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Abstract

The Earth’s magnetic field has wide ranging impacts on navigation, satellite operations and
protection from space weather, making it important to understand its generation and forecast
its evolution. The dominant surface field is generated by electrically conducting fluid motion
in the outer core through the geodynamo. Over short timescales, these field changes can be
approximated as advection-dominated, relating geomagnetic secular variation to core-surface
flow. However, this inversion is underdetermined and requires physical constraints. Typical
approaches to core flow inversions are to use global spherical harmonic representations, which
can couple separated regions and smooth localised features. Regional inversions avoid this
coupling, allowing a test of whether inferred structures are supported by local magnetic-field
information. Geomagnetic behaviour may also be influenced by heterogeneous heat flux at
the core-mantle boundary (CMB). Geodynamo simulations suggest that this forcing affects

magnetic-field morphology although its structure and amplitude remain poorly constrained.

This thesis describes the development of novel machine-learning approaches for investigating
core-surface flow and CMB heat-flux heterogeneity. First, Physics-Informed Neural Networks
(PINNSs) are used to infer regional flows that fit local secular variation while satisfying a physical
constraint, which are used to produce a mosaic of independent regional flows that recovers
the planetary gyre. The PINN framework is then used to construct mesh-free regional and
global flow models for geomagnetic forecasting. Hindcasts for 2020-2025 show that the regional
approach produces lower root-mean-square misfits relative to CHAOS-7.18 than the other IGRF-
13 candidate models. The method is subsequently used to produce a candidate secular-variation
forecast for IGRF-14 over 2025-2030. Finally, a convolutional autoencoder classifier is developed
to infer CMB heat-flux heterogeneity from the radial magnetic field. The results show that this
heterogeneity leaves classifiable information in the field, but further development is required

before the method can reliably constrain the Earth’s CMB heat-flux structure.
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Motivation and Structure

The predominantly dipolar geomagnetic field extends from the Earth’s deep interior to approx-
imately 90,000 km above its surface (Cox and Brown, [2013). It comprises contributions from
multiple internal and external sources, although up to 90% of the surface field is generated
by fluid motion in the outer core through the geodynamo (Olsen et al., [2010). Because the
Earth’s interior cannot be observed directly, changes in the geomagnetic field provide one of
the few means of investigating the dynamics of the outer core. The field varies over timescales
from seconds to millennia, exhibiting secular variation, polar wandering and occasional polarity
reversals (Jackson et al., 2000; Livermore et al., [2020; Panovska et al., 2019)). However, impor-
tant questions remain about the physical processes responsible for these variations, including
the structure and evolution of core flow, the mechanisms driving rapid field changes, and the
influence of the lowermost mantle on the geodynamo. Understanding these physical processes is

therefore fundamental to constraining the dynamics and evolution of the Earth’s deep interior.

Scientific machine learning is an emerging field that combines data-driven methods with physical
knowledge, but its application to the study of the Earth’s magnetic field remains relatively
under-explored. This thesis investigates its potential for studying the geomagnetic field, focusing
on the dynamics of the outer core and the influence of heat-flux heterogeneity at the core-mantle

boundary. The structure of the thesis is as follows:
e Chapter Geomagnetism and Outer Core Dynamics

This chapter provides the geophysical background for the thesis. It introduces geomagnetic
observations and their spherical harmonic representation, before discussing the different
sources of the measured field. It then considers geomagnetic field modelling and prediction,
the relationship between secular variation and core-surface flow, numerical geodynamo

simulations, and thermal coupling across the core—-mantle boundary.
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LIST OF TABLES

e Chapter 2 Machine Learning

This chapter introduces the machine-learning concepts used throughout the thesis. It
describes model training, validation and evaluation, before introducing neural networks,
physics-informed neural networks, convolutional architectures and autoencoders. It also
considers how physical constraints can be incorporated into machine-learning models and

how explainable AI methods can be used to investigate their predictions.
e Chapter Research Questions
This chapter explores the research questions that will be answered in this thesis.

e Chapter |4 Local Flow estimation at the top of the Earth’s core using Physics-

Informed Neural Networks

This chapter describes the development of a regional core-flow inversion methodology using
physics-informed neural networks. The method is validated using synthetic flows before
being applied to CHAOS-8.1 (Kloss et al.,|2026)). Independently trained regional inversions
are then combined to test whether large-scale and localised flow features identified by
global models can be recovered using only regional magnetic-field and secular-variation

information.

e Chapter 5 Forecasting Secular Variation using Physics-Informed Neural Net-

works

This chapter uses the core-flow inversion methodology to forecast geomagnetic secular
variation. Regional and global flow models are inferred from CHAOS-7.18 and used to
advect the magnetic field under the assumption of steady flow (Finlay et al., 2020). Hind-
casting experiments are used to compare their performance with the IGRF-13 candidate
models, before the regional approach is used to produce the University of Leeds candidate

forecast for IGRF-14.

e Chapter [6; Using autoencoders to classify geodynamo heat flux heterogeneity

from snapshots of the magnetic field

This chapter develops a convolutional autoencoder classifier to test whether CMB heat-flux
heterogeneity can be inferred from radial magnetic-field snapshots. The method is first

tested using controlled geodynamo simulations published in Mound and Davies (2023),
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and then extends to a wider simulation set. Sensitivity tests and saliency maps are used
to investigate the information contributing to the classifications, before the method is
applied to the CHAOS-8.5 and gufm1 models of the Earth’s magnetic field (Kloss et al.,
2026; lJackson et al., [2000).

e Chapter [7} Conclusions

This chapter brings together the findings of the three research chapters and discusses them
in the context of the research questions introduced in Chapter It discusses the novel
contributions and limitations of the methodologies, before considering future developments
needed to produce more robust, reproducible and physically interpretable applications of

machine learning in geomagnetism.
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Chapter 1

Geomagnetism and Outer Core

Dynamics

Geomagnetism is the subject of the Earth’s magnetic field, the processes that generate and mod-
ify it, and its evolution through time. This chapter reviews the pre-existing literature, beginning
with geomagnetic observations before introducing the field’s mathematical representation and
principal sources. It then considers field modelling and prediction, core-flow inference, and nu-
merical geodynamo simulations. The chapter concludes with core-mantle boundary structure

and its influence on core dynamics and the geomagnetic field.

1.1 Measurements of the Geomagnetic Field

While knowledge of the existence of magnetism dates back to pre-history — with the earliest
observations of natural magnets being attributed to the Greek philosopher Thales (624-546
BC) (Jonkers, 2003) — awareness of the Earth’s magnetic field emerged at a slower pace. The
first description of a magnetic needle compass for navigation was described by Shen Kuo in his
Dream Pool essays, published in 1088 AD, with the first European description by Alexander
Neckam in 1190 AD (Kreutz, 1984). By at least the 14th century, European sailors were well
aware of declination, D, — the difference between geographic north and magnetic north, shown
in Figure[I.I]— with Christopher Columbus making measurements of this during his sea voyage
in 1492 AD. The publishing of De Magnete by William Gilbert in 1600 AD marked the first
understanding that the magnetic field was of internal origin, deducing after experiments with

a model Earth that ‘the Earth globe itself is a great magnet’ (Gilbert} |1600). Edmond Halley
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published the first map of magnetic declination in 1701, in the form of an isogonic map with
contour lines across the Atlantic Ocean connecting points where the compass had the same
variation (Halley, 1701)). By the mid-17th century it was recognised that the geomagnetic field
varies in time, a phenomenon known as secular variation (Jonkers, 2003). Motivated by the
effect that this variation had on navigation (Jackson et al., 2000), a network of ground-based
geomagnetic observatories was established by 1837 to determine how the geomagnetic field

changes spatially and temporally (Jackson and Finlay, 2015).

Zenith
South 1 West

Figure 1.1: Components of the geomagnetic field vector, B, in a right-handed coordinate system.
The quantities X, Y and Z are the three vector field components, H is the horizontal magnitude,
F' is the total intensity, D is the declination, and I the inclination, the angle that the Earth’s
magnetic field lines make with the horizontal plane of the Earth’s surface. Taken from [Hulot
et al.| (2015).

Geomagnetic observatories typically use one or both of two types of magnetometer: scalar and
vector (Gubbins and Herrero-Berveral 2007)). Scalar magnetometers measure only the total field
intensity, whereas vector magnetometers measure both the magnitude and direction of the mag-
netic field. Measurement of the full three-dimensional field requires three orthogonal sensors,
corresponding to the three field components marked as X, Y and Z in Figure Magne-
tometers may also be described as absolute or relative instruments. Absolute instruments can
be calibrated using known internal constants, while relative instruments require calibration
against a known magnetic field (Rassonl [2007). To ensure consistent, high-quality, data the In-
ternational Real-time Magnetic Observatory Network (INTERMAGNET) was founded in 1987.
There are now 124 active INTERMAGNET observatories worldwide (as of June 2026), gener-
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ating continuous time series of regular measurements of both the field intensity and direction.
A map of the active INTERMAGNET observatories is shown in Figure Unfortunately, the
distribution of these observatories is highly uneven, being concentrated on land in the Northern
Hemisphere, primarily due to geographical and political constraints. Each of these observatories
must be in geomagnetically quiet areas, away from the influence of human activity, but at a
location in which regular absolute and relative readings, as well as maintenance, can be carried
out. The resulting gaps in the data coverage lead to uneven spatial coverage. The advent of
satellite-based geomagnetic measurements therefore offers global sampling which complements,

but does not replace, ground-based observatories.

Figure 1.2: Map showing all the active INTERMAGNET observatories in red, with the closed
observatories in grey. Taken from INTERMM;NET}
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1.1.1 Satellite Data

Satellite measurements have been used since 1965 to complement ground-based observations,
with continuous satellite records available since 1999. A summary of the satellites used to mea-
sure the geomagnetic field is provided in Table while the orbital trajectories of the most
utilised satellites for studying the geomagnetic field currently in operation are shown in Figure
(Gao et al., 2025). Magnetometers carried on board these satellites measure the geomag-
netic field by revisiting approximately the same locations every few months. Repeat coverage
helps to separate changes in the measured magnetic field caused by temporal evolution of the
source from spatial variations encountered as the satellite moves. However, fully distinguishing
these effects remains challenging because measurements at the same location are limited by the
satellite’s revisit rate. At present, three satellite missions with dedicated magnetometers for
scientific gain remain operational. The oldest of these is ESA’s Swarm mission, launched in
2013. Swarm comprises three identical low-Earth orbit satellites, Alpha, Bravo, and Charlie.
Each satellite carries a Vector Field Magnetometer and an Absolute Scalar Magnetometer, in
addition to instruments for navigation and electric field measurements (Friis-Christensen et al.,
2006). The China Seismo-Electromagnetic Satellite (CSES), launched in 2018, consists of a
single satellite in a polar, Sun-synchronous low-Earth orbit. It carries two fluxgate magnetome-
ters, which provide vector measurements, and a Coupled Dark State Magnetometer (CDSM),
which provides scalar measurements for calibration of the vector data (Pollinger et al., |2020).
The Macau Scientific Satellite-1 (MSS-1), launched in 2023, consists of two satellites, MSS-1A
and MSS-1B, in near-circular low-Earth orbits, meaning orbits relatively close to the Earth’s
surface, with an inclination of 41°, where inclination describes the angle between the orbital
plane and the equatorial plane. MSS-1A carries a Coupled Dark State Magnetometer, together
with two vector magnetometers, whereas MSS-1B carries instruments for energetic electron flux
and solar X-ray observations (Jiang et al.l 2024). In contrast to the polar orbits of Swarm and
CSES, the lower-inclination orbit of MSS-1 is designed to provide rapid local-time coverage at

low and mid-latitudes, particularly over the South Atlantic Anomaly (Jiang et al., 2024]).

The movement of satellites with respect to the Earth’s surface makes it difficult to construct
time series at fixed locations, or to compare satellite measurements directly with ground-based
observatory data. To address this, Mandea and Olsen (2006|) proposed the Geomagnetic Virtual

Observatory (GVO) method. In this approach, satellite measurements are collected within a
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Satellite Name | Operation Dates | Magnetometer Payload | Reference

0GO-2 10/1965 — 09/1967 | Scalar Jackson and Vette (1975
0GO-4 07/1967 — 01/1969 | Scalar Jackson and Vette (1975
0GO-6 06/1969 — 06/1971 | Scalar Jackson and Vette (1975
Magsat 11/1979 — 05/1980 | Scalar and Vector Langel et al.| (1982)
Orsted 02/ 1999 — 01/2014 | Vector Neubert et al. (]20()1[)
CHAMP 07/2000 — 09/2010 | Scalar and Vector Reigber et al.| (2002)
SAC-C 01/2001 — 12/2004 | Scalar Colomb and Varotto) (2003)
Swarm 11/2013 — Present | Scalar and Vector Olsen et al.| (2013

CSES 02/2018 - Present Scalar and Vector Zeren et al. (2025
MSS-1A 05/2023 - Present Scalar and Vector Li et al.l (]2025[)

Table 1.1: Summary of low Earth orbit satellites with scientific magnetometer payloads.

30°5
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180°W
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Figure 1.3: Comparison of orbit trajectories over one day for the Swarm A, CSES, and MSS-1A
spacecraft. Taken from Gao et al.| (2025).

specified radius of influence around a central point above the Earth’s surface. A polynomial ex-
pansion of the magnetic potential, typically of quadratic or cubic order, is then used to estimate
the magnetic field at that point. A schematic of this approach is shown in Figure GVOs
therefore provide a compromise between satellite and ground-based observations, combining
the broader spatial coverage of satellite measurements with regularly sampled time series at
fixed locations, although at a lower temporal resolution than ground-based observatories. The
measurements may then be averaged over a given period or divided into time bins to produce
regularly sampled time series at a fixed set of GVO locations. By reducing measurements col-
lected along different satellite orbits to common locations, the method limits the influence of

changes in orbital sampling between successive time steps, and allows for the combination of

multiple satellite datasets (Brown et al., 2022). The resulting estimates provide an observatory-

like representation of the field, but should not be treated as direct equivalents of ground-based

observatory measurements because they are derived from spatially and temporally distributed
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satellite data at altitude.

Despite these advantages, GVOs are not always the preferred data source. Because they are
constructed from satellite measurements of the total geomagnetic field, they contain both in-
ternal and external field contributions. Separating these signals is a non-trivial problem and
can introduce additional uncertainty. For the development and testing of new methodologies,
researchers may therefore choose to use global field models instead, as these provide a more
controlled estimate of the internal field. This can reduce the risk of noise or unmodelled exter-
nal signals, particularly at polar latitudes, producing artefacts that could be difficult to isolate

from methodological effects.

Figure 1.4: Schematic of a satellite passing through a Geomagnetic Virtual Observatory (GVO)
footprint. Measurements collected along the satellite path, shown in blue, are reduced to an
estimate of the magnetic field at the central GVO location, shown by the red dot. Taken from
Hammer et al.| (2021)

1.1.2 Reconstructions of the Ancient Field

Direct measurements of the geomagnetic field extend back only a few hundred years, represent-
ing a very small fraction of the lifetime of the field (which is at least 3.45 billion years
2009)). Information about earlier field behaviour is therefore obtained using paleomagnetism,
which studies the magnetic field recorded in rocks and sediments, and archaeomagnetism, which
studies the magnetic field recorded in archaeological materials. These records arise from rema-
nent magnetisation, whereby magnetic minerals preserve a signal of the ambient geomagnetic

field acquired during their formation or during subsequent heating or alteration (Merrill et al.

[1996; [Tauxe|, 2010; Kono, [2015). Paleomagnetic observations therefore provide the primary

constraint on the evolution of the geomagnetic field over geological timescales (Panovska et al.,

2019).
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Paleomagnetic records are obtained from both volcanic and sedimentary materials, which pro-
vide complementary constraints on field behaviour. Volcanic sequences record the field at
discrete times, while sediments provide more continuous records that can extend over hundreds
of thousands of years, although with reduced temporal resolution and potential smoothing
(Constable and Korte, [2015; [Panovska et al., 2019). Paleomagnetic observations show that
the geomagnetic field varies over a wide range of spatial and temporal scales. On centennial
to millennial timescales, this behaviour is expressed as paleosecular variation, with changes in
both direction and intensity reconstructed from volcanic, sedimentary, and archaesomagnetic
data (Constable and Korte, [2015; Johnson and McFadden, 2015). When averaged over suffi-
ciently long timescales, the field is well approximated by a geocentric axial dipole, although
significant departures occur on shorter timescales and at regional scales (Johnson and McFad-
den, 2015|). These observations provide constraints on core dynamics and the processes driving

secular variation (Panovska et al., [2019)).

In addition to paleosecular variation, paleomagnetic records document more extreme behaviour,
including geomagnetic excursions and polarity reversals. Excursions correspond to short-lived
departures from the existing polarity state, characterised by reduced dipole strength and in-
creased field complexity, before recovery to the original polarity (Laj and Channell, 2015; Mason
et al) [2024). Polarity reversals involve a complete change in the sign of the dipole component
and have occurred hundreds of times throughout Earth’s history, forming the geomagnetic po-
larity timescale (Jacobs, 1994; [Merrill et al., 1996} [Ziegler et al., 2011; Oggl [2020). Reversals
occur rapidly on geological timescales, typically over a few thousand years, and are associated
with a significant reduction in dipole intensity (Valet} [2003). During these intervals the field
becomes highly non-dipolar, with rapid changes in direction and intensity indicating large-scale
reorganisation of the core field (Valet, 2003). Reconstructions over the last 100 kyr show sub-
stantial variability in dipole strength and document events such as the Laschamp excursion,

highlighting the strongly time-dependent behaviour of the geodynamo (Panovska et al 2019)).

Paleomagnetic data sampling is spatially uneven and temporally incomplete. Volcanic records
are episodic and geographically clustered, while sedimentary records may be smoothed and sub-
ject to age uncertainties (Constable and Korte, |2015)). Nevertheless, paleomagnetism provides
the only direct record of geomagnetic field behaviour over geological time and remains essential

for constraining long-term core dynamics (Suttie et al., 2025).
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1.2 Spherical Harmonic Representation of the Geomagnetic Field

The measurements described in Section provide the observational basis for studying the
geomagnetic field. However, these measurements are unevenly distributed in space and time, and
contain contributions from several different sources. In order to interpret them, it is therefore
important to represent the field in a mathematical form that can be evaluated consistently at
different locations and epochs. The starting point for this is Maxwell’s equations, which describe

the relationship between electric, E and magnetic, B fields, given by

v.-E=L (1.1)
€0
OE
V x B = up(J + eo—), (1.2)
ot
V.B =0, (1.3)
OB
VXxE= o (1.4)

where t is time, pg is the permeability of free space, p is the total electric charge density, J is

the total electric current density, and €y is the permittivity of free space (Griffiths, 2017)).

The geomagnetic field measured at and above Earth’s surface contains contributions from several
internal and external sources. At the frequencies relevant to the main geomagnetic field, the
displacement current, eg0E /0t, is negligible compared with the electric current density J. Under

this quasi-static approximation, Equation (1.2)) reduces to

V x B = poJ. (1.5)

In a source-free region, meaning a region containing no electric currents such that J = 0, this

becomes

V x B=0. (1.6)

Since the magnetic field is curl-free in a source-free region, it can be expressed as the gradient

of a scalar potential, V,

B=-VV. (1.7)

Equation (|1.3)) states that there are no magnetic monopoles, meaning isolated magnetic poles
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that act as sources or sinks of the magnetic field. Substituting Equation (|1.7)) into Equation

(1.3) therefore gives Laplace’s equation,

V2V = 0. (1.8)

The problem of describing the magnetic field outside the source region is therefore reduced to
solving Laplace’s equation for the scalar potential V', from which the magnetic field can be
calculated using Equation . As the Earth is approximately spherical, it is convenient to
solve Laplace’s equation in spherical coordinates (r, 6, ¢), where r is radius, € is co-latitude, and

¢ is longitude. In spherical coordinates, Laplace’s equation becomes

2

or r2sin 90 r2sin? § O¢?

Since B = —VV, the corresponding spherical components are
oV 10V 1 oV
B, = ———, By =————, By=———. 1.10
or 0 r 00 ¢ rsinf ¢ ( )

Following Merrill et al.| (1996)), the scalar potential may be separated into contributions from
internal sources, located within the Earth, and external sources, associated with electric currents

in the ionosphere and magnetosphere,

(T‘ 0,9, ) = mt(r 0 , 0, )+ ‘/ext(raQ?¢vt)' (111)

The field generated by internal sources can be written as

Vit (r, 0, ¢,t) = az Z < >n+1 "(t) cos(me) + hl'(t) sin(me)] P (cos 6), (1.12)

n=1m=0
and the contribution from external sources as
Ve (1,0, 6, 1) = az Z ( ) (t) cos(ma) + s™(t) sin(me)] P™(cos 6), (1.13)
n=1m=0

where a is the radius of the Earth, ¢ is time, n is the spherical harmonic degree, m is the order,
and P'"(cosf) are Schmidt semi-normalised associated Legendre functions. The coefficients

gt (t), h(t), ¢ (t), and s]*(t) define the amplitude of each spherical harmonic contribution
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to the field. The internal coefficients g)'(¢) and h]'(t) are commonly referred to as Gauss
coefficients, while ¢)'(¢t) and s]'(t) describe the external contribution. In this representation,
each coefficient acts as a weight on a particular spatial pattern. The degree n controls the
characteristic angular length scale of the pattern, with higher degrees corresponding to finer,
shorter-wavelength structure, while the order m controls its longitudinal variation. The coeffi-
cients are estimated from magnetic-field observations by fitting the expansion up to a maximum
degree N, which sets the smallest spatial scales represented in the model. The expansion begins
at n = 1, since an n = 0 magnetic term would correspond to a monopole contribution, which is
excluded by V - B = 0. The explicit radial dependence of each harmonic degree also allows the

geomagnetic field to be upward or downward continued to any radius.

The distribution of magnetic-field power across spatial scales can be described using the Mauersberger—
Lowes spectrum (Mauersberger, [1956; |[Lowes, [1966). For the internal field, at a set time, this is
calculated from the Gauss coefficients as
a\2nt+d & m 2 m 2
Ro(r,t) = (n+1) (£) (g ®)” + ()] (1.14)

r
m=0

where R, (r,t) is the contribution to the mean square magnetic field from degree n, evaluated
at radius r. Low degrees describe long-wavelength structure, while higher degrees describe
progressively shorter-wavelength structure. The spectrum is therefore useful for comparing
field models and for assessing how much structure is retained when the spherical harmonic
expansion is truncated. It also provides a way to relate the mathematical model to the physical

origin of the observed field.

1.3 Earth’s Structure

The structure of the core-mantle boundary region is important for understanding the dynamics
and evolution of the geomagnetic field. The present-day Earth comprises a solid inner core, a
liquid outer core and a predominantly solid silicate mantle, with the chemically distinct crust
forming the outermost layer. The inner core has a radius of 1225 km, while the outer core extends
to the core-mantle boundary (CMB) at a radius of 3485 km (Dziewonski and Anderson, 1981).
The core consists primarily of iron and nickel with a smaller proportion of light elements, while
the mantle is composed mainly of silicate rock (see Hirose et al. (2021) for a full review of light

elements in the core). The CMB marks a density increase of more than 4000 kg m 3 between the

10
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lowermost mantle and outer core (Russell et al. [2024). The two regions also differ substantially

in viscosity, and thermal and electrical conductivity, resulting in contrasting dynamics across
the CMB. Understanding the exchange of heat and matter across this boundary is therefore

important for linking the structure, dynamics and evolution of the core and mantle.

Figure 1.5: Schematic picture of the Earth, not to scale.

1.4 Sources of the Geomagnetic Field

At and above the Earth’s surface, the measured geomagnetic field is the sum of several con-
tributions from both internal and external sources, shown in the schematic in Figure The
largest contribution is the internal field, dominated by the core field generated through the
interaction between the existing magnetic field and the motion of electrically conducting fluid
in the outer core . This is combined with the lithospheric field, produced by
magnetised rocks in the crust and uppermost mantle. The remaining contributions arise from
external current systems in the ionosphere and magnetosphere, driven by the interaction be-
tween charged particles and plasma from the Sun, and the Earth’s magnetic environment. The
movement of electrically conductive seawater also generates a magnetic field. These external
fields are also important for studies of the internal field, as their time variation induces sec-
ondary currents in the solid Earth and oceans that obscure the core field signal. Although these
sources differ in their physical origin, location, and typical spatial and temporal behaviour, they
are not measured separately. A magnetic observation instead records their combined signal, so

the different contributions must be separated in order to isolate the core field and study the

processes responsible for secular variation (Olsen et al., [2010b; Hulot et al., 2015)).

Separating the sources of the geomagnetic field is far from a trivial matter. The simplest

11
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mantle

induced currents

fluid core

Figure 1.6: Sketch of the various sources contributing to the near-Earth magnetic field (Olsen

20105).

distinction is between fields of internal and external origin, following . In the
spherical harmonic representation described in Section [1.2] internal and external contributions
have different radial dependences and are described by separate sets of coefficients. Fitting
these contributions to observations of the magnetic-field components therefore allows the in-
ternal coefficients (g*, h)'") and external coefficients (g)*, sI'") to be estimated separately

2010a)). Alternative approaches aim to separate internal and external contributions using

spatially localised basis functions (Chambodut et al., |2005; Stockmann et al., [2009; Beggan|

2013)), which reduce sensitivity to uneven data coverage but do not fully resolve source

separation, particularly for incomplete spatial sampling (Huang et al., 2026)). Correlation-based

methods separate geomagnetic field components by incorporating prior information about their

spatial correlation structures within a Bayesian inversion, which also provides estimates of model

uncertainty (Holschneider et al. 2016]). However, source separation is not generally unique with-

out additional constraints on the spatial distribution of the sources (Baratchart and Gerhards),

2017). Satellite gradient data provide further constraints because they are less sensitive to

large-scale external-field fluctuations and improve the recovery of shorter-wavelength internal-

field structure (Kotsiaros et all 2015, |Olsen et al. 2015). Gradient secular-variation data

can also improve the spatial resolution of core-flow inversions relative to vector measurements

(Whaler et al., [2022; Madsen et al., [2025)).

Another way of separating the sources of the geomagnetic field is to consider the timescales on

12
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which these sources vary, as shown in Figure[I.7] This approach requires time series observations
of the geomagnetic field, which can be analysed using spectral methods to describe the power as-

sociated with variations at different frequencies, allowing the processes contributing to the field

to be separated (Constable and Constable| 2004} [2023). The geomagnetic field exhibits vari-

ability over a wide range of timescales, from long-period internal processes such as geomagnetic
reversals and secular variation of the core field, to high-frequency external variations generated
by interactions between the solar wind, magnetosphere, and ionosphere. Spectral analyses show

that the internal core field dominates at low frequencies, while external fields become dominant

at periods of the order of the 11-year solar cycle and shorter (Constable and Constable, 2023).

In practice, temporal separation exploits these differences either by averaging over time to re-

duce rapidly varying external fields (Constable, 2019), or by modelling time-dependent external

contributions using indices such as Dst, which represent magnetospheric field variations

land Weidelt|, |2004)).
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Figure 1.7: The Grand Spectrum of the geomagnetic field, showing dipole variations from global
observations at long periods and horizontal field measurements from local data at shorter periods
(Constable and Constable, 2023).
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1.4.1 The Core Field

The core field is the dominant contribution to the geomagnetic field measured at the Earth’s
surface, and is generated by the internal, self-sustaining planetary dynamo, first identified as
the largest source of the field by Bullard| (1950). This dynamo is generated by the motion
of electrically conducting liquid outer core, where heat and light elements released during the
solidification of the inner core drive thermal and compositional convection (Deguen et al., |2013).
The Earth’s rotation also exerts Coriolis forces on this flow, helping to organise the convection
and producing a field that is preferentially axial and dipolar at large scales (Cormier et al.
2022)). As electrically conducting fluid moves through an existing magnetic field, it induces
electric currents, which in turn generate a magnetic field. This continuous interaction between
fluid motion, electric currents, and magnetic field converts kinetic energy into magnetic energy,
maintaining the field against ohmic decay (Hollerbach, 1996). At the CMB, the magnetic field
intensity is typically of the order of milliteslas, ranging from approximately 20,000-30,000 nT
at low latitudes to 600,000-760,000nT at high latitudes (Olsen et al., 2010b). Although the
surface field is often described as a tilted dipole, this approximation only captures the largest-
scale structure. Significant non-dipolar features are also present and these provide important

information about the structure and evolution of the field generated in the core.

The radial core magnetic field for January 2026 is shown in Figure [1.8] with the field evaluated
at the Earth’s surface in the top panel and at the CMB in the bottom panel. Both maps
are produced using CHAOS-8, a time-dependent geomagnetic field model constructed from
satellite and ground-based observatory data, which provides estimates of the main field and
secular variation (Kloss et al.l 2026)). At the Earth’s surface, B, is dominated by the axial
dipole, with mainly inward flux in the northern hemisphere and outward flux in the southern
hemisphere (GlaBmeier et al., 2009; Hulot et al., 2015} |[Finlay et al.l [2016). Regional departures
from this simple structure are also visible, including the weak-field region associated with the
South Atlantic Anomaly (Finlay et al., 2020; Meier et al., 2023; (Gao et al., [2025). When the
same field is downward continued to the CMB, the radial field reveals a more spatially complex
structure than is visible at the Earth’s surface (Gubbins and Bloxham| 1985). The large-
scale dipole remains an important component of the field, but it is accompanied by intense
flux patches and regions of weak or reversed flux at the CMB (Davies and Constable, [2017;

Nilsson et al., 2020)). In the present field, reversed-flux patches beneath the South Atlantic are
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associated with the weak surface-field region known as the South Atlantic Anomaly, although

the relationship between individual CMB patches and the surface intensity minimum is not

one-to-one (Terra-Nova et al., 2017} [Finlay et al., [2020; Gao et al., 2025).

The time dependence of the main field is described by its secular variation (SV), defined as
the rate of change of the core field on timescales from months to centuries. In the spherical
harmonic representation, the SV is given by the time derivatives of the Gauss coefficients, g, (¢)

and h;”(t), and therefore describes how the spatial structure of the field evolves through time

(Jackson and Finlay, 2015)). Figure shows the radial component of the SV in January 2026,

evaluated at both the Earth’s surface and the CMB using CHAOS-8 (Kloss et all [2026). As

with the main field, downward continuation to the CMB reveals shorter-wavelength structure

that is attenuated at the Earth’s surface.

The SV is not steady through time, as shown in the time-longitude plot in Figure It
includes long-term behaviour such as westward drift, axial dipole decay and the evolution of

reversed-flux patches, together with more rapid changes known as geomagnetic jerks (Hulot,

let al., 2015; |Jackson and Finlay, [2015]). Jerks are abrupt changes in the trend of the SV and

have been identified in both ground-based and satellite observations (Brown et al., |2013; Whaler|

ket al.| [2022; Madsen et al., 2025)).
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Figure 1.8: Radial component of the main field at the Earth’s surface (top) and at the CMB
(bottom), shown using the CHAOS-8 model (Kloss et al., [2026)) (degree 12) for 1 January 2026.
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Figure 1.9: Radial component of the Secular Variation at the Earth’s surface (top) and at the
CMB (bottom), shown using the CHAOS-8 model (Kloss et al.,2026) (degree 12) for 1 January

2026.
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Figure 1.10: Time-longitude plot of the radial component of secular variation at the CMB along
the equator, calculated from the CHAOS-8 model (Kloss et al., 2026) truncated at spherical
harmonic degree 12, for 2000-2026.
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1.4.2 The Lithospheric Field

The lithospheric, or crustal, field is produced by magnetised rocks in the crust and uppermost
mantle, and represents the second major internal contribution to the geomagnetic field after
the core field. It is much weaker than the main field at the Earth’s surface, but contains more
short-wavelength structure because it is produced by geological features that vary over smaller
spatial scales, which themselves block the short-wavelength structure of the core field. The
depth extent of the magnetic lithosphere is limited by the Curie temperature of its constituent
magnetic minerals, above which permanent magnetisation is lost. This temperature depends on
mineral composition, but is approximately 580 °C for magnetite. The thickness of the magnetic
lithosphere therefore varies with mineralogy and the local thermal structure (Thébault et al.,

2010)).

Lithospheric magnetisation may be remanent or induced. Remanent magnetisation is acquired
when magnetic minerals align with the ambient field during cooling, crystallisation or chemical
alteration, and may be retained after the field in which it formed has changed. The pattern of
geomagnetic polarity reversals is preserved in oceanic crust, where symmetric magnetic anoma-
lies about mid-ocean ridges record alternating bands of normal and reversed polarity formed
during seafloor spreading (Vine, [1966). These anomalies therefore provide a record of long-term
variations in the geomagnetic field. In contrast, continental magnetic anomalies are generally
less regular because they reflect greater variation in crustal age, composition, thickness and

tectonic history.

Induced rock magnetisation is produced by the response of magnetic minerals to the present
main field, and depends on the magnetic susceptibility of the material and the strength and
direction of the inducing field (Thébault et al.l 2010). Both remanent and induced magnetisation
may contribute to the same lithospheric anomaly, with their relative importance depending on
the magnetic properties and geological history of the source region. Induced rock magnetisation
is distinct from the magnetic fields produced by electrical currents induced in the conducting

Earth and oceans by time-varying external fields, which are discussed in the following section.

