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Abstract

An ef cient, accurate and reliable numerical solver is edisé for solving complex
mathematical models and obtaining their computationat@pmations. The solver pre-
sented in this work is built upon nonlinear multigrid witretfull approximation scheme
(FAS). Its implementation is achieved, in part, using a claxpopen source software
library PARAMESH, and the resulting numerical solver, Cangy also combines with
adaptive mesh re nement, adaptive time stepping and diztion through domain de-
composition.

There are ve mathematical models considered in this woakging from applica-
tions such as binary alloy solidi cation and uid dynamios & multi-phase- eld model
of tumour growth. These mathematical models consist of ineat, time-dependent
and coupled partial differential equations (PDEs). Using adaptive, parallel multi-
grid solver, together with nite difference method (FDM)abackward differentiation
formulas (BDF), we are able to solve all ve models in compiataally demanding 2-D
and/or 3-D situations.

Due to the choice of second order central nite difference aacond order BDF2
method, we obtain, and demonstrate, solutions with an tweeond order convergence
rate and optimal multigrid convergence. In the case of théivpbase- eld model of
tumour growth, this has not previously been achieved. Thelties of our work also in-
clude solving the model of binary alloy solidi cation withtame-dependent temperature
eld in 3-D for the rst time; implementing non-time-deperdt equations alongside the
coupled time-dependent partial differential equatiomsl (@creasing the range of bound-
ary conditions) to signi cantly increase the generalitydaiange of applicability of the
described multigrid solver; improving the ef ciency of timplementation of the solver
through multiple developments; and introducing penaltyngeto smoothly control the
behaviour of phase variables where their range of validesis constrained.
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Nomenclature

There are ve different mathematical models consideredis thesis, ranging from
models of thin Im ows, binary alloy solidi cation and Cahrilliard-Hele-Shaw sys-
tem of equations to multi-phase- eld model of tumour growffo respect the general
convention used for notation, in this thesis, we includeclglossary for each model,
and they are given in Chapter 1 when each of models are inteaas well as in subse-
guent chapters when they are described in detail.

Here we summarise common notation used in this thesis. lbigfvnoting that a few
of them are only relevant to short sections of text, theeefionited repetitions will occur,
on the other hand, speci c de nitions of all notations used denoted as clear as possible
in the text.

A,C;M Matrices

a Array contains elements in the matrices

b Right-hand side vector

E Exact error or parallel ef ciency
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f;F ;g Known functions for the purpose of demonstration

h Distance between two adjacent grid points, and this notagiased
for the variable of thin Im thickness
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t Time

vV Approximate solution to a system
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Chapter 1

General Introduction

Recent scienti ¢ research has led to the use of complex maitieah models and their
computational approximations. These models often cow$isighly nonlinear, time-
dependent and coupled partial differential equations ($DAccurate, ef cient and reli-
able numerical algorithms (and, frequently, great comjmrial power) are necessary in
order to obtain robust computational solutions.

This thesis is concerned with the novel application of adeannumerical methods
to the ef cient solution of nonlinear time-dependent sysseof PDEs. Speci cally, the
focus is on parabolic systems. In this chapter these sysdaegriatroduced and described,
including the introduction of some speci ¢c examples. Insedpuent chapters, the numer-
ical methods and the software that we have exploited andaje»@ are discussed.

1.1 Background

In this section, a simple linear time-dependent parabg@itesn is rstly described, with
subsequent generalizations to illustrate the introdastf nonlinearity. Following this,
an example system of nonlinear PDEs is derived from the M&itiekes equations by
using lubrication theory. Two of its variations are thenatdsed: the rst one describes
fully-developed ows over well-de ned topography; the seaw one describes droplet
spreading with a precursor Im. The remainder of the sect®used to introduce some
phase- eld models and some of their applications. One exammodel, for rapid solidi-

1
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cation, is presented in detail. The second example modaltiso-phase Cahn-Hilliard-
Hele-Shaw system of equations that is used to study the giofiruids. The nal exam-
ple model is a multi-phase system for simulating tumour gnow

An example of a single parabolic PDE is the diffusion equafiB88], that may take
the following form:
Tu_ T2u_ T2 TAu
- = + + ; 11
ey 12 (1)
Hereu(x;y; z;t) has four independent variables. Physicaliypay represent a temperature
eld, whilst t represents time and;y; z) are Cartesian spatial coordinates. This equation

is often written using the Laplace operatbrfor simplicity:

% =4y 1.2
where in 2-D ) )
4 = %+ ﬁﬁ_yz; (2.3)
orin 3-D ) ) )
_ T il -
4_W+17_y2+ﬁ' (1.4)

A closed regiorWis de ned to be the spatial domain, wherd@sT] is de ned to be the
temporal region of interest. The full domain for this PDBAs [0;T]. For complete-
ness, values on both the boundary of the spatial domain aniahitial state of all spatial
points need further speci cation. Two broad classes of loauy conditions are consid-
ered for models in this research: Dirichlet and Neumann. emele of the former is the
following:

u=gon W (0;T]; (1.5)

whereg is a given function on the boundafjW of the spatial regio'W. A Neumann
boundary condition is

%: f on W (O;T]; (1.6)
wheref is a given function ana denotes the outward-pointing normal to the boundary
fTW. There are models that require the Dirichlet boundary dammon part of the domain

and Neumann boundary condition for the rest.

For the boundary condition that is required on the boundamh® temporal region
of interest, this is typically presented for all ¥f att = 0, and is known as an initial
condition. For examplay(x;y;z;t = 0) = up(X;y;2).

The PDE described in Equation (1.2) is linear since the tanwslving u and its
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derivatives are all linear. There are several ways for mesliity to appear. One form
involves adding a source terffr{u), which is a nonlinear function that depends upon
Thus Equation (1.2) turns into the following:

fu

ﬁ: 4 u+ f(u); (1.7)

This nonlinearity can also exist within the following form:

Tu_ N (f(uNu); (1.8)
Mt
where f(u) is again a nonlinear functiolN is the divergence operator af\dis the gra-

dient operator, togethét N= 4 .

Equations (1.2), (1.7) and (1.8) that have been considertad,sare known as parabolic
PDEs. There are two other types of PDEs: elliptic and hyderbén elliptic PDE is
non-time-dependent, and a hyperbolic PDE often involvegdlasons. There are no hy-
perbolic PDE considered in this thesis. The interestedariadlirected to [65, 188, 205]
for more detailed description of PDESs.

Having described single nonlinear parabolic equationsexample of a system of
coupled partial differential equations (system of PDEghisoduced. At least some of
the dependent variables in such a system will appear in rharedne equation. Here we
present an example of a fourth-order system, which takeftheof two coupled linear
second-order equations:

f ! (1.9)

Hereu(x;y; z;t) andp(x;y; zt) are the two dependent variables. To complete this system,
a spatial domaiw and its boundaryffW are de ned, a boundary condition for each de-
pendent variable needs to be imposed. For examfey;z2) = p(X;y;2) = 0 on TWis the
Dirichlet boundary condition, an#% = % = 0 on Wis the Neumann boundary condi-
tion, wheren denotes the outward-pointing normal to the boundafy Combinations of

these are possible.

Initial conditionsu(x;y; z;t = 0) andp(x;y; z;t = 0) are also required. In practice, after
specifying the initial conditionu(x;y; z;t = 0), it is then possible to obtaip(x;y;zt = 0)
using the second equation from the system of coupled Equeatin9). Situations like this
are often encountered in this thesis, and details with epebi € problem are discussed
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in later chapters.
For completeness, an equivalent form of the system of cduptpiations (1.9) is also
presented, written as a single fourth-order diffusion PDE:
fu
—=4 (4 u): 1.10
EACED (1.10)
Clearly, Equations (1.9) and (1.10) are representation$inéar system. To introduce
nonlinearity, we present the following fourth-order noar coupled system, in the form
of two second-order equations:

t =P (1.11)

For this problem, Dirichlet and/or Neumann boundary caod# can be applied. Initial
conditions foru andp must also be speci ed, for exampla(X;y; z;t = 0) = ug(Xx;y;2) and
Py, zt = 0)= po(X;y;2).

Having described the general structure of parabolic PDEd,systems of coupled
equations, before the actual mathematical models areduntend, in the following section,
the methodology followed in this thesis is explained.

1.2 Methodology

These mathematical models introduced in the current chapgeselected for the purpose
of achieving an incremental research methodology. Thenmstel (model of droplet
spreading) studied is selected because of its simplicityhotigh it is a simple model, to
accurately and ef ciently solve it, many additional tectpmés are required, such as spatial
adaptivity and adaptive time-stepping. Since it has bedisivelied, we can compare our
solutions against those presented in literature.

The second model (model of fully-developed ows) can be \edvas an variation to
the droplet model. The comparison between this model andatheus Navier-Stokes
eqguations is still an ongoing research project.

The third model (model of binary alloy solidi cation) is iheded because many novel
implementations and improvements to our software nedésaated the work of Bollada
in [27].

The fourth model (CHHS system of equations) is selected apaisig stone towards
the tumour model of Wise et al. This methodology is used byeWisal., and it is our
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intention to follow their foot steps.
The fth model (model of tumour growth) is the main goal ofghiesearch.

1.3 Mathematical Models

In this section, ve mathematical models that are considénehis thesis are introduced.
Due to conventional notation used in the literature, wegrtf keep the same notation as
much as possible for each of the problem, therefore, selmallglossaries are used here
to clearly indicate the notation.

1.3.1 Thin Film Flows

The ow of thin liquid Ims on surfaces is of both interest amehportance in elds such
as biophysics, physics and engineering. In the review pgp&], various mathemati-
cal models have been described, which concern differercéspf the physics of thin
liquid Ims. In the context of this research, the dynamicstloé contact lines between
a thin Im of liquid and a substrate are described, as well@k/fdeveloped thin Im
ows over a prescribed topography. It is widely known tha¢ thavier-Stokes equations
provide a good representation of uid dynamics in variousations. The models that we
are interested in are derived from lubrication theory [1Tdprovides justi cation for ap-
proximations that reduce the Navier-Stokes equations tmpler system of PDEs [63].
Such a system provides an accurate description of thesdrhiows [58], as long as
the ratio between characteristic ow thickness and exténhe substrate is small [174].
The basic idea is to assume that the variation of the ow indhection perpendicular
to the Im is negligible and therefore averaging may be umtalen in this direction. It
is further assumed that this dimensional length is very somahpared to the tangential
length scales and so higher order terms in this ratio may glecied. Consequently, the
resulting dependent variables are functions of just twaiglp@imensionsx andy.

A mathematical model of fully-developed ows over topoghngps described in the
following subsection. A droplet spreading model is disedlssfterwards. A local glossary
is given below for the models of thin Im ows. It is worth natg that since the notation
his occupied, when comes to described the distance betweeadjacent grid points, we
usedx; dyfor x andy directions, respectively.

Glossary

Symbol Description
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H;h Thin Im thickness
h Precursor Im thickness
Ss Topography
XY, Z; XY,z Cartesian coordinates
T;To Time
U;V;W,u;v,w Velocity components
r Density
Pp Pressure
g Gravitational acceleration
m Viscosity
S Surface tension
a Inclined angle of the substrate to the horizontal
Ca Capillary number
N Relative importance of the normal component of gravity
n;m Exponents in the disjoining pressure term
Fe Equilibrium contact angle
Vy(2) Parabolic velocity inside of the droplet
P(h) Disjoining pressure term
Bo Bond number
Ho Characteristic thin Im ow/droplet thickness
Lo Characteristic substrate length
e Ratio betweend, andLy, and is assumed to be suf cient small
by lubrication theory
;% Topography height/depth
g Steepness of the topography
It Streamwise topography extent
W Spanwise topography extent
A Aspect ratio of the topography
dx dy distance between two adjacent grid points in xh@nd they

directions

1.3.1.1 Fully-Developed Flows

For fully-developed ows, it is assumed that uid has alrgacbvered the domain in its
initial condition. For the purpose of demonstration, Fegdrl is a sketch of the ow
H(X;Y;T), over an inclined substrate with a topograf@¥;Y), which is inclined at an
anglea to the horizontal. The uid is assumed to be Newtonian an@impressible, of
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Figure 1.1: Sketch of thin Im owH(X;Y;T) over a topographyy(X;Y) on a solid
substrate inclined at an angdeto the horizontal.

constant density and viscositym with surface tensios. The incompressible Navier-
Stokes equations which govern the motion of a time-depdndenin three dimensions
are:
Ty N
r _t+ UNJU = NP+miU+rg; (1.12)

N:U = 0; (1.13)

whereU = (U;V;W) is uid velocity, P is pressure and = g(sina;0; cosa), where
g= 9:81ms 2 is the acceleration due to gravity aadis the angle of the solid substrate
to the horizontal. Taking characteristic thin Im ow thiclessHg and the extent of the
substrate.g, in order to have a valid thin Im approximation, the rate= Hp=Lo must be
small. Thus a domaiWis de ned that is large enough to meet this requirement [8], 8

The Navier-Stokes equations (1.12) and (1.13) may be skdjptiy using the lubri-
cation theory (also called thin Im or long-wave approxinaat). After all analyses are
performed (for details, see [82] for example), results d&ioed in terms of following
non-dimensional (lower case) variables [82]:

HCXY; T XY XY Z
h(x;y;t) = AGY.T) ); s(xy) = %Y) ); (xy) = X:Y) ); z=
Ho Ho Lo Ho (1.14)
oW a0 T b, . 2PCXY) '
(uv, E)_(U’V’W)L_o’ t= T_o’ To= Ssed’ p(x;y) = m,
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whereh(x; y;t) is the thin Im ow thickness, s(x;y) is the non-dimensionalized topog-
raphy of the substrate (e.g. three cylinder-like obstaicldsgure 1.1),(x;y; z) are non-
dimensional Cartesian spatial coordinat@sy; §) is the uid velocity, p(x;y;t) is the
pressure vectot,represents time anf is the time scale which has been derived in [173].
The derivation of the resulting Reynolds equation is outtii@escope of this thesis how-
ever the interested reader is referred to Hayes et al. [0'4 Green's function approach
to obtain this thin Im equation:

Th_ 1 hs fp 7 n fp

—= — — 2 — — : 1.15
Tt Ix 3 Ix +ﬂy 3 fy ( )

Throughout this fully-developed ow, the pressure eld isags

p= (214 (h+ 9)+ 2e(h+ s 2)cota; (1.16)

whereCa is the so-called capillary number, which re ects the ratfoviscosity mto
surface tensiors. As previously mentioned the ratio of thin Im ow thicknedd, to
length scalelg is small [81, 82]. The choice dij is, in the context of domain- lled
fully-developed ow, equal to the capillary lengtly, from which Equation (1.16) may be
further simpli ed (see [82] for more details) to

p= 64 (h+9+ 2'% 6N(h+ 9); (1.17)

whereN = Cal™cota measures the relative importance of the normal componeyraot
ity [25]. For completeness, boundary and initial condii@re required and have to be
de ned for both dependent variables. Generally it is asglithat there exists zero ux
at boundaries. Therefore zero Neumann boundary condiiomspplied, with the ex-
ception of the upstream boundary, which represents a safreav. For simplicity,

a positive constant Dirichlet boundary condition can bedufee the upstream bound-
ary. Initial conditions for each variable can be de nedhg;y;t = 0) = hp(x;y) and

Pyt = 0) = po(X;y).

In summary, the system of PDEs for fully-developed thin Iraw consists of Equa-
tions (1.15), (1.17) along with an additional numericalresggntation of the topography.
We return to this system in Chapter 5 where an advanced salyeesented, along with
its results. In the following section, a different variarittbis model, which uses the
lubrication theory to study droplet spreading, is introgldi.c
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1.3.1.2 Droplet Spreading Precursor Film and Moving Contactines

The physical phenomenon of a liquid droplet spreading orbatsate has been studied in
many scienti ¢ elds. In each case, a common demand is toiokdaelatively accurate
numerical model for which the solution represents a good@a@mation to real-world
experiments [148]. Many such models are suggested in revaper [174]. The model
presented in this thesis is very close to the work of Schwa&rtozzi and their co-
workers in [24, 63, 194, 195]. Similar to the fully-develapb®w, as discussed in the
previous section, lubrication theory is applied to the Ma8tokes Equations (1.12) and
(1.13). The non-dimensional variables that are used, &adme as those in Equation
(1.14), with one exception of pressysgewhich is given by

p(xy) = %): (1.18)

The resulting lubrication model is described in detail byskadl et al. in [81]. The
Reynolds equation for droplet spreading is the following:

3 fp Bo.. 7T h p
0 3T o (1.19)

whereB, = rgL%zs is the Bond number, measuring the relative importance ofigrav
tional force to surface tension [195]. The main challengeegolve a droplet spreading
model is to accurately capture the moving contact lines eetwthe thin Im liquid and
the solid substrate (see Figure 1.2). The above equatioasisdon the assumption of
a no-slip condition at the substrate. This assumption grees velocity at the substrate
because the no-slip condition on the substrate preventement, however a non-zero
velocity is required at the interface between the air, tfepdind the substrate to permit
spreading. Figure 1.2 shows how this “paradox” may be resblulustrating a cross-
section of the droplet on a substrate inclined at an aagie the horizontal, as well as a
precursor Im of thicknes$r to over come the no-slip condition at the moving contact
lines. The physical phenomenon of a thin precursor Im hasnbdetected in the real-
world experiments presented in [20, 56]. Alternativelyerthare slipping models [174].
Examples of the slipping models can be found in [115, 2114l msults obtained from
them suggest acceptable accuracy. Diez in [63] comparae tine approaches (precur-
sor Im versus slipping models), and the same conclusiore&hed in terms of model
accuracy. However, the precursor Im model shows an adggntever the slipping model
in terms of ef ciency.

Similar to fully-developed ow, [81] introduces an assdeid pressure equation for
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Figure 1.2: Sketch of precursor Im model on an inclined dudge at anglea to the
horizontal and the parabolic velocity(z) in the droplet liquid. Note thé represents a
true thin Im ahead of droplet, velocity is zero at the subs:

the droplet spreading model as follows:
p= 4 (h+s) P(h)+ Bycosa(h+s 2); (1.20)

where possible topographies may be included thraaigfy), P (h) is a disjoining pres-
sure term which is de ned in [194, 195]. This term is used te\ahte the singularity at
the moving contact line, and is given by

n m

(n (M 1)(1 cosQe) hF ; (1.21)

h(n m)e?

h
P(h) = —
(h -
wheren andmare the exponents of interaction potential &ds the equilibrium contact
angle.

In summary, the droplet spreading model described heregsdapon Equations
(1.19) to (1.21) for the unknownis and p. Note that the far- eld Dirichlet boundary
condition forh takes the formh = h in this problem. This is described again in more
detail in Chapter 5.

In the next section, phase- eld models and the diffuseriat®® methods are de-
scribed.
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1.3.2 Phase-Field Models

Modeling the evolution of interfaces between materials thallenge arising in many
scienti ¢ elds. In Section 1.3.2.1, we introduce the coptef phase- eld models which
have been used to solve such interface problems, (alongverthbrief descriptions of
other types of approaches). In Section 1.3.2.2, one of thécapions from the eld of
rapid solidi cation, which has recently been solved usim@ge- eld software developed
in the Scienti c Computing research group, at the University_eeds is described. In
Section 1.3.2.3, a two-phase- eld Cahn-Hilliard-Hele-%H&HHS) model is discussed.
Finally, a more complex multi-phase- eld model for tumoupgth is presented in Sec-
tion 1.3.2.4.

1.3.2.1 Introduction

In this subsection, mathematical models are consideredhahay be used to model an
evolving interface between different materials, or difermaterial states (e.g. solid and
liquid). Many types of techniques have been developed dweyears. Here three main
approaches are summarised: free boundary problems withrp stterface [124]; models
with level set methods [133]; and phase- eld models [138].

For free boundary problems, real physical descriptionsised to specify the interface
region which is then tracked explicitly. This normally résun sharp interfaces and steep
gradients in the interface region, see for example [217], 2% systems of equations in
these models are dif cult to solve from a numerical point egw, and require explicitly
tracking the interface [7]. Techniques such as a frontkiracmethod and moving mesh
approaches, have been developed to improve this trackigegs, applications can be
found in [18,32,124].

An alternative to explicit tracking is to have an implicipresentation of the interface.
This can be done using a level set function, and is oftennedeas the level set method.
Examples of this method can be found in [48, 116, 133, 176]e béne t of using the
level set method is the evolving interface can be captureasing a given xed grid. On
the other hand, this representation requires one extradeveariable, which de nes the
interface when equal to a constant value (typically the@hof value is zero) [198].

The use of diffuse-interface methods as described in [48}jige an alternative tech-
nique for solving the interface implicitly. The resultingoarels are called phase- eld
models. Generally phase- eld variables are smooth (affiéiable) and are nearly con-
stant valued throughout most of the domain. However, atritexface regions, between
different phases, values of phase- eld variables vary dimlgdo represent the change in
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material or state. Figure 1.3 shows a phase varifbfea two-phase- eld systenf. = 1
andf = 1 represent two different materials or states, respegtiVélese two phases are
separated by a diffuse interface with a thickness

Figure 1.3: Sketch of a phase- eld varialfiein a two-phase- eld system, representing
two phases (i.e. materials or states) by values of 1 ahdTwo phases are separated by
a diffuse interface with a thicknegs

If the value ofe in Figure 1.3 becomes very small, models reduce to free kanynd
problems with the sharp interface issues. However, as Isrihainterface is relatively
diffusive in phase- eld models, there is no shape-integfracking required. This may
leads to an enormous numerical advantage. On the other hamdy diffusive interface
may lower the accuracy of the model. Therefore the choice sifiould be made with
consideration of such a trade-off.

One may argue phase- eld variables do not explicitly repregheir subjects from real
physics, but only give a phenomenological description. E\mv, phase- eld variables
are coupled with other variables that do represent realipdlysroperties, such as energy,
temperature, concentration and velocity [189]. Furtheermibe phase- eld equations
are derived from physical energy minimization principlé87]. Many applications are
described in [13,41, 47,138, 142,167]. Results suggestepled models are able to
simulate complex morphological evolutions with accepaddcuracy.

In the following section, a 3-D two-phase- eld model is imtluced, which models
binary alloy solidi cation.

1.3.2.2 A Two-Phase-Field Model For Binary Alloy Solidi cation

A glossary for the model of binary alloy solidi cation is gvbelow.

Glossary
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Symbol Description

Phase- eld variable

Anisotropy function

Relaxation time function

Temperature

Solute concentration

Time

Cartesian coordinates

Scaled magnitude of the liquidus slope
Solute concentration far from the interface
Coupling parameter

Equilibrium partition coef cient
Dimensionless solute diffusivity
Thermal diffusivity

Concentration

Strength of the anisotropy

Le Lewis number
WiindercoolingUndercooling parameter

zZ X T CaQ ~ >~
<
N

® 0 g X =9

The mathematical model that is presented here has beerodeddby Karma and Rappel
in [127,128]. Goodyer et al. in [91] solved a 3-D phase- edthermal system with two
dependent variables: a phase- elfi(x;y;zt), and a solute concentratiob,(x;y;zt).
Ramirez et al. presented a similar model in 2-D [184], wheradditional dependent
variable was added, temperatuggx; y;t). Then Bollada et al. in [27] extended the work
of [91, 184] to non-isothermal in 3-D. This phase- eld modheals three dependent vari-
ables: a phase- eld variable(x;y; z t), which takes values of 1 and 1 in the solid and
liquid phases respectively; a dimensionless solute carat@nU (x;y; z;t); and temper-
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atureq(x;y; z;t). The equation fof (x;y; zt) is given as the following:

qf
f A2 . —
t(cf) (><,y,2)—ﬁt
N A%(xy;2)Nf f3 f+1(g+cgU) 1 2f2+f4
2( Y.2) 0 (g+ cxU) 13
TAC Y2 FNF2 A2 fofx a5
\4
Mfx 2+ f& Tfx f2+ f2

40
+ %( A(X,y;Z)@

1.22
2 0 Y 3 (1.22)
. - .2 .
N l4A(X;y,Z)@ﬁA(X’MZ) fX2Jij2+ ﬁA(X,)ﬁZ)q fofy  as
T s TAY2T
2 A(X;Y; 2) 7t fe+ fy

A(X;Y; 2) is an anisotropy function which is used to identify prefdrgeowth directions of
solid alloy, expressed as
n I#

e a 1aa TEEETE
(Xy;2 = Ao e i :

andt (c; f) is a dimensionless relaxation time function which is de rsd
1
t(cf)= L_+ Mcy[1+(1 kU]
e

Herel, the Lewis number antde = a=D is the ratio of the thermal diffusivitya, and
the dimensionless solute diffusivitip. It is worth noting that the Lewis number may
be very large: this makes the model very dif cult to solve ke problem is especially
“stiff”. On the other hand, a small Lewis number does not aatly represent the re-
alistic parameters for typical metal alloys. Discussiorauad this Lewis number and
relevant applications can be found in [190,191]. The véeials the concentration of the
secondary component of the alldyis the equilibrium partition coef cientM is a known
constant (the scaled magnitude of the liquidus slopg)s the solute concentration far
from the interface/ is a coupling parameter, amds a small parameter that governs the
strength of the anisotropy.

!Bollada et al. in [27] used different notation to presens tiodel, however, the presentation used here
is mathematically equivalent to the one in [27].
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The equation for the dimensionless concentration @[c;y; z;t) is given by

7t Nf

ﬂtJNfJ

=N D=——N 4i-u+(1 KU] —
% (1.23)

+ —[1+(1 KU]— e

where the non-dimensional concentration &ldx;y; x;t) is related to the concentration
cvia
2c=cy
+k (1 OFf
1 k

The equation for the temperature etf(x;y; zt) is given as the following:

U=

M9 _ 44 g+ 177 (1.24)

In order to complete this model, a domamis de ned, which is further assumed to
be suf ciently large that its boundarie®W are far from solid alloy, thus the boundaries
have no effect on the evolution of the solid-liquid intedaaway from these far- eld
boundaries. Zero Neumann boundary conditions are therefgplied for simplicity:

mr_ ﬂ: M: 0 on TW (1.25)

fn~ n~ 9qn

wheren denotes the outward-pointing normal to the boundAny Initially, f (X;y; zt =
0) can be de ned as a small spherical seed of solid phase in tbdlenof the domain,
in order to initiate the solidi cation process [91]. Reasbleachoices fotJ(X;y;zt = 0)
andq(x;y;zt = 0), are straightforward to obtain giver(x;y; zt = 0), see [27].

As mentioned previously, the results of this model that aesgnted in this thesis are
selected to demonstrate the new software functionalityuofsolver that is described in
Sections 4.2 and 4.3. In the next section, a two-phase- eddehfor studying a mixture
of uids is described.

1.3.2.3 A Two-Phase-Field Model: Cahn-Hilliard-Hele-Shawsystem of Equations

A glossary for the Cahn-Hilliard-Hele-Shaw system of equagiis given below.

Glossary

Symbol Description
f Phase- eld variable
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m Chemical potential

p Pressure

u Advective velocity

g Parameter in pressure equation
e Interface thickness

The Cahn-Hilliard (CH) equations originate from the work ir2[43], and are used to
model spinodal decomposition. Then Shinozaki and Oono][@8&d a variation of the
CH equations to simulate binary- uid spinodal decompositio a Hele-Shaw cell. The
resulting model is called Cahn-Hilliard-Hele-Shaw (CHHS3tsyn of equations. This
CHHS model that is describe in this thesis is from the work o§&\[225] which is a
simpli ed version of the model derived by Lee et al. in [1445]. This model can be
used to study a mixture of two binary uids, and is given by

ﬂT: —am N (fu) (1.26)
m=f3 f €4f; (1.27)
u= Np gfNm (1.28)
N u=0; (1.29)
where phase- eld variablé (x;y;zt) = 1 is the pure uids,n(x;y;zt) represents the

chemical potentiali(x;y; z;t) is the advective velocityp(x;y; zt) is a pressure anelis a
constant. Additionally, in the CHHS model we tage 0. If g= 0, Equations (1.26),
(1.28) and (1.29) reduces to the CH equations [42].

A domainW and its boundarnffW are de ned, and no- ux boundary conditions are
assumed. Therefore the boundary conditions for the CHH®syst equations are the

following:
Z—;:%:%:Oonﬂw (2.30)

wheren denotes the outward-pointing normal to the boundAny

Bene ting from using the diffuse-interface method, the ialitonditionf (x;y; zt =
0) may have shape changes. However, a diffusive initial cardis used in Chapter 6 in
order to represent diffusive interface of uids. Usih@x;y;zt = 0) to obtainn(x;y; zt =
0) is straightforward from Equation (1.27). On the other hasidce p(x;y; zt) only
appears in its gradient form in the CHHS system, a solver igired to obtainp(x;y; zt =
0), details are given in Chapter 6.

Based upon this CHHS system of equations, a multi-phase- eddehis proposed
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in [227] to simulate tumour growth. We explain such a modehmnext section.

1.3.2.4 A Multi-Phase-Field Model of Tumour Growth

A glossary for the multi-phase- eld model of tumour growthgiven below.

Glossary
Symbol Description
fw Volume fraction of extracellular uid
fv Volume fraction of viable tumour tissue
fo Volume fraction of dead tumour tissue
fH Volume fraction of healthy tissue
fr Total tumour volume fraction
Ug Tissue velocity
p Cell-to-cell (solid) pressure
n Concentration of nutrient
m Intermediate variable
Sr Net source of tumour cells
S Net source of dead cells
M Mobility constant
f(fT) Quiartic double-well potential
e Interface thickness
k Tissue motility function
g Excess adhesion force at the diffuse tumour/host-tisseefate
D Diffusion coef cient
Dy Nutrient diffusivity in the healthy tissue
Te Nutrient capillary source term
\/s Rate of nutrient transfer from vasculature in healthy cells
Al Rate of nutrient transfer from vasculature in tumour cells
nN Necrotic limit (if the nutrient is lower then dead cells s$tarappear)
nc Nutrient level in the capillaries
I Birth rate of tumour cells from mitosis
[N Death rate of cells from apoptosis
I'n Death rate of cells from necrosis
G(f1) Continuous cut-off function

H Heaviside function
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H smooth Smoothed Heaviside function

gHeaviside Interface thickness in the smoothed Heaviside function
Q(fT) An interpolation function in nutrient capillary sourcerter
XY, Z Cartesian coordinates

The mathematical model from Cristini et al. [51] is extendgdWise et al. in [227].
It is a multi-phase- eld model, based upon the CHHS systemaqofagions [225] from
the previous section, which simulates tumour growth. Thedeh consists of fourth-
order nonlinear advection-reaction-diffusion equati@rsmultiple cell-species, as well
as coupling with reaction-diffusion equations for substreomponents. It is described
from a numerical point of view in [226] by Wise, Lowengrub a@dstini. This model is
described here. Furthermore it is discussed again in Ch@edetail.

There are in total ve phase- eld variables which represeolume fractions in this
model, and they are summarised in the glossary at the begirofi this subsection.
In addition, there are three assumptions amongst theseneoftactions. Firstly, it is
assumed the extracellular uid volume fraction is everywheonstantfw(x;y;zt) =
fw:o = constant. After this assumption, the tumour model consistaultiple solid cell
fractions. Secondly, cells are assumed to be close-paakédhis leads to the sum of the
healthy cell volume fractiory, the viable tumour cell volume fractiafy, and the dead
tumour cell volume fractiorfip equals to 1 (i.efy + fy + fp = 1). Thirdly, it is further
assumed that inside of tumour there are only two types of.calhble and dead. This indi-
cates the total tumour cell volume fractibf is the sum of y andfp (i.e. ft = fy + fp).
Based upon these three assumptions, there are only two mldseriables that are re-
quired to be solved, and they are andfp. Once the solutions of these two variables are
obtained, other variables may be extrapolated from thenggons made.

Thef is evaluated by the following Cahn-Hilliard-type advecti@action-diffusion

equations.

ﬁTfth MN (frNm+ S N (usfr); (1.31)

m= fqfr) €N°fr; (1.32)

whereM > 0 is the mobility constantf(f) = f%(1 f)?=4 is the quartic double-well
potential,e > 0 is the interface thickness parameter between healthyuandur tissue,
Sr andSy are the net sources of tumour cells which depenéoandfp (see Chapter 7
for full details).
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A dynamical equation for solving the volume fraction of deigduef p is used:

ﬂTftD: MN (foRm+ S N (usfp): (1.33)

According to the assumption that cells are close-packedvitible tumour tissue volume
fractionfy can be computed througty = f1 fpandfy=1 fr.

The tissue velocityg is assumed to obey Darcy's law. In order to obtain the vejocit
Ug, the cell pressure is computed rst, then back-calculate fog. The tissue velocity is
given by
us=  k(frifo)Rp  Infirr);
N Us= Sr;
wherek > 0 is the tissue motility function angl 0 is a measure of the excess adhesion.
Together with the two equations above, a Poisson equatiahéacell pressur@ can be

constructed:
N (k(fr:fo)Rp)= Sr N(uﬁmw%mﬁy (1.34)

A quasi-steady equation is given for the nutrient concéiomahrough diffusion:
0= N (D(fr)Nn)+ Te(fr;n) n(fr  fp); (1.35)

whereD(f1) = Dy(1 Q(ft1))+ Q(ft) is the diffusion coef cient,Dy is the nutri-
ent diffusivity in the healthy tissueQ(f ) is an interpolation function, an@.(f;n) =

(VH(1 Q(ft))+ vpQ(fT))(nc n) is the nutrient capillary source ternd 0 and
VE, 0 are constants specifying the degree of pre-existing tmif@scularizatiome 0

is the nutrient level in capillaries.

The model equations are valid throughout a regular doithere are no internal
boundary conditions for the solid tumour, the necrotic aarether variables. Therefore,
only one set of outer boundary conditions is imposed:

fr _ Tfpo _

m=p=0;, n=1; W—%—Oonﬂw (1.36)

wheren denotes the outward-pointing normal to the boundany

Initial conditions are also required. A speci c set for(x;y; zt = 0) andfp(X;y; zt =
0) is de ned later on in this thesis. After both of these are give(Xx;y; z;t = 0), p(x;y; zt =
0) andn(x;y;zt = 0) can be determined. This model is further discussed in detail
Chapter 7. In the following section, an overview on the stiteedf this thesis is given.
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1.4 Overview of Thesis

In this section, an overview of this thesis is presented. lagdér 2, a number of methods
are introduced which are used to obtain the discretizabbtisese models. Within these
descriptions, we emphasize the focus in this thesis whicisiisg nite difference meth-
ods (see Section 2.1.1.1), cell-centred Cartesian grids M&umann, Dirichlet bound-
ary conditions (see Section 2.1.1.2) and backward difteagon formulae (see Section
2.1.2.2). In order to solve the resulting system, some comsatution methods are de-
scribed. We start with solution methods for linear problehicl consist of sparse matri-
ces and their storage, direct methods like Gaussian eltmmaia the LU factorisation,
a number of iterative methods and the technique of predondig. We go on to explain
the solution methods for nonlinear problems. The main fadukis thesis, the multigrid
methods, are then described in detail. To further improeestttiency, parallel comput-
ing may be employed, and we link this with the multigrid metko

Having discussed a number of scienti c computing techngqueChapter 2, we in-
troduce the software tools used in this thesis in Chapter &wbonsist of a software
library PARAMESH (see Section 3.2) and a multigrid solver Camfsee Section 3.3).
These two are rstly introduced for their backgrounds andreections. Camp re is the
main software tool used as the numerical solver in this shemnd we summarise the
implemented adaptive multigrid solver in detail.

Chapter 4 is where we discuss the rst of ve models: the moddlipary alloy solid-
i cation. The model is introduced again, and a novel implemta¢éion made with Camp re
is discussed. Results from solving this model using the grdtisolver in Camp re are
presented. These results are mainly generated by Bolladararadso presented in [27].

The models of Thin Im ows are presented in Chapter 5. Its detizations are in-
cluded, and novel implementations of this model with Campare discussed. Firstly,
non-time-dependent equations are implemented in Camp reghe rst time. Then
we described the use of Dirichlet boundary conditions in Caenghich has not been
achieved before. Finally, the convergence test based upotio restriction is explained,
and these tests are later on employed to demonstrate sextgrdconvergence rate. Re-
sults on the droplet spreading models are summarised irb8éct. One of the derivation
of the thin Im models is the model of fully-developed owsnd it is presented in Section
5.5. We include its discretizations and the results fordatlon and convergence tests.

The Cahn-Hilliard-Hele-Shaw system of equations are ptege@hapter 6. Two dif-
ferent temporal discretization schemes are introducee. &t one is from [225] and it
is a semi-implicit scheme. The second one is our fully-icipkcheme with the BDF2
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method. The implementation of this problem in Camp re is susmised. We present
the discrete systems followed by these two different scisermed the implementation
of two multigrid solvers is included. Firstly, we explainromultigrid solver with the

fully-implicit scheme. Then we discuss the implementatised in [225]. In addition,

both solvers are implemented in Camp re for the purpose of ganson. Results from
solving this model are presented in Section 6.4. Chapter énsladed with a discussion
on different Gauss-Seidel iteration strategies.

The multi-phase- eld model of tumour growth is discussedGhapter 7. First of
all, a brief literature review on tumour modeling is summead. The model of tumour
growth that is studied in this thesis is from [226] and is préed again. We describe
the implementation. A discussion is presented on the imgigation used in [226] and
the reasons why a second order convergence rate is not ethtaitaving followed the
suggestions from Wise et al. stated in [226], we presentraptementation in Camp re.
Results of this tumour growth model are presented in SectibnChapter 7 is concluded
with a discussion on the issues of multigrid convergencenfttoe pressure variable.

In Chapter 8, conclusions and further work are discussed.

1.5 Main Achievements of the Thesis

The main achievements of this thesis can be separated intpdvis. The rst part is the
achievements towards the software implementation (thitevace, Camp re, is described
in Chapter 3), and these can be summarised as

extending Camp re to non-time-dependent equations,
expanding the choices of Camp re's boundary conditions,
increase the restart capacity of Camp re,

improvement to the parallel implementation of the softwidyeary, PARAMESH
(which the Camp re is built upon).

The second part is that we obtained a second-order convergate from the multi-
phase- eld model of Wise et al. in [226]. This is done by conmibg second-order FDM,
BDF2, penalty terms and smoothing Heaviside function aktbgr.

These achievements are described in detail in the thesis.



Chapter 2

Introduction to Scienti c Computing
Techniques

In the previous chapter, a selection of parabolic PDEs astBys were presented. These
ranged from simple linear and nonlinear diffusion equatithrough to systems for thin
Im ows and phase- eld models. In order to obtain approxitians of the true solutions
of these mathematical models, a number of scienti ¢ conmgutechniques are required.
Within Section 2.1, spatial and temporal discretizatidmesnes are described, for obtain-
ing discrete systems from mathematical models that arenailg continuous in space
and time. Approximations using spatial and temporal diszagons can be further im-
proved in terms of ef ciency by applying adaptivity, thisdéscussed in Section 2.2. In
order to solve these discrete systems, a number of standaat bnd nonlinear solvers
are discussed in Section 2.3, and a state-of-the-art mdlaggorithm is described in Sec-
tion 2.4, along with four of its variations. A large amountrafmerical computations are
typically required for large simulations (e.g. using vene spatial discretizations), even
when multigrid methods are used. To further improve the agatmpnal performance, the
use of parallel computing is introduced in Section 2.5.

22
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2.1 Discretization Schemes

In this section, possible spatial and temporal discratmaschemes for the parabolic
models which are presented in the previous chapter areibedcin Section 2.1.1 several
options for spatial discretization are introduced. In #&cP.1.2 concepts of explicit and
implicit temporal discretization schemes, with examplesdiscussed. Furthermore, the
family of Backward Differentiation Formulae (BDF), which ised extensively in this
thesis, is described in detail.

2.1.1 Spatial Discretizations

The mathematical models described in the previous chapteramtinuous in space and
time. In order to obtain numerical approximations to theisohs of these models, meth-
ods of spatial discretization are applied. These disattia techniques seek to approxi-
mate the spatial parts of the problem with a nite number @rées of freedom. Typically
these are de ned based upon decomposing the spatial ddiato a set of points or cells
(however other approaches, such as spectral methods [82olocation methods [139]
do exist). Here the three most common choices of point/ai¢besed methods are intro-
duced, with the most detail coming in Section 2.1.1.1, wigerénite Difference Method
(FDM) is described, which is extensively used in this the§lse outcome of each of these
spatial discretization schemes, when applied to a pa@B®@lE, is to reduce the problem
to an initial value system of ordinary differential equato(ODESs). Such systems are
discrete in space, however still continuous in time (terapdiscretization schemes are
introduced later in Section 2.1.2).

Alternative approaches, which will not be considered ferttiinclude the Finite Ele-
ment Method (FEM). The FEM was proposed in the 1940s [214],are of the initial
applications was developed for the solution of aircraftctural problems [185]. There-
after, its potential for solutions of a variety of appliedesce and engineering problems,
as well as solving different types of PDEs were recogniz88]2Until today, it is consid-
ered to be one of the best methods for ef ciently solving géarange of practical prob-
lems [185], especially if the domain is geometrically coaxplalthough such problems
are not considered in this thesis. The FEM decomposes thialsp@main into a number
of non-overlapping elements, each of which represents-&sation of the domain. Then
the FEM uses integrals over the individual elements to foffieilaapproximation across
the domain. A typical triangle element is often used in 2-Deve three grid points are
required to de ne such an element. Based upon the shape oesterand their spatial
dimension, more grid points are needed for each element. @mgnthe basis function
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of each grid point is de ned to be 1 at the point and linearlguees to 0 upon reaching
adjacent grid points along the edges. This is referred tolas/@rder polynomial, al-
though higher-order polynomial approximations are pdediy employing extra points
(e.g. edge-centred points and cell-centred points). [2BY] provide good introductory
guides to the FEM, and some of its applications can be foufitBii.06, 196].

Another popular discretization scheme is the Finite Voluvhethod (FVM). This
method also decomposes the domain into a nite number ofetesnthen uses averaged
values and volume integrals over elements to form an appraton of the solution [218].
The approximation within individual element is local, thogosing no requirements on
the grid structure, and therefore unstructured grids camtz¢ used. The FVM is often ap-
plied to hyperbolic conservation laws, and an applicatibthis method on non-uniform
grids can be found in [120].

The Discontinuous Galerkin (DG) method combines the FEMthed-VM together,
and overcomes the limitation of the FVM on achieving higbseter accuracy on general
unstructured grids by applying higher-order polynomiasisdunctions [114]. The DG
method also maintains local conservation and exibilitytivre choice of the numerical

ux. However, one of the trade-offs of using the DG method &ing to increase the
total degrees of freedom. An application of the DG methodlmfound in [55].
In the following section, the FDM is described.

2.1.1.1 Finite Difference Methods

The FDM decomposes the continuous spatial domain into & mitmber of grid points,
and a discrete difference operator is used in place of tHerdiftial operator at each
grid point. On a cubic domaiW in 3-D, a set of uniform grid points are de ned as the
following:

Zhn=f(Xy,2 :x=ih;y= jh;z=kh i;j;k=0;::;;N  1g; (2.2)

where(X;y; z) are Cartesian spatial coordinatésjs the number of grid points in each
coordinate direction and= 1=(N 1) is the equal distance between the adjacent points.
These grid points are further separated into two categanésrnal points and boundary
points. The set of internal points is denotedMly= WA Z,, andn= N 2 is the number

of internal grid points in each coordinate direction. Theadddoundary points is denoted
by TW, = TWA Zi,, andW, = WL[ TW4 is the set of all grid points on the domaiiand

its boundary. An example shown in Figure 2.1 has 10 and 8 8 internal grid points.
The FDM is only applied to the internal pointg,, and with the assumption that boundary
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conditions (e.g. Neumann and/or Dirichlet boundary coodg from Equations (1.6) and
(1.5)) have been applied to boundary poifits,.

As an example, to approximate the 2-D Laplace operator wisigneviously intro-
duced in Equation (1.3),
0 f2u
= —  + _' 22
x> fy? (22)
a standard second-order central nite difference schemisésl for the second derivative

of uin thex and they directions. The resulting discrete system is given as thewmng:

4 u

1 1
4 hup = 2 U 1:j 2U;j+ Ui+gj + 2 U:j 12U+ Uij 1
2.3)
1 (
=z Uowpt Uienpt Ui o1t Ui Au;;j

whereuy, = u(X) is the so-called grid point functiox,2 W, and the element aij, cor-
responding tq(ih; jh) is denoted asi;j. Equation (2.3) is also called ve-point stencil
scheme, where for each internal grid pdi, four neighbours and itself are involved in
computing the approximation, as shown at a grid paiirt Figure 2.1. The grid points
which are needed for the computation in each stencil areedaak . This approxima-
tion and its equivalent seven-point stencil scheme in 3frBn@eded for many terms in
these mathematical models that are described in Chapter &xé&mple, variable in
Equation (1.15); 64 (h+ s) term in Equation (1.17); and both mandf terms in the
CHHS which is represented in Equations (1.26) to (1.29) éte résulting systems after
applying the spatial discretization schemes are systerogdgfary differential equations
(ODEs) for the unknowns;;j(t) in 2-D or uj;jk(t) in 3-D.

There is also a central nite difference scheme for the rstidative of variables.
For example, such a scheme can be appliel teusF 1) term in Equation (1.31) of the
tumour model. For the purpose of demonstration, the rsivd¢ive of u in thex and the
y directions of using this scheme is approximated as theviatig:

~ Uj U;
Nh Up = |+12h i 1:

(2.4)
To increase the order of accuracy of the nite differenceditization scheme, larger
stencils can be used. Figure 2.1 shows a nine-point stemeihother vertex-centred grid
pointb, and points that are needed by this nine-point stencil arkedaas . Although, it
is advantageous to use a higher-order scheme providedIthi®aas suf ciently smooth,
issues may arise if parallel computing and mesh partitgaire taken into account. In
the context of this thesis, due to the use of parallel comgutinly the ve-point stencil
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in 2-D (and its equivalent seven-point stencil in 3-D) is leguh the reasons are explained
in Section 2.5.3.

Vany
g
¢
g
N

o

Figure 2.1: Sketch shows a 2-D vertex-centred grid with 8 internal points; and a
ve-point stencil on a vertex-centred grid poiat and a nine-point stencil on another
vertex-centred grid poiri. The grid points which are needed for the computation in each
stencil are marked as

In Figure 2.1, an example is shown in a vertex-centred gritcer& a boundary condi-
tion can be speci ed on boundary points which are directlgiponed on the boundary.
There are also other types of grid points, such as faceeasn&rdge-centred and cell-
centred points. The Cartesian grids with cell-centred gdmatve been used extensively
in this thesis, and an example of such a grid type is showngdargi2.2. Although it is
possible to use vertex-centred grid points as the boundamngg(which are geometrically
on the boundary) for cell-centred grids, the use of ghoss ¢ghown in Figure 2.2 as)
is also common and is our approach. Following the de nitibnertex-centred points in
Equation 2.1, the cell-centred grid points (including #hghkost cells) on a cubic domain
Win 3-D are de ned as

h;z= k % h i;j;k=0;:;N 1 ;

(2.5)
where(x;y; z) are Cartesian spatial coordinatésjs the number of grid points in each
coordinate directiorh= 1=(N 1) is the equal distance between the adjacent points and
n= N 2isthe number of internal grid points in each coordinateation. On the same
Cartesian grid shown in both Figures 2.1 and 2.2, there are lDvertex-centred grid
points and 8 8 of them are internal points; on the other hand, there are 11 cell-

Zh= (XY;2:x= i %h;yz ]
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centred grid points (including ghost cells) and 9 of them are internal points. Spatial
discretization schemes of FDM, like the ve-point stencidncbe applied in the same
way as to the vertex-centred grids. However, ghost cellsgiavide boundary condition
on cell-centred grid are not positioned on the boundaryfit$e the following Section,
Dirichlet and Neumann boundary conditions on cell-cenggads and the use of ghost
cells are described.

2.1.1.2 Boundary Conditions
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Figure 2.2: Sketch shows a 2-D cell-centred grid with @ internal grid points (marked
as ), and the ghost cells (marked aswhich are outside the actual boundary. This type
of ghost cells are used to provide the boundary conditiontherell-centred grids.

In Figure 2.2, ghost cells (marked ason a cell-centred grid which are used to repre-
sent boundary points are illustrated. These ghost cellsaedreutside the actual boundary.
Therefore, values at these points that are used to indicatedary conditions have to be
treated very carefully.

The zero Neumann boundary conditiodfy=n = 0 on the boundanfW, requires
boundary points to copy the exact values from the nearestnakgrid points. This has no
conditions on the position of the boundary points, theesféor boundary points in both
types of grids (i.e. vertex-centred grid in Figure 2.1 andtoentred grid in Figure 2.2),
the zero Neumann boundary condition can be applied in the szay. The computation
which needs the values from boundary points (e.g. applyiegve-point stencil scheme
on near-boundary grid point) can also be done in the same walyeocell-centred grids.
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Previously, the ve-point stencil scheme is applied to arAs@aundary vertex-centred grid
point a in Figure 2.1. Here the equivalent ve-point stencil on a meaundary cell-
centred grid point is demonstrated in Figure 2.2, which takes values from onedary
point, three internal grid points and itself. Although stbioundary point is not positioned
on the boundary, as long as it mirrors the value on pojirthe zero Neumann boundary
condition is correctly imposed. This zero Neumann boundandition is employed in
all ve mathematical models that are described in Chapteodfuily-developed ow and
droplet spreading problem, it is discussed in SectionsdlL&and 1.3.1.2; and for other
three phase- eld models, see Equations (1.25), (1.30) &r86). A non-zero Neumann
boundary condition increases the complexity in the casesticentred grids, however
this is neglected since no such boundary condition is usédsrihesis.

On the other hand, the Dirichlet boundary condition g, which is de ned in Equa-
tion (1.5) generally requires a speci c value to be appliadboundaryfW. For the vertex-
centred grid, values of the functigcan be directly applied to the boundary points which
are positioned at the boundary (see Figure 2.1). Howevkresdor the ghost cells on a
cell-centred grid need to be set to re ect the correct valueshe boundary (see Figure
2.2). For example, the functiog(x;y;t) = 0 yields the average between the ghost cells
and their nearest internal points equals to 0. Or if the fona(x; y;t) = g, implies

Ughost cell* Unearest internal point_

2 3

which leads to

Ughost cell= 20 Unearest internal point (2.6)

The Dirichlet boundary condition is needed in the model ofidur growth for variable
m p andn (see Equation (1.36)), and the model of fully-developed (@iscussion is
included in Section 1.3.1.1).

Having described spatial discretization schemes and thatireg spatial discrete sys-
tems, in the next section, temporal discretization scheareediscussed. They are used to
discretize the initial value system of ODEs that are stititoauous in time.

2.1.2 Temporal Discretizations

In the previous section, spatial discretization schemeslescribed and used to discretize
parabolic PDEs into initial value systems of ODEs. This sdiacretization in space re-
sults in systems that are continuous in time, therefore teatpliscretization schemes are
needed to obtain the fully-discrete systems which can bé fisenumerical approxima-
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tions.

