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Abstract

It is well known that the low energy dynamics of many types of soliton can be
approximated by geodesic motion on M,, the moduli space of static n-solitons, which
is usually a Kéhler manifold. This thesis presents a detailed study of magnetic geodesic
motion on a Kéhler manifold in the case where the magnetic field 2-form is the Ricci
form. This flow, which we call Ricci Magnetic Geodesic (RMG) flow, is first studied in
general. A symmetry reduction result is proved which allows one to localize the flow
onto the fixed point set of any group of holomorphic isometries of a Kihler manifold
M. A subtlety of this reduction, which was overlooked by Krusch and Speight, is
pointed out. Since RMG flow occurs at constant speed, it follows immediately that
the flow is complete if M is geodesically complete. We show, by means of an explicit
counterexample that, contrary to a conjecture of Krusch and Speight, the converse is
false: it is possible for a geodesically incomplete manifold to be RMG complete. RMG
completeness of metrically incomplete manifolds is therefore a nontrivial issue, and one

which will be addressed repeatedly in later chapters.

We then specialize to the case where M, is the moduli space of abelian Higgs n-vortices,
which is the context in which RMG flow was first proposed, by Collie and Tong, as a
low energy model of the dynamics of a certain type of Chern-Simons n-vortices on R?.
The unit vortex is constructed numerically, and its asymptotics is studied. It is shown
that, contrary to an assertion of Collie and Tong, RMG flow does not coincide with an
earlier proposed magnetic geodesic model of vortex motion due to Kim and Lee. It is
further shown that Kim and Lee’s model is ill-defined on the vortex coincidence set. An
asymptotic formula for the scattering angle of well-separated vortices executing RMG
flow is computed. We then change the spatial geometry, placing the vortices on the
hyperbolic plane of critical curvature. An explicit formula for the two-vortex metric is
derived, extending the results of Strachan, who computed the metric on a submanifold
of centred 2-vortices. The RMG flow localized on this submanifold is compared with its

intrinsic RMG flow, revealing strong qualitative differences.
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We then study the moduli space H,, x(3) of degree n CP* lumps on a compact Riemann
surface Y. It is shown that Rat; = H;(S?) is RMG complete (despite being metrically
incomplete). The Einstein-Hilbert action of #, ;,(S?) is computed, supporting (for k > 1)
a conjecture of Baptista. A natural class of topologically cylindrical submanifolds of
H,.1(X), called dilation cylinders, is studied: their volumes are computed, and it is shown
that they are all isometrically embeddable as surfaces of revolution in R®. Conditions
under which they are totally geodesic, for ¥ = S? and T2, are found, and RMG flow on

some examples is studied.

Finally, a new metric on H,,1(X), derived from the Baby-Skyrme model, is introduced.
On Rat;, this metric is determined explicitly and some geometric aspects such as the

volume, geodesic flow and the spectral problem with respect to this metric are studied.
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Chapter 1

Ricci Magnetic Geodesics

1.1 Preliminaries

Let M be an n-dimensional Riemannian manifold with a Riemannian metric ¢ and let V
be the Levi-Civita connexion with respect to g. Let v : I — M be a smooth curve on
M. The tangent bundle 7'M over M can be pulled back by v to a vector bundle over /
whose fibre at ¢ € [ is the tangent space 7', ;) M. This bundle is called the pullback bundle
of TM to I by v and is denoted by v*T'M. There is a unique connexion V” on v*T' M
defined by V as follows

Vg/dt(f 07) = (Vay @ané) © 7, (1.1.1)

for any £ € I'(T'M) where I'(T'M) denotes the space of sections, called vector fields on
M, of TM. Since V is metric compatible on 7'M with g, then V7 is metric connexion

on v*T'M compatible with v*g.
A geodesic on M is a smooth curve () on M which satisfies

Vi =0, (1.1.2)

where () denotes the velocity of ~(¢). Since V7 is metric compatible, then the speed
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||%/(t)]] satisfies

IO = S o630, 4(0) = 2060, (VyuNO) =0 (113)

This implies that geodesics on M are traversed at constant speed. In terms of local
coordinates (z',...,2") on M, the geodesic equation (1.1.2) is given by
it 4+ Y i'i? =0, (1.1.4)

where Ffj are smooth real valued functions called Christoffel symbols with respect to g.

These functions are defined locally as

k _ = _mk J o J
i = 29 < Ozt OxI éhem)’ (1.15)

where g;; are the metric components of g and g are the components of the inverse metric

g_l. Clearly, the smoothness of Ffj

guarantees the existence of a unique local solution
of (1.1.4). If the geodesic equation on M has a global solution for all choices of initial
data 4(0) € T. ~(0) M, that is, the solution exists for all time, then M is called geodesically

complete. Otherwise, M is geodesically incomplete.

Any Riemannian manifold (M, ¢g) can be thought as a metric space with a metric distance

function d, defined as

dy(p,q) = inf{Ly[y] : v is a piecewise C' curve from p to ¢}, (1.1.6)

where L,[v] is the length of 7 : [t1,t3] — M given by

%m:[?@mmwmﬁzlﬂwmw. (1.1.7)

An important theorem in Riemannian geometry is the Hopf-Rinow Theorem (see, for
example, [22, p.98]). This states that a Riemannian manifold (M, g) is geodesically

complete if and only if (M, d,) is a complete metric space.
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1.2 Ricci Magnetic Geodesics

The motion of a particle on a Riemannian manifold (), g) under the effect of a magnetic
field given by a 2-form B on M is described by a curve 7(t) on M which satisfies the

following equation
Vz/dt"y =\ B, (1.2.1)
where ) is a nonzero real constant. Here, the symbol § denotes the musical isomorphism
with respect to g which assigns to any 1-form p on M a vector field {4 defined as
g(tp, X) = p(X), VX eD(TM). (1.2.2)
The map ¢ : QP (M) — QP~'(M) is the interior product of Q2”(M), the space of p-forms
on M, with respect to 7y defined as
(L;ﬂ])(Xl, Ce 7Xp71) = 7](’)/, X17 ce ,Xp,1>, (123)
forany (X1,...,X,_1) where X; € I'(T'M). A curve (t) which solves (1.2.1) is called a

magnetic geodesic on M. We referred to [18, 44] for the definition of magnetic geodesics.

Let (M, g) be a Kdhler manifold with respect to an almost complex structure J. That is, M
is a complex manifold whose Riemannian metric g is Hermitian, ¢(X,Y) = ¢g(JX, JY)

and its associated 2-form

w(X,Y)=g(JX,Y), VX, YeDl(TM) (1.2.4)

is closed. The 2-form w is called the Kihler form on M. On the Kihler manifold M, the

Ricci curvature tensor, denoted Ric, with respect to g satisfies

Ric(X,Y) =Ric(JX,JY), VX,Y €T (TM). (1.2.5)
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There is a closed 2-form p, associated with the Ricci curvature tensor on M, defined as

p(X,Y)=Ric(JX,Y), VX, YeIl(TM). (1.2.6)

This is the so-called Ricci form on M. Choosing the 2-form B in (1.2.1) to be the Ricci

form p,

Vaa¥ = A iusp, (1.2.7)

a smooth curve 7(¢) on a Kidhler manifold M is called Ricci magnetic geodesic if it
satisfies the above equation (1.2.7). This is called Ricci magnetic geodesic equation and

it is given locally by

g (E* + T5 i'37) = X py ", l=1,...,n, (1.2.8)

where py,; are the components of the Ricci form p. This flow has been derived by Collie
and Tong in [17] through a study of the dynamics of certain topological solitons, as
we shall see in Chapter 2. The geometric formulation given in (1.2.7) analogous to the
Ricci magnetic geodesic motion is due to Krusch and Speight [27] who determined some

features of Ricci magnetic geodesic motion.

The metric compatibility of V7 and the skew-symmetry of the Ricci form p imply

%IW(@HQ = ig(ﬁ(t)ﬁ(t)) = 29(7(t), Via V() = 29(3(8), M t50),

dt
= 2X(t300) (Y(2)),

=220(3(1),7(1)) =0,  (1.29)

from which it follows that Ricci magnetic geodesics are traversed at constant speed.
Clearly, by (1.2.8), Ricci magnetic geodesic (¢) does not only depend on the direction

of the initial velocity §(0) but it also depends on the initial speed ||¥(0)||. Furthermore,
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the parameter A in (1.2.7) can be rescaled to any convenient value by rescaling the time.
That is, if v(t) is a solution of (1.2.7), then J(¢) = v(\.t) is also a solution of (1.2.7) but
with a new parameter A = A\ Hence, one expects that the Ricci magnetic geodesic ~y(t)

to approach geodesic behaviour as ||¥(0)|| — oo [27].

Let M be a Kéhler manifold whose second de Rham cohomology group H3,(M,R) is
trivial. Then, by definition, the closed 2-form p on M is exact, namely, there exists a

1-form a on M such that the exterior derivative da = p.
Now, consider the dynamical Lagrangian

1. ) 1 i
L= §H’y(t)|]2 —da(§(t)) = 59i & = \a; 3. (1.2.10)

The action S|~y| with respect to the Lagrangian L for any trajectory v(¢) on M beginning

aty; = 7(t1) and ending at vy = 7(t2) is defined as

t2
STl :/ L dt. (1.2.11)
t1

The actual motion determined by L is a critical point of the action S[7] [35, p.16]. This

means that

d

_Sh/s]

= 1.2.12
75 0, ( )

s=0

where 75 is the curve ¢ — K(s,t) for a given variation K : (—¢,€) X [t;,t2] — M of
7, that is, K(0,t) = ~(t), with fixed points K (s,t;) = 7, and K(s,t2) = 7, for all
s € (—¢,€). Now, let X(s,t) = dK(0/0t) and Y (s,t) = dK(0/0s) be sections of the
pullback bundle K*T'M. For fixed s, X (s, t) can be thought as the tangent vector of the
curve 75 : t — K(s,t) and for fixed ¢, Y (s,t) can be seen as the tangent vector of the

curve s — K (s,1).

Now, to find the critical point of the action S[y], we will compute the first variation
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formula of S[7] as follows

55500 = [ (GpX (5. X (5.0) = A falX(s.0) ) .

:/tt2 (g(X(S,t),Vg/asX(s,t))—/\%a(X(s,t))) dt. (1.2.13)

Here, we have used the metric compatibility of V. Since V is torsion free, one can see

that

ViosX — VY =0. (1.2.14)
It follows that
£S[%] = 9(X(s,1), Vg Y (5,1)) — )\ga(X(s,t)) dt. (1.2.15)
t1

Since V¥ is metric compatible, then

% (X(5,1),Y (5,1)) = g(Vi9. X (5,1),Y (5,8)) + 9(X (5,1), V5,5, Y (s,1)). (1.2.16)

Moreover, it follows from the definition of the exterior derivative of ¢ that

da(Y (s,t), X(s,t)) = %a(X(s,t)) - %a(Y(s,t)). (1.2.17)

Then, using (1.2.16) and (1.2.17) in (1.2.15), we have
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550 = [ 5 a0 0. () = xatv ()|
n /t 2()\da(X(s,t),Y(s,t)) _ g(Vg/atX(s,t),Y(s,t))> dt,

to

- {g(X(s,t), Y(s,t)) — Aa(Y (s, t))]

t1

to
# [ (W 0.7 (5.0) = oV X e V) ) b 01218
t1
Since the variation has fixed endpoints, Y (s,?;) = Y'(s,t2) = 0. Thus,

%sm]: /tt (Ap(X(s,t),Y(s,t))—g(Vg/atX(s,t),Y(s,t))> dt.  (1.2.19)

For s = 0, X(0,t) = 4o(t) = ¥(t), and so

5500 = [7 (3wt Y0.0) ~ V0. Y0.0))
- [ (M) 0.0) - (T3 0. V0.1 )
= [ (05000 Y 0.0) - sTui0). Y (0.0 ) .

_ / 9(Ntsp — V(1) Y (0,1)) dt. (1.2.20)

t1

It follows from (1.2.20) that if v(¢) is a Ricci magnetic geodesic, then the right hand
side vanishes for all variations, and hence the Ricci magnetic geodesic ~(t) is a
critical point of S[y|. Conversely, if v(¢) is a critical point of S[v], then the left hand
side vanishes. Then, the Fundamental Lemma of Calculus of Variations implies that
9(Msp — Vg ¥(0),Y(0,8)) = 0 for all 0 # Y(0,t) € I'(y"TM). Since g is
non-degenerate, then Afuyyp — V) sar7(t) = 0, and therefore v(t) is Ricci magnetic

geodesic.
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We conclude that on a Kihler manifold M with Hj(M,R) = 0, the curve v(t) on M is

a critical point of the action S[v] if and only if it is Ricci magnetic geodesic on M.

It is a standard result in the Calculus of Variations that the Euler-Lagrange equations with

respect to L,

d (0L oL
— - = —, 1=1,...,n, 1.2.21
dt (&tl ) Ox? ( )
are the motion equations. Since Ricci magnetic geodesic is the actual motion with respect
to L, then the Euler-Lagrange equations are the Ricci magnetic geodesic equations given

in (1.2.8).

In the Ricci magnetic geodesic dynamical system, the total energy

1

B = SO = S96(0),4(0) > 0, (1222)

is conserved since Ricci magnetic geodesics are traversed at constant speed. Henceforth,

we will use the letters “RMG” to indicate briefly “Ricci magnetic geodesic”.

1.3 Ricci Magnetic Geodesics and Symmetry Reduction

Let M and N be n-dimensional Riemannian manifolds equipped with Riemannian
metrics g); and gy, respectively. An isometry ¢ : M — N is a diffeomorphism such that

the pullback of gy by ¢ is gy, namely, ©* gy = gps.

Proposition 1.3.1. Let ¢ : M — N be a holomorphic isometry between two Kdhler

manifolds. Then, © maps an RMG curve on M to an RMG curve on N.

Proof: Let V and V be the Levi-Civita connexions with respect to the Kihler metrics

gyu and gy on M and N, respectively. Let also 7(t) be an RMG curve on M. Since
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@ : M — N is an isometry, then [39, p.90]

dp(Vya¥) = Vg dey,  where  (dpd)(t) = dp (3(1)). (1.3.1)

Now, we show that if () is an RMG curve on M, then (¢ o v)(¢) is an RMG curve on
N.Forany X € I'(T M),

gn(Vi dey, dpX) = gn(de(V],47), dpX) = gu (V47 X). (1.32)

Let pp; and py be the Ricci forms on M and N, respectively. Since () is an RMG curve

on M, then

9 (Vga ¥, X) = gu(Mnrespar, X) = Aspar(X) = Apar (7, X) = ARicr (Jary, X).
(1.3.3)
But, by the definition of Ricci curvature tensor, for all X,Y € I'(T'M),

Ricy(X,Y) = gu(Ru(E, X)Y, E) =Y gn(de(Ru(E;, X)Y),dp Ey),

i=1 i=1

= gn(By(d¢ E;,dp X)dp Y, dg E;),

i=1

= Ricy (dpX, dpY), (1.3.4)

where {F;,i = 1,...,n} is an orthonormal basis for vector fields on M, and R);, Ry
are the Riemannian curvature tensors on M and N, respectively. Then, it follows from
(1.3.2), (1.3.3) and (1.3.4) that

gn (V55 i, dpX) = ARicar(Jary, X) = A Riey (d(Jyd), dpX).  (13.5)

Since ¢ is holomorphic, then dp o Jy; = Jy o dp. Thus,
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gn(VE" dpy, dpX) = A Riew (v (dpd), dpX) = Apn (do, doX),
= Mgy (dpX),

= gn(Mintagspn, dpX).  (1.3.6)

Since gy is non-degenerate and d is surjective, then

Vj/ogt ng’Y = /\ﬁNLdap"ypN- (137)

Hence, (¢ o 7)(t) is an RMG curve on V.

Let M be a submanifold of a Riemannian manifold M. Then, M is totally geodesic if
every geodesic on M is also geodesic on M. From this definition, we define a totally

RMG submanifold as follows

Definition 1.3.2. A complex submanifold M of a Kéhler manifold M is totally RMG if
every RMG curve on M is also an RMG curve on M.

Corollary 1.3.3. Let M be a Kdihler manifold and let M be a connected component of
the fixed point set of a group of holomorphic isometries M — M. Then, any RMG curve

v : I — M with initial data %(0) € T, )M remains on M for all time.

Proof: Let G be a group of holomorphic isometries M — M and let M be a connected

component of the fixed point set of GG. Let also

V, = {u € T,M : dp,u=u, Yo € G}, Vpe M. (1.3.8)

We know that M is a totally geodesic submanifold of M and T,M =V, forall p € M [8,
p.235]. Now, let  : I — M be an RMG curve on M with initial data
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vO0)=pe M,  4(0)=wveT,M. (1.3.9)

By Proposition 1.3.1, for all ¢ € G, the curve (¢ 07)(t) is RMG on M. Its initial data are

(po)(0)=p(p) =pe M, (dp7)(0) = dpp(v) = v € T, M. (1.3.10)

Thus, both v(#) and (¢ o v)(t) satisfy the RMG equation on M with the same initial data,

and so the uniqueness of RMG solution, as an ODE initial value problem, implies

(poy)(t)=~(t), Veed. (1.3.11)

Hence, y(t) € M for all time.
a

Remark 1.3.4. One can see that the connected component M of the fixed point set of a

group G of holomorphic isometries on a Kihler manifold M is a complex submanifold of
M, and so is Kihler. This follows from that for all u € T,M =V, and all ¢ € G, the

almost complex structure J on M satisfies

Jyu = J, (dpyu) = do, (Jyu), (1.3.12)
and so, Jyu € V, = T,M for all u € T,M. However, Corollary 1.3.3 does not imply that
M is a totally RMG submanifold of M, since in general

where p is the Ricci form on M and py; is the Ricci form on M defined by the induced

metric on M.
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1.4 Ricci Magnetic Geodesics on Surfaces of Revolution
On a Riemannian manifold (), g) of real dimension 2, the Ricci curvature tensor is given
by [7, p.4]

Ric(X,Y) = g g(X,Y), VX,YeT(TM), (1.4.1)

where « is the scalar curvature with respect to g. If (M, g) is Kihler, then for any RMG
curve y(t) on M, it follows from (1.4.1) that

g(vz/dt ;ya X) = g()‘ﬂb"ypa X) = )‘L"/p(X) = )‘p(77X) = A Rlc(‘]’}/a X)>
=25 9(J7.X),  (142)

for all X € I'(M). Thus, on Kdhler manifolds of real dimension 2, the RMG equation

(1.2.7) can be written as [27]

. K.
Vi 7= A5 T4 (1.4.3)

In this section, we are interested in RMG flow on a class of 2-dimensional Riemannian
manifolds which have an isometric circle action. They are the so-called surfaces of
revolution and denoted M,,,. Here, the Riemannian metric g on M, is given, in terms of

the polar local coordinates (r, #), by

g = f(r) (dr* +r? d6?), (1.4.4)

for some smooth positive real valued function f(r). We find that the scalar curvature with

respect to g is

L defW)
= dr(f(r))‘ (145

Using (1.4.5) in (1.4.1), the Ricci form with respect to g is
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o 1d (rfi(r)
-1 5( L > dr A db. (14.6)

Thus, the RMG equations on (M, g) are

FOr)i+ %f’(r)fz - %T(Qf(r) +rf!(r)6? = % dii (7&?)9’, (1.4.7)
2 ) / -'__éi ’I“f(?“) P
rPfr) 6+ r(2f(r)+rf'(r) 7 6= QdT(f(r) . (1.4.8)

Let H C%R(Mqor, R) be trivial, then there exists a 1-form a such that da = p. It follows from
(1.4.6) that

_ _% <Tj: (i§)> do. (1.4.9)

Hence, the RMG motion on M, is determined by the following Lagrangian

_1 PV (72 4 262 é rf'(r) 4
L=/ + 9)+2(f(r))9. (1.4.10)

The conserved total energy I with respect to L is
1 2 242
E:§f(r)(7° +7°6%). (1.4.11)

Furthermore, since 6 is cyclic, i.e. L does not depend on 6, there is a conserved angular

momentum P € R given by

oL ;A rf'(r))
P=—=r’f(r)0+= : 1.4.12
=458 (1412)
One can use (1.4.12) to eliminate 6 from (1.4.11), that is,
_ 1 22 rf'(r) ?
E= éf(r)r + 22 () <P - A 2f(r)> . (1.4.13)

Note that using conservation of angular momentum and energy, we can reduce the
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equations of motions to a single first order ODE of the form

B = 1)+ Vilr), (14.14)

where Vp(r) is a non-negative real valued function given by

Ve(r) = 27’2;]%7“) (P — A %) . (1.4.15)

Note that this is identical to the equation satisfied by a particle moving on [0, co) with
metric f(r) dr? subject to a potential V(). Hence, we call V(r) the effective potential

function.

Now, for certain energy £/ > 0 and angular momentum P € R, let D, p denote the image
of the level set of RMG flow on 7'M, with £ and P, under the projection 7'M, \{0} —
T'(0,00). That is,

Dip = {(r#) : B = SF(r)* + Vo(r)} (14.16)

Definition 1.4.1. A Kdhler manifold M is called RMG complete if every RMG curve on

M exists for all time. Otherwise, M is RMG incomplete.

It has been conjectured in [27] that the geodesically incompleteness of a Kédhler manifold
guarantees its RMG incompleteness. In fact, we can show that this is not always true by

discussing the following counterexample:
Consider a surface of revolution with the Riemannian metric

g = sech r (dr® 4 r*d6?). (1.4.17)

This surface of revolution will be denoted Y..,. The length of a curve (t) on Y, is

given by
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to -
L,y = / \/sech (72 + r2602) dt. (1.4.18)
t1

One can see that the metric space (Xqech, dy) is incomplete by considering the sequence

{pn} with p,, = (n,0) on L. Then,

< . (1.4.19)

/ vsech r dr

" 2 "2
/ \/ dr / \/— dr
n er+e " n e’

Let N be a positive integer such that m,n > N. By choosing N sufficiently large, it

dg(pnapm) S

follows from (1.4.19) that {p,, } is a Cauchy sequence on Y. Clearly, {p, } is divergent,
and so (X, dy) is an incomplete metric space. Consequently, by Hopf-Rinow Theorem

[22, p.98], Xech 18 geodesically incomplete.

Theorem 1.4.2. The surface of revolution Xy, is RMG complete.
The proof of this Theorem proceeds in several steps:

Proposition 1.4.3. For any energy I and angular momentum P, the set D p, given in

(1.4.16), of an RMG flow on Y.y, is bounded.

Proof: For an RMG flow on X, with & and P, the set D, p, defined in (1.4.16), is

1
Dgp={(r,r): E= 5 sech 7 72 + Vp(r)}, (1.4.20)
where
V() L (o L) (1421)
)= —rtanhr | . 4.
P 2r2sechr 2

Without loss of generality, we chose A = 1. Let p; and p be the projections to the first
and second components on Dy, p, respectively. First, we show that for all € p1(Dg p),

r < M where
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M = max{24E,1/E,8|P|}. (1.4.22)

We will assume to the contrary that there exists » € p1(Dg p) such that > M. Then, it
follows from (1.4.22) that

1P|

1 1
r>24F, - < FE, —< - (1.4.23)
T r 8
From (1.4.20) and (1.4.21), we have
P? 1 sinh? P
sech 7 2 = 2F — — coshr — = U _ D ginhr
r2 4 coshr r
P? 1 sinh? P
<2F — —coshr — Somr T + uSinhr,
r2 4 coshr r
1 sinh? P
cop ks Pl (1.4.24)
4 coshr r

for all (r,7) € Dg p. Since (sinh?r = cosh?r — 1) and (sinhr < coshr) for all » > 0,

then for all (r,7) € Dg p,

1 1 1 P
sech 7 7% < 2F — ~coshr + — +ucoshr,
4 4 coshr r
|P| 1 1 1
=2F — == h - 1.4.25
+< r 4" T+4coshr ( )
Since (cosh r > r) for all » > 0, then, by using (1.4.23), we have
1 1 1
hr? < 2F — = cosh -
sech r v < 8cos r+4cosh7"’
1 1
<2F — - —
- 8T+ 4r’
1 1 3
< 2F — §(24E) + ZE = _ZE < 0. (1.4.26)

This is clearly false, and hence, for all € p1(Dg p), r < M.
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Consequently, we have

72 = ZCoshr(E — Vp(r)) < 2F coshr < 2FE cosh M. (1.4.27)

Thus, p2(Dg p) is also bounded. Therefore, for any £ and P, the set Dg p, given in
(1.4.20), is bounded.

Now, let us re-express the RMG problem on M, in terms of Cartesian coordinates © =

rcos 6 and y = rsin @, for convenience. The metric g on M, becomes

g = F(z,y) (d2* + dy*), where F(z,y)= f(r). (1.4.28)

Hence, RMG equations on Mj,, in Cartesian coordinates (z, y) are

1F:c.2 Fy.. 1F:1:2 9 2| -
i= -2 = i+ SR+ o [F(Fm +Fy) — (F2+ F2)|y,  (1.4.29)
= hl(xay7jjvy)a
. 1Fy.2 Fa: 1Fy.2 1 2 N
= h2($7y7-jjvy)7

where F, and F, denote the partial derivatives of F'(x,y) with respect to x and y,

respectively. Let H : R* — R* be a function given by

H(z(t)) = (23,24, ha (2(¢)), ha (2(¢))), (1.4.31)

where

2(t) = (21, 22, 23, 24) = (x(t), y(t), 2(t),y(t)). (1.4.32)
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Then, z(t) solves the RMG equations (1.4.29) and (1.4.30) if and only if

5(t) = H(2(t)). (1.4.33)
The function H(z(t)) is called the RMG flow function of M.

Let d, be the Euclidean distance function on R"™ which measures the distance between

z,y € R" as

do(2,y) = (zn:(z - y@-)2>1/2. (1.4.34)

=1

Then, the closed ball of R™ with radius R > 0 centred at ¢ is defined as

Br(c) ={z € R" : dy(z,¢) < R} C R™. (1.4.35)

Proposition 1.4.4. For any energy E and angular momentum P, there exists a real
number R = R(E,P) > 0 depending on E and P such that for any initial value z,
with E and P, the solution (if it exists) of the RMG problem on Y., is in B(0) C R*.

Proof: Let z(t) be a solution of the RMG initial value problem

2(t) = H(=(t)), 2(0) = 2o, (1.4.36)

on Ycn. We claim that z(¢) is bounded. It follows from Proposition 1.4.3 that for any F
and P, there exists M (E, P) > 0 such that

2+ 2 =2 (t) P (t) = < M2 (1.4.37)

Furthermore, using (1.4.11), we have

22422 = 22(t) 4+ 2 (t) = 7% + 1r%0* = 2E coshr < 2F cosh M. (1.4.38)

It follows from (1.4.37) and (1.4.38) that
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2
(do(z(t),0)> < M?+2Ecosh M =: R?, (1.4.39)

which establishes the claim.

a
We will combine Proposition 1.4.3 and Proposition 1.4.4 with a short time existence

result for RMG flow, proved using a standard Picard’s method argument [10, p.78-88].

Lemma 1.4.5. Let H : R" — R" be a function of class C'. Then, given a real number
R > 0, there exists T,(R) > 0 such that for all zy € Br(0) C R", there exists a unique

local solution of the intial value problem

At = H(z(t),  2(0) = 2, (1.4.40)

on [0, T.] such that z(t) € Bry1(0) forall t € [0, T,].

Proof: Let d be the max-metric distance function on R" given by

d(z,y) =max{|z; —yi|,i =1,...,n}, Vz,yeR" (1.4.41)

Then, for R > 0, the closed ball of radius R + 1 centred at the origin is defined with

respect to 9 as

B3, (0) ={z €R":6(2,0) < R+ 1} C R". (1.4.42)

Note that 0(z,0) < dy(2,0) for all z € R", and so B%.,(0) C Bg41(0). Since H is of
class C', each component H; : R" — R of H and its partial derivatives G;; := OH,;/0z; :
R"™ — R,i,j = 1,...,n, are continuous functions. Restricting H to B, +1(0) implies
that both H; and G;; are bounded. This means that there exist [, G, > 0 such that for
all z € BY,(0),

|H,(z)| < H., Gi;(2)| < G,,  Vij=1,...n (1.4.43)
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We show first that H : B3, (0) — R™ is globally Lipschitz with respect to the max-

metric 0. For all z,y € B%.,(0), we have

|H’L(Z) - Hl(y>| - |Hi(217227 e 'azn) - Hi(ylvyZa v 7yn)|7
S |Hi(21722, e ,Zn) — Hi(y1722, Ce ,Zn>|,
+ |Hi(y17227"'72n> _Hi(yhy%"'azn)‘

+ -+ |Hi(y1ay27 cee 7yn—1azn) - Hi(ylayQa s 7yn—17yn)|-

(1.4.44)
By the Mean Value Theorem, there exists ¢ € BY_,(0) such that
Gij(21, -5 251, Qs Zjats - -+ 20) (25 — y5) =Hi(z1, -0, 2215 250 2415 -5 20)
— Hi(Zl, ey Z5—1,Yj55 Zj41y - - - ,Zn).
(1.4.45)

Using (1.4.45) in (1.4.44), we have

|Hi(2) — Hi(y)| < |Girlaqu, 225 - -5 20|20 — 1] + [Gia(y1, o, 23, - - -5 20) || 22 — 32
+ o Gy, Y2 - -5 @a)ll2n = Ynl,
S Gl =yl + 2 — ol + -+ + |20 — wal),
<nG, max{|z; —yi|,i=1,...,n},

=nG,0(z,y). (1.4.46)

It follows from (1.4.46) that for all z,y € B%_,(0),

0(H(z),H(y)) = max{|H;(z) — Hi(y)|,i=1,...,n} <nG,d(z,y). (1.4.47)
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Hence, H : B2, ,(0) — R™ is globally Lipschitz with respect to the max-metric d.

Now, let

_ L} >
H,’ 2nG,

T, := min{ 0. (1.4.48)

Let also C%.; := C°([0,T.], B%,(0)) be the set of all continuous functions [0, 7%] —
B%.,(0). Note that [0,7.] is a closed interval and BY_,(0) is a complete metric space
with respect to §. Hence, C%, 41 1s a complete metric space with respect to the sup-metric

distance function

dp(h, g) := sup{d(h(t),g(t)),t € [0,T.]},  Vh,g€Chy. (1.4.49)

Now, consider the map

P :Chiy — C([0,T.],RM), W(h) =t~ 2+ /t H(h(s))ds. (1.4.50)
0

We will show that ¢)(Cj, ;) C Ch, ;. It follows from (1.4.50) that (k) is continuous. So,

we need to show that ¢(h)(t) € BY,,(0) for all ¢ € [0,T.] as follows

[ (h)(1)il = :

zoi—l—/o H;(h(s))ds
/0 Hi(h(s))ds
<Jeol + [ 1HAn(s)las.

