,1,0) & T(5,2,0) & T(5,1,1) & T(4,3,0)
®T(4,2,1)®T(3,3,1) ®T(3,2,2)

126



or =38
Here A\ = (3,3,2) and

chTr*E = ch(SP°E ® S°FE ® S*E)
= S3-83- 89
(86 + S51 + Sa2 + S33)S2
= Sg+ 571+ Se2 + S71 + Se2 + Se11 + S53 + S521 + Se2 + S53 + S501
4844 + Sa31 + Sa20 + S53 + S431 + S332
= 83+ 2871 + 3862 + Se11 + 3853 + 28521 + Saa + 28431 + Sa22 + S332.

Here the issues are 7'(5,3,0) and 7'(5,2,1). With Ay = (7,1,0) = (r — 1,1,0)
then \py = (p+1—-1,r—p—1+1,0) = (5,3,0). With \p = (6,1,1) =
(r—a,a—p3,08)the \py = (pt+a—-pF—1,r—p—a+1,8) =(5,2,1) and both
s53 and ss9; occur with a higher multiplicity than s7;; and sg1; respectively.
Hence

Tr 32 E =7(8,0,0) ® T(7,1,0) ® T(6,2,0) ® T(6,1,1) ® T(5,3,0)
®T(5,2,1)®T(4,4,0) @ T(4,3,1)®T(4,2,2) & (3,3,2).

or =19
Here A = (3,3,3) and

chTr*E = ch(S°E® S*E @ S*F)

= 53-83-83
(86 -+ S51 + S49 -+ 533)83

= Sg + Sg1 + S72 + Se3 1+ Ss1 + S72 + S711 + S63 1+ Se21 1+ S54 1 S531
+872 + Se3 1+ Se21 1 S54 + S531 + S522 + S441 + Sa32 + Se3 1 S531
+S432 + S333

= 89 + 2881 + 3872 + S711 + 4863 + 25621 + 2854 + 35531 + Ss22 + Saa1
+25432 + S333.

The issues here are 7(6,3,0) and 7'(5,3,1). With Ay = (7,2,0) then Ay =
(6,3,0) and with Ay = (7,1,1) then Ay, = (5,3,1), and both sg3 and s53;
occur with a higher multiplicity than s7o and s7;; respectively. Hence
Tr 33 E =1(9,0,0) ® T(8,1,0) ® T(7,2,0) ® T(7,1,1) ® T(6,3,0)
®T(6,2,1)dT(5,4,00T(53,1)dT(52,2) ®T(4,4,1)
®T(4,3,2)T(3,3,3).

Thus for each degree p < r < 2p — 1, cf T(u) C of Tr*E C D ,(r) for A
minimal in 7 and 7T'(x) a tilting module of A(3,7), and hence D3 5(r) = A(3,r)
forp <r<2p-—1.
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4.13 The proof for 2p <r <3p—1

ATIM: We now move on to the next range, following similar methods to the
previous range and also using the Littlewood-Richardson Rule to prove Theo-
rem 4.1.3. As before, the general method for the proof is the same, in that we
need to show that the coefficient spaces of all tilting modules of A(w,r), for
7 a saturated set, are contained within some tilting truncated module which
is contained in Ds,(r). Again we do this by comparing characters, or more
specifically multiplicities of Schur functions, dependent on where the weight
of these tilting modules sit in their core classes.

For the range 2p < r < 3p — 1 we split the proof into a number of different
parts.

e We first consider the range 2p < r < 3p — 3 and show;

i) That the cf (T'(n)), for u highest or lowest in its core classes or self-titled,
is contained in cf (Tr*E) for A the partition of minimal weight in r.

ii) The cf (T'(0)) for o the second highest weight in the core class of the 3-set
or the 6-set is also contained in cf (Tr*E) for A minimal in 7, due to 4.10 c).
iii) The cf (T'(v)) for v the third highest weight in the core class of the 6-set
is contained in cf (Tr*E) for A minimal, due to a rather complicated reason
which will be explained at this point!

iv) The coefficient spaces of the tilting modules whose weights are fourth and
fifth highest in the core class of the 6-set are contained in the coefficient space
of the truncated module Tr*E = L(p — 1,p — 1,0) ® S F 2 Ee §TFE
for r even and in Tr*E = L(p—1,p—1,0) ® SR B o §5 R for v
odd.

e We then consider the case r = 3p — 2 and show;

i) The cf (T'(u)), for pu highest or lowest in its core classes or self-titled, is
contained in cf (Tr*E) for Tr*E = L(p—1,1,0)® SP"' E® SP~' E which is the
lowest weight for degree r = 3p — 2. Moreover, the cf (T'(0)) for o the second
highest weight in the core class of the 6-set is also contained in cf (Tr*E).

ii) The cf (T'(0)) for o the second highest weight in the core class of the 3-set
which came from the self-titled weight A where A\; — A3 < p — 2 is contained
in cf (Tr PP VE) = ¢f (L(p — 1,1,0) ® SP"'E ® SP~'E).

iii) The cf (T'(0)) for o the second highest weight in the core class of the
3-set where Ay + p > t and \; —p < p — 1 is contained in of (Tr*E) =
cf (L(p—1,1,0)® L(p — 1,1,0) ® SP2E).

iv) For those weights sitting third, fourth and fifth in the core class of the 6-set
we can use the same result as for the case 2p <r < 3p — 3.

e We then consider the case r = 3p — 1 and show;
i) The cf (T'(u)), for p highest or lowest in its core classes or self-titled, is
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contained in cf (Tr *E) for Tr*E = L(p—1,1,0)® L(p—1,1,0) ® SP~' E which
is the lowest weight for degree r = 3p — 2. Moreover, the cf (T'(0)) for o the
second highest weight in their core classes of the 6-set is also contained in
of (Tt E).

ii) The cf (T'(0)) for o the second highest weight in the core class of the 3-set
which came from the self-titled weight A where A\; — A3 < p — 2 is contained
in cf (Tr®PPYVE) = cf (L(p — 1,1,0) ® L(p — 1,1,0) ® SP~'E).

iii) The cf (T'(0)) for o the second highest weight in the core class of the 3-set
where oy —p < p— 1 is contained in cf (L(p —1,2,0)® L(p — 1,1,0) ® SP2E,
whilst the cf (T'(0)) for ¢ the second highest weight in the core class of the
3-set where 01 —p = p—1 is contained in cf (L(p—1,p—1, 1)®SLJ51E®S%E).
iv) For those weights sitting third, fourth and fifth in the core class of the 6-set
we can use the same result as for the case 2p <r < 3p — 3.

Note that we use the results from Section 4.8 and Remark 2.4.3 (iii) to show
that all these truncated modules are indeed tilting.

CALCULATION 4.13.1 The case 2p <r <3p—3

i) We consider the tilting modules whose weights are at the top or bottom
of their p-core, or are self-titled, and show their coefficient spaces are con-
tained in the coefficient space of Tr*E for A minimal in 7.

PROPOSITION 4.13.2 For2p <r < 3p—3, A*(3,r) has a unique minimal
element p and p; < p — 1.

Proof. Case 1) 3|r
In this case u = (3, 5, 5) and as r < 3p — 3 then % < p —1 as required.

Case 2) 3|r + 1
In this case p = (Z+, =54, 2L —1) and so we check that “£ < p—1. The great-
est r can be such that 3 divides r + 1 is r = 3p — 4 and indeed w =p—1

and thus = <p—1, and thus =& —1 <p—1.

Case 3) 3|r + 2
In this case p = (=2, 42 — 1, %2 — 1) and so we check that 22 < p—1. Here
the greatest r can be such that 3 divides r 4+ 2 is with » = 3p — 5 and we have

o2 —p—landso 2 <p—land 2 —-1<p—1 O

THEOREM 4.13.3 For2p < r < 3p—1 and|\| = r then Homg(S*E,V(\)) #
0 where p is the unique minimal element of A™(3,r), and hence L(\) is a com-
position factor of S*E.
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Proof. From Proposition 4.13.2 we have clarified that for the three cases 3|r,
3|7 + 1 and 3|r + 2, the truncated module we are using, Tr*E where pu is
minimal, is equal to S F ® S*? FE ® S* E where each S* F is simple as p; <
p— 1. Hence, irrelevant of the fact we are now in a greater range for the degree
r, we can still apply the proof of Theorem 4.12.2, to show that each L(\) is a
composition factor of S*E. O

COROLLARY 4.13.4 If A\ is maximal in its core class then cf (T'(\)) C
cf (S*E) where p is the unique minimal element of A*(3,7).

Proof. Same as for Corollary 4.12.3. O

THEOREM 4.13.5 For 2p <r < 3p—1 and X lowest in its core class, then
cf (T'(N\)) C cf (SPE) for p minimal in A*(3,r).

Proof. Same as for Theorem 4.12.4. O

ii) We now consider those tilting modules whose weights are second highest in
their core classes of both the 3-set and the 6-set.

THEOREM 4.13.6 The cf (T(c)) for o the second highest weight in the
core class of either the 6-set or the 3-set, are contained in cf (Tr"E) for u
minimal in each A*(3,7), due to Section 4.10. Namely that the Schur function
s, for each tilting module T(o) arises as a term in ch (Tr*E) with a higher
multiplicity than the Schur function sy for A > o in the same core class.

Proof. As we are again using the truncated module Tr# E for y minimal, where
each S* FE is simple due to p; < p— 1, then we can use the work from Section
4.12 despite being in a larger degree range for r, and thus we know that;
e The character of the truncated module ch (Tr 33 E) = > ays)

L )\2"‘1_)\3 fOl")\QS
Wherea}\_{ >\1+1—)\2 fOI")\2>

w3z wl=

r+1 r+1 r+1

e The character of the truncated module ch(Tr 3 3 3 'E) = 3 ays)
her . /\2"‘1—)\3 fOI‘)\QS%_l
WIEEMZ U M+ 1= 2 for dg > o 1

r42 r42

e The character of the truncated module ch (Tr = = 71,%71E) ~ T aysy
where ay = A+ 1 =23 for)\zg%_l
A= >\1+1_)\2 for)\2>%_1

We therefore need to ensure for both the 3-set and the 6-set, that the multi-
plicity a, of the Schur function s, is greater than a,, where A is the highest
weight in its core class and o is the second highest weight in its core class.
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So, what do A and o look like? Well, let us first consider the 6-set. Refer-
ring back to Section 4.7, we have that A = (\; + p, A2, A\3) where the weight
(A1, A2, A3) was the highest weight in the 3-set for the range p < r < 2p — 1.
We know that Ay < £ and thus ay = Ay + 1 — A3. The second weight
o= (X+2p—1,A —p+1,A3), and for the case where oy < %, (%1 -1
and 2 — 1 respectively), then a, = (A —p+ 1) + 1 — (A3). So we need to
check that a, > a, which is true if and only if Ay — Ay > p — 1 which we know
to be true. If on the other hand, oy > 3, (% — 1 and % — 1 respectively)
then a, = o1+ 1—09 = (A +p—1)+1— (A —p+ 1), which is greater
than ay = Ay + 1 — A3 if and only if 3p > A + 2 — A\3. Well, we know that
A < 2p—3and thus \y +2 — A3 < 2p —1— A3, so it is enough to show that
3p > 2p—1— A3 which is true if and only if A\ > —p—1 which is of course true.

Now let us consider the 3-set. In this case the highest weight in the core
class is p1 = (A1 + p, A2, A3) where here (A1, Ay, A3) was a self-titled weight in
the range p < r; < 2p — 1 such that A\ — A3 < p — 2. We now prove that
p2 = Ao < 3.

Suppose for a contradiction that Ay > Z, this holds if and only if A\; +p+ A3 <
2—;, which holds if and only if 3A\; +3A3+3p < 2r. We have that 2p < r, < 3p—3
and so taking 7, = 3p — 3 would give that 3\; 4+ 3A\3 < —3 which is clearly a
contradiction. Hence we have that Ay < %, (“+ — 1 and =2 — 1 respectively),
and thus ay = Ay + 1 — As.

The second weight here is 0 = (A2 +p — 1, A\; + 1, \3), and in the case where
oy < 5 (5+ —1 and =2 — 1 respectively) we have that a, = (A +1)4+1— A3,
so we must check that a, > ay, which is indeed true as Ay > Ay and thus
AM+2> X+ 1 and hence Ay +2 — A3 > Ay + 1 — A\3. If, on the other hand,
oy > & (L —1 and “2 — 1 respectively) then a, = (Ao +p—1)+1— (A1 +1),
and as A\ — Ay < p—2 then we have that ay = Aa+1—A3 < \g+p—XA1—1=a,
as required.

We therefore have that in ch (Tr#E) for g minimal, the Schur function s, for
o the second highest in its core class always arises with a higher multiplicity
than the Schur function sy for A highest in its core class. Therefore by 4.10
c), we have that cf (T'(0)) C cf (Tr*E). O

iii) We now consider those tilting modules whose weights are third highest in
the core class of the 6-set. This tilting module arises as a composition factor
of a tilting module of higher weight which we have already shown occurs.
For notational purposes we shall call this ‘third” weight (A31, As2, A33) and the
Welght above it ()\21, )\22, )\23).

THEOREM 4.13.7 The tilting module whose weight is third highest in the
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core class of the 6-set, T'(A31, A3z, Ag3) has filtration structure

V()\gl, A32a )\32)

V<O-17 09, 0-3)

and T'(A\a1, Ao2, Ao3) has filtration structure

V()\Qla AQZ, )\23)
v<)\317 )\327 )‘33)
v<7—17 T2, TB)
(

V 01,02, 0-3)

Where V(O’l, 09, 0'3) = V()\51, )\52, )\53) and V(Tl, T2, 7'3) = V()\41, )\42, /\43) SllCh
that /\31 > T but /\32 < Ta.
Hence T'(Ag1, A2, Aog) has filtration structure
V(A21-A22, Ag3)
V(As1, As2, As3) @ V(11,72, T3)

V (o1, 09,03)

and so we can also write this filtration structure of T'( A2y, Aa2, Ao3) as

V(Aa1, A2g, Aa3)

V(7'177'2,7'3)

V(ASD A32a )\33)
(

v 01,02, 0-3)

where
V (A1, Az2, As3)
v<0-170-270-3)
is a non-split extension at the bottom of T'(Ag1, Moo, Aeg) and so must be
T'(As1, A3, Asz).
Hence we have that T (Ag1, A2, Aog) has filtration structure

V<)\217 >\227 )\23)
V(Tla T2, T3)
T(>\317 /\327 )\33)
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And as we have already found the tilting module T'(Aa1, Ag2, Ae3) in Theorem
4.13.6 then cf (T()\gl, )\32, /\33)) Q cf (T()\217 )\22,)\23)) Q cf (TI' AE) Q D37p(7”)
for all primes p and A minimal in degree r for 2p < r < 3p — 3.

Proof of Theorem 4.153.7. We first show that T'(\31, A32, A33) has filtration
structure

v(>\317 /\32a )\33)

V<O-17 09, 03)

and T'(Aa1, Aga, Agg) has filtration structure

V<)\217 >\227 )\23)
()\317 A32a )\33)
(7—17 T2, T3)
(

0—170—2703)

1444

Let us first understand what these tilting modules look like. Well, for p <
r < 2p — 1, let (A7, Aep, Agr) be the partition at the top of its p-core.
Then by 4.7 we have (A1ar, Aoar, Aspr) = (Aor +p — L, Air — p+ 1, A37) and
(/\13, )\QB, )\33) = ()\3T +p— 2, /\IT —p+ 1, )\QT + 1) Thus for 2p S r S 3]? -3
we have;

(A1, A2, Aiz) = (Mr + p, Ao, Asr)

(A21, A2z, Aog) = (Aor +2p — L Aip — p 41, Asp)
(As1,A32,A33) = (Asr +2p — 2, \ir —p+ 1, dar + 1)
(Aa1, A2, Aa3) = (M, Aot + D, Asr)

(As1, As2, Asz) = (A, Agp +p — 1, Aop + 1)

(N1, 62, A3) = Nor +p =1L Asr +p— 1, \ir —p+2)

CLAIM 4.13.8 V(O'l,O'Q,O'3) = V()\51)\52, /\53)

Proof of Claim 4.13.8. To prove this we use Fact 4.9.10 to show that
T()\Ql, )\22, )\23) = I()\51, /\52, )\53) and hence V()\51, /\52, )\53) sits at the bottom
of the tilting module T'(Aa1, Aga, Aa3). We consider this in stages by applying
the Mullineux Bijection.

i) Considers where Ar is equal to partitions of the form (A7, a,0) where a > 0.
ii) Considers where A\ is equal to partitions of the form (A;r, a, 1) where a > 1.
iii) Considers where Ay is equal to partitions of the form (A7, a, 2) where a > 2.
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iv) Then looks to find the greatest that A3y can be which is found in Claim
4.13.9 to be ’%1 when 3|p—1 and 1%2 when 3|p—2. So we apply the Mullineux
Bijection to these final two cases.

Having done this we then show that V(As1, As2, As3) is a composition factor of
T(A31, A32, A33) by calculating (T'(Az1, Aza, Azz) 1 V(As1, Asa, Ass))-

We have ()\51, /\52, )\53) = (/\1T, )\3T —l—p - ]., )\QT + 1) We now want to show
that we can use Fact 4.9.10 and so check the following;
Firstly, it <2p—-3<2p—2=(n—1)(p —1).

Secondly,
Mt — Ao =AMr—A3r —p+1<2p—3—A3r—p+1
=p— A3y — 2
<p
and

Asa —As3 = Agr +p—1—Ddop — 1
<p

because A3 — Ao — 2 < 0 as Aoy > A3r. We can therefore apply Fact 4.9.10

and say that

[()\17“, >\3T +p— 1, )\QT + 1) = T(Mull(AlT, )\3T +p— 1, )\2T + 1),)
ET(MuIl@,S,...,%, 2,2,...,%, },1,...,1 )

TV TV
Aor+1 Asr—Aor+p—2 Air—Azr—p+1

We therefore have to apply the Mullineux bijection to;
B
: } Aor + 1

XXX
XX

)?(}/\3T_)\2T+p_2

XX
X

)E(})\IT_/\3T_p+1
X

Well (Asr —Aor+p—2)— (p— (Aar+2)) = A3, so what remains after removing
a rim p-hook is;
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Do
: })\ST

XX

%
f})\lT_)\ST_p‘l'l
X

Now we know that A3y < p as otherwise A\ir + Aor + A3 > 4p which is a
contradiction as 2p < r < 3p — 3. So when we move to the next row we take
off A3y + 1 + p where 1 is some number of nodes from the final single line to
create an edge of length at most p. We then move down each row removing
the single x’s.

