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Introduction

The study of finite-dimensional symplectic spaces plays a significant role in linear algebra [1].
Since functional analysis can be seen as a generalisation of linear algebra to infinite-dimensional
vector spaces, it would be interesting to work on an infinite-dimensional version of symplectic
theory, see references [], [10] and [5]. This thesis continues this theme.

In the 19th century, Sophus Lie introduced an important class of groups, which are now
called Lie groups, establishing a foundation for the study of continuous transformation groups.
A fundamental example is the SL(2,R) group, consisting of all 2 x 2 real matrices with deter-
minant equal to one, which plays a central role in many areas of mathematics [20]. In addition,
Felix Klein, in his Erlangen programme, proposed that geometry is the study of invariants of a

space under a certain transformation group [22].

In the 20th century, functional analysis and some related fields witnessed foundational devel-
opments. Around 1909, David Hilbert developed the theory of infinite-dimensional inner prod-
uct spaces. Later, the concept of an abstract Hilbert space was axiomatically formalised by von
Neumann, who also continued to develop operator theory. Within the same century, significant
progress in Lie theory and representation theory was achieved through the contributions of Von
Neumann and Hermann Weyl. This allows wider classes of mathematical objects, such as func-
tions and operators, to be considered as sets on which groups act. This reflects the philosophy
(attributed to Israel Gelfand) that many mathematical objects can be understood through their

representation in another space.

More recently, Vladimir Kisil systematically applied this philosophy to analytic functions,
functional calculi and relevant spectra and called it the Erlangen programme at Large [20].

b
Consider the action of SL(2,R) on R. Any matrix (a d) € SL(2,R) defines the Mobius
c

transformation given by

<a b):mHa$+b forall zeR. (0.0.1)
c d cr +d

One immediately addresses an issue when cz + d = 0. A naive solution [21] is to extend the real

numbers by adding infinity with the following rules:

x x o0
0= % 5=0, 5=1, W +2x =0 for any x € R\{0}.

The extended space R u {00} is represented by the real projective line PR whose elements are
viewed as geometric objects, cf. section 4.1 below.
b
The issue becomes further complicated when we take such an element (a J € SL(2,R)
c

and attempt to define the Mobius transformation on a set of linear operators acting on a Hilbert



space via the formula:

a b
( d) T (aT +b)(cT +d)~ . (0.0.2)
c

In this case, we also encounter an issue when ¢ # 0 and —g is in the spectrum of T'. Clearly, im-
posing the assumption that —g is excluded from the spectra of all operators makes the situation
overly restrictive. For this reason, an alternative approach is needed to handle this issue.

In this thesis, we will use the symplectic structure to provide a solution to this issue by con-
structing an extension of the real projective line PR to an operator setting, call it the operator
projective line.

The purpose of this thesis is to introduce:

e An overview of symplectic spaces of finite or infinite dimensionality.
e The concept of the operator projective line.

e The SL(2,R) action on the operator projective line.

e A connection between the SL(2,R) action on the operator projective line and spectral
properties.

Through these objectives, we establish a consistent and rigorous framework for Mobius trans-
formations of operators to handle the formula (0.0.2) even when —% is in the spectrum of the

operator.

Broadly speaking, the approach is to extend the concept of an operator in such a way that
its graph can be represented by an element of the operator projective line. Then, SL(2,R) acts
on such operators through their graph.

This thesis is organised as follows. Chapter 1 develops the theory of symplectic Banach spaces
of either even finite or infinite dimension. In particular, we will emphasise the infinite-dimensional
case as it has received less attention in the literature than the finite-dimensional one. This es-
tablishes the necessary background and structural results that will be used throughout the the-
sis. Chapter 2 introduces general results on group actions as a foundational tool for the later
chapters. Chapter 3 is devoted to SL(2,R) group, its properties and its subgroups since the
SL(2,R) action will play a central role in the main results of this thesis. In Chapter 4, we will
describe how SL(2,R) acts on the real projective line PR and Hilbert spaces. In Chapter 5, we
will define the concept of a bi-equidefect operator and demonstrate its connection with the La-
grangian subspaces. In particular, we will show that the graph of a bi-equidefect operator can
be represented by a Lagrangian subspace. This connection will establish a consistent framework
to define SL(2,R) action on bi-equidefect operators. In the last chapter, we will introduce the
main contribution of this thesis: the concept of the operator projective line. Then, we will pro-
ceed to define SL(2,R) action on bi-equidefect operators and its connection with their spectrum.



Chapter 1
Symplectic Spaces

In this chapter, we will discuss general results about symplectic spaces of even finite and in-
finite dimensions. Throughout this chapter, V' denotes a real normed space, and V* is its dual

space unless otherwise stated.

1.1 Symplectic Form

Definition 1.1.1. [8, p.2] A symplectic form w is a bilinear map V x V. — R satisfying the
following conditions:
(i) It is bounded; that is there exists C > 0 such that |w(z,y)| < C|z||y| for every z,y eV,
(i) It is skew-symmetric; that is, w(x,y) = —w(y,x) for every x,y €V,
(iii) It is weakly nondegenerate; that is, w(z,y) =0,YyeV = z =0.
The pair (V,w) is a symplectic space.

Remark 1.1.2. Since w is skew-symmetric, then for every x € V we have w(x,x) = 0. This is

because for any r € V, we have

w(z,z) = —w(zr,r) = w(z,z)=0.

The symplectic form w induces a bounded linear map [10, p.3]
L,:V->V*
x — L,(x)

such that
L,(z)(y) =w(z,y) foral z,yeV.

This map is called the induced map of w.

Note that weak nondegeneracy of symplectic form w is equivalent to that its induced map

L, being injective because the following statements are equivalent:
e ker(L,) = {0},
o L,(x)(y)=0,YVyeV = 2 =0,



e w(z,y) =0,YyeV = z=0.
Moreover, if L, is bijective, the symplectic form w is said to be strongly nondegenerate.

It is easy to see that if a symplectic form w is strongly nondegenerate, then it will also be
weakly nondegenerate. However, in this thesis, whenever we say weakly nondegenerate, we mean
that the induced map L, : V — V* is only injective and not surjective. Also, in cases where
the distinction between weak nondegeneracy and strong nondegeneracy is unnecessary, we might
shortly say w is nondegenerate.

Since the map L;! : V* — V exists in case of strongly nondegenerate symplectic form w,
this pushes us to investigate whether L_! is bounded or not. The next theorem and its corollary

give us the answer.

Theorem 1.1.3. If (V,w) is a real symplectic Banach space and w is strongly nondegenerate,
then the induced map L, : V — V* is open.

Proof. Let U be an open subset of V', and we need to show that L, (U) is an open subset of V*.
To this end, assume that y € L,(U). Thus, we can find x € U so that y = L, (x). Since U

is open, we can find a ball centred at x with radius » > 0 such that B(xz,r) < U. Since w

is strongly nondegenerate, then L, is surjective. Consequently, by applying the open mapping
Theorem [5, p.35], there exists R > 0 such that

By#(0, R)  Ly(By(0,1)). (1.1.1)

Hence
By« (y,rR) c Ly(By(z,7)). (1.1.2)

Therefore, By« (y,rR) is an open ball centered at y and contained in L, (U), and this implies
L, (U) is open. O

Corollary 1.1.4. Let (V,w) be a real symplectic Banach space, w be strongly nondegenerate and
L,:V->V™" L,(x)(y) =w(z,y) forall z,yeV

be the induced map of the symplectic form w. Then, the inverse of this induced map L, : V¥ —
V' is bounded.

Proof. By ((1.1.1)), we can find R > 0 such that for every z € V,
|ILu(2z)| < R = |z| < 1.
By putting y = L, (), we obtain
lyl <R = LS ()] < 1.

If we put y' = 2y, then

_ 2
Iyl <2 = IS W) < &
This implies
-1 =1/, 2
L2t = sw |12 < =
ly'=1
which means L' is bounded. O



If (V,w) is even finite-dimensional, then the induced map L, : V' — V* is always bijective
since V' = V* always holds. This means the symplectic form w is always strongly nondegener-
ate. For this reason, the distinction between weak and strong nondegeneracy will only be con-
sidered if the space (V,w) is infinite-dimensional. As a result, we will have three cases. Firstly,
an even finite-dimensional space. Secondly, an infinite-dimensional space with a weakly nonde-
generate symplectic form. Thirdly, an infinite-dimensional space with a strongly nondegenerate
symplectic form. It might be useful to introduce three examples, one for each case.

Example 1.1.5. Consider (R*",w) with a basis S = |J;_,{ei,enti} where e; and e, +; are the
vectors whose components are 1 in the i-th position (respectively, the (n + 4)-th position) and

zeroes elsewhere. The symplectic form is defined as

wles, e5) =wlenyi,enyj) =0 and wle;,ejipn) =0;; where ,j=1,2,... n. (1.1.3)

Remark 1.1.6. The above example is a typical example of a real even finite-dimensional sym-
plectic space because, as we will see later, any 2n-dimensional symplectic space equipped with
a certain symplectic form w looks a lot like (R*™,w), nothing more, c¢f Corollary 1.5.9 below.
Therefore, an infinite-dimensional symplectic structure will be more interesting. For this rea-
son, our investigation in this chapter will focus more on the infinite-dimensional case than the

even finite-dimensional one.

Example 1.1.7. Consider the sequence space ({*,w) where

oL
= {x = (zp)ken | o ER, VE €N and |z|1 = Z |zk| < oo}7
k=1

oC
w(z,y) = Z (Tak—1Y2k — Y2k—122k),
k=1

and = (x)k, ¥y = (yx)r € £*. We can verify the conditions of the symplectic form w as follows:

e w is bounded since

lw(z,y)| < |Tok—1Y2k| + |Y2k—122k])

&
2
k=1
XL 0

Z |zok—1Y2r| + Z |y2k—12 2|
k=1

k=1
1

F'e % o8] 2 o0 % o
<2 |332k1|2) (Z |yzk|2) + (Z |y2k1|2) ( |562k|2>
k=1 k=1 k=1 k=1
x [ w 3
<2 (Z |l’k|2) (Z |yk|2>
k=1 k=1

= 2z[2ly[

N
N

N

< 2fz]1llyls,

o it is skew-symmetric since

o8

w(z,y) = Z (Tok—1Y2k — Yok—1T2k) = —

o
k=1 k=1

(Yok—1T2k — Top—1Y2r) = —w(y, ).



e it is weakly nondegenerate since

(Tok—1Yor — Yor—1T2x) = 0, Yy € £*

wz,y) =0, Vye ! =

k=1
SyEA
ES — =0
2, e =0
k=1
%}% if n=2k—1 and xp41 #0
by choosing vy, = #% if n=2k and x,,_1 #0
0 if  otherwise
= 2 =0.

To show that w is not strongly nondegenerate, we need to prove that there is no bounded bijec-
tion from (' to (¢1)*. To this end, let us assume, by contradiction, that L : (* — ({1)* is a
bounded bijection. Now, let € > 0. Since {' is separable, then there exists a dense countable sub-
set A c (; that is,

Vrel',Jae A such that |z —a|<

IILH
Therefore, L(A) will be a countable subset of (¢1)* as well. Moreover, from the surjectivity of L,
we have
Vye (01)* 3z et such that L(x) =
Hence
Vye (¢)*,3ae A such that |y~ L(a)| = |L(z — a)| < |L[|z —a| < |L]— =«

IILH

This means that the countable subset L(A) is dense in (¢*)*. This implies (£*)* is separable,

which is a contradiction because
(Y* =" = {x = (zr)ken | T € R, Vk e N and |z|, = sup|zg| < oo} .
keN

Note that this contradiction follows from the surjectivity of L. Therefore, we conclude that there

is no bounded bijection from (* to ({*)*, as required.

Moreover, L, : {1 — (" cannot be an open map. To prove that, assume, by contradiction,
that it is open. Thus, L,(¢') is open in (0%, - |) because £* is open in ({1, - |1). This implies

the existence of an open ball centred at 0 with radius R > 0
By= (0, R) € Ly, (¢4). (1.1.4)

We claim that this leads to
Clin (Bg= (0, R)) = £*. (1.1.5)

To prove this claim, we already have
Clin (B (0, R)) € £*.

For the other direction, suppose that a nonzero vector x € £°. Then, by scalling x, we obtain

H2||w||/

e



Hence R
€ By» (0,R) = x € Clin (By= (0, R)),
2|z

which implies
£* < Clin (Bg= (0, R)) .

This proves the claim (1.1.5). But, the line (1.1.4) with (1.1.5) leads to that
L,(0Y) = ¢*,

which means that L, is surjective. This contradicts what we showed above. Therefore, we con-

clude that L., cannot be open.

Next, let us see an example of an infinite-dimensional symplectic space endowed with a strongly

nondegenerate symplectic form.

Example 1.1.8. Consider (£2,w) where

o0
2= {x = (xp)ken | zx €R, Vk €N and ||x||§ = Z |1:;§|2 < oo},
k=1

w(z,y) = Z (Tak—1Y2k — Y2k—172k),
k=1

and x = (1), v = (yx)r € £2. We can verify the conditions of the symplectic form w as follows:

e w is bounded since

<€L

w(z,y)| < D (Jwar—1y2e] + |y2r—1721])

k=1
5 o0

= 2 |wok—1Y2k| + Z |z2ky2r—1]
k=1 k=1

oL % o 2 o0 % o', 2
< <Z |1'2k—1|2) (Z |y2k|2) + (Z |$2k|2> (Z |y2k—1|2>
k=1 k=1 k=1 k=1
1 1
(o8] 2 o 8} 2
< (z w) (z w)
k=1 k=1

= 2z[2]y2,

-
-

o it is skew-symmetric since

w(z,y) = Z (T2k—1Y2k — Y2r—1T2k) = — Z (Y2k—1%2k — Top—1Y2k) = —w(y, T),
k=1 k=1

10



e it is weakly nondegenerate since

(zok—1Yok — Yor—1T2x) = 0, Yy € (2

NgE

w(z,y) =0, Yye? =

k=1
S
N = =90
Z k ’
k=1
sl if = 9k —1 and 241 # 0
by choosing 1y, = %% if n=2k and r,—1 #0
0 if  otherwise
= =0

To induce the map L, : * — (£*)*, we can write x € (* in the form
x = (r1,22,23,...) where z;€R VieN.

Also, if we consider a decomposition
P=MoM*

where
M = {(xp)n € £? | 2, =0, Yk e N} and Mt = {(x,), € 0? | 21 =0, Yk € N},
then each vector x in (> can be written as
x = (Tar, Thy)
where
xy = Pyx = (21,0,23,0,...) e M and 2y, = Pyoz = (0,22,0,24,...) € ML

Let R: M — M*' and L : M+ — M be the right shift operator and the left shift operator,
respectively. Thus,

Lo(2)(y) = (=22, 21, =24, T3, .. ), (Y1, Y2, Y3, Yas - - - )
={(0,21,0,23,...),(0,42,0,ya, ... ))pr —{(x2,0,24,0,...),(¥1,0,y3,0,...))ps
= (Pyr Rz, Ppyry) 0 — (Pula, Paryyy,
= (Raat, Yo pre = SLahs yna)

()
<< (> ) ) ()

where {-,-) is the standard inner product, {-,->ar and {-,-Yp;1 are its restrictions to M and M*,
respectively, and
T:0? /2

T (?) = (; _0L> C,M) (1.1.6)
M M



The injectivity of L., was proved above from the weak nondegeneracy of w, while its surjectiv-
ity follows from the Riesz representation Theorem and invertibility of T. To elaborate further,

assume that ¢ € (£2)* and then, by Riesz representation Theorem, there exists x € (% such that

¢(y) = T,y for every y e (*. (1.1.7)

Thus, from the above argument,

6(y) = Lu(@)(y) for every ye 2, (1L18)

which means L, is surjective. Therefore, w is strongly nondegenerate.

Remark 1.1.9. In the example 1.1.8, the relation (1.1.7) and (1.1.8) give us
(Txz,y) = w(z,y) for every y e (* (1.1.9)

where the operator T is defined in (1.1.6). Later, we will see that the identity (1.1.9) is true for
every real Hilbert space V, not just for (2. In fact, the operator T : V. — V is significant in

establishing the connection between Hilbert and symplectic structures, cf. Section 1.5 below.

Example 1.1.10. Let V be a real reflexive Banach space and V* be its dual space. Consider
the space (V@V*,|-|lv +|-|lv+) where ||-|v and |- |y« are the norms of V and V* respectively.
Also, let the space V@ V* be equipped with the symplectic form

w((z, ), (@, 1) = f(x) = f(2’) for every x,2" €V, f,f e V*.
We can verify the conditions of the symplectic form as follows:

e w 18 bounded since

lw((@, f), (', )] = 1f' () = ()]
< | @)+ £
< velely + 1£Tv«l2"lv
< W lvelflve + 1 lvelaly + lelv v + lzlvi v
<

(f v+ lelv) (1 v + 12lv) -

o [t is skew-symmetric since
w((@, f), (@', ) = f'(2) = f(@) = = (f(&) = ['(2)) = (@@, ), (=, /),
o To prove that it is weakly nondegenerate, we need to prove that the following holds:
w((z, f), (@', f) =0, V(' f) e VO V* = (z,f) = (0,0).
or, equivalently and more practically,
(i) w((z, f),(0,f)) = f'(x) =0, V[ e V¥ = w =0.

(ii) w((z, f),(2/,0)) = —f(2') =0, V' e V = f=0.

Observe that the implication (i) holds because V* separates the vectors of V. Also, for the
implication (i), it is straightforward. This shows that the form w is weakly nondegenerate.

12



Furthermore, since V is reflexive, then the form w is strongly nondegenerate. To clarify
this, note that
VeV * 2V @ V**

This means every ¢ € (V @ V*)* can be written as
¢:VeV* >R, ¢, f)g,g = 9(x) +9(f) for every (z,f)e Ve V*
where g € V* and § € V**. Now, from reflexivity of V, we have
V= V.
That is, every § € V** corresponds to a unique y € V' such that
9(f) = f(y) for every feV*.

Thus, the above ¢ € (V @ V*)* can be written as

¢(xvf)(y,g) = g(x) + f(y) fOT every (xaf)v (yvg) € V®V*

By putting
g=f" and y=-a
we obtain
(@, ) (ar,pry = [(2) + f(=2")
= f'(z) = f(&'

Therefore, the induced map L, is bijective.
In conclusion, the form w is a strongly nondegenerate symplectic form.

Theorem 1.1.11. If (V,w) is a real symplectic space and x,y € V are nonzero vectors satisfying

w(x,y) #0, then = and y are linearly independent.

Proof. Assume that z and y are nonzero vectors in V' satisfying w(zx,y) # 0. By contradiction, if

x and y are dependent, then there exists a nonzero scalar A such that y = Az. Hence,
w(z,y) =w(z, A\x) = dw(x,z) =0,

which contradicts the assumption that w(z,y) # 0. O

Remark 1.1.12. The converse of Theorem 1.1.11 is not true; that is, we can find two indepen-

dent vectors x,y € V such that w(xz,y) = 0. See Example 1.1.5 above.

1.2 Symplectic Complement and Subspaces of a Symplectic
Space

After we introduce the concept of a symplectic space, there is an important type of sub-
spaces that look a lot like the orthogonal complements in Hilbert spaces. However, as we will
see shortly, this type of subspace has some properties that differ from those of orthogonal com-

plements.

13



Definition 1.2.1 (Symplectic complement). [8, p.4] Let M be a subspace of a real symplectic
space V endowed with symplectic form w. A subspace

M® ={zxeV | w(x,y) =0, Vye M}
is called a symplectic complement of M.
Note that if w is strongly nondegenerate, then we can apply the induced map L, on sym-
plectic space V' to obtain a subspace of V* corresponding to the aforementioned symplectic

complement M“:
{z* e V* | 2¥(y) =0, Vy e M}.

This subspace is called the annihilator of M, denoted ann(M). Since w is strongly nondegener-
ate (L, is bijective), the above annihilator ann(M) will be isomorphic to the symplectic comple-
ment M“. However, the following example demonstrates that if w is weakly nondegenerate, the

annihilator and symplectic complement need not be isomorphic.
Example 1.2.2. Consider the sequence space

0= {x = (Zp)nen | zn e R,Y €N and Z |z, | < oo}

neN

with the symplectic form .
w(z,y) = Z (Tok—1Y2k — T2kY2k—1)
k=1
where T = (Tp)nen, Y = (Yn)nen € £1. Then, the induced linear map will be
Ly, : 0 — (MH*

where
L, (x)(y) = w(z,y) forall x,ye .

Now, if we consider the subspace

L={x=(x,)p €l |9 =0, Yke N},

then
Lo(L¥) = {Lu(z) |z € L¥}
= {Lo(z) |z € £* with Lo(z)(y) = 0,¥(yn)n € L}
= Lo(z) |z el with Y (w2 1Y% — Taryor 1) = 0,Y(yn)n € L}
k=1
ve
= {Lw(z) |z €t with Z TokY2k—1 = 0,Y(yn)n € L} .
k=1
Also, since
) =,
then

14



Therefore, the annihilator ann(L) is larger than L,(L%). For instance, if we put

o = (0,1,0,1,...)7

then
¢z € ann(L)
since
o8]
(rbio (y) = Z TnlYn = Oa Vy = (yn)n eL.
n=1
But

¢Zo ¢ LW(LUJ)
This means that the annihilator ann(L) and the symplectic complement L“ are not isomorphic.

Theorem 1.2.3. Let M be a subspace of a real symplectic space V endowed with symplectic

form w. The above symplectic complement M“ is a closed subspace of V.

Proof. Let (x,), be a convergent sequence in M* and lim,,_,,. ,, = z. Since the map w is

bounded, then there exists a positive number C' such that for every z,y e V
w(z, y)| < Clzl]yl-
Thus, for every y € M,

w(z, y)| = |w(z, y) = w(@n, y)|

< |w(x — xn, )]

N

< Clz — 2|yl

Take n — 00 to obtain w(x,y) = 0 for all y € M and this implies z € M“.
O

One of the main differences between the orthogonal complement, and the symplectic comple-

ment is that the symplectic complement does not necessarily satisfy
M n M = {0}.

Therefore, we will obtain four special cases (see the definition below).

Definition 1.2.4. [28, p.6] Let (V,w) be a real symplectic space, and M be a subspace of V.
The subspace M is called

(i) symplectic if M n M*“ = {0},
(i) isotropic if M = MY,
(iii) Lagrangian if M = MY,

(iv) co-isotropic if M“ < M.

Theorem 1.2.5. If M is a Lagrangian subspace of a real symplectic space (V,w), then it is

closed.

Proof. Since M is Lagrangian, it satisfies M = M. By Theorem 1.2.3, M is closed. O

15



Theorem 1.2.7 below provides us with some common properties between symplectic and or-
thogonal complements. However, we first need the following lemma, as a helpful preliminary to
prove the properties that require the symplectic form to be strongly nondegenerate.

Lemma 1.2.6. If (V,w) is an even finite-dimensional or separable infinite-dimensional real
symplectic Banach space with a strongly nondegenerate symplectic form w, M is a subspace of
V, and xo ¢ M, then the form w separates the vector xo from the subspace M that is, there
exists yo € V such that

w(yo, o) #0 and w(yo,m) =0, Ym e M.

Proof. Consider the induced map of w
L,:V->V*
x — Ly (x).

Since w is strongly nondegenerate, then L, : V — V* is bijective. In addition, since zo ¢ M,
then, from [31, Theorem 3.5, p.60], there exists ¢ € V* such that

#(wg) #0 and ¢(m) =0, Vme M.
Now, from bijectivity of L, : V' — V*, there exists yo € V such that
w(yo; ) = Lu(yo) = ¢.
Consequently, we obtain
w(yo,z0) = ¢(wg) # 0 and w(yo,m) = ¢(m) =0, Yme M.

This completes the proof.

Theorem 1.2.7. Let (V,w) be an even finite-dimensional or separable infinite-dimensional
real symplectic Banach space, and let M and N be subspaces of V. Thus, we have the following
statements hold:

(i) if M < N, then N¥ <€ M¥,
(ii) MY n N¥ = (M + N)“,
(iii) if w is strongly nondegenerate, then (M)~ = M
(iv) if w is strongly nondegenerate and M, N are closed, then M* + Nv = (M n N)“.
(v) symplectic complement of M and symplectic complement of its closure M are the same;
that is, M“ = (M)>.
Proof. (i) Assume that M € N. Then

ze€NY = w(z,y) =0, Vye N
= w(z,y) =0, Vye M since M S N

= e M“.

Therefore,
N® c M*“.
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(i)

(iii)

On one hand,

x€MYNNY = w(z,y1) =w(z,y2) =0, Yy € M, Yys € N
= w(z,y1 +y2) =0, Vy1 +y2 € M + N
= ze(M+ N)“.
Therefore,
M AN < (M+ N)~“.

On the other hand,

xe(M+N)Y = w,y1 +y2) =0, YVy1 +y2o € M + N

= w(z,y1) =0, Vy1 € M and w(x,y2) =0, YVys € N
= xe MY and xe N¥
—

re M®nNY.

Therefore,
(M +N)¥ < M“nN“.

The double-symplectic complement of M is:
(M“)? ={zeV |w(z,y) =0 forall ye M“}.

To prove that
(Mw)w = M?

assume that x € M, then there exists (z,,),, € M such that x,, — z. Now, by definition of
M« for every n € N we obtain

w(xn,y) =0 for all ye M*.

Hence, (z,)n < (M¥)“. Since (M¥)“ is closed, it contains the limit point of (x,),; that is,
x € (M*)“. Therefore,
M < (M*“)~.

To show the equality, assume, for contradiction, that there exists a nonzero xg € (M*“)“

such that 29 ¢ M. Then, we will have the subspace
U= M @ span{z}.

Since w is strongly nondegenerate, then by Lemma 1.2.6, we can find a nonzero yy € V
such that
w(zo,yo) #0 and w(z,yo) =0 for all x € M.

This implies yg € M¥. But 29 € (M%) which leads to w(xg,yo) = 0. This is a contradic-
tion with w(xg,yo) # 0. Therefore, the equality

(M=) =T

must hold.
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(iv) Assume that M and N are closed and the form w is strongly nondegenerate. Then,
M =M and N =N.

In (4i), we have
(M + N)* = M“ A N*.

Thus, if we replace M and N in (ii) by M*“ and N* respectively and use (ii¢), we obtain
(M“ 4+ N*)¥ = (M*)* n(N“)=MnN=Mn N.
Hence
[(M“ 4+ N“)“]* = (M n N)“.
By using (i¢i) again, we obtain
M 4+ NY = (M n N)~“.
(v) We have
Mc M.

By (i), this implies
(M)* < M“.

On the other hand,
reM* = w(x,y) =0, Yye M.

By boundedness of w,
w(z,y) =0, Vye M = z¢€ (H)w,

implying
M* < (M)”.

We conclude that

w

M« = ()

In the proof of (ii7), we can note that the inequality
(M*)* 2 M

always holds in general, even if the symplectic form w is not strongly nondegenerate. However,
the equality
(M*)¥ =M

may fail to hold if the nondegeneracy of w is not strong. The following example illustrates that.

Example 1.2.8. Consider the symplectic ({* @ (})*,w) where

w((@, ), (@', ) = f'(x) = f(a')  for every x,2" €', f,f e (E)*
We equip this space with the norm:

[, A =Nzl +1floc for every (x,f) € €' @ (£1)*.
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Note that since € is not reflexive, the induced map
Lw . gl ) (51)* N (51 ) ([1)*)*

is not surjective. For this reason, the symplectic form is weakly nondegenerate. Since (£1)* can
be identified with £,
Co()t =tor”.

Now, consider
M =coo @ = {((xn)n, (Yn)n) € L*® L |IN €N such that x,, =0 for all n> N}

as a subspace of {1 @ (* where £ is viewed as a subspace of {*. We know that the closure of cgo

in (04| - ||1) is €1 and the closure of ¢* in (0%, || - | ) is co where

co = {:z:z (Tn)n €0° | lim z, =O}.

n—oo
Thus, the closure of M is:
M = 81 (—B Co

Now, let us compute the symplectic complement of M :
M® = {(z,f) e ' @ ()" |w((z, f), (2", f) = 0, V(2. f') € coo ® £}
= {(z, /) e L@ (") | f'(x) = f(a") =0, ¥(a', [") € con ® L'}
= {(0,0)}.

We may need to clarify that the last equality is indeed {(0,0)}. To do that, assume that (z, f) €
0@ (01)* such that
f'(x) = fa"), V@', f') € coo ® L.

Thereafter, since the equality holds for every (x', f') € coo @ £*, we can choose f' =0 to obtain
f(z) =0= f(a), V2’ € cgp.
Since coq is dense in (01, ] - ||1), then
f(2') =0, Yo' e ¢
This implies
f=0.
Similarly, we can choose ¥’ = 0 to obtain
fl(2)=f(x)=0,Vf el = z=0.

Therefore, the equality
M* ={(0,0)}

indeed holds. Consequently,
(Mw)w — 61 ) (61)* — gl ®€x

But,
M = Kl (—B Co-

This means
(M*)* # M,

as needed.
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Moreover, since the equality
M« + Nv = (M n N)“

follows from the equality
(M*)¥ =M
as shown in the proof of Theorem 1.2.7, then the inequality

MY+ N* < (M nN)~

holds for any symplectic form w, while the strong nondegeneracy of the symplectic form w re-
quires to guarantee the equality
M + NY = (M n N)~.