There are two main types of temporal discretization scheexglicit methods and
implicit methods [34]. In order to present these temporsatuiditization methods clearly,
a single initial value ODE is considered, and is written ia tbllowing form:

du
— = f(t;u): 2.7
5 = [t (2.7)
Applying a spatial discretization scheme (e.g. FDM) wilbguce a similar equation in
vector form, in terms of vectorsy(t) and fy(t;un). However, for simplicity, they are
presented as scalars here to demonstrate the temporattdiaion schemes. In this
section, both explicit and implicit methods are introduced

2.1.2.1 Explicit Versus Implicit

The concept of explicit methods is based upon using only knalues from the previous
time steps to compute values at the current time step. Agstifarward example of an
explicit method is the forward Euler method. When this is sggpto Equation (2.7), the
resulting equation is

uttl= U+ defttut); (2.8)

where superscript indicates the solution from the previous time step, 1 means the
unknown solution at the current time step, aftds the size of the time step. The forward
Euler method of Equation (2.8) is rst-order accurate ingif34]. There are other types
of explicit methods that can provide a higher order of accyrsuch as the explicit Runge-
Kutta methods, and these methods are examples of so-calhedstep” methods where
u'*1is determined only from knowledge af . Higher order explicit methods may also
be derived from multi-step schemes, whefeu! 1, u! 2, etc. are used to determine
ut*1. An application with a second-order Runge-Kutta method aafoland in [150],
and a description of a fourth-order Runge-Kutta method ismgin [34].

The discrete equations resulting from the application giiek methods are easy to
solve, and this is the primary advantage of explicit methddi®vever, explicit methods
generally have the property that they are only conditignstible. This means that the
stability of the solution is only guaranteed when the sizéirak stepdt is suf ciently
small. Furthermore, the ner the mesh resolution that iglusehe spatial discretization
methods, the smaller time stefp needs to be. For second-order parabolic systems or
equationsdt = O(h?), such as Equation (1.2); and for fourth order parabolicesyst
dt = O(h%), for example, the model of fully-developed ow in Equatiofk.15) and



Chapter 2 30 2.1

(1.17) [34], this gives an enormous computational disathgeawhen large (very high
spatial resolution) simulations are required.

The use of implicit methods is typical in order to overcomestn issues with con-
ditional stability. This is because such methods typichllye much greater regions of
stability than explicit methods, and sometimes they cam édesunconditionally stable.
Discussions on this can be found in [59, 119, 225]. A strdaythtard example of an im-
plicit method is the rst-order backward Euler method. Whhistis applied to Equation
(2.7), the resulting equation is

uttl= Ut + defettLutt . (2.9)

This backward Euler method is called implicit, because theefion f(t;u) needs to be
evaluated at!* 1 in order to obtairu!*1. Another example is the second-order Crank-
Nicolson method [50], where Equation (2.7) is reduced tddtiewing:

ultl=ut + %f(tt;ut)+ %f(tt*'l;utJrl): (2.10)

Applications of this method can be found in [81,226]. Otharaples of implicit schemes
include implicit Runge-Kutta schemes [92], and implicit trgkep methods [141].

In comparison to the explicit methods, the system resulfiiagy using an implicit
method becomes an implicit equation or, in the case of ODEeBYS a large algebraic
system of equations. If the given functidgis nonlinear, the resulting algebraic systems
become nonlinear as well. Furthermore, common spatiatetization schemes only use
a relatively few neighbouring points to compute each iraépoint (e.g. the ve-point
stencil in 2D). This leads to large sparse systems of lineaoalinear algebraic equa-
tions (see Sections 2.3.1 and 2.3.2 for more details). Toieftly solve these systems,
sparse/iterative solvers are employed including Krylovhmads and multigrid techniques.
The detail of such methods is described later. In the folhgygection, a family of implicit
temporal discretization schemes are discussed. The vantmsecond-order accuracy in
time is extensively used in this research.

Before we proceed to the next section, it is worth noting thatimplicit schemes
may be further separated into two categories: fully-impbad semi-implicit. The pre-
sented backward Euler method in Equation (2.9) is a fullplioit scheme, because for
the known functionf (t;u), it uses the unknown solution from the current time step. On
the other hand, the presented Crank-Nicolson method is aiicingzcheme, where solu-
tions from two time steps are applied to the functidi; u).
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2.1.2.2 Family of Backward Differentiation Formulae

The Backward Differentiation Formulae (BDF) are implicit geonal discretization schemes.
The backward Euler method, which is previously presentdebjmation (2.9), belongs to
the family of BDF methods, and is termed BDF1. The number 1 atdi the order of
accuracy (and also the number of previous time steps fromtwdolutions are needed).
Given Equation (2.7), a general form for the BDF family can espnted as the following

ultlse pé_lajut I= pdtf(t™*Lul*Y; (2.11)
j=0

where the superscrigt+ 1 indicates the unknown solution at current time step, |
means the known solution from one of the previous time stdpss the size of time
step (and is assumed constant for this descriptipnijdicates the order of accuracy in
time, a; andb are parameters as de ned in Table 2.1 ugpte 4 [119]. It is proven by
Hundsdorfer and Verwer in [119] that the BDFs of order4 are A-stable. Details of the
family of BDF methods can also be found in [83, 105, 141].
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Table 2.1: Coefcientsaj, b and orderp up to p = 4 for the family of BDF methods
that is presented in Equation (2.11). The coef cients aesented with the assumption
of constant size of time steqf.

It can be shown from Table 2.1 that when orger 1, values ofa and b reduce
the general form of BDF methods in Equation (2.11) to the backwEuler method in
Equation (2.9). Itis also clear from Table 2.1 that the higireler the method, the more
previous time step solutions are needed.

The member of the family of BDF methods whers 2 is termed the BDF2. With
second order of accuracy in time, this method is compatille tive second-order central
nite difference scheme which is previously described irct8m 2.1.1.1. An application
of this BDF2 method can be found in [91]. This BDF2 method is esiteely used in this
thesis.
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Having described spatial discretization with uniform grachd temporal discretization
with xed dt, in the following section, the concept of adaptivity is d@sed, which plays
a major role in the ef ciency improvement of the discretinatschemes.

2.2 Adaptivity

In the previous section, a number of spatial and temporafelization schemes are de-
scribed. Of these schemes, the FDM on cell-centred gridstlamdBDF2 method are
extensively used in this thesis. In the following sectiotig concept of adaptivity is
described, which improves the discretization schemesrmgef their ef ciency. To
demonstrate the adaptivity, examples from using the FDMeahcentred grids and the
family of BDF methods are given.

2.2.1 Spatial Adaptivity

Considering the examples of the droplet and the phase- eldaisothat are illustrated
previously in Figures 1.2 and 1.3, observations and nuralegeixperiments suggest that
the nest mesh resolution (and the resulting heavy compartatire only needed in parts
of the domain: areas around the moving contact line in thpldtenodel; and around the
diffuse interfaces in the phase- eld models. If uniform rhes (e.g. Figure 2.3(a)), which
have the same level of mesh resolution everywhere, are geubla such situations, a lot
of the nest grid computations, that are not in the areas sfrileed, will have little effect
on the overall accuracy of the simulation.

The idea of spatial adaptivity then naturally emerges, thieggests a set of different
mesh resolutions to be used in different regions of the domiaiis concept is illustrated
in Figure 2.3(b) where a 2-D cell-centred grid with threeelevof mesh re nement is
presented. The centre of the mesh is the area of the greassdtition: the re nement
level 3 has the equivalent mesh resolution of the unifornd griFigure 2.3(a). From
the comparison of the two sketches (a) and (b) in Figure 2.8udgests that the use
of adaptive meshes can lead to a great improvement in terragadéncy. Especially
when there are small regions which require greater resol@gither to reduce the level
of the local error to that the rest of the domain, or becausgaatity of interest is most
in uenced by aspects of the solution in that region [217]pn& applications of spatial
adaptivity can be found in [18, 23,123,130, 147, 223].

From the implementation point of view, one of the most comm@pproaches is for the
user to de ne a maximum and a minimum mesh resolution. Thieeeddbmain is covered
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Figure 2.3: Sketch shows (a) a 2-D uniform cell-centred;gfi) a 2-D cell-centred
grid with three levels of mesh re nement, in which the nestmement level has the
equivalent mesh resolution of the uniform grid in (a).

by the coarsest mesh resolution, referred to here as re netaeel 1, and the number
of the level increments by one with each subsequent localament. The grid points
that have re nements from them are called parents points,adiners are called children
points. Based upon problem-speci c re nement criteria,iogg where the greatest res-
olution is required are re ned to have higher mesh levelluhg suf cient accuracy is
obtained or the maximum resolution is reached. These reaemrariteria may depend
upon error estimation [44], the actual values of certainaldes, the magnitude of the
gradient of variable values [122], etc. The speci c choicsgd in this thesis are de-
scribed along with the detail of each model in later chaptétgorithm 1 describes the
main procedures of a point-wise adaptive mesh re nemertrrepbased upon a problem-
speci ¢ user-de ned re nement criterion. When the markingppedures end, a “Spatial
adaptive routine” is called to actually perform the re niagd/or coarsening (this routine
is de ned in Algorithm 2).

The introduction of variable mesh resolution means thaicttired nite difference
approximations on uniform meshes cannot be used withoefuaronsideration of the
interfaces between mesh levels. For example, without éurdidjustment the ve-point
stencil scheme which is described in Equation (2.3) expees dif culty if applied to
those grid points that are at adjacent edges of re nememrideshown in Figure 2.3(b).
In Chapter 3 Section 3.2.4, a speci c approach which deals thi¢ data exchange across
the re nement edges is described and applied throughosithiesis.
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Algorithm 1 Point-wise adaptive mesh re nement
1: for All children points, ndo
2: Call “Problem-speci c user-de ned re nement criterion” #i n
3 if n.criterion = re ne and n.level != max levéhen
4 n.re ne = true
5 else ifn.criterion = coarsen and n.level = min lexken
6: Call “Problem-speci c user-de ned re nement criterion” ti n.neighbour
7
8
9

if n.neighbour.criterion = coarsénen
n.coarsen = true

: n.neighbour.coarsen = true

10: end if

11: end if
12: end for

13: for Each children points, do
14: Call “Spatial adaptive routine” with n
15: end for

In Figure 2.3(b), the region which requires highest re natriees in the centre of the
mesh. Furthermore, when solving parabolic problems, th&iea may evolve through
time. In this case the region of the spatial domain that reguihe highest re nement
may also evolve, a dynamic adaptive technique is requirekis flequires re nement
and coarsening processes to be carried out during the gionyléypically at the start
of each time step. Algorithm 2 describes the main procedimea point-wise spatial
adaptive routine which is sequentially executed on alldekih points. This algorithm is
also recursively performed if necessary, to preserve thehmaalidity, which is to ensure
that, on the structured Cartesian meshes, neighbouringn®diave only one level of
difference in re nement.

Algorithm 2 Point-wise spatial adaptive routine
1: Input parameter: n —a grid point
2: if n.re ne = truethen
3 Re ning ninto four new grid points

4 if More than one re nement level exists with n.neighbthugn

5: n.neighbour.re ne = true

6: Call 'Spatial adaptive routine’ with n.neighbour

7 end if

8: else ifn.coarsen = true and n.neighbour.coarsen =ttraa

9 if Resulting child point has no more than one re nement leveMeen surround-

ing children pointghen

10: Coarsening n and its neighbours to obtain such new child point
11: end if

12: end if
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In the following subsections, the preservation of meshdigli both the re nement
and the coarsening processes are described in detail, @ittimgterpolation and restric-
tion operators which are used to transfer values betweeislef re nement during the
dynamic adaptive process.

2.2.1.1 Re nement and Interpolation

Once a sub-region of the domain is marked for re ning, thenement process separates
each marked cell. In a 2-D situation, one marked cell is sgpdrinto four equal-space
cells, and four new cell-centred children points are geeéranhile the old point is marked
as a parent point. Figure 2.4(a) shows this process in 2-Depgrating a coarsest grid
point (marked a$ ) on a cell-centred grid, into four points (marked asand these four
points are further re ned into sixteen grid points (marked a This procedure can also
be carried out in a similar manner on a 3-D cell-centred dfidat is one grid point can
be re ned into eight new points, and if these eight pointsrareed again, the number of
resulting children points is sixty-four (and in total setyetwo grid points from all three
re nement levels in 3-D).

[ ] [ ] [ ] [ } a [ ] a [ ]
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Figure 2.4: Sketch shows (a) the re nement process appled 2-D cell-centred point
(marked a$ ), which results in four new grid points (marked gsand these four points
are futher re ned into sixteen grid points (marked 3s(b) points on a ne cell-centred
grid presented with symbols, ,4 and are used to explain the bilinear interpolation
in Equation (2.12) which transfer values from coarse grith{so(marked as) to the ne
grid points.
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During a simulation, this re nement process needs to beaipdrin a dynamic man-
ner. Thus, an interpolation operator is required to transi@ies from coarse grid points
to the newly-generated ne grid points. This interpolataperator is written a@h, where
h and 2 are the distances between two adjacent points on the ne aade re nement
levels, respectively. A bilinear interpolation for celtred grid points from [216] is in-
troduced here as an example. Figure 2.4(b) is used to helgieXyy this process, where
symbols , ,4 and are used to identify grid points on the ne level, andepresents
grid points that are on the coarse level. In addition, thewarof values taken from the
surrounding coarse level grid points are identi ed as fiatd at a particular grid poird
in Figure 2.4(b). This bilinear interpolation is given by

8 h
1 h.,, h h.y. 3h
ig Mon X 5y 5 + 3y X 5y+ 7,
3;]2h x+ My B oty x+ y+ P for
h.,, h 3h.,,. 3h
s Bun X Jhy 5 +uan X —,y+—I
A o +9hu2h x+ 0y B+ 3uy, x+ By+ for
IohUz2n(X;Y) = (2.12)

h. 3h . h
g 3Uzh X 3y 5+ 09U X z)""‘

1
i
+on X+ Ay A+ 3uyy x+ Pyy+ 8§ for
1 3h.,, 3h vs h
ig Uoh X S3Y 5 +3un X 7,y+?
" 43Uy x+ Dy A+ 0uy, x+ Biy+ b for 4

where the array stores values at the grid points, apxely) are the Cartesian coordinates
of the grid points. In 3-D cell-centred grids, the genekian of the bilinear interpolation
is called trilinear interpolation. Both of the 2-D bilineanda3-D trilinear interpolations
areO(h?) accurate. A description of the trilinear interpolation dafound in [216],
and an example can be found in [161]. The interpolation dpesawith higher-order
accuracy generally derived from multi-linear schemes ftinelamental difference to the
second-order interpolation is that, the multi-linear rptédations extends their stencils, so
a greater number of coarse grid points are considered, segdmple [136].

In the following section, the coarsening process and a spomding restriction oper-
ator are introduced.

2.2.1.2 Coarsening and Restriction

The coarsening process preforms a reverse operation taehmpsly described re ne-
ment process. It is shown in Figure 2.5, where a group of fellraentred points on the
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ne level of re nement reduce to one point on the coarse lesfete nement. In order
to preserve the validity of the mesh, for the structured-cefitred grids that are used in
this thesis, to obtain one grid point on the coarser leveleaiement, a group of four
grid points are required from the ner level of re nement iaR2 (and a group of eight
grid points from the ner level of re nement are needed in 3-Bll of points in a group
should be marked for coarsening by the re nement criteriaongrder to carry out the
coarsening operator.

N
N

Figure 2.5: Sketch shows the coarsening process on a 2-Dargtled grid, which reduces
a group of four points (marked a3 on the ne level of re nement to one point (marked
as ) on the coarse level of re nement.

The coarsening process is operated dynamically duringithel&tion, a restriction
operator is required for these newly-generated points erctfarse level of re nement.
This restriction operator is written 48", whereh and 2 are the distances between two
adjacent points on the ne and coarse re nement levels,eetyely. A simple four-point
averaging approach from [216] can be applied. It is given by

12"Un(x;y) =
L My by« hyeh
g th XY 5 T X5 YTS (2.13)
"
o oxr ey My ke Dy
h 2,y 5 h 2,y 5

where the array stores values of grid points, aiig y) are the Cartesian coordinates of
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the grid points. For the restriction on 3-D cell-centreddgrithe equivalent eight-point
averaging approach can be used [216]. Both averaging agmsareO(h?) accurate.
The restrictions with higher-order accuracy can be derivech multi-linear schemes,
where more ne grid points are considered by the operator.

In the following section, adaptivity in the temporal disiization schemes is de-
scribed.

2.2.2 Temporal Adaptivity

The temporal discretization schemes (i.e. BDF methods) gomation (2.11) and Table
2.1 are described with an assumption of a xed time step diz&or temporal adaptivity
to appear, variable time step siz#$ are used. In this section, temporal adaptivity with
the BDF2 method is explained in detail, since it is appliechis thesis.

During the simulation, a user-de ned, problem-speci cterion may be used to de-
termine for each time step, if that!* ! should be increased, decreased or kept the same
compared tadt!, providing the solution is converging at the current timepstThere is
another circumstance whede! * 1 is too large for the solution to converge at a given time
step. Then this time step needs to be reset and computed waihia smallerdt!*?.
Authors of [81] suggested a variable amount for adaptité ! to change between time
steps, based upon the error estimate. Examples of usingahdoor estimate for the
criterion can also be found in [90, 189]. The criterion usedhis thesis is very similar
to [91], where the convergence rate of the implicit solvewsed, as a local indicator of
time step selection, the detail of which are explained in @ra® Section 3.3.3.

The second-order BDF2 method for variable time step sizesesepted in [69, 119]
for the ODE in Equation (2.7), and it is given by

[
) !
(rBOF + 1)2 (BOF 2 1+ BDF

tr1 u u =
1+ 2rBDF ' T4 prBOF 1+ 2rBOF

dt! fet LUt (2.14)

where ratiorBPF = dt!=dt! 1, superscriptg + 1, t andt 1 indicate the current, pre-
vious and the one-before-previous time steps, respegtiv&pplications of the BDF2
method with variable time step sizes can be found in [90, 9He choices of variable
dt!*1 may have effects on the stability of the scheme. Author of Efjgested that,
for semi-linear parabolic problems, the ratio r6F is restricted to be less than9l
for maintaining the stability of the BDF2 methods. Additibidormation can be found
in [168].

ISuperscriph = 1;2;:::;t + 1 indicates the number of time steps.
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Having described spatial and temporal discretization maseand their adaptivity, in
the next section, several common solution methods are Yoii@roduced, in order to
solve the fully-discrete systems that arise at each tingeadtan implicit scheme.

2.3 Common Solution Methods for Algebraic Systems Aris-
ing from Local Discretizations of Partial Differential
Equations

Having explained the derivation of the discrete algebrgstesns arising from using spa-
tial (and temporal) discretization schemes for elliptindgarabolic) PDEs, in this sec-
tion, several common solution methods are brie y introdliéar these systems. In Sec-
tion 2.3.1, solution methods for linear problems are désctj including direct methods,
iterative methods and technique of preconditioning. Inti8ac2.3.2, solution methods
for nonlinear problems are discussed, including Newtoréshod and nonlinear iterative
methods.

2.3.1 Solution Methods for Linear Partial Differential Equations

Let's consider a simple linear elliptic PDE, such as Poissequation given as
4u= f: (2.15)

wheref is a known function that is independentwf For simplicity, initially Equation
(2.15) is considered in 1-D. A set of 1-D cell-centred grignt®is de ned as

Zn= X:X= | % hi=0:5N 1 ; (2.16)

where the elements &, are the Cartesian spatial coordinatiss previously de ned as
the number of grid points in each coordinate direction, sihis 1-D caseN is the total
number of grid points. Lat represent the internal grid points in each coordinate tioec

In other wordsn is the number of unknowns for a standard nite differenceBtization
of Equation (2.15) with Dirichlet boundary conditions, amé 1=(N 1) is the equal
distance between each grid point. On this 1-D Cartesian grate are two boundary
points: Xi= o andx;= . It is assumed for simplicity that Dirichlet boundary catimah have
been applied, sa(x=o) andu(x=n) are speci ed. For all internal points, the 1-D central
nite difference approximation using a three-point stérstiown in Equation (2.17) can
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be used (cf. the 2-D ve-point stencil in Equation (2.3)):

U 1 2Ui+ Ui+1

4 nun = 2

(2.17)

When discretized by this three-point scheme, Equation JZab be written in the fol-
lowing form:
Au= b; (2.18)

whereu2 R"is the vector of unknown® 2 R" is the right-hand side vector, ad® R" "
is a coef cient matrix. MoreoverA is a sparse matrix, because the three-point stencil that
is shown in Equation (2.17), is based on local approximatiarhere the dependence of
updating a grid point is limited to its local neighbours. Is@arse matrix, the number of
non-zero elements per row is only dependent upon the stemdilis independent dfor
n. Thus the number of non-zero element®ig) asn! ¥.

Let's consider the example PDE shown in Equation (2.15) in dtuation, with
a set of 2-D cell-centred grid points de ned as Equation Y 2aithough Equation (2.5)
de nes a 3-D set of grid points, it is straightforward to de a set of 2-D points from the
de nition), whereN = 6 and therefore = 4. This 6 6 2-D cell-centred grid is shown
in Figure 2.6.
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Figure 2.6: Sketch shows a 66 2-D cell-centred Cartesian grid,represents 20 ghost

Equation (2.15) is then discretized by the standard venpstencil from Equation
(2.3) on this given grid. It is assumed the values of boungaignts are known and can
be re-arranged into the RHS vectorThe resultingAu = b for the 16 unknownsu.; to
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Us:4) can be written as

0 1
0 1 b1
0 4 1 1 1 Ug;n b
14 1 1 Ug;2 byz
14 1 1 U3 by
1 4 1 Us4 b,
1 4 1 1 U1 21
1 14 1 1 Uz ba;2
1 1 14 1 1 32;3 Ez;s
1 1 4 1 2,4 — 2:4 .
ﬁ 1 4 1 1 uz;1 - b3;1 . (2 . 19)
1 14 1 1 Us;2 ba.s
1 14 1 1 Uz;3 ba:3
1 14 1 U4 be
1 4 1 Us;1 b3'4
1 14 1 Ug:2 41
1 14 1 Ug:3 bs
1 1 4 Usg4 ba;3

a4

Only non-zero elements are presented in the coef cientimatrif a 3-D situation is con-
sidered, the use of the corresponding seven-point stem&boiation (2.15) is straightfor-
ward.

When a very ne grid is used, and especially for problems irhkigdimensions, this
coef cient matrix A can become very large. Thus, before solving the linear systas
large but sparse matrix needs to be stored via the use of siocrenestorage schemes.
The simplest storage scheme is the so-called coordinateatdi89]. To store an  n
matrix, it uses three arrays, each with size of the numberootzero elements. They
are, rstly a “value” array which contains all the real noara values of the matrix in
any order; secondly, an integer “row” array which contales¢orresponding row indices
of these values; and nally an integer “column” array whiantains the corresponding
column indices of the values.

This coordinate format can be further improved by compregtiie “row” array. Thus
it only contains a position which indicates the range of eaghwithin the “value” array.
This requires the “value” array to be modi ed, so that it &®the non-zero values row by
row, from row 1 ton. This is called the compressed sparse row format, and anadeguot
scheme which compresses the “column” array instead, isctélle compressed sparse
column format [89]. There are other storage schemes thstt éai example the modi ed
sparse row format, which exploits the fact that the diagehainents of common matri-
ces are usually non-zero, and are often required (thereferaccessed without indirect
addressing). Detailed descriptions of these storage sehiean be found in [192], and
an application which describes several storage schemeparailel environment can be
found in [99].

The common solution methods to solve a sparse linear systkimmto two general
categories: direct methods and iterative methods. Thedprimthe absence of rounding
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errors, may provide the true solution (to the fully-disersystem) after a nite number of
computations. On the other hand, the latter aims to movectosvards the true solution
after each iteration from a provided initial guess. Tydicahere is no attempt to gain
the true solution when using iterative methods, insteadaceptable approximation is
obtained.

Gaussian elimination via LU factorisation is arguably thestmwidely used direct
method for solving general linear systems. This may be nemtlito work on sparse
systems, however, before this is described, an importartega of matrix structure which
is preferred by the direct methods (reasons are discusss}] lzeeds to be explained. The
desired matrix structure is for all non-zero elements tthgaaround the diagonal. This
type of matrix is termed a banded matrix, and can be de neti@$ailowing:

a6 0onlyifi m j i+m;wherem;m, O0;

wherea;j are the elements of a banded ma#ixThe numbem + my+ 1 is called the
bandwidth. Matrices with larger bandwidth typically ocdusm the discretizations of
PDEs in higher dimensions and/or from using larger stendisr example, using the
three-point stencil in Equation (2.17) leads to a matrixwatbandwidth of 3. It is often
called a tridiagonal matrix. The sparse matkikrom discretising Equation (2.15) in 2-D
using the standard ve-point stencil, as shown in Equatag), has the bandwidth of 9.
The bandwidth increases as the grid becomes ner. This iausEboth upper and lower
diagonals of non-zero elements become further away fromethding diagonal. With
the row-by-row ordering shown in Figure 2.6 and Equatiodi 2. a 2-D matrix has a
bandwidth of 2172+ 1. In addition, if a seven-point stencil is used in 3-D, thadaidth
of a sparse matrix isrZ=>+ 1.

The reason for this interest in the bandwidth of a matrix isaose, during Gaussian
elimination, many original zero elements may become nao-z&his is termed ll-in,
and the bandwidth gives an upper bound on the number of zenwegits that can become
non-zero during the Gaussian elimination process. In soitnerae cases, a sparse matrix
that is not banded can turn into a dense matrix because ofltire Therefore, generally
the rst step of applying a sparse direct solve (e.g. Gausslanination with LU fac-
torisation) is pre-ordering using an algorithm that aimenaimize [l-in, this process is
also called permutation. To name a few examples, the bartbtetnvelope method and
Cuthill-McKee algorithm can be used as a pre-ordering allgori The interested reader
is directed to [54, 72, 84] for more information.

Actually pre-ordering to minimize ll-in is suf cient for gmmetric, positive-de nite
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matrices (this type of matrix is described in detail latétpwever, it is not quite suf cient
for general sparse systems. This is because the Gausstanation without pivoting is
known to be numerically unstable in general. Hence the orgenay have to be changed
again during the elimination process, based upon the sizébee mumerical values that
appear in the pivot position. This is an additional comglaathat has to be managed by
algorithms such as SuperLU [210].

Having obtained a well-ordered matré it can be rewritten in terms of lower and
upper triangular component matrices, so tAat LU. Two systems can then be created
from separating Equation (2.18); they are

Lz= b; (2.20)

Uu=z (2.21)

Firstly Equation (2.20) is solved by a forward substitutionthe vectorz, then Equation
(2.21) can be solved by a backward substitution for the golut The implementation of
Equations (2.20) and (2.21) needs to take advantage of ti@rgparse matriceks,andU.
There exists general purpose software for solving larga'sgsystems of linear equations
using such direct methods, for example, SuperLU [210] andW3 [169]. Applications
of these software packages (and further references) casubd fn [10, 151].

There are other direct methods that exist for less geneaatssystems. For example,
the frontal method, which is extended from the band methdds method can perform
well as long as the matrix bandwidth is relatively small andommonly used with appli-
cations of the FEM with very ne structured meshes. An apien of the frontal method
can be found in [66] where detailed programming code is givdre interested reader is
directed to [64, 89, 154] for more information about the dir@ethods.

For the demonstrated 1-D problem with the use of three-mtencil, the described
LU factorisation only require®(n) computations. However, for the problems with sparse
matrices in higher dimensions, the direct methods geryaedjuiresO (n?) computations.
This becomes excessively expensive in practice whisnvery large (i.e. having a very
ne grid).

An alternative to the direct methods is to use iterative meéshfor the solution of
sparse linear systems. One of the simplest iterative metfaodhe linear system that is
presented in Equation (2.18) is the Jacobi iteration. lreotd update each unknowp,
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a point-wise Jacobi iteration is given by [89]
|

i1 n
utt= b daju; & ajd,  a; (2.22)
j=1 j=i+ 1

wherea;; are the elements of coef cient matr, bj are the elements of the right-hand
side vector, and superscripts 1 andl indicate values from the current and previous iter-
ations, respectively. Note elementsagfoelong to the diagonal of the matex Therefore
the Jacobi iteration only works on non-zero diagonal masridn fact, it only converges
for diagonally-dominant matrices [34].

The Jacobi iteration only uses the values from the previmunation. Another iterative
method, the Gauss-Seidel iteration, improves this by taltie most up-to-date values of
u. Therefore, a point-wise Gauss-Seidel iteration has thexdog form:

i1 n
utt= b dajutt A ajup o ai (2:23)
j=1 j=i+1

In general, because of using latest values, the Gausst8erdéion converges faster than
the Jacobi iteration. However, it shares the same requitearethe matrix structure (i.e.
it only works on matrices that are diagonally-dominant).

There is another alternative to the Jacobi and Gauss-Sedatfions. This is based
upon a parameterized splitting, and can be seen as an ettdndhe Gauss-Seidel iter-
ation. It is called the method of successive over-relaxaf®OR), and is based upon
a weighted parameter that takes values strictly in the raf@eto 2. A point-wise SOR
method has the following form:

" L #

n
a aju; & +(1 wu (2.24)

Note if w= 1, the SOR method turns back to the Gauss-Seidel iteratioen\@ w< 1,

it can be seen as a “conservative” relaxation, whereasvfor 1, it is over-relaxation.
Typically a value in the range dfL;2) is selected to accelerate the convergence of the
Gauss-Seidel iteration.

There is one important feature which is shared by these ttesstive methods, that
is the so-called “smoothing property”. This feature ddsesithat these iterative methods
(with an appropriate choice of in case of SOR) are able to reduce the higher frequency
error components very quickly (generally in a few iteragiprand it is well known they
are less effective against lower frequency error companehe error being the differ-
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ence between the true solution and the approximate solufibe high frequency error
components are de ned as the highest frequency oscillativat are representable on the
given grid (with grid spacindp). This “smoothing property” is exploited by the multigrid
methods that are described in Section 2.4.

For general sparse matrices arising from low order PDE eligations, Jacobi, Gauss-
Seidel and SOR methods typically requi®$n?) computations to converge (i.€0(n)
iterations at a cost dD(n) per iteration). Detailed descriptions of these three nugho
can be found in [103, 104, 228], and applications of thesgaarallel environment can be
found in [11,126].

There are other types of iterative methods, many of whickiestite linear system
by minimising the residual (which is shown in Equation (3)2dver larger and larger
subspaces dR". Before describing the methods, let's consider a minimiaproblem
with a quadratic form. The general quadratic form can betamias the following:

f(u)= %UTAU bTu+ c; (2.25)

whereA2 R" "is a symmetric (i.e. the transposeAis equal toA) and positive-de nite
(i.e. for every non-zero vectaeg vec Avec> 0) matrix,u andb are two vectors ifR",
andc is a scalar constant¢c w represents the inner product of two vecteesandw).
The gradient of functiorf in Equation (2.25) with respect af can be obtained as the
following:

fQu)= Au b; (2.26)

where fqu) 2 R" represents the gradient of the quadratic functién). If a solutionu
minimises the gradient, so th&f(u) = 0, then this solution is also the solution of the
minimization problem in Equation (2.25).

The gradient shows the direction of the greatest incread€wf In order to nd a
solution which minimised (u), the opposite direction of the gradient is used as a descent
direction, this is called the residual and is de ned by

r= fluy=b Au (2.27)

Here a speci c iterative method which minimises the resldsalescribed. It is called
the steepest descent method, and is an iterative methoe thékthree iterative methods
described earlier, the steepest descent method alsoes@useries of iterations, such as
u'=1, ul=2, etc., wherd is the number of iteration anad=C is a known initial guess. The
method stops when the approximate solution satis es a preed stopping criterion.
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By using the residual as described above, the steepest desedrod updates the
solutionu as the following:
=+ alrh; (2.28)

where the value of the scala' determines the distance taken along the direction of
the residual within the iteratioh a' minimisesf(u') when the derivativel:- f(u') = 0.
This leads ta! 1 and fqu') being orthogonal, i.efqu)Tr! 1= 0. In addition, since
fqQu)= r(u) from Equation (2.27)a' can be de ned as

r Tyl -

This expression foa' only holds if the matrixA is symmetric and positive-de nite.

For general problems with symmetric and positive-de nitatrites, the complexity
of the steepest descent method is €i{h?), if it is assumedD(n) iterations are required
to converge. Details about this method can be found in [88)] &48d some applications
can be found in [16, 162].

Note that because df{u)Tr! 1= 0in the steepest descent method, the new search
direction is always orthogonal to the previous one. Thisime these so-called “zigzag”
routes, which often repeat the same direction as earlies.dhean be improved by mak-
ing the new search direction A-orthogonal to the previous. &@onsidering two residual
vectorsr' andr!*1, which also indicate the search direction, they are A-aytimal (also
are called A-conjugate) if

r'TArl* 1= 0; (2.30)

The method that exploits this orthogonality, and uses itriprove the steepest descent
method, is called the Conjugate Gradient (CG) method. An itapbfeature in the CG
method is the set of search direction, which is de ned as ¢tlewing:

K'= sparir'=%Ar=0; A21=0: . Al 11=0g; (2.31)

where superscrigt denotes the number of iterations, and® is the residual calculated
from using the initial guess'=°. This set is called a Krylov subspace. Each new sub-
spaceK!* 1 is formed from the union of the previous subsp#cend the subspackK'.
Additionally, becaus@K!' is included inK'*1, the next residuai'* 1 can be proven to be
A-orthogonal toK'. Thus, stepping through the subspaké&sthe CG method can be used
as an iterative method to minimise the residual

The CG method was rst introduced in [113]. Details and anedysf the CG method
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can be found in [112,170]. There are many CG-related methardspone example can
be found in [33]. Like the steepest descent method, the CG adetinly works on
matrices that are symmetric and positive-de nite. A methduich is called Minimal
Residual Method (MINRES) extends the idea, so it works on symenend inde nite
matrices (matrixA is an inde nite matrix, if there are two vectoxecandw, such that
ved Avec> 0> w'Aw). A discussion comparing the CG method and MINRES can be
found in [140]. For problems with non-symmetric matricds® Generalized Minimum
Residual Method (GMRES) is often used. The CG method, the MINRESlze GM-
RES all belong to the family of Krylov subspace methods. Havethe described Krylov
subspace methods have the property of converging more arelstoovly (for problems
arising from discretizations of PDEs) ad ¥ (i.e. h! 0). More details about the
Krylov subspace methods can be found in [64,152,192,193].

The rates of convergence of the described Krylov methodsednrther improved.
This is done by using a technique which is called precondiitig. Considering the linear
problemAu= b, the aim of the preconditioning is to nd a nonsingular matkl, so
that,M Au= M 1b has the same solution as the original problem but is mucleetasi
solve [89, 192]. Let's use the CG method with a symmetric argltppe-de nite matrix
A as an example. The convergence of the CG method is well unddrsind is based
on the condition numbek(A) of the coef cient matrixA. The condition number is the
ratio of the matrix's largest and smallest eigenvalues. Bseaf the assumption that
A is a symmetric and positive-de nite matrix, its eigenvaduse positive real numbers.
Theorem 12:6 from Golub and Van Loan [88, pg.530] describes the convergef the
CG method, which is given as the following. Note the Algorithf2:1 mentioned in this
Theorem is from [88, pg.527], and is the algorithm for the CGhud.

Theorem 1. (from Golub and Van Loan [88, pg.5309uppose £ R" " is symmetric
positive de nite and 2 R". If Algorithm 10:2:1 produces iterate$xc,g and k = k»(A)
then

IOE k
i xia 2iX gia P
X Xdla T+ 1
Proof. See [156, pg.187] from Luenberger. O

ko(A) in the presented theorem above is the spectral conditiorbaumeasured in
two norm. Therefore, if through the use of preconditioniagnatrixM can be found, so
thatk(M A) 1, then the CG method may have an optimal convergence. Thématr
M is called a preconditioner. K(M !A) 1 is not achievable, then using the precon-
ditioning to reduce the spectral range of the eigenvaluesatso improve the rate of
convergence.
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For more general matrices (e.g. inde nite and non-symroeéind their solvers (e.qg.
MINRES and GMRES), although they are less well understood,$keeof precondition-
ing still can improve their rates of convergence. This haankseen in practice, and the
interested reader is directed to [22, 89] for more inforomatiThere are many algorithms
that can be used to nd such preconditioner. To name a few plenincomplete LU
factorization and sparse approximate inverse are comnappjied. Their applications
can be found in [45, 49].

It is worth noting that in this section, a single linear dilipPDE is chosen for the
purpose of demonstration. For a linear parabolic PDE whsdime-dependent, it may
also be written in the form ofu = b for the problem arising from each time step by
using the implicit temporal discretization schemes thatdescribed in Section 2.1.2. In
addition, these described solution methods may be usedv® this Au= b system from
each time step.

Having described some common methods and techniques fiinéda PDESs, in the
following section, solution methods for nonlinear PDEsiateoduced.

2.3.2 Solution Methods for Nonlinear Partial Differential Equations

For solving a nonlinear algebraic system arising from treemitization of a nonlinear
PDE, a nonlinear version of the Jacobi iteration can be ddrivn order to describe this
method, a single equation which is a nonlinear elliptic tany value problem (e.g. the
Poisson equation with a nonlinear source term for the sal@gfment) is considered
here. When discretized, the equation can be written as tlmvioly algebraic system:

A(u) = f; (2.32)

whereA, instead of being a single matrix as in the linear case, ictowwalued nonlinear
function that takesl as input. Hencei is the solution for nonlinear problem arfdis a
vector of RHS values (independentwt Equation (2.32) has the following equivalent
form:

F (u)= 0; whereF (u)= A(u) f: (2.33)

A commonly used nonlinear Jacobi iteration which is desdiin [31] is applied. A
solutionu; (generally this solution is an approximation to the truaigoh) is obtained as

follows

. Fi(u
uri=y (Fi)(lzljl); (2.34)
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where the superscripts- 1 andl are the current and previous iterations of the nonlinear
Jacobi sweeps, respective(¥; i)o(u') is the rst derivative ofF ;(u) with respect tcu!
andu'=Cis an initial guess. Note that this update must be appliearimfor each unknown
component otl}, and Equation (2.33) represents the nonlinear Jacobi fohm.nonlinear
Gauss-Seidel form always uses the most up-to-date comfsofunin the evaluation of
the quotient on the right-hand side.

Having described the nonlinear Jacobi iteration for s@\time discretization of a sin-
gle nonlinear elliptic PDE, it is worth noting that the nor@ar Jacobi iteration can also be
applied in a block-wise manner as well as a point-wise martence for solving the al-
gebraic system arising from discretization of a nonlingatem of PDES, we may update
multiple unknowns corresponding to the same grid point #smeously within one non-
linear Jacobi iteration. Typically, all variables assoethwith one grid point are grouped
together and are updated one grid point at a time. The reasosihg the nonlinear block
Jacobi approach for solving such systems is that it is tfgicauch more robust than a
point-wise iteration and so, in the context of time-depen@®DES, typically allows much
larger time steps to be selected (and still lead to a conmérggation).

This block Jacobi method is based upon Newton's method (wisicdescribed later
in this section), for the small nonlinear system correspaondo the unknowns on each
grid point. By approximately solving this small system as alehwith all unknowns
at all other grid points frozen, all variables at the “viditegrid point can be updated
simultaneously.

In order to demonstrate the use of this nonlinear block Janethod, consider a nite
difference discretization of a system of elliptic nonlin€DEs: F (u) = 0. Letu;k be
the solution on grid point for unknown variable&k, where we assumi unknowns at
each grid point. The systent (u)= Ois made upoh K coupled nonlinear algebraic
equations,

Fix(uik) = 0; (2.35)

Uik IS thek!" component ofi; 2 RX andF ik IS thek!" component of ; 2 RK ). On one
grid pointi, all K variables may be updated simultaneously as

utl=u  C Fi); (2.36)
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whereC, listhe inverse of th& K Jacobian matrixC;, which is given as

O ﬂFi;l ﬂFi;l ﬂFi;l 1
Ui Tuio "7 Tuik
TF i;2 TF i;2 - TF i;2
C = ﬂU'i;l ﬂU.i;Z ﬂu-iiK : (2.37)
TFik TFik ... TFik
Mui- Tuio "7 Tuik

The Gauss-Seidel form of this method is straightforwardt asés the most up-to-date
values ofu on the RHS of Equation (2.36), rather than only usihg

The described point-wise and block Jacobi methods are lfedcdocal relaxation-
type” methods which perform local linearization at eacldgroint. On the other hand,
the well-known Newton's method applies a global lineaii@abf the nonlinear problem.
Let's consider the same general form of the discrete noatisgstem arising from appli-
cation of FDM for example, to a system of nonlinear elliptibEs: F (u) = 0. Again,
let u;.k be the solution on grid pointfor each variable. Thenu' can be updated in the

following iterative manner,
dtt=d 3 F (), (2.38)

wherel is the full Jacobian matrix. Ledu= u'*1 u then Equation (2.38) becomes
du= J F (U); (2.39)

which leads to the equation
Jdu= F (u): (2.40)

It is worth noting that the Jacobian matrixis much larger than the loc&l; matrices
which appeared for each grid poinin the nonlinear block Jacobi method. Considering
there areK variables andh unknowns in the systend,is anK  nK matrix, and can
be de ned as

0 TF11 ... TF11 TF11 ... TFi1a 1
Tupz 7" fuma Tugz 77 Tuax
7“: n;1l - ﬂF n;1l WF n;1 . 7“: n;1
— fur:1 e Tun:1 fTug2 e Tun;k .
J= MTF12 ... TF12 TF12 ... TFi2 ) (2.41)
flui1 T Tun;1 fluio e Tun;k
7“: n;K - 1“: n;K ﬂF n;K . 7“: nK

fluz.r "7 Tupa fuo 77 fupk
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When using a discretization scheme that is based upon lopab@mations, such as the
FDM and FEM, this full Jacobian matrixbecomes a sparse matrix. Hence, the resulting
sparse linear system from Newton's method which is present&quation (2.40) can be
solved fordu by the linear solvers which are described in Section 2.3k dombination

of Newton's method and the Krylov subspace methods is welhkm and an example can
be found in [137]. Oncelu has been obtained by a linear solver, a correctionstep=

u' + du can be carried out easily by Newton's method. More detaiNefton's method
and the nonlinear Jacobi and Gauss-Seidel iterations céoubd in [61, 175, 216].

Similar to the previous section, a single nonlinear eltii®DE is chosen for the pur-
pose of demonstration. The use of the implicit temporalréiszation schemes that are
described in Section 2.1.2 reduces nonlinear parabolicsPiiich are time-dependent
into the form of A(u) = f. In addition, this system arises at each time step. So fdr eac
time step, the described nonlinear solution methods maypkea to solve the resulting
nonlinear system\(u) = f.

Both described linear and nonlinear solvers do not have a lexitypof O(n) when
applied to general algebraic systems arising from localrdiszations of PDEs. On the
other hand, multigrid methods appear to be one of the fastiesblving the algebraic sys-
tems of equations for elliptic and parabolic problems. kafibllowing section, multigrid
methods which are the main focus of this thesis, are desthibaetail.

2.4 Multigrid

Having brie y introduced some common solution methods fa tliscrete algebraic sys-
tems arising from the local discretization of PDEs, in thestson multigrid methods,
which are the main focus in this thesis, are described inildétastly in Section 2.4.1,
the general idea of multigrid is introduced, along with thx@leitation of the so-called
“smoothing property” of some of the iterative methods th& summarized in the pre-
vious section. In Section 2.4.2, a linear multigrid methedéscribed. Then in Section
2.4.3, Newton's method is employed to linearise a nonliredgebraic system of PDEs
arising from the local discretization of a nonlinear PDEJ #men application of the linear
multigrid method is described for the resulting linear systat each Newton iteration.
Alternatively, for solving nonlinear PDEs, a nonlinear tigrid method called the Full
Approximation Scheme (FAS) is described in Section 2.4 Hdis fionlinear FAS multi-
grid method is the key method in this thesis. Finally, to beflem using spatial adap-
tivity, which is discussed previously in Section 2.2.1, éxéension of the nonlinear FAS
multigrid method to include adaptivity, the Multi-Level Adtive Technique (MLAT), is
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described in Section 2.4.5.

2.4.1 Introduction to Multigrid

The idea of using multiple grids to enhance the computataonhke traced back to 1946,
Southwell in his publication [207] described an applicatwhich solves on a coarse grid
and then interpolates the solution to improve the initiabggion ne grid. However,
multigrid methods operate differently. Brandt in his 197 pga entitled “Multi-Level
adaptive solutions to boundary-value problems” [29], eysdtically describes the rst
multigrid methods, and some of their applications. The paplenown as one of the rst,
and one of the most important, publications on this subjaad (t is certainly one of the
most highly cited publications).

The multigrid method is commonly accepted as being one ofdak&st numerical
methods for the solution of the systems of equations thaedrom locally discretising
elliptic PDEs and elliptic systems of PDEs. This is becatisg able to solve a linear
algebraic system of equations for elliptic and parabolmbpgms involvingn unknowns
with a computational cost @(n) [216]. Although the multigrid methods are now known
as a single algorithm, they are in fact a combination of smfuthethods, and the multigrid
methods employ them in such a way that solutions can be aatamthe most ef cient,
and accurate manner.

The multigrid methods operate on a hierarchy of grids. luFeg.7, such a hierarchy
of 2-D uniform Cartesian grids is shown. These grids are de sech that on a grid
level, L , two adjacent grid points are a distartte = W,=2" apart, wheré\ is the
size of the computational domainxdirection (and\ = W, in this case). The multigrid
methods that are considered in this thesis, which operat loierarchy of grids such
as that shown in Figure 2.7, all belong to the family of meth&down as geometric
multigrid. There are multigrid methods that do not requineaatual hierarchy of meshes
to be generated, and these methods are called algebraigmalulThis type of multigrid
method is not considered in this thesis, therefore no fudeéail is given, however, the
interested reader is directed to [31, 216] for detailed desons, and some applications
of algebraic multigrid can be found in [60, 204]. Multigridetods can also be used as
preconditioners, see [5, 73] for examples.

Due to the nature of many classical iterative methods, sscth@ Jacobi and the
Gauss-Seidel iterations, which are discussed in the prewsection, they may possess
the so-called “smoothing property”, which multigrid is thable to exploit. An iterative
method is said to possess this “smoothing property” if itleto converge much quicker
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o

Figure 2.7: Sketch shows a hierarchy of four 2-D uniform Gaate grids, each of which
has grid spacingl- = W=2- , whereL is the level of grid and\ is the size of the
computational domain ir direction (and\y = W, in this case).

when the error has high frequency components. More spdby,aahen all Fourier com-
ponents (up to the resolution of the grid) are present inrthial error, smoothing methods
will damp out the highest frequency components of the erra very small number of
iterations. Therefore, by applying a few sweeps of such emative method on a ne
grid, a large reduction of the high frequency componentshefdrror is achieved. In
order to remove the remaining low frequency components @fetior on the ne grid,
the algebraic system is moved down to a coarser grid in tleergerarchy (see Figure
2.7). Since the number grid points is reduced on such cogrgkrpart of the error now
becomes high frequency. Therefore the iterative methogtthiquickly reduce the high
frequency components of the error within a few number of pse&his is repeated until
the coarsest grid is reached (grid level 1 in Figure 2.7 fangxle). A large amount of
computations can be performed to obtain an “exact” solutiothe coarsest grid, with a
reasonable time cost. This “exact” solution can then be ts@tdprove the ne grid so-
lution. The computations that are performed on these cogrgis are termed the coarse
grid correction, whereas the solver on the coarsest grierimed the coarse grid solver.
The iterative method used on each level of grids (may exatodese grid solver if differ-
ent from this iterative method) is termed the smoother.

It is known that the convergence rate of a multigrid methomhdependent from the
size of nest grid, based upon two conditions: a well-funaing smoother with the
“smoothing property” and a well-functioning coarse griéveo which can obtain the “ex-
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act” solution on the coarsest grid. The cost of performindtignid methods may thus be
proven to beO(n) in such situation. Comprehensive introductions to multigmalysis

can be found in [31, 216]. Some applications of multigrid Inoets can be found in, for
example, [6, 23, 30,81, 85,90,91, 147,199, 225, 226]. Ifdhewing section, the linear
multigrid method is introduced.

2.4.2 Linear Multigrid

The use of the multigrid methods to solve algebraic systemmg from local discretiza-
tions of linear elliptic PDEs is based upon an importanttreabetween residual and
error for linear equations. These two concepts are briescdssed in Section 2.3.1, and
they are described here in detail. However before that, plsi@D linear boundary value
problem is introduced in order to present the linear mutlignethod clearly. For exam-
ple, the Poisson's equation, when discretized (e.g. byyappthe FDM that is described
previously in Section 2.1.1.1) leads to a linear algebrgstesn that my be written in the
following form:
Au= b (2.42)

HereA is the coef cient matrix,u denotes the vector of the solution values for this prob-
lem, andb denotes the right-hand side (RHS) vector. Now consider aroappation to
the solution of Equation (2.42) obtained by using a small beinof iterations of a xed
point iterative method (e.g. Jacobi from Equation (2.22auss-Seidel from Equation
(2.23)). Letv denote such an approximate solution of Equation (2.42).celetie exact
errorE, de ned by the difference betweenandy, is given by

E=u v (2.43)

On the other hand, the amount by which the approximate solfgils to satisfy Equation
(2.42) is known as the residual (or defect), and is showneridhowing residual equation:

r=b Av (2.44)

Note that the erroE is generally unknown, however the residual may always be-com
puted. Having de ned the concept of error and residual, nosvrelation between them
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can be observed:

AE= A(u V)
= Au Av
b Av

=r

(2.45)

The Equation (2.45) is called the error equation. Howewenlitain the exact errde
from solving this error equation is just as dif cult as exgolving the original problem
in Equation (2.42). Iiv was computed using a small number of iterations of an itexati
method with the “smoothing property”, we know tl&amay be accurately represented on
a coarser grid (as its highest frequency components wilHgdigible). Therefore, instead
of trying to nd the exact errokE by solving Equation (2.45) directly, an error approxima-
tion e is obtained by approximating the system (2.45) on a coamsgagd solving that
(smaller) system instead. Using this error approximatolpetter approximation afcan
then be computed as the following:

Vbet‘[er approximation. |£]he+ v (2.46)

Wherelgh is an interpolation operator, such as Equation (2.12).

To summarise a two-grid linear multigrid method, rstly aaltmumber of sweeps of
a smoother (e.g. Jacobi from Equation (2.22) or Gauss-Beae Equation (2.23)) are
performed on the ne grid, using the initial guessvab obtain an approximate solution,
vi. The superscript denotes values (or operations that are carried out) on therd.
This is termed a pre-smoother in the context of the multigrgthods. Then residual
is calculated on the ne grid as shown in Equation (2.44). strietion operatot? (for-
merly de ned aslﬁh in Section 2.2.1.2) is now required to transfer the valuethef ne
grid residualr f to the coarse grid. The approach which is shown previousBguation
(2.13) can be used to obtaifi on the coarse grid. The superscripdenotes values (or
operations that are carried out) on the coarse grid. On tAesearid, the error equation
ACe® = r€ can then be solved with an initial guess= 0 by a coarse grid solver. Stan-
dard direct or iterative methods, which are described ini&e2.3.1, can be used here,
however, these may still be quite slow if the coarse grid hlEssge number of degrees
of freedom. After applying the coarse grid solvétjs interpolated back to the ne grid.
A interpolation operatorg (formerly de ned aslg‘h in Section 2.2.1.1) is required, and
the approach that is shown previously in Equation (2.12)mmuised to obtaie’. On
the ne grid, a correction process is carried out as illustlan Equation (2.46). Finally,
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a few sweeps of the smoother are applied to re-adjust thé@olior possible high fre-
guency error components that may be introduced in the daregrocess. This is termed
a post-smoother in the context of the multigrid methodssTeiscription summarises one
iteration of the linear multigrid method with a two-grid appch.