Then what remains of the first column is (Aor + 1)+ (Agr — Aor +p—2) — 1 =

Asr + p — 2, and what remains of the second column is (Aop + 1) — 1 = Aor.
XX

X;X}AZT

XX

%
E})\BT_)\ZT+p_2
X

We continue to remove Mullineux p-hooks until we result in the empty set,
and then start rebuilding the partition using s; = a; — r; + €;. So we now go
about looking at the different cases that arise when reconstructing the new
partition dependent upon the values of Aoy and Azp, and prove in every case
that I(/\51, /\52, )\53) = T(/\Ql, )\22, )\23).

i

)

e For >\3T +p— 1 =p— 1 and )\QT“— 1= 1, )\3T = (0 then )\T = (>\1T70>0)- So
we apply the Mullineux Bijection to;

1
1

p—1

At — (P— 1)

Which becomes
e am—m—

Ar = 1)
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asa—r—i-e:(p+)\1T—p+1)—(/\1T)+1:2.
Then

I Asr +p =1 dor +1) =T (2p -1, M7 — (p—1),0)
=TNor+2p—1, Mir —p+1,A31)

T
T()\le )\227 )\23)

as required.

e For \3r+p—1 =p—1and \yr+1 = 2, A3y = 0 then we have Ay = (A\i7, 1,0).
So we apply the Mullineux bijection to;

p
[

A — (P— 1)

Which becomes;
p p

l |
]

—_—

At — (p— 1)

as a;—r1+€; = (p+Air—p+1)—(M\i7)+1 = 2 and ag—ro+€2 = p—(p—1)+0 = 1.
Then I(Mp, Asp +p — L Ao +1) 2T (2p, \ir — (p — 1),0) = T'(Xa1, a2, As2)
as required.

e For \sy +p—1=p—1and Agr + 1 = 3, A3r = 0 then Ay = (\17,2,0). So
we apply the Mullineux Bijection to;
1

~

L]

A — (P—l){]

Which becomes;
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A — (P— 1)

as a1 —ri+e€ = (p+/\1T—p+1)—()\1T)+1 = 2and Ao—To+€x = p—(p—1)+0 =1.
Then I(Mp, Asp +p — 1, Aop) 2T (2p — 1L, \ip — (p—1),0) = T'(Xa1, a2, Ags)
as required.

And so on for A\gr+p—1=p—1and Aoy +1 = a, so with A\p = (A, —1,0).

i)
o For \sy +p—1=p, o +1=1and A3y = 1 then Ay = (A7, 1,1), so we
apply the Mullineux Bijection to

AlT—(p—l){

Which becomes;

p b
l I

(=

Ar—p+1

asa;—m+ea=pP+Mr—p+1+1)—(Nr)+1=3and ay —ry+ e =
p—(p—1)+0=1.

So I()\lT, >\3T +p— 1, >\2T + 1) = T(2p, >\1T — (p — 1), 1) = T()\gl, )\22, )\23) as
required.

e For )\3T+p— 1 = P, )\2T+ 1 = 3 and )\3T = 1 then )\T = ()\1T>271)7
and we apply the Mullineux Bijection to;
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1
O]

I
Mt — (p— 1){?>1

Which becomes;
/1\ p p
] |

N —

Mir—(p—1)

asay—ri+e =P+ r—p+1+1)—(Mp)+1=3and ay — 1y + €3 =
p—(p—1)+0=1.

So [<)\1T7 AN +p—1, Ar + 1) = T(2p+ 1, M — (p — 1), 1) = T()\gl, Ao, )\23)
as required.

And so on for A\gp+p—1=p, dar+1 = a and A3y = 1, so with (A7, —1,1).

iii) For \sr +p—1 =p+1, Moy +1 = 3 and A3y = 2, so we apply the
Mullineux Bijection to;

[

1<DJ}2
AT —p {I

()=
=

which becomes;

1 D p
L1 I

B

AT =P
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)+1 =3 and as—rat+€ = p+1—(p)+1 = 2.

as a1 —ri+e€; = (p+Ar—p+2)—(\ir
2T2p+ 1, ir —p+1,2) =T (a1, Aoz, Aog)

SO [<)\1T7 )\3T —|—p — 1, >\2T + 1)

iv) To conclude this we need to understand what is the most A3z can be.

CLAIM 4.13.9 a) For3 | p—1,0 < A\3p < p%l,
b) For3|p—2,0§)\3T§’%2.

of Claim 4.13.9.

a) If A\gp = ’%1 then A\op > ;%1 and as Ay — Aop > p then A\ > ’%1 + p and
thus A7 + Aoy + A3 > 2p — 1, so taking equalities throughout we have the
largest r can be as p <r < 2p — 1.

On the other hand, if we took A3r = ’%1 + 1 then Moy > ;%1 + 1 and

AT > p%l—i-l—l—p and therefore A\i7+Aar+ A3 > 2p+2 which is a contradiction.

b) The proof is similar for 3 | p — 2. If A\gp = 7%2 then o7 > ’%2 and as
At — Ao > p then A\ > 1%2 +p and thus ;7 + Aor + A3 > 2p — 2, so taking
equalities we have the largest r can be.

On the other hand, if we took A3r = ’%2 + 1 then Moy > ’%2 + 1 and
AT > ’%2 + 1+ p and therefore A7 + Aoy + A3y > 2p + 1 which is a contra-

diction. O

So, returning to the proof of Claim 4.13.8, we have that the final case to
consider is

a) \sp +p—1 = % and Aoy +1 = 1%2 so r = 2p — 1 and we have
(4p—;1, %, 1%2), then we can then remove Mullineux rim p-hooks from the
transpose as follows;

L1

aall
H p

SOt
h

Then as s; = (p+22)— (p+51)+1=2and s, = (p+22)— (p+ 1) +1 =3
then rebuilding the partition we have
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—4

3

3
—A—

L I

i

N
p—1
3

giving L

I, Asr+p—1, r+1) = (2p+¥’;’17%+1 T)
p_ — ——

_T<)\2T+2p_1 /\1T_p+1 )\3T)

b) Asp +p—1 = %amd Xor +1 = ’%lsor: 2p — 1 and we have

(4”—;”, 4p—3_5, 1%1) Then we can then remove Mullineux rim p-hooks from the
transpose as follows;
11

(]

[

%@I}%?
)2

Then as s; = (p+22)— (p+5°)+1=2and s, = (p+22)— (p+2H)+1 =3
then rebuilding the partition we have

3 b p

S
ot

[\

p—=z
3

giving

I()\1T>A3T+p_1,)\2T+1) gT(Zp_’_p%G’p%Q_}__l [%2)

Thus I(As1, As2, As3) = T(Aa1, Aga, Ao3) and thus we know the tilting module
T(Aa1, Aga, Ao3) has filtration structure

V(/\Ql, )\227 )\23>

v()\Sl 5 )\527 )\53)

Secondly we need to show that V(As1, As2, As3) is a composition factor of
T'(As1, A2, Asz). Well, T'(As1, Ao, Asz) = (Asp +2p — 2, A\ip — p + 1, Adgr + 1)
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and V(As1, As2, Ass) = (A, Adsr +p — 1, dor + 1).
The (T()\:ﬂ; A32, /\33) : V(>\517 >\52,/\53))

=(TM\sr+2p =2, \ir—p+ 1L, r+1): Vur, Asr +p— 1, Aor + 1))
= (T'(Asr+2p—Aor—3, Mir—p—2Xar, 0) : V(Air—Xar—1, Asp+p—Aor—2,0)) L,
= (T(Asr—2p—dor—3, \Mir—p—XAar) : V(Air —dar — 1, Asr +p— Aar — 2))ar,
= (T(Asr+2p—Aor—3—(Air—p—2Xar)) : V(Mir—Aor—1—(Asr+p—Aer—2)))sL,
= (TAsr =M +3p—3) : V(hir — Asr —p+1))s1,
And from SLy we know T'(p — 1 4 r) has filtration structure
Vip—1+r)
Vip—1-r)

Here T(p—1+47) =T(p—1+ (A3r — Mir +2p—2)) and thus T(p — 1 +7) has

filtration structure
V(Asr — Air + 3p — 3)
V(ar —Asr—p+1)

Therefore T'(A31, A2, Ag3) has filtration structure

v<)\317 A327 )‘33)
V<)\517 >\527 )\53)

and indeed V(Ul,O'Q,O'g) = V()\51, )\52, )\53) O

CLAIM 4.13.10 The tilting module whose weight is second highest in the
core class of the 6-set, T'(Aa1, Aga, Aog), has filtration structure

Proof. We have V(Ag1, A2, Aog) naturally at the top and Claim 4.13.8 proved
that we have V(As1, As2, As3) at the bottom. So we need to show that

(T'(Aa1, A2, A2z) = VI(Ag1, As2, Agz)) # 0and (T (a1, Aoz, Aaz) @ V(Aar, A2, \a3)) #
0.

Well,
(T'(Aa1, A2z, Aaz) = V(As1, As2, As3))
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=(TAor+2p =1L, Mp—p+1,237) : V(Asr +2p =2, \ip —p+ 1, dor + 1)) ary
= (T(A2T+2p—1—/\1T—|—p—1,/\1T—p—|—1—)\3T) . V()\3T+2p—2—)\1T+
— 1 )\1T —p+ 1-— /\2T - 1))SL3
( (>\2T_)\1T+3p 2, Mir=Asr—p+1) : V(Asr—Aip+3p—3, \ir—Aar—0) ) sz,
=(TAor —AMr+3p—2=Xr+ X0 +p—1) : VA — Mir +3p =3 — \ip +
Aor + D)) SLo
(T()\QT -+ /\3T — 2)\1T + 4]) 3) v<)\2T -+ /\3T — 2/\1T + 4p — 3))SL2

I
—

Similarly,

(T()\21, A22, )\23) : V()\41, A4z, )\43))
= (T(Aor +2p— L, \ip —p+ 1, X37) : V(Mip, Ao + D, Asr)) s
=(TNor+2p—1—=Xsr, Mir —p+1—=XAs7) : V(Air — sz, Aor + D — As1) )G
= (TMor+2p—1=Xsr = Mir+p—1+X37) : V(Air — Asr — Xor =D+ A1) ) s,
= (T(Xar +3p—2 = Mir) : V(Air — Aop — D)) s,

And T(p—1+7r) = T(p — 1+ (Aar + 2p — 1 — A\yp)) has filtration struc-
ture

V(p—l-l—()\gT-i—Qp—l—/\lT)
V(p—l—()\QT—FQp—l—)\lT))

which we can write

V()\QT + 3]7 —2— )\IT)
V()\lT — Xt — P)-

Thus T'(Aa1, Asa, Agg) has filtration structure

O

as



PTOOf. Consider TO = O, T1 &= V()\51,)\52,)\53), Tg/Tl = V()\41,)\42,)\43),
T5 /T = V(As1, As2, Asg) and Ty /T5 = V(Aa1, A, Aog).

Then
T5/T7 = V(As1,A32, As3)

V(Allla )\427 )\43)

= Vsr+2p—2,\ir —p+1Ar+1)
V (A, Ao + p, Asr)

Now suppose A\ir—p+1 > Xor+p = ANir—Xor > 2p—1. As \ip+Xor+A3r =7
for p <r < 2p—1then \i7 — Aoy % 2p — 1. So suppose A\ — Ao = 2p — 1,
then /\T = (2]9 — ]., 0, 0) and (AIT + p, /\2T7 )\3T> = (3]? — ].7 0, 0) > (t, 0, 0) SO
referring back to our classification of core classes, for » = 2p — 1 we have the
core class

(2p —1,0,0)

(p - 1,]9 - 17())

So, when finding the new partitions for » = 3p — 1 with p-core (p — 1,0,0) we
have only

(2p — 1,p,0)

(2]9 - 17p - 17 1)

2p—1,p,1)

and so in this case (A31, Az2, A\33) actually sits at the bottom of its core class,
as we have only a 3-set, and thus is not relevant to the case we are at the
moment considering. We can therefore assume that Ay — Aoy # 2p — 1 and so
Mt —p+1 < Ao+ p. However, as Aor > Azr then Ao +1 > A3pr. Hence we in
fact have T5/T7 2 V(Asr +2p — 2, \ir —p+ 1, Aor + 1) & V(Air, Aor + p, Asr)
and so we can write

T3/Ty = V(Mir, Aor + D, Asr)
Vdsr+2p— 1, ir —p+ 1, dar + 1)

= V()\41, )\427 >\43)
V()\?)l, )\327 )\33)

And so we have that T'(Aa1, Aga, Ao3) has filtration structure

143



CLAIM 4.13.12
V(As1; As2; As3)
V(As1; As2; As3)

is a non-split extension at the bottom of T'(Ag1, Aga, Agg) and thus must be the
tlltlng module T(/\gl, )\32, )\33).

Proof. 1) Consider the case where As; = Ag3. We have Tr*E = @I (p) )
where d, = dim Homg(L(u), Tr*E) = dim L(p)*. Then taking A to be the
lowest weight for each degree r then we go back to our three cases:

i) 3|r
Then Ay = (3, 5, 5) and so
dim L(Az1, Ag2, Agz)(5:5°5)

=dim L(A\sr +2p — 1, \ir —p+ 1, Ay — p + 1))
=dim L(\sr +2p — 2 — Mip +p —1,0,0)©60)
— dim L(Asr — Ayp + 3p — 3,0)(00)

where n= )\1T+/\27:;+)\3T+p and C _ dortAsr— 2>\1T+4p 3

Now, we have p < r < 2p—3 = p < )\1T—)\2T <2p—-3 = p
A — A3p < 2p—3as Aop > A3r. S0, Mir — A3r < 2p—3 = A3r — Air
3—2p = Xgr — M +3p—3 > p. Hence L(Agr — M\ir + 3p — 3,0)
L()\gT — )\lT + 2p — 3, 0) X L(l, O)F

Lo(1,0) = E |51, and has GL weights (1,0,0), (0,1,0), (0,0,1) thus giving
SL weights (1,0), (—1,1), (0,—1) and so Lo(1,0)* has weights (p,0), (—p,p)
and (0, —p).

Now, suppose (a, ) is a weight of L(Asr — A7 +2p—3,0) then L(Asp— A7+
3p — 3) has weights (a1, @) + (p,0), (a1, )+ (—p,p) and (a1, az) + (0, —p).
Suppose

(a1, a2) + (p,0) = (0,0) then (ay, ) = (—p,0)

(a1, 2) + (=p,p) = (0,0) then (o, az) = (p, —p)

(aq,a2) 4+ (0, —p) = (0,0) then (ay,aq) = (0,p)

This would imply L(A37r— Ai7+2p—3,0) has a weight of at least p. So suppose
AT —AMr+20—=32>2p = Xsgr—AMir > —p+3 = Mgr— A3r < p— 3 which
is a contradiction as p < A\ — A3 < 2p — 3.

Thus L(Aspr — Air +3p—3 ,0) cannot have a weight (0,0), s

dim L()\gl, A32, A33)(555) = 0 and thus L(As1, As2, As3) does not occur in the so-
cle of S5 E®S5 E®S5 E and so dim Homg(L(As1, A, As3), S5@S5 ERS5E) =

0. Therefore V(Xs1, Az, As3) does not embed in S5 ® S5E® S5E and so there
is a non-split extension

IV A

v<)\317 >\327 )\33)
v<)\517 )‘527 )\53)
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at the bottom of T'(Aa1, Aoz, Ag3) which must be the tilting module T'(Az1, Asa, As3)-

Hence cf (T()\gl, )\327 /\33)) Q cf (T(}\217 /\22, )\23)) Q cf (S%E X E%E X S%E) g
D37p(7“).

i) 3lr +1

The same method occurs, except here Ay = (512, == = — 1). So
r+1 r+1 ﬂ*l)

dim L(Az1, Ag2, Agz) (555

=dim LOsr + 20 — 2, M7 —p+ 1, Aip — p+ 1) 53
= dim L(Asp — A\ + 3p — 3,0)0D,

So suppose

(o, 0) + (p,0) = (0,1) then (ay,a3) = (—p, 1)

(a1, a2) + (=p,p) = (0,1) then (a1, a2) = (p,—p + 1)
(aq,a2) + (0, —p) = (0,1) then (aq,an) = (0,p + 1).

So again L(Asr — A7 +2p—3,0) would need to have weight of at least p, which

we know is not possible. Hence L(A31, A3z, )\33)(T+1 5D = 0 and using
the same method as for 3| r then cf (T'(As1, As2, As3)) C cf (T'(Aar, A2, Aaz)) C
f (8% @ ST E®SS 'E) C Dy,(r).

iii) 3|r + 2

Here Ap = (22,22 — 1,22 — 1). So

dim L(As1, Agp, Ags) (55 05 D = dim L(Asp — Ay + 3p — 3,0)20)

So suppose

(a1, a2) + (p,0) = (1,0) then (o, as) = (1 —p,0)

(a1, 9) + (—p,p) = (1,0) then (a1, a0) = (p+ 1, —p)

(o, a0) + (0, —p) = (1,0) then (a1, a2) = (1,p).

So again L(Asr — A7 +2p—3,0) would need to have weight of at least p, which

we know is not possible. Hence L(As1, As2, A33) (5252152 -) = 0 and so
of (T(Ag1, Az, Aaz)) C cf (T(Aar, Aoz, Aog)) C cf (S5 @55 E® ST+2_1E) -
D3’p(7”).

2) Consider the case where A3y > A3

i) 3|r

Then Ay = (£, %, %) and so dim L(As1, Asz, Ag3)(3:3°8)

3 3 3
imp Nt Xig it Yiog >‘z‘T+p)
3 ) 3 ) 3

= dim L()\gT + 2p — 1, >\1T —p+ 1, )\QT + 1)(
=dim LA\sr +2p—2—MNr+p— 1L, \Mr—p+1 —)\2T+1>(0’0)
= dim L(Asr — Az + 3p — 3, Mg — Aap — p)©0)

Now, L(Asr — Mir +3p — 3, \ir — Xar — D)

= L(Asr—Mir+2p—3, Mir—Xor—p)®L(1,0)", which has weights (p,0), (—p, p)
and (0, —p).
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Now, suppose (aq, ag) is a weight of L(Asp — A7 +2p — 3, \ir — Aoy — p) then
L()\gT—)\lT—F?)p—S, >\1T_)\2T —p) has Weights (Oél, a2)+(p, 0), (041, Oég)‘i‘(—p, p)
and (a1, a2) + (0, —p).

Suppose

(a1, 02) + (p,0) = (0,0) then (ay, az) = (—p,0)

(a1, a3) + (—p, p) = (0,0) then (a1, @) = (p, —p)

(a1, a2) 4+ (0, —p) = (0,0) then (a1, as) = (0,p)

This would imply L(A3r — A1+ 2p — 3, Ay — Ao — p) has a weight of at least
p. Now, we know that A3y — A\ + 2p — 3 < p, so what about A\ — Aoy — p?
Well A1 — Aoy — p > p if and only if A\i7 > 2p + Aoyp. However we know that
A < 2p — 4 and thus we have a contradiction.