< |zo,| +

Y

t
< |20, +/ H.ds = |z,| + H.t. (1.4.51)
0

Since 2y € Br(0) and T, < 1/H,,

lp(h)(t)i| < R+ H,t < R+ H, T, < R+ 1. (1.4.52)
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Hence, for all ¢ € [0, 7],

(0 (h)(t),0) = max{|(h)(t);|,i=1,...,n} < R+1, (1.4.53)
so 1(h)(t) € B%,,(0), and the claim is proved.
Furthermore, we claim that ¢ : C% b1 c) 41 18 a contraction map, which means that

there exists a positive real number k < 1 such that forall g, h € C}, 1, dap(1(h), 1 (g)) <
kdsp(h, g) [13, p.139]. Forall h, g € C},, and t € [0, T.], we have

() (8): — (g) (0):] = / (Hy(h(s)) — Hi(g(s))) ds|,

< /0 |Hi(h(s)) — Hig(s))| ds. (14.54)

Using (1.4.46) in (1.4.54) and since T, < 1/(2 n G.,.), then

t

[W(h)(8)i = ¥(g)(t)il < [ n G o(h(s),g(s)) ds,

t

< n G, dsup(hag) dS,

o— —

=n G, dyp(h, 9) t,

IN

n Gy dyp(h, g) Tk,
1
-2

N

daup (R, 9). (1.4.55)
Thus, for all h, g € Cj,, and t € [0,T.],
1
0((h)(1), ¥(9)(t)) = maxi|y(h)(t)i — ¥(9)(t)i,i = 1,....n} < Sdswy(h, g),

(1.4.56)

and so,
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dap(p(h), #(g)) = sup{d(@(h)(t), p(9) (1)), t € [0, T.]} < %dsup(h,g)- (1.4.57)

Hence, 1 is a contraction map from the complete metric space C'% 41 toitself. By the
Contraction Mapping Theorem [13, p.140], ¢ has a unique fixed point h. Clearly, h(t) is a
solution of the initial value problem on [0, 7] satisfying /(0) = zo, so the solution exists.
Conversely, any solution z(¢) of the initial value problem on [0, 7.] with z(¢) € B%,,(0)
for all t € [0,T,] is a fixed point of %, so this solution is unique.

O
Since RMG equations involve second partial derivatives of the metric components, the
local existence and uniqueness of the solution of RMG initial value problem requires that

the metric is, at least, of class C® to ensure that the RMG flow function is of class C*.

Recall that we wish to prove:

Theorem 1.4.2. Given any initial value zy € R* the RMG problem on Y., has a unique

solution z(t), with z(0) = zo, which exists for all time. Hence, .., is RMG complete.

Proof: On Y., the metric component F(z,y) = sech(y/22 + y?) is smooth for all

(z,y) € R2. This guarantees that the flow function H, given in (1.4.31), is of class C L

For any initial value z; with energy E and angular momentum P, by Proposition 1.4.4,
there exists R(E, P) > 0 such that the solution of the RMG problem on Y, is in
Br(0) C R*.

We claim that the RMG problem on Y, has a unique solution z(t) € Bg(0) for all
t € [0,nT,] and all n € Z*, where T, > 0 depends only on R.

We prove the claim by mathematical induction. First, we show that the statement is true

when n = 1. Since the flow function H is of class C', then the RMG problem on g 18



Chapter 1. Ricci Magnetic Geodesics 24

of type covered by Lemma 1.4.5. Therefore, there exists 7. (R) > 0 such that the RMG
problem on Y., with 2(0) = 2z, € Bg(0) has a unique solution 2(¢) € Br,1(0) for all
t € [0, T.]. By Proposition 1.4.4, in fact z(t) € Bg(0) for all t € [0, T.].

Now, we assume that the statement is true for some n and we show that it is true for
n + 1. By assumption, 2(nT,) € Br(0), and then the RMG problem with initial value
z, = z(nT,), by Lemma 1.4.5, has a unique solution z(t) for all ¢t € [nT%, (n + 1)T}].
Again, by Proposition 1.4.4, since z, has the same energy £ and angular momentum P

as 2, then z(t) € Bg(0) forall t € [nT, (n + 1)T.].

Since the solution exists on [0,n7] and [nT, (n + 1)T,], then it is valid for all ¢ €
[0, (n + 1)T%]. Thus, the statement is true for n + 1. Hence, the statement is true for all
n € Z*. Since z(t) exists and is unique on [0, nT,] for all n € Z™, it exists and is unique
for all £.

O

Remark 1.4.6. The geometric reason behind this counterexample is that in this particular
surface of revolution, the scalar curvature is unbounded above as r — oo, and so the
force (acceleration) becomes more effective near the boundary at infinity. This prevents
RMG trajectories on Y., from hitting the boundary at infinity in finite time, unlike

geodesics.
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Chapter 2

Chern-Simons Abelian Higgs Vortices

2.1 Field Theories

Let M and N be Riemannian manifolds of dimension m and n equipped with Riemannian
metrics g and h, respectively. Let x = (2',...,2™) denote local coordinates on M and
0; be the partial differentiation with respect to z*. Consider the spacetime R x M with
Lorentzian metric 7 = dt> — g. A scalar field theory on R x M consists of a scalar field
¢ : R x M — N and a Lagrangian density £ concerned with the dynamics of the field
¢. Generally, £ is a function of ¢ and its partial derivatives 0,6, r = 0,...,m, where
0o denotes the time derivative of ¢. The action functional S[¢] of a scalar field theory on
R x M is defined as an integral of the Lagrangian density £ over R x M whose extremals

are those fields which solve the motion equations of the field system. Explicitly,

S[g] :/:/M.C(auw) ™ dt, 2.1.1)

which is stationary for the scalar fields, beginning at ¢(¢;, x) and ending at ¢(t,, x), which
satisfy the Euler-Lagrange equations derived from £. The scalar field ¢ takes values
in the target manifold N, ¢(t,x) = (¢'(t,x),...,¢"(t,x)), and so the Euler-Lagrange

equations of L are
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oL oL
(9“(W> :a—qsl, lzl,...,n, (212)

where 0" = "0, u,v = 0,...,m. The integral of £ over M is called the field
Lagrangian, denoted L[¢|, and the Euler-Lagrange equations with respect to £ are called

the field equations of the theory.

A scalar field theory turns out to be gauged if there is a Lie group GG acting on N
such that the action S[¢|, defined in (2.1.1), is invariant under a set of local G-internal
transformations, that is, maps from R x M to GG. These are called gauge transformations
and they form a group G known as the gauge group of the theory. Generically, it is
essential to couple the scalar field ¢ with a gauge potential field A = (A,), p =0,...,m,
which is interpreted locally as a 1-form on R x M and then replace the partial derivatives
of ¢ in £ by its gauge covariant derivative D,¢ = 0,¢ — 1A, ¢ to ensure the invariance of

S[¢| (sometimes £) under the gauge group action. Here, the field equations are

oL oL
p - = =
D (a(DW)) s =L 2.1.3)
oL oL
1 - = =
0 (0(8“AV)) R v=0,1,...,m, (2.1.4)

where D" = n*”D,. If the group GG is Abelian (non-Abelian), then the field theory is
called Abelian (non-Abelian) gauged field theory.

Whenever the Lagrangian field theory is symmetric under a local transformation on R x
M, then there is a conserved current J = (J#), that is 0, J* = 0, associated to this
symmetry. This is known as Noether’s Theorem (see, for example, [35, p.28-30]). The
integral of the time component J over M is called the Noether’s charge of J. In the scalar

field theory, the Noether’s charge associated with the time-translation symmetry is
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oL .

If there are several fields, then the first term in (2.1.5) becomes a sum over terms, one for

each field. The Noether’s charge F[¢] gives the total energy of the field system.

The configuration space of the field theory, denoted %, is the space of all finite energy
field configurations. In the scalar field theory, the field configuration ¢(t,x) can be
thought as a curve on the space C*°(M, N), and so the configuration space € of the scalar
field theory is the space of finite energy smooth maps from M to N. In the gauged field
theory, two field configurations are called gauge equivalent if they differ only by a gauge

transformation in G. Hence, the configuration space % is reduced to the orbit space €'/G.

One of the most interesting field configurations are topological solitons. They are defined
to be the finite energy, stable (minimal energy), static solutions of the field equations. The
most well-known examples of topological solitons are kinks in dimension n = 1, gauged
vortices, CP'-lumps, Baby-Skyrmions in dimension n = 2, and monopoles, Skyrmions
in dimension n = 3. The set of topological solitons is called the moduli space of the
field theory which is often a finite-dimensional smooth manifold. The vacuum of the
field theory is the field configuration whose total energy F[¢] is zero. The non-existence
of topological solitons in a field theory, except the vacuum solution, can be checked by
Derrick test [19] which gives a necessary condition for a field theory defined on a flat
space to have non-vacuum minimal energy static solutions. This condition is that for
a given variation ¢,(x) = ¢(Ax), with A > 0, of a field configuration ¢(x), the total

energy F[¢,] must have a minimal point at A = 1, for further details see [35, p.82-87].

Let U be a smooth function of ¢ which has minimum value zero and let V' be a subset
of the target N which is where the function U takes its zero minimum value. In some
field theories, specially in dimension n = 2, the presence of the function U in the field

Lagrangian plays a significant role in the existence of non-vacuum topological solitons.
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In such field theories, U is called the potential function and V is the vacuum manifold of

the theory.

An argument due to Bogomolny [12] has helped studying the topological solitons in
many field theories whose total energy E[¢], for static fields, has a non-trivial lower
bound called the Bogomolny bound. In such field theories, Bogomolny’s argument
showed that the total energy E|¢| attains its Bogomolny bound if and only if a set of
first order equations hold and their solutions satisfy the static version of the full field
equations. Hence, the field equations can be reduced to these first order equations which
are called the Bogomolny equations of the theory. In these field theories, which are
known as of Bogomolny type, the solutions of the Bogomolny equations are minimal

energy static solutions, and so they form the moduli space of the field theory.

In [33], Manton has conjectured, through studying the BPS monopole dynamics, that the
low energy dynamics of the field system can be approximated by restricting the dynamics
of the field system to the theory’s moduli space. This conjectural approximation has
been applied in some field theories such as [45, 56] and shown in other field theories
as in [50, 52, 53]. In many field theories, the low energy dynamics of the field system
is approximated by geodesic motion on the moduli space with respect to a natural
Riemannian metric defined by the restricting of the kinetic energy of the field system to
the moduli space, namely, it is the L? metric. We shall see in this chapter a novel example
of a field theory whose low energy dynamics is no longer governed by geodesic motion

on the moduli space.

2.2 Abelian Higgs Model on R*

The Abelian Higgs model on the spacetime R'*? is a gauged field theory defined by the
field Lagrangian [23],
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1 2 L 1 2 }
Lol = 5 /R (; D¢ D" — - > F, P - 2U(|¢|)> d*x, 2.2.1)

p,v=0
where ¢ is a complex valued scalar field on R'™2, ¢(t,x) = ¢1(¢,x) + i (¢, x), coupled
to a gauge potential field A = (A,) = (Ap, A), and U is a potential function given by

1
U= g(|¢|2 —1)% (2.2.2)

The expressions D,¢ = (09, — iA,,)¢ form the gauge covariant derivative of ¢ and F),, =
0,A, — 0, A, are the components of the field strength tensor F'. This gauged field theory
is based on the Abelian group U(1) as the Lagrangian density in (2.2.1) is invariant under

the gauge transformation

o(t,x) — eia(t’x)¢(t,x),

A, (t,x) = A,(t,x) + 0ua(t, x), (2.2.3)

where a(t, x) is an arbitrary function on R'*2. The field equations of the theory are

1
D'Dup = —5(lel* = 1)¢,
9, F = —%(&D% — $DFQ). (2.2.4)
The spacetime R'*? is equipped with the Minkowski metric whose signature is (+, —, —),
and so
D,¢Drp = DoypDop — D1¢pD1¢ — Dap D39, (2.2.5)
E, F" = —2(E}+ E; — B?), (2.2.6)

where Fy = Fy, By = F{ are the electric components and B = Fi5 is the magnetic
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component of the field /. Hence, one can extract the kinetic energy 7'[¢| and the potential

energy V'[¢] of this model from L[¢] as

T[] = % /R 2 (Doqu_oqw E? + Eg) d?x, (2.2.7)
Vig] = %/W <D1¢D_1¢+ D2¢Dyg + B + }L(W - 1)2) PPx.  (2.2.8)

The total energy of this model is E[¢] = T[¢] + V[¢], and so for static fields, E[¢] is
just the potential energy V[¢]. The boundary of the domain R is a circle S.. at infinity.
Since the finite energy field configuration is of our interest, then there is a constraint on
the field configuration at S’ to ensure the energy finiteness there. This condition is given
by imposing ¢ to take its value in the vacuum manifold V of the theory and its gauge

covariant derivative to vanish. Explicitly,

lp| =1,  D,p—0, as |x|— oo (2.2.9)

Thus, the vacuum manifold V is the unit circle S*. Here, two field configurations on the
target R? are homotopic if their asymptotic maps from S. to V are homotopic. Hence,
the finite energy field configurations of this model fall into the homotopy classes of the
asymptotic maps S'. — V and each class is labelled by an integer n € Z = m(V),
which represents the winding number of the field ¢ around the circle S’.. Using polar
coordinates (r,6) in the domain R?, the finite energy conditions in (2.2.9) imply that
¢ ~ X" and A, ~ 8,x(r, ), for some real valued function x(r, ), as r — occ. Recall
that the time-independent potential gauge field A can be re-expressed locally as a 1-form
on R2, and so the field strength tensor /' = d A. Thus, one can obtain, by Stokes’ Theorem
[15, p.95], that

2
/F:/dA:/ A:/ Ay df
R2 R2 S 0

where the winding number of ¢ around S’ is n = [y(o00, 27) — x (o0, 0)]/(27).

2
:/ Ogx(r,0) do = 27n,
=00 0 =00
(2.2.10)
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For static fields, the total energy E[¢] = V'[¢] can be written as [35, p.197]

1

El¢] = 3 /R ((D1 +iDs)p (D1 £iD2)p + (B £ %(W — 1))2 + B) %, (2.2.11)

with all positive or all negative signs. For all finite energy static fields in the n'" homotopy

class, the total energy F[¢] is bounded below by

El¢] > %’/RQBCFX

1

_ —)/ F‘ = ln|. 2.2.12)
21 Jpe

The equality in (2.2.12) holds if and only if

(D1i2D2)¢ - 0,

B+ %(W —1) = 0, (2.2.13)

where the upper (lower) sign corresponds to n > 0 (n < 0). One can check that
the solutions of the equations (2.2.13) satisfy the static version of the field equations
(2.2.4). Hence, the equations (2.2.13) are the Bogomolny equations of the model and
the solutions of these equations are topological solitons called n-vortices for n > 0

(n-antivortices for n < 0).

The n-vortex moduli space of this model, denoted M,,, is formed by the solutions set
of the Bogomolny equations with winding number n. Although, no explicit formula for
such solutions is known, Taubes [54] has shown that each solution is uniquely specified
by n unordered points {2, = x, + 4y, : 7 = 1,...,n} on R* where the field ¢ vanishes.
These points are interpreted as vortex positions on R?. Hence, the n-vortex moduli space
M,, is C"/S,, where S, is the permutation group of n objects. One can use these points

as local complex coordinates on M,, except on A\,, which is where zeros of ¢ coincide.
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However, one can define global complex coordinates on M,, by the coefficients {w;, €
C:k=0,...,n—1} of adegree n complex polynomial P, (z) whose roots are {z, : r =
1,...,n}, that s,

Pu(2) = 2"+ w12 P wz Fwy = H(z — 2, (2.2.14)

r=1
where z = x + iy is the standard complex coordinate on C = R?. Hence, the n-vortex
moduli space M,, is an n-dimensional complex manifold identified with the complex

space C".

The interesting metric on the moduli space M,, is the L? metric which is derived from
the restriction of the kinetic energy 7'[¢] to M,,. Following Strachan [51], Samols gave

a general formula for the L? metric, in terms of the local complex coordinates {z, : r =

1,...,n}, on M, assuming all zeros of ¢ are distinct. This is [43],
T z”: Ors + 2865 dz,dZ (2.2.15)
2= s rl<s, oLt
" r,s=1 8ZT

where 6, is the Kronecker delta, 6., = 1 and zero otherwise, and b, is the coefficient of
(Z — %,)/2 in the Taylor expansion of log |¢|* about z,. The coefficient b, is a complex

valued function and it satisfies

b, b,
Dz, 0z,

(2.2.16)

The function b is not known explicitly. However one can see from (2.2.16) that 72 is

Hermitian (v,s = 7s), and in fact is Kéhler, that is,

8’77‘5 _ 8755 a’yrs _ 8’77’5

92 0z, 0z 0% @217

In the case n = 1, this metric is just a flat metric on C. For two vortices located at

2 =7 + e, 29 = Z — o€, (2.2.18)
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where Z = (2, + 25)/2 is the centre of mass of the vortex system and ¢ := oe™ is the
relative coordinate given by the polar coordinates (o, v) in the plane. Here, the functions
b, and b, in the L? metric are related by b; = —by, = b(c)e™ where b(0) is a real valued

function. Thus, the L? metric in the case n = 2 can be written as

Yie = 2ndZdZ + n(o)(do? + o*di?), (2.2.19)

where

n(o) = 2w (1 + %%(ob(a))). (2.2.20)

Hence, the 2-vortex moduli space M is the isometric product C X, /\/lg, where ./\/lg 18
the 2-vortex relative moduli space, the space of two vortices with fixed centre. Numerical
results in [43] suggest that M9 can be isometrically embedded as a surface of revolution

in R®. In fact, it is a smooth cone asymptotic to the singular cone of deficit angle 7.

2.3 Chern-Simons Abelian Higgs Model on R*

The Chern-Simons Abelian Higgs model on the spacetime R'*? is defined by the field
Lagrangian [30],

1 — 1
Llg] = 5 /R ) (Dme — g Fw " 4 1 A0, A, + ONO'N — 2U(|¢), N)) d*x,

2
(2.3.1)
where ¢ and A, are defined as in the Abelian Higgs model, but here they are coupled
to a real valued scalar field NV defined on R'*2. The symbol & is a real constant called

Chern-Simons parameter and € is the Levi-Civita tensor, i.e.
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.
1 if pvp is an even permutation of 012

P = ¢ —1 if uvpisan odd permutation of 012 (2.3.2)

0 otherwise.
\

The potential function of this model is

1 1
U= (16" = 1= 26N)* + 5 [of N2 (23.3)

The term in (2.3.1) with the parameter ~ is the so-called Chern-Simons 3-form. This
term itself is not gauge-invariant, however its integral over R'* is. One notes that the
absence of both the Chern-Simons term and the field N reduce this model to the Abelian

Higgs model on R?, which has been introduced in section 2.2.

The field equations of this model are

DDy = =516 = 1-26N) 6 — 6N,
8VFVM — HE“VpaVAp—%<¢DM¢_¢D_%)7 (234)
PON = H(of —1-26N) — o N,

which form a set of second order nonlinear partial differential equations. For static fields,

the total energy is

El¢] = %/R ((D1 +iDs)¢ (Dy £ iDs)¢ + (B + %(W ~1-2kN))”
+ 0] (Ao T N)* T 2N(V?Ag — [¢|* Ay — kB)

+(VAyFVN)? & B) x. (2.3.5)

The static version of the second equation in (2.3.4) with . = 0 is known as the Gauss law
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of the model, that is,

V2Ay — |¢]* Ay — kB = 0. (2.3.6)

Using (2.3.6) in (2.3.5), the total energy E/[¢] becomes

E[¢] = %/R ((D1 +iDy)¢ (Dy £iDy)p+ (B + %(|¢>|2 —1-2xN))?

+ 10 (Ag F N)* + (VA FVN)? £ B) x. (2.3.7)

The finite energy boundary conditions on the field configuration at spatial infinity are

lp| — 1, D, — 0, N —=0, as [x|— o0. (2.3.8)

This implies that the vacuum manifold V of the theory is the unit circle S*. Hence, the
configuration space is decomposed into the homotopy classes of S1 — V labelled by the
winding number n € (V) of ¢ around S’ , as in the Abelian Higgs model. It follows

from (2.3.7) that the total energy E[¢] in the n'" sector satisfies

El¢] > %‘/RQBdQX

=7 |n|. (2.3.9)

The equality in (2.3.9) occurs if and only if

(Dl :|: ’LDQ)gb - 0,
B+ %(W —1-2kN) = 0, (2.3.10)

AgFN = 0,

which, in addition to the Gauss law (2.3.6), are the Bogomolny equations of the
model. The solutions of the Bogomolny equations are also called n-vortices for n > 0

(n-antivortices for n < 0). By substituting the equations (2.3.6) and (2.3.10) in the field
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equations (2.3.4), it can be checked that the solutions of the Bogomolny equations satisfy
the whole static field equations. As in the Abelian Higgs model, the solutions of the
Bogomolny equations are not known explicitly. However, in [24], it is conjectured that
each of these solutions with winding number n corresponds uniquely to 7 unordered
points on R? given by the zeros of ¢, vortex positions. Moreover, for small x, there is a
conjectured one-to-one correspondence between the solutions of (2.3.6) and (2.3.10) and
the Abelian Higgs n-vortices . Hence, one expects that the n-vortex moduli space of the
Chern-Simons Abelian Higgs model is identified with the n-vortex moduli space of the

Abelian Higgs model M,, = C".

2.3.1 Vortex Asymptotics

A natural question to ask about an n-vortex in the Chern-Simons Abelian Higgs model is
how it behaves away from and close to the positions of the vortices. Let (¢, A,,, N') be an
n-vortex all of whose zeros are located at the origin. Let (r, #) be the polar coordinates in

the plane and define the following n-vortex ansatz

o(r,0) = f(r)e™,
(Ao, Ay Ag) = (h(r),0,a(r)), (2.3.11)

N(T’, (9) = g(?“),

where the potential gauge field A = Aydt + A,dr + Apdf. Note that the n-vortex of the
form (2.3.11) is invariant under the combined global U (1)-action ¢(r, ) = e~ "*¢(r, 0+
a). Substituting (2.3.11) in (2.3.6) and (2.3.10), the Bogomolny equations reduce to the

non-linear ordinary differential equations
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df 1

iG]

da r

= L1 2mg), @3.12)
d*’q 1dg K
@ Trar 9T 12

with h(r) = g(r). Note that the above equations are invariant under (f,a,g,k) —
(f,a,—g,—k), and so, without loss of generality we take ~ > 0. For static fields of the
form (2.3.11), the finite energy boundary conditions, given in (2.3.8), at spatial infinity

become

f—1, a—n, g,h — 0, as r — 00. (2.3.13)

To understand the behaviour of (f(r), a(r), g(r)) for large r, let

f(r)y=1+ f(r), a(r) =n+a(r), g(r) = g(r). (2.3.14)

Then, at large , f(r), @(r) and §(r) are very small. Substituting (2.3.14) in (2.3.12), the

linearized forms of these equations are

d~ ~

. _ a4 (2.3.15)

dr T

da -

_dz = (kg — f), (2.3.16)
25 1dg ) .
AR A 1§ — wf. 2.3.1
dr? = rdr (5" + D)g = xf (2.3.17)

We can use (2.3.15) to eliminate a(r), yielding a set of second order coupled linear

ordinary differential equations
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d’q 1dg . ~
@2 Tra = WIS
2f  1df o
The matrix version of (2.3.18) is
A*W  1dw
— + = MW, (2.3.19)
where
~ 2
g K+1 —k
W=1"_1, M = . (2.3.20)
f —K 1

The eigenvalue problem MW = AW has the following eigenvectors

1 [(—Kk+VKE+4 1 [—Kk—VKE+4
By = L B=j , 2.3.21)
2 2

associated with the eigenvalues

1 1
M= = VR, do=(k+ VT, 2322)

respectively. Hence, IV can be written as a linear combination of £ and Es, namely,

W = W1 (’I“)El + WQ(’I")EQ. (2323)

Substituting (2.3.23) in (2.3.19), one gets

d*Wy,  1dWw,
- = 2.3.24
dr?  r dr A, 2:3:24)
d*Wy  1dW.
2D = WA, (2.3.25)

dr? r dr
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which are the modified Bessel equations of zero order. The general solution of this type
of equations is a linear combination of exponential decaying and growing functions K
and [y, respectively [1]. Since we are interested in the finite energy solutions, we consider

only the decaying term, that is,

Wi~ qKo(v/ A7), Wy ~ qKo(\/ A7), (2.3.26)

where ¢1, qo are real constants and K is called the modified Bessel’s function of the

second kind which satisfies [1]

Ki(s) = —Ki(s), (2.3.27)
Kols) = —[%Kl(s)—FKl(s)/s]. (2.3.28)

Substituting (2.3.26) in (2.3.23), we get

) ~ aKo(v/ A1) + a2Ko(v Ao 1), (2.3.29)
g(r)y ~ q1<1;Al)Ko(\/A_er@(l;AZ)KO(\/A_Q ). (23.30)

There is a constraint on the range of x givenby k < 1/ /2 which is where the linearization

is valid. It follows from (2.3.16) and (2.3.29), and by using (2.3.28) that

a(r) ~ g/ M rEL(V A 1) + o/ he TEL(V s ). (2.3.31)

Hence, for large r, the asymptotic formulae for the n-vortex (¢, 4,,, N), given in (2.3.11),

are determined by
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flr) ~ 1+Q1K0(\/)\_17’)+Q2K0(\/)\_27“),
a(r) ~ n+aVhrKi(V/ )+ eV rKi(Ver), (2332
1-—XN 1— Xy
A Ce L e e E P we)

The constants ¢; and ¢, can be determined by solving the Bogomolny equations (2.3.12)
numerically with appropriate boundary conditions for large and small 7. Thus, it is useful
to find the asymptotic formulae for the n-vortex (¢, A,,, N), given in (2.3.11), for small

r. The boundary conditions on (f(r), a(r), g(r)) at r = 0 are

f0)=0,  a(0)=0,  g(0) = . (2.3.33)

where g is a real constant. It follows from (2.3.33) and (2.3.12) that the functions f(r),

a(r) and g(r) must have the form

fry=r"f(r), alr)y=r*a(r),  g(r) = go+1% §(r), (2.3.34)

where f(r), a(r) and §(r) are series in  whose leading terms are nonzero constants.

Substituting (2.3.34) in the Bogomolny equations (2.3.12), we obtain that

fr)y = for" — éfo(l + 2kgo)r™ T2 4 O(r" ),

a(r) = }1(1 + 2kgo)r? + O(r?), (2.3.35)

1
g(r) = go+ gfi(l + 2Kg0)7% + O(r4),

which determine the asymptotic formulae for the n-vortex (¢, A4, N), given in (2.3.11),

for small r.
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2.3.2 Numerical Calculation of the 1-Vortex

Having found the boundary conditions of the Bogomolny equations for large and small r,

it is straightforward to solve numerically the boundary value problem

d

S 2(r) = H(r Z(r)), (2:3.36)
where
f(r) fn—a)/r
I KON (1) |
g(r) g (r)
g'(r) 29— (2¢'(r) + sr(f* — 1 —2kg))/(2r)

(2.3.37)
with the boundary conditions given in (2.3.32) and (2.3.35).

To solve this boundary value problem on [rg, 7], one can use the shooting method [14,
p.545-548] with ( fy, go) as shooting parameters to shoot forward from 7 to r; € (rg, reo)
and (q1,g2) as shooting parameters to shoot backward from r, to r;. We have chosen
ro = 107%, 14 = 2 and roc = 10. The choice of r, is due to the singularity of the
Bogomolny equations at the origin. The reason behind the small choice of 7, is that the
solution for large r contains a growing term, which is impossible to be ignored during

the numerical procedure, prevents 7., from taking large value.
Let Z;, be the solution of the left initial value problem on [ry, r;] with initial condition

(2.3.35), and Zp be the solution of the right initial value problem on [r, 7| with initial

condition (2.3.32). Then, one can define a new function F as

F:= Z1(r1) — Zn(r1), (2.3.38)
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which maps from R* to R*. This function is called the mismatch function of the
boundary value problem. The zero of this function is py = (fo, 90, ¢1,¢2).- To find
Po, one can use Newton-Raphson method [14, p.144-149] which needs a sensible first
guess for pg. We have chosen ¢; = ¢» = —0.842, which are the coefficients of the

asymptotic Abelian Higgs 1-vortex for large r [46], and fy = go = 0 as a first guess of py.

Following the above procedure with using Runge-Kutta (4, 5) method [14, p.459-498] to
solve the left and right initial value problems, we get the following results for n = 1 and

various values of x, Table 2.1.

’ K ‘ Jo \ 9o \ 0 \ a2 \

0 0.6033 0.0000 -0.8538 -0.8538
0.1 0.5998 -0.0498 -0.9013 -0.8158
0.2 0.5895 -0.0985 -0.9587 -0.7876
0.3 0.5728 -0.1448 -1.0267 -0.7705
0.4 0.5505 -0.1877 -1.1062 -0.7678
0.5 0.5233 -0.2261 -1.1981 -0.7884
0.6 0.4927 -0.2589 -1.3031 -0.8585
0.7 0.4597 -0.2855 -1.4214 -1.0652

Table 2.1: Numerical values of the asymptotic 1-vortex parameters for various values of
K.
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Figure 2.1: The profile functions f(r) (solid line), a(r) (dashed line) and g(r) (dots line)
of the 1-vortex.

2.3.3 The Point Vortex

Far away from the vortex position, the n-vortex is viewed as a static solution of the
linear version of the original gauged field theory with a singularity at the vortex position
[46]. By this view, we shall determine the appropriate point source corresponding to the

Chern-Simons Abelian Higgs n-vortex located at the origin.

The linearized model of the Chern-Simons Abelian Higgs field theory is defined by a
field Lagrangian whose density is the expansion of the Lagrangian density in (2.3.1) for a

scalar field ¢ = 1 — v, where 1) is real valued, up to the quadratic order terms. That is,

1 1 1 1
Elinear = 5 ;ﬂ/fﬁuqﬁ - 57/12 + éauNa’”N - 5(/{12 + 1)N2 — /{@/JN
1

1
— 3 En "+ ge“”PAuayAp 5 AA" (2.3.39)

It is convenient to define two real valued scalar fields X and Y as follows
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1 1

- X+ Y, 2.3.40
vV +1 Vo + 1 ( )
N -1 Ao — 1

- X+ 2 Y, (2.3.41)

VA +1 VA +1

where \; and )\, are real constants defined as in (2.3.22). Substituting (2.3.40) and
(2.3.41) in (2.3.39), Ljjnear becomes

1 )\1 1 )\2
mer = =0,X0"X — =X?4+ -9, YO'Y — =2Y?
L 50uX0 5 X2+ 50,Y0 5
1 1
— 1 Fn B ge“”pAu&,Ap +5AA" (2.3.42)

Let (v, 3,j*) be the point sources coupled to (X,Y, A,,), respectively. Then, the source
Lagrangian is given by
Lome =0 X +BY —j" A, (2.3.43)

The Euler-Lagrange equations derived from Ly iear + Lsource are

(D+>\1)X = «,
(O+XN)Y = g, (2.3.44)

(O0+1) A* + ke"?0,A, = j"+0"0,",
where O = 92 /0t? — V? is the d’ Alembert operator on the spacetime R'"2.

With respect to the polar coordinates (r, #) in the plane, the asymptotic formulae for X,
Y and A, as r — oo can be extracted from the n-vortex asymptotics given by (2.3.32) as

follows:
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Recall that ¢ defined in (2.3.11) is a complex valued field of nonzero winding number 7
whereas v is a real valued field. Then, by (2.3.11), we can convert ¢ to a real field by the

gauge transformation

o(r,0) — e ¢(r,0), (2.3.45)
A,(r,0) = A,(r,0) —nd,b. (2.3.46)

Here, Ay and N remain unchanged. Hence, it follows from (2.3.11) that

p=1- f(?“), (AOa A, AH) = (h(?‘), 0, a(r) - n)a N = g(?”). (2.3.47)

Using (2.3.32) in (2.3.47), we get

b o~ —qKo(V M) — 2Ko(vV ), (2.3.48)

(A, Ag) ~ (0,00 MK (V) + g2/ Ao 1K (VAo 1)), (2.3.49)
1— 1—

AN ~ ql( HM)KOWATT)W( HAQ)KO(JA_Qr). (2.3.50)

Using (2.3.48) and (2.3.50) in (2.3.40) and (2.3.41), respectively, we obtain that

X ~ =gV +1 Ko(v/ M), (2.3.51)
Y o~ =@V + 1 Ko(vV/ ). (2.3.52)

Hence, the asymptotic n-vortex (X, Y, A,) for large r are given by (2.3.49-2.3.52).

