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Introduction

The study of �nite-dimensional symplectic spaces plays a signi�cant role in linear algebra [1].

Since functional analysis can be seen as a generalisation of linear algebra to in�nite-dimensional

vector spaces, it would be interesting to work on an in�nite-dimensional version of symplectic

theory, see references [8], [10] and [5]. This thesis continues this theme.

In the 19th century, Sophus Lie introduced an important class of groups, which are now

called Lie groups, establishing a foundation for the study of continuous transformation groups.

A fundamental example is the SLp2,Rq group, consisting of all 2 � 2 real matrices with deter-

minant equal to one, which plays a central role in many areas of mathematics [20]. In addition,

Felix Klein, in his Erlangen programme, proposed that geometry is the study of invariants of a

space under a certain transformation group [22].

In the 20th century, functional analysis and some related �elds witnessed foundational devel-

opments. Around 1909, David Hilbert developed the theory of in�nite-dimensional inner prod-

uct spaces. Later, the concept of an abstract Hilbert space was axiomatically formalised by von

Neumann, who also continued to develop operator theory. Within the same century, signi�cant

progress in Lie theory and representation theory was achieved through the contributions of Von

Neumann and Hermann Weyl. This allows wider classes of mathematical objects, such as func-

tions and operators, to be considered as sets on which groups act. This re�ects the philosophy

(attributed to Israel Gelfand) that many mathematical objects can be understood through their

representation in another space.

More recently, Vladimir Kisil systematically applied this philosophy to analytic functions,

functional calculi and relevant spectra and called it the Erlangen programme at Large [20].

Consider the action of SLp2,Rq on R. Any matrix

�
a b

c d

�
P SLp2,Rq de�nes the Mobius

transformation given by �
a b

c d

�
: x ÞÑ ax� b

cx� d
for all x P R. (0.0.1)

One immediately addresses an issue when cx � d � 0. A naive solution [21] is to extend the real

numbers by adding in�nity with the following rules:

x

0
� 8, x

8 � 0,
8
8 � 1, 8� x � 8 for any x P Rzt0u.

The extended space R Y t8u is represented by the real projective line PR whose elements are

viewed as geometric objects, cf. section 4.1 below.

The issue becomes further complicated when we take such an element

�
a b

c d

�
P SLp2,Rq

and attempt to de�ne the Mobius transformation on a set of linear operators acting on a Hilbert
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space via the formula: �
a b

c d

�
: T ÞÑ paT � bqpcT � dq�1. (0.0.2)

In this case, we also encounter an issue when c � 0 and �d
c is in the spectrum of T . Clearly, im-

posing the assumption that �d
c is excluded from the spectra of all operators makes the situation

overly restrictive. For this reason, an alternative approach is needed to handle this issue.

In this thesis, we will use the symplectic structure to provide a solution to this issue by con-

structing an extension of the real projective line PR to an operator setting, call it the operator

projective line.

The purpose of this thesis is to introduce:

� An overview of symplectic spaces of �nite or in�nite dimensionality.

� The concept of the operator projective line.

� The SLp2,Rq action on the operator projective line.

� A connection between the SLp2,Rq action on the operator projective line and spectral

properties.

Through these objectives, we establish a consistent and rigorous framework for Mobius trans-

formations of operators to handle the formula (0.0.2) even when �d
c is in the spectrum of the

operator.

Broadly speaking, the approach is to extend the concept of an operator in such a way that

its graph can be represented by an element of the operator projective line. Then, SLp2,Rq acts
on such operators through their graph.

This thesis is organised as follows. Chapter 1 develops the theory of symplectic Banach spaces

of either even �nite or in�nite dimension. In particular, we will emphasise the in�nite-dimensional

case as it has received less attention in the literature than the �nite-dimensional one. This es-

tablishes the necessary background and structural results that will be used throughout the the-

sis. Chapter 2 introduces general results on group actions as a foundational tool for the later

chapters. Chapter 3 is devoted to SLp2,Rq group, its properties and its subgroups since the

SLp2,Rq action will play a central role in the main results of this thesis. In Chapter 4, we will

describe how SLp2,Rq acts on the real projective line PR and Hilbert spaces. In Chapter 5, we

will de�ne the concept of a bi-equidefect operator and demonstrate its connection with the La-

grangian subspaces. In particular, we will show that the graph of a bi-equidefect operator can

be represented by a Lagrangian subspace. This connection will establish a consistent framework

to de�ne SLp2,Rq action on bi-equidefect operators. In the last chapter, we will introduce the

main contribution of this thesis: the concept of the operator projective line. Then, we will pro-

ceed to de�ne SLp2,Rq action on bi-equidefect operators and its connection with their spectrum.
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Chapter 1

Symplectic Spaces

In this chapter, we will discuss general results about symplectic spaces of even �nite and in-

�nite dimensions. Throughout this chapter, V denotes a real normed space, and V � is its dual

space unless otherwise stated.

1.1 Symplectic Form

De�nition 1.1.1. [8, p.2] A symplectic form ω is a bilinear map V � V Ñ R satisfying the

following conditions:

(i) It is bounded; that is there exists C ¡ 0 such that |ωpx, yq| ¤ C}x}}y} for every x, y P V ,
(ii) It is skew-symmetric; that is, ωpx, yq � �ωpy, xq for every x, y P V ,
(iii) It is weakly nondegenerate; that is, ωpx, yq � 0,@y P V ùñ x � 0.

The pair pV, ωq is a symplectic space.

Remark 1.1.2. Since ω is skew-symmetric, then for every x P V we have ωpx, xq � 0. This is

because for any x P V , we have

ωpx, xq � �ωpx, xq ùñ ωpx, xq � 0.

The symplectic form ω induces a bounded linear map [10, p.3]

Lω : V Ñ V �

x ÞÑ Lωpxq
such that

Lωpxqpyq � ωpx, yq for all x, y P V.
This map is called the induced map of ω.

Note that weak nondegeneracy of symplectic form ω is equivalent to that its induced map

Lω being injective because the following statements are equivalent:

� kerpLωq � t0u,
� Lωpxqpyq � 0,@y P V ùñ x � 0,
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� ωpx, yq � 0,@y P V ùñ x � 0.

Moreover, if Lω is bijective, the symplectic form ω is said to be strongly nondegenerate.

It is easy to see that if a symplectic form ω is strongly nondegenerate, then it will also be

weakly nondegenerate. However, in this thesis, whenever we say weakly nondegenerate, we mean

that the induced map Lω : V Ñ V � is only injective and not surjective. Also, in cases where

the distinction between weak nondegeneracy and strong nondegeneracy is unnecessary, we might

shortly say ω is nondegenerate.

Since the map L�1
ω : V � Ñ V exists in case of strongly nondegenerate symplectic form ω,

this pushes us to investigate whether L�1
ω is bounded or not. The next theorem and its corollary

give us the answer.

Theorem 1.1.3. If pV, ωq is a real symplectic Banach space and ω is strongly nondegenerate,

then the induced map Lω : V Ñ V � is open.

Proof. Let U be an open subset of V , and we need to show that LωpUq is an open subset of V �.

To this end, assume that y P LωpUq. Thus, we can �nd x P U so that y � Lωpxq. Since U
is open, we can �nd a ball centred at x with radius r ¡ 0 such that Bpx, rq � U . Since ω

is strongly nondegenerate, then Lω is surjective. Consequently, by applying the open mapping

Theorem [5, p.35], there exists R ¡ 0 such that

BV �p0, Rq � LωpBV p0, 1qq. (1.1.1)

Hence

BV �py, rRq � LωpBV px, rqq. (1.1.2)

Therefore, BV �py, rRq is an open ball centered at y and contained in LωpUq, and this implies

LωpUq is open.

Corollary 1.1.4. Let pV, ωq be a real symplectic Banach space, ω be strongly nondegenerate and

Lω : V Ñ V �; Lωpxqpyq � ωpx, yq for all x, y P V

be the induced map of the symplectic form ω. Then, the inverse of this induced map L�1
ω : V � Ñ

V is bounded.

Proof. By ((1.1.1)), we can �nd R ¡ 0 such that for every x P V ,

}Lωpxq}   R ùñ }x}   1.

By putting y � Lωpxq, we obtain

}y}   R ùñ }L�1
ω pyq}   1.

If we put y1 � 2
Ry, then

}y1}   2 ùñ }L�1
ω py1q}   2

R
.

This implies

}L�1
ω } � sup

}y1}�1

}L�1
ω py1q}   2

R

which means L�1
ω is bounded.
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If pV, ωq is even �nite-dimensional, then the induced map Lω : V Ñ V � is always bijective

since V � V � always holds. This means the symplectic form ω is always strongly nondegener-

ate. For this reason, the distinction between weak and strong nondegeneracy will only be con-

sidered if the space pV, ωq is in�nite-dimensional. As a result, we will have three cases. Firstly,

an even �nite-dimensional space. Secondly, an in�nite-dimensional space with a weakly nonde-

generate symplectic form. Thirdly, an in�nite-dimensional space with a strongly nondegenerate

symplectic form. It might be useful to introduce three examples, one for each case.

Example 1.1.5. Consider pR2n, ωq with a basis S � �n
i�1tei, en�iu where ei and en�i are the

vectors whose components are 1 in the i-th position (respectively, the pn � iq-th position) and

zeroes elsewhere. The symplectic form is de�ned as

ωpei, ejq � ωpen�i, en�jq � 0 and ωpei, ej�nq � δij where i, j � 1, 2, . . . , n. (1.1.3)

Remark 1.1.6. The above example is a typical example of a real even �nite-dimensional sym-

plectic space because, as we will see later, any 2n-dimensional symplectic space equipped with

a certain symplectic form ω looks a lot like pR2n, ωq, nothing more, cf Corollary 1.3.9 below.

Therefore, an in�nite-dimensional symplectic structure will be more interesting. For this rea-

son, our investigation in this chapter will focus more on the in�nite-dimensional case than the

even �nite-dimensional one.

Example 1.1.7. Consider the sequence space pℓ1, ωq where

ℓ1 �
#
x � pxkqkPN | xk P R, @k P N and }x}1 �

8̧

k�1

|xk|   8
+
,

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq,

and x � pxkqk, y � pykqk P ℓ1. We can verify the conditions of the symplectic form ω as follows:

� ω is bounded since

|ωpx, yq| ¤
8̧

k�1

p|x2k�1y2k| � |y2k�1x2k|q

�
8̧

k�1

|x2k�1y2k| �
8̧

k�1

|y2k�1x2k|

¤
�

8̧

k�1

|x2k�1|2
� 1

2
�

8̧

k�1

|y2k|2
� 1

2

�
�

8̧

k�1

|y2k�1|2
� 1

2
�

8̧

k�1

|x2k|2
� 1

2

¤ 2

�
8̧

k�1

|xk|2
� 1

2
�

8̧

k�1

|yk|2
� 1

2

� 2}x}2}y}2
¤ 2}x}1}y}1,

� it is skew-symmetric since

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq � �
8̧

k�1

py2k�1x2k � x2k�1y2kq � �ωpy, xq.
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� it is weakly nondegenerate since

ωpx, yq � 0, @y P ℓ1 ùñ
8̧

k�1

px2k�1y2k � y2k�1x2kq � 0, @y P ℓ1

ùñ
8̧

k�1

|xk|
k2

� 0,

by choosing yn �

$''&
''%

�1
n2

|xn�1|
xn�1

if n � 2k � 1 and xn�1 � 0

1
n2

|xn�1|
xn�1

if n � 2k and xn�1 � 0

0 if otherwise

ùñ x � 0.

To show that ω is not strongly nondegenerate, we need to prove that there is no bounded bijec-

tion from ℓ1 to pℓ1q�. To this end, let us assume, by contradiction, that L : ℓ1 Ñ pℓ1q� is a

bounded bijection. Now, let ϵ ¡ 0. Since ℓ1 is separable, then there exists a dense countable sub-

set A � ℓ1; that is,

@x P ℓ1, Da P A such that }x� a}   ϵ

}L} .

Therefore, LpAq will be a countable subset of pℓ1q� as well. Moreover, from the surjectivity of L,

we have

@y P pℓ1q�, Dx P ℓ1 such that Lpxq � y.

Hence

@y P pℓ1q�, Da P A such that }y � Lpaq} � }Lpx� aq} ¤ }L}}x� a}   }L} ϵ

}L} � ϵ.

This means that the countable subset LpAq is dense in pℓ1q�. This implies pℓ1q� is separable,

which is a contradiction because

pℓ1q� � ℓ8 �
"
x � pxkqkPN | xk P R, @k P N and }x}8 � sup

kPN
|xk|   8

*
.

Note that this contradiction follows from the surjectivity of L. Therefore, we conclude that there

is no bounded bijection from ℓ1 to pℓ1q�, as required.
Moreover, Lω : ℓ1 Ñ ℓ8 cannot be an open map. To prove that, assume, by contradiction,

that it is open. Thus, Lωpℓ1q is open in pℓ8, } � }8q because ℓ1 is open in pℓ1, } � }1q. This implies

the existence of an open ball centred at 0 with radius R ¡ 0

Bℓ8 p0, Rq � Lωpℓ1q. (1.1.4)

We claim that this leads to

Clin pBℓ8 p0, Rqq � ℓ8. (1.1.5)

To prove this claim, we already have

Clin pBℓ8 p0, Rqq � ℓ8.

For the other direction, suppose that a nonzero vector x P ℓ8. Then, by scalling x, we obtain���� Rx

2}x}8

����
8

  R.
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Hence
Rx

2}x}8 P Bℓ8 p0, Rq ùñ x P Clin pBℓ8 p0, Rqq ,

which implies

ℓ8 � Clin pBℓ8 p0, Rqq .
This proves the claim (1.1.5). But, the line (1.1.4) with (1.1.5) leads to that

Lωpℓ1q � ℓ8,

which means that Lω is surjective. This contradicts what we showed above. Therefore, we con-

clude that Lω cannot be open.

Next, let us see an example of an in�nite-dimensional symplectic space endowed with a strongly

nondegenerate symplectic form.

Example 1.1.8. Consider pℓ2, ωq where

ℓ2 �
#
x � pxkqkPN | xk P R, @k P N and }x}22 �

8̧

k�1

|xk|2   8
+
,

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq,

and x � pxkqk, y � pykqk P ℓ2. We can verify the conditions of the symplectic form ω as follows:

� ω is bounded since

|ωpx, yq| ¤
8̧

k�1

p|x2k�1y2k| � |y2k�1x2k|q

�
8̧

k�1

|x2k�1y2k| �
8̧

k�1

|x2ky2k�1|

¤
�

8̧

k�1

|x2k�1|2
� 1

2
�

8̧

k�1

|y2k|2
� 1

2

�
�

8̧

k�1

|x2k|2
� 1

2
�

8̧

k�1

|y2k�1|2
� 1

2

¤ 2

�
8̧

k�1

|xk|2
� 1

2
�

8̧

k�1

|yk|2
� 1

2

� 2}x}2}y}2,

� it is skew-symmetric since

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq � �
8̧

k�1

py2k�1x2k � x2k�1y2kq � �ωpy, xq,
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� it is weakly nondegenerate since

ωpx, yq � 0, @y P ℓ2 ùñ
8̧

k�1

px2k�1y2k � y2k�1x2kq � 0, @y P ℓ2

ùñ
8̧

k�1

|xk|
k

� 0,

by choosing yn �

$''&
''%

�1
n

|xn�1|
xn�1

if n � 2k � 1 and xn�1 � 0

1
n
|xn�1|
xn�1

if n � 2k and xn�1 � 0

0 if otherwise

ùñ x � 0

To induce the map Lω : ℓ2 Ñ pℓ2q�, we can write x P ℓ2 in the form

x � px1, x2, x3, . . . q where xi P R,@i P N.

Also, if we consider a decomposition

ℓ2 �M `MK

where

M � tpxnqn P ℓ2 | x2k � 0, @k P Nu and MK � tpxnqn P ℓ2 | x2k�1 � 0, @k P Nu,

then each vector x in ℓ2 can be written as

x � pxM , x1M q

where

xM � PMx � px1, 0, x3, 0, . . . q PM and x1M � PMKx � p0, x2, 0, x4, . . . q PMK.

Let R : M Ñ MK and L : MK Ñ M be the right shift operator and the left shift operator,

respectively. Thus,

Lωpxqpyq � xp�x2, x1,�x4, x3, . . . q, py1, y2, y3, y4, . . . qy
� xp0, x1, 0, x3, . . . q, p0, y2, 0, y4, . . . qyMK � xpx2, 0, x4, 0, . . . q, py1, 0, y3, 0, . . . qyM
� xPMKRx,PMKyyMK � xPMLx, PMyyM
� @

RxM , y
1
M

D
MK �

@
Lx1M , yM

D
M

�
C�

�Lx1M
RxM

�
,

�
yM

y1M

�G

�
C�

0 �L
R 0

��
xM

x1M

�
,

�
yM

y1M

�G

� xTx, yy

where x�, �y is the standard inner product, x�, �yM and x�, �yMK are its restrictions to M and MK,

respectively, and

T : ℓ2 Ñ ℓ2

T

�
xM

x1M

�
�

�
0 �L
R 0

��
xM

x1M

�
. (1.1.6)
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The injectivity of Lω was proved above from the weak nondegeneracy of ω, while its surjectiv-

ity follows from the Riesz representation Theorem and invertibility of T . To elaborate further,

assume that ϕ P pℓ2q� and then, by Riesz representation Theorem, there exists x P ℓ2 such that

ϕpyq � xTx, yy for every y P ℓ2. (1.1.7)

Thus, from the above argument,

ϕpyq � Lωpxqpyq for every y P ℓ2, (1.1.8)

which means Lω is surjective. Therefore, ω is strongly nondegenerate.

Remark 1.1.9. In the example 1.1.8, the relation (1.1.7) and (1.1.8) give us

xTx, yy � ωpx, yq for every y P ℓ2 (1.1.9)

where the operator T is de�ned in (1.1.6). Later, we will see that the identity (1.1.9) is true for

every real Hilbert space V , not just for ℓ2. In fact, the operator T : V Ñ V is signi�cant in

establishing the connection between Hilbert and symplectic structures, cf. Section 1.5 below.

Example 1.1.10. Let V be a real re�exive Banach space and V � be its dual space. Consider

the space pV `V �, } � }V �}�}V �q where } � }V and } � }V � are the norms of V and V � respectively.

Also, let the space V ` V � be equipped with the symplectic form

ωppx, fq, px1, f 1qq � f 1pxq � fpx1q for every x, x1 P V, f, f 1 P V �.

We can verify the conditions of the symplectic form as follows:

� ω is bounded since

|ωppx, fq, px1, f 1qq| � |f 1pxq � fpx1q|
¤ |f 1pxq| � |fpx1q|
¤ }f 1}V �}x}V � }f}V �}x1}V
¤ }f}V �}f 1}V � � }f}V �}x1}V � }x}V }f 1}V � � }x}V }x1}V
¤ p}f}V � � }x}V q

�}f 1}V � � }x1}V � .
� It is skew-symmetric since

ωppx, fq, px1, f 1qq � f 1pxq � fpx1q � � �
fpx1q � f 1pxq� � �ωppx1, f 1q, px, fqq,

� To prove that it is weakly nondegenerate, we need to prove that the following holds:

ωppx, fq, px1, f 1qq � 0, @px1, f 1q P V ` V � ùñ px, fq � p0, 0q.

or, equivalently and more practically,

(i) ωppx, fq, p0, f 1qq � f 1pxq � 0, @f 1 P V � ùñ x � 0.

(ii) ωppx, fq, px1, 0qq � �fpx1q � 0, @x1 P V ùñ f � 0.

Observe that the implication piq holds because V � separates the vectors of V . Also, for the

implication piiq, it is straightforward. This shows that the form ω is weakly nondegenerate.
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Furthermore, since V is re�exive, then the form ω is strongly nondegenerate. To clarify

this, note that

pV ` V �q� � V � ` V ��.

This means every ϕ P pV ` V �q� can be written as

ϕ : V ` V � Ñ R, ϕpx, fqpg,ŷq � gpxq � ŷpfq for every px, fq P V ` V �

where g P V � and ŷ P V ��. Now, from re�exivity of V , we have

V �� � V.

That is, every ŷ P V �� corresponds to a unique y P V such that

ŷpfq � fpyq for every f P V �.

Thus, the above ϕ P pV ` V �q� can be written as

ϕpx, fqpy,gq � gpxq � fpyq for every px, fq, py, gq P V ` V �.

By putting

g � f 1 and y � �x1,
we obtain

ϕpx, fqp�x1,f 1q � f 1pxq � fp�x1q
� f 1pxq � fpx1q
� Lωpx, fqpx1, f 1q.

Therefore, the induced map Lω is bijective.

In conclusion, the form ω is a strongly nondegenerate symplectic form.

Theorem 1.1.11. If pV, ωq is a real symplectic space and x, y P V are nonzero vectors satisfying

ωpx, yq � 0, then x and y are linearly independent.

Proof. Assume that x and y are nonzero vectors in V satisfying ωpx, yq � 0. By contradiction, if

x and y are dependent, then there exists a nonzero scalar λ such that y � λx. Hence,

ωpx, yq � ωpx, λxq � λωpx, xq � 0,

which contradicts the assumption that ωpx, yq � 0.

Remark 1.1.12. The converse of Theorem 1.1.11 is not true; that is, we can �nd two indepen-

dent vectors x, y P V such that ωpx, yq � 0. See Example 1.1.5 above.

1.2 Symplectic Complement and Subspaces of a Symplectic

Space

After we introduce the concept of a symplectic space, there is an important type of sub-

spaces that look a lot like the orthogonal complements in Hilbert spaces. However, as we will

see shortly, this type of subspace has some properties that di�er from those of orthogonal com-

plements.
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De�nition 1.2.1 (Symplectic complement). [8, p.4] Let M be a subspace of a real symplectic

space V endowed with symplectic form ω. A subspace

Mω � tx P V | ωpx, yq � 0, @y PMu

is called a symplectic complement of M .

Note that if ω is strongly nondegenerate, then we can apply the induced map Lω on sym-

plectic space V to obtain a subspace of V � corresponding to the aforementioned symplectic

complement Mω:

tx� P V � | x�pyq � 0, @y PMu.
This subspace is called the annihilator of M , denoted annpMq. Since ω is strongly nondegener-

ate (Lω is bijective), the above annihilator annpMq will be isomorphic to the symplectic comple-

ment Mω. However, the following example demonstrates that if ω is weakly nondegenerate, the

annihilator and symplectic complement need not be isomorphic.

Example 1.2.2. Consider the sequence space

ℓ1 �
#
x � pxnqnPN | xn P R,@ P N and

¸
nPN

|xn|   8
+

with the symplectic form

ωpx, yq �
8̧

k�1

px2k�1y2k � x2ky2k�1q

where x � pxnqnPN, y � pynqnPN P ℓ1. Then, the induced linear map will be

Lω : ℓ1 Ñ pℓ1q�

where

Lωpxqpyq � ωpx, yq for all x, y P ℓ1.
Now, if we consider the subspace

L � tx � pxnqn P ℓ1 | x2k � 0, @k P Nu,

then

LωpLωq � tLωpxq | x P Lωu
� tLωpxq | x P ℓ1 with Lωpxqpyq � 0,@pynqn P Lu

�
#
Lωpxq | x P ℓ1 with

8̧

k�1

px2k�1y2k � x2ky2k�1q � 0,@pynqn P L
+

�
#
Lωpxq | x P ℓ1 with

8̧

k�1

x2ky2k�1 � 0,@pynqn P L
+
.

Also, since

pℓ1q� � ℓ8,

then

annpLq � tϕx P pℓ1q� | x � pxnqn P ℓ8, ϕxpyq � 0, @y P Lu

�
#
ϕx P pℓ1q� | x � pxnqn P ℓ8, ϕxpyq �

8̧

n�1

xnyn � 0, @y � pynqn P L
+

14



Therefore, the annihilator annpLq is larger than LωpLωq. For instance, if we put

x0 � p0, 1, 0, 1, . . . q,

then

ϕx0
P annpLq

since

ϕx0
pyq �

8̧

n�1

xnyn � 0, @y � pynqn P L.

But

ϕx0
R LωpLωq.

This means that the annihilator annpLq and the symplectic complement Lω are not isomorphic.

Theorem 1.2.3. Let M be a subspace of a real symplectic space V endowed with symplectic

form ω. The above symplectic complement Mω is a closed subspace of V .

Proof. Let pxnqn be a convergent sequence in Mω and limnÑ8 xn � x. Since the map ω is

bounded, then there exists a positive number C such that for every x, y P V

|ωpx, yq| ¤ C}x}}y}.

Thus, for every y PM ,

|ωpx, yq| � |ωpx, yq � ωpxn, yq|
¤ |ωpx� xn, yq|
¤ C}x� xn}}y}

Take nÑ8 to obtain ωpx, yq � 0 for all y PM and this implies x PMω.

One of the main di�erences between the orthogonal complement and the symplectic comple-

ment is that the symplectic complement does not necessarily satisfy

M XMω � t0u.

Therefore, we will obtain four special cases (see the de�nition below).

De�nition 1.2.4. [28, p.6] Let pV, ωq be a real symplectic space, and M be a subspace of V .

The subspace M is called

(i) symplectic if M XMω � t0u,
(ii) isotropic if M �Mω,

(iii) Lagrangian if M �Mω,

(iv) co-isotropic if Mω �M .

Theorem 1.2.5. If M is a Lagrangian subspace of a real symplectic space pV, ωq, then it is

closed.

Proof. Since M is Lagrangian, it satis�es M �Mω. By Theorem 1.2.3, M is closed.
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Theorem 1.2.7 below provides us with some common properties between symplectic and or-

thogonal complements. However, we �rst need the following lemma as a helpful preliminary to

prove the properties that require the symplectic form to be strongly nondegenerate.

Lemma 1.2.6. If pV, ωq is an even �nite-dimensional or separable in�nite-dimensional real

symplectic Banach space with a strongly nondegenerate symplectic form ω, M is a subspace of

V , and x0 R M , then the form ω separates the vector x0 from the subspace M ; that is, there

exists y0 P V such that

ωpy0, x0q � 0 and ωpy0,mq � 0, @m PM.

Proof. Consider the induced map of ω

Lω : V Ñ V �

x ÞÑ Lωpxq.
Since ω is strongly nondegenerate, then Lω : V Ñ V � is bijective. In addition, since x0 R M ,

then, from [31, Theorem 3.5, p.60], there exists ϕ P V � such that

ϕpx0q � 0 and ϕpmq � 0, @m PM.

Now, from bijectivity of Lω : V Ñ V �, there exists y0 P V such that

ωpy0, �q � Lωpy0q � ϕ.

Consequently, we obtain

ωpy0, x0q � ϕpx0q � 0 and ωpy0,mq � ϕpmq � 0, @m PM.

This completes the proof.

Theorem 1.2.7. Let pV, ωq be an even �nite-dimensional or separable in�nite-dimensional

real symplectic Banach space, and let M and N be subspaces of V . Thus, we have the following

statements hold:

(i) if M � N , then Nω �Mω,

(ii) Mω XNω � pM �Nqω,
(iii) if ω is strongly nondegenerate, then pMωqω �M

(iv) if ω is strongly nondegenerate and M,N are closed, then Mω �Nω � pM XNqω.
(v) symplectic complement of M and symplectic complement of its closure M are the same;

that is, Mω � pMqω.

Proof. (i) Assume that M � N . Then

x P Nω ùñ ωpx, yq � 0, @y P N
ùñ ωpx, yq � 0, @y PM since M � N

ùñ x PMω.

Therefore,

Nω �Mω.
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(ii) On one hand,

x PMω XNω ùñ ωpx, y1q � ωpx, y2q � 0, @y1 PM, @y2 P N
ùñ ωpx, y1 � y2q � 0, @y1 � y2 PM �N

ùñ x P pM �Nqω.

Therefore,

Mω XNω � pM �Nqω.
On the other hand,

x P pM �Nqω ùñ ωpx, y1 � y2q � 0, @y1 � y2 PM �N

ùñ ωpx, y1q � 0, @y1 PM and ωpx, y2q � 0, @y2 P N
ùñ x PMω and x P Nω

ùñ x PMω XNω.

Therefore,

pM �Nqω �Mω XNω.

(iii) The double-symplectic complement of M is:

pMωqω � tx P V | ωpx, yq � 0 for all y PMωu.

To prove that

pMωqω �M,

assume that x P M , then there exists pxnqn � M such that xn Ñ x. Now, by de�nition of

Mω, for every n P N we obtain

ωpxn, yq � 0 for all y PMω.

Hence, pxnqn � pMωqω. Since pMωqω is closed, it contains the limit point of pxnqn; that is,
x P pMωqω. Therefore,

M � pMωqω.
To show the equality, assume, for contradiction, that there exists a nonzero x0 P pMωqω
such that x0 RM . Then, we will have the subspace

U �M ` spantx0u.

Since ω is strongly nondegenerate, then by Lemma 1.2.6, we can �nd a nonzero y0 P V

such that

ωpx0, y0q � 0 and ωpx, y0q � 0 for all x PM.

This implies y0 P Mω. But x0 P pMωqω which leads to ωpx0, y0q � 0. This is a contradic-

tion with ωpx0, y0q � 0. Therefore, the equality

pMωqω �M

must hold.
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(iv) Assume that M and N are closed and the form ω is strongly nondegenerate. Then,

M �M and N � N.

In (ii), we have

pM �Nqω �Mω XNω.

Thus, if we replace M and N in (ii) by Mω and Nω respectively and use (iii), we obtain

pMω �Nωqω � pMωqω X pNωqω �M XN �M XN.

Hence

rpMω �Nωqωsω � pM XNqω.
By using (iii) again, we obtain

Mω �Nω � pM XNqω.

(v) We have

M �M.

By piq, this implies

pMqω �Mω.

On the other hand,

x PMω ùñ ωpx, yq � 0, @y PM.

By boundedness of ω,

ωpx, yq � 0, @y PM ùñ x P �M�ω
,

implying

Mω � �
M

�ω
.

We conclude that

Mω � �
M

�ω
.

In the proof of piiiq, we can note that the inequality

pMωqω �M

always holds in general, even if the symplectic form ω is not strongly nondegenerate. However,

the equality

pMωqω �M

may fail to hold if the nondegeneracy of ω is not strong. The following example illustrates that.

Example 1.2.8. Consider the symplectic pℓ1 ` pℓ1q�, ωq where

ωppx, fq, px1, f 1qq � f 1pxq � fpx1q for every x, x1 P ℓ1, f, f 1 P pℓ1q�.

We equip this space with the norm:

}px, fq} � }x}ℓ1 � }f}8 for every px, fq P ℓ1 ` pℓ1q�.
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Note that since ℓ1 is not re�exive, the induced map

Lω : ℓ1 ` pℓ1q� Ñ pℓ1 ` pℓ1q�q�

is not surjective. For this reason, the symplectic form is weakly nondegenerate. Since pℓ1q� can

be identi�ed with ℓ8,

ℓ1 ` pℓ1q� � ℓ1 ` ℓ8.

Now, consider

M � c00 ` ℓ1 � tppxnqn, pynqnq P ℓ1 ` ℓ1 | DN P N such that xn � 0 for all n ¡ Nu

as a subspace of ℓ1 ` ℓ8 where ℓ1 is viewed as a subspace of ℓ8. We know that the closure of c00

in pℓ1, } � }1q is ℓ1 and the closure of ℓ1 in pℓ8, } � }8q is c0 where

c0 �
!
x � pxnqn P ℓ8 | lim

nÑ8
xn � 0

)
.