Thus L(Asr — M1 + 3p — 3, \ir — Aor — p) cannot have a weight (0,0), so
dim L(As1, As2, A33)(5°55) = 0 and thus L()s1, Asp, As3) does not occur in the
socle of S5 E®S5 E®S5 E and so dim Homg(L(As1, As2, As3), S5®@S5 E®S5E).
Therefore V(As1, As2, A33) does not embed in S5 ® S5 E ® S35 E and so there is
a non-split extension

V<)\317 >\327 )\33)
v<)\517 >\527 )\53)

at the bottom of T'(Aa1, Aoz, Ag3) which must be the tilting module T'(Az1, Asa, As3)-
Hence cf (T(/\gl, )\32, )\33)) Q cf (T()\Ql, AQQ, )\23)) Q cf (S’% X S%E X S%E) Q
D37p(7").

i) 3|r + 1

The same method occurs, except here Ay = (%, il 1), So

dim L(As1, Mgz, Agg) (555 D

=dim L(Asr +2p — 2, \ir — p+ 1, Agp + )55 5 )

= dim L(Asr — Mz + 3p — 3, \ir — Ao — p) @Y.

So suppose

(Oéla 042) + (p7 0) = (07 1) = <a17a2) = <_p7 1)

(a1, 02) + (=p,p) = (0,1) = (a1,02) = (p,—p+1)

(a1, a2) +(0,=p) = (0,1) = (a1,a2) =(0,p+1).

So again L(Asr — A+ 2p — 3, A\ir — Ao — p) would need to have weight of at
least p, which we know is not possible.

Hence L(A31, Az2, )\33)(%’%’%_1) = 0 and using the same method as for 3|r
then cf (T()\gl, )\32, )\33)) Q cf (T()\Ql, )\22, )\23)) Q cf (S%S’%E(@S’Ngl_lE) g

D3 (7).

iii) 3[r + 2
+2 r42 +2
Sty LTl =

Here /\T = (%,% - 1,% - 1) So dim L()\gl,)\327>\33)( 373
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dim L(Asp — Mip + 3p — 3, A\ — Ao — p) 10,

So suppose

(a1, 0) + (p,0) = (1,0) = (g, 9) = (1 —p,0)

(a1, a2) + (=p,p) = (1,0) = (a1,02) = (p+1,—p)

(a1, a2) +(0,—p) = (1,0) = (o, a2) = (1,p).

So again L(Asr — M7 + 2p — 3,0) would need to have weight of at least p,
which we know is not possible.

Hence L(A31, A2, )\33)(7'?’%_1’%_1) =0 and so
Cf (T()\gl, )\32, )\33)) Q Cf (T()\Ql, )\22, )\23)) Q Cf (5,7-43&
Q Dg’p(T). O

Thus in all cases we have that the coefficient space of the third highest tilting
module in the core class of the 6-set for 2p < r < 3p is contained in the coef-
ficient space of the lowest weighted tilting truncated module which is itself a
subset of D, (7). O

iv) We now consider those tilting modules whose weights are fourth and
fiftth highest in the core class which is a 6-set, that which we have notated
(a1, Az, Adaz) and (Asp, Asz, As3).

THEOREM 4.13.13 Thecf (T(A\y1, Ao, A\3)) and cf (T'(As1, As2, As3)) are con-
r—(2p—2) r—(2p—2)

tained incf (L(p—1,p—1,0)® S 2 E®S 2 FE)C D;,(r) for r even.
The cf (T(/\41, )\42, )\43)) and cf (T(/\51, )\52, )\53)) are contained in

—(2p—2)+1 r—(2p—2)—1

f(Lip—1,p—1,00©8 2z E®S =z E)C Ds,(r) for r odd.

The case where r is even

EXAMPLE 4.13.14 Let p =7 and r = 18, then we calculate

ch (Tr'**3E) = ch(L(6,6,0) ® S°E @ S°F)
= (566 : 83) 83
= (So60 + Ss61 + S762 + S663)S3
= (S126 + S11,7+ S11,61 + S108 + S107,1 + S10,6,2 + S99 + Sos1
+S972 + So63) + (S11,61 + S10,71 + S10,6.2 + S9s1 + Sor2+
So63 + Sssa + Ss73 + Ssea) + (S10,6.2 + Sor2 + Soes + Ssr3+
Sg64 + S774 + S765) + (S963 + Ss6a + S765 + Sec6)

We can display this result, with multiplicities, as follows;
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1s126
1811,7 2811,6,1
Is108 281071 351062
Isgg 258981 3Sor2 48963
Isgga 28873 3ss64
1774 28765
1s666

Proof. By 4.10 ¢), when proving this, it is enough to show that the Schur func-
tion corresponding to the weights which are fourth highest in the core class of
the 6-set arise at least once in the character of the above truncated module,
and that no Schur function corresponding to a weight which is higher in the
same core class, also arises.

So let us first consider what a typical term s, looks like when it arises in the
ch(L(p—1,p—1,0)® S*E® S*FE), where a = w and 2p < ry < 3p—3.
Well if 0 = (01, 09,03), then using the Littlewood-Richardson Rule we have
that p—1 <01 <p—-142a,p—1<0y <p—-1+aand 0 < g3 < 2q,
where o1 + 09 + 03 = 2p — 2 4+ 2a = r5. Now, let us consider a weight A
which is fourth highest in the core class of the 6-set. By Section 4.7 we know
that A = (Aq, Ay + p, Ag) where (A1, A2, A\3) was the highest weight in the core
class of the 3-set for the range p < r; < 2p — 1. Now, clearly, we have that
A1+ (A2 + p) + A3 = ro, so we need to check the following;

DIsp—1< XA\ <p—-1+2a?

Well, clearly \y > pasp <r; <2p—3,soindeed \y > p—1.

Now as A\; < ryq, then it is enough to check that r; < p — 1 4+ 2a which is true
if and only if r; < 2p — 2, which we know to be true as we are considering the
range where \; < 2p — 3.

DIlsp—1<X+p<p—1+a?

Well, Ay > 0 and thus Ao +p > p > p — 1 as required.

So, 18 Adg +p < p—1+a?. Well this is true if and only if Ay < p%g, SO
suppose for a contradiction that Ay > ’%1. As A\ — Ay > p, this would mean
that \; > %, and then we would have that A\; + Ay > 2p — 1 which is a
contradiction as \; + Ao + A3 < 2p — 3, so indeed Ay +p <p—1+a.

3) Is 0 < A3 <2a?

Clearly A3 > 0. Now suppose for a contradiction that A3 > 2« this holds
if an only if Ay > 2a and thus to ensure A\; — Ay > p we would require
A1+ A2 + A3 > rq, giving a contradiction, and thus A3 < p — 1.

We therefore have that all the Schur functions which correspond to the high-
est weight of the tilting modules whose weights are fourth highest in the core
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class of the six, will arise, at least once, in ch (L(p—1,p—1,0) @ S*E® S*E).
To ensure, then that the coefficient spaces of these tilting modules are con-
tained in the coefficient space of this truncated module, we must check that
no Schur functions corresponding to higher weights in the same core class also
arise. Well, let us look at the top weight in the 6-set, namely (A; + p, A2, A3).
Note that Ay < p — 1, as if Ay > p then we would require A\; > 2p and thus
r1 > 3p which is not true. Therefore the Schur function corresponding to this
weight cannot arise in the ch (L(p — 1,p— 1,0) ® S*E ® S“E), as we already
have that for a typical term o = (01, 09,03) in this character, oo > p — 1.
For the same reason, the second and third weights cannot arise, these both
have second entry A\ —p+1 which, as \; < 2p—3, then A\ —p+1 < p—2 < p—1.

We now consider those weights which are fifth highest in the same core class,
namely those of the form (A, A3 +p — 1, A2 + 1). Let us first show that the
Schur function corresponding to this weight will actually arise, well, we have
already clarified that p — 1 < A\; < p — 1 + 2a. Next we must check that
p—1<A3+p—1<p—1+4+a«andthat 0 < A y+1 < 2a. Well, for the former,
as A3 > 0 then indeed A\3 +p — 1 > p — 1. Now suppose for a contradiction
that A3 +p —1 > p — 1 4+ a which occurs iff A\3 > a;, then A\ + s <p -2+«
iff Ay <p—2+ a— \. However, we know that \; — Ay > p which occurs iff
A1 > p+ Ay and hence we would have \s +p—1 < p—24 a — Ay which is true
iff Ay < QT’l < a < A3 which is a contradiction. Hence \s+p—-1<p—1+«
as required. Now consider the latter, well clearly Ay +1 > 0 as required. Now
suppose for a contradiction that Ay + 1 > 2« which is true iff Ay > 2a — 1,
however we know that \; — Ay > p and thus to ensure A\; — Ay > p we would
require \; + Ay + A3 > 71, giving a contradiction, and thus Ay + 1 < 2« as
required. O

Now that we have clarified that the Schur functions corresponding to the
fifth highest weights do indeed arise in ch (L(p — 1,p —1,0) ® S*E ® S*E) it
is now necessary to show that they arise with a higher multiplicity than the
Schur functions which correspond to the weights which are fourth highest. We
therefore make the following claim;

THEOREM 4.13.15 The character of the truncated module

A3+ 1 for \y >p—1+a«

2p—2,a,¢ _ —
ch (Tr E)_ZGASAWhereaA_{)\l—)\2+1 for iy <p—1+a °

Here A = (A1, A2, Ag) such that p—1 < A\ <p—142a,p—1< A <p—1+a
and 0 < A3 < 2a.

Proof. 1) Let us first consider the case where \; > p — 1 + a. Now, we know
that any s, which arises in ch (L(p — 1,p — 1,0) ® S*E ® S“E) will be such
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that Ay > p — 1 and thus there are two types of weights A to consider, those
were A, A2 # 0 and A3 = 0, and those where A, Ao, A3 # 0. We begin with

the former;

1) A= ()\1,)\2,0).

Now, using x’s for L(p — 1,p — 1,0) and 1s and 2s for the two S*E we have
that a, is the number of ways we can place the x’s, 1s and 2s to form a semi-
standard A-tableau of type (2p — 2, a, ). Now, the L(p — 1,p — 1,0) must be
placed first, so the first p — 1 columns are filled with x’s. This leaves o 1s and
2s to fill in. As we always need strictly increasing columns, then up to the end

of Ay the columns must be of the form

1
2

We then just have the rest of the first row to fill in, which is increasing so we
fill it first with the remaining 1s and then the remaining 2s. There is thus only
one way to form A so ay =1= A3+ 1.

For example, with p =7, r = 18 and A = (11,7,0) we have;

XXXXXX11122

XXXXXX2

i) A = (A1, Ag, A3).
As above, the first p—1 columns are filled with the x’s, and again, as Ay > p—1
then the columns up to the end of Ay are of the form

1
2

It then remains to fill A3 and A\; —Ag with a— (A —(p—1)) = a—A2+p—1 Isand
2s. Now A\ > p—1+aand thus \g+ A3 <p—1+aandso A3 < a—Ay+p—1.
Therefore ay is dependent on A3 and we can fill the remainder as follows;
Put A3 2s in the third row and the remaining 1s and 2s in the first row from
left to right;

Put one 1 and A3 — 1 2s in the third row from left to right and then the re-
maining 1s and 2s in the first row from left to right;

Put two 1s and A3 — 2 2s in the third row from left to right and then the
remaining 1s and 2s in the first row from left to right;

This continues to the final option where we place A3 1s in the third row and
the remaining 1s and 2s in the first row from left to right.

There are therefore A3 4+ 1 ways of forming A and a), = A3 4+ 1 as required.

For example, with p = 7, r = 18 and A = (10,6,2) we have the following
options;

xooxxx 1112

OOKKKX

22

150



XXXXXX1122
XXXKXXK

12
XXXXXX]1222
XXXKKX

11

2) The case where \y < p— 1+ a. As A\ < p— 2+ « then so is Ay and
hence Ay + Ay < 2p — 4 + 2« and thus A3 > 2, hence A = (A1, A2, \3) with
A1, A2, A3 # 0. As in case 1), we must first fill the first p — 1 columns of the
first two rows with x’s. Then as p — 1 < Ay < p — 2 + «, we have that the
columns up to the end of the second row are of the form

1
2

It remains to fill the nodes in A3 and A\; — Ay with a— Xy +p—1 1s and 2s. Now,
with A\ < a+p—1we have that \3 > a—Xs+p—1but \{ =X < a—Xy+p—1,
and thus a) is restricted by A\; — As. We have the following options;

Put Ay — X\ 1s in the first row and the remaining 1s and 2s in the third row
from left to right;

Put Ay — Ay — 1 1s and one 2 in the first row from left to right and then the
remaining 1s and 2s in the third row from left to right;

Put Ay — Ay — 2 1s and two 2s in the first row from left to right and then the
remaining 1s and 2s in the third row from left to right;

This continues to the final option where we place Ay — Ay 2s in the first row
and the remaining 1s and 2s in the third row from left to right.

There are therefore a total of A\ — Ay + 1 ways to form A and ay = A\ — A+ 1
as required.

For example, with p = 7, r = 18 and A = (8,7,3) we have the following
options;

XXXXXX]11
XXXXXXD

122

XXXXXX] 2
XXXXXXD

112 -

We now go about showing that the Schur function corresponding to the fifth
highest weight in the 6-set, always arises with a higher multiplicity than the
Schur function corresponding to the fourth highest weight. The fourth weight
is of the form (Ay, Ay + p, A3) whilst the fifth weight is of the form (A, A3 +p —
1, A+ 1),

CLAIM 4.13.16 For both the fourth and fifth weight, the first entry, A\; >
p—1+a.

151



Proof. We shall first prove that 2)\; > 79, where 2p < ry < 3p — 3. Well, we
know that \; — Ay > p, so if A\; is the smallest it can be we have A\ — XAy = p
so A3 = A1 — p. Depending on the degree r1, we will either have, for \; small-
est, that A3 = Ay or A3 = Ay — 1. Take the case where \3 = Ay, then we have
MAX+A3 =11 < 3\ —2p =11 & 2\ =1r9+p—A; > 1y as required. Taking
the case where A3 = Ay — 1, then we have A\ + Mo+ A3 =1r1 <3\ —2p—1=
r < 2\ =19+ p— A + 1> ry as required.

Now, back to the claim. Assume for a contradiction that \; < p— 14 « which
is true if and only if o = % >MN—pt+1leri+p>2\ & ryg > 2\,
which we know to be false, and hence A\ > p— 1+ a. O

So, we have that the Schur function s, corresponding to the fourth highest
weight o arises with multiplicity o3 + 1 = A3 4+ 1 whilst the Schur function s,
corresponding to the fifth highest weight 7 arises with multiplicity 75 + 1 =
Ao +2. Clearly Ay+2 > A3+ 1 and hence a, > a,, and thus, using Section 4.10
c), we have that the coefficient spaces of the tilting modules whose weights are
fifth highest in the core class of the 6-set arise in cf (Tr = >*“E),

The case where r is odd

EXAMPLE 4.13.17 Let p =7 and r = 17, then we calculate

ch (Tr 232 E) ch (L(6,6,0) ® S?F @ S*E)

(366 : 83) p)

(8960 + S861 + S762 1 S663)52

= S11,6 T S10,7 T S10,6,1 + S98 + So71 + Sg62
+510,6,1 T So71 + Sge2 + Sgs1 1 Sg72 + Ss63
+Sg62 + Sgr2 1 Ss63 + S773 + S764

15863 + S764 + S665

We can display this result, with multiplicities, as follows;
1s116
1s107 251061
Lsgs 25971 35962
Lsgs1 25872 38863
Is773 25764
15665

Proof. of Theorem 4.13.13

Following the proof for the case r even, we first consider what a typical
term s, looks like when it arises in the ch (L(p — 1,p — 1,0) ® S*E ® SPF),
where a = M B = ”(2102—2)1 and 2p < 7y < 3p — 3. Well if
o = (01,092,03), then usmg the Littlewood-Richardson Rule we have that
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p—1<o<p-l+a+f,p-1<oc<p—-1+pFand0 <03 < a+f,
where 01 + 09 + 03 = 2p — 24+ a + [ = ry. Now, let us consider a weight A
which is fourth highest in the core class of the 6-set. By Section 4.7 we know
that A = (A1, Aa + p, A\3) where (A1, A2, A\3) was the highest weight in the core
class of the 3-set for the range p < r; < 2p — 1. Now, clearly, we have that
A1+ (A2 +p) + A3 = g, so we need to check the following;

DIsp—1<M<p—1+a+p3?

Well, clearly A\ > pasp <r; <2p—3,so0indeed \; > p— 1.

Now as A\; < rq, then it is enough to check that ry < p — 1+ a + ( which is
true if and only if ; < 2p—2, which we know to be true as we are considering
the range where \; < 2p — 3.

2)Isp—1<X+p<p—1+p7

Well, Ay > 0 and thus \s +p > p > p — 1 as required.

So,is Ao +p < p— 1+ (37 Well this is true if and only if Ay < 1%4, SO suppose
for a contradiction that Ao > ;%2. As A\; — Ay > p, this would mean that
A > 3pr2, and then we would have that A\; + Ay > 2p — 2 which is a contra-

diction as A\ + Ag + A3 < 2p — 3, soindeed \g +p <p—1+ a.

Clearly A3 > 0. Now suppose for a contradiction that A3 > « + ( this holds
if an only if Ay > «a + 3 and thus to ensure Ay — Ay > p we would require
A1+ A9 + A3 > rq, giving a contradiction, and thus A3 < p — 1.

We therefore have that all the Schur functions which correspond to the high-
est weight of the tilting modules whose weights are fourth highest in the core
class of the six, will arise, at least once, in ch (L(p—1,p—1,0) ® S*E® S*E).
To ensure then, that the coefficient spaces of these tilting modules are con-
tained in the coefficient space of this truncated module, we must check that
no Schur functions corresponding to higher weights in the same core class also
arise. Well, let us look at the top weight in the 6-set, namely (A; + p, A2, A3).
Note that Ay < p — 1, as if Ay > p then we would require Ay > 2p and thus
r1 > 3p which is not true. Therefore the Schur function corresponding to this
weight cannot arise in the ch (L(p —1,p — 1,0) ® S“E ® SPE), as we already
have that for a typical term o = (01, 09,03) in this character, ¢ > p — 1.
For the same reason, the second and third weights cannot arise, these both
have second entry Ay —p+1 which, as \; < 2p—3, then A\ —p+1 < p—2 < p—1.

We now consider those weights which are fifth highest in the same core class,

namely those of the form (A, A3 +p — 1, A2 + 1). Let us first show that the
Schur function corresponding to this weight will actually arise, well, we have
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already clarified that p — 1 < A\ < p—14 a + (. Next we must check that
p—1 < A3+p—1<p—1+Fandthat 0 < A\y+1 < a+ 3. Well, for the former,
as A3 > 0 then indeed \3 +p —1 > p — 1. Now suppose for a contradiction
that A3 +p — 1> p — 1+ 3 which occurs iff A3 > 3, then A\ + s <p—2+ «
iff Ay <p—2+ a— \. However, we know that \; — Ay > p which occurs iff
A1 > p+ Ay and hence we would have Ay +p < p — 2 4+ a — Ay which is true
iff Ay < % < (8 < A3 which is a contradiction. Hence \s+p—1<p—1+0
as required. Now consider the latter, well clearly Ay +1 > 0 as required. Now
suppose for a contradiction that Ao +1 > a+ (3 which is true iff Ay > a+5—1,
however we know that A\; — Ay > p and thus to ensure A\; — Ay > p we would re-
quire A1+ Ao+ A3 > rq, giving a contradiction, and thus \o+1 < 2« as required.