To demonstrate that, observe,

(M® + N¥)® = (M“)* A (N*)* 2M AN =M n N.

Hence
[(M“ + N“)“]* € (M n N)“.
Thus,
M + NY < (M nN)~“.
Then,

MY+ N“ < (M n N)“.
For the equality, let us consider the following example to show
M® + Nv = (M n N)“

may fail to hold.

Example 1.2.9. Consider the symplectic ({* @ cy,w) where

(@), @y = 3 (@nth, — )

o0
=1

n

for every
T = (xn)nvx/ = (xiz)n € 517 y= (yn)nay/ = (y;)n € Cp.

The norm equipped with this space is:
[@ )l = ol + lles for every (2, f) € £ @co.
Note that since £ is not reflexive, the induced map
Ly :0'®cy— (I @cp)*

is not surjective. For this reason, the symplectic form is weakly nondegenerate. Now, consider

the closed subspaces

M ={(z,z)el' @co|zel'} and N =0'®{0}.
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Therefore,

(z,y) € €' ®co | w((z,y). (',9) =0, V(2" y') € M}
( vy) el @ co | w(($7y)v (:Elvx/)) =0, Va' e El}

0
= {(m,y) el'®c | Z(xnx; -z yn) =0, V2’ 661}

(my)eﬁ @CO|2 (n—yn)=O,Vx’e€1}

n=1
{(xay)€€l®co|$n—yn=0 for every n e N}
:{( ) ELE @y | Ty =y for every neN}
{(z,2)e ' @co |z el'}

Also, the symplectic complement of N is:

N ={(z,y) € ' Do | w(
={(z.y) e ! @co | w(

:{(my el @ | Z n =0, Vw'efl}

={(m,y e€1®co|yn=0VneN}
={(z,y) e ! ®cy |y =0}

= ('@ {0}

=N

z,y),(2',y) =0, ¥(a',y') € ' ®{0}}

(
(z,y),(2',0)) =0, Va' eﬁl}

In conclusion, we have
MY + N = ' @ c. (1.2.1)

On the other hand, we have
(M A N)¥=N*=/¢"®{0}. (1.2.2)

This implies
M® + Nw £ (M n N)“.

In the following corollary, we will see that the symplectic structure is preserved when taking
closures.

Corollary 1.2.10. Let (V,w) be an even finite-dimensional or separable infinite-dimensional
real symplectic Banach space with a strongly nondegenerate symplectic form w, and let M be a
subspace of V. Then

(i) M is isotropic <= M is isotropic,
(ii) M is co-isotropic <= M is co-isotropic,
(iii) M is symplectic <= M is symplectic,

where M is the closure of M.
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Before we start proving this Corollary, we first need the following Lemma, which is helpful to
prove the statement (7i7):

Lemma 1.2.11. If (X, || - |x) and (Y,]|| - ||y) are real Banach spaces and F : X — 'Y is a closed

surjective linear operator, then F' is bounded below on D, where
D={zxeX|F(x)# 0}
Formally, there exists C > 0 such that for every x € X with ||F(x)|y # 0,

Clzlx < [F @)y (1.2.3)

Proof. Since F is a closed operator, then (X, |- |r) is a Banach space where || - | is the graph-

norm and for every x € X it is defined as
|27 = lzlx + [F(@)lly-

The key idea of the proof is to equip X with | - | instead of || - | x, and then we show that for
every x € D, the operator
F (X[ r) = (Y- lly)

satisfies
Clz|r < |F(2)]y where C >0.

After that, we immediately derive that (1.2.3) holds. Let us carefully achieve that in more de-
tail. Note that the operator
Fo(X e = - y)

still maps a Banach space to a Banach space. Also, it is still bounded since for every x € X,
|F )]y <[] r.

Therefore,
FoX |- lr) = (- y)

is a linear surjective bounded operator between two Banach spaces. From the open mapping
Theorem [5, p.35], there exists R > 0 such that
By(o, R) C F(BF(O, 1))

where By (0, R) is an open ball in (Y, |- |y) with radius R > 0 and Br(0,1) is the unit open ball
in (X,| - |r). This implies that for every z € X with |F(z)|y < R, we will obtain ||z|r < 1.
Now, take an arbitrary zo € X with 0 < |F(zo)|y < R. Thus, |zo|r < 1. By scalling

xy = 2||F(];)yxo’ (1.2.4)
we will have
F(xp) = LF(%Q) = |F(z)|y = R <R = |zg|lr < 1. (1.2.5)
2| F(zo)lly 2

Hence, from (1.2.4) and (1.2.5), we have

_ 2 (o)l

2
[zoll 7 7 lwolr < HIE@o)ly-
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By putting C' = g > 0, we obtain

1
leole < GIF@y.

which implies
Clzolr <[ F(zo)ly- (1.2.6)

Now, we can extend the inequality (1.2.6) to all z € D as follows: for every z € X with |F(z)|y #

0, we can write

9 F@]y  Re

.’Ij .
R 2| F(x)]y
and then R R
x
F{——— =— <R.
H <2IIF(9€)Y> y 2
Thus, we can apply the above argument on QHF}(%W instead of x( to obtain
Rz Rz
—| < |\F| == .
H?F(w)lly F H (QIF(x)Ily) y
Now, we can multiply both sides by M, and thus, by using linearity, we obtain

Cllzllr < [F(z)]y-
Finally, since every = € D we have
lzlx < lzlx + [F(z)ly = llzlr and  Clz|r < [F(2)]y,

then
Clz||x <||F(z)|y forevery ze€ D.

This completes the proof. O

Proof of Corollary 1.2.10. (i) Since MY is closed, the following statements are equivalent:
e M is isotropic.
o M < M*“.
e M c M>.
e M is isotropic.
(if) From Theorem 1.2.7, we have the following:
M is co-isotropic = M¥ c M
= M¥ c (MY)”
= (M)w cM
— M is co-isotropic.
On the other hand, assume that M is co-isotropic, and we want to prove that M is co-

isotropic. For contradiction, suppose that M is not co-isotropic. Then M“ & M, meaning,
there exists a nonzero x € M“ such that x ¢ M. Set

W = M @ span{z}.

23



(iii)

From Lemma 1.2.6, the strong nondegeneracy of w results in existence of a nonzero y € V
such that
w(z,y) #0 and w(y,m) =0 for all me M. (1.2.7)

By boundedness of w, we can extend the vanishing property of w|y to M; i.e,
w(y,m) =0 for all m e M. (1.2.8)

Recall Theorem 1.2.7, we have

M* = (M) (1.2.9)

Now, since M is co-isotropic (i.e (M)w C M) and x € M“, then the equality (1.2.9) gives
reM®YC M.

Thus, from (1.2.8), we have w(y,z) = 0 which contradicts (1.2.7). Therefore, we can con-

clude that the subspace M must satisfy M“ € M, meaning M is co-isotropic.

First of all, recall the induced map of w:
L,:V->V*

x — Ly (x).
Also, remember that the subspace M < V is symplectic if and only if the restriction of the
induced map to M is injective. For simplicity, put

f=Lylm and F =Ll

where L, |y is the restriction of the induced map to M and L, |57 is the restriction of the
induced map to M. We aim to prove that

M is symplectic «= M is symplectic
by showing that
f is injective <= F is injective.

Assume that M is symplectic. Then F will be injective on M. Since

Vze M, I(x,), € M such that lim z, = =,

n—%L
by boundedness of L,
lirri flxy) = liH; F(xy) = F(x).
n—o n—o

This means F' is the extension of f by adding the limit points. Since the limit of a zero

sequence must be zero, we have the implications
f(z)=0,Vee M — F(z)=0,Yze M — z=0.

This means f is injective, and then M is symplectic.

The converse is more subtle. Assume that M is symplectic. Thus, f is injective. We
aim to show that F' is injective via showing it is bounded below. This can be achieved by
showing that F' : M — Ran(F) is a closed operator with a closed range Ran(F). To this
end, assume that (z,), < M such that z, — z and F(x,) — y. Then 2 € M and, by
boundedness of F', F(x,) — F(z), which implies y = F(x). This proves that F' is a closed
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operator. It remains to prove that Ran(F) is closed. Suppose that (¢5)», < Ran(F) and

gn — g. Then, there exists (r,), € M such that for every n, F(x,) = g,. Thereafter,
9=l g0 = Jim Fla) = P(Jim a) = F(2).

Since (z,), © M, then x € M which means g € Ran(F). Therefore, Ran(F) is closed,

meaning Ran(F) is a Banach space. Now, since F' : M — Ran(F) is a closed operator

between two Banach spaces, then, from Lemma 1.2.11, there exists C' > 0 such that for

every x € M with |[F(x)| # 0, we have

Cla| < |[F(2)]. (1.2.10)

Now, we can prove the injectivity of F' as follows: suppose that € M with F(x) = 0,
and we aim to show that z = 0. To this end, note that 2 € M implies the existence of
(zn)n © M such that z,, — z. By bounededness of F'; we have F(z,) — F(z), meaning

F(z,) — 0. Now, we have two cases:

e Case 1: (F(x,)), is eventially zero; that is, there exists N € N such that n > N =
F(z,) = 0 and thus f(x,) = 0 for all n > N. From injectivity of f, we have z,, = 0
for all n > N, implying xz,, — 0. Therefore, x = 0.

e Case 2: (F(x,))n is not eventially zero; that is, there exists a subsequence (x, )r such
that |F(zy, )| # 0 for all k. Since F statisfies (1.2.10), then C|z,, | < |F(zn,)|-
Consequently, |z,,| — 0 since |F(xy, )| — 0. Therefore, 2 = 0.

In conclusion, both cases state that if F'(z) = 0, then = 0. Hence, F' is injective, meaning

M is symplectic.

O
Corollary 1.2.12. Let (V,w) be an even finite-dimensional or separable infinite-dimensional
real symplectic Banach space with strongly nondegenerate symplectic form w, and let M be a
closed subspace of V. Then
M is symplectic <= M is symplectic.
Proof. Since M¥ is closed, from Theorem 1.2.7 (iii), we can deduce that
[(M®)¥]* = M¥ = M.
Hence, by Corollary 1.2.10, the following statements are equivalent:
e M is symplectic,
e M is symplectic,
e (M%)¥ is symplectic,
o (M9)* A [(M=)] = {0},
o (M¥)¥ n MY = {0},
e MY is symplectic.
O
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Corollary 1.2.13. If (V,w) is a real symplectic space, N is a Lagrangian subspace of V and M
is a subspace of V', then

(i) Nc M = M is a co-isotropic subspace.

(ii) M c N = M is an isotropic subspace.

Proof. (i)

NcM = M“cNY=NcM => M is a co-isotropic subspace of V.

(i)

McN = McN=NYcM“ = M is a isotropic subspace of V.

Informally, Corollary 1.2.13 tells us that every Lagrangian subspace is half of the whole space.
Therefore, if a subspace is contained in a Lagrangian subspace, it is isotropic, while if a sub-
space contains a Lagrangian subspace, it is co-isotropic.

Example 1.2.14. Consider (RS, w) such that
w(a;,a;) = w(asyi,a3+;) =0 and w(a;,aj43) =65, 4,5=1,2,3

where a,, is the vector whose components are all zero, except the n-th component equals 1. Note
that the subspace
R? = Clin{ay, az, az}

is Lagrangian, and one can easily check that all the subspaces of R® are isotropic and the sub-

spaces contained R? are co-isotropic.

In addition to the aforementioned properties of the symplectic complement, we can also add
the following: the relationship between the adjoint operator and the orthogonal complement still

holds for the symplectic complement as well. See the next theorem.

Theorem 1.2.15. If (V,w) is a real symplectic space with a strongly nondegenerate symplectic

form w and L, is its induced map and T : V — V is a bounded linear operator, then we have

[L;l(RanT*)]w =kerT and kerT* =ann(RanT).

Proof. For the first equality,
0, Yy € L' (RanT*)}
0, Yy € L' (RanT*)}

[L;l(RanT*)]w ={zeV|w(y) =
T) =
() =0, Vye L (RanT*)}
(
w(

={zeV|w(y,

={reV|Lu(y)
={xeV|L,(y)(x) =0, VL,(y) € RanT*}
={x eV |T*Ly(z)(z) =0, VL,(z) € DomT*}

={z eV | L,(2)(Tx) =0, VL,(z) € V*}
={zeV]|w(zTx)=0 YzeV}
={reV|Tzr=0} (from nondegeneracy of w)
=kerT.
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For the second equality,
kerT* = {z* e V* | T*(x*)(z) =0, Vz e V}
={z*eV* | z*(T2)=0, VzeV}
={z*eV*|z%(y) =0, Vy e RanT}
= ann(RanT).

1.3 Basic Symplectic Spaces and Symplectic Basis

An isomorphism between two symplectic spaces that preserves the structure of the symplec-
tic space is called a symplectomorphism. See the following definition.

Definition 1.3.1. [28, p.5] An isomorphism ¢ : (V1,w1) — (Va,ws) is called a symplectomor-
phism if for every x,y € Vi we have

QS*WQ(‘ra y) = WQ(¢$, ¢y) = wl(gjay)'

In this case, the two symplectic spaces (V1,w1) and (Va,ws) are called symplectomorphic spaces.

The following definition provides us with an important type of symplectic space.

Definition 1.3.2. [8] A Banach symplectic space (V,w) is called basic if there exists a reflexive
Banach space Y and a symplectomorphism ® such that

.V -Y@®Y* and w(u,v) =wo(®Pu,®v) for every u,veV
where Y* is the dual space of Y and wy is the canonical symplectic form, which is defined as

wol(@,2%), (1,9) = y*(2) —a*(y) for every myeY.a*,y*e¥* .  (13.1)

Now, correspondingly to the concept of orthogonal basis in Hilbert spaces, we have a favourite
type of basis for symplectic spaces. This basis is called a symplectic basis. See the next defini-
tion.

Definition 1.3.3 (Symplectic basis). [28, p.7] Given a symplectic space (V,w) with a countable
basis

U fei fi} (1.3.2)

i€lCSN

where I is the indexing set of the basis and its cardinality is:
° Cardfz%dimV if dimV <o
e Card]l = 0 if dimV = oo.

This basis is called symplectic if it satisfies

w(e, ;) =w(fi, fj) =0 and wle;, fj) = §i; for every i,j € I. (1.3.3)
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Remark 1.3.4. Since we are dealing with a symplectic space that can be either even finite or
infinite-dimensional spaces, we will henceforth adopt the expression (1.3.2) to write the basis of
the space. Consequently, the cardinality of the indexing set I = N will depend on the dimension
of V as described in the above definition. Therefore, from now on, whenever we write

S = U {ei, fi}
ieICN
as a basis of a symplectic space V in a statement, we mean that the statement holds for V' whether

V is even finite or infinite dimensional.

The Theorem 1.3.8 below states the conditions that guarantee the existence of such a basis.
But, before we are prepared to prove this theorem, we need first to recall a Schauder basis of a

Banach space.

Definition 1.3.5. [26] We say that {uy}ren is a Schauder basis of a Banach space V if for

every v € V there exists a unique sequence of scalars {ay}ren such that

e
v = Z ApUg. (1'3'4)
k=1

Note that the order of the summation (1.3.4) might affect the convergence of the series. There-
fore, if we want to have a freedom to reorder the summation (1.3.4), we must assume that the
basis {uy}ren is symmetric, which means [26, p.15] for any permutation 7 of N, the convergence

of the series
(o 8}

v = aﬂ(k)uﬂ,(k) (1.3.5)
k=1

still holds.

Also, it is worth mentioning that the existence of a Schauder basis of a Banach space V is
more restrictive than V' being separable. For example, Enflo, in his paper [11], has constructed a
separable Banach space without a Schauder basis.

Also, there is a type of Schauder bases called a shrinking basis. See the following definition.

Definition 1.3.6. [20] Let V' be a Banach space with a Schauder basis {uy}reny and V* be its

dual space. For every k, we define u} € V* as
up (Un) = Ogn.

The Schauder basis {uy}ren is called shrinking if its dual set {u}}ren < V* is also a Schauder
basis of V'*.

The following theorem is an immediate consequence of James’ Theorem [26] that provides

the relationship between a shrinking basis and the reflexivity of a Banach space.

Theorem 1.3.7. Let V be a Banach space with a Schauder basis {uy}xen. Then,

V is reflexive = {u}ren is a shrinking basis.

Now, we are prepared to introduce the main theorem of this section.
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Theorem 1.3.8 (Existence of symplectic basis). Assume that (V,w) is an even finite-dimensional

or infinite-dimensional real basic symplectic Banach space; that is,
VY@Y*

where Y is a reflexive Banach space. Also, assume that Y has a symmetric Schauder basis {uy}xen
and Y* is the dual space of Y and Y®Y* is equipped with the canonical symplectic form (1.5.1).

Then V possesses a symplectic basis.

Proof. We will start with the case of an infinite-dimensional symplectic space, and then the case
of finite dimension will be derived immediately.

First of all, consider

OV -Y@Y™

to be a symplectomorphism. Now, let {u} }ren € Y™ be the dual set of the basis {u}ren, which
defined as
u (uj) = dij
Since V is reflexive, from Theorem 1.3.7, the basis {uy}xey is shrinking, which means the dual
set {u} }ren forms a Schauder basis of Y*. Furthermore, since {uj}ien is symmetric, then {u}}ren

is also symmetric. Hence

A= U{ukvuz}

keN
is a symmetric Schauder basis of Y @ Y*. Consequently,

B = U{emfk}

keN

is also a symmetric Schauder basis of V' where
O (ug, 0) = ey and O7H0,uf) = fr.

This means for every v € V there exist unique scalar sequences (ay )i and (bg)r such that

20 oAxL
v = Z arey + Z b fx.-
k=1 =1

Furthermore, for every i, j € N, we have the following:

° w(eh ej)

w ((I)il(ui’o)vq)il(ujvo)) =w ((Ul,()), (’ZL],O)) = 0*(u2) - 0*(uj) =0.
o w(fi, fj) =w (<I>_1(O,u;"), <I>_1(O,u;’-‘)) =w ((O,UE"), (O,u;")) = u;‘(O) —u¥(0)=0.
[ ] w(ei, f]) w ((O,Ui), (O,U;:)) = U;‘ (uz) = 62]

Therefore,

w (‘Ifl(ui, 0), ®~ (0, u;‘))

B = U{€k7fk}

keN
is a symplectic basis.

In the finite-dimensional case, the above approach is still valid. Indeed, by the same ap-

proach, one can easily construct a basis
n
BTL = U {ek7 fkt}
k=1

for the 2n-dimensional space.

This completes the proof. O
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Corollary 1.3.9. [28, p.7] Every 2n-dimensional real symplectic space (V,w) is symplectomor-

phic to (R?",wy) where wq is standard symplectic form, which is defined as
wO(aiv a‘]) = wO(a7L+i7aYL+j) =0 and wo(ai7aj+n) = 5ij7 VZ,] = 17 27 3
Here, {a;}3", is the standard basis of R*".

Proof. Assume that
S = {617f17-~-aen7fn}'

is a symplectic basis of V. Define the isomorphism

ek if k=1,2,---,n

¢:R™ >V, lap) = )
foen i E=n+1n+2 - 2n

Then, for every i, = 1,2, -+ ,n, we have
o wolai,a;) =0 =w(e; e;) = w(g(as), d(ay)),
* wo(n+isantj) =0 =w(fi, fj) = w(d(an+i), plant;)),
o wo(ai,ajin) =06 =wle;, fj) = w(d(a;), (ans;)).

By using the linearity of w and ¢, this implies that for every x,y € R?"

wo(z,y) = w(d(x), ¢(y)),

which means the isomorphism ¢ is a symplectomorphism. Therefore, the symplectic spaces
(R?", wg) and (V,w) are symplectomorphic. O

Example 1.3.10. Consider ({*> @ (£%)*,w) such that
w((z,2),(y:y") = y* (@) — 2 (y) = x.y™) — . 2*) for every (x,2%),(y,y*) € £ ® ()"
Since €% = (£*)*, we can have an isomorphism such that
' = ®(z*) e £ and oy = ®(y*) e (2
and

s} [o's}
(@,y*) =<(z,y) = Z vy and (y,a*) =y, @'y = ) @ik
k=1 k=1

where © = (zg)k, &' = (&) )k, Y= W), ¥ = W)k € 2. Hence

€L

w((z,z*) Z ThYk — ThYk)-
k=1

Recall the standard basis of ¢2
B={u,=(0,...,01"" 0. )k=12.._}

The symplectic basis of £2 @ (% will be
(o8]
S = U{ei, fi}
i=1
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where

e1 = ((1,0,0,...);(0,0,0,...)), f1=1(0,0,0,...);(1,0,0,...),
ea = ((0,1,0,...);(0,0,0,...)), f2 = ((0,0,0,...);(0,1,0,...)),
es = ((0,0,1,...);(0,0,0,...)), f3 = ((0,0,0,...);(0,0,1,...)),

For any k =2,3,4,..., the general formulas are
er = ((0,...,0,1%",0,...):(0,0,0,...) and fx = ((0,0,0,...);(0,...,0,1¥" 0,...))

which is the same as the standard basis of (? @ (2.

1.4 Quotient Symplectic Spaces

Let (V.| - |lv) be a real normed space and let
w:VxV =R

be a bounded skew-symmetric bilinear form, which may be degenerate. In this section, we will
study how the form w inherits a nondegenerate bounded skew-symmetric bilinear form (sym-
plectic form)

&([«]. [y]) = wia,y) (14.1)

where [z], [y] are equivalence classes in the quotient space
V/IM ={[v]=v+M|veV}
for a closed subspace M c V. The norm of V/M is the quotient norm, which is defined as:
Ilv]l = 771Lr€1£/[ |[v —m|y for every [v]eV/M. (1.4.2)

The above closed subspace M is not arbitrary; it is chosen in such a way that ensures the form
w inherits a symplectic form @ on V /M. Therefore, we must determine the restrictions on the

subspace M under which:
e & is well-defined,
e (U is bounded,
e  is skew-symmetric,
e (0 is nondegenerate.

To avoid writing a long proof for verifying these four conditions, we will examine each of them
individually in a separate theorem. In other words, we will separately determine the restrictions
on M under which each condition is satisfied. Afterwards, we will combine all these restrictions
to characterise when (V /M, &) becomes a quotient symplectic space.

The first theorem provides the restrictions on the subspace M under which the form @ in
(1.4.1) is well-defined on the quotient space V/M.
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Theorem 1.4.1. Let (V,||-||) be either an even finite-dimensional or a separable infinite-dimensional
real normed space, and w is a bounded skew-symmetric bilinear form on the space V. Consider

the quotient space V /M equipped with the quotient norm
I[v]] = inf v —m|y for every [v]eV/M.
meM
Also, consider the form

@([z],[y]) = w(z,y) for every [z],[y] € V/M.
This form & is well-defined on the quotient space V /M if and only if M € V¥.
Proof. To prove that the form @ is well-defined, we must show that & does not depend on the

choice of representatives x,y in the cosets [z] = z + M and [y] = y + M in V /M. To achieve
this, assume that [z], [2'], [y], [y'] € V/M such that

[z] = [+] and [y] = [¥],

which means

2'=x+m; and 9y =y-+me forsome my, moe M.

Then,

x4+ my,y + ma)
‘T7y) + w(l‘,TI’Lg) +W(m1,y) +w(m1;m2)
[z], [¥]) + w(z,m2) + w(mi,y) + w(mi,m2)

The form @ is well-defined if and only if

&[] [y']) = @([=], [y])-

In other words, it is well-defined if and only if the sum of the three extra terms on the right-
hand side vanish:

w(z,ma) + w(m,y) + w(my, ma) = 0.
Since z,y have been chosen arbitrarily, we require:
w(x,mg) = w(my,y) =w(mi,me) =0 Va,y €V, my,mg € M.
Now, observe
o w(myi,ms) =0 Ymy,ms € M requires M € M* (i.e. M is isotropic).
o w(z,my) =w(my,y) =0 VYx,y eV, my,mg € M requires M < V¥.
In conclusion, the form & is well-defined if and only if M satisfies M < V¥.

O

Remark 1.4.2. Note that, in the above Theorem, V¥ is not necessarily equal to {0} because we

did not assume that w is nondegenerate on V.

In the second theorem, we will examine the boundedness of the form @ in (1.4.1) on the quo-
tient space V//M.
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Theorem 1.4.3. Let (V,||-||) be either an even finite-dimensional or a separable infinite-dimensional
real normed space, and w be a bounded skew-symmetric bilinear form on the space V, and let M
be a closed subspace contained in V. Consider the quotient space V /M equipped with the quo-
tient norm
Ilv]] = inf v —m|yv for every [v]eV/M.
meM
Also, consider the bilinear form

&([x],[y]) = w(x,y) for every [x],[y] € V/M.

Then, the form @ is bounded on the quotient space V /M.

Proof. To prove that @ is bounded, we must show existence of C' > 0 such that

(=], D] < Cl[=]lllw]]  for every [z],[y] € V//M.

Since for every [z], [y] € V/M
= inf — d = inf |y —

)l = inf e —mly and [yl = inf |y - mlv,

then, by this definition, for every € > 0 there exists mi, ms € M such that
lz+mi|v <e+ inf |x—m|y and |y +me|v <e+ inf |y —m|v. (1.4.3)
meM meM
Now, since M is contained in V*, then, from Theorem 1.4.1, @ is well-defined; that is,
W(I’7y) = CL)(ZL' + mi,y + m2)

Thus, from the boundedness of w and line (1.4.3), we can obtain the required C > 0 as follows:
for every [z],[y] € V/M we can write

o (2], [yD] = [w(z,y)]
= |w(z +m1,y +ma)|
Clz +ma|vy + ma|v

<
< inf o — inf |y —
Cle+ Jnf |z —mllv)(e + Jnf ly —mlv)

< Ce+[[]l) (e + [TylI)-

Finally, if we take ¢ — 0, we obtain

(], [yDI < Clll]llly]| - for every  [z],[y] € V/M,
which means that & is bounded on V/M. O

In the third theorem, we will examine whether the form @ in (1.4.1) is skew-symmetric on
the quotient space V/M.

Theorem 1.4.4. Let (V,|-|) be either an even finite-dimensional or a separable infinite-dimensional
real normed space, and w be a bounded skew-symmetric bilinear form on the space V, and let M

be a closed subspace contained in V¥. Consider the quotient space V /M equipped with the quo-

tient norm

Ilv]] = ing/[ lv —ml|y for every [v]eV/M.
me

Also, consider the bilinear form

([z],[y]) = w(w,y) for every [z],[y] € V/M.

Then, the form & is skew-symmetric on the quotient space V /M.
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Proof. The skew-symmetry of @ follows from the skew-symmetry of w. To clarify this, note that
for every [z],[y] € V/M, by the definition of &, we have

w([z], [y]) = w(z,y) = —w(y,z) = —w([y], [*])

In the last theorem of this argument, we will examine whether the form @ in (1.4.1) is non-
degenerate on the quotient space V /M.

Theorem 1.4.5. Let (V)| - |v) be either an even finite-dimensional or a separable infinite-
dimensional real normed space, and w be a bounded skew-symmetric bilinear form on the space
V, and let M be a closed subspace contained in V. Consider the quotient space V /M equipped

with the quotient norm
Ilv]] = inf |v—m|yv for every [v]eV/M.
meM
Also, consider the bilinear form

([z], [y]) = w(z,y)  for every [x],[y] € V/M.

This form & is nondegenerate on the quotient space V /M if and only if M = V¥

Proof. Let L, be the induced map of w. Since V¢ is the largest subspace in V' on which the
form w vanishes, then
V¥ = ker(L,).

Now, we can define the induced map of @ on V/ker(L,,) as follows: for every [x],[y] € V/M
La([=]([y]) = @([], [y]) = w(z,y) = Lu(x)(y)-
Recall the First Isomorphism Theorem for Normed Spaces to obtain
V/ker(L,) = Rang(L,,)
where Rang(L,,) is the range of L,,. This theorem ensures that the induced map of @
L : V/ker(L,) — Rang(L,)

Lo([z]) = Lo ()

is bijective, which implies that & is nondegenerate on V/ker(L,). Now, we have shown that if
M =V* =ker(L,), (1.4.4)
then @ is nondegenerate on V /M. But, if
M ¢ V¥ =ker(L,),
then there exists a nonzero x € V¥\M representing the class [z] = 2 + M € V//M such that
Lo([2])([y]) = 0 Y[yl € V/M = [z] € ker(Lg).

This means that ker(Lg) # {[0]}, and thus the form & is degenerate on V/M. Therefore, we can
conclude that @ is nondegenerate if and only if M = V¥, O
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Remark 1.4.6. From the above four theorems, we can conclude that a bounded skew-symmetric
bilinear form w on a real normed space V induces a quotient symplectic normed space (V/M,@)
if and only if

o M =V«
e or equivalently M = ker(L,,) where L, is the induced map of w.
It may also be worth to consider the case where U is a subspace of a real symplectic space

(V,w) and M is another subspace contained in U. In this case, we need to examine when the
quotient space U/M carries a symplectic structure. See the following Theorem.