Now, since the physical space R? can be considered as a subspace of R® with k denoting

the unit vector in the (fictitious) third spatial direction, the vector field A = (A", A?) can
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be written as a cross product on R? as follows:

. 7"8 08
A = AE—FA%,

_ 49 A0

N "or  r2 90’

= — (QI\/)\_IKI(\/)‘_I )+ Q2\//\_2K1(\/>\_2 7‘)) 6,
~ (VAR +avRR ) ) 6
= kx (q1VK0(\/)\_1 )+ @V EKo(v A2 r)), (2.3.53)

where @ is the unit vector in the f-direction on R? and VK is the gradient of the

modified Bessel’s function K.

The static version of the field equations (2.3.44) are

(-V24+ M) X = a, (2.3.54)
(-V24+XN)Y = B, (2.3.55)
1d
(=V?4+1) A" —k ——(r?A%) = {° (2.3.56)
rdr
(-V2+ 1) A—kkxVA = j—V(V.)), (2.3.57)
where j = (j',j?). The time-independent Klein-Gordon equation in dimension 2 has
Green’s function K [46],
(=V2 4+ \) Ko(VAr) = 278 (x), (2.3.58)

where 0(x) is the Dirac delta on R?, §(x) = 0 everywhere except at x = 0. Substituting
(2.3.51) and (2.3.52) in (2.3.54) and (2.3.55), respectively, and using (2.3.58), we obtain

that
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a = =21/ +10(x), (2.3.59)
B = =2mg/ A2+ 16(x). (2.3.60)

Substituting (2.3.50) in (2.3.56) and using (2.3.58), we get

0 q2 q1
] = 27m(>\1 1 + N — 1) 5(X). (2.3.61)

Similarly, we have

A~

i—V(V-j)=2n(q1 + ¢) k x Vi(x). (2.3.62)

Taking the divergence of (2.3.62), we get

(=V2+1) (V-j)=0, (2.3.63)

which is the homogeneous time-independent Klein-Gordon equation. Therefore, if j is a

point source, then it is divergenceless, V - j = 0, and so

j=2m(q + @) k x Vi(x). (2.3.64)

Hence, (a, 3,j% j), given in (2.3.59-2.3.64), interpret the n-vortex (X,Y, A A) as a
point source called the point vortex. In the case x = 0, our point vortex coincides with

the one obtained in [46].

2.3.4 n-Vortex Low Energy Dynamics

The low energy dynamics of n-vortices in the Abelian Higgs model is approximated by
geodesic motion on the n-vortex moduli space M, with respect to the Samols’s metric,

given in (2.2.15). Namely, the motion equations are derived from the purely kinetic
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Lagrangian [52],

1
L= 3713, (2.3.65)

In the presence of the Chern-Simons term in the field Lagrangian as in the Chern-Simons
Abelian Higgs model, the low energy dynamics of n-vortices is no longer governed by
geodesic motion. This is because that the Chern-Simons term implies the appearance of a
magnetic field F € Q?(M,,) which affects significantly the n-vortex dynamics. For small
r, Kim and Lee expect that the Lagrangian which describes the motion of n-vortices on

the moduli space M,, takes the form [24],

1 .
L= et + MAs 5+ Az %), A= 2mh, (2.3.66)

where A = A, dz + A; dz. is a 1-form on the moduli space M, whose exterior

derivative d.A is locally identified with F. This 1-form .4 has been described as follows:

Kim-Lee approximation

Kim and Lee [24] introduced a general formula for the 1-form .4 in (2.3.66). This is

216{ 30, — g( + (2 — zs>g—z’; +(z - z)?i)} dz,
_ﬂ Y
porn

} . (2.3.67)

For 2-vortices, the Lagrangian (2.3.66) can be written, in terms of the centre of mass Z
on C and the relative coordinate £ = e on MY, as [24],
| ) )
L=nZZ+ 577(0) (62 + 0*0%) + X Ay(o)d, (2.3.68)

where A = Ay(c) di is a 1-form on M3. The component Ay (o) is a real valued function

given by
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Ay(o) = =[ob(o) — 1] + %[O’b((f)]. (2.3.69)

=1 Q

For small o, the function b(o) is asymptotically given by [43],

b(o) = é - % +0(o%). (2.3.70)

Then, the exterior derivative of .4 is locally given by

dA = Ay(0) do A dY, with A,(o) ~ 2

5’ as o — 0. (2.3.71)

One can re-express d.A in terms of the global coordinate w = 22, = & = (c¢')? on

MY, that s,

|w|1/2
~ —

dwAdw, with A, (|w]"?) 5

as  |w| — 0. (2.3.72)

It follows from (2.3.72) that the component of the magnetic field F = d.A diverges like

1/(160°) as ¢ — 0. Hence, the Kim-Lee dynamical system is ill-defined.

Collie-Tong approximation

It has been argued by Collie and Tong [17] that the magnetic field F is in fact the Ricci

form p on the moduli space M,, with respect to the Samols’s metric. That is,

F = p=1i00log(\/|712]), (2.3.73)

where |772| denotes the determinant of the matrix associated to ;2. Hence, the 1-form .4

is given, in terms of the complex local coordinates {z, : r = 1,...,n}, by

_ 0
As, = As, = 55— log(Va]). (2.3.74)
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From this, we deduce that the low energy dynamics of n-vortices in the Chern-Simons
Abelian Higgs model is governed by the RMG motion on the moduli space M,,. Here,

the n-vortex trajectory 7(¢), say, solves

Vijah = =275 fu5p. (2.3.75)

Collie and Tong claimed that the Kim and Lee magnetic field F coincides with the Ricci
form p. One can check this is not true as, for example, in the case n = 2, the RMG motion
on M is described by a Lagrangian defined as in (2.3.68) but with

o d on'(o) Lo(ob(o))” — (ab)

Anlo) = =5 o loenlo) = =5 = = o oy

(2.3.76)

From (2.3.76) and (2.3.69), one obtained that the magnetic field given by Kim and Lee
is completely different from the one given by Collie and Tong. In particular, the Ricci
form p, unlike the Kim-Lee field F, is smooth on the whole of M,. Henceforth, we
shall consider Collie-Tong approximation for the low energy dynamics of Chern-Simons

Abelian Higgs vortices.

2.3.5 2-Vortex Scattering

In this section, we shall give an estimate of the scattering angle of two vortices at large
separation on M. It can be seen that the 2-vortex relative moduli space M3 is invariant
under the vortex position’s rotation by angle 7 about the origin. This is a holomorphic
isometry on M. Since My = C X Mg, then /\/lg is a totally RMG submanifold of
M. Hence, it is sufficient to study the scattering angle of 2-vortices on M3 where the

motion is described by the RMG Lagrangian [17],

1 . .
Ly = 577(0) (62 + o%0%) + X Ay(0), A = 27k, (2.3.77)

where Ay(o) is given in (2.3.76). The functions n(o) and Ay(c) depend on the single

function b(c¢). For large o, an explicit formula of b(¢) has been given in [34],
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2
b(o) = %Kl(ZJ), (2.3.78)

where ¢ is a real constant approximately —10.6 determined numerically in [46].
Substituting (2.3.78) in both (2.2.20) and (2.3.76), the functions 7(o) and Ay (o) for large

o are

2
n(o) = 27r<1— %KQ(QJ)), (2.3.79)

2
Aglo) = —%0K1(20). (2.3.80)

As stated in Chapter 1, there are two conserved quantities associated with the RMG
motion on the surface of revolution M9 : the energy E and the angular momentum P

which are given by

o %n(o—)@? +o%?), P =p(o)o®) + My(o). (2.3.81)

It follows from (2.3.79) and (2.3.80) that when the vortices approach from infinity, then
E = m?, P = 27va, (2.3.82)

where v is the initial relative speed and a is the impact parameter which is defined here to
be the half of the perpendicular distance between two vortices at large separation. From

(2.3.81), we have

2 = —1 - o 2
» o= 0477(0)2(13 MMy (), (2.3.83)
o= <2E 2n(0) (P —AAy(0)) ) (2.3.84)

It follows from (2.3.83) and (2.3.84) that
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do o A 2 o A 7t
o~ s E) [ | e

The 2-vortex scattering angle is the angle between the incoming velocity and the outgoing
velocity along the vortex trajectory on MY. This angle is denoted by © and it may be

determined numerically by the integration of dv//do which is practically intractable.

For large o, it follows from (2.3.79) that the relative moduli space M} is approximately
flat. Then, for small Chern-Simons parameter r, the RMG vortex trajectories on M are
almost geodesics. In [34], Manton and Speight have estimated the scattering angle of
2-vortex in the Abelian Higgs model, whose motion is approximated by geodesic on M3,
for large impact parameter a. Their result agreed with Samols’s numerical computation
of the same scattering angle [43]. Hence, for small «, by following the same strategy in
[34], we can estimate the 2-vortex scattering angle © of the RMG motion on MY, which
is expected to be very small, for large impact parameter a, rather than calculating the
integral in (2.3.85) numerically. This is as follows: first, it is convenient to re-express the
Lagrangian in (2.3.77) in terms of Cartesian coordinates x = o cosv and y = o sin?.

That is,

1
Liery = Qn(a)(fc? + %)+ A “4’9(20) (zy — yi), \ = 27K, (2.3.86)
o
where 0 = /2?2 + y2. The Euler-Lagrange equations derived from L, are

/ /

n(o)i + (5) (zi? + 2yiy — 29?) = A Aﬁg(")y, (2.3.87)
/ /

n(0)ii + 772(5) (yi? + 2wy — yi?) = —A AﬁT@iﬂ. (2.3.88)

Since for large a and small k, vortex trajectories on MY are almost geodesics, which are
approximately straight lines on MY, we assume that the two vortices move approximately

along the lines y = a and y = —a in opposite directions. Let vortex 1 be the one which
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moves along y = a with x decreasing from oo to —oo at approximately constant speed v.

That is, the initial data of vortex 1 is taken to be

#(—00) = —v, j(—00) = 0. (2.3.89)

\\ Vortex 1

Vortex 2 \\

Figure 2.2: Approximated 2-vortices trajectories on M with large impact parameter «
and small Chern-Simons parameter .
Hence, by calculating the total change in y, Ay = y(00) — y(—00), the scattering angle

O, which is expected to be small, is given by

6 ~sino =20 (2.3.90)
v

We will write the motion equations (2.3.87) and (2.3.88) up to the first order of ¢ 7.
From (2.3.79) and (2.3.80), we have
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(o) = —Ki(20), (2.3.91)
, 2q
./419(0) = ?O'K0<2U). (2392)

Both 7/(c) and A} (o) are of the first order of e~*°. Hence, the equations (2.3.87) and

(2.3.88), up to the first order of e 2% are

/

omi+ i — (2.3.93)
20
/ /

omij— 1) g — oy Aslo) (2.3.94)
20 o

where any terms proportional to ’'(c)y or Al (o)y are negligible. By differentiating the

both sides of £ in (2.3.81) with respect to x, one gets

”'_5'0)3;(562 p— (2.3.95)

Since any terms proportional to 7’ (0 )y are negligible, then

/
UACAPTIOrY (2.3.96)
o
Using (2.3.96) in (2.3.93), one gets that it is sufficient to take x = —uvt as a solution of

(2.3.93). Hence, the equation (2.3.94) becomes

jo Wil A Ayle) et ailo) o Al0) g9
At o 2 o A o o
Therefore, the total change in ¥ is
00 2 /
Ag = / (ﬂ 1) | o Aﬂ(g)) dt. (2.3.98)
—eo\ 4T o o

Substituting (2.3.91) and (2.3.92) in (2.3.98), one gets
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2002 % K, (2 2 ¢ %
_ ey 120) gy 2080 [ g 90) dt. (2.3.99)
72 e O 2 .

It follows from (2.3.90) and (2.3.99) that the scattering angle is

_ dav /°° Ki(20
R =

Since dr = —v dt and o = V22 + a2, then

(20) dt. (2.3.100)

* Ki(2vVa? + a2) 2¢*k [T —

< K (222 L2
/ Vet ta) 20 “/ Ko(2vV2? + a2) dz. (2.3.101)

Va2 + a2

From (2.3.27), we have

K (V22 + a2
dKO(Q\/a:2+a2):—2a 12V +a)‘

il 2.3.102
Ta o ( )
Using (2.3.102) in (2.3.101), we get
2
@:—F d_(/ Ko(2V2? + a?) d:z:) q i / Ko(2Va? + a?) du.
2 da
(2.3.103)
The integral in (2.3.103 ) was calculated in [34],
/ Ko(2v22 + a?) dx = ge’Q (2.3.104)
Hence, the 2-vortex scattering angle is
q> 2K
Ox(a,v) =0 = — (1 + —) e 2, (2.3.105)
27 v

Clearly the scattering angle ©,(a, v) is increasing as a function of . Our scattering angle

with k = 0 agrees with that computed in [34]. The scattering angle O, (a,v) must be
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invariant under time rescaling. This can be checked by exploiting the RMG parameter
rescaling property. That is, if y(¢) is the RMG vortex trajectory with parameter A and
initial speed v, then for real number \,, the trajectory y(\.t) is an RMG with parameter
A = A\ and initial speed o = A,v. Hence, it follows that ©_(a, \,v) = O,(a,v). We

see from (2.3.105) that our asymptotic formula has this symmetry.

— @l

— O3l

— 078l

Figure 2.3: 2-vortex scattering angle for large a > 2.

2.4 Abelian Higgs Model on H”

Let H? be the hyperbolic plane of scalar curvature —1 given by the upper half plane model,

namely,

H2={z=z+iycC:y>0}, (2.4.1)

with the Riemannian metric

2

g =2 (da:'2+dy2), 02 = "

(2.4.2)

Consider the Abelian Higgs model with a complex valued scalar field ¢ defined on H?>
and a potential 1-form A on H? whose exterior derivative is given by dA = B dx A dy.

Then, the total energy of the field system is
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1 W 2 —2 72 Q2 2 2 )
El¢] = §/H2 (D1¢D1¢+D2¢Dz¢+9 B*+ Z(|gzs| —1) ) ’x. (2.4.3)

As in the planar case, the finite energy requirement imposes boundary conditions on the
field (¢, A) at spatial infinity. These boundary conditions are given as in (2.2.9). Let ¢
have winding number n, then the total energy E|¢] is [35, p.197]

- QQ
56~ 3 [ (0020 B EiD06 + 0728+ L (oF - )F £ )
1
> 5‘/@1 B dQX‘ —7|n|. 2.4.4)

Here, we have used the finite energy boundary conditions to compute the right hand side

as in (2.2.10). The equality in (2.4.4) occurs when

(Dl :l: ZDQ)(b - 0,

02
B (¢ —1) =0, (2.4.5)

hold. These are the Bogomolny equations of the model and their solutions are called,
here, hyperbolic n-vortices for n > 0 (hyperbolic n-antivortices for n < 0). Setting
¢ = e"*7X_ then the Bogomolny equations (2.4.5) imply [35, p.199]

V2h 4+ Q* — Q%" =0, (2.4.6)
which is valid away from the zeros of ¢. The above reduced Bogomolny equation has
been studied by Strachan [51], following Witten [57] who found that this equation can be
written as

Vig —e* =, (2.4.7)

where h = 2g + log(1/Q?). This is Liouville’s equation whose general solution is
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4 /d2] > (2.4.8)

— log| o L2
s %(1—uww

where f(z) is an arbitrary complex valued meromorphic function on H?. Hence, with a

simple choice of the phase Y, the field ¢ which satisfies the Bogomolony equations is

_2( df/dz
o= 5 () o

The function f(z) must be chosen such that ¢ is not singular for all z € H? and it satisfies

the finite energy boundary conditions (2.2.9) with winding number n. In fact, it has been

deduced in [51] that f(z) has to be of the form

22—\ — z—0b, b, — i
- (EREERD] ver oo

r=1

Let {z, : 7 =1,...,n} be the zeros of the field ¢ on H?, then it follows from (2.4.9) that

these zeros are uniquely related to the parameters {b, : r = 1,...,n} by
d
—f =0, r=1,...,n. (2.4.11)
dZ 2=2zr

It can be seen from (2.4.10) that the solution of the Bogomolny equations are in one-to-
one correspondence with the parameters {b, : » = 1,...,n} which are specified uniquely
by ¢’s zeros {z, : 7 = 1,...,n}, interpreted as hyperbolic vortex positions on H?. This
confirms Taubes’s argument in [54], and so the hyperbolic n-vortex moduli space is the
n-dimensional complex manifold M, (H?) = (H?)"/S,, where S, is the permutation
group of n objects. In terms of {z. : r = 1,...,n}, as complex local coordinates on
M, (H?), assuming all vortex positions are distinct, a general formula for the L? metric
on MH(HQ) has been given, first, by Strachan [51], and then it has been modified to be in

the structure of Samols’s formula, that is,

n bs
Yp=m Y (Qzém + 22—2) dz, dz,, (2.4.12)

r,s=1

which is again Kéhler. Here, since the solutions of the Bogomolny equations are known,



Chapter 2. Chern-Simons Abelian Higgs Vortices 59

one wishes to determine the functions bs by solving (2.4.11) and expanding i = log ]¢|2

around z,. For n = 1, this can be easily calculated and the L* metric on M (H?) is

3
Y2 = 2o (d2? + dy?). (2.4.13)
y

But, for n > 2, this is practically intractable. Therefore, our aim in the next section is
to determine an explicit formula for the L? metric on the hyperbolic 2-vortex moduli
space My (H?), assuming all {z, : 7 = 1, ..., n} are distinct, by exploiting the isometric

properties of the physical space (H?, g).

2.4.1 The L? Metric on the Hyperbolic 2-Vortex Moduli Space

Let Mg(]HP) denote double cover of the space of all 2-vortices with distinct positions on
H2. Namely, M, (H?) = (H? x H?)\ A, where A, is the vortex coincidence set. Let 7,
be the pullback of the L? metric ;2 on My (IH?)\ A, by the covering map. We call 7,2,
the L? metric on M, (H?).

The hyperbolic plane (H?, g) has an isometric action of the projective linear group

PL(2,R) given by

az+b a
— =
cz+d c d

Oz=MO0oz, 2.4.14)

where [M] € PL(2,R). This builds an isometric action on M, (H?), with respect to the

L? metric 7,2, defined as

(Zl, ZQ) — (M ® zq, M ® ZQ). (2415)

For a generic element on M, (H?), the isotropy group of PL(2,R) action, defined
in (2.4.15), is trivial. By the Orbit-Stabilizer Theorem [2, p.94], it follows that each

generic orbit is diffeomorphic to PL(2,R) itself. Hence, the isometric action of
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PL(2,R) on My(H?) has cohomogeneity 1, that is, all generic orbits of this action
are submanifolds of M, (H?) with real codimension 1. Let s denote the distance
between two vortices in H?. Then one can see that each orbit has a unique element
w, = (ie*/?,ie™*/?) € My(H?). Thus, this action decomposes M (H?) into a one
parameter family of orbits parameterized by s > 0. Note that there is an exceptional orbit

of codimension 2, when s = 0.

Consider the coframe {ds, o}, : k = 1,2,3} on My(H?) where o}, are the left-invariant
1-forms dual to the basis {e; : k = 1,2, 3} of Tj,) PL(2, R) given by
0 1 0 1 1 0

€1 = s €y = s €3 = . (2416)
1 0 -1 0 0 —1

Any PL(2,R)-invariant metric 5 on My (H?) is determined by a one-parameter family
of symmetric bilinear forms 7, : Vi x V; — R where V, := 0/0s @ Ty, PL(2,R) is the

tangent space to M, (H?) at the element .

In terms of the complex coordinate system (z1, 25) on MQ(HQ), where z; = x1 + iy; and

29 = Xy + 1Yo, one finds that

s (9 S a _ s a —S$ a
61—(1+e)8_:):1+(1+e )8_1‘2’ 62_(1 e)axl—i_(]‘ € >8x27
5 9 o 1,0 1 9
—9 s/2_ Y 2 —s/2 ¥ = ps/2 Z em8/2 24.1
“ c O e Ay’ ds 2 oy 2 dya ( K

The action of the almost complex structure .J on the basis {0/0s, e : k = 1,2,3} of Vj

can be determined as follows:
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0 0 0 0

= (1 S N 1 —Ss — =1 EAEE 1 —s\_~
Jep = ( +€)J8x1+< +e )J8x2 ( +e)ay1+( +e )ayQ’
;) a0 L0 L0

It follows from (2.4.17) that

0 e 0 0 e 0
Y -s/2( =8 Y By s B
ki ( Tt as)’ 50 = ( ; as>' (2.4.19)

Substituting (2.4.19) in (2.4.18), one gets

Jey = cosh(s/2) es, Jeg = —4sinh(s/2) g (2.4.20)
s
Since J? = —1, then we have
1 0 1
Jen = A 2421
“ cosh(s/2) v ds  4sinh(s/2) “ ( )

In addition to the PL(2,R) isometric action on ./\;lg(]l-]?), there is a discrete isometry on
M (H?) defined as P : (21, z5) — (22, 21). Hence, the group G := PL(2,R) x {Id, P},

where Id is the identity map, acts isometrically on M2<H2).

Lemma 2.4.1. Let ¥ be a G-invariant Kdhler metric on the hyperbolic 2-vortex moduli

space My(H?). Then, there exists a smooth function A : (0, 00) — R such that

v = Ai(s) ds® + Ay(s) oF + As(s) 05 + Ayu(s) 03, (2.4.22)

where Ai(s), ..., A4(s) are related to A(s) by
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B 1 d A(s) _ Als
A= 8sinh(s/2) ds (cosh(s/Z))’ A = Als),
o d( Als) _ Al
As = ZSmh(s/Z)dS <cosh(s/2))’ Ay = cosh®(s/2)° (2.4.23)

Proof: With respect to the coframe {ds, o, : k = 1,2,3} on My(H?), any PL(2,R)

invariant symmetric (0, 2) tensor has the form

"N)/:Al d82—|—A2U%+A30%+A4O’§+2A5d801+2A6d802—|—2A7dSO’3

+ 2A8 0109 + 2A9 0103 + 2A10 09203, (2424)

where Ay, ..., A are smooth functions of s only.

Now, since 7 is Hermitian, then (u,v) = Js(Ju, Jv) for all u,v € V. This implies a

set of relations between the coefficients A, ..., Ayo. In fact, we obtain that
As = 16sinh*(s/2) A A= a2 Ag=As=0
3 = 1, 4_COSh2(8/2)’ 9 = A6 = Y,
Ag = —4sinh(s/2) cosh(s/2) A7, Ajp = 4tanh(s/2)As. (2.4.25)

Hence, any PL(2,R) invariant Hermitian metric on My (H?) of the form (2.4.24) is

determined by four functions A;, As, A5 and As.

The associated 2-form w(.,.) = 7(.J.,.) of a Hermitian metric 4 on M(IH?), given as in

(2.4.24), is
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A
w = —cosh(s/2)A7 ds A o1 + 4sinh(s/2)A; ds A oy + m ds A o3

+ 4sinh(s/2)As 01 A 09 + o1 A\ oz — 4sinh(s/2)A; 09 A 03. (2.4.26)

A
cosh(s/2)

The exterior derivative of w is a 3-form on M (H?) given by

A
dw = cosh(s/2)Ar ds A\ doy — 4sinh(s/2)A; ds A doy — W(Z/Q) ds A dos

d . d A
+ £(481Hh(8/2)A5) ds /\0'1 N o9 + %(COST(Z’/Q)) ds N\ 01 AN 03

d
— o (4 sinh(3/2)A7) ds N\ oy N\ 3. (2.4.27)

The exterior derivatives of the 1-forms {0y, k = 1,2,3} can be determined as follows:

for any vector fields X, Y on My (H?), we have

doW(X,Y) = X[on(Y)] = Y]ou(X)] - o ([X, Y]). (24.28)

Let { X} : k = 1,2, 3} be the left-invariant vector fields on PL(2, R) such that X ([I]) =
ei. Then,

(X, Xj] : }: les, €jlp, (2.4.29)
2

where [, ], is the Lie algebra bracket on p := T, PL(2,R). From the definition of the

Lie algebra bracket on matrix group, we get

le1, ea)p = —2 e3, lea, eslp = —2 ey, le1, esly = —2 e, (2.4.30)

and [e;, €;], = 0. This implies that for all i < 7,

o iditk
or([Xi, X5]| ) = ow(les, ep) = ks (2.4.31)

v 0 i=korj=k.
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Hence, it follows from (2.4.28) and (2.4.31) that

d0'1:20'2/\0'3, d0'2:20'1/\0'3, d0'3:20'1/\0'2. (2432)

Substituting (2.4.32) in (2.4.27), we obtain that

dw =2 |:COSh(8/2)A7 - Zdi (sinh(s/Q)/h)} ds N oy A o3
s

—2 LOS}‘:&% - zd% (sinh(s/2)A5)] ds Aoy A oy

d A

Since 7 is Kéhler, then the associated 2-form w must be closed, dw = 0. Hence, it follows

from (2.4.33) that w is closed if and only if the following three equations

d%(sinh(s/Q)Ay) - %cosh(s/2)A7 =0, (2.4.34)
d (. 1A
% (Slnh(S/2)A5> - Ecosh—(s/2) = O, (2435)
d Ay . _
% ((j()sh—(s/2)> -8 Slnh(S/Q)Al = O, (2436)

hold. The general solutions of equations (2.4.34) and (2.4.35) are

C2

A=, As = cosh(s/2)’

(2.4.37)

where c; and ¢, are constants. Since 7 is also invariant under the discrete isometry P :
s — —s, then this requires that both A5 and A7 are odd functions. It follows from (2.4.37)
that ¢; and ¢, must be zero, and so As = A; = 0. Thus, the associated 2-form w, the

Kihler form, on M, (H?) is of the form

. A
w = 4sinh(s/2)A; ds N\ oy + woshi(s/2)

(Z 735 O A 0. (2.4.38)
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Hence, any G-invariant Kihler metric 5 on My(H?) is of the form (2.4.22) and its

coefficients are related by

1 d Ay
A = — 2.4.39
"7 8sinh(s/2) ds (COSh(S/2) )’ ( )
As = 16sinh?(s/2) Ay, (2.4.40)
A
=2 (2.4.41)
cosh”(s/2)
Clearly, these coefficients are defined by a single function A(s) := A,, and hence the
claim is established.
O
Now, consider the isometry of ./\;12(]1-]12) given by
% 1 1 0 1
K:(z1,20) 2 P(M Oz, M ® 2z5) = (——,——), M = . (24.42)
2 A -1 0
The fixed point set in M, (H?) under this isometry is
- 1 -
MYE?) = {(&,—3) 1 1 # € € H} € Ma(H?), (2.4.43)

§

which is the so-called hyperbolic 2-vortex relative moduli space. Clearly, /\;lg(]HIQ) is a
non-compact 1-dimensional complex submanifold of M, (H?). The induced metric of
any G-invariant Kihler metric 7, determined as in (2.4.22), to the hyperbolic 2-vortex

relative moduli space /\;IS(HQ) is

G = Ai(s) ds® + As(s) 03 = Ay(s) (ds® + 16sinh?(s/2)03). (2.4.44)

For the L? metric, an explicit formula for the induced metric § on MY(H?) has been

determined by Strachan in [51], where H? is given in terms of the Poincaré disk model.
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With respect to the coordinate transformation, one can extract the function A (s) for the
L? metric by comparing the formula of Strachan’s metric on MY(H?) in [51] and (2.4.44).

In fact,

Ai(s) =2m 1+

(1+ tanh?(s/4))? | \/1 + tanh®(s/4) + 14 tanh*(s/4)
tanh?(s/4) _1 N 4(coth®(s/4) + tanh?(s/4))
(1+ tanh?(s/4))? | \/ lcoth?(s/4) — tanh?(s/4)]2 + 16

tanh?(s/4) | A(1 + tanh*(s/4)) ]

(2.4.45)

From the half angle identities of the hyperbolic functions, we have

tanh®(s/4) 1 anh2(s
(1 + tanh®(s/4))2 4t b(s/2),

cosh(s/2)

sinh?(s/2)’

(cosh?(s/2) + 1)
sinh?(s/2)

coth?(s/4) — tanh?(s/4) = 4 (2.4.46)

coth?(s/4) + tanh?(s/4) = 2

Using (2.4.46) in (2.4.45), the function A;(s) becomes

2(cosh?(s/2) + 1)/ sinh?(s/2) .
/leosh(s/2)/ sinh(s/2)12 + 1

Since the functions A;(s) and A(s) are related by

(2.4.47)

Ai(s) = gtanh2(5/2) [1 +

%(%) = 8sinh(s/2) A(s), (2.4.48)

it follows from (2.4.47) that

2(cosh?(s/2) + 1)/ sinh*(s/2)

Vlcosh(s/2)/ sinl®(s/2) + 1]
(2.4.49)

%(%&2)) = 47 sinh(s/2) tanh?(s/2) [1 +
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Let 3(s) = cosh(s/2)/sinh?(s/2), then one can write (2.4.49) as

d( ABs) \ . . 2 B'(s)
= (cosh—(s/2)> = 2msinh(s/2) tanh”(s/2) — 87 W (2.4.50)

By integrating (2.4.50), we obtain that

A(s) = 8| (cosh?®(s/2)+1)+2 sinhz(s/Q)\/[cosh(s/Q)/ sinh?(s/2)]2 4+ 1 | +ccosh(s/2),
2.4.51)

where c is an integration constant. When two vortices approach each other, that is,

21,29 — z = & + iy on HZ, then, the L? metric on M, (H?) is asymptotically given

by

1
e A (8T + g) —(da® +dy?),  as s — 0. (2.4.52)
y

In fact, Strachan [51] has given an explicit formula for the L* metric on M., (H?) when

vortices exactly coincide at one position,

1
vz = mn(n + 2) E(da:Q + dy?), s =0. (2.4.53)

Inspecting the formulae for the coefficients A;, we see that the L? metric is continuous
at s = 0, hence by comparing (2.4.52) with (2.4.53) in the case n = 2, it follows that
the constant ¢ must be zero. Hence, the L? metric on the moduli space M, (H?) has the
form (2.4.22) and its coefficients are determined as in (2.4.23) by a single function, call it

Apz2(s), given by

Ap2(s) = 8m|(cosh®(s/2) + 1) + 28i1’1h2(8/2)\/[(308h(8/2)/ sinh?(s/2)]2 + 1 ]
(2.4.54)

Proposition 2.4.2. Let 7 be a G-invariant Kéhler metric on My(H?), determined as in

Lemma 2.4.1. Then, the Ricci curvature tensor with respect to 7 is given by,
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Ric = C(s) ds* + Cy(s) o7 + Cs(s) a3 + Cy(s) o3, (2.4.55)
where C1, . .., Cy are smooth functions of s € (0,00), defined as in (2.4.23), by a single
function C(s) given by

d ( A1 Ay

C(s) = —4sinh(s/2) cosh(s/Z)% log W) —8 cosh?(s/2). (2.4.56)

Proof: The Ricci curvature tensor with respect to 4 is a G-invariant symmetric (0, 2)
tensor on M, (H?) which is Hermitian and whose associated 2-form p(.,.) = Ric(J.,.),
Ricci form, is closed. Thus, it is covered by Lemma 2.4.1, that is, Ric has the same
structure as v and its coefficients C', ...,y are related, as in (2.4.23), to the function
C(s) := Cy(s) = Ricg(eq, e1). Introducing an orthonormal basis {Ey : k = 0,1,2,3} of
(Vs,7s) as

1 0 1 1 1
Ey=——, I = E, = E3 =
0 A, s’ 1 A, €1, 2 A, €2, 3 A,

then, by the definition of the Ricci curvature tensor, we obtain that

es, (2.4.57)

3
Ric,(e,e1) = Z Y(R(E;, er)er, E;),

1=0

= —4sinh(s/2) cosh(S/Q)di log( —
s

_ = 2
cosh2(3/2)> 8cosh®(s/2), (24.58)

where R is the Riemannian curvature tensor associated with 7y. Hence, the claim is proved.

