Shear instabilities in shallow-water

magnetohydrodynamics

Julian Mak

Submitted in accordance with the requirements for the @egi®octor of Philosophy

The University of Leeds

Department of Applied Mathematics

July 2013

The candidate con rms that the work submitted is his own dad &ppropriate credit
has been given where reference has been made to the workeo$ otthis copy has been
supplied on the understanding that it is copyright matenal that no quotation from the

thesis may be published without proper acknowledgment.

€ 2013 The University of Leeds and Julian Mak



Abstract

The interaction of horizontal shear ows and magnetic eldsstably strati ed layers is central
to many problems in astrophysical uid dynamics. Motionssuach strati ed systems, such
as the solar tachocline, may be studied within the shall@aiewapproximation, valid when
the horizontal length scales associated with the motionlamng compared to the vertical
scales. Shallow-water systems have the advantage thaptiirea the fundamental dynamics
resulting from strati cation, but there is no explicit demkence on the vertical co-ordinate,
and is thus mathematically simpler than the continuoushatistd, three-dimensional uid

equations. Here, we study the shear instability problenhiwithe framework of shallow-water

magnetohydrodynamics.

A standard linear analysis is rst carried out, where weetheorems satis ed by general basic
states (growth rate bounds, semi-circle theorems, diabifiteria, parity results), investigate the
instabilities associated with idealised, piecewise-tammspro les (the vortex sheet and rectangular
jet), and investigate the instabilities associated with prototypical smooth pro les (hyperbolic-
tangent shear-layer and Bickley jet); these are studiecnaytical, numerical and asymptotic
methods. The nonlinear development of the instabilitieoeiated with the smooth pro les is
then investigated numerically, focussing rst on the chesitp the nonlinear evolution arising from
MHD effects, before investigating the differences arisirgn shallow-water effects. We nally

investigate the interplay between MHD and shallow-watéat$ on the nonlinear evolution.
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%“He who learns but does not think is lost; he who thinks butsduet learn is in danger” — Confuciusnalects2.15
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Notation

three-dimensional magnetic el@® 3 = (b, by;b,)
two-dimensional magnetic eldy = (b; by)
magnetic ux in shallow-waterB = ( h¢by; h¢by)
phase speed,= ¢ + ic
Froude numbefr = U=p gH

gravitational acceleration

equilibrium uid depth

the free surface displacement

bottom topography

total uid heighth; = Ho + F2h

vertical component of currenit,= e, (r B3j)
inverse Alfvén-Mach numbel = B=U

total pressure

gas pressure

potential vorticity,g = !=h

the basic state velocity

three-dimensional velocity eldyz = (u;Vv;w)
two-dimensional velocity eldu = (u;v)

momentum in shallow-watet) = ( h;u; hVv)

streamwise wavenumber
density

vertical component of vorticity, = e, (r  u3)

gradient operator

gradient operator witz-component omitted
material derivative

d()=dy
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Chapter 1

Introduction

Geophysical and astrophysical systems are often density atl, with ows characterised by
motions that have a long horizontal length scale comparé twe vertical scale. The dynamics
of such systems are often studied under the shallow-wagmogimation (e.g., Pedlosky 1987,
x3; Salmon 1998x2; Vallis 2006,x3; Buhler 2009x1); this constitutes a set of two-dimensional
equations with no explicit dependence on the vertical abhrate, a mathematical simpli cation
compared with the continuously strati ed three-dimensiasystem. The shallow-water equations
capture the fundamental dynamics of density strati catismpporting slow, vortical motions as

well as fast, wave motions, and interactions thereof.

The hydrodynamic shallow-water equations have often beed as a model for geophysical and
astrophysical systems, such as the Earth's ocean (e.djs,\2006, part IV) or Jupiter's weather
layer (e.g., Cho & Polvani, 1996a; Showman, 2007). They @ w@sed as a simpli ed model for
exploring the fundamental uid dynamics underlying geogiopl and astrophysical systems, for
example: vortex and wave dynamics in uniformly rotatingtsyss (e.g., Sadourny, 1975; Young,
1986; Ripa, 1987; Farge & Sadourny, 1989; Ford, 1994; Pokial., 1994; Stegner & Dritschel,
2000; Fordet al., 2000; Mohebalhojeh & Dritschel, 2001; Lahaye & Zeitlin,120 Plotka &
Dritschel, 2012); jet formation in differentially rotatinsystems (e.g., Cho & Polvani, 1996a,b;
Showman, 2007; Scott & Polvani, 2008; Dritschel & Scott, Z0&howman & Polvani, 2011);
wave-wave or wave-mean ow interaction (e.g., Ripa, 1982hBr & Mcintyre, 1998; Bihler,
2000; Buhler & Mclntyre, 2003; Buhler, 2009); shear itmlifies (e.g., Satomura, 1981; Grif ths
et al,, 1982; Paldor, 1983; Ripa, 1983; Hayashi & Young, 1987; Baith, 1999; Dritschekt al.,



Chapter 1. Introduction 2

1999; Mohebalhojeh & Dritschel, 2000; Poulin & Flierl, 20@¥itschel & Vanneste, 2006).

In this thesis we shall be concentrating on shear instegsilit To study the behaviour of shear
ows at a fundamental level, we shall investigate instaiei#i of parallel shear ows in planar
geometry. Instability of parallel shear ows in the hydra@dmic (not necessarily shallow-water)
setting is by now a well-established topic, often includedlaapters in monographs dedicated to
instabilities (Lin, 1955; Betchov & Criminale, 1967; Chaagekhar, 1981; Drazin & Reid, 1981;
Schmid & Henningson, 2001; Criminadtal.,, 2003) or geophysical uid dynamics (e.g., Pedlosky
1987,x7; Vallis 2006,x6; Buhler 2009x7). Instabilities associated with shear ows leads to the
breakdown of the ow, formation of coherent structures, awentual transition into turbulence
via secondary instabilities (e.g., Schmid & Henningsor)130 The breakdown of the ow and
transition to turbulence has implications for mixing of memtum, vorticity, passive scalars,
density (if strati cation is present) and so forth, so it istbeoretical as well as physical interest
to study shear ow instabilities. For example, see the receview by Smyth & Moum (2012)
for recent advances in shear instability research in gesipaly uid dynamics. Shear instabilities
in the hydrodynamic shallow-water setting have been inyattd by numerous authors. It is
known that instability may result from the basic ow pro leogsessing non-monotonic (potential)
vorticity gradients (e.g., Ripa, 1983; Ford, 1994; Balrttipr1999; Dritschekt al,, 1999; Poulin

& Flierl, 2003; Dritschel & Vildez, 2007), as in the inconagsible system, but also from gravity
wave interaction (e.g., Satomura, 1981; Grif tisal,, 1982; Paldor, 1983; Ripa, 1983; Hayashi &
Young, 1987; Balmforth, 1999; Dritschel & Vanneste, 200B)e formation of vortices resulting
from the instability then also emit gravity waves (e.g.,tBehelet al. 1999; Mohebalhojeh &
Dritschel 2000; Poulin & Flierl 2003; Dritschel & Vannest®db; see also Ford 1994; Polvani
et al. 1994; Fordet al. 2000 for example on gravity wave emission by shallow-watatiees),

something that is absent in the incompressible setting.

Many astrophysical systems are strati ed, thin in terms gfjext ratios, and are ionised. The
interaction of the uid motion with a background magneticldein such systems require the
magnetohydrodynamic (MHD) description; one interest tisesmn MHD analogue of the shallow-
water equations as a simpli ed model for investigating th&eiplay between strati cation and
MHD effects. To this end, the shallow-water MHD system (SWIMHvas derived by Gilman
(2000), and we shall be investigating the dynamics of sheais in the SWMHD system.

Often we shall have in mind the solar tachocline as an exaofpdech an astrophysical system.
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From helioseismology (see, for example, the review by @msen-Dalsgaard & Thompson
2007), it was inferred from observational data relativadgently that, in the Sun, the latitudinal
differential rotation (faster at the equator and slowerhat poles) holds true along radial lines
throughout the convection zone, whilst the inner radiatieee rotates roughly in solid body
rotation; a representation of this inversion for the angudgational period is given in Figure 1.1.
This naturally leads to a thin transition region (of deptipragimately 0.08g,) of strong shear
located at approximately 0R%,r, this region was termed the tachocline by Spiegel & Zahn2).99
In particular, the lower portion of the tachocline that ighin the radiative zone is known to be
strongly strati ed, and the assumptions that go into thdleivawater description are well satis ed
in this region. For completeness, some data estimated bglal0. R, are reproduced here
in Table 1.1; this will be used to estimate the magnitude ofa@® non-dimensional parameters
in Chapter 2. The tachocline is regarded as an importane médhe jigsaw in understanding
the global solar dynamics. Its mere existence has led toassessment of the underlying uid
dynamical behaviour due to uid/magnetic coupling, leagio questions on how the tachocline
is maintained, generally known as the tachocline con neinmoblem (e.g., Spiegel & Zahn,
1992; Gough & Mclntyre, 1998; Garaud, 2007; Wood & Mcinty28,11; Woodket al,, 2011). The
tachocline is generally seen as the seat of the solar dynemnéributing to the strengthening of
the magnetic eld via differential rotation (e.g., Tobias\&eiss, 2007). The issue of instabilities
associated with the differential rotation pro le and itsygital consequences is also of relevance
(e.g Gilman & Cally, 2007; Dikpatet al,, 2009; Zaqgarashivilet al,, 2010). We refer the reader to
the book “The solar tachocline” (edited by Hughes, Rosner &34/ 2007) for a comprehensive

and relatively recent review of the current research problassociated with the tachocline.

Since the derivation by Gilman (2000), the SWMHD equatioasehbeen studied both from a
theoretical and modelling point of view. They have been shéwpossess a hyperbolic as well
as Hamiltonian structure (De Sterck, 2001; Dellar, 200D3B) Rossmanith, 2002). The MHD
modi cations to wave motions supported by the hydrodynastiallow-water system have also
been derived (Schectet al., 2001; Zagarashivilet al,, 2008; Heng & Spitkovsky, 2009). To date,
the principal aim of studies of shear ow instabilities in 3¥D have been to investigate in detall
the global aspect of the instability, employing sphericabmetry and model differential rotation
pro les as the basic shear ow (Dikpati & Gilman, 2001; RenhBeDikpati, 2003; Dikpatiet al,,
2003; Dikpati & Gilman, 2005). These authors consideredchstsite pro les that only depend

on latitude, and they investigated the effects of differeagnetic eld strengths, varying physical
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Figure 1.1: Angular velocity pro le inferred from heliosgnology, taken from the LSV group at HAO,
NCAR (http://www.hao.ucar.edu/research/Isv/Isv.php , convection page). 450nHz and
325 nHz translates roughly to rotation periods of 26 and 3& dahe tachocline is indicated by the dashed

line.

Quantity meaning value & = 0:7Rgyn  UNIts (cgs units)
Rsun Solar radius 6:95 10 cm
pole angular frequency at pole 20 106 st
equator @ngular frequency at equator 29 10 ¢ s 1
density 0:21 gcm 3
N buoyancy frequency 8 104 st
c sound speed 23 10 cms?
g gravitational acceleration 54 10¢ cms 2
0 magnetic permeability 1
magnetic diffusivity 41 10 cmés !
kinematic viscosity 2.7 10 cns 1
thermal diffusivity 14 10 cns 1

Table 1.1: Some physical parameters given in Gough (200ThéSun aR = 0:7Rgyn
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structure of the background magnetic eld, and the depecelem the gravity parameter (théix,
which will be seen to be related to our Froude numbeasG F 2; see Dikpati & Gilman

2001; Rempel & Dikpati 2003; Dikpatt al. 2003).

These previous studies of shear instabilities have fodusse the global instabilities. To
complement these previous studies, we focus here on logalhitities, with the aim to examine
the shear ow instability problem in a more general conteXor this, we consider here the
instability problem of plane parallel shear ows in the dexdpyer SWMHD system. We ask the
general question: how are the well known uid instabilitiefsplane parallel shear ows modi ed

by MHD and shallow-water effects?

We begin in Chapter 2 with a derivation of the SWMHD equatjarsd, in planar geometry with
appropriate boundary conditions, highlight the consémmalaws and wave modes possessed by
this system. We study the onset of instability via a lineaalysis, and derive in Chapter 3 the
governing eigenvalue equation, as well as some generdtgeaalid for suitably differentiable
proles. At a suf ciently local level, most ows may be modeld as either a shear layer or a
jet. In Chapter 4 we consider the instability charactarsstf idealised versions of these shear
layer and jet pro les, namely, the vortex sheet and the repiar jet. It is known such piecewise-
constant pro les reveal features that have analogues icdhesponding smooth cases, and the
resulting problem bene t from the fact the problem may besedlcompletely or asymptotically.
In Chapter 5 we consider two prototypical ow pro les oftemgloyed for studying the instability
characteristics of shear layers and jets, the hyperbatigent shear layer and the Bickley jet.
To highlight several features of interest, we rst solve #igenvalue problem numerically. We
consider the instability mechanism, where there is anpnétation of the instability mechanism
in terms of a pair of counter-propagating Rossby waves; wehesv this paradigm is modi ed
when MHD and shallow water effects are present. The longeveesymptotic procedure of Drazin
& Howard (1962) is generalised to the SWMHD system, and tla@sdytical, asymptotic results
complement the numerical results presented earlier. Thénear evolution of unstable smooth
shear ows is then studied numerically. Chapter 6 focussethe incompressible cases, with a
review of the numerical techniques and known results initegature. It is known that the vortices
normally formed from the hydrodynamic evolution may be dwstd by MHD effects, depending
on the eld strength and on the size of the magnetic diffugiyiarameter. An investigation of

the disruption on the dependence of the background eldchgtieand dissipation parameter is
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carried out, and we provide estimates of the boundariesdestvthe different regimes. Chapter
7 deals with the modi cations introduced by shallow-watéfieets. Some numerical issues are
highlighted, before an investigation into the parametgretielence of the nonlinear evolution.
Detailed conclusion and discussion are given at the endaf ebapter, and a brief conclusion

and suggestions for future work are given in Chapter 8.



Chapter 2

The shallow-water MHD equations

For self-containment purposes, we reproduce here a derivaf the shallow-water MHD
(SWMHD) equations (see also Gilman, 2000; Dellar, 2003ahtidtpating the discussions in
the later chapters, we also provide derivations of the awatiens laws and wave solutions for

this system.

2.1 Derivation

We consider a magneto- uid with a free surfacezat h(x;y;t) with undisturbed free surface at
z = 0, lying over some topography (describing real topographgeulying dynamical effects or
otherwise)z = H (X;y). The total uid column height is given blg; = H + h; see Figure 2.1.
We focus on dynamics at a suf ciently local level so that thesBby number (measuring the
relative importance between inertia and rotational effec large, so that the Coriolis term is
relatively small and may be neglected as a simpli catione Three-dimensional incompressible,
ideal MHD equations describing the dynamics of a thin layfeelectrically conducting uid of

constant density, with gravitational acceleration, are given by

@+ Us r ug= ir p+(r Bi3) B3 gey; (2.1a)
@t 0
%+u3 rBz3=Bs r ug; (2.1b)

r uz=0; (2.1¢)

r B3=0: (2.1d)
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Figure 2.1: Physical set up of the problem.

Here, the subscript "3' denotes the full three-dimensianaintity, andB 3 is given in units of

velocity, soB 3 = B P o 0, Where g is the permeability of free space.

To proceed with the derivation, we note that the momentunatgu (2.1a) may be written as

1
@+u3ru3: —rP+Bs rBs geg (2.2)
0

@t

whereP = p+ jB 3j?=2, the sum of the gas and magnetic pressure. We assume thgpite t

horizontal length scalé is much greater than the typical vertical length sddleso that the
aspect ratio = H=L is small. Now, the 1 approximation justi es the neglect of the vertical
acceleration, and the leading order balance in the vericahentum equation is assumed to be
@P_

@z

which may be termed magneto-hydrostatic balance. Intiegré2.3), we obtain

09; (2.3)

P= ogz+ Po; (2.4)

wherePyg is to be xed by the boundary conditions. Across the free auef pressure should be
continuous; we take the pressure to be zero above the friEszswithout loss of generality, and
SO

P(x;y;z;t) = oglh(x;y;t) z]: (2.5)

Denotingr ; as the gradient operator with taecomponent omitted, we see that
1
—r ;P =gr ;h: (2.6)
0

Now, because the ;h terms are independent pfthis means we may also assume, b, andb,
are alsa-independent, and so the horizontal momentum equatiomieso

@
@t+ urzu=br,b grh (2.7)
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Hereu = (u;v) andb = (by; by). The dependency in the vertical co-ordinatdoes not appear
explicitly, which highlights an important feature of theatlow-water equations: if the elds are
initially depth independent, they will remain so for all selguent time (e.gx2.3 of Salmon 1998
or x3.1 of Vallis 2006).

Now, integratingg  uz = 0 over the uid depth gives
WEZ"y = hr, ou; (2.8)

with hy = H + h. Sincew is just the material derivative of the position of a partautlement,

we have
[w]iihH = @@t+ us r [H+ h(x;y;t)] = @@t+ ur, he (2.9)
Putting the two together, we obtain
%+ rz (hu)=0: (2.10)

For the induction equation (2.1b), assumings small compared tb, andby, there is only explicit

evolution of the horizontal magnetic eld, with the govemgiequation given by

@+u r.,b=Dbr ,u: (2.11)

@t

Finally, from the conditiom B3=0,

@p _ _
@z r;. b (2.12)
Integrating over the uid depth gives
22"y = hyr o, b (2.13)

We make two further additional assumptions. The lower bamnds taken to be a perfect
conductor, and it is assumed that the free surface star&sadf eld line. By Alfvén's theorem,
eld lines are frozen into the uid, and the free surface thesnains a eld line. The full three-
dimensional eld should be locally parallel to the vertitedundaries. So, letting be the normal

vector to the vertical boundaries, we requg n = 0, and hence

(b;by; hr 2 b) ( @h=@x;@h=@%) = r , (hib)=0: (2.14)
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In summary, the single layer SWMHD equations in Cartesianrdinates are given by

@ _ :
6t+ uru=brb grh (2.15a)
@ _ :
@t+ urb=bru; (2.15b)
%T+ r (hu)=0; (2.15¢)
r (hib)=0; (2.15d)

where the subscript on the gradient operator has been dioplewill be seen later that the
divergence-free condition (2.15d), if satis ed initialljs preserved by the dynamics, and thus
serves as a constraint for the initial condition; hence whal® ve equations for ve variables,
subject to a constraint. Note that it @ h=@that appears since is the only quantity irh; =

H + h(x; y;t) thatis time dependent. This set of equations is only dep#raiethe two horizontal
variables, but there is a vertical structure in thadndb, are not necessarily zero, but are related

to the horizontal divergence af andb respectively.

It should be noted that a vector identity may be used to rewvihi¢ induction equation (2.15b) in

the form

%tzr (u b)+(r ub (r byu: (2.16)

Neitheru or b are divergence-free by themselves; rather, itysandB 3, reconstructed from the

relations (2.8) and (2.13), that are divergence-free.

2.2 Properties

For completeness we provide an overview of the basic priegedatis ed by the SWMHD

equations, highlighting some important points that willdiecussed in the later chapters.

2.2.1 Non-dimensional form

A common approach is to rescale the problem to obtain a nmetsional set of equations. Taking

then

u'U u; b!'B b; h!H h; (2.17)
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we shall also choose to scale time by the advective time rétla@ the Alfvén time, so we also

have

@ l1@_U@ 1.

Rescaling accordingly gives

@ M2 1 ..
@t+ uru=M<brb Er h; (2.19a)
@ _ :
T b=b ru; (2.19b)
h
%t+ r (hu)=0; (2.19¢)
r (hb)=0: (2.19d)

The two non-dimensional parameters are then the inverseeidMach numbeM = B=U, a
measure of the relative importance of the Lorentz force tenah the uid inertia term, and the
Froude numbeF = U:p gH, a measure of how strong gravity is (it will be seen thas related

to the speed of gravity waves). A further rescalindndf F 2h results in the set of equations

%t+ uru=M2?rbr h (2.20a)
%t+ urb=>bru; (2.20b)
FZ%T+ r (hu)=0;: (2.20c)
r (hb)=0; (2.20d)

whereh; = H + F?h is the total uid depth. The Froude number now appears in tassand ux
conservation equations rather than the momentum equafitiestwo-dimensional incompressible
MHD equations are recovered whén = 0, H = 1 (with h identi ed with the pressure).

Furthermore, the hydrodynamic equations are obtained WhenO.

To get a rough estimate & andF for the tachocline we use the parameters given in Table 1.1.

We take the typical velocity and length scales as

+
T = _PoleT equdlon ) -5 07Rgm ) U = 1:3 10°cms ! (2.21)

2 1

—|

We rst estimateM . There is some uncertainty in the magnetic eld strerthin the tachocline,

but a likely range id0®G . B . 10°G. This leads to

B
B=1sp?cmsl 22 10° °cms % (2.22)
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and so we have

001. M. L (2.23)

For the Froude number, instead of just takidigand work outF = U:p gH, we consider a
slightly different approach that is often employed in geggbal uid dynamics; this approach
was also the one adopted by, for example, Dikpati & GilmarD{20 In the hydrodynamic case,
there is a formal analogy between linearised shallow-wsystem and the linearised primitive
equations, and the shallow-water gravity Wa\F/)e;iTo correspond to the fastest gravity waves in
the continuously strati ed case, given byH = (e.g., Gill, 1982x6.11). TakingH 1 = 0:03Rgyn,
this impliesNH;= 5 10° cms 1, and thus giving

F 025 (2.24)

The equivalent deptH g in this case is approximately 10° cm (or50 km).

This implies that the large-scale magnetic eld is weak tieéato the large-scale ow, and that
the system is strongly constrained by strati cation effeclthough we have estimates fierand
M for the tachocline, we will not restrict ourselves to theaeameters as we are interested in the

more general shear ow instability problem.

2.2.2 Conserved gquantities

In line with the domain set up considered later, we consideicase where the domain is periodic
in X and bounded by perfectly conducting impermeable walis inith no underlying topography
(soH = 1). Now we haveh; = 1+ F2h, we rst note that integrating the divergence-free

condition (2.20d) over the domain leads to the restriction
=L
[heby ] 1, =0: (2.25)
This is satis ed for example if we take no normal ux boundargnditions
by=0 on y= Ly (2.26)

This, together with no normal ow boundary conditions

v=0 on y= Ly; (2.27)
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implies the condition
@h
@y

from they-component of the momentum equation. We then have the fislpaonservation laws:

=0 on y= Ly (2.28)

Mass conservation

7 yav4

% hy dxdy = r (hiu)dxdy =0; (2.29)

since the domain is periodic mandv = 0 on they-boundaries.

Momentum conservation
zZZ ZZ @h ZZ
r (heuu) + ht@X dxdy M2 br (hb)dxdy
zZ @ h2
= x F2?+h dxdy = 0;
owing to periodicity inx, andv = 0 as well ashy, = 0 on they-boundaries. Note that the

d
a hiu dxdy

(2.30)

divergence-free condition (2.15d) is required for momentwnservation.

q 7 VAVA @h zZ
O hev dxdy = r(hyvu) + ht@ dxdy M? byr  (hib) dxdy
zZ @ h? y
= =~ F2_-+h dxd
@y > y (2.31)
h2 +Lly
F2—+h dx;
2 L
y
again, owing to periodicity, and = 0 as well ash, = 0 on they-boundaries. As above, the

divergence-free condition (2.15d) is again required fansssvation. The loss of-momentum
conservation here is related to the fact that we no longee i@nslational invariance ip. In
the incompressible limiE = 0, the extra contribution happens to vanish as long as thete is
net difference in the mean pressure on the side walls. Weingtassing that the presence of

underlying topography also results in extra contributitmthe momentum budget.

Flux conservation

Similar to the above manipulations, we have

q VAA VAVA VAVA
O h¢b, dxdy = r (h¢bou) dxdy ur (h¢b)dxdy =0; (2.32)
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and
7 7 77

P hib, dxdy = r (hibyu) dxdy vr  (h¢b) dxdy = 0; (2.33)

using periodicity inx, v = 0 andlb, = 0 on they-boundaries. The divergence-free condition

(2.15d) is again necessary for conservation.

Total energy conservation

The total energy of the system evolves as

1d %%
St he(juj? + M ?jbj?) + F?h? dxdy
z7 - o
= e ohw YEEMIBT L ey (2.34)
z7 2

+ M2 hb r (ubx + vhy) dxdy;

where the energy contributions on the left hand side of (2a84 the kinetic energy, the magnetic
energy, and the potential energy; notice that the kinetitraagnetic energy is multiplied by the
total height and is cubic in nature, whereas the potentiaiggnonly involves the deviation from
the rest state. In the incompressible lirRit= 0, the potential energy contribution disappears,
whilst in the hydrodynamic limiM = 0, the magnetic contribution disappears. The rst integral
vanishes because of periodicity and 0 on the boundaries. Performing an integration by parts

on the second integral,
Y4 @
hiby g, (b + vby) - dxdy = [iby(ube + vBEZE* + [hiby(ube + vb=
77
(ubg + vby)r (h¢b) dxdy =0;
(2.35)
owing to periodicity,b, = 0 on the boundary, and the divergence free condition. Thusotiaé

energy is conserved.

Divergence-free condition

All of the above conservation laws as written depend crlyc@i the fact that the divergence-free
condition of the magnetic eld (2.20d) holds for all time. it therefore important to verify that

the governing equation preserves this divergence-freditton during the evolution. This may
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be shown by a brute force calculation by considering the tiegvative ofr  (h{b) and using
the remaining equations as appropriate (index notatioa isarseful). A cleaner way to show this

(due to Sam Hunter, private communication) is to observe tha

f (U hb)=hbru hbr u) ur(hb)+ulr (hb)]
=hdb ru hu rb br (hu)]+ ur (hb)]
(2.36a)
= gt b%+ ulr (h¢b)]
= gghtbw ulr (heb);
SO
g{ (heby=r [r ( )+u(r (heb): (2.36b)

The divergence of a curl is zero, and sab is divergence free dt= 0, the subsequent evolution
will keep the elds divergence free. Another way to show thi®perty is to observe that the
induction equation may be written as

@h;b)
@t

+r (hiub hibu)=0; (2.37)
as in De Sterck (2001), using the tensor notafiobn); = ujly. Taking a divergence also shows

that the divergence-free condition is preserved in timehieydynamics.

Equations in transport variables

Another equivalent and potentially useful way of writing tBWMHD equations is in terms of the

transport variablegU ; B ; h) = ( hyu; h¢b; h). Equations given by (2.20) may then be written as

@ uu BB

@+ r he h + hir h=0; (2.38a)
@ UuB BU

ot +r T h 0; (2.38b)

%t+ r uU=0; (2.38¢)

r B =0: (2.38d)

We have used the divergence-free condition implicitly wheiting the equations in this form.
The remainingh terms may also be included in the divergence term if thereoisimderlying

topography. Then it may be checked that mass, momentum, ndxesergy conservation are as
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before by using the analogous boundary conditions given by

V=0, By=0 and %;:0 on y= Ly: (2.39)

This shows that, at least in the ideal case, we have the egeonservation laws. We will be
interested in solving the SWMHD equations numerically teestigate the nonlinear evolution in
due course. It will be seen that there are some subtle isegesding the choice of solving the
equations in velocity or transport variables and the d&gip terms that are to be inserted. In the
ideal case there is no big difference between the two fortioms; we will use the velocity variable
formulation in the linear analysis and discuss why we mighhitto use the transport variable

formulation over the velocity variable formulation in themerical investigation in Chapter 7.

Other quantities and their associated conservation laws

In the shallow-water system witid = 0, the potential vorticity
= L. 1 -@v ey
ht’ ' @x @y

is materially conserved, satisfyirgg=Dt = 0, with D=Dt = @=@t u r . WhenM 6 0

(2.40)

however this is no longer true, as the Lorentz force term iegaly rotational. Instead, it is the

ux function hib = e, r A thatis materially conserved, satisfyilpA=Dt =0.

The SWMHD system also possesses a Hamiltonian structudgraenstrated by Dellar (2002).
Choosing the state variables, constructing the Hamiltoara equipping it with a Poisson bracket
(with associated Poisson tensor), conserved quantitiggsbmalerived in a systematic manner.
Furthermore, the representation is in fact a non-canooita) and as such there are extra Casimir
invariants that corresponds to non-trivial conservatamd; in this case the Casimir invariants are
related to the ux functionA. One notable invariant that the Hamiltonian formulationess is
the global cross-helicity given by 77

hiu b dxdy; (2.41)

again, the condition (2.20d) is necessary for conservation

2.2.3 Waves

The type of waves supported by the SWMHD equations, inctudive effect of rotation, have
been previously investigated (Scheatéal, 2001; Zagarashiviket al, 2008; Heng & Spitkovsky,
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2009). To obtain the dispersion relation governing waveiongtve consider again the simpli ed

case where the equations are posed in a channel, with nortg@ng and take as basic state

Ug = ey, bo = ey; h=0: (2.42)
Linearising about this basic state, we obtain
@u @u . ,@p @h_
@t+ Ox M @+ X 0; (2.43a)
@v_@v _,@p @h_ .
@t+ @x M @x+ @y_ 0; (2.43b)
@b, @p @u__.
@ + @( @X_ 0; (2.43c)
@p @p @v_ ...
@ + @( @X_ 0; (2.43d)
» @h, @h  @u, @v_
= @t+ @X + @X+ @y_ 0 (2.43¢)

The boundary conditiong = b, = @h=@vy0 suggest we consider solutions of the form

(Usb; ) = (Uo: Bosho)cos - &l 1, (2.44a)

(Vi) = (Vo; by;0) sin % gl 0, (2.44b)

which leads to the algebraic system

0 10 1

k | 0 kM 2 0 k Uo

0 k ! 0 kM2 in=L Vo
k 0 k ! 0 0 b.o& =0: (2.45)

0 k 0 k ! 0 b0

k in =L 0 0 F*k 1) ho

The dispersion relation is then

(k Dk 1)> kM?] F3(k 1)®> F2k®M? K2 % =0: (2.46)

The rst bracket corresponds to they = vp = 0 case which is not a wave mode of interest
here. The second bracket is associated with the Alfvéncbrarhich has dispersion relation and

eigenfunctions given by

A=k Mk; u

I
£
<
I
£
>
I
o

(2.47)
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The last bracket is associated with magneto-gravity wavks.dispersion relation is given by

P k2 + F2M 2k2 + n2 2=|.2
I'mg = K = :

and the eigenfunctions are given by

: ka k2 + F2M 2k2 + n2 2=L2 ny .
u= hop 21 1?22 cos ] coskx It);

Fin=L) K+ FMAZ+ nZ =12 . ny

v=hp 2+ 12 222 sin 3 sin(kx 1t );
k2F M ny
b= Moz 7 az 208 | coskx It);
_, k(n=L)F?M . ny _ ,
b = 0125 2 2= 2 sin ] sin(kx 't);

h =hgcos % coskx It):

(2.48a)

(2.48b)

WhenF | 0, we see that the gravity waves become in nitely fast and #iectively Itered out

of the system. These exact wave solutions are used laterdpt@h7 as a check for the numerical

routines.
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Chapter 3

Linear theory: eigenvalue problem and

general theorems

3.1 Linearisation and eigenvalue problem

The non-dimensional SWMHD equations are given by

@

@tﬂj ru=r h+M2b r b (3.1a)
%t+u rb=>bru; (3.1b)
FZ%T+ r (hu)=0; (3.1c)
r (hb)=0; (3.1d)

whereh; = H + F2h is the total uid depth. For the linear problem consideredehé¢he basic
state and perturbation are chosen to satisfy the diverdeeeeondition (3.1d), so it need not be

considered explicitly. Above a topography of the forhiy), we consider a basic state

h=0; u=Uo(y)ex and b= Bo(y)ex; (3.2)

so that the basic magnetic eld pro le is initially alignedithr the basic ow prole. We then

consider perturbations im, u = (u;v) andb = (b; by) to this basic state. The linear evolution is
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then described by

h
@@t @@ u+ U(())V = gx+ M 2 BO%) + Boby ; (3.3a)
@ ,@ _ @h @)b
o Yax V= @yt Mooy (3.3b)
gﬁ g b + Bgv = Ugh, + Bog; (3.3¢)
@@t UO@@X %= Bog)\: (339
F2 gﬁ Uogx h+ H %}‘} %; +HY = 0; (3.3¢)

where a prime denotes differentiation with respegt.to

Since the coef cients of the system of linear PDEs given bhg)are only functions of, we may

consider modal solutions of the form
(xy;t) = Ref (y)expli (x ct)g; (3.4)

where is the (real) wavenumber amds the phase speed, so that ¢ is the wave frequency.
We shall be considering a temporal analysis in whidk real anct = ¢, + ic; is complex; we then
observe that such a modal solution grows kke( c jt). Equations (3.3) reduce to an eigenvalue

problem given by the following system of equations, aftapging the hatted notation,

i (Up cqu+vU{= ih + M23B3 +iB ob); (3.5a)

i (Up ov= h%iM 2Bgh; (3.5b)

i (Up ob, UJy =iBou BV (3.5¢)

i (Up ©by =1iB ov; (3.5d)

i (Ug ©OF%h+iu +(Hv)’=0: (3.5€)

This system may in fact be reduced to a single second order. BID&inating in favour ofv gives

a single governing differential equation given by
" #
S2(Hv)°  ° 252 ug S? Q8s?

+ Hv =0;
(U 0)?HK 2 H(Uob 92 HU, © (U, 0KZ — (Uy o%kz Y

(3.6)

whereQo = U=H is the background potential vorticity, and

S%y)=(Uoly) ©2? M?BG(y);  K2y)=1 F2S%(y): 3.7)
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We note that equation (3.6) remains unchanged under , so we may therefore take 0
without loss of generality; thus unstable modes have 0. The ODE (3.6) may be singular in
the domain ifc is purely real; here, we shall be interested only in insii#sl, so this will not be

an issue.

The eigenvalue equation (3.6) may be cast into a more confipract Following Howard (1961),

we consider the transformatidtv = (Up  ¢)"G. Equation (3.6) then becomes

0
(U o™ 2, 2 on 26
Ak2 o 9™ 5
UO(UO C)Zn 1 2 (UO)Z(UO c:)2n 2 2 QO(UO C)Zn 1 2 G
+ 1 0 + 0 0 — =0:
(n 1) (K 2)0 n K2 HK 2 H O
(3.8)
We see that taking = 1 gives us the much simpli ed equation
s2g0° L, .G
K2H S T 0; (3.9)

which we shall use for the remainder of the linear analysisthé shallow-water, hydrodynamic
limit (M = 0), equation (3.6) reduces to equation (3.4) of Balmforth9@9 In the two-
dimensional incompressible MHD limi( = 0 andH = 1), (3.9) reduces to equation (3.5)

of Hughes & Tobias (2001).

We will consider equation (3.9) in either an unbounded domi@r whichjGj! Oasjyj!1 ,
or in a bounded domain with rigid side walls, wh&e= 0. Either way, for given real , (3.9) is

then an eigenvalue problem for the unknown phase speed; + ic;.

In the hydrodynamic cas®&A = 0), there is an analogy between the shallow-water equatiots a
the compressible Euler equations (e.g., Vallis 26361, or Buhler 2009¢1.6). We may thus draw
on the previous results of shear instabilities in the cosgibde hydrodynamic system in order to

compare with our results.