Thus, the closure of M is:

M � ℓ1 ` c0

Now, let us compute the symplectic complement of M :

Mω � tpx, fq P ℓ1 ` pℓ1q� | ωppx, fq, px1, f 1qq � 0, @px1, f 1q P c00 ` ℓ1u
� tpx, fq P ℓ1 ` pℓ1q� | f 1pxq � fpx1q � 0, @px1, f 1q P c00 ` ℓ1u
� tp0, 0qu.

We may need to clarify that the last equality is indeed tp0, 0qu. To do that, assume that px, fq P
ℓ1 ` pℓ1q� such that

f 1pxq � fpx1q, @px1, f 1q P c00 ` ℓ1.

Thereafter, since the equality holds for every px1, f 1q P c00 ` ℓ1, we can choose f 1 � 0 to obtain

f 1pxq � 0 � fpx1q, @x1 P c00.

Since c00 is dense in pℓ1, } � }1q, then

fpx1q � 0, @x1 P ℓ1.

This implies

f � 0.

Similarly, we can choose x1 � 0 to obtain

f 1pxq � fpx1q � 0, @f 1 P ℓ1 ùñ x � 0.

Therefore, the equality

Mω � tp0, 0qu
indeed holds. Consequently,

pMωqω � ℓ1 ` pℓ1q� � ℓ1 ` ℓ8.

But,

M � ℓ1 ` c0.

This means

pMωqω �M,

as needed.
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Moreover, since the equality

Mω �Nω � pM XNqω

follows from the equality

pMωqω �M

as shown in the proof of Theorem 1.2.7, then the inequality

Mω �Nω � pM XNqω

holds for any symplectic form ω, while the strong nondegeneracy of the symplectic form ω re-

quires to guarantee the equality

Mω �Nω � pM XNqω.
To demonstrate that, observe,

pMω �Nωqω � pMωqω X pNωqω �M XN �M XN.

Hence

rpMω �Nωqωsω � pM XNqω.
Thus,

Mω �Nω � pM XNqω.
Then,

Mω �Nω � pM XNqω.
For the equality, let us consider the following example to show

Mω �Nω � pM XNqω

may fail to hold.

Example 1.2.9. Consider the symplectic pℓ1 ` c0, ωq where

ωppx, yq, px1, y1qq �
8̧

n�1

pxny1n � x1nynq

for every

x � pxnqn, x1 � px1nqn P ℓ1, y � pynqn, y1 � py1nqn P c0.
The norm equipped with this space is:

}px, yq} � }x}ℓ1 � }y}c0 for every px, fq P ℓ1 ` c0.

Note that since ℓ1 is not re�exive, the induced map

Lω : ℓ1 ` c0 Ñ pℓ1 ` c0q�

is not surjective. For this reason, the symplectic form is weakly nondegenerate. Now, consider

the closed subspaces

M � tpx, xq P ℓ1 ` c0 | x P ℓ1u and N � ℓ1 ` t0u.
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Therefore,

Mω �  px, yq P ℓ1 ` c0 | ωppx, yq, px1, y1qq � 0, @px1, y1q PM(
�  px, yq P ℓ1 ` c0 | ωppx, yq, px1, x1qq � 0, @x1 P ℓ1(
�

#
px, yq P ℓ1 ` c0 |

8̧

n�1

pxnx1n � x1nynq � 0, @x1 P ℓ1
+

�
#
px, yq P ℓ1 ` c0 |

8̧

n�1

x1npxn � ynq � 0, @x1 P ℓ1
+

�  px, yq P ℓ1 ` c0 | xn � yn � 0 for every n P N
(

�  px, yq P ℓ1 ` c0 | xn � yn for every n P N
(

�  px, xq P ℓ1 ` c0 | x P ℓ1
(

�M

Also, the symplectic complement of N is:

Nω �  px, yq P ℓ1 ` c0 | ωppx, yq, px1, y1qq � 0, @px1, y1q P ℓ1 ` t0u(
�  px, yq P ℓ1 ` c0 | ωppx, yq, px1, 0qq � 0, @x1 P ℓ1(
�

#
px, yq P ℓ1 ` c0 |

8̧

n�1

x1nyn � 0, @x1 P ℓ1
+

�  px, yq P ℓ1 ` c0 | yn � 0 @n P N
(

�  px, yq P ℓ1 ` c0 | y � 0
(

� ℓ1 ` t0u
� N

In conclusion, we have

Mω �Nω � ℓ1 ` c0. (1.2.1)

On the other hand, we have

pM XNqω � Nω � ℓ1 ` t0u. (1.2.2)

This implies

Mω �Nω � pM XNqω.

In the following corollary, we will see that the symplectic structure is preserved when taking

closures.

Corollary 1.2.10. Let pV, ωq be an even �nite-dimensional or separable in�nite-dimensional

real symplectic Banach space with a strongly nondegenerate symplectic form ω, and let M be a

subspace of V . Then

(i) M is isotropic ðñ M is isotropic,

(ii) M is co-isotropic ðñ M is co-isotropic,

(iii) M is symplectic ðñ M is symplectic,

where M is the closure of M .
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Before we start proving this Corollary, we �rst need the following Lemma, which is helpful to

prove the statement piiiq:
Lemma 1.2.11. If pX, } � }Xq and pY, } � }Y q are real Banach spaces and F : X Ñ Y is a closed

surjective linear operator, then F is bounded below on D, where

D � tx P X | F pxq � 0u.

Formally, there exists C ¡ 0 such that for every x P X with }F pxq}Y � 0,

C}x}X ¤ }F pxq}Y . (1.2.3)

Proof. Since F is a closed operator, then pX, } � }F q is a Banach space where } � }F is the graph-

norm and for every x P X it is de�ned as

}x}F � }x}X � }F pxq}Y .

The key idea of the proof is to equip X with } � }F instead of } � }X , and then we show that for

every x P D, the operator

F : pX, } � }F q Ñ pY, } � }Y q
satis�es

C}x}F ¤ }F pxq}Y where C ¡ 0.

After that, we immediately derive that (1.2.3) holds. Let us carefully achieve that in more de-

tail. Note that the operator

F : pX, } � }F q Ñ pY, } � }Y q
still maps a Banach space to a Banach space. Also, it is still bounded since for every x P X,

}F pxq}Y ¤ }x}F .

Therefore,

F : pX, } � }F q Ñ pY, } � }Y q
is a linear surjective bounded operator between two Banach spaces. From the open mapping

Theorem [5, p.35], there exists R ¡ 0 such that

BY p0, Rq � F pBF p0, 1qq

where BY p0, Rq is an open ball in pY, } � }Y q with radius R ¡ 0 and BF p0, 1q is the unit open ball

in pX, } � }F q. This implies that for every x P X with }F pxq}Y   R, we will obtain }x}F   1.

Now, take an arbitrary x0 P X with 0   }F px0q}Y   R. Thus, }x0}F   1. By scalling

x10 �
R

2}F px0q}Y x0, (1.2.4)

we will have

F px10q �
R

2}F px0q}Y F px0q ùñ }F px10q}Y � R

2
  R ùñ }x10}F   1. (1.2.5)

Hence, from (1.2.4) and (1.2.5), we have

}x0}F � 2}F px0q}Y
R

}x10}F  
2

R
}F px0q}Y .
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By putting C � R
2 ¡ 0, we obtain

}x0}F   1

C
}F px0q}Y ,

which implies

C}x0}F   }F px0q}Y . (1.2.6)

Now, we can extend the inequality (1.2.6) to all x P D as follows: for every x P X with }F pxq}Y �
0, we can write

x � 2}F pxq}Y
R

� Rx

2}F pxq}Y
and then ����F

�
Rx

2}F pxq}Y


����
Y

� R

2
  R.

Thus, we can apply the above argument on Rx
2}F pxq}Y

instead of x0 to obtain

C

���� Rx

2}F pxq}Y

����
F

 
����F

�
Rx

2}F pxq}Y


����
Y

.

Now, we can multiply both sides by 2}F pxq}Y
R , and thus, by using linearity, we obtain

C}x}F   }F pxq}Y .

Finally, since every x P D we have

}x}X   }x}X � }F pxq}Y � }x}F and C}x}F   }F pxq}Y ,

then

C}x}X   }F pxq}Y for every x P D.
This completes the proof.

Proof of Corollary 1.2.10. (i) Since Mω is closed, the following statements are equivalent:

� M is isotropic.

� M �Mω.

� M �Mω.

� M is isotropic.

(ii) From Theorem 1.2.7, we have the following:

M is co-isotropic ùñ Mω �M

ùñ Mω � pMωqω

ùñ �
M

�ω �M

ùñ M is co-isotropic.

On the other hand, assume that M is co-isotropic, and we want to prove that M is co-

isotropic. For contradiction, suppose that M is not co-isotropic. Then Mω � M , meaning,

there exists a nonzero x PMω such that x RM . Set

W �M ` spantxu.
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From Lemma 1.2.6, the strong nondegeneracy of ω results in existence of a nonzero y P V
such that

ωpx, yq � 0 and ωpy,mq � 0 for all m PM. (1.2.7)

By boundedness of ω, we can extend the vanishing property of ω|M to M ; i.e,

ωpy,mq � 0 for all m PM. (1.2.8)

Recall Theorem 1.2.7, we have

Mω � �
M

�ω
. (1.2.9)

Now, since M is co-isotropic (i.e
�
M

�ω �M) and x PMω, then the equality (1.2.9) gives

x PMω �M.

Thus, from (1.2.8), we have ωpy, xq � 0 which contradicts (1.2.7). Therefore, we can con-

clude that the subspace M must satisfy Mω �M , meaning M is co-isotropic.

(iii) First of all, recall the induced map of ω:

Lω : V Ñ V �

x ÞÑ Lωpxq.
Also, remember that the subspace M � V is symplectic if and only if the restriction of the

induced map to M is injective. For simplicity, put

f � Lω|M and F � Lω|M
where Lω|M is the restriction of the induced map to M and Lω|M is the restriction of the

induced map to M . We aim to prove that

M is symplectic ðñ M is symplectic

by showing that

f is injective ðñ F is injective.

Assume that M is symplectic. Then F will be injective on M . Since

@x PM, Dpxnqn �M such that lim
nÑ8

xn � x,

by boundedness of Lω,

lim
nÑ8

fpxnq � lim
nÑ8

F pxnq � F pxq.
This means F is the extension of f by adding the limit points. Since the limit of a zero

sequence must be zero, we have the implications

fpxq � 0, @x PM ùñ F pxq � 0, @x PM ùñ x � 0.

This means f is injective, and then M is symplectic.

The converse is more subtle. Assume that M is symplectic. Thus, f is injective. We

aim to show that F is injective via showing it is bounded below. This can be achieved by

showing that F : M Ñ Ran(F ) is a closed operator with a closed range Ran(F ). To this

end, assume that pxnqn � M such that xn Ñ x and F pxnq Ñ y. Then x P M and, by

boundedness of F , F pxnq Ñ F pxq, which implies y � F pxq. This proves that F is a closed
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operator. It remains to prove that Ran(F ) is closed. Suppose that pgnqn � RanpF q and
gn Ñ g. Then, there exists pxnqn �M such that for every n, F pxnq � gn. Thereafter,

g � lim
nÑ8

gn � lim
nÑ8

F pxnq � F p lim
nÑ8

xnq � F pxq.

Since pxnqn � M , then x P M which means g P RanpF q. Therefore, Ran(F ) is closed,
meaning Ran(F ) is a Banach space. Now, since F : M Ñ Ran(F ) is a closed operator

between two Banach spaces, then, from Lemma 1.2.11, there exists C ¡ 0 such that for

every x PM with }F pxq} � 0, we have

C}x} ¤ }F pxq}. (1.2.10)

Now, we can prove the injectivity of F as follows: suppose that x P M with F pxq � 0,

and we aim to show that x � 0. To this end, note that x P M implies the existence of

pxnqn � M such that xn Ñ x. By bounededness of F , we have F pxnq Ñ F pxq, meaning

F pxnq Ñ 0. Now, we have two cases:

� Case 1: pF pxnqqn is eventially zero; that is, there exists N P N such that n ¥ N ùñ
F pxnq � 0 and thus fpxnq � 0 for all n ¥ N . From injectivity of f , we have xn � 0

for all n ¥ N , implying xn Ñ 0. Therefore, x � 0.

� Case 2: pF pxnqqn is not eventially zero; that is, there exists a subsequence pxnk
qk such

that }F pxnk
q} � 0 for all k. Since F statis�es (1.2.10), then C}xnk

} ¤ }F pxnk
q}.

Consequently, }xnk
} Ñ 0 since }F pxnk

q} Ñ 0. Therefore, x � 0.

In conclusion, both cases state that if F pxq � 0, then x � 0. Hence, F is injective, meaning

M is symplectic.

Corollary 1.2.12. Let pV, ωq be an even �nite-dimensional or separable in�nite-dimensional

real symplectic Banach space with strongly nondegenerate symplectic form ω, and let M be a

closed subspace of V . Then

M is symplectic ðñ Mω is symplectic.

Proof. Since Mω is closed, from Theorem 1.2.7 piiiq, we can deduce that

rpMωqωsω �Mω �Mω.

Hence, by Corollary 1.2.10, the following statements are equivalent:

� M is symplectic,

� M is symplectic,

� pMωqω is symplectic,

� pMωqω X rpMωqωsω � t0u,
� pMωqω XMω � t0u,
� Mω is symplectic.

25



Corollary 1.2.13. If pV, ωq is a real symplectic space, N is a Lagrangian subspace of V and M

is a subspace of V , then

(i) N �M ùñ M is a co-isotropic subspace.

(ii) M � N ùñ M is an isotropic subspace.

Proof. (i)

N �M ùñ Mω � Nω � N �M ùñ M is a co-isotropic subspace of V.

(ii)

M � N ùñ M � N � Nω �Mω ùñ M is a isotropic subspace of V.

Informally, Corollary 1.2.13 tells us that every Lagrangian subspace is half of the whole space.

Therefore, if a subspace is contained in a Lagrangian subspace, it is isotropic, while if a sub-

space contains a Lagrangian subspace, it is co-isotropic.

Example 1.2.14. Consider pR6, ωq such that

ωpai, ajq � ωpa3�i, a3�jq � 0 and ωpai, aj�3q � δij , i, j � 1, 2, 3

where an is the vector whose components are all zero, except the n-th component equals 1. Note

that the subspace

R3 � Clinta1, a2, a3u
is Lagrangian, and one can easily check that all the subspaces of R3 are isotropic and the sub-

spaces contained R3 are co-isotropic.

In addition to the aforementioned properties of the symplectic complement, we can also add

the following: the relationship between the adjoint operator and the orthogonal complement still

holds for the symplectic complement as well. See the next theorem.

Theorem 1.2.15. If pV, ωq is a real symplectic space with a strongly nondegenerate symplectic

form ω and Lω is its induced map and T : V Ñ V is a bounded linear operator, then we have�
L�1
ω pRanT�q�ω � kerT and kerT� � annpRanT q.

Proof. For the �rst equality,�
L�1
ω pRanT�q�ω � tx P V | ωpx, yq � 0, @y P L�1

ω pRanT�qu
� tx P V | ωpy, xq � 0, @y P L�1

ω pRanT�qu
� tx P V | Lωpyqpxq � 0, @y P L�1

ω pRanT�qu
� tx P V | Lωpyqpxq � 0, @Lωpyq P RanT�u
� tx P V | T�Lωpzqpxq � 0, @Lωpzq P DomT�u
� tx P V | LωpzqpTxq � 0, @Lωpzq P V �u
� tx P V | ωpz, Txq � 0, @z P V u
� tx P V | Tx � 0u pfrom nondegeneracy of ωq
� kerT.
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For the second equality,

kerT� � tx� P V � | T�px�qpzq � 0, @z P V u
� tx� P V � | x�pTzq � 0, @z P V u
� tx� P V � | x�pyq � 0, @y P RanT u
� annpRanT q.

1.3 Basic Symplectic Spaces and Symplectic Basis

An isomorphism between two symplectic spaces that preserves the structure of the symplec-

tic space is called a symplectomorphism. See the following de�nition.

De�nition 1.3.1. [28, p.5] An isomorphism ϕ : pV1, ω1q Ñ pV2, ω2q is called a symplectomor-

phism if for every x, y P V1 we have

ϕ�ω2px, yq � ω2pϕx, ϕyq � ω1px, yq.

In this case, the two symplectic spaces pV1, ω1q and pV2, ω2q are called symplectomorphic spaces.

The following de�nition provides us with an important type of symplectic space.

De�nition 1.3.2. [8] A Banach symplectic space pV, ωq is called basic if there exists a re�exive

Banach space Y and a symplectomorphism Φ such that

Φ : V Ñ Y ` Y � and ωpu, vq � ω0pΦu,Φvq for every u, v P V

where Y � is the dual space of Y and ω0 is the canonical symplectic form, which is de�ned as

ω0ppx, x�q, py, y�qq � y�pxq � x�pyq for every x, y P Y, x�, y� P Y �. (1.3.1)

Now, correspondingly to the concept of orthogonal basis in Hilbert spaces, we have a favourite

type of basis for symplectic spaces. This basis is called a symplectic basis. See the next de�ni-

tion.

De�nition 1.3.3 (Symplectic basis). [28, p.7] Given a symplectic space pV, ωq with a countable

basis ¤
iPI�N

tei, fiu (1.3.2)

where I is the indexing set of the basis and its cardinality is:

� Card I � 1
2 dimV if dimV   8

� Card I � 8 if dimV � 8.

This basis is called symplectic if it satis�es

ωpei, ejq � ωpfi, fjq � 0 and ωpei, fjq � δij for every i, j P I. (1.3.3)
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Remark 1.3.4. Since we are dealing with a symplectic space that can be either even �nite or

in�nite-dimensional spaces, we will henceforth adopt the expression (1.3.2) to write the basis of

the space. Consequently, the cardinality of the indexing set I � N will depend on the dimension

of V as described in the above de�nition. Therefore, from now on, whenever we write

S �
¤

iPI�N
tei, fiu

as a basis of a symplectic space V in a statement, we mean that the statement holds for V whether

V is even �nite or in�nite dimensional.

The Theorem 1.3.8 below states the conditions that guarantee the existence of such a basis.

But, before we are prepared to prove this theorem, we need �rst to recall a Schauder basis of a

Banach space.

De�nition 1.3.5. [26] We say that tukukPN is a Schauder basis of a Banach space V if for

every v P V there exists a unique sequence of scalars takukPN such that

v �
8̧

k�1

akuk. (1.3.4)

Note that the order of the summation (1.3.4) might a�ect the convergence of the series. There-

fore, if we want to have a freedom to reorder the summation (1.3.4), we must assume that the

basis tukukPN is symmetric, which means [26, p.15] for any permutation π of N, the convergence
of the series

v �
8̧

k�1

aπpkquπpkq (1.3.5)

still holds.

Also, it is worth mentioning that the existence of a Schauder basis of a Banach space V is

more restrictive than V being separable. For example, En�o, in his paper [11], has constructed a

separable Banach space without a Schauder basis.

Also, there is a type of Schauder bases called a shrinking basis. See the following de�nition.

De�nition 1.3.6. [26] Let V be a Banach space with a Schauder basis tukukPN and V � be its

dual space. For every k, we de�ne u�k P V � as

u�kpunq � δkn.

The Schauder basis tukukPN is called shrinking if its dual set tu�kukPN � V � is also a Schauder

basis of V �.

The following theorem is an immediate consequence of James' Theorem [26] that provides

the relationship between a shrinking basis and the re�exivity of a Banach space.

Theorem 1.3.7. Let V be a Banach space with a Schauder basis tukukPN. Then,

V is re�exive ùñ tukukPN is a shrinking basis.

Now, we are prepared to introduce the main theorem of this section.
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Theorem 1.3.8 (Existence of symplectic basis). Assume that pV, ωq is an even �nite-dimensional

or in�nite-dimensional real basic symplectic Banach space; that is,

V � Y ` Y �

where Y is a re�exive Banach space. Also, assume that Y has a symmetric Schauder basis tukukPN
and Y � is the dual space of Y and Y`Y � is equipped with the canonical symplectic form (1.3.1).

Then V possesses a symplectic basis.

Proof. We will start with the case of an in�nite-dimensional symplectic space, and then the case

of �nite dimension will be derived immediately.

First of all, consider

Φ : V Ñ Y ` Y �.

to be a symplectomorphism. Now, let tu�kukPN � Y � be the dual set of the basis tukukPN, which
de�ned as

u�i pujq � δij

Since V is re�exive, from Theorem 1.3.7, the basis tukukPN is shrinking, which means the dual

set tu�kukPN forms a Schauder basis of Y �. Furthermore, since tukukPN is symmetric, then tu�kukPN
is also symmetric. Hence

A �
¤
kPN

tuk, u�ku

is a symmetric Schauder basis of Y ` Y �. Consequently,

B �
¤
kPN

tek, fku

is also a symmetric Schauder basis of V where

Φ�1puk, 0q � ek and Φ�1p0, u�kq � fk.

This means for every v P V there exist unique scalar sequences pakqk and pbkqk such that

v �
8̧

k�1

akek �
8̧

k�1

bkfk.

Furthermore, for every i, j P N, we have the following:

� ωpei, ejq � ω
�
Φ�1pui, 0q,Φ�1puj , 0q

� � ω ppui, 0q, puj , 0qq � 0�puiq � 0�pujq � 0.

� ωpfi, fjq � ω
�
Φ�1p0, u�i q,Φ�1p0, u�j q

� � ω
�p0, u�i q, p0, u�j q� � u�j p0q � u�i p0q � 0.

� ωpei, fjq � ω
�
Φ�1pui, 0q,Φ�1p0, u�j q

� � ω
�p0, uiq, p0, u�j q� � u�j puiq � δij .

Therefore,

B �
¤
kPN

tek, fku

is a symplectic basis.

In the �nite-dimensional case, the above approach is still valid. Indeed, by the same ap-

proach, one can easily construct a basis

Bn �
n¤
k�1

tek, fku

for the 2n-dimensional space.

This completes the proof.
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Corollary 1.3.9. [28, p.7] Every 2n-dimensional real symplectic space pV, ωq is symplectomor-

phic to pR2n, ω0q where ω0 is standard symplectic form, which is de�ned as

ω0pai, ajq � ω0pan�i, an�jq � 0 and ω0pai, aj�nq � δij , @i, j � 1, 2, . . . , n.

Here, taiu2nk�1 is the standard basis of R2n.

Proof. Assume that

S � te1, f1, . . . , en, fnu.
is a symplectic basis of V . De�ne the isomorphism

ϕ : R2n Ñ V, ϕpakq �
$&
%ek if k � 1, 2, � � � , n
fk�n if k � n� 1, n� 2, � � � , 2n.

Then, for every i, j � 1, 2, � � � , n, we have
� ω0pai, ajq � 0 � ωpei, ejq � ωpϕpaiq, ϕpajqq,
� ω0pan�i, an�jq � 0 � ωpfi, fjq � ωpϕpan�iq, ϕpan�jqq,
� ω0pai, aj�nq � δij � ωpei, fjq � ωpϕpaiq, ϕpan�jqq.

By using the linearity of ω and ϕ, this implies that for every x, y P R2n

ω0px, yq � ωpϕpxq, ϕpyqq,

which means the isomorphism ϕ is a symplectomorphism. Therefore, the symplectic spaces

pR2n, ω0q and pV, ωq are symplectomorphic.

Example 1.3.10. Consider pℓ2 ` pℓ2q�, ωq such that

ωppx, x�q, py, y�qq � y�pxq � x�pyq � xx, y�y � xy, x�y for every px, x�q, py, y�q P ℓ2 ` pℓ2q�.

Since ℓ2 � pℓ2q�, we can have an isomorphism such that

x1 � Φpx�q P ℓ2 and y1 � Φpy�q P ℓ2.

and

xx, y�y � xx, y1y �
8̧

k�1

xky
1
k and xy, x�y � xy, x1y �

8̧

k�1

x1kyk

where x � pxkqk, x1 � px1kqk, y � pykqk, y1 � py1kqk P ℓ2. Hence

ωppx, x�q, py, y�qq �
8̧

k�1

pxky1k � x1kykq.

Recall the standard basis of ℓ2

B � tuk � p0, . . . , 0, 1kth , 0, . . . q | k � 1, 2, . . . u.

The symplectic basis of ℓ2 ` ℓ2 will be

S �
8¤
i�1

tei, fiu
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where

e1 � pp1, 0, 0, . . . q; p0, 0, 0, . . . qq, f1 � pp0, 0, 0, . . . q; p1, 0, 0, . . . q,
e2 � pp0, 1, 0, . . . q; p0, 0, 0, . . . qq, f2 � pp0, 0, 0, . . . q; p0, 1, 0, . . . qq,
e3 � pp0, 0, 1, . . . q; p0, 0, 0, . . . qq, f3 � pp0, 0, 0, . . . q; p0, 0, 1, . . . qq,

For any k � 2, 3, 4, . . . , the general formulas are

ek � pp0, . . . , 0, 1kth , 0, . . . q; p0, 0, 0, . . . q and fk � pp0, 0, 0, . . . q; p0, . . . , 0, 1kth , 0, . . . qq

which is the same as the standard basis of ℓ2 ` ℓ2.

1.4 Quotient Symplectic Spaces

Let pV, } � }V q be a real normed space and let

ω : V � V Ñ R

be a bounded skew-symmetric bilinear form, which may be degenerate. In this section, we will

study how the form ω inherits a nondegenerate bounded skew-symmetric bilinear form (sym-

plectic form)

ω̃prxs, rysq � ωpx, yq (1.4.1)

where rxs, rys are equivalence classes in the quotient space

V {M � trvs � v �M | v P V u

for a closed subspace M � V . The norm of V {M is the quotient norm, which is de�ned as:

}rvs} � inf
mPM

}v �m}V for every rvs P V {M. (1.4.2)

The above closed subspace M is not arbitrary; it is chosen in such a way that ensures the form

ω inherits a symplectic form ω̃ on V {M . Therefore, we must determine the restrictions on the

subspace M under which:

� ω̃ is well-de�ned,

� ω̃ is bounded,

� ω̃ is skew-symmetric,

� ω̃ is nondegenerate.

To avoid writing a long proof for verifying these four conditions, we will examine each of them

individually in a separate theorem. In other words, we will separately determine the restrictions

on M under which each condition is satis�ed. Afterwards, we will combine all these restrictions

to characterise when pV {M, ω̃q becomes a quotient symplectic space.

The �rst theorem provides the restrictions on the subspace M under which the form ω̃ in

(1.4.1) is well-de�ned on the quotient space V {M .
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Theorem 1.4.1. Let pV, }�}q be either an even �nite-dimensional or a separable in�nite-dimensional

real normed space, and ω is a bounded skew-symmetric bilinear form on the space V . Consider

the quotient space V {M equipped with the quotient norm

}rvs} � inf
mPM

}v �m}V for every rvs P V {M.

Also, consider the form

ω̃prxs, rysq � ωpx, yq for every rxs, rys P V {M.

This form ω̃ is well-de�ned on the quotient space V {M if and only if M � V ω.

Proof. To prove that the form ω̃ is well-de�ned, we must show that ω̃ does not depend on the

choice of representatives x, y in the cosets rxs � x �M and rys � y �M in V {M . To achieve

this, assume that rxs, rx1s, rys, ry1s P V {M such that

rxs � rx1s and rys � ry1s,

which means

x1 � x�m1 and y1 � y �m2 for some m1,m2 PM.

Then,

ω̃prx1s, ry1sq � ωpx1, y1q
� ωpx�m1, y �m2q
� ωpx, yq � ωpx,m2q � ωpm1, yq � ωpm1,m2q
� ω̃prxs, rysq � ωpx,m2q � ωpm1, yq � ωpm1,m2q

The form ω̃ is well-de�ned if and only if

ω̃prx1s, ry1sq � ω̃prxs, rysq.

In other words, it is well-de�ned if and only if the sum of the three extra terms on the right-

hand side vanish:

ωpx,m2q � ωpm1, yq � ωpm1,m2q � 0.

Since x, y have been chosen arbitrarily, we require:

ωpx,m2q � ωpm1, yq � ωpm1,m2q � 0 @x, y P V, m1,m2 PM.

Now, observe

� ωpm1,m2q � 0 @m1,m2 PM requires M �Mω (i.e. M is isotropic).

� ωpx,m2q � ωpm1, yq � 0 @x, y P V, m1,m2 PM requires M � V ω.

In conclusion, the form ω̃ is well-de�ned if and only if M satis�es M � V ω.

Remark 1.4.2. Note that, in the above Theorem, V ω is not necessarily equal to t0u because we

did not assume that ω is nondegenerate on V .

In the second theorem, we will examine the boundedness of the form ω̃ in (1.4.1) on the quo-

tient space V {M .
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Theorem 1.4.3. Let pV, }�}q be either an even �nite-dimensional or a separable in�nite-dimensional

real normed space, and ω be a bounded skew-symmetric bilinear form on the space V , and let M

be a closed subspace contained in V ω. Consider the quotient space V {M equipped with the quo-

tient norm

}rvs} � inf
mPM

}v �m}V for every rvs P V {M.

Also, consider the bilinear form

ω̃prxs, rysq � ωpx, yq for every rxs, rys P V {M.

Then, the form ω̃ is bounded on the quotient space V {M .

Proof. To prove that ω̃ is bounded, we must show existence of C ¡ 0 such that

|ω̃prxs, rysq| ¤ C}rxs}}rys} for every rxs, rys P V {M.

Since for every rxs, rys P V {M
}rxs} � inf

mPM
}x�m}V and }rys} � inf

mPM
}y �m}V ,

then, by this de�nition, for every ϵ ¡ 0 there exists m1,m2 PM such that

}x�m1}V ¤ ϵ� inf
mPM

}x�m}V and }y �m2}V ¤ ϵ� inf
mPM

}y �m}V . (1.4.3)

Now, since M is contained in V ω, then, from Theorem 1.4.1, ω̃ is well-de�ned; that is,

ωpx, yq � ωpx�m1, y �m2q
Thus, from the boundedness of ω and line (1.4.3), we can obtain the required C ¡ 0 as follows:

for every rxs, rys P V {M we can write

|ω̃prxs, rysq| � |ωpx, yq|
� |ωpx�m1, y �m2q|
¤ C}x�m1}V }y �m2}V
¤ Cpϵ� inf

mPM
}x�m}V qpϵ� inf

mPM
}y �m}V q

¤ Cpϵ� }rxs}qpϵ� }rys}q.
Finally, if we take ϵÑ 0, we obtain

|ω̃prxs, rysq| ¤ C}rxs}}rys} for every rxs, rys P V {M,

which means that ω̃ is bounded on V {M .

In the third theorem, we will examine whether the form ω̃ in (1.4.1) is skew-symmetric on

the quotient space V {M .

Theorem 1.4.4. Let pV, }�}q be either an even �nite-dimensional or a separable in�nite-dimensional

real normed space, and ω be a bounded skew-symmetric bilinear form on the space V , and let M

be a closed subspace contained in V ω. Consider the quotient space V {M equipped with the quo-

tient norm

}rvs} � inf
mPM

}v �m}V for every rvs P V {M.

Also, consider the bilinear form

ω̃prxs, rysq � ωpx, yq for every rxs, rys P V {M.

