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ABSTRACT

both opportunities and challenges for complex system modelling and control. Data-

driven approaches can approximate complex behaviour but may lack physical
interpretability and generalisation, whereas physics-based methods can be too compu-
tationally demanding for real-time use. This thesis develops a unified Al-orchestrated
physics-informed modelling and predictive control framework integrating data-driven
learning, physical knowledge, and optimisation-based decision-making. By embedding
engineering knowledge directly into learning and control processes, the framework seeks
to improve reliability while retaining the computational advantages of Al. It is developed
progressively across energy-intensive manufacturing and battery management, covering
steel reheating, single-cell charging, and multi-cell pack balancing.

Grounded in this framework, one primary contribution in this thesis is the real-time
prediction of transient heat transfer in steel reheating furnaces, where nonlinear partial
differential equations, limited measurements, scarce industrial data, and changing oper-
ating conditions challenge both black-box and numerical approaches. A physics-informed
deep learning framework, termed EngGeneNet, is developed for 2D temperature-field
prediction in large-scale intermediate steel stock. It combines a convolutional neural
network (CNN) with a Crank—Nicolson-based physics-informed loss, an Engineering-
Gene (Eng-Gene) module embedding the temperature-dependent Fourier number, and
knowledge distillation with transfer learning. These components allow the model to use
physical structure both during training and when generalising to previously unseen
operating conditions. Validation on a pilot-scale walking-beam bloom reheating furnace
shows accuracy comparable to the conventional alternating direction implicit (ADI)
method, while reducing per-frame computation time by 96%. EngGeneNet therefore
enables real-time prediction suitable for closed-loop furnace control.

Beyond modelling, a further contribution in this thesis is the battery charging control
process optimisation, where charging speed and internal-temperature safety are com-
peting objectives and historical trial data are often underused. A historical data-driven
self-learning model predictive control (MPC) framework combines the trial-to-trial learn-
ing capability of iterative learning control (ILC) with MPC constraint handling. A convex
mapping constraint, constructed from the convex hull of historical state trajectories,
narrows the feasible solution space, while a memory function-enhanced cost function uses
previous charging iterations to refine the current trajectory. This enables the controller
to improve performance progressively without relying on unsafe exploratory interactions
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with the battery. In a lithium iron phosphate (LiFePO,) case study, the proposed method
reduces charging duration by 70-100 s relative to an existing constrained generalised
predictive control benchmark, strictly satisfies internal temperature constraints, and
reduces solve-time variability by approximately 80% relative to standard MPC.

Finally, the framework is extended from single-cell control to multi-cell battery-
pack balancing, where state-of-charge (SOC) equalisation, thermal regulation, and
output-voltage stabilisation must be achieved simultaneously under coupled electrical
and thermal dynamics. A 2D Cost Map-Guided Parallel-Inference Neural Modelling
and Predictive Control Framework is proposed. A unified multi-task neural model
predicts coupled states under candidate balancing actions, while an inertia-aware 2D
cost map represents the different time constants of electrical and thermal states. This
formulation permits fast comparison of multiple candidate actions while accounting for
the distinct responses of electrical and thermal variables. Parallel Gaussian sampling
and softmax-weighted aggregation determine the control action without gradient-based
optimisation. Simulations under three real-world driving-cycle profiles achieve an inter-
cell temperature difference below 5°C, terminal SOC non-uniformity below 1%, voltage
regulation within a +10% error band, and a per-command decision time of 0.121 s.

Taken together, the proposed frameworks demonstrate that integrating physical laws,
engineering knowledge, and data-driven learning can balance model fidelity, computa-
tional efficiency, interpretability, and adaptability. The progression from physics-informed
modelling to historical-data-driven control and parallel multi-objective decision-making
provides generalisable solutions for complex engineering systems characterised by cou-
pled multi-physics dynamics, limited data, repetitive operation, and stringent real-time
constraints.
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CHAPTER

INTRODUCTION

1.1 Background

Over the past several decades, Artificial Intelligence (AI) has experienced rapid and
transformative development, evolving from a primarily theoretical discipline into a
core enabling technology for real-world engineering and industrial systems. Numerous
industrial reports and academic surveys consistently indicate that Al-driven technolo-
gies now play a central role in smart manufacturing [1], intelligent energy systems
[2], and cyber—physical systems [3]. In this context, data-centric decision-making and
Al-orchestrated automation approaches have emerged as key drivers for improving oper-
ational efficiency, system reliability, and product quality across a wide range of industrial
sectors.

The rapid advancement of artificial intelligence is also clearly reflected in the growth
of academic research output. As shown in Fig. 1.1 (a) [4], the annual number of scholarly
publications related to artificial intelligence has increased sharply over the past decade.
According to statistics from the Center for Security and Emerging Technology (2025) —
processed by Our World in Data, global Al-related scholarly outputs, including journal

articles, conference papers, repository publications, books, and theses, more than tripled
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Figure 1.1: (a) Trends in artificial intelligence scholarly publications (2015-2023), (b)
Trends in external private investment in artificial intelligence companies (2015-2024)

between 2015 and 2023. In particular, the global annual volume of AI publications
grew from approximately 1.3 x 10° in 2015 to over 4.0 x 10° in 2023, highlighting a
sustained and accelerating research momentum. Furthermore, artificial intelligence has
also experienced a substantial increase in industrial investment. As illustrated in Fig. 1.1
(b) [5], external private funding for Al companies raising more than $1.5 million has
grown dramatically over the past decade. According to data in Quid via Al Index Report
(2025); U.S. Bureau of Labor Statistics (2025), with major processing by Our World in
Data, global private investment in Al increased from less than $10 billion in the early
2010s to well over $100 billion in recent years, even after adjusting for inflation. Both
the growth in academic output and the increase in industrial investment highlight the
transition of Al from a research-driven field to a production-critical technology deployed
at scale. As Al systems increasingly move from laboratory environments into real-
world industrial applications, the emphasis has shifted from algorithmic performance
alone toward robustness, reliability, interpretability, and compliance with physical and
operational constraints.

Within the Al ecosystem, Deep Learning (DL) based approaches have been increas-
ingly adopted in complex engineering systems where first-principles modelling is difficult,
incomplete, or computationally prohibitive [6]. Consequently, data-driven modelling and

control have gained prominence as powerful alternatives or complements to conventional
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physics-based approaches. The advent of deep neural networks (DNNs) has further
accelerated this transition. Deep learning extends traditional machine learning by em-
ploying multi-layer neural network architectures capable of learning highly nonlinear
and hierarchical representations directly from raw data [7]. Compared with conven-
tional machine learning (ML) techniques that rely heavily on handcrafted features, deep
learning demonstrates superior capability in handling high-dimensional, unstructured,
and heterogeneous data, including images, audio signals, text, and multivariate time
series [8]. These strengths have led to substantial breakthroughs in computer vision
[9], speech recognition [10], and natural language processing [11], with deep learning
models achieving or surpassing human-level performance in specific tasks.

From an industrial perspective, deep learning has already delivered significant eco-
nomic and operational benefits. For example, large-scale speech recognition systems
have achieved word error rate reductions exceeding 50% compared with early-generation
statistical models, enabling widespread adoption in consumer electronics and industrial
human-machine interfaces [12]. In manufacturing, vision-based deep learning tech-
niques have been reported to reduce defect detection error rates by more than 30—40%
relative to traditional rule-based inspection methods, particularly in surface defect de-
tection and quality control applications [13]. In the domain of prognostics and health
management, deep recurrent neural networks, such as Long Short-Term Memory (LSTM)
models, have demonstrated strong capability in remaining useful life (RUL) estimation
for complex equipment, offering improved prediction accuracy and robustness under
varying operating conditions [14].

Despite these achievements, the direct deployment of purely data-driven AI models
in safety-critical and high-reliability engineering systems remains challenging. First, the
acquisition of large-scale, high-quality, and representative training data is often costly,
time-consuming, or infeasible [15]. In domains such as energy systems, transportation,
and industrial manufacturing, data collection may be constrained by safety considera-
tions, long operational cycles, or limited fault occurrences [16—18]. Second, real-world

industrial datasets frequently exhibit severe class imbalance, where normal operating
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conditions dominate and fault or extreme-condition data are scarce. This imbalance can
lead to biased learning, overfitting, and degraded generalisation performance if not ex-
plicitly addressed. Third, deep neural networks are commonly criticised for their limited
interpretability and transparency, which hinders their acceptance in engineering applica-
tions where explainability, verification, and regulatory compliance are essential [19, 20].
In contrast, traditional physics-based modelling and control approaches, while grounded
in physical laws and offering strong interpretability, face inherent limitations when
applied to large-scale, nonlinear, and time-varying systems. High-fidelity first-principles
models often require simplifying assumptions, precise parameter identification, and
significant computational resources, which can limit their accuracy and real-time ap-
plicability [21]. These challenges become particularly pronounced in industrial systems
characterised by strong nonlinearities, multi-physics coupling, and evolving operating
conditions.

These challenges are particularly evident in energy and thermal engineering systems,
where accurate modelling and control are crucial for safety, efficiency, and longevity. In
battery management systems (BMS), electrical, electrochemical, and thermal dynamics
are tightly coupled, and system behaviour evolves continuously with ageing, environmen-
tal conditions, and operational history. Conventional model-based approaches often rely
on simplified equivalent circuit models or lumped-parameter thermal representations
[22], which may fail to capture internal state evolution under aggressive charging or high-
load conditions. In contrast, purely data-driven models may achieve strong short-term
prediction accuracy but often lack robustness, physical consistency, and interpretability
when deployed in safety-critical environments [23]. Similar challenges are also encoun-
tered in industrial thermal processes, such as heat conduction modelling in reheating
furnaces used in steel manufacturing. These systems are governed by nonlinear heat con-
duction equations with temperature-dependent material properties, combined radiative
and convective boundary conditions, and spatially distributed states. While high-fidelity
numerical models based on partial differential equations (PDEs) can provide accurate

representations [24, 25], they are typically computationally intensive and unsuitable
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for real-time optimisation or control. Conversely, data-driven surrogate models often
struggle to generalise across varying furnace configurations, operating schedules, and
product batches.

Across these application domains, historical operational data are abundant yet re-
main underexploited, and system dynamics exhibit strong repeatability over long opera-
tional horizons. This observation motivates the development of Al-orchestrated, physics-
informed modelling and control frameworks, in which data-driven learning is guided
and constrained by governing physical laws and domain knowledge. By embedding
conservation principles, structural constraints, and physical consistency into learning
architectures and optimisation formulations, such frameworks can substantially im-
prove data efficiency, robustness, and interpretability while maintaining computational
tractability. Moreover, Al-orchestrated approaches enable the systematic incorporation of
historical state—input trajectories into decision-making processes, allowing models and
controllers to adapt continuously to system degradation, parameter drift, and changing
operating conditions. This capability is particularly valuable for repetitive industrial
processes, such as battery charging cycles, and reheating furnace operations, where
historical data provide rich information for performance enhancement and constraint
shaping.

In summary, Physics-informed and data-driven modelling and control represent
a unifying methodological framework for complex engineering systems. By bridging
data-driven intelligence with physical insight, this framework provides a coherent
foundation for addressing both industrial heat conduction modelling problems and
battery management challenges, which constitute the primary application scenarios

explored in this thesis.
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1.2 Challenges

1.2.1 Modelling Challenges

* Data Scarcity and Limited In-Process Measurement: A fundamental chal-
lenge in the systems investigated in this thesis arises from the difficulty of ob-
taining high-quality, usable, and well-annotated data. In-process measurement of
key internal states is frequently unavailable, while changes in load, ageing, mate-
rial properties, or process scheduling complicate the collection of representative
training data. Even when raw data are available, preprocessing and expert-driven

labelling can remain time-consuming and labour-intensive.

¢ Trade-off Between Black-Box Generalisation and White-Box Real-Time
Feasibility: Purely data-driven (black-box) models may generalise poorly when
the furnace or battery system departs from the training distribution, while high-
fidelity physics-based solvers can be too computationally expensive for the sampling
intervals required by the real-time tasks considered here. This creates a practi-
cal trade-off between prediction speed, model fidelity, and reliability outside the

training envelope.

* Limited Generalisation and Extrapolation Capability: Beyond the black-
box/white-box trade-off itself, data-driven models often exhibit strong performance
within the range of observed training data but struggle to extrapolate under
evolving operating conditions. In many engineering systems, dynamics change over
time due to ageing, degradation, environmental variation, or operating-condition
shifts. Without explicit mechanisms to account for such evolution, purely data-
driven models may suffer from performance degradation and reduced robustness

in long-term deployment.

¢ Lack of Physical Consistency and Interpretability: Conventional deep learn-
ing models typically operate as black-box approximators, offering limited inter-

pretability and no explicit guarantees of physical consistency. This opacity poses
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significant challenges in engineering applications where compliance with physical
laws, safety constraints, and regulatory requirements is mandatory. Predictions
that violate physical principles can undermine trust and restrict practical adoption

in safety-critical systems.

1.2.2 Control Challenges

¢ Simplification-Accuracy Trade-off in Model-Based Control: Traditional
model-based control frameworks, such as model predictive control (MPC), typically
require simplified system models to maintain optimisation tractability and support
real-time execution. However, for the coupled battery and furnace processes consid-
ered in this thesis, such simplifications can reduce prediction accuracy, leading to a

trade-off between model fidelity and controller tractability.

¢ Computational Burden of High-Fidelity Optimisation: Conversely, adopting
high-fidelity models to improve prediction accuracy substantially increases the
dimensionality and nonlinearity of the resulting optimisation problem, leading to
computationally intensive online optimisation that is difficult to solve within the

timing constraints of real-time control.

¢ Reliability Limitations of Model-Free Control: Model-free approaches, such
as reinforcement learning (RL), offer an alternative that avoids explicit model con-
struction, but they often suffer from unstable learned policies, unsafe exploration
during training, and limited reliability when deployed in safety-critical engineering

systems where exploratory actions can have physical consequences.

¢ Optimisation Efficiency and Local Minima: Many learning-enhanced control
formulations rely on gradient-based optimisation, which is prone to becoming
trapped in local minima, particularly in non-convex or multi-modal cost land-
scapes. This reduces optimisation efficiency and can compromise the quality and

consistency of the resulting control actions.
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* Underexploited Historical Knowledge and System Evolution: Many indus-
trial processes exhibit strong repeatability and generate rich historical state—input
trajectories, yet this information is often underexploited in conventional control
approaches. Existing methods typically treat historical data as static training
samples rather than as a dynamic source of knowledge, limiting the controller’s

ability to adapt to system evolution and leverage long-term operational experience.

¢ Unified Treatment of Multi-Physics Coupling: Complex engineering systems
are inherently governed by tightly coupled multi-physics interactions, such as
electro-thermal or thermo-mechanical dynamics. Capturing these interactions
accurately and efficiently, while keeping the resulting control problem computa-
tionally tractable, remains challenging for both simplified physics-based models

and black-box learning approaches.

Collectively, these challenges highlight the limitations of purely data-driven and
purely physics-based modelling and control strategies when applied to complex engi-
neering systems. They motivate the development of Al-orchestrated, physics-informed
modelling and control frameworks that integrate data-driven learning with physical
insight, historical knowledge, and optimisation-based decision-making, forming the

foundation of the research presented in this thesis.

1.3 Research Motivations and Objectives

The challenges identified in the preceding section arise specifically in the battery-
management and industrial thermal processes investigated in this thesis. In particular,
limited access to internal temperature states, changes in material or battery operating
conditions, physical consistency requirements, and real-time computational constraints
motivate the development of Al-orchestrated modelling and control frameworks that
integrate data-driven learning, physical knowledge, and optimisation-based decision-
making. In response to these application-specific challenges, this thesis sets out the

following objectives:
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* To develop a physics-informed learning approach for the investigated
distributed-parameter thermal system, by embedding governing equations,
boundary conditions, and conservation laws into neural network architectures and
training objectives, and evaluating its effect on data efficiency, generalisation, and

physical consistency.

* To formulate a data-driven self-learning control method for repetitive
battery charging, by exploiting historical state—input information to quantify

future control cost and improve performance across charging iterations.

¢ To develop a learning-enabled predictive control method for multi-cell
battery balancing, by investigating parallel-inference neural representations
and structured cost formulations for efficient multi-objective control under the

constraints considered.

¢ To validate the proposed methods through application-specific case stud-
ies, including pilot-scale steel reheating and simulation-based battery management
studies, and to assess their effectiveness and computational feasibility under the

operating conditions considered.

1.4 Main Contributions of the Thesis

The principal contributions of this thesis lie at the intersection of Al-orchestrated physics-
informed modelling and predictive control for complex engineering systems, addressing
two industrially motivated application domains: energy-intensive manufacturing (re-

heating furnace thermal modelling) and electric vehicle battery management.

1. Physics-Informed Neural Architecture for Industrial Thermal Field Pre-
diction. A physics-informed 2D loss function is formulated by embedding the
Crank—Nicolson discretisation of the transient Fourier heat conduction equation

directly into the training objective, with hard-constrained boundary conditions that
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incorporate both convective and radiative heat exchange. Building on this founda-
tion, an Eng-Gene module is extracted from the governing PDE and integrated as
a physically meaningful intermediate layer within a CNN backbone, encoding the
temperature-dependent Fourier number as a domain-specific nonlinear activation.
Applied to reheating furnace temperature field prediction, this design achieves at
least 90% MAE reduction over a plain physics-informed UNet baseline and a 96%
reduction in per-frame inference time relative to the conventional ADI solver,

enabling genuine real-time integration within the furnace control loop [26].

2. Knowledge Distillation and Transfer Learning for Data-Scarce Industrial
Deployment. To overcome the chronic data scarcity encountered in industrial
furnace operations, a knowledge distillation strategy is developed in which the nu-
merically accurate ADI method acts as a teacher to generate high-fidelity synthetic
training samples for the EngGeneNet student. A complementary transfer learning
scheme then enables efficient adaptation to new steel product grades and shifting
operating conditions, reducing retraining time by 75% compared to training from

scratch [26].

3. Cascading Linearised Thermoelectric Modelling and Convex MPC Formu-
lation for battery Charging. A cascading linearised battery model is developed
that decouples the coupled electrical and thermal dynamics while preserving their
physically meaningful nonlinear coupling structure. By reformulating the thermal
subsystem as linear in the squared current input, the model enables a fully convex
MPC optimisation problem, validated experimentally with voltage RMSE =~ 3.4 mV
and internal temperature RMSE = 0.82°C. To further tighten the feasible solution
space, convex hulls of historical state trajectories are embedded as hard constraints
in the MPC, reducing solve-time variability by approximately 80% relative to stan-
dard MPC and providing a principled mechanism for exploiting repetitive cycle

data [27].

4. Self-Learning Iterative MPC with Memory-Augmented Cost for Optimal

10
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Charging. A memory function is introduced that quantifies the minimum achiev-
able cumulative future cost inferred from historical state—input trajectories and
appends it to the standard quadratic MPC cost, preserving convexity while enabling
the controller to iteratively refine the charging current profile across successive
cycles. The resulting self-learning iterative MPC algorithm is validated through ex-
tensive simulation, demonstrating charging duration reductions of 70—-100s against
a constrained GPC benchmark, strict enforcement of internal temperature limits
across multiple thresholds, and robustness to battery parameter uncertainties of

up to 10%.

. Multi-Task Neural Prediction Model for Heterogeneous Battery Pack Dy-
namics. A unified multi-task neural model is developed using a 2D image-like
input representation that encodes historical multi-cell state sequences and control
action vectors jointly. Decomposed electrical and thermal prediction subnetworks
with sinusoidal positional embedding capture the heterogeneous temporal dynam-
ics of fast electrical and slow cumulative thermal states, achieving maximum SOC
MAE below 0.11 and temperature MAE below 0.03 per cell across three real-world

EV driving cycle datasets.

. 2D Cost Map-Guided Sampling-Based Neural MPC for Real-Time Multi-
Objective Battery Pack Balancing. A gradient-free parallel sampling MPC
framework is proposed that generates a pool of Gaussian-sampled candidate action
trajectories, evaluates them simultaneously through the multi-task neural model
via GPU batch processing. An inertia-aware 2D cost map is further introduced as a
physically grounded multi-objective evaluation metric, encoding state-specific expo-
nential inertia coefficients to capture the heterogeneous dynamic inertias of SOC,
temperature, and voltage along the prediction horizon. The final balancing action
is then synthesised through softmax-weighted aggregation, entirely eliminating
the need for back-propagation through the network at decision time. Comprehen-

sive experiments under three EV driving cycles (BJDST, FUDS, US06) validate

11
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simultaneous achievement of less than 5°C inter-cell temperature difference, below
1% terminal SOC non-uniformity, and output voltage regulation within +10%, with

a per-command decision time of 0.121 s confirming real-time feasibility [28].

1.5 Thesis Structure

The remainder of this thesis is organised into six chapters, as illustrated in Figure
1.2. The logical flow progresses from theoretical foundations, through methodology
development, to case-study validation in corresponding engineering application domains.

Chapter 2: Literature Review. This chapter provides a comprehensive review
of the methodological foundations and application-domain knowledge underpinning
the research. It first surveys physics-informed neural network (PINN) approaches and
grey-box modelling techniques, including the Engineering-Gene (Eng-Gene) framework,
positioning them within the broader landscape of hybrid physics-data modelling. It
then reviews learning-enhanced predictive control formulations, covering data-driven
MPC, iterative learning control, and reinforcement learning-based strategies. The chap-
ter subsequently addresses two specific engineering domains: thermal modelling and
adaptive control of steel industrial reheating furnaces (heat conduction modelling, zone
methods, and furnace-level control strategies), and modelling and control in battery
energy systems (electrochemical and equivalent circuit models, battery state estimation,
and charging and balancing control strategies). The chapter concludes by identifying
the open research gaps that motivate the contributions of Chapters 3-5, which progress
methodologically from modelling (Chapter 3), to control (Chapter 4), to an integrated
modelling-and-control framework (Chapter 5)[29, 30].

Chapter 3: Physics-Informed EngGene Neural Modelling for 2D Transient
Heat Conduction. This chapter presents the first technical contribution of the thesis. It
formulates the 2D transient heat conduction problem in steel stock, derives the physics-
informed 2D loss function based on the Crank-Nicolson discretisation scheme with

hard-constrained boundary conditions, and introduces the EngGeneNet architecture

12
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integrating the Eng-Gene module and knowledge distillation/transfer learning strategy.
Comprehensive case studies on a pilot-scale walking-beam bloom reheating furnace,
including ablation studies, sensitivity analyses, and computational efficiency evaluation,
demonstrate a 96% reduction in per-frame prediction time relative to the conventional
ADI method, alongside prediction accuracy comparable to the numerical reference [26].

Chapter 4: Historical Data-Driven Self-Learning Predictive Control for
Repetitive Processes. This chapter develops the cascading linearised thermoelectric
battery model, formulates the novel historical state convex mapping constraint, and
introduces the memory function-enhanced cost function within an iterative self-learning
MPC framework. Battery charging case studies demonstrate iterative convergence of
the charging current trajectory, superior charging efficiency relative to GPC benchmarks
across multiple thermal constraint thresholds, and improved computational stability
through convex mapping constraint regularisation [27].

Chapter 5: 2D Cost Map-Guided Parallel-Inference Neural Modelling and
Predictive Control Framework. This chapter introduces the unified multi-task state-
action neural model with 2D input formulation and decomposed thermal-electrical
subnetworks, the inertia-aware 2D cost map, and the parallel sampling-based NMPC
framework. Simulation studies on a converter-based modular battery pack under BJDST,
FUDS, and USO06 driving cycle profiles validate simultaneous multi-objective SOC
balancing, thermal regulation, and voltage control with real-time decision-making
efficiency[28].

Chapter 6: Conclusions and Future Work. This chapter summarises the princi-
pal findings and contributions of the thesis, discusses the broader implications of the
proposed physics-informed and data-driven modelling and control framework, and iden-
tifies promising directions for future research extending the presented methodologies to

larger-scale, more complex, and experimentally validated engineering systems.
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LITERATURE REVIEW

2.1 Overview of the development of Data-Driven
Modelling and Control in Complex Engineering
Systems

Over the last few decades, substantial progress has been achieved in the advancement
of Artificial Intelligence (AI), and an increasing number of Al technologies have been
successfully transferred into traditional industrial scenarios to improve manufacturing
efficiency and product quality. Driven by rapidly growing data availability in industrial
systems and the development of scalable algorithms, Data-Driven methods have been
increasingly used to learn system behaviours directly from measured data, often without
explicitly modelling the underlying physical mechanisms [6]. Consequently, data-driven
modelling and control have become an active and influential research direction for
complex engineering systems, where high-dimensional nonlinearities, uncertainties, and
partial observability can make purely mechanistic modelling difficult or computationally
prohibitive.

A notable feature of this evolution is that data-driven methods have progressively

15
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expanded beyond classical regression and classification to include system identifica-
tion, state estimation, anomaly detection, and closed-loop decision-making. In industrial
modelling and control, data-driven approaches are typically used to (i) approximate
complex input-output mappings, (ii) infer latent states that are not directly measurable,
and (iii) enable predictive or adaptive control policies that respond to disturbances and
operational changes. Such capabilities are especially attractive in complex engineering
systems, where accurate modelling from first principles may require a large number of
coupled differential equations and parameters that are difficult to identify reliably in
practice. As a result, Al-driven approaches have been widely explored across diverse
application domains, including manufacturing [31], agriculture [32], economics and deci-
sion science [33]. These applications collectively demonstrate that data-driven methods
can discover useful structures and correlations from data, thereby enabling improved
monitoring, forecasting, and control performance in real-world applications.

The rise of deep learning is closely associated with the rapid advancement of computer
hardware (e.g., GPUs and specialised accelerators) and the availability of large-scale
datasets. Deep learning generally follows neural-network architectures with multiple
layers, and is therefore often referred to as deep neural networks (DNNs) [7]. Deep
learning methods can operate effectively on unstructured data (e.g., images, text, and
high-frequency signals) and can automatically extract hierarchical features, thereby
reducing dependence on manual feature engineering and domain expertise [8]. This
property makes deep learning particularly suitable for large-scale and high-complexity
industrial tasks, where raw sensory streams (vision, acoustics, thermal images, mul-
tivariate time series) contain rich information but are challenging to represent with
handcrafted features. In terms of practical impact, deep learning has become embedded
in many industrial products and services. For instance, deep learning techniques have
contributed to speech recognition systems that enable voice-based retrieval and inter-
action [12]. Similarly, deep learning has been used in large-scale image searching and
retrieval pipelines [34]. In manufacturing, deep learning combined with machine vision

has demonstrated strong performance for surface defect detection and quality inspection,
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offering improvements in automation and consistency compared with manual inspection
[13]. Beyond inspection, deep learning methods have also been applied to predictive
maintenance and prognostics; for example, Long Short-Term Memory (LSTM) networks
have been used for remaining useful life (RUL) estimation in complex equipment such
as aircraft turbofan engines [14]. These developments collectively highlight that data-
driven modelling is increasingly positioned not only as an analytics tool, but also as an
enabling technology for closed-loop decision-making and control in industrial systems.
Despite the successes of purely data-driven methods in industrial applications, their
limitations are particularly relevant to the battery and reheating-furnace systems con-
sidered in this thesis. Black-box models may require substantial training data, extrapo-
late poorly beyond the training distribution, and provide limited interpretability. They
may also fail to respect physical constraints such as energy conservation or known
input-output relationships. These concerns motivate the review of grey-box and physics-
informed approaches that combine mechanistic insight with data-driven flexibility. The
remainder of this chapter therefore focuses on methods and application domains most

relevant to the modelling and control problems addressed in this thesis.

2.2 Physics-Informed and Grey-Box Modeling
Approaches

2.2.1 Physics-Informed Neural Networks

In recent years, physics-informed neural networks (PINNs) have attracted substantial
attention as an emerging framework for solving partial differential equations (PDEs)
using deep neural networks (DNNs), particularly in scenarios where labelled data are
limited or expensive to obtain. Unlike conventional supervised learning approaches that
rely heavily on dense ground-truth measurements, PINNs embed governing equations,
initial conditions, and boundary conditions into the training objective through physics-

based residual losses. Moreover, compared to traditional analytical or numerical PDE
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Figure 2.1: General framework of PINN model.

solvers, PINNs avoid complex discretisation schemes and iterative solution procedures,
providing a unified framework that can handle irregular geometries, heterogeneous
material properties, and inverse problems within the same computational pipeline. Such
characteristics are highly relevant to industrial processes, where experiments are costly
and full-field sensing is often impractical.

Physics-informed neural networks (PINNs) were proposed to bridge this gap by ex-
plicitly integrating governing physical laws into the learning process. Instead of relying
solely on labelled data, PINNs encode the residuals of the governing PDEs, together with
initial and boundary conditions, into the loss function [35]. In this framework, deep neu-
ral networks such as fully connected networks (FCNs) or convolutional neural networks
(CNNs) are employed as universal function approximators, while automatic differentia-
tion is used to efficiently compute the required spatial and temporal derivatives [36]. As a
result, PINNs avoid explicit numerical discretisation and complex analytical derivations,
offering a unified and flexible framework for solving both forward and inverse problems
governed by PDEs.

The general formulation of a PINN can be expressed as [37]

ulx,t)+ Nlu;A1=0, x€Q,tel0,7], 2.1)

subject to the initial condition

u(x,0)=h(x), xeQ, 2.2)
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and the boundary condition
u(x,t)=g(x,t), x€0Q,tel0,1], (2.3)

where A;[-;1] denotes a nonlinear operator parameterised by A, typically represented by
a deep neural network such as an FCN or CNN. Here, u(x,t) denotes the target solution
field, Q and 0Q2 represent the computational domain and its boundary, respectively, A (x)
and g(x,t) correspond to the prescribed initial and boundary conditions, and 7 denotes
the time horizon of interest.

Figure 2.1 illustrates the general framework of a PINN [30]. Unlike conventional
neural networks trained purely on labelled datasets, the loss function of a PINN consists
of multiple components, including the PDE residual loss, the initial condition loss, and the
boundary condition loss. This physics-based loss formulation enables the model to learn
physically admissible solutions even with sparse measurement data. For two-dimensional
and higher-dimensional thermal conduction problems, convolutional neural networks can
be employed as the backbone to exploit their inherent parallel computation capabilities,
thereby significantly reducing computational cost. This structural flexibility further
provides a foundation for extending PINN-based models towards grey-box formulations
and control-oriented modelling frameworks that combine data-driven learning with
known physical structures.

