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List of acronyms  
The notable conventions adopted in this thesis will be discussed in detail in the 

body of the thesis, but the essential elements are grouped here for easy 

reference: 

¶ The use of β-Ti in this thesis referes to alloys which contains sufficient beta 

stabilizers (such as molybdenum, niobium and vanadium) to allow them to 

mentain the beta phase when quenched, and which can also be solution 

treated and aged to improve strength. 

¶ The α–Ti alloy reefres to alloys which contain neutral alloying elements 

(such as tin) and /or alpha stabilizers (such as aluminium or oxygen) only. 

These alloys. 

¶ Acronyms for high purity (HP) and commercial pure (CP) are uised to refer 

to approximate compostion. The alloy designations bearing similar names 

such as body centered crystals (BCC) and hexagonal close-packed crystal 

(HCP) acronyms distinquish the crystal structure of alloys followed. When 

discussing theoretical or experimental results from this work or literatures, 

the total impurity content in atomic percent is given, where possible.  

¶ Al. Eq: The term ‘aluminium equivalent’ (Al. Eq.) is used to quantify the a- 

stability given by the ratio of Al equivalent divided by the weighted 

averages of the aluminium equivalent of the elements. 

¶ Mo. Eq: The molybdenum equivalent defined as Mo. Eq. is used to express 

the stability of b phase in a titanium alloy. 
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¶ Electron per atom ratio (e/a) (See Eqn.2.1), originally proposed in 1926 by 

Hume-Rothery denote average electron per atom ratio. 

¶ All temperature will be given in degrees Celsius, where possible. When 

referring to graphs from literature thatr are in degrees Kelvin this value 

will be given in brackets for easy comparison. 

¶ EBSD refers to the  electron back-scatter diffraction 

¶ ODF denote orientation distribution function 

¶ Psuedoelasticity sometimes called superelasticity is an elastic (reversible) 

response to an applied stress, caused by a phase transformation between 

the austenitic and martensitic phases of a crystal. This comes from the 

reversible motion of domain boundaries during the phase transformation, 

rather than bond stretching or introduction of defects in the lattice. 

¶ Stress induced martensite (SIM) alloy is refers to transformable alloys that 

exhibit psuedoelasticity transition from β ª a¡¡ (orthorhombic) phase, And 

the bases for the continued search for shape memory alloys in Ti alloys 

consisting of orthorhombic crystal structure. psuedoelastic behaviour of 

alloys 

¶ Gum metal is an acronym that refers to a class of Ti-Nb-Zr-O alloys 

developed some years ago at the Toyota central R&D labouratory with 

multifunctional mechanical properties.  The material endures significant 

plastic deformation with little or no evidence of dislocation motion.  

¶ Cambridge Serial Total Energy Package CASTEP refers to the quantum 

mechanical modelling method developed within the frame work of Kohn-
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Sham DFT in Cambridge University. It is used in this thesis to investigate 

the electronic structure (principally ground state) of atoms and alloys and 

their condensed phases.  Kohn-Sham density functional theory would yield 

the exact ground state energy E, if the exact exchange –correlation energy 

functional were known. With this code, many properties of a many  

electron system such as ground state energy, density of state, elastic 

constant amogst others can be determined by using electron density 

functionals, such as GGA and LDA. 

¶ The Generalised gradient approximation, (GGA) has  improved many 

properties of materials that are governed by a realistic description of bond 

formation. In addition to decreasing the total energy of each atom, the 

generalized gradient approximation has been shown to remove much of 

the over binding that is present in the existing local approximations to DFT 

[20-29]. 

¶ Nearly free electron model(NFE) refers to the model used by Jones and 

Mott in their early band theory to express the energy of the valence 

electron in the neighbourhood of the centre of the zone boundary as 

defined in eqns. 2.2-2.4, [19]. 

¶ First Brillouin zone interactions (FsBz) as used in this thesis refer to a set 

of points in K- space that can be reached from the origin without crossing 

the Bragg plane. 

¶ Interatomic bond length(IBL) denote the bonding distance  between two 

similar or dissimilar atoms in a compound. 



13 
 

Glossary of symbols  
The more farmiliar used symbols and symbols derived from disambiguation 

(e.g., d for grain size and dhkl for lattice spacing) are described in the list 

below.  

E: total energy of a system 

N(E): density of states of electrons..  

N: total number of electron per volume V 

Exc: exchange and correlation energy  

D(E): ground state energy of the total density of state (DOS)  

Kz: axis is chosen perpendicular to the Brillouin zone plane in the reciprocal 

space and passes through its centre (0, 0, Ko). 

Ὁȿ”ὶȿ: is the energy gap across the zone plane 

Ts(r): Kinetic energy of electron in non-interating system 

r(r): electron density at the position r. 

Y(r): wave function of electrons in a systemat position r . 

V(r):  effective one-electron potential consisting of the Hartree potential, and 

Ὗ ”ὶ. 

Ὗ ”ὶ : chemical potential defined as ‏”‐ ” ϳ”‏  

a: lattice constant 

r: density 

U: internal energy 
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ȿὄέȿ: is related to the strength of the covalent bonding between Ti and an 

alloying element. 

ȿὓὨȿ: is correlated with the electronegativity and metallic radius of elements. 

F: Euler angle 

F  : Euler angle 1 

F  : Euler angle 2 

l:  denote the secondary of a dendritic arm spacing used to define the 

relationship (eqn. 3.1) with alloy cooling rate  

N: is the total number of atoms per supercell. 

 % 4É8  : is the first principle calculated total energies of the respective 

alloys. 

 µ: is the chemical potential of the element Ti or Mo in its corresponding bulk 

phase. 

%  : is the first principle calculated formation energies of the 

respective alloys. 

 Ὃ Øȟ4É : is the first principle calculated free energies of the respective alloys. 

ὅ : is the local elastic constant tensor with ộ„ ►Ớ and ộ‭ ►Ớ as the local 

stress and strain field at a point r , respectively, and the angular brackets 

denote ensemble averages. 

Ὕ: T-matrix is given by Ὕ ὅρ‏ Ὃ‏ὅ   , :˴ is equivalent to the unit tensor. 

ὅ ȡ denote single crystal bulk modulus; ὄ ὅ ςὅ σϳ  ,  

ὅ¡ ὅ  ὅ ςϳ  (tetragonal shear modulus) 
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ὅ ,  ‘ᶻ ὅᶻ  ‘ 
ộ Ớ

   (Trigonal shear modulus)    

 9ᶻȡ the homogenised polycrystalline Young’s modulus. 

ʈᶻ:  homogenised polycrystalline Poisson’s ratio. 

Ὃ : the ratio of shearing stress τ to shearing strain γ within the proportional 

limit of a material 

MS: Martensite formation start temperature 

MF: Martensite finish temperature 

∆H: Enthalpy of formation 

∆E: Formation Energy gain in a system 

∆G: Gibss energy of formation 

‐ : Fermi energy. 

ὑ  : the coefficient of ɼ stabilisation. 

‍ : is its critical concentration 

VL and VS are the ultrasonic longitudinal and shear wave velocities 

respectively, and ʍ is the density of the material. 
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Abstract 
A metallic alloy for implant and/or other biomaterial applications ideally 

needs the following properties: excellent biocompatibility with no adverse 

tissue reactions, excellent corrosion resistance in body fluid, high mechanical 

strength and fatigue resistance, low modulus, low density and good wear 

resistance [1-6]. Since β-type or near β- Ti alloys exhibit a significantly lower 

modulus and also satisfy most of the other requirements for an ideal metallic 

biomaterial, they are especially suitable for orthopaedic implant applications 

— hence, the reason for the huge interest in the development of lower 

modulus β-Ti alloys.  

Furthermore, in the case of β stability, past studies have shown the 

maximum concentration of biocompatible alloying elements, such as Mo, Nb, 

and Ta —to be retained in b after quenching from β phase field are 5, 15, and 

20 atomic % respectively for binary Ti–Mo [22], Ti–Nb [23], and Ti–Ta alloys 

[24]. Accordingly, it can be expected that Mo is the most effective β stabiliser 

and the β type Ti–Mo alloys are more suitable than the other β Ti alloys for 

biomedical applications. Nonetheless, most previous studies have focused on 

Ti-Nb alloys. 

In this thesis, we have employed this new concept of property design 

involving a bottom up combinatorial approach (DFT calculations and 

experiment verification) to predict the structural and energetic stability,  
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mechanical, electronic and elastic properties of binary and multicomponent Ti-

Mo alloys for biomedical applications in a consistent way. Furthermore, with 

the aid of Blackman diagrams, we attest to using elastic constant systematics 

as an effective tool to define and analyse predicted properties with 

experimental data. The results were found to provide an excellent theoretical 

guide to the design of SIM (stressed induced martensitic) low Young’s modulus 

biomedical Ti alloys. 
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Chapter 1 
 

Introduction and Problem Statement 
 

 

5.2  Summary  

This chapter details the motivation and scientific objectives leading to the 

present research work on design of Ti-based biomaterial alloys. Further, the 

obvious and useful link between solid-state phase transformation and electronic 

structure of metallic alloys and the justification for applying the theoryɀguided 

materials design (density functional theoretical) approach implemented using 

castep code are highlighted.   

 

1.2  Motivation for the design of beta -Ti -based biomaterial 

alloys  

There is a need to develop Ti alloys for implant application that is Ni 

free and biocompatible with matching modulus to the human bones. The aim 

of this work is to provide some guidance for the development of Ti alloys for 

biomedical and other structural applications. Titanium has been a valued 

metal and its main advantages when compared with other engineering alloys 

are its high specific strength and corrosion resistance at low and elevated 

temperatures. Aerospace structures such as airframes and engine components 

have benefitted from the introduction of titanium alloys since the 1950s. Other 
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applications include: steam turbine blades, superconductors, condenser tubing 

for fuel plants and biomedical devices [1].     

For biomedical applications however, there has been a concern about 

the stress shielding phenomenon, which occurs as a direct result of the 

stiffness mismatch between implant materials and the surrounding natural 

bone (i.e., insufficient loading of bone due to the large difference in modulus 

between the implant device and its surrounding bone). This phenomenon, 

more often observed in cementless hip and knee prostheses, can potentially 

lead to bone resorption and eventual failure of the arthroplasty [2-4]. It is 

therefore particularly important that the elastic mismatch between the bone 

replacement material and existing bone be minimised. 

Recent complementary studies based on strain gauge analysis [4, 5-6] 

and finite element analysis [7, 8] have demonstrated that lower modulus 

(more flexible) femoral hip implant components result in stresses and strains 

that are closer to those of the intact femur, and a lower modulus hip prosthesis 

may better simulate the natural femur in distributing stress to the adjacent 

bone tissue [5, 6]. Canine and sheep implantation studies have shown 

significantly reduced bone resorption in animals with low modulus hip 

implants [7], and the bone loss commonly experienced by hip prosthesis 

patients may be reduced by a prosthesis having lower modulus [7, 8]. To 

minimise the existing mismatch between bone replacement material and 

existing bone is therefore a particularly important goal. 
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Two alternative methods of avoiding diverse tissue reactions are being 

investigated. One is Ti-oxide surface modification [9], and the other is a new 

Ni-free Ti-shape memory alloy [10-13]. 

For the latter, previous studies have shown that the most promising 

compromise are those alloys that present niobium, zirconium, molybdenum, 

and tantalum as alloying elements in titanium [4, 5, 10-12]. Recently, alloys 

containing β phase stabiliser elements (niobium, tantalum and molybdenum) 

with lower values of Young’s modulus have been considered attractive for use 

as biomaterials, among which the Ti-Mo or Ti-Nb and their complex alloy 

systems are outstanding [3-13]. The antecedent is that a new era of bone 

replacing materials will likely be based on β phase Ti alloys. In consideration, 

profound intensive materials design studies will be essential. 

Additionally, Ti and their alloys exhibit a number of other metastable 

and stable phases, including a non-close packed w phase, the martensitic a or 

a¡¡ phases and intermetallic compounds [14, 15]. These multiple phases 

encountered in Ti alloys (or in general group IV elements) can be attributed to 

the competing structural and compositional instabilities inherent within the 

bcc b phase of these alloys, on quenching from high temperatures [16].  For 

example, deformation of metastable b-Ti alloys containing the aforementioned  

b stabilising elements can lead to the formation of stress induced martensite 

(SIM), a¡¡ phase, which has an orthorhombic unit cell.  

Though previous studies have primarily focused on the pressure 

induced a to b transformation in Ti and their respective alloys, and the a to b 



24 
 

transformation pathway have been probed via experimental [17, 18] and 

computational methods [19], the opposite has been the case for metastable a¡¡ 

phase. The property of this metastable a¡¡ phase has intrigued researchers, 

because they are the basis for shape memory and pseudoelastic effect [20, 21]. 

Furthermore, a¡¡ precipitates have typically been observed in alloys quenched 

from high temperature b phase fields, retaining the composition of the parent 

b matrix, and formed by a diffusionless, purely displacive, collapse of the {111} 

planes of the bcc phase via a shuffle mechanism [22]. Though this is the 

generic understanding of how the a¡¡ phase nucleates and transforms to b 

phase, conclusive experimental and theoretical evidence for the postulated 

mechanism is, to the best of our knowledge, still lacking. Since Ti alloys often 

exhibit low elastic moduli due to the presence of α  and/or β phase [1, 23-26], 

which is preferred for ideal metallic biomaterials, there has been a growing 

trend toward the development of low modulus β type Ti alloys that retain a 

single β phase or α  and β phase microstructure on rapid cooling from high 

temperatures. Such alloys are especially suited for orthopaedic applications.  

Reliable design of structural components requires in-depth theoretical 

understanding of the underlying mechanism for properties. For this reason, 

the effect of alloying additions on the thermodynamics, stability mechanisms, 

microstructure and mechanical properties of homogenised a¡¡ and  b  Ti alloys 

are investigated in order to examine their potential use in biomedical 
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applications; and these data can then be reconciled with the corresponding 

experimental results. 

 

1.3   Motivation for ab initio electronic structure method  

The mechanism of β phase transformation from the parent phase to the 

martensite phase in Ti alloys has been attributed to the peculiarity of their 

electronic structure [27-29] because of the obvious and useful link between 

solid-state phase transformation and the electronic structure of metallic alloys. 

Accordingly, when atoms come together to form a crystal, a redistribution of 

electron charge creates bonds that govern almost all of the crystal physical and 

chemical properties [30-31]. The heats of formation, elastic constants and 

phonon dispersion, and density of states (DOS) can be used to predict the 

stability of metal alloys. There is experimental evidence that links the 

theoretical electronic structure to the stability of a broad class of Ti-based 

shape memory alloys using DFT ab initio calculations [17, 18, 20-29].  

In general, wave-function based ab-initio methods approach the 

atomistic interactions at the fundamental level — quantum physics is utilised 

by solving Schrodinger's equation for the many-body problem of the electronic 

structure. The complexity of this approach is obvious — in general the 

wavefunction of the many-particle system depends on the coordinates of each 

particle and, thus, the treatment of any system larger than a small number of 

electrons is not feasible. DFT provides some kind of compromise in the field of 

ab initio concepts, and can be applied to the fully interacting system of many 
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electrons. Essentially, DFT is based on the theorems of Hohenberg and Kohn 

[32], who demonstrated that the total ground state energy E of a system of 

interacting particles is completely determined by the electron density r. E can 

therefore be expressed as a functional of the electron density and the 

functional E[r] satisfies the variational principle. Kohn and Sham [33] then 

rederived the rigorous functional equations in terms of a simplified wave 

function concept, separating the contributions to the total energy as, 

Ὁȿ”ὶȿ Ὕȿ”ȿ ὠ᷿ὶ”ὶὨὶ ᷿
¡

¡
ὨὼὨὼ¡ Ὁ¡ȿ”ὶȿȟ           (1.1) 

— in which TS represents the kinetic energy of a noninteracting 

electron gas, and V the external potential of the nuclei. The last term, Exc, 

comprises the many-body quantum particle interactions, it describes the 

energy functional connected with the exchange and correlation interactions of 

the electrons as fermions. Introducing the Kohn-Sham orbitals, the solution of 

the variational Euler equation corresponds to the functional of equation 1.1, 

resulting in Schrodinger-like equation for the orbitals y1.  

ᶯ ὠ ὶ  yὶ ‭yὶ                                                               (1.2) 

These are the renowned Kohn-Sham equations which are then actually 

solved (after introducing the approximations described below). Equation 1.2 

transforms the many-particle problem into a problem of one electron moving 

in an effective potential. 

ὠ ὶ ὠὶ  ᷿
¡

ȿ ¡ȿ
Ὠὶ¡ 

ổỖ
ȟ                                             (1.3)  



27 
 

This describes the effective field induced by the other quantum particles. The 

actual role of the auxiliary orbitals is to build up the true ground state density 

by summing all occupied states, 

”ὶ В y*ὶyὶ.                                                                            (1.4) 

This therefore provides a suitable basis to transform the functional 

equation into a set of differential equations, where the variational Kohn-Sham 

orbital may be expressed as a linear combination of basis functions y obeying 

Bloch's theorem. This equation has to be diagonalised for obtaining the 

eigenvalues e and eigenvectors c from which the electron density is 

constructed and — consequently — the total energy is derived. 

 The resulting equations can be solved in a self-consistent manner. The 

crucial point for actual applications is the functional Exc, which is not known 

(and therefore has no analytical expression) and therefore requires 

approximations. The function exc (r) has to be partially approximated as well, 

though this can be done accurately by computer simulations. 

Currently, the most widely used numerical methods for solving the 

Kohn-Sham equations are The Linear Muffin-Tin Orbitals Method (LMTOM) 

and The Full-potential Linearised Augmented Plane Wave Method (FLAPW) 

[34]. In the present thesis, the commercial version of Cambridge Serial Total 

Energy Package (CASTEP code) [35, 36] is applied, which is one of the most 

powerful ab initio DFT packages available at present. CASTEP is based on the 

pseudopotential concept. For the actual calculations, a generalisation in terms 
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of the so-called projector augmented waves construction of the potential [37] 

is applied, which is known to give very accurate results as tested by 

comparison to FLAPW benchmarks. CASTEP has already been applied to a 

wide range of problems and materials, to bulk systems, surfaces, interfaces; 

e.g. Refs. [38-39]. CASTEP provides a framework for the bulk and surface 

phonon calculations as well [35]. 

Other specific computational and technical aspects (e.g. number of k-

points, geometry of the unit cell etc.) are discussed later together with the 

results. The theory and parameters underlying the CASTEP code have been 

addressed in the aforementioned publications. It should be noted that CASTEP 

has also been applied to materials and systems which may be considered 'well-

established' from the computational point of view. The CASTEP as 

implemented in the materials studio package served as a tool, which works 

reliably when handled with care and knowledge. Convergency aspects were 

carefully tested in several cases. As a consequence, it can be argued that the 

results as presented in following chapters do not depend on inherent technical 

parameters and are physically meaningful. 

 

1.4   Scope and outline of the thesis  

Over the last decade, experimental and theoretical investigations have 

shown that changes in electronic interactions play a main role in solid state 

phase transformation. Different processing steps were carried out in this 



29 
 

thesis for the design and in predicting the properties of novel Ti based alloys 

for structural applications in medical implants for spinal fixation, technological 

applications like shape memory metals. The scheme shows that after 

identifying the properties to be optimised, a property search is done by a 

combination of experimental and empirical calculations. The alloy 

dependencies are verified by characterisation analyses. The behaviours are 

optimised via theory and an experimental adjustment before the final 

characterisation analyses are carried out. In the end, novel alloys of desired 

quality and properties are produced by this process.  

Above all, this combinatorial approach involving first principle 

calculation steps with experimental works are very important; points needing 

significant changes are identified and adjusted to optimise the alloy properties 

and improve the final cast product. This has led to some insight into the alloy 

microstructure -property relationships, and on the effect of atomic variables 

on the microstructure. The important information derived from the calculation 

includes the precise identification of stability boundaries, lattice constants and 

energetic landscape for phase transformation. The main drawback is that some 

of the probing experimental characterisation techniques are very expensive. 

Performing several interrupted tests to analyse the properties is time 

consuming.  Finally, the thesis has been arranged into eight chapters, namely: 

the introduction background/literature review; experimental and 

computational techniques (following this introduction); results presented in 



30 
 

chapters 4, 5, 6 and 7; and the conclusions and further work are briefly 

summarised in chapter 8.   
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Chapter 2 

Background and Literature Review 

2.1  Summary  

This research incorporates recent characterisation and alloy 

development techniques such as: use of (e/a) as a parameter for b-Ti alloy 

stability, Md-orbital  DVX-calculation model, and electronic structure methods 

(DFT calculation). This chapter first presents and discusses some background 

and recent work in the literature regarding alloy development by density 

functional theory (DFT) and by means of electronic calculations. A short 

introduction to the metallurgy and psuedoelasticity of b Ti alloy is also given, 

along with discussion of major operating mechanisms and some background on 

the potential elastic modulus improving alloy additions used in this work.   

 

2.2 Advances in electronic approach to materials design theory  

In this subsection, the main historical landmarks of alloy design by 

electronic theory of metals are discussed, starting with the first systematic 

efforts to exploit the potency of using electronic phenomena to derive phase 

stability through the work of Hume-Rothery in the 1920s, to the modern 

density functional theory (DFT). 
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2.2.1  Hume-2ÏÔÈÅÒÙȭÓ ÅÌÅÃÔÒÏÎ ÐÅÒ ÁÔÏÍ ÒÁÔÉÏ ɉÅȾÁɊ ÐÁÒÁÍÅÔÅÒ  

The earliest record of alloy theory is the advent of electron per atom 

ratio e/a rule (See Eqn.2.1), originally proposed in 1926 by Hume-Rothery 

while working in Oxford University [1]. 

В

В
                                                                                 (2.1) 

Where, Xi is the atomic fraction of the alloying elements, ith component 

= ρȣȣ), of the individual outer s+d contributed by the metal atoms. As 

reported elsewhere [2], although electronic theory of metals has developed 

along with the development of quantum mechanics, in the period preceding 

1926 metallurgy seemed to be in confusion due to the deviation of 

stoichiometric compositions from those expected of the valency rule of in 

organic chemistry. Although people were aware of a class of materials with 

apparently loosely bound electrons, no one was able to think of the style of 

metallic bonding before the conception of the Schrodinger equation in 1926 

[3] or the establishment of metallic cohesion based on quantum mechanics in 

1933 by Wigner and Seitz [4]. 

In this work, Hume-Rothery reported regularity in spite of little 

connection in composition in the synthesis of various intermetallic compounds 

of Cu with reactive alkaline and alkaline earth metals in binary systems. 

Further examination of these alloys [5, 6] showed that they possess one 

characteristic, which highlighted the connection between the observed crystal 

structures and the electron concentration (e/a). Westgren and Phragmen were 

among the early scientists stimulated by Hume-Rothery's proposal, and 
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extended their x-ray studies to examine structures of Cu-Zn, Cu-Al, and Cu-Sn 

systems [7]. They were also the first to confirm experimentally the utility of 

e/a as an important parameter in materials research. These three gamma-

brasses show the existence of such regularity in spite of little connection in 

composition between Cu2Sn, Cu3Al and CuZn, which crystallise into a common 

structure of the BCC phase with the possession of e/a equal to 21/13 (see 

Figure 2.1 as reproduced from [8, 9]), superimposing the copper rich portion 

of the phase diagram of Cu-Zn and Cu-Ga on to the electron concentration.  

This work by Hume-Rothery is justifiably celebrated for turning the art 

of metallurgy into modern science. Although previously criticised for being too 

semi empirical in approach, and failing in some cases, Tiwari and Ramanujan 

[10] recent review surveyed the e/a relations with a range of properties 

including solid solubilities, intermetallic compound formation, liquidus 

temperature, axial ratio of hexagonal phases, formation of different phases, 

stacking fault energy, specific heat, flow stress, superconductivity and stress 

corrosion cracking, giving a good indication of the roles of e/a ratio. They 

noted that, within the framework of a model for stable zones of electronic 

theory for metals, quite a strict correlation between the concentrations of 

phase boundaries in phase stability of some binary alloy systems exists, and its 

influence on determining the physical properties has long being theoretically 

[9,11,12] and experimentally observed [13-14]. They argued that, in reality, a 

pattern emerges whenever the magnitude of a physical property is plotted 



38 
 

against e/a ratio, and a breakdown in the regularity can be an indication of 

significant changes within the electronic structure of the alloy matrix.  

Very recently, Saito and co-workers [16] employed e/a alongside Mo and 

Bo as a parameter to develop the ɼ-type Ti-Nb-Ta-Zr-O alloy series with 

multifunctional capability, referred to as Gum metals. They reported that β Ti 

phase would be stable when e/a  ~4.25 eV. The work of Hao et al [17] on Ti-

24Nb-4Zr-7.9Sn alloy, however, showed the extent of such relationships, with e/a 

parameter being a tool for tuning compositional stability and properties that is 

dependent on the type of alloying additions. 

 

 

 

 

 

 

 

 

 

Figure 2.1  Cu-rich portions of the Cu–Zn and Cu–Ga phase diagram plotted 
against electron concentration rather than atom concentration, after Hume-
Rothery (1961). 
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2.2.2 Jones and Mott early band theory  

Not long after the publication by Hume-Rothery [1], Mott and Jones 

published their investigation into the theory of the properties of metals and 

alloys [18], in which they discussed different approaches to the Hume-Rothery 

electron concentration rule. They proposed that the critical electron 

concentration could be estimated from the Fermi surface Brillouin zone (FsBz) 

interaction for a given phase, referring to the gamma-brass phase, which 

occurs at the ratio of 21 valence electrons to 13 atoms with e/a equal to 21/13 

for both Cu3Zn8 and Cu9Al4 gamma brasses as an example. Although, they 

conceded that no precise calculation had been done, they assumed that the 

free energy against solute concentration would suddenly increase as the 

concentration passes across a boundary of the phase, and that it would be 

most likely caused by an increase in the electronic energy at absolute zero.  

They tried to explain the mechanism behind their argument using a 

density of state (DOS) curve, (see Figure 2. 2 (a) and (b) after [18]). In the DOS 

diagram, a round maximum A with a rapid declining slope in the DOS was 

attributed to the FsBz interaction. This suggests that when the Fermi surface 

approaches and touches the Brillouin zone phases, they assume that a small 

but naturally gradient E in the energy of dispersion would occur that would 

enable the DOS to be sharply enhanced. In effect, the electronic energy is 

considered to rise rapidly as soon as the electrons fill up the band to point A, in 

the form as shown shaded in Figure 2.2(c) [18]. The critical value of electron 

per atom ratio, (e/a), was simply calculated in the free electron model under 



40 
 

the assumption that it was given by the electron filling a sphere inscribed to 

the Brillouin zone. The values of (e/a) for the alpha, beta, and gamma brasses 

are 1.362, 1.480 and 1.538, respectively, as illustrated in Figure 2.2b. Though 

their hypothesis did not stand the test of time — as it was not based on any 

calculation — surprisingly, the values of e/a are indeed not very far from the 

values of 1.4, 3.2, and 21/13 (=1.615) in the empirical Hume-Rothery electron 

rule. This is one of the most important conclusions advanced by them in 1936 

[1, 5, 7]. 

 

 

 

 

 

 

 

 

A year later, Jones [19, 20, 21] published his own theory. This became 

the first direct attempt at the application of quantum mechanics to analysing 

the stability of alloy phases by interpreting the phase competition between the 

FCC and BCC phases in the Cu-Zn system within the framework of the two-

wave approximation in the nearly free electron (NFE) model [22]. By this 

(c) 

Figure 2.2:  (a) Density of states in the Jones model. After Jones (1937); (b) Energy 
difference calculated by Jones from the density of states in (c) electrons fill up the band to 
just the point A just lower than the Fermi energy. 
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model, Jones was able to introduce the energy of the valence electron in the 

neighbourhood of the centre of the zone boundary as defined in eqns. 2.2-2.4, 

[19]: 

Ὁ Ὧ Ὧ Ὧ ‌Ὧ Ὧ                                                     (2.2) 

Ὁ ὼ ώ ρ ‌ᾀ ρ                                                                    (2.3) 

   Ὁ ὼ ώ ρ ‌ᾀ ρ ς ρ ᾀ                              (2.4)      

Here, a =1-4Eo/E; m is the mass of the free electron and is the Planck’s 

constant divided by 2; Kz- axis is chosen perpendicular to the Brillouin zone 

plane in the reciprocal space and passes through its centre (0, 0, Ko); E is the 

energy gap across the zone plane; and x, y and z are normalised variables with 

respect to Ko. The point (0, 0, Ko), refers to the principal symmetry points L 

and N at the centre of the 111 and 110 zone planes in the Brillouin zone of the 

FCC and BCC lattices, respectively. Using these equations, he indicated that the 

free electron behaviour is maintained as long as the electron states (x, y, z) are 

away from 0, 0, 1; but, as z approaches unity, the energy of the states 

associated with the points lying along a line in K space through the origin and 

perpendicular to a place of discontinuity would form a curve, as shown in 

Figure 2.3, where the dotted line represents the free electrons [19].  
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Jones essentially made a comparison of the valence band structural 

energies between the face-centred cubic (FCC) and body-centred cubic (BCC) 

Cu as a function of electron concentration (e/a) in the context of the rigid band 

model, when he assumes that the addition of Zn to increase e/a does not 

change the DOS of the parent Cu with the FCC and BCC structures, and the 

parameter e/a can be obtained from eqn. 2.5 [19]: 

ὈὉ
ϳ

ЍὉ                                                                         (2.5) 

Here, D (E) represents the DOS and Va is the volume per atom. A perfect 

coincidence of the two parabolas over the energy range below about 5 eV for 

the FCC and BCC-Cu indicate that Jones assumed,  ὠ ὠ   in Eqn. 2.5. The 

Figure 2.3:  The energy of the states associated with the point lying along a line in K 
space through the origin, and perpendicular to a plane of discontinuity plotted against 
the distance from the origin. The dotted line represents energy of the free electron, 
after Jones (1934). 
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volumes per atom Va in FCC and BCC lattices are therefore obviously given by  

    
 
  respectively, where a is the lattice constant. The DOS equation 

given by Jones therefore implicitly leads to the relation in eqn. 2.6. The energy 

difference calculated by Jones from the density of states in Figure 2.4(a) is 

displayed as Figure 2.4 b [20]:  

ὥ ςὥ                                                                               (2.6) 

 

 

 

 

 

 

 

The large kink found in the DOSs (see Figure 2.4(a)) represents the so-

called ‘van Hove singularity’, which Jones believed to be responsible for the 

interpretation of the Hume-Rothery electron concentration rule [20]. To 

account for the e/a dependent stability of the a and ɼ phases, Jones explained 

that the van Hove singularity in the BCC Cu in Figure 2.4 was caused by the 

contact of the Fermi surface with the 110 peak in the DOS of the BCC- Cu 

(b
) 

(a
) 

Figure 2.4:  (a) Density of states in the Jones model. After Jones (1937); (b) Energy 
difference calculated by Jones from the density of states in (a). 
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located about 1 eV higher than the 111 peak in the FCC-Cu e/a variation at 

different Fermi surface. Jones’ work is displayed in Figure 2.5 [21].  

 

 

 

 

 

 

 

 

Similarly, Jones tried to use the valence band structure energy U of the 

respective phases to explain the a/β phase transformation. He found U by 

integrating the DOS multiplied by the energy E up to the energy corresponding 

to the highest occupied states. The valence-band structure energy difference 

between these two phases, U, is given as a function of e/a by eqn. 2.6: 

ЎὉὩὥϳ  ᷿ ὉὈ ὉὨὉ ᷿ ὉὈ ὉὨὉ                                (2.6) 

Here, the upper limit of the integral EFCC or EBCC is the energy for FCC or BCC 

phases when the same number of electrons is filled into the respective DOSs. 

By this relation, it follows that the relative stability of an alloy phase will be 

enhanced if the DOS curve involves a large peak and a subsequent rapid 

declining slope like in Figure 2.4(a), while the competing phase is fairly 

Figure 2.5:  The FsBz interaction in the Mott and Jones theory, A critical vale of (e/a) 
is obtained when spherical Fermi surface touches the zone plane of the respective 
Brillouin zone (a) the principal symmetry point L in the FCC Brillouin zone, (b) the 
principal symmetry point N in the BCC Brillouin zone, and (c) the symmetry point 
N330 and N411 in the Brillouin zone for the gamma-brass structure from Mott and 
Jones 1936. 
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monotonic for a given (e/a) range. It was not until 1957 that the error in Jones’ 

model was recognised, when Pippard [23] discovered the flaws and 

inconsistency in the possession of neck in the Fermi surface contour of pure 

Cu. It was only then that people became aware of the many unjustified 

assumptions in the model, which had been made to conveniently account for 

the Hume-Rothery rule. Although the early theories as proposed by Mott and 

Jones in the 1930s were unfortunately far from being satisfactory, their work 

provided an inspiration for interpreting the Hume-Rothery electron 

concentration rule, which relates phase stability to the Fermi surface. 

 

2.2.3 DV Xa and Md-parameter electronic calculation  

The first theoretical approach to β-Ti alloys design was proposed 

by Morinaga et al. [24] using the d-electron method based molecular orbital 

calculation of electronic structures (called discrete variational Xa cluster 

method, DV-Xa cluster method). Figure 2.6 shows changes in Md-Bo relation of 

Ti by alloying. Two parameters were determined theoretically: namely, (i) the 

bond order number (Bo), which is a measure of the covalent bond strength 

between Ti and an alloying element; and (ii) the d-orbital energy level (Md), 

which correlates the electronegativity and the metallic radius of the elements. 

The values are defined for an alloy, the compositional average values of Bo and 

Md parameters is defined according to the following eqns. [24]: 

ȿὄέȿ  В ὼ ὄέ                                                                                             (2.7) 

ȿὓὨȿ  В ὼ ὓὨ                                                                                           (2.8) 
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In their calculation, the two parameters, Bo and Md, are defined, where 

Bo is related to the strength of the covalent bonding between Ti and an 

alloying element, and Md is correlated with the electronegativity and metallic 

radius of elements. According to the definition of the parameters, the average 

value of Bo for alloys should be between 2.86-2.92 eV and the average value of 

Md for alloys should be between 2.40-2.45 to attain low Young’s modulus. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Such a vector varies in direction and magnitude, depending on 

elements, as shown in the vector map in Figure 2.6. The alloy position moves 

in (Bo-Md) map as the alloy composition is altered. The areas for a; a +β Ti 

Figure 2.6 : Bo-Md relations for various Ti binary alloys by Morinaga et al. [24] taken 
from Kuroda et al. [25]. 
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based alloys are labelled as shown in Figure 2.7. (Positions of Ti and its alloys 

are also shown in the Figure along with their Young’s moduli.) The stability of 

elasticity of these alloys decreases with increasing Bo and Md and towards the 

stability limit of the ɼ phases; i.e., at the ɼ/ɼ  + w boundary for mainly Ti-Nb 

alloy system.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.7 : [Bo-Md] map in which β/β + w phase boundary is shown together with the 
boundaries for Ms=RT and For Mf=RT. The value of the Young's modulus (GPa) is given 
in parentheses for typical alloys. 
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2.2.4 First principle (DFT) electronic structure methods  

  There is still a large step from the theoretical considerations outlined 

in the preceding section to a manageable form which can be run on a 

computer. As the solution for a solid is desired, a natural condition is 

translational symmetry for the observables, such as the potential, 

ueff (r  + R) = ueff (r):                                                               (2.9) 

Here, R is a lattice translation vector. As a consequence of translational 

symmetry, the wave function must fulfil Bloch's theorem [26], 

yYk(r + R) = eikR yk(r)                                                                  (2.10) 

DFT is essentially based on the theorems of Hohenberg and Kohn [27], 

who demonstrated that the total ground state energy E of a system of 

interacting particles is completely determined by the electron density (r). E 

can therefore be expressed as a functional of the electron density and the 

functional E[r] that satisfies the variational principle. Kohn and Sham [28] 

then rederived the rigorous functional equations in terms of a simplified wave 

function concept, separating the contributions to the total energy as, 

Ὁȿ”ὶȿ Ὕȿ”ȿ ὠ᷿ὶ”ὶὨὶ ᷿
¡

¡
ὨὼὨὼ¡ Ὁ¡ȿ”ὶȿȟ           (2.11) 

The variational Kohn-Sham orbital may then be expressed as a linear 

combination of basis functions y obeying Bloch's theorem, 

ynk(r)=äci,nkjik(r),                                                                                                     (2.12) 

with band index n and k representing a vector of the first Brillouin zone. 

Building on energy functionals (i.e. the expectation value of the Hamiltonian) 
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and applying the variational principle, the solution to the Kohn-Sham 

equations is transformed into a matrix eigenvalue problem, 

Вộ• ȿὌȿ• Ớ ‭ f f ὅȟ π                                                               (2.13) 

This equation has to be diagonalised for obtaining the eigenvalues e and 

eigenvectors c from which the electron density is constructed and — 

consequently — the total energy is derived. 

