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Abstract

Complex engineering infrastructure is commonplace among modern society. Fatigue,

erosion, and adverse environmental factors degrade these infrastructure over time, re-

quiring maintenance to restore proper function. Structural Health Monitoring (SHM)

provides proactive solutions to ensure structural safety and reliability, SHM systems

consist of data acquisition and processing systems to enable the detection of damage in

monitored structures. Data-based approaches to SHM have demonstrated considerable

promise, but their widespread adoption remains limited by a fundamental challenge:

the scarcity of labelled data. Acquiring observations that capture the full spectrum of

structural health conditions — from the healthy state through to advanced damage —

is costly, disruptive, and often practically unfeasible for in-service assets.

Population-based structural health monitoring has emerged as a principled response to

this challenge. By treating a collection of structures jointly rather than as isolated as-

sets, PBSHM enables information to be shared across population members — allowing

data-rich assets to inform inference for data-scarce ones. While considerable research ef-

fort has been directed toward developing population-based technologies for classification

tasks, comparatively little attention has been paid to regression, where the quantity of

interest is a continuous health variable rather than a discrete damage category. To con-

tinue the development of PBSHM systems, regression based technologies are required.

Regression further enables damage severity to be quantified, degradation trajectories to

be tracked, and predictions to be made about the remaining useful life of a structure.

These capabilities are essential for the informed, cost-effective operation and mainte-

nance of structural assets, and their development for population-based settings is the

central concern of this thesis.
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Chapter 1

Introduction

Modern society is fundamentally reliant on the safe, continuous operation of highly com-

plex engineering infrastructure. Due to fatigue, degradation, or adverse environmental

factors, these infrastructures can become damaged over time, requiring maintenance to

restore proper function. Maintenance is a foundational aspect of engineering practice

that underpins this reliability across diverse sectors such as manufacturing, transporta-

tion, civil infrastructure, and energy. Over previous decades, this discipline has evolved

significantly. Traditionally, maintenance relied on reactive measures—where action is

taken only after a failure occurs, often resulting in significant downtime and unantici-

pated costs.

To reduce the likelihood of failure, the industry shifted toward scheduled maintenance,

which introduces physical inspections and interventions at fixed time intervals, regardless

of the actual condition of the asset. Although effective, this approach can sometimes lead

to unnecessary servicing. In the early stages of operational life, regular servicing may

not be required at all, and towards the end of life, the fixed intervals may miss critical

degradation. Today, the drive for improved efficiency and reduced operational costs is

leading engineering fields toward condition-based and predictive maintenance. These

approaches rely on measurable indicators of system health and the ability to anticipate

degradation, allowing interventions to be performed at the most opportune time.

This transition to predictive maintenance is no longer just an operational preference; it

is a necessity. The global engineering landscape has reached a scale where traditional

scheduled maintenance is no longer physically or economically feasible. This is starkly

visible in the renewable energy sector; for instance, global wind power capacity sur-

passed 1.2 Terawatts by the end of 2024 [1], with over 117 GW of new capacity installed

globally in that year alone [2]. Sending human crews to physically inspect every asset in

1
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these rapidly expanding, distributed networks—often located in hostile offshore environ-

ments—is prohibitively expensive and inherently dangerous. Consequently, the reliance

on human-centric, scheduled inspections must be replaced by automated systems capable

of assessing asset integrity remotely and continuously.

1.1 Structural Health Monitoring

Structural health monitoring (SHM) offers solutions to dated inspection methods to

ensure the safety and reliability of various infrastructure. The aim of SHM is to help

inform decision-making, particularly for the operation and maintenance (O&M) of high-

value and safety-critical infrastructure. SHM systems consist of data acquisition and

processing systems to enable the detection of damage in monitored structures. The level

of information provided by an SHM system depends on the specific system and structure

being monitored. Rytter [3] provides a hierarchy of information that an SHM system

might be able to provide, which was later extended by Worden [4].

• Detection: Is there damage?

• Localization: Where is the damage?

• Classification: What kind of damage is it?

• Quantification: How severe is the damage?

• Prognosis: What does this damage mean for the remaining life of the structure?

Each level in the hierarchy generally requires more information, and this information is

generally more difficult to acquire. Damage is typically difficult or impossible to measure

directly [5], sensors often capture indirect quantities—such as vibrations, strain measure-

ments, or images—rather than direct structural flaws, meaning that SHM systems must

rely on models to interpret these data. These models exist on a spectrum: at one ex-

treme, physics-based models [6–8] that use the underlying laws of physics to describe the

observed behaviours of the system. At the other extreme are data-based models [9–12]

that learn the relationship between sensor measurements and structural damage directly

from data. In-between these two approaches are physics-informed [13–18] approaches

that combine physical laws and data-based approaches.
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1.1.0.1 Open Challenges in SHM

Several significant research challenges remain for SHM systems, which can be broadly

categorised into three areas. First, the acquisition of data and extraction of damage-

sensitive features remains a largely bespoke procedure, requiring specialist knowledge

to design sensor systems and interpret the resulting measurements. Feature extraction

frequently relies on manual processes such as modal analysis, and identifying features

that are sensitive to a range of damage locations, types, and severities remains an open

problem. Second, confounding influences —most notably environmental and operational

variability (EoVs) — can mask the subtle changes in structural response that indicate

damage. If left unaddressed, these effects risk both obscuring true damage signatures

and producing false indications, and so methods that normalise or remove their influence

are a necessary component of any robust SHM pipeline. Third, and most relevant to the

work presented here, SHM models often rely on large, varied datasets to learn reliable

representations of structural behaviour. This requirement is particularly prohibitive

for models that aim to provide detailed diagnostics — such as damage localisation,

classification, or severity estimation — since these tasks demand supervised learning

approaches with labelled observations spanning all damage states of interest.

1.1.0.2 Data Scarcity in SHM

Acquiring extensive, labelled datasets that capture a structure’s behaviour across the

full spectrum of health conditions and degradation stages is prohibitively costly and

often practically unattainable. Because critical engineering infrastructure is designed to

be highly reliable, assets rarely experience severe damage under normal operation. Con-

sequently, the data collected by operational SHM systems are overwhelmingly skewed

toward the healthy state. This inherent data imbalance means models lack the necessary

examples of deterioration, leading to unreliable predictions when faced with novel or pro-

gressing damage scenarios. Since acquiring damage labels from operational structures

is often unfeasible, engineers take any opportunity to test decommissioned structures,

such as the Z24 bridge [19], or laboratory-scale models [20]. Due to physical or exper-

imental limitations, many SHM datasets only showcase the behaviours of physical sys-

tems through discrete realisations of their health states — outputs are measured, some

form of damage is applied (typically adding masses or removing physical sections of the

structure), and outputs are measured again. The practical difficulty of capturing con-

tinuously progressing damage, combined with the operational priority of distinguishing

safe from unsafe states, has historically directed research attention toward classification

technologies in SHM. While this is a natural starting point — and remains an impor-

tant capability — the requirements of industry are evolving as the field matures. A
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categorical safe/unsafe determination is increasingly insufficient for asset managers who

must plan maintenance schedules, allocate inspection resources, and make economically

informed decisions about the remaining useful life of a structure. These demands re-

quire not just the detection or localisation of damage, but a quantitative estimate of its

severity and trajectory — tasks that classification alone cannot provide. While unsuper-

vised machine learning algorithms, such as Autoencoders [21, 22] or One-Class Support

Vector Machines [23, 24], can be used to detect the mere presence of damage (Level 1 in

Rytter’s hierarchy), and multi-class classification algorithms [25] can be used to localise

(Level 2) or identify (Level 3) the type of damage, regression is a natural approach to

quantify (Level 4) the extent of damage and provide prognosis (Level 5) for the life of

the structure.

The fundamental lack of adequate damage data on an individual asset level has given rise

to a new approach: Population-based structural health monitoring (PBSHM) [26–29].

1.2 Population-based Structural Health Monitoring

The data scarcity challenges outlined above motivate a paradigm shift in how SHM sys-

tems are conceived: rather than treating each structure as an isolated asset, PBSHM

considers a collection of structures jointly [26–29]. This approach is predicated on the

observation that structures sharing common design principles, environmental conditions,

loading regimes, or ageing mechanisms will exhibit statistical commonalities in their re-

sponse data — commonalities that can be exploited to transfer information between

population members. Where a single structure may never accumulate sufficient exam-

ples of damaged behaviour to train a reliable model, a population of nominally similar

structures collectively represents a far richer source of information. PBSHM therefore

reframes data scarcity as a problem of information routing: the data exists within the

population, and the challenge lies in transferring it appropriately between assets. The

primary methodological tool for achieving this is transfer learning. Transfer learning

seeks to leverage knowledge acquired from one structure (the source) to improve infer-

ence on a related but distinct structure (the target). Domain adaptation is one of the

most common branches of transfer learning and specifically addresses the distributional

mismatch that arises between source and target — for instance, due to differences in

geometry, material properties, or sensor configuration. Transfer learning methods form

the technical backbone of PBSHM and their development is the central concern of this

thesis. For a thorough introduction to the theoretical foundations of PBSHM, the reader

is directed to [26–29].
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1.2.1 Transfer Learning

Transfer learning is a machine learning paradigm in which knowledge acquired in one

context is reused to improve inference in a related but distinct context [30]. Rather

than training a model from scratch on limited local data, transfer learning allows a

model to draw on richer information from elsewhere — either from a different dataset,

a different domain, or a different but related task. In the context of PBSHM, this

“elsewhere” is the population itself: other structures whose data can inform predictions

about a target asset. One of the most widely-explored forms of transfer learning in

PBSHM is domain adaptation, in which feature data are mapped from a label-rich

source domain to a label-scarce target domain. The objective is to find a shared latent

representation in which the source and target distributions are sufficiently aligned that

label information — such as damage state or severity — can be transferred meaningfully

from one to the other. The source and target domains may differ due to variations in

geometry, material properties, sensor placement, or operational conditions, and so this

alignment is rarely trivial. It is worth distinguishing between two broad regimes of

transfer. In homogeneous transfer, the source and target share the same feature space

and the challenge is purely distributional — the data look similar but are not identically

distributed. In heterogeneous transfer, the source and target occupy different feature

spaces entirely, requiring a more fundamental mapping between representations before

any knowledge can be shared. Both regimes are relevant to structural populations,

where assets may range from near-identical units on a wind farm to structurally distinct

bridges sharing only a broad family resemblance.

1.2.2 Active Learning

Active learning (AL) presents another avenue to address the limitations imposed by

data scarcity in SHM [31]. Conventional supervised machine learning requires labelled

examples spanning the full range of conditions a model may encounter in deployment

— a requirement that is rarely satisfiable in structural monitoring, where labels cor-

respond to damage states that are costly or dangerous to induce deliberately. Active

learning reframes this problem: rather than passively accepting whatever labelled data

happens to be available, an active learning system selectively identifies which unlabelled

observations would be most informative to label next, given what the model currently

knows. By concentrating labelling effort on the most valuable examples, the goal is to

achieve strong model performance with far fewer labels than conventional supervised ap-

proaches would require. The selection of which observations to query is governed by an

acquisition function, which encodes some notion of informativeness. Common strategies
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include querying points of maximum predictive uncertainty — where the model is least

confident — or points expected to most reduce the overall uncertainty across the input

space. More sophisticated criteria account for the cost of acquiring a label, balancing in-

formativeness against practical constraints. Active learning can be applied in two broad

settings. In the offline setting, a fixed pool of unlabelled data has already been collected,

and the active learner selects a subset to label from this pool. In the online setting,

data arrive sequentially and the system must decide in real time whether each new ob-

servation warrants the acquisition of its label [32]. The online setting is particularly

relevant to SHM, where monitoring systems continuously stream data throughout the

operational life of a structure and inspections are expensive, disruptive, or logistically

constrained. Additionally, damage labels cannot be acquired retrospectively. An asset

manager can only acquire these labels as and when they occur. In this context, an active

learning system can be understood as a principled decision-making tool for inspection

planning — one that directs human attention toward the moments most likely to yield

meaningful diagnostic information.

1.3 Uncertainty in SHM

Uncertainty is a fundamental feature of almost every quantitative field — physics, eco-

nomics, medicine, and engineering among them. It arises whenever a conclusion must be

drawn from incomplete or imperfect information, and managing it well is a prerequisite

for reliable decision-making. In the context of SHM, uncertainty is not merely an in-

convenience but an inherent property of the problem: structural damage must typically

be inferred from indirect measurements, sensor data is subject to finite precision and

systematic error, and predictions must be made about future states of a system that is

continuously evolving under poorly characterised loading and environmental conditions.

It is useful to distinguish between two fundamental sources of uncertainty. Epistemic

uncertainty arises from a lack of knowledge — in principle, it could be reduced given

more data, better models, or more thorough inspection. Aleatoric uncertainty, by con-

trast, reflects genuine stochasticity in the system and cannot be eliminated regardless

of how much information is gathered. In practice, both are present simultaneously in

SHM problems: a model may be uncertain about the current damage state because

it has seen little data from the target structure (epistemic), while the structural re-

sponse itself may vary unpredictably due to turbulent loading or environmental fluc-

tuations (aleatoric). Distinguishing between these sources matters for decision-making

— epistemic uncertainty motivates further data collection or model refinement, whereas

aleatoric uncertainty must simply be accommodated.
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Representing uncertainty formally requires a mathematical language. Several frame-

works exist, including interval analysis [33, 34] and fuzzy logic [35, 36], but the current

thesis adopts probability theory [37] as its foundation. Probability offers a coherent and

well-developed calculus for reasoning about uncertain quantities, and crucially, it con-

nects naturally to the broader framework of statistical decision theory — a principled

approach to making optimal choices under uncertainty. This connection is particularly

valuable in SHM, where the ultimate purpose of a model is not prediction in isolation

but to inform consequential decisions about inspection, maintenance, and intervention.

A model that quantifies its own uncertainty enables a decision-maker to weigh the costs

of action against the risks of inaction in a formally grounded way, rather than relying

on deterministic outputs that offer no indication of their own reliability.

1.4 Thesis Contributions

While classification-based approaches can determine the presence or general category

of damage, regression enables a finer resolution of damage conditions. As the SHM

field matures and industry demands move beyond binary safe/unsafe assessments, re-

gression technologies become increasingly central to the discipline. Within the PBSHM

paradigm, considerable research effort has been directed toward developing population-

based technologies for classification tasks — transferring discrete damage labels across

populations. By contrast, comparatively little attention has been paid to regression

tasks, where the quantity of interest is a continuous health variable rather than a discrete

category. This gap is consequential: the same data scarcity challenges that motivate PB-

SHM in the classification setting apply equally to regression, and the population-based

tools needed to address them must be developed and validated accordingly. This the-

sis aims to address this gap by developing and demonstrating population-based SHM

technologies specifically for regression tasks. Three core contributions of this thesis are

outlined:

• Contribution 1: Extend transfer learning technologies for PBSHM to

regression tasks. Transfer learning is the primary mechanism by which PB-

SHM exploits population-level information. This thesis develops and demonstrates

transfer learning methodologies capable of mapping continuous damage states

across structurally distinct source and target domains, addressing the challenges

that arise when the quantity to be transferred is a continuous variable rather than

a discrete label.

• Contribution 2: Expand active learning to regression problems in pop-

ulation monitoring Active learning offers a principled approach to data-efficient
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monitoring by directing inspections toward the most informative observations.

This thesis extends active learning to the population setting, demonstrating how

population-based regression models can be used to improve inspection resource al-

location across a fleet of structures — with explicit consideration of the economic

consequences of monitoring decisions.

• Contribution 3: Develop a benchmark dataset capturing continuous

degradation across a population of structures. The development and val-

idation of regression-based PBSHM technologies requires experimental data that

reflects continuous, progressive damage rather than discrete, artificially induced

states. This thesis presents a novel dataset collected from a population of beams

of varying material and geometry, in which degradation is introduced continuously

— providing a benchmark for the community to further develop and evaluate

population-based regression methods.

Together, these contributions represent a coherent programme of research aimed at

advancing the capability of PBSHM beyond classification and toward the quantitative,

prognostic technologies that the field — and industry — increasingly requires.

1.5 Thesis Outline

The remainder of this thesis is structured as follows:

Chapter 2 provides the theoretical background underpinning the machine learning

methodologies developed throughout the thesis. This includes the probabilistic founda-

tions of Bayesian inference, transfer learning approaches that enable information sharing

across a population of structures, and active learning approaches that support budget-

efficient inspection planning.

Chapter 3 presents a review of the relevant literature, surveying the current state of

the art in transfer learning and active learning for structural health monitoring. The

limitations and open challenges identified in this review directly motivate the research

objectives of the thesis.

Chapter 4 fulfils Contribution 2 by developing a risk-based active learning frame-

work for populations of structures. A Bayesian hierarchical model is used to model the

degradation of a population of machining tools, enabling data-rich members to inform

predictions for data-scarce members. A decision-theoretic inspection planning process
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is then defined, in which inspections are allocated according to expected utility — pro-

viding a principled and natural solution to the problem of budget allocation across a

structural population.

Chapter 5 fulfils Contribution 3 by introducing a novel experiment designed to cap-

ture continuous structural degradation in a population-based SHM setting. Progressive

damage is applied to a population of beams of varying material and geometry, and the

evolution of their dynamic response is monitored throughout. The experimental design

is described in detail, and damage-sensitive features extracted from the resulting data

are characterised and analysed.

Chapter 6 fulfils Contribution 1 by developing a transfer learning framework for

continuous damage states, applied to the dataset introduced in Chapter 5. Principal

component analysis is used to reduce the dimensionality of the frequency response func-

tions, and a novel domain alignment technique is proposed to map between structurally

distinct source and target beams. The particular challenges that arise when transferring

continuous, rather than discrete, damage information are discussed throughout.

Chapter 7 concludes the thesis by highlighting the key findings and contributions

of each chapter. The advantages and limitations of the proposed methodologies are

critically assessed, and directions for future research are identified.



Chapter 2

Background Theory

Structural Health Monitoring seeks to assess the condition of engineering structures

through the analysis of measured data, with the aim of supporting reliable inspection

and decision-making. As monitoring campaigns increasingly involve multiple structures

operating under varying environmental and operational conditions, the focus of SHM has

expanded from single-structure analysis to population-based approaches. Population-

Based Structural Health Monitoring leverages information shared across a population

of similar structures to improve diagnostic performance, particularly in scenarios where

data from an individual asset are limited. The development of PBSHM has been closely

linked with advances in machine learning, which provide flexible tools for modelling

complex, high-dimensional data. Many of these methods rely on probability theory to

quantify uncertainty and variability across structures within a population. However,

differences between source and target structures, as well as the high cost of labelled

data, present significant challenges, motivating the use of transfer learning and active

learning to enable robust knowledge transfer and data-efficient learning. This chapter

reviews the background theory to establish the foundation of the methods proposed in

this thesis.

2.1 Structural Health Monitoring

Structural Health Monitoring aims to apply damage identification strategies to assess the

condition of a structure. SHM systems reduce operation and maintenance (O&M) costs

over the lifetime of an asset by alerting operators to emerging damage and indicating

when maintenance might be necessary. These systems enable operators to move away

from cost-inefficient O&M practices such as periodic inspections, towards more optimal

10
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data-informed condition-based strategies. The level of information provided by an SHM

system depends on the specific system and structure being monitored.

2.1.1 SHM approaches

Generally SHM models can be classified into physics-based models and data-driven mod-

els. Physics-based (or white-box) models rely on the governing physical laws of the

system to interpret sensor measurements and infer health states. Data-driven (or black-

box) models learn directly the relationship between measured data and system health

states. Physics-informed (or grey-box) models are somewhere in between, where physics

is encoded directly into the machine learning model such that the model follows the

physical laws that govern the system it is modelling.

Physics-based models [6–8] are built on fundamental physical laws. Generally, these

models offer some interpretability, where the parameters of the model have some phys-

ical meaning. This is helpful because learning the parameters of the system can give

insight into underlying physical mechanisms. Physics-based modelling requires detailed

understanding of the system (boundary conditions, material properties, geometry), in-

cluding physics in the model that isn’t representative of the underlying physical system

will reduce the predictive capability of the model. Equally, physics-based models can

predict behaviours under new conditions even if the behaviours are not captured in the

data, as long as the behaviour is captured in the physics.

Data-driven models [9–12] learn patterns directly from measured data. These models

don’t, necessarily, require explicit knowledge of governing physics. However, data-driven

models will only ever be able to make predictions about behaviours represented in the

dataset they learn from. This means that data-driven models may require larger volumes

of higher-quality data to generalise well. These models are capable of modelling complex

system behaviour that can be difficult to capture explicitly in equations, but can lack

the interpretability provided by physics-based models.

