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ABSTRACT

Considerable progress in the understanding of thin film flow over surfaces has been
achieved thanks to lubrication theory which enables the governing Navier-Stokes
equations to be reduced to a more tractable form, namely a coupled set of partial
differential equations. These are solved numerically since the flows of interest in-
volve substrates containing heterogeneities in the form of wetting patterns and/or

topography.

An efficient and accurate numerical method is described and used to solve two
classes of problem: droplet spreading in the presence of wetting and topographic
heterogeneities; gravity-driven flow of continuous thin liquid films down an inclined
surface containing well defined topographic teatures. The method developed, em-
ploys a Full Approximation Storage (FAS) multigrid algorithm, is fully implicit and
has embedded within it an adaptive time-stepping scheme that enables the same to

be optimised in a controlled manner subject to a specific error tolerance.

Contact lines are ubiquitous in the context of droplet spreading and the well-
known singularity which occurs there is alleviated by means of a disjoining pressure
model. The latter allows prescription of a local equilibrium contact angle and three-
dimensional numerical simulations reveal how droplets can be torced to either wet
or dewet a region containing topography depending on the surface wetting charac-
teristics. The growth of numerical instabilities, in the contact line region, which can

lead to the occurrence of non-physical, negative film thicknesses is avoided by using

a Positivity Preserving Scheme.

A range of two- and three-dimensional problems 1s explored featuring the gravity-
driven flow of a continuous thin liquid film over a non-porous inclined flat surtace
containing topography. Important new results include: the quantification ot the
validity range of the lubrication approximation for step-up and step-down topo-
eraphies; description of the “bow wave” triggered by localised topography and an
explanation, in terms of the local flow rate, of the accompanying “downstream
surge”: an assessment of linear superposition as a means of examining free surface

response to topographies. In addition, the potential of local mesh refinement as «



means of reducing computational time 1s highlighted.

Finally, more complex liquids composed of a non-volatile resin dissolved in a solvent
and allowed to evaporate are considered. An evaporation model based on the well-
mixed approximation is utilised. Results show that localised topographies produce
defects in dried continuous films which persist far downstream of the topography,
while with respect to droplet motion, solvent evaporation is found to be responsible

for contact line pinning and thus a reduction in spreading.
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1.1 Background

1.1.1 Coating flows

Often unnoticed, thin liquid films frequently appear in nature and as part of many
manufacturing process. For example, they feature in the human body in the form of
tear films in the eye or as a protective linning in the lungs (Oron et al. (1997)). In-
dustrial applications include, for instance, the deposition of coatings and inks, direct
patterning of functional layers during microchip production, spreading of pesticides
and the flow of oil in heat exchangers and the coating of paper (de Gennes (1985),
Peurrung and Graves (1993)). Coated films can be composed of a single or sev-
eral superimposed layers. Photosensitive film is a typical application combining
many layers of light-sensitive emulsions, dye-forming and image-modifying chemic-
als. When part of a manufacturing process, the deposited liquid film is generally
subsequently dried or cured to leave a solid layer on the substrate. The function of

this layer might be to protect, simply decorative or even to record information.

A familiar film deposition process is that of decorative painting. This may seem
quite a simple example, however it requires a good understanding of the underlying
physics and control of the governing parameters. A paint too thin will lead to poor
coverage of the surface area while one too thick will be difhcult to apply. If the
surface tension is too low, it may lead to a poor levelling of the painted layer leaving
“brush-marks”. Another well studied cause of non-uniformity in painted layer is the
solutal Marangoni effect resulting from composition variations of the paint giving

rise to surface tension gradients (Overdiep (1986), Evans et al. (2000)).

This already rather long list of undesired eftects is a consequence of considering the
fluid properties only but of course, the overall homogeneity of the substrate will also
strongly affect the quality of the coated film. For example, a small speck ot dust
or topographic feature on a surface is known to deform a coated free surface over
distances orders of magnitude greater than the size of the submerged defect 1tselt
(Pozrikidis and Thoroddsen (1991), Gaskell et al. (2004)). Also, when the paint is

applied on curved substrates, the liquid layer 1s known to thin at outside corners



and thicken at inside ones (Weidner et al. (1996)).

Coating imperfections may also arise when a substrate’s chemical composition is
heterogeneous, yielding wettability variations. The appearance of “reticulation”
(formation of a defect pattern) resulting from non-uniform wettability has been

studied by Schwartz et al. (2000) and Podgorski et al. (1999) who explored the

formation of dry patches on an inclined non-wettable surface.

The number of mechanisms that may lead to poor quality coating or complete fail-
ure of the film deposition process, even for a basic application such as painting,
illustrates and highlights the difficulty faced by the coating engineer. Moreover in-
dustrial applications usually involve multiple interconnected coating passes and de-
mand concerning coating quality and high speed application for productivity reasons
1s continually being pushed to the limit. Hence, the question that coating engineers
often have to answer is: What 1s the optimal operating window for a given coating
device? In other words, what are the optimal parameters to achieve a successful
fllm deposition of prescribed thickness, free of instability and at the highest possible

speed?

The answer to these questions lies essentially in the theory of fluid mechanics. In
the pioneering work of Landau and Levich (1942), a rigorous mathematical analysis
of the viscous, surface tension and static pressure forces in liquid film deposition,
as it occurs in dip coating, was derived. The theoretical approach adopted by these
authors proved that significant insight into interfacial phenomena and valuable pre-
dictive relationships could be obtained by formal analysis. However, until approxim-
ately three decades ago, the development of new coating technologies outpaced the
research in this area and the understanding was mostly empirical (Ruschak (1985)).
Since then, the growing scientific interest, the availability of more advanced math-
ematical methods and more potent computers have enabled substantial progress in
understanding the governing principles underpinning the application of thin liquid

coatings. An exhaustive review of the history of coating science is given in Kistler

and Schweizer (1997).