In practice, if the number of degrees of freedom on the nd ggivery large, to apply
an “exact” coarse grid solver on a relatively coarser grid imvo-grid approach, is very
inef cient. Therefore, multiple grids are used, this thequires the two-grid method to be
performed recursively. Algorithm 3 illustrates a standeticycle linear multigrid method
(more details on multigrid cycle strategies are descrilme8dction 2.4.2.1). Within the
algorithm, p1 and p2 are the numbers of sweeps that are performed by pre- and post-
smoothers, respectively. Their values can be problemispbowever, they are typically
in range of zero to four. Additionally, in Algorithm 3, superipthis the distance between
two adjacent points on a given structured grid (e.g. grigswshin Figure 2.7), and\i,
denotes such a grid.

Algorithm 3 V-cycle linear multigrid method [216]
p1 and p are the number of sweeps performed by pre- and post-smoodspectively;
and superscript h is the distance between two adjacent pomésgven gridW\,.
Function:\" = V-cycleLMG(h; v"; b™; AM)
1: Apply p; iterations of the pre-smoother @i = b
V= PRE-SMOOTH py; V"; AM: b")
2: Compute the residual
rh=ph AN
3: Restrict the residuaf® from W, to Wy, to obtainr2"
(2= |2
4: Set the initial guess fo#?" to be 0
if Wo, = coarsest gridhtan
Perform an “exact” coarse grid solver 8f'e?" = 2
else
e = V-cycleLMG(2h; €2; r2h: A2
end if
5: Interpolate the errog® from Wy, to W to obtaing”
=15 e
6: Perform correction
W=+ &
7: Apply p; iterations of the post-smoother @&iv" = b"
V= POST-SMOOTHipy; V; AM: b")

This process illustrated in Algorithm 3 can be repeated aniser-speci ed stopping
criterion is satis ed, and commonly a suitable norm of theideal is considered. For
different models that are presented in this thesis, stgppiiteria are slightly different
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from one another, and are individually described in deteliater chapters.

Although here an elliptic equation is used as an exampldijriear multigrid method
can be applied to time-dependent problems (e.g. lineabpacaPDESs). For example,
when an implicit temporal discretization scheme (e.g. BDF&huod that is described
in Section 2.1.2.2) is applied (following a standard spaliscretization), each time step
consists of a fully-discrete system. Such a system can beddly using the linear
multigrid method. One important feature for multigrid meds in general is that the
number of V-cycles that are needed for convergence is indkgrg from the grid size,
and this is demonstrated across a range of applicationseindaapters.

Having mentioned the standard V-cycle for the linear mufltignethod, in the follow-
ing subsection, multigrid cycle strategies, including theycle, are described in more
detail.

2.4.2.1 Multigrid Cycle Strategies

Algorithm 3 in the previous section illustrates a standaicy¥le strategy, which consists
of only one coarse grid correction within each level of thdtigtid cycle. In this section,
some other multigrid cycle strategies are described. A detmpnultigrid cycle starts
from applying the pre-smoother on the nest grid, and endk wie post-smoother on the
nest grid.

Figure 2.8: Sketch shows a standard V-cycle and a W-cycle fouagrid multigrid
method. Within the cycles, shows where smoother is usedjenotes the “exact” coarse
grid solver;n denotes the ne-to-coarse restriction and / denotes thesee®- ne inter-
polation.

In the left half of Figure 2.8, one V-cycle is illustrated #four-grid multigrid method.
Note that between two smoothers on each grid, only one cgaieorrection is used.

An alternative is the so-called W-cycle, which is shown ie tight half of Figure 2.8.
The same operations and notations (i.e.n and /) are used as in the V-cycle case. The
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idea of the W-cycle is that after the pre-smoother is appkgeach level other than the
nest, two coarse grid corrections are then applied consezly. The W-cycle that is
shown in Figure 2.8 is also termed W2, which indicates thatamdtional coarse grid
correction is needed after each new interpolation. Note Whesoriginal V-cycle, and
W3 runs two additional coarse grid corrections after eachingsvpolation, etc.

The improvement of the W-cycle is the increased number ofseogrid solvers ap-
plied in one cycle, along with an increased number of pre-@ogt-smoothers at each
grid level. In many cases this can cause the iteration toexgevfaster. On the other
hand, the trade-off of the W-cycle is the extra cost per cy€le use of the W-cycle can
be found in [153], for example.

Another multigrid cycle strategy is called Full MultigriéFfG), which is shown in
Figure 2.9. Unlike the V- and W-cycles, FMG starts on the sesr grid,

This computation begins with a coarse grid solver, follovagdnterpolation of the
solution to the next ner level. Then a single V-cycle (or Wete) is carried out at each
level, followed by another interpolation of the solutiontb@ next level. Finally, a stan-
dard cycle is repeated. These new interpolations at the Erdah stage in the FMG
require extra attention and are marked as // in Figure 2.%ohirast to the interpola-
tion that is used in standard cycles of the linear multigretimed, the FMG interpolation
transfers approximations of the solutiarirom W, to W, instead of erroe. It is worth
noting that the FMG is not a complete cycle, thus it may onlyibed once at the begin-
ning of the computation for solving an elliptic problem (artlae beginning of each time
step for a time-dependent parabolic problem). An appbeeiat combines the FMG and
the W-cycle can be found in [53].

Apart from those multigrid cycle strategies described &havis worth noting there
are other cycle strategies too. For example, the F-cyclessta the nest grid but per-
forms a similar pattern as the FMG cycle after the rst coayseé solver. Unlike the FMG,
the F-cycle performs complete cycles. The descriptionisfdan be found in [216], how-
ever no further discussions are made here.

It is noteworthy that when parallel computing is used (dés&a in Section 2.5), the
communication on the coarsest grid may prevent the pamigrithm from executing
with good parallel ef ciency. In such cases, multiple vasib the coarsest grid in one cycle
(e.g. W-cycle and FMG) may not be necessarily the best optidarms of ef ciency.
This is one of the main reasons that only the V-cycle is usdatigthesis (the multigrid
algorithm in parallel is discussed further in Section 2.%bere this issue is discussed in
detail).

In the following sections, nonlinear PDEs are considematailly by combining New-
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Figure 2.9: Sketch shows the full multigrid (FMG) cycle $&@y, where computation
starts on the coarsest grid, and after each new interpolagi@oarse grid solver is re-
quired. Upon reaching the nest grid, V-cycle (or W-cycleisfneeded) can be carried
out normally with an improved initial guess. Notadenotes where smoother is used,;
denotes the “exact” coarse grid solvargenotes the ne-to-coarse restriction; / denotes
the coarse-to- ne interpolation and // denotes the FMGrpéation which interpolates
the approximate solutionfrom a coarse grid to a ne grid.

ton's method with linear multigrid, and then by introduciagonlinear multigrid scheme.

2.4.3 Newton Multigrid

Newton's method is a well known technique for solving noeinalgebraic equations and
systems. It is introduced in Section 2.3.2. The use of Newtmethod provides a global
linearization of a nonlinear system. The resulting linggsteam for the correction term
du, as demonstrated in Equation (2.40), needs to be solvedrbg Boear solver. In the
previous section, the described linear multigrid is apleethe solution of discretizations
of linear PDEs, providing a suitable smoother and coarsg girection are used. In
this section, we generalise the linear multigrid approagéeld upon the combination of
Newton's method and the linear multigrid method.

Consider a simple nonlinear boundary value problem congisti a single nonlinear
PDE. When discretized, the equation can be written as

F (u= 0; (2.47)

whereF is a known nonlinear function, andlis the true solution of this discretized
nonlinear problem. An approximate solutigrof the true solutioru can be obtained by
following an iterative step, and this is shown in Equatio3&. From Equations (2.38) to
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(2.40), the linear system which needs to be solved is deriVais linear system is given
as
Jav=F (v); (2.48)

wherel is the Jacobian matrix and is de ned in Equation (2.41), dads the correction
term in Newton's method.

Given an initial guess?, the Jacobian matrid® can be formed and the RHS values

F (\°) can also be calculated. Sindeis the correction term, the initial gueds® = O is
commonly used in Newton's method. Applying the linear ngiti to this linear problem,
d\° can be obtained with the optimal amount of computations nThe solutiony, to the
original nonlinear problem can be updatedvas %+ d\°. If the approximate solution
vl is not satisfactory, then the Jacobi matitkis updated t@?! using the solutiow!, and
the linear problend*dvt = F (V) is solved, again by the linear multigrid method. This
process repeats until an acceptable solutfois obtained aftet iterations. The above
description brie y summarises the Newton multigrid methaithout repeating the linear
multigrid method which is already explained in the previgestion. Algorithm 4 uses
the linear multigrid function which is de ned in Algorithm ® illustrate the Newton
multigrid method.

It is worth noting that there are several changes requirextder to carry out Algo-
rithm 4 ef ciently in practice. One of them is associated lwfbrming the Jacobian of
the coarse grid approximations (i.82" in step 4 from Algorithm 3). It is very compu-
tationally expensive to directly approximate the Jacolmarcoarser grids, so typically
A% = 120AN D is used in the Newton multigrid version of Algorithm 3.

For time-dependent nonlinear problems, if an implicit temgb discretization scheme
is required, then the Newton multigrid function that is gneted in Algorithm 4, may be
carried out for the discrete system at each implicit time.skor simplicity, after the rst
time step, the most up-to-date solutifiom the latest time step can be used as the initial
guess in the next time step.

In this thesis, the Newton multigrid method is not appliedheTinterested reader
is directed to [31, 216] for more information. An applicatiof the Newton multigrid
method can be found in [28], where the authors compare thetdtemultigrid with a
nonlinear multigrid method. They also discuss a numberadtral aspects of its ef cient
implementation and of convergence.

As an alternative for solving a nonlinear problem, the nogdir multigrid method is
described in the following section.
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Algorithm 4 Newton multigrid method [216]

W is an initial guess for the discrete nonlinear equatiBn(v) = 0 on a given grid
W. Neighbouring grid points have h distance on the g The superscript | is the
number of iterations. This NewtonMG function requires thedinmultigrid function
V-cycleLMG which is presented in Algorithm 3
Function:u = NewtonMQV°; F (V)
1: Initialisation
=1
V=0
while u' does not satisfy the stopping criteridn
2: Generate the Jacobian matiixbased upon the solutioh
3: Calculate the RHS vectdt (V)
4: Initialise the correction termlv for Newton's method
dv=0
while du does not provide a good enough correciitmn
5: Perform a linear multigrid solver
dv= V-cycleLMG(h;dv, F (V');J"
end while
6: Perform the correction of Newton's method
vtl= v + gy
7: Increases the number of iterations
[+= 1
end while
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2.4.4 Nonlinear Multigrid

Having described the use of a linear multigrid method in cioaion with Newton's
method, in this section, a nonlinear multigrid method, knas the Full Approximation
Scheme (FAS), is introduced. This scheme is the main foctisothesis, and is designed
to treat the nonlinearity directly, based upon a nonlineawather followed by a modi ed
coarse grid correction.

The major distinction between linear and nonlinear multignethods is that the rela-
tion between error and residual (shown in Equation (2.46¢schot hold in the nonlinear
case, and therefore no error equation (A& = r) can be formed. Instead of the coarse
grid correction being based upon solving for the error appnation e, the FAS uses a
coarse grid correction that is based upon solving for thatgwol itself on the coarsest
grid. To achieve this, the FAS restricts both the residuahd the approximate solution
v to the coarser grids. Thus the original nonlinear problempigroximated directly on
these coarser grids, however with a modi ed Right-Hand SRIE%).

In order to describe a two-grid nonlinear multigrid methéehely, a single PDE which
is a nonlinear boundary value problem is considered here.ndiseretized on the ne
grid, the equation can be written as in Equation (2.49). Nlogesuperscripf denotes
these values on the ne grid, and later on the superscrgenotes values on the coarse
grid. This notation is used throughout this section. Theréi® nonlinear system is

Afuh= ' (2.49)

whereA', instead of being a single matrix as in the linear case, istowalued nonlin-
ear function that takes’ as input, wherelf is the true solution for the nonlinear problem
on the ne grid, andf f is a vector of the RHS values for the ne grid problem. Equation
(2.49) has a following equivalent form:

F (=0 where F f(u")= Afuf) ¢ (2.50)

A nonlinear pre-smoother is required in the nonlinear rgulti method: rstly to obtain
an approximate solutiovf of the true solutioni'; secondly to be able to remove the high-
frequency error components in a small number of sweeps lier atords, it should have
the “smoothing property”). The point-wise nonlinear Jadatdration which is presented
in Equation (2.34) can be used. Applying this iterative mdtto the equation on the ne
grid, an approximate' can be obtained.

In this nonlinear case, the residual on the ne gridcan be calculated in a similar
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manner to the linear case (and also can be calculated at agry tyine). The following
equation demonstrates this process:

rf= Fivh= " Al(f): (2.51)

Next, as mentioned previously, the FAS restricts both resid’ and the approximate
solutionv' to the coarse grid by applying a restriction operafoiSince only the FDM is
used in this thesis, the approach shown in Equation (2.18peaised for restricting both
the ne grid residual and the ne grid solution. If, for instee, the FEM which is brie y
discussed in Section 2.1.1 is used, then two differentiotisin operators are required.
This is because for restricting the solution to the coars# gris the integrals of those
ne grid elements that need to be considered, instead of dheeg on grid points. No
further discussion is made on the multigrid with the FEM, endetailed descriptions can
be found in [31, 216].

A restricted residuat® and a restricted solution® are obtained on the coarse grid
through the use of the restriction operaitpr

rC= 1%

2.52
we= 1%V (2:52)

Having the restricted solution®, the original nonlinear problem from the ne grid is
now solved on the coarse grid, however, with a modi ed RHS. Tdllewing equation
demonstrates the coarse grid problem with such a modi ed RHS:

AS(VF) = O+ (5 A%(wWO)]

re+ AS(we); (2.53)

whereA° is a vector-valued nonlinear function from the discret@abn the coarse grid
with the same boundary conditions as on the ne grid. Noteajgroximate solution®
on the coarse grid can be solved with a RHS that involves oelkitiown restricted values
r¢ andw®. The coarse grid solver may use the nonlinear Jacobi itergiiesented in
Equation (2.34), for example, however many sweeps may lekeade obtain a converged
solution. Upon obtaining the solutiofi on the coarse grid, an error approximataSrcan
then be calculated on the coarse grid as

€=V W (2.54)
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The same interpolation operator from Equation (2.12) caagmied one® to obtaine'
on the ne grid. This allows the correction process to beiedrout in the same manner
as the linear multigrid method, shown as the following:

Vf better approximatiorn. Vf + ef: (2_55)

This is followed by a few sweeps from a post-smoother (i.e nibnlinear Jacobi or Gauss-
Seidel iteration) to remove possible high frequency eroongonents that are potentially
introduced during the correction process. The above desmmisummarises one cycle of
the two-grid nonlinear multigrid method, and can be repdta user-speci ed stopping
criterion is not satis ed.

For the same reason as the linear multigrid method that itbes before, the non-
linear multigrid method normally operates on multiple gridrhis requires a recursive
algorithm, and in Algorithm 5, a standard V-cycle nonlin€é&S multigrid method is
illustrated, where the notation is the same as in the linase.c

Algorithm 5 illustrates one V-cycle of the nonlinear FAS migilid method, however,
multiple cycles can be performed if a user-speci ed stogpeniterion is not satis ed.
Considerations associated with the choice of stoppingriitee discussed later in this
thesis.

Although a nonlinear boundary value problem is used as ampbahere, the non-
linear multigrid method can be extended to time-dependenitlems (e.g. nonlinear
parabolic PDESs). This is done by applying the nonlinear iguét method to the fully-
discrete system that arises at each time step from using@icittemporal discretization.

There is an alternative nonlinear multigrid method, actwgdo Hackbusch [102]
which is different from the nonlinear FAS multigrid. The malifference is that for the
nonlinear FAS multigrid, the initial approximation on theazse gridv?" comes from re-
strictingv" on the ne grid (as illustrated in Algorithm 5). However, Hdmisch's method
uses values from the FMG process as the rst approximatiotherncoarse grid, since
this approximation is a solution of the nonlinear coarsd gguation. In addition, Hack-
busch's method includes two scaling factorand 1 c, in the restriction of the residual
and the interpolation of the correction respectively. Bfere, the residual from the ne
grid and the correction from the coarse grid do not take thlewfeight. This is used
to ensure the solvability of the coarse grid equation [21Bgtails of the Hackbusch's
nonlinear multigrid method and the choices of the scalirgoies can be found in [102].

This thesis is primarily concerned with the development application of multigrid
methods for the solution of nonlinear parabolic systemsE® Each of these models
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Algorithm 5 V-cycle nonlinear FAS multigrid method for a single nonbmé>DE [216]
p1 and p are the number of sweeps performed by pre- and post-smoodspectively;
and superscript h is the distance between two adjacent pomésgiven gridW,.
Function:v" = V-cycleFASMQh; \V"; £1; AN(V)

1: Apply p; iterations of the pre-smoother éf(V") = N
V1= PRE-SMOOTHpy; V" ANV £M)

2: Compute the residual
= fh AhG)

3: Restrict the residual® from W, to Wap, to obtainr?
p2h = | r2]hrh

4: Restrict the ne grid approximate solutiof from W, to Wy, to obtainw?”
w2h = |2
h
5: Compute the modi ed RHS
f2h = (2h 4 A2h(W2h)
6: if W5, = coarsest griditean
Perform an “exact” coarse grid solver 8&"(v2") = 2"
else
v2" = V-cycleFASMQ 2h; w2"; £2; AZh(y2hY)
end if
7: Compute the error approximati@” on Wy,
eh= 2h 2
8: Interpolate the error approximati@d” from Wy, to W, to obtaine”
= Ih
9: Perform correction
AERVIE:L
10: Apply p; iterations of the post-smoother #i(\") = N
V1= POST-SMOOTHIpy; V', AN(v): £
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consists of multiple coupled equations, and some variggegar in several equations.
The nonlinear multigrid method with the FAS, which is deked earlier in this section
for a single PDE can still be applied to these complex systéimsost all operators from
the nonlinear FAS multigrid method for singe equation, ligstriction, interpolation and
coarse grid correction have to be extended to work on albbées in such a system,
however the fundamental principles are not changed. The difiérence comes from the
nonlinear smoother and the extra complexity of the coarsksgiver. For the nonlinear
system of PDESs, the nonlinear block Jacobi iteration whsgrésented in Equation (2.36)
and discussed in Section 2.3.2 can be used as the smoottierlsanas the coarse grid
solver. Note this method updates all variables simultaskoon a grid point. In this
case, the coarse grid solver performs the same iteratidm aviblock” structure, and
often with many more sweeps in order to obtain an “exact”tsmhuon the coarsest grid.
Similar methods that can be used as replacements are, fopéxathe block nonlinear
Gauss-Seidel iteration and the Gauss-Picard method, wdesgiptions can be found
in[61,216].

So far the spatial adaptivity has not yet been consideretdardescribed multigrid
methods and the resulting adaptive grids (see for exampler&i2.3). In the following
section, an adaptive multigrid method that is based upomdtmdinear FAS multigrid
method is introduced.

2.4.5 Adaptive Multigrid

The spatial adaptivity that is described in Section 2.2ntl the resulting adaptive grids
(see for example Figure 2.3) plays a major role in terms ofravipg the computational
ef ciency. Therefore a mechanism for applying multigrid timeds in combination with
grid adaptivity is needed. In this section, the Multi-Le¥alaptive Technique (MLAT)
from Brandt [29] is described in detail since this is usedtigiwout this thesis. The MLAT
is applied as part of a nonlinear multigrid scheme with th&sF#vhich is discussed in
Section 2.4.4. The major differences that are introducetth®ynclusion of adaptivity are
handled by the MLAT, through the use of temporary Dirichletbdary points.

In order to demonstrate the MLAT clearly 1-D cell-centredt€sian grids are used, as
illustrated in Figure 2.10 where a three-level hierarchgds is shown as an example.
On these grids, a nonlinear probleiu) = f is considered, and is the approximate
solution ofu. Grid level 3 in Figure 2.10 is the nest grid, and only coverpart of
the whole domain. By setting the two end-points of this gridhéotemporary Dirichlet
boundary points (i.e. x their own values), the nonlineacdlai iteration (or the nonlinear
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Figure 2.10: Sketch shows a three-level hierarchy of 1-[ptawacell-centred grids, the
MLAT with nonlinear multigrid method can be applied to thegels. For these grids that
only cover some regions of the domain, temporary boundaintpare illustrated.

block Jacobi iteration if there is a system of PDES) can bdiegho the interior of grid
level 3 as usual. It is worth noting that due to the use of cefitred grid points, the
two end-points are positioned outside the temporary bayndée refer these points as
ghost points in Section 2.1.1.2. Upon having an approxirsalationv- =3, the residual
on internal points of grid level 3 can be calculated. The apijpnate solution and the
residual are then restricted via the same restriction éqetlat is used in the nonlinear
FAS multigrid. However, the restricted solution and residoccur in the region that
belongs to both grid levels 3 and 2 (.8 =3\ W- =2). For those regions that only
belong to grid level 2 but not grid level 3, two conditions nagcur. Firstly, if it is the
rst V-cycle, then the initial guess is considered as thersermgrid solutiorvt =2 on
grid level 2. For time-dependent problems, this happenkdorst V-cycle at every time
step. Secondly, on the subsequent V-cyoles; 2 takes the most up-to-date values as the
solution on grid level 2. The next step in the nonlinear FAStigd is to compute the
modi ed RHS, and this can be done on the intersection regignyding the restricted
solution and residual. For those regions that have no céstrivalues, the original RHS
fL =2 on grid level 2 is used.

Although the example from Figure 2.10 is using 1-D cell-cedgrids, to extend this
to higher dimensions is straightforward.

The above process repeats from grid level 2 to grid level lis #ssumed that the
coarsest grid will always cover the whole domain. So thensoisieed for temporary
Dirichlet boundary points on grid level 1, instead, the oréd boundary points are used.
The coarse grid solver can then be applied as usual. Theneanldacobi iteration from
Equation (2.34) can be used (or the nonlinear block Jacetatibn from Equation (2.36)



Chapter 2 68 2.5

if there is a system of PDESs). Many sweeps may be needed tmabtanverged solution
on the coarsest grid.

Upon obtaining the “exact” solution on grid level 1, the erapproximatione- =1
is calculated, but only on regions which are shared with gricl 2. Then the error
approximation is interpolated to grid level 2 via the samtenpolation operator which
is used in the nonlinear FAS multigrid. This is followed by thsual correction process
and a few sweeps of a post-smoother. For the remaining regiargrid level 1, the
original solution is replaced by the “exact” coarse gridusioin. This process ends when
the post-smoother on the nest grid (grid level 3) is carrmd. The above description
summarises a three-grid V-cycle of nonlinear multigrid noet with the combination of
FAS and MLAT. In Algorithm 6, a recursive approach for a moemegral V-cycle adaptive
multigrid is illustrated.

Algorithm 6 only considers the algebraic system arisingnftbe discretizations of a
single nonlinear PDE. We have discussed a nonlinear FASgridlivhich deals with a
system of nonlinear PDEs in the previous section. The adgaptultigrid with MLAT that
is presented Algorithm 6 can be extended to solve a systerDBEf a similar manner.
Details about the software implementation of the adaptivétigrid method with FAS
and MLAT are discussed in the next chapter.

Apart from the MLAT, there is another common scheme for hiswgdload adaptiv-
ity that is also based upon the nonlinear FAS multigrid méthohis is called the Fast
Adaptive Composite Grid (FAC) method. The FAC method uses eafled conserva-
tive discretization at the interface. During the compuaiaticonservation interpolation
is applied, so that ner grids which cover sub-regions of tlemain may have correct
temporary boundary values around them. Thus their inteaorbe updated by nonlin-
ear iterative methods. The use of the FAC methods is gepesdlociated with the FVM.
The interested reader is directed to [164,202] for morermédion about the FAC method.
Other methods for the adaptive multigrid also exist, forreghe, applications which are
associated with the FEM can be found in [21,122].

Having described multigrid methods, in the next sectiomajel computing is intro-
duced which, from a computational point of view, can greatiprove the ef ciency.

2.5 Parallel Computing

Having described techniques that aim to gain ef ciency baggon advanced mathemati-
cal algorithms such as adaptivity and multigrid to solve B[tere a further improvement
is discussed from a computational point of view. Large nucaésimulations of scien-



Chapter 2 69 2.5

Algorithm 6 V-cycle MLAT nonlinear FAS multigrid method [216]

p1 and p are the number of sweeps performed by pre- and post-smoodspectively;
and superscript h is the distance between two adjacent pomésgiven gridw,.
Function:V"" = V-cycleMLATMG (h; v"; v2"; 1 £20: Ah(yhy: A20(y2h))
1: Apply p; iterations of the pre-smoother éf?(\") = N

V' = PRE-SMOOTH py; V™, AN(V); £
2: Compute the residual' on W,

rh=th Ao
3: Restrict the residual® from W, to Wa,\ W, to obtainr2

p2h = | %hrh
4 Restrict(the ne grid approximate solutiof from W, to Wy, to obtainw?”

W2 = 12" onWan\ Wh

vah on the remaining part o\,

5: Compuke the modi ed RHS

f2h — r2+ AW onWbn\ W

f2h on the remaining part a\oy,
6: if Wo, = coarsest gridiban
Perform an “exact” coarse grid solve 8&"(v@") = {2
else
V2" = V-cycleMLATMG (2h; w2h; vA0; £20; f4n: A2h(y2h). aAdh(\ANy)
end if

7: Compute the error approximati@d’ on\Ws,\ W,

e2h = \2h  y2h
8: Update solution on the remaining part\%,

V2h — V2h latest

9: Interpolate the error approximati@?” from Wy, to W, to obtaine”

&= |h e
10: Perform correction
Vi= s @

11: Apply p, times of post-smoother o'(V") = "
V= POST-SMOOTHIpo; V' ANV £M)
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ti c and engineering problems generally demand very sutisthcomputational power.
A nite difference or nite element mesh may contain hundseaf millions of points to
satisfy the needs of accuracy and reliability [80, 91, 228jis presents signi cant com-
putational challenges both in terms of the memory requicedidrk with such a large
mesh and the execution times needed to obtain the solutithre @lorresponding discrete
systems of equations.

The idea of parallel computing comes from natural logic: jbla is too big for one
person (or one computer) to handle, we should, if we cant gplp. In the case of a
computer, the split needs to take place across multiple &ldPtocessing Units (CPUS),
also referred to as processors. In more modern paralleltectiires the split can also
take place across the cores on each CPU. Today's computegsninaltiple cores, and
frequently multiple CPUs or nodes [98], a node consists oftiplal cores which are
combined together. For example, a description of “two quar@s machine” means it
has two nodes, each with four cores and so in total there ghg¢ eores. According to
the January 2014 TOP500 [209], the largest supercomputieataime was the Tianhe-2,
with over 3 million cores.

In addition to computational cores, parallel computers alsed to address another
component: that is memory. Generally speaking, memory ieyaipal device used to
store running programs and their associated data unti¢ thesgyrams terminate, where it
will be made available for new programs. It is mentioned mesly in Section 2.1.1, that
in order to discretize PDEs (e.g. using the FEM), mesh in&diom and coef cients of
the discrete equations need to be stored. Such data neddy io the memory as long
as the program is running, and can consume a very large armbummory depending
upon the mesh size.

In the following section, parallel architectures and ass®sts of parallel perfor-
mance are introduced.

2.5.1 Introduction to Parallel Computing

Having introduced the concepts of CPUs, cores and memorieiméxt section, three
traditional parallel architectures are described. Therrs¢ general measures of parallel
performance are introduced, which include speed-ups friffereint points of views and
ef ciency. In Section 2.5.1.3, parallel architecturestthansist of Graphics Processing
Units (GPUSs) are brie y explained.
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2.5.1.1 Traditional Parallel Architectures

The combinations and organizations of cores and memoryttedidferent parallel archi-
tectures. The common personal computers use shared mentocyy means all cores
on this computer gain direct access to the entire memoryeaddpace, regardless of the
number of cores. Another architecture type is distributednory, where different subsets
of the cores each have their own memory. If data is requiratlishnot stored locally to
a core then exchange is needed, so cores have to commurtluates done by sending
controlled signals through a physical communication béad ¢onnects these cores. Ul-
timately, a hybrid that combines these two is commonly usechost supercomputers.
That is, each node consists of multiple cores that share anconsection of memory,
however every node is linked to the other nodes and theitosescof memory to form
a large distributed system. Examples can be found in [26, Fijure 2.11 shows the
difference between shared and distributed memory ar¢brescas well as the hybrid of
the two.

sER=R=

==
ey

Figure 2.11: Sketch of (a) a four-core shared memory arctoite; (b) a completely dis-
tributed memory architecture; and (c) the hybrid architeset

40 08 | oy of

Another classi cation of the parallel architectures is Wwmas Flynn's taxonomy,
which was proposed by Flynn in [74], based upon single or ipialtinstruction and
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data streams. A stream of instructions is generated by thgrgm execution, and the
instructions operate upon the data. All three parallel isgctures in Figure 2.11 be-
longs to the class of multiple instruction stream-multigiga stream (MIMD). They all
consist of multiple interconnected processors and theseepsors simultaneously and
independently execute different instructions on difféidata. In Section 2.5.1.3, a single
instruction stream-multiple data stream (SIMD) is dessdibalthough its application is
not considered in this thesis. Detail of the Flynn's taxogaran also be found in [75].

In the following section, common measures of parallel pennce are described.

2.5.1.2 Measures of Parallel Performance

Distributed memory architectures permit memory scalghiti a natural manner as larger
and larger jobs are solved on increasing numbers of coresttBer goal of parallel com-
puting is the scalability of the execution time as the conent@nd/or the problem size is
increased. For example, in an ideal world, wigetores are used to solve a computational
job the execution time should reduce to a fractiem bf the execution time on a single
core. This leads us to de ne the concept of speed-up [17§, 186

Execution time of a job using single core
Execution time using a multicore system wijtltores

Sp) =

(2.56)

In the ideal situation described abo®p) = p. In practice this perfect speed-up can be
dif cult to achieve since there are overheads associatél parallel execution op cores
(e.g. synchronization points; unequal work per core, etc.)

Even more importantly however, speed-up will be less thamhenever there is a
section of the code that cannot be executed in parallel. r€ig@uL2 illustrates how a
problem which consists of both serial and parallelizablgisas has limitations on the
possible speed-up from using parallel computing. It sutggésat the more serial sections
there are, the less ef ciency can be gained through usingllehcomputing. This may
be quanti ed by Amdahl's law [9], which notes that:

ts p

A= 751 fep 1+(p DT

(2.57)

wheref is the fraction of the computation that must be done seqalgntp is the number
of cores{s is the total time required if the problem is solved by singkeecmachine, and
parallel execution timéy, is rewritten asfts+(1 f)ts=p. Amdahl's law assumeig to

be constant. The speed-up fac&irom Amdahl's law tends tgasf! 0 and tends to
lasf! 1. Thus, to obtain good parallel speed-ups the sequeraietidn, f, has to be
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AN
.2

Figure 2.12: Diagram that shows how a problem with serial @abeginning gains ef -
ciency by using parallel (Section2, [222]).

very small.

From a different point of view, one may be interested in howcmlarger problems
can be solved within a xed time period by applying more cor@%is information is
provided by Gustafson's law [101]. Assumptions made by &fgsn that the parallel
execution timet,, and serial section execution timits, are constant. Therefore, sequen-
tial execution timefs, is separated intdts+ (1 f)ts; it is further assumet}, = 1 for
simplicity. Hence the Gustafson's law is given by

fte+(1 f)ts
fle+(1 f)te=p

Sp) = =p+(1 pfts (2.58)

Another assessment for parallel performance is ef ciemdych indicates the average

usage from all the cores [186,222]. The ef cien&y, which is given as a percentage, is

de ned as
ts

P
In practice, even when there is good speed-up with a low nuoflEores, most problems
hit a threshold where having more cores only has a negatipadtron ef ciency. This

E= 100% (2.59)

generally means the problem is split into too small fractioand that the time needed
for computations on each fraction becomes dominated bydhenications between
them. Details about parallel communication are in Secti@n22 In the following sec-
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tion, another parallel architecture which is built on graghprocessing units is brie y
explained.

2.5.1.3 Many-Core Parallel Architectures

Graphics Processing Units (GPUs) are an well-known examiplee many-core archi-
tectures, or the so-called “accelerator” (e.g. Intel MI@,)etThe GPUs were originally
designed for image rendering on graphic cards. Comparing tdsCBPUs have rela-
tively greater numbers of cores, however these cores anadndlly smaller. According
to the January 2014 TOP500 [209], Titan was the “largestestmmputer at that time
(as measured by the number of Floating Point Operation Reorfele(FLOPS) achieved
on certain dense matrix benchmark problems) containing8B3GPUs in its architecture
with 27 petaFLOPS. As mentioned in Section 2.5.1.1, Flymawsnomy classi es the
architecture within each GPU as single instruction streamftiple data stream (SIMD),
which means multiple cores in one GPU simultaneously exealgingle instruction on
different data. To program more general applications onGR&Js, a technique that is
called GPGPU can be used, which is short for general-purposgramming using a
graphics processing unit [134]. An example can be found 771

Due to the fact that each GPU processor has relatively greateber of cores, GPU
cores compute relatively faster [146], provided they haseeas to the necessary data.
The parallel architectures that are built using GPUs terfthiee more processing units,
and have very large theoretical computational power. Fdatetasks they can therefore
allow excellent performance [134].

On the other hand, a major disadvantage of using GPUs cooradlfie limited mem-
ory space, and the large amount of time it takes to move dateeba the CPU and the
GPU cache. Furthermore, because of the larger number o corene GPU processor,
memory space per core is even smaller. Similarly, thereiezerastances, such as using
the FEM with a very ne resolution of mesh, where the amountafa to be moved to
the GPU can be a major bottleneck. There are also circunmesdhat applications cannot
be highly parallelized, because of inevitable serial s@sti synchronization, sequential
order on execution etc. These situations happen in the gndltmethods which are the
main focus of this thesis (see Section 2.4). Instead of usiAys for the multigrid meth-
ods, they can be better handled by the CPUs. In addition, asilded in Section 2.3,
discretization schemes and solution methods that are nsisithesis are usually con-
sidering sparse matrices, which the GPUs do not work on vielgeneral, it is known
that the SIMD model is much more restrictive than the MIMD rab¢model with the
use of CPUSs), so fewer problems are really well suited. Dubdaltsadvantages that are
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stated above, the many-core architectures and the use of @fRUhot considered in this
thesis.

However, a possible alternative to the CPU architecture eshiybrid architecture
which combines CPUs and GPUs together. This hybrid architeexecutes the appro-
priate parts on the CPUs and runs numerically intensive agtdyhparallelizable parts on
the GPUs. Programming languages such as CUDA and OpenCL agaes$o achieve
this hybrid implementation, applications can be found i81,1230]. Some performance
analyses between CPUs and GPUs can be found in [146, 149, 203].

In the following section, parallel communication is intraxd.

2.5.2 Parallel Communication

The programming and architectural paradigm used througihsithesis is based upon
distributed memory and message passing, which means gasgirexchanging informa-
tion between cores. This is done here using a software jilwated Message Passing In-
terface (MPI). MPI was proposed and designed by a group efrebers from academia
and industry, [166] is its of cial website. The main purpose MPI was to create a
portable and standard library for message passing: nowad®&} and its interface are
widely acknowledged as @e factostandard and commonly used. However, MPI only
de nes detailed function de nitions and operation prinleip, not their actual implemen-
tations in software. Therefore, in order to program usind MRPpeci c software library
that de nes the implementations of MPI protocols is reqdir®any such libraries exist
and some of them are free to the public. For example, Open M&MPICH, are both
widely accepted and applied to various parallel computditse results of using these
software libraries are a sequence of MPI processes. Thesegses can be carried out by
any number of computer processors. For simplicity, herg dsisumed one MPI process
is allocated to one computer core.

Here a pair of basic MPI functions are demonstrated as an@eramillustrate how
MPI1 works. They are MPSend and MPRecv [98]. The former tells the process exe-
cuting it to send a message that contains either one item array of data, to a specic
destination process; the latter pauses the executing $gcoad waits for desired data
to be received. This type of communication is called blogkifThere are other types
of communications, for example, nonblocking routines pestwithout con rming the
completion of message exchange. Only the blocking rouanesised in this thesis. The
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syntax used to de ne MPSend and MPRecv is as follows:

MPI_Send address, count, data type, destination, tag, chmm

MPI_Recv(address, count, data type, source, tag, comm, 3tatus
where

(address, count, data type) speci es the data and its siz¢yae;

destination speci es the process (within the given comroatur) where data is sent
to;

source speci es the process (within the given communigatbere data is expected
to come from;

tag speci es the ID of message, which enables multiple datsetsent separately;
comm speci es the communicator (essentially a pre-de neido$ processes) to be
used for this transmission;

status provides information about the received message.

There are many other global operations de ned by MPI to alfpagramming parallel
code. For example, MBBcast broadcasts a message from a root process to others in the
communicator, and MPReduce gathers values from all processes in a communicator an
reduce to a single value (e.g. performing maximize) and'metua root process.

So far MPI and communications between processes have bseniae, however
there are other forms of parallel computing that exist witiraessage passing. One of the
most common examples comes from shared memory concur@rgonming via thread-
ing [79]. A thread is a sequence of instructions which coeesaperate on [206]. Across
multiple cores, it is possible to distribute multiple thdsao achieve parallel computing.
This is called multithreading. One of the distinct diffeces between multithreading and
message passing is that within multithreading, no messagegsassed between threads.
It is assumed that each thread, and therefore every cor@aclass to the entire memory
address space (i.e. parallel architecture with shared meisee Figure 2.11(a)).

It is very inconvenient for programmers to deal with eacledisr and its low level
interaction with computer hardware. Thus like the MPI forssege passing, software
libraries are generally used. For multithreading, the nmodely used libraries are called
Open Multi-Processing (OpenMP) and Pthreads. The use sé theftware libraries will
break sections of code which contain the additional muk#lkling commands into threads
for different cores to execute in parallel. Memory contentissues may arise if shared
variables are involved, or if data dependencies requiretaioeorder of loop execution,
and these challenges to program using multithreading camc@uasiderable complexity.
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Since the parallel executions discussed in this thesisxalasvely undertaken with
the MPI, no further details of OpenMP or Pthreads are pralidere. The interested
reader is referred to [17, 46], for example. As a nal notethis subsection however,
architectures such as the hybrid shown in Figure 2.11(c)dcbe ideally suited for a
combination of shared and distributed memory libraries.éxample, MPI and OpenMP
can be combined such that external communications betwedesns handled by MPI
software, and within each node, coding can make use of OpesithFmultiple threads.
An application of such a hybrid system can be found in [100jere a parallel multigrid
implementation is used to simulate alloy dendrite growmththieir parallel software, both
MPI and OpenMP are used, and tested on a 640-core computisigcl

Having described parallel communication, in the next sectpartitioning a discrete
PDE system across multiple processes is demonstratedhangé of message passing
in the resulting parallel solver is described.

2.5.3 Mesh Partitioning in Parallel

As mentioned in Section 1.1, systems of PDEs are de ned isetlaegions. The use
of discretization schemes such as those described in ettloallows the solutions in
such regions to be approximated by a nite number of values.dach unknown value,
computations for which only local values are involved argied out in order to obtain
the solution. For example, consider a cell-centred nitiedience approximation to a sin-
gle PDE on a two-dimensional square region. The left diagraRigure 2.13 illustrates
the four hundred unknown values within the computationahdm on a 20 20 uniform
mesh. If MPI is to be used to parallelize this problem then mmon way of partition-
ing the data across the processes is to use a geometricopagdind is often referred as
domain decomposition in the literature). This assigns eamp of the unknowns within
each sub-region of the full mesh to a unique process in the ddRimunicator. Figure
2.13 illustrates a natural geometric partition into foubsagions, corresponding to four
MPI processes, and partition edges and boundary are alst éde These sub-regions
are often referred as blocks, however, a sub-region of tineagtomay contain multiple
blocks.

The block partitioning approach used in Figure 2.13 can bihéu applied to larger
numbers of sub-regions (e.g. 16 blocks of sized), leading to more blocks with smaller
size as the number of processes increases. This partitategy eventually requires the
work of load balancing, which allocates an equal number oftsgor blocks) to each MPI
process in order to maximize parallel ef ciency. Uniform shes certainly are easier to
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Figure 2.13: Sketch shows a 2-D uniform mesh with four huddn¢ernal grid points
split into four blocks, each with one hundred internal gradins.

achieve such a balance, however this is also required forundorm and unstructured

meshes. This general load-balancing problem may be exqutéssnally as a graph parti-

tioning problem which is believed to be NP-hard [62]. Thexeraany software tools (e.g.
Jostle [219], METIS [129], SCOTCH [181] etc.) and heuristigalthms (e.g. greedy,

recursive coordinate bisection, recursive spectral bimeetc. [135]) that have been pro-
posed over the years, aimed at nding “good” partitions (thb, generally these are not
optimal).

Having partitioned the unknowns in the mesh across the M&dgsses, the next step
is to compute the discrete solution in parallel. Here arattee solution process in which
the update value at each grid point depends upon its fouhheigs is considered (e.g.
the point-wise Jacobi iteration that is presented in EguafR.22) with the use of the
ve-point stencil from Equation (2.3)). Updates of interfgoints can be carried out easily,
however near partition edge points will require data frora onmore neighbouring blocks
which are held by other processes. To ful ll this requiremeviPl is used to facilitate
message transmission between processes.

To acquire values from neighbouring processes, the corafeghost cells which is
introduced in Figure 2.2 for representing boundary poimscell-centred grids can be
extended. In practice, the most common approach is to int®dn extra layer of guard
cells around each block of the partition. Figure 2.14 ilatds the use of one layer of
guard cells (marked ag on one block of the partition from Figure 2.13.

In Figure 2.14, these guard cells at partition edges are tasstre the values of grid
points from neighboring blocks; and curved lines are usdahkothese guard cells with



Chapter 2 79 2.5
Cle 00000000 00 o @
cpsesesesescl [ome
OQ/Q/QQ/Q/Q/Q/Q/QQ/QQ/QO OQQ/Q
QISESESESRSRSRSASASES| @ ©
X xxxxxxxi« ol @
O..........’g g‘.
O..........’g 9,..
O..........’g 9‘.

<O..........’9 9‘.
Ol ®® 0006060 0 ¢6C| le @
ooooooooootgiﬁxo
O"""""9x9’°
O..........’gxgﬁ.

ﬂ.........‘&yﬂﬁ.

/@OOOOOOOOOOO OO0 O

Figure 2.14: Sketch shows the role of guard cells (marked asa 2-D block partition;
guard cells which are used as boundary points and as dupiicat grid points from
neighboring blocks are illustrated; for these guard célid aire near the partition edge,
curved lines are used to identify their corresponding gaoh{s on neighboring blocks.

their corresponding internal grid points from neighboriohgcks. At the actual boundary,
guard cells are used as the ghost cells for representingllaoyipoints. For the standard
ve-point stencil in 2-D, or equivalent seven-point stdnni3-D, one layer of guard cells
is suf cient. Larger stencils may require additional layef guard cells and/or additional
messages to be sent. In either case, this leads to commanio&more data.

The idea of load balancing which is described earlier sugdhs size of block should
be as small as possible, especially for non-uniform mesioascan be exible to manage
an equal workload on each MPI process. However, the chofdeeck size and the size
of guard cells become a trade-off. If the block size is toolstha number of guard cells
becomes overwhelming. For example, a 4 block (where 4 is the number of internal
grid points inx andy directions) has more guard cells (i.e. 20) than internah{saii.e.
16). These guard cells do not contribute to the computaticcily and require a large
amount of time to update. The choice of block size in appbecet of this thesis is further
discussed in Chapter 3.

In [200], Shin et al. described a parallel multigrid methbdttis used to solve the
Cahn-Hilliard equations with nite difference and stabét splitting schemes. Only uni-
form grids were considered, and they applied the same idéawhg a layer of guard
cells around mesh partitions to help the communication eetwprocesses. Likewise,
Guo et al. in their parallel multigrid solver [100], also nealése of guard cells around
uniform mesh blocks to achieve data transmission. A diffeexample can be found
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in [80], where Gaskell et al. partition a rectangular domaio a strip of equal-sized
rectangular sub-blocks and distributed each to one process

The guard cell approach may also be applied to other tharreqoabic) meshes.
For example, Heikes et al. [110] discuss a multigrid solvéhwneshes that consist of
hexagonal and triangular grids. Other examples of paniitig unstructured meshes can
also be found in [87,220]. One describes a multilevel urstmed mesh and its parallel
optimization with three algorithms. Another partitiongtarchical hybrid grids with an
unstructured mesh generation package.

The above discussion refers to the partitioning of a singdehn(static mesh partition-
ing) however the problems studied in this thesis are tineddent and the mesh will
be adapted dynamically to the moving features of the salutin the following section,
combining spatial adaptivity on a structured mesh with fprpartitioning is described
and balancing the workload in parallel using dynamic loddmang is discussed.

2.5.4 Spatial Adaptivity in Parallel and Dynamic Load Balancing

In the previous section, partitioning the domain into a nendf sub-regions is described.
Inside each sub-region, there may be one or many mesh bldties spatial adaptivity
which is previously discussed in Section 2.2.1, can be geHién parallel by allowing
each MPI process to adapt those mesh blocks contained wbitgegions of the domain.
Some problem-speci ¢, user-de ned, re nement criteriatlare mentioned in Section
2.2.1 can be applied to the individual mesh blocks. Notegdbate communication may
be required when a block is re ned or coarsened since thigshaspact in neighbouring
blocks (which may not be owned by the same process).

When a block data structure is used then the natural way teexlie spatial adap-
tivity is by re ning the whole mesh block. In this case, meddidity is preserved by
ensuring there is no more than one re nement level diffeedmetween adjacent blocks.

To determine whether a mesh block needs adapting, solutioadi the grid points in
that block are considered. The re nement criteria (basexhugrror estimation, the actual
values of certain variables and/or the magnitude of theigna@f variable values) need
only be satis ed for a single cell in the block, whereas tharsening criteria must be
satis ed for every cell in the block. In either situation théock is marked for possible
re nement or coarsening. The marking procedures that adeaken in this thesis are
described in the next chapter in detalil.

After the marking procedures, mesh blocks may be re ned@ntdarsened accord-
ingly. The re ning and coarsening processes that are dasdrpreviously in Sections
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2.2.1.1 and 2.2.1.2 can be performed on all grid points iroakyland correct guard cells
are assigned. An example is shown in Figure 2.15, when tha&ng process is applied
to the 10 10 coarse block on the left, the resulting 2@0 mesh is composed of four
10 10 ne blocks, as illustrated on the right. Furthermore, ¢bbarsening process turns
the ne grid on the right to the coarse grid on the left by retg all four 10 10 blocks
with a single 10 10 coarse block. This will only occur if all four ne blockseamarked
for possible coarsening. If the adaptivity is carried outawyically during the simulation,
then interpolation and restriction operators are needetldosferring values between re-
nement levels. As for the example shown in Figure 2.15, apars from Equations
(2.12) and (2.13) can be used to transfer values of theseeatfied grid points.
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Figure 2.15: Sketch shows the re ning process that traesietO 10 block on the left
to four 10 10 blocks on the right, and the coarsening process turnswbiiocks on the
right to the single 10 10 block on the left.

When the adaptive process is nished, the guard cells neeé tgqpdated. This is to
ensure the guard cells are containing the correct values é@responding grid points.
The previous example in Figure 2.14 shows the update pratassiform grid situation.
However, if two adjacent blocks have one level differenceeimement, some special
operators are required. In Chapter 3 Section 3.2.4, a sppcocedure that deals these
situations is introduced, which is applied in this thesis.

An important additional challenge that occurs during thealgic adaptive process
in parallel is balancing the workload. As mentioned preslguwhen solving parabolic
problems, the solution may evolve through time. When the t@adaprocess takes place,
there are MPI processes where a number of new mesh blocke@eeated and possibly
other processes where blocks are removed. Consequengiyaafadaptive step, even if
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each process had an equal number of blocks to begin with wileyot generally retain
the same number of blocks as each other. There is therefaredta re-distribute some
of the blocks between processes. This procedure is termeghayg load balancing.

Even when all MPI processes receive roughly same numberook$] there may be
further challenges. For example, all blocks in one MPI pssaae preferred to be around
a same geometric location. In this way, it saves a large atudume for synchronising
the layers of guard cells. In contrast, if one MPI processitsaslocks all scattered over
the domain, then almost all the values of guard cells reqeoramunication with other
MPI processes. Hence dynamic load balancing seeks to iraphavpartition subject to
this low communication objective. Ideally this will be aetaed with a minimal amount
of blocks being relocated as well. These constraints caalhbe satis ed but there are
some heuristics which aim to nd good new patrtitions at lovedwead (e.g. based upon
the use of space- lling curves or parallel version of METI®V]).

In the following section, the parallelization of the mutidyalgorithm is introduced.

2.5.5 Multigrid Algorithms in Parallel

Details about the multigrid algorithm and its variants aisedssed in Section 2.4. These
multigrid methods are previously described from a purelyatical point of view. In this
section, these multigrid methods are also discussed froanal@l point of view.

The multigrid algorithm, as a whole, is not considered to ey fparallelizable in
terms of parallel computing. This is because computatiorsach grid have to be carried
out in a sequential order. In addition, the use of a hieraaftyrids imposes a different
degree of potential parallelism on each level of grid [216} the other hand, each of
the main components of the multigrid algorithm may be paliakd. Here, we consider
the parallelization of multigrid methods with the use ofdkamesh partitioning that is
previously explained in Section 2.5.3.

The main components of the multigrid algorithm can be didigeo three categories.
The rst category includes the solution methods. They aeduss the pre-smoother, the
post-smoother and the coarse grid solver in the multig@thm. Since only itera-
tive methods (e.g. the linear point-wise Jacobi, the ne@lirmpoint-wise Jacobi and the
nonlinear block version of Jacobi for a system of PDEs, threypaesented in Equations
(2.22), (2.34) and (2.36) respectively) are used in theigridtalgorithm in this thesis, we
are able to neglect other variants (e.g. Gaussian-Elimimatith LU factorization as the
coarse grid solver). The iterative methods, combined witiseretization scheme thatis a
local approximation (e.g. the FDM), update each grid ponty based upon local values.
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The operations in this category require neighbour-tomeagir MP1 communications to
update the guard cells, typically, one update after eachtite for a Jacobi solver.

The second category includes a highly parallelizable corapbof the multigrid al-
gorithm. This component is the residual calculation. ThHewdation can be performed
independently on each block of grid points, providing bgthto-date values of the RHS
vectorsf and left-hand sidéu (or A(u) if the problem is nonlinear) are stored. Otherwise,
f andAu (or A(u)) need to be re-calculated, and this may require MPI comnatioigs if
guard cells are not up-to-date.

The third category includes grid transfer operators, theythe restriction and the
interpolation. These operators may require guard celis {ee bilinear interpolation pre-
sented in Equation (2.12)). Thus neighbour-to-neighb@mrounications are required
prior to these operators. During the restriction and therpalation, if the coarse block
and ne blocks are owned by the same process, then no furtimminication is required.
However, in general, communications to transfer blocksaté detween processes are re-
quired. After values are interpolated via the interpolatiperator, coarse grid correction
can be carried out within each individual block.

