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Abstract

Pairing correlations play a crucial role in nuclear phenomena: their effects range from the odd-even
mass staggering in nuclear structure to the phases of matter found in neutron stars. Nuclear
Density Functional Theory (DFT) is a framework applicable to different systems, from few-body
nuclei to nuclear matter. In this thesis, we describe pairing and its manifestation within nuclear
DFT, in both infinite and finite systems.

Starting from a wavefunction combining all spin-isospin channels of a pair condensate in infin-
ite nuclear matter, we obtain the most general density matrix and pairing tensor. Our interaction-
independent analysis shows that although the different proton-neutron channels separate in the
Thouless matrix, they mix in the pairing tensor and the density matrix, suggesting that the relation-
ship between pairing tensor and pair condensate cannot be taken for granted.

In finite systems, we compute 𝐵(𝐸2; 2+1 → 0+1 ) of 𝑇 = 1multiplets, as the dependence of 𝐸2
matrix elements on isospin projection𝑇𝑧 is linked to the conservation of isospin symmetry. We show
that 𝑇𝑧 = 0, 𝑇 = 1 nuclei should be described by a coherent superposition of blocked 𝑇 = 1 proton-
neutron pairs atop the even-even quasiparticle vacua. The computed 𝐵(𝐸2 ↓) in doubly-blocked
configurations of the odd-odd 𝑇𝑧 = 0 nuclei 70Br and 78Y—cases of experimental interest—show
that, individually, they do not correspond to isospin-symmetry conservation. We analyse 𝐵(𝐸2)
rates for even-even 𝑇 = 1mirror nuclei with 42 ≤ 𝐴 ≤ 98, and demonstrate that collective effects are
crucial for describing experimental data near the𝑁 = 𝑍 line.

We introduce a newalgorithm for computingfinite-range interactions in nuclearDFT for direct,
exchange, and pairing channels. The new technique is based on eigendecomposition truncation
and exploits properties specific to Gaussian matrix elements to accelerate DFT calculations of
finite-range interactions. This procedure reduces the CPU time by ≈ 60 − 90%without sacrificing
numerical precision.

ii



Contents

Abstract ii

List of Figures vii

Acknowledgements xiii

Author’s declaration xvi

Abbreviations xviii

I Introduction 1

1 The nuclear many-body problem 2
1.1 Why nuclear density functional theory? . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Why proton-neutron pairing correlations? . . . . . . . . . . . . . . . . . . . . . 5
1.3 Thesis structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 Reading guide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Self-consistent methods 9
2.1 Hartree-Fock-Bogoliubov method . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Odd particles: The blocking approximation . . . . . . . . . . . . . . 12
2.2 Constrained calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Nuclear density functional theory . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 The Gogny EDF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.2 The Skyrme EDFs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Beyond mean-field: Restoration of broken symmetries . . . . . . . . . . . . . . 14

iii



iv Contents

3 What is pairing? 15
3.1 What are pairing correlations? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1.1 The canonical basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.1.2 Correlations of a single Thouless pair . . . . . . . . . . . . . . . . . . 19

3.2 Pairing correlation factors of mixed states . . . . . . . . . . . . . . . . . . . . . 20

II Proton-neutron pairing correlations 23

4 Homogeneous and isotropic nuclear matter 24
4.1 A general paired wavefunction . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.2 The k-dependent density matrix and pairing tensor . . . . . . . . . . . . . . . . 29
4.3 A simple case: Antisymmetric Thouless sub-matrix . . . . . . . . . . . . . . . . 32
4.4 A simple generalisable case: 𝑧-aligned pairs in the 𝑆𝑇 basis . . . . . . . . . . . . 35
4.5 The path to the most general pairing tensor of nuclear matter . . . . . . . . . . 38

4.5.1 Rotating𝒵+
𝑧 in spin and isospin space . . . . . . . . . . . . . . . . . . 38

4.5.2 The rotated Thouless submatrices,𝒵+
rot,𝑆𝛵 . . . . . . . . . . . . . . . 40

4.5.3 Writing the partial derivatives . . . . . . . . . . . . . . . . . . . . . . 41
4.5.4 The pairing tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.6 Rotating the pairing tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.6.1 Considerations about rotations in the subspace . . . . . . . . . . . . 46

4.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5 Analysis of pairing strengths 48
5.1 Pairing in UNEDF1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.2 Changing pairing strengths in UNEDF1 . . . . . . . . . . . . . . . . . . . . . . 51

6 Odd-odd𝑁 = 𝑍 nuclei and isospin symmetry-breaking in𝑇 = 1multiplets 59
6.1 Isospin symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.2 Isospin symmetry-breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6.2.1 Tests of isospin symmetry . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2.2 The linearity rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6.3 Is isospin broken at all? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.4 The odd-odd isobaric analog state . . . . . . . . . . . . . . . . . . . . . . . . . 67
6.5 Angular momentum projected DFT . . . . . . . . . . . . . . . . . . . . . . . . 70
6.6 The Generalised Bohr Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . 72
6.7 Global analysis of 𝑇 = 1mirror nuclei . . . . . . . . . . . . . . . . . . . . . . . 73



Contents v

6.8 The 𝐴 = 70 and 𝐴 = 78 isobaric triplets . . . . . . . . . . . . . . . . . . . . . . . 76
6.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

III Other research questions 82

7 Relativistic two-body currents 83

8 The Gaussian SeparalisationMethod 87
8.1 Computational efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
8.2 Properties of the Gaussian matrix elements and their eigenvalue decomposition 91
8.3 Simplified structure of the algorithm . . . . . . . . . . . . . . . . . . . . . . . . 94

8.3.1 Traditional approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
8.3.2 Simplified Gaussian SeparalisationMethod (GSM) intermediates . . 95

8.4 Acceleration due to symmetry of the eigenvectors . . . . . . . . . . . . . . . . . 96
8.5 Acceleration due to eigenvalue cutoffs . . . . . . . . . . . . . . . . . . . . . . . 99
8.6 Precision . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
8.7 Timing results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
8.8 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

9 Hybrid neutron stars: equation of state, phase transition, and radial oscillations 109
9.1 A very brief introduction to neutron star equation of state physics . . . . . . . 111

9.1.1 Uniting the micro- and macro-physics . . . . . . . . . . . . . . . . . 114
9.2 The density-dependent equation of state . . . . . . . . . . . . . . . . . . . . . . 115

9.2.1 Deconfined quark matter . . . . . . . . . . . . . . . . . . . . . . . . 115
9.2.2 Hadronic matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

9.3 Deconfinement phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . 117
9.4 Some results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
9.5 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

10 Conclusions and perspectives 122

IV Appendices 124

A The coupled 𝑆𝑇 representation 125

B Rotated 𝑆𝑇 states 129



vi Contents

C Rotated Thouless matrix 132

D Partial derivatives of the rotated Thouless matrix 135

E Details of the GSM implementation 138

Bibliography 140



List of Figures

1.1 Segrè chart for nuclei listed in the Atomic Mass Evaluation (Wang et al. 2021a), listed
by decay mode. Figure produced with the GitHub package from Karthein 2024. . . 3

1.2 Experimental neutron separation energies from the Atomic Mass Evaluation (Wang
et al. 2021a). Magic neutron and proton numbers are marked with dashed vertical
lines and bold pink lines, respectively. The inset details Sn isotopes. Figure produced
with the GitHub package from Karthein 2024. . . . . . . . . . . . . . . . . . . . . . 6

2.1 Schematic representation of the Hartree-Fock-Bogoliubov (HFB) method. . . . . . 11

5.1 Comparison between the calculated magnetic dipole 𝜇moments of the 𝜈11/2− con-
figurations in odd-𝑁 nuclei and the available experimental data (Stone 2021). The
isotopes where the signs of the magnetic dipole moments are experimentally undeter-
mined and determined from the theoretical calculations are marked with the asterisk
symbols (∗). Reproduced fromWibowo, Backes et al. 2025 . . . . . . . . . . . . . . 49

5.2 Same as in Figure 5.1 for 𝜋7/2+ configurations in odd-𝑍 nuclei. Reproduced from
Wibowo, Backes et al. 2025. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.3 odd-even staggering (OES) of different isotopes for different pairing strengths, and
experimental data (ENSDF 2023). The functional used was UNEDF1 (Kortelainen,
McDonnell et al. 2012), and the proton and neutron pairing strengths were modified
by summing or subtracting different percentages of the original UNEDF1. . . . . . . 54

5.4 OES of different isotones for different pairing strengths, and experimental data (EN-
SDF 2023). The functional used was UNEDF1 (Kortelainen, McDonnell et al. 2012),
and the proton and neutron pairing strengths were modified by summing or subtract-
ing different percentages of the original UNEDF1. . . . . . . . . . . . . . . . . . . . 55

5.5 Residual of all isotopic chains OESs of Figure 5.3. The mean of each pairing strength
is indicated by the dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

vii



viii List of Figures

5.6 Residual of all isotonic chains OESs of Figure 5.4. The mean of each pairing strength
is indicated by the dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.7 Residual for the individual isotopic chains OESs of Figure 5.3. . . . . . . . . . . . . 57
5.8 Residual for the individual isotonic chains OESs of Figure 5.4. . . . . . . . . . . . . 58

6.1 The proton and neutron as different isospin projections of a nucleon. . . . . . . . . 60
6.2 Isospin triplets and singlets in the spectra of 𝐴 = 10 isobars, aligning the first 𝑇 = 1

states, i.e., 0+ (ENSDF 2023). Figure based on Ring and Schuck 1980. . . . . . . . . 61
6.3 Representation of isospin multiplets. . . . . . . . . . . . . . . . . . . . . . . . . . . 62
6.4 Data presented byWimmer et al. 2021 and the linear trend set by 70Br and 70Se. . . . 66
6.5 A helpful representation of how to identify the states closest to the Fermi surface

in odd-odd nuclei. Here we display 78Y, and its neighbouring odd nuclei with their
respective experimental ground states. . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6.6 Potential energy curves, obtained with UNEDF1, with constrained quadrupole mo-
ments 𝑄20 for the mirror pair of 𝐴 = 70 (70Kr,70Se). The energies are normalised to
the energy at the spherical shape. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.7 HFB potential energy curves, obtainedwithUNEDF1, projected on 𝐼 = 0 as functions
of quadrupole deformation 𝛽 (6.5.1) for the even-even 𝑇 = 1mirror nuclei considered
in this study. Solid lines denote 𝑇𝑧 = 1, and dashed lines 𝑇𝑧 = −1. The mass numbers
are marked explicitly, close to curves of different colours. The energies are normalized
to the energy at the spherical shape. . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.8 𝐵(𝐸2) values of even-even 𝑇 = 1mirror nuclei with 42 ≤ 𝐴 ≤ 98 and the available ex-
perimental data (Boso et al. 2019; Giles et al. 2019, 2021; Hadyńska-Klȩk et al. 2016;
Llewellyn et al. 2020; Morse et al. 2018; Pritychenko et al. 2016; Wimmer et al. 2021),
in (a) full scale and (b) reduced scale. 𝑇𝑧 = 1 (𝑇𝑧 = −1) nuclei are represented with open
(filled) symbols. Stars show experimental values, squares mark the GBHUNEDF1
predictions, and the prolate (oblate) AMP UNEDF1 predictions are shown with
up-pointing (down-pointing) triangles. . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.9 The Nilsson proton diagrams for 70Br (top) and 78Y (bottom) obtained using the
UNEDF1EDF andplotted as a function of the total intrinsic quadrupolemoment𝑄20.
(The neutron diagrams are quite similar; therefore, they are not shown.) Although the
wavefunctions are strongly mixed in many cases, the asymptotic quantum numbers
[𝑁𝑛𝑥Λ]Ω providedmatch those ofNazarewicz et al. 1985 to simplify the identification
of individual levels. The vertical lines mark the false-vacuum equilibrium quadrupole
moments of 𝐴 = 70 (𝑄min

20 ≈ −3.2 b) and 𝐴 = 78 (𝑄min
20 ≈ 7.5 b) isotriplets. Figure is the

same as the one included in Backes, Dobaczewski et al. 2025. . . . . . . . . . . . . . 77



List of Figures ix

6.10 𝑀𝑝(𝐸2) values computed with HFB+AMP and UNEDF1 for (a) 𝐴 = 70 and (b)
𝐴 = 78 triplets, and the available experimental data (Wimmer et al. 2021). We selected
the oblate solutions for the 𝐴 = 70 triplet and the prolate ones for the 𝐴 = 78 triplet.
The different points shown for the odd-odd 𝑇𝑍 = 0 nuclei correspond to different
2-quasiparticle states near the Fermi level. Even-even results from GBH calculations
are shown as squares. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

8.1 Execution times obtained for Algorithms 1 and 2 shown as a function of 𝑁, for a
square matrix of dimension𝑁×𝑁. The lines show that the times scale, respectively, as
𝑁4 and𝑁3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

8.2 Schematic representation of the loops for the Harmonic Oscillator (HO) indices for
𝑁0 = 5 shells. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8.3 Schematic representation of the loops for theHO indices in the new scheme for𝑁0 = 5
shells. Panels (a), (b), and (c) correspond to the innermost loopwithHO indices in the
𝑥, 𝑧, and 𝑦 direction, respectively. The lighter and patterned indices, always highlighted
in the innermost loops, can be omitted in the GSM algorithm. . . . . . . . . . . . . 98

8.4 Ratio between the number of iterations when skipping the symmetric𝑚 ↔ 𝑛 indices
(𝑂sym−skip) and accounting for all HO indices (𝑂original). . . . . . . . . . . . . . . . . . 100

8.5 Normalised eigenvalue spectra for a product of eigenvalues in one (a,b), two (c,d),
and three (e,f) Cartesian directions, for the direct (left) and exchange/pairing (right)
channels. Different colors denote the spectra for different basis sizes, and different
lines denote the different Gaussian widths for the Gogny DS1 potential. . . . . . . . 101

8.6 Precision of the total, direct, exchange, and pairing energies with different eigenvalue
cutoffs in 16 HO shells for 160Gd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

8.7 Precision of the total, direct, exchange, and pairing energies with different eigenvalue
cutoffs in 20 HO shells for 160Gd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

8.8 The absolute error as a function of eigenvalue cutoff for 16 (dashed lines) and 20 (full
lines) HO shells, for 160Gd. The lines indicate the product between the cutoff and the
energy on each channel, 𝐸𝜆𝑐. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

8.9 Precision of the total, direct, and exchange energies with different eigenvalue cutoffs.
Results come fromHartree-Fock (HF) calculations in 16 HO shells for 208Pb. . . . . 105

8.10 Ratio of the time per iteration with and without use of the GSM, separated between
all channels and the total time for 16 HO shells in 160Gd. . . . . . . . . . . . . . . . . 106

8.11 Ratio of the time per iteration with and without use of the GSM, separated between
all channels and the total time for 20 HO shells in 160Gd. . . . . . . . . . . . . . . . . 107



x List of Figures

8.12 Ratio of the time per iteration with and without use of the GSM, separated between
channels, and the total time, for HF calculations in 16 HO shells for 208Pb. . . . . . . 107

9.1 Conjectured QuantumChromodynamics phase diagram. Reproduced fromWatts
et al. 2014. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

9.2 Illustration of different possible neutron star compositions. . . . . . . . . . . . . . . 113
9.3 Energy density and pressure variation for theN (solid lines), N+Δ (dotted lines), N+H

(dashed lines), andN+H+Δ (dot-dashed lines) DD-RMFEoS for 𝛼𝑣 = 1.0 with a phase
transition to the quark matter at parameter values (𝐶,𝐷1/2) = (0.90, 125MeV) for N
and N+Δ EoS and (𝐶,𝐷1/2) = (0.65, 133MeV) for N+H and N+H+Δ EoS. The inset
represents the EoS at low density with constraints from chiral effective field theory
(Hebeler et al. 2013). Reproduced from Rather, Marquez, Backes et al. 2024. . . . . 119

9.4 Particle population for different hybrid EoS: N (top left), N+Δ (top right), N+H
(bottom left), N+H+Δ (bottom right). The solid lines represent baryons while the
dashed lines represent the quark fractions. The shaded region (orange) represents the
density discontinuity gap between both parts of the EoS. Reproduced from Rather,
Marquez, Backes et al. 2024. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

9.5 Mass-radius profile for DD-RMF parameter set with different compositions of Δ
baryons and hyperons along with a phase transition to the quark matter at parameter
values (𝐶,𝐷1/2) = (0.90, 125MeV) forNandN+ΔEoS and (𝐶,𝐷1/2) = (0.65, 133MeV)
for N+H andN+H+Δ EoS. The 68% (violet) and 95% (turquoise) credible regions for
mass and radius are inferred from the analysis of PSR J0740+6620 (Miller et al. 2021;
Riley et al. 2021). For PSR J0030+0451, the indigo dotted region is for 68% credibility
while the green dotted region is for 95% credibility (Miller et al. 2019). The grey upper
(brown lower) shaded region corresponds to the higher (smaller) component of the
GW170817 event (Abbott, Abbott et al. 2018). The joint constraints from HIC
experiments and multimessenger astrophysics with 68% (orange) and 95% (black)
credible ranges are also shown (Huth et al. 2022). Reproduced fromRather, Marquez,
Backes et al. 2024. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121



To all those I view as family



“Would you tell me, please, which way I ought to go from here”
“That depends a good deal on where you want to get to,” said the Cat.
“I don’t much care where—” said Alice.
“Then it doesn’t matter which way you go,” said the Cat.
“—So long as I get SOMEWHERE” Alice added as an explanation.
“Oh, you’re sure to do that,” said the Cat, “if you only walk long enough.”

Lewis Carroll

To the worm who first gnawed on the cold flesh of my corpse, I dedicate
with fond remembrance these PosthumousMemoirs

Machado de Assis
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One

The nuclear many-body problem
Setting aside technical details, we shall understand some of the difficulties behind the nuclear many-
body problemandwhy density functional theory is a remarkable framework among current theoretical
methods. We shall also understand why the problem of proton-neutron pairing is worth investigating,
and the structure of this thesis.

[...] we can see how the whole becomes not only more than but also very
different from the sum of its parts.

Anderson 1972

As any physics student eventually comes to know, there is no closed analytical solution for a
three-body problem. In fact, many-body problems are analytically unsolvable in general. Nuclear
systems are not only quantum many-body problems, but the constituents of a nucleus are not
elementary particles themselves. The interaction between nucleons, i.e., protons and neutrons—
callednuclear interaction—is also not a fundamental one, butwhat arises after the strong interaction
between quarks and gluons confines their constituents into composite particles, which interact
with each other. Even the underlying and fundamental strong interaction, described by Quantum
Chromodynamics (QCD), cannot be solved exactly apart from the very specific conditions of high
temperature and low density, where Lattice QCD is applicable (Greiner, Schramm and Stein 2007).
Moreover, the nucleus is not charge neutral, which further complicates the problem. The delicate
balance between Pauli blocking, short-range correlations, Coulomb repulsion, the repulsive short-
range and attractive medium-range strong interaction, gives rise to a very rich phenomenology.
As one would expect from the complexity of the nuclear many-body problem, describing the
plethora of phenomena observed in nuclei—such as shell structure, pairing or nuclear superfluidity,
collective motion, clustering, the diversity of shapes and transitions between different shapes, and
so on—is no trivial task. Over the decades, this gave rise to different theoretical approaches, from
different starting points. This chapter motivates the choice of density functional theory (DFT),

2



1.1. Why nuclear density functional theory? 3

the theoretical framework we use throughout most of this thesis, and also introduces pairing, the
main theme of our work.

1.1 Why nuclear density functional theory?

When faced with the difficulties of the nuclear many-body problem, one could choose to tackle
the problem from different principles. Schunck 2019 lists the reductionist and the emergent
viewpoint, which relate to the degrees of freedom you choose. The first argues that all nuclear
phenomena can be described from the properties of nucleons, considering protons and neutrons
as the fundamental degrees of freedom. The latter argues that understanding the behaviour
of such complex systems entails the introduction of new and different degrees of freedom. A
second categorisation introduced in Schunck 2019, section 1.1.3, is the vertical and horizontal
philosophies, related to how you build many-body correlations. A vertical approach consists of
building correlations through a set of particle-hole excitations atop a symmetry-restricted vacuum,
preserving all symmetries from the original Hamiltonian. The horizontal, on the other hand,
introduces a series of non-orthogonal, symmetry-breaking vacua.
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Figure 1.1: Segrè chart for nuclei listed in the Atomic Mass Evaluation (Wang et al. 2021a), listed by decay
mode. Figure produced with the GitHub package from Karthein 2024.



4 1. The nuclear many-body problem

Figure 1.1 shows all observed or extrapolated nuclei by 2020. The three major frameworks for
nuclear structure are ab initio, shell model, and mean-field or density functional theory. Ab initio
consists mostly of reductionist and vertical methods, based on solving the many-bodyHamiltonian
from interactions between nucleons, utilising protons and neutrons as the relevant degrees of
freedom. The interaction between nucleons for current ab initio calculations is derived from
Chiral Effective Field Theory (𝜒EFT). As an effective field theory, results coming from 𝜒EFT have
the advantage of providing a systematic way to quantify theoretical uncertainties associated with
the truncation of the chiral expansion (Ekström et al. 2023). The clear downside of having, in
general, a reductionist and vertical theory is that the full configuration space grows exponentially
with the system size. This hinders the applicability of the method, as computing heavy systems
is increasingly demanding. Moreover, describing properties of medium-heavy nuclei, even when
computationally possible, remains an outstanding challenge (Machleidt and Sammarruca 2024).
Nevertheless, it remains a lively area of research, with various techniques focused on solving the
many-body problem—e.g., self-consistent Green’s function, coupled cluster, in-medium similarity
renormalisation group, no-core shell model, and quantumMonte Carlo (Hergert 2020).

The shell model, which comes from the pioneeringwork ofGoeppert-Mayer 1949, also consists
mostly of a vertical approach. It consists of selecting an inert core, typically a doubly-magic nucleus,
choosing a configuration space, building an effective Hamiltonian, and diagonalising it within a
truncated valence space to solve the many-body Schrödinger equation. Except for the no-core shell
model, which falls under the umbrella of an ab initiomethod, shell model approaches typically
use phenomenological effective Hamiltonians, which are adapted across the nuclear chart and are
dependent on experimental data (Liu and Yuan 2023). Restricting the valence space due to the
inert core makes it possible for shell-model calculations to reach higher masses than those of ab
initio, but a rapidly growing dimensionality still means calculations in the mid-shells remain a
known challenge.

Nuclear DFT, on the other hand, is quite different from both ab initio and shell model. It is
rooted in the Hohenberg-Kohn theorem and Kohn-Sham theory (Hohenberg and Kohn 1964;
Kohn and Sham 1965), which formally establishes the existence of a universal energy density
functional (EDF) for which the solution of the many-body problem is exact. While the existence
of such a functional is guaranteed, the form of the true nuclear EDF is unknown. In practice,
EDFs are parametrised and calibrated in a more phenomenological way, where the free parameters
are adjusted from nuclear structure data (Bender, Heenen and Reinhard 2003), even though the
roots of nuclear DFT are those of an ab initio* and exact† theory (Bartlett 2010). The Kohn-Sham
formulation allows us tomap an interactingmany-body system into an auxiliarymany-body system

*In the sense of being from first principles.
†Which we cannot yet access in practice.
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of non-interacting particlesmoving in ameanfield. To this end, weuse one-bodydensities as degrees
of freedom, and the energy becomes a functional of these one-body densities. In practice, the
auxiliary system from Kohn-Sham is represented by a product state. Consequently, the dynamical
equations of the system take the same form as that of Hartree-Fock or Hartree-Fock-Bogoliubov
(HFB), which is the reason behind the common use of these terms when referring to unpaired and
paired nuclearDFT (Sheikh,Dobaczewski et al. 2021). Nuclearmeanfield solutions often break the
symmetries of the underlying Hamiltonian, such that it constitutes a horizontal philosophy, deeply
rooted in spontaneous symmetry-breaking. The restoration of broken symmetries, therefore, is an
extension which takes the method beyond the mean field approximation (Sheikh, Dobaczewski
et al. 2021). Overall, nuclear DFT is a unified approach capable of computing nuclear properties
across the entirety of the nuclear chart. These features make DFT a powerful framework, especially
for describing heavy and mid-shell nuclei, as covered in some chapters of this thesis.

1.2 Why proton-neutron pairing correlations?

The concept of pairing emerged from systematic experimental observations (Brink and Broglia
2005; Ring and Schuck 1980). Figure 1.2 represents one of these observations, which is the neutron
separation energy. If 𝐵(𝑁,𝑍) is the binding energy of a nucleus with𝑁 neutrons and 𝑍 protons,

𝑆1𝑛(𝑁, 𝑍) = 𝐵(𝑁,𝑍) − 𝐵(𝑁 − 1, 𝑍) (1.2.1)

is the energy required to separate the last neutron. As there is an odd-even staggering in nuclear
masses/binding energies, the one-neutron separation energy 𝑆1𝑛 is also observed to be larger for even
neutron numbers than for odd ones. This reflects the additional energy associated with forming
pairs: removing one neutron from the odd systemmakes it even; removing a neutron from an even
system entails breaking a pair. To describe this phenomenon, early models such as the liquid drop
model introduced a pairing term (Bethe and Bacher 1936; Weizsäcker 1935), which accounts for
the evenness of the nucleus

𝛿(𝑁, 𝑍) = {

+𝛿0 if𝑁 and 𝑍 even

0 if𝑁 + 𝑍 odd

−𝛿0 if𝑁 and 𝑍 odd,

(1.2.2)

indicating that a system with an even number of particles (be it𝑁 and/or 𝑍) is more bound than
one with an odd number of particles. Another example, which also led to the idea of pairing, is the
difference in spectra of even-even and odd nuclei. While even-even nuclei have few levels, which
can be interpreted as rotational and vibrational bands, odd nuclei have a much larger level density
in the same energy interval. This can be understood if one considers that breaking a pair requires
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more energy than the simple particle-hole excitations, which are possible at low energy cost in odd
nuclei. Moments of inertia of deformed nuclei are another evidence of pairing, as superfluidity
generates a departure from what is expected of a rigid body. Moreover, pair transfer reactions
are sensitive to the correlations between the particles involved, and are both evidence of nuclear
superfluidity and a very useful experimental tool to probe different pairing modes (Sagawa, Bai
and Colò 2016).
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Figure 1.2: Experimental neutron separation energies from the AtomicMass Evaluation (Wang et al. 2021a).
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From early on, pairing correlations started being understood as the result of a short-range
attractive force (Goeppert-Mayer 1950). This point of view stands to this day, where the micro-
scopic origin of pairing is largely attributed to the short-range attractive part of the underlying
nucleon-nucleon interaction (Dean and Hjorth-Jensen 2003; Rios, Polls and Dickhoff 2017).
Shortly after the theory of superconductivity was developed by Bardeen, Cooper and Schrieffer
1957, it was promptly adapted to superfluid nuclear systems (Bohr, Mottelson and Pines 1958;
Cooper, Mills and Sessler 1959; Mills et al. 1959). Similarly, after the work of Bogoliubov 1958,
HFB became a core feature of nuclear theories (e.g. in Marshalek 1965 and Satpathy, Goss and
Banerjee 1969). Like-particle pairing has since become well established as a central aspect of nuclear
structure.

On the other hand, the role of unlike-particle proton-neutron (𝑝𝑛) pairing remains an open
subject (Frauendorf andMacchiavelli 2014; Qi 2026; Sagawa, Bai and Colò 2016). Close to the
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𝑁 = 𝑍 line, protons and neutrons occupy similar orbitals close to the Fermi surface. The large
spatial overlap between the proton and neutron wavefunctions allows for different pairs, where
they may couple to a total angular momentum 𝐽 = 0 and total isospin 𝑇 = 1 (called isovector
pairing), or to total angular momentum 𝐽 = 1 and total isospin 𝑇 = 0 (called isoscalar pairing).
This problem becomes particularly interesting for odd-odd 𝑁 = 𝑍 nuclei. Odd-odd nuclei are
notoriously complicated systems for both theory and experiment. While experimentalists face an
enormous level density, theorists must address dynamic core polarisation arising from the time-odd
fields of unpaired nucleons. In the𝑁 = 𝑍 line with 𝑝𝑛 pairing, further complications arise from the
need to restore multiple broken symmetries (Romero, Dobaczewski and Pastore 2019). Moreover,
𝑁 = 𝑍 nuclei are also key systems in the study of isospin symmetry (Lenzi and Bentley 2009), a
subject we shall study in this thesis. As 𝑝𝑛 pairing remains a central question, and experiments
continuously access data for heavier nuclei close to the proton drip line, elucidating 𝑝𝑛 pairing
from nuclear theory remains an outstanding open question in nuclear structure.

1.3 Thesis structure

This thesis is divided into four parts.

• Part I, to which this chapter belongs, introduces the framework for our research. Chapter
2 briefly introduces self-consistent many-body methods, which are the building blocks of
everything that follows. Chapter 3 offers a perspective of what defines a paired state, starting
from any many-body wavefunction.

• Part II consists of works within the topic of pairing. Chapter 4 introduces a novel approach
to the description of proton-neutron paired states in infinite nuclear matter within nuclear
DFT. Chapter 5 turns to the subject of finite nuclei, and discusses the assessment of pairing
strengths in a study of electromagnetic moments. Chapter 6 introduces concepts related to
isospin symmetry and tests thereof, showcasing the importance of proton-neutron pairing
to the accurate description of nuclei close to the𝑁 = 𝑍 line.

• Part III is devoted to research questions outside the topic of pairing. Chapter 7 introduces the
problem of computing two-body magnetic dipole moments within nuclear DFT. Chapter 8
introduces a novel algorithm for computing finite-range interactions inDFT, which is crucial
for enabling the progress of this increasingly resource-demanding theoretical framework,
including that of pairing correlations. Chapter 9 briefly introduces equation of state studies
for neutron stars within hadron effective models, showcasing some results of my work in the
area. Lastly, Chapter 10 draws the conclusions from the collection of works presented.
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• Part IV consists of the appendices, containing intricate details from the works of the previous
chapters.

1.4 Reading guide

This thesis is written for readers with a strong background in quantum mechanics and nuclear
physics. To allow for a stronger emphasis on original research, the introduction to the framework
of nuclear DFT is a brief review rather than a detailed derivation. Chapters 4, 6, and 8 constitute
the three major projects of my PhD, which were led by me. Therefore, the discussion therein
is thorough. Chapters 5, 7, and 9 are contributions I made to larger research projects, so their
discussion is more succinct.

Q q



Two

Self-consistent methods
For completeness, we briefly introduce the techniques we utilise to describe nuclear systems in the
following chapters. Due to our focus on pairing, we introduce: (i) the Hartree-Fock-Bogoliubov (HFB)
method for even and odd states, (ii) how to constrain calculations to desired expectation values, (iii)
the most popular energy density functionals (EDFs), and (iv) the process of symmetry restoration.

It would, indeed, be remarkable if Nature fortified herself against further
advance in knowledge behind the analytical difficulties of the many-body
problem.

Max Born

This chapter serves the purpose of providing a summary, as textbooks on the topics discussed here
are plentiful. Readers interested in many-body methods are referred to Ring and Schuck 1980
and Shavitt and Bartlett 2009, while those interested specifically in density functional theory are
referred to Schunck 2019, Petkov and Stoitsov 1991, Dreizler andGross 1990, and the introductory
material by Colò 2018.

2.1 Hartree-Fock-Bogoliubov method

To account for pairing, we shall use the HFB formalism, and look for quasiparticle product states
insteadof theusual particle product states (Ring andSchuck1980; Schunck2019). TheBogoliubov
transformation gives the quasiparticle creation and annihilation operators as combinations of
particle creation and annihilation operators,

𝛼†𝛼 = ∑
𝜈
(𝐴𝜈𝛼𝑎

†
𝜈 + 𝐵𝜈𝛼𝑎𝜈) , (2.1.1)

𝛼𝛼 = ∑
𝜈
(𝐴∗

𝜈𝛼𝑎𝜈 + 𝐵
∗
𝜈𝛼𝑎

†
𝜈) , (2.1.2)

respectively. The HFB vacuum is a zero-quasiparticle state

|Ψ⟩ = 𝒩∏
𝜈
𝛼𝜈|0⟩, 𝛼𝜈|Ψ⟩ = 0, (2.1.3)

9



10 2. Self-consistent methods

where the product runs over the so-called essential quasiparticles 𝛼𝜈, that is, those that do not
annihilate the particle vacuum, 𝛼𝜈|0⟩ ≠ 0, and𝒩 is a normalisation constant. We note that: (i) if
the number of essential quasiparticles is even (odd), the state |Ψ⟩ is a linear combination of states
with even (odd) numbers of particles, and (ii) the phase of state |Ψ⟩ depends on the product of
phases of all essential quasiparticles. For an even number of particles, the quasiparticle vacuum can
also be expressed as the Thouless state (Thouless 1960), which corresponds to the most general
pair condensate

|Ψ⟩even = 𝒩 exp (12 ∑𝜇𝜈
𝑍∗
𝜇𝜈𝑎

+
𝜇 𝑎

+
𝜈 ) |0⟩, (2.1.4)

where 𝑍𝜇𝜈 is the anti-symmetric Thouless matrix, which is linked to the Bogoliubov transformation
via 𝑍 = 𝐵𝐴−1, and 𝑎† are the particle creation operators. This representation shall be incredibly
useful for the work developed in Chapter 4, and is only valid for ⟨0|Ψ⟩even ≠ 0, which is equivalent
to𝐴 being non-singular. All the information about state |Ψ⟩ is contained in the generalized density
matrix

ℛ = (
𝜌 𝜅
−𝜅∗ 1 − 𝜌∗

) = (
𝐵∗𝐵𝛵 𝐵∗𝐴𝛵

𝐴∗𝐵𝛵 𝐴∗𝐴𝛵) , ℛ2 = ℛ, (2.1.5)

which commutes with the quasiparticle Hamiltonian. We can apply the variational principle using
the pair-condensate state of eq. (2.1.4) as a trial wavefunction, which leads to the HFB equations
ℋ𝒜 = 𝒜ℰ, or explicitly

(
ℎ′ − 𝜆 Δ
−Δ∗ −ℎ′∗ + 𝜆

) (𝜒 𝜑) = (𝜒 𝜑) (
𝐸 0
0 −𝐸

) , (2.1.6)

where𝒜 is the Bogoliubov transformation,

𝒜 = (
𝐴 𝐵∗

𝐵 𝐴∗) , (2.1.7)

𝐸 is a diagonal matrix containing the quasiparticle energies, andℋ is the HFB matrix. ℎ′ is the
single-particle (s.p.) Routhian operator, 𝜆 is the Fermi energy, and Δ is the pairing (or particle-
particle) mean-field. Since ℎ′ depends on the density matrix 𝜌 and Δ depends on the pairing tensor
𝜅, defined in eq. 2.1.5, the HFB quasiparticle Hamiltonianℋ has to be diagonalised iteratively
until the self-consistent solution [ℋ,ℛ] = 0 is found, that is, the columns of the Bogoliubov
transformation 𝒜 (the quasiparticle wave functions) become eigenstates ofℋ. For each state 𝛼,
there is a quasiparticle 𝜒𝛼 with energy 𝐸𝛼 and a quasihole 𝜑𝛼 with energy −𝐸𝛼. 𝜒 and 𝜑 can be written
explicitly in terms of the matrices of the Bogoliubov transformation as

𝜒 = (
𝐴
𝐵
) , 𝜑 = (

𝐵∗

𝐴∗) . (2.1.8)
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𝜒 and 𝜑 are eigenvectors of ℛ with eigenvalues 0 or 1, respectively, so they refer to empty and
occupied quasiparticle states. A schematic diagram for the self-consistent loop in the HFBmethod
is given in Figure 2.1

𝐴 and 𝐵 ansatz

Compute 𝜌 and 𝜅

Compute ℎ and Δ

Diagonalise HFBmatrix

Update 𝐴, 𝐵

Converged?

Return 𝐴, 𝐵

Yes

No

Figure 2.1: Schematic representation of the HFBmethod.

An important remark is that in the limit of zero pairing, where Δ = 0, the HFB method is
equivalent to Hartree-Fock. Moreover, the Bogoliubov transformation of eq. (2.1.2) mixes particle
number. This is a canonical example of how breaking a symmetry can introduce new correlations
to the system, and the quasiparticle vacuum of eq. (2.1.3) corresponds precisely to the definition
of a horizontal approach to building correlations, from the definition given in Chapter 1. To
circumvent the downside of this unwanted symmetry-breaking, one can perform a constrained
calculation, in which Lagrange multipliers are utilised to fix the average value of an observable. A
different option is to go from the symmetry-broken state to the symmetry-restored state via particle-
number projection. We shall briefly discuss constrained calculations and symmetry restoration in
Sections 2.2 and 2.4.
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2.1.1 Odd particles: The blocking approximation

The blocking approximation is the standard tool for describing odd-𝐴 and odd-odd nuclei. Within
this approach, a quasiparticle 𝜇 is created atop the even-even state of eq. (2.1.4)

|Ψ𝜇⟩odd = 𝒩𝛼†𝜇 exp (−
1
2 ∑𝜇𝜈

𝑍∗
𝜇𝜈𝑎

+
𝜇 𝑎

+
𝜈 ) |0⟩. (2.1.9)

This corresponds to replacing column 𝜒𝜇 with the column with opposite energy 𝜑𝜇. After the
column replacement, one of the s.p. states becomes fully occupied, and thus does not contribute to
pairing correlations (see Chapter 3). The effects of blocking include an increase in the total energy
of the system by the corresponding pair-breaking contribution and changes in deformation due to
polarisation.

Moreover, it is important to select the correct desired blocked state, as it is responsible for the
angular momentum of the nucleus, as long as the even subsystem is fully paired and has 𝐽𝜋 = 0+.
One of the difficulties in solving the HFB equations for blocked states lies in accurately following
the desired configuration, as the quasiparticle energies shift from one iteration to the next. To
address this issue, the blocked configuration should be tagged so that the correct state is blocked
in every stage (Dobaczewski, Satuła et al. 2009b; Wibowo, Backes et al. 2025). This relies on the
following: In each iteration of the self-consistent loop, wemust look for the largest overlap between
the fixed-tag s.p. wave function, 𝜙𝜇, and the quasiparticle states. Scanning the two-component

quasiparticle wave functions 𝜑𝜈 = (
𝐵∗𝜈
𝐴∗
𝜈
), we determine the overlaps between the upper 𝐵∗𝜈 and the

lower time-reversed component 𝑇̂𝐴∗
𝜈 𝑇̂, keeping the greater of the two𝒪𝜈 = max ((𝜙𝜇|𝐵∗𝜈 ), (𝜙𝜇|𝑇̂𝐴∗

𝜈 𝑇̂)).
The quasiparticle with the greatest overlap with the s.p. state is then chosen to be blocked during
that iteration. This procedure is insensitive to whether the quasiparticles are of the particle or hole
variety, as it follows the desired state despite of eventual crossing of the Fermi energy.

2.2 Constrained calculations

Notably, self-consistent solutions from the procedure of Section 2.1 only yield results for the
(hopefully global) minima of a potential energy surface. To cover different conditions—e.g., to
compute the potential energy surface as a function of different electromagneticmoments, or simply
to fix the average particle number from an HFB calculation—we must obtain a wavefunction
which minimises the energy under a constrained expectation value. If an observable 𝑄̂must have
the expectation value 𝑞,

𝑞 = ⟨Ψ| 𝑄̂ |Ψ⟩ , (2.2.1)



2.3. Nuclear density functional theory 13

we can add a Lagrange multiplier to the Hamiltonianℋ, and minimise the total

⟨ℋ′⟩ = ⟨ℋ⟩ − 𝜆⟨𝑄̂⟩, (2.2.2)

where 𝜆 is determined after linking eq. (2.2.1). Procedures such as the Augmented Lagrangian
Method are more robust enforcements of constrained self-consistent calculations (Staszczak et al.
2010).

2.3 Nuclear density functional theory

As briefly discussed in Chapter 1, the dynamical equations of paired density functional theory
(DFT) take the same form as that of HFB, although with a different interpretation and an interac-
tion carried out in the form of an EDF. The nuclear EDF can be split into different terms: kinetic,
potential, pairing, Coulomb, and centre-of-mass correction

ℰ[𝜌, 𝜅∗, 𝜅] = ℰkin[𝜌] + ℰpot[𝜌] + ℰpair[𝜌, 𝜅
∗, 𝜅] + ℰCou[𝜌] + ℰc.o.m[𝜌], (2.3.1)

where 𝜌 and 𝜅 are the normal and anomalous density matrices. The nuclear forces comprise the
potential part, which can have many different forms and parametrisations. Note that EDFs are
expressed in terms of different densities and derivatives of densities, such as the kinetic density 𝜏,
spin density s, and current density j. Further information on this decomposition and different
nuclear EDFs can be found in Schunck 2019. Here we briefly list the two most famous types of
functional generators, which we utilise throughout this thesis.

2.3.1 The Gogny EDF

Introduced byDechargé andGogny 1980, this consists of a finite-range functional generator, based
on a sum of two Gaussians of different ranges. The goal behind this generator was to have a unified
treatment of particle-hole and particle-particle correlations at the HFB level. The Gogny force
reads

𝑉Gogny(𝑟⃗1, 𝑟⃗2) =
2
∑
𝑗=1

𝑒
− |𝑟⃗1−𝑟⃗2|

2

𝜇2𝑗 (𝑊𝑗 + 𝐵𝑗𝑃𝜎 − 𝐻𝑗𝑃𝜏 −𝑀𝑗𝑃𝜎𝑃𝜏)

+𝑡3 (1 + 𝑥0𝑃𝜎) 𝛿(𝑟⃗1 − 𝑟⃗2)𝜌
𝛼 (

𝑟⃗1 + 𝑟⃗2
2 ) (2.3.2)

+𝑖𝑊𝑙𝑠 (𝜎⃗1 + 𝜎⃗2) ⋅ 𝑘⃗
† × 𝛿(𝑟⃗1 − 𝑟⃗2)𝑘⃗,

where 𝑃𝜎 and 𝑃𝜏 are the spin and isospin exchange operators, respectively, and 𝑘⃗ is the relative
momentum with adjoint 𝑘⃗†. The first line of eq. (2.3.2) corresponds to the sum of Gaussians, the
second line is the density-dependent term, and the third is the spin-orbit interaction.
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2.3.2 The Skyrme EDFs

First proposed by Skyrme 1959, the Skyrme family of forces now constitutes a class of zero-range,
momentum-dependent forces which typically takes a form similar to

𝑉Skyrme(𝑟⃗1, 𝑟⃗2) = 𝑡0 (1 + 𝑥0𝑃𝜎) 𝛿(𝑟⃗1 − 𝑟⃗2) +
1
2𝑡1 (1 + 𝑥1𝑃𝜎) (𝑘⃗

†2𝛿(𝑟⃗1 − 𝑟⃗2) + 𝛿(𝑟⃗1 − 𝑟⃗2)𝑘⃗
2)

+𝑡2 (1 + 𝑥2𝑃𝜎) 𝑘⃗
† ⋅ 𝛿(𝑟⃗1 − 𝑟⃗2)𝑘⃗ +

1
6𝑡3 (1 + 𝑥3𝑃𝜎) 𝛿(𝑟⃗1 − 𝑟⃗2)𝜌

𝛼 (
𝑟⃗1 + 𝑟⃗2
2 ) (2.3.3)

+𝑖𝑊0 (𝜎⃗1 + 𝜎⃗2) ⋅ 𝑘⃗
† × 𝛿(𝑟⃗1 − 𝑟⃗2)𝑘⃗.