3.2 Growth rate bound

A bound on the instability growth rate may be obtained by mpalaiting equations (3.3) in a
manner analogous to that adopted by, for example, Grif #308). The rate of change of the total

disturbance energy is given by the combination

Hu (3.3a)+ Hv  (3.3b)+(M?Hb,) (3.3c)+(M?Hb,) (3.3d)+h (3.3e)
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where denotes complex conjugate. On adopting the form (3.4) foptrturbations, the real part
of this expression gives
ci H jui®+jvj* + M3bj? + M?jbyj* + F?jhj* =
@ (3.10)
Re HUJ vu M?Z2pb, + M2HBJ(vb, u b)) Re@)sth ):
On integrating over thg domain, employing the boundary condition wnand manipulating the

remaining terms on the right hand side using the fact t2Re(pq ) j pj® + jqj° yields
Z Z

ci Edy %(maxjugﬁﬂw maxjB3) H juj®+ jvj?+ M?bj%+ M2jbj? dy (3.11)
with E is equal to the square bracket quantity on the left hand diéguation (3.10). Adding an
extraF 2jhj? term to the integrand on the right hand side respects theialigg so we obtain the

following bound on the growth rate:
Ci 2(manU0j + M max|Bgj): (3.12)

Thus the growth rate of a modal solution is bounded above &atierage of the maximum shear
and the maximum current. In the absence of a magnetic elid, ibduces to the well-known

bound in hydrodynamics (Hgiland, 1953; Howard, 1961).

3.3 Semicircle theorems

In a classic paper, Howard (1961) proved that, for incongibés, hydrodynamic parallel shear
ows, the wave speedt of any unstable mode must lie within a semi-circle in the claxp
plane determined by properties of the basic state ow. Sgisetly, semi-circle theorems have
been derived for several other hydrodynamical and hydromigag systems (e.g., Kochar & Jain,
1979a,b; Collings & Grimshaw, 1980; Watson, 1981; HayashYa&ng, 1987; Shivamoggi &
Debnath, 1987; Thuburn & Haynes, 1996; Hughes & Tobias, 2B@darashiviliet al,, 2010). In

a similar manner, semi-circle theorems may be derived ®IS¥WMHD system.

Multiplying equation (3.9) byG , integrating ovey and using the boundary conditions gives the
Z Z
S?jGY? 2 SAGI® .

The imaginary part of (3.13) gives
Z

. 2 . .2
¢ (U ¢c) dy=0; where _ ¢} + 29

HjK 4 H

0: (3.14)
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Equation (3.14) immediately yields Rayleigh's result {Hat unstable modeg; lies in the range

of Up (i.,e.Uomin & Uopmax). Note this formal bound is independentfof

On using equation (3.14), the real part of (3.13) gives
Z Z z

s
(G+ch) dy= Ué M?Bf dy F? J.S‘.jGﬂZdy; (3.15)
HjKj*
which implies that
Z z
2 2n 2 .
0 (F+¢) dy UF M?BF . dy (3.16)

Thus the complex wave spe@dof an unstable eigenfunction must lie within the semi-eircl

de ned by

(C+cf) U5 M?2B§ (3.17)

Another semi-circle bound may be obtained, by using theuakiy
Z
0 (Uo  Uomax)(Uo  Uomin) dy:

Substituting from (3.14), deriving an inequality from (8)Jand dropping the integral multiplying
F 2 leads to the expression

Z
0 Cr2 + C|2 (Uo;min + Uo;max)Cr + Uo;min Ug:max + M 2(Bz)min dy; (3.18)

which gives another semi-circle bound: the speed an unstable eigenfunction must lie within
the region de ned by
2 2

min t : ; ;i
UO,mln : UO,max + C|2 Uo,max 5 UO,mln M Z(B Z)min: (3.19)

o8

Thus, taking these results together, the eigenvaleé an unstable mode must lie within the
intersection of the two semi-circles de ned by (3.17) and 3. In the absence of magnetic eld,
semi-circle (3.19) lies wholly within semi-circle (3.1 9nd we recover the well-known result of

Howard (1961).

A drawback of the above approach is that the bounds do nogicotite Froude numbédf . It
is possible to includé into the semi-circle bounds using similar manipulationshiat used by

Pedlosky (1964), but this does not tighten the bounds; se8iction 3.5 for details.
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(a) (b (©) (d)

Figure 3.1: Four possible regimes for the semicircle bo8ds7) and (3.19). They coulda) completely
overlap;(b) partially overlapjc) shrink to a point(d) be disjoint. For the latter two cases, the intersection

region is empty, so there are no normal mode instabilities.

3.3.1 Stability criteria

As observed by Hughes & Tobias (2001), for non-zero magnetitthere is the possibility of
the two semi-circles overlapping, being disjoint, or indleeasing to exist; see Figure 3.1. Thus,
in addition to giving eigenvalue bounds for unstable modasse results also provide suf cient
conditions for stability. From (3.17) and (3.19) it followisat the basic state is linearly stable if

any one of the following three conditions is satis ed:

MjBoj | Uoj everywhere in the domajn (3.20)
N jUo; Uo:min]
MBojmin oM 5 Gmin} (3.21)
S . q
. + - . -
UO,max > UO,mln UO,max 2 UO,mln + M 2(BCZ))min Ug M 28(2) max” (322)

This result is equivalent to that given in Hughes & Tobias0@0for incompressible MHD.

3.4 Parity results

In the hydrodynamic case, it is known that, when the basiie giassesses certain symmetries,
the allowed form of eigenvalues or the eigenfunctions toitiseability problem is appropriately
restricted (see, for example, Drazin & Howard, 1966). Simiesults may be generalised to

SWMHD if we further assume thﬁg(y) andH (y) are even functions abowyt= 0.
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Following Howard (1963), whetJ(y) is odd abouty = 0, we notice that (3.9) is unchanged
underc ! candG(y) ! G( y). By considering the conjugate equation, we see that an
unstable eigenfunction must be accompanied by eigenvafibse formc= ¢ i, so unstable
solutions are either standing waves € 0) or a pair of counter-propagating waves with the same
phase speed. As argued by Howard (1963), the symmetry inabie btate implies there is no
preferred direction for wave propagation, consistent withform the eigenvalues are allowed to

take.

Now consider the case whei(y) is even abouy = 0. Then it is seen that

Ge)= 3[6()+ G( VI and  Go(y)= S1G) G( Y]  (329)

are also eigenfunctions of (3.9). If we now take multiplied by (3.9) withG = G, and subtract

from G multiplied by (3.9) withG = G, integrating over thg-domain gives
[G2G, GJGel"(, =0; (3.24)

owing to the imposed boundary conditions on the eigenfanctlThe Wronskian oe andG, is
equal to zero implies that the two functions are linearlyedefent throughout the domain. This
cannot be the case so one of them is identically zero, andftirerwe conclude the eigenfunction

corresponding to a particular eigenvalue is either an evexld function abouy = 0.

3.5 Discussion

Equation (3.8) for other values ofn

Here and in later chapters, we considerithe 1 case in equation (3.8), leading to equation (3.9)
from which we obtain the semi-circle theorems and parityltss Howard (1961) noticed that
by taking different values afi, notably then = 0 andn = 1=2 cases, different results could be

obtained.

In the absence of MHD effects, time= 0 case does indeed give us a generalisation of Rayleigh's
criterion for theF = 0 case, as noted already by Balmforth (1999). When MHD effaots
present, the usual manoeuvre (e.g., Drazin & Reid, 1982) gives an expression involving

which needs to change sign over the domain for there to bestabitity (e.g., Hughes & Tobias,
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2001). This is of minimal use since we need to solve the futbfgm before we can use the

criterion.

A different approach may yet give stability theorems. A noetldue initially to Arnol'd (1966a)
considers using wave activity invariants and deducing &rstability results that can, in certain
cases, be extended to nonlinear stability. Brie y, follogiShepherd (1990), we consider the non-
canonical Hamiltonian representation of a system ( uidteyss written in the Eulerian formalism

generally require the non-canonical representationgrghy

@u H

—_—=J—; 3.25

@t U (3.25)
whereu is the state vectord is the Hamiltonian functional, andl is the symplectic (Poisson)
operator. In the canonical representation= ( p;q), wherep and q are the generalised co-

ordinates (usually momentum and position), and we see that
0 1

10
J= @ A (3.26)
0 1

The bene t with using the non-canonical representationhiat it makes explicit the Casimir
invariants associated with the kernel &f For example, in two-dimensional incompressible
hydrodynamics, the Casimirs are functions of vorticity. Bgether's theorem, conservation laws
are associated with symmetries (and vice-versa), and imtioenpressible hydrodynamic system,
the Casimirs are associated with the particle relabelymrsetry (e.g., Salmon, 19987). In the
hydrodynamic shallow-water system, the Casimirs @re Rf (g) dS, wheref is an arbitrary
function of the potential vorticityy (e.g., Shepherd, 1990); in the SWMHD system, the Casimirs
are of the form 7

C= [f(A)+ hig(A)]dS; (3.27)

whereh; = H + F2h, andf andg are arbitrary functions of the ux functio’\, de ned as

hib=e r A (Dellar, 2002).

The observation then is that, for a steady basic sigteve have

@4 _ . H _A.
@—JTUZUO—O. (3.28)

Now, the Hamiltonian functiondl and the Casimir functional are both invariants of the system,
and so we have

(3.29)
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where the minus sign is by convention, and from this we maykwoat the Casimir functional€.

Then we construct the wave activity functional

A(u)= H(u) H (Ug)+ u) C (Uo); (3.30)

which is an invariant of the dynamicsA here is sometimes called the pseudo-enerdy.
may be further augmented by other conserved functionalsh si8 along-stream momentum
(relevant here for the shear ow problem). The point is thathder the small amplitude
approximation, this quantity can serve as a Hamiltoniantfar linearised dynamics, act as
a norm to measure disturbance growth, and hence provide asmeaobtain formal stability
criteria for linear stability. Furthermore, it is usuallyagratic, and so in certain cases, additional
convexity estimates can result in nonlinear, Lyapunoetggability criteria. In the incompressible
hydrodynamic case for plane parallel shear ows, it was shthiat Rayleigh's condition comes
from considering the pseudo-energy (e.g., Salmon, 1998, whilst the Rayleigh—Fjgrtoft
condition comes from augmenting the pseudo-energy withdalitianal momentum functional.
These may also be promoted to nonlinear stability conditiand appear as special cases of

Arnol'd's theorems.

The idea of using wave activity invariants in various disgsi has been employed previously by
various authors (e.g., Taylor, 1915; Blumen, 1970; Satami®81; Eliassen, 1983; Ripa, 1983).
The advantage of using the Hamiltonian structure is thatewastivities may be derived in a
systematic manner, as well as making obvious the links \wihunderlying structure of the system
of equations and its associated symmetries/conservatios. [There have been several works that
invoke the Hamiltonian structure explicitly (e.g., Hokhal, 1985; Mcintyre & Shepherd, 1987;
Dritschel, 1988; Shepherd, 1990, 1992; Vladimirov & Mdffeét995; Vladimirovet al, 1996;
Nycander, 2003; Shepherd, 2003), and it would certainly batwinvestigating whether such a

procedure can yield a result for the SWMHD system.

For then = 1=2 case, using manipulations similar to Chimonas (1970), tioevtlh rate bound
(3.12) may be obtained. The method used in the main body ®ttapter is substantially cleaner
and more intuitive, and since we do not obtain a new resultesgmtation of the working has been

omitted.
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Further extensions to the semi-circle theorem(s)

The two semi-circle bounds (3.17) and (3.19) are indepenafeli, and it would be desirable to
obtain a formal bound that includés dependence to re ect the fact that we are considering a

shallow-water system. The term of interest in equationy8id

z

F2 iS%° iGY? dy; (3.31)

and we are interested in bounding this term. The simplesgttd do is to maximise or minimise

jS?j2. However, a minimisation procedure yields
j$%7=1(Uo &) (F+M?BRI+4ci(Uo o) 45(Uo o) (3:32)

which does not have a positive non-zero lower bound.

We could however consider boundijf?j? from above. This gives

S =0 )? (F+M?BYI+4ci(Up o)? (1+4c)(Uo ) 3.33)
(1+4c?)(Uomax  Uomin)?
sinceUpmin & Uo:max. After taking a modulus sign accordingly, the semi-cir@suit (3.19)
is modi ed to

Up. + Upmin 2
c 0;max 5 0;min +[1 4F 2(UO;maX UO;min)z]Ciz

(3.34)
1
(Uo;max UO;min)2 2 + F? M Z(Bcz))min:

This manipulation is similar to that of Pedlosky (1964), epcin his case a Poincaré inequality
was also used. This formal bound is worse than the originah&b semi-circle bounds as it

becomes less strict & increases, to such a point where the ellipse becomes ifetk

A similar manipulation modi es the semi-circle (3.17) to
0 (F+¢) (U MZBHmax FXL+47)(Uomax  Uomin)%  (3.35)

where in this case a change of sign is required.

We have attempted to adapt the elegant method used by Kochain&1979a) to our case. The
original method was successful in including the stratiioatterm (the term multiplied by the

Richardson number) in the case considered by Howard (1964jve a semi-ellipse theorem.
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Similar approaches have been tried here and we were unstldegienerating something similar
for the shallow-water or MHD cases. The method of Barstor8Ql%has also been attempted
(working in the Lagrangian formulation and consideringevaint supremum or in mum of the

associated operators) but nothing new has been derivedengpioying that formalism.
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Chapter 4

Instabilities of piecewise-constant

pro les

There are many variations of the shear ow instability peshlthat may be studied, with different
pro les of the magnetic eld, parameter values, and so fole restrict ourselves to the simpler
case where there is no topograph € 1) and the background magnetic eld is uniford = 1,

so thatM is now our measure of the eld strength). This simpli es th@lplem somewhat and in
certain limits reduces to problems that have been prewaisdied in the incompressible and/or

hydrodynamic case. With these restrictions, equation) (88omes
0

—G° 232G = 0; (4.1)
where, againS? = (Ug ©? M?2 andK? =1 F?2S2 We seek solutions in an unbounded
domain, with

iGi! 0 as jyj'l : (4.2)

We consider velocity pro ledJy(y) that are piecewise-constant. In addition to allowing far th
problem to be solved analytically, such pro les usuallyeaksome features that are present in the

analogous smooth pro les, which we consider in Chapter 5.

If Up(y) is discontinuous a¢ = yo, then the eigenfunctio® must satisfy two jump conditions
aty = yo. In the usual way (e.g., Drazin & Reid, 19823), denoting to be the cross-stream

displacement (se = D =Dt ), the (linearised) kinematic boundary condition implies

Yo

%o = =[G]® =0: 4.3
3= g, Ctel (4.3
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The free surface displacement (and so pressure) must alsmrimuous aty = yp. The

corresponding condition 08 is most easily derived by integrating (4.1) acrgss Y, yielding

SZ y(JJr
2 g% =0 (4.3b)
K 2
Yo
4.1 \Vortex sheet
We rst consider the velocity pro le
8
2415 y>0;
Uo(y) = S
1, y<oO
Then, fory 6 0, (4.1) become§&® 2K 2G = 0. Using (4.2) and (4.3a), we thus nd
8
Eexp( Ka+y);, y>0
G(y) = | (4.4)

exp(+ K y); y<0

where

K = P 1 F?2[(1 o2 M7 Re(K )> O: (4.5)

The second jump condition (4.3b) then implies an eigenvediation forc:

(1 o? M2+(1+c)2 M2
K. K -

0: (4.6)

Note thatc is independent of wavenumber so any unstable mode with > 0 has an unbounded
growth rate as ! 1 . This is an artefact of considering ideal uids; viscosityillwact

preferentially on small scales and remove this unphysiebbfiour.

There are several special cases. Wher M = 0, we recover the classical Kelvin—Helmholtz
instability withc = i. WhenF = 0 butM 6 0, (4.6) reduces to the incompressible MHD
case withc? = (1 M ?), a result due to Michael (1953). The Kelvin—Helmholtz itnslity

is stabilized wherM 1, which might be expected physically as the disturbance dafot
work to bend the eld lines. Whe = 0 butF 6 0, we obtain the classical hydrodynamic
shallow-water case, which is analogous to two-dimensiagnatpressible hydrodynamics. The
Kelvin—Helmholtz instability is stabilized whehR P 2 (Bazdenkov & Pogutse, 1983; Miles,
1958), which might be expected physically as the disturbdmes to do work to move the free

surface against gravity. Thus, increaskgr M in the absence of the other is stabilising.
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Figure 4.1: Contours of Ift,) given by the expression (4.8), with stability boundarie9)4

In the general case whefeandM are both non-zero, (4.6) can be rearranged and squareddo yie
21+ M2 F?(1 ¢? M?[@1+c? M?g=0: (4.7)

Here we will ignore the degenerate case vath 0 that occurs whe = 1. We have checked

numerically that only two roots of (4.7) also satisfy (4.#)ey arec= c,, where

np #1:2
1+4F2+4F4M2 (1+ F?+ F2M?)

= (4.8)

Note that Réc,) = 0. A contour plot of In{c,) is shown in Figure 4.1. Using (4.8), we see that

there is instability only if

2 .
1 M2

M< 1 and F < (4.9)

Although, at xedM , increasingr- is always stabilising, the critical value &f above which the
ow is stable increases ad increases towardk Thus, although magnetic eld and free surface

effects are stabilising in isolation, together they cal lerinstabilities at large values &f.

We have also solved the full equation (4.6) numerically videavton iteration scheme, and the
roots associated with instability are describedchgiven by (4.8). No other modes of instability

were found from solving numerically (4.6).
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4.1.1 Asymptotic analysisM 1

The tongue region of instability & . 1 may be further investigated via an asymptotic analysis.
Writng =(1 M?) 1andF?= O(l), equation (4.7) is given by

1 2
= 4 -+ .
o=c* 2 = 2 c? = : (4.10)

We know the roots are stable whens non-positive, i.eM 1. The two dominant balances are
¢ = O(1) andc® = O( ). TheO(1) roots are real both at the leading order and at the next order

correction and hence are ignored. Tb€ ) roots take the form

r 1 M2 2 + 2 _ .
Tiopz @ (1 M%)l 07 FZ=0(): (4.11)
As expected, this root is stable whish 1, in accordance with the stability criterion. For the
caseF2= 1 1, if , then we have (4.11) to leading order, and if , we can show
that the roots are real, so we consider the case  with = O(1). The dominant balance
gives eitherc® = O(1) or ¢ = O( ?), and again th@®(1) roots are real at leading order and at

the next order correction so will be ignored. T@¢ ) roots take the form

1 2
@1 MH P
4
Notice that we require> 1=2 for instability, i.e.
r
2
F< ———;
1 M2

and we recover one of our conditions in (4.9). Restoring tadirsgs of relevant terms, we have
r

1 M2 (1 M?)?2
2F2 4

as F 2 (1 M?»! 0: (4.12)

The exact result (4.8) and the asymptotic results (4.11)(ari®) are plotted in Figure 4.2, and

the quantitative agreement between the asymptotics amd slts is apparent.

4.2 Rectangular jet

We now consider the velocity pro le
8
2 1 ivi .
;o<
Uoy) = (4.13)
-0 jyj> L
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Figure 4.2: Comparison between the exact results (4.83nddy crosses, and the asymptotic results (4.11)

and (4.12), given by the dot-dashed line and solid line retbdy. Note the use of different axes here.

Then, (4.1) and (4.2) imply
8

5 Ciexp( Koly 1) y> 1
G= 3 Cecosh(K 1y) + Cosinh(K 1y); jyj < 1; (4.14)
C exp(+ K o(y+1)); y< L

for someC,, C , Ce andC,, where

Kozpl F2(2 M?2); K1=p1 FL 02 MZ]: (4.15)

We consider modes that satisfy (Re)) > 0, i.e. modes that decay at in nity.

Since the pro le is even aboyt= 0, we may follow Rayleigh's formulation (e.g., Drazin & Reid,
1981, Q1.7) and consider eigenfunctions that are either evedd. For the even mode, we have
Co = 0, and the matching conditions gives

I M2+(1 02 M?2
Ko K1

tanh( K 1) =0: (4.16)

For the odd mode, we ha¥&, = 0, and matching gives

2 M2+(l 02 M?
Ko

coth(K 1) =0: 4.17)

When there is no magnetic eld, these equations reduce teiapeases of results given
by Gill (1965), who considered corresponding instabditi®r two-dimensional compressible

hydrodynamics.
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Equations (4.16) and (4.17) will need to be solved numayichkre this is done using a Newton
iteration scheme, tracking from the mode that existslat 0 andF = 0. Contours of Infc;)
are shown in Figure 4.3 for a wide range of parameters. Here, 0, and two types of roots are
found: roots that have xed; are denoted by solid contours, and other roots that havéneaty,
found in the 1,F> 2p 2 regime, denoted by dashed contours. These roots have hawh fo
previously by Gill (1965) in the compressible hydrodynarsétting; by analogy, we will refer to
these as supersonic modes. We observe for now these supersoaies are weak instabilities.
Other features displayed by Figure 4.3 include: (i) at largé-igure 4.2,b), the even and odd
modes lead to instabilities of comparable strength, whighiothe vortex sheet of Figure 4.1; (ii)
the even mode is generally more unstable than the odd ma@dleg{ther mode is unstable beyond
a cutoffM = 1=2; (iv) for small and moderat& (Figure 4.2, ), there is a cutoff wheM is
smaller tharM = 1=2. Using asymptotic analyses, we will now quantitativelya#se properties

() and (iv), and say something about property (ii).

4.2.1 \Vortex sheet like behaviour at large

Assuming we have R&;) > 0, andM and F are of moderate size, then we notice that
tanh( K 1) ! 1, so both (4.16) and (4.17) may be approximated by

(2 M3 (1 0? Mm?

p =p : (4.18)
1 F2(2 M?) 1 F o2 M7

Solving fore ¢ U whereU = 1=2, we notice the resulting equation is similar in form to the
governing equation for the vortex sheet (4.6) up to extraemisal factors. The solution to (4.18)

is seen to be given by

"p1+4|=202+4|:4|v|202 (1+ F202+ |:2|\/|2)#l=2
e=(c O)=i (4.19)
EZ2
The region where there is instability is given by
s
1 2
< = < .
M > and F =1 M2 (4.20)

Physically, a suf ciently localised short-wave disturlzanwould only “see' one of the anks of
the jet, and thus resemble a vortex sheet instability. F@Mh= 0 case, this result is consistent

with the condition given in Gill (1965).
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Figure 4.3: Contours of;, computed numerically for the even mode (equation (4.23),dolumn) and
the odd mode (equation (4.17), right column) of the rect#argat at some selected. Note the different
choice of axes used in the bottom panels. The stability bagndccording to computed results is the
contour labelled by "0'. The stability boundaries (4.2@)2¢4) and (4.26) are plotted also in the appropriate

panels.

Returning brie y to these supersonic instabilities thaisexin the region beyond the cutoff given
by conditions in (4.20), the interpretation by Gill (196%) that, even though the modes are
effectively isolated vortex sheet instabilities when 1, when the stability boundary given
by (4.20) is crossed, the isolated modes on one ank becomiatiiag, interact with the mode
on the other ank, and leading to instability. Such instaigi$ arising from interacting radiating
waves is termed resonant over-re ection (e.g., Mcintyre &i¥¢man, 1978; Benilov & Lapin,
2013}. Although these instabilities exist, we observe that these growth rates that are small,

and thus have not investigated them in great detail here.

This is in contrast to over-re ection, which does not neeeitg lead to instability (e.g., Acheson, 1976).
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4.2.2 Long-wave cutoff due to the magnetic eld
Even mode

We consider the even mode rst. Assuming that
Re(K1) > O; 1, and F L (4.21)

we havetanh( K ;) K 1, and (4.16) becomes

(2 M?)
"1 FA(Z M?)

= [@A ©? M2: (4.22)

Suppose thaE? = O(1). If M = O(1) also, therc = M at leading order, andis real at the
next correction. LettingVl 2 = 1, the interesting results comes from taking , which

gives, at leading order in,

c i M2 as M? I 0"; F?=0(): (4.23)

When = M? , we recover the result of Gill (1965). The presence of thematg eld is to
reduce the strength of the instability, and in this casetiodtuce a long-wave cutoff. The Froude

number dependence comes in at the next correction.

Consider nowr? = 1 1. We let S: to be consistent with the assumptions stated in
(4.21), we need > 1=2. Again,M 2 = O(1) results in a reat, so we consideM 2 = 1
It may be checked that the balance that gives a non-gesbleading order is . This

impliesc 72 172 with the corresponding result

n ri#lzz
2F2 2 4F4 2 2
5 MZ+ it as M2 F I 0 (4.24)

We see that there is a long-wave cutoff due to the presencenafgmetic eld. Notice also that,

whenF is small, expression (4.24) reduces formally to (4.23).

Figure 4.4 shows the computed growth rates over a rangecoinpared with the corresponding
asymptotic results. The computed results are found byrsplrie full eigenvalue equation (4.16)
with a Newton root nding method. Notice that the domain ofidily of (4.24) requiresF 2 =

O(1), consistent also with the numerical results given in thédmotpanels of Figure 4.3. In both

cases, we note that i 172; we will see that the scaling is different for the odd mode.
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Figure 4.4: Comparison of the computed growth rates andribdigied growth rates from the asymptotic
results, for the even mode of the rectangular je¥lat= 0:1. The computed results are given by crosses
(and circles when the computed result is smaller than whgthealisplayed at this axis choice), (4.23)

is given by the dot-dashed line (cutoff plotted as vertiaatted line) and (4.24) is given by the solid
line (cutoff plotted as vertical dashed line). The correxfing growth rate as predicted by the large

asymptotics (4.18) is plotted as squares when this grovi¢hisanon-zero.

Odd mode

The analysis for the odd mode is entirely analogous excemdme small complications. Using
the assumptions in (4.21), the governing eigenvalue egudtir the odd mode given by (4.17)

may be approximated by
(1 ©0? M? . (@ M?
1 F[1 o2 M2 "1 F(&Z M9

(4.25)

Consider rst the case wherg2 = O(1). It may again be seen thad 2 = O(1) gives real
solutions at both leading order and at the next correctiakinfM 2 = 1, we again have

with leading order solutioy = 1, with the relevant asymptotic result

1=2
M ? as M? I 0, F?= O(1): (4.26)

c 1+i pﬁ
We immediately see there is a problem: the analysis is orllg f@ F?2 not close tol, and we
need to look in more detail at the casé = 1+ . We note that (4.26) suggests also a long-wave
cutoff due to the magnetic eld (with result plotted in Figu4.3), that; %2 ‘and also that the

growth rate should peak negr = 1.



Chapter 4. Instabilities of piecewise-constant pro les 40

ForF2 =1+ ,to getan instability we need to take= 1 + cq, with 12 25 where
M2 = 1; the other choice is , Which gives a reat;. The equation foc; is then given
by the quintic equation

(2 )2Qc+1)= % (4.27)

where and areO(1) constants with = 2and = 2. This unfortunately has no
closed form solution. Even though we cannot solvedom closed form, we can say thet is
expected to be complex because of the numerical resulteriszesin Figure 4.3. We observe that
c=1+ ¢y with Im(cy) > 0, which suggests the odd mode may be more unstable than the
even mode atthis  1regime. We will revisit the possibility of the odd mode dotiimg in the

next subsection.

For larger values of , we letF2= 1 1. OntakingM ? = 1, we obtain the result
r

[ 1 - -
c 1+ E + M2 as E M 4=(2s+1) 1=s o* (S S 1:2); (4.28)

wheres may be left as a free parameter, and this result now sugdests is no cutoff due to the
magnetic eld, asc is small but non-zero. The fact that there is no longer a tatb$mall
suggests also that in this highsmall regime, the odd modes are preferred over the even mode.

We also notice that this result is formally equivalent to tbsult (4.26) in the larg€é limit.

We compare the numerical results from the full equation{th the asymptotic results given
by equation (4.26) — equation (4.28) is the laFgdimit of (4.26) so has been omitted. We plot
in Figure 4.5 the growth ratec ; against , and the agreement between the numerical and the
asymptotic results is apparent. The scaling suggestededydh= 1 + analysis has also been

checked and agreement is observed.

4.2.3 Preferred mode of instability: even versus odd modes.

As we have noted, the odd mode may be the preferred mode abiliist in certain regimes.
To investigate this more thoroughly, we carried out a scar M; F; ) space, computing the
eigenvalues corresponding to the even and the odd modes isTkhbnverted into the regime
diagram given by Figures 4.6 and 4.7, showing the regionsiarpeter space where one or the

other mode is preferred.
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Figure 4.5: Comparison of the computed growth rates andribdigied growth rates from the asymptotic

results, for the odd mode of the rectangular jeMat= 0:1. The computed results are given by crosses
(and circles when the computed result is smaller than whgthealisplayed at this axis choice), (4.26)

is given by the dot-dashed line (cutoff plotted as verticatted line). The corresponding growth rate as

predicted by the large asymptotics (4.18) is plotted as squares when this grov#hisanon-zero.

The mode preference transition at snfalinay be quanti ed by a smalk asymptotic analysis.
First note that whellr is zero, i.e.K = 1, the closed form solution to the equations for the even

and odd modes may be found from equations (4.16) and (4.4/&n gespectively by

p p
T T+M2(1+T)% O = 1 T+M2(1+T)% (4.29)
1+T ’ o 1+T ’ '

O =

whereT =tanh . Notice that the two modes are equally unstable. The ckikitaabove which
there is no instability for any value of may be shown to b® . = 1=2, and there is a long-wave

cutoff due to the magnetic eld given by
p

1 2M?2 "1 4Mm2
= : 4.30
cO 2M 2 ( )
This cutoff is plotted as ¢ in Figures 4.6 and 4.7.
Now, we letF? = 1 and assume that andM are of moderate size. It may be shown that

the appropriate form of the asymptotic solutiorcis ¢ + F2c) + O(F#). Substituting this

into (4.16), (4.17), and manipulating accordingly, we abta

1T ZiET M2(1+ T)2

41+ TV T M2(L+ T)2

¢ =i[T+ T2+ (T2 1) (4.31a)
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Figure 4.6: A plot ove( ; F ) space showing the different scenarios for the rectangetariere,c. =
Im(ce) andc, = Im(c,); see legend for the corresponding regime denoted by |I-\& cTitoff atF = 0 due

to the magnetic eld (4.30) is labelled ag and is plotted as the dot-dashed line. The change of regime,
i.e. where the even and odd mode are equally unstable, agteckthy the smalF asymptotic analysis

(4.32), is labelled as¢; and plotted as the dashed line in the diagrams.

for the even mode, and

1T 2if T M2(1+T)2
41+ T) T M2L+ T)2

D =iT+T2+T 1 T2 (4.31b)

for the odd mode. If the expression inside the square rooedmtive or zero, i.e. there is no
instability at leading order, then there is no instabilitycaat the rst correction. By considering
the imaginary part of (4.31a) and (4.31b) appropriatelg, thlue of where the even and odd

modes are equally unstable is then given by

p_ !

3 4M2 "8 32M2
1+4M?2 ’

o =tanh * (4.32)
and we see that I(ng)) < Im(cgl)) when < . and vice versa, i.e. the odd mode is more

unstable than the even mode for suf ciently small This changeover value (4.32) is plotted as

c1 in Figures 4.6 and 4.7
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Figure 4.7: A zoomed in version of Figure 4.6.

4.2.4 Miscellaneous features

In Figures 4.4 and 4.5 we note that in certain cases there islladened most unstable mode.
We have tried to predict where the precise location for tipigneal  will occur by considering
expressions liked ¢ {)=@, but without much success. We can however use the large aaltl sm
results to say when such a well-de ned optimalvill exist, since ifc; goes to zeroas ! 0
and !1 ,there must be a well-de ned optimal. For the caséM = 0:1 in Figures 4.4 and
4.5, the result (4.20) tells us that tRecutoff occurs aF = 5=p 3 2:88, which agrees with the

appearance of the peaks in the respective gures.

4.3 Summary and discussion

For the vortex sheet, it was shown that closed form solutinag be written down for the root
corresponding to instability, from which stability critermay be derived. This instability is
strongest whe andF are both zero. On increasirig or M when the other is zero, it is seen
that the effect is to decrease the growth rate of the in#tighibnsistent with energetic arguments.

However, we also observe that there is a tongue regiofr flarge andM close to1l, indicating
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that somehow the individual stabilisation effects caneaheother out. An asymptotic analysis
was carried out near the stability bound&y = 1 to investigate the behaviour of the instability

in this tongue region.

For the rectangular jet, there were several features of thatewe have found. For 1, we
found two types of instability, one that is like a vortex shiestability, and the other is what we
termed supersonic instabilities, previously found by Gi65) and now attributed to resonant
over-re ection. We focussed on the vortex sheet instaéditand found analytical expressions
for these instabilities via an asymptotic analysis. Theessgnic instabilities were observed to
be weak instabilities so have not been investigated in ghetil; it is certainly possible however
to investigate them via an asymptotic procedure, as was io@él (1965). Numerically it was
found that there are no instabilities wh&h > 1=2. For 1, it was seen that there is a
cutoff due to the magnetic eld, and the locations of thestoffs were found by an asymptotic
procedure. Although it was found that the even mode is gégpareore unstable that the odd
mode, via numerical and asymptotic procedures, we weretabhel regions in parameter space

where the odd mode is the strongest instability.
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4.4 Appendix: Expressions for eigenfunctions

When the pro le is piecewise-constant, the eigenfuncticayrbe written down explicitly, given
below. Note that th& dependence appearski? =1 F?2S2=1 F?[(Uy ©? M?],and

in the case= = 0, fi is identi ed with p, the pressure term in the incompressible case. Note the
expressions fofi remain formally atO(1) in the limit of F tending to zero, and this is because
of the rescalingh = h=F2 we employed when we wrote down the full SWMHD equations in

Chapter 2.

Note in these cases there are no vorticity or current peatianis except at the discontinuities.

\Vortex sheet

8

2 +1; y>0
Ug = (4.33a)
1, y<oO

8
Ee K +y; y> 0
G= (4.33b)
.>e+K y- < 0
Y
8
241 oe K+ y>0
0= (4.33c)
(L+ce" kK Y. y<o0
8
] y> 0
B = (4.33d)
>
. Me+K y; y< 0
8
2 i1 oK,'e K-V
L] y> 0
0 = * (4.33e)
i1+ oK etk ¥: y<o0

2 MK, le KV
, y>0
B = i (4.33)
.> i 1+ K y.
+IMK “e ; y<oO0
8
24is2K,le K+Y; y>0
ﬁ:> (4.33g)
iSZK le+K y; y<0
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Rectangular jet: even mode

8
%O; y>1
Uo = E L jyi<1
“0 y< 1
8
§+eKo(Y 1. y>1
G = E +C03h( K 1y)=COSh(K 1): JYJ <1
Z et Koly+) . y< 1
8
0= E +(1  c)cosh(K 1y)=cosh(K 1); jyj<1
_ Ce+ K o(y+1) ; y < 1
8
§+Me Koly 1, y>1
l:l)\y = E +M cosh(K 1y)=cosh(K 1); jyj< 1
T+ Me* Ko+ y< 1
8
§+ice Kooly 1); y>1
0= E +i(1 ¢)sinh(K 1y)=cosh(K 1); jyj< 1
® icet K oy+D) - y< 1
8
% iMe K o0y D; y>1
B = g +iM sinh(K 1y)=cosh(K 1); jyj< 1
Z +iMet K o(y+l); y< 1
8
§+iS§e Kooy D; y>1
fi=_ is2sinh(K 1y)=cosh(K 1); jyj< 1
E 1

nge+ K o(y+1) : y< 1
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(4.34a)

(4.34b)

(4.34¢)

(4.34d)

(4.34€)

(4.34)

(4.349)
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Rectangular jet: odd mode

8
%O; y>1
Uo = E L jyi<1
S0 y< 1
8
G= E +sinh( K 1y)=sinh(K 1); jyj< 1
gt Koy . y< 1
8
¢ = E +1 o) sinh(K 1y)=sinh(K 1); jyj< 1
. Ce+ K 0(y+l) ’ y < 1
8
§+Me K o(y l)’ y>1
B, = § +M sinh(K 1y)=sinh(K 1); jyj<1
T Me* Koly+D) - y< 1
8
§+ice Koy D; y>1
0= E +i(l  ¢)cosh(K 1y)=sinh(K 1); jyj< 1
" +ice” K oyt y< 1
8
3 ime o0 y> 1
B = § +iM cosh(K 1y)=sinh(K 1); jyj< 1
T iMe* K oy*D) - y< 1
8
%HS&G Koty 1) y>1
A :E iS%COSh(K 1y)=sinh(K 1); jyj<1

+ |Sge+ K o(y+1) ; y < 1:
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(4.35a)

(4.35b)

(4.35c)

(4.35d)

(4.35e)

(4.35f)

(4.350)
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Chapter 5

Linear instabilities of smooth pro les

As a model for more realistic pro les, we consider in this pte the instabilities associated with
the hyperbolic-tangent shear layer and the Bickley jet.idgar simplicity, we limit ourselves to
the case of a uniform background magnetic eld with no ungdad topography. Linear instability
calculations involving these two pro les are well docuneshin the literature in a wide variety of
contexts (e.g., Lipps, 1962; Howard, 1963; Michalke, 198¢zin & Howard, 1966; Hazel, 1972;
Drazin & Reid, 1981; Sutherland & Peltier, 1992, 1994; HugBeTobias, 2001) and provide a

comparison and check on our results.

