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Abstract

This thesis is devoted to the study of self-adjoint extensions of certain symmetric dif-
ferential operators. Such operators play a fundamental role in functional analysis and
mathematical physics, as they describe observables and generate well-defined dynamics.

We investigate both classical and new examples of symmetric, or formally symmetric,
differential operators on the real line, half-lines, and punctured domains. In particular,
we analyse first-order and second-order operators, and introduce new classes of third-order
homogeneous and inhomogeneous differential operators, as well as systems of differential
operators.

For each class of operators, we determine the deficiency indices and use them to charac-
terize the existence of self-adjoint extensions. Whenever such extensions exist, they are
described in terms of boundary conditions or parametrized via unitary maps between the
corresponding deficiency subspaces.

A key aspect of this work is the establishment of an equivalence between different operator
formulations. This allows us to transfer results from one problem to another, providing
a unified framework in which properties that are difficult to analyse for a given operator
can be deduced from a related one.

While classical methods based on boundary conditions are effective for lower-order op-
erators, they turn out to be insufficient in the case of third-order differential operators.
To overcome this difficulty, we adopt an alternative approach inspired by the theory of
point interactions and singular perturbations. This requires the development of auxiliary
results, some of which are established here for the first time.

Using this approach, we obtain a complete characterization of all self-adjoint extensions for
several classes of third-order differential operators on punctured domains. These results
constitute the main contribution of the thesis.
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Chapter 1

Introduction

1.1 Overview

The subject of this thesis is the theory of self-adjoint extensions of certain symmetric
operators. Self-adjoint operators play a fundamental role in functional analysis and quan-
tum mechanics, as they describe observables and generate unitary dynamics. From the
theoretical point of view, this work is mainly based on the classical framework developed
in the monographs by Reed and Simon, see [35, 34], and also on the theory of linear
operators in Hilbert spaces, see [4, 3].

The mathematical tools used throughout this thesis rely heavily on functional analysis,
Sobolev spaces, and partial differential equations; see, for instance, [36, 29, 1, 20, 25, 2,
18, 28]. Additional background on real and complex analysis can be found in [38, 37, 17].

In the physics literature, self-adjoint extensions appear under the name of point interac-
tions, and they have been extensively studied by many authors. A systematic treatment
of such models is given in [15, 16], while further developments and applications can be
found in [14, 6, 7, 8, 9, 11, 12, 10, 13, 5]. These works provide important connections
between operator theory, stochastic analysis, and mathematical physics.

The objective of this thesis is to analyse both classical and new examples of symmetric,
or formally symmetric, differential operators. We begin by studying well-known cases,
including first-order and second-order differential operators, considered on the full real
line, on half-lines, and on punctured domains.

We then investigate new classes of operators, namely third-order homogeneous and inho-
mogeneous differential operators, again on the full line, half-lines, and punctured lines.
Furthermore, we extend the analysis to systems of differential operators.

1



Introduction 2

In all these cases, we determine the deficiency indices of the operators and use this infor-
mation to decide whether self-adjoint extensions exist. Whenever such extensions exist,
they are characterized by means of a fundamental theorem from extension theory, see [34],
which establishes a correspondence between self-adjoint extensions and unitary maps be-
tween the positive and negative deficiency subspaces.

In several cases, we follow the classical method presented in [34], describing self-adjoint
extensions in terms of suitable boundary conditions. However, this method turns out to
be insufficient for the class of third-order differential operators considered in this thesis.

To overcome this difficulty, we adopt an alternative approach developed in the literature
on point interactions and singular perturbations, see [22, 23]. In order to apply this
method, we first establish the auxiliary results required for its implementation, some of
which were previously stated without proof.

We then apply this approach to study self-adjoint extensions of third-order homogeneous
differential operators, as well as operators involving both first-order and third-order terms,
under the assumption of formal symmetry on punctured domains. This leads to a complete
characterization of all self-adjoint extensions in terms of boundary conditions.

These results constitute the main and most advanced contribution of this thesis. A more
detailed account of these results can be found in [23] and [22].

After submission of this thesis, we became aware of the paper by Mugnolo, Noja and
Seifert [32], which studies Airy-type operators closely related to those considered in Chap-
ters 5 and 6. In particular, the half-line deficiency-index results that overlap with [32]
are regarded here as known results, whereas the contribution of the present treatment lies
in the operator-theoretic derivation and the adjoint-domain characterization developed in
this thesis. A detailed comparison between their results and those obtained in this thesis
is presented in Remark 8.36 in Chapter 8.

It is worth pointing out that our approach is motivated by the paper [22] in which the
whole class of self-adjoint extensions of one-dimensional Dirac operators on what is nowa-
days called the punctured real line is determined.

1.2 Thesis Structure

This thesis comprises eight chapters, including the introduction, which are described as
the follows:



Introduction 3

Chapter 2 provides the necessary mathematical background for this thesis. It reviews
key concepts and results from Sobolev spaces, spectral theory of bounded and unbounded
operators, and the theory of adjoints and self-adjoint extensions.

The chapter also includes a discussion of unitary operators, ellipticity in one-dimensional
domains, and properties of closed and closable operators. Relevant remarks and results
that are used later in the thesis are highlighted throughout.

Chapter 3 is devoted to the study of first-order differential operators. We begin by
analysing the operator on a bounded interval, where all self-adjoint extensions are ex-
plicitly characterized using classical results.

We then consider the first-order differential operator on the punctured real line. In this
setting, we study the symmetry and determine the adjoint operator. We also compute
the deficiency indices and describe the corresponding deficiency subspaces, which allows
us to characterize all self-adjoint extensions of the operator.

Chapter 4 is devoted to the study of second-order differential operators (the Laplacian).
We begin with the analysis of the operator on the real line, where we determine the
domain of the adjoint operator and show that the deficiency indices are equal to zero,
implying that the operator is essentially self-adjoint.

We then consider the Laplacian on the punctured real line. In this setting, we study
symmetry and determine the adjoint operator, as well as compute the deficiency indices.
We further analyse the closure of the operator, describe its domain, and investigate its
properties.

Finally, we obtain a complete characterization of all self-adjoint extensions using von
Neumann’s theory. In particular, the extensions are parametrized by unitary operators
in U(2) and described explicitly in terms of boundary conditions.

Chapter 5 is devoted to the study of third-order linear homogeneous differential operators
in several settings. We begin with the operator on the real line and determine its basic
properties, including symmetry, the adjoint, and the deficiency indices.

We then consider the corresponding operators on the positive and negative half-lines,
where the adjoint and the deficiency indices are analysed separately. After that, we study
the punctured real line, which forms the main part of the chapter. In this setting, we
investigate symmetry, the adjoint, the deficiency indices, and the closure of the operator.

The chapter also includes a characterization of the domain of the closure, the adjoint
of the closure, and the deficiency indices of the closed operator. Using von Neumann’s
theory, we obtain a complete classification of all self-adjoint extensions. These extensions
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are parametrized by unitary operators in U(3) and are further described explicitly in
terms of boundary conditions.

Finally, several concrete examples are presented to illustrate how the general theory ap-
plies to particular choices of unitary matrices.

Chapter 6 extends the analysis to third-order linear inhomogeneous differential operators.
We study these operators on the real line, as well as on the positive and negative half-lines,
where symmetry, the adjoint, and the deficiency indices are determined.

We then focus on the punctured real line, where we investigate the adjoint operator, es-
tablish trace-type results, and compute the deficiency indices. The closure of the operator
and its properties are also analysed.

Although the adjoint and deficiency indices can be characterized, the classical approach
based on von Neumann’s theory does not lead to a complete description of all self-adjoint
extensions in this setting. This motivates the introduction of an alternative method based
on abstract boundary formalism, which is developed in Chapter 8.

Chapter 7 is concerned with several equivalence results between different operator prob-
lems. We first establish unitary equivalences between scalar differential operators on
punctured domains and corresponding vector-valued operators on the half-line. This is
carried out for the Laplacian, first-order differential operators, third-order homogeneous
differential operators, and third-order inhomogeneous differential operators.

These equivalence results provide a unified framework that allows properties of one prob-
lem to be transferred directly to another. In particular, symmetry, density of the domain,
adjoint operators, closure properties, deficiency indices, and self-adjoint extensions can
be deduced in one setting from the corresponding results in the other.

The chapter then extends the analysis to systems of differential operators on the half-line.
We study systems of first-order differential operators, as well as systems of third-order
homogeneous and inhomogeneous differential operators. For these systems, we investigate
symmetry, closure properties, adjoint operators, and deficiency indices, together with the
corresponding results for their closures.

Chapter 8 introduces an alternative approach to the study of self-adjoint extensions, based
on abstract boundary formalism. This method is motivated by the limitations of the
classical von Neumann approach encountered in Chapter 6 for third-order inhomogeneous
differential operators.

The chapter begins with the abstract boundary framework, including boundary maps,
Green identities, neutral subspaces, and the general classification of self-adjoint extensions
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via the unitary group U(d). These abstract results are then applied to a punctured third-
order differential operator with an additional first-order term.

We first consider the special case α = 0, where the boundary maps and Green identity
are described explicitly. We then treat the general case α ∈ R, determining the adjoint
operator, the closure of the minimal operator, and the kernel and surjectivity properties
of the associated boundary maps.

Finally, we obtain a complete characterization of all self-adjoint extensions of the operator
in terms of boundary conditions, parametrized by unitary matrices in U(3). This chapter
contains one of the main results of the thesis.



Chapter 2

Preliminaries

In this chapter, we present the principal preliminary results and definitions from the
various areas of mathematics that are needed in the rest of the thesis.

2.1 Sobolev spaces

Definition 2.1. Assume that O is an open subset of R, e.g. the whole line R, the
positive half-line (0,∞), negative half-line (−∞, 0) or any open interval, or a union, finite
of infinite, of open intervals.

(o) Assume that p ∈ [1,∞). We say that u ∈ Lp
loc(O) if and only if u : O → C is Lebesgue

measurable and for every closed and bounded interval [c, d] ⊂ O

∫ d

c
|u(x)|p dx <∞.

If O = (a, b) with a < b ∈ R, then the condition [c, d] ⊂ O, which reads [c, d] ⊂ (a, b), is
equivalent to

a < c ≤ d < b.

Remark 2.2. It follows from the Hölder inequality [38, Theorem 3.5] that if 1 ≤ p ≤ q,
then

Lq
loc(O) ⊂ Lp

loc(O).

Definition 2.1. We use the notation from Definition 2.1.

(i) Assume that n ∈ N∗ := N \ {0}. Assume that u ∈ L1
loc(O). We say that function u is

n-times weakly differentiable if and only if there exists a function v ∈ L1
loc(O) such that

6



Preliminaries 7

for every ϕ ∈ C∞
0 (O) ∫

O
u(x)ϕ(n)(x) dx = (−1)n

∫
O
v(x)ϕ(x) dx. (2.1.1)

Proposition 2.3. If a function u : O → C is of Cn-class and u(n)(x) denotes the classical
n-th order derivative of u at x ∈ O, then obviously u ∈ L1

loc(O) and u(n) ∈ L1
loc(O) and u

is n-times weakly differentiable with the equality (2.1.1) satisfied with function v = u(n).
Hence, using the language and notation of the Proposition 2.12, if a function u is of Cn-
class (classically), then u is n-times weakly differentiable and the weak derivative is equal
to the classical derivative:

Dnu = u(n).

Proof. The proof follows by applying n-times the Integration by parts formula from [37,
Theorem 6.22].

Let us recall the following definition

Definition 2.4. [19, Definition 6.8]. Two functions v1, v2 ∈ L1
loc(O) are equal almost

everywhere if and only if there exists a set A ⊂ O with Lebesgue measure zero such that
v1(x) = v2(x) for all x ∈ O \A.
We also say/write that

v1(x) = v2(x) for almost all x ∈ O.

Equivalently, v1 = v2 almost everywhere if and only if the Lebesgue measure of the set
{x ∈ O : v1(x) ̸= v2(x)} is equal to 0.

2.1.1 Absolutely continuous functions

We recall the definition and some basic properties of absolutely continuous functions.
These properties will be used later in the characterization of the domains of adjoint and
closed differential operators. We recall the definition from [17, Section 6.11].

Definition 2.5. Let a, b ∈ R, with a < b. A function

f : [a, b] −→ C

is said to be absolutely continuous on [a, b] if, for every ε > 0, there exists δ > 0 such that,
for every finite collection of pairwise disjoint intervals

(ak, bk) ⊂ [a, b], k = 1, . . . , n,
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satisfying
n∑

k=1
(bk − ak) < δ,

we have
n∑

k=1
|f(bk)− f(ak)| < ε.

The space of all absolutely continuous functions on [a, b] is denoted by

AC([a, b]).

Remark 2.6. Every absolutely continuous function is uniformly continuous, and hence
continuous. However, the converse is not true in general.

The following characterization is particularly useful in the study of differential operators.

Theorem 2.7. Let f : [a, b] → C. Then f ∈ AC([a, b]) if and only if there exists a
function g ∈ L1(a, b) such that

f(x) = f(a) +
∫ x

a
g(t) dt, x ∈ [a, b].

In this case, f is differentiable almost everywhere,

f ′ ∈ L1(a, b),

and
f(x) = f(a) +

∫ x

a
f ′(t) dt, x ∈ [a, b].

Definition 2.8. Let I ⊆ R be an open interval. A function

f : I −→ C

is said to be locally absolutely continuous on I, written

f ∈ ACloc(I),

if
f ∈ AC([c, d])

for every compact interval [c, d] ⊂ I.

Remark 2.9. In particular, if f ∈ ACloc(I), then f ′ exists almost everywhere on I,
belongs to L1

loc(I), and
f(x)− f(y) =

∫ x

y
f ′(t) dt

whenever x, y belong to the same compact subinterval of I.



Preliminaries 9

Remark 2.10. For an interval I ⊆ R, a function f belongs to W 1,1
loc (I) if and only if

it has a representative which belongs to ACloc(I). For this representative, the classical
derivative agrees almost everywhere with the weak derivative.

2.1.2 Weak derivatives

We recall the standard definition of the weak derivative from [1, Definition 1.62].

Definition 2.11 (Weak derivative). Let O ⊂ R be an open set and let u ∈ L1
loc(O). We

say that u is weakly differentiable if there exists a function Du ∈ L1
loc(O) such that for

every ϕ ∈ C∞
0 (O) ∫

O
u(x)ϕ′(x) dx = −

∫
O
Du(x)ϕ(x) dx.

The function Du is called the weak derivative of u.

We also have the following result

Proposition 2.12. Assume that n ∈ N∗ := N \ {0}. Assume that u ∈ L1
loc(O). If

two functions v1, v2 ∈ L1
loc(O) satisfy the above condition (2.1.1), then v1 = v2 almost

everywhere. Hence we can write
Dnu := v

and call Dnu the weak derivative of order n of function u.

Proposition 2.13. If a function u ∈ L1
loc(O) is n-times weakly differentiable and 1 ≤

k < n, then u is k-times weakly differentiable and the weak derivative Dku is (n−k)-times
weakly differentiable. Moreover,

Dn−k(Dku) = Dnu almost everywhere.

The next result is a one-dimensional version of Sobolev embedding Theorem, see e.g. the
paper [28] by Jacques Simon.

Theorem 2.14. If a function u ∈ L1
loc(O) is n-times weakly differentiable, so in particular

Dnu ∈ L1
loc(O), then there exists a function ũ : O → C of Cn−1 class such that

u(x) = ũ(x) for almost all x ∈ O. (2.1.2)

Moreover, if a function u ∈ L1
loc(O) is n-times weakly differentiable and Dnu ∈ Lp

loc(O)
with p ∈ (1,∞), then the function ũ from the first part of Theorem, is of Cn−1 class and
the ũ(n−1) is locally Hölder continuous with exponent 1− 1

p .

Since Hölder continuity appears in Theorem 2.14, we recall the following definition.
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Definition 2.15. Let n ∈ N0 and let α ∈ (0, 1). A function f : [a, b] → C belongs to
the Hölder space Cn+α([a, b]) if f ∈ Cn([a, b]) and its n-th derivative satisfies the Hölder
condition of exponent α, i.e.,

|f (n)(x)− f (n)(y)| ≤ C|x− y|α, x, y ∈ [a, b],

for some constant C > 0.

Remark 2.16. The notation Cn+α([a, b]) is equivalent to the notation Cn,α([a, b]) used,
for example, in Adams and Fournier [1, Section 1.29].

Definition 2.17 (Locally Hölder continuous function). Let O ⊂ R be an open set and
let α ∈ (0, 1]. A function f : O → R is said to be locally Hölder continuous with exponent
α if for every compact set K ⊂ O there exists a constant CK > 0 such that

|f(x)− f(y)| ≤ CK |x− y|α for all x, y ∈ K.

An interesting question is what happens when O is an open interval and the spaces Lp
loc(O)

are defined in a slightly different way.

then there exists a function ũ : O → C of Cn−1 such that condition (2.1.2) is satisfied.

Definition 2.18. Assume that O is an open interval of R, i.e. one of the three following
forms

(i) O = (a, b) for some a < b ∈ R.

(ii) O = (a,∞) for some a ∈ R.

(iii) O = (−∞, b) for some b ∈ R.

Assume that f : O → C is Lebesgue measurable and p ∈ [1,∞). We say that u ∈ Lp
loc(O)

if and only if for every closed and bounded interval [c, d] ⊂ O,

∫ d

a
|u(x)|p dx <∞.

Moreover,

(i) We say that u ∈ Lp
loc([a, b)) if and only if for every closed and bounded interval [a, d] ⊂

[a, b), i.e. a ≤ d < b ∫ d

a
|u(x)|p dx <∞.
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We say that u ∈ Lp
loc((a, b]) if and only if for every closed and bounded interval [c, b] ⊂

(a, b], i.e. a < c ≤ b ∫ b

c
|u(x)|p dx <∞.

(ii) We say that u ∈ Lp
loc([a,∞)) if and only if for every closed and bounded interval

[a, d] ⊂ [a,∞), i.e. a ≤ d <∞ ∫ d

a
|u(x)|p dx <∞.

(iii) We say that u ∈ Lp
loc((−∞, b]) if and only if for every closed and bounded interval

[c, b] ⊂ (−∞, b], i.e. −∞ < c ≤ b],

∫ b

c
|u(x)|p dx <∞.

Remark 2.19. Let us point out that the definition of what it means that D3u ∈
L2((0,∞);C) is given in part (iii) of the Definition 2.18 above. The same comment
applies to condition D3u ∈ L2((−∞, 0);C).

The following result if obvious.

Proposition 2.20. In the framework of Definition 2.18, every space defined there is a
proper subset of the corresponding Lp

loc(O), i.e.

Lp
loc([a, b)) ∪ L

p
loc((a, b]) ⊂ L

p
loc((a, b)),

Lp
loc([a,∞)) ⊂ Lp

loc((a,∞))

Lp
loc((−∞, b]) ⊂ L

p
loc((−∞, b))

Proof. To show that the sets on left are proper subsets of the right we only consider the
case (ii) with a = 0 and p = 1. We will prove that a function f defined by

f(x) = 1
x
, x ∈ (0,∞),

belongs to Lp
loc((0,∞)) but it does not belong to Lp

loc([0,∞)).Indeed, if 0 < c < d < ∞,
then ∫ d

c
|f(x)| dx =

∫ d

c

1
x
dx = ln d− ln c = ln(d

c
) <∞

so that f ∈ Lp
loc((0,∞)) but, if 0 < d <∞, then

∫ d

0
|f(x)| dx = lim

ε→0+

∫ d

ε
|f(x)| dx = lim

ε→0+
(ln d− ln ε) =∞.

so that f /∈ Lp
loc([0,∞)).
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Example 2.21. If O is an open interval in R then it is of one of the four forms:

(i) O = (a, b) for some a < b ∈ R. Then O = [a, b].

(ii) O = (a,∞) for some a ∈ R. Then O = [a,∞).

(iii) O = (−∞, b) for some b ∈ R. Then O = (−∞, b].

(iv) O = R. Then O = R.

Hence, the second part of Proposition 2.14 in case (ii) can be written as follows.
If a function u ∈ L1

loc((a,∞)), for some a ∈ R, is n-times weakly differentiable, then there
exists a function ũ : [a,∞)→ C of Cn−1 class such that (2.1.2) is satisfied.
Note that function ũ satisfies the following.

(o) limx→a+ ũ(x) exists (and is denoted ũ(a+).

(i) If k ∈ {1, · · · , n− 1}, then limx→a+ ũ
(k)(x) exists (and is denoted ũ(k)(a+).

This definitions allow us to work with functions that may not be smooth but still have
well-defined derivatives in the weak sense.

In what follows we use the following assumption.

Assumption 2.22. We assume that O is an open interval of R.

Remark 2.23. This is a special case of the Sobolev embedding Theorem. Moreover, the
classical n− 1 order derivative of function ũ, i.e. ũ is locally absolutely continuous in the
sense of [38, Definition 7.17], see also Theorem 7.18 therein.
The above Sobolev embedding Theorem can be strengthened in the following way. If a
function u ∈ L1

loc(O) is n-times weakly differentiable, p ∈ (1,∞), then Cn−1 class function
ũ : O → C from above is locally Hölder continuous of order α < 1− 1

p , see [39].

Proposition 2.3 can be generalized using absolutely continuous functions as follows.

Proposition 2.24. If O ⊂ R is an open interval and a function u : O → C is of Cn−1-
class and u(n−1) is absolutely continuous, then obviously u ∈ L1

loc(O) and, by [38, Theorem
7.18], u(n)(x) exists for almost all x ∈ O and u(n) ∈ L1

loc(O), and then u is n-times weakly
differentiable with the equality (2.1.1) satisfied with function v = u(n), i.e.

Dnu = u(n).

Proof. The proof follows by applying n − 1-times the Integration by parts formula from
[37, Theorem 6.22] and then [38, Theorem 7.18].
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Definition 2.25. Assume that n ∈ N∗. If O ⊂ R is an open interval, then function
u : O → C belongs to Hn(O) if and only if u ∈ L2(O) and all weak derivatives Dku for
k ≤ n exist and belong to the space L2(O).

The following result can be proved (and is well known).

Proposition 2.26. If O ⊂ R is an open interval, then the space Hn(O) is a Hilbert space
endowed with the following inner product,

⟨u, v⟩Hn :=
n∑

k=0

∫
O
Dku(x)Dkv(x) dx.

In particular, space H0(O) is equal to L2(O).

The above mentioned Sobolev Embedding Theorem, i.e. Theorem 2.14, takes the following
form

Theorem 2.27. If u ∈ Hn(O) then ũ ∈ Cn−1+α(O) with α ∈ [0, 1
2) and Dn−1u is

absolutely continuous, and the map

Hn(O) ∋ u 7→ ũ ∈ Cn−1+α(O)

is linear and bounded.

Usually, the function ũ is identified with u and denoted simply by u.

Definition 2.28. If O ⊂ R is an open interval, then a function u : O → C belongs to
Hn

loc(O) if and only if u ∈ L2
loc(O) and all weak derivatives Dku for k ≤ n exist and belong

to the space L2
loc(O), see Definition 2.18.

Remark 2.29. Let us point out that if O is an open and bounded domain, then the
following two conditions are equivalent.

(i) u ∈ Hn(O),

(ii) u ∈ L2(O) and the weak derivative Dnu belongs to the space L2(O).

But this is not true when O is an open but unbounded domain.
On the other hand, if O is an open domain, then the following two conditions are equiv-
alent.

(iii) u ∈ Hn
loc(O);

(iv) u ∈ L2
loc(O) and the weak derivative Dnu belongs to the space L2

loc(O).
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The above definition needs to be generalized to the setup from Definition 2.18 in the
following way.

Definition 2.30. Assume that O is an open interval of R, i.e. one of the three forms
listed in Definition 2.18. A function u : O → C belongs to

(i) Hn
loc([a, b)) if and only if u ∈ L2

loc([a, b)) and all weak derivatives Dku for k ≤ n exist
and belong to the space L2

loc([a, b)).

(i’) Hn
loc((a, b]) if and only if u ∈ L2

loc((a, b]) and all weak derivatives Dku for k ≤ n exist
and belong to the space L2

loc((a, b]).

(ii) Hn
loc([a,∞)) if and only if u ∈ L2

loc([a,∞)) and all weak derivatives Dku for k ≤ n

exist and belong to the space L2
loc([a,∞)).

(iii) Hn
loc((−∞, b]) if and only if u ∈ L2

loc((−∞, b]) and all weak derivatives Dku for k ≤ n
exist and belong to the space L2

loc((−∞, b]).

It follows from the above mentioned Sobolev embedding theorem that

Theorem 2.31. if u ∈ Hn
loc(O) is then ũ ∈ Cn+ 1

2
loc (O). The function ũ is usually denoted

simply by u.
Similarly,

(i) if u ∈ Hn
loc([a, b)) then ũ ∈ Cn+ 1

2
loc ([a, b))

(i’) if u ∈ Hn
loc((a, b]) then ũ ∈ Cn+ 1

2
loc ((a, b])

(ii) if u ∈ Hn
loc([a,∞)) then ũ ∈ Cn+ 1

2
loc ([a,∞))

(iii) if u ∈ Hn
loc((−∞, b]) then ũ ∈ Cn+ 1

2
loc ((−∞, b])

In what follows we will identify ũ and write only u.

We have the following Corollary.

Corollary 2.32. Assume that O is an open interval in R, i.e. one of the three forms
listed in Definition 2.18. If u ∈ Hn

loc([a,∞)) or u ∈ Hn
loc([a, b)) then

(o) lim
x→a+

u(x) exists (and is denoted u(a+).

(i) If k ∈ {1, · · · , n− 1}, then limx→a+ u
(k)(x) exists (and is denoted ũ(k)(a+).

If u ∈ Hn
loc((−∞, b]) or u ∈ Hn

loc((a, b]), then
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(o) limx→b− u(x) exists (and is denoted u(b−).

(i) If k ∈ {1, · · · , n− 1}, then limx→b− u
(k)(x) exists (and is denoted ũ(k)(b−).

A special case is the following result.

Proposition 2.33. A function u belongs to H3
loc(O) if and only if the following conditions

satisfies

(α) A function u is of C2-class,

(β) The second order (classical) derivative u′′ is absolutely continuous, and hence classi-
cally differentiable at almost every x ∈ R belongs to the space L2

loc.

Example 2.34. The following definitions are equivalent.

(i) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and the weak derivative Du exists
and belongs to L2(R,C).

(ii) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u′ exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L2(R,C).

(iii) We say that u ∈ H1(R,C) if and only if the Fourier transform Fu = û satisfies the
following condition ∫

R
(1 + |ξ|2)|û(ξ)|2 dξ <∞.

See [36, Definition 8.8].

Definition 2.35 (Definition 3.2(c), [1]). Let Ω ⊂ R be an open set. We define the Sobolev
space H1

0 (Ω) as the closure of C∞
0 (Ω) in H1(Ω).

Remark 2.36. The following facts are useful in the applications considered later.

(i) One has
H1

0 (R) = H1(R),

see [1, Corollary 3.23].

(ii) In contrast,
H1

0 (R \ {0}) ̸= H1(R \ {0}).
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(iii) The space H1(R \ {0}) may be identified with

H1((−∞, 0))⊕H1((0,∞)).

In particular, a function u ∈ H1(R \ {0}) has, in general, two unrelated traces at the
origin, namely u(0−) and u(0+).

(iv) The space H1
0 (R \ {0}) consists of those functions in H1(R \ {0}) which can be ap-

proximated in H1(R \ {0}) by functions from C∞
0 (R \ {0}).

One can replace H1(R,C) space by space Hn(R,C).

Example 2.37. The following definitions are equivalent.

(i) We say that u ∈ Hn(R,C) if and only if u ∈ L2(R,C) and the weak derivative Du

exists and belongs to L2(R,C).

(ii) We say that u ∈ Hn(R,C) if and only if u ∈ L2(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u′ exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L2(R,C).

(iii) We say that u ∈ Hn(R,C) if and only if the Fourier transform Fu = û satisfies the
following condition ∫

R
(1 + |ξ|2)|û(ξ)|2 dξ <∞.

See [36, Definition 8.8].

One can replace H1(R,C) space by space H1(O,C).

Example 2.38. The following definitions are equivalent.

(i) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and the weak derivative Du exists
and belongs to L2(R,C).

(ii) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u′ exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L2(R,C).

One can replace H1(O,C). space by space Hn(O,C).

Example 2.39. The following definitions are equivalent.

(i) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and the weak derivative Du exists
and belongs to L2(R,C).
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(ii) We say that u ∈ H1(R,C) if and only if u ∈ L2(R,C) and u is absolutely continuous
on every compact subset of R, and its derivative u′ exists almost everywhere, see [38,
Theorem 7.18], and it belongs to L2(R,C).

2.2 The spectrum of bounded and unbounded linear oper-
ators

The following material is based on [35, section VIII.1].

Definition 2.40. Assume that H is a Hilbert space with inner product denoted by ⟨·, ·⟩H
and T : D(T ) → H, where D(T ) ⊂ H, is a linear transformation (or map or function).
The graph of T is the following set

Γ(T ) := {(x, Tx) ∈ H ×H : x ∈ D(T )}

= {(x, y) ∈ H ×H : x ∈ D(T ), y = Tx}.

A linear map T is called closed if and only if the graph Γ(T ) is a closed subset of H ×H.

We have the following basic result which we do not prove, see [35, ch. VIII, p.250].

Proposition 2.41. The set H ×H is a vector space under component-wise addition and
scalar multiplication, i.e.

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2).

α(x, y) = (αx, αy)

Moreover, H ×H is a Hilbert space with the inner product defined by

⟨(x1, y1), (x2, y2)⟩H×H = ⟨x1, x2⟩H + ⟨y1, y2⟩H .

The following based on [35, section VI.3. p. 188].

Definition 2.42. Let X be a normed vector space. We denote by

L (X)

the space of all bounded linear operators from X into X.

Definition 2.43. Assume that X is normed vector space. Let T ∈ L (X).

(a) An element x ∈ X \ {0} which satisfies

Tx = λx
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for some λ ∈ C is called an eigenvector of T . The corresponding number λ is called
an eigenvalue. The set of all eigenvalues is called the point spectrum of T and
denoted by σp(T ).

(b) The resolvent set of T is the set, denoted by ρ(T ), of all λ ∈ C such that the linear
map λI − T is an isomorphism from X onto X.

(c) The complement of the resolvent set of T , denoted by σ(T ), is called the spectrum
of T , i.e. denoted by ρ(T ), i.e.

σ(T ) := C \ ρ(T ).

Note, that if λ is an eigenvalue, then λI − T is not injective and therefore λ belongs in
the spectrum of T . In other words,

σp(T ) ⊂ σ(T ).

Definition 2.44. Assume that X is a normed vector space and let L : D(L) ⊂ X → X

be a linear map.

(a) An element x ∈ D(L) \ {0} satisfying

Lx = λx

for some λ ∈ C is called an eigenvector of L. The corresponding number λ is
called an eigenvalue. The set of all eigenvalues is called the point spectrum of
L and is denoted by σp(L).

(b) The resolvent set of L is the set

ρ(L) := {λ ∈ C : (λI − L) : D(L)→ X is bijective and (λI − L)−1 ∈ L (X)}.

(c) The complement of the resolvent set is called the spectrum of L, namely

σ(L) := C \ ρ(L).

This definition follows [35, Chapter VIII, p. 253].

2.3 Adjoints and self-adjoint extensions

Let us recall the following definition.
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Definition 2.45. Assume that H is a Hilbert space with norm ∥ · ∥ and E is a subset of
H.

(i) The set E is said to be dense in H if and only if for every u ∈ H and every δ > 0 there
exists ϕ ∈ E such that

∥u− ϕ∥ < δ.

(ii) The closure Ē in H is the smallest closed set that contains E.

Example 2.46. One can prove the following result. The closure Ē in H is the set of all
elements u ∈ H such that there exists a sequence (ϕn) ⊂ E with ϕn → u in H, i.e.,

Ē :=
{
u ∈ H : ∃(ϕn) ⊂ E such that lim

n→∞
∥ϕn − u∥ = 0

}
.

Example 2.47. Q,R \Q ⊂ R are dense, but N ⊂ R is not dense.

The following result is stated as [34, Ex.10- p.194].

Proposition 2.48. Assume that −∞ ≤ a < b ≤ ∞. Then the set C∞
0 (a, b) is a dense

subset of L2(a, b). In particular C∞
0 (R) is a dense subset of L2(R). Moreover, C∞

0 (R\{0})
is also a dense subset of L2(R).

Proof. We only prove the last assertion. Let f ∈ L2(R) and let ε > 0. Since C∞
0 (R) is

dense in L2(R), there exists ϕ ∈ C∞
0 (R) such that

∥f − ϕ∥L2(R) <
ε

2 .

Choose a smooth cut-off function χδ ∈ C∞(R) such that

0 ≤ χδ ≤ 1, χδ(x) = 0 for |x| ≤ δ,

and
χδ(x) = 1 for |x| ≥ 2δ.

Set
ψδ(x) := χδ(x)ϕ(x).

Then
ψδ ∈ C∞

0 (R \ {0}).

Moreover,
∥ϕ− ψδ∥2L2(R) =

∫
R
|1− χδ(x)|2|ϕ(x)|2 dx ≤

∫ 2δ

−2δ
|ϕ(x)|2 dx.
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Since ϕ ∈ L2(R), the last integral tends to zero as δ → 0. Hence, for sufficiently small
δ > 0,

∥ϕ− ψδ∥L2(R) <
ε

2 .

Therefore,
∥f − ψδ∥L2(R) ≤ ∥f − ϕ∥L2(R) + ∥ϕ− ψδ∥L2(R) < ε.

Thus C∞
0 (R \ {0}) is dense in L2(R).

The following characterization of dense subsets is standard; see, for example, [36, Chap-
ter 1].

Remark 2.49. Assume that

H = L2(R), E = C∞
0 (R).

Then following conditions are equivalent.

(i) The set E is a dense subset of H.

(ii) For every u ∈ H and every δ > 0 there exists ϕ ∈ E such that

∥u− ϕ∥ < δ.

(iii) for every u ∈ L2(R) and every δ > 0 there exists

ϕ ∈ C∞
0 (R) : such that ϕ ∈ B(u, δ),

where
B(u, δ) := {v ∈ L2(R) : ∥u− v∥L2(R) < δ}

is the open ball in L2(R) centred at u with radius δ.

(iv) for every u ∈ L2(R) there exists a sequence {ϕn}∞n=1 such that

ϕn ∈ C∞
0 (R) and ϕn → u in L2(R).

The last condition means that ∥u− ϕn∥ → 0 as n→∞.

(v) The closure Ē in H is equal to H.

Densely defined operators play an important role in operator theory, since the adjoint of
an operator can be defined only when the operator is densely defined.
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Definition 2.50 (Densely defined [35], p.249). Let H be a Hilbert space. A linear
operator A, with domain D(A), on a Hilbert space H, i.e. D(A) is a subspace of H and
A : D(A)→ H, is called densely defined if and only if, D(A) is a dense subset of H, i.e.

D(A) = H.

Definition 2.51 (Adjoint operator [35], VIII, p.252). Let A : D(A) ⊂ H → H be a
densely defined linear operator on a Hilbert space H. An element u ∈ H is said to belong
to the domain D(A∗) of the adjoint operator if and only if there exists z ∈ H such that

⟨Aϕ, u⟩H = ⟨ϕ, z⟩H , for every ϕ ∈ D(A). (2.3.1)

Exercise 2.52. Prove, in the framework of Definition 2.51, that if two elements z1, z2 ∈ H
satisfy condition (2.3.1), then z1 = z2.

Solution of Exercise 2.52. Assume z1, z2 satisfy (2.3.1). Then for all ϕ ∈ D(A)

⟨ϕ, z1⟩ = ⟨Aϕ, u⟩ = ⟨ϕ, z2⟩.

Hence
⟨ϕ, z1 − z2⟩ = 0 for all ϕ ∈ D(A).

Since D(A) is dense in H, it follows that z1 − z2 = 0, so z1 = z2.

This Exercise implies that the following definition makes sense.

Definition 2.53. Let A be a densely defined linear operator on a Hilbert space H. For
u ∈ D(A∗), the element z ∈ H satisfying (2.3.1) is uniquely determined. We define

A∗u = z.

The operator A∗ is called the adjoint of A.

One can prove the following result, see [35, VIII, p.252].

Proposition 2.54. Let A be a densely defined linear operator on a Hilbert space H. An
element v ∈ H belongs to D(A∗) if and only if there exists a constant C > 0 such that

|⟨Au, v⟩| ≤ C∥u∥ for all u ∈ D(A). (2.3.2)

The next result is a standard consequence of the Riesz representation theorem.
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Proposition 2.55. Let A be a densely defined linear operator on a Hilbert space H. Then
the adjoint operator A∗ exists.

Proof of Proposition 2.55. Let u ∈ D(A∗). By Definition 2.51, the map

ϕ 7→ ⟨Aϕ, u⟩

defines a linear functional on D(A).

If (2.3.2) holds, this functional is bounded. Since H is a Hilbert space, the Riesz repre-
sentation theorem implies the existence of a unique element z ∈ H such that

⟨Aϕ, u⟩ = ⟨ϕ, z⟩ for all ϕ ∈ D(A).

We therefore define A∗u = z, which proves that the adjoint operator exists.

Definition 2.56 (Symmetric [35], VIII.2, p.255). Assume that A is a densely defined
linear operator on a Hilbert space H. We say that A is symmetric if

⟨Aϕ,ψ⟩ = ⟨ϕ,Aψ⟩ for all ϕ, ψ ∈ D(A).

Proposition 2.57. Assume that A is a densely defined linear operator in a Hilbert space
H. If A is symmetric, then

A ⊂ A∗,

that is,
D(A) ⊂ D(A∗) and Aϕ = A∗ϕ for all ϕ ∈ D(A).

Proof of Proposition 2.57. If A is symmetric, then

⟨Aϕ,ψ⟩ = ⟨ϕ,Aψ⟩ for all ϕ, ψ ∈ D(A).

Fix ϕ ∈ D(A). The map
ψ 7→ ⟨Aϕ,ψ⟩

defines a bounded linear functional on D(A). Hence, by the definition of the adjoint,
ϕ ∈ D(A∗) and

A∗ϕ = Aϕ.

Therefore D(A) ⊂ D(A∗) and Aϕ = A∗ϕ, which means A ⊂ A∗.
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Next, we recall several fundamental concepts concerning self-adjoint extensions of sym-
metric operators in Hilbert spaces. In particular, we introduce deficiency subspaces and
deficiency indices and state the classical von Neumann theorem describing all self-adjoint
extensions.

Definition 2.58 ([35], p.39). Let H1 and H2 be two Hilbert spaces. They are said to be
isomorphic if there exists a linear operator

U : H1 → H2

which is onto and satisfies

⟨Ux,Uy⟩H2 = ⟨x, y⟩H1 , for all x, y ∈ H1.

Such an operator U is called a unitary operator.

The following definition based on [34, Section X, Theorem X.2, v.2, p. 138].

Definition 2.59. Suppose that A0 is a symmetric operator on a Hilbert space H. Define
the deficiency subspaces of A0 by

H+ = ker(i−A∗
0) = Ran(i+A0)⊥, H− = ker(i+A∗

0) = Ran(−i+A0)⊥.

The pair of numbers n+(A0) and n−(A0) defined by

n+(A0) = dim(H+), n−(A0) = dim(H−),

are called the deficiency indices of linear map A0.

Let us formulate the following fundamental result, see [34, Section X, Theorem X.2, v.2,
p. 141].

Theorem 2.60. Assume that A0 : D(A0) ⊂ H → H be a densely defined closed symmetric
operator, and let n+ and n− be its deficiency indices. Then

1. A0 is self-adjoint if and only if n+ = n− = 0.

2.(i) There exists an operator A such that

A : D(A)→ H : D(A0) ⊂ D(A), and A0x = Ax, x ∈ D(A0)

and A = (A)∗ if and only if n+ = n−.
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(ii) There exists a bijective correspondence between the set of all self-adjoint exten-
sions of A0 and the set of all unitary maps from H+ onto H−. To be precise, for
each unitary operator

C : H+ −→ H−, H± := ker(A∗
0 ∓ iI),

we define the operator AC by

D(AC) :=
{
u = u0 + u+ + Γu+ : u0 ∈ D(A0), u+ ∈ H+

}
,

AC(u0 + u+ + Γu+) := Au0 + i u+ − iΓu+.
(2.3.3)

Then AC is self-adjoint and satisfies

A0 ⊂ AC ⊂ A∗
0.

Conversely, if A is a self-adjoint extension of a symmetric densely defined linear map
A0, then there exists a unique unitary operator C : H+ → H− such that A = AC .

(iii) In other words, the family of all self-adjoint extensions of A0 is equal to the
family {AC : C ∈ U(H+, H−)}

We used the following notation.

Let us formulate the following two important consequences of the above result.

Corollary 2.61. If A0 is symmetric operator and n+ = n− = 0, then A0 has a unique
self-adjoint extension.

Corollary 2.62. If A0 is symmetric operator and n+ ̸= n−, then A0 has no self-adjoint
extension.

2.4 The Cayley Transform

In this section, we recall the Cayley transform and explain its connection with von Neu-
mann’s extension theory. The Cayley transform is a classical tool which relates symmetric
and self-adjoint operators to isometric and unitary operators. We follow the presentation
in Akhiezer and Glazman [3, Section 67].

Definition 2.63. [Cayley Transform] Let A be a closed symmetric operator on a Hilbert
space H. The Cayley transform of A is the operator

VA = (A− iI)(A+ iI)−1,
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defined on
D(VA) = Ran(A+ iI),

with
Ran(VA) = Ran(A− iI).

Equivalently,
VA(A+ iI)u = (A− iI)u, u ∈ D(A).

Remark 2.64. The Cayley transform VA is an isometry. Indeed, for every u ∈ D(A),

∥(A+ iI)u∥2 = ∥Au∥2 + ∥u∥2 = ∥(A− iI)u∥2,

which implies
∥VA(A+ iI)u∥ = ∥(A+ iI)u∥.

Hence the Cayley transform converts the study of the possibly unbounded operator A
into the study of an isometric operator VA.

Definition 2.65. [Inverse Cayley Transform] Let V be an isometric operator such that
I − V is injective. The inverse Cayley transform is defined by

A = i(I + V )(I − V )−1.

Equivalently, if
h = 1

2i(I − V )f,

then
Ah = 1

2(I + V )f.

Remark 2.66. The Cayley transform provides an equivalent formulation of von Neu-
mann’s extension theory. A closed symmetric operator is self-adjoint if and only if its
Cayley transform is unitary. Consequently, the problem of describing self-adjoint ex-
tensions is equivalent to extending the Cayley transform from an isometry to a unitary
operator. This is equivalent to von Neumann’s classification by unitary maps between the
deficiency subspaces.

Proposition 2.67 (Connection with von Neumann’s Theory). Let A be a densely defined
closed symmetric operator on a Hilbert space H, and let

H+ = ker(A∗ − iI), H− = ker(A∗ + iI)

be its deficiency subspaces.
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By von Neumann’s theorem, every self-adjoint extension of A is uniquely determined by
a unitary operator

U : H+ → H−.

On the other hand, the Cayley transform

VA = (A− iI)(A+ iI)−1

is an isometric operator from Ran(A+ iI) onto Ran(A− iI).

The deficiency subspaces satisfy the orthogonal decompositions

H = Ran(A+ iI)⊕H−,

and
H = Ran(A− iI)⊕H+.

Therefore, extending the isometry VA to a unitary operator on H is equivalent to choosing
a unitary operator

U : H+ → H−.

Hence the Cayley transform provides an equivalent formulation of von Neumann’s exten-
sion theory: self-adjoint extensions of A correspond precisely to unitary extensions of the
Cayley transform VA.

2.5 Unitary operators

Remark 2.68. In what follows, the term operator will always mean a bounded linear
map. The abbreviation ONB denotes an orthonormal basis.

Definition 2.69. [35, p.39]. If X and Y are two complex Hilbert spaces, a linear surjec-
tive, i.e. onto, map T : X → Y is called unitary if and only if for all x1, x2 ∈ X,

⟨T (x1), T (x2)⟩Y = ⟨x1, x2⟩X .

Two complex Hilbert spaces X and Y are said to be isomorphic if and only if there exists
a unitary operator T : X → Y .

Note that if a linear map T : X → Y is unitary then not only it is surjective but also
injective, hence bijective.

Exercise 2.70. Prove that if a linear map T : X → Y is unitary then it is injective.
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Solution to Exercise 2.70. To show that T is injective, we need to prove that if T (x1) =
T (x2), then x1 = x2.

Assume T (x1) = T (x2) for some x1, x2 ∈ X, and we put x = x1 − x2. Then we have:

T (x1) = T (x2) =⇒ T (x1 − x2) = T (0) = 0.

Thus,
T (x) = 0. (2.5.1)

Since T is unitary, we can apply the inner product such that

⟨T (x), T (x)⟩Y = ⟨x, x⟩X . (2.5.2)

Substituting by (2.5.1) into the equation (2.5.2), we get

⟨0, 0⟩Y = ⟨x, x⟩X .

Since the zero vector with itself is zero, this leads to

0 = ⟨x, x⟩X .

Since the inner product is zero if and only if the vector itself is the zero vector in a Hilbert
space, this implies that

x = 0

. Therefore x1 − x2 = 0 and hence we infer that x1 = x2.

Proposition 2.71. Assume that X and Y are two complex Hilbert spaces and a map
T : X → Y is unitary. Assume that X1 and Y1 are two complex Hilbert spaces such that
X1 is isomorphic to X and Y1 is isomorphic to Y and let

S : X1 → X and S : Y1 → Y

are the corresponding unitary operators. Then the map

R−1 ◦ T ◦ S : X1 → Y1

is also unitary.

Proposition 2.72 (Proof of Proposition 2.71 is trivial and hence omitted).

Definition 2.73. Assume that X is a vector space. A finite set {e1, . . . , en} ⊂ X is called
a basis of X if and only if
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(i) the vectors e1, . . . , en are linearly independent, i.e.

α1e1 + · · ·+ αnen = 0 =⇒ α1 = · · · = αn = 0,

for all scalars α1, . . . , αn ∈ K, where K denotes the scalar field R or C. and

(ii) they span X, i.e.

X = span{e1, . . . , en} = {α1e1 + · · ·+ αnen : α1, . . . , αn ∈ K} .

One can show the following result.

Proposition 2.74. If {e1, . . . , en} and {f1, . . . , fk} are two bases of X, then n = k.

Hence the following definition is well posed.

Definition 2.75. If X is a vector space. Then dimX = n if and only if X has a basis
{e1, · · · , en} consisting of n elements. If no finite basis exists, then X is said to be infinite-
dimensional.

Proposition 2.76. Assume that X and Y are two complex Hilbert spaces and a map
T : X → Y is unitary.
If (en) is (a finite or infinite) ONB of X, then (Ten) is (a finite or infinite) ONB of Y .
If (en) is (a finite or infinite) ONB of X and (fn) is (a finite or infinite) ONB of Y and
T : X → Y is a linear map such that

fn = T (en), n ∈ N,

then T is unitary.

Definition 2.77. [21, p.4]. A unitary matrix of dimension n is the matrix of a unitary
operator T : Cn → Cn with respect to the canonical basis {e1, · · · , en}.

Proposition 2.78. Assume that X and Y are two complex Hilbert spaces of dimension
n.

(i) Let T : X → Y be a unitary operator. Let (ej)n
j=1 be an ONB of X and (fj)n

j=1

be an ONB of Y . If A is the matrix of T with respect to these bases, then A is a
unitary matrix.

(ii) Conversely, assume that A is a unitary n× n matrix. Let (ej)n
j=1 be an ONB of X

and (fj)n
j=1 be an ONB of Y . If T : X → Y is a linear operator whose matrix with

respect to these bases is A, then T is a unitary operator.
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Example 2.79. For α ∈ C, define

Uα : C→ C, Uαz = αz.

Then Uα is unitary if and only if
|α| = 1.

Thus the unitary operators on the one-dimensional Hilbert space C are parametrized by

T = {α ∈ C : |α| = 1}.

2.6 Closed and closable operators, adjoints, and operator
extensions

Let us recall some basic definitions.

Definition 2.80. Assume that H is a Hilbert space and A and B are linear operators in
H with domains D(A) and D(B). We write A ⊂ B and say that B is an extension of A,
if and only if

D(A) ⊂ D(B), and Ax = Bx, x ∈ D(A).

Definition 2.81. Assume that H is a Hilbert space and A, with domain D(A), is a
symmetric operator. We say that A has a self-adjoint extension if and only if there exits
a linear self-adjoint operator B in H with domain D(B) such that A ⊂ B.

Definition 2.82. Assume that H be a Hilbert space and let A be a linear operator

A : D(A) ⊂ H → H.

The graph of A is the subset of H ×H defined by

Γ(A) := {(x,Ax) ∈ H ×H : x ∈ D(A), y = Ax}. (2.6.1)

The operator A is called closed if and only if Γ(A) is a closed subset of H ×H.

The following result gives an equivalent form of the definition of a closed operator.

Proposition 2.83. Assume that A is a linear operator in a Hilbert space H. Then A is
closed if and only if the following condition is satisfied.
If a sequence (un) ⊂ D(A) satisfies

un → u in H and Aun → v in H.
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then
u ∈ D(A) and Au = v.

Proof of Proposition 2.83. Recall that A is closed if and only if its graph Γ(A) defined in
(2.6.1) is a closed subset of H ×H. Let (un) ⊂ D(A) be such that

un → u in H and Aun → v in H.

Then
(un, Aun)→ (u, v) in H ×H.

Since (un, Aun) ∈ Γ(A) and Γ(A) is closed, we conclude that

(u, v) ∈ Γ(A).

By (2.6.1) this implies u ∈ D(A) and Au = v.

Definition 2.84 (Closable definition p.250 [35]). Assume that A is a linear operator in
a Hilbert space H. We say that A is closable if and only if it has a closed extension.

Definition 2.85. [37, Definition 2.26] Let E ⊂ X, where X is a metric space. The closure
of E, denoted by E, is defined

E := {x ∈ X : ∀ε > 0, B(x, ε) ∩ E ̸= ∅}.

Equivalently, E is the union of E and the set of all limit points of E, i.e. E = E ∪ E′,
where E′ is the set of all limit points of E.
Equivalently, x ∈ E if and only if there exists a sequence (xn) of elements E such that
xn → x in X.

Remark 2.86. According to the definition of closure in a topological space, see [35,
Theorem IV.1, p. 96]), we have the following characterization. Here X = H × H and
E = Γ(A).
Assume that A, with domain D(A), is a linear operator in a Hilbert space H. An element
(x, y) belongs to Γ(A) if and only if there exists a sequence (xn, yn) of elements Γ(A) such
that

(xn, yn)→ (x, y) in H ×H.

Proposition 2.87. Assume that H is a Hilbert space and A0 : D(A0) → H, where
D(A0) ⊂ H, is a closable linear operator. Then there exists a unique closed operator S
in H such that the following two conditions are satisfied:

(i) A0 ⊂ S,
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(ii) if A1 is a closed extension of A0, then S ⊂ A1.

Definition 2.88. The unique operator S from Proposition 2.87 is called the smallest
closed extension or the closure of A0 and is denoted by A0.

Proof of Proposition 2.87. To prove uniqueness, suppose that S and M are two closed
operators in H satisfying both properties (i) and (ii) with respect to A0.

Since S satisfies property (ii), we can apply it with A1 = M , because M satisfies property
(i). Thus, we conclude that S ⊂ M . Similarly, since M satisfies property (ii), we can
apply it with A1 = S, because S satisfies property (i). Hence, M ⊂ S. Therefore, we
conclude that S = M , proving uniqueness.

To prove existence, consider the closure of the graph of A0, i.e.

Γ(A0) ⊂ H ×H.

Since A0 is closable, this closure is the graph of some operator. We need to show that,
since S is closed and extends A0, the limits (x, z1) and (x, z2) belong to Γ(S). Hence
z1 = Sx = z2.

let us choose and fix (x, z1), (x, z2) ∈ Γ(A0). By the previous result in Remark 2.86, there
exists two Γ(A0)-valued sequences (xn, yn) and (x′

n, y
′
n) such that (xn, yn) → (x, z1) and

(x′
n, y

′
n) → (x, z2). Let S be a closed extension of A0, i.e. Γ(A0) ⊂ Γ(S). The above

implies that sequences (xn, yn) and (x′
n, y

′
n) are Γ(S)-valued and (x, z1), (x, z2) ∈ Γ(S).

This implies z1 = S(x) and z2 = S(x).

Let us denote by B a function B : D(B) → H such that Γ(B) = Γ(A0). Then one can
show that B is a linear operator. Since Γ(B) = Γ(A0) and Γ(A0) is the graph of a linear

operator, it is a linear subspace of H × H. The closure of a linear subspace is again a
linear subspace by [36, Theorem 1.13 p. 11], so Γ(B) is a linear subspace. Therefore, B
is a linear operator.

Hence B is closed because its graph is closed. By construction, this operator B extends
A0. Moreover, B is contained in every closed extension of A0. Hence, B is the smallest
closed extension of A0. The proof is complete.

The proof of the next result can be found in [33, Proposition 10.34].

Proposition 2.89. If A is a densely defined symmetric operator in a Hilbert space H,
then A is closable.
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Exercise 2.90.(i) Assume that A0 is a linear operator in a Hilbert space H. Show that
the set Γ(A0) is a subspace of H ×H.

(ii) Assume that A0 is a bounded linear operator in a Hilbert space H with D(A0) = H.
Show that A0 is closed.

Solution of Exercise 2.90. Proof of Part (i), let A0 be a linear operator with domain
and D(A0) ⊂ H. Define its graph as

Γ(A0) := {(x,A0x) ∈ H ×H | x ∈ D(A0)} .

By [36, Definition subspace p.6], Since D(A0) is a linear subspace, 0 ∈ D(A0). Because
A0 is linear, we have A0(0) = 0. Therefore, (0, 0) ∈ Γ(A0).

Let (x1, A0x1), (x2, A0x2) ∈ Γ(A0), and let α, β ∈ C be scalars. Then x1, x2 ∈ D(A0), and
since D(A0) is a subspace, αx1 + βx2 ∈ D(A0). Moreover, by linearity of A0, we have:

A0(αx1 + βx2) = αA0x1 + βA0x2.

Thus,
(αx1 + βx2, αA0x1 + βA0x2) ∈ Γ(A0).

Since Γ(A0) contains (0, 0) and is closed under linear combinations, so Γ(A0) is a subspace
of H ×H.

Proof of Part (ii), by Definition 2.82, A0 is closed if and only if its graph Γ(A0) defined
in (2.6.1) is closed subset in H ×H with the inner product.

Let (xn, A0xn)→ (x, y) in H ×H, such that

xn → x and A0xn → y in H.

Since A0 is bounded and D(A0) = H, the operator is continuous. Therefore, if xn → x,
then A0xn → A0x. By uniqueness of limits we obtain y = A0x. Therefore (x, y) ∈ Γ(A0)
and Γ(A0) is closed.

The following Theorem based on [35, Section VIII.1, p.250-253].

Theorem 2.91. Let A be a densely defined operator on a Hilbert space H. Then:
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(a) A∗ exists and is closed.

(b) A is closable if and only if D(A∗) is dense. In this case, A∗∗ := (A∗)∗ exists, is
closed (by (a)) and

A = A∗∗.

(c) If A is closable, then
(A)∗ = A∗.

Corollary 2.92. Let A be a densely defined symmetric operator on a Hilbert space H.
Then A is closable, its closure A is symmetric, and

(A)∗ = A∗.

Consequently,
ker(A∗ − iI) = ker(A∗ − iI),

and
ker(A∗ + iI) = ker(A∗ + iI).

Therefore,
n+(A) = n+(A), n−(A) = n−(A).

Proof. By Proposition 2.89, the operator A is closable. Since A is symmetric, its closure
A is also symmetric. Moreover, by Theorem 2.91,

(A)∗ = A∗.

The equalities of the deficiency subspaces and deficiency indices follow immediately.

2.7 Ellipticity on one-dimensional domains

In this section we recall a basic regularity result for elliptic differential operators on the
real line. The result we use is a one–dimensional special case of elliptic regularity, see [36,
Theorem 8.12, p. 220].

Definition 2.93. Suppose that O is an open interval in R, i.e. O = (a, b). Let N ∈ N
denote the order of the differential operator, and let

L =
N∑

k=0
akD

k (2.7.1)

where ak ∈ C∞(O) for k = 0, . . . , N , and the leading coefficient aN is a non-zero constant.
The operator L is called elliptic if and only if aN ̸= 0.
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The formal adjoint of L is a differential operator defined by

L∗ϕ :=
N∑

k=0
(−1)kDk(akϕ).

Remark 2.94. We use the standard notion of ellipticity for one-dimensional differential
operators adopted in [36, Theorem 8.12, p. 220]. In particular, the operator

L =
N∑

k=0
akD

k

is called elliptic whenever its principal coefficient satisfies

aN (x) ̸= 0, x ∈ O.

Theorem 2.95. Suppose that O is an open interval in R. Assume that the operator L
defined by (2.7.1) is elliptic. Let u, v ∈ L2

loc(O) and suppose that

Lu = v

in the weak sense, i.e. for every ϕ ∈ C∞
0 (O)∫

O
v(x)ϕ(x) dx =

∫
O
u(x) (L∗ϕ)(x) dx,

Then u ∈ HN
loc(O), see Definition 2.28.

We will use this theorem in finding the domain of adjoints of certain in-homogenous partial
differential operators in L2 spaces.

Theorem 2.96. Suppose that O is an open interval in R of one of the three forms listed
in Definition 2.18. Assume that operator L defined by (2.7.1) is elliptic and assume that
u, v ∈ L2

loc(O) satisfy
Lu = v

in the weak sense. Then, see Definition 2.30,

(i) if O = (a, b) and u, v ∈ L2
loc([a, b)), then u ∈ HN

loc([a, b)).

(i’) if O = (a, b) and u, v ∈ L2
loc((a, b]), then u ∈ HN

loc((a, b]).

(ii) if O = (a,∞) and u, v ∈ L2
loc([a,∞)), then u ∈ HN

loc([a,∞)),

(iii) if O = (−∞, b) and u, v ∈ L2
loc((−∞, b]), then u ∈ HN

loc((−∞, b]).



Chapter 3

First order differential operator

In this chapter, we study first-order differential operators in various settings. We begin
with the analysis of such operators on a bounded interval, where we characterize all self-
adjoint extensions of a symmetric operator.

We then extend the study to unbounded domains, including the real line and the punc-
tured real line, where additional difficulties arise due to the presence of singular points.
In these cases, we investigate symmetry, determine the adjoint operator, and compute the
deficiency indices.

The results obtained in this chapter provide a foundation for the analysis of higher-order
differential operators and more general settings considered in the subsequent chapters.

3.1 First-order differential operator on a bounded interval

3.1.1 symmetry and Characterization of all self-adjoint extensions of
first-order operator

We will use the above result to determine all self-adjoint operators which are extensions
of symmetric operators in the cases we studied before.

Before we do this, let us analyze in detail [34, Example 1, p. 141].

Example 3.1. We consider the Hilbert space

H = L2(0, 1;C)

35
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with the standard inner product and norm and a linear operator A0 defined by

D(A0) = C∞
0 ((0, 1);C)

A0u = iu′ = iDu, if u ∈ D(A0).

It is known that C∞
0 (0, 1) is dense in L2(0, 1), see Proposition 2.48 and [34, Ex. 10, p. 194];

for another approach, one may apply Lusin’s theorem [38, Theorem 2.24]). Hence A0 is
densely defined.

To check symmetry, let u, v ∈ C∞
0 (0, 1). Then

(A0u, v)− (u,A0v) =
∫ 1

0
iu′(x) v(x) dx−

∫ 1

0
u(x) iv′(x) dx.

By Integration by parts formula from [37, Theorem 6.22],

∫ 1

0
iu′(x) v(x) dx = i[u(x)v(x)]10 −

∫ 1

0
u(x) iv′(x) dx,

so
(A0u, v)− (u,A0v) = i[u(x)v(x)]10.

Since u, v ∈ C∞
0 (0, 1) vanish at 0 and 1, the boundary term is zero, hence

(A0u, v)− (u,A0v) = 0.

Thus A0 is symmetric and densely defined.

Remark 3.2. Since A0 is densely defined and symmetric, Proposition 2.89 and Theorem
2.91 implies that A0 is closable, A0 is symmetric, and

(A0)∗ = A∗
0.

Consequently,
n±(A0) = n±(A0).

We claim that

D(A∗
0) = {u : (0, 1)→ C : u′ exist,

and
∫ 1

0
|u′(x)|2dx <∞ and

∫ 1

0
|u(x)|2dx <∞}

= {u : [0, 1]→ C : u is absolutely continues and
∫ 1

0
|u′(x)|2dx <∞}
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Moreover

A∗
0u = iu′, if D(A∗

0).

Proposition 3.3. If S∗ = S : S ⊃ A0, then ∃ Aα : |α| = 1 and S = Aα.

Proof of Proposition 3.3. Suppose that S is a self-adjoint operator, i.e. S∗ = S, such that
S ⊃ A0. Then, one can show that

D(S∗) = D(A∗
0)

and
S∗ = iu′, if u ∈ D(S∗).

Indeed, since A0 ⊂ S, we know from general operator theory that S∗ ⊂ A∗
0, see [35,

Definition p.252, VIII.1]). But S is self-adjoint, i.e. S = S∗, then S ⊂ A∗
0, so we obtain

D(S) ⊂ D(A∗
0), Su = iu′, u ∈ D(S).

On the other hand, because S is a maximal symmetric operator, its adjoint cannot be
smaller than A∗

0, hence A∗
0 ⊂ S∗. Therefore

D(S∗) = D(A∗
0), S∗u = iu′, u ∈ D(S∗).

Take two arbitrary elements ϕ ∈ D(S) and ψ ∈ D(S). Then by the Integration by parts
formula from [37, Theorem 6.22] for absolutely continuous functions, see [38], we have the
following equalities

(Sϕ, ψ)H − (ϕ, Sψ)H =
∫ 1

0
iϕ′(x)ψ′(x) dx−

∫ 1

0
ϕ(x)iψ′(x) dx

= i[
∫ 1

0
ϕ′(x)ψ(x) dx+

∫ 1

0
ϕ(x)ψ′(x) dx]

= i[−
∫ 1

0
ϕ(x)ψ′(x) dx+ ϕ(1)ψ(1)

− ϕ(0)ψ(0) +
∫ 1

0
ϕ(x)ψ′(x) dx]

= i[ϕ(1)ψ(1)− ϕ(0)ψ(0)].

(3.1.1)

Since S is self-adjoint and hence symmetric, we get

(Sϕ, ϕ)H − (ϕ, Sϕ)H = 0. (3.1.2)
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Let now assume further ϕ ∈ D(S) \D(A0). Hence by (3.1.1) and (3.1.2) we infer that

i[|ϕ(1)|2 − |ϕ(0)|2] = 0

This implies that |ϕ(1)|2 = |ϕ(0)|2 and therefore we deduce that

|ϕ(1)| = |ϕ(0)|. (3.1.3)

Next we claim that

ϕ(0) ̸= 0. (3.1.4)

Indeed, if ϕ(0) = 0, then by (3.1.3) we would get ϕ(1) = 0 what would imply that
ϕ ∈ D(A0). This is impossible.

It follows from (3.1.4) that there exists α ∈ C such that |α| = 1 and

ϕ(1) = αϕ(0). (3.1.5)

It is enough to put α = ϕ(1)
ϕ(0) ∈ C. Then indeed, |α| = |ϕ(1)|

|ϕ(0)| = 1 and equality (3.1.5) holds.

By the same argument, if ψ ∈ D(S) \D(A0), then there exists β such that ψ(1) = βψ(0).
We claim that

β = α. (3.1.6)

Indeed, by apply identity (3.1.1) to ϕ, ψ we deduce

0 = ϕ(1)ψ(1)− ϕ(0)ψ(0)

= αϕ(0)βψ(0)− ϕ(0)ψ(0)

= (αβ − 1)ϕ(0)ψ(0)

Therefore, we infer that αβ = 1 and hence

β = 1
α

= α

αα
= α

|α|2
= α

what obviously implies (3.1.6). Summing up, we proved

∃ α ∈ C : α = 1 : ∀ ϕ ∈ D(S), ϕ(1) = αϕ(0).

Hence, we proved the following proposition which is preceded by a relevant definition.
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Definition 3.4. In the framework of Proposition 3.8, if α ∈ T, then we put

D(Aα) = {ϕ ∈ D(A∗
0) : ϕ(1) = αϕ(0)}, (3.1.7)

Aαϕ = A∗
0 ϕ, if ϕ ∈ D(Aα).

By Proposition3.3 together with Definition3.4, every self-adjoint extension S of A0 is of
the form Aα for some α ∈ T.

Therefore, we immediately obtain the following theorem.

Theorem 3.5. The set of all self-adjoint extensions of A0 is

{Aα : α ∈ T}.

3.1.2 An alternative proof of Theorem 3.5

In the above we gave a ”bare-hand” proof of Theorem 3.5. We now give a second proof
of Theorem 3.5 using Theorem 2.60, i.e. von Neumann theory.

The next step based on [35, Example p. 257].

To calculate the deficiency indices for the Example 3.1, as follows

D(A0) = C∞
0 ((0, 1);C)

A0u = iu′ = iDu, if u ∈ D(A0).

It is known that A0 is symmetric densely defined by

D(A∗
0) = {u : [0, 1]→ C : u is absolutely continues and∫ 1

0
|Du(x)|2dx <∞ and A∗

0u = iDu.

Note that if u : [0, 1] → C is absolutely continues then u is continues and since [0, 1] is
compact, u is a bounded function, i.e.

∃M > 0 : |u(x)| ≤M, ∀x ∈ [0, 1].

Hence ∫ 1

0
|u(x)|2dx ≤M2,∞.

We take A∗
0u = iDu, that is, means

A∗
0e

x = iex
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then
(A∗

0 − iI)ex = 0.

And
A∗

0e
−x = ie−x

then
(A∗

0 + iI)e−x = 0.

Hence
ex ∈ ker(A∗

0 − iI)

e−x ∈ ker(A∗
0 + iI).

One can show that
H+ = ker(A∗

0 − iI) = C · ex

H− = ker(A∗
0 + iI) = C · e−x.

(3.1.8)

Hence the deficiency indices are

n+(A0) = 1, n−(A0) = 1.

We need to find all unitary operators from H+ to H−. By the von Neumann theory,
see Theorem 2.60, the self-adjoint extensions are parametrized by unitary operators Γ :
H+ → H−. Choosing orthonormal bases

ϕ+(x) =
√

2√
e2 − 1

ex, ϕ−(x) =
√

2e√
e2 − 1

e−x.

Since H+ and H− are one-dimensional, Example 2.79 shows that every unitary map
Γ : H+ → H− is determined by a parameter γ ∈ T.

Remark 3.6. Note that the function {(0, 1) ∋ x 7→ ex ∈ L2(0, 1)}, because

∫ 1

0
e2x dx = 1

2[e2x|10] = 1
2(e2 − 1) <∞.

However, its norm square is ̸= 1. Similarly,

∥e−x∥2L2 =
∫ 1

0
e−2x dx = −1

2 [e−2x|10] = 1
2(1− e−2) ̸= 1.

So we normalize these two functions, i.e. define functions ϕ+ and ϕ− by

ϕ+(x) =
√

2√
e2 − 1

ex, x ∈ (0, 1),

ϕ−(x) =
√

2√
1− e−2

e−x =
√

2e√
e2 − 1

e−x, x ∈ (0, 1),
(3.1.9)
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Indeed, we have

∥ϕ+∥L2 = 1, ∥ϕ−∥L2 = 1.

