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ABSTRACT 

This thesis carries out a detailed study of a nonlinear spectral theory that is useful 

for modeling and controlling chemical reactors. The motivation for this work originates 

from a few reports which have demonstrated in the past that the nonlinear spectral 

method offers a useful mathematical framework for classifying and quantifying nonlinear 

complexities of large degrees of freedom, as well as for qualifying a general nonlinear 

dynamic behavior. We present and discuss this new theory and show that it extends the 

familiar linear systems notion of characteristic modes (eigenmodes), as well as the 

notions of mathematical quantities known as the eigenvectors, and eigenvalues, into a 

multi-dimensional nonlinear domain, i. e., applies to model dimensions one, two, three 

and higher. This approach offers a new insight into nonlinear phenomena, and as such 

has a significant theoretical and practical value. In the theory of nonlinear systems the 

spectral framework provides some useful answers regarding the issues of multivariate 

process complexity, stability and control. Similarly, in applications it often leads to a 

simple relation between a desired process behavior and control parameters. We 

demonstrate this by showing how a process operating point, its behavior, and its 

domain of attraction are determined by nonlinear structures which characterize both a 

process and its control realization. In addition, we show that by a correctly modeling 

and regulating process nonlinearities one can obtain a nonlinear control solution that often 

outperfon-ns the conventional first-order realizations. That is, there exist important 

nonlinear structural and dynamic process relations which determine a feasibility of a 

control realization. This is demonstrated by studying control behaviors of several highly 

exothermic continuously stirred tank reactor processes. 



fi 

TABLE Dy (C(DnTsnTL 

list of figures ....................................................................................... IV 
list of tables ....................................................................................... Viii 

glossary of conventions used ..................................................................... x 

acknowledgments ................................................................................. xii 

CHAPTER I- INTRODUCTION ............................................ 1 
1.1. ISOTHERMAL CHEMICAL REACTIONS 

........................................... 
1 

1.2. TEMPERATURE CONSIDERATIONS 
............................................... 

7 
1.3. SCOPE OF THESIS 

................................................................ 
15 

CHAPTER 2- K-FORM SYSTEMS AND THEIR SPECTRA ......... 19 
2.1. K-FORMS 

.......................................................................... 
19 

2.2. K-FORM SPECTRA 
............................................................... 

22 
2.3. LINEAR TRANSFORMATIONS AND CANONICAL FORMS 

.................... 
30 

2.4. HOMOGENEOUS INVARIANTS, NILPOTENTS AND 
HOMOGENIZATION 

............................................................... 
35 

2.5. CHAPTER 11 SUMMARY 
......................................................... 

39 

CHAPTER 3- STABILITY OF K-FORM SYSTEMS ................... 43 
3.1. OVERVIEW OF Two-DIMENSIONAL STABILITY RESULTS 

.................. 
43 

3.2. MULTI-DIMENSIONAL CONSIDERATIONS 
..................................... 

44 
3.3. MULTI-DIMENSIONAL STABILITY RESULTS FOR PROCESSES 

WITH PURELY REAL EIGENSPECTRA 
......................................... 

49 
3.4. MULTI-DIMENSIONAL STABILITY RESULTS FOR PROCESSES 

WITli MIXED AND PURELY COMPLEx EIGENSPECTRA 
..................... 

52 
3.5. STRUCTURAL STABILITY AND ROBUSTNESS 

................................. 
55 

3.6. CHAPTER III SUMMARY 
........................................................ 

57 

CHAPTER 4- CONTROLLABILITY AND STABILIZABILITY ....... 59 
4.1. PROCESS CONTROLLABILITY WITH CONSTANT CONTROL 

MATRIX ............................................................................ 59 
4.2. NECESSARY STATE CONTROLLABILITY CONDITION FOR PROCESSES 

WITH STATE DEPENDENT CONTROL MATRIX 
............................... 

62 
4.3. STAB ILIZAB ILITY: THREE-DIMENSIONAL EXAMPLE WITH 

CONSTANT CONTROL VECTOR 
................................................. 

62 
4.4. STAB ILIZAB ILITY: THREE-DIMENSIONAL EXAMPLE WITH 

STATE DEPENDENT CONTROL VECTOR 
....................................... 

68 
4.5. GENERAL STABILIZABuTy RESULTS 

......................................... 
73 

4.6. K-FoRm STABILIZABILITY AND NONLINEAR COMPLEXIT'Y 
............... 

79 
4.7. RECURSIVE POLE PLACEMENT AND STABILIZABILITY AS AN 

EVOLUTIONARY PROCESS 
...................................................... 

83 
4.8. CHAPTER IV SUMMARY 

........................................................ 88 



iii 

CHAPTER 5- HETEROGENEOUS PROCESSES 
AND CSTR DYNAMICS ................................. 89 

5.1. POLYNomiAL EXTENSION ....................................................... 
89 

5.2. EXOTHERMIC CSTR DYNAMICS 
.............................................. 

102 
5.3. GLOBAL CANCELING OF PROCESS NONLINEARITIES 

...................... 
III 

5.4. APPLICATIONS ................................................................... 
114 

5.5. CHAPTER V SUMMARY 
........................................................ 

123 

CHAPTER 6- PROCESS CONTROL .................................... 125 
6.1. PROBLEM FORMULATION 

...................................................... 
125 

6.2. IDEAL OR UNCONSTRAINED CONTROL DESIGN 
.......................... 

126 
6.3. ROBUST CONTROL DESIGN 

................................................... 
136 

6.4. COMPARISON OF CONTROL STRATEGIES 
................................. 

144 
6.5. CONSTRAINED CONTROL DESIGN 

............................................ 
153 

6.6. CHAPTER VI SUMMARY 
....................................................... 

155 

CHAPTER 7- POLYMETHYLMETHACRYLATE REACTOR 
CONTROL - CASE STUDY ............................ 156 

7.1. TWO-DIMENSIONAL PMMA PROCESS MODEL 
............................. 

156 
7.2. THREE-DIMENSIONAL PMMA PROCESS MODEL 

........................... 
163 

CHAPTER 8- DISCUSSION AND CONCLUSIONS .................. 174 
8.1. CONTRIBUTIONS To THEORY 

................................................ 
174 

8.2. ON APPLICATIONS OF NONLINEAR SPECTRAL TECHNIQUE 
.............. 

176 
8.3. FUTURE DIRECTIONS 

........................................................... 
178 

APPENDIX I: SPECTRAL SETS FOR EXAMPLE 3.4.1 
.......................... 

180 

APPENDIX 11: EIGENVECTOR POOLS FOR EXAMPLE4.3.1 
................... 

183 

APPENDIX III. - EIGENVECTOR POOLS FOR EXAMPLE4.4.1 
................... 

185 

APPENDIX IV: CSTR MANIFOLDS AND STEADY-STATES 
..................... 

188 

APPENDIX V. - POWER SERIES AND SPECTRALSETS 
FOR VINYL AND CYCLOPENTENOL ExAMPLES 

.............. 
191 

APPENDIX VI: CHARACTERISTIC RESPONSES FOR VARIOUS 
CONTROL STRATEGIES 

............................................. 
197 

APPENDIX VII: CONTROL CHARACTERIZATIONS FOR THE 
3-DIMENSIONALPMMA PROCESS REGULATION 

............. 
206 

REFERENCES: .......................................................................... 210 



IV 

OF 

CHAPTER I 

FIGURE 1.1.1: Behavior of concentrations in the rate expression defined 
by Equation (1.1.2) for the parameter values kI=1.0 

and k2=0.5 ............................................................... 6 

FIGURE 1.1.2: Behavior of concentrations in the rate expression defined 
by Equation (1.1.3) for the parameter values k I= 1.0 

and k2=0.5 
............................................................... 

6 

FIGURE 1.1.3: Reaction dynamics for the rate expression in Equation (1.1.4) 
with the parameter values kI =k2=k3=k4= 1.0 and A=B =2 ........ 

8 

FIGURE 1.1.4: Asymptotic or spectral lines in the Lotka-Volterra subprocesses.. 8 

FIGURE 1.2.1: A CSTR schematic in which pure A is mixed with a 
recycle stream with recycle flow rate F(1- X) 

...................... 10 

FIGURE 1.2.2: The dimensionless CSTR behavior for the process parameters 
B=7.06, Da=0.1322, P=0.74 and x2c=0-0 ...................... 17 

FIGURE 1.2.3: The CSTR behavior approximated by the 3-order power 
series representation ................................................... 

17 

FIGURE 1.2.4: The global CSTR dynamics for the process parameters 
B=7.06, Da=O. 1322, P=0.74 and x2c=0-0 ...................... 18 

CHAPTER 2 

FIGURE 2.4.1: Three-dimensional state-space trajectories portray 
a stack of the van der Pol's limit cycles along the 
homogenization variable x3 .......................................... 

41 

FIGURE 2.4.2: Annihilation of the van der Pol's limit cycles due to a 
loss of the homogenization property in variable x3 ............... 

42 

CHAPTER 3 

FIGURE 3.2.1: Regions in the parameter space which characterize 
the global process and eignemode behaviors 

....................... 
48 

FIGURE 3.2.2: For the parameter value A=0.0, the presence of the 
complex eigenmode is indicated by the curved trajectories 
surrounding the nilpotent invariant 

.................................. 
48 



V 

FIGURE 3.2.3: For the parameter value A=- 1.7, a spiral vector field 
flow is promoted by the complex eigenmode ...................... 50 

FIGURE 3.2.4: For the parameter value A=-2.0, a bubble formation is 
promoted by the increase in intensity of the 
complex eigenmode ................................................... 50 

FIGURE 3.2.5: For the parameter value A=-2.2, the complex eigenmode 
is further intensified and a bubble expands ......................... 51 

FIGURE 3.2.6: For the parameter value A=-2.8, the complex eigenmode 
inflates a bubble 

. ...................................................... 51 

FIGURE 3.4.1: The 3-D view of the 4-dimensional skew-symmetric cubic 
system for the initial conditions xI ---: x2---: x3---: x4---: 1 -0 .............. 

