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Abstract
Multi-axis models are a promising technique for simultaneously producing information about all

‘axes’ in a dataset under modest assumptions. For single cell RNA-sequencing data, they learn gene
and cell ‘conditional dependency’ networks. However, the applicability of such models is limited due
to their inability to handle multi-modal datasets and poor scalability: they can only run on datasets
with thousands of cells/genes, whereas modern datasets have 20,000-30,000 genes, millions of cells,
and potentially additional modalities such as ATAC-seq. In this thesis, we increase the scalability of
such models to millions of cells, and verify this by applying our methodology to one such million-cell
dataset. We also generalize the model to multi-modal datasets. Finally, we investigate the assumptions
underpinning these models and apply our techniques to learn causal networks. In particular, we
demonstrate how to relax the zero mean assumption to a ‘Kronecker-sum-structured mean’ assumption,
how to relax the Cartesian product assumption common in multi-axis models, and finally how to
relax the Gaussian assumption, by generalizing multi-axis methodologies to the family of elliptical
distributions. These relaxations are built on top of GmGM, and in particular rely on its scalability;
they would not be feasible without the scalability work we undertook.
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WGCNA Weighted Correlation Network Analysis

ZiLN Zero-inflated log normal
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List of Symbols

a, b, c, ... Italic lowercase letters. Scalars.
A,B,C, ... Italic uppercase letters. Scalars, especially when used as a count of

things that are iterated over.
a,b, c, ... Bold lowercase letters. Vectors.
A,B,C, ... Bold uppercase letters. Matrices.
A,B, C, ... Calligraphic uppercase letters. Tensors, metric spaces, and distributions.
A,B,C, ... Fraktur uppercase letters. Graphs and optimization problems.
ℓ L. An arbitrary axis.
L L. The number of axes in a dataset.
γ Lowercase gamma. An arbitrary modality.
Γ Uppercase gamma. The number of modalities in a dataset.
dγℓ and similar d with various sub/superscripts. Quantities pertaining to axis size and sample

counts.
Ia×a Bold I. The a× a identity matrix.
0a×a Bold zero. The a× a zero matrix.
J
(ij)
a×a Bold J with script. The matrix of zeros except with a 1 at (i, j).

µ Mu. A mean.
Ω Omega. The precision matrix between matrix entries.
Aγℓ Value with scripts. A value for a specific axis ℓ and modality γ.
Ψℓ Psi with subscript. The precision matrix of axis ℓ.
Θℓ Theta with subscript. Same as Ψℓ (rare).
Sℓ S with subscript. The empirical Gram matrix of axis ℓ.
Σℓ Sigma with subscript. The true covariance matrix of axis ℓ.
K⊕++ Calligraphic K with ⊕/++. The space of all Kronecker-sum-

decomposable positive-definite matrices.
E [·] Expected value. Expected value.
P [·] or pdf (·) Probability density. Probability density.
∥·∥a Norm. Some norm, indicated by subscript.
argmax

X
[·] Argument of maximum. The value X that maximizes the formula.

vec [·] Vectorization. Flattens a matrix by stacking its columns.
diag [·] Diagonal. Diagonal matrix with given diagonals.
det [·] or | · | Determinant. The determinant of a matrix.
det† [·] Pseudo-determinant. The pseudo-determinant of a matrix.
tr [·] Trace. Sum of the diagonals of a matrix.
trab [·] Stridewise-blockwise trace. Defined in Equation 2.1.
⊕ O-plus. The Kronecker sum.
⊗ O-times. The Kronecker product.
⊕̃ Tilde-O-plus. The Kronecker sum for vectors.⊕L

ℓ Big O-plus. Analogous to
∑L
ℓ for ⊕.⊗L

ℓ Big O-times. Analogous to
∑L
ℓ for ⊗.

A ≻ B Lowner ordering. The smallest eigenvalue of A is larger than
the largest of B.

A ∼ D Is drawn from. A is drawn from some distribution D.
a ∼G b or a ∼ b Is connected to. a is connected to b in some graph G.
a ⊥ b|c or a ⊥⊥ b|c Conditionally independent. a is conditionally independent of b given c.
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Chapter 1

Introduction

It is often the case that one wants to learn a network (a ‘graph’) describing a dataset; not only can
they be a useful pre-processing step in a pipeline (e.g. for clustering), but also because they can
contain valuable information in their own right. This is especially true in the field of bioinformatics, in
which learning ‘gene regulatory networks’, ‘gene co-expression networks’, and ‘cell association networks’
(among others) are key goals in the field. The goal of this thesis is to develop scalable methods
that make only weak assumptions about the data while being applicable to a large variety of
datasets.

We will focus primarily on bioinformatics datasets (often called ‘omics datasets) and especially
single cell RNA-sequencing (scRNA-seq) datasets, but the methods we develop are applicable more
broadly to datasets that can be in expressed in the form of a set of matrices or tensors. Historically,
bioinformatics has used ‘bulk’ datasets - subject-level, rather than cell-level, aggregates of data. For
this type of data, it can be reasonable to make an ‘independence assumption’ (i.e. that the subjects
are statistically independent). Such an assumption is not always warranted (a longitudinal bulk-RNA
dataset would have dependencies between timepoints), but it is often ‘good enough’ and comes with
significant advantages: methods that make such an assumption are typically more tractable than those
that do not, both in terms of scalability and statistical power.

Example 1 (Bulk RNA-seq). A dataset of multiple cancer patients; each patient has had a biopsy,
and the bulk RNA from their biopsy has been sequenced.

Motivation. Knowledge of gene expression (RNA), especially when paired with patient metrics, can
lead to the discovery of new targets for cancer treatments. Can also be used for diagnostic and
prognostic purposes due to its relative cost effectiveness compared to scRNA-seq.

Example uses. This type of data is exceedingly common; it is impossible to fully summarize its uses.
As one example, it has been used in ovarian cancer to identify candidate biomarkers for early detection
(Mosig et al., 2012) and identify low grade serous ovarian cancer’s cellular origins (Qiu et al., 2017),
among other uses (see the review of J. Wang et al. (2019)).

Form. A matrix X; Xpg represents the expression of gene g in patient p, typically in terms of a count
of measured RNA transcripts corresponding to the gene.

Example Dataset

More recently, the use of scRNA-seq data has exploded, with studies, authors, and cell counts all
growing exponentially (Svensson et al., 2020). Whereas last decade such datasets were rarely more
than 10,000 cells, several datasets have now passed the million-cell mark. The largest dataset we
are aware of contains seven million cells (Bolognesi et al., 2025); it, among many other million-cell
datasets, is available on the Human Cell Atlas (Regev et al., 2017), an international effort to create
a comprehensive reference map of all human cells. This explosion of data and interest requires the
development of new types of algorithms - while the independence assumption may have been suitable
for bulk data, the samples of scRNA-seq are individual cells which developed and interacted within the
same micro-environment.
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There is good reason to focus on scRNA-seq data; our body contains many different cell types,
some with exceedingly different RNA expression patterns and some with rather similar patterns. In a
bulk RNA dataset, we can only see the aggregate gene expression across all cell types in the sample.
While deconvolution methods can be used to estimate the constituent cell types from bulk data, such
estimations are necessarily limited by the quality of the reference atlas used for the deconvolution - a
reference atlas that must, by its nature, be established on the basis of domain knowledge of the gene
expression of individual cell types. This is inherently limited, especially in the context of cancer, in
which there is considerable heterogeneity from one patient to the next and thus would require bespoke
reference atlases.

Example 2 (scRNA-seq). A dataset from a single biopsy of a cancer patient; from each cell, the
RNA has been sequenced separately.

Motivation. Same benefits as Example 1, except that it is unlikely to be able to be used routinely
for diagnosis/prognosis due to the expense of collecting the data. Can distinguish between the gene
expression profiles of different cell types due to the cellular resolution, and can be used to investigate
cell-cell relationships as well. Overall, gives much more biological information than bulk RNA-seq
despite having less immediate medical utility.

Example uses. scRNA-seq datasets have been used to show the effect of the cellular composition of a
tumor on the prognosis of lung adenocarcenoma (Guo et al., 2018). They have also been used to
study which cells are likely to expand in CAR-T therapya (Sheih et al., 2020).

Form. A matrix X; Xcg represents the expression of gene g in cell c, typically in terms of a count of
measured RNA transcripts corresponding to the gene.

aCAR-T cell: A type of T cell that has been taken from and then returned to a patient, having been modified to
target an antigen that is specific to the cancer. CAR stands for ‘chimeric antigen receptor’.

Example Dataset

In this thesis, we address the following problems: how to learn gene networks on modern-sized
datasets without the independence assumption (Chapters 2 and 6), how to further relax assumptions
to better fit the data (Chapters 3 and 4), and finally how to learn directed gene networks without
the independence assumption (Chapter 5). Each chapter corresponds to a paper (either published or
currently under review); among these, the most significant contribution of this thesis is an algorithm,
GmGM, which does not make the independence assumption, can be used to analyze million-cell datasets
on a personal computer in only a couple minutes, and has been validated on novel biological data.

The rest of this chapter will give a more thorough introduction to ‘omics data (Section 1.1), multi-
axis models (Sections 1.2 and 1.3), and place my work in the context of pre-existing research gaps
(Section 1.5).

1.1 An introduction to ‘omics datasets
The Central Dogma of Biology states that our DNA encodes our genes, which is then transcribed
into RNA before being translated into proteins; datasets capturing this information can be denoted
genomics, transcriptomics, and proteomics, respectively. At a very high level, genomics captures ‘what
our body can do’, transcriptomics captures ‘what our body wants to do’, and proteomics captures ‘what
our body is doing’. Reality, of course, is more complicated: for example, not every RNA transcript
codes for a protein (some have functional roles).

However, the high-level intuition is useful for understanding at a glance why one may be interested
in transcriptomics data (RNA-sequencing, ‘RNA-seq’): RNA, like DNA, is much more amenable than
protein to untargeted high-throughput sequencing. In other words, it is possible to capture a majority
of the transcriptome in a cell in one go. Yet unlike DNA, RNA tells us which genes are actually
expressed, i.e. which genes are active in the processes governing the cell.

Beyond the central dogma, there are a variety of biological processes (‘modalities’) that fall under
the domain of ‘omics. DNA can be modified in various ways that affect gene expression, such as via
methylation or through changes to the chromatin rendering certain genes inaccessible. ‘Chromatin’
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refers to the material that makes up chromosomes; which comprises DNA and also ‘nucleosomes’ - the
proteins around which DNA wraps, giving the chromosome its density and structure. Depending on
how densely packed the chromatin is, regions of DNA may be inaccessible to various enzymes, such
as RNA polymerase (responsible for transcribing DNA into RNA). The accessibility of chromatin to
such enzymes can be probed using ‘Assay for Transposase-Accessible Chromatin using sequencing’
(ATAC-seq) methodology, which measures the ability of Tn5 transposase to bind to the chromatin1.
ATAC-seq is often paired with transcriptomics data, as it naturally complements scRNA-seq’s answer
to ‘which genes are expressed’ with an answer to the question ‘which genes are expressible’. Beyond
sub-cellular processes, metagenomics datasets can capture the contents of microbiomes, such as the gut
microbiome.

‘Omics datasets can often be taken at either a ‘bulk’ or ‘single-cell’ level. Bulk RNA-seq measures
the total RNA expression across a set of cells, whereas single-cell RNA-seq (scRNA-seq) measures RNA
expression separately for each individual cell in the dataset. In this thesis, we are primarily interested
in single-cell datasets.

Below are a few examples of different kinds of transcriptomics datasets. Each example has same
theme (cancer) to emphasize that they provide different options for investigating the same thing;
however, each example could easily be adapted into other (non-cancer) contexts.

Example 3 (Paired scRNA-seq/scATAC-seq). A dataset from a single biopsy of a cancer patient;
from each cell, the RNA has been sequenced and ATAC-seq has been performed.

Motivation. Same benefits as Example 2, while complementing it with information on gene accessibility
(measured as ‘peaks’). Could also be ‘unpaired’, i.e. the cells measured by each modality are from
the same sample but different - in the unpaired case, no cell has both RNA and ATAC measured.

Example uses. This technology has been used to identify regulators of breast cancer metastasis (Xu
et al., 2021) as well as map the developmental trajectory of cell types (J. Wang et al., 2023).

Form. Two matrices X(scRNA-seq) and X(scATAC-seq); X(scRNA-seq)
cg represents the expression of gene g

in cell c, and X
(scATAC-seq)
cp represents the strength of peak p in the same cell c.

Example Dataset

Example 4 (Longitudinal bulk RNA-seq). A dataset of multiple blood cancer patients in complete or
partial remission; each patient has had their bulk RNA taken from a blood sample at three different
time points: diagnosis, after the first round of chemotherapy, and after determination of being in
remission.

Motivation. Same benefits as in Example 1, but with a temporal nature allowing one measure the
effects of treatment on gene expression.

Example uses. Such studies have been used to investigate the process of aging in vertebrates (Baumgart
et al., 2016) and the disease mechanisms of psoriasis (L. Wang et al., 2018).

Form. A tensor X ; Xtpg denotes the expression of gene g in patient p at time t.

Example Dataset

Example 5 (Spatial RNA-seq). A histopathology slidea, paired with gene expression values at many
points on the image.

Motivation. Can put the findings of RNA-seq in a spatial context. Histopathology slides are routinely
collected and studied; findings in the slide can help inform findings from the RNA and vice-versa.

Example Dataset

1Tn5 transposase is chosen for the task as it can cut and tag accessible regions of the DNA (‘tagmentation’), making
it easy to measure via sequencing.
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If the resolution at which RNA-seq is measured is high enough, can provide the same benefits as
scRNA-seq as well. Useful for the study of the tumor microenvironment.

Example uses. This is the newest technology discussed, and yet it has already been applied in the
study of almost all solid organ malignancies (Cilento et al., 2024).

Form. An image M along with a tensor X ; Xrcg containing the expression of gene g in row r column
c in grid.

aHistopathology slide: A microscopic image of a 2D slice of tissue.

In this thesis, we will develop methodologies to produce networks describing datasets in each of
these examples. Each example given can be expressed in the form of a set of matrices/tensors; the
methodology we will develop will work for any dataset that can be expressed in such a manner. While
this does include spatial data (Example 5), it is not a focus of our work. Adding spatial information
can allow deeper insights into one’s data; for example, one can use the spatial context to identify
neighbors of cells and even structures of cell agglomerations (such as the shape of a tumor boundary or
the presence of tertiary lymphoid structures). Our methods are still applicable on this type of data;
one could first identify cells present in the spatial data, then organize the data into a scRNA-seq-esque
data matrix on which we run our methods. However, in doing so we would loose all spatial context;
spatial data would benefit from more bespoke technologies that can take advantage of this context.

1.2 An introduction to graphical models

The goal of this thesis is to efficiently learn graphs describing an ‘omics dataset; this is an ambiguous
goal. There are multiple ways to describe a dataset. For example, if one’s vertices are ‘people’, should
edges represent friendship? Or should they instead represent physical proximity in the last week? The
first may be useful for playing ‘seven degrees of Kevin Bacon’, but the latter is useful for contact tracing.
Two common types of graphs are those based on spatial nearness and correlations.

Example 6 (Spatial nearness). Two vertices are connected if they are near each other in feature space.
A k-nearest neighbors (kNN) graph is an example.

Example 7 (Correlation). Two vertices are connected if they are correlated. A gene co-expression
graph is an example.

Both are frequently used on ‘omics data; a kNN graph is usually generated as a precursor to
popular visualization techniques such as UMAP (McInnes et al., 2020), as well as for cell clusterings in
preparation for cell type identification. There are many methods to create gene co-expression graphs,
such as WGCNA (Langfelder & Horvath, 2008), which are used to generate candidate gene regulatory
modules (van Dam et al., 2017).

However, spatial measures are highly dependent on the scaling of the features, as well as the
metric chosen. Correlation networks tend to be dense, with many of the edges capturing only ‘indirect’
relations. Consider the classic example of ice cream sales being correlated with shark attacks; this is
true, but only because the confounding factor of ‘it being hot outside’ encourages both the eating of ice
cream and the eating by sharks (via the mediator of beach visits). The relationship between ice cream
and shark attacks is only ‘indirect’, knowledge of this link is of limited value. Much more useful would
be knowledge of the direct effects.

Example 8 (Causal). Two vertices are connected if one of them causes the other; unlike the other
graphs considered, the edges in this graph are directed. A gene regulatory network is an example of this.

Knowledge of a causal graph describing how the genes regulate each other is an important end
goal of transcriptomics. However, the burden of proof for causal declarations is quite high, and can
only truly be satisfied with interventional experiments. Causal networks learned from observational
data are useful for the generation of plausible hypotheses to be confirmed via a later interventional
experiment, and we consider the generation of such networks in Chapter 5. Other than this excursion,
the remainder of the thesis is devoted to learning conditional dependency graphs.
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Ice Cream
Sales Shark Attacks

Summer

Figure 1.1: Solid lines represent correlations and conditional dependencies; dotted lines represent
correlations. There is no direct link between ice cream sales and shark attacks, but they are correlated
due to their mutual direct links with the heat of summer.

Example 9 (Conditional dependency). Two vertices are connected if they are conditionally dependent
on one another.

We say that two genes are conditionally dependent on one another if, after one conditions out the
rest of the dataset, they are statistically independent from one another. This notion captures only the
‘direct effects’ between two genes. Shark attacks and ice cream sales are conditionally independent of
each other, because once one conditions out the confounder of ‘it being hot outside’ the link between
them disappears. This example is summarized graphically in Figure 1.1.

i ⊥ j|k ⇐⇒ P
(
i|k
)
P
(
j|k
)
= P

(
i ∩ j|k

)
(Conditional independence of i and j given the rest of the dataset k)

Other than Chapter 5, this thesis focuses on the efficient learning of conditional dependency networks
(a type of ‘probabilistic graphical model’). Not only are they more meaningful than correlation networks,
but their relative sparsity allows the development of very large-scale models for which storing a dense
graph would be prohibitive. The amount of memory needed to store a dense graph with d vertices is
O(d2), but sparse graphs need much less; one can make very reasonable assumptions about the data to
arrive at an O(d) memory requirement (for example, by assuming that there is a constant upper bound
on how many direct effects any typical gene may have). When one considers that there are around
20,000-30,000 genes in a typical scRNA-seq dataset, this can be the difference between needing to use
a high-performance computing cluster and being able to use a personal computer to fit the graph in
RAM during an analysis.

Conditional dependency networks can be much harder to learn than correlation networks, but if
the data is Gaussian then they are encoded by the ‘inverse covariance matrix’ (Σ−1), also called the
‘precision matrix’ (Ψ). In particular, the nonzero elements of Ψ define which vertices are conditionally
dependent on each other.

xixj
xk

 ∼ N (µ,Ψ−1)
=⇒ Ψij ̸= 0 ⇐⇒ i ⊥ j|k

There are many methods which take advantage of this property, such as neighborhood selection
(Meinshausen & Bühlmann, 2006) and the graphical lasso (Friedman et al., 2008). The graphical lasso,
or ‘glasso’, is perhaps the most famous; to learn Ψ (and hence the graph of conditional dependencies),
Friedman et al. set the problem up as a regularized maximum likelihood estimation (MLE) problem.
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Ψ̂ = argmin
symmetric Ψ

tr [ΨS]− log detΨ− ρ∥Ψ∥1,od (Graphical Lasso)

∥X∥1,od =
∑
i̸=j

|Xij |

In the above equation, S is the empirical covariance matrix, ρ is a regularization hyperparameter,
and ∥·∥1,od is an L1 penalty on the off-diagonal elements of Ψ. This is to ensure it learns a sparse graph,
in line with our expectation of conditional dependency graphs being sparse. Most of the methods we
develop in this thesis are based in some way on the graphical lasso.

Of course, most datasets are not Gaussian; in particular, scRNA-seq datasets are often comprised
of integer values (counts of gene expression)! Instead of making a Gaussian assumption, the nice
correspondence of Ψ and the graph of conditional dependencies can be recovered by making a Gaussian
copula (or ‘nonparanormal’) assumption (Liu et al., 2012). On a practical level, this entails using a
rank-based estimator for S (the ‘nonparanormal skeptic’), rather than using the empirical covariance
matrix; all other steps of the analysis proceed the same.

Assumption 1 (Gaussian copula assumption). Intuitively, this assumption states that our data can
have any marginal distribution, as long as the genes ‘interact Gaussian-ly’. Formally, we assume
that our dataset is a monotonic transformation f of Gaussian data.

f−1(x) ∼ N
(
µ,Ψ−1

)
In particular, count distributions such as Poisson and negative binomial can adhere to the Gaussian

copula assumption (depending on how the variables interact).

The graphical lasso, equipped with the nonparanormal skeptic, is very scalable and quite general.
However, it also makes the independence assumption. For scRNA-seq datasets, if one wants to
learn a graph of genes, one has to assume that there is no graph of cells, and vice versa. Both of these
graphs are useful in their own right - the first can teach us which genes may regulate each other, and
the second can teach us about the cellular microenvironment. Circumventing this deficiency is the
subject of the next section and this thesis as a whole.

1.3 An introduction to multi-axis models

Multi-axis models (also called ‘Kronecker-separable models’) have two goals: to avoid the independence
assumption, and to learn graphs for each ‘axis’ of the data (matrix-variate datasets have two axes,
rows and columns; in the context of scRNA-seq, these axes are cells and genes). They form a tractable
midpoint between two extremes. At one extreme, the standard independence assumption is that there
are no row (cell) dependencies. At the other extreme, one could assume ‘full dependence’ - every matrix
element (i1, i2) could potentially be dependent on any other matrix element (j1, j2): any gene in any
cell can affect the expression of any other gene in any other cell. This is intractible; for d× d input
data it would require O(d4) space to compute. Not only that, but one can hardly have any statistical
certainty in the results when one only has a single sample for each matrix element!

Multi-axis models sit between these two extremes; rather than avoiding making any independence
assumption, they make an assumption about how the dependencies of the two axes interact. They
factor the full dependency matrix Ω into some function ζ of factor dependency matrices, one for each
axis: Ω = ζ

(
Ψ(rows),Ψ(cols)

)
. By doing so, they reduce the parameters needed from O(d4) to O(d2),

the same as for methods making the independence assumption; the choice of ζ governs how these
dependencies may interact.

2This is commonly cited as being the tensor product, i.e. ‘a gene only affects genes in different cells’. This mistake
has been made in all prior work to our knowledge, including our own. A Kronecker product only represents the tensor
product if the diagonals of Ψi are zero - something that will not traditionally happen in our context as the resulting
precision matrix is typically positive definite.
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Decomposition
method

Definition Graph Prod-
uct

Intuition

Kronecker sum Ψ1 ⊕Ψ2 Cartesian
product

A gene can only affect the expression
of other genes within the same cell, or
the same gene in differetn cells

Kronecker product Ψ1 ⊗Ψ2 Strong
product2

A gene has the exact same effect on the
expression of genes within and between
cells

The strong product
model

Ψ1 ⊕Ψ2,w

+Ψ1 ⊗Ψ2,b
Strong prod-
uct

A gene can affect other genes within the
same cell, and can also have a different
affect on genes in different cells.

Squared Kronecker
sum

(Ψ1 ⊕Ψ2)
2 N/A Arises when one constructs a stochastic

model for the data based on partial
differential equations of a simple form
(Y. Wang & Hero, 2021).

Table 1.1: Precision matrix decompositions based on graph products in use in the literature; ‘the strong
product model’ was introduced by us (B. Andrew et al., 2025). Ψ2,w and Ψ2,b are two different graphs
describing the second axis.

In practice, ζ is a function that can be expressed in terms of Kronecker products ⊗, which are
constructed out of repeated block matrices. The Kronecker product of a d1 × d2 matrix and a d3 × d4
matrix is a d1d3 × d2d4 matrix; the definition is given below.

a11 a12 · · ·

a21
. . .

...

⊗B =


a11B a12B · · ·

a21B
. . .

...


The choice of ζ corresponds to either a natural operation on the graph of conditional dependencies

or a generative process. Table 1.1 gives a brief description of the main options, which we elaborate on
in Section 1.4; for now we will focus on the Cartesian product, ζ

(
Ψ(rows),Ψ(cols)

)
= Ψ(rows)⊗ I+ I⊗

Ψ(cols). This operation is known as the ‘Kronecker sum’, Ψ(rows)⊕Ψ(cols); the adjacency matrix of the
Cartesian product of two graphs is the Kronecker sum of the adjacency matrices of said graphs. This
was first considered by Kalaitzis et al. 2013. Below, we show how to express the probability distributions
resulting from various choices of ζ (including those that correspond to standard independence-assuming
models).

vec [Xd1×d2 ] ∼ N
(
0d1d2 ,

(
Ψ

(genes)
d2×d2 ⊗ Id1×d1

)−1)
(Independence of cells)

vec [Xd1×d2 ] ∼ N
(
0d1d2 ,

(
Id2×d2 ⊗Ψ

(cells)
d1×d1

)−1)
(Independence of genes)

vec [Xd1×d2 ] ∼ N
(
0d1d2 ,

(
Ω

(matrix elements)
d1d2×d1d2

)−1)
(Full dependence)

vec [Xd1×d2 ] ∼ N
(
0d1d2 ,

(
Ψ

(genes)
d2×d2 ⊗ Id1×d1 + Id2×d2 ⊗Ψ

(cells)
d1×d1

)−1)
(Cartesian product)

By using the Cartesian product, we are making an assumption. We describe this assumption
graphically in Figure 1.2, as well as both conceptually and formally below:

Assumption 2 (Cartesian product assumption for scRNA-seq data). A gene g may only be conditionally
dependent (∼) on other genes g′ in the same cell c, or the same gene in other cells c′: (c, g) ∼ (c, g′),
(c, g) ∼ (c′, g), and (c, g) ≁ (c′, g′).
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Figure 1.2: All possible interactions in a dataset with two cells and two genes. When using the Cartesian
product, there are only two free parameters: the strength of the relationship between the two genes,
and between the two cells. The relationship between (cell, gene) pairs is determined by these two values;
the cross-term relations are indirect (not conditionally dependent, but likely correlated).

Assumption 3 (Formal Cartesian product assumption). Let C be the true conditional dependency
matrix of our data. Then we can decompose it as follows: C = F(rows) ⊞ F(cols), where ⊞ represents the
Cartesian product and F represent row- and column-level dependencies. In other words, letting a ∼X b
mean that a and b are connected in X, we have that:

(i1, i2) ∼C (j1, j2) ⇐⇒ i1 ∼F(rows) j1 and i2 ∼F(cols) j2

This is a biologically plausible assumption; the strongest regulatory effects of genes are those
occurring within a cell. That is not to say there are no regulatory effects crossing cells - there are:
genes coding for signalling pathways likely have cross-cell effects, and we investigate such a scenario
in Chapter 4. However, we found that accounting for them did not yield a better model. In the next
section, we review the many options for multi-axis models.

1.4 A review of multi-axis models

The simplest multi-axis models are those which use the Kronecker product; this corresponds to the strong
product of graphs, although it is commonly misreported as corresponding to the tensor product. It is
in common use - see for example (Zhou, 2014) and (Cai et al., 2016) - and has a long history (DAWID,
1981). More recently, Kalaitzis et al. (2013) proposed the use of the Kronecker sum, representing
the Cartesian product. This has a few key advantages over the Kronecker product: it arises from a
maximum entropy construction and is jointly convex in the factor matrices.

Despite this, Kalaitzis et al.’s original algorithm (‘BiGLasso’) was far too slow to be used at
appreciable scale; for d× d data, the runtime scales as O(d4), and in our experience could not handle
much more than d = 100 in reasonable time. Their work kicked off a series of papers introducing faster
algorithms: TeraLasso (Greenewald et al., 2019), EiGLasso (Yoon & Kim, 2020), scBiGLasso (Li et al.,
2022), and DNNLasso (Lin & Zhang, 2024), as well as our own work on GmGM (B. Andrew et al.,
2024; E. B. Andrew et al., 2024). However, until our work on GmGM none of the methodologies were
scalable beyond even a thousand cells/genes. We will defer discussion of GmGM until it is introduced
in Chapters 2 and 6, and consider here only the state of affairs before its introduction.

Of the prior work, TeraLasso was by far the most consistently scalable. It also generalized the
methodology to work for tensor-variate data (data with more than two axes) as well. This type of
data is rare in bioinformatics, but does occur (see Example Datasets 4 and 5). Such a generalization is
conceptually simple, and remains jointly convex:
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vec
[
Xd1×···×dL

]
∼ N

0d1···dL ,

 ⊕
1≤ℓ≤L

Ψ
(axis ℓ)
dℓ×dℓ

−1


More commonly needed in bioinformatics is the ability to work with multiple modalities simultane-
ously; however, this is not possible with TeraLasso.

An advantage of the Kronecker product approach not shared by the Kronecker sum approach is its
ability to be naturally framed as a generative model. For example, we have that:

vec [E] ∼ N (0, I)

⇐⇒ vec
[
AEBT

]
∼ N (0,BBT ⊗AAT ) (Matrix normal distribution)

Thus the Kronecker product approach lends itself to a natural description in terms of the Cholesky
factors or matrix square roots of the axis precision matrices; it is the corruption of Gaussian white
noise when left- and right-multiplied by such factors. Y. Wang et al. (2020) introduced the SyGLasso
algorithm built on a generative process involving the Kronecker sum. The final precision matrix is not
the Kronecker sum, but rather the square of the Kroneker sum:

vec [E] ∼ N (0, I)

⇐⇒ vec
[
AE+EBT

]
∼ N (0, (B⊕A) (B⊕A)

T
) (Sylvester-structured normal distribution)

If the data is generated by a physical process with the form Dx = e, where x is the vectorized
dataset, e is Gaussian white noise, and D is a differential operator with no mixed derivatives, then
the data follows the Sylvester-structured normal distribution (Y. Wang & Hero, 2021). However, it
does not have an easy interpretation as a graph product; the only methodology interpretable as both a
generative process and a graph product is the Kronecker product.

The Kronecker product approach is applied to both covariance and precision matrices, whereas the
other two decompositions are primarily applied to the precision matrix. There are reasons for this: we
would not expect correlations to obey Cartesian product structure. The Cartesian product structure
would enforce zero correlation on many edges, even though they would likely be correlated in reality
due to indirect effects (if A is correlated with B, and B is correlated with C, then A will be correlated
with C unless the correlations perfectly cancel each other out!).

There are also possibilities beyond covariance and precision matrices; one could apply these
decompositions to the Laplacian of the graph of conditional dependencies (Shi & Mishne, 2024) or
even a causal graph. Causal graph estimation is especially hard, as directed acyclic graph (DAG)
optimization is NP-hard and it is sometimes only possible to learn a DAG up to an equivalence class.
However, it is also quite promising: gene regulation is a fundamentally directed, causal process, whereas
techniques based on conditional dependency matrices are undirected and non-causal. Prior to our work
in Chapter 5, no Kronecker-structured causal method had been developed.

1.5 My work in context
Despite the work already done in multi-axis models, a few critical gaps remained at the start of this
PhD. They were as follows:

• These methods were not scalable beyond about 1000 to 2000 cells/genes.

• These methods were not suitable for multi-modal datasets, such as multi-omics.

• These methods assumed that the data was centered (i.e. zero-mean)3

3Allen and Tibshirani (2010) did address this problem for the Kronecker product methodologies, but not for the
Kronecker sum.
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• There was no multi-axis causal method

• It was not clear if there existed a better structure than the Kronecker sum/Cartesian product.

The first gap was by far the most critical; modern scRNA-seq datasets can be millions of cells
large. Furthermore, multi-axis methods perform better as the size of the dataset (in both samples
and features) increases (Y. Wang et al., 2022). With the increasing use of paired datasets, such as
scRNA-seq+scATAC-seq (Example Dataset 3), the need for multi-modal methods was also apparent.
Chapters 2 and 6 address this gap.

The third gap was also significant; we could show that the centered assumption can lead to serious
errors, even when applying the ad-hoc mitigation techniques that were being used in practice. This
gap is addressed in Chapter 3 in the form of a wrapper that can be used around any of the existing
Kronecker-sum-structured methods.

The lack of a causal multi-axis method is partially addressed in Chapter 5 through our introduction
of the ‘Cartesian-structured linear Gaussian additive noise model’. The method we develop is able to
learn causal networks, but only under the strong assumption of already knowing the causal order of
events. Thus, we have only partially closed this research gap.

In pursuit of addressing the last gap, we explored an alternative structure meant to capture the
differences between within-cell and between-cell gene regulation (Chapter 4). We found that our novel
structure did not yield substantial improvements beyond the Kronecker sum structure, leaving this gap
still mostly open.
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Chapter 2

GmGM: a fast multi-axis Gaussian
graphical model

The following paper was the first of two papers we wrote on improving the scalability of Kronecker-
sum-structured multi-axis models. The state-of-the-art before this paper was the TeraLasso algorithm
by Greenewald et al. (2019), which was only scalable to matrices whose dimensions were in the low
thousands. Also state-of-the-art was the EiGLasso algorithm of Yoon and Kim (2020), which narrowly
eked out a performance advantage on matrix-variate data but was not applicable to tensor-variate
data. Both were built on similar ideas of using eigendecompositions in a clever way to speed up the
optimization of an L1-penalized maximum likelihood estimation routine.

In the paper, we showed that one could achieve massive scalability improvements by doing away
with the L1 penalty at only a modest cost to performance. Whereas prior work’s scalability was limited
by runtime, ultimately our model’s scalability would primarily be limited by memory usage, which we
later address in Chapter 6. We also generalized the concept of multi-axis models to work on multi-tensor
datasets, allowing the approach to be used on multi-omics datasets.

On a personal note, this was my first paper, and as such I am fond of it. However, there are several
deficiencies in the work. Firstly, it does not go far enough in demonstrating a real use case, rather
relying on a handful of shallow examples to validate performance. Secondly, it does not address the
problem of whether a solution to the optimization problem considered exists - in practice it does, but
the paper stops short of guaranteeing it. There was also a clear future direction to work towards: while
scalable to tens of thousands of cells, our model at the time was not yet scalable to millions - the size of
the largest modern datasets. These issues would later be addressed in our second paper on scalability
(Chapter 6).

The paper was published in the Proceedings of the International Conference on Artificial Intelligence
and Statistics in 2024. It is presented unchanged from the published version, except for formatting
changes to fit the thesis style. The supplementary material for the paper is available in Appendix A,
which contains further details and experiments. For further details and experiments that came up
during the viva, see Appendix G.
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GmGM: a Fast Multi-Axis Gaussian Graphical Model
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Published in the Proceedings of the 27th International Conference on Artificial
Intelligence and Statistics

Abstract. This paper introduces the Gaussian multi-Graphical Model, a model to construct
sparse graph representations of matrix- and tensor-variate data. We generalize prior work in this
area by simultaneously learning this representation across several tensors that share axes, which is
necessary to allow the analysis of multimodal datasets such as those encountered in multi-omics.
Our algorithm uses only a single eigendecomposition per axis, achieving an order of magnitude
speedup over prior work in the ungeneralized case. This allows the use of our methodology on large
multi-modal datasets such as single-cell multi-omics data, which was challenging with previous
approaches. We validate our model on synthetic data and five real-world datasets.
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2.1 Introduction

A number of modern applications require the estimation of networks (graphs) exploring the dependency
structures underlying the data. In this paper, we propose a new approach for estimating conditional
dependency graphs. Two datapoints x, y are conditionally independent (with respect to a dataset
D) if knowing one provides no information about the other that is not already contained in the rest
of the dataset: P(x|y,D\xy) = P(x|D\xy). For normally distributed data, conditional dependencies
are encoded in the inverse of the covariance matrix (the ‘precision’ matrix). Two datapoints are
conditionally dependent on each other if and only if their corresponding element in the precision matrix
is not zero. If our dataset was in the form of a vector d, we could then model it as d ∼ N (0,Ψ−1) for
precision matrix Ψ. This is a Gaussian Graphical Model (GGM); Ψ encodes the adjacency matrix of
the graph.

However, datasets are often more structured than vectors. For example, single-cell RNA sequencing
datasets (scRNA-seq) come in the form of a matrix of gene expression counts whose rows are cells and
columns are genes. Video data naturally requires a third-order tensor of pixels to represent it - rows,
columns, and frames. Furthermore, multi-omics datasets, such as those including both scRNA-seq and
scATAC-seq, may require two or more matrices to be properly represented; one for each modality.

We could assume that each row of our matrix is an i.i.d. sample drawn from our model. However,
independence is a strong and often incorrect assumption. If we wanted to make no independence
assumptions, we could vectorize the dataset D and estimate Ψ in vec[D] ∼ N (0,Ψ−1). Unfortunately,
this produces intractably large Ψ, whose number of elements is quadratic in the product of the lengths
of our dataset’s axes: the size of Ψ is O

(∏
ℓ d

2
ℓ

)
(throughout this paper, dℓ will denote the size of the

ℓth axis of a tensor).
Thankfully, tensors are highly structured, and we are often interested in the dependency structure

of each axis individually - i.e. the dependencies between cells and the dependencies between genes, in
the case of scRNA-seq - rather than the dependencies between the elements of the tensor themselves.
To model this, we can represent Ψ as some deterministic combination of the axis-wise dependencies:
vec[D] ∼ N (0, ζ(Ψrow,Ψcol)

−1), for some function ζ. The strategy is to estimate Ψrow and Ψcol

directly, without computing the intractable ζ(Ψrow,Ψcol)
−1. While there are multiple choices for ζ,

this paper considers only the Kronecker sum. Choices of ζ, and their definitions, will be given in Section
2.2.

2.1.1 Notation

When possible, this paper follows the notation of prior work in multi-axis methods, such as Kalaitzis
et al., 2013 and Greenewald et al., 2019. For tensor-specific notation, we typically adhere to Kolda and
Bader, 2009. Some changes have been made due to inconsistencies or conflicts.

The subscript ℓ will always be used to denote an arbitrary axis. dℓ and Ψℓ represent the size and
precision matrix for the axis ℓ, respectively - as in prior work. It will be helpful to define the symbols
d<ℓ, d>ℓ, d\ℓ, and d∀ to represent the product of the lengths of all axes before ℓ, after ℓ, excluding ℓ,
and overall, respectively.

Lowercase bold represents vectors (d), uppercase bold represents matrices (D), and uppercase
calligraphic represents tensors (D). We will also be dealing with sets of tensors, {Dγ}γ ; each individual
tensor is called a modality, and the superscript γ will always represent indexing a modality. The number
of axes of a tensor Dγ is denoted Kγ , and to describe that an axis ℓ is one of the axes of a tensor Dγ ,
we will write ℓ ∈ γ. Axes can be part of several modalities. An important tensor-variate operation
is matricization, which takes a d1 × . . . × dK tensor D and outputs a dℓ × d\ℓ matrix. It is denoted
matℓ [D], and can be viewed as vectorizing each slice of D along the ℓth axis.

We will make frequent use of the Kronecker sum, defined in terms of the Kronecker product. The
Kronecker product of two matrices Ψℓ1 ,Ψℓ2 is denoted Ψℓ1 ⊗Ψℓ2 , and is best defined by example;

[
1 2
3 4

]
⊗
[
5 6

]
=

[
1×

[
5 6

]
2×

[
5 6

]
3×

[
5 6

]
4×

[
5 6

]]

=

[
5 6 10 12
15 18 20 24

]
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The Kronecker sum is Ψℓ1 ⊕Ψℓ2 = Ψℓ1 ⊗ Idℓ2×dℓ2 + Idℓ1×dℓ1 ⊗Ψℓ2 . When the matrices A,B are
adjacency matrices of graphs, the Kronecker sum has the interpretation as the Cartesian product of
those graphs.

The “blockwise trace" operation defined by Kalaitzis et al. (2013) appears when calculating the
gradient of the log-likelihood of KS-structured normal distributions (and is strongly related to the
projKS operator in Greenewald et al., 2019). Let Ia be the a × a identity matrix, and let Jij be a
matrix of zeros except at (i, j), where it equals 1. Then, we denote the blockwise trace of a matrix trab
and define it according to Line 2.1.

trab [M] =

[
tr

[
M
(
Ia ⊗ Jij ⊗ Ib

)]]
ij

(2.1)

The final needed concept is that of the Gram matrix Sγℓ , defined as Sγℓ = matℓ [Dγ ] matℓ [Dγ ]T .
In the single-tensor (multi-axis) case, this is a sufficient statistic; all prior work first computes these
matrices as the initial step in their algorithm, as do we. When there are multiple modalities, we
consider the ‘effective Gram matrices’ Sℓ =

∑
γ|ℓ∈γ S

γ
ℓ , as these fulfill the role of sufficient statistic in

the multi-tensor case.

2.2 Prior work
The Graphical Lasso (Friedman et al., 2008) is the standard single-axis GGM. The model assumes one
has n independent samples of d1-length vectors, and seeks to estimate the d1 × d1 precision matrix Ψ.
Ψ is estimated via Equation 2.2.

Ψ = argmaxΨ≻0 log detΨ− tr [SΨ] + ρ∥Ψ∥1 (2.2)

Without the regularizing ρ∥Ψ∥1 term, this represents the maximum likelihood estimate for Ψ;
Ψ ≻ 0 ensures positive definiteness. The regularization penalty is an L1 penalty over the elements of Ψ
- typically, the diagonal elements are not included in this penalty, as they do not represent edges on the
conditional dependency graph.

Our work considers the Kronecker-sum (multi-axis) Graphical Lasso, which was introduced by
Kalaitzis et al. (2013). This sum is one choice of ζ to combine the per-axis precision matrices into the
precision matrix of the vectorized dataset, vec[D] ∼ N (0, (Ψrow ⊕Ψcol)

−1). Other choices for ζ have
been considered, such as using the Kronecker product (Dahl et al., 2013; Tsiligkaridis et al., 2013),
or the square of the Kronecker sum (Wang & Hero, 2021; Wang et al., 2020). Each method has its
strengths; the benefits of a Kronecker sum structure are its interpretability as a graph product, stronger
sparsity, convexity of the maximum likelihood, and its allowance of inter-task transfer.

Kalaitzis et al. (2013)’s BiGLasso model only worked for matrix-variate data, and was very slow to
converge to a solution, in large part due to its non-optimal space complexity of O(d21d

2
2). This prohibited

its use on moderately sized datasets. Numerous modifications have been made to the algorithm to
improve its speed and to achieve an optimal space complexity of O(d21 + d22), such as scBiGLasso
(Li et al., 2022), TeraLasso (Greenewald et al., 2019), and EiGLasso (Yoon & Kim, 2020). Of these
TeraLasso is notable in that it allows an arbitrary number of axes, i.e. ζ(Ψ1, ...,Ψk) = Ψ1⊕ ...⊕Ψk, like
our proposed method. TeraLasso and EiGLasso, the fastest prior algorithms, both rely on computing
an eigendecomposition every iteration.

All of these models, including our own, rely on a normality assumption. We are most interested
in the case of omics data, which is typically non-Gaussian; an overview of the use of GGMs in omics
data is given by Altenbuchinger et al. (2020). For single-axis methods, the nonparanormal skeptic (Liu
et al., 2012) can replace the normality assumption with a weaker nonparanormality assumption; Li et al.
(2022) proposed a generalization of this approach to multi-axis methods, which is compatible with our
approach. The nonparanormal skeptic often leads to better results on real datasets, for example see
Figure 2.5a. For a thorough comparison of the nonparanormal skeptic, see the supplementary material.

In the single-axis case, several techniques exist for combining datasets with shared axes (Cai et al.,
2016; Danaher et al., 2014; McCarter & Kim, 2014). However, none of these have been applied to the
multi-axis case.
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Figure 2.1: The two matrices of the LifeLines-DEEP dataset. As both matrices include data for the
same people, the learned graph between people should be the same.

2.2.1 Unmet need

Many datasets, especially those in multi-omics, are representable as a collection of matrices or tensors.
As a case study, we consider (a subset of) the Lifelines-DEEP dataset from Tigchelaar et al. (2015),
which is summarized graphically in Figure 2.1.

In this dataset, two different modalities of data were gathered from the same people: counts
of microbial species found in their stools (metagenomics) and counts of metabolites found in their
blood plasma (metabolomics). While the metagenomics and metabolomics are different matrices,
each modality shares an axis (‘people’). If we were to estimate a graph of people on each modality
independently, they would likely yield different graphs. This is not ideal; if our aim is to estimate the
true graph of conditional dependencies, there should be only one resultant graph. To estimate it, we
should be considering both modalities simultaneously to take advantage of the shared axis.

One way to do this would be to concatenate the modalities, producing a matrix of people by
‘species+metabolites’. This could yield interesting results, if one is interested in connections between
individual species and a metabolite. However, it would vastly increase the size of the output graph,
which grows quadratically in the length of the axis. Furthermore, it is not always possible; some
datasets may not be concatenatable.

2.3 Our contributions

We make three contributions to the field of multi-axis graphical models. Firstly, we produce an algorithm
to estimate multi-axis graphical models an order of magnitude faster than existing work. This allows
us to apply our algorithm on large datasets, such as single-cell RNA-sequencing datasets which include
roughly 20,000 genes and tens of thousands of cells. Prior work could not handle these datasets in
reasonable time - ours is the only method able to produce multi-axis estimates for data of this size, and
runs comparably quickly to single-axis methods.

Secondly, we generalize the multi-axis model from prior work, which was only able to consider
unimodal data, into a model that can handle multiple tensors with shared axes. This generalization
is essential to the use of multi-axis methods on multi-modal data such as multi-omics; no multi-axis
method had been made for this type of data before our work.

Finally, we produce a few helpful theorems to improve accuracy and further improve speed. A
covariance-thresholding technique by Mazumder and Hastie (2012) allowed the partitioning of data into
guaranteed-independent chunks of data in the single-axis case; we show how to lift this result to the
multi-axis case, and demonstrate its efficacy (Figure 2.7). We also show how to efficiently include some
natural prior distributions into our model, which allows us to demonstrate an extraordinary increase in
performance on real-world data (Figure 2.6c).

2.3.1 The model

To properly handle sets of tensors, we propose modelling each tensor as being drawn independently
from a Kronecker-sum normal distribution. If the tensors share an axis ℓ, then they will still be drawn
independently - but their distributions will be parameterized by the same Ψℓ. For an arbitrary set of
tensors, the model is:
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Dγ ∼NKS
(
{Ψℓ}ℓ∈γ

)
for Dγ ∈ {Dγ}γ

We call this model the “Gaussian multi-Graphical Model” (GmGM) as it extends Gaussian Graphical
Models to estimate multiple graphs from a set of tensors. In this paper, we will make the assumption
that no tensor in our set contains the same axis twice. Any tensor with a repeated axis would naturally
be interpretable as a graph - such datasets are rare, and if one already has a graph then the need for
an algorithm such as this is diminished.

As an example, we model the LifeLines-DEEP dataset Dmetagenomics and Dmetabolomics independently
as:

Dmetagenomics ∼NKS
(
Ψpeople,Ψspecies

)
Dmetabolomics ∼NKS

(
Ψpeople,Ψmetabolites

)

2.3.2 The algorithm

Table 2.1: A comparison of the asymptotic complexity of TeraLasso and GmGM. EiGLasso is omitted
because it has the same complexity as TeraLasso. N represents the number of iterations before
convergence. “Simplified Time Complexity” represents the case when all axes have the same size d,
there is only one modality, and the dataset only has two axes.

Algorithm Simplified Time Complexity Full Time Complexity Memory Complexity
TeraLasso O(Nd3) O(

∑
ℓ d

2
ℓd\ℓ +Nd3ℓ +N

∏
ℓ dℓ) O(

∑
ℓ d

2
ℓ)

GmGM O(d3 +Nd2) O(
∑

ℓ d
2
ℓd\ℓ + d3ℓ +

∑
γ N

∏
ℓ∈γ dℓ) O(

∑
ℓ d

2
ℓ)

Here, we present an algorithm to compute the maximum likelihood estimate (MLE) jointly for all
parameters Ψℓ of the GmGM. The general idea is to produce an analytic estimate for the eigenvectors
of Ψℓ, and then iterate to solve for the eigenvalues; this is summed up graphically in Figure 2.2.

Theorem 1. Let Vℓdiag [eℓ]V
T
ℓ be the eigendecomposition of Sℓ (where Vℓ ∈ Rdℓ×dℓ and diag [eℓ] ∈

Rdℓ×dℓ is a diagonal matrix with diagonal eℓ). Then Vℓ are the eigenvectors of the maximum likelihood
estimate of Ψℓ.

Theorem G is critical to allowing efficient estimation of Ψℓ, as it not only allows us to extract the
computationally intensive eigendecomposition operation from the iterative portion of the algorithm,
but also reduces the remaining number of parameters to be linear in the length of an axis.

It is now necessary to find estimate the eigenvalues Λℓ = diag [λℓ]. We will do this iteratively, which
requires the gradient of the negative log-likelihood with respect to the eigenvalues. A sketch of the
derivation of this is given.
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Figure 2.2: A graphical overview of how the GmGM algorithm works. We use γ to represent an
arbitrary modality, and ℓ to represent an arbitrary axis. Proofs are given in the supplementary material.
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Line 2.6 follows from the definition of the blockwise trace; the rest use Theorem G and standard
algebra.

An L1 penalty is often included in graphical models to enforce sparsity. To enforce sparsity in our
model, there are a few options; one can choose to either keep the top p% of edges, or keep the top k
edges per vertex. In Section 2.4, we see that this technique performs well. Including regularization in
our algorithm is nontrivial, as we rely on analytic estimates of the eigenvectors. However, by utilizing a
restricted form of the L1 penalty, we can bypass this limitation. For details on how to do so, see Section
5 in the supplementary material - we will refer to GmGM equipped with this penalty as ‘GmGM L1’.
In short, the restricted L1 penalty is an L1 penalty on the off-diagonals of a matrix (i.e. the Graphical
Lasso) that has given (fixed) eigenvectors (since the iterative portion of our algorithm only iterates
over the eigenvalues). We incorporate it with subgradient descent.

2.3.3 Additional theorems
We can incorporate priors into our algorithm as well. This is nontrivial, as we want it to be in a manner
compatible with Theorem G.
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Theorem 2 (GmGM Estimator with Priors). Suppose we have the same setup as in Theorem G, and
that we have a prior of the form:

∏
ℓ

gℓ(Θℓ)e
tr[ηℓ(Θℓ)

TΨℓ]+hℓ(Ψℓ) (2.7)

In other words, our prior is an exponential distribution for Ψℓ, in which Ψℓ is the sufficient statistic.
Then, if hℓ depends only on the eigenvalues (i.e. it is ‘unitarily invariant’), the eigenvectors of

1
2Sℓ − ηℓ(Θℓ) are the eigenvectors Vℓ of the MAP estimate for Ψℓ. Furthermore, if hℓ is convex, then
a result by Lewis (1996) allows us perform gradient descent for the eigenvalues in an almost-unaltered
way. (see supplementary material).

1
2Sℓ − ηℓ(Θℓ) can be thought of as our “priorized” effective Gram matrix; its eigenvalues and

eigenvectors play the same role as those of Sℓ in the original algorithm. The required property of
unitary invariance is very common - both the Wishart (arguably the most natural prior to use in
this context) and matrix gamma distributions satisfy Theorem 2. The benefits of including priors are
demonstrated in Figure 2.6c.

We also show that the covariance thresholding trick (Mazumder & Hastie, 2012) works in the
multi-axis case. This allows us to partition the dataset into guaranteed-to-be-disconnected subsets
before using our algorithm (although we do not make use of this theorem when comparing performance
to other work, as it equally benefits all methods). The benefits of using this trick are shown in Figure
2.7.

Theorem 3. Set all elements of Sℓ whose absolute value is less than ρ to 0. This encodes a potentially
disconnected graph. Likewise, consider Ψℓ to be the estimated precision matrix for our model equipped
with an L1 penalty of strength ρ. This also encodes a potentially disconnected graph. If we label
the vertices by which disconnected component they are part of, then this labeling is the same in both
procedures (the procedure with Sℓ and the procedure with Ψℓ).

2.3.4 Convexity and uniqueness
As can be observed in Line 2.4, the negative log-likelihood, as a function of the eigenvalues, can be
expressed as the sum of a dot product (an affine, and hence convex, function) and negative logarithms,
which are also convex. Thus, the objective is convex.

The Kronecker-sum model, without additional restrictions, has non-identifiable diagonals. Gree-
newald et al. (2019) show that this can be solved by projecting the gradients at each iteration. Letting
Aℓ = tr

[⊕
ℓ∈γ Λℓ

]
, their projection is defined according to Line 2.8. See Sections D and I.3 in their

paper for thorough information. We apply this projection to our algorithm as well.

projK = Aℓ −
Kγ − 1

Kγ

tr [Aℓ]

dℓ
Idℓ (2.8)

2.4 Results
We tested our algorithm on synthetic data and five real-world datasets. For synthetic data, we generated
Erdos-Renyi graphs as our ground truth precision matrices for each axis (except for Figure 2.4b which
uses an AR(1) process). Datasets were then generated from the Kronecker-sum normal distribution
using these precision matrices. In all cases, we only generated 1 sample from this distribution. For
comparison, we set EiGLasso’s K parameter to 1; this parameter corresponds to the fastest version of
EiGLasso. We used the same convergence tolerance and max iterations for all algorithms. Time and
memory complexity for GmGM, TeraLasso, and EiGLasso are given in Table 2.1. When measuring
runtimes on synthetic data, we let the regularization parameters be zero for prior work.

2.4.1 Synthetic data
We verified that our algorithm was indeed faster on matrix-variate data compared to prior work (Figure
2.3) on our computer (2020 MacBook Pro with an M1 chip and 8GB RAM). Our results on matrix
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(a) (b) (c)

Figure 2.3: A comparison of the runtimes of our algorithm against (a) bi-graphical, (b) 3-axis, and (c)
4-axis prior work.

(a) (b) (c)

Figure 2.4: Precision-recall curves comparing various algorithms on synthetic 50x50 data, averaged
over multiple runs. For (a) and (c), true graphs have each edge independently having a 2% chance of
existing. For (b), true graphs are generated from an AR(1) process. Shaded background represents
standard deviation. (a) Two 50x50 matrices with a shared axis. EiGLasso and ‘Unimodal GmGM’
only consider one of the matrices. (b) A single 50x50 matrix. (c) A single 50x50x50 tensor. With the
restricted L1 penalty, our algorithm performs nearly perfectly in the tensor-variate case.

data are encouraging - datasets of size 4,000 by 4,000 could have their graphs estimated in a minute,
and, extrapolating the runtimes, datasets up to size 16,000 by 16,000 could have their graphs estimated
in about an hour. This is significantly faster than our baselines; neither EiGLasso nor TeraLasso
could compute on 1,500 by 1,500 datasets in a minute. Larger datasets would require more than 6GB
of memory for our algorithm to run, pushing the limits of RAM. On higher-order tensor data, our
algorithm continues to outperform prior work. For 4-axis and higher data, our algorithm could handle
every dataset that could fit in RAM in less than a minute (Fig 2.3c and supplementary material).

In addition to these speed improvements, we show that we perform similarly to state-of-the-art
(Figure 2.4). We demonstrate that taking into account shared axes does indeed improve performance
(Figure 2.4a), and furthermore that our restricted L1 penalty leads to near-perfect performance on
tensor data (Figure 2.4c).

2.4.2 Real data

We tested our method on various real datasets. These include two video datasets (COIL-20 (Nene
et al., n.d.) and EchoNet-Dynamic (Ouyang et al., 2020)), a transcriptomics dataset (E-MTAB-2805
(Buettner et al., 2015)), and two multi-omics datasets (LifeLines-DEEP (Tigchelaar et al., 2015) and a
10x Genomics dataset (10x Genomics, 2021)). Due to space concerns, we only briefly describe each
experiment and its results here. Full details are available in the supplementary material.

For the COIL-20 dataset, we tested whether our algorithm could be used to reconstruct the frames
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(a) (b) (c) (d)

Figure 2.5: (a) Assortativity as we increase the number of edges in the final graph. EiGLasso data was
generated by calculating the assortativity-per-regularization penalty, and calculating the edges-per-cell
from this data afterwards; this is the cause for the curve’s strange behavior around 20 edges per cell.
(b) The COIL-20 duck, in which the rows, columns and frames are shuffled. (c) GmGM does an almost
perfect job at recovering the duck; unfortunately, it gets cut in half. (d) Predicted precision matrix
for echocardiogram frames (yellow=connected, blue=disconnected). The periodic structure of the
heartbeat is evident in the diagonals.

(a) (b) (c)

Figure 2.6: Assortativity in the LifeLines-DEEP dataset, comparing our method with the Zero-inflated
Log-Normal (ZiLN) model. Solid lines represent our algorithm, dashed represent ZiLN. In one case we
show the performance of our algorithm restricted to the metagenomics dataset (a) and when augmented
with the metabolomics dataset (b). In both cases, ZiLN only has access to the metagenomics dataset,
as it is a single-axis model. (c) The same test as (b), with the incorporation of phylum information as a
prior (Theorem 2). Specifically, we used a Wishart prior whose parameter encoded a graph connecting
two species if and only if they are in the same phylum.

(a) (b)

Figure 2.7: (a) The precision-recall curves comparing vanilla GmGM with its performance using
Theorem 3’s covariance thresholding trick. (b) Runtime comparison of vanilla GmGM and the
covariance thresholding trick. Times reported were averaged over 50 runs. Data was drawn from two
disjoint versions of the same distribution as from Figure 2.4a, to simulate there being multiple groups.
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(a) (b)

Figure 2.8: Both (a) and (b) are UMAP plots, colored by Louvain clustering of GmGM’s resultant
graphs. (a) Species from the LifeLines-DEEP dataset. (b) Cells from the 10x Genomics Dataset. In
both cases, we can see that clusters on our graph correspond to contiguous regions of UMAP-space.

of a shuffled video. We chose this test as it was the test used in the first Kronecker sum multi-axis
model, BiGLasso. BiGLasso had to heavily downsample the image (to a 9x9 image with half the
frames), and flatten the rows and frames into a single axis. Due to the speed improvements of our
algorithm, and its ability to handle tensor-variate data, we were able to run our algorithm on the
full-sized dataset and achieve a similar result in negligible time. Specifically, the reconstruction of the
rows, columns, and frames all had an accuracy of 99%. In Figure 2.5b we show the shuffled data, with
Figure 2.5c being the reconstruction using our algorithm.

Due to the simplicity of COIL-20, we chose to do a similar test on the more complicated EchoNet-
Dynamic dataset. We expected there to be structure in our predicted graphs, which would allow us to
detect the pattern of heartbeats. This pattern can be seen in Figure 2.5d. We were largely successful
in this endeavor, with only one of the five videos we tested having poor results. For full details on the
experiment, and how the heartbeat was extracted, see the supplementary material.

To test GmGM on our intended use case, ‘omics data, we started with the E-MTAB-2805 tran-
scriptomics dataset, as this dataset was used in the original scBiGLasso paper for exploratory analysis.
In this dataset, each cell belongs to one of three classes (G, S, or G2M) depending on its stage in
the cell cycle. To evaluate our algorithm’s performance, we use assortativity. Assortativity measures
the tendency of cells in the same class to cluster together in the estimated graph; an assortativity
of 0 represents no tendency for connection, with 1 being the maximum. Negative assortativites are
possible, if there is a tendency to connect to different classes. We report the assortativities in Figure
2.5a, comparing our results to EiGLasso and with the nonparanormal skeptic applied to the input.

Our fourth dataset, the LifeLines-DEEP dataset, was chosen because it was multi-modal, and
because a single-axis graphical model, ZiLN (Prost et al., 2021), had already been tested on one of
its modalities. We use assortativity as a metric, as that is what was used in prior work. Our results
are comparable to their work (Figure 2.6). Our algorithm’s runtime of 4.7 seconds was similar to
ZiLN’s 3.6 seconds, showing that our multi-axis method was capable of similar runtimes as single-axis
methods for the first time. ZiLN was specifically built for metagenomics data - the compositionality
assumption it makes would not be correct for most other datasets considered here, and hence we do
not evaluate its performance on other datasets. Likewise, TeraLasso and EiGLasso were too slow to
evaluate assortativity curves as in Figure 2.6.

Finally, we tested our approach on a 10x Genomics single-cell (RNA+ATAC) dataset taken from a
B cell lymphoma tumour. We chose this dataset because it is multi-modal and quite large - 14,000 cells,
20,000 genes, and 100,000 peaks (although after preprocessing it became 2359 cells, 5350 genes, and
12485 peaks). This dataset is unlabelled, prohibiting more quantitative analyses; our main aim in this
test was to prove that the algorithm could produce results in reasonable time. Our algorithm took 590
seconds to consider both modalities jointly and 52 seconds on just the scRNA-seq data. In contrast,
EiGLasso took more than 60,000 seconds on the scRNA-seq data - due to its excessive runtime, we did
not let EiGLasso finish.

To ensure our algorithm was producing sensible results on the 10x Genomics dataset, we performed
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a ‘UMAP consistency analysis’. Specifically, we ran Louvain clustering (Blondel et al., 2008) on our
graph, and viewed the clusters in UMAP-space (McInnes et al., 2020). We believe this is a good test in
this case, as nonlinear dimensionality reduction is used in almost every scRNA-seq study (Svensson
et al., 2020). As we can see in Figure 2.8b, the clusters on our graph correspond to sensible regions
in UMAP-space as well. In the supplementary material, we provide interpretations for some of these
clusters. Figure 2.8a shows another UMAP consistency plot, for the LifeLines-DEEP dataset.

In the supplementary material, we give variants of the UMAP consistency plot for both the LifeLines-
DEEP and 10x Genomics datasets. These variants use different clustering methods (Leiden (Traag
et al., 2019) and Ensemble Clustering (Poulin & Théberge, 2019)), or tSNE instead of UMAP (Maaten
& Hinton, 2008). In all cases the results are broadly similar, except that Leiden on the LifeLines-Deep
dataset tends to put everything in one cluster.

All of the code to run the algorithm and recreate the experiments has been made publicly available
on GitHub: https://github.com/AIStats-GmGM/GmGM, and we have a package “GmGM” on PyPI.

2.5 Limitations and future work
One limitation of our algorithm is its lack of compatibility with the standard L1 penalty. We do
show that our restricted L1 penalty leads to better performance in synthetic data, even decisively
outperforming L1-penalized prior work in some cases (Figure 2.4c). In the supplementary material,
we also show that our restricted penalty leads to much better performance on the E-MTAB-2805
transcriptomics dataset. However, it would be nice to incorporate the standard L1 penalty, as it is a
well-studied and well-accepted technique. This would be a rewarding avenue for future work.