Lithospheric field models are used to map magnetic anomalies and relate them to crustal and
upper-mantle structure. Global compilations such as the World Digital Magnetic Anomaly

Map (WDMAM), the first version of which is shown in Figure combine satellite, ma-
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rine, aeromagnetic and ground-based measurements to provide a global view of lithospheric

magnetic variations (Thébault et al., 2010). The most recent version is found in

(2016). Satellite observations constrain the longer-wavelength part of the lithospheric field,

while shorter-wavelength structure is better resolved by near-surface marine and aeromagnetic

surveys (Olsen et al.;2017). The coverage and resolution of these measurements remain spatially

uneven, particularly across parts of the oceans and continents (Lesur et al. 2016]). Separating

the lithospheric field from the small-scale core field is a significant challenge because their con-
tributions overlap at intermediate spherical harmonic degrees. This makes it difficult to identify
the ‘knee’ in the Lowes spectrum, shown in Figure [[.12] which marks the transition from the
core field at larger spatial scales to the lithospheric field at smaller spatial scales. Consequently,

incomplete separation of these fields limits the maximum spherical harmonic degree to which

the core field can be reliably resolved (Otzen et al., 2024]).
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Figure 1.11: The first version of the World Digital Magnetic Anomaly Map (WDMAM)
(Thébault et all 2010), showing magnetic anomalies, which are local deviations from the ex-
pected geomagnetic field caused by variations in the magnetisation of crustal rocks. The thumb-
nail at the bottom illustrates the geographical distribution of the various information contained
in the map.
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Figure 1.12: Geomagnetic power spectra for the NGDC-720 model and subgrids of the NGDC
World Magnetic Anomaly Map. The ‘knee’ in the spectrum marks the transition between the

predominantly core-generated field at lower spherical harmonic degrees and the predominantly
lithospheric field at higher degrees. Taken from [Maus (2008))
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1.4.3 The External Field

The external field is produced by electric currents outside the solid Earth, mainly in the iono-
sphere and magnetosphere, a scehamtic for which is shown in Figure These currents are
driven by the interaction between the solar wind and the Earth’s magnetic environment, and
vary much more rapidly than the core and lithospheric fields (Baumjohann and Nakamura, [2007;
Olsen et al., 2010b)). During geomagnetically quiet periods, the external field is usually much
weaker than the main field, with ionospheric and magnetospheric contributions of the order of
tens of nanotesla at the Earth’s surface (Hulot et al., [2015; Olsen and Stolle, [2017). During
disturbed periods, such as geomagnetic storms and substorms, these current systems intensify
and produce larger magnetic variations over timescales from seconds to days (Kauristie et al.)

2017).

Time-varying external fields also induce electrical currents in the conducting Earth and oceans.
These currents produce secondary magnetic fields that are internal in origin, but are driven
by external-field variations (Maus and Weidelt, 2004; |Olsen et al. 2010b). They are therefore
distinct from the induced magnetisation of lithospheric rocks described above. Comprehensive
geomagnetic field models commonly represent the primary external field together with its inter-
nally induced counterpart. For example, CHAOS-8 includes contributions from magnetospheric
currents and the associated induced response when separating these signals from the core and

lithospheric fields (Kloss et al.l 2026).

External and induced fields must therefore be accounted for when modelling the internal field.
This is particularly important for satellite observations at high latitudes, where polar iono-
spheric currents, auroral electrojets and field-aligned currents produce magnetic signals that
can contaminate estimates of the core and lithospheric fields (Finlay et al., [2017; Kloss et al.,
2023)). Internal-field models commonly use quiet-time data selection and explicit parameter-
isations of external and induced contributions to reduce this contamination (Kauristie et al.,
2017; Finlay et al., 2017; |[Kloss et al., 2026). However, the remaining contamination is spatially

structured and may be concentrated in particular regions, especially around the poles.
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Figure 1.13: Schematic of the Earth’s magnetosphere and the principal external current systems
(Kelley and Heelis, 1989).
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1.5 Modelling and Predicting the Geomagnetic Field

Geomagnetic field models combine measurements from satellites, ground-based observatories
and surveys to provide a consistent representation of the field across locations and epochs.
These models are required because observations are unevenly distributed in space and time
and contain overlapping contributions from several sources. They provide reference fields for
navigation and geomagnetic surveying, while also allowing the spatial structure and temporal
evolution of the internal field to be studied. Since the core field changes through time, models
may also be used to estimate its secular variation and forecast its evolution beyond the period

covered by observations.

Most geomagnetic field models represent the magnetic potential using the spherical harmonic
expansion introduced in Section but differ in how the coefficients and their time dependence
are estimated. One common approach is regularised inversion, which minimises the misfit to
the observations alongside a constraint on the spatial or temporal complexity of the solution.
The misfit may be defined using an Ly norm or a robust, iteratively re-weighted L; norm that
reduces the influence of outliers (Beggan and Whaler, 2008). Regularisation may constrain
small-scale structure or changes between successive epochs (Beggan and Whaler, [2008; |Kloss
and Finlay, |2019; [Whaler et al 2016} 2022). This stabilises poorly constrained inversions, but
the recovered structure depends on the chosen norm, constraint and damping strength. Weaker
regularisation permits a closer fit to the data, but may introduce poorly resolved structure,
whereas stronger regularisation produces smoother solutions but may suppress genuine varia-
tions. Other approaches include data assimilation, which combines geomagnetic observations
with prior information about the spatial, temporal or dynamical evolution of the field (Fournier

et al., [2010; [Baerenzung et al., 2020)).

The following sections focus on the International Geomagnetic Reference Field and the CHAOS
family of models, as these are the most relevant to this thesis, although several other geomagnetic
field models exist. These include COV-OBS, a time-dependent field model that uses stochastic
prior information derived from the temporal spectra of geomagnetic observations and provides
estimates of both the field and its associated uncertainties (Gillet et al., 2015)). Kalmag similarly
uses a Bayesian framework, but constructs the model sequentially by combining a Kalman filter

with a smoothing algorithm, allowing the complete dataset to inform the field estimate at
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each epoch. It jointly estimates the core, lithospheric, magnetospheric and induced fields, and

provides mean solutions together with their associated uncertainties (Baerenzung et al., |2020)).

1.5.1 The International Geomagnetic Reference Field

The International Geomagnetic Reference Field (IGRF) is a mathematical representation of
the large-scale, time-varying internal magnetic field. It is produced by the Geomagnetic Field
Modelling Working Group of the International Association of Geomagnetism and Aeronomy
and is revised every five years. The model consists of spherical harmonic coefficients that can
be used to calculate the three vector components of the magnetic field above the CMB. It
provides a standard reference field for applications including navigation, geomagnetic surveying

and studies of the evolution of the core field (Alken et al., [2021b)).

Each generation of the IGRF is constructed from candidate models submitted by international
research groups. These candidates are evaluated and combined to produce agreed main-field
and predictive secular-variation models. IGRF-13 provides coefficients spanning 1900-2025 and
contains a definitive main-field model for epoch 2015.0, a main-field model for epoch 2020.0 and
a predictive linear secular-variation model for 2020.0-2025.0 (Alken et all 2021bla). Eleven
candidate models were submitted for epoch 2015.0, twelve for epoch 2020.0 and fourteen for
the 2020-2025 secular-variation forecast. The final main-field models were calculated from
the median of the candidate Gauss coefficients, while the predictive secular-variation model was
obtained using a robust Huber-weighted combination (Alken et al., 2021al). The latest iteration,
IGRF-14, extends the model series to 2030, providing an updated main-field model for epoch
2025.0 and a predictive secular-variation model for 2025.0-2030.0. Its coefficients were finalised
in November 2024 following the evaluation and combination of candidate models submitted by

international research groups (Beggan et al., [2026)).

The IGRF candidate process provides a framework for comparing a wide range of approaches to
modelling and forecasting the geomagnetic field. Candidate methodologies for secular variation
have included constructing models from ground and satellite measurements (Alken et al., [2021a;
Finlay et al., 2020; Rother et al., 2021; Huder et al.,2020), data assimilation techniques (Fournier
et al} [2021; Minami et al., 2020; Sanchez et al., [2020), Kalman-filter based models (Tangborn
et al., 2021} Baerenzung et al., [2020)), interpolation (Petrov and Bondar} 2021)), diffusion based

models (Metman et al.,|2020), bootstrapping (Pavon-Carrasco et al., [2020) and spectral analysis
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(Wardinski et al., 2020).

1.5.2 The CHAOS Field Models

The CHAOS series provides time-dependent spherical harmonic based models of the near-Earth
geomagnetic field constructed from satellite and ground-based observatory measurements, de-
scribing the continuous evolution of the field (Olsen et al.l 2006} Finlay et all [2020). The
temporal evolution of the internal field is represented using B-splines, while regularisation lim-
its poorly constrained changes between observations. CHAOS models are updated as new
measurements become available and have provided parent models for candidate submissions to

the IGRF.

CHAOS-7

CHAOS-7 describes the near-Earth geomagnetic field between 1999 and 2024 using measure-
ments from the Swarm, CryoSat-2, CHAMP, SAC-C and @rsted satellites, together with ground-
based observatory data (Finlay et al.,[2020). The model contains a time-dependent internal field
to spherical harmonic degree 20, a static internal field above degree 20, and representations of
the magnetospheric field and its internally induced counterpart. Its parameters are estimated
using an iteratively reweighted regularised least-squares procedure applied to data selected un-
der strict geomagnetically quiet-time criteria. The internal-field coefficients are represented
using B-splines and constrained by temporal regularisation, providing continuous estimates of

the main field and secular variation for use in core-flow inversion.

CHAOS-8

CHAOS-8 extends the model series to the present day while retaining the principal structure of
CHAOS-7 (Kloss et al., 2026)). It contains a time-dependent internal field to spherical harmonic
degree 20, a static internal field at higher degrees, and representations of the magnetospheric
field and its induced counterpart. An initial version of CHAOS-8 provided the parent model for
the DTU candidates submitted for IGRF-14.

The main differences between the modelling approaches of CHAOS-7 and CHAOS-8 are the
treatment of ionospheric contamination and the temporal regularisation of the internal field.
CHAOS-8 includes an additional model of ionospheric contributions that may remain signifi-

cant under dark and geomagnetically quiet conditions (Kloss et al.l 2026). It uses temporal
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covariances extracted from geodynamo simulations (Aubert| [2023; |Gillet et al., 2024) (see Sec-

tion to regularise the time-dependent internal field throughout the model interval, while
retaining a penalty on the second time derivative of the radial field at the model endpoints. In
contrast, CHAOS-7 penalised the third time derivative of the radial field throughout the model
interval, in addition to the endpoint regularisation. This change allows more rapid variations to
be recovered at shorter spatial scales, producing stronger and more clearly defined sub-decadal
secular-variation features in CHAOS-8 than in CHAOS-7, with time-longitude plots showing the

differences in Figure These include stationary and propagating patterns that have been

interpreted as possible signatures of hydromagnetic waves (Gillet et al., [2022; [Whaler et al.,

2022} |Griine et al., [2025)), although their recovery remains limited by the spatial resolution of

the core field.
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Figure 1.14: Time-longitude plots of the radial secular variation along the equator at the CMB
between 2000 and 2022, high-pass filtered using a 9-year cut-off period. Results are shown for
CHAOS-8.1 (left) and CHAOS-7.18 (right). Taken from Kloss et al| (2026)
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1.6 Relating Secular Variation to Core Flow

As discussed in Section[1.4.1] the magnetic field within the Earth is generated within the Earth’s
outer core. This evolution is governed by the induction equation, which describes the advection
of the magnetic field by the core flow and its diffusion through the fluid. Ohm’s law for a
conductor moving with velocity u relates the total electric current density, J, to the electric
field, E, and is given by

J=0(E+uxB), (1.15)

where o is the conductivity and B is the magnetic field. Substituting Ohm’s law into Equation

(1.2) and neglecting the displacement current, such that V x B = ugJ, gives
V x B = pupo(E +u x B). (1.16)
Taking the curl of Equation and rearranging gives
V(V-B) - V?B = j1go(V x E+V x (u x B)), (1.17)

Substituting Equations (1.3)) and (1.4) into this expression and rearranging then gives the

induction equation
0B

o = VX (u x B) +nV°B, (1.18)

where n = MTIU‘ The change in the magnetic field, known as secular variation (SV), therefore

results from the combined effects of induction by the motion of the electrically conducting fluid,
called advection, V x (u x B), and ohmic diffusion, V2B (Roberts| 2015). Assuming that both
terms have a characteristic length scale L, such that V ~ 1/L, and introducing a characteristic

velocity U, such that u ~ U, the advection term has characteristic magnitude

V % (u x B) ~ UTB, (1.19)

while the diffusion term has characteristic magnitude

nB
nV2B ~ Tz (1.20)
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The ratio of the advection term to the diffusion term defines the magnetic Reynolds number,
Ry,
Ry, =—. (1.21)

Using typical values for the core (Holme, 2015), U = 5 x 10~*ms~!, L = 1000km and n =
1m?s~!, gives R,, =~ 500. This indicates that advection dominates diffusion at this length scale,
allowing the diffusion term in Equation to be neglected. The induction equation then
reduces to

0B
ST V x (u x B), (1.22)

which is known as the frozen-fluz approximation (Roberts and Scott} [1965]). Under this approx-
imation, the magnetic field is advected by the motion of the electrically conducting fluid in the
outer core and acts as a tracer of that motion (Roberts and Scott], [1965; Bloxham and Jackson,
1991; Holmel 2015; |[Jackson and Finlay, 2015). Changes in the magnetic field can therefore be

related to fluid motion near the top of the core.

Approximating the CMB as a spherical material boundary implies that no fluid crosses it, such
that u, = 0 (Roberts and Scott, 1965; Holme, [2015). Under these assumptions, the radial
component of the induction equation becomes

0B,
ot

+ (uh : Vh)Br + Brvh Up = 0, (1.23)

where B, is the radial magnetic field, uy is the horizontal flow, and V}, denotes the horizontal
gradient at the CMB. Since B, can be inferred from observations at the Earth’s surface, this
equation provides an observational link between secular variation and fluid motion at the top

of the core (Holme, [2015; |[Jackson and Finlay, 2015).

The validity of the frozen-flux approximation remains uncertain. Although R, =~ 500 suggests
that diffusion is small at large scales, shorter radial length scales may exist near the CMB due
to hydromagnetic boundary layers, increasing its relative importance (Bloxham and Jackson,
1991; Holme|, [2015). Several studies have therefore considered how diffusion contributes to
secular variation and how it may be incorporated into core-flow models (Gubbins, 1996; |Amit
and Christensen,, 2008). Purely diffusive models can reproduce several large-scale features of

decadal field evolution, including westward drift, movement of the North Magnetic Pole and the
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emergence of reversed-flux patches, but do not capture rapid changes such as geomagnetic jerks
(Metman et al.; 2019). Diffusion alone also cannot sustain the magnetic field over geological
timescales. Neither frozen flux nor pure diffusion therefore provides a complete description of
secular variation, which is likely to result from the combined effects of fluid motion and magnetic

diffusion (Metman et al., |2019).

Despite these limitations, the radial frozen-flux equation remains the basis of most core-flow
studies. Given estimates of B, and its secular variation, 0B, /Jt, it can be used to infer the
large-scale horizontal motion responsible for the observed secular variation (Roberts and Scott,

1965; Bloxham and Jackson, [1991; Holme, 2015; Whaler} [1986; |Jackson and Finlay, [2015)).

1.7 Poloidal-Toroidal Decomposition

Under the Boussinesq approximation, density variations are neglected except where they con-
tribute to buoyancy, so the outer-core fluid is treated as incompressible. Conservation of mass

therefore requires the flow to be divergence-free, such that

V.u=0. (1.24)

Together with Equation (1.3]), which expresses the absence of magnetic monopoles, this means
that both the flow and magnetic field are divergence-free (Holme, [2015). Since the outer-core
flow is divergence-free, it may be represented in terms of poloidal and toroidal components. In

spherical geometry, the velocity field can be written as

u=Vx(tr)+V xV x(pr), (1.25)

where t and p are the toroidal and poloidal scalar functions, respectively, and r is the position

vector (Holme, [2015). The toroidal component is given by

ur =V x (tr), (1.26)

and has no radial component. The poloidal component is given by

up =V x V x (pr), (1.27)
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and contains both radial and horizontal components. At the CMB, the impenetrable bound-
ary condition requires the radial velocity to vanish. The decomposition therefore allows both
toroidal and poloidal horizontal motion at the top of the core and forms the basis of many

core-flow inversion methods.

1.8 Flow Non-Uniqueness

The radial frozen-flux equation provides only a single equation for the two horizontal components
of flow. Additional assumptions are therefore required to reduce this non-uniqueness and obtain
meaningful flow estimates (Backus, |1968; [Bloxham and Jackson|, 1991} Holmel 2015). These
assumptions are commonly motivated by the force balance governing fluid motion within the
outer core. Regularisation is used separately to favour a large-scale solution by penalising the
magnitude or small-scale structure of the flow. Although this produces a numerically unique
solution, it does not resolve the underlying physical non-uniqueness because other, slightly more
complex flows may fit the observations within their uncertainties. The regularised solution is
therefore one preferred member of a wider set of admissible flows and may not represent the true
flow if the imposed regularisation is too restrictive (Holme, 2015). Additionally, regularisation
and the assumption that the flow is dominated by large scales may blur separate regional features
into a larger global structure. A key equation describing the dynamics of the outer core is the
Navier—Stokes equation in a rotating reference frame. Under the Boussinesq approximation, the

momentum equation becomes

0 (?: +u- Vu+2Q ><u> =—Vp+g+J xB+prViu, (1.28)

where pg is the hydrostatic density, p’ is the density peturbation, € is the Earth’s rotation
vector, p is the non-hydrostatic pressure, g is the acceleration due to gravity, J is the current
density, and v is the kinematic viscosity (Holme, 2015|). The terms in Equation represent
inertia, the Coriolis force, the pressure gradient, buoyancy, the Lorentz force and viscosity,

respectively.

Figure [I.15] shows two core-flow models derived from the same magnetic satellite data and
inversion methodology, but using different flow assumptions (Holme and Olsen, 2006). Both
recover similar large-scale features, including a gyre connecting westward flow beneath the

Atlantic with circulation in the polar regions. However, the smaller-scale structure differs
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between the models, particularly beneath the Pacific, demonstrating the sensitivity of inferred

core flow to the imposed assumptions.
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Figure 1.15: Tangentially geostrophic flow (a) and toroidal flow (b) derived from magnetic
satellite data for 1999-2004. Adapted from Holme and Olsen| (2006).
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1.8.1 Tangentially Geostrophic Flow

Tangential geostrophy is a commonly used constraint in core-flow modelling and is based on
the force balance near the top of the core (Le Mouél, 1984; Bloxham and Jackson, [1991)). It
assumes that the dominant forces are the Coriolis force, pressure gradient and buoyancy, while
the Lorentz, inertial and viscous forces are neglected. Under this approximation, Equation
(1.28]) reduces to

2p0 (2 x u) = —-Vp+pg. (1.29)

Taking the curl removes the pressure term and gives the thermal wind equation

200 (Q-V)u=gxVp. (1.30)

Assuming that gravity is radial, the radial component of Equation (1.30)) gives the tangentially
geostrophic constraint

Vi - (up cosf) =0, (1.31)

where uy, is the horizontal flow and @ is co-latitude (Le Mouél, |1984; /Amit and Pais|, 2013).

Using

B,
up B, = (up, cos0) <cos0) , (1.32)

the horizontal divergence term in the radial frozen-flux equation ([1.23) can be expanded as

B
COS

B,
Vi (upB,) = th - (up cos0) 4+ cosOuy, - Vi, < > . (1.33)

cosf

The first term on the right-hand side vanishes under the tangentially geostrophic constraint in

Equation (1.31]). The radial frozen-flux equation therefore becomes

0B, B\
a1 + cosfup - Vp, (cos&) =0. (1.34)

This reduces the non-uniqueness of the inferred flow but does not remove it. Flow remains
undetermined along closed contours of B, /cosf, which bound regions known as ambiguous
patches and typically cover approximately 40% of the CMB (Backus and Le Mouél, |1986;
Bloxham and Jackson, |1991).
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1.8.2 Other Flow Constraints

Several additional constraints have been proposed to reduce the non-uniqueness of core-flow
inversion. One of these is the toroidal-flow assumption, in which radial motion is suppressed
throughout the free stream of the outer core, leaving only the toroidal component of the velocity
field (Holme, 2015). This reduces, but does not remove, the non-uniqueness of the inversion,
since flow parallel to contours of constant B, produces no secular variation and therefore re-
mains unconstrained (Backus,|1968]). Observational support for the assumption was provided by
Whaler| (1980), who found that local extrema of B, were broadly consistent with non-divergent
horizontal flow. However, uncertainties introduced by downward continuation prevent a con-
clusive test at the CMB. Accounting for these uncertainties, [Whaler and Holme (2007) showed
that standard core-flow inversions remain consistent with the horizontal convergence and hori-
zontal divergence implied by the frozen-flux equation. Although toroidal-flow models have been
successfully constructed (Whaler} [1986; Bloxham and Jackson, [1992)), they generally provide a
poorer fit to the observed secular variation than models containing both toroidal and poloidal

components (Holme} 2015]).

Quasi-geostrophic (QG) flow assumes that the horizontal pressure gradient and Coriolis forces
remain close to balance throughout much of the outer core (Hollerbach and Gubbins, [2007;
Gillet et all 2012)). |Amit and Olson (2004) also introduced columnar and helical flow con-
straints. The former assumes that convection is organised into columns aligned with the Earth’s
rotation axis, while the latter imposes a relationship between horizontal flow divergence and vor-
ticity motivated by numerical dynamo simulations. Although these assumptions further reduce
the non-uniqueness of the inversion, they are generally less widely used than the tangentially

geostrophic approximation (Amit and Olson) 2004; [Holme, 2015)).
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1.9 Comparison of Regional and Global Flow

Core-surface flow is commonly inferred using global spherical harmonic representations of the
magnetic field, secular variation and velocity field. These methods have identified several per-
sistent large-scale features, most notably an eccentric, anticyclonic gyre beneath the Atlantic
hemisphere (Pais and Jault|, [2008; [Kloss and Finlayl [2019; |Gillet et al., 2022). More localised
features have also been recovered, including the accelerating high-latitude jet beneath the Bering
Strait (Livermore et al., 2017; Finlay et al.,|2023), changes in equatorial azimuthal flow beneath
Indonesia and Central America (Whaler et al., [2022; |Li et al., 2024), and spatially localised
changes associated with geomagnetic jerks (Brown et al., 2013|). However, because spherical

harmonics are a global basis, the flow at any point depends on information from across the

CMB.

Regional inversions provide an independent means of testing whether features identified in global
models are supported by the observations, or are influenced by the global representation and
imposed large-scale regularisation. For example, a global inversion may connect westward flow
beneath the Atlantic with motion towards the polar regions to produce a planetary-scale gyre.
A regional inversion can test whether the individual features of this circulation are recovered
when only information from that region is used. Agreement between the global and regional
approaches would provide evidence that the gyre reflects the underlying magnetic-field data,
whereas disagreement could indicate sensitivity to the global representation. Regional methods
can similarly determine whether smaller-scale jets, vortices, and changes in flow direction are

robust.

The difference between local and regional inversions is important when considering the influence
of local unmodelled signals, such as external fields in the auroral zone. In a regional inversion,
the same point depends only on information within the chosen region, preventing areas with
greater uncertainty or unmodelled signals from affecting the local solution. This is particularly
important because satellite measurements are more susceptible to contamination from external
fields in auroral regions, while ground-based observatories are distributed unevenly. Regional
inversions can therefore test the reliability of features in poorly constrained areas, while ensuring
that flow estimates elsewhere are not influenced by uncertain polar data. This approach may

become increasingly useful with enhanced regional sampling from the low-inclination MSS-1
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mission and additional magnetic observations from proposed satellite constellations such as
NanoMagSat (Jiang et al., [2024; |Deconinck et al.l [2025). Localised estimates from geomagnetic
virtual observatories or Subtractive Optimally Localised Averages could further reduce reliance
on an intermediate global field model (Mandea and Olsen, 2006; Hammer et al. 2021; Hammer

and Finlayl 2018).

Previous studies have demonstrated the difficulties associated with recovering core flow on a
regional scale. Rogers (2022)) investigated regional variations using spherical Slepian functions,
which improved the separation of secular variation at the Earth’s surface compared with spher-
ical harmonics. However, downward continuation amplified short-wavelength structure, while
leakage across the regional boundaries and sensitivity to the regularisation limited the separa-
tion of secular variation and flow at the CMB. A pointwise inversion developed by [Schwaiger
et al. (2023) recovered the principal features found in global flow models, but required ad-
ditional smoothing to suppress poorly resolved small-scale structure and was sensitive to the
prior used to reduce the non-uniqueness. These studies highlight the challenges of developing a
regional method that preserves local structure without introducing boundary leakage or poorly

constrained small-scale flow.
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1.10 Numerical Simulations

Numerical simulations provide an important means of investigating the dynamics of Earth’s core
and the geodynamo, complementing the measurement-driven inversion approaches in previous
sections. They usually solve for the dimensionless fluid flow u*, magnetic field B* and density
anomalies C* throughout the core at spatial and temporal resolutions beyond those available
from observations, by solving for the underlying physics. This provides access to processes that
cannot be observed directly, including the small-scale core field obscured by the lithospheric
field. Simulations also provide a controlled environment in which the effects of different initial
conditions, boundary conditions and buoyancy sources on core dynamics and the resulting

magnetic field can be investigated.

Most numerical simulations solve the non-dimensional governing equations within a spherical
shell of thickness L = r, — r;, where r, and r; are the outer and inner radii, respectively. The
shell rotates about the vertical axis Z with angular frequency 2. The Boussinesq approximation
is adopted, under which density variations are neglected except in terms multiplied by the
acceleration due to gravity. The fluid is also assumed to be incompressible, with constant

material properties. The non-dimensional governing equations are therefore:

e The Navier—Stokes equation, which balances fluid acceleration with the forces acting on

the fluid
Ek a’u:* * * N * % Pm * * * 2, %
B W+<u Vu'| +2z2xu* =—-VP +ﬁRaC r+(V x B*) x B*+ FkV-u
Coriolis Pressure Lorentz Viscosity
Inertia Buoyancy
(1.35)

e The induction equation, which describes magnetic-field generation by fluid motion and its

decay by diffusion

B*
éE:Zﬂiﬁﬁ+i£ (1.36)
Advection Diffusion

e The codensity equation, which describes changes in the density anomaly C* through

advection, diffusion and sources or sinks S, such as radiogenic heating

80* * * Pm2*
= VO VROt S (1.37)
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e The continuity equations, which describe the incompressibility of the core fluid and the

absence of magnetic monopoles

V-u* =V -B*=0 (1.38)

where t is time, r is the radial position vector within the spherical coordinate system, and P*

is the modified pressure perturbation.

To compare the simulation outputs with observations, the dimensionless magnetic field and time
must be converted into dimensional quantities. For the scaling used in Equations ([1.35))—(|1.38)),

the dimensional magnetic field may be written as

B = /ppo$n B*, (1.39)

where p is the fluid density, ug is the permeability of free space, €2 is the rotation rate and 7 is the
magnetic diffusivity. The dimensional time may be obtained using either the magnetic-diffusion
timescale, 74 = L?/n, or the advection timescale, 7, = L/U, where L is the characteristic
length scale, and U is the characteristic velocity scale. Since the magnetic Reynolds number
satisfies R,, = 7T4/7a, these scalings are equivalent only when the simulation and the Earth
have comparable values of R,,. A choice of timescale is therefore required when comparing the

temporal evolution of a simulation with observations of the Earth’s magnetic field.

The relative importance of the forces and processes represented in these equations is described
by a series of dimensionless parameters. Their definitions, together with typical values for
the Earth’s core, are given in Table Numerical simulations cannot currently reach Earth-
like values of these dimensionless control parameters because of the wide range of spatial and
temporal scales involved. Resolving these scales is computationally expensive, particularly when
simulations must be run for long enough to capture the long-term behaviour of the magnetic
field. Numerical simulations can reproduce the Earth’s Prandtl number but cannot reach Earth-
like Ekman and magnetic Prandtl numbers. Enhanced diffusion at small scales reduces the
computational cost and allows long-term behaviour to be studied at lower Ekman numbers,
although the approach requires careful validation (Aubert et all 2017; [Frasson et al., 2025).
Shorter simulations can reach more Earth-like parameter regimes but cannot capture longer-

term behaviour such as excursions and reversals (Aubert, [2023]).
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Dimensionless
Parameter Definition Earth Value
Ratio of momentum diffusivity
Prandtl, Pr to thermal diffusivity ~1
Ratio of momentum diffusivity
Magnetic Prandtl, Pm to magnetic diffusivity ~ 1076
Ekman, Fk Ratio of viscous to Coriolis forces 10717
Strength of the buoyancy Larger than Ra. needed for
Rayleigh, Ra source driving convection onset of convection

Table 1.2: Summary of dimensionless control parameters used in Equations (|1.35)-(1.38). Value
for the Earth taken from the review article by Wicht and Sanchez| (2019).

The force balances in the Earth’s core can also be considered in these simulations. One possible
large-scale dynamical regime is the quasi-geostrophic magneto-Archimedes-Coriolis (QG-MAC)
balance. The Coriolis force is largely balanced by the pressure gradient, while the remaining
Coriolis force is balanced by the Lorentz and buoyancy forces (Schwaiger et al., 2019; |[Nakagawa
and Davies, 2022)). |Aubert et al| (2017) and |Aubert| (2019) showed that this balance persists
along a path through parameter space towards the conditions expected in Earth’s core, with
inertial and viscous effects becoming progressively less important. [Aubert| (2026]) subsequently
reached 100% of this path, confirming that the QG-MAC balance is maintained when the core
density, rotation rate, convective power and electrical conductivity are matched, while viscous
losses remain minor. Although geodynamo simulations cannot access the Earth’s true parameter
regime, some reproduce aspects of the observed field morphology and variability (Rogers et al.,

2026)).
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1.11 Core—Mantle Boundary Coupling

Seismic tomography provides the principal observational constraint on the structure of the low-
ermost mantle. It uses differences between the observed travel times of seismic waves and those
predicted by a reference Earth model, such as the Preliminary Reference Earth Model (PREM)
(Dziewonski and Anderson, |1981]), to map variations in seismic-wave velocity and attenuation
(Anderson and Dziewonskil, [1984; Rawlinson et al., |2010]), which can be related to structures in
the mantle with different temperature or composition. A schematic of interpretations of these
structures are shown in Figure and include the two large low-velocity provinces (LLVPs)
beneath Africa and the Pacific, smaller ultra-low-velocity zones (ULVZs) immediately above
the boundary, the D” discontinuity and regions associated with subducted material (Dziewon-

ski et al.l [1977; [Masters et al., |1996; Koelemeijer, |2021; Ritsema and Lekid}, 2020).

\N ‘*e\oc-;\:\!
\O Goﬂd\é\ 5010\

—

%
Homogeneous outer core %\%@ o

Figure 1.16: Schematic of the principal structures identified by seismic observations in the core—
mantle boundary region, taken from Hernlund and McNamara| (2015).

1.11.1 Large Low-Velocity Provinces (LLVPs)

The most prominent large-scale structures in the lowermost mantle are the large low-velocity
provinces (LLVPs), two approximately antipodal regions beneath Africa (named Jason) and
the Pacific (named Tuzo) that cover around 25% of the core surface and are characterised by
reduced shear- and compressional-wave velocities (Masters et al., [1996; Ritsema and Leki¢, |[2020;
Koelemeijer, [2021). Although both extend for thousands of kilometres laterally, the African
LLVP is approximately 30% more voluminous and rises around 1000 km higher above the CMB
than the Pacific LLVP (Doucet et al., 2020; Yuan and Li, |[2022). Geodynamic modelling suggests

that this greater height may reflect a lower intrinsic density and reduced stability, indicating
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differences in the composition and evolution of the two structures (Yuan and Li, 2022)).

The physical origin of the LLVPs remains uncertain. Their reduced seismic velocities may reflect
elevated temperature with respect to the ambient mantle, but their sharp lateral boundaries

suggest that they are compositionally distinct, rather than being purely thermal anomalies

(Hernlund and McNamaral, 2015; Mosca et al., 2012; | McNamaraj, 2019)). The differences in their

morphology and composition further suggest that the two LLVPs have experienced distinct

interactions with the surrounding mantle and followed different evolutionary histories (Doucet

et al) 2020; [Yuan and Li, 2022). Proposed origins include the accumulation of subducted

material, remnants of an early magma ocean and long-lived thermochemical structures formed

during mantle evolution (Hernlund and McNamaral 2015; |McNamara, 2019). However, the

relative contributions of thermal and compositional variations remain difficult to determine

from seismic observations alone.

1.11.2 Outermost-Core Stratification

Outermost-core stratification refers to a gravitationally stable region at the top of the outer core
in which coherent radial convective motions from the deeper core are inhibited from reaching the

CMB. This stability may result from the accumulation of light elements in the outermost core, a

subadiabatic thermal gradient, or a combination of both (Fearn and Loper} 1981} Labrosse et al.l

[1997; Buffett and Seagle), 2010). The evidence for such a layer is mixed, with seismic studies

arguing both for (Lay and Young, 1990; Helffrich and Kaneshima), [2010; [Kaneshimal 2018;

Ma and Tkalci¢, |2023) and against (Alexandrakis and Eaton| 2010; Irving et al.l 2018; Munch|

2020)) the existence of a globally stratified layer. Geomagnetic evidence is also inconclusive.
Early analyses found that the observed secular variation was consistent with negligible horizontal
flow divergence and therefore with stable stratification (Whaler| |1980). More recent studies have

identified possible signatures of radial motion and found that a large-scale purely toroidal flow

cannot reproduce the observed field (Gubbins, [2007; Amit} |2014} Lesur et al., [2015)). However,

these results remain consistent with weaker stratification that permits some poloidal motion and
are sensitive to the contribution of magnetic diffusion. Stratification may also occur regionally
rather than as a continuous global layer. In geodynamo simulations, lateral variations in CMB
heat flux can produce stable regional inversion layers beneath anomalously hot regions of the

lowermost mantle, particularly beneath the African and Pacific LLVPs, while the remainder of

the outer core continues to convect (Mound et al.,|2019; Mound and Davies| 2020; |[Naskar et al.l
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2026)). These layers may extend several hundred kilometres into the core and, when horizontally
averaged, produce a radial temperature profile resembling global stratification (Mound et al.,

2019; Mound and Davies|, 2020; Deschamps et al., [2026; Naskar et al., 2026)).

1.11.3 Heat Flux Heterogeneity

Thermal coupling across the CMB provides a mechanism through which lowermost-mantle struc-
ture may influence core flow and, consequently, the geomagnetic field. Lateral temperature
variations in the lowermost mantle produce a heterogeneous CMB heat flux. Anomalously hot
mantle reduces the temperature difference across the boundary and therefore the local heat
flux out of the core, whereas colder regions associated with mantle downwellings or remnants of
subducted slabs produce regional heat-flux maxima (Mound and Davies, 2023; Dannberg et al.,
2024)). If the reduced seismic velocities within the LLVPs reflect elevated temperatures, their
footprints would therefore be associated with reduced CMB heat flux. CMB heat-flux patterns
are commonly estimated from seismic tomography by relating seismic-velocity anomalies to
temperature, as in models derived from Masters et al. (1996). However, seismic velocity is also
affected by composition. The difficulty of separating these effects means that the amplitude
and detailed structure of CMB heat-flux variations remain uncertain (Zhao et al., [2015; Mosca
et al., 2012; Mound and Davies, 2023). Mantle-convection simulations provide an alternative
approach by calculating heat flux from the modelled thermal structure, although the results

depend on the assumed mantle properties and plate reconstruction.