PINNs have emerged as a powerful mesh-free framework for solving partial differen-
tial equations by embedding physical laws into the loss function of neural networks. To
address limitations of the conventional PINN approach, several variants have been devel-
oped. Bayesian PINNs (B-PINNs) incorporate Bayesian frameworks with Hamiltonian
Monte Carlo or variational inference to quantify aleatoric uncertainty and improve accu-
racy in noisy data scenarios [38]. For problems involving interfaces and discontinuities,
hard-constraint PINNs impose boundary and interface conditions exactly rather than
as soft penalties, enabling rigorous satisfaction of constraints in optimal control prob-
lems [39]. Extended PINNs (XPINNSs) introduce space-time domain decomposition with
multiple neural networks operating on subdomains, offering enhanced parallelisation

and allowing tailored network architectures for regions with varying solution complex-
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ity [40]. Coupled PINNs (CPINNs) have been developed for multi-physics problems
such as geothermal systems, incorporating adaptive loss weights to improve approxi-
mation capability [41]. Recent work has also explored reduced-order PINNs (ro-PINNs)
that decrease derivative orders in automatic differentiation while increasing network
output dimensions, demonstrating superior stability and accuracy compared to vanilla
and extended-variable formulations in macroscopic flow simulations [42]. Additionally,
improved PINNs (Im-PINNs) employ adaptive strategies in activation functions, loss
functions, and sampling to enhance convergence for strongly nonlinear inverse problems,
achieving reductions in parameter estimation errors by up to two orders of magni-
tude [43]. Collectively, these variants aim to mitigate optimisation pathologies, enhance
accuracy and stability, and expand PINNs to more complex inverse and high-dimensional
fluid mechanics problems.

A growing body of literature has demonstrated the effectiveness of PINNSs in both
forward and inverse problems across diverse engineering domains. For example, [44]
employed PINNSs to approximate feasible solutions for forward PDE problems and to
identify key parameters in inverse settings across different dimensionalities, highlight-
ing the capability of PINNs for parameter inference under physical constraints. In
thermal—fluid applications, [45] applied PINNs to heat convection problems involving
coupled thermal and velocity fields under unknown boundary conditions, illustrating the
flexibility of PINNSs in handling incomplete boundary information through physics-based
regularisation. To address heterogeneous materials and discontinuous properties, [46]
proposed a multi-domain PINN framework consisting of multiple sub-networks, enabling
improved representation for heat conduction in multi-layer structures. Beyond classical
PDE forms, [47] demonstrated PINNs for forward and inverse problems of variable-order
space-fractional advection—diffusion equations, suggesting their potential in modelling
anomalous transport phenomena. More recently, PINN-based modelling has been ex-
tended to complex industrial processes; for instance, [48] modelled the dehydration stage
of ternary cathode material sintering using a two-sphere model combined with PINNS,

improving prediction accuracy for reaction states while accounting for temperature
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variation effects through simulation and experimental validation. Collectively, these
studies indicate that PINNs provide a powerful framework for integrating physical laws
with data-driven learning to support modelling tasks under limited measurements and

uncertain process conditions.

2.2.2 Grey-Box modelling with Engineering-Gene Neural

Networks

In parallel to PINNSs, grey-box modelling provides a complementary route to bridge
purely first-principles models and purely black-box learning. As shown in Figure 2.2 [29],
grey-box approaches typically retain a mechanistic backbone (e.g., equivalent circuit
models, lumped thermal networks, zone models, energy balance equations, or simpli-
fied PDE discretisations) and use data-driven components to compensate for uncertain
parameters, unmodelled dynamics, or complex nonlinear mappings. This framework is at-
tractive for industrial systems because it supports interpretability, constraint-awareness,
and extrapolation robustness, while still benefiting from learning-based expressiveness.
In practice, grey-box models can be realised in multiple forms: (i) parameter learning,
where neural networks estimate time-varying or state-dependent parameters; (ii) resid-
ual learning, where neural networks model the mismatch between nominal physics
and observed dynamics; and (iii) structural embedding, where engineered features or
physically meaningful basis functions are injected into network architectures to guide
representation learning.

A particularly noteworthy aspect of structural embedding is the eng-genes (engi-
neering genes) architecture proposed by Li et al. [49], which explicitly incorporates
domain-specific nonlinear functions extracted from first-principles laws into the neural
network structure. Unlike conventional multilayer perceptrons (MLPs) that employ
uniform activation functions (e.g., sigmoid, tanh, or ReLU) across all hidden nodes,
the eng-genes framework allows heterogeneous activation functions derived from the
fundamental physics and chemistry governing the target system.

The core philosophy of eng-genes is analogous to genetic encoding in biological sys-
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tems: just as genes determine the fundamental building blocks of organisms, engineering
genes represent the essential nonlinear functional primitives that characterise indus-
trial processes. These primitives are identified through systematic analysis of governing
equations, typically expressed as systems of ordinary differential equations (ODEs) or
partial differential equations (PDEs), and then embedded as activation functions within
the network architecture.

Figure 2.3 [49] illustrates the complete eng-genes modelling framework, which com-
prises two parallel knowledge streams that converge into a unified network optimisation
module. In the upper stream, grounded in a priori physical insight, characteristic non-
linear functions are extracted from the governing ODEs or PDEs of the target system
to form the eng-gene library. In the lower stream, experimental or operational data are
acquired and preprocessed to provide the training and validation sets. Both streams feed
into the network optimisation module, in which an evolutionary algorithm simultane-
ously selects appropriate eng-genes from the library, determines the network topology,
and identifies the synaptic weights and biases. A validation and falsification step is
embedded within this module to assess generalisation performance and trigger struc-
tural refinement where necessary, ensuring that the final model captures the underlying
physical behaviour rather than overfitting the training data.

For a multi-input single-output (MISO) system, a single-hidden-layer eng-genes
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network can be formulated as:
P
yr =00+ ) 0ipi(ug;c;) (2.4)

i=1
where @; represents the i-th eng-gene activation function, u; denotes the input vector, c;
encapsulates the associated parameters (weights and biases) of the i-th neuron, and 6;
are the output layer weights. Crucially, the activation functions ¢; are not predetermined
standard functions but are instead selected from a library of physically meaningful
nonlinearities:

Wl(uk;ci) if0<i< mi

wa(ug;e;) ifmi<i<mg
pi(ug;e;) =1 (2.5)

veag;e)) ifmg1<i<mg=p

where v/ represents distinct classes of eng-genes (e.g., Arrhenius-type exponentials,
rational functions, power laws), and (m ; —m ;_1) indicates the number of hidden neurons
employing the j-th eng-gene type.

The eng-genes modelling workflow consists of five systematic steps:
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1. Physical mechanism establishment: Formulate the fundamental governing
laws of the system, typically as PDEs or ODEs describing mass, energy, and momen-

tum conservation, along with reaction kinetics or thermodynamic relationships.

2. Eng-gene extraction: Identify characteristic static nonlinear functions that
recur in the governing equations. For instance, in combustion systems, Arrhenius

-E./(RT)

kinetics yield exponential functions of the form ¢q(x) =e , while species

concentration dependencies may produce rational functions ¢a(x) = c1/(c2 + bx).

3. Data acquisition and preprocessing: Collect experimental or simulation data
spanning the operational envelope of interest, ensuring sufficient excitation of

system nonlinearities.

4. Network optimisation: Employ evolutionary algorithms (typically genetic al-
gorithms with mixed coding schemes) to simultaneously optimise: (a) network
topology (selection of eng-genes and hidden layer size), (b) synaptic weights, and

(c) eng-gene parameters.

5. Model validation: Assess generalisation performance on unseen test data to
ensure the learned model captures underlying physics rather than overfitting

training patterns.

Grey-box modelling has been widely explored in battery energy systems, where
electro—thermal behaviour is strongly coupled and subject to ageing-dependent parame-
ter drift. A common strategy is to adopt an interpretable electrical model (e.g., equivalent
circuit models) and augment it with learned mappings for temperature-dependent re-
sistance/capacitance, hysteresis, or unmodelled diffusion effects, thereby improving
accuracy without losing physical interpretability required for battery management ap-
plications. Similarly, for battery thermal modelling, lumped thermal networks provide
a tractable physics structure, while data-driven modules can capture nonlinear heat
generation and convection variations under different operating conditions. In industrial

thermal processes such as reheating furnaces, reduced-order physics models (e.g., zone
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models or discretised heat-transfer representations) provide interpretable structure for
energy and temperature evolution, while learning-based terms can compensate for uncer-
tainties in radiative exchange, boundary disturbances, material property variations, and
production scheduling effects. In these settings, grey-box methods often deliver improved
predictive fidelity and robustness compared with purely mechanistic models, while being
more trustworthy and controllable than fully black-box neural surrogates.

Overall, both PINNs and grey-box modelling represent important directions toward
physics-consistent and data-efficient modelling for industrial-scale systems. PINNs offer
a general learning-based PDE-solving framework, yet face efficiency and scalability
challenges in large-scale industrial scenarios. Grey-box approaches offer strong inter-
pretability and deployment compatibility, but require systematic design to effectively
integrate learning modules without compromising stability or physical plausibility. These
considerations motivate the development of control-oriented and deployable physics-
informed data-driven models, which form an important methodological basis for the

subsequent chapters of this thesis.

2.3 Learning-Enhanced Predictive Control

2.3.1 Foundations of Predictive and Iterative Learning Control

Model Predictive Control (MPC) has established itself as one of the most prominent
advanced control strategies in modern engineering, owing to its systematic handling
of multi-variable systems, explicit constraint satisfaction, and receding horizon optimi-
sation mechanism. The fundamental principle of MPC lies in solving a finite-horizon
optimal control problem at each sampling instant, applying the first element of the
resulting optimal input sequence, and then repeating this process with updated state
measurements. This receding horizon strategy endows MPC with inherent feedback prop-
erties and robustness against model-plant mismatches. Considerable research efforts
have been devoted to the theoretical foundations and practical deployment of MPC across

diverse engineering domains. Drgona et al. [50] conducted a comprehensive investigation
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into the application of MPC for building energy management, systematically addressing
modelling methodologies, simulation frameworks, and control algorithm design, thereby
establishing a valuable reference architecture for energy-oriented MPC applications. In
the domain of power electronics, Karamanakos et al. [51] examined both direct and indi-
rect MPC formulations, providing rigorous analyses of closed-loop stability guarantees
and the associated computational complexity, which remains a persistent challenge in
real-time embedded implementations.

Despite its widespread adoption, conventional MPC suffers from a fundamental
dependence on the fidelity of the underlying predictive model. Inaccuracies in system
identification, unmodeled dynamics, and time-varying parameters can substantially
degrade closed-loop performance and even compromise stability. This limitation has
motivated significant research into sampling-based MPC variants, which relax the
requirement for gradient-based optimisation by employing stochastic sampling to ap-
proximate the optimal control sequence. Methods such as Model Predictive Path Integral
(MPPI) control leverage importance-weighted Monte Carlo sampling to evaluate a large
ensemble of candidate trajectories in parallel, enabling gradient-free optimisation that
is naturally amenable to GPU acceleration [52]. These sampling-based approaches ex-
hibit improved robustness to non-convex cost landscapes and discontinuous dynamics,
though they introduce their own trade-offs in terms of sample efficiency and variance
of the resulting control policy. Iterative Learning Control (ILC) offers a complementary
framework to MPC, motivated by the observation that many industrial processes exe-
cute repetitive tasks under similar initial conditions. ILC systematically exploits the
error information accumulated over previous task repetitions to iteratively refine the
feedforward control input, progressively approaching the desired trajectory tracking
performance. The convergence properties of ILC algorithms, including both P-type and
D-type update laws as well as norm-optimal formulations, have been extensively studied
in the literature [563]. However, a fundamental limitation of conventional ILC lies in its
batch nature: the control update is computed between trials rather than within a single

execution, which precludes real-time adaptation to mid-trial disturbances or changes in
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operating conditions. Furthermore, ILC relies on the assumption of repeatable dynamics
and consistent initial conditions across trials, assumptions that are frequently violated
in practical engineering scenarios involving parameter drift or varying load profiles. The
integration of ILC principles with predictive control frameworks has therefore attracted
growing attention as a means of combining the trial-to-trial learning capability of ILC

with the real-time optimisation and constraint-handling strengths of MPC.

2.3.2 Learning-Based and Data-Driven Formulations of Model

Predictive Control

The fusion of data-driven methodologies with the MPC framework has emerged as an
active and rapidly evolving research direction, motivated by the practical difficulties
of constructing accurate first-principles models for complex systems. Data-driven MPC
approaches broadly fall into two categories: those that employ historical data to construct
or refine the predictive model used within a conventional MPC optimisation, and those
that derive the control policy or system representation entirely from data without explicit
physical modelling.

Within the model-construction category, system identification techniques such as sub-
space methods, Gaussian process regression, and neural network-based surrogate models
have been widely integrated into MPC pipelines. Gaussian process MPC is particularly
notable in this regard, as it provides not only a data-driven predictive model but also
principled uncertainty quantification in the form of posterior variance estimates, which
can be propagated through the prediction horizon to yield probabilistic constraint satis-
faction guarantees. The resulting stochastic MPC formulations account for both aleatoric
uncertainty stemming from process noise and epistemic uncertainty arising from limited
training data, offering a more principled treatment of model uncertainty than determin-
istic tube-based approaches. In the direct data-driven category, the Willems’ fundamental
lemma has provided a powerful theoretical underpinning for non-parametric data-driven
control [54]. This result establishes that the input-output behaviour of a linear time-

invariant system can be fully characterised by a Hankel matrix constructed from a single
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persistently exciting trajectory, eliminating the need for explicit system identification.
Building upon this foundation, Data-enabled Predictive Control (DeePC) directly embeds
the Hankel matrix into the MPC optimisation, replacing the model-based prediction
with a data-driven behavioural representation. Persis et al. [565] further advanced this
line of research by employing input-output data to formulate a data-dependent system
matrix, thereby circumventing the intricate processes of physical modelling and pa-
rameter identification. Extensions of these frameworks to handle nonlinear systems,
output feedback settings, and closed-loop data collection scenarios remain active areas
of investigation. Rueda-Escobedo et al. [56] developed a data-driven control algorithm
specifically targeting discrete time-delay systems, wherein historical data information
is systematically incorporated into both the model development phase and the state
feedback gain design, demonstrating the potential of data-centric approaches in handling
systems with complex dynamic structures.

The practical deployment of data-driven MPC in engineering applications has also
been actively explored. In the context of building climate control and energy systemes,
data-driven predictive models derived from operational data have demonstrated com-
petitive performance relative to physics-based MPC, with the additional advantage of
automatic adaptation to seasonal variations and occupancy pattern changes. For battery
management and electrochemical systems, data-driven MPC approaches offer a com-
pelling alternative to equivalent circuit or physics-based electrochemical models, which
typically require extensive parameterisation and are sensitive to ageing-induced param-
eter drift. In repetitive batch processes, Zhou et al. [57] demonstrated how historical
trajectories can be used for data-efficient constrained learning and value-function approx-
imation, providing a relevant foundation for the historical-data mechanism developed in

Chapter 4.

2.3.3 Reinforcement Learning for Control

Reinforcement Learning (RL) has attracted considerable attention as a model-free ap-

proach to deriving optimal control policies through direct interaction with the environ-
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ment. The RL framework frames the control problem as a Markov Decision Process,
wherein an agent learns to select actions that maximise a cumulative discounted re-
ward signal through repeated trial-and-error exploration. This framework is particularly
attractive for complex, high-dimensional control problems where deriving analytical
optimal policies is intractable, and where the system dynamics are either unknown or
too complex to model accurately.

Deep reinforcement learning algorithms, which leverage deep neural networks as
function approximators for the policy and value functions, have demonstrated remark-
able empirical success across a broad range of control tasks. Deep Deterministic Policy
Gradient (DDPQG) [58], Proximal Policy Optimization (PPO) [59], Soft Actor-Critic (SAC)
[60], and Twin Delayed DDPG (TD3) [61] represent prominent actor-critic architectures
that have been applied to continuous-action control problems in robotics, process control,
and energy management [62]. The soft actor-critic algorithm, in particular, incorporates
a maximum entropy objective that encourages stochastic exploration and has demon-
strated superior sample efficiency and robustness compared to earlier deterministic
policy gradient methods. Despite these empirical successes, RL-based control strategies
face several fundamental challenges that hinder their deployment in safety-critical
engineering applications. First, the sample inefficiency of model-free RL is a significant
concern: learning a satisfactory control policy may require millions of environment in-
teractions, which is impractical when real-world trials are costly, time-consuming, or
potentially hazardous. Second, the exploration strategies employed during training may
generate unsafe actions that violate physical or operational constraints, posing risks to
equipment integrity and process safety. Third, the convergence behaviour and closed-loop
stability properties of deep RL policies lack the formal guarantees that are expected in
industrial control applications. Fourth, the black-box nature of neural network policies
renders interpretability and systematic tuning difficult for control engineers accustomed
to classical and model-based design frameworks. Model-based reinforcement learning
(MBRL) attempts to address the sample efficiency limitation by learning a dynamics

model from collected data and using this model to generate synthetic experience for policy
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optimisation or to perform planning. Methods such as Dyna-style algorithms interleave
real and simulated experience [63], while Model Predictive Control with learned models
effectively bridges MBRL and data-driven MPC. The integration of RL with MPC frame-
works, sometimes referred to as RL-MPC or learning-based MPC, is gaining traction as a
means of combining the asymptotic optimality and adaptability of RL with the constraint
satisfaction and interpretability of MPC [64]. In these hybrid architectures, RL may be
employed to learn the terminal value function or terminal set for the MPC optimisation,
to tune the cost function weights online, or to provide a warm-start solution that reduces
the online computational burden of the MPC solver.

In the context of battery charging control and similar electrochemical process appli-
cations, RL-based approaches face additional challenges related to the slow timescales
of degradation dynamics, the difficulty of defining reward functions that adequately
capture long-term ageing costs, and the limited availability of diverse training data
spanning the full operating envelope. These considerations motivate the development of
alternative learning-enhanced control strategies that retain the predictive optimisation
structure of MPC while incorporating historical operational data in a more structured

and sample-efficient manner, as pursued in the present work.

2.4 Thermal modelling and Control in Steel
Industrial Reheating Furnaces

Reheating furnaces occupy a central position in the steelmaking production chain,
serving as the thermal processing stage through which intermediate steel products,
including slabs, blooms, and billets, are brought to a target discharge temperature,
typically in the range of 1100-1250°C, with permissible temperature non-uniformity of
no more than 20-30°C across the cross-section, prior to hot forming or rolling operations
[65]. The reheating process is energy-intensive by nature: large continuous reheating
furnaces with heat inputs up to 200 MW are commonplace in modern steel plants, and the

average net energy consumption for such facilities burning natural gas exceeds 1.2G<J
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per tonne of steel produced [66]. Beyond energy concerns, inadequate temperature control
results in product defects, increased rejection rates, and operational disruptions during
downstream rolling processes. It has been estimated that reducing product rejection
rates from 1.5% to 0.2% alone could yield energy savings of approximately 9%, equivalent
to roughly 0.3GJ per tonne [67]. These economic and environmental imperatives have
driven sustained research interest in developing accurate thermal models and effective
control strategies for reheating furnaces over several decades.

This section reviews the principal approaches to thermal modelling of reheating
furnaces and their associated control strategies, drawing upon both classical methods
grounded in heat transfer physics and more recent developments in machine learning

and physics-informed deep learning.

2.4.1 Heat Conduction modelling within Steel Stock

Accurate prediction of the internal temperature distribution within the steel stock is
indispensable for real-time product quality monitoring and adaptive control of the dis-
charge temperature. Surface temperature measurements obtained through radiometric
imaging cameras or thermocouples provide only boundary information and cannot di-
rectly reveal the through-thickness temperature gradient, which is critical for ensuring
the required temperature uniformity prior to rolling. Figure 2.4 illustrates a typical
walking-beam reheating furnace and the intermediate steel stock, showing the spatial

arrangement that governs the heat transfer environment addressed in this section [68].

2.4.1.1 Conventional Numerical and Analytical Methods

The accurate prediction of transient temperature distribution within steel stock during
the reheating process has been a longstanding research challenge, and a substantial
body of literature has addressed this problem through classical numerical and analytical
solution methods. These approaches seek to solve the governing Fourier heat conduction
equation, or its discretised approximation, subject to appropriate initial and boundary

conditions representing the thermal environment imposed by the furnace.
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Figure 2.4: The reheating furnace and the steel stock

Analytical solutions to the transient heat conduction equation exist for simplified
geometries and boundary conditions. For one-dimensional problems with constant mate-
rial properties and idealised boundary conditions, series solutions based on separation of
variables and eigenfunction expansion have been well established since the foundational
work of Carslaw and Jaeger [69]. Such solutions offer valuable physical insight into the
characteristic timescales and spatial profiles of thermal diffusion within the stock and
have been used in early furnace control systems to estimate bloom core temperatures
from surface measurements. However, their applicability is fundamentally constrained
by the requirements of geometric regularity, spatially uniform boundary conditions,

and critically temperature-independent material properties. In practice, the thermal
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conductivity and specific heat capacity of steel exhibit strong and nonlinear tempera-
ture dependence across the heating range encountered in reheating furnaces, rendering
constant-property analytical solutions insufficiently accurate for quantitative control
applications.

To accommodate temperature-dependent material properties and arbitrary boundary
conditions, numerical discretisation methods have been widely adopted. The Finite
Difference Method (FDM) provides a straightforward and computationally efficient
framework for discretising the heat conduction PDEs on a structured grid. Among the
various time integration schemes applicable within the FDM framework, the Crank-
Nicolson method introduced by Crank and Nicolson [70] has been particularly widely
adopted in furnace modelling applications, owing to its unconditional stability and
second-order temporal accuracy, which allow the use of relatively large time steps without
numerical divergence. The Finite Element Method (FEM) has also been applied to steel
heat conduction problems [71], offering greater geometric flexibility and the ability to
handle irregular stock cross-sections, though at higher implementation complexity and
computational cost compared with FDM on structured grids.

For two-dimensional transient heat conduction problems, which are necessary to
resolve the through-thickness and through-width temperature gradients in bloom and
slab cross-sections, the direct application of implicit finite difference schemes leads
to large coupled linear systems that must be solved at every time step, which can be
computationally demanding. The Alternating Direction Implicit (ADI) method addresses
this challenge by splitting the 2D problem into two sequential sets of one-dimensional
tridiagonal systems, solved alternately along the x and y spatial directions within each
time step [72]. The resulting tridiagonal systems can be solved efficiently using the
Thomas algorithm, achieving unconditional stability while dramatically reducing the
computational cost relative to fully implicit 2D solvers. The ADI method has been widely
applied to heat conduction modelling in steel processing [73—-75]; Croft et al. provided an
early and influential treatment of ADI-based heat transfer calculations using finite dif-

ference equations that has been extensively referenced in subsequent furnace modelling
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literature [72]. More recent implementations have incorporated temperature-dependent
polynomial representations of thermal conductivity and specific heat capacity, calibrated
against experimental measurements for specific steel grades, enabling more accurate
simulation of the nonlinear thermal behaviour encountered in industrial reheating
[65, 76].

Beyond FDM and FEM, the Finite Volume Method (FVM) has also been applied to
steel heat conduction problems, particularly in configurations where it is desirable to
ensure strict local energy conservation at the discrete level. FVM formulations discretise
the integral form of the energy conservation equation over control volumes surrounding
each mesh node, offering a natural connection to the energy balance perspective adopted
in zone-based furnace models and ensuring that the numerical scheme respects the
fundamental conservation laws of thermodynamics by construction.

In the specific context of reheating furnace modelling, numerical conduction models
are typically coupled to a furnace-level radiation and energy balance model, such as
the zone method, which supplies the surface heat flux boundary conditions at each
time step. This hierarchical coupling, in which the zone model resolves the furnace
enclosure thermal field and the conduction model resolves the internal stock temperature
distribution, has been demonstrated to yield bloom temperature predictions in close
agreement with plant trial data for both static and dynamic operating conditions [30, 77].
The surface heat flux boundary condition incorporates both radiative and convective
contributions from the furnace gas and wall zones, and its accurate specification is
essential for realistic conduction modelling.

Despite the maturity and physical rigour of conventional numerical methods, their
application in real-time furnace control is constrained by computational cost. For a fine
spatial mesh resolving the through-thickness temperature distribution of a large bloom,
the repeated solution of tridiagonal systems, or their higher-dimensional equivalents,
at every time step across all blooms simultaneously present in the furnace can impose
significant computational latency. This challenge is compounded in dynamic operat-

ing scenarios where bloom dimensions or material grades change between production
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batches, necessitating reconfiguration of the mesh and material property functions. Fur-
thermore, the sequential, time-step-by-time-step nature of numerical PDE solvers limits
opportunities for the parallelisation that modern computing hardware increasingly offers
through GPU acceleration. These considerations have motivated growing interest in sur-
rogate modelling approaches that seek to replicate the predictive accuracy of numerical

conduction models at substantially reduced online inference cost.

2.4.1.2 Machine Learning and Physics-Informed Approaches

The inherent computational burden associated with conventional numerical methods for
solving transient heat conduction PDEs has motivated growing interest in data-driven
and hybrid modelling approaches as surrogate alternatives. With the rapid advancement
of deep learning in the past decade, neural network-based models have emerged as
promising candidates for approximating the solutions to complex governing equations,
offering the potential for substantially reduced online inference time once the model has
been trained offline.

Early data-driven efforts applied relatively shallow machine learning models, includ-
ing support vector regression and feedforward neural networks, to predict surface or
average temperatures of steel stock as functions of process inputs, treating the heat
conduction process as a black-box input-output mapping [78, 79]. While such approaches
demonstrated feasibility in controlled experimental settings, they suffered from poor
generalisation to operating conditions outside the training distribution and lacked any
mechanism to enforce physical consistency in their predictions. The absence of physics
constraints also meant that such models required large volumes of labelled experimen-
tal data, which is notoriously difficult and costly to acquire in industrial reheating
environments where instrumentation access is limited.

The application of Convolutional Neural Networks (CNNs) to spatially distributed
thermal fields represented a significant methodological advance. The spatially structured
nature of a 2D temperature distribution, which is analogous to an image, makes CNN ar-

chitectures naturally well-suited to feature extraction and spatial pattern learning in this
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context. Fonda et al. applied a UNet-based CNN model to study heat transfer in Rayleigh-
Bénard convection, demonstrating that deep learning models could capture the salient
spatial structures of temperature fields under varying Rayleigh numbers [80]. Yuan et
al. proposed a dynamic CNN strategy for soft sensor modelling of industrial process data,
illustrating the broader applicability of convolutional architectures to temporal-spatial
feature extraction in manufacturing processes [81]. These works collectively established
CNN-based models as effective tools for learning from high-dimensional spatial data in
heat transfer and industrial process contexts.

Despite their expressive power, purely data-driven deep learning models are widely
recognised as "black-box" models whose predictive accuracy depends critically on the
quantity and quality of available labelled data, and whose generalisation to unseen
conditions can be unreliable [82]. These limitations are particularly acute in the context
of industrial steel reheating, where the cost of conducting controlled experiments under
diverse operating conditions is prohibitive, and where the consequences of prediction
errors, in the form of product defects or energy waste, are significant. Furthermore,
without physical constraints, black-box models may produce predictions that violate
fundamental conservation laws, undermining their trustworthiness in safety-critical
process control applications.

Physics-Informed Neural Networks (PINN5s) offer a principled approach to addressing
these limitations by embedding the governing PDEs directly into the neural network
training process through the loss function formulation. Rather than learning from
labelled input-output pairs alone, PINNSs are trained to satisfy both data observations
and the physical constraints expressed by the governing equations, initial conditions,
and boundary conditions. This approach reduces reliance on large labelled datasets and
promotes physically consistent extrapolation. The PINN framework has been applied to
a range of heat transfer problems. For instance, Cai et al. demonstrated the application
of PINNSs to heat convection problems in thermal and velocity fields under unknown
boundary conditions [45]. Mao et al. used PINNs to solve high-speed compressible flow
problems [44]. Zhang et al. developed a multi-domain PINN formulation to address
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transient heat conduction in multi-layer materials [83]. These studies confirmed the
broad applicability of physics-informed learning to engineering heat transfer problems
and its advantages in data-scarce regimes.

In the specific context of steel reheating furnaces, Wang et al. developed a mathe-
matical model using the zonal method to study heat conduction within beam blanks,
highlighting the challenge of predicting the internal temperature distribution in complex
stock geometries [84]. Ahmed et al. constructed a steady-state model approximating the
furnace environment for slab temperature prediction [85]. However, neither approach
was formulated for real-time inference at the computational speeds demanded by closed-
loop control systems. The application of PINNSs to the transient heat conduction problem
within steel stock, particularly in a form compatible with the real-time control loop of a
reheating furnace, thus represents an active and important research frontier.

Conventional PINN implementations employing fully connected networks (FCNs) as
the backbone face limitations in scalability and computational efficiency when applied
to large-scale, high-dimensional spatial problems. The per-iteration cost of computing
PDE residuals through automatic differentiation in FCN-based PINNs grows with
problem dimension, and the sequential nature of FCN computation does not naturally
exploit the spatial regularity of the temperature field. CNN-based architectures, by
contrast, leverage parallelised convolution operations that align naturally with the grid-
structured spatial domain of heat conduction problems, offering significant computational
advantages for 2D and higher-dimensional temperature field prediction.

Taken together, the trajectory of research in this area reveals a clear progression
from purely data-driven black-box models, through physics-informed FCN-based PINNS,
toward physics-informed CNN architectures that combine spatial inductive biases with
principled physical constraints and domain knowledge embedding. Key open challenges
include extending these approaches to handle strongly non-uniform heating profiles and
multi-material configurations, developing robust uncertainty quantification frameworks
for safety-critical process control contexts, and achieving seamless online integration of

trained surrogate models within the full dynamic zone model and control architecture of
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Figure 2.5: Control zones

industrial reheating furnaces.

2.4.2 Furnace Control Strategies

Supervisory control systems for reheating furnaces are conventionally structured at two
levels. At Level 1, the burner firing rate is modulated through either amplitude control
by varying valve opening to adjust heat generation intensity, or frequency control, in
which burners are pulsed on and off at varying duty cycles. At Level 2, a mathematical
furnace model computes the heat transfer rate to the stock, informing the temperature
set-points for each control zone. Figure 2.5 illustrates the typical zone layout of an
industrial reheating furnace control system [30].

The most widely deployed feedback control strategy in industrial reheating furnaces
is the proportional-integral-derivative (PID) controller, which computes a corrective
temperature compensation signal based on the error between the measured zone temper-
ature and the set-point [65]. The controller output is normalised and used to modulate
the burner fuel flow rate within prescribed minimum and maximum firing rate bounds.
While PID control provides reliable steady-state performance under fixed operating
conditions, its effectiveness is inherently limited when confronted with the large inertia,
significant hysteresis, and measurable disturbances characteristic of dynamic furnace op-
eration, including batch variations, changes in stock dimensions and material properties,

and production delays.
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A further and often underappreciated limitation of conventional furnace control
lies in its reliance on wall or gas zone temperature measurements as proxies for stock
thermal state. In practice, the internal temperature distribution within the steel stock,
which governs product quality, temperature uniformity, and rolling readiness, cannot be
directly measured during furnace operation. Radiometric imaging cameras and surface
thermocouples provide only boundary observations, leaving the through-thickness tem-
perature gradient unobserved. As a consequence, conventional PID-based control loops
regulate furnace zone temperatures rather than the stock temperature distribution itself,
creating a fundamental disconnect between the controlled variable and the quantity of
actual engineering interest. This observability gap means that transient phenomena
such as the thermal lag between furnace atmosphere and stock core, or the temperature
non-uniformity induced by water-cooled skid marks, are not directly compensated by the
control action. Bridging this gap requires the integration of a real-time stock temper-
ature prediction model within the control loop, capable of estimating the full internal
temperature field at every control step based on available boundary measurements and
the current furnace operating state.