Now that we have clarified that the Schur functions corresponding to the
fifth highest weights do indeed arise in ch (L(p — 1,p — 1,0) ® S°E ® SPE) it
is now necessary to show that they arise with a higher multiplicity than the
Schur functions which correspond to the weights which are fourth highest. We
therefore make the following claim;

THEOREM 4.13.18 The character of the truncated module

A3+ 1 for \i >p—1+a

ch (Tr2p_27aﬂE> - Za’\SA where a, = { AM—X+1 for i <p—1+a

Here A = (A, Mg, A3) such that p—1 < Ay < p—14a+8,p—1< I <p—14p
and 0 < M3 < a+ f.

Proof. The proof follows from that of the case where r is even, except we are
now adding « 1s and (3 2s. O

We now go about showing that the Schur function corresponding the fifth
highest weight in the 6-set, always arises with a higher multiplicity than the
Schur function corresponding to the fourth highest weight. The fourth weight
is of the form (Ay, Ay + p, A3) whilst the fifth weight is of the form (A, A3+ p —
1L, A+ 1),

CLAIM 4.13.19 For both the fourth and fifth weight, the first entry, A\; >
p—1+a.

Proof. This is the same proof as for the case r is even. O

So, we have that the Schur function s, corresponding to the fourth highest
weight o arises with multiplicity o3 + 1 = A3 4+ 1 whilst the Schur function s,
corresponding to the fifth highest weight 7 arises with multiplicity 73 + 1 =
Ao+ 2. Clearly Ao +2 > A3+ 1 and hence a, > a,, and thus, using Section 4.10
¢), we have that the coefficient spaces of the tilting modules whose weights are
fifth highest in the core class of the 6-set arise in cf (Tr *~2>*/F). O
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CALCULATION 4.13.20 The case r = 3p — 2

i) We first consider those weights which are highest or lowest in their core
class, and which are self-titled. We then consider the weights which are second
highest in the core class of the 6-set.

THEOREM 4.13.21 The weights which are highest or lowest in their core
class or are self-titled arise in the truncated module

of (Tr@Pr=r-VEY = L(p—1,1,0)®@ SP'E® SPLE.

Moreover the weights which are second highest in the core class of the 6-
set arise in the same truncated module due to 4.10 c¢), namely that the Schur
function corresponding to their highest weight arises with a higher multiplicity
than the Schur function corresponding to the weight that is highest in the same
core class.

Proof. We first show that the coefficient space of all tilting modules whose
weights are highest or lowest in their core class or are self-titled are contained
in cf (Tr »PP~D E) by proving the following claim;

CLAIM 4.13.22 The Schur functions corresponding to all weights from (3p—
3,1,0) to (p,p—1,p— 1) arise at least once in the ch (L(p—1,1,0) @ SP"'E®
SP1E). Hence all weights in the degree r = 3p — 2 arise at least once, and
thus by 4.10 a) and b), we have the coefficient spaces of all tilting modules
whose weights are highest or lowest in their core class, or are self-titled.

Proof. Consider a term s, in ch (L(p —1,1,0) ® SP7'E ® SP71E), what does
o = (01, 09,03) look like? Well, it is easy to see that p < o1 < 3p — 3, as we
can clearly place all nodes of both SP~'E in the top row, next to the p — 1
nodes of L(p —1,1,0). Moreover if 01 < p — 1 then we would have oy > o7 or
03 > o1, which we cannot have.

Now, consider oo. Well, as there is always at least one node in the second row,
and we can place the remaining in the first row, then oo > 1. On the other
hand, we could distribute the remaining 2p — 2 nodes between the first two
rows, whilst still following Young’s Rule, such that o, = Sp—;l and oy = %.
Hence 1 < g9 < %.

Finally consider o3, where clearly o3 > 0, and the greatest o3 can be is p — 1,
where we place all nodes of the second SP~'E in the third row. If we were to
put p nodes or more in the third row, then either oy < o3 or o9 < o3, which
we cannot have. Thus 0 < o3 <p—1.

Combining these restrictions together we have that (p,p — 1,p—1) < o <
(3p—3,1,0) as stated. Now, we know by Proposition 4.3.2 that for A a weight
in degree r| = 2p — 2, with A the highest weight in its core class consisting of
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three weights, we have that \; < 2p — 3. When we then move up to degree
ro = 3p — 2 we have that the maximal weight is (3p — 3,1,0). Moreover it is
clear that (p,p — 1,p — 1) is the minimal weight in degree ro = 3p — 2, and
all weights in between fit into the boundaries given by o. Hence the Schur
functions corresponding to all weights in the degree r = 3p — 2 arise at least
once in ch (L(p —1,1,0) ® SP"'F ® SP71E), and thus by 4.10 a) and b), we
have the coefficient spaces of all tilting modules whose weights are highest or
lowest in their core class, or are self-titled. O

We now move onto showing that the coefficient spaces of the tilting modules
whose weights are second highest in their core class are also contained in the
same truncated module. To do this, we first prove the following claim;

CLAIM 4.13.23 For p = (p1, po, p3) the highest weight in its core class, and
o = (01,09, 03) the second highest weight in its core class, we have that;

i) pa,01 > 2p

i) yy <p—3and oy <p-—2.

Proof. Well, it = (A +p,Aa, A3) and 0 = (Mg + 2p — 1, \; — p+ 1, A3), where
A = (A1, A9, A3) is top of its core class in the range p < r < 2p — 1, and hence
A1 —Ag > p. So, let us first consider . Well, Ay > p and hence p; = A\i+p > 2p
as required. Moreover, with \; — Ay > p then we have that Ay < A\ —p <p—-3
as we have that \; < 2p — 3. Hence ps = Ay < p — 3 as required.

Now consider o. Well, using that A\; < 2p — 3 we have that Ay > 1 and hence
01 = A+ 2p —1 > 2p as required. Finally, with A\ < 2p — 3 we have that
oo =MN—p+1<p-—2 O

We therefore know that when considering the multiplicity a, of a general Schur
function s, in the ch (L(p — 1,1,0) ® SP"'E ® SP7'E) it is only necessary to
consider the cases where 71 > 2p and 7, < p—2. This brings us to the following
theorem.

THEOREM 4.13.24 If
T €{(m,72,73) | (T1,72,73) < (3p—3,1,0), 1 > 2p and » < p — 2},

then, in the ch (L(p — 1,1,0) ® SP"'E @ SP7'E), the Schur function s, arises
with multiplicity a,, where a, = Z 1 1{5 :z § 1
Proof. We have that

ch(L(p—1,1,0)® SP'E® SP'E) = (Sp—1,1 — Sp—2.1.1)Sp—1Sp—1,

and thus the multiplicity a, = al —a? where a! is the number of semi-standard
tableaux formed from s,_;15,-15,_1, and a? is the number of semi-standard
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tableaux formed from s,_2115,-15,-1

1) The case where 73 < 1.

i) Let us first look at the case where 73 = 0, and follow the method through by
using the example p = 7, r = 19 and 7 = (15,4, 0). So, we first draw (p—1,1)
which we notate by x’s, and then to this we must add p — 1 1s and p — 1 2s.
As 75 < p— 2 then we can put at most 75 — 1 of these 1s and 2s in the second
row, the rest must go in the first row. We therefore have the following options;
Place no 1s and 75 — 1 2s in the second row, then the remaining nodes in the
first row from left to right;

Place one 1 and 7, — 2 2s in the second row, then the remaining nodes in the
first row from left to right;

We continue increasing the 1s in the second row until we reach the final option
where we place 7 — 1 1s and no 2s in the second row, and the remaining nodes
in the first row from left to right. This gives us ai =71y — 141 = 7 tableaux,
which in our example are;

xoooaxx 111111222

X222

X0xxx111112222
x122

Xxxxxx111122222
x112

XXXXXX]11222222
x111

Now we need to find a2, however, for 73 = 0 this is equal to zero as the
tableaux formed from s, 51 15,-15,—1 Will have at least one node in the third
row. Hence a2 = 0, and so a, = 7, as required.

ii) We now look at the case where 73 = 1, and use the example p = 7, r = 19
and 7 = (15,3,1). We again start by drawing (p — 1,1) with x’s, to which we
must add p — 1 1s and p — 1 2s. Now one of these 1s or 2s must be placed
in the third row as 73 = 1, let us first choose to place a 1 in the third row.
Then the remaining must be placed in the first and second rows such that the
number of nodes in row two is equal to the number in 7. We can do this as
follows;

Place no 1s and 75 — 1 2s in the second row, with the remaining in the first
row from left to right;

Place one 1 and 7 — 2 2s in the second row, with the remaining in the first
row from left to right;

This continues to the final option where we place no 2s and 7 — 1 1s in the
second row and the remaining in the first row form left to right. This gives
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a total of 7 tableaux. If we then place a 2 in the third row instead of a 1,
then we follow the same method again to get a further 7, tableaux, and hence
al = 27,. In our example, these are as follows;

xxooexxx111112222

X22

xxxxxx111122222
xX12
XXxxxx111222222
x11
Xxxxxx]111111222
x22
xxxxxx111112222
X12

XxXxxxx111122222
x11

We must now find a?, so we draw (p — 2,1, 1) using x’s and then have p — 1
1s and p — 1 2s to add to either row one or row two, such that the number of
nodes in row two is equal to the number in 7. We therefore have the following
options;

Place no 1s and 75 — 1 2s in the second row and the remaining in the first row
from left to right;

Place one 1 and 75 — 2 2s in the second row and the remaining in the first row
from left to right;

This continues to the final option where we place 75 — 2 1s and no 2s in the
second row and the remaining in the first row from left to right. Thus a? = 7,
and in our example these tableaux are as follows;

xxxxx1111112222

x22

X

xxxxx1111122222

x12

X

xxxxx1111222222

x11

X

Thus we have that a, = al — a? = (273) — 72 = 7» as required.

2) The case where 73 > 1.
For this case we shall follow our work with the example p = 7, r = 19 and
7(14,3,2). Starting with al, we again draw (p — 1,1) using x’s to which we

must add p — 1 1s and 2s. Now, as 73 > 2, then from column two, to the end
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of the third row we must place 1s in the second row, and 2s in the third row,
to ensure we have strictly increasing columns. Now there is only one node left
empty in the third row, so let us choose to put a 1 in this space. Then the
remaining 1s and 2s must go in rows one and two such that row two has the
same number of nodes as 75. We can therefore do this as follows;

Place no 1s and 75 — 73 2s in row two and the remaining in row one;

Place one 1 and 75 — 73 — 1 2s in row two and the remaining in row one;
This continues to the final option where we place 7 — 73 1s and no 2s in the
second row and the remaining in the first row. Thus we have 7, — 73 + 1
tableaux. If we then go back and place a 2 in the empty node in row three
instead of a 1, then we can repeat the process again, getting another 7 — 3+ 1
tableaux, and thus a! = 2(m5 — 73 + 1). In our example these are as follows;
xooxxx11112222

x12

12

XXxxxx11122222

x11

12

XXxxxx11111222

x12

22

XXxxxx11112222

x11

22

It now remains to find a2, so we draw (p —2,1,1), and then fill rows two and
three with 1s and 2s respectively, up to the end of the third row to ensure we
have strictly increasing columns. The remaining 1s and 2s can then be placed
in rows one and two as follows;

Place no 1s and 75 — 73 2s in the second row and the remaining in the first
row;

Place one 1 and 75 — 73 — 1 2s in the second row and the remaining in the first
TOW;

This continues to the final option where we place 7, —73 1s and no 2s in the sec-
ond row and the remaining in the first row. We thus have that a? = 7 —7+1,

and our example gives these tableaux;
xXxxxx111112222
x12

X2
Xxxxx111122222
x11

X2

We therefore have that a, = al —a2 = 2(n—73+1)—(n—73+1) = n—73+1.
O

With this information we can now check that for p the highest weight in its core
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class and o the second highest weight, that a, > a,. Well, u = (A +p, A2, A3)
and 0 = (A2 +2p — 1,\y — p+ 1,)3), and so when puz = 03 = A3 < 1 then
a, = po = Ay and a, = 09 = Ay — p + 1, and indeed, as Ay — Ay > p then
A1 —p+1> Xy, On the other hand, when A3 > 1 then a, = Ay — A3+ 1 and
o =AM —p+1—XA3+1=XA — A3 —p+ 2, and again as \; — Ay > p then
A1 —A3—p+2 > As— A3+ 1. Hence the coefficient spaces of the tilting modules
whose weights are second highest in the core class of the 6-set are contained
in cf (L(p —1,1,0) ® SP1E @ SP1E). O

ii) Here we consider those tilting modules whose weights are second highest in
the core class of the 3-set which came from the self-titled weight A\ such that
Al — )\3 <p-— 2.

THEOREM 4.13.25 For r = 3p — 2 where A\ was a self-titled weight of
degree r = 2p — 2 with A\ — A3 < p — 2, then

cf (T'(Aa1, Aoz, Ao3)) Ccf (L(p—1,1,0) @ SP'E® SPLE).

Proof. From Section 4.7, we have that the 3-set formed from this self-titled
weight A with \; — A3 < p — 2 is as follows;

(AL + D, A2, Az)
()\2 +p_ 1a)‘1+]-7A3)
()\3—1-])—2,)\1—!—1,)\2—1-1)

Now consider the tilting truncated module L(p—1,1,0)® SP"'E® SP~'E, and
let us first calculate

Lip—1,1,00@ 8" 'E = (Sp—1,1 = Sp-2,1,1)Sp-1

= S9p-21+ Sop-32+ Sop-a3+ ...+ Spp-1+ Sp-1p-11-

Now, to ensure we have the tilting module in the middle of this core class
we need to ensure that the Schur function corresponding to its highest weight
arises with a higher multiplicity than the Schur function corresponding to the
weight at the top of this core class, when we calculate ch (L(p — 1,1,0) ®
SP1E @ SP71E). Well, the only terms in the above sum which can be mul-
tiplied by another s,_; such that the resulting Schur function has weight
(A1 + p, A2, A3), are those in the range

(2p— (A3 +1),23,0),(2p — (A3 +2), A3+ 1,0),...,(2p — (A2 + 1), A2,0)

If the second entry is less than A3 then when we add on the remaining nodes we
would not be able to form a partition with strictly increasing columns. If the
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second entry is greater than Ay then we have too many nodes in the second row.

On the other hand, the terms from the above sum which can be multiplied
by another s,_; such that the resulting Schur function has weight (Ay +p —
1, A1 + 1, A3), are those in the range

<2p - (>\3 + ]-)7 )‘370)7 (2p - ()‘3 + 2)7/\3 + 170)7 SRR (2p - <)‘1 + 2)7 >\1 + ]-70>

If the second entry is less than A3 then when we add on the remaining nodes
we would not be able to form a partition with strictly increasing columns. If
the second entry is greater than A\; + 1 then we have too many nodes in the
second row.

Thus, as A\; + 1 > Ay then the multiplicity of the Schur function corre-
sponding the ‘middle’ weight is greater than the multiplicity of the Schur
function corresponding to the top weight. Hence by 4.10 ¢) we have that
cf (Ta+p—1, A\ +1,23) Ccf (L(p—1,\+1,0)®@ S E®S*E) as required.
O

iii) Here we consider those tilting modules whose weights are second highest
in the core class of the 3-set where Ay —p <p—1

THEOREM 4.13.26 For r = 3p — 2 where Ay +p >tand \y —p <p—1
then cf (T (Aa1, Aoz, Aa3)) C of (L(p—1,1,0) ® L(p — 1,1,0) ® SP72E).

Proof. We know here that (Ay, Aa, A3) = (r1,0,0) = (2p — 2,0,0). Therefore
for 7y = 3p—2 then the weight highest in its core classis & = (Aa+2p—1, \; —
p+1,23) = (2p—1,p—1,0) and the weight second highest is (A1, Ao +p, A3) =
(2p —2,p,0). When calculating the character of Tr”PP~?[ it is therefore only
necessary to consider weights who have last entry zero. We first find those in
Sp—1.1°Sp—2, namely (2p—3,1,0),(2p—4,2,0), (2p—5,3,0),...,(p—1,p—1,0),
and note that the negative part of this calculation s, 51 - s,-2 Will give no
weights with last entry zero. We know multiply each of these weights by s,_1
and see how many times (2p —1,p — 1,0) and (2p — 2,p,0) occur in each.
Sp—1.1-Sap—3.1,0 gives weights (3p—4,2,0),...,(2p—2,p,0) and each occur once
in this.

Sp—1,1- S2p—a,2,0 gives weights (3p—5,3,0),...,(2p—3,p+1,0) and each occur
once in this.

Sp—1.1 - Sop—5,3,0 gives weights (3p —6,4,0),...,(2p—4,p+2,0) and each occur
once in this.

. : 5p—5 p+1 3p—1 3p—3
Sp-1.1° S p-1 o ives weights (£, 2=,0),..., (%=, %%5=,0) and each occur

once in this.



. . 5p—7 p+3 3p—1 3p—3
Sp—1,1" S35 pi1 g GiVes weights (45—, 25°,0), ..., (%5, 5=, 0) and each occur

once in this.

3p—1 3p—3

Sp—1,1" Spp—2,0 gives weights (2p—1,p—1,0),..., (E—=, %

once in this.
Sp—1.1"Sp—1,p—1,0 gives weights (2p—2,p,0),..., (
ond highest weight occurs once in this.

,0) and each occur

3p—1 3p—3

—, %%5=,0) and only the sec-

We therefore have that, in ch (Tr??P~?E), the multiplicity of the Schur func-
tion corresponding to the second highest weight is p— 1, whilst the multiplicity
of the Schur function corresponding to the highest weight is only p — 2. Thus

by 4.10 C), the cf (T()\Ql, )\22, )\23)) g cf (L(p—l, 1, O)@L(p—l, 1, O)@SP_QE) O

iv) For the weights which are third, fourth and fifth highest in the core class
of the 6-set, we can use the same proof as for the range 2p < r < 3p— 3 as the
6-sets for r = 3p—2 are formed in exactly the same way as for 2p < r < 3p—3.
The only difference is that there are a smaller number of these 6-sets due to
there being a smaller number of 3-sets for 2p — 2 because of the case where
Ar = (2p —2,0,0) as A\yr — p < p — 1 which forms a 3-set not a 6-set which
was resolved in sections i) and ii). For the fourth and fifth highest weights we
use the truncated module L(p —1,p—1,0) ® S°E® SPE as r = 3p — 2 is odd,
where a = ’%1 and 0 = ’%1. We can then use the proof of Theorem 4.13.13
from the range 2p < r < 3p—3 to show that the Schur functions corresponding
to both the fourth and fifth weights arise at least once in the character of the
above truncated module. Moreover, from the range 2p < r < 3p — 3 we also
have the following result;

THEOREM 4.13.27 The character of the truncated module

- A3+ 1 for \i >p—1+a«
2p—2,a,0 _ — 3 1=

ch (Tr E)—Z“ASAWhere“A—{Al_A2+1 for y <p—1+a
Where A = (A1, Ao, Ag) such that p—1 < A\ < p—14a+8, p—1 < Ay < p—1+13
and 0 < A3 < a+ 6.