Hence, by (3.1.8), ϕ+ is an orthogonal basis of H+ and ϕ− is a orthogonal basis of H−.
Therefore, by Example 2.79, if Γ : H+ → H− is a unitary operator, then γ ∈ T such that

Γ : H+ ∋ sϕ+ 7→ γsϕ− ∈ H−, s ∈ C. (3.1.10)

Next, Γ : H+ → H− is unitary operator and γ ∈ T is the the corresponding number, then
we define a linear operator AΓ in the Hilbert space L2(R,C) by the following formula

D(AΓ) := {u = u0 + u+ + Γ(u+) : u0 ∈ D(A0), u+ ∈ H+}

AΓ(u) = A0u0 + sϕ+ − γsϕ−, u ∈ D(Aγ).
(3.1.11)

Note that in view of (3.1.10), we have

D(AΓ) = {u = u0 + sϕ+ + γsϕ− : u0 ∈ D(A0), s ∈ C}.

Let us point out that according to Theorem 2.60, we have the following result.

Theorem 3.7. In the above framework, the family of all self-adjoint extensions of A0 is
equal to the family {AΓ : Γ ∈ U(H+, H−)}.

We continue with the previous Remark.

Proposition 3.8. If Γ : H+ → H− is unitary operator, γ ∈ T is the corresponding
number and AΓ is the linear operator in the Hilbert space L2(R,C) defined by formula
(3.1.11), then

D(AΓ) = {ψ ∈ D(A∗
0) : ψ(1) = αψ(0)} (3.1.12)

where
α = γ + e

1 + γe
(3.1.13)

Note that α ∈ T, and
ϕ ∈ D(A0), ψ ∈ D(AΓ),

so we change the symbol to indicate that ψ is any function in the extended domain.

Therefore, Proposition 3.8 can be equivalently written in the following way.

Proposition 3.9. If Γ : H+ → H− is unitary operator, γ ∈ T is the corresponding
number, and α ∈ T is given by (3.1.13), and AΓ is the linear operator in the Hilbert space
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L2(R,C) defined by formula (3.1.11) and Aα is defined by formula (3.1.7), then

D(AΓ) = D(Aα),

AΓϕ = Aαϕ, for ϕ ∈ D(Aα).
(3.1.14)

The following result is a consequence of the above Proposition. But before we do so let
us write down the following exercise.

Exercise 3.10. The map
T ∋ γ 7→ α = γ + e

1 + γe
∈ T (3.1.15)

is a well defined bijection.

Solution. To prove that the map (3.1.15) is well defined we need to show the following
result.

Lemma 3.11. If γ ∈ T and α is defined by formula (3.1.15), then α ∈ T.

Proof of Lemma 3.11. Let us choose and fix γ ∈ T. We will prove that |α|2 = 1. We have

|α|2 = αᾱ = γ + e

1 + γe

(
γ + e

1 + γe

)
= γ + e

1 + γe

γ + e

1 + γe
= γ + e

1 + γe

γ̄ + ē

1̄ + γe

= γ + e

1 + γe

γ̄ + e

1 + γe
= (γ + e)(γ̄ + e)

(1 + γe)(1 + γ̄e)

= γγ̄ + γe+ γ̄e+ e2

1 + γe+ γ̄e+ e2 = 1 + (γ + γ̄)e+ e2

1 + (γ + γ̄)e+ e2 = 1,

because γ ∈ T, so that γγ̄ = 1.

To prove that the map (3.1.15) is an injection we need to show that if γ1, γ2 ∈ T
are such α1 = α2 then γ1 = γ2.

Suppose that γ1, γ2 ∈ T are such that

α(γ1) = α(γ2), where α(γ) = γ + e

1 + γe
.

Thus we infer that
γ1 + e

1 + eγ1
= γ2 + e

1 + eγ2
.
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Cross-multiplying and then simplifying gives

(γ1 + e)(1 + eγ2) = (γ2 + e)(1 + eγ1).

γ1 + eγ1γ2 + e+ e2γ2 = γ2 + eγ2γ1 + e+ e2γ1

γ1 + e2γ2 = γ2 + e2γ1

(1− e2)(γ1 − γ2) = 0.

Since e ̸= ±1, we have 1− e2 ̸= 0, we infer that

γ1 = γ2.

Hence the map γ 7→ α is injective.

To prove that the map (3.1.15) is a surjection we need to show that if α ∈ T then we can
find γ ∈ T such that

α = γ + e

1 + γe
. (3.1.16)

Let α ∈ T be arbitrary. Suppose γ satisfies the above equation (3.1.16). By multiply both
sides by 1 + γe and performing some basic transformations we deduce that

γ(αe− 1) = e− α.

Since |α| = 1, we infer that |αe| = 1× e = e > 1. Hence αe ̸= 1 and therefore

γ = e− α
αe− 1 = −α+ e

1 + (−α)e .

Since obviously −α ∈ T, by Lemma 3.11 we infer that γ ∈ T, i.e. |γ| = 1.

Therefore, we proved that the map (3.1.15) is surjective.

The following result, i.e. Proposition 3.12 now follows immediately from Proposition 3.8
and Exercise 3.10, since for each α ∈ T there exists a unique γ ∈ T such that α = γ + e

1 + γe
.

It can be seen as the converse to Proposition 3.9.

Proposition 3.12. Assume α ∈ T and let Aα be defined by formula (3.1.7). If γ ∈ T is
related to α by equation (3.1.13) (and such a number γ exists because of Exercise 3.10) and
Γ : H+ → H− is the corresponding unitary operator, and AΓ is the linear operator in the
Hilbert space L2(R,C) defined by (3.1.11), then the identity (3.1.14) holds, i.e. Aα = AΓ.
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Proof of Proposition 3.12. Fix α ∈ T and choose γ ∈ T with α = γ + e

1 + γe
, see Exer-

cise 3.10, and let Γ : H+ → H− be the corresponding unitary. By Proposition 3.8,

D(AΓ) = {ψ ∈ D(A∗
0) : ψ(1) = αψ(0)} = D(Aα).

On this common domain both operators act as A∗
0, hence Aα = AΓ.

The following Corollary follows from Propositions 3.9 and 3.12, Exercise 3.10 and Theorem
2.60.

Corollary 3.13. Let SA(A0) denote the set of all self-adjoint extensions of the operator
A0. The family or the set of all self-adjoint extensions of operator A0 is equal the family
or the set

{Aα : α ∈ T}, (3.1.17)

where operator Aα is defined in formula (3.1.7).

Let us recall that sets X and Y are equal if and only if the following assertions hold.

(i) If x ∈ X then x ∈ Y .

(ii) If y ∈ Y then y ∈ X.

Proof of Corollary 3.13. we need to prove the following assertions hold.

(i) If A is a self-adjoint extension of operator A0, then there exists α ∈ T such that A = Aα.

(ii) If α ∈ T then Aα is self-adjoint extension of operator A0.

Proof of (i). If A is a self-adjoint extension of operator A0, by Theorem 2.60, there
exists Γ ∈ U(H+, H−) such that A = AΓ. Let next γ ∈ T is the number as in Proposition
3.8 Then, by Proposition 3.9 we infer AΓ = Aα, where α = γ + e

1 + γe
∈ T. Hence A = Aα.

Proof of (ii). By Exercise 3.10, there exists γ ∈ T with α = γ + e

1 + γe
. Let Γ : H+ → H−

be the unitary corresponding to γ. Proposition 3.12 yields that Aα = AΓ. Since AΓ is a
self-adjoint extension of A0, see Theorem 2.60, so is Aα. Both (i) and (ii) hold. Therefore

the set of all self-adjoint extensions of A0 is precisely the set (3.1.17).

Proof of Proposition 3.8. To prove formula (3.1.12), we proceed in two steps.

Step 1: We will show that

D(AΓ) ⊂ {ψ ∈ D(A∗
0) : ψ(1) = αψ(0)}. (3.1.18)
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Let us choose and fix a unitary operator Γ : H+ → H−, the corresponding number γ ∈ T.
and the linear operator AΓ in the Hilbert space L2(R,C) defined by formula (3.1.11).
Note that if u ∈ D(AΓ), then

u = ϕ+ sϕ+ + γsϕ−,

where ϕ ∈ D(A0), s ∈ C and ϕ+, ϕ− as in (3.1.9), Since ϕ(0) = ϕ(1) = 0, we compute

u(0) = ϕ(0) + sϕ+(0) + γsϕ−(0)

= 0 + s

√
2√

e2 − 1
+ sγ

√
2e√

e2 − 1
=
√

2(1 + γe)√
e2 − 1

s.

Similarly,

u(1) = ϕ(1) + sϕ+(1) + γsϕ−(1)

= 0 + s

√
2√

e2 − 1
e+ sγ

√
2√

e2 − 1
=
√

2(γ + e)√
e2 − 1

s.

Since 1 + γe ̸= 0 (because |γ| = 1 and e > 0), division gives

u(1)
u(0) = γ + e

1 + γe
=: α.

Thus
u(1) = αu(0), α = γ + e

1 + γe
.

Moreover,

|α|2 = γ + e

1 + γe
· γ + e

1 + γe
= 1 + e(γ + γ) + e2

1 + e(γ + γ) + e2 = 1,

so α ∈ T.

In other words we proved

D(AΓ) ⊂ {ψ ∈ D(A∗
0) : ψ(1) = αψ(0)}.

where α = γ+e
1+γe such that |α| = 1. Therefore (3.1.18) holds.

Step 2: Reverse inclusion. We will show that

ψ = ϕ+ sϕ+ + γsϕ− ∈ D(AΓ)

Assume that ψ ∈ D(A∗
0) satisfies ψ(1) = αψ(0), where α and γ are related by (3.1.13).

Define
s :=

√
e2 − 1√

2
ψ(0)

1 + γe
, ϕ := ψ − sϕ+ − γsϕ−.
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Then, using the same boundary values as above, we find

ϕ(0) = ψ(0)−
√

2√
e2−1(1 + γe) s = 0, ϕ(1) = ψ(1)−

√
2√

e2−1(γ + e) s = 0,

where the second equality uses ψ(1) = αψ(0) and α = (γ + e)/(1 + γe). Thus ϕ ∈ D(A0)
and therefore

ψ = ϕ+ sϕ+ + γsϕ− ∈ D(AΓ).

This proves the reverse inclusion.

From step 1 and step 2, with α = γ + e

1 + γe
∈ T, we conclude that

D(AΓ) = {ψ ∈ D(A∗
0) : ψ(1) = αψ(0)}} .

Remark 3.14. In the proof of Proposition 3.8, the coefficient s in the decomposition

ψ = ϕ+ sϕ+ + γsϕ−

is chosen so that the function ϕ ∈ D(A0), i.e. so that ϕ satisfies the boundary conditions

ϕ(0) = ϕ(1) = 0.

Since
ϕ(0) = ψ(0)− sϕ+(0)− γsϕ−(0),

and
ϕ+(0) =

√
2√

e2 − 1
, ϕ−(0) =

√
2e√

e2 − 1
,

we obtain
ϕ(0) = ψ(0)− s

√
2√

e2 − 1
(1 + γe).

Therefore, imposing ϕ(0) = 0 determines the value of s uniquely as

s =
√
e2 − 1√

2
ψ(0)

1 + γe
.

With this choice, one verifies using ψ(1) = αψ(0) and α = γ + e

1 + γe
that also ϕ(1) = 0,

and thus ϕ ∈ D(A0). In other words, the choice of s ensures precisely that

ψ = ϕ+ sϕ+ + γsϕ− ∈ D(AΓ).
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3.2 First order differential operator on the punctured line

3.2.1 Symmetry and the adjoint

In this section we consider the Hilbert space H = L2(R,C) and we define an operator A1

as follows
D(A1) = C∞

0 ((−∞, 0) ∪ (0,∞);C) = C∞
0 (R \ {0};C)

A1u = iu′ = iDu if u ∈ D(A1).
(3.2.1)

Note that

u ∈ D(A1) ⇐⇒ u : R→ C of C∞ class and

∃ 0 < a < b : supp u ⊂ [−b,−a] ∪ [a, b].

Hence, if u ∈ D(A1) then suppu is compact and there exist numbers 0 < a < b:

u(t) = 0 if t ≥ b or t ≤ −b or t ∈ [−a, a].

Remark 3.15. Although

D(A1) = C∞
0 (R \ {0}) ⊊ C∞

0 (R),

it follows from Proposition 2.48 that D(A1) is dense in L2(R).

Moreover, A1 is a linear operator. Indeed, C∞
0 (R \ {0}) is a vector space, and for u, v ∈

D(A1) and α, β ∈ C,

A1(αu+ βv) = i(αu+ βv)′ = i(αu′ + βv′)

= α(iu′) + β(iv′) = αA1u+ βA1v.

We begin with the following result.

Proposition 3.16. The operator A1 defined by (3.2.1) is symmetric, i.e.

⟨A1u, v⟩L2 = ⟨u,A1v⟩L2 ; ∀ u, v ∈ D(A1)

and densely defined, i.e. D(A1) is a dense subspace of the Hilbert space L2(R,C).

The next result follows by applying Proposition 2.89.

Proposition 3.17. The operator A1 is closable.

Proof of Proposition 3.16. We need to prove that A1 is symmetric. In what follows we
consider the case when a = −∞ and b =∞. The proof in a general case is similar.
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Let us choose and fix u, v ∈ C∞
0 (R). Thus

⟨A1u, v⟩ = ⟨iu′, v⟩ =
∫ ∞

−∞
i
d

dx
u(x)v(x) dx = −i

∫ ∞

−∞
u(x)v′(x) dt

=
∫ ∞

−∞
u(x)iv′(x) dx = ⟨u,A1v⟩.

Hence A1 is symmetric.

3.2.2 Deficiency indices of the first order differential operator on the
punctured line

The main result of this section is the following one.

Theorem 3.18. Assume that A1 is the operator defined by formula (3.2.1). Then

n+(A1) = 1

n−(A1) = 1

Moreover, the space ker(iI − A∗
1) is generated by function e1 and the space ker(iI + A∗

1)
is generated by function e2, where

e1(x) =

 0 if x > 0
cex if x < 0

and

e2(x) =

 ce−x if x > 0
0 if x < 0

(3.2.2)

The following result is a consequences of Theorem 3.18. In fact, we investigated the
previous result in order to prove or disprove the next corollary.

Corollary 3.19. The operator A1 on L2(R \ {0},C) defined by (3.2.1) has at least one
self-adjoint extension.

Proof of Corollary 3.19. According to Theorem 2.60, for a closed symmetric operator A
to have a self-adjoint extension, it is necessary that the deficiency indices satisfy n+ = n−.

Since we have n+(A1) = 1 and n−(A1) = 1 from Theorem 3.18, it follows that

n+ = n−.

Based on the result of Theorem 2.60, the operator A1 has at least one self-adjoint exten-
sion.
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Thus, we conclude that the operator A1 defined by equation (3.2.1) has at least one
self-adjoint extension. This completes the proof of the corollary.

In the remaining of this section we will we occupy ourselves proving the theorem above.
For this aim we will calculate the deficiency indices n+(A1) and n−(A1).

In order to calculate the deficiency indices of A1, we first need to find the domain of the
adjoint operator A∗

1.

Proposition 3.20. The following two conditions are equivalent.

(i) u ∈ D(A∗
1)

(ii) u ∈ L2(R,C) and the restriction of u to (0,∞), i.e. u : (0,∞)→ C is locally absolutely
continuous and ∫ ∞

0
|Du(t)|2 dt <∞,

and the restriction of u to (−∞, 0), i.e. u : (−∞, 0)→ C is locally absolutely continuous
and ∫ 0

−∞
|Du(t)|2 dt <∞.

Moreover,
A∗

1u = iDu, if u ∈ D(A∗
1).

It follows that the domain of the adjoint operator can be characterized in a more detailed
way. For this purpose we will need the following result that is a consequence of the Sobolev
embedding Theorem.

Proposition 3.21. If u ∈ D(A∗
1), then the following limits exist:

lim
x→0+

u(x) =: u(0+)

lim
x→0−

u(x) =: u(0−)

Remark 3.22. Note that the limits above are usually different. Hence a function u ∈
D(A∗

1) doesn’t need to be continuous.

Let us observe that by Proposition 3.20 we have the following result.

Corollary 3.23. The following two conditions are equivalent.

(i) u ∈ ker(iI −A∗
1)
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(ii) the restrictions of function u to the intervals (0,∞) and (−∞, 0) are square integrable
and locally absolutely continuous and∫ ∞

0
|Du(x)|2 dx <∞,

∫ 0

−∞
|Du(x)|2 dx <∞ (3.2.3)

and
Du = u on (0,∞) and Du = u on (−∞, 0).

Proof of Theorem 3.18. Part I. Let choose and fix u ∈ ker(iI − A∗
1). Then by Corollary

3.23, u satisfies the following conditions

Du = u on (0,∞), (3.2.4)

Du = u on (−∞, 0). (3.2.5)

The general solution of (3.2.4) is

u(x) = c+e
x, x > 0,

and the general solution of (3.2.5) is

u(x) = c−e
x, x < 0,

where c+, c− ∈ C.

Claim 3.24. We have ex /∈ L2(0,∞) and ex ∈ L2(−∞, 0).

Proof. We compute ∫ ∞

0
|ex|2dx =

∫ ∞

0
e2xdx =∞,

hence ex /∈ L2(0,∞).

On the other hand, ∫ 0

−∞
|ex|2dx =

∫ 0

−∞
e2xdx = 1

2 <∞,

so ex ∈ L2(−∞, 0).

By Claim 3.24, square integrability implies c+ = 0. Hence

u(x) =

0, x > 0,

c−e
x, x < 0.
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Define

e1(x) =

0, x > 0,

ex, x < 0.

Thus
u = c−e1.

Conversely, it is straightforward to check that e1 ∈ ker(iI −A∗
1).

Therefore, ker(iI −A∗
1) = span{e1} and hence

n+(A1) = 1.

Proof of Theorem 3.18. Part II. Let us choose and fix u ∈ ker(iI +A∗
1). Then by Corol-

lary 3.23, u satisfies the following conditions

Du = −u on (0,∞),

Du = −u on (−∞, 0).

The general solutions are

u(x) = c+e
−x, x > 0, u(x) = c−e

−x, x < 0.

Claim 3.25. We have e−x ∈ L2(0,∞) and e−x /∈ L2(−∞, 0).

Proof. We compute ∫ ∞

0
|e−x|2dx =

∫ ∞

0
e−2xdx = 1

2 <∞,

hence e−x ∈ L2(0,∞).

On the other hand, ∫ 0

−∞
|e−x|2dx =

∫ 0

−∞
e−2xdx =∞,

so e−x /∈ L2(−∞, 0).

By Claim 3.25, square integrability implies c− = 0. Hence

u(x) =

c+e
−x, x > 0,

0, x < 0.



First order differential operator 52

Define

e2(x) =

e
−x, x > 0,

0, x < 0.

Thus
u = c+e2.

Conversely, function e2 defined in (3.2.2) is square integrable and locally absolutely con-
tinuous on (−∞, 0) and (0,∞) and satisfies conditions (3.2.3). Hence, e2 ∈ ker(iI +A∗

1).
Therefore, ker(iI +A∗

1) = span{e2} and hence

n−(A1) = 1.

3.2.3 Finding the adjoint of the closure of a linear operator

Let A1 be the operator defined by formula (3.2.1) Since A1 is densely defined and sym-
metric, by Proposition 2.89, it is closable. Hence the closure A1 exists.

We want to modify Proposition 3.20 about the adjoint of A1 by finding the adjoint of A1.

Proposition 3.26. Let A1 be the operator defined by (3.2.1), and let A1 be its closure in
L2(R,C). Then the adjoint of A1 coincides with the adjoint of A1, i.e.,

(A1)∗ = A∗
1.

A measurable function u : R→ C belongs to D(A1)∗ if and only if the following conditions
hold:

1. u ∈ L2(R,C),

2. The restriction u : (0,∞)→ C is locally absolutely continuous and∫ ∞

0
|Du(t)|2 dt <∞,

3. The restriction u : (−∞, 0)→ C is locally absolutely continuous and

∫ 0

−∞
|Du(t)|2 dt <∞.
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Moreover, for such u, the adjoint acts as

(A1)∗u = iDu.

Remark 3.27. By Corollary 2.92, the closure of a densely defined symmetric operator is
again symmetric and satisfies

(A)∗ = A∗.

Hence the deficiency subspaces, and consequently the deficiency indices, of A and A

coincide.

The following result is an immediate consequence of Corollary 2.92 in the Preliminaries.
Since the closure of a densely defined symmetric operator is again symmetric and

(A)∗ = A∗,

the deficiency subspaces of A and A coincide. Hence their deficiency indices are equal.

Corollary 3.28. Let A1 be the operator defined by (3.2.1), and let A1 be it is closure in
L2(R,C). Then both A1 and A1 are symmetric and densely defined, and the deficiency
indices of A1 coincide with those of A1. In particular, by Theorem 3.18 we have

n+(A1) = n+(A1) = 1, n−(A1) = n−(A1) = 1.

3.2.4 Results for the first order operator on the punctured line

A preliminary result of this section is the following one.

Proposition 3.29. Assume that A1 is the operator defined by formula (3.2.1). Then A1

is not closed.

Proof of Proposition 3.29. We will prove that the linear map A1 is not closed. For this
aim, by Proposition 2.83 it is sufficient to show that

(i) there exists a function u ∈ H \D(A1)

(ii) and a D(A1)-valued sequence (un) such that un → u in H

(iii) and A1un is convergent in H.

For the Aim (i) we consider a function u : R→ C defined by
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u(x) =

e
−x−2

e−x = e−(x−2+x) = if x ∈ (0,∞)

0, if x ∈ (−∞, 0].
(3.2.6)

Let us state some useful properties of function u.

Lemma 3.30. The function u defined by formula (3.2.6) satisfies the following properties.

(i) Function u is of C1-class and

u′(x) =

e
−(x−2+x)(2x−3 − 1) for x > 0,

0 for x ≤ 0.

(ii) Function u belongs to H1(R).

(iii) Function u does not belong to D(A1).

Proof. The proof of part (i) is standard and hence omitted. Part (ii) follows form the
observation that since u is of C1-class it is measurable and showing that

∫
R
|u(x)|2 dx <∞

and ∫
R
|u′(x)|2 dx <∞ .

Part (iii) follows since u has not compact support.

From the above Lemma we deduce that function u satisfies Aim (i) above. Now we will

deal with Aim (ii).

From Definition 2.35 and Remark 2.36-(i), we deduce that the following results.

Lemma 3.31.

✓ C∞
0 (R) is dense in H1(R).

X C∞
0 (R \ {0}) is not dense in H1(R).

Lemma 3.32. Let u be the function defined in (3.2.6). Then there exists a sequence
(un)∞

n=1 such that
un ∈ D(A1) and un → u in H1(R).
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Before embarking on the proof of Lemma 3.32, let us conclude the proof that A1 is not
closed.

Lemma 3.33. Assume that u ∈ H1(R). For n ∈ N define the translation

vn(x) := u
(
x− 1

n

)
.

Then vn ∈ H1(R) with weak derivative

Dvn(x) = Du
(
x− 1

n

)
∈ L2(R).

Proof. The proof can be found in [20, p. 301].

Thus each vn lies in H1(R). Moreover, since the support of vn is contained in [1/n,∞),
the restriction ṽn to (0,∞) belongs to H1

0 (0,∞). By Proposition 2.14 and Example 2.21,
for every n ∈ N there exists ũn ∈ C∞

0 (0,∞) such that

∥ũn − ṽn∥H1(0,∞) ≤ ∥vn − u∥H1(R).

Extending ũn by 0 on (−∞, 0] we obtain un ∈ C∞
0 (R \ {0}) = D(A1) and

lim
n→∞

∥un − u∥H1(R) = 0.

Moreover,
A1un = iDun,

so (un, iDun) ∈ Γ(A1) and (un, iDun) → (u, iDu) in H × H. But (u, iDu) /∈ Γ(A1)
because u /∈ D(A1).

This completes the proof of Part 1 of Proposition 3.29.

Proof of Lemma 3.32. Define, for every n ∈ N, a function

vn : R ∋ x 7→ u(x− 1
n

) ∈ C,

i.e. see Figure 3.1,

vn(x) =

e
−[(x− 1

n
)−2+(x− 1

n
)] if x > 1

n ,

0, if x ≤ 1
n .

For x ≤ 1/n we clearly have vn(x) = 0. For x > 1/n, we note that

vn(x) = e−(x− 1
n )−2

e1/n e−x ≤ e e−x = e1−x = g(x).
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Figure 3.1: Graphs of u(x) = e−(x−2+x) and the approximating function vn(x) with
n = 5.
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vn(x) for n = 5

Thus
0 ≤ vn(x) ≤ g(x), for every x ∈ R, (3.2.7)

Moreover, since u is continuous and x− 1
n → x, therefore by [37, Theorem 4.6, p.86], we

have
vn(x)→ u(x) for all x ∈ R. (3.2.8)

by applying the Lebesgue dominated convergence Theorem, see [1, Thm 1.50, page 18],
we infer that

∥vn − u∥2L2(R) =
∫ ∞

−∞
|vn(x)− u(x)|2 dx→ 0 as n→∞. (3.2.9)

Let us show why the LDCT can be used. Firstly we observe that (3.2.7) and (3.2.8) we
have

0 ≤ u(x) ≤ g(x), for every x ∈ R,

Secondly, we observe that vn is Lebesgue measurable, see [19] and that by the Change of
Variables Theorem, see Theorems 6.19 and 10.9 in [37],∫ ∞

−∞
|vn(x)|2 dx =

∫ ∞

−∞
|u(x− 1

n
)|2 dx =

∫ ∞

−∞
|u(y)|2 dy <∞.

Thirdly, by the triangle inequality we observe that

|vn(x)− u(x)|2 ≤ 4g(x)2 =: h(x), x ∈ R.

Fourthly, using properties of function g we can show that∫
R
h(x) dx <∞.

Thus we have shown that all assumption of the LDCT are satisfied and hence we deduce
that (3.2.9) holds.



First order differential operator 57

After having proved (3.2.9) we embark on proving the convergence in H1(R), i.e.

lim
n→∞

∥vn − u∥H1(R) = 0. (3.2.10)

It is sufficient to show that Dvn → Du in L2(R). This can be proved in two different
ways. We will use a shorter one. Since Du ∈ L2(R), by applying the previous Step to
function Du we have

∥Dvn −Du∥L2(R) = ∥Du(· − 1
n)−Du(·)∥L2(R) −−−→n→∞

0.

Hence the proof of (3.2.10) is complete.

Thus we have shown that vn → u in H1(R). But vn /∈ D(A1) = C∞
0 (R \ {0}). To find a

D(A1) = C∞
0 (R \ {0})-valued sequence, we need to modify vn. For this aim we choose a

function ηn ∈ C∞
0 (R) such that

0 ≤ ηn ≤ 1, ηn ≡ 0 on {|x| ≤ 1
2n},

ηn ≡ 1 on { 1
n ≤ |x| ≤ n}, suppηn ⊂ { 1

2n < |x| < 2n}.

Set un := ηn vn. Then
un ∈ C∞

0 (R \ {0}) = D(A1).

Using that multiplication by a bounded Lipchitz function is bounded onH1 ([20, Prop. 9.4])
and that the supports where ηn ̸= 1 shrink to the origin (and to the far tails), we have

∥un − vn∥H1(R) → 0.

Therefore,
∥un − u∥H1(R) ≤ ∥un − vn∥H1 + ∥vn − u∥H1 −−−→

n→∞
0.

This finishes the proof of Lemma 3.32 because there exists a sequence a D(A1)-valued
sequence un such that un → u in H1(R).

We now deal with Aim (iii). By Lemma 3.32, there exists a sequence (un) ⊂ D(A1)
such that

un → u in H1(R).

In particular,
un → u and Dun → Du in L2(R).

Since
A1un = iDun,
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it follows that
A1un → iDu in L2(R).

Thus
(un, A1un)→ (u, iDu) in H ×H.

However, u /∈ D(A1) by Lemma 3.30. Hence (u, iDu) /∈ Γ(A1) and therefore the graph
Γ(A1) is not closed.

This completes the proof of Proposition 3.29.

Proposition 3.34. Assume that A1 is the operator defined by formula (3.2.1). A function
u ∈ D(A1) if and only if the following conditions are satisfied

(i) u ∈ L2(R,C),

(ii) the function u belongs to the Sobolev space H1
loc(R \ {0},C) and

the function u : R→ C is locally absolutely continuous and∫
R
|Du(t)|2 dt <∞,

(iii) u(0) = 0.

Moreover,
A1u = iDu, if u ∈ D(A1). (3.2.11)

Proof of Proposition 3.34, Part 1. Let us choose and fix u ∈ D(A1).

We will prove that u satisfies the three conditions (i)-(iii) listed above.

By definition of the closure of an operator, see Remark 2.86, there exist a sequence
(un) ⊂ D(A1) and a function z ∈ L2(R,C) such that

un → u in L2(R), and A1un → z in L2(R). (3.2.12)

Since A1un = i u′
n we infer that

u′
n → −iz in L2(R). (3.2.13)

We first show that u is locally absolutely continuous and that Du ∈ L2(R).
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Let T > 0. Since un, um ∈ C∞
0 (R \ {0}), we have, for t ∈ [0, T ] and n,m ∈ N,

un(t)− um(t) =
∫ t

0

(
u′

n(s)− u′
m(s)

)
ds.

By the Cauchy–Schwarz inequality, see [38, Theorem 3.5 p.63]

|un(t)− um(t)| ≤
√
t ∥u′

n − u′
m∥L2(R) ≤

√
T ∥u′

n − u′
m∥L2(R).

Taking the supremum over t ∈ [0, T ], we obtain

∥un − um∥C([0,T ]) ≤
√
T ∥u′

n − u′
m∥L2(R).

Since (3.2.13) implies that (u′
n) is Cauchy in L2(R), it follows that (un) is Cauchy in

C([0, T ]), see [37, Theorem 7.8]. Hence there exists vT ∈ C([0, T ]) such that

un → vT uniformly on [0, T ].

On the other hand, by (3.2.12), we have un → u in L2([0, T ]). By the uniqueness of the
limit in L2([0, T ]), we conclude that

vT (x) = u(x) Leb a.e. on [0, T ].

Thus, after redefining u on a null set if necessary, we may assume that u is continuous on
[0, T ]. Since T > 0 is arbitrary, u is continuous on [0,∞). Repeating the same argument
on (−∞, 0], there exists a continuous function v : R→ C such that

v(x) = u(x) Leb a.e. on R.

and for every a < b

sup
x∈[a,b]

|un(x)− v(x)| → 0 as n→∞. (3.2.14)

We conclude that u is continuous on each half-line.

Next we prove that u is weakly differentiable and that Du = −iz, see Definition 2.1. Let
ϕ ∈ C∞

0 (R \ {0}). Since un ∈ C∞
0 (R \ {0}), integration by parts gives∫

R
un(x)ϕ′(x) dx = −

∫
R
u′

n(x)ϕ(x) dx. (3.2.15)

Passing to the limit in (3.2.15) using (3.2.12) and (3.2.13), we obtain∫
R
u(x)ϕ′(x) dx = −

∫
R

(−iz)(x)ϕ(x) dx.
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Hence, since ϕ is arbitrary, we infer that u is weakly differentiable and

Du = −iz ∈ L2(R).

Therefore u ∈ H1
loc(R \ {0},C), and u is locally absolutely continuous on each half-line.

It remains to prove that u(0) = 0. Since each un ∈ D(A1) = C∞
0 (R \ {0}), we have

un(0) = 0. Moreover, by (3.2.14), we know that un → u uniformly on every compact
interval. In particular, the convergence is uniform on [−1, 1]. Hence

u(0) = lim
n→∞

un(0) = 0.

We have proved conditions (i), (ii), and (iii). Finally, since Du = −iz, we have z = iDu.
By definition of the closure, this implies (3.2.11). This completes the proof of Part 1.

Proof of Proposition 3.34, Part 2. We prove the converse implication. Let u ∈ L2(R,C)
satisfy conditions (i), (ii), and (iii) of the proposition. We will show that u ∈ D(A1).

By (ii), the restrictions u|(−∞,0) and u|(0,∞) belong to the Sobolev spaces

H1((−∞, 0),C) and H1((0,∞),C),

respectively. since u ∈ H1((0,∞)), by Corollary 2.32, the limit limx→0+ u(x) exists and
coincides with u(0). Since u(0) = 0, it follows that

u|(0,∞) ∈ H1
0 ((0,∞),C), and u|(−∞,0) ∈ H1

0 ((−∞, 0),C).

By Definition 2.35, the space H1
0 (Ω) is defined as the closure of C∞

0 (Ω) in H1(Ω). In
particular, for Ω = (−∞, 0) and Ω = (0,∞), we deduce that C∞

0 ((−∞, 0)) is dense in
H1

0 ((−∞, 0)) and C∞
0 ((0,∞)) is dense in H1

0 ((0,∞)). Thus there exist sequences (fn)

and (gn) such that
fn ∈ C∞

0 ((−∞, 0)), gn ∈ C∞
0 ((0,∞))

and
fn → u|(−∞,0) in H1((−∞, 0)), gn → u|(0,∞) in H1((0,∞)).

Define un : R→ C by

un(x) =


fn(x), x < 0,

gn(x), x > 0,

0, x = 0.
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Then un ∈ C∞
0 (R \ {0}) = D(A1) for every n, since fn and gn are smooth with compact

support in (−∞, 0) and (0,∞), respectively, and the point x = 0 is excluded from the
domain. Moreover, by construction,

un → u in L2(R),

and
Dun → Du in L2(R).

Therefore,
A1un = iDun → iDu in L2(R).

Hence, by definition of the closure of an operator,

u ∈ D(A1) and A1u = iDu.

This completes the proof of Part 2.

Remark 3.35. If one compares Proposition 3.29 with the first part of Proposition 3.20,
one can see that

D(A1) ⊂ D(A∗
1).

Moreover, by comparing Propositions 3.34 and 3.20, we obtain

A1u = A∗
1u for all u ∈ D(A1).

In other words, in the sense of Definition 2.80,

A1 ⊂ A∗
1.

Secondly, item (iii) in Proposition 3.34 makes sense in view of Proposition 3.21.

We also need the following result in the next Section 3.2.5.

3.2.5 Finding all self-adjoint extensions operators for the first order
closure on the punctured line

The main result of this section is a consequence of the general von Neumann theory, see
[34, Section X, Theorem X.2, v.2, p. 141]) and Theorem 2.60.

By Proposition 3.26 and Corollary 3.28, the closure A1 is a closed symmetric operator in
L2(R,C) satisfying the following proposition.



First order differential operator 62

Proposition 3.36. Assume that A1 is the operator defined by formula (3.2.1). Then

(i) the closure A1 is a symmetric operator in H = L2(R,C),

(ii) the adjoint of A1 is equal to the adjoint of A1, i.e.

A1
∗ = A∗

1,

(ii) the deficiency indices of A1 are equal to the deficiency indices of A1, i.e.

n+(A1) = n−(A1) = 1.

We must work with the closure A1, because Theorem 2.60 requires closed operators.

Theorem 3.37. Assume that A1 is the operator defined by formula (3.2.1), and let A1 be
it is closure. Then A1 is a closed symmetric operator with deficiency indices

n+(A1) = n−(A1) = 1 <∞.

Set

H+ = ker
(
iI −A1

∗) = ker
(
iI −A∗

1
)
, H− = ker

(
iI +A1

∗) = ker
(
iI +A∗

1
)
. (3.2.16)

Then every self-adjoint extension of A1 can be characterized in the following way

(i) If Γ : H+ → H− is a unitary operator and the operator AΓ is defined by

D(AΓ) =
{
u ∈ H : u = u0 + u+ + Γ(u+), u0 ∈ D(A1), u+ ∈ H+

}
,

AΓ(u0 + u+ + Γ(u+)) = A1u0 + iu+ − iΓ(u+),

then AΓ is self-adjoint and A1 ⊂ AΓ, i.e.,

D(A1) ⊂ D(AΓ), A1(u0) = AΓ(u0) for all u0 ∈ D(A1).

(ii) Conversely,every self-adjoint operator A with A1 ⊂ A is of the form A = AΓ for a
unique unitary map

Γ : H+ → H−.

Proof of Theorem 3.37. Follows from Theorem 2.60.
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Applying of Theorem 3.37. Since n±(A1) = 1, the spacesH+ andH− are one-dimensional.
By (3.2.16) and Theorem 3.18, these two spaces are generated respectively by the following
functions

e1(x) =
√

2ex · 1(−∞,0](x) ∈ H+,

e2(x) =
√

2e−x · 1[0,∞)(x) ∈ H−,

where 1(−∞,0](x) and 1[0,∞)(x) are the indicator functions of the negative and positive
real axes, respectively.

These functions satisfy

∥e1∥ = ∥e2∥ = 1, ⟨e1, e2⟩L2 = 0, (3.2.17)

and their boundary values are

e1(0−) =
√

2, e1(0+) = 0, e2(0+) =
√

2, e2(0−) = 0.

The vectors e1 and e2 form orthogonal bases of the corresponding spaces. Moreover they
are perpendicular to each other. For the completeness of the presentation let check the
second condition in (3.2.17).

⟨e1, e2⟩ =
∫
R
e1(x) e2(x) dx =

∫
R

0 dx = 0,

because the function e1 = 0 on [0,∞) and e2 = 0 on (−∞, 0].

We also compute their L2-norms. By the first condition in (3.2.17)

∥e1∥2 = 2
∫ 0

−∞
|ex|2 dx = 2

∫ 0

−∞
e2x dx = 2

[1
2e

2x
]0

−∞
= 21

2 = 1.

and similarly for e2.

By Theorem 3.37, all self-adjoint extensions of A1 are parametrized by unitary maps
Γ : H+ → H−. Since both spaces are one-dimensional, every such Γ is a ”multiplication”
operator by a constant α ∈ C of length one, i.e. Γ = Γα, where

Γα(e1) = αe2, α ∈ T. (3.2.18)
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Let us now choose and fix such α ∈ T. By Theorem 3.37 we have

D(AΓα) =
{
u0 + u+ + Γαu+ : u0 ∈ D(A1), u+ ∈ H+

}
,

AΓα(u0 + u+ + Γαu+) = A1u0 + iu+ − iΓαu+.

Since the space H+ is one dimensional and generated by e1, using the formula

D(AΓα) =
{
u0 + ce1 + cαe2 : u0 ∈ D(A1), c ∈ C

}
.

AΓα(u0 + ce1 + cαe2) = A1u0 + ice1 − icαe2.

Let us choose and fix u0 ∈ D(A1) and c ∈ C and put u = u0 + ce1 + cαe2.

Since, by Proposition 3.34-(iii), u0(0±) = 0, using the properties of functions e1 and e2,
we deduce that

u(0−) = u0(0−) + ce1(0−) + cαe2(0−) = 0 + c
√

2 + 0 =
√

2 c,

and
u(0+) = u0(0+) + ce1(0+) + cαe2(0+) = 0 + 0 + cα

√
2 =
√

2 c α.

Therefore, we deduce
u(0+) = αu(0−). (3.2.19)

We proved that if u ∈ D(AΓα) then u satisfies condition (3.2.19).

Conversely, if α ∈ T and operator Aα is defined by

D(Aα) := {u ∈ D(A∗
1) : u(0+) = αu(0−)}

Aαu := A∗
1u, if u ∈ D(Aα).

then this operator is a self-adjoint extension of the operator A1 and

Aα = AΓα , (3.2.20)

where Γα : H+ → H− is defined in (3.2.18).

These considerations can be summarized in the following theorem.

Theorem 3.38. The set of self-adjoint extensions of operator A1 coincides with the family

SA(A1) = {Aα : α ∈ T}
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where every operator Aα is determined by the boundary condition

u(0+) = αu(0−).

Remark 3.39. Equality (3.2.19) is the boundary condition defining the operator Aα.

Finish the proof of Theorem 3.38. By Theorem 3.37, every self-adjoint extension of A1

is of the form AΓ for a unique unitary map Γ : H+ → H−. Since H+ and H− are
one-dimensional, every such Γ is multiplication by a scalar α ∈ T.

In the construction above, see (3.2.18)–(3.2.19). We showed that, for every α ∈ T,

D(AΓα) = {u ∈ D(A∗
1) : u(0+) = αu(0−) } = D(Aα),

and the formula (3.2.20) holds.

Conversely, if α ∈ T and Aα is defined by the boundary condition (3.2.19), then the same
computation shows that Aα = AΓα for the corresponding unitary map Γα : H+ → H−,
and therefore Aα is self-adjoint.

Hence the family
{Aα : α ∈ T}

is exactly the set of all self-adjoint extensions of A1, that is

SA(A1) = {Aα : α ∈ T}.



Chapter 4

Second-order differential operator
(Laplacian)

In this chapter, we study second-order differential operators, in particular the Laplacian.
We begin with operators defined on the real line, where we analyse symmetry and describe
the adjoint operator.

We then consider the corresponding operators on the punctured real line, where we in-
vestigate the closure, compute the deficiency indices, and characterize all self-adjoint ex-
tensions. These results extend the analysis of first-order operators to higher-order cases.

4.1 Second-order differential operator (Laplacian) on the
real line

We consider the Hilbert space

H = L2(R,C)

with the standard inner product and norm, and define the operator A0 by

D(A0) = C∞
0 (R)

A0u = D2u = ∆u if u ∈ D(A0).
(4.1.1)

We begin with the following result.

Proposition 4.1. The operator A0 is symmetric in the space H, i.e.

⟨A0u, v⟩L2 = ⟨u,A0v⟩L2 ; ∀ u, v ∈ D(A0). (4.1.2)

66
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Proof of Proposition 4.1. We need to prove that A0 is symmetric. In what follows we
consider the case when a = −∞ and b =∞. The proof in a general case is similar.

Let us choose and fix u, v ∈ C∞
0 (R). Then by the definition (4.1.1) of the linear map A0

we have
⟨u,A0v⟩L2 = ⟨u, v′′⟩L2 =

∫ ∞

−∞
u(x)v′′(x) dt (4.1.3)

To prove (4.1.2), since both u, v have compact support, we can find interval [a, b] and [c, d]
such that u(x) = 0 if t /∈ [a, b] and v(x) = 0 if t /∈ [c, d]. Then we choose α = min{a, c}
and β = max{b, d}. Then [a, b] ⊂ [α, β] and [c, d] ⊂ [α, β], so that

[a, b] ∪ [c, d] ⊂ [α, β].

Therefore,
if t /∈ (α, β), the u(x) = 0, and v(x) = 0.

Hence the integral in (4.1.3) is equal to the corresponding integral over a bounded interval
[α, β] (over which I can apply the Integration by Parts [37, Theorem 6.22]).

Thus, by equality (4.1.3), we get

L.H.S = ⟨u,A0v⟩ =
∫ ∞

−∞
u(x)v′′(x) dx =

∫ ∞

−∞
u(x)(v′(x))′ dt

=
∫ β

α
u(x)(v′(x))′ dx = [u(x)v′(x)]βα −

∫ β

α
u′(x)v′(x) dx

= [0− 0]−
∫ β

α
u′(x)v′(x) dx = −

[
u′(x)v(x)|βα −

∫ β

α
u′′(x)v(x) dx

]
= −[0− 0] +

∫ β

α
u′′(x)v(x) dx =

∫ ∞

−∞
u′′(x)v(x) dx = ⟨A0u, v⟩ = R.H.S.

Hence we infer that A0 is symmetric in H.

We need to determine D(A∗
0) and next find a formula for A∗

0v if v ∈ D(A∗
0).

We begin with the following characterization of the domain of the adjoint operator A∗
0,

which will be proven later on.

Proposition 4.2. Suppose that A0 is the linear operator defined by (4.1.1). Then

D(A∗
0) = {v : R→ C : v is of C1 − class such that

∫ ∞

−∞
|v(x)|2 dt <∞

and the derivative v′ = Dv is locally absolutely continuous function∫ ∞

−∞
|v′′(x)|2 dt <∞},

and
A∗

0u = D2u, u ∈ D(A∗
0).



Second-order differential operator (Laplacian) 68

In the above expression, v′′ = D2v denotes the derivative of v′ = Dv. Since v′ is lo-
cally absolutely continuous, in the sense of Definition 2.8, the derivative v′′ exists almost
everywhere.

4.1.1 Deficiency indices of the second-order differential operator (Lapla-
cian) on the real line

In this subsection we compute the deficiency indices n+(A0) and n−(A0) of the operator
A0. Using Definition 2.59, we have

n+(A0) = dim ker(iI −A∗
0), n−(A0) = dim ker(iI +A∗

0).

We begin with the computation of n+(A0).

Lemma 4.3. Assume that A0 is the operator defined by (4.1.1). Then

dim ker(iI −A∗
0) = 0.

Proof of Lemma 4.3. By [34, Definition of kernel] and Proposition 4.2, we have

u ∈ ker(iI −A∗
0) ⇐⇒ u ∈ D(A∗

0) and (iI −A∗
0)u = 0

⇐⇒ u ∈ D(A∗
0) and D2u = iu on R.

Let us choose and fix u ∈ ker(iI −A∗
0). Then u satisfies

u′′(x) = iu(x), x ∈ R. (4.1.4)

To solve this equation, we look for solutions of the form

u(x) = eλx.

Substituting into (4.1.4) gives
λ2 = i.

Since
i = eiπ/2,

the two square roots are

λ = ±
√

2
2 (1 + i).
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Hence the general solution is

u(x) = c1e
√

2
2 (1+i)x + c2e

−
√

2
2 (1+i)x, x ∈ R,

for some constants c1, c2 ∈ C.

We claim that such a function belongs to L2(R) only if c1 = c2 = 0. Indeed, since

Re
(√

2
2 (1 + i)

)
=
√

2
2 > 0,

we have
e

√
2

2 (1+i)x /∈ L2(0,∞), e−
√

2
2 (1+i)x /∈ L2(−∞, 0).

Therefore, if u ∈ L2(R), then necessarily c1 = c2 = 0, so u = 0.

Thus
ker(iI −A∗

0) = {0},

and hence
n+(A0) = dim ker(iI −A∗

0) = 0.

This proves the lemma.

We now compute n−(A0).

Lemma 4.4. Assume that A0 is the operator defined by (4.1.1). Then

dim ker(iI +A∗
0) = 0.

Proof of Lemma 4.4. By [34, Definition of kernel] and Proposition 4.2, we have

u ∈ ker(iI +A∗
0) ⇐⇒ u ∈ D(A∗

0) and (iI +A∗
0)u = 0

⇐⇒ u ∈ D(A∗
0) and D2u = −iu on R.

Let us choose and fix u ∈ ker(iI +A∗
0). Then u satisfies

u′′(x) = −iu(x), x ∈ R. (4.1.5)

Again, looking for solutions of the form u(x) = eλx, we obtain

λ2 = −i.

Since
−i = e−iπ/2,
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the two square roots are

λ = ±
√

2
2 (1− i).

Hence the general solution is

u(x) = c1e
√

2
2 (1−i)x + c2e

−
√

2
2 (1−i)x, x ∈ R,

for some constants c1, c2 ∈ C.

Since
Re
(√

2
2 (1− i)

)
=
√

2
2 > 0,

we have
e

√
2

2 (1−i)x /∈ L2(0,∞), e−
√

2
2 (1−i)x /∈ L2(−∞, 0).

Therefore, if u ∈ L2(R), then necessarily c1 = c2 = 0, so u = 0.

Thus
ker(iI +A∗

0) = {0},

and hence
n−(A0) = dim ker(iI +A∗

0) = 0.

This proves the lemma.

We conclude with the following result.

Proposition 4.5. Assume that A0 is the operator defined by (4.1.1). Then A0 is a densely
defined symmetric operator on H = L2(R,C) and its deficiency indices satisfy

n+(A0) = n−(A0) = 0.

In particular, A0 is essentially self-adjoint, i.e. it has a unique self-adjoint extension.
Moreover, the unique self-adjoint extension A of A0 is as follows

D(A) = H2(R), Au = D2u = ∆u.

Proof of Proposition 4.5. The density of D(A0) = C∞
0 (R) in L2(R) follows from Proposi-

tion 2.48, and the symmetry of A0 was proved in Proposition 4.1. Moreover, by Lemmas
4.3 and 4.4, its deficiency indices satisfy

n+(A0) = n−(A0) = 0.

Hence, by Corollary 2.61, A0 is essentially self-adjoint.
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4.2 Second-order differential operator (Laplacian) on the
punctured line

In this section, we define an operator A1 on H = L2(R,C) and

D(A1) = C∞
0 ((−∞, 0) ∪ (0,∞);C) = C∞

0 (R \ {0};C),

A1u = D2u = ∆u if u ∈ D(A1).
(4.2.1)

We begin with the following result.

Proposition 4.6. The operator A1 is symmetric in the space H, i.e.

⟨A1u, v⟩L2 = ⟨u,A1v⟩L2 ; ∀ u, v ∈ D(A1).

Proof of Proposition 4.6. The proof is analogous to Proposition 4.1. Since functions in
C∞

0 (R\{0}) have compact support away from the origin, integration by parts on (−∞, 0)
and (0,∞) gives

⟨A1u, v⟩ = ⟨u,A1v⟩.

Hence A1 is symmetric.

Now, we want to calculate the deficiency indices of A1. For this purpose we need first to
find the domains of the adjoint operator A∗

1. We have the following analog of Proposition
4.2.

Proposition 4.7. Let A1 be defined by (4.2.1). Then u ∈ D(A∗
1) if and only if

u ∈ L2(R)

and the restrictions
u− := u|(−∞,0), u+ := u|(0,∞)

satisfy
u± ∈ H2

loc, D2u± ∈ L2.

Equivalently, u± and Du± are locally absolutely continuous and

∫ 0

−∞
|D2u(x)|2 dx <∞,

∫ ∞

0
|D2u(x)|2 dx <∞.

Moreover,
A∗

1u = D2u

on each half-line.
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Proposition 4.8. A measurable function v : R→ C belongs to D(A∗
1) if and only if∫ ∞

−∞
|v(x)|2 dt <∞

and the restriction v : (0,∞)→ C is of C1 − class such that

the derivative v′ = Dv is locally absolutely continuous function and∫ ∞

0
|v′′(x)|2 dt <∞

and the restriction v : (−∞, 0)→ C is of C1 − class such that

the derivative v′ = Dv is locally absolutely continuous function and∫ 0

−∞
|v′′(x)|2 dt <∞.

Moreover,
A∗

1u = D2u = u′′, u ∈ D(A∗
1).

In the above expression, v′′ = D2v denotes the derivative of v′ = Dv. Since v′ is lo-
cally absolutely continuous, in the sense of Definition 2.8, the derivative v′′ exists almost
everywhere.

Proposition 4.9. If u ∈ D(A∗
1) then the following limits exist:

lim
x→0+

u(x) =:u(0+)

lim
x→0−

u(x) =: u(0−)

lim
x→0+

u′(x) =:u′(0+)

lim
x→0−

u′(x) =: u′(0−).

Remark 4.10. The traces from the two half-lines are independent. In general,

u(0+) ̸= u(0−)

and
u′(0+) ̸= u′(0−).

Thus neither u nor u′ is required to be continuous at the origin.

4.2.1 Deficiency indices of the second-order differential operator (Lapla-
cian) on the punctured line

The main result of this section is the following one.
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Theorem 4.11. Assume that A1 is the operator defined by formula (4.2.1). Then

n+(A1) = 2

n−(A1) = 2

The following result is a consequences of Theorem 4.11. In fact, we investigated the
previous result in order to prove or disprove the next corollary.

Corollary 4.12. The operator A1 is closable, and its closure A1 admits self-adjoint ex-
tensions.

Proof of Corollary 4.12. Since A1 is densely defined and symmetric, it is closable. By
Corollary 2.92,

n±(A1) = n±(A1).

Therefore, Theorem 4.11 gives

n+(A1) = n−(A1) = 2.

The existence assertion now follows from Theorem 2.60.

In the remaining of this section we will we occupy ourselves proving the theorem above.
For this aim we will calculate the deficiency indices n+(A1) and n−(A1).

Proposition 4.13. Assume that A1 is the operator defined by (4.2.1). Then

n+(A1) = 2.

Proof of Proposition 4.13. Let us observe that by Proposition 4.6

u ∈ ker(iI −A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI −A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = D2u ⇐⇒ u ∈ D(A∗

1) and D2u = iu.

⇐⇒ the restrictions of function u to the intervals (0,∞) and (−∞, 0) are

of C1-class and their derivatives are locally absolutely continuous and∫ ∞

0
|D2u(x)|2 dx <∞,

∫ 0

−∞
|D2u(x)|2 dx <∞

and D2u = iu on (0,∞) and D2u = iu on (−∞, 0).

(4.2.2)

The above equivalence is analogous to the earlier one in (4.2.2).

Let us choose and fix u ∈ ker(iI − A∗
1), then by (4.2.2), u satisfies the following two

conditions.
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(1) D2u = iu on (0,∞) and

(2) D2u = iu on (−∞, 0).

Let us recall that function u in D(A∗
1) need not be continuous at 0.

To solve D2u = iu on (0,∞), we note that the general solution is of the form, where
c1, c2 ∈ C is a constant

u(x) = c1e
−

√
2

2 (1+i)x + c2e
√

2
2 (1+i)x, x > 0,

Since Re(
√

2
2 (1 + i)) > 0 and Re(−

√
2

2 (1 + i)) < 0, in order that u ∈ L2, we need to have
c2 = 0. Hence

u(x) = c1e
−

√
2

2 (1+i)x, x > 0.

To solve D2u = iu on (−∞, 0), we note that a general solution is of the form, where
c1, c2 ∈ C is a constant

u(x) = c1e
−

√
2

2 (1+i)x + c2e
√

2
2 (1+i)x, x < 0,

Since Re(
√

2
2 (1 + i)) > 0 and Re(−

√
2

2 (1 + i)) < 0, in order that u ∈ L2, we need to have
c1 = 0. Hence

u(x) = c2e
√

2
2 (1+i)x, x < 0.

Hence we proved that if u ∈ ker(iI −A∗
1), then there exists numbers c1, c2 ∈ C such that

the function u satisfies

u(x) =

 c1e
−

√
2

2 (1+i)x if x > 0
c2e

√
2

2 (1+i)x if x < 0
(4.2.3)

One can show easily that every function u defined by (4.2.3) belongs to ker(iI −A∗
1).

Thus, the space ker(iI − A∗
1) has dimension 2 because it contains precisely two linearly

independent functions

e1(x) =

 e−
√

2
2 (1+i)x if x > 0

0 if x < 0
(4.2.4)

and

e2(x) =

 0 if x > 0
e

√
2

2 (1+i)x if x < 0
(4.2.5)

Thus
dim ker(iI −A∗

1) = 2
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Thus, the proof is complete.

In the same way, we prove that

Proposition 4.14. Assume that A1 is the operator defined by (4.2.1). Then

n−(A1) = 2.

Proof of Proposition 4.14. Let us observe that by Proposition 4.6

u ∈ ker(iI +A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI +A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = −D2u ⇐⇒ u ∈ D(A∗

1) and D2u = −iu.

⇐⇒ the restrictions of function u to the intervals (0,∞) and (−∞, 0) are

of C1-class and their derivatives are locally absolutely continuous and∫ ∞

0
|D2u(x)|2 dx <∞,

∫ 0

−∞
|D2u(x)|2 dx <∞

and D2u = −iu on (0,∞) and D2u = −iu on (−∞, 0).

(4.2.6)

The above equivalence is analogous to the earlier one in (4.2.6).

Let us choose and fix u ∈ ker(iI+A∗
1), then by (4.2.6), u satisfies the following conditions.

(1) D2u = −iu on (0,∞) and

(2) D2u = −iu on (−∞, 0).

Let us recall that function u is not even continuous at 0.

To solve D2u = −iu on (0,∞), we note that the general solution is of the form, where
c1, c2 ∈ C is a constant

u(x) = c1e
−

√
2

2 (1−i)x + c2e
√

2
2 (1−i)x, x > 0,

We found the values of λ in the previous Section 4.1, by solved the equation (4.1.5).

Since Re(
√

2
2 (1− i)) > 0 and Re(−

√
2

2 (1− i)) < 0, in order that u ∈ L2, we need to have
c2 = 0. Hence

u(x) = c1e
−

√
2

2 (1−i)x, x > 0.

To solve D2u = −iu on (−∞, 0).
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we note that the general solution is of the form, where c1, c2 ∈ C is a constant

u(x) = c1e
−

√
2

2 (1−i)x + c2e
√

2
2 (1−i)x, x < 0,

Since Re(
√

2
2 (1− i)) > 0 and Re(−

√
2

2 (1− i)) < 0, in order that u ∈ L2, we need to have
c1 = 0. Hence

u(x) = c2e
√

2
2 (1−i)x, x < 0.

Hence we proved that if u ∈ ker(iI +A∗
1), then there exists numbers c1, c2 ∈ C such that

the function u satisfies

u(x) =

 c1e
−

√
2

2 (1−i)x if x > 0
c2e

√
2

2 (1−i)x if x < 0
(4.2.7)

One can show easily that every function u defined by (4.2.7) belongs to ker(iI +A∗
1).

Thus, the space ker(iI + A∗
1) has dimension 2 because it contains precisely two linearly

independent functions

e1(x) =

 e−
√

2
2 (1−i)x if x > 0

0 if x < 0
(4.2.8)

and

e2(x) =

 0 if x > 0
e

√
2

2 (1−i)x if x < 0
(4.2.9)

Thus
dim ker(iI +A∗

1) = 2

Thus, the proof is complete.

4.2.2 The adjoint of the closure of second-order differential operator
(Laplacian) on the punctured line

Let A1 be the operator defined by formula (4.2.1). Since A1 is densely defined and
symmetric, Corollary 2.92 implies that A1 is closable, that A1 is symmetric. The closure
A1 exists.

We now extend Proposition 4.7 by determining the adjoint of the closure A1.

Proposition 4.15. Let A1 be the operator defined by formula (4.2.1), and let A1 denote
its closure in L2(R,C). Then,

(A1)∗ = A∗
1.

A measurable function u : R→ C belongs to D((A1)∗) if and only if:
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(i) u ∈ L2(R,C);

(ii) The restriction u : (0,∞)→ C is twice weakly differentiable with

D2u ∈ L2((0,∞)) ,

i.e. ∫ ∞

0
|D2u(t)|2 dt <∞.

(iii) The restriction u : (−∞, 0)→ C is twice weakly differentiable with D2u ∈ L2((−∞, 0)),
i.e. ∫ 0

−∞
|D2u(t)|2 dt <∞.

Moreover, if u ∈ D((A1)∗), then

(A1)∗u = D2u = ∆u.

4.2.3 Deficiency indices of the closure of second-order differential oper-
ator (Laplacian) on the punctured line

From Proposition 4.15, we already know that the closure A1 of the operator defined by
(4.2.1) exists and that its adjoint coincides with the adjoint of A1, i.e.

(A1)∗ = A∗
1.

Corollary 4.16. The operators A1 and A1 have the same deficiency subspaces and defi-
ciency indices. More precisely,

ker(iI − (A1)∗) = ker(iI −A∗
1)

and
ker(iI + (A1)∗) = ker(iI +A∗

1).

Consequently,
n+(A1) = n+(A1) = 2, n−(A1) = n−(A1) = 2.

Proof. This follows from Corollary 2.92 and Theorem 4.11.
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4.2.4 Results for the second-order differential operator (Laplacian) on
the punctured line

We begin with the following preliminary result. Our first step is to establish the result
below.

Proposition 4.17. The operator A1 defined by (4.2.1) is not closed.

Proof of Proposition 4.17. The proof follows the same method as in Proposition 3.29.

We will show that the graph Γ(A1) is not closed in L2(R)× L2(R).

Let u : R→ C be the function defined in (3.2.6). By Lemma 3.30, we have

u ∈ H1(R) ⊂ L2(R), u /∈ D(A1).

Moreover, by a direct computation one checks that D2u ∈ L2(R), hence u ∈ H2(R).

Using the same construction as in Lemma 3.32, but working in H2(R) instead of H1(R),
there exists a sequence (un) ⊂ C∞

0 (R \ {0}) = D(A1) such that

un → u in H2(R).

In particular,
un → u, D2un → D2u in L2(R).

Since A1un = D2un, we obtain

A1un → D2u in L2(R).

Thus
(un, A1un)→ (u,D2u) in L2 × L2.

However, u /∈ D(A1), hence (u,D2u) /∈ Γ(A1). Therefore, the graph Γ(A1) is not closed,
and A1 is not closed.

The following proposition gives an explicit characterization of D(A1).

Proposition 4.18. Assume that A1 is the operator defined by (4.2.1). A function u

belongs to D(A1) if and only if the following conditions hold:

(i) u ∈ L2(R,C),
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(ii) u ∈ H2
loc(R \ {0},C) and u : R → C is locally absolutely continuous together with its

first derivative, and ∫
R
|D2u(t)|2 dt <∞,

(iii) The boundary conditions

u(0+) = u(0−) = 0, u′(0+) = u′(0−) = 0.

Moreover,
A1u = D2u.

Proof of Proposition 4.18, Part 1. The proof follows the same method as in Proposition
3.34, Part 1. Let u ∈ D(A1). Then there exist (un) ⊂ D(A1) and z ∈ L2(R) such that

un → u, A1un = D2un → z in L2(R).

Thus
D2un → z in L2(R).

Using the same argument as in the first-order case (based on the Cauchy–Schwarz in-
equality and uniform convergence on compact sets), we deduce that u ∈ H2

loc(R \ {0})
and

D2u = z.

Since each un ∈ C∞
0 (R \ {0}), we have

un(0) = 0, u′
n(0) = 0.

Passing to the limit uniformly on compact intervals yields

u(0±) = 0, u′(0±) = 0.

This proves (i)–(iii), and the identity

A1u = D2u

follows directly from the definition of the closure.
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Proof of Proposition 4.18, Part 2. The proof follows the same method as in Proposition
3.34, Part 2. Let u satisfy conditions (i)–(iii). Then

u|(−∞,0) ∈ H2((−∞, 0)), u|(0,∞) ∈ H2((0,∞)).

Since u(0±) = 0 and u′(0±) = 0, it follows that

u|(−∞,0) ∈ H2
0 ((−∞, 0)), u|(0,∞) ∈ H2

0 ((0,∞)).

By definition of H2
0 , there exist sequences

fn ∈ C∞
0 ((−∞, 0)), gn ∈ C∞

0 ((0,∞))

such that

fn → u|(−∞,0) in H2((−∞, 0)), gn → u|(0,∞) in H2((0,∞)).

Define

un(x) =


fn(x), x < 0,

gn(x), x > 0,

0, x = 0.

Then un ∈ C∞
0 (R \ {0}) = D(A1).

Moreover,
un → u, D2un → D2u in L2(R).

Hence
A1un = D2un → D2u,

and therefore
u ∈ D(A1), A1u = D2u.

4.2.5 Finding all self-adjoint operators extensions for the second-order
differential operator (Laplacian) on the punctured line

We now apply von Neumann’s theorem to the closed symmetric operator A1.
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By Corollary 4.16,
n+(A1) = n−(A1) = 2.

Hence the self-adjoint extensions of A1 are in one-to-one correspondence with unitary
operators

Γ : H+ −→ H−,

where
H+ = ker(iI −A∗

1), H− = ker(iI +A∗
1).

Since
dimH+ = dimH− = 2,

the unitary maps H+ → H− may be represented, after choosing orthonormal bases, by
matrices in U(2).

Moreover, the orthonormal bases of the deficiency subspaces are the same for A1 and A1,
i.e.

H+ := ker(iI −A1
∗) = span{ẽ1, ẽ2},

H− := ker(iI +A1
∗) = span{f̃1, f̃2},

(4.2.10)

with ẽj , f̃j , j = 1, 2 as in (4.2.15) and (4.2.17), see also Tables 4.1–4.2 for their boundary
values.

Recall the following definition

Definition 4.19. (i) The symbol U(H+, H−) denotes the set of all unitary operators
Γ : H+ → H−, i.e. by Definition 2.69, Γ : H+ → H− is a bijection satisfying

⟨Γu,Γv⟩ = ⟨u, v⟩ for all u, v ∈ H+.

(ii) The symbol U(2) denotes the group of all 2× 2 unitary complex matrices. A matrix
M = [mjℓ] ∈ C2×2 belongs to U(2) if and only if

M∗M = MM∗ = I2,

where M∗ denotes the conjugate transpose of M , i.e.

M =

m11 m12

m21 m22

 , M∗ = M
T =

m11 m21

m12 m22

 .

Equivalently, the columns (or rows) of M form an orthonormal basis of C2.
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We now apply Theorem 2.60 to A1. Let us emphasize that we need to use operator A1

because Theorem 2.60 is only applicable to closed operators.

Note that Theorem 4.20 is closely related to Theorem 3.37.

In fact, by the extension theorem for closed symmetric operators with equal deficiency
indices, see Theorem 2.60, every self-adjoint extension of A1 is of the form AΓ, where
Γ : H+ → H− is a unitary operator. Since dimH+ = dimH− = 2, we have U(H+, H−) ∼=
U(2), see Definition 4.19.

Theorem 4.20 (Self-adjoint extensions of A1). Let M = (mjk) ∈ U(2) be the matrix and
let Γ : H+ → H− be the unitary determined by M with respect to the bases in (4.2.10);
i.e.,

Γ(ẽk) = m1kf̃1 +m2kf̃2.

Equivalently, see (4.2.18) or (4.2.19). Then the von Neumann formula (2.3.3) is as follows

D(AΓ) :=
{
u = u0 + u+ + Γu+ : u0 ∈ D(A1), u+ ∈ H+

}
,

AΓ(u0 + u+ + Γu+) := A1 u0 + i u+ − iΓu+.
(4.2.11)

Then AΓ is self-adjoint in L2(R) and A1 ⊂ AΓ.

Moreover, every self-adjoint extension A1 of A1 equals AΓ for a unique

Γ ∈ U(H+, H−) ∼= U(2) .

Idea of proof. By Corollary 2.92 we have (A1)∗ = A∗
1 and n±(A1) = 2. Hence the hy-

potheses of Theorem 2.60 are satisfied. Applying it is von Neumann parametrization with
the two-dimensional deficiency spaces in (4.2.10), yielding (4.2.11).

Our Objective is to formulate and proof a result similar to Corollary 3.13.

Remark 4.21 (Explicit form of elements of D(AΓ) via boundary values). Using the
explicit for of the orthonormal bases {ẽ1, ẽ2} and {f̃1, f̃2} and their boundary values
(Tables 4.1–4.2), every u ∈ D(AΓ) can be written in the following concrete form

u = u0 + s1(ẽ1 +m11f̃1 +m21f̃2) + s2(ẽ2 +m12f̃1 +m22f̃2),

with u0 ∈ D(A1) and (s1, s2) ∈ C2.

We now state a result completely analogous to Theorem 3.7 for the first-order operator.
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Corollary 4.22 (Classification of all self-adjoint extensions of A1). Let SA(A1) denote
the set of all self-adjoint extensions of the closure of the Laplacian A1 on R \ {0}. Then

SA(A1) = {AΓ : Γ ∈ U(H+, H−) } ∼= U(2). (4.2.12)

In other words, every self-adjoint extension of A1 is uniquely determined by a unitary ma-
trix M ∈ U(2), and conversely every M ∈ U(2) produces a (unique) self-adjoint extension
AΓ.

Proof of Corollary 4.22.(i) Let A be any self-adjoint extension of A1. By Theorem 2.60,
there exists a unique unitary operator Γ : H+ → H− such that A = AΓ.

(ii) Conversely, Theorem 4.20 asserts that for every unitary map Γ : H+ → H−, the
operator AΓ defined by (4.2.11) is self-adjoint.