Motivated by both the limitations of standard PID control and the need for real-time
stock temperature state estimation, an adaptive predictive control strategy has been
developed and validated on a PINN-based simulation platform [30]. This strategy recog-
nises that stocks pass through the furnace in a sequential, unidirectional manner, so that
the interaction between control zones is essentially cascaded, with each zone primarily
influencing the thermal state of the subsequent zone. The control architecture conse-
quently comprises two coupled loops: a feedforward loop, which employs a PID controller
to adjust the temperature set-point of each control zone in response to measurable dis-
turbances, and a feedback loop, which employs a normalised PID controller to modulate
the burner firing rate to track the adjusted set-point and compensate for unmeasurable
disturbances. The defining feature of this adaptive strategy is that the temperature
set-points are not prescribed from historical data but are generated dynamically by

the zone model itself through predictive simulation. Specifically, the feedforward loop
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compares the predicted discharge temperature at the next time step, computed through
a one-step-ahead simulation of the zone model, against the target discharge temperature.
If the predicted discharge temperature deviates from the target, the set-points of all
heating zones are proportionally adjusted to correct the future temperature trajectory.
Crucially, this predictive mechanism depends on an accurate and timely estimate of the
current internal stock temperature distribution, since the zone model uses this as the
initial condition for its one-step-ahead prediction. The fidelity of the stock temperature
estimate therefore directly determines the accuracy of the feedforward compensation
and, by extension, the quality of discharge temperature regulation. This dependency
places a stringent requirement on the computational efficiency of the stock temperature
prediction model: it must complete its inference within the control time step, typically on
the order of seconds in industrial reheating furnaces, to avoid introducing latency that
degrades closed-loop performance.

It is further noted that the PID controllers within this adaptive framework may be
substituted with more advanced controllers such as Model Predictive Control (MPC),
depending on the performance requirements of the specific application, without altering
the fundamental two-loop control architecture. Regardless of the choice of controller,
however, the real-time availability of accurate stock internal temperature estimates
remains a prerequisite for the effective operation of any model-based furnace control
strategy, underlining the central importance of computationally efficient heat conduction

modelling to the broader furnace control problem.

2.5 Modelling and Control in Battery Energy Systems

Lithium-ion batteries (LIBs) have emerged as the dominant energy storage technology
for electric vehicles (EVs) and grid-scale renewable energy integration, owing to their
high energy density, long cycle life, and declining cost [86]. However, the efficient and
safe operation of LIBs remains a significant engineering challenge. Accurate modelling of

battery states, including state of charge (SOC), state of health (SOH), and temperature,
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is a prerequisite for designing effective battery management systems (BMS), which are
responsible for preventing overcharging, over-discharging, and thermal runaway [87]. In
parallel, the control strategies governing charging and discharging behaviour critically
determine battery performance, longevity, and safety. This section provides a structured
review of the major battery modelling approaches and control strategies reported in the
literature, with particular emphasis on the growing role of artificial intelligence (AI) and

data-driven methods in advancing BMS capability.

2.5.1 Battery Modelling Approaches

Battery modelling methods can be broadly categorised into physics-based models, data-
driven models, and hybrid grey-box models. Each framework presents distinct trade-offs

between physical interpretability, computational complexity, and predictive accuracy.

2.5.1.1 Physics-Based Models

Physics-based electrochemical models, such as the pseudo-two-dimensional (P2D) model
and the single particle model (SPM), are derived from first-principle descriptions of
the internal electrochemical reactions within the battery cell [88, 89]. These models
offer high physical fidelity and are capable of accurately capturing battery dynamics
under a broad range of operating conditions. Nevertheless, they involve numerous
coupled partial differential equations, resulting in substantial computational complexity
that hinders their real-time deployment in embedded BMS hardware [90]. Equivalent
circuit models (ECMs), such as the Thevenin model and the Rint model, simplify the
battery representation using common electrical components (resistors and capacitors) to
approximate charge/discharge behaviour [91, 92]. Although ECMs are structurally simple
and computationally efficient, they do not adequately represent the battery’s internal
electrochemical dynamics, which limits their accuracy — particularly under highly
dynamic load profiles or across widely varying temperature conditions [22]. Figure 2.6

illustrates representative ECM configurations commonly employed in BMS applications.
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Figure 2.6: Battery equivalent circuit models

2.5.1.2 Neural Network-Based Models

The limitations of conventional physics-based approaches have motivated substantial
interest in data-driven modelling, particularly through artificial neural networks (ANNSs)
and their deep learning variants. Neural networks possess strong nonlinear approxima-
tion capabilities and can learn the input—output relationship of complex battery systems
directly from operational data, without requiring explicit physical equations [6]. Wang et
al. proposed a thermal-coupled equivalent circuit model integrating an ANN to correlate
battery temperature with SOC, validating its generalisation under both constant current
and pulse current discharge profiles [93]. Given the temporal dynamics inherent in bat-
tery operation, recurrent architectures — specifically long short-term memory (LSTM)
networks and recurrent neural networks (RNNs) — have been widely adopted for battery
state estimation. Deng et al. applied LSTM to develop an SOH estimation model incorpo-
rating multiple input—output mapping structures, achieving significant improvements
in estimation accuracy [94]. Zhang et al. combined LSTM with particle filtering (PF)
to refine SOC and SOH predictions, demonstrating superior performance compared to
traditional electrochemical models [95]. Furthermore, convolutional neural networks
(CNNs) have been applied to battery capacity estimation. Li et al. introduced a fast
recursive pruning algorithm that reduced computational complexity by approximately
80% while preserving estimation accuracy [96]. Despite these advances, neural network
models remain heavily dependent on the volume and quality of training data, and their
lack of physical interpretability raises concerns regarding reliability in safety-critical

BMS applications.
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2.5.1.3 Statistical and Probabilistic Models

Statistical modelling methods provide a principled framework for quantifying predic-
tion uncertainty, which is particularly valuable for SOH estimation and degradation
prognosis. Gaussian process regression (GPR) has attracted considerable attention due
to its suitability for small datasets, its capacity for nonlinear regression, and its inher-
ent uncertainty quantification. Yang et al. developed a novel GPR model using four
charging-curve-derived features as inputs, exploiting their strong correlation with bat-
tery ageing [97]. Sun et al. employed a multi-island genetic algorithm in conjunction
with GPR for SOH estimation, leveraging grey relational analysis to identify meaningful
degradation features [98]. Lin et al. proposed a multi-kernel GPR framework in which
the kernel function combined squared exponential and cyclic covariance terms, with
hyperparameters optimised via particle swarm optimisation (PSO) to improve estimation
stability [99]. Particle filter (PF) methods, grounded in sequential Bayesian estimation,
have also been extensively applied to joint state and parameter estimation. He et al.
formulated a dynamic Bayesian network (DBN) for online SOH estimation, treating
SOC as a hidden state and terminal voltage as the observed variable [100]. Schwunk et
al. used Monte Carlo sampling within a particle filter framework to estimate both SOC
and state of power (SOP) for lithium iron phosphate cells [101]. A gradient-corrected
particle filter was proposed by Tang et al. to track the battery SOH trajectory, with model
regularisation applied to reduce sensitivity to local fluctuations in the ageing curve [102].
Although statistical models are well-suited to periodic and degradation-pattern data,
they generally require access to full or partial charge/discharge cycle measurements,

which may be unavailable in certain operational scenarios.

2.5.1.4 Grey-Box Hybrid Models

To reconcile the interpretability of physics-based models with the flexibility of data-
driven approaches, grey-box (hybrid) modelling frameworks have been proposed. The
fundamental concept is to use a physics-based model to capture the dominant battery

behaviour, while a data-driven component compensates for residual errors and local
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variations that the empirical model fails to represent [103]. Zhang et al. introduced a
hybrid SOH estimation method in which an empirical degradation model characterised
the overall capacity fade trajectory, while least squares support vector regression (LS-
SVR) accounted for localised deviations [104]. Han et al. developed a semi-empirical
capacity degradation model incorporating battery internal resistance and temperature,
with genetic algorithm (GA)-based parameter identification and particle filter-based
online parameter updating, enabling robust health management under real operating
conditions [103]. Grey-box models offer improved accuracy and generalisation compared
to purely data-driven models, while maintaining greater computational tractability than
full electrochemical models. However, the design of the hybrid architecture, particularly
the coupling interface between physical and learned components, can be complex and

time-intensive.

2.5.2 Control Strategies in Battery Management Systems

Beyond state estimation, the control strategies governing battery charging, discharging,
and pack balancing are equally critical to BMS performance. Ineffective control can
accelerate battery degradation, compromise safety, or fail to meet user requirements
such as fast charging. The literature identifies three broad categories: open-loop, closed-

loop, and data-driven control strategies.

2.5.2.1 Open-Loop Charging Strategies

Classical open-loop battery charging strategies, namely constant current (CC), constant
voltage (CV), and combined CC-CV, remain widely deployed due to their straightforward
implementation and minimal parameter requirements [105]. CC charging maintains
a fixed current throughout the charging process; however, it may inflict stress on the
battery towards the end of the charge cycle. CV charging holds the terminal voltage
constant, causing a gradual reduction in current as the battery approaches full charge,
but it imposes large initial currents that can degrade battery health. The CC-CV strategy
mitigates the respective drawbacks of both approaches by sequentially applying CC
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followed by CV [106]. While these strategies are reliable and easy to implement in com-
mercial BMS, their inherent open-loop structure precludes adaptation to dynamic battery
states or varying operational environments, limiting their robustness, particularly in

battery pack applications involving cells with heterogeneous characteristics.

2.5.2.2 Closed-Loop Control Strategies

Closed-loop control strategies incorporate real-time feedback of battery states, enabling
more sophisticated management objectives such as thermal regulation and pack balanc-
ing. The proportional-integral-derivative (PID) controller is the most widely adopted
closed-loop approach in industrial systems, owing to its structural simplicity and well-
established tuning methodologies. Kaleem et al. implemented a PID-based constant-
temperature constant-voltage (CT-CV) charging strategy, demonstrating effective temper-
ature regulation during fast charging [107]. Samanta et al. extended this by integrating
fuzzy logic with PID to improve the equalisation speed and safety of battery pack bal-
ancing [108]. Optimal control (OC) formulations, which minimise an objective function
subject to state equations and operational constraints, have also been applied to battery
charging. Parvini and Vahidi employed the Thevenin ECM within an OC framework
to maximise charging efficiency by minimising resistive losses within prescribed SOC
and time bounds [109]. Moura et al. formulated an electrochemical model-based optimal
charging strategy designed to minimise the growth of the solid electrolyte interphase
(SEI) film during charging [110]. Model predictive control (MPC) has gained particular
traction due to its ability to handle multi-variable systems with explicit constraint sat-
isfaction. Chen et al. applied MPC with a Thevenin circuit model to compute optimal
charging current trajectories subject to temperature constraints, achieving superior ther-
mal management compared to CC-CV [111]. Zou et al. proposed a linear time-varying
MPC framework based on a control-oriented electrochemical thermal model, incorpo-
rating physics-based state constraints to prevent battery damage during aggressive
charging [62]. Despite the performance advantages of closed-loop strategies, they are crit-

ically dependent on the accuracy of the underlying battery model, which can limit their
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generalisation to varying battery chemistries, ageing states, and operating conditions.

2.5.2.3 Data-Driven Control Strategies

Data-driven control approaches have gained significant momentum as an alternative to
model-dependent closed-loop methods, particularly for complex battery pack manage-
ment problems. Reinforcement learning (RL) has emerged as a promising framework for
designing adaptive charging strategies without requiring explicit battery models. Park
et al. developed a model-free RL-based fast-charging strategy employing the actor-critic
policy gradient algorithm to handle a continuous action space, demonstrating adaptabil-
ity to changing environmental parameters in simulation [112]. Neural network-based
control has been applied to battery pack balancing by Duraisamy and Kaliyaperumal,
who evaluated backpropagation neural networks (BPNN), radial basis neural networks
(RBNN), and LSTM for system performance prediction, achieving improved balancing
time and reduced power loss compared to conventional strategies [113]. An adaptive MPC
policy encoded within a neural network was proposed by Kazhamiaka et al., enabling
the controller to learn battery control trajectories and adapt to fluctuating operating
environments when labelled data are available [114]. Lin et al. developed a digital signal
processor-oriented probabilistic fuzzy neural network (PFNN) for lithium-ion battery
pack charging, effectively reducing voltage and current discontinuities at the CC-to-CV
mode transition [115]. Although data-driven control methods offer strong nonlinear learn-
ing capability and bypass the need for precise physical models, they require substantial
high-quality labelled data and tend to exhibit limited generalisation, particularly when

deployed outside the distribution of their training conditions.

2.6 Chapter Summary

This chapter has reviewed the principal modelling and control methodologies relevant
to the research pursued in this thesis, progressing from cross-domain frameworks,

including physics-informed neural networks, grey-box hybrid models, and learning-
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enhanced predictive control, to their application in two specific engineering domains. A
consistent finding across Sections 2.1 to 2.3 is that deploying high-fidelity models within
real-time control loops is hindered by two intertwined bottlenecks, namely inference
latency and the data efficiency and generalisation demanded of models trained on
scarce industrial data, and that physics-informed machine learning represents the most
structurally sound pathway to resolving this tension.

In the domain of steel industrial reheating furnaces (Section 2.4), the zone method
coupled with ADI-based finite difference solvers provides the most practical basis for
stock temperature prediction, yet the computational cost of iterative numerical integra-
tion remains a persistent obstacle to genuinely real-time closed-loop control. In battery
energy systems (Section 2.5), analogous limitations arise: physics-based electrochemical
models are too computationally demanding for embedded deployment, whilst purely
data-driven models sacrifice the physical interpretability required for safety-critical
battery management; and existing control strategies, whether open-loop, MPC-based, or
reinforcement learning, each exhibit unresolved trade-offs between model dependence,
adaptability, and generalisation under realistic operating conditions.

Across both domains, the literature consistently points to the same unresolved gap:
the absence of frameworks that simultaneously achieve physical rigour, computational
efficiency, and robustness to time-varying system dynamics. This gap directly motivates
the research contributions presented in the following chapters of this thesis.

To address these challenges, the following three chapters progress methodologically
from modelling, to control, to an integrated modelling-and-control framework, each tar-
geting a distinct aspect of the trade-off identified above. Chapter 3 addresses the physical-
rigour and computational-efficiency trade-off in modelling, developing EngGeneNet, a
physics-informed CNN that embeds heat conduction physics to achieve real-time, physi-
cally consistent temperature field prediction in the reheating furnace case study. Chapter
4 turns to the robustness and adaptability trade-off in control, developing a historical
data-driven self-learning MPC framework that exploits repetitive operational data to

refine battery single-cell charging trajectories under thermal safety constraints. Chapter
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5 then proposes a unified theoretical framework that integrates AI-driven modelling with
a corresponding predictive control strategy that explicitly accounts for heterogeneous,

time-varying electrical-thermal dynamics in multi-cell battery pack balancing.
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CHAPTER

PHYSICS-INFORMED ENGGENE NEURAL MODELLING

FOR 2D TRANSIENT HEAT CONDUCTION

3.1 Introduction

For the industrial reheating-furnace problem considered in this thesis, accurate and
fast transient temperature distribution prediction is a central requirement for real-
time operation and control. The internal stock temperature field cannot be measured
directly by the radiometric imaging system used in the furnace, while the governing
Fourier-law PDE must be solved at sufficient spatial resolution to characterise the
through-thickness thermal state. The fitting capability and parallel computation of deep
learning models make them attractive as surrogate models for this process when their
accuracy and execution time are validated under the operating conditions of interest.
However, collecting and processing labelled data remains labour-intensive, and model
generalisation can degrade when the process varies across product batches and thermal
conditions.

The reheating furnace is a representative and industrially significant application,

where intermediate steel products such as blooms, billets, or slabs (known as stock)
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must be heated to a target temperature with desired temperature uniformity before
hot-rolling [65]. Accurate control of the heating profile is important for product quality
and energy efficiency. In this setting, conventional numerical approaches such as the
finite difference method (FDM) and the alternating direction implicit (ADI) method
can be computationally expensive when applied at the spatial and temporal resolution
required for real-time prediction and control.

To address this modelling problem for the furnace application studied here, this
chapter proposes a physics-informed deep learning framework termed EngGeneNet
(Engineering-Genes Network) [26]. The framework integrates three synergistic compo-

nents:

1. A physics-informed 2D loss function derived from the discretised governing equa-

tions with hard-constrained boundary conditions;

2. An Engineering-Gene (Eng-Gene) module that embeds a priori physical knowledge,
specifically the temperature-dependent Fourier number, directly into the neural

architecture to enhance generalisation and accelerate convergence [49, 116];

3. A knowledge distillation strategy, wherein the ADI method generates sufficiently
high-fidelity training samples, combined with transfer learning to efficiently adapt

the model to varying product batches and operating conditions.

The remainder of this chapter is organised as follows. Section 3.2 presents the mathe-
matical formulation of the 2D transient heat conduction problem, including the governing
equations, boundary conditions, and numerical discretisation. Section 3.3 details the
physics-informed learning framework and constraint embedding strategy. Section 3.4
describes the EngGeneNet architecture, the Eng-Gene module design, and the knowledge
distillation and transfer learning strategies. Section 3.5 presents a comprehensive case
study on a pilot-scale walking-beam steel reheating furnace, including ablation studies,
sensitivity analysis, and computational efficiency evaluation. Section 3.6 summarises

the key contributions and findings.
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T

Figure 3.1: 2D heat conduction problem.

w

3.2 General Problem Formulation for 2D Transient

Heat Conduction

3.2.1 Governing Equations and Modelling Assumptions

As shown in Figure 3.1, the heat conduction problem considered in this chapter is
formulated as a general transient two-dimensional process defined over a rectangular
domain with dimensions (x,y). The governing physics is characterised by spatially
varying thermal properties and an initial temperature distribution prescribed over the
interior of the domain. Thermal energy diffuses inward from the boundaries, where
heat exchange with the surrounding environment occurs across all four edges. This
formulation is broadly applicable to a range of engineering heat transfer scenarios; in
the context of this thesis, it serves as the basis for modelling the thermal behaviour of
steel stock inside an industrial reheating furnace.

Under the assumption of 2D transient heat conduction, the thermal behaviour of the

stock is governed by Fourier’s law:

oT _ k(D) (62T . OZT) @3.1)
ot  pC,(T)\ox2  09y2)’ '
T =Tix,y), (3.2)
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where x is the steel product width direction, y is the steel product height direction, 2(T")
and C,(T) are temperature-dependent material properties representing the thermal

conductivity and specific heat capacity, respectively, and p is the material density.

3.2.2 Boundary Conditions

To obtain accurate and stable solutions to the governing equation, appropriate boundary
conditions must be specified. In the reheating furnace, the steel stock exchanges heat
with the surrounding environment through both radiation and convection at its surface.

Accordingly, a hard boundary heat transfer condition is described by:
—k(T)a—_, =h(T-Ta)+0oe(T"-T),), (3.3)
n

where £(T) is the thermal conductivity, 4. denotes the convective heat transfer coefficient,
0 =5.6687x10"8 Wm 2K is the Stefan—Boltzmann constant, e stands for the emissivity,
—k(T)0T/0n is the heat flux normal to the surface, and T4 is the ambient temperature.

The computational domain is partitioned into an interior domain D and a boundary
domain 0D:

DI:{(x,y)|0<x<W,0<y<H}, (3.4)
0D ={(x,y)|0<x<W,y=00rH;0<y<H,x=0o0r W}, (3.5)

where W and H are the width and height of the stock, respectively.

3.2.3 Numerical Discretisation and the Crank-Nicolson Scheme

To derive the physics-informed loss function, the continuous governing equation is
discretised over a uniform square mesh with spacing d = Ax = Ay (illustrated in Figure

3.1). A forward difference approximation is adopted for the time derivative:

0T _ Tya(x, )= Te(x,y)
ot At

+O(At). (3.6)

For interior domain nodes Dj, the second-order spatial derivatives are:

T _ Tyx+1,y)~2Ti(x,y)+ T —1,5)

— = Y +0(Ax)?, (3.7)
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0°T  Tylx,y+1)—2T(x,y)+ Tylx,y — 1)
dy2 (Ay)?

where G(At), G(Ax)?, and G(Ay)? are the truncation errors. By substituting equations

+0(Ay)?, (3.8)

3.6, 3.7 and 3.8 into the governing equation 3.1, the temperature evolution on each node
within the domain can be computed. To further enhance the accuracy and stability of
the solutions, the Crank—Nicolson method [70] is employed, which approximates the

second-order spatial derivative at an intermediate time step between ¢ and ¢+ 1:

02T 82T 2T

—=e——| +(1-¢)—|, (3.9)
Ox? 0x2 |41 0x2 |,

02T 02T 2T

S =e—| +0-0)—|, (8.10)
oy 0y |41 0y |

where € is a constant determining the weight of time-steps ¢t and ¢t +1, with 0 <e < 1.
As € approaches 1, accuracy decreases progressively for a given A¢, Ax, and Ay. When
€ = 0.5, the minimum accumulated truncation error is achieved, yielding the Crank—
Nicolson scheme with high stability. Accordingly, the second-order spatial derivative is

reformulated as:

o*T 1T +1,0) - 2T41(x, ) + T - 1,y) N 1Tyx+1,y)=2T(x, )+ Ty(x - 1,y)
ox2 2 (Ax)2 2 (Ax)? ’
(3.11)
T _ 1 Ty, y+1)=2T1(x,9) + Trsa(x,y = 1) L 1T,y + 1) = 2Ty, y) + Tele, y = 1)
dy2 2 (Ay)2 2 (Ay)2 '
(3.12)

Setting Ax = Ay = d and substituting into equation 3.1, the discretised governing

equation for interior nodes can be expressed as:

T+ 1,9)+ Tee1(e =1L, y) + Tea(x, y + D+ Tr1(x, y = 1) = 4T 41 (x, )
+ Tt(x + lyy) + Tt(x - 1,3’) + Tt(x’y + 1) + Tt(x’y - ]-) - 4Tt(x,y) (313)

= 9(Ty41(x,) — Ti(x,9))/Fo,
where the Fourier number is defined as:

_ R(T)A¢
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Rearranging all terms to one side and grouping like terms, equation 3.13 becomes:

Tt+1(x + ]-’y) + Tt+1(x - lay) + Tt+1(x7y + 1) + Tt+1(x7y - 1) +4

1
-1- E) Tii1(x,y)

1
-1+ _) Tt(x’y):()y

+Tix+1, )+ Tyx—1, )+ Ty(x,y+ 1)+ Ty(x,y—1)+4 Ya
0

(3.15)
which forms the foundational expression for the physics-informed 2D loss function used

to supervise the training of the deep learning model.

3.3 Physics-Informed Learning Framework and
Constraint Embedding

In this study, a physics-informed EngGeneNet framework is proposed to approximate
the solutions to the governing PDEs for heat conduction by formulating a 2D loss func-
tion using the finite difference method. The deep learning model is then employed as a
surrogate PDE solver to predict the transient temperature distribution of steel stocks in
reheating furnaces. To implement the proposed physics-informed 2D loss, customised
convolution kernels are designed to efficiently approximate spatial derivatives. Moreover,
hard-constrained boundary conditions are embedded within the loss function to ensure
stable model training and to account for environmental variations across different oper-
ating conditions. In addition, an ‘Eng-Gene’ module is integrated into the deep learning
model architecture to enhance generalisation capability and accelerate convergence. The

overall framework is illustrated in Figure 3.2.

3.3.1 Formulation of the 2D Loss Function

First of all, a square mesh is constructed to discretise the cross-section of the rectangular
steel products, with the objective of predicting the temperature evolution at each mesh
node. Owing to the image-like spatial temperature distribution, a CNN architecture
is adopted as the backbone of the surrogate model for efficient approximation of PDE

solutions. Then, the developed physics-informed loss function plays an important role
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Figure 3.2: The framework of the proposed physics-informed EngGeneNet.

in guiding the model training direction and shaping the model behaviour. Therefore,
the accurate formulation of the loss function based on the underlying physical laws is
essential for ensuring both stability and fidelity in model predictions.

In this study, the 2D temperature distribution T(x,y) is divided into the interior
domain D; and boundary domain 6D as defined in equations 3.4 and 3.5. The discretised
computation domain with dimensions m x n for the model input 7(x, y) and model output
Tt+1(x,y) is illustrated in Figure 3.1, where m = W/Ax and n = H/Ay.

To implement the proposed physics-informed 2D loss function within the deep learn-
ing framework, a customised convolution kernel is designed to compute the approxima-
tion error during model training. Specifically, the discrete-time governing equation 3.15
is decomposed into two components: T';, representing the temperature distribution at the
current time step, and 7,1, representing the temperature distribution at the subsequent
time step, the latter corresponds to the predicted output and is denoted as T;.1. As a

result, the model training can be considered as the following optimisation problem:

min [Y'(x, )+ Y (x, )]
Tri1(x,y) |DI|(§,)”ﬁ Y Y ”

s.t. (x,y)eDy, (3.16)
oT
~ k(D) 5= = ho(T = Tp)+ oe(T* = T)),
n

where Dy is the computation domain, p is the order of the norm, and f is the weighting

factor regulating the relative importance assigned to the interior computational domain.
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Y'(x,y) is defined to include all terms needed to predict the temperature distribution at

the next time step in equation 3.15:

Y'(,y) = Tra1(x+1,9)+ Trr1(x—1,y)
+ T,y + 1)+ Tya(x, y— 1) (3.17)

1 .
41-1-—|T
+ ( 2FO) t+1(x’y)’

Y (x,y) is defined to include all terms from the current temperature distribution at

time-step ¢ in equation 3.15:

Y,y)=Tx+1,y)+Ty(x—1,y)
+ T,y + 1)+ Ty(x,y—1) (3.18)

1
4(-1+—|T .
* ( +2F0) ()

Finally, the objective function in the optimisation problem is reformulated as the

inner domain loss function for the neural model training:

~ 1

Zz Y Y @ +Y @, (3.19)

|DI| (x,y)eDr

where Y'(x,y) and Y (x, y) represent the residual components associated with the pre-

dicted and input temperature fields, respectively.

3.3.2 Customised Loss Convolution Kernels

To ensure consistency between model training and loss evaluation, two customised
convolution kernels are designed to efficiently compute Y'(x,y) and Y (x,y) based on the
discretised physics-informed formulation. The structure of these convolution kernels is

illustrated in Figure 3.3, with their corresponding coefficients a’ and @ computed as:

1
’24(—1——) 3.20
“ 2Fo)’ ( )
4( 1+ 1 ) (3.21)
a=4({-1+—]1, .
2F o

where Fo is the Fourier number as previously defined in equation 3.14.

56



3.3. PHYSICS-INFORMED LEARNING FRAMEWORK AND CONSTRAINT

EMBEDDING
0 p| 0 0 p| O

B | a| B B |p-a| B

0 B |0 0 B |0

(a) (b)

Figure 3.3: (a) and (b) are the customised convolution kernels for computing Y'(x,y) and
Y (x,y), respectively.
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Figure 3.4: Customised loss function convolution process.

Figure 3.4 presents a schematic diagram illustrating the application of the customised
convolution kernels to both the model input and output. The interior-domain loss value is
subsequently computed based on the resulting convolution outputs. The spatial structure
of these kernels directly mirrors the Crank—Nicolson stencil, ensuring that kernel-based
residual evaluation is mathematically equivalent to the finite difference formulation

derived in section 3.2.3.

3.3.3 Constrained Boundary Condition Integration

Accurate boundary condition constraints are essential for ensuring physically consistent
solutions to the governing equations in heat conduction problems. In this study, a hard-
constrained boundary condition is incorporated into the model loss to explicitly enforce
both convective and radiative boundary conditions. This design enhances the robustness

and stability of the neural network, particularly under diverse thermal environments.
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Figure 3.5: Mask of boundary constraints.

Specifically, by applying the inward finite difference approximation to the boundary
condition and rearranging the terms into a residual form, the boundary condition loss

Yp at each boundary node is defined as:
Tg—-T
Yz :k(T)% +h(Tg—Tp)+oe(Th—TY), (3.22)

where Tg denotes the boundary node temperature and T'p is the adjacent interior node.
To account for the different spatial orientations of the boundary, the loss terms are

formulated separately for each edge of the computational domain:

Yg(0,y) = k(T) T(l’y); 70,5 +h(T0,y)—Ta)+0e(TO,y)* - T3), O<sy=n,
Vp(m, )= k(D) D=2 (T, )~ Ta) + 00 (Tm, 94~ T), 0=y =n,

4
Ya(x,0) = h(T) - 1); T@O) | b o(T(x,00- Ta) + 0e(Tx, 004 ~ T, O<x=m,
Ve, n) = R(T) L2 _Z;(x’"’ D b T - T +oe (T, =T,  0=x=m.

(3.23)

To efficiently integrate this constrained boundary loss into the CNN training frame-
work, a binary computation mask (illustrated in Figure 3.5) is employed to localise
the loss computation strictly to the boundary region 6D. This mask-based approach
enables tensor-wise parallelisation and is fully compatible with modern deep learning

frameworks.
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The resulting boundary loss Yp is then incorporated into the physics-informed 2D

loss function to formulate the final composite loss function for model training:

~ 1

< Y BIY @, +Y (@, ]+ V5], (3.24)

B ﬁ(x,y)eD

where f is the weighting factor regulating the relative importance assigned to the interior
computational domain and the boundary conditions. The integration of Yp from the hard-
constrained boundary conditions not only enforces physical consistency at the domain
boundaries but also ensures that the learning process remains stable and grounded
in domain-specific laws. This hybrid formulation, combining data-driven learning with
physically meaningful constraints, significantly enhances the model robustness and

generalisation under various thermal boundary conditions.

3.4 Engineering Gene Network Architecture and

Training Strategy

3.4.1 CNN Backbone: UNet as a Surrogate PDE Solver

In this work, the CNN architecture is adopted as the model backbone to approximate
the proposed 2D loss function, which can significantly reduce computation time by lever-
aging the parallel computing capabilities of convolution operations. This approach has
significant potential for the real-time operation and control of the reheating furnace. The
UNet is a U-shaped CNN architecture that includes both contracting and expansion
paths [117]. The contraction path captures global contextual information, while the
expansion path provides high-resolution spatial details. These feature maps generated
by the two paths are then concatenated through skip connections. This unique structure
has achieved significant success in various image-related tasks. In contrast to the con-
ventional applications of UNet in image segmentation, this study reformulates the task
as an image-to-image regression problem, wherein the objective is to predict continuous

temperature fields, i.e. learning a mapping T"%(x, y) — Tt 1(x, y).
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The ambient conditions are implemented around the computational domain through
a designed padding function; consequently, the first convolution layer is left unpadded to
preserve the original data shape. Since both the input and the model output are required
to calculate the physics-informed loss function during model training, a skip connection

is introduced between the two ends of the neural model.