One issue which may arise using this block mesh partitiorsrghen the number of
MPI processes is greater than the number of partitions f@egh blocks) on the coarsest
grid. These extra MPI processes may share workload from tiee grids, but on the
coarsest grid, they become idle. This deteriorates thelpegficiency, and is well known
as the bottleneck of the multigrid methods in parallel cotimgu

There are two possible solutions to this issue [216]. Thé arse is to avoid very
coarse grids. Shin et al. in [200] implemented this solutitheir parallel multigrid
solver. An extra stopping criterion is added, so that whendtiterion is satis ed on a
coarse grid, then no coarser grids are visited. The secduatisois from [111], Hempel
and Schuller suggest these coarser grids which are nobkuitar parallelization are
assigned to one or a few MPI processes. These ner grids aadlglZzed normally. This
is termed agglomeration.

Having described the parallelizations of the main compts®om the general multi-
grid algorithm, there are components which only belong scsp methods. They can be
parallelized as well. For the linear multigrid, the spectomponent is the initialization
of the error approximatior on the coarse grids, which is shown in Algorithm 3 at line 4.
This component is highly parallelizable and does not regMP| communications.

For Newton multigrid, the calculations for the Jacobiannmand the RHS vector at
lines 2 and 3 in Algorithm 4 generally need values from therdwells. Then the lin-
ear multigrid solver can be parallelized accordingly. Aswtrened previously in Section
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2.4.3, the Jacobian matrices on coarser grids are computasdig the ones from ner
grids (e.g. A% = I20AN R ). However, this may be performed through the standardicestr
tion and interpolation operators. Other speci c composamtAlgorithm 4 can be carried
out without the MPI communications. They include the initiations at lines 1 and 4, the
Newton's method correction at line 6 and modifying the itemanumber at line 7.

For the nonlinear FAS multigrid, calculation of the modi &HS may require values
from the guard cells. Thus MPI communications are neededgddating the guard cells.
On the other hand, calculation of the error approximatiothencoarse grids can be done
without MPI communications. If it is a system of nonlinear2f) then calculations need
to be applied to all variables. Therefore, the amount of Méthmunications grows ac-
cordingly. These two special components correspond te brend 7 in Algorithm 5. The
adaptive multigrid with the use of MLAT is based upon the moedr FAS multigrid. It
can be parallelized as a nonlinear FAS multigrid, providimgsh blocks and the tempo-
rary Dirichlet boundary points are handled correctly. le ftbllowing chapter, a software
tool that is used to implement some of the described sciemgichniques is introduced.



Chapter 3

An Overview of the Software Tools

In the previous chapter, a number of scienti c computinghteques of relevance to the
subsequent research in this thesis are described. In ardétain implementations of a
number of these techniques, a software tool has been dextlopghe Scienti c Com-
puting group at the University of Leeds, and is introducedhis chapter. It is called
Camp re, and is further dependent upon a software libraryniesh generation and adap
tivity, called PARAMESH [180]. In Section 3.1, brief overws on the development of
PARAMESH and Camp re are introduced. PARAMESH is then desdiipemore detalil
in Section 3.2. Its adaptive mesh re nement and data strestare explained in Section
3.2.1 and Section 3.2.2 respectively. Grid transfer opesaand dynamic load balanc-
ing in PARAMESH are discussed in Section 3.2.3. Then an inapbrtomponent in
PARAMESH, known as guard cells, and their update subrouainegescribed in Section
3.2.4. In Section 3.3, Camp re is described. A signi cant modtion to PARAMESH
associated with the ordering and the parallel distribuabmesh blocks is explained in
Section 3.3.1. Then adaptive mesh re nement and adaptive stepping in Camp re
are summarised in Sections 3.3.2 and 3.3.3 respectivelycdielude this chapter with
a description of the adaptive multigrid solver that is inmpénted in Camp re in Section
3.3.4.

85
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3.1 Introduction to PARAMESH and Camp re

The software that is used as the starting point for this th€amp re, is dependent upon
a software library, which is called PARAMESH [180]. PARAMESHasvdeveloped at
NASA Goddard Space Flight Center and Drexel University und@6As HPCC and
ESTO/CT projects, and under grant NNG04GP9G from the NASBR\project. Its
current website can be found in [180], including severafulsguides for programming
PARAMESH. PARAMESH itself is an open source software and camdwnloaded
from [179]. It is programmed using Fortran 90. The implena¢éioh provides a user-
friendly interface, where only the application-speci aitmes are exposed to the user by
default. This software library generates structured Cemtesieshes with the use of a
block partitioning strategy (see Section 2.5.3), and oistapatial adaptivity by having
multiple layers of mesh re nements. This is termed adapthash re nement (AMR)
and is introduced previously in Section 2.5.4. Parallelisrachieved through distribut-
ing mesh blocks to multiple MPI processes, and using MPI tmroonicate between
individual MPI processes to exchange data (MPI commuradnas previously described
in Section 2.5.2). Applications that are implemented ustA(RAMESH and additional
related information can be found in [160,171,172].

There were intentions to implement the multigrid method®ARAMESH while it
was developed at NASA. However, only a test version of thedimultigrid method
was considered. On the other hand, the AMR certainly previde potential functional-
ities to obtain a hierarchy of grids that the geometric nguilti algorithm needs (such as
shown in Figures 2.7 and 2.10). Therefore, a 2-D adaptiveignd solver with FAS and
MLAT technique was developed by Green within the Scienti cngmuting group at the
University of Leeds. The resulting program is used to solvase- eld models arising
from the eld of solidi cation, and is described in [93]. Itlso provided a provisional
implementation for 3-D problems.

Later on, Green and Goodyer extended the 2-D solver to tanki® computation-
ally challenging phase- eld models in 3-D. The resultingpgram was repackaged by
Goodyer into today's Camp re. Its application can be found94]. In the following
sections, main procedures that are provided in PARAMESHglmed. However, be-
fore we proceed, it is worth noting there are alternativevemfe packages. To name a
few, DUNE, DEAL.Il and AFEPack all offer adaptive mesh geatem and parallelism.
However, these software packages are mainly used with FEMuastructured meshes.
DUNE and AFEPack have multigrid methods implemented. Therésted reader is di-
rected to their websites [4,57,67] for more information.
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3.2 PARAMESH

In this section, main procedures and components that akedech by the PARAMESH
library are explained. In Section 3.2.1, AMR in PARAMESH isdebed. Its associated
data structures are explained in Section 3.2.2. When dyrédlgnedapting the meshes,
grid transfer operators are typically needed. These opesréte. restriction and interpo-
lation) are previously explained in Sections 2.2.1.1 ard122. In Section 3.2.3, these
procedures and the associated issues with dynamic loaddaggin PARAMESH are
described. As mentioned in the previous section, PARAMESéE wsblock partition-
ing strategy, and this is generally associated with thénisitt use of guard cells. This is
previously described in Section 2.5.3. In Section 3.2.4ABRAMESH subroutine which
updates guard cells globally in a parallel environmentulgiothe use of MPI communi-
cation is explained in detalil.

3.2.1 Adaptive Mesh Re nement

PARAMESH de nes its meshes as the union of mesh blocks, arsdstiategy is previ-
ously described in Section 2.5.3. In this section, meshiggioa and AMR in PARAMESH
are explained.

In PARAMESH, Cartesian meshes are created by combining stectcimesh blocks
together. These blocks may be uniformly re ned (one exaniplshown from left to
right in Figure 2.15) to generate ner meshes. If the re nernis only carried out lo-
cally, the adaptive meshes are obtained. The Cartesian m#dsdteare generated using
PARAMESH consist of 2-D square/rectangular or 3-D cubicédlblocks of cells. This
may result in different mesh geometries and topologies.ekample, in Figure 3.1(a), a
2-D mesh consists of 2 2 blocks and each block is a rectangle. This gure illustsate
square topology but not square geometry. On the other harféigure 3.1(b), another
2-D mesh consists of 3 2 blocks and each block is also a rectangle. This gure shows
square geometry but not square topology.

In PARAMESH, each block has the same number of grid points) edeen they are in
different levels of re nement. This is the so-called lodlgadentical size but the sizes of
blocks may be geometrically different. For the purpose ofidestration, let's consider 2-
D meshes which are square geometry and square topologygune=3.2, a 2-D Cartesian
grid is shown, which has a block size of 2. Itis worth noting that this block size is only
for demonstration, and is not practical. The reason is chlgéts associated guard cells,
and this is described previously in Section 2.5.3. In Figi# each block is enumerated
from number 1 to 17, with a speci c ordering strategy from PAREBSH, that is called
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Figure 3.1: Sketch shows (a) a 2-D mesh consists oRdlocks, this mesh is therefore
square topology but not square geometry; (b) another 2-Ihro@ssists of 3 2 blocks,
and it square geometry but not square topology.

Morton order [180]. These indices of blocks are positionedrrihe centre of each block.
The heavy lines in the grid indicate the boundaries of eaobkyland the lighter lines
indicate individual grid cells. Block 1 is the coarsest ghdttcovers the whole domain.
Blocks 45;6 and 7 have the nest re nement level. Although it is not nesary to just
use one block as the coarsest grid. Grids that are shown urd-)1 also can be used
as the coarsest grids. Other blocks are further re ned ialloggions, and they have the
same logically identical size (i.e. 22). It is worth noting in Figure 3.2, guard cells
are neglected, although in practice, each of thes@ Dlocks will typically have a layer
of guard cells. PARAMESH permits multiple layers of guardsehowever this is not
applied in this thesis. We refer back to Figure 2.14 for thecdption and implementation
of guard cells.

Although the example shown in Figure 3.2 is in 2-D, genegatin3-D mesh with
cubic/cuboid blocks is straightforward. In the followingcsion, the data structure that is
associated with the adaptive meshes in PARAMESH is described

3.2.2 Data Structure

In PARAMESH, re ning one block generates a xed number of neshildren” blocks.

In 2-D, there are four newly-generated blocks, and thereemta “children” blocks per
“parent” block in 3-D. Let's consider the example mesh shawdrigure 3.2. A tree
structure can be used to describe this example adaptive masarts with the root block
which represents the coarsest grid. Then each local re neégenerates new branches.
This tree structure is presented in Figure 3.3 which is epoading to the example mesh
shown in Figure 3.2, and it is called a quad-tree. If cubibid mesh blocks from 3-D
are considered, the data structure becomes an oct-treé. riede in this tree structure
represents a mesh block, the root of the tree is the coarneegth As already noted, all
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Figure 3.2: Sketch shows a 2-D Cartesian grid with a block efz2 2, blocks are
enumerated from number 1 to 17, with a speci ¢ ordering stgatfrom PARAMESH,
that is called Morton order [180], the heavy lines in the gndicate the boundaries of
each block, and the lighter lines indicate individual gradl€.

blocks have the same logical size. The indices of blocks @sgnmted next to each node,
and are used to show the “parent-children” relations betvileese blocks.

Furthermore, let's consider distributing this tree stanetl data to multiple MPI pro-
cesses to allow parallelism. Four different shapes (i.e4 , and ) are used to indicate
four MPI processes. In Figure 3.3, four MPI processes aBiuecnear-optimal number
of blocks, and this balances the workload. PARAMESH also ammaximising block
locality. This means each MPI processes indicated in FiguBdias as many as possible
blocks from the same “parent-children” relation.

To store the data from these mesh blocks, arrays are typiealployed. The main
arrays that are used in PARAMESH for storage are the so-calldd array. This “unk”
array is used to store values for cell-centred grid poimtd,the guard cells. Other types of
grid points are supported by PARAMESH, such as face-centrdedge-centred. How-
ever, these are not used in this thesis, thus no furthersigms are made here.

When mesh blocks are parallelized to different MPI procesbese “unk” arrays are
split up and follow their corresponding blocks. Thus they laighly parallelizable, just as
these mesh blocks. The “unk” arrays are multi-dimensicarad, also suitable for multiple
dependent variables. They are given by

unk(vari; j; k;Ib); (3.1)
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Figure 3.3: Sketch shows a quad-tree [180] with indices @tkd from the corresponding
mesh shown in Figure 3.2, furthermore, four different slsgpe. ,4, and )are used
to indicate a possible distribution in a parallel enviromtni® balance the workload.

grid point in a block. These points are ordered row by row lfsagshown in Figure 2.6),
andlb denotes the indices of blocks. It is thedimension of the array that is partitioned
across the MPI processes therefore.

PARAMESH includes a number of supporting data structureserdlnclude data
structures used to hold the “parents-children” relatioaMeen blocks. Some others
serve as temporary data storage. Two additional data stascare worth noting. They
are two logical arrays which are associated with each mestkbl They are used to
indicate whether this block has been marked as a target fongeor coarsening, and are
given by

re ne(lb) = true or false
(3.2)
dere ne(lb) = true or false

These two arrays are used in a marking process in AMR, whidedilp depends upon
a problem-speci c, user-de ned, criterion. There are ddiat are associated with other
types of grid points. However, these data are not used in ¢k described in this thesis.
This is because cell-centred discretization schemes ackthsoughout.

The described AMR may be dynamically carried out in PARAMES&ldwever, there
are two issues associated: grid transfer and dynamic lokehdag. In the following
section, these two issues are discussed.
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3.2.3 Dynamic Load Balancing and Grid Transfer Operators

One of the issues that arises from applying AMR during comgoris in a parallel en-
vironment is dynamic load balancing. This is generally désd in Section 2.5.4. Let's
consider an example which requires the mesh shown in Fig@reade adapted dynam-
ically. More speci cally, block 4 is re ned while blocks 145;16 and 17 are coarsened.
The resulting new adaptive mesh is shown in Figure 3.4. Nwsd adaptive changes do
not require preservation of mesh validity, so they are chaiberately for the demon-
stration and discussion made here.

Figure 3.4: Sketch shows the resulting mesh if the adapteshndemonstrated in Figure
3.2 is required to re ne block 4 and coarsen blocks1B416 and 17.

Due to these adaptive changes to the mesh, the Morton oreeéhbysPARAMESH re-
enumerates the blocks, and shuf es the parallel distrilbusio it maintains a near-optimal
workload to each MPI process and maximises the block lgcdthis is shown in Figure
3.5, where a quad-tree indicates the corresponding treetste from the mesh shown in
Figure 3.4.

PARAMESH manages the dynamic load balancing very aggrdgsiaed seeks to
balance the entire tree. In Figure 3.3, in order to balaneentbrkload, PARAMESH
permits more than one MPI process to share from a single biartbe tree structure. In
Figure 3.5, due to the changes made, blocks are shuf ed. TRgvbcess represented by
shape receives all the new blocks which are from a new branch inréae tin this way,
the workload can be distributed near optimally and the blochlity is maximised. The
trade-off is a large number of data may be moved around betWHd processes every
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Figure 3.5: Sketch shows a quad-tree with indices of bloak® the corresponding mesh
shown in Figure 3.4, which came from the previously de necsmen Figure 3.2. The
changes made to Figure 3.2 were re ning block 4 and coargebpliocks 1415;16 and
17. Furthermore, four different shapes (i.e.4 , and ) are used to indicate a possible
distribution for four MPI processes in a parallel enviromne

time when AMR is carried out dynamically. The dynamic loathbaing and the Morton
order are automatically maintained within the subroutiole&MR in PARAMESH.

In order to dynamically adapt meshes during the computagod transfer operators
are typically required. When re ning a mesh block, valuesraaired to be interpolated
to these newly-generated blocks. On the other hand, réstris needed before coarsen-
ing blocks. Similar to the description stated in Section2.i order to obtain one block
from coarsening, four neighbouring blocks are required-Ib and eight neighbouring
blocks are required in 3-D. This is previously described ettdn 2.2.1. Re ning and
coarsening are discussed in detail, along with an intetjpolaand a restriction operator
in Sections 2.2.1.1 and 2.2.1.2, respectively. These tmsrare presented in Equations
(2.13) and (2.12), and may be applied to these cell-centriedpgints. The preserva-
tion of mesh validity is also maintained in PARAMESH, so thatvireen adjacent blocks,
there is only one re nement level difference.

As mentioned before, PARAMESH supports other types of gridts@as well. There
are many grid transfer operators that are associated vatettypes of grid points. How-
ever, only cell-centred data is considered in this thedieréfore, grid transfer operators
for other types of grid points are not discussed here.

The restriction only requires grid points but not guard<elowever, for the inter-
polation operator, when applied on cells which are near ibekiedges, values of guard
cells are required. Therefore, in order to carry out a valtdrpolation guard cells should
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be updated prior to the interpolation operator. The sulmewhich updates guard cells
in PARAMESH is described in the following section. Note thlaistupdate for guard
cells is used in many other places of a typical solver and sbgseat importance within
PARAMESH.

Before we proceed, it is worth noting there are alternative gjansfer operators for
cell-centred grid points implemented in PARAMESH. For exénpmjection-type oper-
ators. These operators typically perform one-to-one teang herefore, their orders of
accuracy are lower than the described bilinear/trilineggrpolations and cell averaging
restriction. There are also templates in PARAMESH for the tsele ne other transfer
operators which consider many more grid points at the saafrtiee transition. However,
this requires multiple layers of guard cells. In the follagiisection, guard cells and their
update in PARAMESH are explained.

3.2.4 The Role of Guard Cells and Its Updating Subroutine

One of the issues which is associated with mesh partitio(@tsp called domain decom-
position) in a parallel environment is that blocks are gaterequired to exchange data
with their neighbouring blocks. The use of discretizatichemes with local approxima-
tions (e.g. FDM and FEM) are typical examples. Instead oharging data a grid point
at a time, guard cells which surround each mesh block aremmglto store values of
corresponding grid points from neighbouring blocks. Thkipiieviously demonstrated in
Figure 2.14 and discussed in detail in Section 2.5.3. It ighvooting that because it is
a cell-centred grid, some of these guard cells are used g bppndary conditions (see
Figure 2.2).

PARAMESH introduces the guard cells to all of its mesh blodgardless of whether
or not they are on the same MPI process. Typically, one lafyguard cells is used, and
this already satis es the use of the standard ve-point siiein 2-D that is presented in
Equation (2.3) and the seven-point stencil in 3-D. It is &sough for the bilinear interpo-
lation operator which is presented in Equation (2.12). fijéat stencils are required, such
as the nine-point stencil in 2-D which is shown in Figure Zhén either multiple updates
or multiple layers of guard cells are needed. In PARAMESH, rapartant subroutine
that updates these guard cells is called “guard cells up{iatev).

The GCU by default performs a global synchronisation to afirgicells of all types
of grid points from all re nement levels. This process isywexpensive to be carried out
in terms of ef ciency. One GCU per iteration is suf cient foadobi iterative method, if
a Gauss-Seidel method is needed, then many more GCUs areegeguorder to update
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the “parents” blocks with the most up-to-date values (thotigs can be reduced through
the use of a red-black ordering). Although the Gauss-Semrhod generally converges
quicker than Jacobi, since GCU is very time-consuming, it matybe the most ef cient
choice. This is especially true when the scheme is being as@fsmoother rather than a
solver. The choice of smoother in the multigrid solver tisamplemented in Camp re is
described later in Section 3.3.4.

When a grid is adaptive (i.e. there are multiple re nemenels), an issue arises near
the edges between two different re nement levels. Ther@appgoaches that directly deal
with this issue by using some averaging operators on griatp&iom the ne re nement.
However, in PARAMESH, GCU includes a restriction functiobhalivhich uses the ap-
proach that is shown in Equation (2.13). This restrictiosasried out whenever GCU
is called, and it restricts the values from current blockaltdheir parent blocks. In this
way, at the edges between two different re nement levels ciarser block can directly
interact with the “parent” block of the ner blocks.

There is another issue associated with guard cells. Thiag ishoice of block size. As
mentioned in Section 2.5.3, it should be as small as possildeder to obtain a exible
AMR, as well as a exible distribution in parallel. On the othieand, the guard cells
themselves do not contribute directly to the computation.h&ving a large number of
guard cells only deteriorates the ef ciency of MPI commuation and also imposes a
heavy burden on the memory storage. This is previously dgauliin Section 2.5.3. The
choice of block size is 8 8 for 2-D grids, of which there are a further 36% guard cells
with just a single layer in that block. In 3-D grids, the chesds 8 8 8 which yields
48:8% of guard cells. With a larger block size the proportion afgl cells is much
reduced (e.g. less than 20% with a 332 32 block in 3-D).

To summarise the GCU subroutine in PARAMESH, it rstly idergs the settings
for guard cells. The “parents-children” relations betwa#locks are re-established (as
the tree structure shown in Figure 3.3), in case of changele tough AMR. Then the
solution from cell-centred grid points on the “children’dbks are restricted to all “par-
ents” blocks. After the restriction, for each block, thereat values of guard cells from
corresponding neighbouring blocks are obtained through afié stored in temporary
arrays. When all blocks are visited, the guard cells can tearpldated using these values
in the temporary arrays. Finally, boundary conditions arémposed to these guard cells
which are used as boundary points on cell-centred gridsorilgn 7 illustrates the GCU
subroutine. MPI communications may be required in stepsa?d34.

Stencils and grid transfer operators which require mtiplyers of guard cells are
not considered in this thesis for three reasons. First pofladl requirement for additional
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Algorithm 7 Guard cells update
1: Initialise settings for guard cells
2: Re-establish “parents-children” relations of all mesh kéoc
3: Restrict solution on “children” blocks to all “parent” blogk
4: Obtain correct values of guard cells for all mesh blocks mgerary array
5: Update guard cells using values from the temporary array
6: Re-impose boundary conditions to the guard cells that aréigusd outside the
boundary.

layers of guard cells imposes a further challenge on thecehoi block size, and cor-
responding memory usage. Secondly, the GCU subroutine in RME3H is the most
time-consuming component, adding more guard cells or asing the number of GCU
calls makes the situation overwhelming. Finally, largesile and transfer operators typ-
ically require the problem solution to be as smooth as ptessiimd high order solutions
frequently exhibit oscillations near very steep fronts vehie larger stencils are not de-
sirable.

In the following section, the main procedures that are uadten in Camp re are
described.

3.3 Campre

In this section, the main procedures and components tha haen implemented in
Camp re [91] are described. In Section 3.3.1, a major modica to the Morton or-

der that is used in PARAMESH is introduced. Then procedureAMR and adaptive

time stepping in Camp re are summarised in Sections 3.3.238B® respectively. Fi-
nally, the adaptive multigrid solver which is implementedGamp re [91] is described
in Section 3.3.4.

3.3.1 New Ordering and Partitioning Strategy for Data Structure in
Campre

Camp re inherited most of the data structures and mesh gaaerfanctions from PARAMESH.
On the other hand, different from PARAMESH, Camp re is desigrier a multigrid
solver. Such a solver is required to perform computationsawh individual grid before
moving to another. Even when an adaptive grid is used, sutheasene presented in
Figure 3.2, computations are done sequentially from oneament level to another.

The Morton order from PARAMESH such as shown in Figure 3.3 eznates mesh
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blocks in a depth- rst manner, which does not always leaddgo@d partition for a multi-
grid solver. Therefore, a new ordering strategy is implet@@imn Camp re. It is called
CEG. It enumerates mesh blocks sequentially from the cdagsielsto the nest grid.

Let's considering the example of Morton order shown in Feg8r3, if the CEG order is
used instead, Figure 3.6 demonstrates the results.

Figure 3.6: Sketch shows the CEG strategy that is used in Canwhich replaces the
Morton order in PARAMESH. Four different shapes (i.e.4 , and ) are used to indi-
cate a possible distribution of Camp re for four MPI procesgea parallel environment.
See Figure 3.3 for the corresponding example of Morton order

When the AMR is carried out during computations in Camp re,edg using the
CEG order is dynamically maintained. As mentioned, multigtins from one grid to
another, therefore, the partitioning strategy used by PARAM which partitions the
whole tree is not optimal for multigrid. For example, in FigLB.2 the nest re nement
level is only distributed to two out of four MPI processes.eWituation in Figure 3.4 is
even worse, where only one MPI process is used for the probiethe nest re nement
level. Therefore, the CEG order also includes a new partiigpstrategy for the multigrid
solver in Camp re. This strategy splits the workload on eacid ghdependently and
distributes to the MPI processes. This results a good balaneach level of grid but poor
block locality as Camp re does not prioritize the preservatpf the “parent-children”
relation. For the dynamic load balancing, Camp re aggresgidistributes these newly-
generated blocks to maintain a good workload balance.

One trade-off from using the CEG order is that if the grid dogishave enough mesh
blocks, the parallel ef ciency starts to deteriorate. Asmmstrated in Figure 3.6, if more
than four MPI processes are used, the only grid that can beserid 3. Generally
speaking, the problems in 2-D commonly have coarser gratsafe not parallelizable for
a large number of MPI processes. We will come back to thisisguen illustrating 2-D
models later on in this thesis.
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3.3.2 Adaptive Mesh Re nement in Camp re

Having discussed a major modi cation to the Morton order im@ere, in this section,
the AMR in Camp re is summarised.

There are two main procedures for AMR: marking and adaptifgs 16 previously
described in Section 2.2.1. In Camp re, the marking procedardone with the use of
two logical arrays which are presented in Equation (3.2)s Tharking procedure is based
upon the solutiom! from the previous time step (or the given initial conditigT ® when
the program begins). The superscript 1 denotes the current time step andenotes
the previous time step. For uniform grids, solutions frordik which are on the nest
grid are considered in the marking procedure. If an adage is used, such as the
one presented in Figure 3.2, then only solutions from leatkd are considered. When
this marking procedure is applied on each leaf block, twdlenm-speci c, user-de ned,
criteria are typically required. One is for possible re giand another is for possible
coarsening. These criteria are user-speci ed and may denghe solutions from all grid
points within each block. Then logical values (i.e. “true™talse”) are given to the two
logical arrays to indicate the decision. When marking fomiag, a discrepancy check is
included. If there is a circumstance where a block is markedsf ning and coarsening at
the same time, marking for coarsening is neglected. Thigimgprocedure is presented
in Algorithm 8.

The next procedure is to actually adapt these mesh blocks isl#ione in another sub-
routine using these two logical arrays. Itis further sefgtanto: re ning and coarsening.
The point-wise re ning and coarsening are described prsilipin Sections 2.2.1.1 and
2.2.1.2 respectively. Similar principles can be appliethesh blocks.

Before the re ning process starts, a GCU is required to be @adrout. This is to
ensure all guard cells are up-to-date, because some ildgqguooperators may require
these values (e.g. the bilinear interpolation from Equa({@.3)). Only the leaf blocks
can be re ned. When a leaf block is marked “true” for re ninqchits re nement level
is lower than the maximum level, then four new blocks are wmed to be generated.
However, before memory spaces are assigned, if the currétpvbcess which holds
the original “parent” block will imbalance the workload kgking these newly-generated
blocks, then some of these blocks are shared between neigh@yd/1P1 processes. Then
appropriate memory spaces are assigned, and the indickesa blocks are created by
the CEG ordering. The interpolation operator is then caridon each new block. In
the re ning process, the discrepancy check that is desgribb¢éhe marking procedure is
included, which neglects the decision to coarsen. The ngrand coarsening processes
need to preserve the mesh validity. This means all adjadeck$may not have more than
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Algorithm 8 Marking procedure of adaptive mesh re nement in Camp re
This algorithm calls to “Adaptive mesh re nement in Camp re/hich is presented in
Algorithm 9
1: Input: ut — solution from the previous time step or initial condition
2: Input: Ib — number of blocks
3: Initialization
4. re ne(all blocks) = false
5: dere ne(all blocks) = false
6: for clb= 1tolbdo
7:  if clb.leaf = trueaamdtlb.level != max levektigm

8 if clb.ul .error> problem-speci c user-de ned re ning criteriothigren
o re ne(clb) = true

10 end if

11 if dere ne(clb) = truetiem

12 dere ne(clb) = false

13 end if

14: else ifclb.leaf = trueandire ne(clb) = falseamdclb.level '= min levelttrem
15 if clb.ut .error< problem-speci ¢ user-de ned coarsening criterithiethen
16: dere ne(clb) = true

17 end if

18 endif

19 end for

20: Call “Adaptive mesh re nement in Camp re” with arrays re ne drere ne
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one level of re nement. If the situation happens, blockshwibarser mesh re nement
level are automatically re ned regardless of their crigeri

For coarsening, a group of four blocks which share the sametjt” block is required
in 2-D. In 3-D, it is a group of eight blocks. Only the leaf bksccan be coarsened.
When all leaf blocks in a group are marked for coarsening, aed te nement level
is higher than the minimum level, rstly, values on thesedi® are restricted to their
“parent” block. Secondly, the indices of these blocks akenaout from the ordering
of CEG. Finally, all the remaining blocks are re-ordered sodhdering of CEG can be
maintained. This AMR process in 2-D is presented in Algonth Extensions of re ning
and coarsening to 3-D with cubic/cuboid blocks are stréayivard.

Algorithm 9 Adaptive mesh re nement in Camp re
This algorithm calls to “Guard cells update” which is presedtin Algorithm 7
1: Input: re ne — logical array
2: Input: dere ne — logical array
3: Call “Guard cells update”
4:for clb= 1tolbdo
5: if re ne(clb) = truetiem
6: Four new blocks are taken into account
7
8

if current MPI process imbalances the workload with these Iplecksttiem
Some blocks are allocated to neighbouring MPI processes

o Create indices of blocks and ordering of CEG is maintained

10: Maintain ordering of CEG

11 end if

12 if Mesh validity is compromisethiden

13 re ne(clb.neighbours) = true

14 Call “Adaptive mesh re nement in Camp re” with re ne and deree
15: end if

16. endif

17: end for

18 forclb= 1tolbdo
19 if dere ne(clb) = trueamdi dere ne¢lb.neighbours) = truthiien
20 if Mesh validity is not compromiseth#éren

21 Restrict solutions on these four blocks to their “parent’chlo
22 Deallocate memory and remove indices

23 Maintain ordering of CEG

24 end if

25 endif

26: end for

27. Call “Guard cells update”

Having described the spatial adaptive routines, in th@fahg section, the adaptive
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time stepping in Camp re is explained.

3.3.3 Adaptive Time Stepping in Camp re

Temporal adaptivity is previously described in Section2.2s mentioned before, in this
thesis, a member of the family of BDF methods, speci cally BDR2used extensively.
Furthermore, the BDF2 method requires solutions from thétpastime steps. Initially
at time step 1, the only available solution is the given ahitionditionu!=°. Therefore,
BDF1 method has to be employed just for this time step.

One of the important components in adaptive time steppirthasindicator. Like
the spatial adaptivity, it can be problem-speci c, usemee and/or solution-based. In
Camp re, a general indicator is available, which dependsnuih@ convergence rate of
the multigrid solver. It is brie y mentioned in Section 2.A4dt if a multigrid method is
applied to a time-dependent problem, it solves the algelssatem arising from the local
discretizations of PDEs at each implicit time step. Withacle time step, this multigrid
solver may be required to perform multiple V-cycles in ortierobtain an acceptable
approximation to the true solution. This convergence gatetypically comes from user-
de ned criteria (this is described in detail with each speanodel). In practice, when a
time step sizelt is relatively small, the multigrid solver typically conggss very quickly.
The solver may converge with a reasonable number of V-cyclsis relatively large. In
contrast, the solver struggles whehis too large, and may even fail to converge. Thus,
the number of V-cycles that the multigrid solver performedaslve the algebraic system
(based upon an “acceptable residual”) at the current tieecn be a good indicator for
the next time step size.

To sum up, in total there are ve user-de ned parameters ftapdive time stepping
in Camp re. They are given as the following:

acceptableesidual : solution is acceptable if its residual is belois tralue;
max_ V-cycle : the maximum number of V-cycles can be perfromed;
low_V-cycle : solver converges too easily;
high_.V-cycle : solver struggles to converge;

max_dt : dt cannot be increased beyond this value

The parameters acceptabiesidual and maxit generally are oating numbers, and the
parameters that are associated with the number of V-cycteimtegers.
The adaptive time stepping routine commonly has four camit First of all, if the
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solver converges very quickly, then the next time step siag be increased. The amount
of increasing is%) of the currentdt! size. We described in Section 2.2.2, for the BDF2
method, the new time step size should not be increased bytimmel 91% of the current
one. Our choice in Camp re satis es this stability requiremheSecondly, if the solution
at the current time step failed to converge (or convergeslmaly to be accepted), then
this time step is reset with a smaller time step size whichnee quarters of the original
one. Thirdly, if the solution slowly converges, but it islisicceptable, then the next
time step uses a slightly smaller time step size whicﬁjief the previous one. The nal
condition is when the iteration converges with a reasonabte/ergence rate, then the
next time step size remains the same.

The adaptive time stepping routine in Camp re is summarisedlgorithm 10.

Algorithm 10 Adaptive time stepping in Camp re
1: Input: No.V-cycles — the number of V-cycles that are usedigynultigrid solver at
this time step
2: Input : r —residual
3:if No.V-cycles low_V-cycleandr acceptablgesidualttiesn
4 dtit1l= gt
9
5. if dt!*!  maxdt then
6: dt’*1 = max.dt
7. endif
8: else if No.V-cycles maxV-cycleorr > acceptableesidualttieam
9: Reset the current time stepwith dt! = 3at!
10 else if No.V-cycles high V-cycle then
1 dtttl= ot
12 end if

3.3.4 Adaptive Multigrid Solver in Camp re

In this section, we describe the implementation of the muttisolver in Camp re. Itis
based upon the nonlinear FAS multigrid method which is diesdrin Section 2.4.4. If
adaptive grids are used, then the MLAT technique is empltygether with the nonlinear
FAS multigrid which is explained in Section 2.4.5.

The tree data structure from PARAMESH (e.g. “unk” array) iedisn Camp re,
along with other supportive data. The CEG strategy for bottelong and partitioning
is employed which replaces the original Morton order andifi@ning in PARAMESH
(see Section 3.3.1). Furthermore, to better suit the nektlte monlinear FAS multigrid
method, ve “unk” arrays are associated with one variabler. €&ample, the rst variable
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has the following data structure:

unk(1;i; j; k;Ib); stores the solution;

unk(2;i; j; k;Ib); stores values from RHS (or modi ed RHS);
unk(3;i; j; k;Ib); stores the residual,

unk(4;i; j; k;Ib); stores the solution from the previous time step;

unk(5;i; j; k;Ib); stores the solution from the one before previous time:step

For a system of PDEs, the second variable then starts witfeunk; k; Ib) and also has
ve arrays and this continues for all the variables.

For a nonlinear time-dependent problem, Camp re starts aitlnitialization, which
allocates the required memory. Then all grid points aregassi with a given initial
condition. For time-dependent systems, a loop which inergmby a xeddt (or dt!*?1
if adaptive time stepping is used) each time step starts. rBdfe solver is involved,
an AMR is carried out to adapt the mesh according to the swlutiom the previous
time step (or initial condition for the rst step). Then a nimear FAS multigrid solver is
employed to solve the algebraic system that is arising fleerdiscretization of the PDEs
at the current implicit time step.

There are two noteworthy changes in the implementationefhbltigrid method in
Camp re. Firstly, a local Gauss-Seidel version of the ddsetinonlinear Jacobi iterative
method which is presented in Equation (2.34) (or a Gausdebegersion of Equation
(2.36) if there is a system of PDES) is used as the smoothbaeimultigrid method. This
smoother uses the most up-to-date values for the compuitaitbin a block. However,
as mentioned previously, to achieve global Gauss-Seidealige number of GCUs are
needed. Therefore, in order to maintain the ef ciency, oog GCU is carried out per
each iteration. In other words, within each block, the mgstasdate values are used
in the computation. On the other hand, guard cells that avenar the blocks are only
updated once every iteration. This results in an iteratie¢had which preforms Gauss-
Seidel within blocks, but only Jacobi overall.

For completeness, it is worth noting there is a possibleratese method for the
smoother, which is called Gauss-Seidel iteration withlvkdk ordering. This red-black
Gauss-Seidel requires grid points to be separated into taapg: red and black. The
use of the standard second-order stencil (e.g. ve-poandt from Equation (2.3)) on a
grid point with one colour, only needs other points with thiesw colour for the computa-
tion. This implementation is achieved in Camp re with the ¢kgoartition. However, in
order to use a red-black Gauss-Seidel iteration, two GCUsegded per iteration. One
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GCU when computations are done on one colour of points, antheanat the end of the
iteration.

Secondly, this Gauss-Seidel within each block, and Jacediatl method is used
to solve the coarsest grid problem. There is no stoppingrasit implemented for the
coarsest grid solver in Camp re. Instead, a xed number afatmns are performed. This
is user speci ed and depends on the size of the coarsestmglithe accuracy required in
this coarsest grid solver.

After one V-cycle nishes, by default, the in nity norm of ¢hresidual from all vari-
ables is computed. If the norm does not satisfy the probleetis, user-de ned, stop-
ping criteria, another V-cycle is carried out. When the lodgh® multigrid method

nishes (either the solution converges or the maximum nunaé/-cycles is reached),
an adaptive time stepping technique is applied (see Se8t®B). Then another time
step starts with an adjustell (or resets the current time step with a smatfeif non-
convergence). These procedures are carried out until tHeoethe simulation. The
structure of Camp re and its main procedures are summariseslgorithm 11. It is
assumed for this illustration that the program is running iparallel environment with
spatial and temporal adaptive techniques to solve a sirgiénear PDE which has the
form of A(u) = f. Note many previously discussed algorithms are called.

Algorithm 11 Camp re
This algorithm calls to “Adaptive mesh re nement in Camp retich is presented in
Algorithm 9, “Adaptive time stepping in Camp re” which is pested in Algorithm 10,
and “V-cycle MLAT nonlinear FAS multigrid method” which isgsented in Algorithm
6.
1: Initialise with a pre-de ned mesh structure and allocatenmogy spaces
Set levels of re nement range from the newt; to the coarsesi\;

2: Impose a given initial guess
ut:O;h:Wf;:::;WC

3: Impose an initial time stepping siz#!=1

4: for t = 1to ending timeddo

5. Call “Adaptive mesh re nement in Camp re” with solutionf

6: Call “V-cycle MLAT nonlinear FAS multigrid method”

7 Call “Adaptive time stepping in Camp re” with No.V-cycles amésidualr*?1
8: end for

9: Close Camp re

Camp re also includes a checkpoint system via the use of thevace library HDF5.
HDF5 saves all the data at the requested time into a chedkpmialong with the current
mesh structure. In addition, it works with parallel outpliwus, Camp re can be resumed
from loading the checkpoint le. Information about this HBEoftware library can be
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found in [108].

This described multigrid solver in Camp re was developedd®@-D isothermal sys-
tem of binary alloy solidi cation. This application is deeped by Goodyer et al., and
can be found in [91]. Comparing to the two-phase- eld modebiofary alloy solidi ca-
tion which is presented in Section 1.3.2.2, the model frof [#as only two dependent
variables with the absence of the temperature variabled@eet al. use the seven-point
stencil from FDM and BDF2 as the discretization schemes, afietentred grid points.
The main procedures of both spatial and temporal adapavéyas explained in Sections
3.3.2 and 3.3.3 respectively.

In the following chapter, results which are obtained usingh@ae (with some mod-

i cations) to solve the two-phase- eld model of binary afigolidi cation are presented.
These results have been published in [27]. We use these thasiap some of the con-
tributions that are made during this work to both PARAMESH &ainp re, including
ef ciency improvement and new functionalities.



Chapter 4

Fully Coupled Phase-Field Solver for
Model of Binary Alloy Solidi cation

In the previous chapter, the software tool, Camp re, and isimgenerator PARAMESH
are described. This software tool is used for solving the Bwlel that is presented
in [91]. Camp re has since been further improved and used lwesmmore complex 3-D

phase- eld model of binary alloy solidi cation. The credir solving this model mainly

goes to Bollada [27], however a number of signi cant conttibas developed as part of
this work are described in this chapter.

This model of binary alloy solidi cation is previously prested in Section 1.3.2.2.
Here, in Section 4.1, the model and the resulting solverithiaplemented in Camp re
are briey described. Then, in the following sections, wéraduce the contributions
made to Camp re as part of this work, which are crucial in allogvBollada to solve this
solidi cation problem. More speci cally, in Section 4.2namprovement to the restart
capacity of Camp re is introduced. Another improvement te GCU routine, in terms of
ef ciency, is described in Section 4.3. Results that areinlethusing the implementations
we made are demonstrated in Section 4.4. Most of these seselgenerated by Bollada
and are included in [27]. We refer back to Section 1.3.2.2Herglossary of this model.
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4.1 Introduction

As mentioned in Chapter 1, Goodyer et al. in [91] solve a 3-Iahyjralloy solidi cation
phase- eld isothermal model using Camp re. The model cassis only two dependent
variables: a phase- eldf (x;y;zt), and a solute concentratiol,(x;y;zt). The two-
phase- eld model for binary alloy solidi cation, as dedoed in Section 1.3.2.2, is an
extension of this that has an additional dependent varidblaperatureq(x;y;t). Itis
worth noting that the evolution of the phase- eld variabledats concentration happen
much quicker than the evolution of the temperature. Thisi&ddel consists of Equations
(1.22), (1.23) and (1.24) from Section 1.3.2.2, and is sbhweBollada et al. in [27] using
Camp re.

The spatial discretization used for this 3-D model is the F&ivstructured Cartesian
grids with the cell-centred grid points. Furthermore, tbleesne is based upon the central
nite difference seven-point stencil (an equivalent veipt stencil for 2-D problems
is presented in Equation (2.3)). The resulting continuiodisme, initial value system
of ODEs is then discretized using the adaptive, implicit BOE&poral discretization
scheme which is shown in Equation (2.14). Then the descialdegtive, nonlinear FAS
multigrid solver from Camp re is employed for solving the diste system of this 3-D
model arising from each implicit time step. In [27], Bolladaaé use a point-wise Jacobi
iteration as the smoother (see Section 2.3), which updatds\ariable one at atime. The
same iterative method is used in the coarse grid solver witeé@number of iterations.
Within the coarse grid correction, restriction and intégtion are performed by the 3-D
version of the described operators from Equations (2.18)2r12). The former performs
the restriction with a cell averaging and the latter is ateiar interpolation.

The strategies of spatial and temporal adaptivity are desgtipreviously in Sections
3.3.2 and 3.3.3 respectively. We include the details of tftkcators that are used in
this chapter. In the following section, a contribution te toftware implementation of
Camp re, employed in obtaining results in [27], is described

4.2 Coarse-To-Fine Solution Prolongation in Camp re

In this section, we discuss one of the main contributionshftiee work in this thesis to the
work published in [27]. Itis a new functionality that is ingphented into Camp re, which
allows the program to prolongate the solution from the atrneest grid to an even ner
grid, and then to continue the computation. This is geneddine by prolongating the
solution from checkpoint les of using HDFS5. It is called asa-to- ne solution prolon-



Chapter 4 107 4.2

gation (C2F). In Section 4.2.1, the reasons for needing thisf@2ctionality is described.
In Section 4.2.2, we explain the procedures that are urdartéor this implementation.
Some sample results from using C2F are included in Section 4.4

4.2.1 The Motivation of New Functionality

The multigrid solver in Camp re has been run on the supercaspdECToR?, using
up to one thousand cores for simulating binary alloy sotidiion. This simulation starts
with a small seed, but as the solidi cation develops, deedrstart to form and grow
rapidly. After the simulation progresses past the initiahsient, a steady growth of the
dendrites can be seen. This is indicated by the tip radiusipmelocity of the dendrites
tending toward constant values. This steady growth is the meerest in [27], although
the size of dendrites, their concentration and temperatanestill be evolving.

This 3-D simulation is very computationally challengingdaime consuming, even
when one thousand cores are used. However, if the phaseadfystieowth is reached,
we may prolongate this steady solution to an even ner grid gsod initial approxima-
tion to the solution on that ne grid. In this way, simulat®may avoid starting from
the very beginning. This gives an enormous ef ciency boost, as the results in [27]
demonstrated, the accuracy from doing so is also acceptable

As mentioned before, Camp re outputs checkpoint les thrbilye use of HDF5. So
the required implementation is to read in the checkpointafel prolongate the solution
one level ner. One further challenge is that when these kpeint les from using HEC-
ToR were generated, there was no consideration for poligntiare memory allocation.
In the following section, the implementation of C2F is delsed.

4.2.2 Implementation of Coarse-To-Fine Solution Prolongation

Coarse-to- ne solution prolongation (C2F) is a newly implertesl feature in Camp re.
The motivation for this implementation is described in thevous section.

Given the structure of Camp re and its library PARAMESH, thencept of this im-
plementation is straightforward. All that is needed is twehactual occurrence of mesh
blocks from all re nement levels when the PARAMESH subroatitamr.init” is called.

In PARAMESH, this allows the potential memory spaces to beswtared. When compu-
tation is carried out in Camp re, data from ner levels can b®eated into appropriate
memory spaces. The AMR may be carried out freely afterwaseh & the nest level of

IHECTOR was situated at Edinburgh Parallel Computer CemttieApril 2014, [109].



Chapter 4 108 4.3

re nement has to be coarsened completely. During the coatiout, a global parameter
“Ire ne _max” may be modi ed to control the nest level of re nementsdt is permitted.

On the other hand, our challenge is for C2F to handle checkpgeswhich have not
initiated potential memory spaces for ner levels of re nents. In other words, when
“amr_init” was called, there were no blocks on the even ner gridlarone were an-
ticipated. Therefore, no appropriate memory allocatiom&le. Even if the parameter
“Ire ne _max” is modi ed, without the proper memory management, itymeasult in seg-
mentation faults. This complicates the implementatiorhef€2F, and carefully selected
memory allocation before “aminit” is needed. The “aminit” routine only requires one
mesh block at each re nement level to allocate the apprtgmaemory. One way to
achieve this is when the solution from a checkpoint le isd@ato the program, a care-
fully selected re nement on the current nest grid is cadieut. This generates blocks
on the even ner grid. Then we re-initiate the memory alle@atroutine “amrinit” from
PARAMESH. This way the new level of re nement can be recogtized potential mem-
ory spaces are considered appropriately. The computadiote carried out afterwards,
and the value of “Ire nemax” may be increased whenever the prolongation is needed.

Another issue arises from re ning the current nest grid as rgad-in the checkpoint
les. If the chosen blocks are on the edges between diffdemis of re nements then,
to preserve the mesh validity, a large number of blocks maglmed. This is inef cient
and unnecessary. Therefore, the blocks are chosen whidwanefrom the re nement
edges.

A few parameters of the C2F are added into Camp re for userreglithey are

C2F startlevel, which indicates the nest re nement level the checkpoing provides;
C2F desiredlevel; which indicates the nest re nement level that is needed;

C2F turning point, which indicates at which time step the prolongation is earout

Multiple prolongations are possible, but it is not used fog tesults presented here. In
the following section, another improvement made to theineuvf GCU in the software
library PARAMESH is described.

4.3 Improvement to Guard Cells Update in PARAMESH

Having described the newly implemented functionality timareases Camp re's restart
capacity, in this section, an improvement made to the reudbhGCU in the software
library PARAMESH is discussed. This routine of GCU is previguescribed in Section
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3.2.4, and presented in Algorithm 7.

It is mentioned in Section 3.2.4 that the GCU routine is the tniose-consuming
process in Camp re. Due to the nature of the multigrid aldorf there are potential im-
provements which can be made to the GCU in PARAMESH. One motionavhich has
been done already by Goodyer, is adding an additional paeaurteindicate the current
level of grid. Then only guard cells which are on this levebatl are updated by GCU.
This is an improvement to line 5 in Algorithm 7.

Another improvement that we contributed is limiting the rhenof restrictions done
by GCU. First of all, it is worth noting that these restrictiosre necessary for blocks that
are at re nement edges. This is described previously ini®e&.2.4. On the other hand,
in a multigrid algorithm, only two grids are interacting tigach other at one time. So fur-
ther restrictions to much coarser grids are completely cesgary and time-consuming.
Therefore, a modi cation to line 4 in Algorithm 7 is made taniit the restrictions to only
one level coarser. This improvement has no impact on the atatipn in the multigrid
solver at all, but greatly improves the ef ciency. The imped GCU routine with the
described modi cations is summarised in Algorithm 12.

Algorithm 12 Improved guard cells update
1: Input: Ivl — current level of grid
2: Initialise settings for guard cells
3: Re-establish “parents-children” relations of all mesh k#c
4: Restrict solution from blocks on gridl to blocks on gridvl 1
5: Obtain correct values of guard cells for blocks on dsdand place in temporary
array
6: Update guard cells using values from the temporary array
7: Re-impose boundary conditions on these guard cells thatesiggned outside the
boundary

All the works that are presented in this thesis bene t frons timprovement. To
give a clear demonstration, we take a middle stage 3-D stioalaf the binary alloy
solidi cation. Running the same simulation for 20 xed timeeps with both the original
and the improved GCUs with 16 processors. The CPU times aremiszkin Table 4.1.
These results suggest the improved GCU reduces the requitgdi@E by more than a
factor of 2, and both solutions at the end of the simulatiorddentical.

In the following section, the results which are included2i][are summarised.
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Cases CPU times (seconds)
Original implementation 6743402
Improved implementation 2556480

Table 4.1: Comparison between the original and improved GCiths xed 20 time steps
and 16 processors.

4.4 Results

In this section, results from solving the model of binarpwlsolidi cation are presented,
and they are already included in [27]. These results arergetefrom using either the
national supercomputer HECToR [109] or the high performaimaputing facility pro-
vided by the University of Leeds, named ARC2 [15].

Due to the nature of this problem, the dendrite is formed filmrmmall seed and
its growth is rapid. The computational domainWwswhich has Cartesian coordinates
(Xy;2 2 W=(0;800 (0;800 (0;800, and we imposex= dy= dzfor every mesh
block. The initial condition for the phase- eld variabfewith seed radius given bR is
prescribed by h D i

ft=0)= tanh 06 Xx2+y2+72 R ; (4.1)

wherex;y;z are Cartesian coordinates. The initial solute conditioblis 0, and the
temperature pro le is

1
q(t=0)= Wundercooling"' EWundercooIing(f +1); (4.2)

whereWndercoolingiS @an undercooling parameter which sets the temperatune ditjuid's
initial and far boundary condition below its freezing point

In Figure 4.1, we present a typical image showing the begmof the formation of 6
dendrite arms. It is based on a run with an undercooling pat@nof 0525 and a Lewis
numberLe = 40. The snapshot at= 102 shows thg = 0 isosurface computed using
the nest grid sizedx= 0:782. A snapshot of the isosurfade= 0 at a later time (i.e.
t = 186) is illustrated in Figure 4.2.

Within the solution, the interface is smooth but very ste€pis is an ideal situation
to use the adaptive mesh re nement, which gathers the masteofomputation around
the moving interface. To demonstrate this feature, we piteseross-section along the x-
axis of a typical solution in Figure 4.3. The domain siz€ds800 (0;800 (0;800),

2This grid, if re ned everywhere, the resolution is 1024024 1024, here we continue to use the
notation from [27], which indicates the choicesfinstead of resolution.
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Figure 4.1: Dendrite at = 102 with Le = 40 anddx= 0:78. The silver shape is the
contour off = 0.

although only(0; 600) is shown on this x-axis in this gure. The need for a very neshe
around the phase interface is clear.

In Section 4.2.1, we explained that our motivation for C2Fasduse the tip radius
will become steady as the simulation continues. This istiteted in Figure 4.4 with
simulations on three different grid hierarchies (in eacketk has a maximum value of
0:78, 039 and 0195 respectively). These results (with= 40 andWndercooling= 0:325)
suggest that the latter two solutions give good agreemerthbtithe solution using the
coarsest grid hierarchy, withx = 0:78, is less reliable.