O
The Ricci form p associated with the Ricci curvature tensor, given in (2.4.55), has the
same structure as the Kéhler form w associated with v on MQ(H2). That is,

P = 481nh(8/2)01 ds N\ o9 + o1 A 3. (2459)

_ &
cosh(s/2)
The function C'(s) is related to C'(s) by
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B 1 d C(s)
Cils) = 8sinh(s/2)£(cosh(s/2))' (24.60)

Substituting (2.4.56) in (2.4.60), we obtain that

Cl(S) =

1 d? ( A1 A > 1 d ( A1 A
4

1
— — =) — —coth(s/2)—log| ———— | — =. (2.4.61
2ds? 8 cosh?(s/2) coth(s/ )ds o8 coshz(s/Q)) 2 ( )

Clearly, the Ricci form p is exact on MQ(HQ) and its potential 1-form is
o9. (2.4.62)

2.4.2 RMG Flow on the Hyperbolic 2-Vortex Relative Moduli Space

The relative moduli space MY(H?) is the fixed point set in M, (H?) under the
holomorphic isometry K, defined in (2.4.42). Hence, by Corollary 1.3.3, RMG curves
with initial data in 7M$(H?) remain on M3 (H?) for all time. So RMG flow localizes to
MS(H?). However, the restriction of the Ricci form p on M, (H?) to MY(H?) does not
coincide with j, the Ricci form on MJ(H?) defined by its induced metric §,». Hence,
the RMG flow on Mg(H2), thought of as a submanifold of /\~/12(H2), does not coincide
with the RMG flow on MY(H?), thought of as a Kihler manifold in its own right. In
this section, we will compare these flows on MY(IH?), which we call the extrinsic and

intrinsic RMG flow, respectively.

It follows from (2.4.59) that the Ricci form on M (H?) restricted to MY (H?) is
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plag = 4sinh(s/2)Ci(s) ds A o2,

1 d? A
=/ +4sinh(s/2) [—5@ log (—2)

cosh?(s/2)
1 d A, 1
— —coth(s/2)—log| ————= | —=| ds A 2.4.63
4 co (S/ )dS Og(COSh2(S/2>) 4] S\ O3, ( )

where p is the Ricci form on /\;lg(]HIQ), defined by its induced metric g2, given by

p= @ W =2 R(s)sinh(s/2)A;(s) ds A o9. (2.4.64)

Here, &(s) is the scalar curvature of M$(H?) given by

2 1 d? 1 d 1 2
R(s) = — log A) — = coth(s/Z)d—log A —=| = —
s

ol e : 1| = Gil). 46

0.08+
0.06
0.04+

0.02+

-0.02+4

-0.047

-0.06

-0.08

-0.104

Figure 2.4: Plot of the scalar curvature #(s) of M$(H?)

The intrinsic RMG flow on MS5(H?) was studied numerically in [27] where it was

supposed to be coincided with the extrinsic one. Clearly, this is not true as from (2.4.64)
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and (2.4.65), one can see that the forms p| MO and p are different from each other.

Asymptotically, they behave like

1 7
,0|M3 ~ T s3 ds A 09, p ~ 0 s3 ds A o9, as s — 0. (2.4.66)

1
,0\/\;[3 ~ — €% ds A oo, P~ —3 e*? ds N oy, as s — oo. (2.4.67)

(i) From (2.4.67), one can see that even as s — oo, the extrinsic and intrinsic RMG flows
do not coincide, see Figure 2.6 (d). Comparing p| 1 with p in (2.4.67), one expects that
the extrinsic and intrinsic RMG flows coincide for large s if the RMG parameters in both
are related by

1
)\extrinsic = 5/\intrinsic- (2468)

(i1) In the core region, the extrinsic and intrinsic RMG flows have qualitative differences

in curves, see Figure 2.6 ().

The RMG equations on MY (H?) are given, in terms of the coordinate system (s, 1) where

d¢ = 09, by

5= Ai 57 (958 — A (9) + B sinl(s/2)C(5)4]
b= A;(S) LA (5)8 ) — 4 sinh(s/2)C) ()4]. (2.469)

These are the extrinsic RMG equations. Replacing C; (s) in (2.4.69) by Cy(s), we get the

equations of the intrinsic RMG flow on M (H?).

(iii) Clearly, the scalar curvature %(s) changes its sign from positive to negative as s moves
from 0 to co, Figure 2.4. Unlike extrinsic RMG flow, this makes a significant effect in the

behaviour of the intrinsic RMG curve in which it has an inflexion point where the curve
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changes from having positive geodesic curvature to negative geodesic curvature. Recall
that the RMG equation of ~(¢) on a 2-dimensional Kihler manifold such as M(H?) is
V) Jar Y = AR(s)J7y/2. Particularly, this can be seen in a certain curve on MS(H?) whose
radial velocity is zero. This is the so-called parallel on M9 (H?). It follows from the RMG
equations (2.4.69) that a parallel on MY (H?) is extrinsic RMG if and only if its angular

velocity satisfies

S d
V=3 <sinh(s /2)01(3)> / = (sinhQ(s /2)A1(s)) : (2.4.70)
whereas the angular velocity, call it 1/71, of the intrinsic RMG parallel is
; . ~ d( .
Y= <smh(s/2)01(s)>/% (smh (3/2)A1(3)),
7 (s) sinh(s/2) A, / d% <sinh2(s /2)A1(5)> . 2.4.71)

B> N>

The graphs of ¢ and 1; as functions of s are drawn in Figure 2.5. Clearly, there is s
in (0,00) where the angular velocity 1; changes its sign from positive, as it started,
to negative. This behaviour is expected from appearing the scalar curvature &(s)
in (2.4.71). Unlike 1/71, the angular velocity ¥ keeps being negative for all s > 0.
Hence, the extrinsic RMG parallels on ./\;lg(]HF) keep spinning in the same direction they

started with whereas the spin direction of the intrinsic RMG parallels is reversed at s = 5.
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s
0 2 4 6 8 10 0.0104
L L L ! |

-0.0054 0.0054

-0.0104

-0.0154

-0.0054

-0.0204

Figure 2.5: The angular velocities of the extrinsic RMG parallel on M$(H?) (left) and the
intrinsic RMG parallel (right).

Numerically, we have solved the equations (2.4.69) for the extrinsic and intrinsic RMG
flow on /\;IS(HQ) with various initial values. The corresponding RMG trajectories of one
of the vortices on the Poincaré disk are depicted in Figure 2.6. Note that inflexion points

in MY(H?) do not necessarily coincide with inflexion points of vortex trajectories in H?.
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o &

(a) (b) (© (d)

Figure 2.6: Plots of vortex trajectories under the extrinsic RMG flow on M$(H?) (top) and
the intrinsic RMG flow (bottom) with Aintrinsic = Aextrinsic @nd various initial values .

(iv) Furthermore, we compare between the intrinsic RMG flow on Mg(Hz) and the
extrinsic RMG flow with RMG parameter Aeyginsic = Ainwinsic/2. The corresponding

trajectories are given in Figure 2.7.

.\ugm

(a) (b) (©)

Figure 2.7: Plots of vortex trajectories under the intrinsic RMG flow on M(H?) (blue)
and the extrinsic RMG flow (red) with Agytrinsic = Aintrinsic/2 and various initial values .

From Figure 2.7 (C), one can see that by choosing s to be initially large, the extrinsic and
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intrinsic RMG trajectories coincide which confirms the suggestion given in (2.4.68). In
contrast, those which begin with small s have a significant difference in their qualitative

behaviour as in Figure 2.7 (a).

(v) Unlike geodesics, the features of RMG flow on a fixed point set, of a holomorphic
isometry, such as MQ(H% can not be deduced by knowing only the metric on such a set.

This difference makes RMG flow much harder to study.
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Chapter 3

Spaces of Holomorphic Maps on

Compact Riemann Surfaces

3.1 CP* model and L? Metric

Let > be a compact Riemann surface equipped with a Riemannian metric g given, in terms

of isothermal local coordinates x = (z1, x2), by

g = (21, 29) (da? + da3), (3.1.1)

for some smooth function . The CP* model on the spacetime R x >, with the Lorentzian

metric 7 = dt* — g, is a scalar field theory defined by the field Lagrangian [35],

1
L¢] = 3 /E Rab 0,0°0,¢° 0" vol,, (3.1.2)

for a scalar field ¢ on R x ¥ taking values in the target space CP* given the Fubini-Study
metric h. In this model, the kinetic and potential energy of the field system are given,

respectively, by
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1
T¢] = 5 /2 hab 0o 0o ” vol,, (3.1.3)
Vig] = % /E Z hap 0;¢" ;" 272 vol,. (3.1.4)

1=1,2

Here, the static field equations are the Euler Lagrange equations derived from V'[¢], that

18,

Ot 10> = £ Dot

2 b
ha0i¢” + D 2 9¢°

;% 0; ¢, c=1,...2k. (3.1.5)

The configuration space ¢ of the CP* model consists of all finite energy smooth maps
from 3 to CP*. These are classified into equivalence classes %, labelled by an integer n

interpreted as the topological degree of the map ¢ € %,,, namely,

n:/gb*wg, (3.1.6)
by

where wg is the normalized Kihler form with respect to A. An argument due to
Lichnerowicz [31] shows that in each %, the total energy F[¢] = V[¢] has a non-trivial

lower bound given by

El¢] > 2(41) In|. (3.1.7)

The total energy E[¢] attains its lower bound in (3.1.7) if ¢ € %, is holomorphic
(antiholomorphic) map of degree n > 0 (n < 0). Hence, the degree n moduli space M,

consists of all degree n > 0 holomorphic (degree n < 0 antiholomorphic) maps from >

to CP*.

Let z = x; + izy denote a complex local coordinate on X and let W = (W7, ... W)
be inhomogeneous coordinates on CP*. Then, the kinetic energy 7'[¢] can be written, in

terms of the inhomogeneous coordinates W = (W7, ..., W), as
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2 X/ .
W] = 1/ ‘_*((1 + W10 — WaWﬂ) W, 175 vol,, (3.18)
2Jse\ @ WP

where ¢ > 0 is the constant holomorphic sectional curvature of the Fubini-Study metric
h on CP*. Introducing complex local coordinates {0’ : i = 1,2,...} on the degree n
moduli space M, then the restriction of the kinetic energy T'[W] to the moduli space M,

is

L LA W) — WV 5\ OWa 05
Tw)== [ = @ O B it yol,. 3.1.9
) 2/20( (1+ W) o ow V0 (3.1.9)

In the CP* model, the low energy dynamics of degree n CP" lumps, the degree n
minimal energy static solutions of the field equations in the CP* model, is conjecturally
approximated by geodesic motion, as in [45, 56], on the moduli space M, with respect to

the metric

o o
(3.1.10)

P 4 (1 + |W|2)5a5 — WQW5) oW, GWB
— e dbidl P
R W”cé( (1+ WP

A precise version of this conjecture is proved for ¥ = T2, k = 1 and n > 2 by Speight
in [50]. The metric given in (3.1.10) is the L? metric on M,. Formally, it assigns to any

tangent vectors X, Y € TyM,, C I'(¢*TCP*), the inner product

(X, Y) = / h(X,Y) vol,. (3.1.11)

¥
This metric has many aspects of interest on the spaces of degree n holomorphic maps

from ¥ to CP*, denoted Hnr(2), as we shall see throughout this chapter.
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3.2 Degree 1 holomorphic maps S*> — CP*

3.2.1 Hi4(S?) Review

This section reviews the geometric structure of #; (S 2) introduced in [49]. Let S? be the
2-sphere equipped with its standard round metric and let ¢ be a degree 1 holomorphic map
from S? to CP". Then, by introducing homogeneous coordinates (z, z;) on CP* = §?,

such degree 1 map has the form

¢([ZQ, Zl]) = [GQZO + ngl, .o, Q2o bkzl], (321)

where (ao, ..., a) and (b, ..., b;) are linearly independent in C**!. For ¢ € C*, the

element (£ag, &by, . . ., Eag, Eb) € C*F2\ {0} determines the same holomorphic map ¢,

P2k+1 P2k+1

and so this induces an open inclusion H; ;(S?) < C whose complement in C
is a complex codimension £ algebraic variety, which is where the linear independence
fails. This inclusion is used to equip 7—[1,;@(82) with a topology, differentiable and

complex structures.

Let g and h be the Fubini-Study metrics on the domain S* = CP"' and the codomain
CP* with constant holomorphic sectional curvatures ¢; and c,, respectively. Consider
the space H; (S %) equipped with the L? metric ;> defined as in (3.1.11). The isometry
groups U(2) and U(k + 1) of (CP*,g) and (CP*, h), respectively, build an isometric
action of G = U(k + 1) x U(2) on H;4(S?) given by ¢ — 05 0 ¢ 0 §; ' where §; and
5, are isometries of CP' and CP*. Generically, each orbit of G on H; ;(S5?) is a real

codimension 1 submanifold of 7, ;(S?) and has a unique element ¢,, given by

ou([20, 21]) = (1120, 21,0, ..., 0], > 1. (3.2.2)

An exceptional orbit of real codimension 3 occurs when ;o = 1. This action decomposes
H, ,(S?) into a one parameter family of orbits parametrized by i € [1,00). The isotropy

group of a generic orbit G, of ¢,, is



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 80

e 0 0 ‘
e (Oz+5) O
K:{( 0 e? 0], , ):a,ﬁ,ée]R{,UeU(k:—l)}. (3.2.3)
0 ei(8+6)
0 0 U

By the Orbit-Stabilizer Theorem [2, p.94], each orbit G, is diffeomorphic to G/ K. Now,
let g and ¢ denote the Lie algebras of G and K, respectively. Let also (,) be the Ad(G)

invariant inner product on g, that is,

1
<<M1, ml), (MQ, m2)> = —§(tI'M1M2 -+ trmlmg), (324)

where M; € u(k + 1) and m; € u(2). It follows from (3.2.3) that

wa 0 0
i(a+90) 0
{%:{( 0 8 0], ):a,ﬁ,ééRuGu(k—l)}. (3.2.5)
- 0 i(B+9)
u

The tangent space to H; ;(S?) at ¢,, is

0
V,, =Ty, H1x(5?) = <%> @ p, (3.2.6)

where p is the orthogonal complement of £ in g with respect to (,). The space p can be

decomposed into Ad(K') invariant subspaces

P=poBp, PP, BPDP, (3.2.7)

where
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po = {(\(diag(i, —i,0,...,0), diag(—4,i)) : A € R} =R, (3.2.8)
0O = O
-z 0 0 ... 0 uzx

Pu={< ; ):xEC}E(C, (3.2.9)
0 0 —ut 0
0 —upy O

0 0 ... 0 —g

ﬁuz{( " : Y ):yEC}EC, (3.2.10)
0 0 y 0
00 —ul

ﬁ—{( 00 ... ,0) :ueckl}zcc’”, (3.2.11)
0
00 ...

p= {( 00 —vt ,0) v € Ck—l} =CH 1L (3.2.12)
v

The almost complex structure .J acts on p as

J:(\zy,u,v) — 4;4)\% + (0, iz, iy, 1u,iv). (3.2.13)
It was shown in [49] that
Proposition 3.2.1. Let v be a G-invariant Kiihler metric on H1,k(52). Then, for k > 2,

v is uniquely determined by the one parameter family of symmetric bilinear forms -y, :

Vi, x 'V, — R given by

Y = Ao(p)dp® + 81> Ag (1) (, Dpo + A1 (1) (), + A2(p) ()5, + As(1e) ()p+ Aa(pe) (),
(3.2.14)
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where Ay, ..., Ay are smooth positive functions of y defined by a single function A(u)

and a positive constant B as follows

Aoli) = 7= A(p). M) = Aalp) = g 4G
Ay = B+ 10, Ay =B~ A1, (32.15)

Here, (,),, denote the induced inner products of (,) to the Ad(K) invariant subspaces,
given in (3.2.7).

The L* metric 72 on H;4(S?) is Kihler and invariant under the action of G, so it is
covered by Proposition 3.2.1. It is determined by
16w pu* —4p®logp —1 87

Age = Br = —. 3.2.16
r2() ci1co (u? —1)2 ’ B el ( )

Another G-invariant Kihler metric on #, ;(S?) is the induced metric s defined by
the inclusion #H; ;,(S?) = CP?**! where CP**! is given the Fubini-Study metric of
constant holomorphic sectional curvature ¢, say. We call this the Fubini-Study metric on
H,.1,(S?) denoted ypg. It is determined by

4 42 —1 2
Ars(p) =~ ZQ 1 Brs=7. (3.2.17)

The volume form of a G-invariant Kéhler metric 7, determined as in (3.2.14) by the

function A(u) and the constant B, on H; ;(S?) is

vol, = V() dpw A volgyk, (3.2.18)
where
1 2 2 Az(ﬂ) o '
Vi = 5 A B == A'(p), (3.2.19)

and volg/ is the volume form of G/ K with respect to the inner product (, ), defined in



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 83

(3.2.4). It was shown that for k£ > 2, every G-invariant Kéhler metric vy on H; 5 (S %) has

finite volume [49]. In the special case that lim A(x) = 2B, this volume is

H—00
k— 1)k 2B7)2k+1
Vol(H11(5%),7) = ﬁ(?B)zHlﬁ Vol(G/K) = %7 (3.2.20)

where Vol(G/K) is the volume of G /K with respect to (,). This formula agreed with

Baptista’s conjectured formula in [5] for the volume of H,, ;(X).

3.2.2 Ricci Curvature Tensor

With respect to any G-invariant Kidhler metric ~, determined as in Proposition 3.2.1, on

H, (S?), the Ricci curvature tensor Ric is given explicitly by the following Proposition

Proposition 3.2.2. Let v be a G invariant Kéhler metric on H, ,(S?), determined as
in (3.2.14) by the function A(u) and the constant B. Then, the Ricci curvature tensor
of (H11(S?),7) with k > 2 is uniquely determined by the one-parameter family of

symmetric bilinear forms Ric, : V,, x V,, — R given by

RiCu = C@d,lf + 8M200<7 >p0 + Cl(u) <7 >pu + 02(M><7 >fm + C3(M> <7 >ﬁ + C4(/l) <7 >f37

(3.2.21)
where Cy, ..., Cy are smooth functions of 1, determined as in (3.2.15), by the function
C(p) and the constant D given by

2 1 F/
C(p) = 4(k + )& () D =2(k+1), (3.2.22)

— 92 ,
21 Fw

where

L AWA) (e AW\ e Al
F(M)—A%S(N>Aljrs(ﬂ) (B 4 > (BFS A ) . (3223)
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Proof: The Ricci curvature tensor on (#H; ;(S5?),) is a G-invariant symmetric (0, 2)
tensor which is Hermitian and whose associated 2-form p(.,.) = Ric(J.,.) is closed.
Hence, Ric has the same structure as ~, namely, it is uniquely determined by the one
parameter family of symmetric bilinear forms Ric,, : V), x V,, — R given as in (3.2.14).
Since the coefficients Cy, ...,y of Ric are defined as in (3.2.15) by a single function
C(u) and a constant D, then we only need to determine C'(x) and D. By Proposition
3.2.1, we have

Clr) = Col) — Calp), D = 3[Col) + Cal)]. (3.2.24)

To compute C'(11) and D, we need first an orthonormal basis for p with respect to the inner

product (, ). We shall use the orthonormal basis introduced in [49] as follows

Yo = % (B — Es, —e11 + e22),
Y1 = (B2 — Ea1,0), = i(F1p + Fy,0),
= (0, —e12 + €21), =1(0,e12 + €21),
Yaig = (— Eiito+ Fii01,0), Ygl—z(ELHg—i—EHQJ,O), i=1,...,k—1,
Yoi 1 = (—Eaiyo + Eiy02,0), =1(Foita + Fit29,0), i=1,....k—1,

(3.2.25)

where E,3 and e,g denote (k + 1) x (k + 1) and 2 x 2 matrices, respectively, whose

element («, §) is 1 and the others being zero.

Hence, the functions ('3 and C; can be given, for example, by

CS = RICM(Y/M}A/l) = _RIC,u(Jy%}A/l) = pu(f/lai/é%

Cy = Ric,(Y1,Y1) = —Ric,(JY5, Y1) = p. (Y1, Ya). (3.2.26)
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Now, the volume form, given in (3.2.18), of any G-invariant Kéhler metric  on Hl,k(52)

can be written as

vol, = F(p) vol,,, (3.2.27)
where
A (A () ( ) A2<u>>’“< ) AM))‘“‘”
F(p) = B® — Bro — : 3.2.28
U= ) A ) 0 T 3229
Hence, the Ricci form p with respect to v is [9, p.83],
p=prs —i00f,  f(u) = log F(u), (3.2.29)

where ppg is the Ricci form with respect to ypg, 0 : QP9 — QPFLD and § . QP9
QP91 are the partial exterior derivatives on the space of (p, ¢)-forms QP9 on H, ;,(S?).

Using (3.2.29) in (3.2.26), we have

C(M) = qus(Yl; YQ) - qus(Yly YQ) - Z[<85f)u(?17 ?2) - (85]0)“(}71, %)}7
= Crs(p) — i[(80f) (Y1, Ya) — (90f)u(Y1, Ya)], (3.2.30)

and

2D = pups (Y1, Y2) + ppps (Y1, Y2) = i[(00) () (Y1, Y2) + (90 ) (1) (Y1, Y2)]
= 2Dpgs — i[(00f) (Y1, Ya) + (00f), (Y1, Ya)]. (3.2.31)

Since (H(S?), vrs) is a complex (2k + 1)-dimensional Kihler-Einstein manifold, then

[26, p.168]

prs = c (k+1) wrs, (3.2.32)
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where wpg is the Kéhler form of yrg. Hence, the function Crg(p) and the constant Dpg

are

P =1
pr+1

Cps(p) = c(k+1)Aps = 4(k+1) . Dps=c(k+1)Bpg =2(k+1). (3.2.33)

It remains to compute (99f), (Y1, Y2) and (99f),(Y1,Y2). Let & = —Yy/(2V2 p), then
it follows from (3.3.13) that J&, = —0/0u, and so,

« 0
S dp(&o) = dp(J&o) = du(—@) =1, (3.2.34)
where J* is the induced almost complex structure on V7. This means that g = —J"du is

a covector with 7(&y) = 1. The exterior derivative of f is

df = < f'(w) [(dp+ing)+(du—ing)] = = f'() [(dp—iJ*dp)+(dp+iJ dp)]. (3.2.35)

N | =
N | —

By definition, the (1,0)-part O f and the (0, 1)-part O f of the 1-form df are

1, . = 1, .
0f =5 f(w) (dp +im),  Of = 5 fu) (dn—inp). (3.2.30)
Since d = O 4+ 0 and 0° = 0, then
00f = ddf = =5 f"(w) du Ao — 5 f (), (3.2.37)

where dn is a 2-form on H, ;,(S?) given for any vector fields X,Y on H; ;(S?) by

dno(X,Y) = Xno(Y)] = Yno(X)] — mo([X, Y]). (3.2.38)

Let &1, & be the extension of 371 and YQ as Killing vector fields on "Hl,k(SQ). Then, from
(3.2.37) and (3.2.38), we have
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@011 2) = 370 ml(€nal] ) (3239)

The Lie bracket of Killing vector fields on H; 4 (.S?) can be calculated from the Lie algebra
bracket [, |, of g as follows [9, p.182]

6.&]| = =PV, Yaly), (3.2.40)

=Pu

where P is the projection of g to p. From (3.2.25), we have

Vi = (—E13+ E3,0), Yy = i(Ey3+ Ex,0). (3.2.41)

Then, it follows that

Y1, Yo]g = —2i(Ei3Es1 — Fs1E13,0),

- —Z(2E11 - 2E33, 0),

7 7
= —5(3E11 + E9y — 2FE33, €11 — €22) + =(Ey1 — Ega, —e11 + €22),

[N}
—_

7
= _5(3E11 + E9y — 2FE33, €11 — e22) + —=Y). (3.2.42)

V2

Since the element (3£, + Eay — 2E33, €11 — €22)/2 € &, then it vanishes under F,, and

SO

1
&1, &) s —EYO. (3.2.43)

Substituting (3.2.43) in (3.2.39), we get
(001),(Y1,Ya) = ipf' (). (3.2.44)

Similarly, one can find that

(001),(V2, Va) = —ipf' (). (3.2.45)
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Substituting (3.2.33), (3.2.44) and (3.2.45) in (3.2.30) and (3.2.31), we obtain the function
C'(1) and the constant D as in (3.2.22).

3.2.3 Scalar Curvature

An orthonormal basis for (Vu, %) can be defined, using (3.2.25), as follows [49],

1 0 1
X=— —, Xo= ——Y,,
VA, Op ° \/8u2Ag °
_ Y- pYs x, . 2tuYs
— T 2 = T />
V(L) A V(L + ) A
—uY +Ys pYs +Y,
g = ————— Xy = —F—,
(1+ )4 (1+ )4
N 1 A . 1 .
X = Y, X = Y, j=1,...,2k—2. 3.2.46
J \/A_3 J J \/A_4 J J ( )

Proposition 3.2.3. Let v be a G invariant Kéhler metric on H,(S?), determined as
in (3.2.14) by the function A(u) and the constant B. Then, the scalar curvature of
(H11(S?),7) for k > 2 is

(1) = 2 [Q% O (k+1)+C(w)  4(k+1) = Cp)

4
A(p) Aw] +2k-1) [ 2B+ A() | 2B - A()

. (3.247)

Proof: The scalar curvature of a GG-invariant Kidhler metric v, determined as in (3.2.14),

with respect to the orthonormal basis (3.2.46) is
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4 2k—2
k(i) =Ric, (X, X) + ) Ric,(X;, X;) + Y _ [Ric, (X, X)) + Ric, (X, X;)].

i=0 j=1

4
1 . 1 .
—ORICH(}/O, Yo) + A_l E RICM(}/h )/z)

=1

+—— > Ric,(Y;,Y;) + — Y _ Ric,(¥;,Y)). (3.2.48)
Using (3.2.21) in (3.2.48), we get

Cs C“] . (3.2.49)

B Cy 4
li(ﬂ)—QA—o—l—élA—l—f—Q(/{? 1) {A_3+A_4

Using the relations between the functions A;(u) and Cj(u) with A(u) and C(u),
respectively, as in (3.2.15), we obtain that the scalar curvature of a GG invariant Kihler

metric v on H; 1,(S?) has the formula (3.2.47).

3.2.4 Einstein-Hilbert Action of #, ;(S?)

The Einstein-Hilbert action of a Riemannian manifold (M, g) is defined to be the integral

H(M,g) = / % vol,, (3.2.50)
M

where x and vol,, are the scalar curvature and the volume form, respectively, with respect

to the Riemannian metric g on M.

Theorem 3.2.4. The Einstein-Hilbert action of H, ,(S*) with respect to the L* metric 71>

is

22k+2 7T2k+1(k’ + 1)3%1;
(2k)! ’

H(H15(5%),y12) = Vik>2. (3.2.51)
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Proof: The Einstein-Hilbert action of H; ;,(S*) with respect to any G invariant Kéhler

metric vy 1s

H(Hi1x(5%),7) = / k() V(p) dpe A volg g,
H1,1(5?)

= Vol(G/K) /100 K(p) V() dp. (3.2.52)

The scalar curvature of (H;4(S?),), given in (3.2.47), can be written as

AQ

-1
2 _) [4(k+1)B—AC], (3.2.53)

Rlk) = 7 yam

[2CA () +AC" ()] +(k—1) (32— 1

and then, by (3.2.19), we have

k() V(p) = % [2ACA (1) + A°C' ()] (32 - A{)
N (kf )AzA/( ) [4(k +1)B — AC] <BQ—A£> ,
N 4(1@2} LY ( B AZQ) | (3.2.54)
Since
% [<B2 - %)k_ll _ _(’{32;1),4 um (32 - AZ?)H, (3.2.55)
then,

w(p) V) = % % {A2 C (B?-AZQ)LH] +2v2(k2—1)BA? A'(1) <B2_A£)

(3.2.56)
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Hence, the Einstein-Hilbert Action H(H1;(S?),7) is

2 2 2 . A o
H(H1(5%),7) =—=Vl(G/K) |A*C | B* — —
(Hia(57).) =G/ ) |4 ¢ (B =) |
A(o0) A2 k-2
+2v2 (k* — 1) B**Vol(G/K) / A% (11— — dA.
(3.2.57)
For the L* metric on H; ;(S?), the following limits follow from (3.2.16),

lim Ags(p) =0, Jim Ara(p) = 2B,

lim Cra(p) =0, lim Cr2(p) = 4(k + 1), (3.2.58)

pn—1 H—00

and so,

lim | A2, Cp2 | B? A . = lim A%, C}» | B? A . =0. (3.2.59)
pards 1.2 12 12 4 == ugr& .2 12 .2 4 = U. L.

Thus, the Einstein-Hilbert Action with respect to the L? metric 72 on H; 1,(S?) is

A 2(0c0) A22 k—2
H(H14(S%),7v12) = 2V2 (K*—1)B%73 Vol (G/ K) / A2, (1—452 ) dAp:.
A;2(1)
- (3.2.60)

L2

To compute the integral above, let 7 = A2 /2By, then

1
H(H1(S%),7v12) = 2*V2 (k* — 1) B3 Vol(G/K) / 2 (1-7)"%dr. (3261
0

The integral in (3.2.61) is finite for all £ > 2. In fact



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 92

! - 222k — 2)! k!
/ P - dr = ((21<:)' PR e (3.2.62)
0 .

The volume of G/ K can be extracted from the formula of Vol(#; ;(5?),~) in (3.2.20),

1 7T2k+1

Substituting (3.2.62) and (3.2.63) in (3.2.61), we get

2242 2k (k4 1) B2k
(2K)!

H(H1x(S%),712) = (3.2.64)

|

By taking the holomorphic sectional curvatures ¢; = ¢, = 4, then the constant B> =

/2, and so the Einstein-Hilbert action of #, ;(5*) with respect to the L? metric becomes

92 4kt (k4 1)
(2Kk)!