Then, the form ω̃ is skew-symmetric on the quotient space V {M .
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Proof. The skew-symmetry of ω̃ follows from the skew-symmetry of ω. To clarify this, note that

for every rxs, rys P V {M , by the de�nition of ω̃, we have

ω̃prxs, rysq � ωpx, yq � �ωpy, xq � �ω̃prys, rxsq

In the last theorem of this argument, we will examine whether the form ω̃ in (1.4.1) is non-

degenerate on the quotient space V {M .

Theorem 1.4.5. Let pV, } � }V q be either an even �nite-dimensional or a separable in�nite-

dimensional real normed space, and ω be a bounded skew-symmetric bilinear form on the space

V , and let M be a closed subspace contained in V ω. Consider the quotient space V {M equipped

with the quotient norm

}rvs} � inf
mPM

}v �m}V for every rvs P V {M.

Also, consider the bilinear form

ω̃prxs, rysq � ωpx, yq for every rxs, rys P V {M.

This form ω̃ is nondegenerate on the quotient space V {M if and only if M � V ω.

Proof. Let Lω be the induced map of ω. Since V ω is the largest subspace in V on which the

form ω vanishes, then

V ω � kerpLωq.
Now, we can de�ne the induced map of ω̃ on V { kerpLωq as follows: for every rxs, rys P V {M

Lω̃prxsqprysq � ω̃prxs, rysq � ωpx, yq � Lωpxqpyq.

Recall the First Isomorphism Theorem for Normed Spaces to obtain

V { kerpLωq � RangpLωq

where RangpLωq is the range of Lω. This theorem ensures that the induced map of ω̃

Lω̃ : V { kerpLωq Ñ RangpLωq

Lω̃prxsq � Lωpxq
is bijective, which implies that ω̃ is nondegenerate on V { kerpLωq. Now, we have shown that if

M � V ω � kerpLωq, (1.4.4)

then ω̃ is nondegenerate on V {M . But, if

M � V ω � kerpLωq,

then there exists a nonzero x P V ωzM representing the class rxs � x�M P V {M such that

Lω̃prxsqprysq � 0 @rys P V {M ùñ rxs P kerpLω̃q.

This means that kerpLω̃q � tr0su, and thus the form ω̃ is degenerate on V {M . Therefore, we can

conclude that ω̃ is nondegenerate if and only if M � V ω.
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Remark 1.4.6. From the above four theorems, we can conclude that a bounded skew-symmetric

bilinear form ω on a real normed space V induces a quotient symplectic normed space pV {M, ω̃q
if and only if

� M � V ω,

� or equivalently M � kerpLωq where Lω is the induced map of ω.

It may also be worth to consider the case where U is a subspace of a real symplectic space

pV, ωq and M is another subspace contained in U . In this case, we need to examine when the

quotient space U{M carries a symplectic structure. See the following Theorem.

Theorem 1.4.7. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic space, let U be any closed subspace, and M be another closed subspace contained

in U . Consider the quotient space pU{M, } � }q where

}rus} � inf
mPM

}u�m}V for every rus P U{M.

Also, consider the form

ω̃prxs, rysq � ωpx, yq for every rxs, rys P U{M,

This quotient space pU{M, ω̃q is symplectic if and only if M is isotropic and M � U X Uω.

Proof. In Remark 1.4.6, we have stated that for M as a closed subspace of V , the quotient space

pV {M, ω̃q is symplectic if and only if M � V ω. However, the subspace V ω is originally the

largest space on which the symplectic form ω vanishes; that is,

M � tx P V | ωpx, yq � 0 for all y P V u.

By adopting this de�nition of subspace M in the case of examining pU{M, ω̃q, the subspace M
will also be the largest space on which the restriction of the symplectic form ω|U�U vanishes. In

other words,

M � tx P U | ωpx, yq � 0 for all y P Uu.
This is exactly,

M � U X Uω.

Thus, from Remark 1.4.6, the pair pU{M, ω̃q is a symplectic space if and only if M � U X Uω.

Remark 1.4.8. The above theorem provides an approach to constructing the symplectic quotient

space pU{pU X Uωq, ω̃q from the subspace U , under only a single condition, which is the closed-

ness of U . In fact, the closedness of the subspace U is an essential condition to guarantee the

closedness of the intersection U XUω. See the next example, which illustrates that U XUω is not

always closed if U is not closed.

Example 1.4.9. Consider pℓ2, ωq such that

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq
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where x � pxkqk and y � pykqk are in ℓ2, and consider the symplectic basis

S �
8¤
k�1

tek, fku

where

ek � p0, . . . , 0, 12k�1, 0, . . . q, and fk � p0, . . . , 0, 12k, 0, . . . q.
Thereafter, if we consider the non-closed subspace

U � Lin
8¤
k�1

tek, f2ku

and its symplectic complement

Uω � Clin
8¤
k�1

te2k�1u,

then the intersection

U X Uω � Lin
8¤
k�1

te2k�1u,

is a non-closed subspace.

However, in the case of M being a coisotropic subspace of a real symplectic space pV, ωq, the
intersection M XMω � Mω is always closed. The following corollary will be a particular case

of Theorem 1.4.7, as it provides us with a method to construct a symplectic quotient space from

a coisotropic subspace of a symplectic space. This corollary is a generalisation of Lemma 2.7

(i) in [27, p. 41], as it includes separable in�nite-dimensional symplectic spaces, not just �nite-

dimensional spaces.

Corollary 1.4.10. Let pV, } � }V q be either an even �nite-dimensional or a separable in�nite-

dimensional real normed space equipped with a symplectic form ω, and let M be a coisotropic

subspace. Then, the symplectic form ω induces another symplectic form ω̃ on the quotient nomed

space pM{Mω, }�}q where }�} is the quotient norm:

}rvs} � inf
mPMω

}v �m}V for every rvs PM{Mω,

and the induced symplectic form is de�ned as

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω.

Proof. Since M is a coisotropic, then, by Theorem 1.2.7, then Mω �MXMω because Mω �M .

Thus, from Theorem 1.4.7, the quotient space pM{Mω, ω̃q is a symplectic space.

Furthermore, in [27], D. McDu� and D. Salamon state that if we have a Lagrangian subspace

in an even �nite-dimensional real symplectic space, then we can construct a corresponding La-

grangian subspace in the induced quotient space. In the following theorem, we will state a simi-

lar result, but we will generalise it to cover separable in�nite-dimensional real symplectic spaces,

not just �nite-dimensional spaces.

Theorem 1.4.11. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic space, let M be a coisotropic subspace, and L be a Lagrangian subspace such that

L�Mω is closed. Then,

L̃ � ppLXMq �Mωq{Mω
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is a Lagrangian subspace in the symplectic space pM{Mω, ω̃q where

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω.

Proof. To show that L̃ is Lagrangian, we need to verify the equality

L̃ω̃ � L̃. (1.4.5)

To achieve that, note that we have

� LXM � L,

� L is Lagrangian,

� M is coisotropic.

This implies that

� LXM is isotropic

� Mω is isotropic.

This means

� ωpl1, l2q � 0 for all l1, l2 P LXM ,

� ωpm1,m2q � 0 for all m1,m2 PMω.

Now, since every rxs, rys P L̃ we can write

� rxs � l1 �m1 �Mω � l1 �Mω where l1 P LXM, m1 PMω

� rys � l2 �m2 �Mω � l2 �Mω where l2 P LXM, m2 PMω,

then, by de�nition of ω̃, the following statements are equivalent:

� ωpl1, l2q � 0 for all l1, l2 P LXM .

� ω̃prxs, rysq � 0 for all rxs, rys P L̃.
This means

L̃ � ppLXMq �Mωq{Mω

is isotropic. That is,

L̃ � L̃ω̃. (1.4.6)

On the other hand. Assume that rxs P L̃ω̃. Thus

rxs P L̃ω̃ ðñ ω̃prxs, rysq � 0 @rys P L̃
ðñ ωpx, yq � 0 @y P pLXMq �Mω

ðñ ωpx, l1 �m1q � 0 @y � l1 �m1 P pLXMq �Mω

ðñ ωpx, l1 �m1q � 0 @l1 P LXM, @m1 PMω

ðñ ωpx, l1q � 0 @l1 P LXM and ωpx,m1q � 0 @m1 PMω

ðñ ωpx, l1q � 0 @l1 P LXM

ðñ x P pLXMqω XM.

Hence

rxs P ppLXMqω XMq{Mω.
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By Theorem 1.2.7, we have

rxs P ppLXMqω XMq{Mω � ppLω �Mωq XMq{Mω � ppL�Mωq XMq{Mω.

Hence, the following holds.

x P pL�Mωq XM ùñ x P L�Mω and x PM
ùñ x � l �m where l P L, m PMω and x PM
ùñ m PMω, l � x�m P L and l � x�m PM since Mω �M

ùñ l P LXM and m PMω

ùñ x � l �m P pLXMq �Mω

ùñ rxs P ppLXMq �Mωq{Mω

ùñ rxs P L̃.

Therefore, we assumed that rxs P L̃ω̃ and then we ended with rxs P L̃. This results in

L̃ω̃ � L̃. (1.4.7)

We conclude, from (1.4.6) and (1.4.7), that the equality (1.4.5) holds.

Remark 1.4.12. In the above theorem, we have proved that, from any coisotropic subspace M

and Lagrangian subspace L such that L �Mω is closed, we can construct a Lagrangian subspace

in the symplectic quotient space M{Mω. Similarly, we can construct coisotropic subspaces and

isotropic subspaces in the quotient space M{Mω. Further details are provided in the next two

theorems.

The following theorem is devoted to the case of coisotropic subspaces

Theorem 1.4.13. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic space, let M be a coisotropic subspace, and U be a closed coisotropic subspace

such that U �Mω is closed. Then,

Ũ � ppU XMq �Mωq{Mω

is a coisotropic subspace in the symplectic space pM{Mω, ω̃q where

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω.

Proof. We can show that Ũ is coisotropic by verifying the inequality

Ũ ω̃ � Ũ . (1.4.8)

To achieve this, note that

Ũ ω̃ � trxs PM{Mω | ω̃prxs, rysq � 0 for all rys P Ũu.
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Assume that rxs P Ũ ω̃. We aim to show that rxs P Ũ . To this end, observe that

rxs P Ũ ω̃ ðñ ω̃prxs, rysq � 0 @rys P Ũ
ðñ ωpx, yq � 0 @y P pU XMq �Mω

ðñ ωpx, u1 �m1q � 0 @y � u1 �m1 P pU XMq �Mω

ðñ ωpx, u1 �m1q � 0 @u1 P U XM, @m1 PMω

ðñ ωpx, u1q � 0 @u1 P U XM and ωpx,m1q � 0 @m1 PMω

ðñ ωpx, u1q � 0 @u1 P U XM

ðñ x P pU XMqω XM.

Thereafter, by Theorem 1.2.7, we have

rxs P ppU XMqω XMq{Mω � ppUω �Mωq XMq{Mω � ppU �Mωq XMq{Mω.

Hence, the following holds.

x P pU �Mωq XM ùñ x P U �Mω and x PM
ùñ x � u�m where u P U, m PMω and x PM
ùñ m PMω, u � x�m P U and u � x�m PM since Mω �M

ùñ u P U XM and m PMω

ùñ x � u�m P pU XMq �Mω

ùñ rxs P ppU XMq �Mωq{Mω

ùñ rxs P Ũ .

In conclusion, we have shown that

rxs P Ũ ω̃ ùñ rxs P Ũ .

This means Ũ ω̃ � Ũ ; that is, Ũ is coisotropic in pM{Mω, ω̃q.

The following theorem concerns the case of isotropic subspaces.

Theorem 1.4.14. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic space, let M be a coisotropic subspace, and U be an isotropic subspace. Then,

Ũ � ppU XMq �Mωq{Mω

is an isotropic subspace in the symplectic space pM{Mω, ω̃q where

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω.

Proof. We can show that Ũ is isotropic by verifying the inequality

Ũ � Ũ ω̃. (1.4.9)

To achieve this, note that since U is isotropic and M X U � U , then M X U is isotropic, which

means

M X U � pM X Uqω.
By de�nition, for every rxs, rys P Ũ , we can write
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� x � u�m for some u P U XM, m PMω,

� y � u1 �m1 for some u1 P U XM, m1 PMω.

Now, by de�nition of ω̃, the following statements are equivalent:

� ωpu, u1q � 0 @u, u1 P U XM

� ωpu, u1q � ωpu,m1q � ωpm,u1q � ωpm,m1q � 0 @u, u1 P U XM, m,m1 PMω

� ωpu�m,u1 �m1q � 0 @u, u1 P U XM, m,m1 PMω

� ωpx, yq � 0 for all x, y P pU XMq �Mω

� ω̃prxs, rysq � 0 for all rxs, rys P Ũ .
This implies Ũ � Ũ ω̃; that is, the subspace Ũ is isotropic in pM{Mω, ω̃q.

Furthermore, in a similar way, we can construct a symplectic subspace in an induced quo-

tient space.

Theorem 1.4.15. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic space, let M be a coisotropic subspace, and U be a symplectic subspace and con-

tained in M . Then,

Ũ � pU �Mωq{Mω

is a symplectic subspace in the symplectic space pM{Mω, ω̃q where

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω.

Proof. To prove that Ũ is symplectic, we need to show that the restriction ω|Ũ�Ũ is nondegen-

erate. To achieve this, note that since M is coisotropic and U is symplectic contained in M ,

then

� Mω �M ,

� Uω X U � t0u,
� U �M .

Assume that rxs P Ũ . Then, we can write

x � u�m for some u P U, m PMω.

By de�nition of ω̃, observe that

ω̃prxs, rysq � 0 @rys P Ũ ùñ ωpx, yq � 0 @y P U
ùñ ωpu�m,u1 �m1q � 0 @u1 �m1 P U �Mω

ùñ ωpu�m,u1 �m1q � 0 @u1 P U, @m1 PMω

ùñ ωpu�m,u1q � 0 @u1 P U and ωpu�m,m1q � 0 @m1 PMω

ùñ ωpu, u1q � 0 @u1 P U and ωpm,m1q � 0 @m1 PMω

ùñ ωpu, u1q � 0 @u1 P U
ùñ u P Uω.

This leads to

u P Uω X U � t0u ùñ u � 0.
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That is,

rxs � m�Mω where m PMω ùñ rxs � r0s.
Since we have proved that

ω|Ũ�Ũ prxs, rysq � 0 for all rys P Ũ ùñ rxs � r0s,

then the restriction ω|Ũ�Ũ is nondegenerate.

Remark 1.4.16. The symplectic subspace, in Theorem 1.4.15, can be written as

Ũ � ppU XMq �Mωq{Mω,

which is the same as the formulas for Lagrangian, coisotropic, and isotropic subspaces in The-

orem 1.4.11, Theorem 1.4.13, and Theorem 1.4.14, respectively. However, since, in Theorem

1.4.15, we added an extra assumption pU � Mq, we wrote U XM as U . In fact, without assum-

ing that U �M , the intersection M X U may fail to be symplectic in pV, ωq. As a result,

Ũ � ppM X Uq �Mωq{Mω

may fail to be symplectic in pM{Mω, ω̃q. The following example illustrates that.

Example 1.4.17. Consider the symplectic space pR4, ωq where the symplectic form is given by:

ω
�px1, y1, x2, y2q, px11, y11, x12, y12q� � x1y

1
1 � y1x

1
1 � x2y

1
2 � y2x

1
2.

Consider the coisotropic subspace

M � tp0, y1, x2, y2q | x1, y1, x2 P Ru.

Its symplectic complement is:

Mω � tp0, y1, 0, 0q | y1 P Ru.
Also, consider the symplectic subspace

U � tpx1, 0, x2, 0q | x1, x2 P Ru.

Its symplectic complement is:

Uω � tp0, y1, 0, y2q | y1, y2 P Ru.

Now, the intersection is:

M X U � tp0, 0, x2, 0q | x2 P Ru.
Its symplectic complement is:

pM X Uqω � tpx1, y1, x2, 0q | x1, y1, x2 P Ru.

Now,

pM X Uq X pM X Uqω � tp0, 0, x2, 0q | x2 P Ru � tp0, 0, 0, 0qu,
which means that the intersection M X U is not symplectic. Furthermore, if we consider the

quotient space M{Mω with the symplectic form

ω̃prxs, rysq � ωpx, yq for every rxs, rys PM{Mω,
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then

Ũ � ppM X Uq �Mωq{Mω

is not symplectic. This is because ω̃ is degenerate on Ũ . To illustrate this, note, by de�nition of

ω̃, that

p0, 0, 1, 0q RMω and ωpp0, 0, 1, 0q, px1, y1, x2, y2qq � 0 @px1, y1, x2, y2q PM X U

is equivalent to

rp0, 0, 1, 0qs � rp0, 0, 0, 0qs and ω̃prp0, 0, 1, 0qs, rpx1, y1, x2, y2qsq � 0 @rpx1, y1, x2, y2qs P Ũ .

1.5 Complex Structure and Decomposition of a Symplectic

Space

Let pV, ωq be a real symplectic space and ω be strongly nondegenerate. Also, let V be equipped

with a norm }�} equivalent to a Hilbert norm }�}H , which means there exist constants C1, C2 ¡ 0

such that

C1} � }H ¤ } � } ¤ C2} � }H , (1.5.1)

and the norm }�}H is inherited from an inner product hp�, �q; that is, pV, hp�, �qq is a Hilbert space

with hp�, �q � } � }2H . In this section, we will introduce the de�nition of a complex structure.

Then, we will construct a complex structure providing a connection between the above Banach

structure and the symplectic structure. After that, we will show its important role for the de-

composition of symplectic spaces.

We begin by introducing the de�nition of a complex structure.

De�nition 1.5.1. [6, p.108] An isomorphism J : V Ñ V is called a complex structure on a

real Banach space V if J2 � �I (or equivalently, J�1 � �J).

Since we aim to introduce a complex structure as a link between the above Banach structure

and symplectic structure of V , then, as will be seen later, the complex structure J must be cho-

sen to be compatible with the symplectic form ω. See the following de�nition.

De�nition 1.5.2. [6, p.84] Let pV, ωq be a real symplectic space. We say that a complex struc-

ture J : V Ñ V is compatible with ω or ω-compatible if for every nonzero u, v P V we have

ωpu, Juq ¡ 0 and ωpJu, Jvq � ωpu, vq. (1.5.2)

Lemma 1.5.3. If pV, ωq is a real symplectic space and J : V Ñ V is a ω-compatible complex

structure, then for every u, v P V we have

ωpu, Jvq � �ωpJu, vq (1.5.3)

Proof. For every u, v P V , we have

ωpu, Jvq � ωpJu, J2vq � ωpJu,�vq � �ωpJu, vq.
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Now, let us start constructing the required complex structure J : V Ñ V . As we stated

above, the real symplectic Banach space V is equipped with a strongly nondegenerate ω and its

norm } � } is equivalent to a norm } � }H , which is inherited from an inner product hp�, �q on V
(i.e. } � }2H � hp�, �q). Thereafter, from the Riesz Theorem and the strong nondegeneracy of ω,

the forms hp�, �q and ωp�, �q induce two isomorphisms:

Lh : V Ñ V �; Lhpvq � hpv, �q and Lω : V Ñ V �; Lωpvq � ωpv, �q for every v P V. (1.5.4)

After that, we can de�ne

A :� L�1
h � Lω : V Ñ V

Note that, the isomorphism A is skew-symmetric (i.e. A� � �A) w.r.t hp�, �q because for every
x, y P V we have

hpAx, yq � LhpAxqpyq
� Lh � L�1

h � Lωpxqpyq
� Lωpxqpyq
� ωpx, yq
� �ωpy, xq
� Lωp�yqpxq
� Lh � L�1

h � Lωp�yqpxq
� Lhp�Ayqpxq
� hp�Ay, xq
� hpx,�Ayq.

Now, we can put

J :� |A|�1A : V Ñ V

where |A| � pA�Aq 1
2 . It remains to show that J is, indeed, a ω-compatible complex structure.

To this end, observe

� J2 � p|A|�1Aqp|A|�1Aq � |A|�2A2 � pA�Aq�1A2 � �A�2A2 � �I.
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� J is a symplectomorphism because for every x, y P V we have

ωpJx, Jyq � LωpJxqpJyq
� LhpAJxqpJyq
� LhpA|A|�1AxqpJyq
� LhpA2|A|�1xqpJyq
� Lhp�A�A|A|�1xqpJyq
� Lhp�|A|2|A|�1xqpJyq
� Lhp�|A|xqpJyq
� hp�|A|x, Jyq
� hp�|A|x, |A|�1Ayq
� hp�A�p|A|�1q�|A|x, yq
� hpAx, yq
� LhpAxqpyq
� Lh � L�1

h � Lωpxqpyq
� Lωpx, yq
� ωpx, yq.

� The last condition, which states:

ωpx, Jxq ¡ 0 for every nonzero x P V (1.5.5)

will be proven later in Lemma 1.5.4.

Note that, in the above argument, the skew-symmetric isomorphism A : V Ñ V connects the

inner product h with the symplectic form ω via the following identity.

ωpx, yq � hpAx, yq for every x, y P V. (1.5.6)

Since J � |A|�1A, then, for every x, y P V , we can obtain the following identity

ωpx, Jyq � hp|A|x, yq. (1.5.7)

This is because

ωpx, Jyq � hpAx, Jyq
� hpAx, |A|�1Ayq
� hpA�|A|�1Ax, yq
� hpA�A|A|�1x, yq
� hp|A|2|A|�1x, yq
� hp|A|x, yq.

If we put

gpx, yq � hp|A|x, yq for every x, y P V, (1.5.8)

then we obtain a bilinear form on V satisfying

ωpx, Jyq � gpx, yq for every x, y P V. (1.5.9)
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The following lemma proves that g is indeed an inner product on V .

Lemma 1.5.4. If pV, hp�, �qq is a real Hilbert space and P : V Ñ V is a positive isomorphism,

then

gp�, �q � hpP �, �q.
is an inner product.

Proof. Since P ¥ 0, then for each x P V , we have gpx, xq � hpPx, xq ¥ 0. The bilinearity of

g follows immediately from the bilinearity of h and the linearity of P . Also, the symmetry of g

follows from the symmetry of h and the positivity of P . To illustrate that, note that for every

x, y P V we have

gpx, yq � hpPx, yq � hpx, Pyq � hpPy, xq � gpy, xq.
It remains to show that

gpx, xq � 0 ðñ x � 0,

which is equivalent to

hpPx, xq � 0 ðñ x � 0.

One direction is straightforward. Thus, we need only to show the other direction, which is

hpPx, xq � 0 ùñ x � 0.

To this end, assume that hpPx, xq � 0 and consider

y � }x}P�1x� λx

where }x} � hpx, xq 1
2 and λ is a real number, will be chosen later. Thus,

0 ¤ hpPy, yq � h
�}x}x� λPx, }x}P�1x� λx

�
� }x}2h �x, P�1x

�� λ}x}hpx, xq � λ}x}hpPx, P�1xq � λ2hpPx, xq
� }x}2h �x, P�1x

�� λ}x}hpx, xq � λ}x}hpx, PP�1xq
� }x}2hpx, P�1xq � 2λ}x}hpx, xq
� }x}2hpx, P�1xq � 2λ}x}3 (By using hpx, xq � }x}2)
¤ }x}2}x}}P�1x} � 2λ}x}3 (By applying Cauchy Schwarz Inequality on hpx, P�1xq)
¤ }P�1}}x}4 � 2λ}x}3 (From boundedness of P�1)

� �}P�1}}x} � 2λ
� }x}3.

Now, if we choose

λ � }P�1}}x},
we obtain

0 ¤ �}P�1}}x}4 ùñ }x} � 0 ùñ x � 0.

We conclude that g is, indeed, an inner product.

Remark 1.5.5. One can note that if a complex structure J : V Ñ V and an inner product

gp�, �q satisfying
ωp�, J �q � gp�, �q,

then the last condition (1.5.5) above:

ωpx, Jxq � gpx, xq ¡ 0 for every nonzero x P V,
always holds. Consequently, J is compatible with ω.
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Remark 1.5.6. The above symplectic form ω will always be strongly nondegenerate because, as

a consequence of (1.5.9), the induced map

Lω : V Ñ V �

can be given as

Lωpvqp�q � LgpJvqp�q,
which is bijective from the Riesz Theorem.

It is common and helpful to write symplectic Banach spaces as a direct sum of a closed sub-

space and its symplectic complement. More precisely, if pV, ωq is either an even �nite-dimensional

or a separable in�nite-dimensional real symplectic Banach space and its norm satis�es (1.5.1),

can V be written as

V �M `Mω (1.5.10)

for every closed subspace M � V ? Obviously, the answer is negative because the necessary con-

dition for (1.5.10) to hold is:

M XMω � t0u.
However, this only holds if M is a symplectic subspace. However, this issue can be settled by

using a ω-compatible complex structure J : V Ñ V to obtain

JM XMω � t0u (1.5.11)

for every closed subspace M � V . This enables us to study the possibility of writing

V � JM `Mω. (1.5.12)

for every closed subspace M � V . Observe, from the �rst condition in (1.5.2), the property

(1.5.11) always holds for any closed subspace M � V because

x � 0 and x P JM XMω ùñ Dm0 PMzt0u such that x � Jm0 and x PMω

ùñ ωpJm0,mq � 0, @m PM since Jm0 � x PMω

ùñ ωpJm0,m0q � 0,

which contradicts the �rst condition of compatibility, which is ωpJm0,m0q ¡ 0.

The following theorem addresses the above question regarding the decomposition (1.5.12).

Theorem 1.5.7. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimen-

sion real symplectic Banach space equipped with a norm } � } equivalent to a Hilbert norm } � }H ,
the symplectic form ω be strongly nondegenerate, and M be a closed subspace of V . Then there

exists a ω-compatible complex structure J : V Ñ V such that

V � JM `Mω. (1.5.13)

Proof. Let h be the inner product that induces } � }H ; that is,

hpx, xq � }x}2H for every x P H.

By the Riesz Theorem, we obtain an isomorphism

Lh : V Ñ V � such that Lhpvq � hpv, �q for every v P V.
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Since the symplectic form ω is strongly nondegenerate, we also obtain an isomorphism

Lω : V Ñ V � such that Lωpvq � ωpv, �q for every v P V.

As we constructed above, we obtain the ω-compatible complex structure

J :� |A|�1A : V Ñ V

where

A :� L�1
h � Lω : V Ñ V.

By Lemma 1.5.4, we also obtain an inner product on V

gp�, �q � hp|A|�, �q.

Since M is a closed subspace, then there is a g-complement subspace Mg such that

V �M `Mg

where

Mg � tv P V | gpv,mq � 0 @m PMu.
Now, we need to show that the ω-compatible complex structure J satis�es

J pMωq �Mg. (1.5.14)

To achieve that, note that, for every u P V , the following statements are equivalent:

� v P J pMωq.
� J�1v PMω.

� ωpJ�1v,mq � 0 @m PM .

� LωpJ�1vqpmq � 0 @m PM .

� LωpA�1|A|vqpmq � 0 @m PM .

� Lhp|A|vqpmq � 0 @m PM .

� hp|A|v,mq � 0 @m PM .

� gpv,mq � 0 @m PM .

� v PMg.

This means

Mg � J pMωq .
Therefore,

V �M ` J pMωq .
By applying J on both sides,

JV � JM ` J2 pMωq ,
By using the surjectivity of J and J2 � �I,

V � JM `Mω.

This completes the proof.
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Alternatively, we can have a decomposition

V �M ` pJMqω. (1.5.15)

But proving this needs the following Lemma

Lemma 1.5.8. Let pV, ωq be a real symplectic space, M be a subspace of V and J : V Ñ V be a

ω-comptible complex structure. Then

JpMωq � pJMqω.

Proof.

x PMω ùñ ωpx, yq � 0, @y PM
ùñ ωpJx, Jyq � 0, @y PM
ùñ ωpJx, zq � 0, @z P JM
ùñ Jx P pJMqω.

Therefore,

JpMωq � pJMqω. (1.5.16)

On the other hand,

x P pJMqω ùñ ωpx, Jyq � 0, @y PM
ùñ ωpJx, yq � 0, @y PM pfrom the equality p1.5.3qq
ùñ Jx PMω

ùñ J2x P JpMωq
ùñ x P JpMωq pby using J2 � �Iq

Therefore,

pJMqω � JpMωq. (1.5.17)

From (1.5.16) and (1.5.17), we conclude that

pJMqω � JpMωq.

As a result, we apply the complex structure J on both sides of

V � JM `Mω

to obtain

JV � J2M ` J pMωq .
By using the surjectivity of J and J2 � �I and Lemma 1.5.8, we obtain the required decompo-

sition

V �M ` pJMqω.

Moreover, another result can be deduced from Lemma 1.5.8. If M is Lagrangian, then

Mω �M.
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By Lemma 1.5.8,

pJMqω � JM. (1.5.18)

which means the ω-compatible complex structure preserves the Lagrangian property. Conse-

quently, if M is a Lagrangian subspace, then the decomposition (1.5.15) becomes

V �M ` JM. (1.5.19)

This shows that if M is Lagrangian, then it also has a Lagrangian complement w.r.t. the inner

product

gp�, �q � ωp�, J �q.
Therefore, the space V can be written as a direct sum of two complementary Lagrangian sub-

spaces L and L1

V � L` L1. (1.5.20)

Here, it may be helpful to present an example.

Example 1.5.9. Consider the real symplectic Banach space pℓ2, } � }�, ωq such that

ωpx, yq �
8̧

k�1

px2k�1y2k � y2k�1x2kq

and

}x}� � }x}2 � |x1|
where x � pxkqk and y � pykqk are in ℓ2 and } � }2 is the standard norm of ℓ2. Note that

}x}2 ¤ }x}2 � |x1| ¤ 2}x}2 for every x P ℓ2.

This means the norm } � }� is equivalent to } � }2. However, it is not a Hilbert norm because it

does not satisfy the parallelogram law:

}x� y}2� � }x� y}2� � 2
�}x}2� � }y}2�� for some x, y P ℓ2.

To check that, take x � p1, 0, 0, 0, . . . q and y � p0, 1, 0, 0, . . . q. Then,
� The lift hand side:

}x� y}2� � }x� y}2� � 2p
?
2� 1q2 � 6� 2

?
2.

� The right-hand side

2
�}x}2� � }y}2�� � 2p22 � 1q � 10.

Now, consider the symplectic basis

S �
8¤
k�1

tek, fku

where

ek � p0, . . . , 0, 12k�1, 0, . . . q, and fk � p0, . . . , 0, 12k, 0, . . . q.
Thus, the following subspace

L � Clintek | k � 1, 2, . . . u.
is Lagrangian in ℓ2. If we want to double-check this by calculating Lω, we do the following:
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for every u, v P ℓ2, we write

u � pu1, u2, u3, . . . q and v � pv1, v2, v3, . . . q.

Hence

Lω � tu � pu1, u2, . . . q P ℓ2 | ωpu, vq � 0, @v P Lu

� tu � pu1, u2, . . . q P ℓ2 |
8̧

k�1

v2k�1u2k � 0, @v P Lu

� tu � pu1, u2, . . . q P ℓ2 | u2k � 0, @k � 1, 2, . . . u
� tu � pu1, 0, u3, 0, . . . , u2k�1, 0, . . . q P ℓ2u
� Clintek | k � 1, 2, . . . u
� L.

This ensures that the subspace L is Lagrangian. Also, from (1.5.18), we have

pJLqω � JL.

