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Abstract

As we usher in the era of precision cosmology, the inconsistencies that afflict the cosmolog-

ical paradigm, also known as the “ΛCDM model”, prompt us to question its validity as a

description of the universe and challenge its foundations. This Thesis explores different ways

of tackling three present and persistent issues: the lensing anomaly, the Hubble tension and

the value of the spatial curvature of the universe. This is done, respectively, by introducing

extensions from the standard picture in the form of modifications of gravity, dark energy and

deviations from spatial flatness. After introducing the basic tools needed to understand the

theoretical underpinnings of the ΛCDM model, along with the observational and statistical

methods required to test its robustness against the state-of-the-art cosmological datasets, five

chapters present a series of five papers that make up the bulk of this Thesis. The results of

these works are, in order, a proof that the lensing anomaly can be recast in terms of modified

gravity, an alleviation of the Hubble tension and an improvement in the currently available

constraints of the spatial curvature. In retrospect, these results offer new and original takes

on the limits of our standard model of the universe, which the upcoming cosmological surveys

are set to constrain more precisely than ever before.
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Relation to Published Work

The first three chapters of this Thesis serve as an introduction to the fundamental cosmology

tools needed to navigate through the papers presented in the later chapters. In particular,

chapter I is an outline of the motivations behind the works completed during the PhD that

is given alongside a brief historical account of the field of cosmology and its current status,

while chapter II entails a description of the theoretical framework underpinning the ΛCDM

model. To conclude this introductory part of the Thesis, chapter III summarises the obser-

vational and statistical methods that are used in the later chapters to test the cosmological

paradigm (and its extensions) with the state-of-the-art cosmological measurements. These

initial chapters stem from the knowledge about cosmology gained by the Author through

textbooks, summer school materials and pedagogical papers on this subject read during the

course of the PhD period, which is why the equations presented do not technically count as

original derivations. However, the pages making up the entirety of these first chapters have

been written solely by the Author. The same is true for both the preambles and afterwords

to the papers included in this Thesis, and also for chapter IX, which summarises the works

presented once more and concludes the whole Thesis.

Chapters IV-VIII make up the bulk of this Thesis. All of these chapters contain papers that

have been both peer-reviewed and published; they entail analyses of different standard model

extensions [1–5]. Since all the papers presented here were the result of a collaborative effort,

the following lines are dedicated to sketch the contribution given by the Author and each

co-author, along with the papers’ proper citations.

• Chapter IV: “Exploring the growth index γL: Insights from different CMB

dataset combinations and approaches”.

E. Specogna, E. Di Valentino, J. Levi Said, and N.-M. Nguyen, Phys. Rev. D 109,

043528 (2024), arXiv:2305.16865.

In this chapter, the Author conducted the whole data analysis and contributed to the

writing of substantial parts of Secs. IV.A, IV.B, IV.D and IV.E of the paper. The

appendix was compiled by N.-M. Nguyen, along with Sec. IV.C. E. Di Valentino and

J. Levi-Said both contributed to the refinement of the results interpretation in Sec.

IV.E and to the final Sec. IV.F. All of the figures in the main body were produced by

the Author, while the graphics in Appendix A were made by N.-M. Nguyen.

• Chapter V: “Planck-PR4 anisotropy spectra show better consistency with

general relativity”.
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Relation to Published Work

E. Specogna, W. Giarè, and E. Di Valentino, Phys. Rev. D 111, 103510 (2025),

arXiv:2411.03896.

This chapter contains an article for which the Author conducted all of the MCMC

analysis and wrote Secs. V.B and V.C, along with substantial parts of Secs. V.A, V.D

and V.E in coordination with W. Giarè. E. Di Valentino contributed to the results

interpretation in Sec. V.D. All of the figures were produced by W. Giarè.

• Chapter VI: “Neutrino mass tension or suppressed growth rate of matter

perturbations?”.

W. Giarè, O. Mena, E. Specogna, and E. Di Valentino, Phys. Rev. D 112, 103520

(2025), arXiv:2507.01848.

This chapter includes an investigation for which the Author conducted all of the MCMC

analysis and wrote Secs. VI.B and VI.C. W. Giarè completed Secs. VI.A and VI.E.

Sec. VI.D was produced by a joint effort of W. Giarè, the Author and E. Di Valentino.

All of the figures were plotted by W. Giarè, except for Fig. VI.2, which was produced

by the Author.

• Chapter VII: “Updated Constraints on Omnipotent Dark Energy: A Com-

prehensive Analysis with CMB and BAO Data”.

E. Specogna, S. A. Adil, E. Ozulker, E. Di Valentino, R. C. Nunes, O. Akarsu, and A.

A. Sen, Phys. Rev. D 113, 103549 (2026), arXiv:2504.17859.

This chapter contains the update to a work in which the Author also took part [6], but

that is not listed in this Thesis. All of the data analysis for this work, including all

figures and tables, was completed by the Author, who also completed Secs. VII.D and

VII.E jointly with A. Adil. While the Author wrote all of Sec. VII.C, A. Adil completed

Secs. VII.A and VII.B. The remaining authors helped with the final interpretation of

the results.

• Chapter VIII: “Slow-rolling down the curvature: a reassessment of the

Planck constraints on ϕ2 inflation in a closed universe”.

E. Specogna, T. Vardanyan, W. Giarè, and E. Di Valentino, Phys. Rev. D 113, 123526

(2026), arXiv:2509.26263.

This final paper entails an MCMC analysis that has been carried out entirely by the

Author, also thanks to an insightful suggestion about the implementation of this model

into code by W. Giarè, who wrote Sec. VIII.E. Secs. VIII.A and VIII.C were written

entirely by the Author. Sec. VIII.B has been written jointly by T. Vardanyan and the

Author, while Sec. VIII.D was completed by the Author and, partly, by W. Giarè and

E. Di Valentino. All of the figures in this paper have been produced by the Author.
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I Introduction

The cosmological paradigm, better known for the past 30 years or so as the “ΛCDM” model,

is a remarkably precise physical description of the largest scales of the universe I.1, its dynam-

ics and its history. Notably, the predictive breadth of this “standard model” of the universe

rests upon a relatively small number of building blocks that were gradually incorporated into

it over the course of the last century.

The first pillar of the standard model is the assumption of a gravitational theory, as gravity

is the only fundamental long-range force that matters at cosmological scales. In the ΛCDM

model, this role is occupied by general relativity - GR. By further postulating that the uni-

verse is homogeneous, isotropic and flat (or “Euclidean”), Einstein’s theory is able to predict

the so-called “Big Bang”, or the observation that the universe is expanding in nature and,

by extrapolation, that it must have been extremely hot and dense during the early epochs

of its existence. In the same way the word “Impressionism” was coined as a derisory term

by art critics in late 19th–century France to deny the innovative power of what went on to

become one of the first truly modern movements in western art, dubbing the birth of the

universe as a big bang was an attempt at discrediting a series of observations made in the

first decades of the 20th century that were gradually ruling out the outdated and prejudicial

idea that our universe would have to be a static one. The expansion of the universe is now an

observationally established fact. One of its most notable proofs is found in the observation

of the relic radiation known as the “cosmic microwave background” - CMB, which we can

measure isotropically in the sky. The energy distribution of the CMB photons is expected

to follow a thermal (or “blackbody”) spectrum [8, 9], which is exactly what we observe, and

very precisely so: we can see in Fig. I.1 that the root mean square of the deviations from

the predicted blackbody spectrum with temperature T0 = 2.7260K is extremely small, less

than 5 parts in 105.

The second set of fundamental ingredients of the ΛCDM model can be readily found in

its very name. “Λ” and “CDM”, respectively the “cosmological constant” and “cold dark

matter”, are postulated to be the two main protagonists of the total energy budget of our

universe (today), roughly making up 95% of its contents. Unlike the remaining 5%, made

of relativistic particles and ordinary (or, somewhat improperly, baryonic) matter, the exact

nature of Λ and CDM still eludes us: we have yet to find direct proof of their existence.

Interestingly though, as our measurements get more numerous and precise, the indirect evi-

I.1 Here, by very large or cosmological scales, we mean distances in the universe that are much greater than
the size of a black hole, our solar system or even our own galaxy, the Milky Way. In order to understand
the distance range of interest to cosmologists, the unit length that we have to pick needs to stretch all the
way to a distance of at least ∼ 100 Megaparsecs (Mpc) [7], with 1 Mpc roughly amounting to the separation
between our galaxy and our closest neighbour, Andromeda (!).
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FIG. I.1. Blackbody spectrum of CMB as measured by COBE (blue squares with error bars) and its
predicted curve for T = 2.7260K (black line). This was measured by the FIRAS instrument of the
COBE mission [10] and it is, to date, the most precise measurement of the CMB blackbody spectrum.
Future probes like BISOU [11], PIXIE [12] and FOSSIL [13] are set out to measure it again, with the
goal of using the expected but tiny deviations in the blackbody shape of this curve, which are known
as spectral distortions, to further constrain the cosmological paradigm.

dence for the existence of CDM is getting stronger, while the case for Λ, according to some

of the most recent developments in observational cosmology, is actually getting weaker, at

least for a cosmological constant with an equation of state such that wΛ = −1 (the meaning

of wΛ will be defined in Eq.(II.5)). One of the strongest clues prompting us to reconsider the

robustness of the introduction of Λ in our model of the universe is given by DESI, a spectro-

scopic survey which, by virtue of a combination of the measurements it made about another

prediction of the standard model known as the “baryonic acoustic oscillations” - BAO -

and CMB data, seemingly shows that we stand 3.1 standard deviations - σ - away from a

universe that includes a cosmological constant [14]. Interestingly, the hints for dynamical

dark energy have remained strong with the newer data release by DESI [15], confirming the

deviation from wΛ = −1 as one of the most enticing avenues in current cosmological research.

Finally, the ΛCDM model also includes a mechanism for the origin of its contents: the

theory of “inflation”. While originally devised as a way to explain the fact that we observe

regions in space that, despite not being in causal contact, look remarkably similar (this is

the well-known “horizon problem” [16]), inflation also turned out as a framework that traces
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the origin of CDM and all the other components of the universe back to the fluctuations

(or inhomogeneities) in the distribution of a common ancestor, the “inflaton” field. In ad-

dition to this, inflation also explains why we observe no magnetic monopoles in the current

universe, even though they are expected to be produced in large amounts by those theories

that seek to unify the interactions of the standard model of particle physics at energies

greater than ∼ 1016GeV (also known as “grand unified theories” - GUT). This discrepancy

between theory and observations is also known as the “monopole problem”. Inflation can

also show why the universe appears to be essentially flat and mostly homogeneous at present.

It is the observed flatness that prompted James Peebles, who was also the first physicist to

advocate for the need of CDM in the cosmological context [17], to include Λ in the standard

model. This changed the Einstein-de Sitter prescription that dominated our picture of the

universe until the mid-1980s, when various experiments indicated that ordinary and dark

matter could only account for about 30% of our universe’s total energy budget [18, 19]. This

stance was definitively consolidated in 1998 by two independent experiments, the “High-Z

Supernova Search Team” and the “Supernova Cosmology Project”. By using “type-Ia su-

pernovae” - SNIa (a type of supernova that is particularly regular in the time evolution of

its thermonuclear explosion’s light-curve) - to measure cosmological distances, both of these

research teams delivered the observational proof that the universe is not just expanding, but

that it is doing so at an accelerated rate [20, 21], making the introduction of Λ inevitable if

our picture of a flat, homogeneous and isotropic universe governed by GR is to survive.

The turn of the millenium gave way to a rapid increase in the amount and quality of the

available cosmological data: we are now in the “age of precision cosmology”. Experiments

such as WMAP, Planck, ACT, SPT, BICEP, the SDSS survey, DESI, HST, HSC, DES, KiDS

and many others enormously improved our capability of testing the ΛCDM model predictions

in independent ways, further corroborating its validity. However, such a quick rise in the

quantity of cosmological data also meant that the underlining flaws that plague the standard

model could rise above the gradually decreasing noise in the data, unveiling several issues

that still require an explanation.

Firstly, as it was just mentioned, the case for Λ has become much weaker, especially in

light of the recent results by DESI, which instead seem to favour what is arguably the most

straightforward extension of the cosmological constant: “dark energy”, or a time-varying

form of the energy that is responsible for the accelerated expansion of the universe. What

is more, we find that measuring the current rate of this expansion, quantified through a

parameter known as H0 or the “Hubble constant”, yields different values depending on the

type of observable used. This is an open problem known as the “H0 tension”, and it reflects

the fact that estimates of H0 differ depending on whether we use early time data, such as

3
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CMB data, or late time expansion measurements found by distance indicators such as SNIa,

reaching a 7.1σ significance with the latest combinations of these two kinds of dataset [22].

Another important issue is the so-called lensing anomaly, which, like the problem with H0, is

another prime example of the tensions that riddle the standard cosmological model. It refers

to an excess in the amount of CMB lensing that we can measure from the suppression of the

acoustic oscillations in the spectra of Planck, reaching a 2.8σ significance in the experiment’s

2018 data release (PR3, [23]). Interestingly, this evidence for excessive lensing of the CMB

can also be re-interpreted as a deviation from spatial flatness, yet another challenge posed

to the ΛCDM model’s validity. The H0 tension and the lensing anomaly are both topics of

primary interest in the Thesis presented here, as it will be made clear in the ensuing chapters.

While the most recent reanalysis of Planck’s data (PR4) showed the lensing anomaly to be

weaker than previously thought, lowering to a less than 1σ discrepancy [24], the combination

of CMB data with DESI continues to favour a deviation as large as 3.5σ in magnitude [25].

This prompts us to still regard the lensing anomaly as an interesting problem which, while

not intrinsic to CMB data, can reveal details about how parameters correlate in the standard

model when different data like BAO and CMB measurements are combined.

One further problem that has been puzzling cosmologists in the recent years is the “S8

tension”, which relates to the discrepancy in the measurement of S8, a standard model pa-

rameter that quantifies the current magnitude of matter perturbations. As in the case of the

Hubble tension, once again we find a discrepancy between early and late time cosmological

probes. In fact, S8 has been estimated to be consistently different across CMB and weak

lensing datasets, with the discrepancy being larger than three standard deviations for certain

data combinations [26]. Recently, however, this issue has become much less statistically

significant, as the deviation has been shown in [27] to decrease to less than 1σ when a combi-

nation of cosmic shear measurements by the KiDS and DES surveys is compared to Planck’s

CMB data. Arguably, this makes the S8 tension less prominent in the current debate on the

validity of the ΛCDM model.

Finally, the number of models proposed as an alternative to the cosmological paradigm is

still much greater than the available data that could be used to test them, despite the enor-

mous progress that led up to the best observations of the universe currently in our hands.

In other words, at present, cosmology suffers from underdetermination, meaning that our

datasets are still not precise enough to resolve the microphysical details of dark energy [28–30].

In summary, this Thesis is a collection of five published works that aim to tackle the issues

outlined above by testing three different classes of ΛCDM model extensions against the

state-of-the-art cosmological data.
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In what follows, these three modification classes are schematically introduced, along with the

issues they intend to address and their respective locations in this document.

• Modified gravity - MG: with a very broad and qualitative definition, this class

can be defined as entailing the modification of the equations that are obtained from

GR for the standard cosmological model. In particular, in this Thesis we look at the

modifications induced by two parametrisations of gravity on the equations describing

the perturbations in the homogeneous distribution of non-relativistic matter and its

time evolution only; for this reason, the “modified gravity” definition is not exactly

strict, but will be used for the remainder of this Thesis for simplicity. The papers

produced on this topic are presented in Secs.(IV, V and VI), and they all aim, in

similar ways, to address the same issue: the lensing anomaly of the CMB.

• Dark energy - DE: in this case, what changes are the homogeneous equations of

motion for the ΛCDM model rather than its perturbations, thanks to the introduction

of a parametrisation for the density and pressure of the DE component. This is what is

done in the paper presented in Sec.(VII), where it is shown how both theH0 tension and

the evidence for dynamical dark energy found by DESI can, under certain conditions,

be explained under the cosmological model dubbed “omnipotent dark energy”.

• A closed universe: in this final analysis, we shift our focus from the late time

modifications considered in the previous two extension categories to a deviation from

the standard picture happening during the inflationary era. Precisely, we leverage

the lensing anomaly once more, by re-assessing Planck’s evidence for non-zero spatial

curvature under the assumption of a new, gauge-invariant parametrisation for the

perturbations of the early-universe. The paper describing this investigation is presented

in Sec.(VIII).

All of the scenarios presented above share one common factor: the use of parametrisations.

This reflects the fact that the works constituting the main body of this Thesis always follow

a phenomenological approach, in the sense that it is never a specific model that is being

tested against the data, but rather a class or collection of models expressed through a model-

independent parametrisation. A similar choice is forced on us by all the problems that the

underdetermination of DE models poses to our fundamental understanding of observations,

such as the expanding universe or the evidence for dynamical DE. The problem of underde-

termination then prompts us to study the universe by letting data guide our intuition about

the cosmological paradigm, as our datasets are just not, either now or in the foreseeable

future, good enough to resolve the microphysical details of the true cosmological model.
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These paper–chapters also include a preamble presenting the models that were analysed in

each manuscript, detailing in which ways they deviate from the observable predictions of

the ΛCDM picture and why they were chosen to tackle the problems of the standard model

in the first place, while levelling any notation differences between the papers and the three

introductory chapters of this Thesis. The afterword following each of these paper–chapters

serves as an update on how new developments that came after the respective paper was

written might have changed the interpretation of its results.

The next three chapters contain an introduction about the most important theoretical, ob-

servational and statistical concepts that are not already covered by the articles presented in

chapters IV-VIII, but are still essential for their full comprehension. Specifically, chapter II

introduces the homogeneous and non-homogeneous equations of the ΛCDM model. Chapter

III describes the observables that have been used to test the parametrisations presented here,

while bridging the gap between theory and observation, explaining how we can constrain

cosmological models through the principles of Bayesian statistics and Markov chain Monte

Carlo algorithms. Finally, we conclude with chapter IX, where we draw a summary of the

results that came from testing the models and the new ideas presented throughout this

Thesis, while keeping an eye on some novel and exciting directions for future work.
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II The ΛCDM Model: A Cosmological Paradigm

In chapter I it is said that one of the foundational concepts that stand at the heart of the

current cosmological paradigm, the ΛCDM model, is the combination of two assumptions

about the distribution of matter in the universe and its kinematics: spatial isotropy and

homogeneity. This combination takes the name of “cosmological principle”. By applying

the cosmological principle to GR it is possible to derive a set of two equations known as the

“Friedmann equations”. These two equations are (almost) all that we need in order to paint

the macroscopic picture of the dynamics of an isotropic and homogeneous universe, while

connecting its geometry to the matter and energy it contains, namely baryons, photons,

neutrinos, Λ and CDM. In GR and the Friedmann equations, the universe’s contents are

expressed in terms of macroscopic thermodynamical quantities such as density, pressure or

entropy. In particular, we are interested in their time–dependence, at least as long as we

care for the cosmological principle to hold. However, such time-dependence has to be sought

from the microscopic properties of these contents, specifically from their distribution function

f(x,p, t), a description of how the particles that make up e.g., dark matter are distributed

in the phase space of position x and momentum p at time t. This is explained in detail in

Sec.II.A, where another fundamental tool, which is needed to work out what f(x,p, t) should

look like for different energy components, is introduced: the “Boltzmann equations”.

In Sec.II.B, we stray away from the cosmological principle assumptions and introduce the

basic tools needed to describe the inhomogeneous part of the universe: its “large-scale struc-

ture” - LSS, made of galaxies, galaxy clusters and the filaments connecting them in the

complex structure known as the “cosmic web”. These tools are the equations fixing the time

and space evolution of a new type of variable: the cosmological perturbations, consisting of

functions designed to quantify the deviations from the simple scheme about the contents and

the spacetime geometry of the universe devised in Sec.II.A.

Finally, in Sec.II.C, we will touch on inflation, the theory that forms another essential build-

ing block of the ΛCDM model by setting the initial conditions of the universe. These are

represented, ultimately, by the perturbations of the primordial field known as the inflaton

which, in turn, will go on to create the perturbations in matter and light that we observe

today in the universe.

All of the equations outlined and developed in this chapter are implemented and solved in

practice by codes known as “Boltzmann solvers”. The code that is used the most for the

theoretical calculations of the papers in chapters IV-VIII is CAMB [31, 32], along with its MG

patches MGCAMB [33–37] and CAMB GammaPrime Growth [38, 39].
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II. The ΛCDM Model: A Cosmological Paradigm

II.A The Homogeneous (and Isotropic and Flat) Universe

The centrepiece of the cosmological paradigm, as mentioned in chapter I, can be identified

with the theory of gravity that we adopt to describe the universe at the largest scales:

general relativity. Similarly to how electromagnetism, a classical theory like Einstein’s, offers

a complete description of the connections between charges, currents, electric and magnetic

fields in the form of the “Maxwell equations”, GR ties the geometry of spacetime to its matter

and energy contents. This is a connection that can be succinctly summarised with a set of

equations known as “Einstein field equations”:

Gµν = 8πGTµν − Λgµν . (II.1)

G is Newton’s universal constant of gravitation while Λ is, of course, the same cosmological

constant introduced in chapter I. The left-hand side of Eq.(II.1), Gµν , is the “Einstein tensor”,

which defines the geometry of spacetime through its dependence on the “metric tensor” and

its derivatives. The metric tensor, or “gµν”, is the tool that we use to describe how observer-

dependent coordinates can be turned into invariant quantities in GR. The metric is essential

to understand, when GR is applied to the largest scales, what we mean when we refer to

the universe as “expanding”. To show why this is the case, let us take an infinitesimal

displacement in observer-dependent, or “comoving”, coordinates - dxµ - and the observer-

independent, or “invariant”, interval - ds. The metric then becomes the link between these

two quantities:

ds2 = gµν dx
µdxν , (II.2)

where µ and ν denote the indices for one temporal (µ/ν = 0) and three spatial (µ/ν = 1, 2, 3)

coordinates. In general, every coordinate system has its own gµν ; this is the case for an

isotropically expanding (or contracting) Euclidean universe, for which the metric looks like

gµν = diag
(
−1, δαβ a

2(t)
)
. (II.3)

Here, α and β are indices spanning through the spatial coordinates only, so that a(t), a

function of time t known as the “scale factor”, affects distances but not time intervals. Each

spatial dimension in Eq.(II.3) is scaled by the same factor a(t): this is how spatial isotropy

is translated in the mathematics of GR. In addition to the scale factor, another unit of

measurement that cosmologists often use to describe the passage of time is the “redshift” -

z, a monotonically decreasing function of time that quantifies the predictable change in the

frequency of a photon that lives in the expanding universe.

8



II.A. The Homogeneous (and Isotropic and Flat) Universe

As it turns out, we can relate z to the scale factor as:

a =
1

1 + z
. (II.4)

In order to complete the dynamical picture of a homogeneous and isotropic universe, we also

need to apply the cosmological principle to the right-hand side of Eq.(II.1), specifically to Tµν

or the “energy-momentum tensor”. Much in the way that the metric tensor is used to define

the spacetime geometry of a gravitational system, Tµν includes all that we need to know

about the matter and energy that is contained in such system. In the context of the standard

cosmological model, Tµν encodes information about any of the universe’s contents, like e.g.,

baryonic matter. Interestingly, the assumption of the cosmological principle allows for Tµν to

take the form of a perfect fluid, where each energy component i can be fully characterised in

terms of its density ρi(t) and pressure Pi(t) or their ratio, the so-called “equation of state”:

wi =
Pi
ρi
. (II.5)

In this Thesis, the index i will take the following “values”, depending on the type of mat-

ter/energy considered: “c” for CDM, “b” for baryons, “CMB” for photons, “ν” for neutrinos

and, of course, “Λ” for the cosmological constant. Eq.(II.5) can be seen as a simple tool to

tell the energy components of the universe apart by means of their properties. For instance,

non-relativistic matter yields wb,c = 0, meaning that it cannot exert any pressure on itself,

while photons, with wCMB = 1/3, can. Both of these forms of energy satisfy the strong energy

condition: wi ≥ −1/3. However, within the standard model, two notable cases break this con-

dition: Λ and, as we will see in, the scalar field that is responsible for the exponential growth

of the newborn universe, ϕ, known as the “inflaton”. In fact, both the cosmological constant

and the inflaton field, at least during the expanding phase in the latter case, yield wΛ,ϕ = −1.

Finally, and in the limit of the validity of the cosmological principle, the stress-energy tensor

for the ΛCDM model can then be expressed in the following, simple way:

Tµν =
∑

i

diag(−ρi, δαβ Pi). (II.6)

One can now fully resolve Einstein’s equations for a universe where the cosmological principle

holds. As it turns out, the highly symmetric nature of Eqs.(II.3,II.6) (i.e., the absence of any

non-zero off-diagonal components) means that instead of having to deal with ten possible

equations, the most that one could obtain in principle for an arbitrary choice of the metric
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and the stress-energy tensors, we just find two, the “Friedmann equations”:

(
ȧ

a

)2

=
8πG

3

∑

i

ρi +
Λ

3
, (II.7)

ä

a
= −4πG

3

∑

i

(ρi + 3Pi) +
Λ

3
. (II.8)

They are obtained from the µ= ν=0 and µ= ν=1, 2, 3 components of Einstein’s equations

respectively.

It can be now clarified, by looking at Eq.(II.7), why the cosmological principle applied to

GR is able to predict an expanding universe. In particular, we need to look at the ratio on

the left-hand side: this is the variation rate of the scale factor at time t, also known as the

“Hubble function” or “H(t)”, of which H0, the Hubble parameter seen in chapter I, is the

value at present. The right-hand side of Eq.(II.7) is always positive, as ρi(t) > 0 at all times,

while Λ is a constant and a positive value as well. Therefore H(t) will also need to be greater

than zero, meaning that a(t) has to be a monotonically growing function of time and that,

as a consequence, the universe described by Eq.(II.7) must be an expanding one. While Λ

does not need to be introduced at all in order to accommodate for an expanding universe,

we still require it to take a non-zero value to explain why we observe this expansion to be

accelerating. In fact, contrarily to Eq.(II.7), the right-hand side Eq.(II.8) is not necessarily

positive and neither is ä, which expresses the “acceleration/deceleration” of the expansion.

However, with a non-vanishing value of the cosmological constant, ä can turn positive and

the expansion can indeed be accelerating, provided that
∑

i(ρi(t) + 3Pi(t)) is large enough.

Now, by combining Eqs.(II.7, II.8) it is possible to obtain a third equation that, while not

independent from the two Friedmann equations above, provides us with a useful relation for

the time evolution of ρi(t):

ρ̇i + 3
ȧ

a
(ρi + Pi) = 0. (II.9)

By setting Pi = wiρi (from Eq.(II.5)) and assuming wi to be time-independent, it is possible

to integrate Eq.(II.9) and work out a convenient expression for the scale factor evolution of

the energy density:

ρi ∝ a−3(1+wi). (II.10)

So how do we know what ρi(t) and Pi(t) should look like in general, at least for the case of an

homogeneous universe? The answer relies on knowing, as mentioned above, the “distribution
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function” of a matter/energy component: fi(x
α, pα, t). The distribution function is related

to ρi(t) and Pi(t) through the following two relations [40]:

ρi(t) = gi

∫
d3p

(2π)3
fi(x

α, pα, t)Ei(p), (II.11)

Pi(t) = gi

∫
d3p

(2π)3
fi(x

α, pα, t)
p2

3Ei(p)
. (II.12)

The above expressions include, on top of the component’s distribution function, the square

root of p2 = δαβ p
α pβ, the magnitude of its 3-momentum, gi, its degeneracy factor, and

Ei(p), its energy. Both expressions hold for either relativistic or non-relativistic particles,

with Ei(p) changing according to either case. All that remains to be established to solve

for Eqs.(II.11,II.12) is fi(x
α, pβ, t): this is where the Boltzmann equation comes in. For an

expanding universe described by the metric in Eq.(II.3), and neglecting any “collisions” or

non-gravitational interactions between different energy components, the Boltzmann equation

needed to work out fi(x
α, pα, t) takes the following form:

ḟi −Hp
∂fi
∂p

= 0, (II.13)

where the absence of any derivative with respect to the spatial coordinates xα is a consequence

of the assumption of spatial homogeneity. By integrating Eq.(II.13) it is possible, in principle,

to obtain the time evolution for the distribution of any energy component i.

Let us try this, as an example, for the case of CDM. The attribute “cold” in the name “cold

dark matter” refers to the fact that the only interaction between this type of non-relativistic

particles and any other energy component of the universe is purely gravitational, so that the

collisionless approximation of Eq.(II.13) holds perfectly well and can be employed to find

the number density of CDM, nc(t). To do this, we start by taking the zeroth momentum of

(II.13), which means that we multiply both sides of the Boltzmann equation by d3p/(2π)3

and integrate them. This leads us to the following expression for nc(t):

ṅc + 3Hnc = 0, (II.14)

which can be easily solved to yield nc ∝ a−3(t), a well-known result for non-relativistic

particles. Calculations of this type can lead to similar results for other particle species as

well, such as photons or baryons.

In summary, the set of equations given by Eqs.(II.7-II.13) is, in essence, all that is needed

to fully describe a universe ruled by the cosmological principle and often, throughout this
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FIG. II.1. The two main sections of the sky scoped by DESI in its first three years of operation
[15, 41], which included the observation of a very large number of objects like galaxies and quasars. It
is possible to discern the net-like pattern that these objects, represented here as a myriad of tiny dots,
form as part of a network of more and less crowded areas known as the “cosmic web”, an informal
definition of the large-scale structure of the universe.

Thesis, they will be referred to as the “background equations” of the ΛCDM model. We

know, however, that the assumption of perfect spatial homogeneity cannot lead to an ac-

curate representation of the real universe, since we observe clear deviations from such a

simplistic picture in the form of galaxies and clusters. In other words, the cosmological

principle cannot account for the LSS of the universe, which we can visualise from Fig.II.1.

In order to accommodate for the LSS, we need to break free from the idealised geometry

provided by the metric tensor in Eq.(II.3).

We can do so by introducing perturbations to this picture, which amounts to adding a spatial

dependence to both the geometric and the energy quantities introduced thus far.

II.B The Inhomogeneous (but Isotropic and Flat) Universe

In order to describe the LSS of the universe we have to give up spatial homogeneity, but can

still regard isotropy as a valid assumption. The same scale factor a(t) that was introduced

in Eq.(II.3) is in fact still applied to all the non-zero metric elements of gµν , but we now also

need to introduce a spatial dependence in the metric. While in principle this could be done
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using scalar, vector and tensor perturbations, which we can distinguish mathematically by

the way they change under transformations like a coordinates transformation, in this Thesis

we will only focus on scalar perturbations. In particular, we choose to work in the so-called

“conformal Newtonian” gauge, where the addition of two perturbative functions known as the

“Newtonian potential”, Ψ(xα, t), and the “perturbation to the spatial curvature”, Φ(xα, t),

results in the following extension of the metric in Eq.(II.3):

gµν = diag
(
−(1 + 2Ψ), δαβ a

2(t)(1 + 2Φ)
)
. (II.15)

With the two new functions just introduced, we are now able to describe a universe with

a geometry that allows for slight deviations from the perfect smoothness postulated by the

cosmological principle. In particular, the application of Eq.(II.15) leads to a generalization

of the Boltzmann equation that includes Φ and Ψ. Consistently with the line of reasoning

carried forward up to this point, here we only report the collisionless Boltzmann equation

for non-relativistic particles, precisely that for CDM. Its form would of course change if we

were to consider interactions with other species or relativistic particles. With this in mind,

we can now describe the time evolution of the distribution function of CDM in a perturbed

universe as follows:

ḟc +
p

E

p̂α

a(t)

∂fc
∂xα

−
[
H + Φ̇ +

E

a(t)p
p̂α

∂Ψ

∂xα

]
p
∂fc
∂p

= 0, (II.16)

where p̂α is defined so that pα = p p̂α.

The introduction of inhomogeneities leads to the appearance of the spatial divergence of fc

in the second term of the right-hand side of the expression above, along with contributions

by Φ and Ψ in the third. Similarly to what was done for the homogeneous case, we can now

take the zeroth momentum of Eq.(II.16):

ṅc +
1

a(t)

∂(ncu
α
c )

∂xα
+ 3(H + Φ̇)nc = 0. (II.17)

The expression above is the perturbed version of Eq.(II.13) and, since here and throughout

all of this Thesis we only deal with linear perturbations, we are able to easily separate

the homogeneous contributions from the non-homogeneous ones by introducing two new

perturbative variables:

• δc(x
α, t), the perturbation in the density of dark matter, defined as δc(x

α, t) =

nc(x
α, t)/n̄c(t)− 1, where n̄c(t) is the homogeneous number density of CDM particles

(a re-definition of the same variable used in Eq.(II.13)) and nc(x
α, t) is an extension
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of n̄c(t) that includes a spatial dependence;

• uαc (x
α, t), the bulk velocity of CDM, which is defined as:

uαc =
1

nc

∫
d3p

(2π)3
fc
pp̂α

E(p)
. (II.18)

By taking advantage of the two newly defined variables, δc and u
α
c , we can extract the non-

homogeneous part of Eq.(II.17) to find the evolution of δc:

δ̇c −
1

a(t)

∂uαc
∂xα

+ 3Φ̇ = 0. (II.19)

Here, δc can also be interpreted as the perturbation of the CDM density instead of its number

density, given that ρi and ni are proportional to each other in the case of non-relativistic

matter.

The same procedure above can be repeated by taking the first moment of Eq.(II.16), namely

by multiplying both sides of that equation by
d3p

(2π)3
p

E
p̂α and integrating. This, in turn,

provides us with an equation for the time evolution of uαc (x
α, t):

u̇αc +
1

a(t)

∂Ψ

∂xα
+Huαc = 0. (II.20)

Eqs.(II.19,II.20) are fundamental to solve for the dynamics of CDM perturbations, but they

do not form a complete set of equations quite yet. To close this system, we also need two

equations for the evolution of the perturbative potentials Φ and Ψ, which can be obtained by

applying the perturbed metric defined above to Einstein’s field equations. In particular, the

µ = ν = 0 component of Eq.(II.1) yields the Poisson equation for the cosmology represented

by the metric in Eq.(II.15):

k2Φ = 4πGa2(t)[ρcδc + ρbδb]. (II.21)

We note that Eq.(II.21) also includes δb, the density perturbation of baryons, because, along

with CDM, this is the main energy component of the universe at late times (on top of Λ

of course). Now, for the equation closing this system one can arbitrarily pick any other

non-trivial component of the perturbed Einstein equations. Here, we choose the following:

k2(Φ + Ψ) = 0. (II.22)
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II.B. The Inhomogeneous (but Isotropic and Flat) Universe

In a way, Eqs.(II.21,II.22) can be thought of as the Friedmann equations for a perturbed uni-

verse, even though the quantities at play are actually quite different from the homogeneous

densities and pressures seen in the previous section.

A number of clarifications have to be made about Eqs.(II.21,II.22). Firstly, compared to

all the equations presented up to this point, they are expressed in Fourier space, where the

wavenumber k, defined as k2 = kαkα, takes the stead of the spatial coordinates as the main

variable, other than time, on which perturbative quantities like Φ and Ψ depend. The reason

for this choice is that the Fourier form for these equations is closer to the notation used in

the papers on MG presented in chapters IV, V and VI of this Thesis. The Fourier notation

also makes it much easier to connect theoretical perturbative quantities like Φ and Ψ to the

cosmological observables that will be presented in chapter III.

Secondly, Eqs.(II.21,II.22) are just an approximated version of the full Poisson equations de-

rived from perturbation theory. In particular, they are only valid at late cosmological times

(define here as a ≳ aeq, where aeq is the value of the scale factor at matter-radiation equality)

and for sub-horizon scales (defined here as k ≳ aH). This is, however, not a problem in

the context of this Thesis, as the modifications introduced by the MG models presented in

chapters IV, V, VI and the DE model in chapter VII only affect the late-time universe and

perturbation modes within the horizon.

Interestingly, in the late-time limit and at sub-horizon scales, it is possible to express the

time dependence of the perturbations of non-relativistic species with one simple equation. In

fact, in this approximation regime, the equations describing the time evolution of δb and ub

are identical to Eqs.(II.19,II.20), which describe dark matter perturbations. By then defining

δm, the perturbation of all non-relativistic matter as ρmδm = ρbδb + ρcδc, one can obtain the

following equation of motion:

δ̈m + 2Hδ̇m − 4πGρmδm = 0. (II.23)

This equation will be quite useful in the discussions of chapters IV and VI, as they both

include analyses of an MG model that modifies it directly: the “γ parametrisation”.

To summarise, we now have a complete set of equations for CDM in a inhomogeneous universe

described by Eq.(II.15), namely the combination of Eqs.(II.19-II.22). The equations for the

density perturbations of baryons, photons and neutrinos are not included here; the reader is

referred [40, 42] for a complete account of their derivation. The CDM case was chosen simply

as the neatest component to treat in this review of cosmological perturbations, given that it

only interacts gravitationally with all the other components.
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II. The ΛCDM Model: A Cosmological Paradigm

And what about Λ? By definition, the energy density of Λ is constant in time and space,

so that all perturbations for this component are effectively zero. This picture, in general,

is bound to change once we consider models of dark energy though. In fact, when the

cosmological constant is “promoted” to a time-dependent form of energy, we are required to

introduce new equations to describe the perturbations of DE: δDE and uαDE. However, these

perturbative quantities for DE are never really used in the paper presented in chapter VII,

as in that work the only equations that change with respect to the standard theory are the

homogeneous equations outlined in Sec. II.A.

II.C Inflation, or the Initial Conditions of the Universe

Finding a solution to the equations for the homogeneous and non-homogeneous universe,

which were presented in the previous two sections of this chapter, is the first important step

that needs to be taken in order to constrain the standard model of cosmology. The same goes,

of course, for its extensions. While the equations for the background and the perturbations

of these models might differ from their “homonymous” expressions in the ΛCDM model, the

goal remains the same: obtaining the time and scale (if any) evolution of quantities such as

ρi, δi, u
a
i , Ψ or Φ. These solutions are in fact essential to then compute the observables,

such as the distances and spectra that will be introduced in chapter III, that are needed to

compare cosmological models with data. However, as it is the case for any other differential

equation in physics, to find a solution to an equation like Eq.(II.23) one needs the initial

conditions for its key quantities, in this case δm. The theory of “inflation” is the framework

that, in the context of the cosmological paradigm, provides us with the initial conditions

that we require to compute exactly that. Before delving into how inflation accomplishes this

though, it is important to spend a few lines on why inflation was developed in the first place.

Doing this will serve as an introduction to its most fundamental constituent: the primordial

scalar field known as “inflaton”, ϕ.

Another important result of inflation is the mechanism it provides to explain why we observe

no magnetic monopoles in the current universe, despite the fact that GUT theories clearly

predict their existence: this is referred to as the “monopole problem”. A simple way to

motivate this “absence” is to postulate that, at very early times, the universe underwent a

brief period of exponential expansion that suppressed the number density of these monopoles

to an undetectable amount by pushing them beyond the comoving or particle horizon. This

can be achieved by introducing a scalar field known as the “inflaton”, characterised by a

minimal coupling to gravity and a potential V (ϕ). With these characteristics in mind, it is

possible to show that the density and pressure of the inflaton field, ρϕ and Pϕ respectively,
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II.C. Inflation, or the Initial Conditions of the Universe

take the following form:

ρϕ =
1

2
ϕ̇2 + V (ϕ), (II.24)

Pϕ =
1

2
ϕ̇2 − V (ϕ). (II.25)

According to these results, one can now also define the equation of state of the inflaton field,

wϕ:

wϕ =
1
2 ϕ̇

2 − V (ϕ)
1
2 ϕ̇

2 + V (ϕ)
. (II.26)

For inflation to be successful at solving the monopole problem, we need ϕ to obey the so-

called “slow-roll” condition, which requires that the kinetic part of ρϕ and Pϕ (i.e., the term

containing ϕ̇2/2) be subdominant compared to the potential: ϕ̇2 ≪ V (ϕ). This is a condition

that must be satisfied throughout the whole duration of inflation and, as one can gather from

Eq.(II.26), it can be translated into a condition for the equation of state of ϕ:

wϕ ≈ −1. (II.27)

By substituting the equation above in Eq.(II.10), it becomes clear that ρϕ has to be a nearly

constant value during inflation. Given that the inflaton field is also the dominating energy

component in this very early phase of the universe, it is possible to show that, by virtue of

Eq.(II.7), H(t) must be almost perfectly fixed in time like ρϕ. Here, we denote this fixed

value for H(t) as Hinfl. Finally, by taking advantage of the Friedmann equation (Eq.(II.7))

once more, it is possible to prove that the scale factor does indeed grow exponentially fast in

time during inflation:

a ∝ eHinfl(tf−ti), (II.28)

where tf and ti are the times at which inflation starts and ends respectively. In other words,

the inflationary universe is a quasi-de Sitter universe. The monopole problem is then solved

by recalling that, as derived in Sec.II.A, the number density of non-relativistic matter scales

as nb,c ∝ a−3, so that the number of monopoles nmono will decrease exponentially fast:

nmono ∝ a−3Hinfl(tf−ti). (II.29)

Eq.(II.29) implies that, if inflation lasts for long enough, the number density of the magnetic

monopoles in the (observable) universe can be reduced to virtually zero.

17



II. The ΛCDM Model: A Cosmological Paradigm

The duration of the inflationary phase of the universe is determined by the slow-roll condition

and, ultimately, by the potential that we choose for ϕ. To better quantify this condition, it

is often useful to introduce the so-called “slow-roll parameters”, two dimensionless numbers

that fix the shape of V (ϕ), defined as:

ϵV =
1

16πG

(
Vϕ
V

)2

, (II.30)

ηV =
1

8πG

(
Vϕϕ
V

)
, (II.31)

where the subscript notation (e.g., Vϕ) denotes derivatives with respect to ϕ. In particular,

inflation lasts for as long as ϵV , |ηV | ≪ 1, which is equivalent to the original slow-roll condition

requiring ϕ̇2 ≪ V (ϕ). However, Eqs.(II.30,II.31) are not the only choices that we can make

for the slow-roll parameters, as instead we can introduce two new quantities that are more

closely related to the background evolution (i.e., to H(t)) rather than V (ϕ).

We call them “Hubble slow-roll parameters”, and define them as follows [43]:

ϵ = − Ḣ

H2
, (II.32)

δ =
d ln(ϵ)

d ln(a)
= − ϕ̈

Hϕ̇
. (II.33)

Just like ϵV and ηV , which are known as the “potential slow-roll parameters”, ϵ and δ also

need to satisfy ϵ, |δ| ≪ 1 for inflation to happen. In particular, given that H(t) is required to

be nearly constant during this phase, a small value for ϵ guarantees an accelerated expansion,

while a small value for δ allows for inflation to last for long enough to solve the monopole

problem. In the slow-roll approximation, these two sets of parameters can be related as

ϵ ≈ ϵV and δ ≈ ηV − ϵV .

In addition to equipping us with a solution for the monopole problem, inflation also does a

pretty good job at explaining why the spatial curvature of the current universe looks so close

to zero. The reason why this should seem weird at first consideration is that we expect the

curvature’s contribution to the Friedmann equations, which we define here as ΩK, to grow as

the universe expands. However, the majority of CMB experiments tells us that our universe

must be flat to sub-percent precision [24, 25, 44, 45]: ΩK,0 ≈ 0, where the ΩK,0 is the value of

ΩK today. This implies that, in the very early universe, ΩK must have been even closer to zero
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II.C. Inflation, or the Initial Conditions of the Universe

than it is now, approximately 1060 times smaller than now if we take the Friedmann equation

to work all the way back to when the universe was one “Planck time” old, the earliest epoch

in which gravity can still be treated with GR. This seems like an extremely fine-tuned initial

condition that just cannot be taken as a mere assumption about the initial curvature of the

universe. To understand why curvature grows in time (in a matter or radiation-dominated

universe at least), we need to rewrite Eq.(II.7) to include a spatial curvature contribution, as

in Sec.II.A the Friedmann equations where presented under the assumption of a flat universe.

