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Abstract

This thesis is devoted to the study of self-adjoint extensions of certain symmetric dif-
ferential operators. Such operators play a fundamental role in functional analysis and

mathematical physics, as they describe observables and generate well-defined dynamics.

We investigate both classical and new examples of symmetric, or formally symmetric,
differential operators on the real line, half-lines, and punctured domains. In particular,
we analyse first-order and second-order operators, and introduce new classes of third-order
homogeneous and inhomogeneous differential operators, as well as systems of differential

operators.

For each class of operators, we determine the deficiency indices and use them to charac-
terize the existence of self-adjoint extensions. Whenever such extensions exist, they are
described in terms of boundary conditions or parametrized via unitary maps between the

corresponding deficiency subspaces.

A key aspect of this work is the establishment of an equivalence between different operator
formulations. This allows us to transfer results from one problem to another, providing
a unified framework in which properties that are difficult to analyse for a given operator

can be deduced from a related one.

While classical methods based on boundary conditions are effective for lower-order op-
erators, they turn out to be insufficient in the case of third-order differential operators.
To overcome this difficulty, we adopt an alternative approach inspired by the theory of
point interactions and singular perturbations. This requires the development of auxiliary

results, some of which are established here for the first time.

Using this approach, we obtain a complete characterization of all self-adjoint extensions for
several classes of third-order differential operators on punctured domains. These results

constitute the main contribution of the thesis.
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Chapter 1

Introduction

1.1 Overview

The subject of this thesis is the theory of self-adjoint extensions of certain symmetric
operators. Self-adjoint operators play a fundamental role in functional analysis and quan-
tum mechanics, as they describe observables and generate unitary dynamics. From the
theoretical point of view, this work is mainly based on the classical framework developed
in the monographs by Reed and Simon, see [35, 34], and also on the theory of linear

operators in Hilbert spaces, see [4, 3].

The mathematical tools used throughout this thesis rely heavily on functional analysis,
Sobolev spaces, and partial differential equations; see, for instance, [36, 29, 1, 20, 25, 2,

18, 28]. Additional background on real and complex analysis can be found in [38, 37, 17].

In the physics literature, self-adjoint extensions appear under the name of point interac-
tions, and they have been extensively studied by many authors. A systematic treatment
of such models is given in [15, 16], while further developments and applications can be
found in [14, 6, 7, 8, 9, 11, 12, 10, 13, 5]. These works provide important connections

between operator theory, stochastic analysis, and mathematical physics.

The objective of this thesis is to analyse both classical and new examples of symmetric,
or formally symmetric, differential operators. We begin by studying well-known cases,
including first-order and second-order differential operators, considered on the full real

line, on half-lines, and on punctured domains.

We then investigate new classes of operators, namely third-order homogeneous and inho-
mogeneous differential operators, again on the full line, half-lines, and punctured lines.

Furthermore, we extend the analysis to systems of differential operators.
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In all these cases, we determine the deficiency indices of the operators and use this infor-
mation to decide whether self-adjoint extensions exist. Whenever such extensions exist,
they are characterized by means of a fundamental theorem from extension theory, see [34],
which establishes a correspondence between self-adjoint extensions and unitary maps be-

tween the positive and negative deficiency subspaces.

In several cases, we follow the classical method presented in [34], describing self-adjoint
extensions in terms of suitable boundary conditions. However, this method turns out to

be insufficient for the class of third-order differential operators considered in this thesis.

To overcome this difficulty, we adopt an alternative approach developed in the literature
on point interactions and singular perturbations, see [22, 23]. In order to apply this
method, we first establish the auxiliary results required for its implementation, some of

which were previously stated without proof.

We then apply this approach to study self-adjoint extensions of third-order homogeneous
differential operators, as well as operators involving both first-order and third-order terms,
under the assumption of formal symmetry on punctured domains. This leads to a complete

characterization of all self-adjoint extensions in terms of boundary conditions.

These results constitute the main and most advanced contribution of this thesis. A more

detailed account of these results can be found in [23] and [22].

After submission of this thesis, we became aware of the paper by Mugnolo, Noja and
Seifert [32], which studies Airy-type operators closely related to those considered in Chap-
ters 5 and 6. In particular, the half-line deficiency-index results that overlap with [32]
are regarded here as known results, whereas the contribution of the present treatment lies
in the operator-theoretic derivation and the adjoint-domain characterization developed in
this thesis. A detailed comparison between their results and those obtained in this thesis

is presented in Remark 8.36 in Chapter 8.

It is worth pointing out that our approach is motivated by the paper [22] in which the
whole class of self-adjoint extensions of one-dimensional Dirac operators on what is nowa-

days called the punctured real line is determined.

1.2 Thesis Structure

This thesis comprises eight chapters, including the introduction, which are described as

the follows:
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Chapter 2 provides the necessary mathematical background for this thesis. It reviews
key concepts and results from Sobolev spaces, spectral theory of bounded and unbounded

operators, and the theory of adjoints and self-adjoint extensions.

The chapter also includes a discussion of unitary operators, ellipticity in one-dimensional
domains, and properties of closed and closable operators. Relevant remarks and results

that are used later in the thesis are highlighted throughout.

Chapter 3 is devoted to the study of first-order differential operators. We begin by
analysing the operator on a bounded interval, where all self-adjoint extensions are ex-

plicitly characterized using classical results.

We then consider the first-order differential operator on the punctured real line. In this
setting, we study the symmetry and determine the adjoint operator. We also compute
the deficiency indices and describe the corresponding deficiency subspaces, which allows

us to characterize all self-adjoint extensions of the operator.

Chapter 4 is devoted to the study of second-order differential operators (the Laplacian).
We begin with the analysis of the operator on the real line, where we determine the
domain of the adjoint operator and show that the deficiency indices are equal to zero,

implying that the operator is essentially self-adjoint.

We then consider the Laplacian on the punctured real line. In this setting, we study
symmetry and determine the adjoint operator, as well as compute the deficiency indices.
We further analyse the closure of the operator, describe its domain, and investigate its

properties.

Finally, we obtain a complete characterization of all self-adjoint extensions using von
Neumann’s theory. In particular, the extensions are parametrized by unitary operators

in U(2) and described explicitly in terms of boundary conditions.

Chapter 5 is devoted to the study of third-order linear homogeneous differential operators
in several settings. We begin with the operator on the real line and determine its basic

properties, including symmetry, the adjoint, and the deficiency indices.

We then consider the corresponding operators on the positive and negative half-lines,
where the adjoint and the deficiency indices are analysed separately. After that, we study
the punctured real line, which forms the main part of the chapter. In this setting, we

investigate symmetry, the adjoint, the deficiency indices, and the closure of the operator.

The chapter also includes a characterization of the domain of the closure, the adjoint
of the closure, and the deficiency indices of the closed operator. Using von Neumann’s

theory, we obtain a complete classification of all self-adjoint extensions. These extensions
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are parametrized by unitary operators in U(3) and are further described explicitly in

terms of boundary conditions.

Finally, several concrete examples are presented to illustrate how the general theory ap-

plies to particular choices of unitary matrices.

Chapter 6 extends the analysis to third-order linear inhomogeneous differential operators.
We study these operators on the real line, as well as on the positive and negative half-lines,

where symmetry, the adjoint, and the deficiency indices are determined.

We then focus on the punctured real line, where we investigate the adjoint operator, es-
tablish trace-type results, and compute the deficiency indices. The closure of the operator

and its properties are also analysed.

Although the adjoint and deficiency indices can be characterized, the classical approach
based on von Neumann’s theory does not lead to a complete description of all self-adjoint
extensions in this setting. This motivates the introduction of an alternative method based

on abstract boundary formalism, which is developed in Chapter 8.

Chapter 7 is concerned with several equivalence results between different operator prob-
lems. We first establish unitary equivalences between scalar differential operators on
punctured domains and corresponding vector-valued operators on the half-line. This is
carried out for the Laplacian, first-order differential operators, third-order homogeneous

differential operators, and third-order inhomogeneous differential operators.

These equivalence results provide a unified framework that allows properties of one prob-
lem to be transferred directly to another. In particular, symmetry, density of the domain,
adjoint operators, closure properties, deficiency indices, and self-adjoint extensions can

be deduced in one setting from the corresponding results in the other.

The chapter then extends the analysis to systems of differential operators on the half-line.
We study systems of first-order differential operators, as well as systems of third-order
homogeneous and inhomogeneous differential operators. For these systems, we investigate
symmetry, closure properties, adjoint operators, and deficiency indices, together with the

corresponding results for their closures.

Chapter 8 introduces an alternative approach to the study of self-adjoint extensions, based
on abstract boundary formalism. This method is motivated by the limitations of the
classical von Neumann approach encountered in Chapter 6 for third-order inhomogeneous

differential operators.

The chapter begins with the abstract boundary framework, including boundary maps,

Green identities, neutral subspaces, and the general classification of self-adjoint extensions
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via the unitary group U(d). These abstract results are then applied to a punctured third-

order differential operator with an additional first-order term.

We first consider the special case a = 0, where the boundary maps and Green identity
are described explicitly. We then treat the general case a € R, determining the adjoint
operator, the closure of the minimal operator, and the kernel and surjectivity properties

of the associated boundary maps.

Finally, we obtain a complete characterization of all self-adjoint extensions of the operator
in terms of boundary conditions, parametrized by unitary matrices in U(3). This chapter

contains one of the main results of the thesis.



Chapter 2
Preliminaries

In this chapter, we present the principal preliminary results and definitions from the

various areas of mathematics that are needed in the rest of the thesis.

2.1 Sobolev spaces

Definition 2.1. Assume that & is an open subset of R, e.g. the whole line R, the
positive half-line (0, 00), negative half-line (—o0o, 0) or any open interval, or a union, finite

of infinite, of open intervals.

(0) Assume that p € [1,00). We say that u € L? (0) if and only if u : & — C is Lebesgue

loc

measurable and for every closed and bounded interval [c,d] C &
d
/ lu(z) P dz < oco.

If 0 = (a,b) with a < b € R, then the condition [¢,d] C &, which reads [c,d] C (a,b), is
equivalent to

a<c<d<hb.

Remark 2.2. It follows from the Holder inequality [38, Theorem 3.5] that if 1 < p < ¢,
then
L4

loc

(0)c Lj (0).
Definition 2.1. We use the notation from Definition 2.1.

(i) Assume that n € N* := N\ {0}. Assume that u € L}, .(€). We say that function u is

n-times weakly differentiable if and only if there exists a function v € L}, .(€) such that
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for every ¢ € Cg°(0)
/ﬁu(a:)cb(”)(x) dx = (—1)"/0)v(x)¢(a:) dx. (2.1.1)

Proposition 2.3. If a function u : € — C is of C"-class and u'™ (z) denotes the classical
n-th order derivative of u at x € O, then obviously u € L}, (0) and ™ € L}, (€) and u
is n-times weakly differentiable with the equality (2.1.1) satisfied with function v = u™,
Hence, using the language and notation of the Proposition 2.12, if a function u is of C™-
class (classically), then u is n-times weakly differentiable and the weak derivative is equal

to the classical derivative:
D"y = u(™,

Proof. The proof follows by applying n-times the Integration by parts formula from [37,
Theorem 6.22]. O
Let us recall the following definition

Definition 2.4. [19, Definition 6.8]. Two functions vy,vs € L}, (0) are equal almost
everywhere if and only if there exists a set A C ¢ with Lebesgue measure zero such that
vi(x) = va(z) for all x € O\ A.

We also say/write that

vi(x) = va(x) for almost all z € 0.

Equivalently, v1 = vy almost everywhere if and only if the Lebesgue measure of the set

{x € O :v1(x) # va(x)} is equal to 0.

2.1.1 Absolutely continuous functions

We recall the definition and some basic properties of absolutely continuous functions.
These properties will be used later in the characterization of the domains of adjoint and

closed differential operators. We recall the definition from [17, Section 6.11].

Definition 2.5. Let a,b € R, with a < b. A function
f:la, b)) — C

is said to be absolutely continuous on [a, b] if, for every € > 0, there exists 6 > 0 such that,

for every finite collection of pairwise disjoint intervals

(ak,bk)c[aab]a k=1,...,n,
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satisfying

zn:(bk —ay) <4,

k=1

we have

D 1f(bk) — flap)| <.
k=1
The space of all absolutely continuous functions on [a, b] is denoted by
AC([a,b]).

Remark 2.6. Every absolutely continuous function is uniformly continuous, and hence

continuous. However, the converse is not true in general.

The following characterization is particularly useful in the study of differential operators.

Theorem 2.7. Let f : [a,b] — C. Then f € AC([a,b]) if and only if there exists a
function g € L*(a,b) such that

@) =@+ [ gyd vl
In this case, f is differentiable almost everywhere,
f' e LY(a,b),

and
fla) = fla)+ | “fWydt, we ol

Definition 2.8. Let I C R be an open interval. A function
f:I—C
is said to be locally absolutely continuous on I, written
f € ACoc(D),

if
f e AC([c,d])

for every compact interval [¢,d] C 1.

Remark 2.9. In particular, if f € AC)c(I), then f’ exists almost everywhere on I,
belongs to L. (1), and

f(@) = fly) = / £(t) dt

whenever x,y belong to the same compact subinterval of I.
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Remark 2.10. For an interval I C R, a function f belongs to VVlicl (I) if and only if
it has a representative which belongs to AC),c(I). For this representative, the classical

derivative agrees almost everywhere with the weak derivative.

2.1.2 Weak derivatives

We recall the standard definition of the weak derivative from [1, Definition 1.62].

Definition 2.11 (Weak derivative). Let & C R be an open set and let u € Li (0). We
say that u is weakly differentiable if there exists a function Du € L{ (&) such that for
every ¢ € C§°(0)

/ﬁu(w)qﬁ'(as) dr = —/ﬁDu(xW(x) dz.

The function Du is called the weak derivative of wu.

We also have the following result

Proposition 2.12. Assume that n € N* = N\ {0}. Assume that u € L}, (O). If
two functions vi,vy € Li (O) satisfy the above condition (2.1.1), then vy = vy almost

everywhere. Hence we can write

D™y =
and call D™u the weak derivative of order n of function u.

Proposition 2.13. If a function u € L (0) is n-times weakly differentiable and 1 <
k < n, then u is k-times weakly differentiable and the weak derivative D¥u is (n—k)-times

weakly differentiable. Moreover,

D" *(Dky) = D™ almost everywhere.

The next result is a one-dimensional version of Sobolev embedding Theorem, see e.g. the

paper [28] by Jacques Simon.
Theorem 2.14. If a functionu € Llloc(ﬁ) 18 n-times weakly differentiable, so in particular
D™y € L} (O), then there exists a function @: € — C of C"™! class such that

u(z) = a(x) for almost all xz € 0. (2.1.2)

Moreover, if a function u € Llloc(ﬁ) is n-times weakly differentiable and D"u € L} (0)

with p € (1,00), then the function @ from the first part of Theorem, is of C"~1 class and

the @~V is locally Hélder continuous with exponent 1 — %.

Since Hélder continuity appears in Theorem 2.14, we recall the following definition.
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Definition 2.15. Let n € Ny and let a € (0,1). A function f : [a,b] — C belongs to
the Holder space C"%([a, b)) if f € C™([a,b]) and its n-th derivative satisfies the Holder

condition of exponent «, i.e.,
[f™ (@) = P y)| < Cle =yl z,y € [a,b],

for some constant C' > 0.

Remark 2.16. The notation C"1%([a,b]) is equivalent to the notation C"™%([a, b]) used,

for example, in Adams and Fournier [1, Section 1.29].

Definition 2.17 (Locally Holder continuous function). Let ¢ C R be an open set and
let @ € (0,1]. A function f : & — R is said to be locally Holder continuous with exponent

« if for every compact set K C & there exists a constant C'x > 0 such that

|f(z) — fy)| < Cklz —y|® for all x,y € K.

An interesting question is what happens when & is an open interval and the spaces Lf (O)

are defined in a slightly different way.
then there exists a function % : & — C of C™~! such that condition (2.1.2) is satisfied.

Definition 2.18. Assume that & is an open interval of R, i.e. one of the three following

forms

(i) 0 = (a,b) for some a < b € R.
(ii) € = (a,00) for some a € R.

(iii) & = (—o0,b) for some b € R.

Assume that f: & — C is Lebesgue measurable and p € [1,00). We say that u € LI (0)

loc

if and only if for every closed and bounded interval [¢,d] C O,

d
/ lu(z)|P dz < oo.

Moreover,

(i) We say that u € L ([a,b)) if and only if for every closed and bounded interval [a, d] C

loc

[a,b),ie. a<d<b
d
/ lu(z)|P dz < oo.
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We say that u € LT ((a,b]) if and only if for every closed and bounded interval [c,b] C

loc

(a,b],ie.a<c<b
b
/ lu(z)|P dz < oo.

(i) We say that u € LP ([a,o0)) if and only if for every closed and bounded interval

loc

[a,d] C [a,00),1e. a<d< o0
d
/ lu(z) P de < oo.

(ili) We say that u € LI ((—o0,b]) if and only if for every closed and bounded interval

loc

[c,b] C (—00,b], i.e. —o0 < c <),

b
/ lu(z)|P dz < oo.

Remark 2.19. Let us point out that the definition of what it means that D3u €
L?((0,00);C) is given in part (iii) of the Definition 2.18 above. The same comment

applies to condition D3u € L?((—00,0);C).

The following result if obvious.

Proposition 2.20. In the framework of Definition 2.18, every space defined there is a
proper subset of the corresponding LY (0), i.e.

loc

Lfoc([a” b)) U Lfoc
Lie([a, 00)) € L, ((a,00)

loc )
((=00,b]) C Ljpe((—00,b))

loc

((a,8]) € Li,c((a, D)),

loc

LP

loc

Proof. To show that the sets on left are proper subsets of the right we only consider the

case (ii) with a = 0 and p = 1. We will prove that a function f defined by

@)=, ze(0,00),

T

belongs to L ((0,00)) but it does not belong to LY ([0,00)).Indeed, if 0 < ¢ < d < oo,

loc loc
then

d dq d
/ |f(:c)|dx:/ Sdr=lnd—Inc=In(%) < oo
c x

c C

so that f € LP ((0,00)) but, if 0 < d < oo, then

loc

d d
/0 1 (@)| dz = 51551/5 f(@)ldz = lim (nd —Ine) = oo,

so that f ¢ LP (]0,00)). O

loc
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Example 2.21. If 0 is an open interval in R then it is of one of the four forms:
(i) € = (a,b) for some a < b€ R. Then O = [a,b].

(ii) 0 = (a,00) for some a € R. Then O = [a, ).

(iii) O = (—00,b) for some b € R. Then € = (—o0,b].

(iv) © =R. Then € = R.

Hence, the second part of Proposition 2.1/ in case (ii) can be written as follows.
If a function u € L}, .((a,00)), for some a € R, is n-times weakly differentiable, then there
exists a function @ : [a,00) — C of C" ! class such that (2.1.2) is satisfied.

Note that function 4 satisfies the following.

(0) limy, a1 (z) exists (and is denoted u(a+).
(i) If k€ {1,--- ,n— 1}, then lim,_ o\ a%)(z) exists (and is denoted @*) (a+).

This definitions allow us to work with functions that may not be smooth but still have

well-defined derivatives in the weak sense.

In what follows we use the following assumption.
Assumption 2.22. We assume that & is an open interval of R.

Remark 2.23. This is a special case of the Sobolev embedding Theorem. Moreover, the
classical n — 1 order derivative of function 4, i.e. @ is locally absolutely continuous in the
sense of [38, Definition 7.17], see also Theorem 7.18 therein.

The above Sobolev embedding Theorem can be strengthened in the following way. If a
function u € Llloc(ﬁ ) is n-times weakly differentiable, p € (1, 00), then C"~! class function

@ : 0 — C from above is locally Holder continuous of order av < 1 — %, see [39].

Proposition 2.3 can be generalized using absolutely continuous functions as follows.

Proposition 2.24. If ¢ C R is an open interval and a function v : 0 — C is of O™ 1-

(n=1) 4s absolutely continuous, then obviously v € L} (O) and, by [38, Theorem

class and u Toc

7.18], u™ (z) exists for almost all x € € and u(™ € L}, (0), and then u is n-times weakly
differentiable with the equality (2.1.1) satisfied with function v = u™| ie.

D"y = u(™,

Proof. The proof follows by applying n — 1-times the Integration by parts formula from
[37, Theorem 6.22] and then [38, Theorem 7.18]. O
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Definition 2.25. Assume that n € N*. If & C R is an open interval, then function
u: 0 — C belongs to H"(0) if and only if u € L?(&) and all weak derivatives D*u for
k < n exist and belong to the space L?(0).

The following result can be proved (and is well known).

Proposition 2.26. If & C R is an open interval, then the space H"(O) is a Hilbert space

endowed with the following inner product,

{(u,v)gn = Z/ D¥u(x) DFv(z) d.
k=0"7
In particular, space H(0) is equal to L*(0).
The above mentioned Sobolev Embedding Theorem, i.e. Theorem 2.14, takes the following

form

Theorem 2.27. If u € H"(O) then @ € C"'T%(0) with o € [0,3) and D" lu is

absolutely continuous, and the map
H"(0) 3 uw @€ C"1(0)
is linear and bounded.

Usually, the function 4 is identified with u and denoted simply by w.

Definition 2.28. If & C R is an open interval, then a function u : & — C belongs to
H[ (0)if and only if u € L2 (0) and all weak derivatives D*u for k < n exist and belong
to the space L2 (&), see Definition 2.18.

loc

Remark 2.29. Let us point out that if ¢ is an open and bounded domain, then the

following two conditions are equivalent.
(i) we H"(0),
(ii) u € L?(0) and the weak derivative D™u belongs to the space L?(&).

But this is not true when & is an open but unbounded domain.
On the other hand, if & is an open domain, then the following two conditions are equiv-

alent.
(iii) v e H (0);

(iv) u € L (0) and the weak derivative D"u belongs to the space L2 _(O).

loc loc
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The above definition needs to be generalized to the setup from Definition 2.18 in the

following way.
Definition 2.30. Assume that & is an open interval of R, i.e. one of the three forms

listed in Definition 2.18. A function u : & — C belongs to

(i) H.([a,b)) if and only if u € L% (]a,b)) and all weak derivatives D¥u for k < n exist
and belong to the space L% ([a,b)).

(i) Hy

loc

((a,b]) if and only if u € L2 .((a,b]) and all weak derivatives D¥u for k < n exist

and belong to the space L% ((a,b]).

(ii) Hp.(Ja,00)) if and only if u € L2 ([a,00)) and all weak derivatives D¥u for k < n

loc

exist and belong to the space L2 ([a,0)).

(iii) HP.((—00,b]) if and only if u € L2 ((—o00,b]) and all weak derivatives D¥u for k < n
exist and belong to the space L2 ((—o0,b]).

loc

It follows from the above mentioned Sobolev embedding theorem that

1
Theorem 2.31. if u € HJ} .(0) is then @ € Cﬁj2 (O0). The function G is usually denoted
stmply by u.

Similarly,

(i) if u € H([a,h)) then @ € Cl 3 ([a, b))

(v) if u€ Hi((a.b]) then @ € Cpt *((a,b])

(ii) if u € Hfyy(la,00)) then i € Clit  ([a,00))
(iii) if u € Hito((~00,b]) then @ € Ciet * ((~00,b])

In what follows we will identify % and write only w.

We have the following Corollary.

Corollary 2.32. Assume that O is an open interval in R, i.e. one of the three forms
listed in Definition 2.18. If uw € H} ([a,00)) oru € H{ ([a,b)) then

(0) l_i>m+ u(z) exists (and is denoted u(a+).
(i) If k€ {1,--- ,n — 1}, then lim,_,qy u®(z) exists (and is denoted @) (a+).

If ue HJ ((—o0,b]) oru e H ((a,b]), then
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(o) lim,_,p— u(x) exists (and is denoted u(b—).

(i) If k€ {1,--- ,n — 1}, then limy_y,_ u'® () exists (and is denoted u® (b—).

A special case is the following result.
Proposition 2.33. A function u belongs to Hp .(O) if and only if the following conditions

satisfies

(o) A function u is of C?-class,

(B) The second order (classical) derivative u” is absolutely continuous, and hence classi-

2
loc*

cally differentiable at almost every x € R belongs to the space L
Example 2.34. The following definitions are equivalent.

(i) We say that w € H' (R, C) if and only if u € L*(R,C) and the weak derivative Du exists
and belongs to L*(R, C).

(ii) We say that u € H'(R,C) if and only if u € L*(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u' exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L*(R, C).

(iii) We say that w € H*(R,C) if and only if the Fourier transform Fu = @ satisfies the
following condition

La+1ePla©) de < oc.
See [36, Definition 8.8].

Definition 2.35 (Definition 3.2(c), [1]). Let © C R be an open set. We define the Sobolev
space H{ () as the closure of C§°(Q) in H(Q).

Remark 2.36. The following facts are useful in the applications considered later.
(i) One has

see [1, Corollary 3.23].

(ii) In contrast,

Hy(R\{0}) # H'(R\ {0}).
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(iii) The space H'(R \ {0}) may be identified with
H'((—00,0)) @ H*((0,0)).

In particular, a function u € HY(R \ {0}) has, in general, two unrelated traces at the

origin, namely u(0—) and u(0+).

(iv) The space H}(R\ {0}) consists of those functions in H'(R \ {0}) which can be ap-
proximated in H1(R\ {0}) by functions from C§°(R \ {0}).

One can replace H'(R, C) space by space H"(R,C).

Example 2.37. The following definitions are equivalent.

(i) We say that w € H™(R,C) if and only if u € L*(R,C) and the weak derivative Du
exists and belongs to L*(R,C).

(ii) We say that u € H"(R,C) if and only if u € L*(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u' exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L*(R,C).

(ii) We say that w € H"(R, C) if and only if the Fourier transform Fu = 4 satisfies the

following condition

[a+1EP)a© s < o.
R

See [36, Definition 8.8].

One can replace H!(R, C) space by space H'(0,C).

Example 2.38. The following definitions are equivalent.

(i) We say that u € H (R, C) if and only if u € L*(R,C) and the weak derivative Du exists
and belongs to L*(R, C).

(ii) We say that u € H (R, C) if and only if u € L*(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u' exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L*(R,C).

One can replace H'(0,C). space by space H"(0, C).
Example 2.39. The following definitions are equivalent.

(i) We say that uw € H' (R, C) if and only if u € L*(R,C) and the weak derivative Du exists
and belongs to L*(R,C).
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(ii) We say that u € H'(R,C) if and only if u € L*(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u' exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L*(R, C).

2.2 The spectrum of bounded and unbounded linear oper-

ators

The following material is based on [35, section VIIIL.1].

Definition 2.40. Assume that H is a Hilbert space with inner product denoted by (-, )
and T : D(T) — H, where D(T) C H, is a linear transformation (or map or function).

The graph of T is the following set

I(T) :={(x,Tx) e Hx H:x € D(T)}
={(z,y) e Hx H:xze€ D(T), y="Tzx}.

A linear map T is called closed if and only if the graph I'(T') is a closed subset of H x H.

We have the following basic result which we do not prove, see [35, ch. VIII, p.250].

Proposition 2.41. The set H x H is a vector space under component-wise addition and

scalar multiplication, i.e.

(z1,91) + (z2,92) = (21 + 22,91 + ¥2).
a(z,y) = (az, ay)

Moreover, H x H is a Hilbert space with the inner product defined by
(z1,91), (x2,¥2))HxH = (T1,72) 5 + (Y1, Y2) H-
The following based on [35, section VL.3. p. 188].
Definition 2.42. Let X be a normed vector space. We denote by
Z(X)

the space of all bounded linear operators from X into X.

Definition 2.43. Assume that X is normed vector space. Let T' € Z(X).
(a) An element x € X \ {0} which satisfies

Tx = Az
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for some A € C is called an eigenvector of T. The corresponding number A is called
an eigenvalue. The set of all eigenvalues is called the point spectrum of T and
denoted by o,(T).

(b) The resolvent set of T is the set, denoted by p(T), of all A € C such that the linear

map Al — T is an isomorphism from X onto X.

(c) The complement of the resolvent set of T, denoted by o(T), is called the spectrum
of T, i.e. denoted by p(T), i.e.

o(T) =C\ p(T).

Note, that if A is an eigenvalue, then AI — T is not injective and therefore A belongs in

the spectrum of 7. In other words,
op(T) C o(T).

Definition 2.44. Assume that X is a normed vector space and let L : D(L) C X — X

be a linear map.

(a) An element z € D(L) \ {0} satisfying
Lz = \x

for some A € C is called an eigenvector of L. The corresponding number X is
called an eigenvalue. The set of all eigenvalues is called the point spectrum of
L and is denoted by o,(L).

(b) The resolvent set of L is the set

p(L):={\eC: (M —L): D(L) — X is bijective and (\I — L)™' € Z(X)}.

(¢) The complement of the resolvent set is called the spectrum of L, namely
o(L) := C\ p(L).

This definition follows [35, Chapter VIII, p. 253].

2.3 Adjoints and self-adjoint extensions

Let us recall the following definition.
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Definition 2.45. Assume that H is a Hilbert space with norm || - || and E is a subset of
H.

(i) The set E is said to be dense in H if and only if for every w € H and every § > 0 there
exists ¢ € E such that
lu— o] <.

(ii) The closure E in H is the smallest closed set that contains E.

Example 2.46. One can prove the following result. The closure E in H is the set of all

elements w € H such that there exists a sequence (¢p,) C E with ¢, — u in H, i.e.,
E = {u € H : 3(¢n) C E such that Jim lon — ul| = O}.
Example 2.47. Q,R\ Q C R are dense, but N C R is not dense.

The following result is stated as [34, Ex.10- p.194].

Proposition 2.48. Assume that —oo < a < b < co. Then the set C§°(a,b) is a dense
subset of L*(a,b). In particular C§°(R) is a dense subset of L?(R). Moreover, C§°(R\{0})

is also a dense subset of L*(R).

Proof. We only prove the last assertion. Let f € L?*(R) and let ¢ > 0. Since C§°(R) is
dense in L?(R), there exists ¢ € C§°(R) such that

| ™

1f = dllremw) <

Choose a smooth cut-off function x5 € C*°(R) such that

0<xs<1, xs(z) =0 for |z| <4,

and
xs(x) =1 for |z| > 26.
Set
Ps(x) == xs(x)p(x).
Then
¢s € Cg° (R {0}).
Moreover,

26

6= bilam = [ 1= xs@Plo@)Pde < [ o(a) da.

—26
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Since ¢ € L?(R), the last integral tends to zero as § — 0. Hence, for sufficiently small
>0,
€
19 — Vsl L2m) < 3

Therefore,

1f = Ysllzwy < If = Bll2w) + 16 — ¥sllow) <e.
Thus C§°(R \ {0}) is dense in L?(R). O

The following characterization of dense subsets is standard; see, for example, [36, Chap-

ter 1].

Remark 2.49. Assume that
H=IL*R), FE=CR).

Then following conditions are equivalent.

(i) The set F is a dense subset of H.
(ii) For every u € H and every § > 0 there exists ¢ € F such that

lu— ol <.

(iii) for every u € L?(R) and every & > 0 there exists
¢ € C3°(R) : such that ¢ € B(u,9d),

where
B(u,6) :={v & L*(R) : |ju — vl|2m) < 6}

is the open ball in L?(R) centred at v with radius 4.
(iv) for every u € L?(R) there exists a sequence {¢,}°; such that
¢n € C(R) and ¢, — u in L3(R).
The last condition means that ||u — ¢,| — 0 as n — oo.

(v) The closure E in H is equal to H.

Densely defined operators play an important role in operator theory, since the adjoint of

an operator can be defined only when the operator is densely defined.
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Definition 2.50 (Densely defined [35], p.249). Let H be a Hilbert space. A linear
operator A, with domain D(A), on a Hilbert space H, i.e. D(A) is a subspace of H and
A: D(A) — H, is called densely defined if and only if, D(A) is a dense subset of H, i.e.

Definition 2.51 (Adjoint operator [35], VIII, p.252). Let A : D(A) C H — H be a
densely defined linear operator on a Hilbert space H. An element u € H is said to belong

to the domain D(A*) of the adjoint operator if and only if there exists z € H such that
(Ad,uyg = (&, 2) m, for every ¢ € D(A). (2.3.1)

Exercise 2.52. Prove, in the framework of Definition 2.51, that if two elements 21, 20 € H

satisfy condition (2.3.1), then z; = z».

Solution of Exercise 2.52. Assume z1, z9 satisfy (2.3.1). Then for all ¢ € D(A)

(¢,21) = (Ag,u) = (¢, 22).

Hence
(p,21 —22) =0 for all ¢ € D(A).

Since D(A) is dense in H, it follows that z; — 2o = 0, so 21 = 25. O

This Exercise implies that the following definition makes sense.

Definition 2.53. Let A be a densely defined linear operator on a Hilbert space H. For
u € D(A*), the element z € H satisfying (2.3.1) is uniquely determined. We define

A*y = z.

The operator A* is called the adjoint of A.

One can prove the following result, see [35, VIII, p.252].

Proposition 2.54. Let A be a densely defined linear operator on a Hilbert space H. An
element v € H belongs to D(A*) if and only if there exists a constant C' > 0 such that

[(Au, v)| < C|lul| for allu € D(A). (2.3.2)

The next result is a standard consequence of the Riesz representation theorem.
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Proposition 2.55. Let A be a densely defined linear operator on a Hilbert space H. Then

the adjoint operator A* exists.

Proof of Proposition 2.55. Let u € D(A*). By Definition 2.51, the map

¢ — (Ap,u)
defines a linear functional on D(A).

If (2.3.2) holds, this functional is bounded. Since H is a Hilbert space, the Riesz repre-

sentation theorem implies the existence of a unique element z € H such that

(Ap,u) = (p,z) for all p € D(A).

We therefore define A*u = z, which proves that the adjoint operator exists. O

Definition 2.56 (Symmetric [35], VIIL.2, p.255). Assume that A is a densely defined

linear operator on a Hilbert space H. We say that A is symmetric if

(A9, ¥) = (¢, Ay)  for all ¢, ¢ € D(A).

Proposition 2.57. Assume that A is a densely defined linear operator in a Hilbert space
H. If A is symmetric, then
AcC A%,

that is,

D(A) C D(A*) and A¢=A*¢ for all ¢ € D(A).

Proof of Proposition 2.57. If A is symmetric, then

(A9, ¥) = (¢, Ay)  for all ¢, ¢ € D(A).

Fix ¢ € D(A). The map

)= (Ag, )
defines a bounded linear functional on D(A). Hence, by the definition of the adjoint,
¢ € D(A*) and

A*¢p = Ag.

Therefore D(A) C D(A*) and A¢p = A*¢, which means A C A*. O
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Next, we recall several fundamental concepts concerning self-adjoint extensions of sym-
metric operators in Hilbert spaces. In particular, we introduce deficiency subspaces and
deficiency indices and state the classical von Neumann theorem describing all self-adjoint

extensions.

Definition 2.58 ([35], p.39). Let H; and M2 be two Hilbert spaces. They are said to be

isomorphic if there exists a linear operator
U:Hi— Hs
which is onto and satisfies
Uz, Uy)u, = (T, Y)H; for all z,y € H;.
Such an operator U is called a unitary operator.

The following definition based on [34, Section X, Theorem X.2, v.2, p. 138].

Definition 2.59. Suppose that A is a symmetric operator on a Hilbert space H. Define
the deficiency subspaces of Ay by

Hy =ker(i — A}) = Ran(i + Ag)t,  H_ =ker(i + A}) = Ran(—i + Ap)* .
The pair of numbers ny(Ag) and n_(Ap) defined by
n-l—(AO) = dlm(H+)7 n— (AO) - dlm(H—)a

are called the deficiency indices of linear map Ag.

Let us formulate the following fundamental result, see [34, Section X, Theorem X.2, v.2,

p. 141].

Theorem 2.60. Assume that Ag : D(Ag) C H — H be a densely defined closed symmetric

operator, and let ny and n_ be its deficiency indices. Then

1. Ag is self-adjoint if and only if n,. =n_ =0.
2.(1) There exists an operator A such that
A:D(A) — H :D(Ap) C D(A), and Apx = Az, x € D(Ap)

and A = (A)* if and only if ny =n_.
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(i) There exists a bijective correspondence between the set of all self-adjoint exten-
sitons of Ay and the set of all unitary maps from Hy onto H_. To be precise, for

each unitary operator
C:Hy — H_, H+ = ker(Ay Fil),
we define the operator A by

D(AY) := {u =ug+uy +Tuy : ug € D(Ag), us € H+},
(2.3.3)
A% (ug + uy 4+ Tuy) = Aug 4+ iuy —iTug.
Then A€ is self-adjoint and satisfies
Ag C AY C A}
Conversely, if A is a self-adjoint extension of a symmetric densely defined linear map
Ay, then there exists a unique unitary operator C : Hy — H_ such that A = A,
(iii) In other words, the family of all self-adjoint extensions of Ag is equal to the
family {A® : C e U(Hy,H_)}
We used the following notation.

Let us formulate the following two important consequences of the above result.

Corollary 2.61. If Ag is symmetric operator and ny = n_ = 0, then Ay has a unique

self-adjoint extension.

Corollary 2.62. If Ay is symmetric operator and ny # n_, then Ay has no self-adjoint

extension.

2.4 The Cayley Transform

In this section, we recall the Cayley transform and explain its connection with von Neu-
mann’s extension theory. The Cayley transform is a classical tool which relates symmetric
and self-adjoint operators to isometric and unitary operators. We follow the presentation

in Akhiezer and Glazman [3, Section 67].

Definition 2.63. [Cayley Transform| Let A be a closed symmetric operator on a Hilbert
space H. The Cayley transform of A is the operator

Va=(A—il)(A+il)™
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defined on
D(Vy) = Ran(A +iI),
with
Ran(Vy4) = Ran(A —iI).
Equivalently,

Va(A+il)u = (A —il)u, u € D(A).

Remark 2.64. The Cayley transform V4 is an isometry. Indeed, for every u € D(A),
(A +iD)u|| = || Aul]? + [Ju]l? = [[(A = il)u]?,

which implies
IVa(A+ il )ul| = [|(A + il )ul|.

Hence the Cayley transform converts the study of the possibly unbounded operator A

into the study of an isometric operator Vjy.

Definition 2.65. [Inverse Cayley Transform] Let V' be an isometric operator such that

I —V is injective. The inverse Cayley transform is defined by
A=i(I+V)I-V) L

Equivalently, if
1
h=—I-V
then

Ah = %(I+V)f.

Remark 2.66. The Cayley transform provides an equivalent formulation of von Neu-
mann’s extension theory. A closed symmetric operator is self-adjoint if and only if its
Cayley transform is unitary. Consequently, the problem of describing self-adjoint ex-
tensions is equivalent to extending the Cayley transform from an isometry to a unitary
operator. This is equivalent to von Neumann’s classification by unitary maps between the

deficiency subspaces.

Proposition 2.67 (Connection with von Neumann’s Theory). Let A be a densely defined

closed symmetric operator on a Hilbert space H, and let
H, = ker(A* — i), H_ =ker(A* +il)

be its deficiency subspaces.
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By von Neumann’s theorem, every self-adjoint extension of A is uniquely determined by

a unitary operator
U : H+ — H_.

On the other hand, the Cayley transform
Va=(A—il)(A+il)™?

is an isometric operator from Ran(A +iI) onto Ran(A —il).

The deficiency subspaces satisfy the orthogonal decompositions
H =Ran(A+il)® H_,

and

H =Ran(A—il)® H,.

Therefore, extending the isometry V4 to a unitary operator on H is equivalent to choosing

a unitary operator
U : H+ — H_.

Hence the Cayley transform provides an equivalent formulation of von Neumann’s exten-
sion theory: self-adjoint extensions of A correspond precisely to unitary extensions of the

Cayley transform V4.

2.5 Unitary operators

Remark 2.68. In what follows, the term operator will always mean a bounded linear

map. The abbreviation ONB denotes an orthonormal basis.

Definition 2.69. [35, p.39]. If X and Y are two complex Hilbert spaces, a linear surjec-

tive, i.e. onto, map T : X — Y is called unitary if and only if for all 1, x5 € X,
(T(z1), T(z2))y = (T1,72) X"

Two complex Hilbert spaces X and Y are said to be isomorphic if and only if there exists

a unitary operator T': X — Y.

Note that if a linear map T : X — Y is unitary then not only it is surjective but also

injective, hence bijective.

Exercise 2.70. Prove that if a linear map 7' : X — Y is unitary then it is injective.
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Solution to Ezercise 2.70. To show that T is injective, we need to prove that if T'(z1) =

T(xz2), then 1 = xo.
Assume T'(x1) = T'(x2) for some x1, 72 € X, and we put x = 21 — x2. Then we have:
T(x1) = T(x2) = T(x1 — x9) = T(0) = 0.

Thus,
T(z) =0. (2.5.1)

Since T is unitary, we can apply the inner product such that

(T(2), T(x))y = (z,7)x. (2.5.2)

Substituting by (2.5.1) into the equation (2.5.2), we get
0,0)y = (z,z)x.
Since the zero vector with itself is zero, this leads to
0={(z,x)x.

Since the inner product is zero if and only if the vector itself is the zero vector in a Hilbert
space, this implies that
=0

. Therefore x1 — z2 = 0 and hence we infer that x1 = zs. O

Proposition 2.71. Assume that X and Y are two complex Hilbert spaces and a map
T:X —Y is unitary. Assume that X1 and Y1 are two complex Hilbert spaces such that

X1 is isomorphic to X and Y7 is isomorphic to Y and let
S: X1 —>XandS: Y7 =Y
are the corresponding unitary operators. Then the map
R_loToS:Xl - Y

s also unitary.
Proposition 2.72 (Proof of Proposition 2.71 is trivial and hence omitted).

Definition 2.73. Assume that X is a vector space. A finite set {e,...,e,} C X is called
a basis of X if and only if
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(i) the vectors ey, ..., e, are linearly independent, i.e.
arer+ - Fope, =0 = ar=---=aq,=0,
for all scalars aq,...,a, € K, where K denotes the scalar field R or C. and

(ii) they span X, i.e.

X =span{ey,...,ep} = {arer + -+ anen : a,...,a, € K}.

One can show the following result.

Proposition 2.74. If {e1,...,e,} and {f1,..., fx} are two bases of X, then n = k.

Hence the following definition is well posed.

Definition 2.75. If X is a vector space. Then dim X = n if and only if X has a basis
{e1,- -+ ,en} consisting of n elements. If no finite basis exists, then X is said to be infinite-

dimensional.

Proposition 2.76. Assume that X and Y are two complex Hilbert spaces and a map
T:X =Y is unitary.

If (e,) is (a finite or infinite) ONB of X, then (Tey,) is (a finite or infinite) ONB of Y.
If (en) is (a finite or infinite) ONB of X and (f,) is (a finite or infinite) ONB of Y and
T:X —Y isa linear map such that

fn=T(en), n €N,

then T is unitary.

Definition 2.77. [21, p.4]. A unitary matrix of dimension n is the matrix of a unitary

operator T : C" — C" with respect to the canonical basis {e1, -+ ,e,}.

Proposition 2.78. Assume that X and Y are two complex Hilbert spaces of dimension

n.

(i) Let T : X — Y be a unitary operator. Let (e;)7_; be an ONB of X and (f;)}_,
be an ONB of Y. If A is the matriz of T with respect to these bases, then A is a

unitary matriz.

(ii) Conversely, assume that A is a unitary n x n matriz. Let (e;)7—; be an ONB of X

and (fj)j—1 be an ONB of Y. IfT': X =Y is a linear operator whose matriz with

respect to these bases is A, then T is a unitary operator.
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Example 2.79. For a € C, define
U,:C—C, Uy,z = az.

Then Uy is unitary if and only if

la] = 1.

Thus the unitary operators on the one-dimensional Hilbert space C are parametrized by

T={aecC:|al=1}.

2.6 Closed and closable operators, adjoints, and operator

extensions

Let us recall some basic definitions.

Definition 2.80. Assume that H is a Hilbert space and A and B are linear operators in
H with domains D(A) and D(B). We write A C B and say that B is an extension of A,
if and only if

D(A) c D(B), and Az = Bz, x € D(A).

Definition 2.81. Assume that H is a Hilbert space and A, with domain D(A), is a
symmetric operator. We say that A has a self-adjoint extension if and only if there exits

a linear self-adjoint operator B in H with domain D(B) such that A C B.

Definition 2.82. Assume that H be a Hilbert space and let A be a linear operator
A:D(A)CH— H.
The graph of A is the subset of H x H defined by

I'(A):={(z,Az) e H x H : x € D(A), y = Ax}. (2.6.1)

The operator A is called closed if and only if T'(A) is a closed subset of H x H.

The following result gives an equivalent form of the definition of a closed operator.

Proposition 2.83. Assume that A is a linear operator in a Hilbert space H. Then A is
closed if and only if the following condition is satisfied.
If a sequence (u,) C D(A) satisfies

u, —uin H and Au, — v in H.
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then
u€ D(A) and Au=v.

Proof of Proposition 2.83. Recall that A is closed if and only if its graph I'(A) defined in
(2.6.1) is a closed subset of H x H. Let (u,) C D(A) be such that

U, —uin H and Au, — v in H.

Then
(Un, Aup) — (u,v) in H x H.

Since (uy, Auy,) € I'(A) and I'(A) is closed, we conclude that
(u,v) € T'(A).

By (2.6.1) this implies v € D(A) and Au = v. O

Definition 2.84 (Closable definition p.250 [35]). Assume that A is a linear operator in
a Hilbert space H. We say that A is closable if and only if it has a closed extension.

Definition 2.85. [37, Definition 2.26] Let E C X, where X is a metric space. The closure
of B, denoted by FE, is defined

E:={z€X:VYe>0, B(z,e)NE #0}.

Equivalently, E is the union of E and the set of all limit points of E, i.e. E = EU E’,
where E’ is the set of all limit points of E.
Equivalently, € E if and only if there exists a sequence (z,) of elements E such that

T, — x in X.

Remark 2.86. According to the definition of closure in a topological space, see [35,
Theorem IV.1, p. 96]), we have the following characterization. Here X = H x H and
E=T(A).

Assume that A, with domain D(A), is a linear operator in a Hilbert space H. An element

(z,y) belongs to T'(A) if and only if there exists a sequence (zy,, y,) of elements I'(A) such
that
(Tn,Yn) — (z,y) in H x H.

Proposition 2.87. Assume that H is a Hilbert space and Ay : D(Ag) — H, where
D(Ay) C H, is a closable linear operator. Then there exists a unique closed operator S

in H such that the following two conditions are satisfied:

(i) Ao C S,
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(ii) if Ay is a closed extension of Ao, then S C Aj.

Definition 2.88. The unique operator S from Proposition 2.87 is called the smallest

closed extension or the closure of Ay and is denoted by Aj.

Proof of Proposition 2.87. To prove uniqueness, suppose that S and M are two closed

operators in H satisfying both properties (i) and (ii) with respect to Ag.

Since S satisfies property (ii), we can apply it with 47 = M, because M satisfies property
(i). Thus, we conclude that S C M. Similarly, since M satisfies property (ii), we can
apply it with A; = S, because S satisfies property (i). Hence, M C S. Therefore, we

conclude that S = M, proving uniqueness. O

To prove existence, consider the closure of the graph of Ag, i.e.

F(A[)) C HxH.

Since Ay is closable, this closure is the graph of some operator. We need to show that,
since S is closed and extends Ay, the limits (z,2;) and (z,22) belong to I'(S). Hence
21 = Sx = 29.

let us choose and fix (z, 21), (x, 22) € I'(Ap). By the previous result in Remark 2.86, there
exists two I'(Ap)-valued sequences (x,,yy) and (), y},) such that (z,,y,) — (z,21) and
(), yl,) — (z,22). Let S be a closed extension of Ay, i.e. T'(4p) € T'(S). The above

implies that sequences (zy,y,) and (z,,y;,) are I'(S)-valued and (z,z1), (z,22) € T'(5).
This implies z; = S(x) and zo = S(x).

Let us denote by B a function B : D(B) — H such that I'(B) = I'(Ap). Then one can

show that B is a linear operator. Since I'(B) = I'(Ap) and I'(Ap) is the graph of a linear

operator, it is a linear subspace of H x H. The closure of a linear subspace is again a
linear subspace by [36, Theorem 1.13 p. 11], so I'(B) is a linear subspace. Therefore, B

is a linear operator.

Hence B is closed because its graph is closed. By construction, this operator B extends
Ap. Moreover, B is contained in every closed extension of Ag. Hence, B is the smallest

closed extension of Ag. The proof is complete. O

The proof of the next result can be found in [33, Proposition 10.34].

Proposition 2.89. If A is a densely defined symmetric operator in a Hilbert space H,

then A is closable.



Preliminaries 32

Exercise 2.90.(i) Assume that Ay is a linear operator in a Hilbert space H. Show that
the set I'(Ag) is a subspace of H x H.

(ii) Assume that Ay is a bounded linear operator in a Hilbert space H with D(Agy) = H.
Show that Ag is closed.

Solution of Exercise 2.90. Proof of Part (i), let Ay be a linear operator with domain
and D(Ap) C H. Define its graph as

T'(Ag) := {(z, Aoz) € H x H | x € D(Ap)}.

By [36, Definition subspace p.6], Since D(Ap) is a linear subspace, 0 € D(Ap). Because
Ay is linear, we have Ag(0) = 0. Therefore, (0,0) € I'(Ap).

Let (1, Aox1), (z2, Aox2) € I'(Ap), and let o, 5 € C be scalars. Then x1, 22 € D(Ap), and
since D(Ap) is a subspace, axj + Bzo € D(Ag). Moreover, by linearity of Ap, we have:

Ap(azxy + Bxa) = aApxy + fAozs.

Thus,
(axy + Pro, aAoxy + BAoxz) € I'(Ap).

Since I'(Ap) contains (0,0) and is closed under linear combinations, so I'(Ay) is a subspace
of H x H.

Proof of Part (ii), by Definition 2.82, A is closed if and only if its graph I'(A4) defined
in (2.6.1) is closed subset in H x H with the inner product.

Let (2, Aozyn) — (x,y) in H x H, such that

p, — 2 and Aoz, —y in H.

Since Ag is bounded and D(Ay) = H, the operator is continuous. Therefore, if =, — z,
then Aox, — Apz. By uniqueness of limits we obtain y = Agz. Therefore (z,y) € I'(Ap)
and I'(Ap) is closed.

The following Theorem based on [35, Section VIIL.1, p.250-253].

Theorem 2.91. Let A be a densely defined operator on a Hilbert space H. Then:
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(a) A* exists and is closed.

(b) A is closable if and only if D(A*) is dense. In this case, A*™ := (A*)* ewists, is
closed (by (a)) and

A= A"

(c) If A is closable, then

(A)* = A,

Corollary 2.92. Let A be a densely defined symmetric operator on a Hilbert space H.

Then A is closable, its closure A is symmetric, and

(A)* = A*.
Consequently,
ker(A" — iI) = ker(A* —iI),
and
ker(A" + iI) = ker(A* 4 iI).
Therefore,

(@) =ni(4),  n_(A)=n_(A).

Proof. By Proposition 2.89, the operator A is closable. Since A is symmetric, its closure

A is also symmetric. Moreover, by Theorem 2.91,
(A)* = A*.

The equalities of the deficiency subspaces and deficiency indices follow immediately. [

2.7 Ellipticity on one-dimensional domains

In this section we recall a basic regularity result for elliptic differential operators on the
real line. The result we use is a one-dimensional special case of elliptic regularity, see [36,
Theorem 8.12, p. 220].

Definition 2.93. Suppose that & is an open interval in R, i.e. 0 = (a,b). Let N € N

denote the order of the differential operator, and let

N
L=> a,DF (2.7.1)
k=0
where a € C*°(0) for k =0,..., N, and the leading coefficient ay is a non-zero constant.

The operator L is called elliptic if and only if ay # 0.
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The formal adjoint of L is a differential operator defined by
L*¢ = Z Y D*(ayo).

Remark 2.94. We use the standard notion of ellipticity for one-dimensional differential

operators adopted in [36, Theorem 8.12, p. 220]. In particular, the operator

N
L=> a,DF
k=0
is called elliptic whenever its principal coefficient satisfies
an(z) #0, redl.

Theorem 2.95. Suppose that O is an open interval in R. Assume that the operator L
defined by (2.7.1) is elliptic. Let u,v € L (0) and suppose that

Lu=wv
in the weak sense, i.e. for every ¢ € C3°(0)

/ﬁv(x)ﬁdm:/ﬁu(aﬁ)mdaﬁ

Then u € HY (0), see Definition 2.28.

We will use this theorem in finding the domain of adjoints of certain in-homogenous partial

differential operators in L? spaces.

Theorem 2.96. Suppose that € is an open interval in R of one of the three forms listed
in Definition 2.18. Assume that operator L defined by (2.7.1) is elliptic and assume that
u,v € L2 (0) satisfy

Lu=v
in the weak sense. Then, see Definition 2.30,
(i) if 0 = (a,b) and u,v € L% ([a,b)), then u € HY ([a,b)).
(i) if 0 = (a,b) and u,v € LE ((a,b]), then u € H{Y.((a,b]).
(i) if 0 = (a,00) and u,v € L} ([a,00)), then u € HY.([a,00)),

(iii) if © = (—o0,b) and u,v € L ((—00,b]), then u € HY ((—00,b]).



Chapter 3

First order differential operator

In this chapter, we study first-order differential operators in various settings. We begin
with the analysis of such operators on a bounded interval, where we characterize all self-

adjoint extensions of a symmetric operator.

We then extend the study to unbounded domains, including the real line and the punc-
tured real line, where additional difficulties arise due to the presence of singular points.
In these cases, we investigate symmetry, determine the adjoint operator, and compute the

deficiency indices.

The results obtained in this chapter provide a foundation for the analysis of higher-order

differential operators and more general settings considered in the subsequent chapters.

3.1 First-order differential operator on a bounded interval

3.1.1 symmetry and Characterization of all self-adjoint extensions of

first-order operator

We will use the above result to determine all self-adjoint operators which are extensions

of symmetric operators in the cases we studied before.
Before we do this, let us analyze in detail [34, Example 1, p. 141].

Example 3.1. We consider the Hilbert space

H =L?(0,1;C)

35
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with the standard inner product and norm and a linear operator Agy defined by

D(4Ao) = C5°((0,1); C)
Agu = i/ = iDu, if u € D(Ayp).
It is known that C§°(0, 1) is dense in L?(0, 1), see Proposition 2.48 and [34, Ex. 10, p. 194];

for another approach, one may apply Lusin’s theorem [38, Theorem 2.24]). Hence Ag is
densely defined.

To check symmetry, let u,v € C§°(0,1). Then

(Aou,v) — (u, Agv) = /1 iv'(z)v(x) de — /01 u(x) v (x) dx.

0

By Integration by parts formula from [37, Theorem 6.22],

R 1

1
/0 i/ (z) v(x) de = i[u(z)v(z)]d — / u(x) v’ (x) dx,

0

S0

(Aou, v) — (u, Agw) = ifu(z)v(@)];.