Of course, the motivation behind a better understanding of liquid film deposition



and coatings in general is not only to avoid the different failure modes exposed
previously but also to achieve a desired goal. The recent invention of self-cleaning
glass* for windows is a good example of successtul research in the coating area. A
durable, long-lasting coating is fused into the glass at high temperatures during the
manufacturing process. The coating uses the sun’s ultraviolet light to break down
and loosen organic dirt and causes water to sheet off of the surface, so that rain or
a light water spray can easily rinse the loosened dirt away with minimal spotting

and streaking.

In microfluidic applications there 1s a growing interest in selectively coating or “ink-
ing” chemically patterned surfaces for use as chemical microreactors. The study of
Darhuber et al. (2000(a)) explores how this could be achieved in the context of
dip coating. In Schwartz and Eley (1998), the effect of wettability contrasts on the
spreading of a droplet was investigated and later extended by Gaskell et al. (2003)
to account for the presence of a topography. For inkjet printing, the requirement is
that the impact of droplets is as small and focused as possible. Sometimes, instead
of requiring a smooth, level dried coated layer, the goal might be to produce an

effect such as the hammer tone finish often produced for metallic substrates.

From a fluid mechanics point of view, coating processes develop as a balance between
viscous and surface tension forces; in some configurations, other body forces such as
centrifugal of thermocapillary forces may also be relevant to drive the flow. Coating

flows generally share a number of characteristic features regardless of the specific

application:

e They are low Reynolds number flows so that the effect of inertia can otten
be ignored and are therefore referred to as creeping flows. An additional

consequence is the absence of turbulence which is particularly convenient for

modelling purposes.

e They have at least one free surface and for multi-layer coating, internal in-

terfaces. When the fluid is bounded by two free surfaces, it is called a free

film.
url: h_ttp:/-/www ppg.com/gls_residential /gls_sunclean/faq.htm




e They possess static and dynamic contact lines, the latter when liquid displaces

a gas (usually air) from a solid web or substrate.

e They are small scale flows because of their thin nature which make them prone

to long-range interaction forces.

Although the Navier-Stokes equations, dictating the motion of fluids, have been
known for more than two centuries and result from basic conservation considerations,
exact analytical solutions are scarce and restricted to simple geometry and parameter
ranges. The presence of a free surface and a dynamic contact line are additional
complicating features of coating tlows. Because the location of the free surface is
unknown a priori, 1t needs to be determined during the solution process like the
other dependent variables namely the velocity and pressure hield. Moreover since
the boundary conditions that apply at such an interface are highly nonlinear, it is
crucial to be able to represent them accurately. In fact, it is this requirement that
proved to be the major obstacle to the analysis of coating systems and it was only
with the advent of powerful computers in the early 1980’s, when Finite Element
methods for coating flows were being developed at the University of Minnesota
(Kistler and Scriven (1983)), that expert users were first able to explore the eflect

of process operating parameters on the flow.

Since then, various other numerical methods have been developed to track inter-
faces. They include the boundary-element method, the marker-and-cell method,
the volume-of-fluids method or the phase field method - see Scardovelli and Zalesk:
(1999) for a complete review. The free surface difficulty is “technical” in the sense
that although solutions are difficult to find, the governing equations are known. In
contrast, the difficulty associated with the dynamic contact line is theoretical be-
cause the exact nature of the flow in its vicinity is still a matter of dispute due to
the breakdown of the usual no-slip boundary condition between the liquid and the
substrate at the contact line (Huh and Scriven (1971)). There is a clear mismatch
between the continuum description of the liquid in the Navier-Stokes equations and
the molecular scale of the contact line region. Because several instabilities in coat-

ing flows are linked to the presence of a dynamic contact line, it is essential for any



predictive model to capture accurately its macroscopic effects. Several approaches

to relieve this singularity are discussed in Chapter 2.

1.1.2 The thin film approximation

In spite of these complicating features, significant progress has been possible by
taking advantage of the creeping nature of coating flows, the usual small ratio of the
typical film thickness and the characteristic length in the substrate direction. Under
these assumptions, the flow field is nearly rectilinear, the streamlines being almost
parallel to the substrate. An analysis of the leading order terms in the Navier-Stokes
equations reveal that the evolution of the film can be described by a coupled set
of second order partial differential equations in terms of the film thickness and the
pressure across the film, or equivalently by a single fourth order partial differential
equation in terms of the film thickness alone (Myers (1998)). These equations are
often called the lubrication approximation because of the similarity they have with
the equation first derived by Reynolds (1886) to calculate the pressure in lubricated

slipper bearings.

The lubrication approximation, also reterred to as the long-wave approximation, re-
duces considerably the complexity of the free boundary problem by effectively trans-
forming the initial problem, where the velocity and pressure are unknown fields in a
three-dimensional fluid domain, to one where the film thickness and depth-averaged
pressure are unknown variables depending on the substrate location only. A clear
drawback of this approximation is therefore the impossibility to have multivalued
film thickness. For coating applications, this formulation is particularly convenient
because the film thickness and overall shape of the free surface are normally the key
factors to assess the quality of the deposited film. Nevertheless, from a knowledge of

the film thickness and the pressure, the velocities can also be inferred if necessary.

Although much more tractable than the Navier-Stokes equations, the lubrication
equations still represent a considerable challenge when it comes to solving them
either analytically or numerically. Firstly, they are highly non-linear equations and

can only be linearised in a few particular cases. Furthermore, the lubrication equa-



tions are degenerate in the sense that the coefficient of the highest derivative tends
to zero as the film thickness approaches zero (Myers (1998)). This issue is most
severe when a dynamic contact line is present since the film thickness decreases as
the contact line 1s approached leading to a change in the intrinsic nature of the
governing equations. This is a consequence of the contact line paradox mentioned
above: the incompatibility between the no-slip condition and the dynamic contact
line. Thus, although the lubrication approximation simplifies the representation of

the free-surface, it does not releave the singularity at the contact line.