3.4.2 Engineering-Gene (Eng-Gene) Module Design

In addition, key material properties such as specific heat capacity C,(T) and thermal
conductivity £(T') exhibit strong nonlinearity and temperature dependence during the
heat conduction process. In this study, these dependencies are modelled using polynomial

functions of temperature:

Cp(Tm) =a +a2Tm +a3T,2n +a4T§n +a5Tﬁl +a6T§n,
(3.25)

k(Tm) = bl + szm,
where T, is the mean value over the whole computation domain at the current time step.
The polynomial coefficients a; and b; determine the heat transfer properties of different

materials and are provided in Table 3.1 [65].

Table 3.1: Polynomial coefficients a; for C,(T') and b; for £(T).

ai1(by) az(bo) as a4 as ae

Cp(T) 0.377E+03 0.125E+00 -0.197E-04 -0.253E-06 0.398E-09 -0.180E-12
k(T) 0.385E+03 -0.481E-01 — — — —

Furthermore, the Fourier number Fo (defined in equation 3.14) is a dimensionless
parameter characterising the ratio of the heat diffusion rate to the time-scale of a tran-
sient thermal process. It plays a critical role in characterising the transient temperature
evolution of materials and is directly influenced by C,(T') and £(T'). As shown in equation
3.13, the governing equation depends on T'(x, y)/Fo, indicating the presence of a salient
fundamental physical relationship within the physics model.

When solving PDEs analytically, explicitly incorporating such temperature-dependent

material properties can substantially increase computational complexity, especially for
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Figure 3.6: ‘Eng-Gene’ module.

large-scale problems. Conversely, relying solely on data-driven models such as CNNs
to learn these complex physical relationships may result in poor generalisation and
unreliable performance.

To address this limitation, a priori engineering knowledge is embedded into the
neural network training process through the design of specialised convolution layers
that encode such explicit physical relationships. This approach, referred to as the ‘Eng-
Gene’ method, extracts fundamental functional components that capture nonlinearities
inherent in the governing physical laws of engineering systems. These components act
as thermal ‘genetic’ information, enriching the learning process [116].

In this work, the ‘Eng-Gene’ module associated with the Fourier number is defined

as:
W= F% - %, (3.26)
where w is the model input data and W is the output of the designed ‘Eng-Gene’ module;
Cp(T) and k(T) are temperature-dependent properties. W can be regarded as an inter-
mediate variable of the neural model, as illustrated in Figure 3.6. It helps to extract the
underlying nonlinear relationship between the input and output, thereby enabling the
model to more accurately and quickly minimise the physics-informed loss function.

The overall framework of the proposed physics-informed EngGeneNet is illustrated
in Figure 3.2, where the input is a 2D temperature distribution 7 at time-step ¢, and
the output is the predicted transient temperature distribution T;.1 at time-step ¢+ 1.
Considering that the convolution layers at different levels in the UNet architecture are

responsible for extracting features of varying complexities, the ‘Eng-Gene’ module is

embedded into each level of the convolution layers in the UNet architecture to enhance
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the model prediction performance and the generalisation ability, as shown on the orange
path in Figure 3.2. Notably, due to the plug-and-play feature, the ‘Eng-Gene’ module can
not only be easily integrated into the UNet framework but can also be flexibly integrated

with other neural network architectures.

3.4.3 Knowledge Distillation for Training Data Generation

A conventional method for capturing the temperature profile of steel blooms is the use of
radiometric imaging cameras. However, this technique only provides surface temperature
measurements and fails to capture the internal thermal distribution throughout the en-
tire stock. Moreover, acquiring sufficient experimental data for training pure data-driven
deep learning models in complex industrial settings is often prohibitively expensive and
time-consuming. To overcome these limitations, numerical methods such as the ADI
method have been widely employed to generate operational data. This approach was also
adopted in previous work by [65].

The ADI method decomposes the energy balance equation at each time step into
two sequential sets of finite difference equations (FDEs), solving them alternately along
different spatial directions. In the first half-step, the terms involving the y-direction are

treated as unknowns, and the governing equation for this half-time step is:

(Tt+l(x’y - ]-) - Tt+l(xay)) + (Tt+l(x7y + 1) - Tt+1(x7y))

+(Te(x—1,y) = Te(x, )+ (Te(x + 1,y) — Te(x, ) (3.27)
_ pCp(T)d? (Tt+1(xay)_Tt(x’y)
| R At/2

In the second half-step, the roles of spatial directions are reversed, and the x-direction

terms are treated as unknowns:

(T(x,y — 1) = T, y) + (T(x,y + 1) — Ti(x, y))

+ (T =1, 9) = Tri1(x, y) + (Tr1(x + 1, y) = Tri1(x, y) (3.28)
_[pCp(D)a? (Tm(x,y)—Tt(x,y)
- E(T) At/2
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The boundary conditions are consistent with those defined in equation 3.23. The
final temperature distribution is obtained by alternately solving these finite difference

equations using the Gaussian elimination method at each time step.

3.4.4 Transfer Learning for Operating Condition Adaptation

Most deep learning techniques face challenges when addressing the issue of feature
space deviation among different datasets. A commonly adopted solution to mitigate this
issue is transfer learning (TL). In this study, the variability in operating conditions is
also considered. Specifically, differences in size, density, and other material properties
across production batches can lead to shifts in the feature space of the temperature
distribution profiles. To reduce model training time while maintaining comparable
prediction accuracy, the transfer learning approach is employed.

In the implementation, the material property parameters within both the physics-
informed loss function and the ‘Eng-Gene’ module are updated to adapt to the varying
operating conditions. Subsequently, only the parameters in the expansion path of the
UNet architecture (highlighted in yellow in Figure 3.2) are fine-tuned using the pre-
trained baseline model, while the parameters in the contraction path are kept frozen.
This design leverages the role of the contraction path in capturing global contextual
features, while the expansion path is responsible for reconstructing higher-resolution
spatial details. This fine-tuning process is performed using a relatively small subset of
data samples and training epochs, making the adaptation process efficient. In addition,
the integration of the ‘Eng-Gene’ module significantly enhances the effectiveness of the

transfer learning strategy by embedding the physical variation into the model.
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Figure 3.7: Schematic of the reheating furnace.

3.5 Case Study: Transient Heat Conduction in Steel

Reheating Process

3.5.1 Furnace Operating Conditions and Product Batches

The furnace investigated in this study is a pilot-scale walking-beam bloom reheating
furnace with dimensions of 36 m x 10m (length x width) and a height ranging from
4.0m to 4.7m, as illustrated in Figure 3.7 [65]. The furnace model is divided into six
control zones (CZs), where CZ1 and CZ3 are the master thermal control zones, while
CZ2 and CZ4 are subordinate zones. The thermal inputs to the subordinate zones are
proportionally regulated based on the thermal inputs of the corresponding master control
zones. During operation, blooms enter the furnace from one end, progress through the
heating zone, and are discharged from the opposite end.

As shown in Figure 3.8, the intermediate steel products considered in this study
are primarily standard rectangular prisms with dimensions (x, y,z), having an initial
temperature distribution upon entering the reheating furnace. For modelling simplicity
and in line with practical considerations, the temperature gradient variation in the
z-dimension of the stock is typically regarded as negligible compared with the other
two directions. Therefore, the heat conduction of steel products can be modelled as a 2D
process: heat exchange between the stock and the furnace environment occurs through
the four boundaries, while thermal energy diffuses inward from the surface toward the

interior.
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Figure 3.8: Schematic of the intermediate steel product.

In the experimental evaluation, two distinct batches of mild steel blooms, desig-
nated SB1 and SB2, were tested, with their material properties summarised in Table
3.2. Furthermore, to assess the model prediction performance under varying physical
conditions, a range of operating conditions (OCs) was introduced, as detailed in Table
3.3. Specifically, OC1 serves as the baseline operating condition and is used to configure
the hyperparameters of the baseline model. OC2 is designed to evaluate the transfer
learning performance when adapting to different product batches. OC3 is employed to
assess model robustness under varying data sampling intervals. OC4 is introduced to
further validate the robustness and adaptability of the proposed EngGeneNet under
diverse environmental conditions. These varying operating conditions and product types
provide a comprehensive framework for evaluating the proposed EngGeneNet across
several key performance metrics, including generalisation capability, transfer learning

effectiveness, and training efficiency.

3.5.2 Knowledge Distillation and Dataset Generation for Model
Training

In the experiments, a total of 12,000 two-dimensional temperature distribution samples

under operating condition OC1 were generated using the ADI method to develop the
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Table 3.2: Material properties in the experiment.

Properties Value Unit
Mass 5353 kg
Thermal conductivity(k(T')) Eqn. (25) Wm~ 1K1
Specific heat capacity(C,(T")) Eqn. (25) Jkg 1K1
SB1 Convection heat transfer coefficient(h.) 25 Wm2K1
Stefan-Boltzmann constant(o) 5.6687x107% Wm2K™*
Emissivity 0.8 -
Width 0.3 m
Height 0.3 m
Length 7.625 m
d 0.01875 m
Mass 8827 kg
Thermal conductivity(k(T')) Eqn. (25) Wm 1K1
Specific heat capacity(C,(T)) Eqn. (25) Jkg 1K1
SB2 Convection heat transfer coefficient(h.) 25 Wm2K1
Stefan-Boltzmann constant(o) 5.6687x107% Wm2K™*
Emissivity 0.8 -
Width 04 m
Height 04 m
Length 7.028 m
d 0.025 m
Table 3.3: Operating conditions in experiments.
Blooms Init. Temp (°C) Vert. Temp (°C) Horiz. Temp (°C) At (s)
OC1 SB1 20 1250 1250 1
0C2 SB2 20 1200 1200 2
0C3 SB1 35 1250 1250 2
0C4 SB2 20 1200 1000 1

baseline model. Additionally, 6,000 samples under OC2 and OC4, and 5,000 samples un-
der OC3 were generated to fine-tune the physics-informed EngGeneNet and to evaluate
model performance under varying operating conditions. The full dataset was divided into
training, validation, and testing sets with a ratio of 8:1:1. In the model configuration, the
padding values in the convolution layers are set to ‘zeros’. The Adam optimiser is used to
train the model. The base model was trained in 50 epochs; however, during the transfer

learning, only 30 epochs of training were conducted on a relatively small training dataset,
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achieving the same accuracy as the base model. All experiments were conducted on a
workstation equipped with 8 Intel Core processors, 16 GB of RAM, and a GTX 2080 GPU
with 8 GB of graphics memory. To quantitatively assess the performance of the proposed
physics-informed EngGeneNet, the following evaluation metrics are used: the mean
absolute error (MAE), the root mean square error for all nodes (RMSE), and the mean

absolute error of maximum absolute errors for the dataset (MAE-MaxE).

3.5.3 Ablation Studies: Effectiveness of the Eng-Gene Module

To validate the effectiveness and adaptability of the proposed physics-informed frame-
work, a series of ablation experiments involving different deep learning backbones were
conducted, including VGG [118], Feature Pyramid Network (FPN) [119], and UNet.
These architectures were selected to cover a broad spectrum of convolutional network
designs, from the sequential convolutional layers in VGG, to the multi-scale feature
fusion strategy in FPN, and the encoder-decoder structure in UNet. In each case, the
model performance was evaluated both with and without the integration of the pro-
posed ‘Eng-Gene’ module. Due to its modular and plug-and-play design, the ‘Eng-Gene’
module can be seamlessly incorporated into these networks without altering the overall
architecture.

The results for both the training and test datasets, as presented in Table 3.4, demon-
strate the superior prediction performance of the proposed physics-informed EngGeneNet
model. First of all, integrating the ‘Eng-Gene’ module into the baseline models (VGG,
FPN, and UNet) consistently leads to substantial performance improvements compared
to their original backbone without the module. Furthermore, among the three deep learn-
ing models, EngGeneUNet exhibits the highest accuracy on both datasets, achieving
at least 90% MAE reduction, 85% RMSE reduction, and 45% MAE-MaxE reduction on
both the training and test datasets compared to the physics-informed UNet without the
‘Eng-Gene’ module. This confirms the significance of the ‘Eng-Gene’ module in improving
the prediction performance of deep learning models. In addition, the values of MAE and

RMSE on test datasets for EngGeneUNet are both below 0.1, showing that the proposed
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EngGeneUNet can achieve equivalent accuracy to the conventional ADI method.

Table 3.4: Performance comparison of various deep learning backbones with and without
‘Eng-Gene’ in the physics-informed framework.

Training dataset Test dataset
Models
MAE RMSE MAE-MaxE MAE RMSE MAE-MaxE
PI-VGG 1.257 1.534 4.200 1.541 1.821 4.621

PI-EngGeneVGG  0.595 (|52%) 0.727 (152%)

PI-FPN 0.477

PI-EngGeneFPN  0.169 (164%) 0.215 (159%)

PI-UNet 0.276

PI-EngGeneUNet 0.026 (190%) 0.044 (|85%)

0.530

0.298

2.405 (142%)

0.715 (140%)

1.193 0.699

0.557 0.515
0.305 (]45%) 0.029 (]94%) 0.048 (191%) 0.313 (161%)

0.598 (161%)

0.171 (175%)

0.753

0.538

0.730 (159%) 2.416 (151%)

1.437

0.217 (71%) 0.720 (]49%)

0.822

To further evaluate the generalisation ability of the proposed physics-informed

EngGeneNet, Figure 3.9 presents a comparison of the performance gaps between train-

ing and test datasets in terms of three standard evaluation metrics: MAE, RMSE, and

MAE-MaxE. These gaps are calculated as the absolute differences between the training

and test errors:

MAEgap = |MAEtest - MAEtrain |,

RMSEg,p = |RMSEtes; — RMSEirain

J

MaxEgqp = [MAE-MaxEes; —- MAE-MaxE ;i

Training-Test metrics gap

Training-Test metrics gap
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Figure 3.9: Metrics gap between training and test datasets of various deep learning
models with and without the ‘Eng-Gene’ module.
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Notably, all the physics-informed EngGeneNet models with the ‘Eng-Gene’ module

exhibit far better generalisation performance on all three performance metrics than

the deep learning models without the ‘Eng-Gene’ module. Furthermore, Figure 3.10
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Figure 3.10: Training and validation loss evolution of PI-EngGeneUNet and PI-UNet.

illustrates the evolution of the loss function for both the physics-informed EngGeneUNet
and physics-informed UNet across training and validation datasets under the same
number of training epochs. The initial training and validation losses of EngGeneUNet are
consistently lower, and the PI-EngGeneUNet model training also exhibits a significantly
faster convergence speed. These analyses confirm that the ‘Eng-Gene’ module plays a
key role in significantly enhancing both the generalisation ability and convergence speed
of deep learning models.

In addition, a comparison experiment was conducted to further evaluate the effective-
ness of the proposed EngGeneUNet. In this experiment, the ‘Eng-Gene’ module in the
proposed physics-informed EngGeneUNet was replaced with an extra 1 x 1 convolution
layer so that both models have the same complexity. The two models were then trained
for the same number of epochs. Table 3.5 shows the performance of the two models for
all performance metrics. The results show that the performance of the UNet model with

an ‘Eng-Gene’ module is much better than the model with an extra convolution layer
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when both models are trained with the same epochs, achieving 72% MAE reduction, 67%
RMSE reduction, and 54% MAE-MaxE reduction on the test dataset. Furthermore, the
EngGeneUNet requires only 23 epochs to achieve a MAE comparable to that of the UNet
model with an extra convolution layer trained for 50 epochs. This again confirms that
the ‘Eng-Gene’ module can accelerate the training speed with significantly improved

model performance.

Table 3.5: Comparison results of the integration of the ‘Eng-Gene’ module or an extra
convolution layer.

Module Metrics Training Test Epochs
MAE 0.099 0.106
Extra conv RMSE 0.139 0.148 50
MAE-MaxE  0.670 0.690
MAE 0.026  0.029 (]|72%)
RMSE 0.044  0.048 (/67%) 50
MAE-MaxE  0.305  0.313 (|54%)
Eng-Gene
MAE 0.090 0.093
RMSE 0.105 0.109 23
MAE-MaxE  0.311 0.331

To further validate the independent contribution of the ‘Eng-Gene’ module, an abla-
tion study was conducted to investigate the role of different physical variables incorpo-
rated within the module. In this experiment, the variables d?2, p, k(T'), and C p(T) were
individually removed from the model to assess their respective importance and contribu-
tion to the overall performance. Figure 3.11 illustrates the evolution of the validation
loss after excluding each of the aforementioned variables. The results show that the
thermal conductivity £(T) and the specific heat capacity C,(T') have a notable impact on
both the convergence process and the final predictive accuracy. In particular, the removal
of thermal conductivity £(T') significantly degrades the convergence speed and overall
model performance, confirming the critical role of thermal conductivity in modelling
heat conduction problems, particularly due to the strong nonlinearity of the term 1/k(T)
within the proposed ‘Eng-Gene’ module. The final results on both training and test

datasets are summarised in Table 3.6. Furthermore, the increased performance gap
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Figure 3.11: Validation loss evolution for ‘Eng-Gene’ module ablation study.

between the training and test datasets when £(T') is removed indicates its substantial

contribution to the generalisation ability of the model.

Table 3.6: Ablation study results on different variables in ‘Eng-Gene’ module.

Removed variables Metrics Training dataset Test dataset
MAE 0.037 0.040
d? RMSE 0.051 0.054
MAE-MaxE 0.231 0.243
MAE 0.047 0.050
o RMSE 0.066 0.070
MAE-MaxE 0.301 0.319
MAE 0.065 0.068
Cp(T) RMSE 0.095 0.097
MAE-MaxE 0.472 0.496
MAE 0.354 0.555
k(T) RMSE 0.377 0.577
MAE-MaxE 0.676 0.891

3.5.4 Sensitivity Analysis of Model Parameters

To evaluate the sensitivity and effectiveness of the proposed model, a sensitivity analysis

of model parameters was conducted to investigate the impact of key hyperparameters,

71



CHAPTER 3. PHYSICS-INFORMED ENGGENE NEURAL MODELLING FOR 2D
TRANSIENT HEAT CONDUCTION

including the initial learning rate, the decay rate in the Adam optimiser, and the weight-
ing factor applied in the loss function. Among these, the initial learning rate directly
influences the convergence speed and stability of training. Figure 3.12(a) illustrates
the results of the experiments conducted with initial learning rates ranging from 107!
to 1073, covering a range of commonly used values [117, 120]. Larger learning rates
accelerated convergence but often caused instability or divergence. Among the tested
values, 1072 and 102 demonstrated a comparable trade-off between convergence speed
and stability, yielding similar and satisfactory performance.

The effect of the decay factor in the Adam optimiser was further investigated. Figure
3.12(b) shows that moderate decay rates led to smoother convergence and better gen-
eralisation performance, while a very small decay factor resulted in slow convergence.
These results suggest that both the initial learning rate and the decay factor significantly
influence the convergence behaviour of the model.

Furthermore, the weighting factor § in the loss function regulates the relative impor-
tance assigned to the interior computational domain and the boundary conditions. In
this work, an initial weighting factor § = 0.25 is introduced to balance the contributions
from the interior and boundary domain. This value is chosen to normalise the coefficient
associated with the convolution term a = 4(—1+ 1/(2F0)) and a' = 4(-1—1/(2F 0)) in the
customised kernels (see equations 3.21 and 3.20), ensuring comparable magnitudes
between the inner nodes and the boundary nodes. The sensitivity of the results to this
parameter was further evaluated under § values of 0.1 and 1.0, as shown in Figure
3.12(c). The model achieves relatively stable and accurate performance when § is set
to either 0.25 or 0.1, confirming the critical role of properly weighting the boundary
conditions.

Several comparison experiments with different batch sizes, activation functions,
padding modes, and loss functions were conducted to assess the impacts of various
components in the deep learning models. Table 3.7 summarises the experimental results.
It is noteworthy that significant performance degradation occurs when the padding mode

is changed to ‘Replicate’, which may cause disruptions to the initially stable boundary
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Figure 3.12: Training parameters analysis: (a) initial learning rate; (b) decay factor; (c)
loss weighting factor g.

conditions. In addition, the activation function also has a significant impact on the
prediction performance. The choice of different loss functions, for example the L2 loss
function, has a mild impact on the accuracy of the training set. For different model
training batch sizes, a smaller batch size leads to better performance on the test dataset.
In this PDEs-solving task, a smaller batch size increases the number of iterations for
approximating the physics-informed loss function, which may enhance model training

stability.

Table 3.7: Comparison results on test dataset for different components in the framework.

Activation Padding Loss Batch size MAE RMSE MAE-MaxE

GELU Replicate Llloss 1 0.278 0.297 0.582
GELU Zeros L2loss 1 0.089 0.107 0.346
GELU Zeros Llloss 1 0.029 0.048 0.313
RELU Zeros Llloss 1 0.105 0.129 0.442
GELU Zeros Llloss 15 0.048 0.070 0.372

3.5.5 Validation under Various Physical Constraints

A common step in machine learning is model retraining when the feature space of the
dataset varies significantly. Transfer learning has been an efficient strategy to fine-tune
the pre-trained model for new applications with significantly changed feature space
and limited new training data. To verify the effectiveness of the ‘Eng-Gene’ module in

re-training speed while improving the model generalisation performance in the transfer
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learning, this section presents the experimental results for transfer learning of physics-
informed EngGeneUNet under different operating conditions, where the basic models
were first trained under OC1, then re-trained under OC2, OC3, and OC4. Table 3.8 com-
pares the performance of the re-trained deep learning models under different operating
conditions using physics-informed EngGeneUNet and UNet, respectively. Firstly, the
performance of the fine-tuned models for the varying operating conditions is comparable
to the performance of the pre-trained models. Furthermore, it is noteworthy that the
PI-EngGeneUNet performs better than PI-UNet under the new operating conditions,
achieving more than 90% MAE and RMSE reductions and 60% or above MAE-MaxE
reduction on test datasets. This finding confirms the ability of the ‘Eng-Gene’ module to

improve the generalisation ability of the deep learning models.

Table 3.8: Comparison results under different operating conditions in transfer learning.

Base models Metrics 0c2 0C3 0C4
Train Test Train Test Train Test
MAE 0.319 1.216 0.312 0.727 0.447 0.643
PI-UNet RMSE 0.349 1.246 0.334 0.748 0.483 0.680
MAE-MaxE 0.778 1.724 0.610 1.010 1.002 1.237
MAE 0.026 0.028 (]97%) 0.035 0.038 (194%) 0.046 0.047 (192%)
PI-EngGeneUNet RMSE 0.005 0.012 (]99%) 0.027 0.060 (191%) 0.059 0.062 (|90%)

MAE-MaxE 0.221 0.234 (]86%) 0.327 0.366 (]64%) 0.268 0.270 (]78%)

Figure 3.13 illustrates a few examples of the performance of the proposed EngGeneNet
in different operating conditions. The first column shows the baseline temperature pro-
file yielded by the conventional numerical ADI approach. The second column presents
the temperature profile prediction by the proposed physics-informed EngGeneUNet.
The third column shows the MAE error map between these two results. It is evident
that the predicted 2D temperature profile predicted by the proposed physics-informed
EngGeneUNet model is sufficiently close to the results produced by the conventional ADI
approach. However, due to the formidable computational complexity of the ADI method
for large-scale and high-dimensional problems, the proposed EngGeneUNet model could
achieve higher computational efficiency once trained, which is more suitable for real-time

applications.
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Figure 3.13: Several prediction results on test datasets: (a) ADI solutions; (b)

PI-EngGeneNet solutions; (c) error map.

Table 3.9 summarises the model training performance and training time with 30
training epochs and different model training batch sizes under operating condition
OC2. The results show that increasing the batch size in the transfer learning does not
significantly compromise the model performance for both the training and test datasets.
Therefore, the training time in the transfer learning has been significantly reduced by

over 75% when the batch size is increased from 1 to 15.
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Table 3.9: The influence of batch size for transfer learning under OC2 (30 epochs).

Batch size Metrics Training dataset Test dataset Training time (saving)

MAE 0.038 0.040

1 RMSE 0.005 0.011 115.62 min
MAE-MaxE 0.208 0.222
MAE 0.026 0.029

10 RMSE 0.005 0.012 30.52 min
MAE-MaxE 0.220 0.232
MAE 0.026 0.028

15 RMSE 0.005 0.012 27.94 min (75%)
MAE-MaxE 0.221 0.234

3.5.6 Transient Temperature Evolution Performance

Evaluating the continuous prediction performance of the proposed physics-informed
EngGeneNet is essential, as it poses greater challenges due to the accumulation of
prediction errors over time. Therefore, experiments were conducted to compare the
mean bulk temperature and temperature distribution uniformity obtained using the
conventional ADI method and the proposed physics-informed EngGeneUNet under
varying operating conditions. Here, the temperature uniformity is defined as the standard
error of the corresponding temperature distribution.

Figure 3.14(a) and (b) illustrate the evolutions of the mean temperature profile and
the temperature uniformity for SB1 in a constant ambient environment of 1200°C.
There is a comparable consistency in the two profiles between the two methods. Figure
3.14(c) and (d) show the mean temperature and temperature uniformity evolution for
SB2 under varying physical conditions, where the ambient temperature changed from
1000°C to 1200°C at ¢t = 8000 s. It is noteworthy that the predicted temperature profiles
by both the ADI and the EngGeneNet models exhibit consistently similar prediction
performance under both conditions. Although the temperature uniformity exhibits a
slight difference of about 1°C in this operating condition, which is within an acceptable
error range in this long-period evolution, these findings demonstrate the robustness of

the proposed physics-informed EngGeneNet in predicting temperature profiles across
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Figure 3.14: Predicted stock temperature history during the trial period.

varying operating conditions, as well as the effectiveness of model fine-tuning through

transfer learning.

3.5.7 Model Computational Efficiency

Figure 3.15 compares the computational time for predicting per frame of 2D tempera-
ture distribution by both the pre-trained physics-informed EngGeneUNet model and
the conventional ADI method. It is shown that the EngGeneUNet model can achieve
96% time reduction compared to the conventional ADI approach in predicting bloom
temperature profile, confirming that the EngGeneNet models offer great potential for

real-time operation and control.
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Figure 3.15: Computation time per frame of temperature distribution prediction.

3.6 Chapter Summary

This chapter has developed a physics-informed EngGeneNet for transient temperature
profile prediction of large-scale intermediate steel stocks in reheating furnaces, highlight-
ing the significance of incorporating the fundamental heat conduction physics knowledge
into the backbone deep learning CNN models and the capability of the ‘Eng-Gene’ mod-
ule in capturing salient features and interactions among the temperature-dependent
material properties and variables. Formulating the 2D heat conduction modelling as an
image-to-image task, the UNet is employed as the backbone of the EngGeneNet, and
the physics-informed loss function was constructed by discretising the two-dimensional
transient heat conduction governing equations. To improve the interpretability and
generalisation performance while accelerating the training of deep learning models, an
‘Eng-Gene’ module is extracted from first principle equations and integrated into the
deep learning model. To address the lack of training samples and the material property
variations under different operating conditions, both knowledge distillation and transfer
learning are employed [26].

The experimental results demonstrate that:

1. The constructed physics-informed loss function can effectively guide the training

of deep learning models, achieving comparable prediction performance to the
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numerically expensive ADI approach.

2. The proposed ‘Eng-Gene’ module improves prediction performance and supports
generalisation under the conditions evaluated, while accelerating the training and
retraining of deep learning models. It achieves at least 90% MAE reduction and

85% RMSE reduction relative to the physics-informed UNet baseline.

3. The knowledge distillation and transfer learning strategies enable efficient adapta-
tion to new steel product batches with a 75% reduction in training time and greater

than 90% reductions in prediction errors under new operating conditions.

4. The deployed model achieves a 96% reduction in per-frame prediction time com-
pared with the ADI method, enabling genuine real-time temperature field predic-

tion.

Within the formulation investigated in this chapter, physics-informed EngGeneNet
provides a flexible function-approximation framework for transient heat-conduction
modelling while incorporating the governing physical relationships. The underlying
design principles may be transferable to other physics-based modelling problems, subject
to reformulation and validation. The results presented here also show that the ‘Eng-
Gene’ module can improve training efficiency and predictive performance for the furnace
problem considered.

While this chapter has addressed the modelling problem of achieving real-time, phys-
ically consistent temperature field prediction, an accurate model alone is insufficient
for many engineering systems, as it must further be embedded within a closed-loop
decision-making framework capable of reconciling multiple, often competing, real-time
objectives, particularly in safety-critical and performance-driven processes such as bat-
tery fast charging. Motivated by this need to bridge modelling and control, the following
chapter shifts the focus from passive modelling to active closed-loop control, developing
a historical data-driven self-learning MPC framework for the battery single-cell fast
charging problem that exploits repetitive operational data to iteratively refine control

performance under explicit safety constraints.
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CHAPTER

HISTORICAL DATA-DRIVEN SELF-LEARNING

PREDICTIVE CONTROL FOR REPETITIVE PROCESSES

4.1 Introduction

The battery charging problem studied in this thesis is a representative repetitive in-
dustrial control task: the same charging routine is executed repeatedly under similar
operating conditions, while each cycle generates a trajectory of state, input, and thermal-
response data. In this setting, historical charging data are not merely a passive record;
they encode information about previous trajectories, thermal transients, and feasible
operating boundaries that can be exploited to improve future decisions. However, con-
ventional MPC formulations typically treat each charging cycle independently and do
not make explicit use of the accumulated historical information from prior executions.
Battery charging in electric vehicle (EV) and energy storage applications is therefore
a suitable test bed for a self-learning control framework. Lithium-ion batteries are now
widely used in ESS [121], smart grids [122], and EVs [123]. In these applications, the
battery management system (BMS) must monitor battery states and manage thermal

safety while balancing rapid charging against degradation and operational constraints
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[124]. Excessive temperature rise can accelerate SEI growth, increase internal resistance,
and in severe cases trigger thermal runaway [125]. It is therefore desirable to maintain
the operating temperature within a safe range, typically around 25-40°C [126]. Al-
though numerous charging strategies have been studied, the problem considered here is
characterised by a specific trade-off among model fidelity, computational burden, thermal
safety, and charging duration. Electrochemical models can be computationally intensive,
while simplified or purely data-driven models may lose accuracy or interpretability under
varying operating conditions [127, 128]. In addition, the historical trajectories generated
by repeated charging cycles are not explicitly incorporated into many conventional for-
mulations. This motivates the development of a self-learning MPC method that exploits
previously observed state trajectories to refine charging decisions while maintaining
tractability and explicit constraint satisfaction.

The model predictive control (MPC) framework is well-suited to this charging setting
because it can explicitly enforce state and input constraints over a finite prediction
horizon [64, 129]. Nevertheless, its performance depends strongly on model fidelity and
can degrade under uncertainty or parameter variation. Iterative learning control (ILC) is
able to exploit historical error information, but it does not natively provide the real-time
prediction and constraint handling required for online charging control. Reinforcement
learning offers a model-free alternative but typically suffers from poor sample efficiency
and high online computational demand.

