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Abstract

Robotic arm motion planning and Inverse Kinematics (IK) represent critical components in en-

abling robots to perform sophisticated tasks in complex and dynamic environments. Traditional

robotic control approaches typically rely on extensive manual programming and deterministic

solvers, resulting in limited adaptability, high expert dependency, and challenges in real-time

responsiveness and robustness.

This thesis addresses these limitations by proposing an integrated adaptive approach that en-

hances robotic motion planning by improving the interaction between motion planners and IK

solvers. The research develops an advanced Dynamically Weighted Damped Least Squares Inverse

Kinematics (DLS-IK) method combined with learned motion representations through Probabilis-

tic Movement Primitives (ProMPs). The approach leverages probabilistic modelling and adaptive

weighting strategies to dynamically adjust task constraints and improve motion feasibility, e�ec-

tively handling singularities, joint limitations, and environmental uncertainties.

Three primary contributions are presented. First, the thesis investigates environmental factors

in
uencing robotic motion planning, o�ering comprehensive analyses of workspace characteristics

and comparative studies of prominent robotic arms. Second, it presents an enhanced DLS-IK

method that integrates velocity damping control and joint constraint adherence, signi�cantly

improving trajectory accuracy and stability near singularities. Third, it introduces an Adaptive

Weighted and Regularised Optimisation for E�cient Inverse Kinematics (AWARE-IK) integrated

with DLS-IK, enabling robust, adaptive trajectory generation that e�ciently manages con
ict-

ing kinematic objectives, such as end-e�ector accuracy, joint-limit avoidance, and singularity

regularisation, within a uni�ed multi-objective optimisation framework.

Evaluations across diverse and cluttered environments demonstrate that the proposed adaptive

framework signi�cantly outperforms existing methods regarding task generalisation, computa-

tional e�ciency, and resilience to environmental complexity. By bridging learning-based methods

with optimisation-based IK solutions, this thesis contributes substantially towards practical, reli-

able robotic manipulation for real-world applications.
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Chapter 1

Introduction

1.1 Robotics Motion Planning

In our daily life, a human can easily and 
uently grasp an object, push something or fold laundry

- such tasks are not easily reproduced by a robot. Robot arm manipulators can realise such

actions to either automate them fully or to assist humans. Thus a robot interacts with objects,

which requires it to plan and control the hand and arm to execute some actions automatically.

Robotic manipulation has been extensively applied to industrial tasks. The Unimate [4] was

the very �rst industrial robot designed by Joseph Engelberger - the `Father of Robotics', which

revolutionised manufacturing worldwide. With robotic manipulation employed in industry, this

reduced dependence on human labour and improved production e�ciency. The PUMA [5] was a

programmable industrial robot arm famous in both laboratory research and industrial assembly.

In traditional programming scenarios, human programmers have to write robot controllers that

can respond to any situation the robot may get. The entire task may need to be broken down

into tens or hundreds of smaller steps, and each of these steps should be tested for robustness

before the robot leaves the factory. If a failure occurs in the �eld, highly skilled technicians

must be dispatched to update the system for the new situation. Therefore, establishing a robotic

arm operating system that does not rely too much on expert programming will help reduce

industrial production costs. It can also help to apply complex robotic arms to people's daily

lives and improve living standards. The overall motion planning pipeline addressed throughout

this thesis, in which a high-level motion planner is coupled to an inverse kinematics solver,

is summarised in the process 
owchart of Fig. 1.1. When planning these motions the arm is

essentially faced with two canonical scenarios, an obstacle-free scene, where it can follow a

direct, kinematically optimal path to the goal (Fig. 1.2), and an obstacle-laden scene, where

non-penetration constraints, clearance margins, and potential detours or speed changes must be

15



CHAPTER 1. INTRODUCTION 16

respected (Fig. 1.3). These settings respectively let the planner emphasise pure e�ciency or

compel it to integrate collision-avoidance logic into every step of the trajectory. Both scenes

are simulated in RViz, in which the gripper goal can be repositioned interactively by dragging

its marker or by scripting the pose programmatically, and various obstacles like squares, spheres,

cones, or custom meshes, those can be added directly to the scene to test avoidance behaviour.