Another complicating teature ot the lubrication approximation is that the maximum
principle which guarantees that the solution is bounded from above and below by its
initial data is not applicable (Bertozzi (1998)). This means that given a strictly pos-
itive initial profile, the film thickness can change sign leading to unrealistic negative
film thicknesses. This lack of positivity-preserving property can have disastrous con-
sequences when numerical solutions are sought, yielding possible instabilities and

eventually blow-up of the solution.

Finally, the lubrication approximation, like any other approximation, 1s only valid
within a certain parameter range. Although experience suggests that 1t 1s robust
and has a tendency to deliver good results (in agreement with experiment) in para-
meter regimes on the outer limits of the expected range of validity (O’Brien and
Schwartz (2002)), the limited applicability of the lubrication approximation needs
to be kept in mind and the validity window quantified whenever possible. Under
certain conditions, usually involving further assumptions, a simplified geometry or
taking advantage of the presence of symmetry, analytical treatment is possible. In
which case, valuable insight can be gained on the asymptotic behaviour of the liquid
film, on its stability or its possible self-similar properties. The available mathemat-

ical methods for thin film flows have recently been reviewed by Kistler and Schweizer

(1997) and Myers (1998).



1.1.3 Focus of the present work

The lubrication approximation is the basis of the work presented in this thesis and
1s derived tormally in Chapter 2. More specifically, the lubrication approximation is
applied to two quite different flow conditions: droplet spreading and gravity-driven
continuous thin liquid films in the constant flux configuration on heterogeneous
substrates. The study of the former is relevant to inkjet printing for example when
the droplet has impacted on the substrate but also from a more general point of
view as a “benchmark” problem for dynamic wetting. The latter, which consists
of a liquid film on an inclined plane, occurs in some regions of slide and curtain
coating. Heterogeneities considered are of two kinds: wettability patterns and/or
topographic features. These might be desired, in order to achieve selective coating,

or unwanted such as a speck of dust on the substrate.

The presence of heterogeneities introduces singularities in the lubrication approx-
1mation and a numerical approach as a means of solution is almost inevitable. In
order to capture accurately the liquid film behaviour in the vicinity of a singularity
such as a wetting line for instance, fine computational mesh resolution is necessary.
For example, when modelling a dynamic contact line assuming that a precursor film
precedes it (see Chapter 2), the mesh resolution in the wetting line region needs to
be of the same order as the precursor film thickness as discussed by Bertozzi (1998).
If the flow is unidirectional or axisymmetric, i.e. the lubrication approximation only
depends on one spatial coordinate and the time, fine mesh resolution in the sin-
gularity region can be achieved at little computational cost (by today’s standard).
Many local mesh refinement algorithms are available and “relatively” easy to imple-
ment (Bertozzi (1995)). For multidimensional situations the problem becomes more
severe and complex, and much more computationally intensive. Quoting Schwartz
and Eley (1998), “Resolution of wetting-layer thickness in the nanometre range is
not possible for multidimensional problems; nor is it practically possible to resolve

substrate variations on the micron scale, in macroscopic simulations”.

Hence, one of the main thrusts of the work presented in this thesis is to apply existing

numerical techniques and develop new ones to improve the efficiency, robustness and



accuracy of numerical methods applied to the lubrication approximation. The scope
of this thesis is however not purely numerical since the resultant numerical schemex
are notably applied to industrially relevant coating flows but also to Interesting
features associated with the spreading of a droplet and the flow of a gravity-driven

film over a substrate with wettability patterns and/or topographic features.

In order to obtain a discrete analogue of the lubrication approximation, the Finite
Difterence method is certainly the most popular (Weidner et al. (1997), Diez and
Kondic (2002)) although the Finite Element method was the one used by Peurrung
and Graves (1991) and Grun and Rumpf (1998). Efficiency in solving the set of non-
linear algebraic equations resulting from the discretisation process can be improved
in different ways. Firstly, explicit time marching methods for which the solution at
a given time step depends exclusively on the solution at the previous time step are
known to impose a stringent upper bound on the size of possible time increments
in order to avoid instability (Bertozzi (1998)). Explicit schemes were used in the
“early days” of numerical simulation of the lubrication approximation by Schwartz
(1989) and Stillwagon and Larson (1990) but they become obsolete when fine mesh
resolution 1s required due to their poor numerical efficiency. This lead Schwartz
and co-workers to develop a semi-implicit numerical scheme for which the solution
at a given time step depends only “moderately” on the one at the previous time
step (Moriarty and Schwartz (1993), Weidner et al. (1997)). These authors used
an alternating-direction-implicit (ADZ) technique to solve the discrete analogue of
the lubrication approximation. These techniques use alternating sweeps 1n each
direction so that only a banded system of equation needs to be solved to update the
solution. The approach of Schwartz and co-workers presented a great enhancement
since time increments can be as much as a factor 10° larger than the characteristic
maximum step for stability of the explicit method. Nevertheless, the numerical
scheme adopted by them is still partly explicit and since a formal stability analysis,
such as that of Von Neumann, of the numerical scheme is impossible because of 1ts
non-linear nature, its stability cannot be guaranteed. Furthermore, the convergence
rate of ADZ schemes, although very good, is not optimal in the sense that 1t 1s not

independent of the number of unknowns - Trottenberg (2001).
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Accordingly, the tack followed in this thesis builds on earlier research performed in
the kingineering Fluid Mechanics Research group at the University of Leeds (Daniels
et al. (2000)) and consists of using a fully-implicit numerical scheme and multigrid
solver which is known for its optimal efficiency (Trottenberg (2001)). Because the
scheme 1s fully implicit, the method is stable. The idea of multigrid techniques
In concise terms 1s to smooth the whole spectrum of the error components on a

hierarchy of computational grids with variable mesh densities. The principles of

multigrid methods are introduced in Chapter 3.