Currently, the most widely used numerical methods for solving the 

Kohn-Sham equations are: pseudopotential (and related) methods, the linear 

muffin-tin orbitals method, the full-potential linearised augmented plane wave 

method (FLAPW) [29], VASP and CASTEP codes [30, 31] using either 

pseudopotential or the project augmented wave method, and a plane wave 

basis set. In the present thesis, the commercial version of Cambridge Serial 

Total Energy Package (CASTEP code) [31] is applied, which is one of the most 

powerful ab initio DFT packages available at present. CASTEP is based on the 

pseudopotential concept. For the actual calculations a generalised gradient 

approximation (GGA) construction of the potential [32] is self consistently 

applied, which is known to give very accurate results as tested by comparison 

to FLAPW benchmarks. CASTEP has been already applied to a wide range of 

problems and materials, to bulk systems, surfaces, interfaces, e.g. Refs. [32, 33, 

34].  

Other specific computational and technical aspects (e.g. number of k-

points, geometry of the unit cell etc.) are discussed later, together with the 

results. The theory and parameters underlying the CASTEP code have been 
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addressed in the abovementioned publications. It should be noted that 

CASTEP has also been applied to materials and systems which may be 

considered 'well-established' from the computational point of view. The 

CASTEP as implemented in the materials studio package served is a tool, which 

works reliably when handled with care and knowledge. Convergency aspects 

were carefully tested in several cases. Consequently, it can be argued that the 

results as presented in following chapters do not depend on inherent technical 

parameters and are physically meaningful. 

 

2.3 Titanium metallurgy  

Titanium metal is dominated by the allotropic transformation, but the 

exact transformation temperature is strongly influenced by interstitial and 

substitutional additions. A survey of the various phase transformations that 

take place are presented in this section. 

 

2.3.1 Classification of phase transformation  

Titanium metal, both in its pure and alloyed states, undergoes a series 

of allotropic phase transformations in equilibrium conditions from a high 

temperature body-centred cubic crystal structure (BCC) b phase with space 

group of the form Im3m (No 229),  to the closed-packed hexagonal crystal 

structure (HCP) a phase of the form P63Immc, (No.194), (see Figure 2.8) at 

1155.5 K (b -transus temperature). The exact transus point is dependent on 

the alloying composition and/or cooling rate regime [35, 36, 37, 38]. It can, 
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Figure 2.8: Schematic illustration of the unit cell of (a) HCP a- phase with the three 
most densely packed lattice planes and lattice parameters at room temperature, (b) 
the BCC b phase with one variant of the most densely packed [110] lattice planes, and 
the lattice parameter of pure b at ~ 1173 K. 

however, be broadly classified as stable and metastable phases, depending on 

the mode of achieving steady state conditions, where the thermodynamics of 

phase stability is dominated by minimisation of Gibbs free energy (DG)[39]. 

When higher heating/cooling rates are applied, non-equilibrium or metastable 

phases possessing higher DG are formed through displacive transformation by 

shearing and shuffling mechanisms. In such circumstances, kinetics becomes 

the dominant driving force behind choosing the exact mechanism for 

transformation. The metastable phases might be temporal or permanent, 

depending on the final processing condition. 

In describing the phenomenon that favours the formation of 

equilibrium phases, some metallic elements can be classified as being a, b or 

neutral stabilisers [35]. The illustrations of these crystal structures are 

presented in Figure 2.1(a) and 2.1(b).  

 

 

 

 

 

 

 

 

(a) (b) 
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2.4 Titanium alloys and the phases  

 The substitutional elements — such as Al and the interstitial elements, 

such as Al, B, Sc, Ga, La, Ce, Ge, O, N and C —extend the a phase field and are 

therefore referred to as a stabilisers. Aluminium is the most common alloying 

element to raise the transition temperature, while still having substantial 

solubilities in both a, and b phases. Oxygen is occasionally considered an 

alloying element, though only when it is used to obtain a desired property — 

such as increasing strength in commercially pure titanium [36, 40]. The term 

‘aluminium equivalent’ (Al. Eq.) is used to quantify the a stability given by the 

ratio of Al equivalent divided by the weighted averages of the aluminium 

equivalent of the elements. The Al. Eq. is expressed as [36,37]: 

(AlEq:) = Al +13Sn +16Zr + (O + C + 2N) per cent.       (2.14)       

Elements which are classified as b stabilisers depress the phase field to 

a lower b phase transition field temperature [37, 38, 40, 41, 43]. They are 

classified as either b isomorphous or b eutectoid elements. The b-isomorphous 

additions are mainly the BCC elements V, Mo, Hf, Ta, and Nb. They are usually 

transition metals and noble metals in the periodic table which, similar to 

titanium, have unfilled d-electron bands. Previous investigations have shown 

that sufficient concentrations of these elements make it possible to stabilise 

the phase at room temperature. Other isomorphous elements include Ta and 

W, which are rarely used as alloying additions, because of density concerns. 

Elements that have limited solubility range in phase and are able to 
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decompose via eutectoid reaction into plus a compounds are known as 

eutectoid elements. The most commonly used eutectoid elements are Cr, Fe, W, 

Pt, Pd and Si, Ni, Co, Au, Ag, Cu and Mn. The molybdenum equivalent defined as 

Mo. Eq. 2.15 is used to express the stability (or b stability) of a titanium alloy. 

In equation 2.15, the different variables are associated with the ratio of 

concentration for molybdenum divided by concentration for the particular 

element. The parameter seems fairly accurate for binary alloys, but it is not 

known how accurate it is in quantifying the b stability in a heavily alloyed 

multicomponent alloy. The Mo. Eq. is defined as:  

[MoEq) = 1.0Mo + 0.67V + 0.28Nb + 0.22Ta + 1.5Cr + 2.9Fe + 1.0Al%              
(2.15) 
 
 
 
 
 
 
 

Although it might be that no metallic element is purely neutral, some 

elements are classified as neutral because they have a minor influence on the 

transus temperature. They can lower the b transus slightly, but again increase 

it at a higher concentration. These elements include Sn, Zr and Hf, which may 

slightly lower the a/b transformation temperatures after certain threshold 

Figure 2.9: Schematic illustration of the relative effect of stabilising elements on 
a Ti alloy phase diagram after [35]. 
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concentrations. Zr and Sn are the commonly used neutral stabilising elements. 

Zr and Hf are isomorphous with titanium and therefore exhibit the same 

allotropic phase transformation from b to a and are completely soluble in both 

the a and b phases. Zr also substitutes titanium in a multicomponent alloy and 

thereby indirectly has a a stabilising effect [35-38]. Sn on the other hand 

belongs to b eutectoid elements and could have little or no effect on the a/b 

phase transformation temperature. Sn is considered a stabilising however, as 

it replaces Al in the hexagonal ordered Ti3 Al. The relative effects of stabilising 

elements on a Ti alloy phase diagram are schematically illustrated in Figure 2.9 

after [35, 37, 38-43]. 

 

2.4.1  Equilibrium phases  

Although the most common equilibrium phases are those of a and b, 

there are some intermetallic ordered phases that have been observed in 

titanium alloys. A brief description of them follows. 

 

(a)  Hexagonal phase called apha martensite  (a):  

Titanium in its pure form exists as a hexagonal closed packed (HCP) 

structure at room temperature and pressure [38,40-43]. The HCP unit cell can 

be defined by placing two atoms at (0, 0, 0) and (1/3, 2/3, 1/2) positions of its 

unit cell, as shown in Figure 2.8(a), together with the three most densely 

packed lattice planes and lattice parameters at room temperature. The phase 

has a space group of P63mmc. The elastic moduli of single crystal of a are 



55 
 

anisotropic in nature, varying between 145GPa (stress axis parallel to c-axis) 

and 100GPa (stress axis perpendicular to c-axis); while the shear modulus G 

ranges from 46GPa (stress applied in {1120} direction in (002) plane to 34GPa 

(stress applied in (11 2̀0) direction in (10 1̀0) plane) [37]. As expected, this is 

not the case in polycrystalline alpha. They appear as coarse grains while 

cooled from a phase region in nature; though a finer precipitate distribution in 

a b matrix can be observable in a/b after solution treatment with further 

coarsing of the previously precipitated a. The two scales of precipitations 

formed at different stages of heat treatment process are referred to as primary 

and secondary a by metallurgists. In addition, within the b matrix, another 

cluster laths forms of a belonging to one (colony) or multiple (basket weave) 

crystallographic variants growing together are formed, depending on the 

cooling or quenching rate evolving from the a phase field. In general, the 

morphology of this phase is dependent on factors such as parent morphology, 

cooling rate, thermomechanical treatment and alloy content.  

During deformation, several slip systems operate within the a titanium 

alloys system. The most common slip direction is à11 2̀0ð . The ὥᴆ direction slip 

occurs in one (0002) basal plane, three {10 2̀0} prism planes, and six {10 1̀1} 

pyramidal planes [38, 40-43]. They are therefore responsible for the four 

independent slip systems. The fifth slip system required for homogeneous 

deformation of polycrystals (Von-Mises criteria) is provided by the two basal 

slips that occur in the à112 3̀ð direction and in the {11 2̀2} plane. If the slip 

systems are unable to operate, twinning occurs in a titanium. The main 
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twinning modes are {10 1̀2} and {11 2̀1} in tension and {1122} in 

compression loading [37]. 

 

(b) Beta (b)  

 This is normally the high temperature phase, when pure titanium is 

heated above 1156K (known as the b transus), a allotropically transforms to b 

(BCC) structure, shown in Figure. 2.8. The BCC structure has two atoms per 

unit cell and could be defined by placing the atoms at (0, 0, 0) and (1/2, 1/2, 

1/2) positions. The space group is 1m 3̀ m.  As BCC is a more open structured 

crystal, it can accommodate higher entropy required at elevated temperatures, 

making BCC more stable at higher temperatures than HCP a phase. The elastic 

modulus E of  b phase measured at these temperatures is about 58GPa and the 

shear modulus G is around 20GPa [36]. While the elastic constants — C11, C12 

and C44 in b phase — seem to be almost independent of temperature [39], pure 

b mono-crystals at 173 K have C11; C12 and C44 values to be 97.7 GPa, 82.7 GPa 

and 37.5 GPa respectively [39]. As BCC b is not a closed packed structure, the 

deformation occurs by slip via different slip systems. The [110] planes have 

the highest atomic density, but other planes — like [112] and [123] — come 

very close. [111] direction is, however, a closed packed direction, thus there 

are 48 slip systems operating in b materials. As slip can occur in multiple 

planes, the dislocation can readily cross-slip giving rise to wave slip bands 

[37]. When slipping is hindered, twinning occurs in b titanium alloys.  The 

different twin systems observed are {332},à113ð and {112} à111ð [40]. 
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(c) Beta2 called (ɼ2)  

 This phase has two interpenetrating simple cubic sublattices; one 

containing the corners of the BCC unit cell (0, 0, 0) and the other containing the 

body centred (1/2, 1/2, 1/2) sites. Thus, b2 is actually a simple cubic structure 

(space group Pm 1̀ m superlattices). Evidence of this is common in several 

binary and ternary titanium aluminates and Nickelides (shape memory alloy), 

and is confirmed by the presence of {100} superlattice spots in a [001] 

electron diffraction pattern. These spots are forbidden reactions according to 

the BCC structure factor calculations which would not normally show up in an 

ordinary disordered ɼ2 structure. The nature of these {100} super reflections 

— ranging from strong, weak or diffuse streaks — bears information about the 

degree of ordering in a particular alloy. Quantitatively, the degree of ordering 

is defined in the crystal via a long-range parameter L, such that L=1 for fully 

ordered and L=0 is for completely random distribution [37, 43]. 

 

(d) a2 (alpha 2):  

This is otherwise an ordered hexagonal solid solution of chemical 

formula Ti3M (where M are simple metals such as Al, Ga, In or Sn), formed 

instead of the disordered HCP a phase. It has a DO19 structure with a unit cell 

composed of four regular HCP cells seemingly supported by covalent-like 

directional bonds connecting titanium and the simple metal atoms [37, 38]. 

This form is mainly due to the addition of higher concentration of alpha 
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stabilisers, as seen in the case of Ti3Al, a2 in alloys containing more than 6 

Wt.% Al. 

 

(e) g (Gamma):   

This is an intermetallic structure formed at still higher additions of 

alpha stabilising elements. Predominantly, this phase occurs when about 50 

at.% of Al has been added to titanium (TiAl). It has a L10 structure, with 

alternating (001) planes of Ti and Al. It is known for being the cause of 

increased embrittlement in Ti-Al alloys at 25 at.% Ti3 Al, 50 at.% TiAl and 70 

at.% TiAl3 [38].  

 

(f) O phase: 

This is an ordered ternary Ti2AlNb phase that has been discovered in 

the Ti-Al-Nb systems that may have potential for use as a structural material 

for use at elevated temperatures [65]. This O phase has orthorhombic 

symmetry (Cmcm) which occurs by Ti/Nb ordering of the hexagonal DO19 

phase, or by Al/Al ordering of the cubic B2 phases. Alloys with microstructures 

consisting of the O (i.e. b/b2 phases) have been shown to possess excellent 

combinations of low and high temperature mechanical properties. Commonly 

found in alloys consisting in atomic per cent ranging between 18-30% Al, 18-

34% Nb, and balance Ti. 
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(g) b82  

 This is another ternary phase in the Ti-Al-Nb system that was 

discovered recently. This phase has a composition close to Ti4Al3Nb. It has 

been described as being in apparent equilibrium with the, g, Li0, a2, DO19 and 

O (orthorhombic) phases [38-41], and it has been observed that it has the b82 

structure of the omega phase. It forms readily at high temperatures from the 

cubic B2 phase by the displacement of pairs of (111) and subsequent chemical 

ordering. 

2.4.2 Non-equilibrium phases (metastable)  

As stated earlier, the phase(s) formed are dependent on a number of 

conditions, including but not limited to the alloying composition and 

processing treatment. Metastable (non-equilibrium) Ti phase(s) can be formed 

due to varying alloy thermodynamic or kinetics, such as insufficient cooling 

time for long range diffusion of atoms needed to arrange from one stable phase 

to another (a to ɼ and vice versa in the case of titanium). In general, the 

phase(s) form as a compromise between thermodynamics that favour 

minimisation of Gibbs free energy ɝG and kinetics which dictate how fast the 

transformation can occur. The following sections offer a brief description of 

some of the metastable phases encountered in titanium alloys. 

(a)  Alpha prime martensite a¡  

 This martensitic phase forms instead of a as a result of an extreme rate 

of quenching in dilute titanium alloys from high temperature ɼ phase. Its 
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crystal structure is hexagonal (P63mmc). In dilute alloys, the morphology 

changes from colonies of lath to lenticular or a twinned structure, depending 

on the solute contents [44]. In Ti-Mo alloys, it is said to have orientation 

relationships between adjacent plates, consistent with the Burgers 

relationship. This further indicates that the plates are formed by a martensitic 

reaction. The microstructure is dominated by large plates of a¡ and β 

precipitation (because both shear (martensitic) and diffusional growth 

mechanisms are involved) [44].  

Many metallic and non-metallic materials undergo a first order 

transformation in the same fashion as in steel. For this reason, all other types 

of lattice transformation (other than steel) without atomic diffusion are known 

in physical metallurgy as a martensitic transformation [45]. In principle, 

however, all metallic bodies can be made to undergo diffusionless 

transformation, provided the cooling rate or stress rate is rapid enough to 

prevent transformation by alternative means. Martensite is named after 

eminent German metallurgist Adolf Martens, who was the first to observe the 

structure of martensite in a quenched steel sample. The name ‘martensite’ had 

been used mainly, and originally, to describe the structure formed in steel 

quenched from a temperature of, say 960 C̄, from face-centred austenite to 

martensitic phase (g-a). The most familiar martensite formed in steel takes an 

irregular shaped plate, which, in three dimensions, is a hard lens body centred 

cubic described as acicular martensite [46]. Its formation is less likely as the ɼ 

stabilising elements increase in a titanium alloy because the martensite start 
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temperature decreases and thus the phase is less easily formed (as illustrated 

in Figure 2.8). 

 

(b)  Orthorhombic martensite a¡¡:  

This is also formed by martensitic transformation, but with higher 

solute concentration than a¡ [45, 46]. Its crystal structure is orthorhombic 

(Cmcm) (no.63). The morphological structure is more or less an internal 

twinned structure and, unlike a¡, which can form by quenching only 

(athermal), this can also form on application of external stress — hence the 

name. Stress or strain induced martensite is formed as the name suggests, 

upon the application of external stress or strain (see Figure 2,10).  

 

 

 

 

 

 

 

 

 

 

 

Figure 2.10:  Elastic deformation behaviour of Ti-24Nb-4Zr-7.9Sn alloy: the 
figure displays the stress–strain curves resulting from cyclic loading–
unloading deformation with 1% strain step of the as hot-rolled alloy, thus 
demonstrating the recovery of incipient Young’s modulus after the work 
done by [76]. 
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The detection of α" by x-ray diffraction (XRD) is relatively simple 

because its characteristic pattern has five low angle lines compared to three 

for α' [47]. A typical XRD pattern, showing reflections corresponding to the α" 

phase, is shown in Figure 2.11 [48]. If the β phase was present in this Figure, 

the first two reflections would occur at angles of ~38.5 (110β) and ~55.5 

(200β). 

Identifying α" by electron microscopy can be problematic, as other 

crystal forms of the martensite phase have mistakenly been observed. For 

example, a face centred cubic or tetragonal martensite has been detected in 

some Ti alloys [47]. This was reported on the basis of thin foil electron 

microscopy data. Evidence obtained by Williams [42], however, shows that 

this martensite is orthorhombic in its bulk form. For example: when Ti-14V-

6Al is quenched from 900°C, XRD analysis of bulk samples shows that this 

alloy contains α", whereas TEM examination of thin foils prepared from the 

same sample shows evidence of a face-centred cubic martensite. Furthermore, 

light microscopy of the thin edge of the electron microscopy specimens shows 

marked rumpling, characteristic of shears resultant from mechanical 

instability along the thin edge of the foil. In other alloys which observe α" in 

bulk form, thin foil results show that α" reverts to the β phase along the thin 

edge of the foil during thinning. Based on this evidence, Williams [42] 

suggested that the reported face-centred cubic and/or face-centred tetragonal 

martensites are in fact thin foil artefacts. 
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The microstructures of the a¡¡ and a¡ phase, however, have similar 

acicular textures, characteristic of all martensitic phases. The difference is that 

it is confined to higher compositional ranges. Considering that a¡¡ forms only at 

higher amounts of alloying, it is therefore not surprising that the deformation 

martensite is invariably of the orthorhombic variety, which is halfway between 

the BCC β and the HCP a Ti- phases [49]. This appears justifiable as HCP is just 

a special type of orthorhombic structure with a/c =Õ3; and for higher alloy 

content when the constraints of hexagonal structure cannot be met, martensite 

with orthorhombic structure are formed [50, 51] (see Figure 2.12).  

Figure 2.11: XRD pattern of Ti-50Ta alloy after solution treatment at 950°C for one 
hour, followed by ice water quenching, showing reflections due to α", adapted from 
Zhou et al. [67]. 
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It is surprising that the hardness of a¡¡ is much lower than a¡ and a or 

even β [52b]. This would have an influence on the elastic modulus. Though the 

real reason behind it is not well known, one can guess that stretching of the 

BCC lattice along two of its orthogonal pairs by contraction in the "c" axis and 

expansion on the "a" and "b" axes leading to the formation of rectangular 

prism such as that of  a, b and c are distinct. Thus changing the coordination 

might play a part (see Figure 2.12). 

The effect of some of these microstructural phases on the Young’s 

modulus of binary Ti –Nb alloy is illustrated in Figure 2.13, after the work by 

[53]. The Figure displays the correlation between Young’s modulus and e/a 

ratio, which is similar for most Ti TM alloys. At low values of e/a, the ɼ Ti 

phase is unstable and the formation of the a¡ phase or a¡ martensite 

Figure 2.12: A schematic illustration showing the lattice correspondence 
between the β and α" phases, taken from Kym et al. [52]. 
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corresponds to high modulus and high e/a; the ɼ phase is stabilised and the 

Young’s modulus increases with alloying contents. With the intermediate 

range of e/a, a local maximum in Young’s modulus is caused by the formation 

of the metastable ʖ phase [53, 54]. The true minimum of Young’s modulus of 

the ɼ phase can only be realisable (as indicated by the broken line) if the 

metastable phases can be suppressed through appropriate alloying. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Over a broader compositional range, the actual concentration limit for 

this phase has not been very clear. In the past, Bagariatsky and his co-workers 

tried to determine some a¡¡/ a¡ composition boundaries for a few of the binary 

titanium alloys [55]. In this work, they showed that with increasing amounts of 

Figure 2.13 : Schematic variation of Young’s modulus with (e/a) ratio in binary Ti–
TM system. The β stability increases with increasing e/a, but is challenged by the 
formation of metastable a¡¡ and ω above a certain e/a value that corresponds to the 
peak in Young’s modulus. If these metastable phases could be suppressed, a 
minimum in Young’s modulus might be obtained (the broken line), after [55]. 
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Nb, Ti-Nb binary alloys undergo martensitic transformation upon quenching 

from the high-temperature β- phase field to hexagonal a¡ or to orthorhombic 

a¡ phases (these a¡ and a¡¡ martensites can be analogous to the high-pressure g 

and d phases in pure iron respectively). The high temperature BCC structure of 

titanium can be stabilised by alloying with TM elements to its right in the 

periodic table. The border line between a¡ and a¡¡ has been linked to a certain 

critical value of the e/a ratio discussed earlier. For many binary Ti-TM (TM = 

metallic elements) alloys, the critical e/a ratio of 4.15 corresponds to 

compositions that fall into the stability range of the a¡¡ martensite, with the 

martensite start temperature (Ms) estimated to be º 473 K [53, 55]. If the Ms 

can be suppressed to below room temperature by further alloying additions, 

the reversible β to a¡¡ transformation can be induced by applied stress at room 

temperature. This idea formed the basis of continued efforts towards 

developing shape memory and super-elastic titanium alloys of the β type [56, 

57, 58, 59]. 

 

(c)  Omega Phase (ʖ) 

Perhaps the most studied among all metastable phases in titanium 

metallurgy is ω. It is a submicroscopic precipitate that is supposed to be a 

transition phase formed during the β to α transformation. Probably because 

the complex morphology causes the most substantial change in the physical 

and mechanical properties of the alloys (such as ductility and 

superconductivity), the kinetics of its formation, as well as the nature of its 



67 
 

diffuse X-ray and neutron scattering, its mechanism of formation from the 

parent β phase [60], and its formation are characterised by a series of special 

features. The first reports of this phase were made in 1954 by Frost et al. [61], 

who observed it in binary alloys of titanium with chromium and manganese. 

Later, the ʖ phase was found in many other titanium alloys as well. The 

compositional windows within which the ω phase will form, however, varies 

according to the alloy system [62].  

Over a broader composition range, the ω phase will occur as a 

precipitation product of β decomposition during moderate temperature (300-

550°C) isothermal aging (ωiso). The formation of the ωath phase occurs by a 

diffusionless, or compositionally invariant, transformation [42, 63]. This 

transformation cannot be suppressed, no matter how rapid the quench rate 

[49]. 

The detection of the ω phase, like the detection of α", can often be 

difficult. In a recent study [64], the alloys Ti-30Nb-5Zr and Ti-30Nb-5Ta-5Zr 

were both found to contain the ωath phase after solution heat treatment. The 

presence of the ω phase, however, could mostly be precisely detected under 

TEM, therefore suggesting that the particle size of the ω phase was very small. 

When detectable by XRD, diffraction peaks of the ωath phase are typically broad 

and of low intensity. In addition, because many of the ω peaks overlap with the 

positions of the β peaks, typically only one or two singular ω peaks are 

present. The ωiso phase is typically easier to identify with stronger reflections 

in XRD. An example of an XRD pattern of a β+ωiso microstructure is shown in 
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Figure 2.14, for the recently developed biomedical alloy Ti-29Nb-13Ta-4.6Zr 

[65]. 

 

 

 

 

 

 

 

 

 

 

 

It is well known that ω phase is related to the BCC parent phase 

according to the <000l>ʖ||<111>β;{11 0}ω||{1 0}β orientation relationship, 

implying the existence of four variants of the ω, with respect to the BCC lattice. 

The ω lattice is obtained by collapse of neighbouring (111)β planes of a BCC 

structure, leaving every third plane in place. The atomic movements required 

are ± aβ √3/12, where aβ is the β lattice parameter or equivalently ± cω/6 

where cω is the c axis of the ω phase. Complete plane collapse will produce the 

ideal ω structure with aω = √2aβ and cω = √3/2aβ. For a partial collapse (< 

aβ√3/12), the trigonal ω crystal structure is obtained [63]. Most ω crystal 

detected by XRD is found to bear the hexagonal crystal structure. 

Figure 2.14: X-ray diffraction pattern of Ti-29Nb-13Ta-4.6Zr alloy after 
solution treatment at 790°C for one hour, followed by water quenching, then 
aged for two days at 350oC, adapted from Li et al. [65]. 
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Like the a phase, it forms in all alloys of titanium with transition metals, 

but only at a definite "critical" concentration of the alloying element. An 

indirect proof of the two-stage occurrence of the process of ʖ phase 

transformation in low alloys of titanium and in titanium itself is by volume 

changes.  By analogy with the volume effect in a β to ω transformation, one 

should expect that the occurrence of the first stage of the β to a transformation 

should be accompanied by an increase in density (i.e. a decrease in volume), 

and that the occurrence of the second stage (ω to a¡) should be associated with 

a decrease in density. The understanding of the mechanism of omega 

formation in titanium systems is mainly under these conditions [66].   

(i) The ʖ phase is the product of transformation of the metastable 

ɼ solid solution. Experimental evidence suggests that the process of the ɼ to ʖ 

transformation never reaches completion; i.e. the disappearance of the 

complete ɼ solid solution — the ʖ phase always coexists with the metastable ɼ 

phase.  

(ii) The lattice constants of the ʖ phase are practically 

independent of the conditions of formation (hardening or tempering) and of 

the type of alloying elements. 

(iii) The process of ɼ to ʖ transformation on hardening alloys from 

the "critical" concentration takes place at approximately the same or 

neighbouring martensite temperatures Ms, which are relatively low (º573-

890K), independently of the alloying elements. This can be distinguished from 

the athermal by its large size and a composition gradient along ʖ /ɼ interface.  
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(iv) The temperature of formation of the ʖ phase during the 

tempering of more highly alloyed metastable solid solutions is approximately 

180–500°C, which is practically equal to the temperature of formation of the ʖ 

phase during hardening (Ms). 

(v)  The formation of the ʖ phase is always accompanied by an 

increase in the density of the alloys.  

(vi)  As was noted above, a characteristic feature of the ʖ phase is 

that it does not show up under the optical microscope and the difficulties arise 

in the interpretation of its crystal structure.  

(vii) Its deformation at room temperature and application of higher 

pressure has also shown to stabilise ʖ phase under certain circumstances. 

Studies on Ti-Cr and on Ti-V alloys by Bagariatski et al. [54b] have shown an 

increase in ʖ phase on deformation. 

In a similar move with a¡¡, a link was made by Luke et al. [54a] 

concerning the occurrences and stability of ω phase and e/a ratio of º4.06-

4.14eV for ʖ-Ti phase formation from experimental data. This was disputed by 

authors such as Hickman, however, who noted that the stability of the ω phase 

in alloys could not be predicted from the e/a ratio alone [67]. The position of 

alloying element in the periodic table is also an important factor; this is 

thought to be because of the d-band and s-d band hybridisation influence on 

the electron density of state.  

Blackburn and Williams tried to gain an insight into the composition of 

the ω phases, estimating its volume faction in Ti-Mo alloys by electron 
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microscopy [68]. Their findings seem to be in an agreement with the work of 

Silcock et al. [69] on the structure of ʖ phase in titanium alloys. They both 

agreed that the structure was hexagonal with a=4.60Å A and c=2.82 Å (c/a= 

0.613). They differed, however, on the type of structure they found: while 

Silcock et al. believed the atomic position to be (0,0,0) and (2/3, 1/3, 1/2) 

belonging to P6mmm space group as HCP, Bagariatski and co. [70] thought it 

to be at (0, 0, 0) and (2/3, 1/3, ‘), where ‘ is equal to 0.48 0.01Å — therefore 

possessing P3 ml space group, which is a trigonal structure instead.  

In reality they are both correct, as it can be either hexagonal or trigonal 

depending on whether the transformation is complete or in the initial stages 

[62]. This was later clarified by Sass, who observed that ʖ SAD patterns have 

straight or curvilinear lines of diffuse intensity instead of sharp spot [71]. The 

latter, referred to as the “diffuse ω phase", relates to the early stages of ω 

formation.  

As a result, Blackburn and Williams devoted a lot of effort to their 

groundbreaking work relating to the ʖ phase morphology with misfit strains. 

Here, the authors studied Ti-Mo and Ti-V alloys at various stages of aging and 

found a similar ellipsoidal morphology of ʖ with a major to minor axis ratio of 

about 2.2. In Ti-V alloy however, the ʖ precipitates were approximately cube-

shaped with sides of the cube parallel to (2021) ʖ [72, 73]. They observed 

that, for all Ti-(3d) transition metal alloys with unfilled 3d electronic shells 

(like Ti-V, Ti-Cr, Ti-Mn and Ti-Fe), the ʖ phase is cubic-shaped when visualised 

on the TEM microscope; whereas for Ti-(4d)Tm alloys (i.e. transition metals 
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with unfilled 4d electronic shells — like Ti-Nb and Ti-Mo), the ʖ phase is 

ellipsoidal in shape [74, 75]. They inferred that the precipitation morphology 

is related to the Ti/transition Metal atomic volume ratios or their lattice 

misfits. In Ti-Nb and Ti-Mo alloy systems, the misfit was small and the 

ellipsoidal particle shape seemed dominated by the minimisation of the 

anisotropic surface energy. In Ti-V, Ti-Mn, Ti-Fe and Ti-Cr systems, the misfit 

was greater and the precipitate morphology cubic-shaped and determined by 

minimisation of the matrix elastic strains. A value of 0.5% misfit was quoted, 

below which the precipitate would be ellipsoidal in nature, and above which 

would yield cubic ʖ morphology [74, 75]. 

(d) ɼ¡: we commented earlier on how increasing the beta alloying additions to 

pure titanium martensitic and omega phases formed on quenching. At still 

higher ɼ stabilising alloying additions, however, (i.e. the solute rich ɼ Ti alloys 

undergo a phase separation reaction to form ɼ1 and ɼ2. This could occur 

either by classical nucleation and growth or a less observed spinodal reaction. 

A number of criteria determine which of these two mechanisms would be 

predominant. From a pure kinetic aspect, for spinodal reaction to occur the 

quenching rate should be optimal: neither too fast to prevent short-range 

diffusion of atoms, nor too slow to form the equilibrium ɼ and a phases. It is 

important to note that ɼ1 and ɼ2 are just a convention referring to the two 

phases as having the same crystal structure as the parent ɼ phase (BCC), but 

with different solute content and lattice parameters. Conventionally, ɼ1 is 

assumed to be the solute lean phase and ɼ2 the solute rich phase. Sometimes, 
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in the literature, the ɼ1 is referred to as ɼ¡ and ɼ2 as simple ɼ [42]. This ɼ¡ 

usually remains as coherent and distributed in the ɼ isomorph matrix. The 

above description may not be exhaustive in terms of some of the equilibrium 

and non-equilibrium phases observed in titanium alloys; but the most 

important ones, and the influence of alloy properties that are useful for 

engineering applications, have been mentioned. The following section will 

explain some aspects of martensitic transformation from the high temperature 

ɼ phase that is peculiar to some of our main work on beta isomorphs Ti alloys 

(Ti-Nb and Ti-Mo). 

2.5 Some aspects of a¡¡ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎÓ ÉÎ ɼ4É ɀ (Mo, Nb) 

alloys  

As discussed earlier, phase transformation occurs whenever a materials 

system is not at equilibrium, or changes its microstate, as a result of external 

constraints such as pressure or temperature. In effect, these materials adopt 

different crystal structures favourable for the minimisation of their free 

energy. In general, the microstructural features and the order in the system 

changes, leading to variations in most of the important properties. By so doing, 

phase transformation provides an effective way to modify the microstructure 

of solids. If it can be activated by a mechanical or other physical force, it 

becomes part of the deformation process and directly affects the properties of 

materials as well [76]. 
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There is possibly satisfaction to be derived from possessing an 

understanding of phenomena such as martensitic transformation in metals 

and alloys. The present work, however, deals with the basic mechanisms of 

phase stabilities, therefore providing insight into the mechanical and chemical 

properties of materials which are necessary for the design of new materials. In 

this section, some of the structural, crystallographic and morphological 

characteristic changes that take place as a result of phase transformations in 

titanium alloys are briefly described. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.15: Schematic illustration of the distorted closed-packed hexagonal cell 
(HCP), as derived from the parent BCC lattice after Burgers [82]. 
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2.5.1  Shear ÔÒÁÎÓÆÏÒÍÁÔÉÏÎÓ ÏÆ ɼ ÔÏ ɉa¡/a¡¡) 

As explained earlier, a martensitic transformation involves 

homogeneous movement of atoms. Ideally, such a process is not involve 

thermally activated and takes place at an extraordinary speed [45]; but in 

practice a clear cut separation of transformation process into nucleation and 

growth and martensite is generally not possible [77]. Based on such a premise, 

we assume that diffusion does not occur and atomic correspondence is 

maintained during such transformation. Independent theories to this effect 

have been put forward by others [78]. Although in pure titanium metal a 

simple athermal martensitic transformation is conceivable, in an alloy the 

situation is more complicated for the following reasons.  

The long-range effect of alloying, described, for example, in terms of 

changes to the elastic parameter, may simply be to change the conditions 

under which athermal transformation takes place. The local effect of alloying, 

on the other hand, is to inhibit the movement of atomic, and thereby, (1) 

reduce the distance over which atomic regions can cooperate, thus perturbing 

the microstructure of the transformation product; and (2) reduce the speed of 

the transformation, thus bringing it into completion with nucleation and 

growth mechanisms [62]. This could inhibit the necessary microstructure of 

the transformed product and rate at which such a reaction takes place [62]. 

The diffusion coefficient of the solute species in Ti was also thought to play a 

large role in the evolution of crystallographic texture and during phase 

transformations, which has a direct effect on the internal microstructure and 



76 
 

properties of retained phases of the alloy while quenching. For example: the 

work of Jepson et al. [79] on the kinetics of transformation in Ti-Nb alloys 

found the critical cooling rate at which martensite always formed (equivalent 

to reaching the Ms temperature in terms of the TTT diagram of the alloy) 

decreasing with increasing Nb content [80]. From these findings, the influence 

of alloy content on crystallographic orientation in different Ti based systems 

was made very apparent. Previous investigations [76, 80] have shown that 

such a cubic ɼ to hexagonal a transformation occurs via a habit plane near 

{334}ɼ. One of these two different martensites would be formed, and ɼ to a 

transformation process would be reducible to the activation of following shear 

systems that follow a well-established Burgers relation [81]: i.e. (110)  ᷆

(0001)a¡; [111]ɼ᷆   [110]a¡ (see Figure 2.15). A study of the orientation 

relationship in zirconium Burgers [82] proposed that the martensite 

transformation of body centred cubic (BCC) to close-packed hexagonal (HCP) 

occurs by a heterogeneous shear on the system ρρςBCC [ςρρπ. This 

distortion is illustrated in Figure 2.15. The crystallographic principle 

underlying this proposal is that the configuration of atoms in the (112) plane 

of a body-centred cubic structure is exactly the same as that in the (1010) 

plane of a close-packed hexagonal structure based on the same atom radius. 

The pattern on both of these planes is a rectangle Ὠ ὼ Ѝς ςὨ, where d is the 

atom diameter. Thus a hexagonal close-packed structure can be built up from a 

body-centred cubic structure by displacing the (112) planes relative to each 

other. It should be noted, however, that the array on the (110)ɼ planes (see 
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Figure 2.15) cannot be converted into an exact hexagonal array merely by the 

pure shear proposed by Burgers, since the spacings of the (ll2)ɼ planes and 

ρπρπ  planes into which they transform are not equal. Nevertheless, this 

mechanism leads to approximately the observed orientation relationship. 