Another limitation of our algorithm is that it does not handle the case in which two axes partially
overlap. For example, in the LifeLines-DEEP dataset, not every person is in both the metabolomics and
metagenomics datasets. For now, our solution to this is to restrict ourselves to the subset of indices that
are available in all modalities sharing that axis (this was about 90% of people in the LifeLines-DEEP
dataset). Prior multi-axis methods could only handle a single modality, whereas this partial overlap
problem only arises when considering multiple modalities - a case which we are the first to consider.
We intend to relax this restriction in future work.

One notable effect of our algorithm’s speed improvements is that we are now limited by RAM rather
than runtime; this affected our experiments, wherein we were more agressive with our quality control
filtering of the 100,000 ATAC peaks in the 10x dataset. Before our work, algorithms were limited by
how long it would take to run rather than how much space was needed - our algorithm is the first to be
fast enough to hit memory limits. Our algorithm has a theoretically optimal space usage of O(

∑
ℓ d

2
ℓ),

since the output is a set of dℓ × dℓ precision matrices. However, given that we are often interested
in sparse matrices, an avenue for future work would be to create variants of the algorithm that are
capable of leveraging this sparsity. As our algorithm (along with the fastest prior work, EiGLasso and
TeraLasso) depends on eigendecompositions, this would be a nontrivial task.

2.6 Conclusion
We have created a novel model, GmGM, which successfully generalizes Gaussian graphical models to
the common scenario of multi-modal datasets. Furthermore, we demonstrated that our algorithm is
significantly faster than prior work focusing on Gaussian multi-graphical models while still preserving
state-of-the-art performance. These improvements allow multi-graphical models to be applied to
datasets with axes of length in the tens of thousands. Additionally, we showed how to integrate a couple
natural priors into our model, as well as provided a technique to partition datasets into smaller portions
before analysis. The latter is particularly useful as runtime scales cubically after the computation of
the empirical Gram matrices; partitioning a dataset in half provides an eightfold speedup. Finally, we
demonstrated the application of our algorithm on five real-world datasets to prove its efficacy.
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Chapter 3

Gaussian graphical modelling without
independence assumptions for
uncentered data

The following paper arose out of a problem with a consistent assumption made about datasets in a
multi-axis context: that they are centered (i.e. assuming that the mean is zero). This assumption was
applied in all Kronecker-sum-structured prior work, including our work in Chapter 2. Not only is this a
clearly false assumption, but it has drastic effects on the accuracy of the results (as we will show in the
this paper).

For single-axis work, assuming a mean of zero is easily justifiable - and this is likely why it was
overlooked in multi-axis work. After all, if one has many samples, it is easy to find and remove the
mean. The crucial difference in the multi-axis case is that one does not have many samples - there is
only one sample (the matrix itself). There are a few ad-hoc methods to address this; in this paper, we
introduce a statistically rigorous method, and show how it outperforms those ad-hoc methods. We
developed a solution as a wrapper around existing algorithms - thus, one could use it with GmGM,
TeraLasso, or any other existing Kronecker-sum-structured method.

While the paper solves an important problem, it is not efficiently scalable to large datasets - the
algorithm flip-flops between mean estimation and conditional dependency estimation, and thus requires
running GmGM (or TeraLasso) multiple times to arrive at a solution. However, we did future-proof
the method by ensuring its compatibility with our improved version of GmGM (Chapter 6) which was
in concurrent development with this method, and we showed in this paper’s appendix (Appendix B)
that one could still get the majority of the benefit by only flip-flopping a handful of times. It would not
scale to millions of cells, but in concert with the developments of Chapter 6 it should still be scalable
far beyond what state-of-the-art was before this thesis.

The paper was published in the Proceedings of the AAAI Conference on Artificial Intelligence in
2025. It is presented unchanged from the published version, except for formatting changes to fit the
thesis style. The supplementary material for the paper is available in Appendix B, which contains
further details and experiments. For further details and experiments that came up during the viva, see
Appendix H.
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Abstract. The independence assumption between random variables is a useful tool to increase
the tractability of a modelling framework. However, this assumption can be too simplistic; failing
to take dependencies into account can cause models to fail dramatically. The field of multi-axis
graphical modelling (also called multi-way modelling, Kronecker-separable modelling) has seen
growth over the past decade, but these models require that the data have zero mean. In the
multi-axis case, inference is typically done in the single sample scenario, making mean inference
impossible.

In this paper, we demonstrate how the zero-mean assumption can cause egregious modelling
errors for Kronecker-sum-decomposable Gaussian graphical models, as well as propose a relaxation
to the zero-mean assumption that allows the avoidance of such errors. Specifically, we propose the
“Kronecker-sum-structured mean” assumption, which leads to models with nonconvex-but-unimodal
log-likelihoods that can be solved efficiently with coordinate descent.
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3.1 Introduction
We often wish to find networks (‘graphs’) that describe our data. For example, we may be interested in
gene regulatory networks in biology, or social interaction networks in epidemiology. In these cases, the
graph itself is an object of interest. When the goal of an analysis does not involve a graph, the creation
of one can still be useful as a preprocessing step for further insights, such as for clustering. Their use is
not limited to clustering; the first step of the popular dimensionality reduction method UMAP, for
example, is to create a (typically nearest neighbors) graph McInnes et al., 2020, but one could also
experiment with other graphs.

While there are many types of graphs, this paper will focus on conditional dependency graphs.
Intuitively, two vertices are connected in such a graph if they are still statistically dependent after
conditioning out the other variables. We denote the property that x and y are conditionally independent,
given z, as x ⊥⊥ y | z. We will focus on the case where we condition over all other variables in the
dataset D, i.e. where z = D\x\y

def
= D − {x, y}.

x ⊥⊥ y | z def⇐⇒ P
[
x, y | z

]
= P

[
x | z

]
P
[
y | z

]
Conditional dependency graphs have several convenient properties. They are interpretable, and

intuitively capture the ‘direct effect’ of two variables on each other (rather than ‘indirect effects’ passing
through confounders and mediators). They are typically sparse, and are related to causality1. They
also have a very useful property in multivariate Gaussian datasets, namely that two Gaussian variables
are conditionally independent if and only if the corresponding term in the inverse covariance matrix is
zero.

x ⊥⊥ y | D\x\y
Gaussian⇐⇒ Σ−1xy = 0

The inverse covariance matrix is also called the precision matrix, and we will denote it Ψ. It can be
interpreted as an adjacency matrix for the graph of conditional dependencies. Due to this convenient
correspondence, and due to the fact that practically all multi-axis work has so far been limited to the
Gaussian case, we will assume in this paper that our data is Gaussian. This type of model, without the
Gaussian assumption, is more generally known as a Markov random field.

Through tools such as the Nonparanormal Skeptic Liu et al., 2012, this assumption can be weakened
to the Gaussian copula assumption (intuitively, the variables have arbitrary continuous marginals but
still interact ‘Gaussian-ly’).

When making independence assumptions, this problem is solved by well-known methods such as the
Graphical Lasso Friedman et al., 2008. However, independence assumptions are often false in practice.
They become particularly egregious in the case of omics data, such as single cell RNA-sequencing
(scRNA-seq). These datasets take the form of a cells-by-genes matrix. We might be interested in a
gene regulatory network, in which case we assume the cells are independent. Alternatively, we might
be interested in the cellular microenvironment, in which case we assume the genes are independent.
Whichever one we want to learn, we are put in the awkward position of assuming the other does not
exist.

To avoid independence assumptions altogether, we can vectorize our dataset X: vec [X] ∼ N (µ,Ψ−1).
Instead of n samples of m features, we have 1 sample of nm features (each element of the data matrix
is a feature). For scRNA-seq, the precision matrix is of size O(n2m2) and represents the dependencies
between different (cell, gene) pairs. The problem becomes both computationally and statistically
intractable; we quickly run out of space to store such matrices, and have no way of being confident in
our results to any degree of statistical certainty. We need to find a middle ground between independence
and full dependence.

To do this, we can take advantage of matrix structure. We are not truly interested in a graph
of (cell, gene) pairs, but rather a graph of cells and a graph of genes. Thus, we can make a ‘graph
decomposition assumption’; our (cell, gene) pair graph should be able to be factored (for some definition
of factoring ζ) into the cell graph and the gene graph: vec [X] ∼ N (µ, ζ

(
Ψcells,Ψgenes

)−1
).

1Under modest assumptions, that can be violated in some real-world scenarios, conditional dependency graphs form
the ‘skeleton’ of a causal directed acyclic graph, i.e. the causal graph with directionality removed.
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Several choices of decomposition have appeared in the literature, such as the Kronecker product
Dutilleul, 1999 and squared Kronecker sum decompositions Wang et al., 2020; in this paper, we
focus on the Kronecker sum decomposition Kalaitzis et al., 2013 due to its popularity, convexity,
relationship to conditional dependence, interpretability as a Cartesian product, and correspondence to
a maximum entropy distribution. The Kronecker sum is denoted ⊕ and is defined as Aa×a ⊕Bb×b =
Aa×a ⊗ Ib×b + Ia×a ⊗Bb×b, where ⊗ is the Kronecker product. The operation is associative, allowing
a straightforward generalization to more than two axes (i.e. tensor-variate datasets); this was first
explored by Greenewald et al. (2019). Under the zero-mean and Kronecker sum decomposability
assumptions, the model for a dataset D is as follows:

D ∼ NKS
(
0, {Ψℓ}ℓ

)
⇐⇒ vec [D] ∼ N

0,

⊕
ℓ

Ψℓ

−1


The zero-mean assumption is conspicuous, but necessary; recall that we transformed our dataset
from n samples and m features to a single sample of nm features. Estimating the mean of a single
sample is a recipe for disaster; when one centers the dataset, they will be left with a constant zero
vector.

We could consider decomposing the mean of our model, just like for our precision matrices. A natural
and analogous decomposition would be that our mean takes the form µcells⊕̃µgenes = µcells⊗1+1⊗µgenes;
this operation intermixes the means in the same way the Kronecker sum intermixes the variances. For
Kronecker product models (not Kronecker sum models), this has been considered before Allen and
Tibshirani, 2010. It was shown that the maximum likelihood for µℓ has the following form (in the
two-axis case, where dℓ represents the number of elements in axis ℓ):

µ1 =
1T
(
X− 1µT2

)
d2

µ2 =
1T
(
X− 1µT1

)
d1

We will see later that such formulas are not as simple in the Kronecker sum case. First, though,
let us note that the estimate of µℓ does not depend on the dependencies in the data (Ψℓ). This is
a mathematically convenient property to have, but is philosophically troubling. Suppose we have a
dataset of only two points, both distinct and independent. The true mean value is just their average.
Now, suppose we duplicate the first point several times, perhaps with some modest noise added - the
mean estimate will lie much closer to the first point.

In fact, we can choose how many times to duplicate the first or second points in order to place the
estimated mean anywhere between the original points. However, this estimated mean is an artifact of
the dependencies in our data! The true mean, ultimately, still lies at its original location.

3.1.1 Our contributions
We are naturally led to the following question:

Problem 1. For the noncentral Kronecker sum model, does using the mean decomposition
⊕̃

ℓµℓ allow
its parameters to be effectively estimated?

In this paper, we show that the answer to this question is yes. For the Kronecker-sum-structured
model, the estimators for µℓ depend on Ψℓ. However, due to this dependency, our problem is no longer
convex; there could be some non-global minima!

Problem 2. Is our estimator for the parameters of the noncentral Kronecker-sum-structured normal
distribution guaranteed to be the global maximum likelihood estimator?

We also show that the answer to this question is affirmative; in fact, there are no non-global minima,
despite the nonconvexity.

One may also wonder if the zero-mean assumption is truly problematic. In fact, the zero-mean
assumption can have an extremely dramatic negative effect on performance. In the simple scenario in
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Figure 3.1: Precision and recall for a synthetic dataset in which data was generated from a Kronecker-
sum normal distribution with a constant value of 1 added to every entry of the matrix. Error bars are
the best/worst performance over 10 trials; the center line is average performance.

which we add a constant offset to every element, we can see that methods that do not try to estimate
the mean are practically worthless, whereas those that do (which we shall call ‘noncentral’) maintain
reasonable performance (Figure 3.1).

3.1.2 Notation
In this paper, lowercase letters a will refer to scalars, lowercase bold v will refer to vectors, uppercase
bold M will refer to matrices, and uppercase calligraphic T will refer to tensors. We will conceptualize
our dataset to be a tensor D with axes lengths dℓ for each axis ℓ. d<ℓ and d>ℓ are shorthands for the
product of lengths of axes before and after ℓ, respectively. d\ℓ is the product of all axes other than ℓ;
from the perspective of ℓ, this is the number of samples for that axis. d∀ is the product of all dℓ. We
typically follow the notation of Kolda and Bader (2009) for tensor operations.

Let Ia and 1a be the a× a identity matrix and length a vector of ones, respectively. We formally
define the Kronecker sum of matrices and analogous operation on vectors as follows:

⊕
ℓ

Ψℓ =
∑
ℓ

Id<ℓ
⊗Ψℓ ⊗ Id>ℓ

⊕̃
ℓ
µℓ =

∑
ℓ

1d<ℓ
⊗ µℓ ⊗ 1d>ℓ

We will let Ψ\ℓ be a shorthand for
⊕

ℓ′ ̸=ℓΨℓ′ , with an analogous definition for µ\ℓ. Kronecker
products, and by extension Kronecker sums, have a convenient permutation-invariance property; we can
swap the order of summands without affecting the results, as long as we perform this swap consistently
across an equation and permute matrices accordingly; we can typically rewrite equations involving
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⊕
ℓΨℓ into those involving Ψℓ⊕Ψ\ℓ. We will define Ω =

⊕
ℓΨℓ and ω =

⊕̃
ℓµℓ. We define noncentral

Kronecker sum normal distribution as:

vec [D] ∼ N
(
ω,Ω−1

)
We let KM be the space of Kronecker-sum-decomposable matrices2, i.e. Ω ∈ KM. Likewise, ω ∈ Kv

is the space of Kronecker-sum-decomposable vectors. Finally, let KMv be the space of vectors of the
form Xy, where X ∈ KM,y ∈ Kv. All of these spaces are linear subspaces of Rd∀ or Rd∀×d∀ . We may
use K as a shorthand when discussing properties that apply to both KM and Kv.

It is important to note that the parameterization of K we have used so far is not identifiable. If∑
ℓ cℓ = 0, then

⊕
ℓ (Ψℓ + cℓI) =

⊕
ℓΨℓ. Greenewald et al. (2019) use the identifiable representation

τI∀ +
⊕

ℓ Ψ̃ℓ, where tr
[
Ψ̃ℓ

]
= 0. Likewise, we can identifiably represent our mean decomposition as

m1+
⊕̃

ℓµ̃ℓ, where 1T µ̃ℓ = 0.
The last important property we will introduce is the matrix representation of Kronecker products

of vectors: note that µℓ ⊗ 1d\ℓ =
(
Idℓ ⊗ 1d\ℓ

)
µℓ.

3.2 Estimation method
As a shorthand, let x = vec [D]. Our negative log likelihood looks just like that of our normal
distribution, except that the parameters are restricted to lie in K. To ensure existence of Ω, it is
necessary to either add a regularization penalty, as in TeraLasso, or restrict Ω to a low-rank subspace,
as proposed by Andrew et al. (2024b). These are details of the estimator for Ω, which do not affect the
estimator of ω; we do not focus on these aspects of the problem.

p (D) =
√
|Ω|

(2π)
d∀
2

e
−1
2 (x−ω)TΩ(x−ω)

NLL (D) ∝ −1
2

log |Ω|+ 1

2
(x− ω)

T
Ω (x− ω)

Despite its ubiquity, the normal distribution is actually fairly poorly behaved from an optimization
perspective; its NLL is not convex, nor is it even geodesically convex Hosseini and Sra, 2015. Thankfully,
the MLE of the mean (for the unrestricted normal) has a closed form solution, ω = 1

n

∑n
i xi, so this

nonconvexity does not affect results in practice. Unfortunately, due to our Kv restriction, this solution
no longer holds.

While it is not convex in (Ω,ω) jointly, it is convex in each argument individually - i.e, it is
biconvex. This suggests a flip-flop optimization scheme. For fixed ω, the estimation of Ω reduces to
the noncentral case (by subtracting out ω); several algorithms already exist to solve this. Thus, we
focus on optimization when Ω is fixed.

Optimization w.r.t. ω can be framed as a convex constrained quadratic programming (QP) problem.
However, it will turn out to be convenient to further break the problem up into its constituent parts(
m, {µ̃ℓ}

)
, and minimize them each individually. Let θℓ = 1Tdℓ′Ψℓ′1dℓ′ , θ\ℓ =

∑
ℓ′ ̸=ℓ

d∀
dℓdℓ′

θℓ, and xℓ be
the vectorization of D done in the order as if axis ℓ were the first axis. To preserve space, we will defer
the algebraic manipulations to the appendix, and simply note here that the optimal value of m, with
all other values fixed, is:

m =

(
x−

⊕̃
ℓµ̃ℓ

)(⊕̃
Ψℓ1dℓ

)
∑
ℓ d\ℓθℓ

(3.1)

Observe that, when the elements of x are independent, this formula expresses the average distance
of the dataset from 0 (after accounting for the axis-wise means µ̃ℓ).

2Technically, we need to specify the dimensionality of each term in the decomposition to define this space, but this
would be notationally cumbersome and is always clear from context.
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Figure 3.2: A graphical summary of the manner in which we divide our problem into sub-problems.
While the main problem is nonconvex, all sub-problems are convex, and by Theorem 4 the main problem
has a unique solution.
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For µ̃ℓ (with µ̃\ℓ fixed, and again deferring the derivation to the appendix) we have the following
QP problem:

argmin
µ̃ℓ

µ̃Tℓ Aℓµ̃ℓ + bTℓ µ̃ℓ

where Aℓ = d\ℓΨℓ + θ\ℓIdℓ

bℓ = md\ℓ1
T
dℓ
Ψℓ +mθ\ℓ1dℓ +

[
µ̃T\ℓΨ\ℓ1d\ℓ

]
1dℓ

− xTℓ

(
Ψℓ ⊗ 1d\ℓ

)
− xTℓ

(
1ℓ ⊗Ψ\ℓ1d\ℓ

)
µ̃Tℓ 1dℓ = 0

Parts of the definition of bℓ can be simplified further, leading to more efficient computations, but
such manipulations are notationally complicated to express; we defer them to the appendix, where we
also show that Aℓ is guaranteed to be invertible. QP problems with linear equality constraints have
closed-form solutions. In particular, we have that:

µ̃ℓ =
1TdℓA

−1
ℓ bℓ

1TdℓA
−1
ℓ 1dℓ

A−1ℓ 1dℓ −A−1ℓ bℓ (3.2)

As we have closed-form solutions to all our coordinatewise minima, block coordinate descent is
a natural solution. While typically it is advisable to avoid directly calculating inverses A−1ℓ in the
solution to QP problems, inversion here is likely to be cheap; most solvers for Ψℓ require calculating
eigendecompositons of Ψℓ. Thus, the eigendecomposition, and hence inverse, of Aℓ is readily available.
This answers Problem 1.

Some methods, such as GmGM Andrew et al., 2024a, require only a single eigendecomposition, and
then find the optimum while staying in ‘eigen-space’. They use the eigenvectors of covariance matrices;
when the mean is updated, the new covariance matrices can be expressed in terms of rank-one-updates
of the original covariance matrix.

Rank-one updates of eigendecompositions are cheap (comparatively); thus, for each flip-flop of
our algorithm, if GmGM is used as the solver for Ψℓ, then it can stay entirely in eigenspace - we
preserve the ‘only-one-eigendecomposition’ property of GmGM. Other methods, such as TeraLasso,
will still require multiple eigendecompositions, but these will remain useful for our calculation of A−1ℓ .
It is because of these convenient computational properties that we have chosen a flip-flop route for
estimation of µ̃ℓ, despite the fact that the optimization problem is jointly convex in {µ̃ℓ}ℓ.

See Algorithm 1 for a pseudocode presentation of our algorithm. Note that the pseudocode does not
take into account potential speedups that come from sharing information between the precision matrix
and mean estimation tasks, such as sharing eigenvectors. We wanted our method to be able to be used
as a ‘drop-in wrapper’ for pre-existing methods. Accordingly, we have presented and implemented our
methodology in its most general form. For a graphical overview of how we optimize, see Figure 3.2.

3.3 Global optimality and complexity
The optimization procedure we consider is not convex, merely biconvex. How do we know if the solution
we find is globally optimal? In this section, we will show that, despite the non-convexity, the problem
still has the property that all local minima are global minima. In fact, when identifiable representations
are used, we will see that there is exactly one minimum. As in the last section, we will defer the more
mechanical details of the proof to the appendix, and rather give a sketch of the main ideas here.

Theorem 4. The maximum likelihood of the noncentral Kronecker-sum-structured normal distribution
has a unique maximum, which is global. The estimator defined by Algorithm 1 converges to this.

Proof. See appendix. Sketch given below.

The general idea is to perform a one-to-one transformation on the problem to turn it into a strictly
convex problem in a different set of parameters - specifically, an instance of conic programming with



3.3. GLOBAL OPTIMALITY AND COMPLEXITY 53

Algorithm 1 Noncentral KS-structured Gaussian MLE
Input: Dataset D of size d1, ..., dK
Input: Sub-procedure

⊕
GRAPH that estimates Ψℓ

such as TeraLasso, GmGM
Output: Identifiable MLE

(
m, µ̃ℓ, τ, Ψ̃ℓ

)
#Initialize Parameters with Reasonable Guesses
m(0) ← 1

d∀

∑d∀
i=1 vec [D]i

for ℓ ∈ {1, ...,K}
Let xℓ be vectorized D with ℓ as first axis.
Initial guess is the mean along axis ℓ:
µ̃

(0)
ℓ ←

1
d\ℓ

∑d\ℓ
i=1 xℓ,i −m(0)

end for
#Iterate Until Convergence
while not converged{

Ψ
(i+1)
ℓ

}
ℓ
←
⊕

GRAPH
(
D −m(i)1−

⊕̃
ℓ′µ

(i)
ℓ

)
while not converged

#Find Mean Parameters
m(i+1) ← (Equation 3.1)
for ℓ ∈ {1, ...,K}

µ̃
(i+1)
ℓ ← (Equation 3.2)

end for
end while

end while
Map {Ψℓ} to identifiable parameterization

({
Ψ̃ℓ

}
, τ

)

linear constraints. Letting A be our original problem, A′ be a slight modification of it, and B be the
conic problem, we show the following chain of implications:

(ω,Ω) ∈ local minima (A)

⇐⇒ (ω,Ω, s = 1) ∈ local minima
(
A′
)

⇐⇒ (Γ) ∈ local minima (B)

⇐⇒ (Γ) ∈ global minima (B) (convexity)

Γ is a one-to-one function of ω,Ω, and s, where s is somewhat like a slack variable. We show that
local minima always occur at s = 1, and furthermore that at local minima, the value of the objective
function of A equals the value of the objective function of B for the corresponding parameters. Thus,
all local minima of A must obtain the same value, i.e. they are global minima. In fact, because the
transformation is one-to-one, and B has a unique global minimum, there is exactly one local minimum
of A.

The transformation we use is:

x ∼ N
(
ω,Ω−1

)
→
[
x
1

]
∼ N

(
0,Γ−1

)
Γ =

[
Ω −Ωω

−ωTΩ 1
s + ωTΩω

]
s > 0

We first came across a similar transformation in a paper by Hosseini and Sra (2015), although their
transformation was for the covariance matrix; this transform here can be derived from theirs using
block matrix inversion. The variable 1

s is used to allow Γ to be any positive definite matrix (subject
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to constraints on Ω,ω). Otherwise, the value of the bottom right entry would be determined by the
other entries. It should be clear that, as long as Ω is positive definite, this transformation is one-to-one
given a fixed s. If it is merely positive semidefinite, we cannot guarantee the global minimum is unique
(but all local minima remain global); typically, solvers for Kronecker-sum-structured Ω require it to be
positive definite.

The strategy used to prove the chain of implications is to show that, when s = 1, A and A′

correspond to the same optimization problem. Since (Ω,ω, s)→ Γ is a one-to-one mapping, as well as
the fact that this mapping preserves the objective function’s values, and finally the fact that KMv is a
linear subspace and hence preserves strict convexity of B, we have that there is exactly one minimum
to B which by the chain of implications is also the unique minimum of A.

All such claims are proven in the appendix. In particular, uniqueness of the global minimum holds
when one uses convex regularization penalties on Ω, and furthermore holds (subject to a reasonable
constraint on ω) when one restricts Ω to be a low-rank matrix, such as that considered by a variant of
GmGM Andrew et al., 2024b. The proof in the latter case is considerably more complicated, requiring
mathematical machinery particularly from work by Hartwig (1976) and Holbrook (2018); it holds when
we restrict ω to be orthogonal to the nullspace of Ω (a reasonable assumption since data generated
from the distribution should also be orthogonal to the nullspace).

We claimed that our block coordinate descent algorithm converges to this unique optimal value.
Block coordinate descent methods are not guaranteed to converge for smooth nonconvex problems.
However, when there is a unique minimum for each block, as is the case here, block coordinate descent
is known to converge Luenberger and Ye, 2008; Tseng, 2001.

For simplicity, we report runtimes in which all dimensions of the input tensor with k dimensions
are the same size n. The runtime complexity of our model is O(I(G+M)), where I is the number of
iterations, G is the cost of graph estimation, and M is the cost of mean estimation. There are several
O(n3 + nk) algorithms for graph estimation, such as TeraLasso. Our mean estimation step can also
naively be done in O(n3) due to it requiring matrix inverses3. Thus, complexity is O(I(n3 + nk)). It’s
natural to ask how large I needs to be; in the supplementary material, we show empirically that I = 2
or 3 is usually sufficient.

3.4 Results

Figure Mean Distribution

Figure 3.1 Constant mean of 1
Figure 3.3 m+

⊕̃
ℓµℓ

µℓ ∼ N (0, I), m ∼ N (0, 1)
Figure 3.4 (left) ω ∼ N (0, 1

20I)
Figure 3.4 (right) ω

14
ωij ∼ Poisson(10)

Table 3.1: The distributions of the means in each of our synthetic data experiments, and the corre-
sponding figures. Both mean distributions for Figure 3.4 have a variance of 0.05. This variance had to
be smaller for the unstructured distributions, otherwise the noise would overwhelm the signal in all
algorithms.

All experiments were run on a 2020 MacBook Pro with an M1 chip and 8 GB of RAM. Our method
was implemented using NumPy 1.25.2 Harris et al., 2020 and SciPy 1.12.0 Virtanen et al., 2020; for
precision matrix routines, we used Greenewald et al.’s reference implementation of TeraLasso (2019) as
well as GmGM 0.5.3. GmGM and TeraLasso are fairly similar algorithms; GmGM outputs positive
definite matrices and does not use regularization, while TeraLasso uses regularization and does not
require the outputs to be positive definite (as long as the Kronecker sum of the outputs is). By
presenting results with each algorithm, we hope to show that our proposed mean estimation algorithm

3Most graph estimation algorithms produce the eigendecomposition of Ψℓ, and hence Aℓ, as a subroutine. Assuming
this is then passed to the mean estimation step, mean estimation is only O(n2).
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Figure 3.3: Precision and recall for on a synthetic dataset in which data was generated from a
noncentral Kronecker-sum normal distribution. Noncentral TeraLasso’s high susceptibility to changes
in the regularization parameter led to our grid search being too coarse-grained during some trials.

is not specific to any one method of precision estimation. All code is provided in the supplementary
material.

In this section, we compare the performance of precision matrix algorithms with and without our
mean estimation wrapper across a variety of test suites. We first compare performances on synthetic
data, in which the graphs are generated from a Barabasi-Albert (power-law) distribution. We generate
means for our synthetic data from a variety of distributions; see Table 3.1. We also compare them
on Erdos-Renyi graphs, achieving similar results, but for conciseness we defer those results to the
appendix. Next, we compare performances on the real-world COIL-20 video dataset (Nene et al., 1996),
demonstrating clear improvements. Finally, we show that, without properly taking into account the
mean, precision matrix estimation will yield clearly wrong results on transcriptomics datasets such as
the mouse embryo stem cell ‘E-MTAB-2805’ dataset Buettner et al., 2015.

For synthetic data, we saw the dramatic deterioration in performance of algorithms that make the
zero-mean assumption in Figure 3.1, while mean-corrected algorithms still perform well. Zero-mean
algorithms also perform poorly when we generate data from the noncentral Kronecker-sum-structured
Gaussian distribution; understandably, our correction is immune to this problem (Figure 3.3).

Finally, we may wonder what happens if our mean has absolutely no structure, with every element
of our generated matrix having a different, independent mean. We compared both Gaussian and
Poisson-distributed random means (Figure 3.4) and found that there was still a drop-off in performance
for Poisson means, but not nearly as dramatic as that seen in the other cases considered. There was no
drop-off in the Gaussian case.

When we increased the variance of our means in our unstructured tests, both the standard algorithms
and our mean-corrected algorithms dropped in performance equally. We suspect this is because, for
large variances, the signal is overwhelmed by the noise. For small variances, since each row/column of
the mean is uncorrelated, their effects average to zero, and thus our mean-corrected algorithms will
also estimate means of zero (making them identical to the uncorrected case). The Poisson distribution
behaves slightly differently, as the mean is instead a constant nonzero number, and hence our mean-
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Figure 3.4: Precision and recall for on a synthetic dataset in which data was generated from a zero-mean
Kronecker-sum normal distribution, with independent Gaussian (left) and Poisson (right) noise added
to every element. Error bars are the best/worst performance over 10 trials; the center line is average
performance.

corrected algorithm is able to correctly account for this, whereas the standard algorithms experience
degradation in performance similar to that of the constant-mean offset test (Figure 3.1).

The unstructured mean experiment has important consequences: if real-world data has an unstruc-
tured mean, then it is less important to correct for the means! However, it is likely that the mean
does have a structured component, as each axis will have its own latent factors affecting the outcome
in addition to any unstructured noise that may or may not exist. To demonstrate this, we run our
algorithm on two real-world datasets, showing that our mean correction truly does improve performance
in practice.

The COIL-20 dataset consists of 20 videos (each with 72 frames) of objects rotating 360 degrees; it
has become somewhat customary for multi-axis methods to present their performance on the rubber
duck object of this dataset. The dataset is chosen because of its ease to validate: frames that are
close in time (i.e. adjacent) should be connected in the graph. We present our results graphically
in Figure 3.6, from which we can easily see the improvement. We pre-processed the data using the

0% 1% 10% 100%
Percentage of edges kept (log scale)

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

As
so

rta
tiv

ity
(G

1 
vs

 S
 v

s G
2M

)

Min assortativity: -0.47

Assortativity of
GmGM cell graph

GmGM
Random
Min assortativity

0% 1% 10% 100%
Percentage of edges kept (log scale)

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

As
so

rta
tiv

ity
(G

1 
vs

 S
 v

s G
2M

)

Max assortativity: 0.16

Assortativity of
noncentral GmGM cell graph

Noncentral GmGM
Random
Max assortativity

Figure 3.5: Assortativity of standard GmGM and our mean-corrected GmGM as we vary the number
of edges kept, on the E-MTAB-2805 cell-cycle dataset. The cells were labeled by their stage in the cell
cycle (G1/S/G2M).



GmGM Noncentral GmGM TeraLasso Noncentral TeraLasso

Figure 3.6: Each circle represents the results of an algorithm on the COIL-20 dataset; ‘noncentral’
denotes our mean estimation method. Dashed blue lines indicate connections between non-adjacent
frames; solid black lines indicate adjacent connections.

nonparanormal skeptic Liu et al., 2012 to relax the Gaussian assumption of the models, and we chose
thresholding/regularization parameters such that there would be approximately 144 edges.

We considered ‘correct’ edges to be those connecting adjacent frames or frames with a single frame
in between. GmGM had 59/147 (40%) correct and TeraLasso had 55/142 (39%) correct. Once we
wrap the methods in our mean estimation procedure, this rose to 127/147 (86%) and 126/141 (89%),
respectively. Furthermore, all ‘wrong’ connections of our noncentral algorithms were nearly correct:
with one exception, every connection was between frames with at most two frames between them. For
the standard algorithms, more than a third of all edges failed this criteria. The noncentral algorithms
also had high recall, at 88% for both noncentral GmGM and TeraLasso. The uncorrected algorithms
had a recall of 41% and 38%. Overall, the results for this experiment are conclusively in favor of using
our correction.

Our final experiment is on the E-MTAB-2805 scRNA-seq dataset. This dataset consists of 288
mouse embryo stem cells and 34,573 unique genes, with each cell being labeled by its stage in the
cell cycle (G1, S, or G2M). It has previously been considered by the creators of scBiGLasso Li et al.,
2022, in which they limited it to a hand-selected set of 167 mitosis-related genes - we limited it to the
same set of genes. We would expect that cells at the same stage in the same cycle should have some
similarities, and hence should have some tendency to cluster together in our learned graphs.

We can use ‘assortativity’ as a measure for the tendency for cells within a stage to connect:
assortativity ranges from -1 to 1. When it is positive, it indicates the tendency of nodes in the same
cell cycle stage to connect to each other. If it is negative, cells in differing cell cycle stages tend to be
connected to each other. If zero, there is no tendency; the connections are random.

Without correcting for the mean, we find that there is a very strong tendency for cells in the same
cell cycle to not connect (assortativity = -0.47). This runs contrary to intuition: cells with some factor
in common should not be caused by that same factor to look different. When correcting for the means,
we see a modest positive tendency (assortativity = 0.16), which is more reasonable. Figure 3.5 shows
the change in assortativity for GmGM, with and without our correction, as we vary the threshold of
how many edges to keep.

3.5 Conclusion
Current Kronecker-structured models do not take into account the mean of the data. As one might
expect, this can lead to wildly incorrect inferences (Figures 3.1 and 3.5). In fact, it can result in
inferences directly opposite to reality: as thresholding/regularization increased, zero-mean algorithms
decreased in both precision and recall, and identified an extremely strong (and incorrect) repulsive
force between cells in the same stage of the cell cycle.

In this paper, we have demonstrated that this can be fixed by adding a mean-estimating wrapper
around standard algorithms. While the means and precisions are nonseperable in the KS-structured
case, and hence coincide with a nonconvex optimization problem, we proved that there is a unique
global optimum, to which our algorithm converges. We implemented our algorithm as a ‘drop-in’
wrapper (for easy use with any standard precision-estimating algorithm), but with minor modifications
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it can be made to preserve the ‘only-one-eigendecomposition’ property of GmGM.

Bibliography for Paper 2

Allen, G. I., & Tibshirani, R. (2010). Transposable regularized covariance models with an application
to missing data imputation. The annals of applied statistics, 4 (2), 764–790. https://doi.org/10.
1214/09-AOAS314

Andrew, B., Westhead, D. R., & Cutillo, L. (2024a, January). GmGM: A fast multi-axis Gaussian
graphical model [Conference Name: The 27th International Conference on Artificial Intelligence
and Statistics ISSN: 2640-3498 Meeting Name: The 27th International Conference on Artificial
Intelligence and Statistics Place: València, Spain Publisher: Proceedings of Machine Learning
Research]. Retrieved July 16, 2024, from https://eprints.whiterose.ac.uk/208283/

Andrew, B., Westhead, D. R., & Cutillo, L. (2024b, July). Making Multi-Axis Gaussian Graphical
Models Scalable to Millions of Samples and Features [arXiv:2407.19892 [cs, q-bio, stat]].
https://doi.org/10.48550/arXiv.2407.19892

Buettner, F., Natarajan, K. N., Casale, F. P., Proserpio, V., Scialdone, A., Theis, F. J., Teichmann, S. A.,
Marioni, J. C., & Stegle, O. (2015). Computational analysis of cell-to-cell heterogeneity in single-
cell RNA-sequencing data reveals hidden subpopulations of cells [Number: 2 Publisher: Nature
Publishing Group]. Nature Biotechnology, 33 (2), 155–160. https://doi.org/10.1038/nbt.3102

Dutilleul, P. (1999). The mle algorithm for the matrix normal distribution [Publisher: Taylor & Francis
_eprint: https://doi.org/10.1080/00949659908811970]. Journal of Statistical Computation and
Simulation, 64 (2), 105–123. https://doi.org/10.1080/00949659908811970

Friedman, J., Hastie, T., & Tibshirani, R. (2008). Sparse inverse covariance estimation with the graphical
lasso. Biostatistics, 9 (3), 432–441. https://doi.org/10.1093/biostatistics/kxm045

Greenewald, K., Zhou, S., & Hero, A. (2019). Tensor graphical lasso (TeraLasso) [Publisher: [Royal
Statistical Society, Oxford University Press]]. Journal of the Royal Statistical Society. Series B
(Statistical Methodology), 81 (5), 901–931. Retrieved July 16, 2024, from https://www.jstor.
org/stable/26833080

Harris, C. R., Millman, K. J., van der Walt, S. J., Gommers, R., Virtanen, P., Cournapeau, D., Wieser,
E., Taylor, J., Berg, S., Smith, N. J., Kern, R., Picus, M., Hoyer, S., van Kerkwijk, M. H.,
Brett, M., Haldane, A., del Río, J. F., Wiebe, M., Peterson, P., . . . Oliphant, T. E. (2020).
Array programming with NumPy [Number: 7825 Publisher: Nature Publishing Group]. Nature,
585 (7825), 357–362. https://doi.org/10.1038/s41586-020-2649-2

Hartwig, R. E. (1976). Singular Value Decomposition and the Moore–Penrose Inverse of Bordered
Matrices [Publisher: Society for Industrial and Applied Mathematics]. SIAM Journal on Applied
Mathematics, 31 (1), 31–41. https://doi.org/10.1137/0131003

Holbrook, A. (2018). Differentiating the pseudo determinant. Linear Algebra and its Applications, 548,
293–304. https://doi.org/10.1016/j.laa.2018.03.018

Hosseini, R., & Sra, S. (2015). Matrix Manifold Optimization for Gaussian Mixtures. Advances in
Neural Information Processing Systems, 28. Retrieved July 16, 2024, from https://papers.nips.
cc/paper_files/paper/2015/hash/dbe272bab69f8e13f14b405e038deb64-Abstract.html

Kalaitzis, A., Lafferty, J., Lawrence, N. D., & Zhou, S. (2013). The Bigraphical Lasso [ISSN: 1938-7228].
Proceedings of the 30th International Conference on Machine Learning, 1229–1237. Retrieved
July 16, 2024, from https://proceedings.mlr.press/v28/kalaitzis13.html

Kolda, T. G., & Bader, B. W. (2009). Tensor Decompositions and Applications [Publisher: Society for
Industrial and Applied Mathematics]. SIAM Review, 51 (3), 455–500. https://doi.org/10.1137/
07070111X

https://doi.org/10.1214/09-AOAS314
https://doi.org/10.1214/09-AOAS314
https://eprints.whiterose.ac.uk/208283/
https://doi.org/10.48550/arXiv.2407.19892
https://doi.org/10.1038/nbt.3102
https://doi.org/10.1080/00949659908811970
https://doi.org/10.1093/biostatistics/kxm045
https://www.jstor.org/stable/26833080
https://www.jstor.org/stable/26833080
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1137/0131003
https://doi.org/10.1016/j.laa.2018.03.018
https://papers.nips.cc/paper_files/paper/2015/hash/dbe272bab69f8e13f14b405e038deb64-Abstract.html
https://papers.nips.cc/paper_files/paper/2015/hash/dbe272bab69f8e13f14b405e038deb64-Abstract.html
https://proceedings.mlr.press/v28/kalaitzis13.html
https://doi.org/10.1137/07070111X
https://doi.org/10.1137/07070111X


BIBLIOGRAPHY FOR PAPER 2 59

Li, S., López-García, M., Lawrence, N. D., & Cutillo, L. (2022, March). Scalable Bigraphical Lasso:
Two-way Sparse Network Inference for Count Data [arXiv:2203.07912 [cs, stat]]. https://doi.
org/10.48550/arXiv.2203.07912

Liu, H., Han, F., Yuan, M., Lafferty, J., & Wasserman, L. (2012). The nonparanormal SKEPTIC.
Proceedings of the 29th International Conference on Machine Learning, ICML 2012, 1415–
1422. Retrieved July 16, 2024, from https://collaborate.princeton.edu/en/publications/the-
nonparanormal-skeptic

Luenberger, D. G., & Ye, Y. (2008). Linear and Nonlinear Programming (Vol. 116). Springer US.
https://doi.org/10.1007/978-0-387-74503-9

McInnes, L., Healy, J., & Melville, J. (2020, September). UMAP: Uniform Manifold Approximation and
Projection for Dimension Reduction [arXiv:1802.03426 [cs, stat]]. https://doi.org/10.48550/
arXiv.1802.03426

Nene, S. A., Nayar, S. K., & Murase, H. (1996). Columbia Object Image Library (COIL-20).
Tseng, P. (2001). Convergence of a Block Coordinate Descent Method for Nondifferentiable Minimization.

Journal of Optimization Theory and Applications, 109 (3), 475–494. https://doi.org/10.1023/A:
1017501703105

Virtanen, P., Gommers, R., Oliphant, T. E., Haberland, M., Reddy, T., Cournapeau, D., Burovski, E.,
Peterson, P., Weckesser, W., Bright, J., van der Walt, S. J., Brett, M., Wilson, J., Millman, K. J.,
Mayorov, N., Nelson, A. R. J., Jones, E., Kern, R., Larson, E., . . . van Mulbregt, P. (2020).
SciPy 1.0: Fundamental algorithms for scientific computing in Python [Number: 3 Publisher:
Nature Publishing Group]. Nature Methods, 17 (3), 261–272. https://doi.org/10.1038/s41592-
019-0686-2

Wang, Y., Jang, B., & Hero, A. (2020). The Sylvester Graphical Lasso (SyGlasso) [ISSN: 2640-
3498]. Proceedings of the Twenty Third International Conference on Artificial Intelligence and
Statistics, 1943–1953. Retrieved July 16, 2024, from https://proceedings.mlr.press/v108/
wang20d.html

https://doi.org/10.48550/arXiv.2203.07912
https://doi.org/10.48550/arXiv.2203.07912
https://collaborate.princeton.edu/en/publications/the-nonparanormal-skeptic
https://collaborate.princeton.edu/en/publications/the-nonparanormal-skeptic
https://doi.org/10.1007/978-0-387-74503-9
https://doi.org/10.48550/arXiv.1802.03426
https://doi.org/10.48550/arXiv.1802.03426
https://doi.org/10.1023/A:1017501703105
https://doi.org/10.1023/A:1017501703105
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1038/s41592-019-0686-2
https://proceedings.mlr.press/v108/wang20d.html
https://proceedings.mlr.press/v108/wang20d.html


60



Chapter 4

The strong product model for network
inference without independence
assumptions

This paper was written at the same time as the previous paper (Chapter 3). We had recently improved
the scalability of GmGM significantly (Chapter 2), and had encouraging preliminary results for further
scalability improvements (which would go on to form the basis of Chapter 6). With these improvements,
we felt that multi-axis models were now feasible to use on real data - but were they the right tool for
the job?

In light of this question, we began to more closely consider the fundamental assumptions our models
were making: the zero-mean assumption (Chapter 3), the Gaussian copula assumption1, and the
Kronecker-sum assumption. It is this last assumption that this paper addresses.

As a reminder, the Kronecker-sum assumption has a very natural interpretation: genes can only be
conditionally dependent other genes within the same cell (or the same gene in different cells). While we
would expect the strongest dependencies to abide by this interpretation, it is easy to construct real
examples where this fails - genes involved in signalling pathways would certainly have cross-cell effects.

In light of this, we replaced the Kronecker-sum assumption with a new assumption meant to
capture cross-cell effects. The results were disappointing; accounting for cross-cell effects did not yield
significant improvement over Kronecker-sum work. There was, however, a silver lining: it justifies the
use of the Kronecker sum. While there may be some other potential model that could better account
for cross-cell effects, we took the results of this paper as suggesting we were on the right track by
working with the Kronecker sum. In light of this, the remaining two papers in this thesis were built on
Kronecker-sum-based models2.

The paper was published in the Proceedings of the International Conference on Artificial Intelligence
and Statistics in 2025. It is presented unchanged from the published version, except for formatting
changes to fit the thesis style. The supplementary material for the paper is available in Appendix C,
which contains further details and experiments. For further details and experiments that came up
during the viva, see Appendix I.

1Which we began to address, but did not have time to finish during this PhD - see Discussion Section 7.3.4
2We did look in to how one would approach fitting other models, which we discuss in Discussion Section 7.3.3.
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Abstract. Multi-axis graphical modelling techniques allow us to perform network inference without
making independence assumptions. This is done by replacing the independence assumption with
a weaker assumption about the interaction between the axes; there are several choices for which
assumption to use. In single-cell RNA sequencing data, genes may interact differently depending on
whether they are expressed in the same cell, or in different cells. Unfortunately, current methods
are not able to make this distinction. In this paper, we address this problem by introducing the
strong product model for Gaussian graphical modelling.

4.1 Introduction
It is often the case that one wishes to learn a network (‘graph’) from their data. A common example
is learning a gene regulatory network from a single-cell RNA-sequencing (scRNA-seq) dataset. This
type of dataset takes the form of a matrix whose rows represent cells and whose columns represent
genes, and whose entries quantify how much a given gene is expressed in a given cell. There are
numerous methods that perform network inference across a range of scenarios, such as the Graphical
Lasso (‘glasso’, Friedman et al., 2008), neighborhood selection (Meinshausen & Bühlmann, 2006), and
SIMoNe (Ambroise et al., 2009).

However, such methods make an independence assumption: learning the gene regulatory network
requires assuming that the cells in your body do not interact! This assumption is clearly faulty.
There are two fundamentally different types of dependencies existing in our dataset - the dependencies
between genes, and the dependencies between cells. More generally, matrix-variate datasets have
row-dependencies and column-dependencies.

We can replace the independence assumption with a weaker assumption about how these two types
of dependencies interact. We can imagine a larger graph of dependencies between matrix elements,
which is some product graph of the row-dependencies and column-dependencies - for example, by using
the Cartesian product. We will make this more formal in Section 4.2. In scRNA-seq data, the larger
graph corresponds to connections between (cell, gene) pairs.

There are many choices of graph product to use, but none of them make the distinction between
within-row and between-row interactions. A gene X might up-regulate another gene Y when both are
present in the same cell, but not have any affect on the expression of Y in some other cell (due to the
gene transcript never leaving the cell membrane). Likewise, gene X may only affect the expression of
gene Y in different cells; perhaps gene X encodes a surface protein or causes an enzyme to be secreted
which affects the behavior of nearby cells.

By taking the differences between within-row and between-row interactions into account, we can
arrive at more biologically meaningful results. In this paper, we develop a model, inspired by the
‘strong product’ graph product, that successfully differentiates and learns these types of dependencies.
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Decomposition Definition Justification Rule
Kronecker Product Ψrows ⊗Ψcols Both row[x] ∼ row[y] ∧ col[x] ∼ col[y]

Kronecker Sum Ψrows ⊕Ψcols Graph Product either row[x] ∼ row[y] ∧ col[x] =
col[y] or row[x] = row[y] ∧ col[x] ∼
col[y]

Sylvester Product (Ψrows ⊕Ψcols)
2 Generative Process N/A

Table 4.1: A comparison of the three decompositions in common use. The Kronecker product has a
long history of use, but its use in graphical modelling comes from Tsiligkaridis et al. (2012); the other
two are from Kalaitzis et al. (2013) and Wang et al. (2020), respectively. The ‘rule’ column represents
the procedure by which to derive the connections between matrix elements x and y in the full graph
Ω; ∼ is used as a shorthand for ‘is connected to’. The Sylvester Product can also be expressed as a
graph product, but one needs to use second-order connections of the axis graphs to do so; its primary
motivation is the generative process that yields it.

4.2 Background
One of the most popular methods of network inference is the Graphical Lasso (Friedman et al., 2008).
The general idea is to perform regularized maximum likelihood estimation for the inverse covariance
matrix (the ‘precision matrix’) of a Gaussian distribution. Accordingly, the method assumes your
data is Gaussianly distributed, but this can be replaced with the weaker ‘Gaussian copula’ assumption
through preprocessing tools such as the nonparanormal skeptic (Liu et al., 2012). Intuitively, the
nonparanormal skeptic allows these techniques to be used on data with arbitrary marginals, as long as
relationships between the datapoints ‘behave Gaussianly’.

argmin
Ψ

log |Ψ| − tr
[
ΨxxT

]
+ ρ∥Ψ∥1,od (Graphical Lasso)

The choice to model the data as a Gaussian is not just for computational convenience; it has the
convenient theoretical property that Ψ encodes the graph of conditional dependencies. Let x, y be two
variables from a dataset D (D\x\y = D−{x, y}), then we have the following relation for Gaussian data:

P
(
x, y|D\x\y

)
= P

(
x|D\x\y

)
P
(
y|D\x\y

)
⇐⇒Ψxy =0

Conditional dependencies encode the concept of independence after conditioning out the rest of the
dataset. Intuitively, it captures the direct relation of two variables on each other - this is in contrast to
correlation, which captures indirect relations as well. The classic example is the correlation between
shark attacks and ice cream sales due to the confounding factor of it being summer; conditioning out
the season, the two variables become independent.

Graphs of conditional dependencies should typically be sparse, by nature of their capturing the
direct effect. This forms part of the justification for the use of regularization penalties, but penalties
are also necessary since in the small-sample scenario the unregularized maximum likelihood estimate
will typically not exist.

A drawback of the Graphical Lasso is that it assumes independence of the samples. In reality, there
may be dependencies between rows Ψrows and dependencies between columns Ψcols. To solve this, we
can ‘vectorize’ our data and consider the graph of (row, column) pairs (i.e. the graph connecting all
matrix elements).

The vectorization of a d1 × d2 matrix X, denoted vec [X], is the ‘flattening’ of the matrix into a
length d1d2 vector. Whether this flattening is done in a rows-first or columns-first manner does not
matter as long as it is done consistently. We can view our data as being a set of d1 length-d2 samples
xi or alternatively as a d1 × d2 matrix X.

xi ∼
i.i.d.
N
(
0,Ψ−1cols

)
(independence assumption)

vec [X] ∼ N
(
0,Ω−1

)
(no assumption)
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The first model considers each row to be a separate sample, and each column corresponds to an
element of this vector. The second model considers our entire dataset to be a single sample, and each
element of our dataset is a (row, column) pair. We can then discuss the dependencies of such pairs, Ω,
rather than being limited to column-column dependencies.

While this removes the independence assumption, it comes with its own drawbacks. In the
independence scenario, we have d1 samples of d2 features, but in the non-independence scenario we
have 1 sample of d1d2 features! Ω has O(d21d22) parameters to learn, and we must do so with a single
sample. Not only is this intractable from a computational complexity perspective, but also from a
statistical perspective; how could we hope to have any degree of confidence in our results?

To resolve the problem, we can impose some structure on Ω, such as it being composed out of
the axis-wise graphs: Ω = ζ(Ψrows,Ψcols). Several choices for ζ exist, which we describe in Table
4.1. They can broadly be separated into two categories; those based on graph products and those
based on generative processes. They all use the Kronecker product ⊗ as a building block, and some
further use the Kronecker sum ⊕: A⊕B = A⊗ I+ I⊗B. Our work exists within the framework of
Kronecker-separable modelling; for an overview, see the review by Wang et al. (2022).

Of the decompositions in prior work, two admit a straightforward interpretation as an operation on
graphs: the Kronecker product corresponds to the tensor product of graphs, while the Kronecker sum
corresponds to the Cartesian product. The Kronecker product only takes into account between-row
connections, i.e. to determine if two genes interact, we only consider the relationship of their expressions
in different cells. The Kronecker sum only takes into account within-row connections: to determine if
two genes interact, we only consider the relationship of their expressions in the same cell. Ideally, we
would be able to capture both types of relationships.

The Sylvester product, when forced into the framework of graph products, does capture both types
of relationships - but only through ‘second-order’ connections in the graph (by ‘second order’, we mean
that x ∼ y ∼ z implies x and z have a second-order connection, where ∼ is notation for ‘is connected
to’). This is difficult to interpret through the lens of conditional dependency, where we are after the
direct connections.

4.3 Our contributions
In this paper, we introduce a new graph decomposition framework for conditional dependency estimation
(Section 4.4.2). It is based on the ‘strong product’ from graph theory, and hence we call our model
the ‘strong product model’. We show that it captures and distinguishes between both the within-row
and between-row dependencies, which is particularly beneficial in use cases such as scRNA-seq. We
demonstrate that one can perform inference with this model efficiently (Section 4.4.3), and prove that
there exists a unique solution to the problem (Section 4.4.7). Finally, we demonstrate practical utility
on real-world datasets (Sections 4.5.2 and 4.5.3). These results hold even in the single-sample case.

4.4 Methodology
This section will focus on the derivation of the strong product model. We will first introduce our
notation in Section 4.4.1. Then, we will motivate the structure of our model in Section 4.4.2. Next, we
will derive an efficient maximum likelihood estimator (MLE) in Section 4.4.3, and finally in Sections 4.4.6
and 4.4.7 we will prove key properties of our algorithm to guarantee that its solutions are reasonable
and well-founded.

4.4.1 Notation
In this paper, lower-case letters a represent scalars, lower-case bold v represent vectors, and upper-case
bold M represent matrices. Ia represents an a× a identity matrix, although we will frequently omit the
subscript as the shape will be clear from context. d1 will represent the number of rows in the dataset,
and d2 will represent the number of columns.

We will denote the precision matrix of the rows as Ψ1. The precision matrix of the columns will
be split into two parts, those that focus on the within-row dependencies Ψ2,w and the between-row
dependencies Ψ2,b. It will often be convenient to consider the matrix Θ = Ψ2,b + I. We will let Ω
represent the whole precision matrix, which we are assuming can be factorized as Ψ1⊕Ψ2,w+Ψ1⊗Ψ2,b.
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We also define the empirical gram matrices S1,S2, which will represent sufficient statistics for our
model. These are defined as S1 = XXT and S2 = XTX, where X is the data matrix. Finally, we define
the stridewise trace trd1 and the blockwise trace trd2 , which show up frequently when working with
derivatives involving log-determinants of Kronecker products (below, Jij is the matrix of zeros except
for a 1 at (i, j)).

trd1 [A]ij = tr

[
A
(
I⊗ Jij

)]
trd2 [A]ij = tr

[
A
(
Jij ⊗ I

)]
4.4.2 The strong product model
As mentioned in Section 4.2, the Kronecker sum Ψ1 ⊕Ψ2 and Kronecker product Ψ1 ⊗Ψ2 only take
into account the within-row dependencies (Kronecker sum) and between-row dependencies (Kronecker
product), rather than both simultaneously. It is tempting to add these together: Ψ1 ⊕Ψ2 +Ψ1 ⊗Ψ2,
and the instinct turns out to be correct. This corresponds to the strong product from graph theory. If
we split Ψ2 into separate matrices, each measuring either the within- or between- row dependencies,
then we arrive at Ψ1 ⊕Ψ2,w +Ψ1 ⊗Ψ2,b. It will turn out to be more convenient to parameterize this
in terms of Θ = Ψ2,b + I, i.e. as Ψ1 ⊗Θ+ I⊗Ψ2,w.

vec [X] ∼ N
(
0,
(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)−1) (Strong product model)

NLL = −1

2
log
∣∣Ψ1 ⊗Θ+ I⊗Ψ2,w

∣∣
+

1

2
tr
[
Ψ2,wS2

]
+

1

2
tr
[
Ψ1XΘXT

]
(4.1)

We will restrict all Ψ to be positive definite. This is a common, but not universal, restriction.
Precision matrices must be positive definite (so Ψ1⊗Θ+I⊗Ψ2,w must be), but in theory we do not have
to enforce positive definiteness of the factor matrices. The difference can have theoretical implications -
not everything that is representable as a composition of non-pos.-def. matrices is representable as a
composition of pos. def. matrices (Song & Hero, 2023). We enforce positive definiteness as it leads to
better interpretability (the matrices correspond to real precision matrices).

Positive-definiteness of the factor matrices comes at a price. Any sparsifying regularizer (whether it
be Lasso or a non-convex regularizer such as SCAD (Fan & Li, 2001) or MCP (Zhang, 2010)) have
proximal operators that output indefinite matrices for positive definite inputs - both in theory (Guillot
& Rajaratnam, 2015) and in practice (Xue et al., 2012). Furthermore, the unregularized model is not
convex, but it is geodesically convex (see Section 4.4.7 for details), whereas the Lasso penalty is convex,
but not geodesically convex (Duembgen & Tyler, 2016). This mismatch makes establishing useful
properties such as existence and uniqueness harder. Here, we do not consider sparsifying regularizers.

In this paper, we follow Deng and Tsui (2013) by imposing a Frobenius norm penalty ∥logΓ∥2F
on the logarithms of our parameters. This penalty corresponds to the geodesic distance between our
parameter and the identity matrix (Moakher (2005), Eq. 2.9); it has the effect of normalizing our
matrix towards assuming independence, and thus is a natural penalty to impose.

4.4.3 Derivation of the method
To minimize the NLL, we will use Riemannian gradient descent. The problem is not convex, but it is
geodesically convex. See Algorithm 2 for pseudocode. We chose to parameterize our problem in terms
of Θ, as it consistently led to simpler expressions.

Without any simplification, these gradients require computing the inverse of the strong product.
The computation of such a matrix is prohibitively expensive (O(d31d32) runtime and O(d21d

2
2) space).

For Kronecker-sum methods, this is often circumvented by eigendecomposing the inputs (Greenewald
et al., 2019; Li et al., 2022). The eigenvectors can be extracted from the Kronecker sum, reducing the
problem to the computation of the inverse of a (large) diagonal matrix.

The strong product is not amenable to the same trick. For other models, there has always been
only a single parameter for each axis. In our case, the columns have two parameters, Ψ2,w and Θ.



66 CHAPTER 4. THE STRONG PRODUCT MODEL FOR NETWORK INFERENCE

They must be simultaneously diagonalized. Diagonalization by orthonormal vectors is only possible for
commuting matrices, which rarely holds. However, for any pair of positive definite matrices, they can
be simultaneously diagonalized via congruence, i.e. Θ = PPT and Ψ2,w = PDPT .

PT ̸= P−1, unlike in the case of eigendecomposition. Regardless, they can still be factored out of
the strong product. In fact, by Lemma 2 in Dahl et al. (2013), we can even factor P and V (where
Ψ1 = VΛVT ) out of the stridewise-blockwise trace. This yields the following gradients, in which the
portion corresponding to the regularizer is shaded grey.

d

dΨ1
NLL = −Vtrd2

[
(Λ⊕D)

−1
]
VT

+XΘXT + 2ρΨ−11 logΨ1 (grad1)
d

dΨ2,w
NLL = −P−T trd1

[
(Λ⊕D)

−1
]
P−1

+ S2 + 2ρΨ−12,w logΨ2,w (grad2)
d

dΘ
NLL = −P−T trd1

[
(Λ⊕D)

−1
(Λ⊗ I)

]
P−1

+XTΨ1X+ 2ρΘ−1 logΘ (grad3)

4.4.4 Geodesic convexity

Our optimization problem is not convex, due to the inclusion of a Kronecker product of two parameters.
However, it is geodesically convex, or g-convex. In brief, geodesic convexity is the analogous concept to
standard convexity when optimization takes place on a manifold (such as the set of positive-definite
matrices), and many useful properties are preserved - in particular, the fact that sums of g-convex
functions are g-convex and that all local minima are global.

The field of geodesic convexity is too broad to overview here, so we refer the reader to the relevant
literature (Absil et al., 2009; Vishnoi, 2018). There are multiple metrics one could apply to the set of
positive definite matrices (see (Han et al., 2021) for a comparison), but by far the most common is

the one with geodesic distance γ(Σ1,Σ2) = Σ
1
2
1

(
Σ

−1
2

1 Σ2Σ
−1
2

1

)t
Σ

1
2
1 . We’ll denote it S++, and denote

the geometry of tuples of positive definite matrices (each equipped with the same geodesic along the
relevant coordinates) as S⊗++. These geometries have several key properties:

1. Traces tr [ΣX] are g-convex (S++)

2. Log determinants − log |Σ| are g-convex (S++)

3. Orthogonal invariance and convexity in logΣ implies g-convexity (S++) (Yi & Tyler, 2020)

4. ∥logΣ∥2F is strictly g-convex (S++) (Yi & Tyler, 2020)

5. Log determinants of sums − log
∣∣∑

iΣi

∣∣ are g-convex (S⊗++) (Wiesel, 2012a)

6. If f(Ω) is g-convex (S++), then g(Σ1,Σ2) = f(Σ1 ⊗Σ2) is g-convex (S⊗++) (Wiesel, 2012b)

Let us parameterize our problem as Ψ1 ⊗Θ+ Γ⊗Ψ2,b, where Γ is constrained to be the identity
matrix. (such a constraint is g-convex). Then, the negative log-likelihood is a sum of traces (g-convex),
terms of the form ∥logΣ∥2F (strictly g-convex), and a log determinant of a sum of Kronecker products
(g-convex). Thus, our problem is g-convex.

In fact, the problem is strongly g-convex, as ∥logΣ∥2F is strongly g-convex (See Equation 18 of
Darmwal and Rajawat (2023)). Accordingly, we can expect fast (linear) convergence from gradient
descent. This can be seen in Figure 4.1.
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Figure 4.1: Rate of decrease in error using Algorithm 2. Ran on synthetic data, see Section 4.5.1 for
generation details.

4.4.5 Riemannian gradient descent

Rather than using traditional gradient descent, the geodesic convexity motivates the use of Riemannian
gradient descent. This is analogous to traditional gradient descent, but follows the direction of steepest
descent under the definition of ‘steepest’ intrinsic to the manifold (in this case, the set of positive semi-
definite matrices). We refer the reader to several papers which we found beneficial for understanding
how to utilize the method in practice, in particular the following: Hosseini and Sra (2015), Duembgen
and Tyler (2016), Jeuris et al. (2012), and Darmwal and Rajawat (2023).

Here, we will only state the changes that need to be made to gradient descent to fit the Riemannian
context. Rather than using the ‘Euclidean’ gradient of f at a point X, gradEXf = d

dXf(Y)
∣∣∣
Y=X

, the

correct gradient is grad
S++

X f = X
(
gradEXf

)
X. The second required concept is the ‘retraction’ at X,

R
S++

X (ξ) = XeX
−1ξ. It maps steps in a direction (typically the gradient) to a position on the relevant

geodesic. See Sra and Hosseini (2015) for details.
One step of Riemannian gradient descent with stepsize η can be expressed as Xt+1 = R

S++

Xt

(
−η gradS++

Xt
f
)
.