Since u,v € C3°(0,1) vanish at 0 and 1, the boundary term is zero, hence

(Aou,v) — (u, Agv) = 0.

Thus Ag is symmetric and densely defined.

Remark 3.2. Since Ag is densely defined and symmetric, Proposition 2.89 and Theorem

2.91 implies that Ay is closable, A is symmetric, and
()" = 4.

Consequently,
n+(Ao) = ni(A).

We claim that

D(Af) ={u:(0,1) = C: v ewist,
1 1

and / [/ (x)2dz < oo and / lu(x)Pdz < oo}
0 0

1
= {u:[0,1] = C: u is absolutely continues and / |u'(2)|?dx < oo}
0
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Moreover
Abu =i, if D(A).
Proposition 3.3. If S*=5:5 D Ay, then 3 A% : |a] =1 and S = A“.

Proof of Proposition 3.3. Suppose that S is a self-adjoint operator, i.e. S* = S, such that
S D Ag. Then, one can show that

D(S) = D(4})

and
S* =i, ifue D(S).

Indeed, since Ag C S, we know from general operator theory that S* C Af, see [35,
Definition p.252, VIIL.1]). But S is self-adjoint, i.e. S = S*, then S C Ajf, so we obtain

D(S) C D(A4), Su=iu', ue D(S).

On the other hand, because S is a maximal symmetric operator, its adjoint cannot be

smaller than Aj, hence Aj C S*. Therefore
D(S*) = D(A}), S*u =i, ue D(S*).
Take two arbitrary elements ¢ € D(S) and ¢ € D(S). Then by the Integration by parts

formula from [37, Theorem 6.22] for absolutely continuous functions, see [38], we have the

following equalities

1 1
(50,6)1 = (6.5%)s = [ 16/ (@)(a) da — | 6()0) do
1 . 1
=il /O ¢ (2)0() do + /0 (@) ¥ (@) da]
=il [ 6@ da + 9000 (3.1.1)

0O + [ o)) do]

Since S is self-adjoint and hence symmetric, we get
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Let now assume further ¢ € D(S) \ D(Ap). Hence by (3.1.1) and (3.1.2) we infer that
illo(1)]* — 16(0)]*) = 0
This implies that |¢(1)|? = |#(0)|* and therefore we deduce that
[o(1)] = |$(0)]- (3.1.3)
Next we claim that

$(0) # 0. (3.1.4)

Indeed, if ¢(0) = 0, then by (3.1.3) we would get ¢(1) = 0 what would imply that
¢ € D(Ap). This is impossible.

It follows from (3.1.4) that there exists @ € C such that |a| = 1 and

¢(1) = ag(0). (3.1.5)

It is enough to put o = % € C. Then indeed, |a| = % = 1 and equality (3.1.5) holds.

By the same argument, if ¢ € D(S)\ D(Ap), then there exists 8 such that ¢ (1) = 5(0).
We claim that

B =a. (3.1.6)

Indeed, by apply identity (3.1.1) to ¢, we deduce

Therefore, we infer that o = 1 and hence
- 1
ﬂ = — = = =
«
what obviously implies (3.1.6). Summing up, we proved

dJaeC:a=1:V¢eD(S), ¢(1)=ap(0).

Hence, we proved the following proposition which is preceded by a relevant definition.
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Definition 3.4. In the framework of Proposition 3.8, if a € T, then we put

D(A%) = {¢ € D(Ap) : $(1) = a(0)}, (3.1.7)
A% = A% &, if ¢ € D(A%).

By Proposition3.3 together with Definition3.4, every self-adjoint extension S of Ay is of
the form A for some o € T. O

Therefore, we immediately obtain the following theorem.

Theorem 3.5. The set of all self-adjoint extensions of Ay is

{A%: a0 € T}.

3.1.2 An alternative proof of Theorem 3.5

In the above we gave a ”bare-hand” proof of Theorem 3.5. We now give a second proof

of Theorem 3.5 using Theorem 2.60, i.e. von Neumann theory.
The next step based on [35, Example p. 257].

To calculate the deficiency indices for the Example 3.1, as follows

D(Ag) = C5=((0,1); C)
Aopu = iv' = iDu, if u € D(Ay).

It is known that Ay is symmetric densely defined by

D(Ap) = {u:[0,1] — C : u is absolutely continues and

1
/ |Du(z)|*dz < 0o and Aju = iDu.
0

Note that if w : [0,1] — C is absolutely continues then wu is continues and since [0, 1] is

compact, u is a bounded function, i.e.
AM >0:|u(z)| <M, Vzel0,1].

Hence )
/ () 2dz < M2, oo.
0

We take Aju = ¢Du, that is, means

Ape” = ie”
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then
(Ap —il)e® = 0.
And
Aje™* =ie””
then
(Ag+il)e® =0.
Hence

e’ € ker(Ay —il)
e~ € ker(Af+il).
One can show that

H, =ker(A;—il)=C-e (3.18)
_c 1.

H_ = ker(Aj+iI)

X
e ",

Hence the deficiency indices are

’I’L+(A0) = 1, n,(Ao) =1.

We need to find all unitary operators from H; to H_. By the von Neumann theory,
see Theorem 2.60, the self-adjoint extensions are parametrized by unitary operators I' :

H, — H_. Choosing orthonormal bases

) = L g (@)= Y

e2 —1

Since Hy and H_ are one-dimensional, Example 2.79 shows that every unitary map

I': Hy — H_ is determined by a parameter v € T.

Remark 3.6. Note that the function {(0,1) > x + e® € L%(0,1)}, because
! 2z 1 2z|1 1 2
/ et dr = —[e*"|g] = =(e* — 1) < o0.
0 2 2

However, its norm square is # 1. Similarly,

1

L ~1
lel3e = [ e do= e ) = 51— £1L.

So we normalize these two functions, i.e. define functions ¢4 and ¢_ by

V2

dy(x) = ———=€", 2 €(0,1),
: v 62\[_21 /s (3.1.9)
o (x) - E ez e(0,1),

= — € = —€
V1—e2 ve?—1
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Indeed, we have

[p+llz2 =1, [lo-[l2 = 1.

Hence, by (3.1.8), ¢4 is an orthogonal basis of Hy and ¢_ is a orthogonal basis of H_.
Therefore, by Example 2.79, if I' : H; — H_ is a unitary operator, then v € T such that

I':Hy >s¢4 —vysp_ € H., seC. (3.1.10)

Next, I' : Hy — H_ is unitary operator and v € T is the the corresponding number, then
we define a linear operator Ar in the Hilbert space L?(R,C) by the following formula

D(Ar) :={u=wup+us +T'(uy) : up € D(Ap),us € Hy}
Ar(u) = Aouo + sop4 — ysg—, u € D(Ay).

(3.1.11)

Note that in view of (3.1.10), we have

D(AF) = {u =uy + 8P4 + ysP_ 1 ug € D(Ao), ENS (C}

Let us point out that according to Theorem 2.60, we have the following result.
Theorem 3.7. In the above framework, the family of all self-adjoint extensions of Ag is
equal to the family {Ar : T € U(Hy,H_)}.

We continue with the previous Remark.

Proposition 3.8. If I' : H;y — H_ is unitary operator, v € T is the corresponding
number and Ar is the linear operator in the Hilbert space L*>(R,C) defined by formula
(3.1.11), then

| D(Ar) = {¢ € D(A}) : $(1) = aep(0)} | (3.1.12)
where
vte
=T (3.1.13)

Note that o € T, and
¢ € D(Ay), Y € D(Ar),

so we change the symbol to indicate that v is any function in the extended domain.

Therefore, Proposition 3.8 can be equivalently written in the following way.

Proposition 3.9. If I' : Hy — H_ is unitary operator, v € T is the corresponding

number, and o € T is given by (3.1.13), and Ar is the linear operator in the Hilbert space
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L%*(R,C) defined by formula (3.1.11) and A% is defined by formula (3.1.7), then

D(Ar) = D(A%), (3.1.14)
Ar¢ = A%$, for ¢ € D(A%). h

The following result is a consequence of the above Proposition. But before we do so let

us write down the following exercise.

Exercise 3.10. The map
y+e

1+ e

Toy—a= (3.1.15)

is a well defined bijection.

Solution. To prove that the map (3.1.15) is well defined we need to show the following

result.

Lemma 3.11. Ifv € T and « is defined by formula (3.1.15), then ac € T.

Proof of Lemma 3.11. Let us choose and fix vy € T. We will prove that |a|? = 1. We have

la* = aa =

y+e [(y+e\ ~y+e yte yt+e y+e
1+’ye<1+'ye>_1+vel+’y€_1+’yei+’ye
y+e y+e  (v+e)(F+e)
Cl4+yel+7e  (1+ve)(1+7e)
WHyetiet+e® 14+ (y+A)e+é
l+ye+ye+e2 14 (y+7)e+ e

=1,

because v € T, so that vy = 1. O
To prove that the map (3.1.15) is an injection we need to show that if v;,7, € T
are such a; = as then v = vs.

Suppose that v1,72 € T are such that

v+e
1+~ve

a(n) = a(y), where aly) =

Thus we infer that
YT1t+e  yete

l+eyr 1+ey
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Cross-multiplying and then simplifying gives

(m+e)l+er)=(02+e)(l+en)
Y1+ ev1ye 4+ e 4+ €293 = o + eyay1 4+ e + €2y
N+ ey =72 +n

(1—¢€*) (3 —72) =0.

Since e # +1, we have 1 — e? # 0, we infer that
Y1 =72

Hence the map v +— « is injective.

To prove that the map (3.1.15) is a surjection we need to show that if & € T then we can

find v € T such that

y+e
1+ve|

(3.1.16)

Let a € T be arbitrary. Suppose « satisfies the above equation (3.1.16). By multiply both

sides by 1 + «ve and performing some basic transformations we deduce that

v(ae —1) =e—a.

Since |a| = 1, we infer that |ae| =1 x e = e > 1. Hence ae # 1 and therefore

e —« —a+e

T a1 1+ (—a)e |

Since obviously —a € T, by Lemma 3.11 we infer that v € T, i.e. |y| = 1.

Therefore, we proved that the map (3.1.15) is surjective. O

The following result, i.e. Proposition 3.12 now follows immediately from Proposition 3.8
v+e

and Exercise 3.10, since for each o € T there exists a unique v € T such that a = e
ve

It can be seen as the converse to Proposition 3.9.

Proposition 3.12. Assume o € T and let A% be defined by formula (3.1.7). If v € T is
related to o by equation (3.1.13) (and such a number vy exists because of Exercise 3.10) and
I': H. — H_ is the corresponding unitary operator, and Ar is the linear operator in the
Hilbert space L?(R,C) defined by (3.1.11), then the identity (3.1.14) holds, i.e. A% = Ar.
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Proof of Proposition 3.12. Fix a € T and choose v € T with a = ;_:_ ¢ , see Exer-

ve
cise 3.10, and let I : H; — H_ be the corresponding unitary. By Proposition 3.8,

D(Ar) = {¢ € D(Ap) : ¥(1) = ayp(0)} = D(A%).

On this common domain both operators act as Ay, hence A* = Ar. O

The following Corollary follows from Propositions 3.9 and 3.12, Exercise 3.10 and Theorem
2.60.

Corollary 3.13. Let SA(Ap) denote the set of all self-adjoint extensions of the operator
Ag. The family or the set of all self-adjoint extensions of operator Ag is equal the family

or the set
{A%: a € T}, (3.1.17)

where operator A% is defined in formula (3.1.7).
Let us recall that sets X and Y are equal if and only if the following assertions hold.

(i) fx € X thenz €Y.
(ii) If y € Y then y € X.
Proof of Corollary 3.13. we need to prove the following assertions hold.
(i) If A is a self-adjoint extension of operator Ag, then there exists a € T such that A = A®.
(ii) If & € T then A is self-adjoint extension of operator Ap.

Proof of (i). If A is a self-adjoint extension of operator Ay, by Theorem 2.60, there

exists I' € U(H4, H_) such that A = Ap. Let next 7y € T is the number as in Proposition

3.8 Then, by Proposition 3.9 we infer Ap = A“, where a = 17: ¢ € T. Hence A = A“.
e

Y+e

Proof of (ii). By Exercise 3.10, there exists v € T with a = .LetT': Hf — H_

+ e
be the unitary corresponding to 7. Proposition 3.12 yields that A = Ap. Since Ar is a
self-adjoint extension of Ay, see Theorem 2.60, so is A*. Both (i) and (ii) hold. Therefore

the set of all self-adjoint extensions of Ay is precisely the set (3.1.17). O

Proof of Proposition 3.8. To prove formula (3.1.12), we proceed in two steps.

Step 1: We will show that

D(Ar) C {¢ € D(Ag) : ¢(1) = ayp(0)}. (3.1.18)



First order differential operator 45

Let us choose and fix a unitary operator I' : H; — H_, the corresponding number v € T.
and the linear operator Ar in the Hilbert space L?(R,C) defined by formula (3.1.11).
Note that if w € D(Ar), then

w=6+sps + 56,
where ¢ € D(Ap), s € C and ¢4, ¢ as in (3.1.9), Since ¢(0) = ¢(1) = 0, we compute

u(0) = ¢(0) + 5¢4(0) + vs¢_(0)
V2 V2e V2(1 4 ve)

+ s = s.

=0+s
e —1

Similarly,
u(1) = o(1) + s¢4(1) + yso—(1)

o V2 V2rte)
7\/62—1_ Ve2 —1

S.

V2
=0+s e+
veZ -1

Since 1 + ve # 0 (because |y| =1 and e > 0), division gives

u(l)_ v+e
u(0)  1+~e
Thus
u(1) = au(0), a= fy—i—e‘
1+~ve
Moreover,
af? = vte Ate lte(y+7) +e? _,
l+ve 1+7e 14e(y+7)+ez 7
soa€T.

In other words we proved

D(Ar) C {¢ € D(Ag) = (1) = ay(0)}.

where o = 17;:@ such that || = 1. Therefore (3.1.18) holds.

Step 2: Reverse inclusion. We will show that

VY= ¢+ s¢; +ysép- € D(Ar)

Assume that ¢ € D(A}) satisfies ¢(1) = atp(0), where o and v are related by (3.1.13).

Define . 5(0)
e —1 0
= e =Y st o
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Then, using the same boundary values as above, we find

6(0) =9(0) = 5 (1+7e)s =0,  6(1) =v(1) = X5 (y+e)s =0,

e2_

where the second equality uses (1) = ay(0) and a = (v +¢€)/(1 4+ ve). Thus ¢ € D(Ap)

and therefore
Y =¢+spy +vsp— € D(Ar).
This proves the reverse inclusion.

y+e
1+ e

From step 1 and step 2, with a = € T, we conclude that

| D(Ar) = {v € D(43) : ¥(1) = av(0)}}]

Remark 3.14. In the proof of Proposition 3.8, the coefficient s in the decomposition

Y= ¢+ s + 759

is chosen so that the function ¢ € D(Ap), i.e. so that ¢ satisfies the boundary conditions

0) = (1) =0
Since
6(0) = 5(0) ~ 56.4(0) ~ 156 (),
and
b= 2 o= 2
we obtain
00) = #0) 5L (14 70).

Therefore, imposing ¢(0) = 0 determines the value of s uniquely as

e2—1 (0)
V2 1+47qe’

S =

With this choice, one verifies using (1) = a¢(0) and a = 17_:_ ° that also »(1) =0,
e

and thus ¢ € D(Ag). In other words, the choice of s ensures precisely that

v =0¢+ spy +ysé— € D(Ap).
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3.2 First order differential operator on the punctured line

3.2.1 Symmetry and the adjoint

In this section we consider the Hilbert space H = L?(R,C) and we define an operator A;

as follows
D(A;1) = C5°((—00,0) U (0,00);C) = C"(R \ {0};C)

o (3.2.1)
Aju=1iu =iDu if u € D(Ay).

Note that

u€ D(A)) <= u:R— C of C* class and

J0<a<b: suppu C [—b,—a]U |a,b].
Hence, if u € D(A;) then suppu is compact and there exist numbers 0 < a < b:
u(t)=0ift >bort< —bortée [—a,al.
Remark 3.15. Although
D(Ay) = Cg°(R\{0}) & C5°(R),

it follows from Proposition 2.48 that D(A;) is dense in L?(R).

Moreover, A; is a linear operator. Indeed, C§°(R \ {0}) is a vector space, and for u,v €
D(Ay) and «, 8 € C,

Ai(au + pv) = i(au+ Bv) =i(au’ + Bo)
= a(iu') + B(iv") = aAju + BAv.
We begin with the following result.
Proposition 3.16. The operator Ay defined by (3.2.1) is symmetric, i.e.
(Aju,v)r2 = (u, Ajv)2; Yu,v € D(A;)

and densely defined, i.e. D(A1) is a dense subspace of the Hilbert space L*(R,C).

The next result follows by applying Proposition 2.89.

Proposition 3.17. The operator Ay is closable.

Proof of Proposition 8.16. We need to prove that Ay is symmetric. In what follows we

consider the case when a = —oo and b = co. The proof in a general case is similar.
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Let us choose and fix u,v € C§°(R). Thus

(Ayu,v) = (iv',v) = /Oo ziu(:r)@ de = —i /OO u(z)v'(x) dt

—o dx —00

= /_O:O u(z)iv'(z) de = (u, Ayv).

Hence A; is symmetric. O

3.2.2 Deficiency indices of the first order differential operator on the

punctured line

The main result of this section is the following one.

Theorem 3.18. Assume that A; is the operator defined by formula (3.2.1). Then

Moreover, the space ker(il — A}) is generated by function ey and the space ker(il + A7)

is generated by function es, where

el(x):{ Ceo if >0

roaf x <0
and
g >0
T (3.2.2)
0 if <0

The following result is a consequences of Theorem 3.18. In fact, we investigated the

previous result in order to prove or disprove the next corollary.

Corollary 3.19. The operator Ay on L*(R\ {0},C) defined by (3.2.1) has at least one

self-adjoint extension.

Proof of Corollary 3.19. According to Theorem 2.60, for a closed symmetric operator A

to have a self-adjoint extension, it is necessary that the deficiency indices satisfy ny = n_.

Since we have n4(A;) =1 and n_(A;) = 1 from Theorem 3.18, it follows that
ny =n—.

Based on the result of Theorem 2.60, the operator A; has at least one self-adjoint exten-

sion.
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Thus, we conclude that the operator A; defined by equation (3.2.1) has at least one

self-adjoint extension. This completes the proof of the corollary.

O]

In the remaining of this section we will we occupy ourselves proving the theorem above.

For this aim we will calculate the deficiency indices ny(A;) and n_(A;).

In order to calculate the deficiency indices of Ay, we first need to find the domain of the

adjoint operator Aj.

Proposition 3.20. The following two conditions are equivalent.

(i) we D(A7])

(ii) u € L*(R,C) and the restriction of u to (0,00), i.e. u : (0,00) — C is locally absolutely
continuous and

/ |Du(t)[? dt < oo,
0

and the restriction of u to (—00,0), i.e. u: (—00,0) — C is locally absolutely continuous

and

0
/ \Du(t)]? dt < oc.

Moreover,
Aju = iDu, if u € D(A]).

It follows that the domain of the adjoint operator can be characterized in a more detailed
way. For this purpose we will need the following result that is a consequence of the Sobolev

embedding Theorem.

Proposition 3.21. If u € D(A7}), then the following limits exist:

xli>%1+ u(z) =: u(0+)

lim wu(z) =: u(0-)

z—0—

Remark 3.22. Note that the limits above are usually different. Hence a function u €

D(A7Y) doesn’t need to be continuous.

Let us observe that by Proposition 3.20 we have the following result.

Corollary 3.23. The following two conditions are equivalent.

(i) u € ker(il — A7)



First order differential operator 50

(ii) the restrictions of function u to the intervals (0,00) and (—o0,0) are square integrable

and locally absolutely continuous and

oo 0
/ |Du(z)|? dz < oo, / |Du(z)|? de < oo (3.2.3)
0 —o00

and

Du = on (0,00) and Du = u on (—o0,0).

Proof of Theorem 3.18. Part I. Let choose and fix u € ker(il — A}). Then by Corollary

3.23, u satisfies the following conditions
Du=wu on (0,00), (3.2.4)
Du=wu on (—o0,0). (3.2.5)
The general solution of (3.2.4) is
u(x) = cpe®, x>0,
and the general solution of (3.2.5) is
u(z) =c_e®, x <0,

where c;,c_ € C.

Claim 3.24. We have e ¢ L?(0,00) and €% € L?(—0c0,0).

Proof. We compute

oo oo
/ le®|2dx = / e*dx = oo,
0 0

hence e® ¢ L%(0, 00).

On the other hand,

0 0 1
/ le®2dx = / e*dy = 5 <00
—0o — 0o
s0 % € L?(—00,0). O

By Claim 3.24, square integrability implies ¢, = 0. Hence

0, x>0,

c_e®, x<0.
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Define
0, x>0,
el(r) =
e, x<0.
Thus
U = c_eq.

Conversely, it is straightforward to check that e; € ker(il — A7).

Therefore, ker(il — A}) = span{e; } and hence
TL+(A1) =1.

O

Proof of Theorem 3.18. Part II. Let us choose and fix u € ker(if + A7). Then by Corol-

lary 3.23, u satisfies the following conditions

Du = —u on (0,00),
Du=—u on (—o0,0).
The general solutions are
u(r) =cre”®, x>0, u(z) =c_e™®, x<0.

Claim 3.25. We have e=® € L?(0,00) and e~ ¢ L?(—00,0).

Proof. We compute

oo oo 1
/ le™®2dx = / e ¥y = ~ < oo,
0 0 2

hence e™* € L?(0,00).

On the other hand,

0 0
/ le |2 dx = / e 2% dx = oo,
—0o0 —0o0

so e ¢ L?(—00,0). O
By Claim 3.25, square integrability implies c_ = 0. Hence

cre x>0,
u(x) = -
0, x < 0.
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Define

e ® x>0,
ea(z) =
0, x < 0.

Thus

U = Ci€3.

Conversely, function ey defined in (3.2.2) is square integrable and locally absolutely con-
tinuous on (—o0,0) and (0, 00) and satisfies conditions (3.2.3). Hence, es € ker(il + A}).
Therefore, ker(il + A}) = span{ez} and hence

TL_(Al) = 1.

3.2.3 Finding the adjoint of the closure of a linear operator

Let Aj be the operator defined by formula (3.2.1) Since A; is densely defined and sym-

metric, by Proposition 2.89, it is closable. Hence the closure A; exists.
We want to modify Proposition 3.20 about the adjoint of A; by finding the adjoint of A;.

Proposition 3.26. Let A; be the operator defined by (3.2.1), and let Ay be its closure in
L?(R,C). Then the adjoint of A1 coincides with the adjoint of Ay, i.e.,

(A)" = Al

A measurable function u : R — C belongs to D(A1)* if and only if the following conditions
hold:

1. u € L*(R,C),

2. The restriction u : (0,00) — C is locally absolutely continuous and
oo
/ \Du(t)|? dt < oo,
0
3. The restriction u : (—00,0) — C is locally absolutely continuous and

0
/ \Du(t)|? dt < oo.
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Moreover, for such u, the adjoint acts as
(A1)*u = iDu.

Remark 3.27. By Corollary 2.92, the closure of a densely defined symmetric operator is

again symmetric and satisfies

(A)* = A,

Hence the deficiency subspaces, and consequently the deficiency indices, of A and A

coincide.

The following result is an immediate consequence of Corollary 2.92 in the Preliminaries.

Since the closure of a densely defined symmetric operator is again symmetric and
(Z)* — A*,
the deficiency subspaces of A and A coincide. Hence their deficiency indices are equal.

Corollary 3.28. Let Ay be the operator defined by (3.2.1), and let Ay be it is closure in
L?(R,C). Then both Ay and Ay are symmetric and densely defined, and the deficiency

indices of Ay coincide with those of Ay. In particular, by Theorem 3.18 we have

ne(A) =ny(A) =1, n_(A) =n_(4) = L

3.2.4 Results for the first order operator on the punctured line

A preliminary result of this section is the following one.

Proposition 3.29. Assume that A; is the operator defined by formula (3.2.1). Then A;

s not closed.

Proof of Proposition 3.29. We will prove that the linear map A; is not closed. For this
aim, by Proposition 2.83 it is sufficient to show that

(i) there exists a function u € H \ D(A;)
(ii) and a D(Aj)-valued sequence (u,) such that u, — u in H
(iii) and Aju, is convergent in H.

For the Aim (i) we consider a function u : R — C defined by
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( ) e—m—Qe_x = e_(x—2+x) = if x € (0’ OO) (3 2 6)
. 2.
0’ ifx e (_0070}'

Let us state some useful properties of function w.

Lemma 3.30. The function u defined by formula (3.2.6) satisfies the following properties.

(i) Function u is of C*-class and

(ii) Function u belongs to H'(R).

(#ii) Function u does not belong to D(A1).

Proof. The proof of part (i) is standard and hence omitted. Part (ii) follows form the

observation that since u is of C'-class it is measurable and showing that

/R\u(x)\de < 00

and

/ [u'(2)|* dx < oo |,
R

Part (iii) follows since u has not compact support. O

From the above Lemma we deduce that function u satisfies Aim (i) above. Now we will

deal with Aim (ii).

From Definition 2.35 and Remark 2.36-(i), we deduce that the following results.

Lemma 3.31.

v C§(R) is dense in H*(R).
X C(R\ {0}) is not dense in H'(R).

Lemma 3.32. Let u be the function defined in (3.2.6). Then there exists a sequence
(un)pey such that

un € D(A7) and u, — u in HY(R).
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Before embarking on the proof of Lemma 3.32, let us conclude the proof that A; is not

closed.

Lemma 3.33. Assume that u € H'(R). For n € N define the translation

vp(x) = u(a: - %) .
Then v, € HY(R) with weak derivative

Du,(x) = Du(:ﬂ — %) € L*(R).
Proof. The proof can be found in [20, p. 301]. O

Thus each v, lies in H'(R). Moreover, since the support of v, is contained in [1/n, o),
the restriction @, to (0,00) belongs to H{ (0,00). By Proposition 2.14 and Example 2.21,
for every n € N there exists @, € C§°(0,00) such that

[tn = Onllr10,00) < llvn — ullm(w)-

Extending @, by 0 on (—oo,0] we obtain u, € C§°(R \ {0}) = D(A;) and

Jim |un — ull g1(w) = 0.

Moreover,
Aiuy, = 1Duy,,

$0 (un,1Duy,) € T'(A1) and (up,iDuy,) — (u,iDu) in H x H. But (u,iDu) ¢ T'(A;)
because u ¢ D(A;).

This completes the proof of Part 1 of Proposition 3.29.

Proof of Lemma 3.32. Define, for every n € N, a function

1
vn:RBxHu(a:—ﬁ)G(C,

i.e. see Figure 3.1,

. 1
0, ifw <.
For z < 1/n we clearly have v,(x) = 0. For x > 1/n, we note that

1.
(@) = e T e < e = 177 = g(a).
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FIGURE 3.1: Graphs of u(z) = e~(@7*+2) and the approximating function vp (2) with
n =>5.
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Thus
0 <wvp(x) < g(x), for every x € R, (3.2.7)

Moreover, since v is continuous and x — % — x, therefore by [37, Theorem 4.6, p.86], we
have
Up(x) = u(x) forall z e R. (3.2.8)

by applying the Lebesgue dominated convergence Theorem, see [1, Thm 1.50, page 18],

we infer that

llvon — u||%2(R) = / |on () — u(x)|? dz — 0 as n — oo. (3.2.9)

—00

Let us show why the LDCT can be used. Firstly we observe that (3.2.7) and (3.2.8) we

have

0 <u(z) <g(x), foreveryxz € R,

Secondly, we observe that v, is Lebesgue measurable, see [19] and that by the Change of
Variables Theorem, see Theorems 6.19 and 10.9 in [37],

n

o0 o0 1 o
[ m@Pdr= [ e Pde= [ u)Pdy < .

—0o0 —0o0 —0o

Thirdly, by the triangle inequality we observe that
[on () — u(x)|? < 4g(2)? = h(z), = €R.
Fourthly, using properties of function g we can show that
/ h(z) dx < co.
R

Thus we have shown that all assumption of the LDCT are satisfied and hence we deduce
that (3.2.9) holds.
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After having proved (3.2.9) we embark on proving the convergence in H'(R), i.e.
Jim |vn — ull g1 ) = 0. (3.2.10)

It is sufficient to show that Dv, — Du in L?(R). This can be proved in two different
ways. We will use a shorter one. Since Du € L?(R), by applying the previous Step to

function Du we have
1Dvy = Dull 2y = | Dul- = ) = Du()ll2®) —=> 0.

Hence the proof of (3.2.10) is complete.

Thus we have shown that v, — u in H'(R). But v, ¢ D(A;) = C°(R\ {0}). To find a
D(A;) = Cg°(R \ {0})-valued sequence, we need to modify v,. For this aim we choose a
function n, € C§°(R) such that

0<m <1, 7, =0o0n {Jz] <45},
M =1on {2 <|z| <n}, suppy, C {& < |z] < 2n}.
Set uy = 1y vy. Then
un € C3°(R\ {0}) = D(Ay).

Using that multiplication by a bounded Lipchitz function is bounded on H* ([20, Prop. 9.4])
and that the supports where 7, # 1 shrink to the origin (and to the far tails), we have

[t = vnll 1) = 0
Therefore,
ltn = w1y < It = vnll s + [[on — w1 —— 0.

This finishes the proof of Lemma 3.32 because there exists a sequence a D(A;)-valued

sequence uy, such that u, — u in H'(R). O

We now deal with Aim (iii). By Lemma 3.32, there exists a sequence (u,) C D(A;)
such that
Up —> U in H'(R).

In particular,

u, —u and Du, — Du in LZ(R).

Since

Aquy, = 1Duy,,



First order differential operator 58

it follows that
Ayup, — iDu in L*(R).

Thus
(up, A1up) — (u,iDu) in Hx H.

However, u ¢ D(A;) by Lemma 3.30. Hence (u,iDu) ¢ I'(A;) and therefore the graph
I'(A;) is not closed.

This completes the proof of Proposition 3.29. O

Proposition 3.34. Assume that Ay is the operator defined by formula (3.2.1). A function
u € D(Ay) if and only if the following conditions are satisfied

(i) u € L*(R,C),

(ii) the function u belongs to the Sobolev space H\ (R \ {0},C) and

the function u : R — C s locally absolutely continuous and

/ IDu(t))? dt < oo,
R
(iii) u(0) = 0.

Moreover,

Aju =iDu, if u € D(Ay). (3.2.11)

Proof of Proposition 3.34, Part 1. Let us choose and fix u € D(Ay).
We will prove that u satisfies the three conditions (i)-(iii) listed above.

By definition of the closure of an operator, see Remark 2.86, there exist a sequence
(un) C D(A7) and a function z € L?(R, C) such that

Uy, — u in LQ(R), and Aju, — 2z in LQ(R). (3.2.12)
Since Aju, = iu,, we infer that

ul, — —iz  in L*(R). (3.2.13)

We first show that u is locally absolutely continuous and that Du € L?(R).
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Let T > 0. Since uy,, un, € C§°(R \ {0}), we have, for t € [0, 7] and n,m € N,

t

Un(t) — um(t) = /

0

By the Cauchy—Schwarz inequality, see [38, Theorem 3.5 p.63]
[un (t) = um (O] < VE|[ug, = up,ll 2@y < VT [lug, = |2 wy-
Taking the supremum over t € [0, T], we obtain
tn = umllcqory < VT Iup, — |l r2).-

Since (3.2.13) implies that (u/,) is Cauchy in L?(R), it follows that (u,) is Cauchy in
C([0,T7), see [37, Theorem 7.8]. Hence there exists vr € C([0,7]) such that

Uy, — VT uniformly on [0, T].

On the other hand, by (3.2.12), we have u,, — u in L?([0,7]). By the uniqueness of the
limit in L2([0, T]), we conclude that

vr(z) = u(x) Leb a.e. on [0,T].

Thus, after redefining © on a null set if necessary, we may assume that v is continuous on
[0,T]. Since T > 0 is arbitrary, u is continuous on [0, 00). Repeating the same argument

on (—o0, 0], there exists a continuous function v : R — C such that
v(z) = u(x) Leb a.e. on R.

and for every a < b

sup |un(z) —v(x)| — 0 as n — oo. (3.2.14)
z€[a,b]
We conclude that u is continuous on each half-line.

Next we prove that u is weakly differentiable and that Du = —iz, see Definition 2.1. Let
¢ € C(R\ {0}). Since u,, € C°(R\ {0}), integration by parts gives

/un(a:)qb'(x) dx = —/ ul () () dz. (3.2.15)
R R
Passing to the limit in (3.2.15) using (3.2.12) and (3.2.13), we obtain

[ @@ dz = - [ (=iz)(@)é(w) da.



First order differential operator 60

Hence, since ¢ is arbitrary, we infer that u is weakly differentiable and
Du = —iz € L*(R).

Therefore v € HL (R \ {0},C), and u is locally absolutely continuous on each half-line.

It remains to prove that u(0) = 0. Since each u,, € D(A;) = C°(R \ {0}), we have
un(0) = 0. Moreover, by (3.2.14), we know that w, — wu uniformly on every compact

interval. In particular, the convergence is uniform on [—1,1]. Hence

u(0) = lim u,(0) = 0.

n—oo

We have proved conditions (i), (ii), and (iii). Finally, since Du = —iz, we have z = iDu.

By definition of the closure, this implies (3.2.11). This completes the proof of Part 1. [

Proof of Proposition 3.34, Part 2. We prove the converse implication. Let u € L?(R,C)
satisfy conditions (i), (ii), and (iii) of the proposition. We will show that u € D(A1).

By (ii), the restrictions u[(_ 0y and u|( ) belong to the Sobolev spaces
Hl((—O0,0),(C) and Hl((0,00),(C),

respectively. since u € H'((0,00)), by Corollary 2.32, the limit lim, o+ u(z) exists and
coincides with u(0). Since u(0) = 0, it follows that

l(0,00) € Hy((0,00),C), and  uf(_o0) € Hy((—0,0),C).

By Definition 2.35, the space H{ () is defined as the closure of C§°(Q) in HY(Q2). In
particular, for Q = (—00,0) and 2 = (0,00), we deduce that C5°((—o0,0)) is dense in
H}((=00,0)) and C§°((0,00)) is dense in HE((0,00)). Thus there exist sequences (fy)

and (g, ) such that
fn S C(C;O((_ooao))v gn € Cgo((ov OO))

and

fn — u|(—oo,0) in Hl((—OO, 0))7 Gn — u|(0,oo) in Hl((ov OO))

Define u,, : R — C by
fu(z), <0,
u”(x) = gn(x)a T > 0;

0, T =
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Then u, € C§°(R\ {0}) = D(A,) for every n, since f, and g, are smooth with compact
support in (—o0,0) and (0, 00), respectively, and the point x = 0 is excluded from the

domain. Moreover, by construction,
Up — U in L%(R),

and
Du, — Du  in L*(R).

Therefore,
Ayu, = iDu, — iDu  in L*(R).

Hence, by definition of the closure of an operator,
u € D(Ay) and Aju = iDu.

This completes the proof of Part 2. O

Remark 3.35. If one compares Proposition 3.29 with the first part of Proposition 3.20,
one can see that
D(A;1) C D(A7).

Moreover, by comparing Propositions 3.34 and 3.20, we obtain
Aju= Aju  for allu € D(Ay).
In other words, in the sense of Definition 2.80,

Ay C A7

Secondly, item (iii) in Proposition 3.34 makes sense in view of Proposition 3.21.

We also need the following result in the next Section 3.2.5.

3.2.5 Finding all self-adjoint extensions operators for the first order

closure on the punctured line

The main result of this section is a consequence of the general von Neumann theory, see
[34, Section X, Theorem X.2, v.2, p. 141]) and Theorem 2.60.

By Proposition 3.26 and Corollary 3.28, the closure A; is a closed symmetric operator in

L?(R, C) satisfying the following proposition.
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Proposition 3.36. Assume that A; is the operator defined by formula (3.2.1). Then

(i) the closure Ay is a symmetric operator in H = L*(R,C),
(ii) the adjoint of Ay is equal to the adjoint of A1, i.e.

A" = A7

(ii) the deficiency indices of Ay are equal to the deficiency indices of Ay, i.e.

n+(A1) = n_(Al) =1.

We must work with the closure A, because Theorem 2.60 requires closed operators.

Theorem 3.37. Assume that Ay is the operator defined by formula (3.2.1), and let Ay be

it is closure. Then A1 is a closed symmetric operator with deficiency indices

ny(A1) =n_(A;) =1< oco.

Set

H, =ker(il — A;") =ker(il — A}),  H_=ker(il + A;") = ker(il + A}). (3.2.16)
Then every self-adjoint extension of A1 can be characterized in the following way

(i) If T': Hy — H_ is a unitary operator and the operator Ar is defined by

D(Ar) = {u € H:u=u+us+(uy), up € D(Ay), uy € H+},
Ar(uo +uy +T(uy)) = Arug + iuy — il (uy),

then Ar is self-adjoint and Ay C Ar, i.e.,

D(E) C D(AF), A71(u0) = AF(UQ) fOT’ all ug € D(E)

(ii) Conversely,every self-adjoint operator A with Ay C A is of the form A = Ar for a

unique unitary map

T:H, »H_.

Proof of Theorem 3.37. Follows from Theorem 2.60. O
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Applying of Theorem 3.37. Since ny (A7) = 1, the spaces H, and H_ are one-dimensional.
By (3.2.16) and Theorem 3.18, these two spaces are generated respectively by the following

functions

e1(z) = V26" - 1(_op(z) € Hy,
ea(x) = V2™ 1 o)(z) € H-,

where 1(_ o)(7) and 1jp o)(7) are the indicator functions of the negative and positive

real axes, respectively.

These functions satisfy

lexll = lle2ll =1, (e1,e2)r2 =0, (3.2.17)
and their boundary values are

e1(0—) =v2, e1(0+) =0,  e2(04+) = V2, e2(0—) = 0.

The vectors e; and ey form orthogonal bases of the corresponding spaces. Moreover they
are perpendicular to each other. For the completeness of the presentation let check the

second condition in (3.2.17).

<€1,62>:/R€1(af)md$:/ROd$:0,

because the function e; = 0 on [0, 00) and ez = 0 on (—o0, 0].

We also compute their L2-norms. By the first condition in (3.2.17)

0 0 1 0 1
ler]|? = 2 %2 do = 2 X dr =2 |- =2-=1
2 2
—0o0 — o0 —00

and similarly for es.

By Theorem 3.37, all self-adjoint extensions of A; are parametrized by unitary maps
I': Hy — H_. Since both spaces are one-dimensional, every such I'" is a "multiplication”

operator by a constant a € C of length one, i.e. I' =Ty, where

Lu(er) = aes, aeT. (3.2.18)
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Let us now choose and fix such a € T. By Theorem 3.37 we have

D(Ar,) = {Uo +uy 4+ Tauy :ug € D(A1), uy € H+},

Ar, (uo + ug + Touy) = Ajug + iuy — ilquy.
Since the space Hy is one dimensional and generated by ej, using the formula
D(Ar,) = {uo + cey + caey tug € D(Ay), c € (C} .

Ar, (ug + ce1 + caes) = Ajug + ice; — icaes.

Let us choose and fix up € D(A;) and ¢ € C and put u = ug + cej + caes.

Since, by Proposition 3.34-(iii), ug(0+) = 0, using the properties of functions e; and eg,

we deduce that
u(0—) = up(0—) + ce1(0—) + caea(0—) =0+ V2 +0=2¢,

and

w(0+) = ug(0+) + ce1(0+) 4 caez(0+) = 0+ 0+ ca/2 = V2ca.

Therefore, we deduce

| u(0+) = au(0-). | (3.2.19)

We proved that if u € D(Ar,) then u satisfies condition (3.2.19).

Conversely, if o € T and operator A% is defined by

D(A®*) :={u € D(A]) : u(0+) = au(0—)}
A% = Aju, if u € D(A%).

then this operator is a self-adjoint extension of the operator A; and
AY = Ar,, (3.2.20)

where 'y, : Hy — H_ is defined in (3.2.18).
These considerations can be summarized in the following theorem. O

Theorem 3.38. The set of self-adjoint extensions of operator Ay coincides with the family

SA(A) = {A%:a € T}
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where every operator A% is determined by the boundary condition
u(0+) = au(0-).

Remark 3.39. Equality (3.2.19) is the boundary condition defining the operator A®.

Finish the proof of Theorem 3.38. By Theorem 3.37, every self-adjoint extension of Ay
is of the form Arp for a unique unitary map I' : Hy — H_. Since Hy and H_ are

one-dimensional, every such I' is multiplication by a scalar « € T.

In the construction above, see (3.2.18)—(3.2.19). We showed that, for every a € T,
D(Ar,) = {u e D(A7) : u(0+) = au(0-) } = D(A?),

and the formula (3.2.20) holds.

Conversely, if « € T and A% is defined by the boundary condition (3.2.19), then the same
computation shows that A = Arp_ for the corresponding unitary map I'y : Hy — H_,

and therefore A” is self-adjoint.

Hence the family
{A%: a €T}

is exactly the set of all self-adjoint extensions of Ay, that is

SA(A;) = {A%: a €T}



Chapter 4

Second-order differential operator

(Laplacian)

In this chapter, we study second-order differential operators, in particular the Laplacian.
We begin with operators defined on the real line, where we analyse symmetry and describe

the adjoint operator.

We then consider the corresponding operators on the punctured real line, where we in-
vestigate the closure, compute the deficiency indices, and characterize all self-adjoint ex-

tensions. These results extend the analysis of first-order operators to higher-order cases.

4.1 Second-order differential operator (Laplacian) on the

real line

We consider the Hilbert space
H = L*R,C)
with the standard inner product and norm, and define the operator Ay by

D(Ao) = C5°(R)

(4.1.1)
Aou = D*u = Au if u € D(Ap).
We begin with the following result.
Proposition 4.1. The operator Ag is symmetric in the space H, i.e.
(Agu,v)r2 = (u, Agv)r2; Y u,v € D(Ap). (4.1.2)

66
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Proof of Proposition 4.1. We need to prove that Ag is symmetric. In what follows we

consider the case when a = —oo and b = co. The proof in a general case is similar.

Let us choose and fix u,v € C§°(R). Then by the definition (4.1.1) of the linear map Ay

we have
o0

(u, Agv) 2 = (u,v") 2 = / u(x)v” (x) dt (4.1.3)

—0o0

To prove (4.1.2), since both u, v have compact support, we can find interval [a, b] and [c, d|
such that u(x) = 0if t ¢ [a,b] and v(z) = 0 if t ¢ [¢,d]. Then we choose o = min{a,c}
and 8 = maxz{b,d}. Then [a,b] C [, 8] and [c,d] C [o, f], so that

[a,b] U [c,d] C [o, B].

Therefore,
if t¢ (a,B), the u(x) =0, and v(z) =0.

Hence the integral in (4.1.3) is equal to the corresponding integral over a bounded interval

[a, B] (over which I can apply the Integration by Parts [37, Theorem 6.22]).

Thus, by equality (4.1.3), we get

L.H.S = (u, Agv) — / (@) 07 (@) de = / T @)W @) dt

g 00
=—[0-0+ [ ¥ (z)v(z)dx= / v’ (z)v(z) dz = (Apu,v) = R.H.S.
Hence we infer that Ag is symmetric in H. O

We need to determine D(A{) and next find a formula for Ajv if v € D(Ap).

We begin with the following characterization of the domain of the adjoint operator A,
which will be proven later on.
Proposition 4.2. Suppose that Ag is the linear operator defined by (4.1.1). Then

D(A) ={v: R—=C: v is of C' — class such that / lv(z)|? dt < oo

—0o0

and the derivative v' = Dv is locally absolutely continuous function
o0

| @) de< oo,

—0o0

and
Afu = D*u, u € D(A).



Second-order differential operator (Laplacian) 68

In the above expression, v" = D?v denotes the derivative of v' = Dv. Since v' is lo-
cally absolutely continuous, in the sense of Definition 2.8, the derivative v" ewists almost

everywhere.

4.1.1 Deficiency indices of the second-order differential operator (Lapla-

cian) on the real line

In this subsection we compute the deficiency indices n (Ap) and n_(Ag) of the operator

Ag. Using Definition 2.59, we have

n4(Ap) = dimker(iI — Ap), n_(Ap) = dimker(iI + Ap).

We begin with the computation of ny(Ayp).

Lemma 4.3. Assume that Ag is the operator defined by (4.1.1). Then

dimker(if — Ap) = 0.

Proof of Lemma 4.3. By [34, Definition of kernel] and Proposition 4.2, we have

u € ker(il — Aj) < u € D(Ap) and (il — Aj)u =0

= u € D(A}) and D*u = iu on R.

Let us choose and fix u € ker(il — Ajj). Then u satisfies

u’(x) = iu(x), z e R. (4.1.4)

To solve this equation, we look for solutions of the form

u(z) = e,
Substituting into (4.1.4) gives
A2 =i
Since
j = eiﬂ'/2

the two square roots are

A= i\f(l—i—i).
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Hence the general solution is

for some constants ¢y, cy € C.

We claim that such a function belongs to L?(R) only if ¢; = c3 = 0. Indeed, since

v2 o V2
Re<2(1 —|—z)> =5 > 0,

we have

eg(ﬁri)x ¢ L2(0,OO), e*@(lJri)x ¢ Lz(—O0,0).

Therefore, if u € L*(R), then necessarily ¢; = c3 = 0, so u = 0.

Thus
ker(il — Aj) = {0},
and hence
n4(Ap) = dimker(if — Ag) = 0.
This proves the lemma. ]

We now compute n_(Ay).

Lemma 4.4. Assume that Ag is the operator defined by (4.1.1). Then
dimker(iI 4+ Aj) = 0.
Proof of Lemma 4.4. By [34, Definition of kernel] and Proposition 4.2, we have

u € ker(il + Aj) <= u € D(A) and (i + Aj)u =0

< u € D(A}) and D*u = —iu on R.
Let us choose and fix u € ker(if + Afj). Then u satisfies
u’(z) = —iu(z), x € R. (4.1.5)

A

Again, looking for solutions of the form u(z) = e, we obtain

Since
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the two square roots are

for some constants ¢y, cy € C.

V2 o V2
Re<2(1 — z)) =5 > 0,

Since

we have

cF0-07 ¢ 1200, 00), e F 1D ¢ [2(_o0,0).

Therefore, if u € L*(R), then necessarily ¢; = c3 = 0, so u = 0.

Thus
ker(iI + Aj) = {0},
and hence
n_(Ap) = dimker(il + Aj) = 0.
This proves the lemma. O

We conclude with the following result.

Proposition 4.5. Assume that Ay is the operator defined by (4.1.1). Then Aq is a densely
defined symmetric operator on H = L?(R,C) and its deficiency indices satisfy

’I’L+(A0) - n,(Ao) =0.

In particular, Ag is essentially self-adjoint, i.e. it has a unique self-adjoint extension.

Moreover, the unique self-adjoint extension A of Ag is as follows

D(A) = H*(R), Au = D*u = Au.

Proof of Proposition 4.5. The density of D(Ag) = C§°(R) in L%(R) follows from Proposi-
tion 2.48, and the symmetry of Ay was proved in Proposition 4.1. Moreover, by Lemmas

4.3 and 4.4, its deficiency indices satisfy
ny(Ao) = n—(Ag) = 0.

Hence, by Corollary 2.61, Ay is essentially self-adjoint. O
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4.2 Second-order differential operator (Laplacian) on the

punctured line

In this section, we define an operator A; on H = L?*(R,C) and

D(A1) = C5°((=00,0) U (0,00); C) = C5®(R\ {0}; C),

(4.2.1)
Ayu = D*u = Au if u € D(A;).

We begin with the following result.

Proposition 4.6. The operator A1 is symmetric in the space H, i.e.

(Aju,v)r2 = (u, Ajv)2; Yu,v € D(A;).

Proof of Proposition 4.6. The proof is analogous to Proposition 4.1. Since functions in
C5°(R\ {0}) have compact support away from the origin, integration by parts on (—oo, 0)
and (0, 00) gives

(Ar1u,v) = (u, Arv).

Hence A; is symmetric. O
Now, we want to calculate the deficiency indices of Aj. For this purpose we need first to

find the domains of the adjoint operator Aj. We have the following analog of Proposition
4.2.

Proposition 4.7. Let Ay be defined by (4.2.1). Then u € D(A3) if and only if

u € L*(R)
and the restrictions
O i ()
satisfy
uy € HE, D?uy € L2

Fquivalently, u+ and Du4 are locally absolutely continuous and

0 00
/ |Du(z)|? de < oo, / |D?u(z)|? de < oc.
0 0

Moreover,

fu = D%u

on each half-line.
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Proposition 4.8. A measurable function v: R — C belongs to D(A7) if and only if

/ lo(2)|? dt < oo
and the restriction v : (0,00) — C is of C* — class such that

the derivative v' = Dv is locally absolutely continuous function and
o

/ (@) dt < 0o

0

and the restriction v : (—00,0) — C is of C' — class such that

the derivative v' = Dv is locally absolutely continuous function and
/O (@) dt < oo.
—o0
Moreover,
Afu= D*u =", uec D(A}).

In the above expression, v" = D?v denotes the derivative of v = Dv. Since v' is lo-
cally absolutely continuous, in the sense of Definition 2.8, the derivative v exists almost

everywhere.

Proposition 4.9. If u € D(A}) then the following limits exist:

wl_i}%l_ u(z) =: u(0-)
a:l—i>r(1)1+ o' (z) =/ (0+)
27l_i}rgl_u () =:u/'(0-)

Remark 4.10. The traces from the two half-lines are independent. In general,

u(0+) # u(0-)

and
u'(04) # u'(0-).

Thus neither u nor u/ is required to be continuous at the origin.

4.2.1 Deficiency indices of the second-order differential operator (Lapla-

cian) on the punctured line

The main result of this section is the following one.
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Theorem 4.11. Assume that A; is the operator defined by formula (4.2.1). Then

The following result is a consequences of Theorem 4.11. In fact, we investigated the

previous result in order to prove or disprove the next corollary.

Corollary 4.12. The operator Ay is closable, and its closure Ay admits self-adjoint ex-

tensions.

Proof of Corollary 4.12. Since A; is densely defined and symmetric, it is closable. By
Corollary 2.92,

nt (A7) = ne(A).

Therefore, Theorem 4.11 gives
n+(A1) = TL,(Al) = 2.
The existence assertion now follows from Theorem 2.60. ]

In the remaining of this section we will we occupy ourselves proving the theorem above.

For this aim we will calculate the deficiency indices ny (A;) and n_(A;).

Proposition 4.13. Assume that Ay is the operator defined by (4.2.1). Then

n+(A1) = 2.

Proof of Proposition 4.13. Let us observe that by Proposition 4.6
u € ker(il — A]) <= we D(A]) and (il — AT)u=0

e uc D(A}) and iu = D*u <= wue€ D(A}) and D*u = iu.

<= the restrictions of function u to the intervals (0, 00) and (—o0,0) are

of C'-class and their derivatives are locally absolutely continuous and (4.2.2)

00 0
/ |D?u(z)|? do < oo,/ |D?u(z)|? do < oo
0 —00

and D*u = iu on (0,00) and D*u = iu on (—o0,0).

The above equivalence is analogous to the earlier one in (4.2.2).

Let us choose and fix u € ker(il — A7), then by (4.2.2), u satisfies the following two

conditions.
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(1) D?u = iu on (0,00) and
(2) D?u = iu on (—00,0).

Let us recall that function u in D(A}) need not be continuous at 0.

To solve D?u = iu on (0,00), we note that the general solution is of the form, where

c1,co € C is a constant

[S

21 N
u(z) = cre” 2 A4z 4 ooez D2 05 )

Since Re(@(l +1i)) > 0 and Re(—¥%2(1+14)) < 0, in order that u € L?, we need to have
co = 0. Hence

u(zx) = 016_72(1'”)95, x> 0.

To solve D?u = iu on (—00,0), we note that a general solution is of the form, where

c1,co € C is a constant

S

2 . V2 .
u(z) = cre™ 2 102 4 gy IHz g ),

S

Since Re(g(l +14)) > 0 and Re(—*%2(1 +1)) < 0, in order that u € L?, we need to have

c1 = 0. Hence
V3 .
u(z) = 02672(1“)3’, x < 0.
Hence we proved that if u € ker(il — A7), then there exists numbers c¢;, co € C such that

the function u satisfies

] (4.2.3)
czeg(lﬂ)x if <0

{ cle_g(l‘”)x if >0
u(x) =
One can show easily that every function u defined by (4.2.3) belongs to ker(il — A}).

Thus, the space ker(il — A7) has dimension 2 because it contains precisely two linearly

independent functions

NG .
— X2 (1+4)x if
er(@) =4 ¢’ =0 (4.2.4)
0 if <0
and
0 if >0
ea(x) = ) 4.2.5
2(7) { eg(lﬂ)x if <0 ( )
Thus

dimker(iI — A7) =2
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Thus, the proof is complete. O

In the same way, we prove that

Proposition 4.14. Assume that Ay is the operator defined by (4.2.1). Then

n_ (Al) = 2.

Proof of Proposition 4.14. Let us observe that by Proposition 4.6

u € ker(il + A7) <<= we D(A]) and (il + A))u=0
< uc D(A}) and iu = —D*u <= wuc D(A}) and D*u = —iu.

<= the restrictions of function u to the intervals (0,00) and (—o0,0) are

of Cl-class and their derivatives are locally absolutely continuous and (4.2.6)

00 0
/ \D%u(z)? da < oo,/ ID%u(z)? dz < oo
0 —00

and D?u = —iu on (0,00) and D*u = —iu on (—o0,0).
The above equivalence is analogous to the earlier one in (4.2.6).
Let us choose and fix u € ker(il + A7), then by (4.2.6), u satisfies the following conditions.
(1) D?>u = —iu on (0,00) and
(2) D?u = —iu on (—00,0).

Let us recall that function v is not even continuous at 0.

To solve D?u = —iu on (0,00), we note that the general solution is of the form, where

c1,co € C is a constant

[S

u(z) = cre” 2 (1) + C2€§(1_i)x, x>0,

We found the values of A in the previous Section 4.1, by solved the equation (4.1.5).

Since Re(?(l —14)) >0 and Re(—@(l —4)) < 0, in order that u € L?, we need to have

co = 0. Hence

o

w(z) = cre”z 70T g5,

To solve D?*u = —iu on (—oc,0).
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we note that the general solution is of the form, where ¢, co € C is a constant

2

o

) N
u(z) = cre” =iz 4 62672(171)96, x <0,

Since Re(@(l —14)) > 0 and Re(—

c1 = 0. Hence

S

(1 —1)) < 0, in order that u € L?, we need to have

[

u(z) = coe 22(1—1')3:7 x < 0.