In order to obtain the mesh convergence, results in Figurevére necessary to ex-
ecute complete runs for each choicedoffrom a small initial seed at= 0, to a large
time at which the tip radius is approximately constant. Thisxtremely computationally
demanding fodx= 0:195 and may be very substantially improved through the deesdr
C2F technigue. With this approach, once a solution is reavhda steady tip radius
using grid sizedx= 0:39, it can be prolongated to a ner grid which hdg = 0:195.

A new run may be undertaken on this ner grid, to get a steapywélocity much more
ef ciently than beginning again from the initial seed. Wenalenstrate this with a higher
Lewis number (i.e.Le = 100) in Figure 4.5. It may be observed that when the solution
is interpolated arountd= 170, a jump in the radius occurs. However, as the simulation
continues, the tip radius converges relatively quickly.this way, the simulation from
t=0tot= 170 with grid sizedx= 0:195 is not required, which provides an enormous
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Figure 4.2: Dendrite at = 186 with Le = 40 anddx= 0:78. The silver shape is the
contour off = 0.

computational advantage from using the C2F.

The parallel performance from using 64 cores up to 1024 dores typical middle-
late stage of the simulation are also discussed here. Wedesgibed parallel perfor-
mance in Section 2.5.1.2 and the ef ciency may be computealtfh Equation (2.59).
We choose the simulation with grid side= 0:39 and undertake 10 xed time steps, and
the wall clock times are presented in Figure 4.6. The resulggiest that the strong scala-
bility of our implementation is not optimal, but that sigeant bene ts are still obtained
from parallel execution up to at least 1024 cores. The twe gkpoints included in this
gure are for the cases where mesh adaptivity is switchedasfthe 10 time steps (“no
remesh”) or where the adaptivity is permitted (“remesht’)s klear that the adaptivity it-
self is not responsible for the loss of parallel ef ciencytliis solver: this is primarily due
to poor parallel performance on the coarse grids and in tigetigmsfer operations. We
include a more detailed discussion in the next chapter (segd® 5.4.4) on the choice
of the coarsest grid. Nevertheless, the execution timedsaed each time the number
of cores is increased, as well as providing additional mgntapacity to allow larger
problems to be solved.

Having discussed results from solving the model of binalgyasolidi cation, in the
following chapter, two 2-D thin Im models are described.
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Figure 4.3: A cross-section along the x-axis of a typicalisoh with Le = 40.
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Figure 4.4: A plot of the evolution of tip radius on the y-axgh three different grid
sizes.
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Figure 4.5: Effect of using the C2F technique on the evolvipgadius of the dendrite.
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Figure 4.6: Plot of the wall-clock time for a middle-late ggasimulation with grid size
dx= 0:39, using different number of cores (64 to 1024).



Chapter 5

Parallel, Adaptive and Fully Implicit
Time Stepping with FAS Multigrid on
Models of Thin Film Flows

In this chapter, the models of thin Im ows that are presemte Section 1.3.1 are solved
by using our nonlinear multigrid solver. The rst model isetdroplet spreading model
that is described by Gaskell et al. in [81], which is preséragain in Section 5.1. The
discretization schemes for this model are discussed indpebt2. Its implementations
in Camp re are explained in Section 5.3. This required extm®f the software is to
allow non-time-dependent equations to be solved alongsittee-dependent PDE. Fur-
thermore, Dirichlet boundary conditions are also impletaedn Details are presented in
Sections 5.3.1 and 5.3.2 respectively. In order to dematestnat an overall second order
convergence rate may be obtained the implementation okcgaxce tests is described in
Section 5.3.3. Results obtained from using our modi ed soare presented in Section
5.4. Validation against existing results from [81] is showrSection 5.4.1, and conver-
gence tests and multigrid performance are then demorstrat®ection 5.4.2. The use
of adaptivity is explained in Section 5.4.3. Both the tempadaptivity and the spatial
adaptivity are individually assessed based upon theiri@hcy and accuracy. The use of
parallel computing is nally included in Section 5.4.4. THeoplet spreading model is
concluded in Section 5.4.5, where a robust solver that coesainultigrid, adaptivity and
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parallelism is used to provide another set of convergerste.te

The second thin- Im model that we consider is for fully-démged ows, as described
by Gaskell et al. in [82] and Kalliadasis et al. in [125]. Thedel itself is presented in
Section 5.5. Its discretization schemes and the resultilig-discrete system at each
time step are discussed in Section 5.6. Results obtainedity agr multigrid solver are
demonstrated in Section 5.7: validation against existasgits is shown in Section 5.7.1;
convergence tests are carried out and other numericaltsesmd presented in Section
5.7.2; and the sections on fully-developed ows are conetlioh Section 5.7.3.

We refer back to Section 1.3.1 for the glossaries for the nsodethin Im ows
presented in this chapter. It is worth noting that we attetogollow the notations that
are generally used in the existing publications. Therefdespite usindy as the notation
for distance between two adjacent grid points elsewherkigthesis, heré is used as
the notation for the variable of thin Im thickness. The ninba for distance between two
adjacent grid points islx anddy in this chapter, and for simplicity we ensutde = dy
throughout.

5.1 Droplet Spreading Model Outline

The droplet spreading model with precursor Imis previgus¢scribed in Section 1.3.1.2.
A sketch of the cross section of the droplet model is showniguie 1.2. The droplet
spreading model is derived from the Navier-Stokes equatibrough the use of the lu-
brication approximation. This model has already been sbbhye Gaskell et al. in [81].
Here we present solutions of this model that are generatedibg our parallel, adaptive
multigrid solver in Camp re.

As mentioned in Section 1.3.1.2, this non-dimensional rhodesists of two depen-
dent variablesh(x;y;t) andp(x;y;t). The former measures the droplet thickness, and the
latter represents the pressure eld of the droplet. Foritglathe equations of this model
are presented here again. The thin Im equation for the @roghlickness is given as

h® fp Bo_. 7T h Tp |
=W§W ?sma +17_y§1]_y ; (5.2)
whereB, is the Bond number which measures the relative importanceavftgtional to
surface tension forces. The pressure eld of the droples st

p= 4 (h) P(h)+ Bohcosa; (5.2)
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whereP (h) is the disjoining pressure term which has the following form

n m

(n (m 1)(1 cosQe) - (5.3)

h(n me?

h h
P(h) = — —
(h) b H
wheren andm are the exponents of interaction potential &wds the equilibrium contact
angle. Note in Equation (1.20) from Section 1.3.1.2, a tg{xyy) is included for possible

topographies. However, this is not considered in this drapt

The computational domaWis rectangular and has non-dimensional Cartesian coor-
dinates(x;y) 2 W=(0;1) (0;1). Itis further assumed that the droplet is far away from
the boundary. Therefore zero Neumann boundary conditiomaaplied for both and

p:
Th _ Tp _
o= gn= 0 on W (5.4)

wheren denotes the outward-pointing normal to the boundAny

The choices made for the initial conditidi{x;y;t = 0) are presented later in this
chapter, and onda(x;y;t = 0) is de ned, the initial condition forp can be obtained from
Equation (5.2). In the following section, discretizatiothemes that are used for the
droplet spreading model are described.

5.2 Discretization Schemes for Droplet Spreading Model

The droplet spreading model is a nonlinear, coupled, pdicabgstem of PDEs. Due to

the use of lubrication approximation, this model is onlywsal in a 2-D situation. For the

spatial discretization scheme, the central FDM with the-pant stencil which is shown

in Equation (2.3) is applied to both the thin Im and the pragsequations (i.e. Equations
(5.1) and (5.2)). The thin Im equation for the droplet thisdss shown in Equation (5.1) is
time-dependent and thus requires a temporal discretizatbeme. We choose the fully-
implicit BDF2 method (see Equation (2.11) wiph= 2). Furthermore, the BDF1 method
(see Equation (2.9)) is used for the very rsttime step. ferpurpose of demonstration,
here we illustrate the BDF2 method with a xell. If temporal adaptivity is required, it

Is straightforward to apply the adaptive BDF2 method fromd&imun (2.14).

The resulting fully-discrete system for the unknowns agtistept + 1 from the thin
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Im equation is given as
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The system from the pressure eld equation is
. ( )
pij D hf+ b+ hi e i ani]t
" . o #
N (n D(m 1)(1 cosQe) h h (5.6)
h(n me? hi+1 h_t_]rl

Bohi i *cosa = 0:

Because it is fully-implicit, all forms in the above equatsare unknowns at the new time
step (i.e.t + 1). Having obtained the fully-discrete system of dropletsgling model, in
the following section, the implementation of the solver im@ere is described.

5.3 Implementation of Droplet Spreading Model

This section shows how Camp re has been generalised to allodets with mixed
parabolic and elliptic equations to be successfully imgetad. Firstly, the implemen-
tation of non-time-dependent equations is described iti®@eb.3.1. Then the Dirichlet
boundary condition for our cell-centred multigrid solverdiscussed in Section 5.3.2.
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Finally, in order to demonstrate the overall second ordaevemence rate, our implemen-
tation of convergence tests is presented in Section 5.3.3.

5.3.1 Implementation of Non-Time-Dependent Equations in Camp-
re

Camp re when rst developed by Green and Goodyer [93, 94] ariysidered systems
of PDEs that were all time-dependent. Models that are salvehis thesis commonly
have equations which are non-time-dependent, such aseksyse from Equation (5.2).
Solving these equations was not originally considered in €eem One of the major
issues comes from the modi ed RHS computation in the nonfifk€S multigrid (see
Equation (2.53)). Therefore, understanding the procedafecalculating the modi ed
RHS term is crucial for implementing the non-time-dependeptations in Camp re.

Let's use the notation that is previously used in Sectior2Xdr describing the tempo-
ral discretization schemes. Consider a time-dependent Bifét ,applying a local spatial
discretization scheme (e.g. FDM), a single initial valueOB obtained and is given in
Equation (2.7). This ODE is then discretised by a fully-impltemporal discretization
scheme. Here for the purpose of demonstration, we choo&tk& method (also known
as the backward Euler method). This method is presenteduatien (2.9). However, in
Camp re, it must be written as the following. Note we change tiotation of functiorf
to functiong to avoid repetition from the multigrid method.

uttl o dtgetthutthy = (5.7)

This form can be linked to the representations that are usedescribing the nonlinear
FAS multigrid in Section 2.4.4. For example, the left-hamtkegerm in Equation (5.7)
(i.e. ut*1  dtg(t!*L;ut* 1)) is the corresponding ters’(uf) in Equation (2.49). The
RHS termu! is the corresponding terrhf in Equation (2.49). Then the terd} is stored
separately to the “unk” array for storing values from the REg.(unk2;i; j; k;1b)). This
is previously described in Section 3.3.4.

The reason for having this particular format is that the ne@lRHS in Camp re is
not calculated as” + A°(WF) as suggested in Equation (2.53). Instead, it uses an accumu-
lating approach, in whicfr¢ (f¢ A%(wF))] is rstly accumulated through two residual
calculations before and after the restrictiohis the restricted residual from the ne grid,
and is computed originally on the ne grid &  Af(uf); f¢ AS(wF) is the residual
term on the coarse grid using the restricted values. Sire®H#S termf (which isul
initially) is separately stored and restricted to the ceansd asf€, it is then straightfor-
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ward to addf®to[r¢ (f¢ AS(wf)] in order to give the correct values for the modi ed
RHS.

There are two advantages for computing the modi ed RHS inwlaig. Firstly, it does
not require extra user implementation but uses only thelwasicalculation. This may
be very advantageous in the cases where users are not famitlathe nonlinear FAS
multigrid method. Another advantage is that, since the "wanrkay for storing values
from the RHS (e.g. ung;i; j;k;1b)) is from the previous time step only, its values do
not change during the computation made in the current tiey stherefore, it does not
require guard cell update (GCU) or any other updates for tiisqular array. This in turn
improves the performance of Camp re, as the GCU is expensiaixy out for parallel
simulations.

For non-time-dependent equations, such as Equation (6i2)common to use the
format that is presented in Equation (5.2), where the tetras depend upomp are ar-
ranged on the left-hand side of the equation, and the teratsithnot depend upomare
moved to the RHS. This format is used in many publicationsierdescriptions of multi-
grid methods and the modi ed RHS (see [31, 216] for exampleswever, in Camp re,
non-time-dependent equations have to be arranged intothreshown in Equation (5.6).
This is because the terms that do not depend yp@yut onh) may still change in their
values during the computations made in the current time stemay require GCU. The
“unk” array for storing values from the RHS (e.g. y&k; j; k;1b)) is therefore set to be
O initially (but is generally non-zero for the coarse gridreation equations).

Having both time-dependent and non-time-dependent epsatorrectly implemented
in Camp re, in the following section, implementations of thenlinear FAS multigrid
solver and the Dirichlet boundary condition for cell-cextr nite differences are de-
scribed.

5.3.2 Implementations of Multigrid Solver and Dirichlet Boundary
Condition in Camp re for Droplet Spreading Model

In this section, implementation of the nonlinear FAS muitigsolver in Camp re is de-
scribed, particularly the pre-, post-smoothers and thesesagrid solver. We also discuss
the implementation of the Dirichlet boundary condition.islthe rst time this type of
boundary condition has been implemented in Camp re. Althotige droplet spreading
model does not require this type of boundary condition, itsed in Section 5.4.2.1 for a
modi cation of this model. This very common type of boundaopndition is also required
by some of the other models presented in this thesis.
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In the original implementation of Camp re, it uses a points@&inonlinear Jacobi it-
eration as the smoother. As mentioned previously in Se@®i8m, it is dif cult and
very time-consuming to achieve a global Gauss-Seidetiteran a parallel environment.
However, the Jacobi iteration requires extra memory tcedtog values from the previous
iteration (it typically uses some temporary memory allaos), and is generally slower
when compared to the “local Gauss-Seidel, global Jacobraiion that is described in
Section 3.3.4.

As well as using this “local Gauss-Seidel, global Jacobgrapch within each itera-
tion, we also implement a block version of this smoother. &;@rstead of using point-
wise iteration all unknowns corresponding to the same goieitpare updated simulta-
neously. An example of such a nonlinear block-Jacobi methgdesented in Equation
(2.36). It is straightforward to change this so it performsuSs-Seidel within a mesh
block, but only Jacobi updates at the edge of each block. vbigh noting that the Ja-
cobian matrixC (for the droplet spreading model, this is a 2 matrix) in the nonlinear
block-Jacobi method requires inverting. One of the simpdgysmto nd the inverse of
the Jacobian matrix is to use Cramer's rule and the determofdhe matrixC. Alterna-
tively, Gaussian elimination (previously described int®st2.3.1) can be employed to
reduce the matrix to an upper triangular form with the use of pivoting. Then aper
triangular solver can be applied to obtain the solution efzh 2 system through the use
of backward substitution.

To sum up, this nonlinear block method which performs “ldGaluss-Seidel, global
Jacobi” iteration is used as the pre- and post-smootheveelhas the coarsest grid solver
in the nonlinear FAS multigrid method that is implemente€amp re.

The Dirichlet boundary condition is required in this the€iemp re originally did not
support this boundary condition. Our modi cation allowtheneral Dirichlet boundary
condition to be implemented in Camp re. This change is crufmathree models that
are presented in this thesis. The boundary conditions & ed in a subroutine which
is called “amrl1blk bcset” in Camp re. Different boundaries are separately @é=inin a
2-D situation, there are four boundaries. This changesctba@indaries in 3-D.

In this thesis, we work with cell-centred data. With thedécentred grids, ghost cells
are required to be positioned outside of the boundariesdardo provide the boundary
conditions. This is previously described in Section 22 dnd the ghost cells are illus-
trated in Figure 2.2. Within Camp re, due to the use of guarlisceve do not need to
separately de ne ghost cells. Those guard cells that argigosd outside of the domain
boundaries can be used as the ghost cells. This is illudtiat€igure 2.14. On these
guard cells, the Dirichlet boundary condition can be adtdess presented in Equation
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(2.6). These values that help to impose the correct Diridideindary condition are up-
dated to these guard cells outside of the domain through @ig Gee line 7 in Algorithm
12).

In the following section, the convergence tests that areedonthe model of fully-
developed ows are described.

5.3.3 Convergence Test Based Upon Solution Restriction

The spatial and the temporal discretization schemes tleatised in this thesis are the
central FDM with the ve-point stencil in 2-D (an equivalesgven-point stencil in 3-D)
and the BDF2 method (although the BDF1 method has to be empfoyéide very rst
time step) respectively. These schemes are describedpstyiin Chapter 2. Both the
spatial and the temporal discretization schemes are semuied accurate. For the central
FDM, this means the error is proportionaldg? (with the assumption thatx= dy= d2).
For BDF2 method, the error is proportionaldt?. Therefore, the combination of the two
may result in an overall second-order convergence rates mieians by halving the time
step size and doubling the number of grid points in each time¢e.g. 8 8! 16 16),
the error to the true solution should reduce by a factor of.fou

On the other hand, as mentioned previously, the true solgegmerally is unavailable.
Thus, approximate solutions from different runs with diéfiet grid hierarchies are used
for the comparisons. In order to explain this approachs letnsider three example grid
hierarchies using 2-D grids. They are 8 16 16,8 8 16 16 32 32 and
8 8 16 16 32 32 64 64. Each gridis associated withdtx dt® 16 gt32 32=
a2 2 anddt®* 64= 9= respectively.

The solutions are obtained by solving the same problem osethi@ee nest grids
separately, with their correspondiiay, and with the assumption that the ending tifne
is exactly the same for all runs. The solution from grid hieng 8 8 16 16 remains
the same, and solutions from other grid hierarchies areict=st by using a restriction
operator (e.g. four-point averaging shown in Equation3p.1Unlike the vertex-centred
grid points, with cell-centred grids there is no overlaph®zn the cell-centres at different
levels. Hence to make a comparison between two solutionestéat the ne solution
to the coarse grid and then compare. Thus, the solution whkicestricted from grid
hierarchy 8 8 32 32 can be compared to the solution from grid hierarchy&

16 16. Similarly, the restricted solution from hierarchy 8 64 64 can be compared
to the original solution from hierarchy 88 32 32.
The in nity norm and the discrete two norm are computed frdrase comparable
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solutions on the coarser grid. The in nity norm is de ned &s following:

jiefiv := maxuisT e uijj); (5.8)
whereusticted js the restricted solution from the ner grid hierarchyjs the original
solution from the coarser grid hierarchy (note these smhgtiare obtained from separate

is calculated twice. The rst time, solutions from 88 16 16and8 8 32 32
are compared. The second time, solutions from& 32 32and 8 8 64 64

are compared. The ratio between these two in nity norms & rtieasurement of the
convergence rate. A ratio of around4ndicates the second-order convergence rate (if
only rst-order convergence rate is achieved, then therataround 20).

This ratio can also be calculated through the use of the twmsoThe discrete two

norm s given as s

9 an restricted -
aiz1ai-1(u] ul:])z_

L (5.9)

iigiiz =
In the notations for the in nity norm and the two norm aboegs used to represent the
difference between two approximate solutiang=or four models that are solved in this
thesis (two models of thin Im ows, CHHS system of equationsdamodel of tumour
growth), second order convergence rate will be demonsti@tiéen for the rst time to
our knowledge). We consider all grid points from the nesidgor when adaptive grids
are used, all the points from the nest re nement level pbksi For the current droplet
spreading model, the in nity norm and the two norm are coregubr both variables
andp. The results are presented later in this chapter.

In the following section, results from solving the dropleteading model using the
described multigrid solver are discussed.

5.4 Results on Droplet Spreading Model

Results generated using our multigrid solver are presenttds section. Firstly, valida-
tion against existing results are described in Sectiorl5.4hen convergence tests and
multigrid performance are discussed in Section 5.4.2. Ressing adaptivity are illus-
trated in Section 5.4.3. Parallel computing is also incty@ad its results are described in
Section 5.4.4. Finally, the robust solver combined withpasiety and parallel computing
and its results are presented in Section 5.4.5.
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5.4.1 Validation

Results generated by using the parallel, adaptive multgpider from Camp re are com-
pared to selected results presented in [81].

First of all, the values of parameters that are used in thelerspreading model
(Equations (5.1) to (5.3)) are presented in Table 5.1. Thiekes were used by Gaskell
et al. in [81] to generate their results presented in Figdrasd 5.

| Parameters Values|| Parameters Values|

Bo 0 e 0:005

Qe 1:53 h 0:.04
n 3 m 2

a 0

Table 5.1: The parameters of the droplet spreading modehie used by Gaskell et al.
in [81] for generating the results presented in their Figurand 5.

The computational domaiw has Cartesian coordinatésy) 2 W= (0;1) (0;1).
The initial condition for the variable of droplet thicknd¥;y;t = 0) is given as

h=%r)= max 5 1 %’rz ‘h (5.10)

wherer? = x2+ y2. Having obtained(x;y;t = 0), the initial condition for pressurp on

( )
= 1 = = = = =
p};joz W h}+g;j + h} g;j + h};j?l"‘ h};jol 4hIi[;jo
" . | #
N (n D(m 1)(1 cosQe) h h (5.11)
h(n me? hi5° hi7;
Bohi;;°cosa:

We choose Figure 5(b) from [81] to validate against. Thisrgghows the evolution
of the maximum height of the droplet during simulations. #4ilds are uniform and
the time duration i0;10 ®]. In Figure 5.1, the left-hand side shows a copy of Figure
5(b) from [81]. The right-hand side gure shows the resulssng our multigrid solver
implemented in Camp re. The maximum height of the droplenisially 5:0, as implied
by the initial condition in Equation (5.10).

In order to generate these results, we use a 16 grid as the coarsest grid. There
are 2 pre- and post-smoothers on each grid level, and 6Qidtiesaof the smoother are
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Figure 5.1: Figures show the evolution of the maximum heijhthe droplet during

simulations, on the left-hand side is Figure 5(b) from [8&fian the right-hand side,
we show results from our multigrid solver implemented in CampParameters used to
generate these results are shown in Table 5.1. Legendsse tiperes indicate the nest
resolutions of grids that are used for that particular satiah.

used for the coarsest grid solver. The time step size fortgedcarchy 16 16 32 32
isdt=3:2 10 ‘. Each time the nest grid is re ned, the time step size is lealvThis
leads to use a time step side= 10 @ for grid hierarchy 16 16 1024 1024. Note
that for some choices of the time step sittethe size of the nal step may be smaller so
it nishes precisely at the end timig= 1 10 °.

There are two stopping criteria for the multigrid solver figre step based upon the
in nity norm of residuals from the two variables, and at lease of them must be satis ed
in order to continue the computation. The rst is an absokittgpping criterion, which
determines to stop the solver at the current time step ifritrety norm is smaller than
10 ©. The second is a relative stopping criterion, which takesittmity norm after the
rst V-cycle in the current time step, and determines to stdppis in nity normis reduced
by a factor of 1 10° by subsequent V-cycles.

Figure 5.1 shows a good agreement with the results from geicifchies 16 16
32 32,16 16 512 512and 16 16 1024 1024. For other grid hierarchies (i.e.
16 16 64 64,16 16 128 128and16 16 256 256), ourresults appear to be
more accurate than the ones from [81]. This may be causecdetgddptive time stepping
used in [81], based upon local error estimation, as oppas@dit xed time step size
simulations.

There are other differences between our solver and thersolv@askell et al. [81].



Chapter 5 126 54

Firstly, we use the BDF2 method as the temporal discretizaoteme, but Gaskell et al.
used the Crank-Nicolson method (see Equation (2.10)). $#gdBaskell et al. used a
prediction-correction approach. Within a typical timepstestead of using the solution
from the previous time step as the initial guess (which isapproach), Gaskell et al.
included a predictor. This predictor uses the solution ftbm previous time step, and
performs a fully explicit, second-order accurate “preidict in order to provide a better
initial guess for each time step (this predictor is illuggchin Equation (20) in [81]). This
predictor also provides the error estimation which is thesdito control the adaptive time
stepping. Thirdly, Gaskell et al. employed a positivity ggeving scheme as the spatial
discretization scheme, which means that their discrédiaaif theh® terms in Equation
(5.1) is slightly different to that given in Equation (5.89nd used in our simulations.
The possible advantage of using this scheme is the pogit¥ih may be preserved as
the precursor Imh ! 0. However, in our solver, the standard second-order vevpo
stencil from Equation (2.3) is applied. Finally, Gaskellagt used vertex-centred grids
instead of the cell-centred grids that we employed in thesith Despite these differences,
the solutions from two solvers are highly agreeable wherigut numbers of degrees of
freedom are applied, such as the results from using gricitderes 16 16 512 512
and16 16 1024 1024 shown in Figure 5.1. Further validation comes fromysia
the multigrid convergence rates.

Since the solver from [81] also performs a nonlinear mullignethod with FAS,
we validate the performance of our multigrid solver agathstone used by Gaskell et
al. More speci cally, we validate the convergence rate aftemultigrid V-cycle from a
typical time step by the in nity norm of residuals. This isostn in Figure 4(b) from [81].
In Figure 5.2, the left-hand side shows the performance @fsthiver used in [81]. On
the right-hand side is the performance of our multigrid eoffrom Camp re. For both
solvers, a total number of 10 V-cycles within this particdime step are performed. From
this gure, the results suggest that both solvers performilarly. It is worth noting there
is one signi cant difference. In the results from [81], thenwergence rate deteriorates
signi cantly from the 9" V-cycle to the 18" V-cycle. However, the results from using
our multigrid solver remain robust in this situation. Ovéwae believe these tests provide
excellent validation.

Having validated the implementation of our multigrid salva the following section,
the convergence tests which demonstrate the overall semaied convergence rate are
presented. Multigrid performance is also discussed.
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Figure 5.2: Figures show the convergence rate of a typicélgnd V-cycle from a single
time step. On the left-hand side is Figure 4(b) from [81] andlee right-hand side are
the results of our multigrid solver. Four different nestidgjresolutions are used, such
as shown in the legends. Parameters that are used to getiesdearesults are shown in
Table 5.1.

5.4.2 Convergence Tests and Multigrid Performance

The implementation of our convergence tests is describ&kation 5.3.3. The results
of these tests are presented in Section 5.4.2.1. The mdlbgtimality is discussed in
Section 5.4.2.2. Issues around the convergence testsrénerfinvestigated in Section
5.4.2.3, where additional results are presented. It islwooting that all the work that
is presented in this section was executed sequentially erC&#U. The workstation used
to generate these results consists of 3.4GHz Dual Quad-@taieXdeon processors with
8GB memory.

5.4.2.1 Convergence Tests

In this section, convergence tests are carried out for theisos at timeT = 1 10 °.
We choose four cases to demonstrate, and they have thetresslan the nest grids of
128 128,256 256,512 512,1024 1024 and 2048 2048. They all have the same
coarsest grid (i.e. 1616). Thusthere are 4, 5, 6, 7 and 8 grids in the multigrid haias
for each different case. These cases are noted as level$47%nd 8 respectively. It
is noteworthy that level 8 is considered to be a large sinanah terms of the number
of degrees of freedom and the number of grids, and is relatesgpensive in terms of
sequential computations. Here it is included for demotisgathe convergence rates,
however, level 7 is generally the nest grid that is useddatethis chapter.
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The initial condition that is used by Gaskell et al. in [81¢ésEquation (5.10)) is
discontinuous in its rst derivative and also very steep.(iinitially the angle between
the droplet and the substrate around the contact line isstl@®). For the purpose of
demonstrating the convergence of the solver we initiallpase a much smoother initial
condition for the variablé: it is

h=%= h + sin(px) sin(py); (5.12)

where(x;y) are the Cartesian coordinates. WHET is available, the initial condition for
pressurep can be obtained through Equation (5.11) in a straightfasvwaanner. Since
the initial condition is no longer at in the vicinity of thedundaries, we also change the
boundary conditions from those previously presented inaiqa (5.4) to the following:

h=h andp= 0 on TW (5.13)

The implementation of this Dirichlet boundary conditiondigscribed in Section 5.3.2.
Furthermore, we also undertake simulations with and withfmeliinclusion of the disjoin-
ing pressure term in Equation (5.2). Firstly this teP(h) is excluded from the pressure
Equation (5.2). This can be done by setting 1 andm& 1. This problem is solved
using uniform grids and xed time stepping.

In Table 5.2, results of the convergence tests are shownthamydinclude both the
in nity norm and the two norm of the differences between amgive solutions. The
convergence tests and these norms are previously explaingection 5.3.3. Without
the disjoining pressure term and with a smooth initial ctodi(see Equation (5.12)),
the time-dependent variablteshows a near perfect second order convergence rate in this
table. By quadrupling the number of grid points and halvirgtime step sizes, both the
in nity norm and the two norm are reducing by a factor of 4. &rboth the spatial and
temporal discretization schemes are of second order anguh@se results coincide with
our expectation.

On the other hand, the convergence tests on the varmbtdy appear to be getting
close to second order accurate using values of the normkdafitference between con-
secutive solutions) when the resolutions of grids are sahtly ne. Nevertheless, on
these nest grids we are approaching second order conveegexnalysis of the conver-
gence rates or discussions on the convergence theoriestargenthe scope of this thesis,
and therefore we will not pursue it further. However, in $&t6.4.2.3, we present some
of our additional observations that may be related to tlsigas

Including the disjoining pressure term adds additionallinearity to the model. We
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For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 |8 108 125 - - - -
5 |4 108 250 3779 10°5| - 1:880 10 °| -
6 2 10°8 500 9:449 10 6| 4:00 || 4700 10 6| 4:00
7 1 10°8 1000 2:362 10 8| 4:00 || 1:175 10 ®| 4:00
8 5 10 ° 2000 5:905 10 /| 4:00 || 2:937 10 | 4:00
For variablep
4 |8 108 125 - - - -
5 |4 108 250 7:457 103 | - 8389 10 4| -
6 |2 108 500 1:500 10 2| 0:50 | 1:213 10 3| 0:69
7 1 10°8 1000 6:664 10 3| 2:25 | 4:124 10 4| 2:94
8 |5 10°9 2000 2:116 10 3| 315 | 1:113 10 4| 371

Table 5.2: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences. S&eesults are generated with a
smooth initial condition and without the disjoining pressterm. Parameters are shown
in Table 5.1, with the exceptions af= 1 andmé 1.

repeat the tests done in Table 5.2 but now including theidisjg pressure terr® (h) in
the pressure Equation (5.2). Results of the convergencedsspresented in Table 5.3.
In this table, results on variableagain indicate a clear second order convergence rate
(though not quite so perfectly as in Table 5.2). On the otlagrdh results on variablp
appear to be better than those presented in Table 5.2, ap&dien the resolutions of
grids are not very ne. The values of the two norm pshows a de nite second order
convergence, and its in nity norm tends to be second ord@naly be seen that the values
from both norms are relatively large compared to those ineral.

Note that later in this chapter we also consider convergasirg the true initial con-
dition shown in Equation (5.10) but before this we need t@stigate adaptive methods.
In the following section, however, multigrid performansernst discussed.

5.4.2.2 Multigrid Performance

Having presented some convergence tests, the performatieeraultigrid solver is con-
sidered here. Previously, in Section 2.4, it is describatlttie convergence rate of multi-
grid methods should be independent from the size of the gadt This may already be
seen from Figure 5.2 in the previous section. The converyeate for four different grid
hierarchies are more or less parallel to each other: detfygtdifference in the number
of grid points, the convergence rates for these cases skaré/rihe same slope. Here
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For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 8 108 125 - - - -
5 4 108 250 5710 10 °| - 2:095 10°| -
6 2 108 500 1:970 10 °| 2:90 || 5:677 10 % | 3:69
7 1 108 1000 5:549 10 6| 3:55 || 1:444 10 6| 3:93
8 5 109 2000 1:430 10 ®| 3:88 | 3:634 10 7| 3:97
For variablep
4 8 108 125 - - - -
5 4 108 250 1:554 10*1| - 2:111 1P -
6 2 108 500 6:539 1(° | 2:38 | 6:547 10 1| 3:22
7 1 108 1000 2:131 10° | 3:07 | 1:755 10 1| 3:73
8 5 10 ° 2000 0:605 1C° | 3:52 | 4477 10 2| 3:92

Table 5.3: Results show the differences in consecutive isaltiimeasured in the stated
norm, followed by the ratio of consecutive differences. Jédeesults are generated with
the use of a smooth initial condition and the disjoining ptege term in the pressure
equation. Parameters are shown in Table 5.1.

we demonstrate the details of the multigrid solver that edus obtain the results shown
in Table 5.2, and it is presented in Table 5.4. The resuli® fitus table show that when
we quadruple the number of grid points as well as double timeten of time steps, the

average number of V-cycles that is needed stays a constamiddition, the CPU time

for sequential executions is increased by a factor of 8 from n to the next. Since
the problem size is also increased by a factor of 8, this stgdkat our multigrid solver

converges with a linear complexity Gf(n).

Levels| Finest grid| Total number off Average V-cycles CPU time (seconds
time steps per time step
4 128 125 4.0 256
5 256 250 4.0 2009
6 512 500 4.0 16375
7 1024 1000 4.0 131216
8 2048 2000 4.0 1096204

Table 5.4: Table shows the resolution of the nest grid, totamber of time steps, av-
erage V-cycles required per time step and the CPU time for iffere¢nce hierarchies of
uniform grids.

We further show a log-log plot in Figure 5.3, with the aver&feU times per time
step from all ve test cases that are presented in Table Bdinat the total number of
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grid points on the corresponding nest grid. For comparijsohne with slope of 1 is also
shown in Figure 5.3. Each time a ner grid is used, the numlbgrio points on the nest
grid is quadrupled. The average time cost per time step &lphwith the line of slope
of 1. This demonstrates that our multigrid solver has a limeanplexity.

T T

100 —©6— CPU time required for four test cases |7
[ Line with slope of 1

Average CPU time per time step (seconds).

P | L L P S S S S |

10 10° 10° 10
No. grid points on the finest grid.

Figure 5.3: Figure shows a log-log plot xlirection, the total number of grid points from
the nest grid is shown, and the average CPU time per time stegg¢onds is presented
in y direction. For comparison, a line with slope of 1 is also shawthe gure.

In the following section, issues around the results fromcihrevergence tests are dis-
cussed further.

5.4.2.3 Discussion

The convergence tests presented in Section 5.4.2.1 (i.&akles 5.2 and 5.3) suggest
a second order convergence rate for the time-dependeiablai. However, there are
issues around the convergence tests on the var@ldspecially the results presented in
Table 5.2, which show thap is quite slow to approach second order convergence. In



Chapter 5 132 54

order to be con dent thap really is approaching second order, we present additional
results from a number of further tests.

First of all, we validate our multigrid solver and elimindkes possibilities that the is-
sues are caused by incorrect implementation. In order tieeelthis, the droplet spread-
ing model is reformulated to a simple linear coupled systétwo PDEs. More specif-
ically, the original model that is shown in Equations (5.4 45.2) is reduce to the fol-
lowing:

fh _
oo 4 p; (5.14)
p= 4 h: (5.15)

We use the same initial and boundary conditions for this Emlijinear system of PDEs,
as presented in Equations (5.12) and (5.13) respectivetget for the precursor Im
thicknessh which is used in the initial condition, parameters that &i@ in Table 5.1
have no in uence in this newly reformulated coupled linegstem. Due to the existing
convergence analyses and theories, the expectation obtivergence rate from solving
this coupled linear system is that both variables are seoatet, providing second order
spatial and temporal discretization schemes are applied.

The convergence tests previously carried out in Sectior23.4re repeated on this
newly reformulated coupled linear system and results agsgmted in Table 5.5. The
results presented in this table coincide with our expemtatihat is for both variables,
they have very clear second order convergence rates. Téssksralso suggest that our
solver is correctly implemented and therefore that the eggence issues for the pressure
variablep may be caused by the nonlinearity in the original dropletéaging model.

To further investigate our hypothesis, two additional syst are proposed. The rst

one is given as the following:

fh_ o o
7= N(hNp); (5.16)

p= 4 h (5.17)

The convergence tests that are carried out in Table 5.5qarelyi are now repeated on this
new model. Results are shown in Table 5.6. The convergertsddesariableh presented
in this table indicate an optimal second order convergeat® it may be seen that the
convergence rates of pressyrdeteriorate for the coarser runs. However, a second order
convergence rate is approached eventually.

The second of the two additional models has&nonlinear term instead df, and is
given as the following:

Th _ & oqin
=N hNp (5.18)
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For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 8 108 125 - - - -
5 |4 108 250 3779 10°| - 1:890 10 °| -
6 |2 108 500 9:449 10 6| 399 || 4724 10 © | 3:99
7 1 108 1000 2:362 10 6| 3:99 | 1:181 10 6| 3:99
For variablep
4 |8 108 125 - - - -
5 |4 108 250 5778 10 6| - 2:800 10 6| -
6 |2 108 500 1:445 10 6| 3:99 | 7:224 10 7| 3:99
7 1 108 1000 3614 10 7| 3:99 || 1:806 10 7| 3:99

Table 5.5: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences frime reformulated coupled
linear system which consists of Equations (5.14) and (5.IBgse results are generated
with the use of the smooth initial condition and the DiridHdeundary condition that are
used in Section 5.4.2.1.

For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 8 10°8 125 - - - -
5 4 108 250 3786 10 °| - 1:.964 10 °| -
6 2 108 500 9:466 10 6| 4:00 | 4921 10 ©| 4:.00
7 1 108 1000 2:367 10 6| 4:00 || 1:231 10 ¢ | 4:00
For variablep
4 8 10°8 125 - - - -
5 4 108 250 6:644 10 2| - 8762 10 3| -
6 2 108 500 2:055 10 2| 3:23 | 2340 10 3| 374
7 1 108 1000 5:710 10 3| 3:60 | 5:957 10 4| 3:.93

Table 5.6: Results show the differences in consecutive isasiimeasured in the stated
norm, followed by the ratio of consecutive differences fridm reformulated coupled
linear system which consists of Equations (5.16) and (5.Tfgse results are generated
with the use of the smooth initial condition and the DiridHdeundary condition that are
used in Section 5.4.2.1.
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p= 4 h (5.19)

We repeat the convergence tests done previously in Taldes8.5.6 on this second addi-
tional model. Results are shown in Table 5.7. Again, the cgarece tests for variable
indicate an optimal second order convergence rate. Fontbdel, the convergence rates
for the pressurg are worse than those shown in Table 5.6 (but still better thage in
Table 5.2). From these results, we believe the nonlinearitis type of model is one of
the causes for pressure varialpiéo require such a ne mesh resolution before a second
order convergence is approached.

For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 8 108 125 - - - -
5 4 108 250 3796 10°| - 1:879 10°| -
6 2 108 500 9:492 10 6| 4:00 || 4700 10 6| 4:00
7 1 108 1000 2:373 10 6| 4:00 || 1:1275 10 6| 4:.00
For variablep
4 8 108 125 - - - -
5 4 108 250 6:041 10 2| - 6:965 10 3| -
6 2 108 500 2:745 10 2| 2:20 || 2403 10 3| 2:90
7 1 108 1000 8:942 10 3| 3:07 | 6:586 10 4| 3:65

Table 5.7: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences fridme reformulated coupled
linear system which consists of Equations (5.18) and (5.IBgse results are generated
with the use of the smooth initial condition and the DiricdHdeundary condition that are
used in Section 5.4.2.1.

So far the results in this section are generated using umifpids, xed time step size
and a smooth initial condition. In the following sectionse tuse of spatial and temporal
adaptivity is described, with the original initial conditi that is used in [81] (i.e. Equation
(5.10)).

5.4.3 Adaptivity

Adaptivity is previously described in Section 2.2. Its implentation in Camp re is dis-
cussed in Sections 3.3.2 and 3.3.3. Both temporal and spal#gtivity are applied to
the droplet spreading model here. However, they are indallg assessed. The temporal
adaptivity is described in Section 5.4.3.1 and the spatiapavity is discussed in Section
5.4.3.2.
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5.4.3.1 Temporal Adaptivity

In this section, temporal adaptivity is applied to the fulbplet spreading model. Its
implementation in Camp re is discussed in Section 3.3.3hla $ection, we use the initial
conditions forh and p which are presented in Equatlons (5.10) and (5.11) res@bgti
and represent a droplet with a height of 5 and ra@@% The boundary conditions are
presented in Equation (5.4). The parameters that are usqaesented in Table 5.1.

The temporal adaptivity is achieved by using the adaptive BDiethod that is pre-
sented in Equation (2.14). For the purpose of demonstradioraggressive adaptive ap-
proach is applied. This is achieved by setting the paramétew_V-cycle” to 6 and
“high_V-cycle” to 7. This setting forces Camp re to always seek dedi#nt time step
size. We present results of two different grid hierarchtesy are levels 6 and 7 with
512 512 and 1024 1024 as the nest grids. The equivalent simulations usingdx
time step sizes are already presented in the right-hando$iBigure 5.1. For the adap-
tive time stepping we use the same initial step size as in dmeadaptive cases: initial
time step sizes for these two cases areld 8and 1 10 8 respectively. The resulting
evolution of the time step sizes is shown in Figure 5.4. It rhbayseen from this gure
that our adaptive time stepping approach is indeed agges@sie sudden reductions of
time step sizes at the end are simply to ensure both simotaice ended at the same
time T = 10 ®). Let's contrast with the equivalent simulations (from tight-hand side
of Figure 5.1) that are undertaken using xed time step siZésr the level 5 simula-
tion (with 512 512 as the nest grid) 500 time steps are required with a sizp &f
2 10 8. For the level 6 simulation (with 10241024 as the nest grid) 1000 time steps
are required with a step size of 110 8. The use of the adaptive time stepping approach
reduces the number of time steps required to 39 and 45 resggct

The detailed comparison between the use of xed time stepam the adaptive time
stepping is presented in Table 5.8. From this table, as wela number of time steps
required to reacii = 1 10 ° being shown for adaptive time stepping versus xed time
steps, the execution times are also shown. On level 6 adafntie stepping takes just
9:6% of the time with use of the xed time step size. This peregetbecomes:8% for
the simulation on level 7. This is despite the increased rermob average of V-cycles
required per time step in the adaptive case. Note howevettibanumber of V-cycles
needed is still independent of grid sizes.

Two questions are worth asking. Firstly, are our choiceb®etime step size too small
for the xed time step approach? Additional tests show tbatliie level 6 case, increasing
the initial time step size by a factor of 5 causes the mutligolver to converge more
slowly as, within each time step, about three more V-cyctesnaeded. The computation



Chapter 5 136 54
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—©O&— adaptive time-stepping 512x512

—©— adaptive time-stepping 1024x1024
o
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Time step size
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Time X 10—5

Figure 5.4: Evolution of the time step sizes from two tesesdsr the droplet spreading
problem on 512 512 and 1024 1024 nest grids. Results are obtained by using the
adaptive BDF2 method shown in Equation (2.14).

fails to converge if the initial time step size is increasgdabfactor of 10. The second
guestion is: when using the adaptive time stepping, howrate@re these solutions? In
order to answer this question, we take the approach whickad in Figure 5.1, that is
measuring the maximum height of the droplet. The comparis@hown in Figure 5.5.
From this gure, it can be seen that by using adaptive timptey, the evolutions of the
height of the droplet are very close to the ones using thenaligpproach with xed time
step sizes.
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Levels|| No. TSs| Avg. V-cycle | CPU time| No. TSs| Avg. V-cycle | CPU time
xed dt per TS (seconds)| ATS per TS (seconds)

6 500 5:0 20953 39 5:9 2015

7 1000 5:0 167213 45 5:8 8744

Table 5.8: Comparisons between the use of xed time step Sigetlae adaptive time
stepping for two test cases. The total number of time stepsaterage V-cycles required
per time step and the CPU time are used for the comparisonstdibe limit of space,
abbreviations are used, where TS means “time step”, Avg.nmasgerage and ATS is
short for adaptive time stepping.

T T T T T T T T T
256x256
. 512x512 |
® 1024x1024
B ——&— adaptive time-stepping 512x512
—*— adaptive time-stepping 1024x1024
45
=
4+
3.5
3 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time x 107

Figure 5.5: Figure shows the evolutions of the maximum heafjthe droplet. We mea-
sure the maximum height for comparison and demonstratidineofccuracy of the adap-
tive time stepping. Results with the nest grids 25@56, 512 512 and 1024 1024
have been previously presented in Figure 5.1, and they dagnebl using the xed time
step size. For the two cases of adaptive time stepping, wequsges and stars to indicate
the values of time step size within each time step.
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To give a further indication of how accurate the solutioresatrthe end of simulation,
a zoom-in feature is shown in Figure 5.6. The results shovimishgure indicate that our
adaptive time stepping approach deteriorates the accbraoyly a very small amount.
More speci cally, for level 6 (with the nest grid resolutioof 512 512), the values of
the maximum heights of the droplet arel@6 from the use of xed time step size, and
3:403 from the use of adaptive time stepping. For level 7 (with hest grid resolution
of 1024 1024), the value is:323 from the use of xed time step, and i439 from the
use of adaptive time stepping.

2564256
S12x812
10241024

—=— adaptive time-stepping 512x512
——* adaptive time-stepping 1024x1024

sal T B

338} e -

336

94 a5 96 a7 . a3 10
Time «10°

Figure 5.6: Figure shows a zoom-in feature for the end of thlys that are originally
presented in Figure 5.5. We magnify the gure at the end ofiation (i.e.T=1 10 )
and use the measurement of the maximum height of dropletdioate the accuracy of
the simulation.

The adaptive time stepping approach, as presented herthesasmber of V-cycles to
control the step size. This implementation is previouslsatided in Section 3.3.3. How-
ever, another common approach is to control step size bggedan indicator that uses
a local error estimate. Gaskell et al. [81] used such an a@gprdNithin their prediction-
correction approach, the difference between the solufilmm the use of the predictor
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and that from the implicit corrector was used to obtain thereestimate which was, in
turn, used to adjust the time step size. Although our appraadifferent, the implemen-
tation of adaptive time stepping in Camp re is capable of gsather indicators, such as
the one based upon this local error estimate.

For completeness, we extend the simulation with the adapitive stepping approach
presented in Figure 5.4, and show the evolution of time stegsg$or a much larger time
duration (i.e.T =[0;0:02] by which time the droplet is approaching the domain bound-
ary). This s illustrated in Figure 5.7. Note that the suddeap in the time step size at the
end of simulation is so that the simulation ends precisetii@tnal time (i.e. T = 0:02).
Results shown in this gure demonstrate the fast evolutiotiroé step sizes from our
aggressive, adaptive time stepping approach. In additi@ventually settles towards a
constant value as the droplet becomes smooth and highlysdiff

107 ¢ :

| —©&— adaptive time-stepping of a longer simulation 1024x1024

Time step size

0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
Time

Figure 5.7: Figure shows the evolution of time step sizesifeomuch longer simulation
using the adaptive time stepping approach demonstratetpsty in Figure 5.4.

In the following section, the impact of using spatial adéption the droplet spreading
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model is discussed.

5.4.3.2 Spatial Adaptivity

In this section, spatial adaptivity (also called adaptivesinre nement (AMR)) is applied
to the droplet spreading model. The spatial adaptivity e&/jmusly described in Section
2.2.1. Its implementation in Camp re is discussed in SecBd®2. As in the previous
subsection, the problem we consider here is with the origioa-smooth initial condition
which is presented in Equation (5.10). Such a problem featardistinct radial moving
contact line which must be accurately resolved.

Here we choose three test cases for the purpose of demanstiEtey are maximum
levels of 5, 6 and 7 (level 4 has too few grid points to make dulsssessment). For
simplicity, we continue to use the maximum level as our notathowever, it is worth
noting that when associated with AMR, the level number doé¢smean a uniform grid,
but instead means the highest level of local mesh re nemdote speci cally, for each
of the test cases, their highest levels of mesh re nemeneguavalent to uniform grid
resolutions of 256 256, 512 512 and 1024 1024. We further de ne the minimal
level of re nement to be level 4 which has the equivalent gadolution of 128 128.

From Algorithm 8 and the description in Section 3.3.2, thaldy of the AMR is
controlled by the problem-speci c re nement and coarsegnariteria. For this droplet
spreading model, our adaptive re nement strategy is baped a discrete approximation
to the second derivative of the solution of variablg.e. jN2hj). Within each mesh block,
on every grid point(i; j), the adaptive assessment is computed via:

adaptive assessment jhis i+ i j+ hijeat hiyj 1 4hij): (5.20)

Then the maximum value of adaptive assessment is selectedresent this mesh block
and compared against the user-de ned re nement/coargamiteria. The speci ¢ choices
for these criteria must be obtained and evaluated fromigedn this case we de ne the
re ning criterion to be 001 and the coarsening criterion to b®01. Therefore, if adap-
tive assessment is greater tha@(i.e.dx%jN?hj > 0:01), this mesh block is marked for
re ning, or if it is less than 6001 (i.e.dx%jN2hj < 0:001), then this mesh block is marked
for coarsening. This set of criteria is aggressive, so mbgte computation is around
the moving contact line. The stopping criteria for the ngrltd solver are the same as
described in Section 5.4.1.

In order to evaluate the AMR, we rst use the approach with x&ue step size,
and the end tim@ = 1 10 °. In Table 5.9, details of the three different test cases
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are presented. For comparison, we also include the CPU tinthdse test cases when
uniform grids (and xed time step size) are employed. Fronms table, the ef ciency
gained from using AMR is demonstrated. For instance, onl [éweith AMR, the CPU
time is only 193% of the one with using uniform grids. The average V-cycletpae
step increases by half a cycle on level 7 with AMR.

Levels dt Time steps| Avg. V-cycles| CPU time| CPU time (seconds
per time step| (seconds)| from uniform grids

5 4 108 250 5:0 1751 3032
6 2 108 500 5:0 6456 23457
7 1 108 1000 55 35789 185211

Table 5.9: Table shows the details of three test cases usegggressive AMR. CPU
times from only using uniform grids are also included for @amson.

Having presented the CPU time, we further compare the nunbgric points on
the nest grids used in the uniform cases to the number of deiaf points that are used
in the adaptive cases. The concepts of leaf grid points aaifdblecks are previously
described in Section 3.3.2. For adaptive cases, re ning@aisening are carried out
dynamically, thus these numbers of leaf points are the maximumbers that occurred
in the simulations. In Table 5.10, this comparison is sunsedr From this table, the
computational workload saved by using the AMR compared ¢outbe of uniform grids
Is seen to be substantial. For a particular case, on levetlv ANR, the number of leaf
points is less than:0% of the number of points on the nest grid from using uniform
grids.

Levels| Total No. leaf| Total No. grid points Ratio between
grid points | from uniform grids | AMR and uniform grids
5 2,048 65;536 0:0313
6 6;400 262 144 0:0244
7 10,240 1,048 576 0:0098

Table 5.10: Comparison of the maximum number of leaf grid {soused in adaptive
test cases and the total number of grid points in uniformdases. A ratio between the
number of leaf points with AMR and the number of grid pointshainiform grids is also

presented.

We demonstrate that the use of AMR signi cantly improveseheiency of the com-
putation. This leads to the inevitable question: how adewsige the solutions from using
the AMR? In order to determine the accuracy of our solution,traek the maximum
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height of the droplet during the simulation with the AMR arghtgpare against results
from using the uniform grids. In Figure 5.8, the evolutioriglee maximum height of
the droplet from the three test cases (i.e. levels 5, 6, amwitli)the use of aggressive
AMR are presented. Results from using uniform grids (and etk step size) are also
presented (as previously presented in Figure 5.1). Fraendbre, we see that the use of
the aggressive AMR produces quite similar results to the éroen using uniform grids.