Physics-informed models [13–18] reduce the data requirements of black-box models by

including physics in the model. For example, to model a fluid flowing through a pipe, a

black-box model might need millions of datapoints to learn the behaviour and the model

may not generalise well to different fluids or different pipes. A physics-informed model

might be programmed to contain the equations of fluid dynamics directly in the model,

allowing the model to predict better with less data and generalise to new domains.
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2.1.2 Unsupervised learning

In unsupervised machine learning it is assumed that only input data are available, giving

a training dataset {xi}nu
i=1 with nu unlabelled samples. The goal is to learn “interesting

patterns” in the data. Since there are no labels, y, there is no obvious error-metric to

use. Typical uses for unsupervised machine learning include dimensionality reduction,

density estimation and finding groups in data (clustering) [38]. In SHM, unsupervised

learning can be used for novelty detection, where measurements of a damage sensitive

feature can be recorded while the structure is ‘healthy’ to estimate a baseline distribu-

tion of the measurements under ‘normal’ conditions. Then during monitoring, measure-

ments that deviate from the baseline will indicate damage. These methods are useful

because one of the biggest problems in SHM is the scarcity of damage labels, the nature

of novelty detection means that one only ever needs to take measurements from the

undamaged structure making novelty detection less resource intensive than many super-

vised machine learning methods. Despite this the diagnostic capabilities of unsupervised

machine learning are limited to simple detection [5].

2.1.3 Supervised learning

Supervised machine learning aims to learn the relationship between a set of input fea-

tures x and a target variable y such that a model is trained on a dataset of input features

and corresponding target variables {xi, yi}nl
i=1, with nl labelled data. When the target

variable is continuous the learning task is regression and when the target variable is

discrete categories, the learning task is classification. In contrast to unsupervised learn-

ing, supervised approaches typically enable deeper diagnostics because the presence of

labels provides more information to guide model training. Historically, many of the ML

algorithms developed in SHM have been classification based [10, 39, 40]. A key reason is

that SHM datasets obtained from laboratory experiments, field campaigns, or finite ele-

ment models often contain discrete health states or a clear healthy–damaged distinction

[19, 20, 41–43]. Implementing controlled levels of damage in experiments is challenging,

making continuous damage labels rare and discrete labels far more common.

The availability of categorical datasets, coupled with the wider machine learning com-

munity’s influence, meant that many popular algorithms were directly adopted for SHM

classification tasks. These include support vector machines [44–46] and convolutional

neural networks [9–11], among others. Performance metrics such as the F1-score and

ROC curves also provided straightforward ways of comparing model performance. This

historical emphasis on classification provides useful diagnostics but also highlights the
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need for methods capable of modelling continuous, evolving damage processes—an area

where regression-based approaches are increasingly important.

2.1.4 Partially supervised learning

Obtaining fully labelled datasets is often infeasible in SHM; however, labels can be ob-

tained for a subset of measurements through inspections during a monitoring campaign.

As a result, SHM datasets often consist of a large quantity of unlabelled data and a small

subset of labelled samples. This scenario is well-suited to partially-supervised learning

methods [47], which aim to develop regression or classification models by integrating in-

formation from both labelled and unlabelled data. By incorporating unlabelled data into

the learning process, partially-supervised methods can reduce the reliance on extensive

labelled datasets.

Partially-supervised learning can generally be categorised into two approaches: semi-

supervised learning and active learning [48]. Semi-supervised learning leverages both

labelled data,

Dl = {(xi, yi)}nl
i=1,

and unlabelled data,

Du = {xi}nu
i=1,

by training models on the combined dataset

D = Dl ∪ Du,

thus incorporating information from both types of samples. In contrast, active learning

does not directly use unlabelled data during training. Instead, a predictive model is first

trained on the available labelled data, then used to estimate the information content or

uncertainty of unlabelled samples, guiding the labelling procedure to efficiently select

the most informative unlabelled samples for annotation. The method a learner uses

to choose which sample to label is called the query regime (or acquisition function),

there are many different measures one can use such as risk [49], query-by-committee [50]

and uncertainty sampling [51, 52]. Active learning will be covered more thoroughly in

Section 2.6.

Whether to help guide labelling procedures or to quantify the uncertainty associated with

measurements of structures, a probabilistic framework that can represent uncertainty

explicitly is often preferred for ML in SHM [38].
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2.2 Probability Theory

Measured data in SHM is inherently uncertain to some degree. This uncertainty can

come from experimental sources, such as sensor accuracy, human error or model sources

such as model discrepancy and parameter variability. This data is used to inform

decision-making, without dealing with this uncertainty appropriately asset managers

risk safety and economic consequences. As such, uncertainty should be mitigated dur-

ing data acquisition and quantified within models [53]. Probabilistic frameworks offer

methods to quantify this uncertainty. In SHM, signals measured from structures of in-

terest can be treated as realisations of a random variable X, that can take values in

a domain X , i.e. x ∈ X For continuous variables, X is typically the set, or a subset,

of real numbers, X ⊆ R; for discrete variables, X is a finite set of discrete outcomes.

The probability of a specific outcome describes the likelihood it will occur relative to

all other possible outcomes, where P (X) = 0 indicates the outcome will definitely not

occur and P (X) = 1 that it is certain to occur. Therefore, it is bounded within the

interval [0, 1], and the sum over all possible outcomes must equal one [54].

A continuous random vector is associated with a probability density function (p.d.f)

p(x), which describes the probability that X will take a value x in a < X < b as follows,

P (a < X < b) =

∫ b

a
p(x) dx, s.t.

∫
X
p(x) dx = 1, 0 ≤ p(x) ≤ 1. (2.1)

Often, the objective of SHM is to infer the health state y of the structure from a set of

observations x. In much of the SHM literature y is a discrete category that describes the

state of the structure. y can take one of K classes in a finite set y ∈ Y = {1, 2, . . . ,K}.
This is called a label space in machine learning. A more realistic formulation considers

y as a continuous health variable; Y taking values in a domain Y ⊆ R (or Rd for

multivariate states). This continuous description of health enables modelling of gradual

degradation and damage progression. The random variable Y and its corresponding

probability density function must satisfy the conditions stated in Equation 2.1. p(y | x)
denotes the conditional probability distribution, the probability of the state y given that

x has taken a certain value. Given two random variables X and Y , the probability that

they each take a certain value simultaneously, the joint probability, is given by p(x, y).

The joint probability can be decomposed as follows:

p(x, y) = p(y | x)p(x). (2.2)
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Independence between y and x would imply that knowledge of one value would not re-

strict the range of values the other would be expected to take. Meaning that Equation 2.2

could be further simplified as:

p(x, y) = p(y)p(x). (2.3)

2.2.1 Bayes Theorem

Bayesian statistics is a probability framework that has had widespread adoption in data

analysis because of its rigorous and coherent treatment of uncertainty. The typical

Bayesian workflow consists of three main steps: Determine the prior distribution by

capturing information about the parameters of the model before any data is collected;

determine the likelihood function, using information about the parameters available in

the observed data; finally, combining the prior distribution and the likelihood function

to calculate the posterior distribution. This work flow is neatly contained in Bayes’

theorem, shown in Equation 2.4.

P (θ | X) =
P (X | θ) · P (θ)

P (X)

Posterior =
likelihood× prior

average likelihood

(2.4)

Where θ is the parameters of the model and X is the available data. This equation

expresses how a belief, expressed as a probability, should rationally change to account

for the availability of evidence. That is, the prior distribution is updated to the posterior

distribution after being exposed to data. This can be seen in Figure 2.1, where the pos-

terior is somewhere in between the prior and the likelihood. The evidence has updated

the prior and effectively moved it closer to the evidence in the form of the posterior.

Often the denominator on the right-hand side of Equation 2.4 is overlooked, it is a

normalisation factor that ensures the posterior probabilities add up to one. The denom-

inator is an integral over all possible parameter values and if θ is high-dimensional, the

denominator becomes very difficult to calculate.

P (X) =

∫
P (X | θ)P (θ)dθ (2.5)

Several ways of addressing this problem have been developed. Historically, researchers

were limited to conjugate likelihood-prior pairs [56], where for certain prior–likelihood
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Figure 2.1: A graphical representation of a prior distribution being updated to a
posterior distribution after exposure to evidence [55].

pairs, the posterior distribution belongs to the same family as the prior, forming a con-

jugate prior. More recent developments allow us to avoid computing the denominator

entirely using Markov-chain Monte Carlo (MCMC) [57–59], approximating the posterior

using Variational Inference [60, 61] or Laplace approximation [62] as well as Approxi-

mate Bayesian Computation (ABC) [63] and nested sampling [64] methods. A thorough

explanation of Bayesian data analysis can be found in [65].

2.2.2 Prior distributions

A prior probability distribution, often called simply a prior, is a key part of Bayesian

inference. A prior is the assumed distribution of an uncertain parameter before some

evidence is taken into account. The prior should be considered as any another part of

the model and so should be chosen, evaluated and revised [66]. The key issues in setting

up a prior distribution are [67]:

1. What information is going into the prior distribution?

2. What are the properties of the resulting posterior distribution?

Prior information often comes from previous experiences, it is common to use the poste-

rior distribution from one model as the prior distribution for the next model. The prior

can come from many sources and is used ton encode the prior belief about the param-

eter. In the past priors were contained mostly to conjugate pairs, specific sets of prior

and likelihood combinations that result in analytical solutions for the posterior distribu-

tion. Now, with the development of Markov-Chain Monte Carlo sampling, the posterior

distribution can be approximated for a wider range of priors. When there is limited

understanding of the true nature of the parameters of the system, it is suggested to use
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‘weakly informative priors’, these are priors that express partial or vague information

about a variable. The purpose of weakly informative priors is for regularization and to

very loosely constrain variables to sensible values [66]. An important consideration for

priors are which values are included in the support of the distribution. If certain values

are excluded in the prior with 0 probability, then no matter how strong the evidence is

for the values, they will retain 0 probability in the posterior.

2.2.3 The likelihood

The likelihood, P (X | θ), is the probability of observing the set of data given a specific

set of parameters. Likelihood functions can be chosen by the analyst, and the function

the analyst chooses can have a large effect on the posterior distribution and parameter

estimation of the analyst’s model. For example, choosing a student-t distribution for

the likelihood can imbue robustness to a model [66].

2.2.4 Posterior distribution

The posterior distribution, P (θ | X), reflects one’s updated knowledge, balancing prior

knowledge with observed data [65]. It describes the uncertainty about statistical param-

eters conditional on a collection of observed data. Posterior distributions should be a

better reflection of the underlying generative process of the data than a prior since the

posterior includes more information. From the posterior distribution estimates, such as

maximum a posteriori (MAP), can be derived. As previously mentioned, if new data be-

comes available, the posterior can become the new prior to incorporate new information

into the analysis.

2.3 Problems in SHM

Perhaps the largest problem in SHM is data-scarcity. Creating damage labels requires

damaging the structure of interest. This can be expensive, high-risk and is often not

possible for real structures. This limits the usefulness of supervised machining learning

methods particularly for regression and deep learning approaches. Additionally, even

when labels are available the datasets are imbalanced due to healthy states being much

more common than damaged ones. This leads to implicit biases for models trained on

this data. A similar problem occurs due to environmental and operational variability.

Temperature, humidity and loading (e.g. traffic, wind) can change measured signals,

masking or mimicking damage, making robust detection difficult without comprehensive
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datasets. The difficulties imposed by inadequate data motivates sharing information

between similar assets [68].

2.4 Population-based SHM

PBSHM aims to address the problem of data-scarcity in SHM. By adopting a population-

based approach to SHM, such that knowledge and information can be transferred be-

tween similar structures, there is potential for improved diagnostic and prognostic ca-

pabilities [69]. The foundations of PBSHM have been presented in a series of journal

papers by Worden et al., each detailing the fundamental concepts of the approach; ho-

mogeneous populations [26], heterogeneous populations [27], mapping and transfer [28],

the geometric spaces in which structures exist [29], and embedding these technologies in

software [70].

2.4.1 Homogeneous and heterogeneous populations

In a population of structures — such as the wind turbines comprising an offshore wind

farm — members may share common geometries, topologies, materials, and boundary

conditions. Where structures are built to the same design specification, using the same

components and manufacturing processes, they can be considered nominally identical,

and a population consisting exclusively of such structures is referred to as a homogeneous

population. In principle, homogeneous populations offer the most straightforward set-

ting for information sharing: the statistical commonalities between members are strong,

and knowledge acquired from one asset can be transferred to another with minimal

correction. In practice, however, even nominally identical structures will exhibit vari-

ation. Manufacturing tolerances, differences in installation conditions, and localised

environmental effects all introduce heterogeneity that is absent from the design specifi-

cation. Offshore wind turbines, for instance, may be structurally identical yet experience

markedly different geotechnical conditions due to variation in the geological composition

of the seabed beneath each foundation. These differences modify the effective bound-

ary conditions of the turbine towers and produce measurable changes in their dynamic

behaviour — meaning that even a nominally homogeneous population will exhibit some

degree of structural variability in practice [71]. Accounting for this variability is there-

fore important even in the homogeneous case, and becomes increasingly critical as the

diversity of the population grows. An example of a homogeneous population can be seen

in Figure 2.2.
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Figure 2.2: A representation of a homogeneous population of wind turbines [71].

In contrast, a heterogeneous population encompasses structures that are not exclusively

nominally identical — admitting greater diversity in design, geometry, material prop-

erties, and boundary conditions, and potentially including multiple distinct structural

types. Despite the more significant differences between members, heterogeneous pop-

ulations can still exhibit commonalities that are valuable for knowledge transfer. The

challenge lies in identifying and exploiting these shared characteristics while accounting

for the structural dissimilarity that distinguishes the population from the homogeneous

case.

Returning to the offshore wind farm example, consider an operating company that man-

ages two wind farms at different locations — one equipped with three-bladed turbines

and one with four-bladed turbines. Treating each farm as a separate homogeneous pop-

ulation is a natural starting point, but there are additional benefits to considering them

jointly as a single heterogeneous population. The tower designs of the two turbine types

may be closely related, for instance, and by pooling observations across both farms it

becomes possible to develop improved predictive models for this shared substructure

— models that would be harder to learn from either population in isolation. The same

principle applies across a wide range of engineering contexts: an aircraft fleet comprising

multiple models, a portfolio of suspension bridges with varying span configurations, or

a collection of offshore platforms of different designs may all contain transferable struc-

ture that a population-based approach can exploit, provided that the mapping between

domains is handled appropriately.

This distinction between homogeneous and heterogeneous populations is important for

the transfer learning methodology developed in this thesis. The beam population in-

troduced in Chapter 5 is deliberately heterogeneous — spanning multiple materials and
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geometries — and the transfer learning framework of Chapter 6 is designed specifically to

accommodate this variability, addressing the more challenging and practically relevant

case in which source and target structures are related but not identical. An example of

a heterogeneous population can be seen in Figure 2.3.

Figure 2.3: A representation of a heterogeneous population of wind turbines [71].

For further discussion on homogeneous and heterogeneous populations, the reader is di-

rected to [26] and [27]. Although the similarities between structures have been described

qualitatively so far, it is helpful to quantify this similarity to better understand where

information transfer can be effective.

2.4.2 Similarity quantification in heterogeneous populations

Knowing when to do transfer is just as important as knowing how to do transfer. If an

engineer does no assessment of similarity across a population, there is a chance of nega-

tive transfer where the use of transfer learning decreases the predictive capability of the

model. Quantifying similarity between structures is useful because it can be assumed

that, typically, the more similar structures are the more likely it is to successfully trans-

fer information between them. Negative transfer has particularly critical consequences

in SHM where decisions made on predictions by SHM models can have large economic

and safety implications. Graph theory provides a powerful and flexible framework for

representing and comparing discrete structured objectss. Within the PBSHM litera-

ture, Gosliga et al. [27] introduced the irreducible element (IE) model as a structural

representation, offering considerably lower dimensionality than alternatives such as finite

element or CAD models while retaining the information most relevant to health mon-

itoring applications. The IE representation abstracts a structure into a set of discrete

elements — such as beams, plates, and shells — each carrying geometric and material
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attributes, connected by joints that encode the topological relationships between them.

By capturing the essential character of a structure in this reduced form, the IE model

provides a common language for comparing members of a population, quantifying their

similarity, and determining the degree to which knowledge acquired from one structure

can be meaningfully transferred to another. An example of an IE model can be seen in

Figure 2.4

Figure 2.4: An expanded IE representation of a wind turbine with the elements
labelled A to I and the connections labelled 1 to 9. The shaded node is a special element
representing the ground, where the boundary condition is defined in the attributes for

Joint 9 [27].

Once an IE representation of a structure is obtained, the information can be encoded

into an attributed graph (AG). While the IE model presents essential characteristics of

a structure in a readable format for humans, the purpose of the AG is to embed struc-

tures into a space that enables efficient pairwise comparisons. By embedding structures

into a metric space via AGs, graph-matching algorithms can be utilized to identify com-

mon subgraphs among sets of structures. These common subgraphs represent shared

substructures within the sets of structures and provide insights into potential areas for

knowledge transfer. Measures of proximity within the AG space, such as the Jaccard

index as was used in [27], can be used as measures of similarity. An example of an AG

can be seen in Figure 2.5.

In summary,graphical representations of structures allow comparison, identification of

common substructures, and quantification of similarity.
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Figure 2.5: The resulting Attributed Graph from the IE representation shown in Fig.
2.4. It is possible to see how the topology is defined by the element set in the joints

[13].

Another measure of similarity is the modal assurance criteria (MAC) [14]. The MAC is

a physics-based tool that assesses the similarity of mode shapes between structures, it

is a normalised scalar product between each pair of modal vectors ψ
(i)
s and ψ

(i)
t , where

the s denotes the source domain and t denotes the target domain (subjects that will be

covered in the following sections). The elements of the MAC matrix are given By

MAC(i, j) =

∣∣∣∣ψ(i)
s

T
ψ

(j)
t

∣∣∣∣2
ψ

(i)
s

T
ψ

(i)
s ψ

(j)
t

T
ψ

(j)
t

. (2.6)

where MAC(i, j) ∈ [0, 1], with 0 indicating no correspondence and 1 showing complete

correspondence [72]. It has been shown that the structural similarity measured by the

MAC is an indicator for successful transfer.
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2.5 Transfer Learning and Multi-task Learning

Standard machine learning (ML) models are only able to make suitable predictions about

scenarios they have seen before (e.g. predictions on test data will be poor if that data is

not represented in the training data), this is a major limitation of standard ML. Human

learning rarely occurs like this; rather, it relies on previous experiences to improve

performance for new skills. For instance, an athlete proficient in basketball possesses

transferable skills that allow them to learn netball more efficiently. Despite lacking

direct experience in the new sport, the similarity between tasks enables the athlete

to leverage previous training to enhance performance. This principle is analogous to

Transfer Learning (TL), where knowledge derived from a data-rich source task is utilized

to improve predictive accuracy on a related target task with limited data. ML algorithms

can also benefit from mechanisms that leverage relationships between similar domains.

This logic drives the field of Transfer Learning. This section outlines the principles of

Transfer Learning and motivates its application within PBSHM.

Following the foundational survey [30], two core objects must be defined: a domain and

a task.

Definition 2.1 (Domain). A domain, Ω = {X , P (X)}, is defined by a feature space X
and a marginal probability distribution P (X) on that space, where X = {x1, . . . , xn} ∈
X .

Definition 2.2 (Task). A task for a given domain is defined by T = {Y, f(·)}, where Y
is the label space and f(·) is a predictive function learnt from a finite sample {xi, yi}ni=1,

where xi ∈ X and yi ∈ Y. In a probabilistic setting, the predictive function can also be

viewed as modelling the conditional distribution P (Y |X).

The most common paradigm in Transfer Learning considers a single source and a single

target domain. While scenarios exist involving multiple source domains (Multi-Source

Transfer Learning), for simplicity, this section assumes a pairwise transfer.

Definition 2.3 (Transfer Learning). Given a source domain Ωs and corresponding task

Ts, and a target domain Ωt and corresponding task Tt, the objective of Transfer Learning
is to use information contained within Ωs and Ts to improve the target predictive function

ft(·) in Tt, where Ωs ̸= Ωt and/or Ts ̸= Tt.