This generalised version of the first Friedmann equation will look like the following:

H2 =
8πG

3

∑

i

ρi −
K
a2

+
Λ

3
, (II.34)

where K ∈ {−1, 0, 1}, the curvature parameter, describes a universe that is geometrically

open, flat and closed respectively. If we multiply both sides of Eq.(II.34) by H2 and follow

the general definition for the density parameter Ωi of the energy component i (i.e., Ωi =

3H2ρi/(8πG)), we can rewrite the Friedmann equation including curvature as follows [7]:

1−
∑

i

Ωi = − K
a2H2

. (II.35)

The right-hand side of this equation quantifies the departure from flatness (i.e., when
∑

iΩi ̸=
1) and it can be expressed simply as ΩK. Eq.(II.35) can be easily tweaked to link ΩK,0 to the

past values of the spatial curvature:

ΩK =
H2

0

H2a2
ΩK,0. (II.36)

In a matter-dominated universe, namely a universe where the main energy component is non-

relativistic matter, the value of the Hubble function drops with the expansion as H2 ∝ a−3,

so that the spatial curvature increases as ΩK ∝ a. However, for a ϕ-dominated universe the

scale factor was shown to grow exponentially in time, which results in the following time

evolution for ΩK:

ΩK ∝ e−2Hinfl(tf−ti), (II.37)

which means that, if again tf − ti is a long enough duration for the inflationary phase of the

universe, the curvature parameter is reduced to essentially zero, crushing even the 1060 factor

separating the value of ΩK between tf and today. To better quantify what we mean when

we say that the inflationary phase needs to last for “long enough”, it is useful to introduce

the “e-folds” of inflation - N . This is the number of times by which the universe grew during

inflation as a factor of e; it is defined as dN = Hdt. With this relation, Eq.(II.28) can be
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II. The ΛCDM Model: A Cosmological Paradigm

easily rewritten as a ∝ eN , where N = Hinfl(tf − ti). It can be shown that a “long enough”

inflation requires N ≳ 60 in order to satisfy the monopole and flatness problems at once.

Finally, as noted above, inflation also sets the initial conditions for the perturbations around

the homogeneous background of the universe, the same perturbations that go on to form

its LSS at late times. Similarly to the treatment adopted for the perturbations in Sec.II.B,

we split the field under investigation, the inflaton, into an homogeneous part, ϕ̄, and its

perturbation, δϕ:

ϕ = ϕ̄+ δϕ. (II.38)

Analogously to the other perturbation quantities like δm, which we can evolve in time by

solving Eq.(II.23), the inflaton perturbation δϕ can also be associated to its own equation of

motion, the “Mukhanov-Sasaki” equation [46, 47]:

δϕ′′ + 2aHδϕ′ + k2δϕ = 0, (II.39)

which describes the dynamics of the (massless) inflaton perturbation field for an expanding

universe given by Eq.(II.3) and where the “prime” notation (e.g., δϕ′) denotes derivatives with

respect to the conformal time η, defined as dη = dt/a(t). There is, however, a fundamental

difference that sets the inflaton overdensity apart from other types of perturbation. δϕ is in

fact a quantum fluctuation, meaning that it can be turned into a quantum operator of which

we can calculate the expectation value and, most importantly, the variance. The variance of

δϕ can in turn be used to define a fundamental quantity for the inflaton perturbations, the

“spectrum of primordial perturbations”:

Pδϕ =
H2

4π2
. (II.40)

In inflation, it is often convenient to redefine δϕ through a different variable termed as

“curvature perturbation”, R:

R = −aH
ϕ̄′
δϕ, (II.41)

which has the advantage of being a quantity that, unlike δϕ, is conserved once the exponential

expansion pushes the perturbation modes of δϕ to super-horizon scales (i.e., Ṙ = 0 for modes

smaller than k ∼ aH) and can thus be used as a proper, time-independent initial condition

that fixes the starting point for the evolution of all other perturbations in the universe. In

particular, with this redefinition, the spectrum of primordial perturbations now takes the
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II.C. Inflation, or the Initial Conditions of the Universe

following form:

PR =
GH2

πϵ
, (II.42)

where we also gain a dependence on the slow-roll parameter ϵ. Notably, Eqs.(II.40,II.42) do

not contain any scale dependence, at least in good approximation. This is why PR is often

parametrised with the following expression for the primordial spectrum:

PR = As

(
k

k∗

)ns−1

, (II.43)

where k∗ is a pivot scale that can be arbitrarily chosen depending on the scales that are

probed by the cosmological observables like the CMB; the standard choice used by the Planck

mission is k∗ = 0.05Mpc−1 [23, 48]. As and ns, respectively the amplitude and spectral index

of the primordial scalar perturbations, are parameters that need to be constrained by the

observations. The (near) scale-invariance of Eq.(II.43), guaranteed when ns ≈ 1, is another

important consequence of the inflationary theory, representing a prediction that is observed

with high precision [23, 48].

Now, by drawing R from a distribution with a variance defined by PR, one can initialise the

perturbation equations outlined in Sec.(II.B) because of two crucial reasons. Firstly, it can be

shown that, at the end of inflation, R and the metric perturbation Ψ are actually connected:

R = −3

2
Ψ. (II.44)

Secondly, inflation also predicts the perturbations of the energy components of the universe,

δi, to be adiabatic, meaning that, as soon inflation ends, they need to satisfy the following

relation:

δρi
ρ̇i

=
δϕ

ϕ̇
. (II.45)

In particular, δϕ is thought to decay into all of the known matter and energy species through

a post-inflation process known as “reheating”, which means that Eq.(II.45) must be taken

literally as “before” (right-hand side) and “after” (left-hand side) inflation. Thanks to

Eq.(II.45), the inflaton perturbation δϕ can be recast as an initial value of Ψ which, in turn,

can be used as the initial condition for all the other perturbations.

The picture for the evolution of the homogeneous and non-homogeneous universe is then

complete. We can now introduce how all the theoretical framework developed thus far can

be tested against the data, a connection that is laid out by presenting, in the next chapter,

the fundamental observables of cosmology.
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III Two More Tools to Understand the Uni-

verse: Observables and Statistics

As Blake Sherwin noted in the opening of his PhD dissertation [49], “a striking fact about

our universe is how much of it we cannot see”. In fact, not only do we have no direct

observational evidence of either CDM or DE, quite literally ∼ 95% of the energy contained

in the observable universe, but we also have yet to observe most of the matter that is actu-

ally “visible”, baryonic matter. He then goes on to say that, despite this apparent deficit,

“advances in the study of the CMB ... allowed us (in combination with observations of the

cosmic expansion history) to determine the precise amount of the universe that consists of

dark matter and dark energy”. This is indeed one of the most remarkable achievements

of WMAP, Planck, ACT and SPT, the telescopes that have and continue to measure the

“anisotropies” of the CMB, allowing us to use this relic radiation from the early universe

as a tool to seize the densities of DE and CDM. Chapter I portrayed the observation of the

CMB blackbody spectrum (also known as the CMB “monopole”) as one of the strongest

proofs of the validity of the ΛCDM model. However, the same can be said about the mea-

surement of the anistropies of the CMB, that is to say the small fluctuations around the

uniform temperature of its photons, which we measure to be T0 ≈ 2.7260K. The spectrum

of these fluctuations is shown in Fig. III.1. The precision of the match between the ΛCDM

predictions and the measurements by the ACT telescope is, once more, astounding. In fact,

the orange, blue and green dots displayed in the figure follow the best-fit prediction found

by the combination of ACT, SPT and Planck data almost perfectly well, with error bars so

small they can hardly be spotted.

The main part of this chapter is dedicated to explaining the meaning of these “anisotropies”,

represented in the form of their power spectrum “wiggles” in Fig.(III.1), and sketching some

of the ways in which we can do cosmology with them. In particular, Sec. III.A treats the

“temperature” and “polarisation” anisotropies of the CMB, two fundamental cosmological

observables. The main CMB datasets used in this Thesis will be introduced chapter by

chapter in each of the papers presented. However, we can anticipate that they will include

the temperature, polarisation and lensing spectra from the data releases by WMAP [50],

Planck [23, 51–53], ACT [54, 55] and SPT [56, 57]. Since the time that these papers were

written, new datasets came out for ACT and SPT, which are not employed in the analyses

presented here, respectively [58] and [25].

The remainder of this chapter will instead be dedicated to two observables of the cosmic

expansion history: the BAO and SNIa distance measurements. In this Thesis, these types of
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III. Observables and Statistics

data will be treated purely as background measurements (i.e., as observations pinning down

the expansion of the universe rather than the evolution of its perturbations). Both probes,

however, are also essential tools that we need to constrain the standard model in its entirety.

In fact, it is thanks to the complementarity of BAO and SNIa data with CMB measurements

that certain correlations between cosmological parameters, like the “geometric degeneracy”

between H0 and wΛ which cannot be resolved by employing CMB data alone [59], are broken.

III.A The Cosmic Microwave Background

When the universe was ∼ 380000 years old, long after the inflationary phase described in the

previous chapter, its contents consisted of a hot and dense plasma of photons, protons, elec-

trons and some very short-lived light nuclei like hydrogen. Until then, the temperature was

much higher than the ∼ 13.6GeV required to ionise hydrogen, which meant that hydrogen

atoms could never really form stably and that the main type of particle interaction was the

Compton scattering between photons and electrons. However, the universe kept expanding

and the photons’ temperature lowered as T ∼ a−1, getting closer to ∼ 13.6GeV. As the

universe reached this point, protons and electrons could start bonding stably into hydrogen

atoms: this was the start of the “recombination era”. The number of free electrons - ne

- started plummeting while they “recombined” with protons and the interaction rate - Γ -

between photons and electrons also decreased. Once Γ became lower than H(t), the photons

could start to stream freely and effectively “decoupled” from baryonic matter. This is how

the CMB was formed. Today, we still observe the same photons released during recombi-

nation, but their current temperature, T0, is now much lower and the frequency at which

their blackbody spectrum is peaking lies, as given away by the name “cosmic microwave

background”, in the microwave band of the electromagnetic spectrum.

However, not all CMB photons share the same temperature T0. In fact, there exist some

extremely small temperature variations that can be measured from photons coming from

different directions in the sky - n̂α. These variations, which we refer to as anisotropies in the

case of the CMB and define as δT (xα, n̂α, t), are a direct product of the curvature fluctuations

- R - that were generated during inflation. Owing to the homogeneity of the universe, we

can drop the dependence of δT on xα and, since we need to compute its value today, we can

also drop its time dependence [60]. Then, the temperature fluctuations can be seen as just

depending on the direction in which we observe them: δT ≡ δT (n̂α).

To simplify their treatment, we decompose δT into modes of Yℓm(n̂
α), the spherical harmonics

of n̂α that are often used to describe vibration modes on the surface of a sphere (which, in
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FIG. III.1. Best-fit temperature and polarisation spectra from the Planck PR4 measurements [53], in
conjunction with the latest data by ACT [58] and SPT [25], where Dℓ = ℓ(ℓ+ 1)Cℓ/2π.
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this case, is the surface of last scattering):

δT (n̂α) =
∑

ℓm

δTℓmYℓm(n̂
α). (III.1)

Here, the indices ℓ,m are defined so that 0 < ℓ < ∞ and −ℓ < m < ℓ; each mode contains

2ℓ + 1 terms. While useful for what comes next, the decomposition in Eq.(III.1) is not

something that can actually be observed, as our physical theories of the universe (including,

of course, the ΛCDM model) cannot predict the evolution of each mode of δT (n̂α). What

they can do instead is allow us to compute their statistical properties, like their “two-point

function”:

⟨δT (n̂α)δT (n̂′α)⟩ =
∑

ℓm

∑

ℓ′m′

⟨δTℓmδTℓ′m′⟩ . (III.2)

The prime notation, in the case of temperature perturbations only, is used to denote an

arbitrarily different sky direction n̂′α as opposed to n̂α. Now, if we take into consideration

the second and last main assumption of the cosmological principle, that of spatial isotropy,

we can uncorrelate the ℓ,m modes of δT (n̂α). This in turn leads to a major simplification of

the term inside the sums of the right-hand side of Eq.(III.2) [60, 61]:

⟨δT (n̂α)δT (n̂′α)⟩ =
∑

ℓm

∑

ℓ′m′

δℓmδℓ′m′CTTℓ , (III.3)

where δℓm is the Dirac delta function.

CTTℓ is the most fundamental quantity in the observations of the CMB that will be consid-

ered in this Thesis. It is the “power spectrum” of the CMB temperature anisotropies or,

equivalently, the variance of each ℓ-mode. The curve traced by CTTℓ is represented by the

continuous black curve shown in Fig. III.1: this is the point of connection between CMB

theory and CMB data. In fact, the values of CTTℓ at different “multipoles” ℓ are exactly

what CMB surveys measure and, since we can compute this power spectrum from the ΛCDM

theory outlined thus far, we can also fit our model’s parameters by taking advantage of the

statistical methods presented later in this chapter. The next paragraph will be dedicated

to outlining the physical mechanisms that contribute to the origin of the CMB anisotropies

δT (n̂α), which are what we need to compute the CTTℓ modes. The same definition for the

spectrum of the temperature anisotropies also applies to the case of CMB polarization, as

shown in paragraph III.A.5.

One could wonder if the variance of the modes of δT (n̂α), CTTℓ , is enough to fully describe
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their statistical properties. It could be possible, in fact, to stray further from the two-point

statistics above and calculate things like the three-point function, ⟨δT (n̂α)δT (n̂′α)δT (n̂′′α)⟩,
or an even higher n-point statistics. However, if we take the fluctuations in temperature to be

near-Gaussian fields like R, any correlation function other than the two-point function can be

neglected and we can safely take CTTℓ as the complete description of δT (n̂α). While a good

approximation for the CMB anisotropies computed at recombination, the near-Gaussianity

of the temperature perturbations field does not quite hold for the late universe. In fact, the

“weak lensing” effect that will be introduced below induces non-Gaussianities in the CMB,

precisely in its four-point correlation function (also known as “trispectrum”), which in turn

can be used to reconstruct the lensing contribution to the CMB spectrum that we measure

in practice.

III.A.1 The temperature fluctuations of the CMB

Like all the perturbations treated in Sec. II.B, the temperature fluctuations are also associ-

ated to a Boltzmann equation. In the case of the CMB anisotropies, this equation describes

the time evolution of δT (n̂α, t), where we have momentarily re-introduced t as a variable.

The full form of the Boltzmann equation for the CMB photons is quite cumbersome and we

refer the reader to [42, 60] for its complete derivation. Instead, here we present its integration

along the line of sight, which is tantamount to integrating both sides of that equation with

respect to time from t∗, the time of recombination, until t0, the present. The final result of

this operation is as follows [42, 60, 61]:

δT (n̂α) =
δCMB

4
+ uαb nα + (Φ +Ψ) +

∫ t0

t∗

(Φ̇ + Ψ̇)dt, (III.4)

where the first three terms are all evaluated at t∗.

Now, each of the terms in Eq.(III.4) has a physical meaning, which can be unpacked in the

following way.

• δCMB/4: this is the energy density perturbation of the CMB photons.

• uαb nα: this is called the “Doppler” term, owing to the fact that it contributes to δT (n̂α)

through a frequency shift induced by the bulk velocity of baryons uαb , to which photons

are tightly coupled at t∗.

• Φ+Ψ: this is the “Weyl potential” and it describes the frequency shift induced by the

gravity of a potential well on the photons. This term’s contribution is also known as

the “Sachs-Wolfe effect” [62].
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•
∫ t0
t∗
(Φ̇ + Ψ̇)dt: this represents the “integrated Sachs-Wolfe effect” and, differently from

the Sachs-Wolfe term, it sums up all the contributions to δT (n̂α) by the Weyl potential,

at all times until now except t∗.

Different combinations of these terms will matter at different scales of the CMB spectrum. In

particular, at large scales (ℓ ≲ 100) δCMB along with the Sachs-Wolfe term dominate, while

the medium scales (100 ≲ ℓ ≲ 700) are best captured by the Doppler term; these are also the

scales of the “acoustic oscillations”, which is where the CMB spectrum “wiggles” (a reflection

of the acoustic waves travelling through the primordial plasma before recombination) are most

evident. Finally, the small scales (ℓ ≳ 700) tend to be quite suppressed. This mostly happens

through the “Silk damping” [63], an effect that originates from recombination ending during

a finite time interval rather than a fixed moment t∗, as assumed so far. This interval provides

photons with the opportunity of diffusing from hotter to colder regions, reducing the intensity

of the temperature perturbations and damping their power spectrum at high multipoles.

III.A.2 The polarization of the CMB

During the recombination epoch, ∼ 10% of the CMB photons become polarised. This happens

mostly because these photons undergo Thomson scatterings with the electrons that still have

not recombined with protons during that time frame. This polarisation effect is best captured

in terms of the so-called “Stokes parameters”, two of which are important in the CMB

scenario: U(n̂α) and Q(n̂α). Both encode the difference in intensity of the two orthogonal

polarisations imparted to the photon, with the polarisation direction of U(n̂α) being shifted by

an angle of 45o compared to Q(n̂α). These two parameters are, however, not invariant under

rotation (i.e., they are not isotropic quantities), and we cannot use them to do cosmology. As

it turns out, by taking the combination (Q±iU)(n̂α) and expanding it in spherical harmonics,

it is possible to obtain a redefinition of the polarisation modes that is indeed invariant under

rotation [61]:

(Q± iU)(n̂α) =
∑

ℓm

(E ∓ iB)Yℓm(n̂
α). (III.5)

Thus, the two newly defined polarisation modes, E and B, can be treated as random fields.

We can then calculate their respective power spectra analogously to what was done for the

temperature anisotropies and the lensing potential. In this way, polarisation modes can be

used as a source of complementary information in combination with temperature anisotropies

to improve cosmological constraints and break degeneracies. The spectra for the E modes

and their cross-correlation with the temperature field, denoted as DEE
ℓ and DTE

ℓ respectively,

are represented in the Fig. III.1. The B modes of polarisation and their correlation with

temperature (and the E modes) are also interesting in their own respect, but they will
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not be explored further in this Thesis. Here we just mention that the pattern that tensor

perturbations produced during inflation would induce on the B modes is actually quite unique

[64], as compared to scalar perturbations, and its detection would be considered as a decisive

observational proof in favour of the inflationary theory. Interestingly, polarisation can also

be induced by the “weak lensing” of the CMB, which we introduce in the next paragraph.

Specifically, CMB lensing turns E modes into B modes, creating a spurious effect that needs

to be subtracted to study polarisations properly.

III.A.3 Secondary anisotropies: CMB lensing

In their journey from recombination until the present era, the photons of the CMB have

to deal with a universe that is inhabited by perturbations in the density of matter that

gradually clump up to form the large-scale structures that we observe today. That means

that δT will be subject to variations that are not really captured by Eq.(III.4), which only

describes the physical mechanisms that shape the CMB spectrum up until t∗: these additional

contributions are known as the secondary anisotropies of the CMB. One of the most important

among these post-recombination anisotropies is the weak gravitational lensing of the CMB,

here denoted simply as “CMB lensing”. This is a deflection in the propagation direction

of the CMB photons, n̂α, that happens when they encounter a gravitational potential that

pulls them inward, remapping or distorting their location in the CMB sky maps. The angle

of deflection, θα, depends on the Weyl potential in Eq.(II.22), which is quite literally the

equation that dictates how light responds to gravity in the standard model of cosmology. In

particular, θα can be expressed as another integral taken along the line of sight [65]:

θα = −2

∫ χ∗

0
dχ
χ∗ − χ

χχ∗
∇α(Φ + Ψ). (III.6)

In the expression above, χ is the “comoving distance” that is traveled by photons in a

perturbed universe; it is defined in terms of the conformal time as χ = η0−η+2
∫ η0
η (Φ+Ψ)dη′.

While Eq.(III.6) is only valid in a flat universe, it holds for any metric theory of gravity with

a metric tensor of the same form as Eq.(II.15).

The deflection angle can be conveniently recast in terms of a perturbation field called “lensing

potential” - ψ(n̂α), which is related to θα as θα = ∇αψ. As in the case of δT (n̂α), we can

take ψ(n̂α) as a random Gaussian field, expand it in spherical harmonics and calculate its

two-point function:

⟨ψ(n̂α)ψ(n̂′α)⟩ =
∑

ℓm

∑

ℓ′m′

δℓmδℓ′m′Cψψℓ . (III.7)

We again find that the power spectrum, Cψψℓ , is the only statistics that we need to describe
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the statistical properties of the field in question, in this case the lensing potential. Its recon-

struction, from the combination of the latest temperature and polarisation measurements by

ACT, SPT and Planck, is shown in Fig. III.2.

There is now only one remaining step to explain how Cψψℓ impacts on the primary anistropies

on the CMB, CTTℓ . To show this, we first define δT̃ as the temperature perturbation of the

CMB including the lensing contribution and expand it:

δT̃ (n̂α) = δT (n̂α +∇ψ) = δT (n̂α) + θα∇αδT + ... (III.8)

Then, the spectrum of the temperature anisotropies including lensing, C̃TTℓ , can be derived

by computing the two-point function of Eq.(III.8). As one could expect by looking at the

expansion, the final spectrum will inevitably depend on Cψψℓ as well. Here, we report just

the small-scale limit of this calculation. For the full result we refer the reader to the excellent

review on CMB lensing in [65]. That said, at small-scales one gets:

C̃TTℓ = ℓ2Cψψℓ
1

4π

∫
dℓ

ℓ
ℓ4CTTℓ . (III.9)

Then, mathematically speaking, the effect of Cψψℓ on the primary CMB anisotropies is that of

a convolution, which transforms the temperature spectrum generated during recombination

into the spectrum that we observe today. In a more qualitative way, the effect of the weak

lensing on the CMB is that of “smoothing out” the peaks of CTTℓ and redistributing the

power lost at low/medium multipoles to the small scales. The weak lensing of light can also

induce non-Gaussianities in the temperature spectrum of the CMB, an effect that can be

computed by taking the four-point function or “trispectrum” of the temperature perturba-

tions. From the trispectrum we can reconstruct the lensing potential spectrum and compare

it to the Cψψℓ that we can compute from the calculation outlined above. This is a crucial

consistency test that Planck, up until its 2018 data release, seemed to fail, finding instead a

mismatch between the two estimates that has become known as the “lensing anomaly” [23],

a problem of the ΛCDM model that will be treated at length by the papers in chapters IV-VI.

III.A.4 Secondary anisotropies: the Sunyaev-Zel’dovich effect

Another major late-time distortion on the CMB is the “Sunyaev-Zel’dovich effect” [69]. It

refers to the inverse Compton scattering through which the electrons contained in the very

hot gas of a galaxy cluster inject energy in the bypassing CMB photons, making them hotter.

In particular, this scattering increases the energy E of a CMB photon by a shift of around

∆E/E ∼ 10−2 [70]. The overall effect on the CMB is a then a frequency-dependent one, with
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FIG. III.2. CMB lensing spectrum assuming the best-fit ΛCDM cosmology from ACT DR6 [66], PR4
[67] and SPT 3G [68] combined (black continuous line) and its reconstruction (data points). L is a
rescaling of ℓ resulting from binning the lensing reconstruction from temperature and polarisation.

photons below the ∼ 217GHz threshold being pushed to higher energies, thus increasing the

intensity of the blackbody spectrum at ν ≳ 217GHz [70]. More qualitatively, this secondary

contribution to the primary temperature perturbations of the CMB can be roughly described

as generating “shadows” in the maps of the CMB sky.

III.A.5 Estimating cosmology with the CMB: H0

The CMB is an incredibly powerful source of information about the universe. With it, we

can virtually constrain any free parameter of the ΛCDM model. An example is τreio, the

optical depth at reionization, an integrated parameter that quantifies the “opacity” of the

universe from the epoch of reionization until today. The former is a phase in the history of

the universe where ne, the number density of free electrons, grew again for the first time since

recombination, scattering the CMB photons and making the universe a bit more opaque than

it is now.

The optical depth, while being one of the worst constrained parameters by Planck [23], it

is a good example of how we can use the power of temperature and especially polarisation

anisotropies to constrain the same parameter. In fact, the reionisation process suppresses

the temperature power spectrum by a factor of e−2τreio at ℓ ≳ 10 [23, 71], while producing a
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“bump” in the polarisation spectrum, CEEℓ at ℓ ≲ 30 that is proportional to τ2reio [71, 72].

H0 is another parameter that the CMB can constrain quite well. Since it is the main pro-

tagonist of the Hubble tension, as explained in chapter VII, here we briefly review how CMB

measurements can constrain it. We start from θ∗, the angular scale of the sound horizon at

recombination, yet another parameter that Planck is able to measure to sub-percent preci-

sion. It can be found by measuring the position of the first peak of the temperature spectrum

in Fig. III.1 and we can define it as:

θ∗ =
r∗
DA,∗

. (III.10)

Here, r∗ and DA,∗ are the comoving sound horizon and the angular diameter distance, both

evaluated at recombination, z∗ ≈ 1100. They are defined as:

r∗ =
∫ ∞

z∗

cs(z)

H(z)
dz, (III.11)

DA,∗ =
H0

1 + z

∫ z∗

0

1

H(z)
dz. (III.12)

In Eq.(III.11), cs is the sound speed of the waves travelling through the pre-recombination

plasma; it is computed as cs = 3Ωb,0/(4(1 + z)ΩCMB,0).

Now, Ωb,0 can be measured from ratio of the heights of the first and second acoustic peaks

of the CMB (which is sensitive to this parameter specifically [73]), while ΩCMB,0 is fixed by

the measurement of the blackbody temperature of the CMB, using the fact that ρCMB ∼ T 4

and that T ∼ a−1. In addition, H(z) also depends on Ωm, which can be constrained through

a characteristic increase in the power of the CMB modes that entered the horizon before aeq

known as the “potential envelope” effect [74]. With that, we now have all the parameters

that we need to evaluate the Friedmann equation, Eq.(II.7), at present, and thus find H0.

The effect of changing H0 on the CMB temperature spectrum can be visualised in Fig. III.3.

Notably, as it was just shown, our CMB estimate of H0 depends heavily on the cosmological

model that we assume. For this reason, a possible way to solve the Hubble tension can be

sought in new models that could, for example, modify both the top and the bottom of the in-

tegrand in Eq.(III.10) while keeping θ∗ unchanged compared to the nearly model-independent

constraint found by Planck on this parameter: θ∗ = 0.010411± 0.000003, including temper-

ature, polarisation and lensing data [23].
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FIG. III.3. Varying H0 clearly shifts the position of the first acoustic peak, ℓ∗ (and the others too).
Given Planck’s extremely stringent constraint on ℓ∗ [23], any change must be balanced by changing
parameters that correlate with H0 or assuming a different model.

III.B Baryon Acoustic Oscillations

In the previous section, we took a snapshot of the universe during its recombination era

and we derived some of the most fundamental properties and uses of the CMB as a tool

to test the cosmological paradigm. However, light is not the sole protagonist of this story

of combining and decoupling. Baryons, from which the CMB photons start decoupling as

protons and electrons combine into hydrogen, provide us with another important method

to constrain cosmological models. In fact, both δT and δb, the perturbations of CMB tem-

perature and baryons respectively, evolve as oscillations of the same photo-baryon fluid and,

once recombination happens, they freeze with a characteristic oscillation “scale”. The only

difference is that these two types of perturbation become fixed at different times: z∗ ∼ 1100

for the CMB and zd ∼ 1060 for the baryons. The scale of the CMB is the same angle that

was introduced by Eq.(III.10): θ∗. The scale of the baryonic oscillations is the comoving

sound horizon evaluated by taking the integral in Eq.(III.11) at zd rather than z∗. This scale

is denoted as “rd” and it is known as the “baryonic acoustic oscillations” (BAO) scale. As we

saw in the previous section, calculating cs is, essentially, just a matter of knowing Ωb. Then,

the recipe to calculate rd only requires us to add Ωm to the mix, at least for cosmological

models where the physics of recombination works in the same way as qualitatively outlined

in paragraph III.A.5 [75].
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The baryon perturbations that decouple from photons after the end of recombination go on

to become the large-scale structure of the universe, which includes astronomical objects like

galaxies, of which we can measure the distribution with redshift surveys like DESI [14, 15].

Then, the observed distribution can be used to extract two different quantities that are

related to the BAO scale, one along the line of sight and one perpendicular to it. These

are, respectively, ∆z, the redshift separation between pairs of galaxies, and ∆θ, their angular

separation. We can define the latter as follows [14, 15, 76]:

∆θ =
rd

DM (z)
, (III.13)

where DM = (1 + z)DA is the transverse comoving distance. Compared to the definition of

angular diameter distance given in Eq.(III.12), here we replace z∗ with an arbitrary z. ∆z is

instead defined as:

∆z =
rd

DH(z)
, (III.14)

where DH(z) = 1/H(z).

Galaxies are not the only tracer of the underlying distribution of dark matter and the BAO

scale can be found with other objects or strategies. These include, for instance, quasars,

used in the same way as galaxies, and of the “Ly-α forest” technique, which traces matter

perturbations through the variations in the density of neutral hydrogen detected through

the absorption spectra of quasars [77]. When combined, these tracers provide us with BAO

measurements that can be simply summarised as pairs of redshifts and angle/redshift inter-

vals: {z,∆θ} or {z,∆z}. An example of these measurements is given by table III of [76],

which outlines the BAO measurements found by the eBOSS mission using galaxies, quasars

and the Ly-α forest technique.

To conclude, we underline that BAO data cannot constrain H0 alone, as BAO measure the

rdH0 combination rather than either of those two parameters alone [78]. One solution is

to use BAO data in combination with a complementary probe like the CMB. In fact, the

CMB can fix rd, which breaks the rdH0 degeneracy and provides us with a BAO value for H0.

In this Thesis, we will make use of two BAO compilations: SDSS [76] and the newer DESI

mission [14, 15], shown in Fig. III.4.
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FIG. III.4. Transverse and radial measurements of the BAO scale at different redshifts, ∆θ and ∆z
respectively (as defined in Eqs.(III.13-III.14)). The data points are the complete SDSS BAO catalogue
[76] and the DESI DR2 measurements [15], while the continuous black line is found according to Planck
PR3’s best-fit ΛCDM parameters [23].

III.C Type-Ia Supernovae

The final observable that we consider in this Thesis are type-Ia supernovae (SNIa). Su-

pernovae are the thermonuclear explosions of white dwarfs that, by accreting with dust or

another star in their close proximity, reach and overtake the Chandrasekhar mass limit. Su-

pernovae of this type in particular are characterised by an absorption spectrum that contains

no hydrogen or helium lines at any point of their evolution. When such explosions happen,

we can measure their lightcurves, namely the time variation of their brightness. It turns out

that, while the lightcurve evolution of different SN will not look exactly the same, there is

very little dispersion in the peak of their brightness, allowing lightcurve shapes to be cor-

rected or standardised to follow the same pattern. For this reason, SNIa are often referred

to as “standard candles”. The “distance modulus” µ of a supernova, which measures its

relative brightness and is a quantity directly comparable to the theory, can be found through
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the following formula [79]:

µ = mB −M + αx1 − βc− δbias. (III.15)

Here, mB, x1 and c are all parameters that can be found by fitting the SALT standardisa-

tion model to the measured lightcurves [80]. In particular, mB is the apparent magnitude

of a supernova, while x1 and c account for the diversity in stretch and colour of different

lightcurves. Of the other parameters, α and β are fixed quantities whose value depends on

the type of analysis [81], while δbias is a correction for selection-induced biases that can be

computed through the set of simulations introduced in [82].
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FIG. III.5. SNIa measurements of the distance modulus µ(z) from the SH0ES calibration of the
Pantheon+ supernova catalogue (the blue triangles, reduced in number compared to the data from
the original 1701 Pantheon+ lightcurves for visualisation purposes) [83]. The continuous black line is
found according to the best-fit values for Ωm and H0 from the same calibration.

Notably, SNIa can be used as standalone objects to constrain H0 directly in the so-called

“Hubble flow”, the region of the universe at z ≳ 0.01, where the cosmological expansion

starts dominating over the peculiar motion induced by local gravitational potential wells on

the supernovae themselves. However, the measurement of H0 at these distances requires us

to also know M , the absolute magnitude of SNIa. M can be obtained at smaller redshifts, at

around z ≲ 0.01, thanks to another kind of standard candle known as “cepheid variables”,

which can be used to calibrateM in those galaxies where we observe both SNIa and cepheids
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[84]. In turn, cepheids need to be calibrated with techniques that can only be employed

at even lower redshifts, at around z ≈ 0, like parallaxes and eclipsing binaries. This type

of “cascade” strategy that we adopt to calibrate the Hubble flow supernovae is known as

“cosmic distance ladder” [84], owing to the fact that each calibration step that we take on

this “ladder” needs to be informed by the step preceding it. These steps are also called

“rungs”, and these rungs can be roughly split according to the redshift and the objects that

characterise each. In the first rung, at z ≈ 0, we have both binary systems and cepheids,

while in the “second rung”, at 0 ≲ z ≲ 0.01, one has both cepheids and supernovae. In the

third and final rung, we only have SNIa, which, at this point of the ladder, are enough to

constrain H0.

Specifically, we can obtain H0 through the following expression [78, 84]:

logH0 = −0.2µ+ log cz + 5, (III.16)

which is valid at z ≪ 1. It must be stressed that cepheids are not the only supernova cali-

brator. Another example is the “tip of the red giant” method, which provides cosmological

distances using the ascent of the red giant branch in the color-magnitude diagram compiled

with the stars of a specific galaxy. It has been shown to be in good agreement with cepheids

when both are utilised to calibrate SNIa [85].

In this Thesis, particularly in chapters VI-VIII, we will make use of the SNIa data from the

“Pantheon+” catalogue [81, 86], shown in Fig. III.5.

III.D Bayesian Inference and the MCMC Algorithms

The theoretical framework of the ΛCDM model given in chapter II is a remarkably precise

description of the universe, as we have seen from this model’s ability to predict a plethora

of phenomena that we have actually observed, the CMB in primis. However, as for many

things in life, the devil’s in the details. That is to say that, if we really want to precisely

pin down the ΛCDM model, we also need to measure the free parameters that are left by

the theory to be constrained by the observations. Remarkably, these parameters are just six

in numberIII.1: two to fix the inflationary era (As and ns, the amplitude and spectral index

of the primordial perturbations spectrum), two to fix the energy contents of the universe

(Ωbh
2 and Ωch

2, the densities of baryons and CDM combined with the dimensionless Hubble

constant h = H0/(100 km s−1Mpc−1)) and, finally, two for the road (θ∗ and τreio, respectively

III.1 Technically, they would be seven, as T0, the temperature of the CMB is also one of them. However, it
is measured from the CMB equilibrium spectrum with such precision [10, 87] that we assume it to be an
essentially fixed number.
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the sound horizon at recombination and the optical depth). In this chapter we have seen

some of the observables that are available to us to measure these parameters, which do not

represent an exhaustive list of observables though. Gravitational waves and galaxy clustering

are just a few examples that we could add on, which, while interesting, will not be touched

upon in this Thesis, as none of the papers presented here will make use of them.

The last thing we require to connect theory to data and constrain the parameters of the

standard paradigm is a statistical tool. In this Thesis and, broadly speaking, in cosmology,

this role is often taken by “Bayesian statistics”, a statistical framework that revolves around

one fundamental mathematical relation, the “Bayes theorem”:

P(Θ|D) =
P(D|Θ)P(Θ)

P(D)
. (III.17)

Here, what we are interested in is P(Θ|D), the “posterior distribution” of a set of parameters

Θ given the observation of a set of data points D. To find it, as we see from the equation

above, we need P(D|Θ), the “likelihood” of observing a dataset D given a fixed sample of pa-

rameters Θ, and P(Θ), the “prior distribution” of Θ, which quantifies our “prior knowledge”

of what values Θ should take. The factor at the denominator is a normalisation constant

that, as we will see in a moment, is quite useful to compare different cosmological models

with each other.

Now, while the prior can be set to a constant (uniform) quantity, if we do not know much

about the parameters, the likelihood stands at the heart of the connection between theory

and data. Often, the likelihood is chosen to take a Gaussian profile, so that:

P(D|Θ) ∼ exp

(
−χ

2

2

)
, (III.18)

where χ2 =
∑

(Di − yi(Θ))Cij(Dj − yj(Θ)) is the variance of Di − yi(Θ), the difference

between an observable (or data point) Di and yi(Θ), the same observable calculated from the

assumed cosmological model. An example for these two quantities can be readily found in

the temperature spectrum of the CMB, CTTℓ , which we can both measure (Di) and compute

(yi(Θ)) from the theory outlined in Sec. III.A. Then, if we want to find the parameters of

our model that “best fit” the data, we will need to minimize the χ2.

In order to find P(Θ|D) then, by virtue of Eq.(III.17), one would seemingly need to calcu-

late P(D|Θ) at every point Θ of the parameter space of our model. However, for models

like ΛCDM with six parameters, a number that often tends to increase for its extensions,

this would be computationally unfeasible. Instead, we can simulate the posterior [88], by
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randomly choosing or sampling the values of Θ in the parameter space of our model. This is

what algorithms known as MonteCarlo Markov Chain (MCMC) methods do. A widely used

sampling algorithm from this class is the Metropolis-Hastings (MH) algorithm; the most

important property of MH is that, eventually, the samples that are randomly generated from

the likelihood will converge to the posterior distribution [88–90]. This is the algorithm that

is employed by both Cobaya [91] and CosmoMC [92], the two MCMC samplers used for the

data analysis of the models presented in chapters IV-VIII. It is with these codes that we can

find the posterior for each parameter of our models.

Finally, a word about P(D), the “Bayesian evidence” factor at the bottom of Eq.(III.17).

Its significance can be better understood by making its dependence on a specific model

M explicit: P(D) ≡ P(D|M). The Bayesian evidence can be thought of as the “average

likelihood” calculated by assuming a specific model [90]. Then, by taking the ratio of the

Bayesian evidence calculated on the same data D for two different models M1 and M2, we

can infer which of the two models is preferred by the data:

B =
P(D|M1)

P(D|M2)
, (III.19)

where B is known as the “Bayes factor”. According to “Jeffreys’ scale” [93], a qualitative

method to classify the Bayes factor values, M1 is favoured over M2 when B > 1.
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IV Exploring the Growth Index γL: Insights

from Different CMB Dataset Combinations

and Approaches

Preamble to the Paper

This is the first of the three chapters in this Thesis (along with chapters V and VI) that

include papers on the investigation of MG parametrisations.

Here, and throughout all of the papers on this topic, we define MG as a parametric modifica-

tion to the ΛCDM model that manifests itself in the perturbative equations of non-relativistic

matter that were outlined in Sec. II.B, while leaving the background sector unchanged with

respect to the standard model. Such definition is, of course, not exact, as we know that,

in general, MG theories like f(R) cosmologies modify both background and perturbations

[94]. However, we will retain the MG definition in all of these papers, as a way to convey

the idea that we aim at isolating the observable effects induced purely by a modification in

the perturbative sector. In other words, our object of interest is the phenomenology of the

deviations from the standard perturbative picture, which we look for in things like CMB

lensing and large-scale structure growth.

In the following paper, we present an analysis of the constraints that we can obtain from the

combination of different CMB datasets on the phenomenological model of MG known as the

“γ parametrisation”, introduced in [95]. The BAO distance measurements used in this paper

are needed to fix the background of the model, which is described by the same ΛCDM model

equations outlined in Sec.II.A. In particular, this model assumes a parametric form for δm(a)

rather than using a modified version of Eq.(II.23). For the γ parametrisation, δm is found by

integrating the following equation:

d ln g

d ln a
= Ωγm,

where g ∝ δm and Ωm is the density parameter of non-relativistic matter.

The parameter “γ” (indicated as “γL” within the paper itself), which gives the name to this

model, is also its key ingredient. Its value depends sensibly on whether the data prefer a

DE or a MG model and, for this reason, γ serves as an excellent diagnostic parameter to

detect deviations from GR. In fact, while the ΛCDM model and its extensions like wDECDM
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(i.e., a model where the equation of state of DE is allowed to take a constant value other

than wDE = −1) tend to agree quite well with γ ∼ 0.55, fitting the growth index to the

evolution of matter perturbations in a MG model like DGP gravity results in γ ∼ 0.68 [95].

As shown in the paper below, the CMB constraints on γ are precise enough to distinguish

between these two possibilities. However, the same cannot be said for any other MG model.

For instance, for a scalar-tensor theory where a scalar degree of freedom ϕ is coupled to

gravity, the value for the growth index turns out to be quite close to γ ∼ 0.55 in general

[96], making it hardly distinguishable from the standard theory with the current data, at

least provided that the coupling to the scalar is not too strong. For these reasons, we should

not regard the γ parametrisation as a specific cosmological model, but rather as a tool to

detect departures from GR at the level of the late-time cosmological perturbations. In other

words, and consistently with the other papers in this Thesis, we should not expect to gain a

fundamental understanding of gravity from γ or any other parametrisation alone.

The motivation behind the choice to consider a MG parametrisation for this work was the fact

that the Planck PR3 data (excluding the lensing reconstruction), as seen in chapter III, allow

for a deviation from the standard model that can be interpreted as a gravity modification.

This is shown in Figs.(9, 10) of [97], where the authors employ the “µ− Σ” parametrisation

of MG, the same framework used and presented in the paper of chapter V. The original

intent of the paper presented below was to show whether the same results hold for the γ

parametrisation as well. However, a paper with the same analysis we wanted to perform

came out just before we could finalise ours [38]. As our results differed, we instead set out to

understand the origin of this discrepancy and turned this analysis into a comparison between

the two codes that were used to constrain γ: MGCAMB [33–37] and CAMB GammaPrime Growth

[38, 39], concluding that, because of a problem with the implementation of γ in MGCAMB, the

codes could not be reconciled.

The γ parametrisation affects the calculation of the CMB spectra by changing the lensing

potential spectrum defined in Sec. III.A. In order to qualitatively clarify how this happens,

we remind the reader that ψ, the lensing potential, is just a redefinition of the Weyl potential,

Ψ+Φ. Now, the variance of the non-relativistic matter perturbations δm, also known as the

“matter power spectrum” and denoted in the paper as P (k, a), can be shown to be related

to the Weyl potential spectrum in the following way [65]:

CΨ+Φ
ℓ (k, a) =

9Ω2
mH

4

8π2k
P (k, a), (IV.1)

at least for a matter dominated universe. The γ parametrisation will then change the profile

of P (k, a), which, thanks to the equation above, also changes the spectrum of the Weyl
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potential and, ultimately, Cψψℓ (denoted in the paper as Cϕϕℓ ).

One final note about notation: the letter Γ in this paper indicates the parameter space of the

model and should not be confused with the Compton scattering rate defined in Sec. III.A.
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Exploring the growth index γL: Insights from different
cmb dataset combinations and approaches

Abstract: In this study we investigate the growth index γL, which char-

acterizes the growth of linear matter perturbations, while analysing dif-

ferent cosmological datasets. We compare the approaches implemented

by two different patches of the cosmological solver CAMB: MGCAMB [33–

37] and CAMB GammaPrime Growth [38, 39]. In our analysis we uncover

a deviation of the growth index from its expected ΛCDM value of 0.55

when utilizing the Planck dataset, both in the MGCAMB case and in the

CAMB GammaPrime Growth case, but in opposite directions. This deviation

is accompanied by a change in the direction of correlations with derived

cosmological parameters. However, the incorporation of CMB lensing data

helps reconcile γL with its ΛCDM value in both cases. Conversely, the al-

ternative ground-based telescopes ACT and SPT consistently yield growth

index values in agreement with γL = 0.55. We conclude that the presence

of the Alens problem in the Planck dataset contributes to the observed de-

viations, underscoring the importance of additional datasets in resolving

these discrepancies.