5.1 Numerical method

We seek a numerical solution of the eigenvalue equation),(drltten as

(s9)° (K?)°

00
G 32 K2

GY ?K2G=0; (5.1)

where, againS? = (Uy ¢©)? M?andK? =1 F?2S2 Although the velocity pro les
are technically de ned over the entire real line, we solve #yuation on the nite domaig 2

[ Ly;Ly]. We will consider solutions that decay exponentiallyjygecomes large, namely
G exp[ Ky RgK)> 0 as jyj'1 (5.2)

and the size ofLy chosen depends on the decay properties of the eigenfupnctvenwill

be doublingLy until the change in the computed eigenvalue is suitably lsnsaich that
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je(2Ly)j=c(Ly)j < , for some choice of. We solve the second order ODE (5.1) by a shooting
method, with matching imposed gt= 0, employing a generalised Newton method as the root-
nding algorithm; the integration is started fromL y, taking
GO GO
S Ly— ; ELy: AK 4; (5.3)
as the initialisation, wher& =1 F?[(U(1 ) ©? M2, withU(1 )= 1forthe
shear layer antd (1 ) = 0 for the jet. The constamt and the eigenvalueaccordingly until the
matching errors & = 0 are suf ciently small. To avoid singularities in the govarg equation,
we seek only unstable modes. The routines were written in M¥H, using routineodel113
as the integrator (an Adams-Bashforth type method with tagapgrid). Although the boundary
conditions are functions af, changing at every iteration, we generally have no probleitis
convergence provided that the initial guess is close tortleevalue. Solutions are initialised from
F =0,M =0 atsome xed using a known numerical result documented in, for example,
Drazin & Reid (1981). Runs at new parameter values are thiéalised using an estimate for
the eigenvalue from previously calculated eigenvalueseathy parameter values. The Bickley
jetis even abouy = 0 and hence the parity result of Section 3.4 holds, i.e. therdighctions are
either even or odd. In this case we need integrate only yp=td, with the imposition of either

GY0) = 0 (even mode) 06(0) = 0 (odd mode).

5.2 Hyperbolic-tangent shear layer

In this subsection, we consider the basic state velocitydé by
Uo(y) = tanh( y); 1 <y<1: (5.4)

From inequality (3.12) we know that the growth rates associated with any instability are
bounded above bynaxjUdj=2 = 1=2; furthermore, from the stability criteria (3.20) or (3.2t)is
pro le is stable wherM 1. From the parity results in Section 3.4, the eigenvaluescaied
with unstable eigenfunctions take the foor ¢ + ic. In the hydrodynamic case, instability
exists only within the bandwidth < < 1, with a neutral mode at = 1 (e.g., Drazin & Reid,

1981,x31.10).

Figure 5.1 shows contours of over theF andM parameter space at selectedre ecting: (i) a

relatively short wave disturbance (Figure &).1(ii) the most unstable mode in the hydrodynamic
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Figure 5.1: Contours af overF andM parameter space at selectedThe results have been ltered so
that only modes withic,j < 10 2 are plotted. Figure 4.1 is reproduced here as gahébr comparison

purposes.

incompressible case (Figure B)(iii) a long wave disturbance in panel (Figure §.1Figure 4.1,

the corresponding diagram for the vortex sheet pro le, produced here as the Figure BIji(
for comparison purposes. We should note that the results heen Itered so that only the low-
frequency modes (here those wjthj < 10 3) have been displayed; as explained below, there
is also a distinct second mode of instability (with larg@ij), which is manifest at higher values
of F. Figure 5.1€) and () are remarkably similar, suggesting that long-wave irikteds for this
velocity pro le resemble the instabilities of a vortex she&his resemblance will be quanti ed
via a long-wave asymptotic analysis in Section 5.5, in whighderive the more general result

that long-wave instabilities of any shear layer pro le nedge vortex sheet instabilities.

As described above, gure 5.1 is compiled by tracking thelation of a particular mode
of instability, using the incompressible hydrodynamicecé6 = M = 0) as the starting
point. It is therefore important to ask whether there ardtemidl, distinct modes of instability.
Indeed, it is known that for both two-dimensional compraieshydrodynamics and shallow-water
hydrodynamics, there is a second mode of instability, fdmnBlumenet al. (1975) and Satomura
(1981) respectively. Compared to the rst modes (those glifg 5.1), which may be referred

to as in ection point instabilities, these second modes qa@personic modes for compressible
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hydrodynamics) are observed to be weaker instabilitiessgss a weaker spatial decay, and occur
as a pair of propagating waves with phase speed In ection point instabilities can be attributed
to interacting Rossby waves supported by the backgrounar ¢kee, for example, the review by
Carpenteret al,, 2012); by contrast, supersonic instabilities (absenh@éR < 1 regime) can

be attributed to gravity waves interacting with criticayéas (e.g., Satomura, 1981; Hayashi &
Young, 1987; Takehiro & Hayashi, 1992; Balmforth, 1999; Bmn& Lapin, 2013) and, indeed,
can occur for linear shear ows, explicitly ltering out thpossibility of Rossby waves due to
the background shear. This is consistent with the theoreRipd (1983), which states that for
instability, either the associated potential vorticity ¢ possesses an in ection point or that the
ow is supersonic F > 1) somewhere in the domain, conditions necessary for Rosstiprla

gravity wave interaction leading to instability.

Such second mode instabilities can also be identi ed in tABVBHD system; some contours of
associated with these instabilities are presented in Ei§L2. By analogy with the instabilities
found in compressible MHD, we shall also refer to these maaessupersonic’. Figure 5.3
plots their growth rate over the unstable bandwidth at verisample parameter values. It can
be seen that the supersonic instabilities generally hawakevegrowth rates than in ection point
instabilities, consistent with the results of Blumetnal. (1975). As we shall see in Section 5.5,
the relation between the two types of unstable modes cangierer in some detail in the small

wavelength limit.

5.3 Instability mechanism in terms of counter-propagatingRossby

waves

As mentioned above, in ection point instabilities can b&ibtited to interacting Rossby waves
supported by the background shear. The constructive @n@rEe of a pair of Counter-propagating
Rossby Waves (CRW) has been put forward as the mechanisindgadnstability of shear ows
in a variety of settings (e.g., Bretherton, 1966a; Hosldhal., 1985; Baines & Mitsudera, 1994;
Heifetz et al,, 1999, 2004; Heifetz & Methven, 2005; Harnik & Heifetz, 20MHeifetz et al.,
2009; Carpenteet al,, 2012). For the SWMHD system, it is therefore natural to émgow this

underlying mechanism is modi ed by shallow-water and MHIkeefs.

Let us rst consider the incompressible, hydrodynamic célse= 0, M = 0). Viewed
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= 0:20, with second mode = 0:01, with second mode G
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oO 0.5
M

Figure 5.2: Contours af, overF andM parameter space at selectedIn ection point instabilities with
jcj < 10 2 are plotted as solid lines while supersonic instabilitigshc, j > 10 2 are plotted as dashed

lines.
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Figure 5.3: The growth rate over the unstable bandwidthlattsd parameter values fdg(y) = tanh( y).

The in ection-point mode is plotted as lines and the supsgicsmode as markers.
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| | | L

Figure 5.4: Basic CRW mechanism in schematic form, for thekgeound velocity pro le ofUp = tanh( y),

so the background vorticity prole is o = secl(y). Solid lines here depict the dynamics for the
incompressible, hydrodynamic case. The contours are ofidhticity. \orticity anomalies are shown
by the closed solid curves, and the effect of these on the otirgours, leading to instability, is shown by

solid arrows.

individually, the Rossby waves are neutral. Its directidrpmpagation is determined by the
vorticity pro le, which in this case is related to the backgnd ow. This in turn is seen to imply
a wave propagation that is in the opposite direction to thekdpapund ow. A pair of CRW may
then be held stationary by the background ow, become phaskell, and, depending on the
phase shift, interfere constructively, leading to mutuaph cation and hence instability. This is
the scenario depicted in, for example, Figure 1 of Heifetz &tlwen (2005). Schematically, these
CRW are represented by the solid curves in gure 5.4, wheoh ed the vorticity anomalies has
an associated velocity, and where the con guration is shelt the mutual in uence of the two

Rossby waves acts to increase the wave amplitude.

We plot in Figures 5.5 and 5.6 the relevant eigenfunctionstfie most unstable mode at
some sample values & and M, with the Rossby waves represented by vorticity anomalies;
the incompressible hydrodynamic case is displayed in pégjein the gures. Looking at
Figure 5.5€), the pattern is consistent with the schematic in Figure Sal at the simplest level,
we observe that increasirtg or M perturbs the patterns away from the optimal con guration fo

instability, thus leading to the observed stabilisatione Wéw quantify how the extra physics of
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Figure 5.5: Vorticity eigenfunction of the most unstabledaoof Up(y) = tanh(y) at some selected
parameters. Here and in subsequent diagrams of this tyges rgositive and blue is negative. Notice

the larger shift between the pair of waved\iss increased, and a slight tilting whénis increased.

(b F =0:75M =0 (@) F =0:75M =0:75
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Figure 5.6: Height (pressure) eigenfunction of the mostalsis mode oty (y) = tanh( y) at some selected

-1

parameters. Notice an increased tilting with increaging

the SWMHD system perturbs the patterns away from the optiroamguration.

So since Rossby waves are associated with vorticity anesjalive consider the vorticity

equation and see what can be inferred. The vorticity eguatidwo-dimensional incompressible
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hydrodynamics is

D! @!
— =+ I =0: .
Dt ot ur 0 (5.5)
Then, linearising about a basic shear &W(y) gives
@ @ 0
= + — 1 = : .
ot Uo@x Voo (5.6)
Now, we note thav is related to the cross-stream displacement of the matadbur as
@ @
— 4+ Upg— =V, 5.7
ot O@X \Y (5.7)

and so taking modal solutions of the form (3.4) then gives
h= " o (58)

This says that, in the incompressible hydrodynamic caseyariicity anomalies are tied to the

deformation of the material contour.

Here we work out the eigenfunction forand associated with the most unstable mode fiGm

and compare the two in Figure 5.7. As a measure of the errotaleelate the relative , error:
e 0 e S ZZ
JJI ( O)JJLZ. Y — 2 dxdyv: 5.9
e v O, = ()* dxdy: (5.9)
NI,

As we can see, the relative error is small, less than 1%; tleusam say with con dence that the

rel. L, error=

vorticity budget equation captures all the vorticity cdmitions.

5.3.1 Modi cations in the SWMHD case

The SWMHD vorticity equation is given by

|
[[))—'t = (r u) +M2?b rj+M3r b (5.10)

where! andj are thez-components of the vorticityr u, and electric currenty b,
respectively. Using equations (3.1c) and (3.1d), this eawiitten as

|
[[))—'t:FZ!%+F2h!r u+M?2@L F3)brj M?njr b (5.11)

On linearising about the basic stdtly = Up(y)ex, B o = 1ey, taking modal solutions of the

form (3.4), we obtain the following expression for the vaitti budget:

A

n= A0y E2 ;o w2t . 512
Uy o (5.12)
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Figure 5.7: Vorticity contributions associated with theshonstable mode & = 0, M = 0; panel(a) is

3

0.5
L, rel. erro= 0:0058579

also Figure 5.5). The small relative. , error given by (5.9) indicates that the vorticity anomatesne

solely from deformation of the material contours.

where ¢ = Ug is the basic state vorticity. These three terms represemitribotions due
respectively to the deformation of the cross-stream digpient, to shallow-water and magnetic
effects. Inspection of Figure 5.1 shows that the instabiitmost vigorous whei = F =0
and that increasing eithé&l or F when the other parameter is zero is stabilising; we thegefor
expect that the vorticity anomalies from the magnetic aralleh-water effects will counteract

that associated with the deformation of the material cantou

CRWs modi cation when one of F or M is zero

Consider rst the case wheire = 0 (the incompressible MHD case). Equation (5.12) is given by

AN

n= A Q4 MZUOJ _: (5.13)

We show in Figure 5.8 a typical result f6r = 0 showing the physical form of the respective

components associated with the most unstable mode at ttieutear parameter values.

We notice that the positive contribution to vorticity whign 6 0 has a centre that straddles the two

negative vorticity anomalies associated with the defolonatf the material contour, and the same
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Figure 5.8: Vorticity contributions associated with theshonstable mode & = 0, M = 0:25. Notice
that unlike the hydrodynamic shallow-water case, the giyticontribution due the MHD effects is the
same order as the contribution due to the displacement ofi#tterial contour. Note also the bottom panels

are zoomed in than the other panels.

is true half a wavelength along where the sign of the coninbs are swapped. At the simplest
level, we have a modi cation to the basic CRW mechanism, mgiveFigure 5.9. The location
and the sign of the extra vorticity contribution is such tihabunteracts the action associated with
the underlying CRW mechanism and so is stabilising, cossiswith the stabilisation observed

previously.

The case wherd! = 0 (so the shallow-water, hydrodynamic case) may be congidieren

analogous manner. Equation (5.12) in this case is given by
r= ~S+FAh g (5.14)

This equation is a restatement of the conservation of patardrticity, and may be derived from
starting withDg=Dt = 0 and linearising accordingly. We plot in Figure 5.10 a typiessult for

M = 0 showing the physical form of the components, again usingnbst unstable mode at
this particular parameter value. A similar interpretatleads to a schematic like Figure 5.9, as

in theF = 0 case. We note however that the vorticity anomalies arisiom fthe perturbation
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. ‘ o(y)
|

Figure 5.9: Modi ed CRW mechanism in pictorial form, withe&hbackground velocity pro leJy =
tanh(y). The solid contours are associated with the basic CRW meésihaas in Figure 5.4. The closed
dashed curves represent the additional vorticity anomédlie to the extra physical effects. The (stabilising)

effect of these extra vorticity anomalies are shown by trehdd arrows.

of the material contour is the dominant contribution to theole vorticity, larger than the extra

contribution by an order of magnitude.

As a further veri cation of these ideas, we have also adogteuerturbative approach to the
analysis of expression (5.12), approximating the shallater and magnetic contributions using
the eigenfunction foF = M = 0. It can be readily seen that calculatifi?h o using f

is consistent with that obtained from the full linear eqoas (see Figure 5.&1b). To obtain
an estimate of the magnetic contribution, it is necessargaloulate] using the governing
equations (3.3c) — (3.3d) with the velocity obtained wifer= M = 0. This is slightly more
involved than forﬁ, but can be shown to provide a consistent vorticity contidmy see for
example Figure 5.1&) and the numerically calculated contribution given in Fegg.11¢l). Thus
the idea that shallow-water and magnetic effects act td #mf vorticity distribution from an

optimal con guration for instability is con rmed.
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Figure 5.10: Vorticity contributions associated with theshunstable mode & = 0:5, M = 0. Notice
that the vorticity contribution due the presence of a fredase is much smaller than the contribution due

to the displacement of the material contour.
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Figure 5.11: Vorticity contributions implied by the velbceigenfunction calculated & =0, M =0.
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Figure 5.12: Vorticity contributions associated with theshunstable mode & = 0:5,M = 0:25. Notice

1

that, as observed before, the vorticity contribution fréma MHD term is larger than the contribution from
the shallow-water term, and both are such that they coutttira contribution from the deformation of the

material contour.

CRWSs modi cation in the full SWMHD case

The vorticity™ and its three constituent components in expression (5r&Zrewn in Figure 5.12
for the representative case Mf = 0:25, F = 0:5. The contribution from the deformation of the
material contour is consistent with that of Figure &)5(Note that the extra contributions due to
non-zeroF or M have opposite signs of vorticity that straddle the appedprpeaks and troughs
of the underlying vorticity anomalies due to the CRW mechiamiand its stabilising effect is as in
the schematic given in Figure 5.9. We observe that the Wyrtiontribution associated with the

M terms are an order of magnitude larger than the contribsititue toF .

So we see that the underlying CRW mechanism, in the SWMHDEByshecessarily generates

vorticity anomalies that implies an action that countesdbe basic instability mechanism. There
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are certain details that we have not accounted for, sucheasctteleration of the waves from these
induced anomalies which affects phase locking, fringectffaway from the peaks and troughs of

the extra vorticity anomalies, and so forth; these are dsed at the end of this chapter.

5.4 Bickley jet

Here we consider the basic state velocity de ned by
Uo(y) = secl(y); 1 <y< 1: (5.15)

From inequality (3.12), the instability growth rates; are bounded above byaxjUudj=2 =
2:(3p 3); furthermore, from stability criterion (3.21), this velocpro le is stable whenM

1=2. For the incompressible hydrodynamic case, even and odasnaak unstable only in the
respective bandwidth@ < < 2and0 < < 1, with neutral modesat =2 and =1

respectively (e.g., Drazin & Reid, 198431.9).

Figure 5.13 shows contours of over (M;F ) space for selected values of the wavenumber,
tracking from the mode a = 0, F = 0. The values of are chosen to re ect: (i) the
most unstable mode in the incompressible hydrodynamic(agere 5.13,b); (ii) the mode with
highestc; in the incompressible hydrodynamic case (Figure &d)3(iii) a long-wave disturbance
(Figure 5.12,f ). The magnetic eld provides a stabilising in uence, whidhmost pronounced at
small values of the wavenumber This feature will be quanti ed later via a long-wave asyotjit

analysis.

Figure 5.14 shows the growth rate of the modes over the uedtabdwidth at selected parameter
values. In general, the even mode is more unstable than thenode. Though there are isolated
regions where the odd modes are more readily destabilisese tdo not necessarily correspond to
the regions predicted by the stability analysis for theagtilar jet, described in Chapter 4. We
have also performed some sample calculations in regionsenthe analysis for the rectangular
jet suggests a preference for odd modes; however, we fousttaray evidence to suggest that for
the Bickley jet the odd modes are more unstable than the ewglesnn those regions. Thus, for
this particular aspect of the problem, the stability préipsrof the piecewise-constant pro le do

not provide a quantitative guide to those of the smooth @o |
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Figure 5.13: Contours of; over theF andM parameter space at selectedfor the even mode (left
column) and the odd mode (right column)§(y) = secH(y). The predicted cut off from the asymptotic
result (5.38) is plotted in panet)
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Figure 5.14: The growth rate over the unstable bandwidthebtcted parameter values folp(y) =

secl(y). The even mode is plotted as lines and the odd mode as markers.
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Figure 5.15: Vorticity eigenfunction of the most unstableremode ofJy(y) = secH(y), at some selected

parameters.

A natural question to ask, prompted by the ndings for regiaar jet in Chapter 4 and the
shear layer earlier this chapter, is whether there are iaddlt modes of instability to those
shown in Figure 5.14, which were obtained from tracking nsogtarting from the incompressible,
hydrodynamic case< = 0, M = 0). We have performed a scan oy@M; F ) space at various
values of the wavenumber, with randomly generated initialisations chosen so thatitfitial
guesses for lie within the smallest rectangle containing the semifein@.19). A substantial
number of computations (20 different initialisations aep00 different parameter values) were
carried out, solving the governing eigenvalue equatioh wit parity imposed. Via this, admittedly
non-exhaustive, procedure, we have not found any unstabéke rthat differs from the even and

odd modes obtained by tracking from the starting poirfEcf 0,M =0.

One question to ask is whether the CRW mechanism discussker éa applicable to the jet
pro le. For the jet case we may be tempted to say there are wirs pf Rossby waves, centred
around each of the jet anks. However, we should note thattli®a change in wave behaviour
in the middle of the jet, where the ow is at its maximum add°< 0, in contrast to in ection
points whereU%= 0. The interaction of these Rossby waves are not straightiehkecause,
for example, the ow is not necessarily holding the wavesiatery any more. We do not pursue
the Rossby wave interpretation as the instability mecharfi@s this pro le, however, we provide

plots of the eigenfunction for completeness (Figures 5015 18).
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Figure 5.16: Height (pressure) eigenfunction of the mostalsle even mode afo(y) = secli(y), at some

selected parameters.
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Figure 5.17: Vorticity eigenfunction of the most unstabtielanode ofUy(y) = secl(y), at some selected

parameters.

5.5 Long-wave asymptotics

Several features of the instabilities of the hyperbolingent shear layer and the Bickley jet may be
clari ed by generalising the long-wave asymptotic procedddue originally to Drazin & Howard

(1962). We consider the governing equation (5.1), writtethie form:

Z2(GP  2k2G)+(z%)%°=0; z2%2= —.: (5.16)
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Figure 5.18: Height (pressure) eigenfunction of the mostatsle odd mode dfio(y) = seclf(y), at some

selected parameters.

We assume that the velocity pro les under considerationsaigh thatU = Ug( 1 ) are well-
de ned. Then, on choosing an appropriate frame of referemuksuitable normalisation for the
basic ow, any velocity pro le may be designated as eithesteear layerif U = 1, or as get
if U =0. The idea is that, for long-wave disturbances, the behawbUy(y) aty = 1 gives
the leading order behaviour, with the variations assodiatith the basic state leading to higher

order corrections.

We further assume that{ (and so(Z?)9 decays suf ciently rapidly agyj ! 1 . Adopting the

same notation as Drazin & Howard (1962), we consider saistto (5.16), for xedc, of the form

8
2G.(y)= (exp( K .y); y>0
Gy) = (5.17)
"G (V)= (exp(+ K y); y<G0
with ; ! constantay! 1 ,andwhere&K? =1 F2S2 =1 F?[(U 0©2 M7Z.
The perturbations must decayys 1 ; hence RE&K ) > 0. We consider expansions of the

functions (y) and (y) of the form

>€- n X n
)= )" aly) M= )" aly); (5.18)
n=0 n=0
with o; o ! constantg 0) and ,; n(n > 1) ! Oasy! 1 . Itturns out to be most
convenient to X o(1) = o(1 ) =1, and then to accommodate the necessary degree of

freedom in the matching conditions f@ aty = 0. Without loss of generality, we shall focus
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on the equations for; those for follow in a similar fashion. On substituting expressionsl@

(with the expansions (5.18)) into (5.16), equating the ceits at each order of gives

0=[z% g’ (5.19a)
0=[z% 9° K.[Z? 0)°+ 2% §); (5.19b)
0=[22 9,1° K+[(Z? ne1)%+ 22 nia]l+ Z3(K2 K?; n O (5.19¢)

Equation (5.19a) integrates ¥ 8 = C, with the conditions at in nity then givingC = 0. Thus
o = constant= 1 through our choice of o(1 ). Integration of equations (5.19b) — (5.19c¢) then

gives, after some algebra,

y 72
1= 1 Z_+2 dys;
1
4 y 1 Z Y1 5 5 ) Z Y1 Z+2 (5.20)
2= -2 (57 Sf)dy2+ KZ 1 >3 dyz dyi:
1 1 1
Analogously, we have
0=1;
1=K . 1 >3 dys; (5.21)
VA VA Z
y 1 Y1 y1 72
2= = (S SP)dy,+K? 1 S5 dy2 dyx
1 2% 1 z2
Having normalised and , the matching conditions gt= 0 become
G.+(0)= G (0); and GY0)= G°(0); (5.22)

for some constant. Consistency thus implieS. (0)G° (0) = G (0)G? (0), which gives

0= sz, S
T Ky Ko
Zl Z0
+ (S?2 S2)dy+ (S S?)dy (5.23)
0 z ' z
52 “0 S2 S2 1 S2 5
1 = d 1 2 dy + O( ?):
K:iK 4 sz Y oKk, sz A+ 009

where the factor of 1=Z2 multiplying the whole of the right hand side has been removed

Although we have focussed on the case of uniform backgrouagnetic eld, it is possible to

include a non-uniform background magnetic eld in our datien, subject to imposing conditions
analogous to those for the background velocity pro le. Far tase where there is a underlying
topography, we refer the reader to the article of Collings @&nghaw (1980) for the assumptions

required.
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5.5.1 Hyperbolic-tangent shear layer

For a shear layet) = 1, the leading order term of expression (5.23) gives

1 d9)2 m? y o @+ M2 M2 _
"1 FA @) M7 1 F(L+ c@)2 M2

0; (5.24)

which is exactly the eigenvalue equation of the vortex sliéé). Hence, for any shear layer,
c! ¢/ in(4.8)as ! 0. Thisis perhaps not entirely surprising: suf ciently lom@gves will, at
least to leading order, see the shear layer as a discontifitits also suggests that the tongue of
instability (cf. Figure 5.t) is a generic feature of shear layer pro les since long waresunstable

in the tongue region.

Information about the second mode of instability may be iokth at the next order. From
the discussion of the vortex sheet in Chapter 4, we know theen# is suf ciently high, the
eigenvaluec, becomes real. Following Blumeet al. (1975), we considet = ¢, + ¢ @® +

Choosinge, 2 R*, we note that

p p
KioK 0= 1 FJ (1 )2 M2 1 F?[(1+c)2 M2=1 (5.25)

upon writing outc, in full using (4.8). Assumingl M 2) = O(1), to proceed, we need to obtain
the O( ) correction to this rst term in the square bracket in (5.28)d evaluate the remaining

integrals.

Takingc= ¢, + ¢ ® and Taylor expand accordingly, we use L) relation that

s2. S2.
0= =0 (5.26)
K +;0 K ;0
to eliminate terms accordingly. This yields in our case
2 2 " (1) p #
S S c 2
—+ — = + ——4 1+4F2+4F4M2 5.27
K2 K? KinS2g " (5:27)
IntheM = 0 case this is an equivalent form to that obtained by Bluwteal. (1975).
Now, to evaluate the integrals on the right hand side of (6.2&enUp = tanh( y),
zZ, Z,
(S S?)dy+ (S? S?)dy= 2 (5.28)

0 1
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For the latter two integrals, using the substitution tanh( y) and partial fractions results in

2 ‘o g 2 ‘1 g
1 dy 1 — dy
KiK S2? KiK S2?
2o gy ‘1logy
11 v » 1+v .
P M)2 1 dv 1 (c,+M)2™1 v
2M vV M g 2M 1V+M ¢

In (5.29), for the integrals in the square brackets, sineesthre no singularities on the integration
path, the integrals may be evaluated in the usual fashiom.theoother two integrals, there is
potentially a singularity on the integration path. Sirge2 R*, we deform the contour as a
semicircle to go under the singulafitatv = ¢, + M andv = ¢, M respectively. Observing

that the singularities are simple poles with residue 1, thed expression is given by

1 (v M)? 1 M o
5.29)= [
( ) oM 0og T+M+o 1
1 (o +M)2 1+M ¢
————~log —F—— 2;
2M 1 M+g
with 8 8
20 ja M) L 20 o+M L
1= and 2= (5.30)
0, otherwise * 0; otherwise

Putting the above together, writing everything out in fuldananipulating the expressions a little,

we nal obtain an expression fa?) given by

p
@ =i F2[(1 o) M?] 1p (1+c)> M?
4c§ 1+4F2+4F*M?2
< (1+c)® M2
& 5.31
1+ > log 1 )2 M2 12 ( )
1 M2 & 1+ M) &
t————— log ——5>—75 + 1 2
aM 1 M2 &

with ; given by (5.30). It may be shown that fist ! 0, the expression inside the braces is equal
todM (1 ¢,) 2+ O(M?), and that equation (5.31) formally reduces to an equivatem of
equation (21) in Blumerrt al. (1975). Unlike for the leading order resulf, there is no cut off
with increasingF . By expandingg, given by (4.8) up to powers ¢ 4, it may though be readily
demonstrated from (5.31) that (o)) ! 0" asF !'1

The analysis leading to expression (5.31) is valid onlycfonot close to zero, i.eF 2 not close to

2(1 M?) YorM notclosetal. When2 F2?(1 M?) lissmall,O( %) to be precise, we

1As we consider Irfc,) ! 0" .
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havec, c¢® 123, Performing appropriate rescaling and choosing the apjatepbranch

so that R(ep ~) > 0, givesc) as the solution of the cubic equation

6+2M2 4 2 2 : 1

c’+ i + 1Io 1+ M
YEE YE g

1 M2 2™m 1 M

=0; (5.32)

for 22 21 M? 1 F2! 0.Equation (5.32) formally reduces to equation (23) in Blame
etal.(1975). There is an inadmissible rant  ic;, and two roots that are either purely imaginary

(c=ig)orcomplex €= ¢ + ic) depending orfF 2. Considering the expansion
(5.32)=(c iA)*(c iB);

the transition to non-zerg may be seen to occur at

2
5 2 3 2 6+2M?2 1 1 1+ M

= — —_ + —
Feusp™ 77312 41 M23 1 M2 2M “1 M

(5.33)

This expression reducesf,s,= 2 3(6 2)**whenM ! 0, as given by Blumeet al.(1975).
The leading order result with, separately, correctionsiftibe outer and inner expansions, together
with the full numerical results, are presented in gure 5.T®e asymptotic results, including the
location of the cusp given by equation (5.33), show excelégreement with the numerically

computed values.

5.5.2 Long-wave asymptotics for jets

A general velocity pro le is de ned as a jet if, in an approgie frame,U = 0. In this case,

expression (5.23) simpli es to
Z 1

292 2
S (S* Sp)dy 1 2

Y =0 2y.
0= 1 <z = dy +0( %), (5.34)

whereS3 = (0 ¢)2 M?2. Here, for a xed value of, we need to consider different regimes
for M. ForF2 = O(1), if M? = O(1) thencis real at both leading order and at the next order
correction. The marginal case 4 ? , but this givesc® = 0 at leading order. At the next
order correction, we choose to balance the rst two termshenright hand side of (5.34). On
letting M 2 = and de ningE = Ril U2=2 dy, whereE may be assumed to @(1) via

rescaling, we obtain

p 2 2
c i E M2 as M I 0, F2= O(1): (5.35)
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Figure 5.19: Line graphs af= ¢, + i¢ at = 0:01, varying withF for some values of , for the shear
layer. The crosses are computed results, solid line is yra@totic resultc, + ¢ 1 with ¢; given by (5.31),

and the dot-dashed line is the inner expansion given by theaet solution to the cubic (5.32).

The corresponding result for the compressible hydrodyoarase was derived by Gill & Drazin

(1965), and for the incompressible MHD case by Gedzelmarn3}L9

For largeF, we letF?2 = 1 1. Then the interesting case is whet? = O( ) and
Considering the same balance as above gives the followstre

' 2F 22 ' 4E4 4#1:2
F<E F-+E 1
i — MZ%+  2E24 —— as =5
2 4 F2

M 2 I 0: (5.36)

This result reduces formally to (5.34) in the limit of sm&ll

R
i (sechy)? dy = 4=3. The corresponding long-wave asymptotic results

For the Bickley jet, |

are therefore given by

2
c i3 M2 as M? I 0, F?= O(1); (5.37)
and
n r #1:2
2 , 5 , 2 AF4 1 )
c i = °F M+ = 2+ as — M IO 5.38
9 3 9 F2 (5.38)
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Figure 5.20: Comparison of the computed growth rates (es)sand the predicted growth rates from the
asymptotic results fou(y) = seclf(y), atM = 0:1: (5.37) is given by the dot-dashed line (cutoff
plotted as vertical dotted line) and (5.38) is given by the solid line (cutoff plotted as verticished

line). Circles denote the modes stabilised by the magnetit.

The growth rate as predicted by (5.37) and (5.38) is plottgairst the computed growth rates
(of the even mode) in Figure 5.20; it can be seen that the feutlfe to the magnetic eld are

accurately predicted.

5.5.3 Consistency issues of long-wave asymptotics for jets

One potential concern is that we have assumed that the s@utegdal in the square brackets in
expression (5.34) is negligible in the leading order batame show here that

@ M2 S 2 M?
1
1 F(c2 M?) 4 (U ©2 M?

dy = O( log ); (5.39)

where is some small parameter related to the regime of interests e asymptotic scheme is

indeed consistent.

Following Drazin & Howard (1962), we shall assume tiidsj Ae @i, which is satis ed
for the Bickley jet considered. This condition may be retiixehoosingjUpj  A=(1 + y?"),

wheren is an integer, provides a modi ed version of (5.39) using #pproach below. Drazin
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& Howard (1962) make the additional assumption that “almost pure imaginary', namely that

jcgcj N < 1 .Here we adopt the modi ed assumption that

<2+ M2

2

N1 = O(1): (5.40)

Although there is no rigourous explanation for why this dddwold, it is supported by both oar

posteriorinumerical and asymptotic results.

Consider rstthe case df = 0. The left hand side of (5.39) is then given by

Zl
B 5 2 M?
| =(c? |\/|)0 1 Uy 02 W2

dy; (5.41)

where we have taken the integral over the positive realHivafwithout loss of generality. We

split the range of integration as
z 1 Z log( ) Z 1

= + : where log() = log
0 0 log( )

1=a
% ; (5.42)

We now proceed by bounding the individual integrals andesing their leading order size by

using the result (5.34). First, using
(U 02 M3 & (5.43)

it is seen that

. ) cgc+ M
(02 M2) . ( )dy ch sz 1+17J 5

dy

i @ MZlog([L+ Ny (5.44)
= O( log );

upon also using the assumption thaf = O( ), and the derived result (5.34) that O( 172).

We choose to construct an upper bound for the second integfallows:

Z 1 Z 1 2

U 2UpC
¢ M2 dy=(c M? —0 0
@ MH )= ) o T W

jc2 M3~ 1 o
JTJ [U& +2jUojici] dy

Wi log( ) # (5.45)
A2e 2alog() ope alog()
N1 +
2a a
= 0O( );

from which it follows thatl = O( log ).
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ForF? = O(1), we make the additional assumption that

1 1

j1 F2(2 M2j jl+F2M2 F2jg?j N2 = O(1); (5.46)

where we have used the triangle inequality in reverse andmsd of the facts thatl 2 = O( )
and thatc = O( 12) from (5.35). We may immediately conclude that O( log ) as before.

p_anszz an

ForF2 = 1 the corresponding result is (5.35), which states that C
entirely analogous procedure will give the redult O( log ). So indeed we have consistency
of the asymptotic scheme for the jet case. fdyj A=(1 + y?"), an analogous result may be
derived by adopting a different splitting of the integral(f142). This shows that if we were to
calculate the next order correction, we need to be awaresbahay obtain terms dd( log ),

something that is perhaps not immediately obvious. A maatian of this procedure may be

applied to the case where the magnetic eld is not uniform.

5.6 Summary and discussion

For the shear layer, we found two types of instabilities. Tise of these is what we termed
the in ection point instability, possessing the charastir thatc, = 0, and its instability
mechanism may be interpreted as the result of a pair of copnd@agating Rossby waves. The
other instability we found is the supersonic instabilitpspessing the characteristic tloaté 0,
and are generally attributed to gravity waves interactiritp whe critical levels. The supersonic
instabilities were found to be weaker instabilities, so \eeehfocussed our study on the in ection

point instabilities.