Mantle structure evolves slowly relative to the outer core, so CMB heat-flux heterogeneity
provides a persistent, but gradually changing, thermal boundary condition on the geodynamo
(Mound and Davies, [2023; Dannberg et al., [2024)). True polar wander may redistribute this
pattern relative to the rotation axis, altering the balance between polar and equatorial cooling
(Frasson et al., [2024). Numerical simulations show that heterogeneous heat flux can reorganise
core convection and has been linked to persistent magnetic flux patches, secular variation, non-
zonal field structure and changes in reversal frequency (Bloxham and Gubbins, [1987; |Amit
et al., 2010; Glatzmaier et al. |1999; [Frasson et al., [2025; Mound and Davies, 2023)). Where
the local heat flux is sufficiently low, convection in the uppermost core may also be reduced,
providing a mechanism for the regional stratification discussed above (Mound et al., 2019;
Mound and Davies, 2020; Naskar et al. [2026). Evidence for a persistent mantle influence on

the geomagnetic field is nevertheless inconclusive. Long-term field models and archeomagnetic
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observations indicate that magnetic flux patches can migrate and are not permanently fixed at
preferred longitudes (Amit et al., 2011; Panovska et al.| [2019). Similar magnetic behaviour may
also arise from different dynamo regimes or boundary conditions, making it difficult to isolate

the contribution of mantle influence from the magnetic field alone.
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Chapter 2

Machine Learning

This chapter provides a high-level review of the machine-learning methodology used within this
thesis. Section introduces the model training and evaluation procedures used throughout
Chapters including loss functions, optimisation, hyperparameter selection, data scaling
and generalisation. Section describes the machine-learning architectures used in this thesis,
including the neural networks and physics-informed neural networks applied in Chapters[4]and [5]
and the convolutional layers and autoencoder classifier used in Chapter [6] Finally, Section
introduces the explainable artificial intelligence methods used to interpret the classifications in

Chapter [0]

A comprehensive introduction to machine learning and deep learning is provided by |Goodfellow
et al. (2016). More detailed reviews of machine learning in the physical sciences are provided
by Mehta et al.| (2019)); Carleo et al.| (2019)), physics-informed machine learning by Karniadakis
et al.| (2021)); Cuomo et al. (2022), autoencoders by Bank et al.| (2023)); Li et al.| (2023)); Chen
and Guol| (2023)), and explainable artificial intelligence by |Linardatos et al.| (2021); Kamakshi
and Krishnan (2023); |Cheng et al.| (2025).
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Chapter 2. Machine Learning

Machine learning refers to a set of statistical techniques that leverage data to perform a task,
without being explicitly programmed to do so (Armstrong and Fletcher, 2019). This allows
relationships and patterns within data to be identified and used to make predictions or draw
inferences (Jordan and Mitchell, |2015). Machine-learning methods are particularly useful for
large and complex datasets, where the relationship between the available data and the quantity
of interest may be difficult to describe analytically. Their use has therefore increased across the
physical sciences, where they provide an alternative means of analysing data and investigating
problems that may be difficult to address using conventional approaches (Carleo et al., 2019;

Mehta et al., [2019).

A machine-learning dataset consists of a collection of examples, where each example represents
one observation or item within the dataset (Goodfellow et al., 2016). The information describing
an example is supplied to the model as its input, £. Depending on the problem, the input may
consist of a set of numerical values or structured data, such as an image. A machine-learning

model processes this input to produce a predicted output,

y=f(z;0), (2.1)

where g is the model prediction, f is the function represented by the model, and @ represents
the parameters that determine the mapping between the input and output. These parameters

are estimated during training, after which the model can be applied to previously unseen inputs.

Machine learning can be broadly divided into supervised and unsupervised learning. In super-
vised learning, each input, x, is paired with a known target, ¥y, which is the numerical value
or class that the model is trained to predict. Supervised learning may therefore be used for
regression problems, such as predicting house prices from property information, or classification
problems, such as determining whether an email is spam. The model parameters are adjusted
so that the prediction, gy, approaches the corresponding target across the training examples.
In unsupervised learning, no targets are provided and the model instead identifies structure
within the inputs. This includes grouping customers with similar purchasing behaviour, identi-
fying unusual financial transactions or obtaining a lower-dimensional representation of a dataset

containing many variables (Goodfellow et al., 2016} Carleo et al., 2019; [Mehta et al.l 2019).
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2.1. Model Training and Evaluation

2.1 Model Training and Evaluation

A supervised machine-learning model is trained by adjusting its parameters to reduce the differ-
ence between its predicted outputs and the corresponding target values. For a training dataset
containing N examples, this difference is measured using a loss function, L. Training can there-
fore be described as finding the model parameters that minimise the average loss across the

training dataset,
N

0" = argemlnﬁ Z L (y;, f(z:;0)), (2.2)

i=1
where 0% denotes the parameters of the trained model. An optimisation algorithm uses the
calculated loss to determine how the model parameters should be updated (Mehta et al., 2019).
The loss function defines how the difference between the prediction and target is quantified. Its
choice depends on the intended task, since different loss functions may give greater weight to

different types or magnitudes of error.

Minimising the loss involves repeatedly applying the model to a set of training examples, com-
paring its predictions with the corresponding targets, and then updating its parameters. For
each batch of examples, the model first produces a set of predictions and the loss function mea-
sures their difference from the targets. The optimisation algorithm then determines how the
model parameters should be adjusted to reduce this loss. Evaluating one batch and updating
the model parameters constitute a training step. The training data may be processed as a sin-
gle batch or divided into smaller subsets, known as mini-batches, with the parameters updated
after each batch. Processing every example in the training dataset once is generally referred
to as an epoch. However, to avoid confusion with the use of epoch to describe a particular
time in geomagnetism, this will be referred to as an iteration throughout the remainder of this
thesis. Training generally continues for multiple iterations until a specified stopping criterion is

reached.

2.1.1 Loss Functions

Two common supervised-learning tasks are regression and classification. Regression is used to
predict a continuous numerical quantity, whereas classification is used to assign an input to one
of a set of discrete categories, or to estimate the probability that it belongs to each category

(Goodfellow et al., 2016|). For regression problems with scalar targets, one commonly used loss
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function is the mean squared error (MSE), given by

N

1 X
Luse = > (i — i), (2.3)
=1

where y; is the target value and g; is the corresponding model prediction. A benefit of the
MSE is that squaring the residuals gives greater weight to large errors, encouraging the model
to reduce substantial differences between the predicted and target values. However, this also
makes the loss sensitive to outliers, which may have a disproportionate influence on the fitted

model.

The Huber loss provides an alternative that is less sensitive to large residuals. It behaves
quadratically when the absolute residual is smaller than a specified threshold, §, and linearly
when the residual exceeds this value. For a dataset containing N examples, the mean Huber
loss is

1 . .
N i(yi_yi)Qa lyi — Uil <0,

1
LHuber = N Z ! (24)
T (il - 30) 0 bl >

A benefit of the Huber loss is that its quadratic treatment of small residuals encourages accurate
predictions, while its linear treatment of residuals larger than ¢ reduces the influence of outliers.

However, its behaviour depends on the choice of §, which determines the residual magnitude at

which the loss changes from quadratic to linear (Huber, 1964).

For classification problems, the model output is commonly transformed to represent the pre-
dicted probability that an input belongs to each possible class. The difference between these
probabilities and the known class labels can be measured using the cross-entropy loss. For a

classification problem containing C' classes, the categorical cross-entropy is given by

1 N C
Lcg = _N Z Z Yic lOg (:l)i,c) , (25)

i=1 c=1

where y; . indicates whether example i belongs to class ¢, and §; . is the probability assigned to
that class by the model. A benefit of cross-entropy is that it rewards the model for assigning a
high probability to the correct class and strongly penalises incorrect predictions made with high
confidence. However, incorrectly labelled or ambiguous training examples may produce large

losses and consequently have a disproportionate influence during training (Mao et al., 2023]).
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2.1.2 Optimisation

An optimiser determines how the model parameters are updated during training in order to
reduce the loss function. A widely used optimisation approach is gradient descent. The model
first produces predictions from the input data, and the loss function measures the difference
between these predictions and the intended training objective. Backpropagation then applies the
chain rule to calculate the gradient of the loss with respect to each model parameter, indicating
how the loss would change if that parameter were adjusted. The parameters are updated in the
direction opposite to the gradient, where the size of the update is controlled by the learning
rate. Repeating this process gradually moves the model towards parameter values that produce

a lower loss. The parameter update can be written as

Or+1 =0, —YVoL(6y), (2.6)

where 0 contains the parameter values at training step k, v is the learning rate, and VgL is

the gradient of the loss with respect to the model parameters.

For complex models, the loss function may contain several minima (Figure . A local mini-
mum has a lower loss than neighbouring parameter values, whereas a global minimum has the
lowest loss across all possible parameter values. The optimisation may also encounter saddle
points and relatively flat regions in which the gradient is small, slowing or preventing further
improvements during training (Goodfellow et al., [2016)). Gradient-based optimisation is there-
fore not guaranteed to find the global minimum. However, reaching the global minimum is
not always necessary, since different parameter values may produce similarly low losses and

comparable model performance.

The solution reached during training may depend on the initial parameter values and other
stochastic elements of the training process. Here, stochastic refers to operations that involve
random variation and may therefore produce different outcomes each time the model is trained.
Many of these operations can be controlled using a random seed, which is a number used
to initialise the pseudorandom number generators responsible for parameter initialisation, the
ordering of training examples and the composition of training batches. Training the model using
several seeds provides different initial conditions and may lead to different solutions, allowing

the sensitivity of the model to these choices to be assessed. The best-performing run may then
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This local minimum
performs nearly as well as
the global one,

so it is an acceptable
halting point.

Ideally, we would like
to arrive at the global
minimum, but this

might not be possible.

f(z)

This local minimum performs
poorly and should be avoided.

T

Figure 2.1: Schematic loss function showing a local minimum, which has a lower loss, denoted
here by f(z) than the surrounding parameter values, and the global minimum, which has the
lowest loss across the complete parameter space. Gradient-based optimisation may converge to
the local minimum without reaching the global minimum. Taken from (Goodfellow et al.[ (2016).

be selected, or predictions may be averaged across runs, with their spread used to quantify the

variability associated with the training process.

Different optimisers use the gradient in different ways when updating the model parameters.
Adam, or adaptive moment estimation, calculates an adaptive update for each parameter us-
ing information from the current and previous gradients (Kingma and Ba, [2017). This can
improve optimisation where the parameters have gradients of different magnitudes. AdamW
extends Adam by applying weight decay separately from the gradient-based update, allowing
the strength of this regularisation to be controlled independently (Loshchilov and Hutter} |2017)).
Both methods are computationally efficient, although neither guarantees that the global min-
imum will be found. Other extensions of Adam, including SOAP (ShampoO with Adam in
the Preconditioner’s eigenbasis), have been proposed but are not yet available in stable Python
libraries (Vyas et al., 2025). For all the results shown in this thesis, the AdamW optimiser is

used.

2.1.3 Hyperparameters

Hyperparameters are choices that define the structure of a machine-learning model or control
how it is trained, but are not estimated directly by minimising the loss function (Goodfellow
et al. [2016). Examples include the learning rate, batch size, number of training iterations

and regularisation strength. The learning rate controls the size of each parameter update. A
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learning rate that is too small produces only gradual changes and may require many training
iterations, whereas one that is too large may repeatedly overshoot regions of lower loss and

prevent the optimisation from converging, illustrated schematically in Figure 2.2}

Learning rate Correct Learning rate
too low learning rate too high
y'x

Loss

Figure 2.2: Schematic showing the effect of the learning rate on loss minimisation. A small
learning rate results in slow convergence, while an excessively large learning rate may prevent
convergence.

Hyperparameters therefore affect the rate and stability of training, the complexity of the re-
sulting model and its performance on previously unseen data. Their values may be selected
manually by comparing a series of trial models, or automatically using a systematic search
method (Bergstra et al., |2012)). Manual selection requires an understanding of how each hyper-
parameter affects model training, whereas automatic approaches, such as Bayesian optimisation,
explore the hyperparameter space according to a specified search procedure but generally re-
quire additional computation (Snoek et al., [2012). In Chapters 4| and [5| hyperparameter tuning
was used to select the neural-network architecture and training parameters for the core-flow
inversions, while Chapter [f] investigated the loss weighting, input scaling, maximum spherical

harmonic degree and compression ratio of the autoencoder classifier.

The available data are commonly divided into training, validation and test datasets, which
are used to estimate the model parameters, select the hyperparameters and provide a final
assessment of performance, respectively (Goodfellow et al.; 2016). Where several examples
originate from the same simulation, experiment or time series, related examples should be kept
within the same subset to prevent closely related data from appearing during both training
and evaluation. Copies of the model parameters may be saved during training as checkpoints,
allowing the model with the lowest validation loss to be retained rather than simply using the

final model. This is useful because the optimiser may move away from a previously identified low-
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loss solution. As checkpoint and hyperparameter selection use the validation data, a separate

test dataset should be retained for the final evaluation where sufficient data are available.

2.1.4 Data Scaling

The input and target variables used to train a machine-learning model may have substantially
different numerical ranges. These quantities are therefore commonly rescaled before training
so that their magnitudes are comparable. For neural networks, appropriate scaling can re-
duce training time and improve the predictive performance of the resulting model, although
performance may depend on the scaling method used (Sola and Sevilla, 1997; |Ahsan et al.,
2021)). Common approaches include normalisation to a specified interval and standardisation

by subtracting the mean and dividing by the standard deviation.

The choice of scaling can also affect the information available to the model. Scaling each example
independently removes differences in magnitude between examples, whereas applying a common
scaling across the dataset retains these differences. The scaling should therefore reflect whether
differences in amplitude form part of the relationship that the model is intended to learn. Any
scaling parameters estimated from the data, such as the minimum, maximum, mean or standard
deviation, should be calculated using the training dataset and then applied unchanged to the
validation and test datasets. This maintains the separation between model development and
evaluation and prevents information from the evaluation data from influencing the fitted model

(Kaufman et al., 2012).

2.1.5 Model Evaluation

Once hyperparameter selection and training are complete, the performance of the model can be
assessed. The performance measures used depend on the task and are not necessarily the same
as the loss function used during training. For regression problems, such as in Chapters [4] and
differences between the predicted and target values may be evaluated using measures such
as the mean squared error, root mean squared error or mean absolute error (Hodson) 2022).
Reconstruction models, which learn to reproduce the original input from a compressed or latent
representation, may be evaluated by treating the original input as the target and comparing it
with the reconstructed output. For classification problems, such as that considered in Chap-
ter [6] performance may be measured using classification accuracy, which is the proportion of

examples assigned to the correct class (Farhadpour et all [2024)). However, accuracy provides
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only an overall measure and does not show how well the model performs for each class. This is
particularly important for an imbalanced dataset, where high accuracy may be achieved despite
poor performance for a class containing relatively few examples. A confusion matrix provides
a more detailed assessment by showing the number of examples assigned to each predicted and
target class. For the binary example in Figure true positives and true negatives are correct
predictions, while false positives and false negatives are incorrect predictions. For problems with
more than two classes, correct predictions appear along the diagonal, while off-diagonal values
show which classes the model has confused (Farhadpour et al., 2024)). After model training and
selection are complete, these measures should be calculated using a separate test dataset so that
the final evaluation is not influenced by data used during model development (Varoquaux and

Colliot}, 2023)).

Predicted Values

Positive Negative
- N A
True False
Positive Positive Negative
(Predicted Positive, | |(Predicted Negative,
f_U g; Actually Positive) Actually Positive)
2= : <+ .
< >
False True
_ Positive Negative
Negatlve (Predicted Positive, [ |(Predicted Negative,
Actually Negative) Actually Negative)

- VAN J

Figure 2.3: Example confusion matrix for a binary classification problem. Correct predictions
are shown by the true-positive and true-negative values, while false positives and false negatives
indicate the two types of incorrect classification.
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2.1.6 Generalisation

The purpose of training a machine-learning model is to learn a relationship that can be applied
to previously unseen data, rather than simply reproducing the training examples. This ability is
known as generalisation (Goodfellow et al., [2016; Bejani and Ghatee, 2021)). A model underfits
when it is unable to represent the relationship within the training data, resulting in poor
performance on both the training and validation datasets. In contrast, overfitting occurs when
a model performs well on the training data but poorly on the validation data because the
fitted relationship does not generalise to new examples (Bejani and Ghateel |2021). Whether
a model underfits or overfits depends partly on its capacity, which describes the complexity of
the relationships that it can represent. A model with insufficient capacity may be unable to
represent the underlying structure of the data, whereas increasing the capacity can allow it to fit
patterns that are specific to the training examples (Belkin et al.,|[2019). The relationship between
capacity and generalisation is not always straightforward, however, as highly overparameterised
models can sometimes fit the training data closely while still performing well on unseen examples
(Belkin et al., 2019). Examples of underfitting, overfitting and an appropriate model capacity

are shown in Figure 2.4

Underfitting Appropriate capacity Overfitting
e®
. /< > >
o ]
x, i g

Figure 2.4: Examples of underfitting, an appropriate model capacity and overfitting for a
quadratic dataset. The overfitted model reproduces the training examples closely but does
not recover the underlying relationship. Taken from Goodfellow et al.| (2016).

Generalisation can be improved by selecting the model structure and hyperparameters using
validation data, applying regularisation or early stopping, and ensuring that the training data
are sufficiently representative of the intended application. Early stopping provides another form
of regularisation by ending training when performance on the validation dataset no longer im-

proves. Regularisation refers to modifications to the model or training procedure that restrict
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the fitted solution. These include penalties on the magnitude of the model parameters (Good-
fellow et al., [2016)), dropout, which randomly excludes a proportion of network units during
training (Srivastava et al., [2014), and restrictions on the size of the network. This is separate
from, but can be combined with, regularisation applied to diagnostic properties of the solution,

such as the kinetic energy of the flow.

The similarity between the data used for training and those encountered when the model is
applied is important. Models that perform well on data drawn from the training distribution
may be sensitive to distribution shifts, where the statistical properties of the application data
differ from those represented during training (Krueger et al., |2021; Klivans et al., 2024). Pre-
dictions may also require extrapolation when the input lies beyond the range of the training
data, where the behaviour of the model is less well constrained by the available examples (Cao
and Yousefzadeh, |2023)). This is particularly relevant when a model is trained using synthetic
data or numerical simulations and subsequently applied to observations, since the simulated
system provides only an approximation of the system encountered during application and may
introduce a distribution shift (Wagenmaker et al.. 2024). Model performance should therefore
be evaluated using test data that represent the intended application, while predictions beyond

the range or distribution of the training data should be identified and interpreted with care.
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2.2 Machine-Learning Architectures

The architecture of a machine-learning model describes how its components are arranged and
how information passes between them, and has an important influence on the relationships that
the model can represent. One challenge is constructing models that can identify complex features
directly from raw data. This can be addressed using deep learning, in which multiple layers
transform the input through a sequence of simpler non-linear mappings. Early layers identify
simple features, while later layers combine these into more complex representations of the data,
allowing relationships involving several input features to be learned (LeCun et al., 2015). This
section introduces the deep-learning architectures used within this thesis, beginning with feed-
forward neural networks before considering physics-informed neural networks, convolutional

layers and autoencoder classifiers.

2.2.1 Neural Networks

Feed-forward neural networks are a common class of deep-learning model in which information
passes from the input to the output without feedback connections (Goodfellow et al., [2016)).
Neural networks were originally inspired by biological neural systems, with interconnected ar-
tificial neurons providing a simplified representation of how the brain processes information.
Their ability to represent complex relationships is supported by the universal approximation
theorem, which states that a feed-forward neural network with a sufficiently large hidden layer
can approximate any continuous function on a bounded domain to arbitrary accuracy (Cybenko,
1989; [Hornik et all |1989). As shown in Figure a feed-forward neural network consists of
an input layer, one or more hidden layers and an output layer. The input layer receives the
information describing each example, while each hidden layer transforms the output of the
preceding layer. The output layer then uses the final hidden-layer representation to produce
the model prediction. The network therefore represents the overall mapping as a sequence of

transformations, with the output of each layer providing the input to the next.

Each hidden layer contains a set of computational units known as neurons. For neuron j, the
inputs from the preceding layer are multiplied by their corresponding weights and combined

with a bias,

zj = Z wj;x; + by, (2.7)
=1
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Figure 2.5: Example schematic of a neural network, showing the input layer, hidden layers and
output layer.

where z; is the output of neuron ¢ in the preceding layer, wj; is the weight connecting neuron ¢
to neuron j, b; is the bias associated with neuron j, and z; the weighted input of neuron j. An

activation function, a, is then applied to this weighted input to give the output of the neuron,
hj = a(z;). (2.8)

The weights determine how strongly each input contributes to the neuron, while the bias shifts
the value to which the activation function is applied. This allows the neuron to produce a non-
zero response when its inputs are zero and changes the input value at which the neuron becomes
active, increasing the range of relationships that the network can represent. Before training,
the weights are initialised, typically using small random values, to provide a starting point for
optimisation. During training, the weights and biases are adjusted iteratively to reduce the loss

between the model predictions and corresponding targets.

The same calculation is performed by every neuron within a layer and can therefore be written

in matrix form. The output vector from the first hidden layer is
p) = oM (W(l)x + b(l)) 7 (2.9)

where z is the input to the hidden layer, W) contains the weights connecting the input to
the first hidden layer, b1 contains the biases of its neurons, and a®) is the activation function

applied to the resulting vector. The superscript identifies the layer and does not represent a
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power. The output of the first hidden layer then becomes the input to the second hidden layer,
A2 = ¢ (W<2>h<1> + b<2>) . (2.10)

The same operation is repeated through the remaining hidden layers, with the output of each

layer providing the input to the next.

The size of a feed-forward neural network is determined by its depth and width. The depth
gives the number of successive layers, while the width gives the number of neurons within
each hidden layer. Neurons within the same layer learn different combinations of the outputs
from the preceding layer, while successive layers combine these outputs into progressively more
complex representations. Increasing the width allows a layer to represent more features in
parallel, whereas increasing the depth allows those features to be combined through a greater
number of transformations. Depth and width can therefore both increase the capacity of the
network, but they affect the learned representation in different ways (Raghu et al. 2017; |Lu
et al.l 2017). There is no agreed upon ‘best ratio’ between them, so the architecture is usually
selected by comparing networks with different depths and widths using validation data. A
network with insufficient capacity may be unable to represent the required relationship, whereas
unnecessary complexity can make training more difficult and may allow the model to learn
features that do not generalise to new examples (Bejani and Ghatee, [2021; He et al., [2016).
The selected architecture should therefore provide a balance between validation performance,

training stability and model complexity.

The activation function determines how the weighted input to each neuron is transformed before
being passed to the next layer. Without non-linear activation functions, a sequence of fully
connected layers would remain equivalent to a single linear transformation, irrespective of the
number of layers. Non-linear activation functions therefore allow neural networks to represent
non-linear relationships between their inputs and outputs (Goodfellow et al., [2016). Common
activation functions are shown in Table The appropriate activation function depends on

the architecture, the position of the layer and the intended form of the model output.
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Activation Equation Output Range Notes

Function

Sigmoid a(z) = L (0,1) Suitable for binary and multilabel

1+exp(—2) output layers. Gradients become

small for large-magnitude inputs,
which can slow training.

Hyperbolic tan- | a(z) = tanh(z) (-1,1) Produces outputs centred about

gent zero, but gradients become small
for large-magnitude inputs.

ReLU a(z) = max(0, z) [0, 00) Computationally efficient and
does not saturate for positive
inputs. Neurons receiving consis-
tently negative inputs may cease
to update.

Swish a(z) = zsigmoid(fz) Bounded below and | Smooth and retains a non-zero re-

unbounded above

sponse for some negative inputs,
but is more computationally ex-

pensive than ReLLU.

Table 2.1: Summary of commonly used neural-network activation functions (Goodfellow et al.,
2016; [Ramachandran et al., 2017). Here, z is the weighted input to a neuron.

2.2.2 Physics-Informed Neural Networks

Physics-informed neural networks (PINNs) are a class of neural network that incorporate math-
ematical descriptions of physical processes into model training (Raissi et al.,[2019)). In a conven-
tional neural network, the model parameters are estimated by minimising the difference between
the predicted and target values. In a PINN, the loss function also measures the extent to which
the prediction satisfies the governing physical equations. This allows observations and prior
physical knowledge to be combined within a single model, restricting the range of acceptable
solutions to those that are consistent with both the available data and the imposed physical

constraints.

Physical information is incorporated by including a physics-based component in the loss func-
tion. This component measures how closely the network prediction satisfies the governing
equations by calculating the residual produced when the prediction is substituted into them.

The total loss may therefore be written as

Ltotal = adataLdata + aphysicsthysics> (211)

where Lqata measures the difference between the predicted and observed values, and Lpphysics
measures the extent to which the prediction satisfies the governing equations. The weighting

parameters (data and appysics control the relative importance of these two objectives during
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training. They do not need to sum to one, and a term may be omitted when the corresponding

constraint is not required.

Where the governing equations contain derivatives of the predicted quantities, these derivatives
are calculated using automatic differentiation. A neural network represents its output through
a sequence of mathematical operations. Automatic differentiation records this sequence and
applies the chain rule to calculate the derivative of the network output with respect to its input
coordinates (Raissi et al.|2019; Haghighat and Juanes|, 2021)). For example, if a network predicts
a quantity u as a function of the spatial coordinates x, automatic differentiation calculates

derivatives such as
ou

(2.12)

The derivative is calculated directly from the operations defining the network, rather than
by comparing its output at neighbouring points. This avoids the step-size and truncation
errors associated with finite-difference approximations and gives the derivative of the network
function up to floating-point rounding error (Baydin et al., [2018). However, the accuracy of
this derivative as a representation of the physical solution still depends on how accurately the

network represents that solution.

The calculated derivatives are substituted into the governing equations, and the resulting resid-
ual forms the physical component of the loss function. This residual may be evaluated at the
observation locations or at additional locations distributed throughout the solution domain,
known as collocation points. Collocation points allow the governing equations to constrain the
solution where observations are not available (Raissi et al. 2019; |Cuomo et al., [2022)). The
governing equations are commonly imposed as soft constraints, meaning that a non-zero resid-
ual may remain after training. Some conditions may instead be satisfied exactly through the
construction of the network output (Karniadakis et al., |2021; Cuomo et al., |2022). In the
present context, the tangentially geostrophic constraint in reduces the radial induction
equation to the form given in Equation . Since the PINN predicts only the tangential flow
components, this condition is satisfied by construction and does not require an additional loss

term.

The inclusion of physical information restricts the range of acceptable solutions to those that are

largely consistent with the governing equations. This can reduce ambiguity when observations
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are sparse or noisy and may reduce the training data required compared with a purely data-
driven model (Raissi et al.l 2019; [Karniadakis et al. 2021). Evaluating the physical loss at
additional collocation points allows the governing equations to constrain the solution where
observations are unavailable. As these points do not require the fixed spatial mesh used by
many conventional numerical methods, they can be distributed flexibly across irregular domains.
Once trained, the network provides a continuous and differentiable approximation that can be

evaluated throughout the solution domain.

The performance of a PINN depends partly on the weighting of the different loss terms, since
an imbalance may cause the optimisation to prioritise one objective over another (Karniadakis
et al.l 2021; |Cuomo et al., [2022). Training may also become more challenging for problems
containing sharp gradients or processes operating over different spatial or temporal scales. The
predictions additionally depend on the validity of the physical equations and assumptions im-
posed during training. These considerations require appropriate network design and validation,
but PINNs remain a flexible method for combining observations with physical constraints across

a range of scientific problems.

PINNs have been applied to a range of scientific problems. In fluid mechanics, PINNs have been
used to infer velocity and pressure fields and to solve problems governed by the Navier—Stokes
equations (Raissi et al., 2020; [Sharma et al., 2023). Applications in medicine include recon-
structing blood-flow patterns from limited observations (Arzani et al., 2021)), while applications
in nuclear engineering include neutron transport (Schiassi et al., [2022)). Livermore et al.| (2024)
used PINNs to reconstruct Jupiter’s internal magnetic field from sparse Juno measurements,
obtaining a similar fit to the data and similar magnetic-field structure at and above the surface
to existing methods, while allowing weak ambient electrical currents and avoiding the amplifi-
cation of small-scale noise during inward continuation. Within geophysics, |(Chen et al.| (2022)
used the eikonal equation within a neural network for seismic tomography, obtaining results
consistent with conventional methods while reducing sensitivity to travel-time errors. More
recently, PINNs have been applied to infer core-surface flow from geomagnetic field models.
Li et al.| (2024) incorporated the magnetic induction equation, a tangentially geostrophic flow
constraint and unresolved small-scale magnetic fields within a PINN inversion, before applying
dynamic mode decomposition to the recovered flow. |Li et al.| (2025) extended this approach by

incorporating quasi-geostrophic constraints and separate network representations for the flow
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inside and outside the tangent cylinder.

2.2.3 Convolutional Layers

The analysis in Chapter [ uses two-dimensional images of the radial magnetic field as input to
the autoencoder classifier. Images contain many input values arranged in a two-dimensional
spatial structure. Processing every image value using a fully connected layer can require a
large number of trainable parameters and become computationally expensive, particularly for
high-resolution images (LeCun and Bengio, |1998; Masci et al., 2011). Convolutional layers
provide a more efficient approach by processing small local regions and sharing the same weights
across different image locations. This preserves relationships between neighbouring values and
allows the network to learn spatial features, such as edges and increasingly complex patterns
(LeCun et al., 2015; [Masci et al., 2011]). Convolutional layers are therefore widely used for image
classification, reconstruction and feature extraction (Krizhevsky et al.,|2012; [Masci et al., 2011)).
Unlike a fully connected layer, in which every input is connected to every output, a convolutional
layer processes small local regions of the input using a kernel. A kernel is a small array of
trainable weights that moves across the input and calculates a weighted combination of the
values within each region (Goodfellow et al., [2016]). A channel is one layer of information stored
at each position in an image. For the magnetic-field images used in Chapter [0 each grid point
contains only the radial magnetic field, B,, so the input has a single channel. In comparison,
a colour image generally has three channels containing the red, green and blue values at each
pixel. For a single-channel two-dimensional input, I, and kernel, K, the convolution operation

is commonly written as

S(i.j) = (L K)(i,j) +b =3 S I +m, j+n)K (m,n) +b, (2.13)

m n

where S is the resulting feature map and b is the trainable bias associated with the kernel.
Here, i and j identify the row and column of the output feature map, while m and n identify
positions within the kernel and the corresponding local region of the input. This process is
shown in Figure Although this operation is technically cross-correlation because the kernel
is not reversed, it is commonly referred to as convolution in neural-network libraries (Goodfellow

et al., 2016).

A convolutional layer generally contains several kernels, each with a different set of trainable
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Figure 2.6: Example of two-dimensional cross-correlation without kernel flipping. The output is
calculated only where the kernel lies entirely within the input, with no padding applied. Taken
from |Goodfellow et al.| (2016)).

weights. Each kernel moves across the input and produces a feature map showing its response
at each location. Different kernels can therefore learn to identify different spatial patterns, with
the resulting feature maps forming the output channels of the layer. The same kernel weights
are applied at every location, allowing a pattern to be detected wherever it occurs and reducing
the number of trainable parameters. Successive layers combine these local patterns, allowing
the network to identify features that extend across increasingly large regions of the original

input (Goodfellow et al., 2016} Araujo et al., 2019).

The dimensions of the resulting feature map are controlled by the kernel size, stride and padding.
The kernel size determines the extent of the local region processed at each position, while the
stride gives the number of grid points by which the kernel moves between successive applications.
A larger stride produces a smaller feature map because the kernel is evaluated at fewer locations.
Padding adds values around the boundary of the input, allowing features near its edges to

contribute to more kernel positions and controlling the reduction in spatial dimensions. An
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activation function is commonly applied after convolution, followed in some architectures by
a pooling operation that replaces values within a local region with a summary statistic, such
as their maximum or mean. Pooling reduces the spatial dimensions and computational cost
of subsequent layers, while making the representation less sensitive to small changes in feature

location. However, pooling may remove useful information where the precise spatial position of

a feature is important (Goodfellow et al., 2016]).

2.2.4 Autoencoder Classifiers

An autoencoder is a neural network that learns to reconstruct its input after passing it through a

compressed representation (Bank et al.;2023;|Li et al.,2023). It consists of two components. The

encoder maps the input to a latent representation, which is a compressed set of features learned
from the input data rather than specified directly. The decoder then maps this representation
back to the original input space to produce a reconstruction. The encoder and decoder are
trained together by minimising a reconstruction loss that measures the difference between the

input data and the reconstructed data. A schematic for this is shown in Figure

( Latent Space ) C Decoder )
| |
10 [

v

X

.

i 9

A | '

X
Bottleneck ) 3 ‘

(encoded data) :

Input data Reconstructed
Data

Figure 2.7: Schematic of an autoencoder, taken from Bergmann and Stryker| q2026D.

The latent representation forms a bottleneck within the network. Here, latent refers to features
that are learned from the input data rather than observed directly. If the latent representa-
tion contains fewer values than the input, the encoder reduces the dimensionality of the data
by representing it using a smaller set of learned features. A smaller latent representation re-

sults in greater compression, but may also discard information required for reconstruction or
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classification.

An autoencoder must be constrained to prevent it from simply copying the input without
learning a useful representation. A lower-dimensional bottleneck provides this constraint by
forcing the encoder to preserve only the information most important for reconstructing the input.
This information is stored in the latent feature maps, which form the compressed representation.
If the bottleneck is too small, important information may be lost, whereas if it is too large, the
network may reproduce the input without learning a meaningful compressed representation

(Cheng et al.l 2020; |Chen and Guol 2023).