Combining (i) and (ii) yields the formula (4.2.12). Since dimH+ = dimH− = 2, we have
U(H+, H−) ∼= U(2), which completes the proof.

In what follows we plan to present a generalization of Corollary 3.13 to the current setting.

With the abstract description of all self-adjoint extensions of A1 in place, we now turn to
an explicit realization of these extensions for the Laplacian on R \ {0}.

Our next goal is to compute the deficiency bases, their boundary values at 0±, and the
corresponding boundary conditions satisfied by functions in D(AΓ).

More precisely:

(i) We recall the deficiency subspaces H+ and H− from Subsection 4.2 and construct
orthonormal bases adapted to the problem.

(ii) We verify orthogonality and normalization and compute the boundary values of the
basis functions and their derivatives at 0+ and 0−.

(iii) These explicit computations will allow us, in the next subsection, to express the do-
mains D(AΓ) in terms of concrete boundary conditions coupling u(0±) and u′(0±).

Deficiency subspace H+. From (4.2.4)–(4.2.5) in Subsection 4.2, we found

H+ = span{e1, e2}
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where

e1(x) = 1(0,∞)(x)e−
√

2
2 (1+i)x, e2(x) = 1(−∞,0)(x)e

√
2

2 (1+i)x,

and

1(0,∞)(x) =

1, x > 0,

0, x < 0,
1(−∞,0)(x) =

1, x < 0,

0, x > 0.

Now, we will check if this an orthogonal basis, which means

⟨e1, e2⟩L2 = 0 (4.2.13)

∥e1∥ = ∥e2∥ = 1. (4.2.14)

We will start with the first condition (4.2.13) is true, i.e. if we take

⟨e1, e2⟩L2 =
∫ ∞

−∞
e1e2 dx

=
∫ ∞

−∞
1(0,∞)(x)e−

√
2

2 (1+i)x · 1(−∞,0)(x)e
√

2
2 (1+i)x dx

=
∫ ∞

−∞
0 dx = 0.

So, the condition (4.2.13) holds.

Now, to check the second condition (4.2.14), we take

∥e1∥2L2 =
∫ ∞

−∞
|e1(x)|2 dx =

∫ ∞

0
|e−

√
2

2 xe
i
√

2
2 x| dx

=
∫ ∞

0
|e−

√
2

2 x|2|e
i
√

2
2 x|2 dx =

∫ ∞

0
e−

√
2x dx

= −1√
2
e−

√
2x|∞0 = 1√

2
.

Similarly for ∥e2∥2L2 . Hence,

∥e1∥L2 = ∥e2∥L2 = 2−1/4.

We define the normalized functions
ẽ1(x) = 2

1
4 e1(x) = 2

1
4 1(0,∞)(x)e−

√
2

2 (1+i)x,

ẽ2(x) = 2
1
4 e2(x) = 2

1
4 1(−∞,0)(x)e

√
2

2 (1+i)x,
x ∈ R. (4.2.15)

So that
∥ẽ1∥L2 = ∥ẽ2∥L2 = 1, ⟨ẽ1, ẽ2⟩L2 = 0.
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Thus {ẽ1, ẽ2} is an orthonormal basis of H+.

Note that the derivatives of ẽ1(x) and ẽ2(x) are

ẽ′
1(x) = −2− 1

4 1(0,∞)(x)(1 + i)e−
√

2
2 (1+i)x,

ẽ′
2(x) = 2− 1

4 1(−∞,0)(x)(1 + i)e
√

2
2 (1+i)x.

Evaluating at 0± we get the boundary values summarized in Table 4.1.

ẽ1 ẽ2 ẽ′
1 ẽ′

2
0+ 21/4 0 −2−1/4(1 + i) 0
0− 0 21/4 0 2−1/4(1 + i)

Table 4.1: Boundary values of the functions ẽ1, ẽ2 and their derivatives.

Every u+ ∈ H+ has a unique representation

u+ = s1ẽ1 + s2ẽ2, s1, s2 ∈ C. (4.2.16)

Deficiency subspace H−. From (4.2.8)–(4.2.9) in Subsection 4.2 we similarly have

H− = span{f1, f2}

where 
f1(x) = 1(0,∞)(x)e−

√
2

2 (1+i)x

f2(x) = 1(−∞,0)(x)e
√

2
2 (1+i)x.

x ∈ R.

As above,
∥f1∥2L2 = ∥f2∥2L2 = 1√

2
, ⟨f1, f2⟩L2 = 0.

We define


f̃1(x) = 2

1
4 f1(x) = 2

1
4 1(0,∞)(x)e−

√
2

2 (1+i)x

f̃2(x) = 2
1
4 f2(x) = 2

1
4 1(−∞,0)(x)e

√
2

2 (1+i)x.
x ∈ R. (4.2.17)

so that {f̃1, f̃2} is an orthonormal basis of H−.

Differentiating, we get


f̃1

′(x) = −2− 1
4 1(0,∞)(x)(1 + i)e−

√
2

2 (1+i)x

f̃2
′(x) = 2− 1

4 (1 + i)1(−∞,0)(x)e
√

2
2 (1+i)x.

x ∈ R.
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The boundary values at 0± coincide with those in Table 4.2.

f̃1 f̃2 f̃ ′
1 f̃ ′

2
0+ 21/4 0 −2−1/4(1 + i) 0
0− 0 21/4 0 2−1/4(1 + i)

Table 4.2: Boundary values of the functions f̃1, f̃2 and their derivatives.

Thus
H− = span{f̃1, f̃2}, dimH− = 2.

From Case 1 and 2: we proved that the space H+ has orthonormal basis ẽ1, ẽ2, and the
space H− with orthonormal basis f̃1, f̃2.

We proved that every element of H+ is of the form

2∑
k=1

skẽk = s1ẽ1 + s2ẽ2.

Unitary maps Γ : H+ → H−. Let us recall that by Theorem 4.20, every self-adjoint
extension of A1 is determined by a unitary operator

Γ : H+ → H−,

which, relative to the orthonormal bases {ẽ1, ẽ2} and {f̃1, f̃2}, is represented by a unitary
matrix M ∈ U(2):

M =

 a b

−eiϕb eiϕa

 , |a|2 + |b|2 = 1, ϕ ∈ [0, 2π). (4.2.18)

the adjoint matrix is

M∗ =

a −e−iϕb

b e−iϕa

 .
A direct computation shows that

M∗M = MM∗ = I2,

Thus M ∈ U(2).

This is one of the standard parametrization of U(2); see https://en.wikipedia.org/

wiki/Unitary_matrix.

https://en.wikipedia.org/wiki/Unitary_matrix
https://en.wikipedia.org/wiki/Unitary_matrix
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Another representation is the following one

M = eiϕ/2

 eiα cos θ eiβ sin θ
−e−iβ sin θ e−iα cos θ

 (4.2.19)

where α, β, ϕ, θ ∈ [0, 2π).

If I have matrix M in (4.2.18), then

M

s1

s2

 =

m11 m12

m21 m22

s1

s2


=

 a b

−eiϕb eiϕa

s1

s2

 =

 as1 + bs2

−eiϕbs1 + eiϕas2

 .
Therefore

Γ
( 2∑

k=1
skẽk

)
= (m11s1 +m12s2)f̃1 + (m21s1 +m22s2)f̃2 (4.2.20)

= (as1 + bs2)f̃1 + (−eiϕbs1 + eiϕas2)f̃2.

In terms of the bases, this means

Γ(ẽ1) = m11f̃1 +m21 f̃2, Γ(ẽ2) = m12f̃1 +m22 f̃2. (4.2.21)

Γ(ẽ1) = a f̃1 + e−iϕb f̃2, Γ(ẽ2) = b f̃1 + eiϕa f̃2.

If u+ ∈ H+ is written as in (4.2.16),

u+ = s1ẽ1 + s2ẽ2,

then

Γu+ = s1Γ(ẽ1) + s2Γ(ẽ2)

= (as1 + bs2) f̃1 +
(
−eiϕb s1 + eiϕa s2

)
f̃2. (4.2.22)

Decomposition of elements of D(AΓ). By Theorem 4.20, the domain of the self-adjoint
extension AΓ is given by

D(AΓ) =
{
u = u0 + u+ + Γu+ : u0 ∈ D(A1), u+ ∈ H+

}
.
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Lemma 4.23. Assume that s1, s2 ∈ C and x+, x−, y+, y− ∈ C, and assume that ∆ ̸= 0.
Then the following system of equations

y+ = −2−1/4(1 + i)
(
(1 + a)s1 + bs2

)
,

y− = 2−1/4(1 + i)
(
−eiϕb s1 + (1 + eiϕa)s2

)
.

x+ = 21/4((1 + a)s1 + bs2
)
,

x− = 21/4(−eiϕb s1 + (1 + eiϕa) s2
)
.

is satisfied if and only if the next system

s1 = (1 + eiϕa)x+−b x−
21/4 ∆

,

s2 = eiϕb x+ +(1 + a)x−
21/4 ∆

,

(1 + i)
(
(1 + eiϕa)x+−b x−

)
+
√

2
(
(1 + eiϕa)y + +b y−

)
= 0,

(1 + i)
(
eiϕb x+ +(1 + a)x−

)
+
√

2
(
eiϕb y +−(1 + a) y−

)
= 0.

is also satisfied.

Proof of Lemma 4.23. Denote y = (y+, y−) ∈ C2, x = (x+, x−) ∈ C2 and s = (s1, s2) ∈
C2. Then the 1st system of 4 equations is equivalent to

y = Bs,

x = Cs

for some concrete 2 × 2 matrices B and C determined by the above coefficient. Since
∆ ̸= 0, the matrix C is invertible.

The 2nd system of 4 equations is equivalent to

s = C−1x,

C−1x−B−1y = 0

for the same matrices B and C.

One can easily prove that these two systems are equivalent.

(i) If the first system holds, then x = Cs implies s = C−1x, and applying B−1 to y = Bs

yields C−1x−B−1y = 0.

(ii) Conversely, if the second system holds, then s = C−1x implies x = Cs, and applying
B to C−1x−B−1y = 0 gives y = Bs.
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Thus the two systems are equivalent.

The proof is complete.

Assume that u ∈ D(AΓ). Using (4.2.16) and (4.2.22), u can be written as

u = u0 + s1ẽ1 + s2ẽ2 + Γ(s1ẽ1 + s2ẽ2)

= u0 + s1
(
ẽ1 + Γ(ẽ1)

)
+ s2

(
ẽ2 + Γ(ẽ2)

)
= u0 + s1

(
ẽ1 +m11f̃1 +m21f̃2

)
+ s2

(
ẽ2 +m12f̃1 +m22f̃2

)
, (4.2.23)

for some u0 ∈ D(A1) and s1, s2 ∈ C.

From the Tables 4.1–4.2, we have the following boundary values of the ONB’s ẽ1, ẽ2 of
H+ and f̃1, f̃2 of H−

ẽ1(0+) = 21/4, ẽ2(0+) = 0, f̃1(0+) = 21/4, f̃2(0+) = 0,

ẽ1(0−) = 0, ẽ2(0−) = 21/4, f̃1(0−) = 0, f̃2(0−) = 21/4,

Hence, by (4.2.23) and we infer that

u(0+) = u0(0+) + u+(0+) + (Γu+)(0+)

= 0 + s1(ẽ1(0+) +m11f̃1(0+) +m21f̃2(0+))

+ s2(ẽ2(0+) +m12f̃1(0+) +m22f̃2(0+))

= s1(2
1
4 + 2

1
4a− eiϕb · (0)) + s2(0 + 2

1
4 b+ eiϕa · (0))

= 2
1
4 (1 + a)s1 + 2

1
4 bs2 = 2

1
4 ((1 + a)s1 + bs2) .

and

u(0−) = u0(0−) + u+(0−) + (Γu+)(0−)

= 0 + s1(ẽ1(0−) +m11f̃1(0−) +m21f̃2(0−))

+ s2(ẽ2(0−) +m12f̃1(0−) +m22f̃2(0−))

= s1(0 + a · (0)− 2
1
4 eiϕb) + s2(2

1
4 + b · (0) + 2

1
4 eiϕa)

= −2
1
4 eiϕbs1 + 2

1
4 s2 + 2

1
4 eiϕas2 = 2

1
4
(
−eiϕbs1 + (1 + eiϕa)s2

)

From the above computations we obtained the boundary values

u(0+) = 21/4((1 + a)s1 + bs2
)
,

u(0−) = 21/4(−eiϕb s1 + (1 + eiϕa) s2
)
.
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These two relations form a linear system for the unknowns s1 and s2. We now rewrite
this system in a convenient algebraic form and solve it.

Step 1: Divide out the common factor. Put

x := u(0+)
21/4 , y := u(0−)

21/4 .

Then the boundary system becomes(1 + a)s1 + bs2 = x,

−eiϕb s1 + (1 + eiϕa)s2 = y.

In matrix form,

A

s1

s2

 =

x
y

 , A =

1 + a b

−eiϕb 1 + eiϕa

 .
Since M ∈ U(2), the matrix A is invertible.

Step 2: Compute the determinant.

∆ = det(A) = (1 + a)(1 + eiϕa)− b
(
−eiϕb

)
= (1 + a)(1 + eiϕa) + eiϕ|b|2.

Since A is invertible (because the matrix comes from a unitary matrix M ∈ U(2), and
satisfy M∗M = MM∗ = I2), we infer that ∆ ̸= 0.

Step 3: Solve using Cramer’s rule. (Cramer’s rule: see Wikipedia or ChiliMath.)

s1 = 1
∆

∣∣∣∣∣∣x b

y 1 + eiϕa

∣∣∣∣∣∣ = (1 + eiϕa)x− b y
∆ ,

s2 = 1
∆

∣∣∣∣∣∣1 + a x

−eiϕb y

∣∣∣∣∣∣ = eiϕb x+ (1 + a) y
∆ .

Step 4: Substitute back x, y in terms of u(0±).

Since
x = u(0+)

21/4 , y = u(0−)
21/4 ,

we obtain

s1 = (1 + eiϕa)u(0+)− b u(0−)
21/4 ∆

,

s2 = eiϕb u(0+) + (1 + a)u(0−)
21/4 ∆

.

(4.2.24)

https://en.wikipedia.org/wiki/Cramer%27s_rule
https://www.chilimath.com/lessons/advanced-algebra/cramers-rule/
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where
∆ = (1 + a)(1 + eiϕa) + eiϕ|b|2.

Derivative boundary system. Using the boundary values in Tables 4.1–4.2, we get

ẽ′
1(0+) = −2−1/4(1 + i), ẽ′

2(0+) = 0,

f̃ ′
1(0+) = −2−1/4(1 + i), f̃ ′

2(0+) = 0.

Hence, by (4.2.23) and we infer that

u′(0+) = s1
(
ẽ′

1(0+) +m11f̃
′
1(0+) +m21f̃

′
2(0+)

)
+ s2

(
ẽ′

2(0+) +m12f̃
′
1(0+) +m22f̃

′
2(0+)

)
= s1

[
−2−1/4(1 + i)−m112−1/4(1 + i)

]
+ s2

[
−m122−1/4(1 + i)

]
.

Since m11 = a and m12 = b, this simplifies to

u′(0+) = −2−1/4(1 + i)
(
(1 + a)s1 + bs2

)
. (4.2.25)

Analogously, since
ẽ′

1(0−) = 0, ẽ′
2(0−) = 2−1/4(1 + i),

f̃ ′
1(0−) = 0, f̃ ′

2(0−) = 2−1/4(1 + i),

we infer

u′(0−) = s1
(
ẽ′

1(0−) +m11f̃
′
1(0−) +m21f̃

′
2(0−)

)
+ s2

(
ẽ′

2(0−) +m12f̃
′
1(0−) +m22f̃

′
2(0−)

)
= s1

[
m212−1/4(1 + i)

]
+ s2

[
2−1/4(1 + i) +m222−1/4(1 + i)

]
.

Using m21 = −eiϕb and m22 = eiϕa, we find

u′(0−) = 2−1/4(1 + i)
(
−eiϕb s1 + (1 + eiϕa)s2

)
. (4.2.26)

Combining equations (4.2.25) and (4.2.26), we have

u′(0+) = −2−1/4(1 + i)
(
(1 + a)s1 + bs2

)
,

u′(0−) = 2−1/4(1 + i)
(
−eiϕb s1 + (1 + eiϕa)s2

)
.

(4.2.27)
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These formulas will later be combined with the corresponding expressions for u(0±) to
obtain the boundary conditions defining D(AΓ).

From the formulas (4.2.27), the equations are completely analogous to the boundary
relations for u(0±); the same linear–algebraic method gives explicit expressions for s1

and s2.

Step 1: Divide out the common factor. Put

x′ := u′(0+)
− 2−1/4(1 + i)

, y′ := u′(0−)
2−1/4(1 + i)

. (4.2.28)

Then the system becomes (1 + a)s1 + bs2 = x′,

−eiϕb s1 + (1 + eiϕa)s2 = y′.

In matrix form,

A

s1

s2

 =

x′

y′

 , A =

1 + a b

−eiϕb 1 + eiϕa

 .
As before, A is invertible because it comes from a unitary matrix M ∈ U(2).

Step 2: Determinant.

∆ = det(A) = (1 + a)(1 + eiϕa) + eiϕ|b|2.

Step 3: Solve using Cramer’s rule.

s1 = (1 + eiϕa)x′ − b y′

∆ ,

s2 = eiϕb x′ + (1 + a) y′

∆ .

Step 4: Substitute back the definitions of x′ and y′ from (4.2.28).

We deduce that

s1 =
(1 + eiϕa) u′(0+)

−2−1/4(1 + i)
− b

u′(0−)
2−1/4(1 + i)

∆ ,

s2 =
eiϕb

u′(0+)
−2−1/4(1 + i)

+ (1 + a) u′(0−)
2−1/4(1 + i)

∆ .



Second-order differential operator (Laplacian) 93

Thus

s1 = − (1 + eiϕ a)u′(0+) − b u′(0−)
2−1/4(1 + i) ∆

,

s2 = −e
iϕ b u′(0+) + (1 + a)u′(0−)

2−1/4(1 + i) ∆
,

(4.2.29)

where
∆ = (1 + a)(1 + eiϕa)− e−iϕ|b|2.

From (4.2.24) and (4.2.29) we know that the same constants s1, s2 can be expressed both
in terms of

(
u(0+), u(0−)

)
and in terms of

(
u′(0+), u′(0−)

)
.

Indeed, for s1 we have

(1 + eiϕa)u(0+)− b u(0−)
21/4 ∆

= − (1 + eiϕ a)u′(0+) − b u′(0−)
2−1/4(1 + i) ∆

.

Cancelling ∆ and multiplying both sides by 21/4 · 2−1/4 =
√

2, we obtain

(1 + i)
(
(1 + eiϕa)u(0+)− b u(0−)

)
+
√

2
(
(1 + eiϕa)u′(0+) + b u′(0−)

)
= 0.

Similarly, equating the two formulas for s2 gives

eiϕb u(0+) + (1 + a)u(0−)
21/4 ∆

= −e
iϕ b u′(0+) + (1 + a)u′(0−)

2−1/4(1 + i) ∆
,

hence

(1 + i)
(
eiϕb u(0+) + (1 + a)u(0−)

)
+
√

2
(
eiϕb u′(0+)− (1 + a)u′(0−)

)
= 0.

Therefore, the following pair of linear boundary conditions

(1 + i)
(
(1 + eiϕa)u(0+)− b u(0−)

)
+
√

2
(
(1 + eiϕa)u′(0+) + b u′(0−)

)
= 0,

(1 + i)
(
eiϕb u(0+) + (1 + a)u(0−)

)
+
√

2
(
eiϕb u′(0+)− (1 + a)u′(0−)

)
= 0.

(4.2.30)

To simplify the boundary conditions, we put u(0+) = u(0−) = x and u′(0+) = u′(0) = y,
we get

(1 + i)
(
(1 + eiϕa)− b

)
x+
√

2
(
(1 + eiϕa) + b

)
y = 0,

(1 + i)
(
eiϕb+ (1 + a)

)
x+
√

2
(
eiϕb− (1 + a)

)
y = 0.
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4.2.6 Nontrivial Solutions of a Complex Linear System

We determine all coefficients

ϕ ∈ [0, 2π), a, b ∈ C, |a|2 + |b|2 = 1,

for which the linear system with unknowns x, y,

(1 + i)
(
(1 + eiϕa)− b

)
x+
√

2
(
(1 + eiϕa) + b

)
y = 0,

(1 + i)
(
eiϕb+ (1 + a)

)
x+
√

2
(
eiϕb− (1 + a)

)
y = 0,

(4.2.31)

admits a nontrivial solution (x, y) ̸= (0, 0).

To determine when the system (4.2.31) admits a nontrivial solution, we examine the deter-
minant of its coefficient matrix. A nontrivial solution exists if and only if this determinant
vanishes. Factoring out the nonzero scalar (1 + i)

√
2, the condition reduces to

det

(1 + eiϕā)− b (1 + eiϕā) + b

eiϕb̄+ (1 + a) eiϕb̄− (1 + a)

 = 0.

A direct computation yields

−2
(
(1 + eiϕā)(1 + a) + b eiϕb̄

)
= 0,

and hence
(1 + eiϕā)(1 + a) + eiϕ|b|2 = 0.

Using the constraint |a|2 + |b|2 = 1, this reduces to

(1 + a) + eiϕ(1 + ā) = 0. (4.2.32)

We have two cases as follow:

(i) Case 1: a = −1: Then |a|2 = 1 forces b = 0. Equation (4.2.32) is identically satisfied
for every ϕ ∈ [0, 2π). Thus

(a, b, ϕ) = (−1, 0, ϕ), ϕ ∈ [0, 2π),

is a family of solutions.
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(ii) Case 2: a ̸= −1: Then 1 + ā ̸= 0, and (4.2.32) uniquely determines ϕ:

eiϕ = −1 + a

1 + ā
= − 1 + a

(1 + a)
.

Since the right-hand side has modulus 1, such ϕ always exists and is unique modulo 2π.
Writing θ = arg(1 + a), this can be expressed as

ϕ ≡ π + 2θ (mod 2π).

Here a is arbitrary with |a| ≤ 1, a ̸= −1, and b is arbitrary subject only to

|b| =
√

1− |a|2.

The system (4.2.31) admits a nontrivial solution if and only if

(1 + a) + eiϕ(1 + ā) = 0 and |a|2 + |b|2 = 1.

This condition yields exactly the two families described above.

characterize exactly the domain D(AΓ) corresponding to the unitary matrix M in (4.2.18).
We proved the following result.

Proposition 4.24. Let

M = [mkj ]2k,j=1 =

 a b

−eiϕb eiϕa

 ∈ U(2), |a|2 + |b|2 = 1,

and let Γ : H+ → H− be the unitary operator defined by

Γ(ẽj) =
2∑

k=1
mkj f̃k.

If u ∈ D(AΓ), then u satisfies the boundary conditions (4.2.30).

4.2.7 Converse construction for the Laplacian

In this subsection we prove the converse direction of the characterization of self-adjoint
extensions of the Laplacian. Starting from a unitary map Γ : H+ → H−, we derive the
corresponding boundary conditions satisfied by functions in D(AΓ), and conversely show
that any function satisfying these boundary conditions admits a decomposition of the
form prescribed by von Neumann’s theory, see Theorem 2.60.
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The argument relies on expressing the boundary values of u and u′ at the origin linearly
in terms of the coefficients (s1, s2) associated with the deficiency subspaces, and on the
invertibility of the resulting boundary matrices.

D(AΓ) =
{
u ∈ D(Ā1

∗) : u = u0 + u+ + Γ(u+), for some u+ ∈ H+
}
,

=
{
u ∈ D(Ā1

∗) : u = u0 +
2∑

j=1
sj ẽj +

2∑
j=1

Γ(ẽj) sj , for some s = (s1, s2) ∈ C2
}
,

=
{
u ∈ D(Ā1

∗) : u = u0 +
2∑

j=1
sj
(
ẽj + Γẽj), for some s = (s1, s2) ∈ C2

}
.

(4.2.33)

where {ẽ1, ẽ2} is a basis of H+.

Definition 4.25. Assume that Γ : H+ → H− is a linear isomorphism. Let us also denote
by {f̃1, f̃2} is a basis of H−. Let us denote by M the matrix of operator Γ in the basis on
{ẽ1, ẽ2} and {f̃1, f̃2}, i.e.

Γ
( 2∑

k=1
skẽk

)
= Γ (s1ẽ1 + s2ẽ2) =

 2∑
j=1

m1jsj

 f̃1 +

 2∑
j=1

m2jsj

 f̃2. (4.2.34)

Let u ∈ D(AΓ). Then the boundary values of u at 0± satisfy

u(0±) =
2∑

j=1
sj

[
ẽj(0±) + (Γẽj)(0±)

]
. (4.2.35)

Similarly, for the first derivative we have

u′(0±) =
2∑

j=1
sj

[
ẽ′

j(0±) + (Γẽj)′(0±)
]
. (4.2.36)

Equations (4.2.35) can be written in a matrix form asu(0+)
u(0−)

 = C

s1

s2

 , (4.2.37)

where C ∈ C2×2 is the matrix whose entries are determined by the boundary values of ẽj

and Γẽj at 0±.
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Likewise, equations (4.2.36) can be written asu′(0+)
u′(0−)

 = B

s1

s2

 , (4.2.38)

where B ∈ C2×2 is the matrix determined by the boundary values of ẽ′
j and (Γẽj)′ at 0±.

Using Tables 4.1–4.2 and (4.2.20), the matrices C and B take the explicit forms (4.2.39)
and (4.2.40). Therefore, the matrix C is given by

C = 21/4

 1 + a b

− eiϕb 1 + eiϕa

 , (4.2.39)

and the derivative matrix is

B = 2−1/4(1 + i)

−(1 + a) −b

− eiϕb 1 + eiϕa

 . (4.2.40)

Assume that the matrices B and C are invertible. Then from (4.2.37) we obtains1

s2

 = C−1

u(0+)
u(0−)

 , (4.2.41)

and from (4.2.38) we obtain s1

s2

 = B−1

u′(0+)
u′(0−)

 . (4.2.42)

We can write the boundary values at 0± in matrix form (4.2.41) asu(0+)
u(0−)

 = C

s1

s2

 ,
where

C =

ẽ1(0+) + (Γẽ1)(0+) ẽ2(0+) + (Γẽ2)(0+)

ẽ1(0−) + (Γẽ1)(0−) ẽ2(0−) + (Γẽ2)(0−)

 .
Similarly, for the derivatives (4.2.42),u′(0+)

u′(0−)

 = B

s1

s2

 ,
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where

B =

ẽ′
1(0+) + (Γẽ1)′(0+) ẽ′

2(0+) + (Γẽ2)′(0+)

ẽ′
1(0−) + (Γẽ1)′(0−) ẽ′

2(0−) + (Γẽ2)′(0−)

 .
Hence from (4.2.37) and (4.2.42), we infer that

C−1

u(0+)
u(0−)

 = B−1

u′(0+)
u′(0−)

 . (4.2.43)

These two matrices B and C depend on the unitary map Γ.

Since the unitary map Γ depends on a unitary matrix M ∈ U(2), the boundary conditions
(4.2.43) can be expressed in terms of M .

Define the operator AM by

D(AM ) =
{
u ∈ D(Ā∗

1) : u satisfies the boundary conditions (4.2.43)
}
. (4.2.44)

Claim 4.26. If u ∈ D(AΓ), then u ∈ D(AM ).

Proof. Let u ∈ D(AΓ). By the definition of D(AΓ) in (4.2.33), there exist u0 ∈ D(A1)
and u+ ∈ H+ such that

u = u0 + u+ + Γu+.

Put u+ = s1ẽ1 + s2ẽ2 for some (s1, s2) ∈ C2.

By Proposition 4.18, the boundary traces of u0 vanish:

u0(0+) = u0(0−) = 0, u′
0(0+) = u′

0(0−) = 0.

Hence, by linearity of the trace maps,u(0+)
u(0−)

 =

u+(0+) + (Γu+)(0+)
u+(0−) + (Γu+)(0−)

 ,
u′(0+)
u′(0−)

 =

u′
+(0+) + (Γu+)′(0+)
u′

+(0−) + (Γu+)′(0−)

 .

By the definitions of the matrices C and B in (4.2.37) and (4.2.38), these identities can
be written as u(0+)

u(0−)

 = C

s1

s2

 ,
u′(0+)
u′(0−)

 = B

s1

s2

 .
Since B and C are invertible, we obtains1

s2

 = C−1

u(0+)
u(0−)

 = B−1

u′(0+)
u′(0−)

 .
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Therefore the boundary condition (4.2.43) holds, and hence u ∈ D(AM ) by definition
(4.2.44).

Now we prove the converse implication. Assume that M = [mij ]2ij=1 is an invertible
matrix and Γ is defined by (4.2.34). Then

Claim 4.27. If u ∈ D(AM ), then u ∈ D(AΓ).

Proof of Claim 4.27. Take u ∈ D(AM ). Then u ∈ D(A∗
1), and so the boundary values

(
u(0+), u(0−)

)
,

(
u′(0+), u′(0−)

)
are well defined and satisfy the condition (4.2.43).

Hence, we can define the coefficients (s1, s2) ∈ C2 in two equivalent ways:

s =

s1

s2

 = C−1

u(0+)
u(0−)

 , (4.2.45)

and

s =

s1

s2

 = B−1

u′(0+)
u′(0−)

 . (4.2.46)

We want to show that these coefficients (s1, s2) give rise to the decomposition required
for membership of u in D(AΓ).

For convenience, we introduce the notation

x = (x+, x−) :=
(
u(0+), u(0−)

)
,

and similarly
y = (y+, y−) :=

(
u′(0+), u′(0−)

)
.

With this notation, the formulas (4.2.45) and (4.2.46) can be rewritten as

s =

s1

s2

 = C−1

x+

x−

 = C−1x, (4.2.47)

and

s =

s1

s2

 = B−1

y+

y−

 = B−1y. (4.2.48)

We aim to show that the two definitions of the coefficients (s1, s2) given in (4.2.47) and
(4.2.48) coincide.
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Lemma 4.28. Assume the matrices B and C are invertible. We Consider the linear
systems x+

x−

 = C

s1

s2

 =⇒ x = Cs, (4.2.49)

and y+

y−

 = B

s1

s2

 =⇒ y = Bs. (4.2.50)

Then the system (4.2.49)–(4.2.50) is equivalent tos1

s2

 = C−1

x+

x−

 =⇒ s = C−1x, (4.2.51)

together with

C−1

x+

x−

 = B−1

y+

y−

 =⇒ C−1x = B−1y. (4.2.52)

Proof of Lemma 4.28. This result is an immediate consequence of Lemma 4.23. Indeed,
equations (4.2.49) and (4.2.50) correspond to the relations x = Cs and y = Bs, while
(4.2.51) and (4.2.52) express the equivalent system s = C−1x together with C−1x =
B−1y.

With

s1

s2

 defined by (4.2.45), or equivalent (4.2.46), we put

u+ :=
2∑

j=1
sj ẽj ∈ H+ ⊂ D(Ā1

∗),

and

u− :=
2∑

j=1
sjΓẽj ∈ H− ⊂ D(Ā1

∗).

Put
u0 := u− (u+ + u−) ∈ D(Ā1

∗). (4.2.53)

Claim 4.29.
u0 ∈ D(Ā1).

Proof. By Proposition 4.18, it is sufficient to prove that

u0(0+) = u0(0−) = 0, u′
0(0+) = u′

0(0−) = 0.
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Or equivalently, that u0(0+)
u0(0−)

 =

0
0

 ,
u′

0(0+)
u′

0(0−)

 =

0
0

 .

But the definition of u0 (4.2.53),

u0(0+) = u(0+)−
(
u+(0+) + u−(0+)

)
,

u0(0−) = u(0−)−
(
u+(0−) + u−(0−)

)
.

On the other hand,

u+(0+) + u−(0+) =
2∑

j=1
sj ẽj(0+) +

2∑
j=1

sj
(
Γẽj

)
(0+),

=
2∑

j=1

[
ẽj(0+) + Γ(ẽj)(0+)

]
sj .

Similarly,

u+(0−) + u−(0−) =
2∑

j=1

[
ẽj(0−) + Γ(ẽj)(0−)

]
sj .

Using Tables 4.1–4.2 and the representation of Γ in (4.2.20), the matrix C in (4.2.54) is
exactly the explicit matrix (4.2.39).

Therefore, we infer that u+(0+) + u−(0+)
u+(0−) + u−(0−)

 = C

s1

s2

 . (4.2.54)

Therefore, by condition the above with (4.2.47), we getu(0+)
u(0−)

 =

u+(0+) + u−(0+)
u+(0−) + u−(0−)

 .

This implies that u0(0+)
u0(0−)

 =

0
0

 .

In a similar way, we prove u′
0(0+)
u′

0(0−)

 =

0
0

 .
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By definition of u0, see (4.2.53), we also have

u′
0(0+) = u′(0+)−

(
u′

+(0+) + u′
−(0+)

)
,

u′
0(0−) = u′(0−)−

(
u′

+(0−) + u′
−(0−)

)
.

(4.2.55)

On the other hand, using linearity and the representation u+ = ∑2
j=1 sj ẽj and u− = Γu+,

we obtain

u′
+(0+) + u′

−(0+) =
2∑

j=1
sj ẽ

′
j(0+) +

2∑
j=1

sj
(
Γẽj

)′(0+)

=
2∑

j=1

[
ẽ′

j(0+) +
(
Γẽj

)′(0+)
]
sj ,

and similarly

u′
+(0−) + u′

−(0−) =
2∑

j=1

[
ẽ′

j(0−) +
(
Γẽj

)′(0−)
]
sj .

Therefore, the derivative traces can be written in matrix form asu′
+(0+) + u′

−(0+)
u′

+(0−) + u′
−(0−)

 = B

s1

s2

 , (4.2.56)

where B is exactly the explicit matrix (4.2.40) (obtained from Tables 4.1–4.2 and (4.2.20)).

Now, by the definition of the coefficients s = (s1, s2) via the derivative data, see (4.2.46),
we have u′(0+)

u′(0−)

 = B

s1

s2

 . (4.2.57)

Comparing (4.2.56) and (4.2.57), we deduceu′(0+)
u′(0−)

 =

u′
+(0+) + u′

−(0+)
u′

+(0−) + u′
−(0−)

 . (4.2.58)

Substituting (4.2.58) into (4.2.55) givesu′
0(0+)
u′

0(0−)

 =

0
0

 .

Hence, u0 ∈ D(Ā1).

Therefore, D(AM ) ⊂ D(AΓ). This completes the proof.
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4.2.8 Abstract Characterization of self-adjoint extensions via Unitary
maps

We now reformulate the converse construction in an abstract form, using boundary con-
ditions parameterized by a unitary matrix.

Definition 4.30. Fix a unitary matrix α ∈ U(2), and define the operator Aα by

D(Aα) :=
{
u ∈ D(A∗

1) : u satisfies the boundary conditions (4.2.30)
}
,

Aαu := A∗
1u, u ∈ D(Aα).

(4.2.59)

Theorem 4.31. Let α ∈ U(2). Then the operator Aα defined by (4.2.59) coincides with
the abstract self–adjoint extension AΓα given in Theorem 2.60. In particular, we have

Aα = AΓα ,

where Γα : H+ → H− is the unitary map corresponding to α. In particular,

D(Aα) = D(AΓα),

and the boundary conditions (4.2.30) uniquely determine the self-adjoint extension.

The proof follows directly from the converse construction established in the previous
Subsection 4.2.7 and is therefore omitted.

Remark 4.32. This result is the exact analogue of the first-order case, see Theorem
3.38. In the first-order setting, the deficiency spaces are one-dimensional, and the self–
adjoint extensions are parametrized by α ∈ T, requiring a single boundary condition. In
contrast, for the Laplacian, the deficiency spaces are two-dimensional, and the self-adjoint
extensions are parametrized by α ∈ U(2), requiring two linear boundary conditions are
required.



Chapter 5

Third-order linear homogeneous
differential operators

In this chapter, we study third-order linear homogeneous differential operators. Using the
classical von Neumann approach, we analyse symmetry, determine the adjoint operator,
and compute the deficiency indices.

This allows us to obtain a complete characterization of all self-adjoint extensions of the
operators under consideration. We also provide several examples and applications illus-
trating the abstract theory.

5.1 Third-order linear homogeneous differential operators
on the real line

5.1.1 Symmetry and the adjoint

The third-order linear homogeneous differential operators studied here have applications
in research on nonlinear Korteweg–De Vries (KdV) equations. We consider the Hilbert
space

H = L2(R,C)

with the standard inner product and norm. We define the operator A0 by

D(A0) = C∞
0 (R)

A0u = (iD)3u = −iu′′′,
(5.1.1)

where D3u denotes the classical third derivative of u.

104
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Proposition 5.1. The operator A0 defined by formula (5.1.1) is symmetric in the space
H, i.e.

⟨A0u, v⟩L2 = ⟨u,A0v⟩L2 ; ∀ u, v ∈ D(A0). (5.1.2)

Proof of Proposition 5.1. We need to prove that A0 is symmetric. In what follows we
consider the case when a = −∞ and b =∞. The proof in a general case is similar. Let us
choose and fix u, v ∈ C∞

0 (R). Then by the definition (5.1.1) of the operator A0 we have

⟨u,A0v⟩L2 = ⟨u,−iv′′′⟩L2 =
∫ ∞

−∞
u(x)(−iv′′′(x)) dt (5.1.3)

To prove (5.1.2), since both u, v have compact support, we can find interval [a, b] and [c, d]
such that u(x) = 0 if t /∈ [a, b] and v(x) = 0 if t /∈ [c, d]. Then we choose α = min{a, c}
and β = max{b, d}. Then [a, b] ⊂ [α, β] and [c, d] ⊂ [α, β], so that

[a, b] ∪ [c, d] ⊂ [α, β].

Therefore,
if x /∈ (α, β), then u(x) = 0, and v(x) = 0.

Hence the integral in (5.1.3) is equal to the corresponding integral over a bounded interval
[α, β] (over which I can apply the Integration by Parts [37, Theorem 6.22]). Thus, by
equality (5.1.3), we get

RHS = ⟨u,A0v⟩ =
∫ ∞

−∞
u(x)[−iv′′′(x)] dx = i

∫ ∞

−∞
u(x)(v′′(x))′ dt

= i

∫ β

α
u(x)(v′′(x))′ dx = i

[
[u(t)v′′(x)

]β
α
−
∫ β

α
u′(x)v′′(x) dx]

= 0− i
∫ β

α
u′(x)v′′(x) dx = −i[u′(t)v′(x)]βα − i

∫ β

α
u′′(x)v′(x) dx]

= 0 + i

∫ β

α
u′′(x)v′(x) dx == i[u′′(t)v(x)]βα − i

∫ β

α
u′′′(x)v(x) dx] =∫ β

α
−iu′′′(x)v(x) dx =

∫ ∞

−∞
−iu′′′(x)v(x) dx = ⟨A0u, v⟩ = LHS.

Hence we infer that A0 is symmetric in H.

We need to determine D(A∗
0) and next find a formula for A∗

0v if v ∈ D(A∗
0).

We begin with the following characterization of the domain of the adjoint operator A∗
0.

We will prove the following result.

Lemma 5.2. Let A0 be the operator defined by (5.1.1). Then

D(A∗
0) =

{
u ∈ L2(R,C) : D3u ∈ L2(R,C)

}
, (5.1.4)
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where D3u is understood in the weak sense. Moreover,

A∗
0u = −iD3u, u ∈ D(A∗

0). (5.1.5)

Proof of Lemma 5.2. Part I. We will prove that the set on the RHS of equality (5.1.4) is
a subset of the LHS, i.e.

{u ∈ L2(R,C) : D3u ∈ L2(R;C)} ⊆ D(A∗
0).

Let u ∈ L2(R,C) such that the weak derivative D3u exists and D3u ∈ L2(R;C). We
want to prove that u ∈ D(A∗

0). Thus, by the definition 2.51, we want to prove that
∃ u∗ ∈ L2(R,C) such that ∫

uA0v =
∫
u∗v, ∀v ∈ D(A0). (5.1.6)

Let us put
u∗ := −iD3u

By the assumptions about u, we infer that u∗ ∈ L2(R,C). Now we will prove (5.1.6). Let
us choose and fix v ∈ D(A0) = C∞

0 (R,C). We have,

LHS =
∫
u(x)A0v(x) dx =

∫
u(x)[−iv′′′(x)] dx =

i

∫
u(x)v′′′(x) dx = i

∫
D3u(x)v(x) dx = i

∫
u∗(x)v(x) dx = RHS.

Hence (5.1.6) follows.

Proof of Lemma (5.2). Part II. We will prove that the set on the LHS of equality (5.1.4)
is a subset of the RHS, i.e.

D(A∗
0) ⊆ {u ∈ L2(R,C) : D3u ∈ L2(R;C)}.

Let us choose and fix an element u ∈ D(A∗
0). Since obviously, u ∈ L2(R,C), we need to

prove that the weak derivative D3u exits and D3u ∈ L2(R;C), see Definition 2.11.

Since, u ∈ D(A∗
0) and C∞

0 (R,C) = D(A0), by the Definition 2.51, there exists an element
A∗

0u ∈ L2(R,C) such that

⟨A0ϕ, u⟩L2 = ⟨ϕ,A∗
0u⟩L2 , ∀ϕ ∈ C∞

0 (R,C).

Since A0ϕ = −iϕ′′′ we infer that∫
R

(−i)ϕ′′′(x)u(x) dx =
∫
R
ϕ(x)A∗

0u(x) dx ∀ϕ ∈ C∞
0 (R,R).
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Hence
−i
∫
R
u(x)ϕ′′′(x) dx =

∫
R
A∗

0u(x)ϕ(x) dx ∀ϕ ∈ C∞
0 (R,R).

Hence, multiplying by i∫
R
u(x)ϕ′′′(x) dx = −

∫
R

(−i)A∗
0u(x)ϕ(x) dx ∀ϕ ∈ C∞

0 (R,R).

Therefore, the third order weak derivative D3u exists and

D3u = −iA∗
0u

Because A∗
0u ∈ L2(R), we infer that D3u ∈ L2(R). The result follows.

We also proved equality (5.1.5).

5.1.2 Deficiency indices of the third-order linear homogeneous differen-
tial operators on the real line

In this section we will calculate the deficiency indices n+(A0) and n−(A0) of the operator
A0 defined by (5.1.1). To be precise we will calculate the following numbers

n+(A0) = dim ker(iI −A∗
0), n−(A0) = dim ker(iI +A∗

0),

see Definition 2.59. The main results in this subsection as follow

Theorem 5.3. Assume that A0 is the operator defined by formula (5.1.1). Then

n−(A0) = 0

n+(A0) = 0

The following main result of this section is a consequence of Theorem 5.3.

From Proposition (5.5) and Proposition (5.7) we deduce

Corollary 5.4. The operator A0 on L2(R,C) defined by equation (5.1.1) has precisely one
self-adjoint extension. This extension is characterized by the Corollary 2.61. Moreover,
the unique self-adjoint extension A of A0 is as follows

D(A) = H3(R), Au = −iD3u.

We begin with the following Proposition.
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Proposition 5.5. Assume that A0 is the operator defined by formula (5.1.1). Then we
have

n+(A0) = 0.

Proof of Proposition 5.5. In order to calculate n+(A0), By [34, Definition ker(B)] and
Lemma 5.2 we have

u ∈ ker(iI −A∗
0) ⇐⇒ u ∈ D(A∗

0) and (iI −A∗
0)u = 0

⇐⇒ u ∈ D(A∗
0) and iu = −iD3u

⇐⇒ u ∈ D(A∗
0) and D3u = −u

⇐⇒ u : R→ C : u is of C2 − class

and the derivative u′′ = D2u is locally absolutely continuous function

and
∫ ∞

−∞
|u′′′(x)|2 dt <∞

and D3u = u′′′ = −u on R. (5.1.7)

Let us choose and fix u ∈ ker(iI −A∗
0). Then by (5.1.7),

d3

dx3u(x) = −u(x) for almost every x ∈ R. (5.1.8)

The general solution of the above equation (5.1.8), see [24, Section 2.9], is

u(x) = c1e
−x + c2e

1
2 x cos(

√
3

2 x) + c3e
1
2 x sin(

√
3

2 x), x ∈ R, (5.1.9)

for some constant c1, c2, c3 ∈ C. Therefore the general solution can equivalently be written
as

u(x) = a1e
−x + a2e

1
2 x+i

√
3

2 x + a3e
1
2 x−i

√
3

2 x, x ∈ R, (5.1.10)

for some constant a1, a2, a3 ∈ C.

Claim 5.6. Let u be a function of the form (5.1.10) belongs to H = L2(R,C), then
a1 = a2 = a3 = 0. Hence u = 0.

Proof of Claim 5.6. We begin with the following trivial observation

∣∣e 1
2 x±i

√
3

2 x
∣∣2 = ex.

Therefore ∫ ∞

0

∣∣e 1
2 x+i

√
3

2 x
∣∣2dx =

∫ ∞

0

∣∣e 1
2 x−i

√
3

2 x
∣∣2dx =

∫ ∞

0
exdx =∞. (5.1.11)
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Since u ∈ L2(0,∞), necessarily
a2 = a3 = 0.

Next, on (−∞, 0) we have

∫ 0

−∞
|e−x|2dx =

∫ 0

−∞
e−2xdx =

∫ ∞

0
e2x dx =∞,

while ∫ ∞

0
|e− 1

2 x|2dx <∞.

Thus u ∈ L2(R) implies that u− a1e
−x ∈ L2([0,∞)). This allows us to rewrite on (0,∞)

u(x) = a2e
1
2 x+i

√
3

2 x + a3e
1
2 x−i

√
3

2 x, x ∈ (0,∞), (5.1.12)

for some constant a2, a3 ∈ C.

Then, by employing basic properties of complex numbers we have

|u(x)|2 = |a2|2ex + |a3|2ex + 2exRe(a2ā3) =
(
|a2|2 + |a3|2 + 2Re(a2ā3)

)
ex

= |a2 + a3|2ex, x ∈ R.

Therefore, in view (5.1.11), if |a2 + a3|2 > 0∫ ∞

0
|u(x)|2 dx = |a2 + a3|2

∫ ∞

0
|ex|2 dx =∞.

But, since by assumptions LHS is finite, we deduce that |a2 + a3|2 = 0 and so a3 = −a2.
Hence, by (5.1.12), we get

u(x) = a2
(
e

1
2 x+i

√
3

2 x − e
1
2 x−i

√
3

2 x)
= a2e

1
2 x(ei

√
3

2 x − e−i
√

3
2 x)

= a2e
1
2 x sin(

√
3

2 x), x ∈ R,

Now, suppose for the time being that

∫ ∞

0
ex sin2(

√
3

2 x) dx =∞. (5.1.13)

Then, we deduce that a2 = 0, and therefore, a3 = 0

To prove (5.1.13) it is equivalent to prove that

∫ ∞

0
ex sin2 x dx =∞. (5.1.14)
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It remains the prove that a1 = 0. Since we already that a2 = a3 = 0, we get

u(x) = a1e
−x, x ∈ R.

Since u ∈ H,
∥u∥2H =

∫ ∞

−∞
|u(x)|2 dx <∞.

Hence, ∫ 0

−∞
|u(x)|2 dx ≤

∫ ∞

−∞
|u(x)|2 dx <∞.

On the other hand,

∫ 0

−∞
|e−x|2 dx =

∫ 0

−∞
e−2x dx =

∫ ∞

0
e2x dx =∞.

Hence, if a1 ̸= 0, then also ∫ 0

−∞
|u(x)|2 dx =∞

what leads to a contradiction. Hence we infer that also a1 = 0.

Therefore, a1 = a2 = a3 = 0 and so u = 0.

The proof of Proposition 5.5 is complete.

The following result is a companion result to Proposition 5.5.

Proposition 5.7. Assume that A0 is the operator defined by formula (5.1.1). Then we
have

n−(A0) = 0.

Proof of Proposition 5.7. In order to calculate n−(A0), we need to find the space

n−(A0) = dim ker(iI +A∗
0).

By [34, Definition ker(B)] and Lemma 5.2 we have

u ∈ ker(iI +A∗
0) ⇐⇒ u ∈ D(A∗

0) and (iI +A∗
0)u = 0

⇐⇒ u ∈ D(A∗
0) and iu = iD3u

⇐⇒ u ∈ D(A∗
0) and D3u = u

⇐⇒ u : R→ C : u is of C2 − class

and the second derivative D2u is locally absolutely continuous function

and
∫ ∞

−∞
D3(x)|2 dx <∞

and D3u = u on R. (5.1.15)



Third-order linear homogeneous differential operators 111

Let us choose and fix u ∈ ker(iI +A∗
0). Then by (5.1.15),

d3

dx3u(x) = u(x) for almost every x ∈ R (5.1.16)

How do you solve this equation? You look for a solution of the form

u(x) = eλx

You substitute it into equation (5.1.16) and you get

λ3eλx = eλx ⇒ λ3 = 1.

This equation has three roots

λ1 = 1, λ2 = −1
2 + i

2π
3 , λ2 = −1

2 − i
2π
3

The general solution of the above equation (5.1.16), see [24, Section 2.9], is

u(x) = a1e
λ1x + a2e

λ2x + a3e
λ3x

i.e.
u(x) = a1e

x + a2e
− 1

2 x+i 2π
3 x + a3e

− 1
2 x−i 2π

3 x, x ∈ R, (5.1.17)

for some constant a1, a2, a3 ∈ C.

Claim 5.8. If function u is of the form (5.1.17) belongs to H = L2(R,C), then a1 = a2 =
a3 = 0, and so u = 0.

Proof of Claim 5.8. We begin with the following two trivial observations

∫ ∞

0
|e− 1

2 x+i 2π
3 x|2 dx =∞,

∫ 0

−∞
|e− 1

2 x−i 2π
3 x|2 dx =∞,∫ 0

−∞
|ex|2 dx <∞, (5.1.18)

Let us choose and fix a function u of the form (5.1.17) which belongs to H = L2(R,C).
Hence, by equality (5.1.18), the function u−a1e

x belongs to the space H = L2((−∞, 0],C).
Hence we can assume that a1 = 0, i.e. we can assume that u is of the form, for some
constant a2, a3 ∈ C,

u(x) = a2e
− 1

2 x+i 2π
3 x + a3e

− 1
2 x−i 2π

3 x, x ∈ (−∞, 0), (5.1.19)
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Then, by employing basic properties of complex numbers we have

|u(x)|2 = |a2|2e−x + |a3|2e−x + 2e−xRe(a2ā3)

=
(
|a2|2 + |a3|2 + 2Re(a2ā3)

)
e−x = |a2 + a3|2e−x, x ∈ R.

Therefore, if |a2 + a3|2 > 0

∫ 0

−∞
|u(x)|2 dx = |a2 + a3|2

∫ 0

−∞
|e−x|2 dx =∞.

But, since by assumptions LHS is finite, we deduce that |a2 + a3|2 = 0 and so a3 = −a2.
Hence, by (5.1.19), we get

u(x) = a2
(
e− 1

2 x+i 2π
3 x − e− 1

2 x−i 2π
3 x)

= a2e
− 1

2 x(ei 2π
3 x − e−i 2π

3 x) = a2e
− 1

2 x sin(2π
3 x), x ∈ R,

Now, suppose for the time being that

∫ 0

−∞
e−x sin2(2π

3 x) dx =∞. (5.1.20)

Then, we deduce that a2 = 0, and therefore, a3 = 0

To prove (5.1.20) it is equivalent to prove that

∫ 0

−∞
e−x sin2 x dx =∞

what in turn is equivalent to (5.1.14).

It remains the prove that a1 = 0. Since we already that a2 = a3 = 0, we get

u(x) = a1e
x, x ∈ R.

Since u ∈ H
u(x) = a2

1

∫ 0

−∞
e2x dx <∞,

so a1 = 0. The proof of Proposition 5.7 is complete.
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5.2 Third-order linear homogeneous differential operators
on the positive real line

In this section we consider the Hilbert space

H = L2(R+,C) = L2((0,∞),C)

equipped with the standard inner product and norm.

We define the following operator

D(A1) = C∞
0 ((0,∞);C) (5.2.1)

A1u = (iD)3u = −iu′′′

Proposition 5.9. The operator A1 is symmetric in the space H, i.e.

⟨A1u, v⟩L2 = ⟨u,A1v⟩L2 , ∀u, v ∈ D(A1).

Remark 5.10. The proof of symmetry of the operator A1 defined by (5.2.1) is analogous
to the proof of symmetry of the operator A0, see Proposition 5.1.

Moreover, the symmetry of A1 follows directly from the symmetry of A0.

Proof of Remark 5.10. Recall that

D(A0) = C∞
0 (R;C),

D(A1) = C∞
0 ((0,∞);C).

Hence, D(A1) ⊂ D(A0). Moreover,

A0u = (iD)3u = −iu′′′, u ∈ D(A0),

A1u = (iD)3u = −iu′′′, u ∈ D(A1).

Thus, A1u = A0u for all u ∈ D(A1), and therefore

A1 ⊂ A0.

Since A0 is symmetric, it follows that A1 is also symmetric. Indeed, for u, v ∈ D(A1),

⟨A1u, v⟩ = ⟨A0u, v⟩ = ⟨u,A0v⟩ = ⟨u,A1v⟩.
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We now compute the deficiency indices of the operator A1. For this purpose, we first
characterize the domain of the adjoint operator A∗

1.

Proposition 5.11. A measurable function v : (0,∞) → C belongs to D(A∗
1) if and only

if the following conditions hold:

v ∈ L2(0,∞), i.e.
∫ ∞

0
|v(x)|2 dt <∞,

v′′ = D2v is locally absolutely continuous on (0,∞), and∫ ∞

0
|v′′′(x)|2 dx <∞.

Moreover,
A∗

1v = (iD)3v = −iv′′′, v ∈ D(A∗
1).

Next, we compute the deficiency indices n+(A1) and n−(A1) of A1, see Definition of
deficiency subspaces [34, p. 138], i.e.

n+(A1) = dim ker(iI −A∗
1), n−(A1) = dim ker(iI +A∗

1).

Thus, in order to calculate n+(A1), we need to find the space ker(iI −A∗
1).

Proposition 5.12. Assume that A1 is the operator defined by formula (5.2.1). Then

n+(A1) = 1.

Proof of Proposition 5.12. To find n+(A1), let us observe that by Proposition 5.11

u ∈ ker(iI −A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI −A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = −iD3u ⇐⇒ u ∈ D(A∗

1) and D3u = −u.

⇐⇒ the restriction of u to the interval (0,∞) is of class C2

and the derivatives are locally absolutely continuous

and D3u = −u on (0,∞).

(5.2.2)

We solved this equation before, see (5.1.8).

Let us choose and fix u ∈ ker(iI −A∗
1). Then by (5.2.2), u satisfies

D3u = −u on (0,∞).

The general solution of D3u = −u is of the form (5.1.9), i.e.

u(x) = c1e
−x + c2e

1
2 x cos(

√
3

2 x) + c3e
1
2 x sin(

√
3

2 x), x > 0,
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for some constant c1, c2, c3 ∈ C. Equivalent form is

u(x) = a1e
−x + a2e

( 1
2 +i

√
3

2 )x + a3e
( 1

2 −i
√

3
2 )x, x > 0. (5.2.3)

for some constant a1, a2, a3 ∈ C.

Remark 5.13. From numbers −1, 1
2 + i

√
3

2 and 1
2 − i

√
3

2 , only the first one has negative
real part.

Claim 5.14. If function u is of the form (5.2.3) belongs to H = L2((0,∞),C), then
a2 = 0 and a3 = 0, and so u = a1e

−x.

Proof of Claim 5.14. We begin with the following two trivial observations∫ ∞

0
|e

1
2 x+i

√
3

2 x|2 dx =∞,
∫ ∞

0
|e

1
2 x−i

√
3

2 x|2 dx =∞,∫ ∞

0
|e−x|2 dx <∞, (5.2.4)∫ ∞

0
|ex|2 dx =∞. (5.2.5)

Let us choose and fix a function u of the form (5.2.3) which belongs to H = L2((0,∞),C).
Hence, by equality (5.2.4), the function u−a1e

−x belongs to the space H = L2((0,∞),C).
Hence we can assume that a1 = 0, i.e. we can assume that u is of the form

u(x) = a2e
1
2 x+i

√
3

2 x + a3e
1
2 x−i

√
3

2 x, x ∈ (0,∞), (5.2.6)

for some constant a2, a3 ∈ C. We want to show that a2 = a3 = 0.

Then, by employing basic properties of complex numbers we have

|u(x)|2 = |a2|2ex + |a3|2ex + 2exRe(a2ā3) =
(
|a2|2 + |a3|2 + 2Re(a2ā3)

)
ex

= |a2 + a3|2ex, x ∈ (0,∞).

Therefore, in view (5.2.5), if |a2 + a3|2 > 0∫ ∞

0
|u(x)|2 dx = |a2 + a3|2

∫ ∞

0
|ex|2 dx =∞.

But, since by assumptions, the LHS is finite, we deduce that |a2 + a3|2 = 0. Hence
a3 = −a2, and by (5.2.6), since

∫ ∞

0
|u(x)|2 dx = a2

2

∫ ∞

0
ex sin2(

√
3

2 x) dx
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we get

u(x) = a2
(
e

1
2 x+i

√
3

2 x − e
1
2 x−i

√
3

2 x) = a2e
1
2 x(ei

√
3

2 x − e−i
√

3
2 x)

= a2e
1
2 x sin(

√
3

2 x), x ∈ R,

by (5.1.13) we deduce that a2 = 0.

Proposition 5.15. Assume that A1 is the operator defined by formula (5.2.1). Then

n−(A1) = 2.

Proof of Proposition 5.15. To find n−(A1), let us observe that by Proposition 5.11

u ∈ ker(iI +A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI +A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = iD3u ⇐⇒ u ∈ D(A∗

1) and D3u = u.

⇐⇒ the function u to the intervals (0,∞) is of C2-class

and the derivatives are locally absolutely continuous

and D3u = u on (0,∞).

(5.2.7)

We solved this equation before, see (5.1.15).

Let us choose and fix u ∈ ker(iI+A∗
1), then by (5.2.7), u satisfies the following conditions.

D3u = u on (0,∞).

The general solution of D3u = u is of the form (5.1.16), i.e.

u(x) = c1e
x + c2e

1
2 x cos(

√
3

2 x) + c3e
1
2 x sin(

√
3

2 x), x > 0,

for some constant c1, c2, c3 ∈ C.

u(x) = a1e
x + a2e

− 1
2 x+i

√
3

2 x + a3e
− 1

2 x−i
√

3
2 x, x > 0, (5.2.8)

for some constant a1, a2, a3 ∈ C.

Claim 5.16. If function u is of the form (5.2.8) belongs to H = L2((0,∞),C), then
a1 = 0 and so

u = a2e
− 1

2 x+i
√

3
2 x + a3e

− 1
2 x−i

√
3

2 x.
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Proof of Claim 5.16. We begin with the following two trivial observations∫ ∞

0
|e− 1

2 x+i
√

3
2 x|2 dx <∞, (5.2.9)∫ ∞

0
|e− 1

2 x−i
√

3
2 x|2 dx <∞, (5.2.10)∫ ∞

0
|ex|2 dx =∞. (5.2.11)

Let us choose and fix a function u of the form (5.2.8) which belongs to H = L2((0,∞),C).
Hence by equality (5.2.9) and (5.2.10), the function the function

u− a2e
− 1

2 x+i
√

3
2 x − a3e

− 1
2 x−i

√
3

2 x

belongs to the space H = L2((0,∞),C). Hence we can assume that a2 = a3 = 0, i.e. we
can assume that u is of the form

u(x) = a1e
x, x ∈ (0,∞), (5.2.12)

for some constant a1 ∈ C. Therefore, in view (5.2.11), if |a1| ≠ 0∫ ∞

0
|u(x)|2 dx = |a1|2

∫ ∞

0
|ex|2 dx =∞.

But, since by assumptions, the LHS is finite, we deduce that |a1|2 = 0. Hence a1 = 0.
Hence a1 = 0. Hence, by (5.2.12), we get

u(x) = a2e
− 1

2 x+i
√

3
2 x + a3e

− 1
2 x−i

√
3

2 x.

Hence the proof of Proposition 5.15 is complete.

From Proposition (5.12) and Proposition (5.15) we deduce the following immediate con-
sequence.

Theorem 5.17. Assume that A1 is the operator defined by formula (5.2.1). Then,

n−(A1) = 2

n+(A1) = 1

The following is a consequences of Theorem 5.17.

Corollary 5.18. The operator A1 on L2((0,∞),C) defined by equation (5.2.1) has no
self-adjoint extensions.
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5.3 Third-order linear homogeneous differential operators
on the negative real line

We now consider the corresponding operator on the negative half-line. Let

H− = L2((−∞, 0),C),

and define
D(A−) = C∞

0 ((−∞, 0);C), A−u = −iD3u.

Remark 5.19. The analysis on the negative half-line follows directly from that on the
positive half-line by reflection. Define the unitary operator

U : L2((−∞, 0),C) −→ L2((0,∞),C)

by
(Uf)(x) = f(−x), x > 0.

If A+ denotes the operator considered in Section 5.2, then

UA−U
−1 = −A+.

Indeed, the third derivative changes sign under the reflection x 7→ −x.

Consequently, the positive and negative deficiency indices are interchanged:

n+(A−) = n−(A+), n−(A−) = n+(A+).

By Theorem 5.17,
n+(A+) = 1, n−(A+) = 2.

Therefore,
n+(A−) = 2, n−(A−) = 1.

Hence, since the deficiency indices are unequal, A− has no self-adjoint extension.
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5.4 Third-order linear homogeneous differential operators
on the punctured line

5.4.1 Symmetry and the adjoint

In this section we consider the Hilbert space

H = L2(R,C)

with the standard inner product and norm. We define the operator A1 as follows

D(A1) = C∞
0 ((−∞, 0) ∪ (0,∞);C) = C∞

0 (R \ {0}),

A1u = (iD)3u = −iu′′′ = −iD3u
(5.4.1)

Proposition 5.20. The operator A1 is symmetric in the space H, i.e.

⟨A1u, v⟩L2 = ⟨u,A1v⟩L2 ; ∀ u, v ∈ D(A1).

Remark 5.21. The proof of Symmetry of operator A1 defined by (5.4.1) does not differ
proof of Symmetry of operator A0, see Proposition 5.1.

Moreover, the Symmetry of A1 is a consequence of Symmetry of A0.

Proof of Proposition 5.20. Let us recall that by definitions of these operators

D(A0) = C∞
0 (R;C),

D(A1) = C∞
0 (R \ {0};C),

Hence D(A1) ⊂ D(A0). Moreover,

A0u = (iD)3u = −iu′′′, u ∈ D(A0),

A1u = (iD)3u = −iu′′′, u ∈ D(A1).

Hence, A1u = A0u, if u ∈ D(A1). In other words,

A1 ⊂ A0.

It is trivial to observe that if A0 is symmetric then A1 is symmetric as well. Indeed, if
u, v ∈ D(A1) then u, v ∈ D(A0) and

⟨A1u, v⟩ = ⟨A0u, v⟩ = ⟨u,A0v⟩

= ⟨u,A1v⟩.
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We begin with the following characterization of the domain of the adjoint operator A∗
1.

We will prove the following result.

Lemma 5.22. Let A1 be the operator defined by (5.4.1). Then

D(A∗
1) =

{
u ∈ L2(R,C) : D3u ∈ L2((−∞, 0),C) and D3u ∈ L2((0,∞),C)

}
,

where D3u is understood in the weak sense on each interval (−∞, 0) and (0,∞). Moreover,

A∗
1u = −iD3u, u ∈ D(A∗

1),

where the operator acts separately on (0,∞) and (−∞, 0).

Proof of Lemma 5.22, Part I. We prove that

{
u ∈ L2(R) : D3u ∈ L2((0,∞)) and D3u ∈ L2((−∞, 0))

}
⊆ D(A∗

1).

Let u ∈ L2(R) be such that D3u ∈ L2((0,∞)) and D3u ∈ L2((−∞, 0)), where the
derivatives are understood in the weak sense.

Define
u∗ := −iD3u.

Then u∗ ∈ L2(R).

Let us choose and fix v ∈ D(A1) = C∞
0 (R \ {0}). Then

⟨u,A1v⟩ =
∫
R
u(x)(−iv(3)(x)) dx = i

∫
R
u(x)v(3)(x) dx.

Since v has compact support contained in R \ {0}, we can split the integral and integrate
by parts separately on (0,∞) and (−∞, 0), obtaining∫

R
u(x)v(3)(x) dx =

∫
R
D3u(x)v(x) dx.

Thus,
⟨u,A1v⟩ =

∫
R

(−iD3u(x))v(x) dx = ⟨u∗, v⟩.

Hence u ∈ D(A∗
1) and A∗

1u = −iD3u.
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Proof of Lemma 5.22, Part II. We prove that

D(A∗
1) ⊆

{
u ∈ L2(R) : D3u ∈ L2((0,∞)) and D3u ∈ L2((−∞, 0))

}
.

Let u ∈ D(A∗
1). Then there exists w ∈ L2(R) such that

⟨A1ϕ, u⟩ = ⟨ϕ,w⟩, ∀ϕ ∈ C∞
0 (R \ {0}).

Since A1ϕ = −iϕ(3), we obtain

−i
∫
R
ϕ(3)(x)u(x) dx =

∫
R
ϕ(x)w(x) dx.

Multiplying by i gives ∫
R
u(x)ϕ(3)(x) dx = −

∫
R

(−iw(x))ϕ(x) dx.

Now take ϕ ∈ C∞
0 ((0,∞)). Then∫

(0,∞)
u(x)ϕ(3)(x) dx = −

∫
(0,∞)

(−iw(x))ϕ(x) dx.

Thus, u admits a third weak derivative on (0,∞) given by

D3u = −iw on (0,∞),

and since w ∈ L2(R), we have D3u ∈ L2((0,∞)).

The same argument applied to test functions in C∞
0 ((−∞, 0)) shows that

D3u = −iw on (−∞, 0),

and hence D3u ∈ L2((−∞, 0)). This completes the proof of Lemma 5.22.

5.4.2 Deficiency indices of the third-order linear homogeneous differen-
tial operators on the punctured line

The main result of this section is the following one.

Theorem 5.23. Assume that A1 is the operator defined by formula (5.4.1). Then

n+(A1) = 3

n−(A1) = 3
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The following result is a consequences of Theorem 5.23. In fact, we investigated the
previous result in order to prove or disprove the next corollary.

Corollary 5.24. The operator A1 on L2(R \ {0},C) defined by formula (5.4.1) has at
least two self-adjoint extension.

Proof of Corollary 5.24. According to Theorem 2.60, for a closed symmetric operator A
to have a self-adjoint extension, it is necessary that the deficiency indices satisfy n+ = n−.

Since we have n+(A1) = 3 and n−(A1) = 3 from Theorem 3.18, it follows that

n+ = n−.

Based on the result of Theorem 2.60, the operator A1 has at least one self-adjoint exten-
sion.

Thus, we conclude that the operator A1 defined by formula (5.4.1) has at least one self-
adjoint extension. This completes the proof of the corollary.

In the remaining of this section we will calculate the deficiency indices n+(A1) and n−(A1).
In order to calculate the deficiency indices of A1, we first need to find the domain of the
adjoint operator A∗

1.

Proposition 5.25. A measurable function v : R→ C belongs to D(A∗
1) if and only if∫ ∞

−∞
|v(x)|2 dt <∞

and the restriction v : (0,∞)→ C is of C2 − class such that

the derivative v′′ = D2v is locally absolutely continuous function and∫ ∞

0
|v′′′(x)|2 dt <∞

and the restriction v : (−∞, 0)→ C is of C2 − class such that

the derivative v′′ = D2v is locally absolutely continuous function and∫ 0

−∞
|v′′′(x)|2 dt <∞.

and
A∗

1v = (iD)3v, u ∈ D(A∗
1).