Motion planning [6] is the path planning in robot arm manipulation that breaks down the desired

movement task into discrete motions. These satisfy movement constraints and possibly opti-

mise some aspects of the movement. Popular motion planning approaches like sampling-based

approaches [7] and optimisation-based approaches [8] have great success in motion planning

problems. They mainly utilise tree searching, roadmap creation and cost functions to �nd the

trajectory. However, such approaches have limitations in relying on tree construction and hand

coding cost functions for motion feature learning, which is unsuitable for reducing reliance on

expert programming. Learning from Demonstration (LfD) approaches, in turn, are better than

those approaches. These directly learn from human demonstration and adapt to the new envi-

ronment [9].

LfD [10{12] is a machine learning technique in robotics that enables robots to acquire skills by

observing human demonstrations. The aim of LfD is to enable robots to perform tasks in a

similar manner to how a human would perform them, by drawing on the knowledge and expertise

of human operators. LfD has emerged as an important area of research in robotics due to its

potential to simplify the task of programming robots and increase their ability to perform tasks

in unstructured environments. The basic idea behind LfD is to use human demonstrations as

input to a machine learning algorithm, which then generates a model of the task that can be

used to control the robot. This approach has been found to be e�ective in incorporating a priori

knowledge through demonstrations, relying on humans to show the robot possible solutions to a

given task from which it can then generalise.
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Figure 1.1: Motion Planning Process
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(a) General process

(b) Process with trail

Figure 1.2: Simulation in an obstacle-free environment: a shows the robot arm moving from the
marker to the gripper position, while b visualises the full trail from start to end.
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(a) General process

(b) Process with trail

Figure 1.3: Simulation in an obstacle environment: a shows the robot arm moving from the
marker to the gripper position, while b shows the arm's full, trail-visualised path.

Inverse Kinematics (IK) computes the joint variables that place a robot's end-e�ector at a desired

pose (position and orientation). It inverts Forward Kinematics (FK) and is often nonlinear,

yielding multiple or no solutions depending on the manipulator's geometry and constraints. When

the structure is simple (e.g., 6-DOF arms with a spherical wrist), closed-form analytic solutions

can be derived. For higher-DOF or more complex robots, IK is typically solved numerically

using the Jacobian and iterative schemes (e.g., pseudoinverse or damped least squares methods).

As the 
owchart in Fig. 1.1 shows, once a task is speci�ed, a joint-space goal bypasses IK,

whereas a Cartesian goal triggers IK to map pose to joints. Motion planners still work in joint

space but call IK whenever they satisfy a Cartesian waypoint, then validate candidates with

FK and collision checks. Throughout this thesis we deliberately distinguish a waypoint, an
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Table 1.1: Summary of Traditional IK solvers and typical limitations.

Solver Core Function Limitations

Closed-form
(analytic)

Exploit kinematic structure to
derive explicit joint solutions
(e.g., 6-DOF with spherical
wrist).

Applies only to speci�c architectures; brittle to
slight kinematic changes; multiple branches re-
quire careful selection and can cause disconti-
nuities; poor handling of joint limits/secondary
tasks; no inherent collision/constraint awareness.

Numerical
(Jacobian pseu-
doinverse /
transpose)

Iterative update using Jacobian
to drive pose error to zero.

Convergence depends on initialisation and step
sizes; susceptible to local minima and oscilla-
tions; ill-conditioned near singularities; no built-
in constraints (joint limits, velocity/acceleration
bounds, collision) or task prioritisation.

DLS-IK Adds isotropic damping to sta-
bilise near singularities.

Requires damping tuning (accuracy{stability
trade-o�); residual pose error near singularities;
still unconstrained (no collision/joint-limit guar-
antees); slower convergence if over-damped.

SDLS-IK Applies damping selectively
along near-singular directions
(via SVD).

Extra computation (SVD each iteration); param-
eter sensitivity; non-smooth behaviour across sin-
gular value thresholds; still lacks explicit con-
straints or global optimality.

TRAC-IK Heuristic/optimisation-backed
IK with bounds checking and
random restarts to improve
success rate and speed.

Seed and timeout dependent; no collision aware-
ness by default; no global optimality guarantees;
may violate secondary objectives; performance
can degrade near singularities or tight tolerances.