Proof. See proof of the same theorem 4.13.18 for the range 2p < r < 3p — 3,
which follows the proof for the even case in Theorem 4.13.15. O

Let s, be the Schur function corresponding to the fourth highest weight, then
o = (A1, A2+ p, A3) and let s, be the Schur function corresponding to the fifth
highest weight, then 7 = (A, \3+p—1, Ay +1). For the range 2p <r <3p—3
we had that 01,71 > p — 1 + a, and we proved that in this case a, =3+ 1 =
A +2> A+ 1=03+1=a,. However for r = 3p — 1 it may be possible for,
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01 =71 =M\ <p—1+a. For example, with p =7 and ro = 19 = r{ 4+ p, then
A =(9,2,1) is a weight at the top of its core class as 9 — 2 = 7 = p, and yet
M=9<p—14+a=10,henceo; =7 <p—1+a.

So, in this case a, =01 — 02+ 1 =X — (N +p)+1=XA — X —p+1and
ar=11—To+1=X N —(A3+p—1)+1= XA — A3 —p+2, and we need to check
that a, > a,. Well, we know that Ay > A3 and hence \g+p—1> A3+p—1 >
A3 + p — 2 which is true if and only if \y = A3 —p+2> X — X —p+1 and
thus a, > a, as required.

Hence both cf (T'(0)) and cf (T'(7)) are contained in cf (L(p — 1,p — 1,0) ®
SE ® SPE) where a = 22! and 8 = 1.
CALCULATION 4.13.28 The case r =3p — 1

i) We first consider those weights which are highest or lowest in their core
class, and which are self-titled. We then consider the weights which are second
highest in the core class of the 6-set.

THEOREM 4.13.29 The weights which are highest or lowest in their core
class or are self-titled arise in the truncated module

of (Tt ®PP~VE) = cf (L(p—1,1,0) @ L(p — 1,1,0) ® SP7LE).

Moreover the weights which are second highest in the core class of the 6-
set arise in the same truncated module due to 4.10 c), namely that the Schur
function corresponding to their highest weight arises with a higher multiplicity
than the Schur function corresponding to the weight that is highest in the same
core class.

Proof. We first show that the coefficient space of all tilting modules whose
weights are highest or lowest in their core class or are self-titled are contained
in cf (Tr (PPP ~VE), by proving the following claim;

CLAIM 4.13.30 The Schur functions corresponding to all weights from (3p—
3,2,0) to (p,p,p—1) arise at least once in the ch (L(p—1,1,0)® L(p—1,1,0)®
SP=LE). Hence all weights in the degree r = 3p — 1 arise at least once, and
thus by 4.10 a) and b), we have the coefficient spaces of all tilting modules
whose weights are highest or lowest in their core class, or are self-titled.

Proof. Consider a term s, in ch (L(p—1,1,0)® L(p —1,1,0) ® SP71E), what
does o = (01, 09, 03) look like? Well, it is easy to see that p < o7 < 3p — 3, as
we can clearly place all nodes of SP~1E in the top row, next to the 2p—2 nodes
of both L(p—1,1,0). Moreover if o; < p— 1 then we would have o3, 03 > 0y,
which we cannot have.

Now, consider g,. Well, as there are always at least two nodes in the second
row, and we can place the remaining in the first row, then o, > 2. On the
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other hand, we could distribute the remaining 2p — 2 nodes between the first
two rows, whilst still following Young’s Rule, such that o, = 09 = Sp—;l. Hence
1 <oy <2

Finally consider o3, where clearly o3 > 0, and the greatest o3 can be is p — 1,
where we place all nodes of the SP~'E in the third row. If we were to put
p nodes or more in the third row, then either o; < o3 or o9 < o3, which we
cannot have. Thus 0 < o3 <p— 1.

Combining these restrictions together we have that (p,p,p—1) < o < (3p —
3,2,0) as stated. Now, we know by Proposition 4.3.2 that for A\ a weight in
degree 1y = 2p — 1, with A the highest weight in its core class consisting of
three weights, we have that \; < 2p — 3. When we then move up to degree
re = 3p — 1 we have that the maximal weight is (3p — 3,2,0). Moreover it
is clear that (p,p,p — 1) is the minimal weight in degree r, = 3p — 1, and
all weights in between fit into the boundaries given by o. Hence the Schur
functions corresponding to all weights in the degree r = 3p — 1 arise at least
once in ch (L(p—1,1,0)® L(p—1,1,0) ® SP~'F), and thus by 4.10 a) and b),
we have the coefficient spaces of all tilting modules whose weights are highest
or lowest in their core class, or are self-titled. O

We now move onto showing that the coefficient spaces of the tilting modules
whose weights are second highest in their core class are also contained in the
same truncated module. To do this, we first prove the following claim;

CLAIM 4.13.31 For pu = (pu1, fi2, p3) the highest weight in its core class, and
o = (01,09, 03) the second highest weight in its core class, we have that;

i) pn, o1 >2p

i) yy <p—3and oy <p—2.

Proof. Same proof as for the case r = 3p — 2. O

We therefore know that when considering the multiplicity a, of a general Schur
function s, in the ch (L(p—1,1,0)® L(p—1,1,0) ® SP~' E) it is only necessary
to consider the cases where 71 > 2p and 75 < p — 2. This brings us to the
following theorem.

THEOREM 4.13.32 If
Te{(n,m,m3) | T<(Bp—3,2,0), m >2pand » < p— 2},

then, in the ch (L(p —1,1,0) ® L(p — 1,1,0) ® SP7'E), the Schur function s,
T — 1 for 3, =0

arises with multiplicity a,, where a, = Ty — st 1 forms £0

Proof. We have that

ch (L(p—1,1,0)®L(p—1,1, 0)®SP_IE) = (Sp—l,l_Sp—2,1,1)(517—1,1_51)—2,1,1)317—17
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and thus the multiplicity a, = al — a2 + a? where a! is the number of semi-
standard tableaux formed from s,_115,-115,—1 Which follow the Littlewood-
Richardson Rule, a? is twice the number of semi-standard tableaux formed
from s,_115,-21,15,—1 Which follow the Littlewood-Richardson Rule, and ai is
the number of semi-standard tableaux formed from s, 91 15,-2115,—1 Which
follow the Littlewood-Richardson Rule.

1) The case where 73 = 0.

With 73 = 0 then a2 = ¢ = 0 and thus a, = al. So, when calculating
Sp—115p—1,15p—1, we first draw (p — 1,1) which we notate by x’s. To this we
must add another (p — 1,1) which we notate by 1s and a 2. To follow the
Littlewood-Richardson Rule and maintain a semi-standard tableau it is nec-
essary to put the 2 in the second row. We then add the 1s to either the first
or second row, such that the number of nodes in row two is less than or equal
to those in 7 > 2 and we can do this as follows;

Place no 1s in row two and p — 1 1s in row one;

Place one 1 in row two and p — 2 1s in row one;

And so on to the last option where we add 7 — 2 1s to row two and the re-
maining 1s to row one.

To each of these new tableaux formed we can then add the remaining p — 1
nodes (notated by 4s) in one way, such that we have a 7-tableau. Hence
a;,=al=m—-2+1=m—1

For example, let p = 7, r = 20 and 7 = (16,4,0), then we have the fol-
lowing tableaux;

xooaxxx1111114444
X244

xxxxxx1111144444
X124

xxxxxx]1111444444
x112

2) The case where 13 # 0.

Due to the nature of the truncated module we are using it is necessary here
to split this part into three cases, namely when 73 = 1, when 73 = 2 and when
73 > 3. We start with;

i) The case where 73 = 1.

In this case ai = 0 as any tableaux formed from s, 215,211 Will have a
minimum of two nodes in the third row. Thus a, = al —a?. So let us first
look at al. We begin by drawing (p — 1,1) which we notate by x’s, then to
this we must add another (p — 1, 1) notated by p — 1 1s and one 2. The 2 we
can either place in the second or third row (if it were in the first then it would
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not be ‘good’ as necessitated by the Littlewood-Richardson Rule). Let us first
choose to place it in the second row, then we must now add the p — 1 1s, only
one of which can be placed in third row, and the remaining p — 2 1s must be
added to the first or second row, such that the number of nodes in the second
row is less than or equal to the number in 75. We therefore have the following
options;

Place no 1s in the second row and p — 2 in the first row;

Place one 1 in the second row, and p — 3 in the first row;

This continues until we reach the final option where we place 7, — 2 1s in the
second row, and p — 2 — (1 — 2) 1s in the first row.

To each of these we can then add the remaining p — 1 4s, in one way, to form
a T-tableau, and from this method we have  — 1 tableaux.

For example with p = 5, r = 14 and 7 = (10,3,1) we have the following
tableaux;

xxxx111444

x24

xxxx114444
x12

Now, after placing the 2 in the second row, we could have then chosen to not
put a 1 in the third row, so all 1s must be placed in the first or second rows
again such that the number of nodes in the second row is less than or equal
to the number in 75. So we have the options;

Put no 1s in the second row and p — 1 in the first row;

Put one 1 in the second row and p — 2 in the first row;

This continues to the last option where we put 7 — 2 1s in the second row and
p— 2 — (72 — 2) in the first row.

To each of these tableau we can then add the remaining p — 1 4s, in one way,
to form a 7-tableau, and this method gives us another 7 — 1 tableaux. With
the same example as above we get the following tableaux;

xxxx111144

x24

xxxx111444
X12

Now let us go back to when we placed the 2 in the second row, and instead,
choose to place it in the third row. Then the remaining 1s must be added to
the first or second row, again such that the number of nodes in the second row
does not exceed those in 7. So we can;

Place non in the second row, and p — 1 in the first row;

Place one in the second row, and p — 2 in the first row;
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And so on to the last option where we place 75 — 1 1s in the second row, and
p—1— (72 — 1) in the first row.

Again, to each of these tableaux we can then add the remaining p — 1 4s, in
one way, to form a 7-tableau, and this method gives another 7, tableaux. For
the example given above, these are

xxxx111144

x44

xxxx111444
x14

xxxx]14444
x11

We have now covered all possible ways of forming a semi-standard 7-tableau
from s,_118)-115,—1 and we have that al = 2(, — 1) + 7.

We now need to find a? which is twice the number of semi-standard 7-tableaux
formed from s, 15,-2115p—1 such that they obey the Littlewood-Richardson
Rule. So, as before, we start by drawing (p — 1, 1) which we notate by x’s. To
this we must add (p—2, 1, 1) which we notate by p—2 1s, one 2 and one 3. To
ensure we follow the Littlewood-Richardson Rule, we must place the 3 in row
three and the 2 in row two, and thus it remains to add the p — 2 1s, which we
can add to either the first row or the second row, ensuring that the number of
nodes in the second row does not exceed the number in 7. We thus have the
following options;

Put no 1s in row two and p — 2 in row one;

Put one 1 in row two and p — 3 in row one;

This continues to the final option where we place 7 — 2 1s in row two and
p—2 — (12 — 2) in row one.

To each of these tableaux we can then add the remaining p — 1 4s in one way
to form a 7-tableau. Hence we have 7, — 1 ways of forming such a tableau and
thus a? = 2(m5 — 1). Referring back to our example, the tableaux formed here
are as follows;

xxxx111444

x24

xxxx114444
X12

So we can now calculate a, = al —a? = 2(ro— 1)+ —2(n—1)—T = n—713+1
as 73 = 1.

ii) The case where 73 = 2. The method for finding a! follows that of the
case where 73 = 1. We draw (p — 1,1) and then choosing to place the 2 of
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(p —1,1) in the second row and one 1 in the third row gives 75 — 1 tableaux,
whilst placing again the 2 in the second row but putting no 1s in the third row
gives another 75 — 1 tableaux.

Consider the example p = 5, r = 14 and 7 = (10, 2,2), then these tableaux
are as follows;

xxxx111444

X1

14
xxxx111144
X2
44

We then choose to place the 2 in the third row, and then add the remaining
1s, this time ensuring that not only are the number of nodes in the second row
less than or equal to the number in 75, but that they are also greater than or
equal to the number of nodes in 73 = 2. If the number was less than 73 then to
get a 7-tableau it would be necessary to place two of the p — 1 4s underneath
each other, which is not possible in a standard tableau. So, we can first place
no 1s in the third row, which gives the following options;

Put 73 — 1 1s in the second row and p — 1 — (73 — 1) in the first row;

Put 75 1s in the second row and p — 1 — 73 in the first row;

And so on until we reach the final option where we place 75 —1 1s in the second
row and p — 1 — (72 — 1) in the first row.

To each of these tableaux there is then one possible way to add the remaining
p — 1 4s such that we form a semi-standard 7-tableau. So this method gives
75—1—(r3—1)+1=m — 73+ 1 options.

In the example p =5, r = 19 and 7 = (10, 2,2) this gives the tableau;
xxxx111444

x1

24

We can then choose to place one 1 in the third row, and then attach the re-
maining 1s to rows one and two again so that the number of nodes in row
two is greater than or equal to 73 and less than or equal to 75, this then gives
another 7, — 73 + 1 options, which in our example gives the tableau;
xxxx114444

x1

12

Thus, bringing all our options together we have that al = 2(m, — 1) + 2(72 —
T3 + 1)

We now move onto a?. As for the case 73 = 1 we draw (p — 1,1) and then
when adding (p — 2,1,1) to it we must place the 3 in the third row, and the
two in the second row. It then remains to attach the p — 2 1s, which, if we
choose to place non of these in the third row, again gives 7, — 1 tableaux. In
our example, this is the following tableau;
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xxxx111444
X2
34

As 73 = 2, we could also choose to place one of these 1s in the third row,
before the 3, to ensure we have a semi-standard tableau, and then attach the
remaining p — 3 1s to the first and second rows, giving another 7, — 1 tableaux,
which for our example is the following;

xxxx111444

X2

13

There is thus a total of 2(7, — 1) tableaux and hence a? = 4(7, — 1).

It now remains to find a2. We first draw (p — 2,1,1) notated by x’s, and
then add to it another (p—2,1,1) notated by p—2 1s, one 2 and one 3. Again,
to ensure we follow the Littlewood-Richardson Rule, it is necessary to place
the 3 in the third row and the 2 in the second row. We then must attach the
p — 2 1s to the first and second rows, we we can do as follows;

Add no 1s to the second row, and p — 2 to the first row;

Add one 1 to the second row and p — 3 to the first row;

This continues until we reach the final option where we add 7 — 2 1s to the
second row and p — 2 — (» — 1) 1s to the first row. To each of these there
is one way to add the remaining p — 1 4s such that we have a T-tableau, and
thus a3 = 7, — 1. Finishing our example, the tableau formed is as follows;
xxx1114444

X2

X3

We thus have that a, = (2(re — 1) +2(—13+ 1)) — (4(n—1)) + (n—1) =
To—1=m—13+1as 173=2.

iii) The case where 73 > 3.

For this case we use the example p = 7, r = 20 and 7 = (14, 3,3). We follow
a similar method to the previous case, so start with finding al. As before, we
draw (p—1,1) with x’s, and first choose to place the 2 of the next (p—1,1) in
the second row, and one of the 1s in the third row. We then add the remaining
1s such that the number of nodes in row two is less than or equal to those in
79 and greater than or equal to the number in 73. We can thus;

Place 73 — 2 1s in row two and p — 2 — (73 — 2) in row one;

Place 13 — 1 in row two and p — 2 — (13 — 1) in row one;

And so on to the final option where we place 75—2 in row two and p—2— (1, —2)
in row one. To each of these there is one way to add the p — 1 4s to form a
T-tableau, and thus we have 75 — 73 + 1 tableaux. In our example, this gives;
§T§XXX11114444

144
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When we then choose to not place a 1 in the third row, then we add them
again to rows one and two in the same way, thus giving another 7 — 73 + 1
options, which in our example is as follows;

xoooxxx11111444

x12

444

Finally, we can choose to place the 2 in the third row as opposed to the second
row. From there we can add the 1s such that row two is restricted as above
and row three has either one 1 in it, or no 1s at all. This gives a further
2(1y — 13 + 1) tableaux, which in our example are as follows;

xoooxxx11144444

x11

124

xxxxxx11114444

x11

244

Thus in total we have that al = 4(m — 73+ 1).

-, as before, we draw the (p — 1,1) with x’s, and then
add a (p —2,1,1) where we must put the 3 in the third row and the 2 in the
second row. With the p — 2 1s, we can then place either non of them in the
third row, or just one of them in the third row. The number of 1s placed in
the second row is again restricted by 7, and 73, and the remaining are placed
in the first row. To each of these we can add the p — 1 4s in just one way to
form a 7-tableau and thus there are 2(m3 — 73 + 1) of these tableaux. In our
example these are as follows;

xooxxx11114444

x12

344
xxxxxx11144444
x12

134
Thus we have that a? = 4(m, — 73 + 1).

We now move on to a?

We now find a2, first drawing (p — 2,1,1) with x’s, then adding another
(p — 2,1,1) where we must put the 2 in the second row and the 3 in the
third row. The remaining 1s are added to the first or second row such that
the number in the second row is again restricted by 7, and 73. This gives that
a3 = 15 — 73 + 1, which in our example is;

xxxxx]111144444
x12
x34

We can then calculate a, = (4(rs — 13+ 1)) — (4 —m3+ 1))+ (n—13+1) =
Ty — T3 + 1 as required. O
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With this information we can now check that for u the highest weight in its core
class and o the second highest weight, that a, > a,. Well, u = (A1 +p, A2, A3)
and 0 = (A2 +2p — 1,\; — p+ 1,A3), and so when u3 = o3 = A3 = 0 then
a, =X —1land ay, = A\ —p+1—1= A —p, and indeed, as \; — Ay > p
then A\; —p > Ay — 1. On the other hand, when A3 # 0 then a, = Ao — A3+ 1
and a, = A\ —p+1—XA3+1 =X — A3 —p+ 2, and again as \; — Ay > p
then Ay — A3 —p+2 > Ay — A3 + 1. Hence the coefficient spaces of the tilting
modules whose weights are second highest in the core class of the 6-set are
contained in cf (L(p —1,1,0) ® L(p — 1,1,0) ® SP7'E). O

ii) Here we consider those tilting modules whose weights are second highest in
the core class of the 3-set which came from the self-titled weight A such that
Al — A3 <p—2

THEOREM 4.13.33 For r = 3p — 1 where \ was a self-titled weight of
degree r = 2p — 1 with A\ — \3 < p — 2, then

cf (T()\Ql, )\22, )\23)) Q cf (L(p — 1, 1, 0) &® L(p — 1, 1, 0) (%9 SpilE.