Theorem 1.4.7. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic space, let U be any closed subspace, and M be another closed subspace contained
in U. Consider the quotient space (U/M, | - ||) where

I[u]l = in]fw lu—m|v for every [u]eU/M.
me
Also, consider the form

([z], [y]) = w(z,y) for every [x],[y] e U/M,

This quotient space (U/M,©) is symplectic if and only if M is isotropic and M = U n U¥.

Proof. In Remark 1.4.6, we have stated that for M as a closed subspace of V', the quotient space
(V/M,®) is symplectic if and only if M = V. However, the subspace V¥ is originally the
largest space on which the symplectic form w vanishes; that is,

M={zxeV]|w(x,y) =0 forall yeV}.

By adopting this definition of subspace M in the case of examining (U/M, ), the subspace M
will also be the largest space on which the restriction of the symplectic form w|yxy vanishes. In
other words,

M={zxeU|w(z,y) =0 for all yeU}.

This is exactly,
M=UnU".

Thus, from Remark 1.4.6, the pair (U/M,®) is a symplectic space if and only if M = U n U%.
O

Remark 1.4.8. The above theorem provides an approach to constructing the symplectic quotient
space (U/(U nU¥),@) from the subspace U, under only a single condition, which is the closed-
ness of U. In fact, the closedness of the subspace U is an essential condition to guarantee the
closedness of the intersection U n U%. See the next example, which illustrates that U n U% is not
always closed if U is not closed.

Example 1.4.9. Consider (¢*,w) such that

o8
w(z,y) = Z (T2k—1Y2k — Y2k—1T2k)
k=1
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where x = (z1), and y = (yx)r are in €2, and consider the symplectic basis

S = U{emfk}
k=1

where
er = (0,...,0,12=1 0, ..., and fi = (0,...,0,1%*,0,...).

Thereafter, if we consider the non-closed subspace

o0
U = Lin | J{ex. for}
k=1

and its symplectic complement
o8]
Uw = Chn U {62]@71},
k=1

then the intersection

o8]
UnU“=Lin U {ear—1},
k=1
is a non-closed subspace.

However, in the case of M being a coisotropic subspace of a real symplectic space (V,w), the
intersection M n M¥ = M is always closed. The following corollary will be a particular case
of Theorem 1.4.7, as it provides us with a method to construct a symplectic quotient space from
a coisotropic subspace of a symplectic space. This corollary is a generalisation of Lemma 2.7
(i) in [27, p. 41], as it includes separable infinite-dimensional symplectic spaces, not just finite-

dimensional spaces.

Corollary 1.4.10. Let (V.| - ||v) be either an even finite-dimensional or a separable infinite-
dimensional real normed space equipped with a symplectic form w, and let M be a coisotropic
subspace. Then, the symplectic form w induces another symplectic form © on the quotient nomed
space (M /MY, |-||) where |-|| is the quotient norm:

I[v]] = irjl\g |[v —ml|y for every [v]e M/MY,
meM«

and the induced symplectic form is defined as

o([z],[y]) = w(z,y) for every [z],[y] € M/M".

Proof. Since M is a coisotropic, then, by Theorem 1.2.7, then M“ = M n M% because M*“ < M.
Thus, from Theorem 1.4.7, the quotient space (M /M®“,®) is a symplectic space. O

Furthermore, in [27], D. McDuff and D. Salamon state that if we have a Lagrangian subspace
in an even finite-dimensional real symplectic space, then we can construct a corresponding La-
grangian subspace in the induced quotient space. In the following theorem, we will state a simi-
lar result, but we will generalise it to cover separable infinite-dimensional real symplectic spaces,

not just finite-dimensional spaces.

Theorem 1.4.11. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic space, let M be a coisotropic subspace, and L be a Lagrangian subspace such that
L+ MY is closed. Then,

L=((LnM)+M)/M*

36



is a Lagrangian subspace in the symplectic space (M /M®,0) where
o([x], [y]) = w(z,y) for every

Proof. To show that L is Lagrangian, we need to verify the equality

L® = L.

To achieve that, note that we have

e LnMCL,

e [ is Lagrangian,

e M is coisotropic.
This implies that

e [ n M is isotropic

e MY is isotropic.
This means

e w(ly,le) =0 forall Iy,loe Ln M,

e w(myi,mg) =0 for all my,my e M“.

Now, since every [z],[y] € L we can write

o [2]=UL+m + MY =1 +M* where Iy € L n M, m; € M¥
o [y]=la+mo+ MY =13+ MY where lse Ln M, mye M%,

then, by definition of @, the following statements are equivalent:

[ w(ll,lg) =0 for all ll,lg eLnM.
o &([a] [y]) = 0 for all [],[y] € L.

This means

L=((Ln~M)+M)/M*

is isotropic. That is,

LclI®
On the other hand. Assume that [z] € L%. Thus

[z] € L*

xe(LnM)¥nM.

Hence

[2] € (L A M)* ~ M)/M*.
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By Theorem 1.2.7, we have
[z] e (L M) n M)/M* = ((L¥ + M¥) n M)/M* = ((L+ M«) n M)/M*.
Hence, the following holds.

re(L+M*)nM = ze€L+M* and x € M

x=14+m where e L, me M¥ and xe€ M

meM®“, Il=x—melL and | =x—me M since M¥ € M
leLnM and me M¥

x=1l+me(LnM)+ M~

[z]e (L M)+ M*¥)/M*”

[z] € L.

Frrrrl

Therefore, we assumed that [z] € L® and then we ended with [z] € L. This results in
L°c L. (1.4.7)
We conclude, from (1.4.6) and (1.4.7), that the equality (1.4.5) holds. O

Remark 1.4.12. In the above theorem, we have proved that, from any coisotropic subspace M
and Lagrangian subspace L such that L + M* is closed, we can construct a Lagrangian subspace
in the symplectic quotient space M /M*. Similarly, we can construct coisotropic subspaces and
isotropic subspaces in the quotient space M /MY . Further details are provided in the next two

theorems.

The following theorem is devoted to the case of coisotropic subspaces

Theorem 1.4.13. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic space, let M be a coisotropic subspace, and U be a closed coisotropic subspace
such that U + M* is closed. Then,

U= ((UnM)+M)/M
is a coisotropic subspace in the symplectic space (M /M®“,&) where
o([z],[y]) = w(z,y) for every [z],[y] € M/M".
Proof. We can show that U is coisotropic by verifying the inequality
U“cU. (1.4.8)
To achieve this, note that

U° = {[z] € M/M* | &([z],[y]) = 0 for all [y] e U}.
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Assume that [z] € U®. We aim to show that [x] € U. To this end, observe that

1] € 0% = (el [y]) =0 V[y]e 0
— w(z,y) =0 Vye (Un M)+ M~
— wz,u' +m)=0Vy=u+m'e(Un M)+ M"
= w(@u' +m')=0 VYu' eUn M, VYm'e M¥
— w(z,u)=0Vu'eUnM and w(z,m')=0 Vm'e M¥
— wr,u)=0V'eUnM
> ze(UnM)“ M.

Thereafter, by Theorem 1.2.7, we have
[z] € (U M) nM)/M® = ((U* + M) M)/M“ C (U+ M%) M)/M*.
Hence, the following holds.

e(U+M)AnM = €U+ M* and xe M

z=u+m where ueU, me M“ and ze M

meMY u=x—meU and u=x—meM since MY < M
ueUnM and me M

r=u+me(UnM)+M”

[z] e (Un M)+ M)/ M~

[z] e U.

Lrerrl

In conclusion, we have shown that

[z]e U° = [z]eU.

This means U® C U; that is, U is coisotropic in (M/M%“,&). O

The following theorem concerns the case of isotropic subspaces.

Theorem 1.4.14. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional

real symplectic space, let M be a coisotropic subspace, and U be an isotropic subspace. Then,
U=((UnM)+M)/M*
is an isotropic subspace in the symplectic space (M /MY &) where
@([z], [y]) = w(z,y) for every [x],[y] € M/M".
Proof. We can show that U is isotropic by verifying the inequality
Ucu>. (1.4.9)

To achieve this, note that since U is isotropic and M n U € U, then M n U is isotropic, which
means
MnUcS(MnU)~.

By definition, for every [z], [y] € U, we can write
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e z =u+m for some ueUn M, me M“,
e y=u +m' forsome v eUnn M, m'e M“.

Now, by definition of @, the following statements are equivalent:
o w(u,v') =0 Yu,u' eUnM

o w(u,v) +w(u,m) +wim,u) +wim,m) =0 Yu,u' e U n M, mm' e M¥

(u,

wu+m,u +m’) =0 Yu,u' €U n M, m,m' e M¥

e w(z,y)=0 forall z,ye (Un M)+ M
&([z],[y]) = 0 for all [z],[y] e U.

This implies U € U?; that is, the subspace U is isotropic in (M/M*,&). O

Furthermore, in a similar way, we can construct a symplectic subspace in an induced quo-

tient space.

Theorem 1.4.15. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic space, let M be a coisotropic subspace, and U be a symplectic subspace and con-
tained in M. Then,

U= U+ M“)/M¥

is a symplectic subspace in the symplectic space (M /M%) where
w([z], [y]) = w(z,y) for every [x],[y] e M/M*.

Proof. To prove that U is symplectic, we need to show that the restriction w|s, 7 is nondegen-
erate. To achieve this, note that since M is coisotropic and U is symplectic contained in M,
then

o M¥C M,
o UYnU = {0},
e UC M.
Assume that [z] € U. Then, we can write
x =u+m for some uweU, me M®.

By definition of @, observe that

&([2].[y)) =0 V[yle U = y) =0 VYyelU

wz,

wu+mu' +m')=0 Yu' +m' e U + M*

wu+m,u' +m')=0 Vu' e U, Ym' e M*¥

wu+m,u') =0 VYu' e U and w(u+m,m') =0 ¥Ym' e M“
w(u,u’) =0 Yu' € U and w(m,m’) =0 Vm' € M*
w(u,u')=0 Yu' e U

uweU”.

ﬂﬂﬂﬂﬂﬂ

This leads to
uelU“nU={0} = u=0.
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That is,
[r] = m + M* where me MY = [z] = [0].

Since we have proved that
wlgyp(lz], [y]) =0 for all [y]e U = [z] =[0],

then the restriction w|z, 7 is nondegenerate. O

Remark 1.4.16. The symplectic subspace, in Theorem 1.4.15, can be written as

U = (U~ M)+ M)/M*,

which is the same as the formulas for Lagrangian, coisotropic, and isotropic subspaces in The-
orem 1.4.11, Theorem 1.4.13, and Theorem 1.4.1/, respectively. However, since, in Theorem
1.4.15, we added an extra assumption (U € M), we wrote U n M as U. In fact, without assum-

ing that U € M, the intersection M n U may fail to be symplectic in (V,w). As a result,
U=((MnU)+ M)/ M
may fail to be symplectic in (M /M®“,&). The following example illustrates that.
Example 1.4.17. Consider the symplectic space (R*,w) where the symplectic form is given by:
w((@1,y1, 2, y2), (1, Y1, T, Y3)) = 1Yy — Y17 + Tayh — Yalh.
Consider the coisotropic subspace

M = {(0,y1,%2,92) | T1,y1,72 € R}.

Its symplectic complement is:
M® ={(0,41,0,0) | y1 € R}.

Also, consider the symplectic subspace
U = {(1‘1,0,332,0) | xr1,T2 € R}

Its symplectic complement is:

U“ ={(0,41,0,42) | y1, 2 € R}.

Now, the intersection is:
MnU= {(0,0,iL’Q,O) | T9 € R}

Its symplectic complement is:
(M nU)® ={(z1,y1,22,0) | z1,y1, 22 € R}.

Now,
(MAU)n(MnU)® ={0,0,22,0) | 22 € R} # {(0,0,0,0)},

which means that the intersection M n U is not symplectic. Furthermore, if we consider the
quotient space M /M* with the symplectic form

O([z],[y]) = w(w,y) for every [z],[y] € M/M*,
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then

U=(MnU)+ M)/ M*
is not symplectic. This is because & is degenerate on U. To illustrate this, note, by definition of
w, that

(Oa07 170) ¢ M* and W((0,0, 170)7 ($17y13z2ay2)) =0 V(l’l,yl,.T,Q,yQ) EMnU

is equivalent to

[(0,0,1,0)] # [(0,0,0,0)] and ©([(0,0,1,0)], [(x1,y1,22,¥y2)]) = 0 Y[(z1,y1,z2,y2)] € U.

1.5 Complex Structure and Decomposition of a Symplectic
Space

Let (V,w) be a real symplectic space and w be strongly nondegenerate. Also, let V' be equipped
with a norm ||| equivalent to a Hilbert norm |||z, which means there exist constants C;,Cs > 0
such that

Cil-le <|-II<C-n, (1.5.1)

and the norm ||-|p is inherited from an inner product h(:,-); that is, (V,h(:,-)) is a Hilbert space
with h(-,-) = | - |%. In this section, we will introduce the definition of a complex structure.
Then, we will construct a complex structure providing a connection between the above Banach
structure and the symplectic structure. After that, we will show its important role for the de-

composition of symplectic spaces.
We begin by introducing the definition of a complex structure.

Definition 1.5.1. [0, p.108] An isomorphism J : V. — V is called a complex structure on a
real Banach space V if J?> = —I (or equivalently, J=1 = —J).

Since we aim to introduce a complex structure as a link between the above Banach structure
and symplectic structure of V', then, as will be seen later, the complex structure J must be cho-

sen to be compatible with the symplectic form w. See the following definition.

Definition 1.5.2. [0, p.84] Let (V,w) be a real symplectic space. We say that a complex struc-

ture J : V — V is compatible with w or w-compatible if for every nonzero u,v € V we have

w(u,Ju) >0 and w(Ju,Jv) = w(u,v). (1.5.2)

Lemma 1.5.3. If (V,w) is a real symplectic space and J : V — V is a w-compatible complex

structure, then for every u,v € V we have
w(u, Jv) = —w(Ju,v) (1.5.3)
Proof. For every u,v € V, we have

w(u, Jv) = w(Ju, J*0) = w(Ju, —v) = —w(Ju,v).
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Now, let us start constructing the required complex structure J : V. — V. As we stated
above, the real symplectic Banach space V is equipped with a strongly nondegenerate w and its
norm || - | is equivalent to a norm | - ||z, which is inherited from an inner product h(:,-) on V
(i.e. | - |% = h(-,-)). Thereafter, from the Riesz Theorem and the strong nondegeneracy of w,

the forms h(-,-) and w(-,-) induce two isomorphisms:
Ly:V —>V* Ly(v)=h(v,-) and L, :V - V* L,(v)=w(v, ) forevery veV. (1.5.4)
After that, we can define
A:=L;10Lw:V—>V

Note that, the isomorphism A is skew-symmetric (i.e. A* = —A) w.r.t h(-,-) because for every

x,y € V we have

h(Az,y) = Ln(Az)(y)
=Lyo L;l o Ly (x)(y)
= Lo(2)(y)
= w(z,y)
= —w(y,x)
= Lo(—y)(z)
=LpoL;" o Ly(~y)(z)
= Ln(—Ay)(x)
= h(—Ay, )
= h(z, —Ay).

Now, we can put
J:=|ATTAV SV

where |A| = (A*A)%. It remains to show that J is, indeed, a w-compatible complex structure.
To this end, observe

o J2 = (JATTA)(JA]TTA) = [A]T2A2 = (A*A) A2 = —A24% = T,
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e J is a symplectomorphism because for every =,y € V we have
w(Jz,Jy) = L,(Jz)(Jy)
= Ln(AJx)(Jy)
= Lu(AJA[™ Az)(Jy)
= Ln(A?|A] " 2)(Jy)
= Li(—=A*AJA]" 2)(Ty)
= Li(—|AP|A] " 2)(Jy)
= Ln(=|Alz)(Jy)
= h(=|Alz, Jy)
= h(~|Alz, |A| 7! Ay)
= n(=A*(JA[)*|Alz,y)
= h(Az,y)
= Ln(Az)(y)
=Ly oL;" o Ly(x)(y)
= Lu(2,y)

= w(z,y).
e The last condition, which states:

w(z,Jx) >0 for every nonzero z €V (1.5.5)

will be proven later in Lemma 1.5.4.

Note that, in the above argument, the skew-symmetric isomorphism A : V' — V connects the
inner product & with the symplectic form w via the following identity.

w(z,y) = h(Az,y) forevery z,yeV. (1.5.6)
Since J = |A|71 A, then, for every x,y € V, we can obtain the following identity
w(z, Jy) = h(|Alz,y). (1.5.7)

This is because

If we put
g(z,y) = h(]A|z,y) forevery z,yeV, (1.5.8)

then we obtain a bilinear form on V satisfying

w(z,Jy) = g(x,y) for every x,yeV. (1.5.9)

44



The following lemma proves that g is indeed an inner product on V.

Lemma 1.5.4. If (V, h(-,-)) is a real Hilbert space and P : V. — V is a positive isomorphism,
then

is an inner product.

Proof. Since P > 0, then for each x € V, we have g(z,2) = h(Pz,z) > 0. The bilinearity of
g follows immediately from the bilinearity of A and the linearity of P. Also, the symmetry of g
follows from the symmetry of h and the positivity of P. To illustrate that, note that for every

xz,y € V we have
g(x,y) = h(Pz,y) = h(z, Py) = h(Py,x) = g(y, ).

It remains to show that
g(z,2) =0 < 2 =0,

which is equivalent to
h(Pz,z) =0 < z =0.

One direction is straightforward. Thus, we need only to show the other direction, which is
h(Pz,z) =0 = x =0.
To this end, assume that h(Pz,z) = 0 and consider
y=lz|P e — Az
where |z| = h(z,2)? and X is a real number, will be chosen later. Thus,
0 < h(Py,y) = h (Jallz = APa, 2] P~ 1o — Aa)
= |z|*h (z, P~ x) — A|z|h(z,2) — A|z|h(Pz, P~ "2) + \*h(Pz, z)
= |z|?*h (z, P~ 'z) — A|z|h(z,2) — A|z|h(z, PP~ 2)
= |zh(z, P~2) — 2X|z|h(z, z)
= ||lz|*h(z, P~ x) — 2X|2*  (By using h(z,z) = |z[?)
< |lz)?|z)|| P x| — 2X\|z|®  (By applying Cauchy Schwarz Inequality on h(z, P~ 'z))
<P 2|* = 2\|=|® (From boundedness of P~1)
— (1P~ 1] - 22) .

Now, if we choose

A= [P,
we obtain
0< ~[P Hz|* = |z =0 = z=0.
We conclude that g is, indeed, an inner product. 0

Remark 1.5.5. One can note that if a complex structure J : V. — V and an inner product

9(:,+) satisfying

then the last condition (1.5.5) above:
w(z,Jx) = g(x,z) >0 for every nonzero x €V,

always holds. Consequently, J is compatible with w.
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Remark 1.5.6. The above symplectic form w will always be strongly nondegenerate because, as

a consequence of (1.5.9), the induced map
L,:V->V*

can be given as
L, (v)(-) = Lg(Jo)(-),
which is bijective from the Riesz Theorem.
It is common and helpful to write symplectic Banach spaces as a direct sum of a closed sub-
space and its symplectic complement. More precisely, if (V,w) is either an even finite-dimensional
or a separable infinite-dimensional real symplectic Banach space and its norm satisfies (1.5.1),

can V be written as
V=MaeM~” (1.5.10)

for every closed subspace M < V? Obviously, the answer is negative because the necessary con-
dition for (1.5.10) to hold is:
M n M*“ = {0}.

However, this only holds if M is a symplectic subspace. However, this issue can be settled by
using a w-compatible complex structure J : V' — V to obtain

JM n M* = {0} (1.5.11)
for every closed subspace M < V. This enables us to study the possibility of writing
V=JMe&M®*. (1.5.12)

for every closed subspace M < V. Observe, from the first condition in (1.5.2), the property
(1.5.11) always holds for any closed subspace M < V because

x#0 and x € JM n M* = 3Img e M\{0} such that z = Jmy and z € M“
= w(Jmg,m) =0, Yme M since Jmg=2x€ M*¥

= w(Jmg, mg) =0,

which contradicts the first condition of compatibility, which is w(Jmg,mo) > 0.
The following theorem addresses the above question regarding the decomposition (1.5.12).

Theorem 1.5.7. Let (V,w) be either an even finite-dimensional or a separable infinite-dimen-
sion real symplectic Banach space equipped with a norm | - | equivalent to a Hilbert norm | - || g,
the symplectic form w be strongly nondegenerate, and M be a closed subspace of V. Then there

exists a w-compatible complex structure J : V — V such that
V =JM® M. (1.5.13)
Proof. Let h be the inner product that induces | - | g; that is,
h(z,z) = |z|%) for every z € H.
By the Riesz Theorem, we obtain an isomorphism

Ly :V - V* suchthat Lp(v)=h(v,-) forevery veV.
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Since the symplectic form w is strongly nondegenerate, we also obtain an isomorphism
L,:V —>V* suchthat L,(v)=w(v,) forevery veV.
As we constructed above, we obtain the w-compatible complex structure
J:=|A'A:V 5V

where
A:=L;10Lw:V—>V.

By Lemma 1.5.4, we also obtain an inner product on V
9(--) = h(|A]-,-).
Since M is a closed subspace, then there is a g-complement subspace MY such that
V=MaoMI

where
MI={veV|g(v,m)=0VYme M}.

Now, we need to show that the w-compatible complex structure .J satisfies
J(M®) = M9, (1.5.14)

To achieve that, note that, for every u € V, the following statements are equivalent:

e ve J(MY).

o J7lye Mv.

e w(J tv,m)=0Yme M.

o L,(J7'w)(m)=0Vme M.

o L,(A7YAv)(m)=0Vme M.

o Lp(JAlv)(m) =0Vme M.

e h(|Ajv,m)=0Yme M.

e g(v,m)=0Vme M.

e ve MI.

This means
M9 =J(MY).

Therefore,
V=Ma&J(M).

By applying J on both sides,
JV =JM @ J* (M%),

By using the surjectivity of J and J? = —1I,
V=JM@&M"“.

This completes the proof. O
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Alternatively, we can have a decomposition

V=M@ (M)~ (1.5.15)

But proving this needs the following Lemma

Lemma 1.5.8. Let (V,w) be a real symplectic space, M be a subspace of V and J:V — V be a

w-comptible complex structure. Then

J(M¥) = (JM)=.

Proof.
reM = w(z,y)=0, Vye M
= w(Jz,Jy) =0, Vye M
= w(Jz,2) =0, Vze JM
= Jze (JM)”.
Therefore,

J(MY) c (JM)~. (1.5.16)
On the other hand,

rxe(JM)* = w(z,Jy) =0, Vye M
= w(Jz,y) =0, Vye M (from the equality (1.5.3))
= JreM”
= Jze J(M¥)
= zeJ(M?¥) (by using J? = —1I)

Therefore,
(JM)® < J(M*). (1.5.17)

From (1.5.16) and (1.5.17), we conclude that

(JM)® = J(M*).

As a result, we apply the complex structure J on both sides of
V=JM® M~

to obtain
JV =T*M@®J(MY).

By using the surjectivity of J and J? = —I and Lemma 1.5.8, we obtain the required decompo-
sition
V=Me&(M)".

Moreover, another result can be deduced from Lemma 1.5.8. If M is Lagrangian, then

M® = M.
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By Lemma 1.5.8,
(JM)® = JM. (1.5.18)

which means the w-compatible complex structure preserves the Lagrangian property. Conse-
quently, if M is a Lagrangian subspace, then the decomposition (1.5.15) becomes

V=M®&JM. (1.5.19)

This shows that if M is Lagrangian, then it also has a Lagrangian complement w.r.t. the inner
product

g(-, ) = w(-, J).
Therefore, the space V' can be written as a direct sum of two complementary Lagrangian sub-

spaces L and L'
V=LaLlL. (1.5.20)

Here, it may be helpful to present an example.

Example 1.5.9. Consider the real symplectic Banach space ({2, - |~,w) such that

e

w(x,y) = > (Tar—1Y2r — Y2u—122x)
k=1

and

|z~ = llzll2 + [1]
where x = (zi)r, and y = (yx)r are in €2 and | - |2 is the standard norm of ¢>. Note that
|zl2 < |z)2 + |21 < 2|z|2  for every e 2.

This means the norm | - |~ is equivalent to | - ||2. However, it is not a Hilbert norm because it

does not satisfy the parallelogram law:
lo +yl2 + o —yl2 # 2 (|22 + |y|2)  for some x,ye (2.
To check that, take x = (1,0,0,0,...) and y = (0,1,0,0,...). Then,
e The lift hand side:

|z + |2 + [z -y =2(v2+ 1) = 6 +2V2.

e The right-hand side
2 (|02 + Iyl2) = 2(2% + 1) = 10.

Now, consider the symplectic basis
s}
s = Jler fi}
k=1

where
er = (0,...,0,125=1 0, ..., and fr = (0,...,0,1%*,0,...).

Thus, the following subspace
L =Clin{e, | k=1,2,...}.

is Lagrangian in 0%. If we want to double-check this by calculating L*, we do the following:
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for every u,v € £2, we write
u=(up,us,us,...) and v=(v1,v3,03,...).
Hence
L¥ = {u = (u1,ug,...) € | w(u,v) =0, Yve L}

o
={u=(u1,u2,...)€€2 | ngk,1UQk =07 V’UGL}
k=1

= {u=(u1,ug,...) €% |ugp =0, VE=1,2,...}
= {u = (u1,0,u3,0,...,upp_1,0,...) € £%}

= Clin{e, |k =1,2,...}

= L.

This ensures that the subspace L is Lagrangian. Also, from (1.5.18), we have

(JL)Y = JL.
Now, from (1.5.19), we can write

FP=L®JL
where

J: 0?02

is a w-complex structure defined as
(0 —R*
R 0 )

RL—>JL, R(U1,0,U3,0,...) = (07’11,1,07’11,3,0,...)

where

and
R*=L:JL— L; L(0,u1,0,u3,0...) = (u1,0,us,0,...).

Observe that if we put J = A, then |A| = (AA*)z = I. Thus, we have J = |A|~'A, which is the
same form of the above constructed w-compatible complex structure.
In the following theorem, we will introduce a general decomposition of any closed subspace

M of a real symplectic Banach space V' that is equivalent to a Hilbert space.

Theorem 1.5.10. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic Banach space with a norm equivalent to a Hilbert norm, and M be a closed sub-
space of V.. Then, the subspace M can be written as

M=K&w (1.5.21)
where K is isotropic and W is symplectic (possibly K = {0} or W = {0}).

Proof. We have three cases:

e Case 1: If the restriction w|yrxas is nondegenerate, then the proof will be completed by
putting
W=M and K ={0}.

50



e Case 2: If the restriction w|yxp = 0, then also the proof will be completed by putting

W ={0} and K =M.

e Case 3: If the restriction w|psxas is neighter identically zero nor nondegenerate, then we
set
K=Mn M~

as the largest isotropic subspace contained in M. Now, since M is closed and the norm of
V is equivalent to a Hilbert norm, say | - |, = 4/g(*, ), then (M, g) is a Hilbert space and
K is closed in M. Thereafter, it has a complement W in M (i.e M = K @ W). Conse-
quently, W will be isomorphic to the quotient space M /K by the isomorphism

P:W—-M/K
x> [z]

where [z] = 2+ K is an equivalence class in M /K. As we discussed in the previous section,

this quotient space is endowed with the symplectic form
w([z],[y]) = w(z,y) forevery [z]=z+K,[y]=y+KeM/K.

Observe,
@([z],[y]) =0, ¥[y] e M/K = [z] = K = [0].

Now, since we have
K=MnM",

then, by Theorem 1.4.7, the form & is nondegenerate on M /K. Consequently, by defini-
tion of @, the form w is nondegenerate on the subspace W. This means that W is a sym-

plectic subspace.

In conclusion, the subspace M can be written as
M=KoeWw

where K is isotropic and W is symplectic.

O

An immediate consideration is whether the decompistion (1.5.21) is unique. To answer this,
note that the isotropic part of (1.5.21) is unique because it is determined by only M and w.
However, the symplectic part, as the complement of K in M, will not be unique except in the
trivial cases (i.e., when M is symplectic or isotropic). A simple example to show that there are
many possible symplectic parts is:

Example 1.5.11. Consider (R*,w) with a basis
S = {617627 €3, 64}

where
e1 = (1,0,0,0), e2 = (0,1,0,0), es = (0,0,1,0), eg = (0,0,0,1).

The symplectic form is defined as

w(e;, e5) =w(eayi,e2+j) =0 and w(e;,ejy2) =0;; where i,j=1,2.
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Now consider:
M = Clin{el, €2, 63}.

In this subspace,
M*® = Clin{es}.

Then, the isotropic part is uniquely specified as
K =M n M? = Clin{es}.
Howewver, for the symplectic part, we have many possible choices, for instance,
W = Clin{ey,e3} and W' = Clin{e; + ea,e3}.

Also, there are many other symplectic parts.