Other than Daniels et al. (2000), no reported attempt to apply Mutilgrid tech-
niques to the lubrication approximation have been found in the literature however
they have been used successfully in a related area of research: elastohydrodynamic
lubrication (Ehret et al. (1997), Goodyer (2001)). The governing equations in elast-
ohydrodynamic lubrication (EHL) bear resemblance with the lubrication approxim-
ation because they result from the same basic assumptions first stated by Reynolds
(1886). However, the fluid domain in EHL applications is bounded by two solid
surfaces which are in relative movement and therefore differs from the free surface

flow of interest.

The benefits of being able to use larger time increments in numerical simulations
should not however be at the cost of a poorer accuracy. This is another area where
progress is possible. The implementation of an adaptive time stepping procedure
should allow the optimal time step to be inferred automatically and combine ef-
ficiency and accuracy. As a consequence, small/large time increments should be
automatically selected when the solution varies rapidly/slowly. Most previously
reported adaptive time stepping schemes in the context ot the lubrication approx-
imation rely on some “empirical” criteria such as the rate of change of the numerical
solution (Schwartz et al. (2000), Bielarz and Kalliadasis (2003)) to choose a suitable
time step and make no attempt to optimise a guess for the next time increment,

which may lead to unnecessary failure of the solution at that time step.

In contrast, the adaptive time stepping scheme developed and described in Chapter
3 bases time increment selection on an a robust estimate of the local truncation error

so that the unavoidable accumulation of error at each time step remains bounded
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and does not lead to an inaccurate solution at a given time. A further important
efficiency gain 1s the use of local mesh refinement. Because, regions requiring fine
resolution generally represent a small portion of the total computational domain.

the possibility to tune the mesh density accordingly can result in significant savings

in computational time.

For the one-dimensional lubrication approximation, Bertozzi (1995) implemented
successfully a local mesh refinement algorithm. In the two-dimensional case, Diez
and Kondic (2002) proposed a numerical scheme to allow calculations on nonuni-
form grids but at the cost of a lower order of accuracy. A further advantage of
the multigrid method used in this work 1s that it naturally extends to allow local
mesh refinement as demonstrated in the landmark work of Brandt (1977). Although
this was not the main focus of this thesis, sample results will be shown to reveal
the potential of such methods. Finally, the Positivity Preserving Scheme derived
by Zhornitskaya and Bertozzi (2000) is implemented in the present work since it
enhances considerably the robustness of the numerical scheme by preventing the oc-
currence of unphysical film thicknesses even on under-resolved computational grids.

In fact, this scheme proves to be essential to capture the motion of wetting lines

over topographic features.

An additional motivation for the work contained in this thesis are the experimental
results recently obtained by Decré and Baret (2003) concerning the flow ot gravity-
driven thin liquid films over a square trench topography located on an inclined plane.
These results provide a rare opportunity to validate the numerical prediction ot tlow

in a three-dimensional fluid domain and to obtain a quantitative estimate ot the

validity of the lubrication approximation.

1.2 Outline of the thesis

The next two chapters are essentially descriptive. In Chapter 2, by expanding the
Navier-Stokes equation in terms of the small aspect ratio of the film, and retain-
ing the leading order terms. a formal derivation of the lubrication approximation 1s

presented. The scalings relevant to the flow configurations of interest, l.e. droplet
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spreading and gravity-driven thin liquid films, are then introduced and the range
of the various associated dimensionless groups is given. For compactness, the lub-
rication approximation is presented in a general form with coefficients that need
prescribing depending on the flow conditions. A review of the possible approaches
to handle the singularity at a dynamic contact line follows, with particular emphasis
on the disjoining pressure model adopted in this work and as used extensively by

Schwartz and co-workers - Schwartz and Eley (1998) and Schwartz (1998).

Chapter 3 is devoted to a description of the numerical approach used to solve the
lubrication approximation. After an introductory discussion, going in depth into the
numerical difficulties associated with the lubrication approximation and the history
of multigrid methods, the spatial and temporal discretisations are detailed together
with the adaptive time stepping procedure and Positivity Preserving Scheme. The
Full Approximation Storage (F.AS) form of the multigrid method, which is well
suited to non-linear problems, is outlined in a pseudo-code formalism along with the
necessary modifications to implement the Multi-Level Adaptive Technique (MLAT)

which enables local mesh adaptivity.

Chapter 4 is concerned with the validation and evaluation of the performance of
the proposed numerical schemes. This necessary stage is achieved by applying the
methods to differential equations with known analytical solutions. The adaptive
time stepping scheme 1is first applied to an ordinary difterential equation for which
the analytical solution is known and of the same form as Tanner’s closed form solu-
tion for the film thickness of an axisymmetrically spreading droplet (Tanner (1979)).
The results establish the ability of the scheme to give a good estimate of the local
truncation error and therefore a good guess of the optimal time increment. Then,
the accuracy and performance of the combination of the adaptive time stepping
scheme with the multigrid algorithm are assessed by considering solutions of the
transient heat diffusion equation. The adaptive time stepping scheme 1s tested un-
der conditions for which the heat transfer coefficient varies rapidly with time. The
final results of this chapter investigate the benefits of using local mesh refinement in
a region where the heat transfer coefficient varies discontinuously. Overall. Chapter

1 provides insight to and establishes clearly the benefits of the proposed numerical
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methods betore applying them with confidence to the lubrication approximation.