Note that, as there are no finite-range terms, the computational burden associated with Skyrme
DFT calculations is considerably less than that of Gogny.

2.4 Beyond mean-field: Restoration of broken symmetries

As we alluded to when first introducing nuclear DFT, and later exemplified by HFB, mean-field
solutions may break symmetries of the many-body Hamiltonian. A typical terminology in the
literature is that symmetries of a state are broken in the intrinsic frame, whereas the laboratory frame
refers to the state after symmetry restoration. The procedure behind restoring broken symmetries
is denoted projection, and is rooted in group theory. A complete review of projection techniques is
given by Sheikh, Dobaczewski et al. 2021. Within the topic of nuclear electromagnetic moments—
which is relevant for Chapters 5, 6, and 7—it is imperative to restore rotational symmetry through
angular momentum projection. This procedure is detailed in Section 7 of Dobaczewski, Backes
et al. 2026.

Q q



Three

What is pairing?
Hitherto, we have mentioned or discussed the effects of pairing, such as differences in the spectra
of even-even and odd nuclei, and the odd-even staggering. In this chapter, rather than observing
the effects or questioning the origin of pairing, we shall understand what constitutes a paired state.

3.1 What are pairing correlations?

The question we pose in the title of this chapter is part of a category of easily asked and hardly
answered questions. One way of understanding pairing is to observe the experimental facts which
led to the idea of pairing correlations, and link these facts to the short-range part of the nucleon-
nucleon interaction. Here, we approach the title question in a somewhat orthogonal manner to
this notion. A common theme throughout this thesis is utilising the many-body wavefunction as
a starting point to our understanding of physical properties. Therefore, before considering the
consequences of pairing interactions among indistinguishable fermions in many-body systems, we
shall analyse the fundamental aspects of identifying pairs of fermions within many-body wavefunc-
tions. First, we shall consider the particle number operator 𝑁̂𝜇 = 𝑎+𝜇 𝑎𝜇. This operator is projective,
𝑁̂2
𝜇 = 𝑁̂𝜇, and thus can be seen as a measurement of the probability 𝑉2

𝜇 of the single-particle (s.p.)
state |𝜇⟩ being occupied in the fermion state |Ψ⟩, with 𝑉2

𝜇 = ⟨Ψ|𝑁̂𝜇|Ψ⟩ and 0 ≤ 𝑉2
𝜇 ≤ 1. Similarly,

the projective operator 𝑁̂𝜇𝑁̂𝜈, for 𝜇 ≠ 𝜈, built of two commuting projectors, [𝑁̂𝜇, 𝑁̂𝜈] = 0, measures
the probability 𝑉2

𝜇𝜈 = ⟨Ψ|𝑁̂𝜇𝑁̂𝜈|Ψ⟩ that two s.p. states |𝜇⟩ and |𝜈⟩ are simultaneously occupied in the
state |Ψ⟩. We can now define the pairing correlation factor 𝐶𝜇𝜈 as a surplus probability of finding
both fermions simultaneously over the probability of finding them independently, that is,

𝐶𝜇𝜈 ≡ 𝑉2
𝜇𝜈 − 𝑉

2
𝜇 𝑉

2
𝜈

= ⟨Ψ|𝑁̂𝜇𝑁̂𝜈|Ψ⟩ − ⟨Ψ|𝑁̂𝜇|Ψ⟩⟨Ψ|𝑁̂𝜈|Ψ⟩. (3.1.1)

15
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We emphasize that the definition of the pairing correlation factor 𝐶𝜇𝜈 applies to any many-fermion
wavefunction |Ψ⟩. First, we observe that𝐶𝜇𝜈 = 0whenever the state |𝜇⟩ or |𝜈⟩ is either fully occupied
or completely empty; that is, for 𝑁̂𝜇|Ψ⟩ = |Ψ⟩ or 𝑁̂𝜇|Ψ⟩ = 0, or for 𝑁̂𝜈|Ψ⟩ = |Ψ⟩ or 𝑁̂𝜈|Ψ⟩ = 0. This
indicates that only partially occupied states can form correlated fermion pairs. To illustrate this
issue, we may use the example of the simplest four-fermion state

|𝜇𝜈𝛼𝛽⟩ = 𝑎+𝜇 𝑎
+
𝜈 𝑎

+
𝛼 𝑎

+
𝛽 |0⟩, (3.1.2)

where 𝑎+𝜇 , … , 𝑎+𝛽 represent the fermion creation operators in normalized and orthogonal s.p. states
|𝜇⟩, … , |𝛽⟩, with all indices different from one another, 𝜇 ≠ … ≠ 𝛽, and |0⟩ represents the particle
vacuum. We can write this state as different pair creation operators 𝑃̂+

𝜇𝜈 = 𝑎+𝜇 𝑎
+
𝜈 , 𝑃̂+

𝜇𝛼 = 𝑎+𝜇 𝑎
+
𝛼 ,…, such

that state (3.1.2) can be seen as six different fermion pairs, arranged in three different ways

|𝜇𝜈𝛼𝛽⟩ ≡ 𝑃̂+
𝜇𝜈𝑃̂

+
𝛼𝛽|0⟩ ≡ −𝑃̂+

𝜇𝛼𝑃̂
+
𝜈𝛽|0⟩ ≡ 𝑃̂+

𝜇𝛽𝑃̂
+
𝜈𝛼|0⟩, (3.1.3)

or of any linear combination of them. We can now note that despite the possible representations
of state (3.1.2) in terms of pairs (3.1.3), there are no correlated pairs in |𝜇𝜈𝛼𝛽⟩. If we consider
pairing in the context of correlations, this state is simply unpaired. Moreover, because state (3.1.3)
is invariant under the unitary mixing of the four s.p. states |𝜇⟩, … , |𝛽⟩, none of the mixed states can
form correlated pairs either. We shall now analyse more intricate examples of how eq. (3.1.1) can
help us identify pairing correlations.

3.1.1 The canonical basis

Perhaps one of themost valuable examples comes fromwhat is called the canonical basis for product
states. This corresponds to the basis on which the density matrix, 𝜌, is diagonal

𝜌𝜇𝜈 = 𝑣2𝜇 𝛿𝜇𝜈, 𝜌 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜

⎝

𝑣21
⋱

𝑣2𝜇
𝑣2𝜇

⋱
𝑣21

⎞⎟⎟⎟⎟⎟⎟⎟⎟

⎠

, (3.1.4)
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where the 𝑣2𝜇 correspond to the occupation probabilities. In this basis, the pairing tensor is antidiag-
onal

𝜅̃𝜇𝜈 = 𝑠𝜇̄𝑢𝜇𝑣𝜇𝛿𝜇̄𝜈, 𝜅̃ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

𝑢1𝑣1

. .
.

𝑢𝜇𝑣𝜇
−𝑢𝜇𝑣𝜇

. .
.

−𝑢1𝑣1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

. (3.1.5)

The barred state, 𝜇̄, corresponds to the “partner” of the 𝜇-th state, and is said to be canonically
conjugated or time-reversed. 𝑢2𝜇 corresponds to the probability that 𝜇 is unoccupied, and is linked
to 𝑣𝜇 via the normalisation condition

𝑢2𝜇 + 𝑣
2
𝜇 = 1, (3.1.6)

and 𝑠𝜇̄ = −𝑠𝜇 corresponds to a phase factor, 𝑠∗𝜇 𝑠𝜇 = 1. On the right side of eq. (3.1.5), we have utilised
the convention of 𝑠𝜇 = 1, which is commonly adopted in literature. In the canonical basis, the
quasiparticle vacuum corresponds to the simple form of a Bardeen–Cooper–Schrieffer state

|Ψ⟩ = 𝑒𝑖𝜙∏
𝜈>0

(𝑢𝜈 + 𝑠𝜈𝑣𝜈𝑎
+
𝜈̄ 𝑎

+
𝜈 ) |0⟩, (3.1.7)

where the product runs over 𝜈 > 0. This indicates that only labels without a bar are present, which
suffices to cover all canonically conjugated pairs. Note that eq. (3.1.6) normalises the state (3.1.7).
To compute the correlation factor for this state, we may start by separating the product into

|Ψ⟩ = 𝑒𝑖𝜙 (𝑢𝜇 + 𝑠𝜇𝑣𝜇𝑎
+
𝜇̄𝑎

+
𝜇 ) ∏

𝜈>0,𝜈≠𝜇
(𝑢𝜈 + 𝑠𝜈𝑣𝜈𝑎

+
𝜈̄ 𝑎

+
𝜈 ) |0⟩ = (𝑢𝜇 + 𝑠𝜇𝑣𝜇𝑎

+
𝜇̄𝑎

+
𝜇 ) |Ψno 𝜇⟩, (3.1.8)

so that the expectation value of the particle-number operator simplifies to

⟨Ψ|𝑁̂𝜇|Ψ⟩ = ⟨Ψ|𝑎+𝜇 𝑎𝜇|Ψ⟩

= ⟨Ψno 𝜇|(𝑢𝜇 + 𝑠
∗
𝜇𝑣𝜇𝑎𝜇𝑎𝜇̄)𝑎

+
𝜇 𝑎𝜇(𝑢𝜇 + 𝑠𝜇𝑣𝜇𝑎

+
𝜇̄𝑎

+
𝜇 )|Ψno 𝜇⟩

= 𝑣2𝜇 , (3.1.9)

where terms containing only 𝑢𝜇, or mixing 𝑣𝜇 and 𝑢𝜇, vanish due to an unequal number of creation
and annihilation operators. This explicitly verifies the previous statement that the factor 𝑣2𝜇 corres-
ponds to the average number of fermions occupying the 𝜇-th state of the canonical basis. As the
next step on obtaining the correlation factor, we shall use the following relation for a fermionic
system and operators 𝐴𝐵𝐶𝐷, coming fromWick’s theorem (Shavitt and Bartlett 2009):

⟨Ψ|𝐴𝐵𝐶𝐷|Ψ⟩ = ⟨Ψ|𝐴𝐵|Ψ⟩⟨Ψ|𝐶𝐷|Ψ⟩ − ⟨Ψ|𝐴𝐶|Ψ⟩⟨Ψ|𝐵𝐷|Ψ⟩ + ⟨Ψ|𝐴𝐷|Ψ⟩⟨Ψ|𝐵𝐶|Ψ⟩. (3.1.10)
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This result simplifies the expectation value of states 𝜇 and 𝜈 being simultaneously occupied

⟨Ψ|𝑁̂𝜇𝑁̂𝜈|Ψ⟩ = ⟨Ψ|𝑎+𝜇 𝑎𝜇𝑎
+
𝜈 𝑎𝜈|Ψ⟩

= ⟨Ψ|𝑎+𝜇 𝑎𝜇|Ψ⟩⟨Ψ|𝑎
+
𝜈 𝑎𝜈|Ψ⟩ − ⟨Ψ|𝑎

+
𝜇 𝑎

+
𝜈 |Ψ⟩⟨Ψ|𝑎𝜇𝑎𝜈|Ψ⟩ + ⟨Ψ|𝑎

+
𝜇 𝑎𝜈|Ψ⟩⟨Ψ|𝑎𝜇𝑎

+
𝜈 |Ψ⟩

= 𝑣2𝜇 𝑣
2
𝜈 − ⟨Ψ|𝑎

+
𝜇 𝑎

+
𝜈 |Ψ⟩⟨Ψ|𝑎𝜇𝑎𝜈|Ψ⟩ + ⟨Ψ|𝑎

+
𝜇 𝑎𝜈|Ψ⟩⟨Ψ|𝑎𝜇𝑎

+
𝜈 |Ψ⟩. (3.1.11)

It is useful to analyse the remaining terms carefully. Explicitly, we have

⟨Ψ|𝑎+𝜇 𝑎
+
𝜈 |Ψ⟩ = ⟨0|∏

𝛼>0
(𝑢𝛼 + 𝑠

∗
𝛼𝑣𝛼𝑎𝛼𝑎𝛼̄)𝑎

+
𝜇 𝑎

+
𝜈 ∏
𝛽>0

(𝑢𝛽 + 𝑠𝛽𝑣𝛽𝑎
+
𝛽̄𝑎

+
𝛽 )|0⟩. (3.1.12)

By looking at the terms coming from the full bra, ⟨Ψ|, it is easy to see that this term vanishes if 𝜇
and 𝜈 are not canonically conjugated. We can rewrite (3.1.12) as

⟨Ψ|𝑎+𝜇 𝑎
+
𝜈 |Ψ⟩ = ⟨Ψ|𝑎+𝜇 𝑎

+
𝜇̄|Ψ⟩𝛿𝜇̄𝜈

= ⟨Ψno 𝜇|(𝑢𝜇 + 𝑠
∗
𝜇𝑣𝜇𝑎𝜇𝑎𝜇̄)𝑎

+
𝜇 𝑎

+
𝜇̄(𝑢𝜇 + 𝑠𝜇𝑣𝜇𝑎

+
𝜇̄𝑎

+
𝜇 )|Ψno 𝜇⟩𝛿𝜇̄𝜈

= −𝑠∗𝜇𝑣𝜇𝑢𝜇𝛿𝜇̄𝜈, (3.1.13)

and analogously

⟨Ψ|𝑎𝜇𝑎𝜈|Ψ⟩ = ⟨Ψ|𝑎𝜇𝑎𝜇̄|Ψ⟩𝛿𝜇̄𝜈

= ⟨Ψno 𝜇|(𝑢𝜇 + 𝑠
∗
𝜇𝑣𝜇𝑎𝜇𝑎𝜇̄)𝑎𝜇𝑎𝜇̄(𝑢𝜇 + 𝑠𝜇𝑣𝜇𝑎

+
𝜇̄𝑎

+
𝜇 )|Ψno 𝜇⟩𝛿𝜇̄𝜈

= 𝑢𝜇𝑠𝜇𝑣𝜇𝛿𝜇̄𝜈. (3.1.14)

The remaining terms, ⟨Ψ|𝑎+𝜇 𝑎𝜈|Ψ⟩ and ⟨Ψ|𝑎𝜇𝑎+𝜈 |Ψ⟩, are zero for 𝜇 ≠ 𝜈, and hence are irrelevant for
evaluating correlated pairs. Finally, the correlation factor reads

𝐶𝜇𝜈 = 𝑢2𝜇𝑣
2
𝜇 𝛿𝜈𝜇̄. (3.1.15)

This very interesting result shows that the probability of finding canonically conjugated pairs is
higher than the product of the probabilities of finding them individually. This is the very core
of the concept of pairing in many-body systems. Moreover, we can also see explicitly that if the
states are fully occupied (𝑣𝜇 = 1,𝑢𝜇 = 0), the correlation factor is zero. Again, only partly occupied
states can be correlated, which comes naturally for states with mixed particle number. This is a
beautiful aspect of Hartree-Fock-Bogoliubov theory, where we break a symmetry of the nuclear
system (particle number), and in return we obtain an accurate description of pairing correlations,
which we know are also a feature of nuclear systems.
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3.1.2 Correlations of a single Thouless pair

As another example, which is intrinsically related to Chapter 4, we shall compute the correlation
factor for a wavefunction of the form

|Ψ⟩ = 1
2 ∑𝛼𝛽

𝑍∗
𝛼𝛽𝑎

+
𝛼 𝑎

+
𝛽 |0⟩ . (3.1.16)

This corresponds to the single-pair term of a Thouless condensate,

|𝑍⟩ = exp {12 ∑𝛼𝛽
𝑍∗
𝛼𝛽𝑎

+
𝛼 𝑎

+
𝛽 } |0⟩ . (3.1.17)

The probability that the state ∣𝜇⟩ is occupied is given by

⟨Ψ| 𝑁̂𝜇 |Ψ⟩ = ⟨Ψ| 𝑎+𝜇 𝑎𝜇 |Ψ⟩

= 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 ⟨0| 𝑎𝛾𝑎𝛿𝑎

+
𝜇 𝑎𝜇𝑎

+
𝛼 𝑎

+
𝛽 |0⟩ . (3.1.18)

The vacuum expectation value of creation and annihilation operators can be obtained via theWick
theorem, and is given by the fully contracted terms*. Given that

𝑎𝑖𝑎
+
𝑗 = 𝛿𝑖𝑗 , 𝑎+𝑖 𝑎𝑗 = 𝑎𝑖𝑎𝑗 = 𝑎+𝑖 𝑎

+
𝑗 = 0, (3.1.19)

eq. (3.1.18) reduces to

⟨Ψ| 𝑁̂𝜇 |Ψ⟩ = 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝛼𝑎

+
𝛽)

= 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (𝛿𝛾𝜇𝛿𝛿𝛼𝛿𝜇𝛽 − 𝛿𝛾𝛼𝛿𝛿𝜇𝛿𝜇𝛽 − 𝛿𝛾𝜇𝛿𝛿𝛽𝛿𝜇𝛼 + 𝛿𝛾𝛽𝛿𝛿𝜇𝛿𝜇𝛼)

= 1
4 ∑𝛼𝛽

∑
𝛾𝛿

(𝑍∗
𝛼𝜇𝑍𝛼𝜇 + 𝑍

∗
𝜇𝛽𝑍𝜇𝛽 − 𝑍

∗
𝛼𝜇𝑍𝜇𝛼 − 𝑍

∗
𝜇𝛽𝑍𝛽𝜇)

= ∑
𝛼
|𝑍𝛼𝜇|

2. (3.1.20)

*As a crude “user’s guide”, the rules for looking at the following diagrammatic expressions are: (i) All creation and
annihilation operators must be connected; (ii) Only lines connecting an annihilation operator on the left and a creation
operator on the right are allowed; (iii) The final result will be expressed in terms of deltas, following the definition given
in eq. (3.1.19); (iv) The sign accompanying the deltas corresponds to (−1)𝑐, where 𝑐 is the number of line crossings.
Readers are referred to Shavitt and Bartlett 2009, Chapter 3, for a formal and detailed introduction toWick’s theorem
and its use in computing matrix elements of many-body systems.
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Similarly, the probability that both ∣𝜇⟩ and |𝜈⟩ are simultaneously occupied is given by the eight
Wick contractions

⟨Ψ| 𝑁̂𝜇𝑁̂𝜈 |Ψ⟩ = 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽

+𝑎𝛾𝑎𝛿𝑎
+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽

+ 𝑎𝛾𝑎𝛿𝑎
+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝜇𝑎𝜇𝑎

+
𝜈 𝑎𝜈𝑎

+
𝛼𝑎

+
𝛽)

= 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (−𝛿𝛾𝜇𝛿𝛿𝜈𝛿𝜇𝛼𝛿𝜈𝛽 − 𝛿𝛾𝛼𝛿𝛿𝜇𝛿𝜇𝜈𝛿𝜈𝛽 + 𝛿𝛾𝜈𝛿𝛿𝜇𝛿𝜇𝛼𝛿𝜈𝛽 + 𝛿𝛾𝜇𝛿𝛿𝛼𝛿𝜇𝜈𝛿𝜈𝛽

+𝛿𝛾𝛽𝛿𝛿𝜇𝛿𝜇𝜈𝛿𝜈𝛼 − 𝛿𝛾𝜇𝛿𝛿𝛽𝛿𝜇𝜈𝛿𝜈𝛼 − 𝛿𝛾𝜈𝛿𝛿𝜇𝛿𝜇𝛽𝛿𝜈𝛼 + 𝛿𝛾𝜇𝛿𝛿𝜈𝛿𝜇𝛽𝛿𝜈𝛼)

= |𝑍𝜇𝜈|
2 +∑

𝛼
𝑍∗
𝛼𝜈𝑍𝛼𝜇 𝛿𝜇𝜈⏟

=0

. (3.1.21)

Note that, as eq. (3.1.16) is not a product state, we cannot use (3.1.10), and the expressions above
for the vacuum expectation value are a compact way of obtaining 𝑉𝜇𝜈. As the expectation values
should be normalised, we must write

⟨Ψ|Ψ⟩ = 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (𝑎𝛾𝑎𝛿𝑎

+
𝛼𝑎

+
𝛽 + 𝑎𝛾𝑎𝛿𝑎

+
𝛼𝑎

+
𝛽)

= 1
4 ∑𝛼𝛽

∑
𝛾𝛿

𝑍𝛿𝛾𝑍
∗
𝛼𝛽 (−𝛿𝛾𝛼𝛿𝛿𝛽 + 𝛿𝛾𝛽𝛿𝛿𝛼)

= 1
2 ∑𝛼𝛽

|𝑍𝛼𝛽|
2. (3.1.22)

Finally, considering the collective pairs of (3.1.16), we obtain the correlation factor

𝐶𝜇𝜈 = 2
|𝑍𝜇𝜈|

2

∑𝛼𝛽 |𝑍𝛼𝛽|
2 −

4∑𝛼𝛽 |𝑍𝛼𝜇|
2|𝑍𝛽𝜈|

2

∑𝛼𝛽𝛾𝛿 |𝑍𝛼𝛽|
2|𝑍𝛾𝛿|2

. (3.1.23)

Unlike the correlation factor in the canonical basis, eq. (3.1.23) is not strictly positive. This shows
that the single-pair termof aThouless condensate can be correlated, uncorrelated, or anti-correlated,
depending on the structure of the Thouless matrix.

3.2 Pairing correlation factors of mixed states

Lastly, we shall derive properties of the pairing correlation factor (3.1.1) under the unitary mixing
of the s.p. states |𝜇⟩ and |𝜈⟩,

𝑎+𝜇′ = 𝑒𝑖𝜓𝜇′ (cos(𝛿)𝑎+𝜇 + sin(𝛿)𝑎+𝜈 ) , (3.2.1)

𝑎+𝜈′ = 𝑒𝑖𝜓𝜈′ (sin(𝛿)𝑎+𝜇 − cos(𝛿)𝑎+𝜈 ) . (3.2.2)
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The particle number operators are

𝑁̂𝜇′ = 𝑎+𝜇′𝑎𝜇′ = (cos(𝛿)𝑎+𝜇 + sin(𝛿)𝑎+𝜈 ) (cos(𝛿)𝑎𝜇 + sin(𝛿)𝑎𝜈)

= cos2(𝛿)𝑁̂𝜇 + sin2(𝛿)𝑁̂𝜈 + cos(𝛿) sin(𝛿)𝑁̂𝜇𝜈, (3.2.3)

𝑁̂𝜈′ = 𝑎+𝜈′𝑎𝜈′ = (sin(𝛿)𝑎+𝜇 − cos(𝛿)𝑎+𝜈 ) (sin(𝛿)𝑎𝜇 − cos(𝛿)𝑎𝜈)

= sin2(𝛿)𝑁̂𝜇 + cos2(𝛿)𝑁̂𝜈 − cos(𝛿) sin(𝛿)𝑁̂𝜇𝜈, (3.2.4)

where the hermitian operator 𝑁̂𝜇𝜈 reads,

𝑁̂𝜇𝜈 = 𝑎+𝜇 𝑎𝜈 + 𝑎
+
𝜈 𝑎𝜇 =

1
2 ((𝑎

+
𝜇 + 𝑎

+
𝜈 )(𝑎𝜇 + 𝑎𝜈) − (𝑎

+
𝜇 − 𝑎

+
𝜈 )(𝑎𝜇 − 𝑎𝜈)) . (3.2.5)

Then we have,

𝑁̂𝜇′𝑁̂𝜈′ = (cos2(𝛿)𝑁̂𝜇 + sin2(𝛿)𝑁̂𝜈 + cos(𝛿) sin(𝛿)𝑁̂𝜇𝜈) (sin2(𝛿)𝑁̂𝜇 + cos2(𝛿)𝑁̂𝜈 − cos(𝛿) sin(𝛿)𝑁̂𝜇𝜈)

= cos2(𝛿) sin2(𝛿)𝑁̂𝜇 + cos4(𝛿)𝑁̂𝜇𝑁̂𝜈 − cos3(𝛿) sin(𝛿)𝑁̂𝜇𝑁̂𝜇𝜈

+ sin4(𝛿)𝑁̂𝜈𝑁̂𝜇 + sin2(𝛿) cos2(𝛿)𝑁̂𝜈 − sin3(𝛿) cos(𝛿)𝑁̂𝜈𝑁̂𝜇𝜈

+ sin3(𝛿) cos(𝛿)𝑁̂𝜇𝜈𝑁̂𝜇 + cos3(𝛿) sin(𝛿)𝑁̂𝜇𝜈𝑁̂𝜈 − sin2(𝛿) cos2(𝛿)𝑁̂2
𝜇𝜈. (3.2.6)

However, it easy to check that

𝑁̂𝜇𝑁̂𝜇𝜈 = 𝑎+𝜇 𝑎𝜇(𝑎
+
𝜇 𝑎𝜈 + 𝑎

+
𝜈 𝑎𝜇) = 𝑎+𝜇 𝑎𝜈 = (𝑎+𝜇 𝑎𝜈 + 𝑎

+
𝜈 𝑎𝜇)𝑎

+
𝜈 𝑎𝜈 = 𝑁̂𝜇𝜈𝑁̂𝜈 (3.2.7)

𝑁̂𝜈𝑁̂𝜇𝜈 = 𝑎+𝜈 𝑎𝜈(𝑎
+
𝜇 𝑎𝜈 + 𝑎

+
𝜈 𝑎𝜇) = 𝑎+𝜈 𝑎𝜇 = (𝑎+𝜇 𝑎𝜈 + 𝑎

+
𝜈 𝑎𝜇)𝑎

+
𝜇 𝑎𝜇 = 𝑁̂𝜇𝜈𝑁̂𝜇 (3.2.8)

𝑁̂2
𝜇𝜈 = 𝑁̂𝜇 + 𝑁̂𝜈 − 2𝑁̂𝜇𝑁̂𝜈, (3.2.9)

which gives

𝑁̂𝜇′𝑁̂𝜈′ = cos2(𝛿) sin2(𝛿)𝑁̂𝜇 + cos4(𝛿)𝑁̂𝜇𝑁̂𝜈 + sin4(𝛿)𝑁̂𝜈𝑁̂𝜇 + sin2(𝛿) cos2(𝛿)𝑁̂𝜈

− sin2(𝛿) cos2(𝛿) (𝑁̂𝜇 + 𝑁̂𝜈) + 2 sin2(𝛿) cos2(𝛿)𝑁̂𝜇𝑁̂𝜈 = 𝑁̂𝜇𝑁̂𝜈. (3.2.10)
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Taking the average values of eqs. (3.2.3) and (3.2.4), for𝑁𝜇𝜈 ≡ ⟨𝑁̂𝜇𝜈⟩we obtain the pairing correlation
factor (3.1.1) of states |𝜇′⟩ and |𝜈′⟩,

𝐶𝜇′𝜈′ = 𝐶𝜇𝜈 + 𝑉
2
𝜇 𝑉

2
𝜈

− (cos2(𝛿)𝑉2
𝜇 + sin2(𝛿)𝑉2

𝜈 + cos(𝛿) sin(𝛿)𝑁𝜇𝜈) (sin2(𝛿)𝑉2
𝜇 + cos2(𝛿)𝑉2

𝜈 − cos(𝛿) sin(𝛿)𝑁𝜇𝜈)

= 𝐶𝜇𝜈 + (cos4(𝛿) + 2 cos2(𝛿) sin2(𝛿) + sin4(𝛿)) 𝑉2
𝜇 𝑉

2
𝜈

− (cos2(𝛿)𝑉2
𝜇 + sin2(𝛿)𝑉2

𝜈 + cos(𝛿) sin(𝛿)𝑁𝜇𝜈) (sin2(𝛿)𝑉2
𝜇 + cos2(𝛿)𝑉2

𝜈 − cos(𝛿) sin(𝛿)𝑁𝜇𝜈) .

= 𝐶𝜇𝜈 − cos2(𝛿) sin2(𝛿) (𝑉2
𝜇 − 𝑉2

𝜈 )
2

− (sin2(𝛿)𝑉2
𝜇 + cos2(𝛿)𝑉2

𝜈 − cos2(𝛿)𝑉2
𝜇 − sin2(𝛿)𝑉2

𝜈 ) cos(𝛿) sin(𝛿)𝑁𝜇𝜈 + cos2(𝛿) sin2(𝛿)𝑁2
𝜇𝜈.

= 𝐶𝜇𝜈 − cos2(𝛿) sin2(𝛿) (𝑉2
𝜇 − 𝑉2

𝜈 )
2

+ (cos2(𝛿) − sin2(𝛿)) (𝑉2
𝜇 − 𝑉2

𝜈 ) cos(𝛿) sin(𝛿)𝑁𝜇𝜈 + cos2(𝛿) sin2(𝛿)𝑁2
𝜇𝜈.

= 𝐶𝜇𝜈 −
1
4 (𝑉

2
𝜇 − 𝑉2

𝜈 )
2
+ 1

4 (cos(2𝛿) (𝑉
2
𝜇 − 𝑉2

𝜈 ) + sin(2𝛿)𝑁𝜇𝜈)
2
. (3.2.11)

For a pair of states in the canonical basis, for which all off-diagonal matrix elements vanish,
⟨Ψ|𝑎+𝜇 𝑎𝜈|Ψ⟩ = 0 for 𝜇 ≠ 𝜈, we have𝑁𝜇𝜈 = 0, and thus,

𝐶𝜇′𝜈′ = 𝐶𝜇𝜈 −
1
4 sin

2(2𝛿) (𝑉2
𝜇 − 𝑉2

𝜈 )
2
, (3.2.12)

that is, the pairing correlation factor of mixed states in the canonical basis is never larger than that
of unmixed ones. If, in addition, the pair of states has degenerate occupation probabilities,𝑉2

𝜇 = 𝑉2
𝜈 ,

the pairing correlation factor becomes independent of the mixing,

𝐶𝜇′𝜈′ = 𝐶𝜇𝜈. (3.2.13)

As canonical pairs have degenerate occupation probabilities, this is always valid for states 𝜇 and 𝜇̄.
This interesting result shows that mixing does not affect the correlation of canonical pairs.

Q q



Part II

Proton-neutron pairing correlations
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Four

Homogeneous and isotropic nuclear
matter

We shall build our understanding of pairing correlations in nuclear matter by constructing the most
general paired wavefunction, showing that one can separate the Thouless matrix into two different
blocks, corresponding to different linear momentum-dependent subspaces. From the most general
Thouless wavefunction, we will build the most general pairing tensor and density matrix through
different approaches, and see that the proton-neutron pairing channels are mixed in nuclear matter,
whereas the spin-isospin channels are not. As a result of the mixing, the proton-neutron structure of
the paired wavefunction does not correspond to that of the pairing tensor.

Ce qui est simple est toujours faux.

Paul Valéry

After the theory of superconductivity was developed by Bardeen, Cooper and Schrieffer 1957,
the ideawas promptly adapted to the description of superfluid nuclearmatter (NM) (Cooper,Mills
and Sessler 1959; Emery and Sessler 1960; Mills et al. 1959). Nuclear superfluidity is analogous
to electronic superconductivity, where pairs of time-reversed particles condensate near the Fermi
surface. In the nuclear case, the isospin degree of freedommust also be accounted for. Typically,
the allowed pairs are scalar-isovector (with total spin 𝑆 = 0, isospin 𝑇 = 1, and isospin projection
𝑇𝑧 = 0, ±1), vector-isoscalar (with total spin 𝑆 = 1, isospin 𝑇 = 0, and spin projection 𝑆𝑧 = 0, ±1), or
scalar-isoscalar. Equivalently, neutrons (𝑛) and protons (𝑝) can form the standard 𝑛𝑛, 𝑛𝑝, 𝑝𝑛, and
𝑝𝑝 pairs.

Notably, pairing plays a crucial role on a neutron star’s thermal evolution by suppressing the
neutrino emission during the cooling stage (Yakovlev, Levenfish and Shibanov 1999), and may
suppress exotic phases in the star’s interior (Pelicer et al. 2023). Beyond the interests of nuclear
astrophysics, models for NM can be used to study general features of the nuclear interaction. As
the strong interaction governs both nuclei and astrophysical objects, a universal energy density
functional (EDF) should be able to reproduce the properties of both vastly different systems. To
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this end, the nucleon pairing gaps in infinite nuclear matter (INM) can be used to adjust new
energy density functionals (Da Costa et al. 2024; Grams et al. 2025), which are suitable to describe
both astrophysical phenomena and finite systems.

Within a different framework from density functional theory (DFT), the bare nucleon-nucleon
(NN) interaction—i.e., a pair of nucleons interacting in free space—is typically expressed in terms of
partial waves and phase shifts obtained fromNN scattering experiments. The pairing gap is linked
to the attractive part of the NN interaction, and an attractive (positive) phase shift corresponds to a
positive pairing gap. Due to this relation, the energy dependence of the phase shifts offers valuable
insight on which pair condensates are likely to be formed in different regions of a neutron star: the
laboratory energy relates to the Fermi energy and momentum via 𝐸lab = 4𝜀F = 4ℏ2𝑘𝐹/2𝑀𝛮 when
considering a non-interacting Fermi gas*, and the Fermi momentum is linked to the density via
𝑘𝐹 = (3𝜋2𝜌)1/3(Bohr andMottelson 1998). Therefore, assessing the phase shifts for partial waves as
a function of the laboratory energy allows us to draw a rough estimate of which pairing channels
should appear in different density regimes. As shown in the review by Dean and Hjorth-Jensen
2003, the 1𝑆0 channel, following the spectroscopic notation (2𝑆+1𝐿𝐽), is the most attractive at low
densities. Thus, it is also the most prominent in studies of pairing in NM from the NN interaction
point of view, especially concerning neutron matter (e.g., Elgaroy and Hjorth-Jensen 1997; Pelicer
et al. 2023). Proton-neutron (𝑝𝑛) pairing, on the other hand, is generally mentioned in the context
of symmetric nuclear matter (Elgarøy et al. 1998; Yin et al. 2023). In these studies, 𝑝𝑛 pairing in
INM relates to the 3𝑆1-3𝐷1 channel, which couple the 𝑆- and𝐷-waves driven by the tensor part of
the NN interaction. It is important to note that this approach relies on the in-medium pairing
force being similar to its vacuum counterpart. The reader is referred to the in-depth review of the
topic from the ab initio point of view by Dean and Hjorth-Jensen 2003.

In this chapter, we focus on the description of homogeneous and isotropic NM from a general
perspective of paired DFT, irrespective of the interaction. This is appropriate to the use-case of
both equation of state studies and EDF fitting. In all these approaches, one would often assume
that building a pairing tensor with non-zero values between the specific desired proton-neutron
channels would carry over that same information to the respectiveHartree-Fock-Bogoliubov (HFB)
wavefunction. However, what is the relationship between the structure of the pairing tensor and
thewavefunction itself in nuclearmatter? To address this question, we propose a different approach
to the problem of proton-neutron pairs in INM.Wemove the horse before the cart by building
a DFT wavefunction with a combination of all different 𝑆𝑇 channels, and from it we obtain the
most general density matrix and pairing tensor of nuclear matter. We emphasize that through
this procedure we do not make any assumptions about the interaction, which allows us to focus

*Note that for HFB calculations, the nucleons are in-medium and adopt an effective mass. Further commentary
on this can be found in Section 2.3 of the article by Bender, Bennaceur and Guillon 2026.
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solely on the relation between the wavefunction and the pairing tensor to obtain a general result
applicable to any paired DFT solution of nuclear matter.

The structure of the chapter is as follows. We introduce the general properties of a paired
wavefunction in nuclear matter in section 4.1, showing that we can divide the Thouless matrix
into two linear-momentum-dependent sub-matrices. We then proceed to analyse the pairing
tensor in nuclear matter in different cases: The simplest one is that of an anti-symmetric Thouless
sub-matrix, for which we have a full analytic solution presented in section 4.3; The second case
corresponds to 𝑧-aligned pairs, with zero spin and isospin 𝑧 projection, presented in section 4.4;
Finally, we generalise this approach in section 4.5, and obtain a general pairing tensor for pairs with
an arbitrary orientation in spin and isospin space in section 4.6.

4.1 A general paired wavefunction

As discussed in Chapter 2, the core concept of nuclear DFT is to apply the variational principle to
a many-body trial wavefunction. In the case of paired states, the trial wavefunction corresponds
to the quasiparticle vacuum (Ring and Schuck 1980; Schunck 2019), which can be conveniently
presented in the form of the unnormalised Thouless state representing the pair condensate |𝑍⟩

|𝑍⟩ = exp {𝑍̂†} |0⟩, (4.1.1)

where 𝑍̂† denotes the fermion pair creation operator, and |0⟩ is the particle vacuum. When describ-
ing finite nuclei, the basis utilised in nuclear mean-field or shell-model approaches consists of𝑀
single-particle (s.p.) states. Thouless pairs 𝑍̂† are then defined in terms of the fermion creation
operators 𝑎†𝜇 for 𝜇 = 1, …𝑀,

𝑍̂† = 1
2 ∑

𝜇𝜈
𝑍∗
𝜇𝜈𝑎

†
𝜇𝑎

†
𝜈, (4.1.2)

where 𝑍𝜇𝜈 are the elements of the complex antisymmetric𝑀×𝑀Thouless matrix, 𝑍. The norms
of condensates ⟨𝑍|𝑍⟩, pairing tensors 𝜅𝜇𝜈, and one-body density matrices 𝜌𝜇𝜈 can be determined as
follows (Ring and Schuck 1980; Schunck 2019),

⟨𝑍|𝑍⟩ = det(1 + 𝑍‡𝑍)1/2, (4.1.3)

𝜅𝜇𝜈 =
⟨𝑍|𝑎𝜈𝑎𝜇|𝑍⟩
⟨𝑍|𝑍⟩ = − ((1 + 𝑍‡𝑍)−1 𝑍‡)

𝜇𝜈
, (4.1.4)

𝜌𝜇𝜈 =
⟨𝑍|𝑎†𝜈𝑎𝜇|𝑍⟩
⟨𝑍|𝑍⟩ = ((1 + 𝑍‡𝑍)−1 𝑍‡𝑍)

𝜇𝜈
, (4.1.5)

where the double dagger (‡) represents the Hermitian conjugation of the antisymmetric pair
amplitudes, 𝑍‡

𝜇𝜈 ≡ 𝑍∗
𝜈𝜇 = −𝑍∗

𝜇𝜈.
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In nuclear matter, expressions (4.1.2)–(4.1.5) must be generalised to the relevant case of an
infinite and continuous basis of space wavefunctions, combined with finite and discrete bases for
spin and isospin. Limiting ourselves to the case of homogeneous (independent of position) and
isotropic (independent of direction) nuclear matter, translational symmetry must be conserved.
Hence, the single-particle wavefunctions of the basis should be eigenstates of linear momentum
k, forming a continuous and infinite basis, in contrast to the aforementioned finite and discrete
basis of𝑀-s.p. states for nuclei. Then, to also account for spin and isospin, the appropriate basis
of INM is that of plane waves, spinors, and isospinors

𝜙k𝑠𝑧𝑡𝑧(r𝜎𝜏) = (2𝜋)−3/2 e𝑖k⋅r𝜒𝑠𝑧(𝜎)𝜒𝑡𝑧(𝜏), (4.1.6)

where 𝜎 = ± 1
2 and 𝜏 = ± 1

2 are the spin and isospin projections, and 𝜒𝑠𝑧(𝜎) = 𝛿𝑠𝑧𝜎 and 𝜒𝑡𝑧(𝜏) = 𝛿𝑡𝑧𝜏 are
the spinors and isospinors, respectively.

For the sake of clarity, we now omit the sub-indices 𝑧 of 𝑠𝑧 and 𝑡𝑧, and adopt lower case 𝑠 and
𝑡 when referring to the 𝑧-projection of spin and isospin. The pair-creation operator (4.1.2) in
the aforementioned basis can be expressed in the momentum and coordinate representations as,
respectively,

𝑍̂† = 1
2 ∫dk1dk2 ∑

𝑠𝑡,𝑠′𝑡′
𝑍∗
k1𝑠𝑡,k2𝑠′𝑡′

𝑎†k1𝑠𝑡𝑎
†
k2𝑠′𝑡′

, (4.1.7)

𝑍̂† = 1
2 ∫dr1dr2 ∑

𝑠𝑡,𝑠′𝑡′
𝑍∗(r1𝑠𝑡, r2𝑠′𝑡′)𝑎†r1𝑠𝑡𝑎

†
r2𝑠′𝑡′

. (4.1.8)

The antisymmetric momentum or position amplitudes, 𝑍∗
k1𝑠𝑡,k2𝑠′𝑡′

or 𝑍∗(r1𝑠𝑡, r2𝑠′𝑡′), should be
represented by different symbols; for simplicity, we differentiate between them by using the indices
or arguments, respectively. A double Fourier transform* relates the corresponding pair amplitudes
as follows

𝑍∗(r1𝑠𝑡, r2𝑠′𝑡′)=∫
dk1dk2
(2𝜋)3

e𝑖k1⋅r1+𝑖k2⋅r2𝑍∗
k1𝑠𝑡,k2𝑠′𝑡′

. (4.1.9)

To assess translational invariance, it is useful to transform the integrals (4.1.9) to the standard
total and relative momenta,K = k1 + k2 and k = 1

2 (k1 − k2), leading to

𝑍∗(r1𝑠𝑡, r2𝑠′𝑡′)=∫
dKdk
(2𝜋)3

e𝑖K⋅R+𝑖k⋅r𝑍∗

(K2 +k)𝑠𝑡,(
K
2 −k)𝑠

′𝑡′
, (4.1.10)

where the centre-of-mass and relative coordinates are denoted byR = 1
2 (r1 + r2) and r = r1 − r2.

As we are concerned with homogeneous and isotropic nuclear matter, translational invariance is

*We have employed a unitary convention for the Fourier Transform, under which the transform and the inverse are
both preceded by a factor of 1

√2𝜋
.
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conserved, which requires that the physics remain unchanged if the system is translated in space by
a. Under such a transformation, we have

r1 → r1 + a, r2 → r2 + a;

R → R + a, r → r.

Thus, the right-hand side of eq. (4.1.10) cannot depend on the centre-of-mass coordinateR. In
the momentum representation, this translates into the following pair amplitude

𝑍∗
k1𝑠𝑡,k2𝑠′𝑡′

=𝛿(K)𝑍∗
k𝑠𝑡,−k𝑠′𝑡′ =𝛿(k1+k2)𝑍

∗
k1𝑠𝑡,k2𝑠′𝑡′

, (4.1.11)

where the first equality holds for the variablesK and k in eq. (4.1.10), while the second is valid after
using the Dirac delta 𝛿(k1+k2) in eq. (4.1.9). It is now clear that the pair-creation operator (4.1.7)
depends only on the relativemomentum. This allows us to introduce 4×4 k-dependent spin-isospin
matrices defined by 𝑍∗(k)𝑠𝑡,𝑠′𝑡′ ≡ 𝑍∗

k𝑠𝑡,−k𝑠′𝑡′ . For these, we have 𝑍
∗(k) = −𝑍+(−k), where we use the

(+) and (𝑇) symbols to represent the matrix spin-isospin Hermitian conjugation and transposition,
respectively, of k-dependent functions (e.g., 𝑍+(k)𝑠′𝑡′,𝑠𝑡 ≡ 𝑍∗(k)𝑠𝑡,𝑠′𝑡′ and 𝑍𝛵(k)𝑠′𝑡′,𝑠𝑡 ≡ 𝑍(k)𝑠𝑡,𝑠′𝑡′). With
this, we have

𝑍̂† = 1
2 ∫dk ∑

𝑠𝑡,𝑠′𝑡′
𝑍∗(k)𝑠𝑡,𝑠′𝑡′𝑎†k𝑠𝑡𝑎

†
−k𝑠′𝑡′ (4.1.12)

= − 1
2 ∫dk ∑

𝑠𝑡,𝑠′𝑡′
𝑍+(k)𝑠𝑡,𝑠′𝑡′𝑎†−k𝑠𝑡𝑎

†
k𝑠′𝑡′ . (4.1.13)

Note that the minus sign of the k-dependence above, which is in the identity 𝑍∗(k) = −𝑍+(−k),
does not appear in (4.1.13) as the sign of k is exchanged in the creation operators. This notation
allows us to separate the integration over momentum k in eq. (4.1.12) into two arbitrary halves
of momentum space, k > 0 and k < 0. By defining a k-dependent 4 × 4 Thouless submatrix as
𝒵(k) ≡ 𝑍𝛵(k), we have,

𝑍̂† = 1
2 ∫

k>0
dk ∑

𝑠𝑡,𝑠′𝑡′
(𝒵+(k)𝑠𝑡,𝑠′𝑡′𝑎†k𝑠𝑡𝑎

†
−k𝑠′𝑡′ − 𝒵

∗(k)𝑠𝑡,𝑠′𝑡′𝑎†−k𝑠𝑡𝑎
†
k𝑠′𝑡′). (4.1.14)

Explicitly, at every momentum k > 0, the integrand in eq. (4.1.14) can be defined in terms of the
following eight spin-isospin states,

|1⟩ ≡ |+ k ↑𝑛⟩ , |5⟩ ≡ |− k ↑𝑛⟩,
|2⟩ ≡ |+ k ↓𝑛⟩ , |6⟩ ≡ |− k ↓𝑛⟩,
|3⟩ ≡ |+ k ↑𝑝⟩ , |7⟩ ≡ |− k ↑𝑝⟩,
|4⟩ ≡ |+ k ↓𝑝⟩ , |8⟩ ≡ |− k ↓𝑝⟩.