In the end of this section, we will illustrate the value of the existence of an inner product on
a symplectic Banach space in the above construction. In particular, we will introduce an inter-
esting example of a symplectic Banach space V equipped with a strongly nondegenerate sym-
plectic form w, but it is not isomorphic to any Hilbert space. After that, we will see that this

space contains a Lagrangian subspace L satisfying L. = L“, but there is no other Lagrangian
subspace L’ such that V' can be written as a topological direct sum

V=LalL,
in contrast to (1.5.20).

To avoid confusion, particularly in such spaces, we will introduce the following definition to
distinguish the Lagrangian subspace satisfying (1.5.20) from the one that does not. First, we
recall the notion of topological direct sum in Banach spaces.

Definition 1.5.12. Let (V,|-|) be a Banach space and let M, N be closed subspaces of V. Also,
consider the product space M x N equipped with the norm

|(m,n)llarxn = [mla + 0l for all (m,n)e M x N.
We say that V' is a topological sum of M and N, written
V=M®N

if the canonical map
®:MxN->V, &(mn)=m+n

is a linear homomorphism, meaning it is a bounded linear bijection with a bounded inverse.

Definition 1.5.13. Let (V,w,| - ||) be a real symplectic Banach space such that | - || satisfying
(1.5.1) and L be a subspace of V. We say that L is a strong Lagrangian subspace if

o L =1Y,

e There exists another Lagrangian subspace L' of V' such that the space V can be written as
a topological direct sum
V=LoL.

Now, we will present the example mentioned above, which has been studied in several pa-
pers, for instance, [18], [19] and [7].
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Example 1.5.14 (Kalton—Peck Space). Consider the Kalton—Peck map

KP:0? > 02,

wr (&) £ (eovs ()

with the convention 0log(0) = 0 where {e, }nen is the standard basis of £2. The Kalton—Peck

space is the Banach space

which is defined as

7y = {(n) e € x | y— KP@) € )

with the norm
(v 2)llz, = |z]2 + [y — KP(z)]2

where | - ||z is the standard norm of {*>. Now, consider the symplectic form
w:Zy x Zo >R w((y,x), (v, ") =,y — KP(x'))p2 — {x',y — KP(x))p2
where (-, Y2 is the standard inner product of * and (y,z),(y',2') € Zy. The induced map
Ly, : 75 > Z3; Ly(uw)()) =w(u,:) for every wu€ Zy

is an isomorphism [19]. Thus, w is strongly nondegenerate. Moreover, since Zy has no uncondi-

tional Schauder basis [19], it is not isomorphic to any Hilbert space.

Also, note that if (y,x) € Zo with x = 0, then y =y — KP(0) € 2. Thus, the vectors of (>, as
a subspace of Zs, are expressed as (y,0) € Zo; that is,

2= {(y,0) € Z}.

Now, we will show that ¢? components is a mazimal isotropic subspace of Z>. To this end, ob-

serve that

w((y,0), (¥,0)) =<0,y =0,y = 0, Yy, y' € £2.
Furthermore, let us compute
y',2') € Z2 |w((y,0), (v, 2')) = 0,Vy € (%}

)

) € Zy [0,/ — KP(a'))p — {2/, y)2 = 0,Vy € 1%}
')EZQ|<;U Y = 0,Yy e (%}
)

/ /

! 7

~ o~ o~ o~ o~
<
~
8

According to [19, Theorem 10], every infinite-dimensional isotropic subspace of Z cannot be
complemented. Therefore, {?> components of Zo will not be complemented, which means ¢ is La-
grangian, but not strong Lagrangian. Also, Zs cannot be decomposed into complementary La-

grangian subspaces.
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1.6 Symplectic Hilbert Spaces

Compared with separable Banach spaces, separable Hilbert spaces have a more manageable
structure. The presence of an inner product is a powerful tool that helps to link a symplectic
structure to a Hilbert structure. In section 1.5, we have seen that the identity (1.5.9) provides
us with helpful advantages such as complementarity of every closed subspace, compatibility
of complex structure and the duality identification by the Riesz Theorem. In this section, we
will discuss separable real symplectic Hilbert spaces. Since we will introduce some statements
that rely directly on the inner product, we will assume that (V,w) is a separable symplectic real
Hilbert space equipped with an inner product ¢-, - such that

w(z,y) =<{Jz,yy forevery z,yeV (1.6.1)

where J : V' — V is a w-compatible complex structure (see Definition 1.5.2). Although some
of these statements may still hold in a separable real Banach space whose norm is equivalent to
a Hilbert norm (possibly with additional work), we will present them for a separable symplectic
real Hilbert space to simplify the exposition, as this generalisation is not needed for the purpose
of this project.

In Hilbert structure, we guarantee the existence of a symplectic basis without extra assump-
tions. Unlike Banach spaces, in Theorem 1.3.8, we have constructed a symplectic basis for a real
symplectic Banach space (V,w) under the following assumptions:

e There exists a reflexive Banach space Y and a symplecticomorphism & such that

.V ->YDY™.

e Y possesses a symmetric Schauder basis.

Based on these assumptions, we obtain two Lagrangian subspaces of V'
P HY ®{0}) ={ex |keIcN} and O '({0}@®Y*)={fr|kelcN}
where I is the indexing set of the Schauder basis of Y. After that,

S = U {er, fr}
keIcN

forms a symplectic basis of V.

However, a separable real Hilbert space always possesses an orthogonal basis that can be
modified to a symplectic basis. This can be done via an approach similar to the Gram—Schmidt
process. See the following Theorem.

Theorem 1.6.1. If (V,w) is an even finite-dimensional or a separable infinite-dimensional real

symplectic Hilbert space, then it possesses a symplectic basis.

Proof. We will start with the case of a separable infinite-dimensional symplectic space, and then

the case of finite dimension will be derived immediately.

Since V' is a Hilbert space, then it possesses an orthogonal basis

A= {azy | ke N}
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To construct a symplectic basis, we pick out the vector x; from A. Then, we can find another
vector in A (WLOG, say x2) such that w(x1,x2) # 0; otherwise,

w(zy,zk) =0, Yoi, € A.

Consequently, for every v € V we have {zi}r € A and {\r}r € R\{0} such that

xL
v = Z )\kxk
k=1

and thus, by boundedness and linearity of w, we have

8] x$L
w(z,v) =w (xl, Z )\kxk) = Z Apw(z1, 28) = 0,

k=1 k=1

which contradicts that the symplectic form w is nondegenerate. Therefore, we can ensure that
the vector x5, which satisfies w(x1,x2) # 0, exists within the basis A. Now, define

T2

e1 = I and fi=—"—""—,
w(er,x2)

which results in w(eq, f1) = 1. Also, pick out other vector x3 from A, and then

es = x5 — w(xs, f1)er +w(xs, e1) f1.

which leads to
w(es,e1) =0 and w(eq, f1) = 0.
Then, again, as shown above, by the nondegeneracy of w, we can find another vector in A (WLOG,

say x4) such that w(x4,e2) # 0, and define

x4 — w(xg, f1)er +w(xg, 1) fi
w(ez, r4)

f2=

)

which implies to
w(fe,e1) =w(fe, 1) =0 and  w(ez, fo) = 1.

By continuing to adopt a similar procedure, we obtain the general formula

k—1
€ = Togp—1 + Z [w(xzk,l, ez)fz — w(mZk,l, fi)ei], Vk=23,.... (162)
i=1

and
k—1
P i [w(@ok, €) fi W(”’“’fﬁ)el], Vk=2,3,.... (1.6.3)
w(er, Tak)

Therefore, the new sequence of the vectors {e;, f;}7=; is still linearly independent, and

V = Clin{z | k € N} = Clin | J {ex, fi}-
keN

This means

S = U{ekafk}-

keN

is also a basis of V.
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It remains to show that this basis is symplectic. To this end, we will use mathematical in-
duction: at the basic step (i = 2), we have

w(ez, f2) =1 and w(ez, e1) = wlez, f1) = wlez,e2) = w(fz, fi) = w(f2,e1) = w(f2, f2) = 0.
Now, let k € {2,3,4,...}, and assume that
wleg,e) =w(fk, fi) =0 and w(eg, fi) = ki, forany ie{1,2,...,k}, (1.6.4)

and our aim to show that the line (1.6.4) also holds for k + 1. To this end, write

k

€k+1 = Tog+1 + Z [w($2k+1, ej)fi — w(Tok41, fj)ej]a
j=1

and then for any 7 € {1,2,...,k} we have

k
w(ertt,ei) = w(ragr1,€) Z wW(Toky1,€5)w(fi,€i) — w(Tart1, fi)wlej, ei)]

= w(Tor+1,€i) + W($2k+1, e )w(fi,ei) (by induction hypothesis)
=0 (since w(fi,e;) = —1),

and from Remark 1.1.2,

w(er+1,ert+1) = 0.

Also, since
_ Togp2 t+ Zle[w($2k+27 ei)fi — w(wary2, fi)eil
Jrr1 = ;
w(ert1, Tagr2)
then for any ¢ = 1,2,..., k we have
W(warya, i) + 35y [w@ansa, e)w(fy, fi) — w(wansa, f)wles )]
W(frr1, fi) =

W(6k+17 1'2k+2)

_ wW(@okt2, fi) — w(@ak2, fi)w(ei, fi) (by induction hypothesis)

w(ers1, Tart2)
=0 (since w(e;, f;) = 1).

and from Remark 1.1.2,
W(fr+1, frr1) = 0.

Finally,

k
w(ert1, Tart2) + 2 [w(@akte, €i)w(ert1, fi) — w(@ak2, fi)w(ert1,ei)]
W(€k+17 $2k+2)

wlerst, frs1) =

= w (by induction hypothesis)

w(€k+1, $2k+2)
=1.

Furthermore, we can choose e and f; in such a way that they have equal norms. To see

that, for every k € N, put A\ = H Now, if put

el = \ger, and  ff = )\Izlfk,

then the property of the symplectic basis will be preserved; that is, for every k € N, we still have
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o w(e),el) = wAger, Aex) = Nw(ey, ex) = 0,
o w(fl, f1) =w\, er, A ) = (Agl)Qw(fk,fk) =0,
° w(e;c;fvln) = w()‘keka)\:nlfm) = )\k/\;nlw(ekafm) = 5km-

Moreover, for every k € N, we have

&l el
lex ]l = m\\ek\\ = V| felllex] and | fi] = I7el IFkll = v/ lexll fll
which implies
lerl = |If7| for every ke N. (1.6.5)

In the finite dimension case, the above approach is still valid. Indeed, one can easily check

the formulas (1.6.2) and (1.6.3) still hold for the 2n-dimensional space; that is,

k—1
€g = Tog-1 + Z [w(zok—1,€:)fi —w(Tan—1, fi)eil, Yk € {1,2,--- n} (1.6.6)
i=1
and -
fo = Top + Zizl [w(xak, €;:) fi —w(élczlmfi)ei]7 Vke{l,2,--- ,n}. (1.6.7)
w(ek, 2x)
Also, they can be chosen in such a way that they satisfy
lexl = I fxl for every ke {1,2,--- ,n}. (1.6.8)

In conclusion, the symplectic basis exists in either finite-dimensional or separable infinite-
dimensional symplectic Hilbert spaces. O

In real Hilbert spaces, there is a two-way relationship between symplectic basis and Lagrangian
subspace. On the one hand, we can immediately deduce that if we have a symplectic basis

S = U {er, fr}

keISN

of (H,w), then we can obtain two distinct Lagrangian subspaces
E =Clinfey |ke IS N} and F =Clin{fy |kelcN}

such that
H=FEQ®F.

On the other hand, the converse is also valid. Specifically, if we have two distinct Lagrangian
subspaces E and F' satisfying
H=E®F,

then it is possible to construct a symplectic basis

S = U {er, fr}

keISN

such that
E =Clin{ey |ke I €N} and F =Clin{f;|kel<N}.

The proof of the converse is given in the following corollary.
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Corollary 1.6.2. If E and F are two distinct Lagrangian subspaces of a separable real symplec-
tic Hilbert space (H,w) of either even finite dimension or a separable infinite-dimension such
that

H=E®F,

then there exists a symplectic basis

s={J {ew S},

kelISN

where I is an index set, satisfying
E =Clin{ey |ke I €N} and F =Clin{fy|kel<SN}.
Proof. We will prove the case of a separable infinite-dimensional space, and then the case of fi-

nite dimension will be derived immediately.

Take an orthogonal basis of H:
{x, | n e N}

such that
E =Clin{zg,_1 | ke N} and F = Clin{zo; | k € N}.

Now, by formulas (1.6.2) and (1.6.3), we can construct a symplectic basis

S = U{ekvflc}

keN
as follows:
k—1
e =1 and ep = 2ok 1+ Y, [w(Tan 1, €:) fi — w(@war 1, fi)ei], Vh =2,3,....
i=1
and
k—1
£ = To and  fp = T2k +Zi=1 [w(zak, €;) fi w(x2kafz)ez], Yk =2.3... ..
w(er, z2) w(ex, Tak)
Since E is Lagrangian, then for every k € N
w(:tgk_l, 61‘) = 0, Vie {1, PN k— ].}
Thus,
k=1
ek = Tog—1 — Z w(@2k-1, fi)ei, Yk =2,3,...,
i=1
which implies
E = Clin{xgi,l}ieN = Clin{ek}keN-
Similarly, since F' is Lagrangian, then for every k € N
w(x2k7fi) =0,Vi€e {1, o k— 1}.
Thus,
k—1
fi = wok = Y w(@ak,€i) fi, Yk =2,3,...,
i=1
which implies
F= Clin{xgi}ieN = Clin{flc}keN~
This completes the proof. O
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As a result, from now on, we can assume from the beginning that the real separable symplec-
tic Hilbert space H has simultaneously two Lagrangian subspaces F, F' and a symplectic basis
{ek, fr}rercn, where I is an index set, such that

e H=FQ@F.

o E=Clin{ey |ke I SN} and F = Clin{fy | ke I < N}.

o |exl| = | x|l for every keI < N.

Furthermore, from the decomposition (1.5.19), we have a w-compatible complex structure

J : H — H such that
Et = JE  orequivalently JEt =FE (1.6.9)

where B+ is the orthogonal complement of E. Consequently, we can write

JE = Clin{fy | ke I € N} (1.6.10)

Since a complex structure provides a connection between the symplectic structure and the
Hilbert structure. One may wonder whether this connection can include the symplectic and or-
thonormal bases. More precisely, whether we can obtain a basis such that it is orthonormal in
the Hilbert structure and symplectic in the symplectic structure. The following theorem gives
the answer.

Theorem 1.6.3. Let (H,w) be an even finite-dimensional or a separable infinite-dimensional

real symplectic Hilbert space equipped with an inner product {-,-y, and let

S = U {er, fr}

kelSN

be an orthonormal basis of (H,{-,-)). Then
J:H— H; Jep=fr and Jfy = —ey for every keI € N (1.6.11)
is a complex structure compatible with w and satisfies
w(x,y) ={Jx,y) for every x,ye€ H (1.6.12)
if and only if S is a symplectic basis for (H,w).

Proof. Assume that J : H — H is a w-compatible complex structure defined as (1.6.11) and
satisfying (1.6.12). Then, by the orthonormality of S, we have

o w(e;,ej) ={Jej e ={fi,ejy=0Vi,jel.

o w(fi, fj) = I fis fip =<{—ei, ;) =0Vi,jel.

o wlei, fj) = Jei, fi) =fi, [;7 = bi; Vi, j € L.
Therefore, S is a symplectic basis.

To prove the converse, assume that S is a symplectic basis for (H,w). We aim to prove that

e J is bounded,

o J2 =],
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e J is w-compatible,

by the definition of J: Firstly, let us demonstrate that J is bounded. Take an arbitrary x € H
and x,, € H such that x,, — x. Thus, there exist (ax)}_, and (by);_, such that

n

Tn = Y (axex + b fr).

k

Since {eg, fx}rercn is an orthonormal basis, then

lea? = | D aner +befr)| = (laxl® + [bx]?)
& k
By applying J, we obtain
[Tzl = | > (axJex + bed fo)| = | D (arfe —brew)| = Y (anl* + [be]*) = [aa .
k k k
By taking n to infinity, we have
|| = |, (1.6.13)

which means J is bounded (actually, it is isometric). Therefore, we can extend the J on all H
as follows: for every x € H we have

T = Z (arer + brfr) = Jx = Z (apJex + biJ fi). (1.6.14)
keISN keICN

Secondly, it follows from (1.6.14):
Tz = J? < D) (awer + bkfk)) = > (anTPer+ 0T fi) = ) (—aker —bpfi) = —.
kelcN kelCSN kelISN

Thirdly, for every x,y € H we have

T = Z (arer +brfr) and y= Z (ajer + by fr) for some real sequences ay,aj, by, bj,.
keISN kEICN

Then, the criteria of compatibility of J can be verified as follows:

e the first criterion

w(z, Jz) = w( D (e +bifi)7J( D (aies +bifi))>
ieICN i€ICN
=w ( D7 (aiei +bifi), ) (aifi - bi@))

€SN i€lSN

= > (@ +b)>0

ielSN
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e the second criterion

w(Jz, Jy) = w (J( D7 (aiei +b; fl)>, ( D7 (ale; +b;fj)>)
eICN JEICSN
=w ( Z aZJeZ- + bZJf1)7 Z (a;-Jej + b;Jf}))
i€l CN jeEICN
= ( Z azfz b; ez Z (a;’fj _b367)>
i€ SN JjeICSN
= w(aiei — bifi,ae; — b f;)
’LGICN]EICN
= > D) (sidjw(ei,e;) — aibiw(es, ;) — bidw(fi, ;) + bibjw(fi, £;))
i€ICN jeICN
= > D (maibiw(e, f;) = bidjw(fi e5))
1€IEN jeIEN
= Z (b,a; —aibg)
ieICN
:w< D (aiei +0:f)), Y. (dle; +b;fj)>
ieICN jeIcN
=w(z,y).
This completes the proof. O

Since a Lagrangian subspace can be defined as a maximal isotropic subspace, it is worth con-
sidering whether every isotropic subspace can be extended to a Lagrangian subspace. We will
investigate this question in the following theorem.

Theorem 1.6.4. Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional
real symplectic Hilbert space. Then, every isotropic subspace can be extended to a Lagrangian

subspace.

Proof. Let M be an isotropic subspace. By Theorem 1.2.10, M is isotropic. Now, if it is maxi-
mal, then M is Lagrangian. However, if it is not maximal, then there exists 1 ¢ M such that
Clin{z,} ® M is isotropic. Again, if the extended subspace Clin{z;} @ M is maximal, then
Clin{z,}@® M is Lagrangian. But, if it is not maximal, then it can be extended further by taking
xo ¢ Clin{x,} ® M such that the subspace Clin{z, 22} @ M is still isotropic. By continuing, we
obtain the following set

A ={U <V |Uis a closed isotropic subspace of V}.

This set is partially ordered by inclusion. Now, let {Ux}rea be a chain in A where A is the in-
dex set. If we define U = [ J,cp Un, then U will be the upper bound of the chain {Uy}xea.
Therefore, by Zorn lemma, A has a maximal element, and this maximal element is a Lagrangian
subspace. O

Corollary 1.6.5. If (V,w) is either an even finite-dimensional or a separable infinite-dimensional

real symplectic Hilbert space and M is an isotropic subspace of V, then there exists a symplectic
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basis

s={J {ew S},

kelCN
where I is an index set, such that

M < Clin{ey, | ke I € N}.

Proof. Since M is isotropic, then, from Theorem 1.6.4, we can find a Lagrangian subspace M’
containing M, i.e., M © M’. Take any basis of M’ and call it {z2; 1};c;- After that, complete
this basis to a basis of V:
B = {w3i-1}ier U {2i}ier-
By formulas (1.6.2) and (1.6.3), we can construct a symplectic basis
S= | {ew S}
keISN

as follows: -
ex = ok 1+ Y, [w(war 1, €i) fi —w(@war 1, fi)e], Yk =2,3,....
i=1

and

oo Tt ST [wwan, i) fi — w(war, fi)ed]
w(ek, Tar)

Since M’ is Lagrangian, then for every k € I

L Vk=2,3,....

w(xgk_l,ei) =0,Vie {1, ey k— 1}

Thus,
k-1

€ = T2k—1 — Z w(ka—la fi)eiv Vk = 2737 DI
=1
which implies
Clin{xm—l}ief = Clin{ek}keI.

Therefore,
M < Clin{ey, | ke I = N},

as needed. O

As a consequence, we can deduce that every closed co-isotropic subspace contains a Lagrangian

subspace. See the following corollary.
Corollary 1.6.6. Every closed co-isotropic subspace of an even finite-dimensional or separable

infinite-dimensional real symplectic Hilbert space (V,w) contains a Lagrangian subspace.

Proof. Let M be a co-isotropic subspace of V', i.e M“ < M. Then, by Theorem 1.2.7, the sym-
plectic complement MY is isotropic becuase M« < (M%“)“. By applying Theorem 1.6.4, the

isotropic subspace M“ can be extended to a Lagrangian subspace M’; that is,
MY < M.
Since M’ is Lagrangian and M is closed, by Theorem 1.2.7, we have
M =M"Yc (M) =M= M.

Therefore, M’ is Lagrangian and contained in the closed co-isotropic subspace M, as required.
O
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We observe that the above corollary requires the co-isotropic subspace to be closed as an
essential assumption for the validity of its proof. However, as will be demonstrated soon, this
assumption can be dropped, and the corollary still holds without it. Nevertheless, this gener-
alisation requires additional effort, as we need to define a Lagrangian subspace as a minimal
co-isotropic subspace. See the following definition.

Definition 1.6.7. Let (V,w) be a symplectic space and M be a subspace of V.. We say that M

is a minimal co-isotropic subspace if it does not contain another co-isotropic subspace.

Theorem 1.6.8. Let (V,w) be an even finite-dimensional or a separable infinite-dimensional
real symplectic Hilbert space. Then, we can define a Lagrangian subspace of V' as a minimal co-
isotropic subspace.

Proof. Let L be a closed subspace of V. On one hand, assume that L satisfies L = L*. Thus, L
is co-isotropic since L < L. To show the minimality of L, assume, by contradiction, that there
exists a co-isotropic subspace L’ such that L' € L (and thus L¥ ¢ L'). Hence L' € L = L¥ ¢
L' contradicts the co-isotropy of L'.

On the other hand, if L is a minimal co-isotropic subspace, then L¥ < L. It remains to show
the equality L = L. To this end, assume, by contradiction, that L* < L. Thus, we can find a
nonzero v € L\L“. Then,

L* + Clin{v} € L.

Since L is a closed subspace, we have
L« + Clin{v} € L. (1.6.15)

By Theorem 1.2.7,
Clin{fv} ¢ L = L“ < (Clin{v})“. (1.6.16)

Moreover, since w(v,v) = 0 holds, v € (Clin{v})*. This implies
Clin{v} < (Clin{v})”. (1.6.17)
From (1.6.16) and (1.6.17), we obtain
L¥ + Clin{v} € (Clin{v})*.

Thus,
L¥ + Clin{v} € (Clin{v})*. (1.6.18)

From (1.6.15) and (1.6.18),
L + Clin{v} € L n (Clin{v})*. (1.6.19)

Consequently, by Theorem 1.2.7, the subspace L n (Clin{v})“ is co-isotropic because

[L A (Clin{v})*]” = L + [(Clin{v})*]” € L® + Clin{v} € L ~ (Clin{v})* .
Finally, since v ¢ L“, then there exists u € L such that w(u,v) # 0. This implies that
ueL and wué¢ L n (Clin{v})”.
Thus, the subspace L n (Clin{v})“ is co-isotropic and properly contained in L. This contradicts

the minimality of L. Therefore, equality L* = L must hold. O
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Remark 1.6.9. If a co-isotopic subspace M is given with M“ < M, the above proof provides
a helpful process to obtain another co-isotropic subspace contained in M. More precisely, if M
is co-isotopic with M* < M and mg € M\M®, then M n (Clin{mg})“ is co-istropic subspace

properly contained in M.

In Theorem 1.6.6, we imposed the restriction that the co-isotropic subspace must be closed.
However, the next corollary demonstrates that this restriction is unnecessary, as the contain-
ment of Lagrangian space within co-isotropic space always holds even when the co-isotropic
space is not closed.

Corollary 1.6.10. Every co-isotropic subspace of a finite-dimensional or a separable infinite-
dimensional real symplectic Hilbert space (V,w) contains a Lagrangian subspace.

Proof. Let M be a co-isotropic subspace; that is, M“ € M. If M¥ = M, then M itself is a La-
grangian subspace. This completes the proof. However, if M“ < M, then there exists a nonzero
my € M such that mq ¢ M“. Set

U = M n [Clin{m,}]*.
Then, by Remark 1.6.9, U; is co-isotropic satistying
M > Ul.

Now, if Uy = Uy, then U; is Lagrangian, which ends the proof. However, if Uy & U, then,
again, there exists mq € Uy such that mgy ¢ US. Thereafter, by Remark 1.6.9,

U2 = Ul N [Chn{mg}]w

is co-isotropic, satisfying
U o> U1 D UQ.

By continuing in the same manner, we can obtain the following set
A={UcV|Uc M, U is co-isotropic}.

This set is partially ordered by inclusion. Now, let {Ux}rea be a chain in A where A is the in-
dex set. If we define U = (1), Uy, then U will be the lower bound of the chain {U)}xea. There-
fore, by the dual form of Zorn’s Lemma [3, p.20], the minimal element exists, which is a La-

grangian subspace by Theorem 1.6.8. O

We have defined above that if real Hilbert spaces (Hy,w;) and (Ha,ws) are symplecticmor-
phic, then there exists a symplecticmorphism ¢ : H; — Hs such that for every x,y € H;

wa(9z, ¢y) = wi(z,y). (1.6.20)

This equality can be written in terms of complex structures compatible with w; and wy as fol-

lows: if J; and Jy are compatible with w; and wo respectively, then for every x,y € H; we have

wa(gz, dy) = wi(z,y) == {2z, dy) = {(J12,y)
= (¢p*roz,y) = (Jiz,y)
— {(¢*J2¢ — J1)x,y) = 0.
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From the nondegeneracy of the inner product, we have
¢*J2p = Sy (1.6.21)

This provides an alternative criterion for the real symplectic Hilbert spaces (Hi,w;) and (Ha,ws)
to be symplectomorphic. More precisely, we say that the real symplectic Hilbert spaces (Hi,w1)

and (Ha2,ws) are symplectomorphic if there exists an isomorphism ¢ : H; — Hj such that
¢*Jap = Jy
where J; and J, are compatible with w; and ws, respectively.

Example 1.6.11. Consider the space (L*([0,1]),{-,-)12) where

1
2 _ ). . 2 _ 2P da
L([o,l])—{f.[o,l] R | [£I2 fo|f< )P <oo},

and

(. gpre = f f@)g(@)dz for every f,g € L*([0,1]).

Consider the Sobolev space (H*([0,1]),{:,-)p1) where

HY([0,1]) = {f € L*([0,1]) | f" € L*([0,1])},
and )
{fygm =J fz)g( dx—i—f f(x)g'(x)dx  for every f,geHl(O 1),
0

which is inherited from the norm:

i = ([ If(x)|2>§ ([ |f'<ac>|2)é for every f & H'(0,1)

After that, consider the subspace H}([0,1]) of H'([0,1]) as the orthogonal complement of con-
stant functions in H'([0,1]), then we obtain the symplectic Hilbert space HZ([0,1]) with the
symplectic form

ff x)dr where f,ge H}([0,1]).

By using the Fourier series, every f,g € HL([0,1]), we can write

o] o0
Z ap, cos(2nmz) + by sin(2nmz)]  and g(z) = Z [a], cos(2nmz) + b], sin(2n7z)]
n=1 n=1

where (an)n and (al), are coefficients for cosine terms, and (by,), and (b)), are coefficients for

sin terms. By Parseval’s identity, the symplectic form can be rewritten as

Z m(anbl, —a’ by).

Also, one can check that the following basis is symplectic:

S = U {enafn}

neN

where 5
en(z) = _COS(\/? and  fo(x) =

sin(2nmx)

Jnr
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Hence the subspaces
E = Clin{e, | ne N} = {f € Hy([0,1]) | f(z) = f(1 - )}
and
F = Clin{f, |ne N} = {f € H}([0,1]) | f() = —f(1 —2)}.

are Lagrangian, and
En F = {0}

Consequently,
Hy([0,1]) = E@ F.

Consider the complex structure
J : Hy([0,1]) — Hy ([0, 1])
defined as
Jen) = fr and J(fy) = —es.
Also, consider
¢ : Hy([0,1]) — Hy([0,1])

defined as
dlen) = Aen and  ¢(fn) =N"'f, for some A#0

()=00) ()= (%)

Note that ¢ € SL(2,R) and it is known that the elements of SL(2,R) preserve symplectic struc-
ture. Therefore, for every f,g € H}([0,1]) we have

or using the matriz form

w(of,dg) = w(f,9)

or equivalently,

o*Jp = J.