Accordingly, the orientation relationship between the ɼ and the (a¡/a¡¡) were 

found to be same as the burger orientation relationship between the ɼ to a 

type [49, 60, 83, 84]. This was schematically illustrated in Figure 2.16, after 

[84], the basal plane of a is derived from the [011]ɼ-type plane and those of 

[011]ɼ and [100]ɼ directions transform into πρρπ and ςρρπ  directions, 

respectively. The closed packed direction ρρρ  and ρρρ  lying on the 

ρρπ plane transformed to closed packed ộρςςπỚ directions. The other 

ộρρςπỚ directions are derived from ộρππỚ directions. Based on this orientation 

relationship and the symmetries of the cubic and hexagonal structures, a total 

of 12 crystallographically distinct variants of the alpha phase can result from 

the transformation of a single beta grain. It is not surprising that, to maintain 

such orientation, a relationship has to be achieved via a series of contraction 

and expansion of the β lattice in order to form (a¡/a¡¡). This is listed, according 

to [78], here: 

× a 10 % contraction of ππρ  corresponds to ộςρρπỚa¡ 

× a 10% expansion along πρρ correspond to ộπρρπỚɻ¡ 

× a 1% contraction πρρ corresponds to ộπππρỚɻ¡ 

 

The orthorhombic a¡¡ crystal structure can be described as a slightly distorted 

hexagon with the same atomic positions as in hexagonala¡, but distorted so 
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that the lattice parameter is in between the a¡ phase and β phase. It is said to 

form by a degeneration of the hexagonal structure in form of a compromise 

between the two. This is better illustrated when the Burgers orientation is 

written in terms of the orientation crystal lattice. Hatt et al. deduced that, in 

quenched Ti-Nb alloy, the following crystallographic adjustments have to be 

made to get the observed orientation relationship [85]: 

× ρππa¡¡   is 2° from ộπρρỚ‍ 

× πρπa¡¡   is 2° from ộρρπỚ‍ 

× ππρa¡¡   is 2° from ộρρπỚ‍ 

This orientation relationship outlined above and in Figure 2.16 shows 

the interrelationship between the three lattices as represented in the 

orthorhombic system [63]. It is no surprise that as more and more ɼ stabilisers 

are added, the orthorhombic parameters change and become closer to the BCC 

dimensions [84, 85, 86]. In the past, several quenched binary titanium alloys 

(including Al, Mo, Nb, V, Au and Ag) were investigated for the presence of 

martensites. Apart from Ti-Al, alloys were β to a was impossible to suppress 

[80]; all the other alloy additions are ɼ formers, though — by definition — they 

do not promote martensitic formation. The size and the cooling rate of the 

specimen were, however, quite rigid and a bit confusing to understand. As a 

consequence, even when thin slices of these alloys typically would not form 

martensite, thicker ones would do due to the thermal shock experienced while 

quenching. 
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Also, in lean Ti-Mo alloys, Davis and co-workers did find martensite on 

quenched and un-quenched conditions [86]. They observed that with the 

increase in Mo concentration, the structure changed from a¡ to a¡¡ and then to 

completely retained β. So, at less than 4wt. %, a¡ formed; and above it, there 

was the presence of a¡¡ martensite. It was indicated that, at low Mo 

concentrations, the critical cooling rate for 1005°C/min transformation to a¡ 

was not achieved on water quenching and thus there was a competition 

between shear and diffusional transformations. At a higher Mo content (> 4wt. 

%), the martensite start temperature, Ms and the critical cooling rate 

decreased and thus a complete shear transformation occurred [87]. This was 

similar to what Ho et al. [88] observed with 6-20 wt. % Mo titanium alloys. At 

7.5 wt. % Mo, a¡¡ phase was seen to form with the lowest hardness; but at 

about 10-12.5 wt.% Mo, the alloys showed increased hardness values due to 

retained β. 
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In the Ti-Nb systems, these effects have been studied by several other 

groups [88]. It has been found that at < 13wt. % Nb, a¡ was formed while 

higher concentration yielded a¡¡ [89]. The evolution of a¡ and a¡¡ in some Ti-Nb 

and Ti-V alloys were studied by some others including [90]. Similar 

investigations on titanium based on eutectoid systems (Hypoeutectoids, such 

as T-Ag and Ti-Si, and hypereutectoids, such as Ti-Au) by Menon et al. 

confirmed the identification of massive ɼ to am transformation [91, 92]. 

Stress-induced α" martensite (SIM) can be triggered in quenched 

metastable β alloys by application of an external stress [93]. The triggering 

Figure 2.16: Atom movements postulated by Burgers for the body-centred cubic to 
close packed hexagonal transformation in zirconium. On the left are body-centred 
cubic cells, and in heavy lines a cell having ρρπ  as a base and ρρς as vertical 

sides, the latter serving as shear planes when the two hexagonal cells at the lower 
right are  produced. 
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stress (σSIM) inducing the formation of α" rises with an increase in the stability 

of the metastable β phase. Some alloy compositions, e.g. Ti-24Nb-4Zr-7.9Sn 

[94, 95] (wt. %) exhibit both types of martensitic transformation; i.e. α" can be 

induced athermally or by the application of an external stress [62]. The 

thermoelastic reversibility of SIM is responsible for the observed shape 

memory effect and superelasticity in some β Ti alloys. Athermally, evidence of 

stress induced martensite transformation in deformed samples is revealed 

through the cusp (kinks) present in their tensile stress strain curves. The 

sudden jump in strain occurs usually to accommodate the ɼ to a¡¡ 

transformation and from lattice invariant during deformation. The physical 

basis for transformation to the a¡¡ to occur in Ti–Nb and Ti-Mo based alloys is 

that Nb or Mo stabilises the BCC structure with respect to HCP titanium, but 

destabilises it with respect to the a¡¡ martensite by reducing its elastic shear 

modulus. The composition of our alloy corresponds to small elastic shear 

modulus [38, 54], ὅ ὅ ὅ ςȟϳ  and, as such, {110} shear or shear along 

[111] on {110}, {112} or {123} will be particularly easy [121]. It was 

demonstrated that one of the three most probable mechanisms of the 

transformation to the a¡¡ in BCC titanium is accomplished partially [110] {110} 

atomic shuffles in opposite directions on every other {110} plane. The highly 

anisotropic slip may also produce defect configurations such as kink bands 

[53]. 

 For high β content alloys too rich to undergo such transformations, 

deformation while undergoing tensile stress can be attributable to mechanical 
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twinning. TEM images in Figure 2.17 reveal further details of the substructure 

associated with this transformation and the variation of martensite 

microstructure, including internal twins in Ti (20, 22, and 24) Nb alloys shown 

in Figure 2.17 [97]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Several deformation mechanisms have been studied in Ti-based alloys 

systems. It appears that the concentration and type of solute strongly 

influences whether the stress-induced product in a given alloy is twinning or 

α" [49]. In some alloys, clear evidence of mechanical twinning has been 

observed, while evidence of α" has been obtained in others, or both. Due to the 

Figure 2.17: (a), (b) and (c) are TEM images showing the variation of martensite 
microstructure including internal twins in the Ti (20, 22, and 24) Nb alloys. (d) is 
[111] β SAD pattern and the index that were obtained from the circle in (b), and 
indicating that the internal twins are of Type 1 twinning on (111) β plane after [4] 
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difficulty involved in discerning between deformation products, it has been 

suggested that light microscopy is insufficient to identify the product since 

both the twin and martensite have a similar appearance (as shown in Figure 

2.18). The existence of twinning in the microstructure points have been 

studied in Ti-Mo [98], T-V [99], Ti-Mn [100], Beta III [101] and Ti-15V-3Sn-

3Cr-3Al [102] alloys. These alloys have shown to exhibit two twin systems: 

{332} [113] and {112} [113]. Both the {334} and the {344} martensite are 

found in Ti-Mo alloy systems, a transition occurring between 10.5 and 11.5% 

Mo. The {344} martensite found in the higher Mo alloys are usually formed by 

deformation of the quenched alloy [98]. It has been suggested, however, that 

light microscopy is insufficient to identify the product since both the twin and 

martensite have similar appearance (as shown in Figure 2.18). XRD patterns 

obtained from the samples in Figure 2.17(a) show no additional peaks, other 

than those from the β phase, indicating that the lenticular features in the figure 

are BCC twins. Electron microscopy has verified the formation of {112}<111> 

[49] and {332}<111> twinning during stressing of Beta III and many other 

metastable β alloys. The stress-induced product in Ti-14Mo-3Al in Figure 

2.18(b) was identified as α". The evidence therefore suggests that high 

resolution XRD is the most reliable way to detect the crystal structure of the 

martensite phase [103]. 
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2.5.2  4ÈÅ ÓÉÍÉÌÁÒÉÔÉÅÓ ÂÅÔ×ÅÅÎ ʖ ÁÎÄ a¡¡transformation  

Some close uniformity could be drawn between the shearing and 

shuffling transformations of ɼ that could lead to respective formation of ω and 

a¡¡. Some work has been done on compositional ranges and quench rates 

applicable for the formation of each of these phases. Mofiat et al. [90] 

investigated the Ti-Nb alloy system having between 20-70 atomic % Nb to 

understand the competition between ʖ and a¡¡. They established that a¡¡ and 

ʖ precipitation specifically in Ti-Nb systems was favoured by fast and slow 

quenching rates respectively, which confirmed the belief that, at slower 

quench rate, the collapse of the (111)ɼ planes are more complete. This was 

similar to the result presented by Ohmori et al. [103], which showed that in Ti 

alloys with the progress of ʖ phase precipitation, the ɼ to a¡¡ transformation 

was quite largely suppressed.  

In order to determine the underlying similarities between these 

metastable phases, the theory of localised soft phonon mode of transformation 

was introduced by de Fontaine [104, 105]. Cook [106, 107], Clapp et al. [109] 

Figure 2.18 ; Light micrographs of lenticular stress-induced products in: (a) Ti-
11.5Mo-4.5Sn-6Zr (Beta III), and (b) Ti-14Mo-3Al, taken from Williams [49]. 
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and Suzuki [110] compared martensitic transformation to spinodal 

decomposition, which in itself is related to the ʖ phase precipitation. It is well 

understood that while the spinodal reaction takes place through compositional 

fluctuations, the ʖ grows by displacement fluctuations. Similar to the spinodal 

mechanism, the martensitic transformation could therefore be triggered by 

strain fluctuations in the vicinity of a strain spinodal. In addition, from the 

neutron diffraction studies of Moss et al. [111] and the Mossbauer-effect 

measurements of Batterman et al. [112], it can be said that the ʖ also 

possesses strain fluctuations. This further narrows down the difference 

between martensite and ʖ, and one can safely say that they are manifestations 

of the same ɼ instability phenomenon. 

2.6 %ÖÏÌÕÔÉÏÎ ÏÆ ɼ 4É ÁÌÌÏÙ ÆÏÒ ÏÒÔÈÏÐÁÅÄÉÃ ÉÍÐÌÁÎÔ  

 During the first part of the arthroplastic surgery development, 

stainless steel was considered as a one of the viable implant materials, mainly 

because of its availability and processing ease. Alloying additions of chromium 

(Cr), nickel (Ni) and molybdenum (Mo) were made to the ferrous (Fe) matrix 

to prepare alloys like 316L, also known as ASTM F-138 [113]. They were 

primarily used to make temporary devices such as fracture plates, screws and 

hip nails; but gradually, as TJR (total joint replacement) surgery became 

popular, it became evident that very high modulus of stainless steel 

(~200GPa) (Table 2.1) would be a deterrent. Researchers also started looking 

for alloys that were more biocompatible and corrosion and wear resistant. 
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Cobalt (Co) based alloys came into the picture, while wrought alloys were used 

to fabricate prosthetic stems and load bearing components. Even though they 

offered excellent corrosion resistance, wear resistance and fatigue strength, 

these Co-Cr-Mo alloys (ASTM F-75, ASTM F-799) still had higher modulus 

(~210GPa) [see Table 2.1] and inferior biocompatibility to that desired for 

implant materials [113]. As a consequence, after the early 1970s titanium 

alloys started to gain popularity due to their excellent specific strength, lower 

modulus, superior tissue compatibility and higher resistance [114]. 

The commercially pure titanium (ASTM F-67) was the first trial due to 

the fact that its oxide (titanium in the atmosphere readily forms an oxide 

coating around it) had excellent osseo-integration properties — i.e. human 

bone cells bonded and grew on the titanium-oxide layer quite effectively. Due 

to its limited strength however, the implants were confined to specific parts, 

such as hip cup shells, dental crown and bridges, endosseous dental implants, 

pacemaker cases and heart valve cage [115]. In order to improve the strength 

for load bearing applications — such as total joint replacements — the alloy 

Ti-6Al-4V ELI (ASTM F-136; the Extra Low Interstitial alloy composed of 

Titanium (Ti), 6 wt. % Aluminium (Al) and 4 wt. Vanadium (V) and Ti-6Al-4V), 

which was originally developed for the aviation industry. The elastic modulus 

of about 110GPa (See Table 2.1), which was about half of 316L stainless steel 

was chosen. As this was used for TJR surgery with modular femoral heads and 

long term devices like pacemakers, it was soon found out that the presence of 

vanadium caused cytotoxicity and adverse tissue reactions [202, 203]. Thus 
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niobium (Nb) and iron (Fe) were introduced, replacing vanadium, to develop 

alloys such as Ti-6Al-7Nb [116] and Ti-5Al-2.5Fe [117]. Also other alloys with 

aluminium additions like Ti-15Mo-5Zr-3Al [118] and Ti-15Mo-2.8Nb-3Al [113] 

were tried out. Further studies, however, showed that the release of both V 

and Al ions from the alloys might cause long-term health problems, such as 

peripheral neuropathy, osteomalacia, and Alzheimer’s [119,120]. 

Consequently, Ti-6Al-4V somewhat lost its importance as the most viable 

orthopaedic alloy. 

 

 

 

 

 

 

 

 

Due to demographic changes and a worldwide increase in the average 

age of the older population, which has led to a rapidly increasing number of 

surgical procedures involving prosthesis implantation, there was an urgent 

need to develop newer and better orthopaedic metallic alloys. For this, the 

researchers first had to identify the metallic elements that were completely 

biocompatible as to alloy with titanium. The ideal recipe for an element to be 

used for implant application was excellent biocompatibility with no adverse 

Alloy  Modulus(GPa)  Yield Strength (MPa)  UTS 

Stainless steel 200 170 465-950 

Co-Cr-Mo 200-230 275-1585 600-1795 

c.p. Ti 105 692 785 

Ti-6Al-4Al 110 850-900 960-970 

Table 2.1:Comparison of mechanical properties of commonly-used orthopaedic 
alloys. 
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tissue reactions effect, excellent corrosion resistance in bodily fluids, high 

mechanical strength and fatigue resistance, low elastic modulus, low density 

and good wear resistance. Regrettably, only a handful of elements will not 

cause harmful reactions when planted inside the human body [121]: titanium 

(Ti), molybdenum (Mo), niobium (Nb), tantalum (Ta), zirconium (Zr), iron (Fe) 

and tin (Sn). Out of these, only tantalum showed an osseo-compatibility similar 

to that of titanium; but its high atomic weight hindered it from being used as a 

primary alloying addition. In fact, biocompatibility of higher amounts of 

tantalum and palladium additions was only tested for dental and craniofacial 

prosthesis where implant weight would not be of much concern [122]. For 

other types of load bearing implants, several molybdenum and niobium based 

alloys were analysed. For example: investigations on ternary Ti-Mo-Fe alloys 

were carried out where the strengthening effect of Fe addition was studied in a 

Ti-7.5Mo alloy [123, 124]. Another time, Guillermot et al. conducted tests on 

Ti-Mo-Fe-Ta alloys with hafnium (Hf) additions [125]. Previous work by 

Feeney et al. considered one of the most promising quaternary molybdenum-

based β-Ti alloys, Ti-11.5Mo-6Zr-4.5Sn, also known as βIII [126]. The phase 

transformations occurring in these alloys were found to be similar to those of 

binary Ti-Mo alloys. At room temperature the as quenched βIII alloy showed 

low yield strength, high ductility and high toughness. The effects of iron on Ti-

Mo alloys [123] and the superior properties of βIII [126] were finally 

combined to develop Ti-12Mo-6Zr-2Fe [127, 128], which recorded superior 

yield strength and modulus values. As discussed earlier, it was believed that 
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the ω phase precipitation had a great effect on the strength of these alloys. A 

parallel if not better effort was put in to develop niobium based β-Ti alloys. 

Karudo et al. [25] and Tang et al. [129] developed alloys based on the Ti-Nb-

Ta, Ti-Nb-Ta-Zr, Ti-Nb-Ta-Mo and Ti-Nb-Ta-Sn systems. Of all the different 

alloys that were chosen, the tensile strength and elongation of Ti-29Nb-13Ta-

4.6Zr alloy was found to be greater than, or equivalent to, those of 

conventional titanium alloys for implant materials [130, 133]. Upon comparing 

the hardness values of the quaternary alloys, it became evident that the 

homogenised samples had higher hardness than the air or water quenched 

samples. Finally the dynamic moduli was observed to be lowest at 5 at% Zr 

and Nb/Ta ratio of 12.0, which was attributed to the preferred site occupancy 

of Nb, Ta and Zr within the BCC unit cell and its effect on the nature of bonding 

[130]. The alloys that possessed the lowest moduli were Ti-35.5Nb-5.0Ta-

6.9Zr and Ti-35.3Nb-5.7Ta-7.3Zr. 

Consequently, based on this research, a number of contemporary and 

prospective alloys were developed. These included Ti-12Mo-6Zr-2Fe [127, 

128] and Ti-15Mo-3Nb-0.3O [134]. Additional inclusion of Interstitial Oxygen 

(O) in the alloy, also referred as TIMETAL 21 SRX, Ti-13Nb-123Zr [135], Ti-

25Nb-4Zr-7.9Sn [93] and Ti-35Nb-7Zr-5Ta [136]. Happily, all these alloys 

were primarily ɼ or ɼ+a¡¡ type Ti alloys. The change in the direction of the 

search for better biomaterials from a/ɼ Ti to ɼ and ɼ+ a¡¡ could be explained 

by the fact that the latter fitted in very well with the tight mechanical 

properties requirements of orthopaedic alloys. The standard requirement on 
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which such important properties decisions on modern day implants can be 

based will now be discussed. 

(a) Yield strength: The yield strength would determine the load bearing 

capability of the implant. For TJR (total joint replacement) surgeries, where 

load-bearing capability is indispensable, ideally a high strength value of the 

alloy would be desirable.  Hence, an alloy intended for orthopaedic use should 

combine a high strength value with adequate ductility (defined by percentage 

elongation or percentage reduction of area in a standard tensile test). Table 2.2 

below lists the yield strength and ultimate tensile strength values of some of 

the common titanium alloys. One would see that some of the metastable β 

titanium alloys do show very high values in comparison to the a  or a/ɼ 

titanium alloys.  

(b) Elastic Modulus: A number of experimental techniques have been 

used to determine the elastic properties of solids [137]. The relative elastic 

modulus of implant compared to that of the bone (~10-40 GPA) has always 

been a source of concern [113]. Long-term experiences indicate insufficient 

load transfer from artificial implant to the adjacent remodelling bone may 

result in bone re-absorption and eventual premature loosening of the 

prosthetic device [138, 139] due to the complex nature of compressive and 

tensile activities which they are exposed to when the implant is in service. This 

is termed the “stress shielding” effect, caused by the differences in flexibility 

and stiffness, dependent partly on elastic moduli difference between the 

natural bone and artificial implant material [140]. A reduction in the stiffness 
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of the implant by using a lower modulus material would therefore definitely 

enhance the stress re-distribution of the adjacent bone tissue, ultimately 

minimise the stress shielding effect, and eventually prolong the service life of 

the implant device. In these terms, Ti6Al-4V and related a/ɼ alloys have been 

considered to be inferior. The metastable ɼ ÉȢÅȢ ÍÉÃÒÏÓÔÒÕÃÔÕÒÅ ÐÒÅÄÏÍÉÎÁÎÔÌÙ 

consisting of a¡¡ +β phase) and some fully transformed β phase exhibit lower 

overall moduli. Figure 2.13 shows the interrelationship of elastic moduli with 

microstructure; and Table 2.2 shows that Ti-15Mo-5Zr-3Al, Ti-12Mo-6Zr-2Fe, 

Ti-15Mo-2Nb-0.3O and Ti-13Nb-13Zr have an elastic moduli ranging from 74-

88GPa, which is about 2-7 times higher than the modulus of bones.  

There have been numerous previous attempts (some failed and some 

successful) and many more will probably be developed and tested in the near 

future. The Ti-33Nb-7Zr-5Ta and Ti-24Nb-4Zr-7.9Sn alloys, however, stand 

out as prospective alloys mainly because they had one of the lowest modulus 

to date (~55 GPa and 24 GPA respectively): almost 20-40% lower than those of 

other available alloys [106, 136, 93]. Ti-24Nb-4Zr-7.9Sn was developed by Hao 

et al. of Shenyang National Laboratory for Materials Science, Institute of Metal 

Research, Chinese Academy of Sciences, in China; while Ti-33Nb-7Zr-5Ta was 

developed by Dr. Henry Rack at Clemson University and is now commercially 

sold by Allvac ® as TiOsteum® and TiOstalloy®, and its low yield strength 

value (547 MPa) was increased by adding interstitial oxygen. Thus Ti-33Nb-

7Zr-5Ta-0.4O showed the strength of 976 MPa and elastic modulus of 66GPa 

[136]. It has been suggested that a two-step aging (instead of one) — one at a 
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low temperature and a second at a high temperature — could be a means of 

increasing the yield strength. This is because the first step might lead to 

nucleation of fine distribution of ʖ as a precursor for a nucleation, which 

would be coarsened to a desired strength in a relatively higher temperature at 

the second aging step [141, 142]. 

 

 

Alloys designations  Microstructure  E(GPa) YS(MPa) UTS(MPa) 

c.p Ti {a} 105 692 785 

Ti-6Al-4V {a/ɼ} 110 850-900 960-970 

Ti-6Al-7Nb {a/β} 105 921 1024 

Ti-5Al-2.5Fe {a/β} 110 914 1033 

Ti-12Mo-6Zr-2Fe {Metastable ɼ} 74-85 1000-1060 1060-1100 

Ti-15Mo-5Zr-3Al {Metastableβ} 

{aged a+ɼ} 

75 

88-113 

870-968 

1087-1284 

882-975 

1099-1312 

Ti-15Mo-2.8Nb-3Al {Metastableβ} 

{aged a+β} 

82 

100 

771-1215 812 

1310 

Ti-13Nb—13Zr {a¡/β} 79 900 1030 

Ti-15Mo-3Nb-0.3O (21Srx) {Metastableβ}+ 

Silicides 

82 1020 1020 

Ti-35Nb-7Zr-5Ta {Metastable β} 55 530 590 

Ti-35Nb-7Zr-5Ta-0.04O {Metastable β} 66 976 1010 

Ti-24Nb-4Zr-7.9Sn {a¡¡/β} 24 900 920 

Table 2.2:  Orthopaedic alloys developed and/or utilised as orthopaedic implants and 
their mechanical properties (E=Elastic Modulus, YS=Yield Strength, UTS-ultimate 
Tensile Strength [113, 93]. 
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2.7 Summarising comments  

In summary, one must appreciate the growing interest in Ti and its 

alloys and its ability to possess a range of property values depending on 

alloying additions and/or thermomechanical treatments adopted. Though 

significant advances have been made by alloying or micro-alloying as an 

effective means of improving those properties and exploiting their potential as 

materials for load-bearing components, these efforts are unfortunately still far 

from the final goal in terms of understanding the microstructural 

development, preventing poor ductility and toughness at ambient 

temperature. This work attempts to identify the effect alloying additions have 

on the mechanical behaviour and thermodynamic stability of a¡¡ and ɼ Ti 

phase and its dependence on initial ɼ matrix instabilities.  Chapters 3 to 7 

discuss this approach and the results, which are then summed up in Chapter 8.  
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Chapter 3 

Experimental and Computational Techniques 

3.1 Summary  

This chapter itemises the experimental plan and process and 

computational techniques utilised individually and in relation to the whole work. 

The experimental techniques include alloy fabrication route, cold rolling process, 

texture and thermoelectric power method for assessing electronic behaviours. 

Explicit details of techniques such as microstructural, metallographic processing, 

cold rolling and mechanical testing are considered individually in the respective 

sections.  

 Computational technique is based on the CASTEP code simulation, which 

fully features first principles and, as such, its capabilities are numerous. The basic 

quantity is the total energy from which many other quantities are derived. For 

example, the derivative of total energy with respect to atomic positions results in 

the forces and derivatives with respect to cell parameters given stresses. These 

are then used to perform full geometry optimisation of structure calculations 

and interpretation of bulk electronics (such as electronic band structure, density 

of states) and mechanical properties (such as elastic parameters and ductility) 

are deduced. These techniques are appropriate for characterising, understanding, 

designing and predicting microstructure and electronic changes in the properties 

of alloys based on the aforementioned Ti systems. 
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3.2 Experimental schedule plan  

There is a growing interest in Ti-Mo based alloys for biomedical 

materials, and their ability to possess a range of property values depending on 

alloying additions and/or thermomechanical treatments adopted. This work is 

divided into three phases: the research process is schematically shown in 

Figure 3.1. In the first phase, pure Ti-Mo binary alloys were melted into ingots 

and casted into cylindrical rods. These binary alloys were characterised as 

determining the phase and microstructural types. The results were correlated 

with semi empirical calculations based on the Md, Bo and the electron per 

atom ratio (e/a) discussed previously in chapter 3.  

The ideal recipe for an element to be used for implant application was 

excellent biocompatibility with no adverse tissue reactions effect, excellent 

corrosion resistance in the body fluid, high mechanical strength and fatigue 

resistance, low elastic modulus, low density and good wear resistance. That 

limits the list to a small number: titanium (Ti), molybdenum (Mo), niobium 

(Nb), tantalum (Ta), zirconium (Zr), iron (Fe) and tin (Sn).  

In the second and third phase respectively, we designed and 

investigated the properties of multicomponent alloys aimed at meeting the 

qualities expected of bio- implants materials; namely, Ti-Mo (Ti-Mo-Sn, Ti-Mo-

Zr, Ti-Mo-Nb, Ti-Mo-Ta, Ti-Mo-Ta-Sn, Ti-Mo-Ta-Zr, Ti-Mo-Ta-Nb and Ti-Mo-

Nb-Zr) and Ti-Nb (Ti-Nb-Zr, Ti-Nb-Sn, Ti-Nb-Ta, Ti-Nb-Mo, Ti-Nb-Zr-Sn, Ti-Nb-

Ta-Sn, Ti-Nb-Mo-Zr, Ti-Nb-Ta-Zr and Ti-Nb-Mo-Zr). A rigorous experimental 

and DFT theoretical study of the properties of these alloys was undertaken. In 



108 
 

B
in

ary allo
ys 

T
-N

b
 

M
u

ltico
m

p
o

n
e
n
t a

llo
ys

 

T
-M

o
-(Z

r, T
a

, N
b
, H

f, 

S
n

) 

M
u

ltico
m

p
o
n

e
n
t a

llo
ys

 

T
-M

o
-(Z

r, T
a

, N
b
, H

f, 

S
n

) 

T
i
 

B
in

ary allo
ys 

T
-M

o
 

1
s
t sta

g
e

  
C

h
aracterisatio

n
 / co

rrelatio
n

 w
ith

  
(e/a), M

d
 an

d
 B

o
 

 

ς
n
d a

n
d

 3
rd sta

g
e

  
C

h
aracterisatio

n
 an

d
 D

F
T

 Sim
u

latio
n

s 
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3.3 Fabrication process  

3.3.1. Alloy preparation  

 

The constituent elements of alloys were weighed out on a Precisa 

XB120A electronic balance (Precisa instruments) to an accuracy of ± 0.1 mg to 

obtain the required composition. The elements used, which were in solid bar, 

had purities >99.8%. Unalloyed titanium and other alloying elements were 

initially cold rolled to produce small pieces, before polishing and cleaning in an 

ultrasonic bath to remove surface grease or other impurities, particularly 

those that may have remained after cutting. This was to minimise and remove 

contaminants that might adversely influence the phase stability and other 

properties of the alloys. 

 

3.3.2. Argon arc furnace  

An argon arc furnace utilised for the preparation of alloy ingots is 

depicted in Figure 3.2. The chamber is usually evacuated to < 10-5 torr (10-3 

Pa) before being back filled to 1/3 atm. (30 KPa) of high purity argon gas. A Ti 

button of mass 20 g was melted in the chamber prior to the melting of the alloy 

sample in order to minimise residual oxygen in the chamber, and thus 

minimise oxidation of the alloy (commonly known as oxygen gettering). The Ti 

button was normally used only 20 times, and then it was replaced with a clean 

unmelted piece of Ti. Fifteen gram buttons of each alloy were melted at least 



110 
 

five times under argon atmosphere to ensure a low oxygen starting condition. 

They were re-melted at least five times, or until change in the solidification 

behaviour was not observed, in order to reduce the possibility of 

macrosegregation in the ingot. The ingots were cooled to room temperature in 

the chamber under the argon atmosphere. An average weight loss of 0.1 % was 

recorded. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

Figure 3.2: Schematic illustration of the argon arc melting furnace system; (b) Aerial view of the 

water cooled copper mould inside the chamber of the arc melter. 
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3.3.3. Copper die suction casting  

The suction casting facility has been incorporated into the argon arc 

furnace as a part of the system. As the pre-alloyed ingot was melted in the 

argon arc furnace, the melted alloy was pressure induced to suck down onto a 

water-cooled copper die under the influence of a negative pressure differential 

between the copper die and the melting chamber. The process technique 

involves arc melting of 1-20g of the pre-alloyed ingots.  This is followed by 

forcing superheated molten metallic alloys into the copper die using the excess 

pressure in the chamber. The pressure differential is generated by the use of a 

roughing pump connected to the secondary chamber at the base of the die 

cavity via a solenoid valve. Due to the design of the chamber it was not 

possible to measure the actual superheat of the sample, so a successful cast 

was strongly dependent on the operator’s judgment. With insufficient 

superheat the melt did not completely fill the die cavity. If the sample 

superheat were excessive however, the molten metal would access the 

secondary chamber and damage or destroy the seal in the solenoid valve. 

The chamber of the suction unit is divided in two — the upper and 

lower chamber. The upper chamber contains connections for vacuum pumps 

(roughing and diffusion), gas inlets (argon is normally used), vacuum gauges 

and a tungsten electrode. The lower chamber consists of a water-cooled 

copper hearth. The copper hearth has connections for water in and out and for 

the secondary chamber, which is controlled by the solenoid valve. The copper 
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block with channels for water-cooling is placed into the copper hearth. In the 

copper hearth there is a space where the split die with connections to the 

secondary vacuum chamber is fitted. Fig. 3.3 is a photograph of the suction 

casting apparatus with a diagonal section of a cupper die in the figure. Several 

types of copper dies were employed in preparing the samples. The shapes and 

sizes depend on the operator's need. Stepped cylindrical dies with cavities 

ranged from 0.5 mm to 5 mm and a conical die with a length of 50 mm and 

cone base diameters in the range 2-10 mm were commonly used. The moulds 

surfaces were normally polished with 6 micron diamond paste and cleaned 

using acetone before use. This was done in order to enhance the thermal 

contact between the melt and mould wall and minimise any possible external 

contamination of the melt. 

The cooling rates of the system had been estimated earlier using an 

aluminium composition (Al-4 wt. % Cu alloy). The alloy was suction cast into a 

2/3/4 mm stepped die; the cooling rate was then calculated by measuring the 

secondary dendrite arm spacing (2) (m), which exhibits the following 

relationship with the cooling rate (likely to change with alloy type):  

λ2 = 50/Ṫ3                                                                                    eqn. 3.1 

where Ṫ is the cooling rate and l2 is the secondary arm spacing 
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3.4  Microtexture analysis by EBSD technique  

In solid crystals, almost every property of interest in the whole 

spectrum — ranging from chemical resistance to mechanical properties such 

as strength and fracture toughness — is anisotropic.  

Furthermore, almost all materials of engineering interest obtained by a 

non-specific solidification process (directional growth and single crystal 

growth) are polycrystals, which means that they are made up from aggregates 

of grains and/or phases.   

Predicting the anisotropy of polycrystals from the multi grain/phase 

properties involves the fundamental ability to obtain information combining 

microstructure and crystallographic studies. This inter-correlated analysis of 

the microstructure and of texture, which is non-random distribution of 

Figure 3.3:  The lower half of the suction casting facility with adjoined picture of 
a section of a copper die.  
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crystallographic orientations, is called microtexture analysis and it is usually 

carried out using Electron Backscatter Diffraction (EBSD) technique.  

The EBSD technique, also known as Backscattered Kikuchi Diffraction, 

was first developed by Alam and co-workers in 1954 [1], who described some 

diffraction patterns and called them “wide-angle back-scattered Kikuchi 

patterns” in recognition of related diffraction phenomena reported by Kikuchi 

in the 1920s. It was not until the 1970s however that Venerables and co-

workers applied EBSD to metallurgical microcrystallography, paving the way 

for a more widespread application of EBSD to the materials science in the 

ensuing years [2].   

Rapid developments in both hardware and software in the past 10 

years have made EBSD an easy-to-use technique, ideal for the rapid analysis of 

microstructures in a range of crystalline materials.  

 

3.4.1 Principle of EBSD 

This technique allows crystallographic information to be obtained from 

samples in the scanning electron microscope (SEM).  

In EBSD a stationary electron beam strikes a tilted crystalline sample 

and the diffracted electron forms a pattern on a florescent screen. The 

specimen tilt angle with respect to the horizontal axis is usually 70  ̄because 

this provides the highest yield of backscattered primary electrons. The pattern 

obtained is characteristic of the crystal structure, and orientation of the 

sample region from which it was generated. The diffracted pattern can be used 
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to measure the crystal orientation, measure grain boundary misorientations, 

discriminate between different materials, and provide information about local 

crystalline perfection [2-3].  

When the beam is scanned in a grid across a polycrystalline sample and 

the crystal orientation measured at each point, the resulting map will reveal 

the constituent grains morphology, orientation and boundaries.  

The principal components of an EBSD system are visible in the figure below 

and they can be listed as follows: 

× SEM station: electronic hardware that controls the SEM, including the beam 

position, stage, focus and magnification; 

× Sensitive charge couple device (CCD): video camera interfaced to a phosphor 

screen for viewing the orientation pattern; 

× Camera control/diffraction pattern processor unit; 

× Computer and dedicated software to control EBSD experiments analyse the 

diffraction pattern and process (data processing and pattern indexing) and 

display the results. 
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Figure  3.4: Schematic illustration of the components and assembly of a typical modern 
EBSD system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.4.2  EBSD data presentation  

The main standard method of representing texture is by means of 

phase map (PM), pole figures (PFs) and orientation distribution functions. 

3.4.2.1  Phase map   

The sample population can be processed, displayed and quantified 

statistically in several ways. The EBSD data processing is usually carried out in 

two parts: the orientation map, which represents the more pictorial output, 

and the statistical distribution of the orientations.  
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 Although the most used application of EBSD is for microtexture, this 

technique can also be used for the identification of the phases that compose 

the alloy under examination.  

The orientation map is a visual portrayal of some orientation related 

aspect of the microstructure at each sampling point, accompanied by the 

crystallographic orientation. To compose an orientation map, the electron 

beam moves automatically in regular steps over a predefined region of 

stationary specimen, or, alternatively, the beam is kept stationary and the 

specimen is moved.  Figure 3.5 is an illustration of an orientation map.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5:  Orientation map of the phases which constitute a dual phase material. The 

zones coloured blue represent phase A; the red ones represent the intermetallic 

compound or phase B; and the yellow zones are the ‘Zero solution’ zones. In the left 

bottom angle the marker and the parameter used, for instance the step and the grid, are 

also indicated. 
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3.4.2.2 Pole figure  

Another common method of representing a microtexture is a pole 

figure, which has the advantage that only a single graphic is required to 

embody the texture information. To construct a pole figure, the direction of the 

plane normal is projected onto a sphere around a crystallite. The point where 

the plane normal intersects the sphere is defined by two angles, a pole 

distance α and azimuthal angle β. The azimuthal angle is measured anti-

clockwise from the point X (see Figure 3.6). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 As the sphere with its pole density is projected onto a plane, this 

projection is called a pole figure. A pole figure is scanned by measuring the 

diffraction intensity of a given reflection with constant 2θ at a large number of 

Figure 3.6:  The basis of a pole figure showing the plane normal intersecting with the 
sphere. 
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different angular orientations of a sample. Microtexture measurement in this 

thesis is performed on a Sirion 200 Field Emission Gun Scanning Electron 

Microscope (FEGSEM). A contour map of the intensity is then plotted as a 

function of the angular orientation of the specimen. The intensity of a given 

reflection is proportional to the number of (hkl) planes in reflecting condition; 

hence the pole figures gives the probability of finding a given (hkl) plane 

normal as a function of the specimen orientation. If the crystallites in the 

sample have random orientation, the contour map will have uniform intensity 

contours. The pole figure contains families of pole derived from all subset 

points in a data set of individual orientations in the grains of the phases 

considered. 