(4.1.15)
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In this representation, the two terms in eq. (4.1.14) appear as two off-diagonal 4 × 4 blocks of the
8 × 8 antisymmetric Thouless matrix 𝑍̃∗(k) defined as,

𝑍̃∗(k) = (
0 𝑍∗(k)

−𝑍+(k) 0
) = (

0 𝒵+(k)
−𝒵∗(k) 0

) . (4.1.16)

We note that the Thouless matrix 𝑍̃∗(k)must be antisymmetric, and this is fulfilled regardless of
the symmetry of𝒵. Here and below, we utilise the tilde to represent 8 × 8 k-dependent matrices.

4.2 The k-dependent density matrix and pairing tensor

In agreement with eqs. (4.1.3)–(4.1.5), here and below, we use the double dagger (‡) to represent
the Hermitian conjugation of the antisymmetric momentum amplitudes defined in eq. (4.1.7),
𝑍‡
k2𝑠′𝑡′,k1𝑠𝑡

≡ 𝑍∗
k1𝑠𝑡,k2𝑠′𝑡′

= −𝑍∗
k2𝑠′𝑡′,k1𝑠𝑡

. The representation off-diagonal in k, eq. (4.1.12), is inconvenient
for generalizing products of matrices 𝑍‡𝑍, eqs. (4.1.3)–(4.1.5) to the infinite and continuous basis.
For that, we must start with the original representation of eq. (4.1.7). In this representation, we get

𝑄k1𝑠𝑡,k2𝑠′𝑡′ ≡ [𝑍‡𝑍]k1𝑠𝑡,k2𝑠′𝑡′
= ∫dk″∑

𝑠″𝑡″
𝑍‡
k1𝑠𝑡,k″𝑠″𝑡″

𝑍k″𝑠″𝑡″,k2𝑠′𝑡′ = ∫dk″∑
𝑠″𝑡″

𝑍∗
k″𝑠″𝑡″,k1𝑠𝑡

𝑍k″𝑠″𝑡″,k2𝑠′𝑡′

= ∫dk″∑
𝑠″𝑡″

{𝛿(k1 + k″)𝑍∗
k″𝑠″𝑡″,k1𝑠𝑡

}{𝛿(k″ + k2)𝑍k″𝑠″𝑡″,k2𝑠′𝑡′}

= 𝛿(k1 − k2)∑
𝑠″𝑡″

𝑍∗
−k1𝑠″𝑡″,k1𝑠𝑡

𝑍−k2𝑠″𝑡″,k2𝑠′𝑡′ = 𝛿(k1 − k2)∑
𝑠″𝑡″

𝑍∗
k1𝑠𝑡,−k1𝑠″𝑡″

𝑍k2𝑠′𝑡′,−k2𝑠″𝑡″

= 𝛿(k1 − k2)∑
𝑠″𝑡″

𝑍̃∗(k1)𝑠𝑡,𝑠″𝑡″𝑍̃(k2)𝑠′𝑡′,𝑠″𝑡″ = 𝛿(k1 − k2) [𝑍̃∗(k1)𝑍̃𝛵(k2)]𝑠𝑡,𝑠′𝑡′ . (4.2.1)

Hence, the Hermitian matrix 𝑄k1𝑠𝑡,k2𝑠′𝑡′ , 𝑄
‡ = 𝑄, is diagonal in linear momenta k1 = k2 and at each

relative linear momentum k ≡ k1 = k2 is equal to the Hermitian product of k-dependent matrices
defining the diagonal representation of the Thouless pair (4.1.16),

𝑄̃(k) ≡ 𝑍̃∗(k)𝑍̃𝛵(k) = (
𝒵+(k)𝒵(k) 0

0 𝒵∗(k)𝒵𝛵(k)
) ,

for 𝑄̃+(k) = 𝑄̃(k).
The overlap and density matrix of eqs. (4.1.3) and (4.1.5) can then be clearly expressed as

⟨𝑍|𝑍⟩ = det (1 + 𝑄̃(k))1/2 , (4.2.2)

𝜌 = (1 + 𝑄̃(k))
−1
𝑄̃(k). (4.2.3)

We may also explicitly obtain the pairing tensor from the original representation via a similar
procedure. Writing

𝑆k1𝑠𝑡,k2𝑠′𝑡′ = (1 + 𝑄)−1k1𝑠𝑡,k2𝑠′𝑡′
, (4.2.4)
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and noting that 𝜅 = −𝑆𝑍‡, we obtain

𝜅k1𝑠𝑡,k2𝑠′𝑡′ ≡ [−𝑆𝑍‡]k1𝑠𝑡,k2𝑠′𝑡′
= −∫dk″∑

𝑠″𝑡″
𝑆k1𝑠𝑡,k″𝑠″𝑡″𝑍

‡
k″𝑠″𝑡″,k2𝑠′𝑡′

= −∫dk″∑
𝑠″𝑡″

{𝛿 (k1 + k″) 𝑆k1𝑠𝑡,k″𝑠″𝑡″} {𝛿 (k
″ + k2) 𝑍∗

k2𝑠′𝑡′,k″𝑠″𝑡″
}

= −𝛿 (k1 − k2)∑
𝑠″𝑡″

𝑆k1𝑠𝑡,−k1𝑠″𝑡″𝑍
∗
k2𝑠′𝑡′,−k2𝑠″𝑡″

= −𝛿 (k1 − k2)∑
𝑠″𝑡″

𝑆̃(k1)𝑠𝑡,𝑠″𝑡″𝑍̃∗(k2)𝑠′𝑡′,𝑠″𝑡″ = −𝛿 (k1 − k2) [𝑆̃(k1)𝑍̃+(k2)]𝑠𝑡,𝑠′𝑡′ . (4.2.5)

From eq. (4.1.16) we can write

𝑍̃+(k) = (
0 −𝒵+(k)

𝒵∗(k) 0
) , (4.2.6)

so that the pairing tensor can be expressed as

𝜅 = − (1 + 𝑄̃(k))
−1
𝑍̃+(k). (4.2.7)

Writing the density matrix explicitly in terms of the Thouless submatrices gives

𝜌 = (1 + 𝑍‡𝑍)−1𝑍‡𝑍 = (1 + 𝑄̃(k))
−1
𝑄̃(k)

= (
(1 + 𝒵+(k)𝒵(k))−1𝒵+(k)𝒵(k) 0

0 (1 + 𝒵∗(k)𝒵𝛵(k))
−1
𝒵∗(k)𝒵𝛵(k)

) , (4.2.8)

and the pairing tensor

𝜅 = − (1 + 𝑍‡𝑍)−1 𝑍‡ = − (1 + 𝑄̃(k))
−1
𝑍̃+(k)

= (
0 − (1 + 𝒵+(k)𝒵(k))−1𝒵+(k)

(1 + 𝒵∗(k)𝒵𝛵(k))
−1
𝒵∗(k) 0

) . (4.2.9)

Note that we have used the explicit product of matrices in the original representation, eqs. (4.2.1)
and (4.2.5), to obtain the expressions above for 𝜅 and 𝜌. The k-dependent blocks can be further
simplified. Defining the 4 × 4matrix𝒦(k) ≡ − (1 + 𝒵+(k)𝒵(k))−1𝒵+(k), which corresponds to
one of the two blocks of the pairing tensor, we can write the other off-diagonal block as

(1 + 𝒵∗(k)𝒵𝛵(k))
−1
𝒵∗(k) = [(1 + 𝒵(k)𝒵+(k))𝛵]

−1
(𝒵+(k))𝛵

= [(1 + 𝒵(k)𝒵+(k))−1]
𝛵
(𝒵+(k))𝛵

= [𝒵+(k) (1 + 𝒵(k)𝒵+(k))−1]
𝛵

= −𝒦𝛵(k), (4.2.10)
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where we have used the identity𝒵+(k) (1 + 𝒵(k)𝒵+(k))−1 = (1 + 𝒵+(k)𝒵(k))−1𝒵+(k), which can
be proved via

𝑋 = 𝒵+(k) (1 + 𝒵(k)𝒵+(k))−1 ,

(1 + 𝒵+(k)𝒵(k))𝑋 = (1 + 𝒵+(k)𝒵(k))𝒵+(k) (1 + 𝒵(k)𝒵+(k))−1

= 𝒵+(k) (1 + 𝒵(k)𝒵+(k)) (1 + 𝒵(k)𝒵+(k))−1 = 𝒵+(k),

𝑋 = 𝒵+(k) (1 + 𝒵(k)𝒵+(k))−1 = (1 + 𝒵+(k)𝒵(k))−1𝒵+(k).

Henceforth, the pairing tensor and density matrix can also be defined in term of the submatrices

𝜅 = (
0 𝒦(k)

−𝒦𝛵(k) 0
) , 𝜌 = (

−𝒦(k)𝒵(k) 0
0 −𝒦𝛵(k)𝒵𝛵(k)

) . (4.2.11)

Lastly, the overlap, eq. (4.1.4), can also be expressed in terms of the k-dependent submatrices
as

⟨𝑍|𝑍⟩ = det(1 + 𝑍‡𝑍)1/2

= det(1 + 𝒵+(k)𝒵(k))1/2 det(1 + 𝒵∗(k)𝒵𝛵(k))
1/2
. (4.2.12)

Using the fact that transposing does not change the determinant, we have

det(1 + 𝒵∗(k)𝒵𝛵(k))
1/2

= det(1 + 𝒵(k)𝒵+(k))1/2 (4.2.13)

and further for non-singular matrices

det(1 + 𝒵+(k)𝒵(k))1/2 = (det(𝒵−1(k) + 𝒵+(k))det(𝒵(k)))1/2

= (det(𝒵(k))det(𝒵−1(k) + 𝒵+(k)))1/2

= det(1 + 𝒵(k)𝒵+(k))1/2, (4.2.14)

such that

⟨𝑍|𝑍⟩ ≡ ⟨𝒵(k)|𝒵(k)⟩2 = det(1 + 𝒵+(k)𝒵(k)). (4.2.15)

Finally, the pairing tensor may also be expressed via the Onishi theorem (Onishi and Yoshida
1966; Ring and Schuck 1980) as

𝜅𝜇𝜈 = 𝜕
𝜕𝑍𝜇𝜈

log⟨𝑍|𝑍⟩ (4.2.16)

= 𝜕
𝜕𝑍𝜇𝜈

log det(1 + 𝒵+(k)𝒵(k)). (4.2.17)

This form is crucial for the results that follow over the next sections. From now on, we shall drop
the explicit k dependence and write the submatrices purely as𝒵 and𝒦. We will now go through
an example, and later derive the most general pairing tensor for infinite nuclear matter.
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4.3 A simple case: Antisymmetric Thouless sub-matrix

As defined in eq. (4.1.16), the 8 × 8Thouless matrix 𝑍̃∗ is antisymmetric by construction, regardless
of any structure of𝒵. Henceforth, when dealing with the Thouless submatrices, not only do they
not need to be antisymmetric (as the 8 × 8matrix is antisymmetric by construction), but they also
do not have to be symmetric at all. In particular, the different linear momenta allow for like-particle
pairs with the same spin orientation, which is unusual in describing nuclear matter. The freedom
in the structure of𝒵 presents difficulties in obtaining the most general pairing tensor for nuclear
matter, which shall be discussed over the next sections. Firstly, we limit ourselves to the familiar
case of an antisymmetric Thouless submatrix with different 𝑆𝑇 channels. In particular, we begin by
considering the space-symmetric components, and thus channels 𝑆𝑇 = 01 and 10 only. Omitting
the linear-momentum arguments of k, everything relies only on the Thouless submatrix𝒵+ (i.e.
the off-diagonal part of 𝑍). In the basis of four spin-isospin states ordered as |1⟩ ≡ |↑𝑛⟩, |2⟩ ≡ |↓𝑛⟩,
|3⟩ ≡ |↑𝑝⟩, and |4⟩ ≡ |↓𝑝⟩, we can write

𝒵̂+ = 𝑧∗𝑛𝑎
+
↑𝑛𝑎

+
↓𝑛 + 𝑧

∗
𝑝𝑎

+
↑𝑝𝑎

+
↓𝑝 + 𝑧

∗
↑𝑎

+
↑𝑛𝑎

+
↑𝑝 + 𝑧

∗
↓𝑎

+
↓𝑛𝑎

+
↓𝑝 + 𝑧

∗
+𝑎

+
↑𝑛𝑎

+
↓𝑝 + 𝑧

∗
−𝑎

+
↓𝑛𝑎

+
↑𝑝. (4.3.1)

The first two pairs are scalar-isovector with projections of 𝑇𝑧 = ±1, the next two are vector-isoscalar
with projections of 𝑆𝑧 = ±1, and the last two pairs are those with 𝑆𝑧 = 𝑇𝑧 = 0.

For a scalar and isoscalar interaction, we have the liberty of choosing an arbitrary orientation
of the pair’s spin and isospin. For example, Romero, Dobaczewski and Pastore 2019 chose the
orientation along the spin and isospin 𝑧 axes, which in the spherical tensor representation corres-
ponds to 𝑆𝑧 = 𝑇𝑧 = 0, and thus utilised only the last two pairs of eq. (4.3.1). Here, we seek a general
understanding of spin and/or isospin-polarized systems, for which the complete wavefunction is
required. We choose the pair’s orientation in the planes perpendicular to the spin and isospin 𝑧
axes, which in the spherical tensor representation corresponds to 𝑆𝑧 = ±1 and 𝑇𝑧 = ±1. By keeping
all pairs, and assuming an antisymmetric Thouless submatrix, we have

𝒵+ = ⎛⎜

⎝

0 𝑧∗𝑛 𝑧∗↑ 𝑧∗+
−𝑧∗𝑛 0 𝑧∗− 𝑧∗↓
−𝑧∗↑ −𝑧∗− 0 𝑧∗𝑝
−𝑧∗+ −𝑧∗↓ −𝑧∗𝑝 0

⎞⎟

⎠

, (4.3.2)

and the product𝒵+𝒵

𝒵+𝒵 = ⎛⎜

⎝

|𝑧𝑛|
2 + |𝑧↑|

2 + |𝑧+|
2 𝑧∗↑𝑧− + 𝑧

∗
+𝑧↓ −𝑧∗𝑛𝑧− + 𝑧

∗
+𝑧𝑝 −𝑧∗𝑛𝑧↓ − 𝑧

∗
↑𝑧𝑝

𝑧∗−𝑧↑ + 𝑧
∗
↓𝑧+ |𝑧𝑛|

2 + |𝑧↓|
2 + |𝑧−|

2 𝑧∗𝑛𝑧↑ + 𝑧
∗
↓𝑧𝑝 𝑧∗𝑛𝑧+ − 𝑧

∗
−𝑧𝑝

−𝑧∗−𝑧𝑛 + 𝑧
∗
𝑝𝑧+ 𝑧∗↑𝑧𝑛 + 𝑧

∗
𝑝𝑧↓ |𝑧𝑝|

2 + |𝑧↑|
2 + |𝑧−|

2 𝑧∗↑𝑧+ + 𝑧
∗
−𝑧↓

−𝑧∗↓𝑧𝑛 − 𝑧
∗
𝑝𝑧↑ 𝑧∗+𝑧𝑛 − 𝑧

∗
𝑝𝑧− 𝑧∗+𝑧↑ + 𝑧

∗
↓𝑧− |𝑧𝑝|

2 + |𝑧↓|
2 + |𝑧+|

2

⎞⎟

⎠

.
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This product of Thouless submatrices has two doubly degenerate eigenvalues

𝑧1,2 =
1
2 (|𝑧↑|

2 + |𝑧↓|
2 + |𝑧𝑝|

2 + |𝑧𝑛|
2 + |𝑧+|

2 + |𝑧−|
2

± {(|𝑧↑|
2 + |𝑧↓|

2 + |𝑧𝑝|
2 + |𝑧𝑛|

2 + |𝑧+|
2 + |𝑧−|

2)2 − 4|𝑧−𝑧+ + 𝑧𝑛𝑧𝑝 − 𝑧↑𝑧↓|
2}1/2), (4.3.3)

which can be expressed as
𝑧1,2 = 𝜂(1 ± cos 𝛼), (4.3.4)

where

𝜂 = 1
2 (|𝑧𝑛|

2 + |𝑧𝑝|
2 + |𝑧↑|

2 + |𝑧↓|
2 + |𝑧+|

2 + |𝑧−|
2),

sin(𝛼) = |𝑧+𝑧− + 𝑧𝑛𝑧𝑝 − 𝑧↓𝑧↑|/𝜂.

The spectrum of 𝑍‡𝑍 is directly linked to the occupation probabilities. We have previously estab-
lished that this product can be represented by the block diagonal matrix of eq. (4.2.2), and since
the eigenvalues of the diagonal blocks of a matrix are also eigenvalues of the full block matrix, the
spectra of𝒵+𝒵 also lead to the following doubly degenerate occupation factors

𝑣21,2 =
𝑧1,2

1 + 𝑧1,2
=

𝜂(1 ± cos 𝛼)
1 + 𝜂(1 ± cos 𝛼) . (4.3.5)

Obtaining the pairing tensor and density matrix analytically from this product, however, becomes
a nontrivial task, as the eigenvectors have a complicated structure that depends on all six parameters.
In this case, the aforementioned derivation following from the Onishi theorem becomes hugely
beneficial. The overlap is obtained from the submatrices following eq. (4.2.15), and reads

⟨𝑍|𝑍⟩ = (1 + |𝑧↑|
2 + |𝑧↓|

2 + |𝑧+|
2 + |𝑧−|

2 + |𝑧𝑝|
2 + |𝑧𝑛|

2 + |𝑧+𝑧− + 𝑧𝑛𝑧𝑝 − 𝑧↑𝑧↓|
2)2. (4.3.6)

Obtaining the pairing tensor then requires following eq. (4.2.17), where we shall find the compon-
ents of𝒦 by computing derivatives of the overlap of eq. (4.3.6) respective to the components of
the Thouless submatrix (4.3.2). To this end, we shall utilise the often calledWirtinger calculus
for complex-valued functions. If we suppose a complex number 𝑧 = 𝑥 + 𝑖𝑦, with 𝑥 and 𝑦 being real
numbers, and a complex function 𝑓(𝑥, 𝑦) ∶ ℂ ⟶ ℂwhich is real-differentiable*, this function can
also be expressed as 𝑓(𝑥, 𝑦) ≡ 𝑓̄ (𝑧(𝑥, 𝑦), 𝑧∗(𝑥, 𝑦)) = 𝑓̄(𝑥 + 𝑖𝑦, 𝑥 − 𝑖𝑦). By applying the chain rule, we
can easily obtain that

𝜕𝑓̄
𝜕𝑧 = 1

2 (
𝜕𝑓̄
𝜕𝑥 − 𝑖

𝜕𝑓̄
𝜕𝑦 ) ,

𝜕𝑓̄
𝜕𝑧∗ =

1
2 (

𝜕𝑓̄
𝜕𝑥 + 𝑖

𝜕𝑓̄
𝜕𝑦 ) , (4.3.7)

which allows us to introduce the Wirtinger derivatives

𝜕
𝜕𝑧 ≡

1
2 (

𝜕
𝜕𝑥 − 𝑖 𝜕𝜕𝑦) ,

𝜕
𝜕𝑧∗ ≡

1
2 (

𝜕
𝜕𝑥 + 𝑖 𝜕𝜕𝑦) . (4.3.8)

*Note that 𝑓 need not be complex differentiable.
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The fundamental inputs continue to be the real numbers 𝑥 and 𝑦, although in practice one can
simply proceed with the 𝑓̄ notation of a complex function and merely treat 𝑧 and 𝑧∗ as two in-
dependent variables. The introduction of the complex differential operators (4.3.8) is crucial,
as we wish to compute derivatives of the overlap of paired wave-functions which is written in
terms of the absolute values |𝑧𝑖|, which is not complex differentiable. For a detailed overview of
complex-differentiable calculus, the reader is referred to Remmert 1991, chapter 1, section 4. As a
practical example, the 21 component of𝒦 is obtained from

𝒦21 = 𝜕
𝜕𝑧𝑛

log⟨𝑍|𝑍⟩ (4.3.9)

= 1
⟨𝑍|𝑍⟩

𝜕
𝜕𝑧𝑛

⟨𝑍|𝑍⟩. (4.3.10)

The derivative involved in computing the 21 component of the pairing tensor is, explicitly,

𝜕
𝜕𝑧𝑛

⟨𝑍|𝑍⟩ = 𝜕
𝜕𝑧𝑛

(1 + |𝑧↑|
2 + |𝑧↓|

2 + |𝑧+|
2 + |𝑧−|

2 + |𝑧𝑝|
2 + |𝑧𝑛|

2 + |𝑧+𝑧− + 𝑧𝑛𝑧𝑝 − 𝑧↑𝑧↓|
2)2

= 2[𝑧∗𝑛 + 𝑧𝑝(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩.

Similarly, all other derivatives of components of𝒵 read

𝜕
𝜕𝑧𝑝

⟨𝑍|𝑍⟩ = 2[𝑧∗𝑝 + 𝑧𝑛(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩,

𝜕
𝜕𝑧+

⟨𝑍|𝑍⟩ = 2[𝑧∗+ + 𝑧−(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩,

𝜕
𝜕𝑧−

⟨𝑍|𝑍⟩ = 2[𝑧∗− + 𝑧+(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩,

𝜕
𝜕𝑧↑

⟨𝑍|𝑍⟩ = 2[𝑧∗↑ − 𝑧↓(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩,

𝜕
𝜕𝑧↓

⟨𝑍|𝑍⟩ = 2[𝑧∗↓ − 𝑧↑(𝑧
∗
+𝑧

∗
− + 𝑧

∗
𝑛𝑧

∗
𝑝 − 𝑧

∗
↑𝑧

∗
↓)]√⟨𝑍|𝑍⟩.

Noting that the inverse of the Thouless submatrix is

𝒵−1 = 1
𝑧𝑛𝑧𝑝 + 𝑧+𝑧− − 𝑧↑𝑧↓

⎛⎜

⎝

0 𝑧𝑝 −𝑧↓ 𝑧−
−𝑧𝑝 0 𝑧+ −𝑧↑
𝑧↓ −𝑧+ 0 𝑧𝑛
−𝑧− 𝑧↑ −𝑧𝑛 0

⎞⎟

⎠

,

we can see that the pairing tensor can be written as

𝒦 =
−2(𝒵+ + |𝑧𝑛𝑧𝑝 + 𝑧+𝑧− − 𝑧↑𝑧↓|

2𝒵−1)

√⟨𝑍|𝑍⟩
, (4.3.11)
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such that when we have

𝑧𝑛𝑧𝑝 + 𝑧+𝑧− = 𝑧↑𝑧↓ (4.3.12)

the Thouless submatrix and the pairing tensor are equivalent. The first block in the diagonal of
the density matrix is

ℛ = −𝒦𝒵, (4.3.13)

so that we can also immediately write the density matrix from the pairing tensor and the Thouless
submatrix

ℛ =
2(𝒵+𝒵 + 𝕀|𝑧𝑛𝑧𝑝 + 𝑧+𝑧− − 𝑧↑𝑧↓|

2)

√⟨𝑍|𝑍⟩
. (4.3.14)

These results show explicitly that even in the simple case of an antisymmetric Thouless submatrix,
the different proton-neutron channels do not easily separate in nuclear matter: although they may
appear separately in the wavefunction, they are strongly mixed in the pairing tensor and density
matrix. Specifically, a strong proton-neutronmixing appears in the pairing tensor of nuclearmatter,
which could not be inferred solely from the wavefunction. This intriguing result, however, does
not paint the full picture: some of the proton-neutron channels were not present in this derivation,
and a general result would require𝒵 to have an arbitrary structure, and thus, 16 free parameters.
Obtaining the overlap for such a system analytically does not provide any clarity, as the expressions
become extremely complicated, so the next sections outline a different approach that enables us to
access the full pairing tensor.

4.4 A simple generalisable case: 𝑧-aligned pairs in the 𝑆𝑇 basis

It has now become clear that proceedingwith the basis of four spin-isospin states, as discussed in the
previous section, is unfeasible in the case of general proton-neutron pairs in NM. In the following
sections, we switch to the coupled 𝑆𝑇 representation |𝑆𝑆𝑧𝑇𝑇𝑧⟩, for which all transformations are
detailed in Appendix A. We shall start in the simplest way possible: including only pairs with zero
spin and isospin projections. This choice includes all proton-neutron channels, for which the new
basis states read

|0000⟩ = 1
2 (|↑ 𝑛⟩ ∣↓ 𝑝⟩ − ∣↑ 𝑝⟩ |↓ 𝑛⟩ + ∣↓ 𝑝⟩ |↑ 𝑛⟩ − |↓ 𝑛⟩ ∣↑ 𝑝⟩), (4.4.1)

|1000⟩ = 1
2 (|↑ 𝑛⟩ ∣↓ 𝑝⟩ − ∣↑ 𝑝⟩ |↓ 𝑛⟩ − ∣↓ 𝑝⟩ |↑ 𝑛⟩ + |↓ 𝑛⟩ ∣↑ 𝑝⟩), (4.4.2)

|0010⟩ = 1
2 (|↑ 𝑛⟩ ∣↓ 𝑝⟩ + ∣↑ 𝑝⟩ |↓ 𝑛⟩ − ∣↓ 𝑝⟩ |↑ 𝑛⟩ − |↓ 𝑛⟩ ∣↑ 𝑝⟩), (4.4.3)

|1010⟩ = 1
2 (|↑ 𝑛⟩ ∣↓ 𝑝⟩ + ∣↑ 𝑝⟩ |↓ 𝑛⟩ + ∣↓ 𝑝⟩ |↑ 𝑛⟩ + |↓ 𝑛⟩ ∣↑ 𝑝⟩), (4.4.4)
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and correspond to the following Thouless submatrices, denoted by the 𝑆𝑇 quantum numbers:

𝒵+
00 = ⎛⎜

⎝

0 0 0 +1
0 0 −1 0
0 −1 0 0

+1 0 0 0

⎞⎟

⎠

, 𝒵+
10 =

⎛⎜

⎝

0 0 0 +1
0 0 +1 0
0 −1 0 0

−1 0 0 0

⎞⎟

⎠

,

𝒵+
01 = ⎛⎜

⎝

0 0 0 +1
0 0 −1 0
0 +1 0 0

−1 0 0 0

⎞⎟

⎠

, 𝒵+
11 =

⎛⎜

⎝

0 0 0 +1
0 0 +1 0
0 +1 0 0

+1 0 0 0

⎞⎟

⎠

.

Therefore, the linear combination of the aligned pairs,

𝒵+
𝑧 = 𝑧∗00|0000⟩ + 𝑧

∗
10|1000⟩ + 𝑧

∗
01|0010⟩ + 𝑧

∗
11|1010⟩, (4.4.5)

corresponds to the following Thouless submatrix, which is neither symmetric nor antisymmetric,

𝒵+
𝑧 = ⎛⎜

⎝

0 0 0 𝑧∗+
0 0 𝑧∗− 0
0 𝑧̄∗− 0 0
𝑧̄∗+ 0 0 0

⎞⎟

⎠

, (4.4.6)

for

𝑧∗+ = 𝑧∗00 + 𝑧
∗
10 + 𝑧

∗
01 + 𝑧

∗
11, (4.4.7)

𝑧∗− = −𝑧∗00 + 𝑧
∗
10 − 𝑧

∗
01 + 𝑧

∗
11, (4.4.8)

𝑧̄∗− = −𝑧∗00 − 𝑧
∗
10 + 𝑧

∗
01 + 𝑧

∗
11, (4.4.9)

𝑧̄∗+ = 𝑧∗00 − 𝑧
∗
10 − 𝑧

∗
01 + 𝑧

∗
11. (4.4.10)

However, its symmetric and antisymmetric channels separate and the eigenvalues and eigenvectors
read

√𝑧∗+𝑧̄∗+,
⎛⎜

⎝

√𝑧∗+
0
0

√𝑧̄∗+

⎞⎟

⎠

; −√𝑧∗+𝑧̄∗+,
⎛⎜

⎝

√𝑧∗+
0
0

−√𝑧̄∗+

⎞⎟

⎠

; √𝑧∗−𝑧̄∗−,
⎛⎜

⎝

0

√𝑧∗−
√𝑧̄∗−
0

⎞⎟

⎠

; −√𝑧∗−𝑧̄∗−,
⎛⎜

⎝

0

√𝑧∗−
−√𝑧̄∗−

0

⎞⎟

⎠

. (4.4.11)

If we decide to proceed via the route of computing 𝜅 and 𝜌 via Onishi theorem, we must start
from the overlap

⟨𝑍𝑧|𝑍𝑧⟩ = (1 + |𝑧+|
2)(1 + |𝑧−|

2)(1 + |𝑧̄+|
2)(1 + |𝑧̄+|

2), (4.4.12)
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from which we easily obtain the pairing tensor as in eq. (4.2.17). For 𝑖, 𝑗 = 𝑧+, 𝑧−, 𝑧̄+ and 𝑧̄−, we have

1
⟨𝑍𝑧|𝑍𝑧⟩

𝜕
𝜕𝑧𝑖

⟨𝑍𝑧|𝑍𝑧⟩ =
1

⟨𝑍𝑧|𝑍𝑧⟩
𝑧∗𝑖 ∏

𝑗≠𝑖
(1 + |𝑧𝑗|

2), (4.4.13)

which can also be expressed as

1
⟨𝑍𝑧|𝑍𝑧⟩

𝜕
𝜕𝑧𝑖

⟨𝑍𝑧|𝑍𝑧⟩ =
⟨𝑍𝑧|𝑍𝑧⟩
⟨𝑍𝑧|𝑍𝑧⟩

𝑧∗𝑖
(1 + |𝑧𝑖|2)

=
𝑧∗𝑖

(1 + |𝑧𝑖|2)
, (4.4.14)

so that the (subspace) pairing tensor reads

𝒦𝜇𝜈 =
𝒵∗
𝜇𝜈

(1 + |𝒵𝜇𝜈|2)
. (4.4.15)

Due to the simplicity of the 𝑧-aligned wavefunction, we can also obtain 𝜅 and 𝜌 directly
from(4.1.4)-(4.1.5), aswell as fromthedefinitions given fromthe subspaceThoulessmatrices (4.2.11).
Naturally, all definitions yield the same density matrix

𝜌 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

|𝑧+|
2

1+|𝑧+|2
0 0 0 0 0 0 0

0 |𝑧−|
2

1+|𝑧−|2
0 0 0 0 0 0

0 0 |𝑧̄−|
2

1+|𝑧̄−|2
0 0 0 0 0

0 0 0 |𝑧̄+|
2

1+|𝑧̄+|2
0 0 0 0

0 0 0 0 |𝑧̄+|
2

1+|𝑧̄+|2
0 0 0

0 0 0 0 0 |𝑧̄−|
2

1+|𝑧̄−|2
0 0

0 0 0 0 0 0 |𝑧−|
2

1+|𝑧−|2
0

0 0 0 0 0 0 0 |𝑧+|
2

1+|𝑧+|2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

, (4.4.16)

and pairing tensor

𝜅 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

0 0 0 0 0 0 0 − 𝑧∗+
1+|𝑧+|2

0 0 0 0 0 0 − 𝑧∗−
1+|𝑧−|2

0

0 0 0 0 0 − 𝑧̄∗−
1+|𝑧̄−|2

0 0

0 0 0 0 − 𝑧̄∗+
1+|𝑧̄+|2

0 0 0

0 0 0 𝑧̄∗+
1+|𝑧̄+|2

0 0 0 0

0 0 𝑧̄∗−
1+|𝑧̄−|2

0 0 0 0 0

0 𝑧∗−
1+|𝑧−|2

0 0 0 0 0 0
𝑧∗+

1+|𝑧+|2
0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

. (4.4.17)

Note that, as these states produce a diagonal density matrix, this corresponds to the canonical
basis. Differently from the previous section, we note that the different spin and isospin channels
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are not mixed in the case of 𝑧-aligned pairs. If one of the different 𝑆𝑇 channels is omitted in the
wavefunction, it also disappears in the pairing tensor and density matrix. This result completes the
derivation of our main conclusion: the general intuition of assuming decoupled proton-neutron
channels is not correct; only the 𝑆𝑇 channels of the paired DFT wavefunction decouple. The
next section deals with generalising these results such that we may have 𝑝𝑛 pairs with an arbitrary
orientation in both space and isospin space.

4.5 The path to the most general pairing tensor of nuclear matter

The Onishi formalism for deriving the pairing tensor presents us with a unique opportunity. Ana-
lytic expressions for the overlap of a general paired wavefunction are complicated, and even the
general Thouless matrix has a rich structure, which makes obtaining the pairing tensor appear
unfeasible. However, eq. (4.2.15)makes it clear that the overlap can be determined from the determ-
inant of k-dependent Thouless submatrices. Since the determinant is invariant under rotations—as
the determinant of any rotation matrix is always equal to 1, and also due to multiplicativity, i.e.
det(𝐴𝐵) = det(𝐴)det(𝐵)—any overlap can be utilised to determine 𝜅. Henceforth, the very simple
expression for the 𝑧-aligned overlap (4.4.12) can be used directly to cover the entirety of space and
isospin space and determine the pairing tensor via

𝒦rot
𝜇𝜈 = 1

⟨𝑍𝑧|𝑍𝑧⟩
𝜕

𝜕𝒵rot
𝜇𝜈

⟨𝑍𝑧|𝑍𝑧⟩, (4.5.1)

provided we also obtain the rotated Thouless submatrix𝒵rot.

4.5.1 Rotating𝒵+𝑧 in spin and isospin space

The starting point for obtaining a general paired wavefunction consists of the 𝑧-aligned pairs given
in eq. (4.4.5). We must then define the spin and isospin rotation operators, 𝑅̂𝑆 and 𝑅̂𝛵, respectively

𝑅̂𝑆(𝛼𝑆, 𝛽𝑆, 𝛾𝑆) = 𝑒−𝑖𝛼𝑆𝑆̂𝑧𝑒−𝑖𝛽𝑆𝑆̂𝑦𝑒−𝑖𝛾𝑆𝑆̂𝑧 , (4.5.2)

𝑅̂𝛵(𝛼𝛵, 𝛽𝛵, 𝛾𝛵) = 𝑒−𝑖𝛼𝛵𝛵̂𝑧𝑒−𝑖𝛽𝛵𝛵̂𝑦𝑒−𝑖𝛾𝛵𝛵̂𝑧 , (4.5.3)

where the corresponding 𝛼, 𝛽 and 𝛾 correspond to the Euler angles, characterised by an active
rotation over the 𝑧, 𝑦, and 𝑧 axes. As a simple example, a rotated state in spin is given by

|𝑆𝑆𝑧⟩ = 𝑅̂𝑆(𝛼𝑆, 𝛽𝑆, 𝛾𝑆) |𝑆0⟩ (4.5.4)

= ∑
𝑆′𝑧

∣𝑆𝑆′𝑧⟩ ⟨𝑆𝑆
′
𝑧∣ 𝑅̂𝑆(𝛼𝑆, 𝛽𝑆, 𝛾𝑆) |𝑆0⟩ , (4.5.5)
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where the matrix elements correspond to one of the Wigner𝐷-functions (Varshalovich, Moskalev
and Khersonskii 1988), defined as

𝐷𝑆
𝑠′𝑠(𝛼𝑆, 𝛽𝑆, 𝛾𝑆) ≡ ⟨𝑆𝑠′∣ 𝑅̂𝑆(𝛼𝑆, 𝛽𝑆, 𝛾𝑆) |𝑆𝑠⟩ (4.5.6)

= 𝑒−𝑖𝑠
′𝛼𝑆𝑑𝑆𝑠′𝑠(𝛽𝑆)𝑒

−𝑖𝑠𝛾𝑆 , (4.5.7)

and similarly for isospin

𝐷𝛵
𝑡′𝑡(𝛼𝛵, 𝛽𝛵, 𝛾𝛵) ≡ ⟨𝑇𝑡′∣ 𝑅̂𝛵(𝛼𝛵, 𝛽𝛵, 𝛾𝛵) |𝑇𝑡⟩ (4.5.8)

= 𝑒−𝑖𝑡
′𝛼𝛵𝑑𝛵𝑡′𝑡(𝛽𝛵)𝑒

−𝑖𝑡𝛾𝛵 . (4.5.9)

Following the notation of Appendix A for the 𝑆𝑇 basis, i.e.,

|𝑆𝑆𝑧𝑇𝑇𝑧⟩ = ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶𝑆𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
𝐶𝛵𝛵𝑧

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩, (4.5.10)

we can write the 𝑆𝑇 = 00, 10, 01, 11 parts of𝒵+
𝑧 , respectively, as

𝑧∗00 |0000⟩ = 𝑧∗00 ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶00
1
2 𝑠
′ 1
2 𝑠
𝐶00

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩, (4.5.11)

𝑧∗10 |1000⟩ = 𝑧∗10 ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶10
1
2 𝑠
′ 1
2 𝑠
𝐶00

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩, (4.5.12)

𝑧∗01 |0010⟩ = 𝑧∗01 ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶00
1
2 𝑠
′ 1
2 𝑠
𝐶10

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩, (4.5.13)

𝑧∗11 |1010⟩ = 𝑧∗11 ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶10
1
2 𝑠
′ 1
2 𝑠
𝐶10

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩. (4.5.14)

We shall now apply the rotations (4.5.2) and (4.5.3) to all 𝑆𝑇 channels. From now on, we
shall adoptΩ𝑆 andΩ𝛵 as the notation for the Euler angles for compactness. The scalar-isoscalar
proton-neutron pairs are naturally invariant under 𝑆 and 𝑇 rotations, and thus, we shall start from
the vector-isoscalar pairs, i.e. 𝑆𝑇 = 10, which read

|1𝑆𝑧(Ω𝑆)00⟩ = 𝑅̂𝑠′(Ω𝑆)𝑅̂𝑠(Ω𝑆)𝑅̂𝑡′(Ω𝛵)𝑅̂𝑡(Ω𝛵) (𝑧
∗
10 ∑

𝑠′𝑠𝑡′𝑡=±1/2
𝐶10

1
2 𝑠
′ 1
2 𝑠
𝐶00

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩) .

Since this state is a scalar in isospin space, it is invariant under rotations, and we can rewrite it as

|1𝑆𝑧(Ω𝑆)00⟩ = 𝑅̂𝑠′(Ω𝑆)𝑅̂𝑠(Ω𝑆) (𝑧
∗
10 ∑

𝑠′𝑠𝑡′𝑡=±1/2
𝐶10

1
2 𝑠
′ 1
2 𝑠
𝐶00

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩)

= 𝑧∗10 ∑
𝑡′𝑡=±1/2

𝐶00
1
2 𝑡
′ 1
2 𝑡

∑
𝑠𝑠′𝑠̄𝑠=±1/2

𝐶10
1
2 𝑠
′ 1
2 𝑠
𝐷

1
2
𝑠̄𝑠′𝐷

1
2
𝑠𝑠 |

1
2 𝑠̄

1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩. (4.5.15)
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As the Wigner𝐷-functions have the same arguments, i.e., as these rotations are coupled, we may
expand them as a series of Clebsch-Gordan coefficients (Varshalovich, Moskalev and Khersonskii
1988)

𝐷
1
2
𝑠̄𝑠′(Ω𝑆)𝐷

1
2
𝑠𝑠 (Ω𝑆) = ∑

𝑠𝑠′𝑠̄𝑠=±1/2
𝐶𝑆𝑆′𝑧

1
2 𝑠̄

1
2 𝑠
𝐷𝑆
𝑆′𝑧𝑆𝑧

𝐶𝑆𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
, (4.5.16)

which after substituting in eq. (4.5.15) gives

|1𝑆𝑧(Ω𝑆)00⟩ = 𝑧∗10 ∑
𝑡′𝑡=±1/2

𝐶00
1
2 𝑡
′ 1
2 𝑡

∑
𝑠𝑠′𝑠̄𝑠=±1/2

𝐶10
1
2 𝑠
′ 1
2 𝑠
𝐶𝑆𝑆𝑧

1
2 𝑠
′ 1
2 𝑠⏟

𝛿𝑆1𝛿𝑆𝑧0

𝐷𝑆
𝑆′𝑧𝑆𝑧

𝐶𝑆𝑆′𝑧
1
2 𝑠̄

1
2 𝑠
| 12 𝑠̄

1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩

= 𝑧∗10 ∑
𝑡′𝑡=±1/2

𝐶00
1
2 𝑡
′ 1
2 𝑡

∑
𝑠̄𝑠=±1/2

𝐷1
𝑆′𝑧0
𝐶1𝑆′𝑧

1
2 𝑠̄

1
2 𝑠
| 12 𝑠̄

1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩

= 𝑧∗10 ∑
𝑡′𝑡=±1/2

𝐶00
1
2 𝑡
′ 1
2 𝑡

∑
𝑠′𝑠=±1/2

𝐷1
𝑆′𝑧0
𝐶1𝑆′𝑧

1
2 𝑠
′ 1
2 𝑠
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩. (4.5.17)

Note that we have chosen to rotate |𝑠𝑡⟩ states in the expressions above, for clarity. This is
equivalent to utilising the Wigner𝐷-functions directly into |𝑆𝑇⟩ states.

Analogously, the 𝑆𝑇 = 01 pairs are invariant under spin rotation, and we can write

|001𝑇𝑧(Ω𝛵)⟩ = 𝑅̂𝑡′(Ω𝛵)𝑅̂𝑡(Ω𝛵) (𝑧
∗
01 ∑

𝑠′𝑠𝑡′𝑡=±1/2
𝐶00

1
2 𝑠
′ 1
2 𝑠
𝐶10

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩)

= 𝑧∗01 ∑
𝑠′𝑠=±1/2

𝐶00
1
2 𝑠
′ 1
2 𝑠

∑
𝑡′𝑡=±1/2

𝐷1
𝛵′𝑧 0
𝐶1𝛵′𝑧

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩. (4.5.18)

Lastly, for the 𝑆𝑇 = 11 channel, both rotations in spin and isospin space are allowed, which gives

|1𝑆𝑧(Ω𝑆)1𝑇𝑧(Ω𝛵)⟩ = ∑
𝑠′𝑠=±1/2

𝐷1
𝑆′𝑧0
𝐶1𝑆′𝑧

1
2 𝑠
′ 1
2 𝑠

∑
𝑡′𝑡=±1/2

𝐷1
𝛵′𝑧 0
𝐶1𝛵′𝑧

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩. (4.5.19)

TheWigner𝐷-functions which appear in the rotated wavefunctions are

𝐷1
10(Ω) = −

sin 𝛽
√2

𝑒−𝑖𝛼, 𝐷1
−10(Ω) =

sin 𝛽
√2

𝑒+𝑖𝛼, 𝐷1
00(Ω) = cos 𝛽. (4.5.20)

Note that as we start from pairs which are aligned to the 𝑧 direction, the dependence on 𝛾—which
comes from rotating the system around the 𝑧 axis—naturally disappears. The explicit expressions
for the rotated states are written in Appendix B.