IV.A Introduction

The standard model of cosmology embodies the most universally accepted concordance model

for both astrophysical and cosmological regimes within an isotropic and homogeneous Uni-

verse [98, 99]. In this model, cold dark matter (CDM) acts as a stabilizing agent for galaxies

and their clusters [100–102], while the late-time accelerating expansion of the Universe is

sourced by a cosmological constant Λ [103, 104]. In this scenario, initial cosmic inflation

drove the early Universe towards flatness that observes the cosmological principle [105, 106].

However, challenges persist within this framework. The cosmological constant continues to

pose theoretical difficulties [107, 108], while the direct detection of CDM remains problem-

atic [101, 102], and the UV completeness of the theory remains an open question [109]. In

recent years, additional challenges to ΛCDM cosmology have emerged in the form of cosmic

tensions. These tensions arise from discrepancies between direct measurements of the cosmic

expansion rate and the growth of large scale structure (LSS), and those inferred indirectly

from early Universe measurements [110–119].

The presence of cosmic tensions has become evident across multiple surveys, primarily mani-

fested in the measurement of the Hubble constant, H0, which has now exceeded 5σ [120–
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123]. The indirect measurements of H0 mainly rely on observations of the Cosmic Mi-

crowave Background radiation (CMB) with the latest reported value by the Planck col-

laboration giving H0 = 67.4 ± 0.5 km s−1Mpc−1 [23], while the last release from ACT puts

H0 = 67.9± 1.5 km s−1Mpc−1 [55]. Conversely, late time probes offer several alternatives for

the direct measurement of the Hubble expansion of the Universe. Among these, the most pre-

cise measurements are based on Type Ia Supernovae (SNIa) by the SH0ES Team, calibrated

by Cepheids, yielding H0 = 73.04 ± 1.04 km s−1Mpc−1 [84]. Numerous other measurements

also consistently favor higher values for the Hubble constant [124–131]. Finally, the latest

measurements employing the Tip of the Red Giant Branch as a calibration method for SNIa

continue to indicate elevated values for H0 [132–135].

Another cosmological tension that is gaining significance relates to the growth of large-scale

structures in the Universe. Several parameters capture these characteristics, with S8 =

σ8,0
√

Ωm,0/0.3 being a key quantity that incorporates the matter density parameter at present

Ωm,0 and is commonly used to quantify it, as it is directly measured by Weak Lensing (WL)

experiments. The measurement of S8 is more challenging, with discrepancies between early-

and late-time probes ranging from 2−3.5σ, but it still plays a crucial role in testing the validity

of ΛCDM cosmology. Recent measurements from the Kilo-Degree Survey (KiDS-1000) report

a lower value of S8 = 0.766+0.020
−0.014 [136], which is consistent with other WL measurements

such as DES-Y3 [137] and HSC-Y3 [138]. On the other hand, Planck (TT,TE,EE+lowE)

gives S8 = 0.834 ± 0.016 [23] which agrees with other CMB based measurements of this

parameter [55, 56].

The presence of cosmic tensions has spurred numerous re-evaluations in the scientific com-

munity, leading to more rigorous investigations of potential systematic errors [115, 117, 139].

However, the persistence of these tensions across various direct and indirect measurements

suggests that such explanations may be losing credibility. Consequently, alternative mod-

ifications to the standard model of cosmology have been proposed, encompassing a range

of theoretical frameworks (see for example [109, 110, 114, 115, 140–147] and the references

therein). This plethora of models that go beyond ΛCDM physics can be parametrized in nu-

merous ways. By examining the phenomenological parameterization for the growth of linear

matter perturbations δm = δρm/ρm described in [95], the growth rate G(a) can be approxi-

mately reformulated as G(a) = f(a, γL,Ωm,0), a time-dependent function f where the growth

index γL can be seen as a fitting constant [148, 149] (discussed further in Sec. IV.B). This

empirical formula gives a value of γL ≃ 0.55 for ΛCDM [95, 150].

This theoretical prediction for γL allows us to use this parameter as a testing tool for pos-

sible deviations from the concordance model of cosmology. In this work, we analyze this

parameterization through the prism of the linear matter perturbation evolution Eqs.(IV.4-

IV.5) defined in Sec. IV.B. In Sec. IV.C we include a discussion on the main differences in

the implementation of γL in the two cosmological solvers considered in our study: MGCAMB
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and CAMB GammaPrime Growth. In Sec. IV.D we discuss the data sets under investigation,

along with the strategy that we followed to obtain the constraints on the ΛCDM+ γL model

considered here, which are outlined in Sec. IV.E, where the outcomes of both approaches

are compared. In particular, the results for MGCAMB’s scale-dependent approach is shown in

paragraph IV.E.1, along with CAMB GammaPrime Growth’s scale-independent one in paragraph

IV.E.2. Finally, the main results are summarized and discussed in Sec. IV.F.

IV.B Structure Formation and the Growth Index

The dynamics of the expansion of the Universe can be determined through the Friedmann

equation:

(
H

H0

)2

=
∑

i

Ωi , (IV.2)

where Ωi = ρi/ρc represents the relative density of each component with energy density ρi in a

flat Universe where ρc = 3H2
0/(8πGGR), with GGR being Newton’s constant of gravitation in

General Relativity (GR). Indeed we can use Eq.(IV.2) to constrain the observed accelerated

expansion, but it has to reflect our ignorance of the fundamental nature of such acceleration.

Since we do not know whether we are dealing with a physical energy density or rather a

modification of the Friedmann equation with respect to the ΛCDM model, we can treat the

accelerated expansion as stemming from an effective component with equation of state w(a),

rewriting Eq.(IV.2) as follows [148, 151]:

(
H

H0

)2

= Ωm,0a
−3 + (1− Ωm,0)e

3
∫ a′
0 [1+w(a′)]d ln a′ . (IV.3)

However, background expansion alone cannot easily tell different cosmological theories apart,

as functions like w(a) can be tuned in different cosmologies to obtain the same time evolu-

tion for expansion history quantities such as a(t) [95]. For this reason, in this paper we will

assume a ΛCDM background; namely, w(a) = −1 in Eq.(IV.3).

Instead, we consider modifications to the growth of structure only. The evolution of the

expansion rate feeds into the inhomogeneities that arise in the LSS due to early Universe

gravitational instabilities and frictional terms. By investigating perturbations away from

homogeneity and isotropy in both the gravitational and matter sectors, we can describe the
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matter perturbation evolution equation as

δ̈m + 2Hδ̇m − 4πGGR ρmδm = 0 , (IV.4)

where δm represents the gauge invariant fractional matter density, dots denote derivatives

with respect to cosmic time, and where linear and subhorizon scales (k ≲ 0.1hMpc−1 and

k ≳ 0.0003hMpc−1 respectively, h = H0/100 kms−1Mpc−1) are being considered. A natural

definition of the linear growth fraction for matter perturbations is g(a) = δm(a)/δm,0, where

δm,0 is the current value of δm. By taking a reparameterization of the matter perturba-

tion evolution equation through the growth rate G(a) = d ln g(a)/d ln a, Eq. (IV.4) can be

rewritten as [152]

dG

d ln a
+G2 +

(
2 +

1

2

d lnH2

d ln a

)
G− 3

2
GeffΩm(a) = 0 , (IV.5)

where Geff is GMG/GGR, and GMG is Newton’s constant of gravitation for a generic deviation

from GR. It was proposed in [95] that

G(a) = ΩγLm (a) , (IV.6)

where γL = lnG/ lnΩm(a) is the growth index. A major advantage of this parameterization

is its accuracy in replicating the numerical solution of Eq.(IV.5). For instance, in the frame-

work of ΛCDM, the value γΛCDM
L = 0.55 can be as accurate as 0.05% [95].

An interesting approach considered in the literature has been to take the background Fried-

mann equations to be those of ΛCDM and to probe potential modifications away from the

standard model at the level of γL [153–155]. In fact, for theories other than GR such as

f(R) and DGP braneworld cosmologies we get remarkably different values: γ
f(R)
L = 0.42 and

γDGP
L = 0.68 respectively [154]. A departure of γL from 0.55 would then represent a possible

hint at new physics, offering us an opportunity to shed new light on the tensions afflicting

the standard model of cosmology.

IV.C Mapping the growth index into observables: MGCAMB and

CAMB GammaPrime Growth

To constrain the growth index γL, we first need a mean to map it into the CMB and LSS

observables, where the latter are specifically probed by CMB lensing potentials in this work.

Here, we adopt two different modifications of the standard Boltzmann solver CAMB [31, 32],

namely MGCAMB [33–37] and CAMB GammaPrime Growth [38, 39]. Below, we briefly review the
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main differences between the two approaches.

In the first approach, MGCAMB introduces the two scale- and redshift-dependent parameters

µ(a, k) and η(a, k), which fully describe the relations between the Ψ - Φ metric perturbations

and the energy-momentum tensor of GR, as can be observed from Eqs. (5-9) in [34] (with

η = µ = 1 corresponding to GR and ΛCDM). Separating sub- and super-horizon evolutions of

perturbations, MGCAMB then solves the two regimes separately [34]. MGCAMB maps γL into the

function µ(a, k) through the following relation, valid for subhorizon perturbations [34, 35]:

µ =
2

3
ΩγL−1
m

[
ΩγLm + 2 +

H ′

H
+ γL

Ω′
m

Ωm
+ γ′L ln(Ωm)

]
. (IV.7)

Therefore, within MGCAMB, any change in γL is effectively a change in µ(a, k), where the

latter appears in the evolution of both sub- and super-horizon perturbations, as described

by Eqs. (16,17) and Eq. (21) of [34]. This choice implies that varying γL introduces a

scale-dependent effect on observables such as the primary CMB angular power spectrum

and the linear matter power spectrum. Ref. [34] demonstrated that, for a simple toy model

where µ(a, k) = µ(a), super-horizon changes in the linear matter power spectrum introduced

by a varying µ(a) are within the cosmic variance. They thereby argued that Eq.(IV.7)

and their approach to γL should be consistent with the (implicit) assumptions of scale-

independence and subhorizon evolution by Eq.(IV.6). In practice, we however find that this

is not necessarily the case for the (primary) CMB angular power spectrum. In Appendix A,

we further show why this particular choice might explain the constraint on γL obtained by

MGCAMB in paragraph IV.E.1.IV.1

The second code, CAMB GammaPrime Growth [38, 39, 158], adopts a phenomenological ap-

proach by rescaling the linear matter power spectrum P (k), i.e.

P (γL, k, a) = P (k, a = 1)D2(γL, a), (IV.8)

by the (square of) the modified growth factor D(γL, a) given by the numerical integral

D(γL, a) = exp

[
−
∫ 1

a
da

ΩγLm (a)

a

]
. (IV.9)

For the CMB observables and data considered in this work, Eqs.(IV.8,IV.9) only affect

the CMB lensing potential through the matter transfer function (see, e.g. Eqs. (9)-(14)

in [159]). We will return to this point in Appendix A where we compare this approach by

CAMB GammaPrime Growth versus that by MGCAMB, and their respective constraints on γL using

Planck(+lensing) data.

IV.1 See also Ref. [156, 157] for previous analyses with Planck data.
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Together with the growth index γL defined in Sec. IV.B, we constrained the six pa-

rameters of the base ΛCDM model. The parameter space constrained here is therefore

Γ ≡ {Ωbh
2,Ωch

2, 100θMC, τreio, ns, log(10
10As), γL}, where Ωbh

2, the baryon density Ωb com-

bined with the dimensionless Hubble constant h, Ωch
2, the density of cold dark matter

combined with h, 100θMC , where θMC is an approximation of the observed angular size of

the sound horizon at recombination, τreio, the reionization optical depth, ns and log(1010As),

respectively the spectral index and amplitude As of the power spectrum of the scalar pri-

mordial perturbations.

We constrained the ΛCDM+γL model considered here with two different methods:

• Firstly, we used MGCosmoMC [33–37], a publicly available modification of the popular

MCMC code CosmoMC [92, 160] that samples γL through the fast-slow dragging algo-

rithm developed in [161]. The Einstein-Boltzmann solver implemented in MGCosmoMC

to calculate CMB anisotropies and lensing power spectra is MGCAMB [33–37], a patch of

the CAMB code [31] that includes several phenomenological modifications to the growth

of matter perturbations, including the γL parameterization in Eq.(IV.6).

• Additionally, we implemented the modified version of CAMB, namely CAMB GammaPrime Growth,

introduced in [38, 39, 158] into CosmoMC. While [38, 39, 158] also modify linear growth

through the parameterization shown in Eq.(IV.6), they take γL to be scale-independent

compared to MGCAMB.

The data considered in our analysis have been taken from the following datasets:

• the final release of the Planck mission [23, 51, 162], specifically the likelihoods and data

for the CMB temperature and polarization anisotropies: TT, EE and TE (referred to,

here, as Planck), along with the lensing reconstruction power spectrum (referred to as

lensing);

• the likelihoods and data from the 9-years release (DR9) of the Wilkinson Microwave

Anisotropy Probe (WMAP) [50];

• the likelihoods for the polarization and temperature anisotropies spectra from Atacama

Cosmology Telescope’s DR4 (ACT ) [54];

• the EE and TE anisotropies measurements and likelihoods from the SPT-3G instru-

ment of the South Pole Telescope (SPT ) [57];
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Parameter Prior

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

100θMC [0.5, 10]
τreio 0.065± 0.015
ns [0.8, 1.2]

log(1010As) [1.61, 3.91]
γL [0, 1]

TABLE IV.1. A summary of the priors imposed on the parameters for the ΛCDM+γL model consid-
ered in our analysis.

• the final measurements from the SDSS survey by the eBOSS collaboration, of which

we include Baryonic Acoustic Oscillations (BAO) data [76].

In particular, we constrained Γ with the following combinations:

• Planck, Planck+BAO, Planck+lensing, and Planck+BAO+lensing;

• ACT, ACT+WMAP, ACT+BAO and ACT+WMAP+BAO;

• SPT, SPT+WMAP, SPT+BAO and SPT+WMAP+BAO.

We note that all the constraints obtained using either the ACT or SPT data employed a

Gaussian prior on τreio = 0.065± 0.015, as done by the ACT collaboration [54]; the other six

parameters making up the ΛCDM+γL model considered here were all assumed to have flat

priors, as summarised in Tab. IV.1 .

The convergence of the chains produced from the exploration of Γ by MGCosmoMC/CosmoMC for

this analysis was evaluated through the Gelman-Rubin criterion [163], and we took R ≤ 0.02

as a satisfactory limit at which to present the results outlined in Sec. IV.E.

Finally, to demonstrate that a Planck-like CMB only experiment is able to recover γL = 0.55

without bias, we constrained Γ using a mock Planck-like dataset generated according to a

ΛCDM model defined by the parameter choices given in Tab. IV.2. The results are shown

in Tab. IV.3, and we can see that CMB only data are able to recover γL = 0.55 with good

accuracy with either MGCAMB or CAMB GammaPrime Growth.
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Parameter Fiducial Values

Ωbh
2 0.02236

Ωch
2 0.1202

100θMC 1.04090
τreio 0.0544
ns 0.9649

log(1010As) 3.044

TABLE IV.2. The ΛCDM baseline values chosen to simulate mock Planck-like dataset used for the
results of Tab. IV.3.

Parameter MGCAMB CAMB GammaPrime Growth

Ωbh
2 0.02237± 0.00015 0.02236± 0.00016

Ωch
2 0.1201± 0.0016 0.1202± 0.0017

100θMC 1.04091± 0.00036 1.04089± 0.00036
τreio 0.0538± 0.0097 0.053± 0.010
ns 0.9650± 0.0041 0.9649± 0.0043

log(1010As) 3.044± 0.019 3.043± 0.021

γL 0.544+0.035
−0.021 0.56± 0.10

TABLE IV.3. Results for the Planck-like dataset.

IV.E Results

In this section we are discussing the constraints we obtained for the dataset combinations

listed in Sec. IV.D and the two different approaches explained in Sec. IV.C. In par-

ticular we will discuss in paragraph IV.E.1 the scale-dependent case as implemented in

MGCAMB, and in paragraph IV.E.2 the scale-independent linear growth as implemented in

CAMB GammaPrime Growth.

IV.E.1 MGCAMB Results

We show in Tab. IV.4 the constraints at 68% CL for the scale-dependent case as implemented

in MGCAMB for the different combinations involving the Planck data, and we repeat the same for

ACT in Tab. IV.5 and SPT in Tab. IV.6. We display instead the 1D posterior distributions

and the 2D contour plots for all these cases in Tab. IV.1 and Tab. IV.2.

The analysis presented in Tab. IV.4 reveals a notable deviation from the expected value of

γL = 0.55 considering the measurement obtained solely from Planck observations. Specif-

ically, Planck indicates a value of γL = 0.467+0.018
−0.029, deviating from the expected value by

more than 3 standard deviations. However, it is important to note that this parameter does

not contribute significantly to resolving the cosmological tensions. While it exhibits a slight
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Parameter Planck Planck+BAO Planck+lensing Planck+BAO+lensing

Ωbh
2 0.02253± 0.00016 0.02250± 0.00016 0.02249± 0.00016 0.02246± 0.00015

Ωch
2 0.1187± 0.0015 0.1190± 0.0013 0.1186± 0.0014 0.1189± 0.0012

100θMC 1.04110± 0.00032 1.04106± 0.00032 1.04107± 0.00032 1.04103± 0.00030

τreio 0.0510± 0.0085 0.0507± 0.0082 0.0496+0.0087
−0.0073 0.0490+0.0083

−0.0073

ns 0.9688± 0.0047 0.9681± 0.0045 0.9684± 0.0046 0.9675± 0.0042

log(1010As) 3.034± 0.018 3.034± 0.017 3.030+0.018
−0.015 3.030± 0.017

γL 0.467+0.018
−0.029 0.469+0.017

−0.029 0.506± 0.022 0.509+0.022
−0.020

H0 68.02± 0.66 67.86± 0.60 68.00± 0.64 67.84± 0.57

S8 0.839± 0.015 0.842± 0.015 0.824± 0.013 0.827± 0.012

TABLE IV.4. Constraints at 68% CL for the scale-dependent case as implemented in MGCAMB, consid-
ering the dataset combinations with Planck.

Parameter ACT ACT+BAO ACT+WMAP ACT+WMAP+BAO

Ωbh
2 0.02153± 0.00032 0.02148± 0.00030 0.02239± 0.00021 0.02237± 0.00019

Ωch
2 0.1177± 0.0049 0.1200± 0.0025 0.1198± 0.0027 0.1203± 0.0020

100θMC 1.04229± 0.00078 1.04210± 0.00065 1.04174± 0.00066 1.04171± 0.00062

τreio 0.064± 0.015 0.065± 0.015 0.060± 0.012 0.060± 0.012

ns 1.008± 0.017 1.003± 0.014 0.9729± 0.0062 0.9722± 0.0052

log(1010As) 3.049± 0.034 3.056± 0.033 3.062+0.025
−0.022 3.064+0.025

−0.022

γL 0.552+0.063
−0.087 0.580+0.062

−0.078 0.533+0.044
−0.018 0.536+0.040

−0.018

H0 68.0± 2.0 67.0± 1.0 67.7± 1.1 67.50± 0.83

S8 0.829± 0.045 0.847± 0.028 0.843± 0.031 0.848± 0.025

TABLE IV.5. Constraints at 68% CL for the scale-dependent case as implemented in MGCAMB, consid-
ering the dataset combinations with ACT.

correlation with H0, resulting in a modest increase of only 1σ in its value (H0 = 68.02± 0.66

km/s/Mpc), it does not exhibit any correlation with S8 (see Fig. IV.1). Notably, the disagree-

ment between WL measurements (which assume a ΛCDM model) and S8 persists, further

emphasizing the unresolved tensions in the current cosmological framework. Even when in-

corporating BAO data, the same conclusion holds true. The inclusion of BAO data does not

alter the constraints on γL and S8, but it does lead to a slight decrease in the estimated
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Parameter SPT SPT+BAO SPT+WMAP SPT+WMAP+BAO

Ωbh
2 0.02238± 0.00033 0.02237± 0.00032 0.02264± 0.00023 0.02259± 0.00021

Ωch
2 0.1175± 0.0057 0.1186± 0.0026 0.1153± 0.0028 0.1171± 0.0020

100θMC 1.03945± 0.00081 1.03933± 0.00069 1.03973± 0.00066 1.03954± 0.00064

τreio 0.065± 0.015 0.066± 0.015 0.060± 0.013 0.058± 0.013

ns 0.991± 0.025 0.987± 0.019 0.9733± 0.0075 0.9709± 0.0067

log(1010As) 3.040± 0.039 3.043± 0.038 3.041± 0.025 3.042± 0.026

γL 0.622+0.075
−0.11 0.635+0.063

−0.084 0.556+0.023
−0.018 0.558+0.024

−0.018

H0 67.8± 2.3 67.3± 1.0 68.9± 1.2 68.11± 0.83

S8 0.796± 0.048 0.804± 0.028 0.782± 0.032 0.801± 0.025

TABLE IV.6. Constraints at 68% CL for the scale-dependent case as implemented in MGCAMB, consid-
ering the dataset combinations with SPT.

value of H0. However, a more significant impact is observed when including the lensing

dataset. Specifically, with Planck+lensing the constraint on γL becomes γL = 0.506± 0.022,

reducing the tension with the expected value to 2σ. Furthermore, a mild correlation emerges

between the γL parameter and the S8 parameter (see Fig. IV.1). This correlation causes the

mean value of S8 to shift downward by 1 standard deviation, albeit not sufficiently enough

to alleviate the existing S8 tension. Once again, the inclusion of BAO data does not change

the results, so that Planck+BAO+lensing gives similar constraints to the Planck+lensing

combination.

A different picture emerges when the ground based CMB telescope ACT is taken into account

in Tab. IV.5. In this case, the value of γL remains consistently within 1 standard deviation

of the expected value across all dataset combinations, including also BAO and WMAP data.

Furthermore, by referring to Fig. IV.1 and Fig. IV.2, we observe a change: the correlation

between γL and other cosmological parameters disappears upon inclusion of the ACT data.

Similarly, when the SPT data are analyzed in Tab. IV.6 we observe that across all com-

binations of datasets γL is always in agreement within 1σ with γL = 0.55. In particular,

when considering SPT data alone, or in combination with BAO data, higher values of γL

are favored with larger error bars. However, upon including the WMAP dataset, the mean

value of γL returns to γL = 0.55. Similar to the previous analysis, no correlation is observed

between γL and the derived parameters depicted in Fig. IV.1 and Fig. IV.2 when examining

this dataset.
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FIG. IV.1. 1D marginalized posterior distributions and 2D contour plots for the different CMB data
combinations explored in this work, without the inclusion of the BAO data, for the scale-dependent
case as implemented in MGCAMB. The dashed brown line in the plot is the value of the growth index in
ΛCDM, γL = 0.55.

IV.E.2 CAMB GammaPrime Growth Results

The constraints at a confidence level of 68% CL for the CAMB GammaPrime Growth case as

implemented in [38, 39, 158], are presented in Tab. IV.7, for the various combinations in-

volving Planck data. Similarly, we provide the corresponding constraints for ACT in Tab.

IV.8 and for SPT in Tab. IV.9. To further illustrate these cases, we present the 1D posterior

distributions and the 2D contour plots in Fig. IV.3 and Fig. IV.4.

The examination of Tab. IV.7 reveals a significant deviation from the expected value of γL =

0.55 when considering the measurement based solely on Planck observations. Specifically,

Planck indicates a value of γL = 0.841+0.11
−0.074, surpassing the expected value by more than

3σ. However, it is worth noting that while this parameter does not contribute significantly

to resolving the H0 tension, it can substantially decrease the value of the S8 parameter in

the right direction to agree with the WL measurements (which assume a ΛCDM model). In

fact, contrarily to the MGCAMB case, γL exhibits a slight correlation with both H0 and S8 (see
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FIG. IV.2. 1D marginalized posterior distributions and 2D contour plots for the different CMB+BAO
data combinations explored in this work, for the scale-dependent case as implemented in MGCAMB. The
dashed brown line in the plot is the value of the growth index in ΛCDM, γL = 0.55.

Parameter Planck Planck+BAO Planck+lensing Planck+BAO+lensing

Ωbh
2 0.02258± 0.00016 0.02255± 0.00016 0.02251± 0.00017 0.02248± 0.00016

Ωch
2 0.1181± 0.0015 0.1186± 0.0013 0.1183± 0.0015 0.1188± 0.0013

100θMC 1.04113± 0.00032 1.04108± 0.00031 1.04109± 0.00032 1.04103± 0.00032

τreio 0.0496+0.0087
−0.0074 0.0495± 0.0084 0.0493+0.0087

−0.0074 0.0488+0.0086
−0.0075

ns 0.9709± 0.0047 0.9696± 0.0045 0.9696± 0.0048 0.9683± 0.0044

log(1010As) 3.030± 0.017 3.031± 0.018 3.029+0.018
−0.016 3.029+0.018

−0.016

γL 0.841+0.11
−0.074 0.831+0.11

−0.080 0.669± 0.069 0.658± 0.063

H0 68.27± 0.69 68.06± 0.61 68.14± 0.70 67.92± 0.61

S8 0.805± 0.018 0.810± 0.017 0.807± 0.019 0.812± 0.017

TABLE IV.7. Constraints at 68% CL for the CAMB GammaPrime Growth case as implemented in [38,
39, 158], considering the dataset combinations with Planck.
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Parameter ACT ACT+BAO ACT+WMAP ACT+WMAP+BAO

Ωbh
2 0.02151± 0.00031 0.02149± 0.00031 0.02236± 0.00021 0.02235± 0.00020

Ωch
2 0.1185± 0.0050 0.1199± 0.0026 0.1205± 0.0030 0.1206± 0.0022

100θMC 1.04221± 0.00077 1.04205± 0.00065 1.04168± 0.00066 1.04164± 0.00060

τreio 0.065± 0.015 0.065± 0.015 0.062± 0.013 0.061± 0.013

ns 1.007± 0.017 1.003± 0.014 0.9722± 0.0066 0.9720± 0.0055

log(1010As) 3.053± 0.034 3.057± 0.032 3.067± 0.026 3.067± 0.026

γL 0.52± 0.18 0.49± 0.15 0.50± 0.16 0.50± 0.14

H0 67.7± 2.0 67.1± 1.0 67.4± 1.3 67.39± 0.89

S8 0.839± 0.059 0.855± 0.032 0.847± 0.036 0.848± 0.027

TABLE IV.8. Constraints at 68% CL for the CAMB GammaPrime Growth case as implemented in [38,
39, 158], considering the dataset combinations with ACT.

Parameter SPT SPT+BAO SPT+WMAP SPT+WMAP+BAO

Ωbh
2 0.02241± 0.00033 0.02238± 0.00031 0.02259± 0.00024 0.02253± 0.00022

Ωch
2 0.1164± 0.0056 0.1183± 0.0026 0.1167± 0.0032 0.1178± 0.0021

100θMC 1.03953± 0.00081 1.03935± 0.00067 1.03955± 0.00071 1.03942± 0.00064

τreio 0.065± 0.015 0.065± 0.015 0.062± 0.013 0.061± 0.013

ns 0.994± 0.024 0.989± 0.019 0.9709± 0.0080 0.9687± 0.0068

log(1010As) 3.035± 0.039 3.040± 0.035 3.049± 0.027 3.051± 0.027

γL 0.46± 0.19 0.41± 0.15 0.43± 0.14 0.41± 0.13

H0 68.3+2.1
−2.4 67.4± 1.0 68.3± 1.4 67.77± 0.89

S8 0.803± 0.064 0.824± 0.032 0.802± 0.039 0.815± 0.027

TABLE IV.9. Constraints at 68% CL for the CAMB GammaPrime Growth case as implemented in [38,
39, 158], considering the dataset combinations with SPT.

Fig. IV.3), giving H0 = 68.27 ± 0.69 km/s/Mpc and S8 = 0.805 ± 0.018. It is important

to emphasize that in the CAMB GammaPrime Growth case, there are two notable distinctions.

Firstly, the preferred value of γL deviates from the expected value in the opposite direction

compared to the MGCAMB case. Secondly, the correlations between γL, H0, and S8 exhibit a

change in sign. However, as we noted in the previous section as well, the inclusion of the CMB

56



IV.E. Results

0.7 0.8 0.9
S8

0.2
0.4
0.6
0.8

L

65

70

H
0

0.25

0.30

0.35
m

0.30 0.36
m

65 70
H0

0.2 0.5 0.8
L

ACT+WMAP
SPT+WMAP
Planck+lensing
Planck

FIG. IV.3. 1D marginalized posterior distributions and 2D contour plots for the different
CMB data combinations explored in this work, without the inclusion of the BAO data, for the
CAMB GammaPrime Growth case as implemented in [38, 39, 158]. The dashed brown line in the plot is
the value of the growth index in ΛCDM, γL = 0.55.

lensing dataset is crucial to shift the value of γL towards the expected γL = 0.55, reducing

the disagreement at the level of 1.7σ. In particular we obtain γL = 0.669± 0.069, in perfect

agreement with [38], while leaving both H0 and S8 unaffected. Finally, the addition of the

BAO data does not have a significant impact on either the Planck+BAO combination or the

Planck+BAO+lensing combination.

If we now consider the independent CMB measurements obtained from ACT displayed in Tab.

IV.8 we observe a similar pattern as in the previous section. Notably, γL returns to agree

within 1σ with the expected value γL = 0.55. In this case the addition of BAO and WMAP

data does not alter these conclusions. In this particular dataset combination, γL exhibits a

negative correlation with S8 and a positive degeneracy with H0. However, their mean values

remain robust and align with the values expected in a ΛCDM model, in absence of deviations

in γL from 0.55. The same conclusions about constraints and parameter degeneracies remain

valid when replacing ACT with SPT, as demonstrated in Tab. IV.9.

In conclusion, the observed deviation of γL when analyzing the Planck data can be attributed
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FIG. IV.4. 1D marginalized posterior distributions and 2D contour plots for the different CMB+BAO
data combinations explored in this work, for the CAMB GammaPrime Growth case as implemented in [38,
39, 158]. The dashed brown line in the plot is the value of the growth index in ΛCDM, γL = 0.55.

to the presence of the Alens problem [23, 164, 165], as highlighted in [38]. This problem refers

to the excess of lensing detected in the temperature power spectrum, which is also associated

with indications of a closed Universe [23, 166, 167]. The mitigation of the γL deviation

from 0.55 upon incorporating the CMB lensing data serves as direct evidence supporting this

interpretation.

IV.F Conclusions

We investigated the growth index γL, which characterizes the growth of linear matter

perturbations in the form shown in Eq.(IV.6), by using different cosmological datasets,

and comparing two approaches for the implementation of γL into CAMB: the MGCAMB and

CAMB GammaPrime Growth codes.

Our analysis in the MGCAMB case revealed a γL that deviates from its ΛCDM value of 0.55,
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preferring instead lower values and indicating a discrepancy of more than 3 standard devi-

ations. However, incorporating the CMB lensing dataset helps reduce this disagreement to

approximately 2 standard deviations.

In the CAMB GammaPrime Growth case instead, the preferred value of γL differs from the

MGCAMB case, and exceeds the expected value in the opposite direction, producing a change of

sign of the correlations withH0 and S8. Similarly to MGCAMB, for the CAMB GammaPrime Growth

case the CMB lensing dataset helps in reconciling γL with the expected 0.55 value.

Moreover, the analysis of the ACT and SPT datasets shows consistent agreement of γL with

the expected value within 1 standard deviation across various dataset combinations, and the

addition of BAO data has minimal impact on the constraints and parameter correlations in

both the MGCAMB and CAMB GammaPrime Growth cases.

Given these facts, we can attribute the deviation of γL observed in the Planck dataset to the

Alens problem (as already noticed in [38]) characterized by excess lensing in the temperature

power spectrum.

Overall, these findings highlight the importance of considering additional datasets, such as

CMB lensing, and other experiments, such as ACT and SPT, when tackling apparent dis-

crepancies with the standard model, such as the deviations of γL encountered in this work.
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FIG. IV.5. The unlensed CMB TT angular power spectrum as predicted by MGCAMB at the same
best-fit Planck 2018 cosmology, but for different values of γL. Blue and red lines correspond to the
cases of γL = 0.669 and γL = 0.506 – the mean of γL constraints reported in the “Planck+lensing”
columns in Tab. IV.4 and Tab. IV.7 – respectively. The black line denotes the GR case of γL = 0.550.
The Planck 2018 measurements and their associated uncertainties are shown as grey points with error
bars.

Appendix A: CMB observables in MGCAMB and CAMB GammaPrime Growth

In this appendix, we provide a direct comparison between the CMB observables as pro-

duced by the two codes: MGCAMB and CAMB GammaPrime Growth. Our aim is to understand

the difference between their CMB predictions, which in turn drives the difference in their

constraints on γL. We therefore examine a) the primary, i.e. unlensed, CMB temperature-

temperature (TT) angular power spectrum CTT
ℓ and b) the CMB lensing potential angular

power spectrum Cϕϕℓ . We focus on the Planck(+lensing) dataset(s) and likelihood(s) as our

case study. Unless explicitly stated otherwise, we adopt the best-fit base-ΛCDM cosmology

in [23], specifically the “Plik best fit” column in their Table 1, for the following comparison.

Let us first investigate the unlensed CMB TT angular power spectrum as an example of

primary CMB observables in the two codes. As discussed in Sec.IV.C, with MGCAMB, changes

in γL do imply changes in primary CMB observables. Specifically, the variation is significant

in the low-ℓ regime, as shown in Fig.IV.5. On the other hand, with CAMB GammaPrime Growth,

no change in γL would alter the primary CMB observables, including the TT angular power

spectrum. This is illustrated in Fig.IV.6.

Next, we look at the CMB lensing potentials, which should be sensitive to variations of
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FIG. IV.6. Same as Fig.IV.5, but using CAMB GammaPrime Growth.
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FIG. IV.8. Same as Fig.IV.7, but using CAMB GammaPrime Growth. As explained in Sec.IV.C, with
CAMB GammaPrime Growth, no change in γL would alter the primary CMB observables, including the
TT angular power spectrum.

γL in both codes. Comparing Figs.IV.7,IV.8 and the Planck 2018 CMB lensing poten-

tial angular power spectrum [52], it is evident why MGCAMB prefers γL = 0.506 while

CAMB GammaPrime Growth prefers γL = 0.669. Both preferences are driven by the fit to

the estimated Cϕϕℓ . Upon further investigation with MGCAMB authorsIV.2, we have isolated

and attributed the anomalous low-ℓ behavior in Cϕϕℓ from MGCAMB to a spurious early inte-

grated Sachs-Wolfe (ISW) contribution from a term that contains a time-derivative instance

of the modified-gravity parameter µ, i.e. µ̇. As pointed out and discussed in the main text,

around Eq.(IV.7), and in this appendix, this early ISW contribution significantly alters the

CMB power spectra on super-horizon scales. That, in turn, shifts the data preference for

γL. As this feature was only discovered recently, we caution the community to use MGCAMB

with the γL parameterization until a fix is released. We note that other modified-gravity

parameterizations in MGCAMB, which in fact are what MGCAMB was originally intended for

and recommended by MGCAMB authors themselvesIV.3, are still self-consistent and should be

employed instead.

Finally, we have verified that adopting either best-fit cosmologies obtained by MGCAMB or

CAMB GammaPrime Growth with “Planck+lensing” data sets (instead of “Plik best fit”) does

not affect our conclusions from this comparison.

IV.2 Private communication.
IV.3 Private communication.
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Afterword

As this might have gone understated in the paper just presented, we stress here that a rather

important technical rather than physical conclusion from this work is that the two codes

analysed, CAMB GammaPrime Growth and MGCAMB, are essentially incompatible as far as the

γ parametrisation is concerned, and that the difference in their predictions for the CMB

spectrum at low ℓs is likely to be the main driver of the different constraints obtained with

the two codes for γ. This is evident in Figs. IV.5-IV.8, which show that the impact of γ is

only large in the low multipole region in the case of MGCAMB, which explains why the estimates

of γ differ when we employ Planck data (which include low-ℓ data) but do not when ACT

and SPT are used instead (which only include data above ℓ ∼ 400).
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V Planck-PR4 Anisotropy Spectra Show Better

Consistency with General Relativity

Preamble to the Paper

In Sec. III it was said that, in their journey from the last scattering surface to our detectors,

the CMB photons have to interact with the large-scale structure of the universe, which in

turn leads to a number of secondary effects that change the shape of the temperature and

polarisation anisotropies that formed during the recombination era. The weak lensing of light

is one of the main secondary sources of anisotropy affecting the CMB and it is also the object

of study of the paper presented in this chapter. In particular, in this chapter we look at an

excess in the amount of lensing that characterises the temperature and polarisation spectra of

Planck since its 2013 data release [23, 73, 168, 169]: this is the well-known “lensing anomaly”

of Planck. This anomalous lensing signal is quantified through the phenomenological “lensing

parameter” - AL - introduced in [164]. This parameter directly impacts the lensing spectrum

of the CMB, Cψψℓ (denoted in the paper as Cφφℓ ), rescaling it as: Cψψℓ −→ ALC
ψψ
ℓ .

AL can be used as a tool to test the consistency between the amount of CMB lensing that

we can measure from the anisotropy spectra and the amplitude of the lensing signal that we

can reconstruct from the trispectra, which encode the non-Gaussian signals induced in the

temperature anisotropies by the weak lensing of light. Interestingly, as mentioned above,

up until its 2018 data release (PR3) Planck seemed to find that AL should be greater than

unity. This is not, however, what other CMB probes like ACT [44] and SPT [25] seem to

measure, which instead show consistency with AL = 1. The same consistency can even be

found in the final data release by Planck (PR4 [53]).

In this paper we then set out to understand whether the lensing anomaly from the 2018

data release by Planck can be recast as a deviation of Planck’s data from GR. In fact,

while showing a lensing excess, the 2018 data by Planck also showed evidence for a mild

deviation from GR in terms of the µ,Σ parametrisation [23], which is presented in Sec. V.B

of the paper presented here. The reason to do this is that Σ, the parameter that PR3 finds

to be at odds with GR, affects the Weyl potential in Eq.(V.3) and, as a consequence, the

coupling of light to gravity. It is then presumable that, if the excess in the lensing signal

disappears, so should any evidence for a modification of Eq.(V.3). In this paper we prove this.

On the metric shown in Eq.(V.1): while it differs from the metric for the same gauge (i.e.,

conformal Newtonian) in Eq.(II.15) just for the opposite sign in front of Φ, it was presented
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here because it is the same metric employed by MGCAMB, the cosmology code used in this paper.

In practice, Eqs.(II.19-II.22) can be easily changed according to the perturbed metric defined

in the following paragraphs. For example, Eq.(II.21) can be easily turned into Eq.(V.2) by

enforcing Φ → −Φ (i.e., the difference between the two metric definitions) and Φ = Ψ (i.e.,

consistency with GR).
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Planck-PR4 Anisotropy Spectra Show Better Consistency
with General Relativity

Abstract: We present the results from a series of analyses on two paramet-

ric tests of gravity that modify the growth of linear, sub-horizon matter

perturbations in the ΛCDM model. The first test, known as the (µ,Σ)

framework, modifies the Poisson and lensing equations from General Rela-

tivity (GR). The second test introduces the growth index γ, which directly

affects the time evolution of matter density perturbations. Our study is

motivated by results from the analysis of the Planck-PR3 2018 spectra,

which indicate a preference for Σ0 ̸= 0 and γ0 > 0.55, both of which de-

viate from the ΛCDM predictions at a significance level of ∼ 2.5σ. To

clarify the nature of these anomalous results and understand how the lens-

ing anomaly fits into the picture, we analyze the most recent Planck-PR4

spectra extracted from the updated NPIPE maps. Overall, the Planck-PR4

data show better consistency with GR. The updated likelihood Camspec

provides constraints on Σ0 and γ0 that are consistent with GR within 1.5σ

and 2σ, respectively. The updated likelihoods HiLLiPoP and LoLLiPoP

show even closer agreement, with all parameter values consistent with a

ΛCDM cosmology within 1σ. This enhanced consistency is closely cor-

related with the lensing anomaly. Across the different likelihoods, the

tendency of Σ0 and γ0 to drift towards non-standard values matches the

observed preference for AL > 1, both of which are significantly reduced or

disappear within the Planck-PR4 data.

V.A Introduction

At the time of writing, our best understanding of the Universe is summarized by the stan-

dard ΛCDM model of cosmology. This model stands on two pillars of well-established

physics: General Relativity (GR), which governs gravitational interactions, and the Stan-

dard Model of particle physics (SM), which describes all other fundamental interactions in

nature. However, it also relies on three essential components — Inflation, Dark Matter,

and Dark Energy — that are crucial for explaining numerous observations ranging from the

Cosmic Microwave Background (CMB) radiation to the Large Scale Structure (LSS) of the

Universe [20, 21, 23, 50, 54, 55, 57, 76, 86, 97, 137, 162, 170–219]. Nevertheless, a compre-

hensive physical interpretation of these three components remains elusive, both theoretically

and experimentally.

Together with these longstanding foundational problems, in the last ten years a few statis-
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tically significant tensions and anomalies have challenged the standard cosmological picture.

The most puzzling issue is the so-called Hubble tension [110, 114, 115, 117, 120, 143, 147, 220–

226]: at its core, the value of the Hubble constant (H0) derived from CMB measurements

within the ΛCDM framework [23] differs by more than 5σ from direct local measurements

reported by the SH0ES team [84, 227, 228]. Additionally, other less significant problems have

come to light, such as a well-known 2-3σ disagreement between the values of S8 = σ8
√
Ωm/0.3

derived from CMB measurements by Planck [23] and those inferred from large-scale structure

observations [112, 119, 138, 210, 214, 229–236].

Foundational problems and longstanding tensions raise the question of whether the ΛCDM

model accurately represents the true paradigm of the Universe or merely serves as a phe-

nomenological, data-driven approximation to a more fundamental scenario that has yet to be

fully understood. In other words, could it be that as our data becomes increasingly precise,

our parameterization of more than 95% of the energy density of the Universe — primarily

based on simplicity, which, after all, highlights our ignorance regarding these phenomena —

becomes inadequate?

Taking a step back and (re)considering the big picture, we cannot help but note that the need

to introduce the three unknown components underpinning ΛCDM cosmology is intricately

rooted in the challenge of explaining observations based on the predictions of GR when assum-

ing a SM particle content in the Universe. For instance, the current accelerated expansion of

the Universe sharply contrasts with GR’s predictions when only the matter content expected

from the SM is considered, leading to the introduction of a cosmological constant term in the

Einstein field equations, which is not free from conceptual problems [98, 107, 108, 237–259]

and has recently been challenged by observations [14, 260].V.1 Similarly, the CMB and LSS

observations contrast with what is expected in GR when only the matter content predicted by

the SM is taken into account, providing indirect evidence for cold dark matter. Finally, his-

torically, inflation was introduced to avoid extremely fine-tuned initial conditions in the early

Universe [105, 106, 299, 300] that were necessary to achieve a present-day Universe consistent

with observations as it evolved over time — an evolution largely shaped by gravity.

Consequently, when it comes to hazard a physical interpretation for these three ingredients,

we can follow two main approaches. One option is to work on the right-hand side of the Ein-

stein equations, adding new forms of energy-momentum content to the stress-energy tensor

Tµν beyond what the SM predicts (such as introducing scalar fields to drive acceleration in

the early or late Universe or a perfect fluid of cold dark matter particles to account for the

observed structures). The second option is to work on the left-hand side of the Einstein equa-

tions, modifying the Einstein tensor Gµν , thereby altering the underlying theory of gravity.