T T T T T T T T T
AMR 256x256
AMR 512x512 |
° AMR 1024x1024
256x256
512x512
1024x1024
45}
r=1
4_
35}
3 1 1 1 1 1 1 1 1 1
o 01 02 03 04 05 06 07 08 09 1
Time x10'5

Figure 5.8: The evolution of the maximum height of the dropiem using the aggressive
AMR and on uniform grids.

However, to give a further indication, a zoom-in featurehewn in Figure 5.9 which
focusses on the solution at the end of simulation (les 1 10 °). Results presented
in this gure show the solutions from AMR are slightly lesscacate than the ones from
using uniform grids as the maximum level is increased. Thigeinerally expected given
the enormous reduction in degrees of freedom however theayc of the solutions is
acceptable. By “acceptable”, we mean that the accuracy dévieé7 solution with AMR,
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although less than the one from level 7 with uniform grid, isambetter than the one from
level 6 with uniform grid (i.e. the maximum height of droplstmuch closer to the one
from level 7 with uniform grid). It may also be seen that th&uton of the level 5 with
AMR is almost identical to the one from level 5 with uniformayrThe values at the end
of the simulations from level 7 are&3 from uniform grids, and:318 from the use of
AMR. For level 6, the values are806 from uniform grids, and:805 from the use of
AMR. For level 5, the values are3974 from uniform grids, and:35971 from the use
of AMR.

AMR 256x256
AMR 512x512
AMR 1024x1024 | |

256x256
512x512
— 1024x1024

9.4 95 9.6 9.7 9.8 9.9 10
Time x10°

Figure 5.9: The maximum height of the droplefat 1 10 ° from using the aggressive
AMR and uniform grids. This is a zoom-in of Figure 5.8 at thel @f the simulation.

Having described an aggressive AMR approach, it is alsoilples® use a more con-
servative AMR approach. We demonstrate this use of consezvAMR with the level
7 test case. This conservative AMR is achieved by decredmitigthe re ning and the
coarsening criteria by a factor of 10. We present the totailver of grid points and the
CPU time for this conservative AMR, in comparison with thoséagted from using the
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aggressive AMR and on uniform grids. This is summarised inld&.11. From this ta-
ble, we see that the use of the conservative AMR leads to @aedse of the total number
of leaf points and the CPU time. Compared to the aggressive ANERntimber of grid
points is increased by a factor of6B, and the CPU time is increased by a factor :d#1
However, both values are still small compared to the comedimg ones with uniform
grids.

Cases Total No. grid points on the CPU time

nest grid (or leaf points) | (seconds)
Uniform 1,048 576 185211
Aggressive AMR 168480 35789
Conservative AMR 292,896 51376

Table 5.11: The total number of grid points (or leaf pointsylahe CPU time on the
level 7 test case from using three different approachesulaiions with aggressive and
conservative AMR and with uniform grids.

In Figure 5.10, we illustrate the evolutions of the maximueight of the droplet from
these three approaches that are shown in Table 5.11. We i@senp in Figure 5.11
a zoom-in feature which focuses on the maximum height of tlopldt at the end of
simulation (i.,e.T=1 10 °). Fromthese two gures, we see that using the conservative
AMR approach provides a much more accurate solution thaorteevith the aggressive
AMR. More speci cally, values at the end of simulations shawifrigure 5.11 are:3230
from uniform grids, 34179 from the use of aggressive AMR, and &5 from the use of
conservative AMR.

The AMR implemented in Camp re, which is previously explaihia Section 3.3.2,
aims to dynamically adapt the mesh according to the evaluidhe solution. We have
shown results using both aggressive and conservative ANdRoaphes, however we have
not yet illustrated the resulting meshes. Here we presesiots of the evolution of the
mesh re nement in both approaches during the simulatiofees@ are shown in Figure
5.12 where a top-down view is presented. Different colouesused to identify differ-
ent levels of mesh re nement. The red colour represents tigst mesh re nement (i.e.
with resolution equivalent to 10241024). The yellow colour represents the mesh re ne-
ment with resolution equivalent to 512512. The light blue colour indicates a coarser
re nement which has a resolution equivalent to 25856. The dark blue colour, which
is further away from the centre of the graphs, has the caamsesh re nement, which
is a resolution equivalent to 128128. Results shown in this gure demonstrated the
dynamic evolution of AMR during the simulations. It also gegts that if the interest
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Figure 5.10: The evolution of the maximum height of the debplsing the three ap-
proaches which are presented as cases in Table 5.11.

is only at the moving contact line (or the area of the dropks@n the aggressive AMR
approach has already successfully captured this regiom@fest. By using the aggres-
sive AMR, a large amount of computations may be saved withérdtioplet. On the other
hand, if the height and the shape of the droplet are also efast, then the conservative
AMR approach may be employed for a more accurate simulatibeye the nest mesh
re nement capture the whole droplet.

So far the simulations described have all been undertakersorgle workstation, and
the program has been executed as a sequential code usimge@BGPU. The performance
may be further improved by using parallel computing anddspiesults are described in
the following section.
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Figure 5.11: The zoom-in feature of Figure 5.10 at the entsadimulation. Solutions of
three approaches are presented, as previously shown asrcdsdle 5.11.

5.4.4 Parallel

In this section, results of using parallel computing areassed. More speci cally, the
performance of our code in a parallel environment is desdribExecution takes place
on the high performance computing facility provided by thavérsity of Leeds, named
ARC2. Its capacity is 3040 cores in total (although the maxinpuacticed limit for each
user is a few hundred cores), consisting of 8-core Intel &B2.6GHz processors (and
commonly 2GB memory space associated with each core).

Unlike the problem in 3-D shown in the last chapter, whichdusgore than 1000
cores, 2-D problems such as that considered here are moealdtb scale. This is
caused by the lack of workload on coarser grids, and is puslyadiscussed in Section
2.5.5. Therefore, in order to demonstrate the use of pacalleputing on this 2-D droplet
spreading model, only up to 64 cores from ARC2 are employed. Wese our test case
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Figure 5.12: Figure shows two snapshots of the evolutionMRAduring each adaptive
simulation. Top-left is the aggressive AMRtat 0 and top-right shows the aggressive
AMR att=1 10 °. Bottom-left is the conservative AMR &t= 0 and bottom-right
shows the conservative AMR & 1 10 °. Each colour represents a different level of
mesh re nement: “red” - 1024 1024, “yellow” - 512 512, “light blue” - 256 256 and
“dark blue” - 128 128.

for parallel computing to be 100 time steps with xed timegsgizedt = 1 10 8 from
simulations using the level 7 grid hierarchy. The coarsestig 16 16 and the block
size is 8 8 (which means there are only 4 blocks on the coarsest griiererare 4
pre- and post-smoothers for the multigrid solver and 4 tik@na within the coarsest grid
solver. We x the number of V-cycles per time step to be 5.

First of all, consider uniform grids without AMR or adaptitiene stepping. Results
are presented in Table 5.12. From this table, we see contsmealuctions in the execution
time up to 32 cores. The use of 64 cores is less effective tienge of 32 cores, and so
IS not justi ed at this mesh level.

The measures of parallel performance are previously dsecligh Section 2.5.1.2.
Let's consider the parallel ef ciency, which is previougbyesented in Equation (2.59).
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No. cores 1 2 4 8 16 32 64
CPU time (seconds) 32826 | 16871 | 8435 | 7741 | 4906 | 3486 | 3683

Table 5.12: The CPU times of using different numbers of cargmrallel on level 7, with
uniform grids, which has the grid hierarchy 166 1024 1024, and mesh block size
is8 8.

This is illustrated in Figure 5.13. From this gure, the plebef ciency appears to be
near optimal when using 2 and 4 cores. It deteriorates napidéen 8 cores are employed,
which may be caused by the fact that there is not enough wexikbm the coarser grids.
Secondly, we present the speed-up which is previously exqdan Equation (2.56). This
is shown in Figure 5.14. Results from this gure shows a droppded-up from 32 to 64
cores. This re ects these CPU times presented in Table 5.12.

To further investigate this issue, an additional set oktast done. These tests use the
grid with resolution of 32 32 as the coarsest grid, instead of 166. The CPU times of
these tests with seven different numbers of cores are gesbenTable 5.13. Results from
this table show a continuous reduction in time required up4aores, and faster times
than those presented in each case in Table 5.12. On the athey the overall pattern of
the results suggests a similar qualitative behaviour odlfgref ciency and speed-up to
those presented in Figures 5.13 and 5.14 respectively.

No. cores 1 2 4 8 16 32 64
CPU Time (seconds)) 32641 | 16251 | 8401 | 6873 | 4395 | 3512 | 3017

Table 5.13: The CPU times of using different numbers of canggarallel on level 7 but
with a ner coarsest grid (i.e. 32 32), i.e. a grid hierarchy of 3232 1024 1024,
and mesh block size of 88.

So far these parallel tests show results of so-called soaling. This type of scaling
analyses the same workload spread across different nurobeoses. As the number of
cores doubles, the workload per core is therefore halveld &ae. There is another test
for scalability, that is termed weak scaling, which keepsmstant workload assigned to
each core.

For tests of weak scaling, we use a grid with resolution of &4 as the coarsest grid.
The nest grid with resolution of 1024 1024 in this setting has 5 levels of grids in its grid
hierarchy. The weak scaling tests we present in Table 5.4distoof four cases (i.e. levels
5, 6, 7 and 8). They have the nest grids with resolutions d?24.0 1024, 2048 2048,
4096 4096 and 8192 8192 respectively. Fixed time step sizes are used in all four
simulations, and on level 5 (10241024) thedt = 1 10 8. Thedt is halved each time
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Figure 5.13: The parallel ef ciency (see Equation (2.599nh using different numbers
of cores. This test is done on level 7 with uniform grids, whias the grid hierarchy
16 16 1024 1024, and timings are presented in Table 5.12.

we re ne the grid resolution to ensure the stability of theasiation. The number of V-
cycles within each time step is xed to 5. In an ideal world, thle run times in Table
5.14 should be the same. On the other hand, results in tHesitadicate that for a 2-D
problem such as this the weak scaling is quite poor, primhdtause the communications
become a dominating factor on the coarsest grid. We are @mabicrease the size of the
coarsest grid as the problem size grows because this lodagndief ciency or requires
increased work for an exact nonlinear solve.

Having presented the multigrid performance in a paralleirenment we conclude
that we should use parallelism to enhance capability mae th enhance performance.
In this spirit we combine all techniques that are previousynonstrated in order to pro-
vide the capability to investigate further the convergetests with the original steep
initial condition. This is undertaken in the next sectiolpng with a general discussion
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Figure 5.14: The speed-up (see Equation (2.56)) which cosspae CPU times from
using different numbers of cores with the CPU time of the setjglecase. This test is
done on level 7 with uniform grids, which has the grid hielgréd6 16 1024 1024,
and timings are presented in Table 5.12.

of the application of our software to this problem.

5.4.5 Discussion

Previously in this chapter temporal adaptivity, spatied@it/ity and parallel computing
have been individually applied with our multigrid solveofin Camp re. The results from
each technique are separately veri ed. Here we combinenaBid techniques, and the
resulting robust solver provides us the opportunity to stigate convergence tests with
the original steep initial condition (presented in Equat(6.10)) and its corresponding
boundary condition, shown in Equation (5.4).

As mentioned in Section 5.4.2.1, the original initial cdrah that is used by Gaskell
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Levels| No. Cores| CPU time (seconds
5 1 3299.0
6 4 4151.2
7 16 7328.4
8 64 22500.7

Table 5.14: Table shows results of the described weak gradhiote the coarsest grid is
changed to 64 64 for all tests in this table.

et al. in [81] (see Equation (5.10)) is discontinuous in itst derivative and initially

very steep. Our convergence tests shown in Section 5.4a%€ Used a smoother initial
condition instead. For completeness, convergence tetiisting use of this steep initial
condition, uniform grids and xed time step size are rst dipgd, and the results and
discussions are presented. Itis expected that using ttigd condition shown in Equation
(5.10) may not provide a second order convergence rate aadgyntene such ad =

1 10 °due to the discontinuity in the rst derivative. On the otlemd, as the droplet
evolves, its features are soon smoothed, especially arthenohoving contact line. We
therefore also consider taking a long simulation in the etqieon that an overall second
order convergence rate may be obtained.

The results from convergence tests at tilne 1:2 10 2 are presented in Table
5.15. Simulations from only levels 4, 5 and 6 are shown (wittba 16 coarsest grid
for all three cases), the reason for the absence of levelnglibe excessive work with
xed dt and uniform re nement. Results in this table demonstratewemall convergence
rate that is already close to second order. Results from ¢hisfainiform grid tests also
demonstrates that for longer simulations, the approadh thé use of uniform grids and
xed time step sizes is not viable. Considering the level 6idation, by using 16 cores
on ARC2, the average time per time step is aroudseconds. The whole simulation
takes about 233 hours. If the level 7 simulation were to be undertaken, eding to the
performance of our multigrid solver, the estimated timesiach a simulation is more than
two and half months using 16 cores.

As directly noted, this provides a strong motivation fomgsthe spatial and the tem-
poral adaptivity together and gain additional ef ciencgrin using the parallel computing.
Four different test cases are chosen and their highesslevelesh re nement are equiv-
alent to the grid resolutions of 512512, 1024 1024, 2048 2048 and 4096 4096
respectively. A 16 16 coarsest grid is used for all cases, therefore, they aexras
levels 6, 7, 8 and 9 respectively. The conservative AMR apgiavhich is described pre-
viously is employed here. The end time is chosen tdbe2:0 10 2, which is a little
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For variableh
Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
4 8 10 8| 150,000 - - - -

5 |4 108| 300000 | 1:466 10 3| - 5:068 10 4| -
6 2 10 8| 600000 | 4:116 10 #| 3:56 | 1:413 10 4| 3:59
For variablep
4 8 10 8] 150,000 - - - -

5 |4 108 | 300000 || 1:542 10° - 5384 101 | -

6 |2 108 | 600000 | 4312 10 1| 358 | 1:472 10 1| 3:66

Table 5.15: Results show the differences in consecutivaisokimeasured in the stated
norm, followed by the ratio of consecutive differences fribra droplet spreading model
with the original initial condition which is presented in &&tion (5.10). These results are
generated with solutions @= 1:2 10 2 using uniform grids and xed time step sizes.
Computations are carried out using 16 cores on ARC2.

longer than the simulations shown in Table 5.15. The comrerg tests are carried out,
and results are summarised in Table 5.16. Results showrsitetble clearly demonstrate
second order convergence for both varialfiesd p. These results are generated using
the ARC2 facility, and individually occupied 16 cores throagheach simulation.

To sum up, the droplet spreading model is presented in $ebtib, and its fully-
discrete system, through the use of the ve-point stenail itre BDF2 method, is pre-
sented in Section 5.2. This model has already been solvedibkeB et al. in [81] which
enables us to validate the parallel and adaptive multigrides we have developed. Note
that [81] does not support AMR as our solver does. Sectiopf@ides an overview of
the new features added to Camp re to support this capabiitpumber of these newly
implemented features are used throughout this thesis bsegjuent problems. Due to the
clear and comprehensive presentation made in [81], we deet@leplicate the results
in [81] and validate the implementation of our multigrid el Results of the validation
are presented in Section 5.4.1. Then results of the conveegests and the multigrid per-
formance are discussed in Section 5.4.2. To further enhénecef ciency, the temporal
adaptivity and the spatial adaptivity are discussed. Resu# separately generated and
veri ed in Section 5.4.3. The use of parallel computing isaincluded and is discussed
in Section 5.4.4. In the following section, the model ofyutleveloped ows is described.
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For variableh
Levels| Startingdt | Time steps| In nity norm | Ratio| Two norm | Ratio
6 1 108 1418 - - - -
7 5 10 9 2011 2480 10 5| - 1117 10°| -
8 25 10 ° 25184 || 6:174 10 6| 4:02 | 2:737 10 | 4:08
9 1:25 10 9| 472368 || 1:544 10 6| 3:99 | 6:864 10 7| 3:99
For variablep
1 108 1418 - - - -
5 10 9 2011 5321 10 2| - 2:007 10 2| -

25 10 ° 25184 || 1:324 10 2| 4:02 | 4:873 10 3| 412
1:25 10 °| 472368 | 3:309 10 3| 3:99 || 1:208 10 3| 4:04

O 0o ~NO

Table 5.16: Results show the differences in consecutivaienkimeasured in the stated
norm, followed by the ratio of consecutive differences fribra droplet spreading model
with the original initial condition which is presented in &&tion (5.10). These results are
generated with solutions @t= 2:0 10 2 using spatial adaptivity and temporal adaptiv-
ity. Computations are carried out using 16 cores on ARC2.

5.5 Fully-Developed Flows Model Outline

The model of fully-developed ows is previously discussedSection 1.3.1.1. In the
same way as the droplet spreading model, it is derived franMNgwier-Stokes equations
(see Equations (1.12) and (1.13)) through the use of théchitiiomn approximation. This
model has already been proposed and solved by Gaskell et [@2]iand Kalliadasis et
al. in [125]. Here it is solved by the described parallel,@de multigrid solver with the
use of fully-implicit time stepping.
This model of fully-developed ows consists of two depentieariables:h(x;y;t) and

p(x;y;t). The former measures the thin Im ow thickness, and thedattepresents the
pressure. For clarity, this model is also presented hereyavthe thin Im equation is

given as
3 3
Mt  Tx 3 1x fly 3 Ty
Throughout this fully-developed ow, the pressure eld isats
p= 64 (h+9)+ 2'% 6N(h+ 9); (5.22)

whereN = Cal™cota measures the relative importance of the normal component of
gravity [25]. See [82], for example, for more details of thezidation.

In Equation (5.22%(x;y) is the topography of the substrate: an example shown previ-



Chapter 5 154 5.6

ously in Figure 1.1 consists of three half-cylinder-likestdxrles. It may be de ned other-
wise, for example, local or span-wise peaks and trenches tdgographies may also be
modi ed to simulate a physical phenomenon of falling Im Wwiturbulence wires, such
as the example shown in Figure 1.1 with three half-cylinder-obstacles and = 90 ,
which is described by Raach and Somasundaram in [183]. Thersexeral different
choices of topographies that are presented in this chaptetails of each of them are
described later, and all topographies are further assumbd hon-time-dependent. The
computational domaiWis rectangular. For boundary conditions, it is generalsuased
that there exists zero ux at boundaries. Therefore zeromBn boundary conditions
are applied, with the exception of the upstream boundaryciwtepresents a source of
ow. For instance, a constant Dirichlet boundary conditmmh may be used for the up-
stream boundary. Thus the boundary conditions are de nedeafollowing. Notex= 0
represents the upstreams 1 represents the downstreays 0 and 1 represent either
side of the ow andg is a given function.

p h. fp.

h(x=0;y) = g ij:o: 0; %(Jx=1: Wx:l: 0;

ﬂ)j :@j_:”_hj :ﬂ_hj =0
WOy Tyt

(5.23)

It is worth noting that this model of the fully-developed @vis presented as a non-time-
dependent system in [82] and [125]. The thin Im Equation2@.is modi ed into a
time-dependent PDE in the model solved here. This is sugddst Gaskell et al. [82] as
a viable approach. In addition, based upon the boundaryittomslpresented in Equation
(5.23), the time-dependent system will eventually readiion of steady state. Another
reason to use this time-dependent system is so we may stedsittlation where the
incoming ow from the upstream direction is time-depend@ng. a ow that has waves).

This is on-going research, and will be discussed again iaténs thesis. The initial
condition h(x;y;t = 0) is presented later in this chapter, and om€gy;t = 0) is de-
ned, the initial condition forp may be obtained. In the following section, discretization
schemes that are used for the model of fully-developed oresdescribed.

5.6 Discretization Schemes for the Model of Fully-Developed
Flows

The presented model of fully-developed ows (Equation2{3.and (5.22)) is a nonlinear,
coupled system of equations. However, only the thin Im ddqa(Equation (5.21))
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is time-dependent, and thus requires a temporal disctietizacheme. Furthermore, an
implicit temporal discretization scheme is applied. Dugh®simpli cation made through
the use of the lubrication approximation, this model is aowed in a 2-D situation. In
this section, the choices of discretization schemes far2HD model are described and
the resulting algebraic system is presented.

For the spatial discretization scheme, the central FDM \thign ve-point stencil
which is shown in Equation (2.3) is applied. The resultingteyn from the thin Im
equation is then discretized by the fully implicit BDF2 methd\Note the BDF1 scheme
has to be employed for the very rst time step, and the reasgmaviously described in
Section 3.3.3. For the purpose of demonstration, here weeptéhe BDF2 method with
a xed dt. Itis straightforward if the adaptive time stepping of the BDmethod which
is presented previously in Equation (2.14) is to be used.

When the ve-point stencil and BDF2 method with xedt are applied to Equation
(5.21) and ve-point stencil is applied to Equation (5.2 resulting fully-discrete sys-
tem of equations at each time step is very similar to Equat{brb) and (5.6), considered
in the rst half of this chapter, but without the precursomland the disjoining pressure
term. The thin Im equation becomes:

t+1 4.t 1t 1
hijo Ghiyy shi ) _

5 0 dt , - 413 2 0 313
2 ¢ g W MY 1g M N
3d2 pit:ll;jgé% 3 "3 Xngp‘Hll?ng%’\ 3 3 K§
2 0 10 e
21% hE T 3& 1% h o Sgg
+1;] i A "
pit;]'L1 L@ I 3 * 3 ;@ 3 3
gig W, M e g MM e
2dx4 - @ —+ — > @ —
2973 3 2= 3 3
» 0 13 2 0 13
el O peen? het 0 peen
+p{;}_+112%% I,];-l N I,; £g+ pit;-}-llQ%%) I,]31 + '113 Xg
2 0 L e
1r MY i 1p MY Toopr )
M0 — g R0y Kb

(5.24)
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and the pressure eld equation becomes

(

6
Pt e Ml sen * RTEES g
h{;T+11+S?j+)l LSRR (5-25)
4 hijt+ s ZQEN hij'+ s =0

The same multigrid solver that is previously described icti®a 5.3, and that has been
validated for the droplet spreading model, is used hereh@mtodel of fully-developed
ows as well. We do not repeat the description of the solverdfore. In the following
section, results of simulations of fully-developed ows bging this described parallel,
adaptive multigrid solver from Camp re are discussed.

5.7 Results for the Model of Fully-Developed Flows

Results generated by using our multigrid solver are preddmtee. This solver is previ-
ously used for solving the droplet spreading model, andssdeed in Section 5.3 along
with other implementations required by the model of fulgvdloped ows. Firstly, val-
idation against existing results is discussed in Secti@rl5.Then convergence tests for
these simulations are carried out, and their results asepted in Section 5.7.2. A gen-
eral discussion is made in Section 5.7.3 to conclude the hoddiglly-developed ows.

5.7.1 Validation

In this section, our solutions are validated against exgspiublished results, as presented
in [125]. It is worth noting that the model used by Kalliadast al. in [125] consists of
a 1-D fourth order non-time-dependent PBEnstead of the equivalent coupled system
with two second order equations used here. In Section lsltelation between a fourth
order PDE and two coupled second order equations is dedcfiee Equations (1.10)
and (1.11)). In the same way, it may be seen that the singlthfouder PDE in [125] is
equivalent to the presented coupled system of second agdeatiens.

Kalliadasis et al. demonstrated six test cases with diffeveidths of peaks and
trenches in Figs. 10 and 11 in [125]. They are peaks with wsidth5 and 10. For
clarity, they are denoted as peaks 1, 2 and 3 respectivelyisrchapter. Additionally,

The interested reader is directed to Equation (4) in [126iHis single fourth order PDE.
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there are trenches with widths 1, 5 and 10. Similarly theydareoted as trenches 1, 2 and
3 respectively. In this section, we validate all 6 cases withresults. It is worth noting
that the results from [125] are 1-D. Thus the 2-D results ves@nt here are using span-
wise peaks and trenches, so the “cross-section” featu@s aésults can be compared to
the 1-D results shown in [125]. For ease of presentation wsgnt our results as the view
of the whole solution from a horizontal view point, ratheatiremove and select parts of
it. Furthermore, because they are spanwise topograplaesywndomains may be used to
generate these essentially 1-D results.

First of all, we demonstrate the validity of using such a eaardomain. This is done
by running a speci c testing case with a full square domaid amarrow rectangular
domain. This narrow domain has the same length inxthéection but only a quarter
length in they direction. We demonstrate this with the feature of topobyapf trench
2 in Figure 5.15. Trench 2 is chosen for this validation, heeveother cases can equally
provide comparisons. Figure 5.15 (a) shows the full domaature (i.e. domain size
is 20 20) of topography of trench 2, and Figure 5.15 (b) is the mamlomain feature
(i.e. domain size is 20 5). The implementation for the full domain in Camp re uses
sixteen 8 8 blocks to form a square coarsest grid with 4 rows and 4 cotuofitblocks
(blocks on ner levels are re ned from those on the coarse&t)g The coarsest grid of
the narrow domain is implemented with four 8 blocks with 1 row and 4 columns. It
is worth noting in our settingdx= dy. There are four different level of re nements in
the shown features in Figure 5.15. For the full domain, theyraesh re nements with
possible nest resolutions of 3232, 64 64, 128 128 and 256 256. For the narrow
domain, they are mesh re nements with possible nest resohs of 32 8, 64 16,
128 32 and 256 64. Finer grids are considered later for validations adaesults
in [125].

The presented topography in Figure 5.15 is de ned by Kadlgsl et al. in [125] and
subsequently de ned by Gaskell et al. in a similar way in [SPe topography is de ned
via arctangent functions, and is given as

[{=2 [{=2
s(xy)= s tan? git stan X2 J !
t t
(5.26)
y w=2 1Y w=2
tant 2" 4tant LT .
olt ot

wherel; is the length of the topograpyw; is the width of the topography (for the span-
wise features presented hewe,= domain width),so = 1 is the topography height/depth

2This is denotedV in [125], and equals to 1, 5 and 10 for corresponding topdyrdgatures.
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(a) Trench 2 full domain 20x20 (b) Trench 2 narrow domain 20x5

20
Domain in y axis Domain in y axis

Domain in x axis Domain in x axis

Figure 5.15: Figure (a) shows the topography of trench 2 waitiull square 20 20
domain; Figure (b) shows the topography of trench 2 with aavadomain of size 20 5.

3andg= 0:001 is a parameter which de nes the steepness of the toplgfafhe coor-
dinate system(x ;y ), for de ning the topography is introduced by Gaskell et alhere
(% V1) is the centre of the topographfx ;y ) =( X X;y W), with (x;y) the Cartesian
coordinates.

Due to the use of a time-dependent system, initial conditare required for variables
h andp. The initial condition forh is given as

h=0=1 s (5.27)

which is a at free surface. The corresponding initial preep(x;y;t = 0) is de ned via
Equation (5.22). The boundary condition that is presemdttjuation (5.23) is employed
here withg= 1. Then within each time step, the coupled system is solvedibynultigrid
solver. This solver performs 2 pre- and post-smoothers omleael of the grid, except the
coarsest grid where a xed number of 60 iterations are cdrig. The stopping criteria
are based upon the in nity norm of residuals from both vaeabas described in Section
5.4.1 for solving the droplet spreading model. Here an atbs@nd a relative stopping
criteria are applied, and at least one of them must be satiseorder to successfully
conclude computation within each time step. The former iteates the current time step
when the norm is smaller than 19and the latter determines to start the next time step if
the norm from the rst V-cycle is reduced by a factor of £0 The converged steady-state
solution is said to be reached if, within a time step, only onétigrid V-cycle reduces
the in nity norm to smaller than 10°. Having described the topography, the converged

3This is denoted in [125].
4This is denoted! in [125].
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steady state solutions that are obtained using the twagstihown in Figure 5.15 are
presented in Figure 5.16 viewed from horizontal view pointo solutions in this Figure
are almost identical. The conservative adaptive mesh raerd (AMR) that is applied to
the droplet spreading model is used here to speed up theagiond. We also include the
adaptive time stepping for additional ef ciency in ordergoickly reach the steady state.
This simulation, and others that are presented later insdision, also bene ted from
using the ARC2 facility, and 16 cores are employed for eaclviddal simulation. These
techniques have already been described previously wittrttydet spreading model, and
they are used here in a very similar way. Therefore, they atalescribed repeatedly.
Even with these techniques, however a signi cant run timesgired to fully converge
the ows to the steady state.

To numerically compare these two solutions presented inrEip.16, the in nity
norm and the two norm of the differences between the solsitame considered. It is
worth noting that there is no solution restriction requisatce two solutions are from the
same grid hierarchy. The solutions on each grid point anegand compared with their
corresponding solutions on the other domain, thus only aeuaf the solution from full
domain is compared to the whole size of the solution from theaw domain. These
numerical values are shown in Table 5.17. Results in thietafdicate the solutions
generated from full and narrow domains are almost idenéindlthus validate the use of
the narrow domain is suitable for this type of problem.

(a) Trench 2 full domain 20x20 (b) Trench 2 narrow domain 20x5
2.5 ........... R e X 2.5 ........... REEEEEI SR .

T U OO A S ; ish AU S :

0 5 10 15 20 0 5 10 15 20
Domain in x axis Domain in x axis

Figure 5.16: Figure (a) shows the Im thickness over trenchith a full square 20 20
domain; Figure (b) shows the Im thickness over trench 2 vatharrow domain of size
20 5.

To validate our solutions against those presented in [128}, grids (with narrow
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For variableh
In nity norm | 9:504 10 14
Two norm | 2:479 10 14

For variablep
In nity norm | 4:821 10 13
Two norm | 8:061 10 *

Table 5.17: Values of the in nity norm and the two norm of thefences of the solutions
generated using a full square domain and a narrow rectangpaain.

rectangular domains) are employed. Some of our resultsrsheve are from simulations
with 7 levels of grids, they are 328, 64 16, 128 32,256 64,512 128,1024 256
and 2048 512. Others are from simulations with 6 levels of grids. 8ioar interest for
the model of fully-developed ows is in its converged steadgte solutions, the C2F so-
lution prolongation technique described in Section 4.%isduhere. When the converged
steady state solution is obtained from using the grid heénaB2 8 256 64, for ex-
ample, this solution is prolongated to a ner grid hieraras/the new initial condition.
This is repeated until the solution is obtained from the gretarchy 32 8 2048 512

or 32 8 1024 256. Parameters used in the model to generate the subsequent
sults are presented in Table 5.18. It is worth noting thabhwit= 90 , N in the pressure
Equation (5.22) becomes zero. Therefore, the tefri2(h+ s) disappears.

| Parameters  Values | Parameters Values |
S 1 g 0:001
W domain width l¢ 1;5and 10
a 90

Table 5.18: Values of parameters used in the simulationsligtfleveloped ows.

A series of 6 gures are presented here in a sequence: peak3ltiznch 1, 2 and
3. Copies of the corresponding gures from [125] (g. 10 - 1Teashown as the top
gure (also denoted as gure (a)) in each case. Our solutimmf each case is then
presented as the bottom gure (also denoted as gure (b)g Vdlidations are illustrated
in Figures 5.17 to 5.22. The comparisons from peak 1, 3, trdnand 3 provide strong
validation. Our solutions from peak 2 and trench 2 are digtiifferent from those in
[125]. However, they still provide a quantitatively goodlidation. We believe these
differences are caused by using two slightly different ni&de

In the following section, results of the convergence tegimfthese six steady-state
test cases are described.
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Figure 5.17: Figure (a) shows the peak 1 testing case froly)[IZgure (b) shows our
corresponding results.
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Figure 5.18: Figure (a) shows the peak 2 testing case from|[IAgure (b) shows our
corresponding results.
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Figure 5.19: Figure (a) shows the peak 3 testing case frol][IAgure (b) shows our
corresponding results.
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Figure 5.20: Figure (a) shows the trench 1 testing case fi@8][ Figure (b) shows our
corresponding results.
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Figure 5.21: Figure (a) shows the trench 2 testing case fi@%][ Figure (b) shows our
corresponding results.
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Figure 5.22: Figure (a) shows the trench 3 testing case fi@%][ Figure (b) shows our
corresponding results.
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5.7.2 Convergence Tests

In order to present the convergence rate, the simulatimms tur multigrid solver that
are presented in Figure 5.20 are selected. Four differedithggrarchies are employed
here and all of them share the same coarsest grid 82 The coarsest grid hierarchy
consists of 4 grids and the nest grid hierarchy consists gfids. These convergence
tests are based upon solution restriction (to compute tifereince between solutions at
consecutive levels) as previously described in Sectior85.9/e use the C2F approach
described in the previous section, which interpolates trwverged steady state solution
to a ner grid as its initial condition. The results are preta in Table 5.19 and indicate
an overall second order convergence rate.

For variableh
Levels| Startingdt || Innity norm | Ratio|| Two norm | Ratio
4 1 1072 - - - -
5 5 10 3 0:128 10° - 2681 10 2| -
6 25 103 | 2529 10 2| 5:07 || 4:015 10 3| 6:68
7 1:25 103 | 6:351 10 3| 3:98 || 9:901 10 4| 4:05

For variablep

1 10° - - - -
5 10 3 0:140 10° - 7:290 10 2| -
25 103 | 1:663 10 2| 840 || 1:023 10 2| 7:61
1:25 10 3| 4:052 10 3| 4:10 || 2:609 10 3| 3:.92

~N o o1 b~

Table 5.19: Results show the differences in consecutivdienkimeasured in the stated
norm, followed by the ratio of consecutive differences frim converged steady state
solutions of the model of fully-developed ows with the casfgrench 1.

In the following section, we conclude this chapter with agy@hdiscussion.

5.7.3 Discussion

To sum up the model of fully-developed ows, the mathemdtioadel is presented in
Section 5.5, based upon [82,125]. Here it is solved as a diependent system using
the described multigrid solver, which was comprehensive$fed and validated for the
droplet spreading model in the rst half of the chapter. Thecoketization schemes and
the resulting fully discrete system are described in Sadié. The results obtained from
using our multigrid solver are presented in Section 5.7 idddilon is considered rst in

Section 5.7.1, against results provided by Kalliadasid.eng125]. Overall we believe

our results provide good validation. Then convergences taist carried out. Results in
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Section 5.7.2 suggest an overall second order converganeasrobtained. This time-
dependent system also provides us with the opportunityudysthe variable incoming
ows. However, this is on-going research and will be disagdsater in this thesis. In
the following chapter, a phase- eld model of the Cahn-HillidHele-Shaw system of

equations is described.



Chapter 6

Fully and Semi-Implicit Time Stepping
with Parallel, FAS Multigrid on
Cahn-Hilliard-Hele-Shaw System of
Equations

In this chapter, a two-phase- eld model that is presente8ention 1.3.2.3 is solved by
using multigrid solvers. This model is known as the Cahnigtitl-Hele-Shaw (CHHS)
system of equations, and as stated by Wise et al. in [226],uteéd as a stepping stone
toward the multi-phase- eld model of tumour growth discedsn the following chapter.
By following this route, the CHHS system of equations providegood opportunity to
test our implementations in Camp re for this Cahn-Hilliargbgyof system. By using the
fully-implicit BDF2 method, we also demonstrate an overalt@end order convergence
rate for solving the CHHS system, whereas only a rst ordenveogence rate is obtained
in [225].

In Section 6.1, the CHHS system of equations is presented. diifierent tempo-
ral discretization schemes are employed in this chapteaamdescribed in Section 6.2.
The rst one is the semi-implicit scheme derived from usingoavex splitting approach
of Wise [225]. The second one is the fully-implicit BDF2 meththat is previously
described in Section 2.1.2.2. In Section 6.3, the impleateris are described. This in-

169
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cludes the choice of the spatial discretization scheme. disarete systems are obtained
in Section 6.3.1 from using the same spatial discretizatreme but the two different
temporal discretization schemes. Based upon these two tahgahemes, two multigrid
solvers are implemented in Camp re and their implementatiare explained in Section
6.3.2. The rst one is our multigrid solve with the use of the BDmethod. The sec-
ond one aims to replicate the solver used in [225], where &mei-emplicit scheme is
employed. Applying these two multigrid solvers, resultstfis CHHS system of equa-
tions are presented in Section 6.4. Firstly, we validateioyolementation against the
results from [225]. Then convergence tests and multigrifiopeances are discussed. It
is worth noting the CHHS system is only solved in a 2-D situatidhis is suf cient to
demonstrate the CHHS type of system is within the capacityofraplementation. This
chapter is concluded by a discussion of the comparison ebleck Gauss-Seidel and lo-
cal Gauss-Seidel, global Jacobi iterations made in Se6tB. We refer back to Section
1.3.2.3 for the glossary of this model.

6.1 Model Outline

The CHHS-type systems of equations are previously desciibgedblications such as
[144, 145]. They are commonly used to model binary uid ow3he CHHS system

of equations solved here is a simpli cation from them, angissented previously in
Section 1.3.2.3. Wise states in [225], “this CHHS phase- ®lddel takes into account
the chemical diffusivity from multiple components, and mag used to study a uid

mixture”. As mentioned before, the multi-phase- eld modétumour growth presented
in [226], is based upon this CHHS system. Wise et al. state@26][that this CHHS

system of equations had been used as a stepping stone tbwanddel of tumour growth.

It is our intention to follow Wise's route and use this systasia testing case for the
implementation of our multigrid solver in Camp re for thesges of system (see also
Chapter 7).

In order to solve this system of equations, Wise in [225]\aatia temporal discretiza-
tion scheme that is called semi-implicit convex splittigd proved its unconditional
energy stability and unconditional unique solvability. @e other hand, this particular
semi-implicit scheme used by Wise in [225] is only rst ordgercurate. Furthermore, we
intend to show the second order accurate BDF2 method is aitsdbkeufor solving this
model. Combining with the second order ve-point stencil, present the overall second
order convergence rate from our multigrid solver. Only aarall rst order convergence
rate is achieved by Wise in [225].
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For clarity, the Cahn-Hilliard-Hele-Shaw system of equadics presented here again
as the following:

f

ﬁ:4m N (fu); (6.1)
m=f3 f €*4f; (6.2)
u= Np gfNm (6.3)

N u=0; (6.4)

wheref (x;y;t) = 1represents pure uidsi(x;y;t) denotes chemical potentiakx;y;t)
is the advective velocity angd(x;y;t) is a pressure. Finallyg is the phase- eld interface
thickness, and> 0 (note ifg= 0, this system reduces to the Cahn-Hilliard equation [42]).

In practice, instead of solving for the velocugx; y;t) by calculating pressung(x; y;t),
we substitute Equation (6.3) into Equations (6.4) and (Gahy solve for the pressure
p(x;y;t). Then this results in the three coupled equations:

ﬂ?:: N (M(f)Rm N (fNp); (6.5)
m=13 f &4f; (6.6)
4 p=gN (fRny; (6.7)

whereM(f) = 1+ gf? arises when the velocity is dispensed with. The computation
domainW is rectangular and has Cartesian coordingieyg) 2 W= (0;3:2) (0;3:2)
(also noted aky = Ly = 3:2in [225]). Wise imposes a zero Neumann boundary condition
on all variables around the domaiy that is

1f _ Tm_ Tp _

ﬁ_ﬁ_ﬁ_o on W, (6.8)

wheren denotes the outward-pointing normal to the boundafny

For completeness, initial conditions are needed for adlgltrependent variables. After
de ning f (x;y;t = 0), the second variable1(x;y;t = 0) is straightforward, since1x;y;t)
Is an assignment df(x;y;t) based upon Equation (6.6). However, since prespxg/;t)
only appears in gradient form, a solver is needed to obtatmague initial condition for
the pressure, i.g(Xx;y;t = 0). We explain this later in this chapter.

It is worth noting the CHHS system of equations (Equations)(& (6.7)) combined
with the imposed boundary condition (Equation (6.8)) hasinigue solutions. This is
due to the pressure varialgeappearing only in gradient form in this system. We employ
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an approach which is described in [225], and this is desdribter in Section 6.3.2.1.
In the following section, two temporal discretization sctes that are used separately to
solve this CHHS system of equations are described.

6.2 Temporal Discretization Schemes

Two temporal discretization schemes are presented hetedd@HHS system. They are
used separately to solve this system. The rst one is frons]2&here Wise described a
time-discrete scheme that is derived from a convex sgiitipproach, termed as “semi-
implicit, semi-discrete scheme”. However, for clarityjstdenoted simply as the semi-
implicit scheme here. The second scheme is the fully-imtd©F2 method, which is
described in Section 2.1.2.2 and applied to the models of lim ows in Chapter 5. In
the following sections, both the semi-implicit scheme dredftlly-implicit BDF2 method
are described.

6.2.1 Semi-Implicit Convex Splitting Scheme

The semi-implicit scheme used in [225] is proven by Wise teehanconditional energy
stability and unconditional unique solvability. This teongl discretization scheme is
derived from using a convex splitting approach. Similarite tamily of BDF methods

(see Section 2.1.2.2), there are many schemes within thexgplitting family and these
do not necessarily have to be only semi-implicit [71]. Fatance, there is a fully-implicit

two-step scheme from Hu et al. [117]. Other applicationagisonvex splitting schemes
can be found in [143,221, 224].

The semi-implicit scheme that is used here is from [225] arapiplied to Equations
(6.5) to (6.7). The resulting system is given as the follavin

frrl fl=atN M(FHNM*Y  atR FINp'*?E (6.9)
mtl= fi¥1 3 ft 2q fiel. (6.10)
4 ptl=gN fINA*? ; (6.11)

where a superscrigt+ 1 denotes solution from the current time-steglenotes solution
from the previous time-step and functid(f ) = 1+ gf2.
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6.2.2 Fully-Implicit BDF2 Method

The fully-implicit BDF2 method is explained in Section 2.2 2and applied to the models
of thin Im ows in Chapter 5. Here the BDF2 method is applied teet CHHS system of
equations with a xeddt, it is given as the following:

fr+l ﬂ'ft l'ft 1 - Z_dtN M(f T H)Rind*1 Z—dtN fUrINpitt o (6.12)
3 3 3 3

m*l= ft+13 frel ez4ft+1; (6.13)

4 pt+1: QN ft+an”f+l : (6.14)

where functionM(f) = 1+ gf?, a superscript + 1 denotes solution from the current
time-step,t denotes solution from the previous time-step @and1 indicates solution
from the one before the previous time-step. Although the BBIEghod is presented with
a xed dt here, if needed, it is straightforward to use the adaptiyer@grh shown in
Equation (2.14). It is worth noting that for the very rst tavstep, BDF1 method (also
named as backward Euler method) has to be used. In the faljpsection, the spatial
discretization scheme is described and the fully-dissgstems are obtained.

6.3 Implementation

In this section, implementations of the solvers for CHHS aysbf equations are de-
scribed. Two systems of nonlinear algebraic equations anergted from using two
different temporal discretization schemes (presenteldamptevious section). The central
FDM with the ve-point stencil which is shown in Equation &.is applied in each case.
Having obtained the discrete systems in Section 6.3.1,amehtations of two multigrid
solvers are discussed in Section 6.3.2. The rst solver ismultigrid solver for the
BDF2 system, and is described in Section 6.3.2.1. The seammdims at replicating the
multigrid solver used in [225], and it is called the Wise sslvThe semi-implicit tem-
poral discretization scheme is employed as part of thisss@wnd is discussed in Section
6.3.2.2.

6.3.1 Spatial Discretization Scheme

The central FDM with the ve-point stencil which is shown im&ation (2.3) is used as
the spatial discretization scheme here. Combining with wWeetemporal discretization
schemes presented earlier, two discrete systems may beeibta
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Firstly the ve-point stencil is combined with the BDF2 methcand the resulting
discrete system consists of the following three equatiddste for the CHHS system
equations, the notation for the equal distance betweendjaeent grid points i$.

fl+l 4t Lt 1
i

3G 370 _
(2 dtl 1! 23 1 1
t+ t+1° + *
2 41+ g Fij =+ g 5 "?,+1;i ]
3h 2 h
2 3
fFreig f.f+11.! S R
41+ g ir] Y R S ) ]
2 h
2
Frely f_t_+1! 2 niffrl $+1
v414 g . i+l g ;J+1h y (6.15)
2 3
freily f.t.+11! 2 gl ._+11)
41+ i i;] 5 0 1)
9 2 h
(
2 EHEE PN A A PR S Tl S
3h 2 h 2 h
)
1 1 1 1 1 1 1 1
+ fit'j+ + fil;j++1 pit;]'r+1 pit;T fiti+ M fit,j+ 1 pit;ir pit;JJ'r 1.
2 h 2 h ’

|
fFrel 4 fit+1'1j+ frrl 4 ft+l  get+l

jriz glel o gl g2 A ";];1 Wi Ho o (6.16)
|
1 1 1 1 1°
pit:l;j+ pit+1;j+ pit;}-+1+ pit;]'r 1 "rpit;Jjr
h2 -
( t+1 t+1 +1 +1 t+1 t+1 +1 +1
g fi i+ il iy it f AT e nfty (6.17)
h 2 h 2 h '
)
t+1 t+1 1 1 t+1 t+1 1 1
+ fiJ'+ + fi;j++1 ';thl 1+ fii+ * fi;j+ 1 J+ J+ 1
2 h 2 h

Secondly the ve-point stencil is combined with the semppiinit scheme, the result-
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ing discrete system which consists of three equations bs\sl

fift
dt ( 2 I
"2 +1 +1
1 flo+ft . mrh
- 41+ 1] i+1;] 5 +1;j 1]
h g 2 h
: 53 1 1
flo+ft . - jr
414 g 07T L 5 M Lj
g 2 h
2 3 1 1
fl.+ft i i+
+41+ ] ij+1 5 jj+l 1]
g 2 h
2 1.3 )
fl 4 fitj 1' 2 jl-l _il-ll
41+ HIF 5 0 ;
g 2 h
( ! ! ! !
1My P PG fE R P R
h 2 h 2 h )
! ! ! !
+ fit;i+ fit;j+1 pit;er+11 pit;]'r1 fit:j+ fit;j 1 pit;]'r1 p{;}ll .
2 h 2 h '
(6.18)
|
3 flrs+ e flt + frL o apie
+1 _ t+1 t i+1;] i1 ij+1 ij 1 i;] .
ht= it fy € ) - (6.19)
[
pit:ll;j + pit+1l;j + pit;er+11+ pit;Jjr Y "'F’it;]'rl
h2 -
1 1 1 1
g fl+fhyynkiy mi G+ (6.20)
h 2 h 2 h '
!
I ety it G R okt
2 h 2 h '

Having presented both discrete systems, in the followingj@e, implementations of
two multigrid solvers in Camp re are described. Implemeittas of the initial condition
and an additional process which ensures the CHHS system hagj@eusolution are
explained.
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6.3.2 Implementations of Multigrid Solvers

Two multigrid solvers are described for solving the systatascribed in the previous
section. The rst one is combined with the fully-implicit BR2Fmethod and is described
in Section 6.3.2.1. The second one uses the semi-implibierae proposed by Wise
in [225], and also combined with Wise's version of an itaratsolver. This solver is
discussed in Section 6.3.2.2.

6.3.2.1 Implementation of Our Multigrid Solver

The implementation of our multigrid solver in Camp re is preusly described in detail
in Section 3.3. In Chapter 5, this multigrid solver is emplbyéth the described modi -
cations (see Section 5.3) to solve the models of thin Im oW$e multigrid solver that
is applied to this CHHS system of equations shares many confieabumres with the one
used in Chapter 5.

Firstly, there are two equations in the CHHS system which aretrme-dependent.
They are Equations (6.6) and (6.7), the former is the eqguébiothe variable of chemical
potentialm and the latter is the pressure equation for varighlés shown in Equation
(6.6), the chemical potentiahis similar to the pressure termin the models of thin Im
ows that are presented in the previous chapter. The impfeat®n used here fom
is previously described in Section 5.3.1. On the other h#rapressure Equation (6.7)
is not a simple assignment but actually a PDE to be discceasel solved, and this is
described later in this section.

In order to demonstrate that the use of the ve-point steanidl the BDF2 method
provides an overall second order convergence rate, theeogence tests presented in this
chapter inherit the implementation that is previously diésa in Section 5.3.3, which is
based upon solution restriction. Both the in nity norm ané two norm are employed
for all variables here, and details are presented latelisrctiapter.

Having described some common implementations shared heétprevious multigrid
solver, which is used for the models of thin Im ows, thereeaa number of specic
implementation details which are needed for solving the CliASem.

Firstly, a block version of a nonlinear iterative method mspdoyed in our multigrid
solver as the smoother and the coarsest grid solver for thidEsl/stem. An example
of such a nonlinear block-Jacobi method is presented in tiftqué2.36). However, by
following the suggestion made in [225], a red-black Gausild iteration is employed
in our implementation in Camp re for this CHHS systémThe red-black Gauss-Seidel

LFor completeness, the red-black Gauss-Seidel iteratiwalheady been tried on the models of thin Im
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iteration is previously mentioned in Section 3.3.4. The panson between the red-black
Gauss-Seidel and the local Gauss-Seidel, global Jacohitisef discussed in Section
6.4.3. Furthermore, by using the block version of the naamiterative method (see
Equation (2.36)), the local Jacobian mat@xof this iteration becomes a 33 matrix
on each grid point. The inverse of this matrix is calculatextk-by-block by Gaussian
elimination and an upper triangular solver with the use akiaaard substitution.

Different from the pressure Equations (5.2) and (5.22) @rtiodels of thin Im ows,
the pressure Equation (6.7) in the CHHS system is not a singgigrament of the time-
dependent variable. Despite this difference, the implagatem of non-time-dependent
PDEs that is previously discussed in Section 5.3.1 maysilised to handle the pressure
equation in this CHHS system. More speci cally, the pressareation (Equation (6.17)),
when being implemented in Camp re, should be the form of tisedtization of

4 p gN (FNm= 0: (6.21)

The rest of implementation is straightforward as describe®ection 5.3.1.

Thirdly, an averaging process is required for the pressarablep. This is because
the pressure term only appears in its gradient form in thelev@HHS system. To-
gether with the use of zero Neumann boundary condition, tessprre eld may shift up
and down during our computation and/or by the grid transferators in the multigrid
method. To prevent this, we introduce an averaging pl)?roaﬂsthé pressure variable
which ensures the discrete integralpéquals to zero (i.e. p= 0), and it is given as the
following:

n n

pia;t\j/eraged: biii (6.22)
This averaging process is denofggil) = 0in [225]. In our implementation in Camp re,
this process is carried out after every iteration of the simercand the coarsest grid solver,

as well as after every grid transfer operation (i.e. restmcand interpolation).

Then it is worth noting that for obtaining the initial condit of pressure variablp,
simple assignments are not enough, and a solver is requiredder to demonstrate this
solver, let's assume the initial conditions fofx; y;t = 0) andn(x;y;t = 0) are obtainedrf
Is a function off , thus obtaining its initial condition is straightforwardaef (x;y; ;t = 0)

is speci ed). Here an iterative solver is applied, and valoé¢ p!+1 are updated as in

N
Equation (6.23). Note for clarity, this iterative solvepigsented in Jacobi form, however,

ows presented in the previous chapter, and there are radtieemprovements in the convergence rates.
However, these improvements are relatively too small t@lzavimpact on the number of V-cycles required
in each time step.
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in the actual implementation, we use the local Gauss-Segttgdal Jacobi iteration (see
Section 3.3).

( lit=0 ItO =0
w=o_ g% it +lj ”%
Pii o T4 2

lt=0 ItO =0 tO

f|11+f nﬂ i
2 h?

lit=0 ItO 1=0"

Ll t T ,+1 "5 (6.23)

2

fil;;jt +flt0 rﬂto tO)
2 h?