To address this battery-charging problem, this chapter proposes a historical data-
driven self-learning MPC framework that integrates the iterative refinement capability
of ILC with the predictive and constraint-handling strengths of MPC. The formulation
follows the data-efficient constrained learning idea of Zhou et al. [57], while adapting its
value-function approximation and historical convex constraint to the battery-charging
setting. The main novelty lies in the development of a memory function and an associ-
ated convex mapping constraint derived from historical state trajectories. The memory
function quantifies the minimum achievable cumulative future cost inferred from past

iterations, while the convex mapping constraint confines the terminal predicted state
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to the convex hull of the historical state set. By embedding these constructs into the
MPC cost function and constraint set, the proposed framework iteratively improves the
charging trajectory while preserving computational tractability and explicit thermal
safety constraints.

The specific contributions of this chapter are as follows [27]:

1. A historical state convex mapping constraint is formulated from previous charging
trajectories to narrow the feasible solution space and evaluate its effect under the

model-uncertainty conditions considered.

2. A memory function-enhanced cost function is proposed to incorporate historical
state—input information into the current MPC objective and refine the charging

trajectory across iterations.

3. The method is instantiated using a cascading linearised thermoelectric battery
model that provides a tractable approximation of the coupled electrical-thermal

dynamics for the charging case study.

The remainder of this chapter is organised as follows. Section 4.2 establishes the
general MPC problem formulation for linear discrete-time systems. Section 4.3 details
the representation of historical data and the derivation of convex mapping constraints.
Section 4.4 presents the memory function design and the augmented cost function. Sec-
tion 4.5 describes the complete self-learning iterative MPC framework and the associated
general algorithm. Section 4.6 provides the battery charging case study, including the
thermoelectric battery model, its instantiation within the proposed framework, and the

experimental results. Section 4.7 summarises the chapter contributions.
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4.2 General MPC Problem Formulation

4.2.1 General System Model

Consider a general discrete-time linear system with an additive time-varying offset,

describing the repetitive dynamical process to be controlled [130]:
x(t+1)=Ax(t)+Bu(t)+ C(), 4.1)

where x(t) € R” is the system state vector, u(¢) € R™ is the control input, C(¢) e R” is a
known time-varying offset (capturing exogenous inputs or operating-point corrections),
and A € R*", B € R**™ are the system matrices. It is assumed that the system in
equation 4.1 is stabilisable and that the state x(¢) is fully measurable at each time step.

The framework accommodates systems whose dynamics are either directly linear or
can be rendered linear via a suitable input substitution. In the case study presented
in Section 4.6, the nonlinear thermal dynamics of a lithium-ion battery are linearised
through a variable transformation, resulting in a model of the form in equation 4.1.
This structure is general enough to encompass a broad class of repetitive engineering
processes, including thermal regulation, chemical batch processing, and robotic motion

control.

4.2.2 Standard MPC Problem Formulation

Model predictive control is widely applied in practical engineering systems, where a
predictive model is used to estimate future system behaviour and evaluate a cost function
over a finite horizon. Based on these predictions, the MPC computes the optimal control
inputs to achieve the desired performance.

For the purposes of the self-learning MPC formulation, the general system model
in equation 4.1 is adopted as the prediction model. The predicted state x;(;j | £) and

predicted control input u(j | ¢) satisfy:

X(J+110)=A%( 1) +Bur(j 1)+ CE+)), (4.2)
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where j=0,1,...,N, —1, N, denotes the prediction horizon, and % is the iteration index.
The initial predicted state is £3(0 | ¢) = x3(¢).

The control objective is to regulate the system state to track a desired reference
trajectory x,(¢) while penalising excessive control increments. The stage cost function is

formulated as:
N,-1

Jp@®)= Y Lyp(&p(+118)—x.(t+ ), Sur(jlt))
j=0

N,-1
=L
Jj=0

+0ul (G IDH U 1),

(2 + 110 =0+ ) Q&G+ 11 )= %t + ) @3

where @ and H are positive-definite weighting matrices balancing tracking performance
and input increment cost; x,- denotes the reference state trajectory; and dup(j|£) =uzp(j |
t)—up(j—1]1t)is the predicted control increment sequence.

Constraints are inherent in practical engineering systems, with their permissible
ranges defined by physical limitations and safety regulations. Constraints on both the

system states and control inputs are imposed as:
Umin < Ur(t) < Umax, Xmin < X (%) < Xmax- 4.4)

These can be rewritten in a general compact form as:

Mup() s AF@),  Txp() < A (1), (4.5)
where
I I
re=|""(, rT=|" (4.6)
_Im _In
The resulting standard constrained MPC optimisation problem is:
N,-1
min ) [(&k(j +110 =20t + )T QR + 11— x,(t + )
uy(2) j=0
+6u;€r(.]. |)H bup(jlt) 4.7

st.Xr(J+118) =A% (G 1) +Bur(j 1)+ CEt+)),

T upt) < Aj(@), Txp(t) < Ay @2).
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Solving the optimisation problem in equation 4.7 based solely on the predictive
model and system constraints may lead to unreliable outcomes, particularly under
model uncertainty or when the solution space is restricted by stringent constraints. The
following sections describe how historical data is systematically leveraged to augment

this standard formulation.

4.3 Historical Data Representation and Convex

Mapping Constraints

4.3.1 Motivation for Historical Data Integration

The target class of repetitive processes shares a defining characteristic: each execution
proceeds from a fixed initial condition to a target final state under the same physical
dynamics and operational constraints. Consequently, the state trajectories and control
inputs from previous iterations carry significant and directly applicable information
for improving future control decisions. Rather than discarding this information, the
proposed framework explicitly harnesses historical operational data by constructing
data-driven constraints that refine the feasible solution space at each iteration.

The key idea is to represent the historical state trajectories as a convex set and
use this set to constrain the terminal predicted state of the current optimisation. By
enforcing the terminal predicted state to lie within the convex hull of historical states,
the optimisation is guided toward regions of the state space that have been previously

explored, thereby promoting consistent and reliable convergence.

4.3.2 Historical State and Input Datasets

The historical system states and control inputs accumulated over previous iterations are
organised into structured datasets. Leveraging the data from the (k — 1)-th iteration, the

historical state set and memory function set are constructed as:
Xp-1={2£-1(0), 2x-1(1), ..., 21 (N}, (4.8)
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M1 = {Mp_1(0), My_1(1), ..., Mp_1(N)}, (4.9

where N is the total control length in one iteration, and M}_1(¢) is the memory function
value at time step ¢ of the (k£ — 1)-th iteration, whose formulation is detailed in Section

4.4.

4.3.3 Convex Hull Formulation

The theoretical basis for the convex mapping constraint is the notion of a convex hull. A

convex combination of a set of points {x;} is a weighted sum of the form:
r r
y=> 0jx;, Y 6;=1, 6;=0, j=1,...,r, (4.10)
j=1 j=1

where 0; are the convex combination coefficients. The convex hull of a set C, denoted

conv(C, is defined as the smallest convex set containing all elements of C [131]:
r

0;x;
=1

conv(C = {
J

r
xjec,ejzo,jzl,...,r,Zejzl}. (4.11)
J=1

Building upon this foundation, localised convex hulls of the historical state and
memory function datasets are constructed within a sliding window of size d centred at

time step ¢:

d
CODVMk—l(t)={ Y 9k—1,ij—1(t+j)}, (4.12)
j=—d

d
COHVXk—l(t)={ Y 9k—1,ij—1(t+j)}, (4.13)
j=—d

where d is the window size of the historical data to be employed, and the non-negative

convex combination coefficients satisfy:

d
Or-1,; 20, Y Op-1;=1. (4.14)
j=—d

4.3.4 Convex Mapping Constraint on Terminal Predicted State

To integrate the derived convex hulls into the control framework, a convex hull constraint

is imposed on the last predicted state £;(/N,, | £). This constraint ensures that the terminal
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Figure 4.1: Illustration of the historical data convex mapping process.

state in the prediction horizon remains within the convex hull of the historical state set
X} _1, thereby contributing to the stability of the closed-loop system:
£ (Np [ 1) = .idek_l,ij_l(t+Np+j). (4.15)
.

The physical interpretation of equation 4.15 is illustrated in Figure 4.1: the proposed
historical data-driven self-learning control algorithm utilises the convex mapping con-
straints derived from the historical states and the smallest memory function convex
hull within the d-neighbourhood [ —d, ¢ + d] at time step ¢ of the previous iteration to
optimise the control input in the current iteration. The convex constraint effectively
narrows the feasible search space for the optimisation problem, promoting computational
stability and consistent convergence.

To ensure consistency and stability of the proposed algorithm at the boundary time
steps, the historical state data and memory function values at the initial and terminal

sampling steps are augmented as follows:

Xr-1(0+j) =X, _1(0), -d=<j<0,

Mp_1(0+j)=Mp_1(0), -d=<j <0,

) k-1 J k-1 J (4.16)
Xp 1 IN+j)=Xp_1(N), 0=<j<d,

My 1N+ j)=M,_1(N), 0<j<d
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This boundary augmentation prevents the convex hull from being ill-defined at the
edges of the control horizon, ensuring the constraint in equation 4.15 remains feasible

throughout the entire process.

4.4 Memory-Enhanced Objective Design for

Self-Learning Control

4.4.1 Design of the Memory Function

To enhance the evaluation of the potential contribution of historical state information and
input data in optimising future control input trajectories, a memory function is introduced.
This function leverages historical system states x;(¢) and input increments du(¢) to
estimate the minimum achievable cumulative cost associated with corresponding state-
input pairs.

The memory function is initialised at the terminal time step N of the &-th iteration

as:

Mp(N) =Ly, (xe(N +1), 6up(N)) = x,(N + 1)'Qxp(N +1)+6up(N) Héup(N), (4.17)
and is then evaluated backward recursively for all preceding time steps:

Mp(t)=Lp(xp (¢t + 1), 6ur(®)) + Mp(t+ 1), t<N. (4.18)

The backward recursive structure of equations 4.17 and 4.18 implies that the memory
function at each time step accumulates the stage costs from that step to the end of the
iteration, yielding the total cumulative cost-to-go from that point onward. This structure
is conceptually analogous to the cost-to-go function in dynamic programming, but it is
computed directly from observed historical data rather than requiring explicit knowledge

of the value function.

89



CHAPTER 4. HISTORICAL DATA-DRIVEN SELF-LEARNING PREDICTIVE
CONTROL FOR REPETITIVE PROCESSES

4.4.2 Memory Function-Augmented Cost Function

The memory function-augmented cost function for the current k-th iteration is obtained
by appending the smallest convex hull of the memory function dataset convM},_1(¢+N)
to the standard MPC cost J(¢):
d
J (&) = Jp(t) + .Zdek—l,ij—l(t"'Np"'j)’ (4.19)
J==
where all non-negative coefficients 0;_1 ; are the same as those used in the convex
hull of historical states in equation 4.15. This formulation ensures that the convex
mapping of the historical state and the augmented memory function term are jointly
optimised, maintaining the coupling between the terminal state constraint and the cost
augmentation.

The core idea of the memory function-enhanced cost formulation is to evaluate the
contribution of the historical dataset and to constrain the terminal predicted state
within the resulting convex region using an optimised coefficient. This guarantees that
the terminal predicted state always lies within the convex hull of the historical state
set, enabling continuous refinement of the control input trajectory. Importantly, the
memory function is integrated in a way that preserves the standard quadratic MPC
cost structure and maintains the generalisability of the loss function. Furthermore, the
memory function term is constructed from stored historical data that is known at each

computation step and does not introduce additional uncertainty into the optimisation.

4.4.3 Self-Learning Mechanism

The iterative self-learning mechanism operates as follows. At each iteration £ and time
step ¢, the augmented optimisation problem in Section 4.5 is solved to obtain the optimal
control input. The resulting state trajectory is stored and used to update the historical
state set X; and the memory function set M;, for the next iteration. As & increases, the
historical data progressively captures more refined and representative state trajectories,

and the memory function provides increasingly accurate estimates of the cumulative
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future cost. This iterative feedback mechanism enables continuous refinement of the

control policy and drives stable convergence of the process toward the optimal solution.

4.5 Self-Learning Iterative MPC: General Framework

and Algorithm

4.5.1 Complete Augmented Optimisation Problem

Building upon the standard MPC formulation in equation 4.7 and the historical data-
driven constructs developed in Sections 4.3 and 4.4, the complete memory function-
enhanced self-learning optimisation problem is formulated. At each time step ¢ of the
k-th iteration, the optimisation variables are the predicted control input sequence uy(t)
and the convex combination coefficients 0_1 ;:
d
gk_xﬁ’iﬂk(t) Jk(t)+jzz_d0k_1, iMy_1(t+Np,+ )
st. X, (J+118)=Axp(j 1) +Bur(j1t)+C(t+)),

Tup@) < Af@), T xp(2) < AL(), (4.20)

d
Or-1,=0, Y Op_1,;=1,
j=—d

d
£r(Np | t) = Z Qk—l,ij—l(t+Np + 7).
j=—d

The optimal control input sequence u, (¢) is obtained by solving equation 4.20. Fol-
lowing the receding-horizon principle of MPC, only the first element of this sequence is
applied to the system:

uy(£)=1[1,0,...,0lu,(2). (4.21)

The augmented problem in equation 4.20 is a convex quadratic programme (QP)
because: (i) the objective function is quadratic in uz(#) and the convex memory term is
linear in 01 j; (ii) all constraints are affine. The incorporation of the convex mapping

constraint effectively narrows the feasible solution space without altering the convex
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Algorithm 1 Historical Data-Driven Self-Learning MPC for Repetitive Processes

Require: K: number of iterations;
1: N: control length in one iteration;
2: Np: MPC prediction horizon;
3: (ug,u1,...,uy): initial control input sequence;
4: (x9,%1,...,XN,XN+1): initial state sequence;
5: @, H: cost function weighting matrices;
6: d: convex hull window size.
7: for k=1to K do
8 x£(0) —x0;  up(0) —ug
9

if £ =1 then
10: Compute initial memory function set M and state set Xy from the initial state
sequence using equations 4.17 and 4.18.
11: end if
12: fort=1to N do
13: Solve the augmented optimisation problem 4.20 to obtain u; (?).
14: Apply u(#) to the system model 4.1 to obtain xz(f + 1).
15: Collect updated state x, (¢ + 1).

16: end for

17: Compute terminal memory value: M,(N) — x;(N + D'Qux,(N + 1) +
Sup(N)TH bup(N).

18: Backward recursion: M (t) — Lp(xp(t +1),0up(2)) + Mp(t+1), t<N.

19: Update historical sets:

20: Xy — {x£(0),x%(1),...,x(IN)}
21: M, — {M(0), M(1),...,M,(N)}
22: end for

structure of the problem, thereby reducing the worst-case solve time variability compared
to standard MPC. Furthermore, since the memory function term is computed from
previously observed data and the convex hull is constructed from a finite window of

historical states, the computational overhead per optimisation step relative to standard

MPC is negligible.

4.5.2 General Self-Learning Algorithm

Algorithm 1 summarises the complete procedure of the proposed historical data-driven
self-learning MPC framework for a general repetitive process.

The framework jointly optimises the control input sequence u.(¢) and the convex
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combination coefficients 0;_1 ; within a single quadratic programme at each time step.
Application of the general framework to a specific repetitive process requires: (i) identify-
ing a suitable system model of the form in equation 4.1; (ii) defining appropriate state and
input constraints; and (iii) specifying an initial feasible state and input sequence. Section

4.6 demonstrates this instantiation in full detail for the battery charging problem.

4.6 Case Study: Iteratively Optimised Battery
Charging under Thermal Constraints

This section instantiates the proposed self-learning MPC framework on the battery
charging problem. The section is organised as follows. Section 4.6.1 develops the cascad-
ing linearised thermoelectric battery model that serves as the prediction model within
the framework. Section 4.6.2 then describes how the general algorithm is specialised
for the battery charging problem, presenting the complete control architecture and the
battery-specific algorithm. The remaining subsections present the simulation results

and analysis.

4.6.1 Cascading Linearised Thermoelectric Battery Model

The battery charging process is inherently complex, involving coupled interactions among
several key variables, including the state of charge (SOC), terminal voltage, and internal
temperature. A major challenge in developing model-based charging control strategies
lies in the strong nonlinear coupling between the electrical and thermal dynamics. To
address this issue, a cascading linearised thermoelectric battery model is developed to
decouple the electrical and thermal sub-models while retaining the essential physical

relationships required for accurate constraint enforcement.
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4.6.1.1 Battery Electrical Sub-Model

Models for LiFePO4 battery cells can be categorised into electrochemical models, equiva-
lent circuit models, and data-driven neural models. While electrochemical models such
as the pseudo-two-dimension (P2D) and single particle model (SPM) offer high accu-
racy, their computational complexity makes them unsuitable for real-time control [132].
Neural network-based models offer computational efficiency but limited interpretability.
In contrast, the equivalent circuit model offers a simple structure and straightforward
parameters identification while retaining comparable accuracy [86].

In this study, a first-order Thevenin equivalent circuit model is adopted. As illustrated
in Figure 4.2, U,., denotes the open-circuit voltage of the battery when no external load
is applied. V and i represent the terminal voltage and charging current, respectively. R
is the internal resistance. The RC sub-circuit characterises the battery relaxation effect.

Based on this circuit model, the corresponding discrete-time formulations are:

¢

soc(t) =soc(t —1)— ﬁ 1(t—1)=soc(ty) — ﬁ Z i(j), (4.22)
Cr Cr j=t

V(&) =Uper — V1 — i($)Ry, (4.23)

where At is the sampling interval in seconds, C,, is the nominal capacity in ampere-
seconds, and tg is the initial time step. The charging current i(¢) is defined as negative

in this study. The open-circuit voltage U,, is modelled as a function of SOC:
Uocv(t) = focv(soc(t)), (4.24)

and the internal resistance R is represented as a function of the internal battery

temperature T',,:

Ro = fr(T;n(2)), (4.25)

where f,., and fr are implemented using look-up tables as detailed in Section 4.6.3.
A first-order RC sub-circuit is employed to represent the slow-varying diffusion
voltage within the battery cell, under the assumption that the load current remains

constant over each sampling interval. The voltage V; is governed by:
Vit)=a1Vi(t-1)+b1i(t - 1), (4.26)
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Figure 4.2: First-order Thevenin equivalent circuit model of the lithium-ion battery.

where

ay = e—At/(R1C1), by :R1(1 _e—At/(R1C1)) ) (4.27)

Combining the above equations, the complete discrete-time electric sub-model is:

soc(t) =soc(t—1)— % i(t-1),

n

Vi) =a1V1(t-1)+b1i(t - 1), (4.28)

V(@) =Uqcv — (&) fR(Tin(8)) — V1(2).
4.6.1.2 Battery Thermal Sub-Model

During battery operation, heat is generated within the cell and conducted to the surface
before dissipating into the surrounding environment. Temperature is a critical factor
affecting both battery performance and degradation.

The dominant heat source within the operating range is ohmic heating from the
internal resistance:

Qs =i(®)’Ry. (4.29)

The contributions from electrolyte decomposition and side reactions are negligible when
the battery operates within safe voltage and temperature ranges [133].
A simplified lumped thermal model is adopted, assuming uniform temperature across

the internal and surface regions and a spatially uniform heat generation rate. Based on
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Figure 4.3: Lumped two-node battery thermal model.

the energy balance equation, the continuous-time thermal dynamics are:

dT;
Cp1 dm=QJ+k1(Tsf—Tin),
t
dT (4.30)
Cpz— - =k (Tin = Top) + ko (Ta = Top),

where T';, and T'sr denote the battery internal and surface temperatures, respectively; T,
is the ambient temperature; Cp,1 and Cp2 are the heat capacities of the battery interior
and shell; £ is the heat transfer coefficient between the battery and the shell; and &9 is
the heat transfer coefficient between the battery shell and the environment. The thermal
model is illustrated in Figure 4.3.

Discretising using the forward Euler method, the discrete-time thermal dynamics

are:
k k At
T (t+1)= (1 _At —1) Tin() + At Ty p(8) + —— i(t)?R,

ki+k At
! 2)Tsf(t)+k2Ta -

p2

(4.31)

Typ(t+1) = Até"’—l Tin(t)+ (1 ~ At

p2 p2

4.6.1.3 Cascading Linearised Integration

In the proposed cascaded linearised thermoelectric model, the nonlinear coupling between
the thermal dynamics and the electrical subsystem is captured by the substitution u(¢) =

i(t)?, where u/(¢) = i(t) denotes the actual charging current. This transformation renders
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the thermal dynamics linear with respect to the new input u(¢). The two linearised
sub-models are then hierarchically integrated within the control framework.
Thermal sub-model (primary control loop):

xp(t+1)=Apxp(t)+Bru(t)+ Cr(t), (4.32)

where x7(2) = [Tin(8), Tsp(1T, u(t) = i()%, C1 =10, k2T At/Cp2]", and

1—Atclf—1 Atclf—l AtRo
Ap = e PPl |, Br= Cp1 |, (4.33)
At 2L g pplLTR 0
p2 Cp2

Electric sub-model (subordinate loop):

xg(t+1)=Agxg(t)+Bg u’(t),

(4.34)
V() = foco(soc(t)) — i(t) fR(T;n(2) — V1(D),
where xg () = [soc(?), Vi(H]T, u/(t) = i(¢), and
1 0 -At/C,
Ag= , Bg= (4.35)
0 a1] b1

The cascaded relationship u(¢) = [¢/(t)]? = i(¢)? links the two sub-models, ensuring
that the internal temperature and electrical states are simultaneously regulated while
maintaining convex tractability in the optimisation problem. The thermal sub-model
4.32 is of exactly the form required by the general system model in equation 4.1, with

A=Ar,B=Br,and C(¢)=Cr(t).

4.6.2 Instantiation of the Self-Learning MPC Framework for
Battery Charging

With the thermoelectric battery model established, the general self-learning MPC frame-
work in Section 4.5 is specialised to the battery charging problem. The instantiation
proceeds in two steps: the control architecture is defined, and the general algorithm is

adapted to account for the cascaded model structure.
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Control Framework Architecture. Figure 4.4 intuitively illustrates the overall
control framework. The battery thermal sub-model serves as the primary model within
the self-learning MPC framework, while the electric sub-model functions as a subordinate
model for monitoring the battery electrical states. Accordingly, the thermal sub-model
states are directly formulated into the cost function of the MPC framework. In contrast,
constraints from the electric sub-model — specifically those on terminal voltage and SOC
— are enforced by converting the state constraints into equivalent constraints on the
charging current, thereby regulating the direct control input u(¢) and ensuring safe and

efficient charging operation across both thermal and electrical domains.
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k Charging process /
Constraint for i ( Electric _
sub-model | |
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y
Thermal
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Figure 4.4: Overall control framework of the proposed historical data-driven
self-learning MPC for battery charging.

S

Since the thermal sub-model is adopted as the primary control model and the opti-

misation variable is defined as u(¢) = i(¢)?, the corresponding actual charging current is

uy (8)=1i(t) = —, [u,(®), (4.36)

where the negative sign reflects the convention that charging current is negative in this

recovered as:

study. This recovered current is then applied to the electric sub-model to update the
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Initialization:
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Calculate:
M, (N) = x,(N + DTQ(x, (N + 1) + Su, (N)TH Suy (N) —
My () = L (3 (¢t + 1), 6upe () + Mp(t + 1), t<N
Xy = {x,(0), %, (1), -+, X1 (N)}

Reach
iteration
K

Yes Update X,

k=k+1
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>N
The
/ Output U, (9 / Obtain u,*(t) by solving
K optimization problem (35)

I

Apply u,*(t) to the thermal sub-model (13)
Apply /uy * (t) to the battery electric sub-model (15)

End [ Store x,(t) ]

t=t+1

Figure 4.5: Flowchart of the proposed historical data-driven self-learning control
framework applied to battery charging.

electrical states and enforce the voltage constraint.

Battery Charging Algorithm. Figure 4.5 presents the flowchart of the proposed
historical data-driven self-learning control framework instantiated for battery charging.
At each iteration, the control input is updated based on the historical state information
and the resulting system response, which is subsequently stored and fed back to initialise

the next iteration.
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4.6.3 Experimental Setup and Battery Model Parameters

The parameters used in the thermoelectric battery model were adopted from [134, 135],
in which identical electrical and thermal sub-model structures were employed. In those
works, a comprehensive parameter identification was experimentally conducted on a
prismatic LiFePO4-Graphite battery with a nominal capacity of 10 Ah and a nominal
voltage of 3.2V. Since embedding micro-sensors within the cell core is experimentally
challenging, internal temperature measurements were approximated using a three-sub-
cell configuration in which both central and surface temperatures were instrumented.
The identified parameters were validated through direct comparison between model
simulations and experimental measurements, achieving a maximum voltage RMSE of
approximately 3.4 mV and an internal temperature RMSE of approximately 0.82°C. The
complete experimental setup and measurement procedures are documented in detail in
[134].

The identified model parameters are summarised in Table 4.1. The functions f,,
and fr are obtained from look-up tables using linear interpolation, with reference to
Tables 4.2 and 4.3. In all simulations, the ambient temperature was maintained at 27°C,

while both the initial internal and surface temperatures were set to 29°C.

Table 4.1: Identified thermoelectric battery model parameters.

Parameter Value Unit

ai 0.981 —
b1 1.8e-4 —

k1 1.264 WmK!
ko 0.33 Wm!K!
Cp1 263.8 Jkg K1
Cpe2 31.2  Jkg'K!
C, 36000 As

Table 4.2: SOC-U,., look-up table.

SOC 0.900 0.798 0.695 0.593 0491 0.389 0.287 0.186 0.085
Upew (V) 3330 3.325 3.299 3.292 3.290 3.278 3.251 3.215 3.057
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Table 4.3: T';,—R( look-up table.

T;, °C) -10 0 10 23 32 39 52
Rp (©2) 0.0259 0.0180 0.0164 0.0152 0.0125 0.0124 0.0120

4.6.4 Constraint Formulation for Battery Charging

According to the safe operating limits of LiFePO4 batteries, constraints on the charging
current, terminal voltage, and SOC are imposed throughout the charging process, with
the SOC required to increase from 0.1 to 0.9. The maximum charging current is limited
to 30 A (3C rate). Since the optimisation variable is defined as u(¢) = i(¢)? in the thermal

sub-model, the original bound —30A < i(#) < 0A is equivalently expressed as:
0 < u(t) =900. (4.37)

The terminal voltage constraint 2.6V <V (¢) <3.65V is reformulated into an input-
dependent constraint through the electric sub-model. Through the relation equation 4.28,

the upper voltage limit V(¢) < 3.65V yields:

. Uocv(SOC(t))—Vl(t)—3.65
= . 4.38
0= FR(Tin(®) (4.38)

Since i(t) = —vu(t), this is converted into an admissible bound on w(#):

Uocv(soc(t)) - Vl(t) -3.65 2
0= Fr(Tin (1) ' (4.39)

All quantities on the right-hand side are known at the current time step, so the resulting
constraint remains linear with respect to the optimisation variable and can be directly
enforced within the MPC framework.

The SOC constraint is defined as:

0.1 <soc(¢)<0.9. (4.40)

By reformulating the current and voltage limits into input-compatible expressions, all
safety requirements are enforced explicitly within the MPC solver without introducing
nonlinear state constraints, thereby maintaining both computational tractability and

operational safety throughout the charging process.
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4.6.5 Validation of Cascaded Model Constraints

To evaluate the impact of state constraints from the cascaded sub-model, a comparative
study was performed with and without enforcing the terminal-voltage constraint. The
controller was configured with K = 10 iterations, prediction horizon N, = 15, weighting
factors @ = diag[10, 0] and H = 20, and an internal temperature constraint of 38°C. The

results are shown in Figure 4.6.
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Figure 4.6: Comparative results: (a) without terminal voltage constraint; (b) with
terminal voltage constraint. (N, = 15, H = 20, Tg‘lax =38°C)

When the terminal-voltage constraint is not applied (Figure 4.6(a)), the charging
current trajectories become progressively smoother across iterations, demonstrating
the self-learning capability of the proposed framework. However, the terminal voltage
exceeds the allowable limit (Figure 4.6(a2)) because the controller prioritises rapid
charging. In contrast, when the voltage constraint is enforced (Figure 4.6(b)), the terminal
voltage remains consistently below the prescribed upper bound, while the internal
temperature stabilises upon reaching the threshold.

These results confirm both the effectiveness and necessity of incorporating state con-

straints from the cascaded electrical sub-model, and demonstrate the stable convergence
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and strong self-learning capability of the proposed historical data-driven convex-mapping

strategy.

4.6.6 Effect of Prediction Horizon

The prediction horizon N, plays a crucial role in balancing control performance and
computational burden. Figure 4.7 displays the system response under N, € {15, 30, 45} in
a matrix format, where rows (a)—(c) correspond to the three horizon values and columns

(1)—(3) represent the optimised charging current trajectory, terminal voltage, and internal

temperature evolution over 10 iterations.
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Figure 4.7: Effect of different prediction horizons: (a) N, = 15; (b) N, = 30; (c) N, = 45.
(H =10, T77?* = 38°C)
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Increasing N, noticeably reduces the fluctuation of the optimised charging current,
leading to improved control stability. At N, = 45, the charging current trajectories exhibit
considerable stability even in the early stages of the iteration process, achieving faster
convergence compared to N, = 15. Due to the constraints imposed by the cascaded
electric sub-model, all terminal voltage outputs are consistently maintained below 3.65V
across all horizon settings. While larger horizons enhance stability and convergence,
they also increase computational cost. Therefore, an appropriate balance between control
performance and computational efficiency should be determined according to the specific

application requirements.

4.6.7 Analysis of Weighting Factors

The cost function is formulated to balance control performance in regulating the internal
temperature and optimising charging efficiency. A comparative analysis is conducted
using three configurations: H € {10, 20, 40}, with fixed N, =15 and T;7** = 40°C. Results
are presented in Figure 4.8.

As the weighting factor H for the input increment cost increases, the algorithm
increasingly prioritises charging stability during the optimisation of the charging current
trajectory. A larger H leads to a more stable optimised charging current trajectory due
to the increased penalty on éu in the cost function. These results demonstrate the
adaptability of the proposed historical data-driven self-learning control algorithm in

balancing various control objectives.

4.6.8 Robustness under Parameter Uncertainty

To evaluate the robustness of the proposed method against battery parameter uncer-
tainties, two levels of stochastic perturbations using Beta distributions were applied
to the internal resistance and capacity parameters to account for ageing and inter-cell
variability:

C'~C,-(1-Beta(2,5)-kp), (4.41)
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Figure 4.8: Effect of weighting factor on control performance: (a) H = 10; (b) H = 20; (c)
H =40. (N, =15, T7* =40°C)

R ~Ry-(1+Beta(2,5)-kp), (4.42)

where kg € {5%,10%} denotes the uncertainty level. The Beta distribution naturally
aligns with the physical constraints of battery parameters, such as bounded internal
resistance and capacity variations within finite ranges [64].

As shown in Figure 4.9, the internal temperature remains strictly below the specified
threshold of 37°C under both uncertainty levels, demonstrating consistent thermal
management performance. The voltage responses confirm that the algorithm effectively
maintains the terminal voltage within the safe upper bound of 3.65V. Although the

current profiles under 10% noise exhibit more pronounced fluctuations during early
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Figure 4.9: Robustness under parameter uncertainty: (a) 5% Beta uncertainty; (b) 10%
Beta uncertainty. (T';** = 37°C)

iterations, both scenarios ultimately converge to stable and smooth current trajectories.
These results verify the inherent robustness of the proposed approach to significant

parameter uncertainties.