56 

CHAPTER 4 

FIGURE 4.4.1: Effects of the complex eigenmodes . ................................ 75 

CHAPTER 5 

FIGURE 5.1.1: Polynomial blending of homogeneous processes of 
different orders . ....................................................... 94 

FIGURE 5.1.2: The polynomial blend of the unstable linear and the 
stable cubic forms ..................................................... 96 

FIGURE 5.1.3: Manifolds of the cubic polynomial process . ....................... 
98 

FIGURE 5.1.4: Multiple steady-states in the polynomial process in which all 
homogeneous terms are globally asymptotically stable .......... 103 

FIGURE 5.2.1: State-space portraits of CSTR process approximations .......... 
107 

FIGURE 5.2.2: The 7-order approximated CSTR spectra .......................... 
109 

FIGURE 5.2.3: Two CSTR representations . ........................................ 
110 

FIGURE 5.3.1: Global canceling of CSTR nonlinearities .......................... 
113 

FIGURE 5.4.1: Simulation results for the CSTR polystyrene model ............. 
119 

FIGURE 5.4.2: Simulation results for the CSTR 
polymethylmethacrylate model ...................................... 

120 

CHAPTER 6 

FIGURE 6.2.1: The closed-loop state-space responses for the first-order 
(proportional) controller up--. ý gI (x2-2.76302 1) .................. 

130 

FIGURE 6.2.2: The closed-loop state-space responses for the cubic control law 



vi 

Uc---': 91 (x2-2.763021)+92(x2-2.763021)2 +93(x2-2.763021)3.132 

FIGuRE 6.2.3: The closed-loop state-space responses for the exponential 
controller ue=RB x1sI Exp(x2-x2s)- II with B =25.0, 
xI s=0.442083, x2s=2.763021 ..................................... 134 

FIGURE 6.2.4: The closed-loop state-space responses for the input/output 
linearization scheme ui/o-`9 1 (x2-x2s)-g(x)/3 . .................... 137 

FIGURE 6.3.1: The open-loop and the closed-loop first-order regulated 
behaviors. The shaded region is of interest 

. ...................... 139 

FIGURE 6.3.2: The closed-loop behavior for different nonlinear control 
strategies. The shaded region is of interest 

........................ 141 

FIGURE 6.3.3: The closed-loop behavior of the combined control strategies. 
The shaded region is of interest 

..................................... 143 

FIGURE 6.3.4: The closed-loop process robustness for various parameter 
variations. The shaded region is of interest 

....................... 146 

FIGURE 6.4.1: The four initial points used in control evaluations ................ 147 

FIGURE 6.4.2: The representative impulse responses for the up(gl=5.533) 
regulated CSTR. The CSTR parameters are B=25.0, Da=0.05, 
P=3.0 and x2c=0-0 .................................................. 149 

FIGURE 6.4.3: The proportional control actions and the control gains for 
the four comer points. The CSTR parameters are B=25.0, 
Da=0.05,0=3.0 and x2c=O-0 . .................................... 

150 

FIGURE 6.4.4: The required up control speed for the four comer points. 
The CSTR parameters are B=25.0, Da=0.05, P=3.0 and 
X2c---': O-O ................................................................ 152 

FIGURE 6.4.5: The four comer speed requirements for the combined 
control strategy with ui/o and ue(R=0.5). The CSTR 

parameters are B=25.0, Da=0.0625, P=3.0 and x2c=0-0 ..... 154 

CHAPTER 7 

FIGURE 7.1.1: The 2D-PMMA closed-loop performances obtained by 
the proportional and polynomial type controllers ................. 

158 

FIGURE 7.1.2: The 2D-PMMA process behavior obtained by applying 
the temperature input/output linearization control ................. 

161 

FIGURE 7.2.1: The 3D-PMMA open-loop process behavior 
...................... 

165 



vii 

FIGURE 7.2.2: The 3D-PMMA closed-loop process behavior obtained 
by applying the proportional regulator up with g 11 =45.0, 
912=10.0 and 913=0-0 ............................................. 167 

FIGURE 7.2.3: The 3D-PMMA closed-loop process behavior obtained 
by applying the temperature input/output linearization 
regulator uT ........................................................... 171 

FIGURE 7.2.4: The 3D-PMMA closed-loop process behavior obtained 
by applying the cubic regulator uc .................................. 173 

APPENDIX A. VI 

FIGURE A. VI. 1: State and control time responses for the first-order 
controller up(g 1 =5.5 3 3) 

............................................. 198 

FIGURE A. V1.2: State and control time responses for the cubic controller uc..... 199 

FIGURE A. V1.3: State and control time responses for the hyperbolic 
controller uh(Rs=0.5 & RC=0.333) ................................ 

200 

FIGuRE ANIA: State and control time responses for the exponential 
controller ue(R=0.5) ................................................. 

201 

FIGURE A. Vl. 5: State and control time responses for the input/output 
linearization controller ui/o .......................................... 

202 

FIGuRE A. VI. 6: State and control time responses for the hyperbolic+ 
proportional controller uh+p ........................................ 

203 

FIGURE A. V1.7: State and control time responses for the first-order 
controller up(gl=9.0) ................................................ 

204 

FIGURE A. V1.8: State and control time responses for the exponential 
controller ue(R= 1.0) ................................................. 

205 

APPENDIX A. VII 

FIGURE ANIL 1: Closed-loop time responses for PMMA reactor with 
first-order control ..................................................... 

207 

FIGuRE ANII. 2: Closed-loop time responses for PMMA reactor with 
temperature input/output linearization control ..................... 

208 

FIGuRE A. VII. 3: Closed-loop time responses for PMMA reactor with 
cubic control . ......................................................... 

209 



vifi 

I )'Y' () 16' TA I'J'L E 

CHAPTER I 

TABLE 1.2.1: 

TABLE 1.2.2: 

CHAPTER 2 

TABLE 2.5.1: 

CHAPTER 3 

TABLE 3.6.1: 

CHAPTER 4 

TABLE 4.8.1: 

CHAPTER 5 

CSTR parameters ...................................................... 12 

Dimensionless CSTR parameters .................................... 12 

Topics covered in Chapter 11 ........................................ 40 

Topics covered in Chapter III ........................................ 58 

Topics covered in Chapter IV ........................................ 88 

TABLE 5.4.1: Vinyl polymerization process parameters .......................... 116 

TABLE 5.4.2: Arrhenius' expressions for cyclopentenol process ............... 122 

TABLE 5.4.3: Cyclopentenol data 
................................................... 

123 

TABLE 5.4.4: Cyclopentenol operating point ...................................... 
123 

TABLE 5.5.1: Topics covered in Chapter V ........................................ 
124 

CHAPTER 6 

TABLE 6.3.1: The eigenvalues of the first six power series terms 
evaluated at x2s for Da=0.05 . ...................................... 

140 

TABLE 6.3.2: The eigenvalues of the combined control strategies 
evaluated at x2s for Da=0.05 

..................................... 
145 

TABLE 6.6.1: Topics covered in Chapter VI ....................................... 
155 



ix 

CHAPTER 7 

TABLE 7.1.1: The even only 6-order polynomial controller . .................... 160 

TABLE 7.1.2: The close-loop 2D-PMMA eigenspectra for the temperature 
input/output linearization control law 

. ............................. 162 

TABLE 7.2.1: The close-loop 3D-PMMA eigenspectra for the temperature 
input/output linearization control law 

. ............................. 170 

TABLE 7.2.2: The close-loop 3D-PMMA eigenspectra. for the 
cubic control law 

. .................................................... 172 

APPENDIX A. IV 

TABLE A. IV. 1: Evolution of CSTR steady-states ................................... 190 

APPENDIX A. V 

TABLE AN. 1: 2D-PS case: numerically evaluated k-forms and their spectra 
at the unstable steady state x2s =[O. 160821,1.438591]t ........ 192 

TABLE A. V. 2: 3D-PS case: numerically evaluated k-forms, and their 
spectra at the unstable steady state x2s =[0.231531,1.317364, 
0.049896]t . ........................................................... 

193 

TABLE A. V. 3: 2D-PMMA case: numerically evaluated k-forms and 
their spectra at the unstable steady state x2s =[0.223416, 
1.331286]t . ........................................................... 

194 

TABLE ANA: 3D-PMMA case: numerically evaluated k-forms and 
their spectra at the unstable steady state x2s =[0.496018, 
0.863968,0.0499711t ............................................... 

195 

TABLE A. V. 5: Cyclopentenol eigenspectra . ........................................ 
196 



x 

GLO31RY OF COiYVEiYTIOiY3 UJED 

x The plain small case letter signifies a scalar quantity. 

x The bold small case letter signifies a column vector 
x=lxl, x2, --, xi, --, xm1t, in which xj, x, ),.., xi,.., xm are scalar quantities. 

ei Denotes the usual standard basis vector with I for the i-th vector component 
and 0 for all the other components. 