4.5.2 The rotated Thouless submatrices,𝒵+rot,𝑆𝑇
The expressions shown in Appendix B make it possible to write the rotated Thouless submatrices,
𝒵+

rot,𝑆𝛵:
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𝒵+
rot,00 =

𝑧∗00
2
⎛⎜

⎝

0 0 0 +1
0 0 −1 0
0 −1 0 0

+1 0 0 0

⎞⎟

⎠

,

𝒵+
rot,10 =

𝑧∗10
2
⎛⎜

⎝

0 0 − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 cos 𝛽𝑆
0 0 cos 𝛽𝑆 + sin 𝛽𝑆𝑒+𝑖𝛼𝑆

+ sin 𝛽𝑆𝑒−𝑖𝛼𝑆 − cos 𝛽𝑆 0 0
− cos 𝛽𝑆 − sin 𝛽𝑆𝑒+𝑖𝛼𝑆 0 0

⎞⎟

⎠

,

𝒵+
rot,01 =

𝑧∗01
2
⎛⎜

⎝

0 − sin 𝛽𝛵𝑒−𝑖𝛼𝛵 0 cos 𝛽𝛵
+ sin 𝛽𝛵𝑒−𝑖𝛼𝛵 0 − cos 𝛽𝛵 0

0 cos 𝛽𝛵 0 + sin 𝛽𝛵𝑒+𝑖𝛼𝛵

− cos 𝛽𝛵 0 − sin 𝛽𝛵𝑒+𝑖𝛼𝛵 0

⎞⎟

⎠

,

𝒵+
rot,11 =

𝑧∗11
2
⎛⎜

⎝

sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 − sin 𝛽𝛵𝑒−𝑖𝛼𝛵 cos 𝛽𝑆
− sin 𝛽𝛵𝑒−𝑖𝛼𝛵 cos 𝛽𝑆 − sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

− cos 𝛽𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 cos 𝛽𝛵 cos 𝛽𝑆
cos 𝛽𝛵 cos 𝛽𝑆 cos 𝛽𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

− cos 𝛽𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 cos 𝛽𝛵 cos 𝛽𝑆
cos 𝛽𝛵 cos 𝛽𝑆 cos 𝛽𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

− sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 cos 𝛽𝑆
sin 𝛽𝛵𝑒+𝑖𝛼𝛵 cos 𝛽𝑆 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

⎞⎟

⎠

,

where the first and last two columns of𝒵+
rot,11 are written separately due to space. The complete

rotated Thouless submatrix consists of the addition of all 𝑆𝑇 channels. For the sake of clarity, it is
useful to write the full𝒵+

rot element-wise. This is shown in Appendix C.

4.5.3 Writing the partial derivatives

Having the expressions for the rotated Thouless matrix,𝒵rot, we must compute the partial derivat-
ives 𝜕/𝜕(𝒵rot)𝜇𝜈 to compute the pairing tensor

(𝒦rot)𝜇𝜈 =
1

⟨𝑍𝑧|𝑍𝑧⟩
𝜕

𝜕(𝒵rot)𝜇𝜈
⟨𝑍𝑧|𝑍𝑧⟩. (4.5.21)

Noting that the overlap, ⟨𝑍𝑧|𝑍𝑧⟩, does not depend on the Euler angles, we have that

𝜕
𝜕𝛽𝑆,𝛵

⟨𝑍𝑧|𝑍𝑧⟩ =
𝜕

𝜕𝛼𝑆,𝛵
⟨𝑍𝑧|𝑍𝑧⟩ = 0. (4.5.22)
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This simplifies the final expressions for the pairing tensor. Hence, as terms dependent on (4.5.22)
will vanish in the pairing tensor, we shall simply denote all terms dependent on the partial derivatives
of the Euler angles as 𝜕(𝛼𝛽)𝜇𝜈 instead of explicitly writing them below. Explicitly, they would read

𝜕(𝛼𝛽)𝜇𝜈 ≡
𝜕𝛼𝑆

𝜕(𝒵rot)𝜇𝜈
𝜕
𝜕𝛼𝑆

+
𝜕𝛽𝑆

𝜕(𝒵rot)𝜇𝜈
𝜕
𝜕𝛽𝑆

+
𝜕𝛼𝛵

𝜕(𝒵rot)𝜇𝜈
𝜕
𝜕𝛼𝛵

+
𝜕𝛽𝛵

𝜕(𝒵rot)𝜇𝜈
𝜕
𝜕𝛽𝛵

. (4.5.23)

The full partial derivatives are obtained via the chain rule. The simplest case is that of the diagonal
elements of𝒵rot, which depend only on 𝑧11, 𝛽𝛵,𝑆, and 𝛼𝛵,𝑆. Omitting the partial derivatives over the
Euler angles, which vanish when we compute the derivatives of the 𝑧-aligned overlap, we can write

𝜕
𝜕(𝒵rot)11

=
𝜕𝑧11

𝜕(𝒵rot)11
𝜕

𝜕𝑧11
+ 𝜕(𝛼𝛽)11 = 1/

𝜕(𝒵rot)11
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)11

= 2
sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)11, (4.5.24)

𝜕
𝜕(𝒵rot)22

=
𝜕𝑧11

𝜕(𝒵rot)22
𝜕

𝜕𝑧11
+ 𝜕(𝛼𝛽)22 = 1/

𝜕(𝒵rot)22
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)22

= − 2
sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)22, (4.5.25)

𝜕
𝜕(𝒵rot)33

=
𝜕𝑧11

𝜕(𝒵rot)33
𝜕

𝜕𝑧11
+ 𝜕(𝛼𝛽)33 = 1/

𝜕(𝒵rot)33
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)33

= − 2
sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)33, (4.5.26)

𝜕
𝜕(𝒵rot)44

=
𝜕𝑧11

𝜕(𝒵rot)44
𝜕

𝜕𝑧11
+ 𝜕(𝛼𝛽)44 = 1/

𝜕(𝒵rot)44
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)44

= 2
sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)44, (4.5.27)

which reduces to
𝜕

𝜕(𝒵rot)𝜇𝜇
=

𝑧11
(𝒵rot)𝜇𝜇

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)𝜇𝜇. (4.5.28)

It is important to note that the inversion

𝜕𝑧11
𝜕(𝒵rot)𝜇𝜇

= 1
𝜕(𝒵rot)𝜇𝜇
𝜕𝑧11

is only valid as long as the denominator is not equal to zero. In all expressions we computed, the
denominator would only be zero for the case on which the entire (𝒵rot)𝜇𝜇 is zero, on which the
corresponding (𝒦rot)𝜇𝜇 is also zero. Hence, the cases on which 𝑧11, sin 𝛽𝑆,𝛵, or cos 𝛽𝑆,𝛵 = 0 should
have the values for the angles plugged in before evaluating the expressions for the partial derivatives.
This is also valid for analogous terms in the anti-diagonal and off-diagonal. As our analysis of
mixing in the pairing tensor stems from the diagonal terms, we include the remaining derivatives in
Appendix D. Although the rotated pairing tensor is written in terms of 𝑧𝑆𝛵, the 𝑧-aligned overlap
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is written in terms of the symmetric and antisymmetric parameters, 𝑧+, 𝑧̄+, 𝑧−, 𝑧̄−. Henceforth, we
must write the inverse to the transformation of eqs. (4.4.7)-(4.4.10),

𝑧00 = 1
4(𝑧+ + 𝑧̄+ − 𝑧− − 𝑧̄−), (4.5.29)

𝑧11 = 1
4(𝑧+ + 𝑧̄+ + 𝑧− + 𝑧̄−), (4.5.30)

𝑧10 = 1
4(𝑧+ − 𝑧̄+ + 𝑧− − 𝑧̄−), (4.5.31)

𝑧01 = 1
4(𝑧+ − 𝑧̄+ − 𝑧− + 𝑧̄−). (4.5.32)

The respective partial derivatives are, then

𝜕
𝜕𝑧00

= 1
4 (

𝜕𝑧+
𝜕𝑧00

𝜕
𝜕𝑧+

+
𝜕𝑧̄+
𝜕𝑧00

𝜕
𝜕𝑧̄+

+
𝜕𝑧−
𝜕𝑧00

𝜕
𝜕𝑧−

+
𝜕𝑧̄−
𝜕𝑧00

𝜕
𝜕𝑧̄−

)

= 1
4 (

𝜕
𝜕𝑧+

+ 𝜕
𝜕𝑧̄+

− 𝜕
𝜕𝑧−

− 𝜕
𝜕𝑧̄−

) , (4.5.33)

𝜕
𝜕𝑧10

= 1
4 (

𝜕
𝜕𝑧+

− 𝜕
𝜕𝑧̄+

+ 𝜕
𝜕𝑧−

− 𝜕
𝜕𝑧̄−

) , (4.5.34)

𝜕
𝜕𝑧01

= 1
4 (

𝜕
𝜕𝑧+

− 𝜕
𝜕𝑧̄+

− 𝜕
𝜕𝑧−

+ 𝜕
𝜕𝑧̄−

) , (4.5.35)

𝜕
𝜕𝑧11

= 1
4 (

𝜕
𝜕𝑧+

+ 𝜕
𝜕𝑧̄+

+ 𝜕
𝜕𝑧−

+ 𝜕
𝜕𝑧̄−

) . (4.5.36)

4.5.4 The pairing tensor

The simplest case to evaluate the full pairing tensor is that of the diagonal, which is fully expressed
in terms of the Euler angles and the vector-isovector parameter 𝑧11 in the Thouless submatrix (see
eqs. (C.0.1)-(C.0.4)). As a reminder, the pairing tensor is written as

(𝒦rot)𝜇𝜈 =
1

⟨𝒵𝑧|𝒵𝑧⟩
𝜕

𝜕(𝒵rot)𝜇𝜈
⟨𝒵𝑧|𝒵𝑧⟩.

In the diagonal, denoting different pre-factors dependent solely on the Euler angles as 𝐶(𝛼𝑆,𝛵, 𝛽𝑆,𝛵),
the Thouless submatrix is

(𝒵rot)𝜇𝜇 = 𝑧11𝐶(𝛼𝑆,𝛵, 𝛽𝑆,𝛵)𝜇𝜇. (4.5.37)

As we have that
𝜕

𝜕(𝒵rot)𝜇𝜇
=

𝑧11
(𝒵rot)𝜇𝜇

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)𝜇𝜇,

the diagonal of the pairing tensor can be written as

(𝒦rot)𝜇𝜇 =
𝐶(𝛼𝑆,𝛵, 𝛽𝑆,𝛵)

−1
𝜇𝜇

⟨𝒵𝑧|𝒵𝑧⟩
𝜕

𝜕𝑧11
⟨𝒵𝑧|𝒵𝑧⟩ (4.5.38)

=
𝐶(𝛼𝑆,𝛵, 𝛽𝑆,𝛵)

−1
𝜇𝜇

⟨𝒵𝑧|𝒵𝑧⟩
∑
𝑖

𝜕
𝜕𝑧𝑖

⟨𝒵𝑧|𝒵𝑧⟩, (4.5.39)
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where 𝑧𝑖 = 𝑧+, 𝑧̄+, 𝑧−, 𝑧̄− appear after applying eq. 4.5.36. Finally, we get the compact expression

𝒦rot
𝜇𝜇 = 𝐶(𝛼𝑆,𝛵, 𝛽𝑆,𝛵)

−1
𝜇𝜇 [

𝑧∗+
1 + |𝑧+|2

+
𝑧̄∗+

1 + |𝑧̄+|2
+

𝑧∗−
1 + |𝑧−|2

+
𝑧̄∗−

1 + |𝑧̄−|2
] . (4.5.40)

Although the diagonal entries of the Thouless submatrix depend only on the vector-isovector
constant, 𝑧∗11 = 𝑧∗+ + 𝑧̄

∗
+ + 𝑧

∗
− + 𝑧̄

∗
−, and the Euler angles, the same entries in the subspace pairing tensor

cannot be written solely as a function of 𝛼𝑆,𝛵, 𝛽𝑆,𝛵, 𝑧11. Therefore, different spin-isospin channels
are mixed in the pairing tensor, even though they separate in the Thouless matrix𝒵+

rot. Although
the diagonal is the easiest way to visualise such mixing, it is important to notice that this is also true
for the anti-diagonal and off-diagonal elements. However, the expressions become less clear, as
each partial derivative 𝜕/𝜕𝑧𝑖 has a different pre-factor dependent on 𝛼𝑆,𝛵, 𝛽𝑆,𝛵 (see appendix D).

4.6 Rotating the pairing tensor

Althoughwehave accomplished our goal of obtaining an expression for the pairing tensor of nuclear
matter from a general HFBwavefunction, there is onemore approach we could follow as a different
check to our peculiar conclusion of mixing in the 𝑆𝑇 channels. In principle, we could rotate the
𝑧-aligned pairing tensor over the same Euler angles to obtain a pairing tensor with an arbitrary
orientation in space and isospin space, albeit not obtained directly from a general wavefunction.
This result could be compared with the Thouless submatrix obtained in the previous section,𝒵+

rot,
to analyse spin and isospinmixing. To perform such rotation in spin and isospin space, the rotation
matrix𝑈(𝑅) should be given by

𝑈(𝑅) = 𝑈𝛵(Ω𝛵) ⊗ 𝑈𝑆(Ω𝑆), (4.6.1)

i.e.,

𝑈(𝑅) = (
𝑈11
𝛵 (Ω𝛵)𝑈𝑆(Ω𝑆) 𝑈12

𝛵 (Ω𝛵)𝑈𝑆(Ω𝑆)
𝑈21
𝛵 (Ω𝛵)𝑈𝑆(Ω𝑆) 𝑈22

𝛵 (Ω𝛵)𝑈𝑆(Ω𝑆)
) , (4.6.2)

where each entry is a 2 × 2 block matrix. We can explicitly write these rotation matrices for spin and
isospin as

𝑈𝑆(Ω𝑆) = (
𝑒−𝑖𝛼𝑆/2 0
0 𝑒+𝑖𝛼𝑆/2

) (
cos 𝛽𝑆

2 − sin 𝛽𝑆
2

sin 𝛽𝑆
2 cos 𝛽𝑆

2

) (
𝑒−𝑖𝛾𝑆/2 0
0 𝑒+𝑖𝛾𝑆/2

) , (4.6.3)

= (
𝑒−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2 −𝑒−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2

𝑒𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 𝑒𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2

) . (4.6.4)
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Therefore, the full rotation matrix is then given by

𝑈(𝑅) = (
𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑈𝑆(Ω𝑆) −𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑈𝑆(Ω𝑆)

𝑒𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑈𝑆(Ω𝑆) 𝑒𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑈𝑆(Ω𝑆)
) , (4.6.5)

and explicitly

𝑈(𝑅) = ⎛⎜

⎝

𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵
2 𝑒

−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆
2 −𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑒
−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆

2

𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵
2 𝑒

𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑒
𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2

𝑒𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒

−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆
2 −𝑒𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵

2 𝑒
−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆

2

𝑒𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒

𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 𝑒𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵

2 𝑒
𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2

(4.6.6)

−𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒

−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆
2 𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵

2 𝑒
−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆

2

−𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒

𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 −𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵

2 𝑒
𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2

𝑒𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵
2 𝑒

−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆
2 −𝑒𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑒
−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆

2

𝑒𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵
2 𝑒

𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 𝑒𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵

2 𝑒
𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆

2

⎞⎟

⎠

.

From𝑈(𝑅), we have the rotated pairing tensor as

𝒦rot = 𝑈(𝑅)𝒦𝑧𝑈
+(𝑅). (4.6.7)

As the expressions are convoluted, we can look at the rotated pairing tensor element by element

𝒦rot
𝜇𝜈 = ∑

𝛿𝜌
𝑈𝜇𝛿𝒦

𝑧
𝛿𝜌𝑈

∗
𝜈𝜌. (4.6.8)

For the diagonal, we can write explicitly

𝒦rot
11 = 𝑈11𝒦

𝑧
14𝑈

∗
14 + 𝑈12𝒦

𝑧
23𝑈

∗
13 + 𝑈13𝒦

𝑧
32𝑈

∗
12 + 𝑈14𝒦

𝑧
41𝑈

∗
11

= −𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵2 𝑒−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆2 𝑒
𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵

2 𝑒𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2

𝑧∗+
1 + |𝑧+|2

−𝑒−𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵2 𝑒−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2 𝑒

𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆2

𝑧̄∗+
1 + |𝑧̄+|2

−𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒−𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆2 𝑒

𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵2 𝑒𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆
2

𝑧∗−
1 + |𝑧−|2

−𝑒−𝑖(𝛼𝛵−𝛾𝛵)/2 sin 𝛽𝛵
2 𝑒−𝑖(𝛼𝑆−𝛾𝑆)/2 sin 𝛽𝑆

2 𝑒
𝑖(𝛼𝛵+𝛾𝛵)/2 cos 𝛽𝛵2 𝑒𝑖(𝛼𝑆+𝛾𝑆)/2 cos 𝛽𝑆2

𝑧̄∗−
1 + |𝑧̄−|2

= −14𝑒
−𝑖𝛾𝑆 sin 𝛽𝑆𝑒−𝑖𝛾𝛵 sin 𝛽𝛵

𝑧∗+
1 + |𝑧+|2

− 1
4𝑒

+𝑖𝛾𝑆 sin 𝛽𝑆𝑒−𝑖𝛾𝛵 sin 𝛽𝛵
𝑧̄∗+

1 + |𝑧̄+|2

−14𝑒
−𝑖𝛾𝑆 sin 𝛽𝑆𝑒+𝑖𝛾𝛵 sin 𝛽𝛵

𝑧∗−
1 + |𝑧−|2

− 1
4𝑒

+𝑖𝛾𝑆 sin 𝛽𝑆𝑒+𝑖𝛾𝛵 sin 𝛽𝛵
𝑧̄∗−

1 + |𝑧̄−|2
,

which once again cannot be expressed purely as a function of 𝑧11 and the rotation angles, indicating
mixing of the 𝑆𝑇 channels compared to the rotated Thouless matrix, which isolates the vector-
isovector parameter in the diagonal.
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4.6.1 Considerations about rotations in the subspace

It is worth noting that a full rotation in space would also include the linear momentum

𝑈̃(𝑅) = 𝑈k(Ω) ⊗ 𝑈𝛵(Ω𝛵) ⊗ 𝑈𝑆(Ω), (4.6.9)

and should be applied to the full pairing tensor, 𝜅, instead of the subspace variant,𝒦. In principle,
this could mix blocks of different linear momenta, such that the final result is no longer diagonal in
k. We can argue, however, that the pairing tensor is always diagonal in k by construction, as shown
in eq. (4.2.5), such that the rotation given in eq. (4.6.1), applied to the subspace pairing tensor,𝒦,
suffices to obtain the most general system.

4.7 Conclusions

Our theoretical work sets a formal background for how the wavefunction of NM is linked to the
pairing tensor and density matrix. We go from simple to general examples and see that the different
proton-neutron channels do not separate in the pairing tensor. This curious conclusion tells us
that approaches assuming the inclusion of only selected pairing channels can be misleading, as the
behaviour of nuclear matter is different from that of a finite many-body system. The quantitative
question of howmuch this mixing impacts the pairing gap in nuclear matter remains open. As our
analysis focuses solely on facets of HFB theory, this result is completely interaction-independent.

To quantify any effect, one must apply this study to a desired energy density functional (EDF)
and obtain the pairing gap, comparing it to the usual procedure available in the literature, to
understand at which point proton-neutron mixing and pairing manifest in practice. Concretely,
future work would entail selecting an EDF, solving the gap equation from the starting point of a
fully separated pairing tensor, and of themixed pairing tensor discussed in this chapter. This would
allow us to quantify the differences between the two and establish the impact of mixing in the
proton-neutron pairing channels. Another significant work worth exploring is understanding how
the mixed pairing gap can be utilised to fit new functionals, as the pairing gap typically utilised in
EDF fittings comes from ab initio calculations of either pure neutron matter or symmetric nuclear
matter, with an identical proportion of protons and neutrons. Only after this connection has been
established can we understand the impact of this work on finite nuclei. For now, the message is that
utilising EDFs fitted with paired nuclear matter—which do not account for the intrinsic mixing in
infinite systems here discussed—introduces formal mistakes within HFB theory. Applying these
functionals to finite nuclei, especially in the pairing channel, could be misleading. A full fitting of
an EDF which accounts for both properties of finite nuclei andmixed pairing channels on nuclear
matter is a complicated subject, but necessary to fully bridge finite and infinite systems. Until this
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work is done, this result remains a reminder that more is different, even when the starting point is a
theory formulated for amany-body system.

Q q



Five

Analysis of pairing strengths
We analyse pairing strengths as a source of the discrepancy between theoretical calculations and
experimental measurements of magnetic dipole moments within the Sn-Gd region. To that end, we
analyse the odd-even staggering (OES) for different pairing strengths.

Electromagnetic moments have long been a powerful source of information on the structure
of atomic nuclei (Kopfermann 1958). Electric quadrupole moments tell us about nuclear shapes,
being highly sensitive to the collective degrees of freedom (a theme which will be further explored
in Chapter 6). On the other hand, single-particle aspects, such as shell properties of the valence
unpaired nucleon, heavily influence the magnetic dipole moment (Castel and Towner 1990).

Providing a global description of electromagnetic moments is a challenge for nuclear theory.
Traditional shell-model calculations succeed in describing experimental data, but often resort
to effective 𝑔−factors or effective charges (Klose et al. 2019; Neyens 2003; Papuga et al. 2013;
Rodrı́guez et al. 2020). These vary according to the region of the nuclear chart considered, leading
to targeted instead of general results. The more robust ab initio approaches still face difficulties
tackling heavier systems. These difficulties are due to computational costs and technical challenges,
mainly on accounting for extensive many-body correlations (Henderson et al. 2018), or dealing
with unmanageably large phase spaces (Stroberg et al. 2022). While achieving results for heavier
systems from ab initio approaches is still not feasible, nuclear density functional theory (DFT) has
been a reliable method, achieving good results throughout the nuclear chart without requiring any
specification for different regions.

Sassarini et al. 2022 studied one-particle and one-hole neighbours of doubly magic nuclei,
achieving a global description of electric quadrupole and magnetic dipole moments without
the need for effective 𝑔 factors. Subsequently, Bonnard et al. 2023 extended the applicability
of current nuclear DFT calculations of electromagnetic moments by including pairing, making
the method suitable for describing all nuclei. This major development laid the groundwork for
analysing heavy, open-shell, deformed, and paired odd-nuclei within the nuclear DFT approach. In
Wibowo, Backes et al. 2025, we performed nuclearDFT calculations to determine the spectroscopic
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electric quadrupole and magnetic dipole moments in heavily deformed open-shell paired odd-
nuclei. Specifically, we obtained spectroscopic moments of paired nuclear states associated with
the blocked proton (neutron) 7/2+ (11/2−) configurations within the Sn-Gd region. In this work,
we observed a reasonable agreement with experimental data for the electric quadrupole moment.
However, the calculated spectroscopic magnetic dipole moments fail to reproduce experimental
data in either the 𝜈11/2− or the 𝜋7/2+ configuration, as shown in Figures 5.1 and 5.2, respectively.
These results suggest that the currently employed spin-spin interactions are insufficient, and that
the inclusion of more intricate time-odd interactions, or accounting for many-body contributions,
is crucial for accurately describing magnetic dipole moments. To further assess the issue, we first
analysed potential sources of discrepancy in our results. Since themagnetic dipole moments heavily
depend on the single-particle properties, especially those of the unpaired nucleon, this difference
could be due to a poor adjustment of the pairing strengths for our region of interest in the nuclear
chart. In this short chapter, we present an extended version of the results from Section 4.2 of
Wibowo, Backes et al. 2025.

5.1 Pairing in UNEDF1

The energy density functional (EDF) of choice for this work is a Skyrme functional with the
UNEDF1 parametrisation (Kortelainen, McDonnell et al. 2012). The pairing energy density is a
mixture of surface and volume pairing (Dobaczewski, Nazarewicz and Stoitsov 2002), given by

𝜒̃(r) = ∑
𝑞=𝑝,𝑛

𝑉0𝑞
2 [1 −

𝜌0(r)
𝜌𝑐

] 𝜌2𝑞 (r), (5.1.1)

where 𝜌𝑞(r) for neutrons (𝑞 = 𝑛) or protons (𝑞 = 𝑝) is the local pairing density, 𝜌𝑐 = 0.16 fm−3, and
𝑉0𝑛 and 𝑉0𝑝 are the neutron and proton pairing strengths, which may differ. To prevent the collapse
of pairing and restore good particle number, this functional was adjusted while utilising the Lipkin-
Nogami (LN) prescription, which is an approximate particle-number projection (PNP) technique
(Dobaczewski and Nazarewicz 1993; Dobaczewski 2009; Lipkin 1960; Nogami 1964). In both
Wibowo, Backes et al. 2025 and Bonnard et al. 2023, the same mixed pairing was utilised, but the
Hartree-Fock-Bogoliubov (HFB) approach was utilised without LN. Bender, Rutz et al. 2000
shows that within the LNwith Bardeen–Cooper–Schrieffer (BCS) approach, the particle-number-
projected spectral gaps are larger than those of the BCS by the LN second-order coefficient. Despite
the difference between BCS and HFB, the same conclusion of Bender, Rutz et al. 2000 holds for
HFB, as the canonical HFB basis coincides with the BCS approximation. To compensate for the
discrepancies in the pairing gap due to not utilising LN, one can increase the pairing strengths. This
automatically leads to an increase in the pairing gaps. In both Bonnard et al. 2023 andWibowo,
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Backes et al. 2025, the increase utilised was that of 20%, which should be, on average, compatible
with experimental data. The effect of not utilising exact PNP has also been analysed inWibowo,
Backes et al. 2025, Section 4.3, where it is shown that spectroscopic moments vary only about 1%
when computed with and without PNP.

5.2 Changing pairing strengths in UNEDF1

As magnetic dipole moments strongly depend on both the single-particle properties and the
polarisation of the paired core, in this section we critically evaluate the adjustment of the pairing
strengths in the studied nuclei. To that end, we determined the proton and neutron OES, i.e.,
the difference in binding energy between a given odd nucleus and the average of its even-even
neighbours

OES = 𝐵(𝑁even, 𝑍odd) −
1
2 (𝐵(𝑁, 𝑍 + 1) + 𝐵(𝑁, 𝑍 − 1)) , (5.2.1)

OES = 𝐵(𝑁odd, 𝑍even) −
1
2 (𝐵(𝑁 + 1, 𝑍) + 𝐵(𝑁 − 1, 𝑍)) , (5.2.2)

respectively. When fitting EDFs, OES are typically the experimental data linked to pairing utilised
for the fit. To assess whether the pairing strengths are well adjusted, it is then natural to obtain
the OES, which can be compared to experimental data. The binding energies of odd nuclei in
the Sn-Gd region were computed and compared with data in Wibowo, Backes et al. 2025, and
were utilised as a starting point for the calculations with different pairing strengths detailed in
this chapter. InWibowo, Backes et al. 2025 we utilised the UNEDF1 pairing strength paramet-
ers increased by 20% to account for not utilising LN, so for this analysis we experimented with
different percentages of the original UNEDF1 parametrisation (Kortelainen, McDonnell et al.
2012), including UNEDF1+20%. Specifically, we chose to investigate the following sets of pairing
strength parameters: UNEDF1-20%, UNEDF1, UNEDF1+20%, and UNEDF1+40%. For these
sets of parameters, we also computed the ground-state energy of even-even neighbours of odd
nuclei in the Sn-Gd region. It is worth noting that the OES values obtained in this manner are not
identical to those typically calculated to evaluate the ground-state pairing energies. By analysing
the binding energies of specific configurations, regardless of their positions in the spectra of odd
nuclei, we assess the combined effects of the pairing strengths and isomer excitation energies. In
contrast, the standard ground-state values mix the effects of the pairing strengths and configuration
changes.

For a detailed guide on the calculations of odd nuclei, one is referred to the original publica-
tion (Wibowo, Backes et al. 2025). For this analysis, we have chosen the lowest energy, i.e., the
global minima of the potential energy surface. These minima may be prolate or oblate, so that for
consistency, we have selected (i) identical shapes for the two even-even neighbours and (ii) either
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the same or opposite shapes for the odd nuclei and their even-even neighbours. We have subtracted
the isomer excitation energies from the experimental data (ENSDF 2023) from the corresponding
ground-state binding energies (Wang et al. 2021b) of odd nuclei. The neutron and proton OES
are shown in Figures 5.3 and 5.4, respectively. Different colours denote different pairing strengths,
where percentages of UNEDF1’s were either added or subtracted from the original. For complete-
ness, we also show the histograms of the total residuals of the neutron and proton OES in Figures
5.5 and 5.6, and separated by the different isotopic/isotonic chains in Figures 5.7 and 5.8. The
histograms of residuals also list the mean and standard deviation for each parameter set.

By inspecting Figures 5.3 and 5.4, it is clear that changing the pairing strength affects the OES.
Specifically, the more strongly bound pairs (set UNEDF1+40%) tend to have a larger OES, which
decreases for the other parameter sets, and is minimised for UNEDF1-20%. One important aspect
in the neutron OES is that, regardless of pairing strength, we are able to replicate the jumps around
𝑁 = 82, which are associated with the shell closure. These experimental jumps are less pronounced
than the theoretical values, with the exception of Sn isotopes (𝑍 = 50). For heavier isotopic chains,
the shape of the OES curve is not entirely reproduced, but this issue is irrespective of the choice of
pairing strength. Our results show a better agreement with data for the proton OES, which can
be verified in the histograms of the residuals, as the mean is significantly smaller for the proton
compared to the neutron OES residuals.

For both the proton and neutron OES, the original set of OES is, on average, the closest to
the experimental data. However, it does show a higher standard deviation when compared to the
UNEDF1+20% set. It is important to notice, however, that the UNEDF1+20% pairing strength
parameter set is the one for which the most calculations converged. For other sets, many of the even
and odd nuclei did not converge, mostly due to the collapse of pairing. We also note that for Sn
isotopes, which are part of the calibration set of UNEDF1—although Sn OES data is not included
in the calibration (Kortelainen, Lesinski et al. 2010)—utilising the pairing strengths increased by
20% yields an almost perfect agreement with experimental data.

Overall, it is easy to note that changing the pairing strengths shifts the theoretical lines toward
higher or lower values, anddoes not address the inconsistencieswith experimental values. Increasing
the pairing strengths by 20% simultaneously yields the most stable results and a good agreement
with experimental data. Henceforth, this approach is viable for calculations with this functional
when utilising the LNmethod for approximate particle number projection. In all other cases, the
best approach is to follow the prescription from the original publication and utilise the original
pairing strengths with the LNmethod (Kortelainen, McDonnell et al. 2012). Even though the
OES analysis does not clarify the inconsistencies in our results for the magnetic dipole moments 𝜇,
it eliminates the pairing strengths as a potential factor. Regarding this issue, Chapter 7 introduces a
different approach for reconciling density functional theory-calculated magnetic dipole moments



5.2. Changing pairing strengths in UNEDF1 53

and experimental data. Additionally, keeping a single value for the pairing strengths maintains the
generality of DFT calculations, without necessitating parameter adjustments for specific regions
of the nuclear chart, which is one of the commendable features of the theory for research on
electromagnetic moments.

Q q
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Figure 5.3: OES of different isotopes for different pairing strengths, and experimental data (ENSDF 2023).
The functional used was UNEDF1 (Kortelainen, McDonnell et al. 2012), and the proton and
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Odd-odd𝑁 = 𝑍 nuclei and isospin
symmetry-breaking in 𝑇 = 1multiplets

In this chapter, we shall understand the importance of isospin symmetry for experimental and theoret-
ical analyses, and discuss which observables can be measured experimentally to test isospin symmetry.
We shall then focus on one key aspect: that the dependence of the 𝐸2 matrix elements on isospin
projection 𝑇𝑧 is linked to the conservation of the isospin symmetry in isobaric nuclei. To study this
conjecture, we calculated the 𝐵(𝐸2 ∶ 2+ → 0+) rates for the even-even 𝑇 = 1mirror nuclei with 42 ≤
𝐴 ≤ 98 by carrying out angular momentum projection (AMP). Analysing the AMP results against
the collective generalised Bohr Hamiltonian calculations showcases that collective effects are crucial
for describing experimental data near the𝑁 = 𝑍 line without invoking explicit beyond-Coulomb
isospin symmetry-breaking corrections. With a focus on𝑁 = 𝑍 nuclei, we discuss the requirements
for accurately describing isobaric analog states (IAS), showing that doubly-blocked configurations do
not suffice, as the IAS should instead be described via a superposition of proton-neutron pairs atop the
quasiparticle vacua. To illustrate this, we go through the 𝐵(𝐸2 ↓) values for odd-odd 𝑇𝑧 = 0 nuclei 70Br
and 78Y in doubly-blocked configurations, and observe that none of them individually corresponds to
the linear trend set by isobar 𝑇 = 1 even-even mirror nuclei.

Mirror, mirror on the wall, is isospin broken at all?

Jacek Dobaczewski

6.1 Isospin symmetry

The discovery of the neutron by Chadwick 1932 marked a new era for studies of nuclear theory.
With a mass very similar to that of the proton, it was clear that the nuclear force acted similarly
on both particles. In this scenario, Heisenberg 1932 introduced the notion that the particles in
the nucleus should be characterised by their positions, their spin projection, and the projection of
a new quantum number, 𝑇, which would indicate whether the particle is a proton or a neutron.
This concept was later refined byWigner 1937, who introduced the name of isotopic spin for the
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Figure 6.1: The proton and neutron as different isospin projections of a nucleon.

new quantum number which we now call simply isospin. Under this picture, protons and neutrons
are simply different manifestations of a nucleon, illustrated in Figure 6.1.

As the name suggests, isospin follows the same algebra as spin. This allows us to set the usual
𝑧−projection operators*†, where the projection is not on real space, but in the abstract isospin space

𝑡̂𝑧 |𝑛⟩ = + 1
2 |𝑛⟩ ,

𝑡̂𝑧 ∣𝑝⟩ = − 1
2 ∣𝑝⟩ ,

𝑡̂𝑧 =
1
2 (

1 0
0 −1

) ,

and the isospin ladder operators, which are responsible for changing a proton into a neutron or
vice-versa

𝑡̂− |𝑛⟩ = ∣𝑝⟩ ,

𝑡̂+ |𝑛⟩ = 0,

𝑡̂− ∣𝑝⟩ = 0,

𝑡̂+ ∣𝑝⟩ = |𝑛⟩ ,
𝑡̂+ = (

0 1
0 0

) , 𝑡̂− = (
0 0
1 0

) . (6.1.1)

For a many-body system of 𝐴 nucleons, the total isospin operators are simply

𝑇̂𝑧 =
𝛢
∑
𝑖=1

𝑡̂𝑖𝑧 , 𝑇̂+ =
𝛢
∑
𝑖=1

𝑡̂𝑖+, 𝑇̂− =
𝛢
∑
𝑖=1

𝑡̂𝑖−. (6.1.2)

It is useful to express these operators in the language of second quantisation, where we have

𝑇̂𝑧 =
1
2 ∑𝛼

(𝑎†𝛼𝑛𝑎𝛼𝑛 − 𝑎
†
𝛼𝑝𝑎𝛼𝑝) =

1
2(𝑁̂𝑛 − 𝑁̂𝑝); (6.1.3)

𝑇̂± = 𝑇̂𝑥 ± 𝑖𝑇̂𝑦 ⇒ 𝑇̂+ = ∑
𝛼
𝑎†𝛼𝑛𝑎𝛼𝑝, 𝑇̂− = ∑

𝛼
𝑎†𝛼𝑝𝑎𝛼𝑛. (6.1.4)

*Note that under the convention employed by particle physics, the proton (𝑢𝑢𝑑) would have isospin 𝑧−projection
+ 12 and the neutron (𝑑𝑑𝑢) − 12 , due to the isospin projection of the up (down) quark being ± 12 . This can lead to confusion,
as I experienced first-hand when comparing numerical results of Chapter 7 with those coming from ab initio nuclear
theory, which borrows the particle physics convention. My (totally unbiased) opinion is that the better convention (the
nuclear physics one) agrees with the original one proposed by Heisenberg 1932.

†There is also a freedom in defining these operators with an arbitrary phase instead of 1. Our choice corresponds
to the Condon-Shortley phase convention, which fixes the phase between proton and neutron single-particle states
(Robson 1966). These phases have important consequences under time-reversal, an anti-linear operator (Perlińska et al.
2004).
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Note that these operators satisfy the SU(2) algebra, just as spin, and we have [𝑇̂+, 𝑇̂−] = 2𝑇̂𝑧 and
[𝑇̂𝑧, 𝑇̂±] = ±𝑇̂±. It should become clear from these expressions that the isospin ladder operators
𝑇̂± simply perform a rotation in isospin space, with a sum over all particle states on which a pro-
ton/neutron on a state 𝛼 can be rotated into a neutron/proton.

In a system of𝑁 neutrons and 𝑍 protons, the total isospin is the vector sum of all the particles’
isospin, and the total 𝑧-component is well-defined

𝑇𝑧 =
(𝑁 − 𝑍)

2 , |𝑇𝑧| ≤ 𝑇 ≤ (𝑁 + 𝑍)
2 . (6.1.5)

The total value 𝑇 can only occur in nuclei with 𝑇𝑧 = −𝑇, ..., 𝑇 and it is not an observable, although it
can usually be assigned to different states. The easiest illustration of this is that of two-nucleon
systems: 𝑛𝑝, 𝑛𝑛, and 𝑝𝑝. The projection 𝑇𝑧 of these systems is 0 and ±1, respectively. If the nuclear
Hamiltonian commutes with the isospin operator, there should be a correspondence between the
states in these systems with the same total isospin 𝑇. A state with aligned spins—such as the ground
state of the deuteron with 𝐽𝜋 = 1+—cannot be assigned to the 𝑛𝑛 and 𝑝𝑝 systems, as it would violate
the Pauli principle, and thus its assigned isospin is 𝑇 = 0 and it is called an isosinglet. On the other
hand, there are states with 𝑇 = 1which are present in all three systems, and form an isotriplet. In
the two-nucleon systems, the lowest 𝐽𝜋 = 0+ state is a triplet, and is unbound.
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Figure 6.2: Isospin triplets and singlets in the spectra of 𝐴 = 10 isobars, aligning the first 𝑇 = 1 states, i.e., 0+
(ENSDF 2023). Figure based on Ring and Schuck 1980.

Similar arguments can be made to assign a total isospin to many-body systems, keeping in mind
that in general, the states with lowest energy will also have the lowest available isospin, 𝑇 = |𝑇𝑧|
(Lenzi and Bentley 2009). The only known exceptions to this rule are 𝑁 = 𝑍 odd-odd nuclei
with a 𝑇 = 1 ground state, such as 34Cl. A practical example is illustrated in Figure 6.2, where
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we see the low-lying spectra for the isobar nuclei of 104 Be6, 105 B5, and 10
6 C4. The odd-odd 𝑁 = 𝑍

nucleus is the only one with singlet 𝑇 = 0 states, while 𝑇 = 1 states with very similar energies are
present in all three nuclei, forming a triplet. If isospin is a good quantum number, it can be used
to identify isobaric analog states (IAS), where a near identical behavior can be observed in systems
with the same number of nucleons. Naturally, small differences are still observed due to isospin
non-conserving forces (e.g. Coulomb).

𝑇𝑧 = 𝑁−𝑍
2

𝑇

𝑁
=

𝑍
−2 −1 0 1 2

0

1

2

1
2

3
2

even 𝐴
odd 𝐴

Figure 6.3: Representation of isospin multiplets.

Beyond 𝑇 = 0 and 𝑇 = 1, we can define isospin multiplets as states with the same total isospin
and different 𝑇𝑧 projection. These are represented in Figure 6.3, where we can see that for even
masses the total isospin is an integer, and for oddmasses it is a semi-integer, and𝑇 < |𝑇𝑧| is forbidden.
Exact isospin symmetry implies correspondence between the isobaric analog states, represented by
the horizontal lines. Henceforth, tests of isospin symmetry are performed on states along those
lines, as we shall see in the next section. In particular, amirror pair ormirror nuclei—with the
same mass number, but exchanged numbers of protons and neutrons—should have an identical
structure from the point of view of an isospin-symmetric interaction. And indeed, this property of
mirror pairs has successfully been used by experimentalists to help identify level schemes. Although
the concept works best in light nuclei, where the Coulomb energy is nearly negligible, studies
of isospin symmetry have been extended to medium-heavy nuclei, and from low-lying states to
high-spin yrast states (Lenzi and Bentley 2009).
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6.2 Isospin symmetry-breaking

As just exposed, isospin symmetry is a powerful tool for theory and experiment alike. However, just
as important as its concept is the understanding of when it is broken instead. To begin with, it is
simply not an exact symmetry. The strong interaction is not charge-symmetric, which manifests at
the quark level via the different masses of the up and down quarks (Miller, Opper and Stephenson
2006). Likewise, the masses of the neutron and the proton also differ. Exact charge symmetry
would require the proton-proton and neutron-neutron interactions to be the same, which can
be probed via nucleon-nucleon scattering. Notably, there is a small shift between the scattering
length in both measurements (Machleidt andMüther 2001). An even more strict condition is that
of charge independence, requiring the 𝑛𝑝 interaction to be 𝑉𝑛𝑝 = (𝑉𝑝𝑝 + 𝑉𝑛𝑛)/2, and it is also not
fulfilled exactly (González Trotter et al. 1999)*. A more general criterion for charge independence
is that the nuclearHamiltonian commutes with 𝑇𝑧 and 𝑇2, i.e., is invariant under rotations in charge
and isospin space

[𝐻, 𝑇𝑧] = 0, (6.2.1)

[𝐻, 𝑇2] = 0. (6.2.2)

Apart from the criteria on the nuclear interaction itself, the effect of the Coulomb interaction
becomes relevant in heavy nuclei, further breaking isospin symmetry. Henceforth, although
extremely useful, isospin cannot be considered a “perfect” quantum number, in contrast to, e.g.,
angular momentum.

From the point of view of the interaction, so long as there are no charge-dependent terms in
the nuclear Hamiltonian, isospin should be conserved apart fromCoulomb. It is worth noting
that an excess of either𝑁 or 𝑍 is known to introduce isospin impurities in mean-field Hartree-Fock
results, known in the literature as spurious isospin symmetry-breaking (Brink and Svenne 1970;
Engelbrecht and Lemmer 1970; Satuła, Dobaczewski et al. 2009). However, by comparing DFT
results with experimental measurements on IAS, we should then be able to gauge whether or not
charge-independent functional generators suffice to describe the properties seen in experiment†.
We shall now list tests relevant to assessing the limits of isospin symmetry, and delve into detail for
the test of greater interest to this work.