Typically, it is assumed that the source domain contains sufficient labelled data to learn

a predictive function, while the target domain has significantly fewer data. The specific

approach to transfer learning varies depending on the availability of labels in the source

and target domains. Pan et al. [30] classify the main forms as follows:
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• Unsupervised Transfer Learning (Inductive/Transductive):

The source domain consists of labelled data, Ds = {xs,i, ys,i}ns
i=1, which are as-

sumed to be generated following the underlying source joint distribution Ps(Y,X).

The target domain consists only of unlabelled data, Dt,u = {xt,j}
nt,u

j=1 , generated

from the underlying target joint distribution Pt(Y,X) [73]. Unsupervised transfer

learning focuses on solving unsupervised learning tasks in the target domain, such

as clustering, dimensionality reduction, and density estimation [74, 75]. In this

case, there are no labeled data available in both source and target domains in

training. This topic is typically only used in the context of feature-representation-

transfer and does not form a part of this thesis.

• Supervised Transfer Learning:

Both the source dataset, Ds, and the target dataset, Dt = {xt,j , yt,j}nt
j=1, contain

labelled data, though the number of target samples nt is typically small. Similar

to conventional machine learning, this setting can be extended to semi-supervised

transfer learning by incorporating both labelled and unlabelled data into the learn-

ing process.

2.5.1 Multi-task Learning

Closely related to transfer learning is the paradigm of multi-task learning (MTL), in

which multiple related tasks are learned jointly rather than sequentially. In contrast

to transfer learning, where a distinction is made between a data-rich source task and

a data-scarce target task, multi-task learning treats all tasks symmetrically, with the

objective of improving generalisation performance across the entire set of tasks through

shared representations or parameters.

Formally, given a collection of tasks {Tk}Kk=1 defined over corresponding domains {Ωk}Kk=1,

multi-task learning seeks to learn predictive functions {fk(·)}Kk=1 simultaneously by ex-

ploiting commonalities between tasks, typically through shared latent structures, reg-

ularisation, or hierarchical priors [76]. By coupling the learning processes, information

from data-rich tasks can implicitly regularise and inform data-poor tasks, reducing over-

fitting and improving predictive performance.

From a probabilistic perspective, multi-task learning is naturally expressed within a

Bayesian framework, where task-specific models are linked through shared hyperpa-

rameters or hierarchical priors. This formulation enables principled information sharing

across tasks while preserving task-specific uncertainty, and closely aligns with population-

based modelling approaches in structural health monitoring [77]. In this sense, multi-task

learning may be viewed as a special case of transfer learning in which no single task is
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designated as the target, and knowledge transfer occurs bidirectionally across the task

set.

The distinction between transfer learning and multi-task learning is therefore largely

one of emphasis and problem formulation. While transfer learning is often adopted

when interest is focused on improving performance for a specific target task, multi-task

learning is particularly well suited to settings involving collections of related systems

or experiments, where learning across a population is desired. In this work, multi-task

learning is treated as a closely related special case of transfer learning, in which multiple

related tasks are learned jointly through shared representations.

2.5.2 Applications of Transfer Learning and Multi-task Learning

Transfer learning and multi-task learning have enabled the deployment of high-performance

models in data-constrained environments. While its foundations lie in general computer

science applications, TL has increasingly been adopted in engineering, including struc-

tural health monitoring, where labelled data are often scarce.

2.5.2.1 General Machine Learning Applications

In the broader AI community, TL is the standard solution for initializing models in

domains where training from scratch is computationally prohibitive or data is scarce.

• Computer Vision: The most prominent application of TL involves models pre-

trained on massive datasets such as ImageNet [12]. Architectures like ResNet

[78] are trained to recognize generic features (e.g., edges, textures) on millions

of images. These pre-trained weights are then “frozen” or fine-tuned to detect

specific objects in a target domain with limited data, such as identifying defects

in solar panels or classifying medical imaging. MTL is often applied to jointly

predict object categories, bounding boxes, and segmentation masks, improving

generalisation across tasks [76].

• Natural Language Processing (NLP): Large Language Models (LLMs) like

BERT [79] and GPT [80] are pre-trained on vast text corpora and then fine-tuned

for domain-specific tasks, such as sentiment analysis or legal document classifi-

cation. MTL can simultaneously learn related NLP tasks, e.g., part-of-speech

tagging, named entity recognition, and syntactic parsing, improving overall model

performance [81].
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• Healthcare / Medical Applications: TL allows models trained on large public

datasets to be adapted to smaller, specialised datasets, e.g., predicting disease

outcomes from medical images. MTL can leverage shared structures in the data

to predict multiple disease markers or anatomical measurements from the same

patient scans, enhancing predictive accuracy across all tasks [81].

2.5.2.2 Engineering Applications

In engineering contexts, data acquisition is often constrained by the cost of destruc-

tive testing, rarity of failure modes, or limited operational data. TL bridges the gap

between different operating conditions or physical assets, MTL enables simultaneous

learning across multiple related tasks, improving generalisation and reducing a model’s

susceptibility to outliers.

• Sim-to-Real Transfer in Robotics: Training reinforcement learning agents

directly on hardware is often unsafe or impractical. TL enables policies learned

in physics simulations (source) to be transferred to physical robots (target) using

techniques like Domain Randomization [82]. MTL can also be applied to jointly

learn multiple control tasks—e.g., navigation, object manipulation, and obstacle

avoidance—within the same model, improving overall adaptability [81].

• Fault Diagnosis in Rotating Machinery: TL compensates for varying oper-

ating conditions, e.g., adapting a bearing fault classifier from one speed or motor

to another [83, 84]. MTL can extend this by jointly predicting multiple fault types

or conditions from shared vibration signals, improving diagnostic accuracy across

all tasks.

• Biomedical Engineering: Brain-Computer Interfaces: TL facilitates Subject-

to-Subject Transfer, reducing calibration time by adapting models trained on pre-

vious users to a new individual [85].

• Electrical Engineering: Battery Health Estimation: TL enables Cross-

Condition Transfer of degradation models from lab-aged batteries to operational

EVs [86]. MTL can be applied to jointly predict multiple battery metrics—State of

Health, Remaining Useful Life, and internal resistance—allowing the model to ex-

ploit correlations between degradation indicators and improve prediction accuracy

[87–89].

• Smart Grids and Energy Forecasting: TL allows models trained on existing

wind or solar farms to forecast output at new locations [90]. MTL can improve
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performance by jointly forecasting multiple outputs (e.g., wind, solar, and load

demand) across a network of sites, capturing interdependencies between energy

sources. [91]

• Materials Science and Discovery: The discovery of new materials, such as

high-entropy alloys, is often bottlenecked by the high cost of synthesis and char-

acterization. Transfer Learning aids this process by enabling property prediction

for novel chemical compounds where data is sparse. The source domain gener-

ally comprises large datasets of simple, well-characterised materials (e.g., stan-

dard crystals), while the target domain includes small datasets of novel, complex

materials. By leveraging the fact that relationships between atomic descriptors

and physical properties learned from simple structures often hold true for more

complex systems, TL accelerates the screening process for new materials [92].

2.5.2.3 Transfer Learning in Structural Health Monitoring: PBSHM

In SHM, the “Data Problem” is the primary driver for Transfer Learning. It is rare to

possess historical damage data for every specific structure in a fleet; thus, knowledge

must be transferred from the few structures that have experienced failure.

• Transfer in Engineering Populations: This approach treats a fleet of struc-

tures (e.g., wind turbines) as a population. TL facilitates the transfer of damage

detectors from a source structure with labelled failure data to a target structure

that is data-poor [26]. This is critical for scaling SHM, as it accounts for the in-

evitable differences in resonance frequencies caused by manufacturing tolerances

and foundation stiffness [27]. MTL can also be used to transfer information across

a fleet of engineering systems, where data-scarce members can borrow statistical

strength from those that are data-rich [68]. Recent developments show that even

highly-disperate (heterogeneous) populations can be transferred between [93].

• Environmental and Operational Compensation (EOC): Variations in en-

vironmental conditions, such as temperature, can cause feature distributions to

drift, potentially triggering false alarms. Domain Adaptation, a subfield of TL,

is used to align the statistical distributions of features collected under different

environmental states (e.g., Summer vs. Winter), ensuring the damage detector

remains valid without requiring continuous re-labelling of data [94, 95].

• Experimental-to-Operational Transfer: A common strategy involves damag-

ing a scaled laboratory model to learn failure patterns. TL is required to project
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these learned patterns onto the full-scale operational structure, bridging the “do-

main gap” between the controlled laboratory environment and the noisy opera-

tional environment [96].

• Sensor Signal Reconstruction: MTL can be used to reconstruct missing sensor

measurements by learning correlations between different sensor time series [97].

MTL captures correlations among different signal tasks (e.g., sensors or frequency

components), improving reconstruction accuracy and computational efficiency over

independent models [98].

2.6 Active Learning

Another method to address data scarcity is active learning (AL). AL is a field within

machine learning that aims to improve machine learning capabilities in data-scarce sce-

narios by strategically selecting the most informative samples for annotation. This is

especially valuable in domains where obtaining labels is costly or requires expert knowl-

edge, such as engineering diagnostics and structural health monitoring. Rather than

passively learning from a fixed labelled dataset, active learning algorithms iteratively

query an ‘oracle’ to obtain labels expected to maximally improve model performance

[52].

Active learning methods are commonly categorised based on their query strategies.

• Uncertainty-Based Sampling: Uncertainty sampling selects instances for which

the model is least confident in its predictions. Early work in this area introduce

methods such as least confidence, margin sampling, and entropy-based measures

[99, 100]. These methods are simple and widely applicable but can focus exces-

sively on outliers or noisy data.

• Query-by-committee:(QBC) maintains a committee of models representing dif-

ferent hypotheses consistent with labelled data. Samples that induce high dis-

agreement among committee members are selected for labeling [50]. QBC is the-

oretically sound but can be computationally demanding for complex models.

• Expected Model Change and Error Reduction: These approaches select

samples expected to induce the largest change in model parameters or yield max-

imal reduction in generalisation error [101, 102]; While appealing in theory, exact

computation is often intractable, requiring approximations.
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• Information-Theoretic / Bayesian Methods: Information-based strategies

aim to maximize the mutual information between queried labels and model param-

eters or predictions [103, 104]. Probabilistic models such as Gaussian processes

naturally lend themselves to these approaches.

2.6.1 Batch, Pool, and Online Active Learning

In some settings, labelling one sample at a time is often impractical. Batch active

learning selects multiple samples per iteration while reducing redundancy [105, 106].

Pool-based AL [107] assumes a fixed unlabelled data set, while online (stream-based)

AL [32, 48] considers sequentially arriving data. Online AL is most applicable for SHM

as data collected through SHM systems will arrive sequentially throughout the life of

the structure.

2.6.1.1 General Machine Learning Applications

Active Learning (AL) addresses the challenge of limited labelled data by intelligently

selecting the most informative samples to label. This reduces annotation costs while

maintaining model performance, and is particularly valuable in domains where labelling

is expensive or time-consuming.

• Text and Image Classification: AL is widely used to train image classifiers and

object detectors efficiently. Models query the most uncertain or representative

images from unlabelled datasets to improve medical imaging (tumor detection)

[108], defect detection [109], or wildlife monitoring [52]. Similar methods are used

to reduce queries in sentiment analysis [110], spam detection [111], and named

entity recognition [112].

• Material Science: AL is used to efficiently explore chemical or materials spaces

[113]. By querying experiments that are expected to be most informative, re-

searchers reduce the number of lab experiments needed to predict properties like

solubility or conductivity [114].

• Robotics and Control Systems: AL reduces the number of trials a robot must

perform to learn a task by querying the most informative states or actions [115].

This is especially important when real-world trials are costly or dangerous [116].
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2.6.1.2 Engineering Applications

In engineering systems, data acquisition and labelling are often expensive, time-consuming,

or destructive. Active learning is therefore used to optimise where, when, and how data

are collected, ensuring that each new observation maximally improves model perfor-

mance or decision quality.

• Experimental Design: In experimental mechanics and materials engineering,

active learning guides the selection of experimental conditions (e.g., load levels,

material compositions) to efficiently explore parameter spaces [114]. This reduces

the number of costly experiments required to identify governing relationships [117,

118]

• System Identification and Model Calibration: Active learning is used to

efficiently explore a feature space [119]. In many engineering systems, parameters

are estimated sequentially as new data become available. Active learning guides

when and where new measurements should be taken to refine the model efficiently.

[116]

2.6.2 Active Learning in Engineering and Structural Health Monitor-

ing

In SHM, active learning is employed to reduce the cost and intrusiveness of data acqui-

sition by selectively guiding experiments, measurements, and inspections. AL has been

applied to a range of tasks including system identification, sensor placement, damage

detection, surrogate modelling, and inspection planning.

• Optimal Sensor Placement and Measurement Selection: Active learning

is closely related to optimal experimental design in structural identification, where

sensor locations or measurement configurations are selected to maximise informa-

tion gain about uncertain model parameters [117, 120]. By prioritising informative

sensor placements, AL reduces instrumentation costs while preserving identifiabil-

ity of structural dynamics[118, 120].

• Damage Detection and Condition Assessment: Active learning has been

applied to damage detection by prioritising data acquisition in regions of high

predictive uncertainty or ambiguity between healthy and damaged states [95, 121].

This is particularly relevant for rare damage scenarios, where labelled examples

are scarce and costly to obtain [5].
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• Inspection Planning and Decision-Theoretic SHM: AL is increasingly used

to support inspection planning by determining when and where inspections should

be performed to maximise information about structural condition while minimising

cost. Bull et al. [121] propose a probabilistic online AL framework for SHM, while

Hughes et al. [49] formulate inspection planning as a decision-theoretic active

learning problem incorporating inspection costs and risk.

• Surrogate Modelling and Computational Efficiency: In computationally

expensive simulations, AL is used to construct surrogate models by adaptively

selecting simulation points that improve predictive accuracy. This approach is

common in uncertainty quantification and reliability analysis, where full model

evaluations are prohibitive [114, 122].

2.6.3 Active Learning for Regression

While early research focused on classification, regression-based active learning has gained

prominence, especially in physical systems. Predictive variance often guides sample se-

lection, making Gaussian process regression a natural choice [123, 124]. Criteria such as

variance maximization [125], integrated variance reduction [126], and Bayesian experi-

mental design [127] have been widely studied, particularly in engineering applications

where outputs are continuous and uncertainty quantification is essential. Recent direc-

tions include AL with deep learning [106], cost-aware querying [128], and meta-learning

for query strategy optimization [107].

2.7 Conclusion

This chapter has introduced the theoretical and methodological foundations underpin-

ning the contributions of this thesis. These include foundations of SHM and Probability

Theory, PBSHM and transfer learning, and active learning in engineering applications.

These foundations provide the theoretical language and tools required to understand

and evaluate the contributions of this thesis. The following chapter surveys the existing

literature on transfer learning and active learning for SHM in greater depth, identifying

the specific gaps that motivate the research presented in Chapters 4, 5, and 6.



Chapter 3

Literature Survey: Transfer

Learning and Active Learning in

SHM

The background presented in Chapter 2 establishes the theoretical foundations that

underpin the data-efficient methodologies explored in this thesis — from the probabilis-

tic treatment of uncertainty to the principles of transfer learning and active learning.

Historically, traditional SHM approaches have been unable to resolve the problem of

label scarcity at the individual asset level; the shift towards Population-based SHM has

reframed this challenge by enabling information to be shared across a population of

structures, such that data-rich assets can support inference for data-scarce ones. This

core tenet of PBSHM means the field is naturally oriented towards data-efficient tech-

nologies — methods that extract maximum value from limited observations and direct

data collection intelligently. The current chapter surveys the literature on these method-

ologies, situating the contributions of this thesis within the broader research landscape.

The review is organised into two principal categories: transfer learning — encompass-

ing domain adaptation, hierarchical modelling, and neural network fine-tuning — and

active learning — with a focus on query strategy design, budget-constrained inspection

planning, and population-level resource allocation.

3.1 Transfer Learning

Multi-task learning and in particular hierarchical Bayesian modelling has been shown

to be an effective tool for knowledge transfer in PBSHM [68, 91, 97, 129–133]. A re-

cent example of probabilistic information sharing is the work of Dhada et al. [134],

32
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who employed a Weibull statistical hierarchical model to facilitate collaborative prog-

nosis. By treating asset-specific failure parameters as samples from a shared population

distribution, they effectively mitigated the high variance associated with sparse failure

data—a common challenge in SHM. However, the reliance on a fixed parametric form

(Weibull) limits its applicability to degradation processes that strictly adhere to standard

reliability laws. Additionally, often these types of models only work for homogeneous

populations and can struggle when the population becomes disparate. Dhada et al. [135]

addressed the ‘cold start’ problem in unsupervised anomaly detection by proposing a

hierarchical statistical model for industrial fleets. Recognising that independent models

suffer from high variance when data is sparse, they employed a Normal-Inverse-Wishart

prior to facilitate collaborative learning within latent subpopulations. This partial pool-

ing approach effectively stabilized the baseline estimation for new assets by borrowing

covariance information from similar peers. However, the reliance on a Multivariate Gaus-

sian assumption limits its efficacy to systems with unimodal, linear operating regimes.

In the domain of dynamic characterisation, Dardeno et al. [136] applied hierarchical

Bayesian modelling to Frequency Response Functions across a population of helicopter

blades. By employing a partial pooling strategy, they demonstrated that fleet-wide infor-

mation could constrain the uncertainty of modal parameters for data-sparse assets. The

reliance on computationally intensive MCMC sampling currently limits its deployment

in high-frequency, real-time monitoring scenarios. Brealy et al. [137] demonstrated the

utility of hierarchical modelling for capturing spatial dependencies in wind farms. By

framing the power curve estimation of each turbine as a related task within a Multi-Task

Learning framework, they successfully modelled the complex ‘wake effects’ that cause

performance variations across the fleet. This approach allows for the prediction of power

generation behaviour for unobserved turbines by leveraging their spatial coordinates and

the learned correlations from neighbouring assets. Tsialiamanis et al. [138] tackled the

problem of damage prognosis in the context of PBSHM. Two methods were proposed,

firstly a functional subspace was defined that includes the potential behaviour of mem-

bers of the population subjected to the phenomenon of damage evolution. Secondly, a

meta-learning method, where deep kernel transfer was used to enhance the predictive

performance of a Gaussian process in a crack growth case study.

Sedehi et al. [139] propose a framework for integrating physics-based models within

a Hierarchical Bayesian Gaussian Process. By embedding the governing equations di-

rectly into the GP’s mean function and deriving kernels from the physical gradients, they

ensured that the learned discrepancy terms remained physically interpretable. Further-

more, their hierarchical treatment of time-series segments allowed for the accommoda-

tion of non-stationary errors, effectively bridging the gap between simplified physical
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models and complex real-world structural behaviour. Di Francesco et al. [140] inte-

grated decision-theoretic planning into hierarchical modelling. By coupling hierarchical

Bayesian modelling with Value of Information (VoI) analysis, they demonstrated that

the ‘value’ of a datapoint is not intrinsic, but dependent on its ability to reduce uncer-

tainty across correlated assets. However, their work also highlights the computational

bottleneck of full Bayesian decision analysis, motivating the need for more efficient,

proxy-based active learning heuristics in large-scale populations. While most PBSHM

literature focuses on the macro-scale variability between assets, Papadimas and Dodwell

[141] applied hierarchical Bayesian modelling to the micro-scale challenge of stochastic

material calibration. Dealing with additively manufactured steel, they utilised Bayesian

Quadrature to efficiently marginalise over individual test samples, thereby isolating the

inherent aleatory uncertainty of the material from epistemic measurement noise. This

work highlights that the ‘population’ concept is scale-invariant; the mathematical ma-

chinery used to model a fleet of wind turbines is equally applicable to a batch of tensile

test specimens. One of the first attempts to tackle heterogeneous populations in PBSHM

was Gardner et al. [142] who introduced kernelised Bayesian transfer learning to the

PBSHM framework. By projecting data from heterogeneous structures into a common

latent subspace via task-specific kernels, they enabled knowledge transfer between assets

with differing sensor counts and geometries. However, its reliance on kernel methods

imposes an O(N3) computational cost, currently restricting its application to condensed

feature sets.

While deep learning approaches dominate recent literature, typical DA methods rely on

nonparametric distance metrics, which require sufficient data to perform density esti-

mation. Poole et al. [143] demonstrated that simpler Statistic Alignment (SA) methods

can often outperform complex kernel-based techniques in PBSHM. By explicitly aligning

only the first and second-order statistics of the normal operating condition—via Normal

Condition Alignment (NCA)—they mitigated the risk of negative transfer caused by

class imbalance. This paper highlights that NCA is a key preprocessing tool for success-

ful transfer. However, because SA relies on linear transformations of the feature space,

its efficacy is likely limited to populations where the structural differences can be ap-

proximated by affine mappings, rather than complex non-linear distortions (for example,

a bridge that behaves differently in winter and summer might be multimodal). Dardeno

et al. [93] used NCA as a preprocessing tool for transfer. This work tackles the problem

of heterogeneous populations in PBSHM through transfer via intermediary structures.

