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Summary 

In this thesis intersubband relaxation of electrons in quantum wells is theoretically 
investigated. Firstly, the in-plane kinetic energy, and also well width dependences of 
electron intra- or intersubband scattering rates (or times), associated by longitudinal 
optical (LO) phonon emission in a semiconductor single quantum well (SQW) struc- 
ture are presented. Semi-analytic calculations are carried out for a GaAs/AlO. 3GaO. 7As 
SQW structure. The results show that the scattering rates (both for intra- and intersub- 
band scattering) weakly depend on in-plane kinetic energy of the electron. Further- 
more, the resulting calculations of well width dependence show that intrasubband 
scattering times gradually increase with well width contrasting with the intersubband 
scattering times which display a monotonic decrease. 

A theoretical study of the condition to achieve inverted population in a semicon- 
ductor double quantum well (DQW) structure is also presented. The LO-phonon 
assisted tunneling rates, based on the Fr6hlich interaction and Fermi's golden rule, has 
been performed for a GaAs/Alo. 3Gao. 7As DQW structure. The calculated results show 
that the tunneling rates monotonically decrease with the energy difference El - El 

and strongly depend on the magnitude of the transfer integral M. 

This work has been extended to calculate the electron transport and its kinetics, due 
to various types of scattering and tunneling mechanisms in a triple barrier resonant 
tunneling structure (TBRTS). A system of coupled kinetic equations that describe the 
nonequilibrium electrons in the structure has been solved analytically to obtain sub- 
band distribution functions and gain spectra. 

Finally, the concept of sequential tunneling has been introduced to explain an in- 
plane magnetic field dependence of resonant tunneling in a TBRTS. Typical current- 
voltage characteristics and derivatives for the TBRTS with particular design parame- 
ters have been calculated. It is found in the second derivative of the current that the 

resonance between El and Ej is manifested as a visible feature in the background of a 
wide E2 resonance. This feature has a sharp local maximum in the absence of applied 
magnetic field, and becomes flattened with increasing magnetic field in agreement with 
experiments. 
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Chapter I 

Intersubband transitions in quantum wells 

1.1 Outline of Thesis 

This chapter begins with a brief introduction to semiconductor heterostructures, 

quantum wells (QWs) and superlattices. The remainder of the chapter describes inter- 

subband transitions in QWs, which play an essential role in the lasing action in Quan- 

tum Cascade Laser (QCL) structures. 

In Chapter 2, a microscopic lattice dynamic model is introduced to calculate 

scattering times for intra- and intersubband transitions due to electron-longitudinal- 

optical (LO)-phonon interaction in a single quantum well (SQW) structure. The scat- 

tering times are investigated in terms of in-plane kinetic energy of the electron. Well 

width dependence of the intersubband scattering times is also presented. 

In Chapter 3, the technique developed in Chapter 2 is applied to calculate tun- 

neling rates for interwell transitions due to electron-LO-phonon scattering in a double 

quantum well (DQW) structure. The focus is on the investigation of the tunnelling 

rates as a function of the difference in confinement energy between the states involved. 

The calculations are presented in an analytical form taking-into account the different 

effective mass of the electron in the quantum well and barrier materials. 

Chapter 4 applies the Boltzmann kinetic equation to the study of nonequilibriurn 

electrons in DQW structures. The kinetic equation, which involves terms describing 

the electron-electron (e-e) and electron-LO-phonon (e-LO) scattering, as well as elec- 

tron escape and electron generation processes, have been analytically solved for the 

subband distribution functions. The resulting calculations provide a comprehensive 
description of the lasing process in intersubband lasers. 
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Chapter 5 compares details experimental measurements with theoretical calcula- 

tions for the tunneling current in a triple barrier resonant tunneling structures (TBRTS) 

incorporating asymmetric coupled QWs with magnetic field applied perpendicular to 

the direction of current flow. 

Concluding remarks and future work relating to this work are presented in Chapter 

6. 

1.2 Heterostructures, quantum wells and superlattices 

1.2.1 Heterostructures 

Modem techniques of semiconductor crystal growth have resulted in what is 

known as band-gap engineering. Using HIN semiconductors Molecular Beam Epitaxy 

(MBE) and Metal-Organic Chemical Vapour Deposition (MOCVD) allow the growth 

of ultra thin layers of semiconductor materials with a controlled energy band gap. 

These layers can be grown epitaxially on top of one another providing there is a rea- 

sonable match of the crystal lattice constant between layers. 

Continued developments of these techniques are currently the subject of a new 

field of semiconductor device research. Many new device structures such as Hetero- 

junction Bipolar Transistors (HBT), High Electron Mobility Transistors (HEMT) and 

Resonant Tunneling Diodes (RTD), are designed using the principles of band-gap 

engineering. The RTD, which utilizes the electron-wave resonance occurring in double 

potential barriers, emerged as a pioneering device in this field [1,2]. The idea of reso- 

nant tunneling was extensively investigated both in a fundamental viewpoint and also 

its applications [3-6], shortly after MBE appeared in the research field of compound 

semiconductor crystal growth. Since then, the RTD has attracted a great amount of 

interests and has been investigated both from the standpoint of quantum transport 

physics and also its application in functional quantum devices. Despite its simple 

structure, the RTD is indeed a good laboratory for elcctron-wave experiments, which 

can investigate various manifestations of quantum transport in semiconductor nano- 

structures. It has played a significant role in disclosing the fundamental physics of the 

electron-wave in semiconductors, and enabling the study of more complex and 
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advanced quantum mechanical systems such as the electron intersubband transitions in 

QCL structures. 

1.2.2 Quantum wells and superlattices 

Band-gap engineering enables the production of conduction and valence bandedge 

profiles of a typical quantum well as shown in Figure 1.1 (a). The barrier material has a 

larger band gap than the well material, causing the motion of electrons (e) and holes (h) 

in the growth direction to be restricted. The confinement potential quantizes the motion 

of the carriers (e or h) in the growth direction, giving rise to a number of dis-crete 

energy levels. These energy levels which are known as subband energies have an 

associated dispersion in the plane of the quantum well (for the idealised paralolic 
bands) 

h2 k2 
E,, (ky + XY 

2Me*(h) 

where kxy is the magnitude of in-plane wavevector of e or h, m: (h) is the effective 

mass, and en is the energy at the bottom of the nth subband. In the infinitely deep well 

approximation the confinement energy e,, is simply 
h2 n; r 

2 

2m* 
, (h) 

where L stands for the well width. 

In addition, modem crystal growth techniques also allow the growth of multiple 

quantum well (MQW) structures, which are schematically shown in Figure 1.1(b). 