6.2.1 Tests of isospin symmetry

As isospin conservation is directly linked to charge dependence, it is natural that electromagnetic
transitions are used to test isospin symmetry-breaking. As an example, some 𝐸𝜆 and𝑀𝜆 transitions

*These properties refer to the bare nucleon-nucleon interaction, which is not necessarily the same as an effective
in-medium interaction.

†This view is both “correct” and naive, as we shall see by the end of this chapter.
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are forbidden if isospin is a good quantum number. Differences in excitation energies between
IAS also probe isospin symmetry-breaking, an analysis of what is typically called Coulomb energy
differences. Other tests of isospin symmetry are the isobaricmultipletmass equation, which assesses
how the binding energy splitting is described in a multiplet when charge-violating interactions are
present. None of these techniques is the focus of the experimental data confrontedwith the present
theoretical work, and they are mentioned here for the sake of completeness. A reader interested in
the topic can find comprehensive information on both the background and experimental results on
all these techniques in the review paper and lecture notes by Bentley and Lenzi 2007 and Lenzi and
Bentley 2009. The next Section delves deeper into the so-called linearity rule, which we examine
in more detail over the course of this chapter.

6.2.2 The linearity rule

The proton matrix elements (𝑀𝑝) are the matrix elements of the electric multipole moment of
order 𝜆, 𝑄𝜆, between states of the same 𝑇 and 𝑇𝑧, and initial and final angular momenta 𝐽𝑖 and 𝐽𝑓,
respectively

𝑀𝑝(𝑇𝑧) = ⟨𝐽𝑓𝑇𝑇𝑧 ∣𝑄̂
𝜆∣ 𝐽𝑖𝑇𝑇𝑧⟩ . (6.2.3)

Within strict isospin symmetry, there are exact predictions for how the transition matrix ele-
ments of IAS vary with respect to 𝑇𝑧. These predictions originate from the separation of the
nuclear current density between isoscalar and isovector components (Warburton and Wessner
1969). Strictly speaking, the 𝐸2 transitions, which are of main interest in this study, depend on the
distribution of the nuclear charge density 𝜌ch rather than the proton density 𝜌𝑝. As discussed byRe-
inhard and Nazarewicz 2021, 𝜌ch is obtained by folding 𝜌𝑝 with the nucleonic charge distributions.
Additional corrections come from the effect of center-of-mass projection. We estimated these
corrections to have practically no effect on the quadrupole moments and 𝐵(𝐸2) rates, considering
the typical experimental uncertainties. Therefore, in the following, we base our discussion on
the proton density. Note that the decomposition we utilise is different from that of proton and
neutron operators. An operator that depends linearly on the isospin 𝑧-projection operator, 𝑡̂𝑧, is
called isovector. An operator that is independent of 𝑡̂𝑧 is called isoscalar. Extending the isoscalar
and isovector decomposition of the current density to the quadrupole moment

𝑄̂𝜆 = 𝑄̂𝜆(0) + 𝑄̂𝜆(1), (6.2.4)

we can rewrite the proton matrix elements. Note that𝑀𝑝 is a proton operator, as only protons
have electric charge, but due to the isoscalar and isovector separation, it can be written as
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𝑀𝑝 = ⟨𝐽𝑓𝑇𝑇𝑧 ∣
1
∑
𝑘=0

𝑄̂𝜆(𝑘)∣ 𝐽𝑖𝑇𝑇𝑧⟩ (6.2.5)

Via the Wigner-Eckart theorem, we can write it as a sum over the Wigner 3 − 𝑗 symbols and the
reducedmatrix elements, which depend only on 𝑇, but not 𝑇𝑧

𝑀𝑝(𝑇𝑧) =
1
∑
𝑘=0

(−1)𝛵−𝛵𝑧 (
𝑇 𝑘 𝑇
−𝑇𝑧 0 𝑇𝑧

) ⟨𝐽𝑓𝑇 ∣∣𝑄̂
𝜆(𝑘)∣∣ 𝐽𝑖𝑇⟩ . (6.2.6)

Explicitly, the isoscalar and isovector components can be written as

(−1)𝛵−𝛵𝑧 (
𝑇 0 𝑇
−𝑇𝑧 0 𝑇𝑧

) ⟨𝐽𝑓𝑇 ∣∣𝑄̂
𝜆(0)∣∣ 𝐽𝑖𝑇⟩ =

1
√2𝑇 + 1

𝑀(0), (6.2.7)

(−1)𝛵−𝛵𝑧 (
𝑇 1 𝑇
−𝑇𝑧 0 𝑇𝑧

) ⟨𝐽𝑓𝑇 ∣∣𝑄̂
𝜆(1)∣∣ 𝐽𝑖𝑇⟩ =

𝑇𝑧
√𝑇(𝑇 + 1)(2𝑇 + 1)

𝑀(1), (6.2.8)

leading to the proton matrix element

𝑀𝑝(𝑇𝑧) =
1

√2𝑇 + 1
[𝑀(0) +

𝑇𝑧
√𝑇(𝑇 + 1)

𝑀(1)] = 𝑎 + 𝑏𝑇𝑧, (6.2.9)

which is the so-called linearity rule, where𝑀(0) and𝑀(1) represent the reduced matrix elements
for the isoscalar and isovector components, respectively, which depend only on 𝑇 and the angular
momenta of each state. The reduced transition probabilities are then given by

𝐵(𝐸𝜆; 𝐽𝑖 → 𝐽𝑓) =
∣𝑀𝑝(𝐸𝜆; 𝐽𝑖 → 𝐽𝑓)∣

2

2𝐽𝑖 + 1
. (6.2.10)

It is worth noting that for an operator with an isotensor component, terms such as

(−1)𝛵−𝛵𝑧 (
𝑇 2 𝑇
−𝑇𝑧 0 𝑇𝑧

) ⟨𝐽𝑓𝑇 ∣∣𝑂̂
𝜆(2)∣∣ 𝐽𝑖𝑇⟩ =

3𝑇2
𝑧 − 𝑇(𝑇 + 1)

√𝑇(𝑇 + 1)(2𝑇 + 1)(2𝑇 + 3)(2𝑇 − 1)
𝑀(2), (6.2.11)

appear, which contribute with a quadratic term in 𝑇𝑧. The Coulomb interaction, for example, is
predominantly a combination of isoscalar and isovector terms, but it also includes a small isotensor
component that induces departures from a linear trend.

6.3 Is isospin broken at all?

To assess isospin purity via the linearity rule, we need three high-precision transition-rate measure-
ments. This experimental data has been collected below 𝐴 = 50, but becomes challenging as we



66 6. Odd-odd𝑁 = 𝑍 nuclei and isospin symmetry-breaking in 𝑇 = 1multiplets

approach the proton drip line in heavier isospin triplets. A previous exploration on lighter triplets
showed that although not perfect, the linear trend of eq. (6.2.9) works fairly well (Boso et al. 2019).
The most recent measurements for isotriplets, however, tell a different story. For the 𝐴 = 70 triplet
(70Kr, 70Br, 70Se) the 𝐵(𝐸2) transition rates of 70Br and 70Se were already known, with the value of
the odd-odd being significantly reduced from the 𝑇𝑧 = +1 nucleus. Wimmer et al. 2021 performed
the first measurement of 𝐵(𝐸2) in 70Kr, obtaining a value 60% larger than that of its mirror partner.
This result led them to suggest that shape variation across the triplet would be necessary to interpret
the results, which would be a clear breaking of isospin symmetry. Their analysis is shown in Figure
6.4, where the line showcases the trend set from 70Br and 70Se. The 𝐴 = 70 triplet is the heaviest
for which all 𝐵(𝐸2)s are known, but the available experimental data for 𝐴 = 78 follow a similar
pattern. The 𝐵(𝐸2) of 78Y (odd-odd, 𝑇𝑧 = 0) is significantly reduced when compared to the one of
78Sr (𝑇𝑧 = +1) (Llewellyn et al. 2020), and if the linearity trend would be set by these two values, the
𝐵(𝐸2) of the proton-rich 78Zr would be highly asymmetrical with respect to its mirror.
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Figure 6.4: Data presented byWimmer et al. 2021 and the linear trend set by 70Br and 70Se.

Isospin is explicitly broken in experimental data due to electromagnetic interactions, so a
quantitative interpretation of results can be misleading. Therefore, a better question than the one
posed in the title of this section is “how is isospin broken?” instead. The detailed experimental
information in transition-rates can be used in conjunction with theoretical calculations to shed
light on the mechanisms behind isospin symmetry-breaking beyond the Coulomb interaction.
This requires a theoretical description of nuclei in the vicinity of the𝑁 = 𝑍 line, including odd-odd
nuclei, where large overlaps of neutron and proton wavefunctions enhance the 𝑇 = 0 part of the
neutron-proton (𝑛𝑝) interaction, a driver of nuclear collectivity. Only from this point are we able
to actually understand if the current theoretical description of electromagnetic effects close to the
𝑁 = 𝑍 line is sufficiently precise.
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To address these issues, we shall first focus on which states actually represent an IAS in the
odd-odd system, showcasing that the blocking technique (introduced in Chapter 2, also utilised in
the results of Chapter 5) does not suffice. We then introduce two different theoretical approaches
utilised to compute 𝐵(𝐸2). The first is Angular Momentum Projection (AMP), which allows us to
extract the transition probabilities from a symmetry-restored wavefunction. The second, which
we shall only briefly discuss, is the Generalised Bohr Hamiltonian, which accounts for collective
excitations, relevant to the description of nuclei in this region of the nuclear chart. These two
approaches are then applied to the description of even-even mirror nuclei with 42 ≤ 𝐴 ≤ 98, and
AMP is used to describe 𝐴 = 70, 78 odd-odd nuclei in multiple doubly-blocked configurations.

6.4 The odd-odd isobaric analog state

The standard approach for describing paired odd nuclei is with the blocking approximation,
where a single quasiparticle is created on top of the even-even quasiparticle vacuum. Within
quasiparticle pairing theory, this corresponds to the occupation probability of one single-particle
state becoming equal to one and that of its canonical partner becoming equal to zero. This concept
was also introduced in Chapter 2. The corresponding independent-quasiparticle wavefunction in
a canonical-HFB representation (i.e., where the quasiparticle wave-functions are eigenstates of the
density matrix, see chapter 3) corresponds to

|Ψ𝛼0𝜏0⟩ = 𝑎†𝛼0𝜏0 ∏
′

𝛼𝜏≠𝛼0𝜏0
(𝑢𝛼𝜏 + 𝑣𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩, (6.4.1)

where 𝛼0 represents the space-spin quantum numbers of a blocked state (e.g. its Nilsson labels) and
𝜏0 represents its isospin projection of 𝑛 or 𝑝, 𝑢𝛼𝜏 and 𝑣𝛼𝜏 are the canonical occupation coefficients,
𝛼̄ represents a canonical partner state, and |0⟩ is the single-particle vacuum. The prime symbol
indicates that the product runs over half of the states, one for each canonical pair, usually denoted
by 𝛼 > 0. Evidently, for 𝜏0 = 𝑛 or 𝑝, state (6.4.1) represents the state of an odd-𝑁 or odd-𝑍 nucleus,
respectively.

Now let us think about describing an odd-odd nucleus. One may assume that it could be de-
scribed by blocking simultaneously a proton quasiparticle in a state 𝛼0𝑝 and a neutron quasiparticle
in a state 𝛼̄0𝑛, such that its wave-function corresponds to

|Ψ𝛼0𝑝,𝛼̄0𝑛⟩ = 𝑎†𝛼0𝑝𝑎
†
𝛼̄0𝑛

∏
′

𝛼𝜏≠𝛼0𝑝,𝛼0𝑛
(𝑢𝛼𝜏 + 𝑣𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩, (6.4.2)

where we may select the angular momentum of the blocked configurations to couple it to a desired
final 𝐽𝑧. In the study of IAS, e.g., we could naively assume that this would be done by selecting a state
𝛼0𝑝 close to the Fermi surface, and the partner 𝛼̄0𝑛with opposite projection of angular-momentum
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on the axial-symmetry axis, which would then select a final state with 𝐽𝑧 = 0. Due to the high level
density, experimental data for neighbouring nuclei can help to identify the best candidates for the
Fermi surface. In Figure 6.5, we exemplify this approach for 78Y. As all neighbouring nuclei have
𝐽𝜋 = 5/2+, we can select a proton and a neutron state of that angular momentum and anti-aligned
projections, thus building an odd-odd state as in eq. (6.4.2).

78Y

79Zr
𝐽𝜋 = 5/2+

77Sr
𝐽𝜋 = 5/2+

79Y
𝐽𝜋 = 5/2+

77Y
𝐽𝜋 = 5/2+

Figure 6.5: A helpful representation of how to identify the states closest to the Fermi surface in odd-odd
nuclei. Here we display 78Y, and its neighbouring odd nuclei with their respective experimental
ground states.

However, would such state be suitable to the description of odd-odd IAS?We can verify this
assumption by obtaining the IAS via isospin ladder operators, which are guaranteed to give us a
wavefunction of the same multiplet and different 𝑇𝑧. Extending the definition of eq. (6.1.4) to the
canonical basis, remembering that the primed sum covers only half of the single-particle spectra,
we have

𝑇̂†
+ = 𝑇̂− = ∑

′

𝛼
(𝑎†𝛼𝑝𝑎𝛼𝑛 + 𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛) , (6.4.3)

which gives the wavefunction of the IAS in odd-odd nuclei by acting on the ground state of
even-even 𝑇 = 1 states

|ΨIAS(𝑇 = 1, 𝑇𝑧 = 0)⟩ = 1
√2

𝑇̂±|Ψe−e(𝑇 = 1, 𝑇𝑧 = ∓1)⟩. (6.4.4)

Approximating |Ψe−e(𝑇 = 1, 𝑇𝑧 = ∓1)⟩ by the quasiparticle vacuum

|Ψ∓
vac⟩ = ∏

′

𝛼𝜏
(𝑢∓𝛼𝜏 + 𝑣

∓
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩, (6.4.5)
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we obtain

|ΨIAS⟩ = 1
√2

𝑇̂−|Ψ
+
vac⟩

= 1
√2

∑
′

𝛼
(𝑎†𝛼𝑝𝑎𝛼𝑛 + 𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛) ∏

′

𝛼𝜏
(𝑢+𝛼𝜏 + 𝑣

+
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩. (6.4.6)

We can explicitly separate the terms with 𝛼𝑝 and 𝛼𝑛 from the right-hand side of eq. (6.4.6), which
gives

|ΨIAS⟩ =
1
√2

∑
′

𝛼
(𝑎†𝛼𝑝𝑎𝛼𝑛 + 𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛) (𝑢

+
𝛼𝑝 + 𝑣

+
𝛼𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝) (𝑢

+
𝛼𝑛 + 𝑣

+
𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛) ∏

′

𝛼𝜏≠𝛼𝑝,𝛼𝑛
(𝑢+𝛼𝜏 + 𝑣

+
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩.

(6.4.7)
The terms with 𝛼 can be rewritten as

(𝑎†𝛼𝑝𝑎𝛼𝑛 + 𝑎
†
𝛼̄𝑝𝑎𝛼̄𝑛) (𝑢

+
𝛼𝑝 + 𝑣

+
𝛼𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝) (𝑢

+
𝛼𝑛 + 𝑣

+
𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛) = (𝑢+𝛼𝑝𝑎

†
𝛼𝑝𝑎𝛼𝑛 + 𝑢

+
𝛼𝑝𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛) (𝑢

+
𝛼𝑛 + 𝑣

+
𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛)

= 𝑢+𝛼𝑝𝑢
+
𝛼𝑛 (𝑎

†
𝛼𝑝𝑎𝛼𝑛 + 𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛)

+𝑢+𝛼𝑝𝑣
+
𝛼𝑛 (𝑎

†
𝛼𝑝𝑎𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛 + 𝑎

†
𝛼̄𝑝𝑎𝛼̄𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛) ,

where terms with more than one creation operator on the same state vanish, and we can neglect
the terms with an extra annihilation operator, as they would vanish when acting on the state of
eq. (6.4.7). Doing the same, but acting with 𝑇̂+ on the 𝑇𝑧 = −1 state, we have the following IAS
wavefunction

|ΨIAS⟩ = 1
√2

𝑇̂+|Ψ
−
vac⟩ (6.4.8)

= 1
√2

∑
′

𝛼
(𝑎†𝛼𝑛𝑎𝛼𝑝 + 𝑎

†
𝛼̄𝑛𝑎𝛼̄𝑝) ∏

′

𝛼𝜏
(𝑢−𝛼𝜏 + 𝑣

−
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩, (6.4.9)

which also can be written, after separating and simplifying the terms with 𝛼𝑝 and 𝛼𝑛

(𝑎†𝛼𝑛𝑎𝛼𝑝 + 𝑎
†
𝛼̄𝑛𝑎𝛼̄𝑝) (𝑢

−
𝛼𝑝 + 𝑣

−
𝛼𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝) (𝑢

−
𝛼𝑛 + 𝑣

−
𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛) = 𝑣−𝛼𝑝 (𝑎

†
𝛼𝑛𝑎𝛼𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝 + 𝑎

†
𝛼̄𝑛𝑎𝛼̄𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝) (𝑢

−
𝛼𝑛 + 𝑣

−
𝛼𝑛𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑛)

= 𝑢−𝛼𝑛𝑣
−
𝛼𝑝 (𝑎

†
𝛼𝑛𝑎𝛼𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝 + 𝑎

†
𝛼̄𝑛𝑎𝛼̄𝑝𝑎

†
𝛼𝑝𝑎

†
𝛼̄𝑝) ,

and has a very similar form to the previous expression. Noting that we can write a time-even
proton-neutron pair with 𝑇 = 1 as

𝒮𝛵=1
𝛼 = 1

√2
(𝑎†𝛼𝑝𝑎

†
𝛼̄𝑛 + 𝑎

†
𝛼𝑛𝑎

†
𝛼̄𝑝) , (6.4.10)

we get the wavefunction of the IAS
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|ΨIAS⟩ = ∑
′

𝛼
𝑢+𝛼𝑝𝑣

+
𝛼𝑛𝒮

𝛵=1
𝛼 ∏

′

𝛼𝜏≠𝛼𝑛,𝛼𝑝
(𝑢+𝛼𝜏 + 𝑣

+
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩

= ∑
′

𝛼
𝑢−𝛼𝑛𝑣

−
𝛼𝑝𝒮

𝛵=1
𝛼 ∏

′

𝛼𝜏≠𝛼𝑛,𝛼𝑝
(𝑢−𝛼𝜏 + 𝑣

−
𝛼𝜏𝑎

†
𝛼𝜏𝑎

†
𝛼̄𝜏)|0⟩. (6.4.11)

We note the equality of two forms of |ΨIAS⟩ given in eq. (6.4.11), which reflects the analogous
equality in eq. (6.4.4), and is based on symmetry of the occupation factors 𝑣−𝛼𝑝 = 𝑣+𝛼𝑛 and 𝑣−𝛼𝑛 = 𝑣+𝛼𝑝 in
the 𝑇𝑧 = ±1mirror nuclei. By inspecting eq. (6.4.11), we explicitly see that the IAS wavefunction
is not a product state associated with a doubly blocked even-even vacuum as eq. (6.4.2). Instead,
it corresponds to a coherent superposition of the blocked 𝑇 = 1 proton-neutron pairs atop the
even-even quasiparticle vacua. The contributions from individual components are weighted by
factors 𝑢+𝛼𝑝𝑣+𝛼𝑛 = 𝑢−𝛼𝑛𝑣

−
𝛼𝑝, i.e., they peak for states around the corresponding neutron and proton Fermi

surface. It is now clear that by taking a symmetrised combination of the double-blocked states at
the Fermi levels, as we previously exemplified, we obtain not a complete IAS (6.4.11), but only its
dominating components. In the absence of pairing, the sum in (6.4.11) will be reduced to only
one term associated with the valence neutron level 𝛼 occupied in the 𝑇𝑧 = 1 nucleus (𝑣+𝛼𝑛=1) with
the proton level 𝛼 being empty (𝑢+𝛼𝑝 = 1) (the opposite holds for the 𝑇𝑧 = −1 system).

Lastly, iso-cranking offers a similar interpretation of 𝑇 = 1 IAS states in odd-odd𝑁 = 𝑍 nuclei
(Głowacz, Satuła andWyss 2004; Satuła andWyss 2001), based on a false vacuum situated mid-
way between the vacua of even-even 𝑇𝑧 = ±1 nuclei. Moreover, charge-exchange Quasiparticle
Random-Phase Approximation (QRPA), which builds states via charge-exchange quasiparticle
superpositions, is a very good representation of odd-odd 𝑇 = 1 IAS. Notably, spherical QRPA
calculations do not see changes in the energy between IAS apart from Coulomb (Fracasso and
Colò 2005), and have been used to investigate isovector and isoscalar pairing correlations (Fracasso
and Colò 2007).

6.5 Angular momentum projected DFT

As we now understand what is necessary to assess the linearity rule in isospin triplets, we shall
focus on the theoretical techniques we utilised. To perform systematic nuclear DFT calculations of
𝐵(𝐸2; 2+ → 0+) for all even-even𝑇 = 1mirror nuclei with 42 ≤𝐴≤ 98, we utilised the codeHFODD,
version (3.28o) (Dobaczewski, Bączyk et al. 2021; Dobaczewski et al. 2026; Dobaczewski, Satuła
et al. 2009b). We enforced axial symmetry, followed by the exact angular momentum projection
(Sheikh, Dobaczewski et al. 2021). As a first step, we performed a series of HFB calculations
constraining the quadrupole moment𝑄20 on a grid with a step size of 0.5b, illustrated in Figure
6.6. This allows us to identify all local minima on the grid, and then carry out unconstrained
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calculations to find prolate, oblate, or spherical HFB solutions by starting the self-consistent loop
from a point near each minima.
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Figure 6.6: Potential energy curves, obtainedwithUNEDF1, with constrained quadrupolemoments𝑄20 for
the mirror pair of 𝐴 = 70 (70Kr,70Se). The energies are normalised to the energy at the spherical
shape.

The minima can be characterized using either the dimensionless Bohr deformation parameter
𝛽 or the proton intrinsic quadrupole moments 𝑄20(𝑝), which are conventionally linked as follows,

𝛽 = 4𝜋
⟨𝑟2𝑌20⟩𝑝
3𝑍𝑅2 =

√5𝜋
3𝑍𝑅2𝑄20(𝑝), (6.5.1)

where 𝑅 = 1.2𝐴1/2 fm. We then used AMP to project each solution onto good angular momentum
𝐼, following the procedure introduced in Chapter 2. From the symmetry-restored wave-functions,
we can determine the electromagnetic transition rates from the initial and final projected states via

𝐵(𝐸𝜆; 𝐼𝑖 → 𝐼𝑓) = 1
2𝐼𝑖 + 1

∣⟨𝑓, 𝐼𝑓 ∣∣𝑄̂𝜆∣∣ 𝑖, 𝐼𝑖⟩∣
2
. (6.5.2)

This allows us to extract the 𝐵(𝐸2; 2+ → 0+) and the respective𝑀𝑝 necessary for the analysis of the
linearity rule.

Beyond the global analysis of even-even mirror nuclei, our goal is to assess the isotriplets with
𝐴 = 70 and 𝐴 = 78. To calculate odd-odd𝑁 = 𝑍 nuclei, we first constrained the particle numbers
without blocking to obtain an axial false quasiparticle vacuum. This yields an even state with an
odd average particle number. Then, we break the time-reversal, signature, and simplex symmetries,
using the 𝑧-component of the isoscalar angular frequency vector of ℏ𝜔𝑧 = 0.001MeV to quantize the
single-particle angular momenta along the axial symmetry axis. For these calculations, we increased
the proton and neutron pairing strengths by 20% relative to the original UNEDF1 parametrization
to account for the effects of not using the Lipkin-Nogami approximate particle number projection
(Sheikh, Dobaczewski et al. 2021). The impact of pairing strengths is also discussed in Chapter 5.
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As we previously showed, the IAS is a coherent superposition of blocked 𝑇 = 1 proton-neutron
pairs, with contributions from different states peaking around the Fermi surface. To identify the
states at the Fermi surface, we examined the ground states of the closest isotopes (isotones) to the
odd-odd nuclei, as highlighted in the previous section. We connected them to the Nilsson labels of
the single-particle neutron (proton) states to be blocked. For neutrons (protons), we then selected
𝑧-aligned states with positive (negative) 𝑧-projectionsΩ𝑧 of angular momentum, ensuring that the
total angular momentum projections summed to zero.

We note that the doubly blocked states obtained in this way break the signature symmetry,
allowing both even and odd angular momenta to be projected from the intrinsic states. However,
since the signature operator simply exchanges the blocked neutron and proton quasiparticles, the
even and odd angular momenta form the 𝑇 = 1 and 𝑇 = 0 rotational bands, respectively. Finally,
the doubly blocked HFB solutions were converged and projected onto good 𝐽 = 0 and 𝐽 = 2
angular momenta. This allowed for the determination of the 𝐵(𝐸2 ∶ 2+ → 0+) values for individual
two-quasiparticle (qp) states (6.4.2) of odd-odd𝑁 = 𝑍 nuclei (Llewellyn et al. 2020), which shall
be discussed later in contrast to the expected behaviour of the IAS.

6.6 The Generalised Bohr Hamiltonian

A pitfall of single-reference AMP calculations is that we can only compute the 𝐵(𝐸2)s for one
given PES minimum (i.e. deformation) at a time. This is troublesome in medium-mass𝑁 ∼ 𝑍
nuclei—like the ones we aim to describe here—as they are known to exhibit configurations of
different shapes competing energetically at very low energies (Eberth, Meyer and Sistemich 1988;
Nazarewicz et al. 1985). This leads to coexistence effects of prolate, oblate, and spherical shapes,
which cannot be described purely with single-reference AMP calculations.

To describe quadrupole collective excitations and determine the values of 𝐵(𝐸2 ∶ 2+ → 0+), we
utilized the Generalized Bohr Hamiltonian (GBH) (Klüpfel et al. 2008; Próchniak and Rohoziński
2009; Rowe andWood 2010), which encompasses the rotational and vibrational motion associated
with quadrupole deformations (𝛽, 𝛾). The GBH results presented here were performed by David
Muir, a collaborator on this work. The summary below follows the description included on our
publication (Backes, Dobaczewski et al. 2025), which also offers technical details of the calculations.
The analysis of the data, which led to the results presented, was performed by me.

The general form of the GBH is given by:

𝐻̂𝑐𝑜𝑙𝑙 = 𝑇̂𝑣𝑖𝑏 + 𝑇̂𝑟𝑜𝑡 + 𝑉̂ (𝛽, 𝛾) , (6.6.1)
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where

𝑇̂vib = − 1
2√𝑤𝑟 {

1
𝛽4

[𝜕𝛽 (𝛽
4√ 𝑟

𝑤𝐵𝛾𝛾) 𝜕𝛽 −𝜕𝛽 (𝛽
3√ 𝑟

𝑤𝐵𝛽𝛾) 𝜕𝛾]

+ 1
𝛽 sin (3𝛾)

[−𝜕𝛾 (√
𝑟
𝑤 sin (3𝛾) 𝐵𝛽𝛾) 𝜕𝛽 +1𝛽𝜕𝛾 (

√ 𝑟
𝑤 sin (3𝛾) 𝐵𝛽𝛽) 𝜕𝛾]} , (6.6.2)

𝑇̂rot =
1
2

3
∑
𝑘=1

𝐼2𝑘 (Ω)
4𝐵𝑘 (𝛽, 𝛾) 𝛽2 sin2 (𝛾 − 2𝜋𝑘/3)

, (6.6.3)

where 𝑉̂ (𝛽, 𝛾) is the potential energy of the nucleus, 𝐵𝑘 (𝑘 = 1, 2, 3) are 3 components of the
rotational moment of inertia, 𝐵𝛽𝛽, 𝐵𝛽𝛾, 𝐵𝛽𝛾 are components of the quadrupole vibrational inertia
tensor, and 𝐼𝑘 denotes the k-component of the angular momentum in the nuclear body-fixed frame.
All inertia (mass parameters) are parametrised in terms of the Bohr deformations 𝛽 and 𝛾. In
eq. (6.6.2), we used the shorthand notation: 𝑤 = 𝐵𝛽𝛽𝐵𝛾𝛾−𝐵

2
𝛽𝛾 and 𝑟 = 𝐵𝑥𝐵𝑦𝐵𝑧.The 6mass parameters

used in the GBH have been systematically obtained via the cranking approximation (Baran et al.
2011; Girod and Grammaticos 1979) from constrained HFB calculations for each nucleus under
consideration following the procedure of Muir et al. 2020; Prochniak 2015. It is worth noting that
the rotational and vibrational inertia strongly depend on pairing (Brack et al. 1972; Próchniak and
Rohoziński 2009). The reader can find a didactic explanation of the model in the thesis of Muir
2021.

6.7 Global analysis of 𝑇 = 1mirror nuclei

We shall now review the results obtained following the approaches of sections 6.6 and 6.5. Figure 6.7
shows theHFBpotential energy curves for even-evenmirror nuclei with 42 ≤ 𝐴 ≤ 98 obtained using
theUNEDF1EDF (Kortelainen,McDonnell et al. 2012), projected onto angularmomentum 𝐼 = 0.
The calculations predict shape-coexisting minima for many mid-shell nuclei, while the systems
closest to shell closures exhibit only a spherical minimum. The largest oblate (𝛽 < 0) deformations
are expected for the 𝐴 = 66 and 𝐴 = 70 systems, while the largest prolate (𝛽 > 0) deformations are
calculated for the 𝐴 = 74 and 𝐴 = 78 nuclei.

The potential energy curves of 𝑇𝑧 = ±1mirror nuclei are generally very similar when normalised
to the spherical energy. However, it is worth noting that slight shape deviations are still observed
in mirror pairs. These small shifts arise due to the Coulomb interaction, which explicitly breaks
isospin symmetry, and they are particularly evident at large deformations. As a result, the energy of
the 𝑇𝑧 = −1 (proton-rich) system falls slightly below that of the 𝑇𝑧 = 1 partner, which has a smaller
atomic number and Coulomb energy. This difference in total energy leads to slightly larger values
of |𝛽| in the 𝑇𝑧 = −1 nuclei. This is particularly noticeable in minima with higher deformations,
e.g. mirror pairs with 𝐴 = 70 and 78. Despite these shifts in 𝛽, shape changes between mirror
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Figure 6.7: Hartree-Fock-Bogoliubov (HFB) potential energy curves, obtained with UNEDF1, projected
on 𝐼 = 0 as functions of quadrupole deformation 𝛽 (6.5.1) for the even-even 𝑇 = 1mirror nuclei
considered in this study. Solid lines denote 𝑇𝑧 = 1, and dashed lines 𝑇𝑧 = −1. The mass numbers
are marked explicitly, close to curves of different colours. The energies are normalized to the
energy at the spherical shape.

pairs are unlikely, given the overall similarity between the potential energy curves. Notably, in the
𝐴 = 70mirror pair, the oblate and prolate minima are separated by ≈ 1MeV. This contradicts the
suggestion ofWimmer et al. 2021 that 70Kr would be prolate and 70Se oblate. An important aspect
of this discussion is that deformations are not explicitly measured, but rather they are inferred from
experimental 𝐵(𝐸2) data, linked via eq. (6.5.2). As the quadrupole moment carries information
about the shape of the nucleus, a larger 𝐵(𝐸2) indicates enhanced collective effects and deformation.
The specific shape, however—determined by the sign of the quadrupole moment—cannot be
determined from the transition probabilities.

In this scenario, the GBH and AMP frameworks allow us to understand the connection
between shapes and 𝐵(𝐸2) data in different ways. The first—and most complete—framework is
capable of describing shape coexistence, and obtains meaningful 𝐵(𝐸2)s even for spherical nuclei.
Meanwhile, the AMP framework allows us to examine data for individual configurations and
investigate whether a specific deformation can describe the experimental data. Our results for both
frameworks are presented in Figure 6.8, with prolate and oblate configurations shown separately for
the AMP calculations. Spherical and nearly spherical solutions around shell closures are omitted,
as the projection of a spherical state is not meaningful. As expected in a region with enhanced
collectivity, the GBH calculations yield better results and demonstrate an overall satisfactory
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Figure 6.8: 𝐵(𝐸2) values of even-even 𝑇 = 1mirror nuclei with 42 ≤ 𝐴 ≤ 98 and the available experimental
data (Boso et al. 2019; Giles et al. 2019, 2021; Hadyńska-Klȩk et al. 2016; Llewellyn et al. 2020;
Morse et al. 2018; Pritychenko et al. 2016; Wimmer et al. 2021), in (a) full scale and (b) reduced
scale. 𝑇𝑧 = 1 (𝑇𝑧 = −1) nuclei are represented with open (filled) symbols. Stars show experimental
values, squares mark the GBHUNEDF1 predictions, and the prolate (oblate) AMPUNEDF1
predictions are shown with up-pointing (down-pointing) triangles.
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agreement with experimental data across the entire range of interest. The AMP results fall short in
comparison, indicating the importance of shapemixing to these results. This is also seen in themass
region of 74 ≤ 𝐴 ≤ 82, where AMP overestimates the experimental B(E2)s. The HFB calculations
predict a nearly spherical and a deformed minimum for these nuclei, and considering only the
prolate-deformed one yields 𝐵(𝐸2) values well in excess of experimental data. This indicates that
shape mixing with the spherical-deformed minima plays an important role, and accounting for the
distribution of shapes with the GBH provides a better description. The two frameworks agree
when clear prolate and oblate minima can be identified in the AMP potential energy curves, such
as for 𝐴 =50, 66, and 70. In all cases, the difference

Δ𝐵(𝐸2) ≡ 𝐵(𝐸2, 𝑇𝑍 = −1) − 𝐵(𝐸2, 𝑇𝑍 = +1) (6.7.1)

is positive. This is to be expected, as the 𝑇𝑧 = −1 nuclei have larger electric charges, while their
equilibrium deformation is very similar and slightly larger also in the proton-rich nuclei. The
Δ𝐵(𝐸2) also frequently varies between the two approaches. This can, once again, be attributed
to shape coexistence in systems around 𝐴 = 78. Meanwhile, for the lighter mirror nuclei, such as
𝐴 = 62, this is attributed to closely lying weakly deformed prolate and oblate minima.

6.8 The 𝐴 = 70 and 𝐴 = 78 isobaric triplets

We will specifically focus on the 𝐴 = 70 and 𝐴 = 78 triplets, where deviations from the linearity
rule are anticipated. For the analysis of𝑀𝑝(𝑇𝑧) of eq. (6.2.9), it is imperative to address the physics
of the odd-odd 𝑁 = 𝑍 (𝑇𝑧 = 0) nuclei*. From our analysis of the 𝐵(𝐸2)s near the 𝑁 = 𝑍 line, it
is clear that the collective degrees of freedom are crucial in accurately describing the quadrupole
strength. Henceforth, the GBH is the preferred formalism for describing nuclei in this region, but
the extension of the GBHmodel to odd-odd nuclei, including decoupled proton-neutron pairs,
still needs to be developed. Doubly-blocked calculations, on the other hand, provide a simpler
method for the description of odd-odd nuclei, and open the opportunity to gain insights into the
𝐵(𝐸2) strengths of the𝑇𝑧 = 0 isotriplet partners. Moreover, AMP is well-suited for the description of
deformed nuclei such as 70Br and 78Y, and allows for a quantitative assessment of how the puzzling
experimental results could be interpreted from a nuclear theory perspective.

As we have established in Section 6.4, the IAS in odd-odd𝑁 = 𝑍 nuclei is represented by a
superposition of blocked 𝑇 = 1 proton-neutron pair excitations. We attempted to perform such
calculations; however, the resulting energy mixing matrix elements were strongly perturbed by the
self-interaction terms and singularities of the UNEDF1 functional (Sheikh, Dobaczewski et al.
2021). For our analysis of the odd-odd nuclei in isotriplets, we chose to compute the 𝐵(𝐸2)matrix

*Famously, the trend set from only two data points will always be a line.
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Figure 6.9: The Nilsson proton diagrams for 70Br (top) and 78Y (bottom) obtained using the UNEDF1
EDF and plotted as a function of the total intrinsic quadrupole moment 𝑄20. (The neutron
diagrams are quite similar; therefore, they are not shown.) Although the wavefunctions are
stronglymixed inmany cases, the asymptotic quantum numbers [𝑁𝑛𝑥Λ]Ω providedmatch those
of Nazarewicz et al. 1985 to simplify the identification of individual levels. The vertical lines
mark the false-vacuum equilibrium quadrupole moments of 𝐴 = 70 (𝑄min

20 ≈ −3.2 b) and 𝐴 = 78
(𝑄min

20 ≈ 7.5 b) isotriplets. Figure is the same as the one included in Backes, Dobaczewski et al.
2025.
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Figure 6.10: 𝑀𝑝(𝐸2) values computed withHFB+AMP andUNEDF1 for (a)𝐴 = 70 and (b)𝐴 = 78 triplets,
and the available experimental data (Wimmer et al. 2021). We selected the oblate solutions for
the 𝐴 = 70 triplet and the prolate ones for the 𝐴 = 78 triplet. The different points shown for
the odd-odd 𝑇𝑍 = 0 nuclei correspond to different 2-qp states near the Fermi level. Even-even
results from GBH calculations are shown as squares.

elements for several 2-qp states near the Fermi level in the oblate configuration of 70Br and the
prolate configuration of 78Y, knowing that none of them would represent the IAS exactly. The
known or extrapolated ground-state spins and parities of the odd neighbours of 70Br and 78Y are
5/2− and 5/2+, respectively, and this guides the identification of which states should be used for
2-qp (two-quasiparticle) blocking. Figure 6.9 shows the corresponding Nilsson diagrams, which
support the extrapolated ground-states, as the Nilsson levels [303]5/2 and [422]5/2 are located
near the Fermi levels of𝑁 or 𝑍 = 35 and𝑁 or 𝑍 = 39, respectively. The figure also indicates that
the main contributions to the IAS wavefunction (6.4.11) are expected to arise from [310]1/2,
[301]3/2, and [404]9/2 states in 70Br, and from [422]5/2, [301]3/2, and [431]1/2 states in 78Y.
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Finally, Figure 6.10 shows the values of𝑀𝑝 for the 𝐴 = 70 and 𝐴 = 78 isotriplets, considering
the same shape for the even-evenmirrors (oblate for𝐴 = 70 and prolate for𝐴 = 78). Once again, the
difference between the GBH and AMP results in even-evenmirror nuclei stems from shape mixing,
as the same functional was employed in both calculations. The discussion on shapes, including the
competing low-lying spherical and prolate configurations in 𝐴 = 78 is discussed in the previous
section. The𝑀𝑝 are shown in square root of Weisskopf units (W.u.), which correspond to the
estimate of the number of nucleons contributing to radiation, given by

𝐵(𝐸𝜆; 𝐼𝑖 → 𝐼𝑓) =
1.22𝜆

4𝜋 ( 3
𝜆 + 3)

2
𝐴2𝜆/3𝑒2fm2𝜆. (6.8.1)

There is a significant spread in the𝑀𝑝 values for 2-qp states of 𝑇𝑧 = 0 isotriplet members. This is
due to the different intrinsic quadrupole moments of associated Nilsson levels, which give rise to
different quadrupole polarisations. Notably, blocking influences the occupation numbers. As a
result, we may drive the deformation towards prolate or oblate configurations depending on the
slope of the blocked orbitals and on whether we are blocking a particle or a hole. We also highlight
in Figure 6.10 the linear trend set by the two even-even 𝑇 = 1, 𝑇𝑧 = ±1 nuclei. The extrapolated
ground-state orbitals of [303]5/2 and [422]5/2 do not correspond to the linearity rule; and in
fact, as none of the 2-qp states uniquely correspond to the IAS, deviations from the linearity rule
(6.2.9) are expected. The different quadrupole polarisations cause the spread of predictions for the
odd-odd𝑁 = 𝑍 nucleus relative to the linear trend, and states contributing to the IAS show𝑀𝑝

both under and over the extrapolated line.
As eq. (6.4.11) suggests, a multi-reference mixing of several doubly blocked states should be

performed to test whether the IAS hypothesis better aligns with the data. While our attempt failed,
the search for well-adjusted, spectroscopic-quality, and self-interaction-free functionals is actively
pursued (Bennaceur, Dobaczewski and Raimondi 2014; Raimondi, Bennaceur and Dobaczewski
2014; Sadoudi et al. 2013). However, the existing infrastructure is insufficient to address the 𝐵(𝐸2)
rates in the IAS of odd-odd nuclei, and the detailed assessment of potential deviations from (6.2.9)
must wait.

6.9 Conclusions

Our theoretical work shows that nuclear DFT, with the UNEDF1 Skyrme parametrisation, de-
scribes the reduced transition probabilities of 𝑇 = 1 even-even mirrors. This can be achieved
without resorting to beyond-Coulomb charge-dependent functionals. However, close to the
𝑁 = 𝑍 line, only collective models such as the Generalised BohrHamiltonian are capable of describ-
ing data due to the enhanced quadrupole collectivity and shape coexistence. Angular momentum
projection—with the UNEDF1 Skyrme parametrisation—is sufficient only when the potential
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energy curves have well-defined deformed minima, but it fails to address shape coexistence and
small deformations close to shell closures. Overall, the AMP potential energy surfaces are similar
between mirror nuclei, but small differences in deformation are still observed.

In the context of isospin-symmetry studies, the DFT results come with a caveat. No explicit
beyond-Coulomb symmetry breakingmay exist in the interaction, but this does not indicate that all
isospin symmetry-breaking effects arise from Coulomb. Collective effects depend on the effective
pairing strengths, which differ between protons and neutrons due to the asymmetry between
corresponding shell structures across the nuclear chart. As a result, differences will always exist
between mirror nuclei in DFT, aside from a different Coulomb repulsion.

Beyond the differences in pairing strengths and the spurious symmetry-breaking related to
many-body methods, it is important to note that the nuclear Hamiltonian itself is not isospin-
symmetric. Differences in the masses of protons and neutrons—as well as of the constituent 𝑢
and 𝑑 quarks—exemplify this symmetry-breaking. There is an ongoing effort in the community
to introduce charge symmetry-breaking terms to energy density functionals (Naito et al. 2024).
So far, no complete analysis of the linearity rule within triplets with a charge symmetry-breaking
functional has been performed. Hence, further calculations are necessary to quantify the influence
of isospin symmetry-breaking coming from the nuclear Hamiltonian.

We have derived and discussed which state of the odd-odd nucleus is most suitable for isospin
physics studies of isobaric triplets, corresponding to a rotation of an even-even 𝑇 = 1 state in isospin
space. The true IAS consists of a superposition of doubly blocked 𝑇 = 1 proton-neutron pairs
atop the even-even quasiparticle vacuum. Our numerical results indicate that double quasiparticle
blocking close to the Fermi surface, without mixing, does not lead to the “linearity rule,” and the
corresponding 𝐵(𝐸2) values vary significantly depending on the deformations and slopes of the
Nilsson orbitals. Furthermore, the same previous remark is valid: even for a mixed solution, small
deviations from the linear trend are expected, as the protons and neutrons have different pairing
strengths.

Regarding the linearity rule, we want to emphasise what follows.

• While shell model calculations, commonly used to interpret 𝐵(𝐸2) data in isobaric triplets,
produce results within the exact isospin symmetry regime, they lack a non-perturbative
description of the Coulomb and shape polarisations, which are integral parts of the nuclear
DFT;

• No shape change is expected between 𝑇 = 1 even-even mirrors with 42 ≤ 𝐴 ≤ 98, but
shape and configuration mixing is a crucial aspect that future DFT implementations need to
address;
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• Analysing isospin symmetry-breaking from the linear trend set by the 𝑇𝑧 = 0, +1members of
the triplet can be misleading;

• Currently, no DFT studies accurately describe the𝑁 = 𝑍, 𝑇 = 1 IAS. The existing infrastruc-
ture is not sufficient to capture the complex physics of odd-odd nuclei. Specifically, there is a
need for multi-reference calculations using self-interaction-free functionals.