By generating a continuous sequence of intermediary, synthetic structures that morph

geometrically from a bridge to an aircraft, they established a ‘chain’ of high-fidelity

transfer tasks. This work highlights that positive transfer between disparate systems is

possible if one can construct a smooth manifold of physics-based precursors connecting
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the source and target domains. As with most of the literature for DA in SHM, this work

considers classification problems. Wickramarachchi et al. [144] extended the utility of

statistic alignment to the temporal domain, specifically addressing the ‘Repair Problem’

in long-term monitoring. Structural repairs often induce a distributional shift that in-

validates existing diagnostic models; however, by employing NCA to map post-repair

features back to the pre-repair baseline, they demonstrated that legacy damage classi-

fiers could be reused. This approach effectively salvages the ‘sunken cost’ of labelled

pre-repair data, preventing the need to restart the learning process after every mainte-

nance intervention. Poole et al. [14] showed that physics-based metrics can be used to

inform feature selection and measure similarity, showing that the MAC can be used to

predict positive (or negative) transfer.

Rezazadeh et al. [145] monitors composite plates across varying temperatures. They

use graph attention networks to capture spatial relationships between sensors and com-

bines Maximum Mean Discrepancy (MMD) and correlation alignment (CORAL) losses

to match the source and target domains. Graph networks such as these have been suc-

cessful in several transfer scenarios [27, 70, 146, 147], but can require large datasets

to learn from. Sun et al. [148] employ vision-based SHM to track crack growth in

concrete. Anisotropic diffusion and RANSAC is used to physically align images taken

from different angles and distances over time, solving the domain shift caused by cam-

era perspective. Giglioni et al. [149] transfer damage classifiers between two real-world

bridge datasets using a Domain adversarial Neural Network (DANN). While adversarial

strategies like these demonstrate potential for unsupervised label transfer, they often

lack uncertainty quantification that is so important for decision-making in SHM (which

is fundamentally a tool to aid decision-making) and often require large amounts of data

that are not available in many real monitoring scenarios. Crucially, standard adversarial

alignment techniques are designed to match the marginal distributions of the source and

target domains. As highlighted by Chen et al. [150], this process often distorts the

feature topology—the relative geometric ordering of data points. For classification, this

topological distortion is acceptable as long as class separability is maintained. However,

for regression, the relative distance between points encodes physical severity (e.g., the

magnitude of stiffness loss). Adversarial forcing can effectively ’scramble’ this metric

information to achieve distributional overlap, rendering the aligned features unsuitable

for continuous prognostics.

Zhang et al. [151] use CORAL for global alignment of source and target features and

a contrastive loss function to pull similar faults into tight clusters for classification.

This works well to aid class separability but minimising intra-class variance means that

severity estimation is impossible. Enforcing extreme compactness within fault classes

actively destroys the continuous topological structure required for damage quantification.
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Additionally, black box models such as these lose physical interpretability, here they are

aligning the covariance of abstract neural features which, in tandem with the lack of

rigorous uncertainty quantification, limits decision-making capabilities. The work on DA

for regression is significantly sparser than the classification literature and most existing

work focuses on prognostic health monitoring (PHM) rather than structural parameter

or health state estimation [152–154, 154].

3.2 Active Learning

In SHM, Active Learning (AL) is primarily employed to alleviate the scarcity of labelled

data. By leveraging a predictive model to identify the most informative data points,

AL minimises annotation costs while maximising model performance. In the context

of inspection planning, this equates to triggering physical inspections to acquire health

state labels from specific assets of interest. The foundational work by Bull et al. [48]

utilises Dirichlet processes to detect novel damage classes and trigger inspections to label

these ‘unknowns’. A key motivation for this framework is the requirement for AL to be

‘online’, allowing the model to adapt as data arrives throughout the asset’s life. Initially,

these approaches relied on uncertainty sampling [31]. However, later work integrated

Decision Theory, moving beyond pure information gain to encompass the economic and

safety implications of inspection. Hughes et al. [155, 156] demonstrated that decision-

theoretic approaches, where decisions should be made to maximise the expected utility,

prove to be a useful tool for balancing the cost of inspection against the risk of failure.

A key benefit to a decision-theoretic approach is that it naturally lends itself to budgets

and explicitly defines the costs or benefits of a given action.

More recently, Poole et al. [95] introduced one of the first AL frameworks for pop-

ulation settings. However, a critical limitation persists across this body of work: it

predominantly treats damage as a discrete state. Within SHM there is very limited

research applying AL in regression settings which is essential for prognosis and severity

estimation.

3.2.1 Optimal Design of Experiments

A closely related field is Optimal Design of Experiments (ODoE), which has tradition-

ally served two distinct purposes in SHM: static sensor placement and dynamic active

sensing. Regarding static design, Papadimitriou et al. [120, 157] established that sensor

locations can be optimised to maximise the information content for system identification.

While this handles single structures, there is no existing work on ODoE over populations
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in Civil Engineering—i.e., optimising which structures to instrument in a fleet. However,

such frameworks exist in biostatistics under the guise of Nonlinear Mixed Effects Models

(NLME). Researchers like Tod et al. [158] and Mentré et al. [159] optimise experimental

designs by expanding the Fisher Information Matrix to capture both the fixed effects

(population mean) and random effects (inter-subject variability).

3.2.2 Surrogate modelling

The final intersection of AL and engineering is Adaptive Experimental Design, often

termed surrogate modelling. In reliability analysis, calculating the probability of failure

requires evaluating expensive Finite Element (FE) models thousands of times [160, 161].

To mitigate this, Echard et al. [162] and Sudret [163] pioneered methods like Active

Kriging-Monte Carlo Simulation (AK-MCS). Instead of random sampling, these meth-

ods minimise a learning function to identify input configurations where the surrogate is

uncertain regarding the limit state boundary. While methodologically similar to inspec-

tion planning, the objective differs fundamentally. In surrogate modelling, the ‘Oracle’

is a deterministic computer code, and the cost is computational time. In SHM, the

oracle is a maintenance engineer, and the costs are those associated with inspections.

3.3 Summary

While transfer learning has been extensively applied to SHM, the literature is overwhelm-

ingly dominated by discrete classification tasks. The few existing regression approaches

typically focus on black-box remaining useful life prediction for rotating machinery, lack-

ing the physical parameter estimation required for structural identification. Secondly,

while the foundational work on Active Learning in SHM has established the utility of

probabilistic querying, it has remained heavily constrained to discrete classification and

novelty detection. The prevailing frameworks utilise generative models to identify new

data clusters or refine the decision boundaries between ‘healthy’ and ‘damaged’ states.

Even where new queries measures have been proposed, the underlying objective is typi-

cally to classify the discrete health state of an asset. There is a distinct lack of frame-

works that apply Active Learning to the regression of continuous physical parameters,

effectively ignoring the continuous nature of structural degradation in favour of simpli-

fied categorical states. While current approaches have often treated Transfer Learning

and Active Learning in isolation—typically focusing on single systems—comparatively

little attention has been paid to resource allocation and information sharing in popula-

tion settings. The combination of these complimentary technologies is a natural fit, as

active learning can select the most beneficial data and transfer learning can share that
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information across the population. The following chapter extends active learning to the

population setting, demonstrating how population-based regression models can be used

to improve resource allocation across a fleet of structures.



Chapter 4

Active Learning for Regression in

Engineering Populations

Data scarcity remains one of the most significant barriers to the widespread adoption of

data-based structural health monitoring. As outlined in Chapter 1, acquiring labelled

observations from in-service structures is costly, disruptive, and in many cases prac-

tically unfeasible — yet without sufficient data, the predictive models that underpin

SHM systems cannot be trained or validated reliably. This chapter addresses the data

scarcity problem through two complementary mechanisms: information sharing across

a population of structures, and active learning for improved resource allocation.

The first mechanism exploits the statistical commonalities that exist between similar

engineering assets. By modelling a population of structures jointly using a Bayesian

hierarchical model, information from data-rich members can be shared with data-scarce

ones — reducing the number of observations required to achieve reliable predictions for

any individual asset. The second mechanism addresses the question of which observa-

tions are worth acquiring in the first place. Rather than inspecting assets according to a

fixed periodic schedule, active learning directs inspection effort toward the observations

that are most valuable given the current state of the model — and, crucially, given the

economic consequences of the decisions that model supports.

Together, these two mechanisms form a unified, population-aware framework for risk-

based inspection planning. The framework is demonstrated on an experimental case

study involving a population of machining tools, where the quantity of interest is the

surface roughness of machined workpieces — a continuous, regression target that de-

grades progressively over the tool’s operational life. An inspection and maintenance

decision process is defined in terms of the expected utility of available actions, and this

39



Active Learning for Regression in Engineering Populations 40

decision process is used to construct the active learning algorithm: inspections are trig-

gered not when uncertainty is highest, but when the expected benefit of the resulting

observation — accounting for the cost of inspection and the risk of undetected degrada-

tion — justifies the expenditure.

The proposed methodology is benchmarked against two alternatives: an uninformed ap-

proach to label acquisition, and independent modelling of each regression task without

population-level information sharing. It is shown that the proposed approach achieves

superior performance in terms of expected cost — maintaining predictive performance

across the population while significantly reducing the number of inspections required.

This result demonstrates that active learning and transfer learning are a powerful com-

bination: by jointly exploiting population structure and directing data collection intelli-

gently, the framework makes the most of the limited data available while grounding its

decisions in the practical realities of industrial asset management. The current chapter

combines two avenues to address the issue of data scarcity in SHM – information sharing

and active learning. Firstly, hierarchical Bayesian modelling facilitates the sharing of

information between similar engineering systems, reducing the number of data required

to make suitable predictions about a given system. Secondly, active learning is used to

improve decision-making for inspections, only triggering inspections that will be most

beneficial to the monitoring system. The proposed methodology is demonstrated using

an experimental case study where multiple regressions are performed over a population

of machining tools, the quantity of interest is the surface roughness of the workpieces.

An inspection and maintenance decision process is defined using these regression tasks

which is in turn used to construct the active-learning algorithm. The novel methodology

proposed is benchmarked against an uninformed approach to label acquisition and inde-

pendent modelling of the regression tasks. It is shown that the proposed approach has

superior performance in terms of expected cost – maintaining predictive performance

while reducing the number of inspections required.

4.1 Hierarchical Bayesian modelling

Consider data recorded from a population of K engineering structures. The population

can be denoted,

{xk,yk}Kk=1 =
{
{xik, yik}Nk

i=1

}K

k=1
(4.1)

where yk is a target response vector for inputs xk and {xik, yik} are the ith pair of

observations in group k. There are Nk observations in each group and thus ΣK
k=1Nk
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observations in total. The aim is to learn a set of K predictors related to a regression

or classification task. This thesis focuses on regression, where the tasks satisfy,

{yik = fk (xik) + ϵk}Kk=1 (4.2)

and the output yik is determined by evaluating one of K latent functions with seperate

additive noise ϵk. The mapping fk is assumed to be correlated between members in

the population. The models should be improved by learning the parameters in a joint

inference over the whole population. In machine learning this is referred to as multi-task

learning (MTL); in statistics, such data are usually modelled with hierarchical models

[164, 165].

In practice, some members in a population may possess extensive historical data, while

members that may have been more recently deployed will have very limited data for

training. Learning separate independent models for each group might lead to unreliable

results for data-poor members, while a single regression model of all the data (complete

pooling) would result in poor generalisation. Hierarchical Bayesian models can learn

separate models for each member, while encouraging the parameters of these models to

be correlated [38]. The established theory is summarised here.

Consider K linear regression models,

{
yk = Φkαk + ϵk

}K
k=1

(4.3)

where Φk = [1,xk] is the Nk × 2 design matrix; αk is the 2 × 1 vector of weights; and

the noise vector is Nk × 1 and normally distributed ϵk ∼ N(0, σ2k1). 1 is a vector of

ones, I is the identity matrix, and N(m, s) is the normal distribution with mean m and

variance s. The likelihood of the target response vector is then

yk | xk ∼ N (Φkαk, σk
2I) (4.4)

∴ yk | xk ∼ N (α1
(k) + α2

(k)xik, σk
2) (4.5)

following the Bayesian methodology, one can set a common hierarchy of prior distribu-

tions over the weights (slope and intercept) for each member in the population, typically

normal distributions are used for the weights of each group and inverse-Gamma for the

variance parameter. The normal distribution is symmetric around its peak, which works
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well to represent a best guess for a centre point with symmetric uncertainty. Addition-

ally, adjusting the variance of a normal distribution can model anything from strong

certainty (a very narrow peak) to large uncertainty (a very flat, wide peak). Inverse-

Gamma distributions encode the belief that the parameter you are modelling can never

be negative, which is true of variances.

{αK}Kk=1
i.i.d.∼ N

(
µα, diag

{
σ2α
})

(4.6)

µα ∼ N (mα, diag {sα}) (4.7)

σα
i.i.d.∼ IG (a, b) (4.8)

In words, Equation 4.6 assumes that the weights {αK}Kk=1 are normally distributed N(·)
with mean µα and covariance diag

{
σ2α

}
. Equation 4.7 states that prior expectation of

the weights αk is normally distributed with mean µα and covariance diag {sα}. Equa-

tion 4.8 states that the prior deviation of the slope and intercept is inverse-Gamma

distributed with shape a and scale b. A general representation of hierarchical regression

can be seen in the direct graphical model in Figure 4.1.

yik αk

µα

σα

i ∈ (1, .., N)

k ∈ (1, ..,K)

Figure 4.1: A graphical model representing the linear mixed model with partial pool-
ing.

The parent nodes
{
µα, σ

2
α

}
are inferred from the data so Equations (4.6)–(4.8) encode

prior belief of the dependence between latent variables. If these parent nodes were a

fixed value, rather than inferred, each model would be independent, preventing the flow

of information between domains, this structure allows data-sparse domains to borrow

statistical strength from those that are data rich [38].

4.1.1 Decision Theory

Hierarchical models allow one to quantify beliefs about the states of interest and do

reasoning under uncertainty. In engineering these predictions are used to take actions in
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the real world. Decision theory gives a framework to use the uncertainty quantification

provided by a Bayesian approach to make optimal choices in many engineering problem

settings.

The idea of a ‘rational’ decision-maker is defined as a decision-maker that acts to

maximise the expected-utility of their actions; this is expressed via the von Neumann-

Morgenstern theorem [166], which states that, for two decidable actions a and b:

a ⪰ b ⇐⇒ EU(a) ≥ EU(b) (4.9)

where ⪰ denotes a weak preference, indicating that a decision-maker favours a at least

as much b; and EU(·) denotes the expected utility associated with doing an action.

In [166], the expected utility is derived. Consider a stochastic event X. Which has

mutually-exclusive outcomes of which x ∈ X are conditionally dependent on a decision

D between actions a and b. The expected utility of action a is computed as follows,

EU(a) =

∫ ∞

−∞
P (X = x | D = a) · U(X = x,D = a) dx (4.10)

P (X | D = a) is the probability of the outcome of X given that action a is executed.

U denotes a utility function that maps U : X × A → R. Conveniently, if the utility

of D is independent of the variable X, U(X,D) can be expressed as the sum of two

utility functions, U(X) and U(D) That separately describe the utilities associated with

outcomes and actions. Equation 4.10 can then be written as,

EU(a) =

[∑
x∈X

P (X = x | D = a) · U(X = x)

]
+ U(D = a) (4.11)

For a single decision D over a finite set of actions A, an optimal action a∗ can be defined

such that the maximum expected utility (MEU) is achieved, where,

MEU(D) = max
a∈A

EU(a) (4.12)

and,

a∗ = argmax
a∈A

EU(a) (4.13)
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From Equations 4.11 and 4.12, one can see an equivalence between expected utility

and risk, which is defined as the product of a probability and a cost. One limitation

of utility/risk-based decision theory is that it can be difficult to obtain the probabil-

ity distributions in Equations 4.10 and 4.11. However, via the Bayesian framework

outlined in Section 4.1 one can acquire posterior distributions, based on one’s beliefs

about an action, that can be used as the probabilities required for Equations 4.12 and

4.11. Additionally, the costs or utilities required for these equations can be elicited from

asset-owners, allowing the expected utility of an action to be estimated.

4.2 Active Learning

To implement a Bayesian hierarchical model, such as the one proposed in Section 4.1,

labelled data is required. For many engineering applications, and particularly for SHM,

collecting labels for data is very expensive. It requires sending a domain expert to

inspect the physical asset and often requires the operation of the asset to be temporarily

halted. These costs motivate reducing the number of inspections and only inspecting

measurements that would most improve the predictive model. Active learning is a set

of tools that do this. Additionally, an offline active learner would not be suitable for

SHM. SHM systems are required to analyse data as it arrives throughout the life of the

monitored system and decisions about interventions can be required immediately upon

arrival of this data. One of the major challenges of an online active learner in SHM is

that once the decision is made not to query a label, access is lost to this information. It

is not possible to retrieve the label once the opportunity has passed.

Consider data, X = {xi}Ni=1, which have hidden labels, Y = {yi}Ni=1, which can be

acquired by paying the costs associated with inspection. The process of choosing and

labelling these data points is referred to as querying. An active learner aims to learn a

mapping of the observations, X, to the labels, Y , while keeping queries to a minimum.

A general heuristic for active learning is presented by [121] and adapted to regression in

Figure 4.2.

Figure 4.2: An active learning heuristic adapted from [121].
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4.2.1 Risk-based Active Learning

The measure that an active learner uses to decide which unlabelled data to query is

important. Information theoretic approaches use information measures such as entropy

and uncertainty to guide querying, these types of approaches are common. [49] suggests

a risk-based active learner for SHM. Risk-based approaches uses the expected utility of

an action, or the ‘Value of Information’, to guide querying. The costs associated with

interventions and monitoring are built-in directly to the decision-making process. Deci-

sions on inspections and maintenance are made to maximise the benefit of the expected

outcome. While risk-based active learning has been explored in the classification setting

[155], the current chapter proposes an approach to risk-based active learning for the

regression problem in which queries are guided according to the expected utility.

4.3 Case Study - A Population of Machining Tools

In this section, the framework outlined in Sections 4.2 and 4.1 will be applied to a case

study. A population of machining tools will be modelled by a hierarchical Bayesian model

and a risk-based decision process will be used to actively inspect the tools. The decision-

theoretic approach to inspection planning will be compared to a periodic inspection plan.

4.3.1 The dataset

A dataset [41] measures deterioration over the life of machining tools during a turning

process. The experimental set-up is shown in Figure 4.3. The workpiece is rotated

around the dashed A-line and the tool makes four passes along the workpiece. Each

pass starts at point S and ends at point E. After four passes, the tool is inspected, and

measurements are taken of the workpiece and tool. This process continued until tool

failure. The investigation was repeated for seven nominally identical tools, which form

a population.

The deterioration is measured indirectly from the roughness of the workpiece. The

surface roughness of a machined part can be used as an indicator of tool degradation

because the tool’s cutting edge directly dictates the micro-topography of the workpiece.

As the tool cuts the workpiece, the tool begins to wear through a number of mechanisms

(flank wear, built-up edge, nose radius wear etc.). This leads to a loss of edge sharpness

and a change in tool geometry. This can cause chatter and vibrations that lead to an

increase in surface roughness and a deterioration in workpiece quality. The measure-

ments from this experiment can be seen in Figure 4.4. It can be seen that, in general,
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Figure 4.3: Schematic showing the experimental set-up used for data acquisition [41].

surface roughness increases with the distance a given tool has cut along the workpiece,

this distance is termed sliding distance. Several tools show a sharp decrease in surface

roughness at the second measurement point — this reading is believed to occur due to

an initial sharpening of the tool early in the cutting process.

Figure 4.4: Experimental surface roughness measurements.

Because of the nature of the experiment, the measurements of surface roughness are very

noisy; which can lead to robustness issues when modelling. Combined with the high

noise, the shallow gradient of the deterioration makes it difficult to learn the parameters

of the regression. This motivates the use of a Bayesian hierarchical model adapted from

Section 4.1.
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4.3.2 The hierarchical model

Because of the natural degradation of tools during the machining process, and its effect

on surface finish, tools must be replaced regularly. While each tool may be produced to

the same specification and made from the same materials, there will be variations in the

manufacturing process that manifest as variations between the physical properties of the

tools and differences in cutting behaviour. This can be an issue for standard modelling

techniques where a model trained on one tool, may not generalise well to other tools.