The in ection-point instability is strongest around the= 0, M = 0 case, for which there exists
an interpretation for the instability mechanism in termsatfinter-propagating Rossby waves. We
showed that modi cations due to MHD and/or shallow-watdeets are present. It was seen that
the underlying Rossby wave mechanism necessarily genesetieity anomalies that counteract
the basic instability mechanism, consistent with the olegkrstabilisation from the numerical

results.

A long-wave asymptotic analysis showed that, at leadingmtte instability behaves like a vortex
sheet instability as discussed in Chapter 4. When there Isatbing order instability, there can

be instability atO( ), and the resulting analytical expression describes welstlpersonic modes
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from the numerical calculations. The critidalfor which that supersonic instability becomes the

preferred mode of instability was also derived from thismagiotic analysis.

For the Bickley jet, the parity result dictates that the afgaction is either even or odd about
y = 0. The even mode is generally found to be more unstable thaodthenode, although there
are isolated regions in parameter space where the congairgeei A cutoff of the instability due

to the magnetic eld at 1is again observed, and the locations of the cutoffs may bedou

using an asymptotic analysis.

With regards to the Rossby wave mechanism, there were sidtait we have not taken into
account, such as the changes in the phase-locking mechéhierimduced vorticity anomalies
from extra effects accelerates the underlying Rossby Waeesvhether it would be applicable
even in the tongue region of instability for the shear layEhe mathematical basis appears to
be well developed for an extended investigation (e.g.,éiedt al., 1999, 2004, 2009; Carpenter
et al, 2012), and it would be interesting to investigate the modiions to the wave dynamics,
potentially revealing the more subtle features possesgdbebinstability. Since we know that,
in the hydrodynamic case, the stability criteria may berprieted as conditions that allow the
relevant mechanisms to occur, one question we may ask isitive¢ know the precise details
associated with the instability mechanism, can we dedwre this stability criteria (e.g., Heifetz
et al, 2009)? This would be particularly interesting since weehaet managed to derive stability
conditions for this system of equations, and this may pmaddother avenue to derive stability

theorems.

With regards to the supersonic instabilities, it would afsointeresting to consider a further
investigation into the characteristic of these instabsit using tools employed by previous works
(e.g., Satomura, 1981; Hayashi & Young, 1987; Takehiro & &$dy, 1992; Balmforth, 1999). It
was mentioned also in Balmforth (1999) that one interpi@tatf these supersonic instabilities
is via over-re ection (e.g., Acheson, 1976; Lindzen & Tud®,78; Mclintyre & Weissman, 1978;
Lindzen, 1988; Harnik & Heifetz, 2007; Bakas & Farrell, 20 Benilov & Lapin, 2013), and

it would be interesting to derive the modi cations to overection in SWMHD to further our
understanding on phenomena involving magneto-gravityesaviFurthermore, in the work of
Harnik & Heifetz (2007), an attempt was made to reconcile-ogeection and the Rossby wave
action-at-a-distance mechanism, and it would also bedstieg to see how over-re ection leading

to instability may be interpreted in this formalism.



Chapter 5. Linear instabilities of smooth pro les 76

5.7 Appendix: Recovering elds from the eigenfunctionG

The quantitieq(; O;ﬁ(;ﬁ,; i) may be recovered from knowledge of the eigenfunctinit may
be shown that, for the case whede 1and¢=(Uy ¢)G

¢¥=(Uy 0©G; (5.47a)

8, =MB 4G (5.47b)
_ 0+ F?M[B3(Uo )+ BoUJB, F*(Uo c)U§+ M’BoBSI0.

0= i [ F2[(U 02 M2BZ] ’ (5479

g B+ o 9U+ MBoUBB, FM[BoUS+(Uo 9BOIY. (5.47d)

i [ F2[(Up ©2 M2BZ ’
pM (B3(Uo o+ BoUDB, [(Uo U+ M2BeBJ+[(U )2 M2B3N°
B i (U o[l F?(Up o2 MZ2BJ]] '

(5.47¢€)

In the investigation presented here, the numerical dérestwere calculated by a fourth-order
accurate nite-difference approximation using theights  routine given in Fornberg (1998).
We observe heré remains formally atO(1) because of the rescalirfy = /F\i=F2 employed
when we wrote down the full non-dimensionalised SWMHD emuest Indeed, sincé is to

be identi ed withpwhenF = 0, it may be shown that we recover the above expression if we sta
with the equations witF = 0 and reconstrugt from (0; ¢; B, ; By). The perturbation displacement

, vorticity | , potential vorticityq and currenf are seen to satisfy

B_t v ) A= ﬁ; (5.48a)

| = %;’ %; ) n=iy¢ 0o (5.48b)
Q+q= % ) q=* F2 i+ O(smalP); (5.48¢)
j= %’( %; ) =it B (5.48d)

Working out vorticity and current frortt andj' is found to be more accurate than taking derivatives
of the full u andv elds. It is found that by taking the numerical solution améérting it back
into the linearised equations (3.3), the largest error aassored by thé.; norm is of O(10 2)

for the choice of numerical tolerance we used for working®ut his occurs in thgg-momentum

equation; typical diagrams for the errors from an inversgogiven in Figure 5.21.



Chapter 5. Linear instabilities of smooth pro les 77
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Figure 5.21:L; error of the inverted eigenfunctions for the c&se= 0:7,M =0:2and = 0:26, when
the numerical solutions are substituted into the linedr8&/MHD equations given by (3.3). This diagram

is typical of the behaviour of the errors, with the largesbes in they-momentum equation.
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Chapter 6

Nonlinear evolution: two-dimensional

Incompressible MHD

In the previous chapter the instability characteristicghefshear layer and the Bickley jet pro le
were investigated. A natural progression now is to inveséighe nonlinear evolution of unstable
shear ows. In this chapter, we consider the incompressiiohit (F = 0) to highlight the
dynamics due to MHD effects, before moving on to an invesiigeof the full SWMHD system
in Chapter 7. We start by reviewing in some detail the nunaéncethods we employ. We then
review the hydrodynamic case before proceeding to an iigatiin of the MHD case. A summary

and discussion of the results are given at the end of the ehapt

6.1 Mathematical formulation and numerical methods

As in the previous chapter, we consider the case with no t@pby and a uniform background
magnetic eld given byBy = 1, and we will consider eithetp(y) = tanh( y) or Up(y) =
secl(y); M = B=U is then our measure of the eld strength. We shall be invesitig the
nonlinear evolution numerically. Since we only have nisolution and we expect the evolution
to generate small-scales, we need something to damp theskssaile features, in a physical
manner, to stabilise our numerical routines. To this end,rewestate the viscous and Ohmic

dissipation. The (two-dimensional) incompressible MHi&ipns £ = 0) in non-dimensional
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form are then given by

@

@t+u rur p M2 rb:Rierzu; (6.1a)
@ _ 1 o

@t+ urb brus= Rmr b; (6.1b)

r u=0; (6.1c)

f b=0: 6.1d)

The Reynolds numbers are de ned using the velocity and feagales associated with the basic
ow, SO

UL UL
Re= —; Rm= —; (6.2)

where is the kinematic viscosity, andis the coef cient of magnetic diffusivity.

We shall be interested in the temporal evolution of the dyingnand we consider a domain that is
periodic inx and wall bounded iy. A domain of lengtiLx =2 = will support one wavelength
of the instability with wavenumber, doubling this gives two wavelengths of the instabilitydan
so forth. Although the basic ow pro les are technically deed on an unbounded domain, it is
found that by taking thg-boundaries located gt= Ly for Ly suf ciently large, together with

appropriate boundary conditions, the dynamical in uentéhe boundaries can be minimised.

Sinceu andb are both divergence-free, we write the equations in ternasstfeamfunction and

a magnetic potentiah, here de ned as
u=-e, r ; b=e, r A (6.3)
The vorticity! and currenj are then given by
Il =1 2; j:I’ZA: (6.4)

The divergence-free conditions are automatically satisand the set of equations (6.1) have the

equivalent formulation given by

%t+ @:!' ) M2@A;r ?A) = Rier 21 (6.5a)
@A - 1 2.
ot @:A)= oot A (6.5b)
r2 =1u (6.5¢)
where
@@ @@

@; )= @x@y @y@x (6.6)
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is the usual Jacobian term. The corresponding basic staelksen given by

8
S log cosh§y);

oy) = Ao(y) =y (6.7)
tanh(y);
This set up is convenient in that we do not have to worry aboytoising the divergence-free

condition at every time step via, for example, splitting hoets, projection methods, or semi-

implicit methods (e.g., Peyret, 2002).

In our channel geometry, boundary conditiony imeed to be imposed accordingly. The no-normal
ow condition impliesv = @ =@x 0 ony = Ly, so is a constant function ix. Then,

because momentum is conserved,
7 7

u dxdy = %ydxdy = L«[ (t)]Lyl_y = constant (6.8)

so we must have
[, =1 O], (6.9)

This is satis ed if
t L= O Ly (6.10a)

The same argument applies to the no-normal ux conditipr 0, giving

A(t, Ly)= A@O; Ly): (6.10b)

To mimic a free shear ow, we use stress-free boundary caditrather than no-slip, so

@u_ @ _ -n-
@y_o ) a7 1( Ly)=0: (6.10c)

The above conditions are then to be enforced at each tirppeasterdingly.

Additionally, we split the above quantities as a basic gphis a perturbation, i.e.

Ao(y) + A (6.11)

= o)+ 7 A

and also

L= oy)+r27= Udy)+r27 ] =do(y)+r2A=0+r %A (6.12)
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Inserting this into equation (6.5) and dropping the tildes,obtain the equivalent formulation

@, @ , @ °*A 20y - 1.2 1 o
ot + Up @x °@x+ @:!') M “ax + @QA;r “A) = R’ I+ Re 0 (6.13a)
@A, |, @A @ 1 2,
ot + Ug 0" @x F@A)= 5T A (6.13b)
r2 =1 (6.13c)

At rst this seems to be complicating matters somewhat, hete are in fact several bene ts to
doing this. Using the same arguments for the boundary dondias above, the conditions to be

imposed on equations (6.13) translate to
( Ly)=0; A( Ly)=0; I'( Ly)=0: (6.14)

We also see that if we manually set the Jacobian terms to weroecover the linear equations,
and this provides a check on the numerical routines by camgpdhe results with the linear
calculations from the previous chapter. One possible gontethat the viscous dissipation
changes the background ow before the instability has a céan manifest. To combat this,
we can switch off the basic state dissipation ReJ’during the linear phase, and switch it
back on when the perturbations are suf ciently large (ergeasured by the energy). Tests
have been carried out comparing this approach to a case whenghing (background ow and
perturbations) is dissipated and a case where only therpation states are dissipated, and the

gualitative differences are not large, so we employ thig@ggh in our simulations.

6.2 Numerical methods: Fourier—Chebyshev pseudo-spectra

method

We solve the system (6.13) using a pseudo-spectral methumghudar method that is characterised
by its high accuracy and that is especially powerful in negtdar domains. We consider a Fourier
expansion inx and a Chebyshev expansionyin We review the basic procedures here for self-
containment purposes (for further reading, see, for exayf@hnutoet al. 1993, Fornberg 1998,

Trefethen 2000, Boyd 2001, Peyret 2002 or Durran 2010).
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6.2.1 Pseudo-spectral methods

A suf ciently smooth quantityu may be expanded in terms of Fourier and Chebyshev modes as

X X .
u= aik €T (y); (6.15)
ko]

where Tj (y) are the Chebyshev polynomials of the rst kind and the compm&ponentials
represent the Fourier modes. Although an in nite sum is ieghlin practical situations this sum
is truncated at some nitdNy and Ny corresponding to the numerical resolution. Effectively
we go from a physical space descriptiafx;;y;) to a spectral one where the data of interest
are the coef cientsgj, . To obtain these coef cients, the data is sampled at speciébcation
points in physical space, and a spectral transform is eredldy switch between physical and
spectral representations. For analytioala spectral description has a discretisation error which
drops off likeO(c N), whereas a physical space description has a discretisationthat drops
off like O(N €), depending on the order of discretisation. This is due tdfdbhethat a spectral
description is inherently global, taking into account thenpled data at every collocation point,

whereas a nite-difference type description is local.

Certain operations are easier/faster to do in the releyaates. In spectral space, the operators
associated with differentiation are usually relativelyle, so solving the corresponding algebraic
equations is usually not a problem. However, nonlinear petslare costly since a convolution
sum is often required. The opposite is true in physical sphege the operators are usually dense
and ill-conditioned, but products may be done trivially. &ploit the corresponding advantages,
the pseudo-spectral formalism performs the differeriaéind linear algebra operations in spectral
space, and forms products in physical space, utilising @stoam to switch between the two
spaces. One of the key ingredients then is an ef cient t@nsfroutine, and this exists for both
Fourier and Chebyshev modes. There are aliasing errors ¥anering the nonlinear product

followed by transforms, but these may be appropriately redo

6.2.2 Fourier modes

For Fourier modes, the Fast Fourier Transform (FFT; algoritdue originally to Cooley & Tukey

1965) is available; see, for example, Boyd 20810Q. This lets us transforra(x;) to a(k) =
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. a€®Xi where the collocation points are given by
2i .
Xi = —; i=0;1; Ny 1 (6.16)
Nx
The transform is fast in that the number of operations reguis O(Ny logNy), as opposed
to standard discrete Fourier transform algorithms thaictfly requiresO(N2) operations.
Differentiation in spectral space is especially simpleggiby

@,
@x
Numerical tests of the FFT routines used are givexois.

ik: (6.17)

There are errors from using this pseudo-spectral appraeaising from the fact that there is some
ambiguity when sampling a function at a nite number of colition points. For example, suppose
we havex; = (0; ; 2 ), the sampled valuag(x;) = (0 ; 0; 0) may well describai = sin( nx) for

n 2 Z; here, the resolution limits the highest harmonic that mapitwoperly described. Normally
this is not an issue, but spurious errors do arise when FFfiemdinear products are taken, since
the combination of the lower harmonics may result in unpdaidiigher harmonics that are below
the truncation level set by the resolution, so introducipgr®us oscillations. There are several
methods to remove these errors, with Orszag's 2/3 rule @rs¥971) being particularly simple
to implement. During the transform stage, we simply set tied cients of the highest third of the
harmonics to zero. In a Fourier representation of the abwegeshould bear in mind th&t, points
give modes fronk = Ny=2; 0;1; Nx=2, so in the transform routine, all coef cients with
wavenumbers satisfying

jki d (Ny=2)(2=3)e = dNy=3e (6.18)

are set to zero, wher )e is the ceiling function. We have found that dealiased rueshatter
behaved, especially when the run appears to only be masgieslved. Another point to note
is that the discretised version of the differential equetido not necessarily conserve discretely
the physical quantities such as those mentioned in Chapt@ng2 way to ensure the discretised
equations inherit the conservations laws from the contisucase is to remove the dealiasing

errors (e.g., Boyd, 200k11). All runs reported here are dealiased using Orszag'sul3

The Fourier description allows spatial integration to baalm a particularly convenient fashion.

We note that 8
Z, 2 k=0
X H aO! k _01
ad dx = § (6.19)
0 v k=2n=L,;, n2N:
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with Ly the length of the periodic domain. So to integrate inxhdirection, we simply need to
pick out thek = 0 Fourier mode and multiply it by x. This method of numerical integration is

spectrally accurate.

We have also the standard Parseval's theorem given by

Zy, X

u?dx = Ly jaj (6.20)
0 k

This follows from the fact that the Fourier modes are orth@davith respect to the corresponding
inner product on this domain of interest. Indeed, expandihin Fourier modes automatically
gives the result, assuming the order of integration and sationmay be exchanged. This allows
us for example to work out the global and modal decompositibquadratic quantities (such as

energy) whilst maintaining spectral accuracy.

6.2.3 Chebyshev modes

Chebyshev polynomials of the rst kind gn2 [ 1;1] may be de ned by the recurrence relation
To(y)=1; T =y: T =2yTy) T ay): (6.21)
Alternatively, they may be de ned as polynomials satisfyin
T (y) = cos(j arccosy); j =01 (6.22)

A clear description of this is given in the book of Trefeth@0@0), where Chebyshev polynomials
are seen as the cosine function wrapped around a cylindé¢h tW#% description, there is a clear
relationship between the Chebyshev modes and cosinedascto an adapted FFT serves as the

transform.

The collocation points we employ in this case are the Gawdslto points given by

yj = cos 1 ; j =0; Ny: (6.23)
Ny
Aliasing errors will be present if we use the pseudo-speagproach, but again may be removed

by setting to zero the highest third of the wavenumbers.

Differentiation in Chebyshev spectral space is not asgitBirward as in Fourier space; however

the matrices are still relatively sparse. These diffestinin matrices are evaluated via recurrence
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relations, and may be shown to be given by (e.g., Peyret,, 2302

> R .
o = = POy, j=0; Ny 1 (6.24)

9 p=j+1; (p+]j) odd

and o
1 ’ : :
Oj(z) = = p(p> iH0p;  j=0; Ny 1 (6.25)

C] p=j+1; (p+ k) even
where the Chebyshev weighgsare given by

8
22 j=0;
G = (6.26)

We then see that the differentiation matrices for the rst aecond derivativeD,; and D, are

given by
0 1 0 1
01 0 30 5 0 08 0 64 O
0408 0 : 0O 0 48 0 240
D= 0 6 0 10 : ¢ D, = 0 0 96 0 :rx; (6.27)
0 8 0 : 0 O 160
0 10 : 0O O

where blank entries are zeroes. The matrices take an upgegtlar form. Arescaling is required

if the domain is not de ned oty = [ 1;1]. The corresponding matrices in physical space are

dense (e.g., Trefethen, 200®,).

In this kind of pseudo-spectral method, boundary conditiare imposed by modifying the rows
of the operators corresponding to the highest harmonicsis Timethod introduces a small
error (denoted by ) because we have sacri ced some modes in favour of forciegbtbundary
condition; however, we still maintain spectral accuracgwiNthe Chebyshev polynomials are seen
to satisfy
T(M=1;, T(H=( 1)

and

TW=i% T Y= Y 4%
so for Dirichlet conditions on the boundaries, we need tdaapthe bottom two rows of the

differential operators by

1 ( DNy (6.28)

I
=

b, = 1 1 1 b
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For Neumann conditions, we need to replace the last two rgws b

b= 0 1 NZ ; b =10 1 ( Ny IN2 (6.29)

When the operators are modi ed by the rows enforcing the dauwn conditions, the resulting
matrix appears to be of a form where appropriate manipuiatihould result in uncoupled systems
that may be solved separately. This is indeed the case wkeaeshlting equation of the form of
a constant-coef cient Helmholtz equation, where only setand zero derivatives are involved.
For purely Dirichlet or purely Neumann conditions, the tésg system is of the quasi-tridiagonal
form, for which a fast solver exists (Thual, 1986). Most dgqua we need to solve are of this
Helmholtz type, and as such we may use the fast solver. Theda®r require©(N ) operations,
compared to the standatdJ-decomposition with a back-substitution, which typicalgquires

O(N ®) operations. For more details of this fast solver, see Seéti.

Spatial integration may be performed via the Clenshaw-+€adadrature (Clenshaw & Curtis

1960; see also Trefethen 200Q2). This is given by

0 1 0 1

2 c 1

0 c O

~ 2 2
1 2 C2 2

udy w'a; w= 1 2 12 k. (6.30)
1 0 0
2 1
CN

1 N2 Y 1ONg

wherea = ( g;) are the Chebyshev coef cients of Observe that only the even coef cients make

a contribution, since an odd function integrated over amel@nain is identically zero.

To calculate the integrals of quadratic quantities, we oamaly on an analogous Parseval's
theorem as the Chebyshev modes are not orthogonal to thanfeigtionw(y) = 1. Instead, the

relationship between the coef cients ofandu? is given by

Ry Ry Ry
u=  aT) u’= ajay T; Ty
i=0 i =0 k=0 (6.31)
_ XX ga,

5 (T Tk jj)s
j =0 k=0
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upon using a standard relation for Chebyshev polynomialgh&n

Z, Ry Ry a a Z,
i <k .
u dy (Tj+k + Tk ;) dy; (6.32)

1 j=0 k=0 1
and we can evaluate the integral by summing the coef cientliptied by the relevant Clenshaw—
Curtis weights, but truncating whefp + k) > N,. However, we expect this method to be
extremely inef cient since we have to perform(NyZ) elementary operations. Alternatively, one
could take a FFT ofi? and use the Clenshaw—Curtis quadrature as before. It wad tbat both
methods are comparable in accuracy but the summation methmeerly expensive except for

relatively small values oly; see Section 6.8 for more details.

6.3 Numerical methods: time-stepping by linear multi-stepnethods

The spatial discretisation turns the system of PDEs inta afsdifferential equations taking the
symbolic form
@u

@t: N(u) + L(u): (6.33)

Here, u is the state vector of interest, and we will denote the nealinand linear operators
associated with the problem & and L respectively. For example, in the one-dimensional

advection-diffusion equatio(u) = u@u=@andL(u) = @u=@%*.

Perhaps the rst “obvious' thing to do is to consider a fullyplcit discretisation; that is,

something of the form
utt = AC Gutiut NN ) L)Lt ) (6.34)

where the superscript denotes the state variable at theargléme level, and the precise form of
A depends on the time-step method used. The important thitmginly information from the
previous time levels are required. When the temporal disat#on is done this way, the time-step

required for numerical stability is subject to the CFL cdiwi (e.g., Boyd, 2001x12)

Uy + UL
X

Ce = O(1); (6.35)

whereC. is a method dependent number (we refer to this as the CFL nuhdre), and the
subscripts denote the relevant terms associated with yeqshdescribed bl andL. Physically,

this condition places a necessary restriction on the tifr@p-size associated with the phenomenon
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represented by the various terms if we are to advance in tirmeumerically stable fashion. This
turns out to be a severe issue if the diffusion terms are todaged explicitly; for the Fourier—
Chebyshev method we consider here, the constraint on tieediep size can be very severe (e.g.,

Boyd, 2001 x12).

Such time-step constraints may be bypassed if a fully imptiethod is considered; symbolically,

this is represented by
u"t = AC tu™tu™: NN L@™t)iLn):  ): (6.36)

Implicit methods tend to be conditionally stable, but canelspensive since an iterative solver
is required if nonlinear terms are involved. This shifts doenputational burden from the small
time-step size to the increased number of operations atteaekstep. As a compromise, a semi-

implicit method of the form
u™ = AC Gu™huT NNt ;L) iLt); ) (6.37)

may be considered. Here, the nonlinear terms are treatditidpwhilst the linear terms are
treated implicitly. An iterative solver is usually not récpd, and the problematic terms are not
subject to the CFL condition; we should however bear in mivat stability does not necessarily

imply accuracy. This semi-implicit time discretisatiortli one we will consider here.

We employ the Adams-Bashforth/Backward-Difference atgors of orderk (AB/BDk; see
Peyret 2002x4) as our time-marching algorithm. For the incompressiblgecconsidered in this
chapter, we are going to use the variable time-step verdidxB¢BD3 (because this allows for
stable numerical integration at larger time-steps tharBAE and AB2/Crank-Nicolson) given by
(e.g., Peyret, 200X4)

aoun+1 + alun + a_Zun 14 a?’un 2

" = bpN(u")+ bIN(U" 1)+ bpN(u" )+ L(u"*™); (6.38a)

a=1+ L + ! ; ap = (1+rc)(1+rc+rp);
1+re l+rc+rp re(re+ rp)
(6.38b)
g THTet o, o arrd
2 refp(1+r¢)’ ° rp(fe+ rp)(1+ re+rp)’
1+r)(@d+re+r 14+ 1+
S ArrdldHrerry). o @AFret ).y o I¥Te o gagy
re(re+ rp) refp rp(re+ rp)
oty th 0 L _ tpp_tn 1 on 2
e = t, T ogn+l ¢n? p = te T otn+l tn (6.38d)
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The time-step size t is set by the maximum allowable value satisfying

max(Ug + u) N

t max ly Ce: (6.39)

whereu = (u;v) in (6.39), and the CFL number is an input parameter. Seed®e6tb for a

derivation and some of the related numerical tests carug¢doo the AB/BD3 algorithm.

There are other methods, such as Integrating Factor or Expiah Time Differencing, that could
act as an alternative to a semi-implicit discretisationthese all have other associated problems
when a Chebyshev discretisation is employed; see, for ebearhjyermore (2007) for a review

and comparison of such methods in the spherical MHD context.

Our subsequent parameter choices for the simulations asentafter doing convergence tests on
the time-step size and spatial resolution, by comparing aimalf the time-step and/or increased
resolution (twice the resolution where possible) and Iogkat, for example, the energy and
dissipation time-series. Energy power spectrum for thes noresented here show the energy
content at the higher modes are small (beld® °), indicating our runs are well-resolved:;

spectrum diagrams have been omitted here.

6.4 Hydrodynamic evolution: a review

We rst review what is known about the nonlinear evolution wistable shear ows in the
incompressible, hydrodynamic limit. Although the resydtesented are not new, we reproduce
them here for self-containment, and to demonstrate thatnoumerical routines are able to
reproduce known, well-established results. For the hygrachic case, we séfl to zero in the

governing equation (6.13), and solve only for the vortigityd streamfunction.

6.4.1 Hyperbolic-tangent shear layer

For this ow pro le we focus on the case where the domain suppexactly one wavelength of
the most unstable mode predicted by the linear theory, salelty, = 2 = , with = 0:44
(Michalke 1964, and Chapter 5 here). Test runs have fourtditha= 10 is suf ciently large
for nite-domain effects to be negligible. For this case wwose a resolution dfly = 256 and

Ny =512, at Re= 500, a compromise between having well-resolved runs and themahbeing
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too dissipative. A CFL number of 0.25 is employed for the datian, its value again found from
convergence tests. We initialise the primary instabilifyhveome amplitude at xed phase, and,
additionally, extra perturbations at lower amplitudesaaidom phase. Mathematically, we add the

following to the initial vorticity o:

2 3
bl%=3c ,
| =410 3cos(x )+10 ° kcoskx 2 )deV:
k: k= =2

Here, ¢ and  are randomly generated numbers in the rahg& 1]. Higher harmonics are
limited to bNy=3c whereb( )c is the oor function. A Gaussian iry is chosen so that the
perturbations are suf ciently localised arouyd= 0. Although we do not initialise with an
eigenfunction as calculated from linear theory, the smalplitude perturbation allows for a
well-de ned linear phase where the perturbations have ntisaa suf cient time to readjust to
the optimum con guration. Only} needs to be initially speci ed as the rst step involves an
inversion to give the corresponding When the domain is large enough to support two or more
wavelengths of the primary instability, the initial petbation is appropriately modi ed so that the

wavenumbers smaller than the primary instability alsomgi@emall non-zero amplitude.

Figure 6.1 shows snapshots of the vorticity at several tintles left-column shows the total
vorticity, and the right column shows the vorticity with ttke = 0 Fourier mode removed.
Figure 6.184) shows that the shear layer starts rolling up and stretchies thin region of vorticity
called the braid. In this case the stagnation point is at0, y = 0. As the instability develops,
ne features form until they are smeared out by viscosity.tBy70 the braids have been diffused
and only the large vortex remains. The vortex oscillates imdmplitude is gradually damped
by viscosity. The vortex was seen to be long-lived. This igai@te picture agrees with previous
results (e.g., Ho & Huerre, 1984). For Figure ®)1{ve make the observation that at the early
stages of the evolution the vorticity pattern resemblesifeich.5€), the vorticity eigenfunction
obtained from linear theory. This gives us con dence th#thaigh we did not initialise using
the eigenfunction, the linear phase is long enough that ¢nubations adjust to the optimum

con guration.

Another feature in which we might be interested is the evmiutf the along-stream mean pro le
U, de ned by Z..

U= u dx: (6.40)

1
LX 0
We also de ne the shear layer width by the width of the regiaurded by they-locations of
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Figure 6.1: Snapshots of vorticity for the shear layer riiRe= 500. Left column shows the full vorticity,

whilst the right column shows vorticity with tHe= 0 Fourier mode removed.

which the difference betweanand its free-stream valuer{ = 1in this case) is smaller than
some tolerance. Another possible way to de ne this width \ddae by they-location where™
is suf ciently close to its free-stream valu& (= 0 in this case). Snapshots afare shown in

Figure 6.2.

Here, we see that as the instability develops and the shgar falls up, the shear attens out,
leading to an increase of the shear layer width. There daesppear to be much more broadening
after the roll-up stage, and any small increases in shear lajdth after the roll-up stage we
attribute to viscous effects. Although there is still anaation point, the parallel ow assumption
no longer applies, and so to say anything about the stabilitiie saturated state we would need

to consider a linear instability analysis of this state Vi@, example, a Floquet analysis (e.g.,
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Figure 6.2: Snapshots affor the shear layer run at Re500.

Klaassen & Peltier, 1985b). The possibility of hydrodynarsécondary instabilities is reviewed

at the end of this section.

In the hydrodynamic case, the domain-integrated energiiéeo is given by
1d ZZ ZZ

Sqt j? dxdy = Rie 1 2 dxdy: (6.41)
We show rstin Figure 6.3 a time-series of the domain-ingtgd kinetic energy. Using Parseval's
theorem or otherwise, we separate the energy content iatsmran K = 0 Fourier mode) and
perturbationk 6 O Fourier mode) component. A tting of the perturbation eneigused to infer

a growth rate during the linear phase, and this inferred tiroate 0.185 is close to the growth rate
inferred from linear calculations, which is 0.189 (Michalk964, and Chapter 5 here). Most of
the energy resides in the mean ow during the evolution, amhafter saturation the perturbation
energy is still around two orders of magnitude less than teanrenergy. The dissipation is
suf ciently weak that the decrease in total energy is at atbi0% (orE (t = 150)=E(t = 0)

0:9). One feature that we note is that there is an oscillatioméngerturbation energy, indicating
that there is continual transfer of energy between the meaw and the perturbation. This is
related to the oscillation in physical space when the vagésaning with/against the background
shear, a phenomenon known as nutation (e.g., Miura & Sat8)19 he process may be further
quanti ed by an examination of the Reynolds stresses. Hewthis is not our primary focus here,
and so we refer the reader to, for example, Klaassen & Pélis85a) or Metcalfest al. (1987)

for a detailed discussion.
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Figure 6.3: Time-series of the energy for the shear layeatite= 500 (solid= perturbation state; dashed
= mean state; black dot-dashedtotal energy). Most of the energy still resides in the meathsaotal

energy and mean energy curve lie on top of each other.

We show in Figure 6.4 the dissipation ratg de ned by

1 zZZ
- = | 2 :
Re™ o I < dxdy: (6.42)

We observe thatge is bounded above by its initial value in the diagram; thisdsduse enstrophy
(and in fact any function of vorticity) is an ideal invariasfttwo-dimensional hydrodynamics, and
there can be no net enstrophy production in this set up. $hiswever not the case when MHD
effects are present, since the Lorentz force feedbackte®the conservation of vorticity, leading

to a dissipation rate exceeding the initial rate.

We have also checked that the numerical method conserasly-momentum. The initialisation
has no momentum to begin with, as the basic state has zeroomeéntum, and the disturbances
are periodic with zero mean. The numerical integration shtvat, for the course of the run,

domain-integrated momentum remains at machine level matgs.

Hydrodynamic secondary instabilities

Although the primary focus of this ow is the single waveléhgase, we have also carried out runs
at two wavelengths, and test cases at four wavelengthskitown that a con guration of a row

of like-signed vortices is unstable, and is most unstablentinstability at twice the wavelength
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Figure 6.4: A time-series of the dissipation ragg for the shear layer run at Re500.

of the primary instability (i.e. at wavenumber 2), a result rst demonstrated for point vortices
by von Karman (e.g., Lamb, 193%7). This subharmonic pairing instability has been invedtd
analytically (Kelly, 1967; Stuart, 1967) and numericall@ofcos & Sherman, 1984; Metcalfe
et al, 1987; Klaassen & Peltier, 1989, 1991; Staquet, 1995; Madh& Peltier, 2012a,b) for
the shear layer. As the name suggests, this secondaryiiitgteduses like-signed vortices to pair
up and merge into larger vortices, further broadening thampzo le. We have performed some
simulations where only the fundamental wavenumbeaeceives a non-zero amplitude, but the
domain is large enough to support two vortices initiallynfiimg, and we nd that the vortices do
not merge at least for the run duration (uptte 200, wheret = 50 is approximately the time
when the primary instability starts saturating). If ingte@e initialise in a “generic' fashion, with
non-zero amplitudes at wavenumbers in the subharmonic igherhharmonics, the vortices do
merge. Measuring the growth rate numerically at each Fomae as (e.g., Klaassen & Peltier

1989)
1 dE(K;t)

KO= 2D at

(6.43)

shows that, as a function of time( ;t ) is initially the largest, then it is superseded by= 2;t )
at some later timé¢ . This merging generates further small scale activity as begeen by an

increase in dissipation rate at the time around the merging.

Even in the single-wavelength case, the vortex core formay lme unstable to several secondary

instabilities, although most of these are ruled out in odtirsg we mention them however for
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completeness. One of these is the shear aligned conveostability of Klaassen & Peltier
(1985a,b); when strati cation is present, a shear ow in thetical rolls up in to a vortex that
entrains heavier uid and transports it to a region of lighteid, which can then be buoyantly
unstable. Another instability associated with the vortexecis the instability associated with
elliptical streamlines (Pierrehumbert, 1986; Bayly, 198&leffe, 1990). The elliptical instability
a wave resonance phenomenon but requires a third spatiahdion, something that we do not
have here. This secondary instability plays a role in thakstewn of the two-dimensional ow
into three-dimensional turbulence, and is applicable ira@ety of laboratory, geophysical and
astrophysical ows where elliptic streamlines are founek &erswell (2002) for a comprehensive

review.

Away from the vortex core, the braid region may also suffer idewvariety of secondary
instabilities, which may be of strain or shear type (e.g.ro8® & Sherman, 1976; Metcalfe
et al, 1987; Dritschelet al,, 1991; Staquet, 1995, 2000; Caul eld & Kerswell, 2000). $be
have not been observed in our test runs at higher Re, althauggbnly limited ourselves to
Re = 1000. The hyperbolic instability investigated by Caul eld & Kawell (2000) suggests
that such braid/stagnation-point instabilities may be enonstable than the elliptic instability
associated with the vortex core, and may also contributeedteakdown of the two-dimensional

pro le into three-dimensional turbulence; see MashayeketiBr (2012a,b).

As observed by various authors, the emergence of such sagontstabilities can delay the

subharmonic pairing instability (Metcalfet al, 1987; Staquet, 1995). Additionally, Mashayek
& Peltier (2012a,b) recently demonstrated that secondastabilities can cause the disruption
of the parent vortex before pairing can occur. This is peshaferesting in that, as mentioned in
Mashayek & Peltier (2012a), pairing is almost never seemiane but is usually seen in numerical
simulations. They attribute this to the fact that the Regiasaiumbers in numerical simulations
were never high enough (until their investigation) for eteecondary instabilities to dominate
over the pairing mode. We have observed pairing here in odrdaynamic simulations, but in

our physical setting here, the secondary instabilitiesrgak or not supported.

To summarise, there are a wide variety of secondary ingitabithat can cause the breakdown of
the ow into three-dimensional turbulence. This breakddwas important consequences in, for
example, vertical mixing in the ocean (e.g., Caul eld & Rt 2000; Staquet, 2000; Peltier &
Caul eld, 2003; Mashayek & Peltier, 2012b).
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Figure 6.5: Snapshots of vorticity for the Bickley jet, at R&00.

6.4.2 Bickley jet

We now give a similar account for the Bickley jet pro le. Frdime linear theory calculations (see
Figure 5.14), the even mode is generally more unstable, smerig excitation should trigger the
even mode. The most unstable even mode has wavenumbe®:9, and thus we initialise as in
the shear layer case, with the primary disturbance at xeasphand higher harmonics at a lower
amplitude with random phase. To demonstrate that pairibgd®n vortices can occur, we take a
domain that supports two wavelengths of the primary inktgbirhe domain size is abolt4 by
20in x andy, using a resolution dl, = 256 andNy = 512, also at Re= 500. Figure 6.5 shows

snapshots of the vorticity.