4.6.9 Sensitivity to Initial Solutions

To investigate the sensitivity of the proposed method to different initial solutions, a
comparative study was conducted under a stringent thermal constraint of 34°C, repre-
senting only a 5°C margin above the initial battery temperature of 29°C. Two distinct
charging profiles were adopted as initial references: the conventional CC-CV charging
profile and a pure MPC-solved profile.

The results in Figure 4.10 reveal notable differences between the two initialisation
strategies. When initialised with the CC-CV profile, the method experiences mild con-
vergence difficulties during early iterations, as reflected by fluctuations in the charging

current and insufficient temperature regulation. Nevertheless, the algorithm gradually
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Figure 4.10: Sensitivity analysis of initial solutions: (a) CC-CV initialisation; (b)
standard MPC initialisation. (777%* = 34°C)

stabilises and achieves effective temperature control in subsequent iterations. When

initialised with the MPC profile, the proposed method quickly converges toward a smooth

and stable charging trajectory, successfully limiting the internal temperature at the

specified threshold.

This comparative analysis confirms that the initialisation strategy plays a critical

role in determining convergence performance, especially when the feasible region is

severely restricted by stringent thermal limits. An initial solution that provides a more

balanced trade-off between charging intensity and thermal safety is preferable, as it

facilitates more robust convergence and ensures effective satisfaction of the imposed

constraints.
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Table 4.4: Computation time statistics for different prediction horizons (unit: seconds).
Horizon Standard MPC Proposed Method
Length 3 .
Mean Std Max Min Mean Std Max  Min

5 0.094 0.015 0.140 0.081 0.086 0.004 (173%) 0.096 0.081
10 0.110 0.017 0.158 0.097 0.105 0.003 (/82%) 0.120 0.099
20 0.143 0.019 0.202 0.129 0.138 0.004 (179%) 0.156 0.131
40 0.199 0.025 0.291 0.179 0.193 0.005 (|80%) 0.221 0.184

Table 4.5: Computation time standard deviation comparison at N, = 10.

Method Standard Deviation (s)

SMPC [64] 1.346
DASC [64] 0.003
Proposed 0.003

4.6.10 Computational Efficiency Analysis

The computational efficiency of the proposed control framework was evaluated across
multiple prediction horizon lengths and benchmarked against a standard MPC approach.
Table 4.4 provides detailed statistics of the computation time required to determine the
optimal action per step in one iteration.

Across all horizon settings, the proposed method achieves mean computation times
that are comparable to or slightly lower than those of standard MPC. Notably, the
standard deviation of computation time is reduced by approximately 80% compared to
standard MPC, indicating a significantly more stable and predictable computational bur-
den. This improvement is attributed to the convex mapping constraint, which effectively
narrows and refines the feasible solution space, ensuring more stable and consistent
solving time costs even at the longest horizon of 40 steps.

Table 4.5 compares the computation time standard deviations of the proposed method
with two benchmark strategies: the stochastic MPC (SMPC) and the learning-driven
DAgger-Based Stochastic Control (DASC) method [64]. The proposed method achieves a
computation-time standard deviation of approximately 0.003 with a prediction horizon

of 10, which is comparable to DASC but significantly lower than SMPC. These results
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confirm the computational stability of the proposed approach and its suitability for

real-time battery charging applications.
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Figure 4.11: Violin plot of computation time distributions across different prediction
horizons.

Figure 4.11 visualises the full distribution of computation times using violin plots.
The proposed method exhibits tighter and more concentrated distributions across all
horizon lengths, confirming the stable computational behaviour. In contrast, standard
MPC exhibits heavier upper tails, particularly at longer horizons, indicating a greater
chance of occasional prolonged computations. The consistent compact shape of the com-
putation time distributions of the proposed strategy demonstrates improved computation

determinism, an essential property for reliable real-time implementation.

4.6.11 Continuous Optimisation Performance

Table 4.6 summarises the evolution of the mean and standard deviation of the charging
current across 10 iterations under different internal temperature limitations. To further
verify the robustness of the iterative refinement process, results obtained using both

CC-CV and standard MPC charging profiles as initial conditions were compared under a

stringent temperature limit of 34°C.
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Table 4.6: Mean and standard deviation of charging current under different internal
temperature limits across 10 iterations.

Iter. Mean of Charging Currents (A) ‘ Std of Charging Currents (A)
40°  39°  38°  37° 34 34® | 40° 39° 38 37° 34@ 340
1 -18.32 -18.10 -16.53 -15.15 -18.19 -13.40(8.35 7.22 7.62 11.12 7.54 5.19
2 -19.69 -19.00 -18.00 -15.80 -15.58 -13.24|6.06 544 512 9.77 6.38 5.35
3 -20.19 -19.21 -18.05 -16.68 —-13.89 -13.55|4.73 4.84 499 582 543 4.61
4 -20.19 -19.22 -18.06 -17.03 —-13.30 —-13.55|4.69 4.83 4.94 495 4.88 4.61
5 -20.20 -19.22 -18.07 -17.05 -13.36 -13.54|4.66 4.83 4.92 488 4.76 4.61
6 —-20.21 -19.22 -18.07 -17.06 -13.35 -13.35|4.65 4.83 490 4.86 4.75 4.61
7 -20.22 -19.22 -18.07 -17.07 -13.35 -13.53|4.63 4.84 4.88 4.85 4.75 4.61
8 —-20.22 -19.22 -18.07 -17.07 -13.35 -13.52|4.62 4.84 4.87 4.84 4.73 4.61
9 -20.23 -19.22 -18.07 -17.09 -13.35 -13.51|4.61 4.84 485 4.84 4.73 4.61
10 -20.22 -19.22 -18.06 —-17.09 -13.35 —13.50|4.60 4.84 484 484 471 4.61

34°C@: result with CC-CV charging profile as initial solution.
34°C®): result with standard MPC charging profile as initial solution.

The mean charging current exhibits stable convergence trends across all temperature
thresholds. The values gradually increase during the initial iterations to reduce the
overall charging duration and then stabilise once convergence is achieved. The reduction
in mean current when decreasing the temperature limit further demonstrates the con-
troller’s ability to adaptively regulate the charging rate in response to stricter thermal
constraints. Comparisons between the two initialisation strategies at 34°C confirm that
the proposed method effectively mitigates the influence of the initial solution; regardless
of whether the process starts from a CC-CV profile or a standard MPC profile, the mean
charging current converges toward nearly identical steady-state values.

The evolution of the standard deviation confirms that the controller progressively
suppresses fluctuations in the charging current. Notably, in the 34°C® case, the initial
current exhibits noticeable fluctuation due to the stringent thermal constraint; however,
after several iterations, the variability is reduced to a comparable level (approximately
4.61-4.62 A). These results collectively confirm the robustness and repeatability of the
continuous optimisation mechanism irrespective of the starting solution.

Figure 4.12 illustrates the evolution of the memory function across iterations. The

magnitude of the memory function decreases consistently with the iterations, reflect-
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Figure 4.12: Memory function evolution across iterations. (N, = 20, T7?* = 40°C)

ing the progressive refinement of the internal representation of historical information.
This reduction indicates that the proposed historical data-driven self-learning control
framework continually improves the control performance and corrective capability, ulti-
mately driving the control process toward stable convergence and effective achievement

of charging objectives.

4.6.12 Charging Duration Comparison

Table 4.7 compares the charging durations achieved by the proposed control strategy with
those of an existing constrained generalised predictive control (GPC) method [135] under
different internal temperature thresholds. Across all comparable temperature limits,
the proposed strategy consistently achieves shorter charging durations while satisfying
the same thermal constraints. For instance, at 37°C, the charging duration is reduced
by 100 s compared to GPC, with similar improvements observed at other temperature

thresholds. These results highlight the enhanced charging efficiency delivered by the
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proposed method and confirm its adaptability in optimising the charging duration across

a range of thermal limitations.

Table 4.7: Charging duration comparison against the reference GPC strategy.
40°C 39°C 38°C 37°C 34°C
GPC [135] (s) 1498 1579 1674 1786 —

Proposed (s) 1428 1500 1590 1686 2133
Improvement (s) 70 79 84 100 —

4.7 Chapter Summary

This chapter has developed a historical data-driven self-learning MPC framework for
repetitive battery charging under explicit thermal constraints [27]. The work addresses
the problem of incorporating historical charging trajectories into the control formulation
while maintaining computational tractability and constraint satisfaction.

The main conclusions of this chapter are as follows:

1. A convex mapping constraint was formulated from historical charging trajectories.
The constraint narrows the feasible solution space and provides a systematic
mechanism for incorporating past experience into the current optimisation. In the
reported experiments, it reduces MPC solve-time variability by approximately 80%

compared to standard MPC.

2. A memory function-enhanced cost function was introduced to incorporate historical
state—input information into the current quadratic MPC objective. The resulting
formulation enables iterative refinement of the charging trajectory while pre-
serving optimisation tractability; the reported results demonstrate progressive
improvement across charging iterations rather than a general guarantee of global

optimality.

3. A cascading linearised thermoelectric battery model was developed in the case

study to capture the coupled electrical and thermal dynamics of the battery, includ-
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ing both internal and surface temperature dynamics. By reformulating the thermal
dynamics as linear with respect to u(¢) = i(¢)?, the model enables the application
of convex optimisation within the general MPC framework while preserving the
nonlinear battery characteristics. The model was validated against experimental
data with a voltage RMSE of approximately 3.4 mV and an internal temperature

RMSE of approximately 0.82°C.

4. Experimental studies demonstrated that the proposed control strategy maintains
the internal battery temperature within the tested safety limits and reduces
charging duration by 70-100 s compared to an existing GPC strategy across
multiple temperature thresholds. It also maintains satisfactory performance under

the battery-parameter uncertainty levels evaluated, up to 10%.

5. The convex mapping constraint improves computational reliability in the reported
experiments by narrowing the feasible solution space. The computation-time stan-
dard deviation is reduced by approximately 80% compared to standard MPC. The

comparison with DASC is retained as an experimental benchmark only [64].

The proposed formulation is expressed using general linear-system notation, although
it is validated here for repetitive battery charging. Since the convex mapping constraint
and memory function are derived from historical state and input trajectories, the ap-
proach may be transferable to other repetitive constrained processes when comparable
data and a suitable predictive model are available.

However, this generality is predicated on a separability assumption: a single, pre-
identified linearised model can represent the controlled system, so modelling and control
can be treated as sequential, decoupled stages. This assumption fails once the system
comprises multiple interacting subsystems with heterogeneous parameters and markedly
different timescales. The multi-cell battery pack, with its cell-to-cell heterogeneity and
disparate electrical and thermal time constants, exemplifies this challenge. This moti-
vates the following chapter, which develops a unified modelling-and-control framework,

pairing a parallel-inference neural model for heterogeneous cells with a 2D cost map-
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guided predictive controller, to jointly achieve SOC equalisation, thermal regulation, and

voltage stabilisation across the pack.
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CHAPTER

2D COoST MAP-GUIDED PARALLEL-INFERENCE NEURAL

MODELLING AND PREDICTIVE CONTROL FRAMEWORK

5.1 Introduction

For the converter-based modular battery pack studied in this chapter, the balancing task
is characterised by strongly coupled electrical and thermal dynamics, heterogeneous cell
behaviour, and state variables that respond on markedly different timescales. A model-
based solution therefore requires not only a description of the coupled dynamics, but also
a control architecture that can quantify the relative urgency of fast electrical states and
slow thermal states under candidate balancing actions. The pack-level problem is further
complicated by cell-to-cell heterogeneity and by the fact that some internal states are not
directly measurable [136]. Data-driven neural models can reduce the need for explicit
physical modelling, but a one-dimensional representation may not make the cross-cell
and temporal dependencies explicit [137]. In addition, integrating a neural predictor
into real-time predictive control requires an efficient way to evaluate candidate actions
without repeatedly computing network gradients.

To address this specific pack-balancing problem, this chapter proposes a 2D Cost
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Map-Guided Parallel-Inference Neural modelling and Predictive Control framework. The
framework is tailored to the coupled electrical and thermal dynamics of the battery pack

and rests on two principal innovations:

1. A unified multi-task state-action neural model that encodes the historical state
sequence of the battery cells and current control inputs in a two-dimensional
(2D) image-like matrix, enabling simultaneous prediction of the coupled states
considered under different candidate balancing actions. The architecture employs
decomposed prediction subnetworks for the fast electrical and slow thermal dy-

namics, together with a recursive closed-loop mechanism for multi-step prediction.

2. An inertia-aware 2D cost-map guided multi-objective control framework that rep-
resents the different response rates of the electrical and thermal states across
the prediction horizon. State-specific exponential coefficients provide a physics-
motivated weighting of prediction-horizon penalties. A Gaussian-based parallel
sampling strategy generates candidate balancing trajectories, which are evaluated
by the neural model and combined through a softmax-weighted mechanism without

gradient computation through the network.

The framework is applied to the multi-objective active balancing of converter-based
modular battery packs as a representative and practically significant case study. In this
application, the fast-dynamics states correspond to electrochemical quantities (state of
charge and output voltage), while the slow-dynamics states capture thermal behaviour
(cell temperatures). Simultaneous balancing of these coupled states under time-varying
load profiles constitutes a challenging multi-objective control problem that exercises all
aspects of the proposed framework.

The specific contributions of this chapter are as follows:

1. A control-oriented, multi-task deep neural model is developed for the coupled
battery-pack dynamics considered here. The 2D state-action input formulation sep-

arates historical system dynamics from current control actions and distinguishes

116



5.1. INTRODUCTION

fast electrical states, slow thermal states, and system-level outputs. This formu-
lation supports closed-loop multi-step forecasting under the evaluated operating

conditions without requiring an explicit pack-level state-space model.

2. A decomposed multi-rate prediction architecture is proposed for the electrical and
thermal state classes in the battery pack: MLP subnetworks capture fast single-
step transitions, while TimesNet blocks extract multi-scale temporal dependencies
in the slower thermal states. An ablation study confirms the complementary

contributions of both components.

3. An inertia-aware 2D cost map is introduced as a physics-motivated multi-objective
evaluation metric. State-specific exponential coefficients are assigned according
to the evaluated temporal response characteristics, with decaying weights for
fast states and amplifying weights for slow states. The resulting 2D visualisation

provides an interpretable and adjustable basis for action selection.

4. A parallel sampling-based neural MPC (NMPC) framework is proposed that ex-
ploits batch processing to evaluate candidate action trajectories without gradient
computation. Applied to the battery-pack balancing case study under three stan-
dard automotive driving cycles, the framework achieves simultaneous regulation
of temperature difference below 5°C, SOC non-uniformity below 1%, and output

voltage within a +10% error band.

The remainder of this chapter is organised as follows. Section 5.2 presents the
general formulation of multi-state coupled control problems. Section 5.3 details the
unified multi-task state-action neural model. Section 5.4 introduces the inertia-aware
2D cost-map guided control framework. Section 5.5 presents the comprehensive battery

pack balancing case study. Section 5.6 summarises the chapter.
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5.2 General Formulation of Multi-State Coupled

Control Problems

5.2.1 Multi-Subsystem Architecture and State Representation

Consider a system comprising N interacting subsystems, each equipped with a dedicated
actuator that can be independently commanded. The state variables of each subsystem
i1 €{1,...,N} are characterised by their temporal response to control actions and can be

partitioned into two categories based on their physical time constants:

¢ Fast-dynamics states xf € R"/: quantities that respond rapidly to changes in the
control input, exhibiting short response time constants and relatively weak long-
range temporal dependencies. These states are, in principle, correctable within a

short prediction horizon.

* Slow-dynamics states x} € R"s: quantities that evolve cumulatively through
dissipative, diffusive, or integrative processes, exhibiting long time constants and
significant inertia. Deviations in these states accumulate over time and require

anticipatory control actions over an extended horizon.

In addition to per-subsystem states, the system may exhibit one or more system-
level outputs y € R"» that aggregate contributions from all subsystems and are subject
to regulation constraints. The control input to subsystem i is denoted u; € R, and the
collective control vector is u =[u1,...,un]" € RV.

The system-wide aggregations of fast and slow states across all subsystems are:
X =[x, ... %] e RN, (5.1)

XE = [x5,..., x| € RV, (5.2)

The degree of non-uniformity across subsystems for the /-th fast-dynamics state

variable and the m-th slow-dynamics state variable is quantified by the respective
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standard deviations:

1 N
SD(x!) = NZ(xf,z—xf)Z’ (5.3)
=1
1N 2‘
SD(X7) = | 37 2= (%5 m = %) (5.4)

where o‘cf and x5, denote the respective mean values across all N subsystems.

5.2.2 Multi-Objective Control Problem and Key Challenges

The multi-objective control problem addressed in this chapter is to simultaneously

achieve the following objectives by selecting the collective control input u:

1. Fast-state uniformity: minimise SD(X;) for [ =1,...,nf, equalising the fast-
dynamics states across all subsystems to prevent localised overloading or under-

utilisation;

2. Slow-state uniformity: limit SD(X?}) for m = 1,...,n,, managing the spatially

heterogeneous evolution of slowly varying states to avoid accumulated divergence;

3. System-level output regulation: maintain the aggregate system output y within

a desired operating range or close to a setpoint y,.

Addressing this problem using conventional model-based approaches faces three
fundamental challenges.

Challenge 1: Coupled nonlinear multi-state dynamics. The fast and slow states are
not independent: the evolution of slow-dynamics states is driven in part by the currents,
heat fluxes, or other quantities associated with fast-dynamics transitions. This coupling
makes it infeasible to predict or control each state class in isolation. Constructing an
accurate physics-based model of the coupled dynamics typically requires extensive per-
subsystem parameter identification and is further complicated by parameter drift under
ageing or varying operating conditions.

Challenge 2: State inertia heterogeneity. Fast and slow states exhibit fundamentally

different physical time constants. Applying a uniform cost penalty across all state types
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and all prediction steps is therefore physically inconsistent: a slow-state deviation P
steps ahead carries greater practical significance than a fast-state deviation at the
same horizon, because the former has accumulated cumulatively and cannot be reversed
quickly, whereas the latter can be corrected by near-future control actions. A principled
treatment of the prediction horizon must reflect these differences.

Challenge 3: Gradient-based optimisation infeasibility. Multi-objective optimisation
over a deep neural model is non-convex, and computing analytical gradients through
the network at each real-time control step is computationally prohibitive for embedded
deployment. An alternative optimisation strategy that avoids gradient computation
while exploiting the parallelism available on modern hardware is needed.

The following two sections address these three challenges through the proposed
unified neural modelling (Section 5.3) and parallel sampling-based control framework

(Section 5.4).

5.3 Unified Multi-Task State-Action Neural Modelling

5.3.1 Architecture Overview

Conventional neural prediction models for multi-component systems typically predict
a single state variable from a one-dimensional input representation, which fails to
capture spatial correlations across subsystems, temporal evolution of coupled states of
multiple types, or the influence of control actions on future state trajectories. Integrating
such models into a predictive control loop is therefore problematic: without explicit
conditioning on candidate control actions, the model cannot distinguish the system’s
response to different control decisions.

To address these limitations, a control-oriented, multi-task deep neural model is
developed. Model inputs are divided into a 2D historical state matrix and a current
action vector, enabling simultaneous prediction of multiple state variables across all
subsystems in response to different control actions. The overall architecture is illustrated

in Figure 5.1.
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Figure 5.1: Overall architecture of the proposed control-oriented multi-task neural
model for multi-state coupled systems.

The proposed model comprises four main components: (i) a 2D input formulation
that encodes historical multi-subsystem state sequences into an image-like matrix,
capturing spatial-temporal dependencies across subsystems and state types; (ii) a time-
series embedding module that projects heterogeneous state and action inputs into a
unified higher-dimensional representation space; (iii) decomposed fast-dynamics and
slow-dynamics prediction subnetworks whose architectural complexity is matched to the
physical time constants of each state class; and (iv) a recursive closed-loop deployment

mechanism for multi-step prediction during control execution.

121



CHAPTER 5. 2D COST MAP-GUIDED PARALLEL-INFERENCE NEURAL
MODELLING AND PREDICTIVE CONTROL FRAMEWORK

5.3.2 2D State-Action Input Formulation

The multi-subsystem system exhibits coupled dynamics across state variables of different
types, evolving over different timescales. Representing these states as a simple one-
dimensional vector is insufficient to capture their joint temporal and cross-variable
correlations. Instead, state data are formulated into a 2D image-like structure integrating
historical time-series information and multi-variable dependencies, as illustrated in

Figure 5.2.

Time-series
States Input
< >
| States length m

X >

Action length

Figure 5.2: Structure of the 2D state input matrix and associated action input vector.

A sliding window of length K is employed. For each time step ¢, the past K system
states are arranged vertically along the temporal dimension, with the concatenated state
variables from all N subsystems forming the feature dimension. The resulting 2D state
input matrix is:

X, € RE*ds (5.5)

where ds = N(ns +ng) +n, is the total feature dimension per time step, and row & of X;
contains:

f f S s
Xt—k,l’ ooy Xt—k,N’ Xt—k,].’ ooy Xt—k,N’ yt_k . (5.6)

This image-like formulation enables the network to extract richer spatial-temporal
features, simultaneously capturing correlations across subsystems, across state variable

types, and across time.
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The action input at time step ¢ encodes the current control command together with

any exogenous inputs required to characterise the operating condition:
u; € Rdu , (5.7)

where d, includes the primary actuator signals [u; 1, ..., ut,N]T as well as any derived or
exogenous variables (e.g., load current, reference setpoints) needed to fully specify the
system’s input at time ¢.

Separating the input into a 2D state matrix and an action vector offers two key
advantages: it enables the model to distinguish intrinsic system dynamics from exter-
nally imposed control actions, improving feature extraction and generalisation; and it
establishes a control-oriented prediction structure under which the model can accurately
forecast system responses to different candidate control actions, as required by the

NMPC framework in Section 5.4.

5.3.3 Time-Series Embedding and Unified Representation

To address the dimension mismatch between the historical state sequence and the single-
step action input, a dedicated time-series embedding module is introduced, motivated
by the positional encoding principles of large language models [138]. Both inputs are
projected through a 1D convolutional layer to a unified higher-dimensional embedding
space. For each time step %, the value embedding of an input vector xj € R* into a

d-dimensional latent representation h‘Z eR? is:
hg = convip(x}). (5.8)

To preserve temporal order information, a sinusoidal positional embedding is applied.

For dimension index m =0,..., |d/2], the positional embedding p‘,f eRY is:
p2™ = sin(k/100002™4),  p2m*1 = cog(k/10000@™ V), (5.9)
The convolutional feature and positional embedding are fused by element-wise addition:
rd=hdep?. (5.10)
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The embeddings for the state matrix and action vector are denoted r‘,f’s and r%*, respec-
tively. Since the action input spans only one time step while the state matrix spans K
steps, a temporal padding module aligns the action embedding to the same temporal

dimension. The final time-aligned, unified latent representation is:
R{ =7 ® Padding(r?*), (5.11)

which provides a complete and dimensionally consistent representation for the down-

stream prediction subnetworks.

5.3.4 Decomposed Multi-Rate Prediction Subnetworks

To accurately capture the coupled dynamics of a multi-state system, the prediction task is
decomposed into two dedicated subnetworks whose architectural complexity is matched

to the physical timescale of each state class.

5.3.4.1 Fast-Dynamics Prediction Subnetwork

Fast-dynamics states—and system-level outputs that respond promptly to control inputs—
exhibit short temporal dependencies primarily driven by the instantaneous control com-
mand, with limited dependence on remote history. A multilayer perceptron (MLP) is

therefore sufficient to approximate the one-step-ahead transition of these quantities.

Using the unified embedding R, the fast-dynamics predictions are:
%), = MLP(R]) e RV"/ ", (5.12)

where the output concatenates the predicted fast-dynamics state variables for all N
subsystems and the system-level output(s). The MLP’s feedforward structure is well-
suited to capturing the instantaneous, algebraically-dominated transitions characteristic

of fast-responding quantities.

5.3.4.2 Slow-Dynamics Prediction Subnetwork

Slow-dynamics states evolve through dissipative, diffusive, or integrative processes

involving multi-scale temporal patterns that require richer temporal modelling. A Times-
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Net block [139] is adopted, which leverages the Fast Fourier Transform (FFT) to extract

multi-period temporal structures from the unified embedding:
H° = TimesBlock(RY), (5.13)

where H® € R? encodes both short-term and long-term temporal dependencies relevant
to slowly evolving states. The refined representation is passed to a task-specific MLP
decoder:

%5, | = MLPy(H®) e R"=. (5.14)

5.3.4.3 Integrated Prediction and Recursive Closed-Loop Deployment

The outputs of the two subnetworks are concatenated to form the full predicted state
vector:
of

X
fp1=| ", (5.15)

oS
Xk+1

containing the predictions of all fast-dynamics states, system-level outputs, and slow-
dynamics states across all subsystems.

During training, the state input is constructed from historical state sequences and
the action input corresponds to the recorded control command; the model is trained
end-to-end with a weighted multi-task regression loss. During control deployment, the
predicted state Xz, 1 is recursively fed back to update the sliding state window, enabling
closed-loop multi-step forecasting under any candidate action trajectory, as required by
the NMPC framework described in Section 5.4.

The decomposed architecture reflects a principled alignment between model com-
plexity and the physical time constants of each state variable class. The validity of this

design is confirmed by the ablation study presented in Section 5.5.4.
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5.4 Inertia-Aware 2D Cost-Map Guided

Parallel-Inference Control Framework

5.4.1 Parallel Sampling-Based Action Generation

Although deep neural models provide powerful nonlinear approximation capabilities,
incorporating them into gradient-based optimisation frameworks remains challenging
due to the intrinsic non-convexity of neural networks and the absence of tractable analyt-
ical gradients for control-oriented objectives. A sampling-based neural MPC framework
is therefore proposed, enabling efficient parallel evaluation of candidate actions and
seamless embedding of the neural predictor into the control loop. The overall control

architecture is illustrated in Figure 5.3.

Action generation

(Multi variable Gaussian) g input

_ | —
ﬂ > &)
,A@ State variables
Control action candidate pooT Neural model 2D Cost Map

Weighting Gate

Figure 5.3: Proposed parallel sampling-based neural MPC framework for multi-state
coupled systems.

At each control step ¢, the previous control input vector u;_; € RV is used as the

centre of a multivariate Gaussian distribution from which a batch of B candidate action
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trajectories is sampled:

flt ~ JV(ut_l, Z), (516)

where X controls the exploration spread. Gaussian sampling centred on the previous
action is physically consistent with the continuous, smooth evolution of most engineering
state variables, which do not exhibit abrupt jumps between consecutive control steps.

Physical constraints are enforced by passing each sample through a bounding operator
applied element-wise:

B(hy) = max(umin, min(iy, umax)), (5.17)

ensuring all control signals remain within their physically admissible ranges [Wmin, Umax]-

The resulting bounded candidate pool is:

U=[Uy,Us,...,Ugl" e RB*P*N (5.18)

PxN

where each trajectory U; € R specifies the control actions over the full prediction

horizon P.

5.4.2 Inertia-Aware 2D Cost Map

A central challenge in multi-objective control of systems with heterogeneous state dynam-
ics is that a physically consistent cost evaluation must account for the different inertia
characteristics of fast and slow states. A fast-state deviation P steps ahead is generally
less critical than a slow-state deviation at the same horizon, because the former can be
corrected by subsequent near-future actions while the latter has accumulated through a
slow cumulative process and is difficult to reverse quickly. A uniform cost penalty across
all states and all prediction steps is therefore physically inconsistent.

To address this, an inertia-aware cost function is formulated based on a two-dimensional
cost map that jointly incorporates (i) the prediction horizon index and (ii) the multi-state
non-uniformity and regulation errors. For each subsystem i = 1,..., N and each prediction
step j = 1,...,P, the instantaneous non-uniformity errors for the fast and slow state
variables are:

(t+],l) xtﬂll th+_],/l’ =1,...,ny, (5.19)
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A 1Y
e (t+7,1) :x;j’i,m Y Y x?ﬂ.,i,,m, m=1,...,ng, (5.20)
i'=1
and the system-level output regulation error is:
e,(t+j) =Y+ —Ya- (5.21)

Inertia adjustment coefficients af, a®, and @, scale each state class’s error contribution
along the prediction horizon. Setting af < 1 emphasises short-horizon errors for fast
states, which is appropriate since these quantities can be corrected promptly. Setting
a® = 1 amplifies long-horizon errors for slow states, reflecting their cumulative nature and
the practical importance of anticipating their evolution well in advance. The resulting
inertia-aware multi-objective cost function is:

1 P nf . g .
JO =5 Y[ 3 lejt+)l, (@) + 3 lef iR, (@)
j=1'1=1 m=1 (5.22)

+lley ¢+, o)+ Auj, HAuy, |,
where R¢,R; >0 and R, > 0 are positive weighting matrices/scalars; Aus;j =w;; j—usy -1
is the control increment; and H > 0 penalises excessive control variation.

The 2D cost map arising from equation (5.22) is a matrix of dimension P x (Nnf +
Nng+n,), with columns corresponding to per-subsystem fast-state errors, slow-state
errors, and system-level output errors, and rows corresponding to prediction steps. The ex-
ponential inertia coefficients create distinct colour gradients along the horizon dimension
for each state class—decaying for fast states and amplifying for slow states—providing

an interpretable and physically grounded basis for action selection and performance

analysis.

5.4.3 Weighted Action Selection Mechanism

The B candidate action trajectories in U are evaluated by the multi-task neural model
in a single parallel batch-inference pass, producing the corresponding multi-step state
predictions and cost values J(U;) for each j=1,...,B. A softmax-weighted aggregation
mechanism is then applied to synthesise the final control decision without any gradient

computation.
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The weighting gate w € R? is computed using a normalised softmax formulation that

emphasises relative cost differences rather than absolute magnitudes:

_/1 /
LU(J): Bexp( S(J)) ’ j:]-,---,B, (523)
> exp(~A¢())

Jj=1

where A > 0 controls the sharpness of the weighting distribution. The normalised cost

&(j) removes the influence of the absolute cost magnitude:

P P
&G =Y JU;@) - min_ Y J(ULG)). (5.24)
i=1 kE{l,...,B} i=1
The optimal action sequence is the weighted average of all candidates:
B
u' =) w()U;. (5.25)
j=1

Following the receding-horizon principle, only the first action vector is extracted and
applied to the system:
uf =[1,0,...,0lu*, u}eRV, (5.26)

This weighted-gate mechanism produces smooth and stable control outputs, and ef-
fectively mitigates the instability typically associated with pure best-candidate selection

in sampling-based methods, particularly when the batch size is varied.