Another challenge to nuclear theory, which was not addressed in this work, is that the overlap
between the proton and neutron wavefunctions in𝑁 ∼ 𝑍 leads to 𝑝𝑛-pairing correlations, which
are also relevant to the study of IAS. Indeed, the competition between isovector 𝑇 = 1 and isoscalar
𝑇 = 0 𝑛𝑝-pairingmodes remains a key question in nuclear structure physics. Some references on the
topic areworks of Engel et al. 1997; Frauendorf andMacchiavelli 2014;Martínez-Pinedo, Langanke
and Vogel 1999; Romero, Dobaczewski and Pastore 2019; Satuła andWyss 1997 and references
therein. Within the (quasi)local density approximation to nuclear DFT with pairing, principles
of the approach have been laid down by Perlińska et al. 2004 but have never been implemented
or tested so far. The main challenge is that such pairing implies the proton-neutron mixing (Sato
et al. 2013; Sheikh, Hinohara et al. 2014) in the particle-hole channel. Indeed, for any quasiparticle
vacuum, the density matrix 𝜌 and the pairing tensor 𝜅 are linked to one another by the expression
𝜌 − 𝜌2 = 𝜅𝜅+ (Ring and Schuck 1980). Therefore, the presence of the three types of pairing, 𝜅𝑛𝑛,
𝜅𝑝𝑝, and 𝜅𝑛𝑝, implies, in general, a non-zero proton-neutron mixing 𝜌𝑛𝑝 in the density matrix. For
nuclear matter, this aspect was fully covered in the work presented in Chapter 4.

Lastly, all AMP results are available online (Backes 2025). Further details on the GBH results,
and zero-point energy corrections for𝐴 = 70 and𝐴 = 78mirror nuclei are available in the published
manuscript (Backes, Dobaczewski et al. 2025).

Q q
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Seven

Relativistic two-body currents
In this chapter, we briefly introduce the motivation behind studying two-body magnetic dipole mo-
ments. We introduce the two-body magnetic dipole operator, coming frommeson-exchange corrections,
and underline the work necessary to describe it within nuclear density functional theory (DFT).

The notion that nuclear DFT struggles to describe magnetic dipole moments of heavy nuclei
was introduced in Chapter 5. However, this challenge is not unique to DFT. Historically, an
accurate description of magnetic dipole moments of medium and heavy nuclei relies on effective
charges or 𝑔-factors. Recent ab initio studies suggest that one-body contributions to the magnetic
dipole moment may not suffice to accurately describe the system. Specifically, electromagnetic
interactions are probed through photon-nucleus interactions. One-body terms contain a sum of
photon interactions with individual nucleons and do not account for the interaction between nuc-
leons mediated by pions. Seutin et al. 2023 suggested that higher-order contributions are necessary
for an accurate description of electromagnetic properties, andMiyagi et al. 2024 investigated the
effect of two-body currents, coming from next-to-leading-order two-body terms of Chiral Effective
Field Theory (𝜒EFT), on magnetic dipole moments. This work aims to test the aforementioned
conjecture within the framework of nuclear DFT.

The brief introduction that follows is based on Section 5 of Dobaczewski, Backes et al. 2026.
The publication on the methods and results is in preparation (Wibowo, Han et al. 2026). Up to
two-body contributions, we can write the magnetic dipole moment as

𝜇̂ =
𝛢
∑
𝑘
𝜇̂1b,𝑘 +

𝛢
∑
𝑘<ℓ

𝜇̂2b,𝑘ℓ, (7.0.1)

where the one-body part of the magnetic dipole operator is given by

𝜇̂1b = √ 4𝜋
3 𝑀̂10 = 𝜇N ∑

𝜏=𝑛,𝑝
[𝑔(𝜏)𝑠 𝑆̂(𝜏)𝑧 + 𝑔(𝜏)𝑙 𝐿̂(𝜏)𝑧 ], (7.0.2)

where 𝑆̂(𝜏)𝑧 = 1
2 𝜎̂𝑧 and 𝐿̂(𝜏)𝑧 = −𝑖r𝑥 × ∇𝑦 (with units of ℏ omitted), the gyromagnetic factors (i.e.
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𝑔-factors) and nuclear magneton 𝜇N are equal to

𝑔(𝑝)𝑙 = 1, 𝑔(𝑛)𝑙 = 0, 𝑔(𝑝)𝑠 = 2(1 + 𝜅𝑝) = 5.587, 𝑔(𝑛)𝑠 = 2𝜅𝑛 = −3.826, 𝜇N = 𝑒ℏ
2𝑚𝑝𝑐

, (7.0.3)

and the two-body term comes frommeson-exchange corrections due to the interactions between
nucleons

𝜇̂2b(r1, r2) =
1
2 ∫dx3x × 𝑗̂2b(x, r1, r2). (7.0.4)

The two-body current, 𝑗̂2b, arises from two distinct Feynman diagrams, commonly referred to
as the seagull and pion-in-flight diagrams (Castel and Towner 1990). They are responsible for
accounting for next-to-leading order (NLO) pion-exchange contributions from 𝜒EFT (Miyagi et al.
2024; Seutin et al. 2023). We note that for full two-body contributions, formally, heavier meson
exchanges are also possible, and the chiral expansion also includes contact terms. Our work is
restricted to the two aforementioned diagrams accounting for NLO pion-exchange contributions
in the chiral expansion.

The two-body operator (7.0.1) has two terms, called the intrinsic

𝜇̂ int
2b (r1, r2) = −

𝑔2𝛢𝑚𝜋

32𝜋𝐹2𝜋
(𝜏̂1 × 𝜏̂2)𝑧 {(1 +

1
𝑢) [(𝜎̂1 × 𝜎̂2) ⋅ ̂r] ̂r − (𝜎̂1 × 𝜎̂2)} 𝑒−𝑢, (7.0.5)

and the Sachs term

𝜇̂Sachs2b (r1, r2) = −
𝑚3
𝜋𝑔

2
𝛢

96𝜋𝐹2𝜋
(𝜏̂1 × 𝜏̂2)𝑧(R × r) [𝑆̂12 (1 +

3
𝑢 +

3
𝑢2
) + 𝜎̂1 ⋅ 𝜎̂2]

𝑒−𝑢

𝑢 , (7.0.6)

where r is the relative coordinate andR is the centre-of-mass coordinate between the two interacting
nucleons. 𝜎̂ and 𝜏̂ are the spin and isospin Pauli matrices, and the tensor operator 𝑆̂12 is defined as
𝑆̂12 = 3(r̂ ⋅ 𝜎̂1)( ̂r ⋅ 𝜎̂2)− 𝜎̂1 ⋅ 𝜎̂2. The remaining constants and the values we utilised are the axial coupling
constant 𝑔𝛢 = 1.27, the pion decay constant 𝐹𝜋 = 92.3MeV, 𝑚𝜋 = 0.7045 fm−1 is the average pion
mass, andwe use the scaled distance 𝑢 = 𝑚𝜋𝑟. To analyse the contribution of (7.0.1) to themagnetic
dipole moments, we must compute the expectation value

⟨𝜇̂2b(r1, r2)⟩ =
1
2 ∑𝑖𝑗

⟨𝑖𝑗|𝜇̂2b(r1, r2)|𝑖𝑗⟩ −
1
2 ∑𝑖𝑗

⟨𝑖𝑗|𝜇̂2b(r1, r2)𝑃̂𝛭𝑃̂𝜎𝑃̂𝜏|𝑖𝑗⟩, (7.0.7)

where the first term is the direct contribution, and the second is the exchange, which includes the
spatial-, spin-, and isospin-exchange operators. To compute these values numerically, it is useful to
analyse eqs. (7.0.5) and (7.0.6). Both include the same isospin term

(𝜏̂(1) × 𝜏̂(2))3 = 𝜀3𝑗𝑘𝜏̂
(1)
𝑗 𝜏̂(2)𝑘

= (𝜏̂(1)1 𝜏̂(2)2 − 𝜏̂(1)2 𝜏̂(2)1 ) ,
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where we denote the different directions in the conventional way of 𝑥 ≡ 1, 𝑦 ≡ 2, and 𝑧 ≡ 3,
and we denote the operators from the first and second nucleon between parentheses, for clarity.
These operators mix the proton and neutron wave-functions in the direct channel, such that for
mean-field DFT calculations there will be no contribution from (7.0.7) in the direct channel. To
compute the contribution of the exchange channel, we first write the isospin exchange operator

𝑃̂𝜏 = 1
2 [𝜏̂

(1)
0 𝜏̂(2)0 + 𝜏̂(1)𝑛 𝜏̂(2)𝑛 ] (7.0.8)

and compute the isospin exchange term

𝜇̂exc2b,𝜏 = 𝜀3𝑘𝑙𝜏̂
(1)
𝑘 𝜏̂(2)𝑙 𝑃̂𝜏

= 1
2𝜀3𝑘𝑙𝜏̂

(1)
𝑘 𝜏̂(2)𝑙 + 1

2𝜀3𝑘𝑙(𝜏̂
(1)
𝑘 𝜏̂(1)𝑛 )(𝜏̂(2)𝑙 𝜏̂(2)𝑛 )

← 𝜏̂𝑖𝜏̂𝑘 = 𝑖𝜀𝑖𝑘𝑚𝜏̂𝑚 + 𝛿𝑖𝑘𝜏̂0

= 1
2𝜀3𝑘𝑙𝜏̂

(1)
𝑘 𝜏̂(2)𝑙 + 1

2𝜀3𝑘𝑙 [(𝑖𝜀𝑘𝑛𝑝𝜏̂
(1)
𝑝 + 𝛿𝑘𝑛𝜏̂

(1)
0 )(𝑖𝜀𝑙𝑛𝑞𝜏̂

(2)
𝑞 + 𝛿𝑙𝑛𝜏̂

(2)
0 )]

← 𝜀𝑘𝑛𝑝𝜀𝑙𝑛𝑞 = 𝛿𝑘𝑙𝛿𝑝𝑞 − 𝛿𝑘𝑞𝛿𝑝𝑙

= 1
2𝜀3𝑘𝑙𝜏̂

(1)
𝑘 𝜏̂(2)𝑙 + 1

2𝜀3𝑘𝑙[−𝛿𝑘𝑙𝜏̂
(1)
𝑝 𝜏̂(2)𝑝 + 𝜏̂(1)𝑙 𝜏̂(2)𝑘 + 𝑖𝜀𝑘𝑙𝑝𝜏̂

(1)
𝑝 𝜏̂(2)0 + 𝜀𝑙𝑘𝑞𝜏̂

(1)
0 𝜏̂(2)𝑞 ]

= 1
2𝜀3𝑘𝑙[𝜏̂

(1)
𝑘 𝜏̂(2)𝑙 + 𝜏̂(1)𝑙 𝜏̂(2)𝑘 + 𝑖𝜏̂(1)0 𝜀𝑙𝑘𝑞𝜏̂

(2)
𝑞 + 𝑖𝜀𝑘𝑙𝑝𝜏̂

(1)
𝑝 𝜏̂(2)0 ]

= 1
2 [𝑖𝜀3𝑘𝑙𝜀𝑙𝑘𝑞𝜏̂

(1)
0 𝜏̂(2)𝑞 + 𝑖𝜀3𝑘𝑙𝜀𝑘𝑙𝑝𝜏̂

(1)
𝑝 𝜏̂(2)0 ]

= 1
2 [𝑖(𝛿3𝑙𝛿𝑙𝑞 − 𝛿3𝑞𝛿𝑙𝑙)𝜏̂

(1)
0 𝜏̂(2)𝑞 + 𝑖(𝛿3𝑝𝛿𝑙𝑙 − 𝛿3𝑙𝛿𝑙𝑝)𝜏̂

(1)
𝑝 𝜏̂(2)0 ]

= 𝑖
2 [𝜏̂

(1)
0 𝜏̂(2)3 − 3𝜏̂(1)0 𝜏̂(2)3 + 3𝜏̂(1)3 𝜏̂(2)0 − 𝜏̂(1)3 𝜏̂(2)0 ]

= 𝑖
2 [2𝜏̂

(1)
3 𝜏̂(2)0 − 2𝜏̂(1)0 𝜏̂(2)3 ]

= 𝑖 [𝜏̂(1)3 𝜏̂(2)0 − 𝜏̂(1)0 𝜏̂(2)3 ] .

For the spin part, (7.0.6) has scalar, vector, and tensor contributions. The scalar terms are

𝜇̂exc2b,𝜎,scalar = 𝜎̂(1)𝜈 𝜎̂(2)𝜈 𝑃̂𝜎

= (2𝑃̂𝜎 − 𝜎̂(1)0 𝜎̂(2)0 )𝑃̂𝜎

= 𝜎̂(1)𝜈 𝜎̂(2)𝜈 ⋅ 12 (𝜎̂
(1)
0 𝜎̂(2)0 + 𝜎̂(1)𝜇 𝜎̂(2)𝜇 )

= 2𝜎̂(1)0 𝜎̂(2)0 − 1
2 (𝜎̂

(1)
0 𝜎̂(2)0 + 𝜎̂(1)𝜇 𝜎̂(2)𝜇 )

= 1
2 [3𝜎̂

(1)
0 𝜎̂(2)0 − 𝜎̂(1)𝜇 𝜎̂(2)𝜇 ] ,

and the vector spin terms are analogous to those derived for isospin, i.e.,

𝜇̂exc2b,𝜎,vector = (𝜎̂(1) × 𝜎̂(2))𝜆𝑃̂
𝜎

= 𝑖 [𝜎̂(1)𝜆 𝜎̂(2)0 − 𝜎̂(1)0 𝜎̂(2)𝜆 ] .
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For the tensor operator, we can use the property

𝑆̂12𝑃̂
𝜎 = 𝑆̂12 (7.0.9)

directly when writing the tensor exchange terms. For the pairing channel, the derivation is more
intricate. It requires utilising the coupling scheme from Perlińska et al. 2004, such that lastly, one
obtains that the contributions from 7.0.1 vanish in the pairing channel.

This chapter expands on the summary of Dobaczewski, Backes et al. 2026, focusing on aspects
crucial to the numerical development. It is worth noting that the radial terms are separated into
five different form factors, 𝐹(𝑢),

𝐹1(𝑢) = 𝑒−𝑢, (7.0.10)

𝐹2(𝑢) = (1 + 1
𝑢)

𝑒−𝑢

𝑢2
, (7.0.11)

𝐹3(𝑢) =
𝑒−𝑢

𝑢 , (7.0.12)

𝐹4(𝑢) = (1 + 3
𝑢 +

3
𝑢2
) 𝑒

−𝑢

𝑢3
, (7.0.13)

𝐹5(𝑢) = (1 + 3
𝑢 +

3
𝑢2
) 𝑒

−𝑢

𝑢 , (7.0.14)

that can be rewritten as a Gaussian expansion (Wibowo, Han et al. 2026). The computation of
Gaussian matrix elements in nuclear DFT is the theme of the next chapter, where it shall become
clear that new computational techniques are crucial for the advancement of nuclear theory. Lastly,
some of the numerical results coming from this work are available (Bissell et al. 2026), while the
main publication is in preparation.

Q q
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The Gaussian SeparalisationMethod
In this chapter, we briefly discuss some of the computational challenges of modern nuclear DFT and
introduce a new algorithm to accelerate the computation for finite-range functional generators. We
shall present the specific properties of Gaussian-type interactions that enable the new approach, discuss
the findings of our implementation, and consider its limitations.

The efficiency of high-performance computing in physics depends not only on the computers’
ever-growing speed but also crucially relies on the algorithms used to solve fundamental equations.
This is particularly important when solving equations that describe quantum systems of many
particles and fields. Examples thereof are ubiquitous. From the Lüscher’s algorithm (Lüscher and
Weisz 2001) to solve the QCD equations on the lattice to the Lanczos algorithm (Caurier et al.
2005) to diagonalize the shell-model Hamiltonian of 1010 dimensions, progress has been driven by
advanced ideas in constructing powerful numerical algorithms.

Within nuclear theory, ab initiomethods are more severely impacted by this issue, since the
Hamiltonian scales exponentially with the system size (see Chapter 1). While less costly, progress
in Nuclear density functional theory (DFT) also becomes constrained by computational resources
as the community tackles increasingly difficult problems. Notoriously, the use of finite-range
functionals requires an order of magnitude more resources over local functionals (Dobaczewski,
Satuła et al. 2009a). Furthermore, modern approaches to fission require an exact computation
of the Coulomb exchange interaction (Sánchez-Fernández et al. 2025), and obtaining two-body
meson-exchange contributions to magnetic moments (Wibowo, Han et al. 2026, also briefly
introduced in Chapter 7) requires the expensive computation of two-body operators. Uniting
these problems is the approach of utilisingGaussian expansions to describe finite-range interactions.
Due to the property (Girod and Grammaticos 1983)

1
|r − r′| =

2
√𝜋 ∫

∞

0
exp{−(r − r′)2/𝜇2}𝑑𝜇

𝜇2
, (8.0.1)

it is usual to approximate potentials such as Coulomb and Yukawa by a sum of Gaussian potentials
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with different ranges and scales (Dobaczewski, Satuła et al. 2009a)

𝐺̂(r1, r2) =
𝛮
∑
𝜔=1

𝛼𝜔 exp{−𝛽𝜔(r1 − r2)2}, (8.0.2)

especially when dealing with the Harmonic Oscillator (HO) basis (Schunck 2019). This is the
approach of choice for our aforementioned examples, which require exact contributions to finite-
range interactions. As shown in section 2.3.1, this also applies to the class of finite-range energy
density functionals (EDFs): the Gogny pseudopotential (Dechargé and Gogny 1980) uses a sum of
two Gaussians with different ranges, or the regularised pseudopotentials which employ a Gaussian
form factor for the regularisation (Dobaczewski, Bennaceur and Raimondi 2012). This showcases
the vital importance of developing new andmore efficient algorithms for Gaussian-type functional
generators for nuclear DFT.

To further illustrate the challenges of computing matrix elements from these functional gen-
erators, let us consider the special case of Cartesian coordinates. Since the Gaussian potential is
separable, we can write the matrix elements of the 1-dimensional component of the potential,
𝐺̂ ≡ 𝐺̂(𝑢1, 𝑢2), with 𝑢 = 𝑥, 𝑦, 𝑧,

𝐺𝑚′𝑚,𝑛′𝑛 = ⟨𝑚
′𝑚∣𝐺̂∣𝑛′𝑛⟩ ,

=∫d𝑢1∫d𝑢2𝜓𝑚′(𝑢1)𝜓𝑚(𝑢2)𝐺̂(𝑢1, 𝑢2)𝜓∗
𝑛′(𝑢1)𝜓

∗
𝑛 (𝑢2).

(8.0.3)

The mean field is then obtained by the contraction

Γnm = ∑
n′m′

𝐺𝑥
𝑚′𝑥𝑚𝑥,𝑛′𝑥𝑛𝑥

𝐺𝑦
𝑚′𝑦𝑚𝑦,𝑛′𝑦𝑛𝑦

𝐺𝑧
𝑚′𝑧𝑚𝑧,𝑛′𝑧𝑛𝑧

𝜌n′m′ , (8.0.4)

where 𝜌n′m′ is the density matrix, andm = 𝑚𝑥, 𝑚𝑦, 𝑚𝑧. It is clear that the main challenge at hand
is the large number of nested loops. Being 𝑁0 the number of harmonic oscillator (HO) shells,
naively computing the mean field would require 12 independent nested loops, and an order of
𝑁12
0 operations. With the introduction of partial summations, the scaling of computing matrix

elements can be reduced to𝑁8
0 operations (Dobaczewski, Satuła et al. 2009a; Schunck 2019), which

is treatable, albeit expensive. The next section offers a primer on computational efficiency and on
partial summations for tensor contractions, which should further elucidate these concepts.

It is in this context that we developed the Gaussian SeparalisationMethod (GSM), improving
the efficiency of computing Gaussian-type finite-range functional generators and aiming to enable
new directions and possibilities for nuclear DFT. The core idea of this approach is diagonalising the
1-dimensionalGaussianmatrix elements𝐺𝜇

𝑚′𝜇𝑚𝜇,𝑛′𝜇𝑛𝜇
andmanipulating the indices in the separalisation

scheme
𝐺𝜇
𝑚′𝜇𝑚𝜇,𝑛′𝜇𝑛𝜇

= 𝐴𝜇
ℓ,𝑚′𝜇𝑛′𝜇

𝜆ℓ𝐴
𝜇
ℓ,𝑚𝜇𝑛𝜇

, (8.0.5)
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which allows us to exploit features of both its eigenvectors and eigenvalue spectra. From this initial
setup, we can introduce intermediates such that the complexity of computing matrix elements is
kept to an order of𝑁8

0 operations. As the spectra of eigenvalues 𝜆ℓ rapidly go to zero, with only a
few being of numerical significance, cut-offs are allowed without sacrificing precision. The concept
of truncating an eigendecomposition is not new. It is prominent for applications such as Principal
Component Analysis and Singular Value Decomposition (Dongarra et al. 2018; Greenacre et
al. 2022). Despite the similarities, in our case, the eigendecomposition is arguably the easiest
step in computing the energy. Instead, the most delicate part of our algorithm is exploiting the
separability of the problem and optimising the indices coupling scheme. This new approach also
allows us to exploit symmetry properties of the eigenvectors post-diagonalisation, so that sums
over Cartesian HO indices can also be optimised. In this chapter, we first introduce aspects of
computational complexity in Section 8.1, and then establish the foundation of the method by
showing key properties of the Gaussian matrix elements, eigenvectors, and eigenvalues in Section
8.2. A simplified algorithmic structure of the GSM is shown in Section 8.3. The number of
operations cut from the symmetries of eigenvectors, and from the eigenvalue spectra are shown
respectively in Sections 8.4 and 8.5. Finally, the precision of the method is analysed in Section 8.6,
and the timing results are discussed in Section 8.7. Further technical details of the implementation,
as well as the exact algorithm developed are discussed in Appendix E.

8.1 Computational efficiency

An extremely useful notion to evaluate when writing scientific code is the cost of an algorithm.
The same mathematical expression can be computed in many different ways. Typically, the cost
we evaluate is the time, or how long it takes to execute, and space, or how much memory space
it requires*. Evaluating the cost of an algorithm, or its complexity, constitutes an active area of
research in computer science (Arora and Barak 2009; Watson 2026), of which we shall only loosely
discuss the most common notions. An intuitive way of quantifying the time complexity of an
algorithm is to evaluate the number of basic floating-point operations it executes. We are often
interested not in the number of operations required for a specific problem, but in how an algorithm
scales as a function of its input (e.g., system size). To this end, it is common to use big-O notation,
defined as follows: for two functions 𝑓(𝑛) and 𝑔(𝑛), 𝑓(𝑛) is said to be 𝒪 (𝑔(𝑛)) if there exists a
constant 𝑐 such that 𝑓(𝑛) ≤ 𝑐𝑔(𝑛). Thus, we can think of it as the asymptotic behaviour of function
𝑓, and as how our algorithm scales for large inputs†.

*Often neglected, but also important, is the cost to the sanity of the developer or user of an algorithm.
†The big-Onotation is equivalent to the very loose comments in the introduction of this chapter, where Imentioned

that “computing 𝑥 requires an order of 𝑦 operations”. Hopefully, this small section helps elucidate the concept to readers
who are unfamiliar with the topic.
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A simple illustrative example of different algorithms with different time complexities is the
multiplication of three𝑁 ×𝑁matrices,𝐷 = 𝐴𝐵𝐶. The element𝐷𝑖𝑗 of such multiplication is given
by

𝐷𝑖𝑗 = ∑
𝑘𝑙
𝐴𝑖𝑘𝐵𝑘𝑙𝐶𝑙𝑗. (8.1.1)

Algorithm 1:Computing all𝐷𝑖𝑗 without intermediate steps.

1 forall 𝑖 do
2 forall 𝑗 do
3 forall 𝑘 do
4 forall 𝑙 do
5 𝐷𝑖𝑗 = ∑𝑘𝑙 𝐴𝑖𝑘𝐵𝑘𝑙𝐶𝑙𝑗

Algorithm 2:Computing all𝐷𝑖𝑗 with intermediate steps.

1 forall 𝑗 do
2 forall 𝑖 do
3 forall 𝑘 do
4 𝐸𝑖𝑗 = ∑𝑘 𝐵𝑖𝑘𝐶𝑘𝑗

5 forall 𝑖 do
6 forall 𝑙 do
7 𝐷𝑖𝑗 = ∑𝑙 𝐴𝑖𝑙𝐸𝑙𝑗

To compute all𝐷𝑖𝑗, Algorithm 1 computes all thematrix elements directly, in themost intuitive
way, which is 𝒪(𝑁4), going over four𝑁 nested loops. On the other hand, Algorithm 2, which is
𝒪(𝑁3), utilises an intermediate matrix, 𝐸, to store the multiplication of matrices 𝐵 and 𝐶 before
finally computing all𝐷𝑖𝑗. This entails three𝑁-sized nested loops, being a much more time-efficient
algorithm for bigger matrices. Figure 8.1 shows, in doubly logarithmic scale, the execution time
for both algorithms as a function of𝑁, explicitly demonstrating that the time scales according to
the number of operations performed. This is a rather straightforward example, but with complex
implementations, evaluating the scaling may be more subtle. It is also important to note that
Algorithm 2 requires morememory than Algorithm 1, as the intermediate must be stored. Keeping
this simple introduction in mind, we shall delve into the problem of computing the energy of
Gaussian-type finite-range functional generators.
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Figure 8.1: Execution times obtained for Algorithms 1 and 2 shown as a function of𝑁, for a square matrix
of dimension𝑁 ×𝑁. The lines show that the times scale, respectively, as𝑁4 and𝑁3.

8.2 Properties of the Gaussian matrix elements and their eigenvalue
decomposition

The key element of the new algorithm is the analysis of the one-dimensional Gaussian matrix
elements in the HO basis, which follow from eq. (8.0.3) as

𝐺𝜇
𝑚′𝑚,𝑛′𝑛 =

𝑎
√𝜋 ∫d𝑢1∫d𝑢2 𝐻

(0)
𝑚′ (𝑢1)𝐻

(0)
𝑚 (𝑢2)𝑒

−𝑎2(𝑢1−𝑢2)
2
𝑒−𝑏

2
𝜇 (𝑢

2
1+𝑢

2
2)𝐻(0)

𝑛′ (𝑢1)𝐻
(0)
𝑛 (𝑢2), (8.2.1)

where𝐻(0)
𝑚 (𝑢) are the normalized Hermite polynomials, ∫d𝑢𝐻(0)

𝑚′ (𝑢)𝐻
(0)
𝑚 (𝑢)𝑒−𝑏

2
𝜇𝑢
2
= 𝛿𝑚′𝑚, generic

integration variables 𝑢 represent the Cartesian position variables 𝑟𝜇 for 𝜇 = 𝑥, 𝑦, 𝑧, and 1/𝑎 and 1/𝑏𝜇
stand for the Gaussian width and HO length, respectively.

The total DFT energy 𝐸tot is composed of the standard direct, exchange, and pairing terms,
each depending on the Gaussian matrix elements (8.0.3)

𝐸tot = ∑
𝜏′𝑘′𝜏𝑘

𝐶𝜏′𝑘′𝜏𝑘
dir 𝐸𝜏′𝑘′𝜏𝑘

dir + 𝐶𝜏′𝑘′𝜏𝑘
exc 𝐸𝜏′𝑘′𝜏𝑘

exc + 𝐶𝜏′𝑘′𝜏𝑘
pair 𝐸𝜏′𝑘′𝜏𝑘

pair , (8.2.2)

where 𝐶𝜏′𝑘′𝜏𝑘
dir , 𝐶𝜏′𝑘′𝜏𝑘

exc , and 𝐶𝜏′𝑘′𝜏𝑘
pair are the corresponding coupling constants (Dobaczewski, Satuła

et al. 2009a),

𝐸𝜏′𝑘′𝜏𝑘
dir = ∑

m′n′mn
𝐷𝜏′𝑘′

m′n′𝐷
𝜏𝑘
nm𝐺

𝑥
𝑚′𝑥𝑚𝑥,𝑛′𝑥𝑛𝑥

𝐺𝑦
𝑚′𝑦𝑚𝑦,𝑛′𝑦𝑛𝑦

𝐺𝑧
𝑚′𝑧𝑚𝑧,𝑛′𝑧𝑛𝑧

, (8.2.3)
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𝐸𝜏′𝑘′𝜏𝑘
exc = ∑

m′n′mn
𝐷𝜏′𝑘′

m′n′𝐷
𝜏𝑘
nm𝐺

𝑥
𝑚′𝑥𝑚𝑥,𝑛𝑥𝑛′𝑥

𝐺𝑦
𝑚′𝑦𝑚𝑦,𝑛𝑦𝑛′𝑦

𝐺𝑧
𝑚′𝑧𝑚𝑧,𝑛𝑧𝑛′𝑧

, (8.2.4)

𝐸𝜏′𝑘′𝜏𝑘
pair = ∑

m′n′mn
𝑃𝜏′𝑘′∗
m′n′𝑃

𝜏𝑘
nm𝐺

𝑥
𝑚′𝑥𝑛′𝑥,𝑚𝑥𝑛𝑥

𝐺𝑦
𝑚′𝑦𝑛′𝑦,𝑚𝑦𝑛𝑦

𝐺𝑧
𝑚′𝑧𝑛′𝑧,𝑚𝑧𝑛𝑧

. (8.2.5)

In these expressions,𝐷𝜏𝑘
nm and𝑃𝜏𝑘

nm represent the densitymatrix𝜌𝜏n𝑠,m𝑢 andpairing tensor 𝜅𝜏n𝑠,m𝑢 (Ring
and Schuck 1980), respectively, conveniently expanded on the harmonic-oscillator (HO) simplex
basis (Dobaczewski and Dudek 1997), that is,

𝐷𝜏𝑘
nm = ∑

𝑠𝑢
𝜌𝜏n𝑠,m𝑢𝜎

𝑘
𝑢𝑠 (𝑚𝑦𝑛𝑦) ,

𝑃𝜏𝑘
nm = ∑

𝑠𝑢
𝜅𝜏n𝑠,m𝑢𝜎

𝑘
𝑢𝑠 (𝑚𝑦𝑛𝑦) ,

(8.2.6)

where the Cartesian HO quantum numbers are represented by vectors n = (𝑛𝑥𝑛𝑦𝑛𝑧) or m =
(𝑚𝑥𝑚𝑦𝑚𝑧), the 𝑦-simplex quantum numbers are denoted by 𝑠 or 𝑢, 𝜎𝑘𝑢𝑠(𝑚𝑦𝑛𝑦) for 𝑘 = 0, 𝑥, 𝑦 or 𝑧 are the
identity and Pauli matrices in the simplex basis (Dobaczewski and Dudek 1997) (which depend on
the numbers of the HO quanta in the 𝑦 direction), and 𝜏 = p,n stands for protons and neutrons.

As briefly introduced in the previous section, the new method relies on diagonalising the
Gaussian matrix elements. As contractions should be performed first on the indices {𝑚𝑛} of the
first density matrix, the key aspect is separating the indices in a way that allows summations of the
primed and unprimed indices separately. To do so, we define new indices of combined pairs of the
HO indices

𝑖 ≡ {𝑚′𝑛′} 𝑗 ≡ {𝑚𝑛}, (8.2.7)

so that the generic Gaussian matrix elements are combined into square symmetric arrays that can
be diagonalized and expressed via their eigenvalues 𝜆ℓ and eigenvectors 𝐴ℓ

𝑖 as

𝐺𝑖𝑗 = ∑
ℓ
𝐴ℓ
𝑖𝜆ℓ𝐴

ℓ
𝑗 . (8.2.8)

We see that for the HO basis composed of the lowest𝑁0 shells,𝑚, 𝑛 = 0…𝑁0, arrays 𝐺𝑖𝑗 have small
dimensions of (𝑁0 + 1)

2 × (𝑁0 + 1)
2.

Since in the direct, exchange, and pairing terms of Eqs. (8.2.3)–(8.2.5), the pairs of indices
{𝑚′𝑛′} and {𝑚𝑛} are positioned differently, the index separation in the three channels has to be
performed independently, that is,

𝐺𝜇
𝑚′𝑚,𝑛′𝑛 = ∑

ℓ𝜇

𝐴
𝜇,ℓ𝜇,dir
𝑚′𝑛′ 𝜆𝜇,ℓ𝜇,dir𝐴

𝜇,ℓ𝜇,dir
𝑚𝑛 , (8.2.9)

𝐺𝜇
𝑚′𝑚,𝑛𝑛′ = ∑

ℓ𝜇

𝐴
𝜇,ℓ𝜇,exc
𝑚′𝑛′ 𝜆𝜇,ℓ𝜇,exc𝐴

𝜇,ℓ𝜇,exc
𝑚𝑛 , (8.2.10)

𝐺𝜇
𝑚′𝑛′,𝑚𝑛 = ∑

ℓ𝜇

𝐴
𝜇,ℓ𝜇,pair
𝑚′𝑛′ 𝜆𝜇,ℓ𝜇,pair𝐴

𝜇,ℓ𝜇,pair
𝑚𝑛 . (8.2.11)
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This gives us the final generic separalized expression for energies (8.2.3)–(8.2.5) as

𝐸𝜏′𝑘′𝜏𝑘
chan = ∑

ℓ𝑥ℓ𝑦ℓ𝑧

( ∏
𝜇=𝑥,𝑦,𝑧

𝜆𝜇,ℓ𝜇,chan) 𝐸
𝜏′𝑘′∗
ℓ,chan𝐸

𝜏𝑘
ℓ,chan, (8.2.12)

where “chan” stands for “dir”, “exc”, or “pair” and ℓ = (ℓ𝑥ℓ𝑦ℓ𝑧) represents the vector of eigenvalue
indices, and where

𝐸𝜏𝑘
ℓ,chan = ∑

mn
𝐷𝜏𝑘

nm𝐴
𝑥,ℓ𝑥,chan
𝑚𝑥𝑛𝑥 𝐴

𝑦,ℓ𝑦,chan
𝑚𝑦𝑛𝑦 𝐴𝑧,ℓ𝑧,chan

𝑚𝑧𝑛𝑧 . (8.2.13)

In the numerical implementations, expressions (8.2.3)–(8.2.5) and (8.2.13) are always evaluated
by considering one Cartesian direction after another, which leads to the numbers of the nested
loops that are much smaller than those appearing in those equations explicitly. In appendix E, we
present details of the implementations and show that both the standard (8.2.3)–(8.2.5) and new
(8.2.13) algorithms lead to the nested loops and numerical effort of the order of𝒪(𝑁8

0 ). Therefore, a
naive implementation of the separalised algorithm is not expected to bring anymajor improvement.
However, a primary difference between the two is that the latter involves summations of terms
multiplied by the products of the eigenvalues (8.2.12). This reduces the sums to those multiplied
by large products, which has the potential to reduce the computational burden significantly. We
now proceed with discussing this aspect of the new algorithm.

First, let us analyze the properties of eigenvalues and eigenvectors in the pairing channel.
Directly from the definition of the Gaussian matrix elements (8.2.1), we see that for an arbitrary
array 𝑋𝑚𝑛, the average energy in this channel ∑𝑚′𝑛′𝑚𝑛𝑋𝑚′𝑛′𝐺

𝜇
𝑚′𝑛′,𝑚𝑛𝑋𝑚𝑛 is equal to the integral of

the product of the square of the polynomial Φ(𝑢1, 𝑢2) = ∑𝑚𝑛𝑋𝑚𝑛𝐻
(0)
𝑚 (𝑢1)𝐻

(0)
𝑛 (𝑢2) and Gaussian

factors and, therefore, is strictly positive. As a result the corresponding array 𝐺𝑖𝑗 is positive definite
and thus all its eigenvalues are positive, 𝜆𝜇,ℓ𝜇,pair > 0. Second, since in this channel, the Gaussian
matrix elements are invariant to exchanging indices related to variables 𝑢1 ↔ 𝑢2, the arrays of the
corresponding eigenvectors must be either symmetric or antisymmetric

𝐴
𝜇,ℓ𝜇±,pair
𝑚𝑛 = ±𝐴

𝜇,ℓ𝜇±,pair
𝑛𝑚 . (8.2.14)

Further, we can employ the locality of the Gaussian functional generator in eq. (8.2.1), which
entails the symmetry of the Gaussian matrix elements under exchanging either the two indices
related to variable 𝑢1 or those related to 𝑢2. Then, acting with the matrix elements in the exchange
channel, eq. (8.2.10), on the eigenvectors in the pairing channel, we obtain

∑
𝑚𝑛

𝐺𝜇
𝑚′𝑚,𝑛𝑛′𝐴

𝜇,ℓ𝜇±,pair
𝑚𝑛 = ∑

𝑚𝑛
𝐺𝜇
𝑚′𝑛′,𝑛𝑚𝐴

𝜇,ℓ𝜇±,pair
𝑚𝑛 =

±∑
𝑚𝑛

𝐺𝜇
𝑚′𝑛′,𝑛𝑚𝐴

𝜇,ℓ𝜇±,pair
𝑛𝑚 = ±𝜆𝜇,ℓ𝜇±,pair𝐴

𝜇,ℓ𝜇±,pair
𝑚′𝑛′ . (8.2.15)
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This interesting property means that the eigenvectors in the exchange channel are identical to those
in the pairing channel and the eigenvalues in the exchange channel corresponding to the symmet-
ric (antisymmetric) eigenvectors are equal (have opposite signs) to those in the pairing channel.
Consequently, an efficient algorithm can treat the exchange and pairing channels simultaneously.

Finally, we can discuss the separalised Gaussian matrix elements in the direct channel. For that,
we use the simple fact that a product of polynomials is a polynomial, and thus we can express it as a
linear combination of orthogonal Hermite polynomials (see, e.g., Dobaczewski and Dudek 1997),

𝐻(0)
𝑚 (𝑢)𝐻(0)

𝑛 (𝑢) = ∑
𝑝
𝐶𝑝
𝑚𝑛𝐻

(0)
𝑝 (𝑢), (8.2.16)

where 𝐶𝑝
𝑚𝑛 is a symmetric matrix of coefficients and for 0 ≤ 𝑚, 𝑛 ≤ 𝑁0 we have 0 ≤ 𝑝 ≤ 𝑚 + 𝑛 ≤ 2𝑁0.

Equation (8.2.16) tells us that the Gaussian matrix elements in the direct channel (8.2.9) are given
by amuch smaller (2𝑁0+1)×(2𝑁0+1) symmetricmatrix 𝐺̄𝜇

𝑝′𝑝 or its eigenvectors 𝐴̄
𝜇,ℓ̄𝜇
𝑝 and eigenvalues

𝜆̄𝜇,ℓ̄𝜇 ,

𝐺̄𝜇
𝑝′𝑝 =

𝑎
√𝜋 ∫d𝑢1∫d𝑢2 𝐻

(0)
𝑝′ (𝑢1)𝑒

−𝑎2(𝑢1−𝑢2)
2
𝑒−𝑏

2
𝜇 (𝑢

2
1+𝑢

2
2)𝐻(0)

𝑝 (𝑢2) = ∑
ℓ̄𝜇

𝐴̄
𝜇,ℓ̄𝜇
𝑝′ 𝜆̄𝜇,ℓ̄𝜇𝐴̄

𝜇,ℓ̄𝜇
𝑝 , (8.2.17)

and are zero otherwise, that is,
𝐺𝜇
𝑚′𝑚,𝑛′𝑛 = ∑

𝑝′𝑝
𝐶𝑝′

𝑚′𝑛′𝐺̄
𝜇
𝑝′𝑝𝐶

𝑝
𝑚𝑛. (8.2.18)

In this way, we obtain that the eigenvectors and eigenvalues in the direct channel (8.2.9) are given
by ℓ𝜇 ≡ ℓ̄𝜇,

𝐴
𝜇,ℓ𝜇,dir
𝑚𝑛 ≡ ∑

𝑝
𝐶𝑝
𝑚𝑛𝐴̄

𝜇,ℓ̄𝜇
𝑝 , (8.2.19)

𝜆𝜇,ℓ𝜇,dir ≡ 𝜆̄𝜇,ℓ̄𝜇 , (8.2.20)

and thus in this channel, the spectrum extends to a much smaller number of non-zero eigenval-
ues, (2𝑁0 + 1) instead of (𝑁0 + 1)2. As a result, the evaluation of energies (8.2.12) in the direct
channel becomes computationally insignificant and thus contributes a factor of 1/3 to the overall
acceleration of the algorithm.

8.3 Simplified structure of the algorithm

To exemplify themethod, we implementedGSM to the nuclear DFT codeHFODD (Dobaczewski,
Bączyk et al. 2021), specifically to the case of Gogny DS1 functional generator. The energy of
the direct, exchange, and pairing channel is given, respectively, by eqs. (8.2.3), (8.2.4), and (8.2.5).
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In practice, computing the energy with 𝒪(𝑁8
0 ) requires the introduction of intermediary arrays

(similar to the simple example of section 8.1). To showcase this method, we first introduce the
traditional procedure as given by Dobaczewski, Satuła et al. 2009a and Schunck 2019, and then
compare it to a simplified version of the GSM.