We see that, in some sense, the jet pro le is like a doublerdbagar, with two opposite vorticity
layers. The instability causes a meandering of the jet, vbitbsequently breaks, causing the
shear regions to roll-up into vortices. These vortices &mifterent sign and can in uence each
other to give interesting dynamics. Since we have two wagghes of the primary instability,
there are four primary vortices formed, two of each signpglwith some small, less well-de ned
satellites, much like what was observed in, for example ugkp & Deem (1971) and Sutherland
& Peltier (1994). This kind of con guration is not unlike amd<arman street, whose stability with
nite vortex cores has been analysed and is shown to be getigrunstable (e.g., Kida, 1982;

Jimenez, 1987, 1988). Indeed, at some stage near the end nfroatt = 150, two of these
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Figure 6.6: Snapshots of tiwefor the Bickley jet run at Re= 500. Notice that there is some back ow at

the later times.

vortices (usually the two positive vortices) start showgagly stages of merging. This then affects
how the other vortices propagate, causes a change in thed tnagle and results in the vortices
propagating towards theboundaries. In alonger run not presented here, the vertitmn bounce
around the domain, de ecting from the boundaries upon irhpHEoe runs are qualitatively similar
to those reported by, for example, Zabusky & Deem (1971) anblesland & Peltier (1994). We
only display results up tb = 150 as the dynamical in uence of the wall is certainly minimal up

to this moment; once the vortices hit the walls, nite-domaffects are obviously non-negligible.

Figure 6.6 shows snapshotstofAs in the shear layer case, the instability causes the cai@r
to broaden out and reduce the shear. We also observe thatatlimmom ow velocity decreases
down to about a half of the initial maximum. It is also inteneg to see some mean back ow,
shown at later times, a phenomenon that has previous beervetlde.g., Zabusky & Deem, 1971,

Figure 9).

Figure 6.7 shows a time-series of the energy. A tting of thetprbation energy was used to
obtain a growth rate 0.152, which agrees well with the grovatie 0.160 obtained from linear
calculations. The energy remains largely in the mean stdtsvever,E (t = 150)=E(t = 0)

0:7, implying a loss about 30% of the total energy; this shoulddmapared to just under 10% loss
for the shear layer run. A test run at higher resolution iatdis that this loss of energy is due to

the choice of Re and not from the runs being under-resolvid.dissipation ratere is plotted in
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Figure 6.7: Time-series of energy for the Bickley jet run at=R500 (blue= kinetic; solid= perturbation
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Figure 6.8: Time-series of the dissipation ratg for the Bickey jet run at Re 500.

Figure 6.8. The dissipation is again bounded by its initele as explained before.

6.5 MHD evolution: hyperbolic-tangent shear layer

We now examine the effect of a magnetic eld on the nonlineangion of unstable shear ows,
starting with the shear layer before moving onto the jet flgoWe consider an initially uniform

magnetic eld, so the initial state is not resistively urida(e.g., Biskamp, 20084). However, the
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evolved state may be resistively unstable, and the dynamégsbe altered by resistive instabilities.

A priori, we might envisage three MHD regimes:

1. MHD effects are “strong’, so that although the initialtstés linearly stable, it could be

nonlinearly stable (e.g., suppression of shear layerumjj-

2. MHD effects are "weak’, and the evolution is much like tlyeltodynamic case;

3. some intermediate case between the two, where the Jamimtgon can wind up the eld

lines, build up MHD feedback, and modify the nonlinear depehent.

It is this intermediate case (3) we are particularly intexésn; although the eld is initially weak
(measured by energy ratios for example), MHD effects maybeategligible when the nonlinear
evolution is concerned. Naturally, we expect the degreeexdlback to depend on the eld strength

M , the magnetic diffusivity as measured by Rm, and, on theogisg as measured by Re.

The nonlinear development of the MHD shear layer case hasdtedied previously (Miura, 1982;
Malagoliet al, 1996; Franlet al., 1996; Jonest al,, 1997; Keppenst al,, 1999; Jeongt al., 2000;
Baty et al., 2003; Palottiet al., 2008). However, all these authors have used routines risbifpr
solving compressible MHD. Furthermore, all these worksrafrom Palottiet al. (2008), rely on
resolution dependent numerical dissipation. Paktdttal. (2008) investigated the dependence of
the evolution on Rm but not on the eld strengdth, whilst the other works investigated the effects

of M and the sonic Mach number on the evolution.

The account we present here is new in that we numericallyegblr incompressible MHD system
rather than a small Mach number run of compressible MHD, amthermore, we investigate the
simultaneous dependence of the nonlinear evolution on ldodind Rm. The former is perhaps
not that signi cant, as it appears that the more strikingeaspf the nonlinear evolution stems from
MHD rather than compressible effects (Malagetial., 1996; Jonegt al, 1997). The nonlinear
evolution can result in secondary resistive instabilifiese nite Rm leads to reconnection events,
which release magnetic stresses back onto the ow, altéhieglynamics. The theory of classical
resistive instabilities relies on Ohmic dissipation (eRjskamp, 2000x4), so we argue that, for
any attempt to reconcile the numerical results and the yhearploying explicit Ohmic dissipation

rather than some numerical artefact is essential. Furbeng able to control the strength of
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parameter value
0.44
Ce 0.2
Ly Ly ;2= ] [ 1010]
Re 500
M 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.1
Rm 50, 250, 500, 750, 1000
Nx Ny 512 1024for Rm= 1000

384 768for Rm= 750
256 512otherwise

Table 6.1: Parameter values employed in our investigatiothie shear layer pro le.

Ohmic dissipation is important in a systematic exploratidparameter space, something that is

not possible with resolution-dependent dissipation.

For our investigation, we x Re= 500, and consider several values of Rm ranging frednto
1000(or, effectively, several values of the magnetic Prandthbar Pm= Rm=Re ranging from
0:1to 2), and a wide range of basic eld strengths measuredlbyAll runs are dealised, and, as
a reminderM = 1 guarantees linear stability (from Chapter 5 here). We hagaded on small
values ofM , where the linear growth rates and eigenfunctions are anbllgperturbations away
from the hydrodynamic case. We use the same fundamentahwaneer = 0:44, chosen so that
only a single wavelength of the primary instability is sugpd. Calculations have been carried

out at the parameter values given in Table 6.1.

For illustrative purposes, we focus on three sample rungrevRm= 500, andM = 0:01, 0:03,
and0:05. At these values oM, the initial magnetic energy is no more than 1% of the initial

kinetic energy. Figure 6.9 shows snapshots of vorticitynfthese runs.

Figure 6.94) shows the run aM = 0:01, a truly weak eld case, for which the evolution
resembles the hydrodynamic evolution. In this case thesteétching and shearing of the magnetic
eld, but the resulting magnetic forces are never stronguginato alter the macro-dynamics in any
signi cant way. This should be contrasted to thke = 0:03 run given in Figure 6.9). As the

shear layer rolls up, the stretched eld is now strong enotogfeed back on the ow, resulting
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Figure 6.9: Snapshots of vorticity for the shear layer dedéint eld strengths (at Rns Re = 500).

in positive vorticity laments in the peripheral regions tife vortex. This build up of laments
with strong vorticity however is not sustained, andtby 150 the laments have been smoothed
out by dissipative effects. The nal frame of Figure &pétill bears some resemblance to the
corresponding frame for thel = 0:01 case, with a clear signature of the vortex, although it
has diminished in size. This would perhaps be termed a ‘ynddiruptive' case. Figure 6.8\
shows a “severely disruptive' case, whdn= 0:05. The initial roll-up is similar to the other two
cases; however very strong regions of vorticity are creatgd = 100 the vortex seems to have
suffered some elongation and shearing due to the MHD fe&dirato the ow. By the end frame,
although there are still traces of the vortex remaininga#t been substantially reduced in size, and

the dominant features in the domain are now strong vortikityents.
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FortheM = 0:1, Rm=500 case (not presented here), what little remains of the pamtdx is
destroyed byt = 150, and vorticity laments litter the computational domaim ihcreasing Rm
for the above runs, the behaviour becomes more violent andliberved disruption is stronger.
For example, thé = 0:03, Rm = 1000 run is more like the severely disruptive run presented
here in Figure 6.9, in contrast to the mildly disruptive run at the saMebut Rm= 500 shown

in Figure 6.906). This indicates that there is stronger disruption withréasingM and Rm.

Itis informative to see the magnetic eld line con guratiofthis may be done by plotting contours
of the magnetic potentid ; snapshots of the eld lines are given in Figure 6.10 for theé cases
presented here. The contours are chosen so that the elsl fimead the regiog 2 [ 2;2] at

t = 0, with a 0.5 spacing; the eld line threading = 0 is omitted for clarity. We see that in
Figure 6.104), for the non-disruptive case, the eld lines are wound upthoy vortical motion
and form concentrated ux regions on the edges of the vodegh regions should also be seen as
current sheets, which are expected to be resistively ulestabsuch a situation with curved eld
lines, the magnetic tension, given By= b r b, has a component directed into the vortex. The
idea is that the vortical motion winds up the eld lines andldsiup magnetic stresses, which are
then released at a major reconnection event, and act onttexvin this weak eld case the force
is not strong enough to disrupt the vortex in any signi carsyw By the end time, the magnetic
loops inside the vortex have largely been diffused and magne has been expelled from the
centre to the edges of the vortex. This process of ux expulsias previously been described by
Weiss (1966), who, via dimensional arguments, also preditte strength to which elds could
grow. Although his numerical computations were carried inuhe kinematic regime, with no
feedback on the velocity eld via the Lorentz force in the mamum egauation, thiel = 0:01
case here is comparable to his results in that the Lorente ismever signi cant compared to the

uid inertia even locally, and the kinematic assumptions aell satis ed.

Now we compare the weak case Mf = 0:01 to the mildly disruptive case dfI = 0:03in
Figure 6.10). The magnetic stresses are now strong enough to cause so@idn. The parent
vortex is still present after the mild disruption and a uxpelled state is reached. The = 0:03
case suffers no further disruption events after 150 in a longer test run we have carried out.
This may be explained by the fact that, since the vortex is &bimaintain its integrity after the
initial disruption, most of the eld lines that thread thertex end up being expelled, so there is

nothing left for the surviving vortex to wind up. For thdé = 0:05 case in Figure 6.1@J, the
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Figure 6.10: Snapshots of eld lines for the shear layer rirseveral eld strengths (at Rm Re = 500).

stresses released are even stronger and distort the vigméxantly. The evolution is completely

different, with clear signs of magnetic islands, and a uypebed state is not achieved.

We observe that disruption is a fast phenomenon, occurringpimore than an eddy turnover
time. One key point we want to highlight is that the disruptiovhen it does happen, affects the
dynamics well before the ux expelled state has been reachAksd, to demonstrate further that the
magnetic tension does act to distort the vortex, we plot gqufeé 6.11 the eld line con guration

with the tension force overlaid as arrows, at a time beforeappndisruption event has occurred.

There is indeed a component directed towards the centre aftitiex.
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Figure 6.11: Magnetic tension, plotted as arrows, with nitagie proportional to their length, superimposed

on a eld line plot. The arrow lengths have been magni ed byaetbr of four for clarity.
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Figure 6.12: Snapshots of current for the shear layer ruRifat Re= 500, M = 0:05).

Figure 6.12 shows snapshots of the current defsity theM = 0:05run. The con guration is
consistent with the eld line plots in Figure 6.1€( in that strong current layers are formed on the
fringes of the vortex. Such thin layers of current are knowbé resistively unstable. Note also

that it is not a single current layer, but a double currengtakiat exists on the edges of the vortex.

One other feature to note in the more violent disruptive €dsethat the current distribution

bears a noticeable visual resemblance with the vorticiggribution, as has been observed in
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Figure 6.13: Field line con guration from a tearing unstabiitialisation, with no background ow.

two-dimensional MHD turbulence simulations (e.g., Biska& Welter, 1989; Biskamp, 2003;
Dritschel & Tobias, 2012). The shearing of the eld lines teosgest at regions with non-zero
vorticity so perhaps it is not entirely unexpected that theent is largest around these regions

and implying a vorticity-current correlation.

It is known that, in thin current layers, the tearing typetafdities are usually the fastest
growing instabilities (e.g., Furtht al. 1963; Biskamp 2000x4; Priest & Forbes 20006). In
Figure 6.13 we show the eld line con guration from nonlimeaimulations, initialising with
Bo(y) = tanh( y) (the single current layer, Figure 64)3andBg(y) = sect(y) (a double current
layer, Figure 6.18), with no background ow. The tearing instability causesmghing of the eld
lines and forms magnetic islands. In other nonlinear sitiana in vortical ows (e.g., Biskamp &
Welter, 1989), the break up of current layers is often aitat to tearing instabilities, and, in those
cases, the break up is often accompanied by balloon liketates in the electric current. These
balloon like structures have been observed in some of oulingam simulations of shear ows
with background magnetic eld, so, given that tearing ibhdiides are usually the most unstable
resistive instability in a thin current layer con guratioit seems plausible that these are also in
play here. We give some details of our attempt at providingenewidence for pinning down the

exact resistive instability at play in the discussion settt the end of the chapter.

Going back to the shear layer case, we show snapshaidafthe sample runs in Figure 6.14.

Compared to the hydrodynamic cases, we make the obserthtibdisruption events encourage a
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Figure 6.14: Snapshots affor the shear layer runs at different eld strengths (at RniRe = 500).

further broadening of the pro le after the initial roll-ugnd the shear layer width is increased.
Further, the stronger the disruption, the larger the shagerlwidth. This agrees with the
observations made in previous studies (e.g Padoti., 2008).

The energy evolution in incompressible MHD is given by
VAVA VAV ,ZZ

1 M
g 24 M2ir A2 - = |2 M- 2 :
>t (r j©+ M“4jr Aj°) dxdy Re I < dxdy R j < dxdy; (6.44)
consisting of a kinetic energy term, magnetic energy terisgous dissipation proportional to
enstrophy, and Ohmic dissipation proportional to curreptased. We plot in Figure 6.15 a time-

series of the energies for the sample runs.

Growth rates for the linear instability are inferred via &ingy of the perturbation kinetic energy
as before, and we see that the growth rates are to the hydmdyrgrowth rate at 0.185. For
theM = 0:01 case in Figure 6.18], it can be seen that perturbation magnetic energy remains
considerably smaller than the perturbation kinetic enetigig is consistent with the observation
that MHD effects play a secondary role in the dynamics in¢haise. The total energy loss is about
10%, comparable with the hydrodynamic case. Forlhe= 0:03 case in Figure 6.15], the
perturbation magnetic energy is still an order of magnitehaller than the perturbation kinetic
energy. The perturbation magnetic energy is seen to decaytfe 100 signifying no signi cant
build up of the magnetic eld after the primary disruptionhd total energy loss is around 12%,

still comparable with the hydrodynamic case. For Me = 0:05 case in Figure 6.18], the
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Figure 6.15: Time-series of the energies (btukinetic; red= magnetic; solid= perturbation state; dashed
= mean state; black dot-dashed lmetotal energy) for the shear layer runs at different eld styths (at
Rm= Re= 500).

perturbation magnetic energy is comparable with the peation kinetic energy, and this certainly
indicates that the dynamics are signi cantly in uenced by effects. The total energy loss here

is higher, at around 17%.

The increase in energy loss observed in Figure 6.15 is perkapected; since the Ohmic

dissipation rate given by 77

2
M- j 2 dxdy (6.45)

Rm

Rm —

is related to the current density, and we have already obddhat strong current sheets appear
as a result of the vortical motion, this implies that extrasighation is present, leading to higher
energy loss. We plot in Figure 6.16 the viscous dissipatair Ire, the Ohmic dissipation rate
rm and the total dissipation for the three sample cases. Indtesdeen that the more disruptive

case aiM = 0:05 has a much higher Ohmic dissipation, so much so that Ohmégodigon is the
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Figure 6.16: Domain-integrated dissipation ratg (blue curve), rm (red curve) and = ret+ rm (black

dashed curve) for the shear layer runs, at RiRe = 500.

dominant contribution of the total dissipation. AddititlgaFigure 6.16€) shows that there is an
increase in re aroundt = 70 for this severely disruptive case, signifying that therarigncrease

in global enstrophy and hence vorticity production by MHEeefs.

Before classifying the computational runs, there are direveral questions that one should ask:

1. Can we predict how the growth of the magnetic stress giweiRm and Re, and, using this,

estimate the degree of disruption?
2. What is the dependence of disruption on Re and other hydesdic secondary instabilities?

3. Is the break up of the layer caused by a tearing type nesiststability?

We shall now attempt to answer the rst question, and progdénematic estimate that depends

onM and Rm; we defer the latter two question to the discussiotioseat the end of the chapter.
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6.5.1 Regime boundary estimation

We know that if the magnetic stresses built up by the vortination are signi cant before the
major reconnection event occurs, then we can expect disrupt occur. The question then is

how to quantify the size of the stresses.

The circular motion of the vortex has associated with it arjeetal force. For a uid with density
and permealbility o, if a uniform vortex has length scale, and velocityUg, then the centripetal
force scales likeU 2=Le. So we expect there to be signi cant disruption if the tendiorce T is

comparable to the centripetal force, i.e.

T j brb (6.46)

Lo’
where agairb = b P ~ o is in units of velocity. Then it remains to estimate how lafigean
get. For this purpose, we employ a kinematic argument sirtaléhat given in Weiss (1966). A
kinematic argument should at least give us a rst estimatbaf largeT can grow until it is

arrested by dissipative effects.

We start from the (dimensional) induction equation

@_
@t

Now, the initial large-scale eld at length scalé. may be ampli ed to a stronger small-scale

r (u b+ r2b (6.47)

eld bat a smaller length scale Away from dissipation scales, ux conservation implieathve

have

Bole=b ) p= Boke. (6.48)

This ampli cation is arrested when the advection tarm (u b) is comparable to the diffusive

term r 2b, i.e.

Uio 32 (6.49)
implying
p ebe 1:380: (6.50)
This is the rst part of the argument in Weiss (1966), and bhere is hiB 1.
Now, sinceb  Bgand™ Le, we have, using (6.48) and (6.50)
Tibey 205 B 651)

BOLe
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This suggests we are in the disruptive regime when

U, B0 LLJ:Z y  Bo 2 (6.52)
where ¢ is the typical scale for vorticity in two-dimensions.
Going back to our non-dimensional set up, a constant eldliesghat
Bo! M; } I Rm;
so the expected disruption condition (6.46) becomes
M?Rm (6.53)

For the shear layer pro le considered here, 1. The severely disruptive case @1; Rm) =
(0:05,500) has M ?Rm = 1:25, the mildly disruptive case ofM: Rm) = (0:03,500) has

M 2Rm = 0:45, and the non-disruptive case (¥1; Rm) = (0 :01;500) hasM 2Rm = 0:05,

so this kinematic prediction is then at least consistent tie observed disruption for these three

sample cases.

As argued before, the disruption event occurs well befose ax expulsion regime is reached
(approximately half to one turnover time compared with ¢hoe four turnover times for ux
expulsion), so we use the above estimate, which takes icmuat how much the eld lines may
be ampli ed before itis arrested by nite magnetic dissipat We will test our kinematic estimate
here, and discuss the possibilities of a dynamic estimatteeidiscussion section at the end of the

chapter.

6.5.2 Regime classi cation

We now proceed to classify our set of runs(M; Rm) space. To do this we need some way of
measuring the degree of disruption. There are severalrtsatorrelated with the observed degree
of disruption, such as the dominance of lamentary vonrjicgtructures and the increase of shear

layer width. We construct measures that make use of theseligervations.

More lamentary structures implies more small-scale dttivIn a spectral representation this
implies that more modes are required to reconstruct thdnatigoro le. Using vorticity as

an example, since we have data for vorticity collocated atréievant points, we consider a
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case Keut marker

severely disruptive Keit 25
mildly disruptive 10<keut< 25 4

no visible disruption Keut 10

Table 6.2: Regime classi cation for the shear layer in treimpressible case, using the spectral truncation

measure.

spectral representation of the data. We then take someatianavavenumbek.;, and a spectral
truncation is carried out by setting to zero the coef ciemtish wavenumberkey: < Ky Ny

for Chebyshev modes and,: < kx ~ Nyx=2 for Fourier modes. The enstrophy associated with
I (k = keyt) is calculated for increasinky,: until some large percentage of the total enstrophy is
recovered, and we record thg,; that achieves this; vorticity elds possessing more lartey
structure will have a highet.,;. As a demonstration, reconstructions of the spectrallydated
vorticity at several values . are given in Figure 6.17, using the= 100 frames of Figure 6.9.
The enstrophy capture percentage, giverkby,k?=k! t,1k?, wherek k is interpreted in thé 2
sense, is given underneath the panels. As expected, fonahere the main feature is the parent
vortex, only a few modes are needed to capture most of theophstand reproduce the original

pro le. More modes are required when lamentary structuaes present.

For our purpose we choose thg, that recovers 99% of the enstrophy, i.e.

kl Cutkz . |
oz > 099 (6.54)

and we takek.,; maximised over the run time at ea@; Rm). We choose to use enstrophy over
the current squared because in our case Re is xed whilst Rmotisand a larger Rm allows for
thinner current sheets, naturally resulting in a laiggr. Enstrophy is used over energy because
enstrophy provides a sharper measure, asone derivative higher than . The maximum over
the run is taken because this takes into account when thatyagdiat its most vigorous, compared

to, say, takindt at the end time when diffusion may have already smoothedauéedeatures.

Using Figure 6.17 as a rough visual guide and with some edidr using some sample runs,
we classify the runs as in Table 6.2. The raw data from our fsetns is given in Table 6.3; for

comparison, the hydrodynamic run at R&00 haskey: = 7.

Another measure of the disruption that we consider is thehnafl the shear layer. As observed
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Figure 6.17: Vorticity eld truncated spectrally at sevelevels, for thet = 100 snapshot (third row of
Figure 6.9). The enstrophy capture ratio given by the lefichside of (6.54) at various truncation levels is

also given.
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M 0.01| 0.02| 0.03| 0.04| 0.05| 0.06 | 0.07 | 0.1
Rm
1000 7 17 37 25 55 54 60 | 60
750 7 14 30 34 34 41 45 | 60
500 7 7 24 31 33 31 33 | 46
250 7 7 7 22 27 29 28 | 31
50 7 7 7 7 8 9 11 | 14

Table 6.3: Raw data from the set of calculations atR¥00 for the shear layer, with numbers denoting the

truncation wavenumbe,; maximised over time. The hydrodynamic case kas= 7.

case layer expansion factbr marker
severely disruptive f 15

mildly disruptive 1.15<f< 15 4

no visible disruption 115 f

Table 6.4: Regime classi cation for the shear layer in theoimpressible case, using the shear layer width

measure.

in Figure 6.14, the more disruptive the run, the larger theaskayer width. To measure the shear
layer width, we nd the location whergd  T; j < 0:01, with TU; the free-stream value of the
prole (u; = 1 for the shear layer prole). To give a measure, we X a snapdime, and
calculate the shear layer width, normalised by the shear lajdth in the hydrodynamic case at
the corresponding time. For our purposes, we took the laydthvat the end timé = 150, so

_ layer width of run at = 150 .
" layer width of hydrodynamic run at= 150"

(6.55)

From this, we classify the runs as in Table 6.4. The raw datgivien in Table 6.5. The
hydrodynamic case has a factor Hfwith an initial layer width of about 5.9 and an end layer

width of 7.65.

Using the two classi cations, we plot in Figure 6.18 regimagitams in(M; Rm) space based
on the two measures given, for the single wavelength case at 500. Lines ofM?Rm = C,
consistent with (6.53), for several values©fare overlaid onto the diagram. There was some
calibration required for classifying the simulations;sthias been done so that the essentially

hydrodynamic runs and the severely disruptive runs areucaghtas best as possible. There are
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M 01| 02| 03] 04| 05| 06| 07| 01
Rm
1000 1.08| 1.30| 1.74| 1.88| 2.11| 1.94| 2.37| 2.46
750 1.07| 1.28| 1.69| 1.81| 1.95| 1.99| 2.37 | 2.52
500 1.04| 1.17| 1.37| 1.57| 1.88| 2.01| 2.24 | 2.56
250 1.04| 1.07| 1.20| 1.41| 1.67| 1.78| 2.01| 2.40
50 1.03| 1.04| 1.07| 1.07| 1.13| 1.10| 1.25| 1.52

Table 6.5: Raw data from the set of calculations at=R®&00 for the shear layer. The numbers denote the
shear layer width expansion factor (relative to the hydradyic run at Re= 500, taken at end time). The

expansion factor for the hydrodynamic case is de ned t6 bel.

one or two differences in classi cation but these invanali¢ close to our regime boundaries.
The boundaries were not expected to be sharp, so we argubehainor differences in this case
does not invalidate our conclusions. It appears M&Rm  0:5 captures most of the severely
disruptive cases. More important, the dependence of valigxiption by secondary resistive
instabilities is well described by the estim&te?Rm, at least for the range of parameter values we

have considered.

6.5.3 Dependence of evolution on Re

In the hydrodynamic case, when the domain is large enougipimost two or more wavelengths of
the primary instability, vortices formed from the primanstability may pair up. One might ask
about the interplay between the pairing modes and the dy@diynidriven resistive instabilities
when the domain is large enough to support pairing instadsli In the test runs we have carried
out, we observed that, disruption, if it occurs, does so fleefmy pairing of the vortices; for
severely disruptive cases the vortex can be destroyedebefoy pairing can happen. For the
cases where the disruption is mild, disruption occurshsilfigreducing the vortices in size, then
pairing occurs. Assuming this pairing is allowed to takecplaone can imagine cases where the
primary disruption is weak/mild, but any subsequent pgirgsults in further build up of magnetic
stresses, promoting a weakly/mildly disruptive case toldlgiseverely disruptive case. We have
not observed this in any of our test runs, but these werdaestrto no more than four wavelengths
because of limits on resolution available. In the study ofyBs al. (2003), eight wavelengths of

the primary instability were allowed, and, in their Figurg & promotion to a severely disruptive
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Figure 6.18: Regime diagram, as measured by the spectraiation wavenumbe.,; (maximised over
time) and via the shear layer width expansion faét¢taken at end time). The suggested boundary given

by (6.53) is plotted for several values Gf

case is seen (their Figure 15 comes from a fully resistivepressible MHD while the other runs

in that paper use a numerical dissipation).

Hydrodynamic secondary instabilities were seen also tp @leole in the transition to turbulence
and are dependent on Re (Mashayek & Peltier, 2012a,b); hewewst of these secondary
instabilities are excluded in our physical set up. Our satiahs are limited to Re 1000 and as

yet it remains inconclusive whether the dependence on Reakev tharM 2Rm, as suggested by
the kinematic estimate; in our tests runs at higher Re werebdhat the disruption appears to be

more severe.
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6.5.4 The cases with largeM

For completeness, Figure 6.19 shows snapshots of theitsoftic runs with larger values df/
than those considered previously; recall, from Chapteh& N 1 guarantees linear stability
of this basic state. A larger perturbation to the vorticitgsagiven to compensate for the slower
growth rates. We should note that the time snapshots areongparable to those in Figure 6.9

since the perturbation is of a different magnitude.

For theM = 0:2case in Figure 6.18]), we observe severe disruption, with regions of very strong
vorticity generated even before the vortex has completelgpn&éd. The disruption is very rapid
and strong laments litter the domain. Even in this sligtghlyorter run, the shear layer is observed
to have spread to the boundary. For Me= 0:4 case in Figure 6.18), we perhaps still observe
some disruption, but now the background eld appears to bengtenough to suppress uid
motion, and by the end frame, we have what would be deemediadastate. For thé1 = 0:6
case in Figure 6.18), nothing that is characteristic of disruption is obseneatt it would appear

that even the rolling up motion has been suppressed.

We note then that the disruption estim&te?’Rm e only predicts the degree of disruption
where there is a rolling up of the shear layer. The transitioation between the disruptive regime

and the nonlinearly stable regime has not been investidetes

6.6 MHD evolution: Bickley jet

We now consider an analogous investigation for the Bickétypjo le. In planar geometry, the
evolution of this pro le in the incompressible MHD systemsheen investigated by Biskamp
et al. (1998); jet-like proles in the compressible MHD regime lealseen investigated by, for
example, Min (1997a,b) and Baty & Keppens (2006). All thesthars nd that vortices may
be disrupted, and that weak vorticity bands become the damhifeature in the domain. As in
the shear layer case, we consider valueMothat, according to linear theory, result in growth
rates and eigenfunctions that are comparable to the hydamdiz case. As was done previously,
we take = 0:9, with a domain that supports two wavelengths of the primasgability, partly
for consistency, and partly to demonstrate that compleseipiion may happen before pairing of

vortices occur. A summary of the run parameters is given bi€Té.6.
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Figure 6.19: Snapshots of vorticity for the shear layer atesdarger values o1 (at Rm= Re = 500).
Note the use of a wider colour scale compared to Figure 6@ tlaa simulations were initialised with a

larger perturbation than the ones presented in Figure 6.19.

As before, we take three representative runs, carried oRivat= 500 andM = 0:01, 0:03,
and0:05; as a reminderM = 0:5 implies linear stability (see Chapter 5). In Figure 6.20 we
show snapshots of the vorticity for these three runs. Inadks, the primary instability causes a
meandering and break up of the jet, as in the hydrodynami diaplayed in Figure 6.5. For the
M = 0:01case in Figure 6.2@}, att = 100, we see that there is some sort of distortion to the
vortices, due to the release of built up magnetic stressesthe vortices take an almost triangular
shape in this frame. The stresses built up in this case haveegecvidently not very strong, and

the vortices are able to recover their elliptical shapes byl50; at this time, we also see early
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parameter range
0.90
Ce 0.2
Ly Ly [0:2= ] [ 10,10]
Re 500
M 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.1
Rm 50, 250, 500, 750
Ny Ny 384 768for Rm= 750

256 512otherwise

Table 6.6: Parameter values employed in our investigatiothe Bickley jet pro le.

signs of vortex pairing.

We may contrast this to the other two cases, where thin viyrtiayers are seen in the= 75
frames. The resulting magnetic stresses are larger andhétveésa more signi cant impact on the
ow. By t = 100, the vortices have lost their structure and bands of voytlmecome the dominant
feature in the domain, as in Biskarepal.(1998). Unlike the shear layer case, however, it appears
that disruption is not sustained; there is one primary @igon but this does not trigger further
disruptions. We attribute this to the fact that, for the shager, the primary disruption results in
motion that can tap into the background ow when the layeeagds away from the region near

y = 0, triggering more disruption. This is not the case for thekl&g jet pro le as the ow is
primarily supported near = 0. The intensity of vorticity at the late time= 150 is substantially
lower than for theM = 0:01 case in Figure 6.2@J, signifying that there has been increased

dissipation, resulting in a signi cant decrease in acfivit

The associated magnetic eld line proles are plotted in Uig 6.21, again with eld lines
threading the regiog 2 [ 2;2]att = 0, at 0.5 spacing; the eld line threading= 0 is omitted
for clarity purposes. For all cases, it is seen that the regan the edge of the vortices coincide
with regions of strong ux concentration, implying strongreent layers at these locations. This
strong eld region is again not a result of ux expulsion, lnather a result of the vortical motion
winding up eld lines. For theM = 0:01 case in Figure 6.24&), we observe the formation of
some magnetic islands, indicating that reconnection ofmetig eld lines has occurred. For

the M = 0:03 case in Figure 6.2b], we see very clear traces of magnetic islands even until
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Figure 6.20: Snapshots of vorticity for the Bickley jet dfelient eld strengths (at R Re=500).

t = 150, suggesting that the relaxed state is still to be reached. tfeoM = 0:05 case in
Figure 6.21¢), it appears that the relaxed state is almost reached, witte slistorted eld lines
but no traces of magnetic islands. This largely diffusetestecurs sooner than tid = 0:03
case in Figure 6.2y, indicating that a stronger disruption leads to a quickdaxation to a state

with weaker activity.

Snapshots of the electric current dengifipr theM = 0:05case are shown in Figure 6.22. As for
the shear layer, double current layers are observed at tlesad the vortices rather than single
layers; this con guration is expected to be unstable to #mily of tearing instabilities. Filaments
are again the dominant features in the domain. It is alsodgstg to see that, in Figure 6.20(

the intensity of the current at this late time is very low; tast this to the shear layer case, with
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Figure 6.21: Snapshots of eld lines for the Bickley jet riaiseveral eld strengths (at Rm Re = 500).

its current pro le given in Figure 6.12).

In Figure 6.23 we show snapshotstof As with the shear layer, there is broadeningidds the
primary instability saturates and the jet breaks up intdiees. In contrast to the shear layer case
however, the jet widths (computed using eitfer T; jorjT™ 17; j as the measure) for the runs
at different eld strengths at the end tinte= 150 are in fact comparable with each other. This
seems to be because there is really only one signi cant plignu event, in contrast to the shear
layer case where a cascade of disruptions may occur, letalangubstantial increase of the shear
layer width. We do observe, however, that the decrease ik pgavalue, given bymaxju(y)j,

is correlated with increasing disruption, with more digivg runs leading to a larger decrease in
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Figure 6.22: Snapshots of electric current for the Bick&y(@t Rm= Re=500,M = 0:05).
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Figure 6.23: Snapshots affor the Bickley jet runs at different eld strengths (at RmRe = 500).

max ju(y)j. We use this later to construct a measure of disruption.

Figure 6.24 shows the energy time-series of the represamtains. Again, a growth rate
is inferred by a tting of the perturbation kinetic energy dathese values are close to the
hydrodynamic dynamic growth rate at 0.160. As in the shegerlauns, we observe that the

magnetic energy levels saturate at a different magnitugerd#ing on the initial eld strength.
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Figure 6.24: Time-series of energies (blukinetic; red= magnetic; solid= perturbation state; dashed

mean state; black dot-dashed Imeotal energy) for the Bickley jet runs (at Rm Re = 500).

The disruptive cases have the perturbation magnetic amtikienergies comparable at some point
during the run. There is a noticeable loss of total energyivth= 0:01 case in Figure 6.24] has

a loss of around 30%, comparable with the hydrodynamic casiést in theM = 0:05 case in
Figure 6.24¢), this is around 40%.

In Figure 6.25 we plot the dissipation rates for the threesrwnlike the shear layer runs, Ohmic
dissipation is not necessarily several orders of magnituigher than the viscous dissipation;
however in all three runs they are at some point comparable Ghmic dissipation increases
to a peak value but then generally decreases afterwardg;asbthis to the shear layer case in
Figure 6.16 where multiple well-de ned peaks in the Ohmissiphation are observed. This is
consistent with the observation that the disruption evargsiot sustained, and there is really only

one primary disruption event.

In this multiple wavelength case there is the possibilitpaifing of like-signed vortices; however

in the runs where we observe disruption, the destructionoofioes occurs before any vortex
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Figure 6.25: Domain-integrated dissipation ratg (blue curve), rm (red curve) and = re+ Rrm (black

dashed curve) for the Bickley jet runs.

pairing has occurred. When the eld is suf ciently weak, tioes form as usual and the evolution
is essentially like the hydrodynamic case. One may ask \ehettultiple pairings can lead to

more disruption due to extra winding up of eld lines. As dissed in the shear layer case, this
certainly seems possible from the work of Batyal. (2003); however we have not observed it in
any of our test runs with a larger domain (we have limited elwes to a domain that supports no

more than four wavelengths of the primary instability).