A classifier trained without additional architecture may learn features that separate the training
classes without retaining the broader structure of the input, including features that are specific
to the training examples and may not generalise to new data. Connecting a classification
head, the output layer used for class prediction, to an autoencoder provides an additional
reconstruction objective, requiring the latent representation to support both classification and
reconstruction. The classification head uses the encoded features to predict the class, while the
decoder requires them to retain sufficient information to reconstruct the input. Training may

therefore combine a reconstruction loss, L., and a classification loss, L,

Liotal = or Ly + L, (2.14)

where «;, . control the relative contributions of the two objectives. The reconstruction loss
encourages the latent representation to retain information describing the overall structure of
the input, while the classification loss encourages it to retain features that distinguish between
the target classes. The model is therefore trained to preserve information that supports both
reconstruction and classification, although the relative weighting is important because features

that are useful for one task may not be useful for the other.

Autoencoder classifiers have been applied in fields including medical-image classification (Gan-
otra et al., 2024} [Mao et al., 2025)), anomaly detection (Saeedi and Giusti, 2023; |Su et al. [2015;
Kozmin et al.; 2025), hyperspectral imaging (Xing et al., 2016)) and remote-sensing image classi-
fication (Cheng et al., [2020). Variants of the conventional autoencoder have been developed to
encourage the extraction of more useful features. Denoising autoencoders learn to reconstruct

the original input after it has been perturbed, while sparse autoencoders limit the number of
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latent features that can be active at the same time. These constraints reduce the model’s ability
to simply reproduce the input and encourage it to learn the underlying structure of the data

(Li et al., [2023; |Chen and Guo, [2023).

2.3 Explainable Artificial Intelligence

Explainable artificial intelligence (XAI) encompasses methods that make the outputs of machine-
learning models more understandable, helping to reduce the so-called ‘black-box’ problem
(Doshi-Velez and Kim), 2017} Linardatos et al.l |2021). These methods can identify the features
influencing a prediction, investigate incorrect classifications and help assess whether a model is
responding to expected features or to unintended correlations within the training data, such as
image artefacts that are associated with only one class (Kamakshi and Krishnan, [2023; |Cheng
et al 2025). This is particularly important where the basis of an automated decision must be

understood, including in fields such as healthcare, public policy and science.

Although the terms are not used consistently across the literature, interpretability commonly
refers to how readily the operation of a model can be understood, while explainability methods
aim to clarify the basis of its predictions (Doshi-Velez and Kim) 2017). The internal relation-
ships of a simple model may be examined directly, but this becomes more difficult as model
complexity increases. Explainability methods instead provide an approximation of how the in-
put contributed to the model output. SHapley Additive exPlanations (SHAP) (Lundberg and
Lee, 2017)) and Local Interpretable Model-Agnostic Explanations (LIME) (Ribeiro et al., [2016)
estimate the contribution of individual input variables, while saliency maps provide spatial
explanations for image-based models (Linardatos et al. |2021; Kamakshi and Krishnan, 2023}
Cheng et al., 2025). The appropriate method depends on the form of the input and whether

the aim is to understand the overall model or explain an individual prediction.

A saliency map provides an indication of which parts of an input image matter most when the
model makes a particular classification, and can therefore be interpreted as showing where the
model is “looking” when making its decision (Linardatos et al., 2021} Cheng et al., [2025). For
an input image «, the classifier produces one numerical output for each possible class. Let s.(x)

denote the output for class ¢, where a larger value indicates greater support for assigning the
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image to that class. A basic gradient saliency map calculates

Dse(x)
8$i

S; = , (2.15)

where x; is the value of pixel i and S; is its saliency. This derivative measures how much the
output for class ¢ would change following a small change in that pixel. Pixels with larger values
of S; are therefore locations where a small change would produce a larger local change in the
class output. Calculating S; across the image produces a map showing the regions to which the
classification is most sensitive. The mathematical formulation is provided by |Simonyan et al.
(2014). However, the map shows where changes would most affect the classification and does

not demonstrate that a region physically causes the model to select that class.

Several extensions have been developed to improve the clarity and stability of gradient-based
saliency maps. SmoothGrad calculates saliency maps for several slightly perturbed versions
of the input and averages the results, reducing visual noise in the resulting sensitivity map
(Smilkov et al.l 2017). Gradient-weighted class activation mapping (Grad-CAM) provides a
broader indication of where the model is “looking” when it assigns an image to a particular
class. Rather than measuring the sensitivity of the classification to each input pixel directly,
Grad-CAM examines the feature maps produced within a convolutional layer. These feature
maps represent spatial patterns identified by the model. Grad-CAM measures how strongly each
feature map affects the output for the selected class and combines the maps according to their
influence. The resulting map highlights regions that provide positive support for the selected
class (Selvaraju et al., [2017; [Linardatos et al., 2021 Cheng et al., 2025). An example is shown
in Figure [2.8] where the highlighted regions show which parts of each image contributed most
strongly to the model’s answer. Since the feature maps have a lower spatial resolution than the
original image, Grad-CAM identifies broader influential regions rather than individual pixels.
This makes the results easier to interpret spatially, but provides coarser spatial localisation than

a pixel-level saliency map.

Saliency maps provide an intuitive means of identifying the spatial regions associated with a
prediction and assessing whether a model responds to the expected features. However, gradient-
based maps measure the local sensitivity of the output to changes in the input rather than
demonstrating a causal relationship, and their appearance may depend on the selected output

class, network layer, smoothing procedure and attribution method (Linardatos et al., 2021}
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Kamakshi and Krishnan| 2023; |Cheng et al., [2025). When combined with physical knowledge

and appropriate validation, saliency maps provide a useful means of determining which spatial
features influence a model and whether its predictions are based on scientifically meaningful

structure.

Explainable artificial intelligence has been applied in fields including medical-image analysis,

where explanations can show which image regions influenced a diagnosis (Muhammad and|

Bendechache, [2024]), remote sensing, where it has been used to interpret image classifications

(Hohl et al. 2024), and autonomous driving, where explanations can support the monitoring

and validation of safety-critical decisions (Kuznietsov et al., 2024)).

Baseball bat a

What is the man doing?

e

Elephant What is that? Zebra

What is that?

Figure 2.8: Example Grad-CAM visualisations for a visual-question-answering model. The
highlighted regions indicate the parts of each image that contributed most strongly to the
model’s response to the corresponding question. Taken from |Selvaraju et al.| (2017).
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Chapter 3

Research Questions

This thesis investigates how these advances in machine learning can be applied to the study of
both fluid flow at the top of the Earth’s outer core and thermal conditions at the core—mantle

boundary. In doing so, it is hoped that the following research questions will be answered.

e Can regional core-flow inversions recover the large-scale structures found in

global flow models?

Core-surface flow is commonly inferred using global spherical harmonic representations,
which have identified an eccentric, anticyclonic gyre beneath the Atlantic hemisphere,
an accelerating high-latitude jet beneath the Bering Strait, and changes in equatorial
azimuthal flow beneath Indonesia and Central America. However, the global basis and
large-scale regularisation may blur separate regional flow features into a single planetary-
scale circulation. The gyre may therefore not be recovered when the flow is constrained
only by regional magnetic field and secular variation data. Previous regional inversions
have had mixed success and remain sensitive to smoothing or prior assumptions (Rogers,
2022; Schwaiger et al., 2023). Physics-informed neural networks provide an alternative
approach, by recovering regional flows that fit the local secular variation while satisfying
an imposed physical constraint. A mosaic of independently inferred flows can therefore
test whether the gyre connects across regional boundaries, and whether it is supported by

the magnetic-field data rather than the global modelling approach.

86



e Do localised flow models contain information helpful for forecasting the Secular

Variation of the Earth’s magnetic field?

Secular variation forecasts commonly use global field models, statistical extrapolation,
data assimilation or steady core-flow advection (Alken et al., 2021} Finlay et al.l 2020;
Fournier et al. [2021; Brown et all [2021). However, global flow representations may
smooth out localised structures that contain useful information about future field changes.
The regional PINN methodology developed to address the first research question provides
a way to test this by using a set of independently inferred local flows within a steady-flow
advection scheme. Comparing hindcasts produced using regional and global flows can
therefore determine whether the additional small-scale information retained by localised

models improves secular variation forecasts.

e Can heat flux heterogeneity be inferred from the radial magnetic field at the

Core Mantle Boundary?

CMB heat-flux heterogeneity is commonly estimated from seismic tomography, but its
amplitude and structure remain poorly constrained because seismic velocity variations
have both thermal and compositional origins (Masters et al., [1996; Zhao et al.l 2015).
Numerical geodynamo simulations show that heterogeneous heat flux can influence the
morphology of the radial magnetic field, although similar features may also arise from other
model parameters or natural magnetic variability. A convolutional autoencoder classifier
provides a way to test whether magnetic-field snapshots contain sufficient information to
distinguish between different classes of imposed heat-flux heterogeneity. Applying this
approach to controlled and more varied simulation sets, followed by models of the Earth’s
magnetic field, can test how reliably heat-flux heterogeneity can be recovered and identify

the magnetic-field features most important for classification.
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Chapter 4. Local Flow estimation at the top of the Earth’s core using Physics Informed
Neural Networks

Abstract

The Earth’s main geomagnetic field arises from the continuous motion of the fluid outer core.
By assuming that the field changes are advection-dominated, and that diffusion only plays a
minor role, the fluid motion at the core surface can be related to the secular variation of the
geomagnetic field, providing an observational approach to understanding the motions in the
deep Earth. The majority of existing core flow models are global, showing features such as an
eccentric planetary gyre, with some evidence of rapid regional changes. By construction, the
flow defined at any location by such a model depends on all magnetic field variations across the
entire core-mantle boundary: because of this nonlocal dependence of the flow on the magnetic
field, it is very challenging to interpret local structures in the flow as due to specific local changes
in magnetic field. Here we present an alternative strategy in which we construct regional flow
models that rely only on local secular changes. We use a novel technique based on machine
learning termed Physics-Informed Neural Networks (PINNs), in which we seek a regional flow
model that simultaneously fits both the local magnetic field variation and dynamical conditions
assumed satisfied by the flow. Although we present results using the Tangentially Geostrophic
flow constraint, we set out a modelling framework for which the physics constraint can be
easily changed by altering a single line of code. After validating the PINN-based method on
synthetic flows, we apply our method to the CHAOS-8.1 geomagnetic field model, itself based
on data from Swarm. Constructing a global mosaic of regional flows, we reproduce the planetary
gyre, providing independent evidence that the strong secular changes at high latitude and in
equatorial regions are part of the same global feature. Our models also corroborate regional
changes in core flows over the last decade. In our models, we find that the azimuthal flow
under South America has changed sign quasi-periodically, with a recent sign change in 2022.
Furthermore, our models endorse the existence of a dynamic high latitude jet, which began

accelerating around 2005 but has been weakening since 2017.
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4.1 Introduction

The Earth’s main magnetic field, which is generated by a self-sustaining geodynamo arising
from fluid motions in the Earth’s core (Bullard} |1950), exhibits fluctuations on timescales of
years to millennia and longer (Constable and Constablel [2023). Changes in the geomagnetic
field on timescales of years to millennia are termed Secular Variation (SV) (Jackson and Finlay,
2015)). The geomagnetic field has been measured by networks of ground-based observatories
since 1837 (Macmillan) 2007)), and supplemented by continuous satellite measurements since
1999 (Jackson and Finlayl 2015; [Friis-Christensen et al., 2006; Olsen and Floberghagen), [2018;
Zhang), 2023; Jiang et al., |2024]). Changes in the geomagnetic field can have critical impacts
on both industry and scientific exploration in a diverse range of disciplines, such as navigation,
satellite operations and the protection of the Earth from space weather. By mapping the outer
core flow that generates the SV, the dynamics and properties of the core can be explored, and

SV forecasts such as the candidate models of IGRF-13 (Alken et al., |2021) constructed.

The typical approach to map core flows is to use observations from satellites, observatories and
other surveys to construct global geomagnetic field models using spherical harmonics, which
can be downward-continued to the Core-Mantle Boundary (CMB). The inversion of the SV to
recover motions on the outer core is under-determined, and so additional assumptions must be
included. A widely used assumption is that of frozen fluz (Roberts and Scott} 1965), where
on sufficiently short timescales, magnetic diffusion can be considered negligible. Under this
simplification, the magnetic field lines are ‘frozen’ into packets of moving liquid at the surface
of the outer core, so that the field becomes a tracer for the flow (Bloxham and Jackson, 1991).
However, even with this assumption, the problem of non-uniqueness remains (Backus, [1968)).
There are still more unknown components of the flow than the number of equations describing
them. This means additional constraints on the flow are required in order to reduce the funda-
mental non-uniqueness. Various flow assumptions have been used in previous studies, including
steady flows (Gubbins et al., [1982)), toroidal only flow (Whaler, |1980), tangential geostrophy
(TG) (Le Mouél, 1984} Rau et al., 2000), quasi-geostrophic flow (Pais and Jault, |2008) and
helical and columnar flow (Amit and Olson, [2004). Non-uniqueness is further reduced by the
large scale flow assumption, in which small scale flow structures are penalised (e.g. Bloxham,

1088).
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Spherical harmonics are also used to create these global flow models, and underpin most studies
to date. Results from previous global outer core flow inversions, as well as numerical simulations,
reveal an eccentric, anticyclonic, planetary gyre (Pais and Jault, [2008; Gillet et al., 2022; Kloss
and Finlay, 2019). This gyre is a planetary-scale circulation pattern, travelling west under the
Atlantic, north west under North America, westwards near the North Pole, then south under
Asia. Although this is a global pattern, there are several regional features that are of specific
interest. Firstly, there is evidence for a localised jet under the Bering strait, which has been
strengthening since 2005 and is associated with a strong change in the SV at high northern
latitudes (Livermore et al., [2017). Additionally, multiple studies, such as Whaler et al.| (2022)
and Li et al. (2024), have observed changes in the azimuthal flow direction in areas in the
equatorial region, particularly beneath Indonesia and Central America. These may be a result
of hydromagnetic waves producing changes on interannual timescales (Gillet et al., 2022), and
many of these sign changes may be associated with geomagnetic jerks - a phenomenon in which

the SV changes rapidly, sometimes in a spatially localised manner (Brown et al., 2013)).

In contrast to global core flow inversions, we adopt a local approach in which flows are inferred
from a regional realisation of a global geomagnetic field model, presenting an independent
method to check global flow analysis. This is important, as a large-scale global inversion will act
to interpolate multiple local features into one larger one. For example, a global approximation
to westward drift in the Atlantic and flow into the polar regions would be a gyre that connects
these regions, and so the use of regional inversions could test how robust these features are.
Additionally, in a global flow analysis, any point on the CMB depends non-locally on all the
points in the model, but in a local flow inversion the same point would only depend on the
other points in the region. As the data coverage of the Earth is spatially uneven, especially at
the poles, a regional methodology would probe the reliability of local features in these areas,
ensuring they are not an artefact of a global inversion. This would allow for regional features

to be studied in more detail, without the uncertainty of coupling to neighbouring regions.

Local core flow inversions have been attempted in two previous studies with mixed results.
Rogers| (2022) studied regional variations using spherical Slepian functions. This technique
produced better separation of SV at the Earth’s surface compared to spherical harmonics but
reliable local flow separations and SV separations at the CMB were not achieved. [Schwaiger

et al. (2023)) presented a local core flow inversion methodology based on pointwise inversion,
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which was able to reproduce the main features found in global core flow studies, but it was
found that additional smoothing was required to prevent unreliable re-construction of small-
scale flows. They also found that their results heavily depended on what prior they used to

reduce the non-uniqueness.

This work introduces a novel approach to infer local flows, employing recent advancements
in machine learning through the use of Physics-Informed Neural Networks (PINNs). Machine
learning refers to a set of statistical techniques to leverage data in order to undertake a task,
without being explicitly programmed to do so (Armstrong and Fletcher, 2019). This allows the
user to extract knowledge and draw inferences from data (Jordan and Mitchell, |2015]). Neural
Networks (NN) are a machine learning technique, consisting of layers of artificial neurons that
can process information. PINNs, first proposed in Raissi et al| (2019)), are a class of neural
network that use mathematical descriptions of physical laws as constraints in order to solve
forward and inverse problems. PINNs have been used in a diverse range of fields such as fluid
mechanics (Raissi et al, 2020)), medicine (Arzani et al., 2021), nuclear physics (Schiassi et al.,
2022)) and seismology (Chen et al. 2022). PINNs have been recently used in core flow and
length of day (LOD) analysis by |Li et al.| (2024)), albeit in a global flow inversion framework,

rather than the local approach that we adopt in this study.

The methodology presented in this work takes secular variation from regional latitude-longitude
boxes from the global geomagnetic field model CHAOS-8.1 as input, and then outputs a flow
that both re-produces the input secular variation and satisfies an additional flow constraint. We
aim to establish a framework that can be used for any flow assumption, which we illustrate here
using the TG flow constraint. We do not rely on any prior information other than the physics
constraint. The methodology and validation is described in section Results, including local
flow analysis as well as a global flow model constructed from a mosaic of regional models, are
presented in section [£.3] All of these results are discussed in section [£.4] with conclusion in

section

93



Chapter 4. Local Flow estimation at the top of the Earth’s core using Physics Informed
Neural Networks

4.2 Method

4.2.1 Mathematical Framework

We model the Earth’s core as a sphere, described using spherical coordinates (r,0,¢), and
assume that the flow within it obeys a non-penetration boundary condition at the edge of the
core such that uw, = 0 at the CMB. Assuming frozen flux, the radial magnetic field, B,, can
be related to the outer core surface horizontal fluid movement via the radial component of the

induction equation, at the core surface, just below the CMB. This is written as

0B,
ot

— Yy (uB,), (4.1)

in which u = [0, ug, ug) is the flow, which is sought in the inversion methodology, and Vg is the

horizontal gradient operator.

The tangential geostrophic flow assumption arises from considering the force balance at the
top of the Earth’s core (Le Mouél, |1984)). If the force balance is dominated by the Coriolis
(rotational) and pressure forces, then the Navier-Stokes equation for the motion of the fluid
reduces to

2p(Q X U)H +Vgp =0, (4.2)

where p is the density of the liquid outer core, £ is the rotation vector of the Earth, and p is

the pressure of the fluid.
Taking the horizontal divergence of the cross product of equation (4.2)) and the radial unit vector
7 gives

Vi - (ucosf) =0, (4.3)

which can be written as
tan 6

ug — Vg -u=0, (4.4)

that defines the TG constraint (Le Mouél (1984), |Amit and Pais| (2013))). This additional

constraint modifies equation (4.1)) to

0B,
ot

B,
=— - . 4.
ucosf -V <cos@> (4.5)
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It was noted by |Backus and Le Mouél (1986) that this flow is non-unique on contours of B;./ cos 6,
as well as in regions bounded by contours of B,/ cosf that do not cross the equator, meaning

care must be taken when interpreting flows in these areas.

In spherical coordinates, the total flow u can be decomposed into toroidal and poloidal compo-

nents

u=V xT(0,¢)r+ Vy(rP(8,9)), (4.6)

whose horizontal components can be written (Holme, [2015)),

1 0T 0T
- (Smm,—%) , (4.7)
oP 1 OP

Therefore, in our flow inversion we seek toroidal (7') and poloidal (P) scalar functions which

define the flow.
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4.2.2 Neural Networks

Our inversion methodology consists of two Fully Connected Neural Networks (FC-NNs) working
in parallel: one to describe the toroidal scalar T and the other to describe the poloidal scalar P.
A schematic for this is shown in figure [£.1] FC-NNs consist of layers of nodes, organised into an
input layer, multiple hidden layers, and an output layer (Jordan and Mitchell, 2015)). Each of
these nodes are connected to each other and have an associated weight and bias, and the output
of each node is computed by some non-linear function of the input and the weight. This non-
linear function is called the activation function, and the weights and biases are adjusted during
a process termed training (Goodfellow et al., 2016). Once the network weights are determined,

the flows are then described using equations (A.1)) and (4.8).

Toroidal and Poloidal Networks
with FC-NN Structure

Automatic
differentiation Loss Function CHAOS-8.1

~

‘,’/ rro \ 8Br

. 'B bl
a o CHAOSY 99 chAosS

(Lrorar = Lsv + ALrg)
“‘ 1 0By OBy

00 cHAOS Ot CHAOS

Adam Optimiser

Figure 4.1: Schematic of the PINN used in this study, where 8, ¢ are co-latitude and
longitude, T" and P are the toroidal and poloidal values on the 0, ¢ grid, and ug and u4 are
the components of the horizontal flow. Yellow indicates inputs to the network, the two
parallel FC-NNs are blue and green, loss functions in white, inputs to the loss function in
orange, and the outputs are cyan.

While we could train a network without any flow assumptions, here we use an additional physics
constraint to enforce TG. This takes place solely in the training stage, which is done by min-
imising a loss term consisting of a data loss, which aims to implement equation , and a
physics-based loss, which aims to implement equation . In this way, we fit both to the data
and to the underlying physics. This is so we can establish a framework wherein different flow
assumptions, such as Toroidal or Helical flow, can be swapped in and out using a single line
of code. All the loss terms are implemented by defining a derived quantity from the network

and a corresponding target, with the loss value determined by the Mean Squared Error (MSE)
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between the quantity and the target. The total loss, Lroray, is defined by

Lrorar = Lsv + ALgc, (4.9)

which consists of two loss terms:

e The Data Loss (Lgv):

(4.10)

1 OB, 9B, 2
Loy — — _
VTN zz: [ ot pINN Ot CHAOS]

where N is the number of points, and the SV calculated from the horizontal flows is

0:,¢;

0B,  _ 1( us 0B, OB,
ot PINN T

_Z _B, Vy-w), (411
sin 0 aqb CHAOS o 00 CHAOS) CHAOS( H U) ( )

e and the TG Flow Loss (Lyc):

(4.12)

1 tan @ 2
LFC:NZ[VH'U_( : >’u,9:|

where 60;, ¢; are the pre-determined set of latitude-longitude grid points on which we impose
the constraints. We use the same grid to constrain the data and the physics. For the data
constraint, the target is the SV from CHAOS-8.1, whereas in the flow constraint the target is
zero. A scaling analysis of typical magnitudes of the two terms suggests a value of A = 1000
for the weighting factor, which is applied to Lg¢ in equation so that both terms are O(1).

This is desirable so that one loss term is not more important than the other.

The networks are trained using the optimisation method Adam (Kingma and Baj, 2017)), which
updates both networks simultaneously. The PINN takes in a (6, ¢) grid of points, at a radius
of 3485 km, and then analytically computes the toroidal and poloidal scalar value at each of
those points, as well as the derivatives. These derivatives are then used in equations
and to produce ug,us. The total error is calculated by summing Lgy, the error between
the network derived SV and the CHAOS-8.1 SV, and Lpc, the departure of the flow from
the tangentially geostrophic flow assumption, together with a weighting factor A. This error is
then back-propagated through the network by the Adam optimiser, adjusting the weights and

biases of the network to attempt to minimise the MSE error. This process repeats for 100,000
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iterations until the loss is minimised such that the loss does not decrease further. The PINN
methodology is written with PyTorch Version 2.5 (Paszke et al., [2019). Our dataset is of order
1000-10000 points, which is modest by machine learning standards, and so we are able to use
all the data in each iteration of training. When training the network, we initialise the weights
from a pseudo-random distribution using a technique called Xavier initialisation (Glorot and
Bengio|, |2010). The optimiser then implements a descent method to seek a global minimum.
However, we found empirically that the loss function is very complex, and so the optimiser will
almost inevitably only find a local minima. We therefore choose multiple different seeds — and
so initial weights — for independent training, from which we select the model that achieves the

lowest loss.

4.2.3 Training Dataset: CHAOQOS-8.1

Our training procedure requires values for the SV to train the PINN, which enters through Lgy .
We use the model CHAOS-8.1 (Kloss et al., 2024)) projected onto a grid in spherical coordinates.
CHAOS-8.1 spans from 1999 to 2025, and is built from satellite and ground based observatory
data. It is the latest update of the CHAOS family of models, which have been used for multiple
core flow inversion studies, such as |Gillet et al| (2022)), making it a suitable choice of model
for this study. The time-dependent internal field model is defined up to spherical harmonic
degree 20, but only the coefficients for the main field and SV up to degree 13 are used here,
as at higher degrees the crustal field dominates the magnetic field signal (Langel and Estes,
1982). CHAOS-8.1 is also temporally regularised in order to reduce non-uniqueness, by taking
temporal covariances from geodynamo simulations. This is a departure from the regularisation
method of CHAOS-7 (Finlay et all 2020), which penalised the second time derivative at the
endpoints, and the third time derivative throughout. This difference in regularisation method
affects the small scale features of the SV and the intensity of the acceleration, which may have

an effect on the recovered flows (Kloss et al., [2024).

In order to use CHAQOS-8.1 as input to the local flow inversion, a subsection of the SV is
selected, either in a latitude-longitude box (as in figure , or in a longitudinal band, each
with a grid density of one point per degree. A 5° border is added to the area of interest on all
edges, which is removed after training. This is to promote continuity between adjacent regions,
because continuity is not explicitly imposed, as well as to avoid edge effects. Tests with larger

overlaps did not significantly change the results. To maximise the performance of the model,
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and to minimise training time, the CHAOS-8.1 input and outputs of the network are re-scaled

so that they all have a magnitude of about 1 (Sola and Sevilla, 1997). We do this by measuring
B, in pT, time in 0.1yr, and length in km. Typical values of B, at the CMB are 500 uT,

and so typical values of SV are then 1 T/0.1yr in these units, while flow speeds are typically

1km/0.1yr.
1 v
LT 35y
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’: 100000000000000000 :
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“““ T e R
W 45 0° 5°E
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Figure 4.2: Example of a latitude-longitude box used for inversion. After training, a 5°
border shown in translucent colouring, is removed. Colours show the radial SV at the CMB
from CHAOS-8.1 for reference.

4.2.4 Parameter Choices

Having described the algorithm, there remain several parameter choices that define both the
model and how it is trained. First, is the learning rate of the model, which governs how rapidly
the weights change with each iteration. After testing a variety of learning rates, we found
empirically that a standard learning rate of 1072 worked well. Second is the choice of activation

function. We found that the hyperbolic tangent function worked well, which is widely used due

to its zero-centred property that results in faster training (Goodfellow et all, 2016]). Lastly, we
must select a network size - the number of hidden layers and the number of neurons per layer.
A small network has a very limited functional representation, and in our case would result in a
flow too smooth to fit the SV data. In contrast, a large network can represent spatially complex
behaviour, and could result in flows that fit the SV but have spurious small-scale features. We
seek to adopt an optimal network size that is large enough to fit the data constraints, but no

larger, which effectively penalises small-scale features of the flow. This approach is analogous
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to the spatial regularisation of global flows, for which their complexity is penalised through an
explicit trade-off between data fit and complexity (for example, the strong norm presented in
Bloxham| (1988)). To be clear, we do not impose explicit regularisation of our flows, although

we could by introducing an additional loss term in equation (4.9)).

Our aim is to find a single network size that we can use in each region that we consider. To find
the optimum network, we test a variety of network sizes for areas underneath the Atlantic (10°N
to 20°N latitude, 45°W to 5°E longitude) and the South China Sea (10°N to 20°N latitude,
100°E to 130°E longitude), which represent end member behaviour. Under the Atlantic we
expect simple westward flow (Holme, 2007), whereas under the South China Sea we expect
complex, diverging flow (Whaler et al., 2022). For each tested network, we record the SV Root
Mean Squared Error (RMSE) and the complexity as measured by the average of the squared
second spatial derivative of the flow (Bloxham) 1988)), evaluated on the SV data grid. We repeat
this with 5 different seeds to investigate the spread in results. These are then plotted as trade-off

curves in a manner similar to Hansen and O’Leary| (1993]).

The results for both regions are plotted in figure which shows trade-off curves of complexity
against RMSE. The grey points show the local minima for all the different seeds, and the black
points indicate the seed for each network size which has the minimum RMSE, which we adopt
as the closest model we have obtained to the global minimum. Simple networks are on the right,
as they have a low complexity but a high SV RMSE. Complex networks are on the left, as they
have a low SV RMSE but a high complexity. The network size with the highest complexity is
shown in blue, whereas the one with the lowest complexity is shown in orange. Examples of
the recovered flows and SV residuals at these points are shown in figure [4.4] for the area under
the Atlantic, and figure for the area under the South China Sea. For both of these figures,
the size of network that recovers the most complex flows fits the data better than the size that
recovers the least complex flows, but with the unwanted side effect of adding very rapid, small
scale flows. This is due to the non-uniqueness present, both the large and small scale flows
fit the SV adequately. A subjective way to choose the size of network is to choose the one at
the ‘knee’ of this trade-off curve, and the values around this point are shown in green. The
bottom panels of figure shows the points at the knee in more detail. The behaviour is not
always monotonic, although there is a general trend, perhaps due to the training getting stuck

at a local minimum. For the area under the South China Sea, it was more difficult to find
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complex models which fit to the data, as larger networks did not converge. We choose 8 layers
of 40 neurons, indicated as 8[40] in figure which was consistently at the knee across regions.
While both 8[40] and 4[40] would be an appropriate pick for the size of model, we opted for
the larger model to ensure that there would be enough free parameters to fit any SV structure.
Cross-Validation (Goodfellow et al.l [2016)), a method often used for model selection, was not
used in this case due to our small dataset, as Cross-Validation requires the dataset to be split

during training.
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Figure 4.3: Trade-off curves for an area under the South China Sea (10°N to 20°N latitude,
100°E to 130°E longitude) (left) and Atlantic (10°N to 20°N latitude, 45°W to 5°E
longitude) (right). Black dots indicate the minimum RMSE for each size of network, grey
dots indicate the local minima, and the green dots indicate the points at the knee of the
curve, which are shown in more detail on the bottom panel. The labels indicate the size of
network, in the format a[b], where a is the number of layers and b is the number of neurons
per layer.
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Figure 4.4: Recovered flows and SV Residuals for the network sizes that produce the least
complex (left) and most complex (right) flows, in the area under the Atlantic, at 35°N to
5°N latitude and 0°W to 45°W longitude.
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Figure 4.5: Recovered flows and SV Residuals for the network sizes that produce the least
complex (left) and most complex (right) flows, in the area under the South China Sea.

In principle large networks will over-fit the data, which in this case would be evident through

high complexities and spurious flows. We note that while the complexity varies across four
orders of magnitude in the area under the Atlantic (shown in the left panels of figure [4.3)), the
complexity is never particularly high. This is even more apparent under the South China Sea

(shown in the right panels of figure , where the complexity only varies over one order of

magnitude. This may be a consequence of using CHAOS-8.1 for the input field and SV, as this

model is already smoothed spatially and temporally, and we find that it is apparently difficult
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to overfit the data in this case. Adding artificial Gaussian noise to the SV data increased the
range of complexity magnitudes, and so perhaps smoothing through the choice of the size of
networks will be more critical when using ‘noisier’, sparser or unevenly sampled data sources,
such as Geomagnetic Virtual Observatories (GVOs) (Mandea and Olsen, 2006), rather than

field models whose complexity was already controlled during their construction.

4.2.5 Synthetic Tests

In order to test the performance of the chosen networks, a number of synthetic examples were
set up with pre-defined flows for the network to discover. On a latitude-longitude grid spanning
-15° to 15° latitude and 0° to 55° longitude with 1-degree spacing in each direction, we define

B, using
(0 - 55)° + (60— 15)°
2

B, =exp(— ), (4.13)

which describes a single peak centred at (90°, 30°) in radians. For each flow, the instantaneous
SV was determined using equation . A range of synthetic flows were investigated, as
listed in table which span behaviours from simple drift to a more complex vortex. The
final synthetic flow tested was a rigid body rotation section of a circular Rankine vortex patch
first presented in Rankine (1872), and most recently used in a geomagnetism context by |Amit
(2014). The description of this flow does not fit in the table, so it is described here. Rankine
flow contains an inner circular area, described by a boundary of angular distance H, wherein
the fluid motion follows that of solid body rotation with vorticity ¢, and an outer area where
the flow does not follow solid body rotation. We only use this inner section for our synthetic

flow. The azimuthal toroidal flow, us, at a given angle from the centre, h, is given by

3Ch, ifh<H
Ut = — (414)

1M ifh > H,
where H = 35° is the angular distance of the solid body circular area and ¢ = 0.1km/0.1year is
a constant vorticity in the region where h < H. The maximum flow speeds are 2.6km/0.1year.

The models are trained with 5 different seeds, with a 5° border removed after training as in
figure [£.22] We did not apply the TG flow restriction here, as a number of these flows do not
satisfy it. Figure shows the input SV, figure shows the output SV from the PINN,
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and figure shows the residuals between the input and output SV, all for the rigid body
rotation. Figure 4.6D shows the synthetic rigid body rotation flow used to generate the input
SV and figure [L.6E shows the output flows from the PINN. Table [£.1] shows the description and

results for other synthetic flows, with the error between the true value and the output value

expressed using the relative L1 error given by:

(Valuepredicted — V aluepyqye) x 100

(4.15)
Valuer,ye

Relative % L1 Error

in which — denotes the mean. The spread in the results due to the different starting seeds
calculated by taking the standard deviations of the percentage errors are also shown. Each of
these tests successfully recovers the synthetic flows, validating the method for large scale flows.

The residuals also do not have any structures correlating to the original input, and the residuals

are all small-scale.
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Figure 4.6: Example of the PINN recovery of the flow, based on a synthetic test using rigid
body rotation (A) Input SV to the PINN, (B) Output SV from the PINN

(C) Residual SV (Difference between input and output) (D) Synthetic flow used to
generate input SV (E) Output flow from the PINN (F) Difference between output and
synthetic flow. A 5° border has been removed after training as in figure
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4.3 Results

4.3.1 Atlantic

Having tested the methodology on synthetic examples, we now demonstrate an application of the
methodology on the region under the equatorial Atlantic, using our optimal network size. We
use CHAOS-8.1 SV from 1st January 2024, training models for five different seeds, and choose
the one with the lowest RMSE as the ‘preferred model’. Figure [L.7A shows Lgy, figure [4.7B
shows Lpc, and figure shows Lrorar, all plotted against iteration count, for one example
seed. These loss curves show that the PINN has converged on a solution, and that the two loss
components are of the same order of magnitude by the end of training, indicating that one loss
term is not more important than the other. This vindicates our value of a weighting factor of
A =1000. The Lrc term has a much smaller amplitude in the first iteration than in any other
iteration, which is not the typical shape of a loss curve, in which the loss at the first iteration
is much larger than that of subsequent iterations. This is due to the magnitude of recovered
flows in the first iteration being very close to zero, thereby satisfying the TG constraint but
not the SV constraint, a behaviour that is penalised by the optimiser in subsequent iterations.
While the loss terms are balanced by the end of the training run, the ‘spikes’ in the loss function
indicate that the use of the weighting factor A may be too simple a method. Further work may
be to implement adaptive weighting schemes, in which either the weighting factors are trainable
parameters (McClenny and Braga-Neto, |2023)) or the weighting factors are adjusted according

to the model performance during training (Wang et al., 2021; Heydari et al., [2019).