Proof. The proof is similar to that of the case r = 3p—2. From Section 4.7, we
have that the 3-set formed from this self-titled weight A with Ay — A3 < p — 2
is as follows;

(A1 + D, A2, A3)
()\2 +p_ 17)‘1+17A3)
()\3+p—2,>\1+1,>\2+1)

Now consider the tilting truncated module L(p—1,1,0)®@L(p—1,1,0)QSP1E,
and let us first calculate L(p—1,1,0)® L(p—1,1,0) = (Sp—11—Sp—21,1)(Sp—11—
Sp—2.1,1)- Using the Littlewood-Richardson Rule we result in the following sum;

Sop—2,2,0 t Sop—21,1 + S2p-330+ Sop—a40t+ - T Sppo T Sp-1p-12-

Now, to ensure we have the tilting module in the middle of this core class
we need to ensure that the Schur function corresponding to its highest weight
arises with a higher multiplicity than the Schur function corresponding to the
weight at the top of this core class, when we calculate ch (L(p — 1,1,0) ®
L(p—1,1,0) ® SP~'E). Well, the only terms in the above sum which can be
multiplied by another s,_; such that the resulting Schur function has weight
(A1 4+ p, A2, A3), are those in the range

(20— A3,A3,0), (2p — (A3 + 1), A3+ 1,0),..., (2p — A2, A2, 0)

where Ay < p—3 as \; < p — 3 by Proposition 4.3.3. If the second entry is
less than A3 then when we add on the remaining nodes we would not be able
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to form a partition with strictly increasing columns. If the second entry is
greater than Ay then we have too many nodes in the second row. Note that

On the other hand, the terms from the above sum which can be multiplied
by another s,_; such that the resulting Schur function has weight (Ay +p —
1, A1 + 1, A3), are those in the range

(2p— >\37>\370)7 (2p— (A3 + 1)7)‘3 + 170)7 SRR (2]) - ()‘1 + 1>’/\1 + 170)

where A\ +1 < p—2 as \; < p— 3. If the second entry is less than A3 then
when we add on the remaining nodes we would not be able to form a partition
with strictly increasing columns. If the second entry is greater than A\; + 1
then we have too many nodes in the second row.

Thus, as Ay + 1 > Ay then the multiplicity of the Schur function corre-
sponding the ‘middle’ weight is greater than the multiplicity of the Schur
function corresponding to the top weight. Hence by 4.10 ¢) we have that
cf (TN +p—1, M +1,)3) Ccf(L(p—1,1,0) ® L(p — 1,1,0) ® SP'E as
required. O

iii) Here we consider those tilting modules whose weights are second highest
in the core class of the 3-set where A\ —p < p — 1 and where \y —p=p— 1.

THEOREM 4.13.34 Forr = 3p—1 where \y +p >tand \y —p=p—2
then

of (T(Mo1, Aoz, as)) € f (L(p — 1,2,0) @ L(p — 1,1,0) @ S*72E).
Forr=3p—1 where \y +p >t and \; —p=p—1 then
cf (T'(Aa1, A2z, Ag3)) Cef (L(p—1,p—1,1) ® S E® SLEIE),

Proof. Let us first consider the case where A\ — p = p — 2, we know here that
(A1, Ao, A3) = (r1 — 1,1,0) = (2p — 2,1,0). Therefore for 7 = 3p — 1 then the
weight highest in its core class is (Ao +2p — 1, A1 —p+ 1, A3) = (2p,p — 1,0)
and the weight second highest is (A, Ao +p, A3) = (2p —2,p+1,0). When cal-
culating the character of Tr?™PP~2F it is therefore only necessary to consider
weights who have last entry zero. We first find those in s,_11 - 5,_2, namely
(2p—3,1,0),(2p—4,2,0),(2p—5,3,0),...,(p—1,p—1,0), and note that the
negative part of this calculation s, 911 - s,—2 Will give no weights with last
entry zero. We now multiply each of these weights by s,_; 2 and see how many
times (2p,p — 1,0) and (2p — 2,p + 1,0) occur in each.

Sp—12-S2p—3.1,0 gives weights (3p—4,3,0),...,(2p—1,p,0) and only the highest
weight occurs once in this.
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Sp—12 - Sop—a.20 gives weights (3p —5,4,0),...,(2p—2,p+1,0) and each occur
once in this.
Sp—1,2 - S2p—5,30 gives weights (3p—6,5,0),...,(2p—3,p+2,0) and each occur
once in this.

: : - 1 3p-1
Sp-1,2° S35 pi1 g GiVes weights (%, ’%5, 0),..., (BPT’ 3pT, 0) and each occur
once in this.
Sp-12°S3=T pi3 gives weights (%, 1%7, 0),..., (%, 3”2—_1, 0) and each occur
once in this.
i ights (2 1,0 -1 31 0) and each
Sp—1,2 * Spy1p—3 gives weights (2p,p — 1,0),..., (%=, *%—,0) and each occur
once in this.
3p—1 3p

Sp—12-Spp—20 gives weights (2p—1,p,0), ..., ( —1,0) and only the second
occurs once in this.
Sp—1,2 " Sp—1p—1,0 gives weights (2p—2,p+1,0),..., (251, 222, 0) and only the

second highest weight occurs once in this.

2 Y

We therefore have that, in ch (Tr?™??=2F)  the Schur function corresponding
to the second highest weight arises with multiplicity p — 2, whilst the Schur
function corresponding to the highest weight only arises with multiplicity p—3.
Hence, by 4.10 c), the coefficient space of the tilting module whose weight is

second highest in the core class of the 3-set with Ay — p = p — 2 is contained
in cf (TrPHPP2F),

We now move onto the 3-set where \y — p = p — 1 where we know that
(A1, A2, A3) = (r,0,0) = (2p — 1,0,0) and so the second highest weight in the
3-set for 1o = 3p —11is (A, A1 —p,1) = (2p — 1,p — 1,1), and indeed, the
leading term in ch (L(p — 1,p — 1,1) ® S5 E® S%E) is s9p-1p-11. Thus
by 4.10 c), the coefficient space of the tilting module whose weight is second
highest in the core class of the 3-set with Ay — p = p — 1 is contained in

f(Lip—1,p—1,1)® 8T E® ST E). O

iv) For the weights which are third, fourth and fifth highest in the core class
of the 6-set, we can use the same proof as for the range 2p < r < 3p — 3
as the 6-sets for r = 3p — 1 are formed in exactly the same way as for
2p < r < 3p — 3, it is just that there are a smaller number of these 6-sets
due to there being a smaller number of 3-sets for 2p — 1 because of the cases
where A = (2p — 1,0,0), (2p —2,1,0) as Ay — p = p — 1 which form 3-sets
not 6-sets which were resolved in sections i)and ii). For the fourth and fifth
highest weights we use the truncated module L(p — 1,p — 1,0) ® S*FE ® S*E
as r = 3p — 1 is even, where a = 1%1. We can then use the proof of the even
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part of Theorem 4.13.13 from the range 2p < r < 3p — 3, to show that the
Schur functions corresponding to the fourth and fifth weights arise at least
once in the character of the above truncated module. Moreover, from the
range 2p < r < 3p — 3 we also have the following result;

THEOREM 4.13.35 The character of the truncated module

_ As+1 for\y >p—1+a
2p—2,a,x _ — 3 1=

ch (Tr E)_Za,\s,\ Wherea,\—{)\l_)\2+1 for i <p—1+a
Where A = (A1, A2, A3) such that p—1 < Ay < p—142a,p—1< Xy < p—1+a
and 0 < A3 < 2a.

Proof. See proof of the same Theorem 4.13.15 for the range 2p < r < 3p — 3.
O

Let s, be the Schur function corresponding to the fourth highest weight, then
o = (A, A2 +p, A3) and let s, be the Schur function corresponding to the fifth
highest weight, then 7 = (A, A3 +p—1, Ao+ 1). For the range 2p <r < 3p—3
we had that o1, 7 > p— 1+ «a, and we proved that in this case a, =3+ 1 =
A+2> N+ 1=03+1=a,. However for r = 3p — 1 it may be possible for,
01 =71 =M\ <p—1+a. For example, with p =7 and ro = 20 = r{ 4+ p, then
A =(9,2,2) is a weight at the top of its core class as 9 — 2 = 7 = p, and yet
M=9<p—14+a=10,hencec; =7 <p—1+a.

So, in this case a, = 01—+ 1 =X\ —(A+p)+1 =X — X —p+1and
ar=mT1—To+1=X N —(A3+p—1)+1= XA — A3 —p+2, and we need to check
that a, > a,. Well, we know that Ay > A3 and hence \g+p—1> A3+p—1 >
A3 + p — 2 which is true if and only if Ay = A3 —p+2> X — X —p+1 and
thus a, > a, as required.

Hence both cf (T'(0)) and cf (T'(7)) are contained in cf (L(p — 1,p — 1,0) ®
S“E ® S®E) where o = £,

REMARK 4.13.36 We have therefore found that the coefficient spaces of
all tilting modules of A(mw,r) are contained in some tilting truncated module of
Ds(p,r) and thus have proven Theorem 4.1.3 for the range 0 < r < 3p — 1.
Applying the reflection property from Section 3.5 also proves Ds ,(r) = A(m,r)
for the range 6p — 8 < r < 3t. Hence, the Doty colagebras are quasi-hereditary
and thus have finite global dimension for these ranges.
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Chapter 5

Further cases

AIM: This chapter looks at the range we did not prove D ,(r) = A(m,r) in
Chapter Four, namely 3p < r < 6p — 9 for n = 3, stating why we believe
D (1) # A(m,r) for this range. We then move on to the case n > 4, again
explaining why we conjecture D,, ,(r) # A(w, ) except in certain cases. Finally
we prove Dy, o(r) = A(m,r) for all n and for 7 a suitable saturated set.

5.1 The casen=3for 3p <r <6p—9

AIM: In Chapter Four we proved Dj,(r) = A(m,r) for 0 < r < 3p —1 and
along with the reflection property in Section 3.5 we also have that Ds,(r) =
A(m,r) for 6p — 8 < r < 3t where t = n(p — 1). In this chapter we consider
the ‘middle’ range 3p < r < 6p — 9, and so begin with a conjecture that
Ds (1) # A(m,r) for this range. We consider examples for p = 3, 5 and 7,
and show that we are unable to find the coefficient spaces of the tilting modules
of each A(m,r) respectively, via the methods we used to prove our theorem for
the range 0 < r < 3p— 1. We look at other methods we could use and explain
why we have been unable to prove Ds,(r) = A(m,r) for 3p <r < 5p — 5, and
thus why we conjecture that Ds,(r) # A(m,r) for 3p < r < 2t and thus for
the reflection of this range, i.e. % <r < 6p—9.

CONJECTURE 5.1.1 The Doty Coalgebras Ds () # A(m,r) for 3p <r <
6p—9 and m={\ = (A, Ao, A3) | A < ¢, [\ =71}

5.1.1 The examplen=3,p=3andr=3p=9

It is interesting to point out, that for this example, nt = 3(3p—3) = 9p—9 = 18
and thus the ‘halfway’ point we would need to reach to then use the reflection
property in Section 3.5 would be r = 9 = 3p. Let us first study the details
of this example. There are eight partitions A = (A1, A2, A3) of r into n parts,
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such that A\ < n(p — 1) = 6, namely (6,3,0), (6,2,1), (5,4,0),

(5,3,1), (5,2,2), (4,4,1), (4,3,2) and (3, 3, 3), and thus there are eight tilting
modules whose coefficient spaces we need to find, and eight truncated modules
with which to find them. These truncated modules are as follows;

Tr%E = 1(2,2,2) ® L(2,1,0)

)
Tr'%E = 1(2,2,2) ® L(2,0,0) ® L(1,0,0)
Tr*YE = 1(2,2,1) ® L(2,2,0)
T E=1(2,2,1)® L(2,1,0) ® L(1,0,0)
Tr"E = L(2,2,1) ® L(2,0,0) ® L(2,0,0)
Tr*"E = L(2,2,0) ® L(2,2,0)
Tr*¥E = L(2,2,0) ® L(2,1,0) ® L(2,0,0)
Tr*BE = L(2,1,0) ® L(2,1,0) ® L(2,1,0)

By Theorem 4.8.15 we know that Tr®°E and Tr**E are not tilting, and
thus we have six tilting truncated modules with which to work. It is next
necessary to understand the core classes of the tilting modules. Well, each
weight apart from (5,3, 1) has an empty p-core, whilst (5,3, 1) is self-titled, so
we have two core classes. So, let us consider each tilting module separately.

ch (Tr**E) has leading term sg3p and thus cf (7(6,3,0)) C cf (Tr *2E).
ch (Tr"??E) has leading term sgy; and thus cf (7(6,2,1)) C cf (Tr**?E).
ch (Tr *' E) has leading term sz and thus cf (7(5,4,0)) C cf (Tr**'E).
ch (Tr**' E) has leading term ss3; and thus cf (7(5,3,1)) C cf (Tr>*'E).
ch (Tr°*' E) has leading term sz and thus cf (7(5,2,2)) C cf (Tr ' E).
ch (Tr°"E) has leading term s44; and thus cf (7'(4,4,1)) C cf (Tr**E).

The next tilting module to consider is 7'(4,3,2). Unfortunately the Schur
function s430 is not the leading term in the character of a tilting truncated
module, so we need to look beyond this. As we are looking at p = 3 we can
use James’ book to find the composition factors of all the tilting modules, as
shown in Fact 4.9.13. These are shown below;

T(6,3,0) has filtration structure

6,3,0
6,2,1
5,4,0
5,3,2
4,4,1
4,3,2

444444
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T(6,2,1) has filtration structure
T'(5,4,0) has filtration structure

T(5,2,2) has filtration structure
T'(4,4,1) has filtration structure
T'(4,3,2) has filtration structure

So V(4,3,2) arises as a section in a V-filtration of every tilting module which
is above it in its core class. We now consider each tilting truncated module,
starting with 77%2' E and look at the multiplicities of the weights in its char-
acter.

The ch (Tr %' E) = 5599 + 5432, so the one V(4,3,2) is ‘taken’ by the 7'(5,2, 2).
The ch (Tr *°E) = 544, + s432, s0 the one V(4,3,2) is ‘taken’ by the T(4,4, 1).
The ch (Tr** E) = s531 + 500 + 8431 + 25432, 50 the two V(4,3,2) are ‘taken’
by the T'(5,2,2)and the T'(4,4,1).
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The ch (Tr°#2E) = sgo1 + 8531 + 25520 + 5441 + 25432, 50 the two V(4,3,2) are
‘taken’ by the 7'(6,2, 1) and the T'(5,2,2).

The ch (Tr 441E) = S540 + S531 + Sz22 + 28441 + 28432, S0 the two V(4,3,2) are
‘taken’ by the 7'(5,4,0) and the 7'(4,4,1).

The ch (Tr*32E) = sg30 + S621 + 5540 + 25531 + 25522 + 25441 + 35432, S0 the three
V(4,3,2) are ‘taken’ by the T'(6,3,0), the T'(5,2,2) and the T7'(4,4, 1).

Therefore, via these methods, we have been unable to find a tilting trun-
cated module whose coefficient space contains the coefficient space of the
tilting module 7'(4,3,2). We must therefore now consider other methods.
Well, if it were true that cf (7'(4,3,2)) C Ds33(9) then it would be the case
that 7'(4,3,2) would be contained in the image of some ¢(Tr*E) where ) is
one of the eight partitions given above and ¢ : Tr*E — Ds3(9) is a homo-
morphism. Much detailed work in this area has found this is not the case.
Other methods were considered and tested, and we were unable to show that
cf (T'(4,3,2)) € D33(9), and so we therefore conjecture that we cannot find
this tilting module T'(4, 3, 2).

5.1.2 The example n =3, p=5and r=3p =15

For this example we have the following core classes;

XX KXXKXXX KXXXX
Froeex xR o X ST
12,30 1221 1140 1122 1050 1032 95,1
744 1131 870 663 1041 76,2
9,33 843 9,6,0
7.7.1 9,42
7,53 8,6,1
6,5,4 8,5,2
5,5,

It can be shown that the coefficient spaces of all tilting modules whose high-
est weight is highest or lowest in its core class, or self-titled, will arise in the
coefficient space of the tilting truncated module Tr%4E which is the lowest
weighted tilting truncated module. It therefore remains to find those tilting
modules whose highest weights sit in the middle of their core class. We shall
consider each one in turn, firstly looking at the 6-set. The Schur function
of the second highest weight (11,3,1) arises in ch (Tr®*FE) with multiplic-
ity 2, one higher than the multiplicity of the Schur function of (12,2,1) and
thus cf (T(11,3,1)) C cf (Tr®*E). The tilting module with the third highest
weight 7'(9, 3, 3) we have due to the same method used in Theorem 4.13.7. The
cf (T(7,7,1)) C cf (Tr**E) as in the character of Tr**E, s;7; is the highest
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weight that arises in its core class. Finally, the cf (T(7,4,3)) C cf (Tr''*?h)
as in the character of Tr''*' E, 5745 is the highest weight in its core class to
arise.

For the 3-set, we only need to find 7'(8,7,0), and as sgyo arises with a higher
multiplicity than si; 40 in ch (Tr ?E), then cf (T'(8,7,0)) C cf (Tr *E).

The 7-set is where the problems arise. For the tilting module with the second
highest weight, we have that cf (7(10,4,1)) C cf (Tr**E) as the leading term
in the character of Tr**F is indeed s1941. In a similar way, cf (7°(9,4,2)) C
cf (Tr'%*1E) as the leading term in ch (Tr'**'E) is sg4s. It remains to find
7(9,6,0), 7'(8,6,1) and 7'(8,5,2), and in a similar way to the previous exam-
ple, we can show that when we calculate the character of each of the truncated
modules, the highest weights of the tilting modules we wish to find never arise
with a higher multiplicity than the sum of the multiplicities of the weights
above them in their core class, and thus we cannot say that we have found
the coeflicient spaces of these tilting modules in D5 5(15). There is also the
added difficulty in this and all other examples where p > 5 in that we do not
have a full understanding of the composition factors of the tilting modules, as
we did for p = 3 via James’ book. Moreover in this case, we do not just have
one tilting module to find, but three. The same continues in the following
example.