This structure can be formed by periodic variation of alloy composition during crystal 

growth. For a MQW consisting of a series of quantum wells separated by barriers wide 

enough that wavefunction of a carrier in one well does not penetrate into an adjacent 

well each well has the same cigenstates as would an individual well; i. e. they are effec- 

tively isolated from one another. When the barrier thickness decreases, the probability 

of an electron tunneling from one well to another increases; i. e. the wave function of 

the carrier in one well can be non-zero in an adjacent well. For a structure consisting of 

two such wells separated by a thin barrier the eigenstates split into two. For N such 

wells the splitting gets into N states. As N increases a continuous distribution of 



Chapter I Intersubband Transitions in Quantum Wells ..................................... 4 

allowed states, called a miniband, is formed. The formation of these minibands is 

exactly analogous to the formation of bands in the tight binding model of bulk semi- 

conductors. Such a structure is known as a superlatticc. 

(31-Owth "I'Us -z 
0 

BA 

-E c 

1-- -. 1 E3 

E2 

E., (b) 

J-J v 

(a) Quanhun weR lietef ostnicture 

k 
XY 

ABABABABABA 

I IL 

Coildticfioil bancledye -E 

(b) Superlathce 

Figure 1.1 Conduction bandedge profiles of (a) a SQW heterostructure with the ideallsed 
parabolic dispersions of electrons (or holes), and (b) a SUperlattice forined by 
periodic variation of alloy (materials A and B) composition during crystal 
growth processes with the rcSLIlting minibands and minigap. 
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The superlattice can be viewed as a bulk material which has its periodicity in one 

direction modified resulting in both the dispersion energy in the growth direction and 

also the effective mass of the carriers being modified. When the barriers are very thin 

this effective mass is approximately the bulk mass. 

1.3 Quantum cascade lasers 

1.3.1 Introduction 

Recently, the emission wavelengths of semiconductor lasers have been available in 

the infra-red (IR) region [7-10]. Long wavelength semiconductor lasers are in demand 

for many industrial and research applications such as free-space communications, atmos- 

pheric pollution monitoring, industrial process control, IR counter measures, medical diapos- 

ties, and IR radar for aircraft and automobiles. According to the conventional interband 

transition approach it requires narrow band-gap semiconductor materials for realising 

mid- and long wavelength IR lasers. However, nonradiative recombination processes, 

Auger recombination for instance, tend to limit the high temperature lasing perfor- 

mance. 

An alternative approach utilising intersubband transitions in semiconductor quan- 

turn well structures for long wavelength IR lasers was first suggested in 1972 by 

Kazarinov and Suris [7]. In this unipolar structure coherent photons are generated by 

electron transitions from one confined state to another. Therefore, the wavelength of 

intersubband lasers is determined not by the band gap, but by the energy separation of 

conduction subbands arising from the quantum confinement in quantum well struc- 

tures. The first intersubband laser was not realised until the recent demonstration of a 

Quantum Cascade Laser (QCL) reported in 1994 by Faist et al [8]. The QCL is 

schematically demonstrated in Figure 1.2, and utilises photon emission between sub- 

bands in a staircase of coupled GaInAs quantum wells separated by AlInAs barriers. 

Each injected electron is recycled, ideally producing an additional photon, as it cas- 

cades through each period of the laser. 
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Figure 1.2 (a) Conduction band energy diagram of a portion of a QCL, which typically 
consists of 35 x active regions and digitally graded regions which act as 
injectors. The wavy arrows indicate the laser transitions. (b) Schematic repre- 
sentation of the dispersions of the confinement states n=1,2, and 3 parallel to 
the QW plane; kxy is the corresponding in-plane wave vector of electron. The 

bottom of these subbands correspond to energy levels n=1,2, and 3 indicated 
in (a). The wavy'arrows indicate all radiative transitions originating from the 
electron population in the subband n=3 down to the subband n=2. The quasi- 
Fermi energy eF,, corresponding to the population inversion at threshold mea- 
sured from the bottom of the n=3 subband. The straight arrows represent the 
intersubband nonradiative, transitions due to LO-phonon scattering processes 
[8]. 
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The main obstacle to achieving the intersubband lasing is nonradiative relaxations 

between subbands due to optical phonon scattering (discussed in more detail later in 

the following chapters). The typical phonon relaxation time (- 1 ps) is much shorter 

than the radiative time, which is longer than 1 ns, resulting in a very low radiative 

efficiency (..: ý 10-3 ). However, specially designed multiple barrier heterostructures can 

provide population inversion that giving rise to lasing without reducing the current 

injection efficiency. 

In the following subsection the basic principles of intersubband transitions in 

QWs, and also some basic aspects of quantum effects and relaxation processes in semi- 

conductor nanostructures, which play an essential role in the QCL are presented. 

1.3.2 Basic principles of intersubband transitions in quantum wells 

According to whether the optical transition is between quantum states in adjacent 

QWs, so-called interwell photon-assisted tunneling transitions shown in Figure 1.3(a), 

or between states in the same QW, so-called intrawell transitions shown in Figure 

1.3(b), the approaches towards intersubband lasing can be devided in two categories 

[9,10]. The interwell photon-assisted tunneling transition, originally suggested for 

generating and amplifying IR light by Kazarinov and Suris [7], occurs between the 

ground state of a QW and one of the excited states of the adjacent well in a superlattice 

structure under an external electric field parallel to the growth direction. A population 
inversion can be easily established between the two quantum states due to the barrier- 

separated feature of the two states, and the laser energy can be tuned over a wide range 

by varying the electric field strength. However, since the overlap of their wavefunc- 

tions is quite small, the transition rate between the two states is small, and a high elec- 

tron injection is required to obtain sufficient gain to overcome losses in the system, 

leading to a very high threshold current. -- 
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(a) 

(b) 
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hn 

Z 
............ 
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Figure 1.3 Illustrationsl of optical intersubband transitions: (a) interwell photon-assisted 
tunneling transitions, and (b) intrawell transitions associated with electron reso- 
nant tunneling between QWs [9]. 

In the second scheme, the intrawell optical transition rate is much larger, but the 

nonradiative relaxation between the two states in the same well is also faster, which 

results in difficulties in achieving population inversion between the two states. For a 

clear comparison between the two approaches, it is helpful to have a more analytic 

evaluation. Starting from the lasing threshold gain condition [9,11 

ropt ' gth a. + ai 

I SI"I I 
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where r,, Pt 
is the optical confinement factor, 91h is the gain at threshold, a.. is the 

mirror losses due to finite facet reflectivity, and a, is the internal losses for the optical 

wave which results from various mechanisms such as free-carrier absorption and scat- 

tering at the heterostructure interfaces. Since a,, ce., and r. P, are mainly concerned 

with the optical wave in the QW structure, it can be assumed that a,, a., and rP, 

would not be significantly affected by the different transition schemes (inter- or intra- 

well transitions). Thus, the same threshold gain 91h is required in the two approaches. 