8.3.1 Traditional approach

The traditional algorithm starts with storing auxiliary arrays for the 𝑦 and 𝑧-directions, obtained by
the product of the density matrix by the respective Gaussian matrix, contracting the “unprimed”
𝑚, 𝑛 indices. This procedure is 𝒪(𝑁8

0 ) in both directions

𝑌𝜏𝑘𝑛𝑥𝑚′𝑦𝑛𝑧,𝑚𝑥𝑛′𝑦𝑚𝑧 = ∑
𝑛𝑦𝑚𝑦

𝐷𝜏𝑘
𝑛𝑥𝑛𝑦𝑛𝑧,𝑚𝑥𝑚𝑦𝑚𝑧𝐺

𝑦
𝑚′𝑦𝑚𝑦,𝑛′𝑦𝑛𝑦

,

𝑍𝜏𝑘
𝑛𝑥𝑚′𝑦𝑚′𝑧,𝑚𝑥𝑛′𝑦𝑛′𝑧

= ∑
𝑛𝑧𝑚𝑧

𝑌𝜏𝑘𝑛𝑥𝑚′𝑦𝑛𝑧,𝑚𝑥𝑛′𝑦𝑚𝑧𝐺
𝑧
𝑚′𝑧𝑚𝑧,𝑛′𝑧𝑛𝑧

.
(8.3.1)

Then, we contract the “primed” indices of the 𝑧-direction intermediate with the second density
matrix, which is 𝒪(𝑁8

0 ) once more

𝑋𝜏′,𝜏𝑘
𝑛′𝑥𝑛𝑥,𝑚′𝑥𝑚𝑥

= ∑
𝑛′𝑦𝑛′𝑧𝑚′𝑦𝑚′𝑧

𝐷𝜏′
𝑛′𝑥𝑛′𝑦𝑛′𝑧,𝑚′𝑥𝑚′𝑦𝑚′𝑧

𝑍𝜏𝑘
𝑛𝑥𝑚′𝑦𝑚′𝑧,𝑚𝑥𝑛′𝑦𝑛′𝑧

. (8.3.2)

Finally, we sum over the 𝑥-direction “primed” and “unprimed” indices, which is 𝒪(𝑁4
0 )

𝐸𝜏′𝑘′𝜏𝑘
dir = ∑

𝑛′𝑥𝑛𝑥,𝑚′𝑥𝑚𝑥

𝑋𝜏′,𝜏𝑘
𝑛′𝑥𝑛𝑥,𝑚′𝑥𝑚𝑥

𝐺𝑥
𝑚′𝑥𝑚𝑥,𝑛′𝑥𝑛𝑥

. (8.3.3)

8.3.2 Simplified GSM intermediates

One big difference between the old and new approach is that the “primed” and “unprimed” indices
are now computed completely separately. Any loop over an eigenvalue index ℓ𝜇 corresponds to
(𝑁0 + 1)

2 operations. We start with the 𝑦-direction, contracting the “primed” indices

𝑌𝜏
′𝑘′

𝑛′𝑥𝑛′𝑧𝑚′𝑥𝑚′𝑧ℓ𝑦
= ∑

𝑚′𝑦𝑛′𝑦

𝐷𝜏′𝑘′
𝑛′𝑥𝑛′𝑦𝑛′𝑧,𝑚′𝑥𝑚′𝑦𝑚′𝑧

𝐴𝑦
𝑚′𝑦,𝑛′𝑦,ℓ𝑦

𝜆ℓ𝑦 , (8.3.4)

which is 𝒪(𝑁8
0 ). Now, the same is done for the 𝑧-direction

𝑍𝜏′𝑘′
𝑛′𝑥𝑚′𝑥ℓ𝑦ℓ𝑧

= ∑
𝑚′𝑧𝑛′𝑧

𝑌𝜏
′𝑘′

𝑛′𝑥𝑛′𝑧𝑚′𝑥𝑚′𝑧ℓ𝑦
𝐴𝑧
𝑚′𝑧,𝑛′𝑧,ℓ𝑧

𝜆ℓ𝑧 (8.3.5)

and the 𝑥-direction

𝑋𝜏′𝑘′
ℓ𝑥ℓ𝑦ℓ𝑧

= ∑
𝑚′𝑥𝑛′𝑥

𝑍𝜏′𝑘′
𝑛′𝑥𝑚′𝑥ℓ𝑦ℓ𝑧

𝐴𝑥
𝑚′𝑥,𝑛′𝑥,ℓ𝑥

𝜆ℓ𝑥 , (8.3.6)
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both 𝒪(𝑁8
0 ). After summing over the “primed” indices, we then sum over the eigenvalue indices ℓ𝜇

to recover the HO indices and compute the field:

𝑋̃𝜏′𝑘′
ℓ𝑦ℓ𝑧𝑚𝑥𝑛𝑥

= ∑
ℓ𝑥

𝑋𝜏′𝑘′
ℓ𝑥ℓ𝑦ℓ𝑧

𝐴𝑥
ℓ𝑥,𝑛𝑥𝑚𝑥

, (8.3.7)

𝑍̃𝜏′𝑘′
ℓ𝑦𝑚𝑥𝑛𝑥𝑚𝑧𝑛𝑧

= ∑
ℓ𝑧

𝑋̃𝜏′𝑘′
ℓ𝑦ℓ𝑧𝑚𝑥𝑛𝑥

𝐴𝑧
ℓ𝑧,𝑛𝑧𝑚𝑧

, (8.3.8)

𝑌̃𝜏
′𝑘′

𝑚𝑥𝑛𝑥𝑚𝑧𝑛𝑧𝑚𝑦𝑛𝑦 = ∑
ℓ𝑦

𝑍̃𝜏′𝑘′
ℓ𝑦𝑚𝑥𝑛𝑥𝑚𝑧𝑛𝑧

𝐴𝑦
ℓ𝑦,𝑛𝑦𝑚𝑦

. (8.3.9)

Each of the steps above is 𝒪(𝑁8
0 ). Lastly, we contract the “unprimed” indices with those of the

second density matrix, which is 𝒪(𝑁6
0 )

𝐸𝜏′𝑘′𝜏𝑘
dir = ∑

mn
𝐷𝜏𝑘
𝑛𝑥𝑛𝑦𝑛𝑧𝑚𝑥𝑚𝑦𝑚𝑧𝑌̃

𝜏′𝑘′
𝑚𝑥𝑛𝑥𝑚𝑧𝑛𝑧𝑚𝑦𝑛𝑦 . (8.3.10)

An exact computation of the energy following this procedurewould naively not yield any numerical
acceleration, as both algorithms have the same asymptotic behaviour. The next sections are dedic-
ated to showing how the properties of the Gaussian eigenvalues and eigenvectors make it possible
to accelerate finite-range calculations via the separalisation. More detailed notes and schematics of
the algorithm are provided in Appendix E, which is useful guidance for implementing the method.

8.4 Acceleration due to symmetry of the eigenvectors

An important property of the eigenvectors is their symmetry or anti-symmetry on exchange of
Harmonic Oscillator (HO) indices, 𝐴𝜇,ℓ𝜇±

𝑚𝑛 = ±𝐴
𝜇,ℓ𝜇±
𝑛𝑚 . Using this property, we can avoid exchanged

HO indices when contracting the eigenvectors with the density matrix, provided that 𝜌 is also
separated into its symmetric and antisymmetric parts. In practice, the code has loops over the HO
indices in a nested loop structure, which always respects 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 ≤ 𝑁0 and𝑚𝑥 + 𝑚𝑦 + 𝑚𝑧 ≤ 𝑁0.
In HFODD (Dobaczewski et al. 2026), the limits of nested loops obey the following structure:
The first loops correspond to indices in the 𝑥 direction, where both the𝑚𝑥 and 𝑛𝑥 quanta go from
0 to𝑁0. For the second direction (𝑧), the limits of the HO quanta loops become𝑚𝑧 ≤ 𝑁0 − 𝑚𝑥 and
𝑛𝑧 ≤ 𝑁0 − 𝑛𝑥. Lastly, in the last direction (𝑦), the limits are𝑚𝑦 ≤ 𝑁0 − 𝑚𝑧 − 𝑚𝑥 and 𝑛𝑦 ≤ 𝑁0 − 𝑛𝑧 − 𝑛𝑥.
This mapping is illustrated in Figure 8.2.

In each iteration, we always perform the same basic floating-point operations, consisting of one
multiplication and one addition. Strictly speaking, actions such as array accesses also contribute to
theCPU time. However, for both theGSMand the traditional approach, the number of operations
for each set of {𝑚, 𝑛} is equivalent. Thus, the length of the loops is a direct indicator of the number
of operations performed, and a good source of comparison between the two algorithms. We can
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𝑚𝑥
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𝑁0
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0
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0
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0
0

Figure 8.2: Schematic representation of the loops for the HO indices for𝑁0 = 5 shells.

compute the total number of iterations exactly. It depends solely on the basis size, and is equivalent
to

𝑂3𝐷
original =

𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

𝛮0−𝑛𝑥
∑
𝑛𝑧=0

𝛮0−𝑚𝑥
∑
𝑚𝑧=0

𝛮0−𝑛𝑥−𝑛𝑧
∑
𝑛𝑦=0

𝛮0−𝑚𝑥−𝑚𝑧
∑
𝑚𝑦=0

1

=
𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

𝛮0−𝑛𝑥
∑
𝑛𝑧=0

𝛮0−𝑚𝑥
∑
𝑚𝑧=0

(𝑁0 − 𝑚𝑥 − 𝑚𝑧 + 1)(𝑁0 − 𝑛𝑥 − 𝑛𝑧 + 1)

⇒
𝛮0−𝑚𝑥

∑
𝑚𝑧=0

(𝑁0 − 𝑚𝑥 − 𝑚𝑧 + 1) =
𝛮0−𝑚𝑥

∑
𝑚𝑧=0

(𝑁0 − 𝑚𝑥 + 1) −
𝛮0−𝑚𝑥

∑
𝑚𝑧=0

𝑚𝑧

= (𝑁0 − 𝑚𝑥 + 1)(𝑁0 − 𝑚𝑥 + 1) −
1
2(𝑁0 − 𝑚𝑥 + 1)(𝑁0 − 𝑚𝑥)

= 1
2(𝑁0 − 𝑚𝑥 + 1)(𝑁0 − 𝑚𝑥 + 2)

𝑂3𝐷
original =

𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

[12(𝑁0 − 𝑚𝑥 + 1)(𝑁0 − 𝑚𝑥 + 2)] [
1
2(𝑁0 − 𝑛𝑥 + 1)(𝑁0 − 𝑛𝑥 + 2)]

= 1
4 [

1
3(𝑁0 + 1)(𝑁

2
0 + 5𝑁0 + 6)]

2

= [16(𝑁0 + 1)(𝑁0 + 2)(𝑁0 + 3)]
2
. (8.4.1)

Naturally, at some stages of the contractions between the Gaussian matrix elements and 𝜌/𝜅,
not all Cartesian directions are present in the same iteration. If only one Cartesian direction is
present, the number of iterations is

𝑂1𝐷
original =

𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

1

= (𝑁0 + 1)
2, (8.4.2)

and two Cartesian directions
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𝑂2𝐷
original =

𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

𝛮0−𝑛𝑥
∑
𝑛𝑧=0

𝛮0−𝑚𝑥
∑
𝑚𝑧=0

1

=
𝛮0
∑
𝑛𝑥=0

𝛮0
∑
𝑚𝑥=0

(𝑁0 − 𝑛𝑥 + 1)(𝑁0 − 𝑚𝑥 + 1)

= [12(𝑁0 + 1)(𝑁0 + 2)]
2
. (8.4.3)
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Figure 8.3: Schematic representation of the loops for the HO indices in the new scheme for𝑁0 = 5 shells.
Panels (a), (b), and (c) correspond to the innermost loop with HO indices in the 𝑥, 𝑧, and 𝑦
direction, respectively. The lighter and patterned indices, always highlighted in the innermost
loops, can be omitted in the GSM algorithm.

As we have introduced, the length of loops over HO indices can be reduced by considering the
property of eq. (8.2.14). This entails: (i) separating the symmetric and antisymmetric eigenvectors;
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(ii) symmetrising the arrays which multiply the eigenvectors, over the same pair of indices which
will then be contracted (in our case, the first example of this is symmetrising the density matrix
of eq. (8.2.6) over𝑚𝑦, 𝑛𝑦). With this, we can skip over indices which are symmetric,𝑚 ↔ 𝑛. This
procedure can be repeated for the following directions by symmetrising the intermediate arrays that
follow. The number of iterations performed with this procedure varies according to the number
of Cartesian directions with HO indices in the current nested loop. For one Cartesian direction,
the total number of iterations then becomes

𝑂1𝐷
sym−skip =

𝛮0
∑
𝑛𝑥=0

𝑛𝑥
∑
𝑚𝑥=0

1

= 1
2(𝑁0 + 1)(𝑁0 + 2). (8.4.4)

The exact analytic expressions for two and three sets of HO indices in different Cartesian directions
are less illustrative, but can be computed exactly. The skipped {𝑚𝑛} index pairs in one, two, and
three Cartesian directions satisfy the following criteria, respectively

𝑚𝑥 > 𝑛𝑥,

𝑚𝑧 > 𝑛𝑧, 𝑚𝑧 ≤ min(𝑁0 − 𝑛𝑥, 𝑁0 − 𝑚𝑥), (8.4.5)

𝑚𝑦 > 𝑛𝑦, 𝑚𝑦 ≤ min(𝑁0 − 𝑛𝑥 − 𝑛𝑧, 𝑁0 − 𝑚𝑥 − 𝑚𝑧).

This is illustrated in Figure 8.3, where the lighter and patterned indices have a symmetric𝑚 ↔ 𝑛
counterpart included, and thus can be omitted.

The number of iterations after skipping the indices under the conditions 8.4.5, which we
denote 𝑂sym−skip, can be compared to the number of iterations including all indices, indicated by
eqs. (8.4.1)-(8.4.3). Figure 8.4 shows the ratio between the two approaches, separating this ratio
for one to three Cartesian directions with HO quanta indices. Throughout the GSM algorithm,
there is always at least one set of HO indices included in the nested loops, such that the acceleration
due to the symmetries of the eigenvectors is carried in the performance of the entire algorithm.
Note that, e.g., for loops with the HO quanta in the three Cartesian directions, both algorithms
are 𝒪(𝑁6

0 ). However, the factors hidden under big-O notation are relevant in the use case of typical
nuclear DFT bases. Our results shall focus more significantly on𝑁0 = 16 and 20, but across a wide
range of basis sizes, this property corresponds to performing ≈ 50 − 60% fewer operations than with
the full loops.

8.5 Acceleration due to eigenvalue cutoffs

The second source of acceleration to theGSM is the eigenvalue spectra of the diagonalisedGaussian
matrix elements of eq. (8.2.8). The arrays containing theGaussianmatrix elements have dimensions
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Figure 8.4: Ratio between the number of iterations when skipping the symmetric𝑚 ↔ 𝑛 indices (𝑂sym−skip)
and accounting for all HO indices (𝑂original).

of (𝑁0 + 1)2 × (𝑁0 + 1)2, and thus, each Cartesian direction has (𝑁0 + 1)2 eigenvalues. There are,
therefore, (𝑁0 + 1)

4 and (𝑁0 + 1)
6 products of eigenvalues in two and three Cartesian directions,

respectively. These quantities, which we shall denote 𝑛max, can be directly compared with the
number of operations performed on loops over HO indices, which correspond to 𝑂original given
in eqs. (8.4.1)—(8.4.3). It is important to note that, due to the constraints 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 ≤ 𝑁0 and
𝑚𝑥 + 𝑚𝑦 + 𝑚𝑧 ≤ 𝑁0, the loops over the HO quanta will always be shorter than those of a product
of eigenvalues without cutoffs. Figure 8.5 shows the spectra coming from the separalisation of
Gaussian matrix elements in the direct, exchange/pairing channels, for Gaussians with different
widths (1.2 and 0.7 corresponding to the widths of the Gaussians in the GognyDS1 potential), and
different basis sizes. The ratio between the number of operations in HO-indexed loops, introduced
as 𝑂1𝐷,2𝐷,3𝐷

original , and the number of products of eigenvalues, represents the vertical separation between
the shaded and unshaded region. Thus, the interpretation of the shaded region is that it contains
the largest eigenvalues (or product of eigenvalues) before the size of loops over 𝜆s surpasses the size
of equivalent loops with HO quanta indices.

When performing cutoffs, we wish to select only the normalised eigenvalues which are bigger
than a cutoff value, which we shall denote 𝜆𝑐*. This process directly dictates the numerical precision

*In principle, one could also define the cutoff as a percentage 𝑛𝑐 of eigenvalues to be kept. The freedom in choosing
howmany eigenvalues to keep makes it so that the timing is easily controlled. However, unlike choosing the cutoff on 𝜆,
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Figure 8.5: Normalised eigenvalue spectra for a product of eigenvalues in one (a,b), two (c,d), and three
(e,f) Cartesian directions, for the direct (left) and exchange/pairing (right) channels. Different
colors denote the spectra for different basis sizes, and different lines denote the different Gaussian
widths for the Gogny DS1 potential.

it has no direct connection to the numerical precision.
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of our algorithm. Moreover, as the spectra is shown in decreasing value, the ratio 𝑛/𝑛max for any
specific |𝜆/𝜆max| corresponds to the percentage of eigenvalues larger than |𝜆/𝜆max|. The left-side
panels in Figure 8.5 explicitly show that, as discussed in section 8.2, very few eigenvalues are non-
zero in the direct channel. The scale of these panels showcases how rapidly the direct channel
spectra decays before the eigenvalues become numerically insignificant (analytically, of course, they
would be exactly zero). The right-side panels, which contain the spectra for the exchange/pairing
channel (which have the same absolute value |𝜆𝑖|), require a more careful analysis. The change in
scale between the direct and exchange/pairing is very noticeable. For a single eigenvalue, any cutoff
would represent an acceleration when compared to two loops over𝑚, 𝑛. However, the spectra do
not decay quickly enough to clearly offset the reduced number of operations coming from the
pyramidal structure of the HO quanta in two and three Cartesian coordinates (in contrast to what
is observed in the direct channel). To be inside the shaded region—i.e., the region of numerical
advantage—one needs to keep less than ∼ 28% of the eigenvalues for two Cartesian directions, or
∼ 3.9% in three directions. The eigenvalue cutoff in these scenarios would depend on the basis
size and Gaussian width. In the pairing/exchange channel, this would roughly correspond to
keeping |𝜆/𝜆max| < 10−10 and |𝜆/𝜆max| < 10−5 for products of two (panel (d)) and three eigenvalues
(panel (f)), respectively. We later show how these cutoffs relate to the numerical precision of our
calculations in section 8.6. Lastly, an important feature of these spectra is that they decay faster for
larger basis sizes, which could enable finite-range calculations to be performed in a larger basis.

8.6 Precision

The previous section helps us stipulate which 𝜆 cutoffs are numerically advantageous in comparison
to the iterations with HO indices (especially in the pairing/exchange channels), but we must still
analyse which ones are reasonablewithout sacrificing accuracy in our description of nuclear systems.
To this end, we performed Hartree-Fock-Bogoliubov calculations for the nucleus of 160Gd, with
the Gogny D1S EDF. The absolute difference in the energies between the full calculation and the
GSM as a function of the cutoff, 𝜆𝑐, is shown in Figures 8.6 and 8.7 for bases of 16 and 20 HO
shells, respectively. The range of 10−8 ≤ 𝜆𝑐 ≤ 10−3 gives us absolute energy differences between a few
eV and a fewMeV, respectively. The non-smooth behaviour of these curves comes from the fact
that we perform cutoffs on the absolute value |𝜆𝑐|, but the sign of the remaining ℓs and remaining
arrays matters, which may lead to oscillations in the precision. This is the case for both basis sizes,
which can be seen in Figure 8.8, where the lines indicate the product between the energy on each
channel, 𝐸0, and the eigenvalue cutoff. This relation serves as a rough estimation of the numerical
uncertainty of the method. Figure 8.9 shows the absolute energy difference for Hartree-Fock (HF)
calculations of 208Pb, where we can verify that this uncertainty is independent of the system and is
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also valid without pairing.
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Figure 8.6: Precision of the total, direct, exchange, and pairing energies with different eigenvalue cutoffs in
16 HO shells for 160Gd.

When choosing a cutoff based on precision, it is useful to analyse which range of energy
precision is useful in a theoretical calculation. Naturally, this will vary with the user’s objective.
Although modern experimental mass measurements are determined to a precision of a few keV in
medium-heavy nuclei, or down to eV for light and stable nuclei (Mukherjee et al. 2008; Wang et al.
2021a), theoretical calculations are usually less accurate. Fittings of EDFs are performed across
the entire nuclear chart, and typical root mean square error sits at around 1.5MeV (Bennaceur,
Dobaczewski, Haverinen et al. 2020; Bertsch, Sabbey andUusnäkki 2005). More than the residuals
of EDF fittings, it is important to acknowledge the uncertainties associated with theoretical calcu-
lations, which come not only from parameter error propagation, but also frommodel uncertainty
(McDonnell et al. 2015; Schunck et al. 2014). Of course, that is a current feature of the theory—as
the form of the real nuclear EDF is not known—and not an imprecision of the calculations. A
technical limitation of numerical calculations, on the other hand, is the constraint on basis size.
Due to the nature of quantum mechanics and Hilbert spaces, the real description of quantum
systems would require an infinite basis size. Numerical implementations deal with this constraint
by utilising a basis which is, hopefully, large enough to capture the behaviour of a system without
being computationally prohibitive. Nuclear DFT calculations typically utilise basis sizes of 16 HO
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Figure 8.7: Precision of the total, direct, exchange, and pairing energies with different eigenvalue cutoffs in
20 HO shells for 160Gd.
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Figure 8.8: The absolute error as a function of eigenvalue cutoff for 16 (dashed lines) and 20 (full lines)
HO shells, for 160Gd. The lines indicate the product between the cutoff and the energy on each
channel, 𝐸𝜆𝑐.



8.7. Timing results 105

10 7 10 6 10 5 10 4

c

10 5

10 4

10 3

10 2

10 1

100

101
|

E|
 (M

eV
)

N0=16

Total
Direct
Exchange

Figure 8.9: Precision of the total, direct, and exchange energies with different eigenvalue cutoffs. Results
come fromHF calculations in 16 HO shells for 208Pb.

shells, but we highlight that for our example of 160Gd, there is a difference of ∼0.63MeV between
the ground state energy obtained in 20 and 16 HO shells. These remarks serve as guidelines for
someone willing to utilise the method. In our precision plots, we highlighted the range between 0.1
MeV and 1 keV with a horizontal line, as we perceive them as a sweet spot for various applications
of the method. Another important remark is that electromagnetic moments are not sensitive
to changes in the basis parameters (Wibowo, Backes et al. 2025). Therefore, when interested in
observables other than the energy, one may wish to adopt another strategy of choosing the cutoffs,
which is a subject for future research.

8.7 Timing results

Lastly, we shall analyse how the same range of cutoff parameters performs numerically when
compared to the traditional algorithm. The ratio between the CPU time of the GSM algorithm (𝑇)
and the traditional algorithm (𝑇0), per iteration of the self-consistent loop, is shown in Figures 8.10
and 8.11 for HFB calculations of 160Gd in 16 and 20 HO shells, respectively. Collecting timing
results is delicate, as they are sensitive to many external factors. To ensure the quality of our results,
we submitted all calculations to the Viking 2 high-performance computing facility at the same
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time. This helps avoid fluctuations due to different levels of activity in the cluster nodes. We also
collected the time spent specifically on the GSM subroutine in HFODD, separating it by the calls
for each different channel. Due to the noisy nature of timing data, we have collected the timing for
20 distinct calculations with each cutoff parameter, and averaged the results.

As the original algorithm computes the direct, exchange, and pairing energy with the same
procedure, traditionally each channel is responsible for 1/3 of the total CPU time. The 1/3
threshold is marked with a horizontal line in Figures 8.10 and 8.11, and should be compared with
the time for each channel instead of the total. In the range of cutoffs analysed, all channels show
some degree of acceleration when compared to the original implementation, as they are below the
threshold. Notably, the GSM time gain improves for larger bases. As the pairing and exchange
channels have the same spectra, they also have the same execution time. For the range of cutoffs
highlighted in the energy precision plots, computing the Gogny energy takes only ≈20%-30%
of the original time in both 16 and 20 HO shells. This significantly speeds up calculations in
both cases, and roughly allows for calculations in 20 HO shells within the same CPU time as
the traditional algorithm executed for 16 HO shells. As we previously established, this change
significantly improves the feasibility of large-scale nuclear DFT calculations.
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Figure 8.10: Ratio of the time per iterationwith andwithout use of theGSM, separated between all channels
and the total time for 16 HO shells in 160Gd.

Finally, we also computed the execution time for HF calculations of 208Pb, shown in Figure
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Figure 8.11: Ratio of the time per iterationwith andwithout use of theGSM, separated between all channels
and the total time for 20 HO shells in 160Gd.
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Figure 8.12: Ratio of the time per iteration with and without use of the GSM, separated between channels,
and the total time, for HF calculations in 16 HO shells for 208Pb.
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8.12. Without any contribution from the pairing channel, the total CPU time is roughly equivalent
to the time required to compute the exchange energy.

8.8 Final remarks

In this chapter, we have introduced a new algorithm for Gaussian-type finite-range functional
generators in DFT. With the method introduced here, we exploit properties exclusive to Gaussian
functional generators (such as their separability) and properties arising from their diagonalisation.

A technical aspect which has not yet been discussed is that of space complexity. The GSM does
require more memory than the usual implementation. Technical comments on how to optimally
allocate memory are included in Appendix E. However, it is worth noting that the largest arrays
necessary for the method have three (𝑁0 + 1)2 indices. This corresponds to ≈ 193 or 386MB for
double- or quadruple-precision calculations in 16 HO shells, or ≈0.68 or 1.37GB for double- or
quadruple-precision calculations in 20 HO shells. These are far from the most memory-expensive
arrays necessary in a nuclear DFT calculation. As the constraint we are trying to mitigate is the
time cost of finite-range calculations, this is a fair trade-off.

The new algorithm has the potential to be crucial for applications in nuclear DFT, including
fission, many-body moments, and new finite-range functionals. All tests were performed with the
code HFODD (Dobaczewski et al. 2026), version 333u. The version of the code and numerical
results discussed in this chapter are available online (Backes 2026).

Q q
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Hybrid neutron stars: equation of state,
phase transition, and radial oscillations

This chapter provides a brief introduction to the research on determining the composition of neut-
ron stars, some of the most extreme objects in the universe. We shall understand how microscopic
nuclear physics is combined with general relativity to obtain macroscopic properties of stars. We
shall understand how nuclear and hadronic effective models can be used to determine the Quantum
Chromodynamics (QCD) phase transition at high densities, and how those can be used to describe
hybrid stars composed of hadronic external layers followed by a quark matter core. We will briefly
introduce the findings of a study on the radial oscillation of hybrid stars using this methodology.

Toto, I have a feeling we’re not in Kansas anymore.

Dorothy (Judy Garland) in TheWizard of Oz.

“[...] when the density of matter becomes so great that atomic nuclei
come in close contact, forming one gigantic nucleus.”

Landau 1932

Throughout this thesis, I have explored various facets of nuclear physics: from how pairing
manifests in infinite nuclear matter, to its effects on magnetic moments of nuclei and on isospin
symmetry studies, and to computational aspects of high-fidelity nuclear DFT calculations. This
chapter takes the subject of nuclear physics in yet another direction*. As demonstrated in Chapter
4, the connection between finite and infinite systems is not always straightforward. Nevertheless,
we know that an “infinite” nucleus-like system exists in nature, in the form of a stellar remnant: the
neutron star (NS). As NSs are composed mostly of strongly-interacting matter, they have been a
crucial part of high-energy nuclear and hadron astrophysics research (Glendenning 1997; Menezes

*Although some would contest the use of the word “nuclear” in this sentence.

109



110 9. Hybrid neutron stars: equation of state, phase transition, and radial oscillations

2021). Despite having the same basic constituents as other nuclear systems (at least in principle),
NSs are extreme objects whosemagnetic and gravitational fields are stronger than those of any other
systems, aside from black holes, and whose interior may be an order of magnitude more dense than
the nuclear saturation density* (𝑛0). A rigorous description of their properties covers a plethora
of areas of physics: electromagnetism, general relativity, nuclear and hadron physics, quantum
mechanics, statistical mechanics, thermodynamics, condensed matter, and others. Beyond the
technical challenges, however, stands a unique opportunity to explore what happens to strongly
interacting matter under extreme conditions.

From the side of nuclear and hadron physics, one can start from a model for the equation of
state (EoS)—a relationship between state variables, which determines how a system behaves for
different conditions, typically a pressure and energy density curve for this context—and obtain
different macroscopic properties of stars, such as their masses and radii. Due to the difficulties
of solving QCD, however, very little is known about the actual constitution of neutron stars,
especially at higher densities closer to the core of the star. Effective models have then established
themselves as a crucial part of investigating dense nuclear matter, from which the masses and radii
can be compared to astrophysical data (Glendenning 1997). These models can vary from including
merely protons and neutrons, to many other hadrons—i.e., composite objects made of two or
more quarks, and confined due to the strong interaction—, and even a deconfined quark phase.
A step further from masses and radii, the breakthrough of the LIGO and Virgo collaborations
in detecting gravitational waves from a binary neutron star merger (Abbott, Abbott et al. 2017,
2018) started a new era for multimessenger astronomy data. Specifically, gravitational wave data
from binary NS mergers can help constrain the EoS of dense nuclear matter, giving insight into
the actual composition of these objects (Piekarewicz, Jorge 2024).

Such a hadron-physics-focused topic may appear unrelated to that of the previous chapters,
apart from the direct connections to the topic of nuclear matter (NM). However, this “bonus
chapter” is a work that I developed during the last years independently frommy core PhD research,
and that has been both published (see Rather, Marquez, Backes et al. 2024) and holds a strong
emotional value to me. KauMarquez was a master’s degree student when I started my first under-
graduate internship in the Nuclear andHadron physics group in Brazil, and was one of the reasons
I chose this area of research. With her sharp physics instinct and unmatched sense of humour, she
became not only one of my favourite people to work with and discuss physics, but also a very close
friend. In 2023 she contacted me to continue our collaboration, and I was thrilled. This chapter is
about the work we developed together that year, describing hybrid stars with density-dependent

*The nuclear saturation density corresponds to the density at which the energy density curve of infinite nuclear
matter is minimised, which is ∼ 0.16 fm−3 (Roca-Maza and Paar 2018). This is similar to the average density of heavy
nuclei.
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equation of state models and observing how the deconfinement phase transition impacts the radial
oscillations of colliding stars. We planned many collaborations and encounters for the future, so
it never crossed my mind that this work would be our last one. Kau prematurely passed away at
the beginning of 2025, at the early age of 30, but I will always carry a part of her with me. With
much love and a broken heart, I hope this chapter can honour the last time we adventured together
through hadron physics, and above anything, share with the readers a part of the fascination we
both had for this area of research.

9.1 A very brief introduction to NS EoS physics

From the point of view of the standard model, QCD is the quantum field theory responsible for
explaining the interaction between quarks through gluons. The Lagrangian density that describes
the dynamics of strongly-interacting particles is

ℒQCD = ∑
𝑓
Ψ̄𝑓 [𝑖𝛾

𝜇 (𝜕𝜇 + 𝑖𝑔𝐴
𝛼
𝜇 𝑡𝛼) − 𝑚𝑓] Ψ𝑓 −

1
4𝐺

𝛼
𝜇𝜈𝐺

𝜇𝜈
𝛼 , (9.1.1)

where 𝑓 are the six quark flavours (𝑢, 𝑑, 𝑠, 𝑡, 𝑏, 𝑐), 𝐴 is the gluon vector field with 𝛼 = 1, ..., 8, 𝜇 and 𝜈
are the four-coordinates, Ψ𝑓 are the quarks’ Dirac spinors, 𝐺 is the field tensor, which couples the
vector fields as

𝐺𝜇𝜈
𝛼 = 𝜕𝜇𝐴𝜈

𝛼 − 𝜕
𝜈𝐴𝜇

𝛼 − 𝑔𝑓𝛼𝛽𝛾𝐴
𝜇
𝛽𝐴

𝜈
𝛾, (9.1.2)

𝑡𝛼 are the Gell-Mann matrices, 𝑓𝛼𝛽𝛾 are the structure constants, and 𝑔 is the colour charge (Greiner,
Schramm and Stein 2007; Schunck 2019). The last term of eq. (9.1.2) shows that gluons interact
with each other, as they carry colour. In contrast to the simpler quantum field theory of quantum
electrodynamics, where photons do not directly interact with each other (as they are charge-neutral),
the self-interaction between gluons is what makes QCD—and thus nuclear physics—so complic-
ated.

Due to the analytical challenges of QCD, there is no unified way of describing strongly inter-
acting matter. As a consequence, different energy regimes take different theoretical approaches,
and are accessible through different experiments or observations. Figure 9.1 depicts a conjectured
QCD phase diagram in terms of isospin asymmetry, density, and temperature. At low densities
and temperatures (green-shaded region of the diagram), we have nuclei as described in the pre-
vious chapters of this thesis. These “terrestrial” conditions allow information—such as nuclear
shapes and energies—to be drawn from experiments, which fuel the advancement of theoretical
approaches such as density functional theory and ab initio nuclear theory. At low densities and
high temperatures, results from lattice quantum chromodynamics (LQCD), a non-perturbative
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Figure 9.1: Conjectured QCD phase diagram. Reproduced fromWatts et al. 2014.

approach which solves the dynamics for quarks and gluons on a grid, offer a true ab initio perspect-
ive on nuclear matter. This region of the diagram is also accessible to particle colliders, such as the
Large Hadron Collider. What is observed in this region is that there is a phase transition between
confined hadrons and the quark gluon plasma, which LQCD predicts to be a crossover* (Aoki
et al. 2009; Bazavov et al. 2012). In the regime of very dense QCD, perturbative approaches also
tell us about howmatter should behave asymptotically. In the remaining parts of the diagram, we
heavily rely on hadron and quark effective models for a theoretical description. These models often
come attached to coupling constants that are not easily fixed, and extracting precise information
from dense and hot heavy-ion collisions or astrophysical data is not always straightforward. This
generates somewhat of a terra incognita on the diagram, where some phases are still only speculated,
and it is not trivial to draw a line on where there should be a phase transition between confined and
deconfined nuclear matter. The phase transition at high densities is predicted to be of first order—
in contrast to the crossover at lower densities—which would indicate the existence of a critical end
point, which is an active area of research (Du, Sorensen and Stephanov 2024; Pandav, Mallick and
Mohanty 2022; Stephanov 2024). Notoriously, neutron stars live in the regime of cold and dense
matter (orange-shaded region of the diagram), which coincides with this uncertainty. This has

*A type of transition on which the properties of the system change smoothly rather than sharply.
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been a strong driver of NSs as a tool to understand nuclear matter under extreme conditions.
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Figure 9.2: Illustration of different possible neutron star compositions.

Historically, discoveries in nuclear—and hadron—physics have been directly linked to our
understanding of compact stars: the proposition of a compact object composed of NM predates
the discovery of the neutron (Landau 1932), and only gained traction after Chadwick 1932
discovered the neutron, as a nucleon with neutral charge made the idea ever more possible (Baade
and Zwicky 1934). Over the decades, the discovery of new hadrons led to new suggestions about
the composition of compact stars (Glendenning 1997), such that despite the misleading name of
“neutron star”, what these dense stellar remnants are actuallymade of is an active area of nuclear
astrophysics research (Burgio et al. 2021; Menezes 2021). Figure 9.2 shows some of the different
hypotheses for the constitution of NSs, where we highlight the possibility of a hybrid star, i.e., a
star composed of hadrons on its most external layers, but that undergoes a phase transition into
a deconfined quark core. A model-independent analysis—which interpolates equations of state
between the limits of Chiral Effective Field Theory (𝜒EFT) and perturbativeQCD—suggests that a
quark core should be the standard when describing massive NSs, not an exotic alternative (Annala,
Gorda, Kurkela et al. 2020). The theoretical framework we introduce in the next section serves the



114 9. Hybrid neutron stars: equation of state, phase transition, and radial oscillations

purpose of describing such hybrid stars.
As previously mentioned, these stars exist around a region of uncertainty in the QCD phase

diagram. Themost common theoretical approach for hadronmatter is that of relativisticmean-field
(RMF) models, which typically emulate the strong interaction among hadrons through virtual
meson exchanges*. One has the freedom to account for different interacting hadrons and virtual
mesons, each described by different Lagrangian densities. This type of approach is generally referred
to as Walecka-type models due to the prominent work of Walecka 1974. Some of the “exotic”
degrees of freedom included in the EoS are hyperons (hadrons which include at least one strange
quark), kaons, and delta baryons (Δ). Although one would expect the formation of hyperons from
energy-related considerations, they soften the hadronic EoS†, which reduces the maximummass
predicted for NSs. This contradicts astronomical observations, leading to the so-called hyperon
puzzle (Bombaci 2017). Sections 9.2 and 9.3 explicitly discuss aspects of the hybrid EoS, and the
next subsection provides a brief overview of the bridge between nuclear theory and observational
astrophysics.

9.1.1 Uniting the micro- and macro-physics

Due to the intense gravitational field, Newtonian gravity does not suffice to describe NSs, and
one must use general relativity. Expressions for relativistic hydrostatic equilibrium of a static and
spherically symmetric star come from solving the Einstein field equation, and are known as the
Tolman-Oppenheimer-Volkoff (TOV) equations (Oppenheimer and Volkoff 1939; Tolman 1939)

𝑑𝑃(𝑟)
𝑑𝑟 = −[ℰ(𝑟) + 𝑃(𝑟)][𝑚(𝑟) + 4𝜋𝑟

3𝑃(𝑟)]
𝑟2(1 − 2𝑚(𝑟)/𝑟)

, (9.1.3)

𝑑𝑚(𝑟)
𝑑𝑟 = 4𝜋𝑟2ℰ(𝑟), (9.1.4)

whereℰ is the energy density, and𝑃 is the pressure. For a givenEoS—i.e.,𝑃(ℰ)—theTOVequations
can be solved for the initial conditions𝑚(𝑟 = 0) = 0 and 𝑃(𝑟 = 0) = 𝑃𝑐, where 𝑃𝑐 is the central pressure.
The radius of the star is determined by requiring that the pressure vanishes at the surface, 𝑃(𝑅)
= 0, and the mass of the star is then given by𝑀 = 𝑚(𝑅). This gives amass-radius curve for each
EoS, which can be used as comparison with observational data. Beyond the TOV results, this
new and upcoming era of multi-messenger astronomy allows for detailed information about the
composition to be drawn frombinaryNSmergers. Derivations about radial oscillations of colliding
stars can be found in the original publication of this work (Rather, Marquez, Backes et al. 2024)
and references therein. The general relativity aspects of our calculations were led by Ishfaq Rather,
the leading author.

*These phenomenological models are also said to be in the relativistic Hartree approximation, where the meson
fields are taken to have a constant average value, without fluctuations.

†“Softening” the EoS means decreasing the pressure of the system for the same energy density.
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9.2 The density-dependent equation of state

The intrinsic mathematical difficulties of QCD are behind all models which ignore the quark
structure of hadrons, utilising composite particles as the primary degrees of freedom in the system*.
We previouslymentioned the flexibility ofRMFmodels. Not only is there freedom to choosewhich
hadrons to include in a model, but also freedom on howmany mesons would be responsible for
the interaction. All of these possibilities come with a set of coupling constants, which should then
be adjusted to empirical data. This gives rise to an incredibly vast collection of possible adjustments
(i.e., models). An analysis of 263 RMFmodels available in the literature has shown that less than 40
accurately describe nuclear bulk properties (Dutra et al. 2014). Notably, density-dependent RMF
models are some of the most successful. This is interesting, as three-body forces are proposed as a
potential solution to the hyperon puzzle (Gerstung, Kaiser andWeise 2020; Lonardoni et al. 2015),
and effective density-dependence can be interpreted as a three-body interaction (Haidenbauer et al.
2017). We shall now briefly review the density-dependent quark and hadron models we utilised in
this work.

9.2.1 Deconfined quark matter

We chose the density-dependent quark mass (DDQM) model to describe quark matter, which
is a simple and versatile model Kau and I previously utilised to study the deconfinement phase
transition (Backes, Marquezb and Menezes 2021), making it a good fit for our investigation of
hybrid stars. For a complete overview of this model, see Backes, Hafemann et al. 2021. Within this
model, we emulate confinement by the density dependence introduced in the quark masses as

𝑚𝑖 = 𝑚𝑖0 +
𝐷
𝑛1/3𝛣

+ 𝐶𝑛1/3𝛣 = 𝑚𝑖0 + 𝑚𝛪, (9.2.1)

where𝑚𝑖0 (𝑖 = 𝑢, 𝑑, 𝑠) is the current mass of the 𝑖th quark, 𝑛𝛣 is the baryon number density, and𝑚𝛪

is the density-dependent term responsible for the interaction between quarks. The model has two
free parameters: 𝐷, which dictates linear confinement; and𝐶, which is responsible for leading-order
perturbative interactions. Introducing a new dependence on the state variables—such as density,
temperature, or magnetic field—notoriously breaks thermodynamic consistency, i.e., your EoS
becomes incompatible with the laws of thermodynamics. One way of circumventing this problem
is to introduce effective variables, which return the model to a thermodynamically consistent EoS
(Xia et al. 2014). To this end, at zero temperature, we start from the differential fundamental
relation

dℰ = ∑
𝑖
𝜇𝑖d𝑛𝑖, (9.2.2)

*Notably, we followed this prescription throughout this thesis.
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where ℰ is the energy density of the system, 𝜇𝑖 are the particles’ chemical potentials, and 𝑛𝑖 are the
particle densities. We can then introduce effective chemical potentials to the model, such that the
energy density can be viewed as the one for a free system with particle masses𝑚𝑖(𝑛𝛣) and effective
chemical potentials 𝜇∗𝑖

ℰ = Ω0({𝜇
∗
𝑖 }, {𝑚𝑖}) +∑

𝑖
𝜇∗𝑖𝑛𝑖, (9.2.3)

whereΩ0 is the thermodynamic potential of a free system. The differential form of eq. (9.2.3) is

dℰ = dΩ0 +∑
𝑖
𝜇∗𝑖d𝑛𝑖 +∑

𝑖
𝑛𝑖d𝜇∗𝑖 . (9.2.4)

Explicitly, we can write dΩ0 as

dΩ0 = ∑
𝑖

𝜕Ω0
𝜕𝜇∗𝑖

d𝜇∗𝑖 +∑
𝑖

𝜕Ω0
𝜕𝑚𝑖

d𝑚𝑖 (9.2.5)

with
d𝑚𝑖 = ∑

𝑗

𝜕𝑚𝑖
𝜕𝑛𝑗

d𝑛𝑗, (9.2.6)

where the densities are connected to the effective chemical potentials by

𝑛𝑖 = −
𝜕Ω0
𝜕𝜇∗𝑖

. (9.2.7)

Equation (9.2.4) can then be rewritten as

dℰ = ∑
𝑖
(𝜇∗𝑖 +∑

𝑗

𝜕Ω0
𝜕𝑚𝑗

𝜕𝑚𝑗

𝜕𝑛𝑖
)d𝑛𝑖, (9.2.8)

which should be consistent with the fundamental equation. Finally, comparing eqs. (9.2.2) and
(9.2.8) gives the relation between the real and effective chemical potentials

𝜇𝑖 = 𝜇∗𝑖 +∑
𝑗

𝜕Ω0
𝜕𝑚𝑗

𝜕𝑚𝑗

𝜕𝑛𝑖
. (9.2.9)

It immediately follows that the pressure, 𝑃, is then given by

𝑃 = − ℰ +∑
𝑖
𝜇𝑖𝑛𝑖 (9.2.10)

= − Ω0 +∑
𝑖
(𝜇𝑖 − 𝜇

∗
𝑖 )𝑛𝑖

= − Ω0 +∑
𝑖,𝑗

𝜕Ω0
𝜕𝑚𝑗

𝑛𝑖
𝜕𝑚𝑗

𝜕𝑛𝑖
, (9.2.11)

which is the thermodynamically consistent EoS, that is determined for different densities and chem-
ical potentials. For the case of quark matter in stars, these are constrained to fulfill 𝛽-equilibrium
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and charge neutrality. During the cooling of a NS following a supernova, the initial energy is lost
via neutrino emission, which is called the Urca process

𝑑, 𝑠 ↔ 𝑢 + 𝑒 + 𝜈̄𝑒, (9.2.12)

such that after the cooling, the chemical potentials must satisfy

𝜇𝑑 = 𝜇𝑠 = 𝜇𝑢 + 𝜇𝑒. (9.2.13)

Charge neutrality, on the other hand, requires that
2
3𝑛𝑢 −

1
3𝑛𝑑 −

1
3𝑛𝑠 − 𝑛𝑒 = 0. (9.2.14)

From these conditions, one must define the densities and chemical potentials for each baryonic
density, 𝑛𝑏 = ∑𝑞 𝑛𝑞. This allows us to determine the curve 𝑃(ℰ) necessary for the TOV equations.