Although we are only considering real spaces, it may be useful to mention that if H is a
complex Hilbert space, then it can be deduced from symplectic spaces and vice versa. Specifi-
cally,

e if a real symplectic space (Hg,w) is given, then the identity (1.6.1) yields the existence of
a w-compatible complex structure J : Hg — Hg and an inner product {-,-yg such that

<J.’ '>]R = w(.7 .)7
or equivalently,
<'7 '>R = _<J2'a '>]R = —UJ(J', )
To further demonstrate this, we will examine the axioms of the inner product:

— {x,z)r = —w(Jz,x) > 0 for every nonzero x € Hg (from (1.5.2)),

— (o) = —w(Jz,z) =0 < =0 (from (1.5.2)),
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— (o = —w(Ja,y) = w(y, Jr) = —w(Jy,z) = (y,ads for every z,y € Hz (from (1.5.3)),
— For every z,y,z € Hg and «a, 8 € R, we have
{az + By, 2)r = —w(J(az + By), 2)
= —aw(Jz, z) — Pw(Jy, 2)
= olz, )r + By, 2)r
— Kayyyal = (T, )| < [allly] = lally] for every @,y € Hz (from (1.6.13)).

Consequently, the complex inner product on H = Hg @ iHg can be obtained as follows:
oy = Cdm i D = () = (T ).

e Conversely, if a complex Hilbert space (H,<-,-)) is given, then a real symplectic space
(Hg,w) can be obtained by defining the symplectic form as the minus of the imaginary
part of the inner product <-,-); that is,

w(.’ ) = —Im<-, >
To clarify this, let us verify the conditions of the symplectic form:
— |w(z,y)| = |[Imlz,y)| < |z||y| for every z,y € H by Cauchy Schwarz Inequality,
— w(z,y) = —Im{z,y) = Imlz,y) = Im{y,z) = —w(y,z) for every z,y € H,

—w(r,y) =0Vye H = Im{z,yy=0Vye H = x =0.

1.7 Equivalence of Lagrangian Subspaces

Let (V,w) be either an even finite-dimensional or a separable infinite-dimensional real sym-
plectic normed space. The next theorem tells us that all potential symplectic forms w’ that
preserve the property of (V,w) and (V,w’) as symplectic spaces have the same Lagrangian sub-

spaces. But before introducing the theorem, we will need the following lemma and its corollary.

Lemma 1.7.1. Let w be a symplectic form on a real normed space V and w' be another sym-

plectic form on V. Thus, the property
N is Lagrangian in (V,w) <= N is Lagrangian in (V,w'). (1.7.1)

is equivalent to that for every x,y eV
w(z,y) =0 < w'(z,y) =0, (1.7.2)

or equivalently
w(z,y) #0 <= w'(x,y) # 0. (1.7.3)

Proof. By contradiction, assume that there are z,y € V\{0} such that

w(xz,y) =0 and w'(z,y) #0.
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Hence, Clin{z, y} is an isotropic subspace. From Theorem 1.6.4, it can be extended to a La-
grangian subspace N in (V,w). Since N contains x and y and w'(z,y) # 0, then N will not be
a Lagrangian subspace in (V,w’). This contradicts the assumption (1.7.1). Also, if (1.7.2) holds,

then for every subspace M c V we have
reEMY < w(x,y) =0, Vye M
— W' (z,y) =0, Vye M
— reMY.
Hence
M® = M¥".

This implies that if N is Lagrangian with respect to one of w or w’, then it will be Lagrangian
with respect to the other one because

N* = N = N*"

Therefore, (1.7.1) holds. O

From the above lemma, we obtain the following Corollary.

Corollary 1.7.2. Let w and ' be symplectic forms on a real normed space V and J : V — V

be a complex structure. Then, the property
N is Lagrangian in (V,w) <= N is Lagrangian in (V,w’)

is equivalent to that
J is w-compatible <= J is w’'-compatible. (1.7.4)

Proof. By Lemma 1.7.1 and Lemma 1.5.3, the following statements are equivalent:
e J is w-compatible,

e for every u,v € V\{0}, w(u, Ju and w

e for every u,v € V\{0}, w(u, Ju and w

( ) #0
( ) #0
e for every u,v € V\{0}, w(u,Ju) #0 and w
( ) #0

e for every u,v € V\{0}, w(u, Ju and  w(u,v+ J?v) =0,

e for every u,v € V\{0}, w'(u,Ju) #0 and ' (u,v+ J?v) =0,

e for every u,v € V\{0}, w'(u,Ju) #0 and w'(u,v)+ W' (u,J?v) =0,
e for every u,v € V\{0}, w'(u, Ju) # 0 and '(u,v) = —w'(u, J?v),
) (

(
e for every u,v € V\{0}, w'(u, Ju) #0 and w'(u,v)=w’'(Ju, Jv),
e J is w'-compatible.

O
Theorem 1.7.3. Let w and w' be symplectic forms on a real normed space V. Then, the follow-
ing property:

N is Lagrangian in (V,w) <= N is Lagrangian in (V,w") (1.7.5)
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is equivalent to that for every u,v eV
W' (u,v) = Aw(u,v)  where X € R\{0}. (1.7.6)

Proof. One direction is straightforward because if there exists A € R\{0} such that &’ = Aw,
then obviously property (1.7.5) holds. However, the proof of the other direction is more in-
volved. First of all, assume that the property (1.7.5) holds and write

V=L®JL

where L is a Lagrangian subspace in (V,w), (thus, from assumption (1.7.5), it will be a La-
grangian subspace in (V,w’)), and J : V — V is a w-compatible complex structure. Hence,
from Corollary 1.7.2, J : V' — V is also a w’-compatible complex structure. Our aim now is to
show that there exists A € R\{0} such that for every z,y € L we have

Wz, Jy) = dw(z, Jy).

To this end, assume that z,y € L and put

_ w(z, Jy)
z=Jy w(x,Jx)Jm'
By simple calculations,
_ w(z, Jy) _
w(z, z) = w(z, Jy) e Jm)w(:v7 Jz) = 0.

Thus, by Lemma 1.7.1, specifically, the property (1.7.2), we obtain

0=uw(z,2)=w(z,Jy) — mw(m, Jx).

Hence, by simple calculations,

W' (z, Jx)

W (x, Jy) = eN)

w(z, Jy). (1.7.7)

Since z and y are chosen arbitrarily, then (1.7.7) holds for any x,y € L. It remains to show that
w'(z,Jx)
w(z,Jz)
the complex structure J and (1.7.7) as follows:

is fixed and does not depend on the choice of x € L. This can be accomplished by using

W (Jz, J*x)

’ 2 _
WJz, I7y) = w(Jx, J22)

w(Jz, J?y).

Also, by using J? = —I and skew-symmetry of w’,

, w'(z, Jx)
=——2 . 1.7.
w'(y, Jx) (2. J7) w(y, Jz) (1.7.8)
But, according to (1.7.7),
W (y, Jx) = (y, Jy) w(y, Jz). (1.7.9)

Therefore, we can compare (1.7.8) with (1.7. 9) to obtain

W'z, Jz) W'y, Jy)
wlz,Jr)  wly,Jy)
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Since x and y are arbitrary independent vectors, then w((f jx)) is fixed for all x € L. Thus, there

exists a fixed scalar A € R\{0} independent from z such that

W' (z, Jx)

=\
w(zx, Jx)

Consequently, from (1.7.7), we obtain that for every x,y € L
w'(z, Jy) = dw(z, Jy)
Finally, for every z,y € L we have

W((z, Jy); (o', Jy)) = o'

w
w
w

x+ Jy,z' + Jy)

/

(

(v, 2") + ' (2, Jy') + ' (Jy, o) + ' (Jy, Jy')
", Jy') — (2, Jy)
[eo(
(e

z, Jy ) —w(a’, Jy)]
)+ w(z, Jy') + w(Jy, z") + w(Jy, Jy')]
(x+ Jy,x +Jy')
w((z, Jy); (2, Jy')),

A
A
Aw
A

Therefore, we conclude that
IN e R\{0}, Yu,v eV such that w'(u,v)= Iw(u,v),

as required. O
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Chapter 2

Group Action

In this chapter, we will introduce general results about the group action and some related
concepts. Throughout this chapter, G denotes a group unless otherwise stated.

Definition 2.0.1. [2, p.12] Let G be a group, and X be a nonempty set. The action of G on
the set X is defined as a map
P:GxX-oX

P(g,z) =g
satisfying:
o Identity: e-x =x for any x € X where e is the identity of G,
o Compatibility: g- (¢’ -x) = (g-¢')-x forany g,9 €G, x€X.
Geometrically, it describes how the points of X are transformed under the elements of G.
(For simplicity, some times, we may write gz instead of g - x).

Example 2.0.2. Let G, the group of all 2 x2 invertible matrices with real entries, and let g € G.

Consider the conjugation action
P:GxG—->G

which is defined as a matriz multiplication:
g-x=g ‘xg forevery xzeQ.

The map P, indeed, satisfies the above two conditions of the group action. This is because

o the identity condition holds by taking e to the group identity,

e the compatibility condition also holds since the group operation follows the associative law.
Observe, here, the group G acts on itself (i.e. X = G).

When we discuss the action of a group, two fundamental concepts help us to describe its be-

haviour. One of these concepts is called the orbit, and the other is called the stabiliser subgroup
(also called the isotropy subgroup). Let us begin with the concept of the orbit:
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Definition 2.0.3. [2, p.12] Let G be a group acting on a nonempty set X. The orbit of v € X
18
Orb(z) = {gx | g € G}. (2.0.1)

Geometrically, it is the set of all points that can be reached from the point x under the elements

of G.
A transitive action is directly related to orbits. See the next definition.

Definition 2.0.4. We say that the action of group G on a nonempty set X is transitive if
Vri,20 € X, 3g€ G such that x9 = gz;.
In other words, any point in X can be reached from any other point in X by applying an appro-

priate element of G. In this case, the set X is called a G-homogeneous set.

Accordingly, the action of a group is transitive if and only if it has exactly one orbit. There-
fore, orbit and G-homogeneous set carry identical meanings and can henceforth be used inter-

changeably.

We now turn to the concept of stabiliser subgroup at a point x € X, which is a subgroup of
G defined as [2, p.12]:
G,={9eG|gx =z} (2.0.2)

Geometrically, it is the set of elements of G that fix the point z.

The following theorem provides an important relation between the orbit and the stabiliser

subgroup.

Theorem 2.0.5. [20, p.21] If G is a group and z1 and x4 are in the same orbit, then the cor-

responding stabilizers G5, and G, are conjugated, i.e.

g€ G such that ¢ 'Gu,g = Ga,.

Proof. Since z1 and x2 are in the same orbit, then
Jg € G satisfying gxs = 1.
Now, for every g1 € G, , we have
9 ' gra =g g =g ey =12 = g 'g1g€ G,
This implies
g 'Gr g S G,
On the other direction, for every g2 € G,,, we have
“1,. _ _ _ -1
9929”1 = gga¥a = gry = 1 => gg29 € Gg,.

This implies
gGwzg_l = GIl .

Equivalently,
Gy €9 Gayg.
Therefore,
9 'Ga9 = Gy,
as required. O
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Remark 2.0.6. According to Theorem 2.0.5, it is unnecessary to find the stabiliser subgroup of
every point; instead, it suffices to identify a stabiliser subgroup at one representative point from

each orbit, because the stabiliser subgroups of points lying in the same orbit are conjugated.

Let G be a group acting on a nonempty set X. If we define the following equivalence relation
on X
T1 ~ Xo <~ dge G suct that gxy = xo,

then the set X will be split into equivalence classes, and each class is a G-homogeneous set (or-
bit) [20, p.20]. The next theorem states that these equivalent classes can be represented as an

isomorphic set to a collection of left cosets of some stabiliser subgroup.

Theorem 2.0.7. If G is a group acting on X, then every G-homogeneous subset M < X is
isomorphic to a collection of left cosets of some stabiliser subgroup G, where x € M :

M =~ G/G,. (2.0.3)
Proof. Since M is a G-homogeneous set, then M is an orbit; that is,
M = Orb(x) for some xe M.
Now, consider the stabiliser subgroup
Gy ={geG|gz =z}

Also, consider
¢ : G/G, — Orb(x)
P(9Ga) = gz
We claim that ¢ is an isomorphism. To prove that, we need to show that it is:
e well-defined,
e Dijection,
* (9'9G:) = g'¢(9Ge) for every g,9'€G.
Firstly, for every g,¢’ € G,
9G. = ¢'G, = ¢ '9G, =G,
— ¢ 'geq,
— ¢ lgr =2
— gr=gz

= #(9Ga) = 6(9'Ga).

This proves that ¢ is well-defined and injective. Secondly, it is surjective because for every y €
Orb(x)
dge G such that y =gz = y = ¢(9G,).

Finally, for every ¢’,g € G

(9'9G2) = (9'9)x = ¢'(9z) = g'd(9Ge).

73



Remark 2.0.8. It is worth noting that many distinct G-homogeneous sets may be isomorphic to
the same quotient group. See the following example.

Example 2.0.9. Consider the group action of (R, +) on R2, which acts as horizontal transla-
tion:

r-(z,y) =(x+mry) forevery reR, (z,y)€ R2.

Note that
(R,+)o={re®R,+)|r-0=0} = {0}

Now, for every fixed y € R, we have

Orb(z,y) = {(z +r,y) e R | re R} @ R/{0}.

Y

A
Orbit
Orbit
Orbit
Orbit

) (0,0 @
1

This means that for each fized y € R, we have a distinct orbit (as a horizontal line at y height),
and all such orbits are isomorphic to the quotient group (R, +)/(R, +)o.
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Chapter 3

Group SL(2,R)

After the introduction to the group action, we also need to write a brief introduction to SL(2,R)

group covering the key definitions and basic facts about SL(2,R).

Definition 3.0.1. Let GL(2,R) be the group of all 2 x 2 invertible real matrices under the oper-

ation of matriz multiplication, i.e

GL(Q,IR)z{(a 2>:a,b,c,deR & ad—bc;EO},

c
with the group operation being the ordinary matrix multiplication:
(A,B) > AB for every A,Be GL(2,R).

The special linear group SL(2,R) is a subgroup of GL(2,R) with determinant one, i.e

SL(2,R)={(“ Z):a,b,c,deR & ad—bc=1}.

c

One of the main properties of SL(2,R) is that it is a Lie group, meaning it satisfies the fol-

lowing three conditions:
e it possesses a group structure,
e it possesses a smooth manifold structure,
e group and manifold structures are compatible in the sense that group operations (multipli-

cation and inversion) are smooth maps with respect to the manifold structure.

The group SL(2,R) is a 3-dimensional smooth manifold [25], and can be factorised into a

product of three one-dimensional subgroups:
SL(2,R) = KAN

where K geometrically acts as rotations, the subgroup A as dilations or contractions, and the
subgroup N as translations. See the next theorem for details.

Theorem 3.0.2. [16, p.193] The SL(2,R) has the following factorisation:

SL2,R)=K-A-N (3.0.1)
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(2 ) el ) e

Proof. Let g = <a §> € SL(2,R). We aim to write
Y

g = kan

where k € K,a € Aand n € N. Note that the upper triangularity is the common property
between the subgroups A and N. For this reason, we shall start with picking k € K so that k!
rotates the first column of g to lie on the z-axis:

kL. (a) = (g) where p =+/a2+ 2.

v

This means

e

L

Il

|
SR
SR R
N——

ES

I
7N
SRR
e |

<R
\_/

Thus,
g="k(k™"g)

where k£~ !¢ is upper triangular because, as shown above, its first column lies on the z-axis.
Now, since k~1g is upper triangular and belongs to SL(2,R), it has the form:

_ p q
klg = .
This matrix can be factorised as

o)) 6 )

Now, put

Therefore, we obtain

as required. O

Remark 3.0.3. The factorisation (3.0.1) is called the Iwasawa decomposition, which is an im-
portant tool in the study of Lie group theory. In general, we can decompose any semisimple Lie
group G, not only SL(2,R), into a product of three subgroups

G = KAN
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where K is a mazimal compact subgroup, A is a simply connected abelian subgroup and N is a
simply connected nilpotent subgroup. In this thesis, however, this generalisation is unnecessary
since we are only considering SL(2,R). Nevertheless, if the reader is interested in further de-

tails, they are available in many sources about Lie groups, for example, [33] and [23].

The previous theorem provides the decomposition of SL(2,R) as a product of three Lie sub-
groups. This makes SL(2,R), as a manifold, diffeomorphic to S* x R* x R. This can be easily

proven by considering the diffeomorphism (smooth bijection with smooth inverse):
¢: 8" xR xR — SL(2,R)

¢((cos(t), sin(t)); p;r) = kan

_ [ cos(t) sin(t) _(p O (1
k= (_ sint) cos(t)) eK and a= <0 p1> €A and n= (O 1) eN

At the end of this chapter, it may be worth mentioning that there are additional important
subgroups of SL(2,R) beyond those introduced above [20, p.33]:

yas C?Sh(t) sinh(¢) — exp 0 ¢ ter\
sinh(¢) cosh(t) t 0
which is conjugated to A since
cosh() sinh(£)\ 1 (1 -1 ez 0 11

L S2\1 1 0 e2) \-1 1)
N' = 1o :teR
t 1
which is conjugated to NN since

sinh(%) cosh(})
10y (o -1\ (1 ¢ (0 1
t 1)\t o) \o 1) \-1 0/

Moreover, for the two-dimensional subgroups, we have [20, p.29]:

1 10
F={—(" 0 la>0 and ceR} and F' = la>0 and beR}.
Vale 1 0 a

They are both conjugated since

0 1 1 [fa O 0 -1 1 (1 —c
B . = — for any a >0, ce R.
-1 0/) “al\c 1 1 0 Ja\0o a

where

e The subgroup

e The subgroup

Bl
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Chapter 4

SL(2,R) Action On Real Projective
Line And Hilbert Spaces

4.1 SL(2,R) Action On Real Projective Line PR

We will start with SL(2,R) action on R, and then deduce how SL(2,R) acts on PR. For ev-

ery fixed (

a

b
d) € SL(2,R) we define the action of group SL(2,R) on R as follows:
c

®: SL(2,R) xR - R

b b
liiJ “ T | = “ .x:ax-i-b where z € R and cx +d # 0. (4.1.1)
c d c d cx+d

In this definition, we encounter an evident issue when cx + d = 0, which makes the trans-

formation (4.1.1) undefined. This issue can be settled by extending the space R with the in-
finity point. The following definition provides us with a space representing the extended space
R v {oo}.

Definition 4.1.1. [15, p.33] The real projective space PR is the set of all lines passing through

zero. In other words, it is the collection of all one-dimensional vector subspaces of R2.

Since, in R?, the two vectors (x,y) and (A\z, \y), where A # 0, lie on the same line, then they
are equivalent in PR. Thus, every point in PR can be expressed as a homogeneous coordinate
[z : y]; that is, the coordinate that satisfies

[z:y] =[Xx:Ay] forevery AeR\{0}. (4.1.2)

Therefore,

e if y # 0, then we can normalise by setting

[2:y] = [; :1], (4.1.3)

which corresponds to the real number 5 € R.
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e if y = 0, then we can also normalise by setting
[z:0]=[1:0], (4.1.4)
which corresponds to the infinity point.

The following diagram describes the real projective line PR.

Figure 4.1: The real projective line PR

From the above homogeneity, we can informally state the following rules for infinity:
— = — =0 —=1 0 = 0 f e R\{0}. 4.1.5
Lo, L0 2ot war orany  reR\{0)  (419)
Therefore, the space PR allows us to handle the case where the denominator is zero in (4.1.1).
More precisely, it allows us to extend (4.1.1) to R u {oo}.

b
Now, let <a J € SL(2,R). To define the SL(2,R) action on PR, we do the following: since

| (0 ()~ ()

Correspondingly, the SL(2,R) action on PR can be defined as

for every (x,y) € R? we have

b
(a d) lz iyl = [ax + by < cx + dy]. (4.1.6)
c
From the homogeneity, we have
[z:y] = [5:1] where y # 0,

which implies the following;:

x

e if y # 0, then by putting u = 5 owe obtain [12, p.14]

(Z Z)-[u:l]=[au—i—b:cu—|—d]7 (4.1.7)

e if y =0, then
(Z Z) [z:0]=a:c]. (4.1.8)

We will show later that the real projective space PR is isomorphic to SL(2,R)-homomogeneous

space. But we first need to introduce the following lemma.
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Lemma 4.1.2. The stabilizer subgroup of the infinity [1 : 0] € PR in SL(2,R) is the upper-

triangular matrices of the form:

b
{(g _1> la#0 and beR}.
a
Proof. Note that

SL(2,R) 1,7 = {(Z Z) € SL(2,R) | (Z Z) JL:0]=1: 0]}

With simple computations, we obtain

SL(2,R) = {(g ab1> la#0 and beR}.

O
Remark 4.1.3. Observe
b 0 12
“ = “ ) a where a #0 and beR.
0 a 0 a 0 1
This means
where A and N are the subgroups in (3.0.1). Geometrically, the subgroup SL(?,R)[LO] is inter-
preted as a composition of scaling and shifting. This is why SL(2,R)[1:O] fixes the infinity point
[1: 0], which represents x-azis in PR. Intuitively, the subgroup SL(Q,R)[LO] fizes all lines pass-
ing through the origin (elements of PR). This justifies why PR is isomorphic to the homoge-
neous space SL(2,R) /SL(Q,R)[LO], as will be shown in the following Theorem.
Theorem 4.1.4. The projective space PR is isomorphic to SL(2,R) /SL(2,R)(;q)
PR =~ SL(2,R) /SL(2,]R)[1:O]7 (4.1.9)

which means the real projective space PR is a SL(2,R)-homogeneous space.
Proof. For simplicity, put
Sp = SL(2,R)[1:O] .
Now, consider the map
®:SL(2,R) /Sy — PR; ®(gSp) =g-[1:0] where ge SL(2,R).
We aim to show that ® is a well-defined bijection. To this end, observe, for every ¢Sp, ¢’'So €
SL(2,R) /Sy, we have
980 =¢'Sy = g g €S

— g l'g -[1:0]=[1:0]

«— ¢ -[1:0]=g-[1:0]

> P(¢'Sy) = P(g5).

Hence, ® is a well-defined and injective function. Moreover, it is surjective because if [z : y] is

arbitrary element of PR, then we have two cases:
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e Case 1: If x # 0, then

(x ?) € SL(2,R) satisfying (x
Yy 3 Yy

e Case 2: If z = 0 (thus, y # 0), then

)-[1:0]=[1’,y]-

8l= O

<(1) _01) € SL(2,R) satisfying <(1) _01> [0 =[0:1]=1[0,4]

Therefore, PR is isomorphic to SL(2,R) /SL(2, R)[l:O]‘ From Theorem 2.0.7, this implies that
PR is a SL(2,R)-homogeneous space. O

Remark 4.1.5. The above theorem states that the real projective line can be generated from
[1:0] under the elements of SL(2,R); that is,

SL(2,R)[1: 0] = PR. (4.1.10)

4.2 SL(2,R) Action On Hilbert Spaces

In this section, we will systematically define SL(2,R) action on the real Hilbert space H.
To this end, let H be either an even finite-dimensional or a separable infinite-dimensional real
Hilbert space. Moreover, let M be closed subspaces of H such that its orthogonal complement
satisfies
dim M = dim M. (4.2.1)

where M* is the orthogonal complements of M. Then, this equality yields the existence of a

unitary operator U : M — M+ that extends to the complex structure:

-1 -1
J:H—> H; J(z,y)= 0 -u Ty (U for every ze M,ye M*. (4.2.2)
U 0 Y Ux

Now, consider the following symplectic form on H:
w((z,y); (@, y) = {JI(z,y), (2",y") = Uz, y )pe — Uy, 2" Hu (4.2.3)

where z, 2’ € M and y,3' € M+ and {-,-)p;+ and {-,-)5s denote the restrictions of inner product
to M and M" respectively. From the identity (1.5.14), we have

J(M“) = M* or equivalently M* = JM*, (4.2.4)
where M“ is the symplectic complement of M. This implies that M is Lagrangian since

MY =JM*+ = M.

By using the unitary operator I : M — M*, we define the SL(2,R) action on H as follows:

for any g = “ Z in SL(2,R) we have
c
My : SL(2,R) xH - H
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—1 —1
M (@0 (5)) = (@ M) () = (e ) (4.2.5)
c d Y i d Y Uz + dy
Avoiding matrices, the same operator can be written as

Dy(g): H—> H

Oy(g9) = (alpr + cU)Prs + (dlpre +bU) Py (4.2.6)

where Ip; and I,;. are the identity map on M and M respectively, and Py; and P,,. are
the orthogonal projections into M and M respectively. This will be a linear representation of
SL(2,R) on H by bounded operators:

Dy (g192) = Pu(91)Pu(ge)-

Example 4.2.1. Let
th

¢* = Clin{e,, = (0,0,...,1" ,0,0,...) | n € N}.

Consider the decomposition
P=MoM"

where
M = Clin{e,, | nis odd} and M* = Clin{e, | n is even}.

Let
N = Clin{(en,2en+1) | n=1,3,5,...}.

The unitary operator U : M — M~ is defined as

Ue, =epy1  for every n=1,3,5,....

2 1
If we take g = (1 1) € SL(2,R), then, for every n € N, SL(2,R) acts as:

My 2 1 7 en _ 2 Ut ‘ en
1 1 2€n11 u 1 2en41
[ 2en +2U ey
B Z/{en + 2€n+1

_ 4e,,
36n+1

Thus, the image of the subspace N under the SL(2,R) action is

N9 = Clin{(4e,,3en+1) | n=1,3,5,... }.

As will be shown below, with this action, the real Hilbert space H has two types of orbits:
(i) A non-linear subset of the four-dimensional vector space.

(ii) A two-dimensional subspace.
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The following theorem provides us with the first type.

Theorem 4.2.2. Let H be either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space, let a non-zero = be in H and U : M — M~ be a unitary operator such that
the vectors U(Pyrx) and Pyrx are not collinear. Then SL(2,R)-orbit of x is a non-linear subset

of the four-dimensional vector space spanned by { Pyrx,U(Pyx), Pyroa, U™ (Pyoz)}.
Proof. From (4.2.6), the orbit of z is:

Orb(z) = {By,(g)(Pyr, Pryex) | g € SL(2.R))}
= {(aPyrz + bU (Pprrz), cU(Pyrx) + dPysix) | a,b,c,d € R and ad — be = 1}
C Lin{Py 2, U(Pyx), Pypoz, U (Pyaz)}.

We now show that this span is four-dimensional. By assumption, U (Py;x) and Pj,ix are not
collinear, and hence they are linearly independent. Since /! : M+ — M is unitary (and thus
it is linear and injective), it follows that Py;o and U1 (Py;12) are also linearly independent.
Thus,

dim (Lin{PMx,Ufl(PMix)}) =2 and dim (Lin{U (Pyx), Pprra}) = 2.
Moreover,
Lin{Pyz,U " (Pyox) €M  and Lin{U(Pyx), Pypra} € ML

Since M L M*, we obtain

Lin{Pyrx,U(Prx), Pypra, U™ (Pyoz)} = Lin{ Pyx, U (Pyez)} @ Lin{Ud (Pyra), Py

Consequently,
dim (Lin{Pyz,U(Ppyz), Pyrrz, U (Pyaz)}) = 4.

It remains to show that Orb(x) is not a linear subspace. Since

I= <1 0) € SL(2,R),
01

x = (Pya, Pyax) € Orb(z).

we have

Also, suppose that
2z = (2Pyx, 2Py1x) € Orb(x).

Then there exist a,b,c,d € R, with ad — bc = 1, such that

aPyx +bU N (Pyox) =2Pyx and  clU(Pyx) + dPyix = 2Py 1.

Since Pyz and U~Y(Py12) are linearly independent, the first equality implies
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Similarly, since U(Pprx) and Pyrx are linearly independent, the second equality implies

Therefore,

which contradicts ad — bc = 1. Hence,
2z ¢ Orb(x).

Thus, Orb(z) is not closed under scalar multiplication and therefore is not a linear subspace.

Consequently, Orb(z) is a non-linear subset of the four-dimensional vector space

Lin { P2, U(Prr), Pyra, U™ (Pya)}

The second type of SL(2,R)-orbit is provided by the next theorem.

Theorem 4.2.3. Let H be either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space and let U : M — M~ be a unitary operator. Then, for every nonzero x € M,

the two-dimensional subspace spanned by vectors x and Ux:
R? = Lin{z, Uz} (4.2.7)
is a SL(2,R)-homogeneous space.
Proof. We only need to show that R2 is an orbit of the vector (x,Ux); that is,
Orb ((z,Uz)) = R2.
On the one hand, clearly

Orb((z,Uz)) = {Pu(g)(x,Uz) | g € SL(2,R)}
={((e +b)z,(c+d)Uz) | a,b,c,de R and ad — bec =1}

c R2.

On the other hand, if (az, fUUz) € R2 where a, 3 € R (are not both zero), then assume without
loss of generality that a # 0 and consider

0
<ﬁ _0;71 a1> € SL(2,R),

« 0 ) _ [ o=
B—a U ot Uz ] \Buz)’

This implies (ax, SUz) € Orb ((x,Ux)) and thus

we obtain

RZ € Orb ((z,Ux)).