Bio-IK Multi-objective, evolutionary op-
timisation (pose, joint limits,
collision proxies, etc.).

Stochastic and parameter-heavy; unpredictable
runtimes; can yield small residual errors; scaling
to high-DOF or tight real-time budgets is chal-
lenging.

Relaxed-IK Optimisation-based IK that \re-
laxes" exact pose to balance
smoothness, limits, collision,
and orientation/position.

Intended residual error by design; careful weight
tuning needed; may be slower than closed-
form/Jacobian methods; no strict guarantees on
global optimality.

intermediate end-e�ector pose that the planner's path is required to pass through as a hard

geometric constraint, from a via-point, the term adopted in the movement primitive literature for

an intermediate pose on which a learned trajectory distribution is probabilistically conditioned.

The two coincide geometrically, in that both denote an intermediate pose the trajectory should

attain, but they di�er in how they are enforced: a waypoint acts as a hard path constraint imposed

on the planner, whereas a via-point is imposed through Bayesian conditioning of the primitive

distribution, so that the constraint is satis�ed only in expectation and subject to the learned

covariance. After a time-parameterised joint trajectory is produced, controllers often keep using

Jacobian-based IK (pseudoinverse or damped least squares) to correct tracking errors online.

In robotic motion planning, the IK solver works with the motion planner. The IK solver maps a

desired end-e�ector pose from task-space to one or more valid joint-space con�gurations. The

motion planner then searches this joint-space for a collision-free and dynamically feasible path to
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a goal con�guration.

For any Cartesian goal, the planner relies on the IK solver to provide candidate joint states that

seed its search. The planner evaluates these states and can, in turn, constrain the IK solver with

contextual information like joint limits or redundancy preferences. This cycle ensures that local

solutions from the IK solver align with the global trajectory being planned. Upon completion,

the �nal trajectory is executed by a controller, which may also use di�erential IK for real-time

adjustments. The IK solver thus performs the local pose-to-con�guration mapping, the planner

handles the global search, and together they translate abstract tasks into executable motion.

Programming robots is di�cult. There are a considerable number of possible tasks, often there

are unique environmental demands, often tasks are di�cult to describe formally, and typically

the use of an expert's engineering skill is impractical. Conventional robotic arm control pipelines

exhibit a fundamental in
exibility when transitioning between manipulation tasks involving dif-

ferent objects. This limitation arises because traditional controllers are typically hard coding for

speci�c object geometries, prede�ned grasp con�gurations, and �xed motion sequences, none of

which generalise to novel objects without explicit reprogramming. Consequently, adapting a robot

arm from one task to another requires an expert engineer to manually rede�ne waypoints, colli-

sion geometries, and force pro�les, a process that is both time-consuming and labour-intensive.

This dependence on task-speci�c expert intervention represents a signi�cant barrier to deploying

robotic manipulators in unstructured or variable environments, and directly motivates the adop-

tion of Learning from Demonstration as a more adaptive and expressive programming paradigm.

LfD provides a more natural and expressive way of programming than the previous methods. Most

importantly, it does not require expert knowledge of domain dynamics, which depends heavily

on the accuracy of the world model. Moreover, the robot can receive valuable human intuition

from manipulating complex tasks. LfD still has some limitations that we should focus on.

A core advantage of LfD is that it is designed to be accessible to demonstrators across a wide

technical backgrounds, ranging from robotics researchers to domain specialists with no robotics

training at all, such as factory operators, clinicians, or domestic users. By shifting the skill re-

quirement from explicit robot programming to task-level competence, LfD substantially broadens

the pool of users capable of deploying and adapting robotic systems for their own applications.

This accessibility is, however, accompanied by a practical limitation that the quality of the result-

ing policy is strongly coupled to the quality of the demonstrations, and non-expert demonstrators

may inadvertently provide trajectories that violate joint limits, approach kinematic singularities, or

are otherwise mechanically suboptimal for the target manipulator. End users, who are frequently

novices, additionally expect the robot to acquire the desired behaviour from as few demonstra-

tions as possible. These considerations motivate the constraint-aware LfD framework developed

in Chapter 4, in which the integration of Damped Least Squares inverse kinematics with Proba-

bilistic Movement Primitives explicitly compensates for mechanical infeasibilities that may arise

from non-expert demonstration data, keeping the method accessible without loss of execution
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quality.

