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ABSTRACT

This thesis carries out a detailed study of a nonlinear spectral theory that 1s usetful
for modeling and controlling chemical reactors. The motivation for this work originates
from a few reports which have demonstrated in the past that the nonlinear spectral
method offers a usetul mathematical framework for classifying and quantifying nonlinear
complexities of large degrees of tfreedom, as well as for qualifying a general nonlinear
dynamic behavior. We present and discuss this new theory and show that it extends the
familiar linear systems notion of characteristic modes (eigenmodes), as well as the
notions of mathematical quantities known as the eigenvectors and eigenvalues, 1nto a
multi-dimensional nonlinear domain, i.e., applies to model dimensions one, two, three
and higher. This approach offers a new insight into nonlinear phenomena, and as such
has a significant theoretical and practical value. In the theory of nonlinear systems the
spectral framework provides some useful answers regarding the issues of multivariate
process complexity, stability and control. Similarly, 1n applications it often leads to a
simple relation between a desired process behavior and control parameters. We
demonstrate this by showing how a process operating point, its behavior, and its
domain of attraction are determined by nonlinear structures which characterize both a
process and 1ts control realization. In addition, we show that by a correctly modeling
and regulating process nonlinearities one can obtain a nonlinear control solution that often
outperforms the conventional first-order realizations. That is, there exist important
nonlinear structural and dynamic process relations which determine a feasibility of a

control realization. This 1s demonstrated by studying control behaviors of several highly

exothermic continuously stirred tank reactor processes.
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GLOSSARY OF CONVENTIONS USED

X The plain small case letter signifies a scalar quantity.

X The bold small case letter signifies a column vector

X=[X], X2,.., Xj»-., Xy]'. in which xq, x».... Xi,.., Xq are scalar quantities.

€; Denotes the usual standard basis vector with 1 for the i-th vector component
and O for all the other components.

[Lm The standard m-dimensional vector (Euclidean) space.

process state The state of a system or of a mathematical process is a minimum set of
and numbers (called state variables) which contain sufficient information about
state variables the history of the process to allow computation of future behavior.

State vector The vector x=[x{, x,.... Xx,]' defined by state variables x, X5,.... X.
state-space Each state x of a system may be conventionally viewed as a point in the m-

dimensional Euclidean space. The coordinates of this space are the state
variables xi, X»,..., X

m-
Euclidean or
m
Lp-norm xo =~ D A7
i=|
X Translated state variable.
X Translated state vector.
trivial point The null state defined by x;=0 for all i=1,..,m.
Invariant set The invariant set I < K™ of a dynamic process is the set of all state-space

points with the property that if at t=t, the state x(t5) is in ¥, then for any
time oo<t<eco, x(t) also belongs to M..

Invariant The state-space structure defined by an invariant set.

periodic solution A solution that satisfies x(t)=x(t+T) for some positive T<eo.

periodic orbit The state-space invariant structure defined by periodic solutions.

differential The equation x = F[x] is called the differential equation corresponding to the
equation vector field defined by F[x]: a dot over a letter denotes differentiation with

respectto t: x = dX |
dt



X1

equilibrium,
steady-state or
singular point

The trivial invariant set which contains only one point for all t. Also, the
point which satisfies the solution x = F[x] = 0.

asymptotic stability  The steady-state, x, of a process described by x = F[x] is asymptotically

global asymptotic

stable, with respect to aset U < [2M) if every process trajectory starting

in U converges to X as t —oo.

The asymptotically stable steady-state x, 1s globally asymptotically

stability ! stable if U = [+™M.

\% used to designate an eigenvector.

A, © are used to designate eigenvalues.

£, (x) a homogeneous scalar function in xe ™, or a k-form.

K, [x] an m-dimensional k-form function.

Kk{ Km k-form geometric spectra, where 2™ can be either a <™ (real) or

du/dt

CM (complex) space.

k-form algebraic spectra, where {2 can be either a % (real) or

C (complex) number.

a characteristic or eigen-number for an m-dimensional k-form.

degrees of freedom, or a number of algebraically independent vectors

which characterize an m-dimensional k-form.

control vector function.

control speed.

| The term asymptotic stability in the large is also used.
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CHAPTER ] - INTRODUCTION

In this chapter we introduce the justification for studying the topic of nonlinear
dynamics and control. We show its importance by examining several elementary chemical

reaction schemes, and at the end the scope of the thesis 1s outlined.

1.1. ISOTHERMAL CHEMICAL REACTIONS
Let us begin by considering a reactive mixture of m constituents X,..,X,, with the

following properties:

1) The reaction is 1sothermal (T=constant)

11) The reaction volume V may be open or closed to the outside world.

111) The reaction is irreversible and diffusion fluxes are negligible.

1V) "fljh;adreaction 1s in mechanical equilibrium and is not subject to external
ields.

Then by applying the principle of mass conservation to such a reaction mixture one obtains

the following rate equations




d .

(;:] EX]:f](X],---, xm)

: (1.1.1)
d .

gtm Exmzfm(xlﬁ...’ xm)

’

where the small case letters x,..,Xx,, respectively denote concentrations of the speclies

X1,...X . This1s a rather general set of equations which determine the system of ordinary

differential equations (ODE), and is such that can also be used to model population
dynamics i1n biological systems. The left-most terms in Equation (1.1.1) are the
concentration time derivatives, while the right-most terms are generally nonlinear functions
of the polynomial type which describe production rates. For convenience derivatives from

now on are denoted by the "dot" mark above the concentration symbols.

An example of the process just described is given by the first-order irreversible

homogeneous unimolecular batch type reaction scheme,

Ki

X — Xy
k2

Xy — A

in which k; and k, are the reaction rate constants. The concentration dynamics for this

reaction mixture are described by the rate equations

X1 = -Kixy (1.1.2)

X2 = KX - koxp |
which form a linear ODE system. Similarly, if bimolecular reaction steps are considered

rate equations with second-order or quadratic terms are obtained. For example, the batch

process with bimolecular reaction steps

K
2X1 — X3
k>
2X2» — A

is described by the rate equations



X] = -21(1)(:]2
| (1.1.3
ko = kix? - 2Kkpx3 S

which form a nonlinear ODE system.

It 1s also possible to combine unimolecular and bimolecular reaction steps to obtain
more complex reactions. In this instance both the linear and quadratic terms are present 1n

the rate equations. A system of this form is given by the autocatalitic Lotka-Volterra

scheme
K
A+ X —> 2X
K>
Xl + Xz % 2X2
k3

X2+B %E+B

for which the rate equations are

X1 = AKXy - kox1x2 (1.1.4)

}'(2 = k2X1X2 - Bk3X2

2

and which again form a nonlinear ODE system.

Needless to say that the process models considered are rather idealistic, however,
it has been demonstarted that they represent essential features of chemical reactions.
Consequently, the value of such descriptions 1s not so much in the accuracy ot the models
derived, but in their ability to educate us about the general dynamic behavior ot chemucal
reactions. For example, if we consider the process in Equation (1.1.2) and treat the
process variables x; and x, as points in the positive two-dimensional Euclidean space,
then as the time progresses the points form trajectories which describe reaction dynamics.
This is illustrated 1n Figure 1.1.1 where the concentration behavior of two species indicates

that X, is consumed by the intermediate X, prior to being converted into the final product

A. As aresult, the reaction dynamics forms parabolic type trajectories that asymptotically

approach the x,-axis which subsequently takes the solutions into the origin. Similarly the

nonlinear process in Equation (1.1.3) has the reaction dynamics illustrated in Figure 1.1.2.