5.1.3 The example n =3, p=7and r = 3p =21

In this example we have the following core classes;

XXX XXX XXX
XXXXX XXXX XX XXX XX XEXXKXXXKXXX
@ XX XXX X X XX XXXX

14,71 1560 183,00 1821 17,31 17,22 17,40
14,6,1 12,90 1650 1551 1641 15472 10,6,5
13,80 1263 1254 1353 1344 1443

13,6,2 11,10,0 11,9,1 10,10,1 10,9,2

12,81 1164 11,73 10,74 1083

12,7,2 966 876 975 885
7,77

QEPOOON. pOOaa - 0Rge

XX X XX ST ST
16,3,2 15,3,3 1452 1371 1155
9,8,4 9,9,3 11,8,2

As in the previous example all tilting modules whose highest weights are high-
est or lowest in their core class, or are self-titled can be found in the truncated
module Tr 8% E, which is the lowest weighted, tilting truncated module for this
degree. The tilting modules whose weights are second highest in the core class
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of the 6-set arise in the same truncated module as their weight arises with a
higher multiplicity than that of the weight at the top of their core class. The
tilting modules whose weights are third highest in the core class of the 6-set
arise due to the same method used in Theorem 4.13.7. The remaining tilting
modules in the 6-sets arise in the following truncated modules;

cf (T(11,10,0)) C cf (Tr % E)

cf (T(11,6,4)) C cf (Tr "4 F)
cf (T(11,9,1)) C cf (Tr 344 E)
cf (T(11,7,3)) C cf (Tr ™42 E)
cf (T(10,10,1)) C cf (Tr **E)
cf (T(10,7,4)) C cf (Tr "4 F)
cf (T(10,9,2)) C cf (Tr 51 F)
cf (T(10,8,3)) C cf (Tr '**2F)

For the 3-set, cf (T(12,9,0) C cf (Tr?"E). Finally, for the 7-set we can resolve
another two tilting modules; cf (T'(14,6,1)) C cf (Tr "***E) and cf (T(13,6,2)) C
cf (Tr %' F). What remains are the same tilting modules as for the previous
example, those which are third, fifth and sixth highest in the 7-set, and again
when we calculate the character of all tilting truncated modules we find that
their highest weight does not arise with a higher multiplicity than the sum of
the multiplicities of all the weights above them in their core class. We can
therefore not say whether these tilting modules are contained in D3 (21).

REMARK 5.1.2 If we then look back at Section 4.7, we can see that for the
next range of r, namely 4p < r < 5p — 5, the same issue will arise. For this
range we have two core classes which are 6-sets and again a core class which
is a 7-set, thus there are many more tilting modules to find whose weights sit
in the middle of their core class.

5.2 The casen >4

AIM: Our understanding of what happens for n > 4 is not complete, however
there are a number of points which can be made for this case. We firstly prove
that D, ,(r) = A(m,r) for 0 <r <p—1landnt—(p—1) <r < nt. We
then consider further ranges of r stating why we believe D,, ,(r) # A(m,r) for
p < r < nt— p except in the case n = 4 and p = 3.

5.2.1 Therange 0 <r<p-—1

THEOREM 5.2.1 For 0 <r <p—1 then cf (T'(\)) C cf (Tr*E)

Proof. For 0 < r < p—1then L(A) = V(\) = A(\) = T(\). Moreover each
weight X is self-titled and thus has its own core class. Tr*E = SME® SME ®
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S*E where \; < p — 1 and thus each S* E is tilting. The Schur function sy
arises in ch (Tr*E) and as the weight X is self-titled then cf (T'/(\)) C cf (Tr*E)

as required. O

COROLLARY 5.2.2 Using the reflection property of Section 3.5, this also
proves that D, ,(r) = A(m,r) for nt — (p — 1) <r < nt.

5.2.2 Therange p<r<2p-1

For each self-titled weight from 0 < r < p — 1 there are n possible ways to
add on a new p-hook. Namely adding it on to the first row, then adding it on
starting at the second row, and so forth until we add it on starting at the nth
row. Thus there will be core classes consisting of n weights.

Now, the lowest weighted truncated module for each degree r is as follows;

For n | r: (’"ng,rf,...,%)
Forn | r+ 1 (% el el )
Forn | r—+2: (&2, t2 2 ] 22 )

Forn | r+ (n—1): (St oz g0 W —1).

n n

The greatest entry here is T+(Z_1) <zl o 2o Now 22280 <
2n—2

if and only if p > 27’;%22 However === < 3 so we would require p > 3, which
we know to be true. The case p = 2 is resolved in the following section. We
therefore know that the lowest weighted truncated module is always tilting
and then by the Littlewood-Richardson Rule, the ch (Tr*E) for A minimal
gives the Schur function of each weight in the degree r at least once. We
therefore have that the coefficient spaces of the tilting modules whose highest
weights are highest or lowest in their core class, or self-titled, are contained
in cf (Tr*E) for A minimal. Moreover, just as in the case n = 3 the Schur
function of the tilting module whose weight is second highest in its core class
arises with a higher multiplicity than the Schur function of the weight above
it. Thus we have the coefficient space of this tilting module aswell.

Thus, because of the structure of the case n = 4, p = 3 where there are at
most three weights in a core class for the range p < r < 2p — 1, we have
that the coefficient spaces of all tilting modules in this range are contained in
cf (Tr*E) for A\ minimal, i.e. Dy3(r) = A(x,r) for p <r < 2p — 1. Moreover,
using the reflection property of Section 3.5 we also have that D, 3(r) = A(m,r)
fornt — (2p—1) <r <nt.

However for all other cases there will be the third highest weights, to the n —1
highest weights which it still remains to find.
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EXAMPLE 5.2.3 Let n = 4 and r = p = 5, then we have the core classes;
%) ST ST
(3,2,0,0) (2,2,1,0)

The lowest weighted truncated module is Tr "' E whose character is
S5 1 3841 + 3832 + 35311 + 28201 + Sa111,

so as stated we have that cf (7'(5,0,0,0)), cf(7(3,2,0,0)), cf (7(2,2,1,0)),
cf (T(2,1,1,1)) and cf (T'(4,1,0,0)) are contained in cf (Tr *'"' E). It remains
to find 7'(3,1,1,0) but as the multiplicity of s31; is 3 and the multiplicities of
s41 and s5 sum to give 4 we cannot say that cf (7'(3,1,1,1)) C cf (Tr*''E).
Moreover, for the remaining tilting truncated modules Tr ' £, Tr 32 E, Tr3' E
and Tr ' E, the same occurs in that in their character the multiplicity of ssi1
is not greater than the sum of the multiplicities of the Schur functions of s
and ss.

This is just one example, and obviously as n increases so the number of tilting
modules to find will be greater. It is also the case for n > 4, that we can-
not necessarily use the crucial Fact 4.9.17, which we used for the case n = 3.
Firstly, it may not be possible for two weights, A and p, in the same core class
to admit a horizontal h-cut. However, more importantly, even if they do, we
would then be in the case GL,_1, and unless n — 1 = 2, or we can make more
horizontal h-cuts to get back to G' Ly, we cannot be sure that (T'(\) : V(u)) <1
where A > u. Therefore the method given in 4.10 ¢), of ensuring the multi-
plicity of s, in strictly greater than that of sy, cannot be used. This makes it
that much harder to find tilting modules whose weights are in the middle of
their core class.

It is also the case that the number of tilting truncated modules decreases
as n increases. We have

SE =L(0,...,0)® L(1,0,...,0)®...® L(p — 1,0,...,0)
®Lp—-1,1,0,...,00® L(p—1,2,0,...,0) ...
®Lp—1,p—1,0,...,0)

®Lp—-1,....,p—1,1,0,00L(p—1,...,p—1,2,0,0) & ...
®Lp—-1,....p—1L0ap-1,....p-1,1)®L(p-1,....,p—1,2)
®...0Lp-1,...,p—1,p—1)
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where the only tilting modules are those in the ranges
L(1,0,...,0),...,L(p—1,0,...,0)

and
Lp—1,....p—=1,0),....L(p—1,....p—1,p—1).

This then greatly restricts the number of tilting truncated modules which we
can work with, which plays a clear negative role for the range r > ¢.

5.2.3 The range r >t

Take the example n = 4, p = 3 and r = 11. The lowest weighted truncated
module is

Tr*2E = 1(2,1,0,0) ® L(2,1,0,0) ® L(2,1,0,0) ® S?E.

Now L(2,1,0,0) @ S2E = (891 — $111) - S2 = S41 + S32 + Sa21 — S2111 1S not tilting.
Moreover when we then calculate (s91 — $111)(S21 — $111) (841 + S32 + S221 — S2111)
we find negatives in the result and thus Tr***?E is not tilting. The next lowest
weight is

Tr*22F = 1,(2,2,0,0) ® L(2,1,0,0) ® S*E ® S*E

which again we can show is not tilting. This continues to the next truncated
module

Tr*¥'E = 1(2,2,0,0) ® L(2,1,0,0) ® L(2,1,0,0) ® S'E

which again is not tilting. It is unnecessary to continue looking at the trun-
cated modules as when considering the character of all other truncated mod-
ules, whether they be tilting or not, if s, is the leading term in the character
of these truncated modules, then u < (7,4,0,0), and thus we cannot find the
tilting modules whose highest weights are higher than p, namely 7'(8, 3,0, 0),
7(8,2,1,0) and 7°(8,1,1,1).

It is the combination of these issues that leads us to the conclusion that
D, ,(r) # A(m,r) for n > 4 and p < r < nt — p except for the case were
p=3.

5.3 The case p=2 for all n
THEOREM 5.3.1 For p =2, and for all n, the Doty Coalgebras D, »(r) =

A(m,r) for m = {X = (A, Ag, ..., \n) | A1 <n(p—1) =n} asaturated set and
where 0 < r < nt = n2.
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Proof. For n arbitrary, SE = S'E ® S'E @ ... ® S"E where

J n—j

= —N——
S$E=k=L{T1,....1.0,..0.
Now,
J n—j
—_—— —— _
dimL(1,1,...,1,0,...,0) = dimS'E

and in this case S7E has weights > e, + - + € where i; < ip < -0 < 4
which we know to be the weights of A7E due to the basis of A7E consisting of
the elements e;; A --- Ae;; and thus

dimS’F = dimA’E = dimV/(1,1,...,1,0,...,0)

and so

L(,1,...,1,0,...,0) = V(1,1,...,1,0,...,0).
Similarly

L(,1,...,1,0,...,0) = A(1,1,...,1,0,...,0)
and thus

L(1,1,...,1,0,...,0) =T(1,1,...,1,0,...,0).

Therefore all S7E are tilting.

Now, let A = (A1, Ag,...,A,) such that " | A\; = r, than we can find the
transpose of A, which we shall call X = (X}, A, ..., A ), where m < n as for
A € m, A\ < n. For example, consider A = (4,3,1,0) then \' = (3,2,2,1).
Then

TVE = AV E = T() @ [B,cnT (1)

and therefore

cf (T'(N)) Ccf (Tr )"E) C Dyo(r)

A(m) C Dy a(r).
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Chapter 6

A family of quiver algebras of
finite global dimension which
are not quasi-hereditary

AIM: In Section 1.3 we defined quasi-hereditary algebras and stated that all
quasi-hereditary algebras have finite global dimension, but that the reverse is
not necessarily true. Whilst researching quasi-hereditary algebras we studied a
paper by Dlab and Ringel [3], which described an 11-dimensional serial algebra
of global dimension 4 which is not quasi-hereditary.

By considering this example and the structure of the algebra we were able to
discover an infinite family of algebras of finite global dimension which are not
quasi-hereditary. All of these algebras are quiver algebras and thus have a nice
picture to go with each of them! This chapter defines this infinite family of
quiver algebras.

6.1 Preliminaries

AIM: This section gives the information needed in defining our family of
quiver algebras. We start with the definition of a quiver and quiver algebra.
We then define idempotents and projective indecomposable modules, and show
the correspondence between these projective indecomposable modules and the
simple modules of a ring.

DEFINITION 6.1.1 A quiver I' is a directed graph and is given by a set of
vertices and a set of arrows between these vertices. An arrow « starts at the
vertex s(«) and terminates at the vertex t(«).

A path in I' consists of a sequence of arrows ajas ... a, with n > 1 such that
the t(a;) = s(a;+1). We use the convention of concatenating paths from left
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to right. For each vertex ¢ we denote by e; the trivial path which starts and
terminates at ¢

DEFINITION 6.1.2 Let k£ be a field, and I' a quiver. Then a quiver algebra
kT is a k-algebra with basis consisting of all paths (including trivial paths) in
I', with multiplication given by concatenation of paths. We thus have that for
two paths = and y then the product is equal to zero unless t(z) = s(y).

This multiplication is associative.

EXAMPLE 6.1.3 If I is the quiver

@
1 2 b 3

then kI = k-sp{ey, €9, €3, o, B, a3 }.

Having defined quiver algebras, we now go on to consider idempotents.

The following definitions are given for finite-dimensional algebras.

DEFINITION 6.1.4 Let A be algebra. Then e € A is called an idempotent
if €2 = e. Moreover two idempotents are called orthogonal if e;e5 = ese; = 0.
We then say an idempotent is primitive if e = €% # 0 and there is no expression
e = f 4+ g where f and g are non zero idempotents such that fg = gf = 0.

We now go on to define projective indecomposable modules.

DEFINITION 6.1.5 Let A be an algebra such that 4A = @®!_, P, for P; in-
decomposable. Then these summands are called the principal indecomposable
modules of A.

THEOREM 6.1.6 [20, Chapter 1, 3.13] i) If 4A = @,/ P, = &;c,Q; where
the P; and (), are all indecomposable, then there exists a bijection ¢ : I — J
such that P; = Qg;), for all i € I.

ii) A finitely-generated indecomposable A-module M is projective if and only
it M = P; for P; a primitive indecomposable module of 4A. Hence every P; is
projective.

We now describe the link between projective indecomposable modules and
simple modules.

THEOREM 6.1.7 [20, Chapter 1, 3.14] Let A be a finite dimensional algebra
and e a primitive idempotent. Set P = eA, then P contains a unique maximal
submodule, namely eJ(A), where J(A) is the radical of A.

COROLLARY 6.1.8 [20, Chapter 1, 3.15] There is a one-to-one correspon-
dence between the isomorphism classes of the projective indecomposable mod-
ules of R and the isomorphism classes of the simple R-modules. This is given

by P=eAw eAje](A).
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6.2 The family of quiver algebras

AIM: We first give the thereom we wish to prove, which describes our family
of quiver algebras. We then break this thereom down into different values of
r. For each case we will give an example of such a quiver algebra, showing
why it has finite global dimension and why it is not quasi-hereditary. We will
then generalise each case with proofs.

THEOREM 6.2.1 For the following values of n and X\ there exists a quiver
algebra A of dimension n with \ simples, such that A has finite global dimen-
sion m = (A — 1)2, but is not quasi-hereditary.

No. of simples \ | gl.dim m = (A —1)2 dim n

r=1 r=2 r=3
3 4 11 17 23
4 6 19 31 43
5 8 29 49 69
6 10 41 71 101
7 12 95 97 139
8 14 71 127 183
9 16 89 161 233
10 18 109 199 289
11 20 131 241 351

This is an infinite table where r is the number of paths between vertices A — 1
and .

We make the following remark regarding quasi-hereditary algebras, which will
be used when showing our family of quiver algebras are not quasi-hereditary.

REMARK 6.2.2 Let A be a quasi-hereditary algebra with simples L;, pro-
jective modules P; and standard modules A; where 1 < ¢ < n. If y4 is maximal,
then P, = A, as otherwise P, would have filtration structure

A,
for x > p.

We now begin to define the family of quiver algebras, starting with the example
given by Dlab and Ringel [3].
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EXAMPLE 6.2.3 Let A be the quiver algebra

€3

(651 Qg

€1 ¢ <4 » €

modulo I =< ayasazay, asaiag >.

Then A = k‘—sp{el, €9, €3, (X1, (g, (X3, (1 (X9, 93, (301, (X1 (X2 (X3, 052043061} is a se-
rial algebra of dimension n = 11. This algebra has the 3 idempotents ey, s, e3,
and with the projective indecomposables P; = ¢; A then;

P = k-sp{Bb aq, 01 g, 041042043}/1
P, = k—sp{eg, A, (a3, 042063041}/1
Py = k-sp{es, as, aza; }/1.

We can lay out the projectives as a table of paths starting at e;, for each
B

P P, P
1 2 3
2 3 1
3 1 2
1 2

It is now necessary to prove that A has finite global dimension, and so find
the projective dimension of each simple module. By Corollary 6.1.8 we have
an isomorphism between the projective indecomposables and the simples, and
indeed setting L; = hd(P;), then we have three simple modules Ly, Lo, L3. The
fact that A is a serial algebra [3] means we can resolve these simple modules
in the following way:

We can resolve L; as follows:

O—>P3—>P2—>P2—>P1—>L1—>O

and thus pdim(L;) = 3.
We can resolve L, as follows:

0—=P3—PFP,—Ly—0

and thus pdim(Ly) = 1.
We can resolve L3 as follows:

0P —>FP,—>FPs—>P—P,—L;—0
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and thus pdim(Lj) = 4.
So A has global dimension 4 = (3 —1)2 = (A — 1)2.

We now show why A is not quasi-hereditary. To do this we consider each
possible way of ordering the simple modules, and show that none of these
orderings give a way of filtering the projective modules P;, by the standard
modules A;. Well, by Remark 6.2.2, we cannot take 1 or 2 to be maximal
as [Py : L) = 2 and [P, : Lo] = 2. Our only choice then is to take 3 to be
maximal. Now let us assume for a contradiction that A is quasi-hereditary.
We have [P; : L3] = 1 which implies (P, : A3) = 1 which implies A3 embeds
in P, thus giving that soc(A3) embeds in P;. However this is a contradiction
as we can see from the above table that there is a L; sitting at the bottom of
P,. Hence A cannot be quasi-hereditary.

We now consider another example, but this time with four simple modules.

EXAMPLE 6.2.4 Let A be the quiver algebra

€1 a7 €2
'
4
(67 N A £8%)
&
N
€4 a3 €3

modulo [ =< ajasazauay, asasagaras, agoqaoos >.

Then A has dimension n = 19. Moreover it has the 4 idempotents ey, s, €3, €4,
and again, laying out the projectives as paths starting at each e;, we have the
four projective modules;

P, P, P, P
1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3
1 2 3

It is now necessary to prove that A has finite global dimension, and so we find
the projective dimension of each simple module. We first show that A is serial,
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by showing each P; is uniserial. Well, we have J = k-span of all non-trivial
paths, and P = eA. Then P.J' = k-span of all non-trivial paths starting at e of
length > ¢, where 1 < ¢t < n. We then have that dimP.J*/PJ*! is equal to the
number of non-trivial paths of length precisely ¢ = 1. Hence, by [1, Chapter
I1, Proposition 5|, we have that each P; is uniserial, and hence A is a serial
algebra. We can therefore form the following minimal projective resolutions
for each L, as follows.

We can resolve L; as follows:
0—>P4—>P3—>P3—>P2—>P2—>P1—>L1—>0

and thus pdim(L;) = 5.
We can resolve Ly as follows:

OHP4—>P3—>P3HP2—>L2HO

and thus pdim(L,) = 3.
We can resolve L3 as follows:

0—P, —P;—L3s—0

and thus pdim(L3) = 1.
We can resolve L, as follows:

O—-P PP P —->P—-P—-P—Li—0
and thus pdim(L,) = 6.
So A has global dimension 6 = (4 —1)2 = (A — 1)2.

We now show why A is not quasi-hereditary. To do this we consider each possi-
ble way of ordering the simple modules, and show that none of these orderings
give a way of filtering the projective modules P;, by the standard modules
A;. By Remark 6.2.2, we can only take 4 to be maximal as [P, : L;] = 2 for
1 <1 < 3. So, choose 4 to be greatest, then assume A is quasi hereditary. We
have [P : Ly] = 1 and hence (P, : A;) = 1. We therefore have that A, embeds
in P; and hence so does soc(Ay) thus giving that L3 embeds in P;. However
this is a contradiction as we can see by the above table, where L, sits at the
bottom of Py, thus A is not quasi-hereditary.