How the threshold gain is reached differs in the two approaches? 

CTro, wili aids -z 

E2 
hc2 

Ell"12 
-IN- 
Tj 

Conduction bandedge g 

Figure 1.4 Schematic diagram of a QCL structure with a wide well as the lasing unit and 
two narrow QWs as the electronic energy filters by resonant tunneling [9]. 

Considering the steady state of a two-level system shown in Figure 1.4, one can 

obtain 

n2 - n, 
j (-;, 

"2 (r12 

e I+ T" 2+ T12 

where n, is the electron density at the the lower energy level - E, , n2 the electron 

density at the upper energy level E2,, J the current density injected into the -upper 

level, r, the electron lifetime at the lower level, r, 2'' the electron relaxation (including 

nonradiative and radiative contributions) time from E2 to E,, and 'r2 is the time 
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required for an electron in the upper level to escape from the well in ways other than 

through the lower level. 

From Eq. (1.3), it is clear that the relaxation 1'12 must be longer than the electron 

lifetime -rl in order to establish the population inversion, which is essential to intersub- 

band lasing. Since the overlap wavefunctions between two states in adjacent wells is 

smaller, the relaxation time ", 2 for the interwell transition is longer than the relaxation 

time 'r12 for the intrawell transition, and thus population inversion can be established 

more easily by the interwell photon-assisted tunneling transition. Additionally, due to 

the longer relaxation time r, 2 . the escape time "2 at the upper level, which is approxi- 

mately the same in the two transition schemes, has a more significant impact in 

reducing the current injection efficiency in the case of interwell transition. If the 

lifetime r, at the lower level is much smaller than the relaxation time 'r, 2 in either 

case, one can show that the threshold current density for intrawell transitions is lower 

than the threshold current density for interwell transitions. Therefore, it is preferable to 

make the lower level lifetime r, much smaller than the relaxation time r12 and use the 

intrawell transition approach to intersubband lasing to achieve a low threshold current. 
However, reducing the lifetime at the lower level to a value much smaller than the 

relaxation time without affecting the current injection efficiency is a difficult task. 

Since the typical value of the electron relaxation time 'r, 2, due to LO phonon 

emission between subbands with energy separation higher than the LO phonon energy 

(ELO ; zý 36 meV for GaAs QW), is of the order of I ps [ 12-14], a sufficiently thin 

barrier layer is required for the lower lifetime r, to be smaller than r12. However, such 

a thin barrier layer does not provide good confinement of electrons in the upper level, 

leading to large leakage current. Modified QW structures with alternating wide and 

narrow well acting as electronic energy filters, have been suggested to overcome this 

problem [15-17]. Here energy filters selectively inject and remove electrons via reso- 

nant tunneling as schematically shown in Figure 1.4. However, because the nonradia- 

tive relaxation by LO phonons is so fast, a sufficient population inversion cannot be 

easily achieved without a large amount of current injection and careful device design. 
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In the far-IR spectrum, the dominant nonradiative relaxation 1-ac 2 via acoustic 

phonon scattering between subbands, is on the order of 100 ps. Thus the population 
inversion can be achieved more efficiently, and the radiative efficiency could be raised. 
Making use of the difference in the relaxation times above and below the optical 

phonon energy for stimulated far-IR emission in a multilevel scheme has been sug- 

gested by Andronov [16], and can be constructed in DQW system made of a narrow 

well as the injected current region, and a wide well as the lasing region. Since the 

energy separation between subbands is smaller, thermal fluctuation may be a serious 

problem in far-IR lasing action, and low operating temperatures may be required. In 

contrast, in the wavelength ranges of the mid-IR spectrum, the nonradiative relaxation 

of electrons between subbands by optical phonon scattering is unavoidable. Therefore, 

in order to achieve intersubband lasing in practice at these wavelengths, it is highly 

desirable to suppress the nonradiative decay processes in QWs. A common feature 

shared by these two approaches, whether the transition is interwell or intrawell, is that 

the electron transport in the QW structures is based on conventional intraband 

tunneling, in which a delicate balance is attempted to simultaneously fulfill two essen- 

tially distinct physical requirements for the realisation of an efficient population 
inversion [17], which are good confinement of electrons at the upper energy level and a 
fast electron tunneling rate at the lower level. This leads us to get through problems in 

practical implementation. 

The goal of this thesis is to generalize theoretical explanations of electron relaxa- 

tion in the QCL operation, and also study how to design a QCL structure to achieve a 
high radiative efficiency with a low threshold current thus optimizing its performance 

and operating temperature. 
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Chapter 2 

Longitudinal optical phonon scattering in 

single quantum well structures 

In this chapter in-plane kinetic energy, and also well width dependence of electron 

scattering times; both for intra- and intersubband scattering, due to LO phonon emis- 

sion in semiconductor SQW structures are investigated. The focus is on comparisons 
between the intra- and intersubband scattering times of electrons in a QW. The results 
have been performed for GaAs/Al,, Gal.,, As material systems, which are of considerable 

experimental interest. In addition, a comparison of the scattering times calculated using 

the semi-analytic approach described in this chapter with the numerical results reported 
in Ref. 12 by Ferreira and Bastard is also presented. 

2.1 Introduction 

Electron-phonon interaction in polar semiconductor QWs has attracted a great 

amount of interest both from a fundamental viewpoint and also due to its importance 

for device performance. For instance, the cooling of photoexcited carriers, carrier tun- 

neling, and the mobility of high-speed heterostructure devices are primarily governed 

by the scattering of electrons associated with LO phonons. The investigation of this 

interaction has been studied using either a dielectric continuum, model [18-24] or 

microscopic lattice dynamic models [25-30]. Dielectric continuum model ignores the 

effect of individual layers of atoms but it has the considerable advantage of making the 

interaction very simple. In some parameter regimes, the use of dielectric continuum 

model is well established and the electron scattering times calculated by using this 

model compare well with experimental results [31-33]. However, scaling'of the 
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electron-1-0-phonon interaction with diminishing device length presents a serious 

challenge to the accurate use Of Such model. As a result, there has recently been an 

increasing need for more rigorous analysis and dctailed knowledge of electroll-LO- 

phorion interactions in reduced dimensional systerris. This has been the main rnotiva- 

tion for the emergence of ab initio microscopic models [28,291. Though such models 

provide the most accurate analysis of the structure, they have not been used extensive- 

ly. This can attributed to the fact that the ab initio microscopic analysis involves very 

arduous and time consuming first-principle calculations of lattice dynamics [34,35] 

rather than employing adjustable parameters [36,37]. 