RM The standard m-dimensional vector (Euclidean) space. 

process state The state of a system or of a mathematical process is a minimum set of 
and numbers (called state variables) which contain sufficient information about 
state variables the history of the process to allow computation of future behavior. 

state vector The vector x=[xj, x2, ---, xm1t defined by state variables x], x2, ---, xm* 

state-space Each state x of a system may be conventionally viewed as a point in the m- 
dimensional Euclidean space. The coordinates of this space are the state 
variables xI, x2, ---, XM- 

Euclidean or 
L2-norm f IIXI12 -= A/ Y, XjF 

i=I 
Translated state variable. 

x Translated state vector. 

trivial point The null state defined by xi=O for all 

invanant set The invariant set 1M (-- Rm of a dynamic process is the set of all state-space 

points with the property that if at t=to the state x(to) is in M, then for any 
time x(t) also belongs to 1A.. 

invariant The state-space structure defined by an invariant set. 

periodic solution A solution that satisfies x(t)=x(t+T) for some positive T<-. 

periodic orbit The state-space invariant structure defined by periodic solutions. 

differential The equation x= F[x] is called the differential equation corresponding to the 
equation vector field defined by F[x]: a dot over a letter denotes differentiation with 

respect to t: ,- dx x--- 
dt 



xi 

equilibrium, The trivial invariant set which contains onlY one point for all t. Also, the 
steady-state or point which satisfies the solution x= F[x] = 0. 
singular point 

asymptotic stability The steady-state, xp of a process described by x= F[xl is asymptotically 
stable, with respect to a set U <-- Rm, if every process trajectory starting 
in U converges to xs as t -)-. 

global asymptotic The asymptotically stable steady-state xS is globally asymptotically 
stability I stable if U= km. 

v used to designate an eigenvector. 

/k, are used to designate eigenvalues. 

fk(x) a homogeneous scalar function in xe Rm, or a k-form. 

FOXI an m-dimensional k-form function. 

Ir k-fon-n geometric spectra, where Em can be either a Em (real) or 

Cm (complex) space. 

A 
-I- 

k-form algebraic spectra, where -, 
'- can be either a Jý (real) or 

C(complex) number. 

Sk, m a characteristic or eigen-number for an m-dimensional k-form. 

Pk, m 
degrees of freedom, or a number of algebraically independent vectors 

which characterize an m-dimensional k-form. 

U(t) control vector function. 

du/dt control speed. 

I The term asymptotic stability in the large is also used. 
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CHAPTER I- INTRODUCTION 

In this chapter we introduce the justification for studying the topic of nonlinear 

dynamics and control. We show its importance by examining several elementary chemical 

reaction schemes, and at the end the scope of the thesis is outlined. 

1.1. ISOTHERMAL CHEMICAL REACTIONS 

Let us begin by considering a reactive mixture of rn constituents X ,.., Xn, with the 

following properties: 

i) The reaction is isothermal (T=constant) 

ii) The reaction volume V may be open or closed to the outside world. 

The reaction is irreversible and diffusion fluxes are negligible. 

iv) The reaction is in mechanical equilibrium and is not subject to external 
fields. 

Then by applying the principle of mass conservation to such a reaction nuxture one obtains 

the following rate equations 



2 

dxl fl(x X", ) dt 

dx,,, 
m=f M(x X", ) dt 7 

where the small case letters xl,.., x,, respectively denote concentrations of the species 

X This is a rather general set of equations which determine the system of ordinary 

differential equations (ODE), and is such that can also be used to model population 

dynamics in biological systems. The left-most terms in Equation (1.1.1) are the 

concentration time derivatives, while the right-most terms are generally nonlinear functions 

of the polynornial type which describe production rates. For convenience derivatives from 

now on are denoted by the "dot" mark above the concentration symbols. 

An example of the process just described is given by the first-order irreversible 

homogeneous unimolecular batch type reaction scheme, 

ki 
XI --> X2 

k2 

X2 ---> A 

in which k, and k2 are the reaction rate constants. The concentration dynamics for this 

reaction mixture are described by the rate equations 

k, = -klxl 
ý-2 = klxl - 

k2X2, 
(1.1.2) 

which form a linear ODE system. Similarly, if bimolecular reaction steps are considered 

rate equations with second-order or quadratic terms are obtained. For example, the batch 

process with bimolecular reaction steps 

ki 
2XI --> X2 

k2 

2X2 -> A 

is described by the rate equations 



3 

2 
-2kxl 

X2 kIX2 X2 I- 2k2 2 

which form a nonlinear ODE system. 

It is also possible to combine unimolecular and bimolecular reaction steps to obtain 

more complex reactions. In this instance both the linear and quadratic terms are present in 

the rate equations. A system of this fonn is given by the autocatalitic Lotka-Volterra 

scheme 

ki 
A+ X, --> 2X1 

k2 

XI + X2 
-> 2X2 

k3 

X2+B -> E+B 

for which the rate equations are 

-ýj = Aklxl - 
k2XIX2 

X2 = k2XIX2 
- 

Bk3X2 

and which again form a nonlinear ODE system. 

Needless to say that the process models considered are rather idealistic, however, 

it has been demonstarted that they represent essential features of chemical reactions. 

Consequently, the value of such descriptions is not so much in the accuracy of the models 

derived, but in their ability to educate us about the general dynamic behavior of chemical 

reactions. For example, if we consider the process in Equation (1.1.2) and treat the 

process variables x, and X2 as points in the positive two-dimensional Euclidean space, 

then as the time progresses the points form trajectories which describe reaction dynamics. 

This is illustrated in Figure 1.1.1 where the concentration behavior of two species indicates 

that XI is consumed by the intermediate X2 prior to being converted into the final product 

A. As a result, the reaction dynamics forms parabolic type trajectories that asymptotically 

approach the X2-axis which subsequently takes the solutions Into the origin. Similarly the 

nonlinear process in Equation (1.1.3) has the reaction dynamics illustrated in Figure 1.1.2. 



4 

Here, however, the parabolic trajectories approach the asymptote L rather than the x-, - 

axis. This implies that X, is never fully consumed by X-,, and that the final product A is 

reached through a composition of X1 and X2 which is defined by the asymptote L. 

Therefore, the two reaction mixtures exhibit significant dynamic differences which are 

vividly captured in the x1 -X2 concentration space. 

These differences are even more pronounced when Equation (1.1.4. ) is considered. 

In this case the reaction dynamics exhibits a periodic behavior depicted in Figure 1.1.3. 

With the exception of trajectories along the x, and X2-axes, all other trajectories in the 

positive Euclidean space form closed orbits. Along these orbits concentrations of species 

cycle, implying that the reaction continuously absorbs and regenerates its constituents in 

an autocatalytic manner. By comparing the last figure with the previous ones it is evident 

that the Lotka-Volterra dynamics are more complex. The present scheme exhibits the 

parabolic type orbits in presence of the two equilibrium points, 0 and S, and the two 

asymptotes defined by the Euclidean coordinates. Furthermore, in comparison to the first 

two reactions the Lotka-Volterra scheme can be broken down into the two subprocesses 

that are formally related to the linear and quadratic terms present in the rate equations. 

Thus, the first subprocess is created by considering the linear term in Equation (1.1.4), or 

il = AkIXI 

i-2 =- Bk3X2 

while the second is 

il =- k2XIX2 

i2 = k2X I X2 

and is derived by using the nonlinear quadratic term. Figure 1.1.4 illustrates the behavior 

of these subprocesses and indicates the manner in which they blend in order to achieve the 

more complex periodic structure. 
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From the present discussion it is evident that the illustrations are signatures of the 

reaction schemes considered. It is also intuitively quite apparent that the reaction 

complexity and dynamics present in these signatures can be analyzed by examining the 

subprocesses derived from the rate equations. In the next section we will demonstrate that 

this type of argument can be applied to any chemical reaction scheme for which the ODE 

model exists. For now, however, we need to introduce and define mathematical ten-ns and 

qualitative features that are used in the study of dynamic systems. 

In this thesis we will use the conventional Euclidean state-space representation to 

capture process behavior. For instance, in the examples presented trajectories were used 

to record the behavior of process variables, concentrations, in this space. Therefore, 

such variables will also be referred to as the process states, or simply the states. We 

further adopt the notation R' to represent the real m-dimensional state-space, where the 

superscript m also designates the number of process variables. Moreover, for the 

chemical and biological processes modeled by rate equations only the positive state-space 

coordinates are of interest. This is because the negative concentrations are not possible. 

However, when modeling a general physical process or developing a general theory the 

entire state-space must be considered. 

By embedding a reaction dynamics into the abstract state-space setting we are now 

in position to identify and study different nonlinear features and behaviors. For instance, 

in the three reaction schemes that were presented we find the following common features: 

a) Within the state-space region of interest the reaction 
dynamics are bounded, i. e., no trajectories escape to 
infinity. 

b) There are states at which a reaction is in equilibrium. 
These are referred to as the steady-stateS2 . 

c There exist asymptotic or spectral lines which guide 
reaction dynamics. They are referred to as the invariant 
rays, or simply the invariants. 

For the closed systems these states are more often referred to as the equilibrium points. 
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d) The trajectories exhibit parabolic curvatures which determine the system excitability or reactivity. 

These four features are so common in reaction processes that understanding of the 

reaction properties is practically impossible without identifying them. For example it is- 

well known that the parabolic behavior is necessary in chemical and biological systems 
because it provides a condition known as the positive feedback, and without which useful 

reaction behaviors such as growth and aggregation could not be possible. In fact, a desire 

to control these behaviors in a laboratory or industrial setting is what often makes chemical 

and biological processes interesting and challenging. 

1.2. TEMPERATURE CONSIDERATIONS 

By examining the rate equations with only the linear and quadratic terms are only 

present, one rapidly concludes that a dynamics of such reaction scheme is rather 

uneventful. This is best described by the following well known result (Tyson and Light 

1973, Nicholis and Prigogine 1977): 

Theorem 1.2.1: It is impossible to have a limit cycle surrounding an 

unstable node or focus in reaction sequences involving two variable 

intermediates if the reaction steps are only uni- andlor bimolecular. 