While recent advances in adaptation technology have addressed certain challenges in robotic

trajectory planning, signi�cant limitations remain. The uni�ed probabilistic framework proposed

by [13,14] attempts to integrate obstacle avoidance, via-points, and mutual avoidance capabilities.

The approach is theoretically sound, but it introduces computational overhead that can hinder

real-time performance in complex scenarios [15,16]. As [15] demonstrates, its e�ectiveness also

drops in rapidly changing environments and when several constraints con
ict at once.

The versatility and 
exibility claimed for current adaptation techniques warrant closer scrutiny

[17]. Methods that show promise in controlled settings [18] often degrade substantially in gen-

uinely dynamic environments, where multiple uncertainties interact [19]. The promise of seam-

less trajectory modi�cation frequently comes at the cost of computational e�ciency or stabil-

ity guarantees [20]. Approaches that incorporate advanced constraints such as via-points and

mutual avoidance often rely on simplifying assumptions that may not hold in real-world appli-

cations [21, 22]. And although these techniques scale to high-dimensional systems in theory,

practical implementations encounter numerical stability issues and computational bottlenecks

that limit their use in complex robotic systems [23,24].

A critical examination of the current literature on LfD and its integration with motion plan-

ning and inverse kinematics reveals three speci�c gaps that this thesis directly addresses. First,

existing benchmarking studies evaluate motion planners in narrow experimental settings, typi-

cally focusing on a single robotic platform or a limited set of planners, and consequently o�er

little guidance on how planner performance scales with environmental complexity across di�er-

ent manipulator architectures. Second, standard LfD frameworks such as Probabilistic Movement

Primitives (ProMPs) and Dynamic Movement Primitives (DMPs) learn motion distributions from

demonstrations but do not inherently enforce kinematic constraints, with the result that demon-

strated trajectories may violate joint limits or drive the manipulator toward singular con�gurations

when reproduced on hardware. Third, existing inverse kinematics solvers typically treat singularity

management, joint-limit avoidance, and task-space accuracy as separate concerns with statically

weighted objectives, rather than as coupled requirements that must be balanced dynamically in

response to the manipulator's instantaneous kinematic state.

These gaps are compounded by three structural weaknesses in the surrounding literature. First,

existing surveys of LfD compartmentalise its methodological categories typically treating dynamical-

system formulations such as DMPs, probabilistic formulations such as ProMPs and GMMs, and

neural network formulations such as CNMPs in isolation [17, 25] without adequately analysing

the interconnections, trade-o�s, and con
icts that arise when these paradigms are combined

with classical motion planners or constraint-aware inverse kinematics solvers. Second, the �eld's

tendency to emphasise methodological novelty over deployment has produced algorithms whose

validation relies heavily on simulation that typical LfD evaluation protocols use physics engines
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such as Gazebo, MuJoCo, or PyBullet, or kinematic simulators coupled to MoveIt, to reproduce

learned trajectories under idealised sensing, actuation, and contact models. Such simulations

rarely capture the sensor noise, compliance, joint friction, and calibration errors that govern

real hardware, and consequently reported successes often do not transfer to physical deployment

without substantial additional engineering. Third, although the LfD literature is extensive when

considered as a methodological whole, there is comparatively little work that provides an inte-

grative overview of movement primitive adaptation, that is, the mechanisms by which learned

primitives are modi�ed online to accommodate new goals, via-points, obstacles, or kinematic con-

straints, despite the fact that adaptation is the operative mechanism that determines whether a

learned skill generalises beyond its training conditions.

The persistence of these gaps can in turn be traced to a recurring pattern of methodological and

validation shortcomings across the literature, which we summarise here as a diagnostic reference.

Speci�cally, four interrelated symptoms of the broader theory{practice disconnect recur across

recent LfD, motion planning, and IK studies:

ˆ Insu�cient empirical breadth: Few studies provide comprehensive evaluations of system

reliability, computational e�ciency, and robustness under varying environmental conditions

and across multiple manipulator platforms [26,27].