H(H14(5%),712) = (3.2.65)

This confirms Baptista’s conjectured formula in [5] for the the Einstein-Hilbert action of

M1 (X), provided ¥ has genus g < n/2,

H(Hni(E), v12) = 2k + ggj[fb 1;! e+ 1 (wol(z, g))m , (3.2.66)

where m = (k+1)(n+1—g)+g— 1 and Vol(, g) is the volume of ¥. This conjecture
is based on a singular limit relating the CP* model on ¥ with a gauged sigma model
whose fields take values in C*** [5]. More precisely, a one parameter family of metrics
on the n-vortex moduli space, which is a compact Kédhler manifold, are conjectured to
converge, in a certain limit, to the L? metric on H,.x(X). Such convergence has recently
been established rigorously by Lui [32] in the sense of Cheeger-Gromoyv, that is, on each
open set in some locally finite open cover of H,, x(2). This convergence does not directly
imply Baptista’s conjectured formula (3.2.66) for the Einstein-Hilbert action of H,, ;(X),

however.
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3.3 Degree 1 holomorphic maps S* — S

3.3.1 Rat; Review

This section reviews the work done by Speight in [48]. Consider the space of degree
n > 0 holomorphic maps (52, g) — (S%, h) where g and h are the round metrics on the
2-spheres S, and S2 of radius 1/2. Introducing stereographic coordinates z and W on
the domain and codomain, respectively, then such degree n holomorphic maps are of the

form

a1+ agz 4+ -+ a1 2"

?
Apt2 + Apy32 + -+ -+ Aopy22™

2z W(z) = (3.3.1)

where a; are complex constants, @, 1, as,+2 7 0 simultaneously, and the numerator and
denominator have no common roots. Hence, this space is just the space of degree n
rational maps and is denoted Rat,,. It is clear that (£ay, ..., agnys) € C*2\{0} for
¢ € C* determines the same rational map W (z). This leads to a natural open inclusion
Rat, — CP?""!' whose complement is a complex codimension 1 algebraic variety,
which is where the numerator and denominator in W (z) are sharing roots. Thus, Rat,

inherits a natural topology, differentiable structure and complex structure from CP?"**,

Since S2 is identified with C P, then the space Rat,, is regarded as the moduli space M,,

of the CP' model on S5 whose field Lagrangian is given, in terms of W, by

—
LW = 1/ OWVOW
2 s ( 2

L+ W[
. 22 _ . 2 2
_3/ W w1 9:1V] +|85W‘ dzdz,  (3.3.2)
s A+ W2 A+ 2Js 1+ [W[)?2
=:T[W] - V[W].

With respect to the identification Rat, = M,,, the L? metric on Rat,, is the one given

in (3.1.10). That is, by introducing complex local coordinates {b° = a;/as, 1o : i =
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1,...,2n + 1} on Rat,, then the L? metric on Rat,, is

1 OW OW  dzdz

— — . 333
A+ WPR o o6 (P O

N i
’)/L2 = ’)/lej db db7, ’)/ngj = 5 /S

2
do

It follows from (3.3.3) that ;2 on Rat, is Hermitian and in fact is Kihler [48].

Some significant features of (Rat,,, vy;2) are already known: it is geodesically incomplete
[42], and it has an isometric action of Gy = SO(3) x.SO(3) descending from the isometric
SO(3) action on the domain (S5 , g) and the codomain (S2, k). The G action on ¢ €

co’

Rat,, is defined as

¢+ dg0¢0d; ", (3.3.4)

where 6, and d, are isometries of S5, and S2, respectively. Let P be the map on Rat,

which maps W (z) to W(z). It follows from (3.3.3) that P acts isometrically on Rat,.
This is called the discrete isometry of Rat,,. Hence, G = G x {Id, P}, where Id is the

identity map, acts isometrically on Rat,.

Now, we consider the case n = 1 in more detail. Identifying S* = C U {oo}, then any
degree 1 rational map on S? can be thought as a Mébius transformation on C U {oc}.

Namely,

_az+b  [a b
Ccz+d c d

W(z) ® z, ad — be # 0, (3.3.5)

which is identified with an equivalence class of GL(2, C) matrices

b
[M] = {¢ ad 1§ e C*Y. (3.3.6)

C

Thus, Rat, is identified with PL(2, C). Also, it is known that any [M] € PL(2,C) can
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be uniquely decomposed as

(M] = [U](AL + X 7), (3.3.7)

where U € SU(2) , A = (M, A3, A3) ERP A = ||A|,A=V1+ ) and T = (11,7, 73)

are the standard Pauli matrices

0 1 0 — 1 0
T = ) Ty = ; T3 = . (3.3.8)
1 0 v 0 0 —1

Hence, Rat; = PU(2) x R® = SU(2)/Zy x R®. There is a well-known identification
between SU(2)/Zy and SO(3) given by the map

o : SU((2) — SO(3), P(U)=T"1oAdyo VU, (3.3.9)
where Ady is the adjoint representation of U in SU(2) and V is a linear isomorphism
given by

U R? — su(2), U(x) = —(x-T). (3.3.10)

The map  is a surjective homomorphism with Ker(®) = Zy, and so SU(2)/Zy = SO(3)
[20, p.303]. Hence, Rat, is identified with SO(3) x R?. In the coordinate system ([U], X)

on Raty, the GGy action on Rat; is given by

(L,R): ([U,A) = ([LUR',RN), (3.3.11)

where £ = ®(L) and R = ®(R) for L, R € SU(2). This action has cohomogeneity 1,
that is, generic (g orbits are submanifolds of Rat; with real codimension 1. One finds

that the orbit space Rat, /G| is identified with I' = {([I,], (0,0, X)) : A > 0}.

Consider the coframe on Rat; defined by {d\, o} : k = 1,2, 3}, where oy, are the left-
invariant 1-forms dual to the basis {0, = i7,/2 : k = 1,2,3} for su(2). From (3.3.11),



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 96

one can obtain that the induced action of (G on this coframe is

(L,R): (o,d\) = (Ro, RdA). (3.3.12)

The action of the almost complex structure J on the basis {9/0\, 0 : k = 1,2,3} at
Wy = ([Ia], (0,0, \)) is,

0 2 A0 0 2 A0 0 2
— _ —_— = — _—— - = — . . .1
T A(91 26»2)’ T on A<92+28A1>’ Tox, T A% O3

Using J? = —1, one can determine {J6, : k = 1,2, 3} from (3.3.13).

Speight has shown in [48] that any G-invariant Hermitian metric v on Rat; has the form,

v = ArdXA - dA+ As(A - dN)? + Aso -0+ As(X - o) + Ash - (o x dA),  (3.3.14)

where Ay, ..., A5 are smooth functions of A which satisfy
Ay N\ 4
As = f + A At N4, = 15 (s + A2Ay), (3.3.15)

which are the Hermiticity constraints on the coefficients of any G-invariant metric,
determined as in (3.3.14), on Rat;. If v is Kéhler, then there exists a smooth function

A() such that the coefficients Ay, ..., A5 are defined by A(\) as follows

A AN e
A= AN, A2:%+%, Ay = ( +4 JA(N),
2
A, = (%) A, A= A, (3.3.16)

The associated G-invariant closed 2-form of -, the Kéhler form, is of the form
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w=AdAAo+A; (A-dANAN-0)+ A5 (0 x o), (3.3.17)

where dA A o = Z d\; A oy, and

Ay =240, A=Y ) = 40, (3:3.18)
For the L? metric ;> on Rat,, the function A()), call it A;2(]), is determined explicitly

by

pt —4p*log p — 1]
(n>=1)% 7

where 1 = (A + \)?. The above expression appears in [45] with a factor 47y instead of

Ap2(\) = 2mp [ (3.3.19)

27 . This is due to a rescaling of the kinetic energy T[] in [45] by factor 1/2.

Since the Ricci curvature tensor Ric is a G-invariant symmetric (0, 2) tensor which is
Hermitian and whose associated 2-form p, the Ricci form, is closed, then it has the same

formula (3.3.14) with coefficients A, ..., A5 defined, as in (3.3.16), by

. 1 d
AN = STV log(A%()\) B(\)), (3.3.20)
where
1422 AN Ad
B(A) = As(\) + A2A,(N) = +4 AQ) + 2EA0) = TS (MAW)). (321

With respect to any G-invariant Kihler metric v, determined as in (3.3.14), on Rat;, the

volume form and the scalar curvature are of the form

A
vol, = TBO) A*(A) dh AddAg Ads Ao Aoz Ao, (3.3.22)
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AN | BW)
KO =455+ 2500 (3.3.23)
respectively, where
) ] ] 142X A2 Ad
B(\) = Ay(\) + A2A4(\) = +4 AQ) + 2EAO) = TN 3324

From the formula for Ay2(\), it has been proved that (Rat;, v;2) has finite volume and its

scalar curvature is unbounded above [48].

3.3.2 Einstein-Hilbert Action of Rat;

The Einstein-Hilbert action of Rat; with respect to a (G-invariant Kéhler metric -,

determined as in (3.3.14), is

H(Rat,, ) / #(A) vol,. (3.3.25)

Raty

Substituting (3.3.22) and (3.3.23) in (3.3.25), we have

H(Ratl,y) :/ AA[AB—FQAB] d)\l/\d/\g/\d/\g/\O'l/\O'Q/\O':;,
SO(3)xR3
R3
=8’ / AA[AB + 2AB] d\ A dXa A d)g, (3.3.26)
R3

where

Vol(SO(3)) = / o1 Noy Aoz =87, (3.3.27)
SO(3)

is the volume of SO(3) = S*/7Z, with respect to the round metric of radius 2. To simplify

the integral (3.3.26), we use the spherical coordinates (A, 1, ¢) on R? which implies
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dA\ A dXg AdAs = X2 sind dd A dp A dA. (3.3.28)

Hence, the Einstein-Hilbert action on (Rat;,y) becomes

H(Rat;, ) = 32 7° / h NAA[AB + 2AB] d). (3.3.29)
0
we note that

L0ny2a2a) = Lianaraa)

d\ d\ ’
_ i & > 4 (\ri
= 2(AAA) (MAA) - (AAA) + (AAA) N (AAA),
= (MA) {2(>\AA) %(AAA) + (AA) %(AAA)}. (3.3.30)

Using (3.3.21) and (3.3.24) in (3.3.30), we obtain that

%[(/\A)?’AQA] = AN*AA[AB + 2AB]. (3.3.31)

Thus, the Einstein-Hilbert action of any G-invariant Kédhler metric 7, determined as in

(3.3.14), of Rat; is

H(Raty,y) = 8 7° [(AA)PAA]| . (3.3.32)

0

From the formula for A;2(\), we have the following limits

lim [(AA)3A2,A] =72 and  lim[(AA)®A2,A] = 0. (3.3.33)

A—00 A—=0

Hence, the Einstein-Hilbert action of (Raty,y72) is

H(Raty,v.2) = 8 7°, (3.3.34)

which is twice the value conjectured by Baptista in [5]. This may be due to the difference
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in the scalar curvature definition in [5] from the one in [48] by a factor 1/2.

The volume of Rat; with respect to the L? metric has been computed by Baptista in [4].
Here, it is convenient to remark that the volume of Rat; with respect to any G-invariant

Kéhler metric ~, determined as in (3.3.14), can be easily computed by noting that

%[AAA]?’ — \2AA2B. (3.3.35)

Hence, the volume of (Rat;, ) is

A
Vol(Ratl,'y) = / —BA? dXi A dXda N dhs A oy N oo N\ o3,

Rat;

A
= Vol(S0(3)) / SBA” A\ Ads A d,

RS

3 [T 2x 42 4’ 3 =
= 167 MNAA“B d)\ = T[)\AA} ) (3.3.36)

0 0

For the % metric, we have
3
lim [AMA2]* = — and lim[AA;2]* =0, (3.3.37)
A—o0 8 A—0

and hence Vol(Rat,, v;2) = 7° /6 which coincides with the value found by Baptista in [4].

3.3.3 RMG Flow on Rat;

Whenever the formulae for the metric g and the Ricci potential 1-form @ on a Kihler
manifold M are known explicitly, then one can discuss the RMG motion on M, given by

an RMG curve x(t), by the following Lagrangian

1

L= 59(x(8), x(1)) — a(x())- (3.3.38)

Clearly from the identification Rat; = SO(3) x R?, one can see that the second de Rham

cohomology of Rat; is trivial, and so the Ricci form p on Rat; is exact. Moreover, there
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exists a Gg-invariant 1-form a such that p = da. In fact, we obtain that

This follows from the following calculation:

p=A dAAo+ AsA-dA)AX-0)+ A\ - (o x o),

= . 1d2 ES
- 1dMa+Xd—;(>\-d>\)A(/\-a)+Al>\-(axo—).
Since
- 9A N dA L 1dA
dA, 5 dhi =5 == dhi = = (A d)),
then,

p:;ll d)\/'\a'—l—d;ll/\()\-a)—k;h)\-(a'Xa’),
—AdAAo+dA AAo+ AN (0% o),
—d(A, A) Ao+ A\ do,

= d(A X o) :d(%A)\-a).

101

(3.3.39)

(3.3.40)

(3.3.41)

(3.3.42)

Here, do = o x o gives the exterior derivatives of the left-invariant 1-forms {o}, : k =

1,2,3} on SO(3), that is, [48]

d0'1:0'2/\0'3, dO'QIO'g/\O'l, d0'320'1/\0'2.

(3.3.43)

Hence, the RMG motion on Rat; with respect to a Gg-invariant Kéhler metric -, given as

in (3.3.14), is determined by the following Lagrangian



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 102

L= %[Al()\ A) A X A%+ Ay(Q- ) + A Q)2+ Ak (2 x A)]

A
- SAN- Q). (3.3.44)
for an RMG curve x(t) = ([U(t)],A(t)) on Rat; whose velocity is x(t) =

([U ()R], A(t)), where

A(t) = (M), Aa(t), As(1)) € TaR?, (3.3.45)
Q=Ut)(U(1)) € su(2). (3.3.46)

Since RMG motion preserves speed, then there is a conserved energy

E= %[Al()\ A+ Ax(X A+ A3(Q2- Q) + Au(A- Q)P + AsA - (2 x A)]. (33.47)

Furthermore, since the Lagrangian, given in (3.3.44), has Gy symmetry, there is a set of
six conserved angular momenta, one for each generator of GG action. A conserved angular
momentum for an arbitrary generator Y of (G action, Killing vector field on Rat,, is given
by [35, p.21-23]

Iy = *}/(Y, X) - a(Y) + oy, (3348)

where oy 1s a scalar function on Rat; whose exterior derivative is the Lie derivative of the

1-form a with respect to the Killing vector field Y/, that is,

day = Lya. (3.3.49)

Since a is G-invariant, then Ly-a = 0 for all Y, so we may take oy, = 0 for all Y.
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In order to determine the generators of GGy action, one can think of the left and right SO(3)
action on Rat, separately. It follows from (3.3.11) that the left SO(3) action £ acts on
([U],A) € Raty by taking U to its left multiplication by L and leaving A unchanged.
Thus, the left SO(3) action on Rat; acts only on SO(3), and so it is generated by the
right-invariant vector fields {&; : k£ = 1,2,3} on SO(3) which are related to the left-

invariant vector fields {6y : k = 1,2,3} by

fj = Z/{Z’j 91', and [fl, 9]] = 0, (3350)

where U;; = tr(r;Ur;U ") /2 are the elements of the matrix U = ®(U) € SO(3). The

relation between such vector fields and {0/0\; : k = 1,2,3} is

[€,0/0N,] = [6;,0/0\,] =0, Vi, j=1,23. (3.3.51)

Hence, the first three conserved angular momenta descending from the left SO(3) action

on Rat; are

Using (3.3.14), (3.3.39), (3.3.50) and (3.3.51), we obtain that

1 . . 1 -
P1 == UH [Ang + A4(Q . )\))\1 + 5141()\2)\3 - )\3/\2) - 5/\14)\1}
1 . . 1 -
U [As€ + As(Q- A)g + A1 (ads = M) = SAAN]

1. . 1
U [A5 + As(2- M)A + 5 A1 (Ade = dad) = SAAN],
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1 . . 1 -
PQ - L{12 [Ang + A4(Q . )\))\1 + 5141()\2)\3 - )\3)\2) - §AA)\1}
1 . . 1 -
+ Usa [A5€y + As(S2- X)Ag + §A1(/\3/\1 — AMA3) — iAA/\Q]

1 . . 1 -
+ Z/{32 [AgQg + A4(Q . )\))\3 + §A1 ()\1)\2 — )\2)\1) — §AA>\3],

1 . . 1 -
P3 - ulg [A3Ql + A4(Q . )\))\1 + 5141()\2)\3 - )\3)\2) - iAA)\ﬂ

1 . . 1 -
+ Z/{23 [AgQQ + A4(Q . )\))\2 + §A1 ()\3)\1 — /\1)\3) — éAA)\Q]

1. . 1
Uz [A3Q + As(2- M)A + 5 A1 (Mg = dads) = SAAN].

One can write the above angular momenta as a vector

1 : 1. -
P =UT[A3Q + Ay (- X)X+ §A1(>\ x A)) — 5AAA], (3.3.53)
where U” is the transpose of the matrix U € SO(3), defined in (3.3.50).
In contrast, the right SO(3) action R on Rat; does not only map U to its right
multiplication by R~ but also acts on R? by taking A to RA. This implies that the
right SO(3) action on Rat; is generated by a set of vector fields X, constructed as
X=0+Ax0, (3.3.54)
where 8 = (0y,05,0;) are the left-invariant vector fields on SO(3) and & =
(0/0A1,0/0Na,0/0N3). Hence, the other three conserved angular momenta are
Qr = v( Xk, x) — a(Xy), k=1,2,3. (3.3.55)

Using (3.3.14), (3.3.39), (3.3.50) and (3.3.51), we get
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1 1 1 ‘ ‘ 1, -
Ql - (Ag - 5)\2141)91 + (A4 —|— 5141)(9 . A))\l - 5141()\2)\3 - )\3)\2) - §AA)\1,
1 1 1 ‘ : 1, -
QQ == (Ag - 5)\2141)92 + (A4 -+ 5141)(9 . A)/\Q - §A1()\3)\1 - /\1/\3) - éAA)\Q,
1

1 1 . : 1 -
Qg = <A3 — 5)\2141)93 + (A4 + 5141)(9 . A))\g — 5141()\1)\2 — )\2)\1) — 5/\14)\3

These also can be written as a vector

Q= (A — %)\2141)9 + (At %Al)(ﬂ A - %Al(}\ K A) — %AA)\. (3.3.56)

Hence, we have determined the six conserved angular momenta associated with the RMG

motion on Rat; for the six Killing vector fields {{x, Xy : £ = 1,2,3} on Rat;.

Having determined the conserved quantities £, P and () associated with the RMG
dynamical system on (Rat;, ), one can eliminate €2 from (3.3.47) as follows: first, we

take the dot product of (3.3.56) by A,

QA= (Ag— ZNAN(R ) + (i + AR N) — VAL
1 _
= (Ag + VA (R A) = SNAA

=B(Q2-A) - %)?AA. (3.3.57)

This follows that,

_Lio.a s beaa
QA= Sl(@Q-A) + SATAAL (3.3.58)

Second, we compute the squared length of P,
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| P||? = || A2 + Ag(2- X)X + %Al(x X A) — %AA)\HQ,
= A2(Q- Q) + (2454, + N2AD)(Q2-A)? + A3 A, (A X A) - Q + iA%H)} Pk
— AAB(Q - X) + i/\2A2A2,
= A3[A3(Q- Q) + Ay (Q- A+ A (A XN - Q] + %ﬁn)\ x A

+ A4B(Q-X)? — AAB(2- A) + iA2A2A2. (3.3.59)

It follows from (3.3.59) that

[A3(Q- Q) + A4(Q2- A2+ A (A X A)-Q] =

1

. _ 1 B
[PI* = FALUA X A" = AuB(Q- X)* + AAB(Q - A) — 7 °AA7).

1
il
(3.3.60)

Substituting (3.3.58) in (3.3.60), we get

[Ag(2- Q)+ A, (- A2+ A (A X A)-Q] =

A

1 1 . A _ 1 -
PP = 24313 < AP = 22 1@ 2) + AP + AA(Q - N) + A2 A,
3

(3.3.61)
Then, the conserved energy £ in (3.3.47) becomes
. , 1 A AA
2FE =A 24 AN N2+ —||P|P - = 2+ (Q-

A+ A3 X+ PP = CUIAX AP+ 5@ A)
Ay 1 - MN2A\2 A2

- - A) + =APAAP° . 3.62
g Q) + AP 4 = (33.62)

Now, for certain F£, P and Q, let Xg p ¢ denote the subset of TR? which is defined as
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the image of the level set of RMG flow on TRat;, with E, P and @, under the projection
map T'Rat; — TR3. That is,

, . . A2 . 1
Xepo=13AA):2E = A A2+ As( X - A2 — LA x A|> + — || P?
4 A, A,

A, , A, a4, A2A2 A2
- @+ Sa- w2
(3.3.63)

Theorem 3.3.1. Rat, is RMG complete with respect to the L* metric.

Proof: Let p; and p2 be the projections of the set Xz p g, given in (3.3.63), to the first
and second components, respectively. We shall prove the RMG completeness of Rat;
with respect to the L? metric by showing that p; (Xz p.g) and p2(Xg p.q) are bounded
for all £, P and Q.

Let X denote the unit vector of A and

. . A . 2 2 A .
H(XAA) = A A7 + A2 A5(X - A)? — 1;141 1A x A%, (3.3.64)
3
GAQ):=F(N) (Q N + B\ (Q-X) + F(\), (3.3.65)
where
A2A, AA A2A, A2A2A2
Fi(\) = 45 Fy(\) = » (1 - ) F5(\) = T (3.3.66)

Then, the conserved energy F, given in (3.3.62), can be written as

2F = H(\,A) + ALHPIIQ +G\ Q). (3.3.67)
3

Since the cross and dot products on R? are related by
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IV AP = [IAL2 = (A X)?,

then,

y) /\2A% \ (2 2 A% Y ) )\2
HAX) = (Al— 4A3)H>\H +A (A2+4—AS)(>\->\) ,

AZA 2+ 3\2 AN

= A2 A2 A XA2
o A ((1+2)\2)A2 LY )< )

108

(3.3.68)

(3.3.69)

Here, we have used the definition of A;, As and A3, as in (3.3.16). Since B(\), given in

(3.3.21), is positive, then

AN 1420

3 > — A2 A.
Using (3.3.70) in (3.3.69), we get
HOA) > 24 152 = A 307 = 24 A
' 14+ 2)\2 14+ 2)2 '

Since H (A, )\) > 0 and A3 > 0, then it follows from (3.3.67) that
2E > G(A, Q).
From (3.3.66) and the formula for A;2()) in (3.3.19), one has the limit

. log A
lim

A—00 )\4

COQ) = Q- A) + 2

Assume that ||@Q|| # 2. Then, there is § > 0 such that

(Q-A)+2” >0

Then, by (3.3.73), there exists A\, > 0 such that for all A > A,

(3.3.70)

(3.3.71)

(3.3.72)

(3.3.73)

(3.3.74)
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4 . 5)\4
A ) +22 > . 3.3.75
GNQ) > 5 QN +27 > 5 (3375
Hence, whenever solutions of RMG equations exist, either A\ < \, or
2E> % VA>A (3.3.76)
) log \’ - o
In either cases, p1(Xg pg) is bounded for all £, P and Q with || Q]| # 2.
Now, assume that ||Q|| = 2 and let § be the angle between A and @, namely,
Q- A= Q| cosf =2cosb. (3.3.77)
Then, it follows from (3.3.65) that
G\, Q) = 4F1(\) cos? 0 + 2Fy()\) cos 0 + F3(\) =: Z(\, 0). (3.3.78)

We shall appeal to the following technical lemma whose proof we postpone until the end

of the theorem.

Lemma 3.3.2. On (Raty,v2), there exist cy, \g > 0 such that for all X\ > \o, Z(\,0),
given in (3.3.78), satisfies

Vo eR. (3.3.79)

Using the above lemma, it follows from (3.3.72), (3.3.78) and (3.3.79) that for all A > A,

Co )\4

2E > G\, Q) > (Tog V)*'

(3.3.80)

for all Q with || Q|| = 2. Thus, whenever solutions of RMG equations exist, either A < X,

or

2F A
A > Ao 3.81
Co >(log)\)3’ vAZ A (3.3:81)
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In either cases, p1(Xg p ) is bounded for all E, P and @ with ||@Q|| = 2. Hence, for all
E, P and Q, p1(Xg pg) is bounded.

Now, we show that p2(X g p ) is also bounded for all £, P and Q. By using (3.3.68), it
follows from (3.3.69) that H(X, A) can be written as

HAA) = K (VA x A2+ Ks(AD)(A- A2, (3.3.82)
where
A2A o A'(N)  1+2)\2

Since K7()A) and K5(\) are continuous functions defined on a closed interval of \, then
they are bounded, and so there exist ¢1, co > 0 such that
Kl()\) Z C1 and KQ()\) Z Cy. (3384)

Using (3.3.84) in (3.3.82), we get

HAA) > e A < A2 4 ca(A- N2 > es| A% (3.3.85)

where ¢3 = mincy, c;. Also, H(X, A) > 0 is a continuous function defined on a closed

interval of ), then it is bounded, and so there exist ¢, > 0 such that for all (A, \) €

XePQ

H(A ) < ¢y (3.3.86)

Thus, for all (A, )\) € Xg,pg. by (3.3.85) and (3.3.86), we have

AAN e (3.3.87)

IA]1” <
C3 C3

which implies that for all £, P, Q, p2(Xg p.g) is bounded. Hence, for all £, P, Q, the

whole Xz p ¢ is bounded.
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Consequently, every RMG solution remains in a compact set, whenever it exists. Hence,
by applying Picard’s method [10, 78-88], we extend RMG solutions by a time 7" > 0,

depending only on the compact set. Hence, RMG solutions can be extended for all time.
O

Proof of Lemma 3.3.2: One can obtain using, for example, Maple the following

asymptotic formulae for F}()), given in (3.3.66), with respect to the L? metric on Rat; as

A — 00:
R\ = AN . B MY (.
Y dogh [ logh T (log M)? (log\)3 )|’
AT by bs 1
BN = b 3.3.88
2(\) log A\ _1+log)\+(log)\)2+0((log/\)3>}’ ( )
)\4 [ Co C3 1
F5(\) =
SN = an [ T Tomn T (log)\)2+0((log/\)3)]’
where
4 2 1
a; = —, ag = —[1 —2log?2], as= —[1 —4log2+ 4(log2)?,
m m m
1 2 1
by = —, by = —[3—8log2], bs= —[2—12log2+ 16(log2)?], (3.3.89)
T 7r T
16 4 1
o =—, co = —[1—4log2], c3==[1—32log2 + 64(log2)?].
7r m m
It follows from (3.3.78) and (3.3.88) that
Z(M\0) = Zo(M\0) + Zeror( N, 6), (3.3.90)

where
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4

log A

1
(4a1 cos® @ + 2by cos O + ¢;) + —(4ay cos® O + 2by cos O + ¢5)

Zo(\, 0) =
o(A.0) log A

+

e (4a3 cos® O + 2bs cos O + c3) |, (3.3.91)

and Ze.or(A, 0) satisfies the following estimate: there exist c., A, > 0 such that for all

A=A,

| Zemor (A, 0)| < Vo eR. (3.3.92)

Hence, it suffices to prove that Z, (), 0) satisfies an estimate of the form (3.3.79).

Defining 7 = 1 4 cosf and = = 1/log A. Then

log A
Oi Zo(\, 0) = Py(7), (3.3.93)
where
Pu(1) = a1 (2)7% + ()7 + (), (3.3.94)

and the coefficients oy, s and a3 given by

a1 (z) = 4(ar + agx + aza?),
g () = 2(by — dag)z + 2(bs — daz)r?, (3.3.95)

as(x) = (dag — 2bs + c3)a>.

Since «1(0) > 0, then there exists x, > 0 such that for all x € (—=x,,z.), P.(7) has a

minimum, occurs at T = 7, where dP,(7)/dr = 0, that is,
T

=Ty

r(z) = —%zig ; (3.3.96)
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So, for all x € (—xz,, x.), the minimum value of P,(7) is

P.(14(x)) = —4@11(@ [aa(z)? — 4oy (2)as(w)]. (3.3.97)

Note that P,(7.(z)) is a rational function of x, and hence is analytic. Using (4.1.4), one

finds that

d
P * - bl _Px * = 9 ot
0(7:(0)) =0 . (1u(2)) - 0 (3.3.98)
and
> 1 )
wpx(T*(lL’)) x:(): —8711[([?2 — 4@2) — 16&1(4@3 — 2()3 + Cg)] > 0. (3.3.99)

Thus, there exist e > 0 and 0 < xy < z, such that for all z € (—x, o),

Py(1.(2)) > € 2% (3.3.100)

Hence, for all x € (0, zy),

P.(1) > e 2?, V1 eR. (3.3.101)

Hence, it follows from (3.3.93) that for all \ > et/ *o,

log A 9 3
Zo(N,0) =P, > = feR 3.3.102
which implies that Z,(\, 0) satisfies the estimate (3.3.79).
O

3.4 Dilation Cylinders

In this section, we are interested in studying some geometric properties of a certain
submanifold of H, ;(X), the space of degree n holomorphic maps from a compact

Riemann surface Y. to CP".
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Let () be a degree n meromorphic function on 2, then the subset

Co={aQ:aeC*} CH,i(D), (3.4.1)

is a non-compact 1-dimensional complex submanifold of ,, ; (). The induced L? metric
on Cg can be determined by computing the kinetic energy 7'[W], given in (3.1.8), for
W(t) = a(t) Q. Thatis,

. 9 2,2
1 1

TIW] :_/Luvolg:—/ € 2|a| 5— Volg, (3.4.2)
2 Js (L+|W[7)2 2 Js (1+1a”|Q)?

where the codomain CP', here, is equipped with the Fubini-Study metric of constant

holomorphic sectional curvature ¢ = 4. Hence, the induced L? metric on Cq is

gre = ( / |Q2|2 . Volg> dada. (3.4.3)
s (1+ [a”]Q[)?

Let a = y €', where (x,) are the polar coordinates on R*\{0}. Then, the L* metric

gr2 can be written as

912 = FOO(dx™ + X *dy”), (3.4.4)
where F'() is given by
QF
F(x)= | ——————=—= vol,. 345
W= | e o4

We call this submanifold, with the induced L? metric gz, a dilation cylinder of H,, ; ().
Note that special cases of these cylinders has been studied before in [38] where ¥ = 52
and Q(z) = 2", and in [47] with ¥ = T2 and Q(z) is the Weierstrass elliptic function of
degree 2.

Proposition 3.4.1. Dilation cylinders of H,,1(X) have Q-independent finite volume,

Vol(Cog, g12) = m Vol(£, g). (3.4.6)
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Proof: The volume of C¢ with respect to g2 is

oo oo 2
Vol(Cg, g12) = 27r/0 X F(x) dx = 27r/0 (/2 %VOIQ dy,

1+ x2|Q[")?
> s
= 277'/0 (/E mVOlg> dS, (347)

where s = x |@Q)|. Since ¥ is compact, then Vol(X, g) is finite, and so

00 S > S
/0 (/2 mvolg) ds < 00, /E(/o mds)volg <oo. (34.8)

Since both ¥ and (0, 00) are o-finite measure spaces, then we can apply the Fubini

Theorem [11, p.185] in (3.4.7),

> s
VOI(OQ,gLQ) = QW\/EVOIQ/O m ds = VOI(E,Q) (349)

|

Note that Proposition 3.4.1 generalizes a result for ¥ = S? in [38].