To determine an effective step size, we use backtracking line search with Armijo’s rule (Armijo, 1966).
Line search is more expensive in the Riemannian case, due to the need to repeatedly compute the
retraction, which involves matrix exponentiation; modifications can be made to mitigate this (Yamakawa
et al., 2023), but for pedagological reasons we shall stick with the most basic form.

4.4.6 Identifiability

Kronecker models often are not identifiable. For our penalized problem, this is not an issue; we will
see in Section 4.4.7 that the minimum is unique. However, this is due to the strict g-convexity of
our penalty function; it is still of interest to understand the extent to which our original problem is
identifiable. Below, we list the non-identifiabilities of common Kronecker decompositions, where c is
any constant.

Ψ1 ⊗Ψ2 =
1

c
Ψ1 ⊗ cΨ2 (Kronecker Product)

Ψ1 ⊕Ψ2 = (Ψ1 + cI)⊕ (Ψ2 − cI) (Kronecker Sum)
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Algorithm 2 Strong Product Model MLE

Input: Initial guesses Ψ
(0)
1 ,Θ(0),Ψ

(0)
2,w, data X

Input: Regularization parameters ρψ1 , ρθ, ρψ2,w

Input: Line search parameters ηinit, β, τ
while not converged

#Riemannian Gradient Descent
P ←

{
Ψ1,Θ,Ψ2,w

}
for parameter Γ ∈ P

G← gradient at Γ(t) (grad1)/(grad2)/(grad3)
GΓ ← Γ(t)GΓ(t)

Γ(t+1) ← Γ(t)e
−ηtΓ−1

(t)
GΓ

end for
#Riemannian Armijo Line Search
ηt ← ηinit

while f
(
P(t+1)

)
> f

(
P(t)

)
−
∑

Γ ηtβ∥GΓ∥2F
ηt ← τηt

Γ(t+1) ← Γ(t)e
−ηtΓ−1

(t)
G

end while
end while

(Ψ1 ⊕Ψ2)
2
=
(
(Ψ1 + cI)⊕ (Ψ2 − cI)

)2 (Sylvester Sum)

It is not immediately obvious what the non-identifiabilities of our model are. We summarize them
with the following proposition:

Proposition 1. Let (Ψ1,Ψ2,w,Θ) and (Ψ1,Ψ2,w,Θ) be two different parameterizations. Then, they
have the same strong product if and only if one of the following conditions hold for some c1, c2:

1. Ψ1 = c1I, Ψ1 = c2I, c1Θ+Ψ2,w = c2Θ+Ψ2,w

2. Ψ1 = c1I+ c2Ψ1, Θ = c2Θ, Ψ2,w = Ψ2,w + c1Θ

Case 1 tells us that we cannot identify differences between within-row and between-row column
dependencies when the rows are independent (when Ψ1 ∝ I). This is to be expected; it doesn’t make
sense to talk of between-row dependencies when the rows are independent. Additionally, when the rows
are independent, algorithms that assume independence, such as glasso, should be preferred.

On the surface, case 2 seems much more complicated; it is capturing the mixing of Kronecker
product and Kronecker sum non-identifiabilities. Consider that, when c1 = 0, this reduces to Kronecker
product non-identifiability. When c2 = 1, it’s not quite the Kronecker sum non-identifiability but is
analogous to it.

Case 2 also has an intuitive interpretation: as the variance of our rows decreases (c1 is negative),
our within-row graph looks more like our between-row graph (since approximately Ψ2,w ∝ Θ for large
negative c1). This makes sense intuitively: if there were no row-variance (i.e. the columns are all
identical), then there is no difference between between-row and within-row relationships; the value in a
cell in a given column is the same regardless of which row it is in.

Proof.

Ψ1 ⊗Θ+ I⊗Ψ2,w = Ψ1 ⊗Θ+ I⊗Ψ2,w

⇐⇒ Ψ1 ⊗Θ = Ψ1 ⊗Θ+ I⊗
(
Ψ2,w −Ψ2,w

)
Note that the left hand side of the equation is a rank-1 Kronecker decomposition and the right hand

side is a rank-2 Kronecker decomposition (i.e. it is a sum of two Kronecker products). This can only
hold if either the left terms {Ψ1,Ψ1, I}, or alternatively if the right terms {Θ,Θ,

(
Ψ2,w −Ψ2,w

)
},

form a rank-1 linearly dependent set. Let’s assume the first set is linearly dependent. Then, they must
all be multiples of the identity matrix:
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c1I⊗Θ = c2I⊗Θ+ I⊗
(
Ψ2,w −Ψ2,w

)
⇐⇒ c1Θ+Ψ2,w = c2Θ+Ψ2,w

This yields case 1. Now let’s consider what happens when the right terms are linearly dependent,
i.e. if Ψ2,w −Ψ2,w = c1Θ, Θ = c2Θ. Then we must have:

Ψ1 = c2Ψ1 + c1I

These non-identifiabilities could be fixed with a trace constraint tr [Γ] = τΓ for some chosen constant
τΓ for every factor matrix Γ. Furthermore, the support of Ψ1 and Θ is preserved; they always represents
the same graph. Since we are penalizing our model by a strictly g-convex function, it is not affected
by these non-identifiabilities.

4.4.7 Existence and uniqueness

Theorem 5. There exists a unique solution to the penalized optimization problem given by Equation
4.1 equipped with the penalty ρ∥Γ∥2F in each of its parameters.

Proof. Uniqueness follows from the strict g-convexity of our objective. Existence follows from the
fact that our function is g-coercive. G-coercitivity guarantees for g-convex functions that there exists
a compact set of minimizers (Duembgen & Tyler, 2016; Sra & Hosseini, 2015), and in fact for any
g-convex function f (Σ), f (Σ)+∥logΣ∥2F is g-coercive (see Lemma 4.7 of Duembgen and Tyler (2016)).
Existence and uniqueness holds both coordinate-wise and jointly.

4.5 Experimental results

We will now validate our methodology on synthetic and real-world datasets. In Section 4.5.1, we
will demonstrate the performance of our algorithm on within-distribution synthetic data. Next, in
Section 4.5.2, we will validate our model on a real-world dataset for which the results are easily
interpretable without specialized domain knowledge. Finally, in Section 4.5.3, we will validate our
model on a real-world scRNA-seq dataset. For real-world datasets D, we used as input to the models
D − 1

d1d2
1TD1, to lessen the impact of the zero-mean assumption. Code is available on GitHub

(https://github.com/BaileyAndrew/Strong-Product-Model).
All experiments were run on a 2020 M1 Macbook Pro with 8GB of RAM. We implemented our

algorithm using Python 3.9.18, NumPy 1.25.2, (Harris et al., 2020) and SciPy 1.12.0 (Virtanen et al.,
2020). Our line search parameters were ηinit = 0.1, β = 1

2 , and τ = 1
2 , except in cases where we used a

large regularization parameter, in which case we found we needed β = 0 to prevent early convergence
(it is likely that a smaller, nonzero value would suffice). We always initialized our parameters to the
identity matrix. ρ = 0.1, except for the COIL-20 experiment (Section 4.5.2), in which we found a slight
improvement using ρ = 106.

For precision-recall (PR) curves, error bars indicate max/min performance over 10 trials. For other
curves, they indicate standard deviation. As we are the first to introduce the strong product model,
there is no direct prior work to compare against. We compared against GmGM, as it performs similarly
to other multi-axis models (Andrew et al., 2024) and is by far the fastest, allowing us to run many
high-dimensional trials. It is a Kronecker-sum structured model. PR curves were generated by varying
the amount of thresholding applied to the outputs.

Since our model reduces (up to a constant shift in the diagonals) to both the Kronecker product
and Kronecker sum models when Ψ2,b = I and Ψ2,w = I, respectively, we also used these restricted
models for comparison.

https://github.com/BaileyAndrew/Strong-Product-Model
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Figure 4.2: Precision-recall curves on random graphs with structure A⊗xB+A⊕ 1
xC. ‘Strong Product’

refers to our model; ‘Kronecker Sum’ and ‘Kronecker Product’ refer to our model with the relevant
factor (B or C) constrained to an identity matrix. GmGM and ‘Kronecker Sum’ do not estimate the
between-row graph, and ‘Kronecker Product’ does not estimate the within-row graph; they have been
ommitted from the relevant sub-plots. (Top) x = 1. (Bottom) x = 2.5
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Figure 4.3: How AUPR varies as the ratio x varies, for data generated following the structure outlined
in Section 4.5.1. (Top) 100-node graphs, 50 trials. (Bottom) 500-node graphs, 25 trials. Note that the
deviations are much smaller for larger graphs.

4.5.1 Synthetic data

For our synthetic data, we generated our ground truth graphs to have the form yA⊗ xB+ yA⊕ 1
xC,

where A,B,C are Barabasi-Albert random graphs with 500 nodes each. Barabasi-Albert is a power-law
distribution; many real world datasets (approximately) follow power-law distributions, and hence we
felt it was an adequate test case.

Results reported in the Figure 4.2 assume y = 1. We found that the ratio of strength of between-row
and within-row column factors, x, had a large effect on performance. In Figure 4.3, we show how the
area under PR curves (AUPR) changes as x varies.

In Figure 4.2, we report the PR curves on our performance on synthetic data, where x = 1 and
x = 2.5 to both validate our model and demonstrate this effect. Note that we do not demonstrate any
loss in performance compared to other models, and are the only model that estimates all three relevant
graphs. Other models only estimate one type of column graph, and assume that the other does not
exist.

We ran several other tests, but defer these to the supplementary material due to space concerns.
The supplementary material contains a demonstration that performance improves as the number of
nodes increases, an analysis of the effects of changing y, and a demonstration that our algorithm still
performs well when run on data that does not follow a strong product structure. We also show that the
regularization parameter has minimal effect on the results; its purpose is primarily to ensure existence
of solutions.

The results presented here and in the supplementary material show that our model performs well on
all graphical models considered by prior work, and is the only option that learns both types of column
graph. There is nothing to be gained from assuming a more restricted structure, such as the Kronecker
sum or Kronecker product. Of course, our results also show that models developed for such structures
also perform well when applied to data generated from our proposed structure, except that they are
unable to estimate either the between-row column graph (Kronecker sum) or the within-row column
graph (Kronecker product).
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4.5.2 COIL dataset

Strong Product GmGM TeraLasso

Strong Product
(within rows)

Strong Product
(between rows)

Figure 4.4: The learned connections between the video frames for various algorithms. Black connections
indicate connections between adjacent frames, blue indicate non-adjacent frames. A larger version of
this figure is available in the supplementary material. For the bottom row, we transposed the data and
investigated the two different returned graphs.

The first real-world dataset we test on is the COIL-20 video dataset (Nene et al., 1996). This is
somewhat of a ‘classic’ dataset for Kronecker-structured models, with several prior algorithms also
demonstrating results on it. Its convenience comes from the fact that there is a very clear ‘natural
graph’ we should expect in the data: a frame in the video should be connected only to the frames
immediately before and immediately after itself. The video is that of a rotating duck, and hence we
would expect the first and last frames to connect as well.

The video is a 72 × 128 × 128 tensor; we down-sampled the pixels to 72 × 16 × 16, and then
flattened to 72× 256. We compared our performance against GmGM and TeraLasso (Greenewald et al.,
2019). TeraLasso is a Kronecker-sum-structure algorithm that performs similarly to GmGM. Its main
differences are that it does not enforce positive-definite factor graphs and uses glasso regularization.
Due to its similarity and comparatively slow runtime, we did not compare against it for our other, more
computationally expensive tests.

We chose thresholding/regularization parameters so that all models output roughly 144 edges
(exactly 144 was not always possible). Figure 4.4 displays a graphical interpretation of our results - an
enlarged version of this figure is available in the supplementary material, and Table 4.2 contains the
corresponding numeric metrics. We found that our model performed similarly to prior work. However,
when we considered the frames to be the column dimension, the performance was much better than
prior work.

4.5.3 scRNA-seq dataset

While informative, the COIL dataset is somewhat of a toy example. To get a better understanding of
how our algorithm will perform on real data, we will use a mouse embryo stem cell scRNA-seq dataset
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Algorithm Precision 1-off Precision Recall
Strong Product 38% 65% 78%

GmGM 33% 59% 67%
TeraLasso 36% 64% 69%

Within-Row 49% 85% 100%
Between-Row 49% 94% 100%

Table 4.2: Metrics for the COIL dataset experiment. 1-off precision refers to frames connected to
adjacent frames and frames with one intermediate frame between them. As we chose to keep twice as
many edges as exist, the highest possible value for precision is 50%.
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Figure 4.5: Assortativity as we vary thresholding, for the scRNA-seq dataset.
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from Buettner et al. (2015), limited to only mitosis-related genes as in Li et al. (2022). The dataset
consists of 288 cells and 167 genes, in which each cell has been labelled according to its stage in the cell
cycle - either G1, S, or G2M.

To understand performance, we can use assortativity - this measures the tendency of nodes in
the same class (cell cycle stage) to connect to each other in a graph, and ranges from -1 (tend not
to connect) to 0 (no tendency) to 1 (tend to connect). We should expect there to be some positive
assortativity, as there should be similarities between the mitotic gene expressions of cells in the same
stage.

Interestingly, we found that our algorithm found assortativities very similar to prior work (GmGM),
but on much sparser graphs. GmGM only had high assortativity when we only slightly thresholded the
output graph; for sparse graphs, the assortativity was 0. In contrast, our model had high assortativity
on strongly thesholded graphs, but had an assortativity of zero otherwise. This can be seen in Figure
4.5. The sparser regime is the more relevant regime here, as most real-world interaction networks tend
to be sparse.

4.6 Conclusion
We have shown that our model is able to perform well on synthetic data generated from both the strong
product model, the Kronecker sum model, and the Kronecker product model. Our model, like other
Kronecker-structured models, improves in performance as the number of rows and columns increases,
even if we only have one sample matrix. On real data, we still get reasonable results, and outperform
prior work in some cases.

We are very interested in the performance of our model as the between-row/within-row column ratio
changes, and the extent to which this ratio is identifiable in real data. In future work, we intend to prove
statistical recovery rates, parameterized by this ratio. Additionally, graphically-focused Kronecker-
structured models do not seem to have adopted the geodesic convexity framework for optimization.
The fast convergence we experience is encouraging; we would like to incorporate sparsity-inducing
regularizers into this framework.
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Chapter 5

The Cartesian Gaussian additive noise
model for directed network inference in
omics data

Through the work in Chapter 4 and scalability improvements of Chapter 6 (which was being finished
at the same time as this paper), we had confidence in the suitability and usability of Kronecker-sum-
structured models. We had already been reconsidering and addressing the fundamental assumptions we
were making in previous chapters (zero-mean assumption, Gaussian copula assumption, and Kronecker
sum assumption), but one still remained: were conditional dependency networks the right networks to
learn?

Conditional dependency networks have many advantages over correlation networks (discussed in
Chapter 1), but there is one biological property that neither captures: gene regulatory networks are
directed. In other words, gene A can regulate gene B without gene B having any regulatory effect on
gene A. The most natural directed network is a causal network - which for Gaussian data is captured
by the Cholesky factor of the precision matrix. Why not impose a Kronecker-sum structure to such
factors? This would allow causal modelling in the multi-axis case.

Ultimately our results were limited, in large part because one is fundamentally restricted in how
much causal inference one can do from observational data. We had to make some rather strong
assumptions in order for the model to work - in particular, we assumed that the causal ordering was
known beforehand (otherwise, the optimization problem becomes NP-Hard). As with most causal work,
we assumed the causal graph was a directed acyclic graph (DAG), although genes are definitely capable
of self-regulation.

In light of these restrictions, the following work should be considered a preliminary foray into
the application of multi-axis methods to causal inference. It is a known (albeit surprising) fact that
Gaussian distributions are not ideal for causal inference (Hoyer et al., 2008); this paper’s ‘CLGAM’
model is very much a victim of this. Despite the limitations, the work in the paper does decisively
demonstrate the benefits of multi-axis models; see for example Tables 5.1 and 5.2, in which our model
handily outperforms its single-axis equivalent.

The paper is currently accepted for publication in BMC Medical Research Methodology. It is
presented unchanged from the submitted version, except for formatting changes to fit the thesis style.
The supplementary material for the paper is available in Appendix D, which contains further details
and experiments. For further details and experiments that came up during the viva, see Appendix J.
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Abstract. Background Access to omics datasets, such as single-cell RNA-sequencing, enables us
to estimate the regulatory networks governing the differentiation, proliferation, and interaction of
cells in our body. Knowledge of such networks can give us valuable insight on the structure and
progression of diseases; the difficulty is in estimating them. Most methods that estimate these
networks either make an independence assumption (‘the cells in your body do not interact’), or
ignore the directional nature of gene regulation.

Methodology In this paper, we introduce the Cartesian Linear Gaussian Additive Noise Model
to learn both cell-cell and gene-gene interactions. Our method is a statistical method; it is fit with
maximum likelihood estimation, and we prove that a unique optimum always exists (under certain
assumptions) using tools from high-dimensional statistics.

Results Our method differs from prior work in its lack of an independence assumption; we show
that this leads to a real improvement in gene regulatory network and cell network reconstructions.

Conclusions We have developed and proved viable a novel method that learns directed gene
regulatory networks, without assuming independence of cells. Our method is also extensible to
more complicated omics datasets, such as longitudinal bulk RNA-sequencing datasets, through its
ability to handle ‘tensor-variate’ datasets.

Trial Registration Clinical trial number: not applicable

5.1 Introduction
Knowledge of gene regulatory networks (GRNs) can give insights into potential therapeutic targets
Madhamshettiwar et al., 2012, making them of keen interest to the fields of biology and medicine. There
are many methods that estimate gene correlation networks (such as WCGNA Langfelder and Horvath,
2008), but such methods learn undirected networks that cannot not capture the directed nature of gene
interactions. Others, such as ARACNE Margolin et al., 2006, are able to learn directed networks, but
do not take into account that the cells come from a heterogeneous, interacting environment (i.e. it
makes an independence assumption). This assumption weakens the utility of the learned network.

Recently, multi-axis methods like scBiGLasso Li et al., 2022 have been developed to account for this.
Such methods, often called ‘Kronecker-structured’ methods due to their use of the Kronecker product,
have the added benefit of simultaneously learning a network of cells. By analyzing such networks, the
same tool can be used for cell subtyping and gene regulatory inference, and both networks benefit from
knowledge of the other. However, none of these methods learn directed graphs.

In this paper, we present a method to simultaneously learn a directed gene and cell network from
scRNA-seq data. In fact, our methodology can be applied to any matrix-variate dataset, such as other
omics data, and even any ‘tensor-variate dataset’ (datasets that need three or more indices to fully
describe, such as longitudinal bulk omics data). Our method enables us to extract meaningful insights
on the genetic interactions and cellular makeup of our data.

We call our method the ‘Cartesian linear Gaussian additive noise model’, or ⊞-LGAM for short.
Our method is a type of additive noise model Hoyer et al., 2008.
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5.2 Background: Kronecker-structured covariance estimation

Broadly, Kronecker-structured covariance estimation aims to estimate covariance (and related quantities)
when the covariance matrix can be factorized according to some function. The most basic such model
is the matrix normal distributionMN . Letting vec [X] be the vector obtained by stacking the columns
of a matrix, and ⊗ be the Kronecker product, the matrix normal distribution is:

X ∼MN
(
M,Σcells,Σgenes

)
⇐⇒ vec [X] ∼ N

(
vec [M] ,Σcells ⊗Σgenes

)
The factor matrices Σcells,Σgenes represent the covariances along their respective axes, and their

Kronecker product represents the covariance structure of matrix elements. Covariance matrices imply a
network structure over the genes (and cells): if Σ(genes)

ij ≠ 0, then genes i and j are correlated, and
hence connected in the correlation network.

Example 10. The correlation of PAX5 and CD19 is found in Σgenes, the correlation of cell A and cell
B is found in Σcells, and the correlation between the expression of PAX5 in cell A and the expression of
CD19 in cell B is found in Σcells ⊗Σgenes.

Rather than encoding Kronecker structure on the covariance matrix, it is often advantageous to
encode it on the inverse covariance matrix (the ‘precision’ matrix). For Gaussian data, the sparsity
structure of the precision matrix encodes the graph of ‘conditional dependencies’, which tend to be
more meaningful than correlation.

Example 11. In a dataset capturing ice cream sales, shark attacks, and seasonality, ice cream sales
and shark attacks will be correlated (as both increase in the summer, due to heat and beach visits).
However, they will be conditionally independent: once one conditions over seasonality, the correlation
disappears.

Various structures have been considered on precision matrices (Kronecker product, Kronecker sum
(Kalaitzis et al., 2013), squared Kronecker sum (Wang & Hero, 2021; Wang et al., 2020), and the strong
product (B. Andrew et al., 2025)). Such structures have also been imposed on the Laplacian of the
graph of conditional dependencies (Shi & Mishne, 2024). For a more complete picture, we refer the
reader to the excellent review by Wang et al., 2022.

Our model is similar to the squared Kronecker sum approach, although we optimize over directed
acyclic graphs (DAGs) and they optimize over symmetric matrices. The Kronecker sum, denoted ⊕, is
defined as A⊕B = A⊗ I+ I⊗B. The Kronecker sum is interpretable as the Cartesian product (⊞)
of the gene and cell graphs encoded by A and B (denoted A and B); the graph of A⊕B is A⊞B.
Imposing a Cartesian product structure is biologically meaningful; it corresponds to the assumption
that genes can only directly regulate other genes in the same cell.

Example 12. Suppose there are two cells and two genes of interest, PAX5 and CD19. In such a
dataset, there are four different values being measured: PAX5 and CD19’s expressions in the first cell,
and PAX5 and CD19’s expressions in the second.

The Cartesian product assumption states that the expression of PAX5 in the first cell may be
responsible for the level expression of CD19 in that same cell, but that it cannot be (directly) responsible
for the level of expression of CD19 in the other cell. The level of PAX5 in both cells are allowed to be
directly correlated (and likewise for CD19 in both cells); thus, indirect interactions may occur:

PAX5cell 1→PAX5cell 2→CD19cell 2

It is only direct relationships that are forbidden.

Kronecker-structured problems often suffer from non-identifiability due to an underdetermined
parameterization. For Kronecker sums (and hence our model), A⊕B = (A+ cI)⊕ (B− cI) for any c.
Thankfully, this non-identifiability does not affect the sparsity structure of A,B - only their diagonals.
As we are only interested in the sparsity structure, this non-identifiability is not an issue.
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5.3 Methodology: the Cartesian additive noise model
In this paper, we will assume that our scRNA-seq dataset takes the form of a matrix X with dcells cells
and dgenes genes (see Section 5.3.2 for a tensor-variate generalization). We then model that our dataset
abides the following generative process with parameters {Ci}:

X = CcellsX+XCT
genes +E

Eij ∼i.i.d. N (0, 1) (5.1)

This is a generalization of the common linear Gaussian additive noise model (LGAM), for which
X = CX+E. We can also write the LGAM as:

x0 = ϵ0

x1 = c10x0 + ϵ1

...
xN = cN0x0 + · · ·+ cN,N−1x1 + ϵN (LGAM)

LGAM is a generative causal model. Let C be the causal graph, i.e. (j → i) ∈ C means that
‘gene j regulates gene i’. Under the LGAM assumption, then knowledge of C yields knowledge of C:
cij ̸= 0 ⇐⇒ (j → i) ∈ C for i ̸= j. cii controls the variance.

Example 13. The causal graph {x0 → x2 → x3 and x1 → x3} is represented as:

x0 = ϵ0

x1 = ϵ1

x2 = c20x0 + ϵ2

x3 = c31x1 + c32x2 + ϵ3

Learning causality from observational data is challenging; the gold standard will always be interven-
tional experiments. However, there are so many potential gene-gene interactions that verifying all of
them experimentally is prohibitive. Models such as LGAM can be used to shortlist potential candidates
for such studies, and allow researchers to operate under plausible conjectures on the gene network in
the meantime.

To learn the gene network, LGAM must assume that the cells are independent and identically
distributed. Neither assumption is justifiable; cells come in distinct cell types and were sampled from a
microenvironment in which they are all interacting. This motivates our model (Equation 5.1). Our
model allows both the cells and the genes to have their own interactions, captured by Ccells and Cgenes.
Our model makes four assumptions about the data:

Assumption 4. The genes (resp. cells) interact linearly.

Assumption 5. The data is (or can be transformed to be) Gaussian.

Assumption 6. Gene/cell dependencies interact via the Cartesian product (see Example 12)

Assumption 7. Cgenes and Ccells are directed acyclic graphs (DAGs) with known order.

The first two assumptions are not egregious, and often hold approximately even when they fail. In
Section 5.5.3, we will see that we still perform well on data that violates these assumptions. The third
assumption is the result of the structure of our model; Equation 5.1 can be rewritten as:

vec [X] =
(
Cgenes ⊕Cgenes

)
vec [X] + vec [E]

Eij ∼i.i.d. N (0, 1) (5.2)

It is due to this relation that we call our model the Cartesian Gaussian Additive Noise Model, or
⊞-LGAM for short. Making an assumption like this is unavoidable; the full space of possible interactions
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in a scRNA-seq dataset is quite vast. In theory, any gene in any cell could interact with any other gene
in any other cell! The problem is equivalent to estimating a covariance matrix from a single sample;
without an assumption, this is statistically intractable. The Cartesian assumption is a natural one, and
ensures tractability.

Our final assumption is that we know the causal order of genes, i.e. we know whether a gene is
upstream or downstream of other genes in regulatory pathways. Unlike our other assumptions, this
one is genuinely limiting. Without this assumption, fitting our model corresponds to a non-convex
optimization problem. Furthermore, it is known that causal graphs for linear Gaussian data are
fundamentally unlearnable beyond what is called the ‘Markov equivalence class’; essentially, there would
be multiple equally valid solutions. In Section 5.4.1, we present a method to infer causal ordering from
the data, and in Section 5.5.2 we show that using the wrong order does not dramatically deteriorate
performance.

5.3.1 Fitting the model

Given the causal ordering, we can without loss of generality assume Cℓ is lower triangular. For
notational simplicity, let d\ℓ =

∏
ℓ′ dℓ′
dℓ

and K be the number of axes in the data. For matrix-variate
datasets, K = 2; see Section 5.3.2 for examples with larger K. Then, define Lℓ =

√
d\ℓ
(

1
K I−Cℓ

)
. Lℓ

is a natural parameter to consider; it has a 1-to-1 relationship with Cℓ (in particular, it has the same
sparsity structure) and corresponds to the ‘Cholesky factor’ of the precision matrix of the data. It is
always invertible whenever Cℓ represents a DAG Shojaie and Michailidis, 2010 (which is guaranteed by
being lower triangular). Finally, by defining L = ⊕ℓ 1√

d\ℓ
Lℓ, we have that vec [X] ∼ N

(
0,L−TL−1

)
.

Letting L⊕++ be the space of all positive-diagonal lower-triangular matrices L that can be decomposed
by the Kronecker sum, we can fit our model by finding the maximum likelihood of a normal distribution
whose parameters lie in L⊕++:

L̂ = argminL∈L⊕
++
∥Lvec [X]∥22 − 2

∑
i

Lii (5.3)

Most real world networks are space; we also place an L1 penalty on the off-diagonals (λℓ∥L(ℓ)∥od)
to ensure sparse solutions. λℓ∥·∥od is frequently used in graphical estimation problems, such as the
Graphical Lasso (Friedman et al., 2008). Additionally, we will see in Section 5.4 that, if our data is ‘too
lopsided’ (dℓ ≫ d\ℓ), a solution to this optimization problem is not guaranteed to exist. To counteract
this, we add an optional Frobenius-norm penalty as well. Our final optimization problem, below, is
thus analogous to ElasticNet (Zou & Hastie, 2005):

L̂ = argminL∈L⊕
++
∥Lvec [X]∥22 − 2

∑
i

Lii +
∑
ℓ

(
ρℓ∥L(ℓ)∥2F + λℓ∥L(ℓ)∥od

)
(5.4)

5.3.2 Tensor-variate datasets

Most omics datasets are matrix-variate: a scRNA-seq dataset has genes and cells, scATAC-seq has
peaks and cells, bulk RNA has samples and genes, etc. In these cases, the matrix-variate ⊞-LGAM will
suffice. However, some datasets are more complicated. A longitudinal study of gene expression in a
cohort of patients would naturally lend itself to a tensor-variate approach: the dataset X would have
three axes, one for time, one for genes, and one for patients.

Our model is readily generalized to such a scenario. Tensor notation can be complex; we refer the
reader to Kolda and Bader, 2009 for a full overview. Here, we need the concept of the ℓ-mode product
×ℓ, which intuitively corresponds to multiplying a tensor along the axis ℓ. The formal definition can be
hard to parse; [X ×ℓ M]i1i2···iℓ···iK =

∑
jℓ
Xi1i2···iℓ−1jℓiℓ+1···iKMjℓiℓ . For matrices, A×1 B = BTA and

A×2 B = AB.
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X =

 K∑
ℓ

X ×ℓ CT
ℓ

+ E (Tensor-variate ⊞-LGAM)

Ei ∼i.i.d. N (0, I) (5.5)

Other than having more parameters to learn, the model is functionally identical to the matrix-variate
case; it makes the same assumptions and is fit in the same manner.

5.4 Theory: establishing the efficacy of the method
In Section 5.3, we made four assumptions:

Assumption 1. The genes (resp. cells) interact linearly.

Assumption 2. The data is (or can be transformed to be) Gaussian.

Assumption 3. Gene/cell dependencies interact via the Cartesian product (see Example 12)

Assumption 4. Cgenes and Ccells are directed acyclic graphs (DAGs) with known order.

These govern whether or not our model is correct to use on a dataset, but do not allow us to
quantify how well our model can be expected to do. For this, we need to make two more assumptions.

Assumption 5. Our dataset is not too lopsided, i.e. the largest axis dmax is not much greater than the
other axes. Formally, K − 1 +

∏
ℓ dℓ ≥

∑
ℓ
d2ℓ−dℓ

2 , but the following are simpler sufficient conditions:

• For matrix-variate data, dmax ≤ dmin + 1+
√
9+8dmin

2 (both necessary and sufficient)

• For tensor-variate data, d\max ≥ K
2 dmax

Assumption 6. Our dataset is α-sub-exponential, with α ∈ (0, 2].

Definition (α-sub-exponentiality). A distribution D is α-sub-exponential if for α > 0, some constant
c and all t > 0, Px∼D

(∣∣x− E [x]
∣∣ ≥ t) ≤ 2e

−tα

c . In other words, α-sub-exponential distributions have
light tails.

Example 14. All sub-Gaussian distributions, including the Gaussian distribution and all bounded
distributions, are (α ≥ 2)-sub-exponential. The Poisson and negative binomial distributions are (α = 1)-
sub-exponential.

Example 15. The Cauchy, log-normal, and t distributions are not α-sub-exponential.

Note that the α-sub-exponentiality assumption is more general than the Gaussian assumption, and
encompasses many distributions typically used to model scRNA-seq data (such as the Poisson and
negative binomial distributions). Making this assumption allows us to prove error bounds on our model,
described by Theorem 6.

The statement of Theorem 6 is dense. The details may not be of interested to every user, so
we will first summarize the essence of the statement. The theorem is proven in the supplementary
material using standard high-dimensional statistics techniques, including the generalized Hanson-Wright
inequalities of Sambale, 2023.

Theorem (Theorem 6, paraphrased). With exponentially high probability, we can bound the error of
our model in terms of our regularization parameters ρ, λ. This gives us faith in our model’s utility.

Theorem 6. Let λℓ = λ and ρℓ = ρ for each axis ℓ. Assume our data is α-sub-exponential with
α ∈ (0, 2]. Suppose the largest Frobenius norm of any factor of the oracle solution1 L∗ρ is RF , the total

1An ‘oracle solution’ is the best possible parameter choice (measured by Kullback-Leiber divergence from the true
distribution), and equals the true parameter choice when the model is not misspecified.
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amount of nonzero elements of the factors of the regularized oracle solution is s, and µ is the strong
convexity constant of Equation 5.3. Let p be a parameter we choose to control the probability of success,

and β be defined shortly. Let λ ≍ maxℓ

√
(p log dℓ)

β

d\ℓ
+
∑
ℓ′ ̸=ℓ

√
(p log dℓ)

β

dℓdℓ′
, then with probability at least

1−
∑
ℓ 2

1−p log dℓ :

∥L̂− L∗∥F,⊕ ≤
2Kρ

µ
RF +

3λ
√
s

µ+ ρ

For matrix-variate data, let λ ≍ max

(√
(log d1)

β

d2
,
√

(log d2)
β

d1

)
.

β is either 1 or 4
α . β = 1 corresponds to the ‘typical regime’, and β = 4

α applies when p is chosen to
be very large. We derive an expression for the boundary between the two regimes in the supplementary
material, but, for reasonable2 p, β = 1 should suffice.

Corollary 1. Suppose that the smallest value of the oracle solution L∗ is larger than 2Kρ
µ RF + 3λ

√
s

µ+ρ .
Then (under Theorem 6’s assumptions), our model is ‘sparsistent’: with exponentially high probability,
the support, and hence the true network C, is recovered correctly.

Our other assumption concerns the ‘lopsidedness’ of our data. It is natural to expect some kind of
restriction here: suppose we had 1,000,000 cells and 5 genes. How are we possibly going to estimate a
cell network which has ≈ 1012

2 parameters from only 5 genes? One axis cannot be too much larger than
the other, or else it will be too difficult to estimate that axis’ network. This is not as limiting as it first
seems: we will see that, if we choose ρℓ > 0 in Equation 5.4, then lopsidedness is not a concern.

Theorem 7 (Lopsidedness Theorem). As long as the dataset is not too lopsided and the true distribution
has positive definite covariance, then Equation 5.4 defines a function that is almost surely strongly
convex when every ρℓ = 0. Equation 5.4 is always strongly convex when ρℓ > 0.

Corollary 2. When the conditions of Theorem 7 are satisfied, there exists a unique solution to Equation
5.4.

The proof relies on Cover’s Theorem Cover, 1965, and is given in the supplementary material. Even
when Theorem 7 fails, a solution can still exist with high probability.

Theorem 8 (Excess Lopsidedness Theorem). Let d∀ =
∏
ℓ dℓ and D =

∑
ℓ
d2ℓ−dℓ

2 −K + 1− d∀, and
suppose D > 0; in other words, D represents the ‘excess lopsidedness’ of the data. For (d1, d1+δ)-shaped
(matrix-variate) data, D = δ2−δ

2 − (d1 + 1).
With probability 1− 1

2d∀−1

∑min(D,d∀))−1
i=0

(
d∀−1
i

)
a solution exists when ρℓ = 0 to Equation 5.4.

Example 16. Assume Frobenius penalties ρℓ of zero. For an arbitrary 100× 114 dataset, Equation 5.4
almost surely has a solution. For a 100× 263 dataset it has at least a 50% chance of having a solution.
In all scenarios in which ρℓ > 0, a solution exists.

Example 17. Tensor-variate data is permissive. A solution almost surely exists for 100× 100× 6000
and 100× 100× 100× 500000 datasets.

In Section 5.5.3, we will see that our model is able to perform well on lopsided data when ρℓ > 0.
The dataset in question has 640 cells and 11 genes, in which case Equation 5.4 has no solution when all
ρℓ are 0 (Theorem 8).

5.4.1 Inferring the ordering
The most egregious assumption we make is knowledge of the ordering. When the order is unknown,
we could change Equation 5.4 to optimize over the space of all DAGs, rather than lower-triangular
matrices. However, this problem is NP-hard (Chickering et al., 2004). In this section, we’ll show that,
under certain conditions, the ordering can be recovered from the data.

For the LGAM model, the ordering of the variables can be inferred from the variance of the data.
2If α is close to 0 (i.e. the true distribution has heavier tails) or if the true distribution’s covariance matrix is

ill-conditioned, then β = 4
α

is more likely.
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Theorem (Various Authors). Let x come from the LGAM model. Let i < i′ denote that there is a path
from i to i′ in the DAG, i.e. i comes earlier in the ordering. Then, under various conditions (Park,
2020; Peters & Bühlmann, 2014), we have that:

i < i′ =⇒ Var [xi] < Var [xi′ ]

One such condition is that the diagonals of each Cℓ are homogeneous.

In fact, any such result like this can be adapted to fit our ⊞-LGAM model.

Theorem 9. Let X come from the ⊞-LGAM model. Under various conditions (Park, 2020; Peters &
Bühlmann, 2014), we have that:

i < i′ =⇒ E

∑
j

X 2
ij

 < E

∑
j

X 2
i′j


One such condition is that the diagonals of each Cℓ are homogeneous.

Example 18. Let’s assume that diag [Cℓ] = aℓI for some constants {aℓ}. This is equivalent to assuming
that every gene has the same variance and every cell has the same variance after conditioning out the
effect of other genes/cells. Then one should order the terms (in ascending order) by their empirical
variance.

In the real world, gene variances are unlikely to be homogeneous. Other, more complicated
assumptions on the variance will suffice for Theorem 9 (Park, 2020). Additionally, the variance
heuristic can be combined with domain knowledge; one can first order genes by whether or not they
are transcription factors before applying this heuristic, for example. In Section 5.5.2, we show that,
even if the chosen ordering is dramatically wrong, the recovered network still maintains a good degree
of accuracy.

5.5 Results
It is often hard to validate graphical models, given that we rarely have access to a ground truth network.
We’ll analyze our performance on two types of synthetic data: that which we generate ourselves from
simple distributions to ensure a given structure (Section 5.5.1) and a simulated scRNA-seq dataset
from the literature (Section 5.5.3). We’ll call the former ‘synthetic’ and the latter ‘simulated’, to reflect
the fact that the latter dataset is an expert-curated simulation of real-world data. We also investigate
the effects of getting the ordering wrong (Section 5.5.2).

5.5.1 Synthetic data
Each of the synthetic datasets we will experiment with are generated from our ⊞-LGAM model. We
focus on in-distribution data in this section to get an understanding of the idealized performance of our
model; out-of-distribution data is the focus of Section 5.5.3. We do not explore the effect of ρ here, but
will in Section 5.5.3. We let our L1, λ, penalty be the same for all axes.

We investigate many different scenarios, based on the size, sparsity and lopsidedness of the dataset.
Typically, our ground truth is generated to be an Erdös-Renyi graph (i.e, each potential edge has a
constant probability to be present in the graph, independent of other edges), although we also look at
AR(1) graphs. We summarize results in Table 5.1, using standard LGAM and GmGM (E. B. Andrew
et al., 2024) as baselines. GmGM estimates the (symmetric) graph of conditional dependencies (Section
5.2) rather than a directed graph, but it is also based on the Cartesian product.

Our method performs very well for tensor-variate and/or AR(1) data. In most cases, our method
outperformed the baselines. Our method achieved worse results on highly-sparse-graph data compared
to the baseline. This is not surprising; when the sample graph is highly sparse, the dataset is very close
to being independent. When the samples truly are independent, LGAM suffices and our model may
overfit. GmGM sometimes does best, but is typically much worse than LGAM and ⊞-LGAM.

When comparing the effect of dataset size on performance, we considered three different scenarios,
going from a size of 50× 50 to 100× 100. These correspond to three different scenarios for the amount
of edges s in the true growth.
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Dimension AUC-PR MCC

LGAM ⊞-LGAM GmGM LGAM ⊞-LGAM GmGM

100ER × 50AR(1) 0.778 0.823 0.247 0.726 0.781 0.369
40ER × 40ER × 40ER 0.791 0.801 0.648 0.726 0.756 0.674
60ER × 60ER × 60ER 0.758 0.775 0.688 0.684 0.707 0.650
50ER × 50AR(1) 0.680 0.762 0.370 0.670 0.715 0.552
50ER × 100AR(1) 0.468 0.598 0.138 0.600 0.676 0.309
2.5% 100ER × 100ER 0.417 0.427 0.272 0.508 0.504 0.527
100AR(1) × 50ER 0.367 0.386 0.288 0.344 0.346 0.275
50I × 50ER 0.348 0.354 0.316 0.335 0.330 0.328
50ER × 50ER 0.315 0.328 0.345 0.291 0.321 0.333
5% 100ER × 100ER 0.270 0.316 0.272 0.293 0.347 0.383
100ER × 50ER 0.297 0.308 0.276 0.313 0.333 0.283
10% 100ER × 100ER 0.250 0.279 0.239 0.241 0.264 0.237
50ER × 100ER 0.209 0.226 0.175 0.188 0.207 0.152
50AR(1) × 100ER 0.197 0.190 0.164 0.175 0.159 0.133

Table 5.1: Results on synthetic data, ordered by problem difficulty. We report both the area under the
precision-recall curve (AUC-PR) and the best Matthew’s correlation coefficient (MCC) achieved by the
methods. Results are reported on the second axis of the dataset - for the lopsided 100× 50 and 50× 100
datasets, note that the first-axis performance of 50× 100 is the same as the second-axis performance of
100× 50. All ground truth graphs were 10% dense, except if labeled 5% dense (matching Scenario 2),
or 2.5% dense (matching Scenario 3). The subscript of an axis indicates the type of graph used (ER is
Erdos-Renyi, AR(1) is autoregressive, and I is independent/an empty graph).

Ordering AUC-PR MCC

LGAM ⊞-LGAM LGAM ⊞-LGAM

True Ordering 0.778 0.823 (↑6%) 0.726 0.781 (↑8%)
20% Shuffled 0.776 0.824 (↑6%) 0.726 0.777 (↑7%)
50% Shuffled 0.730 0.773 (↑6%) 0.709 0.751 (↑6%)
100% Shuffled 0.728 0.798 (↑10%) 0.745 0.768 (↑3%)

Table 5.2: Results on synthetic data; the same dataset is used for each, with only the ordering changed.
We report both the area under the precision-recall curve (AUC-PR) and the best Matthew’s correlation
coefficient (MCC). Results are reported on the second axis of the dataset. All tests were run on the
100ER × 50AR(1) Gaussian test from Table 5.1. An ordering is x% shuffled if we randomly shuffled the
first x% of the ordering.

Scenario 1. The percentage of extant edges stays the same; s = O(d2ℓ).

Scenario 2. The average degree of nodes stays the same; s = O(dℓ).

Scenario 3. The amount of total edges stays the same; s = O(1).

According to Theorem 6, the error for a d× d dataset should grow as O(
√
s); thus, we’d expect the

performance to decrease in Scenario 1 and increase in Scenario 3; this is exactly what we see.

5.5.2 Effect of ordering

When the ordering is unknown, we’d like to know how much the choice of ordering is likely to affect
the sparsity structure of the recovered graph. We empirically test the effect of getting the ordering
wrong on synthetic data, in Table 5.2. These results demonstrate that getting the ordering wrong
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Figure 5.1: (Left) The first two PCA components of the Krumsiek dataset, demonstrating clear
developmental trajectories. (Center) The regulatory network used to generate the dataset. Some edges
in their network were bi-directional; these have been represented as undirected edges. Gata1, Gata2,
Pu.1, and Cebpa have ‘self loops’. (Right) The ground truth graph with our assumed ordering.

Figure 5.2: (Left) A gene graph arising from our ⊞-LGAM’s grid search. Chosen for display as its cell
graph qualitatively captures cell development the best. (Right) The best gene graph arising from our
⊞-LGAM model’s grid search. (All) Black edges are true positives, near-white edges are false negatives,
pale red edges are false positives.

does not dramatically affect structure recovery. If the ordering unknown, heuristics and theorems that
allow us to approximate the ordering, such as Theorem 9, are helpful, but not necessary - even with a
completely random ordering, structure recovery capability is mostly preserved.

5.5.3 Simulated scRNA-seq data
In this section, we apply our method to the simulated dataset of Krumsiek et al., 2011. The dataset in
question (the ‘Krumsiek dataset’) was generated from a literature-curated regulatory network of 11
genes involved in blood cell differentiation. The regulatory network is not acyclic: it contains some
loops (Figure 5.1(Center)).

The dataset contains 640 cells, which are labeled by cell type (erythrocyte, megakaryocyte, monocyte,
neutrophil, and progenitor). The dataset has a notable ‘developmental structure’: progenitor cells
differentiate into the other cells; in Figure 5.1(Left) we can see this developmental process manifest in
PCA-space.

We compare our performance against the LGAM baseline. The task for the gene axis is clear; we
wish to know how well our method recovers the structure of the ground truth graph. For the cell
axis, this is less clear. Given that we have access to cell labels, we evaluate how well cells of the same
type cluster in our graphs. We are also interested on how well, qualitatively, our graphs recover the
developmental structure of the dataset.

5.5.4 Establishing causal ordering
To determine if a gene comes before another, we apply the following three rules in order of priority:

1. Must gene A come before gene B due to prior knowledge?

2. If a gene self-regulates, it comes before genes that do not.
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Figure 5.3: (Left) The best gene graph arising from the baseline LGAM’s grid search. Black edges are
true positives, near-white edges are false negatives, pale red edges are false positives. (Right) Clustering
metrics comparing the best ⊞-LGAM results to the best baseline LGAM result.

3. Use Theorem 9 to determine the ordering.

As the ground truth gene graph was constructed by Krumsiek et al., 2011 using the academic
literature, we’ll assume knowledge of the orderings that are entailed by the graph. The ground truth
graph contains both uni-directional and bi-directional edges, so not every ordering is known. For
example, the graph contains Gata1 → Fog1 and Gata1 ↔ Fli1. Thus, Gata1 must come before Fog1,
but we do not know the ordering of Gata1 and Fli1. We will also assume knowledge about which genes
self-regulate (Gata1, Gata2, Pu.1, Cebpa). These genes are likely to have higher variance due to this,
which would interfere with Theorem 9. After following this process, we get the ordering:

Gata1→Fog1→Gata2→Cebpa→Gfi1→Pu.1→EKLF→cJun→EgrNab→SCL

What about the ordering of the cells? We order our cells by their ‘pseudotime’. Pseudotime is a
measure of how far along its developmental trajectory a given cell is. scRNA-seq datasets contain only
a single snapshot in time (hence the ‘pseudo’ in ‘pseudotime’), but not every cell ends up developing at
the same rate. Thus, scRNA-seq datasets can often capture the developmental trajectory of a cell type
(in this case, the differentiation of progenitors into the other cell types).

To estimate pseudotime, we used PAGA (Wolf et al., 2019) to construct the coarse, large-scale
structure of development and DPT (Haghverdi et al., 2016) to assign each cell a distance along this
trajectory. We chose this method as it is the standard workflow in the scanpy package (Wolf et al.,
2018), which we used for our experiments.

5.5.5 Choosing the parameters
For our ⊞-LGAM model, we first grid-searched over the two L1 penalties λ1, λ2, with fixed ρ. As we
don’t have a quantitative metric for the cell graph’s performance, we used the performance (Matthew’s
correlation coefficient) on the gene graph to rank results. We then picked the best-performing result,
and performed an extended grid-search over ρ. For the baseline, we grid-searched over λ and ρ. See
Figure A in the supplementary material for grid search results, and Figure 5.3(Left) for the best baseline
gene graph.

To investigate the ability of the cell graph to qualitatively capture the developmental structure,
we looked at the three best performing cell graphs from the original grid search, as well as the best
performing cell graph from the extended grid search. Figure 5.2(Left) displays the one we, subjectively,
felt captured developmental structures the best. For a more objective measure, we evaluated cluster
quality when using the Leiden clustering algorithm (Traag et al., 2019), given in Figure 5.3(Right).

One benefit of our model is that the gene and cell objectives are linked; if we have a metric for gene
graph performance, we can optimize for that and produce a corresponding cell graph. For standard
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LGAM, we have no way of doing so. To be able to compare to a baseline, we ran LGAM three times,
once for each of the top 3 cell parameters from our ⊞-LGAM grid search.

The results are favorable to our model; our best gene graph achieved an MCC of 0.651, compared
to 0.590 for the baseline. By optimizing only over gene graph performance, we automatically learned
cell graphs as well, which in most cases outperformed the baseline in clustering quality measured by
adjusted mutual information and adjusted Rand scores.

5.6 Discussion
This paper addresses the problem of directed regulatory network inference. In particular, we have
generalized the classical linear Gaussian additive noise model using a Kronecker-separable framework.
Our method achieves a standard statistical recovery rate; we have not lost anything asymptotically by
generalizing the model (Theorem 6). By learning all graphs simultaneously, it allows metrics for one
graph to be used to learn the other graphs (Section 5.5.3). Our model is a generative model; thus, it
can be used to generate plausible causal hypotheses for further investigation.
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Chapter 6

Making multi-axis Gaussian graphical
models scalable to millions of samples
and features

This chapter and Chapter 2 neatly bookend the thesis. Chapter 2 improved the scalability of Kronecker-
sum-structured models, but not to the point of being applicable on the largest of datasets. The paper
in this chapter goes much further than the previous, with the improvement of GmGM to such a point
that it can handle millions of cells in minutes. At the start of this thesis, state-of-the-art algorithms
such as TeraLasso began struggling in the low thousands of cells, but over the course of the PhD we
continually improved our methodology to the point where it can run on any current public scRNA-seq
dataset; we prove this by running our method on one of the largest such datasets.

While this paper is primarily a methodology paper, it also contains the most in-depth experiments
on real datasets performed during this thesis. This mirrors the fact that multi-axis methods have now
become applicable to real data; before, toy examples were prevalent due to methodological limitations.

The paper is currently under submission in Bioinformatics. It is presented unchanged from the
submitted version, except for formatting changes to fit the thesis style. The supplementary material
for the paper is available in Appendix E, which contains further details and experiments. For further
details and experiments that came up during the viva, see Appendix K.
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Abstract. Motivation: Networks underlie the generation and interpretation of many biological
datasets: gene networks shed light on the regulatory structure of the genome, and cell networks
can capture structure of the tumor micro-environment. However, most methods that learn such
networks make the faulty ‘independence assumption’; to learn the gene network, they assume that
no cell network exists. ‘Multi-axis’ methods, which do not make this assumption, fail to scale
beyond a few thousand cells or genes. This limits their applicability to only the smallest datasets.

Results: We develop a multi-axis method capable of processing million-cell datasets within
minutes. This was previously impossible, and unlocks the use of such methods on modern scRNA-seq
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particular, it identifies long non-coding RNA genes that potentially have a regulatory or functional
role in neuronal development.
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6.1 Introduction
Learning a network (‘graph’) that describes a dateset can improve understanding of the systems that
generated it. A common example is learning a gene association network from a single-cell RNA-
sequencing (scRNA-seq) dataset. These datasets typically come in the form of a cells× genes matrix,
with the individual matrix entries of gene expression values; learning a gene network from this type
of data gives insight into the regulatory pathways governing cell behavior. There are many methods
to learn networks, such as the graphical lasso (Friedman et al., 2008), WGCNA and its single-celled
variant hdWGCNA (Langfelder & Horvath, 2008; Morabito et al., 2023), and neighborhood selection
(Meinshausen & Bühlmann, 2006).

However these methods all make the ‘independence assumption’; to learn the gene network, they
must assume that the cells do not interact. This is clearly false; cells come from a highly interactive
micro-environment, and come in a variety of cell types - all of this information is useful for the
construction of gene networks, and should not be thrown away. In this paper, we propose a scalable
method to learn gene networks while still capturing cellular heterogeneity; as a byproduct, our method
also produces a cell network that can be used for cell type inference. By learning both networks
simultaneously, one can expect to get better results than learning them sequentially - not only does our
method not make the independence assumption, but it can share information between the networks
when learning them, leading to better estimates of both.

Our method is a type of ‘multi-axis’ method (which are often called ‘Kronecker-separable’ methods),
named so because they consider the dependencies within all axes of a dataset; in contrast, methods
that make the independence assumption are ‘single-axis’. In general, for any matrix-variate dataset
there are two potential kinds of dependencies one must consider: sample (‘row’, ‘cell’) and feature
(‘column’, ‘gene’) dependencies. This concept, and our method, can be extended to more complex
(‘tensor-variate’) datasets, which occasionally show up in bioinformatics (Example 21).

Example 19. scRNA-seq datasets have two axes (cells, genes).

Example 20. scATAC-seq datasets have two axes (cells, peaks).

Example 21. A longitudinal bulk RNA study of multiple patients has three axes (timepoints, patients,
genes).

Also in scope are datasets with ‘shared axes’. A shared axis is an axis that appears in two or
more matrices at a time. The goal is to learn a network describing each axis, without making an
independence assumption on any.

Example 22. Paired scRNA-seq/scATAC-seq datasets have three axes (genes, peaks, and a cells axis
shared between the two modalities).

Example 23. A 5 patient scRNA-seq dataset has six axes (one for the cells of each patient, and a
gene axis shared between them all).

The standard independence assumption is that there are no row dependencies (i.e. there are no
dependencies between cells in the scRNA-seq case), which is tractable but inaccurate. One could
instead allow ‘full dependence’, i.e. every matrix element (i1, j1) could potentially be dependent on any
other matrix element (i2, j2). This would allow very granular statements to be made about the data,
such as ‘gene A in cell X affects gene B in cell Y’. Sadly, inference of such a network is statistically
intractable: a d× d matrix would have O(d4) potential dependencies, and only one ‘sample’ (the matrix
itself) from which to learn such dependencies.

To strike a balance between model accuracy and model tractability, the independence assumption
is replaced with a weaker, more realistic assumption about how the axes may interact. In this paper,
we make the Cartesian product assumption, which is easiest to describe in terms of a concrete
scRNA-seq example: ‘a gene can only be (conditionally) dependent on the expression of other genes
within the same cell, or the same gene in other cells ’. This assumption is weaker than the independence
assumption, yet like the independence assumption only a more tractable O(d2) possible dependencies
need be considered.

The networks considered in this paper are conditional dependence networks; two genes are condi-
tionally dependent, given the rest of the genes in the dataset, if they are statistically dependent on
one another after removing the effect of the other genes. Conditional dependence captures the concept
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of ‘direct correlation’; if A and B are only correlated indirectly due to their mutual correlation with
another gene C, then they would be conditionally independent. Thus, conditional dependency networks
tend to be sparser and more meaningful than co-expression networks. For Gaussian data, the inverse
covariance matrix Ψ encodes the conditional dependency graph as follows:

Ψij = 0 ⇐⇒ gene i is conditionally independent from gene j

This convenient relationship allows our assumptions about the data to be expressed as a probabilistic
model, where Ψ(cells),Ψ(genes) are the cell and gene conditional dependency matrix and d1, d2 are the
numbers of cells and genes, respectively. In doing so, our model is amenable to maximum likelihood
estimation (MLE). Letting X be our dataset, I and 0 be the identity matrix and zero matrix, vec
be the operation that flattens matrices into vectors, and ⊗ be the ‘Kronecker product’ operation,
traditional single-axis models and our model can be expressed as follows (with N (µ,Σ) being the
normal distribution with mean µ and covariance Σ):

vec [X] ∼ N
(
0d1d2 ,

(
Ψ

(genes)
d2×d2 ⊗ Id1×d1 + Id2×d2 ⊗Ψ

(cells)
d1×d1

)−1)
(Cartesian product [our method])

vec [X] ∼ N
(
0d1d2 ,

(
Ψ

(genes)
d2×d2 ⊗ Id1×d1

)−1)
(Independence of cells [glasso, hdWGCNA, etc.])

The operation F⊗ I+ I⊗G is common enough that it is known as the ‘Kronecker sum’ F⊕G. For
two graphs F,G encoded as matrices F,G, the Kronecker sum F⊕G encodes the Cartesian product of
F and G.

A Gaussian assumption would not be correct for most biological datasets, particularly those
comprising of binary or count data. However, this assumption can be replaced by the much weaker
‘Gaussian copula’ assumption, which allows the data to follow any distribution as long as the genes
‘interact Gaussianly’; in particular, if genes were to follow a negative binomial or Poisson distribution,
they can still fit the Gaussian copula assumption. This is discussed further in Section 6.2.2.

This paper is not the first to consider the Cartesian product assumption; there are several methods
to learn such graphs. The most scalable include TeraLasso (Greenewald et al., 2019), which was the first
to generalize to tensor-variate data, and GmGM (Andrew et al., 2024), which further generalized the
scenario to the ‘shared axis’ case1. However, TeraLasso is only scalable to hundreds of cells, and GmGM
to low thousands. Modern scRNA-seq datasets have hundreds of thousands of cells. In fact, there are
11 Human Cell Atlas datasets with more than a million cells (Regev et al., 2017). Extrapolating their
runtimes to a million-cell dataset, TeraLasso would take 15,000 years to run and GmGM would take 200.
Both would require at least 16 terabytes of memory. Even with access to a high-performance-computing
(HPC) cluster, the usability of these algorithms on such datasets is dubious.

Due to these scalability constraints, multi-axis models cannot be applied to modern scRNA-seq
datasets. In this paper, we make significant alterations to the GmGM algorithm to improve its
scalability, resulting in an algorithm that can run on million-cell datasets in a matter of minutes. Our
contributions unlock the use of multi-axis models on modern datasets.

6.2 Materials and methods

6.2.1 Notation
Because our model is built to work on a wide variety of datasets (including those with shared axes
and more than two axes), the notation can be quite dense; in particular, many variables of the form
dxy are defined below. For most users, only the matrix-variate case (which includes scRNA-seq) will
be of interest, for which the notification can be drastically simplified. See Section 6.2.1 for such a
simplification. Furthermore, Figure 6.1 gives a graphical overview of the most complicated bit of the
notation.

1Other methods that work with shared axes in multi-modal datasets do exist, but they all make the independence
assumption on one of the axes; for example, the group graphical lasso and fused graphical lasso (Cai et al., 2016; Danaher
et al., 2014), and Gaussian chain graphical models (McCarter & Kim, 2014).
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Modality 1
Modality 2

Modality 1
(Frame 1)

Modality 1
(Frame )... Modality 2

Figure 6.1: An example two-modality dataset with a few relevant properties highlighted. Also contains
a graphical definition of matℓ

[
{Dγ}γ

]
(bottom).

Axes are denoted using subscripts (often with the symbol ℓ); for example, Ψcells would be the
precision matrix of the cells axis. Modalities will be represented with superscripts (often with the
symbol γ); in a multi-patient scRNA-seq study, Dpatient1 would represent the cells × genes matrix of
the first patient. ℓ ∈ γ represents the statement that an axis is recorded in a modality; in a paired
scRNA/ATAC-seq dataset, “genes ∈ scRNA-seq modality” but “genes /∈ scATAC-seq modality”.

Let dℓ be the size of axis ℓ, dγ∀ =
∏
ℓ∈γ dℓ be the size of modality γ, dγ\ℓ =

dγ∀
dℓ

be the number of
samples from ℓ’s perspective in γ, and d∀\ℓ =

∑
γ|ℓ∈γ d

γ
\ℓ be the number of samples from ℓ’s perspective

overall. rℓ and analogous variables are defined to represent the number of principal components chosen
for axis ℓ.

det† represents the pseudo-determinant and vec represents vectorization. matℓ [X γ ] represents the
‘matricization’ of a tensor X γ , which reshapes the data into a dℓ × dγ\ℓ matrix. Matricization of a
dataset, matℓ

[
{X γ}γ

]
, reshapes the data into a dℓ× d∀\ℓ matrix. See Figure 6.1 for a graphical example

of these definitions. Sℓ = matℓ
[
{X γ}γ

]
matℓ

[
{X γ}γ

]T is the covariance matrix for axis ℓ. Its top rℓ
eigenvectors and eigenvalues are V

(rℓ)
ℓ and E

(rℓ)
ℓ , respectively.

The final definition needed is that of the stridewise-blockwise trace trab [X]; it arises in the gradient
of terms involving Kronecker products. Letting J(ij) is a matrix of zeros except for a single 1 in position
(i, j), we have:

trab [X]ij = tr

[
X
(
Ia×a ⊗ J(ij) ⊗ Ib×b

)]

Simplified notation

If one is only interested in matrix-variate datasets, the notation can be simplified. For any such dataset,
there is only one modality, so all superscripts γ can be ignored. Furthermore, there are only two axes
(of sizes d1, d2), and d1 = d\2 = d∀\2 (with analogous relationships for d2). d∀ = d1d2, and for a dataset
X it holds that mat1 [X] = XT and mat2 [X] = X. Any kind of product over ℓ ∈ γ is just a product
over the two axes; ℓ ∈ {1, 2}.

6.2.2 Assumptions

The five assumptions of this work are listed below, citing where they have been used for multi-axis
modelling before.

Assumption 7. The data’s dependencies are Kronecker-sum structured. First used by Kalaitzis et al.
(2013).
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Assumption 8. The data has a Gaussian copula, also called the ‘nonparanormality assumption’. Used
by Li et al. (2022). This assumption allows the data to have any marginal distribution (such as negative
binomial), as long as the genes interact ‘Gaussian-ly’.

Assumption 9. Conditional dependency graphs with d vertices have O(d) edges ,i.e. are ‘linearly
sparse’. Follows from Assumption A4 of Greenewald et al. (2019).

Assumption 10. The largest nonzero eigenvalue of Ψℓ is at least ϵℓ, for some small ϵℓ. Follows from
Assumption A2 of Greenewald et al. (2019).

Assumption 11 (New). The input data and true graphs are well-approximated by low-rank matrices.
This assumption is common throughout data science (see Appendix E.1) but has not been applied to
improve performance for multi-axis models.

Our method inherits the nonparanormality assumption from prior work. Intuitively, this corresponds
to a multivariate distribution with arbitrary marginals but whose variables interact with each other
‘like Gaussian variables’. This is done by only considering rank statistics of gene expression, rather
than the exact expression values. See Liu et al. (2012) for more details. To our knowledge, there has
been no Kronecker-structured work that does not make this or a stronger assumption. If there were, it
would likely lack the crucial properties of the Gaussian copula that make it efficient to scale (namely
the relationship between Ψ and the graph of conditional dependencies) - although it is certainly a
worthwhile avenue for future work to explore.

The main bottleneck to scalability in the prior version of GmGM was that its memory complexity
was O(

∑
ℓ d

2
ℓ). Without making any additional assumptions, this memory complexity is optimal; a set

of K fully dense dℓ × dℓ precision matrices require exactly
∑
ℓ
d2ℓ+dℓ

2 values to specify. However, when
one is working with conditional dependencies, the output graphs will typically be sparse. The ‘linearly
sparse’ assumption makes it at least theoretically possible to achieve O(

∑
dℓ) memory complexity.

Real world networks are often linearly sparse. Consider the case of a social network; no matter how
many people p there are in the world, there is (sadly) a constant upper bound on the possible number
of friends someone can make during their life. This yields a graph with O(p) edges.