ˆ Idealised modelling assumptions: Many theoretical frameworks assume accurate sensing,

ideal actuation, and deterministic environments, assumptions that rarely hold in real-world

deployments on physical hardware [28].

ˆ Theory{practice disconnect: The mismatch between the environments in which algo-

rithms are developed and evaluated and those in which they are ultimately deployed limits

the credibility of reported empirical results [26{28].

ˆ Barriers to industrial adoption: Taken together, these shortcomings create a signi�cant

barrier to the widespread industrial uptake of learning-based and optimisation-based ma-

nipulation technologies, even when individual components demonstrate strong performance

in isolation [24].

These recurring symptoms motivate the methodological stance adopted throughout this thesis:

each contribution is evaluated across multiple robot platforms, environmental complexities, or

noise conditions, and the AWARE-IK solver is additionally validated on physical hardware, so

that the claims advanced in the following chapters rest on evidence that addresses rather than

reproduces the shortcomings identi�ed above.
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1.2 Motivation and Research Problem

Robotic arm motion planning in complex and cluttered environments remains a fundamental

challenge in deploying robots for real-world applications. E�cient and feasible motion generation

is critical for ensuring task success, especially in dynamic settings where robots must avoid

obstacles, maintain kinematic feasibility, and adhere to task-speci�c constraints. A comprehensive

benchmarking study [1] of widely used planning algorithms including RRT, PRM, STOMP, and

TrajOpt highlights both the strengths and limitations of existing methods.

Key performance metrics, such as computation time, success rate, collision-avoidance capability,

and trajectory smoothness, indicate that while modern planners perform well in simple environ-

ments, they frequently encounter di�culties along two distinct and largely independent axes of

problem di�culty. The �rst is geometric complexity, arising from cluttered workspaces, narrow

passages, and tight task-space tolerances, which increases the cost and frequency of collision

queries and shrinks the volume of feasible con�gurations. The second is the dimensionality of

the manipulator's con�guration space, which for serial arms coincides with the number of de-

grees of freedom and ranges from six for standard industrial arms to seven or more for redundant

manipulators such as the Franka and KUKA used in this thesis. Higher con�guration-space

dimensionality ampli�es planning cost, increases the density of kinematic singularities and lo-

cal minima, and expands the null-space that redundancy-aware solvers must exploit or manage.

Throughout this thesis, unless otherwise stated, the term "high-dimensional" refers speci�cally

to con�guration-space dimensionality in this sense.

As illustrated in Fig. 1.1, the e�ectiveness of robotic arm motion planning depends on the

interaction between the motion planner and the IK solver. The motion planner optimises states

primarily in joint space, but Cartesian goals and waypoints necessitate IK solutions to convert

target poses into joint con�gurations. Consequently, the quality and e�ciency of the IK solver

directly a�ect the motion planner's ability to validate feasible states through FK and collision

checking. Improving how these two components work together is therefore important.

Moreover, a persistent challenge in robotic manipulation is handling kinematic singularities con�g-

urations where the robot loses degrees of freedom, complicating trajectory tracking and obstacle

avoidance. Traditional IK solvers often struggle under dynamic conditions, particularly when

confronted with joint limits, environmental uncertainty, and sensor noise. This research focuses

on two interrelated aspects: improving the coordination between motion planners and IK solvers,

and advancing the accuracy, robustness, and computational e�ciency of IK methods. Progress

on both improves the reliability and overall performance of robotic arm systems in practical

scenarios.

In robotic motion planning, IK is the link between high-level task speci�cations and low-level joint

con�gurations. While planners often reason about motion in Cartesian space, such as specifying
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that the robot's end-e�ector must reach a certain position and orientation, they must ultimately

convert these goals into joint-level commands [29]. IK provides this translation. Moreover, in

redundant manipulators where multiple joint con�gurations can achieve the same end-e�ector

pose, planners rely on IK not just once, but repeatedly, to evaluate and select solutions that

maintain smoothness, avoid collisions, and respect joint limits [30]. IK also enables constraint

projection, allowing planners to project sampled or optimised joint states back onto feasible

Cartesian manifolds, such as ensuring the end-e�ector remains on a desired surface or plane.