Chapters 5, 6 and 7 focus on solving numerically the lubrication approximation.
Chapter 5 concentrates on droplet spreading. Initially, the efhiciency of the numer-
ical method is investigated by performing a parametric study of the convergence
history of the numerical solutions and, importantly, results are compared with pre-
viously reported data. Results are found to obey Tanner’s law of spreading (Tanner
(1979)) when the droplet is far from equilibrium and to agree well with the res-
ults of Schwartz and Eley (1998). The numerical results are further validated in
the extreme case where the spreading of the droplet is induced mostly by grav-
ity. A self-similar solution first derived by Nakaya (1974) is available in this case.
The effect of the disjoining pressure on the spreading behaviour of droplets is also
explored by comparing solutions for a fully and a partially wetting droplet. The
chapter concludes by presenting simulations for a range of new problems including

droplet spreading over heterogeneous substrates.

In Chapter 6, gravity-driven thin liquid films over topographies are considered.
Firstly, flow over step-up, step-down topographies and trenches are investigated.
For these cases, the cross flow invariance implies that the flow is effectively two-
dimensional and solutions to the full Navier-Stokes equations were possible using
the Finite Element method, Wilson (2003), which enables the effect of inertia to be
quantified. Moreover, the comparison of the lubrication approximation and Navier-
Stokes results for a range of inlet flow rates and step heights provides a quantitative
picture of the range of validity of the lubrication approximation. With a clearer
idea on the accuracy of the lubrication approximation, flow over localised topo-
eraphies giving rise to three-dimensional free surface disturbances is investigated.
The numerical results for the flow over a square trench are found to be in excel-
lent agreement with the experimental results published recently by Decré and Baret
(2003) and show the characteristic “horseshoe”-shaped “bow wave”. Additional res-
ults concerning the effects of the spanwise aspect ratio and the normal component ot
gravity are presented. Moreover, by comparing the solution of “equal-but-opposite .
topographies the suggestion of Decré and Baret (2003) that the free surtace response

can be inferred by means of the linear superposition principle is assessed, Gaskell
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et al. (2003(b)). Finally, the benefit of using local mesh adaptivity is demonstrated
and interesting features are revealed when the inlet flow rate varies periodically.

The latter results relate to, and extend, the recently published study of Bielarz and
Kalliadasis (2003).

In the penultimate chapter the lubrication approximation is extended to account for
evaporation in a binary mixture composed of a solvent and a resin. Assuming that
only the solvent is allowed to evaporate and that the well-mixed approximation is
applicable, the conservation law governing the solvent concentration is derived. The
well-mixed approximation simply states that the solvent diffusion is rapid enough
so that i1t is uniform across the liquid layer (Howison et al. (1997)). The imple-
mentation of this additional equation in the multigrid algorithm is then described
emphasizing the flexibility of multigrid methods to incorporate additional physics.
With a rheology of the binary mixture that depends on the local solvent fraction,
results are shown for the two flow configurations of interest: droplet spreading and

a gravity-driven thin liquid film.

The thesis concludes with a short chapter summarizing the work presented and

suggesting extensions and avenues for future research.
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2.1 Introduction

As emphasised in the introduction, the modelling of free-surface flows presents a
considerable theoretical and computational challenge. For the flows of interest in
this thesis, the fluid domain is bounded by a non-porous substrate and a free-surface.
The tormer may be flat or exhibit asperities of height S with respect to the origin of
the coordinate system - see Figure 2.1. In the context of thin liquid films, the small
aspect ratio, €, of the characteristic film thickness, Hy, and the characteristic length
in the streamwise direction, Lo, may be exploited to reduce the general governing
Navier-Stokes equations to a more tractable pair of second order nonlinear partial

differential equations in terms of the film thickness, H, and the pressure across the

film, P.

In this chapter the time-dependent lubrication approximation for a three-dimensional
fluid domain is derived following the same formalism as Williams (1998) and the
different scalings resulting from various driving forces are introduced. The disjoining
pressure model adopted to describe contact line regions is then explained followed

by a derivation of the various energies associated with each force in play.

2.2 (Governing equations

In a three-dimensional Cartesian coordinate system (X,Y, Z) attached to the sub-
strate inclined at an angle o to the horizontal, where X denotes the down-slope
coordinate, Y, the cross-slope coordinate and Z the coordinate normal to the sub-
strate (see Figure 2.1), the conservation of momentum and mass for an incom-

pressible, isothermal Newtonian fluid with constant viscosity, u, yield the tollowing

time-dependent Navier-Stokes equations, viz.

o (B‘U_ I Q_.VQ)

~VP + uV?U + pg (2.1)

0, (2.2)

oT
V.U

|
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FIGURE 2.1: Sketch of the geometry and notations.

where U = (U, V, W) is the fluid velocity, T is the time and § = g(sin, 0, — cos a)
1s the acceleration due to gravity. Following Stillwagon and Larson (1990), the
non-porous substrate surface is described by the topography function S(X,Y ) and

the fluid is subject to the no-slip and no-penetration boundary condition along this

surtace, viz.