Now, from (1.5.19), we can write

ℓ2 � L` JL

where

J : ℓ2 Ñ ℓ2

is a ω-complex structure de�ned as

J �
�
0 �R�
R 0

�
.

where

R : LÑ JL; Rpu1, 0, u3, 0, . . . q � p0, u1, 0, u3, 0, . . . q
and

R� � L : JLÑ L; Lp0, u1, 0, u3, 0 . . . q � pu1, 0, u3, 0, . . . q.
Observe that if we put J � A, then |A| � pAA�q 1

2 � I. Thus, we have J � |A|�1A, which is the

same form of the above constructed ω-compatible complex structure.

In the following theorem, we will introduce a general decomposition of any closed subspace

M of a real symplectic Banach space V that is equivalent to a Hilbert space.

Theorem 1.5.10. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Banach space with a norm equivalent to a Hilbert norm, and M be a closed sub-

space of V . Then, the subspace M can be written as

M � K `W (1.5.21)

where K is isotropic and W is symplectic ppossibly K � t0u orW � t0uq.

Proof. We have three cases:

� Case 1: If the restriction ω|M�M is nondegenerate, then the proof will be completed by

putting

W �M and K � t0u.
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� Case 2: If the restriction ω|M�M � 0, then also the proof will be completed by putting

W � t0u and K �M.

� Case 3: If the restriction ω|M�M is neighter identically zero nor nondegenerate, then we

set

K �M XMω

as the largest isotropic subspace contained in M . Now, since M is closed and the norm of

V is equivalent to a Hilbert norm, say } � }g �
a
gp�, �q, then pM, gq is a Hilbert space and

K is closed in M . Thereafter, it has a complement W in M (i.e M � K ` W ). Conse-

quently, W will be isomorphic to the quotient space M{K by the isomorphism

P :W ÑM{K

x ÞÑ rxs
where rxs � x�K is an equivalence class in M{K. As we discussed in the previous section,

this quotient space is endowed with the symplectic form

ω̃prxs, rysq � ωpx, yq for every rxs � x�K, rys � y �K PM{K.

Observe,

ω̃prxs, rysq � 0, @rys PM{K ùñ rxs � K � r0s.
Now, since we have

K �M XMω,

then, by Theorem 1.4.7, the form ω̃ is nondegenerate on M{K. Consequently, by de�ni-

tion of ω̃, the form ω is nondegenerate on the subspace W . This means that W is a sym-

plectic subspace.

In conclusion, the subspace M can be written as

M � K `W

where K is isotropic and W is symplectic.

An immediate consideration is whether the decompistion (1.5.21) is unique. To answer this,

note that the isotropic part of (1.5.21) is unique because it is determined by only M and ω.

However, the symplectic part, as the complement of K in M , will not be unique except in the

trivial cases (i.e., when M is symplectic or isotropic). A simple example to show that there are

many possible symplectic parts is:

Example 1.5.11. Consider pR4, ωq with a basis

S � te1, e2, e3, e4u

where

e1 � p1, 0, 0, 0q, e2 � p0, 1, 0, 0q, e3 � p0, 0, 1, 0q, e4 � p0, 0, 0, 1q.
The symplectic form is de�ned as

ωpei, ejq � ωpe2�i, e2�jq � 0 and ωpei, ej�2q � δij where i, j � 1, 2.
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Now consider:

M � Clinte1, e2, e3u.
In this subspace,

Mω � Clinte2u.
Then, the isotropic part is uniquely speci�ed as

K �M XMω � Clinte2u.

However, for the symplectic part, we have many possible choices, for instance,

W � Clinte1, e3u and W 1 � Clinte1 � e2, e3u.

Also, there are many other symplectic parts.

In the end of this section, we will illustrate the value of the existence of an inner product on

a symplectic Banach space in the above construction. In particular, we will introduce an inter-

esting example of a symplectic Banach space V equipped with a strongly nondegenerate sym-

plectic form ω, but it is not isomorphic to any Hilbert space. After that, we will see that this

space contains a Lagrangian subspace L satisfying L � Lω, but there is no other Lagrangian

subspace L1 such that V can be written as a topological direct sum

V � L` L1,

in contrast to (1.5.20).

To avoid confusion, particularly in such spaces, we will introduce the following de�nition to

distinguish the Lagrangian subspace satisfying (1.5.20) from the one that does not. First, we

recall the notion of topological direct sum in Banach spaces.

De�nition 1.5.12. Let pV, } � }q be a Banach space and let M,N be closed subspaces of V . Also,

consider the product space M �N equipped with the norm

}pm,nq}M�N � }m}M � }n}N for all pm,nq PM �N.

We say that V is a topological sum of M and N , written

V �M `N

if the canonical map

Φ :M �N Ñ V, Φpm,nq � m� n

is a linear homomorphism, meaning it is a bounded linear bijection with a bounded inverse.

De�nition 1.5.13. Let pV, ω, } � }q be a real symplectic Banach space such that } � } satisfying
(1.5.1) and L be a subspace of V . We say that L is a strong Lagrangian subspace if

� L � Lω.

� There exists another Lagrangian subspace L1 of V such that the space V can be written as

a topological direct sum

V � L` L1.

Now, we will present the example mentioned above, which has been studied in several pa-

pers, for instance, [18], [19] and [7].
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Example 1.5.14 (Kalton�Peck Space). Consider the Kalton�Peck map

KP : ℓ2 Ñ ℓ2,

which is de�ned as

KP

�
8̧

n�1

xnen

�
�

8̧

n�1

�
xn log

� |xn|
}x}




en

with the convention 0 logp0q � 0 where tenunPN is the standard basis of ℓ2. The Kalton�Peck

space is the Banach space

Z2 �
 py, xq P ℓ8 � ℓ2 | y �KP pxq P ℓ2(

with the norm

}py, xq}Z2
� }x}2 � }y �KP pxq}2

where } � }2 is the standard norm of ℓ2. Now, consider the symplectic form

ω : Z2 � Z2 Ñ R; ωppy, xq, py1, x1qq � xx, y1 �KP px1qyℓ2 � xx1, y �KP pxqyℓ2

where x�, �yℓ2 is the standard inner product of ℓ2 and py, xq, py1, x1q P Z2. The induced map

Lω : Z2 Ñ Z�2 ; Lωpuqp�q � ωpu, �q for every u P Z2

is an isomorphism [19]. Thus, ω is strongly nondegenerate. Moreover, since Z2 has no uncondi-

tional Schauder basis [19], it is not isomorphic to any Hilbert space.

Also, note that if py, xq P Z2 with x � 0, then y � y �KP p0q P ℓ2. Thus, the vectors of ℓ2, as

a subspace of Z2, are expressed as py, 0q P Z2; that is,

ℓ2 � tpy1, 0q P Z2u.

Now, we will show that ℓ2 components is a maximal isotropic subspace of Z2. To this end, ob-

serve that

ωppy, 0q, py1, 0qq � x0, y1yℓ2 � x0, yyℓ2 � 0, @y, y1 P ℓ2.
Furthermore, let us compute

pℓ2qω � tpy1, x1q P Z2 | ωppy, 0q, py1, x1qq � 0,@y P ℓ2u
� tpy1, x1q P Z2 | x0, y1 �KP px1qyℓ2 � xx1, yyℓ2 � 0,@y P ℓ2u
� tpy1, x1q P Z2 | xx1, yyℓ2 � 0,@y P ℓ2u
� tpy1, x1q P Z2 | x1 � 0u
� tpy1, 0q P Z2u
� ℓ2.

According to [19, Theorem 10], every in�nite-dimensional isotropic subspace of Z2 cannot be

complemented. Therefore, ℓ2 components of Z2 will not be complemented, which means ℓ2 is La-

grangian, but not strong Lagrangian. Also, Z2 cannot be decomposed into complementary La-

grangian subspaces.
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1.6 Symplectic Hilbert Spaces

Compared with separable Banach spaces, separable Hilbert spaces have a more manageable

structure. The presence of an inner product is a powerful tool that helps to link a symplectic

structure to a Hilbert structure. In section 1.5, we have seen that the identity (1.5.9) provides

us with helpful advantages such as complementarity of every closed subspace, compatibility

of complex structure and the duality identi�cation by the Riesz Theorem. In this section, we

will discuss separable real symplectic Hilbert spaces. Since we will introduce some statements

that rely directly on the inner product, we will assume that pV, ωq is a separable symplectic real

Hilbert space equipped with an inner product x�, �y such that

ωpx, yq � xJx, yy for every x, y P V (1.6.1)

where J : V Ñ V is a ω-compatible complex structure (see De�nition 1.5.2). Although some

of these statements may still hold in a separable real Banach space whose norm is equivalent to

a Hilbert norm (possibly with additional work), we will present them for a separable symplectic

real Hilbert space to simplify the exposition, as this generalisation is not needed for the purpose

of this project.

In Hilbert structure, we guarantee the existence of a symplectic basis without extra assump-

tions. Unlike Banach spaces, in Theorem 1.3.8, we have constructed a symplectic basis for a real

symplectic Banach space pV, ωq under the following assumptions:

� There exists a re�exive Banach space Y and a symplecticomorphism Φ such that

Φ : V Ñ Y ` Y �.

� Y possesses a symmetric Schauder basis.

Based on these assumptions, we obtain two Lagrangian subspaces of V

Φ�1pY ` t0uq � tek | k P I � Nu and Φ�1pt0u ` Y �q � tfk | k P I � Nu

where I is the indexing set of the Schauder basis of Y . After that,

S �
¤

kPI�N
tek, fku

forms a symplectic basis of V .

However, a separable real Hilbert space always possesses an orthogonal basis that can be

modi�ed to a symplectic basis. This can be done via an approach similar to the Gram�Schmidt

process. See the following Theorem.

Theorem 1.6.1. If pV, ωq is an even �nite-dimensional or a separable in�nite-dimensional real

symplectic Hilbert space, then it possesses a symplectic basis.

Proof. We will start with the case of a separable in�nite-dimensional symplectic space, and then

the case of �nite dimension will be derived immediately.

Since V is a Hilbert space, then it possesses an orthogonal basis

A � txk | k P Nu.
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To construct a symplectic basis, we pick out the vector x1 from A. Then, we can �nd another

vector in A (WLOG, say x2) such that ωpx1, x2q � 0; otherwise,

ωpx1, xkq � 0, @xk P A.

Consequently, for every v P V we have txkuk � A and tλkuk � Rzt0u such that

v �
8̧

k�1

λkxk.

and thus, by boundedness and linearity of ω, we have

ωpx1, vq � ω

�
x1,

8̧

k�1

λkxk

�
�

8̧

k�1

λkωpx1, xkq � 0,

which contradicts that the symplectic form ω is nondegenerate. Therefore, we can ensure that

the vector x2, which satis�es ωpx1, x2q � 0, exists within the basis A. Now, de�ne

e1 � x1 and f1 � x2
ωpe1, x2q ,

which results in ωpe1, f1q � 1. Also, pick out other vector x3 from A, and then

e2 � x3 � ωpx3, f1qe1 � ωpx3, e1qf1.

which leads to

ωpe2, e1q � 0 and ωpe2, f1q � 0.

Then, again, as shown above, by the nondegeneracy of ω, we can �nd another vector in A (WLOG,

say x4) such that ωpx4, e2q � 0, and de�ne

f2 � x4 � ωpx4, f1qe1 � ωpx4, e1qf1
ωpe2, x4q ,

which implies to

ωpf2, e1q � ωpf2, f1q � 0 and ωpe2, f2q � 1.

By continuing to adopt a similar procedure, we obtain the general formula

ek � x2k�1 �
k�1̧

i�1

rωpx2k�1, eiqfi � ωpx2k�1, fiqeis, @k � 2, 3, . . . . (1.6.2)

and

fk � x2k �
°k�1
i�1 rωpx2k, eiqfi � ωpx2k, fiqeis

ωpek, x2kq , @k � 2, 3, . . . . (1.6.3)

Therefore, the new sequence of the vectors tei, fiu8i�1 is still linearly independent, and

V � Clintxk | k P Nu � Clin
¤
kPN

tek, fku.

This means

S �
¤
kPN

tek, fku.

is also a basis of V .
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It remains to show that this basis is symplectic. To this end, we will use mathematical in-

duction: at the basic step pi � 2q, we have

ωpe2, f2q � 1 and ωpe2, e1q � ωpe2, f1q � ωpe2, e2q � ωpf2, f1q � ωpf2, e1q � ωpf2, f2q � 0.

Now, let k P t2, 3, 4, . . . u, and assume that

ωpek, eiq � ωpfk, fiq � 0 and ωpek, fiq � δki, for any i P t1, 2, . . . , ku, (1.6.4)

and our aim to show that the line (1.6.4) also holds for k � 1. To this end, write

ek�1 � x2k�1 �
ķ

j�1

rωpx2k�1, ejqfi � ωpx2k�1, fjqejs,

and then for any i P t1, 2, . . . , ku we have

ωpek�1, eiq � ωpx2k�1, eiq �
ķ

j�1

rωpx2k�1, ejqωpfj , eiq � ωpx2k�1, fjqωpej , eiqs

� ωpx2k�1, eiq � ωpx2k�1, eiqωpfi, eiq pby induction hypothesisq
� 0 psince ωpfi, eiq � �1q,

and from Remark 1.1.2,

ωpek�1, ek�1q � 0.

Also, since

fk�1 � x2k�2 �
°k
i�1rωpx2k�2, eiqfi � ωpx2k�2, fiqeis

ωpek�1, x2k�2q ,

then for any i � 1, 2, . . . , k we have

ωpfk�1, fiq �
ωpx2k�2, fiq �

°k
j�1rωpx2k�2, ejqωpfj , fiq � ωpx2k�2, fjqωpej , fiqs

ωpek�1, x2k�2q
� ωpx2k�2, fiq � ωpx2k�2, fiqωpei, fiq

ωpek�1, x2k�2q pby induction hypothesisq

� 0 psince ωpei, fiq � 1q.

and from Remark 1.1.2,

ωpfk�1, fk�1q � 0.

Finally,

ωpek�1, fk�1q � ωpek�1, x2k�2q �
°k
i�1rωpx2k�2, eiqωpek�1, fiq � ωpx2k�2, fiqωpek�1, eiqs

ωpek�1, x2k�2q
� ωpek�1, x2k�2q
ωpek�1, x2k�2q pby induction hypothesisq

� 1.

Furthermore, we can choose ek and fk in such a way that they have equal norms. To see

that, for every k P N, put λk �
b

}fk}
}ek}

. Now, if put

e1k � λkek and f 1k � λ�1
k fk,

then the property of the symplectic basis will be preserved; that is, for every k P N, we still have
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� ωpe1k, e1kq � ωpλkek, λkekq � λ2kωpek, ekq � 0,

� ωpf 1k, f 1kq � ωpλ�1
k ek, λ

�1
k fkq �

�
λ�1
k

�2
ωpfk, fkq � 0,

� ωpe1k, f 1mq � ωpλkek, λ�1
m fmq � λkλ

�1
m ωpek, fmq � δkm.

Moreover, for every k P N, we have

}e1k} �
d
}fk}
}ek} }ek} �

a
}fk}}ek} and }f 1k} �

d
}ek}
}fk}}fk} �

a
}ek}}fk},

which implies

}e1k} � }f 1k} for every k P N. (1.6.5)

In the �nite dimension case, the above approach is still valid. Indeed, one can easily check

the formulas (1.6.2) and (1.6.3) still hold for the 2n-dimensional space; that is,

ek � x2k�1 �
k�1̧

i�1

rωpx2k�1, eiqfi � ωpx2k�1, fiqeis, @k P t1, 2, � � � , nu (1.6.6)

and

fk � x2k �
°k�1
i�1 rωpx2k, eiqfi � ωpx2k, fiqeis

ωpek, x2kq , @k P t1, 2, � � � , nu. (1.6.7)

Also, they can be chosen in such a way that they satisfy

}ek} � }fk} for every k P t1, 2, � � � , nu. (1.6.8)

In conclusion, the symplectic basis exists in either �nite-dimensional or separable in�nite-

dimensional symplectic Hilbert spaces.

In real Hilbert spaces, there is a two-way relationship between symplectic basis and Lagrangian

subspace. On the one hand, we can immediately deduce that if we have a symplectic basis

S �
¤

kPI�N
tek, fku

of pH,ωq, then we can obtain two distinct Lagrangian subspaces

E � Clintek | k P I � Nu and F � Clintfk | k P I � Nu

such that

H � E ` F.

On the other hand, the converse is also valid. Speci�cally, if we have two distinct Lagrangian

subspaces E and F satisfying

H � E ` F,

then it is possible to construct a symplectic basis

S �
¤

kPI�N
tek, fku

such that

E � Clintek | k P I � Nu and F � Clintfk | k P I � Nu.
The proof of the converse is given in the following corollary.
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Corollary 1.6.2. If E and F are two distinct Lagrangian subspaces of a separable real symplec-

tic Hilbert space pH,ωq of either even �nite dimension or a separable in�nite-dimension such

that

H � E ` F,

then there exists a symplectic basis

S �
¤

kPI�N
tek, fku,

where I is an index set, satisfying

E � Clintek | k P I � Nu and F � Clintfk | k P I � Nu.

Proof. We will prove the case of a separable in�nite-dimensional space, and then the case of �-

nite dimension will be derived immediately.

Take an orthogonal basis of H:

txn | n P Nu
such that

E � Clintx2k�1 | k P Nu and F � Clintx2k | k P Nu.
Now, by formulas (1.6.2) and (1.6.3), we can construct a symplectic basis

S �
¤
kPN

tek, fku

as follows:

e1 � x1 and ek � x2k�1 �
k�1̧

i�1

rωpx2k�1, eiqfi � ωpx2k�1, fiqeis, @k � 2, 3, . . . .

and

f1 � x2
ωpe1, x2q and fk � x2k �

°k�1
i�1 rωpx2k, eiqfi � ωpx2k, fiqeis

ωpek, x2kq , @k � 2, 3, . . . .

Since E is Lagrangian, then for every k P N

ωpx2k�1, eiq � 0,@i P t1, . . . , k � 1u.

Thus,

ek � x2k�1 �
k�1̧

i�1

ωpx2k�1, fiqei, @k � 2, 3, . . . ,

which implies

E � Clintx2i�1uiPN � ClintekukPN.
Similarly, since F is Lagrangian, then for every k P N

ωpx2k, fiq � 0,@i P t1, . . . , k � 1u.

Thus,

fk � x2k �
k�1̧

i�1

ωpx2k, eiqfi, @k � 2, 3, . . . ,

which implies

F � Clintx2iuiPN � ClintfkukPN.
This completes the proof.
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As a result, from now on, we can assume from the beginning that the real separable symplec-

tic Hilbert space H has simultaneously two Lagrangian subspaces E,F and a symplectic basis

tek, fkukPI�N, where I is an index set, such that

� H � E ` F .

� E � Clintek | k P I � Nu and F � Clintfk | k P I � Nu.
� }ek} � }fk} for every k P I � N.

Furthermore, from the decomposition (1.5.19), we have a ω-compatible complex structure

J : H Ñ H such that

EK � JE or equivalently JEK � E (1.6.9)

where EK is the orthogonal complement of E. Consequently, we can write

JE � Clintfk | k P I � Nu (1.6.10)

Since a complex structure provides a connection between the symplectic structure and the

Hilbert structure. One may wonder whether this connection can include the symplectic and or-

thonormal bases. More precisely, whether we can obtain a basis such that it is orthonormal in

the Hilbert structure and symplectic in the symplectic structure. The following theorem gives

the answer.

Theorem 1.6.3. Let pH,ωq be an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space equipped with an inner product x�, �y, and let

S �
¤

kPI�N
tek, fku

be an orthonormal basis of pH, x�, �yq. Then

J : H Ñ H; Jek � fk and Jfk � �ek for every k P I � N (1.6.11)

is a complex structure compatible with ω and satis�es

ωpx, yq � xJx, yy for every x, y P H (1.6.12)

if and only if S is a symplectic basis for pH,ωq.

Proof. Assume that J : H Ñ H is a ω-compatible complex structure de�ned as (1.6.11) and

satisfying (1.6.12). Then, by the orthonormality of S, we have

� ωpei, ejq � xJei, ejy � xfi, ejy � 0 @i, j P I.
� ωpfi, fjq � xJfi, fjy � x�ei, fjy � 0 @i, j P I.
� ωpei, fjq � xJei, fjy � xfi, fjy � δij @i, j P I.

Therefore, S is a symplectic basis.

To prove the converse, assume that S is a symplectic basis for pH,ωq. We aim to prove that

� J is bounded,

� J2 � �I,
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� J is ω-compatible,

by the de�nition of J : Firstly, let us demonstrate that J is bounded. Take an arbitrary x P H
and xn P H such that xn Ñ x. Thus, there exist pakqnk�1 and pbkqnk�1 such that

xn �
ņ

k

pakek � bkfkq.

Since tek, fkukPI�N is an orthonormal basis, then

}xn}2 �
�����
ņ

k

pakek � bkfkq
�����
2

�
ņ

k

�|ak|2 � |bk|2� .
By applying J , we obtain

}Jxn}2 �
�����
ņ

k

pakJek � bkJfkq
�����
2

�
�����
ņ

k

pakfk � bkekq
�����
2

�
ņ

k

p|ak|2 � |bk|2q � }xn}2.

By taking n to in�nity, we have

}Jx} � }x}, (1.6.13)

which means J is bounded (actually, it is isometric). Therefore, we can extend the J on all H

as follows: for every x P H we have

x �
¸

kPI�N
pakek � bkfkq ùñ Jx �

¸
kPI�N

pakJek � bkJfkq. (1.6.14)

Secondly, it follows from (1.6.14):

J2x � J2

� ¸
kPI�N

pakek � bkfkq
�
�

¸
kPI�N

�
akJ

2ek � bkJ
2fk

� � ¸
kPI�N

p�akek � bkfkq � �x.

Thirdly, for every x, y P H we have

x �
¸

kPI�N
pakek � bkfkq and y �

¸
kPI�N

pa1kek � b1kfkq for some real sequences ak, a
1
k, bk, b

1
k.

Then, the criteria of compatibility of J can be veri�ed as follows:

� the �rst criterion

ωpx, Jxq � ω

� ¸
iPI�N

paiei � bifiq, J
� ¸
iPI�N

paiei � bifiq
��

� ω

� ¸
iPI�N

paiei � bifiq,
¸

iPI�N
paifi � bieiq

�

�
¸

iPI�N
pa2i � b2i q ¡ 0.
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� the second criterion

ωpJx, Jyq � ω

�
J

� ¸
iPI�N

paiei � bifiq
�
, J

� ¸
jPI�N

pa1jej � b1jfjq
��

� ω

� ¸
iPI�N

paiJei � biJfiq,
¸

jPI�N
pa1jJej � b1jJfjq

�

� ω

� ¸
iPI�N

paifi � bieiq,
¸

jPI�N
pa1jfj � b1jejq

�

�
¸

iPI�N

¸
jPI�N

ωpaiei � bifi, a
1
jej � b1jfjq

�
¸

iPI�N

¸
jPI�N

�
aia

1
jωpei, ejq � aib

1
jωpei, fjq � bia

1
jωpfi, ejq � bib

1
jωpfi, fjq

�
�

¸
iPI�N

¸
jPI�N

��aib1jωpei, fjq � bia
1
jωpfi, ejq

�
�

¸
iPI�N

�
bia

1
i � aib

1
i

�

� ω

� ¸
iPI�N

paiei � bifiq,
¸

jPI�N
pa1jej � b1jfjq

�

� ω px, yq .

This completes the proof.

Since a Lagrangian subspace can be de�ned as a maximal isotropic subspace, it is worth con-

sidering whether every isotropic subspace can be extended to a Lagrangian subspace. We will

investigate this question in the following theorem.

Theorem 1.6.4. Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space. Then, every isotropic subspace can be extended to a Lagrangian

subspace.

Proof. Let M be an isotropic subspace. By Theorem 1.2.10, M is isotropic. Now, if it is maxi-

mal, then M is Lagrangian. However, if it is not maximal, then there exists x1 R M such that

Clintx1u ` M is isotropic. Again, if the extended subspace Clintx1u ` M is maximal, then

Clintx1u`M is Lagrangian. But, if it is not maximal, then it can be extended further by taking

x2 R Clintx1u `M such that the subspace Clintx1, x2u `M is still isotropic. By continuing, we

obtain the following set

A � tU � V | U is a closed isotropic subspace of V u.

This set is partially ordered by inclusion. Now, let tUλuλPΛ be a chain in A where Λ is the in-

dex set. If we de�ne U � �
λPΛ Uλ, then U will be the upper bound of the chain tUλuλPΛ.

Therefore, by Zorn lemma, A has a maximal element, and this maximal element is a Lagrangian

subspace.

Corollary 1.6.5. If pV, ωq is either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space and M is an isotropic subspace of V , then there exists a symplectic
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basis

S �
¤

kPI�N
tek, fku,

where I is an index set, such that

M � Clintek | k P I � Nu.

Proof. Since M is isotropic, then, from Theorem 1.6.4, we can �nd a Lagrangian subspace M 1

containing M , i.e., M � M 1. Take any basis of M 1 and call it tx2i�1uiPI . After that, complete

this basis to a basis of V :

B � tx2i�1uiPI Y tx2iuiPI .
By formulas (1.6.2) and (1.6.3), we can construct a symplectic basis

S �
¤

kPI�N
tek, fku

as follows:

ek � x2k�1 �
k�1̧

i�1

rωpx2k�1, eiqfi � ωpx2k�1, fiqeis, @k � 2, 3, . . . .

and

fk � x2k �
°k�1
i�1 rωpx2k, eiqfi � ωpx2k, fiqeis

ωpek, x2kq , @k � 2, 3, . . . .

Since M 1 is Lagrangian, then for every k P I
ωpx2k�1, eiq � 0,@i P t1, . . . , k � 1u.

Thus,

ek � x2k�1 �
k�1̧

i�1

ωpx2k�1, fiqei, @k � 2, 3, . . . ,

which implies

Clintx2i�1uiPI � ClintekukPI .
Therefore,

M � Clintek | k P I � Nu,
as needed.

As a consequence, we can deduce that every closed co-isotropic subspace contains a Lagrangian

subspace. See the following corollary.

Corollary 1.6.6. Every closed co-isotropic subspace of an even �nite-dimensional or separable

in�nite-dimensional real symplectic Hilbert space pV, ωq contains a Lagrangian subspace.

Proof. Let M be a co-isotropic subspace of V , i.e Mω � M . Then, by Theorem 1.2.7, the sym-

plectic complement Mω is isotropic becuase Mω � pMωqω. By applying Theorem 1.6.4, the

isotropic subspace Mω can be extended to a Lagrangian subspace M 1; that is,

Mω �M 1.

Since M 1 is Lagrangian and M is closed, by Theorem 1.2.7, we have

M 1 �M 1ω � pMωqω �M �M.

Therefore, M 1 is Lagrangian and contained in the closed co-isotropic subspace M , as required.
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We observe that the above corollary requires the co-isotropic subspace to be closed as an

essential assumption for the validity of its proof. However, as will be demonstrated soon, this

assumption can be dropped, and the corollary still holds without it. Nevertheless, this gener-

alisation requires additional e�ort, as we need to de�ne a Lagrangian subspace as a minimal

co-isotropic subspace. See the following de�nition.

De�nition 1.6.7. Let pV, ωq be a symplectic space and M be a subspace of V . We say that M

is a minimal co-isotropic subspace if it does not contain another co-isotropic subspace.

Theorem 1.6.8. Let pV, ωq be an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space. Then, we can de�ne a Lagrangian subspace of V as a minimal co-

isotropic subspace.

Proof. Let L be a closed subspace of V . On one hand, assume that L satis�es L � Lω. Thus, L

is co-isotropic since Lω � L. To show the minimality of L, assume, by contradiction, that there

exists a co-isotropic subspace L1 such that L1 � L (and thus Lω � L1ω). Hence L1 � L � Lω �
L1ω contradicts the co-isotropy of L1.

On the other hand, if L is a minimal co-isotropic subspace, then Lω � L. It remains to show

the equality L � Lω. To this end, assume, by contradiction, that Lω � L. Thus, we can �nd a

nonzero v P LzLω. Then,
Lω � Clintvu � L.

Since L is a closed subspace, we have

Lω � Clintvu � L. (1.6.15)

By Theorem 1.2.7,

Clintvu � L ùñ Lω � pClintvuqω . (1.6.16)

Moreover, since ωpv, vq � 0 holds, v P pClintvuqω. This implies

Clintvu � pClintvuqω . (1.6.17)

From (1.6.16) and (1.6.17), we obtain

Lω � Clintvu � pClintvuqω .

Thus,

Lω � Clintvu � pClintvuqω . (1.6.18)

From (1.6.15) and (1.6.18),

Lω � Clintvu � LX pClintvuqω . (1.6.19)

Consequently, by Theorem 1.2.7, the subspace LX pClintvuqω is co-isotropic because

rLX pClintvuqωsω � Lω � rpClintvuqωsω � Lω � Clintvu � LX pClintvuqω .

Finally, since v R Lω, then there exists u P L such that ωpu, vq � 0. This implies that

u P L and u R LX pClintvuqω .

Thus, the subspace L X pClintvuqω is co-isotropic and properly contained in L. This contradicts

the minimality of L. Therefore, equality Lω � L must hold.
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Remark 1.6.9. If a co-isotopic subspace M is given with Mω � M , the above proof provides

a helpful process to obtain another co-isotropic subspace contained in M . More precisely, if M

is co-isotopic with Mω � M and m0 P MzMω, then M X pClintm0uqω is co-istropic subspace

properly contained in M .

In Theorem 1.6.6, we imposed the restriction that the co-isotropic subspace must be closed.

However, the next corollary demonstrates that this restriction is unnecessary, as the contain-

ment of Lagrangian space within co-isotropic space always holds even when the co-isotropic

space is not closed.

Corollary 1.6.10. Every co-isotropic subspace of a �nite-dimensional or a separable in�nite-

dimensional real symplectic Hilbert space pV, ωq contains a Lagrangian subspace.

Proof. Let M be a co-isotropic subspace; that is, Mω � M . If Mω � M , then M itself is a La-

grangian subspace. This completes the proof. However, if Mω � M , then there exists a nonzero

m1 PM such that m1 RMω. Set

U1 �M X rClintm1usω .

Then, by Remark 1.6.9, U1 is co-isotropic satistying

M � U1.

Now, if Uω1 � U1, then U1 is Lagrangian, which ends the proof. However, if Uω1 � U1, then,

again, there exists m2 P U1 such that m2 R Uω2 . Thereafter, by Remark 1.6.9,

U2 � U1 X rClintm2usω

is co-isotropic, satisfying

U � U1 � U2.

By continuing in the same manner, we can obtain the following set

A � tU � V | U �M, U is co-isotropicu.

This set is partially ordered by inclusion. Now, let tUλuλPΛ be a chain in A where Λ is the in-

dex set. If we de�ne U � �
λPΛ Uλ, then U will be the lower bound of the chain tUλuλPΛ. There-

fore, by the dual form of Zorn's Lemma [3, p.20], the minimal element exists, which is a La-

grangian subspace by Theorem 1.6.8.