The dull dynamic behavior persists even when the number of variable intermediates 

is greater than two (Smale 1976), although the tin-fit cycle behavior may occur for 

dimensions greater than three (Dancs6 and Farkas 1989). In any event, dynan-fic 

responses of chemical systems with unimolecular and bimolecular reaction steps will 

generally fit one of the signatures presented in Figures 1.1.1-4. Hence, the question is 

what can be done to make reaction models more interesting and more realistic. 

The first obvious choice is to increase reaction molecularity by considering 

trimolecular or higher-order molecular interaction. For example, this s demonstrated by 

the trimolecular two variable limit cycle models (Nicholis and Prigogine 1977; Gray and 

Scott 1994; Scott 1994). and by the trimolecular, three variable, oscillatory models 
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(Samardzija and Greller 1988,1992; Samardzija, Greller and Wassen-nan 1989; Gray and 
Scott 1994; Scott 1994; Sarnardzija 1995). Unfortunately, such enrichments of reaction 

sequence are rather unrealistic since the probabilities of higher-order molecular interactions 

are quite low. Therefore, we are forced to look for some other altemative. 
The next possibility is given by relaxing one of the chemical reaction constraints. The 

obvious choice is that the temperature is not constant, implying that reactions are now 
temperature dependent. This is accomplished by slightly modifying Equation ( 1.1.1) so 

that the equation for the energy conservation is included. In general this equation has the 

form 

AT 
= div hVT +1 (-AHJ 

w, (T, x -, x�, ) dt 
x 

where c is the specific heat of the mixture, the first term on the right corresponds to the 

total rate of heat flow across the surface 
1: that surrounds the mixture, h is the heat 
X 

transfer coefficient, AHx the heat of reaction x, and wX depends on temperature in a 

highly nonlinear, usually exponential, fashion through the rate constants, ki. An 

important example of such a reaction model is given by the first-order, exothermic, 

irreversible reaction A->B carried out in a Continuously Stirred Tank Reactor (CSTR). 

The initial analysis of this reaction was reported in the landmark papers by Aris and 

Amundson (1958), and later was refined by Uppal, Ray and Poore (1974). We now 

examine a refined model. 

The CSTR process which allows a fresh feed of pure A to be mixed with a perfect 

undelayed recycle stream with recycle flow rate (1 -X)F is illustrated in Figure 1.2.1, and is 

described by the mass and energy balance equations 

VdCA = 
XFCAf+ ýI 

-X) CA- FCA- VkOEXPý -Eý CA 
d t' RT 

VpC dT = pCpF(kTf+ (I -ký - T) + V(-VH) koExpý Eý CA- hA(T-Tc) pi 71 RT 
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FIGURE 1.2.1.: A CSTR schematic in which pure A is mixed with a 
recycle stream with recycle flow rate F(l- ý, ). 

in which the parameters are defined in Table 1.2.1. By defining the dimensionless Z: ) 

variables as presented in Table 1.2.2, Uppal et al (1974) have shown that the above model 

reduces into the more manageable dimensionless formulation 

dxl 
= -x, + Da (1-xl) Expý X2 ý 

dt 1 +X2/Y 
(1.2.3) 

dX2 
-X2 + BDa (I -x 1) Exp X2 P(X2-X2c) 

- dt 
ýI 

+X-)/'[ 

In this form the CSTR process dynamics can be analyzed in terms of the four 

dimensionless parameters B, Da, P and y. For example, if the dimensionless activation 

energy y>40 then Equation (1.2.3) can further be simplified to the form 

dxl 
= -x, +Da (1 -x, ) Exp(X2) 

dt 

dx2_ 
= -x, -)+BDa(I-x, )Exp(X2)-P(XI-X"c) 

dt 

ity depends only on the in which the Arrhenius' or exponential type nonfinean 

dimensionless temperature x,, (Uppal et al 1974). 
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Unfortunately, from these model descriptions it is not at all obvious how one can 

treat dynamics of the CSTR process as was done in the Lotka-Volterra case. In fact, the 

mathematical expressions in the last three equations do not reveal the presence of any 

quadratic or higher-order terms. To obtain these terms, however. one needs to evaluate 

the Taylor series expansion about the state-space point of interest. If this point is defined 

then for convenience sake we represent it by using the by the coordinates IX]s, X2sl, 4D 

vector notation Xs--'ý[X'S --'4Xls, X2sF in which the superscript t signifies the transpose S 
X2sl 

operation. We also use the notation xsE=- 1ý2 to indicate that this point belongs to the real 

two-dimensional state-space. With this the Taylor series expansion of Equation (1.2.4) 

becomes 
00 

Kx] = Fo[x, ] +I Fk[X-Xsl 1.2.5. a) 
k=l 

where 
ýdxj 

, 
d, X2 t 

dt d 

F[x] = -x, +Da (1 -x, ) Exp(X2) 

-X2 + BDa (1 -x, ) Exp(X2) - 
ß(X2-X2c) 

-, 

Fo[x, ] = ]Rx, ], and 

Fk[X-Xsl `1- 
akF[xll [x - xs] o (k) = k! aXk ix=xs 

Da Exp(X2s) Da (1 -x 1, ) Exp(X2 s) 
Xi - Xis 

for k=I 

-B Da Exp(X2-, ) (BDa(1-xl, )Exp(X2s)-1-ß)- X2-X-s- 

Da(1-xis)Exp(X2s)ý -k k-1 
s) 

k for k> 1 (XI 
-X 1 s) 

(X2-X2s) + (X2-X2 

k! 
ýI ,1 

(1 -xi s) B 
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Table 1.2.1: CSTR parameters. 
A heat transfer area C concentration 
CP specific heat E activation energy 
F volumetric feed rate h heat transfer coefficient 
AH heat of reaction ko reaction rate constant for I st-order reaction A->B 
R universal gas constant t time 
V reaction volume coefficient of recirculation 
P density 

Subscripts 
A species A C cooling medium 
f feed state 

Table 1.2.2: Dimensionless CSTR parameters. 

X, = 
CAf -CA 

conversion 
) 

X2 = 
T- Tf ýE dimensionless 

CAf f Tf RT temperature 

V VEX V 
T= 

FX residence time t- - V 'r 
dimensionless time 

E dimensionless Da - 
kOVe-Y 

= kore-'/ Damkbhler number 
RTf activation energy Fk 

(-AH) 
cAf dimensionless 

Tc- f 
X2c =- dimensionless B=7 

pC Tf adiabatic 
t t ri e Tf cooling temperature P empera ure s 

hA 
- 

hAT dimensionless 
FkpC VPC p heat transfer 

p coeff icient 
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and where the operation [x-x, ]o(k) stands for the power expansion up to and including. 

the degree k of all vector elements within the brackets. Therefore, terms such as (xi - 
)k must be present throughout the expansion, implying that XI s)(X2 - X2S)k- I and (X2 - X2s i 

t: ý 

the derived Taylor series has not clearly unfolded the linear, quadratic or any higher-order 

terms. This is because the bias created by the point xS will in general unfold all the terms 

of the k-th order polynomial, which implies that each Fk[X-Xsl will contain the constant, 

first, second, including up to the k-order terms. However, this can be corrected by 

introducing the coordinate translation -x=x - x,. In the new coordinates the Taylor series 

becomes the power series 

X x+xs] = Fo[x, ] + Fk[W] (1.2.5. b) 
k=1 

where Fo[x, ] = Kx, ] as before, while Fk [V] akF[x] ýx o (k). Hence, by 
k! aXk lx=xs 

translating coordinates to xS we have unfolded exactly all k-th order terms and the power 

series derived, can be viewed as a chemical reaction scheme with higher-order interaction 

sequences. Furthermore, observe that the new coordinates are translated dimensionless 

conversion and temperature and therefore do now allow appearance of both positive and 

negative values of conversion. As a result, the entire state space becomes important. In 

addition, when xs is a steady-state then the requirement Fo[xs 1=0 must be satisfied and 

the last equation reduces to 

o0 

X+ xs] =1 Fk[3j] 

k=I 

in which each 

Fk[v] =I 
akF[x] 

xo (k) 
f I, kOX0 

or 
k! aXk 

X=xs f'-'AýX) 

(1.2.6) 
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XIS 

XI 

I-XI, 
-Bxls 

Fk[Z] 
I-XI, 

-X2- 

- XIS k-l+ Xis- I 
-xl X2 k! X2 ý ý[ II 

(k- 1)! (1 -x I s) 

Observe that for all k> 1 we have that f2, k(X) =Bf1, k(V). 

; for k= I 

; for k>1 . 

Furthermore, note that to 

evaluate the power series terms in the form presented the equilibrium condition Fo[xs]=O, 

or 

x 1, = Dý I -x ij Exp(X2s) 

(I 
-P)X2s = BDý I -x is) Exp(X2s) + PX2c 

must be applied. 