2 PR PR R

where superscrigt+ 1 indicates the current iteration ahdenotes the previous iteration.
The stopping criterion for this solver is based upon thedresdi of the pressure equation,
and terminates when the in nity norm of residug|,.+-q) 1 10 11 For complete-
ness, it is worth noting that our multigrid solver in Camp re ¢apable to obtain this
initial condition shown above. However, due to the capgbdf re-starting from check-
point les, the initial condition is only required to be comfgd once. Thus this simple
iterative solver is used here.

Finally, for the stopping criterion at each time step, wddwlthe suggestion made
in [225], that a scaled 2-norm is used as a single stoppirtgrimn for our multigrid
solver. This scaled 2-norm takes values from residualslafaiables into account, and
is given as the following:

Vv

2 55 R 2 6.24
L 2 aa R (F) (6.24)

JR(jjzz =t
whereR(f) is the 3 n nresidual array that counts all three variablﬁg?(f) are its
componentsn is the number of grid points in each axis direction, & 1;2; 3 denotes
each of the three variables in the CHHS system. Furthernfarp, are the Cartesian
coordinates for all internal grid pointg; j = 1;:::;n), andLy, Ly are the lengths of the
domain inx andy directions, respectively.

In the following section, the implementation of the Wiseveolis described.
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6.3.2.2 Implementation of Wise's Multigrid Solver

Having described our multigrid solver, another multigradv@r which is intended to repli-
cate the one used in [225] is also implemented in Camp re. $biger is denoted as the
Wise solver, and shares many common features from the onleabkgust been described,
however, there are a few minor differences. These differeace summarised here.

Firstly, the temporal discretization scheme implementeWise solver is the semi-
implicit scheme as described in Section 6.2.1. Secondéysthoother (and the coarsest
grid solver) used in the Wise solver is slightly differentrir those described earlier.
Although it also updates all variables together at one gduhtp the cubic term in the
equation of chemical potential ofi(i.e. Equation (6.6)) is linearised by a local New-
ton approximation. Equations (6.18), (6.19) and (6.20)raegranged into the forms of
Equations (6.25) - (6.27). Note for simplicity (and destivgp purposes only), the super-
scriptsl + 1 andl are used to indicate the current and previous lexicographicss-Seidel
sweep, respectively. However, it is the red-black Gausdebreration that is used in the
implementation. Moreover, these variables that are mavkt#dsuperscript$ + 1 andl
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are already assumed to be from the current time stefl.

(2 t ¢ 23 2 t ¢ 23
at ft 4 ft fto4ft
| ;] i+1;] ;] i 1]
fi;Tl"'ﬁ 41"'9 -5 5"'41"'9 - 5 5
2 t ¢ 23 2 t . 23)
41+ g Tii* Tijen 5+41+¢g fi*fia s il
g
( )
+ﬂ fit;j+ fit+1;j + fit;j+ i Li fit;j'*' fit;j+1+ fit;j+ fit;j 1 J+1
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dit fiit five Flit fi o
tio 41+ g —2' L Splqy+41+ g — 5 5”#+11;j
2 3 2 3
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(
g ft + f|t+1] fit;j+ fit 1
h? 2 2
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wherea(l) = f;, 5(;21-) = f andsﬁ-) = 0 on the nest grid, but on coarser grids, they
are substituted by the corresponding modi ed RHS of the FAEEigT'wI method. Then
Cramer's Rule is applied on this 33 linear system to obtalﬁ,']'l, land p,+1 This
process is used as pre-, post-smoother and the coarsesblyd in the Wise solver. It
is worth noting that the averaging process for the pressanablep shown in Equation
(6.22) is carried out in the Wise solver, after every itenatof the smoother and the
coarsest grid solver, as well as after every grid transferatjpon. The initial condition for

pressure is also obtained through the use of the simple solver showgiration (6.23).

Having described two multigrid solvers, in the followingctien, results from using
these two solvers to solve this CHHS system of equations aceissed.

6.4 Results on Cahn-Hilliard-Hele-Shaw System of Equa-
tions

Applying the two multigrid solvers described in previoustsans, results on this CHHS
system of equations are presented in this section. Fith#y\Vise solver is used to vali-
date results from our implementation against the ones f##b][in Section 6.4.1. Then
convergence tests and multigrid performance are discussgelction 6.4.2. A nal dis-
cussion is made in Section 6.4.3 to conclude this chaptisnbrth noting that to generate
these results, the parallel computer cluster ARC2 is usedyamnelrally up to 16 cores are
employed for each task.
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6.4.1 Validation

The CHHS system of equations is solved by Wise and publishg®B]. In this section,
we validate our results which are generated by using theritbescWise solver imple-
mented in Camp re by comparing with the results presente@#5].

The computational domaWhas Cartesian coordinatesy) 2 W=(0;3:2) (0;3:2).
The initial condition for the phase- eld variable(x;y;t = 0) is given as

h i h o [
1 cos % 1 cos FP
F=0_ L RET (6.28)
i = 2 , .
wherei; j = 1;:::;n, nis the number of internal grid points in each direction, e

Ly = 3:2 are the lengths of domain in thkeand they directions, respectively.

Having obtained (x;y;t = 0), the initial condition for the variable of chemical poten-
tial mon all internal grid pointgi; j) may be de ned as

= = 3 = ez = = = = =
mi%= 507 HT0 o AR AT AT A0 AR50 0 (6.29)
The process to obtain the initial condition for the pressar@ablep is already described,
andp(x;y;t = 0) is obtained through the use of iteration (6.23).

Having obtained the correct initial conditions for all \&vles, we validate the Wise
solver from our implementation against the results presemt Table 1 in [225]. There
are ve different grid hierarchies used, having nest grigdih the resolutions of 32 32,
64 64,128 128, 256 256 and 512 512. All of them have the 16 16 grid as the
coarsest grid in their grid hierarchies. Therefore, the&ydenoted levels 2, 3, 4, 5 and 6
respectively. The results shown in this table include thalmer of V-cycles required at the
20" time step from all different grid hierarchies to reduce tbaled 2-norm of the resid-
uals below a xed stopping criterion thatis 110 8. A xed time step sizedt=1 10 °
is applied to all 20 time steps for all levels. The effectswod parameters in the CHHS
system (i.ee andg) on the convergence of the employed multigrid solver aresictaned.
Additionally, the effects from different numbers of pre-dgpost-smoothes applied in the
multigrid solver are also tested and the parameter whidlkatels the number of iterations
of both smoothers is denoted las

Our results are presented in Table 6.1, and in total there@ckfferent combinations
of these parameters. Thusitleads to ve different testgaler clarity, we present Wise's
results (i.e. the number of V-cycles) shown from Table 1 @9Pwith brackets in Table
6.1 here.
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Test1 Test 2 Test 3 Test 4 Test5
e 2 1012 1011 101/5 10 2|5 10 2
g 2:0 2.0 2.0 4.0 8.0
| 1 2 2 2 2
level 2 8 (7) 6 (5) 6 (4) 6 (4) 6 (5)
level 3 9(8) 6 (5) 7(5) 7(5) 7 (5)
level 4 9(8) 6 (5) 7(5) 7 (5) 8 (6)
level 5 9(9) 7 (5) 7 (5) 7 (5) 8 (6)
level 6 9(9) 7 (5) 7 (5) 7 (5) 8 (6)

Table 6.1: Table shows the number of V-cycles required a2tHeiime step from ve dif-
ferent grid hierarchies of the Wise solver. The scaled 2rairthe residuals are measured
against a xed stopping criterion that is 110 8. A xed time step sizedt = 1 10 3

is chosen for all tests. Wise's results that are publishe@2®] are presented inside of
brackets here for comparison.

Results presented in Table 6.1 show a quantitatively goodpbaeason to the results
from [225]. However, it may be seen that the Wise solver fram implementation in
Camp re commonly requires 1 or 2 extra V-cycles. Lack of deta [225] means that
we cannot be sure how these differences arise. For exarhplmitial conditions for vari-
ablesmand p are not described in [225], and the exact implementatioh®faveraging
process for the pressure eld is also not described by Wisespile the extra V-cycles,
the effects caused by modifying values of the parametetsiMfise solver from our im-
plementation show a good agreement to these from [225]h&uvalidation comes from
the convergence rates.

The reductions in the scaled 2-norm of the residuals for #seg of Tests 1 and 2
are illustrated in Fig. 1 in [225]. We validate the resultstloé Wise solver from our
implementation against these presented in [225]. This ewis@n is shown in Figure 6.1,
where the left-hand side is a copy of Fig. 1 from [225], thdtiband side gure shows
the results from our implementation. This gure clearly damstrates the same rates of
convergence and explains the extra V-cycles that are mdjbly our implementation, as
indicated in Table 6.1. In particular, the main differenbe$ween the two solvers are
the values of the scaled 2-norm after the very rst V-cycl@s$ible causes are already
discussed, but overall we believe these tests provide lexteialidation.

In the following section, convergence tests and multiggdgrmances from the Wise
solver and our multigrid solver are described.
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Figure 6.1: Figures show the reductions in the scaled 2-rudrtme residuals for cases of
Tests 1 and 2 presented in Table 6.1. The left-hand side ipyaafoFig. 1 from [225],
and the right-hand side gure shows our results.

6.4.2 Convergence Tests and Multigrid Performance

Having validated our implementation of the Wise solver aggj225], convergence tests
based upon solution restriction are undertaken here fdr bufltigrid solvers. Results
are presented in Section 6.4.2.1. The performance of ourgndIsolver with the BDF2
method is also discussed in Section 6.4.2.2.

6.4.2.1 Convergence Tests

In this section, convergence tests and multigrid perfoceare discussed. The imple-
mentation of convergence tests is based upon solutionatestr and this is described
previously in Section 5.3.3. Here the in nity norm and thestmorm of residuals from all
variables are separately measured.

For the purpose of demonstration, convergence tests ageaiothe solutions aft =
4 10 1. The parameters in the CHHS systems are set tgbely = 3:2,e=2 101!
andg= 2:.0. In the multigrid solvers| = 2. Note these settings were used by Wise
in [225] where he conducted his convergence tests to denad@shat the semi-implicit
scheme gives an overall rst order convergence rate. Onédefdifferences between
Wise's convergence tests and ours, is that Wise used a reenepath (changes in the
time step sizes) which igt = 0:4h2. In our convergence tests, we intend to halve the time
step sizes as we re ne the grids (as we will show in the follayvsubsection our BDF2
solver is second order). Initially, the time step size inlhel 2 case igit = 1 10 2,



Chapter 6 185 6.4

which then requires 40 time steps to reakks 4 10 1. We use four different grid
hierarchies for the convergence tests, and they have th& gréds with the resolutions
of 64 64,128 128, 256 256 and 512 512, respectively. They are in turn denoted
as levels 3, 4, 5 and 6, with a grid of 1616 as the coarsest grid.

Firstly, we present results of our convergence tests usimgnoplementation of the
Wise solver (with the semi-implicit scheme). All three difént variables are separately
tested, and results are shown in Table 6.2. From this tatdeseg that the ratios of the
differences in consecutive solutions for variableandp are close to 2 for both the in nity
norm and the two norm. The corresponding ratios for the légimare clearly smaller
than 2. Results shown in Table 6.2 indicate the overall cgarere rate of using the
semi-implicit temporal discretization scheme and the pant stencil from Wise solver
is only rst order.

For variablef

Levels dt Time steps| In nity norm | Ratio|| Two norm | Ratio
3 1 107 40 - - - -
4 5 103 80 6:687 10 2| - 1:714 10 2| -
5 2,5 10 3 160 3759 10 2| 1:78 | 9:505 10 3| 1:80
6 1:25 10 3 320 1:995 10 2| 1:88 | 5:023 10 3| 1:89

For variablem
3 1 10 2 40 - - - -
4 5 103 80 1:401 10 2| - 5283 10 3| -
5 25 10 3 160 7:953 10 3| 1.76 || 3:025 10 3| 1.75
6 1:25 10 3 320 6:893 10 3| 1:15 || 2.020 10 3| 1:50
For variablep
3 1 1072 40 - - - -
4 5 103 80 7:672 10 3| - 4:819 103 | -
5 25 103 160 4:294 10 3| 1:79 || 22673 10 3| 1:80
6 1:25 10 3 320 2:551 10 3| 1:68 || 1:384 10 3| 1:.93

Table 6.2: Results show the differences in consecutive isolsiimeasured in the stated
norms, followed by the ratio of consecutive differenceseddresults are generated with
the use of Wise solver and the semi-implicit temporal diszagion scheme.

The second set of convergence tests are carried out usinguatigrid solver with
the fully-implicit BDF2 method and the described block versof the red-black Gauss-
Seidel smoother. Results of this set of convergence testshaxen in Table 6.3. This
table shows near optimal, second order, convergence kated three variables. It may
also be seen that values of the in nity norm and the two norfii{e difference between
consecutive solutions) obtained using our multigrid solvéh the BDF2 method, and
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shown in Table 6.3, compared against Table 6.2, are 10000 times smaller at these
mesh resolutions.

For variablef

Levels dt Time steps| In nity norm | Ratio| Two norm | Ratio
3 1 10°2 40 - - - -
4 5 103 80 1:.074 10 3| - 3885 10 4| -
5 25 10 3 160 2:718 10 4| 3:95 | 9781 10 °| 3:.97
6 1:25 10 3 320 6:905 10 °| 3:93 || 2:468 10 ° | 3:96

For variablem
3 1 1072 40 - - - -
4 5 103 80 1:141 10 4| - 6:347 10 ° -
5 25 10 3 160 2:901 10 °| 3:93 | 1:610 10 °| 3:96
6 1:25 10 3 320 7:389 10 6| 3:93 | 4092 10 6| 3:93
For variablep
3 1 1072 40 - - - -
4 5 103 80 9:110 10°| - 5:316 10 ° -
5 25 10 3 160 2:328 10 °| 391 | 1:370 10 °| 3:88
6 1:25 10 3 320 5:933 10 6| 3:92 | 3:522 10 ¢ | 3:89

Table 6.3: Table shows results from the convergence testg tie in nity norm and the
two norm on all three variables, mand p from the CHHS system of equations. These
results are generated with the use of our multigrid solver the fully-implicit BDF2
method. Parameters used are described in the text.

In the following section, multigrid performance of our sehwith the BDF2 method
is evaluated.

6.4.2.2 Multigrid Performance

Previously in Section 6.4.1, the multigrid performancelready presented for our im-
plementation of Wise's solver in Figure 6.1. That shows thatconvergence rate (the
reduction of the scaled 2-norm of residuals) of the mulligiolver is independent from
the grid size. For completeness, in order to evaluate outignidl solver with the BDF2
method, the simulations with = 2 in the right-hand side of Figure 6.1 are repeated.

Results shown in Figure 6.2 indicate that our multigrid splweth the use of BDF2
method, shares similar convergence rate (in tHe ti@ie step) as those shown previously
on the right-hand side of Figure 6.1. In two cases: 2256 and 512 512, they require
one less V-cycle than the Wise solver to reach the same sigmpiterion. It may also
be seen that these convergence rates from using differiertigrarchies are independent
from the grid size. This is the expected multigrid perforcan



Chapter 6 187 6.4

10_ T T T T T
—6— 64x64
—— 128x128 |]
102 L —H— 256x256 |4
¥ —A— 512x512 |7
10° ¢

Scaled 2-norm of the residual

-10 Il Il Il Il Il

1 2 3 4
No. multigrid V-cycles

10

(6]
(o]
~

Figure 6.2: Figures show the reductions in the scaled 2-roditime residuals withh = 2.
These results are generated by using our multigrid solviertiwe BDF2 method, and they
are repeated simulations which have been previously piegem the right-hand side in
Figure 6.1.

In order to demonstrate the linear complexity (iGxn)) of our multigrid solver with
the BDF2 method, the simulations shown in Table 6.3 are redeafhese simulations
are executed as sequential code and CPU times for all fowrelift grid hierarchies are
obtained and the average numbers of V-cycles per time steeguanmarised. All the
works that are presented here are generated from a singkstabon which consists of
3.4GHz Dual Quad-Core Intel Xeon processors with 8GB menkegults are presented
in Table 6.4.

Results shown in Table 6.4 suggest a linear increase in the @#44.t This is mea-
sured as we quadruple the number of grid points and doublauheber of time steps,
the CPU times are increased by a factor of 8 each case. It algbenseen that the aver-
age number of V-cycles required per time step stays a candti@mce this suggests our
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Levels| Finest grid| Total number of| Average V-cycles CPU time (seconds
time steps per time step
3 64° 40 5:4 471
4 128 80 5:3 2793
5 256 160 5:2 21842
6 5122 320 5:0 184007

Table 6.4: Table shows the results generated using ourgridlolver with the BDF2
method. CPU times are included which are obtained from ussiggle CPU. The same
simulations are previously presented in Table 6.3 to detnaiesthe convergence tests.

multigrid solver performs optimally.

A log-log plot is further used with the average CPU times paetstep from all four
test cases that are presented in Table 6.4 against the totdder of grid points on the
corresponding nest grid. This plot is shown in Figure 6.3.sRks of this gure show a
linear increase in the CPU times as we quadruple the numbeidgi@nts and double the
number of time steps. Timing results appear slightly sabdr from the rst two cases,
however, the overall increase in the larger CPU times is [@hnaith the line that has the
slope of 1.

The following section concludes this chapter with a sumneargt discussion of the
results obtained using our approach for the solution of thélSldystem of equations.

6.4.3 Discussion

In this chapter, two multigrid solvers are implemented in @amto solve the CHHS
system of equations. This two-phase- eld model is descritng Wise in [225], and also
presented in Section 6.1. The rst solver (referred to herétha Wise solver) is intended
to replicate the one used in [225], where a rst-order semplicit temporal scheme is
derived using a convex splitting approach. Such a schentewrsin Section 6.2.1. We
validated this solver against results given in [225], arey/thre quantitatively agreeable.
Then through the use of our convergence tests, it is pro\aritits scheme, together with
a second order ve-point stencil, is able to provide an olferst order convergence rate.

On the other hand, the second solver (also called our midltgglve with the BDF2
method) employs a fully-implicit second order BDF2 methodhesstemporal discretiza-
tion scheme. Together with a second order ve-point stetiod overall convergence rate
is indeed second order. Meanwhile, we also demonstrate ategnid performance from
this solver.

As mentioned previously, the use of the Gauss-Seidel itgratith the red-black
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Figure 6.3: Figure shows a log-log plotxmlirection, the total number of grid points from
the nest grid is shown, and the average CPU time per time steggconds is presented
in y direction. For comparison, a line with slope of 1 is also shawthe gure.

ordering as the multigrid smoothers and the coarsest ghetisappears to lead to bet-
ter multigrid convergence rates. This is demonstratedgusim multigrid solver with the
fully-implicit BDF2 method. The simulations shown in Figu8e are repeated separately
by using the red-black Gauss-Seidel iteration and the IBeaalss-Seidel, global Jacobi it-
eration on levels 5 and 6. The resulting convergence ratésnithe 2¢ time step are
illustrated in Figure 6.4. The gure shows that the red-kl&auss-Seidel approach does
indeed provide better convergence rates compared to thé Gauss-Seidel, global Ja-
cobi approach. In the simulations used in Figure 6.4, whantstst of 20 time steps, the
total number of V-cycles needed by the red-black Gaussebeidess than the numbers
required by the local Gauss-Seidel, global Jacobi appro&ttwever, as discussed in
Section 3.3.4, the red-black Gauss-Seidel requires twodgeell updates (GCU) per it-
eration in its implementation in Camp re, whereas the locali&s-Seidel, global Jacobi
only requires one GCU per iteration. Although many improvetadave already been
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made to increase the ef ciency of this time-dominant subireu(see Section 4.3), the
local Gauss-Seidel, global Jacobi is still more ef cienun$naries of the simulations in
Figure 6.4 are presented in Table 6.5. Results in this showthkdocal Gauss-Seidel,
global Jacobi iteration is slightly faster for this CHHS syst although its convergence
rates are lower than the ones of the red-black Gauss-Ssiuah( in Figure 6.4).

T
—©O— Red-black Gauss-Seidel 256x256

—>— Local Gauss-Seidel, global Jacobi 256x256
107 —8— Red-black Gauss-Seidel 512x512 7
—+4— Local Gauss-Seidel, global Jacobi 512x512

Scaled 2-norm of the residual

-10 | | | |

1 2 3 4 5 6
No. multigrid V-cycles

10

Figure 6.4: Figure shows the convergence rates using theds2anorm of the residu-
als. These results are generated separably using theaekl®huss-Seidel and the local
Gauss-Seidel, global Jacobi iterations on levels 5 and 6.

To sum up, the model developed in this chapter is used as pisgeptone toward
the multi-phase- eld model of tumour growth by Wise et al. [#26] that follows. We
intend to follow this route, and the results suggest thaimptementation in Camp re is
able to solve the Cahn-Hilliard-Hele-Shaw type of model. Reslso suggest the use of
BDF2 method is able to obtain an overall second order conaesgeate from this type of
model. This provides us with con dence in order to procedd the next chapter, where
a much more complicated model of tumour growth is presenfed.the CHHS system
of equations, there are no further discussions on adaptawid parallel computing. Both
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Levels No. Avg. V-cycle | Total No.| CPU times (seconds)
time steps per time step V-cycle per time step
For red-black Gauss-Seidel iteration
5 20 6:0 120 13:25
6 20 6.0 120 51:10
For local Gauss-Seidel, global Jacobi iteration
5 20 6:5 130 1147
6 20 6:6 132 4381

Table 6.5: Tables the performances of our multigrid solvighwvo different iterations
used for the simulations shown in Figure 6.4.

techniques have already been demonstrated in detail inrévéops chapter.



Chapter 7

Parallel, Adaptive, Phase-Field
Simulations with Fully-Implicit Time
Stepping and FAS Multigrid on Model
of Tumour Growth

Having described the CHHS system of equations in the prewsbagter, here a multi-
phase- eld model of tumour growth, which is related to the C&Bystem, is solved
using our parallel, adaptive, multigrid solver. To begirthwia brief literature review on
tumour modeling is given in Section 7.1, where differentetyf tumour growth models
are discussed. In this thesis, we are most interested imcmmh models which are further
described in Section 7.1.2. The multi-phase- eld modelurhbur growth that is studied
here is from Wise et al. [226], and this model is presenteceittiBn 7.2. In [226], a FAS
multigrid solver has also been used, and we discuss theehifes in the implementation
between their solver and ours in Section 7.3. Furthermdie discrete system arising
from this model through applying the nite difference meth(see Section 2.1.1.1) and
the BDF2 method (see Section 2.1.2.2) is presented in Setio?, along with a number
of novel features of our implementation. Results obtaineadgusur solver are illustrated
in Section 7.4. We start, in Section 7.4.1, with a discussionvalidating our results
against those shown in [226]. Through our presented eveleme conclude that due to

192
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the sensitivity of certain quantitative outputs from thisdel to its initial conditions, and
a corresponding lack of detailed information from [226],umqtitative validation is only
of partial success. Qualitative agreement is also corsitigrereafter. In Section 7.4.2,
through our convergence tests, an overall second ordeeogence rate is demonstrated:
something that was not achieved by the authors of [226] fisrrtiulti-phase- eld model
of tumour growth. In Section 7.4.3, results of 3-D simulas@re presented for a range of
input parameters for the model. From our experiments andtgsgsve notice a relatively
poor multigrid convergence associated with the pressurabla, and in Section 7.5, this
issue is described, along with a general discussion whinhlades this chapter.

We refer back to Section 1.3.2.4 for the glossary of the npiiase- eld model of
tumour growth.

7.1 Brief Literature Review on Tumour Modeling

In order to help the reader understand the process of tunrourtly, we generally sum-
marise based upon the work of [12,14,37, 155, 165].

Initially a tumour starts with a small number of cells as astdu within the host tis-
sue. Normally in mathematical models, the initial spot af thmour is assumed to be
away from blood vessels. At this stage, the nutrient supgpth¢ tumour is only through
diffusion from the surrounding healthy tissue. It is alsogally believed the adhesion
forces between tumour cells are much stronger than betwesdthiz cells, so the shape of
tumours is commonly compact spheres or ellipses. Due toupely of nutrient through
diffusion being very limited, the compact tumour is typlgadartitioned into three layers
of cells. Cells at the periphery are the proliferating celks. (these cells can divide), these
cells are normally well supplied by nutrient. This cell hiprocess is termed mitosis.
Because of the cell proliferation and adhesion, a pressum@é®@and pushes towards the
centre of the tumour. Cells in the middle layer are the dorngsafis. The concentration
of nutrient among these cells is very limited, so that calésalive, however are prohib-
ited from proliferating. Dead cells occur when the nutrieohcentration drops below a
minimum threshold. This initially happens at the centraunfour, and as the tumour con-
tinues to grow, dead cells accumulate into a necrotic cohnes dccumulation process of
dead cells is termed necrosis. Moreover, through expetsramd clinical observations,
it is believed there is volume loss in the necrotic core, duthé decomposition of dead
cells that can diffuse through the tumour. This is accomgrmiith other cell loss mech-
anisms in other regions, such as apoptosis. Apoptosis igrtdeess of programmed cell
death, where a cell exceeds its natural lifespan. Theregfdren the solid tumour grows
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to a certain size (a few millimeters in diameter), an equiliilm state may occur, that is
the birth rate of new cells at the periphery is approximaegjyal to the rate of volume
loss. This phase is termed avascular tumour growth.

The above equilibrium state is uncommon in practice. Thizeisause most tumours
during the avascular tumour growth, will release a chenfaator which can induce the
nearby blood vessels to grow branches towards the tumouewtually penetrate it.
This process of inducing blood vessels is termed angiogenéke induced cells which
are originally in the blood vessels are termed endotheéls cfollowing the migration
of these cells, small branches of blood vessels can be forméen the blood vessels
reach the tumour, it means the end of the avascular tumowtignehase, and the next
phase is termed vascularized tumour growth. During thisghthe tumour is provided
with suf cient nutrient (via the blood vessels) to allow @ grow rapidly. In addition,
tumour cells can be transported to other places througlihlessels to develop secondary
tumours. This spreading process is termed metastasis. Bystasis, the large number
of tumours can lead to physical obstruction or organ malion¢ and eventually kill
the host. Therefore, metastasis is believed to be the predoicause of mortality.
Generally by the time a tumour reaches a clinically detdetalze, it is already in the
vascular growth phase.

7.1.1 Early Mathematical Models of Tumour Growth

Over the last few decades, the understanding of tumourgieihe birth and growth of
tumours) has developed dramatically and the contributfanathematical tumour mod-
elling cannot be neglected. The biological experiments @mdcal observations have
been complemented by the mathematical models that havedesetoped. Even simple
tumour models and simulations can help to support or denyhypetheses made from
observations. Therefore, the two, mathematical mode#img) experimental work, when
interwoven together, expand our knowledge on tumour gramtheventually contribute
to the therapies [14]. For example, the review paper of Bytred. ¢37] gives a number
of examples in detail to illustrate how theory can drive ekpents and vice versa.

On the other hand, notwithstanding the advances in sciemind medical research,
the process of tumourigenesis and its further growth stithains elusive. The proce-
dures of tumour growth itself and its interactions with thesthare complex [155]. The
disease is initialised by its avascular growth, and Mayddb63] in 1932 developed a
mathematical model based on an observation which illledrdtat the volume of tumour
tissue starts to grow exponentially. The paper [14] by Avaand McElwain describes
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the reducing thickness of tissue at the periphery layers Was later demonstrated by
Folkman and Hochberg in [77] (experimental paper). Gimbnor{86] (experimental pa-
per) concluded that the neovascularisation of a tumourspdayimperative role in further
continued growth.

Based on the discovery of a solid necrotic core, in 1955 Thwsoh and Gray [215]
developed a mathematical model to describe the diffusi@ehcamsumption of nutrient,
identifying that necrosis is caused when the nutrient dimgdew a threshold. Tumour
cells in this stage can be separated into three types: @raflihg cells with suf cient nu-
trient, dormant cells with less nutrient, which are protadifrom proliferating, and dead
cells [14]. Similarly, Burton developed a diffusion mode[85] in 1966 that restricts the
nutrient supply to be merely on the tumour surface.

A few years later, Greenspan [95] proposed a diffusion mtiaglsimulates avascular
tumour growth. Greenspan simulated his results in 1-D if.[Réter on, with a modi ed
model, Greenspan [97] studied non-symmetric tumour grawthe avascular phase and
its stability.

In 1987, Adam developed a reaction-diffusion model with[a 4econd order parabolic
PDE governing equation in his series of papers [1-3]. Thislehavas used to vali-
date other earlier models and their results, which inclu@szenspan’s hypotheses of the
source of inhibitor.

During the avascular growth phase, a tumour merely growdawanillimetres in di-
ameter. Further growth is then limited by volume loss in teerntic region (coupled with
other cell loss mechanisms in other regions, more detalgigen by Durand in [68]). In
this stage nutrient supplied through diffusion from healiesue can only keep the solid
tumour in an equilibrium state [14, 155]. This ends when anubal, termed tumour an-
giogenesis factor (TAF), is released by the solid tumouchSuchemical factor was found
by Folkman in [76] (experimental paper) in 1976. A review @apf tumour-induced an-
giogenesis [12] by Anderson and Chaplain summarised a nuofb@thematical models
of others for angiogenesis.

With a better understanding of tumour growth, tumour madglresearch has in-
creased dramatically since the 1990s [14]. A large numbera advanced techniques
became available and, with inspiration from other scientelds, tumour modelling has
diverged into three different routes based upon the reptasen of the tumour tissue
[155]. The rstis continuum modelling, where the tumours &reated as a collection of
tissue. In this tissue-scale type of modelling, the focumighe concentrations of tumour,
and commonly the growth process is governed by partialr@iffeal equations [155]. Fast
numerical methods (e.g. the multigrid method) can be agplidese types of model are
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generally used to compute relatively large time-scale Etrans where the shapes of the
tumour can be properly formed. This modelling is the mairukof this chapter. Never-
theless, the other two types of modeling present their gthesnin different respects. The
second approach is discrete modeling, which represenitssagatevery tumour cell indi-
vidually. This cluster of cells then grows according to adfetpeci ¢ biophysical rules.
However, the need for computational power increases sigmily with the number of
cells that are modelled [155]. Thus the time-scale of sitmutg from this type of model
is generally limited, and commonly used to determine cdildvéour rather than the total
shape of tumours. The nal type of modelling is logically\den from the previous two,
termed hybrid modelling. This approach intends to combisth lbontinuum and discrete
modelling, with research aiming at obtaining the best fietof both [155]. Usually,
advances made in continuum modelling can be of bene t in idyimodels too.

7.1.2 Continuum Models

Continuum modelling, as stated previously, uses a set of RDE®del the morphology
of tumours. Greenspan's model in [95], mentioned abovenésas the earliest continuum
models. These early models usually consist of an ordindfgrdntial equation coupled
to one or more reaction-diffusion equations [14]. In thiste® we describe some more
advanced models. Most of these are further categorised Hiphase modelling, which
treats the tumour mass (solid tumour) as a multi-componeténal [155]. Although a
large number of models possess this feature, we focus hdreeamork from two groups
that appear to be the most relevant to this research, whesidewimg applications of
multigrid methods. They are the group of Lowengrub from @nsity of California at
Irvine and the group of H.M. Byrne, now at Oxford Universityféw models from others
are also included in passing in the following discussion.

In [38], Byrne and Chaplain describe a mathematical model vbantains two pairs
of coupled reaction-diffusion equations. These two pditoopled equations are solved
numerically by use of nite difference approximations. T@eank-Nicolson method is
used as the time-stepping scheme, and Simpson's rule iogatplor the resulting system
of equations. In [39], Byrne and Chaplain extended their maxdglined above, to include
the necrotic core inside the solid tumour.

Byrne and Preziosi developed another model in [36]. This rhineats the tumour as
a two-phase material. Within this model, mass exchangedmtyhases plays a funda-
mentally important role. This two-phase model is later desti@ted in [40], by Byrne et
al., to have, when appropriate asymptotic limits are predjdrery similar features to the
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earlier work from Greenspan [97] and others.

In [118], Hubbard and Byrne develop a four-phase model to sitewascular tumour
growth. In this model, healthy cells, tumour cells, bloodsa&s, extracellular material
and diffusible nutrient can be distinguished. The repriegem of tumour growth is de-
rived from the principles of conservation of mass and mouom@rfor the various volume
fractions. Numerically, the hyperbolic PDEs of mass bataare discretised through a
conservative, upwind, nite volume scheme; whereas theegadised Stokes equations
for momentum balance employ a nite element scheme. Addldily, the discretization
of nutrient reaction-diffusion equations is also basedugpmite element scheme, solved
by a Newton iteration. Model simulation is presented on a @ristructured triangular
mesh.

The mathematical models of Lowengrub's group are constduitbm a different point
of view. An early mathematical model that this group usedgctvis summarised in their
review paper [155] and appendices in [52], consists maihtatzulations for cell velocity
(through obtaining pressure) and concentration of nutrien52], Cristini et al. applied
these two coupled systems and used boundary-integral aiiong to perform a fully
nonlinear vascularised tumour growth simulation.

Zhang et al. develop a mathematical model in [229] that sates| a full nonlinear
model of 2-D tumour growth with angiogenesis. Cell velocibdaoncentration of nu-
trient in this model are governed by a Darcy-Stokes law aadtien-diffusion equations,
respectively. The chemical factor TAF is described by atteadiffusion equation. The
spatial discretization method is an adaptive FEM with allee¢ approach for tracking
the tumour boundary. This model uses the midpoint metho@doations that may be
solved explicitly in time. Based on the work of Zhang et al.92Macklin and Lowen-
grub [157] used a 2-D regular Cartesian mesh and a specidklevmethod to track the
tumour boundary.

Li et al. extended this tumour model into 3-D in [150]. The rabfiom Cristini et
al. [52] is still used to describe the cell velocity and nemiti diffusion. A new adaptive
boundary integral method is proposed to incorporate thed®ain. The surface of the
tumour is discretized into a mesh of at triangles. An exjlsecond order Runge-Kutta
time stepping method is used as the temporal discretizatbeme and the linear alge-
braic systems are numerically solved using the Generalieonum Residual (GMRES)
iterative method.

Macklin et al. in [159] and [158] numerically describe the avbfrom Macklin and
Lowengrub [157] in detail. It consists of a number of nonéineelliptic and parabolic
PDEs. The ghost uid method is introduced around the tuntmst interface. Away from
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the tumour boundary a centred FDM is used to discretize tipgieland parabolic PDEs.
The model that is re-proposed in [159] is solved on a 2-D sda@amain, a nonlinear
adaptive Gauss-Seidel-type iterative method (NAGSI) exlus

Pham et al. summarise three main constitutive laws of trgaticompressible uid
in [182], they are Darcy's law, Stokes' law and the combineatdy-Stokes law. Addi-
tionally, further evaluations are carried out for the diggbanalyses against experimental
observations. There are a number of tumour models using thes constitutive laws
and the one solved here obeys Darcy's law.

In [223], Wise et al. developed a nonlinear (FAS) multigridthod to solve a sixth-
order, nonlinear, strongly anisotropic Cahn-Hilliard gaolc equation. Then, Cristini et
al. developed a tumour mathematical model in [51] whose igog equation is of Cahn-
Hilliard type, which is a fourth-order nonlinear parabdR®E with a reaction-diffusion
equation for the nutrient. An adaptive Cartesian blockestmed mesh re nement scheme
was applied on a 2-D domain. A centred FDM and an implicit sohén time were used
as spatial and temporal discretization schemes resphctive

7.1.3 Discrete and Hybrid Models

In this section, we brie y describe some of the discrete agdridl models of tumour
growth. The discrete modelling, as described previouslyased upon explicitly tracking
and monitoring each individual cell (or representativdsjel These cells are updated
according to a set of biophysical rules. Generally, digcrebdelling is subdivided into
two categories: lattice-based (cellular automata) antéafree. [155] reviews a number
of methods and models that commonly appear in the literatime[8], Ambrosi and
Preziosi also demonstrate a number of discrete models.

Hybrid modelling is an approach that combines both contmund discrete mod-
elling. We mentioned an example from Zhang et al. [229] mesiy. In that model, a
continuum approach is used to describe the solid tumourtgravihereas a discrete model
is applied to simulate the angiogenesis. The model of argiesis was presented by An-
derson and Chaplain in detail. Anderson and Chaplain in [12{ asreaction-diffusion
equation to show the diffusion of TAF. Nevertheless, theratign of the endothelial
cells was modelled using the biased random walk approachieder, in [229], Zhang
et al. added a feature to Anderson and Chaplain's discreteeimticht allowed for the
possibility that the entire capillary may be convected by éxternal cell velocity using
a kinematic condition. In [165], McDougall et al. also deyela hybrid model for the
process of angiogenesis in the manner of [12, 229]. Howéwsrwas with a number of
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more complex parameters introduced.

Based on previous studies, Frieboes et al. in [78] proposé&teete model for angio-
genesis; this model combines with a continuum model whiatescribed by Wise et al.
in the rst paper, [227], of this series. This complex hybnwbdel allows Frieboes et al.
to investigate multispecies tumour invasion, and the malggical instabilities that may
underlie invasive phenotypes.

A more advanced hybrid model is proposed by Kim et al. in [13@ich uses a
continuum approach to describe the quiescent and necayted of the tumour and ex-
tracellular matrix, and a discrete model illustrates thevaies of growth and proliferation
at the periphery of the tumour.

7.2 Model Outline

The multi-phase- eld model of tumour growth that is consetkin this chapter is solved
by Wise et al. in [226]. This model is previously presente®action 1.3.2.4. For clarity,
it is summarised here again.

There are in total four phase- eld variables which repreése@iume fractions in this
model, and they are summarised in the glossary at the begimithis chapter. In addi-
tion, there are three assumptions amongst these volunt®fiacFirstly, it is assumed the
extracellular uid volume fraction is everywhere constaiw (x;y; zt) = fw.0= constant.
After this assumption, the tumour model only consists oftipld solid cell fractions.
Secondly, cells are assumed to be close-packed, and tdis tedhe sum of the healthy
cell volume fractionf y, the viable tumour cell volume fractiofyy and the dead tumour
cell volume fractionfp to be equal to 1 (i.efy + fyv + fp = 1). Thirdly, it is further as-
sumed that inside the tumour there are only two types of:caldble and dead. This indi-
cates the total tumour cell volume fractibn is the sum of y andfp (i.e. ft = fy + fp).
Based upon these three assumptions, there are only two mHdsariables that are re-
quired to be solved, and they are andfp. Once the solutions of these two variables are
obtained, other variables may be derived from the assumptitade.

The componentt is assumed to obey the following Cahn-Hilliard-type advatti
reaction-diffusion equations:

fr

E MN (frRm+ St N (usfr); (7.1)

m= f{f1) &’N°fr; (7.2)
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whereM > 0 is the mobility constantf(ft) = f2(1 f1)?=4 is the quartic double-well
potential,ug is the tissue velocity (and is substituted out of the equdtiter), ande> 0 is
an interface thickness parameter between healthy and tuimssue.Sr is the net source
of tumour cells which depends dr, fy andfp, and itis given as

Sr= nG(fT)fV ILfD; (7.3)

wheren is the concentration of nutrient which is speci ed latef,= f1 fp,and/ O
is the rate of tumour cell proliferationG(f 1) is a continuous cut-off function and it is
de ned by Wise et al. in [226] as the following:

2 1 if 32 fr
G(fr)= ol e fr< e (7.4)
"0 if fr < &:

A similar dynamical equation for solving the volume fractiof dead tumour cellsp
is used:
Mo _ o e - |
T MN (fpNm+ S N (usfp); (7.5)
whereS is the net source of dead tumour cells, which depends/@andfp. This source

term is de ned by Wise et al. in [226] as the following:
S=(Ia+INH (nn n)fy [ fp; (7.6)

wherel p is the death rate of tumour cells from apoptogis, is the death rate of tu-
mour cells from necrosisyy is the necrotic limit, andd is an Heaviside function. This
Heaviside function is given as

1 ifny n O
H(w n)= o (7.7)
0 ifny n<O:
The tissue velocityg is assumed to obey Darcy's law, and is de ned as

us = uﬁﬁwmp-§mﬁx (7.8)

wherek > 0 is the tissue motility function angl 0 is a measure of the excess adhesion.
An additional assumption made by Wise et al. is that ther@igroliferation or death of



Chapter 7 201 7.2

the host tissue, thus the velocity is constrained to satisfy
N us= Sr: (7.9)

Instead of solving for the tissue velocity, Equations (‘AB{ (7.9) are combined to-
gether, and a resulting Poisson-like equation for the cegurep can be constructed:

N (k(Frifo)Np) = St R (k(Frifo) Imidfy): (7.10)
A quasi-steady equation is given for the nutrient concéomahrough diffusion:
0= N (D(fr)Nn)+ Te(fr;n) n(fr  fp); (7.11)

whereD(f1) = Dy(1 Q(ft1))+ Q(ft) is the diffusion coef cient,Dy is the nutri-
ent diffusivity in the healthy tissueQ(f 1) is an interpolation function, an@.(f;n) =
(VH(1 Q(ft))+ vpQ(fr))(nc n) is the nutrient capillary source term. Furthermore,
VE,' 0 andvE, 0 are constants specifying the degree of pre-existing umifeascular-
ization,nc 0 is the nutrient level in capillaries and the interpolationction,Q(f 1), is

de ned by Wise et al. in [226] as

8
> 1 if1 fr

Qfr)= 32 2f2  ifo<fr<1 (7.12)
"0 if fr O

To sum up, this multi-phase- eld model of tumour growth cists of a coupled sys-
tem of ve equations, and they are Equations (7.1), (7.2B)(A7.10) and (7.11). There
are ve dependent variables in total in this system: two gh&dd variables,ft andfp;
three supplementary variables, p andn. These PDEs are valid throughout a domain
W, there are no internal boundary conditions for the soliddumthe necrotic core or
other variables (this is the advantage of the phase- eld@agh, see Section 1.3.2.1 for
a description of phase- eld model). Therefore, only one &febuter boundary condi-
tions is required and this set is the following mixture of Neann and Dirichlet boundary
conditions:

m=p=0; n=1; ﬁﬁ—):=ﬂﬂ—?=00nﬁw (7.13)
wheren denotes the outward-pointing normal to the boundafy

Initial conditions are required, and a speci c set fai(x;y; zt = 0) andfp(X;y; zt =
0) is de ned later. After both of these are given(x;y;zt = 0), p(x;y;zt = 0) and
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n(x;y;,zt = 0) can be determined from Equations (7.2), (7.10) and (7.1d9pe¢tively.
Since mis an assignment of the Laplacian bf plus an explicit source, as shown in
Equation (7.2), the initial condition fom(x;y; z;t = 0) is straightforward. On the other
hand, initial conditions for pressungand nutrientn require an elliptic solver. This is
discussed later. In the following section, implementatbour discretization and solver
for this multi-phase- eld model of tumour growth is desath

7.3 Implementation

In this section, we discuss the differences between thealizations and multigrid solver
used in [226] and our discretizations and multigrid soldarSection 7.3.1, we provide
details of the implementation from [226]. Through the umtiending of their solver,
our solver is improved with a number of techniques. Theserieeies, and the discrete
system from applying the FDM and the BDF2 method to Equati@ng)( (7.2), (7.5),
(7.10) and (7.11), are discussed in Section 7.3.2.

7.3.1 Discussion on the Implementation of Multigrid Solver Used by
Wise et al.

Here we do not wish to repeat in full all of the details of théveo developed by Wise
et al. However, the implementation of their solver, as dbedrin [226] is summarised
here, with the most signi cant features highlighted.

First of all, the FDM with the use of a seven-point stencil #id3or ve-point sten-
cil in 2-D) is used as the spatial discretization scheme.dilteon, the advection terms
that occur in the system (i.eN (usft) andN (ugfp) in Equations (7.1) and (7.5) re-
spectively) are discretized via a third-order WENO recarion method. The choice
of temporal discretization scheme for the two time-depahdEs is based upon the
second order Crank-Nicolson method (see Equation (2.10)).

The resulting fully-discrete system at each time step ia 8@ved by using a multi-
grid solver. It is the nonlinear multigrid method with the FAsee Section 2.4.4) that is
implemented in their solver. Cartesian grids are employembt@r the domain with the
use of cell-centred grid points. Additionally, through tiee of fast adaptive composite
grid method (see [31] for example), the solver is combinetth Wynamic adaptive mesh
re nement (AMR).

1The interested reader is directed to [121] for more inforamabn this WENO method.
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Within their multigrid solver, the choice of smoother and toarsest grid solver is a
block version of the red-black Gauss-Seidel iteration,clvhipdates all variables on one
grid point at a time. However, these ve updates for the veiables are not performed
simultaneously. Due to their choices of discretizatioresebs’, some of the terms are not
evaluated implicitly. The result is that Equations (7.19l &n.2) are strongly coupled, and
are updated together at each grid point by performing 2 Zramer's rule fon"{ri;lj;k and
nﬂﬁ (the superscriptt+ 1 indicates the solution at the next iteration). Then therdig
form of Equation (7.5), which is weakly coupled with the rsto equations, is solved

subsequently to updafelDJri;lj;k. The discrete forms of the last two Equations, (7.10) and

(7.11), are decoupled from the others, and so variapfe andn{’;} are updated by
simple division afterwards. The grid transfer operatorthinitheir multigrid solver use a
cell averaging restriction and a bilinear interpolatioheTormer is presented in Equation
(2.13) and the latter is indicated in Equation (2.12).

Due to the assumptions previously made for this multi-phakkemodel, the range of
values for the phase- eld variable (i.7) should be between 0 and 1, where 0 represents
healthy cells, and 1 represents tumour cells. To prevesethi@lues becoming negative at
the numerical level, Wise et al. in [226] introduced a modition to the mobility constant
M. For the phase- eld variablesr andfp, Mt andMp are now two mobility functions.

These two functions are given by
Mr(fr)= M maxfr;0g+ 1.0 10 19 ; (7.14)

Mo(fr;fp)= M  maxf minf fr;fpg;0g+ 1:0 10 10 : (7.15)

Despite using the second order Crank-Nicolson method agthedral discretization
scheme and the second order central FDM with the 2-D ve-pstiencil (and the third or-
der WENO method for these advection terms) as the spatiakdisation scheme, results
in [226] suggest that only an overall rst order convergerate is obtained when second
order is hoped for. Furthermore, this overall rst order eergence rate is observed with
(by settingg 6 0) and without (by setting = 0) the excess surface adhesion term (which
includes the advection). Wise et al. stated a few possiljaeations. Firstly, it may
be caused by not using small enough time step size and/ornoagh resolution of the
grids. Secondly, non-smooth functions in the model may erdlot causes for the re-
duction of the order of convergence. More speci cally, thegnti ed that the de nitions
of the cut-off functionG(f 1), the interpolation function in nutrient capillary souresr

°The interested reader is directed to Equations (47) - (5d)(&0) - (64) in [226] for the complete
discrete system used by Wise et al.
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Q(f1), and the two mobility functiond/t(f1) andMp(f;fp) are not smooth enough
for an overall second order convergence rate to be guadhntee

Having discussed the implementation of their multigridveo| as well as learning
possible reasons for the reduction in the order of convegein the following section,
the implementation of our multigrid solver in Camp re is debed.

7.3.2 Implementation of Our Multigrid Solver in Camp re

In this section, the detailed implementations of our disza¢éion and multigrid solver
in Camp re are discussed. This includes a novel implemematiising a penalty term,
for this multi-phase- eld model of tumour growth. This ingshentation, combined with
many changes made to those described in the previous seetibibe shown to yield an
overall second order convergence rate (see Section 7.4.2).

First of all, the fully-discrete systems for the ve equattis presented. The choice
of spatial discretization scheme is the FDM with seven-psiancil (an equivalent 2-D
representation of ve-point stencil is shown in Equatior3)2. For time-dependent PDEs
(i.e. Equations (7.1) and (7.5)), the BDF2 method with »ds used for the presentation
here. Note that the generalizations to an adaptive tingpstg is implemented in practice
and that the BDF1 method has to be applied at least for the wstytime step. It is also
worth noting that since Wise et al. always selettt;fp) 1in[226], and did not give
detail of any alternative forms of this function, here we also assurké¢ft;fp) 1in
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what follows. The discrete system from Equation (7.1) is

ft+1 ﬂ'ft }ft 1
Ti;j;k 3 Tij:k 3 Ti;j:k
] |
t+1 t+1 ° t+1 t+1 °
2dt Mgt Mg "4 ”f ML gt M3 nfl nf
3h2 2 +1;j:k 2 ik 1j:k
] |
t+1 t+1 ° t+1 t+1 °
+ I\/lfTi;j+1;kJr MfTi;j;k n?' n?”'l I\MTIJ 1kt I\/lfTi;J';k n‘[” +1
2 I+ Ik 2 fi 1k
] 1
t+1 t+1 ° t+1 t+1 °
+ Mg 1t M1 +1 $+1 MITiiw 1t MITija f+1 4+l
2 ikt 1 ik 2 IH k1
h i
2dt t+1G ft+1 ft+1 | ft+1
3, M j:k Tijk Vli;j;k L'Dijik |
t+1 t+1 ° t+1 t+1 °
20t Tricnjwt Frijx t+1 t+1 Fri st Frix t+1 o+l
_3h2 2 pl+1jk pljk 2 pi;j;k Pi 1k
] I
fi+l frel - fi+l frel -
+ Tij+Lk  "Tijk t+1 t+1 Ti;j Lk "Tijk t+1 t+1
2 pl Lk pl N 2 pi;j;k plj 1k
! ! #
fi+l fi+l frel 4 fL+l
+ Tijk+1 Tijk t+1 t+1 Tijk 1 Tijk t+1 t+1 +
2 p|1k+1 pljk 2 pl;j;k pljk 1
t t+1 +1'
2dtg fT|+1jkn;’+1jk fTi;j;k’T!;j;k L+l frel
3eh2 2 Ti+1jk Ti;j;k
|
t+1 t+1 +1°
fri 1Jknj Lk fTi;J:k”‘[:j:k frel o ct+l
2 Tijk Ti Ljk
fi+l Fi+l
+ TIJ+1kn1]+lk lekn? ft+1 ft+1
2 Ti;j+ Lk Ti;j:k
|
t+1 +1 t+1 +1°
Frid o] et fTi;j;k”?;j;k fLe1 gtel
2 Tijk Ti;j Lk
fr+l fi+l
+ lek+1r7fjk+l lekn/! f“l f”l
2 Tij;k+1 Ti;j;k
frel n‘f fi+l n‘f #
lekl jkl lek ft+1 ft+1
2 Tijk Tijjk 1
2dt 2dt
; t+1 t+1 N - N
(7.16)

This discretization is based very much on the techniquesadyr demonstrated in the
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proceeding chapters. The only feature not previously dsed is the use of the penalty
termsZmin f{37,;0 andZmax fiii, 1,0 . These terms have no impact when
0 fﬂ;jl;k 1 but create a large correction to the system whengéydries to take a
value outside of this interval. The larger the choice of thagity parameted the larger
this correction becomes - forcing the valuesffto be close to this range but at the
expense of adding to the nonlinearity of the resulting systdhe default value ofl

selected in this chapter is 1t

The discrete system from Equation (7.2) is simply:

3 2
t+1 t+1 t+1
2f +4 fTi;j;k 6 fTi;J;k

ITiﬁl Tijk
ik 4

€
t+1 t+1 t+1 t+1 t+1 t+1 41 _ g
Tz Trinpct i et Trig e Friuect Trigc . Ofrijue = O

(7.17)
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The discrete system from Equation (7.5) is

ft+1 ﬂ'ft }ft 1
Disjk 3 Dijk 3 Diijik
11} I
t+1 t+1 t+1 t+1
20t Mfpilyjut Mfpiiy i nf Mfpi 1kt Mfgiju
3h2 2 TLik 2
I
t+1 t+1 t+1 t+1
+ MfDi;j+1;k+ I\/IfDi;j;k ”i nf*l I\/IfDIJ Lk " MfDi;i;k
2 j+ Lk 2
I
t+1 t+1 t+1 t+1
+ Mpijue1t MIoi +1 (41 Mfpijx 1 Mfpijx
2 k1 ik 2
h i
2at smooth t+1 t+1 t+1
3, |atInH N Mk ik Tufoi |
t+1 t+1 ° t+1 t+1 °
2dt fDi+1;j;k+ fDi;J;k t+1 t+1 fDi 1;1';k+ fDi:J;k t+1
3h2 2 Pir ik Pijk 2 Pij:k
I |
t+1 t+1 ° t+1 t+1 °
+ fDi;j+1;k+ fDi;J;k t+1 t+1 fDIJ 1kt fDi;j;k t+1
> i+ 1k Pijik 2 i jik
I I
t+1 t+1 - t+1 t+1
o Ioiwert foigi o1 o1 Toik T ToRGK e
2 pljk+1 pljk 2 pljk
t t+1 +1
2dtg fD|+l]k’TLljk fDi;j;kn‘[;j;k L+l frel
3eh2 2 Ti+1jk Ti;j:k
t+1 t+1 +1
foi 1Jknf Ljk fDi;J:knf;j:k frel o ct+l
2 Tijk Ti Ljk
fr+l fr+l
+ DI]+1kni]+1k Dljkn? ft+1 ft+1
2 Ti;j+Lk Ti;j:k
t+1 +1 t+1 +1
fDIj 1;kn/if;j kt fDi;j;kn/if;j;k frel fL+l
2 Tijk Ti;j Lk
fr+l fr+l
+ Dljk+lnfjk+l Dljknf f“l f“’l
2 Tij;k+1 Ti;j:k
fr+l n‘[ frel rr[ #
Dljkl jkl Dljk ft+1 ft+1
2 Tijk Tijjk 1
2dt 2dt
; t+1 t+1 0 - N
+ — + — e =
3g Min foijuw 0 3g max foijk LO =0

Again we have made use of penalty terms to penalize any dmvief fp from the in-

Mk
i

+1
ik
t+1

Bi 1k

t+1
le 1k

t+1
pljk 1

(7.18)
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terval[0; 1]. Furthermore, we have smoothed the source @&sr{see Equation (7.6)) by

replacingH with H SM°°" 3 smoothed Heaviside function, that is de ned later in this

section.