 

 

3.5  Density functional modelling  

An important aspect of density functional theory (DFT) is that, while it 

is not possible to solve the N-electron Schrodinger equation [4] directly, DFT 

Figure  3.7: Pole figure or stereographic projection from the map of the dispersed phase 

or phases of the reference materials (for example in the case is Ni3Al). 
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[5-6] gives us, in principle, a method to determine the ground state electronic 

structure of a system. This enables materials engineers and scientists to 

understand how materials behave under certain physical processes by making 

it possible to predict important material properties.  On the other hand, due to 

the complexities arising from inhomogeneous nature of material’s 

microstructure, resulting in anisotropic properties, this problem is not trivial 

and an accurate solution is difficult to obtain. 

Most metals used in engineering consist of an aggregate of phases. It is 

well known that alloy properties are governed by phase content and they 

depend additively on the ratio and properties of the constituent phases. The 

main difficulty in predicting material behaviour arises from types, sizes and 

variations of the phase content due to binary and multicomponent additions 

which can interact with each other in a non-linear manner to alter the material 

behaviour.  

In the late 1980s and early 1990s, Payne and co-workers [7] developed 

the CASTEP code for electronic structure calculations. The development made 

further enhancement difficult to implement, because there were no modular 

structures or written code specifications on it. More accurate developments 

and new technologies to redesign CASTEP using a new modular Fortran 90 

code were added by a large and disparate number of collaborators and 

researchers.  Due to the new code re-design, new methods and technologies 

are quickly and easily added to CASTEP, allowing users to rapidly take 
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advantage of such developments. The code can be used either in serial or 

parallel. 

The methodology for electronic structure calculations was 

implemented in CASTEP by solving a set of one electron Schrödinger (Kohn-

Sham) equations using the plane wave pseudopotential approach [7]. The 

wavefunctions were expanded in a plane wave basis set defined by the use of 

periodic boundary conditions and Bloch’s Theorem. The electron-ion potential 

is described by means of ab initio pseudo potentials within both norm-

conserving [8] and ultrasoft [9] formulations. Energy minimisation schemes 

were used to obtain, self-consistently, the electronic wavefunctions and 

corresponding charge density. In particular, the conjugate gradient [7] and 

density mixing [8-9] schemes were implemented. The robust electron 

ensemble DFT [10] can also be used for systems with partial occupancies (in 

particular metals). 

Although the total energy is the total quantity, the response of that 

energy to external influences is extremely important and can lead to further 

direct comparison with experimental data through the calculation of 

experimental observables. If the system is perturbed in some way then the 

total energy can be expanded as a perturbation series. There is wide array of 

physical properties that then become accessible to us; for instance, when a 

second order energy is calculated with respect to a given perturbation (see 

Table 3.1). 
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CASTEP uses a free form file format so that only the specific commands 

required for a calculation need to be given. The set-up tab allows you to choose 

the type and quality of calculations that CASTEP will perform, along with other 

basic input options such as exchange correlation functional, spin polarisation, 

and total energy. The value of all input variables have defaults set, with an 

intelligent selection of the essential parameters such as basis size (plane wave 

cut off energy) and k- point sets.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.8:  Graphical user interface of CASTEP available from Accelrys, Inc. namely 
the materials studio showing 2D pictorial view of a BCC super cell and run geometry 
optimisation setup. 
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The command line running of the code is simple, with an output file 

summarising the details — such as wave function coefficients and charge 

densities. This is in addition to the help features.  

A graphical user interface is available from Accelrys, Inc.; namely, the 

materials studio package which can be used to build the initial structure, 

generate input files, run the calculation, and finally analyse the data (see 

Figure 3.8). It can be used to create supercells, charge densities, isosurface, to 

visualise band structures, and to analyse phonon data among other capabilities. 

Some of the task and materials properties that can be calculated using 

CASTEP set-up tab include, but are not limited to, the following: 

 Total energies:   Calculation of total energy, forces, stresses and elastic 

constants. Electric structure: electric charge densities, orbitals, electrostatic 

potentials, band structure, total and partial electronic density of states, 

Milliken population analysis, and optical properties (such as reflective, 

absorption, refractive index, dielectric, dielectric function) subject to usual 

band gap considerations. Previously, through the comparison of predictions to 

demonstrate the convergence by running different and larger simulations with 

atomic volume between 500 to 5000 Å3 (16-160 atoms) for different 

configurations of binary Ti-Nb alloys, we found that an interesting consistency 

of linearity exists between the number of atoms per unit cell and the total 

energy (ev), as shown in Figure 3.9. Although most published works on 

metallic alloys using density functional theory have been based on data from 

16 atoms [11-15], the trend from Figure 3.9 suggests that a 64 atoms per 
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supercell adopted in the present study is a good approximation to predict the 

properties of alloys that is not likely to differ markedly from the actual ones. 

This volume is also reasonable enough to capture the basic physics of Ti-Mo 

system. 

Geometry : Optimisation of atomic positions and unit cell parameters, either 

constrained or unconstrained and external pressure and stresses. 

Elastic constant : Performs an elastic constant calculation. 

Dynamics : Finite temperature molecular dynamics can be performed under 

various conditions such as constant temperature, energy, volume and pressure. 

Properties: Calculates properties based on the results obtained from one of 

the other tasks; for example, using density functional perturbation theory, 

phonon frequencies and eigenvectors are calculated, which can be used to give 

the Gibbs free energy, entropy, enthalpy, Debye temperature, heat capacity 

and a measurement of phase stability. 

 

 

 

 

 

Perturbation  Physical quantity  

Atomic positions phonons 

Electric field dielectric properties 

Magnetic field NMR 

Lattice parameters elastic constants and related mechanical properties 

K-point Born charges 

Table 3.1: Some examples of perturbation series and physical quantities we 
can obtain using CASTEP. 
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Figure 3.9 : Plot of total energy (eV) as a function of number of atoms per unit cell for 
different configurations of binary Ti-Nb alloys, displaying the trend of relationship 
between them. 



126 
 

3.6 References 

[1] Microtexture determination and its application, 2nd edition — V. Randle — 
The institute of materials, minerals and mining, Maney Publishing, London UK, 
2003. 
 
[2] Channel 5 users manual — HKL technology, 2001. 
 
[3]  http://www.ebsd.com/basicsofebsd 1.htp. 
 
[4] Schrödinger E.; Quantisierung als Eigenwertproblem (Erste Mitteilung) 
Annalen der Physik, (4), 79, (1926), 361-376. 
 
[5] Hohenberg, P., Kohn, W.; Inhomogeneous electron gas. Phys. Rev.136 (1964) 
B854. 
 
[6] Kohn, W., Sham, L. J.; Self-consistent equations including exchange and 
correlation effects. Phys. Rev.140 (1965) A1133. 
 
[7] Payne, M. C., Teter, M. P., Allan, D. C., Arias, T. A., Joannopoulos J. D.; 
Iterative minimization technique for abinitio total energy calculations-
molecular-dynamics and conjugate gradient.  Rev. Mod. Phys. 64 (1992) 1045-
1097. 
 
[8] Kleinman, L., Bystander, D. M.; Efficacious form for modelpsuedopotentials. 
Phys. Rev. Lett. 48 (1982) 1425-1428. 
 
[9] Vanderbilt, D.; Soft self-consistent equations including exchange eigenvalue 
formalism. Phys. Rev. B41 (1990) 1425-1428. 
 
[10] Kresse, G., Furthmuller, J.; Efficient iterative schemes for ab initio total 
energy calculations using a plane wave basis set. Phys. Rev. B54 (1996) 11169-
11186. 
 
[8] Alfe, D.; Ab initiomolecular dynamics, a simple algorithm for charge 
extrapolation. Comp. Phys. Commun. 118 (1999) 31-33. 
 
[10] Marzari, N., Vanderbilt, D., Payne, M. C.; Ensemble dynsity-functional 
theory for ab initio moleculardynamic of metals and finite-temperature 
insulators. Phys. Rev. Lett. 79 (1997) 1337-1340. 
 
[11] Chun-Mei Li et al.; First principles investigation of the composition 
dependent properties of Ni2+xMn1-xGa shape memory alloys, Physics. Rev.B 
82(2010) 24201-9. 
 

http://www.ebsd.com/basicsofebsd%201.htp


127 
 

[12] Raabe D. et al.: Theory-guided materials design of multi-phase Ti-Nb 
alloys with bone-matching elastic properties, Materials 7(2012), 3390/1-19. 
 
[13] Ikebata H. et al.; First principles calculations for development of low 
elastic modulus Ti alloys, Phys. Rev B 70 (2004) 174113/1-8. 
 
[14] Dai J. H. et al,; Electronic structure mechanism of martensitic phase 
transformation in binary titanium alloys, Appl. Phys. 112 (2012) 123718/1-9. 
 
[15] Rodriguez A. J., Mailti A., Brito L. J.; Phase transformations and electronic 
properties in mixed-metal oxides: Experimental and theoretical studies on the 
behaviour of NiMoO4 and MgMoO4, J. Chem. Phys. 112, (2000) 935; doi: 
10.1063/1.480619. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



128 
 

Chapter 4 
 

A Modelling Approach to Property Prediction in 

Metallic Alloys 

 

4.1 Introduction  

The phase transformations which can occur in binary titanium and 

other 3d (such as Zr and Hf) metals with elements such as Nb, V, Fe, Mo and Cr 

form an area of exploration for physical–chemical factors of structural 

stability. This is largely because, while they possess a BCC solid solution 

(called the β phase) extending over large composition ranges at high 

temperatures, metastable phases are formed during the decomposition of β 

phase, which has a marked effect on the physical properties of these alloys. For 

example: several forms of martensite have been observed in titanium alloys 

after transformation of the high-temperature BCC form of titanium to HCP (1-

9), orthorhombic (9, 10), and FCC (8) or FCT (5, 6) structures.  

In the Ti-Mo system specifically, it has been shown that hexagonal 

martensite is formed in alloys containing up to approximately 4% Mo and that 

orthorhombic martensite is formed in alloys containing between 4%- 8% Mo 

(9), which has a space group of Cmcm (No.63) and lattice parameters of a= 

3.01Å, b=4.91 Å, and c=4.53 Å. The lattice parameters do, however, vary with 

alloy compositions [11]. The Ms is below room temperature for alloys that 
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contain greater than 10% Mo and thus remain single-phase BCC on water 

quenching. 

Traditionally, materials scientists have studied the structure of the 

metals and alloys relying mainly on phase stability phenomenon to account for 

the material properties. Early studies focused on the explanation of trends in 

the periodic table, such as the sequence of structures HCP → BCC→ HCP → FCC 

that is observed when going from left to right across the transition metal (TM) 

series [11-16]. This is a formalism based on the thermodynamic description of 

trends in terms of energy difference of equilibrium structures as a function of 

electron per atom, (e/a) or in some literatues as Ne [14]. Following the trend, 

most theoretical [11-20] and experimental [21-23] studies on the 

development of engineering alloys that exist in the literature are usually based 

on the properties of the equilibrium phases such as BCC or HCP.   

Interest in the study of complex and metastable phases and their 

relationship to materials properties has been rekindled by recent 

developments and an increasing complexity of industrial materials designed to 

meet the demand for high-tech applications. Such interest requires more than 

the aforementioned approach. Nevertheless, while there is a huge interest in 

equilibrium structures such as BCC, FCC and HCP of metals and alloys that are 

well understood, this specialisation, while no doubt necessary, carries the risk 

that more complex metastable phases that occur in binary and higher order 

metals and alloys have been neglected.  
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It should be noted that complex metallic alloys have come into 

increasingly widespread use and engineering and scientific interest in these 

materials is growing continuously. The physical essence of the processes that 

take place in these alloys is, however, still not well understood. Both an 

improvement in the mechanical properties of metallic materials and their 

physical stability are critical to further progress in the field of their research, 

development and use. It is therefore of great value to further explore the 

structural relationships of some of these alloys by examining for related 

phases and their corresponding properties. Ti–Mo alloys are most widely used 

as superconducting materials, and also find uses in aerospace applications [25, 

26], petro-chemical and biomedical industries. It is therefore important that 

the relative phase stability in this system is understood properly. In titanium 

and related alloys, there has been a considerable amount of discussion 

concerning the unique physical and chemical properties of orthorhombic 

martensitic (a¡¡) phase [25]. The role of a¡¡ phase for the shape memory effect 

and psuedoelasticity phenomenon, as well as the reduction of Young’s 

modulus for biomedical titanium based alloys, is well known [27-28], but the 

theoretical information including investigations pertaining to competing phase 

transformations between ɼ ᴼ martensites (a¡, a¡¡), thermodynamic stability, 

mechanophysical and electronic properties with respect to the usual TM 

structures such as Mo, Nb etc., is unknown. Certainly, this lack of information 

limits understanding of the general trends in the properties of Ti and other 3d-

TM alloys.  This is why we consider orthorhombic martensitic (a¡¡) in the 
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present work a representative example of complex binary phases derived from 

or combining with the initial BCC structure to form a multiphase alloy.  

The present study has three main objectives. The first is a general 

objective to build theoretical understanding of the metastable orthorhombic 

(a¡¡) martensitic structure in the Ti-Mo alloy systems. To this end, first 

principle calculations based on the density-functional theory (DFT) and using 

the commercial version of Cambridge Serial Total Energy Package (CASTEP 

code) method will be performed, on the basis of which a detailed analysis of 

the predicted structural properties will be compared with some experimental 

data. 

The second objective of the work is to study the thermodynamic 

stability of the orthorhombic (a¡¡) martensitic relative to BCC structure (i.e. the 

structure from which a¡¡ forms in the Ti-Mo alloy systems) by quenching in 

alloys. More specifically, we shall first construct and compare a Gibbs free 

energy DG obtained through the structural energy difference (SED) versus ne 

plot, and then use it to obtain information on the ɼ aO¡¡ phase transformation. 

Based on this, a microscopic picture of the a¡¡ stability based on the band filling 

of electron bands will be developed. 

The third objective of the work is to use information provided by 

homogenising the elastic constant BCC and orthorhombic crystal structures in 

the way described elsewhere [29] to predict the polycrystalline elastic 

property of the alloy. In this way a good comparison will be made with 
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previous experimental data, and additional insight gained into the stability of 

the BCC phase in 3d-TMS alloy systems. 

4.2 Experimental and theoretical methods  

4.2.1   Calculation details  

All the calculations in this study are based on the electronic density-

functional theory (DFT) implemented using the commercial version of 

Cambridge Serial Total Energy Package (CASTEP code) method [30]. In this 

code, the Kohn-Sham [31] single electron equation model with periodic 

boundary conditions and the psuedopotential method as an approximation of 

the atomic core-valence electron interaction, as well as the electronic wave 

function with kinetic energy smaller than a specified cut-off energy cut-off, are 

expanded in a plane wave basis. 

The exchange and correlation are treated using the generalised-

gradient approximation (GGA) of Perdew, Burke and Ernzerhof (PBE) 

formalism [32] due to its computational efficiency. The motivation for our 

choice is that the (PBE) methods are efficient, due to their accuracy in 

describing the bulk properties of many materials, and flexible enough to 

describe the random distribution of the impurity of atoms on Ti lattice [28]. 

The PBE functional is designed to reproduce closely the PW91 results, but the 

PBE formulation is more robust to guarantee a high level of convergence, cut-

off energy of 500 eV and the Methfessel and Paxton [19] Gaussian smearing 

method with 0.1 eV smearing of the electron levels.   
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We studied 16 different binary Ti-Mo materials (eight each for 

orthorhombic (a¡¡) and body-centred cubic (β) phases). For each structure, 

tests were carried out using different k-point meshes to ensure absolute 

convergence of the total energy to within a better than 1.0 meV/atom. For all 

structures considered, we calculated the total energies as a function of volume 

while optimising unit cell-external degree(s) of freedom (i.e. the unit-cell 

shape) and unit cell-internal degree(s) of freedom (i.e. Wyckoff positions) as 

permitted by the space-group symmetry of the crystal structure. Such 

structural optimisations were iterated until the Hellman–Feynman forces were 

less than 4 meV/Å in magnitude, ensuring a convergence of the energy with 

respect to the structural degrees of freedom to better than 1 meV/atom ( ~0.1 

kJ/mol). In addition, all calculations were performed using the ‘‘accurate’’ 

setting within CASTEP code to avoid wrap-around errors. With the chosen 

plane-wave cut-off and k-point sampling, the reported formation energies are 

estimated to be converged to a precision of better than 2 meV/atom. 

For alloying systems, one titanium atom was substituted by an alloying 

atom in each supercell, and the relative concentrations of alloying elements in 

the systems ranges from 3 to 23 at.%.  A random distribution of the chemical 

species over the sites of the structures has been considered and studied by 

replacing Ti atoms by Mo atoms (as illustrated in Figures 4.1 and 4.2), 

representing different Mo concentrations for BCC and orthorhombic 

structures respectively.   
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The equilibrium phase boundaries and the phase transformations 

which occur in titanium systems can be rationalised using a thermodynamic 

approach. In particular, some insights can be gained into metastable 

transformations which can be expected where experimental data are lacking. 

It is known that the orthorhombic crystal structure is not stable in 

molybdenum, niobium and vanadium. The fundamental quantity expressing 

the thermodynamic stability of an alloy is the alloy formation energy. The 

formation energy (per atom) of  ɻ¡¡ and β phases in binary Ti-cMo( where c=  

3,6,8,9,10,14,18,23) in configuration s = BCC/HCP is defined as: 

% Øʈ % ρ ὼ Ȣʈ Ὁ                (4.1) 

Here, N is the total number of atoms per supercell, % 4É8  is the first 

principle calculated total energies of the respective alloys; µ is the chemical 

(a)  
(b)  

Figure  4.1: The 4x4 32 atomic supercell of (a) a BCC crystal structure; and a 2x2x2 
32 atomic supercell of (b) an orthorhombic  martensitic a¡¡ crystal structure both 
from the closed packed [111] plane of (Ti-Mo) used in the calculation, with the 
atoms numbered (1-6) variably in the various atomic layers (depicted in two 
distinct colours for Ti and Mo in the two supercells by large spheres for the sake of 
clarity) in the [111]β and [0001] a¡¡ directions. 
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potential of the element Ti or Mo in its corresponding bulk phase, respectively, 

and x the alloy composition. In the above definition (Eqn.4.1), the alloy is 

thermodynamically stable for % π. From the point of view of 

thermodynamics, lower formation energy means better stability of a particular 

crystal structure over another.  

Past studies [20-23] revealed deformation of metastable β Ti alloys can 

lead to the formation of stress-induced martensites (SIMs), and the reversion 

is the basis for the shape memory and pseudoelastic effects. DG is more 

descriptive than the total energy, which includes a large contribution from 

states that do not play a role in bonding.  In order to gain some insight into the 

activation energy for SIM transformations in ɼ 4É-Mo alloy, we performed total 

energy calculation using DFT-GGA implemented on the CASTEP code to 

determine the free energies DG of a¡¡ and β structures for Ti-Mo using Eqns. 

4.2 and 4.3 respectively.   

 Ὃa¡¡Øȟ4É ộρ ὼὋa¡¡ ØὋa¡¡ Ὃa¡¡ 24zØ)ÎØρ Ø)Îρ

ØỚ τȢς      

Ὃ Øȟ4É ộρ ὼὋ ØὋ Ὃ 24zØ)ÎØρ Ø)Îρ ØỚ ȢτȢσ      

Here ὋȾa¡¡ ,ØὋȾa¡¡ ȟὋ Øȟ4 and Ὃa¡¡Øȟ4 represents the excess free 

energies of mixing in terms of the pure ɼ / a¡¡ titanium element, pure β / a¡¡ 

Molybdenum element and the bulk with different phase configurations, but 

with the same concentration of Ti-Mo system and R=(8.314)/KMol. At 

equilibrium in the two phase (β + a¡¡) region of the phase diagram: 
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a¡¡
             (4.4) 

For a given alloy,  ὼa¡¡   and ὼ  are the atomic fractions of solute at the limit of 

solubility.  This allows the determination of free energy of any composition.   

For many applications, the study of elastic response is of critical 

importance. Not only does it provide the measures of the deformations under 

loading, but from a microscopic viewpoint the elastic constants provide an 

accurate measure of the strength of the average interatomic bonding and 

therefore insight into related expected such as hardness [3, 25].  

In the present study, to obtain the integral elastic response of 

multiphase polycrystalline samples we followed the procedure originally 

applied by Zeller and Dederichs et al. [33] to determine elastic properties of 

single phase polycrystals with cubic symmetry. This work was later 

generalised and further extended by Midada and Basu et al. [33,34] and by 

Raabe et al. [20] to multiphase composites to determine: (i) the elastic single 

constants, and (ii) the volume fraction of the components within a self-

consistent T-matrix solution for the effective medium. The T-matrix approach 

is based on the multiple scattering theory. It can be reviewed in terms of a 

macroscopic homogeneous effective medium consisting of microscopic 

fluctuation characterised by an effective stiffness ὅ  defined by: 

ộ„ ►Ớ ὅ ộ‭ ►Ớ                                                                                          (4.4) 

 Here, ὅ  is the local elastic constant tensor with ộ„ ►Ớ and ộ‭ ►Ớ as the 

local stress and strain field at a point r , respectively, and the angular brackets 

denote ensemble averages. A repeated index implies the usual summation 
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convention. The effective stiffness  ὅ    is defined by: 

ộ„ ►Ớ ὅᶻ ộ‭ ►Ớ                                                                                            (4.5)                                                               

Since the aggregate represents a body in equilibrium, „ ὶȿὮ πȟ where 

ȿὮ ‬‬ὶϳ  and the local elastic constant tensor can be now be decomposed 

into an arbitrary constants part (ὅ ) and a fluctuating part — ‏ὅ►. 

ὅ ὶ ὅ ὅ‏ ὶ                                                                                     (4.6) 

As shown in [33], an integral part of Eqn. 4.6 is the interactive equivalent 

solution representing the resulting local strain ‭ distribution (in a short 

notation) as  

 ‭ ‭ ὋὝ‭ȟ                                                                                                          (4.7) 

Here, ‭ and G are the strain and modify Green’s function of the medium 

defined by ὅ , and the T-matrix is given by: 

Ὕ ὅρ‏ Ὃ‏ὅ     ,                                                                                            (4.8) 

Here, ˴   is equivalent to the unit tensor. Combining Eqns. 4.2 and 4.4, we get 

ὅᶻ ὅ ộὝỚ ρ ộὋὝỚϳ                                                                                  (4.9) 

Although Eqn. 4.6 constitutes an exact solution for ὅᶻ, finding the exact 

solution of ộὝỚ and ộὋὝỚ for realistic cases is impossible. By neglecting the 

intergranular scattering that may occur in some cases in the form of grain to 

grain position orientation correlation function however, the T-matrix can be 

written in terms of single-grain t ɀmatrix ( ὸ) for each grain ‌ 

Ὕ В ὸ †Ȣ                                                                                                 (4.10) 

where 

 ὸ ὅ‏  ὅὋὸ‏ ὅ‏ ρ Ὃ‏ὅ                                              (4.11) 
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with  

В ὅ‏ ὅ‏  ὅ ὅ                  

Inserting Eqn. 4.7 into 4.6 leads to:  

ὅᶻ ὅ ộ†Ớρ ộὋ†Ớ                                                                         (4.12) 

For single phase polycrystal, the self–consistent solution of Eqn. 4.12 can be 

obtained by choosing a ὅᶻthat satisfies:  

ộ†Ớ π                                                                                                                 (4.13) 

For a multiphase polycrystal, a solution to Eqn. 4 can be found by evaluating 

the volume fraction and † of each phase  Ὥ ό ὥὲὨ †  respectively [33] via 

ộВὺ†Ớ π                                                                                                    (4.14) 

The application of the method to both single-phase aggregates and multi-

phase composites relevant to Ti-Mo alloys is as follows. 

4.2.1.1   Single-ɼ ÐÈÁÓÅ ÁÇÇregate 

For a single-phase polycrystal with cubic symmetry [33, 34] to the 

following expression for ὄᶻ and ‘ᶻ  

                                                ὄᶻ ὄ         

ψ‘ᶻ  ωὄ τὅ¡¡
¡
‘ᶻ σὅ ὄ τὅ¡¡‘ᶻ φὄὅ ὅ¡¡=0                     (4.15) 

In Eqn. 4.12, three independent single crystal elastic constants — ὅ ȟ ὅ ȟ 

ὅ  ɂ define the single crystal bulk modulus  ὄ ὅ ςὅ σϳ  , the 

tetragonal shear modulus ὅ¡ ὅ  ὅ ςϳ  and trigonal shear modulus, ὅ ,  

‘ᶻ ὅᶻ  ‘ 
ộ Ớ

  .          

For polycrystals with orthorhombic symmetry, Eqn. 4.10 and 4.11 are reduced 
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to a set of coupled equations for  ὄᶻ and  ‘ᶻ .           

π ωὑ ὄᶻ ς‍Ὠ ὧ Ὡ σ‍Ў¡                                                             (4.16)           

π 

 
ὥ ὦ ‍ςὨ ςὧ Ὡ σ‎Ὠ ὧ Ὡ h‍Ў¡

ρ ‌‍ ω‎Ὧ ὄ ‍‍ ς‎ ὧ Ὠ ςὩ‍‎
   
h‍Ў¡¡

σ
ὅ ‘

ρ ς‍ὅ ‘

ὅ ‘

ρ ς‍ὅ ‘

ὅ ‘

ρ ς‍ὅ ‘
  

       (4.17) 

where  

ωὑ ὅ ὅ  ὅ ςὅ ὅ ὅ ȟ                                                (4.18) 

ὄ ρ
σὅ ςὅ  ‘ᶻ ὅ                                                                                     

(4.19) 

‎ ρ
ωh σ‍                               (4.20) 

ὥ ὅ‏ ὅ‏ ὅ‏ Ƞ ὦ ὅ‏ ὅ‏ ὅ‏ ;                                        (4.21) 

ὧ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ Ƞ Ὠ ὅ‏ ὅ‏ ὅ‏  Ƞ           (4.22) 

Ὡ ὅ‏ ὅ‏ ὅ‏  ὅ‏ ὅ‏ ὅ‏ ὅ‏ - ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏  ; (4. 

23) 

Ў¡ ὅ‏ ὅ‏ ὅ‏ ς‏ὅ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ ὅ‏ Ƞ       

(4.24)    

ὅ‏ ὅ ὅ ὅ ὑ ‘Ƞ ‏ὅ ὅ ὅ ὑ ‘Ƞ        (4.25) 

ὅ‏ ὅ ὑ ‘Ƞ ‏ὅ ὅ ὅ ὅ ὑ ‘Ƞ                    (4.26)    

ὅ‏ ὅ ὑ ‘Ƞ ‏ὅ ὅ ὑ ‘Ƞ                                              (4.27)                                                

‍
ᶻ ᶻ

ᶻ ᶻ ᶻ
ȟ                                                                                                            (4.28)                         

hσϳ  ρσὄᶻ τ‘ᶻȟϳ                                                                                                 (4.29) 
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ὅ ρςϳ ὅ ὅ                                                                                                (4.30) 

and orthorhombic symmetry has nine of the single crystal elastic constant; 

namely, # ȟ# ȟ# ȟ#  # ȟ# # ȟ#  ÁÎÄ #  . 

 

4.2.1.2   Multi -ÐÈÁÓÅ ɉɼȾa¡¡)  aggregate 

The elastic constants of a multi-phase polycrystal can be determined directly 

by coupling 4.10 for †  and the † ς†  components of the T-matrix. For 

materials with cubic symmetry, the equation is defined by: 

υ†
ρ

ὅρρὅρς‘
ᶻ

‍ ρ

σ
ρ

ὅττ‘
ᶻ

ς‍ ρ

                              (4.31) 

† ς†
ᶻ

 z                                                   (4.32) 

where ɼ is defined in Eqn. 4.25 with ‘ᶻ and ὄᶻ replacing ‘ᶻ and ὄᶻ. For 

materials with orthorhombic symmetry, the equation reads: 

ρυ†

ὥ ὦ ‍ςὨ ςὧ Ὡ σ‎Ὠ ὧ Ὡ h‍Ў¡

ρ ‌‍ ω‎ὑ ὄ ‍‍ ς‎ ὧ Ὠ ςὩ‍‎
   
h‍Ў¡¡

σ
ὅ ‘

ρ ςὯὅ ‘

ὅ ‘

ρ ςὯὅ ‘

ὅ ‘

ρ ς‍ὅ ‘
  

(4.33) 

† ς†  

ωὑ ὄ ς‍Ὠ ὧ Ὡ σ‍Ў¡

σρ ‌‍ ω‎ὑ ὄ ‍‍ ς‎ ὧ Ὠ ςὩ‍‎ h Ў¡ 
 

(4.34) 

Here, ɼ is defined in Eqn. 4.33, h is defined in 4.34, and Ў¡  in Eqn. 4.33. Here, 
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again ‘ᶻ and ὄᶻ replaces  ‘ᶻ and ὄᶻ in the equations for ɼ, h, and Ў¡.   

 

4.2.1.3   Homogenised Young's modulus and Poisson's Ratio  

As soon as ‘ᶻ and ὄᶻ have been determined, the homogenised Young’s 

modulus ὣ
ᶻ
 and Poisson’s ratio hᶻ  for (an elastically isotropic) polycrystal 

can be determined using standard elasticity relationships. The homogenised 

polycrystalline Young’s is calculated using:    

9ᶻ
ᶻ ᶻ

 z  z                                                                                                                (4.35) 

— and the homogenised polycrystalline Poisson’s ratio is calculated using 

ʈᶻ
ᶻ ᶻ

ᶻ ᶻ                                                                                                                  (4.36) 

4.3   Experimental methods  

4.3.1 Materials  

In order to compare the prediction with experimental data, five different 

compositions of Ti-Mo alloys were made. The alloys were prepared from 

99.9% pure titanium and pure molybdenum in an electric arc-melter under an 

argon atmosphere into buttons containing approximately 10 grams, at the 

Department of Materials Science and Engineering University in the United 

Kingdom. (The actual chemical compositions have been summarised in Table 

4.1, and all compositions are in atomic percentage — hence percentage will be 

mentioned instead). The furnace was equipped with a water-cooled copper 

crucible. The temperature of the electric furnace amounted to about 3000⁰C, 

while the melt was at the electrode centre-hold peak temperature that is above 
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2050⁰C in order to ensure complete dissolution of the solid Ti and Mo metals. 

 To ensure optimal chemical and structural homogeneity, each button 

was remelted and turned over six times in order to eliminate dendritic 

structure, and the final ingot was cast into a cylindrical sample of ≈90 mm in 

length and 8mm in width.  This led to rapid solidification and suppression of 

dendritic formation. The copper mould had a temperature of about 20⁰C, 

which led to rapid solidification and suppression of dendritic formations. All 

the cast samples were subjected to homogenisation in quartz tubing at 1200 C 

in an argon atmosphere for five hours in to remove microsegregation. These 

samples were quenched in water. These samples were only superficially 

contaminated. Before characterisation of the microstructure, the surfaces were 

cleaned by mechanical polishing followed by electropolishing in a solution of 

five glacial acetic acid and acetone, since Ti alloys undergo strong chemical 

reaction with oxygen, 

 

 

Alloys  Mo O N Ti 

Ti-6Mo 6.3 0.07 0.013 bal. 

Ti-10Mo 10.2 0.05 0.005 bal. 

Ti-14Mo 14.16 0.06 0.007 bal. 

Ti-18Mo 18.08 0.07 0.002 bal. 

Ti-20Mo 20.12 0.09 0.002 bal. 

TI-23Mo 23.3 0.08 0.005 bal. 

Table 4.1: Nominal chemical composition of Ti-(6-23) Mo alloys (unit: atomic %). 
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4.3.2 X-Ray measurements and Microstructure analysis  

Phase constitution was investigated using XRD diffuse scattering 

measurements at room temperature with monochromatic CuK and radiation 

diffracted from a bent silicon crystal cut to the (111) orientation. The detecting 

assembly consisted of a proportional counter and a pulse height analyser 

arranged to eliminate the one-third wavelength of the white radiation (the one 

half component was eliminated by the silicon crystal), the cosmic background 

and the fluorescence radiation from titanium. Readings were recorded 

continuously on a horizontal spectrometer with the counter rotating at 0.25⁰ 

in 2Θ/min, and measurements were made from 10 to 100⁰ in 2Θ. Flat samples 

were used and the geometry of the system satisfied the usual focussing 

condition. 

For the quantitative phase, an analysis was performed with an X’Pert 

Highscore software package. Chemical etching was done for optical 

microscopy using a solution of 15% HCl, 8% HNO3 and 77% H2O (distilled 

water). The microstructure was cross examined using electron backscatter 

diffraction (EBSD) after grinding on 400, 600, 1200 and 2400 paper with 

subsequent use of 6mm (35min), 3mm (20min), and 1mm (15min) polishing. 

 

4.3.3 Measurement of modulus of elasticity  

This basic material property is of interest in many manufacturing and 

research applications and is related to the atomic bonding of the materials. In 

the case of biomaterials for load bearing applications, the elastic modulus is an 
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important parameter. The stiffness mismatch between implant material and 

surrounding bone leads to ‘stress shielding’ of the bone. Higher stiffness or 

Young’s modulus of the implant will result in a greater amount of bone loss, 

bone fracture and loss of bone interface. Loss of bone due to stress shielding 

effects also makes revision surgeries more difficult. Finite element analysis has 

suggested that a low elastic modulus hip prosthesis can stimulate better bone 

growth by distributing the stress to the adjacent bone tissue [20]. The elastic 

modulus of the materials can be determined by different methods, such as 

ultrasonic technique. 

Velocity of the ultrasonic waves in a solid medium is directly related to 

the elastic properties and density of the material. The elasticity of the material 

delays the transmission of wave and introduces a time delay, i.e. a phase lag. 

When the frequency of the wave is higher than the audible range, it is called 

elastic wave or ultrasound. Two types of vibration-induced deformation 

resulting in compression or shear are generally possible in an infinite medium. 

These are associated with two modes of elastic wave propagation, i.e. 

longitudinal waves, where particles are displaced along the direction of 

propagation and transverse or shear waves, where the particles are displaced 

perpendicular to the direction of propagation. The velocity of propagation of 

the elastic waves in a body is characteristic of the material [32]. 

Ultrasonic waves are generated in the material by a transmitter 

oscillating at the desired waveform and frequency, with collection by a 

detector. Ultrasonic velocity changes have been determined by time-of-flight 
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measurements using Olympus 6.2 ultrasonic equipment. The relationships 

between ultrasonic velocity and the elastic properties of materials are given 

below [33–35]. 

Young’s modulus (E) is expressed as: 

Ὁ                                                                                (4.37)            

Shear modulus (G) is the ratio of shearing stress τ to shearing strain γ within 

the proportional limit of a material and is expressed as: 

Ὃ ”ὠ         (4.38) 

Poisson’s ratio υ is the ratio of transverse contraction strain to longitudinal 

extension strain in the direction of stretching force and is expressed as: 

u                                            (4.39) 

In the above set of equations, VL and VS are the ultrasonic longitudinal 

and shear wave velocities, respectively, and ʍ is the density of the material. 

The elastic modulus of the samples was measured by ultrasonic method on an 

ultrasonic velocity gauge, Olympus 62, UK.  A normal incident probe (model 

M110, 5MHz) and a shear probe (model V221, 5MHz) were used for the 

measurement of normal and shear velocities of the wave, respectively. The 

density of the samples was measured using an automatic meter; for each 

composition at least five samples were measured. 
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4.4 Results and discussion  

4.4.1 Structure and interatomic bond distances  

4.4.1.1 Definition and crystallographic considerations  

The orthorhombic a¡¡ phase can be described as a type of martensitic 

structure formed by the stretching of the BCC lattice along two of its 

orthogonal pairs when the constraints to form hexagonal or body-centred 

cubic structures cannot be met. In essence there is a contraction of "c" axis and 

stretching of “a" and "b" axes with the collapsing of the inner atoms into the 

same plane with distinct angles a, b and c. This permits a continuous 

transformation of a¡¡ → β transformation, as the stability of the transforming 

matrix is increased. The atomic positions are (0, y, 1/4), (0,ώ, 3/4), (1/2, 

y+1/2, 1/4) and (1/2, ώ+1/2, ¾). In Figure 4.2 we see a partial view of the two 

structures along the “c” axis of the unit cell, further illustrating the 

transformation of both phases. The orientation relationship between the 

original β and the sheared a¡¡ orthorhombic phase has been established 

approximately as  (0110) βææ(001)a″ and [111]βææ[101]a″.  
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4.4.1.2 Symmetry and bonding strength/length  of a¡¡ ÁÎÄ ɼ ÐÈÁÓÅ 

Ti-Mo is a compound based on elements in group IV and V of the 

periodic table. As Mo (2.16) is significantly more electronegative than Ti 

(1.54), the Ti-Mo bond is partially ionic. In effect, one of the main differences in 

the crystal structures of the BCC (β) and a¡¡ phases of Ti-Mo might be the 

changes in the interatomic bond distances with alloying additions. We 

performed ab initio calculation of the total energy and electronic structure in 

the present work using the DFT-GGA method [30, 32, 33] to determine the 

interatomic bond distances of the metastable a¡¡ and stable β phases for Ti-

cMo alloys (where c= 3, 6, 8, 10, 12, 14, 18) for a system with the external 

pressure P=0.  Indeed, Table 4.1 shows that in the three interatomic bond 

Figure 4.2: (a) Unit cell of (a) orthorhombic a¡¡ (b) BCC phase; and (c) scheme of the 
geometrical relations between the [001] projection of orthorhombic a¡¡ and BCC b 
phases, the atoms that are involved in the formation of the BCC phase are shown in 
red filled circles while the orthorhombic corner atoms are blue open circles. 