In the above expression, v′′′ = D3v denotes the derivative of v′′ = D2v. Since v′′ is
locally absolutely continuous, in the sense of Definition 2.8, the derivative v′′′ exists almost
everywhere.
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Proposition 5.26. If u ∈ D(A∗
1) then the following limits exist:

lim
x→0+

u(x) =:u(0+)

lim
x→0−

u(x) =: u(0−)

lim
x→0+

u′(x) =:u′(0+)

lim
x→0−

u′(x) =: u′(0−)

lim
x→0+

u′′(x) =:u′′(0+)

lim
x→0−

u′′(x) =: u′′(0−).

Remark 5.27. Note that the limits above are usually different. Hence a functions u ∈
D(A∗

1), u′ and u′′ do not need to be continuous.

The following definition makes sense by Proposition 5.26.

Definition 5.28 (Boundary traces). Define the right and left trace of an arbitrary element
u ∈ D(Ā∗

1) by

tr+(u) :=


u(0+)
u′(0+)
u′′(0+)

 , tr−(u) :=


u(0−)
u′(0−)
u′′(0−)

 .

Proof of Proposition 5.25. Part 1. We assume that u ∈ D(A∗
1).

By Definition 2.51, this means that u ∈ L2(R) amd there exists a function z ∈ L2(R) such
that

⟨A1ϕ, u⟩ = ⟨ϕ, z⟩, for all ϕ ∈ D(A1) = C∞
0 (R \ {0}).

By the definition (5.4.1) of the operator A1, we infer that the inner product becomes

⟨A1ϕ, u⟩ =
〈
−iD3ϕ, u

〉
=
∫
R
−iD3ϕ(x)u(x) dx.

On the other hand,
⟨ϕ, z⟩ =

∫
R
ϕ(x) z(x) dx.

Therefore, the equation ∫
R
−iD3ϕ(x)u(x) dx =

∫
R
ϕ(x) z(x) dx (5.4.2)

holds for all test functions ϕ ∈ C∞
0 (R \ {0}).

We now aim to show that the function u satisfies the following conditions:
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(i) The restriction u|(0,∞) belongs to C2((0,∞)), it’s second derivative is locally abso-
lutely continuous, and D3u ∈ L2(0,∞),

(ii) The restriction u|(−∞,0) belongs to C2((−∞, 0)), it’s second derivative is locally
absolutely continuous, and D3u ∈ L2(−∞, 0).

To prove that, let us fix and choose any compact interval [a, b] ⊂ (0,∞). Assume that
ϕ ∈ C∞

0 ((a, b)) ⊂ D(A1). Then equation (5.4.2) becomes

∫ b

a
−iϕ(3)(x) · u(x) dx =

∫ b

a
ϕ(x) · z(x) dx.

Since z ∈ L2(R), it follows that the weak derivative D3u exists and belongs to L2((a, b)).
Hence, the 1st part of Remark 2.29, we deduce that u ∈ H3((a, b)).

Therefore, by the Sobolev Embedding Theorem 2.27, this implies that u ∈ C2((a, b)) and
D2u is absolutely continuous on (a, b).

Moreover, applying Proposition 2.24, we conclude that the third classical derivative u(3)

exists almost everywhere, belongs to L2((a, b)), and coincides with the weak derivative
D3u.

Since (a, b) was arbitrary, we deduce that u ∈ H3
loc((0,∞)), u ∈ C2((0,∞)), D2u is locally

absolutely continuous, and D3u ∈ L2((0,∞)).

Similarly we argue on (−∞, 0) and deduce that u ∈ H3
loc((−∞, 0)), u ∈ C2((−∞, 0)), D2u

is locally absolutely continuous, and D3u ∈ L2((−∞, 0)).

In other words, D3u = −iz on both intervals (0,∞) and (−∞, 0). This ensures
that u ∈ H3

loc(R \ {0}), u is of class C2 on R \ {0} and the second derivative D2u is
locally absolutely continuous. Therefore, conditions (i) and (ii) of the proposition are
satisfied.

Proof of Proposition 5.25. Part 2. Assume that the measurable function u : R → C sat-
isfies the following conditions:

(i) u ∈ L2(R),

(ii) The restriction u1 := u|(0,∞) is of class C2, its second derivative D2u1 is locally
absolutely continuous on (0,∞), and∫ ∞

0
|D3u1(x)|2 dx <∞,
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(iii) The restriction u2 := u|(−∞,0) is of class C2, its second derivative D2u2 is locally
absolutely continuous on (−∞, 0), and

∫ 0

−∞
|D3u2(x)|2 dx <∞.

Let us define a function z : R→ C

z(x) :=

−iD
3u1(x), if x > 0,

−iD3u2(x), if x < 0,

and arbitrary z(0). Since the Lebesgue measure of the singleton {0} is equal to 0, we
deduce from Conditions (ii) and (iii), that z ∈ L2(R).

We now verify that u ∈ D(A∗
1). By definition 2.51, it suffices to show that for all ϕ ∈

D(A1) = C∞
0 (R \ {0}),

⟨A1ϕ, u⟩ = ⟨ϕ, z⟩.

Let ϕ ∈ C∞
0 (R \ {0}). Then

⟨A1ϕ, u⟩ = ⟨−iD3ϕ, u⟩ =
∫
R
−iD3ϕ(x) · u(x) dx.

We split the integral into two parts:

∫
R
−iD3ϕ(x) · u(x) dx =

∫ ∞

0
−iD3ϕ(x) · u1(x) dx+

∫ 0

−∞
−iD3ϕ(x) · u2(x) dx.

Since ϕ has compact support, and both u1 and u2 are C2-class with D2u locally absolutely
continuous, we may integrate by parts three times on each interval.

On (0,∞), integration by parts from [37, Theorem 6.22] gives∫ ∞

0
−iD3ϕ(x)u1(x) dx =

∫ ∞

0
ϕ(x)iD3u1(x) dx =

∫ ∞

0
ϕ(x)z(x) dx.

Similarly, on (−∞, 0):

∫ 0

−∞
−iD3ϕ(x)u2(x) dx =

∫ 0

−∞
ϕ(x) · iD3u2(x) dx =

∫ 0

−∞
ϕ(x)z(x) dx.

Thus, by adding both parts, we infer that

⟨A1ϕ, u⟩ =
∫
R
ϕ(x) · z(x) dx = ⟨ϕ, z⟩.
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Therefore, the adjoint identity holds for all ϕ ∈ D(A1), and by the definition of A∗
1, we

conclude that u ∈ D(A∗
1) and

A∗
1u = z =

−iD
3u1(x), if x > 0,

−iD3u2(x), if x < 0.

This completes the proof of Part 2.

Proposition 5.29. Assume that A1 is the operator defined in formula (5.4.1). Then

n+(A1) = 3.

Proof of Proposition 5.29. To find n+(A1), let us observe that by Proposition 5.25

u ∈ ker(iI −A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI −A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = −iD3u ⇐⇒ u ∈ D(A∗

1) and D3u = −u.

⇐⇒ the restrictions of function u to the intervals (0,∞) and (−∞, 0)

are of C2-class and their derivatives are locally absolutely continuous

and
∫ ∞

0
|D3u(x)|2 dx <∞,

∫ 0

−∞
|D3u(x)|2 dx <∞

and D3u = −u on (0,∞) and D3u = −u on (−∞, 0).

(5.4.3)

The above equivalence is analogous to the earlier one in (5.4.3).

Let us choose and fix u ∈ ker(iI−A∗
1), then by (5.4.3), u satisfies the following conditions.

D3u = −u on (0,∞), (5.4.4)

D3u = −u on (−∞, 0). (5.4.5)

In section 5.2 we proved that if a function u ∈ D(A∗
1) is solution to equation (5.4.4) then

it has to be of the following form

u = a1e
−x, x > 0

for some a1 ∈ C.

In section 5.3 we we proved that if a function u ∈ D(A∗
1) is solution to equation (5.4.5)

then it has to be of the following form

u(x) = a2e
1
2 x+i

√
3

2 x + a3e
1
2 x−i

√
3

2 x, x < 0.
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If u ∈ ker(iI −A∗
1), then a function u defined by

u(x) =

 a1e
−x if x > 0

a2e
1
2 x cos(

√
3

2 x) + a3e
1
2 x sin(

√
3

2 x) if x < 0
(5.4.6)

ker(iI −A∗
1) consists of function given by (5.4.6).

Thus the space ker(iI −A∗
1) have dimension 3 because it contains precisely three linearly

independent functions

e1(x) =

 e−x if x > 0
0 if x < 0

(5.4.7)

and

e2(x) =

 0 if x > 0
a2e

1
2 x+i

√
3

2 x if x < 0

and

e3(x) =

 0 if x > 0
a3e

1
2 x−i

√
3

2 x if x < 0
(5.4.8)

Therefore, we complete the proof.

Now, in order to calculate n−(A1), we need to find the space ker(iI +A∗
1).

Proposition 5.30. Assume that A1 is the operator defined by formula (5.4.1). Then

n−(A1) = 3. (5.4.9)

Proof of Proposition 5.30. To find n−(A1), let us observe that by Proposition 5.20

u ∈ ker(iI +A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI +A∗
1)u = 0

⇐⇒ u ∈ D(A∗
1) and iu = iD3u ⇐⇒ u ∈ D(A∗

1) and D3u = u.

⇐⇒ the restrictions of function u to the intervals (0,∞) and (−∞, 0)

are of C2-class and their derivatives are locally absolutely continuous

and
∫ ∞

0
|D3u(x)|2 dx <∞,

∫ 0

−∞
|D3u(x)|2 dx <∞

and D3u = u on (0,∞) and D3u = u on (−∞, 0).

(5.4.10)

The above equivalence is analogous to the earlier one in (5.4.10).

Let us choose and fix u ∈ ker(iI+A∗
1), then by (5.4.10), u satisfies the following conditions.

(1) D3u = u on (0,∞) and
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(2) D3u = u on (−∞, 0).

In section 5.2 we solved that a function u ∈ D(A∗
1) and solution (1) has to be of the form

u(x) = a2e
− 1

2 x+i
√

3
2 x + a3e

− 1
2 x−i

√
3

2 x, x > 0

In section 5.3 we solved that a function u ∈ D(A∗
1) and solution (2) has to be of the form

u(x) = a1e
x, x < 0

for some constant a1, a2, a3 ∈ C.

If u ∈ ker(iI +A∗
1), then a function u defined by

u(x) =

 a2e
− 1

2 x+i
√

3
2 x + a3e

− 1
2 x−i

√
3

2 x if x > 0
a1e

x if x < 0
(5.4.11)

ker(iI +A∗
1) consists of function given by (5.4.11).

Thus the space ker(iI +A∗
1) have dimension 3 because it contains precisely three linearly

independent functions

e1(x) =

 e− 1
2 x+i

√
3

2 x if x > 0
0 if x < 0

(5.4.12)

and

e2(x) =

 e− 1
2 x−i

√
3

2 x if x > 0
0 if x < 0

and

e3(x) =

 0 if x > 0
ex if x < 0

(5.4.13)

Therefore, we infer identity (5.4.9) as claimed.

As a direct consequence of Propositions 5.29 and 5.30, we obtain the following description
of the deficiency subspaces.

Corollary 5.31. Assume that A1 is the operator defined by (5.4.1). Then the deficiency
subspaces

H+ := ker(iI −A∗
1), H− := ker(iI +A∗

1)

satisfy
dimH+ = 3, dimH− = 3.
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Moreover, the space H+ is spanned by the functions

e1(x) =

e
−x, x > 0,

0, x < 0,

e2(x) =

0, x > 0,

e
1
2 x+i

√
3

2 x, x < 0,

e3(x) =

0, x > 0,

e
1
2 x−i

√
3

2 x, x < 0.

Similarly, the space H− is spanned by the functions

f1(x) =

e
− 1

2 x+i
√

3
2 x, x > 0,

0, x < 0,

f2(x) =

e
− 1

2 x−i
√

3
2 x, x > 0,

0, x < 0,

f3(x) =

0, x > 0,

ex, x < 0.

5.4.3 Results for the third-order linear homogeneous differential oper-
ators on the punctured line

As a starting point, we prove the following.

Proposition 5.32. The operator A1 defined by (5.4.1) is not closed.

Proof of Proposition 5.32. The proof follows the same method as in Proposition 3.29 and
Proposition 4.17.

We show that the graph Γ(A1) is not closed in L2(R)× L2(R). Let u : R→ C be defined

by

u(x) =

e
−x−2

, x > 0,

0, x ≤ 0.

Then u ∈ C∞(R) and u(k)(0) = 0 for all k ∈ N, see [37, Chapter 6]. In particular, u is
weakly differentiable of all orders.

Moreover, a standard argument, see, e.g., the proof of Proposition 3.29, shows that

u ∈ H3(R),
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while clearly
u /∈ D(A1) = C∞

0 (R \ {0}),

since u is not compactly supported. Using the same approximation argument as in

Lemma 3.32, but in H3(R), there exists a sequence (un) ⊂ D(A1) such that

un → u in H3(R).

In particular,
un → u, D3un → D3u in L2(R).

Since A1un = −iD3un, we obtain

A1un → −iD3u in L2(R).

Thus
(un, A1un)→ (u,−iD3u) in L2(R)× L2(R).

However, u /∈ D(A1), hence (u,−iD3u) /∈ Γ(A1). Therefore, the graph Γ(A1) is not
closed, and A1 is not closed.

Proposition 5.33. Assume that A1 is the operator defined by formula (5.4.1). A function
u ∈ D(A1) if and only if the following conditions are satisfied

(i) u ∈ L2(R,C),

(ii) the function u belongs to the Sobolev space H3
loc(R \ {0},C) and

u(2) : R→ C is locally absolutely continuous and∫
R
|D3u(t)|2 dt <∞,

(iii) u(0) = 0, u′(0) = 0 and u′′(0) = 0.

Moreover,
A1u = −iD3u, if u ∈ D(A1). (5.4.14)

Proof of Proposition 5.33. Part 1. Let us choose and fix u ∈ D(A1). Then obviously
u ∈ L2(R,C) and so condition (i) is satisfied. In order to show that condition (ii) is
satisfied we need to show that

u ∈ H3
loc(R \ {0},C).
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By the Definition 2.85 of the operator closure, there exists a sequence (un) in D(A1) and
z ∈ L2(R) such that:

un → u in L2(R), (5.4.15)

A1un = −iu(3)
n → z in L2(R).

Thus, in particular

u(3)
n → iz in L2(R). (5.4.16)

(i) Uniform convergence on compacts. Since un ∈ C∞
0 (R \ {0}), we may integrate

three times and deduce that for every t ∈ R,

u′′
n(t) = u′′

n(0) +
∫ t

0
u(3)

n (s) ds =
∫ t

0
u(3)

n (s) ds, (5.4.17)

u′
n(t) = u′

n(0) +
∫ t

0
u′′

n(s) ds =
∫ t

0
u′′

n(s) ds,

un(t) = un(0) +
∫ t

0
u′

n(s) ds =
∫ t

0
u′

n(s) ds.

By using [1, Fubini’s Theorem, p.19] and change the variables. We consider 0 < σ < r <

s < t, then

un(t) = un(0) +
∫ t

0
u′

n(s) ds =
∫ t

0

[∫ s

0
u′′

n(r) dr
]
ds

=
∫ t

0

[∫ s

0

[∫ r

0
u′′′

n (σ) dσ
]
dr

]
ds =

∫ t

0
u′′′

n (σ)
[∫ t

σ
dr

(∫ t

r
ds

)]
dσ

=
∫ t

0
u′′′

n (σ)
[∫ t

σ
(t− r) dr

]
dσ

By using change the variables and with Lebesgue measure, we have

r′ = t− r, dr′ = dr

where 0 < r′ < t− σ. So,
∫ t

σ
(t− r) dr =

∫ t−σ

0
r′ dr′ = 1

2 (t− σ)2 .

Hence,

un(t) =
∫ t

0
u′′′

n (σ)
[1

2 (t− σ)2
]
dσ. (5.4.18)

Now, we will prove {un(t)} is a Cauchy sequences.
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Using the above identity we prove that

un(t)− um(t) =
∫ t

0
[u′′′

n (s)− u′′′
m(s)] (t− s)

2

2 ds =
∫ ∞

−∞
[u′′′

n (s)− u′′′
m(s)]kt(s) ds

= ⟨D3un −D3um, kt⟩L2(R).

where
kt(s) = 1(0,t)(s)

(t− s)2

2 , s ∈ R.

Note that

∥kt∥2L2(R) =
∫ ∞

−∞
|kt(s)|2 ds =

∫ t

0
|kt(s)|2 ds+

∫
R\(0,t)

|kt(s)|2 ds

=
∫ t

0

(t− s)4

4 ds+
∫
R\(0,t)

0 ds = 1
4

∫ t

0
s4 ds = 1

20 t
5.

By applying the Cauchy-Schwarz inequality yields

|un(t)− um(t)| ≤ ∥D3un −D3um∥L2(R)∥kt∥L2(R)

≤ ∥D3un −D3um∥L2(R) ·
t5

20 .

We choose and fix T > 0. Then by taking the supremum, we have

sup
0<t≤T

|un − um| ≤ ∥D3un −D3um∥L2(R) ·
T 5

20 .

Since by (5.4.16), the sequence (D3un)∞
n=1 is Cauchy in L2(R,C), by [37, Theorem 7.8],

we infer there exists ũ ∈ C([0, T ],C) such that

un → ũ uniformly on [0, T ]. (5.4.19)

In particular, un → ũ in L2[0, T ]. On the other hand, un → u in L2(R) and hence

un → u in L2[0, T ].

Therefore, by the uniqueness of the limit we infer that u = ũ as elements of L2[0, T ].
Hence, by the definition of the space L2[0, T ] we deduce that

u = ũ almost everywhere on [0, T ].

In particular, we can assume that u is continuous on [0, T ]. Since T was arbitrary, we can
assume that u is continuous on [0,∞).
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Repeating the above argument on the interval [−T, 0], we deduce that the function u is
continuous, and

∀ T > 0 : un → u uniformly on [−T, T ].

(ii) Existence of the third weak derivative of u. We will show now that u is weakly
differentiable up to third order and that D3u = iz. For this purpose let us choose and fix
a test function ϕ ∈ C∞

0 (R). Since every un ∈ C∞
0 (R), integration by parts gives∫

un(x)ϕ(3)(x) dx = (−1)3
∫
u(3)

n (x)ϕ(x) dx.

Taking the limit n→∞, by (5.4.15) and (5.4.16), we infer that∫
u(x)ϕ(3)(x) dx = lim

n→∞

∫
un(x)ϕ(3)(x) dx = − lim

n→∞

∫
u(3)

n (x)ϕ(x) dx

= −
∫

(iz(x))ϕ(x) dx.

By the definition of weak derivatives, we infer that the third weak derivative of u exists
and equals D3u = iz ∈ L2(R). Hence, if u ∈ D(A1), then u ∈ L2

loc(R), u is weakly 3-times

differentiable, and D3u = iz ∈ L2(R). In particular, by the local characterization of
Sobolev spaces„ see, Remark 2.29) we infer that u ∈ H3

loc(R). By the Sobolev Embedding
Theorem we deduce that u ∈ C2(R) and u satisfies the following integral identity, similar
to (5.4.18)

u(t) =
∫ t

0
u′′′(σ) (t− σ)2

2 dσ., t ∈ R.

We will show the following result.

Lemma 5.34. Assume that T > 0. Then the following holds:

u′
n → u′ uniformly on [0, T ]. (5.4.20)

u′′
n → u′′ uniformly on [0, T ]. (5.4.21)

Proof of Lemma 5.34. To proof equality (5.4.20). By (5.4.17), we write:

u′
n(t) =

∫ t

0
u′′

n(r) dr =
∫ t

0

[∫ r

0
u′′′

n (σ) dσ
]
dr.

Using the Fubini Theorem to switch the order of integration, we obtain:

u′
n(t) =

∫ t

0
u′′′

n (σ)
(∫ t

σ
dr

)
dσ =

∫ t

0
u′′′

n (σ)(t− σ) dσ.
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The same identity holds for function u. Hence we can estimate the difference

|u′
n(t)− u′(t)| =

∣∣∣∣∫ t

0

(
u′′′

n − u′′′) (σ)(t− σ) dσ
∣∣∣∣ .

By the Cauchy–Schwarz inequality:

|u′
n(t)− u′(t)| ≤

(∫ t

0
|u′′′

n − u′′′|2 dσ
)1/2 (∫ t

0
(t− σ)2 dσ

)1/2
.

We compute
∫ t

0(t− σ)2 dσ = t3

3 .

Therefore,

|u′
n(t)− u′(t)| ≤

√
t3

3 · ∥u
′′′
n − u′′′∥L2(0,t).

Taking the supremum over t ∈ [0, T ], we obtain:

∥u′
n − u′∥C([0,T ]) ≤

√
T 3/3 · ∥D3un −D3u∥L2(0,T ).

Since D3un → D3u in L2(0, T ) we deduce that

u′
n → u′ uniformly on [0, T ].

Hence (5.4.20) follows. But in fact we can deduce a stronger assertion.

Taking T < 0, we deduce that u′
n → u′ locally uniformly on (−∞,∞), i.e. for every

T > 0,
u′

n → u′ uniformly on [−T, T ].

To proof equality (5.4.21). By (5.4.17), we begin with

u′′
n(t) =

∫ t

0
u′′′

n (σ) dσ.

Therefore, for any n,m ∈ N,

u′′
n(t)− u′′

m(t) =
∫ t

0

(
u′′′

n (σ)− u′′′
m(σ)

)
dσ.

Taking absolute value and applying the Cauchy–Schwarz inequality:

|u′′
n(t)− u′′

m(t)| ≤
(∫ t

0
12 dσ

)1/2 (∫ t

0
|u′′′

n (σ)− u′′′
m(σ)|2 dσ

)1/2

=
√
t · ∥u′′′

n − u′′′
m∥L2(0,t).
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In particular, taking supremum over t ∈ [0, T ], we get:

∥u′′
n − u′′

m∥C([0,T ]) ≤
√
T · ∥u′′′

n − u′′′
m∥L2(0,T ).

Since D3un → D3u in L2(0, T ) we deduce that

u′′
n → u′′ uniformly on [0, T ].

Hence (5.4.21) follows. But in fact we can deduce a stronger assertion.

Taking T < 0, we deduce that u′′
n → u′′ locally uniformly on (−∞,∞), i.e. for every

T > 0,
u′′

n → u′′ uniformly on [−T, T ].

(iii) Now we are ready to finish the proof of part (iii) of Proposition 5.33. Since all
un ∈ C∞

0 (R \ {0}), we have for all n:

un(0) = u′
n(0) = u′′

n(0) = 0.

By uniform convergence on [0, T ] in equations (5.4.19), (5.4.20) and (5.4.21) of un, u′
n and

u′′
n, we deduce that

u(0) = lim
n→∞

un(0) = 0,

u′(0) = lim
n→∞

u′
n(0) = 0,

u′′(0) = lim
n→∞

u′′
n(0) = 0.

Hence u satisfies the three conditions in Proposition 5.33, and A1u = −iD3u. This
completes the proof of Part 1.

Before proving the converse implication, we clarify the Sobolev spaces used on the half-
lines.

Remark 5.35. We briefly clarify the Sobolev spaces used in the proof below.

• The spaces H3((0,∞)) and H3([0,∞)) are identified in the usual way, since changing
the value of a function at one point does not affect its L2-class or its weak derivatives.

• The space H3
0 ((0,∞)) is defined as the closure of C∞

0 ((0,∞)) in the H3-norm.
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• A function u ∈ H3((0,∞)) belongs to H3
0 ((0,∞)) if, in the trace sense,

u(0) = u′(0) = u′′(0) = 0.

• Accordingly, when we write H3
0 ([0,∞)), we mean the subspace of H3([0,∞)) con-

sisting of functions whose traces at 0 vanish up to order two, namely

H3
0 ([0,∞)) = {u ∈ H3([0,∞)) : u(0) = u′(0) = u′′(0) = 0 }.

Proof of Proposition 5.33. Part 2. We now prove the converse implication. Let us choose
and fix u ∈ L2(R,C) satisfying conditions (i)–(iii). We will show that u ∈ D(A1).

By assumptions (ii) and (iii), the restrictions

u− := u|(−∞,0], u+ := u|[0,∞)

belong to the Sobolev spaces

u− ∈ H3
0 ((−∞, 0]), u+ ∈ H3

0 ([0,∞)),

see Remark 5.35.

Therefore, by [1, Theorem 3.22, p. 68], there exist sequences

fn ∈ C∞
0 ((−∞, 0)), gn ∈ C∞

0 ((0,∞))

such that
fn → u− in H3((−∞, 0]), gn → u+ in H3([0,∞)).

For each n ∈ N, define un : R→ C by

un(x) :=


fn(x), x < 0,

gn(x), x > 0,

0, x = 0.

Then
un ∈ C∞

0 (R \ {0}) = D(A1).
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Moreover, the classical third-order derivative of un is given by

u(3)
n (x) =


D3fn(x), x < 0,

D3gn(x), x > 0,

0, x = 0.

(5.4.22)

Hence, by Proposition 2.3, the weak derivative D3un exists and is equal to the right-hand
side of (5.4.22).

We claim that

un → u in L2(R), A1un = −iD3un → −iD3u in L2(R).

Indeed, since fn → u− in H3((−∞, 0]) and gn → u+ in H3([0,∞)), in particular we have

fn → u− in L2((−∞, 0]), gn → u+ in L2([0,∞)).

Therefore

∥un − u∥2L2(R) =
∫ ∞

−∞
|un(x)− u(x)|2 dx

=
∫ 0

−∞
|fn(x)− u−(x)|2 dx+

∫ ∞

0
|gn(x)− u+(x)|2 dx

= ∥fn − u−∥2L2((−∞,0)) + ∥gn − u+∥2L2((0,∞)) → 0.

Similarly, since convergence in H3 implies convergence of the third weak derivatives in
L2, we obtain

∥D3un−D3u∥2L2(R) =
∫ ∞

−∞
|D3un(x)−D3u(x)|2 dx

=
∫ 0

−∞
|D3fn(x)−D3u−(x)|2 dx+

∫ ∞

0
|D3gn(x)−D3u+(x)|2 dx

= ∥D3fn −D3u−∥2L2((−∞,0)) + ∥D3gn −D3u+∥2L2((0,∞)) → 0.

Hence
(un, A1un) = (un,−iD3un)→ (u,−iD3u) in L2(R)× L2(R).

By Remark 2.86, we infer that

(u,−iD3u) ∈ Γ(A1) = Γ(A1).
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Therefore
u ∈ D(A1), A1u = −iD3u.

In particular, equality (5.4.14) holds. This completes the proof of Part 2.

Therefore, the proof of Proposition 5.33 is complete.

5.4.4 The adjoint of the closure

Let A1 be the operator defined by formula (5.4.1). Since A1 is densely defined and
symmetric, it follows from Proposition 2.89 that it is closable. Hence, the closure A1

exists.

We now extend Proposition 5.25 by determining the adjoint of the closure A1.

Proposition 5.36. Let A1 be the operator defined by formula (5.4.1), and let A1 denote
its closure in L2(R,C). Then,

(A1)∗ = A∗
1.

A measurable function v : R→ C belongs to D((A1)∗) if and only if:

(i) v ∈ L2(R,C);

(ii) The restriction v : (0,∞)→ C is three times weakly differentiable, with third deriva-
tive

D3v ∈ L2((0,∞)), i.e.
∫ ∞

0
|D3v(t)|2 dt <∞;

equivalently, v, Dv, and D2v are locally absolutely continuous on (0,∞);

(iii) The restriction v : (−∞, 0) → C is three times weakly differentiable, with third
derivative

D3v ∈ L2((−∞, 0)), i.e.
∫ 0

−∞
|D3v(t)|2 dt <∞;

equivalently, v, Dv, and D2v are locally absolutely continuous on (−∞, 0).

Moreover, for every v ∈ D((A1)∗), the adjoint acts as

(A1)∗v = A∗
1v = −iD3v.

Remark 5.37. The characterization above coincides with that of A∗
1 in Proposition 5.25.

This agreement follows from Corollary 2.92, which guarantees that taking the closure of
a symmetric operator does not affect its adjoint.
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5.4.5 Deficiency indices of the closure of the third-order linear homo-
geneous differential operators on the punctured line

From Proposition 5.36, we already know that the closure A1 of the third-order linear
homogeneous differential operators defined by (5.4.1) exists and that

(A1)∗ = A∗
1.

By Corollary 2.92, the closure of a densely defined symmetric operator remains symmetric,
and its deficiency subspaces coincide with those of the original operator:

ker(i−A∗
1) = ker(i−A1

∗), ker(i+A∗
1) = ker(i+A1

∗).

Consequently, the deficiency indices of A1 and A1 coincide:

n+(A1) = n+(A1), n−(A1) = n−(A1).

Corollary 5.38. Let A1 be the third-order differential operator defined by (5.4.1), and
let A1 denote its closure in L2(R,C). Then both A1 and A1 are symmetric and densely
defined, and their deficiency indices coincide. In particular, by Theorem 5.23, we have

n+(A1) = n+(A1) = 3, n−(A1) = n−(A1) = 3.

Remark 5.39. Corollary 2.92 guarantees that for any densely defined symmetric oper-
ator including higher-order differential operators such as the third-order operator taking
the closure preserves both symmetry and the deficiency indices. Therefore, the spectral
properties and self-adjoint extensions of A1 are identical to those of A1.
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5.4.6 Characterization of all self-adjoint extensions of the third-order
linear homogeneous differential operators on the punctured line

We will characterize all self-adjoint extensions of operator A1 in L2(R,C) defined by
equation (5.4.1). In this section we apply Theorem 2.60 in order to classify all self-adjoint
extensions of the Airy operator A1 on R\{0}, using the deficiency space in Theorem 5.23.
Recall that A1 is defined by (5.4.1). From Theorem 5.23 we know that the deficiency
indices of A1 are

n+(A1) = n−(A1) = 3.

Hence,
n+(A1) = n−(A1) = 3.

Let
H+ := ker(iI −A∗

1), H− := ker(iI +A∗
1).

Then
dimH+ = dimH− = 3.

Let {ẽ1, ẽ2, ẽ3} be an orthonormal basis of H+, and {f̃1, f̃2, f̃3} an orthonormal basis of
H−, as constructed in Section 5.4.2.

Definition 5.40.(i) The symbol U(H+, H−) denotes the set of all unitary operators

C : H+ −→ H−,

that is, by Definition 2.69, C is a linear bijection satisfying

⟨Cu,Cv⟩ = ⟨u, v⟩ for all u, v ∈ H+.

(ii) The symbol U(3) denotes the group of all 3× 3 complex unitary matrices.

A matrix M = [mjℓ] ∈ C3×3 belongs to U(3) if and only if

M∗M = MM∗ = I3,

where

I3 =


1 0 0
0 1 0
0 0 1


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is the 3× 3 identity matrix, and M∗ is the conjugate transpose of M , i.e.

if M =


m11 m12 m13

m21 m22 m23

m31 m32 m33

 , then M∗ = M
T =


m11 m21 m31

m12 m22 m32

m13 m23 m33

 .

Equivalently, A ∈ C3×3 the columns (or, equivalently, the rows) of M form an orthonormal
basis of C3.

Since by Corollary 5.31, in our case

dimH+ = dimH− = 3,

we have the following result.

Proposition 5.41. Assume that H+ and H− are Hilbert spaces such that

dimH+ = dimH− = 3.

Then the set of all unitary operator from H+ to H−, denoted by U(H+, H−) isomorphic
to the unitary group U(3), i.e.

U(H+, H−) ∼= U(3).

Proof of Proposition 5.41. Since dimH+ = dimH− = 3, both H+ and H− are finite-
dimensional, i.e. 3-dimensional Hilbert spaces.

Let {ẽ1, ẽ2, ẽ3} be an orthonormal basis of H+, and {f̃1, f̃2, f̃3} an orthonormal basis of
H−.

Let Γ ∈ U(H+, H−). Then Γ is uniquely determined by its action on the basis of H+:

Γẽj =
3∑

k=1
mkj f̃k, j = 1, 2, 3,

for some coefficients mkj ∈ C.

Thus, Γ is represented with respect to these bases by a matrix M = (mkj) ∈ C3×3.

Since Γ is unitary, it preserves the inner product, i.e.

⟨Γẽj ,Γẽℓ⟩ = ⟨ẽj , ẽℓ⟩ = δjℓ.
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Hence, the columns of M form an orthonormal system in C3, which implies

M∗M = I3.

Similarly, since Γ is unitary, it is bijective, and hence MM∗ = I3. Therefore, M ∈ U(3).

Conversely, given any matrix M ∈ U(3), we define a linear operator Γ : H+ → H− by

Γẽj =
3∑

k=1
mkj f̃k.

Extending linearly, we obtain a unitary operator Γ.

Thus, we obtain a bijective correspondence between U(H+, H−) and U(3), which complete
the proof.

We now apply Theorem 2.60 to A1. Let us recall that A1 is a closed linear and densely
defined linear operator. Hence, self-adjoint extensions of A1 exist because n+ = n− = 3.
Moreover the family of all self-adjoint extension of A1 are uniquely parametrized by the
family of all unitary operator C : H+ → H−.

Theorem 5.42 (Self-adjoint extensions of A1). Let C ∈ U(H+, H−). Define the corre-
sponding von Neumann extension AC as follows.

D(AC) =
{
u = u0 + u+ + Cu+ : u0 ∈ D(A1), u+ ∈ H+

}
,

AC(u0 + u+ + Cu+) = A1u0 + i u+ − i Cu+.
(5.4.23)

Then AC is self-adjoint and satisfies

A1 ⊂ AC ⊂ A∗
1.

Moreover, if A is a self-adjoint extension of A1, then A = AC for a unique C ∈ U(H+, H−).

Idea of proof. Since n+(A1) = n−(A1) = 3 < ∞, the hypotheses of Theorem 2.60 apply.
Thus all self-adjoint extensions are of the form (5.4.23), with C ranging over all unitary
maps H+ → H−.

Corollary 5.43 (Classification of all self-adjoint extensions of A1). Let SA(A1) denote
the family of all self-adjoint extensions of A1 on R \ {0}. Then

SA(A1) = {AC : C ∈ U(H+, H−) } ∼= U(3).

In particular, every extension corresponds to a unique 3× 3 unitary matrix.
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Remark 5.44. The situation is fully analogous to the Laplacian case (Subsection 4.2),
except that there the deficiency spaces were 2-dimensional and parametrization used U(2),
whereas for the Airy operator we encounter 3-dimensional deficiency spaces and hence
U(3).

5.4.6.1 Finding an ONB of the deficiency Subspace H+

The objective of this subsection is to construct an orthonormal basis of the deficiency
subspace H+, starting from the natural basis given in (5.4.24) and applying the Gram–
Schmidt orthonormalization procedure.

Let us recall that from (5.4.7)–(5.4.8), we have

H+ := ker(iI −A∗
1) = span{e1, e2, e3},

where
e1(x) = 1(0,∞)(x)e−x,

e2(x) = 1(−∞,0)(x)e
1
2 x+i

√
3

2 x,

e3(x) = 1(−∞,0)(x)e
1
2 x−i

√
3

2 x.

(5.4.24)

The indicator functions are

1(0,∞)(x) =

1, x > 0,

0, x < 0,
1(−∞,0)(x) =

1, x < 0,

0, x > 0.

We will check if {e1, e2, e3} form an orthonormal basis of H+ by checking whether the
following conditions are satisfied.

∥ej∥ = 1 for j = 1, 2, 3 (5.4.25)

⟨ej , ek⟩L2 = 0 if j, k = 1, 2, 3 and j ̸= k (5.4.26)

Let us check the first condition (5.4.25)

∥e1∥2 =
∫ ∞

0
|e1(x)|2 dx =

∫ ∞

0
e−2x dx = 1

2 .

Thus
∥e1∥ = 1√

2
.

Hence, ∥e1∥ ≠ 1 and we need to normalize e1, i.e. ẽ1 = e1∥e1∥−1. Thus we put
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ẽ1(x) =
√

2e−x =
√

2e1(x).

Next, for ∥e2∥

∥e2∥2 =
∫ 0

−∞
|e2(x)|2 dx =

∫ 0

−∞
ex dx = 1.

For e3

∥e3∥2 =
∫ 0

−∞
|e3(x)|2 dx =

∫ 0

−∞
ex dx = 1.

Claim 5.45. The vectors {e1, e2, e3} do not form an orthonormal basis of H+.

Proof of 5.45. Recall that (5.4.24), we will check the inner products between e1 and e2

and between e1 and e3 in the second condition (5.4.26), as follow

⟨e1, e2⟩ =
∫ ∞

−∞
e1(x)e2(x) dx

=
∫ ∞

−∞
1(0,∞)e

−x · 1(−∞,0)(x)e
1
2 x+i

√
3

2 x dx =
∫ ∞

−∞
0 dx = 0.

and similarly

⟨e1, e3⟩ =
∫ ∞

−∞
e1(x)e3(x) dx

=
∫ ∞

−∞
1(0,∞)e

−x · 1(−∞,0)(x)e
1
2 x−i

√
3

2 x dx =
∫ 0

−∞
0 dx = 0

where e1 is perpendicular to e2 and e3. Thus e1 is orthogonal to both e2 and e3. Finally,
for the inner products between e2 and e3, we have

⟨e2, e3⟩ =
∫ ∞

−∞
e2(x)e3(x) dx

=
∫ ∞

−∞
1(−∞,0)(x)e

1
2 x+i

√
3

2 x · 1(−∞,0)(x)e
1
2 x+i

√
3

2 x dx

=
∫ 0

−∞
e

1
2 x+i

√
3

2 x · e
1
2 x+i

√
3

2 x dx =
∫ 0

−∞
e(1+i

√
3)xdx = 1

1 + i
√

3

= 1− i
√

3
(1 + i

√
3)(1− i

√
3)

= 1− i
√

3
4 = 1

4 − i
√

3
4 =: λ. (5.4.27)

Since λ ̸= 0, the vectors e2 and e3 are not perpendicular, and therefore the set {e1, e2, e3}
is not an orthonormal basis of H+ as claimed.

In order to find an orthonormal basis of the space H+, we apply the Gram-Schmidt
orthonormalization procedure to vectors e2, e3, see [17, Exercise 11.3, p.335]. We keep
e3 and orthogonalize e2 against e3, and we also normalize e1, i.e. with λ = ⟨e2, e3⟩, see
(5.4.27).
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ẽ1 =
√

2e1,

ẽ2 = e2 − λe3
∥e2 − λe3∥

,

ẽ3 = e3.

(5.4.28)

Claim 5.46. The vectors {ẽ1, ẽ2, ẽ3} is an orthonormal basis of H+.

Proof of 5.46. We verify the two orthonormality conditions (5.4.25) and (5.4.26). We
already know

∥e1∥2L2 =
∫ ∞

0
e−2x dx = 1

2 , ∥e2∥2L2 =
∫ 0

−∞
ex dx = 1,

∥e3∥2L2 =
∫ 0

−∞
ex dx = 1.

Thus
∥ẽ1∥2L2 = 1 and ∥ẽ3∥2L2 = 1.

For ẽ2, we use the previously computed inner product ⟨e2, e3⟩ = λ and note that ∥e2∥L2 =
∥e3∥L2 = 1. Then

∥∥e2 − λe3
∥∥2

L2 = ⟨e2 − λe3, e2 − λe3⟩

= ∥e2∥2 − λ ⟨e2, e3⟩ − λ ⟨e3, e2⟩+ |λ|2∥e3∥2

= 1− λλ− λλ+ |λ|2 = 1 + |λ|2 − 2|λ|2 = 1− |λ|2.

Since

|λ|2 =
(1

4

)2
+
(√

3
4

)2

= 1
4 ,

we get ∥∥e2 − λe3
∥∥2

L2 = 1− 1
4 = 3

4 ,
∥∥e2 − λe3

∥∥
L2 =

√
3

2 .

By (5.4.28),
ẽ2 = e2 − λe3

∥e2 − λe3∥
= 2√

3
(
e2 − λe3

)
,

so
∥ẽ2∥2L2 =

∥∥∥∥ 2√
3

(e2 − λe3)
∥∥∥∥2

L2
= 4

3
∥∥e2 − λe3

∥∥2
L2 = 4

3 ·
3
4 = 1.

This proves (5.4.25).

Firstly, since we already showed ⟨e1, e3⟩ = 0

⟨ẽ1, ẽ3⟩ = ⟨
√

2 e1, e3⟩ =
√

2 ⟨e1, e3⟩ = 0.
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Next, since ⟨e1, e2⟩ = ⟨e1, e3⟩ = 0

⟨ẽ1, ẽ2⟩ =
〈√

2 e1,
2√
3

(e2 − λe3)
〉

= 2
√

2√
3
(
⟨e1, e2⟩ − λ⟨e1, e3⟩

)
= 0.

Finally,

⟨ẽ2, ẽ3⟩ =
〈 2√

3
(e2 − λe3), e3

〉
= 2√

3
(
⟨e2, e3⟩ − λ⟨e3, e3⟩

)
= 0.

Thus the condition 2 (5.4.26) is holds.

From (5.4.28), we deduce that the system {ẽ1, ẽ2, ẽ3} defined by

ẽ1 =
√

2e1,

ẽ2 = 2√
3

(e2 − λe3),

ẽ3 = e3.

(5.4.29)

Hence {ẽ1, ẽ2, ẽ3} is an orthonormal basis of H+.

Therefore, the proof of Claim 5.46 is complete.

This completes the construction of an orthonormal basis of H+.

5.4.6.2 Derivatives and Boundary Values of the ONB of H+

Let us recall, see (5.4.29), that from this formula we have

ẽ′
1(x) = −

√
2 1(0,∞)(x)e−x, x > 0,

ẽ′′
1(x) =

√
2 1(0,∞)(x)e−x, x > 0,

and

ẽ′
2(x) = 2√

3

[(
1
2 + i

√
3

2

)
e

1
2 x+i

√
3

2 x − λ
(

1
2 − i

√
3

2

)
e

1
2 x−i

√
3

2 x
]
, x < 0,

ẽ′
3(x) =

(
1
2 − i

√
3

2

)
e

1
2 x−i

√
3

2 x, x < 0.
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ẽ′′
2(x) = 2√

3

[(
1
2 + i

√
3

2

)2
e

1
2 x+i

√
3

2 x − λ
(

1
2 − i

√
3

2

)2
e

1
2 x−i

√
3

2 x
]
, x < 0,

ẽ′′
3(x) =

(
1
2 − i

√
3

2

)2
e

1
2 x−i

√
3

2 x, x < 0.

5.4.6.3 Finding an ONB of the deficiency Subspace H−

We now will find an ONB of the deficiency space H− from (5.4.12)–(5.4.13). Define

H− := span{f1, f2, f3},

where
H− := ker(iI +A∗

1).

where
f1(x) = 1(0,∞)(x) e− 1

2 x+i
√

3
2 x,

f2(x) = 1(0,∞)(x) e− 1
2 x−i

√
3

2 x,

f3(x) = 1(−∞,0)(x) ex.

We want to construct an orthonormal basis of H−. We begin by checking whether
{f1, f2, f3} satisfy the following conditions

∥fj∥ = 1 for j = 1, 2, 3

⟨fj , fk⟩L2 = 0 if j, k = 1, 2, 3 and j ̸= k
(5.4.30)

Claim 5.47. The vectors {f1, f2, f3} do not form an orthonormal basis of H−.

Proof of Claim 5.47. Norms. Firstly, we have

∥f1∥2L2 =
∫ ∞

−∞
|f1(x)|2 dx =

∫ ∞

0

∣∣e− 1
2 x+i

√
3

2 x
∣∣2dx =

∫ ∞

0
e−x dx = 1,

Similarly,

∥f2∥2L2 =
∫ ∞

0

∣∣e− 1
2 x−i

√
3

2 x
∣∣2dx =

∫ ∞

0
e−x dx = 1,

For f3 we have

∥f3∥2L2 =
∫ ∞

−∞
|f3(x)|2 dx =

∫ 0

−∞
e2xdx = 1

2 ,
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hence
∥f3∥L2 = 1√

2
, and we set f̃3 :=

√
2 f3

so that ∥f̃3∥L2 = 1.

Orthogonality. Because f1 and f2 are supported on (0,∞) while f3 is supported on
(−∞, 0), we immediately have

⟨f1, f3⟩L2 = ⟨f2, f3⟩L2 = 0.

However, f1 and f2 both have support in (0,∞), and in fact are not perpendicular

⟨f1, f2⟩L2 =
∫ ∞

−∞
f1(x) f2(x) dx =

∫ ∞

0
e− 1

2 x+i
√

3
2 x e− 1

2 x−i
√

3
2 x dx

=
∫ ∞

0
e(−1+i

√
3)x dx = 1

1− i
√

3
= 1 + i

√
3

4 .

It is convenient to denote

µ := ⟨f2, f1⟩L2 = ⟨f1, f2⟩L2 = 1− i
√

3
4 . (5.4.31)

Then
|µ|2 = 1

16 + 3
16 = 4

16 = 1
4 ̸= 0.

Since µ ̸= 0, the vectors f1 and f2 are not orthogonal, hence {f1, f2, f3} is not an or-
thonormal set.

This completes the proof of Claim 5.47.

To construct an orthonormal basis of H−, we apply the Gram–Schmidt procedure to
f1, f2, f3 and get

f̃1 = f1

f̃2 = f2 − µf1
∥f2 − µf1∥

,

f̃3 =
√

2f3 .

Claim 5.48. The vectors {f̃1, f̃2, f̃3} form an orthonormal basis of H−.

Proof of Claim 5.48. We set
f̃1 := f1.
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Since ∥f3∥ = 1/
√

2, we define

f̃3 :=
√

2 f3, ∥f̃3∥L2 = 1.

Next, let µ = ⟨f2, f1⟩L2 be defined in (5.4.31). Define

g2 := f2 − µf1.

Then

∥g2∥2L2 = ⟨f2 − µf1, f2 − µf1⟩L2

= ∥f2∥2 − µ⟨f2, f1⟩L2 − µ⟨f1, f2⟩L2 + |µ|2∥f1∥2

= 1 + |µ|2 − 2|µ|2 = 1− |µ|2 = 1− 1
4 = 3

4 .

Therefore ∥g2∥L2 =
√

3
2 .

We normalize and define

f̃1 := f1,

f̃2 := g2
∥g2∥

= f2 − µf1
∥f2 − µf1∥

= 2√
3

(f2 − µf1),

f̃3 :=
√

2 f3.

(5.4.32)

where
λ = ⟨f2, f1⟩L2 , |λ|2 = 1

4 .

such that λ = µ.
By construction, ∥f̃1∥ = ∥f̃2∥ = ∥f̃3∥ = 1, and because f3 is supported on (−∞, 0) and
f1, f2 on (0,∞)

⟨f̃1, f̃2⟩ = ⟨f1, g2⟩ = 0, ⟨f̃1, f̃3⟩ = 0, ⟨f̃2, f̃3⟩ = 0.

Thus the conditions in (5.4.30) hold.

Hence, {f̃1, f̃2, f̃3} is an orthonormal basis for H−. This completes the proof of Claim 5.48.

Remark 5.49. From Claim 5.46 it follows that every element of the deficiency space H+

has the following unique form

u+ = s1ẽ1 + s2ẽ2 + s3ẽ3, s1, s2, s3 ∈ C.
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From Claim 5.48 that every u− ∈ H− has a unique representation

u− = t1f̃1 + t2f̃2 + t3f̃3, t1, t2, t3 ∈ C.

5.4.6.4 Derivatives and Boundary Values of the ONB of the space H−

Let us recall, see (5.4.32), that from these formula, for f̃1(x) we have

f̃ ′
1(x) =

(
−1

2 + i
√

3
2

)
f̃1(x), x > 0.

f̃ ′′
1 (x) =

(
−1

2 + i
√

3
2

)2
f̃1(x), x > 0.

For f̃2(x), we get

f̃ ′
2(x) = 2√

3

[(
−1

2 − i
√

3
2

)
e− 1

2 x−i
√

3
2 x − λ

(
−1

2 + i
√

3
2

)
e− 1

2 x+i
√

3
2 x
]
, x > 0

f̃ ′′
2 (x) = 2√

3

[(
−1

2 − i
√

3
2

)2
e− 1

2 x−i
√

3
2 x − λ

(
−1

2 + i
√

3
2

)2
e− 1

2 x+i
√

3
2 x
]
, x > 0.

For f̃3(x) =
√

2 ex, we have

f̃ ′
3(x) =

√
2 ex, f̃ ′′

3 (x) =
√

2 ex, x < 0,

Unitary maps C : H+ → H−. Let us recall that by Theorem 5.42, every self–adjoint
extension of the third-order operator A1 corresponds to a unitary operator

C : H+ −→ H−,

in a way described there. Relative to the orthonormal bases {ẽ1, ẽ2, ẽ3} of H+, and
{f̃1, f̃2, f̃3} of H−.

The map C is represented by a 3× 3 unitary matrix

U = (ujk)3
j,k=1 ∈ U(3),

in such a way that

C(ẽk) =
3∑

j=1
ujk f̃j , k = 1, 2, 3. (5.4.33)

And via-versa, see equality (4.2.21) for a similar argument.
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With the notation introduced above, we record the action of the unitary map C on a
general element of the deficiency subspace H+.

Proposition 5.50. Assume that C : H+ → H− is a unitary map represented, with respect
to the above orthonormal bases, by a unitary matrix U = (ujk) ∈ U(3), see (5.4.33).
Assume that s1, s2, s3 ∈ C, and

u+ =
3∑

k=1
skẽk ∈ H+.

Then

Cu+ =
3∑

j=1
tj f̃j , (5.4.34)

where

tj =
3∑

k=1
ujk sk, j = 1, 2, 3.

The relationship between t = (t1, t2, t3) and s = (s1, s2, s3) can be written as

t = U s.

Proof. By linearity of C and using (5.4.33), we compute

Cu+ = C

( 3∑
k=1

skẽk

)
=

3∑
k=1

sk C(ẽk) =
3∑

k=1
sk

3∑
j=1

ujk f̃j

=
3∑

j=1

( 3∑
k=1

ujk sk

)
f̃j .

This prove the result.

Let us choose and fix an element u ∈ D(AC). By Theorem 5.42, there exists s =
(s1, s2, s3) ∈ C3, such that u has the form

u = u0 + u+ + Cu+

where

u0 ∈ D(A1), u+ =
3∑

k=1
skẽk ∈ H+.

(5.4.35)

Therefore, by formula (5.4.34),

u = u0 +
3∑

k=1
skẽk +

3∑
j=1

tj f̃j ,
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where
t = Us. (5.4.36)

The following claim establishes the connection between the abstract von Neumann parametriza-
tion and the concrete realization of the self-adjoint extension in terms of the unitary matrix
U .

We aim to prove the following result.

Claim 5.51. Let C : H+ → H− be a unitary map represented by U ∈ U(3) with respect
to the bases {ẽk} and {f̃j}. If u ∈ D(AC), then u ∈ D(AU ).

However, a complete proof of this result remains open in this setting. We therefore
formulate is as a conjecture. On the other hand, in the last section, i.e. Section 8 we
proposed a different approach to this question.

5.5 Boundary conditions and trace representation

5.5.1 General argument

By Proposition 5.33 and Definition 5.28, For u0 ∈ D(A∗
1), the following are equivalent:

(i) u0 ∈ D(Ā1),

(ii) tr+(u0) = 0 and tr−(u0) = 0.

Hence, in the decomposition (5.4.35), only the deficiency components u+ and Cu+ con-
tribute to the boundary traces.

For convenience, and using λ = 1
4 − i

√
3

4 = µ from (5.4.27), we introduce

α := 2√
3

(1− λ).

Using (A.3.2), (A.3.3), and (A.3.4), we obtain

u(0+) =
√

2 s1 + t1 + αt2, (5.5.1)

u′(0+) = −
√

2 s1 +Dt1 + Ct2,

u′′(0+) =
√

2 s1 + Ft1 +Gt2, (5.5.2)
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and

u(0−) = αs2 + s3 +
√

2 t3, (5.5.3)

u′(0−) = As2 +Bs3 +
√

2 t3,

u′′(0−) = Es2 + Fs3 +
√

2 t3. (5.5.4)

Let us introduce the following four 3× 3 matrices S±, T± ∈ C3×3

S+ :=


√

2 0 0
−
√

2 0 0
√

2 0 0

 , T+ :=


1 α 0
D C 0
F G 0

 ,

and

S− :=


0 α 1
0 A B

0 E F

 , T− :=


0 0

√
2

0 0
√

2
0 0

√
2

 ,

Using the boundary trace operators tr± defined earlier 5.28 as follows.

Definition 5.52 (Boundary traces). Define the full trace map by

tr : D(Ā∗
1) ∋ u 7→ tr(u) :=



u(0+)
u′(0+)
u′′(0+)
u(0−)
u′(0−)
u′′(0−)


∈ C6.

We have the following fundamental result.

Proposition 5.53. The restriction of the map tr to H+ ⊕H− is injective.

Proof of Proposition 5.53. Since H+∩H− = {0}, it is enough to show that the restrictions
tr|H+ and tr|H− are injective.

Injectivity on H+. Let u ∈ H+ and assume that

tr(u) = 0 ∈ C6. (5.5.5)

Since {ẽ1, ẽ2, ẽ3} is a basis of H+, there exist s1, s2, s3 ∈ C such that

u = s1ẽ1 + s2ẽ2 + s3ẽ3.
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Using the explicit boundary identities (5.5.1)–(5.5.2) and (5.5.3)–(5.5.4) for elements of
H+, we get

u(0+) =
√

2 s1, u′(0+) = −
√

2 s1, u′′(0+) =
√

2 s1,

and
u(0−) = αs2 + s3, u′(0−) = As2 +Bs3, u′′(0−) = Es2 + Fs3.

Since
√

2 ̸= 0, from (5.5.5) and the first three equalities, we get

s1 = 0.

The second three equalities and (5.5.5) imply that
α 1
A B

E F


s2

s3

 =


0
0
0

 .

We claim that the matrix

M− =


α 1
A B

E F


has rank 2. For this purpose, it is sufficient to find at least one 2 × 2 minor that is ̸= 0.
For this aim the minor formed by the first two rows, i.e.

det

α 1
A B

 = αB −A.

Substituting the explicit constants (5.5.15)

α =
√

3
2 + i

2 , A =
√

3
2 + 3i

2 , B = 1
2 −

i
√

3
2 ,

we compute

αB =
(√

3
2 + i

2

)(
1
2 −

i
√

3
2

)
=
√

3
2 −

i

2 ,

hence
αB −A =

(√
3

2 −
i

2

)
−
(√

3
2 + 3i

2

)
= −2i ̸= 0.

Therefore rankM− = 2.

Hence the kernel of M− is trivial and therefore we infer s2 = s3 = 0.

Consequently u = 0, and thus tr|H+ is injective.



Third-order linear homogeneous differential operators 155

Injectivity on H−. Let u ∈ H− and assume that tr(u) = 0. Write

u = t1f̃1 + t2f̃2 + t3f̃3, t1, t2, t3 ∈ C.

Using the boundary identities (5.5.1)–(5.5.2) and (5.5.3)–(5.5.4) for elements of H−, we
obtain

u(0−) =
√

2 t3, u′(0−) =
√

2 t3, u′′(0−) =
√

2 t3.

Hence
√

2 t3 = 0, so t3 = 0.

The remaining three equations from tr(u) = 0 yield
1 α

D C

F G


t1
t2

 =


0
0
0

 .

Again, by construction of the deficiency basis, the two columns of this 3 × 2 matrix are
linearly independent, so its kernel is trivial. Hence t1 = t2 = 0.

Thus u = 0, and tr|H− is injective.

Since tr|H+ and tr|H− are injective, it follows that tr restricted toH+⊕H− is injective.

Equations (5.5.1)-(5.5.2) and (5.5.3)–(5.5.4) form a system of 6 linear equations, i.e.

u(0+) =
√

2 s1 + t1 + αt2,

u′(0+) = −
√

2 s1 +Dt1 + Ct2,

u′′(0+) =
√

2 s1 + Ft1 +Gt2,

u(0−) = αs2 + s3 +
√

2 t3,

u′(0−) = As2 +Bs3 +
√

2 t3,

u′′(0−) = Es2 + Fs3 +
√

2 t3.

(5.5.6)

From (5.5.6), for appropriately defined 6× 3 matrices S and T

S =



√
2 0 0

−
√

2 0 0
√

2 0 0
0 α 1
0 A B

0 E F


∈ C6×3, T =



1 α 0
D C 0
F G 0
0 0

√
2

0 0
√

2
0 0

√
2


∈ C6×3. (5.5.7)
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The above system can be written in a form

tr(u) = Ss + T t = Ss + TUs = P (U)s.

where
P (U) := S + TU ∈ C6×3.

Note that P (U) is a 6× 3 matrix. We have

Proposition 5.54. The rank of matrix P = P (U) is equal to 3.

Proof of Proposition 5.54. Let us choose and fix the matrix U and so the corresponding
unitary matrix C : H+ → H−.

Using the standard canonical basis’ of C3 and C6 and the basis ẽj of H+ and ẽj + f̃k of
H+ ⊕H− we can view U as a map

U : C3 → H+

and P (U) as a map
H+ ⊕H− → C6

It is sufficient to prove that P (U) is injective.

Let us define an auxiliary linear map

Φ : H+ ∋ ϕ 7→ ϕ+ Cϕ ∈ H+ ⊕H−.

Obviously, this auxiliary map is injective (indeed, if ϕ + Cϕ = 0, then Cϕ = −ϕ ∈ H+,
so Cϕ ∈ H+ ∩H− = {0} and hence ϕ = 0). So the dimension of its range is equal to 3.

We claim that
tr ◦ Φ ◦ U = P (U). (5.5.8)

Proof of (5.5.8) Let s ∈ C3 be arbitrary and set

u+ := Us =
3∑

k=1
skẽk ∈ H+, u− := Cu+ =

3∑
j=1

tj f̃j ∈ H−.

where t = (t1, t2, t3) ∈ C3 satisfies t = Us, see (5.4.36). By Definition 5.52 and the
boundary identities (5.5.6), we obtain

tr(u+ + u−) = Ss + T t.
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Since t = Us, this becomes

tr(u+ + u−) = Ss + TUs = (S + TU)s = P (U)s.

On the other hand, by definition of Φ we have

(tr ◦ Φ ◦ U)(s) = tr(Φ(Us)) = tr(u+ + Cu+) = tr(u+ + u−).

Combining the last two displays gives (5.5.8).

Since U : C3 → H+ is injective since U is unitary, Φ is injective by the argument above,
and tr is injective onH+⊕H− by Proposition 5.53. Therefore their composition tr◦Φ◦U =
P (U) is injective. Hence kerP (U) = {0}.

Since P (U) : C3 → C6 is a linear map, the rank–nullity theorem, see [27, Section 0.2.3.
p.6], we infer that

rankP (U) + dim kerP (U) = 3.

Hence, if P (U) is injective, then kerP (U) = {0} and therefore

rankP (U) = 3.

This completes the proof.

Proposition 5.54 implies that the dimension of the space

RangeP (U) :=
{
P (U)s : s ∈ C3

}
is equal to 3. Hence, Since we are in a finite-dimensional Hilbert space, by [36, Theo-
rem 12.10], we have

ker(T ∗) = (Range(T ))⊥.

Hence,
Range(T )⊕ ker(T ∗) = H.

Applying this to T = P (U) yields

Range (P (U))⊕ ker [(P (U))∗] = C6.

Remark 5.55. In C6 we have the fundamental identity

(RanP (U))⊥ = ker(P (U)∗),

In particular, if rankP (U) = 3, then dim ker(P (U)∗) = 6− 3 = 3.



Third-order linear homogeneous differential operators 158

We infer the following result.

Corollary 5.56. Assume that rankP (U) = 3, and let l1 = l1(U), l2 = l2(U), l3 = l3(U)
be an orthonormal basis of ker(P (U)∗). Assume that a vector ker u⃗ ∈ C6. Then u⃗ belongs
to Range (P (U)) if and only if

⟨lj , u⃗⟩C6 = 0 for j = 1, 2, 3.

The above allows us to define the following boundary conditions

⟨lj , tr(u)⟩C6 = 0, for j = 1, 2, 3. (5.5.9)

Remark 5.57. In view of the above result from [30], Proposition 5.54 is equivalent to
the following assertion.

dim ker [(P (U))∗] = 3

Definition 5.58. Assume that U = (ujk)3
j,k=1 ∈ U(3). Then operator AU is defined by

D(AU ) :=
{
u ∈ D(A∗

1) : u satisfies the boundary conditions (5.5.9)
}
,

AUu := A∗
1u, u ∈ D(AU ).

Lemma 5.59. Let U ∈ U(3) represent C : H+ → H− with respect to the fixed bases. For
s ∈ C3, set u+ := ∑3

k=1 skẽk ∈ H+. Then

tr(u+ + Cu+) = P (U)s.

Proof of Lemma 5.59. Write t = Us and use the six boundary identities (5.5.6). Collect-
ing the coefficients of s and t gives

tr(u+ + Cu+) = Ss + T t = Ss + TUs = (S + TU)s = P (U)s.

Claim 5.60. Assume that C : H+ → H− is a unitary map represented by U ∈ U(3) with
respect to the bases {ẽk} and {f̃j}. Assume also that rankP (U) = 3. If u ∈ D(AC), then
u ∈ D(AU ).

Proof of Claim 5.60. Let u ∈ D(AC). By definition of D(AC), there exist u0 ∈ D(A1)
and u+ ∈ H+ such that

u = u0 + u+ + Cu+.

Since u0 ∈ D(A1), we have tr(u0) = 0, hence

tr(u) = tr(u+ + Cu+).
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Write u+ = ∑3
k=1 skẽk for some s ∈ C3. By Lemma 5.59,

tr(u) = tr(u+ + Cu+) = P (U)s ∈ RanP (U).

By Corollary 5.56, the condition tr(u) ∈ RanP (U) is equivalent to the three conditions
(5.5.9), where {ℓ1(U), ℓ2(U), ℓ3(U)} is an orthonormal basis of
ker
(
(P (U))∗). Therefore u ∈ D(AU ).

Claim 5.61. Assume that C : H+ → H− is a unitary map represented by U ∈ U(3) with
respect to the bases {ẽk}3k=1 and {f̃j}3j=1. Assume that rankP (U) = 3. If u ∈ D(AU ),
then u ∈ D(AC).

Remark 5.62. Since P (U) ∈ C6×3, the condition rankP (U) = 3 means that P (U) has
full column rank. In particular, the determinant of P (U) is not defined in this setting.

Proof of Claim 5.61. Let u ∈ D(AU ). Then u ∈ D(A∗
1) and u satisfies the boundary

conditions (5.5.9). By Corollary 5.56, this is equivalent to

tr(u) ∈ RanP (U).

Hence there exists s ∈ C3 such that

tr(u) = P (U)s. (5.5.10)

Define

u+ :=
3∑

k=1
skẽk ∈ H+, u0 := u− (u+ + Cu+) ∈ D(A∗

1).

By Lemma 5.59, we have
tr(u+ + Cu+) = P (U)s.

Together with (5.5.10) and linearity of tr, this yields

tr(u0) = tr(u)− tr(u+ + Cu+) = P (U)s− P (U)s = 0.

By Proposition 5.33 and Definition 5.52, tr(u0) = 0 implies u0 ∈ D(A1). Therefore

u = u0 + u+ + Cu+, u0 ∈ D(A1), u+ ∈ H+,

so u ∈ D(AC) by the definition of D(AC).

5.5.2 Applications

In this subsection we will show how previous results work in concrete examples.
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5.5.2.1 Case U = I3 (identity coupling)

Let

U = I3 =


1 0 0
0 1 0
0 0 1

 .
Then t = Us = s, and using (5.5.7), the full-trace matrix becomes

P (I3) = S + T =



√
2 + 1 α 0

−
√

2 +D C 0
√

2 + F G 0
0 α 1 +

√
2

0 A B +
√

2
0 E F +

√
2


∈ C6×3. (5.5.11)

The adjoint matrix P (I3)∗. Since P (I3) has (in general) complex entries, its adjoint is
the conjugate transpose

P (I3)∗ = P (I3) ⊤ ∈ C3×6.

Therefore,

P (I3)∗ =


√

2 + 1 −
√

2 +D
√

2 + F 0 0 0

α C G α A E

0 0 0 1 +
√

2 B +
√

2 F +
√

2

 .

(Here
√

2 + 1 =
√

2 + 1 and similarly for the other real constants, but we keep the
conjugation to emphasize the definition of ∗.)

Computing ker
(
P (I3)∗). Let ℓ = (ℓ1, . . . , ℓ6) ∈ C6. Then ℓ ∈ ker

(
P (I3)∗) if and only if

P (I3)∗ℓ = 0.

Writing this out row-by-row gives the following linear system:

(
√

2 + 1) ℓ1 + (−
√

2 +D) ℓ2 + (
√

2 + F ) ℓ3 = 0, (5.5.12)

α ℓ1 + C ℓ2 +Gℓ3 + α ℓ4 +Aℓ5 + E ℓ6 = 0, (5.5.13)

(1 +
√

2) ℓ4 + (B +
√

2) ℓ5 + (F +
√

2) ℓ6 = 0. (5.5.14)
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Since P (I3) ∈ C6×3 has full column rank, rankP (I3) = 3, and hence

dim ker
(
P (I3)∗) = 6− rankP (I3) = 3.

Recall Proposition 5.54, which asserts that rankP (U) = 3. We now verify this statement
explicitly in the present case.

Proof of Proposition 5.54 for U = I3. Recall that for U = I3 the full trace matrix of P (I3)
defined by (5.5.11). where the constants α,A,B,C,D,E, F,G are determined by from
Tables A.3–A.4, and the Airy deficiency basis and depend on

λ = 1
4 − i

√
3

4 .

A direct computation yields the explicit values

α =
√

3
2 + i

2 , A =
√

3
2 + 3i

2 , B = 1
2 −

i
√

3
2 ,

C = −
√

3
2 −

3i
2 , D = −1

2 + i
√

3
2 , E = i,

F = −1
2 −

i
√

3
2 , G = −

√
3

2 −
3i
2 .

(5.5.15)

We consider the matrix P (I3) defined by (5.5.11). Write it in column form

P (I3) = (c1 c2 c3),

where

c1 =



1 +
√

2
D −

√
2

F +
√

2
0
0
0


, c2 =



α

C

G

α

A

E


, c3 =



0
0
0

1 +
√

2
B +

√
2

F +
√

2


.

The vectors c1 and c3 have disjoint supports:

c1 is supported in rows 1–3, c3 is supported in rows 4–6.

Since 1 +
√

2 ̸= 0, both are nonzero and therefore linearly independent. Hence

rank(P (I3)) ≥ 2.
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The rank drops to 2 if and only if

c2 ∈ span{c1, c3}.

To characterize of Rank 2, suppose

c2 = xc1 + yc3

for some scalars x, y.

From rows 1–3 we obtain

(α,C,G) = x(1 +
√

2, D −
√

2, F +
√

2).

From the first component:
x = α

1 +
√

2
.

Therefore
C = α

1 +
√

2
(D −

√
2), G = α

1 +
√

2
(F +

√
2).

From rows 4–6 we obtain

(α,A,E) = y(1 +
√

2, B +
√

2, F +
√

2).

From the first component:
y = α

1 +
√

2
.

Thus necessarily x = y, and we must also have

A = α

1 +
√

2
(B +

√
2), E = α

1 +
√

2
(F +

√
2).