2.2 LO-Phonon scattering in single quantum well structures 

In general, any device can be viewed as a complex array of scatterers shown in 

Figure 2.1. The time-dependent Schr6dinger equation, including the microscopic time- 

varying scattering potential U#, t) due to the entire array of scatterers is [38] 

ih 
h2 

V2 + E(. (r) + Ujr, t)]T(iý, t) = EIP(r-, t) (2.1) 
li 

[ 

2ni* 

where E(, (F) is the conduction bandedge energy profile, m* the electron effective 

mass, and VI is the electron wavefunction with the corresponding total energy E. 

hicident waves 
IBM 

Refl 
W_ 'j, 

Indilvidual scatters 
(impiu-ities or phonons) 

/Tl"Ill. 

slmttetl 
WI-1ves 

Figure 2.1 Transmission ofelectrons through a device with a scattering potential U, (i:, t) 

composed of localised scattering potentials due to individual scattcrers (impuri- 

ties or phonons) [381. 



Chapter 2 LO-phonon scattering in SQWstructures ........................................ 14 

2.2.1 Electron confinement in a SQW structure 

With modem epitaxial growth techniques, the alloy composition can be varied on 

an atomic scale to produce structures such as that shown in Figure 2.2. The structure 

consists of a narrow band-gap semiconductor (material B) layer embedded between 

two wider band-gap (materials A and Q layers resulting in the band discontinuities, 

which are such that the motion of both types of carriers (e or h) in the growth direction 

is restricted. The electron confinement energies in the conduction band can be calcu- 
lated in the envelope function approximation [39-42], using a Kane model [43] for 

describing the electron states of the parent A, B and C materials [44]. The electron 

wave function in each layer takes the form 

ii AAC A, B, C (F), 
Zn 

(ir) (F) 
= 

2: 
Un (2.2) 

where X,, (F) is the envelope wavefunction, and U 
A, )?, C (F) is the Bloch wave function 
n 

in the A, B or C material. 

By adopting a single-band spherical-effective-mass model to such the quasi-two- 
dimensional (quasi-2D) electrons and take as simplified boundary conditions on the 

envelope function with a periodic boundary condition in the QW plane, the envelope 

function X,, (F) can be factorised 

Xn 
(F) 

=1 exp(ii, ": )(Pn (Z) 
, JS 

(2.3) 

where z is the growth direction, k., 
y the in-plane wave vector of the electron, S the 

normalization area of the QW plane, and ýp,, (z) is the envelope function restricted in 

the growth direction z, determined by the Schr6dinger-like equation [39-42,45] 

0 
E., (z, 

I(Pn(Z)= 
en(Pn(Z) (2.4) 

where m*(z) is the electron effective mass depending on z, E,, (z) the conduction 

bandedge energy profile, and en is confinement energy of the nth subband. 
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Envelope fUnction 
[I st approidmation] 
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00 
IE 

Fnvelope function 
[Exact solution] 
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E2 

Ei 
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0 L+51 Qualittun WeU 

k 
XY 

Figure 2.2 Schematic conduction bandedge profile of a SQW structure, which consists of 
A, B and C material with energy levels and the simplified envelope functions 
Vn (z), and also the associated total energy including the in-plane kinetic 

energy for each subband. 

According to the connection rules it is necessary to have boundary conditions at 

the interfaces as follows: (p,, (z) and 
I 

are continuous [39,42,46-52]. 
m*(z)l az 

I 

I [a(p"(Z)] The continuity of ;; ý-( 
z) 

is necessary for the conservation of particle current (Z) az 
passing through the surfaces in place of the usual continuity of the derivative of ýp,, as 

derived in quantum mechanics textbooks. With these relevant boundary conditions the 

SchrOdinger-like equation Eq. (2.4) can be exactly solved to yield the envelope func- 

tions and subband energies [39,45,47]. However, to make the results more practical it 

is very useful to take into account the finite barrier height in first approximation that 

gives for the effective well width [39,42,46-53] 

Leff =L+ (50, +451,,, (2.5) 

where L is the well width (material B), and 
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go 
h 

h 
(2.6) 

here m. 1, mB- and mý are the electron effective masses of the materials A, B and C, 

respectively. UO and U, are the heights of the barriers adjusted to the QW; see also 

Figure 2.2. 

As a consequence of the appropriate approximation above, solutions of Eq. (2.4) 

are obtained 

0z< 
-(50 

Lý ; -c5o <Z<L+d, (2.7) Vn (Z) 
!: 

sin [kz (z + t5o)] 
ff 

0 z>L+, 51 

where k, = 
mr 
Leff ;n=1,2,3,. and the total electron energy associated with the 

state In, k,, 
y 

) =- X,, (F) is therefore 

h2 k2 
2M 

B* 

( h2 Ir 
22 

2mB Leff 

en 31 (2.8) 

; (2.9) 

)2 

In fact, this approach works well if the barriers arc high enough; Le. 
49 
2MB 

)L 

eff. ý 

(( U0, ul . 
A symmetric SQW system, which consists of a single GaAs layer embedded 

between two thick Al., Gal, As layers, is now considered. The band-gap energy for 

Al,, Gal-,, As is larger than that for GaAs. This results in the change of band gap energy 
(AEg) being distributed between the conduction and valence bandedges. Thus, 
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AEg =E 
AIGaAs 

-E 
GaAs 

= AE 
c+A. Er (2.10) 99 

where E AIGaA' and EGA' are band-gap energies for AIGal-, As and for GaAs, respec- 99 

tively. AEc and AEv are the conduction and valence band-offset, respectively. For 

such a long time it was believed that A. Ec was ;: tý 88% of AEg [45]. However, in 

recent years there has been a lot of argument over this, and it now seems that the figure 

is closer to 60% [38,54-56]. 

For small Al contents (0: 5 x: 5 0.45) [55] 

E AIGaAs (x) 
= 1.424 +1.247x (in eV units) 9 (2.11) 

mA, G,, A., 
(x) 

= (0.067+0.083x)mo 

where MAIGaAs is the effective mass of electrons in Al. Gal-,, As materials, and mo is the 

free electron mass. 

Table 2.1 Some useful material parameters of the GaAs/Al., Gal.,, As heterostructures. 