6.6.1 Regime classi cation

Since we still have vortices winding up eld lines, the prews argument in Section 6.5.2 leading
to the estimateM 2Rm e IS still relevant. In this case, 0:7, and the representative
runs give values oM 2Rm consistent with the observed non-disruptive (vortex idabed) and

disruptive (band dominated) cases. We have also tried @giagtral truncation and jet widths to

classify our runs; there is a problem here in that a spectratation does not appear to distinguish
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case peaki reduction factor marker
disruptive/bands < 075
not disruptive/vortices 0:75

Table 6.7: Regime classi cation for the Bickley jet in theompressible case, using the peak jet strength

reduction factor.

M 0.01| 0.02| 0.03| 0.04| 0.05| 0.06| 0.07| 0.1
Rm
750 0.90| 0.64| 0.48| 0.45| 0.52| 0.52| 0.57 | 0.65
500 0.93] 0.69| 0.51| 0.45| 0.51| 0.56| 0.51| 0.65
250 0.96| 0.89| 0.67| 0.51| 0.51| 0.53| 0.51| 0.29
50 0.96| 0.96 | 0.93| 0.80| 0.80| 0.40| 0.26| 0.29

Table 6.8: Raw data from the set of calculations at=R&00 for the Bickley jet. The numbers denote the

peak jet strength reduction factor relative to the hydraayit case.

between relatively wide bands of vorticity and compactiged, and we have already made the
observation that the jet widths of the saturated statesaaipdne comparable to each other in our
runs. One measure that does seem to be well correlated witthethiree of disruption is the peak
jet strength valuemaxju(y)j. We will thus takemax ju(y)j at the end of the MHD simulations
att = 150 and divide this by the peak value of the equivalent hydrodyinaun to give us a
reduction factor. We classify the runs using the conditigiven in Table 6.7; the corresponding
hydrodynamic case of course has a reduction factor of 1, makju(y)j = 0:55att = 150 in

this case. The raw data is given in Table 6.8 and a regimeatiagg given in Figure 6.26.

We see thaM ?Rm  0:1 appears to capture all the disruptive cases. More impdytathie

dependence of disruption on the combinati#Rm appears to be well captured.

6.6.2 The cases with largeM

For completeness, we plot in Figure 6.27 snapshots of thiigprof a run at largeM , here at
M =0:25(M = 0:5implies linear stability), with Rm= Re= 500. The jet appears to meander a
little but does not break up into vortices; compare this toghear layer case where the vortex does

not form at largeM . Again, the estimat® 2Rm e requires that we have vortices forming
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Figure 6.26: Regime diagram, as measured by the reductithegfeak value dfi at end time as a relative

factor to the equivalent hydrodynamic case. Agdd;Rm = C is plotted for some values @.
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Figure 6.27: Snapshots of vorticity for the Bickley jet rurivh = 0:25 (at Rm= Re = 500).

in the rst place; the transition between the disruptive amuthlinear stable regime has not been

investigated.

6.7 Summary and discussion

To summarise, we have investigated the nonlinear evolutibrshear ow instabilities in
incompressible MHD, taking = 0. Even for weak background eld (in the sense that the initial
magnetic energy is much smaller than the initial kineticrgpkg it is known from previous work

that the vortical motion arising from the hydrodynamic exmn can amplify the magnetic eld,
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feedback onto the ow, and cause disruption to the cohefenttsires that would otherwise form.
Our work here appears to be the rst to investigate the siamglous dependence of disruption on
the basic eld strengttM and the dissipation parameter, in this case measured by dhjeatic
Reynolds number Rm, as well as provide an estimate for theramce of the degree of disruption

on the parameter values.

For the shear layer, we focussed on the case where the doopporss a single wavelength of
the most unstable mode. In the hydrodynamic case, the shgarrolls up into a vortex, and in
our physical setting, there are no observable hydrodynaetondary instabilities (e.g., pairing,
braid, convective etc.) that affect the stability of thetesr and the vortex was seen to be long-
lived. When a background magnetic eld was included, thrases were observed: the case
where MHD effects are truly weak, the evolution being esadnthydrodynamic, with the eld
lines advected passively and eventually reaching a ux Begeegime; the mildly disruptive
case, where the vortical motion stretched eld lines, releg stresses, but the vortex survives this
disruption, retains its integrity, and a ux expelled regmas also reached; the severely disruptive
case, where the MHD feedback was suf ciently strong, diingpthe vortex signi cantly, a ux
expelled regime is not reached, and the resulting domireattfes in the domain are vorticity
laments rather than a coherent vortex. The degree of digypvas seen to become more severe
on increasing Rm and/df (assuming that we are still in the nonlinearly unstablemegi It was

also seen that the increase of the shear layer width wadatedevith the degree of disruption.

With regards to the disruption mechanism, vortical motiomds up magnetic eld lines,
stretching out a thin current sheet and building up magisétisses. This build up is arrested when
the current sheet becomes suf ciently thin and breaks (@bbdue to a resistive instability). This
releases the magnetic stress that feeds back onto the aentally causing disruption. With
this in mind, we provided an estimate for the degree of olexbrisruption using a kinematic,
dimensional argument. The resulting estimate?Rm e, Was tested against the numerical
data overM and Rm space, with the degree of disruption measured by drap&cncation
wavenumber (maximised over the run) and a shear layer wijthresion factor (taken at end
of the run). It was seen that, for the shear layer cd6éRm  0:5 appears to capture all of
the severely disruptive runs, but, more importantly, thgrele of disruption exhibited by the data

conformed well to the parameter combinatidr?Rm.

For the Bickley jet, we focussed on the case where the donugiposts two wavelengths of the
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most unstable mode. In the hydrodynamic case, it was seé¢rihthgets undergoes a kinking
motion before breaking up into vortices, which then subsetjy pair up. In the MHD case, either
the vortices survive the disruption event, and the evatutimoceeds as in the hydrodynamic case,
or the vortices are completely disrupted, and vorticitydsaform instead. The disruption was
observed to be less violent than for the shear layer, in beaietappears to be only one signi cant
disruption event, rather than a continued cascade of disng This was attributed to the fact that,
in the shear layer, the resulting motion can further tap théobackground ow energy away from
y = 0 for trigger more disruption events, whilst this is not thee#or the jet pro le as the ow is
largely supported aroung= 0. It was observed from pro les di that the peak value af, rather
than the jet width or the spectral truncation wavenumbes, beter correlated with the disruption
observed. Since the physical mechanism leading to dismuisi similar to the shear layer case,
we also tested thi! 2Rm o estimate against the data. It was seen hdRm  0:1 appears
to capture all the disruptive runs, and, furthermore, thegeddence on the combinatidn 2Rm

was seen in the regime diagram.

For completeness, we have also performed some runs wittr lrgwhere it appears that we have
nonlinear stability, with no rolling up of the shear layertweaking up of the jet. Our estimate for
disruption then requires that we do in fact have vorticemfng. The transition location between

the disruptive and nonlinearly stable regime has not beastigated here.

Generally, disruption is a fast process, typically ocagrin no more than an eddy turnover time.
For the shear layer, disruption occurs before a ux expetiegime is reached, and for the jet,
disruption can occur before there is any pairing betweenvtitgces. Our estimate, stemming
from a particularly simple kinematic and dimensional arguain also highlights that some care is
needed when the term “weak eld' is used; in our shear ow peof using our estimate, it sl
and Rm in the combinatioM 2Rm 1 that results in an evolution that is essentially unmodi ed
by MHD effects. The fact that disruption by MHD effects is tfasyd depends oM 2Rm
indicates that this phenomenon will be a robust feature enrtbnlinear development of shear
ows in astrophysical systems, since Rm is typically vemgka This disruption mechanism from
MHD effects also provides another route for transition tdtilence without resorting to other
hydrodynamic instabilities that require, for exampleastcation effects, and so can operate even
in strongly strati ed systems where the uid motion is predimantly horizontal and secondary

hydrodynamic instabilities may be weak. This potentialgs impact on, for example, mixing
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properties in such electrically conducting uid systemsimgthing that we have not investigated

here.

We now discuss some other points relating to the disruptienhanism that were mentioned in

the main body of the text.

6.7.1 Dependence on viscosity

All the numerical results presented here were for both tleaskayer and the Bickley jet were
performed at Re= 500, and one might wonder about the effects of increasing Re. &Ve hlso
conducted some test runs at Re750 and100Q one comparison for the shear layer is given in
Figure 6.28, where we plot side by side some quantities édigirom the simulations. There are
some differences, and it is certainly true that the runsrgelaRe appear to result in a more severe
disruption, with more vorticity laments appearing. Sinee are restricted here in computing
resources, we are unable to probe the parameter regionhartRg, although we do observe that
larger Re increases the life-time of the vorticity lamefasmed from the shredding of the vortex.
We also suspect that, in other systems where other secohgdrgdynamic instabilities operate
(e.g., Mashayek & Peltier, 2012a,b), the increase in Realgth lead to a stronger disruption of the
vortices formed, except in this case the disruption is duee ¢ombination of both hydrodynamic
and resistive secondary instabilities. Larger simulai@r ones employing a different formalism;
Dritschel & Tobias 2012) would allow for an investigation tife dynamical dependence on

increasing Re and also Rm.

6.7.2 Arresting mechanism: tearing instabilities?

The cause of the major reconnection event in the shear laysrhas largely been attributed to
tearing instabilities by previous investigations (e.gneket al, 1997; Keppenst al,, 1999; Baty
et al, 2003), although we suspect a similar mechanism is at playhjet runs. In particular,
these authors observe in their simulations the appeardrataiotures that are consistent with the
onset of tearing instabilities, such as magnetic islandscaiains of plasmoids (e.g., Figure 11 of
Keppenset al. 1999; Figure 15 of Batgt al. 2003). Tearing-type instabilities are generally the
most unstable in such a current sheet settidgaf Biskamp 2000x6 of Priest & Forbes 2000).

However, we also observe current sheet pinching beforerusheet break up in regions centred
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Figure 6.28: Comparison between two shear layer ruhé at 0:05 Rm = 1000 at two different values
of Re. Displayed are the energy time-series (Btuk&inetic; red= magnetic), dissipation rates (blae

viscous; red= Ohmic) and snapshots af

around the stagnation point; Figure 6.29 shows snapshdiseofurrent in a higher resolution
run, Re= Rm = 500 but at512 1024 with M = 0:05, centred around the stagnation point.
This pinching is presumably due to the combined effect ofithawv pushing the current sheets
together, and the instability causing the sheet to pinclolild be bene cial if we could separate
the effect due to the background ow, and provide more evideior us to conclude the exact type

of resistive instability causing the major reconnectionrdy

In the time-series of energies shown in Figure 6.15, afteriniftial peak of perturbation kinetic
energy, the perturbation magnetic energy continues to grtitile. One might be convinced that

the perturbation magnetic energy grows at a smaller ratelyploy observation of the relevant
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Figure 6.29: Snapshots of current for the shear layer ruRifat Re = 500, M = 0:05), in a small box

centred around the stagnation point. A pinching of the eursbeet is observed.

gures. If we suppose that might be the case, we could try afet ia growth rate for the tearing
instability via a tting of the available data; using datatWweent = 50 andt = 55 for the shear
layer runs (just before the rst peak in the perturbation metee energy in Figure 6.15), a growth
rate was inferred for some sample cases at several validsafd Rm. The peak eld strength
and the length scales of current layers are obtained fromathedata at = 50, and from this a
Lundquist number
Lu= &, A= —; R= — (6.56)
A VA

was inferred. Here, o is an Alfvén transit time, andgr is a resistive time. We know that,
classically, the tearing mode with no background ow has awgh rate that scales like

Lu 35 (Furthet al, 1963). Comparing the inferred growth rates to the thebiydifference
between the values is around a factor of 2. This may seem pimgnihowever, we should bear in
mind that: (i) we have a background ow and the value of visisowas not taken into account;
(i) a tting of 5 time units is probably too small to be meagifil; (iii) the instability, if it really
is a tearing-type instability, results from the nonlineaolation of a shear ow instability with a
constantly evolving basic state, and a linear phase mayewgli-de ned; (iv) it may be a double

tearing mode.

We also tried to detect the growth rate of the tearing modenlaiyaing data taken from a small box
around key features of the instabilities . We have tried iséVecations (centred on the stagnation
point, centred on the eye-lid of the vortex formed, centnethe leading braid-region of the vortex

formed); however, nothing particularly conclusive resdlfrom this approach.
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We also carried out simulations for the nonlinear evolutdbtearing modes with a background
ow, as in, for example, Ofmaret al. (1993), Cheret al. (1997), Otto & Fair eld (2000). Both
single current layers (e.dBo(y) = tanh( y)) and double current layers (e.Go(y) = sect(y))
have been tried with and without a background shear layer abwlifferent shear layer widths.
The code manages to reproduce what has been documenteoughg\iut does not seem to give
any extra information that is relevant to our case here. ttiqudar, we never observe the violent
evolution associated with the shear layer pro le that isorégd here, for several values of Re

ranging from500to 100Q

Knowing exactly what the arresting mechanism is would cateplthe dynamical picture
concerning disruption induced by vortical motion, as wsllpovide some explicit suggestions
to the parameter dependence we might want to look out foramebime estimations. It certainly
seems plausible that the tearing-type instability actb@stresting mechanism, but we can not be
sure about this until there is more evidence available. Wgecture that it is probably a tearing
mode supplemented by the straining experienced by the-begidn/current-layer centred around
the stagnation point that ultimately leads to the currepéiddreak up. The interplay between
these two mechanisms however is not clear. There are ta@mig investigate this but we have

not looked at this in much detail.

6.7.3 Validating and improving on the disruption estimate

Supposing for the moment that the dependence of disruptioR® is weak, one interesting
and fairly straight forward thing to do would be to see howtfa kinematic regime estimation
M 2Rm e €xtends intqM; Rm) space. This would simply involve running larger simulagon
at higher Rm, possibly using tid 2Rm e €stimate as a guide for where to look in parameter
space. This may also help clarify the resistive instabjibynt made previously, giving us more

evidence towards pinning down the exact type of resistigtalnility causing the disruption.

One possible and more involved investigation would be to ggobhd a kinematic argument
and obtain an estimate that takes into account the dynaraibéek. This has been done in
the magneto-convection setting by Gallowetyal. (1978) and Galloway & Moore (1979) via a
matched asymptotic technique. It would be interesting terek those arguments to this perhaps
simpler case, since we do not have thermal driving. Perhaps/en simpler case would be to

revisit the problem of Weiss (1966), with a vortex in a twoadinsional doubly periodic box and
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a uniform background magnetic eld, but taking into accotire dynamical feedback. Some test
simulations we have carried out shows similar disruptiviesvé@ur as those observed here, but we

have not studied the parameter dependence in nearly as rataifi.d

(At time of nal correction) Dritschel & Tobias (private comunication) have also reported similar results for the

vortex-in-a-box problem.
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Figure 6.30: Computation time scaling for the FFT commaradgraged over 100 calculations. The
computed times for the relevant routines are divided by hieeitetical scalings, so the data should t to

a constant function.

6.8 Appendix A: Differentiation and quadrature routines in Fourier—

Chebyshev spectral space

6.8.1 Fast Fourier Transform (FFT)

For transforming between physical and spectral space wetheséft command native to
MATLAB, which is based on the FFTW library. This was adaptexddaacustom routine here,
which has the option for transforming our data between giaysipace, Chebyshev—Fourier space
and intermediate cases. It is well known that a single FFTaforarray of lengtiN requires
O(N logN) operations. For our tests, we calculate the computatioimgignand, from that, infer
scalings of these timings with increasiNg Some large number of runs were carried out and the
computation time was averaged over the number of runs toayveThis is done at increasing
values ofN to give somd(N) f (N). We plott=f (N) in Figure 6.30, where the averaging was

done over 100 calculations.

We see then the one-dimensional FFT for transforming frowpsical to physical-Fourier or
physical-Chebyshev space scales N logN ), and the two-dimensional FFT transforming
from physical to Chebyshev—Fourier space scalesdigd 2 logN ). Some irregularities are seen,

and this may be due to the fact that FFT is a bit faster wierontains many factors of 2.
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Figure 6.31: Computation time scaling for the commands tduate the integrals of quadratic quantities,
averaged over 20 calculations. The computed times for tlewaet routines have been divided by the

theoretical scalings, so the data should t to a constanttion.

6.8.2 Integration of quadratic quantities

As discussed in Section 6.2, we can evaluate in spectrabghadntegrals of quadratic quantities
by summing coef cients in Fourier—Chebyshev spectral spddis is expected to be slow as the

summation has to be done individually. Instead, we conglderg the integral as follows:

1. Transform from full spectral spacexespectral ang-physical spacd, (%, ) ! f (R;y);
: . . R
2. Perform arx-integration using the standard Parseval's theorenf,(&py) ! f2(y) dx;

3. Perform a transform iy and do spectral integration using the Clenshaw—Curtis rquae:,
R RR
so f2dx! f 2 dxdy.

Two extra FFTs are required but otherwise the relevant ceatipns are fast as they take
advantage of vectorisation. The methods are compared atglgsialogous to that in the previous
section is given as Figure 6.31, averaged at éaabver 20 calculations. The summation method
was only carried out for smalN as the computation time became prohibitively large. Both
computation methods maintain spectral accuracy but itéarcthat the method utilising extra

FFTs is faster and has a better asymptotic scaling.
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6.8.3 Quasi-TriDiagonal Solver (QTS)

The fast Helmholtz solver we use is due to Thual (1986); seeeAdix B of Peyret (2002) and
x4.1 of Canutoet al. (1993). Using the inversion stap® = ! as an example, we note that in
our case the linear system takes the following form in spéspace:

0 1 0 1
k2| n
b+ § N = %g"'g , (657)
b g

D2

:

whereb andg are the vectors and scalars for enforcing the boundary tiongi Now, there
is a recurrence relationship between the second derivatidethe zero derivative Chebyshev

coef cients, given by

Pio@,+ Qo + R0, =40 j=2;3 Ny (6.58a)
with
- _ G2 . - _ S+ . - _ &8+ .
P' - . Q - T 5 s R = = A\ (658b)
Y400 P22 1) P4+
wherec; ande are given by
8 8
22 j=0; L Ny
G = § = (6.58¢c)
- 1; otherwise 0 j>Ny:
We then observe that (6.57) may be written as
M2 N=4 k=031 Ny 2
X q—: - g+ .
) ’ (6.59)
X
b =9

so eliminating accordingly, it may be seen that the systerargby (6.57) takes the alternative
form

N

P 2+ QY + R = f; j =250 Ny; (6.60a)

where

PO=k%P;; Q%= K%Q L RU=Kk%Rj; (6.60b)
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and
fi= (PN 2+ QM+ RiN): (6.60c)

Notice that there are no primes &1 Q andR in the de nition of f . The system decouples, and

the even and odd coef cients may be solved separately. Thdtirg decoupled system is of the

form 0 10 . 1 0 1
b b by, 0 g
PZO Q(z) R(z) Az fo
PO Q% R " fa

=B (6.61)

Py, 2 Y, 2 RY, 2
PY,  QR, "Ny fiy
where b and g denotes the boundary condition vector and the boundaryevahpropriately
modi ed, and similarly for the odd coef cients; this systeim of quasi-tridiagonal form (a
tridiagonal system with one extra row). An analogue of therhs algorithm for the tridiagonal

system is given as follows:

1. Letl be the length obBsyenjodd De ne p = P2 4 and analogously foR, R, andf . Let

even/od

" = “veniodd SO We solve for” and then extract the relevant information to Jeten/odd

2. Construct

pi fi
X = — Y, = —; 6.62
| 1 CI| | 1 ql ( )
pi fi ny .
Xi 1= ; Yy 1= ——; =1 156 6.63
i1 qi+ rlxl! i1 q+ r,X,’ | y ] ( )
3. Construct
i=Xi 10 1 i=Xi1i1+Yi 1 i=1;:000 (6.64)
with 0=1, o=0.
4. Evaluate X X
i i
From this, compute
N=Xi1 i+ Y i=0::: 1 (6.66)

and extract the data accordingly.
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For the inversion problem 2 = ! , we impose the =0 condition, so
bven= 1 1 1  Geen= & ;g =0;
booa= 1 1 1: Q= o5 =0
This algorithm is stable if the systgm satis es a diagondltyninant condition given by
R jpi+in it ri60;
1G] (6.67)

© > jpij+rij if rp =0:
This method may be used if Dirichlet or Neumann boundary itimm$ are used on both
boundaries, but needs to be modi ed if mixed boundary caot are used. If the boundary

conditions are inhomogeneous and when the domain is npt brl], extra prefactors will appear

in Geven/odd

As for the Thomas algorithm, the number of operations reguis O(N ), which is substantially
smaller than usingU decomposition and a back-substitution, which typicallguieesO(N 2)
operations. In Figure 6.32 we plot the computation time for@esentative problem (solving for
the inversion step of the vorticity for the streamfunctidribee rst time-step), averaged over 20
calculations, required by the QTS routine as compared terathtive commands in MATLAB,
namely (i)linsolve  with no options invoked (denoted as Linsolve in Figure 6.3#)d (ii)

lu followed bylinsolve  with options for solving strictly upper- and lower-triarigu systems
(denoted as LU in the Figure Figure 6.32). The numericalediffices between the computed
solutions are oD(10 8); however, it is seen that the actual computation time andtiggested
asymptotic behaviour of the scaling of the QTS routine campéavourably tdinsolve  and

lu commands in MATLAB.

6.9 Appendix B: Derivation of AB/BD3

We rst derive the BDk algorithms. We discretis®@ i*! =@ by a backward difference formula,
knowing the data at three levels before. Chapter 3 of FognE®98) provides the formula
for nding the appropriate weights for an arbitrary spaceensil, essentially rearranging the

appropriate Lagrange polynomial and tracing its coef ts&erwe have
X Cﬁ k (k)
Fij (x) = PR f(x) = cof (xo) +  teCiaf (X2)+ (6.68)
k=0
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Figure 6.32: Computation time scalings for the linear aystelver routines, averaged over 20 calculations.

wherek is the derivative required arfgj; is the Lagrange polynomial given by

(X Xo) (X X )X Xj+) (X X)

Fi = ; 6.69
1T %0 6 D08 xa) 05 X) (6:69)
For our casek = 3, and we seekc}.q; C}.1; C§.»; C5.3) with
(Xo;X1;X2;%3) = (05 te;  te tprs  te tpr tp2); (6.70)
where t with subscripts are de ned in Section 6.3.
The Lagrange polynomials are respectively
Fao = (X+ te)(x+ tc+ tp)(x+ tc+ o+ tpz); (6.71a)
tc( tc+ tpl)( tc+ tpl + tp2)
+ + + + +
te tpi( tpr+  tp2)
+ ot + tct+ typrt+ ot
Fap = X(X o)(X c pl p2); (6.71c)
( tpp+ tp2)(  tp1) tp
+ + tct+ ot
Fas = X+ t)(x+ tet tp) : (6.71d)
( e+ tprt+  th)( tp1 tp2)( tp2)
The coef cient ofx! gives
n+l 4 n 4 n 1, n 2
@u agu aiu au agu ) (6.72)

ot te ’
with the coef cientsa; given by (6.38).
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It then remains to turn this into a AB/BDk scheme by approsingathef (u"*1) term by known

data. We observe that
n+ly — n n ( tC)Z 00, ,n .
f@w )= f@")+ tcfo(u)+72 f ?u)+ : (6.73)

so we consider approximating the derivative terms usingeasiaed difference that is third order

accurate. Using the same formula, we sé&l; ¢.1; C5.,) and(c3.y; G5.1; ¢3.,) with

(Xo;X1;X2) = (0 tpr;  tpr  tp2); (6.74)
and we obtain
Fpo= 85 (XY L * ba), (6.75a)
tpa( tpr+  tp2)
Fpy = XX To* toa), (6.75b)
(Xx+ tp)X
Foo = X 6.75¢c
2 tpl( tpl tp2) ( )
This gives
2rc+r (re+rp) r
teChp = —r—; teCh = Pl tcChp = —— 6.76
cC20 re(fe+ rp) cC21 refp cC22 rp(re+ rp) (6.76)
and
((t)?, _ 1 (t)?, _ 1. ((t)?, _ 1 .
2 o= re(fe+ rp)’ 2 1 = refp’ 2 2 = rp(re+ rp)’
(6.77)
which in turn gives us
n+1 n n ( tC)2 0@, ,n
f"t) fuw)+  tfqu)+ Tf fu)
=f(U")+  te(Chof (UM + cof (UM B+ cgof (U 2))
(6.78)

t 2
e LGt @+ Gt " Y+ Gt (" 2)
=bof (u") + buf (u" )+ bof (U ?);
with coef cients given by (6.38). When the step size is canstthese reduce to known formulas

(e.g., Peyret, 200Z4).

To test the time-marching algorithm and the semi-impligatment, we use the example given in
x4.5 of Peyret (2002), a one-dimensional advection-difflagiroblem with forcing where the exact

solution is known, and test the AB/BD3 algorithm with= @=@7¥ in (6.38) against AB/BD2



Chapter 6. Nonlinear evolution: two-dimensional inconsgible MHD 141

_5 T
w
xg -0 ‘ FroT Ch 19991 ]
3
>
<
g 15 .
—&— AB/BD2
—<%/— AB/BD3
—— AB3/BD1
_20 | |
7 6 5

log( taveragd

Figure 6.33: (Discretd) , error at the nal time of the semi-implicit schemes given hg variable versions

of AB/BD2, AB/BD3, and AB3/BD1.

and AB3/BD1 withL similarly treated. To generate the time grid, we specifyep size mean and
randomly generate spacings that have Gaussian distribwiith small variance (typically around

a quarter of the mean); the grid is different at egdbut all three methods use the same randomly
generated grid at the sarheThe results are shown in Figure 6.33, plotted against a unead
the error with mean time-step size. The theoretical deereaerror with decrease in mean-step

size is con rmed by the numerical results.
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Chapter 7

Nonlinear evolution: shallow-water

MHD

Following on from the investigation witlr = 0 in the previous chapter, we now study the
nonlinear evolution of the shear layer and the jet pro lesha SWMHD system whergE > 0.
There are some dif culties with regards to the numerical lienpentation in the shallow-water
case, and we address these rst before presenting thegdsut the simulations. Our focus here
is on theF < 1 case, and the associated non-zero Froude number modincttithe processes
highlighted in the previous chapter. Some details with r@gdo theF > 1 cases are given

towards the end of the chapter.

7.1 Numerical and mathematical formulation of SWMHD

7.1.1 The choice of dissipation and conservation problems

The SWMHD equations were derived in the ideal setting, lmdesive expect small-scale features
to appear as part of the nonlinear evolution, some sort &figidn will be required to stabilise
the routines. The problem of the form of dissipation to takéhie hydrodynamic shallow-water
eqguations has been previously discussed (e.g., Gent, 029®zet al,, 2011; Gilberet al,, 2013).

As an illustrative example, suppose we consider a SWMHDegyswith dissipation that looks
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similar to the incompressible MHD equations given in (6giyen by

@l 2 — 1 2.
@t+u ru Mb rb+rh= Rer u; (7.1a)
@ _ 1 5
_t+ urb brus= Rmr b; (7.1b)
2
FZ%T+ r [(1+ F?h)u]= %r 2h; (7.1c)
r [(1+ F2h)b]=0: (7.1d)

Here, R denotes an associated dissipatioh (ot necessarily physical). For numerical purposes,
there is no reason why we cannot take this form of dissipattanrns out though that there are
physical reasons why the choice of dissipation in (7.1) iaréiqularly bad one. Regardless of this,
there is a fundamental issue that does need to be addressktthaais the self-consistency of the
derivation of the SWMHD equations when nite magnetic disgion is present. The derivation
leading to the SWMHD system assumes there is no magnetipalies, and so the free surface
is initially and remains a eld line. In the ideal case, thssjusti ed, leading to the modi ed
divergence-free condition of the magnetic eld, but thisislonger necessarily true when nite

magnetic dissipation is present. How do we reconcile this?

For the moment, we argue that for short-time phenomenagd Bm, the frozen-in condition is
a reasonable assumption. We then need to be careful withaimairg the equivalent divergence-
free condition as well as the conservation laws. As we havedhalready in Chapter 2, the
equivalent divergence-free condition is absolutely rezpifor the absence of extra sources in the
conserved quantities. This frozen-in assumption may besgige for phenomena on dynamic
time-scales, such as shear ow instabilities, but is mostagely not valid for phenomena on
dissipative time-scales that occur in, for example, tuebaoé or dynamo studies. A justi cation
into this fundamental problem of self-consistency mustdaressed if the SWMHD equations are

to be used for such studies. We revisit this point in the disicun section later.

Suppose we use formulation (7.1). We now show what else cargug in terms of conservation
laws. In Chapter 2 we already demonstrated the various oaatgmn properties of the ideal
SWMHD system (on the left hand side of 7.1), so here we focushenmodi cations of the

conservation properties resulting from the dissipatiomgeon the right hand side of (7.1).
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Mass conservation

q 77 2 27 @ @
— hy dxdy = — —+ —
dt R @% @y
If we have periodicity irnx, then we nee®F?R 1 =0 or @h=@y 0 on the boundaries for mass

h dxdy: (7.2)

conservation.

Momentum conservation violation

Assuming that the divergence-free condition is satis eddibtime, thex-momentum evolution is

given by
q 7z zZ 1 , F2
— hiu dxdy = —h¢r “u+ —ur “h  dxdy
dt Re R
11 zZZ (7.3)
— 2+ .+ .
= F Re+ = r hy r udxdy;

where we use periodicity in, v = 0, by = 0 and additionally@u=@y 0 asy-boundary
conditions. So there is no momentum conservation sincextna &rms are not generically zero.

Similarly, for they-momentum equation,

q VAVA YA 1 2
a — T hr2ya T2
i hyv dxdy Rehtr v+ R vr h  dxdy
11 27 z h2 y=L, (7.4)
- 2 4+ 4 2™ .
= F Re+R r h r vdxdy F 2+h dx;

y= Ly
and we encounter a similar problem.

Flux conservation violation

In addition to problems with momentum conservation, theralso a problem with magnetic ux

conservation. Again, assuming the divergence-free ciamditolds,

4 22 zz £2

—  hib dxdy = —h¢r b+ —Dber 2h dxdy

dt Rm ZZR (7.5)
, 1 1 '

= F Wn+E r h r b dxdy;
where periodicity inx, v = 0, by = 0 and additionally@p=@y= 0 asy-boundary conditions

have been used. Observe also that

d “~ 1 F?2
—  hby dxdy = —hyr 2by + —Dbyr *h dxdy
dt Rm R
. 4 22 (7.6)
— 2 = .
= F Rm+R r h r b dxdy;
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S0 again there are extra contributions to global magneticfram extra terms.

Total energy conservation in velocity variables

Constructing the energy budget as before, we see that

14 ZZ
= he(juj? + M ?jbj?) + F?h? dxdy
ZZ
_ 1 2, M? 2, F? juji®+ M?jbj? F?
- R_e((t:tu) r U+Wn(htb) r b+#_ Tr h +hEr h dXdy
ZZ
L - N S LU
B ' Re @x Rm @x R @x Y
7
1 1 @h@y , 1 1 @h@p
F? —+ = U——T +M° —+ = ——=  dxdy:
Re R ' @x@x rRm* R D @xex Y
(7.7)
Thus we do not have a formally negative-de nite dissipatidmenF 6 0.
Divergence free condition violation
Finally, we observe that
@ 1 F?
@{htb): ro(u hd)+ b 2h + = br 2h; (7.8)
and so
@ — 1 2 F2 2 .
@{ (hib) = r ﬁ1htr b+ Ebr h 60; (7.9)

unless Rm! = R 1 = 0 orF = 0. This is particularly problematic, as the divergence-free

condition was used implicitly in the calculations of the etlconservation laws.

So now we have seen what could go wrong, we consider an diternianplementation of
dissipation using the SWMHD equations written in transpeatiables with(U;B;h) =
(htu; h¢b; h):

@ uu ,BB 1,
@+ r h, M h + hr h= Rer U; (7.10a)
@ UB BU _ 1 ,_ .
@h F?
F2= + = —r %h; 7.1
ot r u Rr ; (7.10c)

r B =0: (7.10d)
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Here, tensor notation is used, witB ); = U;B;. Also note that the form of the dissipation
employed in (7.10) is different to that in (7.1). Before gpithrough the same arguments using

conservation laws, we rst make the observation thattfttomponent of the momentum equation

is given by
]
2 V2 M 282'
@/J, @ UV M'B.By + @ V- MBy + thh: ir 2v: (7.12)
@t @x ht @y ht @y Re
If we takeV =0 andBy = 0 as boundary conditions, then, on §oundaries, we have
h @h - 1 Qv (7.12)

t@yyz Ly - R_e@g’ y= |_y -
Substituting for@ V =@uging the continuity equation, also evaluated atytimundaries, we have

@h 1@ F? , ,@h @U
hi—= = —— —r“h F°= — : 7.13
‘@y,- ., Re@y R' @t @x . |, (749

Upon swapping the derivatives for thé term and further assumin@U=@y O on they-
boundaries, this gives

FZ2 @@h 1F2 , @h
= r hy — :
@yy: Ly

Re@@y,. |, " ReR

For the simulations presented later, we will tdke® = 0, and so if@h=@y O initially, then

(7.14)

@h=@y 0 on the boundaries for all subsequent time.

Mass conservation

The continuity equation has not been modi ed, so periodidéit x and @h=@y 0 on the

boundaries leads again to mass conservation.

Momentum conservation

Assuming the divergence-free condition #rholds,

q VAV 7z
— U dxdy = —

2 -n-
at Re r <U dxdy =0; (7.15)

since we have periodicityy = 0, By = 0 and if we take@U=@y 0 on they-boundaries.

Similarly,
q zZ YA z h2 y=Ly
i V dxdy Re r <V dxdy F > + h . dx (7.16)

using the same set of boundary conditions. No extra termsaapp this setting.
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Flux conservation

Again, assuming the divergence-free condition holds,

q 27 1 77

a - 2 -0n-

at By dxdy R r “By dxdy =0; (7.17)
using periodicityV =0, By = 0, and if we take@ R=@y= 0 on they-boundaries. Similarly,
27 27
% By dxdy = im r 2By dxdy

77 27 7.18
_ 17 @By dxdy 1l ©@e@8 dxdy = 0; e

Rm @y Rm @x@y

upon using the same set of boundary conditions.

Total energy conservation

Since the equations are formulated forand B, we rst need to work out what the implied

dissipation operators far andb are. Suppose that

@
— 4+ = - .
@t DRe1 (7 19)
then we have
@htu) F2
+ = + — ; .
o hiDre+ —-ur 2h (7.20)
The right hand side must be equivalent to Re 2U in (7.10a), so
2 2
Dre= 1Y F2U 2 (7.21)

Re h; R hy
A similar manipulation implies that

1r? F?b ,

Drm= =—— ——r “h: 7.22

Rm Rm ht R htr ( )

Then thezzgnergy equation is

id he(juj? + M ?jbj?) + F2h? dxdy
2 dt 77
%;t (U u+ M2B b)+ F2h? dxdy
MZ F2 juj2+ |\/|2jbj2 F2
2 - 2 M bt AN b I 2 o2
Reu(rU+Rmer+R , > rh+thhdxdy
2z 1 @u? M2 @ ?  F2 @h?
= hy — — +-— =L + — = dxdy
ZZRe @x Rm @x R @x
1 1 @h@y | 1 1 @h@p
+ F2 - = + M2 dxdy:
R Re @x@x R Rm 2 @x@x Y

(7.23)
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So, in the hydrodynamic shallow-water system, we can in fauain a negative-de nite
dissipation if we choose Re R (as in Poulin & Flierl 2003). We will be taking ! =0, so we
do not end up with negative-de nite disspation; howevewyiit be seen the extra contributions
arising from this choice is small compared to negative-de rcontribution for all theF < 1

results we present.

Divergence-free condition

We see that
@ _ U 1 5.
@—r h_t B +Wnr B; (7.24)
and so
@ _ 1 5 )
@{r B)=r r ( )+tu(r B)+ Wnr r B : (7.25)

Thus an initially divergence-free eld remains divergeffoee in the continuous time setting. So
certainly formulation (7.10) in transport variables mains more (but not all) of the conservation
laws than formulation (7.1) in velocity variables. In pediar, the divergence-free condition

(7.10d) is maintained by the formulation of the SWMHD eqoiasi given by (7.10).