Hence

rank(P (I3)) = 2 ⇐⇒



C = α

1 +
√

2
(D −

√
2),

G = α

1 +
√

2
(F +

√
2),

A = α

1 +
√

2
(B +

√
2),

E = α

1 +
√

2
(F +

√
2).
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If any of these relations fails, then

rank(P (I3)) = 3.

Substituting the explicit values of α,A,B,C,D,E, F,G, we obtain for example

C − α

1 +
√

2
(D −

√
2) = −i

√
2 ̸= 0.

Hence the necessary proportionality conditions fail, and c2 /∈ span{c1, c3}. Consequently,
the three columns of P (I3) are linearly independent, and therefore

rank(P (I3)) = 3.

Having established that rankP (I3) = 3, it follows that

dim ker
(
P (I3)∗) = 6− rankP (I3) = 3.

Consequently, the kernel of P (I3)∗ is a three–dimensional subspace of C6.

In order to describe the boundary conditions explicitly, we now construct a basis of
ker
(
P (I3)∗) by solving the linear system (5.5.12)–(5.5.14).

Construction of a spanning set. Choose (ℓ3, ℓ5, ℓ6) as free parameters and solve for
(ℓ1, ℓ2, ℓ4). For instance, take

ℓ3 = 1, ℓ5 = 0, ℓ6 = 0.

Then (5.5.14) becomes
(1 +

√
2) ℓ4 = 0 =⇒ ℓ4 = 0,

since 1 +
√

2 ̸= 0.

With this choice, (5.5.12)–(5.5.13) reduce to the 2× 2 system√2 + 1 −
√

2 +D

α C

(ℓ1
ℓ2

)
= −

(√
2 + F

G

)
. (5.5.16)

Set

∆ := det

√2 + 1 −
√

2 +D

α C

 = (
√

2 + 1)C − α(−
√

2 +D).
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Using the explicit values

α =
√

3
2 + i

2 , C = −
√

3
2 −

3i
2 , D = −1

2 + i
√

3
2 ,

one checks that
∆ = − i

√
2 ̸= 0.

Hence (5.5.16) has a unique solution, and by Cramer’s rule

ℓ1 = −(
√

2 + F )C + (−
√

2 +D)G
∆ , ℓ2 = (

√
2 + F )α− (

√
2 + 1)G

∆ . (5.5.17)

Therefore
ℓ(1) := (ℓ1, ℓ2, 1, 0, 0, 0) ∈ ker(P (I3)∗). (5.5.18)

Since tr(u) ∈ Rang P (I3) if and only if tr(u) ⊥ ker(P (I3)∗), each ℓ ∈ ker(P (I3)∗) gives
rise to one scalar condition

ℓ∗ tr(u) = 0,

(where ℓ∗ denotes the conjugate transpose of ℓ). For ℓ = ℓ(1) in (5.5.18), this becomes

ℓ1 u(0+) + ℓ2 u
′(0+) + u′′(0+) = 0,

with ℓ1, ℓ2 given by (5.5.17).

Remark. To obtain three boundary conditions (as required), one repeats the same con-
struction to find two further linearly independent vectors ℓ(2), ℓ(3) ∈ ker(P (I3)∗), for
example by choosing (ℓ3, ℓ5, ℓ6) = (0, 1, 0) and (0, 0, 1), and solving for the remaining com-
ponents. Optionally, applying Gram–Schmidt to {ℓ(1), ℓ(2), ℓ(3)} produces an orthonormal
basis {ℓ1(I3), ℓ2(I3), ℓ3(I3)}, and the boundary conditions can be written as

⟨ℓj(I3), tr(u)⟩C6 = 0, j = 1, 2, 3,

equivalently ℓj(I3)∗tr(u) = 0 for j = 1, 2, 3.

5.5.2.2 Case U = diag(eiθ1 , eiθ2 , eiθ3)

Assume that

U =


eiθ1 0 0
0 eiθ2 0
0 0 eiθ3

 ∈ U(3). (5.5.19)
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To compute t = Us, let

s =


s1

s2

s3

 , t =


t1

t2

t3

 = Us.

Then
t1 = eiθ1s1, t2 = eiθ2s2, t3 = eiθ3s3.

Recall the full boundary trace vector

tr(u) =



u(0+)
u′(0+)
u′′(0+)
u(0−)
u′(0−)
u′′(0−)


∈ C6.

From (5.5.6) we have
tr(u) = S s + T t, (5.5.20)

where the matrices S, T ∈ C6×3 are defined in (5.5.7).

Since t = Us, (5.5.20) becomes

tr(u) =
(
S + TU

)
s =: P (U)s,

where P (U) ∈ C6×3.

Using (5.5.19), we obtain

P (U) = S + T diag(eiθ1 , eiθ2 , eiθ3) =
[
p1(θ1) p2(θ2) p3(θ3)

]
, (5.5.21)

where the columns are

p1(θ1) =



√
2 + eiθ1

−
√

2 +Deiθ1

√
2 + F eiθ1

0
0
0


, p2(θ2) =



αeiθ2

Ceiθ2

Geiθ2

α

A

E


,
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p3(θ3) =



0
0
0

1 +
√

2 eiθ3

B +
√

2 eiθ3

F +
√

2 eiθ3


.

Hence the six boundary equalities (5.5.6) can be written compactly as

tr(u) = P (U)s.

The adjoint matrix P (U)∗. Since P (U) has (in general) complex entries, its adjoint is
the conjugate transpose

P (U)∗ = P (U) ⊤ ∈ C3×6.

Therefore, from (5.5.21),

P (U)∗ =
√

2 + eiθ1 −
√

2 +Deiθ1
√

2 + Feiθ1 0 0 0

αeiθ2 Ceiθ2 Geiθ2 α A E

0 0 0 1 +
√

2eiθ3 B +
√

2eiθ3 F +
√

2eiθ3

 .

Here we keep the conjugation signs to emphasize the definition of ∗.

Let ℓ = (ℓ1, . . . , ℓ6) ∈ C6. Then ℓ ∈ ker
(
P (U)∗) if and only if

P (U)∗ℓ = 0.

Writing this out row-by-row gives the following linear system:

(√
2 + eiθ1

)
ℓ1 +

(
−
√

2 +Deiθ1
)
ℓ2 +

(√
2 + Feiθ1

)
ℓ3 = 0, (5.5.22)

αeiθ2 ℓ1 + Ceiθ2 ℓ2 +Geiθ2 ℓ3 + α ℓ4 +Aℓ5 + E ℓ6 = 0, (5.5.23)(
1 +
√

2eiθ3
)
ℓ4 +

(
B +

√
2eiθ3

)
ℓ5 +

(
F +

√
2eiθ3

)
ℓ6 = 0. (5.5.24)

Write P (U) in column form (5.5.21). The vectors p1(θ1) and p3(θ3) have disjoint supports:
p1(θ1) is supported in rows 1–3 and p3(θ3) in rows 4–6. If

p1(θ1) ̸= 0 and p3(θ3) ̸= 0,
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then p1(θ1) and p3(θ3) are linearly independent and hence

rank(P (U)) ≥ 2.

The rank drops to 2 if and only if

p2(θ2) ∈ span{p1(θ1), p3(θ3)}.

Suppose that
p2(θ2) = x p1(θ1) + y p3(θ3) for some x, y ∈ C.

Comparing rows 1–3 gives

(αeiθ2 , Ceiθ2 , Geiθ2) = x(
√

2 + eiθ1 , −
√

2 +Deiθ1 ,
√

2 + Feiθ1),

hence (from the first component)

x = αeiθ2
√

2 + eiθ1
(provided

√
2 + eiθ1 ̸= 0).

Similarly, comparing rows 4–6 gives

(α, A, E) = y(1 +
√

2eiθ3 , B +
√

2eiθ3 , F +
√

2eiθ3),

hence (from the first component)

y = α

1 +
√

2eiθ3
(provided 1 +

√
2eiθ3 ̸= 0).

Therefore, rank(P (U)) = 2 would force the proportionality conditions

Ceiθ2 = αeiθ2
√

2 + eiθ1

(
−
√

2 +Deiθ1
)
,

Geiθ2 = αeiθ2
√

2 + eiθ1

(√
2 + Feiθ1

)
,

A = α

1 +
√

2eiθ3

(
B +

√
2eiθ3

)
,

E = α

1 +
√

2eiθ3

(
F +

√
2eiθ3

)
.

(5.5.25)

If any of the relations in (5.5.25) fails, then p2(θ2) /∈ span{p1(θ1), p3(θ3)} and hence

rank(P (U)) = 3.
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Checking whether the rank can drop to 2. Cancel the nonzero factor eiθ2 in the
first identity of (5.5.25) and put

z := eiθ1 (|z| = 1).

Then the condition becomes

C = α√
2 + z

(
−
√

2 +Dz
)
.

Multiply both sides by (
√

2 + z) and rearranging to get

C(
√

2 + z) = α(−
√

2 +Dz),

(C − αD) z = −(α+ C)
√

2,

z = −(α+ C)
√

2
C − αD

. (5.5.26)

Using the explicit constants from (5.5.15):

α =
√

3
2 + i

2 , C = −
√

3
2 −

3i
2 , D = −1

2 + i
√

3
2 .

A direct computation gives

α+ C = −i, C − αD = −i
√

2,

and hence (5.5.26) becomes

z = −(−i)
√

2
−i
√

2
= −
√

2
2 .

But −
√

2
2 does not lie on the unit circle, since

∣∣∣∣∣−
√

2
2

∣∣∣∣∣ =
√

2
2 ̸= 1.

This contradicts the fact that z = eiθ1 must satisfy |z| = 1.

Therefore the first proportionality condition in (5.5.25) fails for every θ1 ∈ R. Conse-
quently,

p2(θ2) /∈ span {p1(θ1), p3(θ3)} for all θ1, θ2, θ3,

and we conclude that the columns of P (U) are always linearly independent.

rank P (U) = 3 for all U = diag(eiθ1 , eiθ2 , eiθ3) ∈ U(3).
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To obtain three boundary conditions, one can proceed exactly as in the case U = I3: write
P (U)∗ℓ = 0 for ℓ ∈ C6, solve for a basis ℓ(1), ℓ(2), ℓ(3) of ker(P (U)∗), and then impose

ℓ(j) ∗tr(u) = 0, j = 1, 2, 3,

(or orthonormalize the kernel basis via Gram–Schmidt and use inner-product form).

Dimension of ker(P (U)∗). Assume from now on that rank(P (U)) = 3. Then

dim ker
(
P (U)∗) = 6− rank(P (U)) = 3.

Construction of a spanning set. Choose (ℓ3, ℓ5, ℓ6) as free parameters and solve for
(ℓ1, ℓ2, ℓ4).

First kernel vector. Take

ℓ3 = 1, ℓ5 = 0, ℓ6 = 0.

Then (5.5.24) becomes
(1 +

√
2eiθ3) ℓ4 = 0.

Assuming 1 +
√

2eiθ3 ̸= 0, we obtain ℓ4 = 0. With this choice, (5.5.22)–(5.5.23) reduce to√2 + eiθ1 −
√

2 +Deiθ1

αeiθ2 Ceiθ2

(ℓ1
ℓ2

)
= −

(√
2 + Feiθ1

Geiθ2

)
.

Set

∆1(U) := det

√2 + eiθ1 −
√

2 +Deiθ1

αeiθ2 Ceiθ2

 .
Assume ∆1(U) ̸= 0 (this holds for generic angles). Then by Cramer’s rule

ℓ1 = −
√

2 + Feiθ1 Ceiθ2 +−
√

2 +Deiθ1 Geiθ2

∆1(U) ,

ℓ2 =
√

2 + Feiθ1 αeiθ2 −
√

2 + eiθ1 Geiθ2

∆1(U) .

Therefore
ℓ(1) := (ℓ1, ℓ2, 1, 0, 0, 0) ∈ ker(P (U)∗).

Second kernel vector. Take

ℓ3 = 0, ℓ5 = 1, ℓ6 = 0.
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Then (5.5.24) gives
(1 +

√
2eiθ3) ℓ4 + (B +

√
2eiθ3) = 0,

so (assuming 1 +
√

2eiθ3 ̸= 0)

ℓ4 = −(B +
√

2eiθ3)
(1 +

√
2eiθ3)

.

Now (5.5.22) becomes

(
√

2 + eiθ1) ℓ1 + (−
√

2 +Deiθ1) ℓ2 = 0,

and (5.5.23) becomes
αeiθ2 ℓ1 + Ceiθ2 ℓ2 + α ℓ4 +A = 0.

This is again a 2× 2 system for (ℓ1, ℓ2), with a unique solution if ∆1(U) ̸= 0. Define

ℓ(2) := (ℓ1, ℓ2, 0, ℓ4, 1, 0) ∈ ker(P (U)∗).

Third kernel vector. Take

ℓ3 = 0, ℓ5 = 0, ℓ6 = 1.

Then (5.5.24) gives
(1 +

√
2eiθ3) ℓ4 + (F +

√
2eiθ3) = 0,

so (assuming 1 +
√

2eiθ3 ̸= 0)

ℓ4 = −(F +
√

2eiθ3)
(1 +

√
2eiθ3)

.

Now (5.5.22) becomes

(
√

2 + eiθ1) ℓ1 + (−
√

2 +Deiθ1) ℓ2 = 0,

and (5.5.23) becomes
αeiθ2 ℓ1 + Ceiθ2 ℓ2 + α ℓ4 + E = 0.

Again, this is a 2× 2 system for (ℓ1, ℓ2) with unique solution if ∆1(U) ̸= 0. Define

ℓ(3) := (ℓ1, ℓ2, 0, ℓ4, 0, 1) ∈ ker(P (U)∗).

Since tr(u) ∈ Rang(P (U)) if and only if tr(u) ⊥ ker(P (U)∗), each ℓ ∈ ker(P (U)∗) gives
one scalar boundary condition

ℓ∗ tr(u) = 0.



Third-order linear homogeneous differential operators 171

In particular, using the spanning set {ℓ(1), ℓ(2), ℓ(3)} we obtain

(ℓ(k))∗ tr(u) = 0, k = 1, 2, 3.

Optionally, applying Gram–Schmidt to {ℓ(1), ℓ(2), ℓ(3)} produces an orthonormal basis
{ℓ1(U), ℓ2(U), ℓ3(U)} of ker(P (U)∗), and the boundary conditions can be written as

⟨ℓj(U), tr(u)⟩C6 = 0, j = 1, 2, 3,

equivalently ℓj(U)∗ tr(u) = 0 for j = 1, 2, 3.

5.5.2.3 The Fourier-type unitary matrix

Let ω = e2πi/3 be a primitive cubic root of unity. Then

ω3 = 1, ω ̸= 1, 1 + ω + ω2 = 0, ω = ω2.

We consider the unitary matrix

U3 = 1√
3


1 1 1
1 ω ω2

1 ω2 ω

 ∈ U(3).

Let s = (s1, s2, s3) and t = (t1, t2, t3) = U3s. Then

t1 = 1√
3

(s1 + s2 + s3),

t2 = 1√
3

(s1 + ωs2 + ω2s3),

t3 = 1√
3

(s1 + ω2s2 + ωs3).

Recall the full boundary trace

tr(u) :=



u(0+)
u′(0+)
u′′(0+)
u(0−)
u′(0−)
u′′(0−)


∈ C6,
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and the matrices S, T ∈ C6×3 defined by (5.5.7). For any U ∈ U(3) we have

tr(u) = Ss + T t = Ss + TUs = (S + TU)︸ ︷︷ ︸
=:P (U)

s.

In particular, for U = U3,
P (U3) = S + T U3 ∈ C6×3.

Write T = (T1 T2 T3) in columns to compute P (U3), where

T1 =



1
D

F

0
0
0


, T2 =



α

C

G

0
0
0


, T3 =



0
0
0
√

2
√

2
√

2


.

Since U3 = 1√
3
[
u(1) u(2) u(3)] with

u(1) =


1
1
1

 , u(2) =


1
ω

ω2

 , u(3) =


1
ω2

ω

 ,

we obtain (column-by-column)

TU3 = 1√
3

[
T1 + T2 + T3, T1 + ωT2 + ω2T3, T1 + ω2T2 + ωT3

]
.

Hence

TU3 = 1√
3



1 + α 1 + ωα 1 + ω2α

D + C D + ωC D + ω2C

F +G F + ωG F + ω2G
√

2 ω2√2 ω
√

2
√

2 ω2√2 ω
√

2
√

2 ω2√2 ω
√

2


.
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Therefore, from P (U3) = S + TU3 we get the explicit 6× 3 matrix

P (U3) =



√
2 + 1+α√

3
1+ωα√

3
1+ω2α√

3

−
√

2 + D+C√
3

D+ωC√
3

D+ω2C√
3√

2 + F +G√
3

F +ωG√
3

F +ω2G√
3√

2√
3 α+ ω2√

2√
3 1 + ω

√
2√

3√
2√
3 A+ ω2√

2√
3 B + ω

√
2√

3√
2√
3 E + ω2√

2√
3 F + ω

√
2√

3


. (5.5.27)

Equivalently, in column form
P (U3) = (p1 p2 p3),

where

p1 =



√
2 + 1+α√

3

−
√

2 + D+C√
3√

2 + F +G√
3√

2√
3√
2√
3√
2√
3


, p2 =



1+ωα√
3

D+ωC√
3

F +ωG√
3

α+ ω2√
2√

3

A+ ω2√
2√

3

E + ω2√
2√

3


, p3 =



1+ω2α√
3

D+ω2C√
3

F +ω2G√
3

1 + ω
√

2√
3

B + ω
√

2√
3

F + ω
√

2√
3


.

The adjoint matrix P (U3)∗. Since P (U3) has complex entries, its adjoint is the conju-
gate transpose:

P (U3)∗ = P (U3) ⊤ ∈ C3×6.

Using ω = ω2, we obtain directly from (5.5.27)

P (U3)∗ =


p11 p21 p31 p41 p51 p61

p12 p22 p32 p42 p52 p62

p13 p23 p33 p43 p53 p63

 ,

where pjk denote the entries of P (U3) in (5.5.27). (We keep the conjugation symbols for
clarity.)

Rank of P (U3). Recall Proposition 5.54, which asserts that rank P (U) = 3. We verify
it here for U = U3 by exhibiting a 3× 3 minor with nonzero determinant.

Let β :=
√

2√
3 and we consider the 3×3 sub-matrix obtained from rows 4, 5, 6 of P (U3), i.e.

M :=


β α+ ω2β 1 + ωβ

β A+ ω2β B + ωβ

β E + ω2β F + ωβ

 .
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Denote by R1, R2, R3 the first, second, and third rows of M , respectively. Explicitly,

R1 = (β, α+ ω2β, 1 + ωβ),

R2 = (β, A+ ω2β, B + ωβ),

R3 = (β, E + ω2β, F + ωβ).

Since subtracting one row from another does not change the value of the determinant, we
perform the elementary row operations

R2 ←− R2 −R1, R3 ←− R3 −R1.

After these operations, the matrix M is transformed into

M̃ =


β α+ ω2β 1 + ωβ

0 A− α B − 1
0 E − α F − 1

 ,

and we have
det(M) = det(M̃).

Expanding the determinant along the first column, we get

det(M) = β det

A− α B − 1
E − α F − 1

 .

A direct computation of the 2× 2 determinant gives

det(M) = β
[
(A− α)(F − 1)− (B − 1)(E − α)

]
.

We now substitute by using the explicit values (5.5.15).

First compute each factor:

A− α =
(√

3
2 + 3i

2

)
−
(√

3
2 + i

2

)
= i,

F − 1 =
(
−1

2 −
i
√

3
2

)
− 1 = −3

2 −
i
√

3
2 ,

B − 1 =
(

1
2 −

i
√

3
2

)
− 1 = −1

2 −
i
√

3
2 ,
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E − α = i−
(√

3
2 + i

2

)
= −
√

3
2 + i

2 .

Hence

(A− α)(F − 1) = i

(
−3

2 −
i
√

3
2

)
= −3i

2 +
√

3
2 ,

(B − 1)(E − α) =
(
−1

2 −
i
√

3
2

)(
−
√

3
2 + i

2

)

=
(√

3
4 +

√
3

4

)
+
(
− i4 + 3i

4

)
=
√

3
2 + i

2 .

Therefore the bracket simplifies to

(A− α)(F − 1)− (B − 1)(E − α) =
(
−3i

2 +
√

3
2

)
−
(√

3
2 + i

2

)
= −2i.

Substituting back, we obtain
det(M) = β(−2i).

In the present Fourier-type case one has β =
√

2√
3 , hence

det(M) = −2
√

2√
3
i = −2

√
6

3 i ̸= 0.

Therefore rank (M) = 3, hence rank (P (U3)) ≥ 3. Since P (U3) ∈ C6×3, we conclude

rank (P (U3)) = 3.

In particular,
dim ker

(
P (U3)∗) = 6− rank (P (U3)) = 3.

Computing ker(P (U3)∗). Let ℓ = (ℓ1, . . . , ℓ6) ∈ C6. Then ℓ ∈ ker(P (U3)∗) if and only if

P (U3)∗ℓ = 0,

i.e. if and only if the following three equations hold:

p11 ℓ1 + p21 ℓ2 + p31 ℓ3 + p41 ℓ4 + p51 ℓ5 + p61 ℓ6 = 0, (5.5.28)

p12 ℓ1 + p22 ℓ2 + p32 ℓ3 + p42 ℓ4 + p52 ℓ5 + p62 ℓ6 = 0,

p13 ℓ1 + p23 ℓ2 + p33 ℓ3 + p43 ℓ4 + p53 ℓ5 + p63 ℓ6 = 0. (5.5.29)
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Here the coefficients pjk are those in (5.5.27). Since dim ker(P (U3)∗) = 3, we may choose
three free parameters and solve the resulting 3×3 system for the remaining three variables.

Construction of a spanning set. Choose (ℓ3, ℓ5, ℓ6) as free parameters and solve for
(ℓ1, ℓ2, ℓ4). As in the identity case, we build three linearly independent solutions by taking

(ℓ3, ℓ5, ℓ6) = (1, 0, 0), (0, 1, 0), (0, 0, 1).

(a) First kernel vector. Set (ℓ3, ℓ5, ℓ6) = (1, 0, 0). Then (5.5.28)–(5.5.29) become a 3 × 3
linear system for (ℓ1, ℓ2, ℓ4):

p11 p21 p41

p12 p22 p42

p13 p23 p43



ℓ1

ℓ2

ℓ4

 = −


p31

p32

p33

 . (5.5.30)

Denote the determinant of the coefficient matrix by

∆(1) := det


p11 p21 p41

p12 p22 p42

p13 p23 p43

 .

Since rank (P (U3)) = 3, we can (and do) choose this 3× 3 system so that ∆(1) ̸= 0 (for
example, one may verify numerically using the explicit Airy constants). Hence (5.5.30)
has a unique solution, and by Cramer’s rule we obtain explicit formulae for (ℓ1, ℓ2, ℓ4).
We define

ℓ(1) := (ℓ1, ℓ2, 1, ℓ4, 0, 0) ∈ ker(P (U3)∗).

(b) Second kernel vector. Set (ℓ3, ℓ5, ℓ6) = (0, 1, 0). Then we solve
p11 p21 p41

p12 p22 p42

p13 p23 p43



ℓ1

ℓ2

ℓ4

 = −


p51

p52

p53

 ,

and define
ℓ(2) := (ℓ1, ℓ2, 0, ℓ4, 1, 0) ∈ ker(P (U3)∗).

(c) Third kernel vector. Set (ℓ3, ℓ5, ℓ6) = (0, 0, 1). Then we solve
p11 p21 p41

p12 p22 p42

p13 p23 p43



ℓ1

ℓ2

ℓ4

 = −


p61

p62

p63

 ,
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and define
ℓ(3) := (ℓ1, ℓ2, 0, ℓ4, 0, 1) ∈ ker(P (U3)∗).

By construction, ℓ(1), ℓ(2), ℓ(3) are linearly independent, hence they form a spanning set
of ker(P (U3)∗). Optionally, applying Gram–Schmidt to {ℓ(1), ℓ(2), ℓ(3)} produces an or-
thonormal basis {ℓ1(U3), ℓ2(U3), ℓ3(U3)} of ker(P (U3)∗).

Since tr(u) ∈ Ran P (U3) if and only if tr(u) ⊥ ker(P (U3)∗), each ℓ ∈ ker(P (U3)∗) yields
one boundary condition ℓ∗tr(u) = 0. Therefore, the self-adjoint domain corresponding to
U3 can be written as

D(AU3) =
{
u ∈ D(A∗

1) : ⟨ℓj(U3), tr(u)⟩C6 = 0, j = 1, 2, 3
}
.

Equivalently,
ℓj(U3)∗ tr(u) = 0, j = 1, 2, 3.

5.5.2.4 Case U : The cyclic permutation matrix

We consider the unitary (permutation) matrix

U =


0 1 0
0 0 1
1 0 0

 ∈ U(3), (5.5.31)

which corresponds to the cyclic permutation (1 2 3), i.e. Ue1 = e2, Ue2 = e3, Ue3 = e1,
and satisfies U3 = I3.

Recall that t = Us, where

s =


s1

s2

s3

 , t =


t1

t2

t3

 .
Hence

t1 = s2, t2 = s3, t3 = s1.
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Recall the full boundary trace vector

tr(u) =



u(0+)
u′(0+)
u′′(0+)
u(0−)
u′(0−)
u′′(0−)


∈ C6.

and the matrices S, T ∈ C6×3 defined by (5.5.7).

For any U ∈ U(3) we have

tr(u) = Ss + T t = Ss + TUs = (S + TU)s =: P (U)s,

where P (U) ∈ C6×3. For the cyclic permutation matrix (5.5.31), the multiplication TU

permutes the columns of T :
TU =

[
T2 T3 T1

]
,

where Tk denotes the kth column of T . Thus

P (U) = S + TU =
[
S1 + T2 S2 + T3 S3 + T1

]
,

where Sk denotes the kth column of S.

Writing this explicitly gives

P (U) =



√
2 + α 0 1

−
√

2 + C 0 D
√

2 +G 0 F

0 α+
√

2 1
0 A+

√
2 B

0 E +
√

2 F


∈ C6×3. (5.5.32)

Equivalently, if we denote the columns by

P (U) =
[
p1 p2 p3

]
,
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then

p1 =



√
2 + α

−
√

2 + C
√

2 +G

0
0
0


, p2 =



0
0
0

α+
√

2
A+
√

2
E +

√
2


, p3 =



1
D

F

1
B

F


.

Step 3: Rank of P (U). The vectors p1 and p2 have disjoint supports: p1 is supported
in rows 1–3 and p2 is supported in rows 4–6. Moreover,

√
2 + α ̸= 0 and α +

√
2 ̸= 0,

hence p1 ̸= 0 and p2 ̸= 0. Therefore p1 and p2 are linearly independent and

rankP (U) ≥ 2.

The rank drops to 2 if and only if p3 ∈ span{p1, p2}, i.e. if and only if there exist x, y ∈ C
such that

p3 = x p1 + y p2. (5.5.33)

Comparing rows 1–3 in (5.5.33) yields

(1, D, F ) = x (
√

2 + α, −
√

2 + C,
√

2 +G),

so
x = 1√

2 + α
, D = −

√
2 + C√

2 + α
, F =

√
2 +G√
2 + α

. (5.5.34)

Similarly, comparing rows 4–6 yields

(1, B, F ) = y (α+
√

2, A+
√

2, E +
√

2),

so
y = 1

α+
√

2
, B = A+

√
2

α+
√

2
, F = E +

√
2

α+
√

2
. (5.5.35)

Consequently, we have the implication

rankP (U) = 2 =⇒ all identities in (5.5.34) and (5.5.35) hold. (5.5.36)

Using the explicit constants from (5.5.15), and substituting these values into. For example,
the second identity in (5.5.34), using the explicit values

α =
√

3
2 + i

2 , C = −
√

3
2 −

3i
2 , D = −1

2 + i
√

3
2 ,
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we compute

D − −
√

2 + C√
2 + α

= −1
2 + i

√
3

2 −
−
√

2−
√

3
2 −

3i
2√

2 +
√

3
2 + i

2

= − i√
2
̸= 0.

hence the conditions in (5.5.36) fail. Therefore p3 /∈ span{p1, p2} and the three columns
of P (U) are linearly independent. We conclude that

rankP (U) = 3. (5.5.37)

The adjoint matrix P (U)∗. Since P (U) may have complex entries, its adjoint is the
conjugate transpose:

P (U)∗ = P (U) ⊤ ∈ C3×6.

Using (5.5.32), we infer that

P (U)∗ =


√

2 + α −
√

2 + C
√

2 +G 0 0 0

0 0 0 α+
√

2 A+
√

2 E +
√

2

1 D F 1 B F

 .

Let ℓ = (ℓ1, . . . , ℓ6) ∈ C6. Then ℓ ∈ ker(P (U)∗) if and only if P (U)∗ℓ = 0, i.e. the
following system holds:

(
√

2 + α) ℓ1 + (−
√

2 + C) ℓ2 + (
√

2 +G) ℓ3 = 0, (5.5.38)

(α+
√

2) ℓ4 + (A+
√

2) ℓ5 + (E +
√

2) ℓ6 = 0, (5.5.39)

ℓ1 +D ℓ2 + F ℓ3 + ℓ4 +B ℓ5 + F ℓ6 = 0. (5.5.40)

Since rankP (U) = 3 by (5.5.37), we have

dim ker(P (U)∗) = 6− rankP (U) = 3.

Constructing a spanning set. A convenient way to parameterize the solutions is to
choose (ℓ3, ℓ5, ℓ6) as free parameters. First, (5.5.39) determines ℓ4 in terms of (ℓ5, ℓ6):

ℓ4 = −(A+
√

2) ℓ5 + (E +
√

2) ℓ6
(α+

√
2)

. (5.5.41)

Next, (5.5.38) gives a linear relation between (ℓ1, ℓ2) and ℓ3:

(
√

2 + α) ℓ1 + (−
√

2 + C) ℓ2 = −(
√

2 +G) ℓ3. (5.5.42)
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Finally, substituting (5.5.41) into (5.5.40) yields a second equation linking (ℓ1, ℓ2) to
(ℓ3, ℓ5, ℓ6):

ℓ1 +D ℓ2 = −F ℓ3 + (A+
√

2) ℓ5 + (E +
√

2) ℓ6
(α+

√
2)

−B ℓ5 − F ℓ6. (5.5.43)

The pair (5.5.42) and (5.5.43) is a 2 × 2 linear system for (ℓ1, ℓ2). Solving it for three
independent choices of (ℓ3, ℓ5, ℓ6) (e.g. (1, 0, 0), (0, 1, 0), (0, 0, 1)) produces three linearly
independent vectors ℓ(1), ℓ(2), ℓ(3) ∈ ker(P (U)∗). Optionally, applying Gram–Schmidt im-
plies an orthonormal basis {ℓ1(U), ℓ2(U), ℓ3(U)} of ker(P (U)∗).

Since tr(u) ∈ RanP (U) if and only if tr(u) ⊥ ker(P (U)∗), the boundary conditions for
the self–adjoint extension corresponding to the cyclic permutation matrix are:

⟨ℓj(U), tr(u)⟩C6 = 0, j = 1, 2, 3,

equivalently ℓj(U)∗ tr(u) = 0 for j = 1, 2, 3.

5.5.2.5 The unitary matrix U5

We consider the self–adjoint extension corresponding to the unitary matrix

U5 =


1√
2

1√
2 0

1√
2 − 1√

2 0

0 0 eiϕ

 ∈ U(3).

Set a := 1√
2 . For s = (s1, s2, s3) and t = U5s, we have

t1 = a(s1 + s2), t2 = a(s1 − s2), t3 = eiϕs3.

Recall that for any U ∈ U(3),

tr(u) = Ss + T t = Ss + TUs = (S + TU)s =: P (U)s,
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where P (U) ∈ C6×3. For U5 we compute TU5 column-by-column. Denote by Tk the kth
column of T :

T1 =



1
D

F

0
0
0


, T2 =



α

C

G

0
0
0


, T3 =



0
0
0
√

2
√

2
√

2


.

Since the columns of U5 are (a, a, 0), (a,−a, 0), (0, 0, eiϕ), we obtain

TU5 =
[
a(T1 + T2) a(T1 − T2) eiϕT3

]
,

hence

TU5 =



a(1 + α) a(1− α) 0
a(D + C) a(D − C) 0
a(F +G) a(F −G) 0

0 0
√

2eiϕ

0 0
√

2eiϕ

0 0
√

2eiϕ


.

Therefore,

P (U5) = S + TU5 =



√
2 + a(1 + α) a(1− α) 0

−
√

2 + a(D + C) a(D − C) 0
√

2 + a(F +G) a(F −G) 0
0 α 1 +

√
2eiϕ

0 A B +
√

2eiϕ

0 E F +
√

2eiϕ


∈ C6×3. (5.5.44)

The adjoint matrix P (U5)∗. Since P (U5) has complex entries, its adjoint is the conju-
gate transpose

P (U5)∗ = P (U5) ⊤ ∈ C3×6.

Writing P (U5) = (pjk)1≤j≤6, 1≤k≤3, we have

P (U5)∗ =


p11 p21 p31 p41 p51 p61

p12 p22 p32 p42 p52 p62

p13 p23 p33 p43 p53 p63

 .
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Using (5.5.44), this becomes explicitly

P (U5)∗ =
√

2 + a(1 + α) −
√

2 + a(D + C)
√

2 + a(F +G) 0 0 0

a(1− α) a(D − C) a(F −G) α A E

0 0 0 1 +
√

2eiϕ B +
√

2eiϕ F +
√

2eiϕ

 .

Let ℓ = (ℓ1, . . . , ℓ6) ∈ C6. Then ℓ ∈ ker(P (U5)∗) if and only if

P (U5)∗ℓ = 0.

Writing the three equations row-by-row gives

√
2 + a(1 + α) ℓ1 +−

√
2 + a(D + C) ℓ2 +

√
2 + a(F +G) ℓ3 = 0, (5.5.45)

a(1− α) ℓ1 + a(D − C) ℓ2 + a(F −G) ℓ3 + α ℓ4 +Aℓ5 + E ℓ6 = 0, (5.5.46)

1 +
√

2eiϕ ℓ4 +B +
√

2eiϕ ℓ5 + F +
√

2eiϕ ℓ6 = 0. (5.5.47)

As in the cases U = I3 and U = U3, the first and third columns of P (U5) have disjoint
supports: the first column is supported in rows 1–3 and the third column is supported in
rows 4–6. Moreover,

1 +
√

2eiϕ ̸= 0 (since |eiϕ| = 1),

so the third column is nonzero, and similarly the first column is nonzero because its first
entry

√
2 + a(1 + α) ̸= 0 (in fact, with the explicit α below it cannot vanish).

Hence the first and third columns are linearly independent, so rank P (U5) ≥ 2. The rank
can drop to 2 only if the second column lies in the span of the first and third columns.
We show that this never happens, hence rankP (U5) = 3 for all ϕ.

Proposition 5.63. For every ϕ ∈ R, the matrix P (U5) has full column rank:

rankP (U5) = 3.

Consequently dim ker(P (U5)∗) = 6− rankP (U5) = 3.
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Proof. Write P (U5) = (c1 c2 c3) for its columns. From (5.5.44):

c1 =



√
2 + a(1 + α)

−
√

2 + a(D + C)
√

2 + a(F +G)
0
0
0


, c2 =



a(1− α)
a(D − C)
a(F −G)

α

A

E


, c3 =



0
0
0

1 +
√

2eiϕ

B +
√

2eiϕ

F +
√

2eiϕ


.

Then c1 is supported in rows 1–3 and c3 is supported in rows 4–6, hence c1 and c3 are
linearly independent. Thus rank P (U5) ≥ 2.

Assume rank P (U5) = 2. Then c2 ∈ span {c1, c3}, so there exist x, y ∈ C such that
c2 = xc1 + yc3. Comparing rows 4-6 gives

(α,A,E) = y (1 +
√

2eiϕ, B +
√

2eiϕ, F +
√

2eiϕ),

so necessarily
y = α

1 +
√

2eiϕ

and hence

A = α

1 +
√

2eiϕ
(B +

√
2eiϕ), E = α

1 +
√

2eiϕ
(F +

√
2eiϕ).

Now compare rows 1–3. Since c3 has zeros in rows 1–3, we get

(a(1− α), a(D − C), a(F −G)) = x
(√

2 + a(1 + α), −
√

2 + a(D + C),
√

2 + a(F +G)
)
,

so in particular
x = a(1− α)√

2 + a(1 + α)
. (5.5.48)

Thus a necessary condition for rank 2 is

a(D − C) = x
(
−
√

2 + a(D + C)
)
, a(F −G) = x

(√
2 + a(F +G)

)
, (5.5.49)

with x as in (5.5.48).

We now show that (5.5.49) fails. Recall (as before) the explicit values (5.5.15).

A direct computation gives

D − C =
√

3− 1
2 + i

√
3 + 3
2 , D + C = −1 +

√
3

2 + i

√
3− 3
2 .
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Also,

√
2 + a(1 + α) =

√
2 + 1√

2

(
1 +
√

3
2 + i

2
)

= 1
2
√

2

(
4 + 2 +

√
3 + i

)
̸= 0,

so x in (5.5.48) is well-defined. Substituting these values into the first identity in (5.5.49),
one obtains a nonzero residual (hence the equality cannot hold). Therefore c2 /∈ span {c1, c3},
and the three columns are linearly independent.

Thus rank P (U5) = 3. The dimension statement follows from

dim ker(P (U5)∗) = 6− rank P (U5).

Since rank P (U5) = 3, we have dim ker(P (U5)∗) = 3. We construct three linearly inde-
pendent vectors in the kernel as in the case U = I3.

First kernel vector. Choose (ℓ3, ℓ5, ℓ6) = (1, 0, 0). Then (5.5.47) gives

1 +
√

2eiϕ ℓ4 = 0 =⇒ ℓ4 = 0 (since 1 +
√

2eiϕ ̸= 0).

With ℓ3 = 1, ℓ4 = ℓ5 = ℓ6 = 0, equations (5.5.45)–(5.5.46) reduce to a 2 × 2 system for
(ℓ1, ℓ2):

√2 + a(1 + α) −
√

2 + a(D + C)

a(1− α) a(D − C)

(ℓ1
ℓ2

)
= −

(√
2 + a(F +G)
a(F −G)

)
. (5.5.50)

Set the determinant

∆(1)
U5

:= det

√2 + a(1 + α) −
√

2 + a(D + C)

a(1− α) a(D − C)

 .
Since rank P (U5) = 3, the two rows in (5.5.50) are independent and ∆(1)

U5
̸= 0, hence

(5.5.50) has a unique solution. By Cramer’s rule,

ℓ1 = −
√

2 + a(F +G) a(D − C) +−
√

2 + a(D + C) a(F −G)
∆(1)

U5

,

ℓ2 =
√

2 + a(F +G) a(1− α)−
√

2 + a(1 + α) a(F −G)
∆(1)

U5

.

Therefore,
ℓ(1) := (ℓ1, ℓ2, 1, 0, 0, 0) ∈ ker(P (U5)∗).
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Second and third kernel vectors. Repeat the same construction with (ℓ3, ℓ5, ℓ6) = (0, 1, 0)
and (0, 0, 1). In each case, (5.5.47) determines ℓ4 uniquely in terms of (ℓ5, ℓ6), and then
(5.5.45)–(5.5.46) give a 2× 2 system for (ℓ1, ℓ2). This yields two more vectors

ℓ(2), ℓ(3) ∈ ker(P (U5)∗)

which are linearly independent from ℓ(1).

Optionally, apply Gram–Schmidt to {ℓ(1), ℓ(2), ℓ(3)} to obtain an orthonormal basis
{ℓ1(U5), ℓ2(U5), ℓ3(U5)} of ker(P (U5)∗).

As before, tr(u) ∈ Ran P (U5) if and only if tr(u) ⊥ ker(P (U5)∗). Therefore, if {ℓj(U5)}3j=1

is any orthonormal basis of ker(P (U5)∗), then the domain D(AU5) can be described by
the three scalar boundary conditions

⟨ℓj(U5), tr(u)⟩C6 = 0, j = 1, 2, 3,

equivalently ℓj(U5)∗ tr(u) = 0 for j = 1, 2, 3.

Remark 5.64. If one prefers a non-orthonormal spanning set {ℓ(1), ℓ(2), ℓ(3)}, then the
boundary conditions can be written simply as

(ℓ(j))∗ tr(u) = 0, j = 1, 2, 3,

and orthonormalization is optional.



Chapter 6

Third order linear in-homogeneous
differential operators

In this chapter, we study third-order linear inhomogeneous differential operators. We
analyse their symmetry properties, determine the adjoint operator, and investigate the
corresponding deficiency indices on various domains.

Although the classical von Neumann approach can be applied in several cases, it does
not lead to a complete description of all self-adjoint extensions in full generality. This
limitation motivates the need for an alternative framework, which will be developed in
Chapter 8.

6.1 Third order linear in-homogeneous differential opera-
tors on real line

Recall, that by a real line we understand the set R of all real numbers.

We assume that O is an open subset of R. We consider the Hilbert space

H = L2(O,C)

with the standard inner product and norm. Assume that a3, a1 ∈ R \ {0}, and define
operator A0

D(A0) = C∞
0 (O,C)

A0u = a3(iD)3u+ a1iDu = −ia3u
′′′ + ia1u

′,
(6.1.1)

where u′′′ and u′ are the classical derivative.

187
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We begin with the following standard result. One can prove the above result by employing
the following general result.

Lemma 6.1. Suppose that B0 and C0 are symmetric operators on a Hilbert space H with
the same domain

D(B0) = D(C0) = D.

Let α, β ∈ R and define

A0u = αB0u+ βC0u, u ∈ D.

Then A0 is symmetric.

Proof of Lemma 6.1. Let u, v ∈ D. Then

⟨A0u, v⟩ = ⟨αB0u+ βC0u, v⟩

= α⟨B0u, v⟩+ β⟨C0u, v⟩.

Since B0 and C0 are symmetric,

⟨B0u, v⟩ = ⟨u,B0v⟩, ⟨C0u, v⟩ = ⟨u,C0v⟩.

Since (αB0 + βC0) is symmetric iff α = α and β = β such that α, β ∈ R

⟨A0u, v⟩ = α⟨u,B0v⟩+ β⟨u,C0v⟩

= ⟨u, αB0v + βC0v⟩

= ⟨u,A0v⟩.

Therefore, A0 is symmetric.

Lemma 6.2. The operator A0 defined by (6.1.1) is symmetric.

Proof of Lemma 6.2. The operators iD and (iD)3 with domain C∞
0 (O) are symmetric,

see previous sections 3.1 and 5.1, in Proposition 5.1.

Hence, by Lemma 6.1, the operator A0 = a3(iD)3 + a1iD is symmetric.

We need to determine D(A∗
0), we begin with the following characterization of the domain

of the adjoint operator A∗
0.

Lemma 6.3. Suppose that O ⊂ R is open and a3 ̸= 0. Let A0 be defined by (6.1.1). Then
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D(A∗
0) =

{
u ∈ L2(O,C) : Du, D3u exist and belong to L2

loc(O),

(−ia3D
3u+ ia1Du) ∈ L2(O)

}
.

(6.1.2)

Moreover, for every u ∈ D(A∗
0) we have

A∗
0u = −ia3D

3u+ ia1Du.

Proof of Lemma 6.3. ”⊂”. Assume that u ∈ D(A∗
0). Then, by definition of the adjoint

operator, there exists z ∈ L2(O,C) such that

⟨u,A0ϕ⟩ = ⟨z, ϕ⟩ for every ϕ ∈ C∞
0 (O).

Expanding A0, we obtain∫
O
u(x) (−ia3ϕ(3)(x) + ia1ϕ′(x)) dx =

∫
O
z(x)ϕ(x) dx.

This means that u satisfies

Lu = z in the weak sense,

where the differential operator L is given by

L = −ia3D
3 + ia1D.

Since u, z ∈ L2(O,C), we also have

u, z ∈ L2
loc(O,C).

Moreover, the identity above shows that

Lu = z

in the weak sense, where
L = −ia3D

3 + ia1D.

Since a3 ̸= 0, the principal coefficient of L does not vanish, and hence L is an elliptic
differential operator of order 3. Therefore, by Theorem 2.95; see also [36, Theorem 8.12],
we infer that

u ∈ H3
loc(O).
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By the definition of H3
loc(O), the weak derivatives Dku, k = 1, 2, 3, exist and belong to

L2
loc(O). In particular,

Du, D3u ∈ L2
loc(O).

Finally, returning to the weak identity, we obtain

z = −ia3D
3u+ ia1Du ∈ L2(O,C).

This completes the proof of the inclusion ”⊂”.

Proof of Lemma 6.3. ”⊃”. Assume that

u ∈ L2(O,C), Du, D3u ∈ L2
loc(O,C),

and
−ia3D

3u+ ia1Du ∈ L2(O,C).

Define
z := −ia3D

3u+ ia1Du ∈ L2(O,C).

Let ϕ ∈ C∞
0 (O) = D(A0). Since Du and D3u exist in the weak sense, by Definition 2.1

we have ∫
O
u(x)ϕ′(x) dx = −

∫
O
Du(x)ϕ(x) dx

and ∫
O
u(x)ϕ(3)(x) dx = −

∫
O
D3u(x)ϕ(x) dx.

Therefore,

⟨u,A0ϕ⟩ =
∫

O
u(x)

(
− ia3ϕ(3)(x) + ia1ϕ′(x)

)
dx

=
∫

O

(
− ia3D

3u(x) + ia1Du(x)
)
ϕ(x) dx

=
∫

O
z(x)ϕ(x) dx = ⟨z, ϕ⟩.

Since this holds for every ϕ ∈ D(A0), we conclude from the definition of the adjoint that

u ∈ D(A∗
0) and A∗

0u = z = −ia3D
3u+ ia1Du.

This completes the proof of the inclusion ”⊃”.

Remark 6.4. The main point in the proof of Lemma 6.3 is to establish that, if u ∈ D(A∗
0),

then the weak derivatives Du and D3u exist. This follows from the elliptic regularity
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argument used in the proof, which yields

u ∈ H3(O).

Consequently,
Du, D3u ∈ L2

loc(O).

In general, these derivatives need not belong to L2(O).

Remark 6.5. Lemma 6.3 above is formulated in terms of weak derivatives. In one
dimension, weak differentiability has an equivalent classical interpretation. More precisely,
by [38, Theorem 7.18], the following statements are equivalent:

(i) u ∈ L2
loc(O) and the weak derivative Du exists and belongs to L2

loc(O).

(ii) u is locally absolutely continuous on O, hence differentiable almost everywhere, and
its classical derivative u′ belongs to L2

loc(O).

Using this characterization, the domain in (6.1.2) can be reformulated as follows:

D(A∗
0) = {u ∈ L2(O,C) : u ∈ C2(O), u′′ is locally absolutely continuous,

u(3) ∈ L2
loc(O), −ia3u

(3) + ia1u
′ ∈ L2(O)}.

(6.1.3)

Remark 6.6. Lemma 6.3 applies to the cases O = (0,∞), O = (−∞, 0) and O = R\{0}.
In particular

(i) If O = (0,∞), then u ∈ D(A∗
0) if and only if the following conditions are satisfied:

• Weak derivatives D3u and Du exist.

• D3u ∈ L2
loc((0,∞)) and Du ∈ L2

loc((0,∞)).

• The expression (−ia3D
3u+ ia1Du) ∈ L2((0,∞)).

(ii) O = (−∞, 0), then u ∈ D(A∗
0) if and only if the following conditions are satisfied:

• Weak derivatives D3u and Du exist.

• D3u ∈ L2
loc((−∞, 0)) and Du ∈ L2

loc((−∞, 0)).

• The expression (−ia3D
3u+ ia1Du) ∈ L2((−∞, 0)).

(iii) if O = (−∞, 0) ∪ (0,∞), then u ∈ D(A∗
0) if and only if the following conditions are

satisfied:



Third order linear in-homogeneous differential operators 192

• D3u and Du exist.

• Both belong to L2
loc((−∞, 0)) and L2

loc((0,∞)).

• The combination (−ia3D
3u+ ia1Du) ∈ L2((−∞, 0) ∪ (0,∞)).

These conditions hold. Therefore, Lemma 6.3 is proved in all cases.

Proposition 6.7. Assume that A0 is defined by (6.1.1) on L2(R,C). Then

D(A∗
0) = {u ∈ L2(R,C) : Du, D3u exist and belong to L2

loc(R),

(−ia3D
3u+ ia1Du) ∈ L2(R,C)}.

Proof of Proposition 6.7. This is a direct consequence of Lemma 6.3 applied to O = R.

Next we will formulate and prove a results which generalizes Propositions 5.32 and 5.33
to the present setting.

Proposition 6.8. Assume that A1 is the operator defined by

D(A1) := C∞
0 (R \ {0},C),

A1u := −iD3u+ iDu, u ∈ D(A1).

Then A1 is not closed.

Moreover, a function u ∈ D(A1) if and only if the following conditions hold:

(i) u ∈ L2(R,C);

(ii) u ∈ H3
loc(R \ {0},C), D2u is locally absolutely continuous, and∫

R
|D3u(t)|2 dt <∞,

∫
R
|Du(t)|2 dt <∞;

(iii) u(0+) = u(0−) = 0, u′(0+) = u′(0−) = 0, u′′(0+) = u′′(0−) = 0.

In addition,
A1u = −iD3u+ iDu, for u ∈ D(A1).

Proof of Proposition 6.8. Part 1. We prove that A1 is not closed. As in the proof of
Proposition 5.32, it is sufficient to show that the graph Γ(A1) is not closed in L2(R) ×
L2(R). Consider the function

u(x) =

e
−x−2

, x > 0,

0, x ≤ 0.
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It is well known, see [37, Chapter 6], that u ∈ C∞(R) and

u(0) = u′(0) = u′′(0) = 0.

Moreover, by the same argument as in the proof of Proposition 5.32, one has

u ∈ H3(R).

In particular,
u, Du, D3u ∈ L2(R).

On the other hand, since u(x) ̸= 0 for all x > 0, the function u is not compactly supported,
and therefore

u /∈ D(A1) = C∞
0 (R \ {0},C).

Using the same translation-and-cutoff approximation method as in the proof of Lemma
3.32, but now in the Sobolev space H3(R), we can find a sequence (un) ⊂ C∞

0 (R \ {0},C)
such that

un → u in H3(R).

Hence
un → u, Dun → Du, D3un → D3u in L2(R).

By definition of A1,
A1un = −iD3un + iDun,

and therefore
A1un → −iD3u+ iDu in L2(R).

Thus
(un, A1un)→ (u,−iD3u+ iDu) in L2(R)× L2(R).

However, since u /∈ D(A1), we have

(u,−iD3u+ iDu) /∈ Γ(A1).

Hence Γ(A1) is not closed, and therefore A1 is not closed.

Proof of Proposition 6.8. Part 2. Let us choose and fix u ∈ D(A1). We prove that u
satisfies conditions (i)–(iii).
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By definition of the closure of an operator, see Remark 2.86, there exist a sequence
(un) ⊂ D(A1) and a function z ∈ L2(R,C) such that

un → u in L2(R), (6.1.4)

A1un = −iD3un + iDun → z in L2(R). (6.1.5)

In particular,
D3un −Dun → iz in L2(R).

We now use the same method as in the proof of Proposition 5.33, replacing the operator
−iD3 by −iD3 + iD. Since each un ∈ C∞

0 (R \ {0}), we have

un(0) = u′
n(0) = u′′

n(0) = 0.

Hence, for every t ∈ R,

un(t) =
∫ t

0
u(3)

n (σ) (t− σ)2

2 dσ.

As in the proof of Proposition 5.33, this identity, together with the Cauchy–Schwarz
inequality, implies that (un) is uniformly Cauchy on every compact interval whenever
(D3un) is Cauchy in L2(R). Moreover, arguing exactly as before with u′

n and u′′
n, one also

obtains local uniform convergence of (u′
n) and (u′′

n) on compact intervals.

On the other hand, from (6.1.5) and the same argument used in Proposition 5.33, we
infer that (Dun) and (D3un) are Cauchy sequences in L2(R). Hence there exist functions
Du,D3u ∈ L2(R) such that

Dun → Du, D3un → D3u in L2(R).

Therefore,
un → u, u′

n → u′, u′′
n → u′′

uniformly on compact subsets of each half-line. In particular, the one-sided limits at 0
exist and satisfy

u(0+) = u(0−) = 0, u′(0+) = u′(0−) = 0, u′′(0+) = u′′(0−) = 0.

Next we identify the third weak derivative of u. Let ϕ ∈ C∞
0 (R \ {0}). Since un ∈

C∞
0 (R \ {0}), integration by parts gives∫

R
un(x)ϕ(3)(x) dx = −

∫
R
u(3)

n (x)ϕ(x) dx.
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Passing to the limit, using (6.1.4) and the convergence D3un → D3u in L2(R), we obtain∫
R
u(x)ϕ(3)(x) dx = −

∫
R
D3u(x)ϕ(x) dx.

Hence D3u is the third weak derivative of u and belongs to L2(R). Since also Du ∈ L2(R),
we conclude that

u ∈ H3
loc(R \ {0},C).

Finally, from (6.1.5) and the convergences of Dun and D3un, we obtain

z = −iD3u+ iDu.

Therefore,
A1u = −iD3u+ iDu.

This proves Part 2.

Proof of Proposition 6.8. Part 3. We prove the converse implication.

Assume that u ∈ L2(R,C) satisfies:

(i) u ∈ L2(R,C);

(ii) u ∈ H3
loc(R \ {0},C) and

Du ∈ L2(R), D3u ∈ L2(R);

(iii) u(0+) = u(0−) = 0, u′(0+) = u′(0−) = 0, u′′(0+) = u′′(0−) = 0.

We show that u ∈ D(A1).

Let
u− := u|(−∞,0), u+ := u|(0,∞).

By assumption,
u− ∈ H3((−∞, 0)), u+ ∈ H3((0,∞)),

and the boundary conditions at 0 imply

u− ∈ H3
0 ((−∞, 0)), u+ ∈ H3

0 ((0,∞)),

where H3
0 denotes the closure of C∞

0 in H3.



Third order linear in-homogeneous differential operators 196

Hence, by the definition of H3
0 , there exist sequences

fn ∈ C∞
0 ((−∞, 0)), gn ∈ C∞

0 ((0,∞))

such that
fn → u− in H3((−∞, 0)), gn → u+ in H3((0,∞)).

Define

un(x) =


fn(x), x < 0,

gn(x), x > 0,

0, x = 0.

Then
un ∈ C∞

0 (R \ {0},C) = D(A1).

Moreover, by construction,
un → u in L2(R),

and also
Dun → Du, D3un → D3u in L2(R).

Therefore,
A1un = −iD3un + iDun → −iD3u+ iDu in L2(R).

Thus
(un, A1un)→ (u,−iD3u+ iDu) in L2(R)× L2(R).

By Remark 2.86, this implies

u ∈ D(A1), A1u = −iD3u+ iDu.

This completes the proof of Part 3.

The proof of Proposition 6.8 is complete.

6.1.1 Deficiency indices of the third-order linear inhomogeneous differ-
ential operators on real line

We consider the following differential operator

A0 = a3(iD)3 + a1(iD), with a3 ̸= 0. (6.1.6)

Note that the above does not contain differentiation of the second order.
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Without loss of generality, we will assume that

a3 = 1 (6.1.7)

and will denote

a1 = −3p (6.1.8)

Thus, in view of (6.1.7) and (6.1.8), the operator A0 takes the form

A0 = (iD)3 − 3p(iD) = − iD3 − 3piD.

The characteristic polynomial of the operator A0 is

w(z) = a3(iz)3 + a1(iz), z ∈ C.

The following result is well known.

Lemma 6.9. If z ∈ C, then

A0(ezx) = w(z)ezx, x ∈ R.

In this section, we will calculate the deficiency indices n+(A0) and n−(A0) of the operator
A0 defined by (6.1.6). To be precise we will calculate the following numbers

n+(A0) = dim ker(iI −A∗
0)

n−(A0) = dim ker(iI +A∗
0),

see Definition deficiency sub-spaces [34, p.138].

We begin with the following Lemma.

Lemma 6.10. Assume that A1 is the operator defined by (6.1.6). Then

ker(A∗
0 + iI) = {0}.

Proof of Lemma 6.10. Let u ∈ ker(A∗
0 + iI). We will show that u = 0. Then by Lemma

6.10

(A∗
0 + iI)u = 0.

−ia3D
3u+ ia1Du+ iu = 0

a3D
3u− a1Du− u = 0 (6.1.9)
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By (6.1.7) and (6.1.8), the last equation becomes

D3u+ 3pDu− u = 0 (6.1.10)

The characteristic polynomial of equation (6.1.10) is

w(z) = z3 + 3pz − 1.

We consider the equation
w(z) = 0. (6.1.11)

Now we will investigate how many roots of equation (6.1.11) have negative or positive
real part. Define

∆ = (−1)2 + 4p3

By [31, Theorem 3 in VII.4.2], there are three cases

(C1) ∆ < 0. Then the equation (6.1.11) has three distinct real roots

λ1, λ2, λ3 ∈ R.

(C2) ∆ = 0. Then the equation (6.1.11) has three real roots, one of multiplicity 2

λ1, λ2 = λ1, λ3 ∈ R.

(C3) ∆ > 0. Then the equation (6.1.11) has one real root and two non-real conjugate
roots

λ1 ∈ R, λ2 ∈ C \ R, λ3 = λ2.

In cases (C1) and (C3), the general solution of equation (6.1.9) has the form

u(x) =
3∑

j=1
αje

λjx = α1e
λ1x + α2e

λ2x + α3e
λ3x, x ∈ R. (6.1.12)

Because,

In case (C3), write
λ2 = a+ ib, λ3 = λ2 = a− ib,

where
a = Re(λ2), b = Im(λ2).
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Then
eλ2x = eax(cos(bx) + i sin(bx)

)
,

and
eλ3x = eax(cos(bx)− i sin(bx)

)
.

Equivalently,
eλ2x = eRe(λ2)x (cos

(
Im(λ2)x

)
+ i sin

(
Im(λ2)x

))
,

and
eλ3x = eRe(λ2)x (cos

(
Im(λ2)x

)
− i sin

(
Im(λ2)x

))
.

Thus, in case (C3), we may write

u(x) = α1e
λ1x + α2e

λ2x + α3e
λ3x

= α1e
λ1x + eax [(α2 + α3) cos(bx) + i(α2 − α3) sin(bx)] , x ∈ R.

In case (C2), the characteristic polynomial has a double root λ1 = λ2 and a simple root
λ3. Therefore, the general solution of equation (6.1.9), is

u(x) = (α1 + α2x) eλ1x + α3e
λ3x, x ∈ R,

where α1, α2, α3 ∈ C.

Lemma 6.10 is a consequence of the following result.

Lemma 6.11. In each case, if u is solution of equation (6.1.9) such that u ∈ L2(R) then
u = 0.

Before we embark on the proof of Lemma 6.11 we state the following simple Exercise.

Exercise 6.12. If λ ∈ C, then ∫ ∞

−∞
|eλx|2 dx =∞.

Solution of Exercise 6.12. Let us observe that∫ ∞

−∞
|eλx|2 dx =

∫ ∞

−∞
e2Reλx dx

If Reλ = 0, Reλ > 0 or Reλ < 0, then we have respectively∫ ∞

−∞
e0x dx =

∫ ∞

−∞
1 dx =∞,
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∫ ∞

−∞
e2Reλx dx ≥

∫ ∞

0
e2Reλx dx =∞,

∫ ∞

−∞
e2Reλx dx ≥

∫ 0

−∞
e2Reλx dx =∞.

The solution is complete.

Proof of Lemma 6.11. Case (C1). Let us consider function u of the form (6.1.12). By
use Exercise 6.12 ∫ ∞

−∞
|eλjx|2 dx =∞, j = 1, 2, 3. (6.1.13)

So every functions eλjx does not belong to the space L2(R).

Our aim is to prove that α1 = α2 = α3 = 0. If only one of the numbers α1, α2, α3 are no
zero, e.g. α1 ̸= 0 and α2 = α3 = 0, then

u(x) = α1e
λ1x, x ∈ R,

and so by (6.1.13), |u|L2 =∞. This is contradiction.

Now, assume that α1 ̸= 0, α2 ̸= 0 and α3 ̸= 0. Since λ1, λ2, λ3 are distinct, we can order
them, i.e.

λ1 < λ2 < λ3.

Suppose that λ3 > 0. Then

u(x) = α3e
λ3x

(
1 + α2

α3
e(λ2−λ3)x + α1

α3
e(λ1−λ3)x

)
and ∫ ∞

−∞
|u(x)|2 dx ≥

∫ ∞

0
|u(x)|2 dx

= |α3|2
∫ ∞

0
|e2λ3x| |

(
1 + α2

α3
e(λ2−λ3)x + α1

α3
e(λ1−λ3)x)|2 dx.

Since, λ2 − λ3 < 0, and λ1 − λ3 < 0. So,

e(λ2−λ3)x → 0 when x→∞,

and
e(λ1−λ3)x → 0 when x→∞.

Hence,
∃ R0 > 0 : |1 + α2

α3
e(λ2−λ3)x + α1

α3
e(λ1−λ3)x|2 > 1

4 , ∀ x ∈ [R0,∞).
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Therefore,

|u|2L2 ≥ |α3|2
∫ ∞

R0
e2λ3x 1

4 dx = |α3|2

4

∫ ∞

R0
e2λ3x dx =∞.

The other cases i.e. precisely two numbers α1, α2, α3 are ̸= 0. follow similar route.

In the case (C2), we argue as in the case (C1). In the case (C3), u is of the form (6.1.12)
and λ1 ∈ R, and λ3 = λ2 ∈ C \ R. Arguing as in case (C1), but replacing λ2, λ3 by
Reλ2 = Reλ3, we can prove that.

The following result is a companion result to Lemma 6.10.

Lemma 6.13. Assume that A1 is the operator defined by (6.1.6). Then

ker(iI −A∗
0) = {0}.

Proof. The proof is as of Lemma 6.10.

From Lemmata 6.11 and 6.13, we deduce the following immediate consequence A.

Corollary 6.14. Assume that A0 is the third-order operator defined by formula (6.1.6).
Then

n−(A0) = 0

n+(A0) = 0

The following main result of this section is a consequence of Corollary 6.14.

Theorem 6.15. The operator A0 on L2(R,C) defined by equation (6.1.6) has one self-
adjoint extension. Moreover, the unique self-adjoint extension A of A0 is as follows

D(A) = H3(R), Au = a3(iD)3u+ a1(iD)u.

Remark 6.16. In this case one can show that the closure A0 is equal to A.
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6.2 Third-order linear inhomogeneous differential operators
on positive half line

6.2.1 Symmetry and the adjoint

In this section we consider the following Hilbert space

H = L2((0,∞);C).

We define the operator of A1 as follows

D(A1) = C∞
0 ((0,∞);C)

A1u = a3(iD)3u+ a1iDu = −ia3u
′′′ + ia1u

′,
(6.2.1)

Recall that we assume that a3 ̸= 0.

Lemma 6.17. The operator A1 defined by (6.2.1) is symmetric.

Remark 6.18. The proof of symmetry of the operator A1 is analogous to the proof of
symmetry of the operator A0, see Lemma 6.2. Moreover, the symmetry of A1 follows
directly from the symmetry of A0.

Proof of Lemma 6.17. Recall that

D(A0) = C∞
0 (R;C),

D(A1) = C∞
0 ((0,∞);C).

Hence
D(A1) ⊂ D(A0).

Moreover, for u ∈ D(A1) we have

A0u = a3(iD)3u+ a1(iD)u,

A1u = a3(iD)3u+ a1(iD)u,

and therefore
A1u = A0u for all u ∈ D(A1),

which means that A1 ⊂ A0.
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Since A0 is symmetric, it follows that A1 is symmetric as well. Indeed, for all u, v ∈ D(A1)
we have u, v ∈ D(A0) and

⟨A1u, v⟩ = ⟨A0u, v⟩ = ⟨u,A0v⟩ = ⟨u,A1v⟩.

Thus, A1 is symmetric.

To find D(A∗
1) using the formula (6.1.3) from the Section 6.1 with the set O = (0,∞) and

so we get the following three equivalent results.

Lemma 6.19. Suppose that A1 is the linear operator defined by (6.2.1). Then,

D(A∗
1) :={u ∈ L2((0,∞),C) : u is of C2 class on [0,∞),

u′′ is absolutely continous and hence differentiable

almost everywhere on [0,∞)

with respect to the Lebesgue measure,

u′′′ is Lebesgue measurable and belongs to L2
loc([0,∞),C) :∫ ∞

0
|a3u

′′′(x)− a1u
′(x)|2 dx <∞}

Moreover, if u ∈ D(A∗
1), then

A∗
1u = i

(
a3u

′′′ − a1u
′) .

Lemma 6.20. Suppose that A1 is the linear operator defined by (6.2.1). Then,

D(A∗
1) := {u ∈ L2((0,∞),C) ∩H3

loc([0,∞);C) :∫ ∞

0
|a3D

3u(x)− a1Du(x)|2 dx <∞.}

Moreover, if u ∈ D(A∗
1), then

A∗
1u = i

(
a3D

3u− a1Du
)

Lemma 6.21. Suppose that A1 is the linear operator defined by (6.2.1). Then,

D(A∗
1) := {u ∈ L2(0,∞;C) : weak derivatives D3u and Du exists and

∈ L2
loc[0,∞;C) and {−ia3D

3u+ ia1Du ∈ L2(0,∞;C)}}.
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6.2.2 Deficiency indices of the third-order linear inhomogeneous differ-
ential operators on the positive real line

In this section we calculate the deficiency indices of the operator A1 defined by (6.2.1).
Using Definition 2.59, we have

n+(A1) = dim ker(iI −A∗
1) n−(A1) = dim ker(iI +A∗

1)

The main result of this section is the following one.

Theorem 6.22. Assume that A1 is the operator defined by formula (6.2.1). Then, if
a3 > 0, then

n−(A1) = 2,

n+(A1) = 1,

if a3 < 0, then

n−(A1) = 1,

n+(A1) = 2,

In particular, the deficiency indices depend only on the sign of a3 and do not depend on
a1.

Remark 6.23. The above result is a generalization of Corollary 5.17 in Subsection 5.2,
which we consider as the special case a3 = 1 and a1 = 0.

Let us rewrite A1 in formula (6.2.1) as follows

A1 = a3

(
(iD)3 + a1

a3
iD

)
.

Assume A0 defined as follows
A0 = (iD)3 − 3piD.

Then
A1 = a3A0,

where −3p = a1
a3

. If A1 = a3A0, then

A∗
1 = a3A

∗
0.
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If choose and fix the constant α > 0 and by [34, Theorem X.1 p.136], then

n+(A1) = dim ker(iI −A∗
1) = dim ker(αiI −A∗

1).

We have two cases

(i) Case 1: If α = a3 > 0, then

n+(A1) = dim ker (a3(iI −A∗
1)) = n+(A0).

Similarly,
n−(A1) = n−(A0).

(ii) Case 2: If α = a3 < 0,

n+(A1) = dim ker (iI − a3A
∗
1) = dim ker

(
a3

(
i

a3
I −A∗

0

))
= dim ker

(
i

a3
I −A∗

0

)
, Im( i

a3
) < 0

= n−(A0).

Similarly,

n−(A1) = dim ker (−iI − a3A
∗
1) = dim ker

(
a3

(−i
a3
I −A∗

0

))
= dim ker

(−i
a3
I −A∗

0

)
, Im(−i

a3
) > 0

= n+(A0).

Summarizing we proved.

Proposition 6.24. If α = a3 > 0 in formula (6.2.1), then

n+(A1) = n+(A0), n−(A1) = n−(A0).