(b) 

(a) 

ca¡¡ 

cɓ 

bŬ¡¡ 

b
ɓ

Ŭ
b 

 (c)  
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lengths (IBLs) of the a¡¡ and β phases, two atomic types can be identified. The 

first corresponds to metal atoms that occupy mixed Ti-Mo-Ti or Mo-Ti-Mo 

rings. The second type includes metal atoms that are in pure Mo-Mo or Ti-Ti 

rings. Implicitly, Mo atoms can form two types of bonds: those that bridge the 

chain of rings and have only two Ti neighbours, and those that form part of the 

rings and have three or four neighbours. Within the rings, one can have metal 

bonds that are either parallel or perpendicular (Ti-Mo, or Mo-Mo, Ti-Ti). 

Essentially, one has a stack or column of three membered titanium-

molybdenum rings.  

From Table 4.1 (ɻ¡¡ phase), we can see that the coordination of Mo-Mo 

(2.770 Å) is substantially longer than typical Mo-Mo bond length (2.725 Å) 

[37]; while i n the Mo--Ï ÂÏÎÄȟ ÄÉÓÔÁÎÃÅÓ ÉÎ ɼ-Ti-Mo are close enough to allow 

substantial Mo-Mo interactions. The indication of non-Mo-Mo bond interaction 

at Ti-3% and Ti-6% as observed in Table 4.1 can be ascribed to seemingly 

strong Ti-Ti bonds in the lean Mo concentration range [38] (see Table 4.1). 

These strong Ti-Ti interactions disappear, however, when the Mo-Mo 

ÄÉÓÔÁÎÃÅÓ ÁÒÅ ÁÂÒÉÄÇÅÄ ÔÏ ÐÒÏÄÕÃÅ ÔÈÅ ɼ-phase. 
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In Figure 4.3, we plot the interatomic bond distances (IBD) of Ti-Ti 

for a¡¡ ÁÎÄ ɼ ÐÈÁÓÅÓ as a function of compositions. For the h ¡¡ structure (black 

dots), we can see from  figure 4.3 that the Ti-Ti bond distances in the a¡¡ crystal 

structure increased in the lean Mo alloy where the occurance are highly 

probable, but were mainly unchanged in high Mo region. In the context , the 

distortion of b phase leading to ɻ¡¡ orthorhombic martensitic structure in the 

lean Mo region in Ti-Mo system  can be interpreted as a way of keeping the Ti-

Ti bond distance unchanged, in spite of the fact that the lattice parameter of 

ÔÈÅ ɻ¡¡ structure varies with composition. A possible explanation of this result 

has been proposed [38], suggesting that certain sites might be fully occupied 

Initial crystallographic dimensions (Å)  
aɼ = 3.2       aaᴃ  σȢπρ     Âaᴃ     τȢωρ          Ãaᴃ τȢυσ 

Alloys [at.%] Ὠ

ὼ¡¡
 
Ὠ

‍
 
Ὠ

ὼ¡¡
 
Ὠ

‍
 
Ὠ

ὼ¡¡
 
Ὠ

‍
 

3 2.8679 2.8679 2.6948 2.6281 - 
 

- 
 

6 2.8733 2.8833 
 

2.7029 2.6945 - - 

8 2.875 2.8750 2.7156 2.7156 2.7704 2.7704 

10 2.8769 2.8799 
 

2.7135 2.6848 2.5650 2.7435 

12 2.881 2.8721 
 

2.7006 2.7006 2.7870 2.7370 

14 2.8819 2.8690 2.6971 2.6971 2.7084 
 

2.7084 
 

18 2.882 2.8679 2.7007 2.7007 2.6949 2.6949 

Table 4.2:  The ratios between interatomic bond lengths (IBLs) of  α¡¡ and β phases 
for Ti-Mo calculated by DFT-GGA calculations. 
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by Group 1V atoms, which due to seemingly strong Ti-Ti bonds keep the Ὠ  

in Ti alloy identical to that of pure elements [40].  They found that the Ti atoms 

are distributed amongst the A-type and B type sites in an essentially random 

fashion.  

 

 

 

 

 

 

 

 

 

 

 

 

&ÏÒ ÔÈÅ ɼ-phase, Figure 4.3 (the red line) clearly illustrates that the Ti-

Mo interatomic bond remains essential for the change in the crystal structure 

of the Ti-Mo alloy. Molybdenum atoms produce major structural perturbation 

in the unit cell of Ti-Mo to force the breaking of the Ti-Ti bonds and the 

ÆÏÒÍÁÔÉÏÎ ÏÆ ɼ 4É-Mo alloy.  

A possible explanation for the change in crystal structure from a¡¡Oɼ 

was offered by Brown et al. [9]. In the orthorhombic martensite of Ti-Nb 

Figure 4.3:  The composition dependence of Ti-Ti bond distance for a¡¡  and β 
phase according to the present work. The lines are only to guide the eye. 

a¡¡ 

b 
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system they found no evidence of segregation of niobium to special sites, and 

showed that the crystal structure gave an eightfold co-ordination around each 

(Ti, Nb) atom, with four additional neighbours at a slightly greater distance. 

Both atoms have a Goldschmidt atomic radius of 1.47Å and, therefore, 

difference in size is unlikely to account for the distortion to orthorhombic 

symmetry alone. It was suggested that the distortion was a reflection of a 

tendency for niobium to retain the eightfold co-ordination obtained in the BCC 

form.  

Similarly, crystal structure transition in the Ti-Mo with rising Mo can be 

regarded as a change in the nearest neighbour co-ordination from twelve in 

the HCP structure to approximately eight in the orthorhombic structure and 

eight in BCC. The size of molybdenum (1.36Å) is very close to that of titanium, 

and size difference affects should again be small. This was noted by Dupouy 

[41] of Ti-Ti and Mo-Mo atomic bonds tending to approach the average 

distance in the solution at compositions of between 10 and 50 at.% 

molybdenum, and was taken to indicate an electron exchange in the solution. 

The present results are consistent with the above suggestions for the 

change in a¡¡Oɼ ÓÙÍÍÅÔÒÙȢ /ÎÅ ÃÁÎ ÔÈÅÒÅÆÏÒÅ ÂÅÌÉÅÖÅ ÔÈÁÔ ÔÈÅ ÍÁØÉÍÁ ÃÏÕÌÄ 

be accidental or could be a cluÅ ÔÏ ÔÈÅ ÒÏÌÅ ÔÈÁÔ -Ï ÐÌÁÙÓ ÉÎ ÓÔÁÂÉÌÉÓÉÎÇ ɼ-Ti 

alloys. Thus, leading to tÈÅ ÉÍÐÌÉÃÉÔ ÔÒÁÎÓÉÔÉÏÎ ÓÔÁÔÅÓ ÆÏÒ ɻᴼɻ¡¡ ÁÎÄ ɻ¡¡O ɼ 

structures respectively, where Ti-Mo bonds reorganise within the unit cell and 

the system gains stability by adopting the new phase, which corresponds to 

the new structures ɂ as illustrated in Figure 4.2(c). Figure 4.4 is thought to be 
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a successful illustration of the legitimacy of all the above statements. 

4.4.1.3 Lattice parameter   

An interesting conclusion follows from the comparison of the 

theoretically lattice constants of the optimised Ti-Mo alloy structures and the 

as water quenched Ti-Mo alloys experimental analysis of the X-ray diffraction 

patterns, shown in Figure 4.4(b). The calculated lattice parameter decreases 

linearly with the excess Mo concentration. The x dependence of the theoretical 

lattice constant can be fitted as  ὥ σȢςσυπȢπςὼB , which is in good 

agreement with experimental  relationship, ὥ σȢςχφπȢπςςὼB . Note that 

the theoretical experimental is only about 0.1% smaller than experimental 

value.  

 The decrease in the lattice constant with increasing x can be attributed 

to two factors. One is that the atomic radius of the Mo (1.36 Å) is slightly 

smaller than that of Ti (1.46 Å). The replacement of Ti by Mo therefore induces 

the shrinkage of the crystal lattice. The second factor was a change in the 

nearest neighbour co-ordination from approximately eight in a¡¡ to eightfold 

co-ÏÒÄÉÎÁÔÉÏÎ ÉÎ ÏÒÉÇÉÎÁÌ "## ɼ ÃÅÌÌȟ ×ÈÉÃÈ ÍÅÁÎÓ ÔÈÅ distortion is a reflection 

of a tendency for molybdenum to break Ti bonds and retain the eightfold co-

ordination obtained in the BCC form, resulting in a reduction in the lattice 

parameter.  

The lattice contraction by about 5% that is reached in Ti-Mo in 

ÃÏÍÐÁÒÉÓÏÎ ×ÉÔÈ ÐÕÒÅ  4É ÉÎÉÔÉÁÔÅÓ ÔÈÅ aᴃ ­ɼ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ ÓÉÍÉÌÁÒ ÔÏ ÔÈÅ 

appearance of  w phase under pressure in Ti. Further lattice decrease in 



153 
 

ternary alloys on the Ti--Ï ÂÁÓÉÓ ÆÁÖÏÕÒÓ ɼ-phase and low Ms. 

It is our belief that the aᴃ ÐÈÁÓÅ ÁÐÐÅÁÒÁÎÃÅ ÉÎ ɼ ÐÈÁÓÅ ÁÌÌÏÙÓ ÏÆ 4É ×ÉÔÈ 

Mo, Fe, Nb, Mn, Cr and V can also be considered the result of lattice parameter 

contraction. The analysis shows that aᴃ ÐÈÁÓÅ ÉÎ 4É ɼ-phase alloys appears at 

electronic concentrations 4.09~ 4.16 and lattice parameter 3.225 A. The 

analysis from theory was consistent with the experimental behaviour of more 

recent values for Ti-Mo alloys obtained [9], probably due to the large basis-set 

employed in the present work.  The minor discrepancy between experimental 

results may be due to differences in temperatures, or probable approximations 

inherent to DFT-GGA [22, 23] may play a role.  

 

 

 

 

 

 

 

 

 

 

 

  

 

Figure 4.4 :  A comparison of the theoretical and experimental determined 
lattice parameter of the alloys in to the present work. The lines are only for 
guides to the eye.  
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4.4.2 Energetic analysis of thermodynamic stability ɀ ab initio 

simulation  

4.4.2.1 Thermodynamic analysis of b  and a  ÓÔÁÂÉÌÉÔÙ  ÉÎ 4É-Mo alloy: theory 

In order to compare the relative stability ÏÆ ɼ ÐÈÁÓÅ ×ÉÔÈ ÒÅÓÐÅÃÔ ÔÏ aᴃ 

phase stability, the formation energies for a± and b  structures in Ti-Mo 

system, at T= 0K formation energies have been calculated based on Eqn. 4.1. 

The result of the relative stability between the two phases as functions of Mo 

content is shown in Figure 4.5. As can be seen in Figure 4.5(a), which shows 

ÆÏÒÍÁÔÉÏÎ ÅÎÅÒÇÉÅÓ ÏÆ ɻᴃ ÁÎÄ ɼ ÐÈÁÓÅÓȟ ÔÈÅ Ô×Ï ÐÈÁÓÅÓ ÃÌÏÓÅÌÙ ÔÒÁÃË ÏÎÅ 

another. While the formation energy of a¡¡ phase is slightly more negative 

(exothermic) in low solute alloys (3 at.%  to 8 at.% Mo), Mo destabilises the aᴃ 

ÐÈÁÓÅ ÆÏÒÍÁÔÉÏÎ ÅÎÅÒÇÙ ÉÎÃÒÅÁÓÅÓ ×ÉÔÈ ÃÏÍÐÏÓÉÔÉÏÎÓ  ÂÕÔ ÓÔÁÂÉÌÉÓÅÓ ÔÈÅ ɼ ÔÈÅ 

formation energy decreases with compositions). The present results are 

consistent with other studies [6, 9, 21-ςς  ÏÎ ɼ-Ti-Mo alloys, and this 

consistency in also obtained in the Ti-6% Mo alloy. The estimated energy 

difference is 3.5 eV between aᴃ ÁÎÄ ɼ ÐÈÁÓÅÓȟ ×ÈÉÃÈ ÉÓ ÃÌÏÓÅ ÔÏ ÏÔÈÅÒ 

theoretical reports of 2.9 eV [20, 23, 24], and slightly larger than another 

estimation [23]. The difference between the formation energies of the two 

phases, however, is ~ 3.5 eV/atom. This indicates their nearly equal 

probability to occur in the samples. Again, tÈÅ ÐÒÏÃÅÓÓ ÏÆ ɼ­aᴃ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ 

is associated with small strain, which is less ÔÈÁÎ ɼ­a¡ transformation. The 

small strain might account ÆÏÒ ÔÈÅ ɼ­aᴃ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ ÁÈÅÁÄ ÏÆ ɼ­a¡ or w as 
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explained elsewhere [24]. We found the influence of site occupancy rather 

weak. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.5:  (a) Theoretical alloy formation energy at T=0K; and (b) free 
energies of formation at 20⁰ C (293K). The results are displayed as a function of 
composition, the region in between the dotted lines depicts the most likely 
region of coexistence of both phases. The lines are to guide the eye. 

4.5(a) 

4.5(b)  
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On thermodynamic stability, it should be noted that these calculations 

found negative formation energy for both phases in agreement with 

calculations by Rudman [42], who determined values for the heat of mixing of 

Ti-Mo alloys using a bond-energy concept. For an alloy to be 

thermodynamically stable, its formation energy must be negative. According to 

Figure 4.5(a), a″ and β structures exhibit similar behavioural path ways in Ti-

Mo alloys. For a¡¡ phase, the formation energy at temperature T=0K is more 

endothermic at a low Mo concentration of between 3 at.% — <8at. %. Mo is 

thermodynamically immiscible in a¡¡phase in a low concentration regime. It is 

only reasonable that a″ phase will be the more stable phase even without any 

entropy stabilisation effects. 

In contrast, β phase at the T=0K is very stable beyond ≈ 8 at.% Mo. The 

significance of this result is that Mo is completely immiscible in β phase at ≈ 8 

at.%.  We can conclude from this result that a″ is very unstable at higher Mo as 

it promotes β stability at high concentration regimes even in the absence of 

any entropy driven temperature effect. 

In view of the practical application of biomedical Ti alloys, we felt that 

ambient temperature is a more suitable choice as a reference temperature for 

the formation and stabilisation of both phases. The corresponding results are 

shown in Figure 4.5(b). The results as shown in Figures 4.5(a) and 4.5(b) 

confirm earlier reports [20] suggesting that the energy spread for given 

composition in Ti alloys and the different local configurations are weak, and 

that their dependence on energy of formation are also lacking. Hence, the small 
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and negative interaction parameter obtained in the result is well justified.  

Although the effect of temperature is less pronounced, evidently the 

finite temperature significantly reduced the formation energy, thus indicating 

the stability of the alloy is somewhat entropy driven. A direct comparison of 

the outcome of this theoretical result with experimental results based on the 

first occurrence of a stable fraction of a″ and β phases can now be done. 

 

4.4.2.2  Thermodynamic analysis: comparison of the theoretical 

predictions and experimental data  

The onset of β phase formation, its composition and volume fraction 

can be described using the hypothetical free energy composition, following the 

work by Raabe et al. [20] on HCP and BCC in T-Nb and Ti-Mo systems. We 

therefore predicted these by performing a Gibbs construction using the 

average formation energy to compare the experimentally determined onset 

and volume fraction of the β phase for the alloys. The Gibbs construction was 

performed by approximating third-order polynomial using a least-squares 

approach because of the important statistical interpretations. The actual Gibbs 

construction and the volume fraction of the a″/β phases are summarised in 

&ÉÇÕÒÅ τȢφ Á Ȣ  4ÈÅ 'ÉÂÂÓ ÃÏÎÓÔÒÕÃÔÉÏÎ ÆÏÕÎÄ ρψ ÁÔȢϷ -Ï ÁÓ ÔÈÅ ÔÈÒÅÓÈÏÌÄ 

ÃÏÎÃÅÎÔÒÁÔÉÏÎÓ ×ÈÅÒÅ ÏÎÌÙ ɼ-phase exists. The result of calculated volume 

fractions of the phases are summarised in Table 4.3, shown in the blue circle in 

Figure 4.6(b). 

In order to compare the experimentally determined volume fraction of 
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the two phases, we conducted x-ray wide angle diffraction experiments on the 

Ti-Mo alloys associated with the region of interest ɂ see Figure 4.6(c).  The 

splitting of the diffraction profile lines for the Ti-6% and Ti-7% alloys as a 

result of an increased orthorhombic distortion is in agreement with the 

theoretical prediction aᴃ ÐÈÁÓÅ ÒÅÇÉÏÎÓ ÆÏÒ ÔÈÉÓ ÓÙÓÔÅÍȢ 4Ï ÆÕÒÔÈÅÒ ÖÅÒÉÆÙ ÔÈÉÓ 

prediction, the phase content of as quenched Ti-18 at.% Mo alloy determined 

by x-ray diffraction was further cross-examined by the EBSD measurement 

(see Figure 4.6d). The indexing of this EBSD image reveals a random texture of 

almost complete BCC structure with an isotropic grain shape.   

!Ó ÅØÐÅÃÔÅÄȟ ÂÅÃÁÕÓÅ -Ï ÉÓ Á ÈÉÇÈ ɼ ÓÔÁÂÉÌÉÓÅÒȟ ÔÈÅ ÒÅÓÕÌÔÓ ÏÆ ÔÈÅ 'ÉÂÂÓ 

free energy detailed in the present work entails that the alloy has a narrow 

two-phase (a¡¡ɼ  ×ÉÎÄÏ×Ȣ &ÕÒÔÈÅÒÍÏÒÅȟ ÁÐÐÌÉÃÁÔÉÏÎ ÏÆ ÔÈÅ ÌÅÖÅÒ ÒÕÌÅ ÔÏ ÔÈÅ 

tangent of the aᴃ ÁÎÄ ɼ ÃÕÒÖÅÓ ÓÈÏ×Ó ÔÈÁÔȟ ÉÎ ÁÇÒÅÅÍÅÎÔ ×ÉÔÈ (ÉÃËÍÁÎȭÓ 

findings [44], the volume fraction of aᴃ ÄÅÃÒÅÁÓÅÓ ×ÉÔÈ ÉÎÃÒÅÁÓÉÎÇ ÁÌÌÏÙ 

content. The overall form of the Gibbs construction from formation energies 

suggested here, however, indicates the existence of a metastable orthorhombic 

a¡¡ martensite in Ti-Mo system, and the phase diagram should include either a 

monotectoid reaction or a metastable miscibility gap within the (a ɼ  ÐÈÁÓe 

region.   
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Figure 4.6(a) Gibbs construction and (b) volume fraction of the β phase of Ti-Mo alloy 
are shown. The volume % of β phase as determined by DFT calculation method is 
shown by (black) crossed block, while the red crossed circles are experimental 
determined volume %.  The red arrow marked the threshold concentration for single β 
phase of the alloys. The error bars fall with the symbol size.   
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Figure 4.6 (c)  For comparison, the indexed diffraction spectra from XRD scanned 
from 30 to 80 degrees in diffraction angle, revealing reflections due to the phases 
for the of Ti-cMo alloy, (where c= 6,10,12,15, 18 at. %) reveals the phase 
structures; (d) EBSD image of the experimental observed microstructure of Ti-
30Mo. The EBSD image reveals an isotropic grain shape and a random texture. 
Colour code; miller index in standard triangle of lattice directions pointing in 
normal and casting direction. 

 

(d) 

Ti-18Mo 
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4.4.3 Elastic modulus and phase stability  

Having determined the thermodynamic stability behaviour, let us now 

focus on predicting and comparing the elastic properties determined from the 

first principle total energy calculation and experiment. This is not trivial, 

however, since the exact distribution of Ti and Mo atoms over the lattice 

position of two different atomic symmetries are not known. The elastic 

constants — i.e., the ὅ — were modelled with these two different atomic 

symmetries and arrangements; namely, the orthorhombic and BCC with the 

same composition were modelled based on Eqns. 4.14, 4.31, 4.32, 4.33 and 

4.34. These theoretical predicted properties are summarised in Table 4.4 and 

compared with both present and past experiment results in the literature. In 

order to analyse these data, we first focus on the relative stability between the 

two phases. The ὅ¡ and ὃ are also listed in Table 4.4.  ὅ¡ ὅ ὅ ςϳ , is a 

tetragonal shear parameter related to the stability of the BCC structure [44], 

and the anisotropic factor ὃ
¡
 (A=1 for isotropy). As the HCP - BCC 

boundaries are approached, ὅ¡ decreases, this often correlates with 

deformation by twinning, and ὃ approaches zero at the incidence of β stability.   

Phase content by 

XRD method. 

6Mo 10Mo 14Mo 18Mo Ti-23Mo TI-30Mo 

Vol. %,aᴃÐÈÁÓÅ 80 67 46.6 40 33.4 0 

6ÏÌȢ Ϸȟ ɼ-phase 20 33 53.4 60 66.6 100 

Table 4.3: Experimentally observed volume fraction of the phases based on 
XRD measurement with Cu. Ka1 radiation. 
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As shown Table 4.4, the elastic constant ὅ  decreases steadily with 

increasing x, apart from the alloy x= 6% —  #  (# ) increases (decreases) 

respectively with x, which results in a softening of the tetragonal elastic 

constant ὅ¡. This indicates a marginal elastic stability towards a uniform 

tetragonal distortion [47, 48]. The change at x= 6% is not so clear. However, a 

possible explanation could be one of two reasons: one is a close symmetry 

change from a″ ­β and the other is the high volume fraction of a″ phase at 

this composition boundary in accordance with previous microstructural 

observations.  

 

 

 

 

 

 

materials  ὅ  
 

ὅ  
 

ὅ  
 

ὅ  
 

ὅ  
 

ὅ ὅ  A 

βTi(theory) 167.6 87.6 73.7 190.8 34.3      53.6 0.85 
βTi(theory)[1] 87.8 112.2   39.8    −24.4  
Ti (Exper.)[46] 162.4 92.1 70.0 179.8 47.9      44.2 1.36 
Mo(theory) 133.1 107.9 131.2  57.3      50.6 4.5 
Mo (Exper.)[46] 163.0 118.3   75.9      42.4 3.39 
Nb theory[49] 227 129   22       107 0.45 
Nb (Exper.)[53] 246 113   28        85 0.42 
Ti-3Mo 159.3 115.0 62.1 58.2 193.2      -78.2 8.72 
Ti-6Mo 111.3 69.07 42.1 53.2 103.2       -34.1 4.89 
Ti-10Mo 167.0 19.6 27.5 12.4 13.46       6.14 0.183 
Ti-14Mo 179.2 17.9 23.5 12.0 13.2       4.7 0.164 
Ti-18Mo(Exp.)[23] 168 42.1   31.9       10.2 0.49 
Ti-18Mo [..] 192.6 16.3 18.30 9.10 12.7       3.6 0.144 
Ti-23Mo 197.5 16.0 17.5 6.2 10.1        5.9 0.13 

Table 4.4: Elastic constants of the Ti-xMo (x=3, 6, 10, 14, 18,23at. %) alloys in unit of 
GPa. 
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The anisotropy of a crystal is a measure of the bonding anisotropy 

between atoms. In order to get an idea of the connection between the elastic 

constants and the relative stability of the a″ and β phases in Ti-Mo alloy 

system, we plot the elastic anisotropic factor ὃ as a function of x content in 

Figure 4.7. It can be seen that ὃ almost decreases with increasing x. The factor 

A is higher for the lean x compositions, related to strong anisotropic chemical 

bonding and marginal mechanical stability of β phase at close proximity of a 

phase transformation; conversely a low ὃ corresponds to greater stability of 

the β phase, in agreement with the correlation found for other Ti-alloys such 

as Ti-Nb; Ti-Ni based alloys [44, 47, 48], suggesting that ὃ approaches zero as 

the HCP -BCC boundaries are approached.  In line with this, a large ὅ¡ and 

lower ὃ correspond to a lower transformation temperature (Ὕ , in agreement 

with the correlation found for alloy with shape memory possibilities such as 

Figure 4.7:   Theoretical shear modulus ὅ¡ of the multiphase Ti-Mo alloys and the 
elastic anisotropic factor with respect to the concentration of x (lower abscissa). 
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Ti-Nb and NiTi based alloys [44, 49, 50].   

Finally, in order to verify the theoretical predictions, we conduct a 

check on our calculated and measured bulk polycrystal elastic properties, 

namely the homogenized multiphase composites Young's modulus9
ᶻ

, 

Poisson's ratiohᶻ, Shear modulus (‘ and Bulk modulus "
ᶻ
. The results are 

listed in Table 4.5. 

 

 

The results as presented in Table 4.5 show that the bulk modulus (B) 

and shear modulus (m) decreased linearly with alloying element, the Poisson’s 

ratio (h increased linearly, but the Young’s modulus (9 was not dramatic in 

its change. This means: Mo softens the matrix and enhances the shear 

deformability of the β phase; the Poisson’s ratio has similar but weak effect; 

and the negative sign at 10% is similar to the results obtained elsewhere [18], 

which can be attributed to β phase instability at the composition [18, 20].  To 

confirm the importance of this assumption, we plotted the compositional 

materials  ὄ  
 

‘  
 

‘ Ȣ 

 
9  

 
9 Ȣ 

 

h  

 

h Ȣ 

 
Ti[18,20,46] 111.3 39.4 44 105.6 114.6 0.5 0.33 
Mo[18,46] 120.3 22.5  63.3 301 0.41 0.37 
Ti-3Mo 60.73 39.2 30.7 90.2 78 0.43 0.38 
Ti-6Mo 49.0 42.18 33 80.6 64 0.59 0.40 
Ti-10Mo 34.83 20.46 40 86.5 80 -0.7 0.41 
Ti-14Mo 28.2 16.12 51.7 98.1 82 0.75 0.42 
Ti-15Mo[ 50]      79    
Ti-17Mo[ 51]     73   
Ti-18Mo 13.7 10.0 38.7 109.9 86 0.78 0.42 
Ti-18Mo[51]     83   
Ti-23Mo 9.1 6 21 111.9 90 0.80 0.41 

Table 4.5: The calculated and measured bulk polycrystal elastic properties in units of 
GPA 

 
materials  ὄ  

 
‘  

 
‘ Ȣ 

 
9  

 
9 Ȣ 

 

h  

 

h Ȣ 

 
Ti[18,20,46] 111.3 39.4 44 105.6 114.6 0.5 0.33 
Mo[18,46] 120.3 22.5  63.3 301 0.41 0.37 
Ti-3Mo 60.73 39.2 30.7 71.2 78 0.43 0.38 
Ti-6Mo 49.0 42.18 33 42.6 64 0.59 0.40 
Ti-10Mo 34.83 20.46 40 126.5 80 -0.7 0.41 
Ti-14Mo 28.2 16.12 51.7 128.1 82 0.75 0.42 
Ti-15Mo[ ]      79    
Ti-17Mo[ ]     73   
Ti-18Mo 13.7 10.0 38.7 129.4 86 0.78 0.42 
Ti-18Mo[]     83   
Ti-23Mo 9.1 6 21 131.9 90 0.80 0.41 

 Table 4.5: The calculated and measured bulk polycrystal elastic properties in units 
of GPA 
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dependence of the theoretical homogenised polycrystalline (a) bulk modulus 

(Ba″β), (b) shear modulus and (ma″β) and (c) Young’s modulus (9a Ȣ 

respectively as a function of the β volumetric phase content of the alloys in 

Figure 4.8. The resulting dependence of the homogenised multiphase 

properties has been found, both the bulk modulus and shear modulus show a 

positive deviation from the volumetric phase fraction. This is not unexpected, 

since bulk properties are expected to increase with increasing concentration. 

In contrast, non-linear composition dependence is apparent in the Young’s 

modulus trends for the Ti-Mo alloy system. The result highlights the overall 

importance of using homogenised schemes in agreement with those reported 

[20]. Based on this trend in Young’s modulus, however, the Young’s modulus of 

Ti-Mo alloy may be considered to exhibit large anisotropy. This is because the 

anisotropy of the mechanical properties of β-type titanium alloy has been 

reported to be significantly larger than those of other metallic materials such 

as carbon steel [51]. Other findings [52, 53] indicate a variation in Young’s 

modulus of Ti-Mo-Cr and Ti-Mo-Ta, Ti–(15-17) Mo–ST alloys due to 

homogenisation treatments. Tane et al. [54] revealed variation in modulus due 

to orientation in Ti-Nb-Ta-Zr single crystal.   
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In order to verify the influence of material anisotropy on the theoretical 

predictions of Young’s modulus, the cast and homogenised microstructure of 

β-type Ti alloys has been investigated in the Ti-18Mo alloy using EBSD 

observation. The effect of initial textures on anisotropy of the cast and 

homogenised Young’s modulus for the Ti-18Mo alloy is discussed below using 

the pole figures and inverse pole figures of cast, and as homogenised at 1173 K 

in Figures 4.9, (homogenised ODF shown in 4.6). 

Figure 4.9 shows the pole and inverse pole figures corresponding to the 

three directions in the Ti-18Mo alloy. The pole and inverse pole figures of the 

as cast materials in Figures 4.9 (a) and (c) indicate that a well-developed 

{001}{110} texture is formed due to casting; whereas, due to homogenisation 

treatment in Figures 4.9 (b) and (d), the random texture is formed with no 

Figure 4.8:  Theoretical predicted dependence of (a) Bulk modulus (B); (b) shear 
modulus (m) and Young’s modulus of the Ti-Mo component as a function of the β 
phase volumetric content. The lines are only to guide the eye. 
 

 
Figure 4.8: Theoretical predicted dependence of (a) Bulk modulus (B); (b) shear 

modulus (mύ ŀƴŘ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ƻŦ ǘƘŜ ¢ƛ-Mo component as a function of the 
ʲ ǇƘŀǎŜ ǾƻƭǳƳŜǘǊƛŎ ŎƻƴǘŜƴǘΦ ¢ƘŜ ƭƛƴŜǎ ŀǊŜ ƻƴƭȅ ŦƻǊ ŜȅŜ ƎǳƛŘŜǎ 
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significant strong peak, indicating that homogenisation of the alloy has led to a 

weak texture. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The importance of using T-Matrix to account for the dual phase nature 

of Ti-Mo and orientation dependence of Young’s modulus in β-type Ti alloys is 

illustrated in Figure 4.10. Here, the theoretical determined single crystal and 

Figure 4.9:  [001] pole figures of the (a) as cast Ti-18Mo alloy; (b) as homogenised  
Ti-18Mo alloy and inverse pole figures along different directions in the rolling plane 
for the (c) cast Ti-18Mo and (d) homogenised Ti-18Mo alloy. 

(a) (b
) 

(c
) 

(d
) 
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multiphase polycrystalline Young’s modulus is compared with the 

homogenised ultrasonic determined Young’s modulus of the alloys.  The single 

crystal Young’s modulus increases monotonously with increasing Mo content. 

Such a trend may have completely ignored the influence of different phases in 

the matrix, contributing to the Young’s modulus and mechanical behaviour of 

the alloys.  Though the T-Matrix approach (in the black rectangle) did not 

completely resolve this, the overall trend is however qualitatively better and 

closer to the values of Young’s modulus obtained from homogenised 

experimental materials. This is also in line with measurements taken by other 

researchers (as shown in Figure 4.10). The Young’s modulus increment was 

quite slow and close to what had been observed experimentally, emphasising 

the need for adoption of this technique in predicting the modulus of Ti alloys. 

Although the DFT theoretical predictions overestimated the overall elastic 

constants, in general the theoretical predictions for the Ti-Mo alloys have 

shown similar trends within ≈1-10GPa of the experimental values. Other small 

discrepancies in the value of Young’s modulus could reflect differences in 

temperature, minor experimental errors or the approximations inherent to 

DFT-GGA [18, 30]. The excellent agreement for both results indicates, 

however, that low Young’s modulus could possibly be optimised via the least 

stable β phenomenon that exhibited the lowest Young’s modulus.  The 

coupling with homogenised multiphase elastic constant might lead to 

something outlandish with respect to reducing the Young’s modulus of 

metallic biomaterials.   
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Figure 4.10:  Predicted and experimentally obtained Young’s moduli of the Ti-Mo 
alloys and data from the literature are given. The lines are only for eye guides. The 
error bars fall within the symbol size. 
 
Figure 4.9: the pǊŜŘƛŎǘŜŘ ŀƴŘ ŜȄǇŜǊƛƳŜƴǘŀƭƭȅ ƻōǘŀƛƴŜŘ ¸ƻǳƴƎΩǎ ƳƻŘǳƭƛ ƻŦ ǘƘŜ 
Ti-Mo alloys. The open red and dark closed circles denote the experimental 
and theoretical data respectively. The lines are only for eye guides. The error 
bars fall within the symbol size. 
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4.4.4 Electronic properties  

In order to understand the intrinsic mechanism of how alloying 

elements influence phase stability and transformation, we can compare the 

total electronic density of states (DOS) of a″ and β crystal structures with x=3, 

6, 8, 10 and12 at.% in Figure 4.8 and 4.9 respectively. The shape of the density 

of states can be understood by re-examining Figure 4.5, as it is at a similar 

region of interest to where the formation energies lines are closest that we are 

focused.  

The pure Mo usually exhibits broad valence features that result from a 

strong hybridisation of 4d orbitals. Even more changes appear in the d- bands, 

as the DOS plots in Figure 4.10 (a) and (b) and (c) illustrate. It is clear that the 

extent of the covalent bonds is mainly due to the hybridisation between the d- 

electronic states of Ti and Mo atoms. As shown in Figure 4.11(a), similar type 

of pseudogap exists on the DOS of a″ phase at ≈ 0.05eV below the Fermi level, 

indicating the covalent bonding region character between the Ti and Mo 

atoms. 

In this fashion, the obtained results indicate that the structural stability 

change in the Ti-Mo system is connected with the N(EF ) enhance due to Mo d-

band, as was suggested earlier, but with also the statistical weight of Ti d-

states at EF. The exciting part comes from the difference that alloying 

concentration makes in the DOS electronic energies slopes of the alloys. This is 

because it is not the length or width of the ridges in DOS which are important, 

rather it is the magnitude of the peaks in these ridges. For the alloys consisting 
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of 3%, 6%, 10% and 12%, the DOS electronic energies are 20eV, 6eV, 20eV and 

30eV respectively. The reason is clear: the states below the pseudogap 

represent the bonding state, whereas those above the pseudogap represent 

the antibonding state.  

Some of the antibonding states in a″ phase are occupied by electrons. 

The occupation of antibonding states generally weakens the covalent bond and 

lessens phase stability. β phase instability is therefore more pronounced and 

Ms is higher, the purer are the antibonding Ti d-states at Fermi level. 

Let us now discuss the core in shift in the d-state, by first turning to 

Figure 4.6. The formation energy contributes maximally to bonding or 

antibonding. As this alloy with small x concentration of Mo exhibits the highest 

negative formation energy, implicitly,  a″ is more stable at this composition 

(6%). The significant drop in DOS bonding energy at 6% indicates greater 

stability of a″ phase due to strong Ti-Ti covalent bonds. As the a″ phase 

transforms to β (≈ ² 10%), the pseudogap becomes narrower and moves up in 

energy, showing the covalent bond has been weakened. In considering this 

energy function, we make the assumption that it is interplay between 

electronic band structure and crystallographic bonds which are related to one 

another by symmetry that play a central role in the energetics. A pseudogap is 

believed to be formed when the Fermi sphere with a diameter of 2KF makes 

simultaneous contact with a number of equivalent Brilliouin zone planes 

associated with reciprocal lattice vector Khkl, Ὁ , assuming a BCC crystal 

lattice,  on Γ lattice point of the band structure. 
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In the β phase (see Figure 4.11(b)), the Fermi level is located right in 

the valley of the pseudogap — i.e. the bonding states are fully occupied and the 

antibonding states are empty — thus indicating that the covalent bond in the β 

phase is stronger with more Mo concentration than in the a″ phase. It has 

been shown above that around EF, d-states are dominant. By taking this into 

account, together with a general rule of lattice parameter behaviour (Figure 

4.4), one can suppose that Ti-Ti instability is exclusively determined by Ti-Mo 

interaction that changes with lattice parameter variations (Figure 4.3). In 

other words, the competition of a″, β phases in Ti and its β alloy compounds 

are due to a change of interatomic Ti-Ti distance that defines the Ti d-filling 

character.  