Proposition 3.4.2. Dilation cylinders of H,1(X) can be isometrically embedded as

surfaces of revolution in R?,

Proof: Assume that there is an embedding X : Cy — R? given by

X(x, 9) = (alx), B(x) cos p, B(x) sin1h). (3.4.10)

Then, the induced metric on X(Cg) C R? is

gsor = (/(X)? + B'(X)?) dx* + B(x)* dy*. (3.4.11)
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Hence, X is an isometric embedding if and only if

B(x) = xVF(x),
da XF'()
dx F(’<>\/1‘(1+ 2F<x>)'

Clearly, the solution of (3.4.13) exists if

XEF'(X)
2F(x)

—1<1+ <1, Vx> 0.
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(3.4.12)

(3.4.13)

(3.4.14)

One can show that the function F'(x) indeed satisfies (3.4.14) for all y > 0 as follows:

xXF'(x)

b 2F(x)  2F(x)

[2F(x) + xF'(x)].

It follows from (3.4.5) that

4
F/<X> = —4X/Z % VOlg < 0.

Then, from (3.4.5) and (3.4.16), we have

2F(x) +xF'(x) = 2/E (

il U 1+ x2(QP
Since for all xy > 0,
22 Q|
1+ x2(Q|

Then, using (3.4.18) in (3.4.17), we get

2F(x) + xF'(x) > —2F(x).

Also, it follows directly as F’(x) < 0 that

QI {1 2><2|QI2}V019_

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

(3.4.19)
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2F(x) + xF'(x) < 2F(x). (3.4.20)

Hence, Using (3.4.19) and (3.4.20) in (3.4.15), the claim is established.

Note that Proposition 3.4.2 proves (and generalizes) a conjecture in [38] with ¥ = 52

and Q(z) = 2".

Proposition 3.4.3. Let () be a meromorphic function on % with no simple poles. For each

ke Z*, let Fy, : (0,00) — R be

QP
Fr.(x) = / vol,. (3.4.21)
= e
Then, there exists a real number # > 0 such that for all k € 7%, Fy(x) is asymptotically
given by
Z CY,
Fr(x) ~ =T IR 0, (3.4.22)

where p is the maximum order of the poles of (), and

S 3.4.23
=], et R

Proof: We adapt the argument used to prove Lemma 2 in [47]. Let Q(z) be a
meromorphic function with poles z; of order p; > 2, and let p = max{p;}. For ¢; > 0,

we define open disks of radius ¢; centred at z; as

D (z)={z€X: ]z —z| <¢}. (3.4.24)

It is convenient to split ¥ into the union of D,,(z;) and its complement, namely,
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2 =|JDe(z) U <2\ U Dq(zi)> : (3.4.25)

Then,

2
Z/ 1Q(2)] —vol, < Fy(x Z/ Q(2))? vol,
i sz’ (2:) ( € (21) ]- + X |

1+ x21Q(=)[)" ()P
Q(2)|”

+ %

/2\ U Doz (14 x21Q(2))%)

vol,.

(3.4.26)

Since |Q(z)| is bounded on X\ U D..(z;), then there exists M/ > 0 such that

2
/ Q)] 5 Vo, < / 1Q(2)]? vol, < M. (3.4.27)
S\U, Do, (=) (1 4+ x21Q(2)]7) S\U; D, (=)

Thus,

2-2/p x22/p 2
Z/ X |Q(Z)| vol, <y 2/ka Z/ |Q(z)|2 vol,
i Dei(zi) ( €; (2:)

k
1+ 1Q(=))" (T+x21Q(2))
+x*2P (3.4.28)
Hence, we need to compute
2-2/p 2
lim Z/ X |Q(Z)L - Vol (3.4.29)
05 ) (14 X2 Q(2)])

The Laurent expansion of )(z) about the pole z; of order p; is

Q(2) = ai(z — z) ' + O((z — z)~® V), (3.4.30)

The function h(z) = (z — z;)?*Q(z) is analytic and bounded on D¢, (z;). One can choose

¢; such that h(z) is bounded away from zero. Thus, there exist ¢,co > 0 such that
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0 < ¢ < |h(2)] < ¢a < oo. Now, the integrand in (3.4.29) can be written in terms of

h(z) as

QR _ )Rl = 2™ |z — s s
(1+x2|Q(=)]")" (12 = zo)ri /xI” + R () [)
Defining v = (z — 2;)/x*/? and §; = ¢;/x'/?, then
L/ XREAI
oo (L+ X2 1QE)H)F 7
: 2-2/p; 20 (0 — o \Pi Jy| PR o7 2P
S = C Tl EE RS
2 Jpe, () (I(z = zi)7t /X" + [R(2)[P)*

' h(xMPiu 4 2| 2P
S / [hx [ 1] V2(xXMPiu + z)du da,  (3.4.32)
Ds, (0)

2 (Jul* + [A(Piu+ z)[*)*
where vol, = iV?(z)dz A dz/2. Clearly, the integrand in (3.4.32) is bounded above by

2 172 2pi(k—1)
&) Vmax u

(juf + F
which is integrable on C for all k € Z*. Then, one can apply the Lebesgue Dominated
Convergence Theorem (LDCT) [16, p.43-44] in (3.4.32),

(3.4.33)

2-2/p; 2
lim / O] -~ vol, (3.4.34)
X0 p e (1 4+ X7 |Q(2)[)
: h 1/p; + ; 2 2p;(k—1)
2 c x—0 (lu Di + |h(X1/PLu —+ zz)| )k
(3.4.35)
where 75, (u) is the characteristic function of the disk Ds,(0), that is,
75, (u) = (3.4.36)

0 otherwise.
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Recall that h(2) = (z — 2z;)7"Q(z), and so lim h(z) = a,. Hence,

Z—rz;

X272/p7; 2p;(k—1)

du du, (3.4.37)

2 .
lim Q(Z)L vol, Eaz VQ(zZ)/WQp—
20 () (14 X2 [Q(2)[)F 2 (lu[™* 4 af)*

To simplify the integral above, let u = q; VPipl/2 i yhere r € [0,00) and 6 € [0, 27],

then

Y2 2/101 2 oo .pi(k—1)
h%/ Q)| ohzﬂﬁmV%M/‘J%—sz. (3.4.38)
= unﬂ+x|@(ﬂ) o (7 +1)

Since p > p;, then \>~%/7 > y?7%/Pi_Thus, it follows from (3.4.38) that

2/p V2( )/OO rp(k=1) d
2-2/p 2 T a; 2 T ar p;=p
lim / X ‘Q(Z)L vol, = o (rP+1)F
X0 p,. @) (L+x*[Q(2)]7)* 0

Hence,

2-2/p 2 2-2/p 2
iy X Q2] -3 (1 X Q%)
}CIL% - /e'(zi 2)" Vol = ~ ili% D, (2) ( ’ )

) (1+x21Q(2)) 1+ x21Q(2)]")"

2/p 172 oyl d
- (ﬂ. Z a; (Zl))/o (Tp+1)k T,

Ziy Di=D
(3.4.40)

oo pp(k—1)
=: 92/0 m dr. (3.4.41)

Hence, the claim is proved.
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We can use Proposition 3.4.3 to compute the leading asymptotic of Fj(x)’s derivatives as

follows: the first derivative of Fj(y) with respect to y is

oy xle@* 2% B
Filx) = =2k /2(1 e P X[Fk(x) Fk+1<><>} (34.42)

Hence, it follows from Proposition 3.4.3, the asymptotic formula of F} () as x — 0 is

Fl(x) ~ =2k Z [Cr — Cia] x 27 (3.4.43)

The second derivative of Fj,(x) is

2k 2k
R -5 [mx) - FkH(x)] -2 [Fké(x) - F;zH(x)} | (3.4.44)
It follows from (3.4.42) that
2k(2k + 1 dk(k + 1
Fl(x) = % {ka - FM(x)] - % {FM(x) - Fkﬁ(x)} | (3.445)

Hence, as xy — 0,

Fl'(x) ~ % {21@(2/{; +1)[Cy — Chp1] — 4k(k + 1)[Cry1 — Ck+2]] X P (3.4.46)

Following this procedure, one can compute the leading asymptotic of the derivative

F"(x) foralln € N.

Proposition 3.4.4. A dilation cylinder Cq of a meromorphic function () with no simple
poles is RMG incomplete if its scalar curvature is bounded above in the neighbourhood

of zero.
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Proof: Comparing the metric component F' (), given in (3.4.5), of the induced L*

metric on Cg with the function Fy (), defined in (3.4.22), we note that

F(x) = Fx(x). (3.4.47)

Let () have no simple poles. Then, by Proposition 3.4.3, we have the following limits

PR - xF'O) ol G|
)l(g%x F(x) =% Cs, >1{12% ) 211 AR P. (3.4.48)

Now, let Cg have a scalar curvature which is bounded above in the neighbourhood of 0.
We show that Cy is RMG incomplete. It is sufficient to check that there exists at least

one RMG curve on Cg which escapes to the boundary at 0 with finite length.

Associated with the RMG dynamical system on C(,, there are two conserved quantities:

energy £/ > 0 and angular momentum P € R given by

XF'(x)
2F(x)’

1 .
E=-FX)X*+Ve(x), P=xF)*+

5 (3.4.49)

where Vp(x) is the effective potential defined as in (1.4.15). Consider Vp(y) with the

angular momentum P = F, that is,

V00 = g (P XF'<X)>2,

T2 (y) 2F(x)
_ 1 1 XF' OO\
= Ry [xl/p (P° " 2Ry )} | (430
It follows from (3.4.48) that
. XF'(x)\
}(:né <P0 - S0 ) = 0. (3.4.51)

Then, by L"Hopital’s rule, we have



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 123

: 1 XF'(x) o 4 (XF(X)
lim —— ( Py — = —pl P . 4.
0 X177 ( T 2F(Y) Pt oy (3422
Since the scalar curvature on Cy is
1 d (xF ’(X))
k(x) = — — , (3.4.53)
W=~ Fo & ( 2F(x)

then, we have

. 1 XE'O0)\ 2-1/p
hm—(Po— 2F(y) = p lim x™PE(x) K(X),

= plim (*#7F(x)) T (7 (x)),

=p % Cy lim (x'/Pk(x)). (3.4.54)
x—0

Since the scalar curvature () is bounded above in the neighbourhood of 0, then

lim x'/?x(x) = 0. (3.4.55)

x—0

Hence, for P = F, it follows from (3.4.48), (3.4.54) and (3.4.55) that if () is bounded

above in the neighbourhood of 0, then

lim Vi (x) = 0. (3.4.56)

This means that for all £, > 0, there exists x, > 0 such that Vp,(x) < E, forall y < y..

Now, by choosing £ > 2F,, then

E >2F, > 2Vp (x), Vx < Xx, (3.4.57)

and so, (0, x«] C p1(Dg p,), Where p; is the projection on Dg p,, defined as in (1.4.16),

to the first component. Also, for all y < y., we have

X?F(x) = 2[E — Vi, (x)] > 2E, > 0, (3.4.58)
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from which it follows that x will never be zero.

Thus, for an RMG curve ¢(t) = (x(t),%(t)) on C, starting at t = 0 away from 0, with

P = Pyand E > 2F,, there exists t, € (0,00) such that thr? x(t) = 0. Hence, the
% *

RMG curve ¢(t) in [0, t,] hits the boundary at 0 with finite length. Hence, Cy is RMG

incomplete, providing its scalar curvature is bounded above about 0.

3.4.1 Rat]’ Submanifolds Review

This section deals with an interesting example of dilation cylinders in the space of degree

n holomorphic maps from S to CP*, H,,;(5?) = Rat,,.

Let K be the subgroup of Gy = SO(3) x SO(3) defined as

cosae —sina 0
Ko = {(Rm,Ra) : Ry = |sina cosa 0],x€ R} >~ S0(2). (3.4.59)
0 0 1

The action of the subgroup K, on Rat,, defined by (3.3.4), is given in terms of

stereographic coordinates by

W(z) = ™ W (e 2). (3.4.60)

By (3.3.1), this means that

a1+ agz + -+ apy1 2" . a1 4 goetn—He, 44 Qpy12"

Qp42 + An432 + -+ a2n+gz” Ap+2 —+ an+3e_i0¢z + o+ a2n+2€—inazn

(3.4.61)

The fixed point set of the K action on Rat,,, denoted Rat;?, has been shown in [38] to be

Rat)? = {az" :a € C*} = C*. (3.4.62)
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This follows by showing that the fixed point set of K is a subset of {W(z) € Rat, :
an+o # 0}, and so, by (3.4.61), the elements of Rat,, with a,,» # 0 are fixed under the

K action if and only if

W(z) = Z”: Pa— (3.4.63)

It is clear that Rat;? is a non-compact 1-dimensional complex submanifold of Rat,,. The

induced L? metric, in terms of the polar coordinates (y, ) in R*\{0}, is

g2 = F(x) (dx* + x> dyp?), (3.4.64)
where
i 2> dzdz /OO p2ntl dr
F(x) =35 =2m . (3.4.65
=3 /c (1432 [2]*")2 (1 + |2%)2 o (T+x2r)2 (14712)2 ( )

The geometry and geodesic flow on Rat®?, equipped with the L* metric g;», were studied
in detail in [38]. The isometry 6 : z — z~* of S induces an isometry S:¢prsdopod
of Rat,,. The restriction of 4 to Rat??, given in the coordinates (x, 1) by N (x, V) —

(X’l, —1)), is an isometry of Rat;?. Hence,

0 gre = X AE (7Y (P + X dy?) = gpe. (3.4.66)

This means that,

Fix Y =x'F(x), Vx>0. (3.4.67)

Clearly, Rat®? is an example of a dilation cylinder of ,,(S?) with a meromorphic
function ()(z) = 2" of one pole of order n. Since Rat;? is the fixed point set of the
group K, which is a group of holomorphic isometries of Rat,,, then, by Corollary 1.3.3,
RMG flow is localized to Rat;?. But Rat;? is not totally RMG (for example, one can see

this explicitly for n = 1).
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3.4.2 RMG Flow on Rat’? Submanifolds

A natural question to ask about Rat;? is whether it is RMG complete with respect to the

induced L? metric, and how this depends on the degree n.

First, it is convenient to introduce the natural n-fold cover 7 : C* — Rat’? defined, in

terms of the polar coordinates (p, ), by

m(p,J) = (p",m1p), (3.4.68)

namely, W (z) = az" = (pe'’2)™. The pullback of the metric gz» on Rat®? by 7 is

G2 = g2 = F(p) (dp* + p* dv?), (3.4.69)

where

- o " ds
F(p) = n2p®2F(p") = mn? / i , 3.4.70
(p) =n"p (p") =mn  TT ) (Pt ( )
and s = (p r)?. It follows from (3.4.67) and (3.4.70) that
F(p™) = p"F(p). (3.4.71)

For all p > 0, the integrand in (3.4.70) is bounded above by s" (1 + s™)~2 which is
integrable for all n > 2. Thus, the limit of F (p) as p — 0 can be obtained by the

Lebesgue Dominated Convergence Theorem (LDCT) [16],

_ 00 n 1 00 Snf2 _
: P, li 5 ds = 2/ — ds = F(0).
iy P = [ (s ) = [ o= FO
(3.4.72)

Clearly, for all n > 2, F(O) is finite. Hence, for all n > 2, the lifted metric §;2 on C*

extends to a C° metric, denoted g, 2, on S = C* U {0, oo}.
g
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In [38], it was proved that g2 is a C* metric on S? for all n > 4. This is enough
regularity to show that lifted geodesic flow extends to S*. For RMG flow, we need

the metric to be C*, which motivates us to prove the following Lemma, improving on [38].

Lemma 3.4.5. The C° metric G, = F(p)(dp® + p*dv?) on 5% is C* if n > b.

Proof: It is convenient to re-express the metric g2 in terms of the Cartesian coordinates

x = pcosv and y = psind. That is,

G2 = f(z,y)(dz® + dy?), where f(z,y) = F(\/22+12) = F(p).  (3.4.73)

The metric g;2 is C* if and only if all partial derivatives of f(x,y) up to 3 exist and are
continuous. Since F'(p) is smooth away from {0, oo}, then, by (3.4.71), it is sufficient to

check that f is C* at 0.

In [38], it has been proved that g;» is C? if n > 4. Thus, consider only the third partial

derivatives of f which are

o= o0 2 #)= P] oo ) - (- 1)
o =m0 270 - T [Py -2 (- T2

Jazy —Sinﬂg{”’(p) - F;()p)} +Sin19€os219[ﬁ’”’(p) %(F,,( ) F’;p))},
e = 050 2[00 = PO cosisao i) - (7 - 2]

(3.4.74)

Clearly, lim  fiza, fyyys fozys fyye €xistif and only if
(z,y)—(0,0)
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lim <F”(p) _ )) =0, (3.4.75)
p=0p p
. 3/ - F’

lim {F”/(p) - ;(F”(p) - ;p ) )} = 0. (3.4.76)

Hence, g;2 is C® if and only if (3.4.75) and (3.4.76) hold.

Now, from (3.4.70), we have

s" ds
14 sm)2 (p? +5)3

F'(p) = —4mn’p n(p), where  7(p) = / ( (3.4.77)
0

It follows from (3.4.77) that

1/~ F'(p) o g ds
- FI/ o — _4 2/ — 24 2 /
p( ) p o (p) = 2 o (L+sm)2(p*+ )"
(3.4.78)
. 3 F P
F"(p) ;(F "(p) — ,E )) = —4mn®[p 0" (p) — 7' (p)],
o n ds
— 129 mn? 3/ i . 3.4.79
™)y Gre @y O
From the LDCT [16], we have
& s ds oo gn—k
i = —d if 0<k<n. 3.4.80
2 ), T2 (22 1 o) /0 (e @=oo it O<ksn (3480

Thus, it follows from (3.4.78), (3.4.79) and (3.4.80) that the conditions (3.4.75) and
(3.4.76) hold if n > 5. Hence, the claim is proved.
O

Since the n-fold cover 7 : C* — Rat;! is a holomorphic isometry, then, by Proposition
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1.3.1, it maps an RMG curve ¢(t) on C* to an RMG curve (7 o ¢)(t) = ¢(t)" on Rat{’.
Hence, in some cases, it may be convenient to study the RMG problem on (C*, g;2)

instead of (Rat?, g;2).

Proposition 3.4.6. For all n > 5, the submanifold (Rat’!, g;2) is RMG incomplete.

n

Proof: Since RMG equations involve second partial derivatives of the metric
components, then the local existence and uniqueness of the RMG solution requires that
the metric is, at least, C? to ensure that the RMG flow function is C'. Therefore, for all

n > 5, by Lemma 3.4.5, there is a unique local solution of RMG equations on (52, g;2).

Now, consider an RMG curve c(t) on (S?, gz2) with an initial data c¢(0) is the north pole
and ¢(0) # 0. This curve exists on the interval (—e, €) for e > 0. Consider the projection
a:=moc: (—e0) — Rat:l. Since 7 is a holomorphic isometry, then, by Proposition
1.3.1, a(t) is an RMG curve on (Rat{?, g;2). Using the initial values of ¢(¢), then a(t)

n

escapes to the boundary at infinity with finite length. Hence, for all n > 5, (Rat}?, g;2) is

n

RMG incomplete.
O

Proposition 3.4.7. For all n > 3, the scalar curvature of (Rat;, g;2) is bounded above.

Proof: Since F(p) = n?p*"~2F(x), one can obtain that

dx\2F(x) ) n?pVdp\ 2F(p) )’ .
One gets by using, for example, Maple that
-, ' B
1m1i(pF~ (p)> _ _gsin(r(l=1/m)) _ 5 (3.4.82)
p=0 pdp \ 2F(p) sin(m(1 —2/n))

which exists for all n > 3. It follows from (3.4.81) and (3.4.82) that
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: —om d (XF'(X) B 4
] 1-2/n ) . 3.4.83
x1—>0X dx ( 2F () n? <0 ( )

For all n > 2, Rat;? is a dilation cylinder with a meromorphic function of one pole of
order n > 2. Hence, by Proposition 3.4.3, there exists % > 0 such that
T,n

. 2—2/n — — >
)lcli%x F(x) =% Cs, Cy /0 —(r" 1 dr. (3.4.84)

It follows from (3.4.83) and (3.4.84) that the scalar curvature () on (Rat’?, g;2) has the

following limit

limy 1 (x) = — lim — %(XF/(X))

Y0 x—0 xF(x) dx \ 2F (x)
: 1  qom d (XF'(X) B
= lim——— lima YL — " (34585
o0 ERE () X0 N dy ( 2F(x) A2 G :

The above limit exists for all n > 3. Hence, () is bounded above in the neighbourhood
of 0. Exploiting the property in (3.4.67), we get that the scalar curvature x(x) of Rat;/

with n > 3 is bounded above for all y > 0.

Corollary 3.4.8. For all n > 3, the submanifold (Rat:?, g;2) is RMG incomplete.

n

Proof: For all n > 3, the submanifold Rat;? is a dilation cylinder of a meromorphic
function with no simple poles. Furthermore, its scalar curvature, by Proposition 3.4.9, is
bounded above. Hence, it follows immediately from Proposition 3.4.4 that (Rat;?, g;2) is
RMG incomplete for all n > 3.

a
Unlike Rat;? with n > 3, the case n = 2 shows that the converse of Proposition 3.4.4
is not true. That is, the RMG incompleteness of a dilation cylinder, of a meromorphic

function with no simple poles, does not imply that its scalar curvature is bounded above

in the neighborhood of 0. Note that on Rat5’, we have the following limit
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1 d (xF'(x)) _ 4
1 — = — 3.4.86
- logxdx(QF(X) T ( )

and so the scalar curvature () of Raty? is unbounded above in the neighborhood of 0.

However,

Proposition 3.4.9. The submanifold (Raty?, gr2) is RMG incomplete.

Proof: To show that (Rat3’, gr2) is RMG incomplete, it is sufficient to check the
existence of, at least, an RMG curve on (Rat5’, g;2) which hits the boundary at 0 with

finite length. It follows from (3.4.65) that

i XF'(x) 1
li F = — = —— 4.87
P00 =70 moEs) T (34.87)
and so,
: XF(x) 1
| P— =P+ - 4.
xlg(l)( 2 F(X)> + 2 (3.4.88)

Consider the RMG effective potential Vp(x), defined in (1.4.15), on Raty? with the

conserved angular momentum P = —1/2,
L (1 xXF( )2
Voilx) = 55— (— + . (3.4.89)
W= aero 2 T2 E)

Using L’Hopital’s rule, one has the following limit

limi(1+xF<x>>ZQMmﬁ%(w(m)

=0 /X\2 2 F(x) X0 2 F(x)
o 1 d (xF(x)\ _
= 2}(51%](&1% X) }(% Tog 1 dx (2 o) = 0. (3.4.90)

Hence, it follows from (3.4.87) and (3.4.90) that
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lim V. — i LI P €00 2—o 3491
V00 = s Fo W ke T2 g )] O (349D

This means that for all £, > 0, there exists x. > 0 such that V_, (x) is bounded above by
E, for all x < y.. The conserved energy associated with the RMG dynamical system on
Rat5! is
1 .2
E = 5F(x)x + Vp(x). (3.4.92)

By choosing £/ > 2F,, then

E>2B,>V.(x), YX2xu (3.4.93)
and so, (0,x:] C p1(Dp_y), where Dy 1 is defined as in (1.4.16) for angular
momentum P = —1/2 and energy E > 2F,. Also, for all x < x., we have

XzF(X) =2[F — Vfé(X)] > 2K, > 0. (3.4.94)

Thus, for an RMG curve ¢(t) = (x(¢),1(t)) on Raty?, starting at t = 0 away from 0, with

P = —1/2and F > 2F,, there exists ¢, € (0,00) such that thr? x(t) = 0. Hence, the
—rlx

RMG curve ¢(t) in [0, t,] hits the boundary at 0 with finite length. Hence, Rat? is RMG

incomplete, despite its unbounded scalar curvature about 0.

Here, Rat}? is different from others by

Proposition 3.4.10. The submanifold (Rat{", gr2) is RMG complete.

Proof: Note that this does not follow immediately from the RMG completeness of Rat;

with respect to the L? metric, given in Theorem 3.3.1.

The induced L? metric on Rat;? can be written explicitly as
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[1—x*4+ (x*+1)logx]
-1

gre = F(x)(dx* + x*dy?) = 27 (dx* 4+ x2dy?). (3.4.95)

Let P be the conserved angular momentum associated with the RMG motion on
(Rat{?, gr2). Then, the RMG effective potential function, defined as in (1.4.15), has the
following limit

log x 1

~Ve(x) = —(P+2)?, VYPecR (3.4.96)

lim =
47

X—0o0 X

This means that there exists xo > 0 such that for all x > g, there is € > 0 such that

2

Ve(x) > égx, vV PeR. (3.4.97)

Thus, whenever solutions of RMG equations exist, either Y < x or the conserved energy

E, associated with the RMG motion on (Rat}?, gr2), satisfies

2

1 . EX
E=2F 247 >V >
5 (xX)X2+ Vp(x) > P(X>_logx’

Yy > Yo (3.4.98)

Hence, in either cases, the radial component x(t), in the RMG solution, is bounded above
for all t € R. Similarly, or by exploiting the property (3.4.67), one can obtain that y (%) is

also bounded below away from 0 for all £ € R.

Consequently, it is easy to check that x(¢) is also bounded for all ¢ € R. Thus, every
RMG solution remains in a compact set. Hence, it can be extended to be defined for all
time by applying Picard’s method as usual.

|

Conjecture 3.4.11. For all n > 2, Rat,, is RMG incomplete with respect to the L? metric.
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3.5 Degree n Holomorphic maps 772 — S

3.5.1  H,.(T?) Review

Let T2 be the flat torus, the familiar torus equipped with Euclidean metric. Consider the
space of degree n holomorphic maps from 72 to S?, namely, H,,1(T?). The torus T? is

identified with C/2 where (2 is the period lattice given by

Q= {my +71my : my,my € Z}, (3.5.1)

of period 7 in the upper half plane. Then, one can see that a stereographic coordinate W
on the codomain S? is doubly periodic, that is, W (z) = W (z + m; + 7my), and so is

elliptic. Hence, H,, 1 (T?) is just the space of degree n elliptic functions.

Note that H; 1 (T %) is empty since there is no elliptic function of degree 1 [25, p.77].
Thus, we shall start by discussing the first non-trivial case n = 2 in more detail. Let ()

be the Weierstrass elliptic function of degree 2, explicitly

p(2) = % + > [(Z _1,,)2 - %} (3.5.2)

veQ\{0}

It follows from (3.5.2) that

p(—2) = p(2), p(z) = p(2). (3.5.3)

Also, this function satisfies the following property [29, p.162]:

C1[¢(m) —¢(22)]° ; s
p(zl + 22) = 1 |: p(zl) — p(z2> } [@( 1) + p( 2)] (354)

Now, let 72 denote the torus 72 = C/Q with period 7, = ¢™? = i and T2 be the
one with period 7, = ™% = (1 + i7/3)/2. These are known by the lemniscatic and
equianharmonic tori, respectively. On T3 and T, the function p(z) has the following

properties [29, p.159],
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o(rz) = %2 o(2), Vz € Té,Ti, (3.5.5)
O(2)? =49(2) (p(z)? —el), VzeTp, (3.5.6)
O'(2)? =4 (p(2)® —&3), Vze T3, (3.5.7)

where e, = p(1/2;7) ~ 6.875 and e1 = p(1/2;7) ~ 5.898. Let G denote the 8-
dimensional noncompact Lie group PL(2,C) x T? whose action on Hy1(T?) is defined

as

(M,s):W(z)— MoW(z-—s), (3.5.8)

where [M] € PL(2,C) and s € T?. It was shown in [47] that for each W € Hy;(T?),
there exists ([M],s) € G = PL(2,C) x T* such that W (z) can be written as

Wi(z)=M © p(z—s). (3.5.9)

The element ([M], s) which satisfies (3.5.9) is not unique. Also, it is known that each
degree 2 holomorphic map in Hy 1 (7' %) has exactly four distinct double valency points [6,
p.81]. For the Weierstrass elliptic function @(z), the double valency points are

4T

1
=0, si=5,  s= % s9= —5— (3.5.10)

One can use the double valency points of p(z) to construct elements in G which
determine the same elliptic function p(z). For lemniscatic case, this has been done by
Speight in [47] where he determined first the isotropy group G of the element p(z) /e,
and then showed that Hy;(75) is homeomorphic to G /Gy. The argument which was

used in [47] to show the former will cover the equianharmonic case as we shall see.

Henceforth, we consider only the equianharmonic case. Using the double valency points

of p(z) with 7 = 75 and the properties of p(z), given in (3.5.3), (3.5.5) and (3.5.7), we



Chapter 3. Spaces of Holomorphic Maps on Compact Riemann Surfaces 136

obtain the following identities:

o() = mé‘_s;f)*_?;} ,

— -2
= 1y {p(z 52) 7251} (3.5.11)
gJ(Z — 82) —+ ey
- [@(Z — 53) — 27251}
= —T2&1 — .
p(z — 83) + T9&q
These three identities can be written as
@(2) oz — Si) .
=U; ® ——, 1=1,2,3, 3.5.12
51\/5 51\/§ ( )
where Uj are the following SU (2) matrices
g1 V2 g i [ V2m
1= —F= ) 2 = )
\/g \/5 —1 7—2\/g \/§ To
: _7 /272
Uy = ’ 2 (3.5.13)

2V3\V2 g

This implies that the isotropy group of the element o(z)/(c1v/2) under G action on
Hg@(Té) 1S

Gy = {([H2]7 0)7 ([U1]7 51>> ([U2]7 52)7 ([U3]7 53)}‘ (3.5.14)

Clearly, G, is a finite discrete subgroup of G, and so it acts freely and properly
discontinuously on G. It follows that G/G, is sooth manifold and G is a covering
space of G/G, by the projection map p(g) = [g] [55, p.153-157]. Comparing G, with
Gy, determined in [47], one can see that GG, has the main features of Gy which was
used in the argument proving H,;(T5) = G/Gy. Therefore, an identical argument

in the equianharmonic case implies that Ho (7 ) is homeomorphic to G/G., by the
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homeomorphism

p(z —s)
61\/5 '

This can be used to equip Ho 1 (7a) with a differentiable structure from G /G,.

(M, s)]— M® (3.5.15)

3.5.2 2-Dimensional Totally Geodesic Submanifolds of H,, ;(77)

Let p®)(2) denote the k' derivative of the Weierstrass elliptic function p(z) on T2
Clearly, if & = n — 2, then for all n > 2, p("_2)(z) is an elliptic function of degree

n. For n > 2, consider the subset

T, ={a " ?(2):ae€C*}CH,(T?. (3.5.16)
This is a non-compact 1-dimensional complex submanifold of H,, ; (7). The induced L*
metric on I, is
( i
grz = / vol ) dada. (3.5.17)
7 (L+[af* [pn2 ()2 7

This is an example of dilation cylinders in the space of degree n holomorphic maps from

T? to CP!.