Hence we proved that if u € ker(il + A7), then there exists numbers c¢;, co € C such that

u(:r) _ { clre
Cco€

One can show easily that every function u defined by (4.2.7) belongs to ker(il + A7).

the function v satisfies

A=z 5f 20

‘ (4.2.7)
A=z 5f 2 <0

SN

Thus, the space ker(il + A7) has dimension 2 because it contains precisely two linearly

independent functions

V3 .
—X2(1-i)z if 0
e@) =4, " e (4.2.8)
0 if z<0
and
0 if >0
eo(x) = ‘ 4.2.9
(=) { eg(lﬂ)x if z<0 ( )
Thus
dimker(iI + A]) =2
Thus, the proof is complete. O

4.2.2 The adjoint of the closure of second-order differential operator

(Laplacian) on the punctured line

Let A; be the operator defined by formula (4.2.1). Since A; is densely defined and
symmetric, Corollary 2.92 implies that A; is closable, that A; is symmetric. The closure

A exists.

We now extend Proposition 4.7 by determining the adjoint of the closure Aj.

Proposition 4.15. Let A; be the operator defined by formula (4.2.1), and let Ay denote
its closure in L*(R,C). Then,
(A1) = Af.

A measurable function u : R — C belongs to D((A1)*) if and only if:
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(i) u € L*(R,C);

(7i) The restriction u : (0,00) — C is twice weakly differentiable with

D?*u e L*((0,00)) |,

i.e.

oo
/ |D2u(t)|? dt < co.
0
(iii) The restrictionu : (—oo,0) — C is twice weakly differentiable with D*u € L?((—o0,0)),

i.€. o
/ D?u(t)|? dt < oo,

Moreover, if u € D((A1)*), then
(A))*u = D*u = Au.

4.2.3 Deficiency indices of the closure of second-order differential oper-

ator (Laplacian) on the punctured line

From Proposition 4.15, we already know that the closure A; of the operator defined by
(4.2.1) exists and that its adjoint coincides with the adjoint of Ay, i.e.

(A1)" = A7,

Corollary 4.16. The operators Ay and Ay have the same deficiency subspaces and defi-

ciency indices. More precisely,
ker(il — (A1)*) = ker(il — A7)

and
ker(il + (A1)*) = ker(il + A7).

Consequently,
ni (A1) = ny (A1) = 2, n_(A;) =n_(A) =2.

Proof. This follows from Corollary 2.92 and Theorem 4.11. O
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4.2.4 Results for the second-order differential operator (Laplacian) on

the punctured line

We begin with the following preliminary result. Our first step is to establish the result

below.

Proposition 4.17. The operator Ay defined by (4.2.1) is not closed.

Proof of Proposition 4.17. The proof follows the same method as in Proposition 3.29.
We will show that the graph T'(A4;) is not closed in L?(R) x L%(R).

Let u : R — C be the function defined in (3.2.6). By Lemma 3.30, we have

u € HY(R) ¢ L*(R), u ¢ D(Ay).

Moreover, by a direct computation one checks that D?u € L?(R), hence u € H?(R).

Using the same construction as in Lemma 3.32, but working in H?(R) instead of H'(R),
there exists a sequence (uy,) C C§°(R\ {0}) = D(A;) such that

U, —u in H*(R).

In particular,

Up — U, D?*u,, — D?u in L*(R).
Since Aju, = D?u,,, we obtain

Ayu, — D*u in L*(R).

Thus
(tn, A1) — (w, D?u) in L? x L2

However, u ¢ D(A1), hence (u, D*u) ¢ T'(A;). Therefore, the graph T'(A;) is not closed,
and A; is not closed. O

The following proposition gives an explicit characterization of D(Ay).

Proposition 4.18. Assume that Ay is the operator defined by (4.2.1). A function u
belongs to D(A1) if and only if the following conditions hold:

(i) ue L2(R,C),
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(i) uw € HE . (R\ {0},C) and u : R — C is locally absolutely continuous together with its

first derivative, and
/ |D2u(t)|? dt < oo,
R

(iii) The boundary conditions

u(0+) = u(0—) =0, W' (0+) = u/'(0-) = 0.

Moreover,
Aju = D?u.

Proof of Proposition 4.18, Part 1. The proof follows the same method as in Proposition
3.34, Part 1. Let u € D(A;). Then there exist (u,) C D(A;) and z € L?(R) such that

Uy — U, Ayu, = D*u,, — z in LQ(R).

Thus
D?u, — z in L*(R).

Using the same argument as in the first-order case (based on the Cauchy—Schwarz in-
equality and uniform convergence on compact sets), we deduce that u € H2_ (R \ {0})
and

D?u = 2.

Since each u, € C°(R\ {0}), we have

Passing to the limit uniformly on compact intervals yields

w(0£) =0,  u/(0%) =0.

This proves (i)—(iii), and the identity
Aju= D?u

follows directly from the definition of the closure. O
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Proof of Proposition 4.18, Part 2. The proof follows the same method as in Proposition
3.34, Part 2. Let u satisfy conditions (i)—(iii). Then

u|(—oo,0) € H2((—OO,O)), u‘(O,oo) € H2((07 OO))

Since u(0+) = 0 and u/(0+) = 0, it follows that

u’(foo,O) € Hg((—O0,0)), u‘(O,oo) € Hg((ov OO))

By definition of HZ, there exist sequences
fn € C5°((=00,0)),  gn € C57((0,00))
such that

fo = Ul sopy i H2(=00,0)),  gu — ulae) in H((0,00)).

Define
fa(x), 2 <0,

un () = { gn(x), x>0,

0, z=0
Then u, € C§°(R\ {0}) = D(A1).
Moreover,
Up, — U, D?u,, — D*u in L*(R).
Hence

Aju, = D*u, — D%,

and therefore
u € D(4y), Aju = D%u.

4.2.5 Finding all self-adjoint operators extensions for the second-order

differential operator (Laplacian) on the punctured line

We now apply von Neumann’s theorem to the closed symmetric operator Aj.
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By Corollary 4.16,

ni(Ar) =n_(4r) =2.

Hence the self-adjoint extensions of A; are in one-to-one correspondence with unitary

operators
', — H_,
where
H, =ker(il — A}), H_ =ker(il + A7).
Since

dimH; =dim H_ =2,

the unitary maps Hy — H_ may be represented, after choosing orthonormal bases, by

matrices in U(2).
Moreover, the orthonormal bases of the deficiency subspaces are the same for A; and Aq,

i.e.
H, ==ker(il — A;") = span{é, &},

o b (4.2.10)
H_ :=ker(il + A1) = span{ fi, fa},

with é;, fj, j=1,2asin (4.2.15) and (4.2.17), see also Tables 4.1-4.2 for their boundary

values.
Recall the following definition

Definition 4.19. (i) The symbol U(Hy, H_) denotes the set of all unitary operators
I': Hy — H_,i.e. by Definition 2.69, I' : H, — H_ is a bijection satisfying

(Tu, Tv) = (u,v) for all u,v € Hy.

(ii) The symbol U(2) denotes the group of all 2 x 2 unitary complex matrices. A matrix
M = [mjg] € C**2 belongs to U(2) if and only if

M*M = MM* = I,

where M™ denotes the conjugate transpose of M, i.e.
mi1 Mmi2 B mi1 Mol
M = ) M*=M" = .
mo1  Ma2 miz Moz

Equivalently, the columns (or rows) of M form an orthonormal basis of C2.
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We now apply Theorem 2.60 to A;. Let us emphasize that we need to use operator A

because Theorem 2.60 is only applicable to closed operators.
Note that Theorem 4.20 is closely related to Theorem 3.37.

In fact, by the extension theorem for closed symmetric operators with equal deficiency
indices, see Theorem 2.60, every self-adjoint extension of A; is of the form Ar, where
I': Hy — H_ is a unitary operator. Since dim Hy = dim H_ = 2, we have U(H;, H_) =
U(2), see Definition 4.19.

Theorem 4.20 (Self-adjoint extensions of A;). Let M = (mji) € U(2) be the matriz and
let T': Hi — H_ be the unitary determined by M with respect to the bases in (4.2.10);
i.e.,

T'(&r) = mapf1 + mag fo.

FEquivalently, see (4.2.18) or (4.2.19). Then the von Neumann formula (2.3.3) is as follows

D(Ar) = {u =ug+uy +Tuy 1 up € D(Ay), uy € H+},
o (4.2.11)
Ar(ug +uq +Tuy) = Ay up +iuy —iluy.

Then Ar is self-adjoint in L?*(R) and A; C Ar.

Moreover, every self-adjoint extension Ay of A1 equals Ar for a unique

T eU(H, H )=U(2))|

Idea of proof. By Corollary 2.92 we have (A;)* = A} and ni(A;) = 2. Hence the hy-
potheses of Theorem 2.60 are satisfied. Applying it is von Neumann parametrization with

the two-dimensional deficiency spaces in (4.2.10), yielding (4.2.11). O

Our Objective is to formulate and proof a result similar to Corollary 3.13.

Remark 4.21 (Explicit form of elements of D(Ar) via boundary values). Using the
explicit for of the orthonormal bases {é;,é} and {fi, fo} and their boundary values

(Tables 4.1-4.2), every u € D(Ar) can be written in the following concrete form

u=ug+ s1(é1 + m11f1 + m21f2) + s2(62 + m12f1 + m22f2),

with ug € D(A7) and (s, s2) € C2.

We now state a result completely analogous to Theorem 3.7 for the first-order operator.
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Corollary 4.22 (Classification of all self-adjoint extensions of A;). Let SA(A;) denote
the set of all self-adjoint extensions of the closure of the Laplacian Ay on R\ {0}. Then

SA(A)) ={Ar:T€U(H,H_)} = U(2). (4.2.12)

In other words, every self-adjoint extension of Ay is uniquely determined by a unitary ma-
triz M € U(2), and conversely every M € U(2) produces a (unique) self-adjoint extension
Ar.

Proof of Corollary 4.22.(1) Let A be any self-adjoint extension of A;. By Theorem 2.60,

there exists a unique unitary operator I' : Hy — H_ such that A = Ar.

(ii) Conversely, Theorem 4.20 asserts that for every unitary map I' : Hy — H_, the
operator Ar defined by (4.2.11) is self-adjoint.

Combining (i) and (ii) yields the formula (4.2.12). Since dim H; = dim H_ = 2, we have
U(Hy,H_) =2 U(2), which completes the proof.

O

In what follows we plan to present a generalization of Corollary 3.13 to the current setting.

With the abstract description of all self-adjoint extensions of A; in place, we now turn to

an explicit realization of these extensions for the Laplacian on R\ {0}.

Our next goal is to compute the deficiency bases, their boundary values at 04, and the

corresponding boundary conditions satisfied by functions in D(Ar).
More precisely:
(i) We recall the deficiency subspaces Hy and H_ from Subsection 4.2 and construct
orthonormal bases adapted to the problem.

(ii) We verify orthogonality and normalization and compute the boundary values of the

basis functions and their derivatives at 07 and 0.

(iii) These explicit computations will allow us, in the next subsection, to express the do-

mains D(Ar) in terms of concrete boundary conditions coupling u(0+) and u/(0+).

Deficiency subspace H. From (4.2.4)—(4.2.5) in Subsection 4.2, we found

Hy = span{ei, ez}
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where
e1(2) = Lo (@) T o) = 1o 0)(w)e FHHT,
and
17 T > 07 1, T < 07
1o,00) () = L—oo,0)(7) =
07 T < 07 O, z > 0.
Now, we will check if this an orthogonal basis, which means
<€1, 62>L2 =0 (4.2.13)
lex]| = llez|| = 1. (4.2.14)

We will start with the first condition (4.2.13) is true, i.e. if we take

o
(e1,€2)12 = / e1es dx

o _¥2 )T 2 )T
- 1(0700)(.%')6 z (I, (—oo,O)(x>e 2 (1) dx
—00

:/ 0dx =0.

So, the condition (4.2.13) holds.

[

Now, to check the second condition (4.2.14), we take
> X V2, iVE
Jerlfa = [~ lest@P o= [ e P

o0
o . x
:/ |e*§m\2|el?ﬂ2 da;:/ eV
0 0

-1
= e Vg =

1
V2 Vo)
Similarly for ||es||2,. Hence,

lexllzz = lleall 2 = 2744

We define the normalized functions

zeR. (4.2.15)

So that

1Exllze = léall2 =1, (&1, €2)12 =0.
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Thus {é1, 2} is an orthonormal basis of H.

Note that the derivatives of é;(x) and éx(x) are

& (x) = —2711(g o) () (1 + i)e T 1+,

V2

& () =27 1 Cou)(@)(1 + )’z HI7,

Evaluating at 04 we get the boundary values summarized in Table 4.1.

&1 | é &) &
0f [ 274 0 | 271741 +4) 0
0-| o [2W4 0 271741 +4)

TABLE 4.1: Boundary values of the functions €;, €5 and their derivatives.
Every u4 € Hy has a unique representation

U4 = S§1€1 + 5262, s1,89 € C. (4.2.16)

Deficiency subspace H_. From (4.2.8)—(4.2.9) in Subsection 4.2 we similarly have

H_ = span{ fi, fo}

where s
2 .
fi(@) = 1(g o0 (x)e™ 2 1H9)7
I L r e R.
Fale) = 1w (@) 001,
As above,
1
1£ill72 = 1521172 = 7 (f1, f2)12 = 0.
We define
file) =23 @) = 241 w)e FOTT o
z e R. 2.1
fo(@) = 25 fola) = 271 g)(2)e T (D,
so that {f1, fo} is an orthonormal basis of H_.
Differentiating, we get
P (@) = 2751 g ) (@) (1 + )6 (102
xz eR.

~ V2 .
£ (@) = 275 (1 4+ )1 (L) (@) T 102,
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The boundary values at 0+ coincide with those in Table 4.2.

fi | fo fi f
oF [ 2V ] 0 | —27Y4(1 +4) 0
0-| o |2t 0 27 Y41 +14)

TABLE 4.2: Boundary values of the functions fi, fo and their derivatives.

Thus
H_ = span{fi, fo}, dim H_ = 2.

From Case 1 and 2: we proved that the space Hy has orthonormal basis €1, €5, and the

space H_ with orthonormal basis fi, fo.

We proved that every element of H, is of the form

2
Z SpEL = 8161 + S2€9.
k=1

Unitary maps I' : H, — H_. Let us recall that by Theorem 4.20, every self-adjoint

extension of A; is determined by a unitary operator

I:H, - H_,

which, relative to the orthonormal bases {é1,é>} and {f1, f2}, is represented by a unitary
matrix M € U(2):

b
M= *_ 7, la> + 6> =1, ¢ €[0,2n). (4.2.18)
—e%h  e%a

a —e %p
M= ‘ .
b e %q

M*M = MM* = I,

the adjoint matrix is

A direct computation shows that

Thus M € U(2).

This is one of the standard parametrization of U(2); see https://en.wikipedia.org/

wiki/Unitary_matrix.


https://en.wikipedia.org/wiki/Unitary_matrix
https://en.wikipedia.org/wiki/Unitary_matrix
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Another representation is the following one

) % cos 6 e sin 0
M= | © 42.1
‘ —e Bsinh e @cosh ( 9)

where «, 3, ¢,0 € [0, 2m).

If I have matrix M in (4.2.18), then
v S1 _ mi1r Mmi2 51
S92 ma1 M22 52
_ a b s\ asy + bsa
—e%p  ei%q S9 —ewgsl + ei‘z’asQ '

2
T (Z Skék> = (m1181 + m1282)f1 + (mglsl + m2282)f2 (4.2.20)
k=1

Therefore

= (as1 + bSQ)fl + (—ei%sl + 6i¢582)f2.

In terms of the bases, this means
I'(é1) = murfi +mar fo, T'(&2) = miafi + mas fo. (4.2.21)
T(é1)=afi+ebfs, T'(é2) =bfi+e“afs.
If uy € Hy is written as in (4.2.16),
Uy = $1€1 + $2€2,
then

luy = Slr(él) + 321“(62)
= (CLSl + bSQ) fl + (—ewgsl + ea 82) fg. (4.2.22)

Decomposition of elements of D(Ar). By Theorem 4.20, the domain of the self-adjoint

extension Ar is given by

D(Ar) = {u=uo +us +Tuy : up € D(Ay), uy € Hy}.
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Lemma 4.23. Assume that s1,s2 € C and z+,x—,y+,y— € C, and assume that A # 0.

Then the following system of equations

yr = =27 Y41 +0) (1 + a)s1 + bsa),

y_ =27 Y41 +4) (=€ s + (1 + €%a)sy).
zy = 2Y4((1 + a)sy + bsa),

x_ =24 (—ebsy + (1 + €9a) s9).

1s satisfied if and only if the next system

(1+e%a)x + —bx—
214 A ’
e%br 4+ +(1+a)z—
S2 = 21/4A )
(1+43)((1 + e“a)x + —bz—) + V2((1 + e“a)y + +by—) = 0,

(144)(ebx + +(1 +a)x—) +V2(e“by + —(1 4+ a)y—) = 0.

S1 =

is also satisfied.

Proof of Lemma 4.23. Denote y = (y4+,y—) € C?, x = (z4,2_) € C? and s = (s1,82) €

C2. Then the 1st system of 4 equations is equivalent to

y = Bs,
z=0Cs

for some concrete 2 x 2 matrices B and C determined by the above coefficient. Since

A # 0, the matrix C is invertible.

The 2nd system of 4 equations is equivalent to

s=C"l,

Clzs—Bly=0
for the same matrices B and C.

One can easily prove that these two systems are equivalent.

(i) If the first system holds, then 2 = C's implies s = C 'z, and applying B~! to y = Bs
yields C~ 'z — B~y = 0.

(ii) Conversely, if the second system holds, then s = C~ !z implies 2 = Cs, and applying
Bto C~ 'z — B~y = 0 gives y = Bs.
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Thus the two systems are equivalent.

The proof is complete. O

Assume that u € D(Ar). Using (4.2.16) and (4.2.22), u can be written as

U = Ug + S1€1 + S269 + F(Slél + 5252)
=up + s1(é1 + I'(€1)) + s2(é2 + T'(é2))
= ug + s1(€1 +ma1fi + mar f2) + s2(E2 + mizfi + maafa), (4.2.23)

for some ug € D(A) and s, 52 € C.

From the Tables 4.1-4.2, we have the following boundary values of the ONB’s é;,és of
H, and fi, fo of H_

&1 (04) =244, &(04) =0, fi(0+) =24 fo(04) =0,
&1(0—) =0, &(0—) =24 F(0-)=0, fo(0—) =24
Hence, by (4.2.23) and we infer that

uw(04) = up(0+) + us (04) + (Tuy)(0+)
= 0+ 51(€1(0+) + ma1f1(04) + ma1 fo(0+))
+ 52(82(0+) + maa f1(0+) + maz f2(04))
= 51(21 4+ 21a — "D - (0)) + s5(0 + 27b + %@ - (0))

21 (14+a)s; + 21bsy = Zi‘ (1 4+ a)sy + bs2) ‘

and

u(0—) =u(0—) + u4(0—) + (T'uy)(0-)
=0+ 51(61(0—) + m11f1(0—) + ma1 f2(0-))
+ 52(82(0—) + miaf1(0=) + maz f2(0-))
= 51(0+a- (0) — 27eD) + $5(27 + b (0) + 23¢/q)

= —Q%ew’gsl + 2i52 + Qiew’asz —9F (—ewgsl +(1+ €i¢a)52)

From the above computations we obtained the boundary values

u(0+) = 24((1 + a)s1 + bsa),
u(0—) = 2Y/4(—eb sy + (1 + €9a) s9).
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These two relations form a linear system for the unknowns s; and s3. We now rewrite

this system in a convenient algebraic form and solve it.

Step 1: Divide out the common factor. Put

_ o) u(0-)
i TE T

Then the boundary system becomes

(14+a)si + bsy =z,
—eb sy + (14 €%a)sy = y.

s1 T 1+a b
A = , A o ' )
e Y —€e%h 1+ ei%q

Since M € U(2), the matrix A is invertible.

In matrix form,

Step 2: Compute the determinant.
A =det(A) = (1 +a)(1 + €%a) — b(—eb) = (1 + a)(1 + e%a) + €|b|%.

Since A is invertible (because the matrix comes from a unitary matrix M € U(2), and
satisfy M*M = MM* = I,), we infer that A # 0.

Step 3: Solve using Cramer’s rule. (Cramer’s rule: see Wikipedia or ChiliMath.)

. 1|z b (14 ea)z — by
1= = ,
Aly 1+¢e%a A
s _1|l+a x| eYbr+(1+a)y
2T e | A '
Step 4: Substitute back z,y in terms of u(0+).
Since 04) (0-)
u(0+ u(0—
=y YT o
we obtain
5 (1+ @) u(0+) — bu(0-)
1 = 4 9
o 2tA (4.2.24)
_ ?bu(04) + (1 +a) u(0-)
S9 — 21/4 A .



https://en.wikipedia.org/wiki/Cramer%27s_rule
https://www.chilimath.com/lessons/advanced-algebra/cramers-rule/
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where
A= (1+4a)(1+ea) + b2

Derivative boundary system. Using the boundary values in Tables 4.1-4.2, we get

& (0+) = =274 +4), é5(0+) =0,

Fl04+) = =241 +4),  f3(04) = 0.

Hence, by (4.2.23) and we infer that

u'(04) = s1(&}(0+) + mar f1(0+) + mar f3(0+))
+ 59(&5(04) + maafi(0+) + maa f5(0+))
=51 [=274 (1 +0) = mu2 A1) 4 s [-min2 A (1 +0)

Since m11 = a and m1o = b, this simplifies to

u (04) = =271 +0) (1 + a)sy + bsa). (4.2.25)

Analogously, since

we infer

W' (0—) = 51(&1(0—) +mu1 f(0—) + ma1 f5(0-))

+ 52(E5(0—) + m12f1(0=) + maa f5(0-))
=51 [m212*1/4(1 + z)} + 59 [2*1/4(1 +0) + ma2 VA1 + z)} :

Using mo1 = —e'h and ma = €'%a, we find

W'(0-) = 27 Y41 4+ i) (b sy + (1 + €a)sz). (4.2.26)

Combining equations (4.2.25) and (4.2.26), we have

W (0+4) = 2741 +4) ((1 4 a)s1 + bs),
(4.2.27)

w'(0—) = 2741 + i) (—ebsy + (1 + €a)sy).
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These formulas will later be combined with the corresponding expressions for u(0+) to

obtain the boundary conditions defining D(Ar).

From the formulas (4.2.27), the equations are completely analogous to the boundary

relations for u(0+); the same linear—algebraic method gives explicit expressions for s;

and ss.

Step 1: Divide out the common factor. Put

l‘/ o ul(0+) /. ul(o_)
T oA YT A )

Then the system becomes

(14 a)sy + bsy =2/,
—e%b sy + (14 ea)sy = o/

/ 1+a b
A S1 _ m/ ’ A= N | .
52 y —€%h 1+ e'?q

As before, A is invertible because it comes from a unitary matrix M € U(2).

In matrix form,

Step 2: Determinant.

A =det(A) = (1 +a)(1 + €a) + €|b|>.

Step 3: Solve using Cramer’s rule.

(14 ea)a’ — by
A 9

S1 =

S9 =

eba’ + (1 +a)y
A :

Step 4: Substitute back the definitions of 2’ and ¢’ from (4.2.28).

We deduce that

/ /
i u'(0+) _ u'(0—)
- (1+e"a) —2-1/4(1 +4) b 2-1/4(1 4 i)
1= A )
o (0+) u'(0-)
wﬁbL 1 ——
. P gy T Y
2 = :

A

(4.2.28)
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Thus
o = = (1+ea)u/(0+) — bu'(0-)
2-1/4(1 4+ 49) A ’
o (4.2.29)
o — —ebu'(0+) + (14 a)u/'(0-)
2741 +4) A ’
where

A= (1+a)(1+e%a) — e b2
From (4.2.24) and (4.2.29) we know that the same constants s1, s2 can be expressed both
in terms of (u(0+),u(0—)) and in terms of (u/(0+), ' (0—)).
Indeed, for s; we have

(14 €e“a)u(0+) — bu(0—) —(1+e“a)u’'(0+) — bu'(0-)

21/4 A 2-1/4(14+49) A

Cancelling A and multiplying both sides by 2'/4 .21/ = /2, we obtain
(14 4) (1 + e®@)u(04) — bu(0-)) + vV2((1 + ea)u’ (0+) + bu'(0-)) = 0.

Similarly, equating the two formulas for so gives

ebu(04) + (1+a)u(0—)  —ebu/(0+) + (1+a)u'(0—)
2L/4 A B 2-14(1 +4) A ’

hence

(14 4)(ebu(0+) + (1 + a) u(0-)) + vV2(ebu/(0+) — (1 +a) v/ (0—)) = 0.

Therefore, the following pair of linear boundary conditions

(14 4) (1 + e®@)u(04) — bu(0-)) + vV2((1 + ea)u’ (0+) + bu'(0-)) =0,
(4.2.30)

(14 4) (ebu(0+) + (1 + a) u(0-)) + vV2(ebu/(0+) — (1 +a) v/ (0-)) = 0.

To simplify the boundary conditions, we put u(0+) = u(0—) = z and «/(0+) = «/(0) =y,

we get

(14 4)((1+€a) — b))z + V2((1 + a) + b)y = 0,

(14)(€?b+ (1 + a))z + V2(eb — (1 + a))y = 0.
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4.2.6 Nontrivial Solutions of a Complex Linear System

We determine all coefficients
$el0,2r), abeC, la|®> + B> =1,
for which the linear system with unknowns z,y,

(14+4)((1 + €a) — b)x + V2((1 + €a) + b)y = 0, (£231)
(L+D)(e9B+ (1+ )z + V29D — (1 + a))y =0, B

admits a nontrivial solution (z,y) # (0,0).

To determine when the system (4.2.31) admits a nontrivial solution, we examine the deter-
minant of its coefficient matrix. A nontrivial solution exists if and only if this determinant

vanishes. Factoring out the nonzero scalar (1 4 i)y/2, the condition reduces to

. (1+e%a) —b (1+e%a)+b 0

e o o =0.
€b+ (1+a) € — (1+a)

A direct computation yields

~2((1 4 €a)(1+ a) + be'?b) =0,

and hence
(1+ €a)(1+ a) + e*|b*> = 0.

Using the constraint |a|? + |b|? = 1, this reduces to

(14+a)+e“(1+a)=0. (4.2.32)

We have two cases as follow:

(i) Case 1: a = —1: Then |a|? = 1 forces b = 0. Equation (4.2.32) is identically satisfied
for every ¢ € [0,27). Thus

(aaba qb) = (_1307¢)7 ¢ € [0a277)a

is a family of solutions.
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(ii) Case 2: a # —1: Then 1+ a # 0, and (4.2.32) uniquely determines ¢:

oit 1+a__ 14+a

1+a  (1ta)

Since the right-hand side has modulus 1, such ¢ always exists and is unique modulo 27.

Writing 6 = arg(1l + a), this can be expressed as

p=m+20 (mod 2m).

Here a is arbitrary with |a| < 1, a # —1, and b is arbitrary subject only to
[b] = /1 = |a*.

The system (4.2.31) admits a nontrivial solution if and only if
(1+a)+e®(1+a)=0 and |af>+|b]*=1.

This condition yields exactly the two families described above.

characterize exactly the domain D(Ar) corresponding to the unitary matrix M in (4.2.18).

We proved the following result.

Proposition 4.24. Let

a b
—e%h  ei%a

and let ' : Hy — H_ be the unitary operator defined by
2 ~
L&) =Y mu; fe
k=1

If u € D(Ar), then u satisfies the boundary conditions (4.2.30).

4.2.7 Converse construction for the Laplacian

In this subsection we prove the converse direction of the characterization of self-adjoint
extensions of the Laplacian. Starting from a unitary map I' : Hy — H_, we derive the
corresponding boundary conditions satisfied by functions in D(Ar), and conversely show
that any function satisfying these boundary conditions admits a decomposition of the

form prescribed by von Neumann’s theory, see Theorem 2.60.
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The argument relies on expressing the boundary values of u and v’ at the origin linearly
in terms of the coefficients (s1, s2) associated with the deficiency subspaces, and on the

invertibility of the resulting boundary matrices.

D(Ar) = {u € D(AL") :u = ug + uy 4+ T(ug), for some uy € H+},
2 2
= {u e DALY :u=ug+ Zsjéj + ZF €;) s;, for some s = (s1,52) € (CQ},

= = (4.2.33)

{u e D(A,")

”M“

i(€; +T'¢j), for some s = (s1,82) € (C2}.

where {€1,é2} is a basis of H.

Definition 4.25. Assume that I' : H, — H_ is a linear isomorphism. Let us also denote

by {f1, f2} is a basis of H_. Let us denote by M the matrix of operator I in the basis on
{él,éz} and {fl,fg}, i.e.

k=1

(Z Skek> =T (8161 + 8262 (Z mljsj) f1 + (Z mgjsj) 2. (4.2.34)

Let u € D(Ar). Then the boundary values of u at 0+ satisfy

u(0£) =

M

53]2;(0%) + (02;) (0)] . (4.2.35)

<
I
—

Similarly, for the first derivative we have

u'(0£) =

M

53| (0%) + (1) (04)]. (4.2.36)

<
Il
—_

Equations (4.2.35) can be written in a matrix form as

(u(0+)) —C (31) , (4.2.37)
u(0—) 52

where C' € C**? is the matrix whose entries are determined by the boundary values of &;
and I'é; at 0+.
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Likewise, equations (4.2.36) can be written as

(“/<O+)) ~-B (81) , (4.2.38)
u'(0—) S2

where B € C**? is the matrix determined by the boundary values of &; and (I'¢;)" at 0+.

Using Tables 4.1-4.2 and (4.2.20), the matrices C' and B take the explicit forms (4.2.39)
and (4.2.40). Therefore, the matrix C' is given by

C =24 e ’ , (4.2.39)
_eih 14 eita

and the derivative matrix is
—(14a) —b

B =2"Y41+1) . (4.2.40)
—eb  1+e%a

Assume that the matrices B and C are invertible. Then from (4.2.37) we obtain

(Z) =L (ZESJ—F;) , (4.2.41)
(2) — B! (z:ﬁgj) , (4.2.42)

We can write the boundary values at 0+ in matrix form (4.2.41) as

(u(O—i—)) o <31) |
u(0—) S9

€1 (O—I-) + (Fél)(0+) 62(0+) + (Fég)(0+)

and from (4.2.38) we obtain

where

C =
€1(0—) + (T'é1)(0—) é2(0—) + (I'é2)(0—)

Similarly, for the derivatives (4.2.42),
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where
€1(0+) + (T'é1)' (04)  &5(0+) + ('é2)'(0+)

& (0-) + (Té)'(0—-) &(0-) + (éz)'(0-)

Hence from (4.2.37) and (4.2.42), we infer that
0 '(0
ot (MO _ g (WOD)) (4.2.43)
u(0-) u'(0—)
These two matrices B and C' depend on the unitary map I'.

Since the unitary map I' depends on a unitary matrix M € U(2), the boundary conditions

(4.2.43) can be expressed in terms of M.
Define the operator AM by
D(AM) = {u € D(A}) :u satisfies the boundary conditions (4.2.43)}. (4.2.44)

Claim 4.26. If u € D(Ar), then u € D(AM).

Proof. Let u € D(Ar). By the definition of D(Ar) in (4.2.33), there exist ug € D(4;)
and uy € Hy such that

U =up + uy + Tug.
Put u, = s1&1 + 5262 for some (sy, s2) € C2.

By Proposition 4.18, the boundary traces of ug vanish:
up(0+) = up(0—) =0, ug(0+) = uy(0—) = 0.

Hence, by linearity of the trace maps,

By the definitions of the matrices C and B in (4.2.37) and (4.2.38), these identities can

(u(0+)) e (31> ? (u’(0+)) _B (81) ‘
u(0—) 2 u'(0—) 2

Since B and C are invertible, we obtain

(31) _ o (u(O—i—)) _ g1 (u’(()—i—)) ‘
52 u(0—-) w'(0-)

be written as
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Therefore the boundary condition (4.2.43) holds, and hence u € D(AM) by definition
(4.2.44). O

Now we prove the converse implication. Assume that M = [mij}?jzl is an invertible
matrix and I" is defined by (4.2.34). Then

Claim 4.27. If u € D(AM), then u € D(Ar).

Proof of Claim 4.27. Take u € D(AM). Then u € D(A?), and so the boundary values
(u(0+)7u(0_))’ (U/(0+)7u/(0_))
are well defined and satisfy the condition (4.2.43).

Hence, we can define the coefficients (s1,s2) € C? in two equivalent ways:

s = (2) —c! (ZES?) , (4.2.45)
(2) o (Z:Egj) | (424

We want to show that these coefficients (s1,s2) give rise to the decomposition required

for membership of u in D(Ar).

For convenience, we introduce the notation
= (@4,-) = (u(04), u(0-)),

and similarly
y = (y+,y-) = (¢ (0+),4'(0-)).

With this notation, the formulas (4.2.45) and (4.2.46) can be rewritten as

5= (Sl) — ! (“) — 0, (4.2.47)
S92 xXr_

- (‘91 _p ") =B 4.2.48

5= o) " N = Y. (4.2.48)

We aim to show that the two definitions of the coefficients (si, s2) given in (4.2.47) and
(4.2.48) coincide.

and
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Lemma 4.28. Assume the matrices B and C are invertible. We Consider the linear

(er) =C (Sl> = x=0Cs, (4.2.49)
X _— S92
(‘7”) - B (Sl) — y=Bs (4.2.50)
Y- 52

Then the system (4.2.49)—(4.2.50) is equivalent to

(81> =C! (x+) — s=0C"lg, (4.2.51)
S92 X _—

o (“) — B! (y+) — =By (4.2.52)
T Y

Proof of Lemma 4.28. This result is an immediate consequence of Lemma 4.23. Indeed,

systems

and

together with

equations (4.2.49) and (4.2.50) correspond to the relations z = Cs and y = Bs, while
(4.2.51) and (4.2.52) express the equivalent system s = C~lz together with C~lz =
B~ ly. O

With (81) defined by (4.2.45), or equivalent (4.2.46), we put
52

2
Uy = Zsjéj e Hy c D(A,),

j=1
and
2 Tk
u_ = Zsjféj € H.C D(A1).
j=1
Put
uy == u — (uy +u_) € D(A;"). (4.2.53)
Claim 4.29.
Uy € D(/Il)

Proof. By Proposition 4.18, it is sufficient to prove that

up(0+) = up(0—) =0, uh(04) = up(0—) = 0.
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Or equivalently, that

Jj=1 j=1
2
= Z {éj(0+) + F(éj)(()%—)} Sj.
7=1

Similarly,

Using Tables 4.1-4.2 and the representation of I' in (4.2.20), the matrix C in (4.2.54) is
exactly the explicit matrix (4.2.39).

Therefore, we infer that

ur(04) +u-(0+)) _ (1) (4.2.54)
’LL+(0—) + u*(O_) 52

This implies that

In a similar way, we prove
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By definition of ug, see (4.2.53), we also have

(4.2.55)

On the other hand, using linearity and the representation w4 = Z?:l sjéj and u_ = T'uy,

we obtain

2 2
ull (0+) + ul Zsjej (0+) + Z Te]
7j=1

i[” 0+) + (1) (04)] 55,

J=1
and similarly
2
wy (0-) +ul(0-) = D[ (0-) + (%)) (0-)] s,
j=1
Therefore, the derivative traces can be written in matrix form as
' (0 " (0
w0 Fu(00)) g s1) (4.2.56)
v/ (0—) +u_(0—-) S9
where B is exactly the explicit matrix (4.2.40) (obtained from Tables 4.1-4.2 and (4.2.20)).

Now, by the definition of the coefficients s = (s1, s2) via the derivative data, see (4.2.46),
/ O+
O _p (o) (4.2.57)
u'(0-) 9

W(04)) _ (wh(04) +ul(04) ) (4.2.58)
' (0-) ulp (0—) +u/_(0—)

we have

Hence, ug € D(A;). O

Therefore, D(AM) C D(Ar). This completes the proof. O
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4.2.8 Abstract Characterization of self-adjoint extensions via Unitary

maps
We now reformulate the converse construction in an abstract form, using boundary con-
ditions parameterized by a unitary matrix.

Definition 4.30. Fix a unitary matrix a € U(2), and define the operator A% by

D(A%) = {u € D(A]) : u satisfies the boundary conditions (4.2.30)}, )
(4.2.59

A% = Aju, u € D(A®).

Theorem 4.31. Let o € U(2). Then the operator A* defined by (4.2.59) coincides with

the abstract self-adjoint extension Ar, given in Theorem 2.60. In particular, we have
A% = Ar,,,
where Iy, : Hy — H_ s the unitary map corresponding to «. In particular,
D(A®%) = D(Ar,),
and the boundary conditions (4.2.30) uniquely determine the self-adjoint extension.
The proof follows directly from the converse construction established in the previous

Subsection 4.2.7 and is therefore omitted.

Remark 4.32. This result is the exact analogue of the first-order case, see Theorem
3.38. In the first-order setting, the deficiency spaces are one-dimensional, and the self—
adjoint extensions are parametrized by a € T, requiring a single boundary condition. In
contrast, for the Laplacian, the deficiency spaces are two-dimensional, and the self-adjoint
extensions are parametrized by a € U(2), requiring two linear boundary conditions are

required.



Chapter 5

Third-order linear homogeneous

differential operators

In this chapter, we study third-order linear homogeneous differential operators. Using the
classical von Neumann approach, we analyse symmetry, determine the adjoint operator,

and compute the deficiency indices.

This allows us to obtain a complete characterization of all self-adjoint extensions of the
operators under consideration. We also provide several examples and applications illus-

trating the abstract theory.

5.1 Third-order linear homogeneous differential operators

on the real line

5.1.1 Symmetry and the adjoint

The third-order linear homogeneous differential operators studied here have applications
in research on nonlinear Korteweg-De Vries (KdV) equations. We consider the Hilbert

space
H = IL*(R,C)
with the standard inner product and norm. We define the operator Ay by

D(Ao) = C5°(R)

(5.1.1)
Aou = (iD)3u = —iu'”,

where D3u denotes the classical third derivative of u.

104
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Proposition 5.1. The operator Ay defined by formula (5.1.1) is symmetric in the space
H, ie
(Aou,v)r2 = (u, Agv)12; Y u,v € D(Ap). (5.1.2)

Proof of Proposition 5.1. We need to prove that Ag is symmetric. In what follows we
consider the case when a = —oo and b = co. The proof in a general case is similar. Let us

choose and fix u,v € C§°(R). Then by the definition (5.1.1) of the operator Ay we have

(u, Agv) 2 = (1, —iv") 2 = / w(@) (=i (2)) dt (5.1.3)
To prove (5.1.2), since both u, v have compact support, we can find interval [a, b] and [c, d]
such that u(x) = 0if t ¢ [a,b] and v(z) = 0 if ¢ ¢ [¢,d]. Then we choose o« = min{a, c}

and 8 = maxz{b,d}. Then [a,b] C [, 8] and [c,d] C [o, (], so that
[a,b] U e, d] C [a, B].

Therefore,
if ¢ (a,p), then u(z) =0, and v(z) =0.

Hence the integral in (5.1.3) is equal to the corresponding integral over a bounded interval
[, B] (over which I can apply the Integration by Parts [37, Theorem 6.22]). Thus, by
equality (5.1.3), we get

RHS = (u, Agv) = / w(z) ()] do = i / w(z) @ (@) dt

o0 o0
—00 —

B _ - OO/D’ -
=i [ @@ do =il @), - [ ol @) de
B B
—0— /a o (2)0"(@) dx = il (@) — i /a o ()0 (@) da)
B _ B -
— 0+ / o (@) (@) dx == i ()o@ —i [ u"(z)o(@) da] =

[0}

B i S 00 S
/a —iu" (z)v(z) dz = /_OO —iv" (z)v(z) dz = (Agu,v) = LHS.

Hence we infer that Ag is symmetric in H. O

We need to determine D(A{) and next find a formula for Ajv if v € D(Ag).

We begin with the following characterization of the domain of the adjoint operator Aj.

We will prove the following result.

Lemma 5.2. Let Ay be the operator defined by (5.1.1). Then

D(Af) = {u e I*(R,C): D*ue LA(R,C)}, (5.1.4)
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where D3u is understood in the weak sense. Moreover,

Afu = —iD%u, u € D(A}). (5.1.5)

Proof of Lemma 5.2. Part I. We will prove that the set on the RHS of equality (5.1.4) is
a subset of the LHS, i.e.

{u € L*(R,C) : D3u € L*(R;C)} C D(A}).

Let u € L?(R,C) such that the weak derivative D3u exists and D3u € L?(R;C). We
want to prove that u € D(Af). Thus, by the definition 2.51, we want to prove that
Ju* € L*(R,C) such that

/uATv _ /u*ﬁ, o € D(Ay). (5.1.6)

Let us put

u* = —iD%u

By the assumptions about u, we infer that u* € L?(R,C). Now we will prove (5.1.6). Let
us choose and fix v € D(Ap) = C°(R, C). We have,

LHS = [ u(z)Apv(z)dx = /u(a:)[—iv’”(x)} dr =

i / w(z) o (@) de = i / D3u(z)o(@) dv = i / w*(z)o(z) dz = RHS.

Hence (5.1.6) follows. O

Proof of Lemma (5.2). Part II. We will prove that the set on the LHS of equality (5.1.4)
is a subset of the RHS, i.e.

D(A}) € {u € L*(R,C) : D3u € L*(R;C)}.

Let us choose and fix an element u € D(Ag). Since obviously, u € L*(R, C), we need to
prove that the weak derivative D3u exits and D3u € L?(R; C), see Definition 2.11.

Since, u € D(Af) and C§°(R, C) = D(Ay), by the Definition 2.51, there exists an element
Aju € L*(R,C) such that

<A0¢,U>L2 = <¢,A8U>L2, V¢ € CSO(R,(C)

Since Aggp = —i¢""’ we infer that

/ (—=i)¢" (z)u(zx) dr = / o(z) Afu(x) drv Vo € C3°(R,R).
R R
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Hence
i / w(z)d" (x) da = / Asu(z)d(z) de Vo € CP(R, R).
R R

Hence, multiplying by

/ w(z)d" () de = — / (=) AZu(z)d(z) dz Vo € CF (R, R).
R R

Therefore, the third order weak derivative D3u exists and
D3u = —iA}u
Because Aju € L?(R), we infer that D3u € L?(R). The result follows.

We also proved equality (5.1.5). O

5.1.2 Deficiency indices of the third-order linear homogeneous differen-

tial operators on the real line

In this section we will calculate the deficiency indices n4(Ag) and n_(Ap) of the operator

Ay defined by (5.1.1). To be precise we will calculate the following numbers
n4(Ag) = dim ker(il — Ap), n_(Aog) = dim ker(il + Ap),
see Definition 2.59. The main results in this subsection as follow

Theorem 5.3. Assume that Ag is the operator defined by formula (5.1.1). Then

n,(Ao) =0
ni+(Ap) =0

The following main result of this section is a consequence of Theorem 5.3.
From Proposition (5.5) and Proposition (5.7) we deduce

Corollary 5.4. The operator Ay on L?>(R, C) defined by equation (5.1.1) has precisely one
self-adjoint extension. This extension is characterized by the Corollary 2.61. Moreover,

the unique self-adjoint extension A of Ag is as follows

D(A) = H3R),  Au= —iD%u.

We begin with the following Proposition.
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Proposition 5.5. Assume that Ag is the operator defined by formula (5.1.1). Then we
have
7’L+(A()) = 0.

Proof of Proposition 5.5. In order to calculate ny(Ap), By [34, Definition ker(B)] and

Lemma 5.2 we have

u€ker(il —A;) <= weD(A;) and (il —Aju=0
= u € D(A}) and iu = —iD3u
= u € D(A}) and D3u = —u
> u: R—=C: u isof C* — class
and the derivative u” = D?u is locally absolutely continuous function

and / lu"” (x)|? dt < oo

and D?u = u"” = —u on R, (5.1.7)

Let us choose and fix u € ker(il — Aj). Then by (5.1.7),

d3

ﬁu(z‘) = —u(z) for almost every x € R. (5.1.8)
x

The general solution of the above equation (5.1.8), see [24, Section 2.9], is

3 3
u(z) =cre”* + coe2® 005(733) + cge2”® sz’n(7a:), z €R, (5.1.9)

for some constant ¢y, co, c3 € C. Therefore the general solution can equivalently be written
as

_ 1o V3 1, V3
w(x) = are”® 4+ age2® 2T 4 aze2” "2 Yz € R, (5.1.10)
for some constant aq, as, a3 € C.

Claim 5.6. Let u be a function of the form (5.1.10) belongs to H = L?(R,C), then

a1 = as = az = 0. Hence u = 0.

Proof of Claim 5.6. We begin with the following trivial observation

|e%mii§m|2 — %

Therefore
1. .V3.02 X1, VB2 o
/ Cerannd dm:/ lez® 27| d$:/ e’dr = oo. (5.1.11)
0 0 0
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Since u € L%(0, 00), necessarily

a2:a3:0.

Next, on (—o0,0) we have

0 2 R 2
/ le™™ d;r:/ e xdx:/ e dxr = o0,
—00 —00 0

o0 1
/ le™2%)2dx < oco.
0

while

Thus u € L*(R) implies that u — a;e™® € L?([0,00)). This allows us to rewrite on (0, c0)
/3 /3
u(z) = aze2™TTT 4 age%z_zgm, z € (0,00), (5.1.12)
for some constant as, ag € C.

Then, by employing basic properties of complex numbers we have

lu(z)|? = |az|?e® + |as|?e® 4+ 2e"Re(azaz) = (|c12|2 + |as|® + 2Re(agaz))e”

= |CL2+CL3|261, z € R.
Therefore, in view (5.1.11), if |as + a3|?> > 0
oo [e.e]
/ lu(z)|? de = |ag + a3]2/ le®|? dx = oo.
0 0

But, since by assumptions LH S is finite, we deduce that |as + a3|? = 0 and so a3 = —as.
Hence, by (5.1.12), we get

u(:c) — aQ(e%x+i§x Le—i

— a2e%x (ezéx —_ et
3
= age?® sin(Taj), z € R,
Now, suppose for the time being that

/ e’ sin2(\é§x) dzx = 0. (5.1.13)
0

Then, we deduce that as = 0, and therefore, ag =0

To prove (5.1.13) it is equivalent to prove that

oo
/ % sin’ x dx = oo. (5.1.14)
0
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It remains the prove that a; = 0. Since we already that as = as = 0, we get

u(x) =a1e”®, x€R.

Since u € H,
x
Jully = [ u@)? dz < o.
—0o0
Hence,
0 00
/ ()2 dz g/ lu(@)[2 dz < oo.
—00 —00

On the other hand,

0 0 e )
/ le %% do = / e 2 dx = / e dx = oo.
—00 —00 0
Hence, if a1 # 0, then also
0
/ lu(z)|? de = oo
—00
what leads to a contradiction. Hence we infer that also a1 = 0.

Therefore, a; = as = az = 0 and so u = 0. O]
The proof of Proposition 5.5 is complete. 0

The following result is a companion result to Proposition 5.5.

Proposition 5.7. Assume that Ag is the operator defined by formula (5.1.1). Then we
have
n_— (A()) = 0.

Proof of Proposition 5.7. In order to calculate n_(Ag), we need to find the space
n_(Ap) = dim ker(il + Ap).
By [34, Definition ker(B)] and Lemma 5.2 we have

u e ker(il + A;) <= weD(A;) and (I + Aju=0
— u € D(A}) and iu = iD3u
— u € D(A}) and D3u=u
> u: R—C: u isof C* — class
and the second derivative D?u is locally absolutely continuous function

and / D3(z)|? do < oo

and D3u = u on R. (5.1.15)
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Let us choose and fix u € ker(il + Afj). Then by (5.1.15),

d3

Fu(x) = u(z) for almost every x € R (5.1.16)
x

How do you solve this equation? You look for a solution of the form

u(z) =e

You substitute it into equation (5.1.16) and you get
N = M o A3 =1,

This equation has three roots

1 27 1 2
A1 , A9 5 +1 3 A9 5 7 3

The general solution of the above equation (5.1.16), see [24, Section 2.9], is

u(x) = ale)‘lx + a26>‘2x + age)‘”

i.e.
x —lm—i-iQJx 1y 2m,
u(z) = are” + age” 2 3% 4 gge 2 57z eR, (5.1.17)

for some constant aq, a9, a3 € C.

Claim 5.8. If function u is of the form (5.1.17) belongs to H = L*(R,C), then a; = ay =

a3 =0, and so u = 0.

Proof of Claim 5.8. We begin with the following two trivial observations
o0 1. 2m 0 1. 2w
/ le 27572 4y = oo, / e 2775 72 dy = oo,
0 —o0
0
/ |e*]? dx < o, (5.1.18)
—0o

Let us choose and fix a function u of the form (5.1.17) which belongs to H = L?(R, C).
Hence, by equality (5.1.18), the function u—ae® belongs to the space H = L?((—o0, 0], C).
Hence we can assume that a; = 0, i.e. we can assume that u is of the form, for some

constant as, a3 € C,

u(x) = a2e—%x+i2%x —+ ase—%x—i%x’ T € (—O0,0), (5119)
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Then, by employing basic properties of complex numbers we have

lu(x)|? = |ag|*e™" + |az|*e ™ 4 2¢ *Re(agadz)

= (laz)? + |az|* + 2Re(azaz))e ™" = |ag + az’e™®, z € R.

Therefore, if |ag 4 az|?> > 0

0 0
/ lu(z)|? de = |ag + a3|2/ le™*dx = oo.
—o

—00

But, since by assumptions LH S is finite, we deduce that |as + a3|? = 0 and so a3 = —as.

Hence, by (5.1.19), we get

u(a?) — a2(ef%x+i2?"x _ ef%zfi%ﬂr)

1y, g2m _i2m 1y .o 2w
=age 27 ('3 —e7'TY) = age 23”511(1(?37), z €R,

Now, suppose for the time being that
0 2
/ e’ sin2(—7rx) dx = oo. (5.1.20)
NS 3

Then, we deduce that as = 0, and therefore, ag =0

To prove (5.1.20) it is equivalent to prove that

0
/ e Tsin?zdr = oo

—0o0

what in turn is equivalent to (5.1.14). O

It remains the prove that a; = 0. Since we already that as = ag = 0, we get
u(x) = are”, zeR.

Since v € H .
u(x) = a%/ e* dx < oo,
—00

so a; = 0. The proof of Proposition 5.7 is complete. O
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5.2 Third-order linear homogeneous differential operators

on the positive real line

In this section we consider the Hilbert space
H = L2(R+7 (C) = L2((07 OO), C)

equipped with the standard inner product and norm.

We define the following operator

D(A1) = C§°((0,00);C) (5.2.1)

Ayu = (iD)3u = —iu"
Proposition 5.9. The operator A; is symmetric in the space H, i.e.
(Ayu,v)p2 = (u, A1v) 12, Yu,v € D(A;).

Remark 5.10. The proof of symmetry of the operator A; defined by (5.2.1) is analogous

to the proof of symmetry of the operator Ay, see Proposition 5.1.

Moreover, the symmetry of A; follows directly from the symmetry of Ap.

Proof of Remark 5.10. Recall that

D(Ag) = C5°(R; C),
D(Ar) = G5°((0,00); C).

Hence, D(A;) C D(Ap). Moreover,

Agu = (iD)3u = —iv"", u € D(Ap),
Ayu = (iD)3u = —iv", wue D(A)).

Thus, Aju = Apu for all u € D(A;), and therefore
Aq C Ayp.
Since Ay is symmetric, it follows that A; is also symmetric. Indeed, for u,v € D(A1),

(Aju,v) = (Agu,v) = (u, Agv) = (u, A1v).
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We now compute the deficiency indices of the operator A;. For this purpose, we first

characterize the domain of the adjoint operator Aj.

Proposition 5.11. A measurable function v : (0,00) — C belongs to D(A}) if and only
if the following conditions hold:

o
v € L?(0,00), i.e. / lv(z)|? dt < oo,
0
V" = D%v is locally absolutely continuous on (0,00), and

/ " (2)|? dz < oc.
0

Moreover,

1= (iD)*v = —iv", wve D(A}).

Next, we compute the deficiency indices n4 (A1) and n_(A;) of Ay, see Definition of

deficiency subspaces [34, p. 138], i.e.
n4 (A1) = dimker(iI — AY), n_(A;) = dimker(iI + A7).
Thus, in order to calculate n4 (A7), we need to find the space ker(iI — AY).

Proposition 5.12. Assume that Ay is the operator defined by formula (5.2.1). Then

n+(A1) =1.

Proof of Proposition 5.12. To find n4(A;), let us observe that by Proposition 5.11

u € ker(il —A]) <<= wuwe D(A]) and (il — AT)u=0

< uc D(A}) and iu = —iD*u <= wu€ D(A}) and D?u= —u.

<= the restriction of u to the interval (0, c0) is of class C? (5.2.2)
and the derivatives are locally absolutely continuous

and D3u = —u on (0,00).
We solved this equation before, see (5.1.8).
Let us choose and fix u € ker(il — A}). Then by (5.2.2), u satisfies
D3u = —u on (0,00).

The general solution of D3u = —u is of the form (5.1.9), i.e.

3 3
u(x) =cre”* + coe2® cos(\gac) + 036%90 sin(Ta:), x>0,
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for some constant ci, co, c3 € C. Equivalent form is

V3 /3
u(z) =are”* + ape(2 2T 4 eGP0 s . (5.2.3)
for some constant aq, a9, a3 € C.
Remark 5.13. From numbers —1, % + z§ and % — i@, only the first one has negative

real part.

Claim 5.14. If function u is of the form (5.2.3) belongs to H = L?((0,00),C), then

as =0 and az =0, and so u = aje™*.

Proof of Claim 5.14. We begin with the following two trivial observations

/Oo |e%$+i§m|2 dr — 00, /Oo ‘e%g;—i@xﬁ dr = 00,
0 0
oo
/ le %% dz < oo, (5.2.4)
OOO
/ e%)? da = oo. (5.2.5)
0

Let us choose and fix a function u of the form (5.2.3) which belongs to H = L*((0, o), C).
Hence, by equality (5.2.4), the function u—aje~* belongs to the space H = L?((0, ), C).
Hence we can assume that a; = 0, i.e. we can assume that u is of the form

u(z) = ape2 T 4 age%””—ZTBm, z € (0,00), (5.2.6)

for some constant as,az € C. We want to show that as = ag = 0. L]

Then, by employing basic properties of complex numbers we have

lu(z)|? = |ag|e” + |as|*e® + 2" Re(azds) = (|az|* + |as|* + 2Re(azd3))e”

= |ag + az|?e®, z € (0,00).
Therefore, in view (5.2.5), if |ag + az|?> > 0
oo o0
/ lu(z)|? de = |ag + a3|2/ %) da = oo.
0 0

But, since by assumptions, the LHS is finite, we deduce that |az + a3|> = 0. Hence
a3 = —ag, and by (5.2.6), since

/ |u(z)|* dz :ag/o e’ sin2(\£§x) dx

0
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we get,
u(z) = a2<e§z+i§x _ ezxﬂ'@az) _ a2€§z(ez§x B e%%:c)
= age?® sin(—3x), r € R,
by (5.1.13) we deduce that as = 0. O

Proposition 5.15. Assume that Ay is the operator defined by formula (5.2.1). Then

n_— (Al) = 2.