U=V=W=0 on Z=5(X,Y). (2.3)

The free-surface is located at ¥(X,Y,T) = S(X,Y )+ H(X,Y,T) and the kinematic

boundary condition there requires that

oV oV oV
— = / =W(X.Y.T). 2.4
3T+U8X+V8Y W on (X,Y,T) (2.4)

Since the topography function S(X,Y) is not a function of time, eq. (2.4) is equi-

valent to

oOH oV oA
ol - _ 7 =U(X.Y.T). 2.5
8T+U8X+V8Y W on ( ) (2.5)
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which using eq. (2.2) and Liebnitz’ Rule* may be rewritten as

O0H O ¥ 0 v _
_69_T_+8X (/5 UdZ)-l—-a?(/S VdZ) = 0. (2_())

The proof of the equivalence of the integral and differential forms of the kinemat .

boundary condition is reported in Appendix B. Considering the normal and tan-
gential stress at the free-surface provides additional boundary conditions. The com-

ponents of the stress tensor for a Newtonian fluid are

(2.7)

Eij — —P(Sij + U (3(]3 an) :

9X; ' BXx,

Providing the air above the liquid film exerts negligible shear stress on the free-

surface, the continuity of the tangential stress states that

tXn=0 on Z=V(X,Y,T). (2.8)

The normal stress must balance the capillary pressure resulting from the constant

surface tension o and the disjoining pressure [I1(H) caused by long-range inter-

molecular forces, accordingly
nYn=ock+II(H) on Z=Y¥(X,Y,T), (2.9)

where k 1s the free-surface curvature given by the sum of principal curvatures in

the orthogonal directions. Following Kistler and Schweizer (1997), the curvature is

given by

2 ow\2| | 92v oY \2| 52W HY AV
e [1 + (5v) ] T oy? [1+ (5%)"| — 25vax ov ox
B ) 57 3/2 N |

- = (2.10)

*Liebnitz’ Rule: Given f(z,z2), a(z) and b(x), where f and gﬁ are continuous in z and z, and a
and b are differentiable functions of z,
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The detall and importance of the disjoining pressure term in droplet spreading flows

1s discussed later - see §2.5.2.

The normal vector to the free-surface n pointing outward is

(2.11)

and the tangential vectors at the free-surface in the X and Y directions are respect-

1vely
(];a_(_)a \DX)

ty =
T (1w

and ty = _0,1, %) . (2.12)

(1+ \If}f'Q)l/2

Combining egs. (2.9) and (2.11) yield

2
—P+ 35[Ux (I5° = 1) + W (3y% = 1) + (Uy + Vx) Uy Tx — (Uz + Wx) Ty -

Wy +Vz)Vy| =0k +1I(H)on Z =¥ (X,Y,T), (2.13)

1/2

where A = (1 + Ux* + TUy?) Similarly, substituting eq. (2.12) in eq. (2.8)

yields the following two equations

pl(1=9x?) (Uz +Wx) +2(Wz —Ux) ¥x — (Uy + Vx) ¥y

Wy +V5)UxTy] =0 on Z=1U(X,Y,T). (2.14)
pl(1 = Ty?) (Vz + Wy)+2(Wz = Vy) ¥y — (Vx + Uy) ¥x

—(Wx +Uz)¥x¥y]=0 on Z=Y(X,Y,T). (2.15)

Equations (2.1), (2.6), (2.13), (2.14) and (2.15), along with inflow and outflow

boundary conditions, describe the hydrodynamics ot thin films.

In the next section, scalings are introduced and the lubrication approximation cor-

responding to the leading-order terms of the asymptotic expansion of the governing

equations in terms of € is presented.
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2.3 The lubrication approximation

The choice of scaling 1s not unique and depends on the type of low under consider-

ation. In the present work two, quite different, flows are investigated:

e droplet spreading;

o the gravity-driven flow of continuous thin liquid films.

For the first, a commonly used set of scalings (Schwartz and Eley (1998), Schwartz

(1998)) is

g€ LO ﬂLo
Ph = +—, Uy = —, Tp = . 2.16
’ LO ) T() ’ 063 ( )

Ty 1s proportional to that derived by Orchard (1962) for the levelling of surface
disturbances and Hy, Ly are the characteristic droplet thickness and extent ot the

substrate, respectively.

For the second, a natural choice of characteristic film thickness is that for the case

of fully developed thin film flow down an inclined plane with constant flux, o, per

unit width (Aksel (2000)), viz.

1/3
Hy = (:’“QO ) | (2.17)

g SIn ¢

while following Bertozzi and Brenner (1997), Lo is chosen to be proportional to the

capillary length, L., viz

o Hy _)1/3 = - Ho (2.18)

LO — ,BLC where Lc = ( (ﬁca)1/3 :

3pg SIn &

Here, Ca = '“J@, is the capillary number expressing the ratio ot viscous stresses

to that of surface tension. Note that the present definition of the capillary length

differs from the usual definition (L, = v/o/pg) and is sometimes referred to as the

dvnamic capillary length (Decré and Baret (2003)). The characteristic velocity Uy
'« taken to be the surface velocity of the fully developed film, namely

3C0 (2.19)

U0:'2—H—0~
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Constants | Droplet spreading. | Gra,m-drivefl__ thin film.
T ~ Bosina 9 o
— I

Co Bocos « %61/3Ca1/3cot&_ ]
C3 1 3156 o
—T t — ]
E Co | 1 | 0

TABLE 2.1: Definition of the constants C;,Cy,C3 and Cy4 for the two types of flow.

The characteristic pressure and time scale are respectively Py = Eﬂ;‘ﬂ and Ty =

Lo
Uog’

Introducing either set of scalings in equations (2.1), (2.13), (2.14) and (2.15), and

retaining the leading-order terms (those up to O(€?, €2 Re)) gives, in s(z,y) < z <

(T, y,t),

g;’ — -g%, (2.21)
% _ g, o
with boundary conditions,
u=v=w=0 on z=s(z,yt), (2.23)
_gg _ _g_z. —0  on  z=w(z.u1). (2.24)
p=—-C3V* —CyIl(h) on z=1v(z,y,t). (2.25)

The lower case notation denotes dimensionless variables defined by,

H S (X,Y)

_ _ = = 2 (z.y) = o (2.26

h(z,y,t) i (z,y) % s(z,y) 2 (z,y) I (2.26)
Z P - 1, T
z = % p(z,y,t) = B (u,v,ew) = (U,V, W)UO, t = T

The scaling-dependent constants, Cy,Co,C3 and C4, are as reported in Gaskell et
al. (2003(a)), Gaskell et al. (2003(b)) and summarised in Table 2.1. Because of the
absence of wetting lines for gravity-driven thin liquid films, the disjoining pressure

2 »
term can be neglected, thus Cy4 = 0. Bo = E%Q is the Bond number measuring the
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relative importance of gravitational to surface tension forces within such flows.