Here, however, the parabolic trajectories approach the asymptote L rather than the x--
ax1s. This implies that X, is never fully consumed by X,, and that the final product A is

reached through a composition of X, and X, which is defined by the asymptote L.

Therefore, the two reaction mixtures exhibit significant dynamic differences which are

vividly captured in the x1-X, concentration space.

These differences are even more pronounced when Equation (1.1.4.) 1s considered.
In this case the reaction dynamics exhibits a periodic behavior depicted in Figure 1.1.3.
With the exception of trajectories along the x; and x,-axes, all other trajectories in the
positive Euclidean space form closed orbits. Along these orbits concentrations of species
cycle, implying that the reaction continuously absorbs and regenerates its constituents in
an autocatalytic manner. By comparing the last figure with the previous ones it 1s evident
that the Lotka-Volterra dynamics are more complex. The present scheme exhibits the
parabolic type orbits in presence of the two equilibrium points, O and S, and the two
asymptotes defined by the Euclidean coordinates. Furthermore, in comparison to the first
two reactions the Lotka-Volterra scheme can be broken down into the two subprocesses
that are formally related to the linear and quadratic terms present in the rate equations.

Thus, the first subprocess is created by considering the linear term in Equation (1.1.4), or

f(l — Ak1X]
(1.1.5)
X, = - Bk3xy
while the second 1s
X1 = - kXX
1 2 (1.1.6)
X7 = KoX X9

?

and is derived by using the nonlinear quadratic term. Figure 1.1.4 illustrates the behavior
of these subprocesses and indicates the manner in which they blend in order to achieve the

more complex pertodic structure.



From the present discussion it is evident that the illustrations are signatures of the
reaction schemes considered. It is also intuitively quite apparent that the reaction
complexity and dynamics present in these signatures can be analyzed by examining the

subprocesses derived from the rate equations. In the next section we will demonstrate that

this type of argument can be applied to any chemical reaction scheme for which the ODE
model exists. For now, however, we need to introduce and define mathematical terms and

qualitative features that are used in the study of dynamic systems.

In this thesis we will use the conventional Euclidean state-space representation to
capture process behavior. For instance, in the examples presented trajectories were used
to record the behavior of process variables, concentrations, in this space. Therefore.
such variables will also be referred to as the process states, or simply the states. We
further adopt the notation ™ to represent the real m-dimensional state-space, where the
superscript m also designates the number of process variables. Moreover, for the
chemical and biological processes modeled by rate equations only the positive state-space
coordinates are of interest. This 1s because the negative concentrations are not possible.
However, when modeling a general physical process or developing a general theory the
entire state-space must be constdered.

By embedding a reaction dynamics into the abstract state-space setting we are now
in position to identify and study different nonlinear features and behaviors. For 1nstance,

in the three reaction schemes that were presented we find the following common features:

a) Within the state-space region of interest the reaction
dynamics are bounded, i.e., no trajectories escape to
infinity.

b) There are states at which a reaction is in equilibrium.

These are referred to as the steady-states’ .

C) There exist asymptotic or spectral lines which guide
reaction dynamics. They are referred to as the invariant
rays, or simply the invariants.

2 For the closed systems these states are more often referred to as the equilibrium points.
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FIGURE 1.1.1.

0 05 1 15 2 25 3 35 4 45 5
X1

Behavior of concentrations in the rate expression defined by
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d) T'he trajectories exhibit parabolic curvatures which

determine the system excitability or reactivity.

These four features are so common in reaction processes that understanding of the
reaction properties is practically impossible without 1dentifying them. For example it is
well known that the parabolic behavior is necessary in chemical and biological systems
because it provides a condition known as the positive feedback, and without which useful
reaction behaviors such as growth and aggregation could not be possible. In fact, a desire
to control these behaviors in a laboratory or industrial setting is what often makes chemical

and biological processes interesting and challenging.

1.2. TEMPERATURE CONSIDERATIONS

By examining the rate equations with only the linear and quadratic terms are only
present, one rapidly concludes that a dynamics of such reaction scheme is rather

unceventtul. This 1s best described by the following well known result (Tyson and Light

1973, Nicholis and Prigogine 1977):

Theorem 1.2.1: It is impossible to have a limit cycle surrounding an
unstable node or focus in reaction sequences involving two variable

intermediates if the reaction steps are only uni- and/or bimolecular.

The dull dynamic behavior persists even when the number of variable intermediates
i1s greater than two (Smale 1976), although the limit cycle behavior may occur for
dimensions greater than three (Dancsé and Farkas 1989). In any event, dynamic
responses of chemical systems with unimolecular and bimolecular reaction steps will
generally fit one of the signatures presented in Figures 1.1.1-4. Hence, the question 1s

what can be done to make reaction models more interesting and more realistic.

The first obvious choice 1s to increase reaction molecularity by considering
trimolecular or higher-order molecular interaction. For example, this is demonstrated by
the trimolecular two vanable limit cycle models (Nicholis and Prigogine 1977; Gray and

Scott 1994; Scott 1994). and by the trimolecular, three variable, oscillatory models
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(Samardzija and Greller 1988, 1992: Samardzija, Greller and Wasserman 1989; Gray and
Scott 1994; Scott 1994; Samardzija 1995). Unfortunately, such enrichments of reaction
sequence are rather unrealistic since the probabilities of higher-order molecular interactions
are quite low. Therefore, we are forced to look for some other alternative.

T'he next possibility is given by relaxing one of the chemical reaction constraints. The
obvious choice is that the temperature is not constant, implying that reactions are now
temperature dependent. This is accomplished by slightly modifying Equation (1.1.1) so

that the equation for the energy conservation is included. In general this equation has the

form

cccil'f =div hVT + ¥ (-AHy) wy(T,X 1, - -,Xm) (1.2.1)
X

where c 1s the specific heat of the mixture, the first term on the right corresponds to the

total rate of heat flow across the surface Z that surrounds the mixture, h is the heat
X

transfer coetficient, AH, the heat of reaction x, and w, depends on temperature in a

highly nonlinear, wusually exponential, fashion through the rate constants, k.. An

important example of such a reaction model 1s given by the first-order, exothermic,
irreversible reaction A->B carried out in a Continuously Stirred Tank Reactor (CSTR).
The initial analysis of this reaction was reported in the landmark papers by Aris and

Amundson (1958), and later was refined by Uppal, Ray and Poore (1974). We now

examine a refined model.