Proof of Proposition 5.15. To find n_(A;), let us observe that by Proposition 5.11

u € ker(il + A]) <= we D(A]) and (I + A))u=0

< uc D(A}) and iu = iD%u <<= wu¢c D(A}) and D3u=u.

<= the function u to the intervals (0, c0) is of C?-class (5.2.7)
and the derivatives are locally absolutely continuous

and D3u = u on (0, 00).
We solved this equation before, see (5.1.15).
Let us choose and fix u € ker(iI 4 A7), then by (5.2.7), u satisfies the following conditions.

D3u = u on (0, 00).

The general solution of D3u = u is of the form (5.1.16), i.e.
1 3 1, . V3
u(z) = c1e” + cpe2” 003(71’) + cze2” sm(Ta:), x>0,

for some constant cq, co, c3 € C.

_1...v3 _1._-V3
u(r) = are” + aze 22T faze 22T 1> 0, (5.2.8)

for some constant aq, as,asg € C.

Claim 5.16. If function u is of the form (5.2.8) belongs to H = L?((0,00),C), then

a1 = 0 and so
1 .
u = age 2%
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Proof of Claim 5.16. We begin with the following two trivial observations

[o¢]
/3

/ e~ 355 2 4 < oo, (5.2.9)
0

/ e 27797 2 dg < o0, (5.2.10)
OOO

/ %) da = oo. (5.2.11)
0

Let us choose and fix a function u of the form (5.2.8) which belongs to H = L?((0, o), C).
Hence by equality (5.2.9) and (5.2.10), the function the function

Lo

1,.1,V3
FT+i-57T ase” 2

U — age” 2 z

2

belongs to the space H = L?((0,00),C). Hence we can assume that as = ag = 0, i.e. we

can assume that « is of the form
u(z) = a1e”, x € (0,00), (5.2.12)
for some constant a; € C. Therefore, in view (5.2.11), if |a1]| # 0
o0 o0
/ ()| dz = ya1\2/ %2 dz = oo.
0 0

But, since by assumptions, the LHS is finite, we deduce that |a;|?> = 0. Hence a; = 0.

Hence a1 = 0. Hence, by (5.2.12), we get

u(zx) = age_%m“‘éx + age %x_1§’3
O
Hence the proof of Proposition 5.15 is complete. O

From Proposition (5.12) and Proposition (5.15) we deduce the following immediate con-

sequence.

Theorem 5.17. Assume that Ay is the operator defined by formula (5.2.1). Then,

The following is a consequences of Theorem 5.17.

Corollary 5.18. The operator Ay on L*((0,00),C) defined by equation (5.2.1) has no

self-adjoint extensions.
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5.3 Third-order linear homogeneous differential operators

on the negative real line

We now consider the corresponding operator on the negative half-line. Let
H_ = L2((—OO, 0)7 (C)a

and define
D(A_) = C°((—0,0);C),  A_u= —iD3u.

Remark 5.19. The analysis on the negative half-line follows directly from that on the

positive half-line by reflection. Define the unitary operator
U: LQ((_OO¢ O)a (C) — LQ((Ov 00)7 C)

by
UNH(x) = f(-z), x>0.

If A4 denotes the operator considered in Section 5.2, then
UA U =—-A,.

Indeed, the third derivative changes sign under the reflection x — —uz.

Consequently, the positive and negative deficiency indices are interchanged:
ne(AD) =n_(As),  no(AD) = ny(As).

By Theorem 5.17,
ny(Ay) =1, n_(44)=2

Therefore,

Hence, since the deficiency indices are unequal, A_ has no self-adjoint extension.
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5.4 Third-order linear homogeneous differential operators

on the punctured line

5.4.1 Symmetry and the adjoint
In this section we consider the Hilbert space
H = IL*(R,C)
with the standard inner product and norm. We define the operator A; as follows

D(A;1) = C5°((—=00,0) U (0,00); C) = C5°(R\ {0}), (5.4.1)
Ayu = (iD)3u = —iu" = —iD%u h
Proposition 5.20. The operator Ay is symmetric in the space H, i.e.

(Aru,v) 2 = (u, A1v)12; YV u,v € D(A;).

Remark 5.21. The proof of Symmetry of operator A; defined by (5.4.1) does not differ

proof of Symmetry of operator Ay, see Proposition 5.1.

Moreover, the Symmetry of A is a consequence of Symmetry of Ag.

Proof of Proposition 5.20. Let us recall that by definitions of these operators

D(Ap) = C5°(R; C),
D(Ar) = G5 (R\ {0}; C),

Hence D(A;) C D(Ap). Moreover,

Agu = (iD)3u = —iu, u € D(Ap),
Ayu = (iD)3u = —iv"”, ue D(A).

Hence, Aju = Agu, if u € D(A;). In other words,
Ay C Ap.

It is trivial to observe that if Ay is symmetric then A; is symmetric as well. Indeed, if
u,v € D(A7) then u,v € D(Ap) and

(Aju,v) = (Agu,v) = (u, Agv)
= (u, Al’U>.
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O]

We begin with the following characterization of the domain of the adjoint operator Aj.

We will prove the following result.

Lemma 5.22. Let Ay be the operator defined by (5.4.1). Then
D(A}) = {u € LA(R,C) : D*u € L*((~00,0),C) and D*u € L*((0,00),C)},
where D3 is understood in the weak sense on each interval (—oo, 0) and (0,00). Moreover,
tu=—iD%u, u€ D(A}),

where the operator acts separately on (0,00) and (—o0,0).

Proof of Lemma 5.22, Part 1. We prove that
{ue LAR) : D%u € L*((0,0)) and D*u € L*((~00,0)) } € D(A]).

Let u € L?(R) be such that D3u € L?((0,00)) and D3u € L?((—o0,0)), where the

derivatives are understood in the weak sense.

Define

u* = —iD3u.
Then u* € L%(R).

Let us choose and fix v € D(A;) = C°(R \ {0}). Then

(u, Ajv) = /]Ru(:r)(—iv(3)(w))dx = i/]Ru(:c)v(3)(:U) dx.

Since v has compact support contained in R\ {0}, we can split the integral and integrate

by parts separately on (0,00) and (—o0,0), obtaining

/]Ru(x)v(3)(x) dx:/RD?’u(x)md:U.

Thus,
(u, Av) = /R(—iDgu(x))mdx = (u*,v).

Hence u € D(A}) and Aju = —iD3u. O
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Proof of Lemma 5.22, Part 1I. We prove that
D(A7]) C {u € L*(R) : Du € L*((0,00)) and D3u € LQ((—oo,O))}.
Let u € D(A}). Then there exists w € L?(R) such that
(A1, u) = (¢, w), Vé € C5°(R\{0}).

Since A1¢ = —i¢®), we obtain

—i/RqS(?’)(:c)mdx:/Rqﬁ(m)w(x) dx.

Multiplying by ¢ gives

w(x)¢® (z)de = — | (—iw(x x)dz.
[ @@ da =~ [ (—iw(@)s()d

Now take ¢ € C§°((0,00)). Then

[ @@ do = [ (~iw(@)é@) da.
(0,00)

(0,00)
Thus, v admits a third weak derivative on (0, 00) given by
D3u = —iw on (0,00),

and since w € L?(R), we have D3u € L?((0,0)).

The same argument applied to test functions in C§°((—o00,0)) shows that
D3u = —iw on (—00,0),

and hence D3u € L?((—00,0)). This completes the proof of Lemma 5.22. O

5.4.2 Deficiency indices of the third-order linear homogeneous differen-

tial operators on the punctured line

The main result of this section is the following one.

Theorem 5.23. Assume that A; is the operator defined by formula (5.4.1). Then
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The following result is a consequences of Theorem 5.23. In fact, we investigated the

previous result in order to prove or disprove the next corollary.

Corollary 5.24. The operator A1 on L?*(R\ {0},C) defined by formula (5.4.1) has at

least two self-adjoint extension.

Proof of Corollary 5.24. According to Theorem 2.60, for a closed symmetric operator A

to have a self-adjoint extension, it is necessary that the deficiency indices satisfy ny = n_.

Since we have ny (A1) =3 and n_(A;) = 3 from Theorem 3.18, it follows that
ny =n—.

Based on the result of Theorem 2.60, the operator A; has at least one self-adjoint exten-

sion.

Thus, we conclude that the operator A; defined by formula (5.4.1) has at least one self-

adjoint extension. This completes the proof of the corollary. O

In the remaining of this section we will calculate the deficiency indices n4(A;) and n_(A;).
In order to calculate the deficiency indices of A;, we first need to find the domain of the

adjoint operator Aj.

Proposition 5.25. A measurable function v: R — C belongs to D(AY) if and only if

/ lo(x)|? dt < oo
and the restriction v : (0,00) — C is of C* — class such that

the derivative v" = D%v is locally absolutely continuous function and
o0

/ " (2)|? dt < oo

0

and the restriction v : (—o0,0) — C is of C? — class such that

the derivative v" = D*v is locally absolutely continuous function and
0
/ " (z)|* dt < .
—00
and
tv = (iD)%v, u e D(A}).

In the above expression, v = D3v denotes the derivative of v" = D?v. Since v" is
locally absolutely continuous, in the sense of Definition 2.8, the derivative v"' exists almost

everywhere.
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Proposition 5.26. If u € D(A7]) then the following limits exist:

lim u(z) =u(0+)

xz—0t
lim wu(z) =: u(0—)
z—0~
li '(z) =/ (0
Jim w (x) ='(0+)
lim o'(z) =: 4/(0—)
z—0~
1- " — 1 O
Jim w(z) =7 (0+)
lim u"(z) =: 4" (0-).
z—0"

Remark 5.27. Note that the limits above are usually different. Hence a functions u €
D(AY), v and u” do not need to be continuous.
The following definition makes sense by Proposition 5.26.

Definition 5.28 (Boundary traces). Define the right and left trace of an arbitrary element
u € D(A}) by

u(0+) u(0-)
try (u) == | v (04) |, tr_(u) == | v/(0-)
u” (0+) u"(0-)

Proof of Proposition 5.25. Part 1. We assume that u € D(A7}).

By Definition 2.51, this means that u € L?(R) amd there exists a function z € L?(R) such
that
(A1, u) = (¢,2), forall p € D(A;) =C5(R\ {0}).

By the definition (5.4.1) of the operator A;, we infer that the inner product becomes

(A1, u) = (=iD%, u) = [ —i Do(w) ulz) da.

On the other hand,

Therefore, the equation

/%D%@ﬂﬂﬂ:/¢@d@ﬂ (5.4.2)
R R
holds for all test functions ¢ € C§°(R \ {0}).

We now aim to show that the function u satisfies the following conditions:
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(i) The restriction u|(g ) belongs to C?((0,00)), it’s second derivative is locally abso-

lutely continuous, and D3u € L?(0, 00),

(ii) The restriction u|_o ) belongs to C*((—o0,0)), it’s second derivative is locally

absolutely continuous, and D3u € L?(—00,0).

To prove that, let us fix and choose any compact interval [a,b] C (0,00). Assume that
¢ € C5°((a,b)) € D(A1). Then equation (5.4.2) becomes

Zfi¢wk$)-u@ﬂdx:iéb¢@g.Z@Qdﬂ

Since z € L%(R), it follows that the weak derivative D3u exists and belongs to L?((a,b)).
Hence, the 1st part of Remark 2.29, we deduce that u € H3((a,b)).

Therefore, by the Sobolev Embedding Theorem 2.27, this implies that u € C?((a,b)) and

D?u is absolutely continuous on (a, b).

Moreover, applying Proposition 2.24, we conclude that the third classical derivative u®
exists almost everywhere, belongs to L?((a,b)), and coincides with the weak derivative
D3u.

Since (a, b) was arbitrary, we deduce that u € Hi .((0,00)), u € C?((0,00)), D?u is locally

absolutely continuous, and D3u € L?((0,0)).

Similarly we argue on (—o0, 0) and deduce that u € H . ((—00,0)), u € C?((—00,0)), D?u

is locally absolutely continuous, and D3u € L?((—o0,0)).

In other words, D3u = —iz on both intervals (0,00) and (—00,0).  This ensures
that u € HE (R \ {0}), wu is of class C? on R\ {0} and the second derivative D?u is
locally absolutely continuous. Therefore, conditions (i) and (ii) of the proposition are
satisfied. O

Proof of Proposition 5.25. Part 2. Assume that the measurable function u : R — C sat-

isfies the following conditions:

(i) ue L*(R),

(ii) The restriction uy = uf(g0) is of class C?, its second derivative D?u; is locally

absolutely continuous on (0, c0), and

/ |D3uq(2))? da < oo,
0
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(iii) The restriction up = u|(_oo ) is of class C?, its second derivative D?uy is locally

absolutely continuous on (—o0,0), and

0
/ | D3us(2)|* do < 0.

—00
Let us define a function z : R — C

—iD3uy(x), if x>0,
z(x) =
—iD3ug(x), if x <0,

and arbitrary z(0). Since the Lebesgue measure of the singleton {0} is equal to 0, we
deduce from Conditions (ii) and (iii), that z € L?(R).

We now verify that u € D(AY). By definition 2.51, it suffices to show that for all ¢ €
D(A1) = Cg°(R\ {0}),
<A1¢,U> = <¢> Z>‘

Let ¢ € C°(R\ {0}). Then
(Aigou) = (~iD*6.u) = [ ~iD*6(a) - ul@) do.
R
We split the integral into two parts:

/R —iD3¢(x) - u(z) dz = /0 - —iD3¢(x) - uy (x) dx + [ OOO —iD3¢(x) - uz(x) d.

Since ¢ has compact support, and both u; and uy are C?-class with D?u locally absolutely

continuous, we may integrate by parts three times on each interval.

On (0,00), integration by parts from [37, Theorem 6.22] gives
/ Y _iD3(a)un (@) da = / ~ (2)iD%u () d — / ” (2)2(@) de
0 0 0
Similarly, on (—o0,0):
0 0 0 _
/ —iD3¢(x)uy(z) dx :/ o(x) - iD3uy(z) dx :/ o(x)z(z) dx

Thus, by adding both parts, we infer that

(Ard, ) /¢ (@) da = (6, 2).
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Therefore, the adjoint identity holds for all ¢ € D(A;), and by the definition of A7, we
conclude that u € D(A}) and

. —iD3uy(x), if x>0,
1’u =z =
—iD3us(x), if x <0.

This completes the proof of Part 2. O

Proposition 5.29. Assume that Ay is the operator defined in formula (5.4.1). Then

n+(A1) =3.

Proof of Proposition 5.29. To find n4 (A1), let us observe that by Proposition 5.25

u € ker(il — A]) <<= wue D(A]) and (il — AT)u=0
< u € D(A}) and iu = —iD*u <= wu€ D(A}) and D*u= —u.

<= the restrictions of function u to the intervals (0, 00) and (—o0,0)

are of C%-class and their derivatives are locally absolutely continuous (5.4.3)

e 0
and / |D3u(z)|* de < oo,/ |D3u(z)|* de < oo
0 —00

and D3u = —u on (0,00) and D3u = —u on (—0o0,0).

The above equivalence is analogous to the earlier one in (5.4.3).
Let us choose and fix u € ker(il — A7), then by (5.4.3), u satisfies the following conditions.

D3u = —u on (0,00), (5.4.4)
D3u = —u on (—00,0). (5.4.5)

In section 5.2 we proved that if a function v € D(AJ) is solution to equation (5.4.4) then

it has to be of the following form

u=aie ", >0

for some a; € C.

In section 5.3 we we proved that if a function u € D(AY) is solution to equation (5.4.5)

then it has to be of the following form

S
S

Lot

u(x) = age2 “”

2
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If u € ker(il — A7), then a function v defined by

are”® if >0

u(x) = 5.4.6
(=) { azes? cos(@:n) + age2” sm(?x) if z<0 ( )

ker(il — A7) consists of function given by (5.4.6).

Thus the space ker(i/ — A]) have dimension 3 because it contains precisely three linearly

independent functions

e if >0
eil(z) = (5.4.7)
0 if z<0
and
(2) 0 if >0
es(x) = A
? age%x“"@x if <0
and
(2) 0 if >0 (5.4.8)
e3lxr) = . 4.
a;;eéxﬂ?x if z<0
Therefore, we complete the proof. O

Now, in order to calculate n_(A;), we need to find the space ker(il + AY).

Proposition 5.30. Assume that Ay is the operator defined by formula (5.4.1). Then

n_(A;) = 3. (5.4.9)

Proof of Proposition 5.30. To find n_(A;1), let us observe that by Proposition 5.20

u e ker(il + A7) <= we D(A]) and (il + A))u=0
> uec D(A}) and iu = iD3u <= wue€ D(A}) and D3u=u.

<= the restrictions of function u to the intervals (0, 00) and (—o0,0)

are of C%-class and their derivatives are locally absolutely continuous (5.4.10)

00 0
and / |D3u(x)|? dr < oo,/ |D3u(z)|? do < oo
0 —00
and D3u = u on (0, 00) and D*u = u on (—o0,0).

The above equivalence is analogous to the earlier one in (5.4.10).
Let us choose and fix u € ker(i/4 A7), then by (5.4.10), u satisfies the following conditions.

(1) D3u = u on (0,00) and
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(2) D3u=w on (—00,0).

In section 5.2 we solved that a function u € D(A7}) and solution (1) has to be of the form

In section 5.3 we solved that a function u € D(A7}) and solution (2) has to be of the form
u(z) = a1e®, <0

for some constant aq, as, a3 € C.

If u € ker(il + A7), then a function u defined by

/3 i V3
{ are BHET L aze T i 2> 0 (5.4.11)

are® if <0

ker(iI + A7) consists of function given by (5.4.11).

Thus the space ker(il + A}) have dimension 3 because it contains precisely three linearly

independent functions

[ AV P if =0
a@=4°° 07 (5.4.12)
0 if <0
and
(2) em3-i5T i g >0
e ) =
0 if z<0
and
0 if >0
e3(x) = s (5.4.13)
e’ if x<0
Therefore, we infer identity (5.4.9) as claimed. O

As a direct consequence of Propositions 5.29 and 5.30, we obtain the following description

of the deficiency subspaces.

Corollary 5.31. Assume that Ay is the operator defined by (5.4.1). Then the deficiency
subspaces
H, = ker(il — A}), H_ = ker(il + A})

satisfy
dim H; = 3, dim H_ = 3.
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Moreover, the space Hy is spanned by the functions

e, x>0,
ei(z) =
0, z <0,
() 0, x>0,
es(x) =
’ e%‘r“?m, x <0,
0, x>0,
es(x) =

1o ;3
e "2 1 <O.

e_%x”@x, x> 0,
filz) =

0, x <0,

e_%:”_ig , x>0,
fa(z) =

0, x <0,

0, x>0,
fs(z) =

e, = <0.

5.4.3 Results for the third-order linear homogeneous differential oper-

ators on the punctured line

As a starting point, we prove the following.

Proposition 5.32. The operator Ay defined by (5.4.1) is not closed.

Proof of Proposition 5.32. The proof follows the same method as in Proposition 3.29 and
Proposition 4.17.

We show that the graph T'(4;) is not closed in L?(R) x L?(R). Let u : R — C be defined
by
el >0,

0, z <0.

Then u € C*®(R) and u*)(0) = 0 for all k € N, see [37, Chapter 6]. In particular, u is

weakly differentiable of all orders.

Moreover, a standard argument, see, e.g., the proof of Proposition 3.29, shows that

u € H3(R),
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while clearly
u ¢ D(Ar) = Cg°(R\ {0}),

since u is not compactly supported. Using the same approximation argument as in

Lemma 3.32, but in H3(R), there exists a sequence (u,) C D(A;) such that
U, —u in H3(R).

In particular,
Uy, — U, D3u, — D3u in L*(R).

Since Aju, = —iD3u,,, we obtain
Ayu, — —iD?u  in L*(R).

Thus
(tn, Arun) — (u, —iD?u) in L*(R) x L*(R).

However, u ¢ D(A;p), hence (u, —iD3u) ¢ TI'(A;). Therefore, the graph I'(A41) is not

closed, and A; is not closed. ]

Proposition 5.33. Assume that Ay is the operator defined by formula (5.4.1). A function
u € D(Ay) if and only if the following conditions are satisfied

(i) ue L2(R,C),

(ii) the function u belongs to the Sobolev space H{ (R \ {0},C) and

u?@ : R — C is locally absolutely continuous and

/ \D3u(t)[? dt < oo,
R
(iii) w(0) =0, v/(0) =0 and v”(0) = 0.

Moreover,

Aju = —iD3u, if u € D(A7). (5.4.14)

Proof of Proposition 5.33. Part 1. Let us choose and fix u € D(A7). Then obviously
u € L*(R,C) and so condition (i) is satisfied. In order to show that condition (ii) is

satisfied we need to show that

we H, (R\ {0},C).
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By the Definition 2.85 of the operator closure, there exists a sequence (uy,) in D(A;) and
z € L*(R) such that:

U, —u in L*(R), (5.4.15)
Arun = —iu® = 2z in L3(R).

Thus, in particular

u® — iz in L*(R). (5.4.16)

i) Uniform convergence on compacts. Since u, € C§°(R \ {0}), we may integrate
0

three times and deduce that for every ¢t € R,
t ¢
"(0) + / u® (s) ds = / u® (s) ds, (5.4.17)
0 0

! 0)+/tu:;(s)ds:/tug(s)ds,
+/ ds-/tu;(s)ds.

By using [1, Fubini’s Theorem, p.19] and change the variables. We consider 0 < 0 < r <

+/ ds—/t [/Osu;;(r)tdr} ds o
—/ U [/ )da} dr] ds:/ou;;’(a)[adr(/r ds)}da
:/0 () Ua (t—r) dr] do

By using change the variables and with Lebesgue measure, we have

s < t, then

Y =t—r, dr =dr

where 0 <7’/ <t — 0. So,

Hence,

un(t) = /0 (o) B (t— 0)2] do. (5.4.18)

Now, we will prove {u,(t)} is a Cauchy sequences.
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Using the above identity we prove that

t _ g2
an(t) = () = [ Tl (5) = ()5

= (D3un — D3um, kt>L2(R)-

ds — /_ O:O [ (s) — " (s)]ke(s) ds

where
(t—s)*

2 9

ki(s) = 1(0,0)(s) seR.

Note that
o0 t
elizeey = [ M@Pds = [ fu)Pds+ [ ) ds
—o0 0 R\(0,t)

t t— 4 1 t 1
:/ st—i— Ods:f/szlds:—t‘:’.
0 4 R\ (0,t) 4 Jo 20

By applying the Cauchy-Schwarz inequality yields

[n () = wm ()] < 1D — Dl 2wy ke | 22 (r)
45

S ||D3Un — D3um||L2(R) . %

We choose and fix T" > 0. Then by taking the supremum, we have
T5

sup |ty — | < ||D3u, — D?’umHLZ(R) 50
0<t<T 0

Since by (5.4.16), the sequence (D3u,)%; is Cauchy in L?(R,C), by [37, Theorem 7.8],
we infer there exists @ € C([0,T7],C) such that

up — @ uniformly on [0, 7. (5.4.19)
In particular, u, — @ in L?[0,T]. On the other hand, u, — u in L?(R) and hence
u, —u in  L*0,T).

Therefore, by the uniqueness of the limit we infer that u = @ as elements of L?[0,T.

Hence, by the definition of the space L?[0,7T] we deduce that

u = U almost everywhere on [0, 7.

In particular, we can assume that u is continuous on [0, 7]. Since T' was arbitrary, we can

assume that v is continuous on [0, 00).
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Repeating the above argument on the interval [—7), 0], we deduce that the function u is
continuous, and

VT >0:u, —u uniformly on [-T,T].

(ii) Existence of the third weak derivative of u. We will show now that u is weakly
differentiable up to third order and that D3u = iz. For this purpose let us choose and fix
a test function ¢ € C§°(R). Since every u, € C§°(R), integration by parts gives

[un@)6® @) de = (-1)° [ a9 (@)() d.

Taking the limit n — oo, by (5.4.15) and (5.4.16), we infer that

/ ()¢ (z) da = hm / (2)p®) () do = —nh_>rr;o uld (x) () da
- / £))éz) d.

By the definition of weak derivatives, we infer that the third weak derivative of u exists

and equals D3u = iz € L*(R). Hence, if u € D(A}), then u € L2 .(R), u is weakly 3-times

differentiable, and D3u = iz € L?(R). In particular, by the local characterization of
Sobolev spaces,, see, Remark 2.29) we infer that u € HJ .(R). By the Sobolev Embedding
Theorem we deduce that u € C?(R) and u satisfies the following integral identity, similar
0 (5.4.18)

f— )2
Qda., teR.

u(t) = /O " (o)

We will show the following result.

Lemma 5.34. Assume that T > 0. Then the following holds:

u, — v’ uniformly on [0, 7). (5.4.20)
up —u”  uniformly on  [0,T). (5.4.21)

Proof of Lemma 5.34. To proof equality (5.4.20). By (5.4.17), we write:

ul (t) = /Ot ur(r)dr = /Ot [/OT ul (o )da] dr.

Using the Fubini Theorem to switch the order of integration, we obtain:

ul (t) = /Ot ul (o) (/{: dr) do = /Ot ul(o)(t — o) do.
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The same identity holds for function u. Hence we can estimate the difference

) = 0] = | [ = ") )~ 0) o]

By the Cauchy—Schwarz inequality:

! (1) — o (8)] < (/Ot " — " da)1/2 (/Ot(t o) do—> "

3

We compute [i(t — o) do = 5

t3
i (0) = (O <\ 5 ! =" 20

Taking the supremum over ¢ € [0, 7], we obtain:

Therefore,

[y, — 'l oo,y < VI3/3- |1 D%uy, — DgU”L?(o,T)-

Since D3u,, — D3u in L?(0,T) we deduce that
uj, — u'  uniformly on [0, T].

Hence (5.4.20) follows. But in fact we can deduce a stronger assertion.

Taking T" < 0, we deduce that u), — u’ locally uniformly on (—oo,00), i.e. for every
T >0,

u, — v’ uniformly on [-T,T].

To proof equality (5.4.21). By (5.4.17), we begin with

Taking absolute value and applying the Cauchy—Schwarz inequality:

it - oo < ([ a0) " ([ itio) —tpoas)

=Vt etz — UWHB(O t)-
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In particular, taking supremum over ¢ € [0, T], we get:

lupy — umlloqory < VT - lluy — umllz207)-

Since D3u,, — D3u in L?(0,T) we deduce that

ulh — " uniformly on [0, T7.

Hence (5.4.21) follows. But in fact we can deduce a stronger assertion.

Taking 7' < 0, we deduce that u!! — u” locally uniformly on (—o0,0), i.e. for every
T >0,

up —u”  uniformly on [T, T).

O]

(iii) Now we are ready to finish the proof of part (iii) of Proposition 5.33. Since all
un, € C3°(R\ {0}), we have for all n:

un(0) = ul,(0) = ul (0) = 0.

By uniform convergence on [0, 7] in equations (5.4.19), (5.4.20) and (5.4.21) of u,, u,, and

ull . we deduce that

u(0) = Jim un(0) =0,
u'(0) = Jim_ ul, (0) = 0,
u"(0) = nh_{lgo ul(0) = 0.
Hence u satisfies the three conditions in Proposition 5.33, and Aju = —iD3u. This

completes the proof of Part 1.
O

Before proving the converse implication, we clarify the Sobolev spaces used on the half-

lines.

Remark 5.35. We briefly clarify the Sobolev spaces used in the proof below.

« The spaces H3((0,00)) and H3([0, 00)) are identified in the usual way, since changing

the value of a function at one point does not affect its L?-class or its weak derivatives.

o The space H3((0,0)) is defined as the closure of C§°((0,00)) in the H3-norm.
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o A function u € H3((0,00)) belongs to HZ((0,00)) if, in the trace sense,

o Accordingly, when we write H3([0,00)), we mean the subspace of H3([0,00)) con-

sisting of functions whose traces at 0 vanish up to order two, namely
Hg ([0, 00)) = {u € H*([0,00)) : u(0) = u'(0) = u"(0) = 0}.

Proof of Proposition 5.33. Part 2. We now prove the converse implication. Let us choose

and fix u € L*(R, C) satisfying conditions (i)-(iii). We will show that u € D(A;).
By assumptions (ii) and (iii), the restrictions
U— = U|(—o00] Uy = [ o0)

belong to the Sobolev spaces

u- € Hi((—00,0]),  us € H([0,00)),
see Remark 5.35.
Therefore, by [1, Theorem 3.22, p. 68], there exist sequences

fn € C5°((=00,0)),  gn € C57((0,00))

such that
fo—u_ in H3((—00,0]), gn — uy  in H3([0,00)).

For each n € N, define u,, : R — C by

fulx), x<0,
un(z) = gn(x), >0,

0, T =

Then
wn € C(R\ {0}) = D(A,).
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Moreover, the classical third-order derivative of u,, is given by

D3f.(x), x<0,
ud (@) = { D3gu(z), x>0, (5.4.22)
0, z =0.

Hence, by Proposition 2.3, the weak derivative D3u,, exists and is equal to the right-hand

side of (5.4.22).

We claim that

u, = u in L*(R),  Ayu, = —iD3u, — —iD3u in L*(R).

Indeed, since f, — u_ in H3((—o0,0]) and g, — uy in H3([0,00)), in particular we have
frn = u_ in L*((—00,0]), gn — uy  in L2([0, 00)).
Therefore
2 > 2
i =y = [ (@) = u(a) * do
0 oo
= [ 1) =@ e+ [ o) — s @) e
=fn - U—H%Q((foo,O)) + llgn — u-l—H%Q((O,oo)) — 0.

Similarly, since convergence in H? implies convergence of the third weak derivatives in

L?, we obtain
|D%un=D*ulltaqey = [ 1D%une) ~ Doula)? do
0 0
= [ D0 = D @B+ [T 1D (o) = Do )P o
= |D? o = DTz o0y T 1D°9n — D*uill72((0 00y) = O

Hence
(tn, Artin) = (Un, —iD3uy) — (u, —iD3u) in L*(R) x L*(R).

By Remark 2.86, we infer that

(u, —iD3u) € T(A;) = I'(4}).
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Therefore
u € D(4y), Aju = —iD3u.

In particular, equality (5.4.14) holds. This completes the proof of Part 2.

Therefore, the proof of Proposition 5.33 is complete. O

5.4.4 The adjoint of the closure

Let A; be the operator defined by formula (5.4.1). Since A; is densely defined and
symmetric, it follows from Proposition 2.89 that it is closable. Hence, the closure A;

exists.
We now extend Proposition 5.25 by determining the adjoint of the closure Aj.

Proposition 5.36. Let Ay be the operator defined by formula (5.4.1), and let Ay denote
its closure in L*(R,C). Then,
(A1)" = A7

A measurable function v : R — C belongs to D((A1)*) if and only if:

(i) v e LA(R,C);

(ii) The restriction v : (0,00) — C is three times weakly differentiable, with third deriva-
tive

o0
Dv € L2((0,0)), ie. / DPo(t)|? dit < oo;
0
equivalently, v, Dv, and D?v are locally absolutely continuous on (0,00);

(iii) The restriction v : (—00,0) — C is three times weakly differentiable, with third

derivative

0
D3v e L*((—00,0)), ie. / |D3v(t)|? dt < oo;
oo
equivalently, v, Dv, and D?v are locally absolutely continuous on (—o0,0).
Moreover, for every v € D((A1)*), the adjoint acts as
(A))*v = Ajv = —iD3v.

Remark 5.37. The characterization above coincides with that of A} in Proposition 5.25.
This agreement follows from Corollary 2.92, which guarantees that taking the closure of

a symmetric operator does not affect its adjoint.
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5.4.5 Deficiency indices of the closure of the third-order linear homo-

geneous differential operators on the punctured line

From Proposition 5.36, we already know that the closure A; of the third-order linear

homogeneous differential operators defined by (5.4.1) exists and that
(A" = 4.

By Corollary 2.92, the closure of a densely defined symmetric operator remains symmetric,

and its deficiency subspaces coincide with those of the original operator:
ker(i — A}) = ker(i — 4], ker(i + A}) = ker(i + A7 ).
Consequently, the deficiency indices of A; and A; coincide:
ne(AD) = ne(A), o (AD) = n_(Ay).

Corollary 5.38. Let A; be the third-order differential operator defined by (5.4.1), and
let A, denote its closure in LQ(R, C). Then both Ay and Ay are symmetric and densely

defined, and their deficiency indices coincide. In particular, by Theorem 5.23, we have
ne(A) =ny(A) =3, n (A7) =n_(41) = 3.

Remark 5.39. Corollary 2.92 guarantees that for any densely defined symmetric oper-
ator including higher-order differential operators such as the third-order operator taking
the closure preserves both symmetry and the deficiency indices. Therefore, the spectral

properties and self-adjoint extensions of A; are identical to those of Aj.
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5.4.6 Characterization of all self-adjoint extensions of the third-order

linear homogeneous differential operators on the punctured line

We will characterize all self-adjoint extensions of operator A; in L?(R,C) defined by
equation (5.4.1). In this section we apply Theorem 2.60 in order to classify all self-adjoint
extensions of the Airy operator A; on R\ {0}, using the deficiency space in Theorem 5.23.
Recall that A; is defined by (5.4.1). From Theorem 5.23 we know that the deficiency
indices of A; are

ny(A1) =n_(4;) =3.

Hence,
ny (A7) = n_ (A7) = 3.
Let
Hy =ker(il — A7), H_ =ker(il + AJ).
Then

dimHy =dim H_ = 3.

Let {é1,é,¢é3} be an orthonormal basis of H, and {f1, f2, f3} an orthonormal basis of

H_, as constructed in Section 5.4.2.
Definition 5.40.(i) The symbol U(H,, H_) denotes the set of all unitary operators
C: H+ — H,,

that is, by Definition 2.69, C' is a linear bijection satisfying

‘(C’u, Cv) = (u,v) forall u,v € Hy.

(ii) The symbol U(3) denotes the group of all 3 x 3 complex unitary matrices.

A matrix M = [mjg] € C3*3 belongs to U(3) if and only if
M*M = MM* = I,
where

I3

Il
o O =
o = O
= o O
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is the 3 x 3 identity matrix, and M™* is the conjugate transpose of M, i.e.

mir Mmiz M3 mi1 a1 31
. —T
if M =|mo1 moa mog |, then M"=M" = |mp My s
mg1 M3z M33 mi3 gz M33

Equivalently, A € C3*3 the columns (or, equivalently, the rows) of M form an orthonormal
basis of C3.

Since by Corollary 5.31, in our case
dimHy =dim H_ = 3,

we have the following result.

Proposition 5.41. Assume that Hy and H_ are Hilbert spaces such that
dimHy =dim H_ = 3.

Then the set of all unitary operator from H, to H_, denoted by U(Hy, H_) isomorphic
to the unitary group U(3), i.e.

UHL, H )=U(3).
Proof of Proposition 5.41. Since dim H;, = dim H_ = 3, both Hy and H_ are finite-
dimensional, i.e. 3-dimensional Hilbert spaces.

Let {&1,&,¢é3} be an orthonormal basis of H,, and {f1, f2, f3} an orthonormal basis of
H_.

Let ' e U(Hy, H_). Then T is uniquely determined by its action on the basis of H:

3
Féjzzmkjfka j:172737
k=1

for some coefficients my; € C.
Thus, I' is represented with respect to these bases by a matrix M = (my;) € C3x3,

Since I' is unitary, it preserves the inner product, i.e.

(Léj,Tép) = (€, €p) = -
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Hence, the columns of M form an orthonormal system in C3, which implies
M*M = Is.

Similarly, since T' is unitary, it is bijective, and hence M M* = I5. Therefore, M € U (3).

Conversely, given any matrix M € U(3), we define a linear operator I' : H; — H_ by
3 ~
Féj = Z mkjfk.
k=1

Extending linearly, we obtain a unitary operator I.

Thus, we obtain a bijective correspondence between U(H, H_) and U(3), which complete
the proof. O

We now apply Theorem 2.60 to A;. Let us recall that A; is a closed linear and densely
defined linear operator. Hence, self-adjoint extensions of A; exist because ny = n_ = 3.
Moreover the family of all self-adjoint extension of A; are uniquely parametrized by the

family of all unitary operator C': Hy — H_.

Theorem 5.42 (Self-adjoint extensions of Ay). Let C € U(Hy, H_). Define the corre-

sponding von Neumann extension Ac as follows.

D(Ac) = {u =ug +uy + Cuy : ug € D(Ay), uy € H+},
v (5.4.23)
Ac(up +ug + Cuy) = Ajug +iug — i Cuy.

Then Ac is self-adjoint and satisfies

A71CAC CAT.

Moreover, if A is a self-adjoint extension of Ay, then A = A for a unique C € U(H,, H_).

Idea of proof. Since ni(A;) = n_(A;) = 3 < oo, the hypotheses of Theorem 2.60 apply.
Thus all self-adjoint extensions are of the form (5.4.23), with C' ranging over all unitary

maps Hy — H_. O

Corollary 5.43 (Classification of all self-adjoint extensions of Ay). Let SA(A;) denote
the family of all self-adjoint extensions of A1 on R\ {0}. Then

SA(A7) ={Ac:CeU(H H )} = U(3).

In particular, every extension corresponds to a unique 3 X 3 unitary matriz.
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Remark 5.44. The situation is fully analogous to the Laplacian case (Subsection 4.2),
except that there the deficiency spaces were 2-dimensional and parametrization used U(2),
whereas for the Airy operator we encounter 3-dimensional deficiency spaces and hence
U(3).

5.4.6.1 Finding an ONB of the deficiency Subspace H

The objective of this subsection is to construct an orthonormal basis of the deficiency
subspace H, starting from the natural basis given in (5.4.24) and applying the Gram—

Schmidt orthonormalization procedure.

Let us recall that from (5.4.7)—(5.4.8), we have
H, = ker(il — A]) = span{ey, e2,e3},

where

es() = L(_oo)(@)e3 ™77, (5.4.24)

The indicator functions are

1, x > 0, 17 r < 07
10,00) () = 1 _o0)(7) =
0, =<0, 0, x>0.

We will check if {ej,eq,e3} form an orthonormal basis of H; by checking whether the

following conditions are satisfied.

lej| =1 for j =1,2,3 (5.4.25)
(ej,ex)2=01if j,k=1,2,3 and j # k (5.4.26)

Let us check the first condition (5.4.25)

[ee] o0 oy 1
H€1||2=/ |€1(:c)!2dx=/ e 2% dyp = =,
0 0 2

Thus
1

e = —=.
e 7

Hence, |le1]| # 1 and we need to normalize eg, i.e. & = e1|le1||~!. Thus we put
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() = V2e™" = V2e(z).

Next, for ||ez]

0 0
wW=[ﬁmmmm:/ o dn — 1.

o0

For eg

2 0 2 0
wﬂ=[imwﬂm=/ o dy — 1.

o0

Claim 5.45. The vectors {e1, e2,e3} do not form an orthonormal basis of H .

Proof of 5.45. Recall that (5.4.24), we will check the inner products between e; and e

and between e; and eg in the second condition (5.4.26), as follow

(e1,e2) = / e1(x)es(x) dx
—/ e "1 0070)(a;)e%x+i§x d:c:/_OOOd:c:O.

and similarly

(e1,e3) = /OO e1(z)es(z) dx

— 00

00 . 0
= / L0,00)¢ "+ 1(—00,0) (:z)e%xﬂ?x dr = / Odx =0

— 00

where e; is perpendicular to e; and e3. Thus e; is orthogonal to both es and e3. Finally,

for the inner products between ey and e, we have

(eg,€3) = /OO ea(x)es(x) dx

= / oo 0) e%x—&-i?m . 1(_0070) (x)e%a:ﬂ@x dx
:/ ezetiFe  ghatife g /O vy — !
oo oo 14+iv3

1—iv3 S 1-i/3 1 V3
BTN TR A i ek a A. (5.4.27)

Since A\ # 0, the vectors ey and e3 are not perpendicular, and therefore the set {eq, €2, e3}

is not an orthonormal basis of H as claimed. O

In order to find an orthonormal basis of the space Hy, we apply the Gram-Schmidt
orthonormalization procedure to vectors eg, es, see [17, Exercise 11.3, p.335]. We keep

es and orthogonalize ey against e3, and we also normalize e, i.e. with A = (eq, e3), see
(5.4.27).
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€1 = \/5617
gy = 2726 (5.4.28)
g = ———, 4.
ez — Aes]|
€3 = e3.

Claim 5.46. The vectors {€1, é2, €3} is an orthonormal basis of H .

Proof of 5.46. We verify the two orthonormality conditions (5.4.25) and (5.4.26). We

already know

He 2 e 72$d _1
1||L2_0 € .73—2,

Thus

0
lealfa = [ edo =1,
— 00

0
lles|2a :/ e’ dr = 1.
—00

leallf- =1 and  flésfz. = 1.

For é;, we use the previously computed inner product (e2, e3) = A and note that ||es||z2 =

lles||z2 = 1. Then

Heg — )\63“22 = <€2 — )\63, €9 — )\€3>
L

le2

Since
we get
By (5.4.28),
o)
leall?> =

This proves (5.4.25).

= |le2]l? — Xe2, e3) — A{es, e2) + |A]*[les]?

=1 =M+ MP=1+P2 =2 =1- ]\~

=)'+ (9) -4

2 1 3 V3
Aegllpe=1—= =7 llea—Aeafp = 5~
es — Aes 2
= —_— = — —)\ s
e = heall ~ v3\ 2 )
Hz(e —/\e)2 *%He —/\eH2 *%-éfl
\/g 2 3 1o - 3 2 32 — 3 4 — L.

Firstly, since we already showed (eq,e3) =0

(61,83) = (V2e1,e3) = V2 (e, e3) = 0.
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Next, since (e, e2) = (e1,e3) =0

(€1,62) = <\/§61, 53(62 - )\63)>

= 2\\//§§(<61,€2> — )\<61,63>) =0.
Finally,
(€2,63) = <5§(62 — Aes), €3>

((e2,e3) — Mes, e3)) = 0.

S

Thus the condition 2 (5.4.26) is holds.

From (5.4.28), we deduce that the system {€1, €2, €3} defined by

&1 = V2e,

2
ér = —(eg — Aey),
2 \/3(2 3)

é3 = €3.

Hence {é1, é2, €3} is an orthonormal basis of H .

Therefore, the proof of Claim 5.46 is complete.

This completes the construction of an orthonormal basis of H .

5.4.6.2 Derivatives and Boundary Values of the ONB of H

Let us recall, see (5.4.29), that from this formula we have
é(z) =—V2 lo,0)(z)e™™, x>0,

&l (z) = V2 1(0,00) (x)e™ ™, x>0,

and

(5.4.29)
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~/

) = —= [ (3+i

M\»—A

5.4.6.3 Finding an ONB of the deficiency Subspace H_
We now will find an ONB of the deficiency space H_ from (5.4.12)—(5.4.13). Define

H_ :=span{ f1, fo, f3},

where

H_ =ker(il + A7).

where

fa(x) =1 oo,O)(x) e’.

We want to construct an orthonormal basis of H_. We begin by checking whether

{f1, f2, f3} satisfy the following conditions

1fl] =1 for j =1,2,3

(5.4.30)
(fisfr)rz =0if jk=1,2,3 and j # k

Claim 5.47. The vectors {f1, f2, f3} do not form an orthonormal basis of H_.

Proof of Claim 5.47. Norms. Firstly, we have

9 00 /3 [eS)
1f1]122 = / 1 (@) do = /O - baidfe 2, /0 eTdr =1,
— 00

Similarly,

Il = [ Tlembr oS e = [T e ar =1,
0 0

For f3 we have

sl = [ st de= [ e =,
. N
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hence

1 N
| f3ll 2 = ﬁ, and we set  f3 = V2 f3

so that || f3| 2 = 1.

Orthogonality. Because f; and fo are supported on (0,00) while f3 is supported on

(—00,0), we immediately have
(f1, f3)r2 = (f2, f3)r2 = 0.

However, fi and fo both have support in (0, 00), and in fact are not perpendicular

<f17f2>L2 = /_OO fl(.%')mdx = /OOO e—%aﬂ-‘y—iTx de
_/ 1+Z\[ de— 1 1+Z[

It is convenient to denote

p=(f2, fi)yr2 = (f1, f2) 12 = (5.4.31)

Then
4 1

13
2 3 _4 1
=t =1w6-17"

Since p # 0, the vectors fi; and fo are not orthogonal, hence {fi, f2, f3} is not an or-

thonormal set.

This completes the proof of Claim 5.47. 0

To construct an orthonormal basis of H_, we apply the Gram—Schmidt procedure to
J1; f2, f3 and get

fi=[h]

]’52: fo—pf1
I fo — pfill |
f3=|V2f3|

Claim 5.48. The vectors {f1, fo, f3} form an orthonormal basis of H_.

Proof of Claim 5.48. We set
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Since || f3]| = 1/v/2, we define

fs=vV2fs,  |fslle =1

Next, let i = (fa, f1) 2 be defined in (5.4.31). Define
92 = fa — pfr.
Then

921132 = (fo — pf1s fo — pfi)re
= | foll? = I f2s fr)r2 — u{fr, fo) 12 + || f )P

1 3
=1 Z_ouPP=1—|uP=1-=-="=.
+ |ul” = 2[p] |l rimly
Therefore ||g2||r2 = @
We normalize and define
fi = fi,
; g2 Jo—pfi 2
fo= = =—(fo—puf1), 5.4.32
ool = Mo =il ~ w32~ (5:4.3)
fs = V2 fs.
where
2 1
A= (f2, f1)r2s [Al* = T
such that A = 7.
By construction, ||fi|| = ||l /2|l = ||f3]| = 1, and because f3 is supported on (—oc,0) and

J1, f2 on (0, 00)

<f17f2>:<f1792>:0’ (flaf3>20, <f2,f3>=0.

Thus the conditions in (5.4.30) hold.

Hence, {f1, fo, f3} is an orthonormal basis for H_. This completes the proof of Claim 5.48.
O

Remark 5.49. From Claim 5.46 it follows that every element of the deficiency space H

has the following unique form

U4 = S1€1 + S9€2 + Ss3€3, 81, 89,83 € C.
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From Claim 5.48 that every u_ € H_ has a unique representation

u_ =ty f1 +tafo +t3fs, t1,t2,t3 € C.

5.4.6.4 Derivatives and Boundary Values of the ONB of the space H_

Let us recall, see (5.4.32), that from these formula, for f;(z) we have

For fo(z), we get

- 92 " .
fé(w) = = {(_; — Z’@)e—%x—z%x —_ )\(_% +i\é§)e—éw+z;’x] . 23>0

Unitary maps C' : H;y — H_. Let us recall that by Theorem 5.42, every self-adjoint

extension of the third-order operator A; corresponds to a unitary operator
C: H+ — H,,

in a way described there. Relative to the orthonormal bases {é1,és,é3} of Hy, and

{f17f27f~3} of H_.

The map C' is represented by a 3 X 3 unitary matrix
3
U = (ujk)j =1 € U(3),

in such a way that

3
Cer) = upfi,| k=123 (5.4.33)
j=1

And via-versa, see equality (4.2.21) for a similar argument.
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With the notation introduced above, we record the action of the unitary map C' on a

general element of the deficiency subspace H .

Proposition 5.50. Assume that C : Hy — H_ is a unitary map represented, with respect
to the above orthonormal bases, by a unitary matrix U = (uj;) € U(3), see (5.4.33).

Assume that s1, 82,583 € C, and

3
Uy = Z SKEK € H+.
k=1
Then 5
Cup =Y t;f;, (5.4.34)
j=1
where

3
tj:Zujksk, j:1,2,3.
k=1
The relationship between t = (t1,t2,t3) and s = (s1, s2, s3) can be written as

t =Us.

Proof. By linearity of C' and using (5.4.33), we compute

3 3 3 3
Cuy = C(Z Skék> = sk 0@r) =D sk ujk fi

k=1 k=1 k=1 j=1
j=1 \k=1
This prove the result. O]

Let us choose and fix an element v € D(Ac). By Theorem 5.42, there exists s =

(s1,52,83) € C3, such that u has the form

u = ug + uy + Cuy

h
where (5.4.35)
3

ug € D(Il), Uy = Zskék S H+.
k=1

Therefore, by formula (5.4.34),

3 3
u=ug+ > spér+ > tfj,

k=1 j=1
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where

t = Us. (5.4.36)

The following claim establishes the connection between the abstract von Neumann parametriza-

tion and the concrete realization of the self-adjoint extension in terms of the unitary matrix
U.

We aim to prove the following result.
Claim 5.51. Let C': H; — H_ be a unitary map represented by U € U(3) with respect

to the bases {&} and {f;}. If u € D(A¢), then u € D(AY).

However, a complete proof of this result remains open in this setting. We therefore
formulate is as a conjecture. On the other hand, in the last section, i.e. Section 8 we

proposed a different approach to this question.

5.5 Boundary conditions and trace representation

5.5.1 General argument

By Proposition 5.33 and Definition 5.28, For ug € D(A7), the following are equivalent:

(i) uwo € D(Ay),

(ii) try(up) =0 and tr_(up) = 0.

Hence, in the decomposition (5.4.35), only the deficiency components u; and Cuy con-

tribute to the boundary traces.

For convenience, and using A = i — i@ = from (5.4.27), we introduce

-2
= \/§(1 A).

Using (A.3.2), (A.3.3), and (A.3.4), we obtain

u(0+) = V251 +t1 + at, (5.5.1)
u'(04) = =251 + Dty + Cty,
u”(0+) = \/581 + Ft1 + G, (5.5.2)
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and
u(0—) = asy + 53 + V213, (5.5.3)
u'(O—) = Asy + Bs3y + ﬁtg,
UH(O—) = Fs9 + F83 =+ \Et;g. (5.5.4)

Let us introduce the following four 3 x 3 matrices Sy, Ty € C3*3

V2 0 0 1 a0
Sy=1-/2 0 0f, Ty =|D C 0],
V2 0 0 F G 0
and
0 a 1 0 0 V2
S =10 A B, =10 0 V2|,
0 E F 00 V2

Using the boundary trace operators try defined earlier 5.28 as follows.

Definition 5.52 (Boundary traces). Define the full trace map by

u(0+)
u'(0+)

"
- 0
tr: D(A]) > u — tr(u) = w(04) € CS.

We have the following fundamental result.

Proposition 5.53. The restriction of the map tr to Hy & H_ is injective.

Proof of Proposition 5.53. Since H.NH_ = {0}, it is enough to show that the restrictions

tr|g, and tr|g_ are injective.
Injectivity on H,. Let v € H; and assume that

tr(u) = 0 € CS. (5.5.5)
Since {€1, é2, €3} is a basis of H, there exist s1, s2, s3 € C such that

U = S$1€1 + S99 + S3€3.
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Using the explicit boundary identities (5.5.1)—(5.5.2) and (5.5.3)—(5.5.4) for elements of
H, we get

u(0+) =v2s1,  W(0+)=—V2s1,  u"(0+) = V25,

and

u(0—) = asa + s3, u'(0—) = Asy + Bss, u”(0—) = Esg + Fs3.
Since /2 # 0, from (5.5.5) and the first three equalities, we get
S1 = 0.

The second three equalities and (5.5.5) imply that

a 1 0
52

A B ( ) =10
S3

E F 0

We claim that the matrix

a 1
M_=|A B
E F

has rank 2. For this purpose, it is sufficient to find at least one 2 x 2 minor that is # 0.

For this aim the minor formed by the first two rows, i.e.

1
det @ =aB — A.
A B

Substituting the explicit constants (5.5.15)

we compute

hence

Therefore rank M_ = 2.
Hence the kernel of M_ is trivial and therefore we infer so = s3 = 0.

Consequently v = 0, and thus tr|y, is injective.
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Injectivity on H_. Let u € H_ and assume that tr(u) = 0. Write
u=tifi+tafo+tsfs,  t1,tat3€C.

Using the boundary identities (5.5.1)—(5.5.2) and (5.5.3)—(5.5.4) for elements of H_, we
obtain

u(0-) = V21, u'(0—) = V2ts, u”"(0-) = V2t3.
Hence v/2t3 =0, so t3 = 0.

The remaining three equations from tr(u) = 0 yield

1 « 0
1
D C =10
to
F G 0
Again, by construction of the deficiency basis, the two columns of this 3 x 2 matrix are

linearly independent, so its kernel is trivial. Hence ¢; = t5 = 0.

Thus u = 0, and tr|y_ is injective.

Since tr|y, and tr|y_ are injective, it follows that tr restricted to H, @ H_ is injective. [

Equations (5.5.1)-(5.5.2) and (5.5.3)—(5.5.4) form a system of 6 linear equations, i.e.

u(04) = V251 + t1 + aty,
u'(04) = =251 + Dty + Cty,
u”"(04) = V251 + Fti + Gto, (5.5.6)
u(0—) = asy + s3 + V213,
u'(0—) = Aso + Bsz + /213,
u"(0—) = Esy + Fs3 +V2t3.
From (5.5.6), for appropriately defined 6 x 3 matrices S and T'
V2 0 0 1 a 0
-2 0 0 D C 0
2 0 0 F G 0
S = V2 eC®3, T= € C3, (5.5.7)
0 ao 1 0 0 V2
0 A B 0 0 V2
0 E F 0 0 V2
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The above system can be written in a form

tr(u) = Ss+Tt =S5s+TUs = P(U)s.

where
P(U) =S+ TU e C*.
Note that P(U) is a 6 x 3 matrix. We have
Proposition 5.54. The rank of matriz P = P(U) is equal to 3.
Proof of Proposition 5.54. Let us choose and fix the matrix U and so the corresponding
unitary matrix C': Hy — H_.

Using the standard canonical basis’ of C? and C° and the basis €j of Hy and €; + fi of

H, ® H_ we can view U as a map
U: (Cg —>H+

and P(U) as a map
H+ OH_ — C6
It is sufficient to prove that P(U) is injective.

Let us define an auxiliary linear map
P:H 3¢~ o+Copec H . H_.

Obviously, this auxiliary map is injective (indeed, if ¢ + C'¢ = 0, then C¢p = —¢ € H,
so C¢p € Hy N H_ = {0} and hence ¢ = 0). So the dimension of its range is equal to 3.

We claim that
tro®olU = P(U). (5.5.8)

Proof of (5.5.8) Let s € C3 be arbitrary and set
3 3
Uy = Us:ZSkék€H+, U = Cu+:thfj€H_.
k=1 j=1
where t = (t1,t2,t3) € C? satisfies t = Us, see (5.4.36). By Definition 5.52 and the
boundary identities (5.5.6), we obtain

tr(uy +u_) = Ss+Tt.
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Since t = Us, this becomes
tr(uy +u_)=Ss+TUs = (S+TU)s = P(U)s.
On the other hand, by definition of ® we have

(tro®oU)(s) =tr(®(Us)) = tr(us + Cuy) = tr(uy +u_).