Therefore,
R2 = Orb ((z,Ux))

as needed. O
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Corollary 4.2.4. Let H be either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space, letUd : M — M~ be a unitary operator, and let x be a nonzero x € M.
Also, consider the space R2 as defined in (4.2.7). Then, the stabilizer subgroup of (u,v) € R2 in
SL(2,R) is conjugated to upper-triangular matrices of the form:

Proof. Note that

SL(2,R),, )

~1
a b e SL(2, R) a bU Sz _ (=
c d cad d 0 0
d iz 0
)eSLQR |ax =2 and cUm—O}
)eSL )]a=1 and c=0}
1>eSL2R |beR}

Since R2 is homogenous, then, from Theorem 2.0.5, any other stabilizer subgroup of any

IS
>

S
>

I Il
—t— — — —— ——
ISURES

o

—
S

=N.

(u,v) € R is conjugated to SL(2,R), o- O

As an immediate consequence of Theorem 2.0.7, we will obtain the following corollary.

Corollary 4.2.5. Let H be either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space, let U : M — M* be a unitary operator and let x be a non-zero in H such
that U(Pprx) and Pyox are collinear. Then SL(2,R)-orbit of x is a two-dimensional subspace

isomorphic to SL(2,R)/N where N is the above upper-triangular subgroup of SL(2,R).
Example 4.2.6. Consider H = R*, and its subspaces
M = Clin{e;,es} and N = Clin{e; + 3es, ea + 4ey}

th

where e, is the vector whose components are all zero, except the n'"-component equals 1. Define

the isomorphism U : M — M+ by Uey = e3 and Ues = e4. Now, a generic vector u € N is
u=x(e1 + 3eg) + y(ez +4dey) for some z,yeR.

Thus,
Pyu = xey + yea, Pyiu = 3zes +4yes, U(Pru) = xes + yey.

Observe that the following statements are equivalent:
o U(Pyu) and Pyrru are collinear.
o U(Ppu) = APyr1u for some nonzero X € R.

o xeg + yeqy = A(3zes + 4yey) for some nonzero \ € R.
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o FEither x =0 ory = 0.
o The vector u is either scalar multiples of e1 + 3ez or ea + 4ey.

By applying Corollary 4.2.5, this means that, in the subspace N, only scalar multiples of e1 + 3es

or eg + dey produce a two-dimensional homogeneous space isomorphic to SL(2,R)/N.
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Chapter 5

Graph Of Operators And Symplectic

Structure

Let M and N be two closed subspaces of a separable real Hilbert space of even finite or in-
finite dimension (H,{-,-)). According to Halmos in his paper [13], these two subspaces are in

generic position if the following holds

MAN=MnN'=M"AN=M"~N'={0}. (5.0.1)
Thus, as will be demonstrated below, we have

dim(M) = dim(M1). (5.0.2)
In this case, Halmos [13], [4] lets M play the role of "the horizontal axis" and M* the role of
"the vertical axis". Then, he considers a self-adjoint (possibly unbounded) operator
T :Dom(T) < M — M,

with a trivial kernel and dense range, such that the pairs (M, N) and (M @ {0}, Graph(T')) are
unitarily equivalent. This means that [13] there exists a unitary operator & : M — M= such

that
U=Ty®dU:- MOM > MeM?",

UM@{0}) =M and U(Graph(T)) = {(z,UTz) | x € Dom(T)} = N

where
Graph(T') = {(z,Tz) | v € Dom(T)}.

See the following diagram

Mt

N = Graph(UT)

(0,0) M
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We aim, in this chapter, to introduce the concept of a bi-equidefect operator, which is an
adaptation of the concept of an operator. Also, we will employ Halmos’ approach, which helps
represent, the subspace N as the graph of a bi-equidefect operator. Thereafter, we will define a
symplectic form w from the pair of the subspaces (M, N) such that M and N are Lagrangian

subspaces w.r.t. w.

From now on, if A and B are orthogonal subspaces of a Hilbert space, we will use the symbol
ABB to denote their direct sum. Also, the symbol A@B will denote the orthogonal complement
of B within A. Moreover, we will denote by P4 and Pp the orthogonal projections into A and
B, respectively.

In the following, we will adopt the following notations [4] to denote the special subspaces:
Moyo=MnN, My =MnN+, Mo=M-AN, Mj;=MnN* (5.0.3)
Thus, the subspaces M and M~ can be written as the following orthogonal decompositions [4]:
M = My @ Myy @ My and M = My @® My, © M. (5.0.4)

where M) is the orthogonal complement of Mgy My, within M, and M is the orthogonal com-
plement of Mg & M7, within Mt In addition, we can write the subspace N as a direct sum of
orthogonal subspaces:

N=No© N, © Ny (5.0.5)

where Ng = Moo, Ny = Mg, as defined (5.0.3), and Ny is the orthogonal complement of Ny ©

N, within N. This decomposition has an important interpretation (will be clarified later).

5.1 Bi-equidefect Operator And Its Graph

Assume that M, N are closed subspaces of a separable real Hilbert space of even finite or
infinite dimension H and are in generic position. Then, we can use Halmos’ approach [13] to
construct a closed linear operator A such that N represents its graph. To this end, we first need
the following lemma.

Lemma 5.1.1. Let H be a separable real Hilbert space of even finite or infinite dimension and
Py H — M be the orthogonal projection into the closed subspaces M and N of H such that
(M, N) are in generic position. Then, the restriction Pyr|n is injective, and its range is dense
mn M.

Proof. To prove that Py|n is injective, note

re€N and Pyxz =0 x € N and z € ker(Py)
rzeN and ze M+

reNnM"

FEd

xz = 0.



To prove the density, observe

xe€M and z L PyN = xe€ M and {z,Pyy)y=0Vye N

= xe€ M and {(Pyzx,yy=0Vye N
= ze€M and {z,y)=0Vye N
— zeM and ze Nt
= zeMn Nt
= z =0.
This completes the proof. O
As Halmos demonstrated in [13], the above two properties of the operator Py/|y implies that
dim M = dim N. (5.1.1)

Furthermore, it is easy to see that if (M, N) is in generic position, then the pairs
(M*,N) and (M,N%+) and (M1 N1
are also in generic position. This implies that
dim M = dim N = dim M* = dim N*. (5.1.2)
By these equalities, there exists a unitary operator R : M + M*. Thereafter, we define
A:PyNc M- M

A(Pyz) = RN (Pyix) forevery zeN (5.1.3)

as an operator on the subset PyyN (which is dense in M as shown in Theorem 5.1.1) where Py
and Py;1 are the orthogonal projections into M and M+, respectively. We claim that the oper-
ator A is closed and its graph is represented by N. To show that, let (2, )ney € Dom(A) such
that

Ty — T and Ax, —y.

Since Dom(A) = Py N, then for every n € N there exists z, € N such that
Ty = Prrzy,. (5.1.4)

By definition of A,
Az, = R Y (Pyrz,) forevery neN. (5.1.5)

By applying R on both sides, we obtain
RAIn = PMJ_ Zn-

Thus,
Ty + RAx, = Pyrzp + Pyiz, = zp € N.

Since R is bounded and N is a closed subspace,

z:=x+ Ry = lin%ca:n+72<lim Amn)eN.

n—x0
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Hence
x = Pyz € Py N = Dom(A) and Az =R 'Pyz=R'Ry=y.

Therefore, (x,y) € Graph(A) and this means the operator A is closed. Now, define the operator

R:Iy@®R-MOM - MdM'; R(u,v)=u+Rv forevery wu,ve M.
Since R : M ~ M+ is an unitary operator,
IR (u, 0)I* = lu+Ro|* = [lul® + [Ro[* = [[ul® + Jv|* = |(u,v)|* for every wu,ve M.
This means R is a unitary operator as well. Furthermore,
R(Graph(A)) = {Pyz + RA(Pyz) | 2€ N} = {Pyz + Pz | z€ Ny = N.

Now, we consider its polar decomposition

where

e W : M — M is a partial isometry with ker(W) = ker(A) and Ran(W) = Ran(A),

o T = (A*A)z is self-adjoint and positive with Dom(T") = Pp;N and Ran(T) = (ker(A4))*.
However, since the kernel of A is trivial and its range is dense, then

e Ran(T) = M.

e W: M — M is unitary,
Also, we have

|T2|? = (T2, Tx)y = (T?x,x)y = (A* Az, z) = (Az, Az) = | Az,
which implies
ker(T') = ker(A) = {0}.

Hence, T is a self-adjoint operator defined on Py; N with the trivial kernel and a dense range.
Furthermore, if we put i := R oW : M — M+, then we will obtain the unitary operator

mentioned at the beginning of the chapter

U: Ty @U: MOM > MM U(u,v) =u+Uv for every u,ve M,

which satisfies

U(Graph(T)) = {Pypz + UT(Pp2) | z € N}
={Pyz+ RWT(Pyz)|z€e N}
= {Pyz+ RA(Pyz) | z€ N}
= {Pyz+ Pyrz| z€ N}
= N.

Therefore,
U(Graph(T)) = N. (5.1.6)

Up to this stage, everything refers to Halmos’ approach [13].
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As a generalisation of Halmos’ approach, from now on, we relax the condition (5.0.1) by al-
lowing to the intersections

Mo =MnN, My=MnN* Mo=M"nN, Mj=M" Nt

to be nonzero subspaces with the following assumptions.

Equalities of Dimentionality 5.1.2. We assume that the following equalities hold:
e dim(My) = dim(My),
o dim(Moo) = dim(My),
o dim(Mp1) = dim(Mp)

where My is the orthogonal complement of Moy & My, within M, and M, is the orthogonal com-
plement of Mo @ My, within M+, as decomposed above in (5.0.4).

In this case, Halmos’ approach can be applied to the pair of subspaces (Mo, Ny ) where Ny
is described in (5.0.5). This is because (My, N4) is in generic position within My & M;, as will
be shown in the following theorem.

Theorem 5.1.3. Let H be a separable real Hilbert space of even finite or infinite dimension
and M, N be closed subspaces such that H = M @ M, where the subspaces M and M~ have

decompositions as in (5.0.4):
M =My @My ®My  and  M* = Mig® My & M.
In the subspace My @ M., the pair (My, Ny) is in generic position; that is, within My & M,
Mo Ny =My n Nz = Mg~ n Ny = Mg~ n Ny = {0}.
Proof. First of all, note that, within My @ M;, we have Mg = M;. Then
(i)
reEMynNygy = x€My and x€ M n N = My

= x € My n My

= x=0.

reM nNy = x€M; and meMLr\Nleo
— IEMlﬁMlo

= z =0.

(iii)
ze€My and z€ M A N* = My,
xEMoﬂMol

xeMomN# -
—

= z =0.
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(iv)
xeMinNji = zeM and z€ M- A N+t = My
= xeMlmMH

= z =0.
This completes the proof. O

Consequently, as demonstrated above, Holmas’ approach yields the existence of a unitary
operator Uy : My — M; and a densely defined invertible (possibly unbounded) self-adjoint
operator

T: DOHI(T) Cc My — My (517)

such that
Ny = Graph(UpT) = {(z,UsTz) | x € Dom(T')}. (5.1.8)

Moreover, from Equalities of Dimentionality 5.1.2
dlm(MQ()) = dlm(Mn) and dlm(M01) = dim(Mlo),
we have other unitary operators

Zf{l : MOO i M11 and UQ : M01 - MlO-

In this case, we can define
U:=Uy DU DU

to obtain a unitary operator & : M — M~ such that

Z/{MO = M1 and Z/{MOO = M11 and L[Mm = MIO- (519)

Now, let us recall the definition of equidefect operators.

Definition 5.1.4 (Equidefect Operator). Let T : Dom(T) € X — Y be a closed densely defined
linear operator acting from a real Hilbert space X into a real Hilbert space Y. Then T is called
an equidefect operator if

dim(ker(7T)) = dim(coker(T)) (5.1.10)

where coker(T') = Y /Ran(T) and the equality allows the dimensions to be infinite.

Define the following operator

T: DOHI(T) C My S Moy — My &S My

T(z,x0) = (Tx,0) for every (x,x0) € My@® My (5.1.11)
where T : Dom(T") € My — M, is the self-adjoint operator in (5.1.7). Also, define the operator
T : Dom(T) € M, © Myg — M, & Mg

T(y,yo) = UT™*'U*y,0) for every (y,y0) € My @ M. (5.1.12)

Here, T : Dom(T) € My — M, is also the self-adjoint operator in (5.1.7) and U : M — M* is a
unitary operator defined as (5.1.9).
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Theorem 5.1.5. The above operators T, T' in (5.1.11) and (5.1.12) are densely defined self-

adjoint operators.

Proof. We first prove that 7' is symmetric. Since T is densely defined on Mo,

Dom(7T) = Dom(T) @ Moy = Mo @ Moo,

so T is densely defined on My @ Moo as well. Also, since T is symmetic, for (z,z¢), (y,y0) €

Dom(T), we have

(T@.xo) (ww)), = (T2.0), 00 Drnng

Mo® Moo
= (T, y)r1, + €0, YoDateo
= (&, Ty)rm, + {0, 0) o0
= {(z,20), (TY,0)) n1o@ 00

= ((z,20),T(y, yO)>Mo®Moo :
Thus, T is symmetric. It remains to prove that
Dom(7*) = Dom(7).
From the symmetry of 7', we have
Dom(7) € Dom(T*). (5.1.13)

To show the other side, let (y,30) € Dom(7*). By the definition of the adjoint, there exists
(2,20) € Mo @ Mo such that

(T.a0). w)), o =20, (2 20 asons,  Tor every  (2,0) € Dom(T).
Hence

T, y)m, =<z, 2)6m, + (%0, 20)M,, for every x € Dom(T),x9 € Moo. (5.1.14)

This implies that 2o = 0 because if we take x = 0 in (5.1.14), we obtain
{xo, 2000y, = 0 for every x¢ € Myg.

It follows that
Tz, y>m, =<x,2)nm, forevery xe€ Dom(T).

Thus,
y € Dom(T™) and T*y = z.

Since T' = T*, we have

y € Dom(T) and Ty = z.

Note that the component yq is unrestricted. Thus,

(¥,y0) € Dom(T) ® Moo = Dom(T).
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Consequently,
Dom(T*) € Dom(T).

From (5.1.13) and (5.1.15), we obtain
Dom(7*) = Dom(7).

Therefore, T is self-adjoint.

(5.1.15)

We next prove that T is self-adjoint. We first show that 7! is self-adjoint. Since T is self-

adjoint and injective,

Dom(T-1) = Ran(T) = (ker T*)" = (ker T)* = M.

Thus, Dom(7~!) is dense in M. Let u,v € Dom(7T~1). There exist x,y € Dom(T) such that

u="Tx, v="Ty.
Using the self-adjointness of T, we obtain

<T_1u7 U>M0 = <$» Ty>Mo
= <T$7 y>M0
= <U,T71U>M0.

Therefore, T~! is symmetric. Thus,

Dom(7T~ ') € Dom((T1)*)

(5.1.16)

follows from the symmetry of T~!. To show the reverse inclusion, let v € Dom((7~1)*). Then

there exists w € M such that
(T u, ), = (u,whpy, for every e Dom(T71).
Putting w = Tz, where x € Dom(T'), implies

{x,v)pm, = {Tx,wyp, forevery x e Dom(T).

Hence
w € Dom(T™) and T*w =wv.
Since T' = T*,
w € Dom(T) and Tw = v.
Therefore,
v e Ran(T) = Dom(T 1) and T v =w.
Thus,

Dom((T71)*) € Dom(T™1).
From (5.1.16) and (5.1.17), we have

Dom((T)*) = Dom(T1).
This means T~ ! is self-adjoint. Furthermore, if we put

A=UTU*,
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where U : M — M is the unitary operator in (5.1.9), then its domain is

Dom(A) = {ye M, |U*y e Dom(Tﬁl)}
=UDom(T™ )
= U Ran(T).

Since Dom(7~1) is dense and U is unitary, then Dom(A) is also dense in M;. Moreover, since U
is unitary and 7! is self-adjoint, A is also self-adjoint because

A* =U(T™H*U* =UTU* = A,
with
Dom(A*) = U Dom((T~1)*) = U Dom(T ') = Dom(A).
Now, since A is densely defined on My,
DOI’D(T) = DOHI(A) @MIO = Ml @ MlO-
Thus, T is densely defined. Furthermore, for (y,vo), (v,v0) € Dom(T), we have
<T(ya yO)a (U, UO)>M1@M10 = <(Aya 0)7 (’U, UO)>M1@M10
= <Aya U>]\/11 + <Ov U0>M10
= <ya AU>M1 + <y0a O>M10

= <(yu y0)7 (Av7 0)>M1@M10
= <(y,yo),T(U,U0)>M1@M10 :

Therefore, T' is symmetric. Finally, let (v,v0) € Dom(T*). Then there exists (w,wo) € M; @ Mg
such that

<T(ya yO)v (Ua UO)>M1@M10 = <(ya yO)v (wa w0)>M1®M10 for every (yv yO) € DOHI(T)

Equivalently,

(Ay, vy, = Yy, wyn, + Yo, wopnr,, for every ye Dom(A),yo € M.

If we take y = 0, we obtain wy = 0. Hence

(Ay, v)n, = {y,win,, for every ye Dom(A).

It follows that
v € Dom(A*) = Dom(A), w = A%v = Av.

Since vg is unrestricted,
(v,v0) € Dom(A) @ Mo = Dom(T).

Therefore,
Dom(7T*) € Dom(T).
The reverse inclusion follows from the symmetry of 7. Hence

Dom(T*) = Dom(T) and T*=T.

Therefore, T is self-adjoint. O
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In conclusion, we have constructed two self-adjoint operators T and T such that UT and UT

are equidefect operators satisfying
Graph(UT) = No@ Ny and Graph(U*T) = Ny & N,.. (5.1.18)
with

ker(UT) = Ny and  ker(U*T) = N... (5.1.19)

At the end of this section, we are prepared to introduce the definition of a bi-equidefect op-
erator.

Definition 5.1.6 (Bi-equidefect Operator). Let H be a separable real Hilbert space of even fi-
nite or infinite dimension and M, N be closed subspaces with decomposition (5.0.4):

M = My © Mo1 © My and M = Myy&® M & M.
Let U : M — M be a unitary operator such that
Z/{MO = M1 and UMOO = M11 and UM01 = MlO'

AlSO, let T : DOI’Il(T) c MQ @MOO g MO @MOO and T : DOIII(T) c Ml @Mlo g Ml @MIO
be self-adjoint opeators with dense domains. The pair (T, T) is called a bi-equidefect operator if
both UT : Dom(T) € My & Moy — My & My and U*T : Dom(T) € My & Myg — My @ My are

equidefect operators.

Accordingly, the pair (T, T) of operators, as defined in (5.1.11) and (5.1.12), is a bi-equidefect
operator. Moreover, their graphs overlapping on the subspace Ny, which is the graph of T', see
(5.1.8). Therefore, if we glue them together, then the subspace

N=Ny®Ns SN,

can be expressed as
N = ker(T) @ Graph(UT) & ker (7). (5.1.20)

where Ny = ker(T), N, = ker(T) and Ny = Graph(UT). Henceforth, whenever we state
that the subspace N represents the graph of a bi-equidefect operator (T, T), we mean N can be
described by gluing two overlapping charts, one as a graph of UT and one as a graph of U*T
exactly as in (5.1.20).

The picture can be seen in a way parallel to the construction of the real projective line PR

(see section 4.1) with the two charts:
$po:R—>PR; x— [x:1] and ¢o:R - PR; z+—[1:z].
Notably, these charts cover PR = R u {00} and overlap on (—0,0) u (0,00) and each contains

either 0 =[0:1] or c0 = [1:0].

5.2 Bi-equidefect operators and Symplectic Structure

Recall the real Hilbert space (H,{-,-)) mentioned in the preceding section and its subspaces
M and N with Equalities of Dimensionality 5.1.2. After introducing a bi-equidefect operator
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such that its graph is represented by N, we need to define a symplectic form on H. To this end,
recall the unitary operator « : M — M in (5.1.9), which is constructed from the pair of the
subspaces (M, N). Thereafter, consider the following complex structure:

0o —-u*
Jo = (Z/I 0 > , (5.2.1)

where U* is the adjoint of /. This defines the following symplectic form w on the Hilbert space
H=M@®MH*:

w((xvy)a (zlvy/)) = <J0(I7y)’ (Il7y/)> = <uxayl>MJ- - <xlaU*y>M for every I‘,.’,El € nyayl € ML

where (-, Y1 and (-, -Yps are the restriction of inner product ¢-,-) to M+ and M respectively.

In this section, we aim to show that the two subspaces M and N above are Lagrangian sub-

spaces of H w.r.t. the above symplectic form.

From this time forward, we will express the components of H as (y, z) rather than the stan-

dard order (z,y). The reason behind that will be clear in the next chapter.

When we switch the order of coordinates, the above symplectic form will be rewritten as

w((y,x), (y/’x/)) = <J(y,]}), (y/7xl)> = <ux7yl>MJ- - <.’13’,Z/{*y>M (5'2'2)

where z,2' € M,y,y’ € M and

J=—JF= (_Z* z) : (5.2.3)

Everything now is prepared to prove that the subspaces M and N are Lagrangian w.r.t the
symplectic form (5.2.2). For the subspace M, the proof is straightforward because for every = €
M we have

w((0,2),(0,2") =<{J(0,2),(0,2")) = Uz, 0> —{z’,0>ps = 0.
This means M is an isotropic subspace. To show the maximality, assume, for contradiction, that
there exists a nonzero ug € M“\M. Thus, ug = (yo, zo) where yo # 0. Hence,
w((yo, o), (0,2')) =0Va' € M < Uy, 0prr — ', U yodyr =0V2' € M
— &'\ Uy =0V e M
= U*yo L M and U¥yoe M

— y0=0

This means ug = (0,z0) € M, which is contradiction with uy € M“\M. Therefore, the equality
M = M% must hold, which means M is Lagrangian. Furthermore, by using (1.5.14), M* = JM
is also Lagrangian.

For the subspace N, as we decomposed it above in (5.1.20), we have
N = ker(T) & Graph(UT) @ ker(T)

where T, T and T are self-adjoint operators. Thus, ker(T") ¢ M and ker(T) € M+ are isotropic
as subspaces of Lagrangian subspaces. Also, the isotropy of the subspace Graph(UT') can be

97



shown as follows:

w(UTz,z), UT',2")) = UTx, Uz Y pp0 — Lo, Ta

=Tz, 2" —{x, T Y
={Tx,x" Y — Tz, x>0
=0.

For the maximality, assume, for contradiction, that there exists a nonzero uy € N*\N and put

Ug = (yO,‘TO)- Hence,

w((y07w0)7 (y/>xl)) =0 V(yl>xl) EN < <ux07y/>]\/IL - <x17U*yO>M =0 ‘v’(y’,x') eEN

It remains to show that

First of all, put

((Uzzo, 0902 — (o, U*yodar = 0 Y(0,2) € No

S Uz, UTx yppr — &', U yoymr = 0V(UT ', 2') € Ny
| Uz, y" ) —0,U*yoynr = 0 Y(y',0) € Ny,

(o, UFyodar = 0 V! € Mo

3 {xo, Ty — &'\ U*yoym = 0 V' € My

(Uzo,y' )rrr =0 Vy' € Myg

(U’ yodar = 0 VU € My,

\ <£C/,T{E0>M — <x’,u*y0>M =0Vz' e Mo
\<x0,u*y’>M =0 Vu*y/ € M01

yo L My

{ <x’,Ta:0 —U*yoynm =0 V2’ € My

\l‘o L M01

(yo € Myo® M,

1 TJ?O —u*yo L MO

xo € Moo © My

To=mo+my and yo=m{+m]

where mo € 1\4007 my € ]\407 m6 € Mg and m/1 € M. Hence

(e, Teog — U yodar = 0V € My < (&, T(mo +my) —U*(ml) +m!)>ar = 0V € My

Since x € My and U*my, € My,

Consequently,

> (z,Tmq —U*m{ —U*m )y =0Vz € My

= (x,Tmi —U*m Dy — {z, U m{)n = 0V € M.

(e, U*m{ynr = 0V € M.

(x,Txo — U yody = 0V e My — (x,Tmy —U*m' D = 0 Va € M.

98



Thus,
Tmy —U*m) e My and (Tmy —U*m)) L M.

Hence

Tmy =U*m = m)| =UTm,.
Therefore,
Uy = To + Yo = (mo +m1)+(m6+m’1) =m0+(m1 +UTm1)+m66N

since mg € Ny, m1 + UTmy € Ny and m( € N,.. This contradicts that up € N“\N. In conclu-

sion, the subspace N is a maximal isotropic subspace; that is, it is a Lagrangain subspace.

At the end of this chapter, it might be useful to introduce some examples of a bi-equidefect
operator whose graph is represented by a Lagrangain subspace to enhance the understanding of

the above argument.
Example 5.2.1. Let R'?2 = M@ M where
M* = Clin{ey,ea,€3,€4,e5,e6} and M = Clin{er, es, eg, €10, €11, €12},
and {e1,es,...,e12} is the standard basis of R'2. Define the unitary operator
U:M— M, Uleger) = e forall k=1,...,6.
Thus, we can define the symplectic form
w((y, ), (v, ') = Uz, yarr — Uy, 2" )y for every  (y,x),(y,2") € M- @ M.

Consider
Moo = span{eqr,e12}, Mo1 = spanfer,es}, My = spanieg,eio}.

Hence
My = UMy = span{es,eq}, Mig = UMy = span{er,ea}, My =UMy = span{es,eq}.
Also, consider the Lagrangian subspace
N = span{(e1,0), (e2,0), (3e3, e9), (4es, €10), (0, €11), (0, e12)}.

Define a self-adjoint operator
T: MO g M()

Teg =3eg and Teig = 4eqg.

Then,
Ny ={(UTxz,x) | x € My} = span{(3es, e9), (4de4, €10)}.

By extending T, we have
T : My Moo — Mo & Moo

given by

T(x,z9) = (Tx,0).

Thus,
UT + My & Moo — My © My,
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given by
Z/{T(fg = 3637 Z/[T@lo = 4647 UTEH = 0, UT€12 =0

and its graph is
NO @N# = {(UTJ?,.Z‘) | T € Mo() @Mo} = span{(O, 611), (0, 612)7 (363, 69), (464, 610)}.

Also, UT is a equidefect operator since

dim(ker(7)) = dim Moo =2 and dim(coker(7T)) = dim M7 = 2.
Dually, define another self-adjoint operator
T : My & Myg — My & Mg

given by
T(u'ra yO) = (UT_l'ra O)

where x € My, yo € Myg. Thus,
U*T : M1 @MIO g MO @MOI

given by
. . . 1 . 1
Z/I*Tel = 0, U*Teg = 0, Z/{*Teg = geg, U*T€4 = 1610.

Then, its graph is

3 4
= Sp(l’fl{(3€37 69), (464, 610), (61, 0), (62, 0)} .

. 1 1
Ny @ N, ={(y,U*Ty) | ye M1 & My} = Spfm{(esa ~¢€9), (ea, ~€10), (e1,0), (62,0)}

In addition,
dim(ker(U*T)) = dim Myp =2 and dim(coker(U*T)) = dim My, = 2.

This means that U*T is a equidefect operator as well. Now, the pair (T,T) is a bi-equidefect

operator whose graph is represented by N .

In addition to the previous example, it might be useful to consider another similar example,

but on an infinite-dimensional Hilbert space.

Example 5.2.2. Let
2 = Clin{e,, = (0,0,...,1"",0,0,...) | n € N}

and the subspace

M~ = Clin{e,, | n is odd} and M = Clin{e, | n is even}.
Define the unitary operator

U:M— M, Ue,) =e, 1 for every n=24,6,....
Thus, we can define the symplectic form

w((y,2), (', a") = Uz, y e — Uy, e for every (z,y), (", y") e MO M.
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Consider the Lagrangian subspace
N = Clin {(0, e2), (€1,0)} & Clin {()\nenl,en) |0 < i%f [An| < sup |An| <00, n=4,6,8,... } .
In this example, we have
Ny = Clin {(Anen_l,e”) |0 < irﬁf [An| < sup |A,| <00, n=4,6,8,... }
If we define the diagonal operator
T(x4,26,2s,-..) = (Aag, A6Ts, AgTs, - - - ),
then Ny will represent the graph of UT. Also, we can set
Ny = Clin{ez} and N, = Clin{e;}.

Therefore, by extending T to
T : Mo & Moo — Mo & Moo

T(x,x0) = (Tx,0),

the subspace No @ Ny will represent the graph of UT. Moreover, if we define another self-adjoint
operator
T : My & Myy — My & Mg

T(ya ?/0) = (UT_lu*:% O)a
then its graph will be represented by Ny @ N.,. Furthermore, we have
dim(ker(UT)) = 1 = dim(coker(UT)) and dim(ker(U*T)) = 1 = dim(coker(U*T)).