5.4.4 Algorithm Summary

Algorithm 2 summarises the complete parallel-inference neural MPC procedure. A
sliding-window mechanism maintains a fixed-length state input sequence; after each
control step, the window advances by one as new state measurements are received.
The framework avoids gradient computation through the neural model entirely by
using sampling-based optimisation. The parallel evaluation of B candidates in a single
neural model forward pass fully exploits GPU batch-processing capabilities, enabling
real-time deployment even for large candidate pools. The inertia-aware 2D cost map
provides interpretable and physically consistent differentiation of state contributions
across the horizon, making control decisions transparent and adjustable through the

intuitive inertia coefficients af, a%, and ay.
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Algorithm 2 Parallel Sampling-Based Neural MPC for Multi-State Coupled Systems

Require: K: state window length; N: number of subsystems; P: prediction horizon; B:
batch size;

1: (xg, uo): initial state window and action;
2: Ry, R, Ry, H: cost weighting parameters;
3: af a8, a,: inertia coefficients; A: softmax sharpness.
4: while control task not completed do
5: Generate candidate pool U e RE*P*N via equations (5.16) and (5.17).
6: for j=0toP—-1do
7: Xi1j— FWU, x4) /| multi-task neural model (Section 5.3)
8: end for
9: Compute cost J(U;) for all j€{1,...,B} via equation (5.22).
10: w(j) — exp(—A :S(J'))/Zf=1 exp(—A<&(k)) via equations (5.23)—(5.24).
11: ut — 25:1 w(j)U; via equation (5.25).
12: u; —[1,0,...,0]u*; apply u; to the system.

13: t — t+1; update sliding state window x; and last action u;.
14: end while

5.5 Case Study: Multi-Objective Balancing of
Converter-Based Modular Battery Packs

This section applies the general framework developed in Sections 5.3 and 5.4 to the simul-
taneous SOC balancing, thermal balancing, and output voltage regulation of converter-
based modular battery packs. This application is selected as a representative case study
because it embodies all three key challenges identified in Section 5.2: strongly coupled
electro-thermal dynamics, fundamentally different time constants between electrical and
thermal states, and the need for real-time multi-objective control without gradient-based

network optimisation.

5.5.1 Battery Pack Architecture and Application-Specific State

Formulation
5.5.1.1 System Architecture

Battery packs assembled from numerous series-connected cells inevitably exhibit non-

uniform electrical and thermal behaviours arising from manufacturing variability, self-
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discharge rate differences, and uneven operating conditions [140]. This non-uniformity
is further amplified in second-life battery applications. Heterogeneity in state of charge
(SOC) and temperature across cells increases the risk of localised over-charging or
over-discharging, accelerates capacity degradation [141], and in extreme cases can
trigger thermal runaway. It is recommended that the maximum intra-pack temperature
difference be maintained below 5°C [142], while output voltage regulation is essential to
satisfy load requirements in electric vehicle (EV) and grid-connected applications [143,
144].

To enable distributed cell-level balancing, this work adopts a converter-based modular
battery architecture. Figure 5.4 illustrates the series-connected modular battery system
based on bidirectional DC-DC converters. Each battery cell is paired with a dedicated
bidirectional DC-DC converter that regulates the energy flow of the corresponding cell.
During balancing, the high-side switch SH; and low-side switch SL; in each converter
operate in a complementary manner. These cell-converter pairs are referred to as modular
batteries (MB). The system delivers the output current I in response to the instantaneous
power demand from the load, and the control variable u; is defined as the duty cycle of

the high-side switch SH;. The pack output voltage is denoted V.
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Figure 5.4: Converter-based modular battery structure.

The modular topology offers a distributed control structure particularly suited to
multi-objective balancing. By adapting each module’s duty cycle according to its electrical
and thermal states, the system can flexibly regulate cell-level charge/discharge rates
without disturbing the overall pack operation, enabling simultaneous SOC equalisation,

temperature imbalance mitigation, and stable output voltage behaviour.
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5.5.1.2 Application-Specific State Variables and Control Inputs

In the context of the general formulation (Section 5.2), the battery pack corresponds to a

system of N subsystems (cells) with the following state classification:

* Fast-dynamics states (ns = 1): the state of charge @; of cell i, which responds
directly and rapidly to changes in the applied balancing current. The aggregate

electrical state vector is xf = [Q1,...,QN]1T e RY.

* Slow-dynamics states (n; = 1): the internal temperature T; of cell i, which
evolves cumulatively through Joule heating, heat conduction, and ambient ex-
change, exhibiting significantly longer time constants than the electrical states.

The aggregate thermal state vector is x° =[T1,...,Ty1" e RY.

* System-level output (n, = 1): the pack output voltage V', which is an aggregate
function of all cell voltages and is subject to regulation. The state representation

thus corresponds to xilec =[Q1,...,Qn,V]" € RV*1 for the combined electrical

quantities.
The 2D state input matrix X; € RE*@N+D hag rows:
@tk 1, Qi-t N> Te-t1,--s Tt-t N> Vicr|, k=0,....,K—1. (5.27)
The action input is:
W =041, LtNs Uty .- Us N, It] € RPN, (5.28)

where u; , is the duty cycle of module MB,, I; is the pack load current, and the per-cell

average currentis i;, =l u;p.

5.5.1.3 Multi-Objective Balancing Objectives

The multi-objective balancing problem is to simultaneously minimise:
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1. SOC non-uniformity: achieve uniform SOC across all cells to maximise usable

pack capacity and prevent localised over-charge or over-discharge, quantified by:

1N _ |
SD(@) = \l N Y (Qi-Q)?; (5.29)
i=1

2. Thermal non-uniformity: limit temperature disparities arising from unequal bal-
ancing currents, with a target maximum difference ATy, .x <5°C [142], quantified

by:

N |
SD(T) = \l Ji\/ S (T -T2, (5.30)

=1
3. Output voltage regulation: maintain the pack output voltage V close to a desired

setpoint V; to satisfy load requirements.

The inertia coefficients from the general cost function (5.22) are instantiated for this

application as af

= ag (for SOC), a, = ay (for voltage), and a® = ar (for temperature),
with ag <1, ay <1, and a7 = 1 to reflect the fast electrical and slow thermal response

characteristics, respectively.

5.5.2 Experimental Setup and Battery Pack Configuration

Both the neural model prediction performance and the closed-loop NMPC balancing
performance are evaluated using a coupled MATLAB/Simulink and Python environment.
A modular battery pack model with the converter-based active balancing circuit is
constructed in Simulink and imported into Python as a callable module, enabling step-
wise execution while the neural modelling and control algorithms run in Python.

The case study uses a pack of three series-connected cylindrical cells (Sanyo UR18650W,
2.3Ah, 3.6V), each represented by an electro-thermal model. Nominal parameters are
listed in Table 5.1. Internal parameter drift is incorporated following [145] to emulate
realistic cell behaviour. The ambient temperature is fixed at 25°C and the initial SOCs

are set to [90%, 80%, 70%] to represent an imbalanced starting condition.
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Table 5.1: Battery cell parameters.

Property Value Unit

Cell number 3 —
Nominal OCV 3.6 A\
Nominal capacity 2.3 Ah

Air heat transfer coefficient 10 Wm2K™!
Cell surface heat transfer coef. 5 Wm2K™!
Cell width 0.018 m

Cell height 0.065 m

Cell thickness 0.018 m
Ambient temperature 25 °C

Three standard automotive driving cycles, BJDST, FUDS, and US06 [146], are con-
verted into battery working current profiles using the longitudinal vehicle model, cov-
ering a broad range of operating conditions. The current profiles and their statistical

distributions are shown in Figure 5.5:
1. BJDST: Urban driving with frequent speed and acceleration fluctuations.

2. FUDS: Low-to-medium speed operation with significant regenerative braking

events.

3. USO06: Aggressive high-speed driving with rapid acceleration; repeated twice to

compensate for its shorter duration.
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Figure 5.5: Battery working current and value density for the three dynamic current
profiles used in the case study: (a) BJDST, (b) FUDS, (c) US06.
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5.5.3 Dataset and Implementation Details

State-action pairs (X;,u;) are collected at each time step from each driving cycle, with
the one-step-ahead state X;,1 as the prediction target. The dataset is split 6:2:2 into

training, validation, and test sets; sizes are reported in Table 5.2.

Table 5.2: Dataset sizes for training, validation, and testing.

Driving cycle Training Validation Testing

BJDST 6,726 2,242 2,242
FUDS 9,730 3,243 3,243
US06 4,932 1,644 1,644

Neural models are trained end-to-end with MSE loss using the Adam optimiser
(learning rate 1073, batch size 100, maximum 100 epochs) with early stopping based
on validation loss. Prediction performance is evaluated using MAE, RMSE, and MAPE.
For control deployment, the trained model is embedded in the NMPC framework with:
prediction horizon N, = 20, batch size B = 100, cost weighting factors rr =5, rg =1,
ry = 1, inertia coefficients ag = 0.8, ar = 1.1, ay = 0.8, and softmax sharpness 1 =0.01.
All experiments are conducted on a workstation with 8 Intel CPU cores, 30 GB RAM,
and an NVIDIA RTX 4080 GPU.

5.5.4 Ablation Study: Neural Prediction Model Components

Table 5.3 presents the ablation study comparing four model configurations: single-task
baseline, full multi-task model, model without position embedding (w /o PE), and model
without the TimesNet block (w/o TN).

The full multi-task model consistently achieves the lowest prediction errors across
all driving cycles. The improvement is most pronounced for temperature prediction,
demonstrating the advantage of jointly modelling coupled electro-thermal dynamics
where temperature evolution shares heat-generation mechanisms with the electrical
states. Removing the positional embedding (w/o PE) degrades accuracy particularly

under the dynamic US06 profile, confirming that explicit temporal-position information
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Table 5.3: Ablation study of different model components under various test datasets
(SOC and temperature errors averaged over cells).

Cycle Configuration SOC Temperature (°C) Voltage (V)

MAE RMSE MAE RMSE MAE RMSE

Single-task 0.192 1.88 0.053 0.36 0.401 0.524
FUDS Multi-task (full) 0.086 0.95 0.019 0.14 0.303 0.376
w/o PE 0.113 1.25 0.031 0.21 0.332 0.417
w/o TN 0.129 1.38 0.037 0.26 0.351 0.439
Single-task 0.218 2.01 0.061 0.39 0.428 0.556
US06 Multi-task (full) 0.103 1.12 0.025 0.19 0.309 0.380
w/o PE 0.137 1.41 0.038 0.28 0.347 0.431
w/o TN 0.156 1.58 0.044 0.32 0.368 0.462
Single-task 0.187 1.90 0.052 0.35 0.396 0.519
BJDST Multi-task (full) 0.083 1.04 0.018 0.12 0.304 0.375
w/o PE 0.108 1.29 0.029 0.20 0.331 0414
w/o TN 0.124 1.44 0.035 0.25 0.349 0.438

enhances sensitivity to rapid load variations. Excluding the TimesNet block (w /o TN)
causes the most substantial deterioration for temperature prediction, reflecting its
critical role in capturing the multi-scale temporal dependencies associated with heat
accumulation and dissipation. These results confirm that both architectural components
make complementary contributions under the evaluated conditions.

Figure 5.6 further illustrates the prediction results for SOC non-uniformity, tempera-
ture non-uniformity, and pack output voltage, confirming the enhanced performance of

the full multi-task model across all datasets.

5.5.5 Overall Balancing Control Performance

Figure 5.7 presents the comprehensive balancing results in a 5 x 3 layout: columns (a)-
(c) correspond to BJDST, FUDS, and US06; rows 1-5 show SOC evolution, SD(Q),
temperature evolution, SD(T'), and pack output voltage, respectively.

The proposed parallel sampling-based NMPC strategy effectively mitigates both SOC
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Figure 5.6: Prediction results for SOC non-uniformity, temperature non-uniformity, and
pack output voltage under the three driving cycle datasets.

and temperature inhomogeneities while simultaneously maintaining the output voltage
at the desired level. The SOC non-uniformity gradually decreases to near zero under all
profiles; performance under USO06 is slightly inferior because the aggressive dynamics
induce larger thermal gradients, causing the controller to moderately prioritise thermal
regulation over SOC balancing.

Initially, all cells start at room temperature (25°C) while substantial SOC differences
exist. During the early balancing stage, temperature differences temporarily increase
as unequal balancing currents are applied. As SOC non-uniformity decreases and tem-

perature differences become more prominent, the inertia-aware 2D cost map adaptively
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Figure 5.7: Balancing control results under three driving cycle profiles: (a) BJDST;
(b) FUDS,; (c) US06. Rows 1-5 show SOC trajectories, SOC non-uniformity SD(Q),

temperature trajectories, temperature non-uniformity SD(T'), and pack output voltage.

shifts the control priority toward thermal regulation, gradually reducing temperature
inhomogeneity while maintaining approximate SOC uniformity. The pack output voltage
regulation error remains within +10% of the target (8 V) across all conditions and without

requiring an additional power converter. The proposed framework exploits the existing

active balancing infrastructure to satisfy all three objectives simultaneously.

Figure 5.8 further validates the strategy by showing the relationship between bal-
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ancing current and cell SOC. The step-like current distribution, where cells with higher
initial SOC discharge preferentially, is consistent with the fundamental principles of

effective SOC balancing.

Celll Celll

| Ll T B Cel2 ] Cell2
5 il LT 10 =ttt I UL NV o Cely 10 b o T o Celd

: H
- \ il adi
_ 0 A _ 0 i ; _ 0 55
| 98 pddt ‘ g >
P eiREs e &4 £ ; Z
(X o R -~ 2 <!
O 5] el i © -0 wEF © 10 :
le, PO ]
-10 | -20 | -20
04 0.6 0.8 1.0 04 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
SoC sSOoC SOC

(a) (b) ()

Figure 5.8: Balancing current distribution for individual cells: (a) BJDST; (b) FUDS;
(c) US06. The step-like SOC—current profile confirms effective cell-level energy
redistribution.

5.5.6 Parameter Sensitivity Analysis

Effect of prediction horizon N,. Figure 5.9 shows the balancing results for N, €
{10, 20, 50} under the US06 profile. Increasing N, significantly reduces temperature
non-uniformity, as the longer horizon better captures the cumulative thermal response
characteristic of the slow-dynamics state. The SOC non-uniformity slightly increases,
reflecting the inherent trade-off between short-term electrical precision and long-term
thermal regulation. Output voltage is insensitive to N, variations. This behaviour
is consistent with the framework’s inertia-aware cost design: the slow-state inertia
coefficient ar > 1 makes the cost function particularly sensitive to the length of the
thermal prediction horizon, while the fast-state coefficient ag < 1 limits the impact of

horizon extension on SOC penalties.

Effect of cost function weighting factors. Figure 5.10 compares two weighting
configurations: (r7=5,rg=1,ry=1) versus (rp=2,rg=1,ry =1). Increasing rr effec-
tively reduces temperature non-uniformity at the expense of a slight increase in SOC

balancing error. This validates the framework’s flexibility for application-specific tuning:
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Figure 5.9: SOC and thermal non-uniformity under prediction horizons N, = 10, 20, and
50 (USO06 driving cycle).

the scalar weighting factors provide intuitive and decoupled handles for adjusting the

multi-objective trade-off.

5.5.7 2D Cost Map Visualisation and Analysis

Figure 5.11 presents representative 2D cost maps for different action samples. The SOC
and voltage columns display a clear colour gradient transitioning from dark (near-term)
to light (long-term), while the temperature columns become progressively darker for
later prediction steps. This directly reflects the inertia adjustment design: azé and a{,
decay with step j (reducing electrical penalties at longer horizons), while ag, grows
with j (amplifying cumulative temperature deviations). These observations confirm the
physical consistency and interpretability of the proposed inertia-aware 2D cost map,

which provides a visually transparent basis for the weighted aggregation of candidate
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Figure 5.10: SOC and thermal non-uniformity under different cost function weighting
factor configurations.
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Figure 5.11: Visualised 2D cost map examples for different action samples at one
sampling step.

5.5.8 Computation Efficiency Analysis

Table 5.4 reports balancing performance and computation time per control command for

batch sizes B € {100, 500, 1000} under the US06 profile.
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Table 5.4: Balancing performance and computation time under different batch sizes B
(US06, N, =20).

Batch B Mean SD(Q) Mean SD(T) MeanV, Time/cmd (s)

1000 0.023 0.742 0.473 0.602
500 0.045 0.576 0.367 0.330
100 0.029 0.650 0.459 0.121

At B=100, each balancing command is computed in only 0.121 s, confirming real-time
feasibility. Importantly, increasing B tenfold from 100 to 1000 increases computation time
by only 5x rather than 10x, owing to the inherent parallelism of GPU batch inference.
Balancing performance is robust across all batch sizes, validating the effectiveness of

the softmax weighting mechanism even with a moderate candidate pool.

5.5.9 Output Voltage Regulation under Multiple Setpoints

Figure 5.12 presents simulation results under two target voltage setpoints of 8V and 9V,
compared with an uncontrolled baseline. The proposed framework accurately regulates
the output voltage to both setpoints within a +10% error band throughout the entire
simulation. Crucially, this performance is achieved without a dedicated power converter
for DC-link stabilisation: the control algorithm coordinates balancing currents through
the existing active balancing infrastructure to simultaneously satisfy SOC balancing,
thermal regulation, and voltage control objectives, providing an integrated and resource-

efficient solution.

5.5.10 Vision-Based Load Prediction for EV Deployment

The parallel-inference neural MPC framework relies on an accurate current load profile
as an exogenous input at each control step. In practical EV deployment, the future
load profile is not known a priori: it is determined by the vehicle speed trajectory,
which itself depends on the road environment and driver behaviour. Providing the
balancing controller with short-horizon load forecasts, rather than only instantaneous

measurements, enables proactive and anticipatory balancing decisions. To this end, this
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Figure 5.12: Output voltage regulation under setpoints of 8V and 9V, and the
uncontrolled baseline.

subsection introduces a vision-based end-to-end load prediction pipeline. A convolutional
neural network (CNN) extracts spatial features from forward-facing camera frames,
which are temporally aggregated into a 2D feature representation and fed into a sequence
prediction model to forecast future vehicle speed trajectories. The predicted speed profiles
are converted into battery current load profiles through a physics-based vehicle dynamics

module. The architecture is illustrated in Figure 5.13.

5.5.10.1 End-to-End Speed Prediction Model

The vision-based speed prediction component processes each incoming sequence of L
consecutive video frames (with L = 10 in this work) through a three-stage pipeline:
per-frame spatial feature extraction via a CNN encoder, temporal aggregation into a

structured 2D representation, and multi-step speed forecasting via a sequence prediction

143



CHAPTER 5. 2D COST MAP-GUIDED PARALLEL-INFERENCE NEURAL
MODELLING AND PREDICTIVE CONTROL FRAMEWORK

g
B B
¢ W
2D shaping \ S
Ly
Per

Feature dimension

I3 wv:\ 256
]
[memn ]
[oem ]

| S—
_f
ml

Time Step

Feature extraction

Figure 5.13: Overview of the vision-based load prediction pipeline.

model.
Each video frame F; € RE*W*3 ig first passed through a CNN encoder (enc to produce

a compact spatial feature vector:
£, = Penc(Fy) € RY. (5.31)

The encoder adopts a ResNet-inspired [147] backbone composed of five convolutional
blocks, each containing a 3 x 3 convolution layer, batch normalisation, and a ReLU
activation, followed by global average pooling and a fully connected projection to R,
Input frames are resized to 224 x 224 pixels prior to encoding. Encoder weights are
initialised from ImageNet pre-training and fine-tuned jointly with the downstream
sequence predictor in an end-to-end training scheme.

The resulting per-frame feature vectors are subsequently organised into a 2D tempo-

ral representation by stacking the features extracted from L consecutive frames along
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the time axis:

Z,=| | eRrLxr. (5.32)

This 2D structure mirrors the state—action input matrix X; introduced in Section 5.3.2:
rich multi-variate temporal information is organised as a structured matrix rather
than a flattened vector, enabling more effective spatio-temporal feature extraction by
the downstream predictor and maintaining architectural consistency with the broader
neural modelling framework of this chapter.

This structured representation is then passed to a sequence prediction model v,

which forecasts the vehicle speed trajectory over a prediction horizon of H), steps:
Verteen, = W(Ze) R, (5.33)

where 0, denotes the predicted speed at step ¢+ % in ms~!. The predictor ¥ consists
of a 1D convolutional temporal encoder applied along the time axis of Z;, followed by
an MLP decoder that maps the encoded representation to the H,-step forecast. The
complete pipeline — encoder ¢en. and predictor v — is trained end-to-end by minimising

the mean squared prediction error over the forecast horizon:

1

gspeed = I_T Z (ﬁt+k - vt+k)2; (5.34)
P k=1

using the Adam optimiser with a learning rate of 1073, a batch size of 64, and early

stopping based on validation MSE.

5.5.10.2 Physics-Based Speed-to-Load Conversion

The predicted speed trajectory V;i1.¢+ H, 18 converted to a battery current load profile
through a longitudinal vehicle dynamics model. The required traction force at vehicle
speed v is:

Fiac(v,0)=muo+ %pair CqAr o2+ mgC,cosf+mgsind, (5.35)
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where v = (vs4+1 —v;)/At is the finite-difference estimate of acceleration. The corresponding
mechanical power demand is Ppech = Firac - V. Accounting for drivetrain and motor

efficiency, the electrical power drawn from or returned to the battery pack is:

P
mech , Prech >0 (propulsion),

Polec(v,0) = Ntrans 'motor (5.36)

Prnech * Ntrans Mmotors Pmech <0 (regenerative braking).

The predicted battery pack current at each future step is then obtained as:

. Peee(brar,
fyog = DeteclOtei U] E=1,..,H,, (5.37)

Vbattery

where U4, = (Dg+h — Orah—1)/AL.

The vehicle parameters employed in this module are listed in Table 5.5. The param-
eter values are selected to be representative of a mid-size passenger EV operating on
highway routes, consistent with the target deployment scenario of this study. Specif-
ically, the air density and gravitational acceleration correspond to standard sea-level
atmospheric conditions; the aerodynamic drag coefficient, frontal area, rolling resistance
coefficient, and vehicle mass fall within the ranges widely reported for mid-size passenger
vehicles; the drivetrain and motor efficiency values reflect nominal operating conditions
of production EV powertrains [148]; and the nominal pack voltage of 350 V is represen-
tative of contemporary mid-range EV battery systems, which typically operate in the
300—400 V range [149]. The road gradient is set to 8 = 0 as a simplifying assumption
appropriate to the predominantly flat highway corridor of Interstate 280 featured in the

dataset.

5.5.10.3 Experimental Evaluation

The vision-based model is trained and evaluated on the commaZ2k19 dataset [150], a
publicly available real-world highway driving dataset. The dataset comprises over 33
hours of commute footage recorded on California’s Interstate 280, divided into 2,019 one-
minute segments. Data were collected using comma EON devices equipped with a road-

facing RGB camera operating at 20 Hz (1164 x 874 pixels), GPS, thermometers, a 9-axis
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Table 5.5: Vehicle dynamics parameters used in the physics-based speed-to-load
conversion module.

Parameter Symbol Value Unit Description

Vehicle mass m 1500 kg Total vehicle mass
Aerodynamic drag coeff. Cy 0.30 — Air resistance coefficient
Air density Qair 1.225 kgm™2 Standard sea-level value
Frontal area Ap 25 m? Vehicle frontal cross-section
Rolling resistance coeff. C, 0.01 — Tyre—road resistance
Gravitational accel. g 9.81 ms 2 Standard gravity

Road gradient 0 0 rad Flat road assumption
Transmission efficiency  7irans 090 — Drivetrain efficiency

Motor efficiency Tmotor 0.85 — Electric motor efficiency
Battery voltage Vbattery 350 V Nominal pack output voltage

IMU, and full CAN bus data. The highway setting spans a wide range of vehicle speeds,
acceleration events, and traffic interactions, providing sufficiently diverse supervision for
high-power operating regimes. Some of the segment frames are subsampled to 5 Hz, and a
sliding window of L = 10 consecutive frames is used as the model input, yielding a total of
approximately 29,143 labelled samples across the full dataset. The dataset is partitioned
in a 7:1:2 ratio into training, validation, and test splits based on non-overlapping video
segments, resulting in 20,400 training samples, 2,914 validation samples, and 5,829 test
samples, respectively. This segment-level partitioning ensures that no temporal leakage
occurs between splits.

The pipeline is evaluated on the held-out test split comprising 5,829 samples. Single-
step-ahead speed prediction accuracy is assessed using the mean absolute error (MAE),
root mean squared error (RMSE), mean squared error (MSE), and coefficient of determi-

nation (R?), with results reported in Table 5.6.

Table 5.6: Single-step-ahead speed prediction performance on the test dataset.
Metric Value  Unit

MAE 0277 ms!
RMSE 0.447 ms™!
MSE 0.200 (ms1)?
R? 0.991 —
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The model attains an R? of 0.991, indicating that the predicted trajectories account
for over 99% of the variance in the ground-truth speed signal across the test set. The
RMSE of 0.447 ms~! represents less than 3% of the observed speed range (0-14.85 ms™1),
confirming strong overall tracking fidelity.

To characterise prediction accuracy across different operating conditions, the test
samples are partitioned into three speed regimes; the corresponding results are sum-
marised in Table 5.7. In the mid-speed range (3-8 ms™1), the model performs best,
achieving an RMSE of 0.198 ms™! and an MAE of 0.157 ms™!. In the low-speed regime
(v <3 ms™1), prediction error is higher (RMSE = 0.473 ms™!), primarily because visual
features provide limited discriminative cues ahead of imminent stop-and-go events:
the camera field of view conveys insufficient information about traffic queues or sig-
nal states that govern full stops. In the high-speed regime (v = 8 ms™!), prediction is
slightly degraded (RMSE = 0.559 ms™!) during prolonged near-constant-velocity cruise
segments, where inter-frame visual differences are minimal and temporal context carries
comparatively little predictive signal. Despite these localised degradations, only 4.4% of
test samples exhibit an absolute error exceeding 1.0 ms™!, and these are predominantly
concentrated at sharp speed transitions rather than distributed uniformly across the

trajectory.

Table 5.7: Regime-level speed prediction performance on the test dataset.

Speed Regime Samples (%) MAE (ms™!) RMSE (ms™!)
Low speed (v <3 ms™1) 35.9% 0.353 0.473
Mid speed (3<v<8ms™) 29.4% 0.157 0.198
High speed (v =8 ms™!) 34.7% 0.299 0.559
Overall 100% 0.277 0.447

The speed prediction errors are propagated through the physics-based conversion
module to assess their effect on the derived battery current load profiles. Because the
traction force model (Equation 5.35) is a smooth, monotone function of speed and accel-
eration, moderate speed prediction errors incur correspondingly bounded deviations in

the predicted current: a speed error of 0.447 ms~! (RMSE) at typical highway speeds
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propagates to a current error well within the tolerance band required by the downstream
NMPC optimisation. The resulting current forecasts therefore provide the balancing
controller with a reliable short-horizon load estimate at each control step, enabling antic-
ipatory SOC redistribution ahead of high-demand events such as aggressive acceleration.
The modular design of the pipeline, with the visual predictor and the physics conversion
module trained and deployed independently, further facilitates targeted improvements
to either component without requiring full system retraining.

Figure 5.14 presents a representative test segment drawn from the test dataset, to-
gether with the battery current load profile derived through the physics-based conversion
module. The speed trajectory exhibits broad operational diversity: sustained high-speed
cruising at up to approximately 14.8 ms™!, repeated deceleration-to-stop events, and
extended phases of low-speed manoeuvring. These dynamics translate directly into a
highly variable battery current profile — peak motoring current reaches approximately
40 A during aggressive acceleration transients, while regenerative braking events pro-
duce negative current excursions of up to 10 A. The pronounced temporal variability of
the load profile underscores the necessity of accurate short-horizon speed forecasting for

proactive balancing control.

5.5.10.4 Integration with the Battery Balancing Control Framework

The predicted current load profile | PR Hp» obtained by applying Equation (5.37) to
the vision-model forecasts, serves as the exogenous load input to the parallel sampling-
based NMPC framework. Within each control step, candidate action sequences are
evaluated by the multi-task neural model under the predicted load profile, replacing the
instantaneous load measurement used in the baseline configuration. This perception-
informed control architecture enables the balancing controller to anticipate imminent
high-current demands, such as those arising from aggressive acceleration events, and
initiate proactive SOC redistribution and thermal management before cell imbalances
can develop. The CNN-based speed predictor and the multi-task balancing model are
trained independently and deployed in a modular, plug-and-play fashion, such that
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Figure 5.14: Representative test segment from the test dataset: (top) measured vehicle
speed profile; (bottom) corresponding battery current load profile.

advances in visual odometry or driving behaviour prediction can be directly leveraged to

improve balancing performance without modifying the core control framework.

5.6 Chapter Summary

This chapter has presented a 2D Cost Map-Guided Parallel-Inference Neural modelling
and Predictive Control framework for the coupled electrical and thermal dynamics of
a converter-based modular battery pack. The framework addresses the challenge of
predicting and balancing states with different response times while enabling efficient
multi-objective control without an explicit pack-level state-space model or gradient-based
neural-network optimisation.

The main conclusions are as follows:

1. A control-oriented, multi-task deep neural model was developed for multi-state
coupled dynamical systems. The 2D state-action input formulation, which inte-
grates historical state sequences across all subsystems and state types with the

current control action vector, enables simultaneous prediction of fast-dynamics
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states, slow-dynamics states, and system-level outputs under multiple candidate
actions. Applied to battery pack balancing, the model achieves consistently lower
prediction errors across all three driving cycle datasets compared to single-task
baselines, with maximum SOC MAE below 0.11 and temperature MAE below 0.03

per cell.

2. A decomposed multi-rate prediction architecture was validated in which an MLP
subnetwork captures fast single-step electrical transitions while a TimesNet block
with downstream MLP decoder captures the multi-scale temporal dependencies of
thermally governed slow dynamics. An ablation study confirmed that positional
embedding and the TimesNet block make complementary contributions: removing
either component degrades prediction accuracy, with the effect most pronounced

for temperature prediction under dynamic load profiles.

3. An inertia-aware 2D cost map was introduced as a physics-motivated and inter-
pretable multi-objective evaluation metric. By assigning state-specific exponential
inertia coefficients—decaying (af < 1) for fast states and amplifying (a® = 1) for
slow states—the cost map represents their different temporal responses along the
prediction horizon. In the battery case study, the coefficients ag =0.8, ar=1.1,

ay =0.8 provided the basis for weighted action selection.

4. A parallel sampling-based neural MPC framework was proposed that exploits
GPU batch processing to evaluate candidate action trajectories without gradient
computation. Per-command execution time at B=100 is 0.121 s, supporting real-
time execution for the tested configuration, while a tenfold increase in B results in
approximately a fivefold increase in computation time. Simulation studies under
three driving cycles (BJDST, FUDS, US06) demonstrated simultaneous multi-
objective balancing: maximum temperature difference within 5°C, terminal SOC

imbalance below 1%, and output-voltage regulation error within +10%.

5. The sensitivity analyses confirmed that the prediction horizon N, primarily gov-

erns slow-state (thermal) regulation accuracy, with longer horizons improving
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thermal performance at marginal fast-state cost, a behaviour directly attributable
to the inertia-aware cost design. The scalar weighting factors provide intuitive and
decoupled tuning handles for adapting the multi-objective trade-off to application-

specific requirements.