Moreover, if α = a3 < 0, then

n+(A1) = n−(A0), n−(A1) = n+(A0).

The following result is a consequences of Theorem 6.22. In fact, we investigated the
previous result in order to prove of disprove the next corollary.

Corollary 6.25. Assume that A1 is an operator on L2((0,∞),C) defined by equation
(6.2.1) has no self-adjoint extensions.
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Proof of Corollary 6.25. Since we have n+(A1) = 1 and n−(A1) = 2 from the Theorem
6.22, it follows that

n+ ̸= n−.

Therefore, applying the conclusion from Theorem 2.60, we can assert that the operator
A1 has no self-adjoint extensions.

Thus, we conclude that the operator A1 defined by equation (6.2.1) has no self-adjoint
extensions. This completes the proof.

In the remaining of this section we will occupy ourselves proving the theorem above. For
this aim we will calculate the deficiency indices n−(A1) and n+(A1).

In order to calculate n−(A1), we need to find the space ker(iI + A∗
1). We begin with the

following Lemma.

Lemma 6.26. Assume that A1 is an operator on L2((0,∞),C) defined by equation (6.2.1),
then

dim ker(A∗
1 + iI) = 2.

Proof of Lemma 6.26. Part I. Let u ∈ ker(A∗
1 + iI) \ {0}, i.e.

A∗
1u+ iu = 0.

We infer that

a3D
3u− a1Du− u = 0.

In what follows we assume that
a3 = 1

and we denote
−a1 = 3p ∈ R.

In this case we have

D(A1) = C∞
0 ((0,∞);C)

A1u = −iD3u− 3piDu.

Hence the last equation becomes

D3u+ 3pDu− u = 0 on (0,∞) (6.2.2)
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The characteristic polynomial of equation (6.2.2) is

w(λ) = λ3 + 3pλ− 1 (6.2.3)

whose characteristic equation is

λ3 + 3pλ− 1 = 0 (6.2.4)

is equal to1

This equation has three roots
λ1, λ2, λ3

As is section 6.1.1, we have to consider the following three cases.

(C1) ∆ < 0, equation (6.2.4) has three distinct real roots

λ1, λ2, λ3 ∈ R.

(C2) ∆ = 0, equation (6.2.4) has three real roots, one of multiplicity 2

λ1, λ2 = λ1, λ3 ∈ R.

(C3) ∆ > 0, equation (6.2.4) has one real root and two non-real conjugate roots

λ1 ∈ R, λ2 ∈ C \ R, λ3 = λ2.

In case (C1), the general solution of equation (6.2.2) is given by

u(x) =
3∑

j=1
αje

λjx = α1e
λ1x + α2e

λ2x + α3e
λ3x, x ∈ R+. (6.2.5)

In case (C3), we can also write

u(x) = α1e
λ1x + α2e

λ2x + α3e
λ2x

= α1e
λ1x + [(α2 + α3) cos(Re λ2x) + i(α2 − α3) sin(Im λ2x)], x ∈ R+.

1Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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In case (C2), the general solution u of equation (6.2.2) has the following form:

u(x) =
3∑

j=1
αjx

δ2jeλjx = α1e
λ1x + α2xe

λ2x + α3e
λ3x, x ∈ R+.

We will need the following result proven earlier in different contexts.

Lemma 6.27. Function u of the form (6.2.5) belongs to the space L2(0,∞), i.e.
∫∞

0 |u(x)|2 dx
is finite, if and only if the following condition is satisfied. If the coefficient ak ̸= 0, then
λk < 0. Equivalently, if and only if λk ≥ 0 then ak = 0.

Now we formulate a slightly more general result.

Lemma 6.28. Assume that a1, a2, a3, b1, b2, b3 ∈ C. Then a function u of the form

u(x) = (a1 + b1x)eλ1x + (a2 + b2x)eλ2x + (a3 + b3x)eλ3x, x ∈ [0,∞)

belongs to the space L2(0,∞), i.e.
∫∞

0 |u(x)|2 dx <∞, if and only if one of the following
equivalent conditions is satisfied.

(i) If for some k = 1, 2, 3, ak ̸= 0 or bk ̸= 0, then λk < 0.

(ii) If λk ≥ 0, then ak = 0 and bk = 0.

The discriminant of equation (6.2.4) is

∆ = 1 + 4p3

In order to continue with the proof of Lemma 6.26 we need to investigate how many roots
of equation (6.2.4) have negative real part.

We make a break in the proof of Lemma 6.26 in order to formulate the following auxiliary
result. The proof will be given on the next page.

Proposition 6.29. If
p ∈ R

then

(i) the number of roots of equation (6.2.4) whose real part is negative, is equal to 2,

(ii) the number of roots of equation (6.2.4) whose real part is positive, is equal to 1.
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Proof of Lemma 6.26. Part II. We need to find the basis of the space ker(A∗
1 + iI).

For this purpose let us recall that we had proved that if u ∈ ker(A∗
1 + iI) then there exists

numbers a1, a2, a3 such that (6.2.5) holds. By Proposition 6.29 precisely 2 eigenvalues λk

have negative real values. Without loss of generality we can denote those eigenvalues by
λ2 and λ3.

In other words, Reλ2 < 0, Reλ3 < 0 and Reλ1 > 0. Since u ∈ ker(A∗
1 + iI) ⊂ D(A∗

1), we
have u ∈ L2(0,∞). Hence, by Lemma 6.27 we infer that a1 = 0. Therefore, we deduce
that

u(x) = a2e
λ2x + a3e

λ3x, x ∈ [0,∞). (6.2.6)

On the other hand, since Reλ2 < 0, Reλ3 < 0, it is easy to verify that every function
of the form (6.2.6) satisfies equation (6.2.2) and belongs to L2(0,∞), hence belongs to
ker(A∗

1 + iI). We conclude that the space ker(A∗
1 + iI) is equal to the set of all functions

u represented by formula (6.2.6). Since λ2 ̸= λ3, the functions eλ2x and eλ3x are linearly
independent. Therefore, they form a basis of ker(A∗

1 + iI).

Thus,
dim ker(A∗

1 + iI) = 2.

Hence the proof of Lemma 6.26 is complete.

Proof of Proposition 6.29. We consider three cases. Case (C1): ∆ < 0.

In this case, ∆ = 1 + 4p3 < 0, also

p < −
(1

4
)1/3

.

We consider a auxiliary quadratic equation

z2 − z − p3 = 0. (6.2.7)

Since ∆ < 0, equation (6.2.7) has two non-real conjugate solutions. By [31, Theorem 3 in
VII.4.2], these solutions can be written in the form

z = reiϕ, z′ = re−iϕ, (6.2.8)

for some r > 0 and ϕ ∈ (0, π).
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On the other hand, by the formula for solutions of quadratic equation,

z = 1 +
√

1 + 4p3

2 = 1
2 + i

2

√
−1− 4p3, (6.2.9)

z′ = 1−
√

1 + 4p3

2 = 1
2 −

i

2

√
−1− 4p3. (6.2.10)

Hence
Re z = 1

2 > 0, Im z = 1
2

√
−1− 4p3 > 0.

Therefore z lies in the first quadrant, and so in (6.2.8) we may choose

ϕ ∈
(

0, π2

)
.

Moreover, from (6.2.8) and (6.2.9)–(6.2.10), we obtain

z + z′ = 1, (6.2.11)

zz′ = −p3. (6.2.12)

Since
z + z′ = r(eiϕ + e−iϕ) = 2r cosϕ,

it follows from (6.2.11) that

2r cosϕ = 1, i.e. cosϕ = 1
2r . (6.2.13)

Also, (6.2.12) gives
r2 = −p3. (6.2.14)

Since in Case (C1), we have p3 < −1
4 , we infer that

−p3 >
1
4 .

Hence, by (6.2.14),

r2 >
1
4 and therefore, since r > 0 r >

1
2 .

Consequently,
0 < 1

2r < 1.

Using (6.2.13), we obtain
0 < cosϕ < 1.
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Since ϕ ∈ (0, π), this implies again that

ϕ ∈
(

0, π2

)
. (6.2.15)

Now we apply the Cardan formula, see [31, Chapter VII, P.291]. Let

y1 = 3√r eiϕ/3, y′
1 = 3√r e−iϕ/3, ε = e2πi/3.

Then the three roots of equation (6.2.4) are

λ1 = y1 + y′
1, λ2 = εy1 + ε2y′

1, λ3 = ε2y1 + εy′
1.

Hence
Reλ1 = 2 3√r cos

(
ϕ

3

)
,

Reλ2 = 2 3√r cos
(
ϕ

3 + 2π
3

)
,

Reλ3 = 2 3√r cos
(
ϕ

3 + 4π
3

)
.

(6.2.16)

Since (6.2.15), we have
0 < ϕ

3 <
π

6 .

Therefore
cos
(
ϕ

3

)
> 0.

Also,
2π
3 <

ϕ

3 + 2π
3 <

5π
6 ,

so
cos
(
ϕ

3 + 2π
3

)
< 0.

Similarly,
4π
3 <

ϕ

3 + 4π
3 <

3π
2 ,

and hence
cos
(
ϕ

3 + 4π
3

)
< 0.

Thus, by (6.2.16), we deduce that

Reλ1 > 0, Reλ2 < 0, Reλ3 < 0.

Therefore, in Case (C1), exactly two roots of equation (6.2.4) have negative real part and
exactly one root has positive real part.
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Case (C2): ∆ = 0. In this case, ∆ = 1 + 4p3 = 0, so

p = −
(1

4
)1/3

.

Hence the auxiliary quadratic equation (6.2.7) has a double root, namely

z = z′ = 1
2 .

Thus, in the Cardan formula, we may take

y1 = y′
1 = 3

√
1
2 .

Therefore, the roots of equation (6.2.4) are

λ1 = y1 + y′
1 = 2 3

√
1
2 > 0,

and
λ2 = εy1 + ε2y′

1 = (ε+ ε2) 3

√
1
2 = − 3

√
1
2 < 0,

λ3 = ε2y1 + εy′
1 = (ε2 + ε) 3

√
1
2 = − 3

√
1
2 < 0.

Hence, in Case (C2), exactly two roots of equation (6.2.4) are negative and exactly one
root is positive.

Case (C3): ∆ > 0. In this case, ∆ = 1 + 4p3 > 0, so

p > −
(1

4
)1/3

.

Hence equation (6.2.4) has exactly one real root and two non-real conjugate roots. Let
us denote them by

λ1 ∈ R, λ2, λ3 = λ2 ∈ C \ R.

We first show that λ1 > 0. Let w defined by (6.2.3), hence

w(0) = −1 < 0

and
lim

λ→+∞
w(λ) = +∞.
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Thus by intermediate value theorem implies that w has a positive real root. Since there
is only one real root in Case (C3), this root must be λ1. Hence

λ1 > 0.

Next, since λ2 and λ3 are conjugate, they have the same real part. By the Vieta formula,
see [31, Chapter IX. p.347]

λ1 + λ2 + λ3 = 0.

Taking real parts, we obtain
λ1 + 2Re(λ2) = 0.

Therefore,
Re(λ2) = Re(λ3) = −λ1

2 < 0.

Thus, in Case (C3), exactly two roots of equation (6.2.4) have negative real part and
exactly one root has positive real part.

In all three cases (C1), (C2), and (C3), equation (6.2.4) has exactly two roots whose real
part is negative and exactly one root whose real part is positive. This completes the proof
of Proposition 6.29.

In order to calculate n+(A1), we need to determine the space ker(iI −A∗
1).

Lemma 6.30. Assume that A1 is the operator on L2((0,∞),C) defined by (6.2.1). Then

dim ker(iI −A∗
1) = 1.

Proof of Lemma 6.30. Part I. Let us choose and fix

u ∈ ker(iI −A∗
1) \ {0}.

Then
(iI −A∗

1)u = 0,

that is,
iu−A∗

1u = 0.

Using the formula for A∗
1, we infer that

a3D
3u− a1Du+ u = 0. (6.2.17)



Third order linear in-homogeneous differential operators 214

As before, we normalize the coefficients by assuming

a3 = 1 and − a1 = 3p.

Then (6.2.17) becomes
D3u+ 3pDu+ u = 0. (6.2.18)

For solutions of the form, see [24, Section 2.9],

u(x) = eλx,

we are led to the characteristic equation

λ3 + 3pλ+ 1 = 0. (6.2.19)

We denote the corresponding polynomial by

w(λ) = λ3 + 3pλ+ 1. (6.2.20)

Let
λ1, λ2, λ3

be the roots of equation (6.2.19). Its discriminant is

∆ = 1 + 4p3.

According to the multiplicity of the roots, the general solution of (6.2.18) is of exponential
type, and is covered by Lemmas 6.27 and 6.28. In particular, every solution u ∈ L2(0,∞)
is obtained by keeping only those terms corresponding to roots whose real part is negative.

Thus, in order to determine ker(iI −A∗
1), it remains to know how many roots of equation

(6.2.19) have negative real part. This is the content of the next proposition.

Proposition 6.31. If
p ∈ R,

then

(i) the number of roots of equation (6.2.20) whose real part is negative is equal to 1;

(ii) the number of roots of equation (6.2.20) whose real part is positive is equal to 2.

Proof of Proposition 6.31. We divide the proof into three cases.
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Case (C1): ∆ < 0.

In this case,
∆ = 1 + 4p3 < 0,

hence
p < −

(1
4
)1/3

.

We consider the auxiliary quadratic equation

z2 + z − p3 = 0. (6.2.21)

Since ∆ < 0, equation (6.2.21) has two non-real conjugate solutions. By [31, Theorem 3
in VII.4.2], these solutions can be written in the form

z = reiϕ, z′ = re−iϕ,

for some r > 0 and ϕ ∈ (0, π).

On the other hand, by the quadratic formula,

z1,2 = −1±
√

1 + 4p3

2 = −1
2 ±

i

2

√
−1− 4p3.

Hence
Rez = −1

2 < 0, Imz = 1
2

√
−1− 4p3 > 0,

so we may choose
ϕ ∈

(
π

2 , π
)
.

By the Cardan ’s formula, the roots of equation (6.2.19) are

λ1 = y1 + y′
1, λ2 = εy1 + ε2y′

1, λ3 = ε2y1 + εy′
1,

where
y1 = 3√r eiϕ/3, y′

1 = 3√r e−iϕ/3, ε = e2πi/3.

Hence
Reλ1 = 2 3√r cos

(
ϕ

3

)
,

Reλ2 = 2 3√r cos
(
ϕ

3 + 2π
3

)
,

Reλ3 = 2 3√r cos
(
ϕ

3 + 4π
3

)
.

(6.2.22)
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Since
π

2 < ϕ < π,

we have
π

6 <
ϕ

3 <
π

3 .

Therefore,
cos
(
ϕ

3

)
> 0.

Also,
5π
6 <

ϕ

3 + 2π
3 < π,

hence
cos
(
ϕ

3 + 2π
3

)
< 0.

Finally,
3π
2 <

ϕ

3 + 4π
3 <

5π
3 ,

so
cos
(
ϕ

3 + 4π
3

)
> 0.

Thus, by (6.2.22),
Reλ1 > 0, Reλ2 < 0, Reλ3 > 0.

Therefore, in Case (C1), exactly one root has negative real part and exactly two roots
have positive real part.

Case (C2): ∆ = 0.

In this case,
∆ = 1 + 4p3 = 0 ⇐⇒ p = −

(1
4
)1/3

.

Hence the auxiliary quadratic equation

z2 + z − p3 = 0

has a double root
z = z′ = −1

2 .

Thus, in the Cardan ’s formula, we may take

y1 = 3

√
−1

2 ,

and
y′

1 = 3

√
−1

2 .
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Therefore, the roots of equation (6.2.19) are

λ1 = y1 + y′
1 = −2 3

√
1
2 < 0,

λ2 = εy1 + ε2y′
1 = (ε+ ε2) 3

√
−1

2 = 3

√
1
2 > 0,

λ3 = ε2y1 + εy′
1 = (ε2 + ε) 3

√
−1

2 = 3

√
1
2 > 0.

Hence, in Case (C2), exactly one root is negative and two roots are positive.

Case (C3): ∆ > 0.

In this case,
∆ = 1 + 4p3 > 0 ⇐⇒ p > −

(1
4
)1/3

.

Hence equation (6.2.19) has exactly one real root and two non-real conjugate roots. Let
us denote them by

λ1 ∈ R, λ2, λ3 = λ2 ∈ C \ R.

We first show that λ1 < 0. Since
w(0) = 1 > 0

and
lim

λ→−∞
w(λ) = −∞,

the intermediate value theorem implies that w has a negative real root. Since there is
only one real root in Case (C3), this root must be λ1. Hence

λ1 < 0.

Next, since λ2 and λ3 are conjugate, they have the same real part. By Vieta’s formulas,

λ1 + λ2 + λ3 = 0.

Taking real parts, we obtain
λ1 + 2Re(λ2) = 0.

Therefore,
Re(λ2) = Re(λ3) = −λ1

2 > 0.

Thus, in Case (C3), exactly one root has negative real part and exactly two roots have
positive real part.



Third order linear in-homogeneous differential operators 218

In all three cases (C1), (C2), and (C3), equation (6.2.19) has exactly one root whose real
part is negative and exactly two roots whose real part is positive. This completes the
proof of Proposition 6.31.

Proof of Lemma 6.30. Part II. By Proposition 6.31, equation (6.2.19) has exactly one
root whose real part is negative. Without loss of generality, we denote this root by λ1.
Thus

Reλ1 < 0, Reλ2 > 0, Reλ3 > 0.

Let u ∈ ker(iI −A∗
1). Since

ker(iI −A∗
1) ⊂ D(A∗

1),

we have
u ∈ L2(0,∞).

Moreover, by Part I, u is a solution of equation (6.2.18). Hence, using Lemmatta 6.27 and
6.28, all terms corresponding to roots with non-negative real part must vanish. Therefore,

u(x) = a1e
λ1x, x ∈ [0,∞), (6.2.23)

for some a1 ∈ C.

Conversely, since Reλ1 < 0, every function of the form (6.2.23) belongs to L2(0,∞) and
satisfies equation (6.2.18). Hence it belongs to ker(iI −A∗

1).

Thus ker(iI−A∗
1) is the one-dimensional space generated by the function eλ1x. Therefore,

dim ker(iI −A∗
1) = 1.

This completes the proof of Lemma 6.30.

We now compare the general third-order inhomogeneous setting with the homogeneous
third-order operator studied earlier. In the special case p = 0, the characteristic equations
reduce to those of the homogeneous problem, and the corresponding root distributions
agree with the previously computed deficiency indices.

Remark 6.32.(i) When p = 0, equation (6.2.2) reduces to

D3u = u.

Indeed, when p = 0, the characteristic equation (6.2.4) becomes

λ3 = 1.
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Its roots are
λ1 = 1, λ2 = −1

2 + i

√
3

2 , λ3 = −1
2 − i

√
3

2 .

Hence
Reλ2 = Reλ3 < 0, Reλ1 > 0.

Thus, in this special case, two roots have negative real part and one root has positive real
part, in agreement with Proposition 6.29.

(ii) When p = 0, equation (6.2.18) becomes

D3u = −u.

Indeed, equation (6.2.20) becomes
λ3 = −1,

whose roots are

λ1 = −1, λ2 = 1
2 + i

√
3

2 , λ3 = 1
2 − i

√
3

2 ,

Hence
Reλ1 < 0, Reλ2 = Reλ3 > 0.

Thus, in this special case, one root has negative real part and two roots have positive real
part, in agreement with Proposition 6.31.

This is exactly the homogeneous third-order case considered earlier for the operator de-
fined in (5.2.1). In that setting, the corresponding deficiency indices were computed in
Propositions 5.12 and 5.15, see also Theorem 5.17.

6.3 Third-order linear inhomogeneous differential operators
on negative half line

6.3.1 Symmetry and the adjoint

In this subsection we consider the Hilbert space

H = L2((−∞, 0);C).

We define the operator A1 by

D(A1) = C∞
0 ((−∞, 0);C),

A1u = a3(iD)3u+ a1(iD)u = −ia3D
3u+ ia1Du = −i(a3D

3u− a1Du).
(6.3.1)
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Recall that we assume that a3 ̸= 0.

Lemma 6.33. The operator A1 defined by (6.3.1) is symmetric.

Proof. The proof is identical to the proof of Lemma 6.17. Indeed,

D(A1) = C∞
0 ((−∞, 0);C) ⊂ C∞

0 (R;C) = D(A0),

and A1u = A0u for every u ∈ D(A1). Hence A1 ⊂ A0, and since A0 is symmetric, A1 is
symmetric as well.

To find D(A∗
1) using the formula (6.1.3) from the Section 6.1, i.e. with the set O = (0,∞)

and so we get the following three equivalent results.

Lemma 6.34. Suppose that A1 is the linear operator defined by (6.3.1). Then,

D(A∗
1) :={u ∈ L2((−∞, 0),C) : u is of C2 class on (−∞, 0],

u′′ is absolutely continous and hence differentiable almost everywhere

on (−∞, 0] (with respect to the Lebesgue measure),

u′′′ is Lebesgue measurable and belongs to L2
loc((−∞, 0],C).}

Lemma 6.35. Suppose that A1 is the linear operator defined by (6.3.1). Then,

D(A∗
1) := {u ∈ L2((−∞, 0),C) ∩H3

loc((−∞, 0];C) :∫ 0

−∞
|a3D

3u(x)− a1Du(x)|2 dx <∞.}

Moreover, if u ∈ D(A∗
1), then

A∗
1u = i

(
a3D

3u− a1Du
)
.

Lemma 6.36. Suppose that A1 is the linear operator defined by (6.3.1). Then,

D(A∗
1) := {u ∈ L2(−∞, 0);C) : weak derivatives D3u and Du exists and

∈ L2
loc(−∞, 0];C) and {−ia3D

3u+ ia1Du ∈ L2(−∞, 0);C)}}.

6.3.2 Deficiency indices of the third-order linear inhomogeneous differ-
ential operators on negative half line

Let us recall that the deficiency indices n+(A1) and n−(A1) of the operator A1 defined
by (6.3.1). Using Definition 2.59, we have
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n+(A1) = dim ker(iI −A∗
1)

n−(A1) = dim ker(iI +A∗
1)

The main result of this section is the following one.

Theorem 6.37. Assume that A1 is the operator defined by formula (6.3.1). Then

n−(A1) = 1

n+(A1) = 2

The following result is a consequences of Theorem 6.37. In fact, we investigated the
previous result in order to prove of disprove the next corollary.

Corollary 6.38. The operator A1 on L2((−∞, 0),C) defined by equation (6.3.1) has no
self-adjoint extensions.

Proof of Corollary 6.38. Since we have n+(A1) = 1 and n−(A1) = 2, from Theorem 6.37,
it follows that

n+ ̸= n−.

Therefore, applying the conclusion from Theorem 2.60, we can assert that the operator
A1 has no self-adjoint extensions.

Thus, we conclude that the operator A1 defined by equation (6.3.1) has no self-adjoint
extensions. This completes the proof.

In the remaining of this section we will we occupy ourselves proving the theorem above.
For this aim we will calculate the deficiency indices n+(A1) and n−(A1).

In order to calculate n−(A1), we need to find the space ker(iI + A∗
1). We begin with the

following Lemma.

Lemma 6.39. Assume that A1 is the operator defined by formula (6.3.1). Then

dim ker(A∗
1 + iI) = 1.

Proof of Lemma 6.39. Part I. Let u ∈ ker(A∗
1 + iI), i.e.

u ∈ D(A∗
1) and A∗

1u+ iu = 0.
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This implies that

u ∈ D(A∗
1) and − i(a3D

3v − a1Dv) + iu = 0

what implies that u ∈ D(A∗
1) and

a3D
3u− a1Du− u = 0

In what follows we assume that
a3 = 1

and we denote
−a1 = 3p.

Hence the last equation becomes

D3u+ 3pDu− u = 0 (6.3.2)

The solution of the form
u(x) = eλx

we substitute it into equation (6.3.2) and you get

λ3eλx + 3pλeλx − eλx = 0

Hence
λ3 + 3pλ− 1 = 0

This equation has three roots
λ1, λ2, λ3

The general solution of the above equation (6.3.2), see [24, Section 2.9], is

u(x) = a1e
λ1x + a2e

λ2x + a3e
λ3x

The normalised characteristic polynomial of equation (6.3.2) is

w(λ) = λ3 + 3pλ− 1

Define, see [31, chapter VII, page 293], the discriminant of equation

λ3 + 3pλ− 1 = 0 (6.3.3)
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is equal to2

∆ = 1 + 4p3

In order to continue with the proof of Lemma 6.39 we need to know how many roots of
equation (6.3.3) have positive real part.

The following result follows from Proposition 6.29 proven in the earlier parts of the paper.

Proposition 6.40. If
p ∈ R

the number of roots of equation (6.3.3) whose real part is positive, is equal to 1.

Hence the proof of Lemma 6.39 is complete.

Remark 6.41. We now compare the general third-order inhomogeneous operator on the
negative half-line with the homogeneous operator considered in Remark 5.19.

When p = 0, the first-order term vanishes and the operator reduces to the homogeneous
third-order operator. For the positive deficiency subspace, the corresponding equation
becomes

D3u = −u on (−∞, 0).

Its characteristic equation is
λ3 = −1,

with roots
λ1 = −1, λ2 = 1

2 + i

√
3

2 , λ3 = 1
2 − i

√
3

2 .

Since
eλx ∈ L2((−∞, 0)) if and only if Reλ > 0,

the two roots λ2 and λ3 give square-integrable solutions. Hence

n+(A1) = 2.

For the negative deficiency subspace, the equation becomes

D3u = u on (−∞, 0),

with characteristic equation
λ3 = 1.

2Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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Its roots are
λ1 = 1, λ2 = −1

2 + i

√
3

2 , λ3 = −1
2 − i

√
3

2 .

Only λ1 has positive real part, and therefore only one corresponding solution belongs to
L2((−∞, 0)). Thus

n−(A1) = 1.

Consequently, when p = 0, the general inhomogeneous calculation reduces to the homo-
geneous case and gives

n+(A1) = 2, n−(A1) = 1,

in agreement with Remark 5.19.

In order to calculate n+(A1), we need to find the space ker(iI −A∗
1).

Lemma 6.42.
dim ker(iI −A∗

1) = 2.

Proof of Lemma 6.42. Part I. Let u ∈ ker(iI −A∗
1). Then

iu−A∗
1u = 0

iu− i(a3D
3u− a1Du) = 0

a3D
3u− a1Du+ u = 0

In what follows we assume that

a3 = 1 and we denote − a1 = 3p.

Hence the last equation becomes

D3u+ 3pDu+ u = 0 (6.3.4)

This equation has three roots
λ1, λ2, λ3

The general solution of the above equation (6.3.4), see [24, Section 2.9], is

u(x) = a1e
λ1x + a2e

λ2x + a3e
λ3x

The normalized characteristic polynomial of equation (6.3.4) is

w(λ) = λ3 + 3pλ+ 1
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Define, see [31, chapter VII, page 293], the discriminant of equation

λ3 + 3pλ+ 1 = 0 (6.3.5)

is equal to3

∆ = 1 + 4p3

In order to continue with the proof of Lemma 6.42 we need to know how many roots of
equation (6.3.5) have positive real part.

The following result follows from Proposition 6.31 proven in earlier parts of our paper.

Proposition 6.43. If
p ∈ R

the number of roots of equation (6.3.5) whose real part is positive, is equal to 2.

Hence the proof of Lemma 6.42 is complete.

6.4 Third-order linear inhomogeneous differential operators
on the punctured line

6.4.1 Symmetry and the adjoint

In this section we consider the Hilbert space

H = L2(R,C)

with the standard inner product and norm. We study the following operator

D(A1) = C∞
0 ((−∞, 0) ∪ (0,∞);C) = C∞

0 (R \ {0};C),

A1u = a3(iD)3 + a1(iD) = −ia3D
3 + ia1D = −i(a3D

3 − a1D).
(6.4.1)

Proposition 6.44. The operator A1 defined by (6.4.1) is symmetric in the space H =
L2(R,C), i.e.

⟨A1u, v⟩L2 = ⟨u,A1v⟩L2 , ∀u, v ∈ D(A1).

Remark 6.45. The proof of symmetry of A1 is analogous to the proof of symmetry of
A0. see Lemma 6.2. Moreover, it follows directly from the symmetry of A0.

3Note that we have replaced p by 3p, hence in our formula we do not have factor 27.
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Proof of Proposition 6.44. Since

D(A1) = C∞
0 (R \ {0};C) ⊂ C∞

0 (R;C) = D(A0),

and
A1u = a3(iD)3u+ a1(iD)u = A0u for every u ∈ D(A1),

we have A1 ⊂ A0. Since A0 is symmetric, it follows that A1 is symmetric.

Proposition 6.46. Assume that A1 is the operator defined by formula (6.4.1). Then A1

is not closed.

Moreover, a function u belongs to D(A1) if and only if the following conditions are satis-
fied:

(i) u ∈ L2(R,C),

(ii) u ∈ H3
loc(R \ {0},C) and u′′ : R \ {0} → C is locally absolutely continuous. Moreover,∫

R

∣∣a3D
3u(t)− a1Du(t)

∣∣2 dt <∞,
(iii) u(0) = 0, u′(0) = 0, and u′′(0) = 0.

Moreover,
A1u = −i

(
a3D

3u− a1Du
)
, u ∈ D(A1).

Proof of Proposition 6.46. The proof is analogous to the proof of Proposition 5.32 and
Proposition 5.33. More precisely, one repeats the same argument with the operator −iD3

replaced everywhere by −i(a3D
3 − a1D).

In the proof that A1 is not closed, one uses the same test function as in Proposition 5.32
and the fact that this function belongs to H3(R), hence also satisfies a3D

3u − a1Du ∈
L2(R).

For the characterization of D(A1), one follows the same steps as in Proposition 5.33: if
un → u in L2(R) and A1un → z in L2(R), then

−i
(
a3D

3un − a1Dun
)
→ z in L2(R),

which implies that a3D
3u − a1Du ∈ L2(R), while the same compactness and uniform-

convergence arguments yield

u(0) = u′(0) = u′′(0) = 0.
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Conversely, if u satisfies conditions (i)–(iii), then one approximates the restrictions of u on
(−∞, 0) and (0,∞) by functions in C∞

0 ((−∞, 0)) and C∞
0 ((0,∞)), respectively, exactly

as in the proof of Proposition 5.33, and concludes that

u ∈ D(A1) and A1u = −i(a3D
3u− a1Du).

Therefore, the proof follows by the same method as in the homogeneous third-order case,
and we omit the repeated details.

To proceed, it is convenient to denote the operators A1 from the previous sections by a
different notation. The operator defined by formula (6.2.1) will be denoted by B+. The
operator defined by formula (6.3.1) will be denoted by B−.

We proved in previous Sections 6.2.2 and 6.3.2 that

n−(B+) = 2, n+(B+) = 1

n−(B−) = 1, n+(B−) = 2

To characterize the domain D(A∗
1), we apply Lemma 6.3 and formula (6.1.3) from the

Section 6.1, i.e. we consider O = (−∞, 0) ∪ (0,∞), so we get

Proposition 6.47. A Lebesgue measurable function

v : (−∞, 0) ∪ (0,∞)→ C

belongs to D(A∗
1) if and only if the following conditions are satisfied.

(i) Function v belongs to L2((−∞, 0) ∪ (0,∞);C) and it is of C2-class,

(ii) the classical second-order derivative v′′ belongs to ACloc((−∞, 0) ∪ (0,∞)), see Def-
inition 2.8, in the sense that it is absolutely continuous on every interval of the form
(0, a) or (−a, 0), a > 0. Hence, by Theorem 2.7, the third-order derivative v′′′ ex-
ists almost everywhere, and the function v′′′ is Lebesgue measurable and it belongs to
L2

loc((−∞, 0] ∪ [0,∞),C),

(iii) ∫
R\{0}

|a3D
3v(x)− a1Dv(x)|2 dx <∞.

Moreover, if v ∈ D(A∗
1), then

A∗
1v = a1iv

′ + a3(−i)v′′′ = −i(a3D
3v − a1Dv), v ∈ D(A∗

1).
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The above characterization can be equivalently written as follows.

D(A∗
1) := {v ∈ L2((−∞, 0) ∪ (0,∞);C) :

v ∈ H3
loc((−∞, 0]) and v ∈ H3

loc([0,∞);C)∫
R\{0}

|a3D
3v(x)− a1Dv(x)|2 dx <∞.}

Proof. The equivalence follows directly from Lemma 6.3 applied to the open set O =
(−∞, 0) ∪ (0,∞), together with the characterization of H3

loc functions given in (6.1.3).

The equivalence between the two formulations follows from the standard relation between
classical differentiability, local absolute continuity, and weak derivatives; see Proposi-
tion 2.24.

We use here a non-standard definition of the space H3
loc ((−∞, 0) ∪ (0,∞);C). According

to the standard definition, see [36, Definition 8.10],
u ∈ H3

loc ((−∞, 0) ∪ (0,∞);C) if and only if for every closed interval [a, b] such that
[a, b] ⊂ (−∞, 0)∪ (0,∞), the restriction of u to that interval belongs to the Sobolev space
H3(a, b). A consequence of this definition is that we cannot take intervals of the form
(0, b), b > 0 nor (a, 0), a < 0 because their’s closure are not contained in (−∞, 0)∪ (0,∞).

Definition 6.48. Assume that n ∈ N, including 0. A Lebesgue measurable function

u : (−∞, 0) ∪ (0,∞)→ C

belongs to the space Hn
loc ((−∞, 0) ∪ (0,∞);C) if and only if for every a > 0, the the

restriction of u to the interval (0, a) or (−a, 0) belongs to the Sobolev space Hn(0, a),
respectively Hn(−a, 0).
Similarly, we can define the spaces Hn

loc(−∞, β) and Hn
loc(α,∞), where α, β ∈ R.

We have the following obvious but important result.

Proposition 6.49. The space Hn
loc ((−∞, 0) ∪ (0,∞);C) defined by Definition 2.28 is

contained in the corresponding space defined in [36, Definition 8.10]. Moreover, the former
space is strictly smaller than the latter.

Remark 6.50. If we consider a special case n = 0, then a function

u(x) = 1
x
, x ∈ (−∞, 0) ∪ (0,∞)

This function belongs to the classical L2
loc ((−∞, 0) ∪ (0,∞)) but it does not belong to the

space H0
loc ((−∞, 0) ∪ (0,∞);C) according to Definition 2.30. Indeed, if [a, b] ⊂ (0,∞) or
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[a, b] ⊂ (−∞, 0), then ∫
(a,b)
|u(x)|2 dx <∞

but, for every b > 0, ∫
(0,b)
|u(x)|2 dx =∞.

An important consequence of the fact that in the previous Lemma we used the newly
defined space H3

loc(−∞, 0) ∪ (0,∞) lies in the following ”trace” type result.

Proposition 6.51. If u ∈ D(A∗
1) then the following limits exist:

lim
x→0+

u(x) =: u(0+)

lim
x→0−

u(x) =:u(0−)

lim
x→0+

u′(x) =:u′(0+)

lim
x→0−

u′(x) =:u′(0−)

lim
x→0+

u′′(x) =:u′′(0+)

lim
x→0−

u′′(x) =:u′′(0−).

Remark 6.52. Note that the limits from the right and left above are, in general, different.
Thus, if u ∈ D(A∗

1), then neither u nor u′ need to be continuous at 0. For instance, the
function

u(x) = sgn(x)e−|x|, x ∈ R \ {0},

belongs to D(A∗
1), but it is discontinuous at x = 0, since

u(0+) = 1, u(0−) = −1.

Remark 6.53. We had to modify the definition of the spaces Hn
loc ((−∞, 0) ∪ (0,∞);C),

see Definition 6.48, so that for every

u ∈ Hn
loc ((−∞, 0) ∪ (0,∞);C) ,

the limits in Proposition 6.51 exists.

Proposition 6.54. A measurable function v : R \ {0} → C belongs to D(A∗
1) if and only

if the following two conditions are satisfied.

(i) The restriction v+ of the function v to the interval (0,∞) belongs to D(B∗
+);

(ii) The restriction v− of the function v to the interval (−∞, 0) belongs to D(B∗
−);
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Moreover, if v ∈ D(A∗
1), then the restriction of the function A∗

1v to the interval (0,∞) is
equal to B∗

+v
+ and the restriction of the function A∗

1v to the interval (−∞, 0) is equal to
B∗

−v
−.

Lemma 6.47 can be given an equivalent form using the operators B±.

Proposition 6.55 (Decomposition of the adjoint domain). The domain of the adjoint
operator A∗

1 admits the decomposition

D(A∗
1) =

{
v : R \ {0} → C

∣∣ v+ ∈ D(B∗
+), v− ∈ D(B∗

−)
}
.

Moreover,

(A∗
1v)(x) =

(B∗
+v

+)(x), x > 0,

(B∗
−v

−)(x), x < 0.

Proof. The result follows directly from Proposition 6.54 and the fact that the operator
A1 acts independently on the positive and negative half-lines.

6.4.2 Deficiency indices of the third-order linear inhomogeneous differ-
ential operators on the punctured line

In this section, we will calculate the deficiency indices n+(A1) and n−(A1) of the operator
A1 defined by (6.4.1). Using Definition 2.59, we have

n−(A1) = dim ker (iI +A∗
1)

n+(A1) = dim ker (iI −A∗
1).

The main result of this section is the following one.

Theorem 6.56. Assume that A1 is the operator defined by formula (6.4.1). Then

n−(A1) = 3

n+(A1) = 3

The following result is a consequences of Theorem 6.56. In fact, we investigated the
previous result in order to prove or disprove the next corollary.

Corollary 6.57. The operator A1 on L2(R \ {0},C) defined by (6.4.1) has at least two
self-adjoint extension. In fact, every self-adjoint extension of A1 can be characterize via
unitary maps between ker (iI +A∗

1) and ker (iI −A∗
1).
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Proof of Corollary 6.57. According to Theorem 2.60, for a closed symmetric operator A
to have a self-adjoint extension, it is necessary that the deficiency indices satisfy n+ = n−.

Since we have n+(A1) = 3 and n−(A1) = 3 from Theorem 6.56, it follows that

n+ = n−.

By the result from Theorem 2.60, the operator A1 has at least two self-adjoint extension.

Thus, we conclude that the operator A1 defined by equation (6.4.1) has at least one
self-adjoint extension. This completes the proof of the corollary.

In the remaining of this section we will we occupy ourselves proving the theorem above.
For this aim we will calculate the deficiency indices n+(A1) and n−(A1).

In order to calculate n−(A1), we need to find the space ker(iI + A∗
1). We begin with the

following Lemma.

Lemma 6.58. Assume that A1 is the operator defined by formula (6.4.1). Then

n−(A1) = 3.

Proof of Lemma 6.58. To find n−(A1), let us denote

u+ = u|(0,∞), and u− = u|(−∞,0),

and let us observe that by Proposition 6.44

u ∈ ker(iI +A∗
1) ⇐⇒ u ∈ D(A∗

1) and (iI +A∗
1)u = 0,

⇐⇒ u ∈ D(A∗
1) and a3D

3u− a1Du− u = 0 ⇐⇒ · · ·

We have, by Proposition 6.54,

· · · ⇐⇒ u+ ∈ D(B+) then iu+ + (B∗
+)u+ = 0,

and u− ∈ D(B−) then iu− + (B∗
−)u− = 0,

⇐⇒ u+ ∈ ker(iI +B∗
+) and u− ∈ ker(iI +B∗

−).

Hence the map

ker(iI +A∗
1) ∋ u 7→ (u+, u−) ∈ ker(iI +B∗

+)× ker(iI +B∗
−), (6.4.2)

is a well defined map. If fact we have
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Lemma 6.59. The map defined by (6.4.2) is a linear isomorphism.

Hence, by Definition linear isomorphism [26, p.35], some basic linear algebra [26], we get

dim (ker(iI +A∗
1)) = dim ker(iI +B∗

+) + dim ker(iI +B∗
−).

Hence we proved
n−(A1) = n−(B+) + n−(B−).

Remark 6.60. In Section 6.2 we proved that if a function u ∈ D(A∗
1) is solution to

equation (6.2.4), from Proposition 6.29, the number of roots of the equation (6.2.4) whose
real part is negative, is equal to 2.

In Section 6.3 we proved that if a function u ∈ D(A∗
1) is solution to equation (6.3.3), from

Proposition 6.40, the number of roots of the equation (6.3.3) whose real part is negative,
is equal to 1.

Similarly,
n+(A1) = n+(B+) + n+(B−).

We deduce that the following lemma.

Lemma 6.61. Assume that A1 is the operator defined by formula (6.4.1). Then

n+(A1) = 3.

Therefore, we complete the proof.

Remark 6.62. Since A1 is densely defined and symmetric, its adjoint coincides with the
adjoint of its closure, that is,

A∗
1 = (A1)∗.

Consequently, the deficiency subspaces and deficiency indices of A1 and A1 coincide:

n±(A1) = n±(A1).

Therefore, the results of this section also describe the deficiency indices of the closed
symmetric operator A1.

From Lemmata 6.58 and 6.61, we deduce the following immediate consequence.

Corollary 6.63. Let A1 symmetric and densely defined by (6.4.1), and let A1 denote its
closure in L2(R,C). Then
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n+(A1) = n+(A1) = 3, n−(A1) = n−(A1) = 3.

6.4.3 Finding all self-adjoint operators extensions for the third-order
linear inhomogeneous on punctured line

We will use the characterization of the adjoint operator and the computation of the
deficiency indices obtained in Section 6.4, together with von Neumann’s extension theory,
to determine all self-adjoint extensions of the symmetric operator A1.

We define an operator A1 on the Hilbert space H = L2(R,C) by

D(A1) = C∞
0 ((−∞, 0) ∪ (0,∞);C) = C∞

0 (R \ {0};C),

A1u = a3(iD)3 + a1(iD) = −ia3D
3 + ia1D if u ∈ D(A1).

We assume that a1, a3 ∈ R.

Without loss of generality, we will assume that

a3 = 1

and will denote

a1 = −3p

In this case we have

A1u = −iD3u− 3piDu.

We showed earlier, in a different context in Subsection 6.4, that the operator has defi-
ciency indices (3, 3). So it has self-adjoint extensions. We will find all these self-adjoint
extensions.

By von Neumann’s theorem, see Theorem 2.60, the deficiency spaces are

H− = ker(iI +A∗
1), H+ = ker(iI −A∗

1),

and n−(A1) = dimH−, n+(A1) = dimH+.

Remark 6.64. It follows from Theorem 6.56, that

n−(A1) = 3

n+(A1) = 3.
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The objective is to find orthonormal basises of spaces H+ and H−.

We start with H−. The discriminant of equation

λ3 + 3pλ− 1 = 0

is equal to
∆ = 12 + 4p3

For this purpose we consider the following three cases.

(i) Assume that ∆ < 0. Let r > 0 is such that

r2 = −p3.

Let us also recall the definition of the parameter ϕ:

cosϕ = 1
2r

We showed that
r >

1
2 , p < −1

4 and cos
(
ϕ

3

)
Hence, we have

H− = span{e1, e2, e3}

where

e1(x) = 1(−∞,0)e
λ1x = 1(−∞,0)e

2 3√r cos( ϕ
3 )x

e2(x) = 1(0,∞)e
λ2x = 1(0,∞)e

3√r

(
− cos( ϕ

3 )+i
√

3
3 sin( ϕ

3 )
)

x

e3(x) = 1(0,∞)e
λ3x = 1(0,∞)e

3√r

(
− cos( ϕ

3 )−i
√

3
3 sin( ϕ

3 )
)

x
.

where λ1, λ2 and λ3 are roots of the characteristic equation , i.e.

λ1 = 2 3√r cos
(
ϕ

3

)
.

λ2 = 3√r
(
− cos

(
ϕ

3

)
+ i

√
3

3 sin
(
ϕ

3

))
.

λ3 = 3√r
(
− cos

(
ϕ

3

)
− i

√
3

3 sin
(
ϕ

3

))
.

We will check if {e1, e2, e3} forms an orthonormal basis by verifying the conditions (5.4.30).
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Let us begin with the first condition. Since 4 3
√
r cos

(
ϕ
3

)
> 0 we infer that

∥e1∥2 =
∫ ∞

−∞
|e1(x)|2 dx =

∫ 0

−∞
|e1(x)|2 dx

=
∫ 0

−∞
e4 3√r cos( ϕ

3 )x dx

=

 1
4 3
√
r cos

(
ϕ
3

)e4 3√r cos( ϕ
3 )x

0

−∞

= 1
4 3
√
r cos

(
ϕ
3

) = 1
4 cos

(
ϕ
3

)r−1/3

Similarly, we have

∥e2∥2 =
∫ ∞

−∞
|e2(x)|2 dx =

∫ ∞

0
|e

3√r

(
− cos( ϕ

3 )+i
√

3
3 sin( ϕ

3 )
)

x
|2 dx∫ ∞

0
e2 3√r(− cos( ϕ

3 ))x dx = 1
2 3
√
r cos

(
ϕ
3

) = 1
2 cos

(
ϕ
3

)r−1/3

Since |e3(x)|2 = |e2(x)|2 for all x ∈ R we infer that

∥e3∥2 =
∫ ∞

−∞
|e3(x)|2 dx =

∫ ∞

−∞
|e2(x)|2 dx = 1

2 3
√
r cos

(
ϕ
3

) = 1
2 cos

(
ϕ
3

)r−1/3.

Now we can normalize each function

ẽ1(x) = e1(x)
∥e1∥

= 2
√

cos
(
ϕ

3

)
r−1/6 · e1(x),

ẽ2(x) = e2(x)
∥e2∥

=
√

2 cos
(
ϕ

3

)
r−1/6 · e2(x),

ẽ3(x) = e3(x)
∥e3∥

=
√

2 cos
(
ϕ

3

)
r−1/6 · e3(x).

Now, we need to verify the condition ⟨ej , ek⟩L2 = 0 for j ̸= k.

⟨e1, e2⟩L2 =
∫ ∞

−∞
e1(x)e2(x) dx

=
∫ ∞

−∞
1(−∞,0)e

2 3√r cos( ϕ
3 )x · 1(0,∞)e

3√r

(
− cos( ϕ

3 )+i
√

3
3 sin( ϕ

3 )
)

x
dx = 0.

⟨e1, e3⟩L2 =
∫ ∞

−∞
e1(x)e3(x) dx

=
∫ ∞

−∞
1(−∞,0)e

2 3√r cos( ϕ
3 )x · 1(0,∞)e

3√r

(
− cos( ϕ

3 )−i
√

3
3 sin( ϕ

3 )
)

x
dx = 0.
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⟨e2, e3⟩L2 =
∫ ∞

−∞
e2(x)e3(x) dx

=
∫ ∞

0
e

3√r

(
− cos( ϕ

3 )+i
√

3
3 sin( ϕ

3 )
)

x
· e

3√r

(
− cos( ϕ

3 )−i
√

3
3 sin( ϕ

3 )
)

x
dx

=
∫ ∞

0
e

3√r(−2 cos( ϕ
3 ))x dx = 1

2 cos
(

ϕ
3

)r−1/3.

We conclude that the basis e1, e2, e3 of the space H− is not an orthonormal basis. We
will construct an orthonormal basis starting with the basis e1, e2, e3 as before. Let us
summarize previous calculations.

(i) Vector e1 is perpendicular to vectors e2 and e3.

So in order to construct an ONB, using a the Gramm-Schmidt method, we put

λ := ⟨e2, e3⟩∥e3∥−2 (6.4.3)

and

ẽ1 = ∥e1∥−1e1

ẽ3 = ∥e3∥−1e3

ẽ2 = e2 − λe3
∥e2 − λe3∥

.

Let us formulate the following basic result.

Proposition 6.65. The vectors ẽ1, ẽ2 and ẽ3 form an orthormal basis of H−.

Proof of Proposition 6.65. Obviously ∥ẽj∥ = 1 for each j and Vector ẽ1 is perpendicular
to vectors ẽ3 and ẽ2 (because ẽ2 is a linear combination of vectors e2 and e3. We only
need to show that ⟨ẽ2, ẽ3⟩. We have, by the definitions above, in particular by (6.4.3),

⟨ẽ2, ẽ3⟩ = ∥e2 − λe3∥−1∥e3∥−1⟨e2 − λe3, e3⟩

= ∥e2 − λe3∥−1∥e3∥−1
(
⟨e2, e3⟩ − λ∥e3∥2

)
= 0.

The proof is complete.

Remark 6.66. It follows from above that

ẽ1(x) = e1(x)
∥e1∥

= 2
√

cos
(
ϕ

3

)
r−1/6 · e1(x),

ẽ3(x) = e3(x)
∥e3∥

=
√

2 cos
(
ϕ

3

)
r−1/6 · e3(x).
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We will also find a similar expression for ẽ2(x).

Now we compute ∥e2 − λe3∥2:

∥e2 − λe3∥2 = ⟨e2 − λe3, e2 − λe3⟩

= ⟨e2, e2⟩ − λ⟨e2, e3⟩ − λ⟨e3, e2⟩+ |λ|2⟨e3, e3⟩

= 1− |λ|2 − |λ|2 + |λ|2

= 1− |λ|2.

Substituting the value of |λ|2

∥e2 − λe3∥2 = 1− 1
4 ( 3
√
r)2 cos2

(
ϕ
3

) .
Thus, we find

∥e2 − λe3∥ =
√√√√1− 1

4 ( 3
√
r)2 cos2

(
ϕ
3

)

=

√
4 ( 3
√
r)2 cos2

(
ϕ
3

)
− 1

2 3
√
r cos2

(
ϕ
3

)

=

√
( 3
√
r)2 cos2

(
ϕ
3

)
− 1

4

3
√
r cos2

(
ϕ
3

) .

Therefore,

ẽ2(x) = e2(x)− λe3(x)
∥e2 − λe3∥

=
3
√
r cos2

(
ϕ
3

)
√

( 3
√
r)2 cos2

(
ϕ
3

)
− 1

4

(e2(x)− λe3(x))

In the context of the case where ∆ < 0, the roots of the characteristic equation

λ3 + 3pλ+ 1 = 0
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are given by:

λ1 = −2 3√r cos
(
ϕ

3

)
,

λ2 = 3√r
(

cos
(
ϕ

3

)
+ i

√
3

3 sin
(
ϕ

3

))
,

λ3 = 3√r
(

cos
(
ϕ

3

)
− i
√

3
3 sin

(
ϕ

3

))
.

Here, λ1 is the real root, while λ2 and λ3 are complex conjugate roots.

(ii) Assume that ∆ = 0, then

λ1 = 2 3

√
1
2 cos

(0
3

)
= 2 3

√
1
2 ,

λ2 = 2 3

√
1
2 cos

(0
3 + 2π

3

)
= 2 3

√
1
2 cos

(2π
3

)
= 2 3

√
1
2

(
−1

2

)
= − 3

√
1
2 ,

λ3 = 2 3

√
1
2 cos

(0
3 + 4π

3

)
= 2 3

√
1
2 cos

(4π
3

)
= 2 3

√
1
2

(
−1

2

)
= − 3

√
1
2 .

(iii) Assume that ∆ > 0, then

λ1 = 2 3√r cos
(
ϕ

3

)
,

λ2 = − 3√r
(

cos
(
ϕ

3

)
+ i
√

3 sin
(
ϕ

3

))
,

λ3 = − 3√r
(

cos
(
ϕ

3

)
− i
√

3 sin
(
ϕ

3

))
.

This indicates that both roots have the same real part, which is negative, assuming r is
a positive number.

We were not able to complete the above approach in full generality. This led us to consider
a different method based on abstract boundary formalism. The details of this alternative
approach are presented in chapter 8, Brzeźniak and Jefferies in [22].



Chapter 7

Equivalence between scalar and
system differential operators

In this chapter, we study the equivalence between different differential operator problems.
We present several concrete examples showing how a scalar problem can be transformed
into an equivalent system formulation.

In each case, one of the problems has already been analysed, and using this equivalence
we deduce that the second problem shares analogous properties. In particular, proper-
ties such as symmetry, dense domain, and deficiency indices are preserved under this
correspondence.

This approach provides a unified framework for treating both scalar and system differential
operators.

7.1 Equivalence between two problems related to the Lapla-
cian

We consider two Hilbert spaces

X := H2 := L2(0,∞;C2)

and
Y := H1 := L2((−∞, 0) ∪ (0,∞);C).

Elements of the space X are vector-valued functions −→u = (u1, u2) : (0,∞) → C2. Ele-
ments of the space Y are scalar-valued functions u : (−∞, 0) ∪ (0,∞)→ C.

239
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We define two operators: B0 in X and A0 in Y by

D(B0) = C∞
0 (0,∞;C2) ⊂ X,

B0u⃗ = (∆u1,∆u2), u⃗ ∈ D(B0).
(7.1.1)

and
D(A0) = C∞

0 ((−∞, 0) ∪ (0,∞);C) ⊂ Y,

A0u = ∆u, u ∈ D(A0).
(7.1.2)

These objects are isomorphic in the following sense.

Proposition 7.1. We consider two maps

T : X → Y and Λ : Y → X

defined by

(T−→u )(x) :=

 u1(x) if x > 0
u2(−x) if x < 0

(7.1.3)

for −→u ∈ X and
(Λu)(x) := (u(x), u(−x)), x ∈ (0,∞). (7.1.4)

Then

(i) Both maps are well defined and isometric.

(ii) T ◦ Λ = id on Y and Λ ◦ T = id on X, i.e. where idX : X → X and idY : Y → Y

denote the identity maps.

X Y

X Y

T

id id

Λ

Figure 7.1: Id diagram

(iii) Both maps are unitary.

(iv) Denote

X1 = C∞
0 (0,∞;C2),

Y1 = C∞
0 ((−∞, 0) ∪ (0,∞);C),

then T (X1) ⊂ Y1 and Λ(Y1) ⊂ X1 .
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(v) T1 ◦ Λ1 = id on X1 and Λ1 ◦ T1 = id on Y1, where

T1 := T|X1 and Λ1 = Λ|Y1 .

Proof of Proposition 7.1. We prove each item separately. Proof of (i). The maps T and

Λ are obviously well defined and linear. Now we will show that T is isometric. We need
to verify that

⟨T (−→u ), T (−→v )⟩Y = ⟨−→u ,−→v ⟩X , for all −→u ,−→v ∈ X.

The inner products are defined for X = L2(0,∞;C2) as follows

⟨−→u ,−→v ⟩X =
∫ ∞

0

(
u1(x)v1(x) + u2(x)v2(x)

)
dx.

and for Y = L2(R \ {0},C) as follows

⟨h,w⟩Y =
∫ 0

−∞
w(x)h(x) dx+

∫ ∞

0
w(x)h(x) dx.

Now, we compute

⟨T (−→u ), T (−→v )⟩Y =
∫ 0

−∞
u2(−x)v2(−x) dx+

∫ ∞

0
u1(x)v1(x) dx.

Changing the variable in the first integral (y = −x, so dx = −dy) gives

∫ 0

−∞
u2(−x)v2(−x) dx =

∫ ∞

0
u2(y)v2(y) dy.

Thus, we have

⟨T (−→u ), T (−→v )⟩Y =
∫ ∞

0
u1(x)v1(x) dx+

∫ ∞

0
u2(x)v2(x) dx = ⟨−→u ,−→v ⟩X .

Hence we proved that T is isometric.

To show that Λ : Y → X is isometric, we need to verify that:

⟨Λ(u),Λ(v)⟩X = ⟨u, v⟩Y for all u, v ∈ Y.

The inner product in X is defined as

⟨u⃗, v⃗⟩X =
∫ ∞

0

(
u1(x)v1(x) + u2(x)v2(x)

)
dx,
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and similarly for Y

⟨u, v⟩Y =
∫ 0

−∞
u(x)v(x) dx+

∫ ∞

0
u(x)v(x) dx.

Using the definition of Λ, we have

Λ(u) = (u(x), u(−x)) and Λ(v) = (v(x), v(−x)).

Thus,
⟨Λ(u),Λ(v)⟩X =

∫ ∞

0

(
u(x)v(x) + u(−x)v(−x)

)
dx.

We can split this into two integrals

⟨Λ(u),Λ(v)⟩X =
∫ ∞

0
u(x)v(x) dx+

∫ ∞

0
u(−x)v(−x) dx.

For the second integral, we change of the variable. Let y = −x (thus dx = −dy), which
gives us

∫ ∞

0
u(−x)v(−x) dx =

∫ 0

−∞
u(y)v(y)(−dy) =

∫ 0

−∞
u(y)v(y) dy.

Combining both parts

⟨Λ(u),Λ(v)⟩X =
∫ ∞

0
u(x)v(x) dx+

∫ 0

−∞
u(y)v(y) dy.

Thus, we have

⟨Λ(u),Λ(v)⟩X =
∫ ∞

0
u(x)v(x) dx+

∫ 0

−∞
u(y)v(y) dy = ⟨u, v⟩Y .

Therefore, Λ is indeed isometric.

Proof of (ii). Proof that T ◦ Λ = id on Y .

Let u ∈ Y be arbitrary, where u : (−∞, 0) ∪ (0,∞)→ C.

Define v⃗ = Λu ∈ X. By definition of Λ, see (7.1.4), we have

v⃗(x) = (v1(x), v2(x)) = (u(x), u(−x)), x ∈ (0,∞).
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Applying the operator T to v⃗ and using (7.1.3), we obtain

T (v⃗)(x) =

v1(x), x > 0,

v2(−x), x < 0.

Substituting the expressions of v1 and v2 gives

T (v⃗)(x) =

u(x), x > 0,

u(−(−x)) = u(x), x < 0.

Hence, for all x ∈ (−∞, 0) ∪ (0,∞),

(T (Λu))(x) = u(x).

Since u was arbitrary in Y , we conclude that

T (Λu) = u for all u ∈ Y.

Therefore,
T ◦ Λ = idY .

Proof that Λ ◦ T = id on X. Let u⃗ = (u1, u2) ∈ X = L2(0,∞;C2) be arbitrary. Define

v = T (u⃗) ∈ Y.

By definition of T , see (7.1.3), we have

v(x) =

u1(x), x > 0,

u2(−x), x < 0.

Now apply Λ to v. By definition (7.1.4),

(Λv)(x) = (v(x), v(−x)), x ∈ (0,∞).

Substituting the expressions of v(x) and v(−x) gives

(Λv)(x) = (u1(x), u2(x)).



Third order linear in-homogeneous differential operators 244

Therefore,
(Λ(T u⃗))(x) = u⃗(x) for all x ∈ (0,∞).

Since u⃗ was arbitrary in X, we conclude that

Λ ◦ T = idX .

Proof of (iii). To prove that the maps T and Λ defined by the proposition 7.1 are unitary
operators, by Definition 2.69, it is enough to show that both T and Λ are surjective
isometries.

We already proved in part (i) that both T and Λ are isometric. Hence, we only need to
prove that both maps are bijections.

Since T ◦ Λ = id, we infer that T is surjective. Indeed, if y ∈ Y , then with x := Λy ∈ X
we infer that

y = T (Λy) = T (x).

Similarly, since Λ ◦ T = id we infer that Λ is surjective.

Let us take x1, x2 ∈ X such that T (x1) = T (x2). Thus Λ(T (x1)) = Λ(T (x2)). Since
Λ ◦ T = id we infer that x1 = x2 and hence we deduce that T is injective.

Similarly, using T ◦ Λ = id, we deduce that Λ is injective. Therefore, both T and Λ are
bijections and isometries.

Proof of (iv). Let u⃗ = (u1, u2) ∈ X1 = C∞
0 (0,∞;C2). Then both u1 and u2 are smooth

and compactly supported in (0,∞). By the definition of T , the function T u⃗ is smooth on
(−∞, 0) ∪ (0,∞) and has compact support there. Hence T (X1) ⊂ Y1.

Similarly, if u ∈ Y1, then u|(0,∞) and x 7→ u(−x) belong to C∞
0 (0,∞), so Λ(Y1) ⊂ X1.

When we apply the operator T to a function −→u = (u1, u2) ∈ X1, you obtain a function
defined by (7.1.3).

Since u1 and u2 both vanish at infinity, T (u) will also vanish as x → ±∞. Thus, T (u)
has compact support and

T (X1) ⊂ Y1.

Similarly, when we apply Λ to a function u ∈ Y1 by (7.1.4).

Therefore,
Λ(Y1) ⊂ X1.
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Proof of (v). Recall from item (ii) that

T ◦ Λ = idY , Λ ◦ T = idX .

Let T1 := T|X1 and Λ1 := Λ|Y1 . Since T (X1) ⊂ Y1 and Λ(Y1) ⊂ X1, the compositions
T1 ◦ Λ1 and Λ1 ◦ T1 are well defined.

Restricting the identities from item (ii) gives

T1 ◦ Λ1 = idY1 , Λ1 ◦ T1 = idX1 .

Thus we proved the Proposition 7.1.

X1 Y1

X Y

T1

B0 A0

T

Figure 7.2: Commutative-diagram

The main result in this subsection reads as follows.

Proposition 7.2. Let T : X → Y be the map defined by the equations (7.1.3). Let the
maps B0 and A0 be defined by (7.1.1) and (7.1.2) respectively. Then the diagram 7.2 above
is commuting, i.e.

A0 ◦ T1 = T ◦B0. (7.1.5)

Proof of Proposition 7.2. We want to show that equation (7.1.5) holds, that is

A0(T1(−→u )) = T (B0(−→u )) (7.1.6)

for all −→u ∈ X1. Recall that the map T1 is the restriction of T to X1, namely

T1 = T|X1 .

Let −→u = (u1, u2) ∈ X1 = C∞
0 (0,∞;C2). Denote v = T1(−→u ) ∈ Y .

By definition of T ,see (7.1.3), we have

v(x) :=

u1(x) if x ∈ (0,∞),

u2(−x) if x ∈ (−∞, 0).
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Applying the operator A0 to v, we obtain

A0v(x) :=


d2

dx2u1(x) = u′′
1(x) if x ∈ (0,∞),

d2

dx2u2(−x) = u′′
2(−x) if x ∈ (−∞, 0).

(7.1.7)

On the other hand, applying the operator B0 to −→u gives

B0(−→u ) =
(
u′′

1(x), u′′
2(x)

)
.

Now we apply the operator T to B0(−→u ). Using again the definition (7.1.3), we obtain

[T (B0
−→u )](x) :=

u
′′
1(x) if x > 0,

u′′
2(−x) if x < 0.

(7.1.8)

Comparing the two expressions (7.1.7) and (7.1.8), we see that

A0(T1(−→u ))(x) = [T (B0(−→u ))](x)

for all x ∈ (−∞, 0) ∪ (0,∞).

Hence equation (7.1.6) holds. Therefore, the diagram 7.2 is commuting as stated in
Proposition 7.2.

We have already studied the second–order differential operator A1 = A0, acting on the
Hilbert space

Y = L2((−∞, 0) ∪ (0,∞);C)

and defined by (4.2.1) in Section 4.2. In particular, Proposition 4.8 gives a characterization
of the domain of the adjoint A∗

1, namely

A∗
1u = D2u = u′′ for u ∈ D(A∗

1),

while Theorem 4.11 shows that

n+(A1) = 2, n−(A1) = 2.

On the other hand, Proposition 7.1 shows that the map T : X → Y is unitary, with
inverse Λ : Y → X. Moreover, in the Laplacian case the corresponding commutative
relation proved earlier reads A0 ◦ T1 = T ◦B0.
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Therefore the operators A0 and B0 are unitarily equivalent. Consequently, the adjoints,
deficiency subspaces and deficiency indices of these operators correspond under the unitary
map T . This allows us to deduce the properties of B0 from the corresponding properties
of A0.

Corollary 7.3. Let the operators B0 and A0 be defined by the corresponding second–order
formulas in X = L2(0,∞;C2) and Y = L2((−∞, 0) ∪ (0,∞);C). Then the following two
conditions are equivalent.

(i) −→u = (u1, u2) ∈ D(B0
∗).

(ii) −→u ∈ L2((0,∞);C2) and the functions u1, u2 : (0,∞) → C are of class C1, their
derivatives u′

1, u
′
2 are locally absolutely continuous, and∫ ∞

0
|u′′

1(x)|2 dx <∞,
∫ ∞

0
|u′′

2(x)|2 dx <∞.

Moreover,
B0

∗−→u =
(
D2u1, D

2u2
)

=
(
u′′

1, u
′′
2
)

for −→u ∈ D(B0
∗).

Proof. By Proposition 7.1, the map T : X → Y is unitary and its inverse is Λ. Moreover,
by the commutative diagram for the Laplacian case, we have

A0 ◦ T1 = T ◦B0.

Let −→u ∈ X. Then
−→u ∈ D(B0

∗) ⇐⇒ T−→u ∈ D(A0
∗).

By Proposition 4.8, the domain D(A0
∗) consists of functions v ∈ L2((−∞, 0)∪ (0,∞);C)

such that the restrictions of v to (0,∞) and (−∞, 0) are of class C1, their derivatives are
locally absolutely continuous, and

∫ ∞

0
|v′′(x)|2 dx <∞,

∫ 0

−∞
|v′′(x)|2 dx <∞.

Since

(T−→u )(x) =

u1(x), x > 0,

u2(−x), x < 0,

these conditions are equivalent to requiring that u1, u2 are of class C1 on (0,∞), their
derivatives are locally absolutely continuous, and∫ ∞

0
|u′′

1(x)|2 dx <∞,
∫ ∞

0
|u′′

2(x)|2 dx <∞.
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This proves the characterization of D(B0
∗).

Finally, using again the intertwining relation A0T1 = TB0, we obtain

B0
∗−→u = (D2u1, D

2u2).

Theorem 7.4. Let B0 be the operator defined by (7.1.1) in the Hilbert space

X = L2(0,∞;C2).

Then B0 is symmetric and its deficiency indices satisfy

n+(B0) = 2,

n−(B0) = 2.

Proof. By Proposition 7.1, the map T : X → Y is unitary. Furthermore the operators A0

and B0 satisfy the intertwining relation

A0 ◦ T1 = T ◦B0.

Hence the operators A0 and B0 are unitarily equivalent.

Unitary equivalence preserves the adjoint operator and the deficiency subspaces. There-
fore

n+(B0) = n+(A0), n−(B0) = n−(A0).

By Theorem 4.11 we know that

n+(A0) = 2, n−(A0) = 2.

Hence
n+(B0) = 2, n−(B0) = 2.

Since the deficiency indices of B0 are equal, von Neumann’s extension theorem, see The-
orem 2.60, implies that B0 admits at least one self–adjoint extension.
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7.2 Equivalence between two problems related to the first
order differential operators

We consider two Hilbert spaces

X = H2 = L2(0,∞;C2)

and
Y = H1 = L2((−∞, 0) ∪ (0,∞),C)

Let us define two operators: B0 in X and A0 in Y by

D(B0) = C∞
0 (0,∞;C2),

B0
−→u = (iDu1,−iDu2) on (0,∞).

(7.2.1)

where −→u = (u1, u2) : (0,∞)→ C2,

D(A0) = C∞
0 ((−∞, 0) ∪ (0,∞);C),

A0u = iDu if u ∈ D(A0).
(7.2.2)

X1 Y1

X Y

T1

B0 A0

T

Figure 7.3: Commutative-diagram

Proposition 7.5. Let T : X → Y be the map defined by the equations (7.1.3). Let the
maps B0 and A0 be defined by (7.2.1) and (7.2.2) respectively. Then the diagram 7.3 above
is commuting, i.e.

A0 ◦ T1 = T ◦B0. (7.2.3)

Proof of Proposition 7.5. We want to show that equation (7.2.3) holds, that is,

A0(T1(−→u )) = T (B0(−→u )) (7.2.4)

for all −→u ∈ X1.