However, this variation lends itself well to a hierarchical Bayesian model because these

types of model account for variations within a population while taking advantage of

the statistical similarities between them. An additional benefit of hierarchical models

is their suitability to the online setting and sparse datasets. This is particularly useful

for tool condition monitoring where researchers may need to make predictions as soon

as the machining process has begun and with only a few data points to learn a model.

Additionally, the usual benefits of Bayesian modelling apply (uncertainty quantification,

prior information etc.). The hierarchical framework set out in Section 4.1 is adapted

below to the case study. Here, there is a population of K = 7 similar tools, with a target

response vector yk, the roughness measurements for each tool. The input vectors xk are

the sliding distance measurements for each tool (how far the tool has cut across the work

piece). {xik, yik} are the ith pair of observations in tool k. There are Nk observations

in each member and thus ΣK
k=1Nk observations in total. The aim is to learn a set of K

predictors related to the regression task. The type of hierarchical model used for this

analysis is a linear mixed model [165], so for each member in the population, a gradient

mk and intercept ck are learnt. A graphical representation of this model can be seen in

Figure 4.5.

The likelihood of this model is

{yik}Kk=1∼Cauchy (ymean, γk) , (4.14)

where the location parameter is the equation of a straight line,

ymean = mk · xik + ck. (4.15)

The Cauchy distribution was chosen as the likelihood because of the noisy nature of

the data. Cauchy distributions are particularly suited to these types of measurements

because of the larger probability density at the extremes, compared to normal distri-

butions another more typical choice. This makes the model less susceptible to outliers
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Figure 4.5: A graphical model representing the linear mixed model with partial pool-
ing.

and extreme values. Following the Bayesian methodology, one can set prior distributions

over the slope for the groups, which encode our prior knowledge of the parameter values.

{mk}Kk=1∼Normal (µm, σm) (4.16)

µm ∼ Gamma (k, θ) (4.17)

σm ∼ HalfCauchy (sσm) . (4.18)

Where the slopes are normally distributed, with mean µm and standard deviation σm.

Equation 4.17 shows the prior expectation of the slopes is Gamma distributed with

shape k = 1 and scale θ = 1. The Gamma distribution was a natural choice because we

want to encode that the gradients are always positive over the life of a tool. Equation

4.18 shows that the prior deviation of the slope is HalfCauchy distributed with location

parameter equal to zero and scale parameter sσm = 25. As recommended by [67], the

variance priors for this hierarchical model are set to be weakly informative. The priors

for the intercepts are

{ck}Kk=1∼Normal (µc, σc) (4.19)
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µc ∼ Normal (µ̄c, sµc) (4.20)

σc ∼ HalfCauchy (sσc) , (4.21)

where the intercepts are normally distributed, with mean µc and standard deviation σc.

Equation 4.20 shows the prior expectation of the intercepts is also normally distributed

with mean µ̄c = 0 and standard deviation sµc = 1. Equation 4.21 shows that the prior

deviation of the intercept is HalfCauchy distributed with location parameter equal to

zero and scale parameter sσc = 25.

The systematic application of graph-theoretic algorithms has led to a number of prob-

abilistic programming languages. Here, models are implemented in NumPyro [167]. The

parameters are inferred using MCMC, via the no U-turn implementation of Hamiltonian

Monte Carlo [59]. Throughout, the burn-in period is 1000 iterations and 2000 iterations

are used for inference.

To motivate a population-based approach, the hierarchical model will be compared to

a model with complete-pooling and an independent model with no pooling at all. In

the complete-pooling approach, a single regression for all the data is learnt. For the

independent model, a regression is learnt for each member in the population but it is

assumed there is no correlation between them. Hierarchical modelling is somewhere in

between, where a separate regression can be learnt for each member, while encouraging

the parameters of these models to be correlated [38].

To simulate tool replacement, some measurements from Figure 4.4 will be hidden from

the models, this emulates new tools with scarce data. In the following figures, the green

line shows the samples from the posterior distribution over the (parameterised) latent

linear functions, and the grey area shows the area in which 90% of the posterior samples

fall.

Figure 4.6 shows that with complete-pooling, the model struggles with poor generalisa-

tion and the physical variations between tools means that a single regression performs

poorly on many tools. Even with access to a tools full history, such as Tool 2 and Tool

4, a complete-pooling method may not perform well.

The model with no pooling, can be seen in Figure 4.7. For tools that have enough historic

data, the mean and variance predictions are reasonable. However, this model performs

poorly with scarce data. For these tools, the model struggles to learn the parameters of
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Figure 4.6: Surface roughness predictions using a complete-pooling method.

the regression. The variance of these tools are over-estimated and makes poor predic-

tions about the hidden data, when there is not enough data the model relies on vague

priors. Overepredicting the variance of the surface roughness could be problematic for

asset owners if they use this model to inform decisions. For example, unnecessary in-

spections may be triggered or tools may be replaced prematurely, increasing the costs

of production.

Finally, the hierarchical model can be seen in Figure 4.8. For tools with plentiful data,

this model behaves comparably to the no-pooling model. However, for data-scarce tools,

there is a large reduction in the estimated variation and improvements in the predicted

mean. This model is able to draw on the statistical strength of other tools to help

predictions. The model remembers the data from other tools, captured by the prior

shared between models of machining operations, and has learnt how similar tools behave.

It can be seen in Table 4.1 that the information sharing provided by a partial-pooling

model can improve regression accuracy, shown through a reduction in the total mean

squared error as compared to the complete-pooling and no-pooling models. It should be

noted that while partial-pooling approaches can achieve improved performance across

a population, for individual members in the population, the partial-pooling will occa-

sionally score worse in terms of MSE. For example, in ’Tool 2’ the surface roughness

measurements are very elevated compared to any other member in the population, and

returns to the population mean towards the end of tool life. The no-pooling approach

over fits to this data while the partial-pooling approach does a better job at modelling
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Figure 4.7: Surface roughness predictions with no pooling.

Figure 4.8: Surface roughness predictions using a partial pooling method.
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the underlying process, masked by noisy measurement. Importantly, the partial pooling

method makes good predictions near the end of tool life, the portion of tool life that is

most critical for making decisions about replacing the tool.

Table 4.1: A table containing the mean squared error of partial-pooling, complete-
pooling and no-pooling methods.

Mean Squared Error

Pooling Type Tool 1 Tool 2 Tool 3 Tool 4 Tool 5 Tool 6 Tool 7 Total

No-Pooling 0.03539 0.00848 0.02781 0.00541 0.00930 0.08680 0.06081 0.23401
Complete-Pooling 0.03844 0.01492 0.03578 0.00716 0.00506 0.06062 0.02525 0.18724
Partial-Pooling 0.03928 0.00629 0.03167 0.00523 0.00575 0.06099 0.02677 0.17599

These results are in accordance with the results of previous work [68, 136] on the topic

and motivates sharing information across a population to improve predictions.

4.3.3 Decision Process and Active Learning

Tool health deterioration can lead to tool failure. When monitoring tools, such as the

ones that produced the data in this case study, a manufacturer may have an interest in

avoiding tool failure because of the safety implications and costs associated with damage

to the workpiece. Typically, inspections are used to observe the health state of the tool.

However, performing an inspection has its own costs. Tool inspections halt production

and labour and expertise are required to conduct an inspection. Optimising this decision

process, whether or not to inspect an asset, can improve economic efficiency. Often there

is a limited budget for inspections and ideally inspections should only be conducted

when necessary. Employing decision-theoretic approach as shown in Section 4.2 to guide

decision-making for inspections provides a risk-based active learning approach to more

efficiently allocate inspection budgets.

A common quality-control criterion for the machining of engineering components is

maintaining a surface roughness below some threshold level Scrit, beyond which the

component is no longer fit for purpose. A high-quality surface finish can significantly

improve the fatigue strength, corrosion resistance and creep life of machined parts [168].

If the surface finish is damaged via inadequate modelling or control of the machining

process, the part may need to be discarded or re-machined; this has an associated utility,

Cworkpiece. Additionally, during the machining process an inspection can be conducted

to gain access to a noisy observation of the surface roughness, with a utility Cinspection.

Throughout the machining process the tool can be replaced, with a cost Ctool. Here,

there is a decision, inaction, to allow the tool to continue machining with a risk to

damage the workpiece, and action, to inspect/replace the tool.
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The EU, as seen in Equation 4.10, needs to be determined for each of the possible actions,

and the action with maximum expected utility should be chosen in accordance with

Equation 4.13. One limitation of the dataset used in this case study is that inspections

and tool replacements can only be triggered at specific discrete time steps because the

data was collected at periodic intervals, a dataset with less restrictive inspections points

is under production and will be part of future work.

The expected utility of three actions need to be considered to evaluate this decision

process. Inaction, to do nothing and allow the tool to continue machining, to inspect

the tool and/or to replace the tool. If an inspection occurs, there is another opportunity

to decide to replace the tool based on the new information acquired from the inspection.

Again, Equation 4.10 can be used to calculate the expected utility of a decision. To

compute the utility associated with inaction, not inspecting the tool at time step t,

one can use Equation 4.22. The two outcomes of inaction are the surface roughness

reaching or exceeding Scrit before the next opportunity to intervene, time step t + 1,

or the surface roughness not reaching or exceeding Scrit. The utility of not exceeding

Scrit is assigned a value of zero, so the second term in Equation 4.22 equals zero. The

probability Pt+1(S > Scrit) can be estimated from the model; here it is the proportion

of samples from the Hamiltonian Monte Carlo simulation that exceed Scrit before the

next opportunity to inspect.

EU(D = do nothing) = Pt+1(S > Scrit)× U(S > Scrit) + P (S < Scrit)× U(S < Scrit)

(4.22)

When computing the utility of inspection at a given time step, again there are two

outcomes based on whether the surface roughness will exceed Scrit. Again, probabilities

of the outcomes can be estimated from the HMC samples. The equation to compute

the EU of inspection can be seen in Equation 4.23. It includes the probability that the

tool needs to be replaced, which is the probability that S is already greater than Scrit at

that time step, as well as the probability that S is not greater than Scrit but will be by

the next time step. For the current linear model, this is equivalent to Pt+1(S > Scrit)

and could be evaluated a such from the HMC samples. Again, these probabilities are

estimated from HMC samples.

EU(D = inspection) = Ctool × (Pt+1(S > Scrit)) + Cinspection. (4.23)
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The criteria required to trigger the replacement of a tool can be seen in Equation 4.24.

It is the probability at which the risk associated with damaging the work piece (the

probability of damage occurring multiplied by the utility associated with it) becomes

greater than the cost of replacing the tool.

P (Tf < T )× Cworkpiece ≥ Ctool

P (Tf < T ) ≥ Ctool

Cworkpiece

P (Tf < T ) ≥ α.

(4.24)

Equation 4.24 shows that tools should be replaced at the earliest time, T, that P (Tf <

T ) is equal to or greater than the ratio, α. P (Tf < T ) is the assessment of time-

to-failure after one has updated beliefs with the results of any inspections and where

failure is S exceeding Scrit. Intuitively, as Ctool increases, the probability requirements

are increased and so replacements are more difficult to trigger, the system prioritises

extending tool life. As U(S > Scrit) increases, the probability requirements are reduced

and so replacements are more easily triggered and the system prioritises the surface

quality of the workpiece.

A complete decision-theoretic approach would consider the expected value of information

associated with improving the model based on the new data from an inspection. For

the current work, the full value of information calculation is not included because it is

very computationally expensive. It is assumed that inspecting the tool would provide

zero improvement to the predictions of the model, meaning that the utility of inspecting

the tool is understated in this analysis. There is additional utility that is not included

from the improvements of the predictive capabilities of the model with the additional

data from the inspection. This leaves a systemic bias in this approach that undervalues

inspections. The inclusion of the full value of information analysis is left for future work.

At every potential inspection point, the hierarchical model makes predictions about the

surface roughness. These predictions are based on the currently available data and are

used to inform the decision analysis detailed above. A diagram showing this process is

shown in Figure 4.9.

The online decision-theoretic active learning approach for inspection planning presented

in this work is compared to a conventional inspection plan featuring periodic inspections.

With both approaches, the model has access to the full measurement history of four of

the tools and very limited data for the rest of the tools (in this case, without access to at

least four full tool datasets, the hierarchical model does not have enough data to draw

on for accurate predictions).
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Figure 4.9: The decision theoretic active-learning heuristic.

In general, the parameters of the decision process, Scrit, Cinspection, Ctool, U(S > Scrit)

can be elicited from expert familiar with the inspection process. Here, the values are

set by hand to reflect a situation common in industry, where the cost of damaging the

workpiece is much greater than the cost of replacing the tool1:

U(S > Scrit) = 1

Ctool = 0.25

Cinspection = 0.05

Scrit = 0.9µm

(4.25)

To assess the performance of these monitoring systems, each will be compared to a

monitoring system with access to the full measurement history of every tool. This

monitoring system will be seen as the gold standard as it represents the limiting case of

using all possible information within the dataset and thus the point at which it decides

to replace the tool can be considered to be the optimal point of replacement. If the other

monitoring systems choose to replace the tool later than the optimal point, it is assumed

the roughness has exceeded Scrit (despite what the noisy measurements might suggest)

and the workpiece will be considered damaged with a cost Cworkpiece. If the monitoring

systems choose to replace the tool earlier than the optimal replacement time, then some

1It is worth noting that optimal actions are invariant under affine transformations of the utility
function
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portion of the tool life is wasted, the cost of which can be calculated using Equation 4.26.

The optimal monitoring system can choose to replace the tool at any point throughout

the life of the tools i.e. it can observe several measurements that are greater than Scrit

and then realise it should have replaced the tool before these measurements. The other

monitoring systems are performing in an online manner, so do not have this luxury. The

combined costs of both inspections and sub-optimal replacements, will be compared.

Cearly replacement =
treplacement

toptimal replacement
× Ctool (4.26)

As mentioned previously, the first four tools are to be seen as historic data that the

manufacturer has collected from previous tools. The hierarchical model can leverage

this data to inform the population-level distributions. The active-learning procedure

tool replacements are not calculated for these tools, only Tools 5-7. During the original

experiment the measurements were taken at a time step that relates to 6.02 km sliding

distance [41]. Figure 4.10 shows the optimal replacement for Tools 5-7 based on the

“gold standard” model.

Figure 4.10: Benchmark replacements determined using all available information.

4.4 Results

In this section the decision theoretic active learner described in Section 4.3 and a periodic

approach to inspection planning will be compared. The point at which these approaches
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suggest to replace Tools 5-7, based on the criteria showcased in Equation 4.24, will be

compared to the “gold standard” model, for which, the suggested tool replacements are

shown in Figure 4.10.

Figure 4.11 shows the suggested tool replacements with periodic inspections. It can be

seen that, compared to the optimal replacements in Figure 4.10, every tool is replaced

one time step too early, with a total of ten inspections. This result is to be expected

because in forecasting the surface roughness predictions with reduced data (as compared

to the “gold standard” model which has access to all the information), the uncertainty

is inflated thus increasing the estimated risk associated with damage to the workpiece.

Figure 4.11: Tool replacement chosen with periodic inspections compared to gold
standard replacements.

Figure 4.12 shows the replacements with risk-based inspection planning. Tools 5 and 6

are again inspected one time step before the fully observed case. Additionally, Tool 7 is

inspected two time steps before the gold standard. The risk-based monitoring system

used a total of five inspections. The reduced number of inspections is because the

decision-theoretic approach will, in general not suggest inspections early in the life of

a tool when the risk of S exceeding Scrit is small. Most inspections will be triggered

near the end of tool life when the risk associated with damaging the work piece is

greatest. Again, because of the reduced access to information (compared to both the

“gold standard” and the periodic inspections), inflated risk increases the likelihood of

pre-optimal tool replacements.
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Figure 4.12: Tool replacement chosen with risk-based inspections compared to gold
standard replacements.

Table 4.2 collates the number of inspections and tool replacements. It should be noted

that the unit ’0.602kms’ refers to the sliding distance (how far the tool has cut) between

each surface roughness measurement.

Table 4.2: A table containing the inspection values.

Tool replaced at (0.602 kms) Discrepancy (0.602 kms) Number of Inspections

Inspection Type Tool 5 Tool 6 Tool 7 Tool 5 Tool 6 Tool 7

Full Information 10 10 11 0 0 0 0
Periodic Inspections 9 9 10 1 1 1 10
Risk-based Inspections 9 9 9 1 1 2 5

Table 4.3 compares the performance of the inspection approaches. The ’Cost of inspec-

tions’ column is the number of inspections multiplied by the cost of an inspection. The

’Cost of Wasted Tool Life’ for each inspection approach can be seen in the first column

of Figure 4.3 and can be calculated using Equation 4.27.

Cwasted tool life = Ctool ×
Discrepancy

Optimal Replacement
(4.27)

As can be seen in the final column of Table 4.3, using the parameters described in

this section, a risk-based approach to inspection planning reduced costs associated with

monitoring by 36.95%.



Active Learning for Regression in Engineering Populations 59

Table 4.3: A table containing the monitoring and maintenance costs of each inspection
method.

Cost of Wasted Tool life Cost of inspections Total Cost

Inspection Type Tool 5 Tool 6 Tool 7 Tool 5 Tool 6 Tool 7

Periodic Inspections 0.025 0.025 0.028 0.15 0.15 0.15 0.573
Risk-based Inspections 0.025 0.025 0.056 0.15 0.05 0.05 0.361

4.5 Discussion

The case study presented in Section 4.3 highlights the effectiveness of a risk-based ap-

proach to inspection planning for a population of continuously degrading systems. The

Bayesian hierarchical model was used to predict surface finish — a continuously varying

quantity that degrades progressively over the operational life of each tool — and it is this

continuous, regression-based characterisation of health state that makes the risk-based

decision process possible. By maintaining a probabilistic estimate of the current and

future surface roughness of each tool, the framework can evaluate the expected utility of

inspection and replacement actions in a principled way, quantifying the risk of contin-

ued operation against the cost of intervention. This is a qualitatively different capability

from classification-based approaches, which can only associate damage to discrete cate-

gories — they cannot quantify how close it is to a given threshold, nor how quickly it is

approaching it.

The significant reduction in monitoring costs can be attributed to the elimination of

unnecessary inspections — those that would not meaningfully improve predictions or

alter the recommended action — while maintaining a rate of workpiece damage compa-

rable to that of a periodic inspection strategy. This result underscores a key advantage

of decision-theoretic query selection: by anchoring inspection decisions to the expected

consequences of action and inaction, the framework avoids the inefficiency of inspecting

simply because uncertainty is high, or the time since the previous inspection is too long.

The formulation of the expected utility equations is not always straightforward. A

thorough understanding of the decision problem is required to derive expressions that

faithfully reflect the costs and risks of the application, and simplifications are often

necessary to make the calculations tractable in real time. This is a meaningful barrier

to adoption in novel settings, and represents a trade-off inherent to the decision-theoretic

approach: the richer the decision model, the more problem-specific expertise is required

to construct it.

The choice of a Bayesian hierarchical model introduces further practical considerations.

The hierarchical structure allows the continuously evolving surface finish of each tool
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to be modelled jointly with the population, such that the degradation trajectory of a

data-scarce tool is regularised by the behaviour observed across the fleet. This partial

pooling increases the dimensionality of the posterior that a Monte Carlo sampler must

explore, which can lead to complex posterior geometries, increased computational costs,

and restrictions on the choice of prior distributions. In online monitoring scenarios where

decisions must be made instantaneously alongside data acquisition, these costs may be

prohibitive. Additionally, the full Value of Information analysis was omitted from the

algorithm as presented — its inclusion would provide a more theoretically complete

basis for the inspection decisions but would add further computational burden. These

considerations motivate future work on scalable inference strategies that preserve the

decision-theoretic structure of the framework while reducing its computational footprint.

It is also worth reflecting on the generality of the risk-based query strategy. The frame-

work was demonstrated in the context of machining tool degradation, where the cost

structure — inspection cost, replacement cost, and the cost of workpiece damage — is

well-defined and quantifiable, and where the health variable of interest is a single contin-

uous scalar. In other SHM applications, the health variable may be higher-dimensional,

the cost structure harder to specify, or the degradation trajectory less regular. Never-

theless, the underlying principle — that inspections should be directed by the expected

utility of their outcomes rather than by information gain alone — is broadly applicable

to many real engineering decision-making tasks.