The inferred flows are shown in figure [f.8]A, the recovered SV in[4.8B, and the residuals shown
in figure[4.8C. The mean absolute error (MAE) between the SV from the CHAOS-8.1 model and
the SV output by the PINN is 97nT /year (Relative L1 Error of 2.57%), and the recovered flows
show the expected westward drift present in all flow inversions to date, regardless of inversion

methodology (Holme, [2007; Kloss and Finlay, 2019; Whaler et al., 2022).
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Figure 4.7: Loss plotted against iteration, (A) Data loss, Lgy, (B) TG Flow Constraint,
Lrc, and (C) Total loss,Lrorar. The total loss does not decrease after 80,000 epochs,
showing that the model has converged.
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Figure 4.8: (A) Recovered Flow under the northern Atlantic, at 35°N to 5°N latitude,
showing westward flow.

(B) Recovered SV

(C) Residuals between the SV from CHAOS-8.1 and the SV shown in (B).
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4.3.2 Global Patchwork

In order to compare the flows recovered by the regional method with those recovered by global
methods, a mosaic of regional flows is constructed from SV from 1st January 2024 using CHAOS-
8.1, spanning a latitude space of within 1° of the geographic poles. We do not include the poles in
our inversion, due to the coordinate singularity there. We also do not impose any constraints to
impose boundary conditions in latitude or longitude. The surface of the core mantle boundary,
at a radius of 3485km, is carved up into 56 overlapping latitude-longitude boxes spanning 30°
by 55°, and 16 overlapping boxes spanning 25° by 55° for the boxes closest to the poles. Each

of these boxes have grid points every 1° in both dimensions.

For each of the 72 boxes, a separate PINN is trained to find the flow that would generate the SV
for that box only. The PINN for each box is trained for 100,000 iterations, and results obtained
for 5 seeds. The model with the lowest Lgy (SV RMSE) is taken as the ‘preferred model’ for
that box. The 5° border is then cut off the results of each box, as in Figure with the result
being 56 20° by 45° boxes, and 16 15° by 45° boxes. The remainder of each box are stitched
together, with no continuity conditions imposed at the edges of the boxes. The results go to
within 6° of the pole. We did attempt to interpolate the flow in the overlapping edges to attempt
to remove any flow discontinuities, but unfortunately this amplified those discontinuities, and

so we have chosen to apply no additional smoothing.

The recovered flows, the recovered SV, and the residuals are shown in figure The flows
show the same large scale features as those found using global methodologies, demonstrating
westward flow under the Atlantic, eastward flow under the Pacific, and the presence of the
anticyclonic planetary gyre. This last feature is of particular note, as it demonstrates that this
large scale feature is independent from the use of global methodologies, and is something that
can be re-constructed from regional SV. The MAE between the SV from the CHAOS-8.1 model
and the SV output by the PINN is 229nT /year (Relative L1 Error of 5.85%), with a standard
deviation spatially of 251 nT /year and a mean TG residual of 7.7 x 1073 yr=2. The residuals
vary spatially, particularly in areas of increased SV intensity or complexity, and notably south
of Africa where the maximum residual is 7578 nT/year. This high residual is consistent across
seeds. Further investigation of this feature shows that the error is not consistent across time,
peaking in 2024, and is not present when the TG assumption is not applied, perhaps indicating

a failure of the TG assumption at this particular location. This is discussed in section [4.4]
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Figure 4.9: (A) Global patchwork of regional flows in January 2024. The thickness of the
arrows indicate flow magnitude, and the arrows indicate direction.
(B) SV calculated from equation , using the recovered flows in the top panel.
(C) Residuals between the SV from CHAOS-8.1 and the SV shown in the middle panel.
The box boundaries (after the 5° border removal) are marked by grey dashed lines.
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4.3.3 Equatorial Flows

To probe the broader flow properties of the equatorial region, the PINN methodology was
applied to a 30° latitude by 360° longitude band, centred on the equator. SV values from
CHAOS-8.1 were taken in one year increments from 2000.0 to 2024.0, and then five different
models (one per seed) were trained for each of the 25 epochs, resulting in 125 models. For each
time increment, the model from the five seeds which had the lowest RMSE between the input
and output SV was chosen as the ‘preferred model’. We use the same network size found in
section for this elongated box, as it was found empirically that larger network sizes did not
give significantly lower values of SV RMSE, likely related to limitations of the TG assumption
at low latitudes. Additionally, we do not impose periodicity between the longitudinal-edges of

the elongated box.

The recovered azimuthal flow at the equator was extracted from the preferred models, and
displayed in a time-longitude plot, shown in figure {.I0JA. The area from 100° to 180° longitude
shows a reversal in azimuthal flow direction, starting in 2010 and becoming more intense in 2017.
This result was also found by Whaler et al.| (2022)), who associated the change in azimuthal flow
direction with the 2017 geomagnetic jerk. By 2024.0, this eastward flow is still present. The
area -180° to -70° longitude shows features of small-scale alternating flow direction in the area
under central America, with four changes in flow direction seen in the area since 2000. This
alternating pattern was previously found in Kloss and Finlay| (2019)) in their global flow inversion
from ground- and satellite-based magnetic field measurements. Results from 2022 onwards show
a recent change in the azimuthal flow direction in this area, from eastwards to westwards, which

to our knowledge is a new result.

Figure shows the recovered SV from the PINN, and figure [£.10C shows the residuals
between the input and output SV. The residuals are generally small, with a MAE of 434 nT /year
(Relative L1 Error of 9.98%), though the residuals vary slightly across longitude and time, with
the largest residuals being at location of fast changes in azimuthal flow direction. Of particular
note is a feature at -75° longitude, spanning from 2013 to 2018, where the maximum MAE is
6465 n'T /year. This feature is not present when the TG assumption is not applied, once again
indicating the possibility that this residual is due to a failure in the TG assumption, similar to
that found in the global residuals shown in figure[£.9[C. The residuals do not have any correlation

to contours of B,/ cosf, and most of the residuals appear to be due to a difference in intensity,
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rather than structure.
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Figure 4.10: (A) Time-Longitude plot at the equator, spanning 2000.0 to 2024.0. Blue

indicates westward flow, and red indicates eastward.

(B) SV calculated from equation (4.1)), using the recovered flows in the top panel.
(C) Residuals between the SV from CHAOS-8.1 and the SV shown in the middle panel.
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The two regions of azimuthal flow directional change indicated in figure — Indonesia and
Central America — were studied in more detail. Once again, for each time increment five models

were trained, and the one with the lowest RMSE was chosen to be the ‘preferred model’.

Indonesia

The recovered flows under Indonesia in the time period of 2010.0-2024.0 are shown in figure|4.11]
and the residuals for 2024.0 shown in figure [£.12] The flows show a predominantly westward,
horizontally divergent flow structure beginning in 2010, increasing in magnitude until it becomes

predominantly eastward flowing in 2020. Typical flow speeds are approximately 25 km/year,

similar in magnitude to those found in Whaler et al.| (2022). Results from 2015 onwards show

an increased north-eastern flow magnitude at 150° to 165° longitude. The SV residuals show
features that line up almost exactly with contours of B,/ cos#, as shown in figure the lines
along which the flow is ambiguous. This is perhaps explained by considering equation ,
which shows that the induced SV is proportional to B,/ cos 6, and we might expect a correlation
between the SV residuals and B,/ cosf. The average MAE across the time period of 2010.0 -
2024.0 is 171 nT/year (Relative L1 Error of 2.65%), with a maximum of 255 nT/year in 2005

and a minimum of 120 nT/year in 2000.
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Figure 4.11: Changes in the horizontal flow under Indonesia during the period 2010.0 to
2024.0, at 10° above and below the equator.
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Figure 4.12: Residual between input SV and output SV for 2024.0, MAE of 157nT /year,
with contours of B,/ cosf superimposed, truncated at + 40 nT. Red lines indicate negative
values of B,/ cos#, and blue lines indicate positive values of B,/ cosf. Latitude range is
10° above and below the equator.

Eastern Pacific

Figure [f.13]shows three time increments from 2020.0 to 2024.0, which were chosen to investigate
the recent change in flow direction in the Eastern Pacific, between longitudes of -150° to -75°.
The recovered flows show a horizontally convergent flow structure in 2020, just under the coast of

western South America, similar to those found in numerical simulations driven by heterogeneous

CMB heat flow by [Mound and Davies| (2023), although the flow is strongly time-dependent and

differs only a few years later. The intensity of the eastern portion of the recovered flow decreases
from 2020, before becoming entirely westward by 2024. Once again, the residuals between input
and output SV show features aligned with contours of B, /cosf. The average MAE across the
time period of 2020.0 - 2024.0 is 201 nT/year (Relative L1 Error of 3.11%), with a maximum

of 362 nT/year in 2020 and a minimum of 75 nT /year in 2024.

2020 40 km/yr —— 2022 40 km/yr —— 202 40 km/yr ——
110°W 100°W 90°W 80°W 70°W 110°w 100°W 90°W 80°W °
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e 80 _—

Figure 4.13: Changes under the Eastern Pacific during the period of 2020.0 to 2024.0, at
10° above and below the equator.
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Figure 4.14: Residual between input SV and output SV for 2022.0, MAE of 201nT /year,
with contours of B,/ cosf superimposed, truncated at + 40 nT. Red lines indicate negative
values of B,/ cosf, and blue lines indicate positive values of B,/ cosf. Latitude range is
10° above and below the equator.

4.3.4 High Latitude Jet near the North Pole

Global magnetic field models show patches of SV with alternating sign in the northern polar
region, occurring close to the inner core tangent cylinder. |Livermore et al. (2017) presented an
explanation for this in the form of a strengthening high latitude jet of localised flow underneath
Alaska and Siberia, which forms a part of the eccentric planetary gyre. The magnitude of this
jet is not well constrained, as noted in [Finlay et al.| (2023)); simpler, localised, models such as in
Livermore et al.| (2017)) show a larger flow acceleration compared to those from more complex
global models such as |Gillet et al. (2022), which use priors to constrain non-uniqueness. It
is worth noting that this choice of prior impacts the azimuthal flow speed around the tangent
cylinder when using data assimilation methodologies (Rogers et al.l [2025). To investigate where
the flows from this regional method would fit into this picture, as well as to investigate the
evolution of this jet over time, the PINN method was applied to a high-latitude band spanning
from 60°N to 80°N latitude, and between 0° to 360° longitude. Omnce again 5 models were
trained to find the ‘preferred model’, for increments every 5 years between 2000 and 2024, using

the network size found in section 2.4

The recovered flows in 2017 and 2024 are shown in figure The PINN methodology recovers
the high-latitude jet, increasing in azimuthal velocity beginning in 2005, before reaching a
maximum velocity of 39 km/year in 2017 and decreasing in velocity afterwards. This change in

intensity may be caused by a change in the discontinuous dynamics across the inner core tangent
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cylinder, as suggested in [Finlay et al.| (2023)), and could be associated with the evolution of the

planetary gyre. Figure shows the maximum azimuthal flow over time from this study

(blue), the localised model of [Livermore et al.| (2017) (orange), and a global flow model that

utilizes statistics from dynamo simulations as prior information (Gillet et al.|[2022)) (green). The

PINN flow results show the larger acceleration favoured by the local flow model presented in

Livermore et al.| (2017)), but with a decreased amplitude compared to the other local and global

flow models. We also show that the jet has been decelerating since 2017, perhaps indicating
that the jet has been a transient feature that is now subsiding. This result does not change
with network size or choice of seed. The average MAE across the time period of 2000.0 - 2024.0
was 107 nT /year (Relative L1 Error of 1.79%), with a maximum of 173 nT /year in 2015 and a

minimum of 49 nT /year in 2000.
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Figure 4.15: High Latitude jet in 2017.0 and 2024.0.
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Figure 4.16: Maximum azimuthal flow over time, adapted from [Finlay et al.| (2023).
Results from the model presented in [Livermore et al. (2017) shown in orange, spanning a
time period from 1999.0 to 2022.0, results from the model presented in |Gillet et al.| (2022)
shown in green, spanning a time period from 1997.5 to 2021.0, and results from this study,

spanning from 2000.0 to 2024.0, shown in blue.
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4.4 Discussion

Our global mosaic model shown in figure re-produces previously published large-scale flow
structures, such as westward flow under the Atlantic, variable flow under Indonesia and Central
America, and the large-scale gyre (Pais and Jault, 2008; |Gillet et al., 2022 [Kloss and Finlay,
2019). It is important to remember that our multiple regional flow models were all trained
separately and had no knowledge of the SV outside the given region, but could still produce
mostly continuous large-scale features across the box edges. The reproduction of the large-scale
eccentric gyre indicates this is a data-driven feature, rather than it being an artefact of the
global modelling approach. It is interesting to compare our results with the results shown in
Buffett et al.| (2016]), where the authors found that high-latitude SV can be fit locally using
waves, meaning there would be no need for a gyre to connect areas at high latitude to those at
mid-latitude. Our models indicate that the high-latitude flow is connected to the mid-latitude
flow, suggesting that the SV at high-latitudes is a flow feature, rather than a wave feature. This
does not rule out high-latitude waves, but perhaps lends weight to the idea that there is a flow

component due to the high-latitude SV.

The time-longitude plot at the equator, shown in figure demonstrates azimuthal flow
direction changes happening multiple times over a period of 24 years. There is good temporal
continuation from one time-step to the next for the flow and recovered SV, despite there being
no temporal regularisation applied to these PINN models. Instead, figure [4.10] shows a series of
instantaneous snapshots over time, though there is temporal smoothing applied to the CHAOS-
8.1 field model that provides the input SV. The regional flow inversions shown in figures [4.11
and also highlight new features, particularly the recent change in flow direction under the
eastern Pacific. This behaviour could be wave-driven, similar to the waves described in |Gillet
et al. (2022)), but further work would be needed to confirm this. Recent changes are also shown
in figure [4.16] in the decrease in azimuthal flow intensity at high latitudes in the Northern
Hemisphere. Whether this change is due to a change in the dynamics at the inner core (Finlay

et al., [2023), or due to other dynamics, is a possible area of further study.

While our study presents flows modelled with the tangentially geostrophic flow assumption, this
framework makes changing the flow assumption, in principle, as simple as changing a single line

of code. This allows for different flow assumptions to be tested easily and quickly. Additionally,
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there is also no restriction on the shape of the region studied, as the loss function is a sum over
a grid, which can be any shape. This provides the opportunity to study non-rectangular regions
in their entirety, such as features of heterogeneity at the bottom of the mantle (e.g. Large Low-
shear-Velocity Provinces, LLVPs (Panton et all 2025)). However, care must be taken when
choosing a flow assumption, as the residuals presented in this study suggest there are locations
and times where the TG assumption is not valid. Additionally, due to the construction method
of the CHAOS-8.1 model, our local values for the main field and SV at the CMB do still depend
on the observational data everywhere. For a truly regional flow inversion, a regional geomagnetic

model would need to be used, which is outside the scope of this study.

Regional core surface flow inversions have a wide range of potential applications, particularly in
cases when the spatial distribution of data measurements is uneven, or when using paleomagnetic
or historical data. The combination of this regional methodology with the SOLA (Subtractive
Optimally Localised Averages, [Hammer and Finlay (2018))) could be particularly productive,
and may provide an opportunity for the use of historical /palacomagnetic data for regional core
flow inversions, as well as low inclination satellite orbits where data is restricted to mid- and

low-latitudes, such as MSS-1 (Jiang et al., [2024).

4.5 Conclusion

This study presents a novel methodology for inverting regional flows at the core surface, us-
ing Physics Informed Neural Networks. We validate our method on synthetic flow examples,
and then construct a global flow model from a mosaic of local flow models, re-producing the
large-scale gyre and therefore indicating that this is a data-driven feature. We also investi-
gate equatorial time dependence, and present regional flow models underneath the Atlantic,
Indonesia, South America and at high latitudes in the Northern Hemisphere. We highlight
new features, particularly the recent change in flow direction under the Eastern Pacific and the

deceleration of the high-latitude jet from 2017.
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Abstract

In response to the call for candidate models for the 14th generation of the International Geomag-
netic Reference Field (IGRF) by the Geomagnetic Field Modeling Working Group (V-MOD)
of the International Association of Geomagnetism and Aeronomy (IAGA), we present the Uni-
versity of Leeds candidate model for the forecast of the average Secular Variation (SV) for
2025—-2030. Our approach consists of inverting the geomagnetic field model CHAOS-7.18 using
Physics-Informed Neural Networks to produce two global mesh-free models from (i) a mosaic
of independent regional flows and (ii) a single global flow representation. The magnetic field is
then advected under the assumption of steady core flow over a five-year period, and the average
SV over 5 years is taken to construct the forecast. We validate our approach using hindcasts for
the IGRF-13 time period (2020-2025) and benchmark our methodology against the inferred SV
from CHAOS-7.18. Our field models constructed from regional flows show reduced RMS misfit
relative to the field from the CHAOS-7.18 model at each yearly timestep, compared to the other
candidate models from IGRF-13 in the hindcast, both at the Core Mantle Boundary and at
the Earth’s Surface. We then present our IGRF-14 candidate forecast for the period 2025-2030,
derived from the regional method, and discuss possible improvements to this method for future

IGRF submissions.
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5.1. Introduction

5.1 Introduction

The Earth’s main magnetic field, powered by fluid motions in the Earth’s outer core that drive
a self-sustaining dynamo (Bullard, |1950), changes over a range of timescales. The observed
timescales span years to millennia (Constable and Constablel 2023) and temporal variations
in the geomagnetic field on timescales of years to millennia are termed Secular Variation (SV)
(Jackson and Finlay} 2015)). The geomagnetic field has been measured by networks of ground-
based observatories since 1837 (Macmillan, 2007)), and has been further supported by continuous
satellite measurements since 1999 (Friis-Christensen et al. (2006), Olsen and Kotsiaros (2011)),
Olsen and Floberghagen| (2018)), Olsen et al.| (2020), Zhang| (2023)), Jiang et al. (2024)). Tem-
poral variations in the geomagnetic field are significant for both industry and scientific research

across various fields, including navigation, satellite operations, and space weather hazards.

To try to understand and predict changes in the geomagnetic field, models, such as the In-
ternational Geomagnetic Reference Field (IGRF), are created. Commonly, these models are
constructed in spectral space with global basis functions, such as spherical harmonics, con-
strained by measurements from satellites, observatories and other surveys. A benefit to using
spherical harmonic global basis functions is the ability to analytically downward continue the
field model to the Core-Mantle Boundary (CMB). The IGRF is a collaborative effort overseen
by the Division V Geomagnetic Field Modelling Working Group (V-MOD) of the International
Association of Geomagnetism and Aeronomy (IAGA), which is updated every five years. Inter-
vening epochs are forecast through an average SV model, itself derived from multiple candidate
models. The previous edition of IGRF is the 13th iteration (Alken et al.l|2021b)), which contains
a definitive main field model for 2015.0, a main field model for epoch 2020.0, and a predicted

secular variation for 2020.0 to 2025.0.

The construction of the IGRF has driven advances in geomagnetic field modelling, evidenced by
the variety of methods used to model the field. Responding to previous IGRF calls, candidate
methodologies for secular variation have included constructing models from ground and satel-
lite measurements (Alken et al.|(2021a)), Finlay et al.| (2020)), Rother et al.| (2021)), Huder et al.
(2020))), data assimilation techniques (Fournier et al. (2021)), Minami et al. (2020), [Sanchez
et al.| (2020))), Kalman-filter based models (Tangborn et al.| (2021)), [Baerenzung et al.| (2020)),

interpolation (Petrov and Bondar, 2021)), diffusion based models (Metman et al., 2020al), boot-
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strapping (Pavon-Carrasco et al., |2020) and spectral analysis (Wardinski et al., 2020). All of
these models, except for the diffusion based model presented by [Metman et al.| (2020b)), assume

that the observed SV is produced by advection of the fluid in the outer core.

A frequently used assumption when inverting the geomagnetic field to map flows at the edge
of the outer core is to assume that on sufficiently short timescales, magnetic diffusion can be
considered negligible - this is the frozen flux assumption presented in Roberts and Scott| (1965).
Under this simplification, the magnetic field lines can be thought to be ‘frozen’ within moving
liquid packets at the surface of the outer core, effectively making the change in the magnetic
field a tracer of the flow (Bloxham and Jackson, [1991). Non-uniqueness is further minimised by
assuming large scale flow, wherein small scale flow structures are penalised (Bloxham), 1988).
Flow features inferred from previous studies include an eccentric, anticyclonic, planetary gyre
(Pais and Jault} |2008]), changes in the azimuthal flow direction in areas in the equatorial region
(Whaler et al.l 2022; [Li et al., 2024), and a localised jet under the Bering Strait (Livermore

et al., 2017).

For our IGRF-14 SV forecast, we employ a steady advection-only core flow approach. A candi-
date model for IGRF-13 based on the steady-flow advection of the outer core flow was presented
by Brown et al.| (2021), with two candidate models of IGRF-12 also being based on steady core
flow advection (Hamilton et al.l |2015). However, in contrast to prior approaches, constructed
using global basis functions, we implement two novel aspects based on neural networks: (i) a
global model created by a mosaic of regional flows individually and independently inferred by
a fit to a local realisation of a global geomagnetic field model, and (ii) a global model, inferred
through a single global fit to a field model. Our regional approach provides an independent
method to check global flow analyses, providing complementary information for the global can-
didate models, as a regularised large-scale global inversion may act to smooth out important
local flow features. Additionally, in a model dependent on global basis functions, any point on
the CMB will be influenced non-locally by the SV at all the other locations on the CMB, but in
a regional flow inversion the same point only depends on the other points in that local region.
This is important because, although the quality and coverage of geomagnetic measurements
from satellites and ground-based observatories are generally good, satellite data are more sus-
ceptible to contamination from external fields in auroral regions, while the spatial distribution

of the observatory network remains highly uneven. Our regional methodology can probe the
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reliability of local features in these areas; we can also be sure that flow maps constructed in
non-polar regions are not contaminated by polar data with significant unmodelled non-internal

signal.

Local core flow inversions have been attempted in previous studies. Rogers (2022) studied
regional variations using spherical Slepian functions. This technique produced better separation
of SV at the Earth’s surface compared to spherical harmonics but reliable local flow separations
and SV separations at the CMB were not achieved. Schwaiger et al.| (2023) presented a local
core flow inversion methodology based on pointwise inversion, which was able to reproduce the
main features found in global core flow studies, but it was found that additional smoothing was
required to prevent unreliable re-construction of small-scale flows. They also found that their
results heavily depended on what prior they used to reduce the non-uniqueness. Our approach
infers regional flows through the use of Physics-Informed Neural Networks (PINNs), a class of

machine learning models, described in Shakespeare-Rees et al.| (2025).

Machine learning refers to a collection of statistical techniques used to leverage data in order
to complete a task, allowing the user to extract knowledge and draw inferences (Jordan and
Mitchell, 2015). Neural Networks (NN), a machine learning architecture, consist of layers of
artificial neurons that can process information and learn complex representations of information.
PINNS, first proposed in Raissi et al.| (2019), are a class of neural network that integrate
mathematical descriptions of physical laws as soft constraints in order to solve forward and
inverse problems. PINNs have been used in a diverse range of fields such as fluid mechanics
(Raissi et al., 2020]), medicine (Arzani et al. 2021), nuclear physics (Schiassi et al., 2022) and
seismology (Chen et al., [2022). PINNs have been recently used in core flow and length of day

(LOD) analysis by |Li et al.| (2024), albeit only in a global flow inversion framework.

The rest of this paper is organised as follows: in Section [5.2| we describe our core flow inversion
methodology using PINNs, and then detail our advection scheme which produces the SV forecast
in Section In Section [5.4] we show results for hindcasting, benchmarking our hindcast
models against IGRF-13 candidate models, and then present our candidate SV forecast for
IGRF-14 in Section [5.5l Finally, we discuss our results and areas of improvement for our

methodology in Section [5.6
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Chapter 5. Forecasting Secular Variation using Physics-Informed Neural Networks

5.2 Core Flow Inversion using PINNs

Modelling the Earth’s core as a sphere described using spherical coordinates (r, 8, ¢), we assume
that the flow, u, within the sphere obeys a non-penetration boundary condition at the edge of
the core with vanishing radial flow, v, = 0, at the CMB. The radial magnetic field, B,, can
then be related to the horizontal fluid motion at the edge of the core via the radial component

of the induction equation, which assuming frozen flux, can be written as:

0B,
ot

— Vi - (uB,), (5.1)

in which u = [0, ug, ug] is the flow that is sought in the inversion methodology, and Vg is the

horizontal gradient operator.

In spherical coordinates, the total flow u can be decomposed into toroidal and poloidal flows

u=V xT(0,¢)r+ Vu(rP(9,q)), (5.2)

whose horizontal components can be written (Holme, [2015)),

1 0T 0T
ur = <sin98gb’_89> ’ (5:3)
oP 1 0P

Therefore, we seek toroidal (T") and poloidal (P) scalar functions which define the flow in our
flow inversion. Our inversion methodology consists of two Fully Connected Neural Networks
(FC-NNs) working in parallel: one to describe the toroidal scalar function 7" and the other to
describe the poloidal scalar function P. A schematic for this is shown in Figure FC-NNs are
composed of layers of nodes, including an input layer, one or more hidden layers, and an output
layer (Jordan and Mitchell, [2015). Each node is interconnected with others and is associated
with a specific weight and bias. The output of a node is calculated by applying a non-linear
function—known as the activation function—to the weighted input. During a process known as
training, the network adjusts its weights and biases to improve performance (Goodfellow et al.,

2016)). Once the network weights are determined, the flows are then described using Equations

and (5.
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Toroidal and Poloidal Networks
with FC-NN Structure

Automatic
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Figure 5.1: Schematic of the PINN used in this study, where 6, ¢ are co-latitude and longitude, T
and P are the toroidal and poloidal scalars, and ug and ug4 are the components of the horizontal
flow. Yellow indicates inputs to the network, the two parallel FC-NNs are blue and green, loss
function in white, data inputs to the loss function in orange, and the outputs are cyan.

The networks are trained using the optimisation method Adam (Kingma and Balj, 2017)), which
updates both networks concurrently. The PINN receives a grid of points defined by (6, ¢) at a
radius of 3485 km. It then analytically computes the toroidal and poloidal scalar value at each
of those points, then calculates the spatial derivatives of these scalars using Pytorch’s built-in
differentiation engine (Paszke et al. [2017). These derivatives are then used in Equations
and to produce ug, ug. The loss term in the PINNs used for this submission consists of the
MSE (Mean Squared Error) between the SV recreated by the PINN-based flows and the SV
from the CHAOS-7.18 model:

N 2
1 0B, 0B,
Lgy = — — 5.5
VTN EZ:[ ot pINN Ot CHAOSj| 0:.61 (5:5)
where N is the number of points, and the SV calculated from the horizontal flows is

aBr 1 Ugp aBr GBT
- - - B, Vg -u). 5.6
ot PINN r <sin9 99 cHAOS "5 CHAOS) craos (Vi ) (5.6)

The Adam optimizer back-propagates the loss through the network, updating weights and
biases to minimize the loss via gradient descent over 5,000 iterations. However, empirical
results show that Lgy as a function of the model parameters exhibits complex behaviour,

leading the optimiser to only converge to local minima (Shakespeare-Rees et al.l 2025). We
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Chapter 5. Forecasting Secular Variation using Physics-Informed Neural Networks

therefore choose multiple different seeds — equivalent to varying initial weights — for independent
training, from which we select the model that achieves the lowest loss. Given that our dataset
is of order 1000-10000 points — modest by machine learning standards — we are able to use
all the data in each iteration of training. The PINN is constructed using SciANN (Haghighat
and Juanes, 2021), a TensorFlow/Keras wrapper for physics-informed machine learning, with
straightforward implementation. We highlight that other approaches to constructing PINNs

are available, such as the PyTorch approach described in [Shakespeare-Rees et al.| (2025]).

In order to optimise training, a number of hyper-parameters need to be chosen. The learning
rate — governing how rapidly the weights change with each iteration — was chosen to be the
standard value of 1073, as it was found empirically that this resulted in the lowest SV misfit.
Our choice of activation function was swish (Ramachandran et al., 2017), due to its better
performance when compared to other activation functions such as Tanh and ReLU. The size of
the networks — the number of hidden layers and the number of neurons per layer — is an important
parameter to choose. If the network is too small, then it will have a very limited functional
representation, resulting in a flow too smooth to fit the SV data. If it is too large, then it
could result in flows that fit the SV but have spurious small-scale features. We therefore choose
the optimal size of network through sampling in model space, finding the size that produces
the minimum SV residual but has no spurious small-scale flows, through the trade-off method
detailed in [Shakespeare-Rees et al.| (2025)), which we briefly describe here. We determine the
optimal network size by balancing the quality of data fit against the complexity of the resulting
flow, without applying explicit regularisation. To identify suitable configurations, we evaluate
networks under two regions: the Atlantic, where simple westward flow is expected (Holme, 2007)),
and the South China Sea, which exhibits more complex, divergent flow behaviour (Whaler et al.,
2022)). For each network architecture, we compute the SV root mean squared error (RMSE) and
the complexity as measured by the average of the squared second spatial derivative of the flow
(Bloxham, 1988)), evaluated on the SV data grid, repeating the process across five random seeds
to assess variability and robustness. These results are then visualised as trade-off curves, from
which we identify the ‘knee’ point—representing the best compromise between accuracy and
simplicity. Due to the relatively small size of the dataset, cross-validation was not employed, as
it would require partitioning the data during training and risk degrading model performance.
Using this method, we found an optimal size of 10 layers of 150 neurons. Although the PINN

methodology allows us to apply additional physics-based flow constraints, we chose not to do
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this and to present the simplest possible model approach for this submission. Additionally,
while we do not explicitly apply smoothing to the flows, there is smoothing inherent to the

modelling approach due to representing the flow using a finite network as specified above.

5.2.1 Training Data

The training procedure for the PINN methodology requires values for the SV, as well as values
for the horizontal spatial derivatives of the main field. We use the core field component of
the geomagnetic field model CHAOS-7.18, an extension of the CHAOS-7 model presented in
Finlay et al.| (2020]), projected onto a grid in spherical coordinates. CHAOS-7.18 spans from
January 1999 to June 2024, and is built from a combination of satellite and ground-based
observatory data. This was deemed a suitable choice of model, as it has been used in multiple
core flow inversion studies (eg. |Gillet et al.| (2022))). CHAOS-7.18 is temporally regularised to
reduce non-uniqueness by penalising the second time derivative at the endpoints, and the third
time derivative throughout. The time-dependent internal field model is defined up to spherical
harmonic degree 20, but only the coefficients for the main field and SV up to degree 8 are
used for the SV forecast, this being the degree to which the SV forecast is required in IGRF.
Truncation of the secular variation at higher spherical harmonic degrees was explored, but it

did not lead to improved performance in hindcasts.

We tested two approaches to core flow inversion: a ‘Regional’ method and a ‘Global’ method.
For the regional approach, a mosaic of regional flow models are constructed from SV from 1st
January 2020 using CHAOS-7.18. The surface of the core mantle boundary, at a radius of 3485
km, is carved up into 56 overlapping latitude-longitude boxes each spanning 30° by 55°, and 16
overlapping boxes spanning 25° by 55° for the boxes closest to the poles. The boxes extend to
within 5° of the poles. The edges of these boxes are shown by the grey lines in Figure[5.2] Each
of these boxes have grid points every 1° in both dimensions. We note that alternative partitions
of the CMB, such as overlapping circular regions or tessellated triangles, are also possible, but
these were considered to be beyond the scope of the present study. For each of the 72 boxes, a
separate PINN is trained to find the flow that would generate the SV for that box only. The
PINN for each box is trained for 5000 iterations, and results obtained for 5 seeds. The model
with the lowest Lgy (SV MSE) is taken as the ‘preferred model’ for that box. A 5° border is
then cut off the results of each box, as in Figure with the result being 56 boxes of 20° by 45°,

and 16 boxes of 15° by 45°. Sensitivity tests during development indicated that a 5° border was
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sufficient to maintain continuity between adjacent regions without introducing notable artefacts.
Increasing the border produced only marginal improvements in transition smoothness, with no
significant changes in overall flow patterns or fine-scale features, even when the border size
was doubled. The remainder of each box are stitched together, with no continuity conditions
imposed at the edges of the boxes. For use in the prediction methodology, the u and V - u
values were interpolated from the training grid, using cubic spline interpolation onto the same
Gauss-Legendre-Fourier grid as the advection method in Section[5.3] as this gave better hindcast

results than simply evaluating the model directly onto the Gauss-Legendre-Fourier grid.

For the global flow inversion model, we projected the field coefficients of CHAOS-7.18 on one
large latitude-longitude box covering most of the CMB, aiming to compare a model incorporat-
ing all available spatial data, with our regional model incorporating the same data in regional
boxes. The box extends to within 5° of the poles, and from -180° to 180° in longitude. We do not
assume any regularity conditions for this approach, and we do not impose periodicity between
the longitudinal-edges of the box. CHAOS-7.18 is projected onto the same Gauss-Legendre grid
as the regional inversion. We did not add a border to the edges for the global flow inversion, as

they would have extended over the poles.