In fact, some benchmark scenarios of inflation (such as Starobinsky inflation [301]), along

V.1 Readers interested in the latest developments regarding the Dark Energy interpretation of the first-year data
release from the DESI collaboration [14] can refer to Refs. [261–266] for discussions on potential systematic
effects in the data. For physical interpretations of these results, see, e.g., Refs. [216, 260, 267–298].
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with many models attempting to interpret dark matter and dark energy, are fundamentally

rooted in modified gravity (MG) theories.

With this premise, it goes without saying that testing whether gravity follows the predic-

tions of GR on cosmological scales is of paramount importance. In the epoch of precision

cosmology, CMB observations are a powerful tool for identifying any signatures of MG on

such scales. As a matter of fact, the shape of the CMB angular spectra of temperature

and polarization anisotropies arises from the dynamics of primordial density fluctuations and

is largely determined by the gravitational forces experienced by the coupled photon-baryon

fluid before decoupling. Unlike the evolution of late-time structures, such as galaxies or

clusters, where nonlinear effects complicate the picture, the CMB primarily involves linear

perturbation theory, governed by a system of linearized Einstein-Boltzmann equations. This

makes CMB observations largely free from complications introduced by astrophysical pro-

cesses (aside from modeling foreground contamination). Moreover, the wide range of angular

scales covered by the CMB — from the largest observable scales (such as the quadrupole

and dipole) to the smallest scales measured by current and forthcoming ground-based tele-

scopes, such as the Atacama Cosmology Telescope [55, 66, 213] (ACT) and the South Pole

Telescope [56, 57] (SPT) — allows gravity to be tested across an extensive range of scales

through a multitude of different tests.

A particularly interesting test we can perform using CMB data involves assessing whether the

gravitational deflection, or lensing, experienced by CMB photons along their paths [65] follows

the predictions of GR within a standard cosmological model. At arcminute scales, lensing

deflections distort the observed image of the CMB fluctuations, imprinting a distinctive

non-Gaussian four-point correlation function (or trispectrum) in both the temperature and

polarization anisotropies [65]. Additionally, although gravitational lensing does not alter

the overall distribution of primary CMB anisotropies, it leaves distinctive signatures in the

spectra of temperature and polarization anisotropies through a convolution between the latter

and the CMB lensing potential spectrum [65]. To test whether these effects align with the

theoretical predictions, one can introduce a phenomenological parameter AL [164] which

must be AL = 1 as predicted by GR within a ΛCDM cosmology. This parameter can be

used to arbitrarily tune the extent to which Cφφℓ (the spectrum of the lensing potential φ, a

redefinition of the Weyl potential that allows for α⃗ = ∇φ, where α⃗ is the deflection angle of

light [65]) affects the spectrum of primary CMB anisotropies [164]: Cφφℓ −→ ALC
φφ
ℓ .

Interestingly, since the 2013 data release [23, 73, 166, 168, 169, 302–306], the temperature

and polarization power spectra of Planck have shown AL to be greater than unity.V.2 To

be more quantitative, in the Planck-PR3 2018 data release a 2.8σ deviation from AL = 1 is

V.2 The presence of the lensing anomaly may hold significant implications when constraining scenarios beyond
ΛCDM, as we argue in this paper in relation to MG scenarios. However, another well-documented example
pertains to the curvature density parameter, Ωk. Since an excess of lensing is naively expected with a higher
abundance of cold dark matter, the observed lensing anomaly can be recast into a preference for a closed
Universe, as discussed in several recent (and not so recent) works [165–167, 307–325].
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found (AL = 1.180± 0.065), see Ref. [23].V.3

To address the lensing anomaly, a significant range of physical interpretations involving ex-

tensions to GR has been explored. In the spirit of hitting multiple targets with the same

arrow, many of these approaches are also proposed as promising alternatives for explain-

ing the Universe’s late-time accelerated expansion while alleviating other persistent tensions

observed across various cosmological and astrophysical datasets [110, 114, 326–329].

However, when it comes to drawing general conclusions about this plethora of extended

theories of gravity, a concrete difficulty arises from the fact that in many MG models, the

equations describing the evolution of cosmological perturbations deviate significantly from

those of GR, and these deviations can vary among different models. Therefore, parametric

tests have been proposed to recast these varying behaviors and model effects in both the

dynamics of cosmological perturbations and the growth of cosmic structures. Of particular

relevance is the so-called (µ,Σ) framework [33, 330, 331], where µ(k, a) and Σ(k, a) are two

arbitrary functions (both null in GR) of the wavenumber k and the scale factor a that alter

the predictions for the Poisson and lensing equations. Yet another parametric test of gravity

consists in considering the growth index γ, predicted to be γ = 0.55 in GR, which captures

any potential deviations in the growth of perturbations [1, 38, 95, 96].

Interestingly, Planck-PR3 data measure Σ0 (i.e., the current value of Σ when it is assumed

constant in k) to be Σ0 = 0.27+0.15
−0.13 — over 2σ away from the null value expected within

GR [23]. Regarding the γ parameter, the Planck-PR3 data, in combination with Redshift

Space Distortions data, yield γ0 = 0.639+0.024
−0.025 [38]. If taken at face value, these results would

provide additional hints for deviations from GR and, more broadly, from a canonical model

of structure formation. However, several caveats are in order:

• Firstly, CMB data show a strong correlation between AL and the (µ,Σ) or γ parameters

– see, e.g., Fig. 2 of Ref. [332]. This correlation recasts the lensing anomaly as an

approximate 2σ preference for Σ0 ̸= 0 in the Planck data [23, 332, 333], or equivalently

(part of) the 4σ preference for γ ̸= 0.55.

• Secondly, no indication of a lensing excess has been found in CMB experiments other

than Planck, such as ACT and SPT. The value of AL inferred from these experiments

consistently aligns with AL = 1 well within 2 standard deviations [55, 56]. Somewhat

unsurprisingly, no significant indications of MG dynamics or suppression of structure

growth (i.e., Σ0 ̸= 0 or γ > 0.55) have been found in the analysis of these ground-based

telescope data either, see Refs. [1, 334].

• Since 2018, the Planck data has undergone extensive reanalyses. The updated Planck-

PR4 (NPIPE) CMB maps feature significant advancements, such as enhanced sky cover-

age at high frequencies, improved processing of time-ordered data, and an approximate

V.3 All the constraints reported in the paper will be at 68% CL, unless otherwise specified.
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8% increase in the data used for lensing trispectrum reconstruction [53, 67]. Recent

releases of new likelihoods from both Camspec [45] and HiLLiPoP [24] have shown that

AL can be measured to be near unity within the Planck-PR4 (NPIPE) data.V.4 This

lends support to the hypothesis that the lensing anomaly observed in the Planck-PR3

data may simply result from observational systematics, as already argued by ACT and

SPT.

Fitting all the pieces into place, it seems natural to question whether, and to what extent,

the new Planck-PR4 likelihoods can support or relax the indications of MG related to a

non-vanishing Σ or the suppression of structure growth captured by the parameter γ. More

broadly, this study aims to derive up-to-date constraints on parametric tests of gravity within

these two frameworks, using the updated Planck-PR4 likelihoods V.5, and to clarify their strict

connection with the lensing anomaly.

The paper is structured as follows. In Sec. V.B, we introduce the two parametrizations of

gravity under study. In Sec. V.C, we present the data and the methodology used. In Sec. V.D,

we interpret our results, and in Sec. V.E, we derive our conclusions.

V.B Parametric Modified Gravity and Perturbation Theory

In first-order cosmological perturbation theory, and in the Newtonian gauge, the two scalar

potentials Ψ and Φ perturb the time and spatial components of the zeroth-order flat FLRW

metric as follows [40]:

ds2 = a2[−(1 + 2Ψ)dτ2 + (1− 2Φ)dx2], (V.1)

where dτ = dt/a is the conformal time. To fully study the perturbations of non-relativistic

matter, we need to introduce two further scalars: the density contrast of the matter fluid, δ,

and the divergence of its velocity, v. In particular, the relations between the metric potentials

and δ are set by the specific theory of gravity considered. In Fourier space, GR gives us the

following equalities, representing the Poisson and lensing equations, respectively:

k2Ψ = −4πGa2ρ∆, (V.2)

k2(Ψ + Φ) = −8πGa2ρ∆, (V.3)

V.4 See, e.g., recent Refs. [335–338] for updated constraints derived from Planck-PR4 based likelihoods on
different extended cosmological scenarios.

V.5 After our work presented here was shared with the community on arXiv, the DESI collaboration also released
a series of updated constraints on the µ,Σ parametrization of modified gravity using the HiLLiPoP, LoLLiPoP
likelihoods [339, 340], and a different modified gravity software (ISiTGR in [339, 340] instead of MGCAMB +

Cobaya).
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where ∆ ≡ ρδ+3
H
k
(ρ+P )v is the comoving density contrast, which depends on the conformal

Hubble function H, the fluid’s average density ρ, and its pressure P .

V.B.1 The (µ,Σ) Framework

In MG theories, we often see that Eqs. (V.2, V.3) are modified in different ways, usually

by the presence of some additional dependence on the scale factor a or the wavenumber

k [35]. We can capture such differences in the Poisson and lensing equations within a single,

model-independent parametrization, the (µ,Σ) framework [331, 341, 342]:

k2Ψ = −4πGa2(µ+ 1)ρ∆, (V.4)

k2(Ψ + Φ) = −8πGa2(Σ + 1)ρ∆, (V.5)

where µ and Σ are two arbitrary functions of a and k.

As long as we treat linear (δ ≪ 1) and sub-horizon (k ≳ H) perturbations, Eq. (V.4) rep-

resents an adequate description of those models where, for instance, Newton’s constant

of gravity gains a dependence on time and/or scale that can be introduced through µ:

G −→ Geff ≡ (µ + 1)G. Similarly, because the Weyl potential Ψ + Φ directly affects weak

lensing [97, 330], Eq. (V.5) encompasses any deviations in the way gravity deflects light

as predicted in GR. However, in models like MOND, which entail extra scalar and tensor

perturbations and therefore require more equations than just Eqs. (V.2) and (V.3) and the

conservation equations for matter perturbations in GR, this parametrization is not sufficient

to describe the theory’s growth of structure [330].

More concretely, but not exhaustively, a few examples of what µ and Σ look like in theories

of MG can be found in DGP gravity [343], f(R) theories (where Geff ∼ (1 + df
dR)

−1 [344]), or

the Brans-Dicke theory [345].

In this work, however, we do not consider any scale factor or wavenumber dependence of

the (µ,Σ) functions, restraining ourselves to measuring their current, fixed values: µ0,Σ0. A

detection of either µ0 ̸= 0 or Σ0 ̸= 0 will indicate a deviation from the ΛCDM model.

V.B.2 The growth index γ

The (µ,Σ) framework is just one example of the MG parametrizations existing in the liter-

ature. If we still consider the linear, sub-horizon regime of perturbations, we can also look

for deviations away from GR through the so-called growth factor γ [95, 150]. We write the
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growth rate f(a) to be:

f(a) =
d ln δ

d ln a
. (V.6)

Then, γ can be defined through the following ansatz, which one can choose to solve Eq. (V.6):

f(a) = Ωγm, (V.7)

where Ωm is the density fraction of non-relativistic matter.

According to this definition, since MG models often seem to predict the same expansion

history (i.e., they are degenerate in the time evolution of Ωm), any difference in the growth

rate of matter perturbations predicted by alternative theories of gravity has to manifest itself

through γ, which should deviate away from its ΛCDM model prediction: γ ≈ 0.55 to 0.1%

accuracy [95, 96]. Once again, we can list a few concrete examples for the values taken by γ

in models other than ΛCDM. For instance, γ ≈ 0.68 in DGP gravity [95, 96], with no more

than 2% variation if assumed constant in time. For f(R) theories where γ does not suffer

excessive dispersion (i.e., dependence on k), γ ≈ 0.4 [346], even though it can still show a

non-negligible time dependence, up to γ′0 = −0.2 today [347].

As done with the (µ,Σ) parametrization described above, we choose not to assume any time

or scale dependence for γ, opting instead to measure its fixed, current value γ0.
V.6

V.C Likelihoods and Sampling Methodology

Since we are primarily interested in re-evaluating the various hints for MG and their con-

nection to the lensing anomaly — all originally identified in the 2018 Planck-PR3 data re-

lease [23] — our analysis focuses on Planck CMB measurements of temperature and polariza-

tion anisotropies, covering both the PR3 likelihoods and the more recently updated Planck

likelihood codes. Specifically, the Planck likelihoods we use are named as follows.

• Plik; to reproduce the baseline results documented in the literature (and summarized

in the introduction), we begin by considering the Plik likelihood for high-ℓ TT, TE,

EE PR3 spectra, along with the Commander and SimAll likelihoods for the low-ℓ tem-

perature and polarization spectra from the same data release [23]. Specifically, we

use:

V.6 Before going any further, we intend to clarify the nomenclature adopted throughout this article further.
We refer to the (µ,Σ) framework or the γ model to denote the two generic frameworks introduced in this
section. However, as explained, we focus on the case where Σ and γ do not have any explicit time or scale
dependence. Therefore, these functions in our paper are just constants (in time and scale). We refer to
them with the subscript 0, which not only denotes their present-day value but also indicates their value at
any epoch as they do not change over time.
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– the high-ℓ Plik likelihood [23] for the TT spectrum in the multipole range 30 ≤
ℓ ≤ 2508, as well as for the TE and EE spectra at 30 ≤ ℓ ≤ 1996;

– the low-ℓ Commander likelihood [23] for the TT spectrum in the multipole range

2 ≤ ℓ ≤ 29;

– the low-ℓ SimAll likelihood [23] for the EE spectrum at 2 ≤ ℓ ≤ 29.

For simplicity, we refer to this combination as Plik.

• Camspec; we replace the Planck-PR3 Plik high-ℓ TTTEEE likelihood with the more

recent Camspec likelihood [45], based on the Planck-PR4 NPIPE data release [53, 67].

However, we retain the same low-ℓ likelihoods from the Plik combination. Therefore,

we use:

– the high-ℓ Camspec likelihood [45] for the TT, TE, and EE spectra in the multipole

range 30 ≤ ℓ ≲ 2500;

– the low-ℓ Commander likelihood [23] for the TT spectrum in the multipole range

2 ≤ ℓ ≤ 29;

– the low-ℓ SimAll likelihood [23] for the EE spectrum at 2 ≤ ℓ ≤ 29.

We refer to this combination as Camspec.

• Camspec (TT-only); we use the recent Camspec likelihood [45], based on the Planck-

PR4 NPIPE data release [53, 67], for the high-ℓ temperature anisotropy spectrum,

excluding TE and EE information at ℓ > 30. However, we retain the same low-ℓ

likelihoods from the Plik combination. Therefore, we use:

– the high-ℓ Camspec likelihood [45] for the TT spectrum in the multipole range

30 ≤ ℓ ≲ 2500;

– the low-ℓ Commander likelihood [23] for the TT spectrum in the multipole range

2 ≤ ℓ ≤ 29;

– the low-ℓ SimAll likelihood [23] for the EE spectrum at 2 ≤ ℓ ≤ 29.

We refer to this combination as Camspec (TT-only).

• HiLLiPoP; we replace the Planck-PR3 Plik high-ℓ TTTEEE likelihood with the more

recent HiLLiPoP likelihood [24], based on the Planck-PR4 NPIPE data release [53, 67].

Additionally, we replace the Planck-PR3 SimAll likelihood for E-mode polarization

measurements at ℓ < 30 with the Planck-PR4 LoLLiPoP likelihood [24], while keeping

the low-ℓ Commander likelihood for the TT spectrum. Therefore, we use:
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Parameter Prior

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

100θMC [0.5, 10]
τreio [0.01, 0.8]
ns [0.8, 1.2]
log(1010As) [1.61, 3.91]

µ0 [−1.5, 1.5]
Σ0 [−1.5, 1.5]

γ0 [0, 1]

AL [0, 10]

TABLE V.1. Flat priors imposed on the free parameters considered in this analysis.

– the high-ℓ HiLLiPoP likelihood [24] for the TT, TE, and EE spectra in the mul-

tipole range ℓ ≲ 2500;

– the low-ℓ Commander likelihood [23] for the TT spectrum in the multipole range

2 ≤ ℓ ≤ 29;

– the low-ℓ LoLLiPoP likelihood [24] for the EE spectrum at 2 ≤ ℓ ≤ 29.

We refer to this combination as HiLLiPoP.

• HiLLiPoP (TT-only); we use the recent HiLLiPoP likelihood [24], based on the

Planck-PR4 NPIPE data release [53, 67], for the temperature anisotropy spectrum,

excluding any information on TE and EE at ℓ > 30. Additionally, we replace the

Planck-PR3 SimAll likelihood for E-mode polarization measurements at ℓ < 30 with

the Planck-PR4 LoLLiPoP likelihood [24], while keeping the low-ℓ Commander likelihood

for the TT spectrum. Therefore, we use:

– the high-ℓ HiLLiPoP likelihood [24] for the TT spectrum in the multipole range

30 ≤ ℓ ≲ 2500;

– the low-ℓ Commander likelihood [23] for the TT spectrum in the multipole range

2 ≤ ℓ ≤ 29;

– the low-ℓ LoLLiPoP likelihood [24] for the EE spectrum at 2 ≤ ℓ ≤ 29.

We refer to this combination as HiLLiPoP (TT-only).

The six standard model parameters considered in this analysis are: the baryon density (Ωbh
2);

the density of cold dark matter (Ωch
2); the observed angular size of the sound horizon at re-

combination (100θMC); the reionization optical depth (τreio); the amplitude of the primordial

spectrum of scalar perturbations (log(1010As)), and its spectral index (ns). Along with the
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parameters of the two MG models introduced in Sec. V.B, µ0,Σ0 for the (µ,Σ) framework,

and γ0 for the γ model. In order to clarify the correlation with the lensing anomaly, for each

of these models, we consider two cases: one where AL is fixed to the GR value (AL = 1),

and another where AL is left free to vary. We sampled the parameter space by using the

MCMC engine Cobaya [91]. The Einstein-Boltzmann solver implemented in Cobaya to cal-

culate and evolve perturbations within the (µ,Σ) model is MGCAMB [33, 35–37], while for the

γ parametrisation of MG, we employed CAMB GammaPrime Growth [38]. All the parameters

characterising the two MG models considered here have been assumed to have flat priors as

listed in Tab. V.1. To assess the convergence of the chains obtained using this approach,

we apply the Gelman-Rubin criterion [348], setting a threshold for chain convergence at

R − 1 < 0.01. The results are derived from analyzing the MCMC chains using the GetDist

code [349], after discarding a 30% burn-in fraction of samples from each chain.

V.D Results

Plik Camspec Camspec (TT-only) HiLLiPoP HiLLiPoP (TT-only)

Ωbh
2 0.02258± 0.00017 0.02231± 0.00015 0.02253± 0.00027 0.02232± 0.00014 0.02233± 0.00024

Ωch
2 0.1182± 0.0015 0.1187± 0.0013 0.1162± 0.0024 0.1183± 0.0012 0.1179± 0.0022

100θMC 1.04112± 0.00032 1.04086± 0.00026 1.04133± 0.00048 1.04091± 0.00026 1.04110± 0.00046
τ 0.0507± 0.0081 0.0493± 0.0083 0.0512± 0.0082 0.0570± 0.0060 0.0573± 0.0064
ln(1010As) 3.033± 0.017 3.028± 0.017 3.027± 0.017 3.037± 0.014 3.036± 0.015
ns 0.9701± 0.0050 0.9663± 0.0044 0.9730± 0.0072 0.9695± 0.0041 0.9679± 0.0062

µ0 0.08+0.45
−0.91 0.08+0.48

−0.87 0.06+0.48
−0.84 0.02+0.38

−0.95 0.06+0.47
−0.92

Σ0 0.35± 0.14 0.20+0.12
−0.14 0.38± 0.17 0.12+0.11

−0.13 0.20+0.13
−0.18

H0 [km/s/Mpc] 68.23± 0.70 67.74± 0.59 69.0± 1.2 67.91± 0.57 68.13+0.94
−1.1

S8 0.816+0.056
−0.083 0.823+0.055

−0.082 0.792+0.058
−0.082 0.817+0.050

−0.087 0.814+0.059
−0.083

TABLE V.2. 1σ constraints on the (µ,Σ) model when the lensing amplitude AL is kept fixed to
its reference value AL = 1. As the likelihood combination employed changes from Plik, through to
Camspec and finally to HiLLiPoP, the apparent MG evidence signal in Planck’s data disappears,
and consistency with Σ0 = 0 is re-established. Counting polarization anisotropies out of the analysis
(i.e., the TT-only columns) indicates that this signal is predominantly affecting the temperature data.

Constraints on the free and derived cosmological parameters characterizing the (µ,Σ) scenario

are provided in Tables V.2 and V.3, corresponding to the cases where the AL parameter is

fixed and varied, respectively. The most significant findings for this model are discussed in

detail in paragraph V.D.1. However, for a quicker overview, the reader may refer directly to

Fig. V.1 and the left panel of V.2, which visually summarize the main results for this model.

Similarly, the extended γ model is examined in paragraph V.D.2, with numerical constraints

listed in Tables V.4 and V.5 for the fixed and varied AL cases, respectively. Key aspects of

this discussion are visually captured in Fig. V.4 and the right panel of Fig. V.2.

76



V.D. Results

Plik Camspec Camspec (TT-only) HiLLiPoP HiLLiPoP (TT-only)

Ωbh
2 0.02260± 0.00017 0.02231± 0.00016 0.02256± 0.00029 0.02232+0.00014

−0.00015 0.02230± 0.00026
Ωch

2 0.1181± 0.0016 0.1186± 0.0013 0.1160± 0.0025 0.1183± 0.0014 0.1181± 0.0024
100θMC 1.04115± 0.00033 1.04087± 0.00027 1.04136± 0.00048 1.04092± 0.00027 1.04108± 0.00050

τ 0.0499± 0.0084 0.0493± 0.0083 0.0506+0.0088
−0.0077 0.0577± 0.0060 0.0579± 0.0062

ln(1010As) 3.031± 0.018 3.028± 0.017 3.025+0.019
−0.016 3.038± 0.015 3.038± 0.015

ns 0.9707± 0.0050 0.9667± 0.0047 0.9737± 0.0074 0.9695± 0.0045 0.9674± 0.0068

µ0 0.04+0.42
−0.92 0.04+0.43

−0.90 0.07+0.49
−0.86 0.01+0.42

−0.88 −0.01+0.41
−0.86

Σ0 0.24+0.18
−0.23 0.23+0.17

−0.22 0.26+0.19
−0.26 0.25+0.18

−0.24 0.27+0.19
−0.23

H0 [km/s/Mpc] 68.32± 0.72 67.78± 0.61 69.1± 1.2 67.91+0.59
−0.65 68.0+1.0

−1.2

S8 0.809+0.052
−0.083 0.817+0.052

−0.083 0.789+0.063
−0.077 0.815+0.051

−0.083 0.810+0.054
−0.083

AL 1.069+0.083
−0.11 0.992+0.081

−0.097 1.076+0.093
−0.14 0.942+0.077

−0.098 0.963+0.079
−0.11

TABLE V.3. 1σ constraints on the (µ,Σ) model when the lensing amplitude AL is left free to vary in
the model.

FIG. V.1. One-dimensional probability distribution functions and two-dimensional marginalized con-
straints in the (µ0,Σ0) plane for the different datasets listed in Sec. V.C. The lensing amplitude AL

is kept fixed at its reference value AL = 1. The vertical and horizontal dashed lines represent the
baseline values µ0 = Σ0 = 0.

V.D.1 Constraints on the (µ,Σ) framework

We start with the constraints obtained from the combinations of likelihoods labeled as Plik.

This combination of data is entirely based on the Planck-PR3 anisotropy spectra. Therefore,

it is not surprising that we observe (nearlyV.7) the same preference towards MG documented

by the Planck Collaboration [23, 169]. Specifically, when constraining the parameter Σ0, we

find Σ0 = 0.35± 0.14, which is 2.5σ away from the value expected within GR. Additionally,

referring to the leftmost panel of Fig. V.1 – where we show the 2D marginalized constraints

in the (µ0, Σ0) plane along with the one-dimensional probability distribution functions of the

two parameters – we observe that the point (0, 0), which corresponds to a baseline ΛCDM

V.7 This is slightly different from the value measured by the Planck collaboration and reported in the introduc-
tion due to a different parametrization and implementation of the model in the Boltzmann code.
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FIG. V.2. Left panel: one-dimensional probability distribution functions and two-dimensional
marginalized contours in the (AL,Σ0) plane for the different datasets listed in Sec. V.C. The hor-
izontal and vertical dashed lines represent the baseline values Σ0 = 0 and AL = 1, respectively. Right
panel: two-dimensional marginalized constraints in the (AL, γ0) plane for the different datasets listed
in Sec. V.C. The horizontal and vertical dashed lines represent the baseline values γ0 = 0.55 and
AL = 1, respectively.

cosmology, falls well outside the 95% contours.

As already pointed out in Refs. [23, 332–334, 350], this apparent evidence for MG in Planck’s

PR3 data is closely linked to the lensing anomaly. This can be understood by the effect of

Σ0 in Eq. (V.5), which alters the strength of CMB lensing. Values of Σ0 > 0 produce
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FIG. V.3. One-dimensional probability distribution functions and two-dimensional marginalized con-
tours for the parameters γ0, Ωm, and S8. The lensing amplitude AL is kept fixed at its reference
value AL = 1. In the left side panel, we show the constraints involving the combinations of likelihood
Camspec and Camspec (TT-only), whereas in the right side panel, we show the constraints for
the combination of likelihood HiLLiPoP and HiLLiPoP (TT-Only) – all likelihoods are defined
in Sec. V.C. The vertical dashed lines in both panels correspond to the baseline values µ0 = Σ0 = 0.

effects similar to those associated with AL > 1, and the two can be recast into

one another. As a result, CMB data are sensitive to both of these changes in much the

same way. Unsurprisingly, when AL is allowed to vary within the (µ,Σ) framework, a strong

negative correlation emerges between Σ0 and AL. In this joint analysis, the combined effect of

this correlation and the larger uncertainties translates into the Σ0 → 0 and AL → 1 shifts we

find with Camspec and HiLLiPoP, diluting both the lensing anomaly and the preference

for MG. This is also clearly reflected in the numerical constraints given in Tab. V.3. Taken at

face value, the results for AL and Σ0 are both consistent with their GR predictions within 2

standard deviations. Nevertheless, referring to the left panel of Fig. V.2 – where we show the

2D marginalized constraints in the (AL, Σ0) plane along with the one-dimensional probability

distribution functions of these parameters – we observe that, due to the strong correlations,

the point corresponding to GR (AL = 1, Σ0 = 0) still falls outside the 95% confidence level

contours.

When analyzing the new Planck-PR4-based likelihoods, we find that the contours in the (µ0,

Σ0) plane shown in Fig. V.1 shift closer to GR as we move from the Plik to Camspec,

and finally to the HiLLiPoP likelihood combinations. Overall, moving from the leftmost to

the rightmost panel of the figure, we observe that the point (µ0 = 0, Σ0 = 0) falls within

the 3σ, 2σ, and 1σ confidence limits for the Plik, Camspec, and HiLLiPoP likelihoods,

respectively. At its core, this improved consistency with GR is primarily driven by a shift
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in the value of Σ0 → 0, as seen by comparing the one-dimensional probability distribution

functions in Fig. V.1 for this parameter across the three datasets and confirmed by the

numerical results: Camspec yields Σ0 = 0.20+0.12
−0.14 (1.4σ away from GR), while HiLLiPoP

gives Σ0 = 0.12+0.11
−0.13 (consistent with GR within 0.9σ).

We again want to point out to the reader that these results are closely related to the behavior

of the lensing anomaly in these new likelihoods. Firstly, the strength of the preference for

AL > 1 follows the same decreasing trend as the preference for Σ0 ̸= 0. Specifically, using

Camspec temperature and polarization data reduces the preference for AL > 1 to less than

∼ 1.6σ (see Tab. 6 of Ref. [45]), matching the extent of the shift in Σ0. Using the HiLLiPoP

likelihood, the results are consistent with AL = 1 within 1 standard deviation (see Tab. 6 of

Ref. [24]) — similar to what happens for Σ0.

Pushing this comparison further, similarly to the AL anomaly, the MG signal appears to be

largely driven by the temperature anisotropy data in both the PR3 and PR4 based likelihoods.

As shown by the numerical constraints in Tab. V.2 and the posteriors in Fig. V.3, for the

data combinations Camspec (TT-only) and HiLLiPoP (TT-only) (i.e., those involving

only TT measurements at ℓ > 30), the deviation of Σ0 from zero can be more pronounced

compared to the full TTTEEE likelihood. Specifically, in Camspec, the preference for

Σ0 ̸= 0 increases from 1.4σ to 2.2σ when polarization is excluded; see also the light-blue

contours in the left-side panel of Fig. V.3. Conversely, with HiLLiPoP (TT-only), no

significant deviation from GR is found, as illustrated by the olive contours in the right-side

panel of Fig. V.3. This trend closely follows the behavior observed for the lensing anomaly: as

reported in Table 6 of Ref. [45], focusing solely on TT spectrum data in Camspec increases

the lensing anomaly up to 2.3σ. However, no significant deviation from AL = 1 is found

when considering only the TT spectrum data in HiLLiPoP.

Given the close and expected relationship between Σ0 and AL, it is worth examining the

impact of varying AL within the µ,Σ framework using the new PR4-based data combinations.

The results are summarized in Tab. V.3. Across all Planck-PR4 anisotropy spectrum datasets,

the numerical results for both AL and Σ0 remain consistent with the GR values within one

standard deviation. Additionally, referring to the left panel of Fig. V.2, we see that GR

comfortably falls within the 95% CL contours. This contrasts with the results from Plik,

shown in the same figure, reinforcing the interpretation that the earlier signals observed in

Planck-PR3 spectra were likely due to systematic effects that have since been mitigated (if

not erased) in the new data release.

We conclude this section with a final important remark: forPlik,Camspec, andHiLLiPoP,

we find µ0 to be well within the GR limit (see both Fig. V.1 and Fig. V.3), albeit with

much wider error bars compared to Σ0. This can be attributed to the limited impact of this

parameter on the CMB spectra, reflecting the physical interpretation of the µ function as Geff .

Fundamentally, the µ parameter influences the growth of structure; for instance, a higher µ
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corresponds to larger values of σ8. This strong correlation with the growth parameter S8 is

illustrated by the µ0 − S8 contour in Fig. V.3. However, since the CMB constrains modified

gravity (MG) primarily through the integrated Sachs-Wolfe effect and CMB lensing, it is

unable to tightly constrain µ0.

V.D.2 Constraints on the growth index γ

We anticipate that modifying the growth of perturbations using the γ parametrization will not

significantly alter the conclusions drawn in the previous subsection with the (µ,Σ) framework.

As usual, to establish a reference case, we first derive results from the Planck-PR3 based

spectra using the data combination Plik. In this instance, we obtain γ = 0.840+0.11
−0.074 –

approximately 3.9σ away from what one might naively expect within GR. This finding aligns

with the recently debated claims of deviations from a baseline structure growth history, as

reviewed in the introduction.

However, as seen in Tab. V.4 and Fig. V.4, where we display the one-dimensional probability

distribution function for the parameter γ0 as obtained from the three different datasetsV.8,

the indication of beyond-GR phenomenology is found to be reduced to the 2σ level in the

Planck-PR4-based combination of likelihoods Camspec (which gives γ0 = 0.72± 0.10) and

disappears entirely with HiLLiPoP, which shows consistency with GR well within one stan-

dard deviation, yielding γ0 = 0.621± 0.090.

Plik Camspec Camspec (TT-only) HiLLiPoP HiLLiPoP (TT-only)

Ωbh
2 0.02258± 0.00017 0.02232± 0.00016 0.02249+0.00028

−0.00025 0.02230± 0.00015 0.02228± 0.00026
Ωch

2 0.1182± 0.0015 0.1186± 0.0013 0.1165± 0.0023 0.1184± 0.0013 0.1182± 0.0023
100θMC 1.04112± 0.00032 1.04088± 0.00027 1.04128± 0.00046 1.04091± 0.00027 1.04104± 0.00048
τ 0.0499± 0.0082 0.0487± 0.0083 0.0506± 0.0085 0.0572± 0.0063 0.0572± 0.0064

ln(1010As) 3.031± 0.017 3.027+0.018
−0.016 3.026± 0.017 3.036± 0.015 3.036± 0.015

ns 0.9704± 0.0048 0.9672± 0.0045 0.9722+0.0071
−0.0063 0.9691± 0.0044 0.9670± 0.0068

γ0 0.840+0.11
−0.074 0.72± 0.10 0.827+0.16

−0.051 0.621± 0.090 0.66± 0.13
H0 [km/s/Mpc] 68.24± 0.69 67.81± 0.61 68.8± 1.1 67.87± 0.61 68.0± 1.1

S8 0.806± 0.018 0.811± 0.017 0.787+0.024
−0.028 0.813± 0.016 0.811± 0.027

TABLE V.4. 1σ constraints on the γ model when the lensing amplitude AL is kept fixed to its reference
value AL = 1. As the likelihood combination employed changes from Plik, through to Camspec
and finally to HiLLiPoP, the apparent MG evidence signal in Planck-PR3 data disappears, and
consistency with γ0 = 0.55 is re-established. Counting polarization anisotropies out of the analysis
(i.e., the TT-only columns) indicates that this signal is predominantly affecting the temperature data.

V.8 An interesting difference between the two theoretical setups concerns the correlation with other matter
clustering quantities. For instance, as shown in Fig. V.5, we find a weaker degeneracy between the MG
parameter γ0 and quantities such as S8, compared to what we observed for µ0, which also impacts the
growth of cosmic structures.
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Plik Camspec Camspec (TT-only) HiLLiPoP HiLLiPoP (TT-only)

Ωbh
2 0.02260± 0.00017 0.02257± 0.00028 0.02232± 0.00016 0.02229± 0.00025 0.02230± 0.00015

Ωch
2 0.1180± 0.0015 0.1159± 0.0023 0.1186± 0.0014 0.1181± 0.0024 0.1183± 0.0013

100θMC 1.04115± 0.00032 1.04138± 0.00047 1.04088± 0.00027 1.04107± 0.00047 1.04091± 0.00027

τ 0.0494+0.0087
−0.0075 0.0505± 0.0085 0.0487+0.0086

−0.0072 0.0572± 0.0063 0.0571± 0.0062

ln(1010As) 3.029+0.018
−0.016 3.025+0.018

−0.016 3.027+0.018
−0.015 3.036± 0.015 3.036± 0.015

ns 0.9708± 0.0048 0.9739± 0.0070 0.9670± 0.0046 0.9674± 0.0068 0.9692± 0.0044
γ0 < 0.597 < 0.610 < 0.621 < 0.603 < 0.605
H0 [km/s/Mpc] 68.34± 0.71 69.2± 1.1 67.81± 0.62 68.0± 1.1 67.89± 0.62

S8 0.803± 0.019 0.780± 0.028 0.811± 0.017 0.809+0.026
−0.029 0.813± 0.017

AL 1.31+0.19
−0.33 1.32+0.20

−0.35 1.20+0.17
−0.30 1.18+0.17

−0.30 1.14+0.16
−0.28

TABLE V.5. 1σ constraints on the γ model when the lensing amplitude AL is left free to vary.
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FIG. V.4. One-dimensional marginalized posterior distributions for γ0 are presented for the three
different datasets listed in Sec. V.C. The lensing amplitude AL is kept fixed at its reference value
AL = 1. The vertical dashed line represents the baseline value γ0 = 0.55.

As shown in Table V.4 and Fig. V.5, when using a TT-only likelihood instead of the full

TTTEEE high-ℓ combination, we observe a shift in Camspec (TT-only) towards values

of γ0 > 0.55. Specifically, we find γ0 = 0.827+0.16
−0.051, which shifts further away from the GR

expectation, as can be seen by comparing the dark blue contours with the light blue contours

in the left-side panel of Fig. V.5. In contrast, the value of γ0 inferred from the HiLLiPoP

(TT-only) data combination remains consistent with ΛCDM within 1σ. Aside from a sig-

nificant increase in the uncertainty of parameter value inference, no notable discrepancies are

observed between the constraints inferred from the full TT, TE, EE combinations of spectra

(dark green contours in the right panel of Fig. V.5) and those obtained by retaining only TT

data (olive green contours in the right panel of Fig. V.5).

As discussed in the previous subsection, this trend mirrors the behavior of the lensing anomaly

across the two different combinations of TT-only data, suggesting that the results for γ0 can

be significantly influenced by the excess lensing smoothing observed in the acoustic peaks

of temperature anisotropy spectra. Therefore, following the same approach as in the (µ-Σ)

framework, it is worthwhile to investigate the relationship between γ0 and AL when the latter
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FIG. V.5. One-dimensional probability distribution functions and two-dimensional marginalized con-
tours for the parameters γ0, Ωm, and S8. The lensing amplitude AL is kept fixed at its reference
value AL = 1. In the left-side panel, we show the constraints involving the combinations of likelihood
Camspec and Camspec (TT-only), whereas in the right-side panel, we show the constraints for
the combination of likelihood HiLLiPoP and HiLLiPoP (TT-only) – all likelihoods are defined in
Sec. V.C. The vertical dashed lines in both panels correspond to the baseline value γ0 = 0.55.

is allowed to vary freely in the model. The main conclusions from previous sections largely

hold: γ0 exhibits a strong correlation with AL, which is illustrated for the three datasets in

the right panel of Fig. V.2.

Interestingly, allowing AL to vary precludes achieving a two-tail constraint on γ0. From

Plik, we obtain joint constraints of AL = 1.31+0.19
−0.33 and γ0 < 0.597. Taken at face value,

both parameters remain consistent with GR within two standard deviations. However, as

shown in the right panel of Fig. V.2, the point AL = 1 and γ0 = 0.55 still lies outside

the 2D marginalized probability contours in the (AL, γ0) plane. Turning to the Planck-

PR4-based likelihoods, Camspec yields AL = 1.32+0.20
−0.35 and γ0 < 0.610, while HiLLiPoP

gives γ0 < 0.603 and AL = 1.18+0.17
−0.30. When interpreted at face value, these results indicate

that both AL and γ0 are consistent with their ΛCDM values. The key difference between the

results inferred from the Planck-PR4 spectra and those based on Plik is that both Camspec

and HiLLiPoP produce contours such that the standard cosmological model now falls within

the 95% confidence region in the (AL,γ0) plane. In other words, we can recover the standard

ΛCDM model without reducing one anomaly at the expense of exacerbating another.
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V.E Discussion And Conclusion

Precise CMB observations are a powerful tool for testing whether gravity follows GR on cos-

mic scales. On the brighter side, CMB physics primarily relies on linear perturbation theory,

governed by a system of linearized Einstein-Boltzmann equations, which makes it largely im-

mune to complications from astrophysical processes (beyond foreground contamination) or

nonlinear dynamics that can complicate the analysis of late-time structures. Consequently,

over the past two decades, numerous extended theories of gravity have been tested against

CMB observations.

However, on the downside, in extended theories of gravity, the equations describing the

evolution of cosmological perturbations (and the growth of cosmic structures) can deviate

significantly from GR in ways that differ from model to model. To face this complexity,

various parametric tests have been developed to recast these behaviors and establish broader

frameworks for testing GR predictions. Within these frameworks, analyses of the Planck-PR3

2018 spectra have revealed multiple hints of potential deviations from the baseline predictions

of a ΛCDM cosmology.

The first longstanding issue concerns the amplitude of the lensing spectrum as inferred from

the smoothing of acoustic peaks in the temperature and polarization spectra. Since the 2013

data release, the temperature and polarization power spectra from Planck have shown an

excess of lensing, leading to a value of the phenomenological parameter AL greater than

unity. In the Planck-PR3 2018 data release, AL is measured to be AL = 1.180± 0.065 – i.e.,

2.8σ away from the ΛCDM predictions.

Another interesting hint of deviation from GR appears when altering the predictions for the

Poisson and lensing equations within the so-called (µ,Σ) framework, where µ(k, a) and Σ(k, a)

are two arbitrary functions of the wavenumber k and the scale factor a, both null in GR.

Assuming them to be constant both in a and k, Planck-PR3 data measure Σ0 = 0.35± 0.14,

which is 2.5σ away from the expected value.

Finally, yet another test that produces a non-null result involves measuring the growth index γ

that captures potential deviations in the growth of perturbations. This parameter is predicted

to be γ = 0.55 in GR and measured to be γ = 0.840+0.011
−0.074 with Planck-PR3 data.

Although these results are certainly interesting, possibly suggesting departures from a ΛCDM

model of structure formation, they come with a good number of caveats and warnings that

we already pointed out in the introduction and further stress here: firstly, no indication of a

lensing excess, Σ0 > 0, or γ ̸= 0.55 has been found in CMB experiments other than Planck,

such as ACT and SPT. Secondly, within the Planck-PR3 spectra, a strong correlation between

AL and the Σ0 or γ0 parameters is observed, suggesting that these three problems may have

a common root – most probably the excess smoothing in the TT Planck-PR3 spectrum,

which is the main driver of the lensing anomaly. Finally, the latest versions of CamSpec [45]
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and HiLLiPoP [24] (both based on Planck-PR4 NPIPE maps) show a much better agreement

with AL = 1, pointing at an observational systematic issue in the Planck-PR3 spectra and

immediately calling into question all the other hints for modified gravity discussed thus far.

In an attempt to clarify once and for all whether these anomalous results should be considered

genuine indicators of new physics beyond GR or whether they simply arise from observational

systematics (while understanding how exactly the lensing anomaly fits into the picture), we

present in this paper a re-evaluation of the modified gravity constraints inferred from the

most recent Planck-PR4 spectra, derived from the new NPIPE data release. We stated the

main conclusion of our analysis right in the title of this paper: Planck-PR4 spectra show

(better) agreement with GR. Specifically:

• For the combination of likelihoods labeled as Camspec (which is primarily based

on the Camspec likelihoods for the high-ℓ TT, TE, and EE spectra), we find that

the constraint Σ0 = 0.20+0.12
−0.14 lies within 1.5σ of GR, see also Fig. V.1. Similarly,

the indication of beyond-GR phenomenology in terms of non-canonical values of the

growth index is reduced to approximately 2σ, with the numerical constraint reading

γ0 = 0.72± 0.10, see also Fig. V.4.

• For the combination of likelihoods labeled as HiLLiPoP (which relies mainly on the

HiLLiPoP likelihoods for the high-ℓ TT, TE, and EE spectra, along with the LoLLiPoP

low-ℓ likelihood for E-mode polarization measurements), we find close agreement with

GR. Within the (µ,Σ) framework, we obtain Σ0 = 0.12+0.11
−0.13, while for the growth

index, we find γ0 = 0.621± 0.090 – both consistent with the baseline values within one

standard deviation (see Fig. V.1 and Fig. V.4, again).

The better consistency with the predictions of GR found is closely correlated to the lensing

anomaly. Indeed, across the different likelihoods, the shift towards values of Σ0 ̸= 0 and

γ0 > 0.55 follows the same trend as the reduced preference for AL > 1. Specifically:

• Using Camspec for temperature and polarization data shifts the lensing anomaly to

less than 1.6σ (see Tab. 6 of Ref. [45]), which roughly corresponds to the shifts observed

both in Σ0 and γ0 – see Tab. V.2 and Tab. V.4, respectively.

• Using the HiLLiPoP combination, the results regarding the lensing amplitude are

consistent with AL = 1 within one standard deviation (see, e.g., Tab. 6 of Ref. [24]).