While linear sparsity makes a linear memory cost possible, all prior work relies on eigendecompositions.
This entails the use of the matrix of eigenvectors, one for each axis, requiring

∑
ℓ d

2
ℓ elements. To achieve

scalable memory usage, this must be avoided. Thankfully, if the dataset is well-approximated by a low-
rank matrix, then only the first few eigenvectors are actually meaningful! The full eigendecomposition
is not needed. This assumption is easily verifiable on real data; PCA is a standard part of many data
analysis pipelines, with there being many techniques to estimate the number of principal components
(i.e. eigenvectors) required to capture most of the variance in the data.

6.2.3 The model

Our model is similar in structure to prior work; however, to take advantage of Assumption 11 a ‘singular ’
probability distribution is used; see Appendix E.2 for an explanation and derivation. Letting rℓ be
the rank chosen for each axis, and rγ∀ be the product of ranks of all axes occurring in modality γ, our
model can be expressed as follows:

pdfnormal(X γ) =

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2vec[X

γ ]T (
⊕

ℓ∈γ Ψℓ)vec[Xγ ]

=

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2

∑
ℓ∈γ tr[Sγ

ℓ Ψℓ] (6.1)

When given a multi-modal dataset, the model is:
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pdfnormal
(
{X γ}

)
=
∏
γ

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2

∑
ℓ∈γ tr[Sγ

ℓ Ψℓ]

Above, the data is assumed to be Gaussian (x ∼ N (·, ·)). To achieve the weaker ‘Gaussian copula’
assumption (Assumption 8), which states that the dataset is a monotonic transformation f of a
Gaussian dataset (f−1(x) ∼ N (·, ·)), we follow Li et al. (2022) in using the Nonparanormal Skeptic
(Liu et al., 2012) to first compute the sufficient statistics {Sℓ}, before applying our model.

6.2.4 Theory
The aim of this paper is to find the maximum likelihood estimator (MLE) of Equation 6.1 efficiently. A
major bottleneck in prior work was the need to re-compute eigenvectors every iteration. Appendix E.7
contains the proof for the following theorem:

Theorem 10. Let the rank-rℓ partial eigendecomposition of Sℓ be V
(rℓ)
ℓ E

(rℓ)
ℓ V

(rℓ),T
ℓ . Then V

(rℓ)
ℓ are

also eigenvectors of the maximum likelihood estimate Ψ̂ℓ.

This reduces the problem to finding the eigenvalues, which lack an exact solution but can be solved
for iteratively due to the convexity of the problem. The next theorem shows that this is a well-founded
problem:

Theorem 11. There exists a unique MLE that estimates the precision matrix of the singular Kronecker-
sum-structured normal distribution, provided rℓ ≤ rank [Sℓ].

Note that rℓ ≤ d∀\ℓ suffices.

Kronecker-structured models often suffer identifiability issues; in Appendix E.3 it is shown that
there exists an identifiable parameterization. In Appendix E.9, a hypothesis testing procedure is derived
to allow one to deduce the statistically significant edges.

Theorem 12. Under the null hypothesis
⊕

ℓ∈γ Ψℓ =
1

(σγ)2
Idγ∀ , the following distribution holds for each

ψℓij independently:

√∑
γ|ℓ∈γ d

γ
∀ (σ

γ)
4

dℓ

ψℓij
2
∼̇ N (0, 1)

In practice, we have found this test to be quite weak, so thresholding may be preferred, especially if
the graph is used as a preprocessing step (such as for clustering) rather than an end in and of itself.

6.3 Algorithm
Our maximum likelihood estimation algorithm (Appendix E.4, Algorithm 3) can be described as:
calculate each Sℓ, partially eigendecompose them, perform gradient descent on the eigenvalues2, eigen-
recompose to get Ψℓ, and then threshold to get the final solution. However, creation of Sℓ requires
O(d2ℓ) space - the goal is to only require O(rℓdℓ) space. This can be avoided by noting that:

Sℓ =
∑
γ

Sγℓ

=
∑
γ

matℓ [Dγ ] matℓ [Dγ ]T

=
[
matℓ

[
D1
]

... matℓ
[
DΓ
]] matℓ

[
D1
]T

...

matℓ
[
DΓ
]T


≜ matℓ
[
{Dγ}γ

]
matℓ

[
{Dγ}γ

]T
2The formula for the gradient of the eigenvalues is derived in Appendix E.7.
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Figure 6.2: The running time of various multi-axis algorithms on synthetic data as the number of
nodes in the graph increases. The synthetic datasets were generated from a Kronecker-sum-structured
normal distribution The top-left focuses in on the graphs with less than 2000 nodes to be able to show
TeraLasso (Greenewald et al., 2019) and DNNLasso (Lin & Zhang, 2024). ‘GmGM’ refers to the old
GmGM (Andrew et al., 2024), whereas GmGM-Xpcs refers to our modifications, using only X principal
components. GmGM-50pcs-minimal corresponds to the case in which the number of edges in the graph
is proportional to the number of nodes (Assumption 9); for the other models, the full graph was kept.

Sℓ can be thought of as the covariance matrix for a dℓ×
∑
γ d

γ
\ℓ matrix “matℓ

[
{Dγ}γ

]
”, and hence its

eigenvectors are precisely the singular vectors of matℓ
[
{Dγ}γ

]
. This allows avoiding ever constructing

Sℓ.
Such an approach has one major drawback; the Nonparanormal Skeptic works by supplying a

rank-based Sℓ that, intuitively, represents the correlation matrix ‘as if the data had come from a
Gaussian’. To both avoid quadratic memory usage and weaken the normality assumption, it requires
a modification. COCA (Han & Liu, 2014) is used to calculate nonparanormal eigenvectors; it works
by replacing matℓ

[
{Dγ}γ

]
with a matrix of ranks, mapping these ranks to a normal distribution, and

then finding the singular vectors of this rank matrix.
The final practical issue to surmount is that of preserving input sparsity. matℓ

[
{Dγ}γ

]
has d∀

elements, but in many contexts, such as transcriptomics, the dataset will be highly sparse; the majority
of the input is full of zeros. Ideally, the matrix would never be ‘densified’. Using COCA, however,
requires computing the matrix of ranks, which will be fully dense. If unaddressed, this would enforce an
Ω(d∀) minimum memory requirement. Solving this is necessary for scalability; as will be seen in
Section 6.5.1, our algorithm can handle very large sparse datasets; if densified, they would be in excess
of 30 GB of memory. In Appendix E.10, we show how to solve this using a rank-one update technique.

6.4 Implementation

The algorithm is implemented in Python, using Numpy, Numba, SciPy, and Dask (Harris et al., 2020;
Lam et al., 2015; Rocklin, 2015; Virtanen et al., 2020). The experiments were run on a 13-inch MacBook
Pro with an M1 chip and 8GB RAM. 23GB of hard disk storage were available when running the
experiments; the million cell experiment (Section 6.5.1) could not fit in 8GB of RAM, and thus much
of the free hard disk space was used as swap memory.

6.5 Results

The scalability of our method is demonstrated in Section 6.5.1. In Section 6.5.2, an exploration of the
role of long non-coding RNA (lncRNA) in neural progenitor cells is performed. In biology, it can be
hard to know the ground truth; in Appendix E.11, there is an additional comparison on a non-biological
real-world toy dataset with known ground truth to validate our methodology.
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6.5.1 Scalability

In this section, the scalability of our method is demonstrated, comparing it to two other multi-axis
methods on in-distribution synthetic data3. The synthetic datasets were generated from a Kronecker-
sum-structured normal distribution, and the ground truth networks to be learned were generated from
a Barabasi-Albert distribution. The Barabasi-Albert distribution was chosen as it is a power law
distribution; many real world networks approximately follow a power law. Figure 6.2 shows how much
more scalable our modification makes GmGM, with it being the only method that can feasibly run on
datasets of several thousand cells.

To emphasize this point, our method was run on a 1,248,980 cell PBMC dataset by Yazar et al.
(2022), keeping the top 50 principal components (∼50% of the variance) and only the statistically
significant edges (5890 of them). Our method ran in less than two minutes on a personal computer
(see Appendix E.11 for more details and a sanity-checking of the results). It should be noted that
prior multi-axis work is fundamentally not scalable to problems of this size, even with access to high
performance computing clusters.

On a theoretical level, the scalability of our method is achievable in large part due to its lower
computational complexity. For a dataset of O(d) genes and cells, prior work required an O(d3) runtime
and O(d2) space use; in contrast, ours requires O(d2) time and O(d) space. A derivation of the
computational complexity, as well as its full statement for tensor-variate and shared-axis datasets, is
given in Appendix E.5.

6.5.2 Application to single cell neuronal differentiation data

Figure 6.3: A comparison of the homogeneity and completeness of clusterings our method (GmGM)
and hdWGCNA across various metrics over different sets of GO terms (see Appendix E.14 for GO
ids). Homogeneity measures the tendency for modules to contain only genes of a given set of GO
terms, whereas completeness measures the tendency for a set of GO terms to all be contained in a
single module. AMI stands for adjusted mutual information. ‘Coarse GmGM’ refers to a clustering
on GmGM with 7 modules (the same as hdWGCNA), and ‘fine hdWGCNA’ refers to a clustering on
hdWGCNA with 119 modules (the same as GmGM), most of which were singletons. These metrics
were adjusted for chance following Romano et al. (2016).

The previous section proved the scalability of our method; in this section, we will demonstrate
that our method leads to real biological insights, benchmarking against the single-axis hdWGCNA
(Morabito et al., 2023) methodology, which identifies gene co-expression networks. Method comparison
for biological networks is difficult, as there is no ground truth; however, we will see that GmGM leads
to networks with different structure than hdWGCNA, and that these differences result in new biological
insights. In particular, GmGM yields gene modules that are more specific to the relevant biology in our
dataset. Both methods are applied to a scRNA-seq dataset of induced pluripotent stem cells (iPSCs),
measured at 4 different time points as they develop into neural progenitor cells; the dataset consists of
6876 cells and 29,324 genes. See Appendix E.12 for details on how the data was collected.

To generate the GmGM network, the top 100 principal components were kept and the nonparanormal
skeptic was used. The top 5 strongest edges per gene/cell were retained. To generate gene clusters
(‘modules’) from the learned gene network, the Leiden (Traag et al., 2019) algorithm was used with a

3See Appendix E.11 for precision/recall comparisons on said data.



102 CHAPTER 6. MAKING MULTI-AXIS GGMS SCALABLE TO MILLIONS OF CELLS

‘resolution’ parameter of 3 (chosen to give at least 100 modules). For the hdWGCNA network, ‘soft
power’ of 4 was determined to be optimal by the hdWGCNA package’s TestSoftPower’s method. We
followed hdWGCNA’s guidelines to ensure that the network and clustering obtained were the best
possible, as defined by the authors of hdWGCNA. The hdWGCNA package’s recommended clustering
was used for the modules (only 8 modules); a finer clustering was attempted with Leiden, although
this resulted in many singletons and very small clusters. GmGM learns conditional dependency and
hdWGCNA learns co-expression; these types of networks have fundamentally different topologies which
is the likely cause of this difference.

The networks were evaluated by analyzing clusterings on them. We identified 119 gene modules
on the GmGM network, labeled m0, m1, m2, and so on. A short description of each is given in
Appendix E.15 (Table E.9). The modules range from having 37 genes (m118) to 600 genes (m2), with
the exception of m1 with 1756 genes and m0 with 9047. hdWGCNA identified 7 gene modules (ranging
from 241 to 6399 genes each) - an eighth ‘unnassigned’ module contained the 14,405 genes that were not
assigned to any module by hdWGCNA. A short description of each is given in Appendix E.15 (Table
E.8). To limit the potentially confounding effects of cluster quantity on our analysis, an additional
clustering was produced for each method. These were an 8 module clustering on the GmGM network
(‘Coarse GmGM’) and a 119 module clustering on the hdWGCNA network (‘Fine hdWGCNA’).

The networks and clusterings considered had very different properties. The hdWGCNA network
contained many singletons (the genes in the unassigned module) whereas GmGM contained none. The
GmGM network also had a higher transitivity (the tendency for connected genes to have neighbors
in common) than hdWGCNA (0.055 vs 0.002). The GmGM, coarse GmGM, fine hdWGCNA, and
hdWGCNA clusterings achieved modularities (the tendency for a clustering to have more within-cluster
than between-cluster edges) of 0.569, 0.600, 0.347, and 0.220, respectively.

To compare methods in terms of their ability to extract biologically relevant information, we
evaluated how well their clusterings aligned with a set of curated GO terms. The GO terms were picked
to either represent a fundamental biological process (such as the cell cycle or DNA replication) or the
development of a key component of neurons (axons, dendrites, synapses, the myelin sheath, and more
broadly nervous system development in general). Appendix E.14 (Table E.7) contains the GO terms
chosen as well as the rationale behind the choice.

The GO term comparison is given in Figure 6.3. It shows that our method’s clusters are better
aligned with neuron-specific GO terms, while hdWGCNA better captured non-specific processes, such
as the cell cycle. This is unsurprising; when we qualitatively inspect hdWGCNA modules (Appendix
E.15’s Table E.8), only two of the eight modules are associated with GO terms specific to neurons (the
‘blue’ and ‘red’ clusters); GmGM, in contrast, had many (Appendix E.15’s Table E.9).

In general, a qualitative analysis shows that every module of hdWGCNA (except the ‘unassigned’
module) clearly relates to some biological process, although typically a broad process such as RNA
binding. In contrast, only 39 of GmGM’s 119 modules show something of immediate biological interest.
However, those that do tend to be more specific than hdWGCNA; GmGM can capture biological
processes that are more relevant to the domain at hand (in this case, neural development). For a
module-by-module breakdown, see the tables of Appendix E.15.

Another benefit of GmGM is its ability to simultaneously learn a cell network; this is not available to
hdWGCNA, which only learns the gene graph. This cell network was clustered (Leiden, resolution=1)
and each cluster was associated with a cell type based on its statistical association with a set of marker
genes (Appendix E.13, Table E.6). The resulting clustering is shown in Figure 6.4.

There was often an overlap between cell clusters and the expressions of genes in the gene modules;
for example, the cortical neuron cells significantly express the modules m3, m13, and m27. The relation
of these clusters to cortical neurons is confirmed by their associated GO terms (including ‘forebrain
development’, ‘synapse organization’, and ‘dendrite’) and their dominant genes (the m27 sub-network
is dominated by TBR1, which is a key transcription factor for early cortical neurogenesis). The overlap
between GmGM’s gene and cell clusters are given by Table 6.1.

We conclude this section with a brief exploration of selected modules of the GmGM network.
The m90 module was especially interesting, as it had GO terms indicating a role in neurogenesis and
transcription factors. The most central genes for this module were NFIA and NFIB (known to be crucial
for nervous system development) and the unnamed lncRNA ENSG00000243620. ENSG00000243620
and another unnamed lncRNA (ENSG00000286757 ) were found in the GmGM network to be strongly
connected to the ZIC1, ZIC2, and ZIC4 transcription factors (also known to be important in neural
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Figure 6.4: (left) The cell type classification produced by GmGM using the marker genes from
Appendix E.13. NPC stands for ‘neural progenitor cell’, and ‘astro/ecto’ denotes cells which could not
be distinguished between astrocyte and neural ectoderm with the markers given. (right) The average
gene expression of the genes in GmGM module m13; it tends to express itself only in and around
cells that are identified as cortical neurons. (both) UMAP plots have been used for visualization; the
overexpression of m13 in the suspected cortical neuron cells has also been validated statistically.

Cell Type Clusters (Overexpressed gene modules in parentheses)
iPSC 0 (m1), 5 (m1)
Neural ectoderm 1 (m90,m9); 3 (m6,m90,m118,m30); 6 (m14,m11,m90,m30);

15 (m13)
NPC 2 (m25); 4 (m11,m19,m51,m25,m50,m62); 7 (m11,m50,m91);

8 (m11); 9 (m10); 10 (m14,m51);
12 (m11,m91,m50,m25,m51,m62);
14 (m110,m91,m11,m50,m20,m51,m10,m62,m25,m12);
16 (m51,m8); 17 (m16,m90,m62,m14); 19 (m11); 20 (m50);
21 (m11,m91,m62,m25,m51,m50); 23 (m14)

Astrocyte 18 (m90,m3,m13); 22 (m9)
Cortical Neuron 11 (m3,m13,m27)
Astrocyte or neural ectoderm 13 (m90,m2,m6)

Table 6.1: The overexpressed modules for each GmGM cell cluster, using the marker genes from
Appendix E.13’s Table E.6 to identify cell types. Each cluster had many statistically significantly
overexpressed modules; here, we are only showing the most extremely overexpressed modules.

development). They lie on chromosomes 3 and 13, respectively; ENSG00000243620 is only 50 kilobases
from ZIC1 and ZIC4, whereas ENSG00000286757 is only 20 kilobases from ZIC2 (and ZIC5, not in
this module). The closeness on the genome may indicate a regulatory relationship between ZIC genes
and the unnamed lncRNAs.

To see if this finding could be repeated, the two other neurogenesis-and-transcription-factor-
associated modules were also investigated (m13 and m8). m13 associated with the genes EBF2, EBF3,
and NEUROD4 (all of which are relevant to neural development). The strongest connections in this
module often involve the ELAVL1, ELAVL3, and ELAVL4 genes, one of which is between ELAVL2 and
an unnamed lncRNA ‘ENSG00000283982 ’ 17 kilobases away. Finally, m8 is not particularly dominated
by any one set of genes, but one of the strongest connections in the module is between SHISA9 and an
unnamed lncRNA ‘ENSG00000262801 ’ 5000 base pairs away.

The hdWGCNA network was checked to see if it also identified relationships between the same
lncRNAs. The lncRNA results show that the m8 and m13 lncRNAs of interest are unimportant in the
hdWGCNA network: each only connected to 5 other genes, on other chromosomes. In contrast, the
m90 lncRNAs of interest are both highly central to hdWGCNA’s ‘brown’ module, being in the top 4
most central (behind DMD and MIR100HG), and each having more than 100 connections to other
genes, including the ZIC genes.
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6.6 Discussion
In this paper, we have developed a novel and general multi-axis methodology able to produce results for
large-scale scRNA-seq datasets, and proven this by applying it to a million-cell dataset. Furthermore, we
show that our methodology is able to extract novel biological insights by finding promising connections
between transcription factors and some poorly-studied lncRNA genes.

We compared our results to hdWGCNA, demonstrating that our method is able to create networks
conducive to finer clustering, albeit with a higher proportion of clusters for which no immediate
biological meaning is apparent. The results from hdWGCNA lend credence to a potential ZIC-lncRNA
relationship found by our method which warrants further study.

Finally, by simultaneously learning both the gene and cell graph, one gains multiple means of
learning new biological insights and validating results. This is a benefit our methodology has over more
traditional single-axis methodologies like hdWGCNA, which only learn gene graphs.
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Chapter 7

Discussion and conclusions

In this thesis, we increased the scalability of Kronecker-sum-structured models by multiple orders of
magnitude; prior work could barely handle 1000 cell/gene datasets, whereas ours can handle millions
of cells and genes. We also generalized the model to work with non-centered and multi-omic data, as
well as considered some alternate models (causal graphs and strong products). In this chapter, we
will highlight the implications of our work (Section 7.1), the limitations of our work (Section 7.2), and
finally give a summary of potential future directions (Section 7.3). We have already begun investigating
many of the future directions; if the PhD were one year longer, many of these ideas would have been
fleshed out and turned into papers.

7.1 Implications

The primary implication of our work is that it unlocks the use of multi-axis models for multi-omics data.
Before this thesis, multi-axis models were rarely ever applied to solve real problems in bioinformatics; this
can be attributed to their lack of scalability, and to a lesser extent the lack of familiarity bioinformaticians
have with such methods. It is quite telling that a Google Scholar search for “Kronecker structured”
scrna-seq yields five results, four of which are from this thesis1. We have decisively solved the scalability
problem, and have chosen to submit our most recent paper (Chapter 6) to the journal Bioinformatics
in part to advertise such methods to the relevant research community.

Greater use of multi-axis models will lead to more insightful results on gene networks and cell
heterogeneity. Practically all scRNA-seq studies perform cell clustering (Svensson et al., 2020); by
jointly learning the cell and gene networks, our methodology can lead to cell clusterings informed by the
learned gene network. Currently, cell clustering is usually done by methods naïve to gene dependencies.
Such networks will also give a deeper understanding of tumor microenvironment structure. This is
needed; for example, tumor heterogeneity is one of the challenges hindering the development of effective
CAR-T treatments for solid tumors (Guzman et al., 2023).

There are also implications on the model development side, which we will discuss more in Section
7.3. By expanding multi-axis methodologies to causal networks (Chapter 5) and introducing new graph
products (Chapter 4), we have laid the groundwork for future developments in those directions. By
generalizing the use case to multi-tensor datasets (including multi-omics), we have increased the number
of application domains that may benefit from such models.

7.2 Limitations

Despite these advances, our work still has some limitations. Most prior work used sparsity-inducing
regularizers based on the graphical lasso; to achieve scalability, we do not use regularizers. The
incompatibility of scalability and regularization is due to the use of eigendecompositions in the most
efficient algorithms. In our first paper (Chapter 2) we showed that, without regularization, one only
needs one eigendecomposition to fit the model. With regularization, it is much more expensive: one

1Search was done March 2nd, 2026. The fifth paper, by Tan and Ma, was published last year; they used a Kronecker-
product structure to capture gene and spatial dependencies in spatial transcriptomics.
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needs one eigendecomposition per iteration. It would be nice to have large-scale regularized models,
but this would likely require the development of eigendecomposition-free algorithms.

Additionally, our forays away from Kronecker-sum-structured conditional dependency models
(Chapters 4 and 5) are limited. We’ve proven the concept, but it will require more work to achieve
strong performance and scalability. Kalaitzis et al. (2013) introduced BiGLasso in 2013, and it was not
until our most recent work (Chapter 6) that Kronecker-sum-structured models became usable on large
datasets; thus we might expect another decade until those models mature.

7.3 Future Directions

7.3.1 Applications
As a result of the advances in this thesis, multi-axis models are now a maturing technology, fit for use
on real large-scale datasets. As such, the most interesting direction for future work is to start applying
them to real problems. While we touched on a real application in Chapter 6, the application was not
the focus of the chapter. Going forward, we would like to start doing application-focused research, in
which multi-axis models are one of many methodologies used to achieve biologically meaningful results.

7.3.2 Beyond tensor-variate data
One interesting direction to take is to generalize the multi-axis methodology to less cleanly structured
data. Currently, our work applies to multi-tensor datasets - what about ragged arrays? Example 24,
below, gives a minimal example of such a dataset.

Example 24 (Longitudinal blood pressure records). A dataset measuring the blood pressure over
time for multiple patients. The timings between measurements were neither consistent nor recorded,
and the number of measurements were not consistent either; some patients have many measurements,
some have few.

Form. A set of different-length vectors {v(p)} (in other words, a ragged array), where v
(p)
t represents

patient p’s blood pressure at time t.

Example Dataset

Even though Example 24 cannot be cleanly organized into the shape of a matrix (due to patients
having a differing number of measurements), there still exist discernible ‘axes’ of the data: one ‘patients’
axis, and then for each patient a distinct ‘time’ axis. If we make an assumption about how the
dependencies of these axes interact, we can formulate the dataset in a Kronecker-structured manner.
Here is a plausible assumption one might make;

Assumption 12. (p1, t1) ∼ (p2, t2) ⇐⇒ either p1 = p2 and t1 ∼ t2, or p1 ∼ p2
In other words, measurements within the same patient are connected if the timepoints are connected,

and measurements between connected patients are always connected regardless of timepoint.

This matrix of conditional dependencies would then manifest as the following Kronecker operation
(where J is the matrix of ones):


I⊗Ψ(time, for patient 1) 0 0 · · ·

0 I⊗Ψ(time, for patient 2) 0 · · ·

0 0 I⊗Ψ(time, for patient 3)
...

...
... · · ·

. . .

+Ψpatients ⊗ J

There’s nothing that fundamentally prohibits us from setting up a Gaussian model with a precision
matrix having this structure, although it would likely require significant thought to be able to optimize
it efficiently. The above example is somewhat of a toy example, but it lays the groundwork for the next
example.
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Example 25 (Multi-patient scRNA-seq dataset). scRNA-seq data from multiple patients all with
similar but not necessarily identical cancers (such as all having a lymphoma). The genes measured
are the same across all patients, but the cells are different.

Motivation. In addition to the benefits of having scRNA-seq for a single patient, such a dataset
would allow us to construct gene networks that average out the heterogeneity of individual patients.
Furthermore, if we are able to construct a patient network, it may lead to insights into the relatedness
of different cancers, helping pinpoint (for example) the cell-type-of-origin.

Form. A set of different-shape matrices {M(p)}, where M
(p)
cg represents patient p’s cell c’s expression

of gene g.

Example Dataset

Example 25 can already be partially handled by our methodology - by picking the genes as a ‘shared
axis’ and ignoring patient-patient conditional dependencies, it can be expressed as a set of matrices
under our ‘shared axis’ framework introduced in Chapter 2. However, doing so would not capture the
patient-patient relations that would potentially yield novel insights. It would also assume independence
of patients, which would not be ideal when the sample contains multiple patients with the same cancer.
To ameliorate these issues, we could make the following assumption:

Assumption 13. (p1, c1, g1) ∼ (p2, c2, g2) ⇐⇒ either p1 = p2 and (c1, g1) ∼⊞ (c2, g2), or p1 ∼ p2
In other words, measurements within the same patient can be connected according to the Cartesian

product (like most of the work in the thesis), and measurements between connected patients are always
connected, regardless of gene/cell.

This would yield the following conditional dependency structure:


I⊗

(
Ψ(cells in patient 1) ⊕Ψ(genes)

)
0 · · ·

0 I⊗
(
Ψ(cells in patient 2) ⊕Ψ(genes)

)
· · ·

...
...

. . .

+Ψpatients ⊗ J

We could alternatively make a different assumption (there are in fact many other assumptions one
could make here, depending on how exactly one believes dependencies should be connected):

Assumption 14. (p1, c1, g1)∼(p2, c2, g2)⇐⇒ (p1 = p2 and (c1, g1) ∼⊞ (c2, g2)) or (p1 ∼ p2 and g1 =
g2)

In other words, measurements within the same patient can be connected according to the Cartesian
product (like most of the work in the thesis), and measurements between connected patients are always
connected if they concern the same gene.

This would yield the following conditional dependency structure:


I⊗(Ψ(cells in patient 1)⊕Ψ(genes)) 0 · · ·

0 I⊗(Ψ(cells in patient 2)⊕Ψ(genes)) · · ·
...

...
. . .

+Ψpatients⊗(J(all cells)⊗I(genes))

This framework can easily be extended to multi-omic and longitudinal contexts. It would likely
be hard to optimize; whether the insights given would be worth the difficulty will only be able to be
answered if actually implemented. This would be a very interesting direction for future work; if complex
structures such as this can be efficiently optimized, the multi-axis methodology would be able to be
applied to virtually any loosely structured dataset.
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7.3.3 Beyond the Kronecker sum
In this thesis we have mostly focused on the Kronecker sum, which along with the Kronecker product
are the only products commonly considered in prior work. Only a few other operations have been
considered, such as the squared Kronecker sum (Wang & Hero, 2021; Wang et al., 2020) and our work
in Chapter 4. Depending on whether the operation is inspired by a natural graph operation or a
generative model, all existing single-modality models can be expressed in one of the following forms:

Ω =

R∑
r=0

L⊗
ℓ=0

Ψ
(r)
axis ℓ (Based on a graph operation)

Ω =

 R∑
r=0

L⊗
ℓ=0

Ψ
(r)
axis ℓ

2

(Based on a generative model)

The generative-model-based approach includes the squared Kronecker sum, and arises from the
following model for a dataset X and white noise E :

R∑
r=0

X ×1 Ψ
(r)
axis 1 ×2 · · · ×L Ψ

(r)
axis L = E

It would be nice to have the capability to fit any one of these models efficiently, as they can have
natural interpretations. Suppose one has R gene regulatory pathways, each encoded as Ψ

(r)
genes. In

each summand Ψ
(r)
genes ⊗Ψ

(r)
cells, Ψ

(r)
cells can be interpreted as capturing the way cells relate to each other

through regulatory pathway r. In a sample of stem cells, there are several regulatory networks that one
might expect to be captured, such as the process of differentiation or the cell cycle. In our learned
cell networks, the cell network linked with the differentiation gene network might then have strong
connections between cells differentiating into the same end cell type, and the cell network linked with
the cell cycle gene network may have strong connections between cells at the same stage in the cell
cycle.

The size of the decomposition, R, is called the ‘Kronecker rank’. The Kronecker sum approach
has Kronecker rank 2, as it needs two Kronecker products to be expressed (Ψ1 ⊗ I and I ⊗ Ψ2);
Kronecker product models have rank 1, and our strong product model in Chapter 4 has rank 2. For
covariance models based on graph products, the Kronecker PCA methodology can learn decompositions
of arbitrary rank (Tsiligkaridis & Hero, 2013); however, no such methodology has been applied to
conditional dependency networks.

Sadly, there is good reason to believe that it would be exceedingly difficult to make any such
algorithm efficient when R ≥ 3. Performing maximum likelihood estimation on a normal distribution
with a graph-operation-based precision matrix yields the following term A in the gradient (with J(ij)

being the matrix of zeros except for a 1 in position (i, j)):

A
(r)
ij = tr

Ω−1
Jij ⊗

L⊗
ℓ=1

Ψ
(r)
ℓ




Naïvely, A is incredibly expensive to compute; for d× d matrix data, it requires the inversion of a
d2 × d2 matrix, which takes O(d6) time (and O(d4) memory just to hold the result!). This is strongly
intractable; in our tests, it became infeasible to compute this on our personal computer by d = 100.
Most methods avoid this by using eigendecomposition tricks (such as Li et al. (2022) and our own
work in Chapters 2, 6, and 4). Essentially, when R ≤ 2 the summands can be neatly simultaneously
diagonalized, requiring O(d3) time and reducing the problem to (where Λ is diagonal):

A
(r)
ij = tr


 L⊗
ℓ=0

V
(r)
ℓ

Λ−1

 L⊗
ℓ=0

V
(r)
ℓ

T Jij ⊗
L⊗
ℓ=1

Ψ
(r)
ℓ



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Further simplifications are available from this form depending on the exact choice of graph operation,
but even as-written this is much easier to compute. For d × d matrix data, inversion of Λ is O(d2),
dwarfed by the O(d3) cost of simultaneous diagonalization and the cost of the remaining matrix
multiplications. Thus, the gradient can be computed at cost asymptotically equivalent to the cost of
d× d matrix multiplication - expensive, but acceptable.

However, this trick is completely unavailable when the Kronecker rank is three or more; under-the-
hood, this is due to the fact that one cannot simultaneously diagonalize an arbitrary set of three or
more matrices. In fact, this is likely harder than another well-known problem: suppose we consider the
sub-problem of finding Ω−1x, where Ω is Kronecker-structured and x is any vector (evaluating Ω−1M
for a matrix M, like in our case, is necessarily harder than this, as each column of the result is the
answer to Ω−1m for columns m of M). In other words, we want to solve for y as follows:

Ω−1x = y

⇐⇒ x = Ωy

⇐⇒ X =
∑
r

Y ×1 Ψ
(r)
1 ×2 · · · ×L Ψ

(r)
L (where X ,Y are sufficiently reshaped versions of x,y)

The last equation is known as a ‘generalized Sylvester equation’; such equations are difficult to solve
efficiently (see for example Dmytryshyn et al. (2022)). Barring significant (and unlikely) advances in

solving generalized Sylvester equations, any efficient algorithm to evaluate tr

[
Ω−1

(
Jij ⊗

⊗L
ℓ=1 Ψ

(r)
ℓ

)]
would have to take advantage of some trick to directly evaluate the trace, rather than solving for a
representation of Ω−1

(
Jij ⊗

⊗L
ℓ=1 Ψ

(r)
ℓ

)
as a first step; it is not clear if such a trick exists.

Instead of solving for the maximum likelihood, one could choose a different loss function - and this
is what we think the most fruitful direction for future work would be. During the PhD, we did attempt
to use the D-Trace estimator (Zhang & Zou, 2014), which sidesteps the need to compute such a difficult
term. Our preliminary results suggested that the resulting gradients were sufficiently fast enough to be
computed many times at scale. However, we had difficulty getting the estimator to converge; eventually,
we shifted focus to other areas. It is likely that, with more focused effort on the task, this problem
would be overcome.

7.3.4 Becoming robust to noise
Not every cell is created equal; when collecting scRNA-seq data, some cells have higher quality gene
counts than others. Typically, a scRNA-seq analysis starts by identifying ‘low-quality’ cells and
discarding them. This is a binary choice; some cells will just barely pass the quality threshold (and
thus be more corrupted than cells well above the threshold), and the information from all cells below
the threshold is completely disregarded. While such information is corrupted, it still contains some
useful signal. Likewise, some genes are more likely to be measured than others, due to technical biases
such as GC-bias (Benjamini & Speed, 2012; Dohm et al., 2008).

A reasonable assumption is that such noise is multiplicative: due to GC-bias, a gene is p times less
likely to be measured, regardless of which cell it appears in, and due to low quality it has q times less
gene expression across all cells. Notably, we assume that cell-level effects affect all genes within the cell
equally, and gene-level effects affect all cells equally. We can model this type of noise on the data as
follows:

X = RrowZRcol (Corrupted Gaussian)

Rℓ =


r
(ℓ)
1 0 · · ·
0 r

(ℓ)
2 · · ·

...
...

. . .

 ≻ 0

vec [Z] ∼ N
(
0,Ω−1

)
r
(ℓ)
i ∼ any strictly positive distribution
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We can then impose structure, such as the Kronecker sum, on Ω. If we think in terms of the
vectorization of our data matrices, x and z, this model can be rewritten much more concisely as:

x = (rcol ⊗ rrow) ◦ z

z ∼ N
(
0,Ω−1

)
r
(ℓ)
i ∼ any strictly positive distribution

This type of model would capture the type of noise we mentioned earlier, where cells/genes are
measured disproportionately. This distribution is very general; all we require on the noise terms is that
they are never zero or negative - they may have any distribution that fits that criteria. Such a model
bears a strong resemblance to the class of elliptical distributions:

x = rz (Elliptical distribution)

z ∼ N
(
0,Ψ−1

)
r ∼ any strictly positive distribution

To make the relation clearer, note that we can express elliptical distributions as so:

vec [X] = (1⊗ r) ◦ vec [Z] (Elliptical distribution, rewritten)

vec [Z] ∼ N
(
0, (I⊗Ψ)

−1
)

ri ∼ any strictly positive distribution

During the write-up period of the thesis, I elaborated on these ideas, and developed a draft paper
implementing them. This is attached as Appendix F, and is intended for submission at NeurIPS
2026. The work as attached is the rough draft, comprising wholly my own work; the version that will
ultimately by submitted will likely be an expanded and improved version of what is presented here,
based on supervisor feedback.

7.3.5 Multi-axis mixture models
One of the benefits of multi-axis models is their ability to create cell networks as well as gene networks.
Cell networks can then be used to identify cell types via clustering. However, it is reasonable to expect
that the gene networks governing a cell type is unique to the cell type - in other words, a B cell and
a T cell should have different gene regulatory networks. What multi-axis models learn, then, is the
average network over all the cell types in the sample. This could potentially be addressed by further
advancing the future direction in Section 7.3.3 (each summand in the rank-R Kronecker decomposition
may correspond to one of the R cell types in the sample).

One alternative way of addressing this is to merge multi-axis technology with Gaussian mixture
models. A Gaussian mixture model is a type of model that simultaneously clusters a dataset and fits a
Gaussian to each cluster.

pdf(x) =
∑

cluster c

πcpdfN

(
x|µc,Ω−1c

)
(probability density function for Gaussian mixtur model)

where:
πc is probability of belonging to cluster c

pdfN

(
x|µc,Ω−1c

)
is probability density function for normal distribution

There is no fundamental reason why one cannot apply a Kronecker-sum-structure to a Gaussian
mixture model, although it will require a bit more care than a naive application as we typically only
have one ‘sample’ in a multi-axis framework.



7.4 Conclusion
The work presented during this thesis has successfully made Kronecker-sum-structured conditional
dependency models scalable, as well as introduced new structures to handle various scenarios and
deficiencies. While future improvements will always be possible, we have outlined the main research
directions we think are the most important, and in may cases have demonstrated how one would go about
making such improvements. We believe we have improved the scalability of Kronecker-sum-structured
models to such a point that they are usable in practice, and are excited to see what the future holds.
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In the supplementary material, we give proofs of all theorems (Section A.2), provide code, pseudocode,
and computer specs (Section A.3), give more informations on our experiments (Section A.4), describe
how we incorporated regularization (Section A.5), and finally give an overview of the asymptotic
complexity of ours and other algorithms (Section A.6).

Lemmas 1 and 2 are used to derive the Kronecker sum normal distributions’s pdf, which has been
known in prior work; we have included it for completeness. All other lemmas and theorems are novel.

A.1 Notation
In addition to the notation used in the main paper, we also introduce further notation to aid in the
proofs. For working with tensors, Kolda and Bader (2009) proved to be an invaluable resource; we have
borrowed their notation in most cases. The only exception is that we have chosen to denote the ℓ-mode
matricization of a tensor T as matℓ [T ] rather than T(ℓ), to highlight its similarity to vec [T ] and free
up the subscript for other purposes.

To keep track of lengths of axes, we define the following notation:

• dγℓ is the length of axis ℓ

• dγ>ℓ is the product of lengths of all axes after ℓ

• dγ<ℓ is the product of lengths of all axes before ℓ

• dγ\ℓ is the product of lengths of all axes except for ℓ

• dγ∀ is the product of lengths of all axes (i.e. the number of elements in Dγ)

• d∀ =
∑
γ d

γ
∀ is the total number of elements across all datasets

In prior work, dℓ has been used to represent the lengths of axes but mℓ was used where we write
d\ℓ (such as in Greenewald et al. (2019)). As prior work also used \ℓ to represent leaving out the ℓth
axis in other contexts (such as in Kalaitzis et al. (2013)), and the analogous definitions of d>ℓ and d<ℓ
were convenient for use in proofs, we chose to introduce d\ℓ as the variable to represent leave-one-out
length products. By representing all of these related concepts with similar symbols, we hope the maths
will be easier to parse.

We will let Ia be the a× a identity matrix, which allows a concise definition of the Kronecker sum:⊕
ℓΨℓ =

∑
ℓ Id<ℓ

⊗Ψℓ ⊗ Id>ℓ
.

We make frequent use of the vectorization vec [M] of a matrix M, and more generally of a tensor
vec [T ]. We adopt the rows-first convention of vectorization, such that:

vec

[
1 2
3 4

]
=
[
1 2 3 4

]
(A.1)

While columns-first is more common, rows-first is more natural when we adopt the convention
that rows are the first axis of tensor; this is the convention that matricization uses, and matricization
is much more important for our work due to its role in defining the Gram matrices. Note that, for
matrices, a rows-first vectorization of M is equivalent to a columns-first vectorization of MT , so there
is no fundamental difference between the two. For vectorizing a tensor, we proceed by stacking the
rest of the axes in order, such that an element (i1, ..., iK) in T gets mapped to the element

∑
ℓ iℓd<ℓ in

vec [T ].
We define the Gram matrices as Sγℓ = matℓ [Dγ ] matℓ [Dγ ]T . Typically we consider only the one-

sample case. If you have multiple samples, indexed by a subscript i, then the Gram matrix becomes an
average: Sγℓ = 1

n

∑n
i matℓ

[
Dγi
]
matℓ

[
Dγi
]T .

An essential concept is that of the ‘stridewise-blockwise trace’, defined as:

trab [M] =

[
tr

[
M
(
Ia ⊗ Jij ⊗ Ib

)]]
ij

(A.2)



118 APPENDIX A. GMGM: A FAST MULTI-AXIS GAUSSIAN GRAPHICAL MODEL

Where Jij is the matrix of zeros except at (i, j) where it has a 1. It is a generalization of the
blockwise trace considered by Kalaitzis et al. (2013), and is related to the projK operation defined
by Greenewald et al. (2019). Specifically, projK [M] is equivalent to

⊕
ℓ tr

d<ℓ

d>ℓ
[M] up to an additive

diagonal factor (Lemma 33 from Greenewald et al. (2019)). projK [M] was defined to be the matrix
that best approximates M (in terms of the Frobenius norm) while being Kronecker-sum-decomposable.
This matrix is not unique; the choice by Greenewald et al. (2019) to include an additive factor was to
enforce tr

[
projK [M]

]
= 0. We do not wish to enforce this constraint as it would be difficult to preserve

in the multi-tensor case.
The parameter b of the stridewise-blockwise trace partitions the m ×m matrix M into a block

matrix with b× b blocks of size (mb ×
m
b ). The parameter a then partitions these blocks into a ‘strided’

matrix with a × a strides containing m
ab ×

m
ab blocks. We take the trace of each stride, and the final

matrix is the matrix of these traces. As this is conceptually complicated, we provide an example.

tr22



1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8


(A.3)

=tr2



tr

[
1 2
1 2

]
tr

[
3 4
3 4

]
tr

[
5 6
5 6

]
tr

[
7 8
7 8

]
tr

[
1 2
1 2

]
tr

[
3 4
3 4

]
tr

[
5 6
5 6

]
tr

[
7 8
7 8

]
tr

[
1 2
1 2

]
tr

[
3 4
3 4

]
tr

[
5 6
5 6

]
tr

[
7 8
7 8

]
tr

[
1 2
1 2

]
tr

[
3 4
3 4

]
tr

[
5 6
5 6

]
tr

[
7 8
7 8

]


(A.4)

=tr2


3 7 11 15
3 7 11 15
3 7 11 15
3 7 11 15

 (A.5)

=


tr

[
3 11
3 11

]
tr

[
7 15
7 15

]
tr

[
3 11
3 11

]
tr

[
7 15
7 15

]
 (A.6)

=

[
14 22
14 22

]
(A.7)

Notice the construction of the ‘strides’ in Line A.6 - the parameter of 2 told us to take the trace of
the most ‘spread out’ evenly spaced 2× 2 strided submatrix.

A.2 Proofs
We will assume that no dataset contains repeated axes (i.e. no single tensor has two axes represented
by the same graph), as this greatly affects the derived gradients. Shared axes - two tensors having
one or more axes in common - are allowed. The case of shared axes is, after all, the whole point of
developing this extension to prior work.

A.2.1 Permutations
Note that both vec

[
mat1 [Dγ ]

]
and vec

[
matℓ [Dγ ]

]
are row vectors containing the same elements, just in

a different order. This means that there is a permutation matrix Pℓ→1 such that vec
[
mat1 [Dγ ]

]T
Pℓ→1 =
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vec
[
matℓ [Dγ ]

]T .

Lemma 1 (Rearrangement lemma). Pℓ→1

(
Id<ℓ

⊗Ψℓ ⊗ Id>ℓ

)
PT
ℓ→1 = Ψℓ ⊗ Id\ℓ

Proof. While vec, matℓ and
⊗

are defined as operations on matrices, for the purposes of permutations
we can consider them as operations on indices. We can express them as follows:

vec : (i1, ..., iK)→

∑
ℓ

iℓd<ℓ

 (A.8)

matℓ : (i1, ..., iK)→

iℓ,∑
ℓ′<ℓ

iℓ′d<ℓ′ +
∑
ℓ′>ℓ

iℓ′
d<ℓ′

dℓ

 (A.9)

⊗
:
(
(i11, i

2
1), ..., (i

1
K , i

2
K)
)
→

∑
ℓ

i1ℓd<ℓ,
∑
ℓ

i2ℓd<ℓ

 (A.10)

We’ll consider just the rows of
⊗

,
⊗

rows - although the same argument applies with columns:

⊗
rows

:
(
i11, ..., i

1
K

)
→

∑
ℓ

i1ℓd<ℓ

 (A.11)

Finally, we’ll introduce the permutation operation σℓ→1 that will change the order of our Kronecker
product:

σℓ→1 :
(
(i11, i

2
1), ..., (i

1
K , i

2
K)
)
→
(
((i1ℓ , i

2
ℓ), (i

1
1, i

2
1), ..., (i

1
ℓ−1, i

2
ℓ−1), (i

1
ℓ+1, i

2
ℓ+1), ..., (i

1
K , i

2
K)
)

(A.12)

And again without loss of generality we restrict ourself to σrowsℓ→1 :

σrowsℓ→1 :
(
i11, ..., i

1
K

)
→
(
i1ℓ , i

1
1, ..., i

1
ℓ−1, i

1
ℓ+1, ..., i

1
K

)
(A.13)

After a Kronecker product our indices are in the form
∑
ℓ iℓd<ℓ, and if we were to reorder it with

σℓ→1 they would be in the form iℓ+
∑
ℓ′<ℓ iℓ′d<ℓ′dℓ+

∑
ℓ′>ℓ iℓ′d<ℓ′ . Likewise, if we had matricized it we

would have
(
iℓ,
∑
ℓ′<ℓ iℓ′d<ℓ′ +

∑
ℓ′>ℓ iℓ′

d<ℓ′
dℓ

)
, which is vectorized to iℓ+

∑
ℓ′<ℓ iℓ′d<ℓ′dℓ+

∑
ℓ′>ℓ iℓ′d<ℓ′ .

These reorderings are the same, and hence the matrix that represents it is Pℓ→1.
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A.2.2 Derivation of the probability density function

Recall that the Kronecker-sum-structured normal distribution for a single tensor is defined as follows:

vec [Dγ ] ∼ N

0,

⊕
ℓ∈γ

Ψℓ

−1
 ⇐⇒ Dγ ∼ NKS

(
{Ψℓ}ℓ∈γ

)
(A.14)

The log-likelihood for this distribution is given in Kalaitzis et al. (2013) for the matrix case and
Greenewald et al. (2019) for the general tensor case. However, neither of these papers provide a
derivation. As the full derivation will motivate the construction of lemmas useful for the proofs of
Theorems G, we will give it here. First, observe that the density function is that of a normal distribution.

p (Dγ) =

√∣∣∣⊕ℓ∈γ Ψℓ

∣∣∣
(2π)

d
γ
∀
2

e
−1
2 vec[Dγ ]T (

⊕
ℓ Ψℓ)vec[Dγ ] (A.15)

Lemma 2 (⊕-vec lemma). vec [Dγ ]T
(⊕

ℓΨℓ

)
vec [Dγ ] =

∑
ℓ tr
[
SγℓΨℓ

]
Proof. This proof relies on the following two properties of vec: (A⊗B) vec [C] = vec

[
BCTAT

]
and tr

[
ATB

]
= vec [A]

T
vec [B]. The C term picks up a transpose due to our use of the rows-first

vectorization; when using columns-first notation the right hand side becomes vec
[
BCAT

]
.

vec [Dγ ]

⊕
ℓ

Ψℓ

 vec [Dγ ] =
∑
ℓ

vec [Dγ ]T
(
Id<ℓ

⊗Ψℓ ⊗ Id>ℓ

)
vec [Dγ ] (Definition of

⊕
)

=
∑
ℓ

vec
[
mat1 [Dγ ]

]T (
Id<ℓ

⊗Ψℓ ⊗ Id>ℓ

)
vec
[
mat1 [Dγ ]

]
(A.16)

=
∑
ℓ

vec
[
matℓ [Dγ ]

]T
PT
ℓ→1

(
Id<ℓ

⊗Ψℓ ⊗ Id>ℓ

)
Pℓ→1vec

[
matℓ [Dγ ]

]
(A.17)

=
∑
ℓ

vec
[
matℓ [Dγ ]

]T (
Ψℓ ⊗ Id\ℓ

)
vec
[
matℓ [Dγ ]

]
(Rearrangement Lemma)

=
∑
ℓ

vec
[
matℓ [Dγ ]

]T
vec
[
matℓ [Dγ ]ΨT

ℓ

]
(A.18)

=
∑
ℓ

tr
[
SγℓΨℓ

]
(A.19)

With this lemma, the probability density function in the single-tensor case can be expressed in the
form:

p (Dγ) =

√∣∣∣⊕ℓ∈γ Ψℓ

∣∣∣
(2π)

d
γ
∀
2

e
−1
2

∑
ℓ tr[S

γ
ℓ Ψℓ] (A.20)

Leading to the probability density function for the multi-tensor case as:
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p
(
{Dγ}

)
=
∏
γ

√∣∣∣⊕ℓ∈γ Ψℓ

∣∣∣
(2π)

d
γ
∀
2

e
−1
2

∑
ℓ tr[S

γ
ℓ Ψℓ] (A.21)

=

∏
γ

√∣∣∣⊕ℓ∈γ Ψℓ

∣∣∣
(2π)

d∀
2

e
−1
2

∑
γ

∑
ℓ tr[S

γ
ℓ Ψℓ] (A.22)

=

∏
γ

√∣∣∣⊕ℓ∈γ Ψℓ

∣∣∣
(2π)

d∀
2

e
−1
2

∑
ℓ tr[SℓΨℓ] (A.23)

The negative log-likelihood is thus:

NLL
(
{Dγ}

)
=
d∀
2

log (2π) +
1

2

∑
ℓ

tr [SℓΨℓ]−
1

2

∑
γ

log

∣∣∣∣∣∣
⊕
ℓ∈γ

Ψℓ

∣∣∣∣∣∣ (A.24)

A.2.3 Gradient

The derivation of the gradient of the negative log-likelihood is essentially the same as the derivation
given by Kalaitzis et al. (2013) for the original Bi-Graphical Lasso. Our derivation is complicated by the
fact that we are considering general tensors rather than matrices. We’ll let sym be the symmetricizing
operator that must be applied as we are taking the derivative with respect to a symmetric matrix:
sym [M] = K ◦M, where K is a matrix with 1s on the diagonal and 2s everywhere else. We’ll also
define Jij to be the matrix of zeros except for a 1 at position (i, j).
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d

dΨℓ
NLL

(
{Dγ}

)
=

1

2
sym [Sℓ]−

1

2

∑
γ

d

dΨℓ
log

∣∣∣∣∣∣
⊕
ℓ′∈γ

Ψℓ′

∣∣∣∣∣∣ (A.25)

=
1

2
sym [Sℓ]−

1

2

∑
γ

tr


⊕
ℓ′∈γ

Ψℓ′

−1 d

dψijℓ

⊕
ℓ′∈γ

Ψℓ′


ij

(A.26)

=
1

2
sym [Sℓ]−

1

2

∑
γ

tr


⊕
ℓ′∈γ

Ψℓ′

−1(Id<ℓ
⊗ d

dψijℓ
Ψℓ ⊗ Id>ℓ

)
ij

(A.27)

=
1

2
sym [Sℓ]−

1

2

∑
γ|ℓ∈γ

tr


⊕
ℓ′∈γ

Ψℓ′

−1(Id<ℓ
⊗
(
Jij + Jji − δijJij

)
⊗ Id>ℓ

)
ij

(A.28)

=
1

2
sym [Sℓ]−

1

2

∑
γ|ℓ∈γ

(2− δij)tr

⊕
ℓ′∈γ

Ψℓ′

−1 (Id<ℓ
⊗ Jij ⊗ Id>ℓ

)

ij

(A.29)

=
1

2
sym [Sℓ]−

1

2

∑
γ|ℓ∈γ

(2J− I) ◦ tr


⊕
ℓ′∈γ

Ψℓ′

−1 (Id<ℓ
⊗ Jij ⊗ Id>ℓ

)
ij

(A.30)

=
1

2
sym [Sℓ]−

1

2

∑
γ|ℓ∈γ

sym

trdγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1

 (A.31)

The MLE occurs when this gradient is zero, i.e. when the following equation is satisfied:

Sℓ =
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1
 (A.32)

In other words, our effective Gram matrices are the best Kronecker-sum decomposition of the
covariance matrix of the maximum likelihood estimate. Unfortunately, the Kronecker-sum decomposition
does not interact well with matrix inverses, so this does not directly yield an analytic solution. It does,
however, yield a solution for the eigenvectors.

A.2.4 Maximum likelihood estimate for the eigenvectors

We first produce two lemmas to aid in the derivation.

Lemma 3 (Cyclic property of the stridewise-blockwise trace). For any matrices M,Aa×a,Bb×b, we
have that trab

[
(A⊗ I⊗B)M

]
= trab

[
M (A⊗ I⊗B)

]
Proof. This follows directly from the cyclic property of the (normal) trace operator and the definition
of the stridewise-blockwise trace.

Lemma 4 (Conjugacy extraction of the stridewise-blockwise trace). For any matrices M and V, we
have that trab

[
(Ia ⊗V ⊗ Ib)M (Ia ⊗V ⊗ Ib)

T
]
= Vtrab [M]VT .
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Proof.

trab

[
(Ia ⊗V ⊗ Ib)M (Ia ⊗V ⊗ Ib)

T
]
=

[
tr

[
(Ia ⊗V ⊗ Ib)M (Ia ⊗V ⊗ Ib)

T
(
Ia ⊗ Jij ⊗ Ib

)]]
ij

(Definition of trab )

Thanks to the Rearrangement Lemma, we can get this just in terms of the standard blockwise trace,
for which there exists a convenient lemma from Dahl et al. (2013) that does the heavy lifting for us.
Unfortunately, this requires inserting permutation matrices into every nook and cranny.

=

[
tr

[
P (Ia ⊗V ⊗ Ib)P

TPMPTP (Ia ⊗V ⊗ Ib)
T
PTP

(
Ia ⊗ Jij ⊗ Ib

)
PT

]]
ij

(A.33)

=

[
tr

[
(V ⊗ Iab)

T
PMPT (V ⊗ Iab)

(
Jij ⊗ Iab

)]]
ij

(A.34)

= trab

[
(V ⊗ Iab)PMPT (V ⊗ Iab)

T
]

(Definition of trab)

= Vtrab

[
PMPT

]
VT (Lemma 2 of Dahl et al. (2013))

We then can see analogously that trab
[
PMPT

]
= trab [M], completing the proof.

Theorem (Theorem G). Let VℓeℓV
T
ℓ be the eigendecomposition of Sℓ. Then Vℓ are the eigenvectors

of the maximum likelihood estimate of Ψℓ.

Proof.

Sℓ =
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1
 (A.35)

=
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Vℓ′Λℓ′V
T
ℓ′

−1
 (A.36)

=
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊗

ℓ′

Vℓ′

⊕
ℓ′∈γ

Λℓ′

−1⊗
ell′

Vℓ′

T
 (A.37)

=
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ

(Id<ℓ
⊗Vℓ ⊗ Id>ℓ

)⊕
ℓ′∈γ

Λℓ′

−1 (Id<ℓ
⊗Vℓ ⊗ Id>ℓ

)T (Cyclic Property)

=
∑
γ|ℓ∈γ

Vℓtr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Λℓ′

−1
VT

ℓ (Conjugacy Extraction)

= Vℓ

∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Λℓ′

−1

VT

ℓ (A.38)

We conclude the proof by observing that the central matrix is diagonal, and thus the right hand
side constitutes an eigendecomposition of Sℓ. Thus Sℓ and Ψℓ share eigenvectors.
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A.2.5 Maximum likelihood estimate for the eigenvalues
In the previous section, we derived the eigenvectors of the maximum likelihood estimate. While
interesting (they correspond to the principal components of our data), we need the eigenvalues to
reconstruct Ψℓ. In the main paper, we derived the gradient with respect to the Negative Log-
Likelihood. Then, for a learning rate µt, gradient descent can be performed with the update equation

Λt+1
ℓ = Λt

ℓ − µt

[
eℓ −

∑
γ|ℓ∈γ tr

dγ<ℓ

dγ>ℓ

[(⊕
ℓ′∈γ Λℓ′

)−1]]
. A reasonable restriction is to make Ψℓ is

positive definite, in which case µt must be chosen to prevent Λt
ℓ from becoming negative. Iterating

over the eigenvalues reduces our optimization task from one with
∑
ℓ d

2
ℓ parameters to one with

∑
ℓ dℓ

parameters.

A.2.6 Incorporation of priors
Theorem (Theorem 2: GmGM Eigenvector Estimator with Priors). Suppose we have the same setup
as in Theorem G, and that we have a prior of the form:

∏
ℓ

gℓ(Θℓ)e
tr[ηℓ(Θℓ)

TΨℓ]+hℓ(Ψℓ) (A.39)

In other words, our prior is an exponential distribution for Ψℓ, in which Ψℓ is the sufficient statistic.
Then, if hℓ depends only on the eigenvalues (i.e. it is ‘unitarily invariant’), the eigenvectors of

1
2Sℓ − ηℓ(Θℓ) are the eigenvectors Vℓ of the MAP estimate for Ψℓ.

Proof. Observe that our log-prior is:

∑
ℓ

log gℓ(Θℓ) + tr
[
ηℓ(Θℓ)

TΨℓ

]
+ hℓ(Ψℓ) (A.40)

With gradient:

ηℓ(Θℓ) +
∂

∂Ψℓ
hℓ(Ψℓ) (A.41)

Theorem 1.1 from Lewis (1996) states that the eigenvectors of the derivative of any spectral function
are the same as the eigenvectors of its input. In our case, this means that the eigenvectors of ∂

∂Ψℓ
hℓ(Ψℓ)

are Vℓ, the eigenvectors of Ψℓ.
Recall the gradient of the log-likelihood of the Kronecker-sum-structured normal distribution was:

1

2

∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1
− 1

2
Sℓ (A.42)

The gradient of the log-likelihood after including the prior is the sum of these two gradients:

1

2

∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1
+

∂

∂Ψℓ
hℓ(Ψℓ)

− 1

2
Sℓ + ηℓ(Θℓ) (A.43)

And the optimum is achieved at:

1

2

∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

−1
+

∂

∂Ψℓ
hℓ(Ψℓ)

 =
1

2
Sℓ − ηℓ(Θℓ) (A.44)
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Figure A.1: Graphical representation of the benefits of Theorem 3. Provided the thresholded covariance
matrix can be partitioned, so can the precision matrix. This allows us to split the dataset into distinct
parts, and estimate the covariance matrices separately. Note that, in the diagram, we have split the
dataset into 6 chunks but there are only 5 precision matrices to estimate - this is because there are
shared axes, necessitating the use of our shared axis framework to take advantage of this partitioning.

The right hand side is known, and hence has known eigenvectors. The left hand side is unknown,
but has eigenvectors Vℓ.

The change to the iterative portion of the GmGM algorithm is minimal; by virtue of being unitarily
invariant and convex, Lewis (1996) guarantees that ∂

∂Ψℓ
hℓ(Ψℓ) is some function of just the eigenvalues

Λℓ of Ψℓ. This function is added to our gradient each step (Line A.41). This fact is significant, as it
means the algorithm does not need major changes to incorporate priors - we only need to consider
∂
∂Λℓ

hℓ(Λℓ). 1
2Sℓ − ηℓ(Θℓ) can be thought of as our ‘priorized’ effective Gram matrix, its eigenvalues fill

the role exactly of eℓ in the original algorithm. Thus, the only change needed to incorporate priors in
the algorithm, other than use of the priorized Gram matrices, is inclusion of the ∂

∂Λℓ
hℓ(Λℓ) term.

Corollary 3. The Wishart and matrix gamma distributions all satisfy Theorem 2.

A.2.7 Covariance thresholding

In this section, we restate and prove Theorem 4 from the main paper in more general terms; see Figure
A.1. When we say that two matrices A and B have the same block diagonal structure, we mean that
both have the following form:

B =


B1 0 . . .
0 B2

...
. . .

 (A.45)

A =


A1 0 . . .
0 A2

...
. . .

 (A.46)

Where there is no restrictions placed on the submatrices except that they are square and that the
shape of Ai is the same as the shape of Bi for all i. The structure of our proof of Lemma 6 follows the
same structure as that of Theorem 1 of Mazumder and Hastie (2012); we give it in a more general form
in such that both their result and our result arise as corollaries in conjunction with Lemma 6.

Lemma 5. Let F
[
Ψℓ; {Ψℓ′}ℓ′ ̸=ℓ

]
be a function that preserves the block diagonal structure of Ψℓ, which

as a shorthand we will denote Fℓ. Suppose we had an objective whose gradient is Sℓ − Fℓ. If we
incorporate an L1 penalty on Ψℓ with strength ρ into the objective, then the subgradient of the function
contains zero for an estimate Ψ̂ℓ with the following property:
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If we replace every element of Sℓ whose magnitude is less than ρ with 0, we can partition the encoded
graph into disconnected components. This partition is the same as the partition into disconnected
components for Ψ̂ℓ.

Proof. The incorporation of an L1 penalty leads to a subgradient of:

Sℓ − Fℓ + ρsignΨℓ (A.47)

Where sign is the element-wise sign function:

sign ≜ [M]ij

∈ [−ρ, ρ] if Mij = 0
= −ρ if Mij > 0
= ρ if Mij < 0

(A.48)

We have critical points when the subgradient contains zero; this leads to the KKT conditions, which
must be satisfied for all ij.

∣∣∣Sijℓ − Fijℓ

∣∣∣ ≤ ρ if Ψij
ℓ = 0 (A.49)

Fijℓ = Sijℓ + ρ if Ψij
ℓ > 0 (A.50)

Fijℓ = Sijℓ − ρ if Ψij
ℓ < 0 (A.51)

Define threshρ [Sℓ] to be a matrix with 0s everywhere that
∣∣∣Sijℓ ∣∣∣ < ρ and otherwise is Sijℓ . Without

loss of generality, we can assume our data has been ordered such that threshρ [Sℓ] is block diagonal.
We will construct a Ψ̂ℓ that satisfies the KKT conditions while also having a block-diagonal structure.
The construction of such a Ψ̂ℓ would show that the graph partition in our L1-penalized solution is at
least as fine as the graph partition arising from thresholding Sℓ.

Let us construct Ψ̂ℓ to be block-diagonal with the same block structure as threshρ [Sℓ]. Denote the
blocks to be indexed by a (Ψ̂ℓ,a for Ψ, Sℓ,a for S), and define them to be solutions to the following
problem:

0 ∈ Sℓ,a − F
[
Ψℓ,a; {Ψℓ′}ℓ′ ̸=ℓ

]
+ ρsignΨℓ,a (A.52)

To see why Ψ̂ℓ satisfies the KKT conditions, note that for any index ij lying off the block diagonal,
Sijℓ < ρ by construction. As Fij preserves the sparsity structure of Ψ̂ℓ, and Ψ̂ij

ℓ = 0, |Sijℓ −Fij | = 0 < ρ
is satisfied. For the indices ij lying on the block diagonal, note that the KKT conditions are satisfied
via each block’s constriction in Equation A.52.

To conclude the proof, it is necessary to show that if our solution Ψ̂ℓ has a block diagonal structure,
then Sℓ has the same block diagonal structure. In other words, the L1-penalized solution is not a
more fine-grained partition than that which can be attained through covariance thresholding. Suppose
that we have some Ψℓ with block-diagonal structure, and thus that Fℓ has that same structure. Then,
Fijℓ = 0 implies

∣∣∣Sijℓ ∣∣∣ ≤ ρ, as by the KKT we know that
∣∣∣Sijℓ − Fijℓ

∣∣∣ ≤ ρ. Thus, threshρ [Sℓ] has the
same block diagonal structure as Ψℓ.