To optimise model performance and reduce training time, the CHAOS-7.18 input and outputs
of the network are re-scaled so that their magnitudes are all about 1 (Sola and Sevillay |1997).
This is achieved by expressing B, in uT, time in 0.1 yr, and length in km. Typical values of
B, at the CMB are 500uT and so typical values of SV are then 1 pT/0.1 yr in these units and

flow speeds are typically 1 km/0.1 yr.
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SV from CHAOS-7.18, January 2020
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Figure 5.2: SV (9B,./0t) from CHAOS-7.18 at epoch 2020.0 (Finlay et al.[(2020)) at the CMB,
truncated at degree 8, with continents shown for reference. Grey lines indicate the edges of the

regional latitude-longitude boxes after border removal.
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Figure 5.3: Example of a box used for inversion. After training, a 5° border is removed in
order to minimise edge effects, this is shown with a transparent overlay. SV (9B,/0t) from

CHAOS-7.18 at [ = 8, shown for reference. Adapted from [Shakespeare-Rees et al.| (2025).
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5.3 Advection Methodology

Once we have found a flow model consistent with the SV for a particular year, we predict the
SV assuming advection from a steady flow. We evolve the frozen-flux induction equation over
timesteps of 1 year. To do this, we require a flow and an estimate of the main field at the
beginning epoch. For each yearly time step ¢; through this period, the main field was evolved
using:

OB

B; .1 =B; + At—
tid+1 t; T ot t¢7 (5.7)

where the subscripts ¢; indicate evaluation at time 7 and At = 1. Numerically, we evaluate the
SV using the PINN machinery on the Gauss-Legendre-Fourier grid, and transform to find the
component of spherical harmonic degree 8. The required horizontal field derivatives are found
by projecting the field onto spherical harmonics and taking the derivatives in space. No explicit
additional flow smoothing, either spatially or temporally, are used in this SV prediction. The
mean of these SV snapshots is then determined by summing together each SV snapshot and

then dividing by 5, such that:

5
0B, 1 0B
== — . 5.8
< 81: >Average b Z by, ( )

134



5.4. Hindcasting and comparison to IGRF-13

5.4 Hindcasting and comparison to IGRF-13

5.4.1 Regional and Global Models

To evaluate our methodology against the performance of the IGRF-13 secular variation (SV)
prediction candidates, we conducted a 4-year hindcast beginning on 1 January 2020 through to
1 January 2024, and compared the results with time-dependent SV from CHAOS-7.18. Only

geomagnetic data from 2020 was used for our hindcasts.

The global Mean Absolute Error (MAE) between the SV from the CHAOS-7.18 model and the
SV output from the PINN, both at epoch 2020.0, is 52 nT/year, a relative absolute error of
3.2%. The recovered flows for the regional model are shown in Figure [5.4 The flows show
similar large scale features as those found using global methodologies, demonstrating westward

flow under the Atlantic, eastward flow under the Pacific, and the presence of the anticyclonic

planetary gyre (Pais and Jault], 2008; |Gillet et al., [2022; Kloss and Finlay, 2019)).

For the global approach, we trained a separate PINN for one latitude-longitude box encompass-
ing the non-polar CMB. Again, the PINN for the box is trained for 5000 iterations, and results
obtained for 5 seeds. The model with the lowest Lgy (SV MSE) is taken as the ‘preferred
model’ for the global box. The MAE between the SV from the CHAOS-7.18 model and the SV
output from the PINN is 15 nT/year, a relative L1 error of 0.8%. The recovered flows for the
global model are shown in the bottom panel of Figure The flows from the global model
are visually smoother than that of the regional model, and have reduced small-scale features.

There are also sections of southerly flow under Asia, which is not present in the regional model.

Both the global and regional flows are then used in the advection methodology detailed in Section
to produce global and regional hindcasts. The absolute difference between the global and
the regional hindcasts at the CMB are shown in Figure [5.5] The maximum difference in SV
hindcast is -400nT /year, largely concentrated underneath South America, with other areas of
increased difference including the northern hemisphere, close to the location of the high latitude
jet presented in |Livermore et al.| (2017)). The areas of largest difference correspond to the areas
of largest flow difference between the two flow models, which is a result of increased small-scale

flow.
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Figure 5.4: Regional (Top) and Global (Bottom) flow models, using the PINNs inversion
methodology. All plots are at the CMB. Continents shown for reference
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Figure 5.5: Top Left Panel: Average SV (0B, /Jt) over the period 2020-2025 from the CHAOS-
7.18 model. Middle Left Panel: Hindcast averaged SV (0B, /0t) (2020-2025) using the ‘Global’
flow model. Bottom Left Panel: Hindcast averaged SV (0B,/0t) (2020-2025) using the ‘Re-
gional’ flow model. Top Right Panel: Absolute difference between the ‘Global’ and ‘Regional’
hindcasts. Middle Right Panel: Absolute difference between the ‘Global’” hindcast and the aver-
age SV (0B, /0t) over the period 2020-2025 from the CHAOS-7.18 model. Bottom Right Panel:
Absolute difference between the ‘Regional’ hindcast and the average SV (9B, /0t) over the pe-
riod 20202025 from the CHAOS-7.18 model. All plots are at the CMB. Continents shown for

reference.
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To further investigate the difference between the global and regional hindcast, the Mausberger-
Lowes spectrum of the SV hindcasts was plotted for each model at the Earth’s surface. This
is shown in Figure [5.6] with the difference between them indicated by the dashed line. These
models are almost identical, having a relative L1 difference of 1.8% relative to the regional
model at the Earth’s surface, indicating that considering one large grid or many smaller grids
are very similar, provided the solutions are converged. The relative L1 difference becomes 1.7%

relative to the regional model at the CMB.
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Mausberger-Lowes Spectrum for Global and Regional Hindcast
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Figure 5.6: Top Panel: Mausberger-Lowes spectrum of the SV for the global and regional
hindcasts. Bottom Panel: Difference between the global and regional models. The two spectra
are exceedingly similar, having a relative L1 difference of 1.8% relative to the regional model.
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5.4.2 Comparison to IGRF-13

To compare our hindcasting models to the IGRF-13 SV candidate models, as well as the averaged
SV from CHAOS-7.18 between 2020-2024, we first plot the Mausberger-Lowes Spectrum of the
SV at the Earth’s surface for all of the considered models. The candidate models of IGRF-
13 are displayed using dashed lines, the global and regional models presented in this study
are displayed using purple and dark green respectively, and the spectra from the average SV

between 2020-2024 is shown with a solid black line.

Figure [5.7] shows that the majority of candidate models overestimate the energy at degrees 1-2
and 6-8 compared to the CHAOS-7.18 model, whereas at degree 3-5 the majority of models
underestimate the energy. Conversely, both of our models slightly underestimate the degree 1
contribution to the SV, then overestimate the degree 4-8 contributions, with the regional model
contributing more at degree 6 than the global model. It is perhaps expected that the regional
model contributes more to the SV at higher degrees than the global model, due to the presence
of increased small-scale flow, increasing the complexity of the model. Reassuringly, all of these
models are similar to the observed SV, particularly at larger scales, though our models follow

the black line more closely than many of the other models.

To further probe the hindcast performance, we evolved the main field between 2020.0-2024.0,
from an initial state at 2020 derived from CHAQOS-7.18, using each of the candidate average SV

predictions and our own, such that for each year, and each candidate:

0B
By =By, + A2 : (5.9)
ot Average

where At = 1. The Root Mean Square (RMS) of the difference between the predicted B, and
the modelled B, from CHAOS-7.18, at degree 8 and at each timestep, was then calculated for

each candidate both at the CMB and the Earth’s surface.

Figure (top panel) shows that both of our models have reduced RMS compared to the other
IGRF candidates, at the CMB, with the regional model performing slightly better than the
global model. To ensure the robustness of this result and confirm it was not an artifact of our
model choice, we compared the predicted SV from flows trained on CHAOS-7.18 with SV from
the Kalmag model (Baerenzung et al.l 2020). In this comparison, both the global and regional

models continued to show reduced RMS difference compared to the other candidate models.
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Mausberger-Lowes Spectrum for IGRF-13 Predictions
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Figure 5.7: Mausberger-Lowes spectrum for our global and regional hindcasts, as well as the
other IGRF-13 candidate models. The inferred Mausberger-Lowes Spectrum from the average
SV between 2020-2025 from the CHAOS-7.18 model is marked by ‘Average SV from CHAOS-
7.18.

This is shown in the figures in Appendix The bottom panel of Figure [5.8 shows the results
at the Earth’s surface, relative to CHAOS-7.18. Once again, our regional model demonstrates
reduced RMS differences compared the other models in this hindcast. However, our global
model is outperformed by the models from the Max Planck Institute (Sanchez et al.| 2020),
IPGP (Fournier et al., 2021), Potsdam (Baerenzung et al.,2020) and DTU (Finlay et al., [2020).
Therefore, it seems that the small-scale flows present in the regional modelling contribute to

the SV in a way that improves forecast performance.
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Figure 5.8: RMS between IGRF-13 candidates and CHAOS-7.18 derived B, values over time.
The regional model performs marginally better than the global model, with the difference
becoming more pronounced over time.
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5.5 Candidate SV Model

With the hindcast performance of the regional model in mind, we chose this methodology to
determine the flows used in our steady-flow prediction methodology. We used the same method-
ology as the hindcast, but using the CHAOS-7.18 geomagnetic field data from 1st January 2024.
The radial magnetic field at 2025 was estimated by adding the SV on 1st January 2024 to the
radial magnetic field at the same date, in the same manner as in Equation , with dt =1
year, to predict the field in 2025. Ideally we would use the field in 2025, but this is outside
the timeframe of CHAOS-7.18. The recovered SV from the PINN, and the residual between
the CHAOS-7.18 SV and the recovered SV, are shown in the top panels of Figure At the
epoch for which the PINN is trained, the recovered SV agrees well with the training SV, as the
MAE between the recovered SV and CHAOS SV is 50 nT/year, a relative L1 error of 3.2%.
This is similar to the hindcast values, giving hope that the forecast may fair similarly well.
The recovered flows are shown in the bottom panel of Figure 5.9 again showing westward drift

under Atlantic, eastward flow under Indonesia, and the eccentric planetary gyre.

We then advect the magnetic field, assuming the flow is steady and using the estimated values
of the radial magnetic field at 2025. We note that due to a data transmission error at this step,
the original University of Leeds SV prediction candidate for IGRF-14 submitted in October
2024 was incorrect. We show the corrected University of Leeds SV prediction candidate for

2025-2030 in Figure and provide the updated Gauss coefficients in Appendix
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Recovered SV from PINN, January 2024
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Figure 5.9: Top Panel: Recovered SV using the horizontal flows in January 2024, with the
box borders shown using the grey dashed lines. Middle Panel: Residual between CHAOS-7.18
SV and the Recovered SV. Bottom Panel: Recovered Flows from the PINN. The flows show
large-scale features found in prior studies, such as westward drift under Atlantic, eastward flow
under Indonesia, and the eccentric planetary gyre. Continents shown for reference. The flow at

epoch 2024 is assumed to be the same as for 2025 for the purposes of SV prediction.
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5.5. Candidate SV Model

Average Predicted SV for 2025-2030, Radial Component
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Figure 5.10: Predicted SV (Top: 0B, /0t, Middle: 0By/0t, Bottom: 0B, /0t) for epochs 2025.0-
2030.0 at the core-mantle boundary. Continents shown for reference.
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5.6 Discussion and Conclusions

We present a methodology for SV forecasting, using Physics-Informed Neural Networks to de-
termine outer core flows for use in a steady-flow advection method in order to predict SV for
IGRF-14. To investigate the performance of the method, we produce a hindcast for the epochs
2020.0-2025.0, using a mosaic of regional flows (‘Regional Model’) and a global flow (‘Global
Model’).

We then compared our hindcasts to other IGRF-13 SV forecast candidate models, as well as to
the average CHAOS-7.18 SV between epochs 2020-2025. It should be noted that the average SV
during this time period — what is predicted in our hindcasts and IGRF-13 candidate models
— may differ from CHAOS-7.18 SV observations, as un-modelled processes in the outer core
leading to variable SV change over time, such as the presence of geomagnetic jerks (Brown
et al., [2013; |Aubert et al., [2022). The results show that the regional models outperformed the
global model and the other IGRF-13 candidates, both at the CMB and at the Earth’s surface.

There are a number of considerations and potential improvements that need to be accounted for
when evaluating our models. The first is the box size defining both regional and global flows,
along with the (removed) additional border. While the border removal approach works well for
the regional boxes, acting to mitigate any edge effects, these edge effects are still seen in the
global model. Adding a border region did not act to prevent this, and so further work may
include altering the global methodology to remove this, as has been done in |Li et al. (2024)).
The use of MSE for in our loss function may also affect this, as when the loss is minimised the
optimiser will prioritise a fit over the bulk of the box, rather than the edges which comprise

only a small part.

The second consideration is our choice of geomagnetic field model for use as training data. We
chose CHAOS-7.18 for the input field model, due to its use in multiple core inversion studies,
such as |Gillet et al.| (2022) and Kloss and Finlay| (2019)). Other geomagnetic field models such
as Kalmag (Baerenzung et al., 2020) also covered the time frame considered in this study,
and the use of this model as our training data may have yielded slightly different results.
However, the high quality data from INTERMAGNET (Love and Chulliat, [2013) and Swarm
mean that these field models are well constrained, such that there is little difference between

Kalmag and CHAOS. Since the publication of IGRF-14, the 8th generation of CHAOS has been
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released (Kloss et al., 2024). CHAOS-8 is temporally regularised by taking temporal covariances
from geodynamo simulations, whereas CHAOS-7 is temporally regularised by penalising the
second time derivative of the radial field over the CMB at the endpoints, and its third time
derivative throughout. This change in regularisation method influences the small-scale features
of the SV, which may, in turn, impact the recovered flow patterns. Further work might include
incorporating this model into our prediction methodology, in order to see whether these small

scale features increase the forecasting abilities of our model.

Thirdly, while previous studies involving the use of PINNs for core flow inversions have applied
the Tangential Geostrophy flow constraint (Li et al., [2024; Shakespeare-Rees et all [2025), in
this modelling approach we chose not to apply a flow constraint, due to the complexities of
balancing this constraint in the loss function. Subsequent work may include quantifying the

effect of different flow assumptions on forecasting ability.

Finally, we note that the regional models are first trained on grids equivalent to 1 point per
spatial degree, and then interpolated to the same Gauss-Legendre-Fourier grid that the global
methodology is trained on. Further work will need to be done to investigate whether the
enhanced performance of the regional methodology is due to the difference in training grid, or

if the regional aspect of the model provides information that aids the forecast.

Our regional Physics-Informed Neural Network approach to forecasting secular variation demon-
strates slightly improved performance over previous generations of SV forecasts in hindcasting
experiments, though it remains to be seen how our model performs in the next 5 years. As the
error between the predicted and ‘true’ B, increases with time (Figure , future work could
explore whether weighting earlier time steps more strongly in Equation improves fore-
casting performance. With ongoing advances in machine learning, forecasting methodologies
that leverage these techniques will become increasingly prevalent in geomagnetic research. The
integration of regional methodologies — such as the one presented in this study — with the
additional coverage provided by low-inclination satellite missions like MSS-1 (Jiang et al., 2024)
and NanoMagSat (Deconinck et al., 2025|) holds particular promise for enhancing the accuracy
of future secular variation forecasts, given the similarly regional nature of the data they provide.
Further additions to this methodology could include incorporating time-dependent constraints,
leveraging the full CHAOS-7.18 time series. Localised estimates, such as those from virtual

observatories (Mandea and Olsen, 2006; Hammer et al 2021) or from SOLA (Subtractive Op-
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timally Localised Averages, Hammer and Finlay| (2018))), could also be trialled, ensuring there is
no global constraint at any stage. Since conventional global field and flow modelling techniques
work with purely regional data, the development of robust regional approaches is essential —
not only to fully leverage upcoming missions, but also as a necessary redundancy should Swarm

fail, or if NanoMagSat launches without its planned polar-orbiting component.

5.7 Summary

This study presents a novel methodology to forecast SV, using flows from a Physics-Informed
Neural Network based approach in a steady-flow advection scheme. Two approaches were
presented: an approach comprising a mosaic of regional flow inversions and a single global flow
inversion. Hindcasting results reveal that our regional approach outperforms the IGRF-13 SV
candidate models, both at the CMB and the Earth’s surface. We present our updated candidate
SV model over the time period 2025-2030 for IGRF-14, derived from advected flows from the

regional inversion approach.
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5.A Updated Gauss Coefficients for Leeds’ Candidate SV Model

110 | 14.47 | 0.0 6|2 | 085 -1.50
1|1 9.38 -22.10 6 |3 1.17 -0.34
210 |-11.30 | 0.0 6 |4 |-082 | 087
211 -5.24 -27.36 6 |5 0.41 0.72
212 |-87 |-11.15 6|6 | 093 0.94
310 |-202 |0.0 710 |-0.25 |0.0

3|1 |-447 | 3.82 711 |-0.06 | 0.64
312 |0.69 -0.19 712 |-0.12 | 0.49
313 |-16.12 | -4.11 713 0.47 -0.76
410 |-1.61 0.0 714 |-0.12 | 0.11
4 |1 -2.48 -1.21 715 -0.78 -0.97
412 |-5.92 |4.10 716 |-0.81 0.63
4 |3 | 5.58 1.40 717 10.92 -0.25
414 |-702 |-4.0 810 |-0.13 | 0.0

510 0.64 0.0 8 11 0.22 -0.25
511 | 1.32 -0.58 812 |0.04 0.45
5|2 0.14 2.17 813 0.49 -0.41
513 | 0.56 0.51 84 |-0.14 | 0.39
5 |4 | 247 1.49 8|15 |0.25 -0.57
5195 |0.79 2.13 8 | 6 | 0.062 | -0.68
6 0 |-0.13 | 0.0 8 |7 |-0.039 | 0.28
6 |1 |-0.46 | 0.35 8 |8 |0.22 0.23

Table 5.1: Updated Gauss coefficients for the University of Leeds IGRF Candidate model. These
coefficients can be found in .cof format here: (https://github.com/geonaomi/LeedsIGRF/
blob/main/Leeds_IGRF14_update.cof)).
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5.B Comparison between IGRF-13 Candidates and Kalmag
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Figure 5.11: RMS between IGRF-13 candidates and Kalmag derived B, values over time. The
regional model performs marginally better than the global model, with the difference becoming

more pronounced over time.
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Abstract

Simulations of the geodynamo demonstrate that heterogeneous heat flow across the core—mantle
boundary can influence the morphology and evolution of the geomagnetic field. However, the
amplitude and structure of this heterogeneity within the Earth remain poorly constrained. We
present a convolutional autoencoder classifier to test whether snapshots of the radial mag-
netic field at the CMB can be used to infer the imposed class of heat-flux heterogeneity, Q™.
By combining reconstruction and classification objectives, the model learns a compressed rep-
resentation of the magnetic field that can be used to predict the heat-flux class of unseen
snapshots. We first apply the method to the simulations of Mound and Davies| (2023)), which
comprise three classes: homogeneous (Q* = 0), weakly heterogeneous (Q* = 2.46) and strongly
heterogeneous (Q* = 5.35). The classifier distinguishes these classes with an error of 4.9%.
Sensitivity tests show that classification depends on non-dipolar structure and relative field
amplitude, with performance decreasing when the field is truncated below spherical harmonic
degree n = 4. Regional tests and saliency maps indicate that the most useful information is
concentrated at equatorial and mid-latitudes, particularly near the Pacific and African Large
Low Velocity Provinces (LLVPs). We then apply the method to a wider simulation set with a
magnetic-to-kinetic energy ratio M;atio > 1, 400 < R, < 2200 and 0.13 < Q* < 10.72, in which
the heat-flux patterns and dynamo parameters also vary. The classification error increases to
20%, but decreases to 13% when the weakest heterogeneous cases are removed, suggesting that
low-amplitude heterogeneity is difficult to distinguish from homogeneous cases and that the
influence of * is harder to isolate when other simulation properties vary. Finally, we apply
the classifier to models of the Earth’s magnetic field. CHAOS-8.5 is consistently classified as
corresponding to homogeneous CMB heat flux, whereas the gufm1 classifications vary between
epochs and model initialisations. Overall, the results show that simulated CMB magnetic fields
contain classifiable information about imposed heat-flux heterogeneity. However, the contrast-
ing results for CHAOS-8.5 and gufm1 indicate that a broader simulation training set is required

before classifications of the Earth’s magnetic field can be considered reliable.
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Chapter 6. Using autoencoders to classify geodynamo heat flux heterogeneity from snapshots
of the magnetic field

6.1 Introduction

The Earth’s magnetic field is generated by a self-sustaining dynamo driven by fluid motion
in the liquid outer core, with the required energy supplied by heat loss from the core to the
mantle (Landeau et al., 2022; |Frost et al 2022). Because of its influence on the core flow, and
therefore indirectly on the magnetic field, thermal coupling between the core and mantle has
been proposed as a mechanism capable of influencing a wide range of geomagnetic behaviour.
Heterogeneous heat flux imposed at the Core-Mantle Boundary (CMB) has been used to explain
persistent or quasi-stationary magnetic flux patches and aspects of secular variation (Bloxham
and Gubbins, |1987; Amit et al., 2010), changes in reversal frequency (Glatzmaier et al. |1999;
Frasson et al., 2025), and large-scale non-zonal structure in the geomagnetic field (Mound
and Davies|, 2023). Related modelling studies have considered whether core—mantle thermal
coupling can influence the location of surface magnetic intensity minima associated with the
South Atlantic Anomaly (Terra-Nova and Amit, 2025). The redistribution of CMB heat-flux
patterns by true polar wander has also been examined, as the resulting changes in the latitudinal

distribution of heat flux may affect the stability of the magnetic dipole (Frasson et al., [2024).

Seismic studies reveal heterogeneous structure in the lowermost mantle. The most prominent
structures associated with long-wavelength CMB heat-flux anomalies are the large low-velocity
provinces (LLVPs). LLVPs are two broad, approximately antipodal structures beneath Africa
and the Pacific, covering around 25% of the core surface, and are characterised by reduced
seismic velocities (Koelemeijer, 2021)). Heat-flux models can be constructed from tomography
models such as that of Masters et al.| (1996) by assuming that seismic velocity anomalies are
related to temperature anomalies. However, evidence that LLVPs are chemically distinct (Zhao
et al., |2015), together with the difficulty of separating thermal and chemical effects in tomo-
graphic models (Mosca et al., |2012), means that both the amplitude and detailed structure of
CMB heat-flux variations remain poorly constrained (Koelemeijer, 2021)). Assuming that the
temperature on the core side of the CMB is approximately uniform, anomalously hot regions
of the lowermost mantle reduce the heat flux out of the core due to the reduced temperature
difference between the core and the mantle. In anomalously cold regions of the lowermost man-
tle, the heat flux out of the core is increased, producing regional heat-flux maxima rather than
minima. These may be associated with cold downwellings or subducted slab remnants in the

mantle and can impose persistent non-zonal thermal forcing on the geodynamo (Mound and
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6.1. Introduction

Davies, |2023; Dannberg et al. 2024).

Because the core is vigorously convecting, lateral temperature variations within the core are ex-
pected to be small, so the temperature at the top of the core is approximately uniform. Lateral
temperature variations in the lowermost mantle can therefore produce spatial variations in heat
flux across the CMB. These variations give rise to heterogeneous CMB heat-flux patterns that
evolve on mantle overturn timescales, of order 10 Myr, which are long compared with character-
istic core timescales. The imposed heat-flux pattern can therefore be treated as approximately
static from the perspective of the core, providing a persistent thermal boundary condition on

the geodynamo (Frasson et al. 2025; Dannberg et al., [2024).

Numerical simulations show that the boundary condition can affect the structure and evolution
of the magnetic field. In some simulations, reduced heat flux beneath hot mantle anomalies can
produce long-lived zones of quasi-stable fluid in the uppermost core, including inversion lenses,
which may imprint persistent non-zonal structure on the geodynamo (Mound and Davies, 2023;
Biggin et al., [2026). Lateral variations in CMB heat flux may also favour regional, rather than
globally continuous, stratification, since a single stratified layer would be difficult to reconcile
with radial upwellings at the CMB (Whaler, [1980; Huguet et al., |2018|). Consistent with this,
Mound et al.[(2019) predict regional stratification arising from lateral heat-flux variations, while

Naskar et al.| (2026)) show the generation of regional inversion lenses beneath thermal anomalies.

Together, these studies show that the structure of CMB heat flux can influence the morphology
and evolution of the geomagnetic field. This influence may be reflected in the distribution of flux
patches, which are localised regions of strong radial magnetic field at the CMB. However, their
distribution does not provide unique evidence of a persistent mantle imprint, since long-term
field models and archeomagnetic studies suggest that flux patches can be mobile and are not
fully locked to preferred longitudes (Amit et al.,[2011; |Panovska et al.,|2019)). Seismic constraints
on stratification at the top of the core are also debated (van Tent et all 2020). What remains
even less clear is whether the amplitude of this imposed heterogeneity can be recovered from
the magnetic field itself. Larger heat-flux heterogeneity amplitudes may strengthen the mantle
imprint on the core flow, with possible consequences for non-zonal field structure, persistent
flux patches, secular variation, reversal behaviour and regional stratification. However, it is
not clear whether these magnetic signatures are caused entirely by the mantle forcing, since

similar behaviour may arise in models with different parameter choices or boundary conditions.
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The extent of this non-uniqueness has not yet been quantified, making it difficult to isolate the

influence of heat-flux heterogeneity amplitude alone.

To determine whether the amplitude of CMB heat-flux variations can be inferred from the radial
magnetic field at the CMB, we apply a machine-learning approach to outputs from geodynamo
simulations. Machine learning refers to a set of statistical techniques that use data to undertake
a task, without being explicitly programmed to do so, allowing the user to extract knowledge
and draw inferences from data (Jordan and Mitchell, 2015). Here, we use an autoencoder-based
architecture. An autoencoder is a neural network that learns to compress input data into a lower-
dimensional latent representation, or encoding, and then reconstruct the original input from this
compressed representation (Bank et al., 2023|). Here, latent refers to learned features that are
not directly observed in the input data, but summarise the information needed to reconstruct
it. The compression step forces the network to identify the most informative features needed
to reproduce the input, which in image data may include structures such as shapes, edges,
boundaries, textures, and broader spatial patterns. For classification, this latent representation
can be coupled to a classifier by adding a classification layer or head, and training the network
with a combination of reconstruction and classification losses. In this way, the latent space is
encouraged to retain information that is useful both for reconstructing the magnetic-field input

and for predicting the heat-flux heterogeneity amplitude class.

Autoencoder classifiers have been used in a diverse range of fields, including medicine (Ganotra
et al., [2024; Mao et al., |2025), anomaly detection (Saeedi and Giusti, |2023; |Su et al., [2015;
Kozmin et al., 2025), and hyperspectral imaging (Xing et al.l [2016). Alongside the development
of these methods, advances have also been made in explainable AT (XAI), which aims to provide
explanations for machine-learning outputs in forms that are understandable to humans (Doshi-
Velez and Kim) 2017). One such technique is the use of saliency maps, which highlight the
regions of an input, such as pixels in an image, that contribute most strongly to a model
prediction (Linardatos et al., [2021). In the context of this study, saliency maps provide a way
to investigate which parts of the CMB radial magnetic field are most important for distinguishing

between different amplitudes of imposed heat-flux heterogeneity.

In this study, we present a convolutional autoencoder classifier, which builds on previous numeri-
cal studies of core-mantle thermal coupling by testing whether information about the amplitude

of the imposed mantle forcing is encoded in the resulting magnetic-field morphology. Classifier
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training is performed using a joint loss that combines reconstruction and classification objec-
tives, and performance is evaluated using both reconstruction error and classification accuracy.
The methodology is described in Section[6.2] In Section[6.3] we first apply the framework to the
simulations of Mound and Davies| (2023)), using these experiments to validate the approach and
to investigate the magnetic-field features contributing most strongly to each class of solutions.
In Section [6.4] we extend the analysis to a broader set of Earth-like simulations, characterised
by a mean magnetic-to-kinetic energy ratio M;atic > 1 and a mean magnetic Reynolds number
R, in the range 400-2200. The application to the Earth’s magnetic field is shown in Section

and the main discussion and conclusions are presented in Section [6.6]
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6.2 Methodology

The classification methodology consists of a convolutional autoencoder with an integrated classi-
fier head, implemented in PyTorch (Paszke et al., 2019). A schematic of the network architecture
is shown in Figure The autoencoder learns a compressed representation of the input mag-
netic field, while the classifier uses this latent representation to predict the class associated with

the amplitude of the imposed CMB heat-flux heterogeneity, denoted by Q*,

Q* _ Qmaaz - Cgmin7 (61)

QG’UET’GQE
where Qmax; @min, and Qaverage are the maximum, minimum, and average heat fluxes per unit
area at the CMB, respectively (Mound and Davies, 2023|). Depending on the application, the
classifier is trained either as a three-class classifier, distinguishing between simulations with

different Q*, or as a two-class classifier, distinguishing between the homogeneous case, where

Q* = 0, and all heterogeneous cases, where Q* # 0.

For each input snapshot, the encoder first converts the input image of B, into a smaller set
of learned feature maps. These feature maps form the latent representation, which is the
compressed description of the magnetic-field image used by the network. The classifier uses this
latent representation to predict the heat-flux class, while the decoder uses it to reconstruct the
original magnetic-field image. The classifier is therefore trained to retain information that is

useful both for describing the input field and for distinguishing between heat-flux classes.

The input to the network is a collection of two-dimensional images of the radial magnetic field,
B,, each taken from a numerical dynamo simulation evaluated at the CMB, and projected onto
a regular latitude-longitude grid of size 40 x 89. Convolutional layers are designed for data
with a known grid-like topology, such as images, where local filters are applied consistently
across neighbouring pixels (Goodfellow et al., 2016). In this representation, the magnetic field
is treated as a single-channel image. A channel is one layer of information stored at each grid
point. Here, each grid point contains only one value, the radial magnetic field B,., so the input
has one channel. This differs from an image with several types of information at each pixel, such
as separate red, green, and blue colour values. Since the longitudinal direction is periodic, the
convolutional layers use periodic padding in longitude so that filters applied at one longitudinal

edge can access values from the opposite edge. No periodic padding is applied in the latitudinal
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direction.

The encoder consists of three convolutional layers, which progressively convert the input image
into coarser feature maps while increasing the number of feature channels. These channels are
feature maps, which show where each learned filter detects particular patterns in the input
data. Rather than storing raw magnetic-field values, feature maps represent the classifier’s in-
ternal extraction of underlying spatial features, such as edges, shapes, boundaries, or coherent
magnetic-field structures. In this way, the encoder extracts spatial features from the magnetic-
field image and maps them onto a lower-dimensional latent representation. The decoder consists
of three transposed convolutional layers, which increase the spatial dimensions of the latent rep-
resentation to recover the original input size. The encoder and decoder have separate learned
weights, but skip connections pass feature maps directly from each encoder layer to the corre-
sponding decoder layer, helping to reconstruct small-scale and high-resolution spatial features.

The decoder therefore depends on both the latent representation and earlier encoder features.

The classifier head is kept deliberately simple so that the class prediction reflects the informa-
tion contained in the encoded representation, rather than the capacity of an additional deep
neural network. Global average pooling reduces each of the four final encoded feature maps to
a single value by averaging over its spatial dimensions, giving a four-dimensional summary of
the latent representation. This is then mapped to the three heat-flux classes using a single fully
connected layer, which reduces the number of trainable parameters and helps limit over-fitting
while keeping the classification pathway directly tied to the encoder output. This choice fol-
lows common convolutional neural network (CNN) classification practice, where global average
pooling is used to summarise final feature maps before a simple linear classifier, reducing the

dependence on larger fully connected classification networks (Zhou et al., 2016 He et al., 2016).

The network is trained by minimising a loss function that combines a reconstruction objective
and a classification objective. The reconstruction loss, L,, measures the Huber loss between
the input magnetic field, B,, and the reconstructed magnetic field. Huber loss behaves like
squared-error loss for small errors, up to a threshold §, and like absolute-error loss for larger
errors, reducing the influence of unusually large differences (Huber, 1964). The classification
loss, L., measures the cross entropy loss between the predicted class and the true class label.
Cross entropy loss compares the predicted class probabilities with the true class label, and

penalises the classifier more strongly when it assigns a low probability to the correct class
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(Goodfellow et al., 2016). The total loss, LroraL, is defined as

Lrorar = oL, + (1 — a)Le, (6.2)

where a controls the relative weighting of the two loss terms. We use o = 0.4, which was found
empirically to give the lowest total loss compared to other values of o varying between 0 and 1.
This value may be specific to this dataset, and a different dataset may require a different value
of a. This choice places greater weight on the classification task, while still requiring the latent

representation to retain enough information to reconstruct the input magnetic field.

Before training, the dataset was divided into a training set and a validation set. The training
set was used to update the network weights, while the validation set was withheld from weight
updates and used to monitor performance during training. The classifier was trained using
the AdamW optimiser (Loshchilov and Hutter} [2017)) for 100 iterations. After each iteration,
the reconstruction and classification losses were evaluated on the validation set, and the check-
point with the lowest total validation loss was retained. The validation set therefore contains
magnetic-field snapshots that were not used to update the network weights, although it was
used to select the preferred checkpoint. The reported validation errors provide an indication of

performance on withheld snapshots, but may be influenced by this classifier-selection step.
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Figure 6.1: Schematic of the convolutional autoencoder classifier used in this study. Images
of the radial magnetic field at the CMB are encoded into a low-dimensional latent representa-
tion, which is passed to the classifier to predict the heat-flux heterogeneity class. The decoder
reconstructs the original radial magnetic field from the latent representation. The number of
channels in each layer was chosen by considering the compression ratio between the input and
latent images, which is described in Section @
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6.3 Classification using simulations in Mound and Davies| (2023

6.3.1 Training Data

As an initial proof of concept, we first apply the classification framework to a limited subset
of numerical dynamo simulations. This allows the method to be tested on a controlled set of
cases before being extended to a broader parameter range. We use the simulations presented in
Mound and Davies| (2023)), which differ in the amplitude of the thermal heterogeneity imposed
at the CMB, quantified by Q*, and in the Rayleigh number, Ra, which measures the strength
of thermal driving relative to viscous and thermal diffusion. The dataset uses two values of the
Rayleigh number, Ra = 200000000 and Ra = 600000000, and three values of imposed heat-flux
heterogeneity, Q* = 0, 2.46, and 5.35. Several other control parameters are fixed across this set
of simulations. The Ekman number, Fj, which measures the ratio of viscous to Coriolis forces,
is set to B, = 107°. The magnetic Prandtl number, P,,, defined as the ratio of kinematic
viscosity to magnetic diffusivity, is set to P, = 1, and the Prandtl number, P,, which gives the
ratio of momentum diffusivity to thermal diffusivity, is fixed at P, = 0.2. Although a simpler
test would be to fix Ra and classify only between simulations with different Q*, we include both
values of Ra so that the proof-of-concept test is not restricted to a single convective regime.
The heterogeneous cases use the same tomography-derived spatial pattern based on [Masters
et al. (1996), with its amplitude controlled by @Q*, while the @* = 0 cases have a homogeneous

outer-boundary heat flux.