Without e�cient and robust IK, motion planning would struggle to maintain task feasibility,

particularly in high-dimensional, constrained environments. Thus, enhancing IK solvers is not

merely an optimisation, but a necessity for enabling practical and reliable planning solutions in

complex robotic applications.

One response to these challenges has been a growing interest in incorporating learning-based

methods into motion planning frameworks. Rather than relying solely on deterministic planners

or hand-tuned IK solvers, recent approaches explore data-driven strategies to improve generalisa-

tion and adaptability. A prominent class of such methods is built on movement primitives, which

are parameterised, low-dimensional representations of elementary motion patterns that can be

acquired from human demonstration and subsequently invoked to generate trajectories at execu-

tion time. Movement primitives are described as modular because individual primitives encode

self-contained motion units that can be sequenced in time or superposed in parallel to construct

more complex behaviours, and as reusable because a single learned primitive is parameterised in

a way that permits generalisation to new start states, goal states, temporal scalings, and via-

points without retraining. A formal treatment of the principal movement primitive formulations,

including DMPs, Gaussian Mixture Models (GMMs), and ProMPs, is provided in Section 2.2.3.

When movement primitives are combined with probabilistic learning, as in the ProMP framework,

robots can learn distributions over motion patterns from past data or demonstrations and adapt

them to new contexts through Bayesian conditioning on observed states or desired via-points.

In this thesis, we propose an integrated approach that enhances IK solvers through Dynamically

Weighted Damped Least Squares Inverse Kinematics (DLS-IK) in combination with learned mo-

tion representations. The goal is to develop a framework that retains the reliability of classical

IK methods while bene�ting from the adaptability and generalisation a�orded by learning-based

motion planning. By dynamically adjusting weights based on task constraints and predicted mo-

tion feasibility, the proposed method enables the robot to operate robustly in environments with

obstacles, tight clearances, and variable goals.

We focus on three core research objectives:

ˆ Investigate the e�ect of environmental complexity on the adaptability and motion feasibility

of robotic arms, particularly in cluttered settings where planning becomes nontrivial.
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ˆ Develop enhanced strategies for adaptive motion planning, by integrating learned motion

priors with optimisation-based IK to improve real-time performance and constraint handling.

ˆ Formulate robust mechanisms for generalisation and 
exibility, ensuring the system performs

consistently across diverse tasks, con�gurations, and workspace constraints.

The three contributions of this thesis, formally stated in Section 1.3 below, are organised as a co-

herent progression. The �rst contribution establishes a comprehensive benchmarking framework

that systematically characterises the interaction among twelve motion planners, three robotic

arms, and three levels of environmental clutter, thereby providing the empirical foundation on

which subsequent methodological choices rest. Building on these insights, the second contri-

bution integrates DLS-IK with ProMPs to produce kinematically feasible, mechanically compli-

ant trajectories from human demonstrations, closing a known gap between demonstration-based

learning and constraint satisfaction. The third contribution develops and validates AWARE-IK,

an Adaptive Weighted and Regularised Optimisation framework for e�cient inverse kinematics

that dynamically balances task-space accuracy, joint-limit avoidance, and singularity manage-

ment through con�guration-aware weighting. Taken together, these three contributions, refer-

enced hereafter as Contributions 1, 2, and 3 respectively, produce a framework that demonstrates

improved task generalisation, computational e�ciency, and resilience to workspace complexity,

o�ering a practical solution for real-world robotic manipulation challenges.

1.3 Contributions of the Research

This thesis presents three principal contributions to the �eld of robotic motion planning and

inverse kinematics, each corresponding to a speci�c chapter that addresses critical challenges in

robotic manipulation.

Contribution 1: Comprehensive Benchmarking Framework for Motion Planning in Clut-

tered Environments (Chapter 3)

This contribution establishes a systematic evaluation methodology for motion planning algorithms

across varying environmental complexities and robotic platforms. The speci�c advancements

include:

ˆ A systematic characterisation of how workspace dimensions and obstacle height govern

planning time and success rate across three manipulator architectures, establishing how

planner performance scales with environmental complexity rather than reporting perfor-

mance only at a single �xed con�guration.
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ˆ A three-axis evaluation framework spanning time e�ciency, success rate, and range-parameter

sensitivity that exposes performance di�erences concealed by conventional �xed-parameter

benchmarks and thereby distinguishes planners that are robust to parameter variation from

those that are not.