The CSTR process which allows a fresh feed of pure A to be mixed with a pertect

undelayed recycle stream with recycle flow rate (1-A)F is illustrated in Figure 1.2.1, and 1s

described by the mass and energy balance equations

V(giCtA = AFcart F{1-A) ca- Fea- Vl(OEXP{-RET} A (1.2.2)

Vpcpg? = oCpF(ATs+ (1-A)T - T) + V(-VH) kOExp{-lfT} ca- hA(T-T)
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FIGURE 1.2.1.: A CSTR schematic in which pure A is mixed with a
recycle stream with recycle tflow rate F(1- A).

in which the parameters are defined in Table 1.2.1. By defining the dimensionless

variables as presented in Table 1.2.2, Uppal et al (1974) have shown that the above model

reduces into the more manageable dimensionless formulation

dx A2
- 1-x{) E
gr x1 + Da(1-x;) Exp P
(1'2’-3)
dx» X2
= - 1-x1) E = =7 .
o x7 + BDa (1-x1) Exp T B(x2-X2¢)

In this form the CSTR process dynamics can be analyzed in terms of the four

dimensionless parameters B, Da, B and y. For example, if the dimensionless activation

energy y>40 then Equation (1.2.3) can further be simplified to the form

(1.2.4)
d(;(tz = -X>7 + BDa(l"x]) EXp{XZ} - B(XE_xzc) :

in which the Arrhenius’ or exponential type nonlinearity depends only on the

dimensionless temperature x, (Uppal er al 1974).
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Untortunately, from these model descriptions it is not at all obvious how one can
treat dynamics of the CSTR process as was done 1n the Lotka-Volterra case. In fact, the
mathematical expressions in the last three equations do not reveal the presence of any
quadratic or higher-order terms. To obtain these terms, however. one needs to evaluate

the Taylor series expansion about the state-space point of interest. If this point 1s detined

by the coordinates {x;.,X,.}, then for convenience sake we represent it by using the
Xis

vector notation X.=
> [X2s.

=[X1¢,X9.]t in which the superscript t signifies the transpose

operation. We also use the notation x € {¢? to indicate that this point belongs to the real

two-dimensional state-space. With this the Taylor series expansion of Equation (1.2.4)

becomes
x = Fix] = Fo x| + Z K[ X-X) (1.2.5.a)
where
. [dx; dxp|t
A a )
_ -xi1 + Da(1-x71) Expix _
Flx] = 1 (1-x1) pix2)
- X+ BDa(l-Xl)EXP{Xz} - B(x2-X2c)
Fo x| = F[xs], and
k
_ _ 1 9“Flx] X - X.| 0 (k)=
Fk[x xs] ! an xzxs[ S:l ( )
- 1-DaExp{xa) Da (1-x1 Exp{xas) H A
I - B Da Exp{xy} (BDa(l'xls) Exp{x2s} 'I'B) X2 - X2g ]
Da(l-x1 S) Exp{XQS}( K (x]'xls)(x2'x23) k-]+(x2'x2s) k): | ﬂl . for k>
k! (]'Xls) B
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Table 1.2.1: CSTR parameters.

A heat transfer area ; C concentration
Cy specific heat ; E activation energy
F volumetric feed rate ; h heat transfer coefficient
AH heat of reaction : kO reaction rate constant for 1st-order reaction A->B
R universal gas constant ; t' time
reaction volume : A coefficient of recirculation
P density
Subscripts
A species A ; C cooling medium
f feed state

Table 1.2.2: Dimensionless CSTR parameters.

_ CAf ~ CA : __ Xy = -1y ( E ) dimensionless
=G Af CONVEISIOn ’ T¢ \RTs temperature
V ' ' . -
1= B residence time ; (= l\:/k ="tT— dimensionless time
koVe _
Y = E dimensionless | Da ==Y = KkoTe”Y Damkshler number
RT% activation energy ’ FA
-AHlc dimensionless
X9e = Tc-1 Y dimensionless : B = ( C )TAf Y adiabatic |
T cooling temperature PLplLf temperature rise

B = hA _ hAT  dimensionless
B FApC VpCp heat transfer
P

coefficient
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and where the operation [X-X ]o(k) stands for the power expansion up to and including.
the degree k of all vector elements within the brackets. Theretore, terms such as (x; -
X15)(X3 - X291 and (x; - X,¢)% must be present throughout the expansion, implying that
the derived Taylor series has not clearly unfolded the linear, quadratic or any higher-order
terms. This 1s because the bias created by the point x will in general unfold all the terms

of the k-th order polynomial, which implies that each F, [x-x] will contain the constant.

first, second, including up to the k-order terms. However, this can be corrected by

introducing the coordinate translation x=x - X;. In the new coordinates the Taylor series

becomes the power series

OO

X = F{;+xs} = Fo| x| + 2 Fk[;} (1.2.5.b)
k=1

_ 1 MFlx] o

where Fo[x] = F[x,] as before, while F,/X|= Kl oxk x o (k). Hence, by
L OX

X=Xg

translating coordinates to x, we have unfolded exactly all k-th order terms and the power

series derived, can be viewed as a chemical reaction scheme with higher-order interaction
sequences. Furthermore, observe that the new coordinates are translated dimensionless
conversion and temperature and therefore do now allow appearance of both positive and

negative values of conversion. As a result, the entire state space becomes important. In

addition, when X, is a steady-state then the requirement Fy[x, ]=0 must be satistied and

the last equation reduces to

X = FX+xg] = Y Fi[X (1.2.6)
k=1
in which each
k Cf X))
FiX] = l. il (k) = l‘k(H) , Or
K!' oxk X=X f- k(x)




-] 1%
l'xls Als
-Bx . for k=1
l-xlS (BXIS'I'B) >

Fk[;]= ) I's JLA2_
'XIS «> <> k‘l X]SH k :‘ 1 :' |
X1 X +
((k-l)!(l-xls) L 72 k! A2 R , fork>1 .

Observe that for all k>1 we have that f2,k(;) =B fl,k(;). Furthermore, note that to

evaluate the power series terms in the form presented the equilibrium condition Fy[x.]=0.
Oor
X1s = Da(1-x15) EXp{ Xy}

(1.2.7)
(1-B)x2s = BDa(1-x 1) Exp{xas) + Bxac |

must be applied.

We demonstrate this unfolding procedure by considering the following CSTR

process parameters; B=7.06, Da=0.1322, [=0.74, and x,.=0. The simulation of

Equation (1.2.4) 1s illustrated in Figure 1.2.2, which, as discussed by Uppal et al (1974),

depicts a stable limit cycle surrounding an unstable focus given by the steady-state solution

x1=0.632312 and x,=2.565591. Now, by defining the translated coordinates

X1=x1 - 0.632312 and X>=x, - 2.565591

one can evaluate the power series representation at the steady-state, or Equation (1.2.6),

for which
- O<F[x] -
Fk[X} = 1 X o (k)
k' an X=Xg
2719697 0.632312 xl} . for k=1
| -12.14106 2.724122 1| X,
0632312 o o k1, 0.632312< k\[ 1 } -
+ . fork>1 .
\((101)! (1-:0.632312) | "2 ko ) 7.06 r

If we now consider only the first-order (k=1) approximation of the original CSTR model,
then it is easy to show that the state-space trajectories of the linearized system form an

unstable focus. As aresult, the linearized system captures quite accurately the true process
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dynamics inside the limit cycle region. However, the dynamics outside the limit cycle
region 1In Figure 1.2.1 are not well described. To increase the accuracy of the

approximating system we add the quadratic (k=2) term. By doing so we have created a
structure similar to the uni- and bimolecular reaction scheme. Consequently. Theorem
1.2.1 indicates that the new approximation is still insufficient to capture the true CSTR
dynamics accurately. Therefore, we are forced to include an analog of the trimolecular
step, or the k=3 term. For the new process approximation a stable limit cycle 1s formed,
as 1llustrated in Figure 1.2.3. In fact, one can say that the 3-order approximation captures
all essential dynamic features found in the original CSTR model. This i1s clearly illustrated

in Figures 1.2.4. a) and b), where again the parabolic nature of the trajectories 1s

observed.