A correlation between the positions of the density maximum of the 

states in the valence zones was observed by Pettifor et al. [14, 15] when 

examining the binary of some transition metals (Cu). This study correctly 

determined differences in energy between the BCC, FCC and HCP systems, thus 

indicating that occupied density of state is related to the Fermi energy level 

according to Equations 4.37 and 4.38. Hence, DOS and band filling can be used 

to find the relative stability of crystal structures.  From the plot of integrated 

DOS in Figure 4.10, lowering of the Fermi energy due to rising Mo content in 

6at.%, 8at.% and 10 at.% is evident and can probably be the reason why β is 

more stable in the high Mo regions of the phase diagram. 

  ‐                                                                                                          (4.38) 
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                                                                                                      (4.39) 

Additionally, in the β phase, it can be seen that the majority of the 

antibonding DOS states are splitting, probably due to a″ transformation to β 

phase with rising Mo content. Apparently, this subbanding behaviour has a 

genetic connection with Mo d-states and there may be extra electronic 

interactions between the Ti and Mo atoms in the β phase. This phenomenon 

can also contribute to the improved stability of the β phase relative to the a″ 

phase. This trend of the DOS is in agreement with the decreasing stability of a″ 

phase and increasing β with increasing Mo element. 

The observed DOS behaviour in a″ and β indicates that the bond change 

in the Ti-Mo system with concentration is stipulated, first of all, by Ti and Mo 

d-states. The change of Ti-Ti interaction, which is caused by enriching the EF, 

dominates in spite of all other factors. 
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Figure 4.11 : Total density of states for the Ti-Mo system consisting of (a) 
orthorhombic α¡¡ crystal structure; (b) bcc b crystal structure and (c) 
Integrated total density of states of bTi-Mo alloys showing the effect of 
increasing Mo alloying  in the Fermi energy of the Ti-Mo system consisting of 
6at.%Mo;8at.%Mo and 10at.% Mo. The vertical dotted lines indicate the 
Fermi levels. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11:Total density of states of the Ti-Mo system for (a) orthorhombic  
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4.5 Summary and conclusions  

A combinatorial approach was used to predict and verify the 

microstructural evolution and its relationship to the properties in multiphase 

Ti–Mo alloy. The approach combines lattice/bond interactions, 

thermodynamic analyses of multiphase stability to predict elastic constant and 

electronic properties. The lattice interactions and thermodynamic analyses 

were used to estimate composition, volume fraction and polycrystal elastic 

constants. The good agreement of the theoretical calculation with 

experimental verification data for thermodynamic stability, composition and 

elastic constant justify the use of the approach in the present work for 

evaluating property. 

Both the bond interaction and thermodynamic analyses predicted the 

a″ phase and β-phase at 6at.% Mo: 94at.%Ti and at 9at.%.Mo:90at.%Ti 

respectively. Although our theoretical thermodynamic analysis overestimates 

the volume fractions of the phases compared to those experimentally found, 

the predicted compositional trend is qualitatively correct.  

Although the predicted modulus values are generally higher than 

experimentally observed, the trends are well in agreement. The resulting 

prediction shows a positive deviation of the bulk and shear modulus with the 

Mo concentration and β volumetric fraction. Young’s modulus, however, did 

not show such a trend. The lowest modulus was obtained in the least stable β 

alloy (6at. %Mo). 
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Based on the agreement in the theoretical and experimentally observed 

data, we can conclude that a low Young’s modulus and stiffness can be 

achieved by having a good matrix of the soft aΪ phase, at the least β stable 

microstructure alloy, to about 42GPa, which is predicted in a Ti-Mo alloy 

containing 6at.%Mo . 

Although the predicted modulus values are generally higher than 

experimentally observed, the trends are well in agreement. The resulting 

prediction shows a positive deviation of the bulk and shear modulus with the 

Mo concentration and β volumetric fraction. Young’s modulus, however, did 

not show such a trend. The lowest modulus was obtained in the least stable β 

alloy (6at.%Mo). Based on the agreement in the theoretical and experimentally 

observed data, we can conclude that a low Young’s modulus and stiffness can 

be achieved by having a good matrix of the soft a″ phase, at the least β stable 

microstructure alloy, to about 42GPa, which is predicted in a Ti-Mo alloy 

containing 6at.%Mo .  

In order to understand the intrinsic mechanisms by which alloying 

elements influence thermodynamic phase stability, we can compare the total 

electronic density of states (DOS) of a″ and β crystal structures. The results 

indicate that the structural stability change in the Ti-Mo system is connected 

with the lowering of N(EF). This is due to hybridisation of the d- electronic 

states of the Mo atom, providing for the increasing covalent bonds between the 

two atoms.   
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Chapter 5 
 
Systematic Characterisation of Orthorhombic Phase 

in Binary Ti-Mo Alloys 

 
5.1 Summary  

A detailed investigation has been made of the formation of 

orthorhombic martensitic phase in the Ti-Mo alloy system. The reason for the 

orthorombicity has been attributed to atomic movement along the y 

coordinate plane without breaking the group symmetry, assuming the size 

factor influence is negligible.  The orthorombicity tends to disappear with 

increase in molybdenum content. 

5.2 Introduction  

It has been reported that the phase transformation of β-Type Ti alloys 

is strongly influenced by the content of different alloying elements [1-2]. This 

pertains to their formation in both equilibrium and non-equilibrium phases.  

Most of the important properties of these alloys seem to be strongly 

dependent upon the lattice instability of β phase and the amount of thermal 

treatment. The   ɼ phase is stabilised by the alloying elements known as ɼ 

stabilisers. For example: transition metals such as Mo, Nb, Ta, W, V, etc. are 

known as ɼ stabilising elements of titanium alloys. Among these, the binary Ti-

Mo alloy system shows almost all the types of phase transformations that are 

reported in titanium alloys [1, 2].  Apart from the equilibrium phases ɼ and a, 
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the Ti-Mo system exhibits non-equilibrium phases after quenching, such as 

hexagonal martensite (a¡), orthorhombic martensite (a¡¡) and ʖ phases.  The 

importance of these non-equilibrium phases is highlighted by a huge interest 

in them in recent literature. For example, a detailed study of reverse 

transformation  a¡¡ to ɼ phase has been reported in literature [3-7]. In the past, 

this system has also been examined in the study of biocompatibility [8-10]. 

This involves an evaluation of the functional characteristics of the alloys such 

as Young’s modulus and shape memory effect.  

The hexagonal martensite (a¡) and orthorhombic martensite (a¡¡) types 

of martensitic structures have been observed in titanium alloys, depending on 

the content of ɼ alloying elements and cooling rates applied [1,2, 8-20]. Higher 

ɼ stabilising content results in the formation of a¡¡ martensite in preference to 

a¡.  The critical composition limits of the ɼ alloying elements in binary Ti-X 

(Mo, Nb, Ta, W, etc.) alloys for the formation of  a¡¡ phase have been reported 

in the literature, but  agreements concerning Ti-Mo alloys is  not present in the 

literature.  

The solute influence on the kinetic of ɼ-a¡¡ transformation has been 

studied by Jepson et al. [20] using a series of Ti-Nb alloys. They showed that 

martensitic transformation temperature (Ms) depends on the critical cooling 

rate (rc), which decreases with an increase in Nb concentration. In effect, this 

decreases the Ms and makes the ɼ-a¡¡ transformation more sluggish.  The 

critical cooling rate, rc for unalloyed Ti, is 102°C/s and reduces to 0.3 °C/s after 

the addition of 10 at.% Nb [20].  
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It was Jepson et al. [2] that were first to report on the structure of a¡¡ 

martensite being orthorhombic with Cmcm (mmm point group symmetry) 

space group [11]. The unit cell has one type of Wyckoff position, which is 4(c) 

— (0, y, 1/4), (0, y, 3/4), 91/2, y+1/2, 1/4), and (1/2, y+1/2, 3/4) — with site 

symmetry m2m. The details of the crystallographic structure of a¡¡ phases, 

such as lattice number of atoms per unit cell, space group, equivalent position 

of atoms, and their respective symmetries are given in Table 5.1. Noting that 

a¡¡ is a disordered phase, all the 4(c) positions in Table 5.1 are occupied by all 

the alloying elements. From this data, ɼ-a¡¡ transformation can be viewed in 

terms of sub group/supergroup symmetry relations among the high symmetry 

BCC (1m-3m) to lower symmetry orthorhombic (Cmcm) subgroups as 

proposed by Bendersky et al. [10].  The sub groups are connected to each other 

with arrows pointing in the direction of decreasing symmetry. This can be 

shown as  

ρά σά ‍ 1O4/mmmᴼὊάάάO ὅάὧάa¡¡ 

It has been explained that the direct formation of the lowest symmetry 

phase is made possible by reconstructive transformation.  

It is well known that alloy properties are governed by phase content 

and they depend additively on the ratio and properties of the constituent 

phases. Considering that a¡¡ phase has been observed in several commercially 

important a+β and β Ti-Mo alloys (for technological reasons such as potential 

use as a biomaterial), and the goal of this work, it is important that we carry 

out the comprehensive investigation of a¡¡ phase in Ti-Mo alloy systems that is 
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lacking. The effect of Mo element on phase stability and the deformation 

mechanical behaviours of Ti-Mo alloys were studied at cast condition.  

 

 

5.3 Experimental Procedures  

5.3.1 Design and fabrication processes  

The alloys were prepared by arc melting appropriate amounts of high 

purity Ti and Mo rods (99.98%) with a non-consumable tungsten electrode 

under a high purity argon atmosphere. The chemical compositions, as well as 

details of the atomic parameters and the e/a numbers [1-2] of all the alloys are 

presented in Table 5.1. 

Alloys  Mo O N Ti e/a S.occ. Y(Å) Lat. (a)(Å) 

Ti-3Mo 3.2 0.05 0.023 bal. 4.07 0.086 0.1821 2.994 

Ti-5Mo 5.15 0.06 0.013 bal. 4.08 0.132 0.188 3.007 

Ti-6Mo 6.3 0.07 0.013 bal. 4.09 0.156 0.194 3.021 

Ti-7Mo 7.12 0.09 0.017 bal. 4.12 0.17 0.195 3.061 

Ti-8Mo 8.21 0.05 0.017 bal. 4.14 0.174 0.219 3,213 

Ti-9Mo 9.3 0.05 0.11 bal. 4.18 0.181 0.221 3.212 

Ti-10Mo 10.30 0.05 0.017 bal. 4.2 0.19 0.224 3.211 

Ti-12Mo 12.2 0.05 0.005 bal. 4.24  0.211 0.228 3.209 

Ti-15Mo 15.16 0.06 0.017 bal. 4.28 0.22 0.271 3.202 

Ti-20Mo 20.12 0.09 0.022 bal. 4.38 0.241 0.281 3.1788 

Table 5.1: EDX chemical composition (at. %) of the multi component specimens, 
(Md is in eV) and a¡¡  phase parameters. 
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To ensure optimal chemical and structural homogeneity, each button 

was remelted and turned over six times. The final ingot was cast into a 

cylindrical sample of ≈ 90 mm in length and 8mm in width. This led to rapid 

solidification and suppression of dendritic formation. The copper mould had a 

temperature of about 20⁰C, which led to rapid solidification and suppression 

of segregation. All the cast samples were subjected to homogenisation in 

quartz tubing at 1200 ᵒC in an argon atmosphere for five hours in to remove 

microsegregation. These samples were quenched in water, which led to rapid 

solidification to suppress dendrite formation, while mild solution heat 

treatment was carried out at 1100oC for five hours to remove 

microsegregation. 

In agreement with earlier works by Blackburn et al. and Saito et al. [1-

4], the composition range for the alloys studied was designed within the range 

where a, ɼ+ a¡¡ or only b exist in the Ti-Mo system. The chemical composition 

of the specimens with differing Mo concentrations are given in Table 5.1. (In 

this work, all the compositions are given in at.% units unless otherwise noted.) 

Mo is known as a one of the best ɼ stabilising elements. According to the 

coefficient of ɼ stabilisation, the stability of ɼ is defined in eqn. 5.1 as: 

ὑ В                                   (5.1) 

Where, bὧ is the concentration of the ɼ stabilising element in the alloy and 

‍ is its critical concentration. The Titanium alloy whose ὑ   is in the region of 

1-1.5 (i.e. 1 <ὑ  <1.5) was defined as metastable ɼ alloy.  For Ti-5Mo alloy, the 

ὑ  is 1.1, which classifies the alloy as the metastable ɼ category. Previous 
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experimental investigations have shown that a¡¡ and  b phases coexist within 5 

-10 at.% Mo threshold [4]. In effect: we chose Ti-5 at.% Mo alloy to evidence 

the effect of ɼ+a¡¡ coexistence in deformation behaviour and to evaluate the 

influence of biocompatible elements such as Mo, Nb, Ta, Zr, Hf and Sn on Ti 

phase stability and Young’s modulus lattice. This is discussed in the next part 

of this study, Chapter 6.  

 

5.3.2 Microstructural observation  

The samples for light and secondary electron microscopy were 

prepared by mechanical polishing using 10% H2SO2 in 0.25 ‘m colloidal silica, 

and then etching in a solution of 8 vol. % HF and 15 vol. % HNO3. 

In order to identify the constituent phases of the binary Ti-Mo alloy 

microstructures, wide angle XRD was done on Siemens D5000, using Cu Kα 

radiation and graphite monochromator operated at 40 kV and 250 mA. 

Optical microscopy was carried out on a Leica DFC320 image analyser 

(Model: Q550IW) interfaced with Leica Q-win V3 Image analysis software, 

while scanning electron microscopy (SEM) images were obtained using 

Inspect F-FEG SEM operating at 20 KV. Optical micrographs of the polished 

samples were taken using a digital camera attached to the microscope and 

interfaced with a computer. Samples were prepared by following standard 

metallographic techniques. The polished samples were etched with Kroll’s 

reagent (10 vol. % HF and 5 vol. % HNO3 in water). For the quantitative phase, 

analysis was performed with an X’Pert Highscore software package. 
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Orientation maps of T1-5Mo specimen were acquired using the technique 

described in section 3.4 of Chapter 3. These specimens were assumed to have 

random orientations. 

 

5.3.3 X-Ray measurements and analysis  

Phase constitution was investigated using XRD diffuse scattering 

measurements at room temperature with monochromatic CuK and radiation 

diffracted from a bent silicon crystal cut to the (111) orientation. The detecting 

assembly consisted of a proportional counter and a pulse height analyser 

arranged to eliminate the one-third wavelength of the white radiation (the one 

half component was eliminated by the silicon crystal), the cosmic background 

and the fluorescence radiation from titanium. Readings were recorded 

continuously on a horizontal spectrometer with the counter rotating at 0.25⁰ 

in 2Θ/min, and measurements were made from 10 to 100⁰ in 2Θ. Flat samples 

were used and the geometry of the system satisfied the usual focussing 

condition. 

The microstructure was cross examined using electron backscatter 

diffraction (EBSD) after grinding on 400, 600, 1200 and 2400 paper with  

subsequent use of 6 mm(35min), 3mm (20min), and 1mm(15min) polishing. 

 

5.3.4 Evaluation Mechanical properties  

The mechanical properties of the prepared alloys were evaluated by 

performing a hardness test and Young’s modulus measurements. The static 
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indentation test was performed using a 10N load for one minute on a Vickers’s 

pyramid shaped indenter on the surface of the metallic specimens after mirror 

surface polishing. The relationship of the load to the area of indentation is a 

measure of hardness. 

 The Young’s modulus measurements were calculated to investigate the 

change in Young’s modulus with x content of Mo, which are essential elements 

in the alloy.  

The Young’s modulus of the samples was measured by ultrasonic 

method on an ultrasonic velocity gauge, Olympus 62, UK.  A normal incident 

probe (model M110, 5MHz) and a shear probe (model V221, 5MHz) were used 

for the measurement of normal and shear velocities of the wave, respectively. 

The density of the samples was measured on an automatic density meter; for 

at least five times. 

The relationships between ultrasonic velocity and the elastic properties of 

materials are given below [24-29]. 

Young’s modulus (E) is expressed as: 

Ὁ                                                                                (5.2)      

  Shear modulus (G) is the ratio of shearing stress τ to shearing strain γ within 

the proportional limit of a material and is expressed as: 

Ὃ ”ὠ         (5.3) 

Poisson’s ratio υ is the ratio of transverse contraction strain to longitudinal 

extension strain in the direction of stretching force, and is expressed as: 
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u                                            (5.4) 

 

In the above set of equations, VL and VS are the ultrasonic longitudinal 

and shear wave velocities, respectively, and ʍ is the density of the material. 

 

5.4 Results and discussion  

5.4.1 Chemical analysis 

The x-ray energy dispersive spectoscopy (EDX) were performed in 

many different areas (Bulk and surface) and results show that the actual 

chemical composition of the alloys is close to their nominal values (Table 4.1) 

and agrees with ASTM F-67. The chemical composition of the alloys was 

homogeneous and no expressive differences between surface and bulk were 

found. 

 

5.4.2 Metallographic analyses  

The martensitic structure in the as quenched Ti-(2-4) Mo alloys are 

predominantly of the type of massive colonies of parallel plates separated by 

small angle boundaries.  Since this area is not our main area of interest, we 

have shown Ti-4% Mo is a representative of a¡ microstructure in Figure 5.1(a). 

The structure is made of a greater proportion of relatively large plate-like 

crystals, with some massive colonies as well as dislocations and stacking faults 

were also observed in the alloy; while in the alloy with higher molybdenum 

content — for example in Figure 5.1(b) (Ti-6%) — colonies of acicular 
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martensitic structure of a″ phase were observed.  When Mo content was 7% 

at.% (Figure 5.1c), the greater part of the sample was dominated by the a″ 

phase. Above this composition, increased precipitation of Mo and internal 

twinning of the plate type was occasionally observed, as shown in Figure 5.1 

(d-f). A significant amount of equiaxed, retained β phase became the only 

dominant phase.  

It is observable that the microstructure changed or refined 

progressively with increasing molybdenum content. This is evident in Ti-10% 

alloy in Figure 5.1e.  The microstructures of the series of Ti-Mo alloys (as 

shown in Figure 5.1) were consistent with the XRD results. The absence of 

martensitic structures in the specimens having Mo ~>6at% shows that 

perhaps Mo is a better β stabiliser even at lower e/a, Md and Bo parameters 

than Nb, which is reported to gain β stabilisation at high e/a (~4.25).  
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Figure 5.1 : optical micrograph of (a) Ti-4Mo alloy; (b) Ti-6Mo alloy; (c) Ti-7Mo; (d) 
Ti-8Mo alloy; (e) Ti-12Mo alloy and (f) Ti-15Mo alloy revealing the internal structure 
the specimens. The observed plane is normal to the casting direction (CD) and the 
horizontal direction is parallel to the rolling direction (RD). 
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5.4.3 XRD analyses 

In order to investigate the phase constitutions in the binary Ti-Mo 

system, XRD analyses was carried out at room temperature. Figures 5.2(a), (b) 

and (c) show the XRD profiles in groups of Ti-(2-4)Mo, Ti-(6-9)Mo and Ti-

(10,12,20,25)Mo alloys respectively, scanned from 30 to 80 degrees in 

diffraction angle (2θ).  

The results obtained in this study show that the crystal structure of the 

binary Ti-Mo alloys is sensitive to the molybdenum concentration (Figure 5.2).   

By comparing the results obtained for different alloys (Fig. 5.2), it can be seen 

that the martensitic structure gives rise to a mixture of the hexagonal a and 

that a¡ phases was observed for the Ti-(2-4) Mo. In addition, a mixture of a¡ 

and  w  were observed almost exclusively when the concentration of Mo was 

added to the Ti reaching 4%. The strain in the lattice resulting from the 

martensitic transformation (see Figure 5.2) caused a slight broadening of the 

high angle lines, but no lines due to the β phase were observed. 

   The diffraction patterns — as shown in Figure 5.2 for the TI-(6-9) Mo 

alloys — were notably different.  The splitting of 110 β diffraction peak into 

{00n} lines was observed in the Ti-(5-6) alloys. These were consistent with the 

(002) and (020) peaks of a″ martensite by Ho et al. [17], due to a change in 

crystal symmetry from hexagonal to orthorhombic at composition greater than 

4%.  The splitting of the diffraction lines was greater in the 6% alloy due to an 

increased orthorhombic distortion, and no lines due to β phase could be 

detected in the 5%.  
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A significant retention of β phase is observed for the alloys containing 

7%; while, for the higher Mo concentrations shown in Figure 5.4, retention of 

single β phase is very apparent in the X-ray diffraction spectra. A high intensity 

of the first two reflections of β phase that occurs at angles of ~38.5 (110β) and 

~55.5 (200β) are evident in their profiles. This retention is reminiscent of Ti 

alloys with higher Mo concentrations in accordance with results presented 

earlier by Davis et al. [15], who reported that in Ti-Mo systems martensitic 

structures change from hexagonal a¡ to orthorhombic a¡¡ at Mo rates of 6%. 

The diffraction peaks of the a¡¡ or w phase have not been detected, although 

the intensity of w phase is not always high enough to provide evidence of the 

presence of w phase when the w phase has quite a small size or volume 

fraction. It is known that, under the Ti-Mo binary system, Mo lowers the β 

transus and promotes the formation of the β phase, while also suppressing ω 

Figure 5.2.: XRD profiles of Ti-(2-4) Mo alloys, scanned from 30 to 80 degrees in 
diffraction angle (2θ), revealing reflections due to the phases in the Ti-Mo 
specimens. 
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and a¡¡ in high concentrations alloys. This finding is in agreement with past 

studies in which Mo was found to stabilise the β phase for Mo concentrations 

exceeding 5 at.% [1-2]. This suggests that we may control the phase stability 

and enhance solid solution strengthening by increasing molybdenum content 

in Ti.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3 : XRD profiles of (a) Ti-(6-9) Mo alloys and (b) Ti-(10, 12, 15, 20) Mo 
alloys, scanned from 30 to 80 degrees in diffraction angle (2θ), revealing 
reflections due to the phases in the Ti-Mo specimens. 
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It is well known that the identification of α" by XRD is precise usually 

only to a value of 1–3 vol. %. In addition, the presence of crystallographic 

textures will usually further reduce the precision of the X-ray analysis for 

small amounts of a second phase. Cu Ka1 radiation may create minor false 

intensity contributions such as those caused by fluorescence. The use of 

electron microscopy can also be problematic, as other crystal forms of the 

martensite phase have mistakenly been observed. For example: a face-centred 

cubic or tetragonal martensite has been detected in some Ti alloys [21]. To 

evidence the stability, we combined electron microscopy with the EBSD map 

shown in Figures 5.4 and 5.5 to determine the volume fraction of the least 

stable ɼ alloy (i.e. Ti-5 at.%Mo), which proved helpful in evaluating the effect 

of elemental addition on the alloy. An advantage of this approach by EBSD is 

that it can be easily obtained automatically from variations in the grain and 

subgrain sizes of the alloys.   

  The SEM micrographs of various degrees of magnification and EBSD 

map of Ti-5 at.%Mo alloy are presented in Figure 5.5, illustrating a typical finer 

acicular martensitic structure also indicative the a¡¡ phase. This observation is 

in agreement with that offered by the Ti-Mo-Al alloys, in which the martensitic 

microstructures become finer with increases in Mo content. The EBSD images 

presented in Figure 5.5(a) give experimentally observed microstructures for 

Ti-5at.% Mo binary alloys. One can observe from Figure 5.5(b) that grain sizes 

in the range 0- 100ʈm, are actually the martensitic structures that have been 

quantified as sub grain structures in the map. Based on this technique, we have 
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calculated the volume fraction of orthorhombic martensite in Ti-5Mo  to be 

~37% of the matrix.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4 : Acicular martensitic areas from (a) Light optical micrograph of Ti-6Mo; (b) 
high magnification SEM image of the area marked in (a) and (c) higher magnification of 
(b) revealing orthorhombic a¡¡ martensitic phase in the specimens. 

(a) (b)  

(c) 
                    500 mm 
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5.4.4 Analyses of   structural transformation in Ti -Mo 

The XRD profiles obtained from the experimental alloys have been 

subjected to the Rietveld refinement technique using XPERT PLUS software [22]. 

The data for the initial models for the Rietveld refinement (such as space 

group, Wyckoff positions) corresponding site occupancy and alloy composition 

have been taken from Tables 5.1.  

A schematic of the crystal structures of the ɼ and a¡¡ phases and their 

lattice correspondence are shown in Figures 5.6(a) and 5.6(b) [23]. The [001] 

projection and atomic projection according to the international Table for 

crystallography for a¡¡phase is given in Figure 5.6(c). A critical observation of 

(a) 

(b) 

Figure 5.5:  (a) EBSD map of Ti-6Mo alloy indicating revealing the  a¡¡ martensitic  structure 
; and (b) quantified volume fraction for the grain and sub grain structures of  the map In (a).  
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the 4 (c) positions of the a¡¡ phase (Table 5.1 and Figure 5.6) reveal that all the 

atoms in ¼ and ¾ layers are related to the diagonal and axial glide 

movements. This means that an atom that lies on either ¼ or ¾ layers can 

move along the mirror plane parallel to the Y-axis (parallel to the B-axis) and 

the range of this movement is limited by the position of the projected glide 

planes.  

The present alloys consist of Ti and Mo atoms which are of unequal 

atomic sizes. The atoms can therefore move along the Y-axis in the range 0-

b/2, before atomic size concerns. As a consequence, assuming d is the 

diameter of the atoms, the actual limit of atomic movement of one of the 

Wyckoff positions without breaking Cmcm space group symmetry is between 

d/2 and (b/2-d/2), implicitly leading to a contracting of the “a” axis. Here, “b” 

is one of the lattice constants of the a¡¡ phase parallel to Y-axis.  
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The refinement has been done for the a¡¡ phase by fixing the space 

group (Cmcm) and the corresponding Wyckoff positions. The occupancies of 

the Ti and Mo atoms on 4(c) sites are fixed according to the analysed alloy 

compositions (Table 5.1). The refinement data has a goodness of fit (GOF) and 

their corresponding lattice parameters can be seen in Table 5.1. 

The refined values of y coordinates for the alloys studied are given in 

Figure 5.7 (see Table 5.2). From the table, it is evident that the values of the 

coordinate are within the limit described above, and that they increase with an 

increase in Mo concentrations. The variations in the Y coordinates seen in the 

results justify the atomic movement and shift in the alloy with increasing Mo 

(a) 

x 

y 

b 

a 

(001)a¡¡ 

(b) 

(110)ɼ 

a 

b=Ѝ2
a 

(c) 

Figure 5.6:  Schematic representation of the lattice correspondence between β and 
a¡¡ phases. (a) A combination of four BCC unit cell. The atoms that are involved in 
the formation of the a¡¡ phase are shown in filled circles while the corner atoms are 
open circles [2]; (b) the (001) projection of the a¡¡ phase with atoms presented by 
blue dotted circle on red border line corresponding to ¼ layer while the atoms filled 
with red on blue border line correspond to ¾ layer; and (c) the (110) projection of β 
phase, blue filled represented atoms on the layer below or above the layer 
corresponding to the atomic coordinate for a¡¡. 
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concentrations. As explained previously, as a consequence of the variations in 

y coordinates and interatomic potentials, the bond length in the respective 

neighbour atoms can be expected to change with an increase in Mo content.   

 

 

 

 

 

 

 

 

 

 

 

 

The usual position of y corresponding to hexagonal symmetry is 0.1666 

[24]. The corresponding positions obtained in the experimental alloys 

consisting of an orthorhombic  a¡¡ and body-centered ɼ ÃÒÙÓÔÁÌ ÐÈÁÓÅÓ ÁÒÅ 

higher than 0.1666 and increase with an increase in Mo concentration. It can 

be inferred from this result that orthorhombic a¡¡  martensite exists in Ti-Mo 

alloys beyond the critical composition of the β alloying of elements [1-2]. In 

the case where the Mo is lower (Ti-2Mo, Ti-3Mo and Ti4Mo), the fact that 

orthorhombic a¡¡ is not observed is evidence of the existence of hexagonal a in 

Figure 5.7 : the variation of y coordinates as a function of Mo concentration. 
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the specimen. Additionally, due to a higher concentration of Mo (ɼ stabilising), 

the atoms are not able to reach the hexagonal positions during martensitic 

transformations, thereby breaking hexagonal symmetry and forming 

orthorhombic a¡¡ crystal structures. It is to be noted that this space group 

(Cmcm) is an intermediate subgroup of the ɼ (ράσά) as well as the a¡ 

(ὖφȾάάὧ phases.  The increase in the y values with increases in Mo 

concentration also suggests that the atomic shift in the more stabilised ɼ phase 

is expected to become difficult during ɼ aO¡¡ transformation. As a result, alloys 

with higher concentrations of ɼ stabilisers (Mo) exhibit the highest value of Y. 

The lattice parameters of the experimental alloys obtained by Rietveld 

refinement technique are given in Table 5.2. This data evidently reveals that 

the “a” parameter expands with an increase in Mo content, while the “b” and 

“c” parameters contract with an increase in Mo concentration. The results are 

in agreement with those gathered by Kim et al. [23]. The orthorhombicity 

ÂÁϳЍσ  of the present study has been plotted against Mo concentration and 

presented in Figure 5.8, which decreases with Mo concentration. This trend is 

in line with the observation of Bywaters et al. [19] on orthorhombicity with an 

increase in Mo equivalent in Ti-Ta binary alloys.  

Brown et al. [11] observed that, since the crystal structure of the 

martensitic phase has shown an eightfold coordination around each (Ti, Nb) 

atom with four additional neighbours at a slight greater distance, the reason 

for the formation of the a¡¡ in preference to a¡ in Ti-Nb binary alloy beyond a 

critical concentration of Nb may be a reflection of a tendency for Nb to retain 
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the eightfold coordination obtained in BCC titanium. On the other hand, 

looking at the results of the present study, we think that the difference in 

atomic size of both Ti and Mo atoms will likely account for the distortion 

leading to the orthorhombic symmetry, unlike in Ti and Nb where their atomic 

radii are nearly the same.  

Similarly, the calculated result of principal strains for pure Ti and Ti-Mo 

alloys having both a¡ and a¡¡ martensitic phase, as demonstrated by Davis et al. 

[18], show that the ‐ is small in all the martensitic structures. The values of all 

the principle strains are reduced in the orthorhombic a¡¡ martensitic phase, as 

compared to those of the hexagonal (a¡) phase. It has been explained that 

orthorhombic a¡¡ martensitic structure is an intermediate phase between the 

BCC and hexagonal structures. As a result, ɼ aO¡¡ transformation is associated 

with a smaller strain than that of ɼ aO¡.  

 

 

 

 

 

 

 

 

 

Figure 5.8 : Variation of orthorhombicity with Mo concentration. 
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5.4.5 Evaluation of stress induced martensite  

Stress-induced transformation was studied in two alloys: one 

representing low Mo (metastable) alloy (Ti-10at%Mo), while the other is  fully 

transformed β (Ti-20%Mo) alloy. We performed cold rolling in order to study 

the stress required for stress-induced martensite to occur in the two alloys. 

Applied stresses ~  210 MPa was enough to study the inducement of β­a″ 

martensite transformation in both alloys. The initial micrographs and XRD 

profiles of the two Ti-Mo alloys before cold rolling consisted of single β phases. 

The investigation has shown that application of stress to metastable alloys 

induces transformation to martensite, which is an orthorhombic structure. 

Figure 5.9(a) has shown that it is thermodynamically possible for stress 

induced martensite to form in metastable β alloys upon deformation, because 

while their Ms temperatures  ranges lie well below room temperature, the Md, 

(i.e., upper temperature limit above which transformation cannot occur under 

stress)  lies around room temperature.  This is because the specific volume of  

a¡¡ and b are identical and b ­a¡¡ transformation involves smaller principal 

strains (< 3%) than those required to produce the HCP structure, an applied 

stress can simply stabilize those martensitie variants which best accommodate 

the applied stress. Following this, orthorhombic structure can easily be 

visualized as an incomplete progression of the b ­a reaction, an intermediate 

structure between β and ,h as evidence in the complementary XRD spectra 

dominated by a″ instead of β in Figure 5.8(c).  
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In contrast, high density of randomly arranged dislocations, rather than 

the stacking faults and twins are observed in Figure 5.9(b) after deformation. 

This is not unexpected since metastable β alloys that have lower solute content 

are prone to such transformations. Since the Ms is above room temperature, it 

is possible for martensite to form by by shearing the metastable b alloy, 

because the Ms, depends upon the net driving force, it can be raised or lowered 

by the application of external stress.  
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5.4.6 Mechanical properties  

Figure 5.10 compares the measurements of hardness of a series of the 

binary Ti-Mo alloys and Ti-6Al-4V. This is because Ti-6-4 has been, for some 

500 mm 500 mm 

Figure 5.9 : Microstructure of as deformed condition (a) light micrograph of Ti-
20%Mo and; (b) Ti-10%Mo, revealing the difference in internal structure as a result 
of phase difference for the specimens, (c) the XRD profile obtained after cold 
deformation of (a).  

(c) 
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time, an alloy of choice for bio metallic implant application. The trend depicted 

in the Figure shows that alloys that exhibit a″ orthorhombic martensitic phase 

(Ti-6Mo and Ti-7Mo) possess significantly lower hardness values (≈301-305 

HV), and that the β phase alloys had the highest value — particularly the alloy 

at the onset of β phase stability. Generally, it is well known that unalloyed Ti is 

less hard than most of the alloys, including those of Ti-Mo. This can be 

attributed to two factors: the first is the higher solid solution effect, 

precipitation hardening exhibited by β phase due to increasing Mo 

concentration. The other can be linked to the grain size and phases exhibited 

by the samples.  

The low hardness observed in the alloy containing a″ orthorhombic is 

not unexpected as this is mixture of the hexagonal and orthorhombic 

martensite, with smaller strain manifested in the form of twinnings required 

for its transformation from dislocated hexagonal phase into β.   

It is notable that the more stable β alloys of Ti-15Mo and Ti-20Mo had 

324.13HV and 326.98 HV respectively, which compares very well with the 

hardness 325.87 HV of solution-treated TI-6-4 alloys that have been accepted 

by bio-implant research community as a material of choice.  It is clear why the 

hardness of Ti-5Mo was that high: since casting defects such as 

microsegregation and voids were not obvious in the microstructure under 

SEM and light microscope, the high hardness observed for the metastable β is 

attributable to the sensitivity of the solid solution effect. 
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Figure 5.11 shows the Young’s moduli of the Ti-(3-20) Mo alloys 

subjected to solution treatment. All the alloys exhibit low Young’s modulus, 

which is much lower than those of SLS 316L, CP Ti and Ti-6-4 [27]. Similar to 

the microhardness, the trend in Young’s moduli of the alloys indicates 

sensitivity to the phase or crystal structure; thus, the Young’s modulus first 

decreases and Ti-6Mo and Ti-7Mo show the lowest Young’s moduli of the 

design alloys.   

It can be recalled that the XRD and EBSD/SEM in Figures 5.3(a) and 5.5 

indicated that these two alloys had a″ orthorhombic martensite phase. Thus, 

Figure 5.10:  Microhardness of Ti-Mo binary alloys compared to Ti-6Al-4V alloy 
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with a further increase, the a″ in the alloy disappears; giving way for a 

transition to BCC crystal structure, and the solid solution strengthening 

becomes the dominant factor accounting for the changes in the Young’s 

modulus. The modulus increases as the BCC β lattice contracts at the increase 

in the Mo content. In line with past observations by Davis et al. [27] and Duerig 

et al. [28], the present results indicate that the metastable orthorhombic a″ 

structure in Ti-Mo alloys have the lowest Young’s modulus among the a¡,a″ 

and β phases. This could be the primary reason for the low Young’s modulus 

around the required Mo concentration of 6 and 7%. 

It is worth noting that the Young’s modulus of the Ti-Mo was even 

lower than that of the Ti-6-4 alloy. This advantage of a″ orthorhombic 

structure could be exploited to further reduce the Young’s modulus of future 

metallic biomaterials. 

 

 

 

 

 

 

 

 

 

 Figure 5 .11: Young’s moduli of the Ti-Mo binary alloys studied compared to Ti-6Al-4V alloy. 
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5.5 Summary  

The structural properties relating to the a¡¡ orthorhombic phase 

transformation in the Ti-Mo alloy system have been studied using an optical 

microscope, SEM, EBSD and Rietveld refinement of XRD profiles. 

1. The a¡ phase exhibited massive type of colonies of parallel plates 

separated by small angle boundaries, while Ti-(6-7) at.% Mo alloys are 

observed to contain a fine acicular martensitic structure of orthorhombic a¡¡ 

phase.  A further increase in Mo content resulted in a a″ transition to single β 

phase formation in the samples.  