The proposed modelling and control concepts, including the 2D state-action input
formulation, decomposed multi-rate prediction subnetworks, inertia-aware cost mapping,
and sampling-based parallel optimisation, may be transferable to other multi-state
systems with heterogeneous dynamics, subject to system-specific retraining, parameter
selection, and validation. Future work will focus on experimental validation using real
battery systems, extension to larger and more diverse battery-pack architectures, and
robustness enhancement under battery ageing, parameter variations, and external

disturbances.
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CHAPTER

CONCLUSIONS AND FUTURE WORK

6.1 Summary of the Thesis

This thesis has addressed the fundamental challenge of developing accurate, computa-
tionally efficient, and physically consistent modelling and control frameworks for complex
multi-physics engineering systems, where purely data-driven and purely physics-based
approaches each exhibit critical limitations. Motivated by the need to bridge the com-
plementary strengths of data-driven learning and first-principles physical knowledge, a
unified framework of Al-orchestrated physics-informed modelling and predictive control
has been proposed and validated across two industrially significant engineering domains
in energy-intensive manufacturing and battery management: transient heat conduc-
tion modelling in steel reheating furnaces, and advanced battery management systems
covering both single-cell charging control and multi-cell pack balancing.

The principal technical contributions have been developed and demonstrated, corre-
sponding to Chapters 3, 4, and 5 of the thesis. Each contribution addresses a distinct
but complementary aspect of the overarching research challenge: the fidelity-efficiency
trade-off in physics-informed surrogate modelling, the systematic exploitation of histor-

ical operational data in repetitive control processes, and the multi-objective real-time
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control of heterogeneous coupled systems. Together, they establish a coherent method-
ological framework for Al-orchestrated engineering systems that is grounded in physical
principles, validated against industrially representative benchmarks, and designed for

generality beyond the specific case studies considered.

6.2 Conclusions

6.2.1 Physics-Informed EngGeneNet for 2D Transient Heat

Conduction Modelling

Chapter 3 demonstrated that embedding governing physical laws directly into the
architecture and training process of a deep neural network can simultaneously resolve
the long-standing computational bottleneck of real-time temperature field prediction and
the data scarcity challenge inherent in industrial reheating furnace environments.

The key conclusions, together with the principal assumptions and scope of applicabil-

ity, are as follows:

1. EngGeneNet combines a Crank—Nicolson-based 2D physics-informed loss, hard-
constrained convective and radiative boundary conditions, and the temperature-
dependent Fourier number embedded through the Engineering-Gene module. This
formulation improves physical consistency and learning efficiency: ablation studies
show at least a 90% reduction in MAE and an 85% reduction in RMSE relative to

the plain physics-informed UNet baseline.

2. Knowledge distillation from the ADI solver and transfer learning reduce the
dependence on dense industrial labels. Under the tested changes in stock batches
and operating conditions, the framework achieves greater than 90% prediction-
error reduction and a 75% reduction in retraining time. These results assume that
the governing heat-transfer equation, boundary conditions, and parameter ranges

used for adaptation remain representative of the target process.
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3. On a pilot-scale walking-beam bloom reheating furnace, EngGeneNet achieves
accuracy comparable to ADI while reducing per-frame computation time by 96%,

enabling real-time closed-loop use.

The present validation is limited to 2D rectangular stock and the tested operating
range; extension to irregular or 3D geometries, stronger thermo-mechanical coupling,
and substantial distribution shift requires further validation. Nevertheless, the physics-
informed CNN and Eng-Gene principles are transferable to other distributed-parameter

thermal systems when their governing relations can be specified reliably.

6.2.2 Historical Data-Driven Self-Learning Predictive Control

for Repetitive Processes

Chapter 4 established a principled and computationally tractable mechanism for har-
nessing the information embedded in historical charging cycles to continuously improve
closed-loop control performance, addressing the gap between the trial-to-trial learning ca-
pability of iterative learning control and the real-time constraint-handling and predictive
optimisation strengths of MPC.

The key conclusions, together with the principal assumptions and scope of applicabil-

ity, are as follows:

1. The cascading linearised thermoelectric model preserves the essential coupling
between charging current and heat generation while keeping the MPC problem
convex. Experimental validation gives voltage RMSE of approximately 3.4 mV
and internal-temperature RMSE of approximately 0.82°C, providing a tractable

predictive model for self-learning charging control.

2. The historical-state convex mapping constraint uses the convex hull of previous tra-
jectories to reduce the feasible search space, while the memory-function-enhanced
cost transfers useful information from earlier charging iterations into the current

optimisation. Together they improve computational predictability and progressively
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refine the charging-current trajectory; the convex mapping constraint reduces MPC
solve-time variability by approximately 80% without increasing the optimisation

structure beyond the quadratic formulation.

3. Across the tested temperature thresholds, the method reduces charging duration
by 70-100 s relative to the constrained GPC benchmark and remains robust to

parameter uncertainties of up to 10%.

These findings assume repetitive charging tasks, sufficiently informative historical
trajectories, and a model operating within the considered battery and temperature
ranges. The present study does not establish performance over long-term ageing, broad
cell-to-cell variability, or unseen charging protocols; these are important limitations. The
framework is nevertheless generalisable to other repetitive constrained processes in

which historical state-input data can be incorporated without violating safety constraints.

6.2.3 2D Cost Map-Guided Parallel-Inference Neural Modelling
and Predictive Control Framework for Battery Pack

Balancing

Chapter 5 developed an end-to-end Al-orchestrated framework for simultaneous multi-
objective battery pack balancing, addressing the challenges of coupled electro-thermal
dynamics, state inertia heterogeneity, and real-time multi-objective optimisation that
collectively exceed the capability of conventional model-based or purely data-driven
approaches.

The key conclusions, together with the principal assumptions and scope of applicabil-

ity, are as follows:

1. The unified multi-task state-action model, using a structured 2D representation
with decomposed fast- and slow-dynamics subnetworks, improves prediction of

coupled electro-thermal states. Across the three driving-cycle datasets, maximum
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SOC MAE remains below 0.11 and temperature MAE below 0.03 per cell; ablation

results confirm the contribution of positional embedding and the TimesNet block.

2. The inertia-aware 2D cost map incorporates state-specific time constants into an
interpretable multi-objective evaluation, while parallel Gaussian sampling and
softmax-weighted aggregation provide gradient-free action selection. GPU batch
inference achieves a per-command decision time of 0.121 s at batch size B=100,

supporting real-time operation without requiring a dedicated power converter.

3. Under the BJDST, FUDS, and US06 driving cycles, the framework maintains an
inter-cell temperature difference below 5°C, terminal SOC non-uniformity below

1%, and output-voltage error within +10%.

These results assume that the learned predictor, cell configuration, thermal model, and
action space remain representative of deployment conditions. Validation is currently
limited to the studied pack scale and driving profiles, so larger packs, ageing cells, mea-
surement noise, and distribution shifts remain open limitations. The structured predictor
and inertia-aware cost formulation are potentially transferable to other coupled multi-

state systems with heterogeneous dynamics, subject to retraining and recalibration.

6.3 Recommendations for Future Work

While the proposed frameworks have demonstrated strong performance in their respec-
tive case studies, several important directions for future research are identified to extend,

strengthen, and broaden their applicability.

6.3.1 Advanced Physics-Informed Architectures for Complex
Geometries and Multi-Physics Coupling

The EngGeneNet framework was developed for 2D transient heat conduction in rectan-
gular steel stock. Extending the framework to three-dimensional geometries, irregular

cross-sections, and multi-physics coupling between heat conduction and mechanical
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deformation during rolling would significantly broaden its industrial applicability. Three-
dimensional CNN architectures or hybrid CNN-graph network models could be explored
for volumetric temperature field prediction. The Eng-Gene concept that encoding domain-
specific nonlinearities as architectural primitives is equally applicable to the coupled
thermo-mechanical problem, where constitutive relationships for thermal expansion and

stress evolution could be embedded as additional Eng-Gene modules.

6.3.2 Uncertainty Quantification and Robust Physics-Informed

Control

The frameworks developed in this thesis operate largely in a deterministic setting
without principled uncertainty quantification. Incorporating Bayesian or ensemble-based
uncertainty estimation into the neural prediction models would enable the derivation of
confidence intervals for predicted states, which could be propagated into robust or chance-
constrained MPC formulations. For the parallel sampling-based NMPC, uncertainty-
aware cost maps could explicitly account for prediction uncertainty in the evaluation of
candidate actions, improving robustness under model mismatch and distribution shift.
For the self-learning MPC, a Bayesian treatment of the memory function and convex
mapping constraint would provide formal guarantees on the improvement of control

performance across iterations under bounded model uncertainty.

6.3.3 Extension to Multi-Agent and Distributed Energy Systems

The self-learning MPC and parallel-inference NMPC frameworks both operate on cen-
tralised single-system models. Extending these frameworks to distributed or multi-agent
settings, such as coordinated charging of electric vehicle fleets, distributed energy stor-
age networks, or cascaded industrial processes, represents a promising and practically
relevant direction. In such settings, the memory function concept could be extended to
encode shared historical information across multiple agents, enabling collective learning

of system-level policies that improve coordination efficiency without requiring centralised
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global optimisation.

6.3.4 Integration of Reinforcement Learning with

Physics-Informed Structure

The self-learning MPC framework and the parallel sampling-based NMPC both employ
optimisation-based approaches to exploit historical data and improve control perfor-
mance. An interesting future direction is the integration of reinforcement learning (RL)
with physics-informed model architectures, where the RL policy is constrained by embed-
ded physical laws to ensure safety-critical constraint satisfaction throughout exploration
and exploitation. Physics-informed reward shaping where reward signals are designed
to be consistent with conservation principles and physical feasibility conditions could
substantially improve the sample efficiency and safety of RL-based control in the battery
and thermal process domains.

The research presented in this thesis has demonstrated that the integration of arti-
ficial intelligence with physical laws and engineering domain knowledge represents a
methodologically sound and practically powerful framework for modelling and control-
ling complex engineering systems. By systematically embedding governing equations,
physically meaningful architectural components, and historical operational data into
learning and optimisation frameworks, the proposed Al-orchestrated approaches achieve
levels of accuracy, efficiency, and physical consistency that are individually unattainable
by either purely data-driven or purely physics-based methods.

The two application domains addressed in this thesis, energy-intensive manufac-
turing (steel reheating furnace thermal modelling) and advanced battery management,
are industrially significant in their own field and represent exemplary cases for a much
broader class of energy-intensive, multi-physics engineering systems where the proposed
methodological contributions are directly applicable. As Al technologies continue to
mature and industrial systems generate increasingly rich operational data, the physics-
informed and data-driven framework developed in this thesis provides a coherent and

extensible foundation for future intelligent engineering systems that are simultaneously
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accurate, interpretable, efficient, and trustworthy.
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APPENDIX A: ADI METHOD DERIVATION AND

CALCULATION FOR 2D TRANSIENT HEAT CONDUCTION

This appendix provides a complete mathematical derivation of the Alternating Direction
Implicit (ADI) method as applied to the 2D transient heat conduction problem formulated
in Chapter 3. The objective is to make the computational procedure fully explicit: from
the governing PDE and its finite-difference discretisation, through the construction of the
two half-step tridiagonal linear systems, to the matrix solution algorithm. All notation is

consistent with Chapter 3.

A.1 Governing Equation and Spatial Discretisation

A.1 Governing Equation and Spatial Discretisation

The 2D transient heat conduction governing equation for an interior node (x,y) € Dy is

(equation 3.1 of Chapter 3):

2 2
oT  k(T) (6 T 0 T). A1)

ot pCy(T)\0x2 ' 0y2
The computational domain is discretised on a uniform square mesh of spacing d =
Ax = Ay. Node (i,j) carries temperature T4(i,j) at time step ¢, where i = 1,...,N, and
J=1,...,N, index the grid in the x- and y-directions, respectively. A full time step of size
At is split into two successive half-steps of size At/2.

The key dimensionless parameter governing the calculation is the Fourier number
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(equation 3.14 of Chapter 3):
k(T)At
Fo-=

~ pCy(T)d?’
Note that Fo is defined here with respect to the full time step A¢; each half-step therefore

(A.2)

corresponds to Fo/2. This convention is carried consistently through all subsequent
derivations.
The second-order central-difference approximations for the spatial derivatives at

node (i,) are:

2T TG+1,/)-2TG, )+ TG -1,)) 9

— = +0(d*), A.3
0x? 1i.j) d? (@) (8.3)
02T TG,j+1)-2TG, N+TG,j—1

22| = G,Jj+1) (;’J) Gi=D | 5, (A.4)
0y= .5 d

A.2 Energy-Balance Derivation of the ADI
Finite-Difference Equations

The ADI method avoids the stability restriction of the fully explicit scheme by treating
one spatial direction implicitly and the other explicitly in each half-step, alternating the
implicit direction between the two half-steps. The derivation below follows the energy-
balance approach for an interior node (i, j) with unit depth; the cross-sectional face area
is A =d x 1 =d. Thermal conductivity %, density p, and specific heat C,, are treated
as uniform within each step for notational clarity (the temperature-dependent case in

Chapter 3 simply updates Fo locally at each node).

A.2.1 First Half-Step (x-direction implicit, y-direction explicit)

The temperature advances from 7T(i, ;) at time ¢ to an intermediate value T, +%(i, 7,

written T'(i, ) for compactness. The net heat conducted into node (i, j) during the interval
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At/2 equals the change in stored energy:

R[T'G~1,7)-T'G, )]+ k[T +1,/)-T'G,))]

implicit (x-direction): unknowns at t+%

(A.5)
T'(i,7) = T4, )
At/2 '

+R[Ty(i, j = 1) =Ti(i, )] +k[Te(i, j+ D=TiG, )] = pd®C,

explicit (y-direction): known values at ¢

Dividing through by % and noting that pd?C,/k = At/Fo (from equation (A.2)), the
right-hand side becomes (2/F0)[T'(i, j) — T+(i, j)]. Collecting unknown 7" terms on the

left and known T; terms on the right:

T'G-1,/)-

2 2
— +2) TG, N+T'(+1,))=-T:G,j-1)-T:G,j+1)+ (2 — —) T:(i,)). (A.6)
Fo Fo
First half-step system (fixed row j, unknowns 7'(i,j), i =1,...,N,):

T'G-1,/)-

3 +2) TG, N+T'(i+1,)j)=-T,G,j-1)-T:G,j+1)+ (2 - 1) Ty(i,)). (A.7)
Fo Fo

The unknowns {T'(i,j)} on the left-hand side correspond to a single j-row (constant j,
varying 1); all right-hand side quantities involve only the known temperatures 7(-,-) at

the old time level and are therefore pre-computable before the tridiagonal solve.

A.2.2 Second Half-Step (y-direction implicit, x-direction explicit)

The second half-step advances T"(i, j) to the final temperature T;,1(i, j), written T"(i, j).

The roles of the two spatial directions are reversed:

R[T'G~1,)~T'G, )] +k[T'G+1,)~T'G, )]

explicit (x-direction): known values at t+%

(A.8)
TG, )-T'G,))
At/2

+R[T"G,j-D=T"G, )] +k[T"G,j+1D-T"G,))] = pd>C,

implicit (y-direction): unknowns at ¢+1

After the same algebraic reduction (with 7’ now playing the role of the known field):

Second half-step system (fixed column i, unknowns 7", j), j =1,...,N,):

2
T"(i,j—l)—(F +2) TG, N)+T"(,j+1) = -T'(i-1,)-T'i+1,))+
0

2
2—-—|T'G,j). (A9
Fo) (,7). (A.9)
The unknowns {T"(i, j)} form a single i-column (constant i, varying j); the right-hand

side contains only the intermediate values T'(-,-) from the first half-step.
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A.3 Tridiagonal Matrix Form and Coefficient
Identification

For each fixed row j in the first half-step, equation (A.7) constitutes a system of N,
coupled linear equations in the N, unknowns {T'(1,j),...,T'(Ny, j)}. Defining the scalar

diagonal coefficient

a2 (7 +2), (A.10)
and off-diagonal coefficient b = 1, the system for row j takes the standard tridiagonal
form: ) o . )

a b T'(1,)) ri

b a b T'2,7) r2
: = : , (A.11)
b a b||TWN-1)| |ry.1

b al | T'(N,,Jj) | | . |

where the right-hand side entries are

ri=-Ty(i,j—1)-Ti(i,j+1)+ (F% - 2) T:(i,j)+ (boundary correction terms), (A.12)

with the boundary correction terms arising from known boundary temperatures when
i=1ori=N, (see Section A.4 below).

An identical tridiagonal structure applies for each column i in the second half-step
(equation (A.9)), with the same diagonal and off-diagonal coefficients and the right-hand

side constructed from the intermediate values 7"(-,-).

A.4 Boundary Condition Incorporation

Chapter 3 imposes a general Robin (mixed) boundary condition of the form (equation 3.3):
oT

—k(T) == =he(T=Tp)+oe(T*-TY), (A.13)
n

where 72 is the outward unit normal at the surface. In the ADI framework, boundary
values are either prescribed (Dirichlet) or updated consistently with the temperature at

the previous sub-step.
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For the simplified Dirichlet case (fixed surface temperature 7T), all boundary nodes
carry the fixed value T's and are excluded from the tridiagonal solve. Their contribution
enters only as constant corrections to the right-hand sides r; and rpy, of the interior

systems:

ri—ri1—bTs (correction for left boundary node), (A.14a)

rn, —rn,—bTs (correction for right boundary node). (A.14Db)

An analogous correction applies at the top and bottom boundaries during the second
half-step.

For the general Robin boundary in equation (A.13), the boundary-node energy balance
at the surface (e.g., left face i = 0, any ) yields the one-sided finite difference expression:

-k
d

he(T(0, /)~ Ta) +0e (T, )* = T7%), (A.15)

from which 7T'(0,j) can be determined given 7'(1,;) and the ambient conditions, then

substituted as a Dirichlet value into equation (A.11).

A.5 Complete ADI Algorithm for One Time Step

Collecting the above, the complete procedure for advancing the temperature field from

T(i,j) to T;+1(i,j) by one full time step At is presented as Algorithm 3.
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Algorithm 3 ADI solution procedure for 2D heat conduction

1

2:

AN

10:
11:
12:

13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:

Input: T;, material properties k(T'), p, C,(T), time step A¢, mesh spacing d
Output: T,

: Step 1: Compute the Fourier number:

Fo—k(Ty) At/ (pC,(T;)d?)
a——(2/Fo+2), b1

Step 2: First half-step (x-direction implicit):

for j=1to N, do
Assemble the right-hand side vector {r;} via Eq. (A.12) using T
Apply boundary corrections (Egs. (A.14a)—(A.14b))
Solve tridiagonal system (Eq. (A.11)) via the Thomas algorithm
Store intermediate field {T'(z, j)}?ixl

end for

Step 3: Second half-step (y-direction implicit):
fori=1to N, do
Assemble the right-hand side vector {r;} via Eq. (A.9) using 7"
Apply boundary corrections (Egs. (A.14a)-(A.14b), adapted for y-direction)
Solve tridiagonal system via the Thomas algorithm
Store updated field {T"'(i, j)}j.\gl
end for
Set Ty,1(i,7) < T"(i,j) for all interior nodes

Step 4: Update boundary values:
Compute boundary temperatures via Eq. (A.15) (Robin)
return T,
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APPENDIX B THEORETICAL ANALYSIS OF THE CONVEX
MAPPING CONSTRAINT IN THE SELF-LEARNING MPC

FRAMEWORK

This appendix provides rigorous theoretical justification for the convex mapping con-
straint and its integration into the self-learning MPC optimisation problem formulated
in Chapter 4. Two key properties are established: (i)recursive feasibility, the augmented
optimisation problem remains feasible at every time step and iteration once it is feasible
at initialisation; and (ii)asymptotic convergence, the augmented cost JJ(x (%)) is strictly
decreasing along the time axis, guaranteeing convergence of the tracking error and the
charging current trajectory.

Throughout this appendix, the notation of Chapter 4 is used. The prediction model is
the linearised battery thermal sub-model (equation 4.2), the augmented optimisation
problem is equation 4.20, and the convex mapping constraint on the terminal predicted

state is equation 4.15. For completeness, the key definitions are recalled first.

B.1 Preliminaries and Notation Recap

Prediction model. At time step ¢ of iteration %, the predicted state X,(j | t) evolves

according to
X,j+11 =A%) +Bup(jlt)+CE+)), j=0,...,Np—1, (B.1)

with X,(0 | £) = x3(¢) and x3(¢) € R?, uz(¢) € R™,
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Admissible constraint set. The compact constraint set % on state and input is

defined by the box constraints
FE{xw T usAY@®), T*x=<Aj@®)}, (B.2)

where I'*, I'*, AZ(t), A’,g(t) are as defined in equations 4.6 and 4.5 of Chapter 4.

Historical state dataset. After completing the (2 —1)-th iteration, the historical state

dataset and memory function dataset are

Xp—1={Xp-100), Xp_1(1), ..., Xp_1(N)}, (B.3)

M;,_1 = {M},_1(0), Mp_1(1), ..., M}_1(N)}. (B.4)

Convex mapping constraint (terminal state). The terminal predicted state is
constrained to lie within the convex hull of a sliding window of historical states centred

at t+Np:

d
2Ny 1= Y Op 1, Xp 16+ N, + ), (B.5)
j=—d

with non-negative convex combination coefficients satisfying

d
ek—l,j >0, Z ek—l,j =1. (B.6)
j=-d

Augmented optimisation problem. The complete self-learning MPC problem solved
at each (k,t) is

d
min  Jp(£)+ Z Qk_l,ij_l(t+Np +7)
{0p-1,71 0 (@) j=—d (B.7)

s.t. (B.1), (B.2), (B.5), (B.6),
where Jp(¢) is the standard quadratic MPC cost defined in equation 5.22, and the optimal

cost is denoted Jj (x3(2)).

B.2 Proposition 1 (Recursive Feasibility)

Proposition 1. Consider the battery thermal sub-model (B.1) subject to the
constraints (B.2), controlled by the self-learning MPC algorithm of Chapter 4
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(Algorithm 1). If the standard MPC problem (i.e., problem (B.7) without the
convex mapping constraint (B.5)) is feasible at every time step t of the first
iteration k =1, then the augmented problem (B.7) is recursively feasible for

all t€{0,1,...,N}and all k = 1.

Proof. We proceed by mathematical induction over the iteration index £ and, within

each iteration, over the time index ¢.

Base case (k = 1). For the first iteration, the convex mapping constraint (B.5) is ini-
tialised using the feasible state trajectory obtained by solving the standard MPC problem
with the initial CC-CV charging profile. Denote the resulting feasible state and input

sequences as
AX;(0) = {£1(010),...,%1(N, |0}, u1(0)={u1(010),...,u1(N, — 1] 0)}.

These sequences satisfy all constraints in &. Because the identical initial condition
x1(0) = x holds for all £, the same sequences constitute feasible candidates for the initial
time step ¢t = 0 of any subsequent iteration. The historical dataset Xy is thus well-defined,

and the convex hull constraint (B.5) is satisfiable at £ =0, 2 = 1.

Inductive step. Suppose that at some time ¢ of iteration £ = 2, the augmented prob-
lem (B.7) has a feasible solution, denoted u, (¢) with optimal convex coefficients {92—1,1'}'
The corresponding terminal predicted state satisfies
d
X, (N, | t):j_zde,’;_l’ij_l(t+Np + 7). (B.8)
We construct a candidate feasible solution at time ¢+ 1 as follows. Define the shifted

input sequence
wlt+D)=[u} A8, ..., u} N, —118), u} (N, [ t+D)], (B.9)

where the appended terminal input is chosen as the convex combination of historical
control inputs:

d
u,(Np [t+1)= _ng;;—l,j up-1t+Np+J). (B.10)
=
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Since the historical inputs u;_1(:) all satisfy the constraints &, and the coefficients
0,4 j} are non-negative and sum to one, the convex ombination u; (N | ¢ +1) also lies
within & by convexity of the constraint set.

The corresponding terminal predicted state at time ¢+ 1 is
X, (Np [t+ 1D =A%, (Np | ) +Bu,(Np | t+ 1)+ C(t+Np). (B.11)

Substituting equation (B.8) and using the linearity of A and B:

d d
2 (N, |t+D=A .ZdQZ_l’ij_l(t +N,+j)+B .Zdt?;:_l’juk_l(t +Np+))+C(t+Np)
J=— [

d
= .ZdBZ—l,j[AXk—l(t—i_Np +))+Bup_1(¢+Np+j)+C(¢t+Np)]
=

d
= Y 05y Xp1(t+Ny+j+1). (B.12)
j=—d

The last equality follows because X}_1(¢ + N, + j + 1) is precisely the one-step-ahead
evolution of X},_1(¢ + N + j) under the historical dynamics. Therefore, X, (N, [t +1) is
a convex combination of {X;_1(¢ + N, +j+ 1)};.1:_ 4> Which lies within the convex hull of
the window of historical states centred at ¢ + 1+ N,. The same coefficients {0;_1,].} thus
satisfy the convex mapping constraint (B.5) at time ¢ + 1, and the candidate sequence
u, (-]t +1) is feasible. By induction, the augmented problem (B.7) is feasible for all ¢ and

allk=>1. d

Remark B.1. Proposition 1 reveals a structural advantage of the convex
mapping constraint over unconstrained MPC: because the feasible candidate
at time ¢t + 1 is constructed explicitly from the historical trajectory of the
previous iteration, feasibility at ¢ + 1 is guaranteed without requiring any
additional assumption on the system matrices or the weighting matrices
@ and H. The only requirement is that the initialisation (CC-CV profile)

provides a feasible starting point for the standard MPC problem at & = 1.
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B.3 Proposition 2 (Asymptotic Convergence)

Proposition 2. Under the conditions of Proposition 1, suppose there exists a
stabilising feedback gain K such that (A+BK) is Schur stable and up(t) = K Xg
satisfies the input constraint & for all k. Then the augmented cost J(x(t)) is
strictly decreasing along the time axis, and the tracking error and charging

current trajectory are asymptotically convergent.

Proof. The proof proceeds in three steps: (i) a key inequality relating the value function
to the memory function via the Bellman equation; (ii) a bound on the augmented cost at

successive time steps; (iii) a strict decrease argument establishing convergence.

Step 1: Bellman-type inequality for the memory function.
Recall from Chapter 4 that the memory function M(¢) encodes the minimum achiev-
able cumulative cost-to-go from time step ¢, computed recursively backward from the

terminal step:

M(N) = L (x2(N +1), 5ur(N)), (B.13)
Mp(t)= Ly (xp(t+ 1), 6ur(d)) + Mp(t+1), ¢<N. (B.14)
For any convex combination of historical states Zj.l:_ g Or-1,j Xp-1( +j) € convX;_1(?), the

convexity of the stage cost L;(-,-) (which is quadratic and hence convex) and Jensen’s

inequality yield

d d
Z Qk_l’ij_l(t-i—j) =M 4 Z Gk_l,ij_l(t+j) . (B.15)
j=—d j=-d
This shows that the convex hull of the memory function at time ¢ provides an upper

bound on the value achievable from within the convex hull of historical states. Using the

Bellman decomposition, the memory function at any time ¢ further satisfies

Mj_1(8) = Lp_1(xp-1(¢ + 1), Sup_1(8)) + Mp_1( + 1). (B.16)
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Combining this with the fact that the historical trajectory x,_1(-) satisfies all constraints

in & and the prediction model (B.1), we obtain the key bound: for any x;(¢) € convXj_1(%),

d

Z Gk—l,ij—l(t +Np +7j)= mAaX[Vk (Axk(t)+B up(t)+ A(Xk(t))) +Lk(Xk(t+ 1), 5uk(t))],
j=—d
(B.17)

where A(x(t)) denotes the model-state discrepancy arising from the difference between
the nominal prediction model and the actual system trajectory, and V() is the associated

optimal value function.

Step 2: Bounding the augmented cost at time ¢ + 1.
At time ¢ of iteration &, let the optimal solution of the augmented problem (B.7) be

u, (¢) and {0;:_1].}. The optimal augmented cost is

d
Jr(xe@®) = O+ ) 9;_1,ij_1(t+Np+j). (B.18)
j=—-d
Expanding oJ; (¢) using the Bellman equation:
Ji(6) = max| Ly (&5 (11 8), 6130 1)) + J; (&1 1) |- (B.19)

Substituting into the augmented cost and applying inequality (B.17) to bound the memory

term gives
Jr (X (1) = L (X5 (112), 6uj(0]8) + Jp (X5 (11 2)). (B.20)
By the optimality of problem (B.7) at time ¢+ 1, the actual augmented cost satisfies
Jr(xp (£ + 1)) = Jp(%;(1 1)) (B.21)
Step 3: Strict decrease and convergence.
Combining inequalities (B.20) and (B.21):
Jr (Xe(t + 1)) — Jp (%)) = —Lp(%;(112),6u,(0]8) <0, (B.22)

where the strict inequality follows from the positive-definiteness of the weighting matri-
ces @ >0 and H > 0, which ensure L;(x,0u) > 0 for any non-zero (x,6u). This establishes

that Jp(x1(t)) is a strictly decreasing function along the time axis ¢ within each iteration.
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Since J; (X (%)) is bounded below by zero and strictly decreasing, the sequence con-
verges. The stage cost Lk(ﬁ,:(l | ), 5uZ(O |£)) — 0 as t — oo, which implies ch(l | ) — x,
and 6u,(0 | ¢) — 0, establishing asymptotic convergence of the tracking error to zero
and stabilisation of the charging current trajectory. Furthermore, since the result holds
uniformly across iterations %, the input trajectory along the iteration axis is also asymp-

totically convergent.

B.4 Corollary: Computational Stability of the Convex
Mapping Constraint

Corollary B.1. The incorporation of the convex mapping constraint B.5
reduces the feasible solution space of the MPC optimisation at each time step t
relative to the unconstrained problem, and this reduction is monotonically non-
decreasing as the historical dataset X _1 shrinks in diameter across iterations.
Consequently, the worst-case solve time of the quadratic programme (B.7) is

bounded and non-increasing across iterations.

Proof sketch. The augmented problem (B.7) is a convex quadratic programme (QP)
because: (i) the objective is quadratic in u.(#) (from J;(#)) and linear in {0;_1 ;} (from the
memory term); and (ii) all constraints are affine. The convex mapping constraint (B.5)
introduces 2d + 1 additional equality and inequality constraints relative to the standard
MPC problem, but does not alter the convex structure of the feasible set &.

The convex hull convX}_1(¢) is a bounded polytope whose diameter is determined by
the spread of historical state trajectories at time ¢ + N,. As iterations progress and the
charging current converges toward a stable profile, the spread of X;_1(¢) diminishes—i.e.,
successive iterates cluster more tightly—and the polytope shrinks. A smaller polytope
means a more tightly constrained terminal state, which in turn restricts the feasible
set of the prediction sequence {X(;J | t)}?g’o and reduces the number of active constraints

evaluated at the boundary. Standard results in parametric QP theory (see, e.g., Boyd
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and Vandenberghe [131]) then imply that the worst-case computational burden is non-
increasing as the feasible region contracts. This is consistent with the empirical observa-
tion in Chapter 4 that the standard deviation of solve time is reduced by approximately

80% compared to standard MPC without the convex mapping constraint.
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