7.1.2 Arguments for employing(7.10)

Despite some of the aws that are present with formulatiori@y, namely the lack of negative-
de nite energy dissipation in the general case with R, Re Rnddistinct, we will be using this

formulation and here we give our reasons for this.

With regards to momentum dissipation, several other piisigib have been given in Oche al.
(2011) and Gilbertt al. (2013); our choice here is option Ill of Ochea al. (2011). Some of
the other possibilities, used in the absence of a dissipadion in the continuity equation, have
the property that they give a negative-de nite dissipatéomd maintain other conservation laws.
However, the forms of these dissipation terms are not pdatity convenient to treat numerically
in our pseudo-spectral, semi-implicit-in-time formalismainly because the associated dissipation

terms involve nonlinear combinations lefandU .

There is of course the possibility of taking ReR in (7.10), which does give a negative-de nite

dissipation of energy (as in Poulin & Flierl, 2003). We hawa done this here and for the results
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presented later, we have R= 0. This is partly because, when R6 0, the resulting equation
for h to be solved is of fourth rather than second ordey.iriThe fast solver does not appear to
have a generalisation to the fourth order problem, and thathar solver needs to be used. In the
test runs at some values Bf we compared the case where=RRe (usingLU for inversion ofh)
and R ! = 0 (using the fast solver). The runs were qualitatively coraphe, but the routine using
LU takes anything upwards of ve times the amount of time to rampared to the routine using

the fast solver.

With regards to the other dissipative terms when'R= 0, given in the hydrodynamic case by
F2 u; (@h)(@u; ) dxdy, we see that these terms are contains factofs%énd involver h.
We expect that, foF small, steepening should not be an issue $as small, and hence the extra
contributions to dissipation are also going to be small. Asgter of convenience, we numerically
implement (7.10) with R = 0, and trackF 2 RRuj (@n)(@u;) dxdy. In our test runs, we found
that, in this particular shear ow problem and at the valué$-cat which we focussed most of
our attention F < 1), the absolute value of the extra contributions is only alspecentage
of the total dissipation. There were some issues with tas aiF > 1, which we defer to
later discussions. So this choice of dissipation is unjikelcause major problems, using tlais

posteriorivalidation.

For the MHD case, if we bypass the fundamental issue of &ld-$lippage and insist on satisfying
this divergence-free condition, then we need a magnetsipdifon that maintains this condition.
There are several possible choices (Andrew Gilbert, migatnmunication), with ours being one
of them; see Section 7.6 for more details. The alternatigcels are such that, in the absence of
dissipation in the continuity equation, a negative-deenilissipation may be achieved. However,
the terms are nonlinear and are problematic to treat in oumdism. So, again mainly for
simplicity and also because we expect the extra contribstio be small in th& < 1regime, we
employ the setting as in (7.10) and track the extra conidhatto magnetic dissipation, here given
by F? RRIq (@h)(@b) dxdy; these are again seen to be small compared to the total atissip

in our test runs.

In summary, we numerically solve for the SWMHD equationsegiin (7.10), with R1 = 0. This
formulation is an improvement over the formulation in véfpao/ariables as more conservation
laws are maintained. In particular, the divergence-fregdimn is maintained. We should note,

however, that energy dissipation in this set up is not negate nite; tests have shown that, in
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this particular problem and at the valuesFofwe consider, the fact that we do not formally have
negative-de nite dissipation is unlikely to be a signi daproblem since the extra contribution is

only a small percentage of the total dissipation, demotegtriater for some representative cases.

We note in passing that there is also a possibility to empgiewobrticity! , divergence (with the

associated potentials) and the height éldas fundamental variables (e.g., Polvanial, 1994;

Cho & Polvani, 1996a,b; Scott & Polvani, 2008). This is intftlee preferred method when the
domain is doubly periodic, since a spectral method emptpgither Fourier modes or spherical
harmonics allows for a straightforward solution of the tésg Poisson equation. For the channel
geometry we have here, there is the added complicationarBlladboundary conditions that need to
be imposed. In this case the formulation in termg!of h ) leads to a coupled elliptic system to
be solved at the inversion step at every time-step (Saln@®9)2 This is expensive as an iterative

solver will then be required; this formalism has not beetetésere.

To maintain the divergence-free condition, we employ a urdtion such that

B=er A (7.26)

This reduces to the magnetic potential in two-dimensionabinpressible MHD wheir = 0.

The equations that we will be solving are given by

2 2R 2 2p2 2
QUJr @ v MZBX . F h + @ uv ™ ZBXBV + @n_ ir 2U;  (7.27a)
@t @x 1+ F2h 2 @y 1+ F2h | @x Re

5 V2 M2B2 2h2°
@v, @ UV M ZBXBV . @ S+ Foh® , @h, 1, 2v:  (7.27b)
@t @x 1+ F<h @y 1+ F=%h 2 @y Re

@A u @A V. @A_ 1 ,,.

@t T+Fh@x 1+Fha@y rm v (1270
@h @U_ @V_ .

ot @x @y (7.27)

F2

where we have taken R = 0. WhenF = 0, the above equations formally reduce to that of
incompressible MHD. In two-dimensional planar MHD, it isisenown that there is no dynamo
action (Zel'dovich, 1957); an anti-dynamo result may bevahg¢due to Andrew Gilbert, private
communication); see Section 7.6. We once again the choidssipation is amd hocchoice and
does not stem from a self-consistent derivation from thesBmesq MHD equations; we comment
on the possibility of deriving a set of thin-layer equatiams self-consistent way at the end of this

chapter.
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To satisfy as many of the conservation properties as pessh® take the boundary conditions

V =0; %L;=O; %Czo; A=0 on y= Ly (7.28)
From (7.27c), we observe that the boundary condifiors O implies that, on the boundaries, all
terms on the left hand side a@A=@%x are zero, and so this impliE@A=@Yy = @R=@= 0
on the boundaries. With such boundary conditions, wavésdithe boundaries will be re ected
back into the domain. Test runs have shown that the gravityesvgenerated foF < 1 are
small in amplitude and do not appear to have a signi cantetfée the macro-dynamics. There
are methods to absorb impacting gravity waves, such adiimgeponge-layers or modifying the

boundary conditions (e.g., Durran, 20¥8), but these are not employed here.

7.1.3 Presence of fast waves

Unlike the incompressible case, fast gravity waves are g in shallow-water systems. If we
were to consider an explicit treatment of all terms exceptdlssipation terms, then we would

have a restriction on t of the form
D —+ _y C:. = O(1): (7.29)

For numerical stability, t needs to be small enough so that the fastest process suppgrtbe
system is evolved in a stable fashion. From Chapter 2, wecttpat(ug;vg) O(F 1), and

this places severe restrictions on the time-step, paatiutor smallF .

There are several ways around this restriction, for exarbplemploying splitting methods or
semi-implicit treatments (see e.g., Peyret, 2002; Dur2&i0). We will consider here a semi-
implicit treatment of the relevant terms, namely thé terms in equations (7.27a) and (7.27b),

and the divergence terms in equation (7.27d).

Another issue we address before giving the full details efttime discretisation is the stability
properties of the time-marching scheme for wave propagatito illustrate this, it is perhaps
easiest to consider the one-dimensional, inviscid, hygratic shallow-water equations, with

a uniform background ow; in the ideal case, there is no ddfece between using velocity or
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transport variables, so we use velocity variables tempwrdihe linearised equations are

%‘tu %} %’;z 0; (7.308)
£2 %‘} %: . %;: 0: (7.30b)

To analyse the stability of the scheme, we carry out a von Neumstability analysis (e.g., Durran,
2010,x3), using the AB/BD2 method, rather than AB/BD3 employedhia previous chapter, to
demonstrate the differences in the stability propertigsvéen this second and third order time-

marching scheme. A discretisation withh=@and @ u=@txeated implicitly then gives

aou"™?t + aqu" + au” 1+ tU @ bou” + bu" 1)+ t@+l =0; (7.31a)
! °@x @x '
F2(agh™* + a;h" + aph" 1)+ F2 tUo—@ oh" + bh" 1)+ @i =0; (7.31b)
@>£ @x ' '
where the AB/BD2 coef cients are given by (Peyret, 2082)
_ 2+rc, _ 1 _ 1
aO - 1+ rc1 al - 1 rc1 a2 - 1+ rc! (732a)
1 1
=1+ —; b= —; (7.32b)
e e
re = tpr _ tn tn 1. (7.32¢)

te - th+1 th
Now, since the system given by (7.31) is a functiorxainly, we consider solutions d&f andu
of the form(u";h") A" exp(ikx), whereA 2 C. If jAj > 1, then the numerical solution will

grow at each time-step and thus be numerically unstableoideyr = ik t, we obtain the linear

System 0 10 1
T 2
@VAB:BD 2(A; Ug; 2) ZA A @OA “o. (7.33)
ZA? F2Vag=gD 2
where we have used the shorthand
Vag=gp 2 = @A? + (a + Ugpz)A + (a2 + Ughy2): (7.34)

ChoosingF and Ug, we can solve this system fék on az = z. + iz grid. Choosing the
appropriate branch of solutions, we can plot the stabiliyptour jAj = 1 in the complexz
plane, with numerical stabilityjAj < 1) to the left of the contour, and instability otherwise.
In Figure 7.1 we plot the stability region of AB/BD2 along tvithe corresponding results for
AB/BD3, AB3/Crank-Nicolson, and AB2/Crank-Nicolson, feeveralF values. Since = ik t,
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Figure 7.1: Numerical stability boundaries of various timarching schemes for the one-dimensional,

linear, hydrodynamic shallow-water equations, plottedeateralF values. The schemes are stable Zor

values left of the contours.

if the scheme is unstable on some of #he= O line then we have a restriction ont. We see that
when AB3 schemes are employed in this setting, we have aesesriction on t whenF 1,
whilst the AB2 scheme does not appear to exhibit this undefgirbehaviour. The AB/BD3 version
of the code is easily adapted to AB/BD2 since the only thiigs heeds changing are the relevant
coef cientsa; andlby, given in equation (7.32); thus we employ the AB/BD2 schestha time-

marching algorithm in this chapter.

As a nal test of the AB/BD2 scheme, we solve numerically theotdimensional linearised
SWMHD equations. These are solved with the AB/BD2 schengubie semi-implicit formalism
presented earlier, appropriately initialised with exacvily wave solutions given by (2.48).

First an elliptic equation foh is solved, theru andv are updated at each time-step, with a
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Figure 7.2: Relativé, errors for a two-dimensional, linear SWMHD evolution of agle gravity wave
initialisation, at severdf values;Up = 1, M = 0:1, wavenumbe(k;l) = (6 ;1) and(Ly;Ly) = (2 ; 1),

with Ny = Ny =32.

Chebyshev discretisation in and Fourier discretisation iR as in Chapter 6, using = 0,

by = 0 and@h=@y¥y O as they-boundary conditions. The initial wave pro le was evolved
for 10 periods, and the relative spatiad error was calculated at the end time. Figure 7.2 shows
a typical error diagram, with errors diminishing at the eatrtheoretical rate. Note that even for
relatively large t, the scheme is stable as predicted; the chief source ofisrppesumably due

to dispersion. Tests with polychromatic initialisatiortsow similar qualitative and quantitative
behaviour. Although results here only show cases with 1, it is seen that such a semi-implicit
treatment using the AB/BD2 scheme maintains numericallgyafor linear dynamics even for

F 1

Returning to the SWMHD system (in transport variables),raasponding semi-implicit treatment
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in time using the AB/BD2 discretisation results in the sckem

+1
ag Eter 2 ™t = NW) t@(g)x : (7.35a)
+1
ao R—;r 2yt = NV) t@CPDy : (7.35b)
_t 2 n+l _ .
ag Rmr A = N(A); (7.35¢)
+1 +1
aoF2h"*t + ¢ @(gx + @(gy = F2N(h): (7.35d)

where N denotes the relevant terms that are evaluated at the leglds/im + 1. Taking the

divergence of the momentum equation then gives

t , @U @vtl @I(U) | @(V) 2
—r = = = tr 2hn*1; 7.36
0 Re ex " @y @x '@y (7:39)

and so we have the following elliptic equation to solvelor
( t)Zr 2 aoF2 ao R_;r 2 hn+l
(7.37)
@(U) . @N(V) 2 2
= t + F tr 9IN(h):
ox t @y (a0 IN(D)

Onceh"*! is known, the other equations may be appropriately advamcéce. Since this is
a second order scheme, the rst time-step is taken using &r/Ewuank-Nicolson scheme with a

similar semi-implicit treatment.

Note that the algorithm also works fér = 0, and in this casén is to be identi ed with the
pressure eldp. There is however a subtlety in the inversion steptfavhen solving the Poisson
equation (7.37); see Section 7.7 for details. The shallatewprogram may be used to solve
for incompressible dynamics, and results from this progteave been checked against those
obtained from the program employing the streamfunctiorisity formulation. The qualitative
and quantitative results (e.g., agreement of shear laydthvat end time, general behaviour of
energy time-series and dissipation rates) from the twornarog agree with each other, but the
program using the streamfunction-vorticity formulatioms faster because it has one less equation

to solve.

7.2 Hydrodynamic evolution

We focus rston cases witk < 1. We have found that, for the nonlinear runs using AB/BD2, the

CFL number needs to be reduced from around 0.15 for the $hdkes to about 0.05 for larger
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in order to retain numerical stability, with the transitiabaround=  0:4. In these shallow-water
runs, we initialise with a linear eigenfunction (appropelg scaled) at speci ed , and add to this
higher wavenumber perturbations at lower amplitude witidcem phase. The initial total energy
of the perturbations is xed at0 °. As before, we switch off the dissipation of the basic state

until the perturbations are suf ciently large, using thengaenergy criteria as in Chapter 6.

7.2.1 Hyperbolic-tangent shear layer

Table 7.1 shows a summary of the parameter values employédefshear layer runs. Again, we
focus on the case where the domain supports a single wavelehthe primary instability. The
optimal for these cases are close to= 0:44. We will focus our investigation o = 0, 0:1

and0:5; the runs aF = 0:25andF = 0:75are comparable to thoselat= 0:1 andF = 0:5

respectively.

parameter range

F 0, 0.1, 0.25,0.5,0.75

Re 500

Ny Ny 256 512

Ce 0.15forF < 0:5
0.05forF 05

0.44

Table 7.1: Parameter values used in our investigation ohtinear SWMHD equations for the shear

layer pro le.

We show in Figure 7.3 snapshots of the potential vortigity '=h; (this reduces to the regular
vorticity whenF = 0). Figure 7.34) is the case withF = 0, i.e. the incompressible case; the
evolution for this case has already been described in thégu® chapter. The vortex does not lie
in the centre of domain as in Figure 6.1 because of a phasezetiffe in the initialisation. For the
case withF = 0:1in Figure 7.30), the evolution is largely similar to the incompressiblseaFor

F = 0:5in Figure 7.3€), the rolling up stage is delayed somewhat but otherwisestiodution

is similar to the other two cases. The saturated state alatfgjeF value is a slightly elongated

vortex compared to the smadl cases.
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Figure 7.3: Snapshots of potential vorticity at some défervalues of for the shear layer runs (at Re

500). TheF =0 case may be compared to Figure 6.1.

In Figure 7.4 we show the height eld for the = 0:5 case at early times; the = 0:1 case

is qualitatively similar except that the quantities are wthban order of magnitude smaller. In
Figure 7.44) we plot the deviation from the basic height ell’h. We can clearly see that
the pattern is growing in amplitude; however, no other dgtiis seen because the component
corresponding to the fundamental mode dominates. In Figute) we plot the same quantity
but with the rst Fourier harmonic Itered out, in order tom®ve a portion of the fundamental
mode of instability. We can now see more small-amplitudéviagt corresponding to gravity
waves travelling around the domain, re ecting from twoundaries accordingly. These waves

are invariably of small amplitude and do not seem to affegttfacro-dynamics signi cantly.
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Figure 7.4: Snapshots of the height eld for the= 0:5 run at some early times, for the shear layer run (at
Re = 500). The left column has the mean height & 1) removed, while the right column has the mean

and rst Fourier harmonic removed.

Figure 7.5 shows snapshotsfor the representative cases; it can be seen that there iseab g
difference between the three plots. The rolling up of thesksyer increases the shear layer width,

with the widths being comparable in all three cases onceahgated state has been reached.

In Figure 7.6 we show the energy time-series (kinetic ancemgal) for the three cases.
Growth rates are inferred by a tting of the perturbation édic energy and these agree well
with calculations from linear theory (at 0.185, 0.184 and40. for F = 0, 0:1 and 0:5
respectively). Wheir 6 0, kinetic energy can also be transformed into potentialggnequal to
RF2h2=2 dxdy. We rst observe that the potential energy is largerFor= 0:5 thanF = 0:1,

since there is a larger deformation to the free surfae. Another feature that we observe from
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Figure 7.5: Snapshots affor the shear layer runs (at Re500).

the energy plots is that the evolution of the perturbatioteptial energy largely follows that of
the perturbation kinetic energy. The oscillations in theekic energy are again related to vortex
nutation, and the similarity in the evolution of the two egepro les is due to the height eld
adjusting to the oscillations in velocity accordingly. Tiwal energy loss for all three cases is

comparable to the incompressible case, at around 10%.

The right hand side of the energy balance equation (7.23yéndpy

, 72 @y ° @h@v#
o= — he — Foui — —> : 7.
R U @x + Fy; @x@x dxdy (7.38)

In Figure 7.7 we show the time-series of the domain-integraerms representing dissipation.
The solid curve is a time-series 6ke, Whilst the dashed line is the absolute value of
Re 'F?2 RRuj (@h)(@u;) dxdy. It turns out thatwe is positive de nite whilst the cross term,
which may be of either sign (but tends to be negative) is muddler than the sign-de nite term.
As we can see, for the purely incompressible case Witk 0, there is no extra contribution
since the cross term is multiplied by a factorfof. For the other two cases, the size of the cross
term increases witlr ; however it is still only a small percentage of the total cifmition. We
conclude therefore that, even though we do not have signitdedissipation of energy, the effects
of this choice of dissipation operator on this particulagahinstability problem are unlikely to be

signi cant.
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Figure 7.6: Time-series of energies (bkikinetic; magenta potential; solid= perturbation state; dashed

= mean state; black dot-dashed lmdotal energy), for the shear layer runs (at:R600).

Finally, Figure 7.8 shows the time-series of the domairgrdated momentum. We choose here
to use linear scales to highlight the rapid sign changeseénrsthnal. The domain-integrated
momentum, given by the red solid curve (note the differemsansed for the panels), initially
starts off very small, then grows somewhat but remains nigadgr small. The corresponding
curve for the domain-integratedmomentum is given by the blue curve (the initialisation has
x-momentum to begin with); the values are consistently aladD(10 ') and variations of this
signal are not visible at this axis scale. The source of thevtirin they-momentum appears to be
due to theh terms in equation (7.16). We have tried tracking values footh sides and integrating
both sides as a function of time to see whether the two termsarrelated; there appears to
be reasonable agreement, but we have a noisy signal and $ate¢geation is not particularly
accurate. We have also tracked the domain-integrated massiy mass conservation; and mass

is conserved at an error no more tha(0 &) (not shown).
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Figure 7.7: Domain-integrated dissipation rafg (solid curve) and contribution from the cross term

(dashed curve) for the shear layer runs.
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Figure 7.8: Domain-integrated momentum for the shear layes. The red curve represents the domain-
integratedy-momentum (which is not expected to be conserved). The hlneec which represents the

domain-integrated-momentum (also should be zero) has variations that areisibterat this axis scale.
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We have also considered the case of multiple wavelengtlirngaccurs as in the incompressible

case without substantial difference.

7.2.2 Bickley jet

For the Bickley jet, the calculations in Chapter 5 indicduat the even mode is more unstable than
the odd mode for any within the unstable bandwidth, so we initialise the nordineimulation
with the even eigenfunction, normalised so that the totiéihirenergy is xed at10 °. We use

the same parameter values as in the shear layer case excégitave = 0:9, with the domain
large enough to support two wavelengths of the primary biktg as in Chapter 6. Linear theory
tells us that, at the values & we are considering, the even mode has a growth rate similar
to the incompressible case, with hardly any noticeableugeation of the eigenfunctions. The
guestion then is whether the nonlinear evolution is siganty different. From our investigation

of the shear layer, we might suspect that the evolution watl Ile noticeably different to the

incompressible case providéd< 1.

Figure 7.9 shows snapshots of the potential vorticity atttiiee different values of we are
considering; it would appear in this case that there is almodifference in the evolution, with
all the panels being visually identical to each other. Alifjlo not our focus here, when rotational
effects are present, it is well known that there is an asymnistween the stability properties
of cyclones and anti-cyclones (vortices of positive andatigg vorticity respectively), where

modifying F can have a more noticeable effect (e.g., Poledmil., 1994; Poulin & Flierl, 2003).

In Figure 7.10 we show the height eld for the = 0:5 case, to show that there is small-
amplitude activity in the height eld and thus the presendesmall amplitude gravity waves.
The corresponding diagram fér = 0:1 is similar but the plotted quantities are at least an order

of magnitude smaller.

In Figure 7.11 we show snapshotstofor the jet pro le. Once again, the pro les are virtually
indistinguishable from each other, with the same beha\astin the incompressible hydrodynamic

case. The jet pro le broadens and reduces in magnitude,sgithe reverse ow observed.

The time-series of the energy for the Bickley jet pro le isfted in Figure 7.12. Growth rates are
inferred from a t of the perturbation kinetic energy, ancg#e agree well with the linear theory

(which are 0.160, 0.160 and 0.157 fer= 0, 0:1 and 0:5 respectively). The growth rates are
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Figure 7.9: Snapshots of potential vorticity at variousresl ofF for the Bickley jet pro le (at Re= 500).

TheF =0 case may be compared to Figure 6.5.

also comparable to each other, with a slight difference tierR = 0:5 case. We see that the
perturbation potential energy is a few orders of magnitudeler than the kinetic energy, but the
potential energy increases wikh. The total loss of energy is comparable to the incompressibl

case, at around 30%.

Figure 7.13 shows the dissipation rates represented byethestin (7.38). Again, we notice that
the extra contribution from the cross term is several ordérmsagnitude less than the sign-de nite
dissipation, and thus our choice of dissipation is unlikelycause a signi cant problem in this

shear instability problem, even though it is not formallgrsie nite.

The domain-integrated perturbation momentum is plotteBigure 7.14. In this case there is a
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Figure 7.10: Snapshots of the height eld for the= 0:5run at some early times, for the Bickley jet pro le
(at Re= 500). The left column has the background height é#d= 1 removed, while the right column
has both the background height eld and rst Fourier mode ogsd.

background ow with non-zerox-momentum; the momentum contribution of this was removed
to give a deviation from momentum conservation. Even whenthts been done, we see that the
largest deviation from zero comes from tenomentum signal, given by the red curve. The blue
curve representing themomentum has been overlaid for visibility purposes, arttiatscale any
variations are not visible. The errors are small and shoale la negligible effect on the overall
dynamics. A similar integration of the signal as discussedte shear layer case has been tried

and the conclusions are broadly similar.
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Figure 7.11: Snapshots tffor the Bickley jet runs (at Re 500).
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Figure 7.12: Time-series of energies (blaekinetic; magenta= potential; solid= perturbation state;

dashed= mean state; black dot-dashed lmédotal energy) for the Bickley jet runs (at Re500).
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Figure 7.13: Domain-integrated dissipation ratg (solid curve) and contribution from the cross term

(dashed curve) for the Bickley jet runs. The cross term dauion increases in magnitude with increasing

F.
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Figure 7.14: Domain-integrated pertubation momentumtfeBickley jet pro le. The red curve represents
the domain-integrategk-momentum (which is not formally conserved), and the blureuepresented the

domain-integrate®-momentum with the background state removed.
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7.3 MHD evolution

We now turn to the cases witl > 0, again with a uniform background magnetic eld. We rst
discuss the evolution of the shear layer pro le with inciagd= before moving on to the Bickley

jet pro le.

7.3.1 Hyperbolic-tangent shear layerF = 0:1

At such a small value of we do not expect a large deviation from the conclusions draam
the F = 0 incompressible case. As such, we will not go into so muchildasawe have done
previously, but concentrate on highlighting the differem¢hat do arise. We focus on the regime
of smallM as before and use the Re&600, Rm= 500 andM = 0:01, 0:03and0:05runs as our

three representative cases.

Figure 7.15 shows snapshots of the potential vorticity #edint values ofM. These are
comparable to the corresponding diagrams for the incorajimescase (Figure 6.9). The three
cases show various degrees of disruption as before, withased disruption with increasind

and Rm. The vortex winds up eld lines, builds magnetic stess and stretches out thin current
sheets that are resistively unstable. The breakup of thermuayer releases the stresses, impacts
back on the vortex, and potentially causes disruption. énstbakly disruptive cases, the surviving
vortex would expel eld lines to the edges of the vortex asobef We will use the spectral
truncation parameter later to measure the severity of plignu for the runs at different parameter

values.

The plots related to the magnetic quantities are largelylairo those given in the incompressible
case and have been omitted. Plotting the height eld shoacet of small-amplitude waves, but
we omit this here also as it does not appear to show any plaricunteresting features that are

obviously associated with MHD effects.

Figure 7.16 shows shapshotsipfwe see again that the degree of disruption is correlateu thvit
resulting shear layer width. Later on we will use the layedtiviexpansion factor to quantify the

degree of disruption, as was done previously for the incesgible case.

Figure 7.17 shows the time-series of the energy for thesglsarans. The behaviour of the

magnetic energy is largely as observed in Figure 6.15 fointt@mpressible case, with a different
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Figure 7.15: Snapshots of potential vorticityrat= 0:1 and different values of1 for the shear layer (at
Re= Rm=500). Compare this to Figure 6.9.

saturation level correlated with the degree of disruptibeesved. In the mildly disruptive cases,
the behaviour of the potential energy is similar to that gfufe 7.6, with the perturbation potential

energy mimicking the evolution of the perturbation kinegitergy.

As before, we monitor the contributions to dissipation fréme sign-de nite terms and sign-

inde nite terms in the runs; a time-series of these quatifor these three sample runs is given
in Figure 7.18. In this case and at this valueFafthe contribution from the extra cross terms
is several orders of magnitude smaller than the total diisip, so we expect that the effects

of employing this dissipation operator are, for this prabland at this value oF, unlikely to
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Figure 7.16: Snapshots afwith F = 0:1 for the shear layer runs (at Re Rm = 500). Compare this to
Figure 6.14.

contribute signi cantly to the resulting dynamics.

We have also looked at the time-series of the other consenvgtiantities, namely momentum,
magnetic ux and mass. The time-series of domain-integrat@mentum is again very noisy and
the main error comes from tlyemomentum signal, which uctuates about zero with an armpkt

of O(10 7); thex-momentum is oD(10 1) for the duration of the runs. The graph looks similar
to the middle panel of Figure 7.8 and have been omitted. Theezoation of magnetic uxis very
well maintained, with errors for botk- andy- ux kept at no more thar©(10 19). In light of the
well-behaved conservation of the magnetic ux and mass¢tineesponding time-series have also

been omitted.

To classify the runs, we use again the spectral truncaticampeter (equation 6.54, maximised over
all times for which we have data for) and the shear layer wikbansion factor (equation 6.55,
taken at the end time) as a measure of the disruption. The iggimee boundaries in the previous
chapter given in Table 6.2 and 6.4 are used for comparisopopas, and the same kinematic
estimateM 2Rm e as derived previously will be tested with this set of datae fijddrodynamic

case hagg, = 7 and an expansion factor af with an initial layer width of 5.92 and an end layer

width of 7.54 in our non-dimensional units. The regime déagris given in Figure 7.19, and the
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Figure 7.17: Time-series of energies (blaekinetic; red= magnetic; magenta potential; solid=
perturbation state; dashed mean state; black dot-dashed linetotal energy) for the shear layer runs

(atRm= Re=500,F =0:1).

raw data in Tables 7.2 and 7.3.

The raw data may be compared with the data forRhe 0 case given in Tables 6.3 and 6.5, and
only one of the runs has been classi ed differently. Thigtipatar run is on the borderline of the
regime boundary in thE = 0 case anyway so this discrepancy is not a concern. Conséguent
the regime diagram given in Figure 7.19 is largely similathat for the casé& = 0 (given by
Figure 6.18, without the Rn¥ 1000 data and with one marker changed). We see again that
the degree of disruption is well described by the suggestednpeter dependendé 2Rm, with

M2Rm  0:5 capturing the runs that are classi ed as severely disrupted



Chapter 7. Nonlinear evolution: shallow-water MHD 172

0 (a)M =0:01
10
10° | I
- - P -~ e
10—10 e -~ =~z v L
0 50 100 150
. (b M =0:03
10 T T
e e i T e N
10 b - i
T T TN TS T s e
110 el ! ! !
0 50 100 150
0 (M =0:05
10 e
10° | L= - sow =]
=T, AU N A A
—_ \
1030 T 2l ! L L
50 100 150

Figure 7.18: Domain-integrated dissipation ragg (solid curve) and contribution from the cross term
(dashed curve), for the shear layerFat= 0:1; blue represents the terms associated with momentum

dissipation, and red represents the terms associated witkissipation.

0.01| 0.02| 0.03| 0.04| 0.05| 0.06| 0.07| 0.1
Rm

750 7 18 35 | 47 42 38 48 | 54
500 7 7 23 36 44 36 36 | 44
7
7

250 7 8 18 25 31 32 | 26
50 7 7 8 8 10 11 | 13

Table 7.2: Raw data from the set of calculations at=RB00 for the shear layer runs & = 0:1. The
numbers denote the truncation wavenumniqgr(taking the maximum over time). The hydrodynamic case

atF =0:1haske, = 7. See Figure 7.19 for colour codes.
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Figure 7.19: Regime diagram for the shear layer rurfs & 0:1, as measured by the spectral truncation
parametek.,; and via the shear layer width at the end of the run. The sugdéstundaries given by
M?2Rm = C are plotted for several values 6. The colours are as before, with blue denoting non-

disruptive cases, magenta denoting mildly disruptive saaed red denoting strongly disruptive cases.

M 01|02| 03| 04| 05| 06| 07] 01
Rm
750 1.02| 1.19| 1.60| 1.80| 1.94| 2.42| 2.33| 2.57
500 1.02| 1.16| 1.43| 1.71| 1.97| 2.00| 2.14 | 2.65
250 1.02| 1.05| 1.26| 1.49| 1.64| 1.86| 2.04| 2.42
50 1.00| 1.02| 1.03| 1.05| 1.07| 1.10| 1.16| 1.36

Table 7.3: Raw data from the set of calculations at=RBO00 for the shear layer runs & = 0:1. The
numbers denote the shear layer width expansion factotigrel® the hydrodynamic run at Re 500 and
F = 0:1, taken at end time). The expansion factor for the hydrodyoaase is de ned to bé = 1. See

Figure 7.19 for colour codes.
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Figure 7.20: Snapshots of vorticity & = 0:5 at some different values d¥l for the shear layer (at
Re= Rm=500).

7.3.2 Hyperbolic-tangent shear layer:F = 0:5

Having seen that the smafl case does not seem to be very different to the incompressiisie,
we now consider a case whéfteis slightly larger. We still use Rms Re= 500, with M = 0:01,
0:03 and 0:05 as our three representative cases. We again use0:44, even though this is
not the optimal wavenumber at these parameter values (tirmalpvavenumber here is around

= 0:40).

Figure 7.20 shows snapshots of the potential vorticity. @ammg this to Figure 7.15 and 6.9,
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we see that the runs appear less disruptive. Nlhe 0:01 case in Figure 7.2@j resembles the
hydrodynamic case, with the vorticity concentrated in ffisgmewhat slightly more elongated)
vortex. For thevl = 0:03 case in Figure 7.20), there are some hints of vorticity regions outside
the vortex but these are distinctly fainter than in the gpondingF = 0:1or F = 0 case. The
vortex here is of a similar size to the smalMr case, in contrast to the = 0:1 case, where the
resulting vortex forM = 0:03 is smaller than that foM = 0:01. For theM = 0:05 case in
Figure 7.20¢€), this was previously a severely disruptive case at thisevafM and Rm, but now
the disruption is noticeably milder. Although strong voityy laments are seen and the vortex
appears to have reduced in size, it retains its integrityoufhé end time = 150. A longer
run shows that, for this1 = 0:05 case, the laments eventually get smeared out but the vortex
remains, unlike the analogous case wkeis smaller, with the vortex completely destroyed. The
equivalent diagrams for current and height do not appedrde @iny new features and have been

omitted.

There are some plausible explanations for this decreabe iohtserved disruption. One possibility
is that the magnetic stresses build up as before, and arsgssr¢hat are released act on the uid
column. However, now that the uid column is also allowed tova vertically, a portion of this
built up stress ends up as work done against gravity, anattisisioning effect results in a milder
disruption. The suppression of lamentation due to the srarange of interaction whela > 0

has been previously reported by, for example, Waugh & Drigs¢1991).

Figure 7.21 shows snapshotstbfor these runs. We note that the nal time shear layer width of
theM = 0:03case is not noticeably different to thathdf = 0:01, unlike the equivalent diagrams
for smallerF given in Figures 7.16 and 6.14. The shear layer widthMor= 0:05 is also only
marginally larger than for the other two cases, unlike thallamF cases. If we use the shear layer
width as a measure of the disruption then we again concluate kbepingM; Rm;Re ) xed,

we expect runs to be classi ed as having suffered a mildeugion with increasing- .

The time-series of the energies are plotted in Figure 7.2% Jrowth rates are again inferred
and these are consistent with the growth rates obtained thertinear calculation. The potential

energy for all three runs here is larger than in the equitalegram in Figure 7.17, fdf = 0:1.

In Figure 7.23 we show the domain-integrated dissipatiomse The sign-inde nite contribution
is larger here than fdf = 0:1; however, it is still only a small percentage of the totakigiation.

The conservation properties of other quantities have beecked and are well-maintained by the
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Figure 7.21: Snapshots afwith F = 0:5 for the shear layer runs (at Re Rm = 500).

M 0.01] 0.02| 0.03| 0.04| 0.05| 0.06| 0.07| 0.1
Rm
750 5 5 24 | 35 | 42 | 42 | 40 | 55
500 5 5 15 | 27 | 31 | 29 | 35 | 32
250 5 5 5 10 | 20 | 23 | 23 | 21
50 5 5 5 5 5 6 7 10

Table 7.4: Raw data from the set of calculations at=R&00 for the shear layer & = 0:5. The numbers
denote the truncation wavenumigy; (taking the maximum over time). The hydrodynamic casekjas

5.

numerical scheme, with errors do not exc€d0 ’); these diagrams have been omitted.

In order to classify the runs and for comparison purposesjseethe same measures and regime
boundaries as in the = 0:1 andF = 0 cases, measured against the hydrodynamic run at
F = 0:5. The regime diagram iGM; Rm) space is given in Figure 7.24. The raw data for the
MHD runs is given in Tables 7.4 and 7.5, for the spectral tationn parameter and shear layer
width expansion respectively; the hydrodynamic run kgs= 5 (maximised over the times for

which we have data) arfd= 1, with the shear layer width of 7.65 units (takert at 150).

We observe that there are several runs previously classiseseverely/mildly disruptive that are
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Figure 7.22: Time-series of energies (blaekinetic; red= magnetic; magenta potential; solid=
perturbation state; dashed mean state; black dot-dashed linetotal energy) for the shear layer runs
(atRm= Re=500,F =0:5).