We have de�ned above that if real Hilbert spaces pH1, ω1q and pH2, ω2q are symplecticmor-

phic, then there exists a symplecticmorphism ϕ : H1 Ñ H2 such that for every x, y P H1

ω2pϕx, ϕyq � ω1px, yq. (1.6.20)

This equality can be written in terms of complex structures compatible with ω1 and ω2 as fol-

lows: if J1 and J2 are compatible with ω1 and ω2 respectively, then for every x, y P H1 we have

ω2pϕx, ϕyq � ω1px, yq ðñ xJ2ϕx, ϕyy � xJ1x, yy
ðñ xϕ�J2ϕx, yy � xJ1x, yy
ðñ xpϕ�J2ϕ� J1qx, yy � 0.
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From the nondegeneracy of the inner product, we have

ϕ�J2ϕ � J1 (1.6.21)

This provides an alternative criterion for the real symplectic Hilbert spaces pH1, ω1q and pH2, ω2q
to be symplectomorphic. More precisely, we say that the real symplectic Hilbert spaces pH1, ω1q
and pH2, ω2q are symplectomorphic if there exists an isomorphism ϕ : H1 Ñ H2 such that

ϕ�J2ϕ � J1

where J1 and J2 are compatible with ω1 and ω2, respectively.

Example 1.6.11. Consider the space
�
L2pr0, 1sq, x�, �yL2

�
where

L2pr0, 1sq �
"
f : r0, 1s Ñ R | }f}22 �

» 1

0

|fpxq|2dx   8
*
,

and

xf, gyL2 �
» 1

0

fpxqgpxqdx for every f, g P L2pr0, 1sq.

Consider the Sobolev space
�
H1pr0, 1sq, x�, �yH1

�
where

H1pr0, 1sq � tf P L2pr0, 1sq | f 1 P L2pr0, 1squ,

and

xf, gyH1 �
» 1

0

fpxqgpxqdx�
» 1

0

f 1pxqg1pxqdx for every f, g P H1p0, 1q,

which is inherited from the norm:

}f}H1 �
�» 1

0

|fpxq|2

 1

2

�
�» 1

0

|f 1pxq|2

 1

2

for every f P H1p0, 1q,

After that, consider the subspace H1
0 pr0, 1sq of H1pr0, 1sq as the orthogonal complement of con-

stant functions in H1pr0, 1sq, then we obtain the symplectic Hilbert space H1
0 pr0, 1sq with the

symplectic form

ωpf, gq �
» 1

0

fpxqg1pxqdx where f, g P H1
0 pr0, 1sq.

By using the Fourier series, every f, g P H1
0 pr0, 1sq, we can write

fpxq �
8̧

n�1

ran cosp2nπxq � bn sinp2nπxqs and gpxq �
8̧

n�1

�
a1n cosp2nπxq � b1n sinp2nπxq

�

where panqn and pa1nqn are coe�cients for cosine terms, and pbnqn and pb1nqn are coe�cients for

sin terms. By Parseval's identity, the symplectic form can be rewritten as

ωpf, gq �
8̧

n�1

nπpanb1n � a1nbnq.

Also, one can check that the following basis is symplectic:

S �
¤
nPN

ten, fnu

where

enpxq � �cosp2nπxq?
nπ

and fnpxq � sinp2nπxq?
nπ

.
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Hence the subspaces

E � Clinten | n P Nu � tf P H1
0 pr0, 1sq | fpxq � fp1� xqu

and

F � Clintfn | n P Nu � tf P H1
0 pr0, 1sq | fpxq � �fp1� xqu.

are Lagrangian, and

E X F � t0u.
Consequently,

H1
0 pr0, 1sq � E ` F.

Consider the complex structure

J : H1
0 pr0, 1sq Ñ H1

0 pr0, 1sq

de�ned as

Jpenq � fn and Jpfnq � �en.
Also, consider

ϕ : H1
0 pr0, 1sq Ñ H1

0 pr0, 1sq
de�ned as

ϕpenq � λen and ϕpfnq � λ�1fn for some λ � 0

or using the matrix form

ϕ

�
en

fn

�
�

�
λ 0

0 λ�1

�
�
�
en

fn

�
�

�
λen

λ�1fn

�
.

Note that ϕ P SLp2,Rq and it is known that the elements of SLp2,Rq preserve symplectic struc-

ture. Therefore, for every f, g P H1
0 pr0, 1sq we have

ωpϕf, ϕgq � ωpf, gq

or equivalently,

ϕ�Jϕ � J.

Although we are only considering real spaces, it may be useful to mention that if H is a

complex Hilbert space, then it can be deduced from symplectic spaces and vice versa. Speci�-

cally,

� if a real symplectic space pHR, ωq is given, then the identity (1.6.1) yields the existence of

a ω-compatible complex structure J : HR Ñ HR and an inner product x�, �yR such that

xJ �, �yR � ωp�, �q,

or equivalently,

x�, �yR � �xJ2�, �yR � �ωpJ �, �q.
To further demonstrate this, we will examine the axioms of the inner product:

� xx, xyR � �ωpJx, xq ¡ 0 for every nonzero x P HR pfrom p1.5.2qq,
� xx, xyR � �ωpJx, xq � 0 ðñ x � 0 pfrom p1.5.2qq,
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� xx, yyR � �ωpJx, yq � ωpy, Jxq � �ωpJy, xq � xy, xyR for every x, y P HR pfrom p1.5.3qq,
� For every x, y, z P HR and α, β P R, we have

xαx� βy, zyR � �ωpJpαx� βyq, zq
� �αωpJx, zq � βωpJy, zq
� αxx, zyR � βxy, zyR

,

� |xx, yyR| � |ωpJx, yq| ¤ }Jx}}y} � }x}}y} for every x, y P HR pfrom p1.6.13qq.
Consequently, the complex inner product on H � HR ` iHR can be obtained as follows:

x�, �y � x�, �yR � ix�, �yR � �ωpJ �, �q � iωpJ �, �q.

� Conversely, if a complex Hilbert space pH, x�, �yq is given, then a real symplectic space

pHR, ωq can be obtained by de�ning the symplectic form as the minus of the imaginary

part of the inner product x�, �y; that is,

ωp�, �q � �Imx�, �y.

To clarify this, let us verify the conditions of the symplectic form:

� |ωpx, yq| � |Imxx, yy| ¤ }x}}y} for every x, y P H by Cauchy Schwarz Inequality,

� ωpx, yq � �Imxx, yy � Imxx, yy � Imxy, xy � �ωpy, xq for every x, y P H,

� ωpx, yq � 0 @y P H ùñ Imxx, yy � 0 @y P H ùñ x � 0.

1.7 Equivalence of Lagrangian Subspaces

Let pV, ωq be either an even �nite-dimensional or a separable in�nite-dimensional real sym-

plectic normed space. The next theorem tells us that all potential symplectic forms ω1 that

preserve the property of pV, ωq and pV, ω1q as symplectic spaces have the same Lagrangian sub-

spaces. But before introducing the theorem, we will need the following lemma and its corollary.

Lemma 1.7.1. Let ω be a symplectic form on a real normed space V and ω1 be another sym-

plectic form on V . Thus, the property

N is Lagrangian in pV, ωq ðñ N is Lagrangian in pV, ω1q. (1.7.1)

is equivalent to that for every x, y P V

ωpx, yq � 0 ðñ ω1px, yq � 0, (1.7.2)

or equivalently

ωpx, yq � 0 ðñ ω1px, yq � 0. (1.7.3)

Proof. By contradiction, assume that there are x, y P V zt0u such that

ωpx, yq � 0 and ω1px, yq � 0.
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Hence, Clintx, yu is an isotropic subspace. From Theorem 1.6.4, it can be extended to a La-

grangian subspace N in pV, ωq. Since N contains x and y and ω1px, yq � 0, then N will not be

a Lagrangian subspace in pV, ω1q. This contradicts the assumption (1.7.1). Also, if (1.7.2) holds,

then for every subspace M � V we have

x PMω ðñ ωpx, yq � 0, @y PM
ðñ ω1px, yq � 0, @y PM
ðñ x PMω1 .

Hence

Mω �Mω1 .

This implies that if N is Lagrangian with respect to one of ω or ω1, then it will be Lagrangian

with respect to the other one because

Nω � N � Nω1 .

Therefore, (1.7.1) holds.

From the above lemma, we obtain the following Corollary.

Corollary 1.7.2. Let ω and ω1 be symplectic forms on a real normed space V and J : V Ñ V

be a complex structure. Then, the property

N is Lagrangian in pV, ωq ðñ N is Lagrangian in pV, ω1q

is equivalent to that

J is ω-compatible ðñ J is ω1-compatible. (1.7.4)

Proof. By Lemma 1.7.1 and Lemma 1.5.3, the following statements are equivalent:

� J is ω-compatible,

� for every u, v P V zt0u, ωpu, Juq � 0 and ωpu, vq � ωpJu, Jvq,
� for every u, v P V zt0u, ωpu, Juq � 0 and ωpu, vq � �ωpu, J2vq,
� for every u, v P V zt0u, ωpu, Juq � 0 and ωpu, vq � ωpu, J2vq � 0,

� for every u, v P V zt0u, ωpu, Juq � 0 and ωpu, v � J2vq � 0,

� for every u, v P V zt0u, ω1pu, Juq � 0 and ω1pu, v � J2vq � 0,

� for every u, v P V zt0u, ω1pu, Juq � 0 and ω1pu, vq � ω1pu, J2vq � 0,

� for every u, v P V zt0u, ω1pu, Juq � 0 and ω1pu, vq � �ω1pu, J2vq,
� for every u, v P V zt0u, ω1pu, Juq � 0 and ω1pu, vq � ω1pJu, Jvq,
� J is ω1-compatible.

Theorem 1.7.3. Let ω and ω1 be symplectic forms on a real normed space V . Then, the follow-

ing property:

N is Lagrangian in pV, ωq ðñ N is Lagrangian in pV, ω1q (1.7.5)
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is equivalent to that for every u, v P V

ω1pu, vq � λωpu, vq where λ P Rzt0u. (1.7.6)

Proof. One direction is straightforward because if there exists λ P Rzt0u such that ω1 � λω,

then obviously property (1.7.5) holds. However, the proof of the other direction is more in-

volved. First of all, assume that the property (1.7.5) holds and write

V � L` JL

where L is a Lagrangian subspace in pV, ωq, (thus, from assumption (1.7.5), it will be a La-

grangian subspace in pV, ω1q), and J : V Ñ V is a ω-compatible complex structure. Hence,

from Corollary 1.7.2, J : V Ñ V is also a ω1-compatible complex structure. Our aim now is to

show that there exists λ P Rzt0u such that for every x, y P L we have

ω1px, Jyq � λωpx, Jyq.

To this end, assume that x, y P L and put

z � Jy � ωpx, Jyq
ωpx, JxqJx.

By simple calculations,

ωpx, zq � ωpx, Jyq � ωpx, Jyq
ωpx, Jxqωpx, Jxq � 0.

Thus, by Lemma 1.7.1, speci�cally, the property (1.7.2), we obtain

0 � ω1px, zq � ω1px, Jyq � ωpx, Jyq
ωpx, Jxqω

1px, Jxq.

Hence, by simple calculations,

ω1px, Jyq � ω1px, Jxq
ωpx, Jxq ωpx, Jyq. (1.7.7)

Since x and y are chosen arbitrarily, then (1.7.7) holds for any x, y P L. It remains to show that
ω1px,Jxq
ωpx,Jxq is �xed and does not depend on the choice of x P L. This can be accomplished by using

the complex structure J and (1.7.7) as follows:

ω1pJx, J2yq � ω1pJx, J2xq
ωpJx, J2xq ωpJx, J

2yq.

Also, by using J2 � �I and skew-symmetry of ω1,

ω1py, Jxq � ω1px, Jxq
ωpx, Jxq ωpy, Jxq. (1.7.8)

But, according to (1.7.7),

ω1py, Jxq � ω1py, Jyq
ωpy, Jyq ωpy, Jxq. (1.7.9)

Therefore, we can compare (1.7.8) with (1.7.9) to obtain

ω1px, Jxq
ωpx, Jxq �

ω1py, Jyq
ωpy, Jyq .
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Since x and y are arbitrary independent vectors, then ω1px,Jxq
ωpx,Jxq is �xed for all x P L. Thus, there

exists a �xed scalar λ P Rzt0u independent from x such that

ω1px, Jxq
ωpx, Jxq � λ.

Consequently, from (1.7.7), we obtain that for every x, y P L

ω1px, Jyq � λωpx, Jyq

Finally, for every x, y P L we have

ω1ppx, Jyq; px1, Jy1qq � ω1px� Jy, x1 � Jy1q
� ω1px, x1q � ω1px, Jy1q � ω1pJy, x1q � ω1pJy, Jy1q
� ω1px, Jy1q � ω1px1, Jyq
� λ

�
ωpx, Jy1q � ωpx1, Jyq�

� λ
�
ωpx, x1q � ωpx, Jy1q � ωpJy, x1q � ωpJy, Jy1q�

� λωpx� Jy, x1 � Jy1q
� λωppx, Jyq; px1, Jy1qq,

Therefore, we conclude that

Dλ P Rzt0u, @u, v P V such that ω1pu, vq � λωpu, vq,

as required.
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Chapter 2

Group Action

In this chapter, we will introduce general results about the group action and some related

concepts. Throughout this chapter, G denotes a group unless otherwise stated.

De�nition 2.0.1. [2, p.12] Let G be a group, and X be a nonempty set. The action of G on

the set X is de�ned as a map

Φ : G�X Ñ X

Φpg, xq � g � x
satisfying:

� Identity: e � x � x for any x P X where e is the identity of G,

� Compatibility: g � pg1 � xq � pg � g1q � x for any g, g1 P G, x P X.

Geometrically, it describes how the points of X are transformed under the elements of G.

(For simplicity, some times, we may write gx instead of g � x).
Example 2.0.2. Let G, the group of all 2�2 invertible matrices with real entries, and let g P G.
Consider the conjugation action

Φ : G�GÑ G

which is de�ned as a matrix multiplication:

g � x � g�1xg for every x P G.

The map Φ, indeed, satis�es the above two conditions of the group action. This is because

� the identity condition holds by taking e to the group identity,

� the compatibility condition also holds since the group operation follows the associative law.

Observe, here, the group G acts on itself pi.e. X � Gq.

When we discuss the action of a group, two fundamental concepts help us to describe its be-

haviour. One of these concepts is called the orbit, and the other is called the stabiliser subgroup

(also called the isotropy subgroup). Let us begin with the concept of the orbit:
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De�nition 2.0.3. [2, p.12] Let G be a group acting on a nonempty set X. The orbit of x P X
is

Orbpxq � tgx | g P Gu. (2.0.1)

Geometrically, it is the set of all points that can be reached from the point x under the elements

of G.

A transitive action is directly related to orbits. See the next de�nition.

De�nition 2.0.4. We say that the action of group G on a nonempty set X is transitive if

@x1, x2 P X, Dg P G such that x2 � gx1.

In other words, any point in X can be reached from any other point in X by applying an appro-

priate element of G. In this case, the set X is called a G-homogeneous set.

Accordingly, the action of a group is transitive if and only if it has exactly one orbit. There-

fore, orbit and G-homogeneous set carry identical meanings and can henceforth be used inter-

changeably.

We now turn to the concept of stabiliser subgroup at a point x P X, which is a subgroup of

G de�ned as [2, p.12]:

Gx � tg P G | gx � xu. (2.0.2)

Geometrically, it is the set of elements of G that �x the point x.

The following theorem provides an important relation between the orbit and the stabiliser

subgroup.

Theorem 2.0.5. [20, p.21] If G is a group and x1 and x2 are in the same orbit, then the cor-

responding stabilizers Gx1
and Gx2

are conjugated, i.e.

Dg P G such that g�1Gx1g � Gx2 .

Proof. Since x1 and x2 are in the same orbit, then

Dg P G satisfying gx2 � x1.

Now, for every g1 P Gx1
, we have

g�1g1gx2 � g�1g1x1 � g�1x1 � x2 ùñ g�1g1g P Gx2
.

This implies

g�1Gx1g � Gx2 .

On the other direction, for every g2 P Gx2
, we have

gg2g
�1x1 � gg2x2 � gx2 � x1 ùñ gg2g

�1 P Gx1
.

This implies

gGx2g
�1 � Gx1 .

Equivalently,

Gx2
� g�1Gx1

g.

Therefore,

g�1Gx1g � Gx2 ,

as required.
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Remark 2.0.6. According to Theorem 2.0.5, it is unnecessary to �nd the stabiliser subgroup of

every point; instead, it su�ces to identify a stabiliser subgroup at one representative point from

each orbit, because the stabiliser subgroups of points lying in the same orbit are conjugated.

Let G be a group acting on a nonempty set X. If we de�ne the following equivalence relation

on X

x1 � x2 ðñ Dg P G suct that gx1 � x2,

then the set X will be split into equivalence classes, and each class is a G-homogeneous set (or-

bit) [20, p.20]. The next theorem states that these equivalent classes can be represented as an

isomorphic set to a collection of left cosets of some stabiliser subgroup.

Theorem 2.0.7. If G is a group acting on X, then every G-homogeneous subset M � X is

isomorphic to a collection of left cosets of some stabiliser subgroup Gx, where x PM :

M � G{Gx. (2.0.3)

Proof. Since M is a G-homogeneous set, then M is an orbit; that is,

M � Orbpxq for some x PM.

Now, consider the stabiliser subgroup

Gx � tg P G | gx � xu.

Also, consider

ϕ : G{Gx Ñ Orbpxq
ϕpgGxq � gx.

We claim that ϕ is an isomorphism. To prove that, we need to show that it is:

� well-de�ned,

� bijection,

� ϕpg1gGxq � g1ϕpgGxq for every g, g1 P G.
Firstly, for every g, g1 P Gx

gGx � g1Gx ðñ g1�1gGx � Gx

ðñ g1�1g P Gx
ðñ g1�1gx � x

ðñ gx � g1x

ðñ ϕpgGxq � ϕpg1Gxq.

This proves that ϕ is well-de�ned and injective. Secondly, it is surjective because for every y P
Orbpxq

Dg P G such that y � gx ùñ y � ϕpgGxq.
Finally, for every g1, g P G

ϕpg1gGxq � pg1gqx � g1pgxq � g1ϕpgGxq.
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Remark 2.0.8. It is worth noting that many distinct G-homogeneous sets may be isomorphic to

the same quotient group. See the following example.

Example 2.0.9. Consider the group action of pR,�q on R2, which acts as horizontal transla-

tion:

r � px, yq � px� r, yq for every r P R, px, yq P R2.

Note that

pR,�q0 � tr P pR,�q | r � 0 � 0u � t0u.
Now, for every �xed y P R, we have

Orbpx, yq � tpx� r, yq P R | r P Ru � R{t0u.

x

y

p0, 0q

Orbit

Orbit

Orbit

Orbit

This means that for each �xed y P R, we have a distinct orbit pas a horizontal line at y heightq,
and all such orbits are isomorphic to the quotient group pR,�q{pR,�q0.
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Chapter 3

Group SLp2,Rq

After the introduction to the group action, we also need to write a brief introduction to SLp2,Rq
group covering the key de�nitions and basic facts about SLp2,Rq.
De�nition 3.0.1. Let GLp2,Rq be the group of all 2� 2 invertible real matrices under the oper-

ation of matrix multiplication, i.e

GLp2,Rq �
#�

a b

c d

�
: a, b, c, d P R & ad� bc � 0

+
,

with the group operation being the ordinary matrix multiplication:

pA,Bq Ñ AB for every A,B P GLp2,Rq.

The special linear group SLp2,Rq is a subgroup of GLp2,Rq with determinant one, i.e

SLp2,Rq �
#�

a b

c d

�
: a, b, c, d P R & ad� bc � 1

+
.

One of the main properties of SLp2,Rq is that it is a Lie group, meaning it satis�es the fol-

lowing three conditions:

� it possesses a group structure,

� it possesses a smooth manifold structure,

� group and manifold structures are compatible in the sense that group operations (multipli-

cation and inversion) are smooth maps with respect to the manifold structure.

The group SLp2,Rq is a 3-dimensional smooth manifold [25], and can be factorised into a

product of three one-dimensional subgroups:

SLp2,Rq � KAN

where K geometrically acts as rotations, the subgroup A as dilations or contractions, and the

subgroup N as translations. See the next theorem for details.

Theorem 3.0.2. [16, p.193] The SLp2,Rq has the following factorisation:

SLp2,Rq � K �A �N (3.0.1)
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where

� K �
#�

cosptq sinptq
� sinptq cosptq

�
� exp

�
0 t

�t 0

�
: t P p�π, πs

+
,

� A �
#�

e�t{2 0

0 et{2

�
� exp

�
�t{2 0

0 t{2

�
: t P R

+
,

� N �
#�

1 t

0 1

�
� exp

�
0 t

0 0

�
: t P R

+
.

Proof. Let g �
�
α β

γ δ

�
P SLp2,Rq. We aim to write

g � kan

where k P K, a P A and n P N . Note that the upper triangularity is the common property

between the subgroups A and N . For this reason, we shall start with picking k P K so that k�1

rotates the �rst column of g to lie on the x-axis:

k�1 �
�
α

γ

�
�

�
p

0

�
where p �

a
α2 � γ2.

This means

k�1 �
�

α
p

γ
p

�γ
p

α
p

�
ùñ k �

�
α
p �γ

p
γ
p

α
p

�
.

Thus,

g � kpk�1gq
where k�1g is upper triangular because, as shown above, its �rst column lies on the x-axis.

Now, since k�1g is upper triangular and belongs to SLp2,Rq, it has the form:

k�1g �
�
p q

0 p�1

�
.

This matrix can be factorised as�
p q

0 p�1

�
�

�
p 0

0 p�1

�
�
�
1 q

p

0 1

�
.

Now, put

a �
�
p 0

0 p�1

�
P A and n �

�
1 q

p

0 1

�
P N.

Therefore, we obtain

g � kan,

as required.

Remark 3.0.3. The factorisation (3.0.1) is called the Iwasawa decomposition, which is an im-

portant tool in the study of Lie group theory. In general, we can decompose any semisimple Lie

group G, not only SLp2,Rq, into a product of three subgroups

G � KAN
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where K is a maximal compact subgroup, A is a simply connected abelian subgroup and N is a

simply connected nilpotent subgroup. In this thesis, however, this generalisation is unnecessary

since we are only considering SLp2,Rq. Nevertheless, if the reader is interested in further de-

tails, they are available in many sources about Lie groups, for example, [33] and [23].

The previous theorem provides the decomposition of SLp2,Rq as a product of three Lie sub-

groups. This makes SLp2,Rq, as a manifold, di�eomorphic to S1 � R� � R. This can be easily

proven by considering the di�eomorphism (smooth bijection with smooth inverse):

ϕ : S1 � R� � RÑ SLp2,Rq

ϕppcosptq, sinptqq; p; rq � kan

where

k �
�

cosptq sinptq
� sinptq cosptq

�
P K and a �

�
p 0

0 p�1

�
P A and n �

�
1 r

0 1

�
P N.

At the end of this chapter, it may be worth mentioning that there are additional important

subgroups of SLp2,Rq beyond those introduced above [20, p.33]:

� The subgroup

A1 �
#�

coshptq sinhptq
sinhptq coshptq

�
� exp

�
0 t

t 0

�
: t P R

+
,

which is conjugated to A since�
coshp t2 q sinhp t2 q
sinhp t2 q coshp t2 q

�
� 1

2

�
1 �1
1 1

�
�
�
e

t
2 0

0 e�
t
2

�
�
�

1 1

�1 1

�
.

� The subgroup

N 1 �
#�

1 0

t 1

�
: t P R

+

which is conjugated to N since�
1 0

t 1

�
�

�
0 �1
1 0

�
�
�
1 t

0 1

�
�
�

0 1

�1 0

�
.

Moreover, for the two-dimensional subgroups, we have [20, p.29]:

F �
#

1?
a

�
a 0

c 1

�
| a ¡ 0 and c P R

+
and F 1 �

#
1?
a

�
1 b

0 a

�
| a ¡ 0 and b P R

+
.

They are both conjugated since�
0 1

�1 0

�
� 1?

a

�
a 0

c 1

�
�
�
0 �1
1 0

�
� 1?

a

�
1 �c
0 a

�
for any a ¡ 0, c P R.
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Chapter 4

SLp2,Rq Action On Real Projective

Line And Hilbert Spaces

4.1 SLp2,Rq Action On Real Projective Line PR

We will start with SLp2,Rq action on R, and then deduce how SLp2,Rq acts on PR. For ev-
ery �xed

�
a b

c d

�
P SLp2,Rq we de�ne the action of group SLp2,Rq on R as follows:

Φ : SLp2,Rq�RÑ R

Φ

��
a b

c d

�
, x

�
�

�
a b

c d

�
� x � ax� b

cx� d
where x P R and cx� d � 0. (4.1.1)

In this de�nition, we encounter an evident issue when cx � d � 0, which makes the trans-

formation (4.1.1) unde�ned. This issue can be settled by extending the space R with the in-

�nity point. The following de�nition provides us with a space representing the extended space

RY t8u.
De�nition 4.1.1. [15, p.33] The real projective space PR is the set of all lines passing through

zero. In other words, it is the collection of all one-dimensional vector subspaces of R2.

Since, in R2, the two vectors px, yq and pλx, λyq, where λ � 0, lie on the same line, then they

are equivalent in PR. Thus, every point in PR can be expressed as a homogeneous coordinate

rx : ys; that is, the coordinate that satis�es

rx : ys � rλx : λys for every λ P Rzt0u. (4.1.2)

Therefore,

� if y � 0, then we can normalise by setting

rx : ys �
�
x

y
: 1

�
, (4.1.3)

which corresponds to the real number x
y P R.
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� if y � 0, then we can also normalise by setting

rx : 0s � r1 : 0s , (4.1.4)

which corresponds to the in�nity point.

The following diagram describes the real projective line PR.

8

y � 1

Figure 4.1: The real projective line PR

From the above homogeneity, we can informally state the following rules for in�nity:

r

0
� 8, r

8 � 0,
8
8 � 1, 8� r � 8 for any r P Rzt0u. (4.1.5)

Therefore, the space PR allows us to handle the case where the denominator is zero in (4.1.1).

More precisely, it allows us to extend (4.1.1) to RY t8u.

Now, let

�
a b

c d

�
P SLp2,Rq. To de�ne the SLp2,Rq action on PR, we do the following: since

for every px, yq P R2 we have �
a b

c d

�
�
�
x

y

�
�

�
ax� by

cx� dy

�
.

Correspondingly, the SLp2,Rq action on PR can be de�ned as�
a b

c d

�
� rx : ys � rax� by : cx� dys. (4.1.6)

From the homogeneity, we have

rx : ys �
�
x

y
: 1

�
where y � 0,

which implies the following:

� if y � 0, then by putting u � x
y we obtain [12, p.14]�
a b

c d

�
� ru : 1s � rau� b : cu� ds , (4.1.7)

� if y � 0, then �
a b

c d

�
� rx : 0s � ra : cs. (4.1.8)

We will show later that the real projective space PR is isomorphic to SLp2,Rq-homomogeneous

space. But we �rst need to introduce the following lemma.
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Lemma 4.1.2. The stabilizer subgroup of the in�nity r1 : 0s P PR in SLp2,Rq is the upper-

triangular matrices of the form:#�
a b

0 a�1

�
| a � 0 and b P R

+
.

Proof. Note that

SLp2,Rqr1:0s �
#�

a b

c d

�
P SLp2,Rq |

�
a b

c d

�
� r1 : 0s � r1 : 0s

+

With simple computations, we obtain

SLp2,Rq �
#�

a b

0 a�1

�
| a � 0 and b P R

+
.

Remark 4.1.3. Observe�
a b

0 a�1

�
�

�
a 0

0 a�1

�
�
�
1 b

a

0 1

�
where a � 0 and b P R.

This means

SLp2,Rqr1:0s � AN

where A and N are the subgroups in (3.0.1). Geometrically, the subgroup SLp2,Rqr1:0s is inter-
preted as a composition of scaling and shifting. This is why SLp2,Rqr1:0s �xes the in�nity point

r1 : 0s, which represents x-axis in PR. Intuitively, the subgroup SLp2,Rqr1:0s �xes all lines pass-
ing through the origin pelements of PRq. This justi�es why PR is isomorphic to the homoge-

neous space SLp2,Rq {SLp2,Rqr1:0s, as will be shown in the following Theorem.

Theorem 4.1.4. The projective space PR is isomorphic to SLp2,Rq {SLp2,Rqr1:0s
PR � SLp2,Rq {SLp2,Rqr1:0s, (4.1.9)

which means the real projective space PR is a SLp2,Rq-homogeneous space.

Proof. For simplicity, put

S0 :� SLp2,Rqr1:0s .
Now, consider the map

Φ : SLp2,Rq {S0 Ñ PR; ΦpgS0q � g � r1 : 0s where g P SLp2,Rq .
We aim to show that Φ is a well-de�ned bijection. To this end, observe, for every gS0, g

1S0 P
SLp2,Rq {S0, we have

gS0 � g1S0 ðñ g�1g1 P S0

ðñ g�1g1 � r1 : 0s � r1 : 0s
ðñ g1 � r1 : 0s � g � r1 : 0s
ðñ Φpg1S0q � ΦpgS0q.

Hence, Φ is a well-de�ned and injective function. Moreover, it is surjective because if rx : ys is
arbitrary element of PR, then we have two cases:
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� Case 1: If x � 0, then�
x 0

y 1
x

�
P SLp2,Rq satisfying

�
x 0

y 1
x

�
� r1 : 0s � rx, ys.

� Case 2: If x � 0 (thus, y � 0), then�
0 �1
1 0

�
P SLp2,Rq satisfying

�
0 �1
1 0

�
� r1 : 0s � r0 : 1s � r0, ys.

Therefore, PR is isomorphic to SLp2,Rq {SLp2,Rqr1:0s. From Theorem 2.0.7, this implies that

PR is a SLp2,Rq-homogeneous space.

Remark 4.1.5. The above theorem states that the real projective line can be generated from

r1 : 0s under the elements of SLp2,Rq; that is,

SLp2,Rq �r1 : 0s � PR. (4.1.10)

4.2 SLp2,Rq Action On Hilbert Spaces

In this section, we will systematically de�ne SLp2,Rq action on the real Hilbert space H.

To this end, let H be either an even �nite-dimensional or a separable in�nite-dimensional real

Hilbert space. Moreover, let M be closed subspaces of H such that its orthogonal complement

satis�es

dimM � dimMK. (4.2.1)

where MK is the orthogonal complements of M . Then, this equality yields the existence of a

unitary operator U :M ÑMK that extends to the complex structure:

J : H Ñ H; Jpx, yq �
�
0 �U�1

U 0

��
x

y

�
�

�
�U�1y

Ux

�
for every x PM,y PMK. (4.2.2)

Now, consider the following symplectic form on H:

ωppx, yq; px1, y1qq � xJpx, yq, px1, y1qy � xUx, y1yMK � xU�y, x1yM (4.2.3)

where x, x1 P M and y, y1 P MK and x�, �yMK and x�, �yM denote the restrictions of inner product

to M and MK respectively. From the identity (1.5.14), we have

J pMωq �MK or equivalently Mω � JMK, (4.2.4)

where Mω is the symplectic complement of M . This implies that M is Lagrangian since

Mω � JMK �M.