Similarly, Σ0 and γ0 align with their respective baseline values within one standard

deviation.

Pushing this comparison further, we find that, similar to the lensing anomaly, the shifts in

the values of Σ0 and γ0 observed in Plik and, to some extent, in Camspec are largely driven

by the temperature anisotropy data. Specifically:
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• Focusing on Camspec (TT-only) (i.e., a combination of data involving only the TT

spectrum at ℓ > 30 from the Camspec likelihood), the deviation of Σ0 from zero is

more pronounced compared to the full Camspec TTTEEE likelihood, increasing from

1.4σ to 2.2σ, see also Tab. V.2 and Fig. V.3. Notably, in this case, a significant

shift in γ0 = 0.827+0.16
−0.051 is also observed, pulling this parameter away from the GR

expectations, see also Tab. V.4 and Fig. V.5.

• Focusing on HiLLiPoP (TT-only) (i.e., a combination of data involving only the TT

spectrum at ℓ > 30 from the HiLLiPoP likelihood), no significant deviation from GR

is observed in either Σ0 or γ0 – see also Fig. V.3 and Fig. V.5. This is easily explained

by noting that, for the same dataset, AL remains consistent with unity.

Digging deeper into the correlation with the lensing anomaly, we vary the parameter AL

within both the (µ,Σ) framework and the extended model involving the growth index γ. In

these extended parameter spaces, the correlations among parameters are such that the nu-

merical constraints on all modified gravity indicators (i.e., AL, Σ0, and γ0) remain consistent

within two standard deviations of GR. This holds true even for the Planck-PR3-based data

combination Plik. However, the joint marginalized constraints in the (AL, Σ0) plane shown

in the left panel of Fig. V.2 and in the (AL, γ0) plane presented in the right panel of the

same figure reveal that, for Plik, the point corresponding to ΛCDM consistently falls outside

the 95% CL contours in both cases. In contrast, ΛCDM comfortably falls within the 95%

CL contours for both Camspec and HiLLiPoP, underscoring that in these latter cases,

Planck-PR4 data agree with the standard ΛCDM model without needing one anomaly to be

resolved at the expense of another.

Wrapping everything up, there is a strong basis to conclude that a significant portion of

the hints for modified theories of gravity identified and debated over the past few years

might stem from observational systematics in the Planck-PR3 data, likely rooted in the well-

documented excess smoothing in the high-ℓ peaks of the TT spectrum. To further validate

this interpretation, it would be interesting to adapt the Plik high-ℓ likelihood to the Planck-

PR4 data and reassess Planck’s 2018 conclusions in their entirety.
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Afterword

In the paper just presented, the constraints on µ and Σ were obtained by always using the

PR3 temperature spectra as the baseline for the analysis, while polarisation data were added

selectively. The reason for doing so was simply to show that the deviation of Σ from a null

value is mainly driven by the anomalous lensing signal in the TT spectrum measurements of

Planck (i.e., through the smoothing of the acoustic peaks).

We reiterate once again that the lack of any anomalous lensing signal of relevance in the

PR4 reanalysis of the Planck data stems entirely from their treatment. In particular, and

as opposed PR3, the PR4 analysis includes a larger sky fraction [24], while implementing a

likelihood that does not take care of most of the foreground emission, which is removed at

the map level for a PR4 realisation like Camspec [351]. In conclusion, this work corroborates

the idea that the lensing anomaly in the PR3 analysis of Planck’s data is a systematic issue

rather than a true signal of deviation from the ΛCDM model, given that the PR4 results are

closer to the measurements of AL and Σ by ACT and SPT than they are to PR3.
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VI Neutrino Mass Tension or Suppressed Growth

Rate of Matter Perturbations?

Preamble to the Paper

In this final chapter on the topic of MG parametrisations, we explore possible connections

between the effect that massive neutrinos might have on the large-scale structure and the

growth of matter perturbations. In particular, we employ the γ parametrisation once again

and treat
∑
mν , the total neutrino mass, as a free parameter. In the cosmological paradigm,

we generally assume
∑
mν = 0.06 eV.

In order to understand how the effects of MG can be compared to those of massive neutrinos at

cosmological scales, we briefly introduce how neutrinos affect the large-scale structure growth.

A more thorough elucidation of this matter is given in Sec. VI.B of the paper presented here.

On large scales, neutrinos cluster just like dark matter: δm = δc+δb+δν [352]. As we zoom in

closer to the free-streaming scale of neutrinos, kfs, the neutrinos’ contribution to the matter

clustering starts to drop. Below kfs, the main contribution of neutrinos to the growth of

structure happens through their mean energy density Ων , and so through the Hubble friction

term (i.e., the second term) in Eq.(II.23): at these scales, the growth of matter perturbations

(δm = δc + δb) is suppressed [352]. As Ων is directly proportional to Σmν , an increase in the

value of Σmν corresponds to a suppression of the standard model’s matter power spectrum,

denoted in this paper as Pm(k, a), by a factor that can be approximately calculated as [353]:

Pm(k, a,Σmν) ≈ Pm(k, a)×
(
1− 8

Ων
Ωm

)
. (VI.1)

Any observable that depends on Pm(k, a), such as the lensing potential of the CMB, will also

be modified as a consequence.

As done in the papers presented in the last two chapters, the goal here is to take advantage

of Planck’s lensing anomaly as a way to search for a mechanism that could similarly cause

the power loss observed in the temperature spectrum measured by Planck, like MG or, in

this case, a non-zero
∑
mν . What is more, this study is also motivated by DESI’s constraint

on
∑
mν [14], which has been found to exclude almost both of the neutrinos mass orderings

allowed by neutrino oscillation experiments. A number of works found that, with the DESI

BAO data, we can even extrapolate
∑
mν to a negative effective value [354, 355]. Some

papers also showed that the dynamical dark energy evidence found, again, by DESI [14] can
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be explained in terms of a non-minimally coupled Horndeski model [281, 356]. With these

facts in mind, it is then natural to ask whether MG can explain the unexpected constraint

on the total neutrino mass in the same way it accounts for DESI’s dynamical dark energy

evidence and Planck’s lensing anomaly. We ask this question in the paper presented below.
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Neutrino Mass Tension or Suppressed Growth Rate of
Matter Perturbations?

Abstract: Assuming a minimal ΛCDM cosmology with three massive

neutrinos, the joint analysis of Planck cosmic microwave background data,

DESI baryon acoustic oscillations, and distance moduli measurements of

Type Ia supernovae from the Pantheon+ sample sets an upper bound on

the total neutrino mass,
∑
mν ≲ 0.06–0.07 eV, that lies barely above the

lower limit from oscillation experiments. These constraints are mainly

driven by mild differences in the inferred values of the matter density

parameter across different probes that can be alleviated by introducing

additional background-level degrees of freedom (e.g., by dynamical dark

energy models). However, in this work we explore an alternative possibil-

ity. Since both Ωm and massive neutrinos critically influence the growth of

cosmic structures, we test whether the neutrino mass tension may originate

from the way matter clusters, rather than from a breakdown of the ΛCDM

expansion history. To this end, we introduce the growth index γ, which

characterizes the rate at which matter perturbations grow. Deviations from

the standard ΛCDM value (γ ≃ 0.55) can capture a broad class of mod-

els, including non-minimal dark sector physics and modified gravity. We

show that allowing γ to vary significantly relaxes the neutrino mass bounds

to
∑
mν ≲ 0.13–0.2 eV, removing any tension with terrestrial constraints

without altering the inferred value of Ωm. However, this comes at the cost

of departing from standard growth predictions: to have
∑
mν ≳ 0.06 eV

one needs γ > 0.55, and we find a consistent preference for γ > 0.55 at

the level of ∼ 2σ. This preference increases to ∼ 2.5–3σ when a physically

motivated prior
∑
mν ≥ 0.06 eV from oscillation experiments is imposed.

VI.A Introduction

What began as Pauli’s desperate remedy to preserve energy conservation in beta decay –

the postulation of light, electrically neutral, and almost undetectable particles, soon to be

called neutrinos – has since grown into one of the most remarkable success stories in modern

physics. Despite Pauli’s own skepticism about the testability of his hypothesis, not only

have three distinct families of neutrinos been experimentally confirmed, but neutrino oscil-

lation experiments have also precisely measured two independent mass-squared differences:

|∆m2
31| ≡ |m2

3 −m2
1| ≃ 2.5× 10−3 eV2 and ∆m2

21 ≡ m2
2 −m2

1 ≃ 7.5× 10−5 eV2 [357–359].

On the one hand, these measurements imply that at least two neutrino species have nonzero
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mass, providing concrete evidence for physics beyond the Standard Model, where neutrinos

are originally treated as massless particles. Explaining neutrino masses – either through the

effective dimension-five Weinberg operator [360], which induces small Majorana masses by

violating lepton number, or via more elaborate seesaw mechanisms that introduce heavy right-

handed neutrinos [361–364] – remains an open challenge that attracts significant research

interest.

On the other hand, since the sign of ∆m2
31 remains unknown, two possible mass orderings are

still allowed: the normal ordering (NO) ∆m2
31 > 0 and the inverted ordering (IO) ∆m2

31 < 0.

In both orderings, assuming the lightest neutrino mass is zero, neutrino oscillation experi-

ments provide a lower limit on the total neutrino mass,
∑
mν ≡ m1 +m2 +m3. This reads∑

mν > 0.06 eV for the NO and
∑
mν > 0.1 eV for the IO [358].

Given their intrinsic importance, determining the neutrino mass ordering and precisely mea-

suring the total neutrino mass
∑
mν remain key objectives of neutrino physics. To this end, a

number of ongoing and future neutrino oscillation experiments have been designed to resolve

the mass ordering while simultaneously improving constraints on
∑
mν [365–369]; see also

Ref. [370]. Complementing these efforts, direct searches such as the KATRIN experiment pro-

vide competitive upper bounds on the total neutrino mass, currently
∑
mν < 1.35 eV [371].

On the cosmological side, in the simplest scenario – that is, within the standard Λ Cold Dark

Matter (ΛCDM) model and three degenerate neutrino states – the DESI collaboration has re-

cently reported that when DESI-2025 Baryon Acoustic Oscillation (BAO) measurements are

combined with Planck-PR4 Cosmic Microwave Background (CMB) likelihoods, the cosmolog-

ical upper limit on the total neutrino mass reads
∑
mν ≲ 0.064 eV [372] at 95% Confidence

Level (CL). This is worryingly close to the lower limits set by oscillation experiments within

the NO and in strong tension with the IO. Furthermore, when extending the analysis to

other sources of cosmological and astrophysical data, the cosmological bound on the total

neutrino mass can be pushed even below the minimum scale predicted by terrestrial oscilla-

tion experiments, i.e., around
∑
mν ≲ 0.05 eV [373], leading to an overall tension between

oscillation results and cosmological observations [374]. Although part of this tension may

reflect differences or inconsistencies across datasets, an even more striking feature emerges

when the well-motivated physical prior
∑
mν > 0 (used in the DESI analyses) is relaxed, and

the unphysical region
∑
mν < 0 is allowed. In this case, negative neutrino masses are found

to be favored by the data, as reported by several independent groups [354, 355, 375–377].

It now appears well established that, within the minimal ΛCDM framework, the extremely

small values inferred for the total neutrino mass largely originate from a mismatch in the

preferred value of Ωm [372, 375, 378–381]. In particular, BAO distance measurements from

DESI favor a lower matter density, which lies in moderate (2-3σ) tension with values inferred

from CMB observations. This tension often manifests as a preference for unnaturally small

values of
∑
mν .
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Interestingly, when considering extended cosmological scenarios – most notably those allowing

for dynamical dark energy – the discrepancy is somewhat alleviated. As originally shown by

the DESI collaboration [14, 15, 382] and subsequently corroborated by multiple re-analyses [3,

216, 260, 266–268, 270, 271, 273, 275–278, 280, 281, 285, 289, 291–293, 297, 338, 383–409],

adopting a Chevallier Polarski Linder (CPL) parametrization [149, 410], in which the dark

energy equation of state varies linearly with the expansion history of the Universe, leads

to a significantly improved consistency between DESI BAO and Planck CMB data. In this

extended scenario, a preference for dynamical dark energy emerges at the 2.8–4.2σ level,

depending on the specific dataset combination. At the same time, the neutrino mass bounds

are relaxed up to
∑
mν < 0.16 eV, restoring agreement with oscillation experiments [15, 359].

Given the mounting evidence for dynamical dark energy and its resilience across diverse

independent probes, the predominant – though far from unanimous – narrative surrounding

the neutrino mass problem is that the unphysically small cosmological upper limits on
∑
mν

may themselves reflect the inability of the minimal ΛCDM model to accurately describe

the late-time expansion of the Universe. In other terms, within the minimal ΛCDM model,

the late-time behavior of H(z) is tightly governed by only two parameters: the present-day

Hubble constant H0 and the matter density parameter Ωm. Stringent constraints from DESI

BAO data on the transverse comoving distanceDM (z), the Hubble parameterH(z), and their

combinationDV (z) (all expressed relative to the sound horizon at the drag epoch rd) translate

directly into stringent bounds on Ωm, driving the mismatch between cosmological upper limits

and terrestrial lower limits on the total neutrino mass. Conversely, an evolving dark energy

equation of state introduces additional freedom into H(z), allowing more flexibility in fitting

BAO measurements at different redshift while accommodating values of Ωm that are in line

with CMB-derived estimates. As a result, the differences in the inferred value of the matter

density, combined with the enlarged parameter space, weaken the degeneracy between Ωm

and
∑
mν , relaxing the upper bounds on the neutrino mass.VI.1 In this sense, one could

argue that dynamical dark energy can be regarded as a solution that operates almost entirely

at the level of background dynamics, leaving minimal effects at the level of perturbations in

the CMB spectra.

Although this interpretation has gained significant traction, in this work we wish to propose

and explore a complementary perspective on the neutrino mass discrepancy by shifting the

focus from the expansion history to the growth of cosmic structures. The key observation

motivating this shift is that both Ωm and
∑
mν not only affect the background expansion but

also critically influence the growth of cosmic structures, driving gravitational clustering of

over-densities and suppressing structure formation at small scales, respectively. Consequently,

a mismatch between cosmological and terrestrial bounds on the total neutrino mass may point

VI.1 We note that yet another key assumption underlying cosmological limits on the total neutrino mass is
the standard neutrino physics. Many alternative models of new physics in the neutrino sector have been
proposed and remain viable and actively explored alternatives, often leading to weaker cosmological bounds
on

∑
mν . Without any claim of completeness, see, e.g., Refs. [375, 411–443].
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to new physics impacting not only the background expansion but also the dynamics of the

growth rate of matter perturbations over time, and structure formation more broadly – either

alongside or instead of modifications to the expansion history.

To test this possibility, we consider a non-standard growth of structure by introducing a free

growth index parameter, γ [95, 96]. This index effectively captures the physics of structure

growth across a wide range of alternative scenarios, from dark energy models to beyond-

Einstein gravity. Crucially, γ does not alter the background expansion. Instead, it directly

impacts observables sensitive to matter perturbations, such as the CMB spectra and the

matter power spectrum. This makes it possible to disentangle different models based on their

perturbation-level effects, even when their expansion histories are identical. In this sense, it

offers a clean framework to test whether new physics affecting the growth of structure can

provide an alternative and complementary route to reconcile cosmological and terrestrial

bounds on the neutrino mass. To this end, we perform a comprehensive analysis combining

the latest DESI BAO data, Planck CMB likelihoods, and Type Ia supernova distance moduli

measurements, explicitly allowing for departures from ΛCDM at the perturbation level while

keeping the background fixed to the baseline model.

The structure of the manuscript is as follows. We start in Sec. VI.B by describing the linear

growth factor and the growth index parameter, illustrating the degeneracy between the former

and the neutrino mass. Section VI.C presents the different datasets employed in the analyses

and the methodology followed to derive the results presented in Sec. VI.D. We draw our

conclusions in Sec. VI.E.

VI.B Growth index and neutrinos

As emphasized in the introduction, our goal is to assess whether the unphysically tight bounds

on the total neutrino mass, arising from the mild tension between the values of Ωm preferred

by geometric probes like BAO and those inferred from perturbation-sensitive observables

such as the CMB in ΛCDM, may be driven, at least in part, by the assumption of standard

structure growth, without necessarily indicating a failure of the standard background expan-

sion, as in dynamical dark energy models. In this regard, many well-motivated extensions of

the standard cosmological model predict a background evolution virtually identical to that of

ΛCDM. Consequently, these models exhibit degeneracy in Ωm(a) and cannot be distinguished

based on background-level predictions alone. This happens, for instance, in those ΛCDM ex-

tensions where the effective equation of state of the accelerating component in the Hubble

equation (whether this is dark energy or a modification of gravity) is free to vary slightly

around −1 [444]. Similarly, in the DGP model [445] one can reproduce the same expansion

history predicted by fixing w0 = −0.78 and wa = 0.32 in the CPL parametrization [95], mak-

ing it hard to distinguish different models by means of background quantities only. However,
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FIG. VI.1. CMB temperature, polarization and cross-correlation power spectra for different values of
the total neutrino mass (left panels), and for different values of the growth index γ (right panels), see
text for details.

such models can still produce distinct signatures in structure formation. If the actual growth

of structures deviates from the ΛCDM expectation, these deviations could partially mimic

or offset the effects usually attributed to massive neutrinos. Hence, the evolution of matter

perturbations offers a powerful probe of alternative scenarios, ranging from modified gravity

theories to non-minimal dark sector physics.
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FIG. VI.2. Matter power spectrum at redshift z = 1.5 for a standard growth scenario (γ = 0.55,
dashed lines) and a modified one with γ = 0.7 (solid lines). The different colors depict different values
of the total neutrino mass, namely

∑
mν = 0.06, 0.1, and 0.3 eV. In the bottom panel, we show the

ratios of the power spectra for the different parameter cases relative to the ΛCDM model.
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The growth of density perturbations can be studied using the perturbed equations of motion

derived from the underlying gravitational theory. In the sub-horizon, linear regime, the

physical interpretation is straightforward: the growth is driven by a source term proportional

to the amount of matter that can cluster, and suppressed by a friction term – often referred

to as Hubble drag – associated with the expansion of the Universe [40, 446].

A key observable in this regime is the growth rate of structure, defined as

f =
d ln δm
d ln a

=
δ′m
δm
a , (VI.2)

where δm is the matter density contrast and ′ denotes the derivative with respect to the scale

factor. The growth rate captures how efficiently matter overdensities grow over time, from

their primordial seeds to the observed large-scale structure.

A commonly used approach to capture deviations from standard structure formation history

is to introduce the so-called growth index γ [95, 150], defined as the exponent that yields a

power-law solution to the growth rate equation in terms of the matter density parameter:

f(a) ≃ Ωm(a)
γ ≃

[
Ωma

−3

Ωde(a) + Ωma−3

]γ
. (VI.3)

Note that, in this expression, Ωm(a) denotes the matter density fraction at scale factor a.

Although γ can, in general, acquire a time and/or scale dependence according to the under-

lying theory of gravity or dark energy, in many relevant cases it can be accurately approx-

imated as a constant. For a dark energy fluid with constant equation of state w, one finds

γ ≃ 3(w − 1)/(6w − 5) [96], which gives the canonical value γ = 6/11 ≃ 0.55 in the ΛCDM

case (w = −1) [95]. In many alternative scenarios, however, γ can differ substantially. Just

to mention a few concrete examples: in DGP braneworld gravity, one finds γ ≈ 0.68, with

less than 2% variation when treated as constant [95, 96], while in f(R) gravity models with

mild scale dependence, γ ≈ 0.4 [346], though a significant time dependence may still arise,

with present-day slopes as large as γ′ ≃ −0.2 [347].

Overall, the growth index plays a central role in linking theory to observations concern-

ing the clustering of matter perturbations. Specifically, in linear perturbation theory, the

evolution of matter inhomogeneities is governed by the linear growth function, defined as

D(a) ≡ δm(a)/δm(a0), and satisfying f(a) ≡ d lnD(a)/d ln a. Assuming the parametrization

in Eq. (VI.3) with constant γ, we obtain [1, 38]

D(γ, a) = exp

[
−
∫ 1

a

Ωm(a)
γ

a
da

]
, (VI.4)

where the growth function is normalized such that D(γ, a = 1) = 1 for all values of γ. This
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introduces an important subtlety that will be crucial for interpreting the following results

in the context of massive neutrino cosmologies. Namely, models predicting a larger growth

index, i.e. γ > 0.55, imply a slower growth rate at any given epoch. Indeed, since Ωm(a) < 1

by construction, Eq. (VI.3) implies f(γ > 0.55, a) < f(γ = 0.55, a), corresponding to a lower

formation rate. However, due to the normalization D(a = 1) = 1, a slower growth rate today

implies that the linear growth function must have been larger in the past to reach the same

amplitude at present. In other words, we find that D(γ > 0.55, a) > D(γ = 0.55, a) for a < 1.

As a result, models with larger γ predict an enhanced growth function in the past, despite a

systematically reduced growth rate throughout cosmic history.

Keeping this result in mind, when it comes to massive neutrinos, many important observations

are in order to clarify their impact on structure formation and their connection with the

growth index γ.

First and foremost, once neutrinos become non-relativistic particles, they contribute to the

total non-relativistic matter density – a contribution that depends ultimately on the value

of the total neutrino mass. It is therefore unsurprising that different values of
∑
mν would

inherently affect the theoretical value of the growth index γ, even within the standard ΛCDM

framework. An analytical expression for the growth rate f in the presence of massive neutrinos

was derived in Ref. [447]. However, we have numerically confirmed that, even for total

neutrino masses well above the current observational limits, the theoretical variations in γ

remain negligible compared to the uncertainties in its inferred value. Consequently, having

established that the theoretical impact of treating neutrinos as massive particles on γ is

effectively negligible for the purpose of this study, we will use γ = 0.55 as our reference value

in the following analysis to test deviations from the ΛCDM model.

A second, more subtle but important point – partially noted in the introduction – is that both

massive neutrinos and deviations from the canonical growth index value impact cosmological

observables related to perturbations (such as the CMB angular power spectra and the matter

power spectrum) in distinct yet qualitatively similar ways.

Massive neutrinos affect the angular power spectra of CMB temperature and polarization

anisotropies through several mechanisms: by contributing to the late-time non-relativistic

energy density, they alter the angular scale relation at the last scattering surface and modify

the late Integrated Sachs-Wolfe (ISW) effect. Moreover, the exact value of
∑
mν influences

the neutrino transition to the non-relativistic regime by changing their pressure-to-density

ratio, inducing metric fluctuations visible in the early ISW effect. Most significantly, massive

neutrinos suppress the growth of structure, reducing the amplitude of the matter power

spectrum. This suppression also affects the weak lensing of the CMB, damping power on

small angular scales.VI.2 The overall impact on the CMB power spectra includes a reduction

in the amplitude of the first acoustic peak (mainly due to the ISW effect) and also a shifting

VI.2 For constraints on the neutrino mass based on CMB lensing or damping tail effects, see Refs. [448, 449].
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of higher acoustic peaks toward lower multipoles. These effects are illustrated in the left panel

of Fig. VI.1, which compares two reference total neutrino mass values:
∑
mν = 0.06 eV (the

minimum mass consistent with oscillation experiments and commonly assumed in ΛCDM)

and an unphysically large mass of
∑
mν = 2 eV, chosen to clearly highlight the effects

described above.

Similarly, non-canonical values of the growth index γ directly modify the rate at which

matter perturbations grow over time, affecting the amplitude and evolution of matter density

fluctuations, which in turn influence secondary anisotropies in the CMB through gravitational

lensing. Roughly speaking, since the lensing potential is highly sensitive to the distribution

and amplitude of matter fluctuations along the line of sight, a growth index different from

the canonical γ ≈ 0.55 will alter the clustering strength of matter, changing the gravitational

potential wells that CMB photons traverse on their journey toward us. This modification of

the gravitational potentials affects the lensing of the CMB by smoothing the acoustic peaks

in the temperature and polarization power spectra. This smoothing occurs because lensing

deflects the paths of CMB photons, mixing power between different multipoles and reducing

the sharpness of the acoustic peaks. As shown in the right panel of Fig. VI.1, increasingly

large values of γ > 0.55 produce more pronounced smoothing at small angular scales (high

multipoles) – exactly where the temperature anisotropy spectrum becomes approximately

linearly dependent on the lensing power spectrum [65]. This effect can be easily compensated

by increasing the neutrino mass, since neutrinos, which are hot dark matter particles, reduce

CMB lensing as they suppress clustering at small scales [450, 451], leading to a less pronounced

smoothing at low multipoles. Consequently, a large, positive degeneracy is expected among

these two parameters, as we will precisely see in the results of our numerical analyses when

both γ and
∑
mν are free parameters of the model.

Another way to understand the similar effects of γ and
∑
mν is by examining their impact

on the matter power spectrum. This key complementary observable (which is ultimately

linked to the CMB power spectra, especially at high multipoles) provides a direct way to

quantify how deviations in γ and the total neutrino mass impact the amplitude and shape

of matter fluctuations. Fig. VI.2 depicts the matter power spectrum at z = 1.5 for the

standard structure formation scenario with γ = 0.55 and a modified one with γ = 0.7. Three

different possible values for
∑
mν have been considered, namely the smallest total neutrino

mass consistent with particle physics experiments (
∑
mν = 0.06 eV) and two other possible

cases,
∑
mν = 0.1 eV and

∑
mν = 0.3 eV. As expected, larger neutrino masses suppress

the matter power spectrum. Neutrinos are hot dark matter relics with very large velocity

dispersions, suppressing the growth of structure at scales smaller than their free-streaming

scale when they turn non-relativistic. The amount of suppression depends on the precise

value of the total neutrino mass.

On the other hand, in cosmologies with a non-standard growth rate, the linear matter power
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spectrum can be expressed as [1, 38]:

Pm(γ, k, a) = PΛCDM
m (k, a = 1)D2(γ, a), (VI.5)

where PΛCDM
m (k, a = 1) is the fiducial linear matter power spectrum evaluated today, while

D(γ, a) is the growth function defined in Eq. (VI.4). As previously pointed out, a larger

value of the growth index γ suppresses the growth rate f , while enhancing the growth func-

tion D(γ, a) at earlier times. According to Eq. (VI.5), this translates into an enhanced

matter power spectrum in the past (as seen in Fig. VI.2 at z = 1.5). As a result, a pos-

itive degeneracy between
∑
mν and γ is expected: the suppression of structure formation

due to larger neutrino masses can be partially compensated by a larger value of γ, which

boosts the amplitude of D(γ, a) and hence of the matter power spectrum. This is the case

illustrated in Fig. VI.2, where the matter power spectrum obtained for
∑
mν = 0.1 eV and

γ = 0.55, is nearly indistinguishable from the case of
∑
mν = 0.3 eV and γ = 0.7 , at least

for k/h > 0.1Mpc−1. It is therefore expected that modified growth scenarios with γ > 0.55

can easily accommodate larger neutrino masses, and this very interesting possibility should

be carefully analyzed with the most recent cosmological observations, as we shall present in

the following sections.

VI.C Methodology and datasets

The considerations outlined in Sec. VI.B motivate us to analyze extensions of the ΛCDM

parameter space – hereafter referred to as λ – by including γ and
∑
mν as additional free

parameters.VI.3 In particular, we consider the following extended parameter space combina-

tions:

• λ ∪ {∑mν},

• λ ∪ {γ},

• λ ∪ {∑mν , γ}.

The cosmology calculations have been performed with a patched version of the Boltzmann

solver CAMB [31, 32], specifically adapted for the γ parameterization of modified gravity:

CAMB GammaPrime Growth [38]. We stress that, while γ can, in general, be time-dependent,

in this paper we take it to be constant at all redshifts.

To efficiently explore the extended parameter spaces, we perform Markov Chain Monte Carlo

(MCMC) analyses using the Cobaya sampler [91], varying the cosmological parameters within

VI.3 Note that λ includes the six standard model parameters, namely: the matter densities of baryons (Ωbh
2)

and dark matter (Ωch
2), the optical depth to reionization (τ), the amplitude (As) and spectral index (ns)

of the primordial scalar fluctuations, and the angular size of the sound horizon at last scattering (θMC).
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the flat priors listed in Tab. VI.1. Note that, as explained in more detail in the next section,

for the total neutrino mass we consider two relevant cases: one in which we impose a lower

prior limit
∑
mν > 0.06 eV, based on oscillation experiment results assuming the NO, and

another in which this lower limit is relaxed to
∑
mν > 0 eV. We ensure that all produced

chains satisfy the Gelman Rubin convergence criterion, requiring a convergence threshold

of R < 0.01. These chains are then analyzed using the Getdist package [349] to derive

constraints on the parameter space and generate the plots presented in Sec. VI.D.

The dataset employed in our analysis includes two different combinations of likelihood releases

for the CMB spectra measured by the Planck satellite. In particular:

• Plik: This includes the Planck-PR3 likelihood plik [51] for the temperature (TT),

polarization (EE), and temperature polarization cross-correlation (TE) spectra at ℓ >

30, the simall likelihood [23] for E-mode polarization measurements at ℓ < 30, and the

Commander likelihood [452] for temperature anisotropies at ℓ < 30. The plik lensing

likelihood [52] is also included in this combination.

• Camspec: This includes the Camspec [45] likelihood for the TT, TE, and EE spectra

at ℓ > 30, based on the Planck-PR4 NPIPE CMB maps [53], always in combination with

the simall likelihood [23] for E-mode polarization and the Commander likelihood [452]

for temperature anisotropies at ℓ < 30. In this combination, for CMB lensing, we use

the Planck-PR4 NPIPE lensing likelihood [53, 67].

Note that we consider these two independent combinations of likelihoods for very important

reasons: over the years, several mild anomalies have been identified in the Planck-PR3 data,

many of which can alter the constraints on the parameters of interest in this study. The most

significant example is the excess smoothing of acoustic peaks observed in the Planck-PR3

spectra, which appears to be reduced in the PR4 likelihoods based on the NPIPE maps.VI.4

Several groups have highlighted that these differences in excess smoothing between the PR3

and PR4 high-multipole likelihoods can significantly impact constraints on the total neutrino

mass [302, 337, 355, 359, 374, 454–456]. Similarly, as first shown by some of us in Ref. [2]

and subsequently confirmed by the DESI collaboration itself [340, 457], the overall differences

in smoothing between the Planck-PR3 and Planck-PR4 spectra also have important conse-

quences for constraints on the growth index γ. Depending on which high-multipole CMB

likelihood is used, CMB constraints on γ can vary significantly, resulting in either better or

worse agreement with the baseline ΛCDM prediction [2]. Given the significant impact of

VI.4 This effect can be accurately quantified through the phenomenological parameter Alens [164], which cap-
tures the amplitude of the lensing power spectrum inferred from the smoothing of acoustic peaks in the
temperature and polarization spectra. Analyses based on the Plik PR3 spectra suggest that Alens deviates
from the expected baseline value (Alens = 1) at the level of about 2.8σ [23, 304, 332, 453]. In contrast, when
using the temperature and polarization PR4 spectra from Camspec, the preference for Alens > 1 is reduced
to below 1.7σ [45], even if this comes at the cost of a moderate internal disagreement between the value
of the angular size of the sound horizon, θ, inferred from temperature and polarization data, as well as an
overall worse global fit to the different spectra.
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Parameter Prior

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

τ [0.01, 0.8]

ns [0.8, 1.2]

log(1010As) [1.61, 3.91]

100 θMC [0.5, 10]∑
mν [eV] [0, 5]∑
mν [eV] (NO) [0.06, 5]

γ [0, 1]

TABLE VI.1. Flat priors adopted for the parameters presented in Sec. VI.C. The label “NO” denotes
an additional prior restriction on

∑
mν , accounting for the normal neutrino ordering constraints from

particle physics experiments [358].

choosing either the Planck-PR3 or Planck-PR4 likelihoods on the constraints of both param-

eters of interest, it is not only important, but in fact essential, to consider both combinations

in order to draw reliable conclusions.

In addition to the CMB data outlined above, we consider geometrical probes of the late

Universe in the form of precise constraints on the transverse comoving distance, the Hubble

rate, and their combination (all relative to the sound horizon at the drag epoch), derived

from BAO data and distance modulus measurements from SNIa. In particular, we consider:

• DESI: This includes the isotropic and anisotropic BAO measurements from the second

data release by the DESI collaboration, based on observations of over 14 million extra-

galactic objects such as galaxies and quasars [458], as well as Lyman-α tracers [459].

These measurements are summarized in Table IV of Ref. [15].

• PP: These are the distance moduli obtained from observations of 1550 SNIa up to

z = 2.26 in the Pantheon+ sample, without the inclusion of Cepheid host distances [86].

In closing, we would like to spend a few words on the choice of the SNIa sample adopted

in this analysis. At present, three independent compilations are available – Pantheon+ [86],

DESy5 [217–219], and Union3 [460] – each constructed from different observational datasets

and calibration strategies. Including all of them would considerably inflate the number of

combinations under consideration, making the analysis unnecessarily cumbersome and less

easy to interpret. For this reason, we restrict our analysis to Pantheon+, which is typically

regarded as the more conservative catalogue, yielding constraints more consistent with Planck

ΛCDM results. In contrast, DESy5 tends to favor deviations, especially in dynamical dark

energy models. However, the nature of this shift remains debated. For instance, Ref. [262]
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Parameter Plik+DESI+PP Plik+DESI+PP (NO) Camspec+DESI+PP Camspec+DESI+PP (NO)

Ωbh
2 0.02260± 0.00014 0.02264± 0.00014 0.02236± 0.00013 0.02240± 0.00013

Ωch
2 0.1171+0.0012

−0.00086 0.1165+0.0010
−0.00079 0.11740+0.00091

−0.00075 0.11682+0.00081
−0.00073

100 θMC 1.04123± 0.00029 1.04129± 0.00029 1.04101± 0.00024 1.04106± 0.00023

τ 0.0500+0.0085
−0.0074 0.0502+0.0084

−0.0074 0.0490+0.0086
−0.0074 0.0494+0.0085

−0.0074

ln(1010As) 3.027+0.018
−0.016 3.026+0.018

−0.016 3.024+0.018
−0.016 3.023+0.018

−0.016

ns 0.9726± 0.0038 0.9739± 0.0037 0.9696± 0.0037 0.9711± 0.0036

γ 0.707± 0.075 0.742± 0.069 0.660± 0.063 0.696± 0.060
∑
mν [eV] < 0.188 < 0.208 < 0.134 < 0.164

Ωm 0.2993± 0.0040 0.3000± 0.0040 0.3004± 0.0039 0.3016± 0.0038

H0 [km/s/Mpc] 68.52± 0.35 68.42± 0.34 68.36± 0.32 68.21± 0.31

S8 0.791+0.021
−0.014 0.780+0.017

−0.013 0.798+0.016
−0.012 0.787+0.014

−0.011

TABLE VI.2. Mean values and 68% CL errors on the most relevant cosmological parameters, including
the growth index γ, together with the 95% CL upper limits on the total neutrino mass

∑
mν arising

from different combinations of cosmological datasets.

links the tension with Planck ΛCDM cosmology to a ∼0.04 mag calibration offset in low-

redshift DESy5 SNIa. In response to these findings, the DES collaboration, in Ref. [461],

argued that such an offset arises from improved modeling of intrinsic scatter and host galaxy

properties, as well as differences in the selection functions used across different samples. While

we do not take a stance on this issue, these considerations motivate our use of Pantheon+,

as it offers a conservative, well-tested compilation, limits residual systematics, and avoids

unnecessary complexity. Last but not least, Pantheon+ yields the tightest neutrino mass

constraints across both ΛCDM and dynamical dark energy scenarios (see, e.g., Ref. [15] or

Tab. 8 of Ref. [359]).VI.5

VI.D Results

We present our main findings in Tab. VI.2, which compares the results obtained by simulta-

neously varying the neutrino mass and the growth index γ using different CMB likelihoods

in combination with DESI BAO and Pantheon+ SNIa measurements. For reference, results

obtained by varying each of these parameters individually while keeping the other fixed are

reported in Tab. VI.3, and discussed in Appendix A. As already noted in the previous sec-

tion, we consider two distinct prior choices for
∑
mν , as listed in Tab. VI.1. Specifically,

the label “NO” refers to the case where we impose the lower bound on
∑
mν from particle

physics experiments, i.e., enforcing a prior
∑
mν > 0.06 eV, consistent with current neutrino

oscillation measurements [358].

VI.5 For example, combining CMB and DESI with Pantheon+ gives
∑

mν < 0.117 eV in the dynamical dark
energy model, while DESy5 leads to

∑
mν < 0.129 eV [15].
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First and foremost, we confirm that the constraints on the neutrino mass are significantly

relaxed compared to the minimal ΛCDM+
∑
mν case with the growth index fixed to γ = 0.55.

When both
∑
mν and γ are allowed to vary simultaneously, the most constraining bound,∑

mν < 0.134 eV at 95% CL, is obtained using the Camspec likelihood in combination with

DESI and PP data. This limit remains substantially larger – by more than a factor of 2 – than

the corresponding bound obtained for the same dataset combination when fixing γ = 0.55,

which yields
∑
mν < 0.0643 eV at 95% CL, remarkably close to the lower bound expected

from terrestrial measurements.

Secondly, we confirm a non-negligible dependence on the specific CMB likelihood adopted

in the analysis. As shown in Tab. VI.2, when varying both parameters, the bound on the

neutrino mass changes from the aforementioned
∑
mν < 0.134 eV to

∑
mν < 0.188 eV

upon replacing the Planck-PR4 Camspec and lensing likelihoods with the older Plik PR3

counterparts, further relaxing the upper limit on the total neutrino mass.

Either way, however, the limits on
∑
mν remain largely consistent with the lower bounds

from oscillation experiments, both within the NO and the IO, thereby alleviating the emerg-

ing tension observed in ΛCDM. Therefore we can relatively safely apply the NO prior in

the analysis and enforce
∑
mν > 0.06 eV. Doing so, the neutrino mass bound from Cam-

spec+DESI+PP becomes further relaxed to
∑
mν < 0.164 eV, implying a shift of about

0.03 eV towards larger mass values. Similarly, when enforcing the NO prior, the bound

obtained from Plik+DESI+PP becomes
∑
mν < 0.208 eV, corresponding to a shift of ap-

proximately 0.02 eV. For both cases, the size and magnitude of this shift can be seen in

Fig. VI.3, which shows the 2D 68% and 95% probability contours in the (γ,
∑
mν) plane.

Specifically, in the left panel, the solid green contours correspond to the results obtained from

Plik+DESI+PP, while the empty dashed grey contours illustrate how these results shift when

a NO prior is imposed. Similarly, the solid red contours in the right panel show the constraints

from Camspec+DESI+PP, and the grey contours indicate how they change when enforcing∑
mν > 0.06 eV. Clearly, the impact of the prior is more pronounced in the Camspec-based

results.

Most importantly, as clearly seen from the two-dimensional allowed regions in Fig. VI.3, there

is a strong positive correlation between γ and
∑
mν : larger values of the total neutrino mass

imply a suppression of the growth of structure in the Universe, which can be compensated by

a higher growth index. Therefore, when it comes to the growth index γ, several interesting

observations are in order. Firstly, using the Camspec likelihood in combination with DESI

and SNIa observations (without assuming a NO prior on the neutrino mass), we obtain

γ = 0.660 ± 0.063 at 68% CL, indicating a ∼ 1.8σ shift from the standard growth rate

model. This shift increases to ∼ 2.1σ when replacing Camspec with Plik, which yields

γ = 0.707 ± 0.075 at 68% CL. Due to the strong positive correlation between γ and
∑
mν ,

this tendency towards a larger growth index becomes significantly more pronounced when
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FIG. VI.3. One-dimensional marginalized posterior distributions and two-dimensional 68% and
95% CL contours in the (γ,

∑
mν) plane for different Planck CMB likelihoods combined with DESI

and PP data. The horizontal black dashed line labeled “NO” marks the lower bound on the total
neutrino mass set by oscillation experiments (

∑
mν > 0.06 eV). Values below this line are therefore

in tension with oscillation data. Instead, the horizontal black dashed line labeled “IO” indicates the
lowest value of the total neutrino mass compatible with the inverted ordering (

∑
mν > 0.1 eV). If the

total neutrino mass lies between the NO and IO lines, only the normal ordering is allowed, whereas
for values above the IO line both orderings remain viable. The vertical black dashed line corresponds
to the standard prediction for the growth index (γ ≃ 0.55).

enforcing a NO prior on
∑
mν . For Camspec+DESI+PP we obtain γ = 0.696± 0.060, while

for Plik+DESI+PP we get γ = 0.742±0.069 – i.e., ∼ 2.4σ and ∼ 2.8σ away from the expected

value of γ = 0.55, respectively. This further shift towards larger values of γ induced by the

NO prior can be clearly seen in the 1D posterior distributions shown in the top histograms

of Fig. VI.3. In both the left and right panels, the dashed grey curves (corresponding to the

analysis with the NO prior) are visibly shifted towards higher values of γ compared to the

distributions obtained when this prior is not applied.

The situation becomes even more intriguing when examining the 2D contours in Fig. VI.3

for the different cases. As already noted, allowing for a non-standard growth of structure can

reconcile the current tension in the neutrino sector: even in the most constraining scenario,

the cosmological bounds on neutrino masses remain fully compatible with laboratory results,
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showing no conflict between cosmological and terrestrial constraints. However, this agreement

comes at the cost of departing from the standard structure growth predicted in ΛCDM.

As illustrated in the figure, the point defined by the intersection of γ = 0.55 (i.e., the

baseline prediction for the growth index) and
∑
mν = 0.06 eV (i.e., the minimal mass

allowed by oscillation experiments) lies literally at the boundary of the 95% confidence region

for Plik+DESI+PP (i.e., the combination allowing the most freedom in the neutrino mass),

and very close to the boundary for Camspec+DESI+PP. This means that any neutrino mass

value larger than this lower limit would necessarily require a larger γ, thus moving away from

ΛCDM predictions for structure formation. Conversely, if we wish to remain consistent with

γ = 0.55 (i.e., following the vertical black dashed line in the figure), the only viable region

lies below
∑
mν = 0.06 eV, thereby reintroducing the tension with oscillation experiments.

Similarly, as far as the mass ordering is concerned, while the 95% CL upper bounds on∑
mν remain consistent with both NO and IO, crossing the lower limit set by oscillation

experiments within the IO necessarily implies a departure from standard structure formation

growth within this framework. Indeed, it is crucial to note that the point defined by γ = 0.55

and
∑
mν = 0.1 eV (i.e., the minimal mass allowed within the IO) always lies well outside

the 95% probability contours and consistency with the IO (i.e., restricting attention to the

region of the plane above the corresponding horizontal line in Fig. VI.3) necessarily implies

values of γ significantly larger than those predicted by ΛCDM.