Let −→u = (u1, u2) ∈ X1 = C∞
0 (0,∞;C2) and define

v := T1(−→u ) ∈ Y1.
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By definition of T ,

v(x) :=

u1(x), x > 0,

u2(−x), x < 0.

Applying the operator A0 to v, we obtain

A0v(x) :=

iv
′(x) = iu′

1(x), x > 0,

iv′(x) = −iu′
2(−x), x < 0.

On the other hand,
B0(−→u ) =

(
iu′

1,−iu′
2
)
.

Applying T to B0(−→u ), we get

[T (B0
−→u )](x) :=

iu
′
1(x), x > 0,

−iu′
2(−x), x < 0.

Comparing the two expressions above, we conclude that

A0(T1(−→u ))(x) = [T (B0
−→u )](x)

for all x ∈ (−∞, 0) ∪ (0,∞).

Therefore, (7.2.4) holds, and hence the diagram 7.3 is commuting.

We have already studied in the previous section the first–order differential operator, see
Section 3.2, and A1 = A0, acting on the Hilbert space

Y = L2((−∞, 0) ∪ (0,∞);C),

with domain
D(A0) = C∞

0 ((−∞, 0) ∪ (0,∞);C), A0u = iDu.

In particular, Proposition 3.20 gives a characterization of the domain of the adjoint A∗
1,

namely
A∗

1u = iDu for u ∈ D(A∗
1),

where u is locally absolutely continuous on both half–lines (−∞, 0) and (0,∞) and satisfies

∫ 0

−∞
|Du(x)|2dx <∞,

∫ ∞

0
|Du(x)|2dx <∞.
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Moreover, Theorem 3.18 determines the deficiency indices of the operator A1 = A0, i.e.

n+(A1) = 1, n−(A1) = 1.

We now show that the operator B0 introduced in (7.2.1) has the same properties. The key
observation is that the operators A0 and B0 are related through the unitary transformation
constructed in Proposition 7.1.

More precisely, Proposition 7.1 shows that the map

T : X → Y

is unitary and has inverse Λ : Y → X. Furthermore, Proposition 7.5 proves that A0 and
B0 satisfy the relation

A0 ◦ T1 = T ◦B0, (7.2.5)

where T1 = T|X1 .

Relation (7.2.5) means that the operators A0 and B0 are unitarily equivalent. Conse-
quently, the adjoints, deficiency subspaces and deficiency indices of these operators cor-
respond under the unitary map T .

Proposition 7.6. Let the operators B0 and A0 be defined by (7.2.1) and (7.2.2). Then
the following two conditions are equivalent.

(i) −→u = (u1, u2) ∈ D(B0
∗).

(ii) −→u ∈ L2((0,∞);C2) and u1, u2 are locally absolutely continuous on (0,∞) and∫ ∞

0
|Du1(x)|2dx <∞,

∫ ∞

0
|Du2(x)|2dx <∞.

Moreover
B0

∗−→u = (iDu1,−iDu2).

Proof of Proposition 7.6. By Proposition 7.1, the map T : X → Y is unitary and Λ =
T−1. Moreover, by Proposition 7.5 we have

A0 ◦ T1 = T ◦B0.

Let −→u ∈ X. Then −→u ∈ D(B0
∗) if and only if

T−→u ∈ D(A0
∗).
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By Proposition 3.20, the domain D(A0
∗) consists of functions v ∈ L2((−∞, 0) ∪ (0,∞))

that are locally absolutely continuous on both half–lines and satisfy

∫ 0

−∞
|Dv(x)|2dx <∞,

∫ ∞

0
|Dv(x)|2dx <∞.

Since

(T−→u )(x) =

u1(x), x > 0,

u2(−x), x < 0,

these conditions are equivalent to∫ ∞

0
|Du1(x)|2dx <∞,

∫ ∞

0
|Du2(x)|2dx <∞,

with u1, u2 locally absolutely continuous on (0,∞). This proves the characterization of
D(B0

∗).

Finally, using again the relation A0T1 = TB0, we obtain

B0
∗−→u = (iDu1,−iDu2).

Corollary 7.7. Assume that the operator B0 defined by (7.2.1). Then the deficiency
indices of the operator B0 satisfy

n+(B0) = 1,

n−(B0) = 1.

In particular, B0 admits at least one self–adjoint extension.

Proof of Corollary 7.7. By Theorem 3.18,

n+(A0) = 1, n−(A0) = 1.

Since T is unitary and A0 ◦T1 = T ◦B0, the operators A0 and B0 are unitarily equivalent.
Therefore their deficiency spaces are isomorphic and

n+(B0) = n+(A0), n−(B0) = n−(A0).

Hence
n+(B0) = 1, n−(B0) = 1.
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Since the deficiency indices are equal, von Neumann’s extension theorem, see Theo-
rem 2.60, implies that B0 admits at least one self–adjoint extension.

7.3 Equivalence between two problems related to third-
order homogeneous differential operators

We consider two Hilbert spaces

X = H2 = L2(0,∞;C2)

and
Y = H1 = L2((−∞, 0) ∪ (0,∞),C)

Let define operator B0 in X and A0 in Y by

D(B0) = C∞
0 (0,∞;C2),

B0
−→u =

(
−iD3u1, iD

3u2
)

on (0,∞),
(7.3.1)

where −→u = (u1, u2) : (0,∞)→ C2,

D(A0) = C∞
0 ((−∞, 0) ∪ (0,∞);C),

A0u = −iD3u if u ∈ D(A0).
(7.3.2)

The following remark explains why the operator A0 is homogeneous of order 3.

Remark 7.8. Let v = Fu denote the Fourier transform of u. Using the property of the
Fourier transform of derivatives we infer that

F (−iD3u)(ξ) = −iξ3v(ξ).

Thus the symbol of the operator A0 = −iD3 is

σ(ξ) = −iξ3.

Since
σ(λξ) = λ3σ(ξ) ∀λ ∈ R,

the operator A0 is homogeneous of order 3.
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Similarly, for the first–order operator iD we have

F (iDu)(ξ) = iξv(ξ),

hence this operator is homogeneous of order 1.

More generally, if
A = −iD3 + iD,

then its symbol is
σ(ξ) = −iξ3 + iξ,

which is not homogeneous since
σ(λξ) ̸= λmσ(ξ)

for any fixed m.

Finally, the Laplacian
A = ∆

has symbol |ξ|2 and therefore is homogeneous of order 2.

X1 Y1

X Y

T1

B0 A0

T

Figure 7.4: Commutative diagram

Proposition 7.9. Let T : X → Y be the map defined by the equations (7.1.3). Let the
maps B0 and A0 be defined by (7.3.1) and (7.3.2) respectively. Then the diagram 7.4 above
is commuting, i.e.

A0 ◦ T1 = T ◦B0. (7.3.3)

Proof of Proposition 7.9. We want to prove that equation (7.3.3) holds, i.e.

A0(T1(−→u )) = T (B0(−→u )) (7.3.4)

for every −→u ∈ X1.

Let −→u = (u1, u2) ∈ X1 = C∞
0 (0,∞;C2). Denote v = T1

−→u . By definition of the map T

we have

v(x) =

u1(x) if x > 0,

u2(−x) if x < 0.
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Applying the operator A0 = −iD3, we have

A0v(x) =

−iD
3u1(x) if x > 0,

−iD3(u2(−x)) if x < 0.

Using the chain rule we obtain

D3(u2(−x)) = −u′′′
2 (−x),

hence

A0v(x) =

−i u
′′′
1 (x) if x > 0,

i u′′′
2 (−x) if x < 0.

Now compute the right-hand side of (7.3.4). First we apply B0 to −→u :

B0(−→u ) = (−iu′′′
1 , iu

′′′
2 ).

Applying T we obtain

[T (B0
−→u )](x) =

−iu
′′′
1 (x) if x > 0,

iu′′′
2 (−x) if x < 0.

(7.3.5)

Comparing the expressions for A0v and T (B0
−→u ) we obtain

A0(T1
−→u )(x) = [T (B0

−→u )](x) for all x ∈ (−∞, 0) ∪ (0,∞).

Therefore
A0 ◦ T1 = T ◦B0,

which proves that the diagram 7.4 is commuting.

We have already studied the third–order differential operator A1 = A0, acting on the
Hilbert space

Y = L2((−∞, 0) ∪ (0,∞);C)

and defined by (5.4.1) in Section 5.4. In particular, Proposition 5.25 gives a characteri-
zation of the domain of the adjoint A∗

1, i.e.

A∗
1v = (iD)3v = −iv′′′ for v ∈ D(A∗

1),
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while Theorem 5.23 shows that

n+(A1) = 3, n−(A1) = 3.

On the other hand, Proposition 7.1 shows that the map T : X → Y is unitary, with
inverse Λ : Y → X. Moreover, in the third–order case the corresponding commutative
relation proved earlier reads A0 ◦ T1 = T ◦B0.

Therefore the operators A0 and B0 correspond under the unitary map T . Consequently,
their adjoints, deficiency subspaces and deficiency indices correspond as well.

Corollary 7.10. Let the operators B0 and A0 be defined by the corresponding third–order
formulas in X = L2(0,∞;C2) and Y = L2((−∞, 0) ∪ (0,∞);C). Then the following two
conditions are equivalent.

(i) −→u = (u1, u2) ∈ D(B0
∗).

(ii) −→u ∈ L2((0,∞);C2) and the functions u1, u2 : (0,∞)→ C are of class C2, their second
derivatives u′′

1, u
′′
2 are locally absolutely continuous, and∫ ∞

0
|u′′′

1 (x)|2 dx <∞,
∫ ∞

0
|u′′′

2 (x)|2 dx <∞.

Moreover,

B0
∗−→u =

(
(iD)3u1, (iD)3u2

)
=
(
− iu′′′

1 , iu
′′′
2
)

for −→u ∈ D(B0
∗).

Proof. By Proposition 7.1, the map T : X → Y is unitary and its inverse is Λ. Moreover,
by the commutative diagram for the third–order case, we have

A0 ◦ T1 = T ◦B0.

Let −→u ∈ X. Then −→u ∈ D(B0
∗) if and only if

T−→u ∈ D(A0
∗).

By Proposition 5.25, the domain D(A0
∗) consists of functions v ∈ L2((−∞, 0)∪(0,∞);C)

such that the restrictions of v to (0,∞) and (−∞, 0) are of class C2, their second deriva-
tives are locally absolutely continuous, and

∫ ∞

0
|v′′′(x)|2 dx <∞,

∫ 0

−∞
|v′′′(x)|2 dx <∞.
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Since

(T−→u )(x) =

u1(x), x > 0,

u2(−x), x < 0,

these conditions are equivalent to requiring that u1, u2 are of class C2 on (0,∞), their
second derivatives are locally absolutely continuous, and∫ ∞

0
|u′′′

1 (x)|2 dx <∞,
∫ ∞

0
|u′′′

2 (x)|2 dx <∞.

This proves the characterization of D(B0
∗).

Finally, using again the relation A0T1 = TB0, we obtain

B0
∗−→u =

(
(iD)3u1, (iD)3u2

)
=
(
− iu′′′

1 , iu
′′′
2
)
.

Theorem 7.11. Let B0 be the operator defined by (7.3.1) in the Hilbert space

X = L2(0,∞;C2).

Then B0 is symmetric and its deficiency indices satisfy

n+(B0) = 3,

n−(B0) = 3.

Proof of Theorem 7.11. By Proposition 7.1, the map T : X → Y is unitary. Furthermore
the operators A0 and B0 satisfy the intertwining relation

A0 ◦ T1 = T ◦B0.

Hence the operators A0 and B0 are unitarily equivalent.

Unitary equivalence preserves the adjoint operator and the deficiency subspaces. There-
fore

n+(B0) = n+(A0), n−(B0) = n−(A0).

By Theorem 5.23 we know that

n+(A0) = 3, n−(A0) = 3.

Hence
n+(B0) = 3, n−(B0) = 3.
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Since the deficiency indices of B0 are equal, von Neumann’s extension theorem, see The-
orem 2.60, implies that B0 admits at least one self–adjoint extension.

7.4 Equivalence between two problems related to the third-
order linear in-homogeneous differential operators

We consider two Hilbert spaces

X = H2 = L2(0,∞;C2)

and
Y = H1 = L2((−∞, 0) ∪ (0,∞),C)

Let define operator B0 in X and A0 in Y by respectively

D(B0) = C∞
0 (0,∞;C2),

B0
−→u =

(
a1iDu1 + a3(−i)D3u1,−a1iDu2 + a3iD

3u2
)

on (0,∞).
(7.4.1)

when −→u = (u1, u2) : (0,∞)→ C2,

D(A0) = C∞
0 ((−∞, 0) ∪ (0,∞);C),

A0u = a1iDu+ a3(−i)D3u if u ∈ D(A0).
(7.4.2)

Let us define auxiliary operators

D(B01) = C∞
0 (0,∞;C2),

B01
−→u = (iDu1,−iDu2) on (0,∞).

and
D(B02) = C∞

0 (0,∞;C2),

B02
−→u =

(
−iD3u1, iD

3u2
)

on (0,∞).

Similarly, define the operators A01 and A02 in Y by

D(A01) = C∞
0 ((−∞, 0) ∪ (0,∞);C),

A01u = iDu.
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and
D(A02) = C∞

0 ((−∞, 0) ∪ (0,∞);C),

A02u = −iD3u.

Lemma 7.12. The operators B0 and A0 admit the decompositions

B0 = a1B01 + a3B02,

and
A0 = a1A01 + a3A02.

The operators A01 and B01 are those considered in Subsection 3.1. Hence, by Proposition
7.5 we have

A01 ◦ T1 = T ◦B01. (7.4.3)

Similarly, from the third–order homogeneous case, see Proposition 7.9, we obtain

A02 ◦ T1 = T ◦B02. (7.4.4)

X1 Y1

X Y

T1

B0 A0

T

Figure 7.5: Commutative diagram

Proposition 7.13. Let T : X → Y be the map defined by the equations (7.1.3). Let the
maps B0 and A0 be defined by (7.4.1) and (7.4.2) respectively. Then the diagram 7.5 above
is commuting, i.e.

A0 ◦ T1 = T ◦B0. (7.4.5)

Proof of Proposition 7.13. By Lemma 7.12, we have

B0 = a1B01 + a3B02, A0 = a1A01 + a3A02.
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Using the commuting relations (7.4.3) and (7.4.4), we obtain

A0 ◦ T1 = (a1A01 + a3A02) ◦ T1

= a1A01 ◦ T1 + a3A02 ◦ T1

= a1T ◦B01 + a3T ◦B02

= T ◦ (a1B01 + a3B02)

= T ◦B0.

Hence A0 ◦ T1 = T ◦B0, which proves (7.4.5).

We have already studied the third–order linear inhomogeneous differential operator A1 =
A0, acting on the Hilbert space

Y = L2((−∞, 0) ∪ (0,∞);C)

and defined by (6.4.1) in Section 6.4. In particular, Lemma 6.47 gives a characterization
of the domain of the adjoint A∗

1, i.e.

A∗
1v = a1iv

′ + a3(−i)v′′′ = −i(a3D
3v − a1Dv), for v ∈ D(A∗

1),

while Theorem 6.56 shows that

n+(A1) = 3, n−(A1) = 3.

On the other hand, Proposition 7.1 shows that the map T : X → Y is unitary, with inverse
Λ : Y → X. Moreover, in the present case the corresponding commutative relation proved
earlier reads

A0 ◦ T1 = T ◦B0.

Therefore the operators A0 and B0 correspond under the unitary map T . Consequently,
their adjoints, deficiency subspaces and deficiency indices correspond as well.

Corollary 7.14. Let the operators B0 and A0 be defined by the corresponding third–order
inhomogeneous formulas in X = L2(0,∞;C2) and Y = L2((−∞, 0) ∪ (0,∞);C). Then
the following two conditions are equivalent.

(i) −→u = (u1, u2) ∈ D(B0
∗).
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(ii) −→u ∈ L2((0,∞);C2) and the functions u1, u2 : (0,∞)→ C are of class C2, their second
derivatives u′′

1, u
′′
2 are locally absolutely continuous, and

a3D
3u1 − a1Du1 ∈ L2(0,∞;C), a3D

3u2 − a1Du2 ∈ L2(0,∞;C).

Moreover,
B0

∗−→u =
(
a1iDu1 + a3(−i)D3u1, −a1iDu2 + a3iD

3u2
)

for all −→u ∈ D(B0
∗).

Proof. By Proposition 7.1, the map T : X → Y is unitary and its inverse is Λ. Moreover,
by Proposition 7.13, we have A0 ◦ T1 = T ◦B0.

Let −→u ∈ X. Then −→u ∈ D(B0
∗) if and only if

T−→u ∈ D(A0
∗).

By Lemma 6.47, the domain D(A0
∗) consists of functions v ∈ L2((−∞, 0) ∪ (0,∞);C)

such that:

• v is of class C2 on each half-line,

• v′′ is locally absolutely continuous on each half-line,

•
a3D

3v − a1Dv ∈ L2((−∞, 0) ∪ (0,∞);C).

Since

(T−→u )(x) =

u1(x), x > 0,

u2(−x), x < 0,

these conditions are equivalent to requiring that u1, u2 are of class C2 on (0,∞), their
second derivatives are locally absolutely continuous, and

a3D
3u1 − a1Du1 ∈ L2(0,∞;C), a3D

3u2 − a1Du2 ∈ L2(0,∞;C).

This proves the characterization of D(B0
∗).

Finally, using again the relation A0T1 = TB0, we obtain

B0
∗−→u =

(
a1iDu1 + a3(−i)D3u1, −a1iDu2 + a3iD

3u2
)
.
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Theorem 7.15. Let B0 be the operator defined by (7.4.1) in the Hilbert space

X = L2(0,∞;C2).

Then B0 is symmetric and its deficiency indices satisfy

n+(B0) = 3,

n−(B0) = 3.

Proof of Theorem 7.15. By Proposition 7.1, the map T : X → Y is unitary. Moreover,
by Proposition 7.13, the operators A0 and B0 correspond under T . Hence their deficiency
subspaces correspond, and therefore

n+(B0) = n+(A0), n−(B0) = n−(A0).

By Theorem 6.56,
n+(A0) = 3, n−(A0) = 3.

Consequently,
n+(B0) = 3, n−(B0) = 3.

Since the deficiency indices of B0 are equal, von Neumann’s extension theorem implies
that B0 admits at least tow self–adjoint extension.

We now summarize the above results and their consequences.

We have already studied the third-order linear inhomogeneous differential operator A1 =
A0 acting on the Hilbert space

Y = L2((−∞, 0) ∪ (0,∞);C)

and defined by (6.4.1) in Section 6.4. In particular, Lemma 6.47 characterizes the domain
of the adjoint A∗

1 = A0
∗, namely

A∗
1v = a1iv

′ + a3(−i)v′′′ = −i(a3D
3v − a1Dv), v ∈ D(A∗

1),

while Theorem 6.56 shows that

n+(A1) = 3, n−(A1) = 3.
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On the other hand, Proposition 7.1 shows that the map T : X → Y is unitary, with
inverse Λ : Y → X. Moreover, by Proposition 7.13, we have

A0 ◦ T1 = T ◦B0.

Therefore the operators A0 and B0 correspond under the unitary map T . Consequently,
their adjoints, deficiency subspaces and deficiency indices correspond as well.

In what follows, we extend the equivalence framework developed above to sys-
tems of differential operators. This allows us to treat vector-valued functions
and to obtain analogous results for first- and third-order operators, both in
the homogeneous and in-homogeneous settings.

7.5 Systems of first-order differential operators

This section can also be interpreted as a study of first order differential operators on certain
graphs. This section studies a generalization of the operator B0 studied in subsection 7.2.

We assume that n ∈ N such that n ≥ 2. We consider the following Hilbert space

X = L2(0,∞;Cn)

Let
a1, · · · , an ∈ R,

when −→u = (u1, u2, · · · , un) : (0,∞)→ Cn. Let us define the operator B0 in X by

D(B0) = C∞
0 (0,∞;Cn),

B0
−→u = (a1iDu1, a2iDu2, · · · , aniDun) on (0,∞).

(7.5.1)

The first property is now trivial, as it generalizes immediately from the scalar case n = 1,
which was treated in Subsection 3.2.1.

Proposition 7.16. Let B0 be the operator defined by (7.5.1). Then B0 is a linear sym-
metric operator in the Hilbert space X.

Proof of Proposition 7.16. We must show that the operator B0 is symmetric in X, that
is,

⟨B0
−→u ,−→v ⟩X = ⟨−→u ,B0

−→v ⟩X for all −→u ,−→v ∈ D(B0). (7.5.2)
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Let us choose arbitrary −→u ,−→v ∈ D(B0) = C∞
0 (0,∞;Cn). Then

⟨B0
−→u ,−→v ⟩X =

n∑
j=1

∫ ∞

0
(ajiu

′
j(x))vj(x) dx

= i
n∑

j=1
aj

∫ ∞

0
u′

j(x)vj(x) dx. (7.5.3)

Using integration by parts we obtain∫ ∞

0
u′

j(x)vj(x) dx =
[
uj(x)vj(x)

]∞
0
−
∫ ∞

0
uj(x)v′

j(x) dx.

Since uj , vj ∈ C∞
0 (0,∞), the boundary terms vanish, and therefore∫ ∞

0
u′

j(x)vj(x) dx = −
∫ ∞

0
uj(x)v′

j(x) dx. (7.5.4)

Substituting (7.5.4) into (7.5.3) gives

⟨B0
−→u ,−→v ⟩X = −i

n∑
j=1

aj

∫ ∞

0
uj(x)v′

j(x) dx.

Observing that
ajiv′

j(x) = −iajv′
j(x),

we obtain
⟨B0
−→u ,−→v ⟩X =

n∑
j=1

∫ ∞

0
uj(x)ajiv′

j(x) dx = ⟨−→u ,B0
−→v ⟩X .

Thus (7.5.2) holds, and therefore the operator B0 is symmetric.

The following result generalizes Propositions 3.29 and 3.34.

Proposition 7.17. Assume that B0 is the operator defined by formula (7.5.1). Then B0

is not closed.

Moreover, a function −→u ∈ D(B0) if and only if the following conditions are satisfied

(i) −→u ∈ L2(0,∞;Cn),

(ii) −→u is locally absolutely continuous on (0,∞), and∫ ∞

0
|D−→u (t)|2Cn dt <∞,

(iii) −→u (0) = 0 ∈ Cn.
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Moreover, for any −→u ∈ D(B0), we have:

B0
−→u = (a1iDu1, . . . , aniDun).

Proof of Proposition 7.17. We show that B0 is not closed. The proof follows the same
method as in Proposition 3.29. To do that with more details, it suffices to find a pair
(−→u ,−→z ) ∈ L2 × L2 and sequence (−→uk) ⊂ D(B0) such that

−→uk → −→u , B0
−→uk → −→z ,

but −→u /∈ D(B0).

Let us choose a function

φ(x) =

e
−x−2

, x > 0,

0, x ≤ 0.

It is well known, see [37, Chapter 6], that

• φ ∈ C∞(0,∞) ∩H1(0,∞),

• φ(0) = 0 and φ(k)(0) = 0 for all k ≥ 1,

• but φ /∈ C∞
0 (0,∞) (i.e., not compactly supported).

Define
−→u (x) := (φ(x), 0, . . . , 0).

Clearly, −→u ∈ L2(0,∞;Cn) and D−→u exists and is equal to (Dφ, 0, . . . , 0). Therefore,
D−→u ∈ L2(0,∞;Cn).

Since C∞
0 (0,∞) is dense in H1

0 (0,∞), see [1, Section 3.2], there exists φk ∈ C∞
0 (0,∞)

such that

φk → φ in H1(0,∞). (7.5.5)

Define
−→uk := (φk, 0, . . . , 0) ∈ D(B0).

Then by (7.5.5)
−→uk → −→u in L2

and
B0
−→uk = (a1iDφk, 0, . . . , 0)→ (a1iDφ, 0, . . . , 0) =: −→z .
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However −→u /∈ D(B0) because φ is not compactly supported.

Hence the graph Γ(B0) is not closed and therefore B0 is not closed.

Part II: the case n = 2. Recall that in Subsection 7.2, we introduced the operator A0

acting on
Y = L2((−∞, 0) ∪ (0,∞);C),

and we proved in Proposition 7.5 that the mapping

T : X → Y, X = L2(0,∞;C2),

defined in (7.1.3), is an isometric isomorphism satisfying

A0 ◦ T = T ◦B0.

By Proposition 3.34, applied to the operator A0, the domain of A0 is characterized by:

(i) u ∈ L2((−∞, 0) ∪ (0,∞)),

(ii) u is absolutely continuous on each half-line and Du ∈ L2,

(iii) u(0) = 0.

Since T is an isomorphism and intertwines the operators, we have

−→u ∈ D(B0) ⇐⇒ T (−→u ) ∈ D(A0).

Therefore, −→u = (u1, u2) belongs to D(B0) if and only if:

(i) −→u ∈ L2(0,∞;C2),

(ii) each uj is absolutely continuous on (0,∞) and Duj ∈ L2(0,∞),

(iii) −→u (0) = 0 ∈ C2.

Moreover, using the commutation relation (7.2.3), we obtain

B0
−→u = T−1(A0 T (−→u )) =

(
a1iDu1, a2iDu2

)
.

Conversely, if −→u satisfies conditions (i)–(iii), then u = T (−→u ) belongs to D(A0), and
therefore −→u ∈ D(B0).

This completes Part II for n = 2.
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Part III: the case n ≥ 3. We prove the result directly for general n ≥ 3, following the
same method as in the proof of Proposition 3.34, applied componentwise.

Assume that −→u = (u1, . . . , un) ∈ D(B0). By Definition 2.85, there exists a sequence
(−→uk) ⊂ D(B0) = C∞

0 (0,∞;Cn) such that

−→uk → −→u in L2(0,∞;Cn),

and
B0
−→uk =

(
a1iDu

(k)
1 , . . . , aniDu

(k)
n

)
→ −→z in L2(0,∞;Cn).

For each j = 1, . . . , n, we have

u
(k)
j → uj in L2(0,∞), ajiDu

(k)
j → zj in L2(0,∞).

Hence,
Du

(k)
j → − i

aj
zj in L2(0,∞).

Since u(k)
j ∈ C∞

0 (0,∞), we may write

u
(k)
j (t) =

∫ t

0
Du

(k)
j (s) ds.

Thus, for k,m ∈ N,

u
(k)
j (t)− u(m)

j (t) =
∫ t

0

(
Du

(k)
j (s)−Du(m)

j (s)
)
ds.

By the Cauchy–Schwarz inequality [38, Theorem 3.5, p. 63],

|u(k)
j (t)− u(m)

j (t)| ≤
√
t ∥Du(k)

j −Du
(m)
j ∥L2(0,t).

Taking the supremum over t ∈ [0, T ], we obtain

∥u(k)
j − u

(m)
j ∥C([0,T ]) ≤

√
T ∥Du(k)

j −Du
(m)
j ∥L2(0,T ).

Since (Du(k)
j ) is Cauchy in L2(0,∞), it follows that (u(k)

j ) is Cauchy in C([0, T ]) for every
T > 0. Hence,

u
(k)
j → uj uniformly on compact intervals.

Moreover,
Du

(k)
j → Duj in L2(0,∞),
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which implies that uj is locally absolutely continuous and

Duj = − i

aj
zj ∈ L2(0,∞).

Since each u
(k)
j ∈ C∞

0 (0,∞), we have

u
(k)
j (0) = 0.

Passing to the limit using uniform convergence on [0, T ], we obtain

uj(0) = 0.

Combining the above results, we conclude that

(i) −→u ∈ L2(0,∞;Cn),

(ii) each uj is locally absolutely continuous on (0,∞) and Duj ∈ L2(0,∞),

(iii) −→u (0) = 0 ∈ Cn.

Finally, passing to the limit in B0
−→uk, we obtain

B0
−→u =

(
a1iDu1, . . . , aniDun

)
.

This concludes the proof of part III.

Hence the proof of Proposition 7.17 is complete.

The following result characterizes the domain of the adjoint operator.

Proposition 7.18. Assume that −→u = (u1, u2, · · · , un) : (0,∞)→ Cn belongs to the space
X. Then −→u belongs to the domain D(B0

∗) if and only if for every k = 1, · · · , n, the
component uk is locally absolutely continuous and∫ ∞

0
|Duk(t)|2 dt <∞.

Proof of Proposition 7.18. Let X := L2(0,∞;Cn) and recall that B0 is defined by (7.5.1).

We characterize the domain of the adjoint operator B0
∗. By the Riesz Representation

Theorem, see Proposition 2.54, a function −→v ∈ X belongs to D(B0
∗) if and only if there
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exists a constant C > 0 such that

|⟨B0
−→u ,−→v ⟩X | ≤ C∥−→u ∥X , ∀−→u ∈ D(B0).

Let −→v = (v1, . . . , vn) ∈ X and take −→u ∈ D(B0) = C∞
0 (0,∞;Cn). Then

⟨B0
−→u ,−→v ⟩X =

n∑
j=1

∫ ∞

0
ajiDuj(t) vj(t) dt.

Since each uj ∈ C∞
0 (0,∞), integration by parts yields∫ ∞

0
Duj(t) vj(t) dt = −

∫ ∞

0
uj(t)Dvj(t) dt,

with no boundary terms.

Thus,

⟨B0
−→u ,−→v ⟩X = −

n∑
j=1

aji

∫ ∞

0
uj(t)Dvj(t) dt = ⟨−→u , (−a1iDv1, . . . ,−aniDvn)⟩X .

Therefore, the mapping −→u 7→ ⟨B0
−→u ,−→v ⟩X extends to a bounded linear functional on X

if and only if each Dvj ∈ L2(0,∞).

Moreover, the above integration by parts is valid if and only if each vj is locally absolutely
continuous on (0,∞).

Hence,

−→v ∈ D(B0
∗) ⇐⇒


vj ∈ ACloc(0,∞),

Dvj ∈ L2(0,∞),

for all j = 1, . . . , n.

This completes the proof.

Remark 7.19. The condition that each component uk is locally absolutely continuous
is not accidental. It is required in order to justify the use of integration by parts in the
characterization of the adjoint operator.

Indeed, for functions u ∈ C∞
0 (0,∞) and v ∈ L2(0,∞), the identity∫ ∞

0
Du(t) v(t) dt = −

∫ ∞

0
u(t)Dv(t) dt
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holds if and only if v admits a weak derivative Dv which belongs to L2(0,∞). This is
equivalent to v being locally absolutely continuous.

Therefore, the requirement

vk ∈ ACloc(0,∞), Dvk ∈ L2(0,∞),

ensures that the formal integration by parts used in the computation of the adjoint is
mathematically justified.

In other words, the domain of the adjoint operator consists precisely of those functions
for which the differential expression defining B0 can be transferred to the other side of
the inner product.

7.5.1 Deficiency indices of first-order differential systems on the half-
line

In this subsection, we compute the deficiency indices of the operator B0 defined in (7.5.1).
The computation is based on solving the deficiency equations

(iI ∓B0
∗)−→u = 0

Let us introduce two subsets of {1, . . . , n} according to the sign of the coefficients ak:

K+ := {k ∈ {1, . . . , n} : ak < 0}, (7.5.6)

K− := {k ∈ {1, . . . , n} : ak > 0}. (7.5.7)

These sets are disjoint and satisfy

K+ ∪K− = {1, . . . , n}, #(K+) + #(K−) = n.

Note that this convention differs from the third-order case, since the L2-integrability of
the exponential solutions depends on the sign of 1

ak
.

The following result provides an explicit formula for the deficiency indices of B0.

Proposition 7.20. The deficiency indices of the operator B0 are given by

n−(B0) = #K−, (7.5.8)

n+(B0) = #K+, (7.5.9)
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where the sets K+ and K− are defined in (7.5.6) and (7.5.7), respectively.

The special case of this result when n = 2 is given (to be done) in subsection 7.2.

Corollary 7.21. The operator B0 on L2(0,∞;Cn) defined by (7.5.1) has at least one
self-adjoint operator if an only if

#K− = #K+ (7.5.10)

In particular, if n is an odd number, the operator B0 on L2(0,∞;Cn) has no self-adjoint
extensions.

If n is an even number, i.e. n = 2p and #K− = #K+ = p, then B0 on L2(0,∞;Cn) has
self-adjoint extensions. But, if n is an even number and #K− ̸= #K+ = p, then B0 on
L2(0,∞;Cn) has no self-adjoint extensions.

Proof of Corollary 7.21. From Proposition 7.20, If n is odd, then

#K+ + #K− = n

is odd, hence
#K+ ̸= #K−.

Therefore, B0 has no self-adjoint extensions.

If n is even, say n = 2p, then
#K+ = #K− = p.

Then B0 has self-adjoint extensions exist.

If the condition (7.5.10) is satisfied then every self-adjoint operator of B0 is of the following
form.

Proof of Proposition 7.20. To find n+(B0) = dim (iI − B∗
0), let us assume that that −→u

belongs to the domain D(B∗
0) and

−→u ∈ ker(iI −B∗
0). (7.5.11)

Note that
−→u ∈ ker(iI −B∗

0) ⇐⇒ −→u ∈ D(B0
∗) and (iI −B0

∗)−→u = 0

⇐⇒ −→u ∈ D(B0
∗) and akiDuk = iuk ∀k = 1, 2, . . . , n
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Thus, by Proposition 7.18, for every k = 1, · · · , n the component uk is locally absolutely
continuous and ∫ ∞

0
[|uk(x)|2 + |Duk(x)|2] dt <∞. (7.5.12)

and
⇐⇒ −→u ∈ D(B0

∗) and Duk = 1
ak
uk ∀k

Each equation
Dvk(x) = 1

ak
vk(x), x > 0.

implies that the general solution for each component vk is of the form:

vk(x) = cke
x

ak , x > 0.

where ck is a constant.

Hence we proved that if −→u satisfies (7.5.11) then there exists a vector −→c = (c1, · · · , cn) ∈
Cn such that

−→u (x) = (c1e
x

a1 , · · · , cne
x

an ), x > 0

We need to check when function −→u satisfies condition (7.5.12). We need to examine the
integrability of each component uk(x) = cke

x
ak . Let us choose and fix k. We calculate the

L2-norm of uk:

∫ ∞

0
|uk(x)|2 dx =

∫ ∞

0
|cke

x
ak |2 dx =

∫ ∞

0
|ck|2e

2x
ak dx = |ck|2

∫ ∞

0
e

2x
ak dx.

The integral is finite if and only if 2
ak
< 0, i.e., ak < 0.

In other words, we proved

• If ak < 0, then uk ∈ L2(0,∞).

• If ak > 0, uk /∈ L2(0,∞).

This allows us to find the basis of ker(iI − B∗
0). Namely, let us define, for k ∈ K+, a

function
ek(x) := e

x
ak , x ∈ (0,∞).

We proved above that every ek ∈ ker(iI−B∗
0) and moreover, every function −→u ∈ ker(iI−

B∗
0) is a linear combination of these functions ek, k ∈ K+. Moreover, these functions are
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linearly independent. This all implies that

dim ker(iI −B∗
0) = #K+.

This proves the first part of Proposition, i.e. equality (7.5.9).

To find n−(B0) = dim(iI + B0
∗), we assume −→u ∈ ker(iI + B0

∗) and follow a similar
argument.

Thus, we have
−→u ∈ D(B0

∗) and (iI +B0
∗)−→u = 0.

This leads to
akiDuk = −iuk ∀k.

Thus, we find
Duk = − 1

ak
uk ∀k.

The general solution is given by

vk(x) = cke
− x

ak , x > 0.

To check integrability, let us choose and fix k. We calculate the L2-norm of uk:∫ ∞

0
|uk(x)|2 dx = |ck|2

∫ ∞

0
e

− 2x
ak dx.

The integral is finite if and only if − 2
ak
> 0, i.e., ak > 0.

In the other words, we proved

• If ak > 0, then uk ∈ L2(0,∞).

• If ak < 0, then uk /∈ L2(0,∞).

This allows us to find the basis of ker(iI +B∗
0). Let us define, for k ∈ K−, a function:

ek(x) := e
− x

ak , x ∈ (0,∞).

Hence, every ek ∈ ker(iI + B0
∗) for k ∈ K− and every function −→u ∈ ker(iI + B0

∗) is
a linear combination of these functions. These functions are also linearly independent,
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which implies:
dim ker(iI +B0

∗) = #K−.

Thus, we conclude:
n−(B0) = #K−,

which proves the second part of Proposition 7.20, i.e., equality (7.5.8).

Hence the prove of Proposition 7.20 is complete.

Conclusion

B0 defined by (7.5.1) on L2(0,∞;Cn) has self-adjoint extensions

if and only if #(K+) = #(K−).

We now apply Theorem 2.60 to characterize all self-adjoint extensions of the operator B0.

Corollary 7.22. Assume that condition (7.5.10) is satisfied, i.e.

#K− = #K+.

Let
H+ := ker(B0

∗ − iI), H− := ker(B0
∗ + iI)

be the deficiency subspaces of B0.

Then
dimH+ = dimH− = #K+ = #K−.

Moreover, by Theorem 2.60, the self-adjoint extensions of B0 are in one-to-one correspon-
dence with the unitary operators

Γ : H+ → H−.

More precisely, for each unitary operator Γ : H+ → H−, the corresponding self-adjoint
extension B0

Γ is defined by

D(B0
Γ) :=

{−→u 0 +−→u + + Γ−→u + : −→u 0 ∈ D(B0), −→u + ∈ H+
}
,

B0
Γ(−→u 0 +−→u + + Γ−→u +

)
:= B0

−→u 0 + i−→u + − iΓ−→u +.

Conversely, every self-adjoint extension of B0 is of this form.
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Proof of Corollary 7.22. By Proposition 7.20, we have

n+(B0) = #K+, n−(B0) = #K−.

Hence condition (7.5.10) implies

n+(B0) = n−(B0).

Since
n+(B0) = dimH+, n−(B0) = dimH−,

we obtain
dimH+ = dimH− = #K+ = #K−.

Therefore, Theorem 2.60 applies and yields the claimed classification of all self-adjoint
extensions of B0.

7.5.2 Deficiency indices of the closure of a system of first-order differ-
ential operators

We already know that the closure B0 of the operator defined by (7.5.1) exists and that
its adjoint coincides with the adjoint of B0, i.e.

(B0)∗ = B0
∗.

By Corollary 2.92, this equality implies that the deficiency subspaces of B0 and B0 coin-
cide:

ker(i−B0
∗) = ker(i−B0

∗), ker(i+B0
∗) = ker(i+B0

∗).

Consequently, the deficiency indices of B0 and B0 are the same:

n+(B0) = n+(B0), n−(B0) = n−(B0).

Corollary 7.23. Let B0 be the operator defined by formula (7.5.1), and let B0 denote its
closure in L2(0,∞;Cn).

Then B0 is densely defined and symmetric, its closure B0 is again symmetric, and their
deficiency indices coincide.
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In particular, by Corollary 2.92 and Proposition 7.20, we have

n−(B0) = n−(B0) = #K−,

n+(B0) = n+(B0) = #K+.

Corollary 7.24. Let B0 be the closure of the operator B0.

Then the following statements hold:

(i) If
n+(B0) ̸= n−(B0),

then B0 has no self-adjoint extensions.

(ii) If
n+(B0) = n−(B0),

then B0 admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

Corollary 7.25. The operator B0 admits self-adjoint extensions if and only if

#K+ = #K−.

Proof. This follows from Corollary 7.24 and Proposition 7.20.

7.6 Systems of third-order homogeneous differential oper-
ators

Assume that
n ∈ N \ {0, 1}.

and
a1, · · · , an ∈ R \ {0}. (7.6.1)

We consider a Hilbert space
X = L2(0,∞;Cn)

with inner product

⟨−→u ,−→v ⟩X =
n∑

k=1

∫ ∞

0
ukvk dx
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when −→v ∈ X and

−→u = {(0,∞) ∋ x 7→ (u1, u2, · · · , un) ∈ Cn} ∈ X.

Let define an operator B0 in X by respectively

D(B0) = C∞
0 (0,∞;Cn),

B0
−→u =

(
a1iD

3u1, a2iD
3u2, · · · , aniD

3un

)
on (0,∞).

(7.6.2)

Proposition 7.26. Operator B0 is a linear symmetric operator in the Hilbert space X.

Proof. To show that B0 is symmetric, we need to verify that

⟨B0
−→u ,−→v ⟩X = ⟨−→u ,B0

−→v ⟩X , for all −→u ,−→v ∈ D(B0).

Let us choose and fix −→u ,−→v ∈ D(B0). Using the assumption (7.6.1) and calculating both
sides, we find:

⟨B0
−→u ,−→v ⟩X =

n∑
k=1

∫ ∞

0
(akiD

3uk)vk dx = i
n∑

k=1
ak

∫ ∞

0
D3uk(x)vk(x) dx

and
⟨−→u ,B0

−→v ⟩X =
n∑

k=1

∫ ∞

0
uk(akiD3vk) dx = −i

n∑
k=1

ak

∫ ∞

0
ukD3vk(x) dx.

Using the assumption that functions −→u and −→v have compact supports, by applying inte-
gration by parts, see [37, Theorem 6.22], we can show that these two integrals are equal.
Thus, B0 is symmetric.

The following result is a generalization of Proposition 5.33.

Proposition 7.27. Assume that B0 is the operator defined by formula (7.6.2).

Then B0 is not closed.

Moreover, a function −→u ∈ D(B0) if and only if the following conditions are satisfied:

(i) −→u ∈ L2(0,∞;Cn),

(ii) each component uj is locally absolutely continuous on (0,∞) up to order 2, that is, uj,
Duj, and D2uj are locally absolutely continuous, and∫ ∞

0
|D3−→u (t)|2Cn dt <∞,
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(iii) uj(0) = Duj(0) = D2uj(0) = 0 for all j = 1, . . . , n.

Moreover, for any −→u ∈ D(B0), we have:

B0
−→u = (a1iD

3u1, . . . , aniD
3un).

Proof of Proposition 7.27. The proof follows the same method as in Proposition 5.32.
Hence we omit the proof that the graph Γ(B0) is not closed in X ×X = L2(0,∞;Cn)×
L2(0,∞;Cn).

Proof of Part II: the case n = 2.

We follow the method used in Proposition 7.17.

Let X = L2(0,∞;C2) and Y = L2((−∞, 0) ∪ (0,∞);C), and let

T : X → Y

be the isometric isomorphism defined in (7.3.5). By construction, the operators B0 and
A0 satisfy

T ◦B0 = A0 ◦ T. (7.6.3)

Since T is an isometric isomorphism, identity (7.6.3) extends to closures, and therefore

T
(
D(B0)

)
= D(A0), B0 = T−1 ◦A0 ◦ T.

Let −→u ∈ D(B0) and set u = T (−→u ). Then u ∈ D(A0).

Let −→u ∈ D(B0) and set u := T (−→u ). Then u ∈ D(A1). By Proposition 5.33, we obtain:

• u ∈ L2((−∞, 0) ∪ (0,∞)),

• u ∈ H3
loc(R \ {0}),

• D3u ∈ L2(R),

• u(0) = u′(0) = u′′(0) = 0.

Transferring these properties through T , we deduce that −→u = (u1, u2) satisfies:

(i) −→u ∈ L2(0,∞;C2),

(ii) uj ∈ H3
loc(0,∞) and D3uj ∈ L2(0,∞),
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(iii) uj(0) = Duj(0) = D2uj(0) = 0 for j = 1, 2.

Moreover,
B0
−→u = T−1(A1u) =

(
a1iD

3u1, a2iD
3u2
)
.

Conversely. Assume that −→u = (u1, u2) satisfies conditions (i)–(iii). Define

u := T (−→u ).

Then u ∈ L2((−∞, 0) ∪ (0,∞)).

Moreover, the assumptions on −→u imply that u satisfies the scalar conditions of Proposition
5.33. Hence,

u ∈ D(A1).

Therefore,
−→u = T−1u ∈ D(B0).

This completes the proof of Part II.

Proof of Part III: the case n ≥ 3.

We argue componentwise, following the scalar result in Proposition 5.32.

Forward implication. Let −→u = (u1, . . . , un) ∈ D(B0). Then there exist −→u (k) ∈ D(B0) and
−→z ∈ X such that

−→u (k) → −→u , B0
−→u (k) → −→z in X.

Thus for each j = 1, . . . , n,

u
(k)
j → uj , D3u

(k)
j → 1

aji
zj in L2(0,∞).

Applying Proposition 5.33 componentwise, we obtain:

• uj ∈ H3
loc(0,∞),

• D3uj ∈ L2(0,∞),

• uj(0) = Duj(0) = D2uj(0) = 0.

Since j was arbitrary, these properties hold for all components.

Moreover,
B0
−→u = (a1iD

3u1, . . . , aniD
3un).
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Conversely. Assume that −→u = (u1, . . . , un) satisfies conditions (i)–(iii). Then, for each j,
the function uj satisfies the scalar assumptions of Proposition 5.33. Hence,

uj ∈ D(A0,j), A0,j = ajiD
3.

Therefore, for each j, there exists a sequence u(k)
j ∈ C∞

0 (0,∞) such that

u
(k)
j → uj , D3u

(k)
j → D3uj in L2(0,∞).

Define
−→u (k) = (u(k)

1 , . . . , u(k)
n ).

Then −→u (k) ∈ D(B0) and

−→u (k) → −→u , B0
−→u (k) → B0

−→u .

Hence,
−→u ∈ D(B0).

This completes the proof of Part III.

This completes the proof of Proposition 7.27.

We now characterize the domain of the adjoint operator B0
∗.

Proposition 7.28. Assume that −→u = (u1, u2, · · · , un) : (0,∞)→ Cn belongs to the space
X. Then −→u belongs to the domain D(B∗

0) if and only if for every k = 1, · · · , n, the
component uk is locally absolutely continuous and∫ ∞

0
|D3uk(t)|2 dt <∞.

Proof of Proposition 7.28. The proof follows the same argument as in the first-order case,
see Proposition 7.18, with D replaced by D3.

Let −→u ∈ D(B∗
0). By definition of the adjoint operator, each component uk satisfies the

corresponding scalar condition.

Thus each uk is locally absolutely continuous up to order two and satisfies

D3uk ∈ L2(0,∞).
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Conversely, if these conditions hold, then −→u ∈ D(B∗
0).

7.6.1 Deficiency indices of third-order homogeneous differential systems
on the half-line

In this section we find the deficiency indices of the operator B0 as follows.

Let us define two sets.

k ∈ K+ if and only if ak > 0,

k ∈ K− if and only if ak < 0.

It follows form our assumptions that these two disjoint sets satisfy

K+ ∪K− = {1, · · · , n}.

Hence,
#(K+) + #(K−) = n.

Proposition 7.29. The deficiency indices of the operator B0 in (7.6.2) are given by

n−(B0) = 2n−#(K+) (7.6.4)

n+(B0) = 2n−#(K−), (7.6.5)

Corollary 7.30. The operator B0 on L2(0,∞;Cn) defined by (7.6.2) has at least one self-
adjoint extension if and only if the condition (7.6.12) is satisfied, then every self-adjoint
extension of B0 can be characterized similarly to the first-order case in Section 7.5.

Proof of Proposition 7.29. To find n−(B0) = dim(iI +B∗
0), we assume

−→u ∈ ker(iI +B∗
0).

For n−(B0) = dim(iI +B∗
0), we have

akiD
3uk = −iuk ∀k = 1, 2, . . . , n.

i.e.
D3uk = −1

ak
uk ∀k = 1, 2, . . . , n. (7.6.6)

Assume a solution of the form uk(x) = eλx. Substituting into the ODE gives

D3(eλx) = λ3eλx,
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thus we deduce that

λ3 = − 1
ak
.

By standard methods, the cube roots of − 1
ak

are as follows

λm = r1/3ei(θ+2πm)/3, m = 0, 1, 2.

where

r = 1
|ak|

, θ =

π, if ak > 0,

0, if ak < 0.

I.e.

• Divide the angle θ by 3,

• Add 2π
3 each time to get the other roots.

Case 1. Assume that ak > 0. Then we have θ = π, so

λk,m =
( 1
ak

)1/3
ei(π+2πm)/3, m = 0, 1, 2.

Again, by tedious but standard calculations we infer that

λk,0 =
( 1
ak

)1/3
(

1
2 + i

√
3

2

)

λk,1 = λk,1(ak) = −
( 1
ak

)1/3
(7.6.7)

λk,2 =
( 1
ak

)1/3
(

1
2 − i

√
3

2

)
.

Thus, the general solution of (7.6.6) is

uk(x) = c1e
λ0x + c2e

λ1x + c3e
λ2x, for x > 0.

where c1, c2, c3 ∈ C.

We analyze the real parts of λk,m

Re(λ0) = 1
2

( 1
ak

)1/3
> 0,
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Re(λ1) = −
( 1
ak

)1/3
< 0,

Re(λ2) = 1
2

( 1
ak

)1/3
> 0.

Thus, only eλ1x belong to L2(0,∞).

Case 2. Assume that ak < 0. Then we have θ = 0, so

λm =
( 1
ak

)1/3
ei(0+2πm)/3 =

( 1
ak

)1/3
e2πm/3, m = 0, 1, 2.

As before,

λk,0 =
( 1
|ak|

)1/3
,

λk,1 =
( 1
|ak|

)1/3
(
−1

2 + i

√
3

2

)
, (7.6.8)

λk,2 =
( 1
|ak|

)1/3
(
−1

2 − i
√

3
2

)
. (7.6.9)

The general solution of (7.6.6) is

uk(x) = c1e
λ0x + c2e

λ1x + c3e
λ2x, for x > 0,

where c1, c2, c3 ∈ C.

We analyze the real parts of λm

Re(λ0) =
( 1
|ak|

)1/3
> 0,

Re(λ1) = −1
2

( 1
|ak|

)1/3
< 0,

Re(λ2) = −1
2

( 1
|ak|

)1/3
< 0.

Thus we infer that

• eλ0x /∈ L2(0,∞),

• eλ1x, eλ2x ∈ L2(0,∞).

Now we define functions ek, when ak > 0, i.e. k ∈ K+ by
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ek(x) = eλ1(ak)x, x ∈ (0,∞),

where λ1(ak) is defined by formula (7.6.7).

When, ak < 0, i.e. k ∈ K− we define two functions ej
k, j = 1, 2 by

ej
k(x) = eλj(ak)x, x ∈ (0,∞),

where λj(ak) are defined by formula (7.6.8) and (7.6.9).

The functions ek, k ∈ K+ and ej
k, k ∈ K−, j = 1, 2, are linearly independent and

we proved that if −→u ∈ D(B∗
0), then there exists complex numbers ck, k ∈ K+ and

cj
k, k ∈ K−, j = 1, 2 such that

−→u =
∑

k∈K+

ckek +
∑

k∈K−

2∑
j=1

cj
ke

j
k

The converse is obviously true. Hence

n−(B0) = dim kerD(B∗
0) = #(K+) + 2#(K−)

= #(K+) + 2(n−#(K+)) = 2n−#(K+)

n−(B0) = dim kerD(B∗
0) = #(K+) + 2#(K−)

= n−#(K−) + 2(#(K+)) = n+ #(K−)

(7.6.10)

This proves the first part of Proposition, i.e. equality (7.6.4).

Similarly, you can solve for n+(B0), following an analogous process.

To find n+(B0) = dim(iI −B∗
0), we assume

−→u ∈ ker(iI −B∗
0).

This leads to
akiD

3uk(x) = iuk(x) for x > 0 ∀k = 1, 2, . . . , n.

i.e.
D3uk = 1

ak
uk ∀k = 1, 2, . . . , n.

Assuming uk(x) = eλx, we get
λ3 = 1

ak
.
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In polar form, the roots are

λm =
( 1
|ak|

)1/3
eiϕm , ϕm = θ + 2πm

3 .

Case 1: ak > 0. Then θ = 0, so the roots are:

λ0 =
( 1
ak

)1/3
,

λ1 =
( 1
ak

)1/3
(
−1

2 + i

√
3

2

)
,

λ2 =
( 1
ak

)1/3
(
−1

2 − i
√

3
2

)
.

Only λ1 and λ2 have negative real parts, so belong to L2(0,∞).

Case 2: ak < 0. Then θ = π, so the roots are

λ0 =
( 1
|ak|

)1/3
(

1
2 + i

√
3

2

)
,

λ1 = −
( 1
|ak|

)1/3
,

λ2 =
( 1
|ak|

)1/3
(

1
2 − i

√
3

2

)
.

Only λ1 has negative real part, so eλ1x ∈ L2(0,∞).

Now, we define

f j
k(x) = eλj(ak)x, j = 1, 2, for ak > 0,

fk(x) = eλ1(ak)x, for ak < 0.

Let
K+ = {k : ak > 0}, K− = {k : ak < 0},

with
#(K+) + #(K−) = n.

Thus, we obtain

n+(B0) = 2#(K+) + #(K−) = 2n−#(K−)

n+(B0) = 2#(K+) + (n−#(K+)) = n+ #(K+).
(7.6.11)
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This proves the second part of Proposition, i.e. equality (7.6.5).

Therefore, from (7.6.10) and (7.6.11), we take these results

n+(B0) = 2n−#(K−), n−(B0) = 2n−#(K+)

So

n+(B0) = n−(B0) ⇐⇒ 2n−#(K−) = 2n−#(K+)

⇐⇒ #(K−) = #(K+)

We the following result

Corollary 7.31. The operator B0 on L2(0,∞;Cn) defined by (7.6.2) has at least one
self-adjoint operator if an only if

#K− = #K+ (7.6.12)

In particular, if n is an odd number, the operator B0 on L2(0,∞;Cn) has no self-adjoint
extensions.

Proof of Corollary 7.31. From previous results, B0 has self-adjoint extensions if and only
if #K+ = #K− = n

2 .

If n is odd, then n
2 /∈ Z, so such an equality between two integers is impossible. Therefore,

B0 cannot have self-adjoint extensions in this case.

Conclusion

B0 defined by (7.6.2) on L2(0,∞;Cn) has self-adjoint extensions

if and only if #(K+) = #(K−) = n

2 .

We now apply Theorem 2.60 to characterize all self-adjoint extensions of the operator B0.

Corollary 7.32. Assume that n is even and that condition (7.6.12) is satisfied, i.e.
#(K+) = #(K−).
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Let
H+ := ker(B0

∗ − iI), H− := ker(B0
∗ + iI)

be the deficiency subspaces of B0. Since n±(B0) = 3n
2 ,

dimH+ = dimH− = 3n
2 .

Moreover, by Theorem 2.60, the self-adjoint extensions of B0 are in one-to-one correspon-
dence with the unitary operators

Γ : H+ → H−.

More precisely, for each unitary operator Γ, the corresponding self-adjoint extension B0
Γ

is given by

D(B0
Γ) =

{−→u = −→u 0 +−→u + + Γ−→u + : −→u 0 ∈ D(B0), −→u + ∈ H+
}
,

B0
Γ(−→u 0 +−→u + + Γ−→u +) = B0

−→u 0 + i−→u + − iΓ−→u +.

Conversely, every self-adjoint extension of B0 is of this form.

7.6.2 Deficiency indices of the closure of a system of third-order homo-
geneous differential operators

We already know that the closure B0 of the operator defined by (7.6.2) exists and that
its adjoint coincides with the adjoint of B0, i.e.

(B0)∗ = B0
∗.

By Corollary 2.92, this equality implies that the deficiency subspaces of B0 and B0 coin-
cide:

ker(i−B0
∗) = ker(i−B0

∗), ker(i+B0
∗) = ker(i+B0

∗).

Consequently, the deficiency indices of B0 and B0 are the same:

n+(B0) = n+(B0), n−(B0) = n−(B0).

Corollary 7.33. Let B0 be the operator defined by formula (7.6.2), and let B0 denote its
closure in L2(0,∞;Cn).

Then B0 is densely defined and symmetric, its closure B0 is again symmetric, and their
deficiency indices coincide.
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In particular, by Corollary 2.92 and Proposition 7.29, we have

n−(B0) = n−(B0) = 2n−#(K+),

n+(B0) = n+(B0) = 2n−#(K−).

Corollary 7.34. Let B0 be the closure of the operator B0.

Then the following statements hold:

(i) If
n+(B0) ̸= n−(B0),

then B0 has no self-adjoint extensions.

(ii) If
n+(B0) = n−(B0),

then B0 admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

Corollary 7.35. The operator B0 admits self-adjoint extensions if and only if

#(K+) = #(K−).

Proof. This follows from Corollary 7.34 and Proposition 7.29.

7.7 Systems of third-order in-homogeneous differential op-
erators

Assume that n ∈ N \ {0, 1} and

a1, b1, · · · , an, bn ∈ R \ {0}.

We consider a Hilbert space
X = L2(0,∞;Cn) (7.7.1)

Let define an operator B0 in X by

D(B0) = C∞
0 (0,∞;Cn),

B0
−→u =

(
(a1(iD)3 + b1(iD))u1, . . . , (an(iD)3 + bn(iD))un

)
,

(7.7.2)
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when −→u = (u1, u2, · · · , un) : (0,∞)→ Cn.

Proposition 7.36. Assume that all coefficients ak, bk, for k = 1, . . . , n, satisfy Assump-
tion 7.7. Then the operator B0 defined by (7.7.2) is a linear symmetric operator in the
Hilbert space X in (7.7.1).

Proof of Proposition 7.36. Let us fix −→u ,−→v ∈ D(B0) = C∞
0 (0,∞;Cn).

We compute the two inner products:

⟨B0
−→u ,−→v ⟩X =

n∑
k=1

∫ ∞

0

(
ak(−i)D3uk + bkiDuk

)
vk(x) dx,

⟨−→u ,B0
−→v ⟩X =

n∑
k=1

∫ ∞

0
uk(x) · ak(−i)D3vk(x) + bkiDvk(x) dx.

By linearity and the fact that ak, bk ∈ R, we obtain

⟨B0
−→u ,−→v ⟩X = i

n∑
k=1

[
−ak

∫ ∞

0
D3uk(x) vk(x) dx+ bk

∫ ∞

0
Duk(x) vk(x) dx

]
,

⟨−→u ,B0
−→v ⟩X = i

n∑
k=1

[
ak

∫ ∞

0
uk(x)D3vk(x) dx− bk

∫ ∞

0
uk(x)Dvk(x) dx

]
.

Using integration by parts exactly as in Proposition 7.16 and Proposition 7.26, and since
uk, vk ∈ C∞

0 (0,∞), all boundary terms vanish. In particular,

for each k = 1, . . . , n,∫ ∞

0
D3ukvkdx = −

∫ ∞

0
ukD3vkdx,

∫ ∞

0
Dukvkdx = −

∫ ∞

0
ukDvkdx.

Substituting these identities, we obtain

⟨B0
−→u ,−→v ⟩X = ⟨−→u ,B0

−→v ⟩X .

Thus, B0 is symmetric.

The following proposition provides a characterization of the domain of B0, extending the
corresponding results obtained earlier for scalar third-order operators on the punctured
line, see Section 6.4.

Proposition 7.37. Assume that B0 is the operator defined by formula (7.7.2) in the
Hilbert space (7.7.1). Then the following assertions hold true.
Part I The operator B0 is not closed.
Part II A function −→u ∈ D(B0) if and only if the following conditions are satisfied:
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(i) −→u ∈ L2(0,∞;Cn),

(ii) each component uj is of class C2 on (0,∞), the derivatives uj and Duj are locally
absolutely continuous, and D3uj exists almost everywhere, with∫ ∞

0

∣∣∣ajD
3uj(t)− bjDuj(t)

∣∣∣2 dt <∞, for all j = 1, . . . , n.

(iii) uj(0) = Duj(0) = D2uj(0) = 0 for all j = 1, . . . , n.

Moreover, for any −→u ∈ D(B0), we have:

B0
−→u =

(
a1(iD)3u1 + b1iDu1, . . . , an(iD)3un + bniDun

)
. (7.7.3)

Proof of Proposition 7.37. Part I. We prove that B0 is not closed. By Proposition 2.83,
it is sufficient to construct

(i) a function −→u ∈ X \D(B0),

(ii) and a sequence (−→uk) ⊂ D(B0) such that

−→uk → −→u in X,

(iii) and (B0
−→uk) converges in X.

We follow the same construction as in the proof of Propositions 3.29 and 5.32. Let

φ(x) =

e
−x−2

, x > 0,

0, x ≤ 0.

As is well known, see [37, Chapter 6], the function φ belongs to C∞(R) and all its
derivatives vanish at 0. Moreover, as in the construction used in Proposition 3.29, one
verifies that

φ ∈ H3(0,∞), Dφ, D3φ ∈ L2(0,∞).

Define
−→u (x) := (φ(x), 0, . . . , 0).

Then −→u ∈ X, but −→u /∈ D(B0) since φ /∈ C∞
0 (0,∞).

Since φ ∈ H3(0,∞) and vanishes at 0 together with its derivatives, by the density of
C∞

0 (0,∞) in H3
0 (0,∞), see Definition 2.35 and standard Sobolev theory, e.g. [1], there
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exists a sequence
φk ∈ C∞

0 (0,∞)

such that
φk → φ in H3(0,∞).

Set
−→uk(x) := (φk(x), 0, . . . , 0).

Then −→uk ∈ D(B0) and
−→uk → −→u in X.

From the convergence in H3(0,∞) we obtain

Dφk → Dφ, D3φk → D3φ in L2(0,∞).

Hence

B0
−→uk =

(
(a1(iD)3 + b1(iD))φk, 0, . . . , 0

)
→
(
(a1(iD)3 + b1(iD))φ, 0, . . . , 0

)
in X.

We have constructed a sequence (−→uk, B0
−→uk) converging in X ×X to a limit (−→u ,−→z ) with

−→u /∈ D(B0). Therefore, by Proposition 2.83, the graph Γ(B0) is not closed, and hence B0

is not closed.

Proof of Proposition 7.37. Part II. The case n = 2. We follow the same argument as in
Proposition 7.27 using a unitary isomorphism. Let T : X → Y be defined by formula
(7.1.3). We will use here the operator A0, which was defined in (7.4.2) as follows

D(A0) = C∞
0 ((−∞, 0) ∪ (0,∞);C),

A0u = a1iDu+ a3(−i)D3u if u ∈ D(A0).

Then, as in Proposition 7.13, one can prove that

T ◦B0 = A0 ◦ T.

This identity extends to closures of the operators A0 and B0, i.e.

T (D(B0)) = D(A0), B0 = T−1 ◦A0 ◦ T.
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Let −→u = (u1, u2) ∈ D(B0) and u := T (−→u ). Then by the above u ∈ D(A0) and

Then, as in the scalar third-order case, see Proposition 6.46, we obtain

• u ∈ H3
loc(R \ {0}),

• aD3u− bDu ∈ L2(R),

• u(0) = u′(0) = u′′(0) = 0.

Transferring these properties via T , exactly as in Proposition 7.27, we obtain

• uj ∈ H3
loc([0,∞)), j = 1, 2,

• ajD
3uj − bjDuj ∈ L2(0,∞), j = 1, 2,

• uj(0) = Duj(0) = D2uj(0) = 0, j = 1, 2.

This implies that −→u satisfies conditions (i)-(iii). Moreover, using the commutation rela-
tion established in Proposition 7.13, we obtain (7.7.3).

Conversely, assume that −→u = (u1, u2) satisfies conditions (i)–(iii). Define

u := T (−→u ).

Then, by construction of T , we have u ∈ L2((−∞, 0) ∪ (0,∞)).

Moreover, the assumptions on −→u imply that u satisfies the scalar conditions (i)–(iii) in
Proposition 6.46. Hence, by that proposition, we obtain

u ∈ D(A0).

Therefore, using the relation
D(B0) = T−1(D(A0)),

we conclude that
−→u = T−1u ∈ D(B0).

This proves the converse implication in the case n = 2.

This completes the proof of part II.
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Sketch of the proof of Proposition 7.37. Part III. The case n ≥ 2. We argue component-
wise, following Proposition 6.46 and the scalar argument in Proposition 5.33.

Let −→u ∈ D(B0). Then there exists −→u (k) ∈ D(B0) such that

−→u (k) → −→u , B0
−→u (k) → −→z .

Thus for each j,
u

(k)
j → uj , aj(iD)3u

(k)
j + bj(iD)u(k)

j → zj .

Arguing as in Proposition 7.27, we deduce that

• uj ∈ H3
loc([0,∞),

• ajD
3uj − bjDuj ∈ L2(0,∞),

• uj(0) = Duj(0) = D2uj(0) = 0.

Conversely, assume that −→u = (u1, . . . , un) satisfies conditions (i)–(iii). Then, for each
j = 1, . . . , n, the component uj satisfies the scalar assumptions of Proposition 6.46. Hence,

uj ∈ D(A0,j),

where A0,j = aj(iD)3 + bj(iD).

Therefore, for each j, there exists a sequence u(k)
j ∈ C∞

0 (0,∞) such that

u
(k)
j → uj , (aj(iD)3 + bj(iD))u(k)

j → (aj(iD)3 + bj(iD))uj

in L2(0,∞). Define
−→u (k) = (u(k)

1 , . . . , u(k)
n ),

we obtain −→u (k) ∈ D(B0) and

−→u (k) → −→u , B0
−→u (k) → B0

−→u .

Hence, −→u ∈ D(B0).

This completes the proof.

We argue componentwise and use the characterization of the adjoint operator obtained
in Proposition 6.47.
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Proposition 7.38. Assume that −→u = (u1, u2, · · · , un) : (0,∞)→ Cn belongs to the space
X. Then −→u belongs to the domain D(B0

∗) if and only if for every k = 1, · · · , n, the
component uk satisfies the following conditions:

(i) uk ∈ L2(0,∞) and uk ∈ C2(0,∞),

(ii) u′′
k is locally absolutely continuous on (0,∞), hence u(3)

k exists almost everywhere and
belongs to L2

loc(0,∞),

(iii) ∫ ∞

0

∣∣∣akD
3uk(t)− bkDuk(t)

∣∣∣2 dt <∞.
Moreover, for every −→u ∈ D(B0

∗), we have

B0
∗−→u =

(
−i(a1D

3u1 − b1Du1), . . . , −i(anD
3un − bnDun)

)
.

7.7.1 Deficiency indices of third-order inhomogeneous differential sys-
tems on the half-line

In this section we find the deficiency indices of the operator B0 as follows.

Let us temporarily define auxiliary operators A0,k, k = 1, · · · , n,

A0,k = ak(iD)3 + bkiD,

D(A0,k) = C∞
0 (0,∞;C).

To find n+(B0) = dim ker(iI −B∗
0), let us assume that

−→u ∈ ker(iI −B∗
0),

i.e.

−→u ∈ D(B∗
0),

and B∗
0
−→u = i−→u is equivalent to

ak(iD)3uk + bkiDuk = iuk, k = 1, · · · , n

which is equivalent to

uk ∈ D(A∗
0,k), A∗

0,k = ak(iD)3uk + bkiDuk, k = 1, · · · , n,



Third order linear in-homogeneous differential operators 295

which is equivalent to
uk ∈ ker(iI −A∗

0,k), k = 1, · · · , n. (7.7.4)

The long argument proves the following result.

Proposition 7.39. A function −→u satisfies

−→u ∈ ker(iI −B∗
0).

if and only if condition (7.7.4) holds.

On the other hand, by Theorem 6.22 in Subsection 6.2.2, we have

dim ker(iI −A∗
0,k) = n+(A0,k) =

1 if ak > 0

2 if ak < 0.

Therefore we deduce the following result.

Corollary 7.40.

dim ker(iI −B∗
0) = #{k ∈ {1, · · · , n} : ak > 0}+ 2 ·#{k ∈ {1, · · · , n} : ak < 0}.

By a similar argument, we can prove the following assertions.