4.6 Conclusion

This chapter has presented a risk-based active learning framework for population-level

inspection planning, demonstrated on a population of machining tools undergoing con-

tinuous surface degradation. Central to the framework is the use of a Bayesian hierarchi-

cal model to predict surface finish — a continuously varying regression target — across

the population. By maintaining a probabilistic estimate of the surface roughness of each

tool throughout its operational life, the framework is able to evaluate the expected utility

of inspection and replacement decisions in a principled and quantitative way. This con-

tinuous, regression-based characterisation of structural health is what distinguishes the

approach from classification-based alternatives: rather than detecting when a threshold

has been crossed, the framework tracks how the health variable is evolving and acts

when the predicted trajectory makes intervention economically justified.

The case study demonstrated that this approach yields a significant reduction in monitor-

ing costs relative to both periodic inspection and uninformed label acquisition strategies,

without sacrificing predictive performance across the population. In several instances,
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the risk-based approach achieved superior predictive performance as well as reduced cost

— a consequence of directing inspections toward the observations most consequential

for decision-making rather than those that merely reduce model uncertainty in a gen-

eral sense. This distinction is important: in engineering applications where inspections

carry real economic and operational costs, a query strategy grounded in decision theory

is more naturally aligned with the objectives of the monitoring system than one based

purely on information gain.

The results establish a clear proof of concept for the combination of population-level

information sharing and risk-based active learning for continuous health monitoring. By

jointly exploiting the statistical structure of the population and directing data collection

intelligently toward the most consequential observations, the framework achieves data-

efficient monitoring that is grounded in the practical economics of asset management.

In doing so, this chapter fulfils Contribution 2 as defined in Section 1.4: expanding

active learning to the population monitoring context for regression tasks, with explicit

consideration of the economic consequences of inspection decisions.

The dataset outlined in Section 4.3 was produced from a population of nominally identi-

cal machining tools, where health state data — in the form of surface roughness measure-

ments — were collected intermittently and required the tools to be removed from service

to be inspected. While sufficient to demonstrate the proposed framework, this setting

represents a relatively favourable case for transfer. Additionally, the discrete sampling

of health states limits the richness of the regression target. Chapter 5 addresses both

of these constraints directly, introducing a new PBSHM benchmark dataset in which

the population exhibits more significant heterogeneity, and in which damage state data

is available continuously throughout the experiment — providing a dataset designed

specifically for the development and evaluation of regression-based transfer learning.



Chapter 5

Continuous Damage in

Engineering Populations

Experimentation is a cornerstone of scientific and engineering progress. Beyond design

validation and the investigation of complex physical phenomena, experiments play an

essential role in machine learning: they generate the empirical data needed to train, test,

and evaluate models in realistic conditions. In SHM, this is particularly consequential

— models are only as reliable as the data they are trained on, and data that poorly

reflects in-service structural behaviour will produce models that fail when deployed on

real assets.

A recurring limitation of existing SHM benchmark datasets is that they capture struc-

tural behaviour through discrete realisations of damage states. These include the Z24

bridge [19], the Hawk T1A aircraft [20], and the machine tool population dataset used

in Chapter 4: in each case, structural outputs are measured, a damage condition is

applied — typically the addition of masses or removal of material — and outputs are

measured again. Figure 5.1 illustrates this for the Z24 bridge, and Figure 5.2 shows the

pseudo-damage locations on the Hawk airframe.

Most structural damage does not manifest as a sequence of discrete states. Degradation

mechanisms such as bolt loosening, foundation deterioration, and the progressive failure

of welded joints evolve continuously over time, and models trained on discrete datasets

learn to recognise predefined damage conditions rather than to track gradual deteriora-

tion between them. This motivates the development of regression-based methodologies

that treat structural health as a continuous variable.

Despite this, publicly available datasets capturing continuous structural degradation

are scarce, and to the author’s best knowledge, none exist that include a population of

62
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Figure 5.1: A damage scenario for the Z24 bridge: removing a section of the pier [19]

Figure 5.2: Schematic diagram for the stabilisers, showing the location of the ac-
celerometers, FBGs, shakers and pseudo-damage [20].

structures suitable for the development and evaluation of PBSHM technologies. This

chapter addresses that gap directly.

5.1 Experiment Design

In order to address these issues, an experiment was developed that showcases the contin-

uous nature of damage present in many in-service structures. The experiment consisted

of dynamic tests of a population of 12 beams, made of four different materials and cut
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to three different lengths. The beams were excited with white noise through a shaker,

clamped normally at one end and clamped with a large linear actuator at the other.

The clamping force provided by the linear actuator was controlled and used in this ex-

periment to simulate damage, whereby the clamping force was slowly reduced over the

experiment. The clamping force can be seen as a health state of the system, at the start

of the experiment the clamping force is large and the system is assumed to be healthy.

Then, as the clamping force reduces, the system becomes increasingly damaged.

5.1.1 Initial Design

A preliminary mock-up was created in Autodesk Fusion 360 [169] and can be seen in

Figure 5.3. The design should limit dynamic interaction between the external environ-

ment and the beam. Additionally, it should be easy to remove and replace the beams

when it is time to test the next specimen.

One of the critical choices in the design of the experiment was the length of the beams,

this decides several other dimensions in the experimental set-up.

5.1.2 The beams

The beams have a cross-section with a height of 6mm and width of 12mm, a readily

available cross-section from local retailers. Three lengths of beams were tested, 480mm,

550mm and 620mm. These lengths were chosen such that the beams had suitable dy-

namic properties and based on the limitations of the testing space.

To define parameters for the experiment, the dynamic properties of the beams were

estimated. Using the derivations from [170], the natural frequencies of a beam can be

estimated from Equation 5.1

fi =
λ2i

2πL2

(
EI

m

)1/2

(5.1)

where fi is the i-th natural frequency, E is the Young’s modulus of the material, L is the

length of the beam, m is the mass per unit length of the beam, I is the second moment

of area of the beam and λi is a mode dependent constant related to the boundary con-

ditions. The second moment of area of the beams can be calculated using the following

equation:

I =
bh3

12
=

0.012× 0.0063

12
= 2.16× 10−10 (5.2)
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Figure 5.3: A CAD mock-up of the experimental set up.

The material properties and the estimated natural frequencies of the beams are collated

in Figure 5.1

The natural frequencies in Table 5.1 are based on clamped-clamped boundary conditions.

At the start of the experiment when the linear actuator is providing a large clamping

force, the beams will behave similarly to this.
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Table 5.1: Material properties and the estimated natural frequencies of the beam
population.

Material Length (m) Young’s Modulus (GPa) m (kg/m) ωn1 (Hz) ωn2 (Hz) ωn3 (Hz)

Stainless Steel 0.48 210 0.576 137.1 378.1 741.14
Stainless Steel 0.55 210 0.576 104.5 287.9 564.5
Stainless Steel 0.62 210 0.576 82.2 226.6 444.2
Mild Steel 0.48 200 0.565 135.1 372.5 730.2
Mild Steel 0.55 200 0.565 102.9 283.7 556.1
Mild Steel 0.62 200 0.565 80.9 223.2 437.6

Brass 0.48 100 0.612 91.8 253.1 496.2
Brass 0.55 100 0.612 69.9 192.8 337.9
Brass 0.62 100 0.612 55.0 151.7 297.4

Aluminium 0.48 69 0.1944 135.3 373.0 731.3
Aluminium 0.55 69 0.1944 103.1 284.1 557.0
Aluminium 0.62 69 0.1944 81.1 223.6 438.3

5.1.3 The clamping force

Using a linear actuator as one of the clamps for the dynamic testing meant the boundary

conditions could be controlled. The clamping force regime can be seen in 5.4. It includes

a period at the start where the clamping force remains at 50kN for five minutes, before

linearly reducing to 0kN over 20 minutes. The first five minutes allows the use normal

condition alignment [171], which has been shown to be a crucial pre-processing step for

transfer learning [143]. Data from in-service structures can usually be assumed to be

healthy for the first part of its life and used to initiate a mapping for data from different

domains (this does not hold for retrofitted assets).

5.1.4 Final set-up

Five accelerometers were placed evenly along the beam at 1/6, 2/6, 3/6, 4/6 and 5/6

the length of the beams, sufficient coverage to calculate the dynamic properties of the

beams. To recover higher order modeshapes, a greater number of accelerometers would

be required. To limit the damping effects of the accelerometers, the wires were taped

to a supporting structure, such that the weight of the wires was supported outside of

the immediate experimental set-up. To excite the beams, a LDS permanent magnetic

shaker was used with a white noise input. Figure 5.5 shows the experimental set-up used

to collect the data in this chapter. The data for each beam was recorded three times for

the purposes of averaging and each test ran for 25 minutes.
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Figure 5.4: The clamping force regime, showing an initial ‘healthy-state’ at 50kN
before reducing monotonically to 0kN.

5.2 Data Processing

The system under investigation was a Single-Input Multiple-Output (SIMO) configu-

ration. Frequency response functions (FRFs) were estimated using the H1 estimator,

which is appropriate for systems with noisy outputs and provides an unbiased estimate

of the transfer function [172]. The H1 estimator is defined as:

Ĥ1(ω) =
Gxy(ω)

Gyy(ω)
(5.3)

where Gxy(ω) is the cross-power spectral density between the response X and the input

y, and Gyy(ω) is the auto-power spectral density of the input. The resulting FRFs were

then processed using the Poly-reference Least-Squares Complex Frequency-domain (p-

LSCF) method [173] to extract the system poles, enabling robust identification of natural

frequencies and damping ratios and modeshapes, by fitting the FRFs in a least-squares

sense [174].
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Figure 5.5: A picture of the experimental set-up used to collect the data in this
chapter.

5.3 First analysis

The following analysis characterizes the structural dynamics of the beams under the

evolving clamping force detailing the primary signal processing and parameter estimation

steps applied to the raw experimental data. The analysis proceeds in three stages:

first, the input excitation is characterized to ensure signal quality; second, the system’s

FRFs are derived to visualize spectral trends; and finally, a modal analysis is performed
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to extract and track the evolution of natural frequencies and damping ratios as the

boundary conditions degrade.

5.3.1 The input

The shaker was driven by a band-limited white noise signal over a frequency range of 0-

2000 Hz, to avoid aliasing the upper band must be less than half the sampling frequency.

This provides a broadband excitation sufficient to excite the first several bending modes

of each beam. A representative input signal measured by the force transducer mounted

between the shaker stinger and the beam is shown in Figure 5.6. The force transducer

measurement ensures that the true input to the structure is recorded rather than the

commanded signal, accounting for any dynamics introduced by the stinger and shaker

armature.

Figure 5.6: The input spectra from the shaker. Highlights the interaction between
the shaker and the beam, with drop out around the natural frequencies of the beam.

During experimental modal testing, the interaction between the exciter and the structure

can lead to degradation of the measured input force, particularly in the vicinity of the

structure’s natural frequencies. As the structure approaches resonance, its dynamic

impedance decreases, resulting in large structural motion relative to the exciter. This

can cause partial loss of contact, non-linear behaviour in the stinger, or saturation effects

in the shaker, leading to a reduction or distortion of the measured input force, commonly



Continuous Damage in Engineering Populations 70

referred to as force drop-out [174]. Such effects violate the assumption of a well-defined,

broadband excitation and can reduce the accuracy of frequency response function (FRF)

estimates, particularly for estimators that assume noise-free input measurements [172].

The issue is exacerbated in lightly damped structures and becomes more pronounced

as boundary conditions degrade, increasing structural compliance and reducing force

transmissibility at resonance. Care must therefore be taken when interpreting modal

parameters extracted near resonance.

5.3.2 Frequency Response Functions

Frequency response functions (FRFs) provide a fundamental representation of the input–

output behaviour of a linear dynamic system and form the basis of most vibration-

based structural health monitoring techniques [172]. In this study, FRFs are used as an

initial diagnostic tool to assess the quality of the experimental data, to verify that the

dynamic behaviour of the beam population is physically meaningful, and to examine

how progressive boundary degradation manifests in the measured responses.

For each beam, the system was configured in a SIMO arrangement and FRFs were

estimated using the H1 estimator, which is appropriate for systems with noisy outputs

and provides an unbiased estimate of the transfer function [172].

Figure 5.7 shows a representative magnitude and phase FRF measured at the mid-span

accelerometer for a single beam at the start of the experiment: an initial healthy state

with a high clamping force. This is the stainless steel beam of length 550mm.

The resulting FRFs exhibit clear resonance peaks and smooth phase transitions, indi-

cating adequate excitation across the frequency range of interest.

Figure 5.8 shows how the FRF develops as boundary conditions change. A zoomed-

in look at one of the resonance peaks can be seen in Figure 5.9. As the clamping

force reduces, the peak of the resonant peak shifts, showing a reduction in the natural

frequencies.

Importantly, the evolution of the FRFs occurs smoothly over the duration of the exper-

iment, with no abrupt changes in resonance structure. This indicates that the imposed

damage mechanism produces a continuous degradation process rather than a sequence of

discrete damage states. Such behaviour contrasts with many benchmark SHM datasets,

where FRFs are typically obtained only at a small number of predefined damage condi-

tions. The continuous evolution observed here provides a more realistic representation

of in-service structural degradation and motivates the need for analysis methodologies

capable of handling non-stationary and gradually evolving dynamics.
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Figure 5.7: A ‘healthy state’ magnitude (top) and phase (bottom) FRF of a repre-
sentative beam.

It can be seen that the variation in the FRFs as the clamping force decreases increases

with frequency (frequencies greater than 800Hz show larger variation). This holds true

across the population, where higher modes are more sensitive to damage. At low fre-

quencies, only the highest levels of damage induce large variations, whereas at high

frequencies medium levels of damage can cause large variations. This can be seen par-

ticularly clearly in Figure 5.10 where the magnitude FRFs from all the accelerometers

are shown.

The way in which the population varies with length can be seen in Figure 5.11. It shows

the magnitude FRF for stainless steel beams of 480mm, 550mm, and 620mm from one

accelerometer.

The way in which the population varies with length can be seen in Figure 5.12. It shows

the magnitude FRF for all materials in the dataset at a length of 620mm from one

accelerometer. The FRF’s for teh entire beam population can be found in Appendix A.
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Figure 5.8: Evolution of the frequency response function of a representative beam as
a function of clamping force. The colour indicates the clamping force, progressing from

blue (healthy) to yellow (damaged).

5.3.3 Modal Analysis

Following the estimation of the FRFs, the dynamic properties of the beam population

were extracted using frequency-domain modal analysis techniques. Modal analysis en-

ables the decomposition of the measured structural response into a set of modal param-

eters, namely natural frequencies, damping ratios, and mode shapes. These parameters

provide a compact and physically interpretable description of the structural dynamics

and are commonly used as indicators of structural degradation.

5.3.3.1 Natural Frequencies

p-LSCF formulates a parametric model of the FRFs in the frequency domain and esti-

mates the system poles by fitting a common-denominator polynomial across all measured
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Figure 5.9: A zoomed-in look at the resonance peak of the frequency response func-
tion. The colour indicates the clamping force, progressing from blue (healthy) to yellow

(damaged).

Figure 5.10: Evolution of the frequency response function of all accelerometers of a
representative beam as a function of clamping force. The colour indicates the clamping

force, progressing from blue (healthy) to yellow (damaged).

FRFs. This approach is well suited to multi-output experimental data and provides ro-

bust pole estimates in the presence of noise. The first three bending modes were consis-

tently identifiable across all beams, these modes were tracked throughout the experiment

as the clamping force was gradually reduced.
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Figure 5.11: Evolution of the frequency response function for stainless steel beams
of length 480mm (top), 550m (middle) and 620mm (bottom). The colour indicates the

clamping force, progressing from blue (healthy) to yellow (damaged).

Figure 5.13 shows the evolution of the first bending natural frequency of a representative

beam as a function of clamping force. A progressive reduction in natural frequency is

observed as the clamping force decreases from 50kN to 0kN, reflecting a reduction in the

effective stiffness of the system due to the softening of the boundary conditions. This

behaviour is consistent with the transition from an approximately clamped–clamped

configuration towards a more compliant boundary condition as the actuator force de-

creases.

5.3.3.2 Damping Ratios

Damping ratios reflect the energy dissipation mechanisms present in the structure. Fig-

ure 5.14 shows the variation of the damping ratio for the first three bending mode across

the population of beams as the clamping force is reduced. After detecting physical poles

in the stabilisation diagrams from p-LSCF, these damping ratios are derived from solv-

ing the eigenvalue problem of the denominator matrix. The damping ratios are the ratio
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Figure 5.12: Evolution of the frequency response function across 4 materials of length
620m. The colour indicates the clamping force, progressing from blue (healthy) to

yellow (damaged).

of the real part of the pole to its total magnitude. It can be seen that the damping

ratios seem to be unchanged by damage. The damage induced in this experiment is

primarily expressed as a reduction in stiffness at the boundary, which would not have an

effect on the damping in the system. The system damping seems dominated by material

specific damping, which seems logical for metal beams with comparatively low levels of

excitation.

5.3.3.3 Mode Shapes

The five accelerometers positioned evenly along the beam provided sufficient spatial

resolution to reliably identify the first three bending mode shapes. Figure 5.15 shows

the first three bending mode shapes of a representative beam without any damage.



Continuous Damage in Engineering Populations 76

Figure 5.13: Evolution of the first natural frequency of a representative beam as a
function of clamping force. The colour indicates the clamping force, progressing from

blue (healthy) to yellow (damaged).

Figure 5.16 shows the first three bending mode shapes of a representative beam through-

out the experiment as damage is applied. The first two mode shapes behave exactly as

one would expect a clamped-clamped beam to behave. The first mode shape presents

the typical ‘half-sine’ shape, a bowed line with the peak in the middle. The second

mode shape showcases ‘two half-waves’, the characteristic ‘S-shape’ where there is one

internal nodal point near the midspan. The two halves of the beam move in opposite

directions — one half moves up while the other moves down. The third mode shape

has a larger spread, in some instances it looks similar to the first mode, while in others

it conforms to the behaviour one would expect from a clamped-clamped beam where

forms the characteristic ‘M-shape’. In the second and third modes especially, the mode

shapes invert at higher levels of damage.

The boundary conditions for a clamped clamepd beam are as follows:

ϕ(0) = 0,
dϕ

dx

∣∣∣∣
x=0

= 0 (5.4)

ϕ(L) = 0,
dϕ

dx

∣∣∣∣
x=L

= 0 (5.5)
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Figure 5.14: Damping ratios for the first three bending modes as a function of clamp-
ing force.

Figure 5.15: First three mode shapes of a steel beam of 550mm with no damage.

At each end of a clamped-clamped beam the displacement and slope are both zero. As

damage increases, the slope boundary condition is progressively violated, consequently

the eigenvalue problem is also changing which leads to the mode shapes changing.
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Figure 5.16: Evolution of the first three mode shapes of a steel beam of 550mm as a
function of clamping force.

5.4 Damage features

Structural damage typically manifests as subtle changes in a structure’s dynamic re-

sponse. While raw vibration measurements and frequency response functions (FRFs)

contain rich information about the underlying system, their high dimensionality and

sensitivity to noise make them unsuitable for direct use in learning-based models. As a

result, the selection of informative and robust features is a critical step in the develop-

ment of data-driven approaches for damage quantification.

An effective feature set must consider two important requirements. Features must be

sensitive to damage-related changes in structural properties, such as stiffness reduction or

increased dissipation. Additionally, they must remain sufficiently robust to measurement

noise, operational variability, and modelling uncertainty to enable reliable learning. This

is particularly important when features are used for regression tasks, where smooth and

continuous relationships between features and damage are required.

5.4.1 Principal component analysis

Principal Component Analysis (PCA) [175, 176] is a data-driven dimensionality reduc-

tion technique used to identify dominant patterns of variability within a dataset. In

structural health monitoring, data such as raw measurements, frequency response func-

tions, or spectral descriptors—are often high-dimensional and strongly correlated. This
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redundancy can obscure damage-related information and negatively impact the perfor-

mance and interpretability of models trained on this data. PCA addresses this issue

by projecting the original feature space onto a lower-dimensional subspace spanned by

orthogonal basis vectors, known as principal components, which are ordered according

to the amount of variance they explain in the data. PCA provides a compact repre-

sentation that preserves the most significant variations and can help researchers spot

patterns in data.

PCA has been used to extract damage sensitive features from FRFs extensively in the

literature [177–179]. In this case, PCA identifies the frequency components at which the

beam’s dynamic response exhibits the greatest variability across experimental conditions.

Figure 5.17 shows the first three principal components from the analysis.

Figure 5.17: Evolution of the first three principal components of the FRF of a steel
beam of 550mm as a function of clamping force.