We conclude this section by remarking that there exist other series type
representations of nonlinear systems. In particular of significant importance 1s the Volterra
series (Isidori 1989), and needs to be mentioned since it is not going to be treated in the

thesis.

1.3. SCOPE OF THESIS

The order unfolding example clearly demonstrates that each F;[X] term contains

properties which influence the CSTR dynamics. Therefore, it is reasonable to expect that
the properties of all F, [X] terms for 0<k<co must reveal the entire CSTR behavior and
complexity. This is not only true for the CSTR model considered but also for any ODE
model, independent of the fact whether it models a physical, chemical or biological
reality. Consequently, a theory which examines the general properties of F,[x] terms,
from now on referred to as the homogenous or k-form theory, is important and 1s
presented in the next three chapters.

Chapter 2 begins by examining the general algebraic structure and properties of the
homogeneous forms. Well known linear system concepts such as the characteristic
equation, eigenvalues and eigenvectors are thgen extended into a nonlinear homogeneous

domain. The nonlinear eigenmodes and the homogeneous eigenspectra are also defined.



16

These results are used in Chapter 3 to examine the stability of the homogenous systems.
Here, we analyze and relate different forms of stability to properties ot the homogeneous
spectra. Chapter 4 applies algebraic and qualitative results to study control of the
homogeneous systems. It is demonstrated that a homogeneous process is state controllable
as long as control addresses all process eigenmodes. The study of homogeneous systems
1s concluded by showing that the state controllable homogeneous process is stabilizable 1n
the same fashion as 1s a controllable linear process.

In Chapter 5 the proposed homogeneous or k-form theory is extended to study
properties of heterogeneous systems. It 1s demonstrated how homogeneous eigenspectra
blend into manifolds of the polynomial processes. This is illustrated by examining the
exothermic CSTR manifold topology and dynamics. We also confirm that the complexity
and behavior of such dynamics 1s globally and locally determined by the properties of
homogeneous spectra. These results are further verified for the spectra of three industrial
CSTR processes.

The theory and results derived are used in Chapter 6 to analyze the two-dimensional
heterogeneous process controllability and stabilization. In particular we present a detailed
study of an exothermic CSTR control problem. Several nonlinear and linear control
strategies which regulate an unstable CSTR operating point are proposed and examined. In
addition, the teasibility of each control strategy is evaluated and the results obtained
compared. Based on this analysis, we show that the control speed is an important design
parameter which 1s directly related to the process nonlinear structure, and as such
signficantly influences the practicality of a control strategy. Chapter 7 shows how the
two-dimenstional control analysis can be extended into the multivariable domain and is
llustrated by reference to the regulation of a three-dimensional homogeneous vinyl
polymerization model.

The important conclusions in this thesis and a discussion on future directions of the

presented research are given in Chapter 8. Moreover, to make the new results and

contributions to the theory of nonlinear analysis and control clear most chapters are

concluded by a table which summarizes the topics covered.



17

stable limit cycle

0 01020304050.60.70.8
X1

The dimensionless CSTR behavior for the process
parameters B=7.06, Da=0.1322, 3=0.7 and x,, =0.0.

FIGURE 1.2.2.
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The process variables are the translated dimensionless
conversion and temperatue respectively defined as

X1 = X1-0.632312 ; Xo = X»-2.565591

where X1=0.632312 and X»=2.565591 define the
steady-state point of the original system. The dotted

box outlines an approximate region that has been translated.

The CSTR behavior approximated by the
3-order power series representation.

FIGURE 1.2.3.
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b) The 3-order power series approximation.

. 4

X:

The global CSTR dynamics for the process parameters B=7.06,
Da=0.1322, §=0.74 and x, =0.0.

FIGURE 1.2.4.
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CHAPTER 2 - K-FORM SYSTEMS AND THEIR
SPECTRA

Before we begin it is noted that all algebraic solutions of various nonlinear

equations reported in the thesis are computed by using Mathematicagp. Similarly, all

dynamic state-space and time simulations were achieved by using either the CONSYD
simulation program developed at the University of Wisconsin - Madison and the California
Institute of Technology, or by implementing a conventional FORTRAN ODE solver.
There was no need to develop any customized software programs for computational

purposes discussed in this thesis.

2.1. K-FORMS

Let x=[X;, X5,..., X,]'€ KM be a m-dimensional vector. A polynomial of the
form cx‘l"xgz...x,%f" is called a monomial in Xy, X,,..., X,,,, Where each p; is an integer and

m
c is a coefficient. A monomial is said to be of degree k, where Kk =Z p;» and 1s real
i=1

when ce R. Furthermore, a scalar polynomial which is a sum of monomials each of

degree k, is homogeneous of degree k. It is also referred to as the k-form 1in m variables,

and is abbreviated by f,(x). For example, the standard linear, quadratic and cubic forms
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are respectively homogeneous polynomials of degree 1, 2 and 3. It can be shown that any

scalar k-form contains up to py_,=(k+m-1)!/[k!(m-1)!] monomial terms, which represents

the combinatorial number of m-states taken k at a time.

Now let

t

J 2

Zi(X) = [xlf XK 1xo,.., x1xK T X5,..., XK

(where entries are ordered lexicographically) be the p, ,-dimensional vector given by all

possible monomial terms of degree k, and let c.,.=[cy, C,, ..., Cpk,m][ be the vector

defined by the corresponding monomial coefficients. Then any k-form can be represented

as

fk(X) — cCOEft Zk(X) = Zk(X)t CCOGf : (211)

f, (x) is real when c_. € &Pxm  As defined z,(x) represents the k-form vector

representation of x, and 1s such that z,(x)=x.
The following are fundamental k-form properties:
homogeneous property f1.(rx) = rkfi (x), (2.1.2)

where r is an arbitrary scalar multiplier, and

of (2.1.3)
Euler's theorem El)(}((X) x = kfy(x)

These results are now generalized to define the real k-form vector operator

K K [Xx]: [Km_> Rm  where

t
C1 coef

Fk[X] = [fk,](x)i fk,z(x)a cees f](,m(x)]t = Zk(X) 3 (214)

Ct
. “m coef JMXPk.m

F, [rx] = rkF [x] , (2.1.5)
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and

oF
ak;((X) x = kFylx) . (2.1.6)

For example, F,[x]is a real form of degree one written as Ax, where A 1s a mxm real
matrix. Any vector k-form can have up to (m)x(py ,) coefficients. In addition, every

F, [x] form given in the power series expansion defined in Equation (1.2.6) 1s expressed

as
OXF[x]
F[x]= 1L xo(k)=-L C Zi (X wit
k[ ] k! 9xk . ( ) I MXPk,m k( )1 ith (2.1.7)
d'fix)  df(x)  dfu(x) - ) , ,
dxS dxf'dx, dx, o
dkfz(x) dkfz(x) dkfz(X) 0 k 0 0
dx} dx§'dx; dx&
mepk,m — X 0 0 k(k-1) 0
2
dfu(x) dfu(x)  d'fu(x)
L dxf dxf'dx, dxs _ X=X 0 0 O ]

where F[x]=[f|(x), f5(X)...., f,(X)]'is a differentiable vector function with differentiation

ordered lexicographically, and the left-most (py XPx.m ) Square matrix accounts for

coefficients given by the binomial theorem. For k=1 this matrix 1s the usual Jacobian

matrix.