We now turn to a broader exploration of the implications of allowing departures from

the standard structure growth history, focusing on additional parameters of interest for

other outstanding cosmological tensions. We begin with the S8 ≡ σ8(Ωm/0.3)
0.5 parame-

ter that quantifies the amplitude of matter fluctuations on intermediate scales and which

has played a central role in the longstanding discussions surrounding potential discrep-

ancies between CMB-derived results and weak lensing survey estimates [112, 119, 136–

138, 210, 214, 229, 231, 462–472]. As shown in Fig. VI.4, we observe a strong anti-correlation

between γ and S8. Larger values of the growth index tend to favour both larger values

of the total neutrino mass (see Fig. VI.3) and smaller values of S8. Quantitatively, for

Plik+DESI+PP, we find S8 = 0.791+0.021
−0.014, which reduces to S8 = 0.780+0.017

−0.013 when assuming

a NO prior. Similarly, for the Camspec likelihood, we obtain S8 = 0.798+0.016
−0.012 without prior

assumptions, shifting to S8 = 0.787+0.014
−0.011 under the NO prior. In both cases, as seen in

Fig. VI.4, the NO prior leads to a noticeable drift of the posteriors toward lower S8 values

and away from the canonical GR limit γ = 0.55, echoing the behaviour already discussed

in previous sections. This interplay between γ,
∑
mν and S8 can be particularly relevant

in light of ongoing discussions about the persistence of the weak lensing discrepancy, gen-

eralizing the discussion presented in Refs. [1, 38] to massive neutrino cosmologies. Despite

recent claims suggesting this tension may have been alleviated or even resolved [27, 472], our

results indicate that the inclusion of a flexible growth history introduces parameter shifts in a
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FIG. VI.4. One-dimensional marginalized posterior distributions and two-dimensional 68% and 95%
CL probability contours for γ and S8 (top panels) and γ and H0 (bottom panels) for the different
Planck CMB likelihoods combined with DESI and PP. The horizontal black dashed line corresponds
to the standard prediction for the growth index, γ ≃ 0.55.
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direction potentially capable of reconciling lensing data with CMB-derived inferences, should

the discrepancy persist. If we aim to be more quantitative in assessing the extent to which

varying γ alleviates the S8 tension, we should first note that weak-lensing surveys report

somewhat different determinations of S8. To mention a few concrete examples, KiDS-1000

in combination with 2dFLenS and BOSS yields S8 = 0.766+0.020
−0.014 [136], the DES-Y3 3×2pt

analysis gives S8 = 0.776 ± 0.017 [137], while the more recent KiDS-Legacy release finds

S8 = 0.815+0.016
−0.021 [472], which, as mentioned above, shows no discrepancy with the ΛCDM

Planck-only based inferences of S8 = 0.834 ± 0.016 [23].VI.6 A direct quantification of the

tension is therefore non-trivial, not only because of these differing estimates but also because

S8 is itself a model-dependent parameter. As such, a fully consistent comparison would re-

quire reanalyzing the weak-lensing data within the same theoretical framework adopted here,

which lies well beyond the scope of this manuscript. Nevertheless, even accounting for these

caveats, one can clearly see that the results presented in Appendix A, Tab. VI.3, obtained

for fixed γ = 0.55, yield values scattered around S8 ≃ 0.816 that, considering the uncertain-

ties, remain in a ∼ 2.1–2.3σ tension with KiDS-1000+2dFLenS+BOSS and DES-Y3, while

being in good agreement with KiDS-Legacy. By contrast, when allowing the growth index

γ to vary freely, the inferred values shift to S8 ≃ 0.79–0.80, consistently lying within ≲ 1σ

of all weak-lensing determinations. This heuristic argument shows that a flexible growth

history can naturally drive the inferred clustering amplitude toward substantially improved

consistency with lensing observations. More broadly, this drift underscores the relevance of

neutrino physics assumptions in any interpretation of the weak lensing tension, and the model

dependence of derived parameters such as S8. Taken together, these findings suggest that

S8 remains sensitive to beyond-ΛCDM physics, particularly when degrees of freedom such as

modified growth or non-canonical neutrino properties are considered.

In contrast to the behaviour observed for S8, we do not find any significant correlation

between γ and H0 in our analysis. The values we obtain remain remarkably stable across

datasets and assumptions. For Plik+DESI+PP we findH0 = 68.52±0.35 Km/s/Mpc, shifting

only slightly to H0 = 68.42 ± 0.34 Km/s/Mpc when a NO prior is imposed. Similarly, for

Camspec+DESI+PP we obtain H0 = 68.36± 0.32 Km/s/Mpc (without prior assumptions),

decreasing mildly to H0 = 68.21± 0.31 Km/s/Mpc under the NO prior. These minor shifts

can be traced back to the known negative correlation between H0 and
∑
mν , and are not

driven by the growth index itself. As such, while an alternative structure growth model with a

free γ can relax the neutrino mass bounds and might remain of interest in relation to the weak

lensing discrepancy (should this issue persist rather than fade definitively) it does not provide

a mechanism for addressing the Hubble tension. The path toward a coherent explanation

capable of simultaneously accounting for all current anomalies remains, at present, largely

VI.6 For a more comprehensive review of S8 measurements from different weak-lensing surveys, see Ref. [78].
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unfulfilled.

Last but not least, it is important to consider the matter density parameter Ωm, as it plays a

key role in the interpretation of our results and lies at the heart of the broader discussion on

the neutrino mass tension. As seen by comparing the values given in Tab. VI.2 (as well as in

Tab. VI.3 in Appendix A) across all the parameter spaces explored and for all combinations of

datasets, we find values of Ωm that are consistent within one standard deviation. Specifically,

when varying only the total neutrino mass, we find Ωm = 0.3009±0.0037 for Plik+DESI+PP

and Ωm = 0.3018 ± 0.0036 for Camspec+DESI+PP. When varying only the growth index

γ, these values remain essentially unchanged: Ωm = 0.2990 ± 0.0038 (Plik+DESI+PP) and

Ωm = 0.3006± 0.0037 (Camspec+DESI+PP).VI.7 Finally, when both γ and
∑
mν are varied

simultaneously, we obtain consistent values such as Ωm = 0.2993± 0.0040 (Plik+DESI+PP)

and Ωm = 0.3004 ± 0.0039 (Camspec+DESI+PP). Under the NO prior, these latter two

values shift only mildly to Ωm = 0.3000 ± 0.0040 and Ωm = 0.3016 ± 0.0038, respectively.

These results illustrate a crucial point: fixing or varying γ alongside the total neutrino mass

does not significantly alter the inferred value of Ωm. However, this consistency hides an

important distinction. Fixing γ = 0.55 leads to neutrino mass bounds that are very close

to lower limits from particle physics experiments, to the extent of raising a very concerning

tension. Conversely, allowing γ to vary relaxes this problem without changing the value of

Ωm. This finding directly challenges the often-stated claim that the neutrino mass tension

originates from constraints on Ωm inferred from different probes under the assumption of

a ΛCDM background. We show that this is true if one also assumes a standard ΛCDM

structure formation history. Once this assumption is relaxed, the tension in
∑
mν can be

alleviated without altering the background evolution. More broadly, our results demonstrate

that it is possible to relax constraints on the total neutrino mass by modifying the structure

growth history, without changing the inferred values of parameters describing the background

dynamics and without invoking additional degrees of freedom at the background level, such as

scenarios involving dynamical dark energy. This offers a complementary path to addressing

the neutrino mass problem, shifting the attention to the important imprints of neutrinos on

perturbation-level observables rather than on the background expansion itself. Exploring

this interplay between perturbation-level and background-level modifications is crucial, as

changes to the expansion history that help relax neutrino mass bounds often come at the

cost of lowering H0 further, thereby exacerbating the Hubble tension. If the goal is to retain

enough freedom to simultaneously address multiple anomalies within a coherent framework,

it becomes essential to introduce the necessary degrees of freedom and explore both aspects.

In this sense, alternative structure formation histories may offer a viable and physically well-

motivated possibility.

VI.7 We note that the tendency toward larger values of the growth index γ is also present when fixing the total
neutrino mass in the cosmological model, and that it persists regardless of the CMB likelihood employed;
see the discussion in Appendix A.
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VI.E Summary

Assuming the minimal ΛCDM framework with three degenerate massive neutrinos, the DESI

collaboration recently reported an upper bound of
∑
mν ≲ 0.064 eV at 95% CL when combin-

ing DESI-2025 BAO data with Planck-PR4 CMB observations. This bound is uncomfortably

close to the lower limit set by oscillation experiments in the case of normal ordering and

firmly excludes the inverted ordering, thus raising serious concerns. In particular, it has been

argued that these tight limits mainly stem from a mild but persistent mismatch in the pre-

ferred matter density: BAO measurements from DESI favour lower values of Ωm than those

inferred from the CMB, resulting in an indirect pressure toward smaller values of
∑
mν .

An appealing way to alleviate this issue is to consider extensions beyond the standard cos-

mological framework. Models featuring dynamical dark energy, which modify the late-time

expansion history of the Universe, can significantly relax the neutrino mass bounds and

reduce the tension. Therefore, the mainstream (but far from universally accepted) interpre-

tation is that the unnaturally low bounds on
∑
mν may themselves point to the failure of

ΛCDM to accurately describe the expansion history at late times. However, matter density

and massive neutrinos do not only affect the background evolution, but also play crucial

roles in the growth of cosmic structure: matter density drives the gravitational clustering of

overdensities, while massive neutrinos suppress the formation of structure at small scales due

to their large thermal velocities. Therefore, new physics affecting the dynamics of primordial

perturbations and structure formation can offer a complementary possibility to alleviate the

neutrino mass tension.

In this paper, we explore this possibility by considering a flexible, phenomenological approach

to structure growth by allowing the growth rate f(a) to depart from its ΛCDM prediction.

Specifically, we parametrize it using the growth index γ through f(a) ≃ Ωm(a)
γ and treat γ

as a free parameter. A larger value of γ suppresses the growth rate, implying a larger growth

function in the past and modifying the way matter perturbations cluster in the (early) Uni-

verse. This, in turn, affects both the high-multipole CMB lensing signal and the shape of

the matter power spectrum. Such effects can be compensated by a larger neutrino mass. In

this regard, it is important to emphasize the role of CMB lensing in driving the neutrino

mass bounds, particularly when the growth index is fixed to its standard value. The lensing

potential encodes the integrated matter distribution along the line of sight and is especially

sensitive to the amplitude of clustering on intermediate and small scales. Since massive neu-

trinos suppress structure growth, their effect is clearly imprinted in the lensing signal at high

multipoles. In the standard scenario with γ = 0.55, any deviation from the measured lensing

power is necessarily attributed to a lower neutrino mass, thereby tightening the constraint

on
∑
mν . However, when γ is allowed to vary, structure suppression can be partially ab-

sorbed by a larger growth index, weakening the need for extremely small neutrino masses.
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This illustrates how perturbation-level flexibility, especially in structure growth, can mitigate

tensions that appear under stricter assumptions.

Our main results can be summarized as follows:

• By jointly varying
∑
mν and the growth index γ, we find that the cosmological bounds

on the total neutrino mass are substantially relaxed compared to the standard case.

Across all combinations of Planck-CMB, DESI-BAO, and Pantheon+ SNIa data, we

find that allowing γ to vary broadens the allowed range for
∑
mν from ∼ 0.06–0.07 eV

(assuming γ = 0.55) up to ∼ 0.13–0.2 eV. These values are consistent with terrestrial

constraints and demonstrate that new physics at the perturbation level offers a viable,

complementary solution to the neutrino mass tension.

• This agreement, however, comes at the cost of deviating from the standard structure

growth predictions of ΛCDM. As shown in Fig. VI.3, the point defined by γ = 0.55

(i.e., the baseline value of γ) and
∑
mν = 0.06 eV (i.e., the lowest total neutrino mass

allowed by particle physics experiments) lies on the boundary of the 95% confidence

region. This means that any neutrino mass value larger than this lower limit would

necessarily require a larger γ, thus moving away from ΛCDM predictions for struc-

ture formation. Conversely, if we wish to remain consistent with γ = 0.55, the only

viable region lies below
∑
mν = 0.06 eV, reintroducing the tension with oscillation

experiments.

• Regarding the neutrino mass ordering, we find that the inverted ordering remains al-

lowed within modified structure growth models. However, accommodating mass values

consistent with the inverted ordering requires values of γ significantly larger than the

ΛCDM prediction.

• Overall, we observe a consistent trend favouring larger-than-standard values of γ. This

preference persists whether one varies only γ or both γ and
∑
mν simultaneously.

In the latter case, the preference reaches 1.8σ for Plik+DESI+PP and 2σ for Cam-

spec+DESI+PP. Imposing a prior consistent with normal ordering (
∑
mν > 0.06 eV)

strengthens the preference further, up to 2.4σ and 2.8σ, respectively.

• Importantly, we find that allowing γ to vary relaxes the neutrino mass bounds without

altering the inferred value of Ωm. This is clearly seen by comparing the values reported

in Tab. VI.2 and Tab. VI.3. While previous studies attributed the tight neutrino

mass bounds to the ability of ΛCDM to accurately describe the late-time background

dynamics, we show that this interpretation only holds under the assumption of standard

ΛCDM structure growth. Once this assumption is relaxed, the tension can be alleviated

without modifying the ΛCDM background evolution.
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• Last but not least, Fig. VI.4 reveals a strong anti-correlation between γ and S8: larger

growth indices lead to both larger allowed neutrino masses and smaller values of S8.

This interplay may be relevant for the ongoing debate about the weak lensing anomaly.

While some recent analyses suggest that the S8 tension may be subsiding, our results

indicate that a flexible growth history can still shift parameters in a direction that

could better reconcile lensing and CMB data, if the tension persists. On the other

hand, we find no significant correlation between γ and H0, implying that growth index

freedom does not offer a mechanism for addressing the Hubble tension.

All in all, in the absence of a definitive cosmological detection of neutrino mass, our analysis

provides a novel and complementary angle on the tension between cosmology and particle

physics. It highlights the critical role of perturbations in constraining new physics and un-

derscores the importance of testing both the background and structure formation histories

when interpreting cosmological data. As future observations improve and our modelling of

structure formation becomes more refined, non-canonical scenarios (e.g., modified theories of

gravity or a non-minimal dark sector) may well emerge as essential components of a more

complete cosmological paradigm that accurately accounts for massive neutrinos.

VI.F Acknowledgments

W.G. is supported by the Lancaster Sheffield Consortium for Fundamental Physics under

STFC grant: ST/X000621/1. O.M. acknowledges the financial support from the MCIU with

funding from the European Union NextGenerationEU (PRTR-C17.I01) and Generalitat Va-

lenciana (ASFAE/2022/020). E.D.V. is supported by a Royal Society Dorothy Hodgkin Re-

search Fellowship. This work has been supported also by the Spanish MCIN/AEI/10.13039/

501100011033 grants PID2020-113644GB-I00, ID2023-148162NB-C21 and PID2023-148162NB-

C22, and by the European ITN project HIDDeN (H2020-MSCA-ITN-2019/860881-HIDDeN)

and SE project ASYMMETRY (HORIZON-MSCA-2021-SE-01/101086085-ASYMMETRY)

and well as by the Generalitat Valenciana grants PROMETEO/2019/083, PROMETEO/2021/

083, and CIPROM/2022/69. OM acknowledges the financial support from the MCIU with

funding from the European Union NextGenerationEU (PRTR-C17.I01) and Generalitat Va-

lenciana (ASFAE/2022/020) We acknowledge the IT Services at The University of Sheffield

for the provision of services for High Performance Computing. This article is based upon

work from the COST Action CA21136 - “Addressing observational tensions in cosmology

with systematics and fundamental physics (CosmoVerse)”, supported by COST - “European

Cooperation in Science and Technology”.

112



Appendix A: Full Analysis Results

FIG. VI.5. One-dimensional marginalized posterior distributions and two-dimensional 68% and
95% CL contours for several cosmological parameters of interest, obtained from the analysis of
Plik+DESI+PP under the different cosmological models and prior choices indicated in the figure
legend. The dashed grey lines denote the lower bound on the total neutrino mass from oscillation
experiments (

∑
mν ≃ 0.06 eV) and the standard ΛCDM prediction for the growth index (γ = 0.55).

In this Appendix, we briefly illustrate the cosmological constraints on the growth index γ

and on the total neutrino mass
∑
mν for cosmological scenarios in which only one between∑

mν and γ is allowed to vary freely while the other is kept fixed in the model.
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FIG. VI.6. One-dimensional marginalized posterior distributions and two-dimensional 68% and
95% CL contours for several cosmological parameters of interest, obtained from the analysis of Cam-
spec+DESI+PP under the different cosmological models and prior choices indicated in the figure
legend. The dashed grey lines denote the lower bound on the total neutrino mass from oscillation
experiments (

∑
mν ≃ 0.06 eV) and the standard ΛCDM prediction for the growth index (γ = 0.55).

We show in Tab. VI.3 the main results obtained in this scenario, while Fig. VI.5 and Fig. VI.6

display the one-dimensional distribution functions and the two-dimensional probability con-

tours obtained for the different models (including the case where both γ and
∑
mν are varied

simultaneously), for Plik+DESI+PP and Camspec+DESI+PP, respectively.

Focusing on the neutrino mass constraints within a universe with a standard growth index

γ = 0.55, we find extremely tight bounds on
∑
mν for both the Camspec and Plik CMB
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Parameter ΛCDM+
∑
mν ΛCDM+γ

Plik+DESI+PP Camspec+DESI+PP Plik+DESI+PP Camspec+DESI+PP

Ωbh
2 0.02250± 0.00013 0.02229± 0.00012 0.02258± 0.00013 0.02237± 0.00012

Ωch
2 0.11824± 0.00067 0.11815± 0.00064 0.11734± 0.00066 0.11733± 0.00064

100 θMC 1.04116± 0.00028 1.04096± 0.00023 1.04121± 0.00028 1.04101± 0.00023

τ 0.0580+0.0066
−0.0075 0.0561± 0.0069 0.0498+0.0085

−0.0075 0.0488+0.0085
−0.0073

log(1010As) 3.048± 0.014 3.042± 0.014 3.028+0.018
−0.016 3.024+0.018

−0.015

ns 0.9694± 0.0033 0.9676± 0.0034 0.9719± 0.0033 0.9698± 0.0035
∑
mν [eV] < 0.0710 < 0.0643 0.06 0.06

γ 0.55 0.55 0.692± 0.056 0.666± 0.052

Ωm 0.3009± 0.0037 0.3018± 0.0036 0.2990± 0.0038 0.3006± 0.0037

H0 [Km/s/Mpc] 68.47± 0.30 68.28± 0.29 68.57± 0.30 68.34± 0.29

S8 0.8167± 0.0090 0.8157± 0.0082 0.796± 0.010 0.796± 0.010

TABLE VI.3. Mean values and 68% CL errors on the most relevant cosmological parameters,
including the growth index γ, together with the 95% CL upper limits on the total neutrino mass∑
mν arising from different combinations of cosmological data sets.

likelihoods. These 95% CL upper limits are
∑
mν < 0.0643 eV for Camspec+DESI+PP, and

slightly relaxed to
∑
mν < 0.0710 eV for Plik+DESI+PP. In either case, the limits are close

to the minimum bound expected from neutrino oscillation experiments,
∑
mν > 0.06 eV,

hinting at a mild tension.

In the complementary case where the total neutrino mass is fixed to
∑
mν = 0.06 eV and the

growth index is allowed to vary, the tendency toward larger values of γ is confirmed. Indeed,

we find γ = 0.692±0.056 for Plik+DESI+PP and γ = 0.666±0.052 for Camspec+DESI+PP,

deviating from the expected value by ∼ 2.5σ and ∼ 2.2σ, respectively.

As for the correlations between γ and the remaining cosmological parameters, they behave

as expected: as seen both in Fig. VI.5 and Fig. VI.6 γ is negatively correlated with Ωch
2,

due to the growth rate being parameterized as Ωm(a)
γ .
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Afterword

To conclude this chapter, we emphasise that the imposition of a prior on Σmν affects the

constraints on γ, as can be seen in Fig. VI.3, by virtue of two distinct effects: a shift and a

stretch. Firstly, the clear positive degeneracy existing between γ and Σmν is simply truncated

at higher Σmν , naturally shifting γ to larger values. Secondly, we have a volume effect: by

restricting the prior on the neutrino mass, our posterior ends up stretching onto an area of

the parameter space where the values of Σmν have a smaller probability of being consistent

with the data (at least according to DESI, which prefers lower values for the neutrino mass)

but where the probability of other parameters, which correlate with Σmν , is instead higher

(such as Ωm, which is measured to be smaller by DESI as compared to the CMB constraints).
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VII Updated Constraints on Omnipotent Dark

Energy: a Comprehensive Analysis with CMB

and BAO Data

Preamble to the Paper

This chapter is dedicated to the study of a modification of the ΛCDM model that is intro-

duced not at the perturbative level, as it was the case for the papers on MG treated in the

last three chapters, but at the level of the background expansion equations outlined in the

first part of chapter III; the perturbations of other species are still impacted by this change

though, as the Hubble function still enters perturbation equations like Eq.(II.23).

In particular, we turn Λ, the cosmological constant, into DE, that is to say a form of energy

that still drives the accelerated expansion of the universe but whose energy density, ρDE,

varies in time. Consistently with the phenomenological approach adopted throughout this

Thesis, we will consider a parametric model of DE rather than a specific model of DE,

like quintessence [473]. The parametrisation studied in this chapter is “Omnipotent dark

energy” - ODE - [474, 475], a model where the energy density of DE can switch its sign

from de-Sitter to anti de-Sitter (or viceversa), at different cosmological epochs. If we take a

Taylor expansion of ρDE around a value of the scale factor am and require am to be either at

a maximum or at a minimum of ρDE, we are guaranteed that the phantom divide line (i.e.,

where wDE = −1) is crossed at least once, at a = am. One of the main goals of this paper

is to enquire about the possibility of explaining DESI’s results on the time evolution of DE,

which would seem to point at a form of DE that was recently in the phantom regime but is

now crossing the phantom divide line into the quintessence region [14, 15, 284, 382], by using

the ODE model.

Another important reason motivating our work is the model’s potential to alleviate the

Hubble tension. As it was mentioned in chapter I, the Hubble tension is an open issue in

cosmology that deals with different estimates of H0. In fact, measurements of H0 provided by

late-time indicators like SNIa differ sensibly from the early-time estimates by probes like the

CMB. In the case of BAO the situation is perhaps more ambiguous, because, as we said in

chapter III, the BAO measurement of H0 is correlated to rd. In any case, the discrepancy now

reaches an astounding 7.1σ significance, prompting us to find a solution in the form of DE

alternatives to the standard model. The ODE could potentially alleviate this problem, as it

was shown in [6] that a combination of CMB, BAO and SN data favors a recent, brief period
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in the phantom regime and a less recent phase of negative DE density, both contributing to

an alleviation of the H0 tension.

This paper represents an update to the analysis in [6] that integrates new data into the

investigation of the ODE model, like the BAO distance measurements by DESI, which came

out in between the publication of [6] and the work outlined in the next sections.
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Updated Constraints on Omnipotent Dark Energy: a
Comprehensive Analysis with CMB and BAO Data

Abstract: In this work, we present updated observational constraints

on the parameter space of the DMS20 dark energy model, a member of

the omnipotent dark energy (ODE) class. Our analysis combines multiple

CMB datasets—including measurements from the Planck satellite (PL18),

the South Pole Telescope (SPT), and the Wilkinson Microwave Anisotropy

Probe (WMAP)—with Type Ia supernova data from the Pantheon+ cat-

alog (PP), and baryon acoustic oscillation (BAO) measurements from the

DESI and SDSS surveys. We find that certain data combinations, such as

SPT+WMAP+BAO and PL18+BAO, can reduce the significance of the

H0 tension below 1σ, but with considerably large uncertainties. However,

the inclusion of PP data restores the tension in H0. To provide a compre-

hensive view of the ODE phenomenology, we also investigate the evolution

of its energy density, emphasizing its dynamical behavior at low redshifts.

Our results generically exhibit multiple phantom divide line crossings in a

single expansion history; if confirmed, this points beyond the simplest mini-

mally coupled canonical single-field quintessence/phantom descriptions and

motivates more general dark-sector realizations.

VII.A Introduction

The ΛCDM model has emerged as the dominant and most widely accepted cosmological

framework. Its success is largely attributed to its remarkable accuracy in explaining a broad

range of astrophysical and cosmological observations without excessive model complexity.

Despite these successes, however, the ΛCDM model faces some unresolved challenges, partic-

ularly in capturing a consistent expansion history when various combinations of mainstream

cosmological observables, such as the cosmic microwave background (CMB), baryon acoustic

oscillations (BAO), large-scale structure (LSS), and local distance ladder measurements of

the Hubble constant are simultaneously considered [110, 115, 143, 476, 477].

With the increasing precision of modern observations [111], it is anticipated that deviations

from the standard ΛCDM model will become more apparent. Indeed, various discrepancies

in the estimation of key cosmological parameters have already emerged, some of which show

statistically significant departures from the predictions of the model [110, 112, 115, 117, 477–

479]. Among these issues, one of the most prominent and statistically significant is the

ongoing discrepancy related to the Hubble constant, H0 (for a detailed review, see [110,

114, 115, 117, 120, 143, 147, 221, 224–226, 477] and references therein). A notable conflict
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exists between the values of H0 inferred from the CMB measurements [23, 56, 480] assum-

ing the ΛCDM model, and those derived from direct, independent measurements obtained

through local astrophysical observations [126–130, 132–135, 227, 228, 481–496]. This ten-

sion, commonly referred to as the H0 tension, has reached a statistical significance greater

than 5σ [84, 227, 228], and is now considered one of the most pressing issues within the

context of the ΛCDM model. To solve this tension, cosmologists have been exploring both

possible systematic errors [84, 228, 485, 487, 488, 497–505] and alternative cosmological

models [110, 114, 115, 140, 141, 147, 220, 222, 223, 225, 477, 506]. In addition to the H0

tension, another point of discussion in cosmology is the S8 tension [110, 112, 119, 462]

(see also [145, 236]), which concerns discrepancies between the amplitude of matter fluc-

tuations inferred from early-universe measurements, such as the Planck CMB data, and

the S8 values derived from late-time observations, including weak gravitational lensing and

galaxy clustering, though it seems to have lost significance after the new KiDS-Legacy re-

lease [136–138, 210, 214, 229, 231, 463–469, 471, 472, 507]. Furthermore, recent results

from the DESI collaboration analyzing the BAO feature have found evidence for dynami-

cal dark energy (DDE) when their measurements are combined with other major observa-

tions [14, 15, 284, 508, 509]. This evidence for DDE is relevant only in the post-recombination

era, with a statistical significance of 3.1σ when combined with the CMB. The significance

ranges from 2.7σ to 4.2σ when different supernovae samples are included in the dataset

combination. The indication persists even without the CMB; for example, only the DES

supernovae sample [510] when combined with DESI BAO yields a 3.3σ significance. It is

important to note that the evidence for DDE does not hinge on DESI BAO either, e.g., see

Refs. [510, 511] that report preference of a DDE without this data set. A plethora of models

have been proposed in the literature to address the existing cosmological tensions [477], a

substantial portion of which incorporate a DDE component that is non-negligible in the

late and/or early universe [14, 216, 260, 266–268, 271, 273, 275–278, 280, 285, 289, 291–

293, 297, 298, 338, 383–400, 402, 512].

The simplest phenomenological DDE model replaces the cosmological constant, whose ef-

fective equation of state (EoS) parameter is w = −1, with a DE fluid that has a constant

EoS parameter able to satisfy wDE ̸= −1; this is often referred to as the wCDM model.

Many models extend this approach by allowing a varying EoS parameter, with the most

well-known example being the Chevallier-Polarski-Linder (CPL) parametrization [149, 410],

in which wDE is assumed to be a linear function of the scale factor in the Robertson–Walker

(RW) metric. Notably, unless restricted to specific regions of parameter space, such exten-

sions generically allow wDE to cross the phantom divide line (PDL), wDE = −1. However,

parameterizing DDE solely via its EoS parameter fails to capture the phenomenology of mod-

els in which DDE attains negative effective energy densities in the past, as such components
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would exhibit a singular EoS parameter [513]. From both theoretical and phenomenological

perspectives, models predicting negative energy densities in the dark sector have garnered

increasing attention in recent years, particularly for their potential to resolve the H0 ten-

sion [284, 477, 514–538]. DDE models capable of simultaneously incorporating all of these

features were dubbed omnipotent dark energy (ODE) models in Ref. [475], where it was

argued that such a flexible DDE component may be necessary for a satisfactory resolution

of the prevailing cosmological tensions.

In Ref. [474], the DMS20 model was proposed as a promising solution to the cosmological

tensions and was found to prefer a PDL crossing at z ∼ 0.1. The recent analysis in Ref. [475]

identified DMS20 as an ODE model and showed that its ability to reach negative energy

densities for z ≳ 2—mimicking a negative cosmological constant at high redshifts—plays a

crucial role in alleviating the tensions. This behavior is consistent with the predictions of the

ΛsCDM model [520, 521, 525], which suggests a transition from an Anti-de Sitter (AdS) to

a de Sitter (dS) phase. This transition can be interpreted either as an emergent effect from

modified gravity or as the result of an actual field within the framework of general relativity

(GR).

In this paper, we revisit and update the observational constraints on the DMS20 model using

Type Ia supernova data from the Pantheon+ catalog, BAO measurements from the DESI

and SDSS surveys, and CMB temperature and polarization data from Planck, the South Pole

Telescope, and the Wilkinson Microwave Anisotropy Probe. Motivated by previous studies

of the DMS20 model that reported posterior distributions leaning against the edges of the

prior ranges for certain dataset combinations, we extend these prior ranges. This not only

relaxes the constraints on the model parameters but also enables the model to exhibit richer

phenomenology that is qualitatively different—for example, a crossing of the PDL, occurring

either from the quintessence regime to the phantom regime or vice versa. Nevertheless, we

also present our results after excluding the MCMC samples corresponding to the extended

priors, to facilitate direct comparison with previous studies.

The structure of this paper is organized as follows. In Sec. VII.B, we review the key physical

features of the omnipotent dark energy model, focusing on the aspects most relevant for cos-

mological tests. In Sec. VII.C, we describe the observational datasets used in our analysis and

outline the methodology employed to constrain the model’s free parameters. In Sec. VII.D,

we present and discuss our main results, highlighting their implications for cosmological ten-

sions and the broader landscape of dark energy models. Finally, in Sec. VII.E, we summarize

our conclusions and offer some perspectives on future research directions.
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VII.B Omnipotent Dark Energy: a review

In this section, we review the class of ODE models and the DMS20 model as a concrete mem-

ber of this class. The term ODE describes a family of phenomenological proposals that allow

energy densities to transition between positive and negative values, and to exhibit oscillatory

or non-monotonic evolution histories. ODE models permit arbitrary EoS, including singular-

ities and PDL crossings, unconstrained by standard energy conditions. As an effective source

in the Friedmann equations, ODE provides a flexible framework to address the limitations of

the cosmological constant. More precisely, a DE model is referred to as an ODE if, for any

point in its parameter space, it can exhibit all six possible combinations of the conditions

ρDE > 0, ρDE < 0, and wDE > −1, wDE = −1, wDE < −1 within a single expansion history.

Here, ρDE denotes the energy density of the DE component [475].

Two distinctive features of ODE are its capacity to realize a non-monotonic energy density

evolution and to reach negative energy densities, as suggested by various observational re-

constructions [535, 539–544]. Such behavior has been shown to alleviate key cosmological

tensions, including the H0 and S8 discrepancies [474, 514, 515, 517, 520, 521, 524, 540, 545–

549]. Hereafter, we consider an ODE component, whether as an effective source from modified

gravity or a fluid within GR, that satisfies the usual continuity equation that follows from the

local conservation of the energy-momentum tensor for the RW metric. Given this weak as-

sumption, unlike usual phantom DE [550], which maintains wDE < −1, the non-monotonicity

feature of ODE models requires that its EoS parameter crosses the PDL. Moreover, since its

energy density vanishes during the transition between negative and positive density regions

at a scale factor ap, its EoS parameter exhibits a pole of the form lima→a±p
wDE(a) = ∓∞;

this also corresponds to a PDL crossing, but a discontinuous one [513].

The DMS20 model proposed in Ref. [474] serves as a concrete example of an ODE model. In

this model, the DE density, ρDE, is parameterized to ensure an extremum at a scale factor

am, satisfying the condition dρDE
da

∣∣∣
a=am

= 0. The DE density is then expressed by expanding

ρDE around am:

ρDE(a) = ρDE0
1 + α(a− am)

2 + β(a− am)
3

1 + α(1− am)2 + β(1− am)3
, (VII.1)

where α and β are constants defining the polynomial terms (for further details, see Refs. [474,

475]). The absence of a linear term in the expansion follows from the vanishing of the first

derivative at a = am. The parameter am has significant physical implications: from the

continuity equation, it follows that wDE(am) = −1, provided that ρDE is non-zero at the

extremum. For α > 0, this corresponds to a transition from wDE > −1 to wDE < −1 as the

universe expands, while for α < 0, the crossing occurs in the opposite direction. The EoS for
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the ODE model is given by:

wDE(a) = −1− a[2α(a− am) + 3β(a− am)
2]

3[1 + α(a− am)2 + β(a− am)3]
, (VII.2)

which yields wDE(a = 0) = −1 and wDE(a→ ∞) = −2.

This model introduces three extra parameters: {am, α, β}. Depending on the values of these

parameters, certain features of ODE may remain dormant. For instance, when α = β = 0, the

DE density reduces to the cosmological constant Λ, recovering the standard ΛCDM model.

For a detailed discussion of the dynamical behavior of the model across different values of

{am, α, β}, see Ref. [475]. Here, we simply note that the EoS of DMS20 cannot, in general, be

represented exactly by the CPL parametrization, wDE = w0+waz/(1+z), where z = (1−a)/a
is the redshift. Here, w0 = wDE(z = 0), and wa controls the leading time-variation of wDE

within the CPL ansatz (equivalently, w(a) = w0+wa(1−a), so dw/da = −wa is constant by

construction). More generally, (w0, wa) are best regarded as a convenient two-parameter data-

compression of the model predictions for a given set of observables and redshift sensitivities

(see, e.g., [28, 551, 552]). These two parameters are essential for characterizing the behavior

of dark energy across a wide range of models, as discussed in [553]. However, as shown in

Fig. VII.1, for any choice of {am, α, β} we observe an oscillatory pattern in wDE, which

cannot be described by the linear CPL form. In fact, wa would need to acquire a redshift

dependence to account for the behavior of the EoS in Eq.(VII.2). It is seen from Fig. VII.1

that variations in α significantly influence the present-day values of both w and wa, while

having a negligible effect at higher redshifts. Specifically, as α increases, w shifts further into

the phantom regime, and wa also increases. In the middle panel, we observe that β induces

more pronounced oscillations in w, although its effect on wa is relatively minor. Lastly, the

parameter am shows a similar trend to α, highlighting its role in shaping the present-day

dynamics of dark energy. It is evident that the linear CPL parametrization fails to capture

the non-linear features of the ODE model, whose oscillatory behavior cannot be reproduced

by such a simplified form. With only one additional parameter, our ODE parametrization is

thus able to recover a complementary class of DE models with a richer phenomenology.

To understand the background evolution of this model, we begin with the expansion rate of

the universe, governed by the modified Friedmann equation:

H2(a)

H2
0

= Ωm0a
−3 +Ωr0a

−4 +ΩDE0f(a), (VII.3)

where

f(a) =
1 + α(a− am)

2 + β(a− am)
3

1 + α(1− am)2 + β(1− am)3
. (VII.4)
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In Eq. (VII.3), the subscript “m” refers to all forms of matter (including both baryonic and

cold dark matter), while “r” denotes radiation (photons and other relativistic relics). The

density parameters Ωi0 ≡ ρi0/(3H
2
0 ) represent the present-day values of the respective energy

densities.

The DMS20 model does not introduce modifications to other sectors of the universe or its

constituent species. Consequently, the background evolution remains unchanged for all com-

ponents other than DE itself. The linear evolution of DE perturbations follows the standard

prescription, where we impose synchronous gauge conditions for metric perturbations. The

continuity and Euler equations governing the DE fluid are given by

δ̇x = −(1 + w)

(
θ +

ḣ

2

)
− 3(ĉ2s − w)Hδx − 9(1 + w)(ĉ2s − c2a)H2 θx

k2
,

θ̇x = −(1− 3ĉ2s)Hθx +
ĉ2sk

2

1 + w
δx − k2σx. (VII.5)

These equations are quite general, as they assume only a non-interacting fluid and allow for

the presence of shear stress σx, a non-adiabatic sound speed, and a time-dependent equation

of state parameter w. Henceforth, we assume the fluid is shear-free and that w is given by

Eq. (VII.2).

VII.C Data and Methodology

TABLE VII.1. Flat priors are adopted to test the ODE model against all of the likelihood combinations
presented in Sec. VII.D, with the exception of those involving the SPT+WMAP dataset combination,
where a Gaussian prior is imposed on the optical depth: P(τ) = N (0.0544, 0.00732).

Parameter Prior

Ωbh
2 [0.017, 0.027]

Ωch
2 [0.09, 0.15]

τ [0.01, 0.8]

ns [0.9, 1.1]

log(1010As) [2.6, 3.5]

100 θMC [1.03, 1.05]

α [−8, 8]

β [−8, 8]

am [0, 1.4]
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FIG. VII.1. The redshift evolution of wDE and the CPL parameter wa are shown for different values
of {am, α, β}. Clearly wa cannot remain constant in this model, so the linear CPL parametrization of
wDE fails to capture the oscillatory behavior characteristic of ODE.

We generate theoretical predictions for the ODE model using a modified version of the Boltz-

mann solver CAMB [31, 32], while parameter estimation is performed with the publicly avail-

able sampler Cobaya [91]. The sampling of the posterior distributions is carried out using

the Monte Carlo Markov Chain (MCMC) method, originally developed for CosmoMC [92].

This implementation incorporates the “fast dragging” technique [160, 554], which improves

efficiency in exploring parameter spaces with varying computational complexity.

In varying combinations, the likelihoods employed in this analysis use data from the following

cosmological surveys:

• Planck 2018 (PL18): We include the full Planck 2018 temperature and polarization

likelihoods (TT, TE, EE), along with the Planck 2018 lensing likelihood [23], recon-

structed from the four-point correlation function of temperature fluctuations.

• South Pole Telescope (SPT): We incorporate CMB temperature and polarization

anisotropy measurements (TT, TE, EE) from the SPT collaboration [56, 57].

• Wilkinson Microwave Anisotropy Probe (WMAP): We utilize the CMB temper-

ature and polarization data from the WMAP 9-year release [555]. To mitigate dust

contamination, we exclude WMAP low-ℓ polarization data by setting the minimum

multipole for TE and EE to ℓ = 24. For this reason, whenever we use the WMAP

spectra we consistently apply a Gaussian prior on the optical depth to reionization,
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τ = 0.0544 ± 0.0073, which is the baseline choice used by the SPT–3G collaboration

when they include the WMAP data in their analysis [57]. We also assume that there

is no correlation between the SPT and WMAP datasets, as they probe largely different

regions of the sky [57].

• Dark Energy Spectroscopic Instrument (DESI):We include baryon acoustic oscil-

lation (BAO) measurements from the DESI collaboration, based on galaxy and quasar

observations [556], as well as Lyman-α tracers [557], compiled in Table I of Ref. [14].

These measurements span the redshift range 0.1 < z < 4.2, divided into seven bins, and

include both isotropic and anisotropic BAO constraints. The isotropic BAO measure-

ments are expressed as DV (z)/rd, where DV is the volume-averaged distance normal-

ized to the comoving sound horizon at the drag epoch, rd. The anisotropic constraints

include DM (z)/rd and DH(z)/rd, where DM is the comoving angular diameter distance

and DH the Hubble horizon. Correlations between DM/rd and DV /rd are accounted

for.

• Sloan Digital Sky Survey (eBOSS): We incorporate the galaxy, quasar and Lyman-

α measurements of DM/rd and DH/rd from the eBOSS experiment, as presented in

Table 3 of Ref. [558].

• Pantheon+ (PP): We include distance modulus measurements of Type Ia supernovae

from the Pantheon+ sample [86], consisting of 1,550 supernovae over the redshift range

0.001 ≤ z ≤ 2.26.

For the DMS20 model parameters, we adopt the agnostic, flat priors outlined in Tab. VII.1,

except, as noted above, for an informative Gaussian prior on τ whenever the SPT+WMAP dataset

combination is considered. Specifically, the parameter space of the DMS20 model extends

the standard ΛCDM framework by introducing the three parameters defined in Eq. (VII.1),

namely α, β, and am, in addition to the six baseline ΛCDM parameters: the physical baryon

and cold dark matter densities (Ωbh
2, Ωch

2), the optical depth to reionization (τ), the am-

plitude and spectral index of the primordial scalar fluctuations (log(1010As), ns), and the

angular size of the sound horizon at last scattering (θMC). Compared to Refs. [474, 475], the

priors on α and β are extended to include negative values, and am is allowed to exceed 1,

thereby enabling the possibility of PDL crossings occurring in the future (i.e., for a > 1).

These choices are discussed in more detail in the next section.

All of the 1D and 2D posteriors were calculated and visualized using the Getdist code [349],

while the functional posteriors for wDE(z) and ρDE(z) shown in the next section were produced

using the fgivenx plotting package [559].
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FIG. VII.2. 1D and 2D marginalized constraints on the ODE parameter space, derived from the
post-filtered chains that include only samples with α > 0, β > 0, and am ∈ [0, 1].

VII.D Results and Discussion

We begin our discussion by justifying our choice of priors for the extra parameters of DMS20,

namely, {am, α, β}. In contrast to Refs. [474, 475], the prior ranges for {α, β} are chosen to

include negative values, and the prior range for am is extended to include values greater

than 1. In Refs. [474, 475], the choice of priors enforces α > 0, β > 0, and am ∈ [0, 1].

This restricts ρDE to an evolution history with certain properties, the most important being
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FIG. VII.3. 1D and 2D marginalized constraints on the ODE parameter space, obtained from the
chains sampled with the full-prior ranges listed in Table VII.1, without any post-processing cuts (full-
prior results).

the guaranteed existence of a PDL crossing at a = am, where the EoS parameter transitions

from quintessence (wDE > −1) to phantom (wDE < −1) as the universe expands. However, in

both of the previous studies, the reported posteriors for these parameters do not exclude the

prior bounds for many of the dataset combinations, particularly those that do not include the

SH0ESH0 measurement. Moreover, recent indications of a dynamical dark energy component
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FIG. VII.4. ODE constraints (top panels post-filtered results, bottom panels full-prior results) on the
redshift evolution of the H(z)/(1+z) function, derived from the SPT+WMAP+DESI and PL18+DESI data
combinations, with and without supernovae. Also shown are DH/rd measurements from eBOSS [76]
(green) and DESI YR1 [14] (red), obtained using luminous red galaxies, emission line galaxies, and
quasars as tracers; the point at z = 0 is the SH0ES constraint H0 = 73.04± 1.04 km s−1 Mpc−1 [84].
These measurements are converted into H(z) using the Planck constraint rd = 147.09 ± 0.26 Mpc.
The grey dashed line represents the ΛCDM best-fit curve from TTTEEE+lowE+lensing [23].

suggest evidence for a preference of a PDL crossing in the opposite direction,VII.1 i.e., where

the EoS parameter transitions from phantom (wDE < −1) to quintessence (wDE > −1) as

the universe expands [14, 15]. In fact, the PDL crossing at a = am occurs in this opposite

direction when α < 0. More generally, various qualitatively different DE density evolution

histories become available in the DMS20 model when the parameters are allowed to explore

this extended parameter space; see Table II and Fig. 1 of Ref. [475] and the discussions

therein.

In this work, we chose the extended priors in Tab. VII.1 to take a more conservative approach

VII.1 It is important to note that the prior ranges chosen in Refs. [474, 475] allow (but do not guarantee) for a
second PDL crossing in this opposite direction in addition to the one at a = am, and even a third crossing
may occur in a discontinuous way if the DE density attains negative values in the past. In fact, when the
model is constrained with data, all three of these crossings were found to play an important role in the
evolution of the DE density.
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FIG. VII.5. Redshift evolution of wDE(z) (top panels) and ρDE(z)/ρc,0 (bottom panels) obtained from
the post-filtered results using SPT as the baseline CMB dataset. In each panel the reader can find the
same plot contained in the panel itself, re-expressed through a linear but shorter redshift range.

that does not guarantee the existence of am within the expansion history, and allowed the

MCMC analysis to explore the parameter space of the model more freely. Indeed, the results

we report suggest that these extended regions of parameter space are always consistent with

our dataset combinations, and are sometimes even preferred. To better compare our results

with previous works, we also report results obtained after filtering the MCMC chains by

dropping any samples with α < 0, β < 0, or am > 1. We ensured that all of the filtered

chains satisfied the Gelman–Rubin convergence criterion with R− 1 < 0.07; this approach is

equivalent to performing the analysis with the corresponding restricted priors. We refer to

the results from the full chain as the “full-prior results,” and to those from the post-processed

chains as the “post-filtered results.”