By using the unitary operator U : M Ñ MK, we de�ne the SLp2,Rq action on H as follows:

for any g �
�
a b

c d

�
in SLp2,Rq we have

MU : SLp2,Rq�H Ñ H
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MU

��
a b

c d

�
,

�
x

y

��
�

�
a bU�1

cU d

�
�
�
x

y

�
�

�
ax� bU�1y

cUx� dy

�
. (4.2.5)

Avoiding matrices, the same operator can be written as

ΦU pgq : H Ñ H

ΦU pgq � paIM � cUqPM � pdIMK � bU�1qPMK (4.2.6)

where IM and IMK are the identity map on M and MK respectively, and PM and PMK are

the orthogonal projections into M and MK respectively. This will be a linear representation of

SLp2,Rq on H by bounded operators:

ΦU pg1g2q � ΦU pg1qΦU pg2q.

Example 4.2.1. Let

ℓ2 � Clinten � p0, 0, ..., 1nth

, 0, 0, ...q | n P Nu.
Consider the decomposition

ℓ2 �M `MK

where

M � Clinten | n is oddu and MK � Clinten | n is evenu.
Let

N � Clintpen, 2en�1q | n � 1, 3, 5, . . . u.

The unitary operator U :M ÑMK is de�ned as

Uen � en�1 for every n � 1, 3, 5, . . . .

If we take g �
�
2 1

1 1

�
P SLp2,Rq, then, for every n P N, SLp2,Rq acts as:

MU

��
2 1

1 1

�
,

�
en

2en�1

��
�

�
2 U�1

U 1

�
�
�

en

2en�1

�

�
�
2en � 2 U�1en�1

Uen � 2en�1

�

�
�

4en

3en�1

�

Thus, the image of the subspace N under the SLp2,Rq action is

Ng � Clintp4en, 3en�1q | n � 1, 3, 5, . . . u.

As will be shown below, with this action, the real Hilbert space H has two types of orbits:

(i) A non-linear subset of the four-dimensional vector space.

(ii) A two-dimensional subspace.
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The following theorem provides us with the �rst type.

Theorem 4.2.2. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space, let a non-zero x be in H and U : M Ñ MK be a unitary operator such that

the vectors UpPMxq and PMKx are not collinear. Then SLp2,Rq-orbit of x is a non-linear subset

of the four-dimensional vector space spanned by tPMx,UpPMxq, PMKx,U�1pPMKxqu.

Proof. From (4.2.6), the orbit of x is:

Orbpxq � tΦU pgqpPMx, PMKxq | g P SLp2,Rqqu
� tpaPMx� bU�1pPMKxq, cUpPMxq � dPMKxq | a, b, c, d P R and ad� bc � 1u
� LintPMx,UpPMxq, PMKx,U�1pPMKxqu.

We now show that this span is four-dimensional. By assumption, UpPMxq and PMKx are not

collinear, and hence they are linearly independent. Since U�1 : MK Ñ M is unitary (and thus

it is linear and injective), it follows that PMx and U�1pPMKxq are also linearly independent.

Thus,

dim
�
LintPMx,U�1pPMKxqu� � 2 and dim pLintUpPMxq, PMKxuq � 2.

Moreover,

LintPMx,U�1pPMKxqu �M and LintUpPMxq, PMKxu �MK.

Since M KMK, we obtain

LintPMx,UpPMxq, PMKx,U�1pPMKxqu � LintPMx,U�1pPMKxqu ` LintUpPMxq, PMKxu.

Consequently,

dim
�
LintPMx,UpPMxq, PMKx,U�1pPMKxqu� � 4.

It remains to show that Orbpxq is not a linear subspace. Since

I �
�
1 0

0 1

�
P SLp2,Rq,

we have

x � pPMx, PMKxq P Orbpxq.

Also, suppose that

2x � p2PMx, 2PMKxq P Orbpxq.
Then there exist a, b, c, d P R, with ad� bc � 1, such that

aPMx� bU�1pPMKxq � 2PMx and cUpPMxq � dPMKx � 2PMKx.

Since PMx and U�1pPMKxq are linearly independent, the �rst equality implies

a � 2, b � 0.
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Similarly, since UpPMxq and PMKx are linearly independent, the second equality implies

c � 0, d � 2.

Therefore,

ad� bc � 4,

which contradicts ad� bc � 1. Hence,

2x R Orbpxq.

Thus, Orbpxq is not closed under scalar multiplication and therefore is not a linear subspace.

Consequently, Orbpxq is a non-linear subset of the four-dimensional vector space

Lin
 
PMx,UpPMxq, PMKx,U�1pPMKxq( .

The second type of SLp2,Rq-orbit is provided by the next theorem.

Theorem 4.2.3. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space and let U : M Ñ MK be a unitary operator. Then, for every nonzero x P M ,

the two-dimensional subspace spanned by vectors x and Ux:

R2
x � Lintx,Uxu (4.2.7)

is a SLp2,Rq-homogeneous space.

Proof. We only need to show that R2
x is an orbit of the vector px,Uxq; that is,

Orb ppx,Uxqq � R2
x.

On the one hand, clearly

Orbppx,Uxqq � tΦU pgqpx,Uxq | g P SLp2,Rqu
� tppa� bqx, pc� dqUxq | a, b, c, d P R and ad� bc � 1u
� R2

x.

On the other hand, if pαx, βUxq P R2
x where α, β P R (are not both zero), then assume without

loss of generality that α � 0 and consider�
α 0

β � α�1 α�1

�
P SLp2,Rq,

we obtain �
α 0

pβ � α�1qU α�1

�
�
�
x

Ux

�
�

�
αx

βUx

�
.

This implies pαx, βUxq P Orb ppx,Uxqq and thus

R2
x � Orb ppx,Uxqq.

Therefore,

R2
x � Orb ppx,Uxqq

as needed.
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Corollary 4.2.4. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space, let U : M Ñ MK be a unitary operator, and let x be a nonzero x P M .

Also, consider the space R2
x as de�ned in (4.2.7). Then, the stabilizer subgroup of pu, vq P R2

x in

SLp2,Rq is conjugated to upper-triangular matrices of the form:#�
1 b

0 1

�
| b P R

+

Proof. Note that

SLp2,Rqpx,0q �
#�

a b

c d

�
P SLp2,Rq |

�
a bU�1

cU d

�
�
�
x

0

�
�

�
x

0

�+

�
#�

a b

c d

�
P SLp2,Rq |

�
ax

cUx

�
�

�
x

0

�+

�
#�

a b

c d

�
P SLp2,Rq | ax � x and cUx � 0

+

�
#�

a b

c d

�
P SLp2,Rq | a � 1 and c � 0

+

�
#�

1 b

0 1

�
P SLp2,Rq | b P R

+

� N.

Since R2
x is homogenous, then, from Theorem 2.0.5, any other stabilizer subgroup of any

pu, vq P R2
x is conjugated to SLp2,Rqpx,0q.

As an immediate consequence of Theorem 2.0.7, we will obtain the following corollary.

Corollary 4.2.5. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space, let U : M Ñ MK be a unitary operator and let x be a non-zero in H such

that UpPMxq and PMKx are collinear. Then SLp2,Rq-orbit of x is a two-dimensional subspace

isomorphic to SLp2,Rq{N where N is the above upper-triangular subgroup of SLp2,Rq.
Example 4.2.6. Consider H � R4, and its subspaces

M � Clinte1, e2u and N � Clinte1 � 3e3, e2 � 4e4u

where en is the vector whose components are all zero, except the nth-component equals 1. De�ne

the isomorphism U :M ÑMK by Ue1 � e3 and Ue2 � e4. Now, a generic vector u P N is

u � xpe1 � 3e3q � ype2 � 4e4q for some x, y P R.

Thus,

PMu � xe1 � ye2, PMKu � 3xe3 � 4ye4, UpPMuq � xe3 � ye4.

Observe that the following statements are equivalent:

� UpPMuq and PMKu are collinear.

� UpPMuq � λPMKu for some nonzero λ P R.

� xe3 � ye4 � λp3xe3 � 4ye4q for some nonzero λ P R.
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� Either x � 0 or y � 0.

� The vector u is either scalar multiples of e1 � 3e3 or e2 � 4e4.

By applying Corollary 4.2.5, this means that, in the subspace N , only scalar multiples of e1�3e3

or e2 � 4e4 produce a two-dimensional homogeneous space isomorphic to SLp2,Rq{N .
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Chapter 5

Graph Of Operators And Symplectic

Structure

Let M and N be two closed subspaces of a separable real Hilbert space of even �nite or in-

�nite dimension pH, x�, �yq. According to Halmos in his paper [13], these two subspaces are in

generic position if the following holds

M XN �M XNK �MK XN �MK XNK � t0u. (5.0.1)

Thus, as will be demonstrated below, we have

dimpMq � dimpMKq. (5.0.2)

In this case, Halmos [13], [4] lets M play the role of "the horizontal axis" and MK the role of

"the vertical axis". Then, he considers a self-adjoint (possibly unbounded) operator

T : DompT q �M ÑM,

with a trivial kernel and dense range, such that the pairs pM,Nq and pM ` t0u,GraphpT qq are
unitarily equivalent. This means that [13] there exists a unitary operator U : M Ñ MK such

that

Ũ � IM ` U :M `M ÑM `MK,

ŨpM ` t0uq �M and ŨpGraphpT qq � tpx,UTxq | x P DompT qu � N

where

GraphpT q � tpx, Txq | x P DompT qu.
See the following diagram

M

MK

p0, 0q

N � GraphpUT q
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We aim, in this chapter, to introduce the concept of a bi-equidefect operator, which is an

adaptation of the concept of an operator. Also, we will employ Halmos' approach, which helps

represent the subspace N as the graph of a bi-equidefect operator. Thereafter, we will de�ne a

symplectic form ω from the pair of the subspaces pM,Nq such that M and N are Lagrangian

subspaces w.r.t. ω.

From now on, if A and B are orthogonal subspaces of a Hilbert space, we will use the symbol

AkB to denote their direct sum. Also, the symbol AjB will denote the orthogonal complement

of B within A. Moreover, we will denote by PA and PB the orthogonal projections into A and

B, respectively.

In the following, we will adopt the following notations [4] to denote the special subspaces:

M00 �M XN, M01 �M XNK, M10 �MK XN, M11 �MK XNK. (5.0.3)

Thus, the subspaces M and MK can be written as the following orthogonal decompositions [4]:

M �M00 kM01 kM0 and MK �M10 kM11 kM1. (5.0.4)

where M0 is the orthogonal complement of M00kM01 within M , and M1 is the orthogonal com-

plement of M10 kM11 within MK. In addition, we can write the subspace N as a direct sum of

orthogonal subspaces:

N � N0 kN8 kN# (5.0.5)

where N0 � M00, N8 � M10, as de�ned (5.0.3), and N# is the orthogonal complement of N0 k
N8 within N . This decomposition has an important interpretation (will be clari�ed later).

5.1 Bi-equidefect Operator And Its Graph

Assume that M,N are closed subspaces of a separable real Hilbert space of even �nite or

in�nite dimension H and are in generic position. Then, we can use Halmos' approach [13] to

construct a closed linear operator A such that N represents its graph. To this end, we �rst need

the following lemma.

Lemma 5.1.1. Let H be a separable real Hilbert space of even �nite or in�nite dimension and

PM : H Ñ M be the orthogonal projection into the closed subspaces M and N of H such that

pM,Nq are in generic position. Then, the restriction PM |N is injective, and its range is dense

in M .

Proof. To prove that PM |N is injective, note

x P N and PMx � 0 ùñ x P N and x P kerpPM q
ùñ x P N and x PMK

ùñ x P N XMK

ùñ x � 0.
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To prove the density, observe

x PM and x K PMN ùñ x PM and xx, PMyy � 0 @y P N
ùñ x PM and xPMx, yy � 0 @y P N
ùñ x PM and xx, yy � 0 @y P N
ùñ x PM and x P NK

ùñ x PM XNK

ùñ x � 0.

This completes the proof.

As Halmos demonstrated in [13], the above two properties of the operator PM |N implies that

dimM � dimN. (5.1.1)

Furthermore, it is easy to see that if pM,Nq is in generic position, then the pairs

pMK, Nq and pM,NKq and pMK, NKq

are also in generic position. This implies that

dimM � dimN � dimMK � dimNK. (5.1.2)

By these equalities, there exists a unitary operator R :M ÞÑMK. Thereafter, we de�ne

A : PMN �M ÑM

ApPMxq � R�1pPMKxq for every x P N (5.1.3)

as an operator on the subset PMN (which is dense in M as shown in Theorem 5.1.1) where PM

and PMK are the orthogonal projections into M and MK, respectively. We claim that the oper-

ator A is closed and its graph is represented by N . To show that, let pxnqnPN � DompAq such
that

xn Ñ x and Axn Ñ y.

Since DompAq � PMN , then for every n P N there exists zn P N such that

xn � PMzn. (5.1.4)

By de�nition of A,

Axn � R�1pPMKznq for every n P N. (5.1.5)

By applying R on both sides, we obtain

RAxn � PMKzn.

Thus,

xn �RAxn � PMzn � PMKzn � zn P N.
Since R is bounded and N is a closed subspace,

z :� x�Ry � lim
nÑ8

xn �R
�
lim
nÑ8

Axn

	
P N.

89



Hence

x � PMz P PMN � DompAq and Ax � R�1PMKz � R�1Ry � y.

Therefore, px, yq P GraphpAq and this means the operator A is closed. Now, de�ne the operator

R̃ : IM `R :M `M ÑM `MK; R̃pu, vq � u�Rv for every u, v PM.

Since R :M ÞÑMK is an unitary operator,

}R̃pu, vq}2 � }u�Rv}2 � }u}2 � }Rv}2 � }u}2 � }v}2 � }pu, vq}2 for every u, v PM.

This means R̃ is a unitary operator as well. Furthermore,

R̃pGraphpAqq � tPMz �RApPMzq | z P Nu � tPMz � PMKz | z P Nu � N.

Now, we consider its polar decomposition

A �WT

where

� W :M ÑM is a partial isometry with kerpW q � kerpAq and RanpW q � RanpAq,
� T � pA�Aq 1

2 is self-adjoint and positive with DompT q � PMN and RanpT q � pkerpAqqK.
However, since the kernel of A is trivial and its range is dense, then

� RanpT q �M.

� W :M ÑM is unitary,

Also, we have

}Tx}2 � xTx, Txy � @
T 2x, x

D � xA�Ax, xy � xAx,Axy � }Ax}2 ,

which implies

kerpT q � kerpAq � t0u.
Hence, T is a self-adjoint operator de�ned on PMN with the trivial kernel and a dense range.

Furthermore, if we put U :� R � W : M Ñ MK, then we will obtain the unitary operator

mentioned at the beginning of the chapter

Ũ : IM ` U :M `M ÑM `MK; Ũpu, vq � u� Uv for every u, v PM,

which satis�es

ŨpGraphpT qq � tPMz � UT pPMzq | z P Nu
� tPMz �RWT pPMzq | z P Nu
� tPMz �RApPMzq | z P Nu
� tPMz � PMKz | z P Nu
� N.

Therefore,

ŨpGraphpT qq � N. (5.1.6)

Up to this stage, everything refers to Halmos' approach [13].

90



As a generalisation of Halmos' approach, from now on, we relax the condition (5.0.1) by al-

lowing to the intersections

M00 �M XN, M01 �M XNK, M10 �MK XN, M11 �MK XNK

to be nonzero subspaces with the following assumptions.

Equalities of Dimentionality 5.1.2. We assume that the following equalities hold:

� dimpM0q � dimpM1q,
� dimpM00q � dimpM11q,
� dimpM01q � dimpM10q

where M0 is the orthogonal complement of M00 kM01 within M , and M1 is the orthogonal com-

plement of M10 kM11 within MK, as decomposed above in (5.0.4).

In this case, Halmos' approach can be applied to the pair of subspaces pM0, N#q where N#

is described in (5.0.5). This is because pM0, N#q is in generic position within M0 kM1, as will

be shown in the following theorem.

Theorem 5.1.3. Let H be a separable real Hilbert space of even �nite or in�nite dimension

and M,N be closed subspaces such that H � M kMK, where the subspaces M and MK have

decompositions as in (5.0.4):

M �M00 kM01 kM0 and MK �M10 kM11 kM1.

In the subspace M0 kM1, the pair pM0, N#q is in generic position; that is, within M0 kM1

M0 XN# �M0 XNK
# �MK

0 XN# �MK
0 XNK

# � t0u.

Proof. First of all, note that, within M0 kM1, we have M
K
0 �M1. Then

(i)

x PM0 XN# ùñ x PM0 and x PM XN �M00

ùñ x PM0 XM00

ùñ x � 0.

(ii)

x PM1 XN# ùñ x PM1 and x PMK XN �M10

ùñ x PM1 XM10

ùñ x � 0.

(iii)

x PM0 XNK
# ùñ x PM0 and x PM XNK �M01

ùñ x PM0 XM01

ùñ x � 0.
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(iv)

x PM1 XNK
# ùñ x PM1 and x PMK XNK �M11

ùñ x PM1 XM11

ùñ x � 0.

This completes the proof.

Consequently, as demonstrated above, Holmas' approach yields the existence of a unitary

operator U0 : M0 Ñ M1 and a densely de�ned invertible (possibly unbounded) self-adjoint

operator

T : DompT q �M0 ÑM0 (5.1.7)

such that

N# � GraphpU0T q � tpx,U0Txq | x P DompT qu. (5.1.8)

Moreover, from Equalities of Dimentionality 5.1.2

dimpM00q � dimpM11q and dimpM01q � dimpM10q,

we have other unitary operators

U1 :M00 ÑM11 and U2 :M01 ÑM10.

In this case, we can de�ne

U :� U0 ` U1 ` U2

to obtain a unitary operator U :M ÑMK such that

UM0 �M1 and UM00 �M11 and UM01 �M10. (5.1.9)

Now, let us recall the de�nition of equidefect operators.

De�nition 5.1.4 (Equidefect Operator). Let T : DompT q � X Ñ Y be a closed densely de�ned

linear operator acting from a real Hilbert space X into a real Hilbert space Y . Then T is called

an equidefect operator if

dimpkerpT qq � dimpcokerpT qq (5.1.10)

where cokerpT q � Y {RanpT q and the equality allows the dimensions to be in�nite.

De�ne the following operator

T̂ : DompT̂ q �M0 kM00 ÑM0 kM00

T̂ px, x0q � pTx, 0q for every px, x0q PM0 kM00 (5.1.11)

where T : DompT q �M0 ÑM0 is the self-adjoint operator in (5.1.7). Also, de�ne the operator

Ť : DompŤ q �M1 kM10 ÑM1 kM10

Ť py, y0q � pUT�1U�y, 0q for every py, y0q PM1 kM10. (5.1.12)

Here, T : DompT q � M0 Ñ M0 is also the self-adjoint operator in (5.1.7) and U : M Ñ MK is a

unitary operator de�ned as (5.1.9).
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Theorem 5.1.5. The above operators T̂ , Ť in (5.1.11) and (5.1.12) are densely de�ned self-

adjoint operators.

Proof. We �rst prove that T̂ is symmetric. Since T is densely de�ned on M0,

DompT̂ q � DompT q `M00 �M0 `M00,

so T̂ is densely de�ned on M0 ` M00 as well. Also, since T is symmetic, for px, x0q, py, y0q P
DompT̂ q, we have A

T̂ px, x0q, py, y0q
E
M0`M00

� xpTx, 0q, py, y0qyM0`M00

� xTx, yyM0
� x0, y0yM00

� xx, TyyM0
� xx0, 0yM00

� xpx, x0q, pTy, 0qyM0`M00

�
A
px, x0q, T̂ py, y0q

E
M0`M00

.

Thus, T̂ is symmetric. It remains to prove that

DompT̂�q � DompT̂ q.

From the symmetry of T̂ , we have

DompT̂ q � DompT̂�q. (5.1.13)

To show the other side, let py, y0q P DompT̂�q. By the de�nition of the adjoint, there exists

pz, z0q PM0 `M00 such thatA
T̂ px, x0q, py, y0q

E
M0`M00

� xpx, x0q, pz, z0qyM0`M00
for every px, x0q P DompT̂ q.

Hence

xTx, yyM0 � xx, zyM0 � xx0, z0yM00 for every x P DompT q, x0 PM00. (5.1.14)

This implies that z0 � 0 because if we take x � 0 in (5.1.14), we obtain

xx0, z0yM00
� 0 for every x0 PM00.

It follows that

xTx, yyM0
� xx, zyM0

for every x P DompT q.
Thus,

y P DompT�q and T�y � z.

Since T � T�, we have

y P DompT q and Ty � z.

Note that the component y0 is unrestricted. Thus,

py, y0q P DompT q `M00 � DompT̂ q.
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Consequently,

DompT̂�q � DompT̂ q. (5.1.15)

From (5.1.13) and (5.1.15), we obtain

DompT̂�q � DompT̂ q.

Therefore, T̂ is self-adjoint.

We next prove that Ť is self-adjoint. We �rst show that T�1 is self-adjoint. Since T is self-

adjoint and injective,

DompT�1q � RanpT q � �
kerT�

�K � pkerT qK �M0.

Thus, DompT�1q is dense in M0. Let u, v P DompT�1q. There exist x, y P DompT q such that

u � Tx, v � Ty.

Using the self-adjointness of T , we obtain

xT�1u, vyM0 � xx, TyyM0

� xTx, yyM0

� xu, T�1vyM0
.

Therefore, T�1 is symmetric. Thus,

DompT�1q � DomppT�1q�q (5.1.16)

follows from the symmetry of T�1. To show the reverse inclusion, let v P DomppT�1q�q. Then
there exists w PM0 such that

xT�1u, vyM0
� xu,wyM0

for every u P DompT�1q.

Putting u � Tx, where x P DompT q, implies

xx, vyM0
� xTx,wyM0

for every x P DompT q.

Hence

w P DompT�q and T�w � v.

Since T � T�,

w P DompT q and Tw � v.

Therefore,

v P RanpT q � DompT�1q and T�1v � w.

Thus,

DomppT�1q�q � DompT�1q. (5.1.17)

From (5.1.16) and (5.1.17), we have

DomppT�1q�q � DompT�1q.

This means T�1 is self-adjoint. Furthermore, if we put

A � UT�1U�,
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where U :M ÑMK is the unitary operator in (5.1.9), then its domain is

DompAq � ty PM1 | U�y P DompT�1qu
� U DompT�1q
� U RanpT q.

Since DompT�1q is dense and U is unitary, then DompAq is also dense in M1. Moreover, since U
is unitary and T�1 is self-adjoint, A is also self-adjoint because

A� � UpT�1q�U� � UT�1U� � A,

with

DompA�q � U DomppT�1q�q � U DompT�1q � DompAq.

Now, since A is densely de�ned on M1,

DompŤ q � DompAq `M10 �M1 `M10.

Thus, Ť is densely de�ned. Furthermore, for py, y0q, pv, v0q P DompŤ q, we have
@
Ť py, y0q, pv, v0q

D
M1kM10

� xpAy, 0q, pv, v0qyM1kM10

� xAy, vyM1 � x0, v0yM10

� xy,AvyM1 � xy0, 0yM10

� xpy, y0q, pAv, 0qyM1kM10

� @py, y0q, Ť pv, v0qDM1kM10
.

Therefore, Ť is symmetric. Finally, let pv, v0q P DompŤ�q. Then there exists pw,w0q PM1 `M10

such that

@
Ť py, y0q, pv, v0q

D
M1kM10

� xpy, y0q, pw,w0qyM1kM10
for every py, y0q P DompŤ q.

Equivalently,

xAy, vyM1
� xy, wyM1

� xy0, w0yM10
for every y P DompAq, y0 PM10.

If we take y � 0, we obtain w0 � 0. Hence

xAy, vyM1
� xy, wyM10

for every y P DompAq.

It follows that

v P DompA�q � DompAq, w � A�v � Av.

Since v0 is unrestricted,

pv, v0q P DompAq `M10 � DompŤ q.
Therefore,

DompŤ�q � DompŤ q.
The reverse inclusion follows from the symmetry of Ť . Hence

DompŤ�q � DompŤ q and Ť� � Ť .

Therefore, Ť is self-adjoint.
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In conclusion, we have constructed two self-adjoint operators T̂ and Ť such that U T̂ and U Ť
are equidefect operators satisfying

GraphpU T̂ q � N0 kN# and GraphpU�Ť q � N# kN8. (5.1.18)

with

kerpU T̂ q � N0 and kerpU�Ť q � N8. (5.1.19)

At the end of this section, we are prepared to introduce the de�nition of a bi-equidefect op-

erator.

De�nition 5.1.6 (Bi-equidefect Operator). Let H be a separable real Hilbert space of even �-

nite or in�nite dimension and M,N be closed subspaces with decomposition (5.0.4):

M �M00 kM01 kM0 and MK �M10 kM11 kM1.

Let U :M ÑMK be a unitary operator such that

UM0 �M1 and UM00 �M11 and UM01 �M10.

Also, let T̂ : DompT̂ q � M0 kM00 Ñ M0 kM00 and Ť : DompŤ q � M1 kM10 Ñ M1 kM10

be self-adjoint opeators with dense domains. The pair pT̂ , Ť q is called a bi-equidefect operator if

both U T̂ : DompT̂ q � M0 kM00 Ñ M1 kM11 and U�Ť : DompŤ q � M1 kM10 Ñ M0 kM00 are

equidefect operators.

Accordingly, the pair pT̂ , Ť q of operators, as de�ned in (5.1.11) and (5.1.12), is a bi-equidefect

operator. Moreover, their graphs overlapping on the subspace N#, which is the graph of T , see

(5.1.8). Therefore, if we glue them together, then the subspace

N � N0 kN# kN8

can be expressed as

N � kerpT̂ q kGraphpUT q k kerpŤ q. (5.1.20)

where N0 � kerpT̂ q, N8 � kerpŤ q and N# � GraphpUT q. Henceforth, whenever we state
that the subspace N represents the graph of a bi-equidefect operator pT̂ , Ť q, we mean N can be

described by gluing two overlapping charts, one as a graph of U T̂ and one as a graph of U�Ť
exactly as in (5.1.20).

The picture can be seen in a way parallel to the construction of the real projective line PR
(see section 4.1) with the two charts:

ϕ0 : RÑ PR; x ÞÑ rx : 1s and ϕ8 : RÑ PR; x ÞÑ r1 : xs.

Notably, these charts cover PR � R Y t8u and overlap on p�8, 0q Y p0,8q and each contains

either 0 � r0 : 1s or 8 � r1 : 0s.

5.2 Bi-equidefect operators and Symplectic Structure

Recall the real Hilbert space pH, x�, �yq mentioned in the preceding section and its subspaces

M and N with Equalities of Dimensionality 5.1.2. After introducing a bi-equidefect operator
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such that its graph is represented by N , we need to de�ne a symplectic form on H. To this end,

recall the unitary operator U : M Ñ MK in (5.1.9), which is constructed from the pair of the

subspaces pM,Nq. Thereafter, consider the following complex structure:

J0 �
�
0 �U�
U 0

�
, (5.2.1)

where U� is the adjoint of U . This de�nes the following symplectic form ω on the Hilbert space

H �M `MK:

ωppx, yq, px1, y1qq � xJ0px, yq, px1, y1qy � xUx, y1yMK � xx1,U�yyM for every x, x1 PM,y, y1 PMK

where x�, �yMK and x�, �yM are the restriction of inner product x�, �y to MK and M respectively.

In this section, we aim to show that the two subspaces M and N above are Lagrangian sub-

spaces of H w.r.t. the above symplectic form.

From this time forward, we will express the components of H as py, xq rather than the stan-

dard order px, yq. The reason behind that will be clear in the next chapter.

When we switch the order of coordinates, the above symplectic form will be rewritten as

ωppy, xq, py1, x1qq � xJpy, xq, py1, x1qy � xUx, y1yMK � xx1,U�yyM (5.2.2)

where x, x1 PM,y, y1 PMK and

J � �J�0 �
�

0 U
�U� 0

�
. (5.2.3)

Everything now is prepared to prove that the subspaces M and N are Lagrangian w.r.t the

symplectic form (5.2.2). For the subspace M , the proof is straightforward because for every x P
M we have

ωpp0, xq, p0, x1qq � xJp0, xq, p0, x1qy � xUx, 0yMK � xx1, 0yM � 0.

This means M is an isotropic subspace. To show the maximality, assume, for contradiction, that

there exists a nonzero u0 PMωzM . Thus, u0 � py0, x0q where y0 � 0. Hence,

ωppy0, x0q, p0, x1qq � 0 @x1 PM ðñ xUx0, 0yMK � xx1,U�y0yM � 0 @x1 PM
ðñ xx1,U�y0yM � 0 @x1 PM
ðñ U�y0 KM and U�y0 PM
ðñ y0 � 0.

This means u0 � p0, x0q P M , which is contradiction with u0 P MωzM . Therefore, the equality

M � Mω must hold, which means M is Lagrangian. Furthermore, by using (1.5.14), MK � JM

is also Lagrangian.

For the subspace N , as we decomposed it above in (5.1.20), we have

N � kerpT̂ q kGraphpUT q k kerpŤ q

where T , T̂ and Ť are self-adjoint operators. Thus, kerpT̂ q � M and kerpŤ q � MK are isotropic

as subspaces of Lagrangian subspaces. Also, the isotropy of the subspace GraphpUT q can be
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shown as follows:

ωppUTx, xq, pUTx1, x1qq � xUTx,Ux1yMK � xx, Tx1yM
� xTx, x1yM � xx, Tx1yM
� xTx, x1yM � xTx, x1yM
� 0.

For the maximality, assume, for contradiction, that there exists a nonzero u0 P NωzN and put

u0 � py0, x0q. Hence,

ωppy0, x0q, py1, x1qq � 0 @py1, x1q P N ðñ xUx0, y1yMK � xx1,U�y0yM � 0 @py1, x1q P N

ðñ

$''&
''%
xUx0, 0yMK � xx1,U�y0yM � 0 @p0, x1q P N0

xUx0,UTx1yMK � xx1,U�y0yM � 0 @pUTx1, x1q P N#

xUx0, y1yMK � x0,U�y0yM � 0 @py1, 0q P N8

ðñ

$''&
''%
xx1,U�y0yM � 0 @x1 PM00

xx0, Tx1yM � xx1,U�y0yM � 0 @x1 PM0

xUx0, y1yMK � 0 @y1 PM10

ðñ

$''&
''%
xUx1, y0yM � 0 @Ux1 PM11

xx1, T̂ x0yM � xx1,U�y0yM � 0 @x1 PM0

xx0,U�y1yM � 0 @U�y1 PM01

ðñ

$''&
''%
y0 KM11

xx1, T̂ x0 � U�y0yM � 0 @x1 PM0

x0 KM01

ðñ

$''&
''%
y0 PM10 kM1

T̂ x0 � U�y0 KM0

x0 PM00 kM0

It remains to show that

T̂ x0 � U�y0. (5.2.4)

First of all, put

x0 � m0 �m1 and y0 � m1
0 �m1

1

where m0 PM00, m1 PM0, m
1
0 PM10 and m1

1 PM1. Hence

xx, T̂x0 � U�y0yM � 0 @x PM0 ðñ xx, T̂ pm0 �m1q � U�pm1
0 �m1

1qyM � 0 @x PM0

ðñ xx, Tm1 � U�m1
0 � U�m1

1yM � 0 @x PM0

ðñ xx, Tm1 � U�m1
1yM � xx,U�m1

0yM � 0 @x PM0.

Since x PM0 and U�m1
0 PM01,

xx,U�m1
0yM � 0 @x PM0.

Consequently,

xx, T̂x0 � U�y0yM � 0 @x PM0 ðñ xx, Tm1 � U�m1
1yM � 0 @x PM0.
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Thus,

Tm1 � U�m1
1 PM0 and pTm1 � U�m1

1q KM0.