Finally when a process of interest can be described by the following ODE,

x = Fy[x] | (2.1.8)

we will refer to the process as a real autonomous, continuous in time and homogeneous of

degree k. Here the notation x= g:‘ represents the time derivative of process variables or

states defined by x, and F,[x] is a real k-form. A homogeneous process 1s forced or

controlled if it is of the form

x = Fi[x] + Bix]ju (2.1.9)

where ue IR is a piecewise continuous control or forcing function and
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9
B[[x]]= Y B;[[x]] for 0<q<k . (2.1.10)

J=0
IS a mxn control matrix in which the entries are real polynomial functions of maximal
degree q. Observe that B[[x]] can be expressed as the sum of the mxn real k-form

matrices B;[[x]]= B;ix],-, Bjx] ], j=1,...q. When q=0, B[[x]] is the usual real

constant coetficient mxn matrix B. Hereafter, all k-form systems considered will be real.

2.2. K-FORM SPECTRA

There are a number of studies addressing the qualitative behavior of homogeneous
processes. Coleman (1963, 1970, 1984) has used a technique based on the type number
concept to study the autonomous or zero-input case. He shows that these systems have the
trivial steady-state point which, depending on the sign of the type numbers, may be
globally stable or unstable. Coleman has proved that the trivial steady-state 1s
asymptotically stable when type numbers, which are analogs of eigenvalues, are all
negative. This 1s an important result since for homogeneous processes it implies global
asymptotic stability, or asymptotic stability in the large. The theory of homogeneous
processes has also benefited from algebraic interpretations. Markus (1960) applied non-
associative algebras to evaluate invariants present in a quadratic homogeneous system. He
has classified these invariants as idempotents and nilpotents. Markus also shows that these
invariants determine principal qualitative features of a quadratic process. Furthermore, by
applying non-associative algebras Rohrl (1977) has proved an important theorem that in
essence determines the invariant structure of homogeneous systems. Other important
contributions in the theory of homogeneous processes are given by Liaghina (1951),
Vulpe and Sibirskii (1977), Newton (1978), Kaplan and Yorke (1979), Date (1979),
and Oka (1980, 1981), and more recently by Koditschek and Nerendra (1982),
Dayawansa et al. (1990) and Dayawansa (1992).

By examuning the literature cited it becomes quite evident that the global behavior of
homogeneous processes 1s related to the properties of certain invariant state-space

trajectories. It will be demonstrated that these trajectories are algebraically related to the
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quantities known from the linear systems theory as the eigenvalues and eigenvectors.
Hence, for any homogeneous process there exists a natural extension of the linear
eigenspectra which defines the k-form or homogeneous eigenspectra. As a result, the
following question emerges: Is it possible to address the stability and control properties of
an autonomous homogeneous process in the same fashion as for the autonomous linear
systems? To find the answer 1t is first necessary to define the homogenous or k-form
eigenspectrum, and to evaluate its properties.

A way to define the homogeneous spectrum 1s through algebraic geometry

interpretations of the projection equation (Samardzija 1983, 1995). This 1s accomplished

as follows: For any nonzero component X; in X, henceforth reterred to as the projection

state or variable, we derive the projection vector v=(1/x;)x. Thus, x=x;v which implies
that the autonomous process in Equation (2.1.8) can be written 1n the projected form as

V = [FK[V] - fk,i(V)V] X]i('l (2.2.1)

9

— t ' =X /X, = IS ]
where v=[v, V,,.., Vi.[, 1, Vi 5., V]t with each vi=xi/x;, j=1,..,m. This is the

projection equation. An important property of this equation is that all singular solutions,

including the complex ones, are given by the characteristic equation

Filv]-Av=0 (2.2.2)

where

A = fk,i(V) . (2.2.3)

These solutions form the homogeneous spectra.

The solutions of the characteristic equation are quantities A and v  respectively
known as the eigenvalues and eigenvectors. All eigenvector solutions determine the

eigenvector sel
L {my = {fall ve KM st Fi[v]l - fi j(v)v=0; Vie{l...,m}},

where £ «can be either R or C . This set defines the geometric eigenspectrum.

Similarly, the eigenvalue set
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M ALY = {all e I, st. A =1y ;(v) foreach ve £ {i{m}}.
defines the algebraic eigenspectrum. The eigenvalues in A { {7} are listed in the order

which corresponds to the order of associated eigenvectors in . {{Zm}. If for a particular

projection state the resulting characteristic equation exhibits roots at infinity then these
solutions will not explicitly appear. The roots at infinity imply that the selected projection
state 18 zero, which violates the starting requirement used in deriving the projection
equation. However, one can still evaluate such solutions by rederiving the characternistic

equation for a different projection state. This formulation 1s implied in spectral detinitions.

Any eigenvector ve . {i(m} satisfies the characteristic equation with a

multiplicity 6. From the relation in Equation (2.2.3) it is clear that the eigenvector

multiplicity implies the identical multiplicity of the corresponding eigenvalue. The notation

V() I8 used when v has a multiplicity 6>1. Also, the corresponding eigenvalue 1s written
as A). The subscript is omitted when 6=1, and the corresponding eigen-pair 1s referred
to as being simple. In addition, for lack of a better terminology we shall refer to
ve X { <M} as either nilpotent or idempotent (Markus 1960). It is nilpotent when the

corresponding A=0. Otherwise, it is idempotent. When £y { 2™} contains nilpotent

eigenvectors the homogeneous process is also said to be singular. Otherwise it 1S
nonsingular. Observe that a nilpotent eigenvector in general may be complex. However,

for k=1 it can only be real. All of these properties are easily verified for the linear case.

Example 2.2.1 To demonstrate the above ideas we consider the CSTR power
series expansion given in Equation (1.2.6). For simplicity, and whenever there 1S no
ambiguity, we write x for the translation variable x . Therefore, for k=1 the eigenspectra

are given by the characteristic solutions of the Jacobian matrix defined in Equation (1.2.6).

For k>1, however, we first arbitrarily select x, to be the projection state. With this choice

a projection vector v=[v;, 1]'is derived, and for each Fy[x] we evaluate the characteristic

equation
f1.kv)-vifav)=0,

or
fi(v)-viBf(v)=0,
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implying

with

7\.=f21k(V)=Bf],k(V)=B(( Rak V1 -l-Xls :

One can easily verity that the solutions are vi=1/B and v;=(1-x;,)/k. If the projection state
X 18 selected the projection vector v=[1,v,]! is obtained and the resulting characteristic

equation 1S

f2,{v) - vafv)=0
Oor

X(B-Vz) =0
with

The new solutions are v,=B, v,=k/(1-x;,), and v,=0 with multiplicity k-1. Thus, the
first two solutions are inverses of the solutions for v;, while the third seemingly appears

from nowhere. The reason for this is that the inverse of v,=0 does not exist, which 1s

interpreted as the projection at infinity. Consequently, by using the derived results the

following eigenspectra are found:

R ] _ o
d k) = 1 ; 1 [ 1] . k=2| and
k{ } { B kA1-xs). BRI}
Bk-lx |
f\k{T_{i} :{ o Is (B -(l-l)({]s) : 0 ; 0(1(-1) . k=22

The last two eigenvectors are nilpotent, while the first 1s idempotent and is responsible for
the rich nonlinear CSTR behavior. Incidentally, this eigenvector determines a state-space
direction that depends on the dimensionless adiabatic temperature rise B. In Figures
1.2.3.a) and b) this direction is indicated by the straight line segments along the parabolic
<olutions above the limit cycle. The slopes of these parabolic straight line segments are
defined by the value of B. We shall continue to explore properties of the CSTR dynamics
in terms of the higher-order spectra in Chapter 3.