We demonstrate this unfolding procedure by considering the following CSTR 

process parameters; B=7.06, Da=O. 1322,0=0.74, and X2c=o. The simulation of 

Equation (1.2.4) is illustrated in Figure 1.2.2, which, as discussed by Uppal et al (1974), 

depicts a stable lirrýt cycle surrounding an unstable focus given by the steady-state solution 

xl=0.632312 and X2=2.565591. Now, by defining the translated coordinates 

xl=xl - 0.632312 and 
ýX2=X2 

- 2.565591 

one can evaluate the power series representation at the steady-state, or Equation (1.2.6), 

for which 

1a kF 

k[71 
[XI 

xo (k) 
k! aXk 

X--2xs 

-2.719697 0.632312 X I] for k=1 

-12.14106 2.724122 X2 

-0.632312 k-I 0.632312ý ký 
(k-l)! (1-0.632312) X1 X2 + 

k! X2 
17.1061 for k> I 

If we now consider only the first-order (k=1) approximation of the original CSTR model, 

then it is easy to show that the state-space trajectories of the linearized system form an 

unstable focus. As a result, the linearized system captures quite accurately the true process 
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dynamics inside the limit cycle region. However, the dynamics outside the limit cycle 

region in Figure 1.2.1 are not well described. To increase the accuracy of the 

approximating system we add the quadratic (k=2) term. By doing so we have created a 

structure similar to the uni- and bimolecular reaction scheme. Consequently, Theorem 

1.2.1 indicates that the new approximation is still insufficient to capture the true CSTR 

dynamics accurately. Therefore, we are forced to include an analog of the trimolecular 

step, or the k=3 term. For the new process approximation a stable limit cycle is formed, 

as illustrated in Figure 1.2.3. In fact, one can say that the 3-order approximation captures 

all essential dynamic features found in the original CSTR model. This is clearly illustrated 

in Figures 1.2.4. a) and b), where again the parabolic nature of the trajectories is 

observed. 

We conclude this section by remarking that there exist other series type 

representations of nonlinear systems. In particular of significant importance is the Volterra 

series (Isidori 1989), and needs to be mentioned since it is not going to be treated in the 

thesis. 

1.3. SCOPE OF THESIS 

The order unfolding example clearly demonstrates that each F x] term contains klý 

properties which influence the CSTR dynamics. Therefore, it is reasonable to expect that 

klý] terms for 0! ýk<oo must reveal the entire CSTR behavior and the properties of all Fx 

complexity. This is not only true for the CSTR model considered but also for any ODE 

model, independent of the fact whether it models a physical, chemical or biological 

kXI terms, reality. Consequently, a theory which examines the general properties of F [- 

from now on referred to as the homogenous or k-form theory, is important and is 

presented in the next three chapters. 

Chapter 2 begins by examining the general algebraic structure and properties of the 

homogeneous forms. Well known linear system concepts such as the characteristic 

equation, eigenvalues and eigenvectors are thgen extended into a nonlinear homogeneous 

domain. The nonlinear eigenmodes and the homogeneous eigenspectra are also defined. 
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These results are used in Chapter 3 to examine the stability of the homogenous systems. 

Here, we analyze and relate different forms of stability to properties of the homogeneous 

spectra. Chapter 4 applies algebraic and qualitative results to study control of the 

homogeneous systems. It is demonstrated that a homogeneous process is state controllable 

as long as control addresses all process eigenmodes. The study of homogeneous systems 

is concluded by showing that the state controllable homogeneous process is stabilizable in 

the same fashion as is a controllable linear process. 

In Chapter 5 the proposed homogeneous or k-form. theory is extended to study 

properties of heterogeneous systems. It is demonstrated how homogeneous eigenspectra 

blend into manifolds of the polynomial processes. This is illustrated by examining the 

exothermic CSTR manifold topology and dynamics. We also confirm that the complexity 

and behavior of such dynamics is globally and locally determined by the properties of 

homogeneous spectra. These results are further verified for the spectra of three industrial 

CSTR processes. 

The theory and results derived are used in Chapter 6 to analyze the two-dimensional 

heterogeneous process controllability and stabilization. In particular we present a detailed 

study of an exothermic CSTR control problem. Several nonlinear and linear control 

strategies which regulate an unstable CSTR operating point are proposed and examined. In 

addition, the feasibility of each control strategy is evaluated and the results obtained 

compared. Based on this analysis, we show that the control speed is an important design 

parameter which is directly related to the process nonlinear structure, and as such 

significantly influences the practicality of a control strategy. Chapter 7 shows how the 

two-dimensional control analysis can be extended into the multivariable domain and is 

illustrated by reference to the regulation of a three-dimensional homogeneous vinyl 

polymerization model. 

The important conclusions in this thesis and a discussion on future directions of the 

presented research are given in Chapter 8. Moreover, to make the new results and 

contributions to the theory of nonlinear analysis and control clear most chapters are 

concluded bv a table which summarizes the topics covered. 
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CHAPTER 2- K-FORM SYSTEMS AND THEIR 
SPECTRA 

Before we begin it is noted that all algebraic solutions of various nonlinear 

equations reported in the thesis are computed by using Mathematica@. Similarly, A 

dynamic state-space and time simulations were achieved by using either the CONSYD 

simulation program developed at the University of Wisconsin - Madison and the California 

Institute of Technology, or by implementing a conventional FORTRAN ODE solver. 

There was no need to develop any customized software programs for computational 

purposes discussed in this thesis. 

2.1. K-FORMS 

Let x=[x 1, X2, ---, x,,, ]tc Rm, be a m-dimensional vector. A polynomial of the 

form cx 
PI x 

P2 
xP- is called a monomial in X1, X2, ---, Xm, where each pi is an integer and 12M M 

c is a coefficient. A monomial is said to be of degree k, where k pi, and is real 

when cE=- R. Furthermore, a scalar polynomial which is a sum of monomials each of 

degree k, is homogeneous of degree k. It is also referred to as the k-form. in m variables, 

and is abbreviated by fk(x). For example, the standard linear, quadratic and cubic forms 
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are respectively homogeneous polynomials of degree 1,2 and 3. It can be shown that any 

scalar k-form contains up to pk,,,, =(k+m-l)! /[k! (m-l)! ] monomial terms, whichrepresents 

the combinatorial number of m-states taken k at a time. 

Now let 

= 
[Xk, 

Xk- I X, Xk-1, Xk,..., Xk]t Zk(X) II X2, ---, m2M, 

(where entries are ordered lexicographically) be the Pk,,,, -dimensional vector given by all 

possible monomial terms of degree k, and let ccoee--Ici, C2, ---, CPk, 
m 
]t be the vector 

defined by the corresponding monomial coefficients. Then any k-form can be represented 

as 

fk(X) 
-"" Ccoee Zk(X) '"': Zk(X)t Ccoef - (2.1.1) 

fk(x) is real when CcoefF: JýPk, m. As defined Zk(X) represents the k-form vector 

representation of x, and is such that zI (x)=x. 

The following are ftindamental k-form properties: 

homogeneous property fk(rx) = rkf k(x), (2.1.2) 

where r is an arbitrary scalar multiplier, and 

Euler's theorem 
afk(X) 

x= kfk(x) 
(2.1.3) 

ax 

These results are now generalized to define the real k-form vector operator 

Fkfxl: iým -ý,, -Iým, where 

t c1 coef 

X1 2-- 1 fk, 1 (X), fk, 2 (X), 
---, 

fk, 
m 

(X) 1t ZVX) , 

L Crn coef -JMXPk, m 

Fk[rx] = rkFk[Xl , 
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and aFk(X) 

ýx x= kFk(X) 

For example, F1 [x] is a real form of degree one written as A x, where A is a mxm real 

matrix. Any vector k-form. can have up to (M)X(Pk, m) coefficients. In addition, every 

Fk1X1 form given in the power series expansion defined in Equation (1.2.6) is expressed 

as 

Fk[XI --= 
1 akF[x]l 

xo (k) =1 CMXPk, 
m 

Zk(X) , with k! aXk lx=xs k! 

dk fl(x) dk fl(x) dkf I(x ) 

d xkl dxVdX2 d xk,,, 

dk f2(X d kf 
2( X dk f2(X 

d xkl dxkl-'dX2 dxkm 
CMXPkIM 

A4 x d kf 
T4 X dkf, 4x) 

0 dxVdX2 dxk. 

100 

0k0 

k(k- 1) 
2 

X=xs 
I 

where F[x]=[f I (x), f2(x),..., f,,, (x)]t is a differentiable vector function with differentiation 

ordered lexicographically, and the left-most (Pk, niXPk,,, 
) square matrix accounts for 

coefficients given by the binomial theorem. For k=1 this matrix is the usual Jacobian 

matrix. 

Finally when a process of interest can be described by the following ODE, 

i= FkIXI 
, 

(2.1.8) 

we will refer to the process as a real autonomous, continuous in time and homogeneous of 

degree k. Here the notation i-= d' represents the time derivative of process variables or 
dt 

states defined by x, and Fk1X1 is a real k-form. A homogeneous process is forced or 

controlled if it is of the form 

i= Fk IX I+ B[[x]]u 
, 

where uc: Iýn is a piecewise continuous control or forcing function and 
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q 

B[[xl] =I Bj[[xl] for 0:! ýq:! ýk 
j=o 

is a mxn control matrix in which the entries are real polynomial functions of maximal 

degree q. Observe that B[[x]] can be expressed as the sum of the mxn real k-forin 

matrices Bj[[x]]= [Bj,, [x],. - -, Bj, ýx] ], j=l,..., q. When q=O, B[[x]] is the usual real 

constant coefficient mxn matrix B. Hereafter, all k-form systems considered will be real. 

2.2. K-FORM SPECTRA 

There are a number of studies addressing the qualitative behavior of homogeneous 

processes. Coleman (1963,1970,1984) has used a technique based on the type number 

concept to study the autonomous or zero-input case. He shows that these systems have the 

trivial steady-state point which, depending on the sign of the type numbers, may be 

globally stable or unstable. Coleman has proved that the trivial steady-state is 

asymptotically stable when type numbers, which are analogs of eigenvalues, are all 

negative. This is an important result since for homogeneous processes it implies global 

asymptotic stability, or asymptotic stability in the large. The theory of homogeneous 

processes has also benefited from algebraic interpretations. Markus (1960) applied non- 

associative algebras to evaluate invariants present in a quadratic homogeneous system. He 

has classified these invariants as idempotents and nilpotents. Markus also shows that these 

invariants determine principal qualitative features of a quadratic process. Furthermore, by 

applying non-associative algebras R6hrl (1977) has proved an important theorem that in 

essence determines the invariant structure of homogeneous systems. Other important 

contributions in the theory of homogeneous processes are given by Liaghina (1951), 

Vulpe and Sibirskii (1977), Newton (1978), Kaplan and Yorke (1979), Date (1979), 

and Oka (1980,1981), and more recently by Koditschek and Nerendra (1982), 

Dayawansa et A (1990) and Dayawansa (1992). 