Hence

Tm1 � U�m1
1 ùñ m1

1 � UTm1.

Therefore,

u0 � x0 � y0 � pm0 �m1q � pm1
0 �m1

1q � m0 � pm1 � UTm1q �m1
0 P N

since m0 P N0, m1 � UTm1 P N# and m1
0 P N8. This contradicts that u0 P NωzN . In conclu-

sion, the subspace N is a maximal isotropic subspace; that is, it is a Lagrangain subspace.

At the end of this chapter, it might be useful to introduce some examples of a bi-equidefect

operator whose graph is represented by a Lagrangain subspace to enhance the understanding of

the above argument.

Example 5.2.1. Let R12 �MK `M where

MK � Clinte1, e2, e3, e4, e5, e6u and M � Clinte7, e8, e9, e10, e11, e12u,

and te1, e2, . . . , e12u is the standard basis of R12. De�ne the unitary operator

U :M ÑMK, Upe6�kq � ek for all k � 1, . . . , 6.

Thus, we can de�ne the symplectic form

ωppy, xq, py1, x1qq � xUx, y1yMK � xU�y, x1yM for every py, xq, py1, x1q PMK `M.

Consider

M00 � spante11, e12u, M01 � spante7, e8u, M0 � spante9, e10u.
Hence

M11 � UM00 � spante5, e6u, M10 � UM01 � spante1, e2u, M1 � UM0 � spante3, e4u.

Also, consider the Lagrangian subspace

N � spantpe1, 0q, pe2, 0q, p3e3, e9q, p4e4, e10q, p0, e11q, p0, e12qu.

De�ne a self-adjoint operator

T :M0 ÑM0

Te9 � 3e9 and Te10 � 4e10.

Then,

N# � tpUTx, xq | x PM0u � spantp3e3, e9q, p4e4, e10qu.
By extending T , we have

T̂ :M0 kM00 ÑM0 kM00

given by

T̂ px, x0q � pTx, 0q.
Thus,

U T̂ :M0 kM00 ÑM1 kM11
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given by

U T̂ e9 � 3e3, U T̂ e10 � 4e4, U T̂ e11 � 0, U T̂ e12 � 0

and its graph is

N0 kN# �
!
pU T̂ x, xq | x PM00 kM0

)
� spantp0, e11q, p0, e12q, p3e3, e9q, p4e4, e10qu.

Also, U T̂ is a equidefect operator since

dimpkerpT̂ qq � dimM00 � 2 and dimpcokerpT̂ qq � dimM11 � 2.

Dually, de�ne another self-adjoint operator

Ť :M1 kM10 ÑM1 kM10

given by

Ť pUx, y0q � pUT�1x, 0q
where x PM0, y0 PM10. Thus,

U�Ť :M1 kM10 ÑM0 kM01

given by

U�Ť e1 � 0, U�Ť e2 � 0, U�Ť e3 � 1

3
e9, U�Ť e4 � 1

4
e10.

Then, its graph is

N# kN8 �  py,U�Ť yq | y PM1 kM10

( � span

"
pe3, 1

3
e9q, pe4, 1

4
e10q, pe1, 0q, pe2, 0q

*

� span tp3e3, e9q, p4e4, e10q, pe1, 0q, pe2, 0qu .

In addition,

dimpkerpU�Ť qq � dimM10 � 2 and dimpcokerpU�Ť qq � dimM01 � 2.

This means that U�Ť is a equidefect operator as well. Now, the pair pT̂ , Ť q is a bi-equidefect

operator whose graph is represented by N .

In addition to the previous example, it might be useful to consider another similar example,

but on an in�nite-dimensional Hilbert space.

Example 5.2.2. Let

ℓ2 � Clinten � p0, 0, ..., 1nth

, 0, 0, ...q | n P Nu
and the subspace

MK � Clinten | n is oddu and M � Clinten | n is evenu.

De�ne the unitary operator

U :M ÑMK, Upenq � en�1 for every n � 2, 4, 6, . . . .

Thus, we can de�ne the symplectic form

ωppy, xq, py1, x1qq � xUx, y1yMK � xU�y, x1yM for every px, yq, px1, y1q PM `MK.
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Consider the Lagrangian subspace

N � Clin tp0, e2q, pe1, 0qu k Clin

"
pλnen�1, enq | 0   inf

n
|λn| ¤ sup

n
|λn|   8, n � 4, 6, 8, . . .

*
.

In this example, we have

N# � Clin

"
pλnen�1, enq | 0   inf

n
|λn| ¤ sup

n
|λn|   8, n � 4, 6, 8, . . .

*
.

If we de�ne the diagonal operator

T px4, x6, x8, . . . q � pλ4x4, λ6x6, λ8x8, . . . q,

then N# will represent the graph of UT . Also, we can set

N0 � Clinte2u and N8 � Clinte1u.

Therefore, by extending T to

T̂ :M0 kM00 ÑM0 kM00

T̂ px, x0q � pTx, 0q,
the subspace N0kN# will represent the graph of U T̂ . Moreover, if we de�ne another self-adjoint

operator

Ť :M1 kM10 ÑM1 kM10

Ť py, y0q � pUT�1U�y, 0q,
then its graph will be represented by N# kN8. Furthermore, we have

dimpkerpU T̂ qq � 1 � dimpcokerpU T̂ qq and dimpkerpU�Ť qq � 1 � dimpcokerpU�Ť qq.

In conclusion, U T̂ and U�Ť are equidefect operators, and the pair pT̂ , Ť q is a bi-equidefect oper-

ator such that the graph is represented by N .
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Chapter 6

SLp2,Rq Action On Bi-equidefect

Operators And Their Spectra

We continue working in the same setting with two subspaces M and N of pH, x�, �yq as in the

preceding chapter, maintaining all previously stated assumptions and statements. As established

above, we have constructed a bi-equidefect operator on M whose graph is represented by N .

Then, from these subspaces, we have determined the unitary operator U : M Ñ MK, which is

de�ned in (5.1.9). For this unitary operator U , we have the symplectic form:

ωppy, xq, py1, x1qq � xUx, y1yMK � xx1,U�yyM for every x, x1 PM,y, y1 PMK. (6.0.1)

With respect to this symplectic form, the subspaces M and N are Lagrangian subspaces. Also,

as discussed in Chapter 4, SLp2,Rq action on the Hilbert space H can be given via the same

unitary operator U :M ÑMK as follows: for every g �
�
a b

c d

�
P SLp2,Rq, we de�ne

ΦU pgq : H Ñ H; ΦU pgq � paIM � cUqPM � pdIMK � bU�1qPMK . (6.0.2)

In this chapter, we will introduce the central concept of this thesis. We will de�ne the operator

projective line as a generalisation of the real projective line PR. Also, we will de�ne SLp2,Rq
action on bi-equidefect operators through the Lagrangian subspaces that represent their graphs.

Moreover, we will introduce some connections between SLp2,Rq action and characterisation of

the elements of the spectrum of a bi-equidefect operator.

6.1 Operator Projective Line

The core idea of the generalisation of the real projective line PR to the operator projective

line is that we have

PR � Lag
�
R2, ω

�
where

Lag
�
R2, ω

� � tL � R2 | L is a Lagrangian subspaceu,
and it is called the Lagrangian Grassmannian [30]. In other words, we can think of the elements

of PR as Lagrangian subspaces with respect to the standard symplectic form:

ωppx, yq, px1, y1qq � xy1 � x1y for every px, yq, px1, y1q P R2.
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By analogy, we can generalise the above approach from R2 to the above Hilbert space H by

considering the Lagrangian subspaces of H. However, in an in�nite-dimensional case, the collec-

tion of all Lagrangian subspaces of H is too large, and its structure is not clear. For this reason,

we must restrict the class of Lagrangian subspaces to obtain a meaningful structure. To this

end, we should introduce the following theorem �rst.

Theorem 6.1.1. Let pH, x�, �yq be a separable real Hilbert space of either even �nite or in�nite

dimension and M be the subspace which de�nes the symplectic form:

ωppy, xq, py1, x1qq � xUx, y1yMK � xx1,U�yyM for every x, x1 PM,y, y1 PMK

for U : M Ñ MK is the unitary operator in (5.1.9). Then, the action of SLp2,Rq preserves this
symplectic form.

Proof. Let g �
�
a b

c d

�
. Thus, for all py, xq, py1, x1q P H such that y, y1 P MK and x, x1 P M , we

have

ωpg � py, xq; g � py1, x1qq � ωppay � bUx, cU�y � dxq; pay1 � bUx1, cU�y1 � dx1qq
� xay1 � bUx1, cy � dUxyMK � xcU�y1 � dx1, aU�y � bxyM
� acxy, y1yMK � bcxy,Ux1yMK � adxUx, y1yMK � bdxUx,Ux1yMK

� acxU�y1,U�yyM � adxU�y, x1yM � bcxx,U�y1yM � bdxx, x1yM
� xUx, y1yMK � xU�y, x1yM
� ωppy, xq; py1, x1qq.

This completes the proof.

Remark 6.1.2. As an immediate consequence of the above theorem, the SLp2,Rq action (6.0.2)

transforms Lagrangian subspaces to Lagrangian subspaces. More precisely, for every g P SLp2,Rq
and a Lagrangian subspace N , its transformed subspace ΦU pgqN is also Lagrangian.

Now, we can introduce the de�nition of the operator projective line, which is the heart of

this project.

De�nition 6.1.3 (Operator Projective Line). Let pH, x�, �yq be a separable real Hilbert space of

even �nite or in�nite dimension and M,N be closed subspaces with Equalities of Dimensionality

5.1.2. Also, consider the symplectic form (6.0.1) on H:

ωppy, xq, py1, x1qq � xUx, y1yMK � xx1,U�yyM for every x, x1 PM,y, y1 PMK

where the unitary operator U :M ÑMK is determined from M and N , as in (5.1.9). Moreover,

assume that SLp2,Rq acts on H via the above transformations (6.0.2), which are de�ned by the

same unitary operator U :

ΦU : SLp2,Rq �H Ñ H; ΦU pgq � paIM � cUqPM � pdIMK � bU�1qPMK .

Then, we de�ne the operator projective line generated by N as the orbit of N under this ac-

tion:

PN � tΦU pgqN � H | g P SLp2,Rqu .

Explicitly, for every g �
�
a b

c d

�
P SLp2,Rq, the transformed subspace is:

ΦU pgqN � tpcUx� dy, ax� bU�yq | py, xq P Nu.
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6.2 SLp2,Rq Action On Bi-equidefect Operators

Recall the subspace N mentioned at the beginning of the chapter, and let Ng be its trans-

formed subspace under g P SLp2,Rq. We will introduce a decomposition similar to (5.0.5):

Ng � Ng
0 kNg

# kNg
8 (6.2.1)

where Ng
0 �MXNg, Ng

8 �MKXNg, and Ng
# is the orthogonal complement of Ng

0 kNg
8 within

Ng.

Also, in a similar decomposition to (5.0.4) we can write:

Mg
00 �M XNg, Mg

01 �M X pNgqK, Mg
10 �MK XNg, Mg

11 �MK X pNgqK. (6.2.2)

Therefore, we will obtain

M �Mg
00 kMg

01 kMg
0 and MK �Mg

10 kMg
11 kMg

1 . (6.2.3)

where Mg
0 is the orthogonal complement of Mg

00 k Mg
01 within M , and Mg

1 is the orthogonal

complement of Mg
11 kMg

10 within MK.

As a consequence of Theorem 6.1.1, the unitary operator U : M Ñ MK still maps each

component in (6.2.3) into their corresponding counterpart, as detailed in Theorem 6.2.3 below.

To prove this, we �rst need the next two Lemmas.

Lemma 6.2.1. The subspace MKXpNgqK is the orthogonal complement of Ng
8kPMKNg

# within

MK where Ng
8 and Ng

# are the subspaces in (6.2.1).

Proof. Let w P MK X pNgqK. Then w K Ng
8 since Ng

8 � Ng. Also, for any vector v P PMKNg
#,

there exists u P Ng
# such that v � PMKu. Thus, u� v PM and this implies

xw, vy � xw, u� pv � uqy � xw, uy � xw, v � uy � 0� 0 � 0

since w P pNgqK, u P Ng and w P MK, v � u P M . Thus, w K PMKNg
#. Therefore, w K

Ng
8 k PMKNg

#.

The converse, if w P MK and w K Ng
8 k PMKNg

#, then w P pNg
8qK and w P pNg

0 qK because

Ng
0 �M . Also, for all u P Ng

# we have

0 � xw,PMKuy � xw, u� PMuy � xw, uy � xw,PMuy � xw, uy

and that means w P pNg
#qK. Hence

w P pNg
0 qK X pNg

8qK X pNg
#qK � pNgqK.

Therefore, w PMK X pNgqK.

In a similar way, we can also prove the following lemma.

Lemma 6.2.2. M X pNgqK is the orthogonal complement of Ng
0 k PMN

g
# within M where Ng

0

and Ng
# are the subspace in (6.2.1).
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Proof. Let w PMXpNgqK. Then w K Ng
0 since Ng

0 � Ng. Also, for any vector v P PMNg
#, there

exists u P Ng
# such that v � PMu. Thus, u� v PMK and this implies

xw, vy � xw, u� pv � uqy � xw, uy � xw, v � uy � 0� 0 � 0

since w P pNgqK, u P Ng and w P M, v � u P MK. Therefore, w K PMN
g
# and thus w K

Ng
0 k PMN

g
#.

The converse, if w PM and w K Ng
0 kPMNg

#, then w P pNg
8qK, w P pNg

0 qK and for all u P Ng
#

we have

0 � xw,PMuy � xw, u� PMKuy � xw, uy � xw,PMKuy � xw, uy
and that means w P pNg

#qK. Hence

w P pNg
0 qK X pNg

8qK X pNgqK# � pNgqK.

Therefore, w PM X pNgqK.

Theorem 6.2.3. Let g P SLp2,Rq and consider the decomposition

M �Mg
00 kMg

01 kMg
0 and MK �Mg

10 kMg
11 kMg

1 ,

as in (6.2.3). Then the above unitary operator U :M ÑMK satis�es

(i) UMg
00 �Mg

11 which means dimMg
00 � dimMg

11,

(ii) UMg
01 �Mg

10 which means dimMg
01 � dimMg

10,

(iii) UMg
0 �Mg

1 which means dimMg
0 � dimMg

1 ,

Proof. We have the decomposition

H �MK kM.

Every element of H is written as py, xq where y P MK and x P M . Now, let p0, xq P M X Ng.

Note that, since Ng is Lagrangian, we have

0 � wpp0, xq; py1, x1qq � xUx, y1yMK � x0, x1yM , @py1, x1q P Ng.

This means

xUx, y1yMK � 0 for all py1, 0q P PMKNg.

Therefore, from Lemma 6.2.1,

Up0, xq PMK j PMKpNg
8 kNg

#q �MK X pNgqK.

This implies

UpM XNgq �MK X pNgqK. (6.2.4)

On the other hand, let py, 0q PMK X pNgqK. Then there exists p0, uq PM such that

U�py, 0q � p0, uq.

Now for all py1, x1q P Ng we have

wpp0, uq; py1, x1qq � xUu, y1yMK � xy, y1yMK � 0
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since y P pNgqK and y1 P Ng. Hence p0, uq P pNgqω. Since Ng is Lagrangian, then

U�py, 0q � p0, uq PM XNg ùñ py, 0q P UpM XNgq.

Hence

MK X pNgqK � UpM XNgq. (6.2.5)

From p6.2.4q and p6.2.5q, the equality piq holds.

To prove the equality piiq, let py, 0q PMK XNg. Thus, sine Ng is Lagrangian

0 � wppy, 0q; py1, x1qq � x0, y1yMK � xU�y, x1yM � �xU�y, x1yM , @py1, x1q P Ng.

This means

xU�y, x1yM � 0 for all px1, 0q P PMNg.

Therefore, from Lemma 6.2.2,

U�p0, yq PM j PM pNg
0 kNg

#q �M X pNgqK.

Hence

U�pMK XNgq �M X pNgqK;
that is,

MK XNg � UpM X pNgqKq. (6.2.6)

To show the other side, assume that p0, xq P M X pNgqK and put Up0, xq � pv, 0q. Thus, for all
py1, x1q P Ng we have

wppv, 0q; py1, x1qq � x0, y1yMK � xU�v, x1yM � �xx, x1yM � 0

since p0, xq P pNgqK and p0, x1q P Ng. Therefore, p0, vq P pNgqω. Since Ng is Lagrangian, then

Up0, xq � pv, 0q PMK XNg.

This implies

UpM X pNgqKq �MK XNg. (6.2.7)

From p6.2.6q and p6.2.7q, the equality piiq holds.

For piiiq, frist of all, we have

MK �Mg
11 kMg

10 kMg
1 and M �Mg

00 kMg
01 kMg

0 .

By applying the unitary operator U on M , we will have

MK �Mg
11 kMg

10 kMg
1 and MK � UMg

00 k UMg
01 k UMg

0 .

By using piq and piiq, we will have

MK �Mg
11 kMg

10 kMg
1 and MK �Mg

11 kMg
10 k UMg

0 .

This means that UMg
0 and Mg

1 are both orthogonal complements of Mg
11 k Mg

10 within MK.

Since the orthogonal complement is unique, then

UMg
0 �Mg

1 ,

as required.
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Recall the bi-equidefect operator pT̂ , Ť q whose graph is represented by N . As we decom-

posed in (5.0.5), we have

N � N0 kN# kN8.

As in Section 5.1, pT̂ , Ť q is the pair of the following operators

T̂ : DompT̂ q �M0 kM00 ÑM0 kM00

T̂ px, x0q � pTx, 0q for every px, x0q PM0 kM00

and

Ť : DompŤ q �M1 kM10 ÑM1 kM10

Ť py, y0q � pUT�1U�y, 0q for every py, y0q PM1 kM10

In the above de�nitions,

T : DompT q �M0 ÑM0

is an injective self-adjoint operator de�ned on PMN with a dense range and a graph is repre-

sented by

N# � GraphpUT q � tpUTx, xq | x P DompT qu.
Also,

N0 kN# � GraphpU T̂ q � tpU T̂ x, xq | x P DompT̂ qu
and

N# kN8 � GraphpU�Ť q � tpy,U�Ť yq | y P DompŤ qu.

This follows from the construction in Section 5.1.

Now, if we take g �
�
a b

c c

�
P SLp2,Rq and apply the SLp2,Rq action ΦU on these graphs,

we obtain

Ng � Ng
0 kNg

# kNg
8,

as decomposed in (6.2.1). We claim that Ng represents a graph of a new bi-equidefect operator

pT̂g, Ťgq with the same above setting. To prove this claim, we �rst consider the operator

Tg : DompTgq �Mg
0 ÑMg

0

such that

Ng
# � tpUTgx, xq | x P DompTgqu.

Now, we shall show that Tg is self-adjoint. This can be proven as follows: since Ng
# is contained

in the Lagrangian subspace Ng, then for all x, x1 PMg
0 we have

0 � ωpUTgx, xq, pUTgx1, x1qq � xUx,UTgx1yMK � xTgx, x1yM � xx, Tgx1yM � xTgx, x1yM .

Therefore,

xx, Tgx1yM � xTgx, x1yM . (6.2.8)

Hence T is symmetric. To show that it is self-adjoint, we need to prove the equality of domains:

DompTgq � DompT�g q (6.2.9)
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where T�g : DompT�g q � Mg
0 Ñ Mg

0 is the adjoint of Tg. To this end, assume, for contradiction,

that

DompTgq � DompT�g q.
This implies

Ng
# � GraphpUTgq � GraphpUT�g q �Mg

0 kMg
1 .

Now, we aim to show that GraphpUT�g q is a subspace of Ng. This will lead to a contradiction

because we cannot have a subspace of Ng strictly larger than Ng
# and contained inside Mg

0 k
Mg

1 . To accomplish that, take any pUTgx, xq P GraphpUTgq and pUT�g x1, x1q P GraphpUT�g q.
Then,

ωppUTgx, xq, pUT�g x1, x1qq � xUx,UT�g x1yMK � xTgx, x1yM
� xx, T�g x1yM � xTgx, x1yM
� xTgx, x1yM � xTgx, x1yM
� 0.

Also, take any p0, xq P Ng
0 and pUT�g x1, x1q P GraphpUT�g q. Then,

ωpp0, xq, pUT�g x1, x1qq � xUx,UT�g x1yMK � x0, x1yM � xx, T�g x1yM � 0

since x P Mg
00 and T�g x

1 P Mg
0 . Moreover, take any py, 0q P Ng

8 and pUT�g x1, x1q P GraphpUT�g q.
Then,

ωppy, 0q, pUT�g x1, x1qq � x0,UT�g x1yMK � xU�y, x1yM � �xU�y, x1yM � 0

since U�y PMg
01 and x1 PMg

0 . Thus, we conclude that

Ng
# � GraphpUT�g q � pNgqω � Ng.

Hence, the equality (6.2.9) must hold. Therefore, as required, Tg whose graph is represented by

Ng
# � tpUTgx, xq | x P DompTgqu

is a self-adjoint operator. Furthermore, the injectivity of Tg and density of its range follow from

Ng
# XM � Ng

# XMK � t0u,

as demonstarted in Section 5.1.

Moreover, as constructed in Section 5.1, we can de�ne

U T̂g :Mg
0 kMg

00 ÑMg
1 kMg

11 (6.2.10)

where

T̂gpx, x0q � pTgx, 0q for every px, x0q PMg
0 kMg

00. (6.2.11)

Moreover, consider another operator

U�Ťg :Mg
1 kMg

10 ÑMg
0 kMg

01 (6.2.12)

where

Ťgpy, y0q � pUT�1
g U�y, 0q for every py, y0q PMg

1 kMg
10. (6.2.13)

As a result,

GraphpU T̂gq � Ng
0 kNg

# and GraphpU�Ťgq � Ng
# kNg

8 (6.2.14)
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with

kerpU T̂gq � Ng
0 and kerpU�Ťgq � Ng

8. (6.2.15)

Furthermore, from Theorem 6.2.3, we have

UMg
00 �Mg

11 and UMg
01 �Mg

10.

This implies dimpMg
00q and dimpMg

11q are the same. Also, dimpMg
01q and dimpMg

10q are the same.

Therefore, the operators U T̂g and U Ťg are indeed equidefect, cf. De�nition 5.1.4.

In summary, we can state that the bi-equidefect operator pT̂ , Ť q whose graph is represented

by the Lagrangain subspace N is transformed by g �
�
a b

c d

�
P SLp2,Rq through transform-

ing N into Ng and determining its intersections with M and MK to obtain a new bi-equidefect

operator pT̂g, Ťgq.
Example 6.2.4. Consider

R12 �MK `M

where

M � te1, e2, . . . , e6u � R6 and MK � tf1, f2, . . . , f6u � R6.

Consider the unitary operator

U :M ÑMK

Uen � fn.

Now, construct a bi-equidefect operator pT̂ , Ť q on

M � te1, e2, . . . , e6u

whose graph is represented by

N � span
 p0, e1q, pf3, e3q, pf4, e4q, p2f5, e5q, p3f6, e6q, pf2, 0q(,

which is a Lagrangian subspace with respect to the standard symplectic form. Now, if we take

g �
�
1 �1
0 1

�
P SLp2,Rq, then

Ng � span
 p�f1, e1q, pf2, 0q, p0, e3q, p0, e4q, pf5, e5q, p2f6, e6q(..

In this subspace,

Ng
0 � spantp0, e3q, p0, e4qu, Ng

# � spantp�f1, e1q, pf5, e5q, p2f6, e6qu, Ng
8 � spantpf2, 0qu.

If we de�ne the operator Tg on Mg
0

Tge1 � �e1, Tge5 � e5, Tge6 � 2e6,

then

Ng
# � tpUTgx, xq : x PMg

0 u.

The extended operator T̂g on Mg
0 kMg

00 as in (6.2.11) is:

T̂g :M
g
0 `Mg

00 ÝÑMg
0 kMg

00,
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T̂gpe1q � �e1, T̂gpe3q � 0, T̂gpe4q � 0, T̂gpe5q � e5, T̂gpe6q � 2e6.

The operator U T̂g :Mg
0 `Mg

00 ÝÑMg
1 `Mg

11 is equidefect because

dimpkerpU T̂gqq � 2 � dimpcokerpU T̂gqq.

Dually, the operator Ťg on Mg
1 `Mg

10 as in (6.2.13) is:

Ťg :M
g
1 `Mg

10 ÝÑMg
1 `Mg

10,

Ťgpf1q � �f1, Ťgpf2q � 0, Ťgpf5q � f5, Ťgpf6q � 1
2f6.

The operator U�Ťg :Mg
1 kMg

10 ÝÑMg
0 kMg

01 is equidefect because

dimpkerpU Ťgqq � 1 � dimpcokerpU Ťgqq.

In conclusion, when we transformed the bi-equidefect operator pT̂ , Ť q by g P SLp2,Rq, we ob-

tained a new bi-equidefect operator pT̂g, Ťgq.

6.3 Spectrum Of Bi-equidefect Operators

Let H be either an even �nite-dimensional or a separable in�nite-dimensional real Hilbert

space and let T : DompT q � H Ñ H be a self-adjoint operator, not necessarily bounded. The

self-adjointness of T implies that its spectrum is a subset of R. Explicitly, its spectrum is de-

�ned as:

σpT q � tλ P R | T � λI is not boundedly invertibleu.
It is common to write T � λI as T � λ. Therefore, for simplicity, we may use it in this thesis.

Also, it is well-known that

σpT q � σppT q Y σcpT q Y σrpT q
where σppT q is the point spectrum (set of all eigenvalues of T ), σcpT q is the continuous spec-
trum and σrpT q is the residual spectrum [24]. Furthermore, it is known that if T is a self-adjoint

operator, then the residual spectrum σrpT q is empty. Therefore,

σpT q � σppT q Y σcpT q � R.

Let M,N be closed subspaces of the Hilbert space H with Equalities of Dimensionality 5.1.2.

As decomposed in (5.0.4) and (5.0.5),

M �M00 kM01 kM0, MK �M10 kM11 kM1, N � N0 kN8 kN#. (6.3.1)

Moreover, as constructed in (5.1.11) and (5.1.12), a bi-equidefect operator pT̂ , Ť q can be de�ned

as:

T̂ :M0 kM00 ÑM0 kM00; T̂ px, x0q � pTx, 0q for every px, x0q PM0 kM00, (6.3.2)

and

Ť :M1 kM10 ÑM1 kM10; Ť py, y0q � pUT�1U�y, 0q for every py, y0q PM1 kM10. (6.3.3)

with

N0 kN# � GraphpU T̂ q � tpU T̂ x, xq | x P DompT̂ qu
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and

N# kN8 � GraphpU�Ť q � tpy,U�Ť yq | y P DompŤ qu.

The following de�nition introduces the spectrum of this bi-equidefect operator as a subset of

the real projective line PR.

De�nition 6.3.1. The spectrum of a bi-equidefect operator pT̂ , Ť q consists of two charts:

σpT̂ , Ť q �  rλ : 1s P PR | T̂ � λI is not boundedly invertible
(

Y  r1 : λ1s P PR | Ť � λ1I is not boundedly invertible
(
.

The former chart will be labelled as T̂ -chart, while the latter as Ť -chart.

Remark 6.3.2. The above two charts overlap on σpT̂ , Ť qz tr0 : 1s, r1 : 0su. More precisely, for

every rλ : 1s P T̂ -chart with λ � 0, there exists r1 : λ1s P Ť -chart such that λ � 1
λ1 .

Furthermore, if we assign rλ : 1s with λ and r1 : 0s with 8, then, we conventionally describe

the elements of the spectrum of pT̂ , Ť q as:
� λ P σpT̂ , Ť q if T̂ � λI is not boundedly invertible,

� 8 P σpT̂ , Ť q if Ť is not boundedly invertible.

Example 6.3.3. Consider

R12 �MK `M

where

M � te1, e2, . . . , e6u � R6 and MK � tf1, f2, . . . , f6u � R6.

In Example 6.2.4, we have constructed a bi-equidefect operator pT̂ , Ť q on

M � te1, e2, . . . , e6u

whose graph is represented by

N � spantp0, e1q, pUe3, e3q, pUe4, e4q, p2Ue5, e5q, p3Ue6, e6q, pUe2, 0qu.

One can easily check that the eigenvalues of the bi-equidefect are σppT̂ , Ť q � t0, 1, 2, 3, 8u. If
we transform them by the formula (4.1.1) (with the in�nity rules in (4.1.5)),

Φ

��
1 �1
0 1

�
, x

�
�

�
1 �1
0 1

�
� x � x� 1,

then the transformed set is t�1, 0, 1, 2, 8u. This set is the eigenvalues of the transformed bi-

equidefect operator pT̂g, Ťgq whose graph is

Ng � span
 p�Ue1, e1q, pUe2, 0q, p0, e3q, p0, e4q, pUe5, e5q, p2Ue6, e6q(.

This observation leads us to establish a relationship between the transformation of a bi-

equidefect operator and the transformation of its spectrum under SLp2,Rq action as de�ned in

(4.1.7) and (4.1.8). This is what the following theorem states.
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Theorem 6.3.4. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space and let M,N be closed subspaces with Equalities of Dimensionality 5.1.2. Also,

let pT̂ , Ť q be a bi-equidefect operator, as in (6.3.2), (6.3.3), and pT̂g, Ťgq is its transformed oper-

ator under g P SLp2,Rq, see Section 6.2. Moreover, let σpT̂ , Ť q be the spectrum of pT̂ , Ť q and
σpT̂g, Ťgq be the spectrum of pT̂g, Ťgq. Then the spectrum σpT̂g, Ťgq will be the transformed set of

σpT̂ , Ť q under g P SLp2,Rq; that is,

g � σpT̂ , Ť q � σpT̂g, Ťgq for every g P SLp2,Rq (6.3.4)

where SLp2,Rq action on the left-hand side is de�ned in (4.1.6) and,

T̂g � paT̂ � bqpcT̂ � dq�1 and Ťg � pc� dŤ qpa� bŤ q�1.

Proof. As in (6.3.1), assume that

N � N0 kN# kN8

represents the graph of pT̂ , Ť q such that

N0 kN# � GraphpU T̂ q � tpU T̂ x, xq | x P DompT̂ qu

and

N# kN8 � GraphpU�Ť q � tpy,U�Ť yq | y P DompŤ qu.

Let g �
�
a b

c d

�
P SLp2,Rq. Then, as in Section 6.2, the graph of the bi-equidefect operator

pT̂g, Ťgq is represented by the transformed subspace

Ng � ΦU pgqN

where ΦU pgq is in (6.0.2). Also, observe

ΦU pgqpN0 kN#q � ΦU pgqGraphpU T̂ q
� tpUpaT̂ � bqx, pcT̂ � dqxq | x P DompT̂ qu
� tpUpaT̂ � bqpcT̂ � dq�1x, xq | x P RanpcT̂ � dqu
k tpUpaT̂ � bqx, 0q | x P kerpcT̂ � dqu,

and

ΦU pgqpN# kN8q � ΦU pgqGraphpU�Ť q
� tppa� bŤ qy,U�pc� dŤ qyq | y P DompŤ qu
� tpy,U�pcŤ � dqpaŤ � bq�1yq | y P RanpaŤ � bqu
k tp0,U�pc� dŤ qyq | y P kerpaŤ � bqu.