In conclusion, UT and U*T are equidefect operators, and the pair (T, T) is a bi-equidefect oper-
ator such that the graph is represented by N.
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Chapter 6

SL(2,R) Action On Bi-equidefect
Operators And Their Spectra

We continue working in the same setting with two subspaces M and N of (H,{-,-)) as in the
preceding chapter, maintaining all previously stated assumptions and statements. As established
above, we have constructed a bi-equidefect operator on M whose graph is represented by N.
Then, from these subspaces, we have determined the unitary operator & : M — M, which is
defined in (5.1.9). For this unitary operator U, we have the symplectic form:

W((y, QS‘), (yla l‘/)) = <L{a:, y/>1\/1-L - <$17U*y>M for every , z'e Ma Y, y’ € MJ_' (601)
With respect to this symplectic form, the subspaces M and N are Lagrangian subspaces. Also,

as discussed in Chapter 4, SL(2,R) action on the Hilbert space H can be given via the same

b
unitary operator U : M — M as follows: for every g = <a d) € SL(2,R), we define
c
(bu(g) cH — H, q)z,{(g) = (G/IM +CZ/{)PM + (d[]\/jl + bu_l)P]w_L. (602)

In this chapter, we will introduce the central concept of this thesis. We will define the operator
projective line as a generalisation of the real projective line PR. Also, we will define SL(2,R)
action on bi-equidefect operators through the Lagrangian subspaces that represent their graphs.
Moreover, we will introduce some connections between SL(2,R) action and characterisation of
the elements of the spectrum of a bi-equidefect operator.

6.1 Operator Projective Line

The core idea of the generalisation of the real projective line PR to the operator projective

line is that we have
PR = Lag (R*,w)

where
Lag (R*,w) = {L < R? | L is a Lagrangian subspace},

and it is called the Lagrangian Grassmannian [30]. In other words, we can think of the elements
of PR as Lagrangian subspaces with respect to the standard symplectic form:

w((z,y), (@',y) = xy’ —2'y for every (z,y),(z',y’) € R
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By analogy, we can generalise the above approach from R? to the above Hilbert space H by
considering the Lagrangian subspaces of H. However, in an infinite-dimensional case, the collec-
tion of all Lagrangian subspaces of H is too large, and its structure is not clear. For this reason,
we must restrict the class of Lagrangian subspaces to obtain a meaningful structure. To this

end, we should introduce the following theorem first.

Theorem 6.1.1. Let (H,{-,-)) be a separable real Hilbert space of either even finite or infinite

dimension and M be the subspace which defines the symplectic form:
w((y,x), (y/’xl)) = <ux7y/>MJ- - <$/,U*y>M fOT every x, z' e Ms y,yl € MJ_

forU : M — M+~ is the unitary operator in (5.1.9). Then, the action of SL(2,R) preserves this

symplectic form.

Proof. Let g = (Z Z) Thus, for all (y, ), (v',2') € H such that y,3 € M and 2,2’ € M, we
have
w(g- (y,2);9- (y,2") = w((ay + WUz, AUy + dx); (ay’ + bz’ U™y’ + da'))
= {ay’ + U, cy + dUx) 1 — {U*y' + da’,ald*y + bx)yy
= acly, ydarr + bely, Ur" Yo + adlUz,y'dprr + bdUx, Uz S pp0
—aclU*y'  U*ydar — adU*y, 2" dar — bela, Uy s — bdla, "y
= Uz, y )y — U™y, 2"
= w((y, 2); (v, '))-
This completes the proof. O

Remark 6.1.2. As an immediate consequence of the above theorem, the SL(2,R) action (6.0.2)
transforms Lagrangian subspaces to Lagrangian subspaces. More precisely, for every g € SL(2,R)

and a Lagrangian subspace N, its transformed subspace ®y(g)N is also Lagrangian.

Now, we can introduce the definition of the operator projective line, which is the heart of
this project.

Definition 6.1.3 (Operator Projective Line). Let (H,{:,-)) be a separable real Hilbert space of
even finite or infinite dimension and M, N be closed subspaces with Equalities of Dimensionality
5.1.2. Also, consider the symplectic form (6.0.1) on H:

w((y,x), (y/ax/)) = <Z/lx, yl>Ml - <x/au*y>M fOT every [L’7£L'/ € nyvy/ € MJ_

where the unitary operator U : M — M* is determined from M and N, as in (5.1.9). Moreover,
assume that SL(2,R) acts on H via the above transformations (6.0.2), which are defined by the

same unitary operator U:
@y : SL(2,R) x H — H; Oy(g) = (alpns + ch)Pyp + (dygo + bU )Py

Then, we define the operator projective line generated by N as the orbit of N under this ac-
tion:
PN = {®y(9)N c H | ge SL(2,R)}.

b
Ezxplicitly, for every g = (a d) € SL(2,R), the transformed subspace is:
c

Dy (9)N = {(cUz + dy, ax + U*y) | (y,x) € N}.
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6.2 SL(2,R) Action On Bi-equidefect Operators

Recall the subspace N mentioned at the beginning of the chapter, and let N9 be its trans-
formed subspace under g € SL(2,R). We will introduce a decomposition similar to (5.0.5):

N9 =NJ©Nj,ONY, (6.2.1)
where N = M A N9, N} = M+~ N9, and N;’E is the orthogonal complement of NJ @ N within
NY.

Also, in a similar decomposition to (5.0.4) we can write:
M§y=MnN9, M§ =Mn (N9, Mjy=M-nN9 M}, =M"n(N9)- (6.22)
Therefore, we will obtain
M=MjdM, &M and M*=M,oM] oM. (6.2.3)

where M is the orthogonal complement of M, & M§, within M, and M7 is the orthogonal
complement of M{, @ M, within M.

As a consequence of Theorem 6.1.1, the unitary operator & : M — M still maps each
component in (6.2.3) into their corresponding counterpart, as detailed in Theorem 6.2.3 below.

To prove this, we first need the next two Lemmas.

Lemma 6.2.1. The subspace M+ (N9)L is the orthogonal complement of Ng)ePMLNi within
M+ where N%, and Nf% are the subspaces in (6.2.1).

Proof. Let w € M+ n (N9)L. Then w L NJ, since N% < N9. Also, for any vector v € Py N%,
there exists u € N;Z& such that v = Py;iu. Thus, u —v € M and this implies

(w, vy ={w,u+ (v—u)) =w,u) +{w,v—uy=0+0=0

sincew € (N9)*,u € N9andw € M*,v —u € M. Thus, w L PMLN%. Therefore, w L
Ni@PMLN;Z&

The converse, if w € M+ and w L NJ @ Py N, then w € (N)* and w € (NJ)* because
Ng © M. Also, for all u e NJ, we have

0 = {w, Pyrruy = {w,u — Pyuy = {w, uy — {w, Pyuy = {w, u)
and that means w € (N;E)J-. Hence

we (NJ)* n (N

o e)

P (N = (v

Therefore, w € M+ ~ (N9)*L. O

In a similar way, we can also prove the following lemma.

Lemma 6.2.2. M n (NY9)* is the orthogonal complement of N§ & Py N3, within M where N§
and NJ, are the subspace in (6.2.1).
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Proof. Let we M n (N9)t. Then w L N§ since NJ  N9. Also, for any vector v € Py N3, there
exists u € N, such that v = Pyyu. Thus, u —v € M and this implies

(w, vy =(w,u+ (v —u)) =(w,u)y +{w,v —uy=0+0=0

since w € (N9)*,u € N9andw € M,v — u € M~*. Therefore, w L PMNj‘;E and thus w L
NgEBPMNi.

The converse, if w € M and w L NJ@ Py N, then w € (N,)*, w € (N§)* and for all u e N
we have

0 = (w, Pyuy = <w,u — Pyrruy = {w, uy — {w, Pyrauy = {w, uy
and that means w € (N3)". Hence
we (N§)" 0 (N n (N9) = (N9
Therefore, w e M n (N9)*. O

Theorem 6.2.3. Let g € SL(2,R) and consider the decomposition
M =M adM &M and M+ = Mo M, oM/,
as in (6.2.3). Then the above unitary operator U : M — M~ satisfies
(i) UM§, = MY, which means dim M, = dim M,
(ii) UM, = M7, which means dim M, = dim M7,

(iii) UM§ = M}  which means dim M§ = dim M7,

Proof. We have the decomposition
H=M"aM.

Every element of H is written as (y,z) where y € M+ and x € M. Now, let (0,2) € M n N9Y.

Note that, since VY9 is Lagrangian, we have
0 =w((0,2); (¢, 2") = Uz,y )arr = 0,2, ¥(y',2") € N¥.

This means
Uz, y Spe =0 for all (y/,0) € Py N9,

Therefore, from Lemma 6.2.1,
U0,z) € M @ Py (NS ©NG) = M* ~ (N9)*,

This implies
UM~ N9 < Mt A (N9 (6.2.4)

On the other hand, let (y,0) € M+ n (N9)L. Then there exists (0,u) € M such that
U*(y,0) = (0, u).
Now for all (y/,2’) € N9 we have

w((O,u); (y/ax/)) = <Z/lu, yl>MJ- = <y7y/>1\/[J- =0
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since y € (N9)* and 3’ € N9. Hence (0,u) € (N9)“. Since NY is Lagrangian, then
U*(y,0) = (0,u) e M n N9 = (y,0) e U(M n NY).

Hence
M* A (N9 UM n NY).

From (6.2.4) and (6.2.5), the equality (i) holds.

To prove the equality (i), let (y,0) € Mt n N9. Thus, sine N9 is Lagrangian
0=w((y,0); (¥, 2") =<0,y Darr —U*y,a"Hn = —U*y, 2" Hnr, V(' 2") € NY.
This means
U*y,z"ypr =0 for all (2,0) € PyyNY.
Therefore, from Lemma 6.2.2,
U*(0,y) € M @ Py (N§ © N§) = M (N9)*.

Hence
U (MY A N9 < M n (N9,

that is,
M* A N9 CUM n (N9)).

(6.2.5)

(6.2.6)

To show the other side, assume that (0,z) € M n (N9)* and put 4(0,z) = (v,0). Thus, for all

(y',x") € N9 we have

w((v,0); (v, 2") =<0,y are — U* v, 2" Y = —{z, 2" = 0

since (0,2) € (N9)* and (0,2') € N9. Therefore, (0,v) € (N9)“. Since N9 is Lagrangian, then

UO,z) = (v,0) € M+ A NI,

This implies
UM n (N9)LY) € M+ A NY.

From (6.2.6) and (6.2.7), the equality (i¢) holds.
For (ii7), frist of all, we have
Mt =M, ©M{y©M{ and M = M & Mg, & M.
By applying the unitary operator & on M, we will have
Mt =M}, @ Mjy©M{ and M* =UMj UM, SUM.
By using () and (i), we will have

Mt =M, @M{y©M{ and M* =M} & Mj,UM.

(6.2.7)

This means that Y/ MJ and M{ are both orthogonal complements of M{; @ M7, within ML

Since the orthogonal complement is unique, then
UMF = MY,

as required.
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Recall the bi-equidefect operator (T, T) whose graph is represented by N. As we decom-
posed in (5.0.5), we have
N =No& Ny SNy,

As in Section 5.1, (T, T) is the pair of the following operators

T : Dom(T) € My & Moy — Mo &© Moo

T(x,x0) = (Tx,0) for every (z,x0)€ Mo Moo

and
T : Dom(T) € My @ Mg — M, & My,

T(y,yo) = (UT™'U*y,0) for every (y,yo) € M1 & My

In the above definitions,
T :Dom(T) € My — M,

is an injective self-adjoint operator defined on Py; N with a dense range and a graph is repre-

sented by
Ny = Graph(UT) = {(UTx,x) | © € Dom(T)}.
Also,
No & Ny = Graph(UT) = {(UTz,z) | = € Dom(T)}
and

Ny © N, = Graph(U*T) = {(y,U*Ty) | y € Dom(T)}.

This follows from the construction in Section 5.1.

b
Now, if we take g = (a

) € SL(2,R) and apply the SL(2,R) action ®;; on these graphs,
c c

we obtain

N? = N @ N, © NY,

as decomposed in (6.2.1). We claim that N9 represents a graph of a new bi-equidefect operator

(Tg, Tg) with the same above setting. To prove this claim, we first consider the operator
T, : Dom(T,) € M§ — M§

such that
N ={UTyz, ) | € Dom(T,)}.

Now, we shall show that T} is self-adjoint. This can be proven as follows: since N, ;’E is contained

in the Lagrangian subspace N9, then for all 2,2’ € M§ we have
0 =wUT,z,x), UT,z', z")) = Uz, UT 2"y prr — Tyx,a" Y =, Tya"ysr — Ty, 2" )ar.

Therefore,
(o, Tya" Yy = Ty, 2" yp. (6.2.8)

Hence T is symmetric. To show that it is self-adjoint, we need to prove the equality of domains:

Dom(T,) = Dom(T}¥) (6.2.9)
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where T : Dom(7) < M§ — Mg is the adjoint of Tj;. To this end, assume, for contradiction,
that
Dom(T,) & Dom(T}).

This implies
Ni, = Graph(UT,) & Graph(UT}) € Mg © My

Now, we aim to show that Graph(Z/lT;) is a subspace of N9. This will lead to a contradiction
because we cannot have a subspace of NY strictly larger than V. ;’i and contained inside M7 &
M{. To accomplish that, take any (UT,z,x) € Graph(UT,) and (UT;2',2") € Graph(UT}').
Then,

w(UTyx,z), UT ' 2") = Uz, UT 2" )pe — Tyx, ' )u
= <Z‘, T;xl>M - <Tgx7 xl>M
= <Tgx7 x,>M - <Tgxa x/>M
= 0.

Also, take any (0,z) € N§ and (UT; 2, ") € Graph(UT}"). Then,
w((0,2), UTy ", 2")) = Uz, UT 3"y ppe — 0,2 )pr = (o, T a"ypr = 0

since x € M, and T;'z" € Mg. Moreover, take any (y,0) € Ni and (UT;2',2") € Graph(UT").
Then,
w((yvo)a (UTg*xlvxl)) = <OvuT;$l>Ml - <U*y7xl>M = _<U*yaxl>M =0

since U*y € M§, and 2’ € M. Thus, we conclude that
N & Graph(UT,) < (N7)* = NY.
Hence, the equality (6.2.9) must hold. Therefore, as required, T, whose graph is represented by
Ni = {UTyz,x) | 2 € Dom(T,)}
is a self-adjoint operator. Furthermore, the injectivity of 7T, and density of its range follow from
N M = Nj n M* = {0},

as demonstarted in Section 5.1.

Moreover, as constructed in Section 5.1, we can define
UT, : M§ & Mg, — M{ @ MY, (6.2.10)

where
Ty(x,20) = (Tyx,0) for every (z,x0) € MJ @ Mg, (6.2.11)

Moreover, consider another operator

U*T, - M{ & M{, — MJ & M, (6.2.12)
where
Tg(y,yo) = (UT;lu*y, 0) forevery (y,yo)€ M{ & Mj,. (6.2.13)
As a result,
Graph(UT,) = N{ © N4 and Graph(U*T,) = N4 & NY (6.2.14)
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with
ker(UT,) = N{ and ker(U*T,) = N9. (6.2.15)

20
Furthermore, from Theorem 6.2.3, we have
UM§, = M}, and UM, = M7,.

This implies dim(M§,) and dim(M7{,) are the same. Also, dim(Mg;) and dim(M7,) are the same.
Therefore, the operators 4T, and UT, are indeed equidefect, cf. Definition 5.1.4.

In summary, we can state that the bi-equidefect operator (T, T) whose graph is represented
b
by the Lagrangain subspace N is transformed by g = (a d € SL(2,R) through transform-
c

ing N into N9 and determining its intersections with M and M~ to obtain a new bi-equidefect
operator (T}, T}).

Example 6.2.4. Consider
RlQ — MJ_ ('B M

where
M = {er,ea,...,e6} 2R® and ML ={f1, fo,..., f6} = RC.

Consider the unitary operator
U:M— M+

Ue, = fn

Now, construct a bi-equidefect operator (T, T) on
M = {e1,ea,...,e5}
whose graph is represented by
N = span{(0, e1), (f3,€3), (fa,ea), (2f5,€5), (3f6,€6), (f2,0)},

which is a Lagrangian subspace with respect to the standard symplectic form. Now, if we take

1 -1
g= (0 ) ) € SL(2,R), then

N9 = Span{(_flael)7 (fQ’O)v (0763)7 (0764)’ (f5ve5)a (2f6;e6)}“

In this subspace,
Ng =span{(0,e3), (0,e4)}, NI =span{(—fi,e1),(f5,e5), (2f6,€6)}, N = span{(f2,0)}.

If we define the operator T, on MY
Tgel = —€1, Tg€5 = €5, Tg66 = 2eg,

then
Ni ={UTyz, =) :xe M}

The extended operator T, on Mg @ Mg, as in (6.2.11) is:

Tg : Mg@Mgo - Mg@MgOa
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To(er) = —er, Ty(es) =0, Tylea) =0, Ty(es) =es5, Ty(es) = 2es.

The operator UT, : MY @ Mg, — M{ @ MY, is equidefect because

dim(ker(UT})) = 2 = dim(coker(UT})).
Dually, the operator T, on M{ ® MY, as in (6.2.13) is:

Ty M{ @ Miy — MY ® M,
To(f1) =—f, Ty(f2) =0, Ty(fs)=1fs, Tyfs)=2%fs.

The operator U*T, : M{ & M{, — Mg & Mg, is equidefect because

dim(ker(UT,)) = 1 = dim(coker(UT,)).

In conclusion, when we transformed the bi-equidefect operator (T,T) by g € SL(2,R), we ob-

tained a new bi-equidefect operator (T,,Ty).

6.3 Spectrum Of Bi-equidefect Operators

Let H be either an even finite-dimensional or a separable infinite-dimensional real Hilbert
space and let 7' : Dom(T) € H — H be a self-adjoint operator, not necessarily bounded. The
self-adjointness of 1" implies that its spectrum is a subset of R. Explicitly, its spectrum is de-

fined as:
o(T) ={X e R | T — M is not boundedly invertible}.

It is common to write T — Al as T' — A. Therefore, for simplicity, we may use it in this thesis.
Also, it is well-known that
o(T)=0,(T)vo.(T)vo(T)

where 0, (T) is the point spectrum (set of all eigenvalues of T'), o.(T') is the continuous spec-
trum and o,(T) is the residual spectrum [24]. Furthermore, it is known that if 7" is a self-adjoint
operator, then the residual spectrum o,.(T') is empty. Therefore,

o(T)=0p(T) vo.(T)<R.
Let M, N be closed subspaces of the Hilbert space H with Equalities of Dimensionality 5.1.2.
As decomposed in (5.0.4) and (5.0.5),
M = Moy © Mo & My, Mt = My @ My, © My, N =Ny& N, &S Ng. (6.3.1)

Moreover, as constructed in (5.1.11) and (5.1.12), a bi-equidefect operator (T',7) can be defined

as:
T : Mo® Moo — Moy @ Moo; T(x,xo) = (Tz,0) for every (x,xq) € My & My, (6.3.2)

and
T: M, @My — M, & Myo; T(y,y0) = UT'U*y,0) for every (y,y0) € My @ Myo. (6.3.3)

with
No @ Ny = Graph(UT) = {(UTz, ) | « € Dom(T)}
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and
Ny © Ny, = Graph(U*T) = {(y,U*Ty) | y € Dom(T)}.

The following definition introduces the spectrum of this bi-equidefect operator as a subset of
the real projective line PR.

Definition 6.3.1. The spectrum of a bi-equidefect operator (T,T) consists of two charts:

o(T,T) = {[A\:1] e PR | T — M is not boundedly invertible}
U{[l:N]e PR |T — NI is not boundedly invertible}.

The former chart will be labelled as T—chart, while the latter as T-chart.

Remark 6.3.2. The above two charts overlap on o(T,T)\{[0 : 1],[1 : 0]}. More precisely, for
every [\ : 1] € T-chart with \ # 0, there exists [1: N'] € T-chart such that \ = L.

Furthermore, if we assign [A : 1] with A and [1 : 0] with oo, then, we conventionally describe
the elements of the spectrum of (7', T) as:

e \eo(T,T) if T — A is not boundedly invertible,

e weo(T,T) if T is not boundedly invertible.

Example 6.3.3. Consider
RZ2=MteM

where
M = {e,es,...,ect =R and Mt = {f1, f2,.. ., fs} = RE.

In Exzample 6.2.4, we have constructed a bi-equidefect operator (T,T) on
M = {ei,ea,...,e5}
whose graph is represented by
N = span{(0,e1), (Ues, e3), (Ueq, e4), (2Ues, e5), (3Ues, €6), (Uea, 0)}.

One can easily check that the eigenvalues of the bi-equidefect are ap(T,T) = {0, 1, 2, 3, wo}. If
we transform them by the formula (4.1.1) (with the infinity rules in (4.1.5)),

(6 )6 )

then the transformed set is {—1, 0, 1, 2, oo}. This set is the eigenvalues of the transformed bi-
equidefect operator (Tg,Tg) whose graph is

NY = Span{(—uel,el), (Ue2,0), (0,e3), (0,eq4), Ues,e5), (21/{66,66)}.

This observation leads us to establish a relationship between the transformation of a bi-
equidefect operator and the transformation of its spectrum under SL(2,R) action as defined in
(4.1.7) and (4.1.8). This is what the following theorem states.
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Theorem 6.3.4. Let H be either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space and let M, N be closed subspaces with Equalities of Dimensionality 5.1.2. Also,
let (T, T) be a bi-equidefect operator, as in (6.3.2), (6.3.3), and (T,,T,) is its transformed oper-
ator under g € SL(2,R), see Section 6.2. Moreover, let o(T,T) be the spectrum of (T',T) and
J(Tg,Tg) be the spectrum of (TQ,TQ). Then the spectrum U(Tg,Tg) will be the transformed set of
o(T,T) under g € SL(2,R); that is,

g-o(T,T) = o(T,,T,) for every ge SL(2,R) (6.3.4)

where SL(2,R) action on the left-hand side is defined in (/.1.6) and,

T, = (aT + b)(cT + d)™* and T, = (c+dTl)(a+bT)".

Proof. Asin (6.3.1), assume that
N=N© N# O Ny
represents the graph of (7', 7) such that
No@® Ny = Graph(UT) = {(UTz,z) | = € Dom(T)}
and

Ny ®N, = Graph(U*T) = {(y,Z/l*Ty) |y e Dom(T)}.

b
Let g = <a d> € SL(2,R). Then, as in Section 6.2, the graph of the bi-equidefect operator
c

(Tg, Tg) is represented by the transformed subspace
N9 = dy(g9)N
where ®,(g) is in (6.0.2). Also, observe

Oy (9)(No & Ny) = @y (g) Graph(UT)
= {(U(aT + b)z, (¢T + d)z) | = € Dom(T)}
= {(U(aT +b)(cT +d)"‘z,z) | = € Ran(cT + d)}
& {U(aT + b)z,0) | x € ker(cT + d)},

and

Dy(9)(Ny © Noy) = Pyy(g) Graph(U*T)
= {((a + bT)y,U*(c + dT)y) | y € Dom(T)}
= {(y,U*(cT + d)(aT + b)y) | y € Ran(aT + b)}
{(0,U*(c+dT)y) | y € ker(aT +b)}.

Now, assume that the spectrum of (T, T) is

o(T,T) = {[)\ :1] € PR | T — X is not boundedly invertible}

U{[1:N]e PR |T — X is not boundedly invertible} .
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From (4.1.6), the transformation of o (7', T) is:

g-o(T,T) = {[a)\+b:c/\+d]ePR| [\:1]€o(T,T)

——

U {[a—i—b/\’:c—l-d)\'] e PR|[1:N]eo(T, V)}

aX+b -
_{[M.l]eP]R|c/\+d¢O and [A.I]EJ(T,T)}

c+dN .

U {[1 : a—l—b)\’] €PR|a+b\N #0 and [1: /\']ea(T,T)}.

We might need to demonstrate the last equality. First of all, we should note that
eA+d=0 and a+b\N =0

cannot happen because

— — ¢ — =— = ad—bc=0,

a+b\N =0 aA+b=0 A= b ¢ a

a

cA+d=0 cA+d=0 A==4 —d _—b

which contradicts ad — bc = 1. Next, we should clarify that if
cA+d=0 or a+b\N =0,

then the transformed element of [X : 1] or of [1: X'] will be in g - o(T,T'). This follows from the
homogeneity of coordinates. To see that, assume that cA + d = 0 with A # 0 (thus, aX + b # 0).
Then the transformed element of [A : 1] will be

[1: c+dN

because

eA+d ey +d c+d\N
Ad+b:e+dl=1: 2" =]1:22 =|1:—-.
[ad +bzer+d] [ a)\+b] [ a/\l,—i—b] [ a—l—b)\’]

If a + bN = 0 with X # 0 (thus, ¢ + d)\ # 0), the transformed element of [1 : '] will also be

aA+b
eh+d’

1] eg-o(T,T)

because

+ DN a+bi aX+b
b d\'| = ai:l = A1 = 1.
[a+6X"s e+ dX] [c—i—d)\’ ] [c—l—d}\ ] [c/\—ird ]

This shows that the equality

g-a(T,T)z{[m:1]ePR|c/\+d¢0 and [A:l]EU(T,T)}

c+dN -
indeed holds. Now, we need to prove that

g-o(T,T) = o(T,,T,) (6.3.5)

where
T, = (aT +b)(cT + d)~* and T, = (c+dl)(a+0bT)"".
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But we first need to demonstrate that _d e J(Tg, Tg) is not excluded, in order to guarantee
the invertibility of
I'+d and  a+bT.

Indeed, note that if =¢ € o(T,,T,), then =4 € o(T,) and =2 ¢ o(T,) Wthh implies that ¢T' + d

=" which means that

is invertible Furthermore, as illustrated above, ad — bc = 1 leads to =4 =
=4 ¢ ¢(T,) does not affect invertibility of a + bT'. Similarly, if =2 € O'(T T ) then =2 € o(T)
and - ¢ o(T,) which yields the invertibility of a + bT. Moreover - € o(T,) does not prevent

T+ d from being invertible because %d # —*. Therefore, the transformed operators

T, = (aT + b)(cT + d) and T, = (c+dT)(a+bT)*

are well-defined even when _Td, =

o(T,,T,). We can now proceed to prove equality (6.3.5).
Assume cA +d # 0 (possibly aX + b = 0).

T
We have three cases:

e Case l:if ¢ # 0, d # 0 and %d ¢ o(T) (possibly —* € o(T '), then ¢I' + d is invertible.
Thus,

L ooad+b . _1 ax+b
Tg—c)\+d—(aT+b)(cT—i—d) Tt d

(X + d)(aT +b) — (aX + b) (T + d)] (eh+d)~H T + d)~

[bc—ad (be — ad) ](c)\—i-d)*l(cTA—i-al)*1
(A +d) T = M\)(cT +d)~!

o Case 2:if c#£0,d=0and =2 ¢ o(T) (possibly =4 ¢ ¢(T)), then ¢T + d is also invertible.
Thus, the same argument as in Case 1 remains valid.

e Case 3:if ¢ = 0 and d # 0 (which means ad = 1), then

ar+b ) At b
Tg—adJr =d*1(aT+b)—“dJr

— ! [(aT +b) — (aX+ b)]

)~ [d(aT +b) — d(a) + b)]

(
— (@) " [adT — ad)
(

Hence, in all the above cases, we have

T a>\+b

0 g s invertible e T — )\ is invertible.
C

Equivalently,

a\+b

1] €o(T,,T,) < [N:1]€a(T,T). (6.3.6)

Now, assume that a + b\ # 0 (possibly ¢ + d\ = 0). Here, we also have three cases:
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o Case l:ifa # 0,b # 0 and 52 ¢ o(T) (possibly 32 € o(T)), then a + bT is invertible.

Thus,
. c+dXN _c+dX
Tg—a+b/\/ (c+dT)(a +bT)"! PR
= [(a+bN)(c+dT) — (c+ dX)(a+bT)] (a + bX) " (a + bT) ™"
= [(bc — ad)N — (b — ad)T] (a + bXN) "' (a + bT) "
=(a+bN)" YT = N)(a+bT)!

e Case 2:ifa = 0,b # O and -* ¢ o(T) (possibly + ea(T [')), then a + b1 is invertible.
Thus, the same argument as in Case 1 remains valid.

e Case 3:if @ # 0 and b = 0 (which means ad = 1), then

) N
7, — S (@)Yt dT) —

)~
= (a)”
= (a®) "' [a(c + dT) — a(c + d\)]
= (@) [adT — ad\']
= (@) (T - X),

c+dN

! [(c +dT) — (c +d\)]

Hence, in all the above cases, we have

. d\ .
T, - ST nvertible <= T— X' s invertible,
a+bN
Equivalently,
7 / / c+ d)\/ A - , N
g-[1:XN]=[a+bXN :c+d\N]= 1:w €o(Ty,Ty) < [1:N]eo(T,T). (6.3.7)

From (6.3.6) and (6.3.7), the equality (6.3.5) holds.

This result becomes useful if we recall the spectral decomposition of self-adjoint operators
[32], [14]. In this decomposition, we consider the Borel o-algebra

B(R) = o ({(a,b] | a <b}),
with a projection-valued measure
E:B(R)— L(H)
such that the following properties hold:
e E(7)=0, E(R) =1.
e For each A € B(R), E(A) is an orthogonal projection on H.
e For Ay, Ay € B(R), E(A1 n A2) = E(A1)E(As).

e F is countably additive; that is, for each sequence (A,,)nen of pairwise disjoint sets in

B(R), we have
E (U An) =) E(A

neN neN
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e For each x € H,
pg(A) =(E(A)x,z) where A€ B(R) (6.3.8)

is a measure on the o-algebra B(R).