9.2.2 Hadronic matter

The RMF model of choice introduces the density dependence in the meson-nucleon coupling
constants. For this study, we chose to investigate different constituents for the EoS. Specifically, we
evaluated the phase transition to quark matter following from a hadronic phase composed of only
nucleons (N), nucleons and delta baryons (N+Δ), nucleons and hyperons (N+H), and nucleons,
hyperons, and deltas (N+H+Δ). Recent experimental effort to constrain the coupling constants
between Δ baryons and nucleons indicates that Δs may be present in neutron stars (Li, Sedrakian
andWeber 2018; Lopes, Marquez andMenezes 2023; Malfatti et al. 2020; Marquez et al. 2022;
Raduta 2021; Xiang andHua 2003). Furthermore, Δ baryons are only ≈30% heavier than nucleons
(𝑚Δ = 1232MeV and𝑚𝑛 = 939MeV), and are lighter than some hyperons included in the octet (the
mass of Ξ hyperons is𝑚Ξ = 1315MeV). Therefore, they could appear in NSs at densities around
2-3𝑛0, similar to where hyperons are predicted to appear. The interplay between Δ baryons and
hyperons is, therefore, a very interesting aspect of neutron star EoS studies, as both are expected to
be a substantial portion of the constituents and have a significant impact on the stars’ properties.

The EoS for RMFmodels is typically obtained from a Lagrangian density. Specifically, one
obtains the energy-momentum tensor from the Lagrangian, and different components of this
tensor give the pressure and energy density. The Lagrangian density and all expressions for the
EoS for the model employed are listed in Rather, Marquez, Panotopoulos et al. 2023, and a more
pedagogical review can be found in the PhD thesis of Marquez 2022.

9.3 Deconfinement phase transition

As previously mentioned, the hadron-quark phase transition at high densities is assumed to be of
first-order. For such transitions, we obtain a coexistence point for the two phases by matching the
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EoS of both phases according to the Gibbs criteria,

𝑃(𝑖) = 𝑃(𝑓) = 𝑃0,

𝜇(𝑖)(𝑃0) = 𝜇(𝑓)(𝑃0) = 𝜇0,
(9.3.1)

which determines the transition between the initial (𝑖) and final (𝑓) homogeneous phases, both at
𝑇 = 0MeV, with

𝜇(𝑖,𝑓) = ℰ(𝑖,𝑓) + 𝑃(𝑖,𝑓)

𝑛(𝑖,𝑓)𝛣

, (9.3.2)

where ℰ(𝑖,𝑓), 𝑃(𝑖,𝑓) and 𝑛(𝑖,𝑓)𝛣 are the total energy density, pressure and baryon number density,
obtained from the effective models of each phase. Note that the transition occurs at a constant
pressure. This causes a discontinuity in the density of the system, which goes from the hadronic
phase to a denser quark phase, with the interface of both being at the same pressure. From the
criteria above,𝑃0 and𝜇0 are determined from the equations of state of bothphases. This formulation
for the phase transition is commonly referred to as aMaxwell phase transition (Glendenning 1997).
Other formulations, such as theGibbs phase transition, impose charge neutrality and 𝛽-equilibrium
in the coexistence point, leading to a finite density transition instead of a discontinuity.

9.4 Some results

The results coming from this work are extensive, especially those coming from the analysis of
radial oscillations. Although I did partake in the analysis of all results, this topic is rather different
from that of all other chapters in this thesis. Therefore, readers are referred to the manuscript of
Rather, Marquez, Backes et al. 2024 for the complete set of results, including oscillation modes,
tidal deformability, and the speed of sound. We shall present here merely simple analyses coming
from the EoS.

Figure 9.3 shows the charge-neutral EoS in 𝛽-equilibrium, consisting of the variation of pressure
with the energy density of the system. Different hadron compositions were utilised, as well as
two different sets of density-dependent quark mass (DDQM) parameters. The horizontal lines—
zones of constant pressure—correspond to the first-order phase transition. The most important
things to note are that the presence of Δ baryons (red and blue curves) corresponds to the two
softest EoS—i.e., the system is at lower pressures for the same energy density—while the pure
nucleonic andN+H curves are harder. The different compositions impact the coexistence pressure
dramatically. As the Δs soften the EoS, the coexistence point then happens at higher pressures.
This is an important aspect, should quark matter indeed be required to exist in massive stars as
suggested by Annala, Gorda, Kurkela et al. 2020. After the phase transition, the EoS becomes that
of deconfined quark matter. As we considered two sets of DDQM parameters, this corresponds to
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Figure 9.3: Energy density and pressure variation for the N (solid lines), N+Δ (dotted lines), N+H (dashed
lines), and N+H+Δ (dot-dashed lines) DD-RMF EoS for 𝛼𝑣 = 1.0 with a phase transition to the
quark matter at parameter values (𝐶,𝐷1/2) = (0.90, 125MeV) for N and N+Δ EoS and (𝐶,𝐷1/2)
= (0.65, 133MeV) for N+H and N+H+Δ EoS. The inset represents the EoS at low density with
constraints from chiral effective field theory (Hebeler et al. 2013). Reproduced from Rather,
Marquez, Backes et al. 2024.

the two lines observed at high energies. The light blue shaded region of the inset corresponds to
constraints from 𝜒EFT, which are satisfied for all EoS considered (Hebeler et al. 2013).

Figure 9.4 shows the particle populations for all hybrid EoS. The shaded region corresponds
to the aforementioned density discontinuity, where the Δs are included in the right panels, and
the hyperons in the bottom panels. By comparing the left and right panels, we can observe how Δ
baryons move the coexistence point towards higher densities. The bottom two panels also show
that Δs suppress some of the hyperons, as Σ− are not present in the bottom right panel. One can
also observe that the presence of Δ baryons increases the difference between the densities of the
two phases.

Lastly, Figure 9.5 shows the mass-radius profile obtained when integrating the TOV equations
with the four hybrid EoS we considered in this work, compared to the available observational
measurements. As the EoS with Δ baryons are much softer, the maximum stellar masses obtained
with N+Δ and N+H+Δ are smaller than those of the other two cases. Specifically, for an N-only
hybrid star, the maximummass is 2.30𝑀⊙ with a radius of 13.03 km. For N+Δ, this shifts to 2.25
𝑀⊙ and 11.80 km. For N+H, the maximummass is 1.97𝑀⊙ with a radius of 12.47 km. Lastly,
the N+H+Δ EoS gives a maximummass of 1.98𝑀⊙ with an 11.57 km radius. This illustrates the
hyperon puzzle to those unfamiliar with it, as recent NS observations point towards masses larger
than ≈ 2𝑀⊙. Despite that, the hybrid EoS were still in agreement with many of the constraints.
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Figure 9.4: Particle population for different hybrid EoS: N (top left), N+Δ (top right), N+H (bottom left),
N+H+Δ (bottom right). The solid lines represent baryons while the dashed lines represent the
quark fractions. The shaded region (orange) represents the density discontinuity gap between
both parts of the EoS. Reproduced from Rather, Marquez, Backes et al. 2024.

9.5 Final remarks

In this chapter, I have introduced basic aspects of hadron theory research towards understanding
the neutron star equation of state. This branch of nuclear astrophysics is a rich area of study, with
many unique opportunities for detailed information to be accessible from gravitational waves in
the coming years. Until then, the different theoretical models are key to understanding how the
different compositions impact each observable. This work serves as an example of how properties
of stars are heavily impacted by what happens to strongly interacting matter at high densities, one
of the most uncertain regions of the QCD phase diagram. Lastly, nuclear theory and experiment
are directly fed into RMFmodels, connected by the fact that all systems we study are under the
umbrella of the strong interaction.

Q q
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Figure 9.5: Mass-radius profile for DD-RMF parameter set with different compositions of Δ baryons and
hyperons along with a phase transition to the quark matter at parameter values (𝐶,𝐷1/2) = (0.90,
125 MeV) for N and N+Δ EoS and (𝐶,𝐷1/2) = (0.65, 133 MeV) for N+H and N+H+Δ EoS.
The 68% (violet) and 95% (turquoise) credible regions for mass and radius are inferred from the
analysis of PSR J0740+6620 (Miller et al. 2021; Riley et al. 2021). For PSR J0030+0451, the
indigo dotted region is for 68% credibility while the green dotted region is for 95% credibility
(Miller et al. 2019). The grey upper (brown lower) shaded region corresponds to the higher
(smaller) component of theGW170817 event (Abbott, Abbott et al. 2018). The joint constraints
fromHIC experiments and multimessenger astrophysics with 68% (orange) and 95% (black)
credible ranges are also shown (Huth et al. 2022). Reproduced from Rather, Marquez, Backes
et al. 2024.
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Conclusions and perspectives

In this thesis, we utilised the versatile framework of nuclear density functional theory (DFT) to
assess different questions in nuclear theory.

• We derived the most general pairing tensor for infinite nuclear matter, starting from the
general wavefunction of a pairing condensate. We have explicitly shown that proton-neutron
channels are mixed in the pairing tensor and density matrix of infinite nuclear matter, and
that the relationship between the pairing tensor and the wavefunction cannot be taken for
granted in the nuclear infinite system.

• We scrutinised the adequacy of adjusted pairing strengths in the region of Sn-Gd. Even
though the magnetic dipole moment is heavily influenced by single-particle properties,
discrepancies between nuclear DFT calculations and experimental data cannot be attributed
to a poor adjustment of pairing. We also introduced contributions from two-body magnetic
dipole moments for DFT calculations, a work in progress.

• The vicinity of the𝑁 = 𝑍 line offers unique opportunities to test nuclear models and the
degree of isospin symmetry breaking in nuclei, especially as experiments are able to access
progressively heavier nuclei close to the proton drip line. We have explicitly shown that
when isospin-symmetry tests are concerned, the 𝑇𝑧 = 0, 𝑇 = 1 nuclei do not correspond to
the doubly blocked wave-function, but rather a coherent superposition of the blocked 𝑇 = 1
proton-neutron pairs atop the even-even quasiparticle vacua. We employed a mean-field
approachwith symmetry restoration to show that𝐵(𝐸2 ↓) values for the odd-odd𝑇𝑧 = 0nuclei
of 70Br and 78Y in doubly-blocked configurations donot alignwith the expectation for isospin
symmetry. We also showed that collective effects are crucial for describing experimental data
near the𝑁 = 𝑍 line. Lastly, our results challenge experimental analysis, showing that it is
possible to interpret the available 𝐵(𝐸2) data without invoking explicit beyond-Coulomb
isospin symmetry-breaking corrections.
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• We introduced the Gaussian Separalisation Method (GSM), an algorithm which exploits
properties specific to Gaussianmatrix elements to accelerate DFT calculations of finite-range
interactions. The implementation reduces the CPU time by ≈ 60 − 90%without sacrificing
numerical precision. The GSM has the potential to be crucial for many applications of
nuclear DFT, including calculations of fission, many-body moments, and new finite-range
functional generators.

• Lastly, we also briefly introduced a work on the equation of state of neutron stars, an area of
vibrant progress in the era of multi-messenger astronomy.

The works introduced in this thesis also opened many new research questions. Crucial aspects are:

• What is the quantitative impact of proton-neutron mixing in adjusting new energy density
functionals, and in bulk properties of nuclear matter?

• Do nuclear structure calculations including proton-neutron pairing accurately follow the
expected trend for the conservation of isospin symmetry in 𝑇 = 1 triplets?

• What are the consequences of the GSM to other observables? Howmuch does the timing
improve in problems of many Gaussian matrix elements?

These remaining questions shall be addressed over time. Notably, addressing proton-neutron
pairing in the nuclear structure code HFODDwould require a careful implementation, especially
towards the mixing of protons and neutrons.

Q q
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A

The coupled 𝑆𝑇 representation

The 𝑆𝑇 basis has four quantum numbers 𝑆𝑆𝑧𝑇𝑇𝑧:

|𝑆𝑆𝑧𝑇𝑇𝑧⟩ = ∑
𝑠′𝑠𝑡′𝑡=±1/2

𝐶𝑆𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
𝐶𝛵𝛵𝑧

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩, (A.0.1)

| 12 𝑠
′ 1
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′⟩| 12 𝑠
1
2 𝑡⟩ = ∑
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1
2 𝑠
′ 1
2 𝑠
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1
2 𝑡
′ 1
2 𝑡
|𝑆𝑆𝑧𝑇𝑇𝑧⟩. (A.0.2)

We wish to map the s.p. basis of four spin-isospin states, |𝑛 ↑⟩, |𝑛 ↓⟩, |𝑝 ↑⟩, |𝑝 ↓⟩, into the basis
of coupled spin and isospin |𝑆𝑆𝑧𝑇𝑇𝑧⟩. Naturally, we should always have 𝑇𝑧 = 𝑡′ + 𝑡 and 𝑆𝑧 = 𝑠′ + 𝑠. We
list below all the different states in the 𝑆𝑇 basis.
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1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩

= 1
√2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩ −

1
√2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩

= 1
√2
(|𝑛 ↑⟩ |𝑛 ↓⟩ − |𝑛 ↓⟩ |𝑛 ↑⟩);

|1−100⟩ = 𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐶00

1
2 +

1
2
1
2 −

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ + 𝐶

1−1
1
2 −

1
2
1
2 −

1
2
𝐶00

1
2 −

1
2
1
2 +

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
√2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ −

1
√2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
√2
(|𝑛 ↓⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↓⟩ |𝑛 ↓⟩);

|1000⟩ = 𝐶10
1
2 +

1
2
1
2 −

1
2
𝐶00

1
2 +

1
2
1
2 −

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐶00

1
2 +

1
2
1
2 −

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ +

𝐶10
1
2 −

1
2
1
2 +

1
2
𝐶00

1
2 −

1
2
1
2 +

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩ + 𝐶

10
1
2 +

1
2
1
2 −

1
2
𝐶00

1
2 −

1
2
1
2 +

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
√2

1
√2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ +

1
√2

1
√2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ +

1
√2
(− 1

√2
) | 12 −

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩ +

1
√2
(− 1

√2
) | 12 +

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
2 (|𝑛 ↑⟩ ∣𝑝 ↓⟩ + |𝑛 ↓⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↓⟩ |𝑛 ↑⟩ − ∣𝑝 ↑⟩ |𝑛 ↓⟩);

|1100⟩ = 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐶00

1
2 +

1
2
1
2 −

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ + 𝐶

11
1
2 +

1
2
1
2 +

1
2
𝐶00

1
2 −

1
2
1
2 +

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩

= 1
√2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ −

1
√2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩

= 1
√2
(|𝑛 ↑⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↑⟩ |𝑛 ↑⟩);

|1−11−1⟩ = 𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐶1−1

1
2 −

1
2
1
2 −

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩

= ∣𝑝 ↓⟩ ∣𝑝 ↓⟩ ;
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|111−1⟩ = 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐶1−1

1
2 −

1
2
1
2 −

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩

= ∣𝑝 ↑⟩ ∣𝑝 ↑⟩ ;

|1−111⟩ = 𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐶11

1
2 +

1
2
1
2 +

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= |𝑛 ↓⟩ |𝑛 ↓⟩ ;

|1111⟩ = 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐶11

1
2 +

1
2
1
2 +

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩

= |𝑛 ↑⟩ |𝑛 ↑⟩ ;

|101−1⟩ = 𝐶10
1
2 +

1
2
1
2 −

1
2
𝐶1−1

1
2 −

1
2
1
2 −

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐶1−1

1
2 −

1
2
1
2 −

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩

= 1
√2
(∣𝑝 ↑⟩ ∣𝑝 ↓⟩ + ∣𝑝 ↓⟩ ∣𝑝 ↑⟩);

|1011⟩ = 𝐶10
1
2 +

1
2
1
2 −

1
2
𝐶11

1
2 +

1
2
1
2 +

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩ + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐶11

1
2 +

1
2
1
2 +

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩

= 1
√2
(|𝑛 ↑⟩ |𝑛 ↓⟩ + |𝑛 ↓⟩ |𝑛 ↑⟩);

|1−110⟩ = 𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐶10

1
2 +

1
2
1
2 −

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ + 𝐶

1−1
1
2 −

1
2
1
2 −

1
2
𝐶10

1
2 −

1
2
1
2 +

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩;

= 1
√2
(|𝑛 ↓⟩ ∣𝑝 ↓⟩ + ∣𝑝 ↓⟩ |𝑛 ↓⟩);

|1110⟩ = 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐶10

1
2 +

1
2
1
2 −

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ + 𝐶

11
1
2 +

1
2
1
2 +

1
2
𝐶10

1
2 −

1
2
1
2 +

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩;

= 1
√2
(|𝑛 ↑⟩ ∣𝑝 ↑⟩ + ∣𝑝 ↑⟩ |𝑛 ↑⟩);

|1010⟩ = 𝐶10
1
2 +

1
2
1
2 −

1
2
𝐶10

1
2 +

1
2
1
2 −

1
2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐶10

1
2 +

1
2
1
2 −

1
2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ +

𝐶10
1
2 −

1
2
1
2 +

1
2
𝐶10

1
2 −

1
2
1
2 +

1
2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩ + 𝐶

10
1
2 +

1
2
1
2 −

1
2
𝐶10

1
2 −

1
2
1
2 +

1
2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
√2

1
√2
| 12 +

1
2
1
2 +

1
2 ⟩|

1
2 −

1
2
1
2 −

1
2 ⟩ +

1
√2

1
√2
| 12 −

1
2
1
2 +

1
2 ⟩|

1
2 +

1
2
1
2 −

1
2 ⟩ +

1
√2

1
√2
| 12 −

1
2
1
2 −

1
2 ⟩|

1
2 +

1
2
1
2 +

1
2 ⟩ +

1
√2

1
√2
| 12 +

1
2
1
2 −

1
2 ⟩|

1
2 −

1
2
1
2 +

1
2 ⟩

= 1
2 (|𝑛 ↑⟩ ∣𝑝 ↓⟩ + |𝑛 ↓⟩ ∣𝑝 ↑⟩ + ∣𝑝 ↓⟩ |𝑛 ↑⟩ + ∣𝑝 ↑⟩ |𝑛 ↓⟩).
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Q q



B

Rotated 𝑆𝑇 states

With the expressions from subsection 4.5.1, we can explicitly write the rotated states. Starting with
the vector isoscalar pairs, we have

∣1𝑆′𝑧(Ω𝑆)00⟩ = 𝑧∗10 ∑
𝑠′𝑠=±1/2

𝐶1𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
𝐷1
𝑆𝑧0 ∑

𝑡′𝑡=±1/2
𝐶00

1
2 𝑡
′ 1
2 𝑡
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩

= 𝑧∗10 ∑
𝑠′𝑠=±1/2

𝐶1𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
𝐷1
𝑆𝑧0

(𝐶00
1
2 +

1
2
1
2 −

1
2
∣𝑠′𝑛⟩ ∣𝑠𝑝⟩ + 𝐶00

1
2 −

1
2
1
2 +

1
2
∣𝑠′𝑝⟩ |𝑠𝑛⟩)

=
𝑧∗10
√2

∑
𝑠′𝑠=±1/2

𝐶1𝑆𝑧
1
2 𝑠
′ 1
2 𝑠
𝐷1
𝑆𝑧0

(+ ∣𝑠′𝑛⟩ ∣𝑠𝑝⟩ − ∣𝑠′𝑝⟩ |𝑠𝑛⟩)

=
𝑧∗10
√2

[𝐶10
1
2 +

1
2
1
2 −

1
2
𝐷1
00(|𝑛 ↑⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↑⟩ |𝑛 ↓⟩) + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐷1
00(|𝑛 ↓⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↓⟩ |𝑛 ↑⟩)

+ 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐷1
10(|𝑛 ↑⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↑⟩ |𝑛 ↑⟩) + 𝐶

1−1
1
2 −

1
2
1
2 −

1
2
𝐷1
−10(|𝑛 ↓⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↓⟩ |𝑛 ↓⟩)]

=
𝑧∗10
√2

[
cos 𝛽𝑆
√2

(|𝑛 ↑⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↑⟩ |𝑛 ↓⟩) +
cos 𝛽𝑆
√2

(|𝑛 ↓⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↓⟩ |𝑛 ↑⟩)

−
sin 𝛽𝑆
√2

𝑒−𝑖𝛼𝑆(|𝑛 ↑⟩ ∣𝑝 ↑⟩ − ∣𝑝 ↑⟩ |𝑛 ↑⟩) +
sin 𝛽𝑆
√2

𝑒+𝑖𝛼𝑆(|𝑛 ↓⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↓⟩ |𝑛 ↓⟩)] .

129
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Similarly for the scalar isovector pairs we obtain

∣001𝑇′
𝑧 (Ω𝛵)⟩ = 𝑧∗01 ∑

𝑠′𝑠=±1/2
𝐶00

1
2 𝑠
′ 1
2 𝑠

∑
𝑡′𝑡=±1/2

𝐶1𝛵𝑧
1
2 𝑡
′ 1
2 𝑡
𝐷1
𝛵𝑧0
| 12 𝑠

′ 1
2 𝑡

′⟩| 12 𝑠
1
2 𝑡⟩

= 𝑧∗01 ∑
𝑡′𝑡=±1/2

𝐶1𝛵𝑧
1
2 𝑡
′ 1
2 𝑡
𝐷1
𝛵𝑧0
(𝐶00

1
2 +

1
2
1
2 −

1
2
∣𝑡′ ↑⟩ |𝑡 ↓⟩ + 𝐶00

1
2 −

1
2
1
2 +

1
2
∣𝑡′ ↓⟩ |𝑡 ↑⟩)

=
𝑧∗01
√2

∑
𝑡′𝑡=±1/2

𝐶1𝛵𝑧
1
2 𝑡
′ 1
2 𝑡
𝐷1
𝛵𝑧0
(+ ∣𝑡′ ↑⟩ |𝑡 ↓⟩ − ∣𝑡′ ↓⟩ |𝑡 ↑⟩)

=
𝑧∗01
√2

[𝐶10
1
2 +

1
2
1
2 −

1
2
𝐷1
00(|𝑛 ↑⟩ ∣𝑝 ↓⟩ − |𝑛 ↓⟩ ∣𝑝 ↑⟩) + 𝐶

10
1
2 −

1
2
1
2 +

1
2
𝐷1
00(∣𝑝 ↑⟩ |𝑛 ↓⟩ − ∣𝑝 ↓⟩ |𝑛 ↑⟩)

+𝐶11
1
2 +

1
2
1
2 +

1
2
𝐷1
10(|𝑛 ↑⟩ |𝑛 ↓⟩ − |𝑛 ↓⟩ |𝑛 ↑⟩) + 𝐶

1−1
1
2 −

1
2
1
2 −

1
2
𝐷1
−10(∣𝑝 ↑⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↓⟩ ∣𝑝 ↑⟩)]

=
𝑧∗01
2 [cos 𝛽𝛵(|𝑛 ↑⟩ ∣𝑝 ↓⟩ − |𝑛 ↓⟩ ∣𝑝 ↑⟩) + cos 𝛽𝛵(∣𝑝 ↑⟩ |𝑛 ↓⟩ − ∣𝑝 ↓⟩ |𝑛 ↑⟩)

− sin 𝛽𝛵𝑒−𝑖𝛼𝛵(|𝑛 ↑⟩ |𝑛 ↓⟩ − |𝑛 ↓⟩ |𝑛 ↑⟩) + sin 𝛽𝛵𝑒+𝑖𝛼𝛵(∣𝑝 ↑⟩ ∣𝑝 ↓⟩ − ∣𝑝 ↓⟩ ∣𝑝 ↑⟩)] .

Lastly, rotating the 𝑧-aligned vector-isovector pairs yields components in all 16 possible 𝑝𝑛 pairs
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∣1𝑆′𝑧(Ω𝑆)1𝑇
′
𝑧 (Ω𝛵)⟩ = 𝑧∗11 ∑

𝑡′𝑡=±1/2
𝐶1𝛵𝑧

1
2 𝑡
′ 1
2 𝑡
𝐷1
𝛵𝑧0
(𝐶10

1
2 +

1
2
1
2 −

1
2
𝐷1
00 ∣𝑡

′ ↑⟩ |𝑡 ↓⟩ + 𝐶10
1
2 −

1
2
1
2 +

1
2
𝐷1
00 ∣𝑡

′ ↓⟩ |𝑡 ↑⟩

+𝐶11
1
2 +

1
2
1
2 +

1
2
𝐷1
10 ∣𝑡

′ ↑⟩ |𝑡 ↑⟩ + 𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐷1
−10 ∣𝑡

′ ↓⟩ |𝑡 ↓⟩)

=
𝑧∗11
√2

∑
𝑡′𝑡=±1/2

𝐶1𝛵𝑧
1
2 𝑡
′ 1
2 𝑡
𝐷1
𝛵𝑧0
(cos 𝛽𝑆 ∣𝑡′ ↑⟩ |𝑡 ↓⟩ + cos 𝛽𝑆 ∣𝑡′ ↓⟩ |𝑡 ↑⟩

− sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ∣𝑡′ ↑⟩ |𝑡 ↑⟩ + sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ∣𝑡′ ↓⟩ |𝑡 ↓⟩)

=
𝑧∗11
√2

[𝐶10
1
2 +

1
2
1
2 −

1
2
𝐷1
00 (cos 𝛽𝑆 |𝑛 ↑⟩ ∣𝑝 ↓⟩ + cos 𝛽𝑆 |𝑛 ↓⟩ ∣𝑝 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 |𝑛 ↑⟩ ∣𝑝 ↑⟩

+ sin 𝛽𝑆𝑒+𝑖𝛼𝑆 |𝑛 ↓⟩ ∣𝑝 ↓⟩) + 𝐶10
1
2 −

1
2
1
2 +

1
2
𝐷1
00 (cos 𝛽𝑆 ∣𝑝 ↑⟩ |𝑛 ↓⟩ + cos 𝛽𝑆 ∣𝑝 ↓⟩ |𝑛 ↑⟩

− sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ∣𝑝 ↑⟩ |𝑛 ↑⟩ + sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ∣𝑝 ↓⟩ |𝑛 ↓⟩) + 𝐶11
1
2 +

1
2
1
2 +

1
2
𝐷1
10 (cos 𝛽𝑆 |𝑛 ↑⟩ |𝑛 ↓⟩

+ cos 𝛽𝑆 |𝑛 ↓⟩ |𝑛 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 |𝑛 ↑⟩ |𝑛 ↑⟩ + sin 𝛽𝑆𝑒+𝑖𝛼𝑆 |𝑛 ↓⟩ |𝑛 ↓⟩)

+𝐶1−1
1
2 −

1
2
1
2 −

1
2
𝐷1
−10 (cos 𝛽𝑆 ∣𝑝 ↑⟩ ∣𝑝 ↓⟩ + cos 𝛽𝑆 ∣𝑝 ↓⟩ ∣𝑝 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ∣𝑝 ↑⟩ ∣𝑝 ↑⟩

+ sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ∣𝑝 ↓⟩ ∣𝑝 ↓⟩)]

=
𝑧∗11
2 [cos 𝛽𝛵 (cos 𝛽𝑆 |𝑛 ↑⟩ ∣𝑝 ↓⟩ + cos 𝛽𝑆 |𝑛 ↓⟩ ∣𝑝 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 |𝑛 ↑⟩ ∣𝑝 ↑⟩

+ sin 𝛽𝑆𝑒+𝑖𝛼𝑆 |𝑛 ↓⟩ ∣𝑝 ↓⟩) + cos 𝛽𝛵 (cos 𝛽𝑆 ∣𝑝 ↑⟩ |𝑛 ↓⟩ + cos 𝛽𝑆 ∣𝑝 ↓⟩ |𝑛 ↑⟩

− sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ∣𝑝 ↑⟩ |𝑛 ↑⟩ + sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ∣𝑝 ↓⟩ |𝑛 ↓⟩) − sin 𝛽𝛵𝑒−𝑖𝛼𝛵 (cos 𝛽𝑆 |𝑛 ↑⟩ |𝑛 ↓⟩

+ cos 𝛽𝑆 |𝑛 ↓⟩ |𝑛 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 |𝑛 ↑⟩ |𝑛 ↑⟩ + sin 𝛽𝑆𝑒+𝑖𝛼𝑆 |𝑛 ↓⟩ |𝑛 ↓⟩)

+ sin 𝛽𝛵𝑒+𝑖𝛼𝛵 (cos 𝛽𝑆 ∣𝑝 ↑⟩ ∣𝑝 ↓⟩ + cos 𝛽𝑆 ∣𝑝 ↓⟩ ∣𝑝 ↑⟩ − sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ∣𝑝 ↑⟩ ∣𝑝 ↑⟩

+ sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ∣𝑝 ↓⟩ ∣𝑝 ↓⟩)] .

Q q



C

Rotated Thouless matrix

We shall list the elements of the rotates Thouless matrix, following subsection 4.5.2. Starting with
the diagonal

(𝒵+
rot)11 =

𝑧∗11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ,

(𝒵+
rot)22 = −

𝑧∗11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ,

(𝒵+
rot)33 = −

𝑧∗11
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 ,

(𝒵+
rot)44 =

𝑧∗11
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 ,

the anti-diagonal

(𝒵+
rot)14 =

𝑧∗00
2 +

𝑧∗10
2 cos 𝛽𝑆 +

𝑧∗01
2 cos 𝛽𝛵 +

𝑧∗11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵+
rot)23 = −

𝑧∗00
2 +

𝑧∗10
2 cos 𝛽𝑆 −

𝑧∗01
2 cos 𝛽𝛵 +

𝑧∗11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵+
rot)32 = −

𝑧∗00
2 −

𝑧∗10
2 cos 𝛽𝑆 +

𝑧∗01
2 cos 𝛽𝛵 +

𝑧∗11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵+
rot)41 =

𝑧∗00
2 −

𝑧∗10
2 cos 𝛽𝑆 −

𝑧∗01
2 cos 𝛽𝛵 +

𝑧∗11
2 cos 𝛽𝛵 cos 𝛽𝑆,

and lastly the off-diagonal

132
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(𝒵+
rot)12 = −

𝑧∗01
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 −

𝑧∗11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 cos 𝛽𝑆 = sin 𝛽𝛵𝑒−𝑖𝛼𝛵 (−

𝑧∗01
2 −

𝑧∗11
2 cos 𝛽𝑆) ,

(𝒵+
rot)13 = −

𝑧∗10
2 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 −

𝑧∗11
2 cos 𝛽𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 = sin 𝛽𝑆𝑒−𝑖𝛼𝑆 (−

𝑧∗10
2 −

𝑧∗11
2 cos 𝛽𝛵) ,

(𝒵+
rot)21 = +

𝑧∗01
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 −

𝑧∗11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 cos 𝛽𝑆 = sin 𝛽𝛵𝑒−𝑖𝛼𝛵 (+

𝑧∗01
2 −

𝑧∗11
2 cos 𝛽𝑆) ,

(𝒵+
rot)24 = +

𝑧∗10
2 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 +

𝑧∗11
2 cos 𝛽𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 = sin 𝛽𝑆𝑒+𝑖𝛼𝑆 (+

𝑧∗10
2 +

𝑧∗11
2 cos 𝛽𝛵) ,

(𝒵+
rot)31 = +

𝑧∗10
2 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 −

𝑧∗11
2 cos 𝛽𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 = sin 𝛽𝑆𝑒−𝑖𝛼𝑆 (+

𝑧∗10
2 −

𝑧∗11
2 cos 𝛽𝛵) ,

(𝒵+
rot)34 = +

𝑧∗01
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 +

𝑧∗11
2 cos 𝛽𝑆 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 = sin 𝛽𝛵𝑒+𝑖𝛼𝛵 (+

𝑧∗01
2 +

𝑧∗11
2 cos 𝛽𝑆) ,

(𝒵+
rot)42 = −

𝑧∗10
2 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 +

𝑧∗11
2 cos 𝛽𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 = sin 𝛽𝑆𝑒+𝑖𝛼𝑆 (−

𝑧∗10
2 +

𝑧∗11
2 cos 𝛽𝛵) ,

(𝒵+
rot)43 = −

𝑧∗01
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 +

𝑧∗01
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 cos 𝛽𝑆 = sin 𝛽𝛵𝑒+𝑖𝛼𝛵 (−

𝑧∗01
2 +

𝑧∗11
2 cos 𝛽𝑆) .

We can easily verify that, as we started from a state that was aligned to the 𝑧 axis, if 𝛽𝑆 = 𝛽𝛵 = 0 (i.e.,
if we also do not rotate over the 𝑦 axis), all matrix elements outside of the anti-diagonal vanish and
we recover the 𝑧-aligned matrix. Although redundant, we also write the matrix elements of𝒵rot

explicitly, as those will be used to obtain the pairing tensor. Again, for the diagonal

(𝒵rot)11 =
𝑧11
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 , (C.0.1)

(𝒵rot)22 = −
𝑧11
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 , (C.0.2)

(𝒵rot)33 = −
𝑧11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒+𝑖𝛼𝑆 , (C.0.3)

(𝒵rot)44 =
𝑧11
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵 sin 𝛽𝑆𝑒−𝑖𝛼𝑆 , (C.0.4)

the anti-diagonal

(𝒵rot)41 =
𝑧00
2 +

𝑧10
2 cos 𝛽𝑆 +

𝑧01
2 cos 𝛽𝛵 +

𝑧11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵rot)32 = −
𝑧00
2 +

𝑧10
2 cos 𝛽𝑆 −

𝑧01
2 cos 𝛽𝛵 +

𝑧11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵rot)23 = −
𝑧00
2 −

𝑧10
2 cos 𝛽𝑆 +

𝑧01
2 cos 𝛽𝛵 +

𝑧11
2 cos 𝛽𝛵 cos 𝛽𝑆,

(𝒵rot)14 =
𝑧00
2 −

𝑧10
2 cos 𝛽𝑆 −

𝑧01
2 cos 𝛽𝛵 +

𝑧11
2 cos 𝛽𝛵 cos 𝛽𝑆,

and lastly the off-diagonal
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(𝒵rot)21 = sin 𝛽𝛵𝑒+𝑖𝛼𝛵 (−
𝑧01
2 −

𝑧11
2 cos 𝛽𝑆) ,

(𝒵rot)31 = sin 𝛽𝑆𝑒+𝑖𝛼𝑆 (−
𝑧10
2 −

𝑧11
2 cos 𝛽𝛵) ,

(𝒵rot)12 = sin 𝛽𝛵𝑒+𝑖𝛼𝛵 (+
𝑧01
2 −

𝑧11
2 cos 𝛽𝑆) ,

(𝒵rot)42 = sin 𝛽𝑆𝑒−𝑖𝛼𝑆 (+
𝑧10
2 +

𝑧11
2 cos 𝛽𝛵) ,

(𝒵rot)13 = sin 𝛽𝑆𝑒+𝑖𝛼𝑆 (+
𝑧10
2 −

𝑧11
2 cos 𝛽𝛵) ,

(𝒵rot)43 = sin 𝛽𝛵𝑒−𝑖𝛼𝛵 (+
𝑧01
2 +

𝑧11
2 cos 𝛽𝑆) ,

(𝒵rot)24 = sin 𝛽𝑆𝑒−𝑖𝛼𝑆 (−
𝑧10
2 +

𝑧11
2 cos 𝛽𝛵) ,

(𝒵rot)34 = sin 𝛽𝛵𝑒−𝑖𝛼𝛵 (−
𝑧01
2 +

𝑧11
2 cos 𝛽𝑆) .

Q q



D

Partial derivatives of the rotated Thouless
matrix

Here we include the partial derivatives of the Thouless submatrix with respect to the anti-diagonal
and off-diagonal elements. These expressions are listed for completeness, but should not overload
the message of Chapter 4. They follow the notation and remarks of section 4.5.3. For the anti-
diagonal, the partial derivatives will be similar, but have exchanged signs due to derivatives with
respect to different 𝑧𝑖. Explicitly, they read

𝜕
𝜕(𝒵rot)41

= 1/
𝜕(𝒵rot)41
𝜕𝑧00

𝜕
𝜕𝑧00

+ 1/
𝜕(𝒵rot)41
𝜕𝑧10

𝜕
𝜕𝑧10

+ 1/
𝜕(𝒵rot)41
𝜕𝑧01

𝜕
𝜕𝑧01

+ 1/
𝜕(𝒵rot)41
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)41

= 𝜕
𝜕𝑧00

+ 2
cos 𝛽𝑆

𝜕
𝜕𝑧10

+ 2
cos 𝛽𝛵

𝜕
𝜕𝑧01

+ 2
cos 𝛽𝑆 cos 𝛽𝛵

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)41

= 1
4 [(1 +

2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧+

+ (1 − 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (−1 + 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧−

+ (−1 − 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄−

]

+𝜕(𝛼𝛽)41,

𝜕
𝜕(𝒵rot)32

= − 𝜕
𝜕𝑧00

+ 2
cos 𝛽𝑆

𝜕
𝜕𝑧10

− 2
cos 𝛽𝛵

𝜕
𝜕𝑧01

+ 2
cos 𝛽𝑆 cos 𝛽𝛵

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)32

= 1
4 [(−1 +

2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧+

+ (−1 − 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (1 + 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧−

+ (1 − 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄−

]

+𝜕(𝛼𝛽)32,
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𝜕
𝜕(𝒵rot)23

= − 𝜕
𝜕𝑧00

− 2
cos 𝛽𝑆

𝜕
𝜕𝑧10

+ 2
cos 𝛽𝛵

𝜕
𝜕𝑧01

+ 2
cos 𝛽𝑆 cos 𝛽𝛵

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)23

= 1
4 [(−1 −

2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧+

+ (−1 + 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (1 − 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧−

+ (1 + 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄−

]

+𝜕(𝛼𝛽)23,

and

𝜕
𝜕(𝒵rot)14

= 𝜕
𝜕𝑧00

− 2
cos 𝛽𝑆

𝜕
𝜕𝑧10

− 2
cos 𝛽𝛵

𝜕
𝜕𝑧01

+ 2
cos 𝛽𝑆 cos 𝛽𝛵

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)14

= 1
4 [(1 −

2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧+

+ (1 + 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (−1 − 2
cos 𝛽𝑆

+ 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧−

+ (−1 + 2
cos 𝛽𝑆

− 2
cos 𝛽𝛵

+ 2
cos 𝛽𝑆𝛽𝛵

) 𝜕
𝜕𝑧̄−

]

+𝜕(𝛼𝛽)14.

Finally, the off-diagonal terms will have the following structure

𝜕
𝜕(𝒵rot)21

= 1/
𝜕(𝒵rot)21
𝜕𝑧01

𝜕
𝜕𝑧01

+ 1/
𝜕(𝒵rot)21
𝜕𝑧11

𝜕
𝜕𝑧11

+ 𝜕(𝛼𝛽)21

= − 2
sin 𝛽𝛵𝑒+𝑖𝛼𝛵

( 𝜕
𝜕𝑧01

+ 1
cos 𝛽𝑆

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)21

= − 1
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵

[(1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧+

+ (−1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄+

+ (−1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧−

+ (1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)21,

𝜕
𝜕(𝒵rot)12

= − 2
sin 𝛽𝛵𝑒+𝑖𝛼𝛵

(− 𝜕
𝜕𝑧01

+ 1
cos 𝛽𝑆

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)12

= − 1
2 sin 𝛽𝛵𝑒+𝑖𝛼𝛵

[(−1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧+

+ (1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄+

+ (1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧−

+ (−1 + 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)12,

𝜕
𝜕(𝒵rot)43

= − 2
sin 𝛽𝛵𝑒−𝑖𝛼𝛵

(− 𝜕
𝜕𝑧01

− 1
cos 𝛽𝑆

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)43

= − 1
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵

[(−1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧+

+ (1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄+

+ (1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧−

+ (−1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)43,
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𝜕
𝜕(𝒵rot)34

= − 2
sin 𝛽𝛵𝑒−𝑖𝛼𝛵

( 𝜕
𝜕𝑧01

− 1
cos 𝛽𝑆

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)34

= − 1
2 sin 𝛽𝛵𝑒−𝑖𝛼𝛵

[(1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧+

+ (−1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄+

+ (−1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧−

+ (1 − 1
cos 𝛽𝑆

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)34,

𝜕
𝜕(𝒵rot)31

= − 2
sin 𝛽𝑆𝑒+𝑖𝛼𝑆

( 𝜕
𝜕𝑧10

+ 1
cos 𝛽𝛵

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)31

= − 1
2 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

[(1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧+

+ (−1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧−

+ (−1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)31,

𝜕
𝜕(𝒵rot)13

= − 2
sin 𝛽𝑆𝑒+𝑖𝛼𝑆

(− 𝜕
𝜕𝑧10

+ 1
cos 𝛽𝛵

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)13

= − 1
2 sin 𝛽𝑆𝑒+𝑖𝛼𝑆

[(−1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧+

+ (1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (−1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧−

+ (1 + 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)13,

𝜕
𝜕(𝒵rot)24

= − 2
sin 𝛽𝑆𝑒−𝑖𝛼𝑆

( 𝜕
𝜕𝑧10

− 1
cos 𝛽𝛵

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)24

= − 1
2 sin 𝛽𝑆𝑒−𝑖𝛼𝑆

[(1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧+

+ (−1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧−

+ (−1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)24,

and

𝜕
𝜕(𝒵rot)42

= − 2
sin 𝛽𝑆𝑒−𝑖𝛼𝑆

(− 𝜕
𝜕𝑧10

− 1
cos 𝛽𝛵

𝜕
𝜕𝑧11

) + 𝜕(𝛼𝛽)42

= − 1
2 sin 𝛽𝑆𝑒−𝑖𝛼𝑆

[(−1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧+

+ (1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄+

+ (−1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧−

+ (1 − 1
cos 𝛽𝛵

) 𝜕
𝜕𝑧̄−

] + 𝜕(𝛼𝛽)42.

Q q



E

Details of the Gaussian Separalisation
Method (GSM) implementation

This appendix serves as a guideline to those wishing to adapt the GSM to their own density
functional theory code. As such, it will focus solely on computational details not discussed in
Chapter 8. For rendering purposes, the graphic algorithmic structure is hosted alongside the
GSM database (Backes 2026), under the name loop-structure.pdf, and consists of a companion
document to this appendix*.

The algorithm is a one-to-one correspondence to the implementation in HFODD. Before
entering the loops for contractions, one should:

• Diagonalise the Gaussian matrix elements, grouping the indices according to the notes on
chapter 8, eqs. (8.2.9), (8.2.10), and (8.2.11);

• Separate the symmetric/antisymmetric eigenvectors, and sum/subtract the pairs of indices
outside the diagonal, as they will be counted twice in the main algorithm;

• Establish the limits of the eigenvalue loops by first comparing the product of the eigenvalues
with the cutoff value. This process should be done separately for each different product of
symmetric/antisymmetric eigenvalues, and the cutoff should be compared to the product
|𝜆𝑖| ≤ 𝜆𝑐, |𝜆𝑖𝜆𝑗| ≤ 𝜆𝑐, |𝜆𝑖𝜆𝑗𝜆𝑙| ≤ 𝜆𝑐

In terms of notation, in the file loop-structure.pdf, we utilise the following conventions:

• Eigenvalues linked to symmetric eigenvectors are denoted as 𝜆𝑖,𝑗,𝑙+;

• Eigenvalues linked to antisymmetric eigenvectors are denoted as 𝜆𝑖,𝑗,𝑙−;

*Those curious enough to open the document should find it very clear that the graphic representation is not very
printable or A4-friendly.
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• When a pair of indices is symmetrised, it is denoted between parentheses, (𝑛, 𝑚);

• When a pair of indices is antisymmetrised, it is denoted between square brackets, [𝑛, 𝑚].

All loops over symmetrised/antisymmetrised indices skip the redundant HO quanta indices. It is
important to note that the document serves as guidance with respect to:

• Where each array should be initialised and set to zero;

• Which indices should be kept, and which indices can be omitted to save memory (the latter
are marked in red);

• How the limits of the loops should be written to avoid symmetric𝑚, 𝑛 pairs in the current
index contraction;

• Where to symmetryse/antisymmetrise arrays;

• List the ideal index order to minimise cache misses.

Abiding by these rules is fundamental; apparently minor things, such as index order, can have a big
impact on the timing.

A technical aspect to note is that theGSMdoes requiremorememory than the usual implement-
ation. This can be remedied by allocating the intermediate arrays to the precise size, determined
after counting which eigenvalues will be kept, as well as keeping track of indices that do not need
to be stored.

Q q
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