Combining the last two displays gives (5.5.8).

Since U : C3 — H, is injective since U is unitary, ® is injective by the argument above,
and tr is injective on H, @ H_ by Proposition 5.53. Therefore their composition tro®olU =
P(U) is injective. Hence ker P(U) = {0}.

Since P(U) : C* — C is a linear map, the rank-nullity theorem, see [27, Section 0.2.3.
p.6], we infer that
rank P(U) + dimker P(U) = 3.

Hence, if P(U) is injective, then ker P(U) = {0} and therefore
rank P(U) = 3.
This completes the proof. O

Proposition 5.54 implies that the dimension of the space
RangeP(U) = {P(U)s : s€ Cg}

is equal to 3. Hence, Since we are in a finite-dimensional Hilbert space, by [36, Theo-
rem 12.10], we have
ker(T*) = (Range(T))*.

Hence,
Range(T') @ ker(T™) = H.

Applying this to T'= P(U) yields
Range (P(U)) @ ker [(P(U))*] = CS.
Remark 5.55. In C® we have the fundamental identity
(Ran P(U))" = ker(P(U)"),

In particular, if rank P(U) = 3, then dimker(P(U)*) =6 —3 = 3.
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We infer the following result.

Corollary 5.56. Assume that rank P(U) = 3, and let Iy = [1(U),la = lo(U),l3 = I3(U)
be an orthonormal basis of ker(P(U)*). Assume that a vector kerii € CS. Then @ belongs
to Range (P(U)) if and only if

(l;,d)ce =0 forj=1,2,3.

The above allows us to define the following boundary conditions

(lj,tr(u))cs =0, for j=1,2,3. (5.5.9)

Remark 5.57. In view of the above result from [30], Proposition 5.54 is equivalent to

the following assertion.
dimker [(P(U))*] =3

Definition 5.58. Assume that U = (ujk)ik:l € U(3). Then operator AV is defined by
D(AY) = {u € D(A]) : u satisfies the boundary conditions (5.5.9)},
Ay = Aju,  uwe D(AY).

Lemma 5.59. Let U € U(3) represent C': Hy — H_ with respect to the fized bases. For
sc C3, set uy = 22:1 sgér € Hy. Then

tr(uy + Cuy) = P(U)s.

Proof of Lemma 5.59. Write t = Us and use the six boundary identities (5.5.6). Collect-

ing the coeflicients of s and t gives
tr(uy + Cuy) =Ss+Tt =S5s+TUs=(S+TU)s = P(U)s.

O]

Claim 5.60. Assume that C': Hy — H_ is a unitary map represented by U € U(3) with
respect to the bases {¢;} and {f;}. Assume also that rank P(U) = 3. If u € D(A¢), then
u € D(AY).

Proof of Claim 5.60. Let u € D(A¢). By definition of D(Ac¢), there exist ug € D(A;)
and uy € H; such that

u=ug+ uy + Cuy.

Since ug € D(A;), we have tr(ug) = 0, hence

tr(u) = tr(uy + Cuy).



Third-order linear homogeneous differential operators 159

Write uy = 22:1 s,éx for some s € C3. By Lemma 5.59,
tr(u) = tr(uy + Cuy) = P(U)s € Ran P(U).

By Corollary 5.56, the condition tr(u) € Ran P(U) is equivalent to the three conditions
(5.5.9), where {¢1(U),£2(U),¢3(U)} is an orthonormal basis of
ker((P(U))*). Therefore u € D(AY). O

Claim 5.61. Assume that C': Hy — H_ is a unitary map represented by U € U(3) with
respect to the bases {&,}3_, and {ﬁ}?zl Assume that rank P(U) = 3. If u € D(AY),
then u € D(Ac).

Remark 5.62. Since P(U) € C5%3, the condition rank P(U) = 3 means that P(U) has

full column rank. In particular, the determinant of P(U) is not defined in this setting.

Proof of Claim 5.61. Let u € D(AY). Then u € D(A}) and u satisfies the boundary
conditions (5.5.9). By Corollary 5.56, this is equivalent to

tr(u) € Ran P(U).
Hence there exists s € C3 such that
tr(u) = P(U)s. (5.5.10)

Define
3

up =Y sk € Hy,  up:=u—(uy+Cuy) € D(A]).
k=1

By Lemma 5.59, we have
tr(u+ + CU+) = P(U)S

Together with (5.5.10) and linearity of tr, this yields
tr(ug) = tr(u) — tr(uy + Cuy) = P(U)s — P(U)s = 0.
By Proposition 5.33 and Definition 5.52, tr(ug) = 0 implies ug € D(A;). Therefore
u=ug+uy + Cuy, ug € D(Ay), uy € Hy,

so u € D(A¢) by the definition of D(A¢). O

5.5.2 Applications

In this subsection we will show how previous results work in concrete examples.
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5.5.2.1 Case U = I3 (identity coupling)

Let

10
U=13=10 1
00

= o O

Then t = Us = s, and using (5.5.7), the full-trace matrix becomes

V241 o« 0
—V2+D C 0
P(I3)=S+T= V2EF G 0 € o3, (5.5.11)
0 a 142
0 A B++2
0 E F++V2

The adjoint matrix P(I3)*. Since P(I3) has (in general) complex entries, its adjoint is

the conjugate transpose
P(I3)* = P(I3) | € C3%6,

Therefore,
V2+1 —V2+D V2+F 0 0 0
P(I3)* = a C G a A E
0 0 0 14v2 B+V2 F++2

(Here v/2+4+1 = /2 + 1 and similarly for the other real constants, but we keep the

conjugation to emphasize the definition of *.)
Computing ker(P(I3)*). Let £ = ({1,...,0s) € C®. Then ¢ € ker(P(I3)*) if and only if
P(I3)*¢ = 0.

Writing this out row-by-row gives the following linear system:

(V24 1) 01+ (—V2+ D)l + (V2+ F)l3=0, (5.5.12)
alq +€€2+663 +aly +Z€5 +E£6 =0, (5513)

(14+V2) by + (B+V2)ts + (F+V2)ls = 0. (5.5.14)
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Since P(I3) € C%*3 has full column rank, rank P(I3) = 3, and hence

dimker(P(I3)*) = 6 — rank P(I3) = 3.

Recall Proposition 5.54, which asserts that rank P(U) = 3. We now verify this statement

explicitly in the present case.

Proof of Proposition 5.54 for U = I3. Recall that for U = I3 the full trace matrix of P(I3)
defined by (5.5.11). where the constants a, A, B,C, D, E, F,G are determined by from
Tables A.3-A.4, and the Airy deficiency basis and depend on

1 V3

/\:Z—ZT

A direct computation yields the explicit values

NEE V3 3@ 1 V3
=24 A=Y+ p=>-_2Y°
=5ty 5 T 2 T2
V3 i 1 i3
= - — — = —— _— :‘ 5'5.15
C 5 o D=—gt+— E=i, ( )
po Lo WV3 o VBB
2 2 2 2

We consider the matrix P(I3) defined by (5.5.11). Write it in column form

P(I3) = (c1 c2 c3),

where
14++2 o' 0
D—+/2 C 0
F+2 G 0
C1 = ) C2 = ) C3 =
0 « 14++v2
0 A B++2
0 E F+2
The vectors c¢; and c3 have disjoint supports:
¢y is supported in rows 1-3, c3 is supported in rows 4-6.

Since 1+ v/2 # 0, both are nonzero and therefore linearly independent. Hence

rank(P(I3)) > 2.
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The rank drops to 2 if and only if

¢y € span{cy, c3}.

To characterize of Rank 2, suppose

Co = xC1 + yc3

for some scalars x, .

From rows 1-3 we obtain

(,C,G) = z(1+V2, D—+2, F+2).

From the first component:

Therefore
o«

—+

>

From rows 4-6 we obtain

G

«

H
+
N

(, A E) =y(1++2, B+ V2, F+2).

From the first component:

y:

+v2

Thus necessarily £ = y, and we must also have

(0%

—+

A (B +V?2),

>

Hence

rank(P([3)) =2 <~

E

(0%

-
5

5D~ V2),

-
S

o

(F+v?2),

-
S

2
o

(B+V2),

-
g

2
o

(F+V?2).

-
g

2

(F +V2).

(F+V2).
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If any of these relations fails, then

rank(P(I3)) = 3.

Substituting the explicit values of a, A, B,C, D, E, F, G, we obtain for example

a

1+v2

Hence the necessary proportionality conditions fail, and ¢y ¢ span{c;, c3}. Consequently,

C (D —V2) = —ivV2 #0.

the three columns of P(I3) are linearly independent, and therefore

|rank(P(I3)) = 3. |

Having established that rank P(I3) = 3, it follows that

dimker(P(I3)*) = 6 — rank P(I3) = 3.

*

Consequently, the kernel of P(I3)* is a three-dimensional subspace of CS.

In order to describe the boundary conditions explicitly, we now construct a basis of
ker(P(I3)*) by solving the linear system (5.5.12)—(5.5.14).

Construction of a spanning set. Choose ({3, /5, (s) as free parameters and solve for

(01, 09,£4). For instance, take

Then (5.5.14) becomes
(14+V2)ly=0 = {,=0,

since 1+ /2 # 0.

With this choice, (5.5.12)—(5.5.13) reduce to the 2 x 2 system
241 —V2+ D) (¢ 24+ F
V2 + V2 + N _ (V2 FY (5.5.16)
o C ly G

(\/5+1 —V24+D
det

Set

A=

o ) = (V2+1)C —a(—V2+ D).
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Using the explicit values

V3 i V3 3i 3
=gty Tty Ty PEyty
one checks that
A=—iV2#0.

Hence (5.5.16) has a unique solution, and by Cramer’s rule

V24+F)a—(V2+1)G
X .

V2+ F)C+(-V2+D)G

_(
A 2=

0 = — (5.5.17)

Therefore
(M) = (41,05,1,0,0,0) € ker(P(I3)*). (5.5.18)

Since tr(u) € Rang P(I3) if and only if tr(u) L ker(P(I3)*), each ¢ € ker(P(I3)*) gives
rise to one scalar condition

" tr(u) =0,

(where £* denotes the conjugate transpose of £). For £ = (1) in (5.5.18), this becomes

O u(04) + Lo/ (04) + v (04) = 0,

with ¢, ¢35 given by (5.5.17).

Remark. To obtain three boundary conditions (as required), one repeats the same con-
struction to find two further linearly independent vectors ¢(2), /(3 ¢ ker(P(I3)*), for
example by choosing (¢s, ¢5, ) = (0,1,0) and (0,0, 1), and solving for the remaining com-
ponents. Optionally, applying Gram-Schmidt to {¢(1), ¢2) ¢®)} produces an orthonormal
basis {¢1(I3),f2(I3),¢3(I3)}, and the boundary conditions can be written as

(6;(I3), tr(u))cs =0, j=1,2,3,

equivalently ¢;(I3)*tr(u) =0 for j =1,2,3.

5.5.2.2 Case U = diag(e'?t, e, i)

Assume that
e 0 0
U= 0 €% o |€U@®). (5.5.19)
0 0 s
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To compute t = Us, let

S1 tl
s=1]s9], t= |ty | =Us
S3 t3
Then
t1 = ewlsl7 ty = 610282, tg = 6i6383.

Recall the full boundary trace vector

tr(u) = e CS.

From (5.5.6) we have
tr(u) =Ss+Tt, (5.5.20)

where the matrices S, T € C5*3 are defined in (5.5.7).

Since t = Us, (5.5.20) becomes
tr(u) = (S+7TU)s =: P(U)s,

where P(U) € C63.

Using (5.5.19), we obtain
P(U) = S+ T diag(e™, €%, ") = [p1(61) pa(62) p3(63)], (5.5.21)

where the columns are

V2 4 et ae?2
—V2+4 D¢ Ce
V2 + F et Ge'if2
p1(01) = 7 p2(6a) = ,
0 «
0 A
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0

0

0
1++/2¢
B + /2 ¢its
F +/2¢

p3(f3) =

Hence the six boundary equalities (5.5.6) can be written compactly as

The adjoint matrix P(U)*. Since P(U) has (in general) complex entries, its adjoint is
the conjugate transpose

P = PO) | e ¥,

Therefore, from (5.5.21),

P(U)* =
V24 et —\/2 4 Deifr /2 4 Feitr 0 0 0
aett2 Cleib2 Gett2 a A E
0 0 0 14+/2€3 B+ /203 F + /2¢i03

Here we keep the conjugation signs to emphasize the definition of *.

Let £ = ({1,...,0s) € C®. Then ¢ € ker(P(U)*) if and only if
P(U)*¢ = 0.

Writing this out row-by-row gives the following linear system:

(V2 + 1) 4y + (=2 + Deifr) by + (V2 + Feifr) (3 = 0, (5.5.22)
aet®2 (1 + Cetf2 (o + Ge2 03 + aly + Als + E lg = 0, (5.5.23)
(14 V2ei3) £y + (B + V/2€i3) £5 + (F + V/2¢i%) {5 = 0. (5.5.24)

Write P(U) in column form (5.5.21). The vectors p;(61) and p3(63) have disjoint supports:
p1(61) is supported in rows 1-3 and p3(63) in rows 4-6. If

p1(91) 7é 0 and p3(03) 75 0,
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then p; (A1) and p3(f3) are linearly independent and hence
rank(P(U)) > 2.
The rank drops to 2 if and only if

p2(62) € span{p1(61),p3(03)}.

Suppose that
p2(b2) = xp1(6h) +yps(f3)  for some z,y € C.

Comparing rows 1-3 gives
(ae2, Ce2 Ge2) = (V2 + e —V/2 + D' /2 + Fei™),

hence (from the first component)

aewz

r=—F/7/——"
\/§+6191

Similarly, comparing rows 4-6 gives

(provided v/2 + €t £ 0).

(Oé, 147 E) = y(l _|_ \/§€i03’ B + \/§€i03, F+ \/56193)’
hence (from the first component)

_ @ : i63
y=1 T (provided 1 + v/2¢% £ 0).

Therefore, rank(P(U)) = 2 would force the proportionality conditions

i6s ae' NG i
Ce'?? = R (—V2+ De™),
i02
Geitr = 2~ (/2 4+ Fe''),
V2 + eifh ( ) (5.5.25)

(87 .
A= ———(B+V2e™),
1+ /203 ( )

o
o —
1+\/§e“’3(

If any of the relations in (5.5.25) fails, then pa(02) ¢ span{pi(61),p3(03)} and hence

F+ \f26i93).

rank(P(U)) = 3. |
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Checking whether the rank can drop to 2. Cancel the nonzero factor €2 in the

first identity of (5.5.25) and put

Then the condition becomes

(07

C:
V242

(—\@ + Dz).
Multiply both sides by (v/2 + z) and rearranging to get

C(V2+2) = a(—V2+ Dz),
(C —aD)z=—(a+ C)V2,

= W. (5.5.26)

Using the explicit constants from (5.5.15):

1 1 ]
o} C=% oy D=5t

A direct computation gives
a+C=—i, C —aD = —iV2,

and hence (5.5.26) becomes
(Ve _ V3

_iﬂ 2

But —@ does not lie on the unit circle, since

PN

NG
2

This contradicts the fact that z = ¢ must satisfy |z| = 1.

Therefore the first proportionality condition in (5.5.25) fails for every #; € R. Conse-
quently,

p2(02) ¢ span {pi(61),p3(63)} for all 61,65,6s,

and we conclude that the columns of P(U) are always linearly independent.

rank P(U) =3 forall U = diag(e'",e2, %) e U(3).
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To obtain three boundary conditions, one can proceed exactly as in the case U = I3: write
P(U)*¢ = 0 for £ € CY, solve for a basis (1), ¢ ¢B) of ker(P(U)*), and then impose

(W4 r(u) =0, j=1,2,3,
(or orthonormalize the kernel basis via Gram-Schmidt and use inner-product form).
Dimension of ker(P(U)*). Assume from now on that rank(P(U)) = 3. Then

dimker(P(U)*) = 6 — rank(P(U)) = 3.

Construction of a spanning set. Choose (¢3,/5,(s) as free parameters and solve for
(01,02, Ly).
First kernel vector. Take

l3 =1, ls =0, lg = 0.

Then (5.5.24) becomes

(14 V2eif3) ¢, = 0.

Assuming 1+ /2¢% #£ 0, we obtain £, = 0. With this choice, (5.5.22)(5.5.23) reduce to

V2+4e —/24 Deifr\ (6 [V2+ Feitr
aei02 CeiGQ 62 N @ '

Set

2 0 2 D 101
AL(U) = det (‘f“ \ie )
aetf? Cleif2

Assume A;(U) # 0 (this holds for generic angles). Then by Cramer’s rule

2+ Feit Cei®2 4 —\/2+ Dei® Geifz
B A (U) 7
B A (U) .

4

12

Therefore
(N = (£1,05,1,0,0,0) € ker(P(U)*).

Second kernel vector. Take

l3 =0, ls

I
—

g

I
e
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Then (5.5.24) gives

(1+ V2eifs) 04 + (B + v2¢i3) = 0,

so (assuming 1+ v/2¢% £ 0)
) (B + v/2¢ifs)
4 = — = e —————

(1+ 2ei%)
Now (5.5.22) becomes

(V24 €i0) £y + (—V2 4 Deir) £ = 0,

and (5.5.23) becomes

ae®2 (1 + Ce?2 g +aly + A =0.

This is again a 2 x 2 system for ({1, /2), with a unique solution if A;(U) # 0. Define

02 = (01, 05,0,04,1,0) € ker(P(U)*).

Third kernel vector. Take
l5=0, l5=0, lg=1.

Then (5.5.24) gives

(14 V2ei%) by + (F + v/2¢%) =0,

so (assuming 1+ /2% #£ 0)
’ (F + \/2¢ibs)
4= =

(1+ 2ei%)
Now (5.5.22) becomes

(V2 + ei1) {1 + (—V2 + Deifr) £, = 0,

and (5.5.23) becomes

aef2 (| 4+ Ce%2 (g +aly + E = 0.

Again, this is a 2 x 2 system for ({1, ¢2) with unique solution if A;(U) # 0. Define
0B = (0y,0,0,04,0,1) € ker(P(U)*).
Since tr(u) € Rang(P(U)) if and only if tr(u) L ker(P(U)*), each £ € ker(P(U)*) gives

one scalar boundary condition
£ tr(u) = 0.
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In particular, using the spanning set {¢(1), ¢ ¢®3)} we obtain

*Y tr(u) =0, k=1,2,3.

Optionally, applying Gram—Schmidt to {E(l),£(2),€(3)} produces an orthonormal basis
{01(U),42(U), £3(U)} of ker(P(U)*), and the boundary conditions can be written as

(4;(U),tr(u))cs =0,  j=1,23,

equivalently £;(U)* tr(u) =0 for j =1,2,3.

5.5.2.3 The Fourier-type unitary matrix

Let w = €2™/3 be a primitive cubic root of unity. Then

gl
I
S

wd =1, w#1, l+w+w?=0,

We consider the unitary matrix

. 1 1 1
Us=—|1 w 2| eU@3).
7 L (3)

w® W

Let s = (51,82,83) and t = (tl,tg,tg) == UgS. Then

(81 + so + 83),
(s1 +ws2 + w233),

(51 + w?sg + ws3).

Recall the full boundary trace

e CY,

tr(u) :
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and the matrices S, T € C%*3 defined by (5.5.7). For any U € U(3) we have

tr(u) =Ss+ Tt =55s+TUs = (S+1TU) s.
=:P(U)

In particular, for U = Us,
P(U3) = S+ TU; € C®3,

Write T'= (11 T» T3) in columns to compute P(Us), where

1 « 0
D C 0
T = F , Ty = ¢ , T3 = 0
0 0 V2
0 0 V2
0 0 V2
Since Uz = %[u(l) u? 4] with
1 1 1
ut = |1 ) u? = | w ) u® = | 2 )
1 2 w

we obtain (column-by-column)

1
TUs = —= [Ty + Ty + T3, Ty +wTs+w*Ts, Ty + Ty +wTs).

V3

Hence

l+a l4wa 1+w?a
D+C D+wC D+ w?C
F+G F+wG F+WwG
V2 WwhV2 wv/2
V2 W2 wv/2
V2 WwhV2 wv/2

Sl
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Therefore, from P(Uz) = S + TUs we get the explicit 6 x 3 matrix
1+a 14wa 1+w3a
V2+ L o
D—I—C D+4+wC D+w?C
V24 V3 V3
F+G F+wG F+w?G
P(Us) = V2t V3 V3 (5.5.27)
v2 a+ V2 w2 o
V3 f V3
V2 wV2
V2 f w2
75 E+ % F+ /3
Equivalently, in column form
P(Us) = (p1 p2 p3)
where ,
\[+ 1+cx 1+wa 1+w o
V3 V3
V2 + D-I—C D4wC D+w?C
V3 V3
F+G F+wG F+w?G
| VR | _| T
pl - \/5 9 p2 - wg ) b p3 wf
%] “t+ s T
2 At+ep2 B+ ‘”f
V2 w22 w2
75 E+< 73 F+ /3

The adjoint matrix P(Us)*.

gate transpose:

P(Us)" =

P(Ug)T S

Using @ = w?, we obtain directly from (5.5.27)

PUs)* =

P11
P12
D13

D21
D22
D23

P41
D42

Pa3

P31
P32
D33

C3X6

De1
De2
De3

P51
D52
D53

Since P(Us) has complex entries, its adjoint is the conju-

where pjj, denote the entries of P(Us) in (5.5.27). (We keep the conjugation symbols for

clarity.)

Rank of P(Us). Recall Proposition 5.54, which asserts that rank P(U) = 3. We verify

it here for U = U3 by exhibiting a 3 x 3 minor with nonzero determinant.

Let §:= Y2 V2 and we consider the 3 x 3 sub-matrix obtained from rows 4, 5, 6 of P(Us), i

M =

B a+w?pB
B A+w?B B+wp

1+ wp

B E+w’B F+wp
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Denote by Ry, Ro, R3 the first, second, and third rows of M, respectively. Explicitly,

R = (8, a+w’8, 1+wp),
R2:<Bv A+w257 B+W6),
R3:(67 E+UJ2B, F+Wﬁ)

Since subtracting one row from another does not change the value of the determinant, we

perform the elementary row operations

Ry «— Ry — Ry, Rs +— R3 — R;.

After these operations, the matrix M is transformed into

and we have
det(M) = det(M).

Expanding the determinant along the first column, we get
A—a B-1
det(M) = 3 det .
EFE—-—a F-1
A direct computation of the 2 x 2 determinant gives

det(M) = B[(A - a)(F — 1) — (B~ 1)(E - a)].

We now substitute by using the explicit values (5.5.15).

First compute each factor:
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V3 i V3 i
E—a=i—|+-—4=-]=—2"4-.
a=? <2 *3 5 75
Hence
3 V3 3 V3
A—a)(F—-1) =4 -2 - 222 ST el

Therefore the bracket simplifies to

(A=a)(F~1) = (B-1)(E-a) - (—32+“f>—<“§+2>

= —2i.

Substituting back, we obtain
det(M) = B(—21).

In the present Fourier-type case one has g = %, hence

V2. 2V6
det(M) :—2%2:—717&0.

Therefore rank (M) = 3, hence rank (P(Us)) > 3. Since P(Us) € C%*3, we conclude

‘ rank (P(Us)) = 3.‘

In particular,
dimker(P(U3)*) = 6 — rank (P(Us)) = 3.

Computing ker(P(Us)*). Let £ = ({1,...,45) € C5. Then ¢ € ker(P(Us)*) if and only if
P(Us3)*t =0,
i.e. if and only if the following three equations hold:

pi1ty + P21l + P31 43 + Pai b + P51 45 + Per1 b = 0, (5.5.28)
P12ty + P22 l2 + P32 43 + Paz b + P52 U5 + Pe2 b = 0,
P13ty + P23l + P33 L3 + Paz la + P53 b5 + Pes b = 0. (5.5.29)
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Here the coefficients pj;, are those in (5.5.27). Since dim ker(P(U3)*) = 3, we may choose

three free parameters and solve the resulting 3 x 3 system for the remaining three variables.

Construction of a spanning set. Choose (¢3,¢5,(s) as free parameters and solve for

(€1,02,¢4). As in the identity case, we build three linearly independent solutions by taking

(43,5, 06) = (1,0,0), (0,1,0), (0,0,1).

(a) First kernel vector. Set (¢3,05,0s) = (1,0,0). Then (5.5.28)—(5.5.29) become a 3 x 3

linear system for (¢1, 02, ¢4):

pii P21 pau) (b p3t
piz p22 paz| |fl2|=—|DPa2|- (5.5.30)
Pz P23 DPi3) \{a P33

Denote the determinant of the coefficient matrix by

P11 P21 P41

Aqy=det | Pz P Paz

D13 D23 P43
Since rank (P(Us)) = 3, we can (and do) choose this 3 x 3 system so that Ay # 0 (for
example, one may verify numerically using the explicit Airy constants). Hence (5.5.30)
has a unique solution, and by Cramer’s rule we obtain explicit formulae for ({1, £2,¢4).

We define
(M) = (01, 05,1,04,0,0) € ker(P(Us)*).

(b) Second kernel vector. Set ({3,¢5,¢s) = (0,1,0). Then we solve

pii P21 par) (b D51
pi2 P2 paz | |la|=— D52 |>
P13 D23 Paz) \la D53

and define
02) = (£1,02,0,04,1,0) € ker(P(Us)*).

(¢) Third kernel vector. Set (¢s,!5,4s) = (0,0,1). Then we solve

pii P21 par) (G De1
piz2 P2 paz | |la| =~ D2 |-
P13 D23 Pa3) \la D63
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and define
0B) = (01, 05,0,04,0,1) € ker(P(Us)*).

By construction, /() ¢ ¢3) are linearly independent, hence they form a spanning set
of ker(P(Us)*). Optionally, applying Gram-Schmidt to {¢(1), ¢(2) ()} produces an or-
thonormal basis {¢1(Us), ¢2(U3), £3(Us)} of ker(P(Usz)*).

Since tr(u) € Ran P(Us) if and only if tr(u) L ker(P(Us)*), each ¢ € ker(P(Us)*) yields
one boundary condition £*tr(u) = 0. Therefore, the self-adjoint domain corresponding to

Us can be written as
D(AY) = {u € D(A}) : (4;(Us), tr(u))es = 0, j =1,2,3}.

Equivalently,

Ej(Ug)* tr(u) = 0, j = 1, 2, 3.

5.5.2.4 Case U: The cyclic permutation matrix

We consider the unitary (permutation) matrix

c U(3), (5.5.31)

o O =
o = O

which corresponds to the cyclic permutation (123), i.e. Ue; = eg, Uea = e3, Ues = ey,

and satisfies U? = I.

Recall that t = Us, where

S1 tl
S= 1521, t= to
S3 t3

Hence

t1 = s9, to = s3, t3 = s1.
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Recall the full boundary trace vector

tr(u) = € CS.

and the matrices S, T € C%*3 defined by (5.5.7).
For any U € U(3) we have
tr(u) =Ss+Tt=Ss+TUs=(S+TU)s =: P(U)s,

where P(U) € C*3. For the cyclic permutation matrix (5.5.31), the multiplication TU
permutes the columns of T
TU = [T, Ts T,

where T}, denotes the kth column of T. Thus
P(U) =S+TU = [51+T2 So + T3 53+T1],

where S} denotes the kth column of S.

Writing this explicitly gives

V2+a 0 1
—/2+C 0 D

P(U) = V2HG 0 Fl e oo (5.5.32)
0 a+v2 1
0 A+V2 B
0 E+V2 F

Equivalently, if we denote the columns by

P(U> = [Pl D2 p3],
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then
V2 4+« 0
V24 C 0
| v2+¢G B 0
b1 = 0 ) b2 = oz+\/§ ) b3
0 A++2
0 E+V2

R B R

Step 3: Rank of P(U). The vectors p; and pe have disjoint supports: p; is supported
in rows 1-3 and po is supported in rows 4-6. Moreover, v/2 + o # 0 and a + V2 # 0,

hence p; # 0 and po # 0. Therefore p; and po are linearly independent and

rank P(U) > 2.

The rank drops to 2 if and only if ps € span{p;, p2}, i.e. if and only if there exist z,y € C

such that
p3 =xp1+yYp2.

Comparing rows 1-3 in (5.5.33) yields
(1, D, F)=xz(vV2+a, —V24+C, V2+G),

SO

1 p_—V2+C L V244G

T = , = — = )
V2+a V2+a V2+a

Similarly, comparing rows 4-6 yields
(1, B, F) =y(a+ V2, A+ V2, E+V2),

SO

1 p_AtV2 L E+V2
LG Ca+v2' a2

Consequently, we have the implication

rank P(U) =2 = all identities in (5.5.34) and (5.5.35) hold.

(5.5.33)

(5.5.34)

(5.5.35)

(5.5.36)

Using the explicit constants from (5.5.15), and substituting these values into. For example,

the second identity in (5.5.34), using the explicit values

3 )
a=\2[+

L ot
27 T2 927 2 2
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we compute

_oVEHC 1 B V2o
V2 +a 2 ' 2 Va4 Byl V2

hence the conditions in (5.5.36) fail. Therefore p3 ¢ span{p;,p2} and the three columns
of P(U) are linearly independent. We conclude that

rank P(U) = 3. | (5.5.37)

The adjoint matrix P(U)*. Since P(U) may have complex entries, its adjoint is the
conjugate transpose:
—T
P(U)* = P(U) € C3*S,

Using (5.5.32), we infer that

V2+a —V2+C V2+G 0 0 0
PU)* = 0 0 0  a+v2 A+V2 E+V2
1 D F 1 B F

Let £ = ({1,...,4s) € C5. Then ¢ € ker(P(U)*) if and only if P(U)*¢ = 0, i.e. the

following system holds:

(V24 a)li+ (—V2+C)lo+ (V2+G) l35 =0, (5.5.38)
(0 +V2) by + (A+V2) U5 + (E +V2) s = 0, (5.5.39)
121 +ﬁ£2 —|—F€3+€4 +§€5 —I—FfG = 0. (5.5.40)

Since rank P(U) = 3 by (5.5.37), we have

dimker(P(U)*) = 6 —rank P(U) = 3.

Constructing a spanning set. A convenient way to parameterize the solutions is to

choose (03,05, 0s) as free parameters. First, (5.5.39) determines ¢4 in terms of ({5, {g):

ly=— (A+V2) 5+ (E+V2)ls (5.5.41)

(a+V2)

Next, (5.5.38) gives a linear relation between (¢1,¢3) and /s:

(V2+a) by + (—V2+O) by = —(V2 + G) l3. (5.5.42)
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Finally, substituting (5.5.41) into (5.5.40) yields a second equation linking (¢1,¢2) to
(U3, 45, 6):

_ AR E+v2)le —
Dty Tty ATVILHEVIL 5, 5y (5.5.43)

(a+V2)

The pair (5.5.42) and (5.5.43) is a 2 x 2 linear system for ({1,¢3). Solving it for three
independent choices of (¢3, 05, 0s) (e.g. (1,0,0), (0,1,0), (0,0,1)) produces three linearly
independent vectors /(1) ¢(2) ¢3) ¢ ker(P(U)*). Optionally, applying Gram-Schmidt im-
plies an orthonormal basis {¢1(U), ¢2(U), l3(U)} of ker(P(U)*).

Since tr(u) € Ran P(U) if and only if tr(u) L ker(P(U)*), the boundary conditions for

the self-adjoint extension corresponding to the cyclic permutation matrix are:

<€j(U)>tr(u)>(C6 =0, Jj=123,

equivalently ¢;(U)* tr(u) =0 for j =1,2,3.

5.5.2.5 The unitary matrix Us;

We consider the self-adjoint extension corresponding to the unitary matrix

1 1
o 0
_ | 1
Us = % o 0 |€ U(3)
0 0 €
Set a == % For s = (s1, 2, 83) and t = Uss, we have
t1 = a(81 + 82), to = a(sl — 82), t3 = €i¢83.

Recall that for any U € U(3),

tr(u) =Ss+Tt=Ss+TUs=(S+TU)s =: P(U)s,
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where P(U) € C5%3. For Us we compute TUs column-by-column. Denote by T}, the kth

column of T

Ty

Since the columns of Uy are (a,a,0), (a, —a,0), (0,0, e'?), we obtain

hence

Therefore,

P(U5):S+TU5:

1
D
F
0
0
0

o o o Q) Q 9

Ty =

Shhe o

TUs = [a(Ty + T2) a(Ty — To) T3],

a(l+a) a(l-a)
a(D+C) a(D-C)
TUS — a(F+G) aofF —G)
0 0
0 0
0 0
V24+a(l+a) a(l—a)
—V2+4a(D+C) a(D-C)
V2+a(F+G) a(F-G)
0 «
0 A
0 E

0

0

0
1+ ﬂeid’
B+ /2¢%
F +\/2¢ei®

c (C6><3

(5.5.44)

The adjoint matrix P(Us)*. Since P(Us) has complex entries, its adjoint is the conju-

gate transpose

P(Us)* = P(U) | e C?

Writing P(Us) = (pjk)1<j<6, 1<k<3, we have

P(Us)* =

Pa1

Pa2

P31
P32
D33

D21
D22
D23

P11
P12

P13 D43

X6

Pe1
Pe2
P63

P51
D52

P53
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Using (5.5.44), this becomes explicitly

P(Us)" =
V2+a(l+a) —vV24+aD+C) V2+a(F+G) 0 0 0
a(l—a) a(D —O) a(F —G) a A E
0 0 0 1 ++/2e® B+ +/2ei® F +/2ei¢

Let £ = ({1,...,0s) € C5. Then ¢ € ker(P(Us)*) if and only if
P(Us)* = 0.

Writing the three equations row-by-row gives

V2+a(l+a)li+—V2+aD+C)ly+V2+a(F+G)l3=0, (5.5.45)

a(l — a) 1+ CL(D — C) ly + CL(F — G) f3 +aly +Z€5 JrEf(‘, =0, (5546)

14+ V2@l + B+ V29 b5 + F + /20l =0.  (5.5.47)

As in the cases U = I3 and U = Us, the first and third columns of P(Us) have disjoint
supports: the first column is supported in rows 1-3 and the third column is supported in
rows 4-6. Moreover,

142" #0 (since || = 1),

so the third column is nonzero, and similarly the first column is nonzero because its first

entry v/2 4 a(1 + a) # 0 (in fact, with the explicit o below it cannot vanish).

Hence the first and third columns are linearly independent, so rank P(Us) > 2. The rank
can drop to 2 only if the second column lies in the span of the first and third columns.

We show that this never happens, hence rankP(Us) = 3 for all ¢.

Proposition 5.63. For every ¢ € R, the matriz P(Us) has full column rank:

‘mnkP(U5) = 3. ‘

Consequently dim ker(P(Us)*) = 6 — rankP(Us) = 3.
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Proof. Write P(Us) = (¢1 ¢z ¢3) for its columns. From (5.5.44):

V2 +a(l + ) a(l — a)
—V2+a(D+C) a(D—C)
| V2+a(F+G) | aF-G) B
“a= 0 2T « B 1+ /2e
0 A B+ V/2¢%
0 E F +/2¢

Then ¢; is supported in rows 1-3 and c3 is supported in rows 4-6, hence ¢; and c3 are
linearly independent. Thus rank P(Us) > 2.

Assume rank P(Us) = 2. Then ¢z € span {ci,c3}, so there exist z,y € C such that

¢y = xc1 + yez. Comparing rows 4-6 gives
(a, A,E) =y (1+ V26", B+ V2, F + \/§ei¢),

so necessarily

o
y_1+ﬁei¢

and hence

(B++V2e%), E= (F 4+ v2¢").

Ao o
R 15 Vae

Now compare rows 1-3. Since c3 has zeros in rows 1-3, we get
(a(1 —a), a(D —C), a(F - @) = 2(vV2 +a(l +a), —V2+a(D +C), V2+a(F +G)),
so in particular

. a(l — )
V24a(l+a)

Thus a necessary condition for rank 2 is

(5.5.48)

a(D —C) =2(—V2+a(D +0)), a(F - G) =z(V2+a(F +G)), (5.5.49)
with z as in (5.5.48).

We now show that (5.5.49) fails. Recall (as before) the explicit values (5.5.15).

A direct computation gives

V3—-1 343
-1—22

D-C=*"

., D4C=-

1+v3 V3-3
5 Tl g
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Also,

V2+a(l+a)=v2+ v i):2

1 1
S R S I S (/) :
\/§<+2+2 \/Q(-i- +V3+i) £0,
so x in (5.5.48) is well-defined. Substituting these values into the first identity in (5.5.49),

one obtains a nonzero residual (hence the equality cannot hold). Therefore co ¢ span {ci,c3},

and the three columns are linearly independent.

Thus rank P(Us) = 3. The dimension statement follows from

dimker(P(Us)*) = 6 — rank P(Us).

Since rank P(Us) = 3, we have dimker(P(Us)*) = 3. We construct three linearly inde-

pendent vectors in the kernel as in the case U = I3.
First kernel vector. Choose ({3, 0s5,¢s) = (1,0,0). Then (5.5.47) gives
14+V20,=0 = £;,=0 (since 1+ v/2e' #0).

With l3 = 1, {4 = U5 = £ = 0, equations (5.5.45)—(5.5.46) reduce to a 2 x 2 system for
(61,62):

(5.5.50)

(\/5—1- a(l+a) —V2+a(D+ C)) <£1> _ _<\@+ a(F + G)>
a(l— a) a(D - 0) '

lo a(F — Q)

Set the determinant

A = e (ﬁ Follta) —VItalD+ C>) |
a(l —«) a(D - C)

Since rank P(Us) = 3, the two rows in (5.5.50) are independent and Ags) # 0, hence

(5.5.50) has a unique solution. By Cramer’s rule,

V24 a(F+G)a(D —C) + —v2+a(D + C) a(F — G)
— AD

V24 a(F+G)a(l —a)—V2+a(l+a)a(F - G)
— A

5

2

9

lo

Therefore,
(M) = (£1,04,1,0,0,0) € ker(P(Us)*).
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Second and third kernel vectors. Repeat the same construction with (43,5, 4s) = (0, 1,0)
and (0,0,1). In each case, (5.5.47) determines ¢4 uniquely in terms of (¢5,/s), and then
(5.5.45)—(5.5.46) give a 2 x 2 system for (¢1,¢3). This yields two more vectors

02 1) ¢ ker(P(Us)*)

which are linearly independent from £(1),

Optionally, apply Gram—Schmidt to {6(1), 6(2),6(3)} to obtain an orthonormal basis
{El (U5), EQ(U{,), 53(U5)} of ker(P(U5)*)

As before, tr(u) € Ran P(Us) if and only if tr(u) L ker(P(Us)*). Therefore, if {£;(Us)}?_,
is any orthonormal basis of ker(P(Us)*), then the domain D(AY3) can be described by

the three scalar boundary conditions

<£j(U5)7tr(u)>(C6 = 07 ] = 1) 2’ 37

equivalently ¢;(Us)* tr(u) =0 for j =1,2,3.

Remark 5.64. If one prefers a non-orthonormal spanning set {£(1), £(2) ¢(3)} then the

boundary conditions can be written simply as
(DY tr(u) =0,  j=1,2,3,

and orthonormalization is optional.



Chapter 6

Third order linear in-homogeneous

differential operators

In this chapter, we study third-order linear inhomogeneous differential operators. We
analyse their symmetry properties, determine the adjoint operator, and investigate the

corresponding deficiency indices on various domains.

Although the classical von Neumann approach can be applied in several cases, it does
not lead to a complete description of all self-adjoint extensions in full generality. This
limitation motivates the need for an alternative framework, which will be developed in

Chapter 8.

6.1 Third order linear in-homogeneous differential opera-

tors on real line

Recall, that by a real line we understand the set R of all real numbers.

We assume that & is an open subset of R. We consider the Hilbert space
H=IL*0,C)

with the standard inner product and norm. Assume that as,a; € R\ {0}, and define

operator Ay

D(Ay) =C5°(0,C
(do) = C( f ) (6.1.1)
Aou = a3(iD)*u + ayiDu = —iazu” + iau/,

where v and v are the classical derivative.

187
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We begin with the following standard result. One can prove the above result by employing

the following general result.

Lemma 6.1. Suppose that By and Cy are symmetric operators on a Hilbert space H with
the same domain
D(By) = D(Cy) = D.

Let a, 8 € R and define
Apu = aByu + SCyu, u € D.

Then Ag is symmetric.

Proof of Lemma 6.1. Let u,v € D. Then

(Aou,v) = (aBou + Cou, v)
= a(Byu,v) + S{Cou,v).

Since By and Cj are symmetric,
(Bou, v) = (u, Bov), (Cou, v) = (u, Cov).
Since (aBy + BCy) is symmetric iff « = @ and B = 8 such that o, 3 € R

(Agu,v) = afu, Bov) + B{u, Cov)

= (u, aByv + Cyv)

= (u, Agv).
Therefore, Ag is symmetric. O
Lemma 6.2. The operator Ay defined by (6.1.1) is symmetric.
Proof of Lemma 6.2. The operators iD and (iD)? with domain C§°(&) are symmetric,
see previous sections 3.1 and 5.1, in Proposition 5.1.
Hence, by Lemma 6.1, the operator Ag = a3(iD)? 4 a1iD is symmetric. O
We need to determine D(A(), we begin with the following characterization of the domain
of the adjoint operator Ag.

Lemma 6.3. Suppose that ¢ C R is open and az # 0. Let Ay be defined by (6.1.1). Then
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D(A}) = {u € L*(0,C) : Du, D*u eist and belong to L} (0),

loc

(—iagD%u + iay Du) € L2(0)}. (6:1:2)

Moreover, for every u € D(Af) we have
Aju = —iazD?u + iay Du.

Proof of Lemma 6.3. "C”. Assume that u € D(A§). Then, by definition of the adjoint
operator, there exists z € L?(&, C) such that

(u, Ao} = (z,6)  for every ¢ € C5°(0).

Expanding Ay, we obtain

/ﬁ u(z) (—iazp® (z) +iar1¢/ (z)) do = /ﬁ 2(z) ¢() dx.
This means that u satisfies
Lu =z in the weak sense,
where the differential operator L is given by

L = —iagD?3 + iay D.

Since u, z € L*(0,C), we also have

u,z € L .(0,C).

loc

Moreover, the identity above shows that
Lu=z

in the weak sense, where
L = —iazD? + ia1 D.

Since ag # 0, the principal coefficient of L does not vanish, and hence L is an elliptic
differential operator of order 3. Therefore, by Theorem 2.95; see also [36, Theorem 8.12],
we infer that

u € HE.(0).
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By the definition of H} (&), the weak derivatives DFu, k = 1,2,3, exist and belong to
L2

loc

(0). In particular,
Du, D*u € L} (0).

Finally, returning to the weak identity, we obtain
z = —iagD3u + ia; Du € L*(0,C).

This completes the proof of the inclusion ”C”. O

Proof of Lemma 6.3. "> ”. Assume that
ue L?(0,C), Du, D3u e L} (0,0),

and
—iazD3u + iay Du € L*(0,C).

Define
2z := —iagD3u +iay Du € L*(0,C).

Let ¢ € C§°(0) = D(Ap). Since Du and D3u exist in the weak sense, by Definition 2.1

we have
/u(m)md:c: —/ Du(zx) ¢(z) dz
% %
and
3
| u@) 9@ de =~ [ D
Therefore,

(u, Agp) = /ﬁ u(z) (—iazp® (x) + ia1 ¢/ (z)) dx

/ (—iazD3u(z) + ia1 Du(x)) ¢(x) dx
= [ +@) 9@ dz = (2,9).
Since this holds for every ¢ € D(Ap), we conclude from the definition of the adjoint that
u € D(Ap) and Aju = z = —iazD3u + ia; Du.

This completes the proof of the inclusion "2 O

Remark 6.4. The main point in the proof of Lemma 6.3 is to establish that, if u € D(A}),

then the weak derivatives Du and D3u exist. This follows from the elliptic regularity
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argument used in the proof, which yields
u € H3(0).

Consequently,
Du, D*u € L} (0).

loc

In general, these derivatives need not belong to L?(&).

Remark 6.5. Lemma 6.3 above is formulated in terms of weak derivatives. In one
dimension, weak differentiability has an equivalent classical interpretation. More precisely,

by [38, Theorem 7.18], the following statements are equivalent:

(i) u € L2 (0) and the weak derivative Du exists and belongs to L2 (0).

loc loc

(ii) w is locally absolutely continuous on &, hence differentiable almost everywhere, and

its classical derivative u’ belongs to L2 _(0).

Using this characterization, the domain in (6.1.2) can be reformulated as follows:

D(A}) ={u € L*(0,C) :u c C*(0), " is locally absolutely continuous,

(6.1.3)
u® e L2 (0), —iasu® +iau € L*(0)}).

Remark 6.6. Lemma 6.3 applies to the cases & = (0,00), 0 = (—00,0) and ¢ = R\ {0}.

In particular
(i) If & = (0,00), then u € D(Af) if and only if the following conditions are satisfied:

o Weak derivatives D3u and Du exist.

o D3ueL? ((0,00)) and Du € L2 ((0,00)).

loc loc

o The expression (—iazD3u + ia; Du) € L*((0,00)).
(ii) 0 = (—00,0), then u € D(A}) if and only if the following conditions are satisfied:

o Weak derivatives D3u and Du exist.

o D3ueL? ((—00,0)) and Du € L} ((—0o0,0)).

loc loc

e The expression (—iagD3u + ia; Du) € L?*((—0o0,0)).

(iii) if 0 = (—00,0) U (0,00), then u € D(A}) if and only if the following conditions are
satisfied:
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e D3y and Du exist.

+ Both belong to L2, ((—0c0,0)) and L2 ((0,0)).

o The combination (—iagD3u + ia; Du) € L?((—00,0) U (0,0)).
These conditions hold. Therefore, Lemma 6.3 is proved in all cases.

Proposition 6.7. Assume that Ag is defined by (6.1.1) on L?*(R,C). Then

D(Ay) = {u € L*(R,C) : Du, D3u exist and belong to L% (R),
(—ia3D3u + ia; Du) € L*(R,C)}.

Proof of Proposition 6.7. This is a direct consequence of Lemma 6.3 applied to & = R. O

Next we will formulate and prove a results which generalizes Propositions 5.32 and 5.33

to the present setting.

Proposition 6.8. Assume that Ay is the operator defined by

D(A1) := Cg°(R\ {0},C),
Ayu = —iD3u + iDu, u € D(Ay).

Then A1 is not closed.

Moreover, a function u € D(Ay) if and only if the following conditions hold:
(i) u € L*(R,C);
(i) uw e HE (R\ {0},C), D?u is locally absolutely continuous, and

/ \D3u(t)|? dt < oo, / \Du(t)|? dt < oo
R R

(iti) u(0+) =u(0-) =0,  '(0+)=u'(0-)=0,  u"(0+)=u"(0-)=0.

In addition,
Aju = —iD3u+iDu, for u € D(Ay).

Proof of Proposition 6.8. Part 1. We prove that A; is not closed. As in the proof of
Proposition 5.32, it is sufficient to show that the graph I'(A;) is not closed in L?(R) x
L?(R). Consider the function

-2
e 7, x>0,

0, z <0.
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It is well known, see [37, Chapter 6], that u € C*°(R) and

Moreover, by the same argument as in the proof of Proposition 5.32, one has
u € H3(R).

In particular,
u, Du, D3u € L*(R).

On the other hand, since u(x) # 0 for all z > 0, the function u is not compactly supported,

and therefore

u ¢ D(Ar) = Cg°(R\ {0}, C).

Using the same translation-and-cutoff approximation method as in the proof of Lemma
3.32, but now in the Sobolev space H3(R), we can find a sequence (u,,) C C§°(R\ {0}, C)
such that

Up — U in H3(R).

Hence
Up — U, Du,, — Du, D3u, — D3u in L*(R).
By definition of Aj,
Aquy, = —iD%u, + 1Duy,
and therefore
Ayu, — —iD3u+iDu  in L*(R).
Thus
(tn, Artiy) — (u, —iD3u +iDu) in L*(R) x L*(R).

However, since u ¢ D(A;1), we have
(u, —iD3u + iDu) ¢ T'(Ay).

Hence I'(A;) is not closed, and therefore A; is not closed. t

Proof of Proposition 6.8. Part 2. Let us choose and fix v € D(A1). We prove that u

satisfies conditions (i)—(iii).
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By definition of the closure of an operator, see Remark 2.86, there exist a sequence
(un) € D(A7) and a function z € L?(R, C) such that

U, —u in L*(R), (6.1.4)
Ayu, = —iD%uy, +iDu, — z in L*(R). (6.1.5)

In particular,
D3u,, — Du, — iz in L*(R).

We now use the same method as in the proof of Proposition 5.33, replacing the operator
—iD? by —iD3 +iD. Since each u, € C*(R\ {0}), we have

un(0) = up, (0) = up (0) = 0.

Hence, for every t € R,

t — )2
un(t):/o ul (o) (t 5 ) do.

As in the proof of Proposition 5.33, this identity, together with the Cauchy—Schwarz
inequality, implies that (u,) is uniformly Cauchy on every compact interval whenever
(D3uy,) is Cauchy in L?(R). Moreover, arguing exactly as before with v/, and u!, one also

obtains local uniform convergence of (u},) and (u!') on compact intervals.

On the other hand, from (6.1.5) and the same argument used in Proposition 5.33, we
infer that (Du,) and (D3u,) are Cauchy sequences in L?(R). Hence there exist functions
Du, D3u € L*(R) such that

Du,, — Du,  D%u, — D3 in L*(R).

Therefore,

/ !/ " "
Up —> U, Uy, —> U, Uy —> U

uniformly on compact subsets of each half-line. In particular, the one-sided limits at 0

exist and satisfy

u(0+) = u(0—) =0, W' (04) = u/'(0-) =0, u”(04) = u”(0—) = 0.

Next we identify the third weak derivative of u. Let ¢ € C§°(R\ {0}). Since u, €
C§°(R\ {0}), integration by parts gives

/ ()6 () de
R

Il
|
%\
IS
S
—~
8
©-
—~
8
S~—
QL
8
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Passing to the limit, using (6.1.4) and the convergence D3u,, — D3u in L?(R), we obtain
/ w(z)p® (z) da = —/ D3u(x)¢(x) d.
R R

Hence D3u is the third weak derivative of u and belongs to L?(R). Since also Du € L?(R),
we conclude that
u € Hije(R\ {0}, C).

Finally, from (6.1.5) and the convergences of Du,, and D3u,,, we obtain
2z = —iD%u + iDu.

Therefore,
Aju = —iD3u + iDu.

This proves Part 2. ]
Proof of Proposition 6.8. Part 3. We prove the converse implication.
Assume that u € L?(R, C) satisfies:

(i) u € L*(R,C);

(ii) v € H (R \ {0},C) and

Du € L*(R),  D3ue L*R);

(il) w(0+) =u(0-) =0, W' (0+)=4/(0-)=0,  u"(0+)=1u"(0-)=0.

We show that u € D(4;).

Let

U— = U|(—o00)5 Ut = u(0,00)-

By assumption,
u- € H¥((~00,0)),  uy € H3((0,00)),

and the boundary conditions at 0 imply
u— € HS((—O0,0)), ut € HS((OvOO))v

where H$ denotes the closure of C§° in H3.
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Hence, by the definition of HJ, there exist sequences

fn € Cgo((—O0,0)), gn € Cgo((ov OO))

such that
fo = u_  in H3}((—00,0)), gn — uy in H3((0,00)).
Define
fulx), 2 <0,
un(z) = { gn(x), >0,
0, T =
Then

un € G5 (R\ {0}, C) = D(Ay).

Moreover, by construction,
Up —> U in L*(R),

and also
Du, — Du,  D3u, — D3  in L*(R).
Therefore,
Ay, = —iD3uy, + iDuy, — —iD3u+iDu  in L*(R).
Thus

(tn, Arty) — (u, —iD3u +iDu)  in L*(R) x L*(R).

By Remark 2.86, this implies
u € D(Ay), Aju = —iD%u + iDu.

This completes the proof of Part 3.

The proof of Proposition 6.8 is complete. O

6.1.1 Deficiency indices of the third-order linear inhomogeneous differ-

ential operators on real line

We consider the following differential operator

Ay = a3(iD)® 4+ a1 (iD), with ag # 0. (6.1.6)

Note that the above does not contain differentiation of the second order.
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Without loss of generality, we will assume that
az =1 (6.1.7)
and will denote
a; = —3p (6.1.8)

Thus, in view of (6.1.7) and (6.1.8), the operator Ay takes the form

Ag = (iD)? — 3p(iD) = —iD? — 3piD.

The characteristic polynomial of the operator Ag is

w(z) = a3(iz)® + a1 (iz), z € C.
The following result is well known.
Lemma 6.9. If z € C, then

Ap(e®) =w(z)e**, z e€R.

In this section, we will calculate the deficiency indices ny(Ap) and n_(Ap) of the operator

Ap defined by (6.1.6). To be precise we will calculate the following numbers

n4(Ap) = dim ker(il — Ap)
n_(Ap) = dim ker(il + Ap),

see Definition deficiency sub-spaces [34, p.138].

We begin with the following Lemma.

Lemma 6.10. Assume that A; is the operator defined by (6.1.6). Then

ker(Ag +il) = {0}.

Proof of Lemma 6.10. Let u € ker(Af + ¢I). We will show that v = 0. Then by Lemma

6.10

(Ag +il)u = 0.
—iagD3u + ia1 Du + iu = 0

asD3u — ayDu—u =0

(6.1.9)
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By (6.1.7) and (6.1.8), the last equation becomes

D3u +3pDu —u =0 (6.1.10)

The characteristic polynomial of equation (6.1.10) is
w(z) = 23 + 3pz — 1.

We consider the equation
w(z) =0. (6.1.11)

Now we will investigate how many roots of equation (6.1.11) have negative or positive

real part. Define
A= (1) +4p°

By [31, Theorem 3 in VII.4.2], there are three cases
(C1) A < 0. Then the equation (6.1.11) has three distinct real roots

)\1,)\2,)\3 e R.

(C2) A =0. Then the equation (6.1.11) has three real roots, one of multiplicity 2

)\1,/\2 = )\1,)\3 e R.

(C3) A > 0. Then the equation (6.1.11) has one real root and two non-real conjugate

roots
A ER, )\QEC\R, )\3:)\72.

In cases (C1) and (C3), the general solution of equation (6.1.9) has the form
3
w(@) =Y ajeN” = a1eMT 4 ae™” + aze™”, z € R. (6.1.12)
7j=1

Because,

In case (C3), write
Ao = a + ib, /\3:/\7220,—2‘1),

where
a = Re(\2), b=1Im(A2).
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Then
e — 0T (cos(bz) + isin(bx)),
and
3T — o0 (cos(bz) — isin(bz)).
Equivalently,
et _ JRe(Ao)w (cos(Im(A2)z) + isin(Im(A2)z)) ,
and

37 = ReOT (cog(Im(Ag)x) — i sin(Im(\p)z)) .