ˆ A weighted cost function for scenario-aware planner selection that converts the raw bench-

mark data into concrete, task-speci�c planner arm recommendations, rather than reporting

metrics in isolation.

ˆ An empirical comparison of the Franka, UR5, and KUKA manipulators in cluttered envi-

ronments that identi�es the best-performing planner arm combinations for e�ciency and

robustness, yielding deployment guidance not available from single platform studies.

Contribution 2: Integration of Damped Least Squares Inverse Kinematics with Proba-

bilistic Movement Primitives for Learning from Demonstration (Chapter 4)

This contribution addresses the fundamental challenge of transferring human demonstrations to

mechanically compliant robot trajectories through a novel integration of DLS-IK with ProMPs.

The key innovations comprise:

ˆ Proposed an advanced DLS-IK method integrating velocity damping control and joint

constraint adherence via the robotic arm's null space principle, signi�cantly improving

control accuracy and mechanical compliance.

ˆ Integrated the re�ned DLS-IK approach within the ProMPs framework, substantially en-

hancing the robot's capability to learn and reproduce mechanically compliant and e�cient

trajectories while e�ectively managing singularity challenges and joint limitations.

ˆ Conducted an in-depth analysis of the in
uence of the Jacobian condition number on DLS-

IK stability, particularly near singular con�gurations, demonstrating enhanced stability and

robustness through localised optimal parameter selection.

Contribution 3: Adaptive Weighted and Regularised Optimisation for E�cient Inverse

Kinematics (AWARE-IK) (Chapter 5)

This contribution presents an adaptive framework that dynamically balances multiple objectives

in inverse kinematics through con�guration-aware optimisation. The methodology addresses

limitations of existing approaches through the following technical developments:

ˆ We propose a novel method that combines DLS-IK with adaptive QP weights to generate

kinematically feasible trajectories that avoid singularities and respect joint limits, enhancing

adaptability and precision.
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ˆ Through the development and validation of an adaptive weighting mechanism, the pro-

posed method e�ectively balances accuracy and smoothness in multi-objective scenarios.

By dynamically adjusting the relative priority realised as the per-objective weighting within

a single cost function assigned to each competing kinematic objective, namely task-space

pose accuracy, joint-limit avoidance, neutral posture regulation, and singularity damping,

and by ensuring smooth transitions between them, the approach addresses limitations of

traditional methods like DLS-IK and Selective Damped Least Squares IK (SDLS-IK), en-

abling more stable and precise performance in complex robotic tasks.

ˆ We evaluate the proposed AWARE-IK using comprehensive metrics for kinematic accuracy,

e�ciency, and robustness to noise, demonstrating its capability to avoid singularities, adhere

to constraints, and ensure smooth trajectory execution through adaptive weighting.

These contributions collectively advance the theoretical understanding and practical implemen-

tation of motion planning and IK for robotic manipulators, providing validated methodologies

for deployment in complex environments requiring high precision, mechanical compliance, and

computational e�ciency.

1.4 Structure of the Thesis

The thesis is structured as follows:

1. Chapter 1: Introduction establishes the research context by identifying critical challenges

in robotic motion planning and inverse kinematics. This chapter articulates the research

motivation, de�nes the scope of investigation, and presents the primary objectives.

2. Chapter 2: Background and Related Work covers the theoretical foundations and existing

methodologies in motion planning and inverse kinematics. This chapter reviews estab-

lished approaches including sampling-based motion planners, numerical inverse kinematics

methods, and learning from demonstration techniques.

3. Chapter 3: Benchmarking of Robot Arm Motion Planning presents a systematic evalu-

ation framework for motion planning algorithms in cluttered environments. This chapter

introduces a comprehensive benchmarking methodology using the MotionBenchMaker tool

to assess twelve popular motion planners across three robotic platforms under varying en-

vironmental complexities.