2. Three main reasons have been ascribed to the formation of the 

orthorhombic phase:  (a) in view of an eightfold coordination around each (Ti, 

Mo) atom with four additional neighbours at a slight greater distance, the 

reason for the formation of the a¡¡ in preference to a¡ in Ti-Mo binary alloy 

beyond a critical concentration of Mo could be a reflection of a tendency for 

Mo to retain the eightfold coordination obtained in BCC titanium; (b) atomic 

size difference can also lead to a distortion of the crystal structure; and (c) 

assuming the major influence of atom size is ignored, the  movement/shift of 

the atoms along Y-atomic coordinates without breaking the group symmetry is 

another possible explanation. Additionally, the orthorhombicity in this alloy 

decreases with an increase in Mo content.  

3. Possible formation of stress-induced transformation was investigated 

in Ti-10Mo and Ti-20Mo two alloys. The investigation has shown that 

application of stress of about 120Mpa to this metastable alloy (Ti-10Mo) 



212 
 

induced transformation in martensite that is orthorhombic in structure, but 

not in Ti-20Mo alloy.  

4. The alloys Ti-6-7at.% containing the  a¡¡ phase had the lowest 

hardness of all, while the less stabilised β is observed to exhibit the highest 

hardness. We suggest that solid solution strengthening might be responsible.  

5. The trend observed in the Young’s moduli of the samples followed a 

similar direction to that of the hardness, suggesting that a¡¡ might be 

responsible for the low hardness and Young’s modulus because both are 

structurally related properties. It is worth noting, however, that the Young’s 

modulus of the Ti-Mo was even lower than the Ti-6-4 alloy. Such an advantage 

of a″ orthorhombic structure could be exploited to further reduce the Young’s 

modulus of future metallic biomaterials. 
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Chapter 6 
A Search for Bone Matching Modulus Additives to 

Ti-Mo for Biomedical Applications  

 

6.1 Abstract  

In this chapter, we consider theoretical and experimental relationships 

between important structural variables, such as composition, lattice constants, 

and thermodynamic stability with a major focus on a¡¡ to ɼ phase 

transformation in binary Ti-Mo alloys. We look specifically at the effect of 

combining biocompatible elements, such as Ta, Nb, Sn, Zr, Hf on phase 

stability, elastic properties and other mechanical properties in a 

multicomponent Ti-Mo system as potential biomedical materials. The aim of 

this analysis is to show the dependence of microalloying on phase stability and 

mechanical behaviours elastic moduli as an important property of biomedical 

material. Following this, a review of the analysis methods used in this thesis 

will be given as a guide to improving future results. 

 

6.2  Introduction   

 Ti based alloys have been established as a competitive class of 

industrial materials owing to their unique combination of good properties 

such as:  
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1. Excellent corrosion resistance — corrosion resistance is by far the most 

important property of a Ti alloy. Ti alloys are usually well resistant to low 

and high-temperatures oxidation and localised corrosion, e.g. pitting and 

crevice corrosions, and stress-corrosion cracking in seawater. Previous 

reports suggest that Ti-Mo grades containing 5-15% Mo (mass %) are 

more resistant to SCC in chlorides and caustic alkali media than austenitic 

steel grades. [1]  

2. Most Ti based isomorphs such as Ti-Mo , Ti-Nb and Ti-Ta alloys tend to be 

relatively cheaper than the Ti-Ni and austenitic stainless steel grades that 

dominate the biomaterials implant world market. The price of Nickel raw 

materials represent as much as 40–45% of the price of the austenitic 

stainless steels, such as Type 304. The price of nickel is increasing rapidly 

due to high demand outstripping its supply, therefore the Ti-Ni and 

austenitic stainless steel — the largest consumer of nickel — has 

maintained a high-price.   

3. Health concerns and issues — studies suggest that Vanadium and nickel (a 

major component of Ti 6-4 as well Ni in Ti-Ni and austenitic grades) can 

cause physical health problems such as dermatological allergies while used 

in contact with human body [2-5]. This phenomenon explains why 

biocompatibility and low Young’s modulus must be carefully considered in 

the design of Ti alloys for biomedical applications.  
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4. In order to guarantee and prevent the implant from premature failure 

resulting from ‘stress shielding’, a significant drop in the elastic modulus is 

targeted by biomaterial scientists.   

Owing to context, soluble additives that tend to improve both strength 

and low Young’s modulus of Ti alloys are particularly desired. These two 

important qualities are major concerns that potentially limit their use for 

biomedical applications in particular. At least one such soluble additive is 

known to exist: Molybdenum. Molybdenum has been judged to be non-toxic, 

non-allergic and has been selected as a safe alloying element for developing 

low elastic modulus Ti alloys with high strength for bone implant applications 

[6-20]. It is the most effective β-phase stabiliser preferable for the Ti 

biomaterials. Three problems arise however: (1) lack of low temperature 

ductility, indicating brittle behaviour may be inherent in Mo; (2) potent for 

improving high strength, but the element Mo belongs to refractory elements 

with very high melting points of ≈ 2896K [21]; and (3) they have heavy 

densities of 10.28g/cm3 [21]. This implies an increase in their alloying 

contents tends to increase both the melting points and densities of obtained Ti 

alloys, which is very undesirable for biomedical applications. These 

considerations make Mo unsuitable for this application. Nevertheless the 

existence of at least one or two ductilizing solute elements such as Nb, Ta, Zr, 

Hf, and Sn, which have been judged to be non-toxic, non-allergic and safe to 

improve the inherent ductility and density of Ti-Mo alloy system, are 

particularly desired, as the effectiveness of low Young’s modulus strategy 
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might not explicitly be dependent on microstructure stability. This therefore 

raises the possibility of developing low elastic modulus Ti alloys with high 

strength for bone implant applications [6-20].  

In addition, in the case of β stability, past studies have shown that 

concentration of alloying elements, such as Mo, Nb, and Ta to be retained in b 

after quenching from β phase field are 5, 15, and 20 atomic % (hereafter, 

atomic will be omitted), respectively for binary Ti͠Mo [22], Ti͠Nb [23], and 

Ti͠Ta alloys [24]. According to the above viewpoint, it can be expected that 

Mo is the most effective β stabiliser and the β type Ti͠Mo alloys are more 

suitable than the other β Ti alloys for biomedical applications.  Nonetheless, 

most previous studies have focused on Ti-Nb alloys. Thus far, various ternary 

and quaternary β-phase Ti alloys composed of non-toxic elements have been 

developed; e.g. Ti–Nb–Ta–Zr [25], Ti–Nb–Zr–Sn [26], Ti–Nb–Sn [27], etc. The 

Young’s modulus of these alloys is about 60–80 GPa, which is still higher than 

that of natural human bone — 20–40 GPa. Up to now, Ti͠15Mo alloy [28], 

Ti͠7.5Mo alloy [29], Ti-10Mo and Ti-20Mo [30] have been developed for 

biomedical applications in binary Ti͠Mo alloys. Such effort notwithstanding, a 

review of the literature indicates that multicomponent β Ti-Mo alloys have 

received considerably less attention [19, 29, 30], even as the Ti-Mo system has 

proved to be a good substitute for developing absolutely safe Ni-free 

biomedical Ti alloys due to their being non-toxic elements that do not cause 

any adverse effects on the human body. Nevertheless, the Young’s moduli of 
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the Ti-Mo alloy systems reported so far are not low enough [28-31], and there 

has been little research effort into the Young’s moduli of metal stable ɼ-phase 

Ti-Mo alloys. Moreover, a central theoretical framework of low modulus 

determining factors in alloys remains elusive and our understanding is not 

nearly as sharp in the area. A much better understanding could be obtained by 

taking into account the effect of the elements on electron band structure using 

ab initio calculations.  

It is well known that Ti and other 3d transition metal (such as Zr and 

Hf) have special d band structure, and localisation of the d electrons accounts 

for the unique electronic properties of the materials. In addition, microalloying 

addition of non-toxic elements such as Nb, Ta, Zr, Hf, and Sn on Ti-Mo can 

implicitly alter the stability of the electronic structure, which could lead to 

something outlandish. This is a reason why the comparative study on Nb, Ta, 

Zr, Hf, and Sn on Ti-Mo is treated in the present study in a consistent way. We 

begin with the ab initio calculations (details provided in the section on 

calculation method) and/or experimental validation to design low Young’s 

modulus Ti alloys and propose a relation which could provide a theoretical 

guide to the design of low Young’s modulus biomedical Ti alloys. 

 

6.3 Theoretical and  experimental verification process  

6.3.1 Computational method  

The study is based on the electronic density-functional theory (DFT) 

calculation implemented using the commercial version of Cambridge Serial 
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Total Energy Package (CASTEP code) [32]. The exchange and correlation are 

treated using the generalised-gradient approximation (GGA) of Perdew, Burke 

and Ernzerhof (PBE) formalism, based on the ultrasoft pseudopotentials 

proposed by Vanderbilt [32] and provided by the package due to its 

computational efficiency. The motivation for our choice is that the (PBE) 

methods are efficient, due to its accuracy in describing the bulk properties of 

many materials, and flexible enough to describe the random distribution of the 

impurity atoms on Ti lattice [33,34]. The PBE functional is designed to 

reproduce closely the PW91 results, but the PBE formulation is more robust. 

To guarantee a high level of convergence, cut-off energy of 500 eV and the 

Methfessel and Paxton [35] Gaussian smearing method with 0.1 eV smearing 

of the electron levels. Further details of the calculation have been given 

previously in Chapter 3.  

The plane wave cut of energy was chosen to be 500 eV because this cut 

off energy was found to achieve the convergence of the formation energies 

with 0.01eV, as compared to the result of cut off energies up to 850eV and less 

than 400eV. The fundamental quantity expressing the thermodynamic stability 

of an alloy is the alloy formation energy. The formation energy (per atom) of 

the multicomponent Ti-Mo in configuration is calculated. The formation 

energies were calculated to investigate the alloying effect of Nb, Ta, Zr, Hf and 

Sn on the β-phase stability and mechanical behaviour of Ti-Mo alloys. Our 

computational method consisted of evaluating the formation energy for 

different single phase BCC alloys of form Ti 
В

 supercells. Here 
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Ὗ Ὃ represents one or two combined atoms of M (M= Nb, Ta, Zr, Hf, and Sn), 

5at.% of molybdenum and a balance of titanium atoms were constructed using 

the optimised lattice parameters. This stoichiometry was chosen for five 

reasons: (1) In the previous chapter work on binary Ti–Mo-based alloys we 

have seen that some important elastic response such as Young’s modulus is a 

sensitive function of composition, requiring Mo contents lower than a critical 

level of about 6at.%, thus requiring composition of around the least stable β 

phase in the Ti-Mo alloy system. (2) Further, it has been shown previously that 

the composition of the least stable β phase alloy, βc, correlates in some ways 

with the emergence of many unique properties, such as non-linear 

superelasticity and very low work hardening rate [34]. (3) The chosen 

stoichiometry facilitates the construction of a supercell of a tractable size for 

computation. (4) Holding the stoichiometry constant provides an atom-for-

atom comparison of the relative potency of different substitutional solutes to 

enhance β stability; and finally, (5) holding the symmetry and size of the 

supercell constant promotes maximum cancellation of numerical errors. This 

composition chart is shown in Figure 6.1.  
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The position of the first nearest neighbours Ti atoms from M atoms 

were varied to achieve equilibrium and relaxed to minimise the total energy. 

The formation energies were then calculated from the total energies of the 

supercells and the isolated atoms. For example: the formation energy of a Ti-

Mo-Sn alloy, EFM  is  defined in eqn. 6.1 as: 

Ὁ Ὁ ὓέ Ὁ Ὓὲ ВὔὉ ὝὭ
В

                         (6.1) 

Ὁ   are the formation energies of isolated atoms, while Ὁ  is the 

formation energy of the supercell. The formation energies are normalised by 

the number of atoms in the supercell. The computational unit cell for the 

current calculations is shown in Figures 6.2 and 6.3.  

 

 

Figure 6.1 : Composition chart of Ti-Mo-U-G multicomponent ternary phase 
diagram and cluster line of Mo+U+G/Ti. 

Cluster lines of 
 Mo+X/Ti.   
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Figure 6.2:  Unit cell of   formation energy and elastic matrix calculations. U and G 

atoms are shown in red and dark green, the grey and deep green for Ti and Mo. 

Figure 6.3 : Layer slab super cell for (110) surface energy and elastic matrix 
calculations. 
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To predict the effect of the additional elements on the elastic constant 

of the Ti-Mo alloy, the single crystal elastic constant of the alloys were 

calculated. Generally, the single-crystal elastic constants can be obtained by ab 

initio  electronic-structure methods by calculating the total energy as a function 

of appropriate lattice deformations. Depending on the crystal system and the 

type of imposed lattice deformation, the curvature of the total energy versus 

strain curves defines either a particular elastic constant or a combination of 

elastic constants. 

The internal energy (E (V, {ei})) of a crystal under an infinitesimal 

strain ei, referenced to the energy of the equilibrium geometry can be used to 

obtain some or all of the elastic constants upon full optimisation at ground 

state energy from CASTEP  as defined by [20] through eqn. 4.1: 

ὉὠȟὩ Ὁὠ ȟπ В ὅὩὩ                                                                     (6.2) 

Here, V0 is the volume of the unstrained crystal with E (V0,0) being the 

corresponding energy; Cijs are the single crystal elastic constants; and the 

members of strain tensor e{ei, ej, . . .} are given in Voigt notation.  For a phase 

with cubic lattice symmetry, there are three single crystal elastic constants: 

C11, C12, and C44. Material with orthorhombic symmetry possesses nine 

independent elastic constant Cijs and nine elastic compliance Sij, which are 

components of a fourth-rank tensor (C11, C12, C13, C22, C23, C33, C44, C55 and C66,) 

and (S11, S12, S13, S22, S23, S33, S44, S55 and S66). If we invoke the Voigt contraction 

convention, these can be arranged in a symmetrical six-by-six matrix. The 

product of the two matrices gives the six-by-six identity matrix to extract the 
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single crystal elastic moduli. 

ὅὛ ‏                                                                                                                   (6.3) 

Here ‏   denotes the Kronecker delta. 

For an elastically anisotropic cubic phase — as is the case with our Ti-

Mo materials — the total homogenised polycrystalline shear and Bulk Bo can 

be estimated from the single crystal elastic via methods due to Voigt [21], 

Reuss [22] and Hill [23]. Voigt based his assumption on uniform local strain, 

the isotropic shear modulus defined as:  

ʈ            (6.4)                                 

The assumption made by Reuss has been based on uniform local stress, and 

the isotropic shear modulus expressed as:  

ʈ   .               (6.5) 

Here, 3s is referred as the elastic compliances; however, Hill [23] found that 

neither of the two relations is believed to be exact as the Voigt equation 

provides an upper limit for (G) and Reuss’s equation gives the lower limit of 

(G). Hill suggested averaging by either the arithmetic or geometric mean of 

these two limits, i.e. 

'    or    ''                           

(6.6) 

Once G and B have been determined, the Young’s Modulus (Y) and the 

Poisson’s for homogenised anisotropic polycrystalline aggregate can be 

determined using standard elasticity relationships: where the polycrystalline 
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Young’s modulus and Poisson’s ratio can be calculated via eqns. 4.5 and 4.6 

respectively. 

 9                             

(6.7) 

Ö             (6.8) 

 

6.3.2 Experimental verification process  

6.3.2.1  Material preparation  

Based upon our previous work in Chapter 5, a series of eight 

multicomponent experimental Ti–Mo-based alloys were synthesised by 

vacuum-arc melting. The alloys were fabricated by an arc-melting method 

using an appropriate amount of pure Ti, Nb, Mo, Ta, Zr, Hf and Sn (99.8 %) as 

raw materials.  

To ensure homogeneity, the ingots were inverted and remelted at least 

six times before casting into cylindrical rods; though the copper mold had a 

temperature of about 20o C, which led to rapid solidification to suppress 

dendrite formation. The ingots were further homogenised in a vacuum at 

1273K for 21.6ks in order to eliminate the as-cast microscopic segregation.  

Following this, the specimens were acid etched to oxide skin.  

 

6.3.2.2 X-Ray measurements and  analyses 

Phase constitution was investigated using XRD diffuse scattering 
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measurements at room temperature with monochromatic Cu-Ka1, radiation 

diffracted from a bent silicon crystal cut to the (111) orientation. The detecting 

assembly consisted of a proportional counter and a pulse height analyser 

arranged to eliminate the one-third wavelength of the white radiation (the one 

half components was eliminated by the silicon crystal), the cosmic background 

and the fluorescence radiation from titanium. Readings were recorded 

continuously on a horizontal spectrometer with the counter rotating at 0.25  ̄

in 2Θ/min and measurements were made from 10 to 100  ̄in 2Θ. Flat samples 

were used and the geometry of the system satisfied the usual focussing 

condition. 

 

 

 

 

Composition (atomic %)  ɼ stability indicators  

materials Mo Ta Zr Hf Nb Sn Ti  e/a  Md Bo 

Ti-Mo-Sn 5.021     2.01 bal. 4.12 2.375 2.798 

Ti-Mo-Zr 5.21  2.55    bal. 4.12 2.413 2.834 

Ti-Mo-Ta 5.01 1.31     bal. 4.13 2.394 2.836 

Ti-Mo-Nb 5.013    2.52  bal. 4.15 2.389 2.835 

Ti-Mo-Ta-Sn 5.02 1.28    1.96 bal. 4.13 2.397 2.812 

Ti-Mo-Nb-Zr 5.012  2.49  2.45  bal. 4.14 2.412 2.848 

Ti-Mo-Ta-Zr 5.031 1.32 2.52    bal. 4.13 2.417 2.849 

Ti-Mo-Ta-Nb 5.02 1.27   2.48  bal. 4.16 2.393 2.850 

Table 6.1: Chemical composition and β stability indicator of the studied alloys, the 
elements, alloys and β indicators highlighted (Md is in eV). 
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6.3.2.3 Microstructural observation  

The samples were first prepared by following standard metallographic 

technique. The polished samples were etched with Kroll’s reagent (10 vol. % 

HF and 5 vol. % HNO3 in water). Scanning electron microscopy (SEM) images 

were obtained using Inspect F FEG SEM operating at 20 KV. Samples were 

prepared by following standard metallographic technique. The polished 

samples were etched with Kroll’s reagent (10 vol. % HF and 5 vol. % HNO3 in 

water).  

6.3.2.4 Measurement of modulus of elasticity  

In the previous chapter’s work on binary Ti–Mo-based alloys, we have 

seen that some important elastic response — such as Young’s modulus — is a 

sensitive function of composition, requiring Mo contents lower than a critical 

level of about 6at.%.  Young’s modulus of elasticity is defined as the ratio of 

stress (force per unit area) to corresponding strain (deformation in the elastic 

region of deformation of a material loaded under tension or compression). 

This basic material’s property is of interest in many manufacturing and 

research applications and is related to the atomic bonding of the materials.  

The case of biomaterials for load-bearing applications is even more 

pertinent. The elastic modulus is an important parameter because of the 

stiffness mismatch between implant and surrounding bone leads to “stress 

shielding” of the bone. Higher stiffness or Young’s modulus of implant will 

result in a greater bone loss, bone fracture and loss of bone interface.  

Additionally, loss of bone due to stress shielding makes revision surgeries 
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more difficult. A finite element analysis has suggested that a low elastic 

modulus hip prosthesis can stimulate better bone growth by distributing the 

stress to the adjacent bone tissue [46-49]. The elastic modulus of the materials 

can be determined by different methods, such as ultrasonic and nano-

indentation techniques. The Young’s moduli of these multicomponent alloys 

were evaluated by ultrasonic measurement with Olympus 620 detector.  

In ultrasonic technique, the velocity of the ultrasonic waves in a solid 

medium is directly related to the elastic properties and density of the material, 

as the elasticity of the material delays the transmission of the wave and 

introduces a time delay, i.e. a phase lag [41]. When the frequency of the wave is 

higher than the audible range, it causes an elastic wave or ultrasound. Two 

types of vibration–induced deformation resulting in compression or shear are 

generally possible in an infinite medium. These are associated with two modes 

of elastic wave propagation: longitudinal wave, where particles are displaced 

along the direction of elastic wave, and transverse or shear wave, where 

particles are displaced perpendicular to the direction of propagation. The 

velocity of propagation of elastic waves in a body is characteristics of the 

materials [8]. 

The Young’s moduli are measured by the generating of ultrasonic 

waves in the materials by a transmitter (Olympus 620) instrument oscillating 

at the desired waveform and frequency, with collection by a detector. 

Ultrasonic velocity changes are determined by the time of flight measurements 

using a pulse-echo method. A normal incident probe, model M110, 5MHz and a 
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shear probe, model V221, 5MHz were used for the measurement of normal and 

shear velocities of the wave, respectively. The relationships between 

ultrasonic velocity and the elastic properties of materials are given below [42–

44]. 

Young’s modulus (E) is expressed as: 

ʈ   .               (6.5) 

  Shear modulus (G) is the ratio of shearing stress τ to shearing strain γ within 

the proportional limit of a material and is expressed as: 

'    or    ''                          (6.6) 

Poisson’s ratio υ is the ratio of transverse contraction strain to longitudinal 

extension strain in the direction of stretching force and is expressed as: 

Ö             (6.8) 

In the above set of equations, VL and VS are the ultrasonic longitudinal and 

shear wave velocities respectively, and ʍ is the density of the material. 

 

6.4 Results and discussions  

6.4.1 Thermodynamic phase stability: theory  

In order to study the influence of alloying elements on the phase 

stability, the formation energies for pure body centered cubic ternary and 

multicomponent Ti-5Mo +U (U=Nb, Zr, Ta, Sn, Ta+Sn, Nb+Sn and Sn+Zr) 

supercells at T= 0K were  performed using the first principle calculations 

based on equation 6.1. The concentration dependence of formation energies is 
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summarised in Figure 6.4. It is well known that, for an alloy to be 

thermodynamically stable, its formation energy (Ὁ  must be negative 

(exothermic) [44, 45, 46]. This indicates that the alloying elements and 

combinations considered here are good β stabilisers, as they set off strong 

negative offset in the (Ὁ  ÏÆ ɼ-Ti-Mo alloy system. Alloying of the elements 

will therefore induce a significant exothermic action on the initial composition 

of the least stable β phase alloy — apart from alloy bearing Ta+Sn, whose 

negative Ὁ  is less notable. This reflects strong chemical bonding interactions 

between these atoms and the titanium–molybdenum system in the β phase, 

which represents index β-phase stability in the alloy. This implies that the 

ternary addition of Nb, Zr or their synergic microalloying additions are 

energetically favourable to stabilising the β-phase with low composition (<5 

at. %) in Ti-Mo alloy.  

Based on this ab initio electronic energy calculation, the formation 

energy was used to determine the index of stability and strength of the 

bonding interactions of the ternary elements in Ti-5Mo system for the stability 

of β-phase as Nb > Zr > Ta > Sn for an increased stability of 18.2%, 16.2%, 

9.4% and 9.1% respectively. Nb, Zr, Ta and Sn microadditions could therefore 

be alloyed to suppress the presence of w, a¡ and a¡¡ phases, and a single β-

phase stabilised at low Mo concentration in Ti-Mo alloy system. 

Although both Ta and Nb belong to the Im-3m (Space group number: 

229), the high stability index of Nb is not unexpected as it is the nearest 

neighbour element to the right of Mo in the periodic table with the closest 
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atomic size difference. The power of an atom when in a molecule to attract 

electron density to itself was noted by Linus Pauling to be the element's 

electronegativity. Based on this scale, Nb has 1.6 — larger than the 1.5 for Ta.  

In contrast to Nb and Ta, Zr and Sn are well-known neutral elements (i.e. 

completely soluble in both a and β phase in the Ti-Zr or Ti-Sn binary diagram 

respectively) [34]; therefore, the β stabilising effect of Zr and Sn is associated 

with phase stability of the alloy, arising from the alloying elements other than 

them. The decrease of 9.9% formation energy of Ti-Mo-Nb by the addition of 

Zr is related simply to the rise in exothermic energy (i.e., negative formation 

energy)/Ti ratio in the alloy caused by the addition of neutral elements, viz: Zr 

and Sn.   

Another observable feature is that, whereas Zr belongs to P63/mmc 

(Space group number: 194) and has a similar HCP (hexagonal close-packed) 

structure to Ti, it is next to Nb with just 2% difference in the β stabilising 

effect, which is attributable to the electronegative power of 2.16 for Mo — 

higher than the 1.54 of Ti — to attract electron density to itself. The influence 

of the site occupation of alloying elements on the stability of β-phase was weak 

and of no effect. The present results are consistent with other calculations [44, 

45, 46]. Some of this trend was confirmed as experimental, as explained below. 
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6.4.2 Comparison with experimental data: Microstructure 

investigation  

Previously (in Chapter 5), we determined β/ (β+a¡¡) phase boundary 

for the composition of the least stable β phase in the Ti-Mo alloy system at Ti-

5at.% Mo (i.e. 10wt.%).  Here, the least stable ɼ-phase alloy is defined as the 

alloy containing the least amount of the ɼ-stabilising elements to get a ɼ single 

phase [2]. The composition of the least stable ɼ-phase alloy, ɼc, also correlates 

Figure 6.4 : Formation energy (dependency on the microalloying elements for pure 
body centered cubic multicomponent Ti-5Mo +U (U=Nb, Zr, Ta, Sn, Ta+Sn, Nb+Sn and 
Sn+Zr) alloying. 



234 
 

in some ways with the emergence of many unique properties, such as non-

linear superelasticity and very low work hardening, as discussed in [34]. This 

is in agreement with previous works by Blackburn et al., and by Saito et al. 

[35]. In effect, we chose Ti-5 at.% Mo (Figure 6.2) as a composition to evidence 

the effect of the alloying elements — namely, Mo, Nb, Ta, Zr, Hf and Sn — on ɼ-

phase stability, microstructure evolution and Young’s modulus of ɼ Ti-Mo base 

alloys as potential biocompatible materials. 

Further, ten Ti-Mo based multicomponent alloy specimens were 

designed in the region across β/β+a″ phase boundary [46]. The chemical 

compositions, alloy designations, and β stability indicators of the 

multicomponent Ti͠Mo alloys are listed in Table 6.1. (In the present work, all 

the compositions are given in at.% units unless otherwise noted.) The table 

reveals that the chemical compositions of the multicomponent alloys are 

closely related to their nominal compositions. Thus, the Ti͠Mo alloys were 

synthesised successfully. The phases existing in the specimen were identified 

by conventional X-ray diffraction (XRD) using Ni filtered Cuka radiation.  

 

6.4.2.1 Effects of ternary additions on Ti -Mo alloy:   0ÈÁÓÅ ÉÄÅÎÔÉǢÃÁÔÉÏÎ 

Figure 6.5 shows the XRD profile of the ternary Ti-5Mo-X(X=Nb, Ta, Zr, 

Hf and Sn) alloys quenched from 1223K. All the patterns of the alloys in Figure 

6.5 appear to reveal that each specimen is a single phase β. Thus, it was 

apparent that Nb, Zr, Sn, Ta microadditions could suppress the presence of w, 

a and a¡¡ phases, and maintain a single β-phase at low concentration in the Ti-
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5Mo alloy system. The present result is consistent with both the theoretical 

and other previous experimental reports [12, 13, 19, 22, 23, 30], indicating 

that the results are closely related. We can conclude that the plot represents 

the real effect of these elements in metastable β-phase boundary of the Ti-Mo 

alloy system, due probably to the large perturbation and ground state 

minimisation used in the calculation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Furthermore, the broadening of the (110) peaks of the β phase can be 

seen in Ti-5Mo-Nb alloy. This can be an indication of grain refinement. 

Previous studies on Ti–10Mo–10Nb reveal significant grain refinement can be 

achieved by adding Nb element to Ti-Mo [19,37, 47]. Significant strengthening 

Figure 6.5 : XRD patterns of the ternary specimens. 
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with grain refinement can therefore be expected, in accord with the well-

known Hall–Patch relationship. On the other hand, the formation of the fine 

structure also depends on the cooling rate applied during solidification. Arc 

melting on a water-cooled copper hearth results in an eutectic microstructure 

with grain size in the range of 200-300mm range. Copper mould casting, 

however, reduces the size down to the scale of 30-70um, because a higher 

cooling rate is achieved by this method. A smaller grain size corresponds to 

higher yield strength. Some of the microstructural trend was confirmed 

experimental, as explained below. 

The trend of (110) peaks in Figure 6.5 suggests a similar trend with the 

aforementioned ab initio β stability index and, apparently, the additions 

effectively supressed the appearance of ω, a or  a¡¡ phases in Ti-Mo based 

alloys. Similar effect on Ms, temperature was reported in Ti-30Ta-Zr [48], Ti-

15Mo-Fe [49], Ti-Cr-Zr [50], Ti-Nb-Ta [50], Ti-Nb-Zr [51]. In contrast, it was 

reported that the Zr, Ta, Nb addition to Ti-Ni alloys raised the Ms temperature 

[52]. 

 

6.4.2.2 Effects of ternary additions on Ti -Mo alloy:   Microstructural 

characteristic  

The SEM micrographs of the ternary alloys are shown in Figure 6.6. It 

can be observed that these alloys exhibit a pronounced microstructural 

sensitivity with the alloying elements. Invariably, a significant change in 
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property can be expected, as microstructure strongly affects almost all 

properties of materials [53].  

Figure 6.6(a) shows the microstructure obtained after quenching Ti-

5Mo-xSn, consisting of equiaxed refined grains with average diameter ranging 

from ~0.1 to 10 ‘m in size without any precipitates. It is shown in Figure 6.6(a-

d). However, many bands of obvious fibrous twinning stripes are a feature 

readily observable in the entire samples in Figure 6.6. This structure will be 

explained later with higher resolution micrographs of the twining structures. 

The structure observed in Ti-5Mo-xNb is shown in Figure 6.6(b). The 

bright batches in the micrograph show reflections of the β phase of the alloy. 

While the dark patches may represent niobium-rich β, it is possible that these 

are merely artifacts produced during electropolishing. Samples prepared from 

a relatively hydrofluoric-sulfuric–lactic acid electrolyte also exhibited a similar 

structure. Micrographs of the alloy, however, demonstrated that a single phase 

could be observed; thus the results of the microstructural characterisation are 

identical to those of Gordin et al. [54] and confirm the expected effect of Ti 

replacement by Nb. 

Figure 6.6(c) shows the microstructure of Ti-5Mo-XTa. What we can 

observe in this microstructure is in good agreement with the XRD profile of the 

specimen, the obvious fine needle-like structures can be ascribed to the  a¡¡ 

around the grain boundaries. In contrast to the banded structure of binary Ti-

Mo abundant in the literature [28, 29, 30], evidence of significant grain 

refinement is observable in the microstructures, with average diameter 
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ranging from ~50 to 200 ‘m in size.  Conversely, the microstructure obtained 

for Ti-5Mo-xZr in Figure 6.6(d) has a resemblance of amorphousness. Further 

investigation is required however, as Zr is an element of choice to stimulating 

amorphous properties in metallic glass alloys.  It was very difficult discerning 

the actual grain size due to the blurry structural features of clustered lentoid 

twin boundaries. 
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The role of twinning can be affected dramatically by temperature, strain 

rate, texture and chemical composition [54, 55]. It is also generally understood 

that {112}à111ð or {332}à113ð twinning is the most important deformation 

mechanism in body centered cubic (BCC) metallic alloys [56, 57]. Recently, a 

multifunctional β-titanium alloy with nominal composition of Ti-24.5Nb-

Figure 6.6 : SEM microstructure in as quenched condition for (a) Ti-
5M0-xSn; (b) of Ti-5M0-xNb; (c) Ti-5M0-xTa; and (d) Ti-5M0-xZr, 
revealing the internal structures of the studied ternary alloys. 

10 ‘m 

(c) 

10 ‘m 

(d) 
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100‘m 

 

(a) 

0.7Ta-2Zr-1.4O (at.%) exhibited multiple deformation mechanisms by 

modifying the chemical composition of Gum-Metal. Despite this, the manner in 

which alloying elements affect twin formation and growth has not yet been 

fully elucidated; hence further comments can be made. Lagerlof [58] suggested 

a mechanism that seems reasonable to interpret the formation of twins and 

proposed a new model, explained elsewhere [60]. Due to lack of direct 

observation of the aforementioned twinning process however, substantial 

experimental evidence is still needed to prove this mechanism. We have used 

stereological angle techniques on high magnified SEM to estimate and describe 

twin activity and these show subtle differences in their dependence on alloying 

elemental additions in Ti-Mo alloys. The SEM micrographs and chemical 

composition revealing the twinning differences due to variations in ternary 

element additions in Ti-5Mo alloy are presented in Figure 6.7 and Table 6.1 

respectively. 
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Accordingly, straight twinnings are evident in the alloys in line with the 

suggestion that non-straight mechanical twins can hardly be observed in BCC 

metals [60].  Previously [60] we have seen that the included angle in BCC 

crystal between [122] and [100] direction is 70.53  ̄ around the [011] axis, 

which is just the crystallographic misorientation of {112}à111ð twins with the 

matrix [61, 62]. This is equivalent to the adjacent variants of a zigzag-shaped 

latte of ~38-40  ̄determined from the current view of 6.7(a)-(c). This suggests 

that the zigzag-shaped lathes in Figure 6.7 (a), (b) and (c) are the {112}à111ðβ 

twins with a thickness ranging between ~0.1 and 1um. This indicates that the 

model for zigzag–shaped [112]à111ð twinning is in accord with our 

observation. 

Figure 6.7 : SEM microstructure in as quenched condition for (a) Ti-
5Mo-xTa; (b) of Ti-5Mo-xZr; (c) Ti-5Mo-xSn; and (d) Ti-5M0-xNb, 
revealing the twinning structural differences of the ternary alloys. 

(d)  

10 ‘m 



243 
 

Conversely, from the scaffolding morphology of Ti-5Mo-XNb twinnings 

in Figure, 6.7(d), the observation of zigzag-shaped {112}à111ð twins was not 

obvious. The measurements of the included angles between two adjacent twin 

variants were between ~60 and 65 .̄ Theoretical modelling has shown, 

however, that the included angle between two adjacent twin variants of 

zigzag-shaped {112}à111ð twins from the view of [111] matrix// [111] twin is 60  ̄

[60]. Having said this, the exert formation mechanism is not very clear. A 

theoretical calculation of stacking fault energy of Ti-Nb β alloy using first 

principle [62] suggested stacking energy change with increase in e/a, viz 

alloying content should be one of the main factors controlling the {112}à111ð 

twins and influencing the morphology of {112}à111ð twins [60, 62]. In an alloy 

with low stacking fault, it is difficult to restrict the extended dislocation [63]. 

The extended dislocation can only glide on one crystal plane, which is 

implicitly why formed {112}à111ð twins are straight — while in alloys with 

high stacking fault energy, the perfect dislocation cannot dissociate at all, and 

twinning is finally suppressed. 

6.4.2.3  Effects of multicomponent additions on Ti -Mo alloy: Phase 

ÉÄÅÎÔÉǢÃÁÔÉÏÎ 

Next, the changes in the constitution of alloy phases due to the synergic 

addition of two elements to Ti-5Mo are presented. Figure 6.8 shows the XRD 

profiles of the specimens. Aside from the alloy consisting of Ta+Sn, a 

significant retention of single β-phase in the alloys in agreement with the 

theory calculation and other past results [37-42] are evident. Previously [62], 
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we observed that β phase retention is reminiscent of Ti alloys with higher β 

stabilising concentrations in Ti-Mo systems, therefore the β phase stability can 

be ascribed to the increasing influence of β element concentrations in line with 

the theoretical result.  

The two major martensitic peaks at 39.0° and 39.9° correspond exactly 

to those expected for 002 and 111 in the a″ phase, where a=0.301 nm, b=0.491 

nm, and c=0.463 nm can be seen in the multicomponent alloy consisting of Ta 

+Zr. This indicates that the synergy of Ta with Zr was not able to suppress the 

appearance of the martensitic  a¡¡ phase. Such an effect was reported for low 

Zr containing β Ti type alloys, Ti-Cr-Zr [40], Ti-Nb-Sn-Zr [19]. We recall that Zr 

and Sn are known neutral elements, so the β stabilising effect can be 

associated with the phase stability of the alloy arising from alloying elements 

other than them. In other words: when used as ternary Ti-Mo addition, the β 

stabilising effect of Mo seems to have dominated, but since Ta is a mild β 

stabiliser and there is wide equilibrium a+β phase field and Zr and Hf has a 

complete solubility in both a- and β- phases in the Ti-Zr and Ti-Hf binary 

diagram respectively [43], there is greater affinity for stabilising a″-phase 

when alloyed with Ta element that is more or less obvious.  