A summary of the simulations used in this study is given in Table The class-averaged radial
magnetic field at the CMB in the equatorial region for each value of Q*, for all values of Ra,
is shown in Figure [6.2] and the corresponding class-averaged radial magnetic field in the polar
region is shown in Figure In these class-averaged fields, increasing QQ* is associated with an
increase in the intensity of the radial magnetic field. In the equatorial region, shown in Figure
this is expressed as stronger magnetic-field features beneath the Pacific, the Indian Ocean,
and South America. In the polar region, shown in Figure increasing Q* is associated with
the development of high-latitude flux patches and polar minima. These systematic differences in
the radial magnetic field provide the information available to the classifier when distinguishing

between simulations with different values of Q*.
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The training data are constructed from the six resulting Q*—Ra combinations. As the simula-
tions differ in non-dimensional duration and in the number of saved state files, 2000 snapshots
were selected at random from each simulation. The snapshots are therefore not evenly spaced in
non-dimensional time and may retain some temporal correlation, but random sampling avoids
restricting the dataset to a particular part of each simulation. The final dataset is balanced,

with 2000 snapshots per Q*—Ra combination and 12,000 snapshots in total.

Simulation Name | Q* Ra Number of Snapshots
LEDCJ001 0 200000000 | 2000
LEDCJ002 2.46 | 200000000 | 2000
LEDCJ003 5.35 | 200000000 | 2000
LEDCJ004 0 600000000 | 2000
LEDCJ005 2.46 | 600000000 | 2000
LEDCJ006 5.35 | 600000000 | 2000

Table 6.1: Summary of the simulations used for training QMound and Davies|, |2023D.

-032 -024 -0.16 =008  0.00 0.08 0.16 0.24 0.32
Radial Magnetic Field at the Equator
(Non-dimensional units)

Figure 6.2: Class-averaged radial magnetic field in the equatorial region, truncated at spherical
harmonic degree 12. The top panel shows Q* = 0, the middle panel shows Q* = 2.46, and the
bottom panel shows @Q* = 5.35.
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(Non-dimensional units)

Figure 6.3: Class-averaged radial magnetic field at the poles, truncated at spherical harmonic
degree 12. The top panel shows @Q* = 0, the middle panel shows Q* = 2.46, and the bottom
panel shows Q* = 5.35.

168



6.3. Classification using simulations in Mound and Davies| (2023)

6.3.2 Hyperparameter Tuning

The effects of input scaling, maximum spherical harmonic degree, compression ratio and tem-
poral partitioning were assessed through a series of tuning experiments. Each was varied in-
dividually while the remaining choices were held fixed. The value giving the lowest validation
error was then used in subsequent experiments. This approach allows the effect of each choice
to be compared directly, but assumes that the choices can be assessed independently and does

not account for possible interactions between them.

Scaling

The radial magnetic field input to the network was re-scaled so that images from different
simulations could be compared on a similar scale (Sola and Sevilla, 1997)). This is important
because the framework is intended to be applied across simulations with different magnetic-
field magnitudes, and may eventually be extended to observationally derived models of the
Earth’s magnetic field. Several scaling strategies were tested, including per-snapshot approaches
that remove relative amplitude information and dataset-level approaches that retain amplitude

differences.
In the first approach, each individual snapshot was normalised using the mean, u, and standard
deviation, o, of the radial magnetic field at that snapshot, such that

B, —pu

S (6.3)

B Normalised =

where B, is the radial magnetic field. The factor of 8 was chosen so that BNormalised 18y
approximately between —1 and 1. This scaling removes information associated with the absolute

amplitude of the magnetic field at each snapshot.

In the second approach, each individual snapshot was normalised using the mean and standard
deviation calculated across all snapshots, denoted by @ and @, rather than values calculated
separately for each snapshot. In this case, the radial magnetic field was scaled according to

B~

= (6.4)

BNormalised =

Unlike the scaling in Eq. this approach retains information associated with amplitude
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differences between simulations.

The third and fourth approaches were based on scaling by the average magnetic energy at the
CMB. This was calculated from the spatial power spectrum of the magnetic field which is given
at the CMB by

n

max a)2n+4 [(921)2 . (hnm)Q] ’ (65)

Eoup = Y _(n+1) (;
n=1 m=0

where ¢, and h;" are the spherical harmonic coefficients, and a is the radius of the CMB (Lowes,

1974). The radial magnetic field was then scaled as

By

BNormalised = \/Ej (66)
CMB

Two variants of this energy-based scaling were tested. In the first, each individual snapshot
was scaled using the energy at that snapshot. In the second, all snapshots were scaled using a

single average energy calculated across all snapshots.

For each scaling strategy, classifiers were trained using radial magnetic field images truncated
at different maximum spherical harmonic degrees, with the results shown in Figure [6.4] This
analysis was carried out for both the three-class classification problem, distinguishing between
Q* =0, Q" = 2.46, and Q* = 5.35, and the two-class problem distinguishing homogeneous from
non-homogeneous cases. All scaling approaches showed similar behaviour, with classification
errors for both the training set and the validation set increasing substantially for radial magnetic
field images truncated at spherical harmonic degrees below 4. This suggests that smaller-scale
magnetic-field structure, with n,,4, > 4, is required to distinguish thermal heterogeneity at the
CMB. In addition, approaches using a single average scaling value performed better than those
using values calculated separately for each snapshot, indicating that amplitude information
contributes to the classification. The training data are truncated at spherical harmonic degree
Nmax = 12, which is approximately the resolution of the core field. This choice is motivated by
the eventual aim of applying the method to Earth observations, for which the internal field is
most reliably resolved at low spherical harmonic degrees. The best performance at this spherical
harmonic degree was obtained using the average energy scaling, Equation [6.6] which will be used

for the remainder of this study.
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Classification Error against Maximum Spherical Harmonic Degree
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Figure 6.4: Classification error (%) for the validation dataset against spherical harmonic degree,
for the three-class approach (top) and the two-class approach (bottom).
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Compression Ratio

A key choice in the autoencoder-classifier classifier is the size of the compressed representation
used by the classifier. The autoencoder reduces each input magnetic-field image to a smaller set
of values, known as the latent representation, from which the original image is reconstructed.

In this study, the amount of compression is described using the compression ratio,

CR = Ninput

- I 6 7
N latent ( )

where Ninpyt is the number of values in the input magnetic-field image, and Njagent is the number

of values in the compressed latent representation.

The compression ratio determines how much information the classifier is allowed to retain be-
fore making the classification. A small compression ratio means that the latent representation
is relatively large, so the classifier retains more detail from the input image. A large com-
pression ratio means that the latent representation is smaller, forcing the classifier to describe
the magnetic field using fewer values. This can help remove redundant information, but if
the compression is too strong, features that are important for distinguishing between heat-flux

heterogeneity classes may be lost.

In this architecture, the classifier is applied to the latent representation after global average
pooling. The class prediction is therefore made from the compressed description of the radial
magnetic field. The decoder also receives skip connections from earlier encoder layers, which
help improve the reconstruction of the input image. However, these skip connections are used
only by the decoder and are not passed to the classifier. The compression ratio reported here
therefore describes the compactness of the representation used for classification, rather than the

total information available to the reconstruction pathway.

To assess the effect of the compression ratio, values between CR = 1 and CR = 54 were
tested. For each value, the classifier was trained using five different random initialisations of
the network weights, and the resulting classification errors were recorded. The results are shown
in Figure where the mean classification error is shown in blue and the individual results
from each random initialisation are shown in black. Within the tested range, CR = 13 gave the
best balance between compression and classification accuracy. This value lies close to the knee

of the trade-off curve, where the input representation has been substantially reduced without
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producing a large increase in classification error, and also gives the lowest median classification
error. Although low compression ratios, including CR = 1, gave similar classification errors,
they retain a representation close to the full input image. This may allow the classifier to rely on
details specific to the training snapshots, rather than on magnetic-field structures that generalise
to unseen data. We therefore use CR = 13 for the results presented in this study, which gives
comparable or better classification performance while forcing the classifier to classify from a

reduced latent representation, encouraging it to retain more robust class-related features.
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Figure 6.5: Classification percentage error against compression ratio. The mean classification

error is shown in blue, and the individual results from each random initialisation are shown in

black.
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Effect of Temporal Partitioning on Classification Error

To assess the impact of simulation evolution on classification error, three strategies were con-
sidered for splitting the dataset into training and validation sets, where the training set is used
to update the network weights and the validation set is withheld from training to assess gen-
eralisation to new magnetic-field snapshots. In the three-class configuration, the first approach
involved randomly shuffling the data prior to partitioning into training and validation subsets.
This approach yielded the lowest error rates, with classification errors of 1.5% and 4.9% for the
training and validation sets, respectively. That this approach yielded the lowest error rates is
unsurprising given that both subsets were drawn from the same underlying temporal distribu-
tion. In the second approach, the classifier was trained on samples from the first half of the
simulations and evaluated on the second half. This resulted in poorer performance compared to
the shuffled case for both the training and validation sets, with classification errors of 5.2% and
17.1%. This suggests the presence of temporal features in the latter half of the simulations that
were not encountered during training, leading to reduced generalisation performance when the
classifier operated outside its learned domain. The third approach reversed this configuration,
training on the second half of the simulations and validating on the first. The resulting perfor-
mance was broadly similar, with classification errors of 4.6% and 15.2%, marginally better than

that obtained using the second approach.

A similar pattern is observed for the two-class configuration, with the shuffled results being 0.8%
and 3.7% for the training and validation sets respectively, the first non-shuffled result being 3.8%
and 9.9% for the training and validation sets respectively, and the second non-shuffled result
being 1.6% and 8.4% for the training and validation sets respectively. This smaller value suggests
that temporal differences primarily affect the classifier’s ability to distinguish between varying
degrees of heterogeneity, rather than between homogeneous and heterogeneous states outright.
Notably, even under the worst-performing configuration the classifier achieves an accuracy of
approximately 83%, indicating robust performance despite temporal effects. Based on these
results, the shuffled partition was adopted for the subsequent experiments because it provided
a consistent basis for comparing classifier configurations and gave the lowest validation error.
The temporally partitioned results provide a more conservative indication of performance when

the classifier is applied outside the temporal interval represented in the training data.
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6.3.3 Sensitivity to regions of the CMB

To investigate which regions of the CMB contain the most useful information for classification,
we test the spatial sensitivity of the classifier in two ways. This helps determine whether the
classifier is using magnetic-field structures that are localised near regions of imposed heat-flux
heterogeneity, or whether successful classification depends on broader features of the radial
magnetic field. The first approach is to restrict the training and validation data to selected
regions of the CMB and re-train the classifier using only these regions, allowing classification
performance to be compared when different parts of the radial magnetic field are included or
removed. The second approach uses saliency maps to identify which regions of the input field

contribute most strongly to the predictions made by the trained classifier.

Restricting Input Data

We first consider the regional training tests. The classifier was retrained using the three-class
approach, with restricted regions of the CMB used as input. The regions tested are shown by
the coloured overlays in Figure For each case, the trained classifier was then evaluated on
validation data, selected using the shuffled splitting strategy. Regions for which the validation
classification error was below 5% are shown in green, regions with errors between 5% and 10%

are shown in orange, and regions with errors above 10% are shown in red.

The largest validation classification error was obtained using the region within 14 degrees of the
poles, shown in Figure , giving an error of 24.3%. Although this is the poorest-performing
case, the error is still lower than would be expected from random classification, which for a 3-
class test would be 66.7%, indicating that these regions do contain some information related to
the imposed heat-flux heterogeneity. However, the polar regions alone do not appear to contain

enough information to classify the simulations accurately.

Interestingly, the lowest validation classification error was not obtained when the full CMB was
used, but when the regions within 14 degrees of the poles were excluded, shown in Figure [6.6]F.
The difference between this low- or mid-latitude case and the full-CMB case was small, with a
maximum difference in validation classification error of 0.2%. This suggests that the classifier
can still discriminate between the different heat flux heterogeneities even in the absence of the
poles, and that these instead introduce variation that is not strongly related to the heat-flux

heterogeneity amplitude. Removing these regions may therefore allow the classifier to focus

175



Chapter 6. Using autoencoders to classify geodynamo heat flux heterogeneity from snapshots
of the magnetic field

more strongly on the parts of the magnetic field that vary systematically between classes.

Overall, these results indicate that the equatorial and mid-latitude regions contain most of
the information used by the classifier. classifiers trained using these regions gave the lowest
validation classification errors, suggesting that the magnetic-field structures most strongly as-
sociated with the imposed heat-flux heterogeneity amplitude are concentrated away from the
polar regions. This suggests that, for this set of simulations, the classifier is primarily using
magnetic-field structure in the equatorial and mid-latitude CMB to distinguish between different

values of Q*.
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(A) Classification Error (Training) = 1.5%

Classification Error (Validation) = 4.9%

Classification Error (Training) = 3.5% Classification Error (Training) = 21.5%
(B) Classification Error (Validation) = 9.8% (C) Classification Error (Validation) = 24.3%

(D) Classification Error (Training) = 0.9% (E) Class.\ﬁcal.:ion Error I11‘a.inir':gl = 10.8%
Classification Error (Validation) = 5.5% Classification Error (Validation) = 15.8%

(F) Classification Error (Training) = 1.3% (G) Classification Error (Training) = 1.8%
Classification Error (Validation) = 4.4% Classification Error (Validation) = 5.8%

Figure 6.6: Classification Error when different regions (coloured overlay) were used for training
data. Regions for which the validation classification error was below 5% are shown in green,
regions with errors between 5% and 10% are shown in orange, and regions with errors above
10% are shown in red.
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6.3.4 Saliency Maps

To further investigate which regions of the CMB were most important for classification, we
applied Gradient-weighted Class Activation Mapping (Grad-CAM). Grad-CAM is a visualisa-
tion method that highlights the regions of an input image that have the greatest influence on
a classifier prediction (Selvaraju et al. 2017)). It uses the gradients of the predicted class score
with respect to the final convolutional feature maps to estimate which regions most strongly
affect the classification. These gradients are then used to weight the feature maps, producing a
heat map of the regions most important for the classifier prediction. In this study, it is used to
identify which parts of the radial magnetic field, B,., the classifier relies on most strongly when
assigning a snapshot to a particular class of Q*. The maps were computed with respect to the
class predicted by the classifier, so that they show the regions that contributed to the decision

the classifier actually made.

Saliency maps were generated for all samples in the validation dataset. An example for a
single sample is shown in Figure with the radial magnetic field plotted underneath. Darker
regions in the saliency map indicate areas of the input that had a stronger influence on the
classification decision. To identify the regions that were important across the dataset as a
whole, the saliency maps were then averaged over all samples with the same true and predicted
class. The aggregate maps for the three-class classification are shown in Figure using the
same layout as a confusion matrix (Dobson, [2024). Maps on the diagonal, highlighted with
a green background, correspond to correctly classified samples, while the off-diagonal maps

correspond to cases in which the classifier made an incorrect prediction.

For the three-class classification, correctly classified homogeneous cases where both the pre-
dicted and true class correspond to Q* = 0, show the strongest saliency around the poles and
high latitudes, particularly in the northern hemisphere. For correctly classified intermediate-
heterogeneity cases, corresponding to Q* = 2.46, the strongest contributions are found in the
regions under the southern Pacific Ocean, with some weaker contributions beneath South Amer-
ica and the Indian Ocean. Comparing these regions with the imposed heat-flux pattern shown
in Figure suggests that the classifier is sensitive to magnetic-field structure close to the
Pacific LLVP, or to the lateral gradients associated with its boundaries. For correctly classified
high-heterogeneity cases, corresponding to QQ* = 5.35, the strongest saliency is concentrated

mainly in the region of the Pacific LLVP. The southern Pacific is a significant feature in both
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heterogeneous classes, and also corresponds to the region of largest imposed heat-flux anomaly,
suggesting that magnetic-field structure in this region is particularly sensitive to the imposed
boundary heterogeneity and helps the classifier distinguish heterogeneous from homogeneous

heat-flux cases.

The saliency maps for incorrectly classified samples provide information about why the classifier
may have made these errors. In these cases, the maps tend to highlight regions associated with
the predicted class rather than the true class. For example, when the classifier predicts the
intermediate-heterogeneity class, @* = 2.46, but the true class is the homogeneous case, @* = 0,
the saliency is concentrated in equatorial regions associated with the LLVPs. Similarly, when
the classifier predicts Q* = 2.46 but the true class is Q* = 5.35, the saliency pattern resembles
that of correctly classified Q" = 2.46 samples. This suggests that misclassifications occur when
features resembling those of another class dominate the classifier decision, causing physically

different magnetic fields to appear similar to the classifier.
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Figure 6.7: Example of an individual saliency map, with the radial magnetic field plotted on
the same grid but using a different colour map. Darker regions (using the colourbar on the
left) indicate areas of the input that contributed more strongly to the classifier prediction. The
saliency maps are normalised and therefore dimensionless, with larger values indicating regions
that contributed more strongly to the classifier prediction relative to the rest of the map.
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Figure 6.8: Aggregate saliency maps for the three-class classification approach, shown in a
confusion-matrix layout. Maps on the diagonal, with a green underlay, correspond to correctly
classified samples, while off-diagonal maps correspond to misclassified samples. Darker regions
indicate areas that contributed more strongly to the classifier prediction.
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Figure 6.9: Map showing the heat flux pattern of the LLVPs applied to the training simulations.
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A similar pattern is seen for the two-class classification, shown in Figure Correctly clas-
sified homogeneous cases show the strongest saliency in the polar regions and the Pacific. For
correctly classified heterogeneous cases, the strongest saliency is found at high southern lat-
itudes, close to the Pacific LLVP. Comparison with individual saliency maps, such as those
shown in Figure suggests that these regions often coincide with high-flux patches near the
pole. Since this area is highlighted for heterogeneous cases in both the two-class and three-class
classifications, magnetic-field structure in the southern Pacific may be one of the features used

by the classifier to separate homogeneous and heterogeneous simulations.

Taken together, the regional training tests and saliency maps suggest that the classifier uses
spatially distributed information from the radial magnetic field. Both approaches were evaluated
using the same validation set, but they probe the classifier in different ways. The regional tests
measure how classification performance changes when selected parts of the CMB are included
or removed, whereas the saliency maps identify the regions that contribute most strongly to the
trained classifier’s predictions. Both approaches indicate that no single region is sufficient by
itself. Instead, successful classification requires information from a range of regions, particularly
at equatorial and mid-latitudes near the Pacific and African LLVPs. This is consistent with
the compression-ratio tests in Section [6.3.2] where the best performance was obtained using a
relatively large latent representation. If the classification depended on a single localised feature,
a smaller latent space might be expected to perform well. The larger latent space instead
suggests that the classifier retains information from several spatial features of the magnetic

field.
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Figure 6.10: Aggregate saliency maps for the two-class classification approach, shown in a
confusion-matrix layout. Maps on the diagonal, with a green underlay, correspond to correctly
classified samples, while off-diagonal maps correspond to misclassified samples. Darker regions
indicate areas that contributed more strongly to the classifier prediction.
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Figure 6.11: Examples of individual saliency maps for a Q* # 0 2-class case, with the radial
magnetic field plotted alongside. The saliency maps consistently highlight flux patches near the
southern pole, such as in these examples, as areas that contribute more strongly to the classifier
prediction.
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6.4 Classification using a wider set of simulations

Having tested our methodology on a limited set of simulations, we then applied the method to
a wider set of simulations, taken from the set published in [Rogers et al. (2026)). We did not
run any simulations specifically for this study. We selected simulations with 400 < R,, < 2200,
since this overlaps estimates for Earth’s core, where R, is expected to be O(10%) and has been
estimated to lie between roughly 400 and 4000 (Aubert et all 2017; Nakagawa and Davies,
2022)). We also required a magnetic to kinetic energy ratio Mo > 1, which is lower than
Earth’s expected value but selects simulations in which magnetic energy exceeds kinetic energy,
giving access to the strong-field regime associated with QG-MAC-like dynamics (Aubert et al.,
2017; [Nakagawa and Davies, 2022)). These criteria therefore select simulations that approach
Earth-like magnetic induction and force-balance behaviour, while remaining computationally
accessible. Ideally, one would use a narrow suite of simulations with Earth-like parameters
that differ only in Q*, so that changes in the magnetic field could be attributed directly to the
imposed heat-flux heterogeneity. However, the appropriate parameter values for the Earth are
uncertain, and numerical simulations cannot reach all Earth-like limits. A wider simulation set

is therefore useful because it tests whether the classifier can identify heat-flux heterogeneity

despite uncertainty in the underlying dynamo regime.

All other parameters were allowed to vary, and the @* values ranged from 0.13-10.72. A
summary of the simulations used in the training data is given in Table while information on
heterogeneity patterns and references is given in the Appendix. These simulations were chosen
as they were all published, or had formulations that had been published, and allowed for the
number of snapshots in each class to be similar. We applied only the two-class approach to
these simulations, due to limitations in the number of simulations available for each individual
value of Q* # 0. Again, as the simulations differ in non-dimensional duration and therefore in
the number of saved state files, the snapshots were selected at random from each simulation,
giving 7954 homogeneous snapshots and 7982 heterogeneous snapshots. The resulting dataset
was therefore approximately balanced between the two classes before the train—validation split.
However, the heterogeneous class was not uniformly distributed in Q*, because many of the
available heterogeneous simulations had low imposed heat-flux heterogeneity amplitudes. The
Class-averaged radial magnetic field in the equatorial region is shown for each value of @* in

Figure[6.12] with the corresponding polar views shown in Figure The wider simulation set
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contains a larger proportion of cases of reversals, together with greater morphological variability
in B,. As a result, these averages have lower field intensity and differ in structure from those
shown in Figures and As Q" is increased from the homogeneous case, more concentrated
flux patches develop, particularly near the South Pole. All radial magnetic-field maps were
normalised using the mean magnetic energy at the CMB across the full simulation set. The

autoencoder used a compression ratio of 13, as in Section [6.3]

Table 6.2: Summary of the simulations used for training data.

Simulation Name | Ra Ek Rm | Magio | @F Number of

Snapshots
LEDCJ001 200000000 | 0.000020 | 888 | 2.2 0.0 | 194
LEDSMO002 1200000 0.00040 | 1234 | 12 0.0 | 194
LEDTO001 120000 0.0020 1127 | 2.6 0.0 | 194
LEDT002 480000 0.0010 1196 | 3.2 0.0 | 194
LEDT002_SM 480000 0.0010 1192 | 3.2 0.0 | 194
LEDTO003 1920000 0.00050 | 1379 | 3.2 0.0 | 194
LEDT003_SM 1920000 0.00050 | 1354 | 3.6 0.0 | 194
LEDT004 7680000 0.00025 | 1543 | 3.5 0.0 | 194
LEDTO008 360000 0.0010 936 | 6.5 0.0 | 194
LEDT008_SM 360000 0.0010 969 | 5.1 0.0 | 194
LEDT009 1100000 0.00050 | 962 | 6.7 0.0 | 194
LEDT009_-SM 1100000 0.00050 | 960 | 6.6 0.0 | 194
LEDTO010 3360000 0.00025 | 966 | 7.3 0.0 | 194
LEDT010_SM 3360000 0.00025 | 955 | 7.6 0.0 | 194
LEDTO013 4800000 0.00020 | 959 | 7.9 0.0 | 194
LEDT013_SM 4800000 0.00020 | 952 | 8.0 0.0 | 194
LEDTO014_SM 10080000 0.00013 | 925 | 9.2 0.0 | 194
LEDTO015 14500000 0.00010 | 935 | 8.9 0.0 | 194
LEDTO015_SM 14500000 0.00010 | 918 | 10 0.0 | 194
LEDTO016 30720000 0.000063 | 893 | 12 0.0 | 194

Continued on next page
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Table 6.2: Summary of the simulations used for training data.

Simulation Name | Ra Ek Rm | Magio | @F Number of

Snapshots
LEDT016_SM 30720000 0.000063 | 893 | 12 0.0 | 194
LEDTO019 93120000 0.000031 | 848 | 15 0.0 | 194
LEDT019_-SM 93120000 0.000031 | 840 | 16 0.0 | 194
LEDT020 282240000 | 0.000016 | 805 | 20 0.0 | 194
LEDT020_SM 282240000 | 0.000016 | 772 | 23 0.0 | 194
LEDT021 19200000 0.00010 | 1149 | 7.9 0.0 | 194
LEDT021_SM 19200000 0.00010 | 1150 | 8.1 0.0 | 194
LEDT022 38400000 0.00010 | 1015 | 3.5 0.0 | 194
LEDT022_SM 38400000 0.00010 | 1002 | 3.8 0.0 | 194
LEDT036 40320000 0.000063 | 1027 | 10 0.0 | 194
LEDT036_SM 40320000 0.000063 | 1035 | 9.3 0.0 | 194
LEDTFO001 2000000000 | 0.000070 | 677 | 4.7 0.0 | 194
LEDTcasel 120000 0.0020 1116 | 2.6 0.0 | 194
LEDTcase2 360000 0.0010 938 | 6.5 0.0 | 194
LEDSMO001 480000 0.0010 1676 | 3.5 0.0 | 194
LEDSMO003 1750000 0.00040 | 2148 | 9.6 0.0 | 194
LEDT004_-SM 7680000 0.00025 | 1527 | 3.7 0.0 | 194
LEDT005 12000000 0.00020 | 1574 | 3.8 0.0 | 194
LEDT005_-SM 12000000 0.00020 | 1592 | 3.6 0.0 | 194
LEDT006 30720000 0.00013 | 1694 | 4.2 0.0 | 194
LEDT006_SM 30720000 0.00013 | 1690 | 4.0 0.0 | 194
LEDT007 48000000 0.00010 | 1753 | 4.0 0.0 | 194
LEDAXO053 2500000 0.00024 | 598 | 4.8 0.87 | 142
LEDCJ002 200000000 | 0.000020 | 848 | 2.8 2.5 | 392
LEDCJ003 200000000 | 0.000020 | 828 | 3.6 5.3 | 392
LEDCJ006 600000000 | 0.000020 | 1496 | 1.3 5.3 | 392

Continued on next page
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Table 6.2: Summary of the simulations used for training data.

Simulation Name | Ra Ek Rm | Magio | @F Number of
Snapshots
LEDTO012 3360000 0.00025 | 1134 | 3.5 2.5 | 392
LEDTO017 30720000 0.000063 | 910 | 11 1.2 | 392
LEDTO018 30720000 0.000063 | 956 | 8.4 2.5 | 392
LEDTO038 120000 0.0020 801 | 4.6 0.13 | 392
LEDT039 480000 0.0010 1018 | 2.9 0.13 | 392
LEDT040 1920000 0.00050 | 1150 | 3.5 0.13 | 392
LEDT041 7680000 0.00025 | 1304 | 3.2 0.13 | 392
LEDTO041ext 7680000 0.00025 | 1296 | 3.4 0.13 | 392
LEDT042 12000000 0.00020 | 1313 | 4.1 0.13 | 392
LEDT043 30720000 0.00013 | 1401 | 4.1 0.13 | 392
LEDT044 48000000 0.00010 | 1480 | 3.6 0.13 | 392
LEDT045 3360000 0.00025 | 779 | 9.4 0.13 | 392
LEDTO048 450000 0.0020 744 | 1.0 0.13 | 392
LEDTO050 480000 0.0010 997 | 3.5 0.13 | 392
LEDT052 1920000 0.00050 | 1163 | 3.2 0.13 | 392
LEDT053 30720000 0.00013 | 1380 | 4.5 0.13 | 392
LEDBO003 500000 0.0010 408 | 2.1 10.7 | 392
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Figure 6.12: Class-averaged radial magnetic field in the equatorial region, truncated at spherical
harmonic degree 12. The top panel shows simulations with @* = 0, and the bottom panel shows
simulations with @* # 0.
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Figure 6.13: Class-averaged radial magnetic field in the polar region, truncated at spherical
harmonic degree 12. The top panel shows simulations with @* = 0, and the bottom panel
shows simulations with Q* # 0.
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The classification errors for the wider simulation set are shown in Table 6.3l When all simula-
tions listed in Table were included in the dataset, the training and validation classification
errors were 16.9% and 20.1%, respectively. These errors are higher than those obtained in Sec-
tion suggesting that the classifier performs less well when trained on the wider range of
simulations. One possible reason for this is that several of the heterogeneous simulations have
relatively weak imposed heat-flux heterogeneity, with @* = 0.13 or @* = 0.87, compared with
the Q* > 2 cases used in Section [6.3] Due to simulation availability, the majority of the simula-
tions in the dataset are low Q*. The effect of such a small @* on the resulting radial magnetic
field may be weak, making these cases harder to distinguish from homogeneous simulations.
To test this, the classifier was re-trained using only heterogenous simulations with @* > 1 as
examples. In this case, the training classification error decreased to 6.6%, while the validation
classification error decreased to 12.9%. This improvement suggests that the low-Q* cases con-
tributed to the poorer performance in the full wider dataset, although the errors remain higher
than those obtained using only the LEDCJ simulations in Section [6.3] This has implications
for the application to classifiers of the Earth’s magnetic field, as the classifier may struggle to

distinguish between weak heterogeneity and homogeneity.

Training Simulations Classification Error | Classification Error
(Training) (Validation)

All simulations in Table 16.9% 20.1%

All simulations with Q* > 1 | 6.6% 12.9%

Table 6.3: Results for wider simulation training data.

The aggregate saliency maps obtained when all simulations were included are shown in the top
panel of Figure For correctly classified homogeneous cases, the strongest saliency occurs
in the equatorial region and at mid-northern latitudes, which is different from the results shown
in|6.10[ For correctly classified heterogeneous cases, the strongest saliency is found at southern
mid-latitudes, close to the boundaries of the Pacific and African LLVPs. Compared with the
saliency maps in Section these maps are less spatially concentrated, which may reflect the

wider range of control parameters and imposed heat-flux patterns included in the training data.

The bottom panel of Figure [6.14] shows the aggregate saliency maps for the case where hetero-
geneous training examples were restricted to simulations with @Q* > 1. The correctly classified
homogeneous cases highlight similar regions to those in the top panel of Figure[6.14] In contrast,

the correctly classified heterogeneous cases show stronger saliency around the southern Pacific,
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similar to the regions highlighted in Figure[6.10] and are less spatially diffuse than those obtained
when all heterogeneous simulations were included. This may indicate that, once the weakest
heterogeneous cases are removed, magnetic-field structure near the southern Pacific provides a

more consistent feature for distinguishing homogeneous and heterogeneous simulations.

The difference between the top and bottom panels of Figures [6.14] may also reflect differences in
the imposed heat-flux patterns. Most of the simulations with @* > 1 use a tomographic heat-
flux pattern based on Masters et al.| (1996), whereas the full heterogeneous dataset includes a
broader range of forcing patterns, including those based on Masters et al.[ (2000). Both datasets
also include imposed heat-flux patterns with different spatial scales, with the maximum spherical

harmonic degree ranging from 12 to 128.
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Figure 6.14: [Top] Aggregate saliency maps using the full set of simulations in Table shown
in a confusion-matrix layout. [Bottom] Aggregate saliency maps using heterogenous simulation
where @Q* > 1 only. Maps on the diagonal, with a green underlay, correspond to correctly
classified samples, while off-diagonal maps correspond to misclassified samples. Darker regions
indicate areas that contributed more strongly to the classifier prediction.
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6.5 Classification using models of the Earth

To test the methodology using observations of the Earth’s magnetic field, we used the CHAOS-
8 and gufml models. CHAOS-8 is a time-dependent model of the near-Earth geomagnetic
field spanning 1999-2025, constructed using magnetic measurements from several low-Earth-
orbit satellites and ground-based geomagnetic observatories. Its time-dependent internal field
is represented up to spherical harmonic degree 20, with the temporal evolution of the spherical
harmonic coefficients described using B-splines (Kloss et al., |2026). In contrast, gufml is a
historical model of the geomagnetic field spanning 1590-1990, constructed from a compilation of
historical magnetic observations, including measurements obtained from ship logbooks, together
with more recent observatory, survey and satellite data. The model represents the internal
magnetic field using a spherical harmonic expansion up to degree 14, with its temporal variation

also described using B-splines (Jackson et al., 2000).

To make the Earth models comparable with the simulation data used to train the classifier,
the radial magnetic-field snapshots were truncated at spherical harmonic degree ny.x = 12 and
evaluated at the CMB. The fields were then normalised in a similar manner to the simulation
data described in Section using the average magnetic energy at the CMB calculated across
the snapshots from each model, in order to make the Earth—like fields vary on the same scale as
the training data. We used epochs 2000.0-2025.0 for the CHAOS-8.5 fields and 1590.0-1990.0
for gufml. The resulting normalised mean spherical harmonic power spectra for CHAOS-8
and gufml are shown in Figure These spectra allow the distribution of magnetic-field
power across spherical harmonic degree and order to be compared with that of the numerical
simulations before the Earth models are passed to the classifier. The power spectra have similar
distributions at spherical harmonic degrees below n = 6, although CHAOS-8.5 has the greatest
power below n = 4. Above n = 6, the spectra diverge. The simulation spectra, shown in green
and purple, remain approximately flat, forming white spectra, whereas the gufm1l and CHAOS-
8.5 spectra decrease with increasing spherical harmonic degree, reflecting the regularisation

applied in constructing these models.

The methodology was applied to 26 snapshots from CHAOS-8.5 using five classifiers trained
identically but initialised with different random seeds. CHAQOS-8.5 provides a well-constrained

model of the recent geomagnetic field and uses temporal regularisation informed by geodynamo
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Figure 6.15: Mean normalised Lowes—Mauersberger power spectra for the homogeneous and
heterogeneous simulations used for training, and for the CHAOS-8 and gufm1 Earth magnetic-
field models.

simulations, making it particularly suitable for comparison with the simulation-based training
data. All five classifiers classified every snapshot as corresponding to homogeneous CMB heat

flux, showing that the result is consistent across both snapshots and random initialisations.