We have now shown that both graph partitions are equally fine-grained, and are thus equivalent.
This completes the proof.

Corollary 4. As the matrix inverse preserves block diagonal structure, Theorem 1 of Mazumder and
Hastie (2012) follows immediately.

Lemma 6.
∑
γ|ℓ∈γ tr

dγ<ℓ

dγ>ℓ

[(⊕
ℓ′∈γ Ψℓ′

)−1]
preserves the block diagonal structure of Ψℓ.

Proof. For notational convenience, and without loss of generality, assume that ℓ is the first axis in each of

the modalities it appears in. Furthermore, observe that if for all γ we have that tr
dγ<ℓ

dγ>ℓ

[(⊕
ℓ′∈γ Ψℓ′

)−1]
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preserves the block diagonal structure, then the sum
∑
γ|ℓ∈γ tr

dγ<ℓ

dγ>ℓ

[(⊕
ℓ′∈γ Ψℓ′

)−1]
also preserves

this structure. Thus, we consider only one term in the sum and omit reference to γ. Doing this, our

problem reduces to showing that trd\ℓ

[(
Ψℓ ⊗ Id\ℓ + Idℓ ⊗

⊕
ℓ′ ̸=ℓΨℓ′

)−1]
preserves the block diagonal

structure.
While Ψℓ⊗ Id\ℓ does not preserve the block diagonal structure in the strict sense (as its blocks have

different sizes than those of Ψℓ), it is still block diagonal and there is an obvious mapping from the
blocks of one to the blocks of the other:


Ψ1
ℓ 0 . . .
0 Ψ2

ℓ
...

. . .

⊗ Id\ℓ =


Ψ1
ℓ ⊗ Id\ℓ 0 . . .
0 Ψ2

ℓ ⊗ Id\ℓ
...

. . .

 (A.53)

Suppose block Ψi has size si, then the size of the blocks in Ψℓ ⊗ Id\ℓ is si × d\ℓ. The second term
in the sum is also block diagonal:


1 0 . . .
0 1
...

. . .

⊗⊕
ℓ′ ̸=ℓ

Ψℓ′ =


⊕

ℓ′ ̸=ℓΨℓ′ 0 . . .

0
⊕

ℓ′ ̸=ℓΨℓ′

...
. . .

 (A.54)

But these blocks are of size 1 × d\ℓ; no larger than the blocks of Ψℓ ⊗ Id\ℓ . Thus, overall,
Ψℓ ⊗ Id\ℓ + Idℓ ⊗

⊕
ℓ′ ̸=ℓΨℓ′ has block diagonal structure with block sizes si × d\ℓ. It follows that its

inverse does as well. The blockwise trace maps blocks of size si × d\ℓ back to size si, completing the
proof.

Theorem 13. Set all elements of Sℓ whose absolute value is less than ρ to 0. This encodes a potentially
disconnected graph. Likewise, consider Ψℓ to be the estimated precision matrix for our model equipped
with an L1 penalty of strength ρ. This also encodes a potentially disconnected graph. If we label
the vertices by which disconnected component they are part of, then this labeling is the same in both
procedures (the procedure with Sℓ and the procedure with Ψℓ).

Proof. This follows directly from the convexity of our objective as well as Lemmas 5 and 6.

A.3 Dependencies
All tests and figures were generated on a Mac with an M1 chip and 8GB of RAM. Along with our code,
we provide an environment file (environment.yml) that contains full details of all the dependencies
used. In our GitHub repository https://github.com/AIStats-GmGM/GmGM/), we give precise and
simple instructions on how to create a conda environment with the same setup as ours. Most of the
packages used were specific to the experiments we ran. The dependencies necessary for our algorithm
were Python 3.9 and NumPy 1.23.5.

A.4 Experiments

A.4.1 Synthetic data
For various precision-recall performances, see Figures A.2, A.3, and A.4. For runtimes, see Figure A.5.
We can see that our algorithm performs comparably to prior work; it does slightly worse without the
restricted L1 penalty. We focused on experimenting with the 1-sample case, as that is typically the
case with real-world data (all of the five real-world experiments in Section A.4 are an example of this).

For the runtimes, we cut off our tests once GmGM reached the one-minute runtime mark, or
if the size of the synthetic data exceeded a gigabyte; see Table A.1 for an overview, and Section
A.6 for the computational complexity. Note that the runtime is almost linear in the total size of

https://github.com/AIStats-GmGM/GmGM/
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The GmGM algorithm
Input: {Dγi }, tolerance
Output: {Ψℓ}
1: for 1 ≤ ℓ ≤ K
2: Sℓ ←

∑
γ|ℓ∈γ

1
nγ

∑nγ

i matℓ
[
Dγi
]
matℓ

[
Dγi
]T

3: Vℓ ← eigenvectors[Sℓ]
4: eℓ ← eigenvalues[Sℓ]
5: end for
6: Λ←

[
1 ... 1

]T
7: µ← 1
8: while not converged
9: for 1 ≤ ℓ ≤ K

10: Gγ
ℓ ← projKS

[(⊕
ℓ′∈γ Λℓ

)−1]
11: Λ′ℓ ← Λℓ − µ

[
eℓ −

∑
γ|ℓ∈γ G

γ
ℓ

]
12: end for
13: for 1 ≤ ℓ ≤ K
14: Λℓ ← Λ′ℓ
15: end for
16: for γ ∈ modalities
17: if

∑
ℓ∈γ minΛℓ < tolerance then

18: decrease µ to make sum far from zero
19: end if
20: end for
21: end while
22: for 1 ≤ ℓ ≤ K
23: Ψℓ ← VℓΛℓV

T
ℓ

24: end for
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the dataset d∀ (O(Kd1+
1
K

∀ ). As K increases, 1
K vanishes. The cost of Gram matrix computation

and eigendecomposition compared to the iterations also levels out; this is likely what explains the
higher-order tensors all taking roughly the same amount of time to compute 1GB-sized datasets ( 10
seconds). These results clearly show that for high-axis-data (K > 3), our algorithm can handle all
smaller-than-RAM datasets in reasonable time on a personal computer. For low-axis data (K < 4), it
may take more than a minute but, as we can see from our algorithm’s performance on large real world
datasets such as the 10x Genomics dataset, its runtime will still be measured in minutes, not hours,
before reaching the limits of RAM. When we consider the covariance-thresholding trick (Figure 7b in
the main paper), we can push these limits even further.

Amount of Axes (K) dGB dmin Runtime at dGB

2 11,000 4,000 ???
3 500 400 ???
4 100 ??? 7.1 seconds
5 40 ??? 9.5 seconds
6 20 ??? 7.4 seconds

Table A.1: Comparing the point at which a K-axis tensor of double precision floats surpasses a gigabyte
of data ( K

√
1000000000

64 = dGB) to the point at which GmGM’s runtime surpasses a minute (dmin). Values
are rounded.

In all tests, our regularized algorithm took about the same time as the unregularized algorithm. This
is not unexpected, as our restricted regularization only affects the iterations, not the eigendecomposition.
In the real world, where the data may be ‘harder’ than our synthetic data (i.e. take more iterations to
converge), we would expect our regularized algorithm to be slower.

A.4.2 COIL video

The dataset

We downloaded the processed COIL-20 (Nene et al., n.d.) dataset, and tested our model on it. It is
available at https://cave.cs.columbia.edu/repository/COIL-20; we used the ‘processed’ data. They do
not formally license it, but state that it is available for academic purposes and provide the download
links with no restrictions.

Experiment justification

In the original paper introducing Kronecker-sum-structured normal distributions for graphical models,
Kalaitzis et al. (2013) showed that their BiGraphical Lasso (BiGLasso) could reconstruct the ordering
of the frames of the video. Thus, it seemed natural to choose this as an experiment, to show that our
lack of L1 regularization was not a significant inhibitor for the model in the real world setting.

BiGLasso was a significant algorithm in that it was the first of this type of model and proved that
it could work, but it was also incredibly slow (taking around 15 minutes on 100x100 matrix data) and
limited to two axes. Thus, they reduced the resolution of the image from 72 frames and 128x128 pixels
to 36 frames and 9x9 pixels and flattened the rows and columns axis into one axis. We wanted to show
that our algorithm could handle the full resolution in negligible time while still reconstructing the video.

Results

We wanted to see if our model could understand the structure of a video, which we expected to consist
of two linear graphs (for the rows and columns, i.e. each row is connected only to its neighbor rows)
and a circular graph (for the frames, because the video is of a 360° rotation). To generate these graphs,
we ran our algorithm on the duck video from the dataset, and then greedily kept the largest edge from
each vertex such that vertices in the final graph had at most two edges. If we shuffled our data (shuffle
rows, columns, and frames) and try to reconstruct it with these graphs, we get decent without the
nonparanormal skeptic (Figure A.6a) and great results with it (Figure A.6b). While in both cases
the algorithm has clearly reconstructed most of the duck, when using the nonparanormal skeptic our

https://cave.cs.columbia.edu/repository/COIL-20
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(a) (b)

(c) (d)

Figure A.2: Various precision-recall curves on synthetic matrix-variate data, for both an Erdos-Renyi
with a 2% per-edge probability and AR(1) distribution.

algorithm reconstructs it nearly perfectly. The only human-noticeable issue is that it does not know
which row/column the duck should start on - if we tessellate the image, the reconstruction would be
indistinguishable from the original image.

We can put a numeric value to the reconstruction, by measuring the percentage of the time that our
reconstructed edges connect two adjacent rows/columns/frames. Without the nonparanormal skeptic,
we get an accuracy of 88% for the rows, 94% for the columns, and 93% for the frames. With it, the
accuracy becomes 99% for all three. These values are without regularization; we did experiment with
regularization, but it did not seem to help. TeraLasso had the same results.

On this dataset, our algorithm runs in 0.044 seconds whereas TeraLasso takes 33 seconds, showing
that our algorithm is highly performant on real world data. For data of this size, the nonparanormal
skeptic is expensive compared to our algorithm - but our algorithm is still an order of magnitude faster
than TeraLasso. If we do not include the nonparanormal skeptic in our runtime calculation, the speed
of GmGM is comparable regardless of the input. However, convergence is much quicker for TeraLasso
when it is fed the nonparanormal skeptic (Table A.2).

A.4.3 EchoNet-Dynamic ECGs
The dataset

We downloaded all of the EchoNet-Dynamic (Ouyang et al., 2020) data. The dataset is available at
https://echonet.github.io/dynamic/index.html; one has to sign a Research Use Agreement to access it.
It is available for personal, non-commercial research purposes only. It prohibits distribution of portions
of the data, which is why we do not show any frames from the echocardiograms in this paper. The
dataset has labels (for example, end systolic volume), but these labels are not relevant to the task of

https://echonet.github.io/dynamic/index.html
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Figure A.3: Performance on two 50x50 datasets with one shared axis, whose true graphs were drawn
from an Erdos-Renyi distribution (2% probability for each edge to exist, independently). Unimodal
GmGM and EiGLasso only consider one of the two datasets.

(a) (b)

Figure A.4: Performance on tensor-variate (50x50x50) data whose true graphs were drawn from an
Erdos-Renyi distribution (2% edge probability) and an AR(1) distribution.

predicting the frames the heartbeats occur on. For this, we picked the opening of the mitral valve as
an arbitrary but easily visible occurrence, and manually recorded the frames of these openings for 5
videos in the dataset. These videos were picked at random.

Experiment justification

We chose the COIL duck video because of its use in prior work, but these methods were already known
to perform quite well on it. Thus, we wanted to try a similar but harder task. Echocardiograms have a
periodic structure (the heartbeat), and hence we would expect the learned graph of an echocardiogram
to be similar to that of the duck video, with the addition of extra connections corresponding to the
same phase of the heartbeat across different heartbeats. We saw that our algorithm was able to find
this more complicated structure, and prove it by using that structure to detect future heartbeats.

Results

We downloaded all of the EchoNet-Dynamic (Ouyang et al., 2020) data. This dataset did not have
heartbeats labeled, so we picked a few videos at random and labeled them ourselves as a proof of
concept. Specifically, we labeled every frame in which the mitral valve opened. Our goal was to see if
the graphs produced by our algorithm could predict this opening. Table A.4 contains the videos we
picked, the labels we gave, and the labels we predicted. When we used the nonparanormal skeptic
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(a) (b)

(c) (d) (e)

Figure A.5: Runtimes for 2-axis (a) 3-axis (b) 4-axis (c) 5-axis (d) and 6-axis (e) data, whose true
graphs come from the Erdos-Renyi distribution with 2% edge weights.

as a preprocessing step, we got broadly similar empirical results (Table A.5), although the precision
matrices arguably more clearly show the periodic structure.

Mitral valve predictions were done by taking GmGM’s output frames graph in precision matrix
form, and measuring the mass along the diagonals. We treated this as a time series (since each diagonal
corresponds to an increasing time offset from all frames simultaneously). We applied gaussian blur and
then a continuous wavelet transform peak detection algorithm (Du et al., 2006) to find which diagonals
had the most mass (Figure A.7). These represent the offsets corresponding with a heartbeat. Given
the first mitral valve opening and these offsets, we predict the remaining openings. From Tables A.4
and A.5, we can see that our algorithm performs well. Our algorithm is much quicker than TeraLasso;
see Table A.3.

A.4.4 Mouse embryo stem cell transcriptomics

The dataset

We used the mouse embryo stem cell dataset E-MTAB-2805 (Buettner et al., 2015), avaliable at
https://www.ebi.ac.uk/biostudies/arrayexpress/studies/E-MTAB-2805, under a Creative Commons
Zero license. This dataset is by what stage of the cell cycle each cell was in (G1, S, and G2M). We
consider a subset of the genes available in this dataset, as that was the case in the scBiGLasso paper
(Li et al., 2022); this subset is given in the text file on their github page for the algorithm.

https://www.ebi.ac.uk/biostudies/arrayexpress/studies/E-MTAB-2805
https://creativecommons.org/publicdomain/zero/1.0/legalcode
https://creativecommons.org/publicdomain/zero/1.0/legalcode
https://github.com/luisacutillo78/Scalable_Bigraphical_Lasso/blob/main/CCdata/Nmythosis.txt
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(a) (b)

Figure A.6: A reconstruction of the COIL-20 duck video after shuffling the rows, columns, and frames,
using GmGM. (a) without the nonparanormal skeptic. (b) with the nonparanormal skeptic.

Figure A.7: An example heartbeat offset detection, from EchoNet-Dynamic video 0XFE6E32991136338.
The blue curve represents our Gaussian-blurred diagonal mass (if x=10, it represents the blurred mass
of the 10th diagonal to the right of the main diagonal). The red lines represent the predicted peaks via
a continuous wavelet transform peak detection algorithm. These represent offsets from the first mitral
valve opening. For this video, the mitral valve opened on frame 17 and our first offset was on the 30th
diagonal. Hence, we would predict the second mitral valve opening to occur at frame 47 (which, in this
case, was correct).
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Algorithm Preprocessing Runtime
GmGM Center Data 0.044 seconds
GmGM Nonparanormal Skeptic 0.23 seconds

TeraLasso Center Data 33 seconds
TeraLasso Nonparanormal Skeptic 5.2 seconds

Table A.2: A comparison of the runtimes our algorithm and TeraLasso. Runtimes were averaged over
10 runs, and include the preprocessing.

Algorithm Preprocessing Runtime
GmGM None 0.067 seconds
GmGM Nonparanormal Skeptic 0.33 seconds

TeraLasso None 40 seconds
TeraLasso Nonparanormal Skeptic 12 seconds

Table A.3: Runtimes of our algorithm and TeraLasso, with various preprocessing methods, on the
EchoNet-Dynamic dataset. Runtimes given are the average runtime over the five videos considered.

Experiment justification

We chose this dataset as it had been considered by multi-axis methods before (albeit in a non-quantitative
way) and had a relatively clear task associated with it (cell cycle stage clustering).

Results - thresholding methods

We experimented with various thresholding methods on this dataset. One type of thresholding is global,
in which one knocks out all edges whose magnitude is below a certain value. We found that this meant
that clusters that tended to have high edge values were preserved relative to clusters who, while distinct,
had a lower average edge value. One attempt to fix this was by thresholding per row; this has the
interpretation of keeping the top n edges per vertex. Per-row thresholding mitigated this problem
for some datasets (such as the 10x Genomics one), but not this dataset. The main problem was that
some vertices tended to have higher edges than others - this meant that low-value vertices that were
connected to a high-value vertex would always keep their connections to it, even if those connections
were not very important from the perspective of the high-value vertex. To address this, we used a
strategy of normalizing each column to sum to one before thresholding per row.

From Figure A.8, we can see that, with uncentered data, the third thresholding method is clearly
better. In fact, without the nonparanormal skeptic, the other methods are practically worthless.
However, if we centered the data as described in Section A.7, all methods perform similarly; the third is
still best. This makes sense, as the model assumes zero-mean data. Performance doesn’t change under
the nonparanormal transformation if we center the data, as centering is a monotonic transformation.
Notably, this means that the nonparanormal skeptic does not always yield the best performance. We
can see this in Figure A.9.

Results - regularization

We wanted to check whether our restricted L1 regularizer would improve performance. To choose the
best regularization parameter, we devised the following test:

1. Run GmGM with regularization parameter ρ.

2. Threshold according to the third method (normalize the columns, then pick the top n cells from
each row). We let n = 1 as we wanted to optimize the parameter for the very sparse case.

3. Repeat for a range of values of ρ.

4. Measure the percentage of within-group connections. I.e, if 30% of the connections from cells in S
stage were to other cells in S stage, we would report 30% for this metric.
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Video ID Label Predicted Precision Matrix

0XFE6E32991136338 [17, 47, 77, 106] [17, 47, 78, 104]

0XF072F7A9791B060 [24, 56, 100] [24, 59, 90]

0XF70A3F712E03D87 [22, 66, 110] [22, 67, 111]

0XF60BBEC9C303C98 [19, 67, 114, 162] [19, 66, 115, 162]

0XF46CF63A2A1FA90 [25, 79, 134, 188] [25, 80, 133, 184]

Table A.4: Mitral valve labelings and precision matrices for the EchoNet-Dynamic dataset. The
precision matrices, for the most part, seem to have clear off-diagonal structures, as expected, and
the mitral valve prediction is generally quite good; it is only significantly off for the last opening in
0XF072F7A9791B060. The precision matrices are shown with the top 20% of the edges kept.
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Video ID Label Predicted Precision Matrix

0XFE6E32991136338 [17, 47, 77, 106] [17, 48, 77, 106]

0XF072F7A9791B060 [24, 56, 100] [24, 58, 91]

0XF70A3F712E03D87 [22, 66, 110] [22, 67, 112]

0XF60BBEC9C303C98 [19, 67, 114, 162] [19, 66, 116, 162]

0XF46CF63A2A1FA90 [25, 79, 134, 188] [25, 80, 134, 188]

Table A.5: Mitral valve labelings and precision matrices for the EchoNet-Dynamic dataset, using the
nonparanormal skeptic to preprocess. The precision matrices, for the most part, seem to have clear
off-diagonal structures, as expected, and the mitral valve prediction is generally quite good; it is only
significantly off for the last opening in 0XF072F7A9791B060. The precision matrices are shown with
the top 20% of the edges kept.
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(a) (b)

Figure A.8: (a) Various thresholding methods with log-transformed data. (b) Various thresholding
methods with nonparanormal-skeptic-transformed data. In both cases, we did not center the data.

(a) (b)

Figure A.9: Assortativity of the various methods once we center the data. (a) log-transformed (b)
nonparanormal skeptic.
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(a) (b)

Figure A.10: The percentage of within-group connections, varied as the regularization parameter
increases. (a) with a log transform (b) with the nonparanormal skeptic. Vertical lines represent the
best values for each class; the blue vertical line represents the best value overall.

(a) (b)

Figure A.11: Assortativity for GmGM L1, (a) with a log transform and (b) with the nonparanormal
skeptic. Note that the scales between the two plots are different.

5. Pick the ρ that optimizes the average percentage of within-group connections over all groups.
Run GmGM with that ρ.

6. Calculate the assortativities over all thresholding methods.

We chose this setup as it is a distinct but related task to assortativity. Its results can be seen in
Figure A.10. The best parameters were around 0.0038 for the log-transformed data, and 0.0048 when
using the nonparanormal skeptic. Figure A.11 demonstrates the advantage of regularization.

Results - comparison with EiGLasso

We compare the assortativities of the best GmGM L1 parameters we discovered in the last section with
the assortativities of EiGLasso as we varied its regularization parameter. We found a surprisingly clear
advantage when using our method. This was unexpected, as our method and EiGLasso are quite similar,
differing only in how we enforce sparsity. Judging by the ‘chink’ in EiGLasso’s curve (Figure A.12, it
could be that EiGLasso simply needed more time to converge to a good result. However, generating
this curve for EiGLasso already took a long time, so we did not investigate further. To compare
runtimes, see Table A.6. We did not perform a UMAP consistency plot, as cells in UMAP-space formed
a homogenous blob.
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Figure A.12: A comparison of GmGM with and without the nonparanormal skeptic, and EiGLasso. As
EiGLasso was much slower than GmGM, we did not rerun the calculation for it with the nonparanormal
skeptic.
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Algorithm Preprocessing Runtime
GmGM Log Transform, Centered 0.0079 seconds
GmGM Nonparanormal Skeptic 0.043 seconds

EiGLasso Log Transform, Centered 30 seconds
EiGLasso Nonparanormal Skeptic 108 seconds

Table A.6: Runtimes of our algorithm and EiGLasso, with various preprocessing techniques, on the
E-MTAB-2805 dataset. Runtimes given are an average over 10 runs.

A.4.5 LifeLines-DEEP metagenomics + metabolomics
The dataset

We used the LifeLines-DEEP metagenomics and metabolomics datasets (Tigchelaar et al., 2015). We
did not do any pre-processing to the metabolomics, and we used the already pre-processed version of
the metagenomics data from Prost et al. (2021). This dataset is available on the European Genome-
Phenome Archive (EGA) under Study ID EGAS00001001704; to access it, one has to agree to an
LL-DEEP-specific data access agreement.

Experiment justification

We chose this dataset as it had been considered by prior single-axis work (ZiLN; Prost et al. (2021)), as
well as being multi-omic. It had a more complicated class structure (taxonomy) than the E-MTAB-2805
dataset, so it was a natural next step in our investigations of the performance of this algorithm.

Results

We kept only patients that appeared in both datasets. We compared our model’s results to the model
given by Prost et al. (2021) in the main paper. We report runtimes in Table A.7, and give a UMAP
consistency plot as in Figure A.13. We can see that our algorithm is the fastest on the metagenomics
dataset, even outperforming a single-axis method. Furthermore, our results seem quite sensible in
UMAP-space.

Finally, we compared our assortativity to that of the Zero-Inflated Log Normal model by Prost et al.
(2021). We found that our method performed similarly to theirs; see Figure A.14.

Finally, we experimented with incorporating priors in our model. It is not unreasonable to find
oneself in a situation in which one knows the highest-level taxonomic categorization of an organism (its
phylum), but not know its lower-level categorizations. Thus, we chose a Wishart prior whose covariance
matrix encoded the adjacency matrix of the following graph:

1. If two species are in the same phylum, they are connected

2. If two species are in a different phylum, they are not connected.

This vastly improves performance (Figure A.15a). One might worry that the algorithm is just
‘memorizing’ the prior, and that the lower taxonomic ranks are improving because no genuses are
cross-phylum, for example. To show that this is not the case, we conduct a quick experiment with
synthetic data, in which we feed the true graph in as the prior. If our algorithm were memorizing
priors, then we would expect performance with the prior to be perfect. However, what we instead see is
a huge but imperfect gain in performance (Figure A.15b).

Algorithm Axes Speed Per-Axis Speed
ZiLN Species 3.2 3.2

GmGM Species, People 2.59 1.30
GmGM Species, People, Metabolites 22.18 7.39

TeraLasso Species, People 1299.33 649.67

Table A.7: Runtimes of various algorithms on the LifeLines-DEEP dataset. Speed is measured in
seconds.

https://ega-archive.org/studies/EGAS00001001704
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Figure A.13: UMAP consistency plot for our algorithm applied to the LifeLines-DEEP dataset. The
UMAP was constructed from log-transformed metagenomics data; the coloring represents a Louvain clus-
tering of the output of GmGM performed on the centered log-transformed metagenomics+metabolomics
data, thresholded by keeping the top 7% of edges overall.

Algorithm Preprocessing Runtime
GmGM Log transform, just RNA 52 seconds
GmGM Log transform, just ATAC 607 seconds
GmGM Log transform, both modalities 590 seconds

EiGLasso Log transform, just RNA >60,000 seconds

Table A.8: Runtimes of our algorithm and EiGLasso, with various preprocessing techniques, on the 10x
Genomics data.

A.4.6 10x Genomics flash frozen lymph nodes
The dataset

For this experiment, we looked at a single-cell RNA-sequencing+ATAC-sequencing dataset from 10x
Genomics (10x Genomics, 2021). It is available here. The dataset is publicly available, but one does
need to fill in a brief form for data collection purposes. They do not specify a license.

Experiment justification

It is a realistically-sized multi-omics dataset, and by far the largest considered in this paper. It is so
large that the use of prior work becomes infeasible, so demonstrating that our algorithm works on it
would represent a significant leap forward. The dataset is unlabeled, so we evaluated our algorithm by
means of a UMAP consistency plot.

Results

Before performing the experiment, we removed cells whose library size was three median absolute
deviations from the median, and similarly removed genes and peaks if the the total amount of times
they were expressed was three median absolute deviations from the median. In our output graphs,
we kept the top 5 edges per vertex. We can see the UMAP consistency plot in Figure 2.8b and the
runtimes in Table A.8.

In Figure 2.8b, we can see that clusters 0, 1, 3, and 4 all inhabit the large contiguous region in the
lower left. Clusters 2 and 7 inhabit the contiguous region in the lower right. In the top right, there are

https://www.10xgenomics.com/resources/datasets/fresh-frozen-lymph-node-with-b-cell-lymphoma-14-k-sorted-nuclei-1-standard-2-0-0
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(a) (b)

(c) (d)

Figure A.14: Comparison of our method (solid lines) to that of Prost et al. (2021) (dashed lines). (a)
Just metagenomics, log-transformed. (b) Metagenomics using the nonparanormal skeptic. (c) The full
multi-omic dataset, log-transformed. (d) The full multi-omic dataset using the nonparanormal skeptic.

three regions; 5, 6, and 8 (in order of left to right). Figure A.20 implies that clusters 5 and 6 have some
similarities, whereas cluster 8 is largely different from all the other clusters. A GO term analysis shows
cluster 8 is associated with blood coagulation and the integrin signalling pathway, whereas none of the
other clusters have such an association. All other clusters, except 2 and 7, are highly associated with B
cell activation-related genes. Cluster 2 is distinct in that it is related to the CCKR signalling map and
the apoptosis signalling pathways. Cluster 7 was too small to perform the analysis. Full details of the
significant go terms are available on the github repository.

A.5 Regularization

As remarked in the main paper, our algorithm by default includes no regularization. This is because our
algorithm leverages the fact that we have a closed-form expression for the eigenvectors of the maximum
likelihood estimate to avoid costly eigendecompositions every iteration. We do not have a closed-form
expression for the eigenvectors in the regularized case.

Nevertheless, we can add regularization to the eigenvalue estimation by performing an eigenrecom-
position and regularizing that. Eigenrecomposition requires a matrix multiplication, which is quite
costly compared to the cost of an unregularized iteration - both in practice, and asymptotically in the
matrix-variate case (matrix multiplication is O(

∑
ℓ d

3
ℓ) whereas an unregularized iteration is O(

∏
ℓ dℓ)).

Thus, to regularize we first let our algorithm converge to the MLE before considering the penalty term.
This allows us to avoid a major increase in runtime; our regularized algorithm runs in roughly the same
time as the unregularized one (Figure A.21a).
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(a) (b)

Figure A.15: (a) The assortativity when incorporating prior knowledge. (b) A test on 50x50 1-sample
synthetic data with 2% edges connected, with the true graphs fed in as the parameter to a Wishart
prior to our algorithm.

It is important to note that this estimator is slightly different than the standard Lasso estimator,
as the standard estimator would minimize ∥Ψℓ∥1 and our estimator minimizes ∥V̂ℓΛℓV̂

T
ℓ ∥1 (where

only the eigenvalues Λℓ are free to vary). This restriction prevents it from being able to drive elements
exactly to zero, so thresholding is still needed afterwards. It can be derived as follows:
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Despite this difference, it performs comparably to prior work. We show in Figure A.21b the
precision-recall curves for the 3-axis case, and observe that it performs almost perfectly. This is notable
as it was the case that the unregularized algorithm performed worse than prior work.

To test whether regularization improved the algorithm in the real world, we performed another
test on the E-MTAB-2805 dataset. We first looked at the metric of ‘percentage of connections to own
group’. We varied the regularization parameter, and for each estimated graph we thresholded the graph
to keep only the largest edge per cell. We plotted the results in Figure A.22a.

The optimal parameter arises right near the end of the range of considered regularization parameters;
when we considered larger parameters, we entered a region of instability in which convergence took far
longer and results became sporadic (Figure A.22b). We are not sure what causes this, but hypothesize
that our restricted regularizer no longer has the degrees of freedom to give useful information to the
problem, rather making it harder to find a good solution. The fact that the optimal parameters occur
specifically at the end of the stable region implies that the algorithm would likely have benefited from
a non-restricted regularizer - although our restricted regularizer is also definitively better than no
regularizer at all.

Our second test, shown in Figure A.23, was to take the optimal regularing parameter found in the



144 APPENDIX A. GMGM: A FAST MULTI-AXIS GAUSSIAN GRAPHICAL MODEL

UMAP1

UM
AP

2

LifeLines Deep UMAP Consistency Plot, Louvain

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8

Cluster 9
Cluster 10
Cluster 11
Cluster 12
Cluster 13
Cluster 14
Cluster 15
Cluster 16

(a)

UMAP1

UM
AP

2

LifeLines Deep UMAP Consistency Plot, Leiden

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8
Cluster 9
Cluster 10
Cluster 11
Cluster 12

(b)

UMAP1

UM
AP

2

LifeLines Deep UMAP Consistency Plot, ECG

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8
Cluster 9
Cluster 10

Cluster 11
Cluster 12
Cluster 13
Cluster 14
Cluster 15
Cluster 16
Cluster 17
Cluster 18
Cluster 19
Cluster 20

(c)

tSNE1

tS
NE

2

LifeLines Deep tSNE Consistency Plot, Louvain

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8

Cluster 9
Cluster 10
Cluster 11
Cluster 12
Cluster 13
Cluster 14
Cluster 15
Cluster 16

(d)

tSNE1

tS
NE

2

LifeLines Deep tSNE Consistency Plot, Leiden

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8
Cluster 9
Cluster 10
Cluster 11
Cluster 12

(e)

tSNE1

tS
NE

2

LifeLines Deep tSNE Consistency Plot, ECG

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8
Cluster 9
Cluster 10

Cluster 11
Cluster 12
Cluster 13
Cluster 14
Cluster 15
Cluster 16
Cluster 17
Cluster 18
Cluster 19
Cluster 20

(f)

Figure A.16: UMAP and tSNE consistency plots with Louvain, Leiden, and ECG clustering algorithms
on the LifeLines-Deep data.
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Figure A.17: A UMAP consistency plot for the 10x Genomics dataset. Both UMAP and GmGM were
used on the full multi-omic log-transformed dataset. The coloring represents a Louvain clustering on
the output graph of GmGM, with the top 5 edges per vertex being kept after column normalization
(the third thresholding method from Section A.4.4).
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Figure A.18: UMAP consistency plots with Louvain, Leiden, and ECG clustering algorithms on the
10x Genomics data.



146 APPENDIX A. GMGM: A FAST MULTI-AXIS GAUSSIAN GRAPHICAL MODEL

tSNE1

tS
NE

2
10x Genomics tSNE Consistency Plot, Louvain

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8

(a)

tSNE1

tS
NE

2

10x Genomics tSNE Consistency Plot, Leiden

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6

(b)

tSNE1

tS
NE

2

10x Genomics tSNE Consistency Plot, ECG

Cluster 0
Cluster 1
Cluster 2
Cluster 3
Cluster 4
Cluster 5
Cluster 6
Cluster 7
Cluster 8
Cluster 9
Cluster 10
Cluster 11
Cluster 12
Cluster 13

(c)

Figure A.19: tSNE consistency plots with Louvain, Leiden, and ECG clustering algorithms on the 10x
Genomics data.

Figure A.20: Expression of top differentially-expressed genes by cluster.

(a) (b)

Figure A.21: (a) Runtimes of our algorithm and prior work on matrix-variate data. Our regularized
algorithm is denoted “GmGM L1”, and takes about the same time as the unregularized “GmGM”. (b)
Precision-recall curves for tensor-variate data. TeraLasso and our regularized “GmGM L1” perform
almost perfectly.
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(a) (b)

Figure A.22: (a) Self-connectedness of each of the three cell cycle stages as regularization parameter
varies. Vertical bars represent the optimal parameters; one for each of the parameters (there is overlap).
(b) The same plot as on the left, with the range extended to show the region of instability.

Figure A.23: Assortativity as the number of kept edges per cell varies.

first test, and perform the same assortativity test as was performed in Section A.4.4. We can see that
the regularized methods tend to outperform the unregularized methods.

A.6 Asymptotic complexity

Our space complexity is the optimal O(
∑
ℓ d

2
ℓ), as was all prior work except the original BiGLasso. For

computational complexity, refer to Table A.9. In the reported values, we treat matrix multiplication as
having cubic complexity. Note that Gram matrix computation is an O(KdK+1) operation, and that
our algorithm has the asymptotically fastest iterations in the matrix-variate case (O(d2)). If we ignore
the per-axis sizes d and instead consider the size of the whole dataset d∀ = dK , we can note that the
runtime of the tensor-variate algorithms is almost linear in the size of the dataset.

A.7 Centering the data

Multi-axis models such as ours typically assume a mean of 0 for the data. When one has multiple
samples, this is not a problem - one can just center the data. However, with multi-axis methods
we typically only have one sample. Because the nonparanormal skeptic is invariant to monotone
transformations, this is a viable method to circumvent this problem. When not using that, we would
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Algorithm Range of K Overall Complexity Per-Iteration Complexity
BiGLasso K = 2 O(Kd4) O(Kd4)
EiGLasso K = 2 O(Kd3) O(Kd3)
TeraLasso Any O(KdK+1) O(Kd3 + dK)
GmGM Any O(KdK+1) O(dK)

GmGM L1 Any O(KdK+1) O(Kd3 + dK)

Table A.9: Computational complexities of selected algorithms. ‘GmGM L1’ refers to GmGM equipped
with our restricted L1 penalty; note that GmGM L1 first converges to the unregularized solution (using
the cheap iterations of GmGM) before it adds in the regularizer. For simplicity, all dimensions dℓ are
considered to be the same size d.

take the average value of the tensor (averaged across all elements in the tensor) and subtract this value
from ever element in the tensor.
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Appendix B

Gaussian graphical modelling without
independence assumptions for
uncentered data

Graphical Modelling without Independence Assumptions for
Uncentered Data

Supplementary material

B.1 Deferred proofs
In this portion of the appendix, we will formally prove the claims presented in the paper, namely we
will prove that the locations of coordinate-wise minima reported in the paper are indeed accurate, and
furthermore that the full optimization problem has a unique solution.
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B.1.1 Derivation of gradients
First, we will derive gradients with respect to all parameters. Recall that the negative log-likelihood is,
up to an additive constant:

NLL (D) ∝ −1
2

log |Ω|+ 1

2
(x− ω)

T
Ω (x− ω)

We do not need to work out the gradient w.r.t. Ψℓ, as we defer that optimization task to algorithms
such as TeraLasso. Thus, we are left with the following quadratic function:

NLL (D) ∝ 1

2
(x− ω)

T
Ω (x− ω)

We will differentiate with respect to the identifiable parameters µ̃ℓ,m. Generically, for any parameter
p, the derivative will look like:

∂

∂p
NLL (D) = − (x− ω)

T
Ω

(
∂

∂p
ω

)
Oberve that:

∂

∂m
ω =

∂

∂m

(
m1d∀ +

⊕̃
ℓ
µ̃ℓ

)
= 1d∀

∂

∂µ̃ℓ
ω =

∂

∂µ̃ℓ

⊕̃
ℓ
µ̃ℓ

=
∂

∂µ̃ℓ

(
µ̃ℓ⊕̃µ̃\ℓ

)
(up to permutation)

=
∂

∂µ̃ℓ

(
µ̃ℓ ⊗ 1d\ℓ + 1dℓ ⊗ µ̃\ℓ

)
= Idℓ ⊗ 1d\ℓ

The latter derivation is also obvious from our ability to rewrite µ̃ℓ ⊗ 1d\ℓ as
(
Idℓ ⊗ 1d\ℓ

)
µ̃ℓ. We

gave the derivative up to permutation, for notational simplicity (since we are only interested in when it
equals zero). Without the permutation, it is easy to see that it is 1d<ℓ

⊗ Idℓ ⊗ 1d>ℓ
. Finally, note that

the latter derivative would be analogous if done w.r.t. the unconstrained parameters µℓ.

B.1.2 Derivation of the coordinate-wise minimum of m

To derive the coordinate-wise optimum of m, we will find when the gradient is zero.

∂

∂m
NLL (D) = − (x− ω)

T
Ω1d∀

= − (x− ω)
T

⊕
ℓ

Ψℓ

⊗
ℓ

1dℓ


= − (x− ω)

T

(⊕̃
ℓ
Ψℓ1ℓ

)
=

(
m1d∀ − x+

⊕̃
ℓ
µ̃ℓ

)T (⊕̃
ℓ
Ψℓ1ℓ

)

Before proceeding, let’s prove a helpful lemma:
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Lemma 7. For any set of dℓ × dℓ matrices Mℓ:

1Td∀

⊕
ℓ

Mℓ

1d∀ =
∑
ℓ

d\ℓ1
T
dℓ
Mℓ1dℓ

Proof.

1Td∀

⊕
ℓ

Mℓ

1d∀ = 1Td∀

∑
ℓ

Id<ℓ
⊗Mℓ ⊗ Id>ℓ

1d∀

=
∑
ℓ

1Td<ℓ
1d<ℓ

⊗ 1TdℓMℓ1dℓ ⊗ 1Td>ℓ
1d>ℓ

=
∑
ℓ

d<ℓd>ℓ1
T
dℓ
Mℓ1dℓ

=
∑
ℓ

d\ℓ1
T
dℓ
Mℓ1dℓ

Recall that 1TdℓΨℓ1dℓ
def
= θℓ. At zero, the equality can be reshaped into the following:

m

⊗
ℓ

1Tdℓ

⊕̃
ℓ
Ψℓ1ℓ =

(
x−

⊕̃
ℓ
µ̃ℓ

)T ⊕̃
ℓ
Ψℓ1ℓ

=⇒ m
∑
ℓ

d\ℓθℓ =

(
x−

⊕̃
ℓ
µ̃ℓ

)T ⊕̃
ℓ
Ψℓ1ℓ (Lemma 7)

=⇒ m =

(
x−

⊕̃
ℓµ̃ℓ

)T ⊕̃
ℓΨℓ1ℓ∑

ℓ d\ℓθℓ

B.1.3 Derivation of the coordinate-wise minima of µ̃ℓ

Rather than considering the gradients, we will frame this problem as an equality-constrained QP
problem, which has closed-form minima. Here, we will let xℓ be our vectorized dataset, vectorized in
an order such that axis ℓ was considered the first axis. We’ll further write x̃ℓ = xℓ −m1d∀ to keep our
equations compact, and represent

⊕̃
ℓ′µ̃ℓ′ as µ̃ℓ⊕̃µ̃\ℓ .

argmin
µ̃ℓ

1

2

(
x̃ℓ −

⊕̃
ℓ′
µ̃ℓ′

)T
Ω

(
x̃ℓ −

⊕̃
ℓ′
µ̃ℓ′

)
where µ̃Tℓ 1dℓ = 0

We then expand the equation, removing terms that do not involve µ̃ℓ and recalling that uTMv =
vTMu.

argmin
µ̃ℓ

1

2

(⊕̃
ℓ′
µ̃Tℓ′

)
Ω

(⊕̃
ℓ′
µ̃ℓ′

)
− x̃Tℓ Ω

(⊕̃
ℓ′
µ̃ℓ′

)
where µ̃Tℓ 1dℓ = 0

Again, we split
⊕̃

ℓ′µ̃ℓ′ into µ̃ℓ⊕̃µ̃\ℓ and remove terms not containing µ̃ℓ.
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argmin
µ̃ℓ


1
2

(
µ̃ℓ ⊗ 1d\ℓ

)T
Ω
(
µ̃ℓ ⊗ 1d\ℓ

)
+
(
1dℓ ⊗ µ̃\ℓ − x̃ℓ

)T
Ω
(
µ̃ℓ ⊗ 1d\ℓ

)
where µ̃Tℓ 1dℓ = 0

Finally, recall that µ̃ℓ ⊗ 1d\ℓ =
(
Idℓ ⊗ 1\ℓ

)
µ̃ℓ. Let’s define the following constants:

Aℓ =
(
Idℓ ⊗ 1d\ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
(B.1)

bℓ =
(
1dℓ ⊗ µ̃\ℓ − x̃ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
(B.2)

Note that this definition is different from the one in the main paper; in the next section we will
show that they are equivalent. With these constants, we can rewrite our minimization problem as:

argmin
µ̃ℓ

1

2
µ̃Tℓ Aℓµ̃ℓ + bTℓ µ̃ℓ

where µ̃Tℓ 1dℓ = 0

This is an equality-constrained QP problem; these have closed-form solutions. Letting λ be the
Lagrange multiplier that appears when considering the constraint, we know that the solution is the
solution to a linear equation:

[
Aℓ 1dℓ
1Tdℓ 0

] [
µ̃ℓ
λ

]
=

[
−bℓ
0

]
We then arrive at the solution with some simple algebra.

Aℓµ̃ℓ + 1dℓλ = −bℓ
=⇒ 1Tdℓµ̃ℓ + 1TdℓA

−1
ℓ 1dℓλ = −1TdℓA

−1
ℓ bℓ

=⇒ λ =
−1TdℓA

−1
ℓ bℓ

1TdℓA
−1
ℓ 1dℓ

=⇒ Aℓµ̃ℓ =
1TdℓA

−1
ℓ bℓ

1TdℓA
−1
ℓ 1dℓ

1dℓ − bℓ

Which leads us to the following closed-form solution:

µ̃ℓ =
1TdℓA

−1
ℓ bℓ

1TdℓA
−1
ℓ 1dℓ

A−1ℓ 1dℓ −A−1ℓ bℓ

B.1.4 Derivation of Aℓ and bℓ

While the derivation of Aℓ and bℓ given in the previous section yields a formula for the coordinate-wise
minima of µ̃ℓ, calculating Aℓ and bℓ using Equations B.1 and B.2 requires multiplying together very
large matrices (Ω is d∀ × d∀). In this section, we will produce a simpler formula involving only dℓ × dℓ
matrix manipulations.

We will make use of the fact that Ω has a lower dimensional parameterization in terms of Ψℓ. We
could instead have chosen to parameterize it in terms of the identifiable parameterization

(
Ψ̃ℓ, τ

)
, but

there is not much gain in doing so; it would merely make the formulas presented here more complicated.
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Aℓ=
(
Idℓ ⊗ 1d\ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
=
(
Idℓ ⊗ 1d\ℓ

)T(
Ψℓ ⊗ Id\ℓ + Idℓ ⊗Ψ\ℓ

)(
Idℓ ⊗ 1d\ℓ

)
=
(
Ψℓ ⊗ 1Td\ℓ1d\ℓ + Idℓ ⊗ 1Td\ℓΨ\ℓ1d\ℓ

)
= d\ℓΨℓ +

∑
ℓ′ ̸=ℓ

d∀
dℓdℓ′

θℓIdℓ (Lemma 7)

= d\ℓΨℓ + θ\ℓIdℓ

bℓ =
(
1dℓ ⊗ µ̃\ℓ − x̃ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
=
(
1dℓ ⊗ µ̃\ℓ − x̃ℓ

)T (
Ψℓ ⊗ 1d\ℓ + Idℓ ⊗Ψ\ℓ1d\ℓ

)
= 1TdℓΨℓ ⊗ µ̃T\ℓ1d\ℓ + 1dℓ ⊗ µ̃Td\ℓΨ\ℓ1d\ℓ

− x̃Tℓ

(
Ψℓ ⊗ 1d\ℓ + Idℓ ⊗Ψ\ℓ1d\ℓ

)
Here, we can observe that µ̃T\ℓ1d\ℓ = 0 due to our constraints. Thus, we get:

bℓ =
[
1Td\ℓΨℓ1d\ℓ

]
1dℓ− x̃Tℓ

(
Ψℓ ⊗ 1d\ℓ + Idℓ ⊗Ψ\ℓ1d\ℓ

)

Expanding out x̃ℓ into xℓ −m1d∀ yields the definition of bℓ given in the main paper.

m1Td∀

(
Ψℓ ⊗ 1d\ℓ + Idℓ ⊗Ψ\ℓ1d\ℓ

)
= md\ℓ1

T
dℓ
Ψℓ +mθ\ℓ1d\ℓ

Unfortunately, this still involves a large multiplication; can we express it in a simpler way?
We can, but it involves introducing the concept of a matricization of a tensor: for a d1 × ...× dK

tensor T , the ℓ-matricization of it, matℓ [T ] is a dℓ×d\ℓ matrix constructed by stacking all axes together

except ℓ. This allows us a more formal definition of xℓ: xℓ
def
= vec matℓ [D].

We can then utilize a well-known convenient relation between Kronecker products and vectorization1:

vec [M]
T
(U⊗V) = vec

[
UTMV

]T
Note that Ψℓ is symmetric, so the transpose is irrelevant. This allows us to simplify.

vec mat [D]T
(
Ψℓ ⊗ 1d\ℓ + Idℓ ⊗Ψ\ℓ1d\ℓ

)
= vec

[
Ψℓmatℓ [D]1d\ℓ

]T
+ vec

[
matℓ [D]Ψ\ℓ1d\ℓ

]T
As a final step for simplification, we recall another relation from Kolda and Bader (2009). First, let

D ×ℓ M represent multiplying a tensor D along its ℓth axis by a matrix M. Note that for matrices,
N×0 M = MTN and N×1 M = NM. Intuitively, it corresponds to batch matrix multiplication when
the tensor has more than two axes.

1There are two conventions for vec, rows-first or columns-first; that convention affects the order of multiplication
presented here. We use the rows-first convention as that aligns with the convention used for mat.
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matℓ [T ]
⊗
ℓ′ ̸=ℓ

Mℓ′ = matℓ

T×
ℓ′ ̸=ℓ

Mℓ′


This allows us to rewrite our expression as:

vec
[
Ψℓmatℓ [D]1d\ℓ

]T
+ vec

[
matℓ [D]Ψ\ℓ1d\ℓ

]T
= vec

[
Ψℓmatℓ [D]1d\ℓ

]T
+
∑
ℓ′ ̸=ℓ

vec
[
matℓ [D ×ℓ′ Ψℓ′ ]1d\ℓ

]T
These always result in vectors, so we can drop the vec prefix.

Ψℓmatℓ [D]1d\ℓ +
∑
ℓ′ ̸=ℓ

matℓ [D ×ℓ′ Ψℓ′ ]1d\ℓ

This looks complicated, but has a fairly straightforward interpretation. The Ψℓmatℓ [D]1d\ℓ term
corresponds to summing over all axes of D except ℓ, and then transforming the sum by Ψℓ. Each
matℓ [D ×ℓ′ Ψℓ′ ]1d\ℓ term can be interpreted as a batch matrix multiplication along axis ℓ′, before
summing over all axes but ℓ. Of course, in practice it is more efficient to perform some sums first before
the multiplication, as given below, but it causes rather cumbersome notation.

∑
ℓ′ ̸=ℓ

matℓ


D ×

ℓ̸=ℓ′′ ̸=ℓ′
1\ℓ′′

×ℓ′ Ψℓ′1\ℓ′


To summarize, we have that:

bℓ =
[
1Td\ℓΨℓ1d\ℓ

]
1dℓ +md\ℓ1

T
dℓ
Ψℓ +mθ\ℓ1d\ℓ

−Ψℓmatℓ [D]1d\ℓ −
∑
ℓ′ ̸=ℓ

matℓ [D ×ℓ′ Ψℓ′ ]1d\ℓ

B.1.5 Invertibility of Aℓ

Recall that, from the previous section, Aℓ can be written as:

Aℓ =
(
Idℓ ⊗ 1d\ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
Ωℓ is a precision matrix, i.e. positive definite. Furthermore,

(
Idℓ ⊗ 1d\ℓ

)
never maps nonzero

vectors to the zero vector (it is a matrix that ‘copy-and-pastes’ the input vector d\ℓ times).

vTAℓv = vT
(
Idℓ ⊗ 1d\ℓ

)T
Ω
(
Idℓ ⊗ 1d\ℓ

)
v v ̸= 0

= wTΩw w ̸= 0

> 0 (positive-definiteness of Ω)

In fact, this argument shows that Aℓ is not merely invertible, but positive definite!
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What if Ω is merely positive semidefinite? Note that our NLL contains a − log |Ω| term, which
diverges to infinity as Ω approaches semidefiniteness. Since it is known that optimizers for Ω converge
(see for example Theorem 6 in the paper that introduced TeraLasso Greenewald et al., 2019), this
cannot happen: Ω must be positive definite.

Some work has been done investigating the case where we force Ω to be restricted to the set of
rank-k matrices, such as in the preprint by Andrew et al. (2024). The log-determinant becomes a
log-pseudodeterminant. In this case, Aℓ is indeed not invertible; the QP problem has multiple solutions.
However, in such work the nullspace of Ω is known2: we can add linear constraints to our QP problem
to force our domain to be orthogonal to the nullspace, recovering uniqueness-of-coordinate-wise-solution
and hence guaranteeing that the coordinate descent of Algorithm 1 converges.

B.1.6 Proof of global optimality

In this section, we will prove Theorem 4 in the main paper.

Theorem 1. The maximum likelihood of the noncentral Kronecker-sum-structured normal distribution
has a unique maximum, which is global. The estimator defined by Algorithm 1 converges to this.

The fact that Algorithm 1 converges follows from the fact that coordinate descent converges to
stationary points if the coordinate-wise minima are unique, which we know is true given that our
estimators for µℓ,m, and Ω are unique (estimating Ω is not considered here, but it is a strictly
convex optimization problem so whatever drop-in-algorithm we use for it should give a unique answer,
potentially differing in the precise parameterization of Ω but not Ω itself).

To prove that the negative log-likelihood has a unique minimum, we intend to prove the following
chain of implications:

(ω,Ω) ∈ local minima (A)

⇐⇒
1

(ω,Ω, s = 1) ∈ local minima
(
A′
)

⇐⇒
2

(Γ) ∈ local minima (B)

⇐⇒
3

(Γ) ∈ global minima (B)

We will first focus on the case where Ω is estimated with regularizers, rather than the low-rank
subspace restriction. Letting ρ be some convex regularizer for the precision matrix (typically the
graphical lasso, ρ(Ω) =

∑
ℓ ρℓ∥Ψℓ∥1,od), we define our problems as:

A =


argmin

ω,Ω
− log |Ω|+ (x− ω)TΩ(x− ω) + ρ (Ω)

where Ω ∈ KM ⪰ 0
ω ∈ Kv

A′ =



argmin
ω,Ω,s

− log |Γ|+
[
xT 1

]
Γ

[
x
1

]
+ ρ (Ω)

where Ω ∈ KM ⪰ 0
ω ∈ Kv

s > 0

Γ =

[
Ω −Ωω

−ωTΩ 1
s + ωTΩω

]

B =


argmin

Γ
− log |Γ|+

[
xT 1

]
Γ

[
x
1

]
+ ρ

(
Γ1:d∀,1:d∀

)
where Γ1:d∀,1:d∀ ∈ KM

Γ1:d∀,d∀+1 ∈ KMv

Γ ⪰ 0

2The work finds an exact solution for the eigenvectors of Ψℓ.
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Recall that KMv is a linear subspace, so B corresponds to a conic program with linear constraints.
The objective is strictly convex. Thus, B has a unique local minimum, which is also the global minimum.
This satisfies implication (3).

Next, note that there is a one-to-one correspondence between (ω,Ω, s) and Γ. Ω = Γ1:d∀,1:d∀ , and
since Ω is guaranteed-to-be-invertible we can get ω from Γ1:d∀,d∀+1. Finally, 1

s can be derived with
knowledge of the previous two parameters from Γd∀+1,d∀+1. Since the correspondence is one-to-one,
the minima of A′ and B are identical3 - since B has a unique minimum, so does A′. Thus, to prove
implication (2) we need only show that the minimum of A′ occurs when s = 1.

log |Γ| = log

(
|Ω|
∣∣∣∣1s + ωTΩω − ωTΩΩ−1Ωω

∣∣∣∣
)

(Block matrix determinant)

= log |Ω| − log s[
xT 1

]
Γ

[
x
1

]
=
[
xTΩ− ωTΩ 1

s + ωTΩω − xTΩω
][x
1

]
= xTΩx− ωTΩx+

1

s
+ ωTΩω − xTΩω

= (x− ω)
T
Ω (x− ω) +

1

s

Firstly, note that all terms involving s are separable from the rest. Differentiating with respect to s,
we see that 0 = 1

s −
1
s2 at the minimum, i.e. that s = s2; since s > 0, this leaves s = 1 must hold at the

minimum; thus, implication (2) holds. Secondly, note that these equations lead to the same NLL as A,
except with an additive 1

s + log s term thrown in. Since we know s = 1 at the minimum, A′ reduces to
A; implication (1) holds as well.

This completes the proof; all three implications hold. The log-likelihood of A′ and B at s = 1 are
the same, and hence all local minima are global minima. This holds when using regularization, but
what about restrictions to a low-rank subspace?

Global optimality under low-rank restrictions

As mentioned in previous sections, most methods of estimating Ω use regularization to guarantee
existence of a solution. Some restrict Ω to a low-rank subspace, which requires changing determinants
to pseudodeterminants. All the implications still hold in this case, but the block-determinant formula
no longer holds and the A′ → B mapping is no longer one-to-one, since it is through invertibility of Ω
that we recover ω. Under the low rank assumption, we can add the following constraint to A and A′ to
recover uniqueness.

ω ⊥ nullspace [Ω]

The constraints work by enforcing ω to be orthogonal to the nullspace of Ω. Note that this has
no effect on B, since any component of ω that is not orthogonal to the nullspace gets mapped to
zero. This preserves the one-to-one mapping needed for implication (2), and the convexity needed for
implication (3).

What needs to be re-proven for implication (1) to hold is the following:

1. Local minima of A′ occur only at s = 1

2. At s = 1, A and A′ have the same solutions.

Unfortunately, pseudodeterminants are much harder to work with than typical determinants. We
rely on two results from the literature, from Holbrook (2018) and Hartwig (1976):

3To ensure no saddle points were introduced, it is easy to check that the gradient of one parameterization equals zero
if the gradient of the other does too at the corresponding point.
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Theorem 2.20 (Holbrook 2018).

d det†A = det† [A] tr
[
A†dA

]
Where det† is the pseudodeterminant and A† is the pseudoinverse.

Corollary 5.

d log det†Γ

ds
= tr

[
Γ†
dΓ

ds

]
The second theorem, by Hartwig, gives an expression for the pseudoinverse of a ‘bordered matrix’,

i.e. a matrix of the form
[
A c
b d

]
. However, they split the problem into several sub-cases, which are

not immediately apparent from the form of A,b, c, and d. Thus, we will first manipulate our matrix
into one of these sub-cases before stating the theorem.

Recall that Ω is positive semi-definite, and thus it has an eigendecomposition
[
V1 V2

] [Λ 0
0 0

] [
VT

1

VT
2

]
.

Letting V =
[
V1 V2

]
, observe the following:

[
VT 0
0 1

][
Ω −Ωω

−ωTΩ 1
s + ωTΩω

] [
V 0
0 1

]

=

[
VTΩV −VTΩω
ωTΩV 1

s + ωTΩω

]

=

 Λ 0 −ΛVT
1 ω

0 0 0
−ωTV1Λ 0 1

s + ωTΩω


We will now find the pseudoinverse of this new matrix, as UM†UT =

(
UMUT

)† for unitary
matrices U. In fact, the bottom-right entry is entirely unchanged by this transformation, and it will
turn out to be all we need for our proof.

Theorem (Hartwig (1976)). Suppose we have a matrix of the form

Σ 0 q
0 0 0
pT 0 d

 for diagonal Σ

of full rank, and z = d − pTΣ−1q ̸= 0. Then, the lower right hand entry of the pseudoinverse is 1
z .

Furthermore, the matrix has rank 1 + rankΣ.

This is, of course, a special case of their full result giving a formula for the entire pseudoinverse -
but it is all we need.

Corollary 6. The lower right hand entry of Γ† is s.

Proof. We already saw that our matrix can be turned into the form required by Hartwig’s theorem
without changing what the lower right hand entry will be. It then suffices to observe that z =
1
s + ωTΩω − ωTV1ΛΛ−1ΛVT

1 ω = 1
s .

From Corollary 5, the derivative of the log pseudodeterminant is tr

Γ† [0 0
0 − 1

s2

] = tr

[
0 −1

s2 Γ
†
1:d∀,d∀+1

0 −1
s2 Γ

†
d∀+1,d∀+1

]
.

Thus, it only depends on the bottom right entry of the pseudoinverse; in particular, it is 1
s . From this,

the arguments in the previous section hold, and we can show that any minima occur only at s = 1.
All that remains is to show that at s = 1, A and A′ have the same solutions. We already know from ear-

lier that the pseudodeterminant of Γ is the same as the pseudodeterminant of

 Λ 0 −ΛVT
1 ω

0 0 0
−ωTV1Λ 0 1 + ωTΩω

.
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Removing out the zero rows and columns, we are left with

[
Λ −ΛVT

1 ω
−ωTV1Λ 1 + ωTΩω

]
, which by Hartwig

is a full rank matrix (recall the theorem stated its rank as 1 + rankΛ and that Λ corresponds to the
non-zero eigenvalues). Hence, we can use the ordinary block determinant rule.

det†Γ = det

[
Λ −ΛVT

1 ω
−ωTV1Λ 1 + ωTΩω

]
= det [Λ] det

[
1 + ωTΩω − ωTV1ΛVT

1 ω
]

Recall that we required ω to be orthogonal to the nullspace of Ω, resulting in:

det†Γ = det [Λ] det
[
1 + ωTV1ΛVT

1 ω − ωTV1ΛVT
1 ω
]

= detΛ

= det†Ω

Thus, we have that:

A′ =



argmin
ω,Ω,s

− log det† Γ+
[
xT 1

]
Γ

[
x
1

]
+ ρ (Ω)

where Ω ∈ KM ⪰ 0
ω ∈ Kv

ω ⊥ nullspace Ω
s > 0

is equivalent to:

A =


argmin

ω,Ω
− log det†Ω+ (x−ω)

T
Ω (x−ω) + ρ (Ω)

where Ω ∈ KM ⪰ 0
ω ∈ Kv

ω ⊥ nullspace Ω

This completes the proof.

B.2 Erdos-Renyi synthetic data
We mentioned in the results section that we repeated our experiments with Erdos-Renyi graphs (p=0.05)
instead of Barabasi-Albert graphs. We found identical results, except that zero-mean algorithms perform
much worse under Poisson noise. See Figure B.1 for the results, which use the same mean distributions
as from the main paper.

B.3 Number of iterations needed
In the paper, we mentioned that, in practice, typically only two iterations were needed of our flip-flop
algorithm to recover good performance. One iteration of our algorithm is equivalent to projecting the
mean onto Kv, removing it, and then estimating the graph. To understand how many iterations are
needed, we perform the same experiments as in the main paper at different levels of iterations. We only
present results with GmGM, as TeraLasso performs analogously here in all other experiments. The
results are given in Figure B.2; we can see that in most cases, with just two iterations our algorithm
recovers the performance of our algorithm iterated to convergence. There is only one exception, when
our algorithm exactly follows the KS-structured Gaussian distribution. In Figure B.3, we investigate
this case further, seeing that 3 iterations are sufficient.
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Figure B.1: Precision and recall for a synthetic dataset. Error bars are the best/worst performance
over 10 trials; the center line is average performance.
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Strong Product GmGM TeraLasso

Strong Product
(within rows)

Strong Product
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Figure C.1: The learned connections between the video frames for various algorithms. Black connections
indicate connections between adjacent frames, blue indicate non-adjacent frames. This is an enlarged
version of Figure 4 in the main paper.

C.1 Additional experiments

In this section, we briefly recount the additional experiments we ran. All data is generated identically
to that in the main paper, except for the differences we note. Figure C.3 demonstrates that we do not
experience a degradation in performance when we run our algorithm on Kronecker-sum-structured and
Kronecker-product-structured data; we still perform comparably to prior work.

In Figure C.4, we demonstrate that performance improves as our factor graphs get larger. We
analyze the AUPR as y varies for 100-node and 500-node factor graphs in Figure C.5. This latter
experiment takes significantly longer to run than other experiments in this paper, so we do not repeat
it for 1000-node graphs. Figure C.2 shows that performance is not affected by the value of ρ.

C.2 Derivation of gradients

In this section, we will derive the gradients of our negative log-likelihood, with respect to our three
parameter matrices. The negative log-likelihood is given below, for reference, with irrelevant additive
and multiplicative constants removed.