By examining the literature cited it becomes quite evident that the global behavior of 

homogeneous processes is related to the properties of certain invariant state-space 

trajectories. It will be demonstrated that these trajectories are algebraically related to the 
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quantities known from the linear systems theory as the eigenvalues and eigenvectors. 

Hence, for any homogeneous process there exists a natural extension of the linear 

eigenspectra which defines the k-form. or homogeneous eigenspectra. As a result, the 

following question emerges: Is it possible to address the stability and control properties of 

an autonomous homogeneous process in the same fashion as for the autonomous linear 

systems? To find the answer it is first necessary to define the homogenous or k-fon-n 

eigenspectrum, and to evaluate its properties. 

A way to define the homogeneous spectrum is through algebraic geometry 

interpretations of the projection equation (Samardzija 1983,1995). This is accomplished 

as follows: For any nonzero component xi in x, henceforth referred to as the projection 

state or variable, we derive the projection vector v=(I/xi)x. Thus, x=xiv which implies 

that the autonomous process in Equation (2.1.8) can be written in the projected form as 

-ý = 
[Fk[VI 

- fk, i(V)VI XýFl, (2.2.1) 

where v=[vl, V2, --, Vi-1,1, Vi+l, --, Vrnlt, with each v, =x i 
/x 

11 
j=l,.., m. This is the 

projection equation. An important property of this equation is that all singular solutions, 

including the complex ones, are given by the characteristic equation 

Fk[VI - ý, V "0, (2.2.2) 

where 
k 

---: 
fk, i(V) 

. (2.2.3) 

These solutions form the homogeneous spectra. 

The solutions of the characteristic equation are quantities X and v respectively 

known as the eigenvalues and eigenvectors. All eigenvector solutions detenyiine the 

eigenvector set 

v 
-1 -I-'ýk 

I 'ýM I--': (al I vE, -, Em 
, s. t. Fklvl - fk, i(v)v " -(I 0; V 'E: 

--, 
M) 11 

where can be either R or C' 
. This set defines the geometric eigenspectrum. 

Similarly, the eigenvalue set 
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Jý -L- 1- 
-1 

kf all ke s. t. k= fk, i(v) for each vE=- -'ýkf -M)). 

defines the algebraic eigenspectrum - 
The eigenvalues in Jý kf -" 

I are Ii sted in the order 

which corresponds to the order of associated eigenvectors in I -L- 
'ýkf "m)- If for a particular 

projection state the resulting characteristic equation exhibits roots at infinity then these 

solutions will not explicitly appear. The roots at infinity imply that the selected projection 

state is zero, which violates the starting requirement used in deriving the projection 

equation. However, one can still evaluate such solutions by rederiving the characteristic 

equation for a different projection state. This formulation is implied in spectral definitions. 

Any eigenvector v E, satisfies the characteristic equation with a m 

multiplicity (Y. From the relation in Equation (2.2.3) it is clear that the eigenvector 

multiplicity implies the identical multiplicity of the corresponding eigenvalue. The notation 

v((, ) is used when v has a multiplicity a> 1. Also, the corresponding eigenvalue is written 

as k((, ). The subscript is omitted when (7=1, and the corresponding eigen-pair is referred 

to as being simple. In addition, for lack of a better terminology we shall refer to 

,ýkmI as either nilpotent or idempotent (Markus 1960). It is nilpotent when the VG -1 

-'ý kI'mI contai ns nilpotent corresponding X=0- Otherwise, it is idempotent. When 1ý1 I 

eigenvectors the homogeneous process is also said to be singular. Otherwise it is 

nonsingular. Observe that a nilpotent eigenvector in general may be complex. However, 

for k=1 it can only be real. All of these properties are easily verified for the linear case. 

Example 2.2.1 To demonstrate the above ideas we consider the CSTR power 

series expansion given in Equation (1.2.6). For simplicity, and whenever there is no 

ambiguity, we write x for the translation variable V. Therefore, for k=1 the eigenspectra 

are given by the characteristic solutions of the Jacobian matrix defined in Equation ( 1.2.6). 

For k> 1, however, we first arbitrarily select X2 to be the projection state. With this choice 

a projection vector v=[vi, I]t is derived, and for each FJXI we evaluate the characteristic 

equation 
f IAV) -VI f2, k(V) : -- 0, 

or 
f IAV) -vIBf IAV) --: 

0, 
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implying 
fl, k(V)(1-v, B)= 

-v, 
)=O, 

with 

ýB 

f2, k(v) =Bfl, k(v) =B Xis 
- V, +ý-Is ý(k-1)! 

(I-xis) k! 
ý* 

One can easily verify that the solutions are v1=l/B and vl=(I-xl, )/k. If the projection state 

x, is selected the projection vector v-=[l, V2F is obtained and the resulting characteristic 

equation is 
f2, k(V) - V2 f IMV) ---: 

or 
X(B-V2) ý 

with 
k-I Xis I V2 +S V2 ý(k-1)! 

(I-xis) k! 

The new solutions are v,, =B, V2=k/(I-xl, ), and V2=0 with multiplicity k-l. Thus, the 

first two solutions are inverses of the solutions for v 1, while the third seemingly appears 

from nowhere. The reason for this is that the inverse Of V2=0 does not exist, which is 

interpreted as the projection at infinity. Consequently, by using the derived results the 

following eigenspectra are found: 

1ý d jý2) ký: 2 and 0 B 
[k/(l 

x1s)l 
111 

(k- 1) 

AT B- k00 (k-1) k>-2 kM k! (1-xjs)ý 

The last two eigenvectors are nilpotent, while the first is idempotent and is responsible for 

the rich nonlinear CSTR behavior. Incidentally, this eigenvector determines a state-space 

direction that depends on the dimensionless adiabatic temperature rise B. In Figures 

1.2.3. a) and b) this direction is indicated by the straight line segments along the parabolic 

solutions above the limit cycle. The slopes of these parabolic straight line segments are 

defined by the value of B. We shall continue to explore properties of the CSTR dynamics 

in terms of the higher-order spectra in Chapter 5. 

The cardinality of spectral sets, -E I is also an important I-lv-', kt 'm 11 and 141 'ýK 

issue. Obviously, the number of eigenvalues in an algebraic eigenspectrum must be the 
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same as the number of eigenvectors in the corresponding geometric eigenspectrum. As a 
result the spectral cardinality is determined by the cardinality of the geometric 

eigenspectrum. This number, however, does not take into account multiplicities of the 
spectral elements. For this reason, when Ik1 1- 1 "ImIl is finite we introduce the number 

Sk, m which accounts for all solutions that satisfy Equation (2.2.2), including 

multiplicities, and call it the characteristic number or eigen-number. 

Theorem 2.2.1 (Fundamental Spectral Theorem): An autonomous homogeneous 

process has a cardinality I 
_Lý I ite -41 
"'mll which is either finite or infinite. When it is fini 

where kf 'ý'MllýýSk, 
m 

M-1 m when k= I 
Sk, m =I ki =1 (2.2.4) 

i=O km- I when k> 1 
ýk- 

I 

When Iz 
-K I- 41 r mll exceeds the eigen-number value, 1-1"ýkf "'mll must be infinite. 

Proof: First consider the case k= 1. The characteristic equation, Equation (2.2.2), 

is now reduced to the well known expression [A - kl]v=O, where A is as defined earlier 

and I is the corresponding identity matrix. The result therefore follows from well known 

linear algebra arguments. 

The case of interest is when k>1. We prove this case by substituting the original 

process variables back into Equation (2.2.2). That is, use the relation v=(I/xi)x, so that 

the characteristic equation now becomes 

Fk[XI -0X --'ý 
0, (2.2.5) 

with O=XX, k-1. Since x is assumed to be of dimension m then, for any given 0, the 

characteristic equation has ni polynomial equations in rn process variables, where each 

equation is of degree k. Therefore this algebraic structure implies that there are km 

common solutions, including multiplicities, or there exists an invariant subspace in which 

infinitely many solutions are present. Clearly when infinitely many solutions exist 

I-Xkflým)l must also be infinite. 
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To prove the finite result we first observe that the solution x=O is always present. 
This is the trivial solution which is not included in the eigenspectra and as such must be 

subtracted from the total number, implying the term km - 1. However, this has been 

derived for the homogeneous process variables rather than the projection variables which 
determine the eigen solutions in 

-I' kI m I. Hence, to obtain the number of characteristic 

solutions in terms of the projection variables, one needs once again to make the 

substitution x=xiv in Equation (2.2.5) giving 

X, k-IFk[VI 
-0V -": 

0- (2.2.6) 

Now, since vi= 1 the i-th equation in this expression is 

X, k- 1 fk� (V) -0= (2.2.7) 

Thus, for k>1 and 0#0, each eigenvector v determines k-1 nonzero solutions of xi. 

Consequently for each v there must be precisely k-1 equivalent solutions in terms of the 

homogeneous process coordinate x. 