. 41 contents Effective masses Changes of the Conduction band- Valence band- 

band-gap energy offset offset 

x AEg AEc AEv MAIGaAs 

[meV] [meV] [mev] 

0 0.067 mo 000 

0.1 0.075 mo 125 75 50 

0.2 0.084 mo 249 150 99 

0.3 0.092 mo 374 224 150 

0.40 O. Ioomo 499 299 200 

0.45 0.104mo 561 337'. 224, 
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2.2.2 Electron LO-phonon interactions: Fr6hlich interactions 

According to the microscopic lattice dynamical model, the electrons are described 

by the Hamiltonian [57] 

AA 

H= Ho + Hph + He-ph (2.12) 

A 

where Ho is a single-particle Harniltonian 

2 
V2 +U HO = 2m * 

(F) 
, (2.13) 

here the potential energy U(P) includes the electrostatic potential and conduction 

bandedge discontinuity, and m* (F) is the electron effective mass. Hph is the Hamilto- 

nian representing for a phonon bath maintained in thermodynamic equilibrium, 

+ 

+1 
Hph 

= ýho, a, a, (2.14) 
q 2) 

and He-ph is the electron-phonon interaction given by 

I]a(q)e (a, 
e-'"+ a+-e'"), (2.15) e-ph V-v 

1, 
-q 

where q =- Q+q, is the phonon wave vector; here Q stands for in-plane phonon wave 

vector, and q., the phonon wave vector in z direction. a4 and a+, are the phonon 

annihilation and creation operators, respectively. cc(q) is a coupling strength for a 

phonon of mode q, co the phonon angular frequency, and V is the normalization 

volume. 

According to Fermi's golden rule, the scattering rates of an electron from an initial 

state m, k' inthemthsubband to all final states n, kf inthentlisubbandaccom- I 
XY 

)I 
XY 

) 

panied by emission (or absorption) of a phonon with energy hcD is [12,58,59] 

2z 
n, kf 

JIýe-phl 
mIk 

)12' 
05(Ei -, Ef T- hW)dNf (2.16i 

ri h. 
f 1( 

XY XY 
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where the upper (lower) sign refers to emission (absorption) of the phonon. E, and 

Ef are the total energies of the electron at initial and final states, respectively. In this 

expression the integration is done over the final density of states Nf . The illustration 

of scattering processes involving the LO phonon allowed by conservation of energy 

and conservation of momentum in the xy-plane is shown in Figure 2.3. 

COO 

Wo 

Figure 2.3 Illustration of scattering processes involving an LO phonon allowed by conser- 
vation of energy and conservation of momentum in the xy-plane. 

For the LO-phonon scattering mode, the coupling strength ot(q) is given by [19, 

60,61] 

(q)2 )o 
.e21-1 (2.17) la 2; r 

"2 
ý7 (in SI units) 

0 q 
Zlr7c 1C., 0 

where K., and KO are the high-frequency and static dielectric constants of the QW, co 

the permittivity of vacuum, e the electronic charge, and hco 0 is the LO-phonon 

energy. Using Eqs. (2.15), (2.16) and (2.17) the electron LO-phonon scattering rates 

from an initial state m, k' in the mth subband to all final states n, kf in the nth 
I 

XY 
)I- 

XY) 

subband is therefore [12,60] 

kxy 
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1= Co ff I,,, (Q)[(Alo + 1)5(Ei - Ef - hcoo)+ NO, 5(Ei - Ef + hwo)]d 2kf, (2.18) 
Ti XY 

2z 1e2[,, C() (2; r h wo (2.19) 
h (2ir)3 Co 00 

Tze', 7- 70 
] 

No =1 (2.20) 

exp 
0, 

kBT (` -i' 
V(k' Y+ (kf Y- 2k' kf coso (2.21) XY XY XY XY 

(hkly ý- 
Ei -c =- c, (2.22) 

2m' 

(hkf 

. XY = E, - en T- hCO0 = S+(em- en) ý- hCO0 ') (2.23) 
2m' 

where No is the thermal population of LO phonons at temperature T, k,, the Boltz- 

mann constant, 0 the angular between P and kf 
, and e is the in-plane kinetic 

XY XY 

energy of the clcctron. The tenn 1,,, (Q) is defined as [ 17,5 8,60] 

+00 JGmn (qj2 

dq (2.24) f 
Q2+ q2 

z' 
--oo z 

where 
L TT 

G�� (qj = X* (F)exp(iq., z)X�(F)dz (2.25) 1m 

0 

determines momentum conservation in the z direction; here z =- z+ 80. With the func- 

tions given by Eqs. (2.3) and (2.7), the exact formula forl.,, (Q) can be given in the 

form [60] 

ff 
V. (zýp. (z)exp(-Qlz'-ýz'l)(p,,, (z'ýp,, (z')dzdý'. (2.26) 

Q 
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For a system operated at temperature T=0K the thermal population of phemons 

is equal to zero; i. e. No = 0. In other words, only a spontaneous LO phonon emission 

exists. As a result, Eq. (2.18) reduces to 

1=C,, ff I., (Q)8(Ei 
- Ef - hcoo)d 2 kf (2.27) 

rj XY 

By substituting d2kf=kf do dk f=m do dE'; here E' =E+ ho) 0, the scattering XY XY XY h2f 

rates become 

co m 
21r 

Im, (Q)do f J(Ej - E)dE' (2.28) f 

0 E' 

and it is finally obtained, 

2; r 1= 
Co M Im� (Q)do 

. (2.29) 
ri h2 

)1 

0 

To obtain the useful analytical expressions for the intra- and intersubband scattering 

rates, the considerations will be divided as follows: 

(i) The intrasubband scattering rates (m = n) 

The intrasubband scattering processes will be achieved if the in-plane kinetic 

energy of the electron is just enough to emit an LO phonon; i. e. c *2: h wo. The integral 

I., given by Eq. (2.26) can be obtained for two extreme conditions as follow [601: 

for Q q_, 
I., (Q) = ;rp 

(2.30) Q 
Jbnn 

Q2 for Q q, 

L 

where 2 
T(P 

2 (Z) (P 2 (z)dz =3. From the both resulting approximations bnn 
0nn 

Leff 

given in Eq. (2.30) the formula for Inn (Q) can be approximately written in the form 

I",, (Q) ý TC ; For all values of Q (2.31) 
Q(1 + b,, Q) 
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By substituting I,,, (Q) given in Eq. (2-31) into Eq. (2.29), and using Eqs. (2.2l)- 

(2.23), the intrasubband scattering rates is finally obtained 

Co 9- d0 (2.32) zi 2 
0 

where (P) =- r, is the intrasubband scattering times, and Qp,, -= Q. 

From Eqs. (2.2l)-(2.23), it can be obtained 

M*)ACOJ*[I+ 1-ýI-)-2 
I 

COSý]1/2 (2.33) Qpnn 
h2 

where 8 46 is a dimensionless in-plane kinetic energy of the electron in units of h COO 

LO-phonon energy hcoo. 