The principal components shown in Figure 5.17 are highly correlated with damage and

could make useful features for transfer learning and active learning tasks. The PCA
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algorithm is finding a linear combination of frequencies in the FRF that show the most

variation over the experiment. It is an indicator that the experiment has been a success

that the variations found by the algorithm are related to damage rather than noise.

5.4.2 Limitations of the experiment

The most impactful limitation of this set-up was the shaker-beam interaction, which

impeded the quality of the data and limited the usefulness of the modal properties

extracted from the system. The shaker was bolted in firmly to the rest of the structure

to allow the position of the shaker to be adjusted with the size of the beams as to

maintain the shaker position of 1/3 the length of the beams. In future a new design will

be required to isolate the shaker from the rest of the structure, either some padding could

be used to reduce the transmission of vibrations to the rest of the structure (other than

through the shaker-beam interface) or the shaker should be suspended in some other

way. Despite best efforts, the structural frame that supported the beams in the clamped-

clamped position might have had small deflections during testing. During moments of

high deflection of the beams, the beams would “pull” the towers inwards, affecting the

results and moving the set-up further from an ideal clamped-clamped boundary. To limit

the effect of the frame collapsing, more bracing should have been used on the support

beam to avoid it caving in.

Additionally, large amplitudes of excitation would cause other issues such as slipping

in the clamps, leading to large non-linearities that break the linear assumptions made

during the analysis. Additionally, due to only 5 accelerometers being used to capture

beam response (space limitations) the set-up would struggle to capture more than two

modeshapes to an acceptable level of resolution.

5.5 Conclusion

The experiment presented in this chapter was designed to address a specific and conse-

quential gap in the PBSHM literature: the absence of publicly available datasets cap-

turing continuous structural degradation across a population of structures. The dataset

collected here — comprising frequency response measurements from a population of

beams of varying material and geometry, subjected to progressive boundary condition

degradation — represents a departure from the discrete, artificially induced damage

states that characterise the majority of existing SHM benchmarks.

The modal analysis results presented in this chapter confirm that the experimental de-

sign achieved its primary objective. Natural frequencies decreased monotonically with
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clamping force across the population, providing a clear and physically interpretable con-

tinuous damage variable. Crucially, this trends was observed consistently across beams

of different materials and lengths, suggesting that the underlying degradation signature

is transferable across the population despite geometric and material heterogeneity. This

is an important result for the transfer learning work presented in Chapter 6, as it pro-

vides empirical evidence that the population shares meaningful statistical structure that

can be exploited.

The choice of boundary condition loosening as the damage mechanism warrants reflec-

tion. Compared to mass addition or section removal — the most common approaches

in existing datasets — progressive clamping force reduction offers several advantages.

It is reversible, continuously controllable, and physically representative of a class of real

degradation mechanisms including bolt loosening, foundation deterioration, and joint

degradation. The resulting damage variable, the clamping force, is also directly mea-

surable, providing a ground truth label for regression that is free from the ambiguity

associated with discrete damage classifications. At the same time, this mechanism is

a simplification of real structural degradation, and the limitations this imposes on the

generalisability of methods developed on this dataset are discussed in Chapter 7.

Several limitations of the experimental programme warrant acknowledgement. The pop-

ulation was restricted to beams sharing a common rectangular cross-section and a single

degradation mechanism, which does not reflect the full diversity of structural variation

encountered in real asset populations. The experiment was conducted under controlled

laboratory conditions, excluding the environmental and operational variability — tem-

perature fluctuations, varying loading conditions, and measurement noise from opera-

tional sources — that routinely confound damage detection in field-deployed systems.

Furthermore, the sensor configuration was fixed across all beams, whereas in practice the

number and placement of sensors will differ between population members, introducing

a further source of heterogeneity that the current dataset does not represent.

Future experimental campaigns should address these limitations by considering a broader

range of cross-sectional geometries, boundary condition types, and damage mechanisms

— including scenarios in which degradation manifests differently across population mem-

bers, better reflecting the heterogeneity that population-based methods must ultimately

contend with. Expanding the range of clamping force regimes and degradation rates

would allow the sensitivity of the developed methods to different damage trajectories to

be more thoroughly characterised. The introduction of controlled environmental vari-

ability — for instance, through temperature cycling — would provide a more realistic

and challenging benchmark for methods that must distinguish damage from confound-

ing influences. Finally, varying the sensor configuration across population members
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would allow the heterogeneous transfer problem to be studied in a more experimentally

grounded setting, providing a natural extension of the transfer learning methodology

presented in the following chapter.

This chapter fulfils Contribution 3 outlined in Section 1.4: providing the community

with one of the first benchmarks capturing continuous structural degradation across a

heterogeneous population of structures — providing the community with a foundation for

the development and evaluation of regression-based PBSHM technologies beyond those

presented in this thesis. Chapter 6 builds directly on this dataset, developing a transfer

learning framework capable of mapping continuous damage states across structurally

distinct population members.



Chapter 6

Transfer with continuous health

states

In this chapter transfer learning techniques are applied to the data collected from the

experiment in Chapter 5. The goal is to improve the predictive performance in a data-

scarce domain by leveraging data from a data-rich domain. While this has been explored

for classification problems with discrete health states, in SHM, transfer learning for re-

gression problems remains under-explored. In Chapter 5 it was shown that the principal

components of the FRF data can be used as damage sensitive features, this chapter

explores two main avenues for employing PCA within a transfer learning framework:

• Subspace Alignment: Constructing separate principal axes for the source and

target domains independently, and subsequently learning a mapping function to

align the target subspace with the source. This approach assumes that while the

domains differ, the underlying features degrade in a similar manner.

• Shared Feature Space: Deriving a single set of principal axes that identify

damage-sensitive features in both the source and target domains simultaneously.

The objective is to create a domain-invariant feature space such that damage labels

defined in the source domain can be applied directly to the target domain without

further modification.

6.1 Principal Component Analysis

Data collected by SHM systems are often high dimensional, for example, there might be

dense sensor arrays generating correlated time-series data. High dimensional data lead

to large computational costs and risks over fitting in many regression and classification

83



Transfer with continuous health states 84

tasks. Principal Component Analysis (PCA) is a statistical procedure that converts

observations of correlated variables into a set of linearly uncorrelated variables called

Principal Components. The core concept of PCA is that variance of a variable relates

to information, if a variable changes significantly across the dataset, it is providing

information about the state of the structure. If a variable rarely changes or fluctuates

only slightly around a mean it is likely noise [176].

Mathematically, PCA performs an orthogonal linear transformation that transforms the

data to a new coordinate system. The first coordinate (the first principal component) is

aligned with the direction of greatest variance in the data. Each succeeding component

is aligned with the direction of the greatest remaining variance, under the constraint

that it be orthogonal to the preceding components. By retaining only the first k com-

ponents that capture some majority of the variance (e.g., 95%), the dimensionality is

reduced while preserving the dominant structural behaviours and discarding the dimen-

sions dominated by stochastic noise [180].

Consider an input dataset X consisting of n observations and m variables. The data

matrix is defined as:

X =


x1,1 x1,2 · · · x1,m

x2,1 x2,2 · · · x2,m
...

...
. . .

...

xn,1 xn,2 · · · xn,m

 ∈ Rn×m (6.1)

Before analysis, the data must be mean-centered to ensure the principal components

describe the variance rather than the mean. The mean vector µ is calculated as:

µj =
1

n

n∑
i=1

xi,j for j = 1, . . . ,m (6.2)

The mean-centered data matrix X̄ is obtained by subtracting the mean from each col-

umn:

x̄i,j = xi,j − µj (6.3)

PCA relies on the covariance matrix to quantify the correlation between measurements.

The covariance matrix C is calculated as:

C =
1

n− 1
X̄T X̄ ∈ Rm×m (6.4)
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The principal components are determined by solving the eigenvalue problem for the

covariance matrix C:

Cvk = λkvk (6.5)

Where λk is the eigenvalue representing the variance explained by the k-th component.vk

is the k-th eigenvector, subject to ∥vk∥ = 1. The eigenvalues are sorted in descending

order to identify the most significant components:

λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 0 (6.6)

To reduce dimensionality, a transformation matrix Wk is constructed using the first k

eigenvectors:

Wk = [v1,v2, . . . ,vk] ∈ Rm×k (6.7)

The projected data, denoted as Z, is obtained by projecting the mean-centered data

onto this subspace:

Z = X̄Wk ∈ Rn×k (6.8)

6.1.1 PCA in PBSHM

While PCA effectively compresses high-dimensional data into informative features, its

application in transfer learning introduces significant challenges related to domain shift.

PCA is an unsupervised algorithm, meaning that it does not take damage labels into

account. Additionally, PCA is a data-dependent transformation, the resulting feature

space is intrinsically tied to the covariance structure of the specific dataset used for train-

ing. In an SHM context, a source structure and a target structure rarely share identical

covariance properties due to differences in material parameters, boundary conditions, or

sensor placement. Mathematically, this implies that the principal subspaces of the two

domains are misaligned:

span(Wsource) ̸= span(Wtarget) (6.9)

If the regression model trained on the Source domain is applied directly to the target

domain using the source’s projection matrix Wsource, the resulting feature values will
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lack physical consistency. A feature vector z in the source domain may correspond to

a completely different physical state in the target domain due to the rotation of the

principal axes.

The literature has attempted to address this, Transfer Component Analysis (TCA) [181]

minimises the minimum mean discrepancy (MMD) between the source and target in a

reproducing kernel Hilbert space to find a projection matrix that maps source and target

data into a shared latent space.

6.2 Naive PCA

Over the course of the experiment detailed in Chapter 5, as the boundary conditions

change, the response at a given frequency may change, this can be seen in Figure 5.8.

PCA identifies axes in a dataset with the maximum variance, as such, here, one can

assume that the identified frequencies are those that are most effected by damage. Such

that the data projected onto the principal components can be used as damage sensitive

features.

This section examines the consequences of learning independent principal axes in the

source and target domains and attempts to learn a mapping between them such that a

model trained on the source domain can be used to make predictions on source domain

data.

For this example, the source beam is stainless steel and 620mm long, the FRFs of this

beam over the experiment can be seen in Figure 6.1. The target beam is 480mm and

made of brass. The FRFs of the target beam can be seen in Figure 6.2.

A standard PCA implementation from Scikit-learn [182] can be used to learn separate

principal axes for the source and target domains. The weights of the principal com-

ponents can be seen in Figure 6.3 and 6.4, and are plotted over the source and target

FRFs respectively to help visualise which frequencies have been identified by the PCA

algorithm.

The projections of the source and target data on to their respective principal subspaces

are shown in Figures 6.5 and 6.6.

6.2.1 Fitting a model to the source domain

To make predictions about the damage labels of target data, a model must first be

trained on the source domain. In this case study, each domain consists of a dataset with
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Figure 6.1: The FRF of the source beam, stainless steel - 620mm.

Figure 6.2: The FRF of the target beam, brass - 480mm.

200 points, generated by segmenting the 25-minute test from Chapter 5 into 200 dis-

tinct sections. This moderate dataset size lends itself well to Gaussian Processes (GPs)
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Figure 6.3: The first principal component weights learnt on the source and target
beams plotted over the respective FRFs.

Figure 6.4: The second principal component weights learnt on the source and target
beams plotted over the respective FRFs.
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Figure 6.5: The source data projected onto the principal axes learnt on the source
domain.

Figure 6.6: The target data projected onto the principal axes learnt on the target
domain.
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[183], which provide robust estimates for regression tasks alongside rigorous uncertainty

quantification. A GP is fitted to the source domain data after it has been projected

onto its principal axes. To effectively capture the underlying structure of this data, the

GP employs a composite covariance function. Specifically, an anisotropic Matérn kernel

(ν = 1.5) scaled by a constant variance kernel, combined with an additive white noise

kernel. The Matérn kernel was selected because setting ν = 1.5 models functions that

are exactly once differentiable and captures the continuous spatial nature of the damage

states. Furthermore, allowing the kernel to be anisotropic enables the model to learn

independent length scales for the different variations along each principal component.

Figure 6.7 shows the resulting mean prediction, and Figure 6.8 displays the variance

prediction. The regression model is not the focus of this research, but is detailed here

for clarity. Once a mapping is established from the target domain to the source domain,

this model can be leveraged to predict the health states of the target data.

Figure 6.7: The mean prediction of the GP trained on the source data.

6.2.2 Finding a mapping

With PCA employed to extract damage-sensitive features and a Gaussian Process used

to model damage in the source domain, a domain adaptation step is necessary. A

mapping from the target to the source domain is required to allow the source-trained

GP to predict damage labels for the target data. This approach is motivated by the
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Figure 6.8: The covariance prediction of the GP trained on the source data.

observation of repeated geometrical patterns in the projected data across the beam

population. Ideally, the mapping procedure would be suitable for mapping any target

structure onto any source structure. As an initial methodology, the first two principal

components will be used and it will be assumed that the mapping consists of a linear

transformation; a translation, learnt through normal condition alignment, and a rotation

learned through the log marginal likelihood of the observed target labels under the GP’s

predictive distribution.

6.2.2.1 Pre-processing

Normal condition alignment (NCA) has been shown to be an important pre-processing

step for transfer learning in structural health monitoring [143] and can be a starting

point when learning a map from target to source domains. It is usually safe to assume

that, at the time of installation, structures are undamaged, and thus data collected early

in the life of the structure can be used to align the domains. In this chapter, the same

approach is applied to align the data from the different beams. The mean and standard

deviation of the undamaged data are used to standardise all the data from that beam.

In NCA, the source domain is first standardised via Equation 6.10 to centre the data

and give features equal treatment.
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z(j)s =
x
(j)
s − µs

σs
(6.10)

Where µs is the means of the source data, and σs is the standard deviation. x
(j)
s is

the source data before centring and z
(j)
s the centred data. The normal-condition of the

target domain is then aligned with that of the source using Equation 6.11

z
(j)
t =

(
x
(j)
t − µt,n

σt,n

)
σs,n + µs,n (6.11)

where zt is the aligned target domain data and µt,n,µs,n and σt,n,σs,n are the means and

standard deviations of the normal-condition data for the source and target respectively.

Figure 6.9 shows the initial alignment from NCA of the target data onto the source data.

Figure 6.9: The first and second principal components of the source and target.
Showing the initial alignment provided by NCA.

6.2.3 Learning the rotation

After a translation is learnt by NCA, a rotation can be learnt by finding the rotation

around the normal condition source data that maximises the log-likelihood of the target

labels with respect to a model trained on the source domain. The rotation is learnt
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about the centre of the normal condition source data. This is finding the rotation of

the target domain such that the target data is explained best by the GP trained on the

source data. In other words it is finding the rotation that makes the rotated data agree

with the model trained on the source.

ln f(x) = −1

2

[
k ln(2π) + ln |Σ|+ (x− µ)TΣ−1(x− µ)

]
(6.12)

where x is the target data vector, µ is the GP mean prediction of the damage at each

of the target data points, Σ is the covariance matrix, and |Σ| is the determinant. There

is an underlying assumption here that there is some intrinsic similarity between the

degradation of the source and target data, and that the mapping of the target data does

not warp this similarity.

One can imagine this scenario as two structures being monitored, where the source

domain has plentiful damage state information and the target domain has very little,

this could be a new structure that currently only has normal condition data. As data

arrives throughout the life of this new structure, a better mapping can be learnt such

that the GP makes improved predictions about the source data’s damage state. Table 6.1

collates the alignment angles learnt by maximising the likelihood with different amounts

of target data. The normalised log likelihood column shows the likelihood per datapoint

available to the model. The rotations of the target data can be seen in Figure 6.10 and

the corresponding log likelihood landscapes can be seen in Figure 6.11 .

Table 6.1: Log likelihood and optimal rotation angle across varying data availability
in the target domain.

% of Available Data Learnt Rotation (deg) Log Likelihood Normalised Log Likelihood

20% 21.76 63.67 1.592
30% -126.16 95.35 1.589
40% -150.28 125.86 1.573
50% -149.99 156.96 1.570
60% -152.14 188.08 1.567
70% -156.73 218.04 1.557
80% -162.33 248.75 1.555
90% -165.06 280.07 1.556
100% -165.20 318.07 1.590

6.2.4 PCA stability

In the Section above, the PCA was calculated with access to 100% of the target data

and then those principal axes were used to project progressive amounts of the target

FRF data. The main problem with this approach is the stability of the principal axes
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Figure 6.10: The progression of calculated angle as data becomes available in the
target domain.

identified by the PCA algorithm. The axes found when data from the entire experiment

is available can be very different to those identified when only the normal-condition data

is available. This is expected as the PCA algorithm is looking for variance in the input



Transfer with continuous health states 95

Figure 6.11: The progression of the log likelihood landscape as data becomes available
in the target domain.

features (frequencies). When only normal condition data are available, the majority

of the variance is a result of noise or other benign variations and none of it is as a

results of damage - as damage has not been observed yet. It’s common that as new data

becomes available, the axes found through PCA can be mirrored or otherwise change

dramatically via large rotations. This effect means that the mapping being calculated

at each iteration is different. To address this, it would be useful to identify principal

axes that produce damage sensitive scores without having access to the entire data-

history of a target structure. The next section examines the consequences of using the

principal axes learnt from the source domain and projecting the target data onto it

directly, avoiding the need for damage state information in the target domain.
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6.3 Shared Feature Space

The projection of the target data onto the principal axes learnt on the source domain

data from Section 6.2 can be seen in Figure 6.12. It shows that the identified frequencies

do not seem to be correlated with damage in the target domain. This is intuitive as the

source and target beams are made of different materials and are different lengths, there

is no reason for the beams to behave similarly at a given frequency (the principal axes

being linear combinations of the response amplitude at the identified frequencies).

Figure 6.12: The target data projected onto the principal axes learnt on the source
data.

As can be seen in Equation 5.1, the natural frequencies are proportional to the root

of the Young’s modulus and inversely proportional to the length of the beam squared.

This relationship can be used to non-dimensionalise the frequency axis of the FRFs such

that the 1st natural frequencies of each beam are aligned to the same non-dimensional

frequency.

In a population of beams, the response at absolute frequency values are difficult to

compare. The natural frequencies of a short beam may be very different to the natural

frequencies of a different length beam. To a standard machine learning algorithm, these

look like very different signals and it may struggle to identify shared features. However,

the physics governing their behaviour is identical. The n-th natural frequency is always

a specific multiple of the fundamental frequency. By scaling the entire frequency axis
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such that the fundamental frequency measured experimentally during normal condition

is 100 (scale = 100/ω1), we convert the data from absolute frequency (Hz) to frequency

ratio (dimensionless). Via scaling to this new domain, the first peak for every beam

can be aligned at Ω = 100. The geometric and material differences are removed while

preserving the overall structure of the frequency responses (the relative spacing and

shape of the peaks).

6.4 Non-dimensionalised frequency

The frequency normalisation procedure described in the previous section was applied

to align the frequency-domain structural responses. By scaling the frequency axis of

each beam relative to its first natural frequency, the resonance peaks are brought into

alignment, facilitating direct comparison between structures with differing stiffness or

length properties. The non-dimensionalised FRFs of a source (Stainless Steel - 620mm)

and target (Brass - 480mm) beam can be seen in Figure 6.13.

Figure 6.13: The non-dimensionalised FRFs, with the first natural frequencies nor-
malised to 100. The top graph is the source data, and the bottom graph is the target

data.

Again, with the natural frequencies aligned, principal axes can be learnt from the source

data, the target data can be projected on to these axes meaning the responses at these

frequencies can more easily be compared. Figure 6.14 shows the projected source and
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target data. It can be seen that damage sensitive axes have been identified, because these

axes are learnt in the source domain, they do not depend on the number of available

target data. This helps mitigate some of the stability issues highlighted in Section 6.2.

The component weights of the first and second principal components can be seen in

Figures 6.15 and 6.16.

Figure 6.14: The non-dimensionalised source and target data projected onto the
principal axes learnt in the source domain.

Through the methodology described in Section 6.2.2, a mapping can be learnt so that

a model trained on the source data can be used to predict damage states in the target

domain. Table 6.2 collates the alignment angles learnt by maximising the likelihood

with different amounts of target data. The rotations of the target data can be seen in

Figure 6.17 and the corresponding log likelihood landscapes can be seen in Figure 6.18.

Again, The normalised log likelihood column shows the likelihood per datapoint available

to the model.

Standard PCA can be sensitive to noise in the data and has no mathematical formulation

to consider populations. The method seeks directions of maximum variance in the

training data, meaning that noise-driven variance can hide variance associated with

damage. Even with non-dimensionalised inputs, this method does not generalise reliably

across all instances of transfer within the beam population documented in Chapter 5.