The aggregate saliency map, shown in Figure identifies a region beneath the South Atlantic
as contributing most strongly to the classifications. This region lies within the broad latitudinal
band highlighted for correctly classified homogeneous simulations in Figure The concen-
tration of saliency near the South Atlantic Anomaly, the outline of which is shown in green in
Figure [6.16] does not indicate that the anomaly itself is evidence of homogeneous heat flux,
but rather that magnetic-field structure in this region contributed strongly to the classifica-
tion. However, the South Atlantic Anomaly is not well reproduced in geodynamo simulations
(Terra-Nova and Amit, 2025)). The classifier may therefore be responding to a feature that is
not adequately represented in the training data and whose relationship with CMB heat-flux het-
erogeneity has not been learned. More generally, machine-learning models can perform poorly
when applied to data that differ from the distribution represented during training, as reliable
generalisation beyond the training distribution remains a major challenge (Goodfellow et al.,
2016; Krueger et al., [2021). The classification of the Earth’s magnetic field as corresponding to

homogeneous CMB heat flux should therefore be interpreted with caution.
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Figure 6.16: Aggregate saliency map for the CHAOS-8.5 classifications, with the boundary of
the South Atlantic Anomaly, defined as the contour around the area below 30,000nT at the
Earth’s surface, shown in green.

The methodology was applied to 41 individual snapshots from gufml and one time-averaged
field using five classifiers trained identically but initialised with different random seeds. This
produced 42 classifications for each classifier. Unlike the CHAOS-8.5 results, the gufm1 clas-
sifications were not consistent across either snapshots or random initialisations, as shown in
Table Although the majority of classifications corresponded to homogeneous CMB heat
flux, the results varied considerably between classifiers, with one classifier classifying every in-
put field as homogeneous. This dependence on random initialisation indicates that the gufml
classification is not robust. This may reflect fragility in the classifier or differences between
gufml and the magnetic fields represented in the training data. In particular, gufml may be
less representative of the Earth’s field because of the quality and distribution of the historical
observations used in its construction, or because it uses stronger regularisation that is not in-

formed by geodynamo simulations. This stronger regularisation is seen in the spectra above
n = 6 in Figure [6.15

The aggregate saliency maps for the gufml results are shown in Figure[6.17] For classifications
corresponding to homogeneous CMB heat flux, the strongest saliency is concentrated in the
Northern Hemisphere. In contrast, classifications corresponding to heterogeneous CMB heat
flux show stronger contributions from equatorial regions, similar to those highlighted for hetero-
geneous simulations in the top panel of Figure These differences suggest that the classifiers
use different spatial features of the gufml field when assigning it to the two classes. However,
the variation between snapshots and random initialisations means that neither classification can

be considered robust.
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Table 6.4: Classification results for the individual gufm1 snapshots and the time-averaged field
using classifiers initialised with five different random seeds.

Year Random seed

22 56 89 | 4875 | 141198

1590 | Hom | Hom | Hom | Hom Hom

1600 | Hom | Hom | Hom | Hom Hom

1610 | Hom | Het Het | Hom Hom

1620 | Hom | Het Het | Hom Hom

1630 | Hom | Het Het | Hom Hom

1640 | Hom | Het Het | Hom Hom

1650 Het Het Het Het Hom

1660 Het Het Het Het Hom

1670 Het Het Het Het Hom

1680 Het Het Het Het Hom

1690 Het Het Het Het Hom

1700 Het Het Het Het Hom

1710 | Hom | Hom | Hom | Hom Hom

1720 Het Het Het Het Hom

1730 Het Het Het Het Hom

1740 Het Het Het Het Hom

1750 Het Het Het Het Hom

1760 Het Het Het Het Hom

1770 Het Het Het Het Hom

1780 Het Het Het Het Hom

1790 Het Het Het | Hom Hom

1800 Het Het Het | Hom Hom

1810 Het Het Het | Hom Hom

1820 | Hom | Hom | Hom | Hom Hom

1830 | Hom | Het Het | Hom Hom

1840 | Hom | Het Het | Hom Hom

Continued on next page
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Table 6.4: Classification results for the individual gufm1 snapshots and the time-averaged field
using classifiers initialised with five different random seeds.

Year Random seed

22 56 89 | 4875 | 141198

1850 | Hom | Het Het | Hom Hom

1860 | Hom | Het Het Het Hom

1870 | Hom | Het Het | Hom Hom

1880 | Hom | Het Het | Hom Hom

1890 | Hom | Hom | Het | Hom Hom

1900 | Hom | Hom | Het | Hom Hom

1910 | Hom | Hom | Het | Hom Hom

1920 | Hom | Hom | Hom | Hom Hom

1930 | Hom | Hom | Hom | Hom Hom

1940 | Hom | Hom | Hom | Hom Hom

1950 | Hom | Hom | Hom | Hom Hom

1960 | Hom | Hom | Hom | Hom Hom

1970 | Hom | Hom | Hom | Hom Hom

1980 | Hom | Hom | Hom | Hom Hom

1990 | Hom | Hom | Hom | Hom Hom

TAF | Hom | Hom | Het | Hom Hom

Table 6.4: Classification results for the individual gufml snapshots and the Time-Averaged
Field (TAF) using classifiers initialised with five different random seeds.
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Figure 6.17: [Top| Aggregate saliency map for snapshots classified as homogenous, [Bottom]
Aggregate saliency map for snapshots classified as heterogenous.
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6.6 Discussion and Conclusions

The controlled LEDCJ simulations show that the morphology of the radial magnetic field con-
tains information about imposed CMB heat-flux heterogeneity. The classifier distinguished
between homogeneous, weakly heterogeneous and strongly heterogeneous cases with training
and validation errors of 1.5% and 4.9%, respectively. The lower error obtained for the two-class
problem indicates that identifying the presence of heterogeneity is easier than distinguishing be-
tween different amplitudes. Nevertheless, the three-class results show that, when the imposed
heat-flux pattern is fixed, the radial magnetic field contains sufficient information to separate

different amplitudes of heterogeneity.

The sensitivity tests provide further insight into the magnetic-field information used by the
classifier. The substantial increase in classification error when the field was truncated below
spherical harmonic degree n = 4 shows that non-dipolar structure is important for distinguishing
between the heat-flux classes. The improved performance obtained using average scaling rather
than scaling each image independently also indicates that relative field amplitude contributes to
the classification. The regional tests show that most of the useful information is concentrated
at equatorial and mid-latitudes, while the polar regions alone produce substantially higher
classification errors. This is consistent with the saliency maps, which repeatedly highlight
regions near the Pacific and African LLVPs, particularly beneath the southern Pacific. Although
the polar regions are highlighted in some saliency maps, their poor performance when used in
isolation shows that they are not sufficient for accurate classification. The classifier therefore
appears to use a combination of relative field strength, non-dipolar structure and regional

magnetic-field morphology, rather than relying on a single diagnostic feature.

The wider simulation set provides a more demanding test because the simulations vary not only
in Q*, but also in their control parameters, dynamo regime and imposed heat-flux pattern. The
validation error increased to 20.1% for the full dataset, corresponding to an accuracy of 79.9%,
but decreased to 12.9% when heterogeneous cases with Q* < 1 were removed. This suggests
that stronger imposed heterogeneity produces a clearer magnetic signature, while weakly het-
erogeneous cases may be difficult to distinguish from the natural variability of homogeneous
simulations. This is consistent with the saliency maps, which are more diffuse for the full

dataset but become concentrated around the southern Pacific when only cases with @Q* > 1 are
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included. Magnetic-field structure near the Pacific LLVP therefore appears to provide a more
consistent distinction between homogeneous and heterogeneous simulations when the imposed

heterogeneity is sufficiently strong.

However, the effect of heat-flux heterogeneity cannot be fully separated from other differences
between the simulations. Changes in Q* are accompanied by variations in the control parameters
and imposed heat-flux pattern, meaning that the classifier may respond to features associated
with these differences rather than to Q* alone. The limited number of strongly heterogeneous
simulations also meant that the wider dataset could only be treated as a two-class problem,
preventing different amplitudes of heterogeneity from being compared directly. Nevertheless,
the classifier performed above chance across this more varied dataset, showing that the radial
magnetic field retains information about sufficiently strong heat-flux heterogeneity when other

simulation properties vary.

Application to models of the Earth’s magnetic field tested whether the classifier could generalise
beyond the simulations used for training. All CHAOS-8.5 snapshots were classified as corre-
sponding to homogeneous CMB heat flux by all five classifier initialisations. This consistency
suggests that CHAOS-8.5 contains features that the classifier associates strongly with the ho-
mogeneous simulation class. This is broadly consistent with the power spectra in Figure [6.15
since CHAOS-8.5 and the homogeneous simulations have similar power distributions at low
spherical harmonic degrees. However, the saliency map shows that magnetic-field structure
near the South Atlantic Anomaly contributed strongly to the prediction. Since this feature is
not well reproduced in the training simulations, it is unclear whether the classifier has identified
a heat-flux-related signature or has responded to magnetic structure that was not adequately
represented during training. The CHAOS-8.5 classification cannot therefore be interpreted as

direct evidence that the Earth’s CMB heat flux is homogeneous.

The gufm1 classifications were less consistent. Although most predictions corresponded to ho-
mogeneous CMB heat flux, the predicted class varied between epochs and random initialisations,
and one classifier classified every input as homogeneous. This classifier achieved a validation
error similar to those of the other classifiers, indicating that its behaviour cannot be attributed
to poor training. The decreasing power in gufml above spherical harmonic degree n = 6,
shown in Figure indicates that its smaller-scale field structure differs from that of the

simulations. This may partly reflect differences in the observations and regularisation used to
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construct gufml and CHAOS-8.5. The gufml saliency maps also show that the two predicted
classes depend on different spatial features. Homogeneous classifications primarily highlight the
Northern Hemisphere, whereas heterogeneous classifications place greater emphasis on equa-
torial regions similar to those identified in the heterogeneous simulations in Section The
dependence on epoch, random initialisation and geomagnetic field model means that the gufm1l

classifications do not provide a robust inference of the Earth’s CMB heat-flux structure.

The contrasting CHAOS-8.5 and gufm1 results show that the predicted heat-flux class is sensi-
tive to differences in field morphology, spectral content and regularisation. A more representa-
tive training ensemble is therefore required before the methodology can be applied reliably to the
Earth. This should include a wider range of dynamo regimes, heat-flux heterogeneity amplitudes
and spatial forcing patterns, with individual parameters varied systematically where possible.
Such an ensemble would help separate magnetic-field changes caused by heat-flux heterogeneity
from those associated with the broader dynamo regime. A probabilistic approach could also
provide a more informative measure of confidence than a single classification, particularly where

predictions vary between random initialisations or geomagnetic field models.

Overall, the results show that simulated radial magnetic fields contain classifiable information
about imposed CMB heat-flux heterogeneity, particularly when the forcing pattern is fixed and
its amplitude is sufficiently strong. However, the disagreement between the CHAOS-8.5 and
gufml results means that this conclusion cannot yet be extended reliably to the Earth. The
Farth-model results should therefore be treated as demonstrating the current limitations of
transferring a classifier trained on numerical simulations to geomagnetic field models, rather

than as evidence for either homogeneous or heterogeneous CMB heat flux.
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6.7. Summary

6.7 Summary

This study presents a convolutional autoencoder classifier for testing whether CMB heat-flux
heterogeneity can be inferred from snapshots of the radial magnetic field. We first apply the
method using the controlled LEDCJ simulations, where the classifier distinguishes between ho-
mogeneous and heterogeneous heat-flux cases with low error, less than 10% with the shuffled
partition approach, and can also separate different amplitudes of heterogeneity when the im-
posed heat-flux pattern is fixed. The sensitivity tests show that classification depends on both
relative field strength and non-dipolar magnetic structure, with performance decreasing when
the field is truncated below spherical harmonic degree n = 4. Regional tests and saliency
maps indicate that the most useful information is concentrated at equatorial and mid-latitudes,
particularly near the Pacific and African LLVPs, while the polar regions alone are insufficient.
Applying the method to a wider set of simulations increases the classification error, showing
that the magnetic imprint of heat-flux heterogeneity is harder to isolate when the dynamo
regime, boundary conditions, and magnetic-field morphology vary between simulations. Re-
moving the weakly heterogeneous cases improves the classification accuracy, suggesting that,
for small values of Q* < 1, the magnetic imprint may be too weak, too variable, or too simi-
lar to the variability found in homogeneous simulations. Application to models of the Earth’s
magnetic field gives different outcomes: CHAOS-8.5 is consistently classified as corresponding
to homogeneous CMB heat flux, whereas the gufml classifications vary between epochs and
random initialisations. Overall, these results show that simulated CMB magnetic fields con-
tain classifiable information about imposed heat-flux heterogeneity. However, the differences
between the CHAOS-8.5 and gufm1 classifications show that further work is needed before re-
sults obtained by applying a simulation-trained classifier to the Earth’s magnetic field can be

considered reliable.
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Chapter 7

Conclusions

This thesis develops and applies machine-learning methods to investigate the Earth’s magnetic
field. It uses these methods to interpret geophysical processes at the top of the core and the

core—mantle boundary.

First, in Chapter[d], we developed a novel regional core-flow inversion methodology using Physics-
Informed Neural Networks. The method was designed to infer core-surface flows using only the
magnetic field and secular variation within individual regions, while incorporating the tangen-
tially geostrophic flow constraint during training. After validation using synthetic flows, the
methodology was applied to CHAOS-8.1 to investigate whether features previously identified
using global inversions could also be recovered from regional information. The novel contri-
bution of this chapter was the development and validation of a flexible PINN framework for

regional core-flow inversion.

In Chapter [5, we used the core-flow inversion methods developed in the previous chapter to
forecast geomagnetic secular variation. Regional and global flow models were constructed from
CHAOS-7.18 and used in a steady-flow advection scheme to predict changes in the magnetic
field. After validation through hindcasting over the IGRF-13 period, the regional methodol-
ogy was used to produce a candidate secular-variation model for IGRF-14, covering 2025-2030.
The novel contribution of this chapter was the application of the regional PINN-based core-flow
inversion framework to secular-variation forecasting, which showed improved hindcast perfor-

mance compared with the global approach and the IGRF-13 candidate models.

Finally, in Chapter [6] we developed a convolutional autoencoder classifier to test whether CMB
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heat-flux heterogeneity could be inferred from snapshots of the radial magnetic field. The
method was first validated using a controlled set of geodynamo simulations before being applied
to a wider range of simulations and to the CHAOS-8.5 and gufm1 models of the Earth’s mag-
netic field. Sensitivity tests and saliency maps were used to determine which spatial and spectral
features of the magnetic field contributed most strongly to the classifications. The novel contri-
bution of this chapter was the development and validation of an explainable machine-learning
framework for identifying signatures of CMB heat-flux heterogeneity in radial magnetic-field

images.

This discussion revisits the research questions introduced in Chapter [3| and considers how the
findings of each research chapter contribute to answering them. For Chapters 4] and |5 the
discussion also considers developments made following the publication of [Shakespeare-Rees et al.
(2025) and Shakespeare-Rees et al.| (2026). Finally, the main outcomes and wider implications

of the thesis are summarised, together with priorities for future research.
7.1 Can regional core-flow inversions recover the large-scale

structures found in global flow models?

In Chapter 4] we developed regional core-flow models that were trained independently using
only the magnetic field and secular variation within their respective regions. These core flow
models were then combined in a mosaic to compare to global flow models. Despite having no
knowledge of the secular variation outside these regions, the combined results reproduced pre-
viously identified large-scale structures, including westward flow beneath the Atlantic, variable
flow beneath Indonesia and Central America, and the eccentric planetary gyre (Pais and Jault,
2008; Gillet et al. [2022} |Kloss and Finlay, 2019). The recovery of mostly continuous flow struc-
tures across the regional boundaries indicates that the gyre is supported by the magnetic-field
data, rather than being imposed by the global representation. The connection between the
high- and mid-latitude flows also suggests that at least part of the high-latitude secular varia-
tion is associated with the gyre. This does not exclude the contribution of high-latitude waves

proposed by [Buffett et al.| (2016)), but provides independent evidence for a flow component.

The regional methodology also recovered time-dependent changes in smaller-scale flow features.
These included repeated changes in equatorial azimuthal flow direction, a recent change be-

neath the eastern Pacific, and a decrease in the intensity of the northern high-latitude jet after
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2017. The physical origins of these changes remain uncertain. The equatorial variations may
reflect wave-driven behaviour, whereas changes in the high-latitude jet may arise from evolving
dynamics near the inner-core tangent cylinder (Gillet et al., [2022; |[Finlay et al., [2023). |Griine
et al.| (2025) similarly identified periodic changes in azimuthal flow acceleration at low latitudes,
which they interpreted as signatures of propagating and standing waves. The polarity changes
in these acceleration features occurred at intervals similar to those between recent geomagnetic
jerks, suggesting a possible connection between wave-driven changes in core-surface flow and

geomagnetic jerks.

The large-scale flow features recovered by the regional models in Chapter [4] were also identified
in Chapter |5 despite the latter not imposing the tangentially geostrophic flow assumption.
This suggests that these features may be robust to changes in the flow assumption. However,
only the tangentially geostrophic assumption was implemented in Chapter [4] and additional
physical constraints must be incorporated into the PINN framework before this can be tested
more thoroughly. Further work could incorporate alternative flow assumptions to determine
how the choice of constraint affects regional flow estimates. The method of implementation
would depend on the assumption considered. A toroidal-only constraint could be imposed
straightforwardly by adding a loss term that penalises departures of the poloidal flow, defined
in Equation , from zero. Implementing quasi-geostrophy would be more complex because
of the required equatorial symmetry. One possible approach would be to train paired regional
inversions in the Northern and Southern Hemispheres, with an additional loss term penalising
departures from the appropriate symmetry between them. However, this might increase the
complexity of the loss landscape, and the appropriate weighting of the symmetry constraint

would require careful investigation.

In Chapter [4] we also chose to implement the flow assumptions as ‘soft constraints’, rather than
as ‘hard constraints’ that are satisfied exactly through the construction of the network output,
as discussed in Section Hard constraints have previously been implemented in PINNs
by constructing trial functions that satisfy prescribed boundary conditions, parameterising the
network outputs to obey conservation laws, or projecting predictions onto a constrained solution
space (Lagaris et al., [1998; Sukumar and Srivastava), 2022 Berrone et al. [2023; |Horne et al.,
2025)). These approaches guarantee satisfaction of the imposed condition and avoid the need to

balance its residual against other loss terms, but the required parameterisation can be difficult
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to construct and may restrict the range of solutions available to the network (Luong et al.,
2024; Sheikholeslami et al., 2025). In the present problem, tangential geostrophy could be
imposed exactly through the form of the induction equation given in Equation . However,
this would prevent the network from recovering flows that depart from tangential geostrophy,
even where the assumption may not be valid. Implementing it as a soft constraint instead
allows the model to balance agreement with the secular variation against agreement with the
assumed flow physics, while the remaining physical residual can indicate where the assumption
may break down. Although a soft constraint does not remove the inversion’s non-uniqueness,
enforcing tangential geostrophy exactly would only restrict the possible solutions, rather than
guarantee uniqueness. The soft formulation was therefore preferred because it does not assume

that tangential geostrophy holds exactly at all locations and times.

The secular-variation and flow-constraint losses in Chapter [ were balanced using a fixed weight-
ing factor determined from their typical magnitudes. However, the relative magnitudes and
gradients of these terms can change during training, meaning that a weighting chosen initially
may not remain appropriate throughout the optimisation. Adaptive approaches have therefore
been developed in which the loss weights are updated during training. For example, |[Wang
et al.| (2021)) used gradient statistics to balance the contributions of different loss terms, while
McClenny and Braga-Neto| (2023) introduced trainable pointwise weights that direct the net-
work towards regions with larger residuals. Bischof and Kraus (2025) compared several adaptive
strategies and proposed relative loss balancing with random lookback, which adjusts the weights
using changes in the individual losses. These methods can reduce manual tuning and prevent
one loss term from dominating the optimisation, but they also introduce additional calcula-
tions and choices governing how frequently and rapidly the weights are updated. The fixed
weighting used here was sufficient to bring the two losses to similar magnitudes by the end of
training, but adaptive weighting could provide a more flexible approach, particularly where the
balance between fitting the secular variation and satisfying the flow constraint changes during

optimisation.

Overall, the results show that regional core-flow inversions can recover the principal large-scale
structures identified in global flow models. However, CHAOS-8.1 is itself a global geomagnetic
field model, meaning that the magnetic field and secular variation supplied to each regional

inversion remain influenced by observations from elsewhere. Future work could therefore apply
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the methodology to independently constructed regional geomagnetic field estimates, such as
those obtained using SOLA (Subtractive Optimally Localised Averages, [Hammer and Finlay
(2018))) or GVOs (Brown et al., [2022). This would ensure that both the input fields and the
inferred flows are independent of a global representation, providing a more stringent test of the
extent to which the recovered flow structures are supported by regional observations alone. It
would also allow the robustness of the methodology to observational noise, residual external-field

contamination, and uncertainties in geomagnetic field estimation to be assessed more directly.
7.2 Do localised flow models contain information helpful for

forecasting the Secular Variation of the Earth’s magnetic

field?

In Chapter |5, we developed regional and global core-flow models to produce a candidate secular-
variation forecast for the 14th generation of the IGRF. This was done by producing regional and
global core-flow models using the PINN approach detailed in Chapter [4] These flows were then
used to advect the magnetic field under the assumption of steady flow, producing hindcasts
of the secular variation over the IGRF-13 period. Although the global inversion reproduced
the initial secular variation more closely, the regional model retained more small-scale flow
structure. Despite these differences, the resulting regional and global secular-variation spectra

were very similar, with relative differences of 1.8% at the Earth’s surface and 1.7% at the CMB.

The regional approach produced the more accurate hindcast. When the predicted magnetic
fields were compared with CHAOS-7.18, the regional model had a lower RMS difference than
both the global model and the other IGRF-13 candidate models at the CMB. It also had the
lowest RMS difference at the Earth’s surface, whereas several IGRF-13 candidates outperformed
the global model. The same relative performance was found when the hindcasts were compared
with Kalmag rather than CHAOS-7.18, indicating that the result was not solely caused by
the choice of reference field model. The improved hindcast produced by the regional approach
therefore suggests that the additional small-scale flow structure retained by the local inversions

contains useful information for forecasting secular variation.

Following the publication of the 14th generation of the IGRF (Beggan et al.,|2026), the updated
Leeds forecast can now be compared with the other IGRF-14 candidate models. The results

presented here use the corrected Leeds candidate rather than the version submitted before
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the deadline, which contained an error in the advection calculation. The Mauersberger—Lowes
spectra of the candidate secular-variation forecasts are shown in Figure The updated Leeds
candidate is shown by the solid black line, while the mean and median candidate models are
shown by the solid green and purple lines, respectively. The Leeds spectrum is close to both the
mean and median, showing that the regional core-flow methodology produces a forecast that
is consistent with the wider group of IGRF-14 candidates rather than being an outlier. This
is further supported by Figure which shows the difference between each candidate forecast
and the median of all candidates. The spatial differences associated with the Leeds candidate
are generally small compared with those of several other candidate models, placing it close to

the median forecast.

Mausberger-Lowes Spectrum for IGRF-14 SV Candidates
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Figure 7.1: Mauersberger—Lowes spectra of the secular-variation forecast candidates for IGRF-
14. The mean and median of the candidates are shown by the solid green and purple lines,
respectively, while the updated Leeds candidate is shown by the solid black line. Figure created
by adapting code from the IGRF-14 evaluation repository (IAGA V-MOD)).

Overall, the improved hindcast produced by the regional model shows that localised flow inver-
sions can retain information that is useful for forecasting the Earth’s secular variation. Dividing
the CMB into independently inverted regions allowed the model to preserve regional flow struc-

ture that was smoothed in the global inversion, while still producing a coherent global forecast.
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Figure 7.2: Difference between each IGRF-14 candidate radial secular-variation forecast and the
median of all candidate forecasts. Figure created by adapting code from the IGRF-14 evaluation
repository (IAGA V-MOD), plotted at the Earth’s surface.

This improved hindcast performance motivated the use of the regional methodology to con-
struct the University of Leeds candidate secular-variation model for IGRF-14 over 2025-2030.
Its agreement with the mean and median IGRF-14 candidates further shows that the regional
methodology produces a plausible forecast that is consistent with forecasts obtained using other
approaches. However, whether the improved hindcast performance will persist over the IGRF-
14 forecast period remains unknown. The difference between the regional model and the next
best-performing candidate in the hindcast was relatively small, and unpredicted changes in sec-
ular variation, including those associated with geomagnetic jerks, could reduce the performance
of the steady-flow advection approach. Further work is also required to determine whether the
improved hindcast arises from the regional inversion itself or partly from differences between
the grids used to train the regional and global models. Testing both approaches using equiva-
lent grids and alternative geomagnetic field models would provide a stronger assessment of the

forecasting information contributed specifically by the regional methodology.
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7.3 Can heat flux heterogeneity be inferred from the radial

magnetic field at the Core Mantle Boundary?

In Chapter[6] we developed a convolutional autoencoder classifier to test whether CMB heat-flux
heterogeneity could be inferred from snapshots of the radial magnetic field. The methodology
was first tested using the controlled LEDCJ simulations, before being applied to a wider set of
simulations with varying dynamo parameters and heat-flux patterns, and finally to the CHAOS-
8.5 and gufml models of the Earth’s magnetic field. The controlled results showed that the
classifier could distinguish between homogeneous, weakly heterogeneous and strongly heteroge-
neous cases with a validation error of 4.9%. Classification depended on relative field strength
and non-dipolar magnetic structure, with performance decreasing below spherical harmonic de-
gree n = 4. Regional tests and saliency maps showed that the most useful information was

concentrated at equatorial and mid-latitudes, particularly near the Pacific and African LLVPs.

The validation error increased to 20.1% for the wider simulation set, but decreased to 12.9%
when cases with Q* < 1 were removed. This indicates that stronger heat-flux heterogeneity
produces a clearer magnetic signature, while weakly heterogeneous cases may be difficult to
distinguish from the natural variability of homogeneous simulations. Overall, the results show
that the radial magnetic field contains classifiable information about imposed CMB heat-flux
heterogeneity, but that this information becomes harder to isolate when the dynamo regime

and heat-flux pattern also vary.

The application to the Earth’s magnetic field showed that the classifications were not sufficiently
robust to infer the structure of CMB heat flux. Although CHAOS-8.5 was consistently classified
as corresponding to homogeneous CMB heat flux, the gufm1 predictions varied between epochs
and random initialisations. The predicted class therefore depended on the geomagnetic field
model used, rather than remaining consistent between different representations of the Earth’s
field. The saliency maps also showed that the CHAOS-8.5 classifications were strongly influenced
by magnetic-field structure near the South Atlantic Anomaly, despite this feature not being well
represented in the training simulations. This does not necessarily mean that the classification is
incorrect, but it makes it difficult to determine whether the classifier has identified a physically
meaningful heat-flux signature or is responding to a feature that it did not encounter during

training. This demonstrates the importance of investigating the otherwise black-box nature
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of machine-learning models, particularly in scientific applications where predictions must be

connected to physically meaningful features.

Improving the robustness of the Earth classifications will require a better understanding of
the information used by the classifier. Additional explainable AI methods should be applied
alongside Grad-CAM, since different approaches test different aspects of the model and no
single method provides a complete explanation (Barredo Arrieta et al., [2020; |Skliarov et al.,
2025). Occlusion tests could mask selected regions to determine whether removing features
such as the South Atlantic Anomaly changes the predicted class. Integrated Gradients and
SmoothGrad could test whether the regions highlighted by Grad-CAM remain important and
are stable to small changes in the input field (Sundararajan et al., 2017} [Smilkov et al., 2017).
SHAP could also estimate whether broader, physically defined regions, such as latitude bands or
areas surrounding the LLVPs, support a homogeneous or heterogeneous classification (Lundberg
and Leel 2017). Agreement between these methods would provide greater confidence that the
classifier is responding to physically meaningful magnetic-field structure, whereas disagreement

would indicate that the interpretation remains dependent on the explanation method used.

The simulation-to-reality gap must also be reduced by expanding the training dataset. The
classifier was trained using pre-existing simulations that were produced for different scientific
purposes, rather than a controlled ensemble designed specifically for application to the Earth.
A more suitable ensemble would systematically vary the dynamo regime, the amplitude and
spatial pattern of CMB heat flux, and the morphology and spectral distribution of the resulting
magnetic field. It should include simulations spanning homogeneous to strongly heterogeneous
heat flux, with other parameters held fixed where possible, as well as simulations in which
individual control parameters are varied independently. This would make it easier to separate
magnetic-field changes caused by heat-flux heterogeneity from those caused by the broader
dynamo regime. Training across a deliberately broad range of simulated conditions would also
increase the likelihood that the Earth’s magnetic field falls within the range represented during

training (Tobin et al., 2017} |Chen et al., 2022).

Producing such a training ensemble would, however, be computationally demanding. A system-
atic study would require several heat-flux amplitudes and spatial patterns to be tested across
multiple dynamo regimes, with each simulation integrated for long enough to produce represen-

tative magnetic-field snapshots. The appropriate range of simulations is also uncertain because
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reproducing an Earth-like magnetic-field morphology does not guarantee that a simulation has
the same underlying force balance as the Earth’s core (Nakagawa and Davies, 2022). Rather
than attempting to represent every possible parameter combination, a more targeted approach
could identify the largest differences between the existing simulations and CHAOS-8.5 or gufml,
and prioritise new simulations that reduce these differences. Additionally, the training simu-
lations were not selected using other measures of Earth-like field behaviour, such as fq;p, and

alternative selection criteria may therefore influence the results.

Overall, the results suggest that CMB heat-flux heterogeneity can be inferred from the radial
magnetic field when its magnetic signature is sufficiently strong and represented within the
simulation-based training data. The controlled and wider simulation results provide evidence
that heat-flux heterogeneity leaves classifiable information in the morphology and amplitude of
the radial magnetic field. However, the lack of agreement between the CHAOS-8.5 and gufml
classifications means that this conclusion cannot yet be extended reliably to the Earth. Further
work is therefore needed to broaden the simulation ensemble, reduce the simulation-to-reality
gap and establish that the classifier is using physically meaningful magnetic-field features before

it can provide a robust inference of the Earth’s CMB heat-flux structure.

7.4 Concluding Remarks and Further Work

This thesis has demonstrated how machine-learning methods can be developed and applied to
extract geophysical information from the Earth’s magnetic field, providing new approaches for
investigating processes at the top of the core and the core—mantle boundary. The novel con-
tributions lie in the development of machine-learning methods for three related geomagnetic
problems. Physics-informed neural networks were used to perform regional core-flow inversions
from locally restricted magnetic-field information, providing an independent test of structures
previously identified using global methods. These regional flows were then used to forecast
secular variation, showing that localised flow models can retain information that is useful for
prediction. Finally, a convolutional autoencoder classifier was developed to identify signa-
tures of imposed CMB heat-flux heterogeneity in simulated radial magnetic fields. Together,
these approaches demonstrate that machine learning can provide flexible solutions to a range
of geomagnetic problems, while allowing physical constraints, spatial information and model

interpretation to be incorporated into the analysis.
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The results also demonstrate that the use of machine learning in geomagnetism requires caution.
The flexibility that allows these methods to identify complex relationships can also make it
difficult to determine why a particular solution or prediction has been obtained. This was
especially clear when the heat-flux classifier was applied to geomagnetic field models, where
the results depended on the model and random initialisation used, and where the saliency
maps highlighted features that were not well represented in the training simulations. Machine-
learning results should therefore not be interpreted from their predictive performance alone.
Their robustness must be tested across data, initialisations and modelling choices, and the
features used by the model must be examined to determine whether they have a physically
meaningful interpretation. Addressing this black-box behaviour will be important if machine-

learning methods are to become trusted and widely accepted within the geomagnetic community.

Future progress in this field would benefit from shared benchmarks that allow machine-learning
methods to be compared using common geomagnetic problems, datasets and evaluation mea-
sures. These should include synthetic tests where the correct solution is known, hindcasting
experiments, sensitivity to random initialisation, and tests using more than one geomagnetic
field model. Explainable Al methods should also become a standard part of scientific machine-
learning studies, with several complementary approaches used to test whether the same physical
features are consistently identified. Finally, publishing numerical simulations, processed training
datasets, trained models and analysis code under the FAIR (Findable, Accessible, Interoperable
and Reusable) principles would enable results to be reproduced and larger, more representative
training ensembles to be constructed (Wilkinson et al., |2016|). This approach is already be-
ing adopted in geomagnetism: ISTerre has developed a collaborative web tool that catalogues
existing dynamo simulations (Claveau, 2025), while Rogers et al.| (2026]) published the full set
of simulations used in their study. Collectively, the adoption of shared benchmarks, explain-
able Al and FAIR research practices would support more robust, reproducible and physically

interpretable applications of machine learning in geomagnetism.
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Appendix A

Appendix Chapter

A.1 Toroidal Flows

While the results in Chapter 4] used the Tangentially Geostrophic flow assumption, other flow
assumptions can be used within the PINN framework. To implement the toroidal-only flow
constraint, the poloidal scalar (P) is set to zero, such that the horizontal flow components can

be written as

1 0T
" sinf d¢’ (A1)
orT

The network is therefore configured to calculate only the Toroidal scalar T', with the sole loss
term described in Equation. In this formulation, the toroidal-only flow assumption is
encoded as a hard constraint. Alternatively, it could be imposed as a soft constraint by allowing
the network to fit both T" and P while including a loss term that encourages P to approach

Zero.

Figure shows the resulting flows, SV, and SV residuals for the hard constraint approach,
using CHAOS-8.1 in January 2024. These results were determined using the same network size
as the models described in Chapter |4l and so further work could be to find the optimum network
size for this flow assumption. The MAE between the SV from the CHAOS-8.1 model and the
SV output by the PINN is 396nT /year (Relative L1 Error of 10.6%).
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Figure A.1: (Top) Global patchwork of toroidal regional flows in January 2020. The thickness of
the arrows indicate flow magnitude, and the arrows indicate direction. (Middle) SV calculated
using the recovered flows in the top panel. (Bottom) Residuals between the SV from CHAOS-
8.1 and the SV shown in the middle panel. The box boundaries (after the 50 border removal)

are marked by grey dashed lines.
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A.2 TG Misfit

0.06
0.04
-0.02
-0.00

-—0.02

(z-4A) SIN L

-—0.04

—0.06

Figure A.2: TG misfit for the global mosiac shown in Figure in squared units as the misfit
is quantified by the MSE.
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