The discrete system from Equation (7.10) is given by:

1 141 t+1 t+1 t+1 t+1
e Priikt P 1;j;||<+ Pijr ket Pij uk T Pijiier et Pisjik 1 ?p
+1 +1° +1 +1°
+ 9 ”"f+1;j:k+ ik gl L+l Lk ik
eh? 2 Ti+1jk Tij;k 2
| [
+1 +1° +1 +1°
ikt n?:j;k fi+1 frel J okt "?;i;k
2 Ti;j+ Lk Tij;k 2
| [
+1 +1° +1 +1°
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Finally, the discrete system from Equation (7.11) is

"’ t+1 t+1 t+1 t+1
1 Dn 1 Q fTJ?+1;j;k +Q fTJ?+ Ljk T Dh 1 Q fT?;j;k +Q fTJ?;j;k
h2 2

t+1 t+1
Mizjk Mk

Dy 1 Q f'lt'ﬁll;j;k +Q f'I{J?ll;j;k +Dh 1 Q f'lt'?;Jl;k +Q f'I{J?;J'l;k

t+1 t+1
Mgk M1k

t+1 t+1 t+1 t+1
+DH 1 Q frijrax +Q frijenk *Dn 1 Q frijy +Q Friju

t+1 t+1
Mjrk Mk

Du 1 Q a0 Ml +Da 1 Q A Qi

t+1 t+1
Mk M) 1k

Dh 1 Q f'I{J?;J'l;k+1 +Q f'lt'ﬁ;jl;k+1 +Dn 1 Q f'lq;Jl;k +Q f'H;J'l;k

+
2
t+1 t+1
Mijker  Misjik
t+1 t+1 t+1 t+1
Dh 1 Q frije s *Q frijur +Dn 1 Q frij +Q frijy

# 2
t+1 o+l
Mgk Mijik 1
n h i 0

* VPH 1Q fﬁ;Jl;k +VFTQ fﬁ;Jl;k nc nit;]'r;li
t+1let+1 _ N
ni:}r;kfvt;j;k_ 0:
(7.20)

Unlike the implementation in [226] that is described in theyious section, whergl
was replaced by two mobility functions, helveis a constant. The use of penalty terms
(i.e. %min(f :0) and% max(f 1;0)) already provides the functionality to regulate val-
ues of phase- eld variables close to the range of O to 1. Itastlwnoting that for the
advection terms, the central difference (seven-point) St&&hcil is applied and treated
similarly as the others terms. This is known not to be stahleash is suf ciently small
and/or suf cient diffusion is present, however we obsergeadverse effects for our simu-
lations. To re ect the suggestions made by Wise et al. in [Z86scribed in the previous
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section), and through our own experiments, we identi edrtbe-smooth Heaviside func-
tion to be a potential cause that a higher rate of convergesnuet obtained. Therefore,
a smoothed Heaviside functidh SM°°t"js employed to replace the original Heaviside
function shown in Equation (7.7). This is de ned as

; 1 ifny n esmooth
H smOOtttnN n): 3 4(esn:1|-ootr)3 (nN n)3+ 4esiooth(nN n)+ % if esmOOth NN N esmOOth
-0 ifny n< gsSmooth
(7.21)

whereesM%controls the steepness of the smooth transition betweed @.an

Within our multigrid solver, for the smoothers and the ceatgrid solver, the non-
linear, block version of “local Gauss-Seidel, global Jatdbration is applied (as a re-
minder, this is a Gauss-Seidel approach within blocks ofleeh but we only use “old”
values from neighbouring blocks to update values at the efl¢pocks - based upon a
single guard cell update prior to each sweep). A Jacobiwewsi this iteration is already
shown previously in Equation (2.36). The implementatiorthed non-time-dependent
equations in Camp re was previously described in Sectio8slsand 6.3.2, so here it is
not repeated. Itis worth noting that in our nonlinear, bleeksion of “local Gauss-Seidel,
global Jacobi” iteration, for this multi-phase- eld modafl tumour growth, the Jacobian
matrix becomes a 55 matrix. The inverse of this matrix for each cell is calcathby
Gaussian elimination and an upper triangular solver withubke of backward substitu-
tion. The grid transfer operations are, for restrictiorg #imple cell averaging operator
(see Equation (2.13) for an 2-D example, and the 3-D versistraightforward); and for
interpolation, bilinear (or 3-D trilinear) interpolatiqgeee Equation (2.12) for a 2-D exam-
ple) is employed. It is worth noting that, although this mplase- eld model of tumour
growth is of Cahn-Hilliard-type and strongly related to the K& system of equations
that is described in the previous chapter, the averagingessois not required to de ne
a unique pressure due to the use of the Dirichlet boundargliton shown in Equation
(7.13) for the pressure term. However, a related issue csigsed later, in Section 7.5.

Having summarised the implementation of our multigrid sgl\ere we also explain
the process for obtaining the initial conditions for alliadnles. Assumingt(x;y;zt = 0)
is prescribed (its initial condition in 2-D is partially gim in [226] and is described
later), the initial condition forn(x;y;z;t = 0) is straightforward sincenis a function
of ft as shown in Equation (7.2). The initial condition fbp is generally taken as
fo(xy;zt = 0)= 0, which assumes that initially there are no dead tumous.célike
the pressure variable in the CHHS system of equations thasisrithed in the previous
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chapter, the pressure and nutrient varialpl@sdn here require an application of a solver
to obtain their consistent initial conditions. A simpleré@gve solver may be used, how-
ever, for grids with ner resolutions, the computationaktonay increase signi cantly.
Therefore, a multigrid solver is used just to obtain thdahitonditions forp(x;y; z;t = 0)
andn(x;y;zt = 0). This solves for the steady state solutionnofstly since Equation
(7.11) is not dependent gm The initial guess fon is n'=%= 1, and superscrigtindi-
cates the number of iterations. The smoothers and the cbgrsgsolver in this multigrid
solver use a simple “local Gauss-Seidel, global Jacobiaiten, which comes from re-
arranging Equation (7.20) to the following form:

fali % = On; (7.22)

wheref, andg, are two functions that are not dependent up:(’ﬁjr;’[(. The update routine is
a simple division (i.en!;’“j;}( = gn=Ffn). The stopping criterion is dependent upon the in nity
norm of residuals ofi, and it terminates the solver fawhenjjrpyy =iy 1 10 °.
Then this multigrid solver is applied to obtain the initialgtion of p, with the initial
guesg'=%= 0. The smoothers and the coarsest grid solver depend upopkeslivision

at each nodal update as the pressure Equation (7.19) mayaoearged into
fopl.jk = Op: (7.23)

wheref, andgp are two functions that are not dependent up{iﬁ< The stopping crite-
rion is dependent upon the in nity norm of residual @fand it terminates the solver for
p whenjj Mo(xyizt= O)jj¥ 1 10°

In the following section, results obtained using the ddssatimultigrid solver are de-
scribed.

7.4 Results

In this section, we present the results from our multigrigeo Firstly, we use 2-D results
for the validation in Section 7.4.1. We also include a discus which suggests that
guantitative validation may not be straightforward fosstimodel, due to the sensitivity of
the solution to the initial conditions. On the other hand,multigrid solvers have already
been shown to provide excellent validations for other medeprevious chapters, which
therefore provides con dence in the results generatedHigrtumour growth model. In
Section 7.4.2, convergence tests are used to demonstiateef rst time, that an overall
second order convergence rate can be obtained for this mbtdehour growth (Wise et
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al. were unable to achieve this in [226]). 3-D results ars@néed in Section 7.4.3, where
we investigate a number of runs using different input patanse¢o the model. It is worth
noting the simulations presented in this section are géséifsom using the computer
cluster ARC2. However, since there already are discussiomst éee parallel scaling in
Chapters 4 and 5, the parallel issues are not mentioned here.

7.4.1 Validation

In this section, results generated from the described gridtsolver are validated against
those in [226F. Only 2-D solutions are considered for the validation pded here.

First of all, the values of the parameters that are used imihi&-phase- eld model
of tumour growth are presented in Table 7.1. These valuesrsi Table 7.1 are the
same as used in [226]. It is worth noting that wigen 0, (whereg s the value of excess
adhesion force at the diffuse tumour/host-tissue intejfaseveral terms in Equations
(7.16), (7.18) and (7.19) disappear. In [226], Wise et altesthat wherg6 0 they observe
a deterioration in their multigrid convergence. Furthereydor their discretization they
claim that this also prevents a higher order convergeneefram being obtained. We
discuss the multigrid convergence later in Section 7.5,desdribe the in uence of thg
terms to the convergence rate in Section 7.4.2.

| Parameters Values | Parameters ~ Values |

M 10.0 e 0:1
| L 1.0 | A 0.0
I'n 3.0 g 0:1=0:0=0:1
nn 0:4 Dy 1.0
Ve 0:5 vp 0:0
d 0:0001 | eHeaviside 0:2
Nc 1.0

Table 7.1: The parameters of the multi-phase- eld modelushdur growth that were
used by Wise et al. in [226].

The 2-D computational domaiW has Cartesian coordinatésy) 2 W= ( 0;40)
(0;40). The initial condition for the phase- eld variabller used in [226] is not stated
however they do state that the contdgr= 0:5 is the curve

(x 20)?
11
3Some of the results from Wise et al. are also published in][2&%wvever, they are very similar and
only those in [226] are considered here.

+(y 202 2% (7.24)
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In order to approximate this we initially choose = 1 inside the ellipse (7.24) arf¢ = 0
outside. We then smooth by applying a number of sweeps of a simple Jacobi iteration.
At each smoothing sweep, this Jacobi iteration is

f'll'+i;1j;t:0: % f'll';tiici;j + f'll';ti:(i;j + f'lr;ti;:jci)-l"' flT;ti;:jol ; (7.25)
where the superscriptt 1 denotes the current iteration wheréagenotes the previous
iteration. We nd that if the initial condition forf t is not suf ciently smooth then this
impacts on the maximurdt for the early time steps. For a 128128 nest mesh we
typically take 10 smoothing sweeps, and we increase thideuwf sweeps (by a factor
of 4) for each additional level of mesh re nement (at leasewhndertaking convergence
tests, so as to get consistent initial data).

Having described the initial conditions, the results pnése here for the purpose
of validation are derived from the grid hierarchy which astsof 7 mesh re nements:
8 8 512 512. The nest mesh re nement is the same as Wise et al. usgRi,
however, the choice of the coarsest grid is much coarserrisauer: 8 8, compares
to 64 64 which is used in [226]. The reason for this is that a coarearsest grid may
solve the coarsest problem “exactly” with much less workisTias a strong in uence
on our solver, with poorer multigrid convergence when tharsest problem is poorly
solved. We will discuss this issue in detail later in this iea

First of all, we present results generated using paramstenan in Table 7.1, with
g= 0:1. We present a copy of the corresponding results shown &1 jA2he left column
of Figure 7.1, and our results in the right column of the samere. It is worth noting
that the solutions plotted in [226] are showiiig instead off t (for example), which
is the volume fraction of viable tumour tissue and is cal®dausingft fp through
the assumption (i.eft = fy + fp) made in Section 7.2. We follow this approach by
presenting the solutions df, in this section. It seems that our results show a slightly
“thicker” shape of the tumour. However, both results shownailar evolution for the
tumour and a “ribbon” effect indicating the presence of aragc core. Both results are
generated using AMR: in [226], Wise et al. state that their ABH®ks to capture the
tumour/host interface which has a steep gradient; our ehfoicthe AMR strategy is a
conservative one, that takes into account the gradientsgfp, p andn. Like the one
presented in Equation (5.20), but for four variables. Theimg criterion is 0:0005 and
the coarsening criterion is@O001. Due to the pro le o, which covers a much larger
area than the initial seed 6%, we further impose that no mesh blocks can be coarsened
within the central area of the domain. We have also enabkeddiaptive time-stepping.
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scalar
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Figure 7.1: Solutions ofy from solving the described model of tumour growth using
the parameters in Table 7.1, wigh= 0:1. The two gures in the left column are the
corresponding results from [226], the white colour repnéséhe value closel, the black
colour shows the value close 0 and the enclosed black regidisate necrotic tumour
tissue. The other two gures in the right column are from calwer, the red colour shows
a value that is close to 1, and the blue colour shows a valuehasiclose to 0.
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Secondly, we present the results from usgw 0:0 in Figure 7.2. It is clear that our
results are rather different from the ones presented in|[22& possible reasons for these
differences will be addressed below. For completeness,|seepsesent the results from
usingg= 0:1in Figure 7.3, which also suggests the two solutions ewvdifferently.
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scalar
0.837 0.8

0.6

scalar
(O}t ==

Figure 7.2: Solutions ofy from solving the described model of tumour growth using
the parameters in Table 7.1, wigh= 0.0. The two gures in the left column are the
corresponding results from [226], the white colour repnésehe value close to 1, the
black colour shows the value close to 0 and the enclosed béapéns indicate necrotic
tumour tissue. The other two gures in the right column armnirour solver, the red
colour shows a value that is close to 1, and the blue colouwwslaovalue which is close

to 0.
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Figure 7.3: Solutions ofy from solving the described model of tumour growth using
the parameters in Table 7.1, wig= 0:1. The two gures in the left column are the
corresponding results from [226], the green colour reprissthe value close to:, the
black colour (and white background) shows the value clo€e The other two gures in
the right column are from our solver, the red colour showslaevthat is close to 1, and
the blue colour shows a value which is close to 0.



Chapter 7 218 7.4

As noted above, full and precise initial conditions are rtatesl in [226]. In the
remainder of this section we show that the evolution of tlmedur is in fact very sensitive
to the precise choice of initial condition for this model. dnder to demonstrate this,
we choose the case with= 0:0 (which is presented in Figure 7.2), and we reduced the
number of sweeps applied on the nest grid for smoothing theal condition offt to
just 20 (down from 160). The results with reduced sweeps@sgnted in the left column
of Figure 7.4, and for comparison, we presented the correBpg results from using the
original number of sweeps (i.e. 160) in the right column & tQure. It seems that from
the results in this gure, the smoothness of the initial atiod has a strong in uence on
the evolution of the tumour.

scalar scalar
0841 _qg 5 0.746 -

E . L 0.6

0.6 s

0.4 20 04

0.2 ) 10.2
. 0

=

scalar scalar
: 0837 g

0.6
0.4
0.2

o

083 g
jo.s
H0.2

. £

Figure 7.4: Figure shows the solutionsfaf, which is the evidence that the presented
model of tumour growth is sensitive to the initial conditsoriThe two gures in the left
column are obtained (witg= 0:0) through an initially discontinuousr smoothed with
only 20 sweeps; the two gures in the right column are the esponding ones, using the
original initial condition which has 160 smoothing sweeps.

Results in [226] only show the solutions of the phase- eldailes, for completeness,
here we also illustrate our computed results for the otheabkes. We choose the case
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with g= 0:0 and the smoother (i.e. 160 number of sweeps) initial cardfor 1, and
detailed results are presented in the following guressiworth noting that, due to the
changes in the values of variables during the simulatiams$far clarity, we re-scale each
of the gures so the highest value of the current solutioneigresented by red and the
lowest value of the current solution is shown as blue. Thaildet results for the variable
ft are shown in Figure 7.5; results for the variabtare in Figure 7.6; solutions of the
variablef p are in Figure 7.7; results for the pressure varigldee demonstrated in Figure
7.8; and nally results on the nutriemtare shown in Figure 7.9.
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Figure 7.5: Results for variabler from the described model of tumour growth with
g= 0:0 and the smoothest initial condition fbf.
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Figure 7.6: Results for variabl@from the described model of tumour growth wiji=
0:0 and the smoothest initial condition fbf.
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Figure 7.7: Results for variabley from the described model of tumour growth with
g= 0:0 and the smoothest initial condition fbf.



Chapter 7 223 7.4

Nelelleld

2.19e-05

scalar ° scalar
0553 - .

0.275
05

0.00021 - ) 7.09e-05

scalar
HF=

Figure 7.8: Results for variabfefrom the described model of tumour growth wigks 0:0
and the smoothest initial condition 61 .
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Figure 7.9: Results for variabtefrom the described model of tumour growth wigk 0:0
and the smoothest initial condition fo# .
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Although unable to provide the quantitative comparisonrajg226], we have shown
qualitative similarities (at least fog= 0 andg= 0:1) and such a comparison is very
sensitive to the choice of initial data. Furthermore, infibllowing section, convergence
tests from the solutions of this model of tumour growth arscdiéed, which will show
the expected second order convergence (unlike [226]).

7.4.2 Convergence Tests

We undertake convergence tests based upon solution tiestsi@as previously described
in Section 5.3.3. These are based upon a sequence of 2-[bsslftiom the presented
model of tumour growth and the computation of the norm of tiffeidnce between two
solutions computed on consecutive grids. We choose fodr lygrarchies, each with
the same coarsest grid: 8. The nest mesh re nements for the four cases, if re ned
everywhere, have the grid resolutions: 12828, 256 256,512 512 and 1024 1024.
They are denoted as levels 5, 6, 7 and 8, respectively. Likedbults demonstrated in
the previous section, here we also use the AMR with the samseceative strategy. The
adaptive time-stepping is disabled for generating resoitthese convergence tests. Thus
only the BDF2 method with a xed time step size is used here,reki is halved each
time the maximum level is increased.

Unlike the usual way of applying the BDF1 method once for they viest time step,
here we include multiple BDF1 steps to stabilise the simaitefiiom the initial condition.
Let's consider an example which seeks to use a time stelsize2 10 °for the BDF2
method. In the beginning, we usk = 4 10 “ (which is one ftieth of 2 10 3) for
the BDF1 method and take 50 time steps with #isand the BDF1 method. Then we
switch to the BDF2 method and continue as normal. This use dipteuBDF1 steps is
illustrated in Figure 7.10, and it allows a larger time step $0 be taken throughout rest of
the simulation, than would otherwise be possible. Notelen adaptive time-stepping
is used this technique is not required: we simply use it heetlow xed dt convergence
tests to overcome initial restrictions aoft. This approach with using multiple BDF1 steps
are used for levels 7 and 8.

The computed solutions from all grid hierarchies are takeh a 10. First of all,
the solutions withg= 0:0 are considered, and we double the tumour/host tissuéanger
thickness (i.ee= 0:2). The wider interface makes it easier to observe an ovesathnd
order convergence rate for slightly larger Other parameters are as illustrated in Table
7.1. The results of the convergence tests with 0:0 ande = 0:2 are presented in Table
7.2. These results suggest an overall second order comeergate is obtained for all ve



Chapter 7 226 7.4

[NENRRRNANARRNN NN NR RN RRNNNNNRRNNRNNNNNRRRNNATN] 1

L N )
T "

Figure 7.10: Sketch shows our approach with using multipld=Bnethods to allow
larger time step size to be taken.

variables.
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For variablef 1
Levels| dt for BDF2 method| Time steps| In nity norm | Ratio| Two norm | Ratio
5 8 10° 1250 - - - -
6 4 10°3 2500 0:258 10° - 2529 10 2| -
7 2 103 5050 3:670 10 2| 7:02 | 4:077 10 % | 6:20
8 1 103 10050 | 8:466 10 3| 4:34 || 9:811 10 4| 4:16
For variablem
5 8 103 1250 - - - -
6 4 103 2500 9:276 10 3| - 1:145 10 3| -
7 2 103 5050 1:463 10 3| 6:34 | 1:834 10 4| 6:24
8 1 103 10050 | 3:907 10 4| 3:74 | 4582 10 °| 4:00
For variablef p
5 8 103 1250 - - - -
6 4 103 2500 0:157 10° - 1416 10 2| -
7 2 103 5050 2:656 10 2| 593 || 2436 10 3| 5:81
8 1 10°% 10050 | 6:238 10 3| 4:26 | 5977 10 4| 4:08
For variablep
5 8 103 1250 - - - -
6 4 103 2500 6:176 10 2| - 9:961 10 3| -
7 2 103 5050 6:521 10 3| 9:45 || 1:226 10 3| 812
8 1 103 10050 | 1:452 10 3| 4:49 || 22891 10 4| 4:24
For variablen
5 8 10° 1250 - - - -
6 4 10°3 2500 6:378 10 2| - 9:145 103 | -
7 2 103 5050 9:340 10 3| 6:83 | 1:435 10 3| 6:37
8 1 103 10050 | 2:157 10 3| 4:33 || 3:420 10 4| 4:20

Table 7.2: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences frim described model of tu-
mour growth withg= 0:0 ande = 0:2.
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From Table 7.2, it may be seen that the in nity norms of theneated errors for the
phase- eld variables (i.eft andfp) are relatively large. This is caused by the nature of
the solution. If the two solutions are shifted slightly, thenity norm of their difference
may become very large, even though the two norm of this diffee may be relatively
small. This is illustrated in Figure 7.11.

Figure 7.11: Sketch shows a possible situation where theitynnorm of the difference
between two estimated solutions becomes relatively laga & slight shift of one solu-
tion relative to the other.

Having seen second order convergence rate with interfadenésse = 0:2, now we
apply our convergence tests to the solutions generated dsonge = 0:1 andg= 0:0.
Other settings are the same as shown in Table 7.2. The restiftsse convergence tests
are presented in Table 7.3. These again show an overall g@rder convergence rate
from all ve variables is obtained, whereas in [226] Wise ktcan only obtain an overall

rst order convergence (despite their expectation of sdamder for this case witg= 0).
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For variablef 1
Levels| dt for BDF2 method| Time steps| In nity norm | Ratio| Two norm | Ratio
5 8 10° 1250 - - - -
6 4 10°3 2500 0:719 10° - 4:969 10 2| -
7 2 103 5050 6:228 10 2| 11:5 | 4876 10 3| 102
8 1 103 10050 | 1:249 10 2| 4:99 || 1:142 10 3| 4:27
For variablem
5 8 103 1250 - - - -
6 4 103 2500 1:367 10 2| - 1279 103 | -
7 2 103 5050 1:205 10 3| 11:3 | ;103 10 4| 116
8 1 103 10050 | 3241 10 4| 3:72 | 2:888 10 °| 3:82
For variablef p
5 8 103 1250 - - - -
6 4 103 2500 0:245 10° - 1:923 10 2| -
7 2 103 5050 1:663 10 2| 147 | 1976 10 3| 147
8 1 10°% 10050 | 4:303 10 3| 3:86 | 4:837 10 4| 4:08
For variablep
5 8 103 1250 - - - -
6 4 103 2500 4:918 10 2| - 1:203 10 2| -
7 2 103 5050 5:940 10 3| 828 || 1:726 10 3| 6:97
8 1 103 10050 | 1:469 10 2| 4:04 || 4:487 10 4| 385
For variablen
5 8 10° 1250 - - - -
6 4 10°3 2500 0:102 109 | - 1:.012 10 2| -
7 2 103 5050 7:385 10 3| 138 | 1:003 10 3| 101
8 1 103 10050 | 1:508 10 3| 4:90 | 2:365 10 4| 4:24

Table 7.3: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences frim described model of tu-
mour growth withg= 0:0 ande= 0:1.
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In [226], Wise et al. go on to state that “ rst order result sltbbe expected because
of the treatment of the excess surface adhesion term (i.engB 0)”. Having taken
their advice to smooth out the Heaviside function and usextarsl order approximation
to all terms (combined with using the penalty terms in thesgh&ld equations), we now
show convergence tests that are generatedgwtt0:1 ande = 0:2. We also use an extra
level of re nement, which, if re ned everywhere, corresptato the nest grid resolution
of 2048 2048. We denote this as level 9. The results of these conveegeests are
presented in Table 7.4. These again appear to show secosidomnavergence - the only
deviation from this being the in nity norm of consecutiyg solutions. As noted above,
this is not a particularly appropriate norm and convergancie two norm certainly
shows second order.
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For variablef 1
Levels | dt for BDF2 method| Time steps| In nity norm | Ratio| Two norm | Ratio
5 8 10°3 1250 - - - -
6 4 103 2500 9:118 10 2| - 7:836 10 3| -
7 2 103 5050 1:322 10 2| 690 | 1:131 10 3| 6:93
8 1 10°3 10050 || 2579 10 3| 5:13 | 2367 10 4| 478
9 5 10 4 20050 || 5:691 10 #| 453 || 5:833 10 ° | 4:06
For variablem
5 8 10°3 1250 - - - -
6 4 103 2500 2:627 10 3| - 3904 10 4| -
7 2 103 5050 3:8900 10 % | 6:75 || 6:308 10 ° | 6:19
8 1 103 10050 || 4:252 10 4| 0:91 | 2099 10 °| 3:.01
9 5 10 4 20050 | 1:236 10 4| 344 | 5265 10 6| 3:99
For variablef p
5 8 10°3 1250 - - - -
6 4 103 2500 9:115 10 2| - 4941 10 3| -
7 2 103 5050 0:108 10° | 0:84 | 2:110 10 3| 2:34
8 1 103 10050 || 9:688 10 2| 1:12 | 1:389 10 3| 1.52
9 5 10 4 20050 || 5:518 10 2| 1:76 | 4:356 10 4| 3:10
For variablep
5 8 10°3 1250 - - - -
6 4 103 2500 1:850 10 2| - 3812 103 | -
7 2 103 5050 3:956 10 3| 4:68 || 8:480 10 4| 4:50
8 1 103 10050 || 9:043 10 4| 4:38 | 2047 10 4| 414
9 5 10 4 20050 || 2:136 10 4| 4:24 | 4940 10 °| 414
For variablen
5 8 103 1250 - - - -
6 4 10°3 2500 | 2221 109| - | 2863 10 3| -
7 2 103 5050 3290 10 3| 6:75 || 4:317 10 4| 6:63
8 1 10°3 10050 || 6:319 10 3| 5:21 | 8874 10 °| 4:86
9 5 10 4 20050 | 1:661 10 2| 3:49 | 2:1188 10 °| 4:06

Table 7.4: Results show the differences in consecutive isolsiimeasured in the stated
norm, followed by the ratio of consecutive differences frim described model of tu-
mour growth withg= 0:1 ande = 0:2.
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Through the presented results from our convergence testspnclude that using the
nite difference ve-point stencil in 2-D, the BDF2 method,uo multigrid solver with
AMR, the smoothed Heaviside function and the penalty ternesame able to obtain an
overall second order convergence rate for the describeeghoddumour growth for the
rst time. In the following section, results of 3-D simulats conducted on the model of
tumour growth are presented.

7.4.3 Simulations in 3-D

The 3-D system of the model of tumour growth as presented atid®e7.3.2 is solved
using our 3-D multigrid solver. The results are illustratedhis section. First of all, we
conduct our simulation using the parameters shown in Taldlevith g= 0:0. We use
the nest grid as suggested by Wise et al. in [226], and if itasned everywhere, the
resolution is 256 256 256. For the coarsest grid, we choose 186 16 which is a
grid coarser than the one used in [226]. Therefore, we dehgrid hierarchy as level
5.

In Figure 7.12, we show the shapes of the tumour and the ggopriocess, by dis-
playing the solutions of t where the values of the variable are in a range frabi® 1.0.
This includes the interface of the healthy and tumorous @dlwell as the tumour itself.
The described initial condition in Equation (7.24) is foD2simulations and there is no
description for the 3-D initial condition used in [226]. Trieéore, we impose a 3-D initial
condition with three ellipses, and tlfi¢ = 0:5 isosurface of these ellipses are de ned as

%ﬂy 19%+(z 19* 2%
(x 20)%+ %ﬂz 202 2% (7.26)
(x 2D2%+(y 19)2+% 22

Whenf1(xy;zt = 0) is in the range of any of these three ellipseg(x;y,zt = 0) = 1,
otherwisef 7(Xx;y;zt = 0) = 0. We then use 200 sweeps of the 3-D version of the Jacobi
iteration shown in Equation (7.25) to obtain a smooth ihitiandition. In this gure,
solutions at = 0, 50 and 100 are presented. Note that the colour map is eesaatording

to the presented solution on each subsequent feature imgthre, so the lowest, presented
values in the solutions have the colour of blue, and the ligh@lues in the presented
solutions have the colour of red. This colouring approacapiglied to all gures (and
their subsequent features) illustrated in this sectionis MWorth noting that these are
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scatter plots by the point-wise data values.

Figure 7.12: 3-D results for variabler with g= 0:0. In this gure, the solutions of 1
which have values in a range fronbto 10 are displayed. Top-left feature is the initial
condition off 1, top-right feature the shape of tumourtat 50 and the bottom feature is

the shape at= 100.
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We now undertake further investigation of the solutfignatt = 100 shown in Figure
7.12. Three gures of cross-sections»xny andz planes respectively are illustrated in
Figure 7.13. These cross-sections are undertaken at thes@artcoordinates = 20,
y= 20 andz= 20 respectively.

Figure 7.13: 3-D results and images of cross-sections foabie f+ with g= 0:0. In
this gure, the solution offt att = 100 is displayed again in the top-left feature (it
is previously presented in Figure 7.12); the cross-sedtioough the planex= 20 is
presented in the top-right feature; the cross-sectionugititahe planey = 20 is in the
bottom-left feature; and nally the cross-section throubhk planez = 20 is displayed in
the bottom-right feature.

We intend to investigate further the solutions from usinffjedent input parameters.
However, 3-D simulations with level 5 grid hierarchy areweomputationally demand-
ing, especially for these post= 100. Due to the nature of the problem, we may have
to re ne the mesh almost everywhere in order to capture toeviqig tumour. Thus, we



Chapter 7 235 7.4

decide to conduct further 3-D simulations on a grid hiergneith 4 levels, for which the
nest grid, if re ned everywhere, has a grid resolution: 12828 128. First of all, we
need to verify that using a coarser grid hierarchy has lidhétfects to the outcome of
the simulation. Therefore, the simulation presented inufeg’.12 is repeated with this
coarser grid hierarchy and we compare both solutiohsat00 in Figure 7.14. From the
results presented in this gure, we notice that the solufrom the level 4 simulation is
slightly advanced in growth compared to the one from thellBy&dowever, this feature
has also been observed with 2-D simulations. Neverthededstions from using level 4
are relatively close to these produced from level 5, thus e@d# that these results are
acceptable.

Figure 7.14: 3-D results variabler with g= 0:0 att = 100 from two different grid
hierarchies: the one on the left-hand side is from a gridanay with 4 levels; the one on
the right-hand side is from the described level 5 grid higmgwhich has been presented
in Figure 7.12.

With a coarser grid hierarchy, we present the solutionroftt = 50, 100, 150 and
200 in Figure 7.15 (the solution &= 100 is already presented on the left-hand side of
Figure 7.14).
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Figure 7.15: 3-D results of variabler with g= 0:0 att = 50 (at top left), 100 (at top
right), 150 (at bottom left) and 200 (at bottom right) frone tlevel 4 grid hierarchy. The
solution att = 100 is already presented in Figure 7.14.
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We provide further investigations on the solutiorfefatt = 200 by presenting cross-
sections with respect to each axis at its middle point. Thidlustrated in Figure 7.16.

Figure 7.16: 3-D results and images of cross-sections foabie f + with g= 0:0 from
level 4. In this gure, the solution of 1 att = 200 is displayed again in the top-left feature
(it is previously presented in Figure 7.15); the crossisadhrough the plang = 20 is
presented in the top-right feature; the cross-sectionugiitahe planey = 20 is in the
bottom-left feature; and nally the cross-section throughk planez= 20 is displayed in
the bottom-right feature.
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For completeness, we present the solutionsab0, 100, 150 and 200 for all the other
four variables (i.em fp, pandn). Itis worth noting that the variablej p andn are most
conveniently presented as cross-sections which cut thrtug planex = 20. In Figure
7.17, solutions omare illustrated; in Figure 7.20, solutions of the pressargablep are
displayed; and in Figure 7.21, solutions of nutrierdare presented. On the other hand,
we present the solutions éf, in Figure 7.18, and it is followed by a display of cross-
sections features in Figure 7.19. From the 2-D results pteddn the previous section,
we discover that the values of the solutionsfgf (especially around the interface) may
not be in the range of 0 to 1, thus in these gured gf we employ a software tool (i.e.
Paraview) to determine the middle value of the current smitand use it as the threshold
(i.e. any values lower than this threshold are made inasibl

200

Figure 7.17: 3-D results of variablewith g= 0:0 att = 50 (at top left), 100 (at top
right), 150 (at bottom left) and 200 (at bottom right) frone tlevel 4 grid hierarchy. The
shown features are cross-sections through the plan20.
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Figure 7.18: 3-D results of variablg, with g= 0:0 att = 50 (at top left), 100 (at top
right), 150 (at bottom left) and 200 (at bottom right) fronettevel 4 grid hierarchy.
The choice of the lowest value shown in these features is ttdlenvalue of the current

solution.
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Figure 7.19: 3-D results and images of cross-sections foahie fp with g= 0:0 from
level 4. In this gure, the solution of p att = 200 is displayed again in the top-left feature
(it is previously presented in Figure 7.18); the crossisadhrough the plan& = 20 is
presented in the top-right feature; the cross-sectionutittahe planey = 20 is in the
bottom-left feature; and nally the cross-section through planez= 20 is displayed in
the bottom-right feature.
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200

Figure 7.20: 3-D results of variabfewith g= 0:0 att = 50 (at top left), 100 (at top right),
150 (at bottom left) and 200 (at bottom right) from the levegri#l hierarchy. The choice
of the lowest value shown in these features is the middleavafuhe current solution.
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200

Figure 7.21: 3-D results of variablewith g= 0:0 att = 50 (at top left), 100 (at top right),
150 (at bottom left) and 200 (at bottom right) from the levegjritl hierarchy. The choice
of the lowest value shown in these features is the middleavafihe current solution.
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Having presented solutions and features in cross-seation §imulations using the
parameters shown in Table 7.1 wglx 0, here we also present additional results with dif-
ferent input parameters. In order to illustrate the in uesof these modi ed parameters,
we only alter one parameter per test. It is worth noting ferftilowing 3-D results, only
solutions off t are presented. Two approaches are taken for each tesy, wstbresent
solutions at = 50, 100, 150 and 200 (or as close as possible); then crogersewith
respect to each axis at the nal solution are illustratedeSéhresults should be compared
to the base case illustrated in Figures 7.15 and 7.16.

The rsttest is to increasBy which is the nutrient diffusivity in the healthy tissue to
3 (up from 1). The results are presented in Figures 7.22 &8 The results illustrated in
these gures suggest by increasibDg, the speed of tumour growth is also increased. The
interface of healthy and tumour cellstat 200 has just touched the (arti cial) domain
boundary.

|
N

t

Figure 7.22: 3-D results of variabler with g= 0:0 andDy = 3 att = 50 (at top left),
100 (at top right), 150 (at bottom left) and 200 (at bottomhtjgrom the level 4 grid
hierarchy.
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Figure 7.23: 3-D results and images of cross-sections foahie f+ with g= 0:0 and
Dy = 3 from level 4. In this gure, the solution oft att = 200 is displayed again in
the top-left feature (it is previously presented in Figur22y; the cross-section through
the planex = 20 is presented in the top-right feature; the cross-setticugh the plane
y = 20 is in the bottom-left feature; and nally the cross-sentthrough the plane= 20

is displayed in the bottom-right feature.
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The second test is to increalsg which is the birth rate of tumour cells, to 3 (up from
1). The results are presented in Figures 7.24 and 7.25. Thesks suggest increasing
I'L from 1 to 3 does not signi cantly increase the speed of tumgrnawth, however, it
alters the shape of the tumour slightly.

|
N

t

Figure 7.24: 3-D results of variabler with g= 0:0 and/ | = 3 att = 50 (at top left),
100 (at top right), 150 (at bottom left) and 200 (at bottomhtjgrom the level 4 grid
hierarchy.
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Figure 7.25: 3-D results and images of cross-sections foabie f+ with g= 0:0 and
IL = 3 from level 4. In this gure, the solution oft att = 200 is displayed again in
the top-left feature (it is previously presented in Figurg4j; the cross-section through
the planex = 20 is presented in the top-right feature; the cross-setticugh the plane
y= 20 plane is in the bottom-left feature; and nally the cr@sstion through the plane

z= 20 is displayed in the bottom-right feature.
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The third test is to increadey which is the death rate of tumour cells through necrosis
to 5 (up from 3). The results are presented in Figures 7.26d&W From these solutions,
it seems increasinby positively affects the speed of tumour growth, and the fatar of
the solution off 1 att = 200 has reached several domain boundaries.

=200

Figure 7.26: 3-D results of variabler with g= 0:0 and/ n = 5 att = 50 (at top left),
100 (at top right), 150 (at bottom left) and 200 (at bottomhtjgrom the level 4 grid

hierarchy.
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Figure 7.27: 3-D results and images of cross-sections foabie f+ with g= 0:0 and
I'n = 5 from level 4. In this gure, the solution oft att = 200 is displayed again in
the top-left feature (it is previously presented in Figur26j; the cross-section through
the planex = 20 is presented in the top-right feature; the cross-setticugh the plane
y= 20 is in the bottom-left feature; and nally the cross-sentthrough the plane= 20

is displayed in the bottom-right feature.
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The fourth test is to decreasé which is the mobility constant to 5 (down from 10).
The results are presented in Figures 7.28 and 7.29. The spasdour growth is signif-
icantly affected by this change, so the solutiort at 200 is not presented. In addition,
the solution at = 150 suggests the initial out-layer of healthy/tumour ifstee has ex-
ited through the boundary. Therefore, the cross-sectimperformed on the solution at
t = 100.

Figure 7.28: 3-D results of variabfg with g= 0:0 andM = 5 att = 50 (at top left), 100
(at top right) and 150 (at bottom left) from the level 4 gri@tarchy.
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Figure 7.29: 3-D results and images of cross-sections foabie f+ with g= 0:0 and
M = 5 from level 4. In this gure, the solution oft att = 100 is displayed again in
the top-left feature (it is previously presented in Figur28J; the cross-section through
the planex= 20 is presented in the top-right feature; the cross-sethimugh the plane
y= 20 is in the bottom-left feature; and nally the cross-sentthrough the plane= 20

is displayed in the bottom-right feature.
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The nal testis to increasMl to 15 (the original choice is 10 as presented in Table 7.1
and the choice presented in the previous test is 5). Thetsemtd presented in Figures
7.30 and 7.31, and show a more isotropic shape.

I
N

t

Figure 7.30: 3-D results of variabfer with g= 0:0 andM = 15 att = 50 (at top left),
100 (at top right), 150 (at bottom left) and 200 (at bottomhtjgrom the level 4 grid
hierarchy.
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Figure 7.31: 3-D results and images of cross-sections foabie f1 with g= 0:0 and
M = 15 from level 4. In this gure, the solution afy att = 200 is displayed again in
the top-left feature (it is previously presented in Figurg0j; the cross-section through
the planex= 20 is presented in the top-right feature; the cross-settiaugh the plane
y = 20 is in the bottom-left feature; and nally the cross-sentthrough the plane= 20

is displayed in the bottom-right feature.
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Having presented a number of 3-D results, in the followingfisa, we conclude this
chapter with a discussion on the multigrid convergenceeiisat is mentioned previously.

7.5 Discussion

In this section, we conclude our discussion of this mulagdy eld model of tumour
growth. First of all, the dif culties of obtaining an optirhanultigrid convergence from
solving the pressure equation are discussed. It was no{@@&j that “extensive numer-
ical tests indicated very poor multigrid convergence whentermN (k (f1; fp) mNfT)
was treated implicitly in the pressure equation”. Our ekpents support this observa-
tion since the pressure equation shows poor multigrid agievese in our fully-implicit
implementation too. Here we illustrate this issue with taeecofg= 0:0 ande = 0:2.

In order to demonstrate this issue, we rstly show that, witbur multigrid solver, the
in nity norm of residuals from four variablestt, m fp andn, has an optimal multigrid
convergence. This is shown in Figure 7.32, using resultaiodt from a typical time
step using the BDF2 method. Four grid hierarchies are usedrtergted these results,
as shown in Table 7.2. We implement two stopping criterial anleast one of them
must be satis ed in order to continue to the next time stepe Tkt one is a relative
stopping criterion, which takes the in nity norm after thest V-cycle in the current time
step, and ags that we have converged if the in nity norm idueed by a factor of 10
by subsequent V-cycles. The second one is an absolute sgpppterion, which ags
convergence of the solver at the current time step if theitg morm is smaller than
10 11, Results shown in this gure suggest these four variablesl(eing the pressure
variablep) have an optimal multigrid convergence, and the number oyéles required
to reduce the residuals is independent of the grid sizes.
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Figure 7.32: The convergence rate of a typical multigridydle from a typical time
step. The vertical axis shows the values of §yaxjjy;jj mjy;ji folix;jjnjyg after each
V-cycle.
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On the other hand, the in nity norm from the pressure vaegbldoes not show an
optimal multigrid convergence, and this is illustrated igufe 7.33. Results from this
gure suggest that the reductions in the in nity norm is notdependent from grid sizes.
As mentioned previously, a related problem has already bsnti ed by Wise et al.
in [226]. The precise causes of this sub-optimal perforraaaaot known, however it
may be related to inexact solution of the coarsest grid problor to the choice of bound-
ary conditions forp (noting that this behaviour was not observed in the CHHS tesidl
the previous chapter, where different pressure boundargliton were presented). Note
that the effect of this poor convergencepis not particularly detrimental to the perfor-
mance of the solver overall since the second order reslissréited in Section 7.4.2 were
obtained using a stopping criterion that weights the norm ofuch less than the norms
of the other variables for each sequence of V-cycles (at gaehstep).
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Figure 7.33: The convergence rate of a typical multigridydte from a typical time step.
The shown results are from solving the pressure equation.
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To sum up, in Section 7.1, a brief literature review on tummadeling is given,
where different types of models of tumour growth are desttibOne of these is from
Wise et al. [226], and this model is presented in Section TrRorder to understand
and solve this model, implementations of the solver used Isg\at al. and our solver are
described in detail in Section 7.3. Furthermore, in Secti@®2, we show our full discrete
system, which includes the use of penalty terms and smoathieoff functions. Results
from solving this model are presented in Section 7.4. Fins# attempt to validate our
results against those presented in [226]. Due to the sa@hsivif this model to its initial
condition, we are unable to provide quantitative validasidor all cases. However, our
implementation of the multigrid solvers and other techeighas already been validated in
previous chapters, and we therefore have con dence in duesd-urthermore, through
our convergence tests we are able to demonstrate that aadl®@ezond order convergence
rate can be obtained, which previously was not achieved26][23-D results from this
model are also obtained and illustrated in Section 7.4.8revlve illustrate the effects of
altering different input parameters. In Section 7.5, wewls the issue of poor multigrid
convergence associated with the pressure variable. Irotloeving chapter, we conclude
the work presented in this thesis, and describe possillegutiork.
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Conclusions

The main objective of this thesis is to develop an ef cient@rate and reliable numerical
solver for general parabolic systems of PDEs. In Chapter épamgl introduction to non-
linear parabolic systems is presented, along with desenpof ve different mathemat-
ical models which are considered in this thesis. These rsadale from uid dynamics,
solidi cation to tumour growth. In order to solve these sysis of PDESs, discretization
methods are required. In Chapter 2, a number of these metheds#@duced in Section
2.1. Within these descriptions, we emphasize the focugsrthiesis which is using nite
difference methods (see Section 2.1.1.1), cell-centrete€ian grids with Neumann or
Dirichlet boundary conditions (see Section 2.1.1.2) anckbvard differentiation formu-
lae (see Section 2.1.2.2). The resulting algebraic systamghen be solved through a
number of solution methods. Within them, the multigrid noetk are the focus of this
thesis. We describe in detail a number of variations. Tchirimprove the ef ciency,
parallel computing may be employed. The main applicatiopastllelization presented
in this thesis comes from mesh partitioning via domain dguasition.

Having given the descriptions of the multigrid solution heeds in theory, the ac-
tual implementation is then explained in Chapter 3, whichscsia of a software library,
PARAMESH, and a multigrid solver, Camp re. Chapter 4 is wheredistuss the rst
of ve models: the model of binary alloy solidi cation. Thesesults are already sum-
marised in [27], where we show our multigrid solver has sasfidly scaled up to 1000
cores. In addition, in Chapter 4, we discuss several imprevésrmade to Camp re and
PARAMESH. The models considered subsequently all benermftbese enhancements.

258
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Two models of Thin Im ows are presented in Chapter 5. The degspreading
model is explained in Section 5.1. We validate our resultsresy those presented by
Gaskell et al. in [81], and are able to conclude that our muétisolver is ef cient and
accurate. A number of tests are also conducted which suffgesise of adaptivity and
parallelism are both effective. In Chapter 5, we also inclaether variation of the long-
wave model of thin Im ows: fully-developed ows. For this rade, we obtain the same
second order convergence rate as previously, and are abédidate our results against
those in [125].

The Cahn-Hilliard-Hele-Shaw system of equations are ptegen Section 6.1, Chap-
ter 6. This model is from [225], and has been used as a stepjong toward the model of
tumour growth that follows. We are not only able to solve thisdel with our multigrid
solver, but also able to replicate the solver used by Wis22B8]. A second order conver-
gence rate is demonstrated through the use of our settirgjg, & rst order convergence
rate is replicated from our implementation of Wise's solver

The multi-phase- eld model of tumour growth is discusseimapter 7. First of all,
a brief literature review on tumour modeling is summarise8ection 7.1. The model of
tumour growth that is studied in this thesis is from [226]d @ based upon a derivation
from the CHHS system of equations. From carefully learnirgywlork of Wise et al.,
we identi ed the root causes of why a second order convemgeate is not obtained.
Improvements are then implemented and, for the rst timege@oad order convergence
rate is obtained for this type of model of tumour growth. Wseoalllustrate a number
of solutions from 3-D simulations and the issue of slow ngumitl convergence for the
pressure variable is highlighted.

In the following section, possible future developments summarised to conclude
this thesis.

8.1 Future Developments

Here we suggest a number of possible extension to this dsear

one of the possible extension for this research is to use ¢éaddh multigrid instead
of the nonlinear multigrid with FAS. Brabazon et al. in [28]oshthat Newton
multigrid on a family of nonlinear parabolic equations ideatp obtain a better
multigrid convergence rate than the nonlinear multigritMAAS. The time cost per
each time step for the Newton multigrid is also much less. Neaton multigrid
method is described in detail in Section 2.4.3. This Newtaritigrid method is
not implemented in Camp re. With uniform grids, this should straightforward
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in Camp re, although the dif culties may rise from the pamlikzation of the global
Jacobian matrix.

We believe the use of Newton multigrid may signi cantly inope the parallel scal-
ing. By using the Newton multigrid, the problem on the coarges becomes lin-
ear, in fact the problem solved in the multigrid solver ishn, thus we can afford
much ner coarsest grid since linear problems are easieoliees'exactly” with a
relatively small number of iterations (or even a sparsectlineethod). In Section
5.4.4, we identi ed one of the possible inef ciencies in plel multigrid is the
coarsest grid. In the nonlinear multigrid method with FAI8stcoarsest grid has
to be very coarse so a nonlinear problem can be solved “gXadtlsing a ner
coarsest grid, from the results presented in Section 5stiggests a better paral-
lel ef ciency, however, a trade-off occurs when the nonéinproblem requires too
many iterations on the ner coarsest grid.

It is also possible to consider the application of Newtoryiv methods (e.g. GM-
RES) with multigrid as the preconditioner. If the above twepstcan be achieved,
the resulting application can be used as the preconditiGugthermore, if one uses
linear multigrid as a preconditioner for an iterative solgéthe Newton lineariza-
tion an exact coarse grid solution may not be necessary.atlalis, providing the
possibilities of an even ner coarsest grid.

To combine the Newton multigrid with adaptivity is still esiwe, from our best un-
derstanding, the MLAT approach for the FAS multigrid may lbetvalid or straight-
forward in terms of software implementation in parallel. éJyossible solution is
to use the adaptive composite grid method which is desciibgdneral in Section
2.4.5.

Another possible extension comes from the fully-develomed this is brie y
mentioned in Section 5.7.3. By introducing a time-depend®richlet boundary
condition at the upstream, we may simulate a ow with reguawariable waves
on top of one or more topographies. Then we may compare tkeeség with the
solutions of the Navier-Stokes equations.

There are also other alternative tumour models, for exantdevkins-Daarud et
al. [106] introduced a tumour model which was quite simitatite one solved here.
Thus, one may also be interested in implementing this modebimp re. It would
be possible to gain second order convergence rate from tbdehof Hawkins-
Daarud et al.



Chapter 8 261 8.1

The nal extension suggested here is to investigate thesigsth the pressure equa-
tion and its convergence from the model of tumour growth gmésd by Wise et al.

in [226]. One possible solution may be to numerically analy® model to gain ad-
ditional necessary understanding. It was believed by thi@oasi that since it obeys
the Darcy's law, it ought to be dif cult to converge.
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