Lemma 3.5.1. For k € Z* U {0}, the Weierstrass elliptic function o(z) satisfies

1
oW (r2) = 55 0(2), V2 e TR TR (3.5.18)

Proof: Immediately from (3.5.3), it follows that (3.5.18) is true for £ = 0. Assuming

that the statement (3.5.18) is true for some k, then

d d
pt () = — (W(z)) iz <r’f+2p<k><rz>) = (rz), (3.5.19)

which, by mathematical induction, proves the claim for all £ € Z U {0}.
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Now, let R be the map on H,, ;(T?) defined as

R:W(z)w— " W(r2). (3.5.20)
This is holomorphic and it acts, with 7 = 7 (7 = 7 ), isometrically on H,,1(T Z) (on
7—[,171(TD2 )) with respect to the L? metric, defined in (3.1.10). Let Fixy be the fixed point
set of R in H,, 1(T?), namely

Fixg = {W € H,1(T?) : W(z) = 7" W(r2), V 2 € T*}. (3.5.21)

Any connected component of Fixgz with 7 = 75 (7 = 77) is totally geodesic submanifold

of Hp1(T2) (Hn1(T2)) [8, p.235]. We shall use this to prove:

Proposition 3.5.2. T',, is a totally geodesic submanifold of H,1(T3) for n = 2,3,4,5.

im/3

Proof: One can consider 7, = e as a group action of T, which rotates elements

by angle /3 about the origin. Hence, the 7 orbit of a generic point in 7% is of order 6.

However, there are 3 exceptional orbits of order 1, 2 and 3

{0}, {2, 22}, {20, T220, Ta 20}, (3.5.22)

for z = 0, z, = —it2/v/3 and zy = (1 + 1) /2, respectively.

Let W € Fixg, then for all z € T2, we have

W(z) =13 W(nz). (3.5.23)

This implies that if z € W~(0), then 7,2 € W~*(0), and so W' (0) consists of complete
orbits under 7, action of T’ i. Furthermore, it follows from (3.5.23) that

W® (2) = 2k WH) (1,2). (3.5.24)

Hence, each zero in a given 7, orbit has equal multiplicity. Similarly, (3.5.23) implies
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that if z is a pole of W so is 732, and so W’l(oo) consists of complete 7, orbits. Again,

by (3.5.24), each pole in a given 7, orbit has also equal multiplicity.

For degree 2 < n < 5, zeros and poles can only lie in the exceptional orbits, since
we have n of each. We have determined all possibilities of W™*(cc0) and W~'(0) for
the cases n = 2,3,4,5 in Table 3.1. The lower index ({};) in Table 3.1 indicates the

elements’ multiplicity in each set.

Degree W1 (o0) w=1(0)

{0}
2 {24, 722 11

{0}3

{7z, 22 11
{0}

{2’077'22077'2220}1

{207 T220, 72220}1

{0}3

3 {0}1 U {Z*,TQZ*}l {Zo,TQZo,TQZZU}l
{20, 7220, T3 20 1 {0}, U {2, 22 1
{0}4 {24, T2 }o
4 {Z*aTQZ*}Q {0}4
{0}1 U {20, 7220, 75 20 }1 {24, T224 2
{24, 7224 }o {0}1 U {20, 220, 920 11
{0}5 {Z*,TQZ*}l U {2077'220,7'2220}1
S {20, 2211 U {20, 7220, 20 11 {0}

Table 3.1: Division of Fixg C H,1(T%) into subsets according to the poles and zeros of
their elements for n = 2, 3,4, 5.

Now, define the subset

S, ={W € Ho1(T2) : W(z) = (RW)(2) and W '(c0) = {0},,} C Fixz. (3.5.25)

From Table 3.1, we note that X, is a connected component of Fixy for n = 2,3,4,5.

Therefore, X.,, is totally geodesic for all n = 2,3, 4, 5.

It remains to show that >.,, = I',, for all n = 2, 3,4, 5. Suppose that W € I, that is,
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W(z) = ap"H(2), aecC* (3.5.26)

Clearly, W (z) has n poles at z = 0, and

(RW)(2) = 13 W(r2) = a 709" (1p2). (3.5.27)

It follows from (3.5.27) and Lemma 3.5.1 that (RW)(z) = W(z) for all z € T%, and so
I',, C X, for all n. Conversely, suppose that W' € %,,, then

W(z) — m3W(rz) =0, V2zeTa. (3.5.28)

The Laurent expansion of W (z) about 0 is of the form

Wi(z) = o g Gzl Onm2 (3.5.29)

omn on— 1 zn—2

where a; are real constants with a,, # 0. From (3.5.2), we find that

o2 () = ()" 3 d" [ 1 _i]. (3.5.30)

2" 2= | (z — )2 2
veQ\{0}
Defining
n—2 a p
W, (z 2 3.5.31
)-8 et osan

then it can be seen from (3.5.31) that W,(2) is an elliptic function of degree less than 2.
Since there is no degree 1 elliptic function, then W, (z) is of degree 0, namely, W, (z) is a

constant c, say. Thus,

21 e (3.5.32)

Substituting (3.5.32) in (3.5.28) and using Lemma 3.5.1, one obtains that
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T
w

(*)
W(z) — 70W(r2) =S (1 — é””’“)% F(1-m)e=0. (3.5.33)
- .

£
Il

Since 75 = ¢"™/3 = 1 only if 6|n, then for n = 2,3, 4, 5, the equation (3.5.33) implies

that

Ap—1 = Qp—g ="+ =az =c=0. (3.5.34)

Hence,

Wi(z) =

(n—2)
(—af>f—2(n (—Z >1>! =ta " (z) €Ty, (3.5.35)

and so, >, C I',, forn = 2, 3,4, 5. Therefore, I',, = 32,, forn = 2,3,4,5.

Proposition 3.5.3. T',, is a totally geodesic submanifold of H,1(T3) forn = 2, 3.

Proof: As a group action, 7, rotates i by angle 7/2 about the origin. Hence, the 7
orbit of a generic element in 72 is of order 4. But, there are 3 exceptional 7; orbits for

2=0,z = (1+414)/2and z, = 1/2 are given, respectively, by

{0}, {20}, {24,124} (3.5.36)

Following the same argument in the proof of Proposition 3.5.2, one can show that for

n = 2, 3, the subset

Y, = {W € Hn1(T3) : W(z) = (RW)(2) and W '(c0) = {0},} =T,. (3.5.37)

Also, zeros and poles of W € Fixp, lie in the exponential 7; orbits given in (3.5.36). All
possibilities of W' (co) and W~1(0) for n = 2, 3 are given in Table 3.2 .
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Degree W1 (o0) Ww=1(0)

{02 {z0}2

2 {z0}2 {0}»
{0}s {z0}3
{20}3 {0}3

3 {0} U{zi 024 11 {#0}3
{20}3 {0} U{z, 2.1

Table 3.2: Division of Fixg C Hn,l(Té) into subsets according to the poles and zeros of
their elements for n = 2, 3.

It follows from Table 3.2 that >J,, is a connected component of Fixy for n = 2, 3. Hence,

¥, is a totally geodesic submanifold of H,, 1 (7 2) forn = 2, 3.
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Chapter 4

Baby-Skyrme Metric

4.1 Baby-Skyrme Metric

Let > be a compact Riemann surface equipped with a Riemannian metric g given, in terms

of isothermal local coordinates x = (z1, x2), by

g= 92(331, Tg) (da:? + dw%), 4.1.1)

for some smooth function 2. The Baby-Skyrme model on the spacetime R x ¥ is defined

by the following field Lagrangian [40],

2 2
ol =5 [(S 0000 -5 Y 0,0x 0,0 06 x 79)) vy, @12

=0 p1,v=0
where ¢ is a scalar field on R x X taking values in (CP", h), where h is the Fubini-Study
metric of constant holomorphic sectional curvature ¢ = 4. Note that we do not need to
include a potential term in (4.1.2) because . is compact. The symbol ¢ is a non-negative
real constant called the Baby-Skyrme parameter. This model is just the CP' model on

R x X with additional term
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Lislo] = _}1 /E (9,6 % Dyd) - (96 x 9 vol,, (4.13)

called the Skyrme term. The kinetic and potential energy of the field system in the Baby-

Skyrme model are

1
T[p] = §/E(||3ogb||2 +eQ7 " [|00d x ai¢||2) voly, (4.1.4)
Vig] = %/ > (QQH@W + 29*4 > 10 x aj¢|12) vol,, (4.1.5)
Xi=1,2 j=1,2

respectively. Since the cross and dot products are related by

1800 x 0;]|* + (Bo¢ - Di9)* = [|Dug]|*||Di0|I?, (4.1.6)

then the kinetic energy T[¢] can be written as

716] = 5 [ Wauol? vol, + 5 | 2wl (1orolF + ao1?) vol,

3

— —/9—2 <(80¢-61¢)2+ (ao¢-82¢)2) vol,. 4.1.7)
2 Js

Now, let ¢ € H,,1(X). Then, ¢ is holomorphic, and so 0;¢ and 02¢ are orthogonal and

both have the same length with respect to the Riemannian metric on CP'. Let

19 ta Oa¢p
1 2 )
|00 1020

Do = a ai,as € R. (4.1.8)

Then, we have
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(800 - 019)* + (Do - 020)° = ai||010|” + a3]|020]7,

1

= 5@+ ad) (10001 + [1220]°),

1
= 510081 (10101 + [19:011%) (4.1.9)

Hence, for all ¢ € H,,1(X), the kinetic energy T'[¢] is

1
706 = 5 [ 10wl vol, + 5 [ 02100l (101617 + e ) vol,.  @.1.10)

Introducing a complex coordinate z = x; + ¢z on X and a stereographic coordinate W

on S% = CP?Y, then (4.1.10) becomes

1 W2 W2
TIW] = _/ Lvolﬁf/a—?‘—b 0. vol,. (4111
(1 s (LW

) vol, b .
4.1.12)

1 1 oW oW L, oW ow oW
TW] = = i 02 il
l /z((1+\W|2)2 o oy " (14 WP ob ob

Hence, the restriction of the kinetic energy 7'[¢] in the Baby-Skyrme model to H,, 1(X)

introduces a new metric on H,, ;(X) given by

Yo=Y Yo, dbidl, (4.1.13)

]

where

[y

1 oW oW L, |o.W]P oW oW
= ——— vol (P ——— . (4.1.14
= | o e ot L e g e e @119
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We call 7. the Baby-Skyrme metric on #,,1(X). For the limit ¢ — 0, Baby-Skyrme
metric -, is just the L*? metric 72, defined in (3.1.10), on #H,,;(X). The term with the
parameter ¢ in (4.1.14) is a metric on #,, (%), denoted ., descending from the kinetic

energy of the Skyrme term Lpg[WW]. That is,

Vo= Yo, dbidl, (4.1.15)

]

where

) _
Yai; :/Q‘Q( 0-W[" oW oW (4.1.16)
by

- —— vol,.

1+ [W[)s ot obi 7

From (4.1.16), one notes that 7, is Hermitian. Again by using (4.1.16), one finds that .,
does not satisfy

87*1'1' _ 67’% a%ﬂj _ 0%y

ok ot obk — ob

(4.1.17)

and so it is not Kéahler.

The geometric interpretation of the Baby-Skyrme metric . is as follows: let X,Y €
TyHn1(X) C T(¢*TCP), then

Ye(X,Y) = 102(X,Y) + enn(X,Y), (4.1.18)

where

v2(X,Y) = / h(X,Y) vol,,
=

T (X,Y) = / £ h(X,Y) vol,, (4.1.19)
b

where h is the Fubini-Study metric on CP' with constant holomorphic sectional

curvature ¢ = 4. Here, £ denotes the potential energy density in the CP' model which
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is, in the language of harmonic map theory, the Dirichlet energy density of 1. It can
be seen that the integrand in +, is similar to the one in the L? metric ~r2 but, here, it is

weighted by £, and hence, we call v, the weighted L* metric on H,, 1 ().

4.2 Baby-Skyrme Metric on Rat;

It is interesting to consider the Baby-Skyrme metric on the spac H11(S?) = Rat;, where
S? is the 2-sphere given its round metric of radius 1/2, namely, the function Q2 of the

metric g, given in (4.1.1), is

1

e 4.2.1)
(1+x*)*

QQ<SL’1, .IQ) =

Since the Baby-Skyrme metric is the L? metric added to the weighted L? metric on Rat,,
and since the formula for the L? metric on Rat; was already given explicitly in [48], then
to determine an explicit formula for the Baby-Skyrme metric on Rat,, it is sufficient to

determine the weighted L? metric v, on Rat,.

Since the weighted L? metric 7, is Hermitian and invariant under the action of G =
SO(3) x SO(3) x {Id,P} on Rat;, where Id is the identity map and P is the discrete
isometry mapping W (z) to W(Z) on Rat;, then with respect to the coframe {d\, o}, :

k =1,2,3} on Raty, 7, has the same structure given in (3.3.14). That is,

Yo = AgdX - dA+ Ay (A dN2+ Ao o+ Ay (A -0)2+ AL (0 x dN), (4.2.2)

where A, , ..., A, are smooth functions of A\ = ||A|| related by
4 A, N
A, +NA,, = F(A*g + A\24,,), A, = R ?A*S. (4.2.3)

These functions can be evaluated by calculating the kinetic energy,
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2
/ LdeW, (4.2.4)
S,

i W’ )
Tps[W] = - ———— |0.W|" dzdz =~ 5
s (L4 [W[)*

4 Jgz (1+ W[4 4 Js,

for a chosen convenient curve W (z,t) = ([U(t)], A(t)) on Rat; and comparing this with

(4.2.2). In fact, we have obtained that

T (pu?+1) 1/ 2n T 27
A*l = gTa A*2 - p W - A*1 ) A*g - 67 A*4 - 07 A*s - _?7
4.2.5)

where A = V1 + A2 and pu = (A + \)% Clearly, the functions A,,, . .., A,, indeed satisfy
the Hermiticity constraints given in (4.2.3). Note that A, ,..., A, do not satisfy the
Kihler constraints, given in (3.3.16), for any G-invariant metric, determined as (4.2.2),

on Rat;.

The volume form on Rat; with respect to , is

A

VOIV* = 2;\3 (4A*1A*3 — )\2A25) d)\l A d)\g A d)\g A g1 VAN 09 VAN g3,
3 2
1
_ o (%) % A A ddg A dds Aoy Aoy Ao, (4.2.6)

Proposition 4.2.1. For all € > 0, Rat, has infinite volume with respect to the Baby-Skyrme

metric ..

Proof: Let M- and M, be the 6 x 6 matrices associated with the metrics ;2 and v, on

Rat;, respectively. Then, the volume of (Rat, . ) is
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Vol(Ratl, ")/5) = VO](SO(?))) / \/dCt(MLQ + EM*> d)\l A d)\g A d)\g,

RS

= 47 Vol(SO(3)) / A2 \/det(Mp2 + eM,) d),

0

149

4.2.7)

where we have used the spherical coordinates (), 1), ) on R?. Tt follows from the

Minkowski Determinant Theorem [36] that

det(Mp: + eM,) > £°det(M,).

Thus, it follows from (4.2.7) that

Vol(Raty,7.) > 47 & Vol(SO(3))/ M \/det(M,) d,

0

= ¢ Vol(Raty, 7,).

But, we have

Vol(Raty, v.) = 47 Vol(SO(3)) / h A \/det(M,) d,

0

o > o (p+1)?
= T Vol(SO)) /0 2 Ty

T NI(SO(3)) /OO (“QM;SDQ dp = .

Hence, (Rat;, 7.) has infinite volume for all € > 0.

(4.2.8)

4.2.9)

(4.2.10)

4.2.1 Geodesic Completeness of Rat; with Baby-Skyrme Metric

Geodesic motion on Rat; with respect to the weighted L? metric -, is determined by the

Lagrangian
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L= (A*1\|}\]\2 + A NN+ AL 19+ AL - (22 X A)), (4.2.11)

L
2
for a geodesic x(t) = ([U(t)], A(t)) on Rat; whose velocity x(t) = ([U(t)Q], A(t))
and 2 € su(2) is defined as in (3.3.46). Since geodesics are traversed at constant
speed, then the energy F is conserved. In addition to this, there are six conserved
angular momenta Q, = (Q.,, Q.,, Q.,) and P, = (P,,, P,,, P.,) descending from the
Lagrangian symmetry under the SO(3) x SO(3) action on Rat;, defined in (3.3.11). In

fact,

1 1 . 1
Q* = (A*S - 5"4*5)9 - (A*l - 5‘4*5)()‘ X )‘) + §A*5()‘ ’ Q))\,

1 .
P.=U"[A.Q+ 5/1*5()\ x A, (4.2.12)

where U = (U;;) = (tr(r,Ur;U 1) /2) € SO(3). The squared length of P, is

1 . )
I1P.|* = AZ 121 + ;lAiSHA X AP + Ay Ay 2 (A X A, (4.2.13)
and so,
2 \ 1 2 IAE \ 2
A9+ Auf - (A x A) = | PP — 22 1A x A% (4.2.14)
Ay 4A,,

By using (4.2.14), we eliminate €2 from (4.2.11),

1AZ . )

1
A,

1 . .
B == (AaIAP + Au3- AP+ PP -

Since 2E = 7.(x(t), x(t)), then it follows from (4.2.15) that

1 A? : 1
TSN X AP+ A—HP*HQ. (4.2.16)
*3

B0, X(0) = A JAIP + A (A X)? = 57
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Using (4.2.5) and [|A[|2 = || A x A2+ (X - A)?, then (4.2.16) becomes

. . 2 N . 2T A . 6
YX(®),x(1) = (| Aey = TN NIAX AP+ o5 (A - A2+ =[PP 4.2.17)
3 3A T
Since
2 1)2
A, T T WD (4.2.18)
3 6 7
then,
o oM < i 21 [d\\?
Y (X (), x(t)) > W()")‘) = W(%) : (4.2.19)

The length of x(t) : [to, t.] = (Raty,v.), with A\(¢g) = Ao and A\(¢.) = A, is

L= [ G R@ a5 [ (R

0
o M dA
= /= S 4.2.20
3 S V14 A ( )

This implies that /\lim L.[x] = oo. Hence, all geodesics on (Rat,,) have infinite
* 00

length. Since geodesics are traversed at constant speed and have infinite length on

(Raty, 7, ), then they exist for all time. Hence, (Raty, 7,) is geodesically complete.

Proposition 4.2.2. For all ¢ > 0, Rat, is geodesically complete with respect to the Baby-

Skyrme metric ..

Proof: We assume to the contrary that (Rat;, 7. ) is geodesically incomplete. It follows
from the Hopf-Rinow Theorem [22], there is a Cauchy sequence {p,, } on the metric space
(Raty, d.) such that it is divergent. Explicitly, for all 4 > 0, there exists an integer N > 0

such that

de(pm, Pn) < 6, VYm,n > N, (4.2.21)
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where d. denotes the distance function with respect to 7y.. Since the length of an arbitrary

curve x : [to, ] — (Raty, ) connecting p,, and p, is

Ly = / VARG ) dt,
_ / VRO X0) T e, @) dt,
- Ve [ " RO dt = VE L, 42.22)

It follows from the definition of the distance function on Riemannian manifold, given in

(1.1.6), and by using (4.2.21) and (4.2.22) that,

0 > de(pm,pn) > \/g d(Pim> Pn) Vm,n > N. (4.2.23)

This implies that the divergent sequence {p, } is also Cauchy on (Raty, d,.) where d, is the
distance function with respect to 7.. Hence, (Rat;, d.) is an incomplete metric space, and
so geodesically incomplete which is a contradiction. Hence, (Rat;,.) is geodesically

complete.

4.2.2 Weighted L? Metric on Fixp

Throughout this section, we discuss the qualitative behaviour of geodesics on a certain
3-dimensional totally geodesic submanifold of Rat; equipped with its induced weighted

L? metric.

In the coordinate system ([U], A), the discrete isometry P acts on Rat; as

P:[U](AL + A7) — [U)(Al + X - 7), (4.2.24)

where T = (7, T2, 73) are the standard Pauli matrices, given in (3.3.8). Identifying SU (2)
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with the 3-sphere S® via the standard Euler’s angles («, 3,7) € [0, 7] x [0, 47] x [0, 27]

as

U= 2 2 , (4.2.25)

_gin LemiB0/2 oog Lemi(B)/2

then, the action of P on Rat; in terms of («, 3,7, A1, A2, A3) is

P (CY, ﬁ> s )\17 )\27 )\3) = (047 _67 -7 )\17 _)\27 )\3) (4226)

Hence, the fixed point set of P in Rat; is [45],

cos = sin =
Fixp = {( 2, 211, (w0, Ag)) tay M, Ag € R} >~ 5T x R?, (4.2.27)
—Sln§ COS E

which is a 3-dimensional submanifold of Rat;. This space consists of C P* lumps located
on a great circle passing the poles of the domain S5, with sharpness A = 1/A? 4+ A2 and
internal phase given by « [45]. Since Fixp is a fixed point set of an isometry of Rat;, then
it is totally geodesic [8]. Introducing polar coordinates (\,6) on R?, then the induced

weighted L? metric on Fixp is

Ge = (Ay, + N2A,,) dN? + N2 A,, dO* + A,, do® — N* A, df da. (4.2.28)

Geodesic motion on (Fixp, g,) is determined by the following Lagrangian

1 . . .
L=3 ((A*l + A2A,) NP+ NA, P+ A, 6P — VA, 0 a). (4.2.29)

Since geodesics preserve speed, then the energy £ = L is conserved. Furthermore, both
0 and « are cyclic, L does not depend on 6 and «, so there are two conserved angular

momenta Py, P, € R given by
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L 1 .
Py =L 2y o A2A5a=A2A*19+fA2a,
00 3
oL . T T
JERC T S N T L
@ = gq = N Ae Ut A a=gA it pa

It follows from (4.2.30) and (4.2.31) that

. P, 2 -t
0="P|1—22N) (A, — =N
9< Py )( b3 ) ’
3P, or N\ !
v= 2P (12224, (A, —Z2)2) .
“ 9( T Py 1)( b3 >

Substituting (4.2.32) and (4.2.33) in (4.2.29), one gets

1 : 12
E= 5 ((Akl + XN2A,,) N 4 PiVy(A) + Poy(Py + Py)Va(A) — ?Pa%),

where V() and V,,()\) are functions of A given by

1 2m -
) = 5 (4. - )

9 —1
Va(\) = SAM (A*l - gv) .

The energy F in (4.2.34) can be written as

1 .
E = §(A*1 + N2A,) N+ V(X Py, P,

154

(4.2.30)

(4.2.31)

(4.2.32)

(4.2.33)

(4.2.34)

(4.2.35)

(4.2.36)

where V' (\; Py, P,) is the effective potential function of geodesic motion on Fixp given

by
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12
V(X Py, P,) = = | PZVa(\) + Po(Poy + Py)Va(N) — ?PQPG . (4.2.37)

| —

Figure 4.1: Plots of the functions Vp(\) and V,, ().

The minimum of the effective potential function on Fixp

The derivative of the effective potential function V' (X; Py, P, ), given in (4.2.37), with

respect to A is

V(X Py, Pa) = S [F Vg () + Pa(Pa + Pa)Vi(N)]. (4.2.38)

N —

Now, let

P ={(Pp,P,) €R*:IN>0s.t. V'(\; Py, P,) =0} C R (4.2.39)

From (4.2.35), we note that for all A > 0, V;(\) < 0 and V() > 0. Hence, the formula
for V'(X; Py, P,) in (4.2.38) implies the possibility for V' (); Py, P,) to have minimum
points. Clearly, if P, (P, + Fp) < 0, then V(\; Py, P,) is monotonically decreasing, and

so & is empty. Defining a positive real number « depending on P and P, by

P? P, (P, -
P P = o _ | +1 Y (P,. P, . 4.2.4
H( 07 Dl) Pa<Pa Pg) |:P9 (P9 ):| Y ( 97 a) 6 L@ ( 0)
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Then, V'(\; P, P,) can be written as

V'(X; Py, Pa) = Pa(Pa+ Po) [5(Py, Pa) Vi(A) + Vo (V)] (4.2.41)

Using (4.2.35) in (4.2.41), it can be seen that V' (\; Py, P,) has only one minimum point.

It follows from (4.2.41) that for each \ > 0, there exists one value

Vi
W=y

such that for all (FPy, P,) € 2, such that k(FPy, P,) = &, V(\; Py, P,) has a minimum

(4.2.42)

at A. But, from (4.2.40), each value of & corresponds to two values of P, /P, denoted {1

and given by

+ (4.2.43)

NN
o
R

Substituting (4.2.42) in £, and £_, we get that for all (P, P,) € £, the minimum point
of V(\; Py, P,) is

Py/(2P,) if FBP,>0
Ao = (4.2.44)

V—Py/[2(P, + Py)] if Py(P,+ Py) <0,

where the division to these cases is because of the reality of \y. Recall that P, = 0 does

not belong to &7 . The minimum Vj := V' (Ao; Py, P,) is a function of (Fy, P,) given by

3
~F: it PP, >0

Vo=193% (4.2.45)
“(PY—2PPy— Fj)  if Py(Pat Py) <0.

Hence, we conclude that the (P, P, )-plane is divided as follows
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Figure 4.2: The (Py, P,)-plane’s division according to the effective potential function’s
minimum as a function of the conserved angular momenta P and P,.

Unbounded and oscillatory geodesics on Fixp

In this section, we shall determine the region in the (Fj, P,)-plane where there
exist geodesic trajectories with fixed energy, for example, &/ = 1, and then we divide

this region into two subsets according to whether the geodesic is unbounded or oscillatory.

It follows from (4.2.37) that

lim V(\; Py, P,) = §P§. (4.2.46)
s

A—00

This implies that for all (P, P,) € R? such that |P,| < /7 /6, there exists A, > 0 such
that for all A > \,,

V(A Py, Py) < 1. (4.2.47)

Hence, for all |P,| < /7/6, V(X; Py, P,) will not exceed the energy £ = 1 for all
A > 0, and so A is unbounded above. Therefore, geodesics on Fixp with energy £ = 1

and angular momenta (P, P,) € R? such that |P,| < /7 /6 are unbounded.
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Now, to determine (P, P,) € R* in which geodesics on Fixp with E = 1 are oscillating,
it is sufficient to find what (FPp, P,) € & with |P,| > /7/6 have the minimum Vj is

less than 1 .

First, if Py P, > 0, it follows from (4.2.45) that V{; < 1 if and only if

1P| < \/g (4.2.48)

Consequently, for all (P, P,) € £ such that P, P, > 0, geodesics on Fixp with energy

E =1 are oscillating if and only if

™ s
— < |P,| </ =. 4.2.49
Jasirl<yf3 (4249

Second, if Py(P, + Py) < 0, it follows from (4.2.45) that the minimum V}, attains £ = 1

Py=DPy+ /2P + % (4.2.50)

Furthermore, the partial derivative of V|, with respect to P, is

if and only if

Vv, 6
op. — (PP, (4.2.51)

and so,

ovy | <0, if Py >0,(Pa+Fp) <0
OP,

(4.2.52)
>0, if Py <0,(P,+ Py) > 0.

Thus, for all (Py, P,) € & such that Py(P, + Py) < 0, it follows from (4.2.50) and
(4.2.52) that V' (\; Py, P.) < 1 for all

Py>0 and  P—,/2P? +g <P, <-P, (4.2.53)

or
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Py<0 and  —Py<P.<Py+ /2P + g (4.2.54)

Hence, for all (P, P,) € & such that Py(P, + Py) < 0, geodesics on Fixp with energy

E = 1 are oscillating if and only if the angular momenta (P, P,) lie in the following

O§P9<\/§ and Pg—,/ng+g<Pag—\/? (4.2.55)
—\/§<ng0 and \/§§PQ<P9+,/2P3+§ (4.2.56)

Py

region

or

Oscillatory

il

Oscillatory

-2 -1 0 1 2

Figure 4.3: The (Py, P,) plane’s division into: blue region where the unit energy geodesics
on Fixp are unbounded and gray region where the unit energy geodesics on Fixp are
oscillatory.

From Figure 4.3, one can see that both subsets in the (P, P,)-plane for unbounded or
oscillatory geodesics are symmetric under rotation by angle 7w about the origin. This is

checked by noting that for all (P, P,) € R?,
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V(X —Fp,—PF,) =V (\; Py, P,). (4.2.57)

Figure 4.4: Plots of the effective potential function V' (\; Py, P,) for certain values of
(Py, Py).

4.3 Rat’’ Submanifolds Revisited

In this section, we consider the 2-dimensional submanifold Rat’? of Rat,, with its induced
Baby-Skyrme metric. Let W (t,z) = x(t)e’” 2™ be a curve on Rat®?. Then, the kinetic

energy T'[W], given in (4.1.11), for W (¢, z) induces a metric on Rat;? of the form

g9e = H(x) (dx* + x* d?) = (F(x) + ¢ G(x)) (dx* + x* d?), 4.3.1)

‘=9grz + € G,

where



Chapter 4. Baby-Skyrme Metric 161

[e'e) 7,277,—1—1
F =2 d 432
(x) 7T/0 (1 + x2r2n)2(1 + 12)2 T ( )
L, [ i
=2 - dr. 433

Here, z = re with r € [0,00) and 6 € [0, 27]. In the limit ¢ — 0, this is the induced L

metric g 2 on Rat®?. Since § : (y,¢) — (x "', —) is an isometry of (Rat, g.), then

n

~

0" g- = x"* H(x™ ") (dx* + X*dy?) = g.. (4.3.4)

Namely,

H(X_l) =y? H(x), Vx> 0. (4.3.5)

Also, the pullback of ¢. under the n fold covering map 7 of Rat;?, defined in (3.4.68), is

- = m'g. = H(p) (dp* + p*df?), (4.3.6)
where

H(p) =n?*p™ 2 H(p"), Vp>0. (4.3.7)

It follows from (4.3.2), (4.3.3) and (4.3.7) that

H(p) = F(p) + G(p), (4.3.8)
where
NN s"
F(p) =mn /o (2151 157 ds, (4.3.9)
~ and [0 g2n-1 n3
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Proposition 4.3.1. For all ¢ > 0 and all n > 1, the submanifold (Rat:?, g.) has zero total

n

Gauss curvature.

Proof: The scalar curvature and the volume form of (Rat{?, ¢.) are

1 d (xH ’(X))
k(x) = — —( , vol,. = xH(x) dx A di, (4.3.11)
)= TN H I\ O ! )
respectively. Then, the total Gauss curvature of (Rat?, g) is
H' >
/ KOO yor — —on {X—@()} . (4.3.12)
Rat&? 2 2H<X> 0

It is convenient to change the coordinate x — p" and use (4.3.7) to get

XH'(x)  p"H'(p") 1pH'(p) 1
_ _1pH L 4313
2()  2H()  nad(p) | @319

From (4.3.9), one can find that 1irr[1) F(p) is a nonzero constant and liH(l) pF'(p) = 0 for all
p— p—

n > 2 and lim pF(p) = 0 for n = 1. Then,
p—0

. 2 77 IERT 2 7= . 2~ o ETN
lim p"H (p) = lim p"F(p) + £ lim p°G(p) = ——,
lim p* H'(p) = lim p*F (p) + £ lim p3G’(p) = — e (4.3.14)
p—0 p—0 p—0 3 ’
This implies that
]fI/
PHp) _ 4.3.15)

im—
r—0 2H (p)

It follows from (4.3.13) and (4.3.15) that
XH'() 1. pH'(p) 1

A A D im == 2= 4.3.16
X0 2H (x) 7 0 2H (p) T ( :

One can exploit the property (4.3.5) of H(x) to obtain the limit of the expression
xH'(x)/2H (x) at infinity as follows:
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H'(x™") = =X"[4H (x) + xH' (X)), (4.3.17)

and so for 7 = y ', we have

. TH'(r) .. H'(x) . xH'(x)
1 — lim —X ) o AW g 43.1
oo 2H(T)  x0 2y H(x—1) Jm 2 2H (y) (4.3.18)

Hence, for all n > 1 and all € > 0, it follows from (4.3.16) and (4.3.18) that

/ O o1 — o, (4.3.19)
Rat;?

|

In [38], it was shown that the total Gauss curvature of (Rat’?, g.) with ¢ = 0, namely with

n

the induced L? metric, depends on the degree n and in fact equals to 47 /n for all n > 1.