When 0=0, Equation (2.2.7) becomes 

X, k-lfk,, (V) -0=X, 
k-lfk,, (V) -0=X, 

k-lfk,, (V) 
-r0=0 (2.2.8) 

and one solution is xj=O, which is not permissible. To find solutions which are 

admissible the following argument is needed: Since 0=0 the eigenvector v is nilpotent, 

and fk, i(v)=O. This implies that Equation (2.2.8) becomes (X, k-I - r) 0=0. Now, without 

loss of generality let r= I and the solutions for xi are then the k- 1 roots of unity. Thus, by 

eliminating all equivalent solutions the eigen-number in all instances becomes (km - 1)/(k- 1). 

Therefore, a homogeneous spectrum with finite spectral cardinality must satisfy the 

condition I -E -,; 
Kkt ' M)': ýý Sk, m- 

ROM (1977) originally observed this result for nonsingular homogeneous systems 

with finite spectral cardinality for which all eigen solutions are simple. Hence, he 

deserves much of the credit for an early insight into the spectral structure. 
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Corollary 2.2.1 Pk, m:: ýSk, m- The k-form. vector dimension is equal to the 

characteristic number only when rn-<2 or k= I- 

Pro of. - For k=l, pl,,, =sl, m=m. When m=I, Pk, ]=Sk, l='- Stryfilarly, for m=2, 

P2, ni =S2, rn=M+I. However, when m>2, Sk, m grows by geometric progression as m 

increases. Hence, Sk, m is always an upper bound for the growth of Pk,, n- * 

For linear processes Corollary 2.2.1 implies that X 1- I'm I contains, at most, m 

eigenvectors when is finite. It has exactly in eigenvectors when each is simple, 

or Ie'ý II -K mI I=m. Furthermore, it is also known that in this instance eigenvectors are 

linearly independent and span the entire vector space. Consequently, they form a complete 

m-dimensional linear basis. However, when the cardinality is finite and all eigenvectors 

are not simple, then L'ý II -E mI km. This implies that there are less than in linearly 

independent eigenvectors and they no longer form a complete m-dimensional linear basis. 

In this case, one often completes such basis by computing generalized eigenvectors. In 

any event, when the spectral cardinality is finite all eigenvectors are linearly independent. 

Conversely, when 1., 'ý , J'Km II is infinite, at most m eigenvectors are linearly independent 

and the remaining are linearly related. This occurs when the linear system has an invariant 

subspace in which all points satisfy the characteristic equation. In this event it can be 

shown that eigenvectors which span such a subspace must all have identical eigenvalues. 

As a result, the invariant subspace is called trivial. Therefore, when the linear process 

contains a trivial subspace it must have non-distinct eigenvalues. 

Analogous geometric spectrum properties and explanations exist for k>l. To see 

this, we start again with the case in which the spectral cardinality is finite and all 

kI'mI can be expressed as the Pk, eigenvectors, are simple. Each eigenvector VC -E 

dimensional, k-form vector Zk(v). Then, since I one has exactly Sk,,,, -41 
M)"': --Sk, 

vectors Zk(V), Moreover, from Corollary 2.2.1 it follows that Pk, ", of them, i. e., 

Zk(VI), Zk(V2), ---, Zk(VPk. 
m)' 

can always be selected. 

Re nition 2.2.1 ) form a k-form basis if all are linearly f-lý Zk(VI), Zk(V2), ---, Zk(VPk, 
m 

independent. In this case V1, V2, ---, VPk, 
m are said to be algebraically independent and to 

form the algebraic basis 30-K m)--: Iv,, v-,. --.. v Pk, m 
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As a result, the quantity Pk, rn is also be referred to as the algebraic degree which 

similarly implies the degrees of freedom. Observe that for k=l, a linear basis is the 
algebraic basis, as well as the 1 -form basis. All three bases are equivalent in meaning and 
presentation. This no longer holds when k>1, and the following result exists. 

Corollary 2.2.2 A homogeneous system with the finite spectral cardinality can allow 

at most (Sk, m-Pk, m) algebraically dependent eigenvectors. If the number of algebraically 
dependent eigenvectors exceeds this value a trivial subspace exists, and 1'ý T- 1s k1 M 

infinite. 

Prq oj., Recall that the spectral set of finite size has 1'ýý kI -I- 
MP ýý S k, rn , and an 

algebraic degree Pk, m. 
Then for k=l, Corollary 2.2.1 implies that a linear process cannot 

have algebraically (linearly) dependent eigenvectors. If one such eigenvector exists, the 

spectral cardinality must be infinite due to presence of the trivial subspace. The same is 

true for homogeneous processes with k>1 and dimension m-<2. For k>I and m>2, 

however, the algebraically dependent eigenvectors appear in spectral sets with finite 

cardinalities. According to Theorem 2.2.1 and Corollary 2.2.1 at most (Sk, 
m-Pkm) 

algebraically dependent eigenvectors are allowed. When this number is exceeded a trivial 

subspace must appear. 

Finally, in the case when the geometric spectra has less than Pk,, n algebraically 

independent eigenvectors, the algebraic basis is incomplete and no algebraically dependent 

eigenvectors are present. Moreover, eigenvectors with multiplicities two or higher must 

be present in order to satisfy the characteristic number, and the algebraic basis is 

completed by computing generalized eigenvectors. This is discussed in a greater detail in 

the next section. * 

Remark: Note, Corollaries 2.2.1 and 2.2.2 extend the notions of linear independence 

and dependence, and linear basis into the non-associative k-form algebras. 

it is quite important to make the distinction between algebraically dependent 

eigenvectors occurring in trivial subspaces and the ones occurring as a consequence of the 

eigen-number. The former ones are said to be trivial, while the latter are generic. Hence, 
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depending on the spectral multiplicities, a real homogeneous process of degree k> I and 
dimension m>2 may allow generic algebraically dependent eigenvectors. These can be real 

or complex. However, the trivial algebraically dependent eigenvectors of a real 
homogeneous process can only be real (Samardzija 1983). 

2.3. LINEAR TRANSFORMATIONS AND CANONICAL FORMS 

Linear transformations of the k-form structures provide an important algebraic 
technique which is useful for studying stability and control properties. By applying this 

technique we are able to perform scaling and rotation of the process trajectories in a manner 

which most clearly reveals a spectral structure. Basically, this is an extension of the linear 

transformation methods used in linear systems theory. 

Let T be a mxm nonsingular matrix Then for any x, yc: Rm, the linear 

transformation 

Ty 

transforms the original system in Equation (2.1.12) into 

(2.3.1) 

ý= T-1 Fk[Ty] (2.3.2) 

where T- I is the inverse of T. It is easy to verify that any linear transformation leaves the 

degree k of a homogeneous process invariant. The transformation, however, has the 

following effects on process spectra. 

Theorem 2.3.1 Let t 
-K kt -I' 

ýmb Yýkf '1ý11 and 
I Ykt-'[ 1ý1 MI, I 90 1 be the 

respective spectral sets of the processes in Equations (2.1.12) and (2.3.2). Then, 

T-1 L Km J= -1 kl m), and 90 1= Akl ' )- 

Em) and OE 90 be the eigen solutions for the system in Pro q Let wcz 4f 

Equation (2.3.2). Then the characteristic equation implies 

T-'Fk[Tw] -0w=0, (2.3.3) 

or that 
Fk[Tw] -0 Tw = 0. (2.3.4) 
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Furthermore, since v=Tw then 

Fk[VI -0V ý'- 0- (2.3.5) 

This is the characteristic solution for the original system, which implies that v (=- "ý 
-I- k( "'m) 

and O=X. * 

This result shows that any linear transformation of a k-form. system leaves the 

eigenvalue set invariant while the eigenvectors are multiplied by the transformation inverse. 

For certain linear transformations, the state-space location of eigenvectors is of particular 

interest. 

Vm ý-: IKm) be linearly independent with respective Corollary 2.3.1 Let v "41 
_1\ 

eigenvalues 41 Then the linear transformation T= [v I, - - -, v m], takes 

the original system into the form 

y= T-1 Fk[Ty] =D yk + Hk[Y] (2.3.6) 

where yk= [yk,..., yk] t, HJYI is a m-dimensional k-form composed only of the cross- IM 

coupled terms, and 

0 

km mxm 

"' mI is given by the Pro of. - From Theorem 2.3.1 it follows that each wc 41 
-Lý 

relation Vv, where VIEý-141-K standard basis vectors ei=T- I vi, ' m). This implies that the 

'm Furthermore, the eigenvalues corresponding to must belong to YOE 

these vectors are 2ýrnE 1ý _K The rest of the proof follows from recognizing that kI ' )- 

for each ej the cross-coupling term Hk[ei] is zero and e, k=ei. 

The transformation presented will henceforth be referred to as the canonical 

transfonwtion . Clearly every homogeneous process which has rn. linearly Independent 
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eigenvectors can be transformed into the canonical form. However, what if a geometric 

eigenspectrum has less than m linearly dependent eigenvectors? Then, according to 

Theorem 2.2.1, to satisfy the eigen-number requirement eigenvectors of multiplicity 

greater than one must be present. Such eigenvectors are then used to compute the 

generalized eigenvectors which complete the m-dimensional linear basis. This is 

accomplished as follows. Let (5>1 be the multiplicity Of V'E then we form the -'ý km1, 

recursive relations 
Fk[VI - 

XV 
--= 

0 

Fk[Vg, 11 - 
XVg, I=V 

Fk[Vg, 
(5-11 - 

XVg, 
(Y-l = Vg, (Y-2 

where vg,,,..., vg,,,, -, are generalized eigenvectors of v 

(2.3.7) 

Observe that in the case when 

1- iý kI "' MI is incomplete, the same generalized eigenvectors are used to complete the 

algebraic basis, i. e., see the proof of Corollary 2.2.2. 