Thus, in case (C3), we may write

)\1$ /\2:)3 )\31

u(z) = e’ + aze™” + age

= 1M + % [(ag + a3) cos(bz) +i(ag — a3) sin(bz)] z €R.

In case (C2), the characteristic polynomial has a double root \; = Ay and a simple root

As. Therefore, the general solution of equation (6.1.9), is
u(x) = (a1 + agz) eM? 4 azes?, x € R,

where a1, ag, a3 € C. O

Lemma 6.10 is a consequence of the following result.

Lemma 6.11. In each case, if u is solution of equation (6.1.9) such that u € L*(R) then
u = 0.

Before we embark on the proof of Lemma 6.11 we state the following simple Exercise.

Exercise 6.12. If A € C, then

o0
M2 dr = .
e

— o0

Solution of Exercise 6.12. Let us observe that

| az)2 % 2Rex
/ le™| dx:/ e d
—0oQ — 0o

If ReA =0, ReX > 0 or Re) < 0, then we have respectively

[ee] [ee]
/ eoxdm:/ ldzr = oo,
—00 —00
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°® JReA ' 9ReA
/ e emde/ e dr = oo,

—00 0

> 9Rer % 9Rex
/ e ewd:vz/ e M dy = oo.
—0 —0o

The solution is complete. ]

Proof of Lemma 6.11. Case (C1). Let us consider function u of the form (6.1.12). By
use Exercise 6.12

[e.e]
/ N2 de =00,  j=1,2,3. (6.1.13)

— 00
So every functions e*? does not belong to the space L?(R).
Our aim is to prove that a; = as = ag = 0. If only one of the numbers oy, as, ag are no
zero, e.g. a1 # 0 and ag = ag = 0, then

u(z) = a1eM®, z € R,

and so by (6.1.13), |u|r2 = co. This is contradiction.

Now, assume that a1 # 0, as # 0 and ag # 0. Since A1, Ag, A3 are distinct, we can order
them, i.e.

A< A < )\3.

Suppose that A3 > 0. Then
u(z) = age’” (1 + Z2eleda)e O”e(MA?’)w)

and

[ @ de= [T @) s

o0
- |a3|2/ €257 (14 Z2ee ol 4 SLeCamdn) 2 g
0 3 3

Since, A9 — A3 < 0, and A\ — A3 < 0. So,
eP2=2)T 4 0 when z — oo,

and

A1—A3)

el T 50 when xz — oo.

Hence,

1
JRy>0: |1+ 92 (Ge=da)z | ﬂe(’\l_)‘?’)xﬁ > —, V€ [Ry,0).
as

a3 4’
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Therefore,

oo 1 2 roo
ul72 > |a3|2/ 2Ty = 2| / €23 dx = 0.
Ro 4 4 JR,

The other cases i.e. precisely two numbers a1, a2, a3 are # 0. follow similar route.

In the case (C2), we argue as in the case (C1). In the case (C3), u is of the form (6.1.12)
and \; € R, and A\3 = Ay € C\ R. Arguing as in case (C1), but replacing A2, A3 by
Re)s = Rels, we can prove that. ]

The following result is a companion result to Lemma 6.10.

Lemma 6.13. Assume that Ay is the operator defined by (6.1.6). Then

ker(il — Aj) = {0}.
Proof. The proof is as of Lemma 6.10. O

From Lemmata 6.11 and 6.13, we deduce the following immediate consequence A.

Corollary 6.14. Assume that Ay is the third-order operator defined by formula (6.1.6).
Then

The following main result of this section is a consequence of Corollary 6.14.

Theorem 6.15. The operator Ay on L*(R,C) defined by equation (6.1.6) has one self-

adjoint extension. Moreover, the unique self-adjoint extension A of Ag is as follows
D(A) = H¥R),  Au=a3(iD)*u+ a1(iD)u.

Remark 6.16. In this case one can show that the closure Ag is equal to A.
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6.2 Third-order linear inhomogeneous differential operators

on positive half line

6.2.1 Symmetry and the adjoint

In this section we consider the following Hilbert space
H = L2((0,50); C).
We define the operator of A; as follows

D(A1) = C§°((0,00); C
(A1) = C5°((0,00); C) (6.2.1)
Ayu = a3(iD)>u + ayiDu = —iazu” + iau/,

Recall that we assume that as # 0.
Lemma 6.17. The operator Ay defined by (6.2.1) is symmetric.

Remark 6.18. The proof of symmetry of the operator A; is analogous to the proof of
symmetry of the operator Ag, see Lemma 6.2. Moreover, the symmetry of A; follows

directly from the symmetry of Ag.

Proof of Lemma 6.17. Recall that

D(Aop)
D(Aq)

Co°(R; C),
C5°((0,00); C).

Hence
D(A;) C D(Ay).

Moreover, for u € D(A;) we have

Aou = a3(iD)*u + a1 (iD)u,
Alu = ag(iD)3u + al(iD)u,

and therefore
Aju = Apu for all u € D(Al),

which means that A; C Ap.
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Since Ap is symmetric, it follows that A; is symmetric as well. Indeed, for all u,v € D(A;)

we have u,v € D(Ag) and
(Aju,v) = (Agu,v) = (u, Agv) = (u, A1v).

Thus, A; is symmetric. O

To find D(A}) using the formula (6.1.3) from the Section 6.1 with the set & = (0, 00) and

so we get the following three equivalent results.

Lemma 6.19. Suppose that A; is the linear operator defined by (6.2.1). Then,

D(A}) =={u € L*((0,00),C) : u is of C* class on [0, c0),

u” is absolutely continous and hence differentiable

almost everywhere on [0, 00)

with respect to the Lebesgue measure,

u" is Lebesgue measurable and belongs to L2 ([0, 00),C) :

/OOO lasu” () — ayu/(z)]? dz < oo}
Moreover, if u € D(A}), then
Aju =i (agu” — ar’).
Lemma 6.20. Suppose that A; is the linear operator defined by (6.2.1). Then,

D(A}) == {u € L*((0,00),C) N H} ([0, 00); C) :

/OOO lazD3u(z) — a3 Du(z)|* do < oo.}
Moreover, if u € D(A}), then
Alu=1 (a3D3u - alDu)
Lemma 6.21. Suppose that A; is the linear operator defined by (6.2.1). Then,

D(A}) = {u € L*(0,00;C) : weak derivatives D3u and Du ezists and
€ L}.[0,00;C) and {—iazD*u + iay Du € L*(0,00;C)}}.
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6.2.2 Deficiency indices of the third-order linear inhomogeneous differ-

ential operators on the positive real line

In this section we calculate the deficiency indices of the operator A; defined by (6.2.1).
Using Definition 2.59, we have

n4 (A1) = dim ker(il — A7) n_(A;) = dim ker(il + A7)

The main result of this section is the following one.

Theorem 6.22. Assume that Ay is the operator defined by formula (6.2.1). Then, if
asz > 0, then

Tlf(Al) = 2,

TL+(A1) = ]-a
if as < 0, then

n—(Al) = 17

ni (A1) =2,

In particular, the deficiency indices depend only on the sign of az and do not depend on

aj.

Remark 6.23. The above result is a generalization of Corollary 5.17 in Subsection 5.2,

which we consider as the special case a3 = 1 and a; = 0.

Let us rewrite A; in formula (6.2.1) as follows

Ar = a ((iD)3 + C”iD) .
as

Assume Ay defined as follows
Ag = (iD)? — 3piD.
Then
Ay = agzAo,

where —3p = &, If A; = azAyp, then

as

AT = a3A8.
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If choose and fix the constant o > 0 and by [34, Theorem X.1 p.136], then

n4(A;) = dim ker(il — A7) = dim ker(ail — A7).

We have two cases
(i) Case 1: If « = ag > 0, then
n4 (A1) = dim ker (az(il — A7)) = ny(Ao).

Similarly,
n_— (Al) =nNn_ (A(])

(ii) Case 2: If « = a3 <0,

n4(A;) = dim ker (il — azA]) = dim ker (ag (;3] - AS))
= dim ker <ZI - A(’;) , Im(—) <0
as as
=Nn— (A0>

Similarly,

n_(A;) = dim ker (—iI — azA]) = dim ker <a3 <;;I - AS))

= dim ker <_ZI - Aé) , Im(j) >0
as

Summarizing we proved.

Proposition 6.24. If « = ag > 0 in formula (6.2.1), then
ny(A) = ni (), no (A1) = n_(Ay).
Moreover, if a = a3 < 0, then

ny (A1) =n-_(Ag), n-(41)=ny(Ao).

The following result is a consequences of Theorem 6.22. In fact, we investigated the

previous result in order to prove of disprove the next corollary.

Corollary 6.25. Assume that Ay is an operator on L%*((0,00),C) defined by equation

(6.2.1) has no self-adjoint extensions.
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Proof of Corollary 6.25. Since we have ny(A;) = 1 and n_(A;) = 2 from the Theorem
6.22, it follows that

ny #n_.

Therefore, applying the conclusion from Theorem 2.60, we can assert that the operator

Aj has no self-adjoint extensions.

Thus, we conclude that the operator A; defined by equation (6.2.1) has no self-adjoint

extensions. This completes the proof. O

In the remaining of this section we will occupy ourselves proving the theorem above. For

this aim we will calculate the deficiency indices n_(A;) and n4(A1).

In order to calculate n_(A;), we need to find the space ker(iI + A}). We begin with the

following Lemma.

Lemma 6.26. Assume that Ay is an operator on L*((0,00), C) defined by equation (6.2.1),
then
dimker(A7] + i) = 2.

Proof of Lemma 6.26. Part I. Let u € ker(A; +I) \ {0}, i.e.
Alu+iu=0.
We infer that
a3D3u —a1Du—u=0.

In what follows we assume that

and we denote

In this case we have

D(A1) = C5°((0,00); C)
Aju = —iD?u — 3piDu.

Hence the last equation becomes

D3u 4+ 3pDu — u = 0 on (0, c0) (6.2.2)
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The characteristic polynomial of equation (6.2.2) is

w(\) = A\ 4+ 3pA — 1 (6.2.3)
whose characteristic equation is
M4 3pA—1=0 (6.2.4)
is equal to'
This equation has three roots
A1, A2, A3

As is section 6.1.1, we have to consider the following three cases.

(C1) A <0, equation (6.2.4) has three distinct real roots

AL, A2, A3 € R.

(C2) A =0, equation (6.2.4) has three real roots, one of multiplicity 2

)\1,/\2 = )\1,)\3 e R.

(C3) A >0, equation (6.2.4) has one real root and two non-real conjugate roots

A1 € R, )\QEC\R, )\3:)\72.

In case (C1), the general solution of equation (6.2.2) is given by

3
u(z) = Z a;eNT = a1eM® + e’ + aze?, x € Ry, (6.2.5)
j=1

In case (C3), we can also write
u(x) = a1eM® + e + aze?®

= 1M 4 [(ag + a3) cos(Re Aoz) 4 (o — a3) sin(Im A\pz)], = € R,

Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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In case (C2), the general solution u of equation (6.2.2) has the following form:

3
u(z) = Z ajx‘SQje’\jx = 1 eM? + apze™?® + aze™, e R,
=1

We will need the following result proven earlier in different contexts.

Lemma 6.27. Function u of the form (6.2.5) belongs to the space L*(0, 00), i.e. [3° |u(x)|? dx
is finite, if and only if the following condition is satisfied. If the coefficient ar # 0, then
A < 0. Equivalently, if and only if A\, > 0 then ai = 0.

Now we formulate a slightly more general result.

Lemma 6.28. Assume that a1, as,as, by, ba, b3 € C. Then a function u of the form
u(x) = (a1 + blx)e)‘lx + (a2 + ng)eAﬂ + (a3 + b333)6)\3$, x € 1[0, 00)

belongs to the space L*(0,00), i.e. [3°|u(x)|* dx < oo, if and only if one of the following

equivalent conditions is satisfied.
(i) If for some k =1,2,3, ap # 0 or by # 0, then A\, < 0.
(ii) If A, > 0, then ar = 0 and by, = 0.

The discriminant of equation (6.2.4) is

A=1+4p®

In order to continue with the proof of Lemma 6.26 we need to investigate how many roots

of equation (6.2.4) have negative real part. O

We make a break in the proof of Lemma 6.26 in order to formulate the following auxiliary

result. The proof will be given on the next page.

Proposition 6.29. If
peR

then

(i) the number of roots of equation (6.2.4) whose real part is negative, is equal to 2,

(ii) the number of roots of equation (6.2.4) whose real part is positive, is equal to 1.
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Proof of Lemma 6.26. Part II. We need to find the basis of the space ker(A} + iI).

For this purpose let us recall that we had proved that if u € ker(Aj +4/) then there exists
numbers aj, ag, as such that (6.2.5) holds. By Proposition 6.29 precisely 2 eigenvalues Ay
have negative real values. Without loss of generality we can denote those eigenvalues by
A9 and 3.

In other words, ReXa < 0, ReAs < 0 and ReA; > 0. Since u € ker(A} +il) C D(A}), we
have u € L%(0,00). Hence, by Lemma 6.27 we infer that a; = 0. Therefore, we deduce
that

u(z) = axe™?® 4 aze™®, x € [0,00). (6.2.6)

On the other hand, since ReAy < 0, ReAs < 0, it is easy to verify that every function
of the form (6.2.6) satisfies equation (6.2.2) and belongs to L?(0,00), hence belongs to
ker(Aj +iI). We conclude that the space ker(A} + i) is equal to the set of all functions
u represented by formula (6.2.6). Since Ao # A3, the functions e*2” and e*3* are linearly

independent. Therefore, they form a basis of ker(A} +i[l).

Thus,
dimker(A7] 4 i) = 2.

Hence the proof of Lemma 6.26 is complete. O

Proof of Proposition 6.29. We consider three cases. Case (C1): A < 0.

In this case, A = 1+ 4p3 < 0, also

We consider a auxiliary quadratic equation
2 —z—pP=0. (6.2.7)

Since A < 0, equation (6.2.7) has two non-real conjugate solutions. By [31, Theorem 3 in

VII.4.2], these solutions can be written in the form
z=re?, 2 =re™®, (6.2.8)

for some 7 > 0 and ¢ € (0, 7).
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On the other hand, by the formula for solutions of quadratic equation,

1+VI+4p5 1 i
— - VT 21— 4p3 2.
VIR 1 629
_ 3 )
Zfzﬁzéf% 1 app, (6.2.10)

Hence

¢ € (0,2).

Moreover, from (6.2.8) and (6.2.9)—(6.2.10), we obtain

2+ 7 =1, (6.2.11)
22 = —p’. (6.2.12)

Since

242 =7r(e? +e7) = 2rcos ¢,
it follows from (6.2.11) that
. 1
2rcos¢ =1, ie. cos ¢ = o (6.2.13)

Also, (6.2.12) gives
r? = —p. (6.2.14)

Since in Case (C1), we have p® < —1, we infer that

—p* > i.
Hence, by (6.2.14),
r? > i and therefore, since r > 0 r> %
Consequently,

Using (6.2.13), we obtain
0<cos¢ < 1.
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Since ¢ € (0, ), this implies again that
6 € (0, g) . (6.2.15)
Now we apply the Cardan formula, see [31, Chapter VII, P.291]. Let
y1 = \3/’;61‘(1)/37 yi = e/;e_i¢/3a €= 627”‘/3-
Then the three roots of equation (6.2.4) are

AN =y1 + Y, Ao = ey1 + €24, A3 = e2y1 + eyf.

Hence
Re\| = 25’/77008(?;) ,
2
Redy — 2€/Fcos<‘§ + ;) : (6.2.16)
4
Rels = 2%cos<¢ + W) )
3 3
Since (6.2.15), we have
¢ w
0< =< —.
3 6
Therefore
;)
= 0.
cos(3 >
Also,
2 _¢ 2 _on
3 3 3 6’
SO
10} 27T>
-+ — 0
cos(3 + 3 <
Similarly,
dr o dr _dm
3 3 3 27
and hence

Thus, by (6.2.16), we deduce that

ReA; > 0, ReXs < 0, ReXs < 0.

Therefore, in Case (C1), exactly two roots of equation (6.2.4) have negative real part and

exactly one root has positive real part.
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Case (C2): A = 0. In this case, A = 1 +4p® = 0, so

)"

Hence the auxiliary quadratic equation (6.2.7) has a double root, namely

1
— =
p=2=g
Thus, in the Cardan formula, we may take
m=1, =z
1 1 5"

Therefore, the roots of equation (6.2.4) are

1
/\1:y1+y£=2\?/;>0,

1 1
)\Q—Ey1+€2y'1—(8+€2)€/;——€/;<0,
2 / 2 31 31
A3 =cy1 +ey; = (e* +¢) 5= §<0.

Hence, in Case (C2), exactly two roots of equation (6.2.4) are negative and exactly one

and

root is positive.

Case (C3): A > 0. In this case, A =1+ 4p® > 0, so

1\ 1/3
p> —(1) .

Hence equation (6.2.4) has exactly one real root and two non-real conjugate roots. Let
us denote them by
A1 € R, )\2,)\3:)\726((:\}1@.

We first show that A\; > 0. Let w defined by (6.2.3), hence
w(0) = -1 <0

and

lim w(\) = +o0.

A—+00
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Thus by intermediate value theorem implies that w has a positive real root. Since there

is only one real root in Case (C3), this root must be A\;. Hence
A1 > 0.

Next, since A9 and A3 are conjugate, they have the same real part. By the Vieta formula,
see [31, Chapter IX. p.347]
A+ A2+ A3 =0.

Taking real parts, we obtain
A+ QRG()\Q) =0.

Therefore,

A
Re(Az) = Re(A3) = —?1 <0.

Thus, in Case (C3), exactly two roots of equation (6.2.4) have negative real part and

exactly one root has positive real part.

In all three cases (C1), (C2), and (C3), equation (6.2.4) has exactly two roots whose real
part is negative and exactly one root whose real part is positive. This completes the proof

of Proposition 6.29. O
In order to calculate ny(A;), we need to determine the space ker(il — AY).
Lemma 6.30. Assume that A is the operator on L*((0,00),C) defined by (6.2.1). Then

dimker(il — A7) = 1.

Proof of Lemma 6.30. Part I. Let us choose and fix
u € ker(iI — A7) \ {0}.

Then
(i — Al)u =0,

that is,

iu— Aju=0.

Using the formula for A}, we infer that

asD3u — ayDu +u = 0. (6.2.17)
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As before, we normalize the coefficients by assuming
ag =1 and — a1 = 3p.

Then (6.2.17) becomes
D3u + 3pDu +u = 0. (6.2.18)

For solutions of the form, see [24, Section 2.9],

u(z) = e,
we are led to the characteristic equation
N+ 3pA+1=0. (6.2.19)
We denote the corresponding polynomial by
w(A) = A3+ 3pA + 1. (6.2.20)
Let
A1, A2, A3

be the roots of equation (6.2.19). Its discriminant is

A=1+4p>

According to the multiplicity of the roots, the general solution of (6.2.18) is of exponential
type, and is covered by Lemmas 6.27 and 6.28. In particular, every solution u € L?(0, c0)

is obtained by keeping only those terms corresponding to roots whose real part is negative.

Thus, in order to determine ker(i/ — A7), it remains to know how many roots of equation

(6.2.19) have negative real part. This is the content of the next proposition. O

Proposition 6.31. If
peR,

then

(i) the number of roots of equation (6.2.20) whose real part is negative is equal to 1;

(ii) the number of roots of equation (6.2.20) whose real part is positive is equal to 2.

Proof of Proposition 6.31. We divide the proof into three cases.
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Case (C1): A <O.

In this case,
A=1+4p® <0,
hence /
1,1/3
p< _(Z) .

We consider the auxiliary quadratic equation
P2z-pd=0. (6.2.21)

Since A < 0, equation (6.2.21) has two non-real conjugate solutions. By [31, Theorem 3

in VII.4.2], these solutions can be written in the form

: , .
z = re'?, 2 =re i,

for some r > 0 and ¢ € (0, 7).

On the other hand, by the quadratic formula,

141+ 4p3 1 4
Z12 = 5 P :_iiiw_l_@g'

Hence

1 1
— _ _ 1 3
Rez = 2<O, Imz—2\/ 1—4p° > 0,
¢€(g,7r>.

By the Cardan ’s formula, the roots of equation (6.2.19) are

so we may choose

M=y + 1, A2 = ey1 + €%y, A3 = &%y + ey,
where
Y1 = \3/;61'¢/3’ Y, = \3/7?6—”&#/3’ e — 2mi/3
Hence
Re\; = 2%008(?) ,
2
Redy — 2e/?cos<‘§ + 3”) : (6.2.22)
4
Rels = 2%COS<§ + ;)
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Since
g<¢<m
we have
T ¢ 2w
6°3°3
Therefore,
;)
=] >0.
cos(3
Also,
5T < 10) n 2T -
6 3 3 ’
hence
10) 277)
— 4+ — ] <0.
cos(3 + 3
Finally,
3 ¢ 4m 57
- — + - —_,
2 3 3 3
SO
10} 47r)
-4+ —]>0.
cos(3 + 3

Thus, by (6.2.22),
ReX; > 0, Rels < 0, Rels > 0.
Therefore, in Case (C1), exactly one root has negative real part and exactly two roots

have positive real part.

Case (C2): A =0.

In this case,

A=14+4p° =0 < p:—(i)l/g.

Hence the auxiliary quadratic equation

P2 4z2-p>=0

has a double root

and
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Therefore, the roots of equation (6.2.19) are

1
M=+ = 23§<0,
2 7 1 31
Ay = ey1 + &2y = (e +&2) ¢ 5= §>0,
2 / 1 31
A3 =y +eyy = (2 4+ )¢ —5 = §>0.

Hence, in Case (C2), exactly one root is negative and two roots are positive.

Case (C3): A > 0.

In this case,

A=14+4pP>0 < p>— (4)1/3.

Hence equation (6.2.19) has exactly one real root and two non-real conjugate roots. Let
us denote them by
A1 € R, AQ,AgZEEC\R.

We first show that A1 < 0. Since

w(0)=1>0
and
lim w(A) = —o0,
A——00

the intermediate value theorem implies that w has a negative real root. Since there is

only one real root in Case (C3), this root must be \;. Hence
A1 < 0.
Next, since Ay and A3 are conjugate, they have the same real part. By Vieta’s formulas,
A+ A+ A3 =0.

Taking real parts, we obtain
)\1 + QRG()\Q) =0.

Therefore,
A1

Re(A2) = Re(A3) = -5 > 0.
Thus, in Case (C3), exactly one root has negative real part and exactly two roots have

positive real part.
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In all three cases (C1), (C2), and (C3), equation (6.2.19) has exactly one root whose real
part is negative and exactly two roots whose real part is positive. This completes the

proof of Proposition 6.31. O

Proof of Lemma 6.30. Part II. By Proposition 6.31, equation (6.2.19) has exactly one
root whose real part is negative. Without loss of generality, we denote this root by A;.
Thus

ReA; <0, ReXs > 0, ReAs > 0.

Let u € ker(il — A}). Since
ker(iI — A7) C D(A7),

we have

u € L?(0,00).

Moreover, by Part I, u is a solution of equation (6.2.18). Hence, using Lemmatta 6.27 and

6.28, all terms corresponding to roots with non-negative real part must vanish. Therefore,
u(z) = a1,z € [0,00), (6.2.23)

for some a; € C.

Conversely, since Re\; < 0, every function of the form (6.2.23) belongs to L?(0,00) and
satisfies equation (6.2.18). Hence it belongs to ker(il — A7).

Thus ker(i] — A}) is the one-dimensional space generated by the function e’®. Therefore,
dimker(:f — A7) = 1.

This completes the proof of Lemma 6.30. O

We now compare the general third-order inhomogeneous setting with the homogeneous
third-order operator studied earlier. In the special case p = 0, the characteristic equations
reduce to those of the homogeneous problem, and the corresponding root distributions

agree with the previously computed deficiency indices.

Remark 6.32.(i) When p = 0, equation (6.2.2) reduces to
D3u = u.
Indeed, when p = 0, the characteristic equation (6.2.4) becomes

A3 =1.
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Its roots are

&
[ %

A =1, )\2:—§+i77 A3 =—5 —1

Hence
Re)ls = ReAg < 0, ReX1 > 0.

Thus, in this special case, two roots have negative real part and one root has positive real

part, in agreement with Proposition 6.29.
(ii) When p = 0, equation (6.2.18) becomes
D3u = —u.

Indeed, equation (6.2.20) becomes
A= -1,

whose roots are

Hence
Re) <0, Relo = ReAg > 0.

Thus, in this special case, one root has negative real part and two roots have positive real

part, in agreement with Proposition 6.31.

This is exactly the homogeneous third-order case considered earlier for the operator de-
fined in (5.2.1). In that setting, the corresponding deficiency indices were computed in

Propositions 5.12 and 5.15, see also Theorem 5.17.

6.3 Third-order linear inhomogeneous differential operators

on negative half line

6.3.1 Symmetry and the adjoint

In this subsection we consider the Hilbert space
H = L2((~00,0); C).
We define the operator A; by

D(A1) = C5°((=00,0);C),

(6.3.1)
Ayu = a3(iD)*u + a1 (iD)u = —iazD3u + ia; Du = —i(azD3u — a1 Du).
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Recall that we assume that as # 0.

Lemma 6.33. The operator Ay defined by (6.3.1) is symmetric.

Proof. The proof is identical to the proof of Lemma 6.17. Indeed,
D(A1) = C5°((=00,0); C) € C°(R; C) = D(Ao),

and Aju = Agu for every u € D(A;). Hence A1 C Ap, and since Aj is symmetric, A; is

symmetric as well. ]
To find D(A}) using the formula (6.1.3) from the Section 6.1, i.e. with the set & = (0, o)
and so we get the following three equivalent results.

Lemma 6.34. Suppose that Ay is the linear operator defined by (6.3.1). Then,

D(A}) =={u € L*((—0,0),C) : u is of C* class on (—o0,0],

u” is absolutely continous and hence differentiable almost everywhere

on (—o0,0] (with respect to the Lebesgue measure),

u" is Lebesgue measurable and belongs to L .((—o0,0],C).}

Lemma 6.35. Suppose that A; is the linear operator defined by (6.3.1). Then,

D(A}) = {u € L*((—00,0),C) N H} .((—00,0];C) :

/0 lazD3u(x) — ay Du(z)|* do < 00.}
—o0
Moreover, if u € D(AY), then
Aju=1 (a3D3u — alDu) .
Lemma 6.36. Suppose that A; is the linear operator defined by (6.3.1). Then,
D(A}) = {u € L*(~00,0);C) : weak derivatives D*u and Du exists and

€ L} (—00,0];C) and {—iazD3u + ia; Du € L*(—o0,0);C)}}.

6.3.2 Deficiency indices of the third-order linear inhomogeneous differ-

ential operators on negative half line

Let us recall that the deficiency indices ny(A;) and n_(A;) of the operator A; defined
by (6.3.1). Using Definition 2.59, we have
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n4 (A1) = dim ker(il — A7)
n_(A;) = dim ker(il + A7)

The main result of this section is the following one.

Theorem 6.37. Assume that A; is the operator defined by formula (6.3.1). Then

The following result is a consequences of Theorem 6.37. In fact, we investigated the

previous result in order to prove of disprove the next corollary.

Corollary 6.38. The operator A; on L*((—o0,0),C) defined by equation (6.3.1) has no

self-adjoint extensions.

Proof of Corollary 6.38. Since we have ny (A1) =1 and n_(A;) = 2, from Theorem 6.37,
it follows that

ny # n_.

Therefore, applying the conclusion from Theorem 2.60, we can assert that the operator

Aj has no self-adjoint extensions.

Thus, we conclude that the operator A; defined by equation (6.3.1) has no self-adjoint
extensions. This completes the proof. O
In the remaining of this section we will we occupy ourselves proving the theorem above.

For this aim we will calculate the deficiency indices n4 (A1) and n_(A;).

In order to calculate n_(A;), we need to find the space ker(il + A}). We begin with the

following Lemma.

Lemma 6.39. Assume that Ay is the operator defined by formula (6.3.1). Then

dimker(A] 4 iI) = 1.

Proof of Lemma 6.39. Part I. Let u € ker(A} +il), i.e.

u € D(A]) and Aju +iu = 0.
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This implies that
u € D(A}) and —i(azD?v — a1 Dv) + iu = 0
what implies that u € D(A7) and
a3D3u —a1Du—u=20

In what follows we assume that

az = 1
and we denote
—a1 = 3p.
Hence the last equation becomes
D3u+3pDu—u=0 (6.3.2)
The solution of the form
u(z) = M

we substitute it into equation (6.3.2) and you get
A2eM 4 3pre? — M =0

Hence
MN43prh—1=0

This equation has three roots
A1, A2, A3
The general solution of the above equation (6.3.2), see [24, Section 2.9], is

Az Aoz A3z

u(x) = a1e™* 4 aze™?* + age

The normalised characteristic polynomial of equation (6.3.2) is

w(A) = A3 +3pA — 1

Define, see [31, chapter VII, page 293], the discriminant of equation

M43ph—1=0 (6.3.3)
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is equal to?
A=1+4p®

In order to continue with the proof of Lemma 6.39 we need to know how many roots of
equation (6.3.3) have positive real part.

The following result follows from Proposition 6.29 proven in the earlier parts of the paper.

Proposition 6.40. If
peR

the number of roots of equation (6.3.3) whose real part is positive, is equal to 1.

Hence the proof of Lemma 6.39 is complete. O

Remark 6.41. We now compare the general third-order inhomogeneous operator on the

negative half-line with the homogeneous operator considered in Remark 5.19.

When p = 0, the first-order term vanishes and the operator reduces to the homogeneous

third-order operator. For the positive deficiency subspace, the corresponding equation

becomes
D3u = —u on (—00,0).
Its characteristic equation is
M= 1,
with roots 3 /3
1 3 1 3
1 ) 275 + 5 3T 571
Since

e € L*((—00,0)) if and only if Re) >0,

the two roots Ay and A3 give square-integrable solutions. Hence

TL+(A1) = 2.

For the negative deficiency subspace, the equation becomes
D3u=u on (—o00,0),

with characteristic equation
N =1.

2Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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Its roots are

1 V3 1 V3
A1 , A2 5 +1 5 A3 5 7 2

Only A1 has positive real part, and therefore only one corresponding solution belongs to
L?((—00,0)). Thus
n_ (Al) =1.

Consequently, when p = 0, the general inhomogeneous calculation reduces to the homo-
geneous case and gives

ni(A1) =2,  n_(A4) =1,

in agreement with Remark 5.19.

In order to calculate ny(A;), we need to find the space ker(il — A¥).

Lemma 6.42.
dimker(il — A7) = 2.

Proof of Lemma 6.42. Part I. Let u € ker(il — A}). Then

iu— Aju =0
iu —i(azD*u — ay Du) = 0

a3D3u —a1Du+u=0
In what follows we assume that
a3 = 1 and we denote — a1 = 3p.
Hence the last equation becomes

D3u+3pDu+u =0 (6.3.4)

This equation has three roots
)\la /\27 )\3

The general solution of the above equation (6.3.4), see [24, Section 2.9], is

u(x) = a1eM® + ae™?® + aze”

The normalized characteristic polynomial of equation (6.3.4) is

w(A) = A3 +3pA+ 1
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Define, see [31, chapter VII, page 293], the discriminant of equation
N 43pA+1=0 (6.3.5)

is equal to®
A=1+4p

In order to continue with the proof of Lemma 6.42 we need to know how many roots of
equation (6.3.5) have positive real part.

The following result follows from Proposition 6.31 proven in earlier parts of our paper.

Proposition 6.43. If
peR

the number of roots of equation (6.3.5) whose real part is positive, is equal to 2.

Hence the proof of Lemma 6.42 is complete. 0

6.4 Third-order linear inhomogeneous differential operators

on the punctured line

6.4.1 Symmetry and the adjoint

In this section we consider the Hilbert space
H = L*R,C)
with the standard inner product and norm. We study the following operator

D(A1) = C5°((=00,0) U (0,00); C) = C5®(R\ {0}; C),

(6.4.1)
Ayu = a3(iD)® 4 a1(iD) = —iagD? + iay D = —i(a3D? — a1 D).

Proposition 6.44. The operator Ay defined by (6.4.1) is symmetric in the space H =
L*(R,C), i.e.
(A1u,v)r2 = (u, Ajv) 12, Vu,v € D(Ap).

Remark 6.45. The proof of symmetry of A; is analogous to the proof of symmetry of

Ag. see Lemma 6.2. Moreover, it follows directly from the symmetry of Ag.

3Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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Proof of Proposition 6.44. Since
D(A1) = C5°(R\{0};C) € C®(R; C) = D(Ay),

and
Ayu = a3(iD)*u + a1 (iD)u = Agu for every u € D(A1),

we have A; C Ag. Since Ag is symmetric, it follows that Ay is symmetric. O

Proposition 6.46. Assume that A; is the operator defined by formula (6.4.1). Then Ay

is mot closed.

Moreover, a function u belongs to D(Ay) if and only if the following conditions are satis-
fied:

(i) ue L*(R,C),

(i) uw e HE (R\ {0},C) and u" : R\ {0} — C is locally absolutely continuous. Moreover,

/ lazD3u(t) — alDu(7§)|2 dt < oo,
R

(iii) w(0) =0, v'(0) =0, and v”(0) = 0.

Moreover,
Au = —i(azD3u — a1 Du), u € D(Ay).

Proof of Proposition 6.46. The proof is analogous to the proof of Proposition 5.32 and
Proposition 5.33. More precisely, one repeats the same argument with the operator —iD?

replaced everywhere by —i(a3D? — a1 D).

In the proof that A; is not closed, one uses the same test function as in Proposition 5.32
and the fact that this function belongs to H3(R), hence also satisfies a3D3u — a1 Du €
L?(R).

For the characterization of D(A;), one follows the same steps as in Proposition 5.33: if

up — uwin L2(R) and Aju, — z in L*(R), then
—i(a3D3un —a1Duy,) — z in L*(R),

which implies that agD3u — a;Du € L?(R), while the same compactness and uniform-

convergence arguments yield

u(0) = 4/(0) = +”(0) = 0.
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Conversely, if u satisfies conditions (i)—(iii), then one approximates the restrictions of u on
(—00,0) and (0, 00) by functions in C5°((—o0,0)) and C§°((0,00)), respectively, exactly

as in the proof of Proposition 5.33, and concludes that

u € D(Ay) and Aju = —i(azD?u — ay Du).

Therefore, the proof follows by the same method as in the homogeneous third-order case,

and we omit the repeated details. ]

To proceed, it is convenient to denote the operators A; from the previous sections by a
different notation. The operator defined by formula (6.2.1) will be denoted by By. The
operator defined by formula (6.3.1) will be denoted by B_.

We proved in previous Sections 6.2.2 and 6.3.2 that

To characterize the domain D(AY), we apply Lemma 6.3 and formula (6.1.3) from the

Section 6.1, i.e. we consider & = (—o0,0) U (0, 00), so we get

Proposition 6.47. A Lebesgue measurable function
v: (—00,0)U(0,00) = C

belongs to D(AY) if and only if the following conditions are satisfied.

(i) Function v belongs to L*((—00,0) U (0,00); C) and it is of C*-class,

(ii) the classical second-order derivative v" belongs to AC)ee((—00,0) U (0,00)), see Def-
inition 2.8, in the sense that it is absolutely continuous on every interval of the form
(0,a) or (—a,0), a > 0. Hence, by Theorem 2.7, the third-order derivative v" ex-
ists almost everywhere, and the function v" is Lebesque measurable and it belongs to

L2 ((—00,0] U0, 00),C),

loc

(iii)
/ lasD3v(x) — a1 Dv(z)|* dr < co.
R\{0}

Moreover, if v € D(A]), then

Atv = ayiv’ + az(—i)v" = —i(azD3v — a1 Dv), v € D(A}).
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The above characterization can be equivalently written as follows.

D(A}) = {v € L*((—00,0) U (0,00);C) :
v e Hp ((—00,0]) and v € H([0,00); C)

/ lasD3v(z) — a1 Dv(x)|? dz < oo.}
R\{0}

Proof. The equivalence follows directly from Lemma 6.3 applied to the open set & =
(—00,0) U (0,00), together with the characterization of H{ . functions given in (6.1.3).

The equivalence between the two formulations follows from the standard relation between
classical differentiability, local absolute continuity, and weak derivatives; see Proposi-
tion 2.24. O

We use here a non-standard definition of the space H} . ((—o0,0) U (0,00); C). According
to the standard definition, see [36, Definition 8.10],

u € Hp_ ((—00,0)U(0,00);C) if and only if for every closed interval [a,b] such that
[a,b] C (—00,0)U (0, 00), the restriction of u to that interval belongs to the Sobolev space
H3(a,b). A consequence of this definition is that we cannot take intervals of the form

(0,b), b > 0 nor (a,0), a < 0 because their’s closure are not contained in (—oo,0)U (0, 00).

Definition 6.48. Assume that n € N| including 0. A Lebesgue measurable function
u: (—00,0)U(0,00) —» C

belongs to the space H!.((—00,0) U (0,00);C) if and only if for every a > 0, the the
restriction of u to the interval (0,a) or (—a,0) belongs to the Sobolev space H"(0,a),
respectively H"(—a,0).

Similarly, we can define the spaces H}!.(—o0, ) and H}! (o, 00), where a, 5 € R.

We have the following obvious but important result.

Proposition 6.49. The space H]

loc

((—00,0) U (0,00);C) defined by Definition 2.28 is
contained in the corresponding space defined in [36, Definition 8.10]. Moreover, the former

space is strictly smaller than the latter.

Remark 6.50. If we consider a special case n = 0, then a function
1
u(z) = —, x € (—00,0)U (0, 00)
x
This function belongs to the classical L2 . ((—oc,0) U (0,00)) but it does not belong to the

loc

space H}, ((—00,0) U (0,00); C) according to Definition 2.30. Indeed, if [a,b] C (0, 00) or
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[a,b] C (—00,0), then
/ lu(x)|? dz < oo
(a,b)

but, for every b > 0,

/ lu(z)|? de = oo.
(0,0)

An important consequence of the fact that in the previous Lemma we used the newly

defined space H} (—00,0) U (0, 00) lies in the following "trace” type result.

Proposition 6.51. If u € D(A7]) then the following limits exist:

lim u(z) =: u(0+)

xz—0t

lim wu(z) =u(0-)
z—0~

li '"(z) =/ (0
m;n(r){ru(x) u' (0+)
lim u'(z) =:/(0-)
z—0"

1- " — I O
lim u (x) =" (0+)
lim u”(z) =" (0-).
z—0~

Remark 6.52. Note that the limits from the right and left above are, in general, different.
Thus, if u € D(A7), then neither u nor v’ need to be continuous at 0. For instance, the

function
u(z) = sgn(@)e ™, zeR\ {0},

belongs to D(A7), but it is discontinuous at x = 0, since
u(0+) =1, u(0—) = —1.

Remark 6.53. We had to modify the definition of the spaces H}’, ((—o0,0) U (0,00);C),

see Definition 6.48, so that for every
u € Hig,. ((—00,0) U (0,00);C),

the limits in Proposition 6.51 exists.

Proposition 6.54. A measurable function v: R\ {0} — C belongs to D(AY) if and only

if the following two conditions are satisfied.

(i) The restriction v of the function v to the interval (0,00) belongs to D(B%);

(ii) The restriction v~ of the function v to the interval (—o0,0) belongs to D(B*);
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Moreover, if v € D(AY), then the restriction of the function Ajv to the interval (0,00) is
equal to Biv" and the restriction of the function Ajv to the interval (—o0,0) is equal to
B*v~.

Lemma 6.47 can be given an equivalent form using the operators B..

Proposition 6.55 (Decomposition of the adjoint domain). The domain of the adjoint

operator A} admits the decomposition
D(A}) ={v:R\{0} = C|v" € D(B}), v~ € D(B)}.

Moreover,

(AT0)(x) = (Bivt)(z), z>0,
(B*v7)(x), x<0.

Proof. The result follows directly from Proposition 6.54 and the fact that the operator

Aj acts independently on the positive and negative half-lines. O

6.4.2 Deficiency indices of the third-order linear inhomogeneous differ-

ential operators on the punctured line

In this section, we will calculate the deficiency indices n4 (A1) and n_(A;) of the operator
A, defined by (6.4.1). Using Definition 2.59, we have

n_(A1) = dimker (il + A7)
n4(A;) = dimker (il — A7).

The main result of this section is the following one.

Theorem 6.56. Assume that A; is the operator defined by formula (6.4.1). Then

The following result is a consequences of Theorem 6.56. In fact, we investigated the

previous result in order to prove or disprove the next corollary.

Corollary 6.57. The operator A; on L*(R\ {0},C) defined by (6.4.1) has at least two
self-adjoint extension. In fact, every self-adjoint extension of Ay can be characterize via

unitary maps between ker (iI + A7) and ker (il — AY).
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Proof of Corollary 6.57. According to Theorem 2.60, for a closed symmetric operator A

to have a self-adjoint extension, it is necessary that the deficiency indices satisfy ny =n_.

Since we have ny (A1) =3 and n_(A;) = 3 from Theorem 6.56, it follows that
ny =n—.

By the result from Theorem 2.60, the operator A; has at least two self-adjoint extension.

Thus, we conclude that the operator A; defined by equation (6.4.1) has at least one

self-adjoint extension. This completes the proof of the corollary. O

In the remaining of this section we will we occupy ourselves proving the theorem above.

For this aim we will calculate the deficiency indices ny (A1) and n_(A;).

In order to calculate n_(A;), we need to find the space ker(il + A}). We begin with the

following Lemma.

Lemma 6.58. Assume that A; is the operator defined by formula (6.4.1). Then

n_ (Al) = 3.

Proof of Lemma 6.58. To find n_(A;), let us denote

ut

= u’(0,00)7 and u~ = 'LL|(,OO’0),

and let us observe that by Proposition 6.44

u € ker(il + A7) <<= we D(A]) and (il + A))u=0,

<= u € D(A}) and a3D*u — a;Du —u =0 <
We have, by Proposition 6.54,

- <= u" € D(B;) then iu" + (B})ut =0,
and u~ € D(B_) then iu~ + (B*)u™ =0,
< u' €ker(il + B}) and u~ € ker(il + B¥).

Hence the map

ker(il + A7) > urr (ut,u”) € ker(il + B}) x ker(il + B*), (6.4.2)

is a well defined map. If fact we have
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Lemma 6.59. The map defined by (6.4.2) is a linear isomorphism.

Hence, by Definition linear isomorphism [26, p.35], some basic linear algebra [26], we get

dim (ker(if + A7)) = dimker(if + B} ) + dimker(iI + B*).

Hence we proved
n_(A1) =n_(By)+n_(B-).

Remark 6.60. In Section 6.2 we proved that if a function v € D(A]) is solution to
equation (6.2.4), from Proposition 6.29, the number of roots of the equation (6.2.4) whose

real part is negative, is equal to 2.

In Section 6.3 we proved that if a function u € D(A7) is solution to equation (6.3.3), from
Proposition 6.40, the number of roots of the equation (6.3.3) whose real part is negative,

is equal to 1.

Similarly,
ny (A1) = ny(By) + ny (B-).

We deduce that the following lemma.

Lemma 6.61. Assume that A; is the operator defined by formula (6.4.1). Then

TL+(A1) =3.

Therefore, we complete the proof. O

Remark 6.62. Since A; is densely defined and symmetric, its adjoint coincides with the

adjoint of its closure, that is,

Consequently, the deficiency subspaces and deficiency indices of A; and A; coincide:
nt (A1) = ne(Ay).

Therefore, the results of this section also describe the deficiency indices of the closed

symmetric operator Aj.

From Lemmata 6.58 and 6.61, we deduce the following immediate consequence.

Corollary 6.63. Let A symmetric and densely defined by (6.4.1), and let Ay denote its
closure in L*(R,C). Then
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ne(A) =ny(A)) =3, n_(4)=n_(4)=3.

6.4.3 Finding all self-adjoint operators extensions for the third-order

linear inhomogeneous on punctured line

We will use the characterization of the adjoint operator and the computation of the
deficiency indices obtained in Section 6.4, together with von Neumann’s extension theory,

to determine all self-adjoint extensions of the symmetric operator A;.

We define an operator A; on the Hilbert space H = L?(R,C) by

D(A1) = C5°((=00,0) U (0,00); C) = C5°(R \ {0}; C),
Aju = ag(iD)3 + al(iD) = —ia3D3 +ia1 D if u € D(Al)

We assume that a1, a3 € R.

Without loss of generality, we will assume that
az =1
and will denote
ap = —3p
In this case we have

Ayu = —iD3u — 3piDu.

We showed earlier, in a different context in Subsection 6.4, that the operator has defi-
ciency indices (3,3). So it has self-adjoint extensions. We will find all these self-adjoint

extensions.

By von Neumann’s theorem, see Theorem 2.60, the deficiency spaces are
H_ =ker(il + A}),  Hy =ker(il — A7),

and n_(A;) =dim H_, ny(A;) = dim Hy.

Remark 6.64. It follows from Theorem 6.56, that
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The objective is to find orthonormal basises of spaces H; and H_.

We start with H_. The discriminant of equation
Ni3aph—1=0

is equal to
A =12 4 4p3

For this purpose we consider the following three cases.

(i) Assume that A < 0. Let » > 0 is such that

r? = —p3.

Let us also recall the definition of the parameter ¢:

1
cos ¢ = o

Hence, we have
H_ = span{ey, es,e3}

where

€1(2) = 100,07 = 1(_oe,0)e? V7 e3(5)
{‘/F( cos(?)—o—zism(f))

97— cos($) -4 in($) )

es(x) = 1(0700)692”“ = L(0,00)€
63(.TU) = 1(0700)6)\350 = 1(0700)6

where A1, A2 and A3 are roots of the characteristic equation , i.e.
93 ¢
A1 = 2/ cos 3)
Agz%(—cos( ) sm( ))
Agz%(—cos( ) sm( ))

We will check if {e1, ea, €3} forms an orthonormal basis by verifying the conditions (5.4.30).
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Let us begin with the first condition. Since 4+/r cos (%) > 0 we infer that

oo 0
el = [ les@)Pdr = [ @) do

:/0 e4{°’/?cos(%)acdl,
0
— ; 4?/77cos(9):r: — 1 _ 1 -1/
|:4\3/’T"COS(§>€ ’ ]_Oo 4\3/’7"COS(%> 4COS<%)T .

Similarly, we have

/OO 62\3/77(—005(%)):0 do = 1 1 7“_1/3
0

o0 00 3 —cos(2)+iLsin(2) )z
H€2H2:/ |€2($)|2d.fc:/ ’e\[( (3)+ 3 (3)) ‘le,
00 0

B 2/r cos (%) 2 cos (%)

Since |ez(z)|> = |e2(z)|? for all x € R we infer that

[e’e) o0 1 1 _
leall? = | les@)Pdw= [ Jea(w)?do = - 13,

—0o0 2/ cos (%) 2 cos (%)
Now we can normalize each function

é1(x) af) Cos (?) 0 e (),

el

éo(x) = e2(r) _ 2 cos <(§> 0 ey (),

le2ll

é3(z) = es(z) _ 2 cos (?) r0 ey ().

llesll

Now, we need to verify the condition (ej,ex) 2 = 0 for j # k.

(e1,€9)12 = /OO e1(x)es(x) dx

—00

o 37— cos(2)+iBsin(2) )a
— / 1(70070)62{”/Fcos(%)w . 1(0,00)6\[( (B)Jr 3 (3)) dr = 0.

—00

(e1,e3)r2 = /Oo e1(x)es(z) dx

—0o0

oo : 37— cos(2)—iBsin(2) e
— / 1(_0070)62€/Fcos(%)x . 1(0700)€f( (d) 3 (5)) dr = 0.
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(ea,€3)12 = /oo ea(x)es(x) dx

—00
s %(— cos(%)—f—i% sin(%))x
e

0
= /OO e?/?(72cos(§))m dr = 71 P13,
0 2 cos (%)

We conclude that the basis e, es, e3 of the space H_ is not an orthonormal basis. We
will construct an orthonormal basis starting with the basis e, es, e3 as before. Let us

summarize previous calculations.
(i) Vector e; is perpendicular to vectors ey and e3.

So in order to construct an ONB, using a the Gramm-Schmidt method, we put

A= (e2, e3)|les| 2 (6.4.3)
and
é = |lexl| tex
&3 = |les|| 'es
- €9 — )\63
€g = —— .
lle2 — Aes]|

Let us formulate the following basic result.
Proposition 6.65. The vectors é1, és and é3 form an orthormal basis of H_.
Proof of Proposition 6.65. Obviously ||€;|| = 1 for each j and Vector é; is perpendicular

to vectors €3 and €3 (because €3 is a linear combination of vectors ey and e3. We only

need to show that (é3,€3). We have, by the definitions above, in particular by (6.4.3),
(€, 6) = llea — Aea| " les] " {e2 — Aea, e3)
= llea = Aes|| ! flesl| = ({ea, es) — Alles||?) =o.
The proof is complete. O

Remark 6.66. It follows from above that

ez _el(a:)_ cos ? 10 e (x
o) = o =2 yees (5) i)

és(x) = es(r) _ 2 cos <§> PO eg(x).

lesll
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We will also find a similar expression for éz(z).

Now we compute |les — Aes]|?:

lea — Aes||? = (ea — Aes, ea — Aes)
= (eg,e3) — Meg, e3) — Aes, e2) + [N (es, e3)
=1 AP = AP+ AP
=1—[A>

Substituting the value of |\|?

1
A7) cos? (%)

llez = es|* = 1 —

Thus, we find

Therefore,

ea(x) — Aeg(x)
[[e2 — Aes|
3/ cos? (£
() (ea(x) = Aea(x))
P cost (5) -

ég(l’ =

el

In the context of the case where A < 0, the roots of the characteristic equation

M 43pA+1=0
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are given by:
A1 = —2/rcos (

Ao = /1 <cos (?
¢

3

Az = \3/77<cos<

Here, \; is the real root, while Ay and A3 are complex conjugate roots.

(ii) Assume that A =0, then

1 1
)\1:232005<g>:232,
1 0 2 1 2
)\2:232COS<3+;>:232COS(;>
T (D) =i
Va2 2) 2’
1

(iii) Assume that A > 0, then

A1 = 2/r cos (?) ,
Ao = —/1 (cos ((g) + iv/3sin <(§)> )

e (o (§) 3

This indicates that both roots have the same real part, which is negative, assuming 7 is

a positive number.

We were not able to complete the above approach in full generality. This led us to consider
a different method based on abstract boundary formalism. The details of this alternative

approach are presented in chapter 8, Brzezniak and Jefferies in [22].



Chapter 7

Equivalence between scalar and

system differential operators

In this chapter, we study the equivalence between different differential operator problems.
We present several concrete examples showing how a scalar problem can be transformed

into an equivalent system formulation.

In each case, one of the problems has already been analysed, and using this equivalence
we deduce that the second problem shares analogous properties. In particular, proper-
ties such as symmetry, dense domain, and deficiency indices are preserved under this

correspondence.

This approach provides a unified framework for treating both scalar and system differential

operators.

7.1 Equivalence between two problems related to the Lapla-

cian
We consider two Hilbert spaces
X = Hy = L*(0, 00; C?)

and
Y = Hy := L*((—o0,0) U (0,00); C).

Elements of the space X are vector-valued functions @ = (u1,us) : (0,00) — C2. Ele-

ments of the space Y are scalar-valued functions u : (—o0,0) U (0,00) — C.

239
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We define two operators: By in X and Ag in Y by

D(By) = CGg°(0,00;C2) C X,

(7.1.1)
Byt = (Aul, AUQ), iU € D(Bo)
and
D(Ap) = C§°((—00,0) U (0,0);C) C Y,
(4o) = C5°(( )U (0,00);C) (7.12)
Aou = Au, u € D(Ap).
These objects are isomorphic in the following sense.
Proposition 7.1. We consider two maps
T:X—>YandA:Y - X
defined by
) >0
Ty =4 T (7.1.3)
ug(—z) if <0
for W € X and
(Au)(z) = (u(x),u(—zx)), z € (0,00). (7.1.4)
Then

(i) Both maps are well defined and isometric.

(ii) ToA =id onY and AoT =1id on X, i.e. whereidy : X — X andidy : Y —- Y
denote the identity maps.

T
_

X Y
id[ hid
A

XY

FiGgure 7.1: Id diagram

(iii) Both maps are unitary.
(iv) Denote

X1 = C§°(0,00;C?),

then T(X1) C Y1 and A(Y1) C X, .
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(v) Ty o Ay =id on Xy and Ay o Ty =id on Yi, where

T1 = ,T\Xl and A1 = A|y1.

Proof of Proposition 7.1. We prove each item separately. Proof of (i). The maps T" and

A are obviously well defined and linear. Now we will show that T is isometric. We need

to verify that

(T(W), T(V))y = (U, V)x, forall ¥, 7 € X.

The inner products are defined for X = L?(0, 00; C?) as follows

(0, 7)x = /OOO (ul(x)vl (x) + uz(x)vg(m)) dx.

and for Y = L2(R \ {0}, C) as follows

(h,w)yy = /OOO w(x)h(x)dr + /OOO w(x)h(x) dz.

Now, we compute

<T(7),T(7)>Y=/ wa(—2)va(—7) der/Oooul(a:)vl(x) da.

Changing the variable in the first integral (y = —z, so do = —dy) gives

/0OO ug(—x)vo(—x) dr = /OOO us(y)va(y) dy.

Thus, we have

(T(R), T(T))y = /OOO (@) () dz + /OOO wa@va(z) dz = (T, ) x.

Hence we proved that T is isometric.

To show that A : Y — X is isometric, we need to verify that:

(A(u), A(v))x = (u,v)y forall u,v €Y.

The inner product in X is defined as
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and similarly for Y

(u, v}y = / OOO w(z)o(@) dz + /O " u(e)o(@) da.

Using the definition of A, we have

Thus,

We can split this into two integrals

(A(w), A(v)) x :/Ooou(x)v(x) dx+/0°° w(—2)o(—z) dr.

For the second integral, we change of the variable. Let y = —z (thus do = —dy), which

gives us

Combining both parts

(A A@)x = [ wete) et [ aGiv)dy

Thus, we have

(A AW x = [ uete) e+ [ uGiv)dy = (o).

Therefore, A is indeed isometric.
Proof of (ii). Proof that ToA =id on Y.
Let u € Y be arbitrary, where u : (—o0,0) U (0,00) — C.

Define ¥ = Au € X. By definition of A, see (7.1.4), we have

() = (vi(2), v2(2)) = (u(z), u(=2)), @€ (0,00).
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Applying the operator T' to ¢ and using (7.1.3), we obtain

vi(x), x>0,
LR
vo(—x), x<0.

Substituting the expressions of v; and vy gives

Hence, for all x € (—o00,0) U (0, 00),

(T(Aw))() = u(a).