The following is a generalization of Proposition 3.4.2 for Rat;? with the Baby-Skyrme

metric g. for all ¢ > 0.

Proposition 4.3.2. For all ¢ > 0 and all n > 1, the submanifold (Rat(?, g.) can be

isometrically embedded as a surface of revolution in R>.

Proof: Assume that there is an embedding X : Rat®? — R® given by

X(x, ¢) = (alx), B(x) cos v, B(x) sin ). (4.3.20)

Then, the induced metric on X (Rat®?) C R? is

gsor = (' (X)? + B'(x)?) dx* + B(x)* dy*. (4.3.21)

Hence, X is an isometric embedding if and only if
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Bx) = xvHX): (4.3.22)
do(x) ( xH'(x) ) ’
= VH)/1—-(1+ . (4.3.23)
dx X 2H(x)
Clearly, the solution of (4.3.23) exists if
xH'(x)
-1<1+ <1, vV x > 0. (4.3.24)
2H(x)

One can show that the function H () indeed satisfies (4.3.24) foralln > 1 and alle > 0

as follows:
XH'(x) 1 ,
bt 2H(x)  2H(x) [2H (x) + xH'(x)],
- 2H1(X) [2F(x) +XxF'(x) +(2G(x) + xG'(x))]- (4.3.25)

As in (4.3.13), one finds that

XG'(X)  p"G'(p")  1pG'(p) 1
_ _1nG -1 4326
2G(x) ~ 20(p") n2a(p) n 0

Using (4.3.26) in (4.3.25), we obtain that

XH' () _ 1 :
1+ 2 2N [2F(x) + xF'(X)]- (4.3.27)

By Proposition 3.4.2, the function F'(y) on Rat;/ satisfies
—2F(x) < 2F(x) + xF"(x) < 2F(x). (4.3.28)

Using (4.3.28) in (4.3.27), we get that

_FO) X)) PO (4.3.29)

H(x) 2H(x)  H(x)
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Since F'(x)/H(x) < 1, then forall n > 1 and all ¢ > 0, we have

xH'(x)

—1<1+
2H(x)

<1, Vx>0 (4.3.30)

Hence, the claim is established.

Numerically, we have solved (4.3.23) with initial data a(1) = 0 for n = 1,2, 3,4 with
several values of ¢. The resulting surfaces of revolution (Rat(% 5 4, g.) for ¢ = 0,0.1,0.5
are given in the Figures 4.5, 4.6 and 4.7, respectively. Note that for all n > 1, the

submanifold Rat®? equipped with its weighted L* metric g, is a flat cylinder.
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n=3 n=4

Figure 4.5: Rat®? submanifolds with the Baby-Skyrme metric g. for ¢ = 0 (the L? metric).
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n=3 n=4

Figure 4.6: Rat;? submanifolds with the Baby-Skyrme metric g. for e = 0.1.



Chapter 4. Baby-Skyrme Metric 168

Figure 4.7: Rat;? submanifolds with the Baby-Skyrme metric g. for e = 0.5.
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There is a geometric interpretation of the function bounded in (4.3.30) as follows: let £(y)
be the angle between the tangent of the generating curve («(x), 5(x)) of (Rati?, ¢g.) and

n

the a(x)- axis. Then,

st = 0000 (@) F0)) _ o) 3.
£(x) Oé(X)\/O/Q(X) T B2(y) \/a,g(x) 57 (x) (4.3.31)

Using (4.3.23) in (4.3.31), one finds that

cos £(x) = \/1 - <1 + XH%X)) , (4.3.32)

2H(x)

and so,

sin(x) =1 —cos?&(x) =1+ XH/(X). (4.3.33)

2H(x)

Hence, foralln > 1and all > 0,

—1 <siné(x) < 1. (4.3.34)

A corollary of the local Gauss-Bonnet Theorem implies that

/ H(Qx) vol, = 2r[sin £(0) — sin £(c0)]. (4.3.35)
Ratyt

Since (Rat®?, g.) is isometric under 0, then £(0) = —&(c0). For e > 0, £(0) = 0, and

n

so that the total Gauss curvature of (Rat;?, g.) is zero. This can be considered as another

n

proof of Proposition 4.3.2.
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Chapter 5

Baby-Skyrme Laplacian

5.1 Laplacian on Rat;

In respect to the identification Rat; = SO(3) x R® with the coordinate system ([U], ),

let v be any SO(3) x SO(3)-invariant metric on Rat; determined as

where Ay, ..., As are smooth functions of a single variable A = ||A|. Here, as usual
o = (01,09, 03) are the left invariant 1-forms dual to the basis 6 = (6, 05, 03) of s0(3).
This metric is Hermitian if and only if [48]

A\

(Ag 4+ N2Ay), A = < ?45. (5.1.2)

4

Ay + N4, = Az

Using (5.1.2), the volume form of an SO(3) x SO(3)-invariant Hermitian metric ,

determined as in (5.1.1), is

VOlfy: AV |’)/| d)\l/\d/\g/\d/\g/\O'l/\O'Q/\O'g, (513)

where
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2

A
] = 5 (A + X 42)°Q), (5.1.4)

and

Q(A) = (A2 + N\2A2)% 4 4N2A; A5(A2 + N2 A, A5 — A2A2). (5.1.5)

Proposition 5.1.1. The inverse of an SO(3) x SO(3)-invariant Hermitian metric -,

determined as in (5.1.1), on Rat is of the form

Y =010-0+Cy(A-0)*+C50-0+Cy(N-0)*+CsX- (0 x9), (5.1.6)

where C'y, . .., Cys are smooth functions of )\ defined as
A%+ )2 1
- = oy = ———
Cr= "4, GG = ey
Cy— — Cy 4 N2Cy = — ! Cy=—Cs.  (5.1.7)

Here, & = (0/0\1,0/0\y,0/0N3) is the basis of vector fields on R* and 0 - 0 denotes the
3

tensor product of 0 by itself, that is, 0 - 0 = Z 0; ® 0.

i=1
Proof: The inverse of any SO(3) x SO(3)-invariant metric on Rat; is an SO(3) X
SO(3)-invariant symmetric (2,0) tensor on Rat;. Hence, by following the symmetry
argument in [48], which was used to determine the general formula for an SO(3) x SO(3)-
invariant metric on Rat;, one obtains that the inverse of an SO(3) x SO(3)-invariant

metric 7, determined as in (5.1.1), on Rat; has the form

7y =C18- 0+ Co(A-8)*+C30 -0+ Cy(A-0)>+ CsX- (0 x 9)
+Ce0 -0+ Cr(X-8)(X-0). (5.1.8)
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The coefficients (1, . .., C; can be determined as follows: let

1 0 1 0 1 0
T VAL ON 2T YA T VA LA, 0N

Since v is Hermitian, then one can see that {e;, Je;,7 = 1,2,3} is an orthonormal basis

(5.1.9)

€1

of TRat; at ([I5], (0,0, \)) with respect to y, where .J is the almost complex structure on

Rat;, defined as in (3.3.13). Now, for any 1-forms 7; and 7, on Rat;, we have

3

(o) = 3 (meome) + m(emsen) ) (5.1.10)

i=1
where (.,.) is the induced metric of v on '(Rat;). Then, it follows from (5.1.9) and
(5.1.10) that

A2+ )\ 4
<d)\1,d)\1> = A2—Al’ <<71,01> = AQ—AI, <d)\1,<71> =0,
1 4 1
drg, d)\s) = ———— = - d\ =
2\
<d/\1,02> = m (5111)

But, from (5.1.8), we have

<d>\17 d)\1> - 017 <017 01> - 037 <d>\17 01> - CG?
<d)\3, d)\g,) = Cl + )\202, <0’3, 03> = 03 + /\204 <d)\3, 03> = CG + )\207,

1
<d>\1,0’2> = —5)\ 05. (5112)

Comparing (5.1.12) with (5.1.11), the functions (1, . . ., C7 are determined, and hence the

claim is proved.

|

Proposition 5.1.2. The Hodge Laplacian of an SO(3) x SO(3)-invariant Hermitian

metric v, determined as in (5.1.1), on Raty is of the form
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A
Af:—AQLAI{O-efw\.(axe)f—Al+—izA2(>\-9)2f}

1 9] VRl af] A2+ n
A2 ] OA [ AL+ N4, 90 ]  NPA?A,

forall f € C*(Raty,C) where || is given by (5.1.4).

(AX8)-(Ax9)f, (5.1.13)

Proof: Let {y;;,7mij,i,j = 1,2,3} be alocal basis for Q°(Rat,) defined as

Hij :d)\iAd)\jAal /\0'2/\0'3,

U :O'Z'/\O'j/\dAl/\d)\Q/\d/\g. (5114)
For any 1-forms a4, . . ., oy on Raty, the exterior derivative of the k-form (ag A -+ A ay,)
is given by
k
don A Nag) =Y (1) lag A Adag A+ Ay (5.1.15)

i=1
Now, since d(d)\;) = d*)\; = 0 and the exterior derivatives of the left-invariant 1-forms

o = (01,09,03), as in (3.3.43), are

dO’le'Q/\O'g, d0—2:o—3/\0—17 d03201/\02, (5116)

then, by using (5.1.15), one gets

dpij = dniy =0, Vi, j=1,2,3. (5.1.17)

It follows from (5.1.17) that all p;; and 7;; are closed. Hence, in this case, Lemma 2 in
[28] states that the Hodge Laplacian A = d ¢ + § d acting on functions on (Raty, ) is of

the form
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Ze[ ( (o1, dA; )3[f]+71(o—i,aj)9j[f])]
Z [ ( (dXi, dX;); [f]Jr'V_l(d)‘iaffj)@j[f])]- (5.1.18)

Using the formula of the inverse metric 7_1, given in (5.1.6), we have

B 1 Cs )}
Af =———86- CiOf +CyAN-0f) — —(Ax 0
P = |VhI(cer s can-on - Gincar)
——0- CiOf + CoA(X- 0 +— Ax60 (5.1.19)
N VEI(cior + cain-on) + Fiaxen
Since C5 = —Cj3, then A f can be written as

Af_—03{9~0f+)\ (8><0)f+%()\ 0) f}
3

_\/__a [\/W018f+\/|702 (\- af] (5.1.20)

Here, 0 - 0 is the trace of the 8 - 0 in (5.1.6). After straightforward manipulations, we get

Af=—03{0-0f+)\ (8><0)f+%()\ 9) f}—%()\xa)-(Axa)f
3
1 0 af

Substituting (5.1.7) in (5.1.21), the claim is established.

O
The above Laplacian formula (5.1.13) for any SO(3) x SO(3)-invariant Hermitian metric
on Raty, determined as in (5.1.1), is a generalization of the the one has been determined

in [28] provided the metric is Kihler.
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Recall that in section 3.3.3 the generators, the Killing vector fields on Rat,, of the SO(3) x
SO(3) action on Rat,, given in (3.3.11), were determined by studying the effect of the left
and right SO(3) actions on Rat, separately. The right SO(3) action on Rat, is generated
by the left-invariant vector fields 8 = (61, 05, 63) of SO(3) added to ® = A x 9, that is,
X = 0+ P where ©; = ¢;;, \; 9/0\;. These vector fields satisfy the angular momentum
algebra [28],

[92',(9;'] = _Gijk‘gka [‘I%(I)j] = _ijq)ka [Xian] = _Giijk- (5.1.22)

Using the commutator identity [X,Y Z] = [X,Y]Z + Y[X, Z], then

0,0 -0] = [0, ® - ®] = [X;, X - X] = 0. (5.1.23)

Note that 8 - @ now denotes a second order operator. Since [0;, 0/0\;] = 0, then [0;, ;] =
0, and so

0, ® - &) = [®,,0- 6] = 0. (5.1.24)

It follows from (5.1.23) and (5.1.24) that

[X,,0-0]=[X,,® ®] =[X;,60 & =0. (5.1.25)

Notethat@ - ® =0 - (A x 9) = X (0 x 6). Also, we have

[XZ', A 0] = [91, )\195] -+ Eijk[)\jak, )\16’1] = —Gilm)\lem + eiﬂ)\]ﬂl =0. (5126)

Unlike the right SO(3) action, the left SO(3) action on Rat; is only generated by the
right-invariant vector fields & = (£, &2, &3) of SO(3) which satisfy

€, 0] = [&i, @] = 0. (5.1.27)

Again, by using the commutator identity, we have
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£,0-0] =[5, ®-0]=[&,X-60]=0. (5.1.28)

The vector fields X; and &; on Rat; satisty

[Xi,0/0N] = [§,0/0M\] =0, Xi[fl =&lf] =0, (5.1.29)

for any function f of a single variable \. It follows from (5.1.25), (5.1.26) and (5.1.29)
that [X;, A] = 0, whereas (5.1.28) and (5.1.29) imply that [{;, A] = 0. Hence, the
Laplacian A, given in (5.1.13), commutes with all Killing vector fields on (Rat;, ), and
so itis SO(3) x SO(3) invariant.

5.2 Spectrum of Baby-Skyrme Quantum Hamiltonian on

Rat1

In the field theories whose static n-soliton low energy dynamics is approximated by
geodesic motion on the moduli space M, with respect to the metric derived from the
kinetic energy of the theory, there is a well-known quantization of this dynamics given by

the quantum Hamiltonian

~

1
HY = §A\If, (5.2.1)

where VU is a complex-valued function on M, and A is the Hodge Laplacian on M,,. The

spectrum of H, denoted a(lf[ ), can be derived by studying the spectral problem

HU =FVU, VYE>0. (5.2.2)

~

Let 0,(H) denote the set of E’s such that the equation (5.2.2) has non-trivial solutions
on M,. Let also o (H) be the set of E’s ¢ 0,(H) such that the operator (H — E) is not
invertible. Then, the spectrum of H is [41, p.140-141]
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~ A ~

o(H)=0,(H)Uo.(H). (5.2.3)

Clearly, ap(H ) is just the set of eigenvalues of H which called the point spectrum of H,
whereas the set o.(H) is called the continuous spectrum of H. In the case o (H) = 0

(crp(fl ) = (), then the spectrum of H is called purely discrete (purely continuous).

On Raty, the spectrum of H with respect to the L? metric has been studied in [28] using
the Kihler property of the metric. Unlike the L? metric, finding the spectrum of the
quantum Hamiltonian H with respect to an SO(3) x SO(3) invariant Hermitian metric
on Rat; which is not Kihler, such as the Baby-Skyrme metric, is a very difficult problem.
Hence, we will restrict this problem to the space of complex-valued functions depending
only on the vector A € R?. Then, the spectral problem given in (5.2.2) will reduce to the

Sturm-Liouville problem

1 d df

s [P | o =2, (524

where f is a function of a single variable A € [0, c0).

5.2.1 Reduction to Sturm-Liouville Problem

Let (A, 9, ¢) be the spherical coordinates on R® and F' = F(\, 9, ¢) be a function on R

Then, the Laplacian on Rat;, given in (5.1.13), for ¥ = F’ reduces to

1 )\2 AQ 2
AF = — O XVl oFp NN (5.2.5)
V0N A+ 224, x| T A
where Ag: is the Laplacian on S?, namely,
1 0 0 1 0
Agr = ——— < (sing =) - —— 2 526
5 sind 0V (sm 819) sin? ¥ 2 (5.2.6)

The eigenfunctions of Ag: are the so-called spherical harmonic functions Y}, (%, )

defined such that
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AgYim =1+ 1Y},  LmeN. (5.2.7)

Consequently, it is useful to separate the variables in (5.2.5) by decomposing F'(\, 9, ¢)
into Y},,, (¥, ») multiplied by a radial function f()), thatis, F'(\, ¢, ) = f(N) Vi (9, @).
Thus, AF in (5.2.5) can be written as

1 d /\2\/|fy| df A2 + )2
A2/ Iy dA {A1+/\2A2 d)\] tm & A2ZA2A, (+1)fY (5.2.8)

Hence, solving the time-independent Schodinger equation

HF = EF, (5.2.9)
is equivalent to solving
1 d [ N/ d A% + )2
_ 2 L df} A+ X I(1+1)f = 2Ef, (5.2.10)
A2/ |y dA [ AL + A2 A dA A2AZ A,

which is a second order ordinary differential equation on [0, c0) given in the form of

Sturm-Liouville equation (5.2.4) with

A2/ A2 + A2 ,
p(A)—m, q(A) = A2A2All(l+1), w\) = XV, (5.2.11)

5.2.2 Spectrum Classification

A Sturm-Liouville problem (5.2.4) is said to be singular if one or both endpoints are
singular, which means that 1/p()), g(A) or w(\) fail to be integrable at this point [41,
p.137]. Now, to check whether the Sturm-Liouville problem (5.2.10) with respect to the

Baby-Skyrme metric . is singular or not, we need the following limits:
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. 27 . 7
}\ILI(I) A, = ?(5 +1), }\1_)1% A, = 2n(e+ 1—5), (5.2.12)
. Agl _ 4me . B dme

e T3 A A = =5 6213

where A., = A; + €A,, are the coefficients of the Baby-Skyrme metric on Rat;. Since .

is Hermitian, then its volume form is given by (5.1.4), and so we have the limits

3 3.2
im /7o = = (e + 1% lim VJl/A = S (e +3), (5.2.14)
A0 27 A—00 27

It follows from (5.2.12), (5.2.13) and (5.2.14) that 1/p(\) and w(\) are not integrable at
A = 0 and A\ = oo, respectively. Hence, our Sturm-Liouville problem (5.2.10) on [0, c0)

with respect to 7. is singular.

In this section, we wish to classify the spectrum of the quantum Hamiltonian H with
respect to the Baby-Skyrme metric -y. on Rat; depending on the behaviour of the solutions
of our Sturm-Liouville problem (5.2.10) in neighbourhoods of the endpoints A = 0 and

A = oo as follows:
It follows from (5.2.12) and (5.2.14) that the leading order equation of (5.2.10) as A — 0
is

Pf  2df M1+ 1)

-—= = 2.1
d 2 Ad\ A2 f=0 (5-2.15)

which has asymptotic solutions of the form

fA) = ar N + apA" Y = ar fi(A) + az fa(N). (5.2.16)

Note that these solutions are independent of € and E. As A — oo, the leading order

equation of (5.2.10) for all e > 0 is
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Ef  5df  4nme

TJ 2 ALy 5.2.17
e Ty Tae bl =0 (5:2.17)

The asymptotic solutions of (5.2.17) have the form

fN) = poa (-2 2/ImmeE ) g o (~2-2y/1oneErs)

which clearly depend on € and E. For € = 0, the leading order equation as A — oo is

Ef ldf

A A 2.1
e aax 6219

which is the leading order equation of (5.2.10) with respect to the L* metric on Rat;. The

general solutions of (5.2.19) are

f(A) = c1 + colog A = crhi(N) + c2ha(N), (5.2.20)
which are independent of both £ and [.

At the endpoint A = 0, the asymptotic solutions (5.2.16) are not oscillating for all £. In

contrast, at the endpoint A = oo, the asymptotic solutions are classified to

e For ¢ = (), the solutions (5.2.20) are not oscillating for all £.

e For ¢ > 0, the solutions (5.2.18) are not oscillating for all £ < 3/(we) whereas

they oscillate for all £ > 3/(m¢).

Hence, by the classification categories of Sturm-Liouville problems given in [21], the

spectrum of Baby-Skyrme quantum Hamiltonian H on Rat, is as following:

e For ¢ = 0, both endpoints A = 0 and A = oo are non-oscillatory. Hence, the

spectrum is simple, bounded below, infinite and purely discrete.
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e For ¢ > (, the endpoint A = 0 is non-oscillatory for all £, but at the other endpoint
A = oo, there exists £. = 3/(me) such that the endpoint is non-oscillatory for all
E < E. and it is oscillatory for all £ > E.. Thus, the spectrum is simple, bounded

~

below and it consists of finite point spectrum o, (H ) which is, if any, in [0, E.] and

A

continuous spectrum o.(H ) for all (E., 00).

5.2.3 L? Finiteness and Boundary Conditions

One of the most important requirement for a singular Sturm-Liouville problem is to have
solutions f which are L? finite with respect to the appropriate weight function w(\) [41,

p.138], that is,

/ TP d < oo (5.221)
0

If f is continuous, then it is sufficient to check that f is L? finite at both endpoints A = 0

and \ = oo.

For the Baby-Skyrme metric on Rat;, one can see from the asymptotic solutions f; and

f21n (5.2.16) that

|1l we(N) ~ @y N2 2, ol we(A) ~aA™, as A — 0, (5.2.22)

where w.(\) is the weight function with respect to . on Rat;. Therefore, for [ = 0, both
asymptotic solutions f, and f, are L? finite, whereas for [ > 0, f; is the only L? finite

solution.

As A — oo, the asymptotic form of the integrand in (5.2.21) for g; and g, are

Y

g1 w0 (0) ~ A VIR 2 ()~ A (VIR (5003
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Clearly, for all E < E., the asymptotic solution g, is the only L? finite solution, with no
L? finite non-trivial solutions for all £ > E.. When ¢ = 0, in contrast, one has from

(5.2.20) that

(log A)?
X5

_ log A .
’h1‘2w0()\) Ncl%7 \h2|2w0()\) ~ Co

(5.2.24)

as A — oo which implies the L? finiteness for both h; and hs.

A singular endpoint of a Sturm-Liouville problem (5.2.4) is classified to: limit-circle if
all solutions of (5.2.4) are L? finite in a neighbourhood of the endpoint, whereas if there
is precisely one L? finite non-trivial solution of (5.2.4) in an endpoint’s neighbourhood,
then it is called limit-point [41, p.147]. Hence, it follows from the above investigation of
the asymptotic solutions at A = 0 and A = oo of (5.2.10) with respect to the Baby-Skyrme

metric 7. on Rat; that

e The endpoint A = 0 is limit-circle for [ = 0 and is limit-point for all [ > 0.

e The endpoint A = oo is limit-circle for € = 0, whereas it is limit-point for all £ > 0,

with no L? finite non-trivial solutions for all £ > FE..

In the presence of limit-circle case at a non-oscillatory endpoint \,, say, then the Sturm-
Liouville problem is not self adjoint unless an boundary condition is imposed in the
nieghbourhood of \,. The boundary condition of the Sturm-Lioville problem at such
point is given by a solution u(\) in a neighborhood of the endpoint such that for any

linearly independent solution v(\) [41, p.158],

im uM)
/\lﬁ)\* U()\)

=0. (5.2.25)

This solution is called the subdominant solution at the endpoint A.. If no limit-circle
non-oscillatory endpoints exist in the problem, then, by definition, the L? finite solution
is the subdominant solution. For our Sturm-Liouville problem (5.2.10) with respect to 7.

on Rat; , we have
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e At the endpoint A = 0, the subdominant solution is

fO) ~a X, ViIx>o. (5.2.26)

e At the endpoint A = oo, the subdominant solution is

0) ~ a2 TTE)

FO) ~ e, e =0. (5.2.27)

, e >0,

We conclude that the boundary conditions at 0 and oo for the Sturm-Liouville problem
(5.2.10) with respect to the Baby-Skyrme-metric on Rat; are given by the above

subdominant solutions.

5.2.4 Numerical Results

Solving the Sturm-Liouville equation (5.2.10) with respect to the Baby-Skyrme metric
v for A € [Ag, A\oo] With the above boundary conditions can be reduced to solving two
initial value problems, one in [Ag, A;] with initial condition (5.2.26) at \q and the other on
[A1, Aoo] With intial condition (5.2.27) at A, where A\; € (Ao, Aso). Now, for fixed [ and ¢,
let Yo, () = (fr(A), fL(N) and Yr(X) = (fr()\), fr(N)) be the solutions of the left and

right initial value problems, respectively. Hence, F is an eigenvalue of (5.2.10) if

F(E) = fo(M)fr(M) = fr(M) fr(A) = 0. (5.2.28)

For fixed ¢ and [, having solved the left and right initial value problems on [Ag, ;]
and [A;, \], respectively, by Runge-Kutta (4,5) method [14], one can construct the
function F(F) numerically, and then find the roots of F(E) by one of the root finding
numerical methods. Here, we have used the bisection method [3, p.43-45] on the interval

[Aos Asw] = [0.001,30]. The following table shows the lowest eigenvalues Ej of the
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quantum Hamiltonian H for various values of [ and ¢.

el i=0]1=1]1=21] 1=3 | I>3] E. |

0.0 | 0.00000 | 2.12055 | 5.52641 | 10.21228 | — o 00

0.1 | 2.03751 | 4.39516 | 6.86855 | 8.85858 X 9.54929
0.2 | 2.05607 | 3.69199 | 4.72555 X X 4.77465
0.3 | 1.92457 | 2.99012 X X X 3.18309
0.4 | 1.75728 | 2.38299 X X X 2.3873
0.5 | 1.58933 X X X X 1.90986
0.6 | 1.43279 X X X X 1.59155
0.7 ] 1.29128 X X X X 1.36419
0.8 ] 1.16513 X X X X 1.19366
0.9 | 1.05335 X X X X 1.06103
1.0 | 0.95448 X X X X 0.95493

Table 5.1: Numerical values of the lowest eigenvalues of the quantum Hamiltonian A for
various values of [ and ¢.

From Table 5.1, one observes that for fixed ¢, the lowest eigenvalues, if any, are increasing
as [ increases. For fixed [, the behaviour of the lowest eigenvalue as a function of ¢ is

drawn in Figure 5.1. Furthermore, one may deduce, from Figure 5.2, that 0,,(H) — () as

g, — oo.

2.5

15 -

0.5

TTemem o0 ¢ S ee

ole L L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Figure 5.1: Plot of the lowest eigenvalue of H as a function of the Baby-Skyrme
parameter ¢ € [0, 1] with [ = 0.

Recall that we have determined our Baby-Skyrme metric 4. on Rat; = H;,(S?) when

both the domain and codomain are 2-spheres with radius 1/2. Changing the radii of the
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domain and codomain to R; and R,, respectively, will scale the Baby-Skyrme metric
as . = (4RyRy)*y.. Consequently, the Laplacian on Rat; with respect to 7, is A =
(4R Ry)"2A. Hence, the eigenvalues of H = A/2 and H = A/2 are related by

E = (4R, R,)E. (5.2.29)

One can use (5.2.29) to compare our results for ¢ = 0 with those which have been
computed with respect to the L? metric on Rat; in [28] where R, = R, = 1 and in

[37] where Ry = 1/v/2 and R, = 1/2.

14
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12r
12

100 1or

0.2 0.4 0.6 0.8 1

14

12r

10r-

. . . . . o ‘ ‘ ‘ ‘ ‘
02 04 06 08 1 02 04 06 08 1

Figure 5.2: Plots of the eigenvalues (red points) of Z/ bounded above by E. (dots curve)
for some values of € € (0, 1].
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5.2.5 Spectrum with Skyrme Potential

Restricting the potential energy, given in (4.1.5), of the Baby-Skyrme model to Rat;, we

get
i 2 |82W|4 2\2 =
VIW|=2rn+=-¢ / —— (14 |z dzdz, (5.2.30)
=: 21 + ¢ Vg [W]. (5.2.31)

The term with ¢ is the potential energy Vps[W], descending from the Skyrme term. This
is SO(3) x SO(3)-invariant, and hence

4 2
:%(iiﬂii)zzxw, (5.2.32)

where W, (2) = pz, 1 = (A + N)?, is an element of the SO(3) x SO(3) orbit space in

Rat;. Consequently, there is a small modification in the quantum Hamiltonian H given

by

H,=H+ecV.(\), VYe>O0. (5.2.33)

Clearly, as ¢ — 0, H, approaches the quantum Hamiltonian H with respect to the L?
metric. The spectrum of H, can be computed by solving the following Sturm-Liouville

problem

L Vel df] | AN
- l l 1 * = . . .
A2/ 7] @A [AQ+A%gdA VA%%('+)f+5vaf 2Ef. (5.2.34)

Since }\iIT(l) A2V, (X) = 0, then the leading order equation of (5.2.34), and so the asymptotic
—
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solutions, as A — 0 remain unchanged, as in (5.2.16). In contrast, the presence of the
potential V,(\) in (5.2.34) changes the leading order equation (5.2.17) as A — oo to
df?  5df  64mr2e?

2
— 2.
2 + SV A f 0, (5.2.35)

which is clearly independent of E. The asymptotic solutions of (5.2.35) are

1 1
FO) = di 351 (41202 [3) + dy 350 (4702)3),

= dl p1<>\) + dg pg(/\), (5236)

where [; and K are the modified Bessel functions of order 1. They have the leading

asymptotic

Ii(s) ~ Irs e’, Ki(s) ~ ) =— e %, as s — 00. (5.2.37)

Therefore, the asymptotic formulae for the integrand in (5.2.21) with p; and p, are

-1 ~ 1
Ip1)? wa(N) ~ dis5 BTEN/3 p1]? we () ~ day3 e~8mEA/3, (5.2.38)

Thus, for all £ > 0, py()) is the only L? finite solution of (5.2.35), and so the endpoint

A = o0 is limit-point. Consequently, po(A) is the subdominant solution at A\ = oc.

Clearly, the asymptotic solutions (5.2.36) are not oscillating for all € > 0. Thus, adding
the potential V,()\) to H leads to non-oscillatory endpoints A = 0 and A\ = oo for all
E > 0. Hence, by the classification categories of Sturm-Liouville problems given in

[21], the spectrum of H, is simple, bounded below, infinite and purely discrete.

Numerically, we have solved (5.2.34) with the boundary conditions given by the

subdominant solutions at A = 0 and A = oo, that is,
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FO) ~ a X, as A\ — 0,

1
fA) ~ dgﬁKl (4meX?/3) as A — o0, (5.2.39)

The lowest eigenvalues of the modified quantum Hamiltonian H, with various values of

¢ and [ are given in Table 5.2. Clearly, they are increasing as € and [ increase.

e | 1=0 [ 1=1 | 1=2 [ 1=3 |
0.1 [ 345671 | 6.90506 | 11.04127 [ 15.70530
0.2 [ 450109 | 8.01558 | 12.02664 | 16.39705
0.3 | 524830 | 878819 | 12.72389 | 16.94067
04 | 585455 | 9.41107 | 13.29924 [ 17.42190
0.5 | 637958 | 9.95039 | 13.80742 [ 17.86720
0.6 | 6.85284 | 10.43710 | 14.27334 [ 18.28884
0.7 | 729095 | 10.88825 | 14.71042 [ 18.69356
0.8 | 7.70406 | 1131403 | 15.12679 | 19.08566
0.9 [ 8.09880 | 11.72103 | 15.52764 | 19.46794
1.0 [ 847966 | 12.11369 | 1591643 | 19.84236

Table 5.2: Numerical values of the lowest eigenvalues of the modified quantum
Hamiltonian H, = H + ¢ V,.()\) for various values of [ and ¢.
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Figure 5.3: Plots of the first eigenfunctions of H, = H + ¢ V,(\) for | = 0 and various
value of ¢ € [0, 1] varying from ¢ = 0 (top horizontal line) to e = 1 (bottom curve).
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We conclude that for ¢ > 0, the features of the energy spectrum of the quantum
Hamiltonian H are changed by adding the potential term given by V, () in which the

point spectrum is unbounded above and the continuous spectrum is empty.
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