We now bring these two examples together in the following theorem.
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THEOREM 6.2.5 Quiver algebras of the form

€9 Q2 €3

modulo
I =< oas... AN\, Q03 .. . AN, . ..y N_2ON_1 QN ... CN\—2, QN1 ... (N1 >

having A simple modules and dimension n, are not quasi-hereditary, but have
finite global dimension m = (A — 1)2.

REMARK 6.2.6 In these cases we have one path between vertices A —1 and
A and thus r = 1.

Proof. We first prove that these algebras have finite global dimension and then
prove that they are not quasi-hereditary. Let P; be the projective modules
where i € {1,...,A}. Then we can display the projectives as follows;

P P P ... P P,

1 2 3 A—1 A

2 3 4 A 1

3 4 1 2

4 A 2

D N | DoA=2
A1 2 A—2 A—-1
1 2 3 A—1

We have that dimPJ!/PJ""! =1 for 1 <t < n and thus each P; is uniserial,
and hence A is a serial algebra. We can therefore form the following minimal
projective resolutions for each simple module. We start with Lq;

O—- P —-P1—-P1—-.. o PL—-P—-P—-P—>P—>P —1;—0
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Then the pdim(L;) =2(A —2)+2—-1=2\-3.

We resolve Ls as follows;

0O—-P —-P_1—-P4—...oFP—-P—>P—>P—>P—> P —1L,—0

Then the pdim(Ls) =2(A —3) +2—1 =2\ —5.

We resolve Ls as follows;
O—=Pn—P1—>FP1—>FB—>FP—>P—P—L;—0

Then the pdim(Ls) = 2(A —4) +2 — 1 = 2\ — 7. This continues for each L;
and we now show how we resolve L,_q;

0— Py— Py_1 —ex-1—0

So pdim(Ly—1) =2(A— (A—1+1)) +2—1 = 1. Bringing this together, then
in general we can resolve each L; for 1 <i < X\ — 1 as follows;

O—=P =P —-P—..>Po—FP,w—>FPyh—F—L—0
hence pdim(L;) =2(A— (i + 1)) +2—-1=2\— (20 + 1).
Finally we resolve L) as follows;

0O—P —-P_1—-P—-.. o P —-PFP—>P —-P—>P —L,—0
and pdim(Ly) = (A—-1)+ (A —-1)+1-1=2\—-2.
Hence the gl.dim A =pdim(L,) = 2\ — 2.

We now prove why these algebras are not quasi-hereditary, by considering
all possible orderings on the simple modules. Again, by Remark 6.2.2, we
must take A to be maximal, and then let us assume that these algebras are
quasi-hereditary. We have [P, : L] = 1 which implies (P, : Ay) = 1 and
thus A, embeds in P; and hence soc(A)) embeds in P; which is a contradic-
tion, as seen from the above table of projectives. Hence these algebras are not
quasi-hereditary. O

Having looked at the case r = 1 we now extend on the two examples given
and so look at the case r = 2.
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EXAMPLE 6.2.7 Let A be the quiver algebra

€2

1
aq {2

€1 €3
a3

modulo [ =< ajadaza, azaiad, azajas >.
This algebra still has the 3 idempotents ey, es, €3, and 3 projective modules,

and thus also 3 simple modules, just as in Example 6.2.3. However, its pro-
jectives, when layed out as a table of paths, are as follows;

P P, P
2 3

1

2

— W N~ WND
N — W N~ W

Now, P, has a maximal submodule
11 1 2 2 2
My = k-sp{ay, asas, asazay, s, asas, agasag .

Moreover My = V @& W where V = k-sp{a},alaz, alazay} and W = k-
sp{as, asas, asaszar }. Let ¢ @ Py — V such that ¢(z) = adx for x € P3, then
V = Py. Similarly, with 6 : P; — W such that 6(y) = a3y for y € P3, then
W = P,

In a similar way, P; has submodule

1 1 1 2 2
N1 = k-sp{aiay, aropas, arapazan, aray, ara5az ).

Moreover Ny = Vi®W,; where Vi = k-sp{ajad, ayadas, ajadaza} and W = k-
sp{aiaZ, aja3as}. In this case, letting ¢ : P — Vi such that ¢(x) = ajalx
for x € P5 gives V; = P;. Hence, we can also display the above table in the
following way;

Py P, Py
1 2 3
2 PP 1
3
P 1 2
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We then show how this algebra has finite global dimension by forming minimal
resolutions for each of the simple modules. We start with Ly;

0—-PoP—>P—>P—>P —L —0
so pdim(L;) = 3.
We now resolve the simple module Lo;
0—>PpPs—PFP—Ly—0
and so pdim(Lsy) = 1.
Finally we resolve Lg;
0—-PpoPs—>PFP —>PdP,—P—P;—Ls—0
and thus pdim(Lj) = 4.
We therefore have that this algebra has finite global dimension
m=4=(\—1)2,

just as for Example 6.2.3. We now show that this algebra is not quasi-
hereditary by considering all possible orderings on the simple modules. Well,
again by Remark 6.2.2, the only possibility is to take 3 to be maximal as
[P : L;j] = 3 for i = 1,2. So, take 3 to be maximal, and assume A is quasi-
hereditary. We have [P, : L3] = 2 which implies (P, : Az) = 2 and hence
Az ® Asz embeds in P;. This implies L, occurs twice in the socle of P; which
we can see is a contradiction by the above table of projectives. Hence A is not
quasi-hereditary.

EXAMPLE 6.2.8 We now extend on Example 6.2.4, and consider the quiver
algebra

€1 651 €2
Qg (%)
1
o]
€4 0 €3
2
a3
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modulo I =< qyasaiauy, asaiagaias, auoanad, agaiasal >.

Again, A has the 4 idempotents ey, €5, e3, e4, but now has projective modules
as follows:

PP P P
2 3 4
1
2
3

o W N R WND
N = = W= eWw
DN oW N

Now, P; has a maximal submodule
M3 = k-sp{ay, aau, a3y, Q300 an, O3, 0, 30400, Q30400 Qg b
Moreover Mz = V3 & W3 where
Vs = k—sp{aé, a§a4, 04;,044041, a§a401042}

and
W _ k- { 2 2 2 2 }
3 = SPpQ3, O3y, gOrgOl1, Q3041 (X2 .

Let ¢ : Py — V3 such that ¢(x) = ajx for x € Py, then V3 = P,. Similarly,
with 6 : Py — W3 such that 0(y) = oy for y € P, then W5 = P.
In a similar way, P, has submodule

1 1 1 1 2 2 2
Ny = k-sp{asaz, asazay, ooz, ey e, oy, ooy, ez 0y b
Moreover Ny = V, @ Wy where
1 1 1 1
Vo = k-sp{anay, anagou, asazouan, asagouaios

and
2 2 2
W = k-sp{asas, asazoy, asagagag }.

In this case, letting ¢ : Py — V3 such that ¢(z) = agadz for z € Py gives
Vo 2 Py
Finally, consider P, which has submodule

1 1 1 1 2 2
N1 = k—sp{a1a2a3, Q1 Qo030y, G aig iyl , (i i3l (1 g, (X (o (g, OleZQO./3044}.
Moreover Ny = V| & W, where

1 1 1 1
Vi= k—sp{a1a2a3, Q1 Qi3 0y, (i Qip (i3 (g (', 041042043044061042}
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and
2 2
W = k-sp{aianas, cqasasoy .

In this case, letting ¢ : Py — Vj such that ¢(z) = ajazaix for z € Py gives
Vi =2 P,. Hence, we can also display the above table in the following way;

Py Py Ps Py
1 2 3 4
9 3 PoP 1
4
3 P 1 2
2
P, @ le 3

It is now necessary to prove that A has finite global dimension, and so we find
the projective dimension of each simple module.

We can resolve L; as follows:
0—>P4@P4—>P3—>P3—>P2—>P2—>P1—>L1—>0

and thus pdim(L;) = 5.
We can resolve Lo as follows:

0—-P P —P—>P—P,—Ly,—0

and thus pdim(Ls) = 3.
We can resolve L3 as follows:

0—>P4EBP4—>P3—>L3—>0

and thus pdim(Lj) = 1.
We can resolve L, as follows:

O—>P4@P4—>P3—>P4@P4—>P2—>P4EBP4—>P1—>P4—>L4—>O
and thus pdim(L,) = 6.

So A has global dimension 6 = (4 —1)2 = (A — 1)2.

We now show why A is not quasi-hereditary. The only choice here is to take
4 to be maximal as [P; : L;] = 3 for 1 < ¢ < 3. Then assuming A is quasi-
hereditary would imply that L3 occurs twice in the socle of P, which we can
see is not true by the above table of projectives. Hence we have a contradiction
and so A is not quasi-hereditary.
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We now combine these examples to give the following theorem.

THEOREM 6.2.9 Quiver algebras of the form

€1 aq €2

module

2 2 2
I =< Ap .. O 10N\, Qg ... O O\, ..., B 2O 1 O\O] ... ()2,

1 2
QAQ ... Oy g, QA .. O >

having A simple modules and dimension n are not quasi-hereditary, but have
finite global dimension m = (A — 1)2.

REMARK 6.2.10 In these cases we have two paths between vertices A — 1
and A\ and hence r = 2.

Proof. We first prove that these algebras have finite global dimension and then
prove that they are not quasi-hereditary.
Let P; be the projective modules where i € {1,...,A}. Then we can display
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the projectives as follows;

PP P P P .. Py P
1 2 3 4 5 A—1 A
3 4 5 6 A 1
: : : : : 1 2
A—4 A=3 A—=2 A—=1 X 2 3
A—3 A—-2 A—-1 A :
A—2 A—1 A 1 2 A—3
A—1 A 1 2 : : A—2
A 1 2 : A A—2 A—1
1 2 : A 1 A—1
2 : A 1 2 A
: A 1 2 3 1
2 3 4 :
1 2 3 4 5 A—1
Now, P,_; has maximal submodule
My = k-sp{la)_,ai_jan, ) jonar, ..., ah janaq - ay g,
a3 _1,03 jan, Q3 janan, ..., 08 Qg o)
Moreover M,_; = V,_; & W, _; where
Va1 = k=sp{lag_p, 0y o, 5 qonan, ., a3 _anan - ap o}
and
Wi = k-sp{a3_|, 03 |\, @5 _japQq, ..., 05 1QAQ - -~ Qiy_2 ).
Now
Py = k‘-SP{B,\, A\, ANA, ..., QO Qg 0 CY,\—Q},

and thus if we define ¢ : P, — Vy_; such that ¢(z) = e,z then Py = V) ;.
Similarly, with 6 : P, — Wj_; such that 6(z) = €3_,z then Py = Wy_;.

Now consider P; for 1 <i¢ < A — 2. Then P, has submodule

— 1 1 1
N; = k-Sp{OéiOéiH ISR PRCVICTRE IR S W [C5 PINRIPN € 710 TR N IR SUI € SN e S W}
2 2 2
(€10 S N SN RN 70 N RN O S W N 05 PPN € 718 7 N BN ST € 5 W ai,l}
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except in the case where ¢+ = 1 in which case

_ 1 1 1
Ni = k-sp{aituisr - Q) _y, QiQup1 - Qy_Qx, oo, QG4 -+ Q) 00y -+ - Qg
2 2
Qi1+ O, Qi1 -+ - Q51 Q0

We also have that N; = V; ® W; where

1 1 1
Vi= /f-SP{Oéz'OéiH O 1, OGOy QO e QG QG O Oy Oé,\—2}
and
W; = k-sp{aia - - - a? Uit Q2 Uirr Q2 o)
; = k-splouis O 1y QO] * QO O, o ooy QO] s QO -+ - O]

except in the case ¢ = 1 in which case

2 2
Wi = k-sp{oaipg - a5 g, qpogr -y _qant

Then with ¢ : Py — V; such that ¢(z) = a1 - - @}, we have that Py =V,
and thus, just as in the previous examples, we can also display the projectives
as follows;

P P, P L Py, P,
1 2 3 A—1 A
2 3 4 P, @ Py 1
p
A—1 A—1 A—1
A
A 1
Pe | P 1 R , A—1
2 3

We now find minimal projective resolutions for each simple module L;, starting
with L; as follows;

O%PA@PAﬁP)\_l—>P)\_1—>...—>P3—>P3—>P2—>P2—>P1—>L1—>0
then the pdim(L;) =2(A —2)+2—-1=2X—3.

We resolve Ly as follows;
0—-POP,—-P_1—-P_1—... o P> P,—PFP—1L,—0

then the pdim(Ly) =2(A—3)+2—1=2\—5.

We resolve Lj as follows;

0O—-P P —-P 1P 1—.. PP —P—L3s—0
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then the pdim(Ls) =2(A —4) +2—-1=2\—T.

This continues for each L; and we now show how we resolve Ly_1;
0 =P ®P\—P_1—Ly;—0

so pdim(Ly_1) =2A—-(A—-1+4+1)+2—-1=1.

Bringing this together, then in general we can resolve each L; for 1 <i < A—1
as follows;

O—=Pn®dP\—Py—P1—...w P —FP1—P—Li—0

hence pdim(L;) =2(A = (1 +1)) +2 —-1=2X— (2i + 1).

Finally we resolve L) as follows;

O—>P/\@P/\—>P)\_1—>P)\@P)\—>...—>P)\@P)\—>

PP, doP,— P, — P, —ey—0
and pdim(Ly) = (A= 1)+ (A—1)+1—1=21—2.
Hence the gl.dim A =pdim(L,) = 2\ — 2.

We now prove why these algebras are not quasi-hereditary, by considering
all possible orderings on the simple modules. We know that the only possible
option is to take A to be maximal, as [P; : L;] =3 for 1 <i < A—1. So, take A
to be maximal, and then assume that these algebras are quasi-hereditary. So,
with [P : Ly] = 2 we have (P; : Ay) = 2 which implies that Ay & A, embeds
in P; and hence Ly_; ® Ly_; embeds in P, which we can see is not true by the
above table of projectives. Hence these algebras are not quasi-hereditary. 0O

REMARK 6.2.11 Just as we added one extra path between vertex A — 1
and vertex A in examples 6.2.7 and 6.2.8, we can in fact add any number of
paths between these two vertices. We can now give our final theorem, which
covers all values of r.
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THEOREM 6.2.12 Quiver algebras of the form

er o €2

modulo
T T 7‘ 1
I =< Qp ... .0 _ 10O, Qg...06 10O 1Q2, ..., 20 1Q)\Q7 ... \_2, O)\O7...0H_q,

2 r
QAQ .. QY _q, oee 00O ... Qg >

having A simple modules and dimension n are not quasi-hereditary, but have
finite global dimension m = (A — 1)2.

Proof. We first prove that these algebras have finite global dimension and then
prove that they are not quasi-hereditary.

Let P; be the projective modules where 7 € {1,...,A}. Now, P,_; has maximal
submodule

_ 1 1 1 1
My_1 = k-sp{ag_q, a5 _jan, 0510000, ..., Q) _1QAQ] - - Qx_2,
2 2 2 2
Oé)\_l, O[A_IOC)” Oé)\_loé)\of17 ey Oé)\_lOé)\al A O{)\_27 ey
T T T T
al_ g, o _jan, al_janan, ..., o janag o)

Moreover My =V, @ V¥, ...® V] | where

J J J J J
VI | =k-sp{ad_;,0d_jan, ol _janon, ..., ol _jonar - an o}

Now
P\ = k-sp{ex, an, apau, ..., apaian - ap_a},

and thus if we define ¢ : Py — VJ_, such that ¢(z) = €/,_,x then Py = V{_,.

Now consider P, for 1 <7 < A — 2. Then P, has submodule

_ 1 1 1
Ni = k-sp{loaiuipr -+, Qg -+ - 01y, oo QG041 - - Q1 Q0) - - Uy 2,
2 2 2
(0710 7AN I SWE PR 710 7RE IR O SV O 5 PN 710 VRS, IR O SV 14 S WRma O 5 ) 2
QU1+ O, Qg1 =+ - QO oy OG0y 1 - QY0 - - Q1 }
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except in the case where ¢+ = 1 in which case

_ 1 1 1
N; = k-Sp{Oéiaz‘H Ty QGO OO e QGG O (U2,
2 2 2
(0718 TRN IR O SV PR 7107 AR IR CS W 10 ) PN €716 7R IR ¢ SU € S NN e DR P

T ‘s
Qi1 Q5 1, Qg1 - 50

We also have that N; = V! @ V2@ ..oV '@ W where

J _ J J J
Vi = k'sp{aiaiJrl RN S PRCTIC7 NN I S W 1O S PPN 0 710 TR IR € SWTC 5 Wi Oé/\fZ}
and
T ' T
W = k-sp{aguiyr -+ Q) _q, qiuipr - Q) Qi .o Qg s @)y}

except in the case ¢ = 1 in which case
W= /f-SP{OéiOéiH SO, Qg '04;7104/\}
Then with ¢ : P, — Vij such that ¢(z) = azoyqq - -&g\_lx we have that

P, = VL»j , and thus, just as in the previous examples, we can also display the
projectives as follows;

P b b P Py
1 2 3 . A—1 A
3 4 Pe" 1
2
A—1 A—1 A—1
A
Gr—1 )‘ Gr—1 )\ Gr—1 1
P le PO le 1 Pl A—1
2
3

We can now form the following minimal projective resolutions for each simple
module L;.
We resolve L; as follows;

0P —>P1—P_1—...oPB—>P—>P—P —L —0
then the pdim(L;) =2(A—2)+2—-1=2\—3.
We resolve Ly as follows;

0—>P§9T—>P)\—1—>P)\_1—>...—>P3—>P3_>P2_>L2_>0
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then the pdim(Ly) =2(A—3)+2—1=2\—5.
We resolve L3 as follows;
0—>P§BT—>P,\_1—>P,\_1—>P4—>P4—>P3—>L3—>O
then the pdim(Lz) =2(A—4) +2—-1=2\—T.
This continues for each L; and we now show how we resolve Ly_;
0— Pfar — P11 —Ly1—0
so pdim(Ly_1) =2A—(A—1+1))+2—-1=1.

Bringing this together, then in general we can resolve each L; for 1 <i < A—1
as follows;

0P —P_1—>P_1—...oP—Py—P—L —0
hence pdim(L;) =2(A — (1 + 1)) +2—-1=2X— (2i + 1).
Finally we resolve L) as follows;
0P —-P 1 - P — ... P 5P —>P" P —P,—Ly—0
and pdim(Ly) = (A= 1)+ (A—1)+1—1=2\-2
Hence the gl.dim A =pdim(Ly) = 2\ — 2.

We now prove why these algebras are not quasi-hereditary, by considering
all possible orderings of the simple modules. Well, as in previous cases, we
can only consider taking A to be maximal as [P : L;] =r for 1 <i < A —1.
So, let A be maximal, and assume these algebras are quasi-hereditary, then
[Py : L] = r implies A}" embeds in P; which implies L{", embeds in P;. We
can see this is not true by the table of projectives above. Hence these algebras
are not quasi-hereditary. O
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