It is however important to mention here that no trace of ω was detected 

in the ternary and quaternary alloys, implying that the effectiveness of the 

elements in supressing the ω- phase is detrimental to the strength of the 

alloys. We can therefore conclude that the theoretical plot represents the real 



245 
 

effect of the elements in metastable β-phase boundary of the Ti-Mo alloy  

system. 

 

 

 

 

 

 

 

 

 

 

 

 

6.4.3 Correlation of elastic moduli with properties  for possible 

biomedical applications  

6.4.3.1 Elastic constants of multicomponent Ti -Mo alloy: Theory  

The elastic constants and the moduli of the multicomponent Ti alloys 

were evaluated by first principles total energy calculations according to eqns. 

6.3, 6.4, 6.5, 6.7 and 6.8. The six important independent elastic constants — 

 ὅ   , ὅ , ὅ , ὅ , ὅ , and ὅ  — for an alloy consisting of body-centred cubic 

and probable orthorhombic structures are evaluated. The evaluated values of 

the elastic constants are presented in Table 6.2. In order to analyse these data, 

Figure 6.8 : XRD patterns of the multicomponent Ti-Mo alloys. 
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we first focus on the relative stability between the two phases. The tetragonal 

shear constant, ὅ¡ and anisotropy factor, ὃ, are also listed in Table 4.4.  

ὅ¡ ὅ ὅ ςϳ  is a shear parameter which corresponds to specific phonon 

vibration mode in atomic structure and can be related to the stability of the 

BCC structure [44] and the anisotropy factor ὃ
¡
 (A=1 for isotropy). As the 

HCP-to-BCC boundaries are approached, ὅ¡ increases, which often correlates 

with deformation by twinning, and ὃ approaches zero at the β phase 

boundaries.  It is seen that A tends towards zero with the addition of the β 

stabilising elements, which corresponds to the exothermic formation energy 

obtained earlier. Accordingly, high ὅ¡ corresponds to higher β stability as 

reported earlier in the literature [64, 65, 66, 67]. A correlation was also found 

between measured transition temperature (TM) and high ὅ¡ for Ti alloys 

undergoing shape memory behaviours such as TiNi based alloys [68]. This 

result is in agreement with the theoretical calculation of formation energy 

(Figure 6.4) at T=0K and the actual phase stability (Figures 6.6, 6.7 and 6.8) of 

the multicomponent alloying in the Ti-Mo system. The polycrystalline elastic 

properties such as bulk (B) and shear moduli (G) were evaluated from the 

methods due to Hill [23]. Hill found that neither Voigt [21] nor Reuss [22] 

relations are believed to be exact, since the Voigt equation provides an upper 

limit for (G) and Reuss’s equation gives the lower limit of (G). Hill suggested 

averaging by either the arithmetic or geometric mean of these two limits. The 

calculated elastic moduli are shown in Table 6.3. In our previous work in 

Chapter 5 and earlier [44], it was noted that most Ti alloys are textured in 
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à001ð direction in as cast condition. The results by [69, 19] found a variation in 

Young’s modulus of Ti-Mo-Cr and Ti-Mo-Ta, Ti–(15-17) Mo–ST alloys due to 

homogenisation treatments. In the present study, we evaluated the theoretical 

Young’s moduli (E) of the multicomponent elastic materials expressed in the 

à001ð direction,     Ὁ  by eqn. 6.9: 

Ὁ        (6.9). 

  Ὁ  denotes the young’s modulus between the à011ð and à010ð planes, 

which is the texture direction in Ti-Mo system. Further studies are on-going in 

the group to establish the exact textures and formation processes. Previously, 

theoretical calculations by first principles indicated that most Ti metal alloys 

have a special elastic anomaly with elastically softened directions. 

 In order to verify the theoretical predictions, the calculated and actual 

experimental results determined that Young’s and shear moduli results of the 

quenched multicomponent alloys are present for comparison in Table 6.3 and 

Figure 6.9. Some important comparisons of the theoretical and experimental 

elastic properties trend were confirmed, as explained below. 

 

 

Materials C11 C12 C13 C33 C44 C66 ὅ¡ A 

Ti-Mo-Sn 162.23 107.26 99 65.64 39.4 28.53 27.49 1.43 

Ti-Mo-Zr 155.06 97.17 98.51 95.46 36.43 32.56 28.95 1.26 

Ti-Mo-Ta 153.56 104.71 99.37 106.3 36.54 -38.5 24.43 1.49 

Table 6.2: Theoretical predicted elastic constants and phase stability indicators 
tetragonal shear modulus ¡ and anisotropy factor A for multicomponent Ti-Mo alloys are 
given. (For composition details, see Table 6.1.)  
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6.4.3.2 Elastic properties of multicomponent Ti -Mo alloy: Comparison of 

theory and experiment  

The measured dynamic elastic properties (moduli) of the quenched 

multicomponent Ti-Mo alloys being studied and the theoretical determined 

values are shown in Table 6.3 and Figure 6.9 as functions of the alloying 

element. The elastic properties reported in the present works are the Young’s 

modulus, and shear and bulk modulus represented by E, G, and B respectively. 

These properties are linked directly to the tensile, shear and hydrostatic 

loading respectively. As they are exclusively controlled by the interatomic 

bond interactions, they can be considered the fundamental properties of any 

material. Their correlation has shown specific trends with a range of 

properties including hardness, yield strength and toughness [64, 70], and 

where there are discrepancies these could be caused by the intrinsic effect of 

different alloying elements on modulus. Very recently, a simple relationship 

Ti-Mo-Nb 174.89 116.35 95.9 111.6 34.39 33.83 29.27 1.17 

Ti-Mo-Ta-Sn 160.85 104.4 91.84 125.45 37.57 27.75 28.43 1.32 

Ti-Mo-Nb-Zr 163.99 108.28 89.25 98.1 34.7 31.52 55.71 0.63 

Ti-Mo-Ta-Zr 152.3 122.45 90.99 125.45 35.67 -30.3 14.93 2.39 

Ti-Mo-Zr-Sn 161.63 120.64 91.41 90.03 35.52 24.78 20.50 1.73 

Ti-Mo-Nb-Sn 172.55 121.23 90.1 100.1 36.5 25.47 25.66 1.42 

Ti-Mo-Ta-Nb 173.62 141.24 96.14 148.9 28.44 32.75 16.19 1.76 
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between the electronic structure (DOS) and mechanical (Young's modulus and 

hardness) and thermal properties of glassy Zr-TL alloys was reported [71]. 

Accordingly, the correlation of E, G, and B as a function of the 

multicomponent elemental additions in Table 6.3 and Figure 6.9 suggests a 

link between the properties and some alloying content. This relationship was 

confirmed, as explained below. 

The theoretical and measured E of multicomponent Ti-Mo alloys 

studied is shown in Figure 6.9(a). It can be noted that the Ti͠5Mo-Zr alloy has 

the lowest elastic modulus of 45.26 GPa and the Ti-Mo-Ta-Sn alloy has the 

highest modulus of 112 GPa. It is well known that the elastic modulus, one of 

the intrinsic properties of materials, is determined by the bonding force among 

atoms [73, 74]. This bonding force is related to both the crystal structure and 

also the distances between atoms, which can be affected by alloying addition, 

heat treatment, and plastic deformation [6-7, 11, 14-17, 18, 74]. Thus, the 

observed Young’s modulus differences may be primarily ascribed to the 

sensitivity of these alloying elements. This inevitably leads to the variation of 

the lattice parameters and unit-cell volume of its crystal structure. 

Accordingly, the resulting variations in distances between the atoms alter the 

modulus of the alloys. 

Previous experiments have shown that the high modulus titanium 

implants transfer insufficient load to adjacent remodeling bone and result in 

bone resorption and eventual loosening of the prosthetic devices [75]. The 

Young’s modulus of popular biomaterials, such as stainless steel and Co-based 
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alloys, is 206 and 240 GPa respectively, which is significantly higher than that 

of bone tissue (Ḑ10–40 GPa). The elastic modulus of cp-Ti, near β and β Ti 

alloys also varies between 121 and 57 GPa, which is higher than 42.19 and 45 

.26 GPa obtained from theory and experiment on our newly designed Ti-5Mo-

Zr alloy, which is much closer to natural bone that will minimise the bone 

resorption arising from the stress shielding effect and consequently increase 

the long-term stability of the implants. The values from theoretical and 

measured results confirm a good agreement of the Young’s modulus with ± 5% 

and increase in the sequence Zr < Ta+Zr < Zr+Sn < Nb+Sn < Ta < Sn < Nb < Ta < 

Ta+Nb < Ta+Sn < Nb+Zr < Ta+Sn. This sequence is slightly different from the 

sequence of β phase stability in Figure 6.4.   

There are different reports on Young’s moduli of the various phases in 

Ti alloys. It was reported that the a-phase exhibits a much higher elastic 

modulus as compared with the β-phase and the elastic modulus of the phases 

of titanium alloys increase in the sequence β <a″ <a <w [9, 26]. Ho et al. [11] 

found, however, that the martensite a″ phase with 7.5% Mo has the lowest 

modulus among a″ and β phases in the Ti–Mo system, whereas Hao et al. [26] 

reported that the a″ andβ phases have nearly the same Young’s modulus in the 

Ti–29Nb–l3Ta–4.6Zr alloy. Moreover, Kim et al. [76] reported that the 

metastable β phase has lower elastic modulus than stable β phase. Kim’s and 

Hao’s reports are consistent with the present study and in good agreement 

with other theoretical [44, 45, 46] and experimental [11, 13, 14, 19] results. 

First, we recall that the XRD profile of Ta+Zr, which possesses the second 
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lowest Young’s modulus and contains the two major martensitic peaks at 39.0° 

and 39.9°, corresponds exactly to those expected for (002) and (111) in the a″ 

phase with a=0.301 nm, b=0.491 nm, and c=0.463 nm, thus indicating that the 

synergy of Ta with Zr was not able to suppress the appearance of the 

martensitic a¡¡ phase. Such an effect was reported earlier for low Zr containing 

metastable β Ti type alloys, Ti-Cr-Zr [40], Ti-Nb-Sn-Zr [19]; thus the result is 

due to the intrinsic effect of alloying elements [12]. 

In Chapter 4 we observed from EBSD analysis that most binary Ti-Mo 

alloys are textured in à001ð direction in as cast condition. Additionally, the 

reports by [69, 19] found a large variation in Young’s modulus of Ti-Mo-Cr and 

Ti-Mo-Ta, Ti–(15-17) Mo alloys respectively, due to homogenisation 

treatments. Consequently, the Young’s modulus (E) of the multicomponent 

alloys was expressed in the à001ð direction, Ὁ  by eqn. 6.9. The excellent 

relationship obtained between theory and experimental data is notable. 

Although the exert basis for the coincidence requires more studies, there are 

ample reasons to infer that other factors are involved; and if it were a 

coincidence, what could possibly explain the effect of the observed à001ð 

texture in as cast Ti–Mo alloy systems. 

It is evident that the shear modulus G trend in Figure 6.9(c) could not 

reflect similar agreement as in E. It is not surprising since each manifests 

different characteristics of materials: E is a measure of resistance to a change 

in atomic separation distance within the plane of the bond, and so can be 

determined from the linear portion of the interatomic potential. G quantifies 
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the resistance to shear loading. Elastic moduli are therefore controlled by 

interatomic interactions and so may be considered a fundamental property, 

whereas G is proportional to the activation energy for a shear event in 

materials. Based on this premise, it is suggested [77] that experimentally 

measured moduli (by resonant ultrasound spectroscopy and ultrasonic time-

of-flight measurements) may not be controlling macroscopic deformation 

since they are an average across the whole sample. B (Figure 6.9(b)), since it 

corresponds to a volumetric dilatation, is dependent on the electronic 

properties of a solid, i.e. the compressibility of the electron gas. 

To verify the influence of texture on the predicted Young’s modulus, 

DFT-GGA calculation was performed for Ti-5Mo-xZr alloy (i.e. the lowest 

Young’s modulus alloy) and found 64.12 GPa and 20.23 for  Ὁ  and Ὁ  

respectively. This is presumably why most Ti alloys was predicted to be 

elastically anisotropic [41]. As Table 6.2 and Figure 6.9(a) reveal, however, this 

material is actually quite isotropic. In general the theoretical predictions for 

the Young’s modulus are within a difference of 5% with experimental values. 

The small discrepancy could reflect differences in temperature, minor 

experimental error or approximations inherent to DFT-GGA.  
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Figure 6.9:   Plots revealing the effect of alloying elements on the Young’s (E), 
Bulk  (B)and Shear moduli, (G) of  the multicomponent Ti-Mo alloys. 
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Materials Ὁ  Ὁ  ὄ  ὄ  n  n  Ὃ  Ὃ  

Ti-Mo-Sn [present study] 76.85 79.05 24.41 101.4 -0.25 0.37 39.
4 

28.8 

TMZF (Ti–12Mo–6Zr–2Fe) [41 ]  79.5       

Ti–12Mo–5Zr [78](sol)  64.5       

Ti–12Mo–5Zr [78](Hom)  90       

Ti-Mo-Zr [present study] 42.19 45.26 33.47 93.7 0.21 0.41 36.4 25.9 

Ti-Mo-Ta [present study] 68.66 81.51 20.41 68.4 -0.61 0.37 36.5 31.5 

Ti–6.6Mo–1.47Ta [54]  74       

Ti-Mo-Nb [present study] 81.93 96.37 44.21 80.6 0.61 0.30 34.4 37.0 

Ti–6.6Mo–1.47Nb [ 13,54]  105       

Ti-Mo-Ta-Sn [present study] 88.67 112.6
6 

28.94 74.9 0.46 0.25 37.6 45.1 

Ti-Mo-Nb-Zr [present study] 97.87 108.1
4 

34.33 76.9 0.22 0.27 34.7 42.7 

Ti-Mo-Ta-Zr [present study] 53.15 60.10 8.04 45.1 -0.39 0.33 35.7 23.5 

Ti-Mo-Ta-Nb [present study] 86.91 106 11.58 82.7 -0.67 0.29 28.4 41.4 

Ti-Mo-Zr-Sn [present study] 58.51  14.42  -0.37  35.5  
 

Ti-Mo-Nb-Sn [present study] 72.50  23.84  -0.60  36.5  

c.p. Ti (grade 2)[79]  105       

ASTM F75 (Co–Cr–Mo)[15]  220       

V316 (stainless steel)[15]  379       

Ti–6Al–4V (grade 5) [79]  114       

Table 6.3: Comparison of theoretical predicted and measured elastic parameters are 
given, along with literature data for other BCC 1Ti alloys of the multicomponent Ti-
Mo alloys in units of GPA. (For composition details, see Table 6.1.) 
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6.5   Summary and concluding remark  

The major findings of Chapter 6 are summarised as follows. 

 Based on the DFT-GGA electronic calculation implemented on CASTEP 

code for stable solid solutions, a number of metastable body-centred cubic 

ternary and multicomponent alloys were experimentally and theoretically 

designed to correspond to the composition formula of Ti-5Mo +U (U=Nb, Zr, 

Ta, Sn, Ta+Sn, Nb+Sn and Sn+Zr) supercells at T=0K. Using the first principle 

calculations, their β phase thermodynamic stability, microstructure and 

mechanical properties — especially low Young’s modulus — were obtained, 

which compared well with experimental validation of properties. The main 

findings of this chapter are as follows: 

The trend of the electronic formation energy attests to significant 

sensitivity of the system to micro-elemental addition. The calculated 

parameters qualitatively track the known elemental behaviour in Ti-Mo binary 

system, which indicates that DFT-GGA is favourable to the computational 

screening of relative phase stability of alloys.  

On an atom-for-atom basis, the β phase stability trend shows an 

increasing potency in the sequence Nb > Zr > Ta > Sn with ternary micro-

additions and Nb+Zr >  Ta+Nb > Ta+Sn > Ta+Zr > Ta+Hf for the complex alloys 

respectively. In agreement with theoretical results, both the experimental 

analyses show single β phase, indicating the micro additions are enough to 

suppress the presence of w and a″ in the ternary and other complex alloys. 
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The calculated and measured Young’s modulus of the investigated alloy 

varies between 45.19 and 118GPa. Our newly designed Ti-Mo-Zr alloy 

exhibited the lowest Young’s modulus of 45 GPa (42.19GPa from theory), 

which is significantly lower than elastic modulus of conventional metallic 

implant materials (cp-Ti, near β and β Ti alloys) — which varies between 121 

and 57 GPa — and much closer to natural bone, which will minimise the bone 

resorption arising from the stress shielding effect and consequently increase 

the long-term stability of the implants.   

Both theory and experiment confirm a good agreement of the Young’s 

modulus within ± 5% and increase in the sequence Zr < Ta+Zr < Zr+Sn < 

Nb+Sn < Ta < Sn < Nb < Ta < Ta+Nb < Ta+Sn < Nb+Zr < Ta+Sn in Ti-Mo system. 

This sequence is slightly different to the sequence of β phase stability, implying 

that the effectiveness of low Young’s modulus strategy might not be explicitly 

dependent on β phase microstructure stability. Thus, the strategy can be a 

good step towards developing future metallic biomaterial with bone matching 

Young’s modulus for orthopaedic implant applications. 

Finally, this work suggests a link between cast material texture and the 

directionality of calculated Young’s modulus of the alloys. Although more 

study is obviously needed to establish this, the calculated Young’s modulus in 

the direction Ὁ   showed a good agreement with cast Young’s modulus 

values.  
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Chapter 7 
Defining Material Properties by Elastic Constant 

Systematics 

 

7.1 Introduction  

Elastic constants of materials and alloys are of interest because of the 

information they provide concerning the nature of the binding forces in solids. 

Elastic constants of some simple BCC metals have been extensively 

investigated, theoretically and experimentally, in a wide range of compositions 

and temperatures [1]. The relationship between the elastic properties and the 

importance of ὅ¡ as an index of BCC-lattice stability is usually considered from 

the microscopic point of view of electronic structure (as characterised by the 

electron per atom ratio or e/a parameter). 

Of interest here is a unified analysis of alloys transformable by stress-

induced formation (SIM) via elastic constant systematics obtained by first 

principle calculations. Several b type alloys, such as Ti-Mo, that possess 

transforming (SIM) properties undergo a first order transformation above a 

certain composition range (in the case of b-type Ti alloy), revealing a 

martensitic transformation from b (disordered BCC) to an orthorhombic a¡¡ 

martensite phase. They are called SIM alloys because they are inherently 

metastable in nature and prone to transformation if additional energy, such as 

stress or hydrostatic pressure, is provided.  They are, in some cases, reversible 
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from a¡¡ ª b phase in the absence of the additional energy, which is the basis 

for the continued search for the shape memory effect in b-type Ti alloy. 

Although the shape memory effect has been reported in Ti-Mo alloy [2-

5], Ti-Nb alloy [6-8] and Ti-V alloy [9], fundamental understanding is still 

insufficient in Ti-based shape memory alloy. The explanation in terms of the 

elastic moduli has not being significantly extended beyond the commonly 

encountered stability criteria.   

Previously, in Chapters 4 and 6, we investigated the elastic constant of 

binary and multicomponent Ti-Mo alloys and interpreted the changes in 

moduli from the T-matrix solution of the elastic constants. The present section, 

as an extension, will systemise the specific case of the transformable (stressed 

induced martensitic) BCC Ti alloys in the context of continuum elastic theory 

uniquely determined by the three elastic constants — ὅ , ὅ  and ὅ  — 

derived from theoretical and experimental data. In a cubic crystal, ὅ  

corresponds physically to shear resistance on a (100) plane, ὅ ὅ  to 

shear resistance on a (110) plane, and ὅ ςὅ Ⱦσ  to the bulk modulus B 

representing resistance to volume change Ўὠὠϳ  caused by hydrostatic 

pressure P: Ўὠὠϳ  =ὖὄϳ  . In addition, the shapes of the three characteristic 

acoustic surfaces of a cubic symmetry crystal depend only on the ratios of 

these elastic constants for satisfying the thermodynamic constraints — 

ὅ π, ὅ ȿὅ ȿ and ὅ ςὅ π  [10].  

To do this, we rely heavily on a Blackman diagram [11]. In 1938, 

Blackman introduced this diagram — which is a dimensionless plot of reduced 
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elastic stiffness coefficient ὅ ὅϳ  versus ὅ ὅϳ  — to search for material 

with a high Debye temperature, which led to the surprising result that 

materials with similar chemical bondings fall into the same region of the 

diagram, despite large differences in their absolute stiffness coefficients. 

Recently, by incorporating important bonding conditions in its 

representations, the parameter has been used to provide illuminating 

descriptions of generalities of elastic behaviour in metallic glass [12]. 

We note that experimental and computation details pertaining to this 

aspect of the present work are given in Chapters 4, 5 and 6. 

 

7.2 Results and discussions  

Figure 7.1 shows a Blackman’s diagram of BCC metals and alloys 

containing a range of calculated and experimental elastic property data from 

the literature in Table 7.1. The data represent a wide-range of BCC metallic 

alloys in terms of composition and behaviour. Lines (blue dash lines) radiating 

from the upper-left corner represent lines of constant Zener shear–

deformation elastic anisotropy, ὃ ςὅ ὅ ὅϳ , and the 45  ̄dashed line 

denote ὅ ὅ . They also correspond to the important central interatomic 

forces relationship in cubic SIM behaviours displayed a cluster over and into a 

small region (at lower ὅ Ⱦὅ  ¢ 0.4 and ὅ Ⱦὅ  ¢ 0.5) of the diagram, in very 

close proximity to the central interatomic forces line (Pc>0) and A¢0.5.  This 

may indicate a similarity in interatomic bonding type (not strength).  Other 

non-SIM alloys are also found at a well-defined area over the large   ὅ Ⱦὅ  
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and low ὅ Ⱦὅ  region bounded by A ² 0-1 ²3. The other BCC metals cluster 

over larger but still well defined areas. We attribute the larger areas to 

differences in interatomic bonding within the same crystal structure. The 

Blackman diagram is therefore very useful for the present study on 

interatomic bonding in BCC metals and alloys.  

First, we note the physical meaning of the cluster as an indication of 

near-same interatomic bonding, despite large differences in composition and 

size. A previous criterion [13] provides an insight into the close link between 

crystal structure and mechanical properties of solids, ascribing strong metallic 

non-directional bond-bending forces to materials with a positive value of 

Cauchy pressure (Pc>0), while the negative value is indicative of strong 

convalency, directional interatomic bond angularity and strong resistance to 

bond bending.  
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The position of the SIM alloy signifies its positive Cauchy pressure, 

suggesting a non-directionality bonding framework, while its close proximity 

to the Cauchy line is indicative of the inherently instability and inability to 

withstand high shear stress.  Born and Huang [14] pointed out that the Cauchy 

relationship is unfavourable for lattice stability, and that lattices interacting 

with particularly large central forces tend to be unstable. Both  ὅ  and 

ὅ¡ ὅ ὅ Ⱦς correspond physically to shear resistances and to phonons 

on a (100) plane in cubic a crystal. This may suggest the both low shear moduli 

(ὅ Ⱦὅ  and ὅ Ⱦὅ ) are implicit characteristic of the lattice instability 

Figure 7.1 : Blackman diagram displaying the congregation of some BCC alloys with 
respect to the interatomic bonding forces. Also indicated are elastic anisotropy 
(blue dash lines), ὃ ςὅ ὅ ὅϳ  and the Cauchy pressure line, ὅ ὅ . 
The identities of the elements/alloys are given in Table 7.1. 
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exhibited by SIM alloys, leading to cooperative atomic movement during 

deformation. It has been suggested that that the physical origin is the smaller 

principal strains (< 3%) involved in b ­a¡¡ transformation, rather than those 

required to produce the HCP structure [1], coupled with identical specific 

volume of b and a¡¡ phase.  

It is also important to point out that we found a good degree of 

correlation between the calculated data of Ti-(10-23) Mo and the experimental 

SIM data. We do, however, attribute the presence of the lean alloy composition 

(Ti-(3-6) Mo) — i.e. alloys 1 and 2 — in the negative Cauchy region (Pc<0) to 

the imaginary cubic nature assigned during calculation to alloys of 

predominantly orthorhombic a¡¡ martensitic phase. For this symmetry, 

immediate difficulties arise because the three cubic independent elastic –

stiffness coefficients lose their important physical meaning.  

Figure 7.2 shows a Blackman diagram FCC metals and alloys, to which 

the Cauchy condition and elastic anisotropy lines are also indicated. We found 

that FCC SIM alloys fall near the Cauchy line in small clusters similar to the BCC 

ones in Figure 7.2.  It terms of the  ὅ Ⱦὅ  vs ὅ Ⱦὅ  placement, the two 

groups are bound differently in the Blackman diagram. FCC alloy are bound by 

large ὅ Ⱦὅ  and moderate ὅ Ⱦὅ . The high elastic anisotropy as observed in 

the FCC SIM alloys, however, led Zener to predict successfully low-

temperature martensitic transformation in Li and Na to an FCC crystal [15]. 

This may suggest a similar conclusion. The non SIM alloys and the other FCC 

metals fall rather far apart into a well-defined relatively small area. This 
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therefore suggests strongly different interatomic bonding, probably caused by 

their different electron configurations.   

 

 

 

 

Given the findings, it is important to plot both BCC and FCC SIM alloys 

together on the same Blackman diagram. Most materials fall into (Pc>0) 

however, and materials in the region Pc<0 are known to be exceptionally rare 

— with the exception of Barium (BCC metal, 9), which may be described as a 

free element never found in nature because of its high chemical reactivity due 

Figure 7.2 : Blackman diagram showing a congregation of some FCC alloys with 
respect to the interatomic bonding forces. Also indicated are elastic anisotropy 
(blue dash lines), ὃ ςὅ ὅ ὅϳ  and the Cauchy pressure line, ὅ ὅ . 
The identities of the elements/alloys are given in Table 7.1. 
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to its non-central interatomic force. Nguyen-Manh and colleagues concluded 

that negative Cauchy pressure in many –body repulsive terms can arise from 

an overlap of the free electron like sp-band electrons when compressed by the 

d-electrons in BCC [16]. Apart from d-plutonium (BCC metal: 11), an s1 

electron material is known as the most anisotropic FCC element and all 

departures are towards the ὅ ὅ  region.   

By comparing the elastic properties of these phases in Figure 7.3 and 

Table 7.1, several trends become evident: first, the location of both FCC and 

BCC SIM alloys in the Blackman diagram. These are bound within the same 

axial distance of similar Poisson’s ratio. In a Blackman diagram, the poisons 

ratio averages over all crystallographic directions. Pugh [17] established a 

relationship between Poisson ratio and ductility, while Koster-Franz [18] 

described its connection with interatomic bonding. As seen in Figure 7.3, their 

common indicators are similar to Poisons ratio regime (0.3 ¢0.324) and share 

a close proximity to the Cauchy pressure. The physical significance of this is 

that materials with similar Poison’s ratios behave very similarly mechanically. 

Thus, a low poisons ratio primarily results in shape change and provides 

strong support for the high ductility and psuedoelasticity exhibited by SIM 

alloys.  

7.3  Conclusions 

We attest in this study that the Blackman diagram can be used as an 

effective tool to theoretically analyse predictions and experimental deductions 

of some basic important behaviours of alloys. We have demonstrated a SIM 
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relation between the central interatomic forces and poisons ratio, and high 

ductility of SIM alloys. 

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.3 : Blackman plot combining some BCC and FCC metals and alloys in 
one diagram, revealing the relationships between the two SIM alloys groups. 
The identities of the elements/alloys are given in Table 7.1. 
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  This work C11 C12 C12/C11 C44/C11 Ref. 

1 Ti-3Mo 159.3 115 0.72 1.21 
 2 Ti-6Mo 111.3 69.07 0.62 0.93 
 3 Ti-10Mo 167 19.6 0.12 0.081 
 4 Ti-14Mo 179.2 17.9 0.10 0.074 
 5 Ti-18Mo 192.6 16.3 0.085 0.066 
 6 Ti-23Mo 197.5 16 0.081 0.051 
 

 
Non-SIM (BCC)alloys 

    1 Ti50Ni30Cu20 209 183 0.88 0.17 [19] 

2 Ti-50Ni 165 140 0.85 0.21 [20] 

3 Ti-29Nb-13Ta-4.6Zr 67.1 39.9 0.87 0.19 [21] 

4 Ti-30Nb-10Ta-5Zr 128 92 0.86 0.24 [22] 

5 Ti-35Nb 163.5 142 0.87 0.22 [23] 
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7 
Ti-32.7Nb-11.6Ta-4.49Zr-0.066O-
0.052N 137 91.1 0.86 0.12 [25] 

 
Non SIM (FCC) alloys 

    1 Ag-75Au 230 161.5 0.702 0.33 [19] 

2 Cu-4.17Si 117 85.2 0.73 0.64 [19] 

3 -hAg-2.4Zn 190 162 0.85 0.43 [19] 

4 -hCu-9.98Al 199 179 0.89 0.50 [19] 

5 -hCu-22.7Zn 158.9 136.2 0.86 0.43 [19] 

 
SIM(BCC) alloys 

     1 Ti-35.37Nb 130.2 52 0.40 0.078 [26] 

2 Ti-35Nb-2Zr-0.7Ta 183 31.4 0.17 0.15 [25 

3 Ti-35.4Nb-1.9Ta-2.8Zr-0.37O 122 27 0.22 0.11 [25] 

4 Ti-24.1Nb-4Zr-8.06Sn-0.15O 140 26.3 0.19 0.16 [25] 

5 Ti-35Nb-10Ta-4.6Zr-0.16O 102.5 36 0.16 0.12 [27] 

6 Ti-23.9Nb-3.75Zr-8.01Sn-0.04O 157.2 36 0.26 0.127 [27] 

7 Ti-24Nb-4Zr-7.9Sn-0.17O 
 

0.23 0.22 [27] 

8 Ti-24Nb-4Zr-7.6Sn-0.07O 122 31.4 0.26 0.21 [25] 

9 
Ti-35.2Nb-10.5Ta-4.97Zr-0.091O-
0.014N 140 27 0.19 0.1 [27] 

10 Ti-23.9Nb-3.8Zr-7.61Sn-0.08O 102.5 26.3 0.12 0.13 [27] 

11 Ti-24Nb-4Zr-7.9Sn 157.2 46 0.29 0.27 [28] 

 
SIM(FCC) alloys 

     1 Cu44.9- 50Zn 125 80 0.64 0.6 [19] 

2 Au47.5-50Cd 142 96.77 0.68 0.53 [19] 

3 Ag45-50Zn 132.8 83.16 0.63 0.57 [19] 

4 g-FeNi 209 183 0.65 0.54 [29] 

5 CuAlNi 142.8 93.7 0.66 0.59 [30] 

Table7.1 : Elastic constant of some BCC and FCC metals and alloys.  
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  BCC elements C12/C11 C44/C114 Ref. 

1 V 0.52 0.19 [29] 

2 Nb 0.59 0.13 [29] 

3 Ta 0.60 0.31 [29] 

4 Mo 0.38 0.28 [29] 

5 W 0.5 0.43 [29] 

6 Li  0.83 0.78 [29] 

7 Na 0.82 0.75 [29] 

8 K 0.79 0.73 [29] 

9 Ba 0.43 0.7 [29] 

 
FCC elements 

  
[29] 

2 Au 0.83 0.22 [29] 

3 Pd 0.79 0.3 [29] 

4 Pt 0.74 0.2 [29] 

5 Ag 0.76 0.39 [29] 

6 Cu 0.76 0.43 [29] 

7 b-Co 0.69 0.6 [29] 

8 -hSr 0.65 0.39 [29] 

9 g-Fe 0.68 0.5 [29] 

10 Ni 0.62 0.51 [29] 

11 -ɻPu 0.78 0.96  [29] 

 

 
 
 
 
 
 
 

 

 

 

6 B2-NiTi 162 104 0.64 0.52 [31] 

7 Cu2.726A11.122Ni 0.152 137 89.2 0.65 0.59 [32] 

8 Cu2.742Al1.105Ni0.152 136 81.763 0.65 0.61 [32] 
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Chapter 8 
 

Conclusions and Further work 

8.1 Conclusions 

The results gathered from experiments described in this thesis suggest 

that the modelling solution approach (as carried out in the present work) can 

be used effectively to predict and study important properties of metallic alloys. 

Furthermore, it has been shown that first principle calculations (DFT) as 

implemented in the CASTEP code are a very effective technique in 

characterising the phase stability, formation energy, elastic properties and 

deformation behaviour of superelastic materials. The good agreement 

between the theoretical calculations and experimental verified data for 

thermodynamic stability, composition and elastic constant justifies the use of 

the approach for evaluating property in the present work.   

In order to understand the intrinsic mechanism by which alloying 

elements influence thermodynamic phase stability, we compared the total 

electronic density of states (DOS) of a″ and β crystal structures. From this 

viewpoint, it is thought that the structural stability change in the Ti-Mo system 

is connected to the lowering of N(EF) due to hybridisation of the d- electronic 

states of the Mo atom. This provides for the increasing covalency in the 

bonding of the two atoms.   
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The structural properties relating to the a¡¡ orthorhombic phase 

transformation in Ti-Mo alloy system has been studied using optical 

microscope, SEM, EBSD and Rietveld refinement of XRD profiles. The 

formation of the orthorhombic phase has been ascribed to three main reasons: 

(a) in view of the eightfold coordination around each (Ti, Mo) atom with four 

additional neighbours at a slight greater distance. The formation of the ¡h¡ in 

preference to ʰ in Ti-Mo binary alloy beyond a certain Mo critical 

concentration could be a reflection of a tendency for Mo to retain the eightfold 

coordination obtained in BCC titanium; (b) atomic size difference can also lead 

to distortion of the crystal structure; and (c) assuming the major influence of 

atom size is ignored, the movement/shift of the atoms along y -atomic 

coordinate without breaking the group symmetry is another possible 

explanation. Additionally, the orthorhombicity in this alloy decreases as Mo 

content increases. 

The trend of the Young’s moduli of the samples followed a similar 

direction to the hardness, suggesting that a¡¡ might be responsible for the low 

hardness and Young’s modulus, since both are structurally related properties. 

It is worth noting, however, that the Young’s modulus of the Ti-6Mo was even 

lower than that of the Ti-6-4 alloy. This advantage of a″ orthorhombic 

structure can be exploited to further reduce the Young’s modulus of future 

metallic biomaterials. 

Based on the DFT-GGA electronic calculation, a number of metastable 

body centered cubic ternary and multicomponent alloys were experimentally 
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and theoretically designed to correspond to the composition formula of  Ti-

5Mo +U (U=Nb, Zr, Ta, Sn, Ta+Sn, Nb+Sn and Sn+Zr) supercells at T= 0K.  The 

trend in the electronic formation energy attests to the significant sensitivity of 

the binary Ti-Mo alloy system to phase stability and elastic moduli with micro-

elemental addition, which indicates that DFT-GGA is favourable to the 

computational screening of relative phase stability and other p of alloys. Our 

newly designed Ti-Mo-Zr alloy exhibited the lowest Young’s modulus, with 45 

GPa (42.19GPa from theory), which is significantly lower and much closer to 

natural bone than the elastic modulus of conventional metallic implant 

materials (cp-Ti, near β and β Ti alloys), which vary between 121 and 57 GPa.  

We have suggested by analysis of data in this study that the Blackman 

diagram can be used effectively to theoretically analyse predictions and make 

experimental deductions about the behaviours of alloys and by this have 

demonstrated a link between the central interatomic forces (Cauchy pressure) 

and the Poissons ratio with superelastic of SIM alloys. 

8.2 Further works  

Although the results of the present work suggest a link between cast 

material texture and the directionality of calculated Young’s modulus of the 

alloys, further work is needed to obtain a more detailed understanding of the 

operative texture mechanisms. In particular, the significance of the role of the 

initial microstructure (1) on the elastic modulus, and (2) in inhibiting the 

emergence of textures requires investigation. Further higher resolution TEM 
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work is recommended to establish the effect of texture on the elastic property 

of the alloys. 

Furthermore, the results of this work have shown that the mechanical 

properties of binary Ti-Mo alloy systems are very sensitive to chemical 

composition.  There is consequently a good scope to improve the alloys for 

specific applications. For example, the amount of transformation strain could 

be optimised through control of chemical composition or through control of 

specimen texture. A systematic approach is required to analyse the effect of 

alloying elements on the interplay between twinning, SIM and slip during 

subsequent loading.  

It is envisaged that, with further theoretical research, SIM alloy can be 

designed using the elastic constant systematics from DFT. First principle 

calculations may be able to portray the shape memory effect of 

multicomponent Ti-Mo alloys akin to other Ni-Ti and Ti-Nb based alloys. This 

would broaden the portfolio of applications of these alloys even further, 

offering a more in-depth understanding of what physical and microstructural 

factors enable a material to exhibit the shape memory effect. This would 

suggest that further work is needed to redefine the composition window and 

other factors considered before alloys can be designed on first principles. 

 

 