(ii) The intersubband scattering rates (m # n; here only m>n is considered) 

According to the analogous method above the results of Eq. (2.26) are [60] 

2L[ M2 +n 
2 

for Q q-, 
I.,, (Q) ;r 2y] 

(2.34) 
;r for Q qý, bmn Q2 

I LIff 2 
where 2f P2 

(Z)(P2 (z)dz From the results given in Eq. (2.34), the Mn b. 
n 0 

Leff 

formula for Imn (Q) can be approximately written in the form 

7C 
I. (Q) For all values of Q = 

Amn + bmn Q2 
(2.35) 

;r 2( m2 -n 
2 

whereAmn - 2L(m 2+n2* 
By substituting I,,,, (Q) given in Eq. (2.35) into Eq. (2.29), 

the intersubband scattering rates is obtained 
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21r 
1 Co m 

T", "' (A : -- -i f 
K 

Q2 Amn + bmn 6mn 
do , (2.36) 

here -=, c, is the intersubband scattering time, and Qp., M Q. Again, by using 

Eqs. (2.2l)-(2.23) 

1+ 1J' 
'y 

COSý]1/2 
1))-2 F1+L I 

Qpmn 
hM2 

ý(13 
00 (2.37) 

m 

Em - En 2ý 2_n2 

where r 
0 L2 h COO 2 eff 

2.3 Results and discussion 

In this section semi-analytic calculations for electron LO-phonon scattering rates 

(or times) in a GaAs/Alo. 3GaO. 7As SQW structure are presented. Unless otherwise 

speci-fied, the following calculations have been performed with the material 

parameters: ico = 12.90, ic, = 10.92, and hwo = 36 meV [60]. According to 

Eqs. (2.32) and (2.36) the scattering rates (or times) can be plotted as a function of in- 

plane kinetic energy of the electron (Figure 2.4). To compare our calculations with the 

results reported by Ferreira and Bastard [12] the well-width dependence of these 

scattering rates (or times) are also investigated (Figure 2.5). 

Figure 2.4 presents the resulting calculations of the in-plane kinetic dependence of 

the intra- (I-A) and intersubband (2->I) scattering rates (or times) for different well 

widths: L= 60,80 and 100 A at temperature T=0K. The results shows that both 

intra- and intersubband scattering rates (or times) weakly depend on in-plane kinetic 

energy of the electron. For the intrasubband scattering the rates are always zero at 

,6<1. 
The reason for this is that electrons have no chance to emit LO phonons in this 

energy region 
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Figure 2.4 (a) In-plane kinetic dependence of the intra- (1-*l) and intersubband (2->I) 
scattering rates due to an LO-phonon emission in GaAs/A10.3GaVAs SQW 
structures of well widths 60,80 and 100 A at temperature T0K, and (b) the 
corresponding intra- and intersubband scattering times. 
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Figure 2.5 (a) Well width dependence of the intra- (1->I) and intersubband (2-7+1) 
scattering rates due to an LO-phonon emission in GaAs/Al, ), Gk7As SQW 
structures for different in-plane kinetic energies; 0=0,1 and 2, at temperature 
T=0K, and (b) the corresponding intra- and intersubband scattering times. 
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In Figure 2.5 the plots are obtained for the well width dependence of intra- (I -ý 1) 

and intersubband (2-+1) scattering rates (or times) at temperature T=0K. For a 

narrow QW with the well width L< 100 A resulting in large values of the energy 

separation between the two subbands invloved, E2 - El > 3h coo, these scattering rates 

(or times) are not strongly dependent upon well width (see also Figure 2.4). For the 

intrasubband scattering (1->1) the resulting calculations show that the scattering times 

are almost independent on the well width. 

For the intersubband scattering (2-41); especially for the cases of electron initial 

states with small in-plane kinetic energies (, 8 -). 0), the rates monotonically increase 

with well width. When the quantum well becomes wider which results small values of 

the subband energy separation E2 - E, the rates strongly increase with well width, and 

have a peak at the point at which E2 - El =h coo. For fairly wide QWs (L > 180 A) that 

have E2 - El <h wo the intersubband scattering due to LO phonon emission is impossi- 

ble. Furthermore, it is clearly seen that the intersubband scattering (2->I) times are 

always longer than the intrasubband scattering (1->1) times for all cases of j6 -2: 1. It is 

also found that the inter- and intrasubband scattering times differ by less than a factor 

of 3 for L> 100 A, but nearly an order of magnitude in narrow QWs. 

Figure 2.6 compares the semi-analytic calculations of the scattering times, based 

on our approach, as a function of well width to the numerical results calculated by 

Ferreira and Bastard [ 12]. It can be seen that the semi-analytic results, especially for the 

intrasubband scattering, have a quite good agreement with the' results reported in Ref 

12. This provides a strong support for the application of our simplistic methodolo-gy to 

other similar systems. Furthermore, the results, also show - that the intrasubband 

scattering time due to LO-phonon scattering is approximately on the order of 0.1 - 0.2 

ps, while the intersubband scattering time exceeds to the order of I-2 ps, depending 

upon the well width. It is, however, our approach having an advantage of that the 

analytic expressions given in Eqs. (2.32) and (2.36), respectively, for the intra- and 
intersubband scattering rates (or times) are quite simple and practical to generalize to 

other similar QW systems. 
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Figure 2.6 Comparison of the well width dependence of the intra- (I ->I) and intersubband 

(2-->I) scattering times, due to an LO-phonon emission in GaAs/Al,, Ga,, As 
SQW structures at temperature T=0K, as calculated by our semi-analytic 
approach and by the numerical method described in Ref. 12. The lines, solid 
(-) and dash-dot are the semi-analytic results based on our 
methodology. The symbols (0 and 0) are numerical results of the scattering 
times extracted from a typical calculated result in Ref. 12. 

2.4 Conclusions 

In summary, starting from the Fr6hlich interaction and Fen-ni's golden rule, the 

expressions for the intra- and mterSUbband scatering rates (or times) have been 

obtained. Serni-analytic calculations are carried out for a GaAs/A10.3Gaý). 7As SQW 

structure. The results mainly show that the scattering rates, both for the intra- and 

intersubband scattering, weakly depend on in-plane kinetic energy of the electron. For 

the intrasubband scattering the rates gradually decrease at 8 ý! I. If 8<I, electrons 

have no chance to emit LO phonons resulting that the rates are always zero in this 

region. 

The investigation of the well width dependence of the intra- and intersubband 

scattering shows that the intrasubband scattering times gradually increase with well 

width while the intersubband scattering times monotonically decrease. For the QW 

structures with narrow well widths (L< 100 A) it is found that the intrasubband scat- 

tering times are always 111LICII shorter than that for intersubband scattering. These rates 

are close to each other for wider QWs. 
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Chapter 3 

Longitudinal optical phonon assisted tunneling 
in double quantum well structures 

In this chapter a theoretical study of the condition to achieve inverted population 

in a semiconductor DQW structure is presented. The aim is to calculate the tunneling 

rates for interwell transitions due to electron LO-phonon scattering in a DQW structure 

as shown schematically in Figure 3. L This structure is similar to that used as an inter- 

subband lasing unit in QCL structures. It consists of a wider well (QW1) as a lasing 

unit, and a narrower well (QW2) as an electronic energy filter by various type of 
tunneling mechanisms. The tunneling rates are mainly investigated as a function of the 

difference in energy between theE, level of the QW1 and the El level of the QW2 

(see Figure 3.1). 