NLL = − log
∣∣Ψ1 ⊕Ψ2,w +Ψ1 ⊗Ψ2,b

∣∣+ tr [Ψ1S1] + tr
[
Ψ2,wS2

]
+ tr

[
Ψ1XΨ2,bX

T
]

= − log
∣∣Ψ1 ⊗Θ+ I⊗Ψ2,w

∣∣+ tr
[
Ψ2,wS2

]
+ tr

[
Ψ1XΘXT

]
To derive the gradients, we will need to take derivatives with respect to matrices. Standard relations

that we will use are provided below, for reference.
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Figure C.2: The value of ρ does not significantly affect the results. Experiment performed on 100-node
graphs with the standard 1:1 x ratio for data generated from the strong product model, with Barabasi-
Albert factor graphs.

d log |M| = tr
[
M−1dM

]
d

dM
tr [MN] = N

d (M⊗N) = dM⊗N+M⊗ dN
d (M⊕N) = dM⊕ dN

The ⊕ relation follows directly from the ⊗ relation. Using these equations, the derivative of he
negative log likelihood is straightforward; we just need an expression for the derivative of the strong
product.

d
(
Ψ1 ⊕Ψ2,w +Ψ1 ⊗Ψ2,b

)
= dΨ1 ⊕ dΨ2,w + dΨ1 ⊗Ψ2,b +Ψ1 ⊗ dΨ2,b

Rather than differentiating with respect to entire matrices, we will differentiate with respect to a
single element. We will let Jij be the matrix of zeros except for a 1 at position (i, j), i.e. d

dxij
X = Jij .

d

dψ1,ij

(
Ψ1 ⊕Ψ2,w +Ψ1 ⊗Ψ2,b

)
= Jij ⊕ 0+ Jij ⊗Ψ2,b

= Jij ⊗ I+ Jij ⊗Ψ2,b

= Jij ⊗Θ

= (I⊗Θ)
(
Jij ⊗ I

)
From the definition of the stridewise-blockwise trace, and letting sp abbreviate the strong product,

we have that:

d

dΨ1
log |sp| = trd2

[
sp−1 (I⊗Θ)

]
= trd2

[(
Ψ1 ⊕Ψ2,wΘ

−1
)−1]

Thus, our derivative with respect to Ψ1 is just:

d

dΨ1
NLL = −trd2

[(
Ψ1 ⊕Ψ2,wΘ

−1
)−1]

+XΘXT
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Figure C.3: Performance of algorithms when data is generated from the Kronecker sum or Kronecker
product structures.

The gradient with respect to Ψ2,w is fairly easy to compute.

d

dψ2,w;ij

(
Ψ1 ⊕Ψ2,w +Ψ1 ⊗Ψ2,b

)
= I⊗ Jij

d

dΨ2,w
NLL = −trd1

[(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)−1]
+ S2

We now have a choice to consider our method as a function of Ψ2,b or Θ; so far, parameterizing in
terms of Θ has simplified our equations, so we will continue to do so.

d

dθij

(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)
= Ψ1 ⊗ Jij

d

dΘ
NLL = −trd1

[(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)−1
(Ψ1 ⊗ I)

]
+XTΨ1X

= −trd1
[(

I⊗Θ+Ψ−11 ⊗Ψ2,w

)−1]
+XTΨ1X

C.2.1 Efficient gradients

Earlier, we derived the following gradients:
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Figure C.4: The effect of different graph sizes on performance.

d

dΨ1
NLL = −trd2

[(
Ψ1 ⊕Ψ2,wΘ

−1
)−1]

+XΘXT

d

dΨ2,w
NLL = −trd1

[(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)−1]
+ S2

d

dΘ
NLL = −trd1

[(
I⊗Θ+Ψ−11 ⊗Ψ2,w

)−1]
+XTΨ1X

These derivatives, while valid, have little practical utility; they require inverting a d1d2 × d1d2
matrix, which is an O(d31d

3
2) operation that in practice requires O(d21d

2
2) space.

Because all parameters are positive definite, we know two key facts:

1. They each have an eigendecomposition

2. Every pair can be simultaneously diagonalized

In particular, we can express our parameters as follows:

Ψ1 = VΛVT

Ψ2,w = PDPT

Θ = PPT

V is orthonormal, and Λ and D are diagonal. Importantly, P is not orthonormal. Furthermore,
note that Ψ2,wΘ

−1 = PDP−1. Computing these decompositions takes O(d31 + d32) time and O(d21 + d22)
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Figure C.5: Variance of AUPR as y changes for 100-node (top) and 500-node (bottom) graphs. Error
bars represent standard deviations, computed over 50 trials (top) and 25 trials (bottom).

space. Thanks to a lemma by Dahl et al. (2013), we have a convenient way of accessing this diagonal
core:

trd2
[
(M⊗ I)A (N⊗ I)

]
= Mtrd2 [A]N Lemma 2 (Dahl et al., 2013)

trd2
[
(I⊗M)A (I⊗N)

]
= trd2

[
(I⊗NM)A

]
(Cyclic Property)

The latter fact follows directly from the definition of the stridewise-blockwise trace. Analogous
formulas hold for trd1 , as long as the order of the Kronecker products is reversed. Using these, we can
re-express our gradients.
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d

dΨ1
NLL = −trd2

[(
Ψ1 ⊕Ψ2,wΘ

−1
)−1]

+XΘXT

= −trd2
[(

VΛVT ⊗ I+ I⊗PDP−1
)−1]

+XΘXT

= −trd2
[
(V ⊗P)

(
Λ⊗VTV +P−1P⊗D

)−1
(V ⊗P)

−1
]
+XΘXT

= −Vtrd2

[
(Λ⊗ I+ I⊗D)

−1
]
VT +XΘXT

= −Vtrd2

[
(Λ⊕D)

−1
]
VT +XΘXT

d

dΨ2,w
NLL = −trd1

[(
Ψ1 ⊗Θ+ I⊗Ψ2,w

)−1]
+ S2

= −trd1
[(

I⊗P−T
)
(Λ⊗ I+ I⊗D)

−1
(
I⊗P−1

)]
+ S2

= −P−T trd1
[
(Λ⊕D)

−1
]
P−1 + S2

d

dΘ
NLL = −trd1

[(
I⊗Θ+Ψ−11 ⊗Ψ2,w

)−1]
+XTΨ1X

= −P−T trd1
[(

I⊗ I+Λ−1 ⊗D
)−1]

P−1 +XTΨ1X

= −P−T trd1
[
(Λ⊗ I+ I⊗D)

−1
(Λ⊗ I)

]
P−1 +XTΨ1X

= −P−T trd1
[
(Λ⊕D)

−1
(Λ⊗ I)

]
P−1 +XTΨ1X

Computing the stridewise-blockwise trace can now be done much more efficiently, as its input is a
diagonal matrix. It can be done in O(d1d2) space. As a sanity check, we can observe that when Θ = I
(i.e. Ψ2,b = 0), the gradients become those of the Kronecker-sum model (note that P can in that case
be chosen to be the eigenvectors of Ψ2,w), and when Ψ1 = I then the other gradients become identical.
Both of these should be expected from the structure of the strong product.

C.2.2 Addition of frobenius norm of kogarithm
Since d

dM∥logM∥F = 2M−1 logM, we have that our gradients are:

d

dΨ1
NLL = −Vtrd2

[
(Λ⊕D)

−1
]
VT +XΘXT + 2ρΨ−11 logΨ1

d

dΨ2,w
NLL = −P−T trd1

[
(Λ⊕D)

−1
]
P−1 + S2 + 2ρΨ−12,w logΨ2,w

d

dΘ
NLL = −P−T trd1

[
(Λ⊕D)

−1
(Λ⊗ I)

]
P−1 +XTΨ1X+ 2ρΘ−1 logΘ

C.2.3 Riemannian gradients
Recall from the main paper the definition of the Riemannian gradient and retraction.

grad
S++

M f = M
(
gradEMf

)
M (gradient)

R
S++

M (ξ) = MeM
−1ξ (retraction)

Mt+1 = R
S++

Mt

(
−ηt gradS++

Mt
f
)

(update)
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There is ample opportunity for simplification. Note that:

Mt+1 = Mte

(
−ηtgradE

Mt
f
)
Mt

M−1 logM = (logM)M−1

The second statement follows from simultaneous diagonalizability. What happens when we right-
multiply our Euclidean gradients by M?

(
d

dΨ1
NLL

)
Ψ1 = −Vtrd2

[
(Λ⊕D)

−1
]
ΛVT +XΘXTΨ1 + 2ρ logΨ1(

d

dΨ2,w
NLL

)
Ψ2,w = −P−T trd1

[
(Λ⊕D)

−1
]
DPT + S2Ψ2,w + 2ρ logΨ2,w(

d

dΘ
NLL

)
Θ = −P−T trd1

[
(Λ⊕D)

−1
(Λ⊗ I)

]
PT +XTΨ1XΘ+ 2ρ logΘ

Note that this is actually (slightly) cheaper to compute than the unmodified gradient, since diagonal
matrix multiplications are cheap, we removed many matrix multiplications, and most of the few matrix
multiplications we did add are duplicates.

C.3 Efficient evaluation of log-likelihood
Recall that the negative log likelihood is as follows, ignoring irrelevant constants.

NLL = − log
∣∣Ψ1 ⊗Θ+ I⊗Ψ2,w

∣∣+ tr
[
Ψ2,wS2

]
+ tr

[
Ψ1XΘXT

]
For calculating our gradients, we already used certain decompositions, which we can re-use in the

evaluation of our NLL. Evaluating the NLL is useful for convergence checking and line searching.

NLL = − log |I⊗P| |Λ⊗ I+ I⊗D|
∣∣∣I⊗PT

∣∣∣+ tr
[
Ψ2,wS2

]
+ tr

[
Ψ1XΘXT

]
= − log |Λ⊗ I+ I⊗D| |Θ|d1 + tr

[
Ψ2,wS2

]
+ tr

[
Ψ1XΘXT

]
= − log |Λ⊕D| − d1 log |Θ|+ tr

[
Ψ2,wS2

]
+ tr

[
Ψ1XΘXT

]
The two trace terms require taking traces of matrices already computed for the gradients, so could

be re-used. The log determinant of a Kronecker sum of diagonal matrices is easy to compute (sum
of the logs of the diagonals); thus, the cost reduces to creating the decompositions and finding the
determinant of Θ, both of which are expensive operations but are comparable to the cost of gradient
evaluation. In fact, the Cholesky factors of Θ are computed during simultaneous diagonalization,
making determinant computation easy.
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Appendix D

The Cartesian Gaussian additive noise
model for directed network inference in
omics data

Supplementary Material for the Strong Product Model for
Network Inference without Independence Assumptions

Overview
In the supplementary material, we cover how to derive the likelihood from the generative process
(Section D.1) as well as derivation of the gradients (Section D.2). We also cover the proofs of Theorems
6-9 in Section D.3.
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Figure D.1: (Left) MCC performance on the gene graph as we vary the axis-wise L1 penalties in our
⊞-LGAM model. (Right) MCC performance on the gene graph as we vary the gene L1 and L2 penalties
in the baseline LGAM model.

D.1 Model derivation
In this section, we derive the joint distribution of data drawn from the generative process of the
⊞-LGAM model.

X =

 K∑
ℓ

X ×ℓ CT
ℓ

+ E (generative process)

⇐⇒
K∑
ℓ

1

K
X ×ℓ I =

 K∑
ℓ

X ×ℓ CT
ℓ

+ E

⇐⇒
K∑
ℓ

X ×ℓ
(

1

K
I−CT

ℓ

)
= E

⇐⇒

⊕
ℓ

(
1

K
I−CT

ℓ

) vec [X ] = vec [E ] (Sylvester Equation)

⇐⇒ vec [X ] ∼ N

0,
⊕

ℓ

(
1

K
I−CT

ℓ

)−1⊕
ℓ

(
1

K
I−CT

ℓ

)−T


Letting Lℓ =
√
d\ℓ
(

1
K I−Cℓ

)
and L =

⊕
ℓ

1√
d\ℓ

Lℓ, we then have the expression used in the main
paper:

vec [X ] ∼ N
(
0,L−TL−1

)
Note that

(
L−TL−1

)−1
= LLT , and hence L is the Cholesky decomposition of the precision matrix.

As an aside, note that our first step involved splitting X into a sum
∑K
ℓ

1
KX . We could have split

it differently; X =
∑K
ℓ cℓX is valid for any set of constants cℓ where

∑
ℓ cℓ = 1. This is a manifestation

of the non-identifiability of the Kronecker sum mentioned in the background! It doesn’t affect the
structure of the networks.
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D.2 Gradient derivation

Here we’ll find the gradient for the non-regularizer portion of our objective function. We give the
gradient in the full tensor-variate generality, which is notationally cumbersome. See Gradient 3 at the
end of this section for the gradient when the data is only matrix-variate, the most common and most
easily expressible case. We repeat our objective below for convenience.

L̂ = argmin
L∈L⊕

++

tr
[
LLTS

]
− log det

[
LLT

]
+
∑
i

(
ρi∥L(i)∥2F + λi∥L(i)∥od

)

We’ll break the gradient up term-by-term. It is difficult to express, so we will introduce some
indexing notation. Xabc indexes X such that it grabs the ath slice along the first axis, the bth slice along
the second, and the cith slice along axis i+2. Xc is the matrix picked out by c: [Xabc]ab. Furthermore,
X

(i;j)
c will denote the matrix where c indexes all axes but the ith and the jth. If X(j) appears without

a subscript, then it indicates the matricization of X : the reshaping of it into a dj × d\j matrix by
flattening all non-j axes.

Gradient 1. The gradient of tr
[
LLTS

]
over L⊕++ with respect to L(ℓ) is:

2

d\ℓ
X(ℓ)X(ℓ),TL(ℓ) +

∑
c,ℓ′ ̸=ℓ

2√
d\ℓd\ℓ′

X(ℓ;ℓ′)
c L(ℓ′),TX(ℓ;ℓ′),T

c

Proof. Recall the representation L =
⊕

ℓ
1√
d\ℓ

L(ℓ).

tr
[
LLTS

]
= tr


⊕

ℓ

1√
d\ℓ

L(ℓ)

⊕
ℓ

1√
d\ℓ

L(ℓ)

T

vecXvecX T


= tr

vec
∑

ℓ

X ×ℓ
1√
d\ℓ

L(ℓ),T

 vec

∑
ℓ

X ×ℓ
1√
d\ℓ

L(ℓ),T

T


= tr

∑
ℓ

vec

[
X ×ℓ

1√
d\ℓ

L(ℓ),T

]∑
ℓ

vec

[
X ×ℓ

1√
d\ℓ

L(ℓ),T

]T
=
∑
ℓℓ′

tr

vec[X ×ℓ 1√
d\ℓ

L(ℓ),T

]
vec

[
X ×ℓ′

1√
d\ℓ′

L(ℓ′),T

]T
=
∑
ℓℓ′k

vec

[
X ×ℓ

1√
d\ℓ

L(ℓ),T

]
k

vec

[
X ×ℓ′

1√
d\ℓ′

L(ℓ′),T

]
k

Without loss of generality, let’s look at what happens for the first two axes.
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[
X ×1 P

T
]
abc

=
∑
i

XibcPai (definition)

∑
abc

[
X ×1 P

T
]
abc

[
X ×1 P

T
]
abc

=
∑
abc

∑
ij

PaiPajXibcXjbc

=
∑
bc

∑
aij

PaiXi(bc)Xj(bc)Paj

=
∑
bc

tr
[
PPTXbcX

T
bc

]

= tr

PPT
∑
bc

XbcX
T
bc


= tr

[
PPTX(1)X(1),T

]
[
X ×2 Q

T
]
abc

=
∑
i

XaicQbi (definition)

∑
abc

[
X ×1 P

T
]
abc

[
X ×2 Q

T
]
abc

=
∑
abc

∑
ij

PaiXibcQbjXajc

=
∑
c

tr
[
PXcQXT

c

]
Returning to our equality from before:

tr
[
LLTS

]
=
∑
ℓℓ′k

vec

[
X ×ℓ

1√
d\ℓ

L(ℓ),T

]
k

vec

[
X ×ℓ′

1√
d\ℓ′

L(ℓ′),T

]
k

Let’s look at just the terms involving L(1):

∑
k

vec

[
X ×1

1√
d\1

L(1),T

]
k

vec

[
X ×1

1√
d\1

L(1),T

]
k

+
∑
ℓ′k

vec

[
X ×1

1√
d\1

L(1),T

]
k

vec

[
X ×ℓ′

1√
d\ℓ′

L(ℓ′),T

]
k

+
∑
ℓk

vec

[
X ×ℓ

1√
d\ℓ

L(ℓ),T

]
k

vec

[
X ×1

1√
d\1

L(1),T

]
k

Which we can rewrite as:

1

d\1
tr
[
L(1)L(1),TX(1)X(1),T

]
+
∑
c,ℓ̸=1

2√
d\ℓd\1

tr
[
L(1)X(ℓ)

c L(1;ℓ)X(1;ℓ),T
c

]
Differentiation w.r.t. L(1) then follows from standard derivative-of-trace properties:

2

d\1
X(1)X(1),TL(1) +

∑
c,ℓ̸=1

2√
d\ℓd\1

X(1;ℓ)
c L(ℓ),TX(1;ℓ),T

c

We can then repeat the same analysis for each axis.

We can see that the X -dependent portion of the gradient is quadratic in X - this observation will
be useful when we get to proving statistical recovery rates (Theorem 6), so let’s take a moment to
understand the properties of this quadratic.
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Lemma 8. Let vec [X ]T A(i,j,ℓ)vec [X ] be the quadratic form in the gradient term of L(ℓ)
ij . Let Rop, RF

be the maximal operator and Frobenius norms of any factor. Then:

∥A(i,j,ℓ)∥op ≤
∑
ℓ′

2Rop√
d\ℓd\ℓ′

∥A(i,j,ℓ)∥F ≤ 2RF

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′


Proof. The (i, j)th element first term of the quadratic, X(ℓ)X(ℓ),TL(ℓ), can be written as eTi X(ℓ)X(ℓ),TL(ℓ)ej .
Let’s massage it into a more convenient form:

eTi X
(ℓ)X(ℓ),TL(ℓ)ej = tr

[
X(1)X(ℓ),TL(ℓ)eje

T
i

]
= vec

[
X(ℓ)

]T (
L(ℓ)eje

T
i ⊗ Id\ℓ

)
vec
[
X(ℓ)

]
∥ 2

d\ℓ

(
L(ℓ)eje

T
i ⊗ Id\ℓ

)
∥op =

2

d\ℓ
∥
(
L(ℓ)eje

T
i

)
∥op

=
2

d\ℓ
∥L(ℓ)∥op

∥ 2

d\ℓ

(
L(ℓ)eje

T
i ⊗ Id\ℓ

)
∥F =

2√
d\ℓ
∥
(
L(ℓ)eje

T
i

)
∥F

=
2√
d\ℓ
∥L(ℓ)∥F

The second term is a sum over the other axes ℓ′, with summands being
∑

c X
(ℓ;ℓ′)
c L(ℓ′),TX

(ℓ;ℓ′),T
c .

∑
c

X(ℓ;ℓ′)
c L(ℓ′),TX(ℓ;ℓ′),T

c = X(ℓ)
(
L(ℓ′),T ⊗ Id\ℓ\ℓ′

)
X(ℓ),T

eTi X
(ℓ)
(
L(ℓ′),T ⊗ Id\ℓ\ℓ′

)
X(ℓ),Tej = tr

[
X(ℓ)

(
L(ℓ′),T ⊗ Id\ℓ\ℓ′

)
X(ℓ),Teje

T
i

]
= vec

[
X(ℓ)

]T (
L(ℓ′) ⊗ Id\ℓ\ℓ′ ⊗ eje

T
i

)
vec
[
X(ℓ)

]
∥ 2√

d\ℓd\ℓ′

(
L(ℓ′) ⊗ Id\ℓ\ℓ′ ⊗ eje

T
i

)
∥op =

2√
d\ℓd\ℓ′

∥L(ℓ′)∥op

∥ 2√
d\ℓd\ℓ′

(
L(ℓ′) ⊗ Id\ℓ\ℓ′ ⊗ eje

T
i

)
∥F =

2d\ℓ

dℓ′
√
d\ℓd\ℓ′

∥
(
L(ℓ′) ⊗ Id\ℓ\ℓ′

)
∥F

=
2√
dℓdℓ′

∥L(ℓ′)∥F

Let A(i,j,ℓ) be the matrix representing the quadratic form for the gradient term L
(ℓ)
ij . Let Rop, RF

be the maximal operator and Frobenius norms of any factor. Then, by the triangle inequality, we have:

∥A(i,j,ℓ)∥op ≤
∑
ℓ′

2Rop√
d\ℓd\ℓ′

∥A(i,j,ℓ)∥F ≤ 2RF

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′


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We’ll now move on to deriving the gradient of the log determinant term, which again requires some
bespoke notation to express succinctly. Let idxℓ(j) be such that L

(ℓ)
idxℓ(j)

that affects Ljj . In other

words, Ljj =
∑
ℓ L

(ℓ)
idxℓ(j),idxℓ(j)

.

Gradient 2. The gradient of −2 log det [diag L] w.r.t. L
(b)
aa is:

−2
∑

j|idxb(j)=a

L−1jj

Proof.

− log det
[
LLT

]
= −2 log det [diag L]

= −2
∑
j

logLjj

= −2
∑
j

log
∑
ℓ

1√
d\ℓ

L
(ℓ)
idxℓ(j),idxℓ(j)

The first derivative with respect to L
(b)
aa is:

− 2
∑

j|idxb(j)=a

1∑
ℓ

1√
d\ℓ

L
(ℓ)
idxℓ(j),idxℓ(j)

= −2
∑

j|idxb(j)=a

L−1jj

An easy way to compute Gradient 2 is to construct the tensor Ti = −1∑
j L

(ℓ)
iℓiℓ

. The derivative with

respect to diag L(ℓ) is −2 · 1Tmatℓ [T ].
From these results, it is easy to see that the derivative with respect to all K factor matrices can

be computed in O

(∑
ℓ

(
d3ℓ +K

∑
ℓ′ ̸=ℓ d

2
ℓ′
∏
ℓ′′ ̸=ℓ′ dℓ′′

)
+
∏
ℓ dℓ

)
, which if all axes are the same size

d can be simplified to O(KdK+1) for K > 1. This complexity is in line with other tensor-variate
Kronecker-structured methods, such as TeraLasso for precision matrices.

When K = 2, the gradient can be simplified to:

Gradient 3. The gradient for matrix-variate data, with respect to L(1), is:

2√
d1

XXTL(1) − 2diag
[
1Tmat1 [T ]

]
+

2√
d2

XL(2),TXT

With respect to L(2), it is:

2√
d2

XTXL(2) − 2diag
[
1Tmat2 [T ]

]
+

2√
d1

XTL(1),TX

D.3 Proofs

In this section we’ll prove Theorems 6-9 from the main paper. The first two concern solution existence
and the second two concern statistical recoverability, so we have split this section into two subsections
for organization.
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Solution existence (lopsidedness)
Our proof of Theorem 7 revolves around Grassmann’s formula.

Definitions (Grassmann’s Formula). For any two linear spaces B,C in an ambient space A, we have
the following:

dim [B ∩ C] ≥ max
(
0, dim [B] + dim [C]− dim [A]

)
(Grassmann’s Formula)

If one of B,C are in general position, then with probability 1 the inequality becomes an equality.

Theorem 7 (Lopsidedness Theorem). Consider a dataset Xd1×···×dK ̸= 0. Under Assumption 6, if∏
ℓ dℓ +K ≥ 1 +

∑
ℓ
d2ℓ−dℓ

2 , then with probability 1 a solution exists to Equation 5.3. In particular,
consider a matrix-variate dataset Xd1×d2 , for d2 = d1 + δ ≥ d1. Then, a solution exists with probability
1 if δ ≤ 1+

√
9+8d1
2 .

Proof. Let us consider the following spaces:

• L⊕, with dimension
∑
ℓ
d2ℓ−dℓ

2 −K + 1

• X, the space of matrices M such that Mvec [X ] = 0.

• A, some suitable ambient space containing L⊕, such as the space of d∀ × d∀ lower triangular
matrices.

• X∩A, which has dimension dim [A]−d∀ as each of the d∀ rows of a matrix M must be orthogonal
to vec [X ] for M ∈ X.

By the definition of X, any direction ∆ ∈ L⊕ ∩ X leaves the quadratic term of Equation 5.3
unchanged: ∥Lvec [X ]∥22 = ∥(L+∆) vec [X ]∥22. With access to such a ∆, it is possible to independently
alter the log determinant term, potentially driving it to −∞. Without access, this is not possible:
the quadratic term grows much faster than the logarithmic term, and hence any attempt to drive the
objective to −∞ will eventually be counterbalanced.

If we can establish that dim
[
X ∩ L⊕

]
= 0, then we know that there is no such ∆ ∈ X ∩ L⊕. Under

Assumption 6, X is in general position. Thus, our objective reduces to proving that dim [X]+dim
[
L⊕
]
−

dim [A] ≤ 0.
We can immediately do this for the tensor-variate case:

0 ≥ dim [X] + dim
[
L⊕
]
− dim [A]

=
∑
ℓ

d2ℓ − dℓ
2

−K + 1− d∀

⇐⇒ d∀ +K ≥ 1 +
∑
ℓ

d2ℓ − dℓ
2

Intuitively, when K ≥ 3, this should be easy to satisfy - the left hand is at least a cubic in {dℓ}
whereas the right hand is a quadratic. This is sensible; each axis ℓ has effectively d∀

dℓ
≥ dK−1min samples,

and hence a lot of information to work with when K ≥ 3.
For matrix-variate data, the condition is more restrictive. Suppose we had a d1 × d1 + δ dataset:

0 ≥
∑
ℓ

d2ℓ − dℓ
2

−K + 1− d∀

⇐⇒ 0 ≥
∑
ℓ

d2ℓ − dℓ − 2K + 2− 2d∀

= d21 − d1 + d21 + 2d1δ + δ2 − d1 − δ − 2− 2d21 − 2d1δ (expand)

= δ2 − δ − 2− 2d1 (simplify)

⇐⇒ δ ≤ 1 +
√
9 + 8d1
2

(solve quadratic)
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This completes the proof. The theorem as given in the main paper mentions the stronger condition
of ‘strong convexity’ rather than just solution existence; we defer the proof of strong convexity, which
follows from a straightforward extension of our argument here, to Lemma 9.

Corollary. A sufficient condition for solution existence with probability 1 is that, for the largest axis
dmax, we have d\max ≥ K

2 dmax.

Proof. First, note that
∑
ℓ d

2
ℓ ≥ 1−K +

∑
ℓ
d2ℓ−dℓ

2 , so a sufficient condition is for 2
∏
ℓ dℓ ≥

∑
ℓ d

2
ℓ . In

other words, for the largest axis dmax a sufficient condition is that 2d\max ≥ dmax +
∑
ℓ̸=max

d2ℓ
dmax

≥
Kdmax.

Theorem 7 guarantees the existence of solutions under certain conditions, but it does not demand
non-existence when such conditions are not satisfied; this would only happen if for some ∆ ∈ L⊕∩X we
have that diag∆ ≥ 0. Otherwise, we can only travel along ∆ a finite distance before some diagonal of
L+ η∆ snags on ‘0’. Since we require the diagonals to be strictly positive, we are not able to progress,
saving us from non-existence. Using Cover’s Theorem1, we can establish the precise probability that a
solution exists by expressing the problem as the probability that dim

[
L⊕ ∩ X ∩ Rd+

]
> 0.

Definitions (Cover’s Theorem (Cover, 1965)). A D-dimensional subspace of RN in general position
intersects C(N,D) = 2

∑D−1
i=0

(
N−1
i

)
orthants.

Theorem 8 (Excess Lopsidedness Theorem). Let D =
∑
ℓ
d2ℓ−dℓ

2 −K + 1− d∀, and suppose D > 0; in
other words, D represents the ‘excess lopsidedness’ of the data. For (d1, d1 + δ)-shaped (matrix-variate)
data, this is equivalent to D = δ2−δ

2 − (d1 + 1).
The probability that a solution exists to Equation 5.3 is given by 1− 1

2d∀−1

∑min(D,d∀))−1
i=0

(
d∀−1
i

)
.

Proof. As mentioned above, the only way for existence of a solution to fail is if there exists a vector
∆ ∈ X ∩ L⊕ with all-positive diagonals. Theorem 7 tells us that dim

[
X ∩ L⊕

]
= 0 when the dataset is

not too lopsided, trivially satisfying this requirement. However, if the dataset is too lopsided, then
there do exist ∆ ∈ X∩L⊕; we need to find the probability that any such ∆ contains a negative element
on the diagonal, which will depend on dim

[
X ∩ L⊕

]
.

First, let’s understand how the size of D = dim
[
X ∩ L⊕

]
> 0 increases as the data becomes more

lopsided. From Theorem 7, recall:

D =
∑
ℓ

d2ℓ − dℓ
2

−K + 1− d∀ (almost surely)

For matrix-variate data, we can simplify this to

D =
∑
ℓ

d2ℓ − dℓ
2

−K + 1− d∀

⇐⇒ 2D =
∑
ℓ

d2ℓ − dℓ − 2K + 2− 2d∀

= d21 − d1 + d21 + 2d1δ + δ2 − d1 − δ − 2− 2d21 − 2d1δ (expand)

= δ2 − δ − 2− d1 (simplify)

⇐⇒ D =
δ2 − δ

2
− (d1 + 1)

As the lopsidedness increases, the dimensionality of X ∩ L⊕ increases quadratically. The dimen-
sionality of the diagonals is min (D, d∀), as there are d∀ diagonals. Using Cover’s Theorem, we can
observe that the probability that X ∩ L⊕ intersects the positive orthant is given by C(d∀,min(D,d∀))

2d∀
=

1
2d∀−1

∑min(D,d∀))−1
i=0

(
d∀−1
i

)
. This completes the proof.

1Cover’s Theorem has many formulations. In particular, we refer to Theorem 2’ from (Cover, 1965).
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Statistical recovery rates

We’ll now prove the statistical recovery rates of Theorem 6, which will require a few definitions and
lemmas.

Definitions.

∥L∥⊕ =
∑
ℓ∥L(ℓ)∥ for any norm.

We can abbreviate our objective (Equation 5.4) as f(L;X ) = g(L;X ) + ρ∥L∥2F,⊕ + λ∥L∥od,⊕, assuming
each axis gets the same level of regularization.

h(L;X ) = g(L;X ) + ρ∥L∥2F,⊕
L∗ = argmin

L
EX∼D∗

[
f (L;X )

]
is the oracle solution.

L∗ρ = argmin
L

EX∼D∗
[
f (L;X )

]
+ ρ∥L∥2F,⊕ is the regularized oracle solution.

Definitions (Second-Order Characterization of Strong Convexity). For all L ∈ L⊕++ and ∆ ∈ L⊕,
with Euclidean geodesics γL,∆(t) = L+ t∆, a function f satisfies µ-strong convexity if:

d2

dt2
f(γ(t))

∣∣∣∣∣
t=0

≥ µ∥∆∥2F

Lemma 9 (Strong Convexity). Suppose our data is not too lopsided (Theorem 7). Then, g and E [g]
are µ-strongly convex for some µ > 0.

Proof. Recall that g(L) = tr
[
LLTS

]
− log detLLT . We’ll show that tr

[
LLTS

]
is strongly convex,

which will imply g itself is strongly convex. This should be intuitively true, as this term is quadratic in
L and Theorem 7 rules out the possibility of any ‘flat’ directions. We just need to formalize this.

d

dt
tr
[
γ(t)γ(t)TS

]∣∣∣∣
t=0

= 2tr
[
γ′′(0)γ(0)TS

]
+ 2tr

[
γ′(0)γ′(0)TS

]
= 2tr

[
∆∆TS

]
= 2vec [∆]

T (
S⊗ Id∀×d∀

)
vec [∆]

Typically, this would not be strongly convex - S is rank-1 (S⊗ Id∀×d∀ being rank-d∀), and hence
contains many zero eigenvalues. However, ∆ ∈ L⊕, and hence has special structure. Let PL⊕ be the
matrix that projects an arbitrary vector onto L⊕; PL⊕vec [∆] = vec [∆]. Our second derivative then
becomes equivalent to 2vec [∆]

T
PT

L⊕

(
S⊗ Id∀×d∀

)
PL⊕vec [∆].

We know that PTL⊕

(
S⊗ Id∀×d∀

)
PL⊕ has no zero eigenvalues, as otherwise that would mean there

was a matrix ∆ ∈ L⊕ ∩ X - a direct contradiction to Theorem 7. Letting µ
2 be the minimal eigenvalue

of this matrix, we must have that:

d

dt
tr
[
γ(t)γ(t)TS

]∣∣∣∣
t=0

= 2vec [∆]
T (

S⊗ Id∀×d∀
)
vec [∆]

≥ µ∥∆∥2F

This proves strong convexity of g. E preserves strong convexity, completing the theorem.

In theory, µ is simple to calculate. However, in practice PTL⊕

(
S⊗ Id∀×d∀

)
PL⊕ has O(d4Kmax) matrix

entries - exact computation quickly becomes intractible. In contrast, the maximal eigenvalue (which
governs the smoothness of the term) is easy to bound, being at most ∥X∥2F , the only nonzero eigenvector
of S.

We now move on to bounding the difference between our regularized and unregularized oracles.
This difference expresses the bias introduced by our regularizer.
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Definitions (Score Function Property).
L∗ satisfies the property that ∇E [g] (L∗;X ) = 0

L∗ρ satisfies the property that ∇ℓE [g]
(
L∗ρ;X

)
+ 2ρℓL

∗,(ℓ)
ρ = 0

Definitions (First-Order Characterization of Strong Convexity).
f is µ-strongly convex if and only if for all A,B:

f(B) ≥ f(A) + ⟨∇f(A),B−A⟩+ µ

2
∥B−A∥2F

If f is µ-strongly convex, then for all A,B:

µ∥A−B∥F ≤ ∥∇f (A)−∇f (B)∥F

Lemma 10 (Bounding L2 Regularization Bias).

∥L∗,(ℓ)ρ − L∗,(ℓ)∥F ≤
2ρℓ
µ
∥L∗,(ℓ)ρ ∥F,

∥L∗ρ − L∗∥F,⊕ ≤
2Kρmax

µ
RF

Proof. By the score function property, ∇E [g]
(
L∗,(ℓ);X

)
−∇E [g]

(
L
∗,(ℓ)
ρ ;X

)
= −2ρℓL∗,(ℓ)ρ

µ∥L∗,(ℓ)ρ − L∗,(ℓ)∥F ≤ ∥∇E [g]
(
L∗,(ℓ);X

)
−∇E [g]

(
L∗,(ℓ)ρ ;X

)
∥F

≤ 2ρℓ∥L∗,(ℓ)ρ ∥F

To achieve a non-factor-wise-bound, note:

∥L∗ρ − L∗∥F,⊕ =
∑
ℓ

∥L∗,(ℓ)ρ − L∗,(ℓ)∥F

≤
∑
ℓ

2ρℓ
µ
∥L∗,(ℓ)ρ ∥F

≤ 2Kρmax

µ
RF

∥L∗,(ℓ)ρ − L∗,(ℓ)∥F represents the distance between the oracle parameters without regularization and
the oracle parameters with regularization; it’s the bias cost we pay for using regularization to reduce
variance. Lemma 10 tells us that reducing ρ reduces the maximum bias, as expected. To bound the
error, we need to know ∥L̂(ℓ) − L

∗,(ℓ)
ρ ∥F , and to know this we need another lemma.

Definitions (Hanson-Wright Inequality). Let x be a subgaussian random vector with subgaussian norm
σ and covariance matrix Σ. Let B = σ

√
∥Σ∥op and let A be some matrix. Then:

P

(∣∣∣∣xTAx− E
[
xTAx

]∣∣∣∣ ≥ t
)
≤ 2 exp

−cmin

(
t2

B4∥A∥2F
,

t

B2∥A∥op

)
In the above, c is a universal constant.

Definitions (Generalized Hanson-Wright Inequality (Sambale, 2023)). Let x be an α-sub-exponential
random vector (α ∈ (0, 2]) with ψα-Orlicz norm σ and covariance matrix Σ. Let B = σ

√
∥Σ∥op and

let A be some matrix. Then:

P

(∣∣∣∣xTAx− E
[
xTAx

]∣∣∣∣ ≥ t
)
≤ 2 exp

−cαmin

 t2

B4∥A∥2F
,

[
t

B2∥A∥op

]α
2




In the above, cα depends only on α.
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The Hanson-Wright inequality allows us to bound with high probability the deviation from the
mean of a quadratic form of α-sub-exponential random vectors. We will express our gradient in exactly
such a form, allowing us to bound its norm at the oracle, which we will then use to bound our distance
from said oracle.

Lemma 11 (Bounding Oracle Gradients). Suppose X is an α-sub-exponential random vector (with
parameter B), and A(ℓ) be the matrix corresponding to the quadratic form ∇f).

P
(
∥∇h(L∗ρ;X )(ℓ)∥∞ > t

)
≤ 2d2ℓ exp

−cαmin

 t2

B4∥A(ℓ)∥2F
,

[
t

B2∥A(ℓ)∥op

]α
2




Proof. The gradient can be re-expressed as follows:

∇h(L∗ρ;X ) = ∇f(L∗ρ;X ) + 2ρL∗ρ (definition)

= ∇f(L∗ρ;X ) + 2ρL∗ρ − EX∼D∗

[
∇h(L∗ρ;X )

]
︸ ︷︷ ︸

0

(score function property)

= ∇f(L∗ρ;X )− EX∼D∗

[
∇f(L∗ρ;X )

]
Recall from Lemma 8 that ∇f is quadratic in X :

∇f(L∗ρ;X )i,j,ℓ = vec [X ]T A(i,j,ℓ)vec [X ]

The generalized Hanson-Wright inequality gives an expression for a probability bound for a single
entry of ∇h(L∗ρ;X )(ℓ); there are d2ℓ entries in total2, so we apply a union bound:

P
(
∥∇h(L∗ρ;X )(ℓ)∥∞ > t

)
≤ 2d2ℓ exp

−cαmin

 t2

B4∥A(ℓ)∥2F
,

[
t

B2∥A(ℓ)∥op

]α
2




Above, we use the shorthand that, for each norm, ∥A(ℓ)∥ = maxij∥A(i,j,ℓ)∥.
This completes the proof.

Lemma 12 (Choice of Regularizer). Suppose X is α-sub-exponential as in Lemma 11, and also let

r(ℓ) =
∥A(ℓ)∥op
∥A(ℓ)∥F

. Let βℓ = 1 if 21−p log dℓ ≥ 2
d2ℓ

exp

(
cαr

2α
α−4

ℓ

)
, and otherwise βℓ = 4

α . Suppose the

following holds:

λℓ ≍

√
(p log dℓ)βℓ

d\ℓ
+
∑
ℓ′ ̸=ℓ

√
(p log dℓ)βℓ

dℓdℓ′

Then, with probability 21−p log dℓ , we have that ∥∇h(L∗ρ;X )(ℓ)∥∞ ≤ λℓ

2

Proof. If we want to know the probability of ∥∇h(L∗ρ;X )(ℓ)∥∞ < t by 21−p log dℓ , we can see that:

2We could account for symmetry to decrease this and achieve a somewhat tighter bound, but the improvement is
asymptotically irrelevant.
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21−p log dℓ ≥ 2d2ℓ exp

−cαmin

 t2

B4∥A(ℓ)∥2F
,

[
t

B2∥A(ℓ)∥op

]α
2




⇐⇒ 2p log dℓd2ℓ ≤ exp

cαmin

 t2

B4∥A(ℓ)∥2F
,

[
t

B2∥A(ℓ)∥op

]α
2




⇐⇒ (p log 2 + 2) log dℓ
cα

≤ min

 t2

B4∥A(ℓ)∥2F
,

[
t

B2∥A(ℓ)∥op

]α
2


Splitting over the minimum, we must have both of the following being satisfied:

t ≥ B2∥A(ℓ)∥F
(
(p log 2 + 2) log dℓ

cα

) 1
2

t ≥ B2∥A(ℓ)∥op
(
(p log 2 + 2) log dℓ

cα

) 2
α

In general, the Frobenius-based lower-bound governs the central probabilities and the operator-norm-
based lower-bound governs the tail. We’d like to find the cross-over point of the two. Let r(ℓ) = ∥A(ℓ)∥op

∥A(ℓ)∥F
.

The Frobenius norm is the Euclidean norm of the singular values of A, whereas the operator norm is
just the largest singular value - thus, r(ℓ) ∈ [ 1√

d
, 1], and the closer to 1 it is the more one singular value

dominates at the expense of the rest. The crossover point can then be expressed as:

r(ℓ) =

(
(p log 2 + 2) log dℓ

cα

)α−4
2α

⇐⇒ p log dℓ =
cαr

2α
α−4

ℓ − 2 log dℓ
log 2

For p larger than this, the operator-norm-based bound dominates. Recall that we originally bounded
our probability by 21−p log dℓ . Note that, at the crossover point:

21−p log dℓ =
2

d2ℓ
exp

(
cαr

2α
α−4

ℓ

)
If rℓ is large, then the crossover probability is larger (and then we get into the less favorable tail

regime sooner). Likewise, for α ∈ (0, 2], α−42α is monotonic increasing in α, which since r ≤ 1 implies small
α increase the crossover probability. This makes sense: large r(ℓ) correspond to less-well-conditioned
matrices A, and small α correspond to heavier-tailed source distributions.

We will now consider what happens in the two regimes. Recall that, from Lemma 8, we have:

∥A(ℓ)∥op ≤
∑
ℓ′

2Rop√
d\ℓd\ℓ′

∥A(ℓ)∥F ≤ 2RF

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′


If the following conditions are satisfied, then our probability bound on ∥∇h(L∗ρ;X )∥∞ > λℓ

2 holds:
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λℓ
2
≥ 2B2RF

(
(p log 2 + 2) log dℓ

cα

) 1
2

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′

 (when 21−p log dℓ ≥ 2
d2ℓ

exp

(
cαr

2α
α−4

ℓ

)
)

λℓ
2
≥ 2B2Rop

(
(p log 2 + 2) log dℓ

cα

) 2
α ∑

ℓ′

1√
d\ℓd\ℓ′

(when 21−p log dℓ < 2
d2ℓ

exp

(
cαr

2α
α−4

ℓ

)
)

Observe that ∥A(ℓ)∥op ≤ ∥A(ℓ)∥F . For simplicity, we can instead use the conditions:

λℓ
2
≥ 2B2RF

(
(p log 2 + 2) log dℓ

cα

) 1
2

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′

 (when 21−p log dℓ ≥ 2
d2ℓ

exp

(
cαr

2α
α−4

ℓ

)
)

λℓ
2
≥ 2B2RF

(
(p log 2 + 2) log dℓ

cα

) 2
α

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′

 (when 21−p log dℓ < 2
d2ℓ

exp

(
cαr

2α
α−4

ℓ

)
)

This formulation is not as tight in the tail regime, but it enables us to express our bounds concisely
(below) by letting βℓ ∈ {1, 4

α} depending on the regime. As the tail regime is less important to us, the
decrease in tightness is a reasonable trade-off.

λℓ
2
≥ 2B2RF

(
(p log 2 + 2) log dℓ

cα

) βℓ
2

 1√
d\ℓ

+
∑
ℓ′ ̸=ℓ

1√
dℓdℓ′


We are interested in giving bounds asymptotic in dℓ, which allows us to drop many nuisance

parameters. Asymptotically, the following choice for λℓ suffices:

λℓ ≍

√
(p log dℓ)βℓ

d\ℓ
+
∑
ℓ′ ̸=ℓ

√
(p log dℓ)βℓ

dℓdℓ′

This completes the proof.

Corollary. Let βℓ be either 1 or 4
α , depending on whether 21−p log dℓ ≥ 2

d2ℓ
exp

(
cαr

2α
α−4

ℓ

)
. Suppose that:

λ ≍ max
ℓ

√
(p log dℓ)βℓ

d\ℓ
+
∑
ℓ′ ̸=ℓ

√
(p log dℓ)βℓ

dℓdℓ′

Then with high probability (probability at least 1−
∑
ℓ 2

1−p log dℓ) ∥∇h(L∗ρ;X )∥∞ ≤ λ
2 .

Proof. This follows from union-bounding over each of the K axes.

It can be hard to interpret the scaling of λ with dℓ due to the
∑
ℓ′ ̸=ℓ

√
(p log dℓ)

βℓ

dℓdℓ′
term, so we’ll

specialize this lemma to the common matrix-variate case to aid our intuition.

Corollary. Suppose we have matrix-variate data (K = 2) and the conditions of Lemma 11 hold. Let

β be either 1 or 4
α as in the previous corollary. If λ ≍ max

(√
(p log d1)β1

d2
,
√

(p log d2)β2

d1

)
, then with

probability at least 1−
∑
ℓ 2

2−p log dℓ we have that ∥∇h(L∗ρ;X )∥∞ ≤ λ
2

Proof. From Lemma 12, we have that λ1 ≍
√

(p log d1)β1

d2
+
√

(p log d1)β1

d1d2
=
√
d1
√

(p log d1)β1+
√

(p log d1)β1
√
d1d2

.

This can be written as (
√
d1+1)√
d1

√
(p log d1)β1
√
d2

, which is asymptotically equivalent to
√

(p log d1)β1

d2
, com-

pleting the proof. Without loss of generality, the same holds for λ2, completing the proof.
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The above results allow us to bound our gradient with high probability. We say ‘high probability’
because, as p increases, the probability of the bound failing drops exponentially. With this gradient
bound, we are now equipped to bound our error.

Let L̂ = L∗ρ +∆ for some ∆. Let S be the set of nonzero entries of L∗ρ, with size s, and let (for any
matrix M) MS and MSc be M restricted to S and its complement, respectively, with zeros everywhere
else. Note also that S always contains the diagonal, so ∥MSc∥od = ∥MSc∥1.

Observe that ∥M+∆∥od = ∥(M+∆)S∥od + ∥(M+∆)Sc∥od and that by the definition of Sc we
have

(
L∗ρ

)
Sc

= 0.

Lemma 13 (Finite Sample Error). Suppose ∥∇h(L∗ρ;X )∥∞ ≤ λ
2 .

∥L̂− L∗ρ∥F,⊕ ≤
3λ
√
s

µ+ ρ

Proof. The strategy will be to upper- and lower-bound h(L̂,X ) − h(L∗ρ,X ) in terms of norms of
∆ = L̂− L∗ρ, which we can then manipulate into the desired form.

h(L̂,X ) + λ∥L̂∥od,⊕ ≤ h(L∗ρ,X ) + λ∥L∗ρ∥od,⊕ (optimality of L̂)

=⇒ h(L̂,X )− h(L∗ρ,X ) ≤ λ
(
∥L∗ρ∥od,⊕ − ∥L̂∥od,⊕

)
= λ

(
∥L∗ρ∥od,⊕ − ∥L∗ρ +∆∥od,⊕

)
= λ

(
∥
(
L∗ρ

)
S
∥od,⊕ − ∥

(
L∗ρ +∆

)
S
∥od,⊕ − ∥∆Sc∥od,⊕

)
≤ λ

(
∥∆S∥od,⊕ − ∥∆Sc∥od,⊕

)
(reverse triangle inequality)

≤ λ
(
∥∆S∥1,⊕ − ∥∆Sc∥1,⊕

)
λ
(
∥∆S∥1,⊕ − ∥∆Sc∥1,⊕

)
≥ h(L̂,X )− h(L∗ρ,X )

≥ −⟨∇h(L∗ρ,X ),∆⟩+
µ+ ρ

2
∥∆∥2F,⊕ (strong convexity)

≥ −∥∇h(L∗ρ,X )∥∞∥∆∥1,⊕ +
µ+ ρ

2
∥∆∥2F,⊕ (Holder’s inequality)

≥ −λ
2
∥∆∥1,⊕ +

µ+ ρ

2
∥∆∥2F,⊕

=⇒ µ+ ρ

2
∥∆∥2F,⊕ ≤

3λ

2
∥∆S∥1,⊕ −

λ

2
∥∆Sc∥1,⊕

≤ 3λ

2
∥∆S∥1,⊕

≤ 3λ
√
s

2
∥∆∥F,⊕

=⇒ ∥∆∥F,⊕ ≤
3λ
√
s

µ+ ρ

We can now put all of our results together to prove Theorem 6.

Theorem 6 (Error Bounds). Suppose the largest Frobenius norm of any factor of the regularized oracle
solution L∗ρ is RF , the total amount of nonzero elements of the factors of the regularized oracle solution
is s, we use the same regularization parameters ρ, λ for each factor, and µ is the strong convexity strength
(which depends on the data). Suppose our data is α-sub-exponential, with βℓ defined as in Lemma 12.

Let λ ≍ maxℓ

√
(p log dℓ)

βℓ

d\ℓ
+
∑
ℓ′ ̸=ℓ

√
(p log dℓ)

βℓ

dℓdℓ′
, then with probability at least 1−

∑
ℓ 2

1−p log dℓ :

∥L̂− L∗∥F,⊕ ≤
2Kρ

µ
RF +

3λ
√
s

µ+ ρ



Proof. This follows from Lemmas 10, 12, and 13 and a straightforward application of the triangle
inequality.

The final proof, of ordering recovery conditions, is easy.

Theorem 9 (Ordering Recovery). Let X come from the ⊞-LGAM model. Under various conditions
(Park, 2020; Peters & Bühlmann, 2014), we have that:

i < i′ =⇒ E

∑
j

X 2
ij

 < E

∑
j

X 2
i′j


One such condition is that the variances are homogeneous.

Proof. Note that i < i′ =⇒ (i, j) < (i′, j) due to properties of the Cartesian product. Due to Peters,
Bühlmann, and Park, we have various conditions (such as homogenous variances) for LGAMs under
which i < i′ =⇒ Var [Xi] < Var [Xi′ ]; in this case, (i, j) < (i′, j) =⇒ Var

[
Xij
]
< Var

[
Xi′j

]
.

E
[
X 2
ij

]
= Var

[
Xij
]

< Var
[
Xi′j

]
(Under various conditions)

= E
[
X 2
i′j

]
Sum over all j to complete the proof.
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Appendix E

Making multi-axis Gaussian graphical
models scalable to millions of samples
and features

E.1 Evidence for the low-rank approximability assumption
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Figure E.1: The cumulative variance explained by low-rank approximations (PCA) for three scRNA-seq
datasets.

The low-rank approximability assumption (Assumption 11) is frequently made in practice; whenever
one performs PCA, this assumption is being made. This section aims to demonstrate the reasonability
of Assumption 11. As PCA is likely to be most practitioner’s primary encounter with low-rank
approximations, we will frame our argument in terms of PCA.

The number of principal components to chose (and hence the rank of the low-rank approximation)
is typically chosen by looking at the total explained variance of the components. An explained variance
of 100% indicates perfect representation of the original matrix by the low-rank approximation. One
method of picking the amount of principal components is to simply pick an amount that gives a
satisfactory recovery rate, such as 60% or 80%. However, most components often represent random
noise; we do not care about recovering them. An alternative selection procedure is to look for ‘sharp
corners’ in the plot of cumulative variance, indicating the transition from informative to uninformative
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components. The first approach is liable to pick too many components, whereas the second approach is
liable to pick too few.

Figure E.1 displays the cumulative variance plot for three scRNA-seq datasets available in the
ScanPy package and produced by 10X Genomics (Wolf et al., 2018). Figure E.1 shows that one does
not need too many principal components to achieve good recovery; the explained variance approach
requires a couple hundred components and the informative components approach requires less than a
hundred for the larger datasets. This validates our use of low-rank approximations.

E.2 Derivation of the probability distribution
The space of all full-rank d× d matrices has dimension d2. In contrast, the space of all rank-r d× d
matrices has dimension 2dr − r2. Thus, any probability distribution over rank-r matrices must be
degenerate, or ‘singular’, in the sense that the density is only positive on a subset of measure 0. First,
let’s consider a multivariate Gaussian of independent variables:

x ∼ N
(
0, diag [σ]

)
⇐⇒ pdf (x) =

√∏
i

1
σi

(2π)
r
2
e−

1
2x

T diag[σ]−1x (r Independent Normal Variables)

Suppose we then left-multiply x by an r × r orthonormal matrix V to introduce dependencies into
our data while preserving Gaussianity. Letting Vdiag [σ]

−1
V = Ψ, we get:

pdf (Vx) =

√∏
i

1
σi

(2π)
r
2
e−

1
2x

TVdiag[σ]−1VTx

=

√
detΨ

(2π)
r
2
e−

1
2x

TΨx

Notice that Ψ is fully general; V are the eigenvectors and σ−1 are the eigenvalues. To achieve a
singular probability distribution, we multiply by a d× r orthonormal matrix U (d > r) instead. The
only noticeable change in the distribution’s specification is the use of the pseudo-determinant (the
product of only the non-zero eigenvalues of Ψ = Udiag [σ]UT ).

pdf (Ux) =

√
det†Ψ

(2π)
r
2

e−
1
2x

TΨx

The above formulas were for vector-variate x; for tensor-variate X we can use the identity
vec [X ×1 V1 ×2 · · · ×K VK ] =

(⊕1
ℓ=K Vℓ

)
vec [X ]. It is then straightforward to present a Kronecker-

sum-structured version of this distribution, the ‘singular Kronecker-sum-structured normal distribution’.
We let rℓ be the rank chosen for each axis, and rγ∀ be the product of ranks of all axes occurring in
modality γ.

pdfnormal(X γ) =

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2vec[X

γ ]T (
⊕

ℓ∈γ Ψℓ)vec[Xγ ]

=

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2

∑
ℓ∈γ tr[Sγ

ℓ Ψℓ]

When given a multi-modal dateset, we have:
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pdfnormal
(
{X γ}

)
=
∏
γ

√
det†

(⊕
ℓ∈γ Ψℓ

)
(2π)

r
γ
∀
2

e−
1
2

∑
ℓ∈γ tr[Sγ

ℓ Ψℓ]

E.3 Identifiability
The Kronecker sum decomposition is typically parameterized by a non-identifiable representation of⊕

ℓ∈γ Ψℓ. Let {cℓ}ℓ∈γ be a set of constants such that
∑
ℓ∈γ cℓ = 0, then:

⊕
ℓ∈γ

(
Ψℓ + cℓIdℓ

)
=
⊕
ℓ∈γ

Ψℓ +

∑
ℓ∈γ

cℓ

 Idγ∀ =
⊕
ℓ∈γ

Ψℓ

This is not unique to the Kronecker sum model; all Kronecker-separable models experience some
form of non-identifiability. However, this non-identifiability is rather benign. Firstly, it only affects the
diagonals of our estimates; the off-diagonals (which encode the graph structure) are unaffected. Secondly,
Greenewald et al., 2019 derived the following identifiable parameterization for the single-modality case:

Ωγ =

⊕
ℓ∈γ

Ψ̃ℓ

+ τγIdγ∀

where tr
[
Ψ̃ℓ

]
= 0

We can map the standard parameterization to this one with ease. As a shorthand, let τℓ = tr [Ψℓ]:

τγ =
∑
ℓ∈γ

dγ\ℓτℓ

Ψ̃ℓ = Ψℓ − τℓIdℓ

However, Greenewald et al.’s parameterization does not apply to the multi-modality case. Ideally,
we would wish to parameterize our dataset by the parameters {τγ}γ and {Ψ̃ℓ}ℓ, but there are linear
dependencies in our parameterization which may prevent this.

Example 26. Consider the bi-modal dataset where γ1 = (ℓ1, ℓ2) and γ2 = (ℓ1, ℓ2, ℓ3). There is a linear
dependency in our trace parameters:

τγ1 = d2τ1 + d1τ2

τγ2 = d2d3τ1 + d1d3τ2 + d2d3τ3

= d3τ
γ1 + d2d3τ3

In Example 26, the parameterization is still valid - we need both τγ1 and τγ2 to identify the
parameterization. However, we also get the trace of the third axis, τ3, as a byproduct. Unlike in the
single modality case, in this case Ψ3 is fully-specified.

Example 27. Consider the tri-modal dataset where γ1 = (ℓ1, ℓ2), γ2 = (ℓ3, ℓ4), and γ3 = (ℓ1, ℓ2, ℓ3, ℓ4).
Then τγ3 = d3d4τ

γ1 + d1d2τ
γ2 .

Example 27 shows that Greenewald et al.’s parameterization can be over-determined in the multi-
modal case. GmGM can be used on arbitrarily complicated multi-tensor-variate data; how can we
know when a parameterization is over-determined or not?

Note that {τγ} are always a linear combination of τℓ. Letting dγ\ℓ = 0 if ℓ /∈ γ, we can express this
linear relationship as:
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
τγ1

...
τγΓ

 = Mγ


τℓ1
...
τℓL



Mγ =


dγ1\ℓ1 · · · dγ1\ℓL

...
. . .

...
dγΓ\ℓ1 · · · dγΓ\ℓL


Depending on the modalities and the lengths of each axis, Mγ could be practically any Γ×L matrix

with nonnegative integer coefficients, so it is hard to say much about it in general. However, we can
make a few observations. In particular, Mγ describes how our identifiable quantities {τγ}γ are linked
through the latent factors {τℓ}ℓ. Zero-eigenvectors x of Mγ correspond to the non-identifiabilities, as
Mγ (x+ y) = Mγy. Our parameter vector

[
τγ1 · · · τγΓ

]T must lie in the rowspace of Mγ .
For most datasets, Mγ has maximal row rank, in which case the approach of Greenewald et al.

is unchanged, and we can parameterize by {τγ}γ . However, there are sometimes linear dependencies
in {τγ}γ , causing us to choose a new, smaller parameterization that functions as a basis for this
rowspace. Table E.1 gives example parameterizations of the most common scenarios along with some
unlikely-but-demonstrative ones.

In practice, the choice of parameterization is not too important; it does not have an effect on how
we go about finding solutions, nor does it have an effect on the conditional dependency graph. However,
it will be useful for hypothesis testing, which we will discuss in the next section.
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E.4 The algorithm

Algorithm 3 The improved GmGM algorithm
Input: Dataset {Dγ}, minimum eigenvalues {ϵℓ}, sparsity {nℓ}, principal components {rℓ}
Output: {Ψℓ}
1: for 1 ≤ ℓ ≤ K
2: Dℓ ←

[
matℓ [Dγ1 ] · · · matℓ [DγΓ ]

]
3: V

(rℓ)
ℓ ← top rℓ left singular vectors of Dℓ ▷ Theorem 10

4: E
(rℓ)
ℓ ← (top rℓ singular values of Dℓ)

2

5: end for

6: Λ
0,(rℓ)
ℓ ←

[
1

E
(rℓ)

ℓ11

... 1

E
(rℓ)

ℓrℓrℓ

]T
7: µ← 1
8: while not converged
9: while ∃γ

∑
ℓ∈γ minΛ

t+1,(rℓ)
ℓ < ϵℓ ▷ Ensure smallest eigenvalue is at least ϵℓ

10: Decrease µ if needed
11: for 1 ≤ ℓ ≤ K ▷ Gradient descent on eigenvalues

12: Λ
t+1,(rℓ)

ℓ ←Λ
t,(rℓ)

ℓ −µ
2

E
(rℓ)

ℓ −
∑

γ|ℓ∈γ tr
k
γ
<ℓ

k
γ
>ℓ

[(⊕
ℓ′∈γ Λ

t,(r
ℓ′ )

ℓ′

)−1
]

13: end for
14: end while
15: end while
16: for 1 ≤ ℓ ≤ K
17: Ψℓ ← threshnℓ

[
V

(rℓ)
ℓ Λ

t,(rℓ)
ℓ V

T,(rℓ)
ℓ

]
▷ Threshold simultaneously with recomposition

18: end for

E.5 Computational complexity

Calculating the top rℓ singular vectors for each axis’s dℓ × d∀\ℓ matrix Dℓ takes O(
∑
ℓ rℓd∀|ℓ) time and

O(
∑
ℓ rℓdℓ) space. Per iteration, the convex optimization step requires computing

(⊕
ℓ∈γ Λ

(rℓ)
ℓ

)−1
,

which takes O(
∑
γ

∏
ℓ∈γ rℓ) time and space. The eigen-recomposition step takes O(

∑
ℓ rℓd

2
ℓ) time, with

thresholding talking O(
∑
d2ℓ) time - although our implementation when not thresholding by significance

takes O(
∑
ℓ d

2
ℓ log nℓ) to minimize the number of times we pass through the data. As we threshold and

eigen-recompose simultaneously, it requires O(nℓ) space.
The Nonparanormal Skeptic requires ranking the data, taking O(

∑
ℓ d∀|ℓ log dℓ) time and O(sd∀)

space, where s is the sparsity of the input dataset. This leads to an algorithm with the following
complexity:

O

∑
γ

∏
ℓ∈γ

rℓ +
∑
ℓ

(
rℓd∀|ℓ + rℓd

2
ℓ log nℓ + d∀|ℓ log dℓ

) (time)

O

∑
γ

∏
ℓ∈γ

rℓ +
∑
ℓ

(rℓdℓ + nℓ) + sd∀

 (space)

Blue terms arise only if using the Nonparanormal Skeptic, and the grey term is a product of our
implementation; it could be dropped, but would in practice make the algorithm slower. As this formula
is complicated, we will give an example of a special case. In the case of matrix-variate data with
nℓ ∈ O(dℓ), and constant rℓ (the case for many real-world datasets), as well as for simplicity assuming
d = dℓ1 ≈ dℓ2 and thresholding by statistical significance, these become:
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O
(
d2 + d2 log d

)
(time)

O
(
d+ sd2

)
(space)

In such a scenario, the optimal runtime would be Ω
(
sd2
)

as it must visit every element at least
once. Use of the Nonparanormal Skeptic increases the asymptotics, but as long as the dataset is sparse
such an increase is modest.

E.6 Kronecker product and stridewise-blockwise trace lemmas
This section contains the derivation of a few lemmas pertaining to Kronecker products. The stridewise-
blockwise trace often appears in derivatives involving Kronecker products, and thus is integral to our
method as well. The first two are known from prior work.

Lemma (Dahl et al. (2013) Lemma 1; Extraction Property).

tr
[
(Ia×a ⊗X⊗ Ib×b)M

]
= tr

[
Xtrab [M]

]
Lemma (Cyclic Property (Andrew et al., 2024)).

trab
[
(Aa×a ⊗ I ⊗Bb×b)M

]
= trab

[
M (Aa×a ⊗ I ⊗Bb×b)

]
The next lemma is a generalized version of lemmas from prior work; an ‘extraction’ property (a

generalized Lemma 2 from Dahl et al. (2013)).