41 ' ml, with q<m, be linearly Corollary 2.3.2 Let Vl, ---, Vq2-1 -K 

such that the sum of eigenvector multiplicities is ý! m. Then there exists a linear 

transformation T such that the transformed system has D in the Jordan canonical fon-n. 

Proof. This follows from arguments in Corollary 2.3.1, together with Equation 

(2.3.7). Alternatively, for a more rigorous proof, let Vq be of multiplicity (Tý! (m-q). 

Then by using Equation (2.1.4) one can write the characteristic equation as 

t CI coef 

ct m coef -MXPk, m 

and Equation (2.3.7) as 

t cI coef 

t Cm coef -jMXpk, ni 

Zk(VJ ý /XiVi , for i= I,. - 

Zk(Vg, j)--=kqVg, j+Vg, j-1, forj=q+l,..., m with v -v g, q- q 

(2.3.8) 

(2.3.9) 



33 

where Vg, q+], ---, vg, m are the generalized eigenvectors which complete a linear basis. In 

matrix form, these expressions reduce to 

t CI coef 
[Zk(VI), 

' Zk(Vq), Zk(Vg, q+]), - Zk(Vg, m)] =TJ (2.3.10) 

ct -m coef -MXPk, m 

where J is the Jordan matrix defined as 

0 0 0 0 

k 1 0 ... 0 
q 

0 kq I ... 0 

0 0 0 ... 
kq 

and T= [v I,. - -, Vq, Vg, q+ ], * - -, v g,,,, 
] 

. 
This implies that 

t CI Coef 

J =T-1 

Ct -m coef -MXPk, m 

which is the same as 

[Z k(V 1), * * ', Z k(Vq), Z k(Vg, q+l), ' * ', Z k(Vg, m)] , 

T- 1 [Fk[V 11, " - -, F k[Vq], F k[Vg, q+ll, * - -, F k[Vq, mll 

or after using Theorem 2.3.1 

J=T-1 [Fk[Tel], --., Fk[Teq], Fk[Teq+ll, '. -, Fk[Ten, ]] 

By bringing the inverse inside the matrix, we have 

J=[T-lFk[Tel],.. -, T-lFk[Teq], T-lFk[Teq, ]], -.., T-'Fk[Te,,, ]] , 

or from Equation (2.3.6) 

(2.3.12) 

(2.3.13) 

(2.3.14) 

=[De k+Hje I], - - -, Dek+Hk[eq], De k j+Hýeq+11, - - -, Dek +Hje�, ] 
1q q+ (2.3.15) 
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Finally, by observing that Hk[ei] =0 and e, k=ei for all the last expression 

reducesto 

[D e I, - ., Deq, Deq+ I. --, De,,, ] =D [e I, - -, e,,,, ] = D. # (2.3.16) 

For k= 1, Equation (2.3.10) reduces to the well known transformation used in the 

linear systems theory, AT=TJ. However, for k>1 the expression on the left is modified 

by the k-form vector representation, while the expression on the right remains the same. 

We now demonstrate Corollary 2.3.1. 

Example 2.3.1 Consider the 3-dimensional cubic process 

k, -4X3 - X3 +XI X2 123 

2X3+ 6x, X2 + 4X3 2 
122+ X2X3 

X3 X3 + RIX2 + 2X3 133 

which has the following spectra 

31 
310 -1 and A31 il 2, -2(12))- 

I --I - (I 

j 

(2.3.17) 

Thus, there are two eigen components where one is of multiplicity 12. This implies that 

the eigen-number requirement is satisfied since S 3,3 ý 13. Hence, the only canonical forin 

possible is that of the Jordan type. This is accomplished by considering the transformation 

T01 
-0.8864058 

0 -1 -0.1135941 
1 -1 -0.1279188 

where the third column is the generalized eigenvector computed by using Equation (2.3.7). 

Now by applying the transformation x=Ty, we obtain the Jordan canonical forrn 

2y2 I Y2 - 2y I y2 - 3.2988116y2 2 IY3 + 5.5742725ylY2Y3 + 

yl 200 Y3 3y2 Y3 + 0.7457809yly2 + 0.7245391Y2Y 2 
23 

+ y2 y2 Y20 -2 1y3 Y2 2yly2 - 0.2558376ylY2Y3 + 8.5742725y2 Y3 - 2Y2 
2122 

_y2 - 0.2558376yly2 + 8.574272v2y-j 00 -2 2y I Y2Y3 - 2y2 ý3- 
_y3 IY3 Y3 323 
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which has the eigenspectra 

I Jýl 
ý 

and A2, -2(12)). 3 

(12) 

ý 

2.4. HOMOGENEOUS INVARIANTS, NILPOTENTS AND 
HOMOGENIZATION 

Spectral solutions produce other useful results. By applying the homogeneous 

property (see Equations (2.1.2) and (2.1.5)), one creates an equivalence relation which 

generates the spectral extension (Samardzija 1993) that has already been identified as the 

collinear equivalence in the proof of Theorem 3.1. Under this extension, all solutions of 

the characteristic equation create spectral lines or rays in '-m, i. e., x=xiv is the equation 

of line parametrized by the projection state xi. Furthermore, the homogeneous property in 

Equation (2.1.2) implies that along any such line, eigenvalues scale according to the 

scaling relationship 

ýXxi) 
--= 

fk, i(XiV) --= 
fk, i(v)xi k-I = ý, X, k-l. (2.4.1) 

As a result, one can show that any real eigenvector vE Rm creates a real ray which 

supports the characteristic solution 

xi,, Exp(X(t-t,, ))V; for k=1 

X(t) = (2.4.2) 

Xio V; for k> I 
[1- (k- I Xt_to)X(Xio )] I /(k- 1) 

where xi. is the projection state at t=to. Note, that for k>1 the denominator expression 

accounts for the spectral scaling of an eigenvalue corresponding to v. Consequently. 

these solutions determine invariant rays identical to the invariants studied by Markus. He 

calls such invariants nilpotent when ý, -O, otherwise they are idempotents. Moreover, this 

formulation allows eigenvalues to be identified as the type numbers studied by Coleman. 

We also say that the real ray solutions define real eigenmodes. For instance, the 
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spectral sets for the rate equations defined in Equations (1.1.2) and (1.1.3) are, using 
Equation (1.1.2) 

ý, (lý 2) 
= 

kl/(k12-kl» 
01 

2 

(-ki ; 42 

and Equation (1.1.3) 

0 
2 L= ; L' 

9ýI 
kj k2 -, 

+2k2 I 1ý+ 
ý2 

2k2 k 11 2k2 ki 

A2(R) = (-2ki ; -2ki ; -2k2 )- 

All eigen solutions define real eigenmodes which determine the invariant lines depicted in 

Figures 1.1.1 and 1.1.2. Note that the invariants corresponding to the negative coordinate 

values have been ignored. This is because the concentration dynamics must be positive at 

all times. As a result in Figure 1.1.1, where kI >k2, the first component of the linear 

eigenspectra is not shown. Similarly, the second component L' in the quadratic 

eigenspectra is not present in Figure 1.1.2 because 

-2k2 ýo 
+2k kj +- for all kI, k2: ý"o- 

By using the same arguments, one concludes that complex eigenvectors determine 

rays in, (-'m which support the complex characteristic solutions, or complex eigenmodes. 

However, for k> I the general explicit form of these solutions is presently not known and 

we can only infer of invariance by studying vector field flows in Rm. In certain instances, 

which are discussed in the section on stability, the complex spectra are clearly identified as 

being responsible for formation of the invariant structures such as periodic orbits and stable 

or unstable foci. Consequently the invariant structures obtained from homogeneous 

spectra are qualitatively similar to the invariants present in the linear systems. 

An important property of all invariant sets derived from the spectral solutions is 

that the points must satisfy the homogeneous property given by Equation (2.1.5). For thi". 

reason, we refer to such invariants as being homogeneous. These, however, are not the 
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only invariants that are possible in a homogeneous system. For example, there exist 
homogeneous processes which have limit cycles or chaotic behaviors. Howe-ver, the 
points on these invariant structures do not satisfy Equation (2.1.5) and so are not 
accounted for in the homogeneous eigenspectra. To demonstrate how these ca. "'C-s occur, 
we consider the following general expression 

fk, 1 (X) 
XI 

fk, 4X) 
Xr =F k[XI ý-- 

i kr +1 0 

km 
0 

where variables xr+], ---, xm (referred to as the homogenization variables) have constant 

solutions for all times. Thus, by assigning desired solutions to these variables, a 
homogenized process can further be reduced to its minimal reah, -. ation in variables x ,.. -, 
xr, or 

X1 fk, I 

Xr fk, 
(2.4.4) 

where V= [x I, - -, Xr, Cr+l, - - -, c,,, ] I with ci representing a constant solution for xi, I=r+ 1, 

.., m, and P[i] is the corresponding minimal realization of FJXI. Therefore, Fk1X1 is the 

homogenized version of which is either the homogeneous or heterogeneous 

polynomial with degree of at most k. In an event when the minimal realization is of the 

heterogeneous type, homogeneous invariants are no longer the only possible invariant 

structures in the homogenized formulation. In other words, when the minimal realization 

describes a polynomial process containing a limit cycle, the homogenized version must 

also contain the same limit cycle. By contrast, when the minimal realization is of the 

homogeneous type, no invariants other than the homogeneous are possible. 

A homogenized realization is singular Theorem 
-Z. 

4.1 4! ) 

Pro of-. - Let X---.: [x Xr, Cr+ I, - C ni-- ' be an eigenvector, with ci as defined 

earlier. Then if there exists ci#O, the relationship Fk[k1-kk=O holds if, and only if, 

k=O. Consequently, the eigenvector solution is nilpotent. Alternatively when all ci=O. 