3.1 Introduction 

Recently, it has been demonstrated that in order to achieve inverted population in a 

triple barrier resonant tunneling structure (TBRTS) one should ensure efficient re- 

moval of carriers from the E, level [15,62,63]. Transport through the TBRTS has also 

been extensively theoretically [64-66] and experimentally [67-69] studied. The physics 

of resonant tunneling in these systems is much more than an extension of the results of 

the double-barrier case (1,2,70-77] since the former involves the coupling of quasi- 
bound states between two adjacent wells in the DQW structure. In most cases the 

experimental resonant position corresponds to theoretical prediction based on a ID 

self-consistent solution of Poisson's and Schr6dinger equations. However, the ampli- 

tude and width of the LO-phonon peak differ significantly from the ID-model [68]. 
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This discrepancy arises from scattering processes which accompany tunneling pro- 

cesses and result in sequential, rather than coherent, tunneling. This was clearly 
demonstrated in experiment with application of strong magnetic field parallel to the 

current [67-69]. These papers experimentally prove the essential role of LO phonons 
for sequential tunneling. Theoretically, the role of LO-phonon assisted tunneling in 

resonant tunneling was also extensively studied [67,70-75]. The main result for TBRTS 

shows that the resonant peak in the current-voltage characteristics became wider and a 

satellite peak appears at an LO-phonon energy. 

Another LO-phonon assisted tunneling problem comes from the studies of a ver- 

tical transport in superlattices [78,79]. It was found that LO-phonon scattering is the 

most efficient process for hopping conductivity [80]. It has also been shown by Tsu 

and D6hler [78] that superlattice transport can be reduced to a DQW problem. The 

transfer integral for the DQW system was calculated by Calecki et al [79]. However, 

the calculation did not take into account that initial and final states should be orthogo- 

nal, and their result takes only the exponentially small overlap of wavefunctions in the 

barrier. This problem has be resolved numerically by Weil and Vinter [80], and their 

result shows that the main overlap comes from well regions, but not from the 

interbarrier overlap. This approach has been generalized by Ferreira and Bastard [12], 

and Harrison [8 1 ]. These calculations take into account the slope of conduction band in 

the heterostructure affected by applied electric field, and also consider other various 

mechanisms for interwell scattering such as the electron-electron (e-e) and electron- 

acoustic-phonon scattering. However, in both papers [12,81] the 1D-Schr6dinger equa- 

tion was treated numerically without taking into account the different effective masses 

of electrons in the wells and barriers. The exact analytic solution of the ID-Schr6din- 

ger equation taking into account the different effective masses has been obtained by 

Allen and Richardson [64]. However, the results are not practical to calculate the 

matrix elements for the LO-phonon transitions. 
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3.2 Formalism of LO-phonon assisted tunneling in double quantum 

well structures 

3.2.1 Electronic states in a DQW structure 

Conducfion 
banded, cre 

Figure 3.1 Schematic conduction bandedge profile of a DQW structure with a wider well 
(QWI) as a lasing unit and a narrower well (QW2) as an electronic energy filter 
by various types of tunneling mechanisms. 

A GaAs/Al., Gal.. As DQW structure is schematically shown in Figure 3.1. This has 

been used as an intersubband lasing structure, consisting of a wider well (QWI) as a 
lasing unit and a narrower well (QW2) as an electronic energy filter by various type of 
tunneling mechanisms. To create lasing efficiency, in general, it is necessary to achieve 

a sufficient population inversion between subbands E2 and E, in the QWL Popula- 

tion inversion occurs when the device has appropriate design parameters providing a 

good electron confinement at the upper subband E2 and short electron lifetime at the 

lower subband E, . 

Electric field, F 

. 40 

Zl Z2 Z3 Growth a. -ds-z 
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In this chapter the tunneling rates of electron from the subband El are investi- 

gated. The investigation mainly focuses on a variation of the electron tunneling rates, 

I, 
as a function of the energy difference El - E*; where -r, is the tunneling time of 

ri 

the electron from subband E,. The notations El, E2 and E, stand for the electron 

states in each of the wells when isolated from each other (see Figure 3.1). 

However, in reality, one has to consider the system where two potential wells are 

connected via a barrier that permits a measure of quantum mechanical tunneling. For 

reasons of simplification, the DQW structure shown in Figure 3.1 can be simplified by 

neglecting the effect of linear potential drop in the wells, and consider it as a rectangu- 

lar QW with finite-wall problem. To make the results more realistic it is useful to take 

into account finite barrier heights in first approximation (as employed in Chapter 2) 

that give for effective well widths of QWI, QW2 and barrier thickness in terms of a,, 

dc and b, respectively [39,42,46-53] : 

ac = L, + 50 + i5l, dc = L2 + 82 + 83 hc = b-81-052 (3.1) 

and 

151 
h- 

i=0,1,2,3 (3.2) 
ýM*wb-- U 

where L, and L, are the well widths of QWI and QW2, respectively. b refers to the 

middle barrier thickness, m,, and mb stand for effective masses of the electron in the 

QWs, and in the barriers, respectively. U, are the heights of the barriers adjusted to the 

QWs that takes into account applied electric field F, given as 

UO = AEC + eF(L' U, AEC - eF( 
L, +b 

2 
(3.3) 

U2 = AEC + eF( 
L2 +b U3 AEC - eF 1ý2 

ý2 

(2 
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where AEc is the conduction band-offset of the GaAs/Al,, Gal-,, As heterostructure, F 

is the magnitude of the applied electric field, and e is the electronic charge. In general, 

this approach works well if the barrier is high enough; i. e. 
;r 

2h2 

<< AEc. ým, *, 2 dc 

According to the approach above, and neglecting the exponentially small tails of 

the wavefunctions as they give a small contribution to the LO-phonon matrix element, 

the ground state wavefunctions in each of the wells when isolated from each other can 
be given by 

0 

ac 
Irp, (z) 

F2 
sin[ 7r (z + 

ac ac 
0 

;z< -150 
; -, 50 <z< zi + 05, (3.4) 

; Z>Zi+81 

0 

7_ 
c 

V2 (Z) sin 
F2 17 (Z3 + 83 -Z 

c 
[7c 'T 

0 

;Z< Z2 -'52 

; Z2 - t52 <Z< Z3 + j3 (3.5) 

;Z> Z3 + 53 

where (p, and V2 stand for the unperturbed states E, and E*, respectively. Because 

wells are coupled, one can assume that the eigcnfunction of the system is a linear 

combination of (p, and V2 [82-86]. Thus, 

V(Z) = alvl(z) + a2(P2(Z), (3.6) 