In this section, we present the main results of our analysis using different combinations of

datasets. We analyze constraints on our dynamical dark energy model ODE, characterized by

the parameters α, β, and am, using various combinations of the CMB and BAO measurements

described in the previous section, with and without supernovae distance moduli.

In Figs.VII.2 and VII.3, we present the parameter constraints derived from both the full-

prior and post-filtered analyses. We find that using full priors results in multimodal posterior

distributions for certain parameters, while the post-filtered analysis yields unimodal distribu-

tions. The multimodality in the full results arises from the phenomenological degeneracies in

the parameter space, i.e., different regions of the parameter space correspond to similar ex-

pansion histories; see Tab.II in [475]. The ΛCDM model is nested in DMS20 and corresponds
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FIG. VII.6. Same as Fig. VII.5 but for the full-prior results.

to the α = β = 0 section of the parameter space. It is seen from Fig. VII.3 that there is

always consistency, in all of the data set combinations shown in the triangular plot, with the

part of the parameter space corresponding to ΛCDM, and there is no evidence for dynamics

in the DE density evolution. Overall, despite the different prior choices (to be discussed in

detail later), the results remain statistically consistent across all analyses. A comparative

analysis of the SPT+WMAP+DESI+PP and PL18+DESI+PP combinations shows that the latter

yields tighter parameter constraints, as illustrated by the red and blue contour plots. More-

over, the inferred value of S8 is systematically lower when using the SPT+WMAP+DESI+PP

combination compared to PL18+DESI+PP. Substituting DESI with eBOSS leads to additional

shifts in the best-fit values of several parameters (see the following discussions for the re-

spective σ deviations), highlighting the sensitivity of the results to the choice of BAO dataset.

We present the complete set of parameter estimates from our analysis in Tabs. VII.2, VII.4,

VII.3 and VII.5. Post-filtered results show significantly tighter constraints on cosmological

parameters compared to the full-prior setup. In both the SPT and PL18 cases, the parameters

α, β, and am are more precisely determined when the prior ranges on model parameters are

restricted. This is expected as the post-filtering removes a significant portion that is within

68% CL of the mean values of the full-prior marginalized posteriors. The inclusion of PP data

further enhances the precision of these constraints. For instance, the SPT+WMAP+DESI+PP

combination with post-filtered priors (see Tab. VII.2) yields, at 68% CL, α = 1.40+0.65
−0.84,
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FIG. VII.7. Redshift evolution of wDE(z) (top panels) and ρDE(z)/ρc,0 (bottom panels) obtained from
the post-filtered results using PL18 as the baseline CMB dataset. In each panel the reader can find
the same plot contained in the panel itself, re-expressed through a linear but shorter redshift range.

β = 1.88+0.95
−1.2 , and am > 0.930. In contrast, the same dataset under the full-prior setup

gives α = 0.1+1.0
−1.3, β = −0.7+2.5

−1.5, and am = 0.73 ± 0.28 at 68% CL (see Tab. VII.3). This

corresponds to deviations of 1.06σ, 0.93σ, and 0.71σ for α, β, and am, respectively, when

comparing the prior cut-off case with the full-prior analysis for the same dataset combinations.

While the full-prior results are better for interpreting the true phenomena that our data

sets prefer, the post-filtered results are easier to interpret and match the previous stud-

ies [474, 475]. The post-filtered results enforce the existence of a DE EoS parameter

that crosses from a quintessence regime to phantom regime at a = am. For instance,

we see in Tab. VII.4 that PL18+eBOSS yields a clear peak for the scale of the PDL cross-

ing at am = 0.76+0.17
−0.11 and the addition of PP yields am > 0.904. This is accompanied

by a reduction in the uncertainty of H0, which changes from H0 = 69.4+1.4
−2.4 km/s/Mpc to

H0 = 67.33+0.69
−0.62 km/s/Mpc with 0.83σ deviations, closer to Planck’s ΛCDM value.

Interestingly, replacing the eBOSS data with the newer DESI dataset further tightens the

constraints on the ODE parameters (α, β) and H0. The Hubble constant shifts slightly

toward higher values, reflecting the preference of DESI for a lower matter density relative

to eBOSS, and the well-known anti-correlation between H0 and Ωm. We note that a PDL
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FIG. VII.8. Same as Fig. VII.7 but for the full-prior results.

TABLE VII.2. 68% CL constraints on the free parameters (above the line) and derived parameters
(below the line), obtained from the post-filtered results using SPT as the baseline CMB dataset. BE
is the Bayesian Evidence.

SPT+WMAP SPT+WMAP SPT+WMAP SPT+WMAP
+eBOSS +eBOSS+PP +DESI +DESI+PP

Ωbh
2 0.02242± 0.00021 0.02241± 0.00020 0.02244± 0.00020 0.02244± 0.00019

Ωch
2 0.1163+0.0021

−0.0019 0.1167± 0.0019 0.1157+0.0016
−0.0014 0.1157± 0.0016

100θMC 1.04018± 0.00065 1.04015± 0.00063 1.04028± 0.00062 1.04029± 0.00064
τ 0.0532± 0.0072 0.0532± 0.0072 0.0538± 0.0070 0.0537± 0.0070
ln(1010As) 3.031± 0.015 3.032± 0.015 3.030± 0.015 3.030± 0.015
ns 0.9679± 0.0061 0.9673± 0.0057 0.9690± 0.0055 0.9691± 0.0055

α < 3.12 1.54+0.66
−0.94 < 1.80 1.40+0.65

−0.84

β < 3.94 1.88+0.81
−1.5 < 2.98 1.88+0.95

−1.2

am 0.826+0.13
−0.069 0.934+0.056

−0.023 0.74+0.16
−0.12 > 0.930

Ωm 0.296+0.022
−0.016 0.3113± 0.0070 0.276+0.025

−0.016 0.3030± 0.0069

H0 [km/s/Mpc] 68.8+1.7
−2.7 67.02± 0.68 71.0+1.8

−3.2 67.68± 0.71

S8 0.787+0.024
−0.021 0.798± 0.020 0.775+0.020

−0.017 0.786± 0.018
rd [Mpc] 148.03± 0.53 147.93± 0.50 148.16± 0.44 148.18± 0.45

BE −0.31 1.04 −0.95 0.84

crossing from wDE < −1 to wDE > −1 always seems to occur in our post-filtered results, and

it is then followed by a second PDL crossing at a = am (see Figs. VII.5 and VII.7), which is

well constrained in most cases.
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TABLE VII.3. 68% CL constraints on the free parameters (above the line) and derived parameters
(below the line), obtained from the full-prior results using SPT as the baseline CMB dataset. BE is
the Bayesian Evidence.

SPT+WMAP SPT+WMAP SPT+WMAP SPT+WMAP
+eBOSS +eBOSS+PP +DESI +DESI+PP

Ωbh
2 0.02242± 0.00021 0.02241± 0.00020 0.02243± 0.00020 0.02244± 0.00020

Ωch
2 0.1167± 0.0020 0.1169+0.0020

−0.0017 0.1159± 0.0017 0.1158± 0.0016
100θMC 1.04014± 0.00065 1.04012± 0.00065 1.04026± 0.00064 1.04029± 0.00064
τ 0.0531± 0.0071 0.0531± 0.0072 0.0535± 0.0072 0.0536± 0.0072
ln(1010As) 3.032± 0.015 3.032± 0.015 3.030± 0.015 3.030± 0.015
ns 0.9674± 0.0059 0.9670± 0.0058 0.9686± 0.0056 0.9689± 0.0055

α 0.6+1.9
−2.6 0.2+1.0

−1.2 0.6+2.3
−3.1 0.1+1.0

−1.3

β −0.7+3.9
−3.5 −0.3+2.5

−1.5 −2.6+2.3
−4.6 −0.7+2.5

−1.5

am 0.66+0.26
−0.32 0.79± 0.27 0.58± 0.28 0.73± 0.28

Ωm 0.330+0.029
−0.038 0.3129± 0.0073 0.323+0.036

−0.041 0.3048± 0.0071

H0 [km/s/Mpc] 65.4± 3.3 66.90± 0.68 65.9+3.6
−4.2 67.50± 0.70

S8 0.804± 0.025 0.801+0.022
−0.019 0.796± 0.024 0.788± 0.018

rd [Mpc] 147.94± 0.53 147.88± 0.51 148.12± 0.47 148.16± 0.46

BE 0.43 0.67 0.25 1.62

TABLE VII.4. 68% CL constraints on the free parameters (above the line) and derived parameters
(below the line), obtained from the post-filtered results using PL18 as the baseline CMB dataset. BE
is the Bayesian Evidence.

PL18+eBOSS PL18+eBOSS+PP PL18+DESI PL18+DESI+PP

Ωbh
2 0.02242± 0.00013 0.02241± 0.00014 0.02248± 0.00014 0.02247± 0.00014

Ωch
2 0.1195± 0.0010 0.1195± 0.0010 0.11860± 0.00093 0.11883± 0.00098

100θMC 1.04099± 0.00030 1.04097± 0.00031 1.04113± 0.00028 1.04107+0.00030
−0.00026

τ 0.0553± 0.0072 0.0554± 0.0072 0.0574± 0.0076 0.0571± 0.0077
ln(1010As) 3.046± 0.014 3.046± 0.014 3.048± 0.015 3.048± 0.015
ns 0.9664± 0.0038 0.9665± 0.0038 0.9688± 0.0038 0.9683± 0.0038
α < 1.50 < 1.25 < 1.02 < 1.01

β 2.44+0.91
−2.1 1.71+0.84

−1.0 < 2.84 1.66± 0.72

am 0.76+0.17
−0.11 > 0.904 0.66+0.26

−0.13 > 0.913

Ωm 0.297+0.020
−0.013 0.3146± 0.0066 0.277+0.030

−0.019 0.3071+0.0058
−0.0067

H0 [km/s/Mpc] 69.4+1.4
−2.4 67.33+0.69

−0.62 71.7+2.3
−3.9 67.99+0.68

−0.56

S8 0.821± 0.012 0.828± 0.010 0.806+0.015
−0.013 0.821± 0.010

rd [Mpc] 147.17± 0.24 147.19± 0.24 147.35± 0.23 147.31± 0.24

BE 7.02 7.59 7.55 9.28

We observe that for the SPT+WMAP+eBOSS combination, the mean value of H0 is noticeably

lower compared to the corresponding result with PL18. However, replacing eBOSS with DESI

leads to a significant shift of the Hubble constant towards higher values, with H0 = 71.0+1.8
−3.2

km/s/Mpc, in agreement with local measurements with 1.56σ deviations as compared to
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TABLE VII.5. 68% CL constraints on the free parameters (above the line) and derived parameters
(below the line), obtained from the full-prior results using PL18 as the baseline CMB dataset. BE is
the Bayesian Evidence.

PL18+eBOSS PL18+eBOSS+PP PL18+DESI PL18+DESI+PP

Ωbh
2 0.02241± 0.00014 0.02241± 0.00014 0.02245± 0.00014 0.02246± 0.00014

Ωch
2 0.1196± 0.0010 0.11959± 0.00099 0.11904± 0.00098 0.11889± 0.00097

100θMC 1.04096± 0.00030 1.04097± 0.00030 1.04105± 0.00029 1.04107± 0.00029
τ 0.0549± 0.0073 0.0551± 0.0073 0.0560± 0.0075 0.0566± 0.0075
ln(1010As) 3.045± 0.014 3.045± 0.014 3.046± 0.015 3.047± 0.015
ns 0.9662± 0.0038 0.9663± 0.0038 0.9677± 0.0038 0.9681± 0.0038

α 0.6+1.9
−3.3 0.02+0.91

−1.2 1.1± 3.9 0.2+1.2
−1.9

β −1.5+3.9
−3.2 0.1+1.8

−1.1 < −2.12 −0.5+2.3
−1.0

am 0.58+0.28
−0.54 0.75+0.28

−0.24 < 0.743 < 0.824

Ωm 0.334+0.030
−0.039 0.3165± 0.0068 0.329± 0.036 0.3093± 0.0067

H0 [km/s/Mpc] 65.6± 3.3 67.14± 0.66 66.1+3.1
−4.2 67.77± 0.69

S8 0.836± 0.016 0.830± 0.010 0.831+0.018
−0.016 0.823± 0.010

rd [Mpc] 147.15± 0.24 147.17± 0.24 147.27± 0.23 147.29± 0.23

BE 7.65 7.90 9.84 9.59

∼ 5σ for the ΛCDM case, along with a correspondingly lower matter density. Moreover, as in

the results with PL18, the addition of PP improves the constraints on α, β, slightly deviating

from α, β = 0 (ΛCDM). It also increases the preference for the ODE model over ΛCDM, in

both the filtered and the full-prior cases, as one can see from the bayesian evidence values

in Tabs. VII.2, VII.3, VII.4 and VII.5. However, such preference is not substantial when

SPT is used instead of Planck as the CMB benchmark dataset, with the former case showing

only slightly positive bayesian evidence values when SPT CMB data are used alongside the

Pantheon+ supernovae measurements.

Different behaviors are observed when analyzing the model with the full priors. As shown

in Tabs. VII.3 and VII.5, β consistently prefers a mean value in the negative region, with

the 68% CL for the SPT+WMAP+DESI case being negative, and the PL18+DESI case having an

upper bound of −2.12. Hence, we see that the post-filtering forces the β values to be larger.

One could expect, in parallel, that post-filtering would shift the am constraints to lower

values by dropping the am > 1 samples in the chain. However, in contrast, the favored values

of am are smaller for the full-prior, resulting in an upper limit when DESI data are used with

Planck. This is due to the correlations between {α, β, am}. Finally, although α appears to

have significantly larger uncertainties, Fig. VII.3 shows that its posterior is bimodal around

zero for the any dataset combination including PP (except for the SPT+WMAP+eBOSS+PP case),

with the peak for the negative values corresponding to a larger probability.

In our analysis, the inferred values of the Hubble constant H0 remain consistently lower than
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the SH0ES measurement (H0 = 73.04±1.04 km/s/Mpc), though the extent of the discrepancy

varies across datasets. For example, the SPT+WMAP+eBOSS combination yields H0 = 68.8+1.7
−2.7

km/s/Mpc with post-filtered priors (Tab. VII.2), and H0 = 65.4 ± 3.3 km/s/Mpc with full

priors (Tab. VII.3) having the deviations of 2.13σ and 2.21σ respectively with the inferred

SH0ES value. In contrast, the PL18+DESI+PP combination provides a more precise full-prior

estimate of H0 = 67.77 ± 0.69 km/s/Mpc (Tab. VII.5) with the deviation of 4.12σ with

SH0ES value and 0.43σ with Planck value. Although certain configurations formally yield a

significantly reduced tension with the SH0ES measurement (e.g., the analyses without PP),

these tension reductions are mainly due to increased uncertainties of the H0 constraints, a

direct consequence of the three extra parameters of the DMS20 model. Nevertheless, it is

worth noting that both the SPT+WMAP+DESI and PL18+DESI post-filtered results reduce the

discrepancy with SH0ES to roughly 1σ, due to both a genuine shift of the mean H0 value

toward higher values and the increased uncertainties.

Top panels of Fig. VII.4 illustrate the evolution of the Hubble parameter for the PL18+DESI,

PL18+DESI+PP, SPT+WMAP+DESI, and SPT+WMAP+DESI+PP data set combinations of the post-

filtered results, while the bottom panels present the corresponding results for the full-prior

case. While all these scenarios, along with the baseline ΛCDM model, remain discrepant

with the DESI LRG measurement at redshift z = 0.510, we can see some improvement in the

full-prior results. These figures show, as it was also discussed in the previous paragraph, that

the post-filtered results for PL18+DESI and SPT+WMAP+DESI reduce the H0 tension relative

to ΛCDM albeit with large uncertainties. As shown in the figures, the inclusion of PP data

reduces the uncertainty and lowers the mean value of H0, putting it in strong tension with

the SH0ES measurement. Comparing the top panels with the bottom ones, it is evident that

restricting the priors to satisfy α > 0 and β > 0 significantly limits the flexibility of DMS20

to describe different expansion histories.

Next, we present the evolution of the dark energy density, ρDE(z), and the corresponding EoS

parameter, wDE(z), derived from the posterior chains of our analysis, as shown in Figs. VII.5

and VII.7 for the post-filtered results, and in Figs. VII.6 and VII.8 for the full-prior ones.

While noticeable deviations from a cosmological constant (w = −1) are permitted across all

results, such behavior is not necessarily favored, as discussed previously. A further striking

feature shared by all results is the generic occurrence of a double PDL crossing, characterized

by opposite crossing directions in each instance. However, the full-prior and post-filtered

results differ noticeably, as the order of the PDL crossings may be reversed between them.

Specifically, the post-filtered results show an initial crossing into the quintessence regime,

followed by a second crossing into the phantom regime. This ordering is by construction, as

the post-filtered results assume the existence of a PDL crossing from the quintessence to the
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phantom regime, which must be the latest crossing if multiple ones occur. In contrast, the

full-prior results may instead exhibit an initial crossing into the phantom regime, followed by

a second one into the quintessence regime—although they can also display the same crossing

pattern as the post-filtered results. However, note that, while the double PDL crossing is

generic, it is not present in all the MCMC samples for either full or post-filtered results.

A double crossing for the post-filtered results would correspond to a initially increasing DE

density that goes through a decreasing phase before falling back to a decreasing regime; while

this behavior describes the majority of the samples in Figs. VII.5 and VII.7, DE density

evolutions that start with an initially increasing phase are also ubiquitous, especially when

DESI is not present in the data set. Similar observations can be made for the full-prior results.

As a corollary to these discussions, we see that the present day value of the EoS parameter is

always in the phantom regime for the post-filtered results by construction, but it is mostly in

the quintessence regime for the full-prior results especially when DESI is present in the data set

combination. Addition of PP exacerbates this behavior further. This late-time preference for

a quintessence EoS parameter obtained from combining CMB, DESI and PP data agrees with

the findings of [14, 15]. To quantify this preference (it also serves as a measure to quantify

deviations from ΛCDM), we report constraints on the present-day dark energy equation of

state parameter w0 in Tab. VII.6 for the full-prior results. The inferred values range from

w0 = −0.93+0.11
−0.13 for the SPT+WMAP+eBOSS+PP combination to w0 = −0.34+0.53

−0.73 for PL18+DESI,

indicating, depending on the specific case, a mild preference for quintessence-like behavior

within the 2σ range. Although w0 = −1 remains consistent with all datasets at the 95% CL,

the central values point to slight deviations from a pure cosmological constant, in agreement

with the evolving trends in ρDE(z) and wDE(z) discussed earlier.

TABLE VII.6. Values of w0 for different dataset combinations (full-prior results). Uncertainties
correspond to 68% CL, with 95% CL shown in parentheses.

Dataset w0

PL18+eBOSS −0.55
+0.50 (+1.3)
−0.71 (−0.99)

PL18+eBOSS+PP −0.92
+0.087 (+0.25)
−0.12 (−0.20)

PL18+DESI −0.34
+0.53 (+1.2)
−0.73 (−1.0)

PL18+DESI+PP −0.848
+0.097 (+0.27)
−0.16 (−0.22)

SPT+WMAP+eBOSS −0.65
+0.44 (+1.3)
−0.71 (−1.0)

SPT+WMAP+eBOSS+PP −0.93
+0.11 (+0.27)
−0.13 (−0.23)

SPT+WMAP+DESI −0.44
+0.58 (+1.3)
−0.75 (−1.0)

SPT+WMAP+DESI+PP −0.86
+0.11 (+0.27)
−0.15 (−0.22)
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VII.E Conclusion

In this work, we have carried out a comprehensive analysis of a dynamical dark energy

model parameterized by the parameters {α, β, am}, extending their prior ranges beyond

those considered in previous studies, to enable a broader exploration of the parameter space

of the model. This extended framework allows for qualitatively richer evolution histories

of the dark energy density ρDE(z) and equation of state wDE(z), including possible phan-

tom divide line (PDL) crossings in both directions. By combining a variety of observational

datasets—including CMB measurements from SPT, WMAP, and Planck; BAO data from

eBOSS and DESI; and supernovae observations from Pantheon+ (PP)—we find mild de-

viations from a cosmological constant at intermediate redshifts, as our results are generally

consistent with ΛCDM within 2σ or less. In particular, the EoS generically exhibits two PDL

crossings in opposite directions within a single expansion history. These features are robust

across different dataset combinations, suggesting that dynamical dark energy with physically

nontrivial features might be present in a concordance model.

We also investigated the impact of prior choices by comparing the constraints obtained from

full-prior and post-filtered MCMC chains. The post-filtered results assume the presence

of a PDL crossing from quintessence to phantom regime, and are better comparable to

Refs. [474, 475] that analyze the same DE model. The full priors reveal multimodal be-

havior highlighting the critical role of prior selection in capturing the full phenomenology

of the model, as in this case the preferred present-day value of the EoS parameter is in the

quintessence regime unlike the post-filtered results, which assume a present-day phantom

value. Both cases are statistically consistent with -1. For some data set combinations the H0

tension is ameliorated formally due to significantly enlarged uncertainties in comparison to

the ΛCDM model, however the combinations of our CMB, BAO and supernovae data give

tight constraints on H0, in strong tension with the SH0ES measurements.

A robust qualitative feature that emerges across essentially all of our likelihood combinations

is the frequent appearance of multiple (regular) crossings of the phantom divide line (PDL),

wDE = −1, within a single dark-energy evolution history. If this phenomenology persists with

future data, it would carry nontrivial implications for fundamental model building, but it is

crucial to state precisely what is excluded. In particular, a minimally coupled single scalar

field with a standard kinetic structure, Lϕ = ϵX − V (ϕ) (with ϵ = +1 for quintessence and

ϵ = −1 for a pure phantom), cannot realize a stable crossing of wDE = −1 while maintaining

ρDE > 0: such models satisfy wDE ≥ −1 (quintessence) or wDE ≤ −1 (phantom) as long as

ρDE > 0 (see, e.g., Ref. [538]). Therefore, even a single smooth PDL crossing with strictly

positive ρDE already points beyond the vanilla quintessence/phantom paradigm. Multiple

crossings—especially when accompanied by oscillatory behavior and, in parts of parameter

space, sign changes in ρDE—tighten these requirements further and naturally motivate multi-
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degree-of-freedom dark-sector realizations (e.g. quintom or effective multi-fluid descriptions)

and/or an effective origin from modified gravity. (We note, however, that if ρDE is allowed

to cross zero, a single-field phantom setup can accommodate transitions from ρDE < 0 with

wDE > −1 to ρDE > 0 with wDE < −1 at late times; see Ref. [538]. In this case the di-

vergence of wDE = pDE/ρDE at ρDE = 0 is a kinematic artifact of the ratio, rather than a

singularity of the background expansion; see, e.g., Refs. [538, 560].) Importantly, this discus-

sion should not be interpreted as excluding general single-field constructions: more elaborate

frameworks—for instance non-minimally coupled scalars or single-field EFTs with non-trivial

kinetic structure/braiding and broken shift symmetry—can yield an effective equation of state

that crosses −1 and may fit current data well (see, e.g., Refs. [561, 562]). Our point is instead

that the specific combination of features suggested by our constraints makes the simplest min-

imally coupled canonical realizations inadequate and provides concrete motivation to pursue

fundamental ODE-like realizations, including non-canonical fields (e.g. [563, 564]), coupled

systems, or emergent dark-sector phenomena. Additionally, as a complementary diagnostic,

one may map the ODE phenomenology onto an effective CPL description in the (w0, wa)

plane by treating (w0, wa) as a data-compression of the model predictions: for a range of

ODE parameter choices, one can generate the corresponding observables and determine the

best-fitting (w0, wa) while verifying that the residuals remain small (e.g. [551]). For a mean-

ingful comparison with data-driven constraints in the (w0, wa) plane, the mapping should also

account for the redshift sensitivity and error budget of the probes employed (e.g. [28, 552]).

A dedicated implementation of this programme is beyond the scope of the present analysis

and is left to future work.
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Afterword

In the final part of this chapter, we spend a few words about the choice to carry out a

background-only analysis. As mentioned both in the preamble of the paper just presented and

throughout its sections, the deviation of ODE from the standard paradigm only happens at

the level of Eqs.(VII.1,VII.2). The reason to do this is that the parametrisation presented here

represents a purely phenomenological way of introducing dynamical dark energy, which does

affect perturbations but only through the dependence of the equations presented in section

II.B to the evolution of the density and equation of state of DE defined in Eqs.(VII.1,VII.2).

The benefit of this analysis choice is that it spares us from having to implement changes on

the perturbation equations directly, which would be required in the case of MG or interacting

models.
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VIII Slow-rolling Down the Curvature: a Re-

assessment of the Planck Constraints on

ϕ2 Inflation in a Closed Universe

Preamble to the Paper

In this final paper-chapter, we present the data analysis of the scalar primordial perturbations

in a universe with a closed geometry, for which ΩK < 0. In particular, the next sections involve

the implementation in CAMB of a generalised version of the parametric primordial spectrum

introduced in Eq.(II.43) that includes the case where K = 1. The derivation for the expression

of the primordial spectrum used in this paper follows from [565, 566]. In these two papers,

the authors re-derive PR by introducing a new gauge-independent variable that, unlike R,

is conserved at super-horizon scales both in the flat and the closed universe limits of this

model. This new variable is dubbed ζBST, and it is linked to R as follows:

ζBST = R+
1

3

∆Φ

H′ −H2
.

Here, H is the “comoving Hubble function”, defined as H = aH, while Φ is the usual metric

perturbation defined in the conformal Newtonian gauge. The result of this calculation is

presented in Eq.(VIII.7); it is not repeated here to avoid complicating this Preamble with a

fairly cumbersome expression for PR.

A major difference with respect to the flat case is that the perturbation modes for a closed

universe are discrete rather than continuous. This follows from the fact that perturbations are

treated according to the 3-sphere geometry of a closed universe, so that once we decompose

perturbations like Φ or ζBST into eigenmodes along a spherical space, the oscillation of each

mode n will be described by spherical harmonics functions. This discretization is labeled

here through n, an integer variable that takes values such that n ≥ 2 and is related to k, the

wavenumber that is a continuous variable in a flat universe, as n2 = k2 + K. In a way, such

discretization is analogous to the decomposition of the CMB temperature perturbations into

modes ℓ with amplitude Cℓ, done along the two-dimensional surface of a sphere.

The main goal of the paper presented in this chapter is to reassess the robustness of the

constraints that Planck, specifically its PR3 data release, found on ΩK by employing the

following parametrisation:

PR ∝ (n2 − 4K)2

n(n2 −K)2
As

(
k

k∗

)ns−1

.
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The factor that, in the equation above, precedes the standard power-law form for PR as

given in Eq.(II.43) is an ad-hoc addition aimed at accommodating the suppression of the

primordial spectrum at large scales induced by models where ΩK < 0. This expression for PR
was employed, for instance, to explain the suppression in the quadrupole of the CMB tem-

perature spectrum of WMAP [567]. A similar suppression has also been observed in Planck’s

PR3 data in both the quadrupole and the octupole modes of the temperature spectrum [23],

an observation that has been interpreted as evidence for a closed universe [166, 167]. The

importance of these observations begs the question of whether the expression above, which is

purely phenomenological and not justified on any theoretical grounds, can be considered as

a reliable tool to test for fundamental departures from spatial flatness. The paper presented

here is an attempt at tackling exactly this question, by taking into consideration the model

for PR briefly outlined above as an alternative method to constrain the spatial curvature of

the universe.

Finally, this paper can be seen as a ramification of the MG analyses presented in chapters

IV-VI in the sense that, here too, we seek to leverage some of the features in Planck’s PR3

temperature spectrum that seem to point at possible departures from the ΛCDM model.

While only valid for inflaton potentials satisfying V (ϕ) ∼ ϕ2, the model analysed in this

paper can still be considered as a fairly general and, most importantly, theoretically robust

parametrisation of the primordial spectrum in a closed universe.
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Slow-rolling down the curvature: a reassessment of the
Planck constraints on ϕ2 inflation in a closed universe

Abstract: We revisit the Cosmic Microwave Background (CMB) con-

straints on the spatial curvature of the Universe, assessing how they change

when the curvature parameter and the primordial inflationary scalar spec-

trum are treated consistently within theoretically motivated frameworks.

Instead of relying on the phenomenological parametrisation commonly used

to capture curvature effects at the largest scales, we present a case study

based on closed quadratic inflation, where the primordial spectrum is de-

rived in full generality and in a gauge-invariant manner. Within this frame-

work, we analyze both the plik PR3 and CamSpec PR4 Planck CMB like-

lihoods and find that the constraints on ΩK shift towards spatial flatness.

In plik the preference for ΩK < 0 decreases from ≳ 3.5σ to ∼ 2.5σ, while

in CamSpec it reduces further to ∼ 2σ. At large angular scales (ℓ < 10),

our model explains the low-ℓ power suppression anomaly, notably improv-

ing the fit to the quadrupole. However, the reduced preference for highly

negative values of ΩK only partially accounts for the lensing anomaly at

high multipoles, worsening the fit to the plik spectrum at small scales.

By contrast, in the CamSpec PR4 spectrum, where the lensing anomaly is

less pronounced, the model yields an overall improvement. Our analysis

highlights a key conceptual point: closed-inflation models tie the curvature

parameter to the inflationary dynamics and the primordial spectrum, en-

forcing consistency conditions that do not necessarily allow for the large

deviations from flatness seen in phenomenological parametrisations. In the

case of quadratic inflation, these restrictions reduce the apparent evidence

for negative curvature reported by earlier analyses, while allowing for a

mildly closed geometry.

VIII.A Introduction

The spatially-flat ΛCDM model, built on the assumption of the validity of general relativity

at cosmological scales and the existence of the two energy components contained in its name,

Λ (the cosmological constant) and CDM (cold dark matter), is to date our best attempt at

unifying all of the cosmological observations currently available to us under the flag of a single

paradigm. Despite its successes, this model suffers from some yet unresolved problems that

put its validity into question – see [78] and the references therein for the most up-to-date

summary of these issues. A notable incosistency is the Hubble tension [110, 114, 115, 117,
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120, 143, 147, 220–226], which refers to a non-trivial mismatch in the measurement of H0,

the present-day value of the Hubble parameter H, by different cosmological tracers. This

tension is best exemplified by the astounding 6.2σ discrepancy between the measurement

of H0 obtained by the SH0ES team from Cepheid-calibrated type Ia supernovae [84, 227],

a late-time probe, and that from the cosmic microwave background (CMB) temperature

and polarisation anisotropy spectra, an early-time probe, which the South Pole Telescope

(SPT) ground-based observatory reports to be H0 = 66.66 ± 0.60 km s−1Mpc−1 in their

recent SPT-3G D1 release [25]. If measurement systematics are to be ruled out as the

root of the problems plaguing the ΛCDM scenario, such as the Hubble tension mentioned

above [84, 228, 485, 487, 488, 497–505], solutions need to be sought in alternative models of

cosmology, by challenging the standard model’s foundations.

An integral part of these foundations is the theory of inflation [105, 106], commonly described

by a minimally coupled scalar field, ϕ, that slowly rolls down the slope of its potential, V(ϕ).
While providing a mechanism that explains the origin of the primordial density perturbations

that went on to form the structures in the universe we now observe, inflation can also offer

a solution to the so-called flatness problem. First pointed out by Robert Dicke in 1969,

the flatness problem is, in essence, a fine-tuning problem related to the amount of spatial

curvature that characterises the universe: ΩK, where the subscript K denotes the curvature

parameter and can take the values −1, 0, or 1, depending on whether the universe is open,

flat, or closed, respectively. The total energy budget of the universe can be defined as

Ω = 8πGρ/3H2, with ρ including the densities of matter, radiation, and Λ; for a flat universe,

Ω = 1. Dicke observed that since (1) Ω strays away from unity as the universe expands and

(2) we currently observe the universe to be very close to flatness, or equivalently Ω0 ≈ 1, then

at early times the value of Ω must have been even closer to 1 than it is today – an almost

perfectly flat universe. To avoid such fine-tuning of the Universe’s initial conditions, we resort

to inflation, which postulates an early period of exponential expansion able to guarantee a

nearly flat Universe today for a wide range of initial values of Ω.

State-of-the-art cosmological observations almost unanimously agree that the current uni-

verse, as far as we can tell, is spatially flat. The latest baryon acoustic oscillation (BAO)

distance measurements from the Dark Energy Spectroscopic Instrument (DESI) yield ΩK =

0.025±0.041 [15], in good agreement with previous SDSS BAO results, ΩK = 0.079+0.083
−0.10 [76].

Both measurements are consistent with spatial flatness within 1σ. The 3×2pt measurements

of the weak lensing of galaxies, their clustering, and the cross-correlation of the two can

also be shown to agree with ΩK = 0: the Dark Energy Survey (DES), when combined with

CMB and Type Ia supernovae (SNIa) data, reports ΩK = 0.001 ± 0.002 [97], while the

KiDS-Legacy analysis finds ΩK = 0.011+0.054
−0.057 [211]. CMB data from the Atacama Cosmology

Telescope (ACT) also indicate flatness to within ∼ 1.3σ (including Planck CMB and DESI

BAO data) [44]. Similarly, the CMB spectra of SPT alone constrain ΩK to be less than 1σ
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away from a null value [25].

Perhaps the only discordant result, though entangled with many caveats and technicali-

ties, comes from the temperature and polarisation spectra released by the Planck satel-

lite, which still remains the most precise CMB probe. The Planck Release 3 (PR3), with-

out including lensing reconstruction data, suggests evidence for a closed universe, with

ΩK = −0.044+0.018
−0.015 [23, 166, 167], deviating from flatness at more than 3σ. In the recent

Planck Release 4 (PR4) this evidence is reduced, yet differences between likelihoods remain:

CamSpec [45] yields ΩK = −0.025+0.013
−0.010, still over 2σ away from ΛCDM, while HiLLiPoP [24]

finds consistency with flatness to within 1σ.

Inevitably, the presumed Planck preference for a curved Universe sparked (and continues

to attract) a series of dedicated analyses, thereby [116, 165–167, 297, 307–325, 568–588].

This renewed interest in spatial curvature remains timely and relevant not primarily because

of the aforementioned Planck preference for a closed Universe (an indication reduced in

the PR4 release and, if taken at face value, not supported by most other early- and late-

Universe probes), but because ΩK remains a parameter of central importance in many models

extending beyond ΛCDM. These include, among others, proposed solutions to the Hubble

tension [220, 589–591] and models of dynamical dark energy invoked to explain the present-

day accelerated expansion of the Universe [297, 322, 592, 593].

In almost all studies characterizing spatial curvature, including the Planck analyses them-

selves, the primordial spectrum Pζ in a non-flat universe is modeled using the following

heuristic formula [307, 308, 567, 594–596]:

Pζ ∝
(n2 − 4K)2

n(n2 −K)2
As

(
k

k∗

)ns−1

, (VIII.1)

where

n2 = k2 +K (VIII.2)

takes discrete values such that n ≥ 3 when K = 1. The pivot scale is usually fixed at

k∗ = 0.05Mpc−1, which corresponds to the scale at which the amplitude As and the tilt ns

of the primordial spectrum are evaluated.

Eq. (VIII.1) is an adaptation of the power-law expression generally used to test flat models,

which can be recovered by fixing K = 0. The n-dependent prefactor is introduced to heuris-

tically capture the modifications induced by curvature on the largest scales, where a closed

geometry leads to discrete eigenmodes and non-trivial deviations from the flat case. While

this construction is convenient, it lacks a direct derivation from a concrete inflationary model

and should be interpreted with caution, as depending on the underlying model it may not

adequately reproduce the imprints of the inflationary dynamics on the primordial spectrum
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at those scales. This limitation has been discussed in several works that attempted to move

beyond such a heuristic treatment [597–601].VIII.1

Yet another source of concern, besides the heuristic nature of Eq.(VIII.1), is that, as em-

phasised in Ref. [626] (see also [47, 602, 603]), predictions for a closed universe can vary

significantly across different gauges, especially on large scales corresponding to wavelengths

comparable to the curvature radius. Broadly speaking, this is due to the fact that, in a closed

FRW geometry (K > 0), scalar perturbations are expanded in hyperspherical harmonics on

S3 with discrete wavenumbers n. The physically propagating modes start at n ≥ 3, while

the n = 1, 2 sectors are non-dynamical or pure gauge. At the largest scales, corresponding

to small n, the usual time slicings (e.g., Newtonian, synchronous, comoving) differ markedly,

and the constraint equations introduce O(K/n2) terms that mix scalar-field and metric per-

turbations. As a consequence, spectra computed for gauge-fixed variables (such as δϕ in

comoving gauge or the Bardeen potentials in Newtonian gauge) can exhibit gauge-dependent

amplitudes and tilts precisely where curvature effects are strongest.VIII.2 Therefore, alter-

native formulations and analyses performed within a fixed gauge – even when aiming to go

beyond this parametrisation and provide more precise calculations – may still carry residual

ambiguities rooted in the gauge choice.

Although these issues may seem like technical subtleties of mainly academic interest, they

can become highly relevant when deriving observational constraints on the spatial curvature

parameter from Planck data. The apparent Planck preference for a closed universe arises not

only from the well-known lensing anomaly – i.e., the preference for enhanced smoothing of the

acoustic peaks at small scales [303, 304, 306, 332, 453, 627] – but also from small yet important

differences in the fit to the CMB power spectra at the largest scales [567, 623]. Planck

measurements of temperature and polarisation anisotropies indeed reveal a series of long-

standing anomalies in this regime: the TT spectrum at the lowest multipoles ℓ ≲ 10 (notably

the quadrupole and octopole) lies systematically below the best-fit ΛCDM prediction [23, 51].

It is precisely on these scales that the heuristic n-dependent corrections in Eq. (VIII.1) –

and, more broadly, gauge-dependent treatments in alternative formulations – can mimic a

preference for negative curvature, thereby potentially contributing to the apparent Planck

signal for ΩK < 0 and raising doubts about the robustness of curvature constraints derived

from gauge-dependent approaches.

In this work, we reassess the implications of the above limitations by adopting the primordial

power spectrum for a closed universe originally derived in Ref. [565]. Specifically, we employ

a gauge-invariant variable, constructed in analogy with the Mukhanov–Sasaki variable, which

combines scalar field and metric perturbations to yield a fully gauge-invariant expression for

the primordial spectrum in a closed geometry. We use this theoretically motivated spectrum

VIII.1 For discussions surrounding inflation in a closed Universe, see also Refs. [597, 602–625].
VIII.2 This issue is further compounded by the choice of initial vacuum in a closed geometry, where there is

no exact Minkowski sub-horizon limit and naive Bunch–Davies prescriptions can pick up gauge-specific
normalisations on large scales.
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as a case study to evaluate the impact on current constraints on ΩK from Planck data and to

reassess the presumed preference for a closed universe within physically motivated models of

closed inflation. The details of the derivation are summarised in Sec. VIII.B, the data used

in our analysis are described in Sec. VIII.C, the results are presented in Sec. VIII.D, and our

conclusions on the flatness of the present universe are drawn in Sec. VIII.E.

VIII.B The Gauge-invariant Primordial power Spectrum in a Closed

Universe

In a closed Friedmann–Lemâıtre–Robertson–Walker (FLRW) universe, we consider an infla-

tionary phase driven by a scalar field ϕ with a quadratic potential V(ϕ) = 1
2m

2ϕ2. As one

of the simplest and most widely used slow-roll potentials, it provides a standard benchmark

for studying inflationary dynamics and for isolating the effects induced purely by the spatial

curvature in a closed FLRW background.

The line element of the FLRW metric in conformal time η is given by

ds2 = a2(η)
[
−dη2 + dχ2 + s2K(χ) dΩ

2
]
, (VIII.3)

where a(η) is the scale factor, χ is the comoving radial distance, and dΩ2 = dθ2 + sin2 θ dϕ2

is the infinitesimal solid angle. For the closed model, the function sK(χ) takes the form

sK(χ) =
sin
(√

|K|χ
)

√
|K|

, (VIII.4)

with curvature parameter K = +1.

In the slow-roll regime, the scalar field satisfies the following conditions:

ϕ̇2 ≪ V(ϕ), |ϕ̈| ≪ 3H|ϕ̇|. (VIII.5)

The slow-roll parameters are defined as

ϵ = 1− H′

H2
, δ = ϵ− ϵ′

2Hϵ , (VIII.6)

where H denotes the comoving Hubble parameter, related to the Hubble parameter by H =

aH. The prime indicates a derivative with respect to conformal time η.

The power spectrum in the slow-roll approximation using a gauge-invariant variable, origi-

nally derived in Ref. [565], is summarised here together with the assumptions underlying its

derivation. The calculation proceeds within the framework of canonical quantum gravity. Im-

plementing canonical quantization for the perturbed inflationary universe model leads to the
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corresponding Wheeler–DeWitt equation. Applying a semiclassical Born–Oppenheimer type

of approximation to this equation allows one to recover Schrödinger equations for the pertur-

bation modes (see Eq. (57) in Ref. [565]), together with the quantum-gravitationally corrected

Schrödinger equation at the next order of approximation. From the resulting Schrödinger

equation, the power spectrum for the gauge-invariant generalised Mukhanov-Sasaki variable

is obtained (see Eq. (74) in Ref. [565]). The initial state of the perturbation modes is taken

to be the adiabatic vacuum, the standard choice for quantum fluctuations in this framework.

The quantum-gravitationally corrected Schrödinger equation and the corresponding corrected

spectrum are derived in Ref. [566].
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FIG. VIII.1. Left panel: Variations of CTT
ℓ when the slow-roll parameter ϵ is varied in the range

ϵ = [0.01, 0.05] with fixed δ = 0.02 and ΩK = −0.01. Right panel: Variations of CTT
ℓ when the

slow-roll parameter δ is varied in the range δ = [−0.03, 0.03] with fixed ϵ = 0.02 and ΩK = −0.01.

In addition to the power spectrum of the generalised Mukhanov–Sasaki variable, the power

spectrum of the gauge-invariant variable ζBST (named after Bardeen, Steinhardt, and

Turner [628]) is also obtained in Ref. [565] (see Eq. (79) therein), where it is expressed

in terms of the former. The variable ζBST remains conserved during the evolution of super-

Hubble modes in non-flat FLRW models [626]; hence, it is the natural quantity for relating

the primordial scalar perturbations at the end of inflation to the temperature anisotropies of

the CMB and the quantity that directly enters as input in our Boltzmann code computations.

In obtaining the power spectrum, the derivation was performed to first order in the slow-roll

parameters ϵ and δ, with higher-order terms neglected. In addition, curvature corrections

involving higher powers ofK/H2 were omitted, a justified approximation since during inflation

the comoving Hubble horizon H−1 decreases rapidly.
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The primordial power spectrum for ζBST takes the following explicit formVIII.3,VIII.4:

PζBST
=

1

π

H2

M2
P

(
ϵ+ K

H2

) 1−K/n2
f3ϵ (n)

[
1 +

K
(
ϵ+K/H2

)

n2 − 4K

]

× C̃ϵ,δ

( n

aH
fϵ(n)

)−2(γ−3λϵ,δ(n)/2)
,

(VIII.7)

with

C̃ϵ,δ = 1− 2ϵ+

(
γ − 3

2
λϵ,δ(n)

)
(4− 2γE − 2 ln(2)), (VIII.8)

where γ = 2ϵ − δ, and γE ≃ 0.5772 is the Euler–Mascheroni constant. The functions fϵ(n)

and λϵ,δ(n) are given by

fϵ(n) =

{
1− K

n2
− K
n2 − 4K

(
2 + 3ϵ+

(3ϵ− 1)K
n2

)

+
3(3− 2ϵ)K2

(n2 − 4K)2

(
1− K

n2

)} 1
2

,

(VIII.9)

and

λϵ,δ(n) = 1−
{
1− 8K

n2 − 4K
1

4γ + 3

×
(
3γ + 12δ +

3ϵ

2

n2 −K
n2 − 4K

)} 1
2

.