Proposition 7.41. A function −→u satisfies

−→u ∈ ker(iI +B∗
0).

if and only if the following condition is satisfied

uk ∈ ker(iI +A∗
0,k), k = 1, · · · , n.

Moreover,

dim ker(iI +A∗
0,k) = n−(A0,k) =

2 if ak > 0

1 if ak < 0.

Corollary 7.42.

dim ker(iI +B∗
0) = 2 ·#{k ∈ {1, · · · , n} : ak > 0}+ #{k ∈ {1, · · · , n} : ak < 0}.

Summarizing we proved.
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Proposition 7.43. The deficiency indices of the operator B0 defined by (7.7.2) are given
by

n+(B0) = #{k ∈ {1, · · · , n} : ak > 0}+ 2 ·#{k ∈ {1, · · · , n} : ak < 0},

n−(B0) = 2 ·#{k ∈ {1, · · · , n} : ak > 0}+ #{k ∈ {1, · · · , n} : ak < 0}.

In fact n+(B0) > 0 and n−(B0) > 0.

Proposition 7.44. Assume that ak ∈ R \ {0} for every k = 1, . . . , n.

Then
{1, . . . , k} = { j : aj > 0 } ∪ { j : aj < 0 }.

Moreover, the above union is disjoint.

Proof of Proposition 7.44. Put

N+ := #{j : aj > 0}, N− := #{j : aj < 0}.

Then
N+ +N− = k.

By Proposition 7.43, we have

n+(B0) = N+ + 2N−,

n−(B0) = N− + 2N+.

Using N+ = k −N−, we obtain

n+(B0) = N+ + 2N−

= (k −N−) + 2N−

= k +N− ≥ k.

Similarly, using N− = k −N+, we obtain

n−(B0) = N− + 2N+

= (k −N+) + 2N+

= k +N+ ≥ k.
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Moreover,

n+(B0) = n−(B0)⇐⇒ k +N− = N+ + k

⇐⇒ N− = N+.

Since N+ = N−, this is equivalent to

N+ = N− = k

2 .

Therefore, if k is odd, then k
2 /∈ Z, and hence

n+(B0) ̸= n−(B0),

so B0 has no self-adjoint extensions.

If k is even, i.e. k = 2p, then self-adjoint extensions exist if and only if

n+(B0) = n−(B0) = k

2 ,

which is equivalent to
#{j : aj > 0} = #{j : aj < 0}.

In this case, all self-adjoint extensions of B0 can be characterized by unitary maps between
the deficiency subspaces

ker(B0
∗ − iI) and ker(B0

∗ + iI),

see Theorem 2.60.

We conclude with the following important and unexpected observation.

Remark 7.45. The deficiency indices of operators B0 depend only on the coefficients ak

but not on the coefficients bk. They are the same as the corresponding deficiency indices
when all bk = 0, see Theorem 6.22 in Subsection 6.2.2.

7.7.2 Deficiency indices of the closure of a system of third-order inho-
mogeneous differential operators

We already know that the closure B0 of the operator defined by (7.7.2) exists and that
its adjoint coincides with the adjoint of B0, i.e.

(B0)∗ = B0
∗.
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By Corollary 2.92, this equality implies that the deficiency subspaces of B0 and B0 are
identical:

ker(i−B0
∗) = ker(i−B0

∗), ker(i+B0
∗) = ker(i+B0

∗).

Consequently, the deficiency indices of B0 and B0 coincide:

n+(B0) = n+(B0), n−(B0) = n−(B0).

Corollary 7.46. Let B0 be the operator defined by formula (7.7.2), and let B0 denote its
closure in L2(0,∞;Cn). Then both B0 and B0 are densely defined and symmetric, and
their deficiency indices coincide. In particular, by Corollary 2.92 and Proposition 7.43,
we have

n+(B0) = n+(B0)

= #{k ∈ {1, . . . , n} : ak > 0}+ 2 #{k ∈ {1, . . . , n} : ak < 0},

n−(B0) = n−(B0)

= 2 #{k ∈ {1, . . . , n} : ak > 0}+ #{k ∈ {1, . . . , n} : ak < 0}.

Corollary 7.47. Let B0 be the operator defined by (7.7.2), and let B0 denote its closure
in X.

Then the following statements hold:

(i) If
n+(B0) ̸= n−(B0),

then B0 has no self-adjoint extensions.

(ii) If
n+(B0) = n−(B0),

then B0 admits self-adjoint extensions.

This follows from Corollary 2.92 and Corollaries 2.61 and 2.62.

(B0)∗ = B0
∗ and n±(B0) = n±(B0).

Corollary 7.48. The operator B0 admits self-adjoint extensions if and only if

#{k ∈ {1, . . . , n} : ak > 0} = #{k ∈ {1, . . . , n} : ak < 0}.

Proof. This follows immediately from Corollary 7.47 and Proposition 7.43.



Chapter 8

Self-adjoint extensions of a
punctured third-order operator
with a first-order term

In the previous chapter 6, we investigated self-adjoint extensions of third-order differential
operators using the classical von Neumann approach. Although this method is effective
in several situations, we were not able to complete the analysis in full generality for the
class of operators under consideration.

This limitation motivates the use of an alternative framework based on abstract bound-
ary formalism. This approach allows one to describe self-adjoint extensions in terms of
boundary conditions encoded via suitable trace mappings.

8.1 Abstract boundary formalism

The abstract boundary formalism allows one to describe self-adjoint extensions in terms of
boundary conditions encoded via suitable trace mappings. Our goal is to characterize all
self-adjoint extensions of the operator in a systematic way and to express them explicitly
through these boundary conditions.

The approach adopted here is inspired by the work of Brzeźniak and Jefferies [22], where
similar techniques were developed in the context of point interactions.

Assumption 8.1. Let A0 be a densely defined symmetric and closed operator in a Hilbert
space H. Denote by A∗

0 its adjoint operator.

299
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Definition 8.2 (Green form / boundary form). The Green form associated with A∗
0 is

defined by
[f, g]A∗

0
:= ⟨A∗

0f, g⟩H − ⟨f,A∗
0g⟩H , f, g ∈ D(A∗

0). (8.1.1)

Definition 8.3 (Boundary maps). Let

Γ+,Γ− : D(A∗
0)→ Cd

be linear maps. We call Γ± the boundary maps and Γ±(f) ∈ Cd the boundary values of
f .

Assumption 8.4 (Diagonal Green identity). Assume that there exist boundary maps
Γ+,Γ− such that

[f, g]A∗
0

= −i
(
⟨Γ+(f),Γ+(g)⟩Cd − ⟨Γ−(f),Γ−(g)⟩Cd

)
, f, g ∈ D(A∗

0), (8.1.2)

where ⟨·, ·⟩Cd denotes the standard inner product in Cd, linear in the first argument.

Definition 8.5 (Sesquilinear inner product on Cd). For x = (x1, . . . , xd), y = (y1, . . . , yd) ∈
Cd, we define

⟨x, y⟩Cd :=
d∑

j=1
xjyj .

Remark 8.6. Let us notice that A∗
0 is in general not symmetric.

Definition 8.7 (The unitary group U(d)). The unitary group of degree d is the set

U(d) := {U ∈Md(C) : U∗U = Id},

where U∗ denotes the conjugate transpose of U and Id is the d× d identity matrix.

Definition 8.8 (Conjugate transpose). Let U = (ujk)d
j,k=1 ∈ Md(C). The conjugate

transpose (adjoint) of U is the matrix U∗ = (u∗
jk)d

j,k=1 := U
T defined by

u∗
jk = ukj , j, k ∈ {1, · · · , d},

Let us recall the following fundamental result.

Proposition 8.9. Assume that U ∈Md(C). Then the following conditions are equivalent.

(i) ⟨Ux,Uy⟩Cd = ⟨x, y⟩Cd for all x, y ∈ Cd

(ii) the columns of U form an orthonormal basis of Cd;

(iii) the rows of U form an orthonormal basis of Cd;
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(iv) UU∗ = Id;

(v) U∗U = Id.

Remark 8.10. Throughout this section we assume the following:

• H is a complex Hilbert space.

• A0 is a densely defined, closed, symmetric linear operator in H.

• There exist the boundary maps

{Γ+,Γ− : D(A∗
0) −→ Cd : the conditionb (8.1.2) holds }.

In particular, all boundary constructions are performed on D(A∗
0).

Definition 8.11. Assume Assumption 8.4. Let U ∈ U(d). Define an operator AU by

D(AU ) := {f ∈ D(A∗
0) : Γ+(f) = UΓ−(f)},

AUf := A∗
0f.

(8.1.5)

Lemma 8.12 (Unitary boundary condition gives symmetry). Assume Assumption 8.4
and that U ∈ U(d). Then AU is symmetric.

Proof of Lemma 8.12. Let us choose and fix f, g ∈ D(AU ). Using equation (8.1.2),
Γ+(f) = UΓ−(f) and Γ+(g) = UΓ−(g), we obtain

⟨AUf, g⟩ − ⟨f,AUg⟩ = [f, g]A∗
0

= −i
(
⟨Γ+(f),Γ+(g)⟩Cd − ⟨Γ−(f),Γ−(g)⟩Cd

)
= −i

(
⟨UΓ−(f), UΓ−(g)⟩ − ⟨Γ−(f),Γ−(g)⟩

)
= −i

(
⟨Γ−(f),Γ−(g)⟩ − ⟨Γ−(f),Γ−(g)⟩

)
= 0,

by item (i) of Proposition 8.9, since U is unitary. Hence

⟨AUf, g⟩ = ⟨f,AUg⟩.

Since f and g are arbitrary elements of D(A), the result follows.

Definition 8.13. Assume that X and Y be vector spaces. By direct sum X ⊕ Y we
understand the cartesian product X × Y , where every element (x, y) ∈ X × Y is denoted
by x⊕ y. This set in endowed with the standard operations

(x1 ⊕ y1) + (x2 ⊕ y2) := (x1 + x2 ⊕ y1 + y2),

α(x1 ⊕ y1) := (αx1 ⊕ αy1)

for all α ∈ C and x1 ⊕ y1, x2 ⊕ y2 ∈ X ⊕ Y .
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Proposition 8.14. Assume that X and Y be vector spaces. The the direct sum X ⊕ Y
is a vector space.
If X and Y are finite dimensional vector spaces then the direct sum X ⊕ Y is a finite
dimensional vector space and

dim(X ⊕ Y ) = dimX + dim Y.

In particular, Cd ⊕ Cd is isomorphic to C2d.

Definition 8.15 (neutral subspaces are graphs of unitaries). Let

G := Cd ⊕ Cd

and equip G with the indefinite sesqui-linear, i.e. linear w.r.t. to the first variable and
anti-linear w.r.t. to the second variable, bilinear map

[·, ·]G : G × G → C (8.1.6)

defined by
[x, y]G := ⟨x+, y+⟩Cd − ⟨x−, y−⟩Cd , (8.1.7)

where x = (x+, x−) ∈ G and y = (y+, y−) ∈ G.

A linear subspace M ⊂ G is called neutral if and only if

[ξ, η]G = 0 for all ξ, η ∈M.

A linear subspace M ⊂ G is called maximal neutral if and only if it is neutral and not
properly contained in any other neutral subspace.

Exercise 8.16. Show that

[x+ x̃, y]G = [x, y]G + [x̃, y]G ,

[x, y + ỹ]G = [x, y]G + [x, ỹ]G ,

[αx, y]G = α[x, y]G ,

[x, αy]G = ᾱ[x, y]G ,

for all x, y, x̃, ỹ ∈ G and α ∈ C. Show that it is not true that for every x ∈ G

[x, x]G = 0 ⇐⇒ x = 0. (8.1.8)
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Solution. Write x = (x+, x−), y = (y+, y−), x̃ = (x̃+, x̃−), ỹ = (ỹ+, ỹ−) ∈ G = Cd ⊕ Cd.
Recall indefinite sesqui-linear form

[x, y]G = ⟨x+, y+⟩Cd − ⟨x−, y−⟩Cd ,

where ⟨·, ·⟩Cd is sesqui-linear, linear in the first argument and conjugate-linear in the
second.

Additivity in the first argument.

[x+ x̃, y]G = ⟨x+ + x̃+, y+⟩ − ⟨x− + x̃−, y−⟩

=
(
⟨x+, y+⟩+ ⟨x̃+, y+⟩

)
−
(
⟨x−, y−⟩+ ⟨x̃−, y−⟩

)
=
(
⟨x+, y+⟩ − ⟨x−, y−⟩

)
+
(
⟨x̃+, y+⟩ − ⟨x̃−, y−⟩

)
= [x, y]G + [x̃, y]G .

Additivity in the second argument.

[x, y + ỹ]G = ⟨x+, y+ + ỹ+⟩ − ⟨x−, y− + ỹ−⟩

=
(
⟨x+, y+⟩+ ⟨x+, ỹ+⟩

)
−
(
⟨x−, y−⟩+ ⟨x−, ỹ−⟩

)
= [x, y]G + [x, ỹ]G .

Homogeneity in the first argument.

[αx, y]G = ⟨αx+, y+⟩ − ⟨αx−, y−⟩

= α⟨x+, y+⟩ − α⟨x−, y−⟩ = α[x, y]G .

Conjugate-homogeneity in the second argument.

[x, αy]G = ⟨x+, αy+⟩ − ⟨x−, αy−⟩

= α⟨x+, y+⟩ − α⟨x−, y−⟩ = α[x, y]G .

to disprove (8.1.8), we just need one non-zero vector x such that [x, x]G = 0.

Let z ∈ Cd be any non-zero vector and define

x := (z, z) ∈ G = Cd ⊕ Cd.



Self-adjoint extensions of a punctured third-order operator with a first-order term 304

Since z ̸= 0, we clearly have x ̸= 0. Now compute

[x, x]G = ⟨z, z⟩Cd − ⟨z, z⟩Cd

= ∥z∥2 − ∥z∥2

= 0.

Thus we have found a non-zero vector x satisfying [x, x]G = 0.

Therefore, the implication
[x, x]G = 0 ⇒ x = 0

is false in general.

Lemma 8.17 (Maximal neutral subspaces are graphs of unitaries). Assume that a linear
subspace M ⊂ G is maximal neutral. Then there exists a unique U ∈ U(d) such that

M = {(Uz, z) : z ∈ Cd}.

Exercise 8.18 (Maximal neutral subspaces are graphs of unitaries). Assume that U ∈
U(d). Define a set M by

M = {(Uz, z) : z ∈ Cd}.

Show that M ⊂ G is a linear subspace and it is maximal neutral.

Proof of Lemma 8.17. (Sketch following the text) Step 1: The coordinate projections π±

restricted to M are injective. Hence dimM ≤ d.

Step 2: If dimM ≤ 2, one can enlarge M while preserving neutrality, contradicting
maximality. Hence dimM = d.

Step 3: Since π−|M is bijective, define U : Cd → Cd by

ξz = (Uz, z) ∈M.

Linearity follows from linearity of M . Neutrality implies

⟨Uz, Uw⟩ = ⟨z, w⟩,

hence U is unitary. Uniqueness follows immediately from representation (1.8).

Assumption 8.19 (Boundary map is onto and has correct kernel). Assume that Γ+,Γ−

are boundary maps such that the map

Γ := (Γ+,Γ−) : D(A∗
0)→ Cd ⊕ Cd
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is surjective and
ker Γ = D(A0).

Theorem 8.20 (Classification of self-adjoint extensions via U(d)). Assume Assumptions
8.4 and 8.19. Then

Part I. For each U ∈ U(d), the operator AU defined by (8.1.5) is self-adjoint and satisfies

A0 ⊂ AU ⊂ A∗
0.

Part II. Conversely, if A is self-adjoint and

A0 ⊂ A ⊂ A∗
0,

then there exists a unique U ∈ U(d) such that A = AU .

Remark 8.21. For every U ∈ U(d) the operator AU satisfies

A0 ⊂ AU ⊂ A∗
0.

In particular,
D(A0) ⊂ D(AU ) ⊂ D(A∗

0)

and
AUf = A0f for f ∈ D(A0),

and
AUf = A∗

0f for f ∈ D(AU ).

Proof of Theorem 8.20. Part I: We want to prove that AU is self-adjoint, i.e. AU = A∗
U .

From Lemma 8.12 we already know that AU is symmetric, hence

AU ⊂ A∗
U . (8.1.9)

It remains to prove the reverse inclusion

A∗
U ⊂ AU .

Let us choose and fix u ∈ D(A∗
U ). Then, by definition of the adjoint operator, just proven

formula (8.1.9) and definition (8.1.1), we infer that

[u, v]A∗
0

= 0 for every v ∈ D(AU ).
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Let us recall the Green identity (8.1.2)

[u, v]A∗
0

= −i
(
⟨Γ+(u),Γ+(v)⟩ − ⟨Γ−(u),Γ−(v)⟩

)
. (8.1.10)

Therefore we infer

⟨Γ+(u),Γ+(v)⟩ − ⟨Γ−(u),Γ−(v)⟩ = 0 for every v ∈ D(AU ).

Since by definition of AU we have

Γ+(v) = UΓ−(v), for every v ∈ D(AU ), (8.1.11)

we infer from (8.1.11) and (8.1.10) that

0 = ⟨Γ+(u), UΓ−(v)⟩ − ⟨Γ−(u),Γ−(v)⟩. (8.1.12)

Using the unitarity of U , we rewrite

⟨Γ+(u), UΓ−(v)⟩ = ⟨U∗Γ+(u),Γ−(v)⟩.

Hence (8.1.12) becomes

0 = ⟨U∗Γ+(u)− Γ−(u),Γ−(v)⟩ for all v ∈ D(AU ). (8.1.13)

Now let us choose and fix an arbitrary vector z ∈ Cd. By surjectivity of the boundary
map Γ, there exists v ∈ D(A∗

0) such that

Γ−(v) = z, Γ+(v) = Uz.

Then (8.1.11) holds, so
v ∈ D(AU ).

We note that in the above argument, it is sufficient to assume that the map Γ− is surjective.

Substituting Γ−(v) = z into (8.1.13) gives

⟨U∗Γ+(u)− Γ−(u), z⟩ = 0 for all z ∈ Cd.

Therefore,
U∗Γ+(u)− Γ−(u) = 0.
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Applying U to both sides yields

Γ+(u) = UΓ−(u). (8.1.14)

By definition of D(AU ) defined by (8.1.5), equation (8.1.14) implies

u ∈ D(AU ).

Hence we have proved
D(A∗

U ) ⊂ D(AU ).

Moreover, for u ∈ D(A∗
U ), we have

A∗
Uu = A∗

0u = AUu,

since both operators are restrictions of A∗
0. Combining this with (8.1.9), we conclude

AU = A∗
U .

Therefore AU is self-adjoint.

Part II: Conversely, let us assume that A = A∗ is self-adjoint and

A0 ⊂ A ⊂ A∗
0.

Define
M := Γ

(
D(A)

)
⊂ Cd ⊕ Cd, (8.1.15)

where
Γ(u) = (Γ+(u),Γ−(u)).

Since D(A) ⊂ D(A∗
0), by Lemma 8.21, the set M is well-defined.

Next we will show that M is neutral. For this aim let us choose and fix x, y ∈M . Then,
by the definition of the set M , there exist u, v ∈ D(A) such that

x = Γ(u) = (Γ+(u),Γ−(u))

and
y = Γ(v) = (Γ+(v),Γ−(v)).

We consider the indefinite form on the space G := Cd⊕Cd defined by (8.1.6) and (8.1.7).



Self-adjoint extensions of a punctured third-order operator with a first-order term 308

Using the Green identity, we compute:

[x, y]G = ⟨Γ+(u),Γ+(v)⟩ − ⟨Γ−(u),Γ−(v)⟩ = i[u, v]A∗
0
.

Since u, v ∈ D(A), A ⊂ A∗
0 and A is symmetric we infer that

[u, v]A∗
0

= ⟨A∗
0u, v⟩ − ⟨u,A∗

0v⟩ = ⟨Au, v⟩ − ⟨u,Av⟩ = 0.

Therefore,

[x, y]G = 0 for all x, y ∈M.

what implies that M is a neutral subspace as claimed.

Since A is self-adjoint, it follows from Lemma 8.22 below, that M is maximal neutral.

By Lemma 8.17, there exists a unique unitary operator U ∈ U(d) such that

M = {(Uz, z) : z ∈ Cd}. (8.1.16)

Next we need to prove that
A = AU . (8.1.17)

Firstly, we will prove the inclusion

A ⊂ AU . (8.1.18)

For this aim, let us take u ∈ D(A). Then by definition of M , Γ(u) ∈ M , so by (8.1.16)
there exists z ∈ Cd such that

(Γ+(u),Γ−(u)) = Γ(u) = (Uz, z).

Hence, we deduce that
Γ+(u) = Uz, Γ−(u) = z.

Therefore,
Γ+(u) = UΓ−(u).

and so, by the definition (8.1.5) of AU , u ∈ D(AU ). Therefore, we infer that

D(A) ⊂ D(AU ). (8.1.19)
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If u ∈ D(A), then Au = A∗
0u because A ⊂ A∗

0. Moreover, by just proved inclusion (8.1.19)
and the definition of AU , AUu = A∗

0u. Hence, we infer that Au = AUu. In this way, we
finished the proof of (8.1.18).

Secondly, we will prove the inclusion

AU ⊂ A. (8.1.20)

We begin by showing that
D(AU ) ⊂ D(A), (8.1.21)

For this aim let us choose u ∈ D(AU ). Then by (8.1.5), u ∈ D(A∗
0) and

Γ+(u) = UΓ−(u).

Thus, by (8.1.16) with z = Γ−(u)„ we deduce that

(Γ+(u),Γ−(u)) = (UΓ−(u),Γ−(u)) ∈M.

By definition (8.1.15) of M , we infer that there exists v ∈ D(A) such that

Γ(u) = Γ(v).

Therefore, by linearity of the map Γ we infer that

Γ(u− v) = 0.

i.e. u− v ∈ ker Γ. By Assumption 8.19,

u− v ∈ D(A0).

Since D(A0) ⊂ D(A) and v ∈ D(A) we deduce that

u = (u− v) + v ∈ D(A).

Hence, we proved (8.1.21).

As before we can prove that if u ∈ D(AU ), then Au = A∗
0u. Consequently (8.1.20) follows.

Combining (8.1.18) and (8.1.20), we conclude the proof of equality (8.1.17).

The unitary operator U is unique by Lemma (8.17).

This completes the proof of Theorem 8.20.
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Lemma 8.22 (Self-adjointness implies maximal neutrality). Under the assumptions of
Theorem 8.20 we define a sesqui-linear map on G := Cd ⊕ Cd by the following formula

[
(x+, x−), (y+, y−)

]
G := ⟨x+, y+⟩C3 − ⟨x−, y−⟩C3 .

Let
M := Γ(D(A)) ⊂ G.

Then

(i) M is neutral, i.e.
[ξ, η]G = 0 for all ξ, η ∈M.

(ii) If A is self-adjoint, then M is maximal neutral; equivalently,

M⊥ = M,

where M⊥ is defined by

M⊥ := {ω ∈ G : [ω, ξ]G = 0 ∀ξ ∈M}.

8.2 Application: A punctured third-order differential oper-
ator with a first-order term

8.2.1 Special case α = 0

We consider the operator
A = −iD3 − 3αiD.

In what follows, we study the special case α = 0. Let the Hilbert space be

H = L2(R). (8.2.1)

We study the following operator

A0u := (−iD)3u = −iD3u = −iu(3). (8.2.2)

Its domain is defined by

D(A0) =
{
u ∈ L2(R) : u|(0,∞) ∈ H3(0,∞), u|(−∞,0) ∈ H3(−∞, 0),

and u(0+) = u(0−) = 0, u′(0+) = u′(0−) = 0, u′′(0+) = u′′(0−) = 0
}
.
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This operator A0 is not the same as operator A1 defined at the beginning of subsection
5.4.1. Indeed, they have different domains. Moreover, this operator A0 is equal to the
closure of operator A1, see Proposition 5.33. Hence the adjoint of this new operator A0 is
equal to the adjoint operator A1 defined at the beginning of subsection 5.4.1. So we have
the following results, see Proposition 5.36 for the latter.

Proposition 8.23. The operator A0 defined by (8.2.2) is symmetric, closed, and densely
defined.

Lemma 8.24. The adjoint domain is

D(A∗
0) =

{
u ∈ L2(R) : u|(0,∞) ∈ H3(0,∞), u|(−∞,0) ∈ H3(−∞, 0)

}
,

and
A∗

0u = −iu(3) = −iD3u.

8.2.2 Diagonalized boundary maps

Define boundary maps for u ∈ D(A∗
0) as follows

p0
±(u) = 1√

2

(
u(0±) + u′′(0±)

)
,

q0
±(u) = 1√

2

(
− u(0±) + u′′(0±)

)
,

r0
±(u) = u′(0±).

Define boundary operators Γ0
± by the following formulae

Γ0
+(u) =


p0

+(u)
q0

−(u)
r0

−(u)

 ∈ C3, (8.2.3)

Γ0
−(u) =


q0

+(u)
r0

+(u)
p0

−(u)

 ∈ C3. (8.2.4)

It will become clear from later where do these operators come from.

Proposition 8.25 (Third order Green identity). For all u, v ∈ D(A∗
0), then

⟨A∗
0u, v⟩L2 − ⟨u,A∗

0v⟩L2 = −i
(
W 0

+(u, v)−W 0
−(u, v)

)
,
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where the bilinear boundary maps W 0
± are defined by

W 0
±(u, v) := u′′(0±) v(0±)− u′(0±) v′(0±) + u(0±) v′′(0±). (8.2.5)

Remark 8.26. Note that if u, v ∈ D(A∗
0), then

⟨Γ0
+(u),Γ0

+(v)⟩C3 − ⟨Γ0
−(u),Γ0

−(v)⟩C3 = W 0
+(u, v)−W 0

−(u, v),

Proof of Remark 8.26. Let us choose and fix u, v ∈ D(A∗
0). Recall the definitions (8.2.3)

and (8.2.4). Since the inner product in C3 is defined by

⟨x, y⟩C3 = x1y1 + x2y2 + x3y3. (8.2.6)

⟨Γ0
+(u),Γ0

+(v)⟩C3 = p0
+(u)p0

+(v) + q0
−(u)q0

−(v) + r0
−(u)r0

−(v),

⟨Γ0
−(u),Γ0

−(v)⟩C3 = q0
+(u)q0

+(v) + r0
+(u)r0

+(v) + p0
−(u)p0

−(v).

Therefore, by the definitions (8.2.3) and (8.2.4) of the boundary operators Γ0
± we infer

that

LHS = ⟨Γ0
+(u),Γ0

+(v)⟩C3 − ⟨Γ0
−(u),Γ0

−(v)⟩C3

=
(
p0

+(u)p0
+(v)− p0

−(u)p0
−(v)

)
+
(
q0

−(u)q0
−(v)− q0

+(u)q0
+(v)

)
+
(
r0

−(u)r0
−(v)− r0

+(u)r0
+(v)

)
. (8.2.7)

On the other hand, it follows from (8.2.5) that

RHS = W 0
+(u, v)−W 0

−(u, v) =
(
p+(u)p+(v)− p−(u)p−(v)

)
−
(
q+(u)q+(v)− q−(u)q−(v)

)
−
(
r+(u)r+(v)− r−(u)r−(v)

)
. (8.2.8)

Comparing (8.2.7) and (8.2.8), we obtain

⟨Γ0
+(u),Γ0

+(v)⟩C3 − ⟨Γ0
−(u),Γ0

−(v)⟩C3 = W 0
+(u, v)−W 0

−(u, v).

The proof of Remark 8.26 is complete.

Before we embark on a proof of Proposition 8.25, we will formulate and prove a corre-
sponding result for first order operator.
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Exercise 8.27 (First order Green identity). If f, g ∈ D(A∗
0), then

⟨(−iD)f, g⟩ − ⟨f, (−iD)g⟩ = − i
(
− f(0+)g(0+) + f(0−)g(0−)

)
. (8.2.9)

Solution of Exercise 8.27. Let us choose and fix f, g ∈ D(A∗
0). Then

⟨(−iD)f, g⟩ = − i
∫ ∞

−∞
f ′(x) g(x) dx

= − i
[ ∫ ∞

0
f ′(x) g(x) dx+

∫ 0

−∞
f ′(x) g(x) dx

]
. (8.2.10)

Integrating by parts on (0,∞) and on (−∞, 0) yields∫ ∞

0
f ′(x) g(x) dx =

[
f(x)g(x)

]∞
0
−
∫ ∞

0
f(x) g′(x) dx. (8.2.11)

and ∫ 0

−∞
f ′(x) g(x) dx =

[
f(x)g(x)

]0
−∞
−
∫ 0

−∞
f(x) g′(x) dx. (8.2.12)

Substitute (8.2.11)–(8.2.12) into (8.2.10):

⟨(−iD)f, g⟩ = − i
([
f(x)g(x)

]∞
0
−
∫ ∞

0
f(x) g′(x) dx

+
[
f(x)g(x)

]0
−∞
−
∫ 0

−∞
f(x) g′(x) dx

)
.

Using the (vanishing) limits at infinity, we keep only the boundary terms at 0±:

[
f(x)g(x)

]∞
0

+
[
f(x)g(x)

]0
−∞

= − f(0+)g(0+) + f(0−)g(0−).

Hence,

⟨(−iD)f, g⟩ = − i
(
− f(0+)g(0+) + f(0−)g(0−)

)
+ i

(∫ ∞

0
f(x) g′(x) dx+

∫ 0

−∞
f(x) g′(x) dx

)

= − i
(
− f(0+)g(0+) + f(0−)g(0−)

)
+
∫ ∞

−∞
f(x) ig′(x) dx.

Since
⟨f, (−iD)g⟩ =

∫ ∞

−∞
f(x) (−ig′(x)) dx,
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we deduce (8.2.9) as claimed.

We are now ready to prove Proposition 8.25 as follows.

Proof of Proposition 8.25. Let us choose and fix u, v ∈ D(A∗
0). We compute

LHS = ⟨A∗
0u, v⟩ − ⟨u,A∗

0v⟩ =
∫ ∞

−∞
(−iu(3)(x))v(x) dx−

∫ ∞

−∞
u(x)(−iv(3)(x)) dx.

=
∫ ∞

0
(−i)u(3)(x) v(x) dx+

∫ 0

−∞
(−i)u(3)(x) v(x) dx

−
∫ ∞

0
u(x) (i) v(3)(x) dx−

∫ 0

−∞
u(x) (i) v(3)(x) dx.

Using Integration by part, we infer that

LHS = (−i)
[ ∫ ∞

0
D
(
D2u(x)

)
v(x) dx+

∫ 0

−∞
D
(
D2u(x)

)
v(x) dx

+
∫ ∞

0
u(x)D

(
D2v(x)

)
dx+

∫ 0

−∞
u(x)D

(
D2v(x)

)
dx

]

= (−i)
[
−
∫ ∞

0
D2u(x)Dv(x) dx + D2u(x) v(x)

∣∣∣∞
0

−
∫ 0

−∞
D2u(x)Dv(x) dx + D2u(x) v(x)

∣∣∣0
−∞

−
∫ ∞

0
Du(x)D2v(x) dx + u(x)D2v(x)

∣∣∣∞
0

−
∫ 0

−∞
Du(x)D2v(x) dx + u(x)D2v(x)

∣∣∣0
−∞

]

Applying integration by parts again we get

−
∫ ∞

0
D2u(x)Dv(x) dx−

∫ 0

−∞
D2u(x)Dv(x) dx

=
[ ∫ ∞

0
Du(x)D2v(x) dx − Du(x)Dv(x)

∣∣∣∞
0

+
∫ 0

−∞
Du(x)D2v(x) dx − Du(x)Dv(x)

∣∣∣0
−∞

]
.
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Hence the blue terms cancel with the green ones and therefore we get

LHS = (−i)
[
D2u(x) v(x)

∣∣∣∞
0

+ D2u(x) v(x)
∣∣∣0
−∞

+ u(x)D2v(x)
∣∣∣∞
0

+ u(x)D2v(x)
∣∣∣0
−∞

− Du(x)Dv(x)
∣∣∣∞
0
− Du(x)Dv(x)

∣∣∣0
−∞

]

D2u(x) v(x)
∣∣∣∞
0

= lim
x→∞

D2u(x) v(x)− lim
x→0+

D2u(x) v(x) = −u′′(0+)v(0+).

and

D2u(x) v(x)
∣∣∣0
−∞

= lim
x→0−

D2u(x) v(x)− lim
x→−∞

D2u(x) v(x) = u′′(0−)v(0−).

Similarly

u(x)D2v(x)
∣∣∣∞
0

= lim
x→∞

u(x) v′′(x)− lim
x→0+

u(x) v′′(x) = −u(0+) v′′(0+),

u(x)D2v(x)
∣∣∣0
−∞

= lim
x→0−

u(x) v′′(x)− lim
x→−∞

u(x) v′′(x) = u(0−) v′′(0−),

− Du(x)Dv(x)
∣∣∣∞
0

= −
(

lim
x→∞

u′(x) v′(x)− lim
x→0+

u′(x) v′(x)
)

= u′(0+) v′(0+),

− Du(x)Dv(x)
∣∣∣0
−∞

= −
(

lim
x→0−

u′(x) v′(x)− lim
x→−∞

u′(x) v′(x)
)

= −u′(0−) v′(0−).

Therefore

LHS = (−i)
[
− u′′(0+)v(0+) + u′′(0−)v(0−)− u(0+)v′′(0+) + u(0−)v′′(0−)

+ u′(0+)v′(0+)− u′(0−)v′(0−)
]
.

Collecting the terms corresponding to 0+ and the terms corresponding to 0−, we obtain

LHS = −i
[(
u′′(0+)v(0+)− u′(0+)v′(0+) + u(0+)v′′(0+)

)
−
(
u′′(0−)v(0−)− u′(0−)v′(0−) + u(0−)v′′(0−)

)]
.

By the definition of W 0
±(u, v) in (8.2.5), we obtain

LHS = −i
(
W 0

+(u, v)−W 0
−(u, v)

)
.

The proof of Proposition 8.25 is complete.
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Using Remark 8.26, we deduce the following corollary.

Corollary 8.28 (Green identity-2). If u, v ∈ D(A∗
0), then

⟨A∗
0u, v⟩L2 − ⟨u,A∗

0v⟩L2 = −i
(
⟨Γ0

+(u),Γ0
+(v)⟩C3 − ⟨Γ0

−(u),Γ0
−(v)⟩C3

)
.
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8.2.3 General Case α ∈ R

We assume that α ∈ R. We put H := L2(R) as in (8.2.1). Define the densely defined
operator Aα,0 by

D(Aα,0) := C∞
0 ((−∞, 0) ∪ (0,∞)),

Aα,0u := −iu(3) − 3αiu′.
(8.2.16)

We can prove as in earlier parts of the thesis the following result.

Proposition 8.29. The operator Aα,0 defined by (8.2.16) is symmetric and densely de-
fined.

We now describe the adjoint operator as follows.

Lemma 8.30. The adjoint of A∗
α,0 is

D(A∗
α,0) = H3

loc((−∞, 0]⊕H3
loc[0,∞)). (8.2.17)

and
A∗

α,0u = −iu(3) − 3αiu′ on R \ {0}, (8.2.18)

Proof of Lemma 8.30. This results was proved earlier.

Lemma 8.31 (Closure of Aα,0). The closure Aα,0 of Aα,0 is characterized as follows.

D(Aα,0) = {u ∈ D(A∗
α,0) : u(0±) = u′(0±) = u′′(0±) = 0}.

Proof of Lemma 8.31. This results also was proved earlier.

Proposition 8.32 (Green identity). There exists boundary maps

Γα,+ : D(A∗
α,0) ∋ f 7→


pα,+(f)
qα,−(f)
rα,−(f)

 ∈ C3 (8.2.19)

and

Γα,− : D(A∗
α,0) ∋ f 7→


qα,+(f)
rα,+(f)
pα,−(f)

 ∈ C3. (8.2.20)

such that for all f, g ∈ D(A∗
α,0),

⟨A∗
α,0f, g⟩L2 − ⟨f,A∗

α,0g⟩L2 = −i
(
⟨Γα,+(f),Γα,+(g)⟩C3 − ⟨Γα,−(f),Γα,−(g)⟩C3

)
. (8.2.21)
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Remark 8.33. We will see during the proof that these maps are of the following form.
For u ∈ D(A∗

α,0),

pα,±(u) :=
√
λα,+

λα,+u(0±) + u′′(0±)√
1 + λ2

α,+
, (8.2.22)

qα,±(u) :=
√
−λα,−

λα,−u(0±) + u′′(0±)√
1 + λ2

α,−
, (8.2.23)

rα,±(u) := u′(0±), (8.2.24)

where λα,± are defined as follow

∆α := 9α2 + 4,

λα,± := 3α±
√

∆α

2 . (8.2.25)

Note that for α = 0, we have

∆0 =
√

9α2 + 4 = 2, λ0,± = ±2
2 = ±1.

Proof of Proposition 8.32. We choose and fix f, g ∈ D(A∗
α,0). Using (8.2.18), by Proposi-

tion 8.25 and Exercise 8.27 we have

LHS = ⟨A∗
α,0f, g⟩ − ⟨f,A∗

α,0g⟩ =
〈
− iD3f, g

〉
−
〈
f,−iD3g

〉
+ 3α

[
⟨−iDf, g⟩ − ⟨f,−iDg⟩

]
= − i

[
W 0

+(f, g)−W 0
−(f, g) + 3α

(
− f(0+)g(0+) + f(0−)g(0−)

)]
.

(8.2.26)

where the maps W 0
± have been defined in (8.2.5). Next we introduce

Wα
±(f, g) = f ′′(0±) g(0±)− f ′(0±) g′(0±)

+ f(0±) g′′(0±) + 3αf(0±) g(0±).
(8.2.27)

Combining (8.2.26) with (8.2.5) we get

⟨A∗
α,0f, g⟩ − ⟨f,A∗

α,0g⟩ = − i
(
Wα

+(f, g)−Wα
−(f, g)

)
,

Let us put

v±(f) :=

 f(0±)
f ′′(0±)

 ∈ C2, f ∈ D(Aα,0).
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In view of Lemma 8.30, the maps v± are well define, where Bα is 2× 2 matrix defined by

Bα :=

3α 1
1 0

 .
Observe that the first, third and fourth terms in (8.2.27) combine as

f ′′(0±) g(0±) + f(0±) g′′(0±) + 3αf(0±) g(0±) = ⟨Bαv±(f), v±(g)⟩C2 . (8.2.28)

Indeed, we have

〈
Bαv±(f), v±(g)

〉
=
〈3α 1

1 0

 f(0±)
f ′′(0±)

 ,
 g(0±)
g′′(0±)

〉

=
〈3αf(0±) + f ′′(0±)

f(0±)

 ,
 g(0±)
g′′(0±)

〉

= 3αf(0±)g(0±) + f ′′(0±)g(0±) + f(0±)g′′(0±).

Let us observe that Bα is a real symmetric matrix. Hence by linear algebra it admits an
orthonormal basis of eigenvectors. To find this Its characteristic polynomial of Bα

det(Bα − λI) = det

3α− λ 1
1 −λ


= (3α− λ)(−λ)− 1

= λ2 − 3αλ− 1.

Hence the eigenvalues are given by formula (8.2.25). Notice that

λα,− < 0 < λα,+.

Eigenvectors corresponding to these eigenvalues are proportional to

eα,+ =

λα,+

1

 , eα,− =

λα,−

1

 .

Moreover,
∥eα,+∥2 = λ2

α,+ + 1, ∥eα,−∥2 = λ2
α,− + 1. (8.2.29)

Since Bα is symmetric, by linear algebra, these eigenvectors are orthogonal. We can check
this directly.
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⟨eα,+, eα,−⟩ = λα,+λα,− + 1 = 9α2 −∆2
α

4 + 1

= 9α2 − (9α2 + 4)
4 + 1 = −4

4 + 1 = −1 + 1 = 0.

After normalization, they form an orthonormal basis of C2, i.e. the normalized eigenvec-
tors are as follows

êα,+ := eα,+
∥eα,+∥

, êα,− := eα,−
∥eα,−∥

. (8.2.30)

Let x = (x1, x2), y = (y1, y2) ∈ C2. Using the ONB (8.2.30) we have

x = xα,+ êα,+ + xα,− êα,−, xα,+ = ⟨x, êα,+⟩C2 , xα,− = ⟨x, êα,−⟩C2 ,

and similarly

y = yα,+ êα,+ + yα,− êα,−, yα,+ = ⟨y, êα,+⟩C2 , yα,− = ⟨y, êα,−⟩C2 .

Using (8.2.29), (8.2.30) and the sesqui-linear inner product (8.2.6) in C2, we can compute

xα,+ = ⟨x, êα,+⟩C2 =
〈(

x1
x2

)
,

1√
1 + λ2

α,+

(
λα,+

1

)〉
C2

= 1√
1 + λ2

α,+
(λα,+x1 + x2) , (8.2.31)

Similarly,

xα,− = ⟨x, êα,−⟩C2 =
〈(

x1
x2

)
,

1√
1 + λ2

α,−

(
λα,−

1

)〉
C2

= 1√
1 + λ2

α,−
(λα,−x1 + x2) . (8.2.32)

Using orthonormality by linear algebra, we deduce that

⟨Bαx, y⟩C2 = λα,+ xα,+yα,+ + λα,− xα,−yα,−. (8.2.33)

Since λα,+ > 0 and λα,− < 0, we can define

pα(x) :=
√
λα,+ xα,+, qα(x) :=

√
−λα,− xα,−,
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Hence we infer that with this notation formula (8.2.33) becomes

⟨Bαx, y⟩C2 = pα(x) pα(y)− qα(x) qα(y). (8.2.34)

Next recall that

v±(f) :=
(
f(0±)
f ′′(0±)

)
∈ C2, v±(g) :=

(
g(0±)
g′′(0±)

)
∈ C2.

Case 1. We consider first the (+) case. Put

x := v+(f) :=
(
f(0+)
f ′′(0+)

)
∈ C2, y := v+(g) :=

(
g(0+)
g′′(0+)

)
∈ C2.

Define for f ∈ D(A∗
α,0)

pα,+(f) := pα(v+(f)), qα,+(f) := qα(v+(f))

Hence we have for g ∈ D(A∗
α,0)

pα,+(g) := pα(v+(g)), qα,+(g) := qα(v+(g))

Then formula (8.2.34) becomes

⟨Bαv+(f), v+(g)⟩C2 = pα,+(f) pα,+(g)− qα,+(f) qα,+(f).

Case 2. Next we consider the (−) case. Put

x := v−(f) :=
(
f(0−)
f ′′(0−)

)
∈ C2, y := v−(g) :=

(
g(0−)
g′′(0−)

)
∈ C2.

We now define
pα,−(f) := pα(v−(f)), qα,−(f) := qα(v−(f))

and deduce that
pα,−(g) := pα(v−(g)), qα,−(g) := qα(v−(g))

As in the Case 1, Then formula (8.2.34) becomes

⟨Bαv−(f), v−(g)⟩C2 = pα,−(f) pα,−(g)− qα,−(f) qα,−(f).

The two formulae obtained in Cases 1 and 2 can be written in a compact form as follows.



Self-adjoint extensions of a punctured third-order operator with a first-order term 322

⟨Bαv±(f), v±(g)⟩C2 = pα,±(f) pα,±(g)− qα,±(f) qα,±(g).

Using formulae (8.2.31) and (8.2.32) we get the following explicit formulas

pα,±(f) =
√
λα,+ x1,± =

√
λα,+

λα,+f(0±) + f ′′(0±)√
1 + λ2

α,+
,

qα,±(f) =
√
−λα,− x2,± =

√
−λα,−

λα,−f(0±) + f ′′(0±)√
1 + λ2

α,−
.

and the same with f replaced by g.

Note that these formulae agree with (8.2.22) and (8.2.23).

It follows from (8.2.27), (8.2.28) and (8.2.24) that

Wα
±(f, g) = p±(f)p±(g)− q±(f)q±(g)− r±(f)r±(g).

Using formulas (8.2.19)–(8.2.20), we obtain

Wα
+(f, g)−Wα

−(f, g) = ⟨Γα,+(f),Γα,+(g)⟩ − ⟨Γα,−(f),Γα,−(g)⟩, (8.2.35)

and substituting (8.2.35) into (8.2.27) gives (8.2.21). The proof is complete.

Lemma 8.34 (Kernel and surjectivity of (Γα,+,Γα,−)). Let

Γα := (Γα,+,Γα,−) : D(A∗
α,0)→ C3 ⊕ C3.

Then
ker Γα = D(Aα,0),

and Γα is surjective.

Proof of Lemma 8.34. Kernel. If Γα(u) = 0, then by formulas (8.2.19) and (8.2.20),

p±(u) = q±(u) = r±(u) = 0.

By these formulas (8.2.22) and (8.2.23)

(u(0±), u′′(0±)) 7→ (p±(u), q±(u))
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is invertible. Indeed, if we replace (u(0±), u′′(0±)) with (x, y), is equal to the follows one

C2 ∋ (x, y) 7−→

√λα,+
λα,+ x+ y√

1 + λ2
α,+

,
√
λα,+

−λα,− x+ y√
1 + λ2

α,−

 .
Since the determinant of this map is non-zero, it is invertible. We infer that

u(0±) = u′′(0±) = 0

Moreover, by the definition of Γα,±, and (8.2.24) we deduce that

r±(u) = 0⇒ u′(0±) = 0.

Hence u ∈ D(Aα,0) by Lemma 8.31. The reverse inclusion is obvious.

Surjectivity. The trace map

tr : D(A∗
α,0) ∋ u 7→ (u(0+), u′(0+), u′′(0+), u(0−), u′(0−), u′′(0−)) ∈ C6,

is surjective.

We choose two functions η± ∈ C∞
0 (R±), where

R+ = [0,∞), R− = (−∞, 0],

such that
η+(x) = 1 for x ∈ [0, 1], η−(x) = 1 for x ∈ [−1, 0].

We define ϕ±
k , k = {0, 1, 2} by

ϕ+
0 (x) =

1, x ≥ 0,

0, x < 0,

ϕ−
0 (x) =

0, x ≥ 0,

1, x < 0,

ϕ+
1 (x) =

x η+(x), x ≥ 0,

0, x < 0,

ϕ−
1 (x) =

0 x ≥ 0,

−x η+(x), x < 0,
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ϕ+
2 (x) =


x2

2 η+(x), x ≥ 0,

0, x < 0.

ϕ−
2 (x) =


0 x ≥ 0,
x2

2 η+(x), x < 0.

It follows from the formula (8.2.17) that each of those six functions belong to D(A∗
α,0).

Moreover, note that

(ϕ−
1 )′(0−) := lim

x→0−

ϕ−
1 (x)− ϕ−

1 (0)
x− 0 = lim

x→0−

−x− 0
x− 0 = lim

x→0−

−x
x

= lim
x→0−

(−1) = −1.

The behaviour of these functions near the origin is illustrated in Figure 8.1.

−1 1

ϕ+
0ϕ−

0

ϕ+
1ϕ−

1

ϕ+
2ϕ−

2

Figure 8.1: The functions ϕ±
j . The functions ϕ+

j (blue) are supported on R+ and vanish
on R−, while ϕ−

j (pink) are supported on R− and vanish on R+.

We note that
(ϕ±

j )(k)(0±) = δjk, j, k ∈ {0, 1, 2}.

From Table 8.1, we obtain

tr(ϕ+
0 ) = (1, 0, 0, 0, 0, 0), tr(ϕ+

1 ) = (0, 1, 0, 0, 0, 0), tr(ϕ+
2 ) = (0, 0, 1, 0, 0, 0),

tr(ϕ−
0 ) = (0, 0, 0,−1, 0, 0), tr(ϕ−

1 ) = (0, 0, 0, 0,−1, 0), tr(ϕ−
2 ) = (0, 0, 0, 0, 0,−1).
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0+-values 0−-values
ϕ ϕ′ ϕ′′ ϕ ϕ′ ϕ′′

ϕ+
0 1 0 0 0 0 0
ϕ+

1 0 1 0 0 0 0
ϕ+

2 0 0 1 0 0 0
ϕ−

0 0 0 0 −1 0 0
ϕ−

1 0 0 0 0 −1 0
ϕ−

2 0 0 0 0 0 −1

Table 8.1: Boundary values of ϕ±
0 , ϕ

±
1 , ϕ

±
2 under the boundary map tr.

So the range of tr contain the vectors form a basis of C6. Therefore, by linear algebra the
boundary map Γα is surjective.

We conclude this section by formulating the following result on the parametrization of
self-adjoint extensions of Aα,0 by U(3).

8.2.4 Self-adjoint extensions

Theorem 8.35 (Self-adjoint extensions parametrized by U(3)). For every U ∈ U(3)
define

D(AU ) := {u ∈ D(A∗
α,0) : Γα,+(u) = UΓα,−(u) }, AUu := A∗

α,0u.

Then AU is self-adjoint and satisfies

Aα,0 ⊂ AU ⊂ A∗
α,0.

Conversely, if A is self-adjoint and Aα,0 ⊂ A ⊂ A∗
α,0, then there exists a unique U ∈ U(3)

such that A = AU .

Proof of Theorem 8.35. Proposition 8.32 provides the Green identity for the operator
A∗

α,0, and therefore coincides with Assumption 8.4.

Moreover, by Lemma 8.34, the boundary map Γα is surjective. This follows from the
explicit construction of the functions ϕ±

0 , ϕ
±
1 , ϕ

±
2 ∈ D(A∗

α,0), whose boundary values form
a basis of C6. Consequently, the range of Γα coincides with C6, and hence Assumption
8.19 is satisfied.

Furthermore, again by Lemma 8.34, we have

ker Γα = D(Aα,0).
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Therefore, all the assumptions of Theorem 8.20 are fulfilled, and the claim follows. In
particular, every unitary matrix U ∈ U(3) defines a self-adjoint extension AU via

D(AU ) = {u ∈ D(A∗
α,0) : Γα,+(u) = UΓα,−(u) }, AUu = A∗

α,0u,

Conversely, every self-adjoint extension A such that

Aα,0 ⊂ A ⊂ A∗
α,0

is of this form for a unique unitary matrix U ∈ U(3).

This shows that all self-adjoint extensions of Aα,0 are completely determined by boundary
conditions at the origin encoded by a unitary matrix U ∈ U(3).

8.3 Some remarks

In this section, we conclude the chapter with some remarks on the relation between the
results obtained in this thesis and related results in the literature. In particular, we discuss
the connection with the work of Mugnolo, Noja and Seifert [32].

Remark 8.36. In particular, Lemma 2.1 of [32] treats the operator

α
d3

dx3 + β
d

dx

on the positive and negative half-lines. The authors obtain deficiency indices (1, 2) on
(0,∞) and (2, 1) on (−∞, 0), respectively, and consequently show that the corresponding
symmetric operators on a single half-line have no self-adjoint extensions.

The homogeneous third-order operator studied in Chapter 5 is the special case in which the
first-order coefficient vanishes. Thus, the deficiency index computations in Theorem 5.17
and Corollary 5.19 agree with the corresponding half-line results of [32]. Likewise, the
third- and first-order operators studied in Chapter 6 belong to the same Airy-type class
considered in [32]; in particular, the half-line deficiency indices obtained in Theorems 6.22
and 6.37 are consistent with their results. Moreover, for the operator on the punctured
line, the equality of the deficiency indices,

n+ = n− = 3,

obtained in Theorem 6.56 is also consistent with the observation in [32] that the direct
sum of the two half-line operators has deficiency indices (3, 3).
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The approach taken in this thesis is, however, different in several respects. In [32], the
adjoint on each half-line is obtained directly and the deficiency equations are analysed
by what the authors describe as a “tedious but elementary computation”. In the present
thesis, the domain of the adjoint is characterized in a more general one-dimensional setting
using weak derivatives and elliptic regularity, following the framework of [36]; see, in
particular, Lemma 6.3 and its proof. Our approach will enable us to study operators of
any order and this will be presented in a following publication.

This provides a systematic adjoint-domain characterization that is then used throughout
Chapter 6 for the real line, the half-lines, and the punctured line. In particular, we avoid
a mistake made in [32], see paragraph ”Extensions of A0 generating unitary groups”
on page 1634, where the authors claim that roughly speaking the domain of the adjoint
operator consists of functions belonging to the Sobolev class H3(0,∞), while in the correct
statement is, see Proposition 6.7, it should be H3

loc([0,∞)).

Accordingly, the half-line deficiency-index results and the fact that the direct-sum operator
has equal deficiency indices should be regarded as known results consistent with [32]. The
contribution of the present treatment lies in the detailed operator-theoretic derivation
used here, including the weak-derivative and elliptic-regularity characterization of the
adjoint domain and its subsequent application within the framework developed in this
thesis.



Appendix A

Tables

A.1 Boundary values at 0± for H+.

Define for convenience:

A := 2√
3

[(1
2 + i

√
3

2
)
− λ

(1
2 − i

√
3

2
)]
, B := 1

2 − i
√

3
2 ,

E := 2√
3

[(1
2 + i

√
3

2
)2 − λ(1

2 − i
√

3
2
)2]
, F :=

(
1
2 − i

√
3

2

)2
.

u–values u′–values u′′–values
ẽ1 ẽ2 ẽ3 ẽ′

1 ẽ′
2 ẽ′

3 ẽ′′
1 ẽ′′

2 ẽ′′
3

0+ √
2 0 0 −

√
2 0 0

√
2 0 0

0− 0 2√
3

(1− λ) 1 0 A B 0 E F

Table A.1: Boundary values of ẽ1, ẽ2, ẽ3 and their first and second derivatives at 0±.

A.2 Boundary values at 0±.

Evaluating the above expressions at x = 0+ (so that e0 = 1), we obtain the boundary
constants

D := f̃ ′
1(0+), C := f̃ ′

2(0+), F := f̃ ′′
1 (0+), G := f̃ ′′

2 (0+).

Define for convenience:

D := −1
2 + i

√
3

2 , C := 2√
3

[(
−1

2 − i
√

3
2
)
− λ

(
−1

2 + i
√

3
2
)]
,

328
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F :=
(
−1

2 + i
√

3
2

)2
, G := 2√

3

[(
−1

2 − i
√

3
2

)2
− λ

(
−1

2 + i
√

3
2

)2]
.

u–values u′–values u′′–values
f̃1 f̃2 f̃3 f̃ ′

1 f̃ ′
2 f̃ ′

3 f̃ ′′
1 f̃ ′′

2 f̃ ′′
3

0+ 1 2√
3

(1− λ) 0 D C 0 F G 0

0− 0 0
√

2 0 0
√

2 0 0
√

2

Table A.2: Boundary values of f̃1, f̃2, f̃3 and their first and second derivatives at 0±.

A.3 Boundary values v(0±), v′(0±), and v′′(0±).

From Tables A.1 and A.2, the boundary values of the basis of H+ are

ẽ1 ẽ2 ẽ3

v(0+)
√

2 0 0
v′(0+) −

√
2 0 0

v′′(0+)
√

2 0 0

v(0−) 0 2√
3

(1− λ) 1

v′(0−) 0 A B

v′′(0−) 0 E F

Table A.3: Boundary values of ẽ1, ẽ2, ẽ3 and their first and second derivatives at 0±.

A.3.1

where, for convenience, we put

A := 2√
3

[(1
2 + i

√
3

2
)
− λ

(1
2 − i

√
3

2
)]
,

B := 1
2 − i

√
3

2 ,

E := 2√
3

((
1
2 + i

√
3

2

)2
− λ

(
1
2 − i

√
3

2

)2)
,

F :=
(

1
2 − i

√
3

2

)2
= −1

2 − i
√

3
2 .

For the basis of H− we have
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f̃1 f̃2 f̃3

v(0+) 1 2√
3

(1− λ) 0

v′(0+) D C 0
v′′(0+) F G 0
v(0−) 0 0

√
2

v′(0−) 0 0
√

2
v′′(0−) 0 0

√
2

Table A.4: Boundary values of f̃1, f̃2, f̃3 and their first and second derivatives at 0±.

where

D := −1
2 + i

√
3

2 ,

C := 2√
3

[(
−1

2 − i
√

3
2
)
− λ

(
−1

2 + i
√

3
2
)]
,

G := 2√
3

((
1
2 − i

√
3

2

)2
− λ

(
1
2 + i

√
3

2

)2)
.

Remark A.1. Let us emphasize that all these seven constants A−G depend only on λ,
and λ depends on the choice of the ONB ẽ1, ẽ2, ẽ3 of the space H+. Hence these constans
depend on this choise of the ONB of H+.

u = u0 + s1ẽ1 + s2ẽ2 + s3ẽ3 + t1f̃1 + t2f̃2 + t3f̃3. (A.3.1)

We use Tables A.3–A.4 to compute

u(0+), u′(0+), u′′(0+), u(0−), u′(0−), u′′(0−).

By Proposition 5.33, since u0 ∈ D(A1), we infer that

u0(0+) = u′
0(0+) = u′′

0(0+) = 0 and u0(0−) = u′
0(0−) = u′′

0(0−) = 0.

Hence only u+ and Γu+ contribute to the boundary values.

Boundary values u(0±). Using the equation (A.3.1) and Tables A.3–A.4, we have

u(0+) = s1ẽ1(0+) + s2ẽ2(0+) + s3ẽ3(0+) + t1f̃1(0+) + t2f̃2(0+) + t3f̃3(0+)

=
√

2 s1 + t1 + 2√
3

(1− λ) t2,
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and similarly

u(0−) = 2√
3

(1− λ) s2 + s3 +
√

2 t3.

Thus,

u(0+) =
√

2 s1 + t1 + 2√
3

(1− λ) t2,

u(0−) = 2√
3

(1− λ) s2 + s3 +
√

2 t3.
(A.3.2)

Boundary values u′(0±). Using the same previous tables,

u′(0+) = −
√

2 s1 +D t1 + C t2,

u′(0−) = As2 +B s3 +
√

2 t3.
(A.3.3)

Boundary values u′′(0±). Again from Tables A.3–A.4,

u′′(0+) =
√

2 s1 + F t1 +Gt2,

u′′(0−) = E s2 + F s3 +
√

2 t3.
(A.3.4)
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[23] Z. Brzeźniak and B. Jefferies. “Renormalization of Coulomb interactions for the 1D
Dirac equation”. J. Math. Phys. 44.4 (2003), pp. 1638–1659.

[24] H. Cartan. Differential calculus. Hermann, Paris; Houghton Mifflin Co., Boston,
MA, 1971, p. 160.

[25] L. C. Evans. Partial differential equations. Providence, R.I. : American Mathemat-
ical Society, 1998.

[26] M. Hirsch and S. Smale. Differential Equations, Dynamical Systems, and Linear
Algebra. Vol. 60. Pure and Applied Mathematics, 1974.

https://maths.york.ac.uk/www/vvb500/teaching.html


Bibliography 334

[27] A. R. Horn and R. C. Johnson. Matrix Analysis. Second. Cambridge University
Press, 2013.

[28] S. Jacques. “Sobolev, Besov and Nikol’skii fractional spaces: imbeddings and com-
parisons for vector valued spaces on an interval”. Ann. Mat. Pura Appl. (4) 157
(1990), pp. 117–148.

[29] E. Kreyszig. Introductory Functional Analysis with applications. Wiley Classics Li-
brary. John Wiley and Sons, Inc., New York, 1989.

[30] W. Mlak. Hilbert spaces and operator theory. Vol. 51. Mathematics and its Applica-
tions (East European Series). Translated from the fourth Polish edition by Marcin E.
Kuczma. Kluwer Academic Publishers Group, Dordrecht; PWN—Polish Scientific
Publishers, Warsaw, 1991, pp. xii+290.

[31] A. Mostowski and M. Stark. Introduction to higher algebra. A Pergamon Press Book.
Translated from the Polish by J. Musielak, International Series of Monographs on
Pure and Applied Mathematics, Vol. 37. The Macmillan Company, New York, 1964,
p. 474.

[32] D. Mugnolo, D. Noja, and C. Seifert. “Airy-type evolution equations on star graphs”.
Anal. PDE 11.7 (2018), pp. 1625–1652. issn: 2157-5045,1948-206X. doi: 10.2140/

apde.2018.11.1625. url: https://doi.org/10.2140/apde.2018.11.1625.

[33] J. van Neerven. Functional analysis. Vol. 201. Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, 2022, pp. xi+712.

[34] M. Reed and B. Simon. Methods of Modern Mathematical Physics. Fourier Analysis,
Self-Adjointness. Vol. 2. Academic Press, INC., 1975.

[35] M. Reed and B. Simon. Methods of Modern Mathematical Physics. Functional Anal-
ysis. Vol. 1. Academic Press, INC., 1972.

[36] W. Rudin. Functional Analysis. Second edition. International Series in Pure and
Applied Mathematics. McGraw-Hill Book Co., New York, 1991.

[37] W. Rudin. Principles of mathematical analysis. Third edition. International Series
in Pure and Applied Mathematics. McGraw-Hill Book Co., New York, 1976.

[38] W. Rudin. Real and complex analysis. Third edition. International Series in Pure
and Applied Mathematics. McGraw-Hill Book Co., New York, 1986.

[39] J. Simon. “Sobolev, Besov and Nikolskii fractional spaces: imbeddings and com-
parisons for vector valued spaces on an interval”. Ann. Mat. Pura Appl. (4) 157
(1990), pp. 117–148. issn: 0003-4622. doi: 10 . 1007 / BF01765315. url: https :

//doi.org/10.1007/BF01765315.

https://doi.org/10.2140/apde.2018.11.1625
https://doi.org/10.2140/apde.2018.11.1625
https://doi.org/10.2140/apde.2018.11.1625
https://doi.org/10.1007/BF01765315
https://doi.org/10.1007/BF01765315
https://doi.org/10.1007/BF01765315

	Abstract
	List of Figures
	Acknowledgements
	Author's Declaration
	1 Introduction
	1.1 Overview
	1.2 Thesis Structure

	2 Preliminaries
	2.1 Sobolev spaces
	2.1.1 Absolutely continuous functions
	2.1.2 Weak derivatives

	2.2 The spectrum of bounded and unbounded linear operators
	2.3 Adjoints and self-adjoint extensions
	2.4 The Cayley Transform
	2.5 Unitary operators
	2.6 Closed and closable operators, adjoints, and operator extensions
	2.7 Ellipticity on one-dimensional domains

	3 First order differential operator
	3.1 First-order differential operator on a bounded interval
	3.1.1 symmetry and Characterization of all self-adjoint extensions of first-order operator
	3.1.2 An alternative proof of Theorem 3.5

	3.2 First order differential operator on the punctured line
	3.2.1 Symmetry and the adjoint 
	3.2.2 Deficiency indices of the first order differential operator on the punctured line
	3.2.3 Finding the adjoint of the closure of a linear operator
	3.2.4 Results for the first order operator on the punctured line
	3.2.5 Finding all self-adjoint extensions operators for the first order closure on the punctured line


	4 Second-order differential operator (Laplacian)
	4.1 Second-order differential operator (Laplacian) on the real line
	4.1.1 Deficiency indices of the second-order differential operator (Laplacian) on the real line

	4.2 Second-order differential operator (Laplacian) on the punctured line
	4.2.1 Deficiency indices of the second-order differential operator (Laplacian) on the punctured line
	4.2.2 The adjoint of the closure of second-order differential operator (Laplacian) on the punctured line
	4.2.3 Deficiency indices of the closure of second-order differential operator (Laplacian) on the punctured line
	4.2.4 Results for the second-order differential operator (Laplacian) on the punctured line
	4.2.5 Finding all self-adjoint operators extensions for the second-order differential operator (Laplacian) on the punctured line
	4.2.6 Nontrivial Solutions of a Complex Linear System
	4.2.7 Converse construction for the Laplacian
	4.2.8 Abstract Characterization of self-adjoint extensions via Unitary maps


	5 Third-order linear homogeneous differential operators
	5.1 Third-order linear homogeneous differential operators on the real line
	5.1.1 Symmetry and the adjoint
	5.1.2 Deficiency indices of the third-order linear homogeneous differential operators on the real line

	5.2 Third-order linear homogeneous differential operators on the positive real line
	5.3 Third-order linear homogeneous differential operators on the negative real line
	5.4 Third-order linear homogeneous differential operators on the punctured line
	5.4.1 Symmetry and the adjoint
	5.4.2 Deficiency indices of the third-order linear homogeneous differential operators on the punctured line
	5.4.3 Results for the third-order linear homogeneous differential operators on the punctured line
	5.4.4 The adjoint of the closure
	5.4.5 Deficiency indices of the closure of the third-order linear homogeneous differential operators on the punctured line
	5.4.6 Characterization of all self-adjoint extensions of the third-order linear homogeneous differential operators on the punctured line
	5.4.6.1 Finding an ONB of the deficiency Subspace H+
	5.4.6.2 Derivatives and Boundary Values of the ONB of H+
	5.4.6.3 Finding an ONB of the deficiency Subspace H-
	5.4.6.4 Derivatives and Boundary Values of the ONB of the space H-


	5.5 Boundary conditions and trace representation
	5.5.1 General argument
	5.5.2 Applications
	5.5.2.1 Case U=I3 (identity coupling)
	5.5.2.2 Case U=diag(ei theta1,ei theta2,ei theta3)
	5.5.2.3 The Fourier-type unitary matrix
	5.5.2.4 Case U: The cyclic permutation matrix
	5.5.2.5 The unitary matrix U5



	6 Third order linear in-homogeneous differential operators
	6.1 Third order linear in-homogeneous differential operators on real line
	6.1.1 Deficiency indices of the third-order linear inhomogeneous differential operators on real line

	6.2 Third-order linear inhomogeneous differential operators on positive half line
	6.2.1 Symmetry and the adjoint
	6.2.2 Deficiency indices of the third-order linear inhomogeneous differential operators on the positive real line

	6.3 Third-order linear inhomogeneous differential operators on negative half line
	6.3.1 Symmetry and the adjoint 
	6.3.2 Deficiency indices of the third-order linear inhomogeneous differential operators on negative half line

	6.4 Third-order linear inhomogeneous differential operators on the punctured line
	6.4.1 Symmetry and the adjoint 
	6.4.2 Deficiency indices of the third-order linear inhomogeneous differential operators on the punctured line
	6.4.3 Finding all self-adjoint operators extensions for the third-order linear inhomogeneous on punctured line


	7 Equivalence between scalar and system differential operators
	7.1 Equivalence between two problems related to the Laplacian
	7.2 Equivalence between two problems related to the first order differential operators
	7.3 Equivalence between two problems related to third-order homogeneous differential operators
	7.4 Equivalence between two problems related to the third-order linear in-homogeneous differential operators
	7.5 Systems of first-order differential operators
	7.5.1 Deficiency indices of first-order differential systems on the half-line
	7.5.2 Deficiency indices of the closure of a system of first-order differential operators

	7.6 Systems of third-order homogeneous differential operators
	7.6.1 Deficiency indices of third-order homogeneous differential systems on the half-line
	7.6.2 Deficiency indices of the closure of a system of third-order homogeneous differential operators

	7.7 Systems of third-order in-homogeneous differential operators
	7.7.1 Deficiency indices of third-order inhomogeneous differential systems on the half-line
	7.7.2 Deficiency indices of the closure of a system of third-order inhomogeneous differential operators


	8 Self-adjoint extensions of a punctured third-order operator with a first-order term
	8.1 Abstract boundary formalism
	8.2 Application: A punctured third-order differential operator with a first-order term
	8.2.1 Special case alpha=0
	8.2.2 Diagonalized boundary maps
	8.2.3 General Case alpha neq 0
	8.2.4 Self-adjoint extensions

	8.3 Some remarks

	Appendix
	A Tables
	A.1 Boundary values at 0+- for H+.
	A.2 Boundary values at 0+-.
	A.3 Boundary values V(0+-), V'(0+-), and V''(0+-).
	A.3.1 


	Bibliography