In this approach the values of a, and a2 are determined from the eigenvalue equation 

EI M12 (al )=E, al 
, 

(M2, 

EI'+iI" a2 a2 
(3.7) 

where E' is the energy eigenvalue of the electron when wells are coupled. M12 is the 

transfer integral between the states E, and E, ; in this work it is assumed that 

M12 = M21 = -M, and r is half width of the E* level. According to the approach I 
introduced by Bar-Joseph and Gurvitz [86] the latter M can be given as 
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h'ic 2 El 
112 

M exp(- Kb) (3.8) 

M. 
7LILý 

2 

M, 

where 

2m mw 
M, Mb* (U, 

-EI) +1 2 h2 h2 
(U2 

-EI (3.9) 

The resulting calculations for the DQW structure with well widths and barrier thick- 

ness: L, = 66 A, L2 = 33 A and b= 26 A, give the approximate values of M around 

5.0 meV depending on the magnitude of electric field. However, experimental data 

reported by Li et al [ 15] gives M as about 7.5 meV for such the DQW structure. 

Furthermore the perturbed energy eigenvalues satisfied Eq. (3.7) are determined by 

the secular equation, 

det 
E'- EI M (M 

E' - EI - i, 

) 

and it is finally obtained that 

2 (El +E -ir El - El* +, ]F 
+ M2 

. 

The actual energy splitting clearly depends on the magnitude of the transfer integral 

M, and the half width r of the E, level. With the introduction of and 

_02 +(M2 r, 2) 
w -i the norinalized eigen wavefunctions are 

(P (±) (Z) 
Z-- CI(±)(PI(Z)'+ C2(±)(P2(Z) 

9 
(3.12) 
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-+2 _I r2 
COT 6 

where Cl(±) -4- and C(±) = 
((O: F 6)2 + m2 r, 2 

2 
(01 T- 02 +(M2 1,2 

44 

3.2.2 The LO-phonon assisted tunneling in a DQW structure 

According to Fermi's golden rule, the scattering rates of an electron from an initial 

state m, k' in the mth subband to all final states n, kf in the nth subband accom- I 
XY 

)I 
XY 

) 

panied by emission (or absorption) of a phonon with energy ho) is [12,58,59] 

21r 2 

n, kf 
If. 

-ph 
Im, k' g(Ei-E : Fhw)dNf (3.13) 

hf 
1( 

_V V)l f 

where the upper (lower) sign refers to emission (absorption) of the phonon. E, and Ef 

are the total energies of the electron at initial and final states, respectively. In this 

expression the integration is done over the final density of states Nf . For the LO- 

phonon scattering mode the rate is therefore [ 12,60] 

I= Co ff I.,, (Q)[(No + 1), 5(El - Ef - hwo)+ NO, 5(Ei - Ef + hcoo)]d 2 kf , (3.14) 
ri XY 

associated with the appropriate variables as given in Eqs. (2.19)-(2.23). The integral 

I. (Q) can be obtained from Eq. (2.26), and it is simplified by considering the results 

only for an extreme condition of small Q values; Le. Q << q.,. 

By substituting wavefunctions given by Eq. (3.12) into Eq. (2.26) 

I 

(cl, +)q(-) 
Q 1+ 0.207Qac 

ý 
-) Y 2C, (")C, (-)C(')C(-) C 

2(+) 
C 

2( 22 

1+ 0.207Qd 
c- I+Q(ac +bc+ 

dc 
22 

(3.15) 

and the magnitude of the in-plane phonon wave vector Q given in Eq. (2.21) can be 

written as 
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1/2 
r Ij 7 

Cos 
)hooo 

j6 
1 

where 0 is the angle between k' and kf 
. The dimensionless energy parameters 8 and XY XY 

are defined as follows: 

ch2 
(k' 

=. XY (3.17) 
h coo 2 m, *, h wo 

I- 
E(') -E(-) 

- 

V(El 
- Ej Y+ (4M 2- iF2 ). 

(3.18) 
h COO h coo 

The expression for the LO-phonon assisted tunneling rates given in Eq. (3.14) asso- 

ciated with Eqs. (3.15)-(3.18), in general, can be applied to any LO-phonon scattering 

processes from the mth subband to the nth subband. It clearly shows that the rate 
I 

Tj 

depends on both 
j6 and 

3.3 Results and discussion 

Semi-analytic calculations of the LO-phonon assisted tunneling rates have been 

performed for a GaAs/A]0.3Gao. 7As DQW structure with relevant characteristic parame- 

ters: L, = 66 A, b= 26 A, and L2 = 33 A. In Figure 3.2 the tunneling rates at tempera- 

ture T=0K for different values of M: 5.0 meV and 7.5 meV are investigated as a 

function of the energy difference E, - E, . In these plots the resulting calculations of 

the LO-phonon assisted tunneling rates (solid line) are mainly to compare with the 

coherent tunneling rates (dash-dot line) 

I=-I 
ImE(') 

'rl coherent 
2h 4 M2' r, 2 

1+ (EI 
-ý *ý )' 

(3.19) 

(see for details in Chapter 5). 
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Figure 3.2 Electron tunneling rates as a function of the energy difference E, - E, at 
operating temperature T=0K for different values of the transfer integral M 
(a) 5.0 meV, and (b) 7.5 meV. 

Figure 3.2(a) shows that for M=5. OmeV the tunneling rate due to electron-LO- 

phonon scattering is much less than the rates due to coherent tunneling. However, these 

rates of LO-phonon assisted tunneling and coherent tunneling become comparable to 

each other when the magnitude of the transfer integral M increases; see Figure 3.2(b). 

In general, the results show that it is possible to get effective LO-phonon assisted tun- 

neling even though the rates are slightly less than that from coherent tunneling. 

However, the LO-phonon assisted tunneling has an advantage of a wider energy range 

and is less sensitive to nonparabolicity effects than coherent tunneling. 
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Figure 3.3 In-plane kinetic energy dependence of the LO-phonon assisted tunneling rates at 
operating temperature T=0K for different values of the transfer integral M 
(a) 5.0 meV, and (b) 7.5 meV. 

In addition, our formula can be used for roughly investigating the tunneling rates 
for hot electrons, i. e., 8 ;, -- 0. According to Eq. (3.1.6) one can, easily find that the in- 

plane momentum transfer gradually increases with 8. As a result, the integral I., (Q) 

is slightly decreased that results in decreasing of the LO-phonon assisted tunneling 

rates at a particular value of the energy difference E, - E, 

Figure 3.3 presents the in-plane kinetic energy dependence of LO-phonon assisted 

tunneling rates for different values of the dimensionless energy difference 
h co, 

: 0, 