The cardinality of spectral sets, X {{<{m}l and 1A {{}, 1s also an important

..cue. Obviously. the number of eigenvalues in an algebraic eigenspectrum must be the
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same as the number of eigenvectors in the corresponding geometric eigenspectrum. As a

result the spectral cardinality is determined by the cardinality of the geometric

eigenspectrum. This number, however, does not take into account multiplicities of the

spectral elements. For this reason, when 1., {{m}| is finite we introduce the number
Sk,m Which accounts for all solutions that satisfy Equation (2.2.2), including

multiplicities, and call it the characteristic number or eigen-number.

Theorem 2.2.1 (Fundamental Spectral Theorem): An autonomous homogeneous

process has a cardinality 1.<, { {<M}| which is either finite or infinite. When it is finite

| MY, o where

m-| i f m when k=1
Sk,m = Z k! = N _ (2.2.4)
1=0 \i_‘i when k>1
When £ { M} exceeds the eigen-number value, . {{ZM}| must be infinite.
Proof: First consider the case k=1. The characteristic equation, Equation (2.2.2),

1s now reduced to the well known expression [A - AI]v=0, where A is as defined earlier
and I 1s the corresponding identity matrix. The result theretore follows from well known

linear algebra arguments.

The case of interest is when k>1. We prove this case by substituting the original

process variables back into Equation (2.2.2). That is, use the relation v=(1/x;)x, so that

the characteristic equation now becomes
F.[x]-0x=0, (2.2.5)

with O=Ax:k-1. Since x is assumed to be of dimension m then, for any given 0, the

characteristic equation has m polynomial equations in m process variables, where each
equation 1s of degree k. Therefore this algebraic structure implies that there are k™
common solutions, including multiplicities, or there exists an invariant subspace in which

infinitely many solutions are present. Clearly when infinitely many solutions exist

| X { LM} must also be infinite.
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To prove the finite result we first observe that the solution x=0 is always present.
This is the trivial solution which is not included in the eigenspectra and as such must be

subtracted from the total number, implying the term km - 1. However. this has been

derived for the homogeneous process variables rather than the projection variables which

determine the eigen solutions in .4 {{<m}. Hence, to obtain the number of characteristic

solutions in terms of the projection variables, one needs once again to make the

substitution X=x;v in Equation (2.2.5) giving

xX1F, [v] -0 v =0. (2.2.6)
Now, since v;=1 the i-th equation in this expression is

x;k 1 ;(v)-0=0. (2.2.7)

Thus, for k>1 and 0#0, each eigenvector v determines k-1 nonzero solutions of x..

Consequently for each v there must be precisely k-1 equivalent solutions in terms of the

homogeneous process coordinate X.
When 0=0, Equation (2.2.7) becomes
XX (v) - 0 =x ) j(v) -0 =x X (v) -r0=0 (2.2.8)

and one solution is x.=0, which is not permissible. To find solutions which are
admissible the following argument is needed: Since 6=0 the eigenvector v 1s nilpotent,
and f ;(v)=0. This implies that Equation (2.2.8) becomes (x;*1-r) 0=0. Now, without

loss of generality let r=1 and the solutions for x; are then the k-1 roots of unity. Thus, by

eliminating all equivalent solutions the eigen-number in all instances becomes (k™ -1)/(k-1).

Therefore, a homogeneous spectrum with finite spectral cardinality must satisty the

condition 1L {LMYHS s . @

Rohrl (1977) originally observed this result for nonsingular homogeneous systems
with finite spectral cardinality for which all eigen solutions are simple. Hence, he

deserves much of the credit for an early 1nsight into the spectral structure.
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Corollary 2.2.1 Pk, mSSk,m- The k-form vector dimension is equal to the

characteristic number only when m<2 or k=1.

Proof: For k=1, p;, =) ,=m. When m=1, p, ;=s, ;=1. Similarly, for m=2.
P2.m =S> m=m+1. However, when m>2, Sk.m Zrows by geometric progression as m

increases. Hence, s, . is always an upper bound for the growth of Pk - ¢

For linear processes Corollary 2.2.1 implies that 2 | { {£™} contains, at most, m
eigenvectors when 1., { £ZM}| is finite. It has exactly m eigenvectors when each is simple,

or | {i{M}l=m. Furthermore, itis also known that in this instance eigenvectors are

linearly independent and span the entire vector space. Consequently, they form a complete
m-dimensional linear basis. However, when the cardinality is finite and all eigenvectors
are not simple, then | {&™M}lxm. This implies that there are less than m linearly
independent eigenvectors and they no longer form a complete m-dimensional linear basis.
In this case, one often completes such basis by computing generalized eigenvectors. In
any event, when the spectral cardinality 1s finite all eigenvectors are linearly independent.
Conversely, when |.£;{1{M} is infinite, at most m eigenvectors are linearly independent
and the remaining are linearly related. This occurs when the linear system has an invariant
subspace in which all points satisfy the characteristic equation. In this event 1t can be
shown that eigenvectors which span such a subspace must all have identical eigenvalues.
As a result, the invariant subspace is called trivial. Therefore, when the linear process
contains a trivial subspace it must have non-distinct eigenvalues.

Analogous geometric spectrum properties and explanations exist for k>1. To see

this, we start again with the case in which the spectral cardinality is finite and all

eigenvectors are simple. Each eigenvector ve £ {i{™M} can be expressed as the py -
dimensional, k-form vector z,(v). Then, since |.{;{M}=s, .., one has exactly sy

vectors z,(v). Moreover, from Corollary 2.2.1 it follows that p, ,, of them, 1.e.,

z,. (V)2 (V2), ..-,Zk(Vpk‘m), can always be selected.

Definition 2.2.1 7,(vy), 2;(V5),..., zk(vpk ) form a k-form basis if all are linearly

independent. In this case v, v,,..., Vp, are said to be algebraically independent and to

form the algebraic basis By { KM}={v), vo.... v, .
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As aresult, the quantity Px.m 18 also be referred to as the algebraic degree which

similarly implies the degrees of freedom. Observe that for k=1, a linear basis is the
algebraic basis, as well as the 1-form basis. All three bases are equivalent in meaning and

presentation. This no longer holds when k>1, and the following result exists.

Corollary 2.2.2 A homogeneous system with the finite spectral cardinality can allow

at most (Sy ,-Px.m) algebraically dependent eigenvectors. If the number of algebraically
dependent eigenvectors exceeds this value a trivial subspace exists, and | LM s
infinite.