Equations (2.20) and (2.21) are integrated twice with respect to z over the flm

thickness (s < z < %) subject to the above boundary conditions to yield

y = (% - 01) (2 s) (%(z_s) ...h) | (2.27)

The time-dependent lubrication equations are obtained by combining egs. (2.27)

and (2.28) with the dimensionless counterpart of eq. (2.6),
oh o [h® (Op 0 [h3 [Op
=3 |5 (o) a7 (30)] )

Integrating eq. (2.22) with respect to z and setting the integration constant using

eq. (2.25), yields the pressure field throughout the droplet/film,
p=—C3V*) — C4ll(h) + Co(yp — 2) . (2.30)

The form of eq. (2.29) ensures that the z dependence in eq. (2.30) has no influence

on the evolution of the droplet/film thickness and it is therefore omitted from sub-
sequent analysis. Previous studies reviewed in Oron et al. (1997) have substituted
eq. (2.30) into eq. (2.29) to yield the fourth order time-dependent lubrication equa-
tions purely in terms of the droplet height /film thickness, h. However in the present
work it is found to be advantageous to solve the lubrication equations as the two
coupled nonlinear equations for A and p, eqgs. (2.29) and (2.30) respectively, since
the second order differential operators are simpler to discretise and to incorporate

in the Full Approximation Storage multigrid solver - see Chapter 3.

The terms multiplying each constants Cy, C2, C3 and Cy4 correspond to the various
forces in play. C; and C are associated with the components of the gravity tangent
and normal to the substrate respectively, C3 with the surface tension and C4 with
the disjoining pressure. The literature reports situations where the domination of

one term with respect to the others allows an analytical solution to be found. For
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example, for surface tension-driven droplet spreading, only the surface tension torm
will differ from zero providing the droplet if far from equilibrium and Schwarts

and Eley (1998) derived a similarity solution for the droplet profile which takes the

following form:

ho=t1/57 (ﬂ;m) | (2.31)

where f 1s the solution of a third-order nonlinear ordinary differential equation and r
1s the radial coordinate in a cylindrical coordinate system. If, in turn. the spreading
18 driven mostly by the normal component of gravity, the dominating term will be
C2(¥ — z) in eq. (2.30) and neglecting the other terms, Nakaya (1974) was able to
extract a self-similar solution. This solution is described in detail in Chapter 5 since

1t 1s used for validation purposes.

For viscous flow down a slope, the similarity solution found by Huppert (1982) states
that for long-time, h(z,t) behaves like (%)1/2 providing the flow is driven by the

tangential component of the gravity only.

2.4 (Governing parameters

2.4.1 Gravity-driven flow of continuous thin liquid films

Motivated by the experimental work of Decré and Baret (2003), many of the results
presented 1n subsequent chapters focus on the continuous flow of a 100 ym thick wa-

ter ilm down a plane inclined at 30°. Liquid properties are taken as u = 0.001 Pas.

p = 1000 kgm ™ and ¢ = 0.07 Nm™! and the substrate extends over 100 capillary

length (8 = 100). Table 2.2 summarises the associated scalings and dimensionless
groups. The constant Cal/3 cot a, appearing in (5, which measures the relative

importance of the normal component of gravity (Bertozzi and Brenner (1997)), is

more commonly referred to N in the literature and this notation is adopted from

here onwards.

A wide range of gravity-driven flow over topography is investigated in Chapters 6

and 7. When comparing with Decré and Baret (2003). topographies typically extend



24

I:Szalings, dimensionless groups | Equation Value |
Qo Qo = =0 pgsina | 1.635 x 106 mQ/;
T Us U ;% | 2452 %1072 m/s |
L. L¢e = (3,;;@‘;1-5 !1/3_T_ 7.8 x107%* m
IR Ly | Ly=BL. | 78x10°’m
TO | TO — T E 3.1—8_8 B
Py | BR= H"zsm"i | 1.913x10% Pa ]
o € | € = 72 1.28 x 107
Ca Ca = 2 3.5 x 1074
__:__ N N = CalBcot a 1.2 x 1071

TABLE 2.2: The value of scalings and dimensionless groups for the flow of a 100 um thick
water film down a plane inclined at 30°.

over 1.54L, (1.2 mm) in the streamwise direction with a spanwise length ranging
from 1.54L. to 7.7L. (1.2 mm to 6 mm) and a depth equal to 0.25H, (25 um). The
extent of the topography is chosen to be of the same order as the capillary length
1in order to test the potential nonlinear effects (Decré and Baret (2003)). Indeed, as
discussed by Stillwagon and Larson (1990) and further developed in Kalliadasis et al.
(2000), when the ratio of topography extent and the capillary length is small, the
free surface tends to respond to the topography as a localised, singular perturbation,

whereas large values of this ratio lead to well separated non-interacting step-up or

-down.