Lemma 14 (Extraction Property).

trab

[
(Ia ⊗X⊗ Ib)M

(
Ia ⊗YT ⊗ Ib

)]
= Xtrab [M]YT

Proof. This proof follows the original by Dahl et al. (2013) closely; the only differences are that it is
proven in the tensor-variate case and that X and Y are not constrained to be the same. The differences
do not significantly affect the proof.

trab

[
(Ia ⊗X⊗ Ib)M

(
Ia ⊗YT ⊗ Ib

)]
= tr

[
(Ia ⊗X⊗ Ib)M

(
Ia ⊗YT ⊗ Ib

)(
Ia ⊗ Jij ⊗ Ib

)]
ij

= tr

[(
Ia ⊗ jjX⊗ Ib

)
M
(
Ia ⊗YT ji,T ⊗ Ib

)]
ij

= tr

[(
Ia ⊗Xj ⊗ Ib

)
M
(
Ia ⊗YT

i ⊗ Ib

)]
ij

= tr

[(
Ia ⊗⊗YT

i Xj ⊗ Ib

)
M

]
ij

= tr
[
YT
i Xjtr

a
b [M]

]
ij

= tr
[
Xjtr

a
b [M]YT

i

]
ij

Note now that the value inside the trace is a scalar value, and hence we can drop the outer trace.

trab

[
(Ia ⊗X⊗ Ib)M

(
Ia ⊗YT ⊗ Ib

)]
=
[
Xjtr

a
b [M]YT

i

]
ij

Which leads us to the final result.

trab

[
(Ia ⊗X⊗ Ib)M

(
Ia ⊗YT ⊗ Ib

)]
= Xtrab [M]YT
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Finally, we need a new property of the stridewise-blockwise trace, the ‘Downsampling Property’.
This is essential to be able to work with rectangular matrices in the stridewise-blockwise trace, such as
those arising from partial eigendecomposition.

Lemma 15 (Downsampling Property). Suppose Ua×x and Va×x are matrices such that VTU = Ix×x,
and Wb×y and Xb×y are matrices such that XTW = Iy×y. Then we have the following.

trab

[
(U⊗ I⊗W)M (V ⊗ I⊗X)

T
]
= trxy [M]

Proof.

trab

[
(U⊗ I⊗W)M (V ⊗ I⊗X)

T
]
= tr

[
(U⊗ I⊗W)M (V ⊗ I⊗X)

T
(
I⊗ Jij ⊗ I

)]
ij

= tr

[
M
(
VTU⊗ Jij ⊗XTW

)]
ij

= tr

[
M
(
Ix×x ⊗ Jij ⊗ Iy×y

)]
ij

= trxy [M]

E.7 Finding the maximum likelihood estimator
In this section, we will derive gradients for gradient descent and prove Theorem 10. For convenience,
we repeat the definition of the NLL.

NLL =
−1
2

∑
γ

log det

tTaγIdγ∀ +
⊕
ℓ∈γ

Ψℓ

−∑
ℓ∈γ

tr
[
SγℓΨℓ

]
−
∑
ℓ∈γ

tTaγ

Lγ
tr
[
Sγℓ
]

To derive the MLE eigenvectors, we proceed in a manner similar to Andrew et al. (2024). A key
difference is that we must now differentiate a log-pseudodeterminant, although it behaves analagously
to the derivative of a full determinant. This is given by Theorem 2.15 of Holbrook (2018):

∂

∂A
logdet† (A) = tr

[
A†
]

Lemma 16. At the maximum likelihood of the singular Kronecker-sum-structured normal distribution,

we have that Sℓ =
∑
γ|ℓ∈γ tr

dγ<ℓ

dγ>ℓ

[(⊕
ℓ′∈γ Ψℓ′

)†]
.

Proof. Note that Ψℓ is symmetric, and hence ∂f(Ψ)
∂Ψ = sym [X] = X+XT

2 , where X is the derivative
found without taking into account symmetry (Srinivasan & Panda, 2023). It does not affect the location
of the MLE (although we include it in the derivations for completeness), but it does affect the value of
the gradient, and thus will be important to account for when the gradient itself is of interest.

∂

∂Ψℓ
NLL = sym

 ∂

∂Ψℓ

∑
ℓ′

1

2
tr [Sℓ′Ψℓ′ ]−

∑
γ

 ∂

∂Ψℓij

1

2
logdet†

⊕
ℓ′∈γ

Ψℓ′


ij




= sym

∑
γ

1

2
Sγℓ −

1

2

∑
γ|ℓ∈γ

tr


⊕
ℓ′∈γ

Ψℓ′

† ∂

∂Ψℓij

⊕
ℓ′∈γ

Ψℓ′


ij


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It is also not too hard to show that ∂
∂Ψℓij

⊕
ℓ′∈γ Ψℓ′ = Idγ<ℓ

⊗ Jijdℓ×dℓ ⊗ Idγ>ℓ
(not accounting for

symmetry).

∂

∂Ψℓij

⊕
ℓ′∈γ

Ψℓ′ =
∂

∂Ψℓij

∑
ℓ′∈γ

Idγ
<ℓ′
⊗Ψℓ′ ⊗ Idγ

>ℓ′

= Idγ<ℓ
⊗ ∂

∂Ψℓij

Ψℓ ⊗ Idγ>ℓ

= Idγ<ℓ
⊗ Jijdℓ×dℓ ⊗ Idγ>ℓ

By the definition of the stridewise-blockwise trace, we have that:

∂

∂Ψℓ
NLL = sym

∑
γ

1

2
Sγℓ −

1

2

∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

†



Now, note that the maximum likelihood corresponds to the point where ∂
∂Ψℓ

NLL is 0.

Sℓ =
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

†


Theorem (Theorem 10). Let the rank-rℓ partial eigendecomposition of Sℓ be V
(k)
ℓ E

(rℓ)
ℓ V

(rℓ),T
ℓ , with

rℓ ≥ max
(
rank [Sℓ] , rank [Ψℓ]

)
. Then V

(rℓ)
ℓ are also eigenvectors of Ψℓ.

Proof. Suppose we had a rank-rℓ partial eigendecomposition yielding a dℓ × rℓ matrix of eigenvectors
V

(rℓ)
ℓ ; in this case, V(rℓ),T

ℓ V
(rℓ)
ℓ is still the identity matrix (albeit of a smaller dimension); this will

allow us to use Lemma 15 to ‘downsample’ the stridewise-blockwise trace.
We will use Vγ

<ℓ as a shorthand for
⊗

ℓ′∈γ|ℓ′<γℓV
(r′ℓ)
ℓ′ (with Vγ

>ℓ defined analogously).
With this in mind, note that by Lemma 16 we have that:

Sℓ =
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ


⊕
ℓ′∈γ

Ψℓ′

†


=
∑
γ|ℓ∈γ

tr
d<ℓ

dγ>ℓ

(Vγ
<ℓ ⊗V

(rℓ)
ℓ ⊗Vγ

>ℓ

)⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′

† (Vγ
<ℓ ⊗V

(rℓ)
ℓ ⊗Vγ

>ℓ

)T
= V

(rℓ)
ℓ

∑
γ|ℓ∈γ

tr
kγ<ℓ

kγ>ℓ


⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′

†
V

(rℓ),T
ℓ (Extraction and Downsampling Properties.)

The Vγ
<ℓ and Vγ

>ℓ matrices depend on γ as the precise tensor they are in affects which ℓs are present
and in what order. Thankfully, they disappear due to the downsampling property of sb-trace, allowing
us to express our equation as the product of orthogonal matrices V

(rℓ)
ℓ ,V

(rℓ),T
ℓ and a diagonal matrix∑

γ|ℓ∈γ tr
kγ<ℓ

kγ>ℓ

[(⊕
ℓ′∈γ Λ

(rℓ′ )
ℓ′

)†]
. Thus, this is clearly a partial eigendecomposition of Sℓ, completing

the proof.
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Theorem 10 establishes that we can solve for the eigenvectors of each Ψℓ analytically. No such
expression for the eigenvalues exist, but it is not too hard to find them with gradient descent. The
proportion of time this estimation takes is negligible, due to cost of partial eigendecomposition and the
comparatively small dimension of the eigenvalues (O(

∑
ℓ dℓ) parameters rather than O(

∑
ℓ d

2
ℓ)). We

derive the gradient below:

Proposition. The gradient of the NLL with respect to the eigenvalues is given by

1
2

(
E

(rℓ)
ℓ −

∑
γ|ℓ∈γ tr

kγ<ℓ

kγ>ℓ

[(⊕
ℓ′∈γ Λ

(rℓ′ )
ℓ′

)†])
.

Proof. As mentioned earlier, we will use the functional invariance of the MLE to change the problem
from finding when ∂

∂Ψℓ
NLL = 0 to one of finding when:

∂

∂V
(rℓ)
ℓ

NLL = 0

∂

∂Λ
(rℓ)
ℓ

NLL = 0

We already know the conditions on V
(rℓ)
ℓ at the MLE, thanks to Theorem 10, so we will focus on

Λ
(rℓ)
ℓ . We follow a similar derivation to Lemma 16.

∂

∂Λℓ
NLL =

∂

∂Λ
(rℓ)
ℓ

∑
ℓ′

1

2
tr [Sℓ′Ψℓ′ ]−

∑
γ

 ∂

∂Λ
(rℓ)
ℓii

1

2
logdet†

⊕
ℓ′∈γ

Ψℓ′


ii


=

∂

∂Λ
(rℓ)
ℓ

∑
ℓ′

1

2
tr
[
E

(rℓ′ )
ℓ′ Λ

(rℓ′ )
ℓ′

]
−
∑
γ

 ∂

∂Λ
(rℓ)
ℓii

1

2
logdet†

⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′


ii


=
∑
γ

1

2
E

(rℓ),γ
ℓ − 1

2

∑
γ|ℓ∈γ

tr


⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′

† ∂

∂Λ
(rℓ)
ℓii

⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′


ii

=
1

2

E
(rℓ)
ℓ −

∑
γ|ℓ∈γ

tr
kγ<ℓ

kγ>ℓ


⊕
ℓ′∈γ

Λ
(rℓ′ )
ℓ′

†



In the derivation, we made use of the fact that Sℓ and Ψℓ had the same eigenvectors at the MLE,
the cyclic property of the trace, and the fact that pseudodeterminants only depend on the nonzero
eigenvalues.

E.8 Existence and uniqueness
It is easy to see that our objective is convex; unstructured Gaussian precision matrix estimation is
strictly convex, and the space of Kronecker-sum-decomposable matrices is also convex. In this section,
we will further prove the existence and uniqueness of solutions (Theorem 11).

Lemma 17 (Existence). There exists a minimizer of the negative log likelihood in the domain Λ
(rℓ)
ℓ ≥ ϵℓ

(Assumption 10), where ϵℓ is some strictly positive constant (for each ℓ), as long as E
(rℓ)
ℓ ∈ R++

rℓ
(i.e.

rℓ ≤ rank [Sℓ]).

Proof. First, note that×ℓ×1≤i≤rℓ
[ϵℓ,∞] is a compact subset of the extended reals, and thus a minimum

to any continuous function must exist on this set. As it is convex, it will be a global minimum. However,
the minimum could exist at ∞, i.e., only in the limit. To rule out this case, we will establish an upper
bound on the solution.
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Recall that any minimum must satisfy E
(rℓ)
ℓ =

∑
γ|ℓ∈γ tr

kγ<ℓ

kγ>ℓ

[(
⊕ℓ′∈γΛ(rℓ′ )

ℓ′

)†]
(for each ℓ). It will

be helpful to see what this formula equates to elementwise:

E
(rℓ)
ℓii

=
∑
γ|ℓ∈γ

tr
dγ<ℓ

dγ>ℓ

[(
⊕ℓ′∈γΛ(rℓ′ )

ℓ′

)†]
ii

=
∑
γ|ℓ∈γ

tr

[(
⊕ℓ′∈γΛ(rℓ′ )

ℓ′

)† (
Irγ<ℓ
⊗ Jii ⊗ Irγ>ℓ

)]
=
∑
γ|ℓ∈γ

∑
j indexing all non-ℓ axes

1

λℓi +
∑
ℓ′ λℓ′j

ℓ′

Thus, every element of E(rℓ)
ℓ has a corresponding element of Λ(rℓ)

ℓ that appears in all summands

composing it, and vice versa. Suppose λℓi =
∑

γ d
γ
\ℓ

Eℓii
(for a given ℓ, and every i). Note that if for all

other ℓ′, λℓ′j
ℓ′

were 0, then the sum of these λℓ terms would sum to exactly Eℓii . However, as Λ(rℓ)
ℓ ≥ ϵℓ,

each reciprocal is smaller than the case where they are 0; thus, they cannot add up to Eℓii .
As λℓi increases above this bound, the problem only becomes more severe. This is easy to see by

checking the gradient, which indicates that the negative log-likelihood increases as one increases λℓi .

∂

∂Λ
(rℓ)
ℓii

NLL =
1

2

Eℓii −
∑
γ|ℓ∈γ

∑
j indexing all non-ℓ axes

1

λℓi +
∑
ℓ′ λℓ′j

ℓ′


>

1

2
(Eℓii −Eℓii)

= 0

This implies that the minimum must occur between
∑

γ d
γ
\ℓ

Eℓii
≥ λℓii ≥ ϵℓ. Clearly, this rules out the

unsavory case of the minimum occurring in the limit. This completes the proof.

We already saw in Section E.3 that the diagonals of Ψℓ are not identifiable. However, this non-
identifiability is only an effect of our parameterization of the full precision matrices {Ωγ}; it is reasonable
to ask if the solution is unique up to this non-identifiability; Lemma 18 shows that this is true.

Lemma 18 (Uniqueness up-to Identifiability). The solution of our optimization problem is unique,
except for the non-identifiability in the diagonals.

Proof. As mentioned earlier, we can frame our optimization problem as the strictly convex problem of
unstructured precision matrix estimation (as in the graphical lasso problem), subject to a (convex)
Kronecker-sum-decomposability constraint. As the problem is strictly convex, there is a unique solution.
Thus, any non-uniqueness must come from our parameterization of Kronecker-sum-decomposable
matrices.

We now tie these two lemmas together to complete the statement of Theorem 11.

Theorem (Theorem 11). There exists a unique MLE (up to the non-identifiability of the diagonals
of the Kronecker sum) that estimates the precision matrix of the singular Kronecker-sum-structured
normal distribution, as long as rℓ ≤ rank [Sℓ], subject to Assumption 10.

Proof. This follows directly from Lemmas 17 and 18.

E.9 Derivation of the Fisher information
This section contains the derivation of the Fisher Information, which is far too long and tedious to put
in the main paper. For convenience, we repeat the definition of the NLL.
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NLL =
−1
2

∑
γ

log det

tTaγIdγ∀ +
⊕
ℓ∈γ

Ψℓ

−∑
ℓ∈γ

tr
[
SγℓΨℓ

]
−
∑
ℓ∈γ

tTaγ

Lγ
tr
[
Sγℓ
]

Lemmas 19, 20, and 21 contain the calculations that derive the Hessian of the NLL.

Lemma 19. ∂
∂ψℓij

NLL = −1
2 sym

[∑
γ|ℓ∈γ tr

dγ<ℓ

dγ>ℓ

[(
tTaγIdγ

∀
+
⊕

ℓ∈γ Ψℓ

)−1]
ij

− Sℓij

]
Proof. This follows from Lemma 16.

Lemma 20.

∂

∂ti
NLL =

∑
γ

−a
γ
i

2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1
+

aγi
2
tr [Sγ ]

∂

∂ti∂tj
NLL =

∑
γ

aγi a
γ
j

2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−2


∂

∂ti∂ψℓjk
NLL = sym

∑
γ|ℓ∈γ

aγi
2
tr
dγ<ℓ

dγ>ℓ


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−2


jk

Proof. First, observe the following:

∂

∂ti
log det

tTaγIdγ∀ +
⊕
ℓ∈γ

Ψℓ

 = tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1 ∂

∂ti

tTaγIdγ∀ +
⊕
ℓ∈γ

Ψℓ




= tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1 aγi Idγ∀


= aγi tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1


Furthermore, note that:

∂

∂ti

∑
ℓ∈γ

tTaγ

Lγ
tr
[
Sγℓ
]
=
∑
ℓ∈γ

aγi
Lγ

tr
[
Sγℓ
]

=
aγi
Lγ

tr [Sγ ]

Putting these together yields the first claim:

∂

∂ti
NLL =

∑
γ

−a
γ
i

2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1
+

aγi
2
tr [Sγ ]

Differentiating a second time results in the following:
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∂

∂ti∂tj
NLL =

∑
γ

aγi
2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1 (aγi Idγ∀)
tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1


=
∑
γ

aγi a
γ
j

2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−2


Likewise, differentiating w.r.t. ψℓjk gives us the final part of our result. We’ll delay the symmetriza-
tion step until the end to prevent the equation running off the right margin of the page.

∂nosym

∂ti∂ψℓjk
NLL =

∑
γ|ℓ∈γ

aγi
2
tr


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−1 (Idγ<ℓ
⊗ Jjk ⊗ Idγ>ℓ

)tTaγIdγ∀ +
⊕
ℓ∈γ

Ψℓ

−1


=
∑
γ|ℓ∈γ

aγi
2
tr
dγ<ℓ

dγ>ℓ


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−2

jk

∂

∂ti∂ψℓjk
NLL = sym

∑
γ|ℓ∈γ

aγi
2
tr
dγ<ℓ

dγ>ℓ


tTaγIdγ∀ +

⊕
ℓ∈γ

Ψℓ

−2


jk

This completes the proof.

Lemma 21.

∂nosym

∂ψℓ1
i1j1

∂ψℓ2
i2j2

NLL =
1

2

∑
γ|ℓ1,ℓ2∈γ

tr
dγ
<ℓ1

dγ
>ℓ1

[
(Ωγ)

−1
(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)
(Ωγ)

−1
]
i1j1

Proof. This follows from Lemma 19. First we will compute the unsymmetrized derivative.

∂nosym

∂ψℓ1
i1j1

∂ψℓ2
i2j2

NLL = −1

2

∂

∂ψℓ2
i2j2

∑
γ|ℓ1∈γ

tr
dγ
<ℓ1

dγ
>ℓ1


tTaγIdγ

∀
+
⊕
ℓ∈γ

Ψℓ1

−1

i1j1

= −1

2

∂

∂ψℓ2
i2j2

∑
γ|ℓ1∈γ

tr
dγ
<ℓ1

dγ
>ℓ1

[
(Ωγ)

−1
]
i1j1

=
1

2

∑
γ|ℓ1,ℓ2∈γ

tr
dγ
<ℓ1

dγ
>ℓ1

[
(Ωγ)

−1
(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)
(Ωγ)

−1
]
i1j1

If we let the unsymmetrized derivative be Xℓ1
i1j1

ℓ2
i2j2

, the symmetrized version is:

Xℓ1
i1j1

ℓ2
i2j2

+Xℓ1
j1i1

ℓ2
i2j2

+Xℓ1
i1j1

ℓ2
j2i2

+Xℓ1
j1i1

ℓ2
j2i2

4

With these, we can derive F. As the derivation of inter-axis connections in F is complicated, and
will be aided by the following lemma, which is just an application of the fact that the trace distributes
over Kronecker products.
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Lemma 22. Let {Mℓ}ℓ be a subset of matrices where some subset X has the property that, for all
ℓ ∈ X, Mℓ = Idℓ×dℓ , where dℓ represents the size of the ℓth element, and, for all ℓ /∈ X, Mℓ = Jiℓjℓdℓ×dℓ
(the matrix of zeros except at with a 1 at position (iℓ, jℓ)).

Then tr
[⊗

ℓMℓ

]
=
(∏

ℓ∈X dℓ

)(∏
ℓ/∈X δiℓjℓ

)
.

Proof.

tr

⊗
ℓ

Mℓ

 =
∏
ℓ

tr [Mℓ]

=
∏
ℓ∈X

tr [Mℓ]
∏
ℓ/∈X

tr [Mℓ]

=

∏
ℓ∈X

dℓ

∏
ℓ/∈X

tr [Mℓ]

=

∏
ℓ∈X

dℓ

∏
ℓ/∈X

δiℓjℓ



We are now equipped with all the tools we need to prove Lemma 23, the values of F under the null
hypothesis.

Lemma 23. Under the null hypothesis where Ωγ = 1
(σγ)2

Idγ∀ , we have the following:

Ftitj =
∑
γ

dγ∀ (σ
γ)

4

2

(
aγaγ,T

)
ij

Ftiψℓjk
=
∑
γ|ℓ∈γ

aγi d
γ
∀ (σ

γ)
4

2dℓ
δjk

Fψ
ℓ1
i1j1

ψ
ℓ2
i2j2

=
1

2

∑
γ|ℓ1,ℓ2∈γ

(σγ)
4 dγ∀
dℓ1dℓ2

δi2j2δi1j1 (ℓ1 ̸= ℓ2)

Fψ
ℓ1
i1j1

ψ
ℓ2
i2j2

=
1

2

∑
γ|ℓ1,ℓ2∈γ

(σγ)
4 d

γ
∀
dℓ

(
δi1j1i2j2 + (1− δi1j1i2j2)

δi1i2δj1j2

2

)
(ℓ1 = ℓ2)
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Proof.

∂

∂ti∂tj
NLL =

∑
γ

aγi a
γ
j

2
tr
[
(Ωγ)

−2
]

=
∑
γ

aγi a
γ
j d
γ
∀ (σ

γ)
4

2

=
∑
γ

dγ∀ (σ
γ)

4

2

(
aγaγ,T

)
ij

∂

∂ti∂ψℓjk
NLL = sym

∑
γ

aγi
2
tr
dγ<ℓ

dγ>ℓ

[
(Ωγ)

−2
]
jk


= sym

∑
γ

aγi d
γ
∀ (σ

γ)
4

2dℓ

[
Idγ\ℓ

]
jk


=

1

2

∑
γ

aγi d
γ
∀ (σ

γ)
4

2dℓ
δjk +

aγi d
γ
∀ (σ

γ)
4

2dℓ
δkj

=
∑
γ

aγi d
γ
∀ (σ

γ)
4

2dℓ
δjk

∂nosym

∂ψℓ1
i1j1

∂ψℓ2
i2j2

NLL =
1

2

∑
γ|ℓ1∈γ

tr
dγ
<ℓ1

dγ
>ℓ1

[
(Ωγ)

−1
(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)
(Ωγ)

−1
]
i1j1

=
1

2

∑
γ|ℓ1∈γ

(σγ)
4
tr
dγ
<ℓ1

dγ
>ℓ1

[(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)]
i1j1

Let us focus on what happens to the stridewise-blockwise trace term under algebraic manipulations.

tr
dγ
<ℓ1

dγ
>ℓ1

[(
Idγ

<ℓ2
⊗ Ji

2j2 + Jj
2i2 ⊗ Idγ

>ℓ2

)]
i1j1

= tr

[(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)(
Idγ

<ℓ1
⊗ Ji

1j1 ⊗ Idγ
>ℓ1

)]
We now split the (ψℓ1

i1j1
, ψℓ2

i2j2
) computation into two cases, one in which ℓ = ℓ1 = ℓ2 and another

where ℓ1 ̸= ℓ2. In both cases we use Lemma 22.
Case 1: ℓ1 ̸= ℓ2

tr
dγ
<ℓ1

dγ
>ℓ1

[(
Idγ

<ℓ2
⊗ Ji

2j2 ⊗ Idγ
>ℓ2

)]
i1j1

=
dγ∀

dℓ1dℓ2
δi2j2δi1j1

Case 2: ℓ = ℓ1 = ℓ2

tr
dγ<ℓ

dγ>ℓ

[(
Idγ<ℓ

⊗ Ji
2j2 ⊗ Idγ>ℓ

)]
i1j1

= tr

[(
Idγ<ℓ

⊗ Ji
2j2 ⊗ Idγ>ℓ

)(
Idγ<ℓ

⊗ Ji
1j1 ⊗ Idγ>ℓ

)]
= tr

[(
Idγ<ℓ

⊗ Ji
2j2Ji

1j1 ⊗ Idγ>ℓ

)]
=
dγ∀
dℓ

(
tr
[
ji

2

jj
2,T ji

1

jj
1,T
])

=
dγ∀
dℓ

(
tr
[
jj

2,T ji
1

jj
1,T ji

2
])

=
dγ∀
dℓ

(
δj2i1δj1i2

)
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This is the nonsymmetric derivative. Symmetricizing requires replacing δj2i1δj1i2 with the average
over all symmetries, swapping i1 and j1 and swapping i2 and j2. These symmetries do not affect the
different axis case, but do affect the same-axis case.

One of the symmetries of δj2i1δj1i2 is δi1i2δj1j2 , which we will rewrite as δ(i1,j1)(i2,j2) to make it
more clear what is being compared.

Suppose i1 = j1 is diagonal. Then this is only true for i1 = i2 = j1 = j2, which if true under one
symmetry then it is true under all symmetries.

Suppose now that neither are diagonal, and recall we required i ≤ j. Then, any symmetries that
swap the ordering of i1 and j1 will never be satisfied, unless they also swap i2 and j2. This lets us
rewrite the same-axis case as:

δi1j1i2j2 + (1− δi1j1i2j2)
δi1i2δj1j2

2

This completes the proof.

Recall that the only independent parameters are t and ψℓij for i ≤ j and (i, j) ̸= (1, 1). There
are three types of parameters here; t, diagonal ψℓii , and off-diagonal ψℓij . Of particular interest to
us are the interactions between off-diagonal elements ψℓij (where δij = 0). It is clear they cannot
interact with t terms due to the δij term in its formula. They also cannot interact with any ψℓ′

i′j′
in

different axes, since the δijδi′j′ term is only nonzero for the diagonal elements. Finally, the δ terms
governing interactions within the same axis are only nonzero when (i, j) = (i′, j′) (self-interactions) or
(i, j) = (j′, i′), which for off-diagonal elements can never be true due to the i ≤ j requirement.

t Diagonal ψii Off-diagonal ψij
t Yesa Yes No

Diagonal ψii Yes Only in different axes No
Off-diagonal ψij No No No

Table E.2: Allowed interactions between parameters in F.
a This depends on {aγ}. For most datasets, the most natural choice

of identifiable parameterization results in the t-t interactions form-
ing a diagonal matrix (none of the t interact).

For all possible interactions, consult Table E.2 - these can be derived by investigating the δ terms
in the formula for F. The fact that off-diagonal elements do not interact with anything in F is quite
significant, as seen by the following corollary to Lemma 23.

Corollary 7. Suppose we order F such that the first rows/columns represent t terms, the next represent
diagonal ψii terms, and the last represent the off-diagonal terms. Then, we have the following:

F =

[
A 0
0 B

]
B represents the off-diagonal terms, and is a diagonal matrix. This allows a convenient expression

for F−1, by inverting blockwise.

We will now give the example of a dataset γ1 = (ℓ1, ℓ2), γ2 = (ℓ1, ℓ3) where dℓ1 = 3 and dℓ2 = dℓ3 = 2.
Note that aγi =

[
δ1i δ2i

]
in this case (and most cases). This leads to Ft,t being proportional to the

identity matrix. If we let Aγ =
dγ∀(σ

γ)4

2 , then it becomes easy to express the matrix. Exact derivations
are left as an exercise to the reader.
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∑
γ Aγ

t1 t2
ℓ1

(2, 2)
ℓ1

(3, 3)
ℓ2

(2, 2)
ℓ3

(2, 2)
ℓ1

(1, 2)
ℓ1

(1, 3)
ℓ1

(2, 3)
ℓ2

(1, 2)
ℓ3

(1, 2)



1 0 1
dℓ1

1
dℓ1

1
dℓ2

1
dℓ3

0 0 0 0 0 t1

0 1 1
dℓ1

1
dℓ1

1
dℓ2

1
dℓ3

0 0 0 0 0 t2

1
dℓ1

1
dℓ1

1
dℓ1

0 1
dℓ1ℓ2

1
dℓ1ℓ3

0 0 0 0 0
ℓ1

(2, 2)

1
dℓ1

1
dℓ1

0 1
dℓ1

1
dℓ1ℓ2

1
dℓ1ℓ3

0 0 0 0 0
ℓ1

(3, 3)

1
dℓ2

1
dℓ2

1
dℓ1dℓ2

1
dℓ1dℓ2

1
dℓ2

1
dℓ2ℓ3

0 0 0 0 0
ℓ2

(2, 2)

1
dℓ3

1
dℓ3

1
dℓ1dℓ3

1
dℓ1dℓ3

1
dℓ2dℓ3

1
dℓ3

0 0 0 0 0
ℓ3

(2, 2)

0 0 0 0 0 0 1
2dℓ1

0 0 0 0
ℓ1

(1, 2)

0 0 0 0 0 0 0 1
2dℓ1

0 0 0
ℓ1

(1, 3)

0 0 0 0 0 0 0 0 1
2dℓ1

0 0
ℓ1

(2, 3)

0 0 0 0 0 0 0 0 0 1
2dℓ2

0
ℓ2

(1, 2)

0 0 0 0 0 0 0 0 0 0 1
2dℓ3

ℓ3
(1, 2)

With everything in place, we can now define the hypothesis test.

Theorem (Theorem 12). Under the null hypothesis Ωγ = 1
(σγ)2

Idγ∀ , we have the following distribution
for each ψℓij independently:

√∑
γ|ℓ∈γ d

γ
∀ (σ

γ)
4

dℓ

ψℓij
2
∼̇ N (0, 1)

Proof. As noted in Corollary 7, the edge-edge interactions in F form a diagonal matrix, and there are
no cross-terms connecting edges to diagonal and t parameters. Thus, inversion is simple.

By Lemma 23, each edge-edge precision term for axis ℓ in F can be expressed as
∑
γ|ℓ∈γ

dγ∀(σ
γ)4

4dℓ
. In

F−1, this becomes 4dℓ∑
γ|ℓ∈γ d

γ
∀(σ

γ)4
.

Thus, under the null hypothesis, we have that:

ψℓij ∼̇ N

0,
4dℓ∑

γ|ℓ∈γ d
γ
∀ (σ

γ)
4


√∑

γ|ℓ∈γ d
γ
∀ (σ

γ)
4

dℓ

ψℓij
2
∼̇ N (0, 1)

This completes the derivations. While deriving such a test was tedious, it gives us an interpretable
way to set the threshold for our recovered graphs, by choosing to only keep statistically significant
edges!

E.10 Preserving input sparsity
The final practical issue to surmount is that of preserving input sparsity. matℓ

[
{Dγ}γ

]
has d∀ elements,

but in many contexts, such as transcriptomics, the dataset will be highly sparse; the majority of the
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input is full of zeros. Ideally, we would never ‘densify’ the matrix. Using COCA, however, requires
computing the matrix of ranks, which will be fully dense. If unaddressed, this would enforce an Ω(d∀)
minimum memory requirement. We will demonstrate the problem with an example, where Φ represents
the cumulative density function of the normal distribution.

Example 28 (Demonstration that ranking densifies data).[
3 0 −2 0 4
0 −1 −3 0 −2

]
→
[
4 2 1 2 5
4 3 1 4 2

]
(rank data)

→

[
Φ−1

(
4
6

)
Φ−1

(
2
6

)
Φ−1

(
1
6

)
Φ−1

(
2
6

)
Φ−1

(
5
6

)
Φ−1

(
4
6

)
Φ−1

(
3
6

)
Φ−1

(
1
6

)
Φ−1

(
4
6

)
Φ−1

(
2
6

)] (map to normal)

≈
[
0.43 −0.43 −0.97 −0.43 0.97
0.43 0 −0.97 0.43 −0.43

]
The exact values depend on how you handle ties when ranking data, but the general idea remains

the same regardless. The trick to avoiding the densification is to realize that, in each row, all zero
values get mapped to the same final value. We can rewrite our example as:

[
0.43 + 0.43 0 −0.97 + 0.43 0 0.97 + 0.43

0 −0.43 −0.97− 0.43 0 −0.43− 0.43

]
+

[
−0.43
0.43

]
11×5

Let zi be the normally-distributed value that the zeros in row i get mapped to. We can express our
transformation more generally:

x1

...
xa

 =

x1 − z1
...

xa − za

+ z1T

Crucially, we have expressed our transformed data as the sum of a matrix with the same sparsity
structure as our original data, and a rank-one matrix. If we compute the SVD on the first matrix,
we can then use a rank-one update algorithm to calculate the SVD of the sum of the two matrices
(Brand, 2006). It is not difficult to work out z, and hence we can perform this procedure without ever
densifying our input matrix.
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Algorithm Cluster Biological Process p-value

1
(67 genes)

cell-cell adhesion
apoptotic process

positive regulation of cellular process

1.0× 10−9

3.1× 10−9

5.1× 10−9

2
(65 genes)

protein maturation
response to endoplasmic reticulum stress

organonitrogen compound metabolic process

5.6× 10−7

1.3× 10−6

9.1× 10−6

GmGM (p=0.05) 3
(60 genes)

immune response
leukocyte mediated immunity

immune system process

9.5× 10−15

3.8× 10−14

8.7× 10−14

4
(43 genes)

GO:0048523
GO:0051172
GO:0031324

4.7× 10−5

6.8× 10−5

8.9× 10−5

5
(27 genes)

positive regulation of immune system process
regulation of immune response

GO:0002504

8.3× 10−15

2.3× 10−14

2.4× 10−14

6
(14 genes)

intracellular sequestering of iron ion
sequestering of iron ion

negative regulation of actin filament polymerization

8.1× 10−3

1.1× 10−2

1.3× 10−2

Table E.3: GO terms with long names have been replaced with their GO ID; most were of the form
“negative regulation of cellular/nitrogen compound (metabolic) process”. Immune-related GO terms
have been colored blue. These were identified using the Python API of the GProfiler (Kolberg et al.,
2023) functional enrichment tool.

E.11 Additional experiments

E.11.1 Synthetic data
In this section and in the main paper, we generated ground truth graphs from the Barabasi-Albert
distribution. We chose this distribution because it is a scale-free distribution; many real-world networks,
such as social networks and gene regulatory networks, are approximately scale-free. We then generated
synthetic data using these graphs and the Kronecker-sum-structured normal distribution.

To test performance, and area-under-PR curves (AUPR) for GmGM and our proposed modifications
to GmGM; when an algorithm correctly identifies an edge, it is considered a true positive. When
comparing to prior work, we used their default convergence tolerance and max iterations.

We report our PR curves and their AUPRs in Figure E.2. It is clear that, for a fixed amount of
components, the AUPR stays roughly the same as the axis size increases. This is true even as the
percentage of variance explained decreases. There is a clear trade-off between the performance of
the method and the number of principal components chosen. Keeping 500 components still has high
performance even as the percent of variance explained decreases; this shows the method is suitable on
problem sizes that full-rank methods such as GmGM simply cannot handle.

E.11.2 Sanity check of million-cell results
At the beginning of this paper, we promised scalability to a million cells. Here, we will use a 1,248,980
cell, 36,571 gene PBMC dataset by Yazar et al., 2022. For preprocessing, we removed any cells and
genes that had 0 counts everywhere. Then, we kept only the top 2,200 highly variable genes. No cells
had uniformly 0 counts, so the post-processing dataset size contained 1,249,980 cells and 2200 genes.

Due to the size of the dataset, we kept only the top 50 principal components (∼50% of the explained
variance). We keep only the statistically significant edges and use the Nonparanormal Skeptic. Overall,
5890 edges were statistically significant. We do not compare to prior work as this dataset is far too
large for them to handle.

We then investigated the GO terms of the clusters of our graphs. If our graph were nonsense, we
would expect there to be no significant GO terms associated with any clusters. However, in Table E.3
we can see that this is not the case; we find six clusters corresponding to meaningful groupings of genes,
including immune-related groupings (which we would expect and hope to find in a PBMC dataset,
which contain mostly immune cells).

This example ran in only a couple of minutes - faster than would be predicted from the runtimes in
Figure 6.2, likely due to the high sparsity of the dataset1.

1Figure 6.2 gives performance on dense datasets, whereas our algorithm, unlike prior work, benefits substantially from
sparsity in the dataset as well. This is because there are many efficient partial eigendecomposition routines for sparse
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Figure E.2: Precision-recall curves, with AUPR reported, for n ∈ {1000, 2000, 5000, 7500} datasets of
shape n× n whose graphs ome from a Barabasi-Albert distribution. We compare the full-rank GmGM
algorithm, along with our proposed algorithm with 500 principal components and a more extreme 125
principal components. We see that 500 principal components still yield good results as the dataset size
increases.
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GmGM GmGM
(10 pcs)

GmGM
(10 pcs, one modality)

TeraLasso
(one modality)

Figure E.3: A comparison of several methods to find the frame graph.

Connections Adjacent One off Two off Three off More Total Method
GmGM 72 72 25 4 0 173 p=0.05
GmGM (10pcs) 72 64 13 0 51 200 p=0.05
GmGM (10pcs,
one modality)

66 58 44 13 19 200 Thresholding

TeraLasso (one
modality)

33 31 26 22 85 197a Thresholding

a We were not able to get exactly 200 edges

Table E.4: The performance of several methods on reconstructing the frame graph of COIL-20
videos. The adjacent column denotes how many edges were between adjacent frames (the
‘correct’ edges), whereas the later columns denote how many edges exist between frames i and
i± (n+ 1) for various n. The More column summarizes all connections where n > 3.

E.11.3 COIL Dataset
It is difficult to test on real-world data, as ground truth graphs are often unknown. This is perhaps
why the COIL-20 video dataset (Nene et al., 1996) has become a standard test for multi-axis models.

The dataset consists of 20 videos of 72 frames and 128x128 pixels. Each video consists of a simple
object rotating 360 degrees, and thus the frame graph can reasonably expected to correspond to this
circular structure. To test this, we considered the dataset to have the form

{
γi = (ℓframe, ℓrow(i), ℓcol(i))

}
i
,

that is, that there is a singular frame graph describing the rotational structure of the images, and then
individual row and column graphs for each object (since the structure of each object may be different).
In other words, the dataset had 20 modalities, each of size 72x128x128. TeraLasso can only handle a
single modality, so to compare against it we ran our algorithm another time, this time on only one
modality (the duck object, “obj1”). We compared the results using all principal components and when
using only the top 10.

In the aforementioned experiments, we kept only the edges that were statistically significant to the
5% level after applying the Bonferroni correction. No edges were statistically significant, so instead
we kept the same amount of edges as were found to be significant when considering the whole dataset
(200). We then did the same with TeraLasso.

The results can be compared visually in Figure E.3. These show that GmGM over all modalities
does the best, which is to be expected - it uses the most information and does not make a low-rank
assumption. TeraLasso cannot handle data of this form; however, even if we restrict our data to only a
single modality and 10 principal components, our method performs best. Numerical values are given
in Tables E.4 and E.5; we can see that, when considering statistically significant edges in the whole
dataset, our method finds all the correct edges (even with only 10 principal components). The false
positives it finds are typically close-to-correct, which is reasonable.

data.
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Connections Precision/Recall
(exact)

Precision/Recall
(one off)

Precision/Recall
(two off)

Precision/Recall
(three off)

GmGM 41.6%/100% 83.2%/100% 97.6%/78.2% 100%/60%
GmGM (10pcs) 36%/100% 60%/94.4% 74.5%/69% 74.5%/51.7%
GmGM (10pcs,
one modality)

33%/91.7% 62%/86% 84%/77.8% 90.5%/62.8%

TeraLasso (one
modality)

16.8%/45.8% 32.5%/44.4% 45.7%/41.7% 56.7%/38.9%

Table E.5: The precisions and recalls for each algorithm, when we consider correct edges to be those
between edges i and i± (n+1), for n = 0 (‘exact’), n = 1 (‘one off’), n = 2 (‘two off’), and n = 3 (‘three
off’). In each column, the best performing model’s results were given in bold for each metric. Bold
numbers represent the best performance overall, and blue numbers represent the best performance
when restricted to one modality.

Figure E.4: (Left) The four time points of the data, displayed as a UMAP plot. (Right) The cell
clusters after applying Leiden to GmGM’s output graph.

E.12 Neuronal scRNA-seq dataset details
The dataset consists of four separate time points; the original iPSC cells, as well as cells taken from
passages 2, 3, and 5 (‘p2’, ‘p3’, and ‘p5’); these are shown graphically in Figure E.4. In total, there are
6876 cells and 29,324 genes. The dataset was generated in-house; the following subsections describe
how this was done.

E.12.1 Culture of induced pluripotent stem cells (iPSCs)
STEMCELL Technologies’s SCTi003-A line (STEMCELL Technologies; #200-0511) were cultured in
complete mTeSR plus media (STEMCELL Technologies) on Matrigel® coated (Corning) 6-well plates
(Helena Biosciences) and passaged at 1:40-1:60 split ratio with ReLeSR (STEMCELL Technologies) at
approximately 70% confluency. Cultures were regularly tested for pluripotency by immunocytochemistry
and mycoplasma using MycoStrip lateral flow tests (InvivoGen).

E.12.2 iPSC-derived neural progenitor cell (NPC) differentiation
Neural induction of iPSCs was performed using the STEMdiff SMADi Neural Induction Kit (STEM-
CELL Technologies) according to the manufacturer’s monolayer protocol. iPSCs were dissociated
with Accutase (Sigma) and resuspended as a single-cell suspension in DMEM/F12 (Thermo Fisher
Scientific) for counting. 2.5× 106 cells were pelleted at 300g for 5 minutes and resuspended in Neural
Induction + SMADi Medium (NIM; STEMCELL Technologies) supplemented with 10 µM Y-27632
onto hESC-qualified Matrigel®-coated 6-well plates. Medium was replaced daily for 6–9 days, after
which cells were passaged using Accutase and re-plated at 2× 106 cells per well. This induction–passage
cycle was repeated until passage 3, at which point cells were re-plated at 1.25× 106 cells per well and
subsequently maintained in STEMdiff Neural Progenitor Medium (STEMCELL Technologies) for all
following passages.
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Cell type Marker genes
induced pluripotent stem cells NANOG, POU5F1, LIN28A, DPPA4, TDGF1, ZSCAN10, UTF1

neural progenitors PAX6, HES1, NES1, MSI1, VIM, FABP7
cortical neurons TBR1, BCL11B, MAP2, RBFOX3, SLC17A7, SYT1, GRIN2B

astrocytes NFIA, SOX9, GFAP, AQP4, S100B, ALDH1L1, GLUL, SLC1A3, SLC1A2
oligodendrocytes SOX10, MYRF, MBP, MOG, PLP1, MAG, CNP
neural ectoderm SOX1, ZIC1, OTX2, LHX2, EMX2, DACH1, SIX3

Table E.6: Marker genes for various neuronal cell types.

E.12.3 Cell fixation

iPSCs were dissociated with Accutase at low passage and approximately 70% confluency prior to
fixation. NPCs were similarly lifted with Accutase on their designated passage day; for example, p2
NPCs were collected at passage 2 of differentiation. This procedure was performed for p2, p3, and p5
NPCs. Following cell counting, 1× 106 to 2× 106 cells were fixed using the Evercode Cell Fixation v2
kit (Parse Biosciences) according to the manufacturer’s user manual (v2.1.1). Final post-fixation yields
ranged from 7× 105 to 1× 106 cells, which were subsequently carried forward to barcoding.

E.12.4 Barcoding, cDNA library preparation and sequencing

Approximately 7 × 104 per sample were processed for barcoding and library preparation using the
Evercode WT kit (v2.2.1) according to the manufacturers protocol (Parse Biosciences). Nine libraries
were generated and assessed for fragment size and quality using an Agilent TapeStation prior to
sequencing. The libraries were subsequently pooled and sequenced across two P4 flow cells on an
Illumina NextSeq2000 using a 2x200bp paired end cycle. The resulting fastq files were processed using
Trailmaker (Parse Biosciences) to generate gene read-counts per cell per time point. This count matrix
is what was passed into GmGM.

E.13 Neuronal dataset cell marker genes

We used the marker genes given in Table E.6 to score each cluster. A cell cluster was considered
statistically significantly associated with a gene if the gene expression was significantly different in
that cluster compared to others; cell clusters were then assigned the cell type corresponding to the one
whose marker genes were the most commonly significantly differentially expressed.

E.14 GO terms for network metrics

In Figure 6.3, we picked which GO terms in two groups - those which are important processes dominant
in all cells, and those which are part of the development of a key component found in neurons. For
each GO term category (such as ’DNA replication’ or ’axon development’), we selected the GO
term most relevant to the process, all GO terms that are annotated as regulates, positively_regulates,
negatively_regulates, or occurs_in the original term, and then any children and descendents of those
GO terms via part_of or is_a relations. The precise GO terms are given in Table E.7.

E.15 Neuronal scRNA-seq dataset full results

In this section, we give a breakdown of our gene modules and cell clusters. The GmGM cell clusters
(and their links to the GmGM gene modules) are given in Table 6.1, the hdWGCNA gene modules are
given in Table E.8, and the GmGM gene modules are given in Table E.9; there are no hdWGCNA cell
clusters as hdWGCNA does not create a cell network.

For the gene modules, we defined ‘interesting’ modules which satisfied one of the following criteria:
high Moran’s I (>0.3), high lncRNA percentage (>0.3), being related to transcription factors, being
significantly expressed in a cell cluster, or being significantly expressed only in a specific passage.
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Reason Category Fundamental
GO terms

Regulators/Occurs-In

Fundamental Process DNA Repli-
cation

GO:0006260 GO:0008156, GO:0045740, GO:0006275

Fundamental Process Cell Cycle GO:0007049 GO:0045786, GO:0045787, GO:0051726
Fundamental Process Translation GO:0006412 GO:0032062, GO:0017148, GO:0140244,

GO:0140245, GO:0140243, GO:0099578,
GO:0099577, GO:0032055, GO:0043557,
GO:0043555, GO:0045727, GO:1902010,
GO:0006417, GO:0032061, GO:0032056,
GO:0099547, GO:0036490, GO:0036493,
GO:0043556, GO:0032939

Fundamental Process Splicing GO:0008380 GO:0033119, GO:0033120, GO:0042484
Neurogenesis Nervous Sys-

tem Develop-
ment

GO:0007399 GO:0051961, GO:0051960, GO:0051962

Neurogenesis Synapse Or-
ganization

GO:0050808,
GO:0045202

GO:0140241, GO:0099574, GO:0140243,
GO:1905809, GO:0050807

Neurogenesis Dendrite De-
velopment

GO:0016358,
GO:0030425

GO:0050773, GO:2000171, GO:1900006

Neurogenesis Axon Devel-
opment

GO:0061564,
GO:0030424

N/A

Neurogenesis Myelination GO:0042552,
GO:0043209

GO:0031642, GO:0031641, GO:0031643,
GO:0019911

Table E.7: GO term choices for metric comparison in Figure 6.3. Does not show is_a or part_of
descendants, which were also included.

Every module of hdWGCNA was ‘interesting’; in contrast, only 39 GmGM modules were. Interesting
modules are likely indicative of some true biological process; for example, GmGM modules m5, m7,
and m117 are all interesting, and based on the GO terms represent the cell cycle, the ribosome, and
mitochondrial genes, respectively.



E.15. NEURONAL SCRNA-SEQ DATASET FULL RESULTS 215

Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

Unassigned N/A N/A 14405 A catch-all module. 0.56
Grey TSPAN6, CIBAR1,

C3orf62
DNA-
binding
transcription
factor
activity,
regulation of
biological
process

6399 Transcription factor
module, only
expressed in
non-iPSCs.

0.99

Turquoise LINC00678, LNC-
PRESS2, ESRG

gene
expression,
biological
regulation,
RNA
binding

6146 Only expressed in
iPSCs.

1.04

Blue SOX6, ZBTB20,
ENSG00000258631

nervous
system
development,
neuron
projection

903 Only expressed in
non-iPSCs.

1.01

Brown DMD, MIR100HG,
ENSG00000286757

anatomical
structure
development,
cell differenti-
ation, cilium
organization

559 Expressed only in a
subset of p5s.

0.96

Yellow HMGCS1, SCD,
FADS1

cell differenti-
ation, system
development

409 Only expressed in
p2/p3s.

0.94

Green ECT2, SMC4,
KIF20B

cell cycle,
chromosome
segregation,
cell division

262 Cell cycle module. 0.83

Red CFTR, SORCS3,
PDGFD

regulation of
biological
process,
nervous
system
development,
cell differen-
tiation

241 Only expressed in a
subset of p5s.

0.91

Table E.8: Every hdWGCNA module, in order of size. Moran’s I is a statistic that expresses the
tendency of ‘nearby’ cells to have a similar average expression of a given module. In this case, ‘nearby’
is defined by the Euclidean distance of gene expression vectors of each cell.

Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m0 DYNAP, DENRP3,
ENSG00000250855

N/A 9047 A catch-all module. 0.15

m1 FOXH1, LAD1,
FLT1

N/A 1756 Only expresses in
iPSCs.

1.07

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m2 CROCC2, ADGB,
LMNTD1

cilium
movement,
cilium
organization,
axoneme
assembly

600 Only expressed in a
subset of p5s.

0.82

m3 SLC17A6, STMN2,
LHX9

nervous
system
development,
synaptic
signalling,
neuron
projection
morphogene-
sis

433 Only expresses in
potential cortical
neurons.

0.83

m4 ENSG00000288903,
CARMN, CPED1

extracellular
matrix
organization,
cell surface
receptor
signaling
pathway

319 Only expressed in a
subset of p5s.

0.71

m5 SGO2, KIF14,
CCNB1

many
cell-cycle
related GO
terms

315 Only expressed in a
subset of
p2/p3/p5s.

0.82

m6 PDZRN4, SGPP2,
CT75

N/A 313 Only expresses in a
subset of p4s, high
amount of lncRNA,
includes and is
highly correlated
with expression of
GRM8.

0.94

m7 RPS6, RPL7A,
RPS8

Ribosome-
related GO
terms

303 Ribosomal gene
module.

0.77

m8 ANKRD1, SER-
PINE1, COL8A1

angiogenesis,
vasculature
development,
DNA-
binding
transcription
factor
activity

300 Next three most
central genes are all
unnamed lncRNA;
mostly expressed in
p2s/p3s. One of
three transcription-
factor-related
clusters.

0.58

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m9 SPARCL1,
SORCS3, CA12

branching
morphogene-
sis of an
epithelial
tube,
branching
involved in
ureteric bud
morphogene-
sis,
mesonephric
tubule mor-
phogenesis

276 Only expressed in a
subset of p5 cells.
Contains and
correlates strongly
with SORCS3.

0.89

m10 CDKN1A, INPP5D,
ENSG00000251095

cell
death/apop-
tosis GO
terms

262 Not expressed in
p5s.

0.57

m11 MALAT1, MT-
RNR1, MT-RNR2

neurogenesis 251 Not expressed in
iPSCs.

0.90

m12 BRIP1, DTL,
ATAD2

DNA
replication,
DNA
metabolic
process,
various
cell-cycle
terms

249 Only expressed in a
subset of cells.

0.66

m13 EBF2, NEU-
ROD4, EBF3

nervous
system
development,
neurogenesis,
DNA-
binding
transcription
factor
activity

239 One of three
transcription-
factor-related
clusters, only
expresses in
potential cortical
neurons.

0.70

m14 MIR9-2HG,
MEF2C-AS2,
WNT7A

nervous
system
development,
cell differen-
tiation,
neurogenesis

212 Only expresses in a
subset of p2/p3/p5
cells. Contains and
correlates with he
expression of
MIR9-2HG. High
lncRNA
percentage.

0.76

m15 SEC24B, USB8,
ZNF106

localization,
nucleic acid
biosynthetic
process

204 N/A 0.04

m16 LINC02306,
ENSG00000253693,
LINC03000

nervous
system
development,
neurogenesis

203 Only expressed in a
subset of p5s.

0.74

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m17 CCT2, CCDC25,
WDR1

N/A 201 N/A 0.39

m18 CSNK2A1, DDR1,
GDI1

N/A 199 N/A 0.08

m19 TXNL1,
TMEM178A,
FXYD6

N/A 198 Significantly
overexpressed in
cell cluster 4.

0.40

m20 PRANCR,
C1QTNF7-AS1,
ENSG00000250195

N/A 198 Not expressed in
iPSCs. High
lncRNA
percentage.

0.42

m21 MED27, MBTD1,
MGA

N/A 186 N/A 0.06

m22 CLCN3, PHF20L1,
ZNF532

N/A 184 N/A 0.11

m23 GDF7, PAX3,
SV2C

anatomical
structure
morphogene-
sis,
glutamater-
gic synapse

181 Only expressed in a
subset of non-iPSC
cells.

0.64

m24 CDC20B, CCNO,
FOXN4

centriole
assembly,
centriole
replication,
de novo
centriole
assembly
involved in
multi-
ciliated
epithelial cell
differentia-
tion

180 Only expressed in a
subset of p5 cells.

0.53

m25 NOS2, AGBL1,
BARHL1

N/A 178 Mostly expressed in
p2/p3 cells, some in
p5s.

0.85

m26 LENG8, 7SK,
ATN1

N/A 177 N/A 0.18

m27 TBR1, ISLR2,
LHX1-DT

neuron
projection
morphogene-
sis,
telen-
cephalon
development,
synapse
organization,
dendrite,
neurogenesis

177 Only expresses in
potential cortical
neurons.

0.76

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m28 MTOR, PIN4,
INO80D

nucleic acid
metabolic
process,
nucleobase-
containing
compount
metabolic
process

175 N/A 0.23

m29 UBP1, INPP4A,
PRKCSH

N/A 174 N/A 0.12

m30 RSPO2, LMX1A,
DYNLRB2-AS1

regulation of
cell differen-
tiation,
regulation of
signal
transduction

174 Expressed in all
non-iPSC cells,
more expression in
a subset of p5 cells.

0.86

m31 CAPN2, EXOC6,
BDNF-AS

gene
expression

172 N/A 0.07

m32 BMP2K, FARP2,
TAF2

gene
expression,
RNA
biosynthetic
process

171 N/A 0.08

m33 E2F5, CCDC136,
PREPL

gene
xpression

171 N/A 0.08

m34 CPSF7, FGGY,
SLC20A2

transcription
by RNA
polymerase
II, regulation
of
transcription
by RNA
polymerase
II

170 N/A 0.07

m35 ARHGAP35, MAP-
KAP1, ORC2

N/A 169 N/A 0.05

m36 ZNF84, KDM5C,
EXOC3

positive
regulation of
post-
translational
protein
modification

169 N/A 0.05

m37 RPAP3, SAFB,
PEX14

N/A 168 N/A 0.10

m38 RAD50, SFSWAP,
TBCA

MLL3/4
complex

167 N/A 0.06

m39 DDX21,
ENSG00000258131,
LARP4

N/A 167 N/A 0.06

m40 RHEB, LINC00632,
PRDX3

N/A 166 N/A 0.07

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m41 MTREX, IP6K1,
MED4

gene
expression,
localization,
translation

164 N/A 0.16

m42 CLEC2A,
ENSG00000289578,
NECTIN3-AS1

N/A 164 Expressed only in a
subset of p2/p3
cells, high lncRNA
percentage.

0.48

m43 PSMB7, KATNIP,
SOS2

inositol
phosphate
metabolic
process,
“phospho-
transferase
activity,
phosphate
group as
acceptor”

163 N/A 0.13

m44 MAPK8IP3, MED1,
ANAPC1

Glycosylphosphatidylinositol
(GPI)-
anchor
biosynthesis

163 N/A 0.09

m45 DZIP1, USP7,
AHDC1

N/A 163 N/A 0.10

m46 GBF1, CERK,
MRTFA

mitochondrion 161 N/A 0.08

m47 TARBP1, GCFC2,
ESYT2

N/A 158 N/A 0.05

m48 SRP14, CEBPZ,
CTTNBP2NL

RNA
biosynthetic
process,
RNA
metabolic
process

158 N/A 0.14

m49 SLC38A6, MIER1,
ICE2

proteolysis 157 N/A 0.11

m50 HMGCS1, MSMO1,
HMGCR

sterol
biosynthetic
process, lipid
biosynthetic
process

157 Primarily expressed
in p2/p3s, some
expression in iPSCs
and a subset of p5s.

0.61

m51 ENSG00000258312,
MAMDC2, CCN1

hippo
signaling,
cellular
response to
stimulus

156 Only expressed in
p2/p3s.

0.76

m52 SPG11, SSR1,
SNX4

N/A 155 N/A 0.05

m53 UFL1-AS1, RGS12,
MYH9

N/A 155 N/A 0.07

m54 TBC1D16,
PRR14L, CMSS1

N/A 154 N/A 0.08

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m55 WASL, DDAH2,
PCGF3-AS1

gene
expression

N/A 152 0.04

m56 XIST, LINC01515,
HERC2P3

N/A 151 N/A 0.16

m57 RPS6KC1, PP-
FIA1, MCPH1

N/A 150 N/A 0.12

m58 CUL4B, QARS1,
PRDM4

methylation 148 N/A 0.04

m59 LDAH, FUBP1,
KLHDC10

N/A 147 N/A 0.05

m60 IFT81, GANAB,
TNFAIP3

immune
system
response,
immune
system
process

147 N/A 0.18

m61 ZNF782,
ENSG00000263551,
SLCO6A1

N/A 146 N/A 0.05

m62 CTNNA2, SMOC1,
SIM2

neuron
projection
morphogene-
sis

145 Expressed in all
non-iPSC cells.

0.80

m63 ATG5, ERCC5,
PCBP1-AS1

RNA
processing,
RNA
metabolic
process, gene
expression

144 Expressed in all
cells, decreasing
through passages.

0.34

m64 COPA, DHX57,
MAPK1

N/A 144 N/A 0.06

m65 NDFIP1, SMURF1,
TMEM245

gene
expression,
RNA
metabolic
processing,
lncRNA
processing

143 N/A 0.09

m66 RRAS2, FAM228B,
IREB2

N/A 142 N/A 0.07

m67 CDK12, IARS1,
ATP6V1D

tRNA
metabolic
process,
RNA
processing

141 N/A 0.10

m68 SENP5, AMOTL1,
ATE1

N/A 140 N/A 0.16

m69 BMERB1, VPS4A,
RIMKLB

N/A 140 N/A 0.12

m70 RICTOR, ZC-
CHC7, IGSF1

N/A 139 N/A 0.16

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m71 ENSG00000197585,
ENSG00000237461,
KYAT3

N/A 139 High lncRNA
percentage.

0.26

m72 SLC25A46,
LUC7L2, COX16

N/A 139 N/A 0.08

m73 GARRE1, HSPA8,
AKAP8L

N/A 138 N/A 0.17

m74 PPP2R2A, PGM3,
MFSD8

N/A 138 N/A 0.05

m75 ZBED5, MRE11,
TZNRD1

mitochondrial
membrane
organization

137 N/A 0.09

m76 RBM5, LAMP2,
SCFD2

N/A 136 N/A 0.03

m77 NUMA1, NCK1,
CFAP418-AS1

succinate de-
hydrogenase
(quinone)
activity

132 N/A 0.04

m78 UBE2D2, ATF6,
SECISBP2L

N/A 132 N/A 0.09

m79 NEK9, HYCC1,
ZNF577

N/A 132 N/A 0.09

m80 WDR70, CTBP2,
FOXO3

serotonergic
synapse, gul-
tamatergic
synapse

131 N/A 0.10

m81 RHBDD1, BDP1,
CDC14A

transcription
factor
TFIIIB
complex

129 N/A 0.07

m82 ABL1, RAPH1,
PIGU

N/A 127 N/A 0.07

m83 ENSG00000285713,
RNF214, AMBRA1

N/A 127 N/A 0.04

m84 HADHA, TMSB10,
ACTB

N/A 126 N/A 0.33

m85 DNAJB14, HFM1,
INTU

positive
regulation of
protein-
containing
complex
disassembly

125 N/A 0.06

m86 ZSWIM5, UBL3,
PPM1A

N/A 124 N/A 0.08

m87 ARMCX4, BSDC1,
DCTN5

DNA-
templated
transcrip-
tion,
regulation of
DNA-
templated
transcription

121 N/A 0.09

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m88 GALNT13,
TP53BP2,
ANAPC10

N/A 121 N/A 0.06

m89 KDELR2, MEMO1,
AIG1

N/A 120 N/A 0.06

m90 NFIA,
ENSG00000243620,
NFIB

nervous
system
development,
neuron differ-
entiation,
neurogenesis,
DNA-
binding
transcription
factor
activity

120 One of the three
transcription factor
modules, highly
expressed in p5s.

0.93

m91 ADAMTS18,
GLIS3, LGR5

cell adhesion,
cell junction
assembly,
long-term
synapse
potentiation

119 Not expressed in
iPSCs, NR2F1
and related genes
are very central to
the module as well.

0.85

m92 ATG2B, ALG11,
MICU3

N/A 116 N/A 0.05

m93 CDC42SE2,
RAB2A, FAM222B

N/A 115 N/A 0.16

m94 AHCTF1, CHIC1,
DIS3L2

N/A 115 N/A 0.11

m95 AGO4, PLEKHA8,
PHF6

N/A 115 N/A 0.18

m96 NUMB, DLG3,
UBE2B

regulation of
primary
metabolic
process,
regulation of
macro-
molecule
metabolic
process

113 N/A 0.07

m97 ARL13B, IFRD1,
DPH6

N/A 108 N/A 0.07

m98 EML4, ELMO2,
ANKRD6

N/A 107 N/A 0.10

m99 PRKCI, PTTG1IP,
CCDC57

“hydrolase
activity,
acting on
esther
bonds”

104 N/A 0.04

m100 LMX1B, C8orf34,
FZD10

N/A 103 Only expressed in a
subset of p5 cells.

0.68

m101 CALM3, PRKRA,
ENSG00000285920

N/A 102 N/A 0.09

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.
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Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m102 DDX18,
ENSG00000291130,
ZBTB25

rRNA
metabolic
process,
rRNA
processing

101 N/A 0.22

m103 TMEM168, NUP50,
CCDC93

N/A 100 N/A 0.11

m104 ETV5, LEMD1,
TPRKB

negative
regulation of
lens fiber cell
differentia-
tion,
regulation of
lens fiber cell
differentia-
tion,
negative
regulation of
ERK1 and
ERK2
cascade

96 Expressed in all
cells, but expression
much higher in
subset of p5 cells.

0.25

m105 H1-5, H1-2, H2AC8 nucleosome
assembly,
chromatin
remodeling,
protein-DNA
complex
organization

95 Present in all
passages, but only
in a subset of each.

0.55

m106 SUPT20H,
ATP6V1C1,
ENSG00000289349

N/A 95 High lncRNA
percent.

0.06

m107 STX16, CTNND1,
OBSCN

N/A 95 N/A 0.05

m108 SEC22A, TIAL1,
SNHG29

nucleic acid
biosynthetic
process

94 N/A 0.08

m109 NUP107, DNAJB6,
NBR1

N/A 91 N/A 0.08

m110 LINC02646, DIRC3,
PGK1

pyruvate
metabolic
process,
monosaccha-
ride
metabolic
process,
HIF1-
signaling
pathway,
Glycolosis /
Gluconeoge-
nesis

91 Not expressed in
p5s.

0.38

m111 TMTC1, ATXN1,
KRAS

N/A 85 N/A 0.08

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors. Select GO terms being N/A does not necessarily
indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold modules were
considered ‘interesting’.



Module Top 3 genes by cen-
trality

Select GO
terms

Size Annotation Moran’s I

m112 KLHL7, CAS-
TOR3P, AP2A2

N/A 85 N/A 0.09

m113 CDH18, NAV3,
SIPA1L3

N/A 84 Expressed in all
cells, but more so
in certain subsets.