Proof: Recall that the spectral set of finite size has | X { LM} Sk.m » and an

algebraic degree py ... Then for k=1, Corollary 2.2.1 implies that a linear process cannot

have algebraically (linearly) dependent eigenvectors. If one such eigenvector exists, the
spectral cardinality must be infinite due to presence of the trivial subspace. The same is
true for homogeneous processes with k>1 and dimension m<2. For k>1 and m>2,
however, the algebraically dependent eigenvectors appear in spectral sets with finite

cardinalities.  According to Theorem 2.2.1 and Corollary 2.2.1 at most (Sk.m~Pk.m)

algebraically dependent eigenvectors are allowed. When this number is exceeded a trivial

subspace must appear.

Finally, 1n the case when the geometric spectra has less than p, ., algebraically

independent eigenvectors, the algebraic basis 1s incomplete and no algebraically dependent
eigenvectors are present. Moreover, eigenvectors with multiplicities two or higher must
be present 1n order to satisty the characteristic number, and the algebraic basis 1s
completed by computing generalized eigenvectors. This 1s discussed in a greater detail 1n
the next section. ¢

Remark: Note, Corollaries 2.2.1 and 2.2.2 extend the notions of linear independence

and dependence, and linear basis into the non-associative k-form algebras.

It i1s quite mmportant to make the distinction between algebraically dependent
eigenvectors occurring in trivial subspaces and the ones occurring as a consequence of the

eigen-number. The former ones are said to be trivial, while the latter are generic. Hence,
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depending on the spectral multiplicities, a real homogeneous process of degree k>1 and
dimension m>2 may allow generic algebraically dependent eigenvectors. These can be real

or complex. However, the trivial algebraically dependent eigenvectors of a real

homogeneous process can only be real (Samardzija 1983).

2.3. LINEAR TRANSFORMATIONS AND CANONICAL FORMS

Linear transformations of the k-form structures provide an important algebraic
technique which is useful for studying stability and control properties. By applying this
technique we are able to perform scaling and rotation of the process trajectories in a manner
which most clearly reveals a spectral structure. Basically, this is an extension of the linear

transtormation methods used in linear systems theory.

Let T be a mxm nonsingular matrix. Then for any x,ye 1M the linear

transformation
x = Ty (2.3.1)

transtorms the original system in Equation (2.1.12) into

y = T F[Ty] (2.3.2)
where T-! is the inverse of T. It is easy to verify that any linear transformation leaves the

degree k of a homogeneous process invariant. The transtormation, however, has the

following effects on process spectra.

Theorem 2.3.1 Let {_Kk{iim}, Ak{_{i}} and { Vpfiimy, E*)k{ii}} be the

respective spectral sets of the processes in Equations (2.1.12) and (2.3.2). 'Then,
Yk{_{im}E T-] jﬁk{_{gm}, and E‘)k{_{i}E /\k{_{i}
Proof: Let we Y {{™} and Oe ©, {1} be the eigen solutions for the system in

Equation (2.3.2). Then the characteristic equation implies

T-'F\[Tw]-0 w=0, (2.3.3)

or that
F\(Tw|-06 Tw=0. (2.3.4)
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Furthermore, since v=Tw then

Filvi]-0v=0. (2.3.5)

Thas 1s the characteristic solution for the original system, which implies that ve [ { {Zm

and O=A.. ¢

This result shows that any linear transformation of a k-form system leaves the
eigenvalue set invariant while the eigenvectors are multiplied by the transformation inverse.

For certain linear transformations, the state-space location of eigenvectors is of particular

interest.
Corollary 2.3.1 Let v,..., v € £ {{{™} be linearly independent with respective
eigenvalues Aq,..., A€ A {iC}. Then the linear transformation T ={v . -+, V|, takes

the original system into the form

y = T'F(Ty]=D y* + Hyy], (2.3.6)

where yk= [y‘f-,-- " yll‘(n] , H,[y] is a m-dimensional k-form composed only of the cross-

coupled terms, and

] 7\.1 0
D=| -
_ 0 T A-m J mxm
Proof: From Theorem 2.3.1 it follows that each we ¥ {{{™} is given by the

relation T-'v, where ve X, {{m}. This implies that the standard basis vectors e=T"v,
i=1....m, must belong to ¥ {{m}. Furthermore, the eigenvalues corresponding to

these vectors are Aj...., A€ A { K}, The rest of the proof follows from recognizing that

for each e; the cross-coupling term H,[e;] is zero and e;*=e;. ¢

The transformation presented will henceforth be referred to as the canonical

transformation . Clearly every homogeneous process which has m linearly independent
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eigenvectors can be transformed into the canonical form. However, what if a geometric
eigenspectrum has less than m linearly dependent eigenvectors? Then, according to
Theorem 2.2.1, to satisfy the eigen-number requirement eigenvectors of multiplicity
greater than one must be present. Such eigenvectors are then used to compute the

generalized eigenvectors which complete the m-dimensional linear basis. This is

accomplished as follows. Let 6>1 be the multiplicity of ve .{; {{™}, then we form the

recursive relations

Fyv)-Av=0
Filve.1)- Avg1=v
(2.3.7)
Fk[vg,c-l] - ?\-Vg,o-l = Vg.0-2
where v, ..., Vv, 5| are generalized eigenvectors of v. Observe that in the case when

B {m} i1s incomplete, the same generalized eigenvectors are used to complete the

algebraic basis, i.e., see the proot of Corollary 2.2.2.

Corollary 2.3.2  Let vy,...voe L {i&M}, with q<m, be linearly independent

such that the sum of eigenvector multiplicities is = m. Then there exists a linear
transformation T such that the transformed system has D in the Jordan canonical form.

Proof: This follows from arguments in Corollary 2.3.1, together with Equation

(2.3.7). Alternatively, for a more rigorous proof, let v, be of multuplicity 62(m-q).

Then by using Equation (2.1.4) one can write the characteristic equation as

pel— —

t
C1 coef
{
. Cm coef Jmxpi,m
and Equation (2.3.7) as
_ o _
| coef
ZI((Vg‘J) pm— Kqu‘J + Vg‘j_l, forj:q-i-l,- .., M With vg~q=vq ; (2.3.9)
c:n coef JMXPk.m

L
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where v, o, y,....V, 1 are the generalized eigenvectors which complete a linear basis. In

matrix form, these expressions reduce to

- ©

{

coef

- Cm coef JMXPk,m

Zi(V1)e - Zk(Ve), Zk(Vgqei - Z(Vgm)] = T J

where J 1s the Jordan matrix defined as

A

0 0 0 0o
Aq 1 0 0
Ag | 0

: |
0 0 0. Aq

and T=[vy, -, Vq,Vgqslr > Ygm). Thisimplies that

J =

t
C1 coef
T—l

{

which is the same as

- Chn coef -

mxpk’m

[Z k(vl)" " Zk(VQ)'-' Zk(vg,q+])a' " Zk(vg,m)]

J — T-] [Fk[vl]a' "o Fk[Vq], Fk[vg,qH}v' o Fk[vqam]] ?

or after using Theorem 2.3.1

J =T [FTel, -, Fi{Teq], Fy[Teq1], -+, FilTem] .