M 01|02| 03| 04| 05| 06| 07] 01
Rm
750 1.00| 1.02| 1.13| 1.47| 1.63| 1.60| 1.74| 2.61
500 1.00| 1.01| 1.10| 1.29| 1.48| 1.63| 1.61| 2.09
250 1.00| 1.01| 1.03| 1.15| 1.26| 1.40| 1.53| 1.82
50 1.00| 1.00| 1.00| 1.00| 1.00| 1.01| 1.01| 1.03

Table 7.5: Raw data from the set of calculations atR#00 for the shear layer & = 0:5. The numbers
denote the shear layer width expansion factor (relativeeédiydrodynamic run at Re 500, taken at end

time). The expansion factor for the hydrodynamic case isxdd to be = 1.
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Figure 7.23: Domain-integrated dissipation ragg (solid curve) and contribution from the cross term
(dashed curve) for the shear layer rung-at 0:5 blue represents the momentum dissipation terms, and

red represents the ux dissipation terms.

now classi ed as mildly/non-disruptive. There are also sodiscrepancies between the two
measures. Considering that the regime boundaries wergratadl using only data from the
incompressible case, this discrepancy is perhaps not eng The regime changeovers still
appear to closely follow the depender’de?Rm = C well, at least for the coverage Of1; Rm)
space we have here. The regih?’Rm  0:5 now contains some runs that are classi ed as
mildly disruptive, in contrast to the smallér cases, consistent with the runs generally suffering a
weaker disruption at highd¥ (compared to Figure 7.19). In conclusion, we expect thaugigsn

to follow the dependendce! 2Rm= f (F), with f a decreasing function &f.

7.3.3 Bickleyjet:F < 1

We have already observed in Section 7.2.2 that the effecks of 1 appear to be weak for the
nonlinear evolution of the Bickley jet in the hydrodynansballow-water case. In Figure 7.25 we

show snapshots of the potential vorticityFat= 0:5, again for Rm= Re = 500, andM = 0:01,
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Figure 7.24: Regime diagram for the shear layeFat 0:5, as measured by the spectral truncation
parametek.,; and via the shear layer width at the end of the run. The sugdéstundaries given by

M 2Rm= C are plotted for several values Gf

0:03, and0:05 as our representative cases.

We observe here that, compared to Figure 6.20, there arediffarences in the transients for the
more disruptive cases; however the end result is quaktgtsimilar, with the appearance of weak
bands of vorticity. What is slightly different in this casethat, in the end frame of thd = 0:05
case, there appears to be slightly more activity compargbdei@orresponding/d = 0:03 case,
contrary to the corresponding comparison witers 0 given in Figure 6.20. For the weak eld
case, the disruption is slight, only deforming the vortiskghtly but not destroying them, and the
vortices recover their elliptical shape by the end frameeduction in the amplitude and spreading

of the jet may also be seen in the pro lestf

The other diagrams (pro les ofi, time-series of energies, dissipation and conservation of
quantities) and the regime diagram are virtually indistisbable to those given for the

incompressible case in Chapter 6 and have been omitted. iaultl appear that the effect of
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Figure 7.25: Snapshots of potential vorticityrat= 0 :5 and different values d1 for the Bickley jet pro le
(at Re= Rm=500).

F 1 on the evolution of the Bickley is relatively weak. Againjshmay not be true when

rotational effects are present, since we then expect vaggmmetry to play a role in the dynamics.

7.4 ThecaseoF 1

It would appear that the nonlinear dynamics in the< 1 regime is not signi cantly different
to theF = 0 limit, so it is of interest to investigate thie 1 regime where, for example,
supersonic instabilities are present. However, we randgatoe serious humerical problems when

considering thé= 1 cases. In Figure 7.26 we plot the perturbed free surface $tiear layer
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Figure 7.26: Perturbed free surface plbtfor the shear layer d! = 0, F = P 2, at a snapshot taken a
short while before the numerical routine crashés. and(b) shows cross-sections bf and(c) shows a

surface plot oh. For image rendering purposés) is produced using only a fth of the total data points.

testrun, aM =0 andF = P 2, initialised using the eigenfunction calculated from &n¢heory.

It can be seen that there is nonlinear steepening of the diré&ce. Steepening was also observed
for the Bickley jet simulations with+ 1. It is during the nonlinear phase of the instability,
where the background ow starts being modi ed by the peraiitns, that we start seeing this
steepening. It should be noted that, for the linear shall@ater case, our time-stepping scheme at
this CFL number is stable fdf  1; we still observe steepening when the CFL number has been
decreased. The code crashes shortly after this time-soaBkierturning of the free surface and
shock formation has been observed in previous shallowrvgiteulations of shear instabilities
(e.g., Chu, 2010, and references within), so we believestigispening is a generic feature arising

from the dynamics and is not a numerical artefact.

As shallow-water theory is a long-wave theory (dynamicsehavsmall aspect ratio), shock
formation leads to the breakdown of the assumption of hydtias balance, and therefore
breakdown of shallow-water theory. There are methods td wéh steepening (numerical,

modifying or augmenting shallow-water theory) and thesediscussed in the discussion section
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at the end of this chapter.

7.5 Summary and discussion

We assumed that the free surface is forced to stay a eld tejlting in the conditiom (hb) =

0. Putting to one-side the validity of this assumption for thement, it was seen that seen that
the SWMHD equations written in terms of the transport vdéabl = hiu andB = hb, with a
Laplacian operator acting dih andB to mimic dissipation, maintain more conservation laws than
the analogous approach employing velocity variables. Aiqdarly important point is that our
approach here maintains the divergence-free conditio®8 = O, implicitly required in deriving
the conservation laws even in the ideal case. The approadmpé®y is particularly convenient
to implement in our pseudo-spectral, semi-implicit-im& approach, but it does not provide a
formally negative-de nite dissipation. We have thoughcited the formally sign-inde nite term
in our simulations and have found this extra contributiobaéamnly a small percentage of the total
dissipation for oufr < 1 simulations, so is unlikely to play a signi cant role in thgrdamics.
We conjecture that there should be mathematically comgistay of deriving shallow-water with
magnetic dissipation, and we suspect that, for our probtemapproach is a good approximation
to the “exact' theory since the errors introduced appeatetsrball. As fast waves are present,
certain terms in the shallow-water system were treatediditlplto relieve the CFL condition. It
was also found, via a von Neumann analysis, that the AB/BD2rse possessed better stability
properties than AB/BD3, so numerical routines for the sivallvater system used AB/BD2 as the

time-marching scheme.

We focussed on thE < 1 cases. For the shear layer, we again considered the case thieer
domain supports a single wavelength of the primary indtgbMWe rst investigated the effect of
increasingF whenM = 0. At small values ofF, small-amplitude gravity waves are present;
however, they do not seem to affect the nonlinear dynamicg weich, and the evolution was
largely like the incompressible case, with a long-livedterrforming. For larger values df,
small-amplitude gravity waves are again present, althdahgbe are at a larger amplitude than the
small F cases. The vortex formed is more elongated than for the ipoessible and smak
cases, but is also seen to be long-lived. When a magnetidsefttluded, the degree of disruption

observed in the smalf cases was comparable to the incompressible case. For Rydemwever,
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the disruption is seen to be milder. One explanation for ithihat when the magnetic stresses
are released on the uid column, some of this is converted dgforming the free surface and
thus does work against gravity. Like the incompressible cdisruption, when it occurs, is a fast

phenomenon, occurring within one or two eddy turnover tiaigsr the formation of the vortex.

We also tested our kinematic regime estimstéRm e against the data from the shallow-
water runs. We classi ed the runs using the same regime laniesl as those used in the
incompressible case. It is seen that, for snkallthe classi cations are largely the same as the
incompressible case. For largEr, the runs appear to suffer a milder disruption, with some
runs that were previously severe/mildly disruptive classias mildly/non-disruptive. Thus our
estimateM ?Rm e over-estimates the degree of disruption at the ranged aihd Rm we
covered. The data points still follow thd ?Rm = f (F) dependence reasonably well, witha

decreasing function d¥.

For the Bickley jet, wheir < 1in both the hydrodynamic and MHD regime, the evolution i sti
effectively like the incompressible case, except for the fhat the presence of small-amplitude
gravity waves, although these do not appear to in uence tiveex dynamics very much. The
transients are slightly different but the disruption oleerappears to depend mainly bh and
Rm and only weakly ofr . The regime classi cations are also largely similar to theadmpressible

case and so the results were not presented.

OnceF exceedsO(1), there are numerical dif culties for both pro les, where enurning of
the free surface was observed. This points to a breakdowhatibg/-water theory as the small
aspect ratio and hydrostatic balance assumption becomalsdinand further numerical and/or

mathematical modi cation or a different model is requiredrivestigate the dynamics.

We now provide a discussion of several issues that arosadlthris investigation, in decreasing

order of severity.

Numerical treatment of gravity wave terms

One not so crippling numerical issue we had was that the Ckhben required for numerical
stability was somewhat low whef 6 0. As a reminder, the nonlinear tergh + F2h)r h was
split into a linear term that was treated implicitly, whitee nonlinear term was treated explicitly.

We suspect this decrease in CFL number is due to this explgtment of the nonlinear terms,
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and it might be an idea to try for a more implicit treatment ieega larger stable time-step. We
could treat the nonlinear term as implicitly as possiblelsthmaintaining linearity at levet + 1.
To do this, we observe that

@h
@t,
so taking an approximation of the time derivative term uglata from leveh andn 1 (but not

h"*1r hn*t h"+ t - r h"*t; (7.39)

leveln + 1 in order to maintain linearity at level + 1) gives
her h f 1+ F2[(1+ by t)h"+ b th" Ygr h"*1; (7.40)

where theb coef cients are given in (7.32). If we then form the equatifmn h in our semi-
implicit approach, we observe that we need to take a divemefh:r h, and we will end up
with an inversion forh that involves operators involving second as well as rstiddives. Not
only can we not use the fast solver as we no longer have a Hélrgguation to solve, we also
have spatially varying coef cients multiplying the diffemtial operators. So, in the shallow-water
cases, nite-difference/volume methods are perhaps matatde since no spectral representation
(so no convolution sums) is required. Other formulatiomsvirticity-divergence or otherwise)
may also lead to other numerical schemes (e.g., Moheball&o[@ritschel, 2000, 2001; Dritschel
& Vildez, 2007).

Although we have not considered inserting sponge-layeabsorb outgoing gravity waves (e.g.,
Durran, 2010x8), this may be done in principle, to better mimic the freesshow problem. In
this shear instability problem it is possibly not a major cem as the gravity waves are small-
amplitude and do not seem to alter the vortex dynamics dlrthech. Although not our focus
here, in studies of gravity wave generation by shear owsnehbe outward ux is of concern
(e.g., Sutherlanet al., 1994; Sutherland & Peltier, 1994; Staquet & Sommeria, 2@kas &

Farrell, 2009a,b), ways to stop waves re ecting from thermtaries are required.

Nonlinear steepening wherF 1

Our investigation was restricted to the regifie< 1 where we do not appear to encounter
steepening that causes the routines to crash. FThe 1 region contains, for the shear layer,
the portion of parameter space where supersonic modes stabie) as well as the tongue region
(when MHD effects are present), and, for the Bickley jet, bgion where perhaps the nonlinear

dynamics would be more different than the< 1 case we have considered here.
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Steepening points to the breakdown of shallow-water theatyich is a system of equation
obtained at leading order in the aspect ratio. Going to thxé oreler in aspect ratio, the equations
obtained includes dispersion effects that can counterté@pening; the set of equations are known
as the Green—Naghdi equations (Green & Naghdi 1976; se®altar 2003b and Pearce & Esler
2010). This may perhaps be required for investigating theadyics in the region where wave

steepening occurs.

There are several numerical methods that deal with nonlsteapening and shock formation, but
we have not tested any of these in any detail to judge theitivel merits. One possibility is to
employ a dissipation dfi as in Poulin & Flierl (2003); such a dissipation may repregsysical
mechanism (e.g., radiative damping), and its additionalsequences on the conservation laws
have already been discussed. A second possibility is to@ngblock capturing methods used in
compressible or shallow-water dynamics (e.g., Toro, 2@Hy, 2010), and these would involve
using a nite-difference/volume method. One other podisjbthat prevents nonlinear steepening
in shallow-water is to modify the pressure ternin in the momentum equation appropriately, as

in BUhler (1998).

Form of the dissipation

We have already highlighted that nite magnetic diffusyimplies eld line slippage, something

that is not entirely consistent with the derivation of the MWD equations as we have here.
Another potential problem is that the dissipation that we elinploy does not guarantee a sign-
de nite energy dissipation. We discuss the latter pointobefthe more fundamental question of

the self-consistency of the SWMHD system when nite magndiffusion is present.

We consider rst the form of momentum dissipation. The pesb$ associated with the form of
momentum dissipation in the hydrodynamic case have beetopsty discussed in the literature
(e.g., Ochoeet al, 2011; Gilbertet al, 2013). The recent papers of Ocheral. (2011) and
Gilbert et al. (2013) conclude that, to ensure momentum conservatiorgifisgpation should be
expressed in terms of the divergence of a symmetric stressrtewith the correct factors &f

to account for the fact that momentum in shallow-water igibyU = hu (see also Buhler,
2000). It then remains to check whether we have negativeitieenergy dissipation. The form
of dissipation employed here, given by?U in the transport variable formulation (corresponding

to option Il of Ochoaet al. 2011) satis es the momentum condition, but does not givermédly
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negative-de nite dissipation. Other forms of the dissipatthat do maintain momentum and
negative-de nite dissipation are given in Ochegal. (2011) and Gilberet al. (2013). None of
these are particularly well suited to a pseudo-spectraij-gaplicit-in-time treatment, because the
terms are nonlinear in the fundamental variables, so difeerence/volume methods are perhaps

better suited for this line of investigation.

With regards to the form of the magnetic dissipation, we havied that, if we were to enforce
the frozen-in property, then we would need a magnetic dasisip that maintains the divergence-
free condition in the magnetic eld. A general form of magoedissipation that satis es this

property was suggested by Andrew Gilbert (private comnatinn); see Section 7.6. The main
point is although there is the possibility for a magnetidudifon that also gives negative-de nite
dissipation of magnetic energy, the dissipation terms apipenonlinear combinations, much like
the issue encountered in the choice of momentum dissipafigain, a nite-difference/volume

approach is perhaps more suitable to implement these typlssipation.

Returning to the more fundamental question of self-coestt, we argued that, for phenomena
on short dynamical time-scales such as shear ow instaslitthe frozen-in approximation is
perhaps a plausible one. Although our methoddshog we conjecture that it is perhaps a good
approximation to the “exact' theory, to be derived selfsistently starting from the Boussinesq
three-dimensional MHD equations, because the errorsdated with our approach is small and
our integration times are short. The same argument is alicershinly not going to be true
for studies that require dynamics to be simulated on residtme-scales, such as turbulence
or dynamo problems (overlooking the possibility of an ahtiramo theorem for the moment).
Studies that do utilise the SWMHD equations with nite matioaliffusivity and the frozen-in
approximation need to justify not only the form of the disdipn used, but also the validity of
the underlying approximations on a case by case basis. Asedirtgoint, we feel that this issue
has not been appropriately addressed in the article by &fli. (2005), who study the possibility
of dynamo action in some sort of system resembling the SWMfdesn here. As we have
alluded to already, there is also the possibility of anti@yo results depending on the form of the

dissipation if the frozen-in approximation is used (se€tiSpc.6).

It should be possible to derive a self-consistent form of SNeMHD equations with dissipation
included in the derivation by, for example, matching the reig eld in the uid layer onto some

external magnetic eld pro le. The question then is whetliee approximations that are required
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are realistic, and whether one actually gains anything floing an approximation, as some of the
advantages of employing the shallow-water system (sudheasystem being explicitly dependent
on only two spatial dimensions) may be lost. The derivatithe SWMHD system with eld-line
slippage has not been investigated in much detail here stafundamental question that needs
to be addressed, especially if the SWMHD system is to be gragdldor modelling nonlinear

physical phenomena, such as global tachocline or hot emeptynamics.
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7.6 Appendix A: Other forms of magnetic dissipation in SWMHD

In the absence of dissipation in the continuity equatiomsater

@ UB BU _ h
o' T T =-D; (7.41)
with
hiD=r (h{)r (h?b)); (7.42)

wherep andg are free parameters for the moment &pdk the total uid column (Andrew Gilbert,
private communication). The factor bf multiplying D is to account for dissipation of the total
uid column. It is obvious that this form of dissipation ma#ins the divergence-free condition of
the magnetic eld, and reduces accordingly in the incomgilde case. The case that we used in
(7.10), in transport variables with?B (where only energy dissipation was an issue), is the case

wherep = 0 andg=1. In general, we have

z7 z7
1d hijbj2 dxdy =  + hb @dxdy
2dt 27 @t
= +1  hb Ddxdy (7.43)
Rm.
1
= _— p q .
== h(r b (r  (h%)) dxdy:

Then we see that, for our cage$ 0 andq = 1), the energy dissipation is not negative-de nite,
as observed already. If instead we tgke= 1 andq = 0, then we have a negative-de nite
dissipation, with the dissipation related to the domairegnated curren![? Rhtj 2 dxdy. The
numerical advantage of thie= 0, g = 1 case is that it leads to terms that are particularly easy to
treat in our pseudo-spectral formalism. The 1, g = 0 case contains nonlinear terms which may
be treated accordingly in the nite-difference/volume eggch, in contrast to the pseudo-spectral

approach we employed here.

7.6.1 Anti-dynamo result

The following results are also due to Andrew Gilbert (pra&vabmmunication), included here for
completeness. In the ideal SWMHD system, the induction muin terms of the ux function
(with hy =1+ F?2h)

hib=¢e r A (7.44)
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is given by (Dellar, 2002)
@A,
@t

With our choice of dissipatiorp = 0 andg =1 in equation (7.42), we have

urA=0: (7.45)

@A 1,

—+UuU r A= —r “A 7.46

@t Rm ( )
In the shallow-water case, the argument is that the maximaoint A = Apax cannot increase in

time and so there is no dynamo, at least in terms of magnesiclufull, suppose we have

Amax (1) = A(Xmax(1);1)): (7.47)
Then
r Aj,,. =0; r 2A N (7.48)
and so
dAmax - deax r AJX + @Ahax
dt dt mx . @t (7.49)
— : 2 .
= u rAJXmaX+Wnr A O

The maximumAnax cannot increase, so a dynamo that has increasing magnetiwith time is

impossible.

For the cas@ = 1 andg = 0 which gives negative-de nite dissipation, it may be showattthe

induction equation in terms of the streamfunction is givaro(r notation) by

@A,
@t

WhenF = 0 this reduces to the incompressible case. A similar antadymresult may be shown

1 F?

2
r <A ————
Rm1+ F2h

urA=s (r h) (r A): (7.50)

1
Rm
since the extra term hasaA contribution, which is zero at max -

7.7 Appendix B: Numerical scheme wherk =0

WhenF = 0, the inversion forh in (7.37) becomes ill-de ned whek = 0 since we have a

second order differential equation with two Neumann bowndanditions. This corresponds to
the issue that, in the incompressible case, pressure ieffigcacts as a Lagrange multiplier to
ensure incompressibility at every time-step, but sincely appears through a derivative (unlike

the shallow-water case where there is a speci ¢ evolutiamaégn forh), the mean component
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of the pressure is de ned up to a constant. Although this n@anponent plays no role in the
dynamics, it does however lead to a non-unique inversionx Tids constant, we observe that, in

the incompressible case, the Poisson equatiop i®given by
2, — 2 1 5.
r‘p=r (uru M- r b+ R_er u: (7.51)

Taking anx-average, using the divergence-free conditionsifandb, and the conditio@ u=@y

0 on they-boundaries, we end up with

@ _ @ mriw
@7 —9(v M bg) (7.52)
Integrating once gives
—I = @V 2 p
ay ° Vay " Ve, (7:59)

The constanC is zero since® p=@y andb, are zero on thg—boundaries. Integrating once again
gives another constant that is irrelevant for the dynanhieace may be set to zero. We notice then
sincev andhy, are zero on the boundaries, ther 0 on the boundaries also. To implement this
in our numerical routine, an extra option was written in sattvhenF = 0 andk = 0, instead

of implementing homogeneous Neumann conditions on botls\{glved using the fast solver),
one of the boundary conditions was changed to a homogeneioighl€t condition (to take into

account we set the constant to be zero) and solved Windgecomposition.
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Chapter 8

Conclusions and further work

8.1 Summary of results

We have investigated the problem of shear ow instabiliieshe single layer SWMHD system,
in planar geometry with no rotation. General propertieshef SWMHD system were reviewed,

paying particular attention to the conservation propsrtie

For the onset of the instabilities, the linearised probleas wst formulated in the usual manner,
looking at the temporal evolution of normal mode solutiomsl dormulating an eigenvalue
problem. Some results for general basic states were derMédthen focussed on the simpler
problem with no underlying topography and a uniform backgb magnetic eld. Instability
characteristics of two piecewise-constant pro les, thetewo sheet and the rectangular jet, and
two smooth pro les, the hyperbolic-tangent shear layer #mel Bickley jet, were investigated
via numerical and asymptotic methods. For the shear layer, mhodes of instabilities were
identi ed, the in ection-point and supersonic instakidis. The in ection-point instabilities have
larger growth rates, are standing waves, resemble thexveintet instability at small, and their
associated instability mechanism is normally attributedhie constructive interference of a pair
of counter-propagating Rossby waves. The supersonichitises are found whe > 1, have
growth rates that are smaller than the in ection-point ngdeise as a pair of propagating waves,
and the associated instability mechanism is normallybatted to gravity wave interaction with
critical layers. The Bickley jet was found to possess two esodf instability, classi ed as either

even or odd abouy = 0. For the shear layer, the instabilities close to the= O, M = 0
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case are normally attributed to counter-propagating Rogslves, and here we also investigated
modi cations to this mechanism introduced by shallow-wated MHD effects. It was seen that
the underlying Rossby wave action-at-a-distance mecitmgsnerates vorticity anomalies that
counteract the basic mechanism, leading to stabilisafitimednstability. A long-wave asymptotic

procedure was employed to provide analytical expressmusrplement the numerical results.

For the nonlinear evolution, it was seen that vortices tbanfas the shear layer rolls up or as
the jet pro le breaks up may suffer disruption when MHD effeavere present. Focussing rst
on the incompressible case, this disruption was seen tmdepethe basic eld strengtM and

the magnetic dissipation parameter, here characteriseticoynagnetic Reynolds number Rm.
An estimate from a kinematic argument suggests that thendepee of the disruption on the
parameter values scales Bs°Rm e, Where ¢ is the typical vorticity magnitude of the
vortices formed. A range of runs from both pro les were clasbaccordingly and it was seen
that the data conforms well to tHd °Rm dependence. Although we have restricted ourselves
to studying the dependence M and Rm, some tests runs at larger Re suggests that disruption
is more severe also at increasing Re; this is perhaps expastthe dissipation acts less on the
vorticity laments, prolonging it's lifetime, contributin to the amount of small-scale activity. In
the shallow-water case, we focussed onkhe 1case a§ & 1appears to lead to overturning of
the free surface, and thus leads to the breakdown of shallaier theory as the initial assumptions
used in deriving the set of equations becomes invalid. Failsralues ofF, the evolution was
essentially like the incompressible case. For the shear lay moderate values &f, it was
seen that the disruption appears to be milder. For the Bidkke all F < 1 cases appear to be
qualitatively similar, with minimal differences betwedreseF < 1 runs and the incompressible
runs, except for the presence of small-amplitude gravityesawhich do not seem to interact
signi cantly with the vortical motions. The kinematic astateM 2Rm e Was tested against
the numerical data from the shallow-water runs, and thesgegirdisruption appears still to depend

closely onM 2Rm.

More in-depth summaries and relevant discussions may hedfati the end of the individual

chapters.



Chapter 8. Conclusions and further work 193

8.2 Conclusions

We have provided a thorough investigation into the charesties of shear instabilities associated
with free-shear ows, focusing on shear layer and jet pre.lén particular, we have attempted to
provide an investigation into the underlying instabiliteamanism and its modi cations by other

physical effects.

With regards to disruption by MHD effects, since Rm is tyflickarge in astrophysical systems of
interest and the fact that disruption occurs on dynamicagéiscales (no more than a few eddy
turnover times), we expect disruption to be a robust featoranstable shear ows, causing
the breakdown of coherent structures and the transitiomrofdar ows into chaotic, turbulent
motion. The key feature of these secondary resistive iilistad is that they may operate in
strongly strati ed systems with large Richardson numbeewlother secondary hydrodynamic

instabilities are comparatively weak.

Our disruption estimaté ?Rm e IS @ kinematic one, relying only on the fact that vortices
wind up the magnetic eld. It should therefore serve as a @stimate even for shear ows in
other physical systems, for example, where the systemas stt and velocity shear is in the
vertical, i.e. the Kelvin—Helmholtz scenario. The extamtnhich the kinematic estimate is true

has not been investigated for the large Rm region as largerate required.

Understanding the breakdown of coherent structures imbukent motion is not only interesting
from a uid dynamical point of view, but it also has importgpliysical consequences. One such
example is in turbulent mixing, physically relevant in bgiophysical and astrophysical systems.
We have not looked at the consequences on mixing in this basét, is certainly an interesting

problem to consider in the future.

8.3 Some possible further work

Extension of Ripa's theorem

As mentioned in Chapter 3 and 5, one result in shallow-wdtat wve have not managed to
generalise to the SWMHD system is an analogue of Ripa's #mofRipa, 1983). Ripa's

theorem states that, for the rotating, hydrodynamic shallater system in planar geometry,
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if the Rayleigh—Fjartoft condition (for potential vortig) and a subsonic condition is satis ed,
then the basic state is formally stable, i.e. linearly satol in nitesimal disturbances. The
approach adopted in the derivation is to make use of the lymugrsymmetries possessed by
the equations to construct a norm and to nd the extremakstaia a variational problem, an
idea dating back to Arnol'd (1965a,b, 1966a,b). These namag be constructed directly from
the governing equations although some ingenuity may benegtj(e.g., Taylor, 1915; Drazin &
Howard, 1966; Bretherton, 1966b; Blumen, 1971; Satomu®&11Eliassen, 1983), or may be
constructed more systematically for general ideal uidtegss by making use of the underlying
Hamiltonian structure (e.g., Holmt al,, 1985; Shepherd, 1990). For the shallow-water system,
Ripa's theorem may be derived via this method (Shepherd, 1B®#P; see also Ripa 1991 for the
multi-layer case), while in the incompressible MHD caseylBigh—Fjgrtoft type stability criteria
have been derived previously via similar methods (e.g.nHatlal, 1985; Vladimirov & Moffatt,
1995; Vladimirovet al,, 1996). The SWMHD system has been shown to possess a Haiarilton
structure (Dellar, 2002, 2003a), and it remains to derigbilty conditions for this system; this is

currently being investigated.

Modi cation to the Rossby wave mechanism by other physical #ects

In Chapter 5 we attributed the in ection-point instabiisi to interacting Rossby waves, and
considered modi cations to the underlying mechanism whigaeiophysical effects were involved.
It should be possible to quantify in more detail the modiioat of the Rossby waves by MHD
effects. One approach is to consider the piecewise-linégnglayer pro le (sometimes known
as the Rayleigh strip), which may be solved exactly in therbgignamic case. The mathematical
basis appears to be well established (e.g., Hedée@l.,, 1999, 2004; Heifetz & Methven, 2005;
Heifetz et al, 2006; Harnik & Heifetz, 2007; Heifetet al, 2009; Carpenteet al, 2012),
employing, for example: the Generalised Stability Theooyrrfalism of Farrell & loannou
(19964a,b) to obtain information about the optimum con gioa and information about transient
growth; pseudo-energy/momentum (related also to the Hamigin formalism discussed earlier)
to quantify wave activity responsible for instability inmsilations; wave kernels (or Green's
functions) to described the wave-interaction effects. duld be informative to see how the
inclusion of a background magnetic eld would alter the urygiag Rossby (or Rossby-Alfvén)

wave dynamics and its role in generating the instability.
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Supersonic modes, gravity wave interaction, and over-re etion

As demonstrated in the shallow-water system, instabilag also arise owing to gravity wave
interaction with critical layers in the system (e.g., Satioay 1981; Hayashi & Young, 1987;
Takehiro & Hayashi, 1992; Balmforth, 1999). It would be msting to further investigate
these supersonic modes via the WKB/numerical approach kdéhiia & Hayashi (1992) and

the matched asymptotics approach of Balmforth (1999) inSWéMHD system. Related to
wave interaction is the process of over-re ection (e.g.héson, 1976; Lindzen & Tung, 1978;
Lindzen, 1988; Benilov & Lapin, 2013). There have also betanapts to interpret the over-
re ection phenomenon by an analogous Rossby wave acti@rgigtance mechanism (Harnik
& Heifetz, 2007). It would also be interesting to see in detia@ MHD modi cations to the

underlying mechanisms associated with gravity waves, deroto provide a better understanding

of phenomena associated with magneto-gravity waves.

Disruption mechanism and regime estimates

A fairly simple extension of the work carried out here woulel to test the kinematic estimate
M 2Rm e With larger runs at higher Rm and Re, and to see how well thisiate extends into
parameter space. The probing of parameter space would gtigl&inematic estimate as a guide
to where to look, and to see whether #€Rm dependence holds true for more extreme values

in parameter space.

Going beyond the kinematic estimate, it would be desirablebtain estimates that consider the
full dynamical problem so that effects in the incompressiéohd shallow-water regimes are taken
into account. A dynamical estimate was previously giveriiermagneto-convection by Galloway
et al. (1978); see also the numerical investigation in Galloway &adve (1979). Although the
physical settings are different, it should be possible tapadheir asymptotic techniques to our
problem in order to provide estimates of the magnetic elésgith before disruption occurs. An
even simpler problem may be to consider a vortex in a doubhjedic box (as in Weiss 1966),
but with dynamical feedback. Some test runs of this vortea-box problem have shown that the
vortex may also be disrupted by MHD effects, so this probleould complement our shear ow
study in understanding the underlying mechanism, as wgt@dding another testing ground for

our theoretical predictions.
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One component in the disruption mechanism that we have ot dkle to clarify is the resistive
instability leading to release of magnetic stresses. Wpestighat it is a tearing-type instability,
since tearing instabilities tend to be the fastest growimgtabilities in thin currents. Larger
resolution runs should provide more data and possibly sHearer signatures of the resistive
instabilities in these thin current sheets. We also havestiear ow as well as vortex-in-a-box
problem as testing grounds to investigate the nature ofdsistive instabilities in current sheets

arising from vortical motion.

A complementary approach to the pseudo-spectral methodawe émployed here would be to
consider the vortex in a box problem and/or the shear ow [@wbusing contour dynamics, such
as the Contour Advective Semi-Lagrangian algorithm (CA8Ig., Mohebalhojeh & Dritschel,
2009) or the newer version, the Combined Lagrangian Aderddethod (CLAM; e.g., Dritschel
& Fontane, 2010). The routines are based on semi-Lagrangigthods advecting (potential)
vorticity contours, and are formally Re 1 methods (the process of contour surgery removes
small-scale, sharp features not covered by the numerisalution). The CASL/CLAM codes
have been tested in various settings and are known to becatdprioduce results obtained via, for
example, pseudospectral methods, at an impressive fnagtithe cost in terms of both time and
computing power (e.g., Dritschel & Scott, 2009). The MHDsien of CLAM has been employed
in a recent study of two-dimensional MHD turbulence (Dtitslc& Tobias, 2012) and it was seen
that the results are comparable to runs performed usinglpspactral methods, for low magnetic
Prandtl number ( 1), again at a tiny fraction of the cost. This would provide teo

approach for investigating the dependence of the dynamid®eo

F  1regime and shallow-water with dissipation

We have not been able to investigate the nonlinear evolaticshear ows in theF 1 regime

because of nonlinear steepening leading to overturnindhefftee surface. Shock formation
is something that our numerical routines cannot deal witthatmoment, but also points to
the breakdown of shallow-water theory, since the initiasdumsptions (small-aspect ratio and
hydrostatic balance) become invalid. Other models, suchalow-water theory with dispersion
(Green—Naghdi equations for example), will be requiredpimbing the dynamics at the regimes

where steepening occurs.

As discussed already in Chapter 8, the forms of dissipatiahrovide the desired conservation
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properties (such as momentum and magnetic ux consenjatimyative-de nite dissipation
of energy, maintenance of the divergence-free conditi@sjur in nonlinear combinations
of the fundamental variable, which causes problems in adwsspectral but not in a nite-
difference/volume approach. Our choice of dissipationhmF < 1 regime led to extra sign-
inde nite contributions to energy dissipation (althoughese were seen to be small for this
dynamical problem), and it would certainly be more satigfacif we use something that gives us
the desired physics, including conservation of varioustjtias and dissipation being negative-

de nite.

At a more fundamental level, the self-consistency issue WIMBD with nite magnetic
dissipation needs to be addressed if the SWMHD system is tsée as model of, for example,
the solar tachocline. It should be possible to include mitagnetic dissipation in the derivation,
starting from the Boussinesq incompressible MHD equatipeshaps by matching onto some
sort of external magnetic eld pro le, leading to some ottsst of equations. It then remains to
see whether we can do the approximation in such a way as terpeesertain conservation laws,
and whether such an approximation is in fact bene cial as vey hose, for example, the two-
dimensional aspect of shallow-water. On the other handgsive expect there to be no dynamo
when magnetic ux is conserved in the layer of uid, we may bahe possibility of dynamo

action when the ux conservation is relaxed.

Other physical effects: strati cation, rotation, geometry, etc.

Beyond our simple case of a single-layer, non-rotatingll@avater system in planar geometry,
various extensions are possible. For example, multi-layedels may be considered to mimic
strati cation; a derivation of the multi-layer models hasdm achieved (Sam Hunter, private
communication), assuming that magnetic ux is conservee@ach layer. This system should

serve as a simpli ed model for investigating the interplaieen strati cation and MHD effects.

Rotation effects may also be considered, and, in particalaanalogue of the quasi-geostrophic
(QG) equations is of particular interest due to its simplicand some provisional work has been
performed. Taking a different route to Gilman (1967a,bad)p considered taking an analogue of
the QG limit of the continuously strati ed MHD equations beé taking layers, we started from
the layered shallow-water models under the frozen-in afipration, took an analogue of the QG

limit, and we derived the same set of equations given in Gilifi®67a,b,c). The difference is
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that, done this way, it was clear why there is no explicit dmgpof the magnetic eld in the
different layers in the momentum or induction equation. Trial idea of using this magneto-
quasi-geostrophic model (mQG perhaps; see also Umurhdg, 20 arXiV) was to investigate
the jet formation problem in MHD (e.qg., Tobias al,, 2007); this is however beyond the scope of

this study and will be developed elsewhere.

The shear ow problem in the spherical case has been comsldelready, as mentioned in
Chapter 1 (Dikpati & Gilman, 2001; Rempel & Dikpati, 2003;Kpati et al, 2003; Dikpati &

Gilman, 2005). These works are linear studies, and it woelititeresting to consider the nonlinear
behaviour, bearing in mind the discussion we presentedragards to the form of the dissipation

employed.

Going beyond shallow-water, the shear ow problem with MHiieets in the Kelvin—Helmholtz
problem, i.e. vertical shear with vertical strati catioand possibly with a third spatial dimension)
would merit an investigation. This would then introduce titber well-known hydrodynamic
secondary instabilities into play, alongside the expediisduption arising from MHD effects.
These would presumably contribute to the breakdown of @stiestructures into turbulence, with
implications for turbulent mixing, for example. This is anportant area of study as it would have

implications for the mixing properties in strati ed MHD sgsns, such as the tachocline.

It is hoped that this study contributes to the larger studilbfD by investigating in some detalil
the dynamics in a simpler setting, highlighting some fundatal features that should be present
even when other physical effects might be in play. Sheaalldies play an important role in
the transition into turbulence, and this investigation \ept suf ciently theoretical to provide
a fundamental understanding to the underlying dynamicsftinens part of this larger physical

problem.
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