A natural extension is to move away from a single, population-agnostic projection and in-

stead learn a latent space that explicitly accounts for inter-unit variability. Personalised
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Figure 6.15: The 1st principal component weights plotted over the scaled source and
target FRFs.

Figure 6.16: The 2nd principal component weights plotted over the scaled source and
target FRFs
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Table 6.2: Impact of data availability on the learnt rotation angle and log likelihood

% of Available Data Learnt Rotation (deg) Log Likelihood Normalised Log Likelihood

20% -2.79 64.84 1.621
30% 179.58 96.02 1.600
40% -181.09 71.37 0.892
50% -178.83 -70.86 -0.709
60% -181.82 -378.16 -3.151
70% -182.49 -850.65 -6.076
80% 175.08 -1122.53 -7.016
90% 175.24 -1294.41 -7.191
100% 175.51 -1478.43 -7.392

PCA addresses this by incorporating population-level information into the dimension-

ality reduction step, allowing each structure’s projection to reflect both the shared and

individual characteristics of the dataset. The following section introduces this approach

and examines whether it produces a more robust basis for the subsequent rotation-based

alignment.

6.5 Population-based PCA

A population view of PCA is presented in [184]. Personalised PCA (perPCA) takes a

hierarchical view of PCA, decoupling data into two distinct subspaces.

• Global Subspace: captures patterns common across the population.

• Local Subspace: captures patterns specific to a single member of the population.

A key aspect of this work is that these two subspaces are mutually orthogonal, meaning

the shared features and unique features do not overlap. This means that variations be-

tween members in the population can be captured while identifying the common physics.

For the k-th member of the population, the data matrix Xk ∈ Rd×nk is decomposed into

shared, unique, and noise components:

Xk = URk + VkSk + Ek (6.13)

Where U ∈ Rd×rg is the Global (Shared) Basis.Vk ∈ Rd×rk is the Local (Unique) Basis

for member k. Rk = U⊤Xk represents the shared loadings (coefficients). Sk = V ⊤
k Xk

represents the unique loadings (coefficients) and Ek is the noise matrix. A strict orthog-

onality is enforced within and between global and local basis:
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Figure 6.17: The progression of calculated angle as data becomes available in the
target domain.

U⊤U = Irg (Global basis is orthonormal)

V ⊤
k Vk = Irk (Local basis is orthonormal)

U⊤Vk = 0 (Global and Local subspaces are disjoint)
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Figure 6.18: The progression of the log likelihood landscape as data becomes available
in the target domain.

The constraint U⊤Vk = 0 is the most critical; it prevents the unique features of member

k from “leaking” into the shared global model.

The goal is to reconstruct the data matrices Xk for K different clients while separating

the data into a shared global subspace and client-specific (local) subspaces, and main-

taining the orthogonality constraints highlighted above. The loss function L is defined

as:

min
U,{Vk}Kk=1

K∑
k=1

∥∥∥Xk − UU⊤Xk − VkV
⊤
k Xk

∥∥∥2
F

Subject to the Stiefel Manifold constraints:

U ∈ St(d, rg), Vk ∈ St(d, rk), and U⊤Vk = 0
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The algorithm is based on Stiefel manifold gradient descent that can be proved to con-

verge linearly into the global optimum under mild conditions.

6.5.1 Personalised PCA in PBSHM

Personalised PCA is a natural fit for PBSHM, where methods that separate population

level features and local features have already shown to be effective [68, 131, 136, 185].

Again, input features should be normalised before applying the perPCA algorithm. The

frequency inputs have been non-dimensionalised as shown in Section 6.4. A population

is formed from the FRF data of beams from the experiment in Chapter 5. The perPCA

algorithm is trained on the three mild steel beams (source), and the rest of the population

(target) will projected onto the global components. This can be seen in Figure 6.19.

The global principal components weights are plotted over beam FRFs in Figures 6.20.

The effect damage has on projected data in Figure 6.19 is similar across the population,

meaning the mapping scheme detailed in this chapter can be used to improve damage

prediction for individual assets within the population with limited labels. Importantly,

the global components learnt on the mild steel beams produce damage sensitive projec-

tions for beam materials outside of the training data. Additionally, because perPCA

does not require any data from the target domain, the perPCA components are invariant

to target data availability. This solves the issue of axes stability from the standard PCA

results shown in Section 6.2.

However, this method has not yielded perfect results. The brass 480mm and 620mm

beams do not have a structured projection. The exact reason is unclear, however, the

brass beams are perhaps the most heterogenous members of the population, which may

cause difficulties during transfer. Additionally, the brass beams are the most rigid of the

population making them more strongly coupled with the shaker. Further exploration of

the effects of perPCA in engineering structures provides scope for future work.

6.6 Discussions and Conclusions

A critical limitation of conventional data-driven SHM is that supervised regression meth-

ods require dense ground truth labels spanning the entire continuous degradation tra-

jectory; obtaining such comprehensive data is often cost-prohibitive or otherwise infea-

sible. Transfer learning offers a mechanism to mitigate these data requirements in a

target domain. However, when target data is sparse unsupervised transfer methods to

fail, resulting in negative transfer where the predicted trends deviate significantly from
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Figure 6.19: The FRF data from all the beams in the population projected onto the
global principal components learnt on mild steel beams.

the physical reality. This chapter investigated the challenge of transfer learning for con-

tinuous variable prediction in Structural Health Monitoring (SHM), specifically within

the context of a heterogeneous population of beams undergoing boundary condition

degradation.
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Figure 6.20: 1st and 2nd Global Principal Components plotted over the FRF of a
representative beam.

6.6.1 The Instability of Data-Driven Alignment in Sparse Regimes

The initial approach employed standard Principal Component Analysis to extract fea-

tures from both the source and target domains independently, followed by learning a

linear mapping between the subspaces. While this method theoretically aligns the do-

main distributions, the results highlighted a critical vulnerability: sensitivity to data

scarcity.

In the source domain, the principal axes can capture the variance associated with the

stiffness degradation. However, in the data-sparse target domain, the PCA calculation

was dominated by noise before later stage damage data is available. Consequently, the

principal axes learned on the target were not merely rotated versions of the source axes;

they represented fundamentally different features. Attempting to map the robust source

space onto this unstable target space can result in negative transfer, as the mapping

forced the model to align physical trends with statistical artifacts.

6.6.2 Non-dimensionalisation as a stabilisation mechanism

To overcome the instability of the target principal axes, this study introduced a physics-

based preprocessing step: non-dimensionalisation of the frequency axis to align the
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first natural frequency (ω1) across the population. This step effectively removed the

geometric differences (variance caused by differing beam lengths) from the dataset. By

aligning the fundamental resonances, the structural variance was reduced to two primary

components: material damping properties and the evolving boundary condition. The

results demonstrated that after non-dimensionalisation, the principal axes learned on

the source domain could be directly applicable to the target domain.

6.6.3 Decoupling shared and personal behaviours

As a hierarchical extension of PCA, personalized PCA is a natural fit for population

modelling for SHM and explicitly decouples the dataset into shared and unique sub-

spaces. The global basis (U) successfully captured the “universal” physics of the loosen-

ing clamp—a trajectory of stiffness loss common to all beams regardless of their material

or length. Crucially, the orthogonality constraint (U⊤Vk = 0) ensured that the unique

features of a specific beam did not corrupt the shared model of the degradation process.

This allowed for the construction of a generalized degradation model. The global basis

facilitates transfer learning through the following procedure:

1. Data Acquisition: Acquire input-output data from the target structure.

2. Spectral Estimation: Compute the Frequency Response Functions (FRFs) from

the raw data.

3. Global Projection: Project the target FRFs onto the global basis (U) learnt from

a population.

4. Domain Adaptation: Derive a mapping that aligns the projected target data with

the source domain, enabling the source-trained model to predict health states for

the target structure.

6.7 Conclusion

This chapter has developed and demonstrated a physics-guided transfer learning method-

olgy for continuous structural health monitoring across a structural population, address-

ing the challenges that arise when the quantity to be transferred is a continuous damage

variable rather than a discrete label. The methodology was applied to the beam popula-

tion dataset introduced in Chapter 5, where the goal was to transfer a regression model

trained on a source beam to target beams of different material and geometry. Together,

the works of this chapter fulfil Contribution 3: extending transfer learning technologies
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for PBSHM to regression tasks. The results establish that, with appropriate prepro-

cessing and population-aware dimensionality reduction, the domain alignment method

highlighted in this chapter is capable of transferring continuous health state information

across a population.



Chapter 7

Conclusions and Future Work

Enhanced decision support for asset management provides one of the primary motiva-

tions for the development and implementation of SHM technologies; however, actual

uptake of SHM has been limited by the (lack of) availability of cost-benefit analyses.

Framing SHM systems in the context of decision-support allows the value of the tech-

nology to be quantified, thereby giving impetus to the broader adoption of SHM system

into industry. The work presented in the current thesis focusses on the data scarcity

problem in SHM, specifically on how PBSHM techniques can be applied to regression

problems.

7.1 Summary and Conclusions

Chapter 4 introduced a risk-based active learning framework for populations of struc-

tures, demonstrated on a population of machining tools undergoing health degradation.

A Bayesian hierarchical model was used to capture shared degradation behaviour across

the population, partially pooling information across assets such that predictions for

data-scarce individuals could be informed by observations from the wider population.

Inspection decisions were then planned using a risk-based decision process, in which the

expected utility of each possible action — inspect, replace, or continue monitoring —

was derived analytically and evaluated at each decision point. This formulation allowed

the framework to select the most economically justified action in real time, directing

inspections toward tools where the consequence of an undetected failure was greatest

rather than following a fixed periodic schedule.

The case study demonstrated that this approach yields a significant reduction in mon-

itoring costs, achieved by eliminating unnecessary inspections without meaningfully in-

creasing the rate at which workpieces are damaged — a result that compares favourably

108
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against conventional periodic inspection strategies. This work demonstrated that active

learning and transfer learning are a powerful combination of technologies: by directing

data collection according to risk rather than information-theoretic measures alone, the

framework improved population-level predictions while remaining grounded in the prac-

tical economics of the inspection problem. To the author’s knowledge, this represents

the first application of active learning across a population of structures in the SHM

literature, and the first work to address inspection budget allocation at the population

level in a formally principled way.

Chapter 5 addressed a significant gap in the PBSHM literature: the lack of experi-

mental data capturing continuous damage progression across a population of structures.

Existing SHM datasets largely consist of discrete, artificially induced damage states —

typically the addition of masses or removal of material sections — which limits the devel-

opment and evaluation of regression technologies that must operate across a continuous

damage spectrum. To address this, an innovative experimental campaign was conducted

in which continuous degradation was recorded across a population of beams varying in

both length and material. Damage was induced progressively by reducing the clamp-

ing force at the beam boundary, simulating a gradual loss of boundary stiffness rather

than an instantaneous, discrete change in structural state. Modal analysis of the result-

ing data revealed consistent and physically interpretable trends across the population.

Natural frequencies decreased progressively with clamping force reduction, confirming

that the degradation mechanism produced a measurable and monotonic change in struc-

tural dynamic behaviour. These findings are consistent across beams of different lengths

and materials, suggesting that the underlying degradation mechanism produces trans-

ferable signatures across the population despite geometric and material heterogeneity.

Together, these results provide a detailed characterisation of the dynamic behaviour of

the beam population and form a robust experimental basis for the development and

evaluation of the continuous, population-based transfer learning methodology presented

in Chapter 6. Moreover, this dataset will allow further development of population-based

prognosis models in the future.

Chapter 6 built upon the dataset introduced in Chapter 5 to develop a transfer learn-

ing framework capable of mapping continuous damage states across structurally distinct

assets. PCA was shown to identify damage sensitive features from FRF data, but

the identified principal axes were unstable in data scarce domains. To address this, a

physics-based feature alignment technique was first applied to non-dimensionalise the

frequency response functions of the source and target beams, reducing the influence of

geometric and material differences on the learned representations. This alignment al-

lows principal axes learned in the source domain to be directly applied to the target

domain identifying damage sensitive features suitable for mapping, where the damage
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state degradation presents in similar ways in both domains. The transfer mapping it-

self combined a translation learned via Normal Condition Alignment with a rotation

optimised through maximising the log marginal likelihood of the observed target la-

bels under the GP’s predictive distribution, providing a structured and interpretable

approach to domain adaptation for regression in heterogeneous structural populations.

Finally, a population-based formulation of PCA (personalised PCA) was then used to

extract damage-sensitive features suitable for the transfer mapping, and was shown to

preserve damage information across variations in beam length and material.

7.2 Limitations, Challenges and Future Works

There are several limitations of the works presented in the current thesis, alongside

broader unaddressed challenges associated with data scarcity in SHM that must be over-

come in order to achieve robust, cost-optimal operation and maintenance of structural

assets.

Budget Allocation and Inspection Planning Across Populations

The risk-based active learning framework presented in Chapter 4 carries several prac-

tical limitations that warrant attention, alongside a number of natural extensions that

would strengthen its theoretical foundations and broaden its applicability. The deriva-

tion of expected utility equations requires careful, problem-specific formulation and a

thorough understanding of the underlying decision context. While this is achievable in

well-characterised industrial settings, it may present a barrier to adoption in applications

where the cost structure or failure consequences are difficult to quantify. The Bayesian

hierarchical model, while well-suited to capturing population-level structure, introduces

non-trivial computational considerations: partial pooling increases the dimensionality of

the posterior that a Monte Carlo sampler must explore, which can restrict prior specifi-

cation and lead to complex posterior geometries that are difficult to navigate efficiently.

In online monitoring scenarios where decisions must be made in real time alongside

continuous data acquisition, these costs may be prohibitive without further approxi-

mation. Future work should therefore explore scalable inference strategies — such as

Gaussian processes with structured priors or amortised variational approaches — that

could preserve the risk-based decision structure while making the framework tractable

for real-time and large-scale deployment. Perhaps most significantly, a full Value of

Information analysis was omitted from the algorithm as presented. A complete VoI cal-

culation — quantifying the benefit of new observations on the predictive capability of
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the population model — would provide a more theoretically complete basis for the in-

spection decisions, but its inclusion would add considerable computational burden. This

limitation points toward a broader and more consequential open problem: the current

framework selects inspections based on the risk associated with individual assets, but

does not formally account for the downstream benefit that a new observation on one

structure confers upon predictions for the rest of the population. A unified framework

that quantifies this population-level value of information and allocates a fixed inspec-

tion budget accordingly would represent a significant theoretical advance, connecting the

risk-based active learning approach to the broader VoI literature in a principled way.

Incorporating such an analysis within a scalable approximation scheme represents one of

the most natural and valuable directions for future work. Related to this, the question

of optimal sensor placement across a population has received relatively little attention.

Extending active learning principles to the experimental design problem — determining

not just when to inspect, but where to instrument — would allow monitoring resources

to be deployed more efficiently across a fleet of structures. This is particularly relevant in

scenarios where sensor installation is costly and the population exhibits significant struc-

tural heterogeneity, such that the most informative sensor locations differ meaningfully

between assets.

Experimental Development

The experimental dataset introduced in Chapter 5 represents a meaningful advance

over existing discrete-damage SHM benchmarks, but several limitations remain. The

population was restricted to beams of varying length and material, all sharing the same

rectangular cross-section and a single degradation mechanism — a progressive reduction

in clamping force at one boundary. While this produced a well-controlled and physi-

cally interpretable dataset, it does not capture the full diversity of structural variation

encountered in real asset populations. Notably, the experiment was conducted under

controlled laboratory conditions, excluding the environmental and operational variabil-

ity — such as temperature fluctuations and varying loading conditions — that routinely

confound damage detection in field-deployed systems. Additionally, the sensor config-

uration was fixed across all beams, whereas in practice the number and placement of

sensors will differ between population members, introducing a further source of het-

erogeneity that the dataset does not represent. Future experimental campaigns should

consider a broader range of cross-sectional geometries, boundary condition types, and

damage mechanisms — including scenarios in which degradation manifests differently

across population members, better reflecting the heterogeneity that population-based

methods must ultimately contend with. Expanding the range of clamping force regimes
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would further allow the sensitivity of the framework to different rates and extents of

degradation to be more thoroughly characterised, and would provide a richer basis for

evaluating the limits of population-based transfer when the source and target damage

trajectories are no longer aligned.

Extensions to the Transfer Learning Mapping

The transfer learning framework developed in Chapter 6 relies on the assumption that

damage-sensitive features can be related across source and target domains through a

rigid rotation and translation in a shared latent space. This assumption holds well

when the degradation mechanism is consistent across the population, producing feature

space geometries that are related by location and orientation — as demonstrated on

the beam population. However, it represents a meaningful restriction in the general

case. If the damage patterns of the source and target are highly disparate — due to

fundamentally different failure modes, non-linear damage effects at higher severities, or

significant geometric dissimilarity — the rigid mapping may be insufficiently expressive

and negative transfer becomes a real risk. Furthermore, the method assumes that the

relationship between feature spaces is approximately linear; real structures subjected to

severe or multi-site damage may exhibit non-linear changes in their dynamic response

that cannot be adequately captured by the current formulation. A practically valu-

able direction for future work would be the development of a principled criterion for

assessing when the rigid mapping assumption is likely to fail — for instance, based on

a measure of geometric discrepancy between the source and target feature distributions

prior to alignment — allowing the framework to automatically identify cases where a

more flexible approach is warranted. Such approaches might include non-linear mani-

fold alignment methods or deep feature alignment strategies, which could accommodate

greater structural diversity while ideally retaining some degree of interpretability. Re-

lated to this, the current framework does not explicitly account for uncertainty in the

learned mapping itself — propagating this uncertainty through to the final predictions

would provide a more complete picture of when the transfer can be trusted and when it

should be treated with caution. This connects naturally to the probabilistic foundations

of the thesis and represents a meaningful avenue for future development.

Broader Challenges

Beyond the specific limitations of each chapter, several broader challenges remain for the

field. The works presented here are validated on relatively controlled laboratory popu-

lations; scaling these methods to large, heterogeneous in-service populations — where
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data quality, sensor configurations, and operational conditions vary unpredictably —

remains an open and important problem. Furthermore, while the thesis addresses data

scarcity through transfer learning and active learning separately, a unified framework

that jointly optimises information transfer and data collection across a population has

yet to be fully realised. Developing such a framework, grounded in principled deci-

sion theory and scalable to realistic engineering populations, represents one of the most

consequential directions for future research in PBSHM.

7.3 Closing remarks

A recurring motivation across the works presented in this thesis is that the field of

SHM has historically been constrained by a tendency to frame damage as a discrete,

categorical phenomenon amenable to classification. While classification remains a valu-

able capability, it provides an incomplete picture of structural health — one that is

insufficient for the prognostic and decision-support applications that industry increas-

ingly demands. Knowing that a structure is damaged is useful; knowing how severely,

how rapidly, and how that severity will evolve is necessary to make informed decisions

for O&M. Regression is the capability that bridges this gap, and its development for

population-based settings is the central concern of this thesis.

The three contributions presented in Setion 1.4 address a different facet of this challenge.

The risk-based active learning framework of Chapter 4 demonstrated that regression

models for continuously degrading systems can be combined with decision theory to

produce inspection strategies that are both data-efficient and economically grounded —

showing that the value of regression for decision mkaing and resource allocation. The

experimental dataset introduced in Chapter 5 provided the community with a bench-

mark that reflects the continuous nature of real structural degradation, moving beyond

the discrete damage states that have historically limited the development of regression

technologies in SHM. The transfer learning framework of Chapter 6 demonstrated that

continuous damage states can be mapped across structurally distinct population mem-

bers, establishing that population-based regression is feasible even in the presence of

geometric and material heterogeneity.

Together, these contributions reflect a broader conviction that the maturation of PB-

SHM as an engineering discipline requires an expansion in the available technologies

include state-of-the-art regression tools. Although further work is necessary to translate

these methods to the full complexity of in-service structural populations, the results

presented here suggest that a regression-focused, population-based approach to SHM
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offers a principled and practically consequential path toward the reliable, quantitative

monitoring of safety-critical and high-value structural assets.



Appendix A

Chapter 5 - additional material

This appendix contains the FRFs for the population of beams recorded in Chapter 5.

Figure A.1: The FRFs for the stainless steel beams.
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Figure A.2: The FRFs for the mild steel beams.

Appendicies/A/.figures/appendix_b.png

Figure A.3: The FRFs for the brass beams.



Chapter 5 - additional material 117

Figure A.4: The FRFs for the aluminium beams.
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