By bringing the inverse inside the matrix, we have

J =

T-'F[Tel,--, T"'Fi(Teg], T'FiTegy 1), -, T"'Fi{ Ten

or from Equation (2.3.6)

J =[Dek+Hye ], -, Dek+Hy[eg), DeX, ;+Hileq,1] -, Del+Hlen]]

—
I

2

-

(2.3.10)

» (2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)
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Finally, by observing that H,[e;] =0 and e k=e. for all i=1,....m, the last expression

reduces to

J =[De19" 'aDeqa Deq+] s " s Dem]:' D [ela"'a el'l‘J= D’ (2316)

For k=1, Equation (2.3.10) reduces to the well known transformation used in the
linear systems theory, AT=TJ. However, for k>1 the expression on the left is modified

by the k-form vector representation, while the expression on the right remains the same.

We now demonstrate Corollary 2.3.1.

Example 2.3.1 Consider the 3-dimensional cubic process

X1 -4X3 - X3 + X|X3
X2 | =| X7+ 6X1X5 + 4%3 + X0X3 (2.3.17)
X1 L x:f + 3x1x% + 2){% i

which has the following spectra

O ]
KA R3) = f o || \ and A3{8) = {2, -2012)
\ I - —-1—(12)/

Thus, there are two eigen components where one is of multiplicity 12. This implies that

the eigen-number requirement is satisfied since s3 3=13. Hence, the only canonical form

possible is that of the Jordan type. This is accomplished by considering the transformation

—

0 1 -0.8864058
1= 0 -1 -0.1135941
1 -1 -0.1279188 _

where the third column is the generalized eigenvector computed by using Equation (2.3.7).

Now by applying the transformation x=Ty, we obtain the Jordan canonical form

| - 2y2y, -2y y3- 3.2988116y%y3 + 5.5742725y |y y3 +

[yi] [200 ] v 3ydy; +  0.7457809y,y3 + 0.7245391y,y3 '

o =10 -2 1 || yd|+|Yiy2-2y1y5- 02558376y yoy3 + 8.5742725y3y3 - 2y2y5
| . |

ya] L0 0-2][y}] Lyfys-2yiyays-2ysys - 0.2558376y y3 + 8.574272yay3.
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which has the eigenspectra

Y3{7) =

I b= (2
\—0— ~—0-(12)] | h

2.4. HOMOGENEOUS INVARIANTS, NILPOTENTS AND
HOMOGENIZATION

Spectral solutions produce other useful results. By applying the homogeneous
property (see Equations (2.1.2) and (2.1.5)), one creates an equivalence relation which
generates the spectral extension (Samardzija 1993) that has already been identified as the

collinear equivalence in the proof of Theorem 3.1. Under this extension, all solutions of

the characteristic equation create spectral lines or rays in I_™, i.e., X=X;v 1s the equation

of line parametrized by the projection state x;. Furthermore, the homogeneous property in

Equation (2.1.2) implies that along any such line, eigenvalues scale according to the

scaling relationship

K(Xi) = fk,i(XiV) = fk,i(V)Xik'l — ?\«Xikil. (241)
As a result. one can show that any real eigenvector ve [2M creates a real ray which

supports the characteristic solution

xiOExp{ k(t-to)}v; for k=1

x(t) = (2.4.2)
: Rio = V; for k>1 .
1= (k- LNt M)

where X, is the projection state at t=t,. Note, that for k>1 the denominator expression

accounts for the spectral scaling of an eigenvalue corresponding to V. Consequently.
these solutions determine invariant rays identical to the invariants studied by Markus. He
calls such invariants nilpotent when A=0, otherwise they are idempotents. Moreover. this
formulation allows eigenvalues to be identified as the type numbers studied by Coleman.

We also say that the real ray solutions define real eigenmodes. For instance, the
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spectral sets for the rate equations defined in Equations (1.1.2) and (1.1.3) are, using

Equation (1.1.2)

eyl 1 1.0
kiAky-kp))] L1

AR} ={k;; ko )
and Equation (1.1.3)

1 1
kl(/\/ kz) k( Zk) L1
14 ] 142X2 | 1-\/ 12Kz
2k, ki/ | 2k, ki | f

Re—

iR =) L=

1\2{ _[ﬁ} = {-21(1 . -2k 5 -2ko } .

All eigen solutions define real eigenmodes which determine the invariant lines depicted 1n
Figures 1.1.1 and 1.1.2. Note that the invariants corresponding to the negative coordinate

values have been ignored. This is because the concentration dynamics must be positive at

all times. As a result in Figure 1.1.1, where k;>k,, the first component of the linear

eigenspectra is not shown. Similarly, the second component L' in the quadratic

eigenspectra is not present in Figure 1.1.2 because

(1—\/ 1+2kk2 )(O for all k,k,>0.
1

By using the same arguments, one concludes that complex eigenvectors determine

rays in ‘CM which support the complex characteristic solutions, or complex eigenmodes.

However, for k>1 the general explicit form of these solutions is presently not known and
we can only infer of invariance by studying vector field flows 1n Km_ In certain instances,
which are discussed in the section on stability, the complex spectra are clearly identified as
being responsible for formation of the invariant structures such as periodic orbits and stable
or unstable foci. Consequently the invariant structures obtained from homogeneous
spectra are qualitatively similar to the invariants present in the linear systems.

An important property of all invariant sets derived from the spectral solutions 1s
that the points must satisfy the homogeneous property given by Equation (2.1 5). For this

reason, we refer to such invariants as being homogeneous. These, however. are not the
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only invariants that are possible in a homogeneous system. For example, there exist
homogeneous processes which have limit cycles or chaotic behaviors. However, the
points on these invariant structures do not satisty Equation (2.1.5) and so are not

accounted for in the homogeneous eigenspectra. To demonstrate how these cases occur,

we consider the following general expression

- % — fk,li(x) B
% . fic dX)
. =Py X]| =
o) kLX] (2.4.3)
: 0
 Xm |
_ O _
where variables X, ,..., x, (referred to as the homogenization variables) have constant

solutions for all times. Thus, by assigning desired solutions to these variables, a

homogenized process can further be reduced to its minimal realization in variables X ,....

X, Of
S fic 1(X)
_: '=F[x} = (2.4.4)
CAr_ i fk,.r(x) )
where X = X1, --, X;, Cr+1, - -» Cm) t With ¢; representing a constant solution for x., i=r+1.

...m, and f[f] 1s the corresponding minimal realization ot F[x]. Theretore, F,[x] is the

homogenized version of f[f], which 1s either the homogeneous or heterogeneous
polynomial with degree of at most k. In an event when the mimimal realization 1s of the
heterogeneous type, homogeneous invariants are no longer the only possible invariant
structures in the homogenized formulation. In other words, when the mimmal realization
describes a polynomial process containing a limit cycle, the homogenized version must
also contain the same limit cycle. By contrast, when the minimal realization 1s of the

homogeneous type, no invariants other than the homogeneous are possible.

Theorem 2.4.1 A homogenized realization 1s singular .
Proof: Let x=X =X, -, Xr, Cr4]+ - -- Cmy ' be an eigenvector, with c; as defined

earlier. Then if there exists ¢;#0, the relationship F,[x]-Ax=0 holds if. and only if.

A=0. Consequently, the eigenvector solution is nilpotent. Alternatively when all ¢;=0.