Now, assume that the spectrum of pT̂ , Ť q is

σpT̂ , Ť q �
!
rλ : 1s P PR | T̂ � λ is not boundedly invertible

)
Y  r1 : λ1s P PR | Ť � λ1 is not boundedly invertible

(
.
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From (4.1.6), the transformation of σpT̂ , Ť q is:

g � σpT̂ , Ť q �
!
raλ� b : cλ� ds P PR | rλ : 1s P σpT̂ , Ť q

)
Y
!�
a� bλ1 : c� dλ1

� P PR | r1 : λ1s P σpT̂ , Ť q
)

�
"�

aλ� b

cλ� d
: 1

�
P PR | cλ� d � 0 and rλ : 1s P σpT̂ , Ť q

*

Y
"�

1 :
c� dλ1

a� bλ1

�
P PR | a� bλ1 � 0 and r1 : λ1s P σpT̂ , Ť q

*
.

We might need to demonstrate the last equality. First of all, we should note that

cλ� d � 0 and a� bλ1 � 0

cannot happen because$&
%cλ� d � 0

a� bλ1 � 0
ùñ

$&
%cλ� d � 0

aλ� b � 0
ùñ

$&
%λ �

�d
c

λ � �b
a

ùñ �d
c
� �b

a
ùñ ad� bc � 0,

which contradicts ad� bc � 1. Next, we should clarify that if

cλ� d � 0 or a� bλ1 � 0,

then the transformed element of rλ : 1s or of r1 : λ1s will be in g � σpT̂ , Ť q. This follows from the

homogeneity of coordinates. To see that, assume that cλ � d � 0 with λ � 0 (thus, aλ � b � 0).

Then the transformed element of rλ : 1s will be�
1 :

c� dλ1

a� bλ1

�
P g � σpT̂ , Ť q

because

raλ� b : cλ� ds �
�
1 :

cλ� d

aλ� b

�
�

�
1 :

c 1
λ1 � d

a 1
λ1 � b

�
�

�
1 :

c� dλ1

a� bλ1

�
.

If a� bλ1 � 0 with λ1 � 0 (thus, c� dλ1 � 0), the transformed element of r1 : λ1s will also be�
aλ� b

cλ� d
: 1

�
P g � σpT̂ , Ť q

because �
a� bλ1 : c� dλ1

� � �
a� bλ1

c� dλ1
: 1

�
�

�
a� b 1λ
c� d 1

λ

: 1

�
�

�
aλ� b

cλ� d
: 1

�
.

This shows that the equality

g � σpT̂ , Ť q �
"�

aλ� b

cλ� d
: 1

�
P PR | cλ� d � 0 and rλ : 1s P σpT̂ , Ť q

*

Y
"�

1 :
c� dλ1

a� bλ1

�
P PR | a� bλ1 � 0 and r1 : λ1s P σpT̂ , Ť q

*
.

indeed holds. Now, we need to prove that

g � σpT̂ , Ť q � σpT̂g, Ťgq (6.3.5)

where

T̂g � paT̂ � bqpcT̂ � dq�1 and Ťg � pc� dŤ qpa� bŤ q�1.
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But we �rst need to demonstrate that �d
c ,

�a
b P σpT̂g, Ťgq is not excluded, in order to guarantee

the invertibility of

cT̂ � d and a� bŤ .

Indeed, note that if �d
c P σpT̂g, Ťgq, then �d

c P σpŤgq and �d
c R σpT̂gq which implies that cT̂ � d

is invertible. Furthermore, as illustrated above, ad � bc � 1 leads to �d
c � �a

b which means that
�d
c P σpŤgq does not a�ect invertibility of a � bŤ . Similarly, if �a

b P σpT̂g, Ťgq, then �a
b P σpT̂gq

and �a
b R σpŤgq which yields the invertibility of a � bŤ . Moreover, �ab P σpT̂gq does not prevent

cT̂ � d from being invertible because �d
c � �a

b . Therefore, the transformed operators

T̂g � paT̂ � bqpcT̂ � dq�1 and Ťg � pc� dŤ qpa� bŤ q�1

are well-de�ned even when �d
c ,

�a
b P σpT̂g, Ťgq. We can now proceed to prove equality (6.3.5).

Assume cλ� d � 0 (possibly aλ� b � 0). We have three cases:

� Case 1: if c � 0, d � 0 and �d
c R σpT̂ q (possibly �d

c P σpŤ q), then cT̂ � d is invertible.

Thus,

T̂g � aλ� b

cλ� d
� paT̂ � bqpcT̂ � dq�1 � aλ� b

cλ� d

�
�
pcλ� dqpaT̂ � bq � paλ� bqpcT̂ � dq

�
pcλ� dq�1pcT̂ � dq�1

�
�
pbc� adqλ� pbc� adqT̂

�
pcλ� dq�1pcT̂ � dq�1

� pcλ� dq�1pT̂ � λqpcT̂ � dq�1.

� Case 2: if c � 0, d � 0 and �d
c R σpT̂ q (possibly �d

c P σpŤ q), then cT̂ � d is also invertible.

Thus, the same argument as in Case 1 remains valid.

� Case 3: if c � 0 and d � 0 (which means ad � 1), then

T̂g � aλ� b

d
� d�1paT̂ � bq � aλ� b

d

� d�1
�
paT̂ � bq � paλ� bq

�
� �

d2
��1

�
dpaT̂ � bq � dpaλ� bq

�
� �

d2
��1

�
adT̂ � adλ

�
� �

d2
��1

�
T̂ � λ

	
.

Hence, in all the above cases, we have

T̂g � aλ� b

cλ� d
is invertible ðñ T̂ � λ is invertible.

Equivalently,

g � rλ : 1s � raλ� b : cλ� ds �
�
aλ� b

cλ� d
: 1

�
P σpT̂g, Ťgq ðñ rλ : 1s P σpT̂ , Ť q. (6.3.6)

Now, assume that a� bλ1 � 0 (possibly c� dλ1 � 0). Here, we also have three cases:
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� Case 1: if a � 0, b � 0 and �a
b R σpŤ q (possibly �a

b P σpT̂ q), then a � bŤ is invertible.

Thus,

Ťg � c� dλ1

a� bλ1
� pc� dŤ qpa� bŤ q�1 � c� dλ1

a� bλ1

� �pa� bλ1qpc� dŤ q � pc� dλ1qpa� bŤ q� pa� bλ1q�1pa� bŤ q�1

� �pbc� adqλ1 � pbc� adqŤ � pa� bλ1q�1pa� bŤ q�1

� pa� bλ1q�1pŤ � λ1qpa� bŤ q�1.

� Case 2: if a � 0, b � 0 and �a
b R σpŤ q (possibly �a

b P σpT̂ q), then a � bŤ is invertible.

Thus, the same argument as in Case 1 remains valid.

� Case 3: if a � 0 and b � 0 (which means ad � 1), then

Ťg � c� dλ1

a
� paq�1pc� dŤ q � c� dλ1

a

� paq�1
�pc� dŤ q � pc� dλ1q�

� �
a2
��1 �

apc� dŤ q � apc� dλ1q�
� �

a2
��1 �

adŤ � adλ1
�

� �
a2
��1 pŤ � λ1q.

Hence, in all the above cases, we have

Ťg � c� dλ1

a� bλ1
is invertible ðñ Ť � λ1 is invertible.

Equivalently,

g � r1 : λ1s � ra� bλ1 : c� dλ1s �
�
1 :

c� dλ1

a� bλ1

�
P σpT̂g, Ťgq ðñ r1 : λ1s P σpT̂ , Ť q. (6.3.7)

From (6.3.6) and (6.3.7), the equality (6.3.5) holds.

This result becomes useful if we recall the spectral decomposition of self-adjoint operators

[32], [14]. In this decomposition, we consider the Borel σ-algebra

BpRq � σ ptpa, bs | a   buq ,

with a projection-valued measure

E : BpRq Ñ LpHq
such that the following properties hold:

� EpHq � 0, EpRq � I.

� For each A P BpRq, EpAq is an orthogonal projection on H.

� For A1, A2 P BpRq, EpA1 XA2q � EpA1qEpA2q.
� E is countably additive; that is, for each sequence pAnqnPN of pairwise disjoint sets in

BpRq, we have
E

�¤
nPN

An

�
�

¸
nPN

EpAnq.
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� For each x P H,

µxpAq � xEpAqx, xy where A P BpRq (6.3.8)

is a measure on the σ-algebra BpRq.
Now, for a self-adjoint operator T on a real Hilbert space pH, x�, �yq, we have σpT q � R and there

exists a projection-valued measure

E : BpσpT qq Ñ LpHq

such that

T �
»
σpT q

λdEpλq. (6.3.9)

Here,

BpσpT qq � σ ptσpT q X pa, bs | a   buq
and the domain of T is:

DompT q �
#
x P H |

»
σpT q

λ2dxEpλqx, xy   8
+
.

In this domain, we guarantee that

}Tx}2 �
»
σpT q

λ2dxEpλqx, xy   8 for every x P DompT q.

Now, since a bi-equidefect operator pT̂ , Ť q is a pair of self-adjoint operators, we can write

T̂ �
»
σpT̂ q

λdEpλq and Ť �
»
σpŤ q

λ1dEpλ1q

where σpT̂ q and σpŤ q are the spectra of T̂ and Ť , respective. Thus, as in De�nition 6.3.1, the

spectrum σpT̂ , Ť q � PR is:

σpT̂ , Ť q �
!
rλ : 1s P PR | T̂ � λI is not boundedly invertible

)
Y  r1 : λ1s P PR | Ť � λ1I is not boundedly invertible

(
.

Also, as in Remark 6.3.2, the above two charts overlap on σpT̂ , Ť qz tr0 : 1s, r1 : 0su. More pre-

cisely, for every rλ : 1s P T̂ -chart with λ � 0, there exists r1 : λ1s P Ť -chart such that λ � 1
λ1 .

After that, if we transform this spectrum by g �
�
a b

c d

�
P SLp2,Rq, we will obtain

σpT̂g, Ťgq �
"�

aλ� b

cλ� d
: 1

�
P PR | cλ� d � 0 and rλ : 1s P σpT̂ , Ť q

*

Y
"�

1 :
c� dλ1

a� bλ1

�
P PR | a� bλ1 � 0 and r1 : λ1s P σpT̂ , Ť q

*
.

Remark 6.3.5. As shown in the proof of Theorem 6.3.4, it is worth emphasising that a � bλ1

and cλ� d cannot both be zero because$&
%cλ� d � 0

a� bλ1 � 0
ùñ

$&
%cλ� d � 0

aλ� b � 0
ùñ

$&
%λ �

�d
c

λ � �b
a

ùñ �d
c
� �b

a
ùñ ad� bc � 0,

which contradicts ad� bc � 1.
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From (6.3.4), this is the spectrum of the transformed bi-equidefect operator pT̂g, Ťgq such that

σpT̂gq �
"
aλ� b

cλ� d
P R | cλ� d � 0 and rλ : 1s P σpT̂ , Ť q

*

and

σpŤgq �
"
c� dλ1

a� bλ1
P R | a� bλ1 � 0 and r1 : λ1s P σpT̂ , Ť q

*

Hence, the transformed bi-equidefect operator pT̂g, Ťgq will have the spectral decompositions:

T̂g �
»
σpT̂ q

aλ� b

cλ� d
dEpλq and Ťg �

»
σpŤ q

c� dλ1

a� bλ1
dEpλ1q.

As shown above, cλ � d and a � bλ1 cannot both be zero, which guarantees that the operators

are well de�ned.

Example 6.3.6. Consider

H � L2pr0, 1sq k L2pr0, 1sq
where

L2pr0, 1sq �
"
f : r0, 1s Ñ R | }f}22 �

» 1

0

|fpxq|2dx   8
*
.

In this example,

M � Clin tϕn | n is oddu and MK � Clin tϕn | n is evenu

where

ϕ2k�1 �
�
0,
?
2 sin

�
2k � 1

2
πx




and ϕ2k �

�?
2 sin

�
2k � 1

2
πx



, 0



.

De�ne the unitary operator

U :M ÑMK, Upϕnq � ϕn�1 for every n � 1, 3, 5, . . . .

Now, consider the integral operator

T :M ÑM

Tfpxq �
» 1

0

minpx, yqfpyqdy

where

minpx, yq �
$&
%x if 0 ¤ x ¤ y ¤ 1

y if 0 ¤ y ¤ x ¤ 1
.

As T is a compact operator [17], [29], its spectrum is a pure point spectrum. Thus, its spectral

decomposition

T �
»
σpT q

λdEpλq

can be expressed as a sum:

Tfpxq �
8̧

n�1

λnxf, ϕnyϕnpxq for every n � 1, 3, 5, . . . .

where

λn �
�

2

p2n� 1qπ

2

and xf, ϕny �
» 1

0

fpyqϕnpyqdy.
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The operator T , as a bi-equidefect operator, has the spectrum#
rλn : 1s P PR | λn �

�
2

p2n� 1qπ

2

, @n � 1, 3, 5, . . .

+
.

If we take g �
�

0 1

�1 1

�
P SLp2,Rq and transform σpT q, then, by (4.1.7) and (4.1.8), we obtain

"
rµn : 1s P PR | µn � π2p2n� 1q2

π2p2n� 1q2 � 4
, @n � 1, 3, 5, . . .

*
.

Therefore, the spectral decomposition of the transformed operator Tg is

Tgfpxq �
8̧

n�1

µnxf, ϕnyϕnpxq for every n � 1, 3, 5, . . .

where

µn � π2p2n� 1q2
π2p2n� 1q2 � 4

and xf, ϕny �
» 1

0

fpyqϕnpyqdy.

We now turn to the connection between SLp2,Rq action and the point spectrum of pT̂ , Ť q.
We have assumed that H is either an even �nite-dimensional or a separable in�nite-dimensional

real Hilbert space and M,N are closed subspaces with Equalities of Dimensionality 5.1.2. More-

over, we have considered the symplectic form on H:

ωppy, xq, py1, x1qq � xUx, y1yMK � xx1,U�yyM for every x, x1 PM,y, y1 PMK

where the unitary operator U : M Ñ MK is determined from M and N , as in (5.1.9). According

to this symplectic form, we have shown, in section 5.2, that M,N are Lagrangian subspaces.

Furthermore, from Remark 6.1.2, the transformed subspace Ng of N under every g P SLp2,Rq is
Lagrangain as well.

In the following theorem, we will denote the Lagrangian subspace by L instead of N to

avoid confusion with the subgroup N in (3.0.1).

Theorem 6.3.7. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space equipped with the symplectic form (6.0.1) and let M,L be Lagrangian

subspaces satisfying the Equalities of Dimensionality 5.1.2. Also, let pT̂ , Ť q be a bi-equidefect op-

erator, as in (6.3.2), (6.3.3) such that its graph represented by L and rλ : 1s P PR. Then

rλ : 1s is an eigenvalue of pT̂ , Ť q ðñ
£
gPNλ

Lg � t0u (6.3.10)

where Lg � ΦU pgqL with g being an element of

Nλ �
#�

1� λt λ2t

�t 1� λt

�
| t P R

+
. (6.3.11)

For the in�nity eigenvalue,

r1 : 0s is an eigenvalue of pT̂ , Ť q ðñ
£
gPN

Lg � t0u (6.3.12)

where

N �
#�

1 t

0 1

�
| t P R

+
.
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Proof. Since L represents a graph of pT̂ , Ť q, we can write

L � tpU T̂ x, xq | x P PMLu k kerpŤ q

where U :M ÑMK is the unitary operator in (5.1.9). We express the elements L as

pk � U T̂ x, xq where x P PML, k P kerpŤ q.

Now, observe£
gPNλ

Lg � t0u ðñ Dpk � U T̂ x, xq P Hzt0u such that pk � U T̂ x, xq P
£
gPNλ

Lg

ðñ Dpk � U T̂ x, xq P Hzt0u such that pk � U T̂ x, xq P ΦU pgqL for all g P Nλ
ðñ Dpk � U T̂ x, xq P Hzt0u such that ΦU pg�1qpk � U T̂ x, xq P L for all g P Nλ
ðñ Dpk � U T̂ x, xq P Hzt0u such that�

1� λ �λ2t
t 1� λt

�
�
�
k � U T̂ x

x

�
P L for all t P R

ðñ Dpk � U T̂ x, xq P Hzt0u such that�
p1� λtqpk � U T̂ xq � λ2tUx
tpU�k � T̂ xq � p1� λtqx

�
P L for all t P R

Since L is Lagrangian and pU T̂ x, xq P L (by taking t � 0), we have

ω
��p1� λtqpk � U T̂ xq � λ2tUx , tpU� � T̂ xq � p1� λtqx�, pk � U T̂ x, xq� � 0 for all t P R

By the de�nition of ω, we have

xtpk � U T̂ xq � p1� λtqUx, k � U T̂ xyMK � xp1� λtqpU�k � T̂ xq � λ2t x, xyM � 0 for all t P R.

Then

t}k � U T̂ x}2 � x1� λtUx, k � U T̂ xyMK � xp1� λtqpU�k � T̂ xq, xyM � λ2t}x}2 � 0 for all t P R.

By simple calculation,

}U�k � T̂ x� λx}2 � 0,

which implies

U�k � λx� T̂ x.

Since U�k PM01, λx� T̂ x PM0 kM00 and M01 XM0 kM00 � t0u, then

0 � T̂ x� λx.

Equivalently,

T̂ x � λx.

This means

rλ : 1s is an eigenvalue of pT̂ , Ť q.
For the in�nity eigenvalue, we write

L � kerpT̂ q k tpy,U�Ť yq | y P PMKLu
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where U :M ÑMK is the unitary operator in (5.1.9). Here, we will express the elements L as

py, k � U�Ť yq where y P PMKL, k P kerpT̂ q.

Now, observe£
gPN

Lg � t0u ðñ Dpy, k � U�T̂ yq P Hzt0u such that py, k � U�Ť yq P
£
gPN

Lg

ðñ Dpy, k � U�T̂ yq P Hzt0u such that py, k � U�Ť yq P ΦU pgqL for all g P N
ðñ Dpy, k � U�T̂ yq P Hzt0u such that ΦU pg�1qpy, k � U�Ť yq P L for all g P N
ðñ Dpy, k � U�T̂ yq P Hzt0u such that py � tUk � tŤ y, k � U�Ť yq P L for all t P R

Since L is Lagrangian and py, k � U�Ť yq P L (by taking t � 0), we have

ω
�py � tUk � tŤ y, k � U�Ť yq, py, k � U�Ť yq� � 0 for all t P R

By the de�nition of ω, we have

xUk � Ť y, yyMK � xU�py � tŤ yq � tk, k � U�Ť yyM � 0 for all t P R.

Then

xUk � Ť y, yyMK � xy,Uk � Ť yyMK � t}Uk � Ť y}2 � 0 for all t P R.

This implies

t}Uk � Ť y}2 � 0 for all t P R.

Hence

Uk � Ť y � 0.

Equivalently,

Ť y � �Uk.
Since Ť y PM1 kM10, Uk PM11 and M1 kM10 XM11 � t0u, then Ť y � 0. This means

r1 : 0s is an eigenvalue of pT̂ , Ť q.

This completes the proof.

Remark 6.3.8. The above theorem provides us with an alternative criterion for eigenvalues.

Indeed, we can geometrically characterise the eigenvalues of a bi-equidefect operator through

SLp2,Rq action.

The next theorem concerns the characterisation of elements of the continuous spectrum of

a bi-equidefect operator through SLp2,Rq action. But before introducing the theorem, we need

the following de�nition.

De�nition 6.3.9. For a subspace N � MK kM and �xed ε P p0, 1q, we de�ne its ε-adjunct

neighbourhood Nε by

Nε � tv � y | v P N, y PMK and }y}   ε}PMv}u.

In geometric interpretation, for every vector v P N , we allow perturbation in PMKv, but

the norm of this perturbation is controlled relatively by the norm of PMv. This means that as

}PMv} grows, the perturbation of }PMKv} grows proportionally. The picture can be seen clearly

in a two-dimensional space. See the following example.
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Example 6.3.10. Consider the space R2, and let

M � tp0, xq | x P Ru and MK � tpy, 0q | y P Ru.

Also, for �xed λ P Rzt0u, consider

N � tpλx, xq | x P Ru.

Then, for �xed ε P p0, 1q, the ε-adjunct of N is:

Nε � tpλx� δ, xq | |δ|   ε|x|u.

M

MK y � λx

y � pλ� εqx

y � pλ� εqx

The light blue band is ε-adjunct neighbourhood Nε of N : y � λx

Theorem 6.3.11. Let H be either an even �nite-dimensional or a separable in�nite-dimensional

real symplectic Hilbert space equipped with the symplectic form (6.0.1) and let M,N be Lagrangian

subspaces satisfying the Equalities of Dimensionality 5.1.2 with N8 � N XMK � t0u. Also, let
pT̂ , Ť q be a bi-equidefect operator, as in (6.3.2) and (6.3.3), whose graph is represented by N .

Moreover, let λ P R and assume that the operator T̂ � λ is injective. For �xed ε P p0, 1q, if the
ε-adjunct neighbourhood of N satis�es

Nε XNg � t0u for every g P Aλ,

then the operator T̂ � λ does not have a bounded inverse where Ng is the transformed subspaces

of N under g P Aλ and Aλ is the semi-group

Aλ �
#�

et λpe�t � etq
0 e�t

�
| t P p0,8q

+
. (6.3.13)

Proof. Set

D � RanpT̂ � λq � ty PM | y � pT̂ � λqx, x PMu.
Then we de�ne the operator S on D as the inverse of T̂ � λ by letting

S : D Ñ RanpSq
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Spyq � pT̂ � λq�1y � x.

The unboundedness of S follows from NεXNg being not trivial for any g P Aλ. To see this, pick

any nonzero pU T̂ x, xq P N and then apply gt P Aλ to obtain

zt � ΦU pgtqz � petU T̂ x� λpe�t � etqUx, e�txq.

Now, consider

wt � pU T̂ e�tx, e�txq P N,
which implies

zt � wt � ppet � e�tqUpT̂ � λqx, 0q PMK.

If zt P Ngt XNε, then, according to the de�nition of ε-adjunct neighbourhood, we have

}zt � wt}   ε}PMwt}.

Hence

}pet � e�tqUpT̂ � λqx}   εe�t}x}.
Since U is unitary,

}pT̂ � λqx}   ε

e2t � 1
}x}. (6.3.14)

Now, since the above argument holds for all gt P Aλ, then

}pT̂ � λqx}   ε

e2t � 1
}x} Ñ 0 as tÑ8.

Therefore, T̂ � λ is not bounded below, and thus its inverse S : D Ñ RanpSq will not be
bounded.

Remark 6.3.12. From the above proof, we can deduce that the existence of nonzero vector x P
M such that (6.3.14) holds for every t P p0,8q is equivalent to Nε XNg � t0u for every g P Aλ.
More precisely,

@t P p0,8q, Dxt PMzt0u, }pT̂ � λqxt}   ε

e2t � 1
}xt} ðñ Nε XNg � t0u @g P Aλ. (6.3.15)

Practically, examining the former may be easier than the latter.

Example 6.3.13. Consider

H � L2pRq ` L2pRq � Clintpϕi, ϕjq | i, j � 0, 1, 2, . . . u

where

ϕnpxq � cne
�x2

2 Hnpxq
with constants

cn � p2nn!?πq�1
2 .

Here, ϕn is called a Hermite function and Hnpxq is a Hermite polynomial [9] and de�ned as fol-

lows

Hnpxq � p�1qnex2 dn

dxn
e�x

2

.

Let

M � t0u ` L2pRq and MK � L2pRq ` t0u.
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De�ne the unitary operator

U :M ÑMK, Up0, ϕnq � pϕn, 0q for every n � 0, 1, 2, 3, . . . .

Thus, we can de�ne the symplectic form

ωppg, fq, pg1, f 1qq � xUf, g1yL2pRq � xU�g, f 1yL2pRq for every pg, fq, pg1, f 1q PMK `M

where

xf, gyL2pRq �
»
R
fpxqgpxqdx.

Consider the multiplication operator

Mψpfq : L2pRq Ñ L2pRq

Mψpfqpxq � ψpxqfpxq where ψpxq � 1

1� x2
.

Its graph is represented by the Lagrangian subspace

N � ClintpUMψf, fq | f PMu.

If we apply an element

gt �
�
et λpe�t � etq
0 e�t

�
P Aλ where λ P R, t P p0,8q

on N , then we obtain

Ngt � ClintppetUMψ � λpe�t � etqUqf, e�tfq | f P DompMψqu.

Since N8 � t0u, Theorem 6.3.11 can be applied to check whether λ lies in the continuous spec-

trum of Mψ. To this end, we need to compute ε-adjunct neighbourhood Nε for a �xed ε P p0, 1q:

Nε � tpUMψf � g, fq | f P DompMψq, g PMK and }g}   ε}f}u,

Now, we need to show that

Nε XNgt � t0u for every gt P Aλ.

By Remark 6.3.12, this is equivalent to

@t P p0,8q, Dft PMzt0u, }pT̂ � λqft}   ε

e2t � 1
}ft}. (6.3.16)

To achieve that, we put

δt :� ε

e2t � 1
.

For λ P p0, 1s, let t P p0,8q and choose ηt ¡ 0 such that

0   ηt   mintδt, λu.

Also, consider

Eηt � tx P R : |ψpxq � λ|   ηtu .
Now, we have two cases:

λ P p0, 1s and λ � 0.
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� Case 1: λ P p0, 1q.
We �rst show that Eηt has positive �nite Lebesgue measure. Since

λ P Ranpψq � p0, 1s,

there exists xλ P R such that

ψpxλq � λ.

Indeed, one may take

xλ �
c

1

λ
� 1.

Since ψ is continuous and

|ψpxλq � λ| � 0   ηt,

there exists r ¡ 0 such that

|ψpxq � λ|   ηt whenever |x� xλ|   r.

Hence

pxλ � r, xλ � rq � Eηt .

Therefore,

µpEηtq ¥ 2r ¡ 0.

Now, we turn to prove that µpEηtq is �nite. If x P Eδt , then���� 1

1� x2
� λ

����   ηt ùñ λ� ηt   1

1� x2
  λ� ηt

ùñ 1

1� x2
¡ λ� ηt

ùñ 1� x2   1

λ� ηt

ùñ x2   1

λ� ηt
� 1

ùñ |x|  
c

1

λ� ηt
� 1

This means

Eηt �
�
�
c

1

λ� ηt
� 1,

c
1

λ� ηt
� 1



;

that is,

µ pEηtq ¤ 2

c
1

λ� ηt
� 1.

Therefore,

0   µpEηtq   8.

De�ne

ft : RÑ R; ftpxq �
$&
%1 if x P Eηt
0 if x R Eηt

.

Then, ft P L2pRq and
}ft}22 � µpEηtq.

Since

|ψpxq � λ|   ηt for all x P Eηt ,
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we obtain

}pMψ � λqft}22 �
»
Eηt

|ψpxq � λ|2 dx

  η2t µpEηtq
� η2t }ft}22.

Thus,

}pMψ � λqft}2   ηt}ft}2.
Since

δt � ε

e2t � 1
and ηt   δt,

then

}pMψ � λqft}2   ε

e2t � 1
}ft}2.

� Case 2: λ � 0.

In this case,

Eδt �
"
x P R :

1

1� x2
  δt

*
.

Assume 0   δt   1. Then

1

1� x2
  δt ùñ 1� x2 ¡ 1

δt

ùñ x2 ¡ 1

δt
� 1

ùñ x   �
c

1

δt
� 1 and x ¡

c
1

δt
� 1

ùñ x P
�
�8,�

c
1

δt
� 1



Y
�c

1

δt
� 1,8



.

This means

Eδt � p�8,�Rtq Y pRt,8q where Rt �
c

1

δt
� 1.

Thus

µpEδtq � 8 ùñ χEδt
R L2pRq.

Therefore, instead of taking the whole set Eδt , consider

Ft � pRt, Rt � 1q.

In this case, de�ne

gtpxq �
$&
%1 if x P Ft
0 if x R Ft

.

Hence

gt P L2pRq because }gt}22 � µpFtq � 1.

Since Ft � Eδt , we have

|ψpxq|   δt for all x P Ft.
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Therefore,

}Mψgt}22 �
»
Ft

|ψpxq|2 dx

  δ2t µpFtq
� δ2t }gt}22.

Consequently,

}Mψgt}2   ε

e2t � 1
}gt}2.

Therefore, in all cases λ P r0, 1s, we have

}Mψgt}2   ε

e2t � 1
}gt}2.

Since t was chosen arbitrarily, then the statement (6.3.16) holds. This implies that if λ P r0, 1s,
then Mψ � λ is not bounded below; that is, Mψ � λ does not have a bounded inverse.

For the case where λ R r0, 1s, since Ranpψq � p0, 1s, we will have δ ¡ 0 such that

δ   |ψpxq � λ| for all x P R.

Hence

δ}f}2   }pMψ � λqf}2 for all f P L2pRq.
This means (6.3.16) does not hold for λ R r0, 1s. Therefore, we can conclude that

� If λ P r0, 1s, the statement (6.3.16) holds.

� If λ R r0, 1s, the statement (6.3.16) does not hold.

From Theorem 6.3.11, this is equivalent to

� If λ P r0, 1s, the operator Mψ � λ does not have a bounded inverse.

� If λ R r0, 1s, the operator Mψ � λ has a bounded inverse.

Spectrally, the continuous spectrum of Mψ is σcpMψq � r0, 1s, which coincides with the result in

the standard spectral theory.

As a consequence of Theorem 6.3.7 and Theorem 6.3.11, we have the following corollary.

Corollary 6.3.14. If N is a Lagrangian subspace with N XMK � N8 � t0u, then the spectrum

of a bi-equidefect operator pT̂ , Ť q whose graph is represented by N can be de�ned as:

σpT̂ , Ť q � trλ : 1s P PR |
£
gPNλ

Ng � t0uu Y trλ : 1s P PR | Dϵ P p0, 1q, @g P Aλ, N ϵ XNg � t0uu

where Nλ is in (6.3.11) and Aλ is in (6.3.13).
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Conclusion

This thesis presents a framework for the uni�cation of three major themes: symplectic struc-

ture, SLp2,Rq action, and operator theory on Hilbert spaces. Their interaction allows us to ex-

tend the idea of the real projective line PR to the operator projective line PN .

Moreover, this thesis introduces the new concept of the bi-equidefect operator as an adap-

tation of the notion of an operator so that its graph is represented by an element of PN . Fur-

thermore, its spectrum is represented as a subset of the real projective line PR. From this per-

spective, such operators are not viewed as well-de�ned maps, but as geometric objects formed

by Lagrangian subspaces of a symplectic Hilbert space. This enables SLp2,Rq to cleanly act on

these operators by transforming their corresponding Lagrangian subspaces without excluding

any elements from their spectrum. In this way, this thesis embeds operator theory in a geomet-

ric context, in the sense of the Erlangen Programme at large.

In subsequent work, the spectral theory may be further developed via the operator projective

line PN and SLp2,Rq action on it. In the present work, we have already represented an oper-

ator by an element of PN and its spectral information appears through the behaviour of this

element under SLp2,Rq action. Therefore, it would be interesting to extend this approach by

considering several elements of PN that represent a family of operators. After that, we can in-

vestigate whether their behaviour under the SLp2,Rq action yields a geometric description of

their joint spectrum. This may provide new insight into spectral theory by de�ning joint spectra

via the SLp2,Rq action of operators.
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