(VIII.10)

These functions arise when solving the Schrödinger equation for the perturbation modes in

a closed FLRW background: fϵ(n) appears in the argument of the Bessel functions, and λϵ,δ

determines their order, encoding the corrections induced by spatial curvature in a closed

FLRW geometry (see Eq. (63) in Ref. [565]).

Furthermore, let us recall the power spectrum in the flat case [629], which can be recovered

from the power spectrum in Eq. (VIII.7) by taking the large-wavenumber limit:

P f
ζ (k) =

1

π

H2

M2
P ϵ
Cϵ,δ

(
k

aH

)−2γ

, (VIII.11)

VIII.3 Here, the Planck mass is defined asMP :=
√

1/G, and calculations are performed in natural units, ℏ = c = 1.
VIII.4 For convenience and consistency with our numerical implementation, we write the spectrum in the compact,

power-law-like form commonly used in standard slow-roll treatments (e.g. Eq. (8.226) of [626]). This
expression is algebraically equivalent to the logarithmic form given in Eqs. (74) and (77) of Ref. [565] to
first order in the slow-roll parameters which is the order to which the original derivation applies.
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where

Cϵ,δ = 1− 2ϵ+ γ(4− 2γE − 2 ln(2)). (VIII.12)

Here, the power spectrum is expressed in terms of the conserved gauge-invariant variable ζ

for the flat FLRW model. Its relation to ζBST is discussed in [626].

We stress that this derivation of the primordial spectrum based on Ref. [565], is carried out

for a quadratic inflationary background. The background equations are first solved explicitly

for the potential V (ϕ) = m2ϕ2/2, and the resulting functions H(t), a(t), and ϕ(t) are then in-

serted into the perturbation equations. Therefore, although the final expressions are written

in terms of slow-roll parameters, the resulting spectrum is not universal in a closed Universe:

it is valid only for the quadratic potential used in the derivation. This model dependence

is not merely a byproduct of methodology, but reflects an intrinsic obstruction specific to

the closed case that has no analogue in flat inflation. When K > 0, the Friedmann equation

contains the additional contribution K/a2, whose evolution cannot be rewritten in terms of

ϵ, δ, and their time derivatives. Unlike the slow-roll terms, the curvature contribution does

not scale with the slow-roll hierarchy and depends explicitly on the full background solution

through a(t). The suppression of K/a2, the duration of the curvature-dominated regime, and

the onset of the slow-roll phase all depend sensitively on the detailed form of V (ϕ). As a

result, two different potentials with identical values of (ϵ, δ) can lead to different background

evolutions in the closed case. This already prevents the Mukhanov–Sasaki frequency from

being written solely in terms of slow-roll parameters, in contrast with the flat scenario. In

addition, the curvature-modified Mukhanov–Sasaki equation contains contributions propor-

tional to K and to the discrete Laplacian eigenvalues on S3, n(n+2). These terms involve a,

a′, and a′′ in ways that cannot be encoded by the slow-roll hierarchy alone. This is a purely

geometric effect of the closed spatial topology: the discrete spectrum of scalar harmonics

and the curvature-dependent contributions couple directly to the background evolution, in-

troducing an explicit dependence on V (ϕ).

We note that [565] demonstrated that the power spectrum in a closed FLRW model is sup-

pressed at large scales and exhibits a cutoff at the largest scales, compared to the flat case,

due to the finiteness of the spatial geometry. It should also be pointed out that the power

spectrum in Eq. (VIII.7) exhibits an explicit and prominent scale dependence at large scales

due to the curvature of the universe. Consequently, the usual power-law approximation,

which assumes only weak scale dependence quantified by the spectral index, is not applicable

in this case.
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In this section, we describe the numerical implementation of the inflationary model (para-

graph VIII.C.1) and discuss how we test its viability against CMB data (paragraph VIII.C.2).

VIII.C.1 Re-expressing P c
ζ

We first expand on how Eq. (VIII.7) was implemented into the Boltzmann solver CAMB [31,

32] for the calculation of the observables used in this analysis, namely the temperature,

polarisation, and CMB lensing potential spectra.

In the flat ΛCDM model, the mild scale dependence of the primordial power spectrum can

be rewritten in the form of a power law:

P fζ (k) = As

(
k

k∗

)ns−1

, (VIII.13)

which can be used as a parametric approximation of Eq. (VIII.11). Because Eq. (VIII.13)

is the mathematical form employed by CAMB to evaluate P fζ , it would be natural to also

re-express Eq. (VIII.7) in terms of a power law, by calculating what As and ns would look

like in our model. However, as explained in Sec. VIII.B, this is not trivial due to the strong

k-dependence of the primordial spectrum in this model. We therefore adopt the following

strategy to implement Eq. (VIII.7).

First, due to the complexity of the full expression in Eq. (VIII.7), we introduce the following

approximations to simplify its implementation in CAMB [31, 32]: we set the slow-roll parame-

ters to zero within the functions fϵ(n) and λϵ,δ(n), where their contributions are verified to

be negligible. Thus, for convenience, in the present analysis, we consider the power spectrum

in Eq. (VIII.7) with

f(n) := lim
ϵ→0

fϵ(n) and lim
ϵ,δ→0

λϵ,δ(n) = 0. (VIII.14)

The function in Eq. (VIII.8) also simplifies to C̃ϵ,δ(n) ≈ Cϵ,δ. We denote the resulting

expression for the power spectrum in the closed FLRW universe by P c
ζ (n):

P cζ (n) =
1

π

H2
(
1−K/n2

)

M2
P

(
ϵ+ K

H2

)
f3(n)

[
1 +

K
n2 − 4K

(
ϵ+

K
H2

)]

× Cϵ,δ

( n

aH
f(n)

)−2γ
.

(VIII.15)

The approximation introduced by Eq. (VIII.14) is not based on a strict order-by-order ex-

pansion of the parameters ϵ and K/n2 (the combination of which is neglected in fϵ(n) and
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FIG. VIII.2. The CMB TT spectrum according to Eq.(VIII.16) (upper figure) and the one calculated
with the standard CAMB implementation (lower figure). The lower ΩK, the stronger the suppression of
the low-ℓ spectrum.

λϵ,δ(n) but still appears in Eq. (VIII.15)), but rather on numerical relevance for the CMB

observables. This simplification was designed so that the modified P cζ (n) can be rewritten as

a multiplicative correction to the standard power-law spectrum as explained in the following

lines, avoiding numerical instabilities in CAMB. This choice aims to increase the speed of con-

vergence of the MCMC scans while ensuring a negligible impact on the resulting cosmological

constraints.

Second, we generalize the primordial spectrum to include our non-flat scenario by introducing

a factor, Φ(n, ϵ, δ), that reduces to unity when ΩK = 0:

P c
ζ (n) = P f

ζ (n) Φ(n, ϵ, δ), (VIII.16)

where P fζ (n) simply results from redefining the wavenumber in Eq. (VIII.13) according to

Eq. (VIII.2). Here, Φ(n, ϵ, δ) is not just an arbitrary function that needs to be constrained

or reconstructed by the data. As a matter of fact, it is precisely defined as the ratio between
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Eq. (VIII.15) and its equivalent expression in the ΛCDM limit, Eq. (VIII.11):

Φ(n, ϵ, δ) =
P c
ζ (n)

P f
ζ (n)

=
ϵ(

ϵ+ K
H2

)
(
1− K

n2

)

×
[
1 +

K
n2 − 4K

(
ϵ+

K
H2

)]
f(n)−2γ−3.

(VIII.17)

Therefore, by construction, in the K → 0 limit Φ(n, ϵ, δ) reduces to unity, recovering the

flat-universe case. Conversely, in a closed universe (K = 1), the flat contribution cancels

out and the expression isolates the purely curvature-dependent corrections. In this way, the

result can be interpreted as a “correction factor” to the familiar power law of Eq. (VIII.13),

which makes its implementation into CAMB straightforward.

In order to check whether the approximations introduced by Eq. (VIII.14) are robust and

can be safely used to constrain Pζ with data, in Appendix B we carry out a comparison be-

tween the approximated (i.e., Eq. (VIII.15)) and the full (i.e., Eq. (VIII.7)) versions of Pζ by

implementing both in CAMB. The difference between the approximated and non-approximated

spectra of the CMB temperature anisotropies is shown to be well within the uncertainties

of Planck’s 2018 measurements of the temperature spectrum [23], meaning that choosing

Eq. (VIII.15) over Eq. (VIII.7) does not introduce any relevant systematic shift in the con-

straints for our model outlined in Sec. VIII.D.

Finally, the effect of varying the slow-roll parameters ϵ and δ in this setup is illustrated in

Fig. VIII.1. Increasing ϵ leads to an overall enhancement of the CMB temperature power

spectrum, particularly at low multipoles, while increasing δ produces the opposite effect,

suppressing power across all scales. In Fig. VIII.2, instead, we compare the TT spectrum

obtained from our model using Eq. (VIII.16) to the standard CAMB implementation of curva-

ture. While both approaches yield similar results at high multipoles (the damping tail), the

suppression of low-ℓ power, especially the quadrupole, is significantly stronger in our model.

The standard implementation shows only a mild suppression at low-ℓ for the same values of

ΩK.
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VIII.C.2 Planck Likelihoods and Data

The ΛCDM parameter space – hereafter referred to as λ – is expanded by the additional

parameters introduced by our model: λ −→ λc = λ ∪ {ϵ, δ,ΩK}.VIII.5

To efficiently sample λc within the prior volume given by the flat priorsVIII.6 listed in

Tab. VIII.1, we use the Cobaya Markov Chain Monte Carlo (MCMC) package [91]. The sam-

ple chains obtained in this fashion are then analyzed using the Getdist plotting code [349],

so as to derive the constraints on λc and their graphical 1D and 2D representations, presented

in Sec. VIII.D.

The viability of the inflationary model outlined in Sec. VIII.B is tested using exclusively

CMB data: both the curvature and the slow-roll parameters ϵ and δ directly affect the

primordial spectrum Pζ , which in turn determines the temperature anisotropies of the CMB,

as illustrated in Fig. VIII.1 and Fig. VIII.2. This makes the Planck CMB measurements a

natural probe to constrain the model. The Planck CMB likelihoods employed in our analysis,

along with their corresponding keys, are listed below.

Parameter Prior

Ωbh
2 [0.017, 0.027]

Ωch
2 [0.09, 0.15]

τ [0.01, 0.2]
log(1010As) [2.6, 3.5]
100 θMC [1.03, 1.05]
ΩK [−0.05, 0]
ϵ [0, 0.05]
δ [−0.03, 0.03]

TABLE VIII.1. Flat priors adopted to constrain the parameters of the inflationary model presented
here, including ϵ, δ,ΩK.

• PL18: this is a likelihood combination including plik [51] for the temperature (TT),

polarization (EE), and temperature-polarization cross-correlation (TE) Planck 2018

spectra at ℓ > 30, while in the ℓ < 30 range we use the simall likelihood [23] for

E-mode polarization measurements, and the Commander likelihood [452] for the TT

anisotropies.

VIII.5 λ includes the energy densities of baryonic (Ωbh
2) and dark (Ωch

2) matter, the optical depth integrated to
the reionization epoch (τ), the sound horizon-angular diameter distance ratio calculated at last scattering
(θMC) as well as the amplitude (As) and tilt (ns) of the flat primordial scalar spectrum Eq.(VIII.13) employed
in Eq. (VIII.16). ns is, in this case, a derived parameter, as it depends on ϵ and δ: ns = 2δ − 4ϵ.

VIII.6 Note that throughout this work we assume a prior ϵ > 0. In canonical single-field inflation this follows from
the null-energy condition, which fixes Ḣ to be negative in flat space. In closed geometries the curvature
term can slightly modify its magnitude, but it cannot flip its sign without breaking the slow-roll dynamics:
if curvature-dominated Ḣ, the evolution would no longer be controlled by the inflaton field and the system
would not describe a genuine slow-roll phase. Such configurations therefore lie outside the class of models
considered here.
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• lensing: this is the lensing spectrum, Cϕϕℓ , from the 2018 data release of Planck’s

maps [52]; ϕ is the lensing potential that can be reconstructed through quadratic

estimators of TT and EE.

• CamSpec: this combination includes the CamSpec [45] likelihood for the TT, TE, and

EE spectra at ℓ > 30, based on the Planck-PR4 NPIPE CMB maps [53]. As in the

PL18 case, we combine it with the simall likelihood [23] for E-mode polarization and

the Commander likelihood [452] for temperature anisotropies at ℓ < 30.

PL18 PL18+lensing CamSpec CamSpec+lensing

Ωbh
2 0.02251± 0.00016 0.02248± 0.00015 0.02230± 0.00015 0.02227± 0.00014

Ωch
2 0.1191± 0.0014 0.1187± 0.0014 0.1189± 0.0012 0.1188± 0.0012

100θMC 1.04105± 0.00032 1.04105± 0.00031 1.04087± 0.00026 1.04084± 0.00026
τ 0.0539± 0.0081 0.0515± 0.0082 0.0511± 0.0083 0.0496± 0.0081

ln(1010As) 3.041± 0.016 3.035+0.016
−0.015 3.032± 0.017 3.029± 0.016

ϵ 0.0170+0.0057
−0.0028 0.0141+0.0074

−0.0045 0.0159+0.0069
−0.0035 0.0144+0.0076

−0.0046

δ > 0.0142 > 0.00650 > 0.0101 > 0.00562

ΩK −0.026+0.012
−0.011 −0.0084+0.0062

−0.0036 −0.0160+0.011
−0.0063 −0.0078+0.0060

−0.0032

ns 0.9671± 0.0044 0.9680± 0.0044 0.9656± 0.0042 0.9656± 0.0042

Ωm 0.418± 0.043 0.344+0.015
−0.022 0.379+0.026

−0.043 0.344+0.014
−0.021

H0 [km/s/Mpc] 58.5+2.7
−3.5 64.3+2.0

−1.5 61.4+3.2
−2.6 64.3+2.0

−1.4

S8 0.934+0.044
−0.038 0.855+0.017

−0.020 0.891+0.031
−0.039 0.853+0.017

−0.019

∆χ2 −1.73 −1.18 0.49 0.20

TABLE VIII.2. Constraints at 68% CL from different Planck likelihood combinations (PL18,
PL18+lensing, CamSpec, and CamSpec+lensing) on the extended parameter space including ΩK, ϵ, δ,
together with the usual ΛCDM parameters and derived quantities (Ωm, H0, S8). The last row reports
the difference in the best-fit χ2, defined as ∆χ2 = χ2(ΩK)− χ2(ϵ, δ,ΩK).

In closing this section, we stress that, although ΩK can also be constrained by complementary

distance measurements such as BAO or SNIa, our main goal here is not to provide the tightest

bounds from a combination of different probes. Rather, we aim to quantify to what extent

phenomenological or gauge-dependent parametrisations of the primordial spectrum affect the

curvature constraints extracted from the CMB. For this reason, in the main text we restrict

our analysis to CMB temperature and polarisation anisotropy measurements alone, which

makes it easier to isolate the role of both the lensing anomaly and the large-scale anomalies

in shaping the inferred value of ΩK. For completeness, results including low-redshift probes

are presented in Appendix A.
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PL18 PL18+lensing CamSpec CamSpec+lensing

Ωbh
2 0.02256± 0.00016 0.02250± 0.00016 0.02234± 0.00015 0.02229± 0.00014

Ωch
2 0.1184± 0.0014 0.1184± 0.0014 0.1184± 0.0012 0.1185± 0.0012

100θMC 1.04113± 0.00032 1.04109± 0.00031 1.04092± 0.00026 1.04088± 0.00027

τ 0.0499± 0.0078 0.0493± 0.0080 0.0477+0.0083
−0.0074 0.0475+0.0084

−0.0070

ln(1010As) 3.032± 0.016 3.029± 0.016 3.024+0.017
−0.015 3.024+0.017

−0.015

ns 0.9695± 0.0045 0.9692± 0.0045 0.9676± 0.0043 0.9667± 0.0044

ΩK < −0.0304 −0.0107+0.0070
−0.0047 −0.024+0.013

−0.010 −0.0099+0.0071
−0.0043

Ωm 0.450+0.049
−0.028 0.352+0.018

−0.024 0.408+0.040
−0.047 0.351+0.018

−0.024

H0 [km/s/Mpc] 56.3+1.3
−3.3 63.5± 2.0 59.1+2.9

−3.5 63.6+2.2
−1.8

S8 0.956+0.040
−0.026 0.860± 0.020 0.914± 0.038 0.858+0.018

−0.021

TABLE VIII.3. Constraints at 68% CL on ΩK from different Planck likelihood combinations (PL18,
PL18+lensing, CamSpec, and CamSpec+lensing), using the standard CAMB implementation of positive
curvature. We also report the corresponding derived parameters (Ωm, H0, S8).
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FIG. VIII.3. Two-dimensional marginalized constraints at 68% and 95% CL on ΩK, ϵ, δ in the gauge-
invariant closed-universe model, from different Planck likelihood combinations (PL18, PL18+lensing,
CamSpec, and CamSpec+lensing).
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likelihoods, comparing the standard CAMB implementation of curvature with our gauge-invariant closed-
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FIG. VIII.5. Comparison of the best-fit CMB temperature spectra at low multipoles: ΛCDM (or-
ange, solid line), the standard curvature implementation (blue, solid line), and our gauge-invariant
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measurements.
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VIII.D Results

In this section we present the cosmological constraints obtained with the methodology and

datasets described in Sec. VIII.C. Unless otherwise stated, all quoted uncertainties correspond

to 68% CL. We work within the extended parameter space of our gauge-invariant closed-

universe model, in which the curvature parameter ΩK is sampled together with the slow-roll

parameters ϵ and δ, in addition to the usual ΛCDM parameters.

We consider different combinations of Planck likelihoods, namely PL18, PL18+lensing, Cam-

Spec, and CamSpec+lensing, in order to assess the impact of the lensing anomaly and of

alternative high-ℓ likelihood choices. The CMB-only constraints on our parameterization

are reported in Table VIII.2. For comparison, we show in Table VIII.3 the corresponding

results obtained with the standard CAMB implementation of curvature. The two-dimensional

marginalized posteriors for {ΩK, ϵ, δ} are displayed in Fig. VIII.3, while Fig. VIII.4 com-

pares the one-dimensional marginalized constraints on ΩK between our implementation and

the CAMB curvature treatment. Finally, Fig. VIII.5 compares the three best-fit temperature

spectra at low multipoles (ℓ ≲ 20), corresponding to ΛCDM, the standard ΩK implementa-

tion, and our gauge-invariant parametrization, against the Planck 2018 data. Note that, for

completeness, we also perform an extended analysis including geometric measurements from

DESI and Pantheon+. The corresponding triangle plot is shown in Fig. VIII.6 and discussed

in the Appendix A, together with Table VIII.F.

We begin by discussing the constraints from the PL18 likelihood. In the standard CAMB im-

plementation, the data prefer a more negative value of the curvature parameter, with the

posterior reaching the prior boundary and yielding only an upper limit, ΩK < −0.0304 at

68% CL. This corresponds to a ∼ 3.4σ indication for a closed universe [166, 167]. In contrast,

in our gauge-invariant parametrization we obtain a bounded constraint, ΩK = −0.026+0.012
−0.011

at 68% CL. As shown in Fig. VIII.4, this result is slightly more consistent with spatial flat-

ness, corresponding to a ∼ 2.5σ preference for positive curvature. In our parametrization, the

slow-roll parameters are constrained to ϵ = 0.0170+0.0057
−0.0028 and δ > 0.0142 at 68% CL while for

the other ΛCDM parameters, the differences between the two approaches are modest. τ shifts

upward by about 0.5σ, in correlation with a higher amplitude As, while ns shifts downward by

0.5σ. The remaining free parameters remain stable. As in the standard analysis, the derived

parameters remain in tension with late-time measurements, with H0 < 60 km s−1Mpc−1,

Ωm > 0.4, and S8 > 0.93. This behavior can be understood from the strong positive cor-

relation between ΩK and H0 visible in Fig. VIII.3: more negative curvature values imply a

smaller Hubble constant. In contrast, ϵ and δ are positively correlated with each other but

show no significant correlation with either ΩK or H0. We quantify the relative goodness of

fit by reporting ∆χ2 ≡ χ2(ΩK) − χ2(ϵ, δ,ΩK), which highlights whether the inclusion of the

slow-roll parameters ϵ and δ improves the description of the data. The comparison of the
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best-fit values shows that the standard CAMB implementation provides a slightly better fit,

with ∆χ2 = −1.73. Nevertheless, as illustrated in Fig. VIII.5, while the standard curvature

case already produces a suppression of power at large scales, our parametrization provides

a better match to the observed low multipoles, particularly in reproducing the suppressed

quadrupole. The fact that our parametrisation improves the fit to the lowest Planck multi-

poles (better capturing the large-scale power suppression anomaly) while still producing an

overall worsening of the global fit implies that it slightly degrades the fit at high-ℓ relative

to the standard phenomenological parametrisation. The reason is that, in closed quadratic

inflation, the exact (gauge-invariant) spectrum ties curvature corrections to the background

dynamics, and the posterior favours less negative values of ΩK (i.e. a geometry closer to

flatness) than in the heuristic case. The very negative ΩK values that help explain the lens-

ing anomaly at high-ℓ are therefore not allowed within our inflationary model, leading to a

poorer fit to the high-ℓ plik PR3 spectra. Therefore this exercise teaches us an important

lesson: when computing the primordial spectrum within physically motivated closed-inflation

models, large- and small-scale anomalies in the Planck CMB data do not necessarily pull in

the same direction. In our case, power-law inflation reproduces the low-ℓ suppression more

faithfully, consistent with the theoretical spectrum derived in Ref. [565], but at the cost of a

reduced ability to accommodate highly negative values of ΩK and hence a weaker fit to the

lensing anomaly.

When adding the lensing likelihood to PL18, the posterior of the curvature parameter shifts

towards zero in both the standard and our gauge-invariant parametrizations, as expected.

The resulting constraints are very similar, with ΩK = −0.0107+0.0070
−0.0047 in the standard CAMB

implementation and ΩK = −0.0084+0.0062
−0.0036 in our model. The derived parameters also shift

slightly in the same direction as the curvature, but the effect is not sufficient to alleviate the

tensions with late-time probes, since H0 remains below the ΛCDM value while S8 remains

higher. In our parametrization, the slow-roll parameter ϵ is constrained to ϵ = 0.0141+0.0074
−0.0045,

with a broader posterior than in the PL18-only case. As visible in the two-dimensional

posteriors of Fig. VIII.3, this is mainly a projection effect due to correlations. The parameter

δ remains bounded from below, with δ > 0.0065 at 68% CL. The ΛCDM parameters remain

essentially unchanged with respect to the PL18-only case. The comparison of best fits shows

that the original CAMB curvature treatment still provides a slightly better fit, with ∆χ2 =

−1.18.

We next consider the CamSpec likelihood, which is known to provide a reduced indication for

curvature compared to PL18. This behavior is confirmed in both the standard CAMB analysis

and in our parametrization. As shown in the one-dimensional posteriors of Fig. VIII.4,

our model shifts the curvature parameter further towards consistency with flatness, with a

preference of about 2σ for positive curvature. The slow-roll parameters are constrained to ϵ =

0.0159+0.0069
−0.0035 and δ > 0.0101 at 68% CL while the derived parameters lie between the values
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obtained with PL18 alone and PL18+lensing, reflecting the intermediate behavior of the

curvature constraint in this likelihood. The shifts (or stability) of the other ΛCDM parameters

follow the same trends observed with PL18, with no major deviations. A noticeable difference

however is that, in this case, the comparison of best fits slightly favors our parametrization,

with ∆χ2 = +0.49. While this difference is not statistically significant (especially given that

our model includes two additional parameters), it can be understood in light of the behaviour

of the CamSpec PR4 spectra, where the lensing anomaly is still present but strongly reduced

compared to Plik. This residual preference for enhanced smoothing of the acoustic peaks at

high-ℓ still translates into a mild preference for a closed universe, but with less negative values

of ΩK than in Planck PR3. In this regime, the values of ΩK allowed by our model not only

improve the fit to the lowest multipoles capturing the power suppression anomaly (note that

the Commander likelihood encompassing temperature anisotropies at ℓ < 30 remains common

to both combinations) but also provide a satisfactory fit to the higher multipoles. As a result,

the improvement at low-ℓ is no longer offset by a significant deterioration at high-ℓ, yielding

a small net improvement and reinforcing the interpretation outlined above.

Finally, when the lensing likelihood is added to CamSpec, the differences between the two

high-ℓ likelihoods are effectively washed out. The constraints from CamSpec+lensing and

PL18+lensing are nearly identical, with ΩK = −0.0078+0.0060
−0.0032 in our parametrization, ϵ =

0.0144+0.0076
−0.0046, and δ > 0.00562 at 68% CL. The comparison of best-fit values yields a slight

preference for our model, with ∆χ2 = +0.20, though this difference is not statistically signif-

icant given the two additional parameters. In fact this can also be regarded as an additional

consistency test: once lensing is included, the residual preference for negative curvature in

CamSpec is further reduced relative to PL18+lensing, and the constraints inevitably move

towards the ΩK → 0 limit where all parametrisations become effectively indistinguishable,

consistently recovering the flat primordial power spectrum.

VIII.E Discussion and Conclusion

In this work, we have revisited the Planck Cosmic Microwave Background constraints on

spatial curvature within a quadratic model of closed inflation, where the primordial power

spectrum of scalar modes is calculated in a theoretically well-motivated, gauge-invariant

framework.

Our work aims to clarify two issues that might appear as technical subtleties but in fact can

hold important consequences when inferring constraints on the curvature density parameter.

The first is the phenomenological nature of the primordial spectrum for a closed universe

usually adopted in standard analyses. The widely used parametrisation in Eq.(VIII.1) can

heuristically capture the modifications induced by curvature on the largest scales, where a

closed geometry leads to discrete eigenmodes and non-trivial deviations from the flat case.
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However, while convenient, it does not guarantee that, within concrete inflationary models,

the relation between the primordial spectrum and background quantities such as the present-

day spatial curvature correctly reproduces the imprints of the inflationary dynamics at those

scales. The second is the possible gauge dependence present in many alternative formulations

of the primordial spectrum in closed geometries, which can lead to different predictions at

large scales.

By focusing on quadratic inflation in a closed universe, the primordial spectrum can be

calculated in a fully gauge-invariant manner [565]. We implemented this formulation in

CAMB, extended the ΛCDM parameter space to include the curvature parameter ΩK and the

two slow-roll parameters ϵ and δ, and constrained them using Planck CMB data.

We considered different combinations of Planck likelihoods (PL18, PL18+lensing, CamSpec,

and CamSpec+lensing) to test the robustness of the apparent preference for positive curva-

ture. Our main numerical findings can be summarized as follows:

• Analyzing the dataset combination referred to as PL18 (based on the plik PR3 high-ℓ

spectra) within our quadratic model of closed inflation, we find a weaker ∼ 2.5σ pref-

erence for a closed universe compared to that obtained using the standard parametri-

sation Eq.(VIII.1) of the primordial power spectrum. This is clearly reflected in the

shift towards spatial flatness (i.e. ΩK → 0) observed in the one-dimensional posterior

distributions for ΩK shown in Fig. VIII.4. We also note that, for this dataset, our

model yields a slightly worse fit compared to the standard parametrisation. This re-

sult highlights the importance of calculating and implementing primordial predictions

consistently within predictive models of closed inflation, as this can modify both the

statistical preference for a closed universe and the final constraints on ΩK.

• Analyzing the dataset combination referred to as CamSpec (based on the CamSpec

PR4 high-ℓ spectra) within our quadratic model of closed inflation, the preference

for positive curvature is further reduced, to about 2σ, while the slow-roll parameters

remain constrained at meaningful levels. This outcome is somewhat expected, since

the indication for curvature is weaker in CamSpec than in plik. For this combination,

our model also yields a slight improvement in the fitting of the Planck data compared

to the standard parametrisation (although the difference is not statistically significant

given the larger number of parameters).

• Adding Planck lensing data (to both PL18 and CamSpec), we observe a further shift

of the posteriors in both models towards ΩK = 0, as expected. In this regime, the two

parametrisations become broadly consistent, since both primordial spectra converge to

the standard flat case.

Beyond the numerical constraints, for both PL18 and CamSpec our parametrisation mod-

ifies the shape of the CMB temperature spectrum at large angular scales, yielding an im-
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proved description of the low-ℓ power suppression anomaly observed at multipoles ℓ < 10,

see Fig. VIII.5. In particular, the low quadrupole is better reproduced compared to the stan-

dard CAMB curvature implementation, highlighting the physical impact of our gauge-invariant

treatment of the primordial spectrum. However, as already noted, this improvement at large

scales does not necessarily translate into an overall better fit compared to the standard closed

parametrisation. While in CamSpec we observe a small improvement in the global fit, in PL18

we find a slight worsening. This behaviour can be traced back to the different constraints

on spatial curvature. In closed quadratic inflation, the exact (gauge-invariant) spectrum ties

curvature corrections to the background dynamics, and the posterior favours less negative

values of ΩK (i.e. a geometry closer to flatness) than in the heuristic case. The very negative

values of ΩK that help explain the lensing anomaly at high-ℓ are therefore not allowed within

our inflationary model, leading to a poorer fit to the high-ℓ plik PR3 spectra. On the other

hand, in the CamSpec high-ℓ PR4 spectra the preference for a smoothing excess of the acoustic

peaks is reduced, and the less negative values of ΩK favored by our closed-inflation model are

sufficient to yield an overall improvement.

As for the other parameters, we observe minimal to non-existent shift in their best-fit values,

and all the derived parameters (H0, Ωm, S8) remain in tension with late-time probes.

Overall, our case study demonstrates that deriving the primordial spectrum consistently

within closed-inflation models – where the calculation is fully gauge-invariant and quantities

such as the primordial spectrum, inflationary parameters, and geometric degrees of freedom

are treated on equal footing – can lead to meaningful differences in the inferred constraints

on ΩK, with implications that extend well beyond the interpretation of the (apparent or

spurious) Planck preference for a closed universe. Our broader message is that implementing

physically motivated closed-universe models can substantially modify the results that would

otherwise be inferred from purely phenomenological parametrisations of the primordial power

spectrum.

There also remains considerable scope for theoretical progress. In this work we focused

on quadratic inflation, a model that in the flat case is essentially excluded because of its

predictions for the tensor-to-scalar ratio, which conflict with current BICEP/Keck limits [48,

630, 631]. That said, precise calculations for the tensor spectrum in a closed universe have not

been derived for this model, preventing us from assessing the impact of spatial curvature on

primordial gravitational waves. Building on existing discussions [622, 624, 632] extending the

gauge-invariant treatment to tensor perturbations therefore represents a natural next step.

More broadly, applying this framework to other benchmark inflationary scenarios that are

successful in the flat case, such as Starobinsky inflation, will be essential for building a more

comprehensive picture. These theoretical advances, together with the improved precision of

forthcoming Stage-IV CMB experiments, will be crucial to establish with confidence the role

of curvature in the cosmological model.
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Appendix A: Constraints including low-redshift data

PL18+lensing PL18+lensing CamSpec+lensing CamSpec+lensing
+DESI+P+ +DESI+P+

Ωbh
2 0.02248± 0.00015 0.02257± 0.00013 0.02227± 0.00014 0.02234± 0.00012

Ωch
2 0.1187± 0.0014 0.11744+0.00075

−0.00068 0.1188± 0.0012 0.11743+0.00072
−0.00064

100θMC 1.04105± 0.00031 1.04126± 0.00028 1.04084± 0.00026 1.04104± 0.00023

τ 0.0515± 0.0082 0.0612+0.0066
−0.0078 0.0496± 0.0081 0.0595+0.0064

−0.0078

ln(1010As) 3.035+0.016
−0.015 3.053+0.013

−0.015 3.029± 0.016 3.048+0.013
−0.015

ϵ 0.0141+0.0074
−0.0045 < 0.0145 0.0144+0.0076

−0.0046 0.0111+0.0070
−0.011

δ > 0.00650 > −0.00172 > 0.00562 0.007+0.015
−0.019

ΩK −0.0084+0.0062
−0.0036 > −0.000583 −0.0078+0.0060

−0.0032 > −0.000511

ns 0.9680± 0.0044 0.9713± 0.0034 0.9656± 0.0042 0.9691± 0.0034

Ωm 0.344+0.015
−0.022 0.3017± 0.0036 0.344+0.014

−0.021 0.3032± 0.0035

H0 [km/s/Mpc] 64.3+2.0
−1.5 68.28± 0.28 64.3+2.0

−1.4 68.06± 0.27

S8 0.855+0.017
−0.020 0.8096± 0.0083 0.853+0.017

−0.019 0.8094± 0.0081

TABLE VIII.4. Constraints at 68% CL from different Planck likelihood combinations with the inclu-
sion of geometric measurements (DESI and Pantheon+) on the extended parameter space including
ΩK, ϵ, δ, together with the usual ΛCDM parameters and derived quantities (Ωm, H0, S8).

We investigate our parametrization when combining Planck CMB data with low-redshift

geometric measurements from DESI and Pantheon+. The inclusion of late-time distance

indicators removes the preference for a closed universe, and in this regime our model becomes

not optimal to explain observations since it forces ΩK < 0. Nevertheless, it is instructive to

verify the consistency of the results. Using PL18+lensing together with DESI and Pantheon+,

we find results fully consistent with flat ΛCDM, both for the primary and derived parameters.

In particular, as one can see from Table VIII.F, we obtain ΩK > −0.000583, ϵ < 0.0145, and

δ > −0.00172 at 68% CL. Replacing PL18 with CamSpec leads to very similar constraints,

ΩK > −0.000511, ϵ = 0.0111 ± 0.0034, and δ = 0.007+0.015
−0.019. The corresponding triangular
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FIG. VIII.6. One- and two-dimensional marginalized constraints at 68% and 95% CL on ΩK, ϵ, δ in the
gauge-invariant closed-universe model, including geometric measurements from DESI and Pantheon+,
combined with Planck likelihoods.

plots are displayed in Fig. VIII.6, showing that in these cases, fully consistent with a flat

universe, the slow-roll parameters ϵ and δ are largely unconstrained.

Appendix B: On the validity of the approximation in Eq.(VIII.14)

To validate the robustness of the approximation introduced by Eq. (VIII.14), we have imple-

mented both the approximated (i.e., Eq. (VIII.15)) and the full (i.e., Eq. (VIII.7)) expressions

of Pζ in CAMB, and explicitly compared their impact on the computation of the CMB temper-

ature angular power spectra Dℓ. The results are shown in Fig. VIII.7. For values of ϵ of order

ϵ ∼ 0.01 and δ ∼ 0.02 (i.e., of the order of the best-fit values quoted in the manuscript), the

relative difference between the approximate and full implementations is at most 0.05% on

the largest scales, and becomes negligible at smaller scales. Altering the value of δ has only a

minimal impact, see the right panel. Similarly, when increasing ϵ to values up to three times

larger than those preferred by the MCMC analysis, the aforementioned difference between

the two implementations remains below 0.5% at small scales.
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FIG. VIII.7. Fractional difference between the approximated and non-approximated theoretical pre-
dictions of the CMB TT power spectrum for our model. The difference becomes most pronounced
as ϵ increases, but its magnitude does not exceed ∼ 3% for multipoles below ℓ ≈ 10 (in the cosmic-
variance-limited regime), and remains below ∼ 1% for multipoles above ℓ ≈ 10.
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FIG. VIII.8. Difference between the theoretical predictions of the approximated and non-approximated
forms of the CMB TT power spectrum for our model (the nearly horizontal blue line), compared with
the Planck 2018 temperature data (points with error bars) [23]. Both versions of the spectrum are
computed using the best-fit parameter values obtained for the approximate case with the Planck 2018
data. A difference between the two implementations is present, but it is not large enough to exceed
the experimental uncertainties or to induce any tangible systematic offset in the inferred constraints.

However, given the tight uncertainties on ϵ reported in the manuscript, such values already

lie well outside the region favoured by the analysis. Only for values of ϵ as large as five

times the best-fit region does the discrepancy reach the percent level, still remaining ∼ 1%

at small scales. In this extreme regime, the largest deviations, reaching at most ∼ 3%, occur
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at very low multipoles. However, on the one hand, these correspond to scales where Planck

temperature data are dominated by cosmic variance and therefore have comparatively large

error bars, as illustrated in Fig. VIII.8. On the other hand, these values of ϵ are strongly

excluded by the data and are therefore never probed in our MCMC runs. As a result, across

the entire parameter range explored by the present analysis, the uncertainty induced by our

approximation is always negligible compared to the observational uncertainties and cannot

lead to any appreciable effect on the final constraints. Additionally, the region where our

approximations more faithfully reproduce the non-approximated spectrum is found to be

exactly coincident with the region of parameter space favoured by the data. This is seen in

Fig. VIII.8: when considering the best-fit parameter values (i.e., in the region of maximum

likelihood), the difference between the approximate and full implementations is completely

indistinguishable. We therefore conclude that, since the implementation differences are well

within experimental errors, it is safe to neglect λϵ,δ(n) and the terms proportional to ϵ in

fϵ(n).
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Afterword

We conclude this chapter with a further note on the motivation to study this model. Again,

here we deal with quadratic inflation, which in the flat case has been shown to be incompatible

with the data by BICEP/Keck, as the model’s predictions for the tensor-to-scalar ratio do

not match the survey’s bounds [48, 630, 631]. However, what is relevant here is that this

model can better fit the low multipole region of Planck’s temperature spectrum, thanks to the

Dℓ suppression that is also observed by WMAP. While it is true that an inflaton potential

such as V (ϕ) ∼ ϕ2 is observationally excluded, the same calculation for a closed universe

could still be repeated for other viable, non-monomial models of the potential [633]. This, of

course, would have to be shown in further work.
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IX Conclusions

The cosmological paradigm, also known as the ΛCDM model, is currently our best picture of

the universe at the largest scales. With the use of just a handful of ingredients, the standard

theory of cosmology is able to predict extraordinary phenomena about the universe, from its

hot and chaotic infancy all the way to its current, accelerating expansion.

This Thesis started out with a description of the pillars of this theory of the universe, includ-

ing general relativity, the gravitational theory developed by Einstein, and its most abundant

yet most elusive components: Λ, the cosmological constant, and cold dark matter. From

this starting point, we briefly traced the life and growth of the universe, from its earliest

moments: the epoch of inflation. This is when, a bit like today but at energy scales much

larger, the universe expanded dramatically, losing any trace of the magnetic monopoles that

inhabited it early on and “ironing out” any residue of spatial curvature left from the first

split-second of its existence. We then used the tiny quantum fluctuations generated during

the inflationary era as the initial conditions that went on to become the sea of relic radiation

known as cosmic microwave background first and the large-scale structure of the universe

later on.

While amazingly powerful in its predictions about the universe, the standard model recently

started revealing a number of cracks that are getting wider the more precise the current and

future cosmological experiments become. In this Thesis, we have explored some of these

issues, by presenting a series of five papers that aimed at tackling three different issues: an

excess of weak lensing measured in the photons of the cosmic microwave background (the

lensing anomaly), a mismatch in the measured rate of expansion of the universe (the Hubble

tension) and the possibility that the current universe might not be spatially flat after all.

We have reached the following conclusions.

• The lensing anomaly, measured in the Planck data, can be recast as an apparent

signal of modified gravity, which, however, disappears once we analyse these data

with different methods (i.e., different likelihoods). At the same time, a modification

of gravity does not seem to be quite enough to explain the tight constraint on the

neutrinos mass found by DESI, and more needs to be done to interpret this result.

• A type of dark energy that can behave both as non-phantom and phantom at different

epochs can alleviate the Hubble tension, but it requires the use cepheid calibrators to

reach a similar result.

• The universe can be consistently measured to be flat, even with the same Planck data
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that suffer from the lensing anomaly and that, in some cases, can show evidence for

spatial curvature too. It is a matter of using the right parametrisations.

There is however, and fortunately, still much that can be done to test the standard model

further.

Firstly, it would be intriguing to investigate these modifications of gravity by leveraging, for

instance, the currently available cosmic microwave background lensing datasets and their

cross-correlations with complementary tracers of the large-scale structure. Galaxies are an

example of such tracers, which, especially when cross-correlated with CMB lensing measure-

ments (as done in e.g., [634]), can prove to be a powerful tool to measure structure growth

and therefore test for modified gravity signals in the data. Analyses of this kind could be

rather timely for a couple of reasons. Firstly, the combination of Planck’s data with the

latest releases by ACT and SPT, two ground-based CMB observatories, provided us with the

most precise measurement of the CMB lensing spectrum to date [635]. Secondly, the first

major release of weak lensing and clustering data by Euclid will likely be available before

the end of this year (2026), allowing us to constrain the phenomenology of gravity at the

cosmological level with unprecedented precision.

It would also be quite exciting to explore the neutrino mass-ordering problem further. This

truly is one of the most compelling open research topics currently under investigation by

cosmologists and particle physicists alike, for a number of reasons. Firstly, while a com-

bination of reactor, atmospheric and solar neutrinos experiments does not seem able to

unambiguously differentiate between the normal and inverted (IO) orderings of the neutrino

masses quite yet [358], the future of oscillation experiments remains promising. For example,

after just ∼ 60 days of data collection, the JUNO experiment recently provided one of the

most precise constraints of the ∆m2
2,1 splitting to date [636]. Similarly, the DUNE mission

is set to definitively establish the correct neutrino mass-ordering [637]. At the same time

though, the combination of the latest BAO measurements by DESI with CMB data excludes

the plausibility of the IO for the neutrino masses [15], seemingly pointing at a discrepancy

between the cosmology and the particle physics sectors. It would then be intriguing to keep

investigating the robustness of the cosmological measurements of Σmν .

It is true, the cosmological paradigm is now at the peak of its crisis. A crisis that, to us

cosmologists, represents an immense an opportunity that needs to be seized, if we are to

uncover the fundamental truths about the universe.

170



Bibliography

[1] E. Specogna, E. Di Valentino, J. Levi Said, and N.-M. Nguyen, Exploring the growth index γL:

Insights from different CMB dataset combinations and approaches, Phys. Rev. D 109, 043528

(2024), arXiv:2305.16865 [astro-ph.CO].
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[322] W. Yang, W. Giarè, S. Pan, E. Di Valentino, A. Melchiorri, and J. Silk, Revealing the effects

of curvature on the cosmological models, Phys. Rev. D 107, 063509 (2023), arXiv:2210.09865

[astro-ph.CO].

[323] J. Stevens, H. Khoraminezhad, and S. Saito, Constraining the spatial curvature with cosmic

expansion history in a cosmological model with a non-standard sound horizon, JCAP 07, 046,

arXiv:2212.09804 [astro-ph.CO].
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[435] W. Giarè, A. Gómez-Valent, E. Di Valentino, and C. van de Bruck, Hints of neutrino dark

matter scattering in the CMB? Constraints from the marginalized and profile distributions,

Phys. Rev. D 109, 063516 (2024), arXiv:2311.09116 [astro-ph.CO].

[436] P. Brax, C. van de Bruck, E. Di Valentino, W. Giarè, and S. Trojanowski, New insights on ν–DM
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