Since u was arbitrary in Y, we conclude that

T(Au) =u for all u € Y.

Therefore,
ToA= idy.

Proof that AoT =id on X. Let @ = (u1,u2) € X = L?(0,00; C?) be arbitrary. Define

v="T(u) €Y.

By definition of T, see (7.1.3), we have

o(z) = ui(z), x>0,
ug(—z), x<DO0.

Now apply A to v. By definition (7.1.4),

(Av)(z) = (v(z),v(—2x)), x € (0,00).

Substituting the expressions of v(z) and v(—x) gives

(Av)(2) = (ur(2), ua()).
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Therefore,
(A(TW))(x) = t(x) for all x € (0,00).

Since @ was arbitrary in X, we conclude that

AOT:idx.

Proof of (iii). To prove that the maps 7" and A defined by the proposition 7.1 are unitary
operators, by Definition 2.69, it is enough to show that both T and A are surjective

isometries.

We already proved in part (i) that both 7" and A are isometric. Hence, we only need to

prove that both maps are bijections.

Since T o A = id, we infer that T is surjective. Indeed, if y € Y, then with z = Ay € X

we infer that
y=T(Ay) =T(z).

Similarly, since A o T" = id we infer that A is surjective.

Let us take x1,z2 € X such that T(x;) = T(x2). Thus A(T(z1)) = A(T(z2)). Since

A oT =id we infer that 1 = x5 and hence we deduce that T is injective.

Similarly, using T' o A = id, we deduce that A is injective. Therefore, both T" and A are

bijections and isometries.

Proof of (iv). Let @ = (u1,u2) € X1 = C§°(0, 00; C?). Then both u; and uy are smooth
and compactly supported in (0, 00). By the definition of 7', the function 7@ is smooth on
(—00,0) U (0,00) and has compact support there. Hence T'(X;) C Y3.

Similarly, if u € Y7, then u|(g o) and @ + u(—x) belong to C§°(0, 0), so A(Y1) C Xj.

When we apply the operator T' to a function U = (u1,uz) € Xj, you obtain a function
defined by (7.1.3).

Since u; and wug both vanish at infinity, 7'(u) will also vanish as © — +oo. Thus, T'(u)

has compact support and
T(X 1) cY.
Similarly, when we apply A to a function u € Y7 by (7.1.4).

Therefore,
A1) C Xy
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Proof of (v). Recall from item (ii) that

ToA=idy, AoT=idy.

Let T1 = Tjx, and Ay = A}y,. Since T(X1) C Y7 and A(Y7) C Xy, the compositions
T, o A1 and Aq o T} are well defined.

Restricting the identities from item (ii) gives
T10A1:idy1, Aloleidxl.

Thus we proved the Proposition 7.1. 0

Ty
X ————N

By A

X———Y

FI1GURE 7.2: Commutative-diagram

The main result in this subsection reads as follows.

Proposition 7.2. Let T : X — Y be the map defined by the equations (7.1.3). Let the
maps By and Ag be defined by (7.1.1) and (7.1.2) respectively. Then the diagram 7.2 above

1s commuting, i.e.

A00T1 :TOB(). (715)

Proof of Proposition 7.2. We want to show that equation (7.1.5) holds, that is
Ao(Ta()) = T(Bo()) (7.1.6)
forall @ € X 1. Recall that the map T3 is the restriction of T to X7, namely

T1 :,I]XI.

Let @ = (u1,us) € X1 = C5°(0, 00; C2). Denote v =Ty (U) €Y.

By definition of T',see (7.1.3), we have

o(z) = ui(z)  if x € (0,00),
ug(—z) if x € (—o0,0).
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Applying the operator Ay to v, we obtain

j—;ul(x) =uf(x) if x € (0,00),

Apv(x) = (7.1.7)

L ouy(—x) = uf(—z) if x € (—00,0).

On the other hand, applying the operator By to 0 gives

By(W) = (uf(2), u3(x)) .

Now we apply the operator T' to Bo(ﬁ). Using again the definition (7.1.3), we obtain

T(Be )] (x) = uf(x) ifx >0, (7.1.8)

uy(—x) if x <O0.

Comparing the two expressions (7.1.7) and (7.1.8), we see that
Ao(Ty(W))(x) = [T(Bo(W))](x)

for all z € (—o0,0) U (0, 00).

Hence equation (7.1.6) holds. Therefore, the diagram 7.2 is commuting as stated in

Proposition 7.2. O

We have already studied the second—order differential operator A; = Ag, acting on the
Hilbert space
Y = L*((—00,0) U (0,00); C)

and defined by (4.2.1) in Section 4.2. In particular, Proposition 4.8 gives a characterization

of the domain of the adjoint A}, namely
tu = D*u = for u € D(AY),
while Theorem 4.11 shows that

nt (A1) =2, n_(A;) =2.

On the other hand, Proposition 7.1 shows that the map T : X — Y is unitary, with
inverse A : Y — X. Moreover, in the Laplacian case the corresponding commutative

relation proved earlier reads Ago 11 = T o By.
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Therefore the operators Ap and By are unitarily equivalent. Consequently, the adjoints,
deficiency subspaces and deficiency indices of these operators correspond under the unitary
map 1. This allows us to deduce the properties of By from the corresponding properties

of Ao.

Corollary 7.3. Let the operators By and Ay be defined by the corresponding second—order
formulas in X = L?(0,00;C?) and Y = L*((—00,0) U (0,00); C). Then the following two
conditions are equivalent.
(i) U = (u1,uz) € D(By*).

(ii) @ € L*((0,00);C?) and the functions uy,uy : (0,00) — C are of class C', their

derivatives uy, ub are locally absolutely continuous, and

/ ! ()| dz < oo, / ()2 dz < oo.
0 0

Moreover,
Bo*W = (D?*uy, D%ug) = (uff,u}) for W € D(By*).

Proof. By Proposition 7.1, the map T : X — Y is unitary and its inverse is A. Moreover,

by the commutative diagram for the Laplacian case, we have

A()OTIZTOB().

Let @ € X. Then
U e D(By) <« TueDA).

By Proposition 4.8, the domain D(A*) consists of functions v € L2((—o0,0) U (0, 00); C)
such that the restrictions of v to (0,00) and (—o0,0) are of class C!, their derivatives are

locally absolutely continuous, and

0o 0
/ " (2))? dx < oo, / " (2))? dx < oc.
0 —00

Since
ui(z), x>0,

(T)(x) =

ug(—z), x <0,

these conditions are equivalent to requiring that uy,us are of class C! on (0,00), their

derivatives are locally absolutely continuous, and

/ [uf (2)|? dz < oo, / luly(x)]? dz < oo.
0 0
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This proves the characterization of D(By*).
Finally, using again the intertwining relation A¢gTy = T By, we obtain
Bo*U = (D*u1, D?uy).
O

Theorem 7.4. Let By be the operator defined by (7.1.1) in the Hilbert space
X = L*(0, 00; C?).

Then By is symmetric and its deficiency indices satisfy

Proof. By Proposition 7.1, the map T : X — Y is unitary. Furthermore the operators Ag

and By satisfy the intertwining relation

AOOTl :TOB[).

Hence the operators Ag and By are unitarily equivalent.

Unitary equivalence preserves the adjoint operator and the deficiency subspaces. There-

fore
ny(Bo) =n4(Ao),  n-(Bo) =n_(Ao).

By Theorem 4.11 we know that

ny(Ag) =2,  n_(4g) =2.

Hence

TL+(Bo) = 2, n_— (Bo) = 2.

O

Since the deficiency indices of By are equal, von Neumann’s extension theorem, see The-

orem 2.60, implies that By admits at least one self-adjoint extension.
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7.2 Equivalence between two problems related to the first

order differential operators
We consider two Hilbert spaces
X = Hy = L*(0, 00; C?)

and
Y = H; = L*((—00,0) U (0,00),C)

Let us define two operators: By in X and Ag in Y by

D(By) = C§°(0,00; C?),

(7.2.1)
Bod = (iDuy,—iDus)  on (0,00).
where U = (u1,uz) : (0,00) — C2,
D(AO) = C(C))O((_OO7O) U (Oa OO); C)v (7'2'2)

Aou=1Du ifu € D(Ao)

Ty
Xi———N

By A

X—Y
FI1GURE 7.3: Commutative-diagram

Proposition 7.5. Let T : X — Y be the map defined by the equations (7.1.3). Let the
maps By and Ay be defined by (7.2.1) and (7.2.2) respectively. Then the diagram 7.3 above

18 commuting, i.e.
A() @) Tl =To BU. (723)

Proof of Proposition 7.5. We want to show that equation (7.2.3) holds, that is,
Ao(T1 (W) = T(Bo(W)) (7.2.4)

for all o € Xi.

Let @ = (uy,us) € X1 = C§°(0, 00; C?) and define

V= T1(7> €Y.
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By definition of T,

o(@) = ui(x), x>0,
ug(—x), = <0.

Applying the operator Ay to v, we obtain

Agv(z) =

On the other hand,

Applying T to Bo(ﬁ), we get

TBe) @) = 0

—iub(—z), x<O0.

Comparing the two expressions above, we conclude that
Ao(T1(0))(x) = [T(BoW)](x)

for all x € (—00,0) U (0, 00).

Therefore, (7.2.4) holds, and hence the diagram 7.3 is commuting. O

We have already studied in the previous section the first—order differential operator, see

Section 3.2, and Ay = Ag, acting on the Hilbert space
Y = L*((=00,0) U (0,00); C),

with domain
D(Ag) = C5°((—00,0) U (0,00);C),  Agu = iDu.

In particular, Proposition 3.20 gives a characterization of the domain of the adjoint A7,

namely
Alu =iDu for u € D(AY),

where w is locally absolutely continuous on both half-lines (—o0, 0) and (0, co) and satisfies

0 0o
/ | Du(z)|*dx < oo, / | Du(x)|?dz < oo.
oo 0
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Moreover, Theorem 3.18 determines the deficiency indices of the operator A; = Ay, i.e.

TL+(A1) = 1, n_(Al) = 1.

We now show that the operator By introduced in (7.2.1) has the same properties. The key
observation is that the operators Ag and By are related through the unitary transformation

constructed in Proposition 7.1.

More precisely, Proposition 7.1 shows that the map
T:X->Y

is unitary and has inverse A : Y — X. Furthermore, Proposition 7.5 proves that Ay and
By satisfy the relation
AO @) Tl =To Bo, (725)

where T = Tx,.

Relation (7.2.5) means that the operators Ay and By are unitarily equivalent. Conse-
quently, the adjoints, deficiency subspaces and deficiency indices of these operators cor-

respond under the unitary map 7.

Proposition 7.6. Let the operators By and Ay be defined by (7.2.1) and (7.2.2). Then

the following two conditions are equivalent.

(i) @ = (u1,u2) € D(By*).
(i) U € L2((0,00); C2) and uy,ug are locally absolutely continuous on (0,00) and

/ |Duy (2)2dz < oo, / | Dus () 2dz < oo.
0 0

Moreover

30*7 = (iDul, —iDUQ).

Proof of Proposition 7.6. By Proposition 7.1, the map T : X — Y is unitary and A =

T—!. Moreover, by Proposition 7.5 we have

AOOTl :TOBO.

Let @ € X. Then @ € D(By*) if and only if

T € D(Ag").
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By Proposition 3.20, the domain D(Ag*) consists of functions v € L?((—o00,0) U (0, o0))

that are locally absolutely continuous on both half-lines and satisfy

0 0o
/ |Dv(z)|?dz < oo, / |Dv(z)|?dz < oc.
0o 0

Since
Ui (LE), T > 07

(T)(x) =

ug(—z), x <0,

these conditions are equivalent to
o o0
/ | Duy () [2dz < oo, / | Dus(z)|*dx < oo,
0 0

with up,ug locally absolutely continuous on (0,00). This proves the characterization of
D(By*).

Finally, using again the relation AgT) = T By, we obtain
30*7 = (iDul, —iDUQ).

O

Corollary 7.7. Assume that the operator By defined by (7.2.1). Then the deficiency

indices of the operator By satisfy

n_ (B()) =1.
In particular, By admits at least one self-adjoint extension.

Proof of Corollary 7.7. By Theorem 3.18,

7”L+(A0) = 1, TL,(A()) =1.

Since T is unitary and AgoT} = T o By, the operators Ay and By are unitarily equivalent.
Therefore their deficiency spaces are isomorphic and
ni(Bo) = n4(Ao),  n-(Bo) =n-(Ao).

Hence

n+(Bo) = 1, TL_(B()) = 1.
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Since the deficiency indices are equal, von Neumann’s extension theorem, see Theo-

rem 2.60, implies that By admits at least one self-adjoint extension. ]

7.3 Equivalence between two problems related to third-

order homogeneous differential operators

We consider two Hilbert spaces
X = Hy = L?(0,00; C?)

and
Y = Hy = L*((—00,0) U (0,00), C)

Let define operator By in X and Ag in Y by

D(By) = C5°(0,00; C?),

BoW = (—iD%u1,iD%;)  on (0,00), (73.1)
where U = (u1,ug) : (0,00) — C2,
D(Ap) = C5°((—00,0) U (0,00); C), (7.3.2)

Agu = —iD3u if u € D(Ayp).

The following remark explains why the operator Ag is homogeneous of order 3.

Remark 7.8. Let v = Zu denote the Fourier transform of u. Using the property of the

Fourier transform of derivatives we infer that
F(—iDu)(€) = —i®v(€).
Thus the symbol of the operator Ag = —iD? is

o(§) = —ig’.

Since
o(N) = Xa(€) VAeER,

the operator Ay is homogeneous of order 3.
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Similarly, for the first—order operator D we have
F (iDu)(§) = i€v(§),

hence this operator is homogeneous of order 1.

More generally, if
A= —iD®+iD,

then its symbol is

o(€) = —i&® + i€,

which is not homogeneous since

o(AE) # Ao (§)
for any fixed m.

Finally, the Laplacian
A=A

has symbol |¢|? and therefore is homogeneous of order 2.

Ty
X ———N

By A

X———Y

FIGURE 7.4: Commutative diagram

Proposition 7.9. Let T : X — Y be the map defined by the equations (7.1.3). Let the
maps By and Ay be defined by (7.3.1) and (7.3.2) respectively. Then the diagram 7.4 above

1s commuting, i.e.
AO o Tl =To BO.

Proof of Proposition 7.9. We want to prove that equation (7.3.3) holds, i.e.

A(T1(W)) = T(Bo())

for every 1€ X.

(7.3.3)

(7.3.4)

Let U = (up,u2) € X1 = C§°(0,00;C?). Denote v = Ty W. By definition of the map T

we have

up(z) ifx >0,

v(z) =

ug(—z) if z <O.
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Applying the operator Ay = —iD3, we have

—iD3uy () it x>0,
Agv(x) =
—iD3(ug(—2)) if x <0.

Using the chain rule we obtain
D?(uz(—x)) = —uy'(~x),

hence

—iuf'(z) ifx>0,
Agv(z) =
iuy (—x) ifx <O0.

Now compute the right-hand side of (7.3.4). First we apply By to u:

Bo(W) = (—iuf’, iuy).

Applying T we obtain

T(Be) () = 4 @) iTe>0, (7.3.5)

-

iy (—x) if x <O0.

Comparing the expressions for Agv and T(By W) we obtain

Ao(Th W) (z) = [T(BoW)](z) for all z € (—o0,0) U (0, 00).

Therefore
AgoTy =T o By,

which proves that the diagram 7.4 is commuting.

O]

We have already studied the third—order differential operator A; = A, acting on the

Hilbert space
Y = L*((—00,0) U (0,00); C)

and defined by (5.4.1) in Section 5.4. In particular, Proposition 5.25 gives a characteri-

zation of the domain of the adjoint A7, i.e.

tv = (iD)%v = —iv" for v € D(A7),
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while Theorem 5.23 shows that

n+(A1) = 3, n_(Al) = 3.

On the other hand, Proposition 7.1 shows that the map 7" : X — Y is unitary, with
inverse A : Y — X. Moreover, in the third-order case the corresponding commutative

relation proved earlier reads Ago 17 = T o By.

Therefore the operators Ay and By correspond under the unitary map 7. Consequently,

their adjoints, deficiency subspaces and deficiency indices correspond as well.

Corollary 7.10. Let the operators By and Ag be defined by the corresponding third—order
formulas in X = L*(0,00;C?) and Y = L*((—00,0) U (0,00); C). Then the following two

conditions are equivalent.

(i) ¥ = (u1,uz) € D(By*).

(i) U € L2((0,00); C2) and the functions uy,us : (0,00) — C are of class C2, their second

derivatives uy,uy are locally absolutely continuous, and

oo o0
/0 [y (z)|? da < oo, /0 b (z)|? dz < oco.

Moreover,
Bo* U = ((iD)%uy, (iD)3ug) = (— i)' iuy')  for & € D(By*).

Proof. By Proposition 7.1, the map T : X — Y is unitary and its inverse is A. Moreover,

by the commutative diagram for the third—order case, we have

AOOT1 :TOBD.

Let @ € X. Then @ € D(By*) if and only if
T € D(Ay").
By Proposition 5.25, the domain D(Ay*) consists of functions v € L?((—o0,0)U (0, 00); C)

such that the restrictions of v to (0,00) and (—o0,0) are of class C2, their second deriva-

tives are locally absolutely continuous, and

00 0
/ [v" ()] dx < oo, / v (2)]? dx < oo,
0 —o0
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Since
ui(z), x>0,

(T)(x) =

ug(—z), x <0,

these conditions are equivalent to requiring that uy,us are of class C? on (0,00), their

second derivatives are locally absolutely continuous, and
o0 o0
/0 [y (z)|? da < oo, /0 ub! (z)|? dz < oco.

This proves the characterization of D(By*).

Finally, using again the relation AgT) = T By, we obtain

Bo*d = ((iD)*ur, (iD)*us) = (— iuf’, iu3).

Theorem 7.11. Let By be the operator defined by (7.3.1) in the Hilbert space
X = L?(0,00; C?).

Then By is symmetric and its deficiency indices satisfy

Proof of Theorem 7.11. By Proposition 7.1, the map T : X — Y is unitary. Furthermore

the operators Ag and By satisfy the intertwining relation
Ao o) T1 =To BO.

Hence the operators Ag and By are unitarily equivalent.

Unitary equivalence preserves the adjoint operator and the deficiency subspaces. There-
fore
ny(Bo) =n4(Ag),  n-(Bo) =n_(Ay).

By Theorem 5.23 we know that

ny(Ao) =3,  n_(Ao) =3.

Hence
n4(Bo) = 3, n_(By) = 3.
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O]

Since the deficiency indices of By are equal, von Neumann’s extension theorem, see The-

orem 2.60, implies that By admits at least one self-adjoint extension.

7.4 Equivalence between two problems related to the third-

order linear in-homogeneous differential operators

We consider two Hilbert spaces
X = Hy = L*(0, 00; C?)

and

Y = H; = L?*((—o0,0) U (0,00),C)

Let define operator By in X and Ag in Y by respectively

D(By) = C5°(0,00;C?),

(7.4.1)
Bod = (aliDul + ag(—i)D3u1, —a1tDusg + CL3iD3U2) on (0,00).
when U = (u1,uz) : (0,00) — C2,
D(Ap) = C5°((—00,0) U (0,00); C),
(Ao) = Co°(( ) U (0,00); C) (7.4.2)

Aou = a1iDu + az(—i)D3u if u € D(Ap).

Let us define auxiliary operators

D(By1) = C§°(0, 005 C?),
Bo1 @ = (iDuy, —iDug) on (0, 00).
and
D(Bupz) = C5°(0, 00; C?),
B = (—iD3u1,iD3u2) on (0, 00).

Similarly, define the operators Ag; and Age in Y by

D(Ao1) = Cg°((=00,0) U (0,00); C),
Amu = iDu.
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and
D(Ap2) = C§°((—00,0) U (0,00); C),

AQQU = —iD3U.

Lemma 7.12. The operators By and Ay admit the decompositions
By = a1Bo1 + a3z By,

and
Ap = a1 Ag1 + azAoz.

The operators Agy and By are those considered in Subsection 3.1. Hence, by Proposition

7.5 we have
A()l @) T1 =To B01. (743)

Similarly, from the third—order homogeneous case, see Proposition 7.9, we obtain

A02 o) Tl =To BQQ. (744)

11
X ——N

By A

X———Y

FI1GURE 7.5: Commutative diagram

Proposition 7.13. Let T : X — Y be the map defined by the equations (7.1.3). Let the
maps By and Ay be defined by (7.4.1) and (7.4.2) respectively. Then the diagram 7.5 above

18 commuting, i.e.
AO @) Tl =To BD. (745)

Proof of Proposition 7.13. By Lemma 7.12, we have

By = a1Bo1 + a3 B2, Ao = a1 Ao1 + azAps.
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Using the commuting relations (7.4.3) and (7.4.4), we obtain

Ago Ty = (a1Aor + azAp2) o T}
=a1Ap1 o Th + azAg2 o T
— a,T o Byy + asT o By
=T o (a1 Bo1 + a3 Boz)
=T o By.

Hence Ap o Ty =T o By, which proves (7.4.5). O

We have already studied the third—order linear inhomogeneous differential operator A; =

Ap, acting on the Hilbert space
Y = L*((—00,0) U (0,00); C)

and defined by (6.4.1) in Section 6.4. In particular, Lemma 6.47 gives a characterization

of the domain of the adjoint A7j, i.e.
Ajv = ayiv’ 4+ az(—iw"” = —i(azD>v — a; Dv), for v € D(A7),
while Theorem 6.56 shows that

7”L+(A1) = 3, n,(Al) = 3.

On the other hand, Proposition 7.1 shows that the map T': X — Y is unitary, with inverse
A Y — X. Moreover, in the present case the corresponding commutative relation proved
earlier reads

AO o) T1 =To BQ.
Therefore the operators Ay and By correspond under the unitary map 7. Consequently,
their adjoints, deficiency subspaces and deficiency indices correspond as well.

Corollary 7.14. Let the operators By and Ag be defined by the corresponding third—order
inhomogeneous formulas in X = L*(0,00;C?) and Y = L*((—00,0) U (0,00);C). Then

the following two conditions are equivalent.

(i) ¥ = (u1,us) € D(By*).
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(ii) @ € L*((0,00); C?) and the functions uy,us : (0,00) — C are of class C2, their second

derivatives uy,uy are locally absolutely continuous, and

azD3uy — ayDuy € L*(0, 00; C), a3D3uy — a1 Duy € L*(0, 00; C).

Moreover,
30*7 = (aliDul + ag(—i)D3u1, —a1tDug + agiD3u2)

for all 4 € D(By*).
Proof. By Proposition 7.1, the map T': X — Y is unitary and its inverse is A. Moreover,
by Proposition 7.13, we have Ago 1} =T o By.

Let @ € X. Then @ € D(By*) if and only if

T € D(Ay¥).

By Lemma 6.47, the domain D(Ag*) consists of functions v € L?((—o0,0) U (0, 00);C)
such that:
« v is of class C? on each half-line,

o v" is locally absolutely continuous on each half-line,

agDSU — alD’U S LZ((_OO, O) ) (07 00)7 (C)

Since
Ui (‘T)’ T > 07

(T)(x) =

’LLQ(_:L'), T < 07

these conditions are equivalent to requiring that uy,us are of class C? on (0,00), their

second derivatives are locally absolutely continuous, and
azD3uy — ayDuy € L*(0, 00; C), a3D3uy — a1 Dugy € L*(0, 00; C).

This proves the characterization of D(By*).

Finally, using again the relation AqTy; = T By, we obtain

By = (a1iDuy + az(—i)D3uy, —ayiDus + aziD3uy).
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Theorem 7.15. Let By be the operator defined by (7.4.1) in the Hilbert space
X = L?(0,00; C?).

Then By is symmetric and its deficiency indices satisfy

Proof of Theorem 7.15. By Proposition 7.1, the map 7' : X — Y is unitary. Moreover,
by Proposition 7.13, the operators Ag and By correspond under T'. Hence their deficiency

subspaces correspond, and therefore
ny(Bo) =n4(Ao),  n—(Bo) =n_(A).

By Theorem 6.56,
ny(Ao) =3,  n_(Ag)=3.

Consequently,
n+(Bo) = 3, n—(By) =

O

Since the deficiency indices of By are equal, von Neumann’s extension theorem implies

that By admits at least tow self-adjoint extension.

We now summarize the above results and their consequences.

We have already studied the third-order linear inhomogeneous differential operator A; =

Ap acting on the Hilbert space
Y = LQ((—OO’ O) U (Oa OO); C)

and defined by (6.4.1) in Section 6.4. In particular, Lemma 6.47 characterizes the domain
of the adjoint A7 = Ap*, namely

Aiv = ariv’ + az(—i)v" = —i(azD3v — a1 Dv), v € D(AY),
while Theorem 6.56 shows that

n+(A1) = 3, n_(Al) =3.
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On the other hand, Proposition 7.1 shows that the map 7" : X — Y is unitary, with

inverse A : Y — X. Moreover, by Proposition 7.13, we have
Ao o) Tl =To Bo.

Therefore the operators Ay and By correspond under the unitary map 7. Consequently,

their adjoints, deficiency subspaces and deficiency indices correspond as well.

In what follows, we extend the equivalence framework developed above to sys-
tems of differential operators. This allows us to treat vector-valued functions
and to obtain analogous results for first- and third-order operators, both in

the homogeneous and in-homogeneous settings.

7.5 Systems of first-order differential operators

This section can also be interpreted as a study of first order differential operators on certain

graphs. This section studies a generalization of the operator By studied in subsection 7.2.
We assume that n € N such that n > 2. We consider the following Hilbert space
X = L*(0,00;C")
Let
A1, ,0n ER?
when o = (uy,ug, - ,up) ¢ (0,00) — C™. Let us define the operator By in X by

D(By) = C5°(0,00;C"),
(Bo) = G5 ) -
307 = (a1iDuy,a2iDug, -+ ,apiDuy,)  on (0,00).
The first property is now trivial, as it generalizes immediately from the scalar case n = 1,

which was treated in Subsection 3.2.1.

Proposition 7.16. Let By be the operator defined by (7.5.1). Then By is a linear sym-

metric operator in the Hilbert space X .

Proof of Proposition 7.16. We must show that the operator By is symmetric in X, that
is,

(B, V)x = (U,ByV)x  forall @, 7 € D(By). (7.5.2)
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Let us choose arbitrary @, v € D(By) = C§°(0, 00; C™). Then
(Bodl, T)x =Y /O (azind;(x))v; () dax
j=1

:i;aj/o u;(x)mdx (7.5.3)

Using integration by parts we obtain

[e.0]

| @@ de = [w@pn@]) - [ w@d@de.

0

Since uj,v; € C§°(0,00), the boundary terms vanish, and therefore

| @@ de =~ [ @@ de. (7.5.4)
Substituting (7.5.4) into (7.5.3) gives

(Bod, V) x = —ijz:;aj/o uj(x)mdx

Observing that

ajivi(x) = —ia;vj(z),
we obtain .
(Bo,T)x = Z/O uj(w)ayivi(@) dz = (T, By ) x.
j=1
Thus (7.5.2) holds, and therefore the operator By is symmetric. O

The following result generalizes Propositions 3.29 and 3.34.

Proposition 7.17. Assume that By is the operator defined by formula (7.5.1). Then By

18 not closed.

Moreover, a function U e D(By) if and only if the following conditions are satisfied
(i) U« € L*(0,00;C"),
(ii) W is locally absolutely continuous on (0,00), and

o0
/ DT ()% n dt < oo,
0

(iii) (0) =0 € C".



Third order linear in-homogeneous differential operators 265

Moreover, for any U € D(By), we have:

Bod = (a1iDuy, . .., aniDuy,).

Proof of Proposition 7.17. We show that By is not closed. The proof follows the same
method as in Proposition 3.29. To do that with more details, it suffices to find a pair
(W, 7Z) € L? x L? and sequence (u},) C D(By) such that

uh — U, Boup— 7,

but @ ¢ D(By).

Let us choose a function
=2
e, x>0,

0, x <0.
It is well known, see [37, Chapter 6], that
e € C>®(0,00)N H(0,00),
e ©(0) =0 and p*(0) =0 for all k > 1,

o but ¢ ¢ C§°(0,00) (i.e., not compactly supported).

Define

Clearly, W € L?(0,00;C") and D exists and is equal to (Dp,0,...,0). Therefore,
DU € L%(0,00;C™).

Since C§°(0,00) is dense in H}(0,00), see [1, Section 3.2], there exists ¢ € C5°(0,00)
such that

or — ¢ in HY(0,00). (7.5.5)

Define
— .
UL == ((pk, 0,... ,0) S D(B())

Then by (7.5.5)
17;2 — U in L?

and
Boui = (a1iDgy, 0, ..., 0) — (a1iDp,0,...,0) =: Z.
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However ¢ D(By) because ¢ is not compactly supported.
Hence the graph I'(Byp) is not closed and therefore By is not closed.

Part II: the case n = 2. Recall that in Subsection 7.2, we introduced the operator Ag
acting on

Y = L?((—00,0) U (0,00); C),

and we proved in Proposition 7.5 that the mapping
T:X =Y, X = L*0, 00; C?),
defined in (7.1.3), is an isometric isomorphism satisfying
AgoT =T o By.
By Proposition 3.34, applied to the operator Ay, the domain of Ay is characterized by:
(i) u € L?((—00,0) U (0,00)),

(ii) wu is absolutely continuous on each half-line and Du € L?,

(iii) u(0) = 0.

Since T is an isomorphism and intertwines the operators, we have

W eD(B) <« T(W)eDA).

Therefore, @ = (u1,uz) belongs to D(By) if and only if:

(i) @ € L*(0,00;C?),
(ii) each wu; is absolutely continuous on (0,00) and Du; € L?(0, 00),
(iii) @ (0) =0 e C2.
Moreover, using the commutation relation (7.2.3), we obtain

Bioﬁ = T_l(foT(ﬁ)) = (aliDul, CLQ’iDUQ).

Conversely, if U satisfies conditions (i)—(iii), then v = T(W) belongs to D(Ay), and
therefore @ € D(By).

This completes Part II for n = 2.
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Part III: the case n > 3. We prove the result directly for general n > 3, following the

same method as in the proof of Proposition 3.34, applied componentwise.

Assume that ¥ = (u1,...,u,) € D(By). By Definition 2.85, there exists a sequence
(uf) € D(By) = C3°(0,00; C™) such that

uh — W in L*(0, 00;C"),

and

Boul, = (aliDugk), . ,aniDuq(f)) — 7 in L?(0, 00; C™).
For each j =1,...,n, we have

ugk) —wuj in LQ(O, 00), ajiDu§-k) —z; in LQ(O, 00).
Hence,

Dugk) — —C:jzj in L?(0,00).

Since ugk) € C§°(0,00), we may write

t
ug-k)(t) :/0 Dugk)(s) ds.

Thus, for k,m € N,

By the Cauchy—Schwarz inequality [38, Theorem 3.5, p. 63],

k m k "
() = uf™ ()] < VE DU ~ D™z

Taking the supremum over ¢t € [0, 7], we obtain

1u$® — ul™ |l ooz < VT DUl — Dul™ || 2o my.

Since (Dugk)) is Cauchy in L?(0,00), it follows that (ugk)) is Cauchy in C([0,T7]) for every
T > 0. Hence,

ugk) — u; uniformly on compact intervals.
Moreover,

Dul" = Du; in L2(0, 00),
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which implies that u; is locally absolutely continuous and

Duj = —%zj e L?(0,00).
j

(k)

Since each u; "~ € C§°(0,00), we have

Passing to the limit using uniform convergence on [0, 7], we obtain

Uj(O) = 0.

Combining the above results, we conclude that

(i) @ € L*(0,00;C™),
(ii) each w; is locally absolutely continuous on (0,00) and Du;j € L*(0, o),
(iii) (0) =0 € C™
Finally, passing to the limit in Bouj, , we obtain

3707 = (aliDul, e ,aniDun).

This concludes the proof of part III.

Hence the proof of Proposition 7.17 is complete. O

The following result characterizes the domain of the adjoint operator.

Proposition 7.18. Assume that U = (ug,ug, - ,uy) : (0,00) — C™ belongs to the space
X. Then W belongs to the domain D(By*) if and only if for every k = 1,--- ,n, the

component u is locally absolutely continuous and

/ | Dug(t)[2 dt < oc.
0

Proof of Proposition 7.18. Let X := L?(0,00;C") and recall that By is defined by (7.5.1).

We characterize the domain of the adjoint operator By*. By the Riesz Representation

Theorem, see Proposition 2.54, a function ¥ € X belongs to D(By*) if and only if there
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exists a constant C' > 0 such that

(Bo, ¥)x| < ClIT|x, Vi € D(By).

Let ¥ = (v1,...,v,) € X and take @ € D(By) = C§°(0,00;C"). Then

(BoT, ) x :jzl /0 aji Du; () 03 (2) dt.

Since each u; € C5°(0, 00), integration by parts yields

/ D) 0;(8) dt = — / w;(t) Doy (1) dt,
0 0
with no boundary terms.

Thus,
o
0

<B()7, 7>X = — i ajz'/ Uj(t) va(t) dt = <7, (—aliDvl, ey —aniDvn)>X .
j=1

Therefore, the mapping 7 <Boﬁ, 7} x extends to a bounded linear functional on X
if and only if each Dv; € L?(0, c0).

Moreover, the above integration by parts is valid if and only if each v; is locally absolutely

continuous on (0, co).

Hence,
vj € AC)oc(0, 00),
T eD(By") <= { Du; e L0,00),
forall j=1,...,n.

This completes the proof.
O

Remark 7.19. The condition that each component uy is locally absolutely continuous
is not accidental. It is required in order to justify the use of integration by parts in the

characterization of the adjoint operator.

Indeed, for functions u € C§°(0,00) and v € L?(0, 00), the identity

/OO Du(t) vt dt = — /OO u(t) Do) dt
0 0
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holds if and only if v admits a weak derivative Dv which belongs to L?(0,00). This is

equivalent to v being locally absolutely continuous.

Therefore, the requirement
v € AC)o¢(0,00), Duy, € L*(0, 00),

ensures that the formal integration by parts used in the computation of the adjoint is

mathematically justified.

In other words, the domain of the adjoint operator consists precisely of those functions
for which the differential expression defining By can be transferred to the other side of

the inner product.

7.5.1 Deficiency indices of first-order differential systems on the half-

line

In this subsection, we compute the deficiency indices of the operator By defined in (7.5.1).

The computation is based on solving the deficiency equations

(il FBo*)U =0

Let us introduce two subsets of {1,...,n} according to the sign of the coefficients ay:
K, ={ke{l,...,n}:a; <0}, (7.5.6)
K_={ke{l,...,n}:a; >0} (7.5.7)

These sets are disjoint and satisfy

K, UK_={1,...,n}, #(Ky) +#(K_) =n.

Note that this convention differs from the third-order case, since the L?-integrability of

the exponential solutions depends on the sign of i

The following result provides an explicit formula for the deficiency indices of By.

Proposition 7.20. The deficiency indices of the operator By are given by

n_(Bo) = #K_, (7.5.8)
ny(Bo) = #K4, (7.5.9)
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where the sets K and K_ are defined in (7.5.6) and (7.5.7), respectively.

The special case of this result when n = 2 is given (to be done) in subsection 7.2.

Corollary 7.21. The operator By on L*(0,00;C") defined by (7.5.1) has at least one

self-adjoint operator if an only if

HK_ = #K, (7.5.10)

In particular, if n is an odd number, the operator By on L*(0,00;C") has no self-adjoint

extensions.

If n is an even number, i.e. n = 2p and #K_ = #K, = p, then By on L*(0,00;C") has
self-adjoint extensions. But, if n is an even number and #K_ # # K = p, then By on

L?(0,00;C") has no self-adjoint extensions.

Proof of Corollary 7.21. From Proposition 7.20, If n is odd, then
#K+ + #K_ =N

is odd, hence

HE # H#EK_.

Therefore, By has no self-adjoint extensions.

If n is even, say n = 2p, then
#Ky =#K_=p.

Then By has self-adjoint extensions exist. O

If the condition (7.5.10) is satisfied then every self-adjoint operator of By is of the following

form.

Proof of Proposition 7.20. To find ny(By) = dim (il — Bf), let us assume that that o
belongs to the domain D(Bg) and

U € ker(il — BY). (7.5.11)

Note that
U e ker(il — BY) < U € D(By*) and (il — By*)d =0

— U € D(By*) and agiDuy =iux, Vk=1,2,...,n
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Thus, by Proposition 7.18, for every k = 1,--- ,n the component uy is locally absolutely

continuous and

/OOOHuk(x)]Z + |Dup(@)2] dt < oo. (7.5.12)

and
. 1
— W € D(By*) and Duy = —uy, Vk
ag

Each equation

1
Doy (x) = a—kvk(:c), x > 0.

implies that the general solution for each component v, is of the form:

T

vp(x) = cres, x> 0.
where ¢, is a constant.

Hence we proved that if @ satisfies (7.5.11) then there exists a vector @ = (c1,--- ,cn) €
C"™ such that

T

7(:6) = (Cleav"' ,cneﬁ), T > 0

We need to check when function ¥ satisfies condition (7.5.12). We need to examine the
integrability of each component uy(x) = cxe®r . Let us choose and fix k. We calculate the

L?-norm of uy:

00 5 0o N 00 g 2 g [ 2
/ lug ()] dm:/ |eke x| dac:/ lex|“er dx = |cg] / e dx.
0 0 0 0

The integral is finite if and only if % <0, i.e., a; <O0.

In other words, we proved

e If a; < 0, then u; € L?(0,00).

o If ar >0, uy ¢ LZ(O,OO).

This allows us to find the basis of ker(il — Bj). Namely, let us define, for &k € K, a
function

er(x) = ei, z € (0,00).
We proved above that every ey € ker(il — Bfj) and moreover, every function U e ker (il —

Bj) is a linear combination of these functions ey, k € K. Moreover, these functions are



Third order linear in-homogeneous differential operators 273

linearly independent. This all implies that
dimker(iI — By) = #K .
This proves the first part of Proposition, i.e. equality (7.5.9).
To find n_(By) = dim(il + By*), we assume @ € ker(il + By*) and follow a similar
argument.
Thus, we have

U € D(By*) and (il + By*)W = 0.

This leads to

aptDuy, = —iug  VEk.

Thus, we find
1
Dup = ——uy, VEk.
ag

The general solution is given by

T

vip(z) =cpe k, x>0.

To check integrability, let us choose and fix k. We calculate the L?-norm of wy:

oo 0 2
/ lug (z)|? do = ]ck|2/ e “ dx.
0 0

The integral is finite if and only if —% > 0, i.e., ap > 0.

In the other words, we proved

e If a; > 0, then u; € L?(0,00).

o If a;, <0, then u; ¢ L?(0,00).

This allows us to find the basis of ker(iI 4+ Bf). Let us define, for k € K_, a function:

T

ex(r) =e %, x€(0,00).

Hence, every e, € ker(il + Bo*) for k € K_ and every function @ € ker(il + By*) is

a linear combination of these functions. These functions are also linearly independent,
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which implies:
dimker(il + By*) = #K_.

Thus, we conclude:
n-(Bo) = #K_,

which proves the second part of Proposition 7.20, i.e., equality (7.5.8).

Hence the prove of Proposition 7.20 is complete.

By defined by (7.5.1) on L?(0, 00; C") has self-adjoint extensions

if and only if #(K;) = #(K_).

We now apply Theorem 2.60 to characterize all self-adjoint extensions of the operator By.

Corollary 7.22. Assume that condition (7.5.10) is satisfied, i.e.

#K_ = #K,.

Let
H, =ker(By* —1il), H_ =ker(By* +1il)
be the deficiency subspaces of By.
Then
dimH, =dimH_=#K, =#K_.

Moreover, by Theorem 2.60, the self-adjoint extensions of By are in one-to-one correspon-
dence with the unitary operators
I: H+ — H_.

More precisely, for each unitary operator I' : Hy — H_, the corresponding self-adjoint

extension Byl is defined by

D(ByY) = {70 + U +T Uy Wo€D(BY), Uy € H+},
Bl (Wo+ U +TW,) =Bydo+id, —ild .

Conversely, every self-adjoint extension of By is of this form.
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Proof of Corollary 7.22. By Proposition 7.20, we have
ny(Bo) = #Ky,  n_(Bo) =#K_.
Hence condition (7.5.10) implies
n4(By) = n—(By).

Since
n4(By) = dim H, n_(By) = dim H_,

we obtain

d1mH+ = dlme = #K+ = #K,

Therefore, Theorem 2.60 applies and yields the claimed classification of all self-adjoint

extensions of By. O

7.5.2 Deficiency indices of the closure of a system of first-order differ-

ential operators

We already know that the closure By of the operator defined by (7.5.1) exists and that

its adjoint coincides with the adjoint of By, i.e.
(Bo)* = Bo*.

By Corollary 2.92, this equality implies that the deficiency subspaces of By and By coin-
cide:
ker(i — Bo*) = ker(i — By ), ker(i + Bo*) = ker(i 4+ By ).

Consequently, the deficiency indices of By and By are the same:
n+(By) =ns(Bo),  n_(Bo) = n_(B).

Corollary 7.23. Let By be the operator defined by formula (7.5.1), and let By denote its

closure in L*(0, 00; C").

Then By is densely defined and symmetric, its closure By is again symmetric, and their

deficiency indices coincide.
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In particular, by Corollary 2.92 and Proposition 7.20, we have

Corollary 7.24. Let By be the closure of the operator By.

Then the following statements hold:

(i) If
n4(Bo) # n-(Bo),

then By has no self-adjoint extensions.

(i) If
ny(Bo) = n_(Bo),

then By admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

Corollary 7.25. The operator By admits self-adjoint extensions if and only if
HE, = #K_.

Proof. This follows from Corollary 7.24 and Proposition 7.20. O

7.6 Systems of third-order homogeneous differential oper-

ators

Assume that
n e N\ {0,1}.

and
ay, -+ ,a, € R\ {0}. (7.6.1)

We consider a Hilbert space
X = L*(0,00;C")

with inner product

<7’7>X = ,;A UV dx
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when ¥ € X and

U ={(0,00) 3 (u,u, - ,u,) € C"} € X.

Let define an operator By in X by respectively

D(By) = C5°(0,00;C"),

(7.6.2)
Bod = (aliD3u1, asiD3ug, - - - ,aniD?’un) on (0, 00).

Proposition 7.26. Operator By is a linear symmetric operator in the Hilbert space X .

Proof. To show that By is symmetric, we need to verify that

(BoW,¥)x = (U,Bo¥)x, forall @,o € D(By).

Let us choose and fix @,V € D(By). Using the assumption (7.6.1) and calculating both

sides, we find:
(Bod, V)x = Z/ (apiD3uy )Ty dx = i Z ak/ D3uy(x)vg(z) da
k=10 k=1 70

and

n [e'S) n )
<7, 307)){ = Z/ ug(ariD3vg) do = —i Z ak/ up D3 (z) da.
k=179 k=1 70

Using the assumption that functions @ and ¥ have compact supports, by applying inte-
gration by parts, see [37, Theorem 6.22], we can show that these two integrals are equal.

Thus, By is symmetric. O

The following result is a generalization of Proposition 5.33.
Proposition 7.27. Assume that By is the operator defined by formula (7.6.2).
Then By is not closed.

Moreover, a function U € D(By) if and only if the following conditions are satisfied:

(i) U e L2(0,00;C"),

(77) each component u; is locally absolutely continuous on (0,00) up to order 2, that is, u;,

Du;, and Dzuj are locally absolutely continuous, and

/0 | D3 (t) |2, dt < oo,
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(i) u;(0) = Du;j(0) = D*u;(0) =0 forallj=1,...,n.

Moreover, for any U € D(By), we have:

?07 = (aliD?’ul, e ,aniD3un).

Proof of Proposition 7.27. The proof follows the same method as in Proposition 5.32.
Hence we omit the proof that the graph I'(Bp) is not closed in X x X = L2(0, 00; C") x
L?(0, 00; C™).

Proof of Part II: the case n = 2.

We follow the method used in Proposition 7.17.
Let X = L?(0,00;C?) and Y = L?((—00,0) U (0,00); C), and let
T:X—>Y

be the isometric isomorphism defined in (7.3.5). By construction, the operators By and
Ap satisfy
To BO = A() oT. (763)

Since T is an isometric isomorphism, identity (7.6.3) extends to closures, and therefore

T(D(By)) = D(Ap), Bo=T'0ApoT.

Let @ € D(By) and set u = T(). Then u € D(Ay).

Let @ € D(By) and set u := T(®). Then u € D(A;). By Proposition 5.33, we obtain:

e ue L2((—00,0) U (0,00)),

€ H,(R\{0}),

D3u € L*(R),

Transferring these properties through 7', we deduce that U = (u1,ug) satisfies:

(i) o e L0, 00;C?),

(ii) u; € H .(0,00) and D3u; € L*(0,00),
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(iii) u;(0) = Du;(0) = D?u;(0) =0 for j = 1,2.

Moreover,
Bod = T~ Au) = (aliD3u1, aQiDqu).

Conversely. Assume that @ = (uy, us) satisfies conditions (i)-(iii). Define
w:="T().

Then u € L?((—o0,0) U (0,00)).

Moreover, the assumptions on 0 imply that u satisfies the scalar conditions of Proposition
5.33. Hence,
u € D(Ay).

Therefore,

U =T ue D(By).

This completes the proof of Part II.

Proof of Part III: the case n > 3.

We argue componentwise, following the scalar result in Proposition 5.32.

Forward implication. Let @ = (uy,...,u,) € D(Bp). Then there exist 7 ¥) € D(By) and
Z € X such that
7® -7, Bu®™ -7 inX.

Thus for each j =1,...,n,

1
ug,k) — uj, D3u§-k) — @zj in L2(O, 00).

Applying Proposition 5.33 componentwise, we obtain:

° uj € Hﬁ,C(O,oo),
o D3u; € L*(0,00),

e u;(0) = Du;(0) = D?u;(0) = 0.

Since j was arbitrary, these properties hold for all components.

Moreover,
Foﬁ = (aliD?’ul, e ,aniDSUH).
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Conversely. Assume that @ = (uy,...,u,) satisfies conditions (i)-(iii). Then, for each 7,

the function u; satisfies the scalar assumptions of Proposition 5.33. Hence,

u; € D(Ao,j)’ AOJ‘ = CLjiD3.

Therefore, for each j, there exists a sequence ugk) € C§°(0,00) such that

(k)

k
u; = uj, D3u§~ )

— D3u; in L*(0,00).
Define

Then @ ® e D(By) and

©® Bou™® — Byl

Hence,
€ D(By).

This completes the proof of Part III.

This completes the proof of Proposition 7.27.

We now characterize the domain of the adjoint operator By*.

Proposition 7.28. Assume that U = (ug,ug, -+ ,uy) : (0,00) = C™ belongs to the space
X. Then W belongs to the domain D(Bg) if and only if for every k = 1,--- ,n, the

component ug s locally absolutely continuous and

[e.e]
/ |D3ug(t)* dt < oo.
0
Proof of Proposition 7.28. The proof follows the same argument as in the first-order case,
see Proposition 7.18, with D replaced by D3.

Let U € D(B{). By definition of the adjoint operator, each component uy, satisfies the

corresponding scalar condition.

Thus each uy is locally absolutely continuous up to order two and satisfies

D3uy, € L?(0,00).
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Conversely, if these conditions hold, then @ € D(Bg). O

7.6.1 Deficiency indices of third-order homogeneous differential systems
on the half-line

In this section we find the deficiency indices of the operator By as follows.

Let us define two sets.

k € K, if and only if a; > 0,
k € K_ if and only if a; < 0.

It follows form our assumptions that these two disjoint sets satisfy
KiUK_={1,---,n}.

Hence,
#(K1) + #(K-) =n.

Proposition 7.29. The deficiency indices of the operator By in (7.6.2) are given by

n_(By) =2n — #(K4) (7.6.4)
n4(Bo) = 2n — #(K_), (7.6.5)

Corollary 7.30. The operator By on L*(0, 00; C") defined by (7.6.2) has at least one self-
adjoint extension if and only if the condition (7.6.12) is satisfied, then every self-adjoint

extension of By can be characterized similarly to the first-order case in Section 7.5.

Proof of Proposition 7.29. To find n_(By) = dim(i + Bg), we assume

U € ker(il + BY).

For n_(Bp) = dim(¢/ + B{), we have
akiD3uk = —iuk Vk = 1, 2, e,

ie.
—1
D3uyp = —wy, Vk=1,2,...,n. (7.6.6)
ag

Assume a solution of the form ug(x) = e*. Substituting into the ODE gives

D3(e)\x) — A'B)e/\ac7
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thus we deduce that

R
ak'

By standard methods, the cube roots of —i are as follows
Am = rl/?’ei(eJr%m)/g, m=20,1,2.

where

1 w, if ap > 0,

|ax| 0, ifag<0.

Le.

e Divide the angle 6 by 3,

e Add %’T each time to get the other roots.

Case 1. Assume that a; > 0. Then we have § = 7, so

1 1/3 )
Meym = () mt2mm)/3 gy = 0,1, 2.

ay

Again, by tedious but standard calculations we infer that

1 1/3 1 \/g
wo=(5,) (2 “2)

1 1/3
Akl = Api(ag) = — ()

a,
N <1>l/3 1_.V3
827\ 2 "o |-

Thus, the general solution of (7.6.6) is

up(z) = 1M 4 M 4 3627, for > 0.

where ¢, ¢, c3 € C.

We analyze the real parts of Ay,

(7.6.7)
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1 1/3
Re(A;) = — <ak> <0,

1 1 1/3
Re(h) = ; (%) > 0.

Thus, only eM® belong to L2(0, 00).

Case 2. Assume that a; < 0. Then we have 6 = 0, so

1/3 1/3
A, = ( 1 ) / i(0+2mm) /3 _ ( 1 ) / eQnm/?), m=0,1,2.
aj

ag

As before,

The general solution of (7.6.6) is

ug(z) = c1€M% 4 ceMT 4 3™ for z > 0,

where ¢y, ¢, c3 € C.

We analyze the real parts of A,

1 1/3
Re()\l) = —= (M> < 0,

Thus we infer that

o Moz ¢ L2(O,oo),

o eMT M2 ¢ [2(0, 00).

Now we define functions ex, when a; > 0, i.e. k € K4 by

(7.6.8)

(7.6.9)
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€k(l’) = eAl(ak)ma x € (07 OO),

where Aj(ay) is defined by formula (7.6.7).

When, a;, < 0, i.e. k€ K_ we define two functions ei, j=1,2 by
el(x) = M7 g e (0,00),

where Aj(ay) are defined by formula (7.6.8) and (7.6.9).

The functions ex, k € Ky and ei, ke K_, j= 1,2, are linearly independent and
we proved that if @ € D(Bj), then there exists complex numbers ¢, k € Ky and
c,i, ke K_, j=1,2 such that

2
7= 3 ant 3 Y de
keK_ j=1

keK

The converse is obviously true. Hence

n_(Bo) = dimker D(B5) = #(K,) + 24(K_)

= #(K1) +2(n — #(K1)) = 2n — #(K4) (7.6.10)
n_(Bp) = dimker D(Bgy) = #(K+) + 2#(K_)

=n—#(K-) +2(#(K4)) =n+ #(K-)

This proves the first part of Proposition, i.e. equality (7.6.4).

Similarly, you can solve for ny(By), following an analogous process.

To find n4(By) = dim(il — Bg), we assume
U € ker(il — BY).

This leads to
apiD3uy(z) = dug(z) for >0 Vk=1,2,...,n

i.e.
1
D3up = —u, Vk=1,2,....n
ak

Assuming uy(z) = e, we get

A3:i.
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In polar form, the roots are

1\'/3 . 0+ 2mm
= _ Zqu = -

Case 1: a; > 0. Then 6 = 0, so the roots are:

1 1/3
-
ag

e () ()
e (1) ()

Only A; and Ay have negative real parts, so belong to L?(0, co).

Case 2: ap < 0. Then 6 = 7, so the roots are
1 1/3 1 \/g
A =|— — 4+ i—
0 <|ak|) (2 +1 2 )
1/3
e ()
|a|
() (a7
Ao =|— ——i— .
\ak\ 2 2

Only A; has negative real part, so eM® € L%(0, 00).

Now, we define

f](x) — Nila)z 7=12, fora; >0,

)

fi(@) = M@ for ;< 0.

Let
Ky ={k:a, >0}, K_={k:a<0},

with

H(K4) +#(K_) = n.

Thus, we obtain

ny(Bo) = 2#(K4) + #(K-) = 2n — #(K_)
ny(Bo) = 2#(K4) + (n — #(K4)) = n + #(K4).

(7.6.11)
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This proves the second part of Proposition, i.e. equality (7.6.5).

Therefore, from (7.6.10) and (7.6.11), we take these results

ny(Bo) =2n —#(K_), n_(Bo) =2n—#(Ky)
So

ny(Bo) = n_(Bo) <= 2n—#(K_) =2n — #(K,)
— #(K-)=#(K4)

We the following result

Corollary 7.31. The operator By on L*(0,00;C") defined by (7.6.2) has at least one

self-adjoint operator if an only if

HK_ = #K, (7.6.12)

In particular, if n is an odd number, the operator By on L*(0,00;C") has no self-adjoint

extensions.

Proof of Corollary 7.31. From previous results, By has self-adjoint extensions if and only

if $#K, = #K_ =1

If n is odd, then § ¢ Z, so such an equality between two integers is impossible. Therefore,

By cannot have self-adjoint extensions in this case.

By defined by (7.6.2) on L?(0, 00; C") has self-adjoint extensions

if and only if #(Ky) = #(K_) = —.

We now apply Theorem 2.60 to characterize all self-adjoint extensions of the operator By.

Corollary 7.32. Assume that n is even and that condition (7.6.12) is satisfied, i.e.
#(K) = #(K-).
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Let
H, = ker(By* —il), H_ :=ker(By* + )

be the deficiency subspaces of By. Since ny(By) = 22,

3
dimH, = dim H_ = ?”

Moreover, by Theorem 2.60, the self-adjoint extensions of By are in one-to-one correspon-
dence with the unitary operators
r-Hy —- H_.

More precisely, for each unitary operator I, the corresponding self-adjoint extension Bo"

s given by

D(B") = {W = Wo+ Wy +T Wy Wo€D(Bo), Uy €Hyl,
B'(Wo+ U4 +T W) =Bydo+idy—ild .

Conversely, every self-adjoint extension of By is of this form.

7.6.2 Deficiency indices of the closure of a system of third-order homo-

geneous differential operators

We already know that the closure By of the operator defined by (7.6.2) exists and that

its adjoint coincides with the adjoint of By, i.e.
(Bo)* = By*

By Corollary 2.92, this equality implies that the deficiency subspaces of By and By coin-
cide:
ker(i — Bo*) = ker(i — By ), ker(i + Bo*) = ker(i + By ).

Consequently, the deficiency indices of By and By are the same:
n+(By) =n4(Bo),  n_(Bo) = n_(B).