Now, for a self-adjoint operator T on a real Hilbert space (H,{:,-)), we have ¢(T") € R and there

exists a projection-valued measure
E:B(o(T)) —» L(H)

such that
T J MEQ). (6.3.9)
a(T)

Here,
B(a(T)) = o ({o(T) 0 (a,b] | a < b})

and the domain of T is:
Dom(T) = {x e H| NAUEN)z, z) < oo} :
o(T)

In this domain, we guarantee that

ITz|? = f VKB Q)2,2) < o forevery € Dom(7).

Now, since a bi-equidefect operator (T, T) is a pair of self-adjoint operators, we can write

T = f AME()) and T = f NdE(\)
o(T) o(T)

where o(T") and o(T') are the spectra of 17" and T, respective. Thus, as in Definition 6.3.1, the
spectrum o (T, T) < PR is:

o(T,T) = {[)\ :1] € PR | T — I is not boundedly invertible}
U {[1:XN]ePR|T — NI is not boundedly invertible}.

Also, as in Remark 6.3.2, the above two charts overlap on o (T, T)\ {[0 : 1],[1 : 0]}. More pre-
cisely, for every [ : 1] € T-chart with A # 0, there exists [1 : X'] € T-chart such that A = %

b
After that, if we transform this spectrum by g = (a d> € SL(2,R), we will obtain
¢

o(T,,T,) = {[Z;j:z : 1] € PR|cA+d#0 and [A:1]EJ(T,T)}

c+dN , s A

Remark 6.3.5. As shown in the proof of Theorem 6.5.4, it is worth emphasising that a + b\
and cA + d cannot both be zero because
cA+d=0 cA+d=0 A=
a+b\N =0 ar+b=0 A=

= ;d:;b = ad —bc =0,
c a

which contradicts ad — be = 1.

116



From (6.3.4), this is the spectrum of the transformed bi-equidefect operator (Tg, T,) such that

o(Ty) = {Z;Ig eR|cA+d#0 and [A:1]EU(T,T)}

and

!
a(Tg)={Z—:_C;ile]R|a+b/\'¢0and [1:N]eo(T T)}

Hence, the transformed bi-equidefect operator (Tg, Tg) will have the spectral decompositions:

R aX+b . c+adX
T,=| “dE T,= |  SZaE).
9 Lm 't amd T L(Tv)amwd )

As shown above, cA + d and a + b\ cannot both be zero, which guarantees that the operators
are well defined.

Example 6.3.6. Consider
H = L*([0,1]) ® L*([0,1])

where
2([0.1]) = {f 0= R I = [ P < oo}.

In this example,

M = Clin{¢, | n is odd} and M=+ = Clin{p, | n is even}

Pop_1 = (0,\/§sin <2k2_ 171'36)) and ¢op = (\/isin (Qk; 171'95) ,O) .

Define the unitary operator

where

U:M— M, Uby) = dnir for every n=1,3,5,....

Now, consider the integral operator

T:-M—->M
1
Tf(z)=| min(z,y)f(y)dy
0
where
) r if 0<z<y<l1
min(z,y) = .
y if 0Sy<z<l1

As T is a compact operator [17], [29], its spectrum is a pure point spectrum. Thus, its spectral

decomposition
T = J AAE()N)
o(T)

can be expressed as a sum:

%0

Z Ml fs Snypn(z)  for every n=1,3,5,....

where

= () i o= rwowa
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The operator T, as a bi-equidefect operator, has the spectrum

{[/\n:l]ePRH\n: <(2nil)ﬂ_>2,Vn=1,3,5,...}.

1
If we take g = ( 0 1) € SL(2,R) and transform o(T), then, by (4.1.7) and (4.1.8), we obtain

(2n —1)2

{[un:l]ePR|un=7T(2n_) ,Vn =1,3,5,. }

Therefore, the spectral decomposition of the transformed operator T is

Zun<f,¢>n>¢n (r) for every n=135,...

where ) ) )
m(2n — 1) f
=" 7 d = d
= Eon -2 —1 " {frdn) . () bn(y)dy
We now turn to the connection between SL(2,R) action and the point spectrum of (7', 7).

We have assumed that H is either an even finite-dimensional or a separable infinite-dimensional
real Hilbert space and M, N are closed subspaces with Equalities of Dimensionality 5.1.2. More-
over, we have considered the symplectic form on H:

W((y,.’l,'), (yl7x/)) = <Z/{x7yl>Ml - <xl7U*y>M for every .T,JJ/ € M7y7y/ € Ml

where the unitary operator U : M — M+ is determined from M and N, as in (5.1.9). According
to this symplectic form, we have shown, in section 5.2, that M, N are Lagrangian subspaces.
Furthermore, from Remark 6.1.2, the transformed subspace N9 of N under every g € SL(2,R) is
Lagrangain as well.

In the following theorem, we will denote the Lagrangian subspace by L instead of N to

avoid confusion with the subgroup N in (3.0.1).

Theorem 6.3.7. Let H be either an even finite-dimensional or a separable infinite-dimensional
real symplectic Hilbert space equipped with the symplectic form (6.0.1) and let M, L be Lagrangian
subspaces satisfying the Equalities of Dimensionality 5.1.2. Also, let (T T) be a bi-equidefect op-
erator, as in (6.3.2), (6.3.3) such that its graph represented by L and [X : 1] € PR. Then

[\:1] is an eigenvalue of (T,T) — ﬂ LY # {0} (6.3.10)

gENX

where L9 = Oy (g)L with g being an element of

1— 2
Ny = AL AT eml (6.3.11)
—t 14+ Mt

[1:0] is an eigenvalue of (T,T) < ﬂ L9 # {0} (6.3.12)
geN

v {(y 1) em}
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Proof. Since L represents a graph of (T, T), we can write
L={UTz,z)|xe PyL}®ker(T)
where U : M — M+ is the unitary operator in (5.1.9). We express the elements L as
(k+UTz, x) where x€ PyL,keker(T).
Now, observe

[ L? # {0} < 3(k +UTw,x) € H\{0} such that (k +UTz,z)e () L
gEN gEN X

— Ak +UTz, x) e H\{0} such that (k +UTx,x) € Dy(g)L for all g € Ny
— Ak +UTz,x) e H\{0} such that By (g~ )(k + UTx,z) € L for all g € N
— Ak +UTz,x) e H\{0} such that

_\2 T
LA =N (RHUT) e allteR
t 1—- X\t T

— Ik +UTxz,x) e H\{0} such that

(14 X)(k +UTx) — N2tUz
U+ Tx) + (1 — M)z

) €L forall teR
Since L is Lagrangian and (UTz,z) € L (by taking t = 0), we have

w(((1+M)(k +UTz) — NtUz, t(U* +Tx) + (1 — M)z, (k —H/lTx,x)) =0 forall teR
By the definition of w, we have
Wk +UTT) + (1 = XUz, k +UTx)p0 — 1+ M) UK+ Tx) — Nta, z)y =0 for all teR.
Then
tlk +UTz|> + 0 = MUz, k +UTxYpe — {1+ M) UK + Tx), x)ps + N2t|z|? = 0 for all teR.

By simple calculation,
t*k + Tz — Az|? =0,

which implies
Uk = A& —Tx.

Since U*k € M()l, AT — TJ,‘ € MO @MOO and M01 N MO @MOO = {O}, then
0="Tz— \z.

Equivalently,
Tz = \z.

This means
[\ :1] is an eigenvalue of (T, 7).

For the infinity eigenvalue, we write

L = ker(T) &{(y,U*Ty) | y € Pays L}
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where U : M — M+ is the unitary operator in (5.1.9). Here, we will express the elements L as
(y,k +U*Ty) where ye PyoL, ke ker(T).
Now, observe

ﬂ L9 # {0} < 3(y,k +U*Ty) e H\{0} such that (y,k +U*Ty) € ﬂ L9
geEN geN

— 3y, k +U*Ty) e H\{0} such that (y,k +U*Ty) € dy(g)Lfor allge N
— 3(y,k +U*Ty) € H\{0} such that &y (g )(y,k +U*Ty) € Lfor all ge N
— 3y, k +U*Ty) e H\{0} such that (y — tUk — tTy, k +U*Ty) € L for all t € R

Since L is Lagrangian and (y, k +U*Ty) € L (by taking t = 0), we have
w((y — tUk —tTy, k + U*Ty), (y,k +U*Ty)) =0 for all teR
By the definition of w, we have
Uk + Ty, ydare — U (y — tTy) — th, k +U*Tydp = 0 for all ¢ € R.
Then
Uk + Ty, ydoar — g, Uk + Tydpe + |k +Ty|* =0 for all teR.

This implies
tluk +Ty|*> =0 for all teR.

Hence
Uk + Ty =0.

Equivalently,
Ty = —Uk.

Since Ty € M, @Mlo, Uk e M4 and My & Mg n My = {O}, then Ty = (0. This means
[1:0] is an eigenvalue of (T,T).

This completes the proof. O

Remark 6.3.8. The above theorem provides us with an alternative criterion for eigenvalues.
Indeed, we can geometrically characterise the eigenvalues of a bi-equidefect operator through
SL(2,R) action.

The next theorem concerns the characterisation of elements of the continuous spectrum of
a bi-equidefect operator through SL(2,R) action. But before introducing the theorem, we need

the following definition.

Definition 6.3.9. For a subspace N < M* @ M and fized ¢ € (0,1), we define its e-adjunct
neighbourhood N¢ by

Ne={wv+y|lveN,ye Mt and |y| < e|Pyvl}.
In geometric interpretation, for every vector v € N, we allow perturbation in Py;1v, but
the norm of this perturbation is controlled relatively by the norm of Pp;v. This means that as

| Prrv|| grows, the perturbation of ||Pys1v| grows proportionally. The picture can be seen clearly

in a two-dimensional space. See the following example.
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Example 6.3.10. Consider the space R?, and let
M ={(0,z) |z eR} and M*={(y,0)]|yeR}.
Also, for fized X\ € R\{0}, consider
N ={(A\z,z) | z e R}.
Then, for fized € € (0,1), the e-adjunct of N is:

Ne ={(Az+6,2) | |9] < el|x|}.

y=A+e)
Vs
Mt y=A
//
y=(\—¢)a
// ////
//,/
/
M

The light blue band is e-adjunct neighbourhood N¢ of N : y = Az

Theorem 6.3.11. Let H be either an even finite-dimensional or a separable infinite-dimensional
real symplectic Hilbert space equipped with the symplectic form (6.0.1) and let M, N be Lagrangian
subspaces satisfying the Equalities of Dimensionality 5.1.2 with N, = N n M+ = {0}. Also, let
(T,T) be a bi-equidefect operator, as in (6.3.2) and (6.3.3), whose graph is represented by N.
Moreover, let A € R and assume that the operator T — X\ is injective. For fized € € (0,1), if the
e-adjunct neighbourhood of N satisfies

N® n N9 # {0} for every g€ Ay,

then the operator T — X\ does not have a bounded inverse where N9 is the transformed subspaces
of N under g € Ay and A, is the semi-group

4, = {(i )\(e*et_t_ et)) Ite ((),oo)} _ (6.3.13)

D=Ran(T —\) ={ye M |y= (T — Nz, z € M}.

Proof. Set

Then we define the operator S on D as the inverse of T— A by letting

S : D — Ran(S)
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S(y) = (T - Ny =2z

The unboundedness of S follows from N°n N9 being not trivial for any g € A). To see this, pick
any nonzero (Z/{Tx, x) € N and then apply ¢; € Ay to obtain

2 = Bylge)z = (UTx + ANe™ — Uz, e ).

Now, consider
wy = (UTe 'z, e t2) € N,

which implies
2 —wy = ((ef — e HUT — N)x,0) e M+

If z; € N9 n N¢, then, according to the definition of e-adjunct neighbourhood, we have
lze — we]| < ef Parwe].

Hence
I(e" — e YU(T = Nz < ee™||z].

Since U is unitary,
(T = A)z|| <

—r—lall (6.3.14)

Now, since the above argument holds for all g; € Ay, then

(T = Nz| < lz] >0 as t— o

et —1

Therefore, T — X is not bounded below, and thus its inverse S : D — Ran(.S) will not be
bounded. O

Remark 6.3.12. From the above proof, we can deduce that the existence of nonzero vector xr €
M such that (6.5.14) holds for every t € (0,00) is equivalent to N° n N9 # {0} for every g € Aj.
More precisely,

vt € (0,00), 3z € M\{0}, (T — Nz < ﬁ”mt\\ > N°ANY {0} Vge Ay. (6.3.15)

Practically, examining the former may be easier than the latter.

Example 6.3.13. Consider
H = L*(R)® L*(R) = Clin{(¢i, ¢;) | 3,5 =0,1,2,...}

where
2

—x

¢n(x) = Cp€ 2 Hn('r)

with constants
en = (2"nIT) T .

Here, ¢, is called a Hermite function and H,(z) is a Hermite polynomial [9] and defined as fol-
lows

—

22 dm 2
—e
dx™

H,(z)=(—1)"e

Let
M={0}®L*R) and M"'=L*R)®{0}.

122



Define the unitary operator
U: M- M, U, ¢n) = (¢n,0) for every n=0,1,2,3,....
Thus, we can define the symplectic form

w((g7f)7(g/7fl)) :<ufag/>L2(]R) _<Z/I*ga fI>L2(R) fOT’ every (gaf)a(glaf/) EML®M
where
S Drew = [ S@)g(a)da.
R
Consider the multiplication operator
My(f): L*(R) — L*(R)

1
1+a2

My(f)(x) = () f(x) where (x) =

Its graph is represented by the Lagrangian subspace
N = Clin{(UMyf, f) | f e M}.

If we apply an element
t et — et
gt = (% (e e)>6A>\ where A€ R, t e (0,00)

on N, then we obtain
N9 = Clin{((e'UMy, + X" —eU) f, e f) | f € Dom(My)}.

Since Ny = {0}, Theorem 6.3.11 can be applied to check whether X lies in the continuous spec-
trum of My. To this end, we need to compute e-adjunct neighbourhood N¢ for a fized € € (0,1):

N°={(UMyf+g.f)|feDom(My),ge M+ and |g| <e|f]},
Now, we need to show that
N® n N9 £ {0} for every g€ Aj.
By Remark 6.5.12, this is equivalent to
Vt € (0,00), 3f; € M\{O}, (T = N fi] < ﬁllftlh (6.3.16)

To achieve that, we put
€

et —1°

For A€ (0,1], let t € (0,00) and choose n; > 0 such that

515 =

0 < n < min{d;, A}.

Also, consider
By = {zeR: [p(z) = A <mi}.

Now, we have two cases:
A€ (0,1] and A=0.



e Case 1: A€ (0,1).
We first show that E,, has positive finite Lebesgue measure. Since

X e Ran(y) = (0,1],

there exists xx € R such that
1/}(x)\) = )\.

Indeed, one may take

Since v is continuous and
W’(x)\) - )\| =0< Nty

there exists r > 0 such that
|(z) — A <n: whenever |z —xz)|<r.

Hence

(xx —man+71) C Ey,.

Therefore,
w(Ey,,) = 2r > 0.

Now, we turn to prove that u(E,,) is finite. If x € Es,, then

1
‘sz”‘“t:’*mﬂmﬁ“m
1
T S A=
- 1+x2> e
— 1+2%<
A=
9 1
— < _
— Tt
1
= |z| < -1
A=n
This means
1 1
E,c|— -1, —1);
ve (st Y
that is,
1
E,) <2 —1.
H( "71,) )\_7715
Therefore,
0 < u(Ey,,) < w.
Define
1 if xe B,
foR>R; fi(a) = , "
0 if x¢ Ey,

Then, f; € L*(R) and
1fll3 = n(Ey,).

Since
[Y(x) = Al <m  forall ze€E,,,
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we obtain

[(My — M) fi] = f () — A2 da

ET/t

=zl f: 3.
Thus,
[(My = A) fillz < nell fill2-

Since

0y = T and 1 < 6,
then

1My = N fells < = il
Case 2: A = 0.

In this case,

Assume 0 < §; < 1. Then

This means

1
Es, = (—o0, —R;) U (Rt,0) where Ry = 4/5— —1.
t

WEs,) =0 = xg,, ¢ L*(R).

Thus

Therefore, instead of taking the whole set Es,, consider
Ft = (RtaRt + 1)

In this case, define
1 Zf T € Ft

= if 2¢ F,

Hence
gi € L>(R)  because | g;|3 = u(Fy) = 1.

Since Fy, c Ej5,, we have
[(z)| < b for all z € F.
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Therefore,
Myl = | (o) do

Fy

< G u(Fy)
= 07 llg: 13-

Consequently,
€

et — 1

1Mygell2 < lgta-

Therefore, in all cases \ € [0,1], we have
€
[Mypgel2 < ﬁ\\gtllz-

Since t was chosen arbitrarily, then the statement (6.5.16) holds. This implies that if X € [0, 1],
then My — X is not bounded below; that is, My — X\ does not have a bounded inverse.
For the case where X ¢ [0, 1], since Ran(y) = (0, 1], we will have 6 > 0 such that

0 < p(x)—A forall xzeR.
Hence
Sl fllz < [(My =N fll2 for all  fe L*(R).

This means (6.3.16) does not hold for X ¢ [0,1]. Therefore, we can conclude that

e If\e[0,1], the statement (6.3.16) holds.

o If\¢[0,1], the statement (6.3.16) does not hold.
From Theorem 6.3.11, this is equivalent to

e If A€ [0,1], the operator My, — X does not have a bounded inverse.

o IfX¢[0,1], the operator My — X has a bounded inverse.
Spectrally, the continuous spectrum of My, is o.(My) = [0, 1], which coincides with the result in
the standard spectral theory.

As a consequence of Theorem 6.3.7 and Theorem 6.3.11, we have the following corollary.

Corollary 6.3.14. If N is a Lagrangian subspace with N n M+ = N, = {0}, then the spectrum
of a bi-equidefect operator (T, T) whose graph is represented by N can be defined as:

o(T,T) ={[A:1]e PR| (| N?#{0}} u{[A:1]€ PR|3ee (0,1), Vg€ Ay, N°n N? {0}
gENX

where Ny isin (6.3.11) and Ay is in (6.3.13).
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Conclusion

This thesis presents a framework for the unification of three major themes: symplectic struc-
ture, SL(2,R) action, and operator theory on Hilbert spaces. Their interaction allows us to ex-
tend the idea of the real projective line PR to the operator projective line PN.

Moreover, this thesis introduces the new concept of the bi-equidefect operator as an adap-
tation of the notion of an operator so that its graph is represented by an element of PN. Fur-
thermore, its spectrum is represented as a subset of the real projective line PR. From this per-
spective, such operators are not viewed as well-defined maps, but as geometric objects formed
by Lagrangian subspaces of a symplectic Hilbert space. This enables SL(2,R) to cleanly act on
these operators by transforming their corresponding Lagrangian subspaces without excluding
any elements from their spectrum. In this way, this thesis embeds operator theory in a geomet-
ric context, in the sense of the Erlangen Programme at large.

In subsequent work, the spectral theory may be further developed via the operator projective
line PN and SL(2,R) action on it. In the present work, we have already represented an oper-
ator by an element of PN and its spectral information appears through the behaviour of this
element under SL(2,R) action. Therefore, it would be interesting to extend this approach by
considering several elements of PN that represent a family of operators. After that, we can in-
vestigate whether their behaviour under the SL(2,R) action yields a geometric description of
their joint spectrum. This may provide new insight into spectral theory by defining joint spectra
via the SL(2,R) action of operators.

127



Bibliography

[1] “Symplectic geometry (fall 2024),” 2024, lecture notes, University of Toronto, https://www.

math.utoronto.ca/mein/teaching /LectureNotes/symplectic.pdf, accessed March 2026. 4

[2] A. Baker, “An introduction to matrix groups and their applications,” 2000, lecture notes,
University of Glasgow. [Online]. Available: https://www.maths.gla.ac.uk/~ajb/dvi-ps/
lie-bern.pdf 71, 72

[3] J. L. Bell, The aziom of choice, ser. Studies in Logic (London). College Publications,
London, 2009, vol. 22, mathematical Logic and Foundations. 64

[4] A. Bottcher and I. M. Spitkovsky, “A gentle guide to the basics of two projections
theory,” Linear Algebra Appl., vol. 432, no. 6, pp. 1412-1459, 2010. [Ounline]. Available:
https://doi.org/10.1016/j.1aa.2009.11.002 87, 88

[5] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, ser. Univer-
sitext. Springer, New York, 2011. 4, 7, 22

[6] A. Cannas da Silva, Lectures on symplectic geometry, ser. Lecture Notes in
Mathematics.  Springer-Verlag, Berlin, 2001, vol. 1764. [Online]. Available: https:
//doi.org/10.1007/978-3-540-45330-7 42

[7] J. M. F. Castillo and W. H. G. Corréa, “A twisted Hilbert space not isomorphic
to its dual,” Preprint, arXiv:2603.22484 [math.FA] (2026), 2026. [Online]. Available:
https://arxiv.org/abs/2603.22484 52

[8] J. M. F. Castillo, W. Cuellar, M. Gonzalez, and R. Pino, “On symplectic Banach spaces,”
Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, vol. 117, no. 2, pp. Paper
No. 56, 22, 2023. [Online]. Available: https://doi.org/10.1007/s13398-023-01389-8 4, 6, 14,
27

[9] E. Celeghini and M. A. del Olmo, “Coherent orthogonal polynomials,” 2018. [Online].
Available: https://arxiv.org/pdf/1205.6353v1 122

[10] P. R. Chernoff and J. E. Marsden, Properties of infinite dimensional Hamiltonian systems,
ser. Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1974, vol. Vol. 425.
4,6

[11] P. Enflo, “A counterexample to the approximation problem in Banach spaces,” Acta Math.,
vol. 130, pp. 309-317, 1973. [Online]. Available: https://doi.org/10.1007/BF02392270 28

128


https://www.math.utoronto.ca/mein/teaching/LectureNotes/symplectic.pdf
https://www.math.utoronto.ca/mein/teaching/LectureNotes/symplectic.pdf
https://www.maths.gla.ac.uk/~ajb/dvi-ps/lie-bern.pdf
https://www.maths.gla.ac.uk/~ajb/dvi-ps/lie-bern.pdf
https://doi.org/10.1016/j.laa.2009.11.002
https://doi.org/10.1007/978-3-540-45330-7
https://doi.org/10.1007/978-3-540-45330-7
https://arxiv.org/abs/2603.22484
https://doi.org/10.1007/s13398-023-01389-8
https://arxiv.org/pdf/1205.6353v1
https://doi.org/10.1007/BF02392270

[12] L. Flaminio, “SI(2,r) dynamics and harmonic analysis,” 2017, lecture notes, Nantes Summer
School, July 2-7, 2017. [Ounline]. Available: https://www.lebesgue.fr/sites/default /files/
attach/flaminiol.pdf 79

[13] P. R. Halmos, “Two subspaces,” Trans. Amer. Math. Soc., vol. 144, pp. 381-389, 1969.
[Online]. Available: https://doi.org/10.2307/1995288 87, 88, 89, 90

[14] D. Halmrast, “Spectral decomposition of quantum-mechanical operators,” 2017. [Online].

Available: https://web.math.ucsb.edu/~dhalmrast/resources /halmrast-math-thesis.pdf 115

[15] K. Houston, “Transformation geometry,” 2018, lecture notes for MATH3232 Transformation
Geometry at University of Leeds. 78

[16] D. Husemoller, M. Joachim, B. JurCo, and M. Schottenloher, Gram—Schmidt
Process, Iwasawa Decomposition, and Reduction of Structure in Principal Bundles. Berlin,
Heidelberg:  Springer Berlin Heidelberg, 2008, pp. 189-201. [Online]. Available:
https://doi.org/10.1007/978-3-540-74956-1_17 75

[17] S. Jeong and A. Townsend, “Extending Mercer’s expansion to indefinite and asymmetric
kernels,” Preprint, arXiv:2409.16453 [math.NA] (2025), 2025. [Online]. Available:
https://arxiv.org/abs/2409.16453 117

[18] N. J. Kalton and N. T. Peck, “Twisted sums of sequence spaces and the three
space problem,” Trans. Amer. Math. Soc., vol. 255, pp. 1-30, 1979. [Online]. Available:
https://doi.org/10.2307/1998164 52

[19] N. J. Kalton and R. C. Swanson, “A symplectic Banach space with no Lagrangian subspaces,”
Trans. Am. Math. Soc., vol. 273, pp. 385-392, 1982. 52, 53

[20] V. V. Kisil, “Erlangen program at large: an overview,” in Advances in applied analysis, ser.
Trends Math. Birkh&user/Springer Basel AG, Basel, 2012, pp. 1-94. [Online]. Available:
https://doi.org/10.1007/978-3-0348-0417-2_1 4, 72, 73, 77

[21] ——, Geometry of Mébius transformations. Elliptic, parabolic and hyperbolic actions of
SLy(R). With DVD-ROM. Hackensack, NJ: World Scientific, 2012. 4

[22] F. Klein, “A comparative review of recent researches in geometry,” Bull. Amer.
Math. Soc., vol. 2, mno. 10, pp. 215-249, 1893. [Online]. Available:  https:
//doi.org/10.1090/S0002-9904-1893-00147-X 4

[23] A. W. Knapp, Lie groups beyond an introduction, ser. Progress in Mathematics.
Birkhduser Boston, Inc., Boston, MA, 1996, vol. 140. [Online]. Available:
https://doi.org/10.1007/978-1-4757-2453-0 77

[24] E. Kreyszig, Introductory functional analysis with applications. John Wiley & Sons, New
York-London-Sydney, 1978. 110

[25] J. M. Lee, Introduction to smooth manifolds, ser. Graduate Texts in Mathematics.
Springer-Verlag, New York, 2003, vol. 218. [Online]. Available: https://doi.org/10.1007/
978-0-387-21752-9 75

[26] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. I, ser. Ergebnisse der Mathematik
und ihrer Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag,
Berlin-New York, 1977, vol. Band 92, sequence spaces. 28

129


https://www.lebesgue.fr/sites/default/files/attach/flaminio1.pdf
https://www.lebesgue.fr/sites/default/files/attach/flaminio1.pdf
https://doi.org/10.2307/1995288
https://web.math.ucsb.edu/~dhalmrast/resources/halmrast-math-thesis.pdf
https://doi.org/10.1007/978-3-540-74956-1_17
https://arxiv.org/abs/2409.16453
https://doi.org/10.2307/1998164
https://doi.org/10.1007/978-3-0348-0417-2_1
https://doi.org/10.1090/S0002-9904-1893-00147-X
https://doi.org/10.1090/S0002-9904-1893-00147-X
https://doi.org/10.1007/978-1-4757-2453-0
https://doi.org/10.1007/978-0-387-21752-9
https://doi.org/10.1007/978-0-387-21752-9

[27]

[28]

[29]

[30]

[31]

[32]

[33]

D. McDuff and D. Salamon, Introduction to symplectic topology, 3rd ed., ser. Oxford
Graduate Texts in Mathematics. Oxford University Press, Oxford, 2017. [Online]. Available:
https://doi.org/10.1093 /0s0/9780198794899.001.0001 36

E. Meinrenken, “Symplectic geometry,” 2000, lecture notes, University of Toronto, Spring
1998 and Fall 2000. [Online|. Available: https://www.math.stonybrook.edu/~azinger/
mat562/Meinrenken.pdf 15, 27, 30

G. A. Pavliotis, Stochastic Processes and Applications, 2014, lecture notes, Imperial College

London. [Online]. Available: https://www.ma.imperial.ac.uk/~pavl/PavliotisBook.pdf 117

P. Piccione and D. V. Tausk, A student’s guide to symplectic spaces, Grassmannians and
Maslov indez, ser. Publicacdes Mateméaticas do IMPA. [IMPA Mathematical Publications].
Instituto de Matemaética Pura e Aplicada (IMPA), Rio de Janeiro, 2008. 102

W. Rudin, Functional analysis, 2nd ed., ser. International Series in Pure and Applied
Mathematics. McGraw-Hill, Inc., New York, 1991. 16

——, Functional analysis, 2nd ed., ser. International Series in Pure and Applied Mathematics.
McGraw-Hill, Inc., New York, 1991. 115

T. A. Springer, Linear algebraic groups, 2nd ed., ser. Progress in Mathematics.
Birkhduser Boston, Inc., Boston, MA, 1998, vol. 9. [Online]. Available: https:
//doi.org/10.1007/978-0-8176-4840-4 77

130


https://doi.org/10.1093/oso/9780198794899.001.0001
https://www.math.stonybrook.edu/~azinger/mat562/Meinrenken.pdf
https://www.math.stonybrook.edu/~azinger/mat562/Meinrenken.pdf
https://www.ma.imperial.ac.uk/~pavl/PavliotisBook.pdf
https://doi.org/10.1007/978-0-8176-4840-4
https://doi.org/10.1007/978-0-8176-4840-4