2.4.2 Droplet spreading

The choice of characteristic droplet thickness, Hg, and substrate extent, Lg, 1s not
arbitrary. It is defined with respect to a reference state of the droplet. The reterence
state as defined in Schwartz (1998) is a stationary paraboloidal droplet with central
height Hy and base radius Ry located at the centre of a square, flat substrate ot
extent Lo, characterised by a constant equilibrium contact angle ©g. Within the
small slope assumption, the contact angle satisfies ©9 ~ 2Ho/Rg (Schwartz and
Eley (1998)) showing that, for a given equilibrium contact angle. Hy and Hp can

not be chosen independently. In a cylindrical polar coordinate system centred on
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FIGURE 2.2: Footprint of a reference droplet (white disk) on the substrate in physical
(Figure (a)) and dimensionless (Figure (b)) coordinate systems.

the symmetry axis of the droplet, the reference droplet profile is given by

H(R) = maa (HO ( ) (}%)2) H) | 5

where H™ 1s the precursor film thickness which will be discussed in depth in the
next section. The substrate extent Ly 1s chosen so that the droplet base diameter
Dy satisties Dy = 2Ry = %Lo. This choice of scaling ensures that the substrate is
large enough to capture the expansion of the droplet from its initial state to the
reference (or equilibrium) state and avoid interferences between the contact line
and the boundary of the substrate. For clarity, Figure 2.2 shows the footprint of
the reference droplet on the substrate in both physical and dimensionless coordinate

systems. The reference droplet profile in terms of dimensionless variables 1s

h(r) = 1—(-— 4 )2 h* —ma:r(l- 64?"2 h*) (2.33)
(r) = mazx Ealiii. = al’ ,, |

where r is the distance from the centre of the substrate (z,y) = (0.5,0.5). In

subsequent numerical results, initial droplet profiles are paraboloids with central

height H; and radius R;. The volume of the initial paraboloidal droplet V; satisfies

Vi= 35 :R;* and its conservation imposes that

S HiR? = S HoRo® (2.34)
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Scalings, dimensionless groups | Equation | Value
Lo LO:%RO | 2.667 x 10° m J
Hy Hy = #Rl 8.727 x 1075 m
€ | e=12 | 3272x107? ]
P Py =% 8.59 x 10~! Pa
To | TO — %32 1.089 s
Ug | Uo=7 2449 x107° m/s
Bo Bo=822" | 9997 x 10~

TABLE 2.3: The value of scalings and dimensionless groups for the spreading of a droplet
of characteristic base radius 1 mm and equilibrium contact angle 10°.

Thus, the initial droplet profile will be given by

H(R) = maz (H (1 _ (%)2) H) | (2.35)

and taking as an example H; = 5Hg yields the following dimensionless counterpart

of eq. (2.35), () = e (5 (1 3207,2> h*) (2.36)
— 9 | | |

A more quantitative picture is achieved by taking a particular example. Consider
a water droplet at equilibrium on a flat, horizontal substrate with a base radius
of 1 mm and an equilibrium contact angle of 10°. Keeping the water properties
1dentical to those defined in the previous section, Table 2.3 summarises the scalings
and dimensionless groups. Note that because of the small-slope assumption in the
derivation of the lubrication approximation and the parabolic velocity profile, the
range of possible equilibrium contact angle is restricted to small values. To the
best of the author’s knowledge, a quantitative estimate of the limiting equilibrium

contact angle beyond which the lubrication approximation is no longer valid has

never been attempted.

2.5 Contact lines

Contact, or wetting, lines are ubiquitous in the context of droplet spreading and

as such the means by which the same are modelled in terms of the lubrication
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FIGURE 2.3: Droplet at equilibrium with corresponding surface energies (force per unit
length).

approximation is discussed below.

2.5.1 Static wetting

Definitions

The wetting or non-wetting of a solid by a liquid is governed by the surface energies
between the solid and the vapour phase, oy,, the solid and the liquid phase, oy,
and the liquid and vapour phases, o. A force balance at the contact line, see Figure
2.3, defined as the triple juncture of the solid-vapour, solid-liquid and liquid-vapour

interface, yield the well-known Young equation (Adamson (1982)):

cos Oy = 2 ; It (2.37)

where O is the equilibrium contact angle (see Figure 2.3). Following the definitions
of Law (2001), when 0° < ©¢ < 90°, the substrate is partially wetted by the liquid
while when 90° < ©y < 180° the substrate is partially dried by the liquid. In the
limit when © = 0, the liquid is said to completely wet the substrate while at the

opposite extreme, when ©¢ = 180°, we have complete drying of the substrate by

the liquid.

Throughout this thesis, it is assumed that the value of the equilibrium contact angle
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Is known and fixed for a particular solid/liquid/vapour system. although it should
be noted that the value of the equilibrium contact angle is not necessarily uniquec
for a particular solid/liquid /vapour system. For example, little droplets can remain
stuck on inclined surfaces showing that, despite the equilibrium state of the droplet,
different values of the equilibrium contact angle can coexist along the contact line:
large ones at the front and smaller ones at the rear. This phenomenon, known as

contact angle hysteresis, 1s not explored in this work.

Quéré (2002) reviews various mechanisms which affect wetting. These include sharp
edges on the substrate where the singularity of the solid slope leaves the contact
angle undetermined, chemical discontinuities at the surface where the contact angle
can Huctuate between its value on one side of the boundary to its value on the other.
The roughness of the substrate is also known to influence the wetting by increasing

the hysteresis (the range of possible contact angle).

2.5.2 Dynamic wetting

The contact line paradox

Problems arise when the contact line is in motion, i.e. a liquid for example spreads
to displace air. The dynamics of a contact line are still a matter of intense research
and no universally agreed description of the underlying physics is available to date.
The difficulty arises from the incompatibility between the usual no-slip condition
at the solid-liquid interface and the moving contact line leading to a multivalued
velocity field. This paradox was formally reported by Huh and Scriven (1971) as
they found that a logarithmically divergent force would be required to displace the
contact line leading them to the vivid conclusion that “not even Heracles could

sink a solid”. Ever since, there have been two main approaches to alleviate this

singularity:

1. allowing for a small amount of slippage effective at small scales in the the

contact line region (slip-model);

9 introduction of a very thin precursor fillm ahead of the contact line maintained