Corollary 7.33. Let By be the operator defined by formula (7.6.2), and let By denote its

closure in L*(0, 00; C").

Then By is densely defined and symmetric, its closure By is again symmetric, and their

deficiency indices coincide.
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In particular, by Corollary 2.92 and Proposition 7.29, we have

n_(Bo) = n_(Bo) = 2n— #(K.),

n(Bo) = n4(Bo) = 2n — #(K-).

Corollary 7.34. Let By be the closure of the operator By.

Then the following statements hold:

(i) If
n4(Bo) # n-(Bo),

then By has no self-adjoint extensions.

(ii) 1If
n4(Bo) = n—(Bo),

then By admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

Corollary 7.35. The operator By admits self-adjoint extensions if and only if
#Ky) = #(K-).

Proof. This follows from Corollary 7.34 and Proposition 7.29. O

7.7 Systems of third-order in-homogeneous differential op-

erators

Assume that n € N\ {0,1} and

a17b17"' 7an7bn€R\{O}

We consider a Hilbert space
X = L%(0,00;C") (7.7.1)

Let define an operator By in X by

D(Boy) = C5°(0,00;C"),

7.7.2
ByW = ((m(iD)S +b1(iD))uy, ..., (an(iD)* + bn(iD))Un> ; 2
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when @ = (u1,ug, - ,uy,) : (0,00) = C".

Proposition 7.36. Assume that all coefficients ag, by, for k= 1,...,n, satisfy Assump-
tion 7.7. Then the operator By defined by (7.7.2) is a linear symmetric operator in the
Hilbert space X in (7.7.1).

Proof of Proposition 7.36. Let us fix W, v € D(By) = C°(0, o0; C™).

We compute the two inner products:

(BoWl, V)x = zn: /OOO (ak(_i)D?)uk + bkiDUk> o () de,
k=1

(W, By¥)x = Z/ ug(x —i)D3vg(x) 4 briDvg () de.

By linearity and the fact that ag, by € R, we obtain

(BT, T)x = z[ o [ Do) @ de+ o [ D) ey da]

(W,ByV)x = Xi: [ak/o ug(z) D3vy(z )dw—bk/ooouk( ) Dv k(iﬁ)dl}-

Using integration by parts exactly as in Proposition 7.16 and Proposition 7.26, and since

ug, v € C5°(0,00), all boundary terms vanish. In particular,

foreach k=1,...,n,

[o.¢] o (o] (o]
/ D3uyvrdr = —/ ug D3vdx, Duyvrpdx = —/ ur Dvpdz.
0 0 0 0

Substituting these identities, we obtain

(B, V)x = (U, By V) x

Thus, By is symmetric. O

The following proposition provides a characterization of the domain of By, extending the
corresponding results obtained earlier for scalar third-order operators on the punctured

line, see Section 6.4.

Proposition 7.37. Assume that By is the operator defined by formula (7.7.2) in the
Hilbert space (7.7.1). Then the following assertions hold true.

Part I The operator By is not closed.

Part IT A function W € D(By) if and only if the following conditions are satisfied:
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(i) U € L*(0,00;C"),

(i) each component u; is of class C? on (0,00), the derivatives u; and Du; are locally

absolutely continuous, and D3uj exists almost everywhere, with

o0 2
/0 ‘ajD?’uj(t) - bjDuj(t)‘ dt < oo, forallj=1,...,n.

(iii) u;(0) = Du;j(0) = D*u;(0) =0 forallj=1,...,n.
Moreover, for any U € D(By), we have:
Bod = (a1 (iD)3u1 + b1iDug,. .. ,an(iD)?’un + bniDun) . (7.7.3)

Proof of Proposition 7.37. Part I. We prove that By is not closed. By Proposition 2.83,

it is sufficient to construct
(i) a function ¥ € X \ D(By),
(ii) and a sequence (u}) C D(By) such that

@—)7 in X,

(iii) and (Bouj) converges in X.
We follow the same construction as in the proof of Propositions 3.29 and 5.32. Let

-2
e, x>0,

0, z <0.

As is well known, see [37, Chapter 6], the function ¢ belongs to C*°(R) and all its
derivatives vanish at 0. Moreover, as in the construction used in Proposition 3.29, one
verifies that

o € H3(0,00), Dy, D3p e L*(0,00).

Define

Then @ € X, but o ¢ D(By) since ¢ ¢ C3°(0, 00).

Since ¢ € H3(0,00) and vanishes at 0 together with its derivatives, by the density of
C§°(0,00) in HF(0,00), see Definition 2.35 and standard Sobolev theory, e.g. [1], there
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exists a sequence

Yr € 080(0, o0)

such that
or — ¢ in H3(0,00).

Set
uk(z) = (¢r(x),0,...,0).

Then uj, € D(By) and
tT;Z — U inX.

From the convergence in H?(0, 0c) we obtain
Dy — Do, D3¢, — D3¢ in L?(0,00).
Hence
By, = ((a1(iD)* + b1(iD))g, 0,...,0) = ((a1(iD)* + b1 (iD))p, 0, ..., 0)
in X.

We have constructed a sequence (u, Bowj,) converging in X x X to a limit (o, Z) with
0 ¢ D(By). Therefore, by Proposition 2.83, the graph I'(By) is not closed, and hence By

is not closed. O

Proof of Proposition 7.37. Part II. The case n = 2. We follow the same argument as in
Proposition 7.27 using a unitary isomorphism. Let T': X — Y be defined by formula
(7.1.3). We will use here the operator Ay, which was defined in (7.4.2) as follows

Aou = a1iDu + az(—i)D3u if u € D(Ap).
Then, as in Proposition 7.13, one can prove that
ToBy=AgoT.

This identity extends to closures of the operators Ag and By, i.e.

T(D(By)) = D(Ag), Bo=T 'oAgoT.
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Let W = (uy,uz) € D(By) and w := T(W). Then by the above u € D(A4y) and

Then, as in the scalar third-order case, see Proposition 6.46, we obtain

o u € Hi (R\ {0}),

e aD3u—bDu € L*(R),

Transferring these properties via T, exactly as in Proposition 7.27, we obtain

o uj € Hi ([0,00)), j = 1,2,
o CLjDBUj - bjDu]' S LQ(O, OO), 7 =1,2
e u;(0) = Du;(0) = D?u;(0) =0, j = 1,2.

This implies that @ satisfies conditions (i)-(iii). Moreover, using the commutation rela-

tion established in Proposition 7.13, we obtain (7.7.3).

Conversely, assume that @ = (u1,up) satisfies conditions (i)-(iii). Define
u=T(W).

Then, by construction of T, we have u € L?((—o00,0) U (0,00)).

Moreover, the assumptions on @ imply that u satisfies the scalar conditions (i)-(iii) in

Proposition 6.46. Hence, by that proposition, we obtain

u € D(Ay).
Therefore, using the relation
D(Bo) = T~H(D(A)),
we conclude that
U =T 'ue D(By).
This proves the converse implication in the case n = 2.

This completes the proof of part II. ]
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Sketch of the proof of Proposition 7.37. Part III. The case n > 2. We argue component-

wise, following Proposition 6.46 and the scalar argument in Proposition 5.33.

Let @ € D(By). Then there exists @ (¥) € D(By) such that

a4 57, Bu®™ - 7.

Thus for each j,
ug-k) — uj, aj(iD)3u§-k) + bj(iD)ug-k) — zj.

Arguing as in Proposition 7.27, we deduce that

e uj € H ([0,00),
e a;D3u; — bjDu; € L*(0,00),

o u;(0) = Du;(0) = D?u;(0) = 0.

Conversely, assume that @ = (uy,...,u,) satisfies conditions (i)—(iii). Then, for each
Jj =1,...,n, the component u; satisfies the scalar assumptions of Proposition 6.46. Hence,
uj € D(Ao,j),

where Aojj =aj (ZD)3 +b; (ZD)

M e C§°(0, 00) such that

Therefore, for each j, there exists a sequence ug

ul? = uj (4 (iD)? + b;(iD))ul? — (a;(iD)* + b;(iD))u;

in L%(0,00). Define

we obtain @ ®) € D(By) and

7® 57, Bu™ = By,
Hence, @ € D(By).
This completes the proof. ]

We argue componentwise and use the characterization of the adjoint operator obtained

in Proposition 6.47.
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Proposition 7.38. Assume that @ = (uy,us, - - ,uy,) : (0,00) = C" belongs to the space
X. Then W belongs to the domain D(By*) if and only if for every k = 1,--- ,n, the

component uy, satisfies the following conditions:

(i) ui € L%(0,00) and uy, € C%(0,00),

3)

(it) uy is locally absolutely continuous on (0,00), hence u;,

belongs to LE .(0,00),

(iii)

erists almost everywhere and

o0 2
/0 ‘akD?’uk(t) - kauk(t)’ dt < oo.

Moreover, for every U € D(By*), we have

Bo*ﬁ = (—i(a1D3u1 — leul), ey —i(aanun — anun)) .

7.7.1 Deficiency indices of third-order inhomogeneous differential sys-

tems on the half-line

In this section we find the deficiency indices of the operator By as follows.

Let us temporarily define auxiliary operators Agy, k=1, --

Ao j = a(iD)? 4+ byiD,
D(Ap k) = C5°(0,00; C).

To find n4(By) = dim ker(il — Bg), let us assume that
U € ker(il — BY),
ie.
€ D(Bp),

and B3 W =i is equivalent to

ak(iD)3uk + bpiDup = tu, k=1,---

which is equivalent to

wp € D(A3y), Afy = an(iD)Pug + biDuy, k=1,

c, N,

,n
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which is equivalent to

ug € ker(il — Afy), k=1,---,n. (7.7.4)
The long argument proves the following result.

Proposition 7.39. A function U satisfies
U € ker(il — BY).

if and only if condition (7.7.4) holds.

On the other hand, by Theorem 6.22 in Subsection 6.2.2, we have

1 ifap>0
dimker(il — Aj ) = ny(Aox) =

2 ifag <O.

Therefore we deduce the following result.

Corollary 7.40.
dimker(il — By) =#{ke{l,--- ,n}:ar >0} +2-#{ke{l,--- ,n}:ar <0}
By a similar argument, we can prove the following assertions.
Proposition 7.41. A function 0 satisfies
U € ker(il + BY).
if and only if the following condition is satisfied
ug € ker(il + Agy), k=1,---,n.

Moreover,

2 ifar >0
dimker(il + Aj ) = n—(Aox) =

1 ifar <.
Corollary 7.42.

dimker(i + By) =2-#{ke{l,--- ,n}:ar >0} +#{k e {1,--- ,n}:ar <0}

Summarizing we proved.
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Proposition 7.43. The deficiency indices of the operator By defined by (7.7.2) are given
by

ny(Bo) =#{ke{l,---,n}:ap >0} +2-#{ke{l,--- ,n}:a, <0},
n_(By) =2-#{ke{l,--- ,n}rap >0} +#{ke{l,--- ,n}:ar <0},

In fact ny(Bo) > 0 and n_(By) > 0.
Proposition 7.44. Assume that a € R\ {0} for every k=1,...,n.

Then
{1,...,k}:{j:aj>()} U {j:a]-<0}.

Moreover, the above union is disjoint.

Proof of Proposition 7.44. Put
Ny =#{j:a; >0}, N_ :=#{j:a; <0}

Then
Ny +N_=k.

By Proposition 7.43, we have

n+(B0) == N+ + 2N_,
n_(By) = N_ +2N,.

Using N = k — N_, we obtain

n4(Bo) = Ny +2N_
=(k—-N_)+2N_
=k+N_>k.

Similarly, using N_ = k — Ny, we obtain

n_(By) = N_ 4+ 2N,
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Moreover,

7’L+(B()) = n_(B()> — k+ N_= N+ +k

<~ N_ = N,.

Since Ny = N_, this is equivalent to

k
N,=N_=".
+ 2

Therefore, if k is odd, then % ¢ 7, and hence

n+(Bo) # n—(Bo),

so By has no self-adjoint extensions.

If k is even, i.e. k = 2p, then self-adjoint extensions exist if and only if

ni(Bo) =n_(Bo) = ﬁa

\V)

which is equivalent to

#{j:aj>0}:#{j:aj<0}.

In this case, all self-adjoint extensions of By can be characterized by unitary maps between

the deficiency subspaces
ker(Bo* —iI) and ker(By* +il),
see Theorem 2.60. O

We conclude with the following important and unexpected observation.

Remark 7.45. The deficiency indices of operators By depend only on the coefficients ay
but not on the coefficients b;. They are the same as the corresponding deficiency indices

when all by = 0, see Theorem 6.22 in Subsection 6.2.2.

7.7.2 Deficiency indices of the closure of a system of third-order inho-

mogeneous differential operators

We already know that the closure By of the operator defined by (7.7.2) exists and that

its adjoint coincides with the adjoint of By, i.e.

(Bo)* = Bo*.
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By Corollary 2.92, this equality implies that the deficiency subspaces of By and By are
identical:

ker(i — Bo*) = ker(i — By'),  ker(i + By*) =ker(i + By ).

Consequently, the deficiency indices of By and By coincide:
ny(Bo) =ns(By),  n_(By) = n—(Bo).

Corollary 7.46. Let By be the operator defined by formula (7.7.2), and let By denote its
closure in L%(0,00;C"). Then both By and By are densely defined and symmetric, and
their deficiency indices coincide. In particular, by Corollary 2.92 and Proposition 7.43,

we have

n4(Bo) = n4(Bo)
=#{ke{l,....n}a, >0} +2#{k € {1,...,n} : a; <0},

n_(Bo) = n_(Bo)
=2#{ke{l,....,n}:a, >0} +#{ke{l,...,n}:a; <0}

Corollary 7.47. Let By be the operator defined by (7.7.2), and let By denote its closure
in X.

Then the following statements hold:

(i) If
n4(Bo) # n-(Bo),

then By has no self-adjoint extensions.

(ii) If
n+(Bo) = n—(Bo),

then By admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

(Bo)* = Bo* and n+(By) = n+(Bo).

Corollary 7.48. The operator By admits self-adjoint extensions if and only if
#{ke{l,....,n}ar, >0} =#{ke{l,...,n}:a; <0}

Proof. This follows immediately from Corollary 7.47 and Proposition 7.43. O



Chapter 8

Self-adjoint extensions of a
punctured third-order operator

with a first-order term

In the previous chapter 6, we investigated self-adjoint extensions of third-order differential
operators using the classical von Neumann approach. Although this method is effective
in several situations, we were not able to complete the analysis in full generality for the

class of operators under consideration.

This limitation motivates the use of an alternative framework based on abstract bound-
ary formalism. This approach allows one to describe self-adjoint extensions in terms of

boundary conditions encoded via suitable trace mappings.

8.1 Abstract boundary formalism

The abstract boundary formalism allows one to describe self-adjoint extensions in terms of
boundary conditions encoded via suitable trace mappings. Our goal is to characterize all
self-adjoint extensions of the operator in a systematic way and to express them explicitly

through these boundary conditions.

The approach adopted here is inspired by the work of Brzezniak and Jefferies [22], where

similar techniques were developed in the context of point interactions.

Assumption 8.1. Let Ag be a densely defined symmetric and closed operator in a Hilbert

space H. Denote by A its adjoint operator.

299
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Definition 8.2 (Green form / boundary form). The Green form associated with A is
defined by

[f.9lay = (Aof.9)m — (f, Ao9)u.  f.g € D(Ap). (8.1.1)

Definition 8.3 (Boundary maps). Let
., I'_:D(A}) — C?
be linear maps. We call I'y the boundary maps and I'+(f) € C? the boundary values of

f

Assumption 8.4 (Diagonal Green identity). Assume that there exist boundary maps

'y, I'_ such that

Folag = (T (). Talge — (T-().T-(@)es). fo€ DA, (8.12)

where (-, -)ca denotes the standard inner product in C%, linear in the first argument.

Definition 8.5 (Sesquilinear inner product on C%). For z = (z1,...,24), ¥y = (Y1,...,Y4) €
C?, we define

d
(@, y)ca =D _ 2;T;-
j=1

Remark 8.6. Let us notice that Aj is in general not symmetric.

Definition 8.7 (The unitary group U(d)). The unitary group of degree d is the set
U(d) :={U € My(C) : U*U = 14},

where U* denotes the conjugate transpose of U and I; is the d x d identity matrix.

Definition 8.8 (Conjugate transpose). Let U = (ujk)jk:l € My(C). The conjugate
transpose (adjoint) of U is the matrix U* = (u;k);{k:l =T defined by

u;k:TkW j?ke{la"'ad}v

Let us recall the following fundamental result.

Proposition 8.9. Assume that U € My(C). Then the following conditions are equivalent.

(i) ({Uz,Uy)ca = (x,y)ca for all x,y € CY
(ii) the columns of U form an orthonormal basis of C?;

(iii) the rows of U form an orthonormal basis of C%;
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(iv) UU* = Iy;
(U) U*U :Id.

Remark 8.10. Throughout this section we assume the following:

e H is a complex Hilbert space.
e Aj is a densely defined, closed, symmetric linear operator in H.

e There exist the boundary maps
{,,I_: D(A}) — C¢: the conditionb (8.1.2) holds }.

In particular, all boundary constructions are performed on D(A).

Definition 8.11. Assume Assumption 8.4. Let U € U(d). Define an operator Ay by

D(Ay) = {f € D(A5) : T4(f) = UT_(f)},
Apf = ALf.

(8.1.5)

Lemma 8.12 (Unitary boundary condition gives symmetry). Assume Assumption 8.4
and that U € U(d). Then Ay is symmetric.

Proof of Lemma 8.12. Let us choose and fix f,g € D(Ay). Using equation (8.1.2),
Ly (f) = UT_(f) and I'y(g) = UT'—(g), we obtain

(Aut,g) = (f, Avg) = [f, glag = =i((0+(F), T(@)ea = (T (/)T (9))cx)

= —i((UT-(f),UT-(g)) — ('-(f),T'~(9)))
= —i((T-(f),"-(9)) = (T-(f),T'~(9))) =0,

by item (i) of Proposition 8.9, since U is unitary. Hence

<AUfag> = <f7 AUQ)-

Since f and g are arbitrary elements of D(A), the result follows. O

Definition 8.13. Assume that X and Y be vector spaces. By direct sum X @Y we
understand the cartesian product X x Y, where every element (x,y) € X x Y is denoted

by x & y. This set in endowed with the standard operations

(71 D y1) + (22 @ y2) = (v1 + 22 D Y1 + Y2),

a(z1 ©y1) = (az1 © ayy)

foralla € Cand 1 By, 2o Py € X B Y.
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Proposition 8.14. Assume that X and Y be vector spaces. The the direct sum X &Y
1S a vector space.
If X and Y are finite dimensional vector spaces then the direct sum X @Y is a finite

dimensional vector space and
dim(X @Y)=dimX +dimY.
In particular, C¢ @ C¢ is isomorphic to C%.
Definition 8.15 (neutral subspaces are graphs of unitaries). Let
G:=CloC?

and equip G with the indefinite sesqui-linear, i.e. linear w.r.t. to the first variable and

anti-linear w.r.t. to the second variable, bilinear map
[]g:GxG—=C (8.1.6)

defined by
[l‘,y]g = <x+7y+>Cd - <x*’y*>(cd7 (8'1'7)

where z = (z4,2_) € Gand y = (y4+,y-) €G.

A linear subspace M C G is called neutral if and only if
[€,mlg =0 forall &n € M.

A linear subspace M C G is called maximal neutral if and only if it is neutral and not

properly contained in any other neutral subspace.

Exercise 8.16. Show that

[z + %,ylg = [z, ylg + [Z, g,
[,y + 3lg = [=,9]g + [z, 9lg,
laz,ylg = afz,ylg,
[z, aylg = alz, ylg,

for all z,y,Z,9 € G and o € C. Show that it is not true that for every x € G

[z,2]g =0 <= z=0. (8.1.8)
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Solution. Write x = (24, 2_), y = (yr,y_), 2 = (Z4,%_), 7 = (§,7_) € G = Cl g C%

Recall indefinite sesqui-linear form

[x,y]g = <x+ay+>(Cd - <‘/L‘*7y7>(cd’

where (-,-)ca is sesqui-linear, linear in the first argument and conjugate-linear in the

second.

Additivity in the first argument.

[v+2,ylg = (x4 + T4, y4) — (- + T, y-)
= ({@+,9+) w+,y+>) ({r—,y=) + (T, y-))
= ((z4,9+) —y-)) + (@4, y4) — (T-,9-))
= [z,ylg + [Z, ]g-

Additivity in the second argument.

[,y +Jlg = (T4, Y1+ + J4+) — (2, y— + 7-)
= ((z4,y4) + (24,94)) — (2, y-) + (2-,7-))
= [z,9lg + [z, Jlg-

Homogeneity in the first argument.

[OZCC,y]g = <C¥l‘+7y+> - <Oél‘_,y_>

= a(x+,y+) - O[<.%’_,y_> = OZ[I,y]g.

Conjugate-homogeneity in the second argument.

[z, aylg = (4, ayy) — (z— ay-)

= a<x+’y+> — a<$7,y7> = a[.%,y]g-

to disprove (8.1.8), we just need one non-zero vector z such that [z, z]g = 0.

Let z € C% be any non-zero vector and define

z:=(z2€G=ClpCl
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Since z # 0, we clearly have x # 0. Now compute

[w,a:}g = <ZﬂZ>Cd - <272>Cd
= [l = |I=?
=0.

Thus we have found a non-zero vector z satisfying [z, z]g = 0.

Therefore, the implication

[z,z]g =0 = =0
is false in general. I

Lemma 8.17 (Maximal neutral subspaces are graphs of unitaries). Assume that a linear

subspace M C G is maximal neutral. Then there exists a unique U € U(d) such that
M ={(Uzz): 2z e C%.

Exercise 8.18 (Maximal neutral subspaces are graphs of unitaries). Assume that U €
U(d). Define a set M by
M ={(Uzz2):zeC%.

Show that M C G is a linear subspace and it is maximal neutral.

Proof of Lemma 8.17. (Sketch following the text) Step 1: The coordinate projections 7

restricted to M are injective. Hence dim M < d.

Step 2: If dimM < 2, one can enlarge M while preserving neutrality, contradicting

maximality. Hence dim M = d.

Step 3: Since 7_ |y is bijective, define U : C* — C? by
& =(Uzz) e M.

Linearity follows from linearity of M. Neutrality implies
Uz, Uw) = (z,w),

hence U is unitary. Uniqueness follows immediately from representation (1.8). O

Assumption 8.19 (Boundary map is onto and has correct kernel). Assume that I'y,I'_

are boundary maps such that the map

= (y,T): DA - ClaC?
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is surjective and

kerI' = D(Ay).

Theorem 8.20 (Classification of self-adjoint extensions via U(d)). Assume Assumptions
8.4 and 8.19. Then

Part 1. For each U € U(d), the operator Ay defined by (8.1.5) is self-adjoint and satisfies

Ay C Ay CAS

Part II. Conversely, if A is self-adjoint and
Ay C AC A,

then there exists a unique U € U(d) such that A = Ay.

Remark 8.21. For every U € U(d) the operator Ay satisfies
Ay C Ay C AS.

In particular,
D(Ap) € D(Ay) € D(4p)

and
Ayf = Aof for f € D(Ay),

and
Ay f = Ayf for f € D(Ay).

Proof of Theorem 8.20. Part I: We want to prove that Ay is self-adjoint, i.e. Ay = Aj;.

From Lemma 8.12 we already know that Ay is symmetric, hence

Ay C A% (8.1.9)

It remains to prove the reverse inclusion

ECAU~

Let us choose and fix u € D(Aj;). Then, by definition of the adjoint operator, just proven
formula (8.1.9) and definition (8.1.1), we infer that

[u,v]az =0 for every v € D(Ay).
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Let us recall the Green identity (8.1.2)

[, 0] a5 = —i((D (w), T4 (0)) = (D (), T—(v))). (8.1.10)
Therefore we infer

(I'y(uw), Iy (v))y = (T'=(u),I'—(v)) =0 for every v € D(Ay).

Since by definition of Ay we have

't (v) = UT'_(v),for every v € D(Ay), (8.1.11)

we infer from (8.1.11) and (8.1.10) that

0=T4+(u),UT_(v)) — (T-(u),[_(v)). (8.1.12)
Using the unitarity of U, we rewrite
(T4 (), UT_(v)) = (U*T (u), T (v).

Hence (8.1.12) becomes

0=U"T4(u)—T_(u),I'_(v)) forallve D(Ay). (8.1.13)

Now let us choose and fix an arbitrary vector z € C?. By surjectivity of the boundary

map I, there exists v € D(A() such that

Then (8.1.11) holds, so
v € D(AU)

We note that in the above argument, it is sufficient to assume that the map I'_ is surjective.

Substituting I'_(v) = z into (8.1.13) gives

(U T4 (u) =T_(u),2) =0 forall ze C%

Therefore,
UTi(u) —T_(u) =0.
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Applying U to both sides yields

T (u) = UT_(u). (8.1.14)
By definition of D(Ay) defined by (8.1.5), equation (8.1.14) implies
u e D(AU)

Hence we have proved
D(Af;) € D(Ay).

Moreover, for u € D(Ajf;), we have
Aju = Aju = Ay,
since both operators are restrictions of A§. Combining this with (8.1.9), we conclude
Ay = Af.
Therefore Ay is self-adjoint.
Part II: Conversely, let us assume that A = A* is self-adjoint and
Ayg C A C A;.

Define
M =T(D(A)) c C¢ & C%, (8.1.15)

where
D(u) = (D (), T ().

Since D(A) C D(A}), by Lemma 8.21, the set M is well-defined.

Next we will show that M is neutral. For this aim let us choose and fix z,y € M. Then,
by the definition of the set M, there exist u,v € D(A) such that

and

We consider the indefinite form on the space G :== C? @ C? defined by (8.1.6) and (8.1.7).
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Using the Green identity, we compute:

[,ylg = (T (u), T (v)) = (T—(u), I (v)) = i[u, v] a5

Since u,v € D(A), A C A} and A is symmetric we infer that

[u,v]ag = (Agu, v) — (u, Agv) = (Au,v) — (u, Av) = 0.

Therefore,

[z,y]g =0 forall z,y € M.

what implies that M is a neutral subspace as claimed.

Since A is self-adjoint, it follows from Lemma 8.22 below, that M is maximal neutral.

By Lemma 8.17, there exists a unique unitary operator U € U(d) such that

M ={(Uzz2):zeC%. (8.1.16)

Next we need to prove that
A= Ay. (8.1.17)

Firstly, we will prove the inclusion
A C Ap. (8.1.18)

For this aim, let us take u € D(A). Then by definition of M, I'(u) € M, so by (8.1.16)
there exists z € C? such that

(D4 (u), T (u)) = D(u) = (U=, 2).

Hence, we deduce that

Therefore,

and so, by the definition (8.1.5) of Ay, u € D(Ay). Therefore, we infer that

D(A) € D(Ap). (8.1.19)
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If w € D(A), then Au = Aju because A C Af. Moreover, by just proved inclusion (8.1.19)

and the definition of Ay, Aypu = Aju. Hence, we infer that Au = Ayu. In this way, we

finished the proof of (8.1.18).

Secondly, we will prove the inclusion
Ay C A.

We begin by showing that
D(AU) C D(A)>

For this aim let us choose u € D(Ay). Then by (8.1.5), u € D(A{) and

Thus, by (8.1.16) with z =T'_(u),, we deduce that

(D4 (u), T (u)) = (UT—(u), T—(u)) € M.

By definition (8.1.15) of M, we infer that there exists v € D(A) such that

Therefore, by linearity of the map I' we infer that
I'(u—wv)=0.
i.e. u —v € kerI'. By Assumption 8.19,
u—v € D(Ap).
Since D(Ap) C D(A) and v € D(A) we deduce that
u=(u—v)+veDA).

Hence, we proved (8.1.21).

(8.1.20)

(8.1.21)

As before we can prove that if u € D(Ay), then Au = Afju. Consequently (8.1.20) follows.

Combining (8.1.18) and (8.1.20), we conclude the proof of equality (8.1.17).

The unitary operator U is unique by Lemma (8.17).

This completes the proof of Theorem 8.20.
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Lemma 8.22 (Self-adjointness implies maximal neutrality). Under the assumptions of

Theorem 8.20 we define a sesqui-linear map on G = C* @ C? by the following formula

(@4, 22), (Y+,9-)] g = (24, ¥+)es — (T, y-)co-

Let
M =T(D(A)) CG.

Then

(i) M is neutral, i.e.

&,mlg =0 forall&ne M.

(it) If A is self-adjoint, then M is mazximal neutral; equivalently,
M+ = M,
where M is defined by

Mt ={weG:|wg=0Vee M}

8.2 Application: A punctured third-order differential oper-

ator with a first-order term

8.2.1 Special case a =0

We consider the operator
A= —iD?— 3aiD.

In what follows, we study the special case a = 0. Let the Hilbert space be
H = L*(R). (8.2.1)
We study the following operator
Agu = (—iD)3u = —iD%u = —iu®. (8.2.2)
Its domain is defined by

D(AO) = {u € LQ(R) : u|(0,oo) S H3(0700)7 u|(—oo,0) € H3(_0070)7

and u(0+) =u(0-) =0, w'(0+) =v/'(0-) =0, w’(0+) =u"(0-) =0}.
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This operator Ag is not the same as operator A; defined at the beginning of subsection
5.4.1. Indeed, they have different domains. Moreover, this operator Ag is equal to the
closure of operator Aj, see Proposition 5.33. Hence the adjoint of this new operator Ay is
equal to the adjoint operator A; defined at the beginning of subsection 5.4.1. So we have

the following results, see Proposition 5.36 for the latter.

Proposition 8.23. The operator Aq defined by (8.2.2) is symmetric, closed, and densely
defined.

Lemma 8.24. The adjoint domain s
D(A5) = {u € L2(R) : uf(g,00) € H*(0,00), tl(_oo0) € H}(~00,0)},

and

Abu = —iu® = —iD3u.

8.2.2 Diagonalized boundary maps

Define boundary maps for u € D(Af) as follows

( (04)),

w00,

i%\ %\

ri(u) =

Define boundary operators I'}. by the following formulae

(u) | € C?, (8.2.3)

0
9

I (u) = [ r9u) | € C. (8.2.4)
0

It will become clear from later where do these operators come from.

Proposition 8.25 (Third order Green identity). For all u,v € D(Af), then

(Afu, v) 2 = (u, Ago) e = =i (W (,0) = WO(u,v)),
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where the bilinear boundary maps WY are defined by
WY (u,v) = " (0£) v(0%) — o/ (0£) v'(0%) + u(0+) v (04). (8:2.5)
Remark 8.26. Note that if u,v € D(Af), then

(TS (), TG (v))es — (T2 (u), T2 (v))es = WY (u,0) = W2 (u, v),

Proof of Remark 8.26. Let us choose and fix u,v € D(Aj). Recall the definitions (8.2.3)
and (8.2.4). Since the inner product in C? is defined by

(,9)cs = 211 + 2Y2 + 2373, (8.2.6)

Therefore, by the definitions (8.2.3) and (8.2.4) of the boundary operators T'Y. we infer
that

Comparing (8.2.7) and (8.2.8), we obtain
(TG (u), TG (0)es — (T2 (w), T (v))es = W (u, v) = W2 (u, v).
The proof of Remark 8.26 is complete. O

Before we embark on a proof of Proposition 8.25, we will formulate and prove a corre-

sponding result for first order operator.
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Exercise 8.27 (First order Green identity). If f,g € D(A{), then
(=iD)f.g) — (f.(=iD)g) = —i( ~ F(0+)g(0+) + f(0-)g(0-)). (8.29)

Solution of Exercise 8.27. Let us choose and fix f,g € D(A{). Then

:—il/ Fla d:1:+/ fla ] (8.2.10)
Integrating by parts on (0, 00) and on (—o0,0) yields

/000 J'(@) g(@)da = [f(@)g(a)]  ~ /OOO f(z) ¢'(z) de. (8.2.11)

and

/_Ooo 1) g(e) d = [f(x)@}(ioo - /_OOO f(x) g (z) da. (8.2.12)

Substitute (8.2.11)—(8.2.12) into (8.2.10):

(~iD)f.g) = —z’([f(x)g(w)]zo - [ t@) 9@
-0

[ i@ as).

Using the (vanishing) limits at infinity, we keep only the boundary terms at 0+:

— 00

— f(0+)g(0+) + f(0—-)g(0—-).

Hence,
(=iD)f,g) = = i( = F(0-+)g(0+) + f(0 ><o—>)

—i—z(/ dx—i—/ fla i

:—z< £(0+)g(0+) + £(0-)g(0 )) +/ f(z) ig'(x) dw.

— 00

Since

- [t i@
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we deduce (8.2.9) as claimed. O
We are now ready to prove Proposition 8.25 as follows.

Proof of Proposition 8.25. Let us choose and fix u,v € D(Af). We compute

LHS = (AZu, v) — (u, ASw) = / Y (i (2))o(a) de — / Y (@) (—io® (@) da

— 00 —00

o) 0
_ / (=) u® () o(x) da + / (=) u® () o(x) da
0 —00

oo 0
—/0 u(z) (i) v®) () da:—/_oo u(x) (i) v® (x) d.

Using Integration by part, we infer that

LHS = (—1) [/OO D(D?u(z)) v(x) dz + /_Ooo D(D?*u(z)) v(z) dz

0

4 /0 ~ u(z) D(DPo(@)) da + /_ Ooo u(z) D(D%o()) dx]

= (=) || - /OOO D?u(zx) Dv(z) da |+ D*u(x) m‘

- /0 D2u(z) Do) da |+ D?u(x) o(@)

/O‘OO Du(z) D%o(z) dz | + u(@m!

0 - -5 |0

Applying integration by parts again we get

/ D?u(x) Dv(z da:—/ D?u(x) Dv(z) dzx

o

— || [ Dute) D?u(z) dz | - Dutw) Dof)]]

+/_OOO Du(x) D?o(z) dzr| Du(a:)Dv(x)‘ooo].
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Hence the blue terms cancel with the green ones and therefore we get

oo — 0
LHS = (—i) [ D?u(z) v(a:)’o + D%u(x) v(m)‘ioo
+ u(e) DR + ulx) D%u(z)|

— o0

— Du(z) m'? — Du(z) DU(CU)‘OOO]

D?u(x) v(x)‘oo = lim D*u(z)v(z) — lim D?*u(z)v(z) = —u”(04+)v(0+).

0 T—00 z—0+

and
D?u(x)v(@)|__ = lim D*u(z)v(®) - lim_D?u(z) v(w) = u"(0-)o(0-)
Similarly
u(e) DPo(a)|;” = Jim u(a) v7(a) ~ Jim u(e) o) = — u(0+) V05,
u(e) DPo(@)|” = lim u@) @) — lim_u(e) v'(z) = u(0-) 0-).
~ Du(a) Dofa)| " = —( Jim (@) V(@) — lim o/ () v'(x)) =/ (04) v'(0F),
— Du(@) Do(@)|”_ = —( lim /(@) 7@) — lim /() V(&) = = v/(0-) v0-).
Therefore

LHS = (=i)[ = u"(0+)0(0F) + " (0-)(0-) — u(0+)v"(0+) + u(0—)v"(0-)

+ 4/ (0+)v'(0+) — o' (0—)v'(0—)|.

Collecting the terms corresponding to 0+ and the terms corresponding to 0—, we obtain

LHS = —i [(u”(()—i—)v(()—i—) — o/ (04)v'(0+) + u(0+)v"(0+))

— (u"(0=)o(0=) — ' (0=)v'(0-) + u(0-)v"(0-))] .

By the definition of W2 (u,v) in (8.2.5), we obtain
LHS = —i(Wﬂ(u, v) — WE(u,v)).

The proof of Proposition 8.25 is complete. O
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Using Remark 8.26, we deduce the following corollary.

Corollary 8.28 (Green identity-2). If u,v € D(A}), then

(Aju, vy 2 — (u, Ajv) 2 = —i((Fg(u), Fg(v)>(c3 — (I (w), 1% (v)>C3>.
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8.2.3 General Case o € R

We assume that a € R. We put H := L?(R) as in (8.2.1). Define the densely defined
operator A, o by

D(Ay) = C5°((—00,0) U (0,0)),
(Aa0) = Cg°(( ) U (0,00)) (8.2.16)
Aqou = —iu® — 3aiu.

We can prove as in earlier parts of the thesis the following result.

Proposition 8.29. The operator Ano defined by (8.2.16) is symmetric and densely de-
fined.

We now describe the adjoint operator as follows.

Lemma 8.30. The adjoint of A7, is

D(A} ) = Hio((—00, 0] @ Hjp,[0,00)). (8.2.17)

and
Afgu = —iu® — 3aid’  on R\ {0}, (8.2.18)
Proof of Lemma 8.30. This results was proved earlier. O

Lemma 8.31 (Closure of A, ). The closure Ao of Ao is characterized as follows.

D(Aup) = {u € D(A% ) : u(0+) = u/(0+) = u”(0+) = 0}.

Proof of Lemma 8.31. This results also was proved earlier. O

Proposition 8.32 (Green identity). There exists boundary maps

pa,+(f)
Lo+ :D(ALG) D f | ga(f) | €C (8.2.19)

Ta,f(f)

and

Qa,-l-(f)
Lo :D(AL) D fr | ras(f) | €C° (8.2.20)

pa,—(f)

such that for all f,g € D( 370);

(Anof. )12 — (£ Ano9)z2 = ~i (Lot (). Tar(@)es — (Lo (£). Ta(9))cs ). (82:21)
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Remark 8.33. We will see during the proof that these maps are of the following form.
For u € D(A} (),

Pa, (1) =/ Ao+ , (8.2.22)
BTN
Aa—u(0+) +u” (0+
Got(u) = /= Aa - 2 04) + w7(05) (8.2.23)
14+X2
T+ (u) = u'(0%), (8.2.24)

where A, + are defined as follow

(8.2.25)

Note that for o = 0, we have

+2
AOZ\/QOK2+4:2, )\Ovi:7:i1

Proof of Proposition 8.32. We choose and fix f,g € D(A}, ). Using (8.2.18), by Proposi-

tion 8.25 and Exercise 8.27 we have

LHS = (A} of,9) = (f, Ay og) = ( —iD*f,g) — (f,—iD*)
+3a[(~iDf,g) - (f,~iDg)] (8.2.26)
= —i[WO(f.9) = WO, 9) + 3a( = F(0+)9(0+) + f(0-)g(0-))].
where the maps WY have been defined in (8.2.5). Next we introduce

WE(f,9) = £(0£) g(0£) — f'(0+) g'(0+)

+ f(0£) ¢"(0£) + 3o f(0£) g(0%).

(8.2.27)

Combining (8.2.26) with (8.2.5) we get

(Anof.9) = (. Abog) = —i(WE(F.9) = W2(£,9)),

Let us put

_ [ f(O0£) 2
v (f) = (f”(Oi)) €C?  feD(Aap)
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In view of Lemma 8.30, the maps vy are well define, where B, is 2 X 2 matrix defined by

3a 1
B, = .
Observe that the first, third and fourth terms in (8.2.27) combine as

f7(0x£) g(0%) + f(0+£) g”(0£) + 3af (0+) g(0+) = (Bavs(f), v+(9))c2. (8.2.28)
Indeed, we have

(Bave(f). velg))

Il
T
w
= 0
[

f(0x) g(0=%) >
0/ \f"(0x)] \g"(0+)
< 3af(04) + f7(04) g(0%) >
fF(0+£) \g"(0%)

= 3af(0£)g(0£) + f"(0£)g(0£) + f(0£)g"(0£).

Let us observe that B, is a real symmetric matrix. Hence by linear algebra it admits an

orthonormal basis of eigenvectors. To find this Its characteristic polynomial of B,

3a—X 1
det(By — M) = det
1 -

=Ba—-A)(=A) -1
=A% — 32\ — 1.
Hence the eigenvalues are given by formula (8.2.25). Notice that

Mam <0< At

Eigenvectors corresponding to these eigenvalues are proportional to

Moreover,

lea s> =X +1,  lea |> =X _+1. (8.2.29)

Since B, is symmetric, by linear algebra, these eigenvectors are orthogonal. We can check

this directly.
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9a? — A2
<ea+aeo¢,—>:>\a+}\a’_+1:u+1
b 5 4
9a% — (9a% 44 _4
_ Yo (4a+)+1:4+1:1+1:0.

After normalization, they form an orthonormal basis of C?, i.e. the normalized eigenvec-

tors are as follows

o~ ea =+ ~ ea —
e =" € = —> 8.2.30
= Teail T Tea ] (8.2:30)

Let x = (x1,72), ¥y = (y1,%2) € C2. Using the ONB (8.2.30) we have
T =ZTa+ Cat + Ta,— Ea,—, Ta+ = (T,€a+)c2, Ta,— = (T,€a,—)cC2,
and similarly

Y = Yo+ €a+ + Ya,— Ca,—, Yo+ = (U, €at)c2r Ya,— = (Ys€a—)c2-

Using (8.2.29), (8.2.30) and the sesqui-linear inner product (8.2.6) in C2, we can compute

a2+ = y Ca4+/)C2 = y T
T2/ 14+ X2,

1
e (a1t 29), (8.2.31)

V1+AZ

(CQ

Similarly,

T o <x 2 > o Tl 1 /\a7_
o,— — y Ca,—/)C2 = o ’ m 1

1
= — ()‘047—'%'1 + iL'Q) . (8'2'32)

I+

Using orthonormality by linear algebra, we deduce that

(CQ

(Ba,y)c2 = Ao+ Ta+Ya+ T Aa,— Ta,—Ya,—- (8.2.33)

Since Aq,+ > 0 and A\, — < 0, we can define

Pa(T) = \/ Aot Ta,+) Ga(z) = \/ —Aa,— Ta,—»
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Hence we infer that with this notation formula (8.2.33) becomes

(Ba,Y)c2 = Pa(®) Pa(y) — ¢a(T) ¢a (). (8.2.34)

Next recall that

_ ([ f(0£) _ ( g(0%)
v(f) = <f,,(0i)> eC?  wvi(g) = (g,,(()i)> e C?

Case 1. We consider first the (+) case. Put

— _ (0 — _ [ 90+)
ri=vi(f) = (f”(()-i-)) e C?, y=uv4(g) = (g”(0+)> e

Define for f € D(A} ()

Pa+(f) = pa(vi(f));  da+(f) = ga(vs(f))

Hence we have for g € D(A}, ()

Pa.+(9) = Pa(v(9)),  da+(9) = dal(v1(9))

Then formula (8.2.34) becomes

(Bav+(f);v+(9))c2 = Pa+(f) Pa+(9) = Qo+ (f) da,+(f)-

Case 2. Next we consider the (—) case. Put

— _ ([ f(0=) 2 — _ [ 9(0-) 2
r=v_(f)= (f”(O—)> e C7, y=v_(g) = (g”(O—)) e C-.

We now define
Pa,—(f) = pa(v-(f)), Ga,-(f) = qa(v-(f))

and deduce that
pa,—(Q) = pa(U—(g))a qu,—(9) = QCX(’U—(Q))

As in the Case 1, Then formula (8.2.34) becomes

(Bav—(f),v-(9))c2 = Pa.—(f) Pa,~(9) = o~ (f) o, (f)-

The two formulae obtained in Cases 1 and 2 can be written in a compact form as follows.
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(Bav+(f),v£(9))c2 = Pa,(f) Pax(9) — Ga,=(f) Go,+(9)-

Using formulae (8.2.31) and (8.2.32) we get the following explicit formulas

Ao+ f(0£) + f7(04)
a = )\OL — Aa ’ ,
Paz(f) \/iwl’jE \/i 1+ A2,
Aa,— f(0£) + f"(04)
qa;‘:(‘f):\/xe’i:\/x ’ )
L+

and the same with f replaced by g.

Note that these formulae agree with (8.2.22) and (8.2.23).

It follows from (8.2.27), (8.2.28) and (8.2.24) that

WE(f,9) = p£(fp£(9) — ax(f)gx(g) — r+(f)r=(g)-

Using formulas (8.2.19)—(8.2.20), we obtain

WE(f,9) =WE(f,9) = Cat (f); Ta4(9)) = (Pa,— (), Ta, - (9)), (8.2.35)
and substituting (8.2.35) into (8.2.27) gives (8.2.21). The proof is complete. O
Lemma 8.34 (Kernel and surjectivity of (I'a,+,a,—)). Let

Ig = (Fa+,Ta): D(A%y) — C o C°.

Then
kerI'y = D(Anyp),

and 'y is surjective.

Proof of Lemma 8.34. Kernel. If I'y(u) = 0, then by formulas (8.2.19) and (8.2.20),
p+(u) = g+ (u) = r+(u) = 0.
By these formulas (8.2.22) and (8.2.23)

(u(0=£), u"(0£)) = (p=(u), ¢x(u))
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is invertible. Indeed, if we replace (u(0+),u”(0+)) with (z,y), is equal to the follows one
o2 5 (\/(T+ Aot T+Y F aa:+y>'
Since the determinant of this map is non-zero, it is invertible. We infer that
uw(0+) =" (0£) =0
Moreover, by the definition of I'y +, and (8.2.24) we deduce that
r+(u) = 0= u/(0+) = 0.
Hence u € D(Aq0) by Lemma 8.31. The reverse inclusion is obvious.
Surjectivity. The trace map
tr: D(A% ) 3 u s (u(0+),4'(0+), u” (0+),u(0-), v’ (0-),u"(0-)) € C°,

is surjective.

We choose two functions ni € C§°(R4), where
Ry =0, 00), R_ = (—00,0],

such that
ne(z) =1 for xz € [0,1], n-(x) =1 for x € [-1,0].

We define (bki, k=1{0,1,2} by

, >0,
o (z) =
0, x<0,
B 0, >0
o (z) =
1, <0
xn+(x)a x>0
o7 (x) =
0, z <0
7 0 x>0,
on (v) =
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77]4’(%)7 X 2 07
¢ () = { 2
0, z < 0.
B 0 x>0,
¢, (x) = 2
?774_(@, x < 0.

It follows from the formula (8.2.17) that each of those six functions belong to D(AZ

Moreover, note that

¢y (z) —
z—0

lim
x—0~

(61)'(0-)

The behaviour of these functions near the origin is illustrated in Figure 8.1.

2

Pq

o}

S

F1cURE 8.1: The functions gbji. The functions d)j' (blue) are supported on R and vanish
on R_, while ¢ (pink) are supported on R_ and vanish on R,.

We note that

From Table 8.1, we obtain

tr(¢g) = (1,0,0,0,0,0),  tr(¢7)=(0,1,0,0,0,0),  tr(¢3)=(0,0,1,0,0,0)

tr(d)E) = (0’0707 _170’0)7 tr(gbl_) = (07070>O> _170)7

tr(¢2_) = (07 07 07 Oa Oa -

0)-

)

1).
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0*-values 0~ -values

(Z5 ¢/ ¢// (ZS ¢/ ¢//
da 11001 0 0
7o 1] 01 0 0
oflojo] 1] o0 0
g lolol] ol -1 0
srlofoflol o]-1]0
o5 lojlofol o] o |-1

TABLE 8.1: Boundary values of gb(jf, gﬁli, ¢2i under the boundary map tr.

So the range of tr contain the vectors form a basis of C%. Therefore, by linear algebra the

boundary map I'y, is surjective. O

We conclude this section by formulating the following result on the parametrization of

self-adjoint extensions of A, by U(3).

8.2.4 Self-adjoint extensions

Theorem 8.35 (Self-adjoint extensions parametrized by U(3)). For every U € U(3)
define

D(Ay) == {u € D(A%) : T () = UTo ()}, Agu = AL gu.
Then Ay is self-adjoint and satisfies
Aa’() C AU C AZ,O'

Conversely, if A is self-adjoint and Aqo C A C Aj g, then there exists a unique U € U(3)
such that A = Ay.

Proof of Theorem 8.35. Proposition 8.32 provides the Green identity for the operator

o0 and therefore coincides with Assumption 8.4.

Moreover, by Lemma 8.34, the boundary map I', is surjective. This follows from the
explicit construction of the functions gZ)Oi, qﬁ{c, qbéc € D(A}, ), whose boundary values form
a basis of C®. Consequently, the range of I',, coincides with C%, and hence Assumption
8.19 is satisfied.

Furthermore, again by Lemma 8.34, we have

ker Fa = D(Aag).
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Therefore, all the assumptions of Theorem 8.20 are fulfilled, and the claim follows. In

particular, every unitary matrix U € U(3) defines a self-adjoint extension Ay via

D(Ay) ={ue D(AZ’O) ‘Lot (u) =Ulg,—(u) }, Apu = A;OU,

Conversely, every self-adjoint extension A such that
Appo CAC A;}O

is of this form for a unique unitary matrix U € U(3). O

This shows that all self-adjoint extensions of A, ¢ are completely determined by boundary

conditions at the origin encoded by a unitary matrix U € U(3).

8.3 Some remarks

In this section, we conclude the chapter with some remarks on the relation between the
results obtained in this thesis and related results in the literature. In particular, we discuss

the connection with the work of Mugnolo, Noja and Seifert [32].
Remark 8.36. In particular, Lemma 2.1 of [32] treats the operator

d3 d
B P E
on the positive and negative half-lines. The authors obtain deficiency indices (1,2) on
(0,00) and (2,1) on (—o0,0), respectively, and consequently show that the corresponding

symmetric operators on a single half-line have no self-adjoint extensions.

The homogeneous third-order operator studied in Chapter 5 is the special case in which the
first-order coefficient vanishes. Thus, the deficiency index computations in Theorem 5.17
and Corollary 5.19 agree with the corresponding half-line results of [32]. Likewise, the
third- and first-order operators studied in Chapter 6 belong to the same Airy-type class
considered in [32]; in particular, the half-line deficiency indices obtained in Theorems 6.22
and 6.37 are consistent with their results. Moreover, for the operator on the punctured

line, the equality of the deficiency indices,
nyg =n_ =3,

obtained in Theorem 6.56 is also consistent with the observation in [32] that the direct

sum of the two half-line operators has deficiency indices (3, 3).
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The approach taken in this thesis is, however, different in several respects. In [32], the
adjoint on each half-line is obtained directly and the deficiency equations are analysed
by what the authors describe as a “tedious but elementary computation”. In the present
thesis, the domain of the adjoint is characterized in a more general one-dimensional setting
using weak derivatives and elliptic regularity, following the framework of [36]; see, in
particular, Lemma 6.3 and its proof. Our approach will enable us to study operators of

any order and this will be presented in a following publication.

This provides a systematic adjoint-domain characterization that is then used throughout
Chapter 6 for the real line, the half-lines, and the punctured line. In particular, we avoid
a mistake made in [32], see paragraph “Extensions of Ay generating unitary groups”
on page 1634, where the authors claim that roughly speaking the domain of the adjoint
operator consists of functions belonging to the Sobolev class H3(0, 0o), while in the correct

statement is, see Proposition 6.7, it should be HJ ([0, 00)).

Accordingly, the half-line deficiency-index results and the fact that the direct-sum operator
has equal deficiency indices should be regarded as known results consistent with [32]. The
contribution of the present treatment lies in the detailed operator-theoretic derivation
used here, including the weak-derivative and elliptic-regularity characterization of the
adjoint domain and its subsequent application within the framework developed in this

thesis.



Appendix A

Tables

A.1 Boundary values at 0+ for H,.

Define for convenience:

211, .3 1 3 1 /3
A::%[(§+z§)—)\(§—z%)}, B =} —i¥,
2 302 2 : 2
Bim |G -G -o)] P (3o
u—values u'—values u'—values
&1 & & | & e e e [eyl e
ot V2 0 0 —/2 0 0 V2 0 0
2
0~ 0 —(1 =X 1 0 A B 0 E F
\/g( )

TABLE A.1: Boundary values of €1, é5, €3 and their first and second derivatives at 0+.

A.2 Boundary values at 0+.
Evaluating the above expressions at # = 04 (so that e® = 1), we obtain the boundary

constants

D= f{(0+),  C:=f3(0+),  F:=f

Define for convenience:
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Fim(<3+i9) 6= —[(-4-0f) -A(-4+f) ]
u—values u'—values u~values

fi f2 BINATAB B IR A
0+ 1 (1-=X) | 0 D | C 0 F | G 0
0— 0 0 V2 U0 0 | V2 0 0 | v2

TABLE A.2: Boundary values of f1, f2, f3 and their first and second derivatives at 0+.

A.3 Boundary values v(0+), v'(0+), and v”(0+).

From Tables A.1 and A.2, the boundary values of the basis of H, are

€1 €2 €3
v(0+) | V2 0 0
v'(04) | —V2 0 0
0" (0+) 2 0 0

p)

v(0—) 0 7 (1-X) |1
v'(0-) 0 A B
V"(0=) | 0 E F

TABLE A.3: Boundary values of €1, &3, €3 and their first and second derivatives at 0+.

A.3.1

where, for convenience, we put

A= (i) -2 -i9)].
:l_iﬁ

2 2
B (b 08) (- 08))

For the basis of H_ we have
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bil , f f3
v(0+) | 1 ﬁu -\ 0
v'(0+) | D C 0
v"(0+) | F G 0
v(0—) | 0 0 V2
v'(0-) | 0 0 V2
v"(0=) | 0 0 V2

TABLE A.4: Boundary values of f1, f2, fs and their first and second derivatives at 0+.

where

= -1 +i¥,
C:= jﬁ (-3 i) - A(-§+)],
0= 2o (=) a3+ )

Remark A.1. Let us emphasize that all these seven constants A — GG depend only on A,
and A\ depends on the choice of the ONB €1, €2, 3 of the space H,. Hence these constans
depend on this choise of the ONB of H..

U= ug + 8161 + 8282 + 8383 + t1 f1 + tafo + t3fs. (A.3.1)
We use Tables A.3—-A.4 to compute

uw(0+), o'(0+), u”(0+), w(0-), 4/ (0-), u"(0-).

By Proposition 5.33, since ug € D(A1), we infer that

up(0+) = u((0+) = ug(04+) =0 and  up(0—) = uj(0—) = ui(0—) = 0.

Hence only u, and I'uy contribute to the boundary values.
Boundary values u(0+). Using the equation (A.3.1) and Tables A.3—-A.4, we have

u(0+) = 5161 (0+) + 52é2(0+) + 53é3(0+) + tlfl (O—I—) + t2f2(0+) + t3f3(0—|—)

2
(1 —=X)ta,

=251+t 4+ —
1 1 \/g
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and similarly

2
uw(0=) = —=(1 — \) so + s3 + V213.
( ) \/g( ) 2 3 3
Thus,
2
U(0+) :\/581-}-7514- (1—)\)t2,
V3
(A.3.2)
W(0=) = (1= A) 5o+ 55+ V21
/3 3 3.
Boundary values u/(0+). Using the same previous tables,
u'(04+) = —V2s1 + Dty + Cty,
(A.3.3)
u'(O—) = A52 -+ BSg =+ \/th.
Boundary values u”(0+). Again from Tables A.3-A 4,
u"(0+4) = V251 + Ft1 + G,
(A.3.4)
u"(0—) = E sy + F s34+ V2ts.
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