0.47

m114 MCPH1-AS1,
BCL9, CRYZL1

N/A 78 N/A 0.09

m115 SMARCB1,
CLEC2D, PRKD1

N/A 74 N/A 0.08

m116 SCP2, GSPT1,
ZMAT1

N/A 63 N/A 0.04

m117 MT-CYB, MT-
ND2, MT-ATP6

oxidative
phosphoryla-
tion, ATP
synthesis
coupled
electron
transport,
NADH dehy-
drogenase
activity

48 Consists of
mitochondrial
genes. Expressed in
all cells, less in p5s.

0.35

m118 ENSG00000227681,
SAMD5, OSBPL1A

N/A 37 Expressed only in a
subset of non-iPSC
cells (all passages).

0.69

Table E.9 (multi-page). Every GmGM module, in order of size. Bold genes either are, are antisense
to, or differential transcripts of transcription factors (such as LHX-DT). Select GO terms being N/A
does not necessarily indicate a lack of GO terms, merely a lack of ones we felt worth highlighting. Bold
modules were considered ‘interesting’.
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Abstract. In this paper we develop a graph-learning algorithm, MED-MAGMA, to fit multi-axis
(Kronecker-sum-structured) models corrupted by multiplicative noise. This type of noise is natural
in many application domains, such as that of single-cell RNA sequencing, in which it naturally
captures technical biases of RNA sequencing platforms. Our work is evaluated against prior work on
each and every public dataset in the Single Cell Expression Atlas under a certain size, demonstrating
that our methodology learns networks with better local and global structure.
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F.1 Introduction

This paper deals with the problem of how to make Kronecker-structured (or ‘multi-axis’) methods robust
to a form of noise common in applied domains such as single-cell RNA sequencing data (scRNA-seq;
matrix-variate data in which rows represent cells, columns represent genes, and entries represent the
amount a given gene is expressed in a given cell). Multi-axis models aim to simultaneously learn
matrices Ψrows,Ψcols that encode dependency networks (‘graphs’) between the rows and the columns,
respectively. For scRNA-seq, this would yield both cell and gene networks, useful for tasks such as cell
subtyping and gene regulatory network inference.

In particular, we aim to fit models of the following form for matrix-variate data, where ζ is some
function whose role is to mix the O(drows) row and O(dcols) column dependencies into a network of
O(drowsdcols) matrix entry dependencies.

latent data ∼ N
(
0, ζ (Ψrows,Ψcols)

−1
)

observed dataij = rrows
i rcolsj

(
latent dataij

)
(multiplicative noise)

rrows
i , rcolsj ∼ any strictly positive distribution

There are many methods to fit the above model without noise under a variety of choices of ζ, which
we will discuss in Section F.2. However, no such method exists to fit the distributions under this noise
regime. This is unfortunate, as not only is this type of noise common, but taking it into account also
dramatically increases the flexibility of the model.

In scRNA-seq, this type of noise arises from two simple observations. Some genes are more likely to
be measured than others due to biases such as GC-bias (Benjamini & Speed, 2012; Dohm et al., 2008),
and cells have less measured gene expression than reality due to the incompleteness of the measuring
process. If the true measurement of a gene g in cell c is x, but only 0 ≤ rcellsc ≤ 1 of the expression in
that cell is collected, and gene g is rgenesg times as likely to be collected than the other cells, then we
should expect to observe a measurement of rgenesg rcellsc x rather than x itself.

Even in cases where this noise type does not exist, the flexibility of models accounting for this noise
is beneficial. This is because our model is a natural generalization of the class of elliptical distributions
to the matrix-variate case. If a dataset follows the model below, then it has an elliptical distribution:

latent data ∼ N
(
0,Ω−1

)
observed data = r · (latent data)

r ∼ any strictly positive distribution

Elliptical distributions encompass many other distributions, such as the normal distribution (when
r = 1), the multivariate t distribution (when r ∼

√
ν
χ2
ν
), and the multivariate Laplace distribution

(when r2 ∼ Exponential(1)). In fact, any distribution whose density has elliptical contours can, under
mild conditions, be expressed in this form.

Most multi-axis models either assume the dataset is Gaussian, or make the weaker ‘Gaussian copula’
assumption (i.e. arbitrary marginals but the variables ‘interact Gaussian-ly’); the latter is often fit via
the use of the nonparanormal skeptic (H. Liu et al., 2012). Gaussian copulas are restrictive in terms of
the types of dependencies they allow. They do not allow ‘tail dependence’ - extreme events are always
asymptotically uncorrelated. However, Figure F.1 implies that tail dependence does exist in scRNA-seq
data. Elliptical distributions allow for such extremal dependencies.

Thus, it should be clear why our proposed model is useful: it is robust to a natural type of noise, and
strongly increases the expressive power of multi-axis models. In this paper, we will produce an algorithm
(MED-MAGMA: the matrix elliptical distribution’s multi-axis graphical modelling algorithm) to learn
Ψrows,Ψcols under the presented model (Chapter F.3) and in Chapter F.4 comprehensively validate
its performance across every sub-1000-cell dataset in the public Single Cell Expression Atlas database
(Madrigal et al., 2026). In the next section we give the motivation and history behind such models.
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Figure F.1: Estimated tail dependence across 1000 randomly selected pairs of genes (left) and cells
(right) from the E-MTAB-7249 scRNA-seq dataset discussed in Section F.4.3, compared to random
data generated from a Gaussian copula.

F.2 Background

Multi-axis models were introduced to solve the problem of inference when our samples are not
independent and identically distributed (i.i.d.). If one is willing to assume that the dataset {di}
is i.i.d, then a simple formulation would be:

di ∼ N
(
0,Ψ−1cols

)
In this case, Ψcols encodes the graph of conditional dependencies:

Ψcols
ij = 0 ⇐⇒ feature (column) i is conditionally independent from feature j

Two variables being conditionally independent means that, after conditioning out the rest of the
dataset, they are statistically independent from one another. In other words, conditional dependencies
intuitively capture the concept of ‘direct correlations’: if A is correlated with B, which in turn is
correlated with C, then A and C will almost always also be correlated to some degree, via their
indirect connection through B. However, A and C will not be conditionally dependent, as their
indirect connection will have been conditioned out. This connection motivates the use of conditional
dependencies: knowledge of direct effects is much more valuable than indirect effects.

For more complex datasets, the i.i.d. assumption breaks down. In particular, the ‘samples’ of a
scRNA-seq dataset are cells of various different cell types, which had been interacting with other cells
in the dataset for their entire life-cycle, until being destroyed and collected for data analysis. In this
scenario, not only are the cells not independent, but the dependencies between the cells are also of
interest in their own right. Compiling the dataset into a drows × dcols matrix D, we could address this
by using the following distribution, where vec is the vectorization operation that stacks the columns of
a matrix into a single vector:

vec [D] ∼ N
(
0,Ω−1

)
However, Ω would be a drowsdcols×drowsdcols matrix capturing the dependencies between (cell, gene)

pairs - it is computationally intractible to store and statistically intractible to learn. What we want is
to decompose Ω into tractable chunks directly representing the rows and columns: Ω = ζ (Ψrows,Ψcols).
Rather than O(d2rowsd

2
cols) parameters, this framework only requires O(d2rows + d2cols). There are many

choices for ζ, but they are all based on the Kronecker product ⊗:

[
a11 a12 ···
a21 ···
···

]
⊗B =

[
a11B a12B ···
a21B ···
···

]
The following are the choices already considered in the literature:
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ζ (Ψrows,Ψcols) = Ψcols ⊗ I (Rows are i.i.d, same as before)
ζ (Ψrows,Ψcols) = I⊗Ψrows (Columns are i.i.d)
ζ (Ψrows,Ψcols) = Ψcols ⊗Ψrows (‘Strong product’ assumption)
ζ (Ψrows,Ψcols) = Ψcols ⊗ I+ I⊗Ψrows (‘Cartesian product’ assumption)

ζ (Ψrows,Ψcols) = (Ψcols ⊗ I+ I⊗Ψrows)
2 (Sylvester generative model)

There are also models which break Ω up into three axes, distinguishing between different types of
row dependencies (B. Andrew et al., 2025). The strong product assumption is the oldest (DAWID,
1981), although it is often misreported as the ‘tensor product’ assumption. The Cartesian product
assumption was introduced by Kalaitzis et al. (2013) and the Sylvester generative model by Y. Wang
et al. (2020). For scRNA-seq data, the assumptions above correspond to the following statements:

Assumption (Strong product assumption). The strength of the dependency between the expression
of a gene g1 in a cell c1 and the expression of a gene g2 in a cell c2 is equal to the product of the
dependencies between c1 and c2, and g1 and g2.

In other words, genes depend on the expression of other genes within the cell and genes in other
cells.

Assumption (Cartesian product assumption). A gene g1 may only be conditionally dependent (∼)
on other genes g2 within the same cell c1, or the same gene in other cells c2: (c1, g1) ∼ (c1, g2),
(c1, g1) ∼ (c2, g1), and (c1, g1) ≁ (c2, g2). Just because they may be dependent does not mean the must
be.

In other words, genes can only directly affect the expression of other genes within the same cell (or
the same gene in different cells).

Assumption (Sylvester generative model).

ΨrowsD+DΨcols ∼ N (0, I)

This model naturally arises when the dataset is generated from certain partial differential equations.

For scRNA-seq data, the Cartesian product is the most natural. While genes can interact with genes
in other cells in certain scenarios, such interactions will be much weaker than within-cell interactions;
the strong product assumption would give equal weight to within- and between-cell interactions.

The operation A⊗ I+ I⊗B is denoted the ‘Kronecker sum’: A⊕B. Many algorithms exist to fit
Kronecker-sum-structured normal distributions, the most scalable being GmGM E. B. Andrew et al.,
2024. However, none fit such distributions under the scenario of multiplicative noise.

F.3 Methodology

To fit the model, we will perform maximum likelihood estimation (MLE) using expectation maximization
(EM). Let us rephrase our model for a dataset x = vec

[
Xdrows×dcols

]
as follows:

x = (rcols ⊗ rrows) ◦ z

z ∼ N
(
0, (Ψcols ⊕Ψrows)

−1
)

rrows, rcols ∼ any strictly positive distribution

As a shorthand, we will let Ω = Ψcols ⊕Ψrows. The r variables are allowed to have dependencies
among themselves, but they must be independent of the latent variable z. As further shorthand, we
will implicitly let capital variables V and lowercase variables of the same name v follow the relationship
v = vec [V]. Our final algorithm is summarized below. In the following sections, we will derive the
algorithm step-by-step.
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Algorithm 4 MED-MAGMA
Input: A drows × dcols dataset X with vectorization x
y← f(x) ▷ Remove the effect of noise (Section F.3.2)
Ψrows ← I ▷ Initialize estimates
Ψcols ← I
repeat

Find z∗ by flip-flopping axes while solving Equation F.3 ▷ Section F.3.5
Approximate Srows and Scols using Ψrows,Ψcols, and z∗ with Equation F.2 ▷ Section F.3.4
(Ψrows,Ψcols)← GmGM(Srows,Scols) ▷ Section F.3.3

until Ψrows and Ψcols converge
Output: Ψrows and Ψcols, which encode the conditional dependencies of the data.

F.3.1 Handling non-identifiability

Our model generalizes the class of elliptical distributions, and thus cannot discriminate between Ω and
rΩ for r > 0. This is not a critical issue - we are only interested in the sparsity structure of Ω, not
its scale, as it is the sparsity structure that encodes the conditional dependencies. However, it must
be addressed to ensure proper behavior of our algorithm. Observe the following, for some measure of
magnitude ∥·∥:

x = (rcols ⊗ rrows) ◦ z = r
(
r′cols ⊗ r′rows

)
◦ z where ∥r′cols ⊗ r′rows∥ = 1

This is why the non-identifiablilty arises: due to being free to choose r, x and rx are indistinguishable
by the model, and hence so are Ω and rΩ. As we don’t care about this difference, we can assume
w.l.o.g. that r = 1; in other words, w.l.o.g. ∥rcols ⊗ rrows∥ = 1. It will be convenient later if we choose

∥·∥ to be a geometric mean constraint:
(∏

i r
rows
i

) 1
drows

(∏
j r

cols
j

) 1
dcols = 1.

We also have to address the non-identifiability of Kronecker products: a ⊗ b = ca ⊗ 1
cb. This

non-identifiability is an artifact of the parameterization, and does not affect the extent to which Ω can
be learned. We can simply modify our constraint to get rid of this artifact:

∏
i r

rows
i = 1 =

∏
j r

cols
j .

Thus, we aim to fit the following:

x = (rcols ⊗ rrows) ◦ z

z ∼ N
(
0, (Ψcols ⊕Ψrows)

−1
)

rrows, rcols ∼ any strictly positive distribution

such that
∏
i

rrows
i = 1 =

∏
j

rcolsj

F.3.2 Removing the effect of the noise

This model is a mixture of distributions (the normal distribution and any arbitrary strictly positive
distribution), and thus does not directly yield a likelihood to estimate. In fact, no likelihood will be
available as long as we have such a general assumption on the r variables. What we need is a function
f such that f(x) = f(y) ⇐⇒ x = (rcols ⊗ rrows) ◦ y. Such a function throws out all the information x
provides that has become corrupted by the noise, leaving only the information upon which it is safe to
do inference; we can then deduce a likelihood over f ’s image.

It is worth thinking about the class of d-dimensional elliptical distributions again, in which we have
x = rz. The arbitrariness of r ensures we can never know the magnitude of z, but we can know its
orientation. In particular, x

∥x∥ =
rz
∥rz∥ =

z
∥z∥ ; f(y) =

y
∥y∥ maps the data to a circle. The probability

distribution at any point p along this circle is obtained by integrating over every point y such that
f(y) = f(p). This space of points, denoted generically F (and denoted f−1(p) when considering a
specific circle point p), is called the ‘fiber space’, and the remaining space Q (the circle) is the ‘quotient
space’; Rd ∼= F×Q. We obtain the likelihood over Q by integrating out F:
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pdf
(
x|Ω

)
=

∫
y∈f−1(x)

pdfN
(
y|Ω

)
dy

For the standard class of elliptical distributions, this integral is actually tractable, yielding the
angular Gaussian distribution, whose MLE turns out to be Tyler’s M estimator (Tyler, 1987). For our
distribution, the scenario is significantly more complicated, as normalizing to the unit sphere does not
remove the noise. Yet the procedure stays the same: we will produce a function f that throws away
unreliable information while preserving everything else, and then integrate out the fibers induced by f
to produce a formula for the likelihood over Q.

f(X)ij =
xij

∣∣∣∏i′j′ xi′j′
∣∣∣ 1
drowsdcols∣∣∣∏j′ xij′

∣∣∣ 1
dcols

∣∣∣∏i′ xi′j

∣∣∣ 1
drows

(F.1)

Proposition (Goodness of f). The function f described in Equation F.1 has the following property:
f(X) = f(Y) if and only if one can find strictly positive rrows, rcols such that we have vec [X] =
(rcols ⊗ rrows) ◦ vec [Y].

Proof. See Appendix F.6.

Handling zeros Many datasets, such as most scRNA-seq datasets, contain zeros. Equation F.1 as
written is undefined for such zeros. We present a zero-handling modification of f in Appendix F.7.
From here onwards, we will assume that f works with zeros.

F.3.3 Performing expectation maximization
Now that we have f , we can express the likelihood of our distribution as:

pdf
(
x|Ω

)
=

∫
z∈f−1(x)

pdfN
(
z|Ω

)
dz ∝

√
det Ω

∫
z∈f−1(x)

e−
1
2z

TΩzdz

Sadly, this integral is likely intractable due to the complicated structures of both f−1 and Ω. This
motivates the use of the EM algorithm, frequently used in settings with latent variables, such as this.
Letting K⊕++ be the space of positive definite Kronecker-sum-separable matrices (i.e. the space of valid
Ω), the EM algorithm is as follows:

let y = f(x) = f(z) be our observed variable

let Q
(
Ω
∣∣∣Ω(t)

)
= E

z∼N
(
0,Ω−1

(t)

)
and z∈f−1(y)

[
log pdfN (z|Ω)

]
Ω(t+1) = argmax

Ω∈K⊕
++

Q

(
Ω
∣∣∣Ω(t)

)
(iterate until convergence)

Thus we have reduced our problem to the (admittedly intimidating) problem of maximizing Q.

Proposition (Maximizing Q). Optimizing Q corresponds to the same optimization problem as
GmGM.

GmGM uses the sufficient statistics XXT and XXT . To maximize Q, we replace these with:

Srows = E
z∼N

(
0,Ω

−1
(t)

)
z∈f−1(y)

[
ZZT

]
and Scols = E

z∼N
(
0,Ω

−1
(t)

)
z∈f−1(y)

[
ZTZ

]
More generally, any method to fit unregularized Kronecker-sum-structured models without noise

that operates on the sufficient statistics can be used in place of GmGM.

Proof. The proof is given in Appendix F.8.

This is excellent: GmGM is a fast algorithm. All that remains is to evaluate the expectations.



F.4. RESULTS 233

F.3.4 Evaluating Srows and Scols with Laplace’s approximation

Let g(z) be either ZZT or ZTZ; the logic behind evaluating the expectation is the same. We can
express the expectation as follows:

E
z∼N

(
0,Ω

−1
(t)

)
z∈f−1(y)

[
g(z)

]
=

∫
z∈f−1(y)

g(z)e−
1
2z

TΩ(t)zdz∫
z∈f−1(y)

e−
1
2z

TΩ(t)zdz
(F.2)

It may appear that we have swapped one hard problem for another - we were trying to avoid a
nasty integral-over-fiber in Section F.3.3, yet now we have a ratio of them! However, this ratio can be
well-approximated by Laplace’s method (Tierney & Kadane, 1986). The intuition behind Laplace’s
method is that the integral is dominated by the exponential term, whose maximum occurs at z∗ (in
other words, the minimum of zTΩ(t)z occurs at z∗). By focusing on local approximations about z∗, we
can well-approximate the integral in the region where it has the most mass. Letting P be the matrix
that projects onto the tangent space about z∗ in the fiber (Tz∗f−1(y)), Laplace’s method tells us that:

∫
z∈f−1(y)

g(z)e−
1
2z

TΩ(t)zdz∫
z∈f−1(y)

e−
1
2z

TΩ(t)zdz
≈ g (z∗) + 1

2
tr

[(
PΩ(t)P

T
)−1

P
(
∇2g(z∗)

)
PT

]

The trace term above looks intimidating, but in practice it can be evaluated efficiently; we show
how in Appendix F.9. Thus, all that remains is to find the point z∗ ∈ f−1(y) that minimizes zTΩ(t)z.

F.3.5 Finding z∗ with quadratic programming

In order to approximate Srows and Scols statistics, we need to solve the following optimization problem:

z∗ = argmin
z∈f−1(y)

zTΩ(t)z

= argmin
rrows, rcols > 0∏

i r
rows
i = 1 =

∏
j r

cols
j

∑
ik

rrows
i

∑
jℓ

rcolsj YijΩ
(t)
(ij),(kℓ)r

cols
ℓ Ykℓ

 rrows
k

This is equivalent to minimizing an order-4 polynomial with constraints - not a trivial task at all.
However, our problem naturally lends itself to a flip-flop algorithm over two quadratic sub-problems;
the terms in the parentheses may be aggregated into a drows × drows matrix Ω̃ not depending on rrows.
This is a quadratic form in rrows, and so for fixed rcols we can reduce our problem:

argmin rTrowsΩ̃rrows such that rrows > 0 and
∏
i

rrows
i = 1 (F.3)

This is still non-convex due to the nonlinear multiply-to-1 constraint, but in practice is efficiently
optimizable. An analogous formulation holds for rcols; we can flip-flop between them to find the optimal
rrows, rcols, and hence z∗.

F.4 Results

In this section, we evaluate our method, MED-MAGMA, in three ways: by comparing it to GmGM on
synthetic data (Section F.4.1), comparing it to GmGM systematically across all public datasets of a
certain type (Section F.4.2), and finally by exploring a specific example (Section F.4.3). The code to
run these experiments is available on GitHub (TODO) and our model is available on PyPI (TODO).
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Figure F.2: (Both) Results across 20 synthetic Kronecker-sum-structured Gaussian datasets corrupted
by varying levels of multiplicative noise. Median result is highlighted. (Left) Precision/recall (PR)
curves for noise strength 0.2. (Right) Area under PR curves as noise strength varies.

F.4.1 Synthetic validation

To validate our method on synthetic data, we first generated ground truth graphs from the Barabasi-
Albert distribution, and converted these to positive definite matrices Ψrows and Ψcols. We then
generated 20 samples from N

(
0, (Ψcols ⊕Ψrows)

−1
)
. To corrupt the samples with multiplicative noise,

we generated each r(ℓ) variable as chi-squared (df=1) and raised them to the power α ∈ [0, 1]; α
represents the noise strength (α = 0 yields no noise).

We compare MED-MAGMA and GmGM on this synthetic dataset in Figure F.2. We can see that
MED-MAGMA is unaffected by noise strength, whereas GmGM is quite severely affected.

F.4.2 Systematic validation

To validate MED-MAGMA on real data, we systematically downloaded every dataset in the Single Cell
Expression Atlas less than a thousand cells which contained a categorical variable and referenced a
source publication. There were 30 such datasets in total; we list these and the results of our algorithm
on them in Appendix F.11. By evaluating our methodology in this manner, we ensure that we evaluate
over a representative sample of all scRNA-seq datasets.

The datasets received minimal preprocessing, described in Appendix F.10. Each dataset contained
a categorical variable, typically ‘cell type’. To evaluate MED-MAGMA and GmGM, we pruned their
output graphs to keep only the top 10 edges per vertex. For comparison, we used both assortativity and
adjusted mutual information (AMI). Assortativity measures the tendency of cells of the same category
to be connected in the learned graphs, whereas AMI measures the tendency of a clustering to align
with the categorical variable. We used Leiden clustering (Traag et al., 2019), varying the resolution
parameter from 0.02 to 2.0 to obtain clusterings of various sizes - we only report the best AMI across all
clusterings. We compared against both standard GmGM and GmGM equipped with the nonparanormal
skeptic; Figure F.3 demonstrates that assortativity and AMI are higher in MED-MAGMA than GmGM,
with or without the nonparanormal skeptic.

F.4.3 Specific evaluation

Both prior sections serve to show that MED-MAGMA yields better results than GmGM. Thus, models
that take into account multiplicative noise perform better on scRNA-seq data. In this section, we
briefly pick one of the datasets from earlier and show that the cell and gene networks are robust, and
that the gene network learned is also reasonable. In particular, we pick the ‘median dataset’ when
ranking datasets by assortativity. By picking the median dataset, it gives us a generic view into what
we can expect the average performance of our methodology to be.

The chosen dataseet, E-MTAB-7249, contains 185 cells from a patient with high-grade serous ovarian
carcinoma (HGSOC) (Nelson et al., 2020). The source paper investigated the biology of HGSOC
through several modalities of data from multiple patients. Here, we are using the portion of this dataset
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Figure F.3: (Both) The datasets are ordered by increasing performance along the x-axis. GmGM/non-
para refers to GmGM equipped with the nonparanormal skeptic. The median performance is highlighted.
(Left) Assortativities below 0 represent a statistical tendency for cells of different categories to connect,
which indicates the network does capture information about the dataset, but it is harder to interpret.

available on the Single Cell Expression Atlas, comprised only of the cells of patient ‘OCM.38a’. The
data from the atlas had 7 clusters representing cell subtypes: SA-a, SA-b, SB, TA-a, TA-b, TB, and a
final small ‘N/A’ cluster of unlabeled cells. From the source paper, it is clear that these are subtypes of
the following cell types: stromal (SA-a, SA-b, SB) and neoplastic (TA-a, TA-b, TB).

neoplastic

stromal

m0 percentage
>30%

m3 percentage
>30%

Figure F.4: (All) A UMAP plot of E-MTAB-7249 cells based on gene expression. (Left) Cell type.
(Middle, Right) The percentage of gene expression from genes in modules m0 and m3, respectively.

We clustered the learned gene network (Leiden, resolution=1), yielding 8 ‘modules’. Figure F.4
shows that two of our gene modules strongly correspond to stromal and neoplastic cells. To quantify
the relation between our gene modules and the cell subtypes, we performed a one-way ANOVA testing
whether the percentage expression of each gene module differed across cell subtypes. All modules showed
significant variation between clusters (p = 2 × 10−29 to 1 × 10−2) except one (p = 0.11), indicating
that MED-MAGMA learned gene modules capturing processes associated with specific cell subtypes.

For one final test, we evaluated the robustness of our cell and gene networks using Robin (Policastro
et al., 2021). Robin measures the tendency for clusterings on a network to change after an increasing
proportion of the edges are randomly perturbed: networks whose clusterings change significantly after a
small clustering are not robust. Robin outputs Bayes factors; our cell network has factor of 108 and our
gene network has a factor of 59, indicating very strong evidence that clusterings on MED-MAGMA’s
networks are robust to perturbations.

F.5 Discussion and limitations
We have developed a model that allows multi-axis estimation under multiplicative noise, and an
algorithm to fit the model. Such a model is important; many datasets, such as scRNA-seq datasets,
are affected by this type of noise. It also significantly increases the flexibility of multi-axis models;
we did not make a Gaussian copula assumption, allowing our model to be suitable for datasets that
contain more complicated modes of dependency (such as tail dependence). We demonstrated that our
methodology outperforms prior work on synthetic data as well as through a systematic evaluation of all
public scRNA-seq datasets below a certain size on a public database.
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Despite the promising results, our model does have limitations. Currently, our method can handle
matrices with thousands of rows/columns, but would struggle with tens of thousands. Both the
approximation of (Srows,Scols) and the GmGM sub-problem dominate the runtime, so improvements in
either of those would be significant. Additionally, elliptical-style distributions such as ours (despite
their generality) still make some tangible assumptions about the dependencies in the dataset - namely
that dependencies are linear and radially symmetric. It would be a worthwhile future direction to
further weaken the assumptions made here.

F.6 Proof that f removes only the corrupted directions

In this section, we will demonstrate that our definition of f (Equation F.1) removes all directions
corrupted by noise from our data, and nothing else.

Proposition (Goodness of f). The function f described in Equation F.1 has the following property:
f(X) = f(Y) if and only if one can find strictly positive rrows, rcols such that we have vec [X] =
(rcols ⊗ rrows) ◦ vec [Y].

Proof. Recall the following direction of f :

f(X)ij =
xij

∣∣∣∏i′j′ xi′j′
∣∣∣ 1
drowsdcols∣∣∣∏j′ xij′

∣∣∣ 1
dcols

∣∣∣∏i′ xi′j

∣∣∣ 1
drows

(Equation F.1)

Note that this has the following equivalent, more complicated formulation:

f(X)ij = sgn
(
xij
)
exp(

log
∣∣xij∣∣+ 1

drowsdcols

∑
i′j′

log
∣∣xi′j′ ∣∣− 1

drows

∑
i′

log
∣∣xi′j∣∣− 1

dcols

∑
j′

log
∣∣xij′ ∣∣

)

Letting L = log◦ |X| be the elementwise logarithm of the absolute values of X, we can see that the
core of our function is ultimately just a linear function on L, L:

L(L)ij = ℓij +mean(L)− row means (L)i − col means (L)j

This is a well-known function (double-centering of a matrix) and it is easy to express it in matrix
form:

L(L) = L+
1TL1

dcolsdrows
11T −

(
1

dcols
L1

)
1T − 1

(
1

drows
1TL

)
= L− L

(
1

dcols
11T

)
−
(

1

drows
11T

)
L+

(
1

drows
11T

)
L

(
1

dcols
11T

)
= L

(
I− 1

dcols
11T

)
+

(
1

drows
11T

)
L

(
I− 1

dcols
11T

)
=

(
I− 1

drows
11T

)
L

(
I− 1

dcols
11T

)
In other words:
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f(X) = sgn (X) ◦ exp◦
([

I− 1

drows
11T

]
log◦ |X|

[
I− 1

dcols
11T

])

f(x) = sgn (x) ◦ exp◦
([I− 1

dcols
11T

]
⊗
[
I− 1

drows
11T

])
log◦ |x|

 (where x = vec [X])

The benefit of expressing our function in this form is that we can fully describe what information is
lost and kept by the eigenvectors of

[
I− 1

dcols
11T

]
⊗
[
I− 1

drows
11T

]
. This is the Kronecker product of

two centering matrices - the n×n centering matrix has a single zero eigenvalue, with the remaining n−1
eigenvalues being 1. The eigenvalues of a Kronecker product are all the products of the eigenvalues,
giving drows + dcols− 1 zero eigenvalues (the rest being one). If we can show that our noise gets mapped
to zero and spans a (drows + dcols − 1)-dimensional subspace, we will have proven that our function
works.

log◦ |r (rcols ⊗ rrows) ◦ x| = log◦ rcols ⊕ log◦ rrows + log◦ |x|+ log(r)1 (Noise is linear in logspace)

([
I− 1

dcols
11T

]
⊗
[
I− 1

drows
11T

])(
log◦ rcols ⊕ log◦ rrows + log(r)1

)
=

([
I− 1

dcols
11T

]
log◦ rcols

)
⊗
[
I− 1

drows
11T

]

+

[
I− 1

dcols
11T

]
⊗

([
I− 1

drows
11T

]
log◦ rrows

)

+ log(r)

[
I− 1

dcols
11T

]
1⊗

[
I− 1

drows
11T

]
1

Our constraint that
∏
i r

(ℓ)
i = 1 is equivalent to

∑
i log r

(ℓ)
i = 0. In other words, in logspace our

vectors have mean zero, and are thus annihilated by the centering matrix. The whole equation then
becomes zero: our noise is indeed removed by our function.

Finally, note that we parameterize r, rrows and rcols with 1 + drows + dcols parameters. However,
our two geometric mean constraints further decrease the dimensionality; our noise is parameterized by
drows + dcols − 1 parameters. This is exactly the size of the nullspace of our double-centering matrix,
guaranteeing that only noise-corrupted directions are removed from x. This completes the proof

F.7 A version of f that handles zero values

When the input X contains zeros, the function f breaks - either one must divide by zero or take the
logarithm of it. However, zeros are unaffected by multiplicative noise; intuitively, they should not
cause such a catastrophic failure. We use the obvious modification (with Figure F.5 demonstrating
the performance): we will skip over the zero entries when doing products. Let nnz be a function that
counts the number of nonzero entries in a vector, and

∏̸=0 be a product over only nonzero terms; we
have the following:

f(X)ij =
xij

∣∣∣∏ ̸=0
i′j′ xi′j′

∣∣∣ 1
nnz(x)

∣∣∣∏̸=0
j′ xij′

∣∣∣ 1
nnz(xrow i)

∣∣∣∏̸=0
i′ xi′j

∣∣∣ 1

nnz(xcol j)
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Figure F.5: (Both) Area under PR curves across 20 synthetic Kronecker-sum-structured Gaussian
datasets corrupted by varying levels of multiplicative noise and sparsity. Median result is highlighted.
(Left) As percentage of nonzero entries vary (noise strength 0.2) (Right) Area under PR curves as noise
strength varies (density 0.5).

F.8 Proof that optimizing Q is equivalent to GmGM

Recall the problem of optimizing Q:

let Q
(
Ω
∣∣∣Ω(t)

)
= E

z∼N
(
0,Ω−1

(t)

)
and z∈f−1(y)

[
log pdfN (z|Ω)

]
Ω(t+1) = argmax

Ω∈K⊕
++

Q

(
Ω
∣∣∣Ω(t)

)
(iterate until convergence)

As claimed in the main paper, maximization of Q requires solving the same optimization problem
as GmGM. Below, let Jij be the matrix of zeros except for the (i, j) entry being one.

Definition (GmGM (E. B. Andrew et al., 2024)). GmGM solves the convex minimization problem of
minimizing the negative log likelihood, with gradients:

−∇Ψrows log pdfN (z|Ω) = XXT − tr

[
Ω−1

(
Jij ⊗ I

)]
ij

−∇Ψcols
log pdfN (z|Ω) = XTX− tr

[
Ω−1

(
I⊗ Jij

)]
ij

It only relies on the data through the terms XXT and XTX; we will denote minimum point as
GmGM

(
XXT ,XTX

)
.

Proposition (Maximizing Q). Optimizing Q corresponds to the same optimization problem as
GmGM.

GmGM uses the sufficient statistics XXT and XXT . To maximize Q, we replace these with:

Srows = E
z∼N

(
0,Ω

−1
(t)

)
z∈f−1(y)

[
ZZT

]
and Scols = E

z∼N
(
0,Ω

−1
(t)

)
z∈f−1(y)

[
ZTZ

]

More generally, any method to fit unregularized Kronecker-sum-structured models without noise
that operates on the sufficient statistics can be used in place of GmGM.

Proof. We will first show that the gradient w.r.t. Ψrows yields a very similar gradient to GmGM; the
argument is analogous for Ψcols. Note also that Q is being maximized, whereas GmGM frames the
problem as a minimization problem, so we expect the gradients to have opposite signs.
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2 tr

[(
PΩ(t)P

T
)−1

P
(
∇2g(z∗)

)
PT

]
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∇Ψrows
Q

(
Ω
∣∣∣Ω(t)

)
= ∇Ψrows

E
z∼N

(
0,Ω−1

(t)

)
and z∈f−1(y)

[
log pdfN (z|Ω)

]
= E

z∼N
(
0,Ω−1

(t)

)
and z∈f−1(y)

[
∇Ψrows

log pdfN (z|Ω)
]

(By dominated convergence theorem)

= E
z∼N

(
0,Ω−1

(t)

)
and z∈f−1(y)

[
tr

[
Ω−1

(
Jij ⊗ I

)]
ij

− ZZT

]
(GmGM definition)

= tr

[
Ω−1

(
Jij ⊗ I

)]
ij

− E
z∼N

(
0,Ω−1

(t)

)
and z∈f−1(y)

[
ZZT

]
= tr

[
Ω−1

(
Jij ⊗ I

)]
ij

− Srows (Srows definition)

It should now be clear by inspection that the maximum of Q corresponds with GmGM(Srows,Scols).
This completes the proof.

F.9 Efficient evaluation of 1
2tr
[(
PΩ(t)P

T
)−1

P
(
∇2g(z∗)

)
PT
]

We will assume g(z) = ZZT , as g(z) = ZTZ follows analogously. As in the previous section, let J(ij) be
the matrix of zeros except for the (i, j) entry being one. Let us start by deriving the Hessian of g, by
investigating the directional derivative:

(
∇J(kℓ)

∇J(ij)

)
ZZT = ∇J(kℓ)

(
ZJT(ij) + J(ij)Z

T
)

= J(kℓ)J
T
(ij) + J(ij)J

T
(kℓ)

= J(kℓ)J(ji) + J(ij)J(ℓk)

= δjℓ

(
J(ki) + J(ik)

)
[(
∇J(kℓ)

∇J(ij)

)
ZZT

]
ab

= δjℓ (δakδbi + δaiδbk)

∇2vec
[
ZZT

]
= Idcols ⊗

(
J
(ab)
drows

+ J
(ba)
drows

)

We will now work out the matrix P which projects onto the tangent space of the fiber. As we
have seen in Section F.6, the fiber is linear-in-logspace with drows + dcols − 1 basis vectors of the form
vcols ⊕ vrows in which 1Tvrows = 0 = 1Tvcols. Note then that:[

1
drows

I⊗ 1T

1
dcols

1T ⊗ I

]
(vcols ⊕ vrows) =

 vcols +
1Tvrows

drows
1

drowsvrows +
1Tvcols

dcols
1


=

[
vcols

vrows

]

Thus P =

[
1

drows
I⊗ 1T

1
dcols

1T ⊗ I

]
projects onto a drows + dcols space, from which the tangent space can be

reached by just dropping the last row from the matrix. It should be clear that P∇2g(z)PT is easy, as all
matrices involved are conformable block matrices of Kronecker products. Note that the 1

dcols
and 1

drows

factors cancel out in the trace expression, so we will drop them: P =

[
I⊗ 1T

1T ⊗ I

]
.
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All that remains is to efficiently find the inverse of PΩ(t)P
T . Note the following:

PΩ(t)P
T =

[
Ψcols ⊗ 1T + I⊗ 1TΨrows

1TΨcols ⊗ I+ 1T ⊗Ψrows

]
PT

=

[
drowsΨcols +

(
1TΨrows1

)
I Ψcols1⊗ 1T + 1⊗ 1TΨrows

1TΨcols ⊗ 1+ 1T ⊗Ψrows1 dcolsΨrows +
(
1TΨcols1

)
I

]

Removing the last row of P amounts to removing the last row and column of this matrix. It can
easily be inverted by the block matrix inversion formula, requiring inversions of only dℓ × dℓ matrices
rather than a drowsdcols × drowsdcols matrix. Thus, our trace term can be evaluated efficiently. From
this point on, all steps require standard (if tedious) linear algebra, which we leave to the reader. Our
code contains a working implementation for those who wish to reference it.

F.10 Description of the systematic approach to preprocessing
and evaluating datasets

As mentioned in the main paper, we systematically downloaded every dataset in the Single Cell
Expression Atlas, subject to three criteria (below). One of the main difficulties in evaluating methods
is the ease in which authors can (intentionally or unintentionally) end up cherry-picking examples that
make their model look good. By being systematic, we can guarantee that our results represent the
typical outputs of our model.

Criterion 1. The dataset must be at most 1000 cells large. We chose this threshold as it was large
enough to include many datasets (40 before applying the remaining criteria) while still including only
datasets small enough for our algorithm to run quickly on. It is also a nice round number. The next
‘nice round number’, in our opinion, is 5000 - which would be 63 datasets. As our algorithm scales
cubically, the largest datasets would take 125 times as long as before.

Criterion 2. The dataset must contain at least one categorical variable. This is necessary to have a
ground truth to compare against for AMI and assortativity. When there were multiple, we picked the
first one we noticed; these are given in Appendix F.11.

Criterion 3. The dataset must clearly reference a source paper in the atlas. This rule was for our
convenience; we did not want to waste time hunting down a paper to cite for the dataset.

30 datasets satisfied all criteria. We then had to design a standard preprocessing regime that worked
for all datasets, choosing to do the minimal preprocessing necessary to get the algorithm to run. As
such, our only requirement was to subset the total number of genes in each dataset; by default, they all
had tens of thousands. We chose to pick the genes so that each dataset became roughly square, to avoid
potentially introducing ‘extreme lopsidedness’ as a confounding factor. Our process was as follows:

Step 1. Select the top 2000 most variable genes. This is a very common default preprocessing step
and threshold.

Step 2. Iterate from s = 1% to s = 100% in increments of 1%. For each value of s, select only genes
with at least s nonzero values. Whichever value of s leads to the most square matrix, pick those genes.
We chose to pick genes based on sparsity to mirror another standard preprocessing step (throw out
‘low-quality’ genes that do not appear much), and we quantized our values of s to ensure that not all of
our matrices were perfectly square (which might also confound the results).
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Dataset Categorical Variable Categories Cells Genes
E-MTAB-4850 (Eltahla et al., 2016) Sample Characteristic[cell line] 2 60 63
E-GEOD-75367 (Jordan et al., 2016) Sample Characteristic[facs marker] 4 72 70
E-MTAB-6142 (Karlsson et al., 2017) Sample Characteristic[cell cycle phase] 3 96 91

E-GEOD-36552 (Yan et al., 2013) Sample Characteristic[cell type] 6 115 127
E-CURD-10 (Kim et al., 2016) Sample Characteristic[growth condition] 3 118 104

E-GEOD-99795 (Horning et al., 2018) Factor Value[compound] 2 144 128
E-GEOD-110499 (Fan et al., 2018) Sample Characteristic[organism part] 2 168 169
E-MTAB-7249 (Nelson et al., 2020) Sample Characteristic[inferred cell type - authors labels] 7 185 185

E-MTAB-7606 (Koutsakos et al., 2019) Sample Characteristic[phenotype] 2 209 203
E-GEOD-81383 (Gerber et al., 2017) Sample Characteristic[cell line] 3 226 226
E-MTAB-6075 (Fischer et al., 2019) Factor Value[compound] 3 236 231
E-GEOD-124858 (S. Liu et al., 2019) Factor Value[passage] 5 241 239

E-MTAB-7381 (Fergusson et al., 2018) Sample Characteristic[individual] 3 287 291
E-GEOD-111727 (Golumbeanu et al., 2018) Sample Characteristic[disease] 2 320 324

E-GEOD-109979 (Lu et al., 2018) Factor Value[time] 4 329 324
E-GEOD-100618 (Karamitros et al., 2018) Sample Characteristic[cell type] 3 414 418

E-MTAB-8498 (Chen et al., 2020) Sample Characteristic[cell type] 3 448 452
E-MTAB-9801 (Jardine et al., 2021) Sample Characteristic[inferred cell type - authors labels] 12 484 501
E-GEOD-75688 (Chung et al., 2017) Sample Characteristic[histology] 4 520 517

E-GEOD-86618 (Xu et al., 2016) Sample Characteristic[disease] 2 537 538
E-GEOD-98556 (Phillips et al., 2018) Sample Characteristic[cell type] 2 545 550

E-GEOD-83139 (Y. J. Wang et al., 2016) Sample Characteristic[inferred cell type - ontology labels] 8 617 612
E-CURD-7 (Nguyen et al., 2018) Sample Characteristic[sampling site] 2 631 627
E-ENAD-21 (Nguyen et al., 2018) Sample Characteristic[cell type] 2 631 627

E-GEOD-70580 (Björklund et al., 2016) Sample Characteristic[cell type] 4 648 643
E-ENAD-20 (Rambow et al., 2018) Factor Value[time] 4 667 673
E-GEOD-75140 (Camp et al., 2015) Sample Characteristic[cell type] 3 734 728
E-GEOD-89232 (Breton et al., 2016) Sample Characteristic[cell type] 2 957 926

E-CURD-6 (Zhao et al., 2017) Sample Characteristic[disease] 4 986 1031
E-MTAB-10596 (Hemeryck et al., 2022) Sample Characteristic[growth condition] 3 993 984

Table F.1: All datasets analyzed during Section F.4.2.

F.11 Description of datasets used
A brief description and citation has been given in Table F.1 for every used dataset. Note that E-CURD-7
and E-ENAD-21 appear to be the same dataset; it is not a mistake. Both appear separately in the
scRNA-seq database; a different categorical variable has been used for each.
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Appendix G

Addendum to Chapter 2 (‘GmGM: a
fast multi-axis Gaussian graphical
model’)

We would like to clarify that, in Equation 2.1, the indices ij range over all entries of the output matrix:

trab [M] = X (G.1)

⇐⇒ Xij =

[
tr

[
M
(
Ia ⊗ Jij ⊗ Ib

)]]
ij

for all matrix entries Xij (G.2)

We would also like to clarify that, in Theorem 1, Sℓ is guaranteed to be a symmetric positive
definite matrix (as its definition is of the form

∑
xix

T
i ). This is important, as it guarantees that the

eigendecomposition the theorem refers to exists. For reference, we have repeated the theorem below.

Theorem (Theorem 1, Chapter 2). Let Vℓdiag [eℓ]V
T
ℓ be the eigendecomposition of Sℓ (where Vℓ ∈

Rdℓ×dℓ and diag [eℓ] ∈ Rdℓ×dℓ is a diagonal matrix with diagonal eℓ). Then Vℓ are the eigenvectors of
the maximum likelihood estimate of Ψℓ.

At the start of Section 2.4.2, we refer to ‘a 10x Genomics dataset’, but did not make clear which
dataset, so we will do so here. The dataset was a paried scRNA-seq+scATAC-seq dataset of a lymph
node with B cell lymphoma. Notably, the samples were flash-frozen before collection, and thus the
RNA comes only from the nuclei (“single-nucleus RNA sequencing”, or “snRNA-seq”).

Our Figure 2.6 (comparing the assortativities of GmGM and ZiLN) was also hard to read, due to
how much information we tried to cram into each axis. Here, we’ve split apart each subfigure of Figure
2.6 into the constituent phylogenic levels: phylum, class, order, family, and genus. This allows for an
easier comparison of GmGM and ZiLN, as one can focus on a single level at a time.

In Figure G.1 (an updated Figure 2.6a), we compare the assortativities of our model (in terms
of connecting nodes/‘species’ of the same phylum/class/order/family/genus) with that of ZiLN on
the metagenomics data, showing broadly comparable results - albeit ZiLN does perform better at the
order level and we perform better at the class level. Figure G.2 (an updated Figure 2.6b), in which we
additionally give GmGM access to metabolomics data, tells a similar story; there is no evidence here
that the addition of metabolomics data increases the ability of GmGM to discern species phylogenetics.
In Figure G.3 (an updated Figure 2.6c), we give GmGM access to the phylum of the species as a prior,
which greatly improves the results.

The colors in Figure 2.8b refer to the clusters learned by GmGM using louvain clustering. During
the viva, the examiners pointed out that the experiment would be much better if we tested on a dataset
that had cell labels, so that there was some way to validate our methodology. Thus, we have found a
dataset of human PBMCs labeledfrom 10x Genomics1; this dataset consists of 2994 cells and 18132
genes, and has cell types derived from the measurement of cell surface proteins.

1In particular, we are using Sample C-A01 from this dataset
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Figure G.1: A revised Figure 2.6a, splitting each level into its own plot for easy comparison between
GmGM (solid lines) and ZiLN (dot-dashed).
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Figure G.2: A revised Figure 2.6b, splitting each level into its own plot for easy comparison between
GmGM (solid lines) and ZiLN (dot-dashed).
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Figure G.3: A revised Figure 2.6c, splitting each level into its own plot for easy comparison between
GmGM (solid lines) and ZiLN (dot-dashed). Note that, because the phylum is given as a prior, GmGM
recovers it very well.

To analyze the dataset, we selected the top 5000 highly variable genes and ran GmGM on it, keeping
the top 5 edges per cell and per gene. We then clustered using Leiden with a resolution of 1.2; Figure
G.4 shows the result of our clustering, in comparison with their 10X Genomics’ type labels derived from
cell surface proteins. Visually, the clusters align well; in Figure G.5, we quantify how much overlap
there is between our clusters and theirs. In particular, our clustering is able to identify major cell types
(such as B and T cells). It provides a finer classification of monocytes, which could represent genuine
biological heterogeneity or be a clustering artifact. We do not pick up clusters specific to granulocytes
(2 cells), hematopoietic cells (10 cells), hematopoietic precursor cells (1 cell), or mast cells (20 cells).
Such cell types are very rare, with the four making up a cumulative 1.1% of the total amount of cells
(2994), most of which being mast cells. For contrast, there are 904 cells labelled by 10X as being
monocytes.

Some of GmGM’s clusters are split between two 10X types (our cluster 4 is split between T cells
and lymphocytes, and our cluster 8 is split between monocytes and myeloid leukocytes). This is not a
problem; T cells are lymphocytes, and monocytes are myeloid leukocytes - the lymphocyte and myeloid
leukocyte 10X clusters represent very high-level cell type assignments that 10X were unable to refine
further based on the cell surface markers they measured. As additional validation, we have confirmed
that GmGM cluster 6 is enriched for traditional T cell markers (CD3D, CD3G, and CD3E are all
within the top 20 most enriched genes in that population).
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Figure G.4: GmGM (Leiden resolution=1.2) clusters compared to cell-surface-protein-based annotations
from a 10X Genomics human PGMC dataset.

Figure G.5: Each row represents the composition of a single GmGM cluster in terms of the 10X cell
type labels. Only when a 10X label comproses at least 20% of a cluster is the percentage displayed on
the plot.



Appendix H

Addendum to Chapter 3 (‘Gaussian
graphical modelling without
independence assumptions for
uncentered data’)

We would like to clarify our meaning behind our statement that ‘estimating the mean of a single sample
is a recipe for disaster; when one centers the dataset, they will be left with a constant zero vector.’ The
examiners pointed out it would be clearer if we had said ‘In the single-sample multi-axis setting, we
cannot estimate an unstructured mean vector because we have d∀ unknowns and only 1 observation.
The maximum likelihood estimate of µ would be the data vector x itself, which is equivalent to assuming
µ = x and leaving zero residuals.’ We agree with this - the main takeaway we hope readers have is that
it is completely futile to attempt estimate the unstructured mean in a Kronecker-structured scenario; it
is necessary to make some kind of assumption on the structure of the mean.

We would also like to provide axis labels to our various figures given in the paper (for Figures 3.1,
3.3, and 3.4); we give these, respectively, in Figures H.2, H.3, and H.4.

During the viva, the examiners asked whether we felt the E-MTAB-2805 mouse embryo stem cell
experiment had been impacted by the selection of genes (as we had selected a small amount, all relating
to mitosis). It is certainly possible. As all the genes are related to mitosis, it’s possible that their mean
expressions are similar, reducing the utility of our model (which will provide the largest improvement
when the means are different and thus not accounted for by the simple ‘subtract the global mean’
technique). However, empirically the mitosis-expressing genes take on a wider range of mean values
with greater frequency than the set of all 38,293 genes in the unfiltered dataset; we’ve added a new
figure, Figure H.1, to show this1. This shows that the spread of mean values for mitosis genes, despite
their relatedness, is actually quite large in the context of scRNA-seq data, motivating methods such as
ours.

This question also came up in the context of the next paper (Chapter 4), in which a more critical
issue was raised (and which I assume the intent of this being mentioned in the list of corrections is to
address, rather than for this paper). The concern raised during the viva was that, as all genes were
mitosis-related, they were unlikely to interact across different cells; thus it is no wonder that we did not
find much improvement when using the strong product model. This is a valid concern; it is not the
ideal dataset to test on to validate our method on; in this aspect, our COIL experiment (Section 4.5.2)
is better as it is easy to imagine cross-dependencies in video data (the location of the rubber duck’s
head in one part of the video does give you information on the likely location of its tail, despite them
being in completely different rows and columns).

In our description of the problem our optimization problem, given below, the meaning of θ\ℓ was
not clear:

1It should not be surprising that this occurs, given not all genes will be active in an embryo - and hence have zero or
near-zero expression - but mitosis genes almost certainly will be active.
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Figure H.1: A histogram of the mean log-expression across cells for all genes (orange) compared to just
the mitosis-related genes that we used (blue). The spread of expression values of the two categories is
roughly equal, but the mitosis-related genes tend to utilize more of that spread, whereas the expression
values of all genes are much more concentrated on the low end.

argmin
µ̃ℓ

µ̃Tℓ Aℓµ̃ℓ + bTℓ µ̃ℓ

where Aℓ = d\ℓΨℓ + θ\ℓIdℓ

bℓ = md\ℓ1
T
dℓ
Ψℓ +mθ\ℓ1dℓ +

[
µ̃T\ℓΨ\ℓ1d\ℓ

]
1dℓ

− xTℓ

(
Ψℓ ⊗ 1d\ℓ

)
− xTℓ

(
1ℓ ⊗Ψ\ℓ1d\ℓ

)
µ̃Tℓ 1dℓ = 0

It had been defined in Section 3.2, but was easy to miss as it had not been included in the notation
section (Section 3.1.2). The definition is as follows; θ\ℓ =

∑
ℓ′ ̸=ℓ

d∀
dℓdℓ′

θℓ.
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Figure H.2: (Figure 3.1) Precision and recall for a synthetic dataset in which data was generated from
a Kronecker-sum normal distribution with a constant value of 1 added to every entry of the matrix.
Error bars are the best/worst performance over 10 trials; the center line is average performance.
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Figure H.3: (Figure 3.3) Precision and recall for on a synthetic dataset in which data was generated
from a noncentral Kronecker-sum normal distribution. Noncentral TeraLasso’s high susceptibility to
changes in the regularization parameter led to our grid search being too coarse-grained during some
trials.
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Figure H.4: (Figure 3.4) Precision and recall for on a synthetic dataset in which data was generated
from a zero-mean Kronecker-sum normal distribution, with independent Gaussian (left) and Poisson
(right) noise added to every element. Error bars are the best/worst performance over 10 trials; the
center line is average performance.



Appendix I

Addendum to Chapter 4 (‘The strong
product model for network inference
without independence assumptions’)

We would like to clarify the relevant axes in our definitions of the stridewise/blockwise traces, which
we gave as:

trd1 [A]ij = tr

[
A
(
I⊗ Jij

)]
trd2 [A]ij = tr

[
A
(
Jij ⊗ I

)]
These could be more clearly written as follows, where drows is the amount of rows and dcols is the

amount of columns of the original data matrix:

trdrows [A]ij = tr

[
A
(
I⊗ Jij

)]
trdcols [A]ij = tr

[
A
(
Jij ⊗ I

)]
Perhaps counterintuitively, trdrows [A] is a dcols × dcols matrix and trdcols [A]ij = tr

[
A
(
Jij ⊗ I

)]
is

a drows × drows matrix - this is because the superscript/subscript represent the size of the blocks to
do the trace over; if one divides a drowsdcols × drowsdcols matrix into blocks of size drows × drows, and
consider the matrix of traces of such blocks, one obtains a dcols × dcols matrix.

In Section 4.4.2, we wrote: ‘In this paper, we follow Deng and Tsui (2013) by imposing a Frobenius
norm penalty ∥logΓ∥2F on the logarithms of our parameters.’ We would like to clarify that here, Γ is
meant to represent an arbitrary parameter - i.e. any of {Ψ1,Ψ2,w,Ψ2,b}.

We would also like to explain in more detail how the synthetic data of Section 4.5.1 was generated.
In the paper, we had described how the ground-truth parameters were generated1, but we did not
adequately describe how the data was generated from such parameters. We generated the data D
from within the distribution our model assumed, i.e. D ∼ N

(
0, yΨ1 ⊗ xΨ2,b + yΨ1 ⊕ 1

xΨ2,w

)
. By

validating our model on within-distribution synthetic data, we are able to isolate the effect of certain
parameters, such as x and problem size in Figure 4.3; the remaining sections validate our problem on
real-world out-of-distribution datasets.

Regarding the real-world results, we mentioned that we used as input to the models D− 1
d1d2

1TD1
instead of D, ‘to lessen the impact of the zero-mean assumption’. As we showed in Chapter 3, not

1‘For our synthetic data, we generated our ground truth graphs to have the form yA⊗ xB+ yA⊕ 1
x
C, where A,B,C

are Barabasi-Albert random graphs with 500 nodes each.’ - although it would have been clearer if we had written
yΨ1 ⊗ xΨ2,b + yΨ1 ⊕ 1

x
Ψ2,w instead.
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(Left) Chapter 2’s E-MTAB-2805 test using GmGM and EiGLasso. (Right) Chapter 4’s E-MTAB-2805
test using the strong product model and GmGM.

doing anything to account for a nonzero mean can seriously degrade model performance. However,
the results of Chapter 3 are specific to the Kronecker sum model - our ‘strong product model’ would
require a new approach (although it is likely that the approach would be similar in structure to that
of Chapter 3). D− 1

d1d2
1TD1 amounts to subtracting the average of all dataset elements from each

element in the dataset, and thus is a good first attempt to center our data (and we saw that in Chapter
3, at least for Kronecker sum models, this approach worked almost as well as the more sophisticated
approach developed in that chapter).

We would also like to address the differences in the E-MTAB-2805 test in Chapters 4 and 2, in
which we get different results on the same dataset; we’ve repeated the plots here for convenience.

The reason the results are so different is due to a change in how we chose to keep the final edges after
running GmGM - in Chapter 4, we used global thresholding. In all subsequent papers, we used per-row
thresholding, as we found it gave better results when clustering - although in the case of E-MTAB-2805,
it appears to have worsened assortativity, a fact we did not realize until it was pointed out to us. It is
surprising, although we stand by the practice of thresholding per-row in general as good clustering is
the typical goal of having a cell network; thresholding overall may yield better assortativity, but this is
primarily because the most dominant cell type gets most of the edges and the remaining cell types tend
to become singletons.



Appendix J

Addendum to Chapter 5 (‘The
Cartesian Gaussian additive noise
model for directed network inference in
omics data’)

We did not make it clear how we implemented LGAM when running our experiments. Our LGAM
implementation came ‘for free’ from our ⊞-LGAM implementation. To see why, observe their defining
equations:

X = C1X+XCT
2 (⊞-LGAM)

X = C1X (LGAM)

Thus, ⊞-LGAM reduces to LGAM if we force C2 = 0. As we fit our model in terms of Lℓ =√
d\ℓ
(

1
K I−Cℓ

)
, this is equivalent to forcing L2 =

√
d\2
K I. Analogously for tensor-variate datasets, for

all ℓ > 1 we force Lℓ =

√
d\ℓ
K and only let L1 be free. This is trivial to implement - our method for

⊞-LGAM was to flip-flop over each axis; to implement standard LGAM, we do not need to flip-flop,
and rather only need to run the optimization problem for the first axis. As the values we enforce for the
other Lℓ are valid parameters in the ⊞-LGAM context, this does not have any negative consequences
(such as ruining convexity).

We also did not spend enough time justifying and discussing the limitations of Assumption 4 (that
the DAGs have known order). This is a very strong assumption, and the need for it is the key limitation
of our paper. We do discuss how to estimate the ordering in the equal-variance scenario (Theorem 9)
and give a practical example for scRNA-seq (Section 5.5.4), but these are just estimates - in general, one
will very rarely know the causal ordering in ‘omics data. This holds for both genes and cells - in fact,
the concept of a causal ordering for cells itself is dubious, although one could reasonably interpret such
results through the lens of pseudo-time. The lack of knowledge of the ordering hampers our model’s
performance, but not to an extreme degree (Table 5.2).

We make this assumption to ensure feasibility of learning the objective. Modifying our method
to work without it is, in theory, trivial - one needs only relax the assumption of each Lℓ being lower-
triangular to being acyclic. However, the optimization problem in this case would become NP-Hard.
There are some single-axis attempts to address this, notably the NOTEARS methodology, that in future
work would be useful to combine with our approach. We show in Table 5.2 that our approach still
performs well with the wrong ordering, but there is a noticeable drop in performance - and thus ample
theoretical and practical justification for future work on a unified NOTEARS+⊞-LGAM approach.

We would also like to clarify some details about Figure 5.2, which we have repeated here for
convenience. There are two subfigures, each representing a ⊞-LGAM result that arose during the grid
search we performed. Each subfigure contains both a cell graph and a gene graph; the layout of the
gene graph was manually determined to be able to see all edges clearly, whereas the cell graph was
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(Left) A gene graph arising from our ⊞-LGAM’s grid search. Chosen for display as its cell graph
qualitatively captures cell development the best. (Right) The best gene graph arising from our ⊞-LGAM
model’s grid search. (All) Black edges are true positives, near-white edges are false negatives, pale red
edges are false positives.

plotted using the Fruchterman-Reingold force-directed algorithm (Fruchterman and Reingold, 1991) -
the igraph package’s default plotting method. Importantly, the Fruchterman-Reingold algorithm is
blind to the cell labels; they did not play a role in the graph layout.

The subfigures display the results of our method on a simulated scRNA-seq dataset by Krumsiek et
al. (2011). This dataset was chosen for several reasons:

1. As the Krumsiek dataset is synthetic, we have access to the ground truth gene network - a rarity
in scRNA-seq data. This enables the use of quantitative metrics such as MCC.

2. The cells are cleanly divided into five cell types (progenetors, megakaryocytes, erythrocytes,
monocytes, and neutrophils) that have natural pseudotemporal structure.

3. The dataset is very lopsided (640 cells and only 11 genes). We spent a decent amount of time in
the paper discussing the dangers of lopsidedness - this dataset is closer to the worst case scenario
on that front, and serves as a demonstration that, in practice, our method can still perform well
in the presence of extreme lopsidedness.

4. The ground truth graph is not a DAG - it has cycles! This is a realistic occurrence in transcrip-
tomics, which violates our assumptions. Like in the previous point, it gives us a chance to show
that our method can still perform structure recovery even when the DAG assumption is violated.

The rightmost subfigure shows the results of the best-performing result based on the MCC of the
gene graph; this occurred with our regularization parameter for the cells being 5.3× 10−3 and for the
genes being 4.6× 10−1. The cell graph here is dense enough that it is hard to make out much structure
in its plot beyond the fact that, visually, cells of the same type seem to cluster together.

The leftmost subfigure shows the result of our third-best-performing result based on the MCC of
the gene graph; it was chosen for display because, visually, the cell graph appeared to be capturing
the developmental process of the cells (progenitors bifurcating into two branches, one of which fur-
ther bifurcates into monocytes and neutrophils and another which bifurcates into erythrocytes and
megakaryocytes, mirroring the PCA plot in Figure 5.1). We highlighted this result as the optimizing
characteristic (MCC on the gene graph) did not refer to the cells at all, and yet by optimizing for gene
performance we still were able to acquire relevant emergent features in the cell graph.

Finally, the examiners pointed out work on the Graphical ElasticNet (Kovacs, Ruckstuhl, Obrist,
and Buhlmann, 2021) that serves as good relevant background to our Equation 5.4. Previously, we had
stated that Equation 5.4 was analogous to ElasticNet (Zou and Hastie, 2005); the analogy is stronger
with the Graphical ElasticNet, and we are grateful to the examiners for pointing it out.
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Addendum to Chapter 6 (‘Making
multi-axis Gaussian graphical models
scalable for millions of samples and
features’)

We would like to clarify some details of Figure 6.4, a UMAP plot which is repeated below for convenience.
The UMAP is created in the standard way, i.e. based off of the k-nearest-neighbors network (where
k = 15, the default in the scanpy package) of the gene expression of all genes in the dataset.

(left) The cell type classification produced by GmGM using the marker genes from Appendix E.13.
NPC stands for ‘neural progenitor cell’, and ‘astro/ecto’ denotes cells which could not be distinguished
between astrocyte and neural ectoderm with the markers given. (right) The average gene expression of
the genes in GmGM module m13; it tends to express itself only in and around cells that are identified
as cortical neurons. (both) UMAP plots have been used for visualization; the overexpression of m13 in
the suspected cortical neuron cells has also been validated statistically.

The figure consists of a left and right subfigure; the left figure shows the cell type labellings applied
to the cell clusters learned by GmGM. The right plot shows the average percentage expression of all
genes in the module m13, highlighting the correspondence between that gene module’s expression and
the cells labeled as cortical neurons in the leftmost plot.

During the viva, the examiners raised the worry that, by computing the average of all genes, our
results may be dominated by the most expressed gene in the module. This is a very reasonable worry,
and would make our plot not representative of the module m13, only its most expressed member. To
help assuage such worries, we have added Figure K.1, in which we show that the upper quartile of the
module still corresponds with cortical neurons.
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Figure K.1: (Left) The percentage of gene expression taken by the upper-quartile-ranked gene in m13
(i.e. the gene in m13 whose expression is greater than 75% of other m13 genes but less than the
remaining 25%). (Right) The same as the left plot, but with a cutoff of 0.01% to make the differences
clearer.
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