4. Chapter 4: Enhancing LfD with DLS-IK and ProMPs addresses the challenge of transfer-

ring human demonstrations into mechanically compliant robot trajectories. This chapter
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develops an integrated framework combining DLS-IK with ProMPs to ensure kinematic

feasibility while preserving the intent of human demonstrations.

5. Chapter 5: AWARE-IK: Adaptive Weighted and Regularised Optimisation for E�cient In-

verse Kinematics introduces an advanced inverse kinematics solver that dynamically adapts

to varying task requirements and kinematic con�gurations. This chapter presents an op-

timisation framework that combines adaptive weighting mechanisms with hybrid solving

strategies to balance multiple objectives including accuracy, joint limit avoidance, and sin-

gularity management.

6. Chapter 6: Conclusions and Future Work synthesises the research contributions and their

implications for robotic manipulation systems. This chapter consolidates the key �ndings

from the benchmarking studies, the enhanced learning from demonstration framework, and

the adaptive inverse kinematics solver.



Chapter 2

Literature Review

2.1 Introduction

We present a systematic review of motion primitive adaptation methodologies within LfD for

robotic manipulators, emphasising how these primitives can be modi�ed and generalised across

di�erent scenarios. We cover the fundamental approaches, including DMPs, ProMPs, GMMs

and Kernelised Movement Primitives (KMPs) with an analysis of both their theoretical founda-

tions and their adaptive capabilities. Adaptation techniques are divided into distinct categories:

trajectory modi�cation through intermediate points, real-time obstacle avoidance, joint limit com-

pliance, dynamic impedance control, and tactile skill adaptation. For each category, we evaluate

the underlying mathematical frameworks, implementation challenges, and practical applications

in industrial and service robotics. Through comparative analysis, we highlight the strengths and

limitations of di�erent adaptation strategies, particularly focusing on their robustness in uncertain

environments, computational e�ciency, and scalability. We also explore emerging applications in

human-robot collaboration and multi-robot systems, where adaptive motion primitives are central

to safe and e�cient interaction.

The remainder of this chapter is organised to mirror the three contributions developed in this the-

sis. Section 2.2 surveys the motion planning literature, beginning with sampling-based planners

(Section 2.2.1), proceeding to existing benchmarking studies and their methodological limitations

(Section 2.2.3), and concluding with LfD as an alternative paradigm together with its principal

movement-primitive formulations (Section 2.2.4); this section provides the methodological foun-

dation for the benchmarking framework presented in Chapter 3 and motivates the integration of

demonstration-based learning with constraint-aware control in Chapter 4. Section 2.3 then turns

to IK, summarising FK conventions before reviewing the principal classes of IK solvers analytical,

Jacobian-based, damped least squares, selective damping, optimisation-based (TRAC-IK, Bio-IK,

30
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Figure 2.1: Hierarchical taxonomy of motion-planning methods, organised into three top-level
paradigms and re�ned into their constituent method families and individual algorithms.

Relaxed-IK), and learning-based, and analysing their respective strengths and limitations; this re-

view establishes the technical baselines against which the AWARE-IK framework of Chapter 5 is

positioned. Section 2.4 synthesises the gaps identi�ed across these studies and articulates how

the three thesis contributions address them.

2.2 Motion Planning

Fig. 2.1 organises the motion planning methods into three top-level paradigms, with arrows

tracing the re�nement of each paradigm from the general planning category to the speci�c

planners surveyed below. The Sampling-based Planner paradigm comprises tree-based planners

(RRT, RRT*, RRTConnect, TRRT, EST, KPIECE, BKPIECE, LBKPIECE, SBL, STRIDE, and

FMT) and roadmap-based planners (PRM, PRM*, RRG, and SPARS). The LfD paradigm is

subdivided into spring damper systems (DMP), probabilistic frameworks (ProMPs, GMMs, KMP,

and HSMM), and conditional neural processes (CNMPs). The Optimisation-based Approach

paradigm comprises trajectory-optimisation methods (CHOMP, STOMP, and TrajOpt).

Sampling-based motion planners are conventionally divided into two categories according to how

their search structure is reused. Single-query planners construct a search tree or graph dedicated

to a speci�c start{goal pair and discard it once the query is answered, which makes them well

suited to problems in which the environment or task changes between queries. Multi-query

planners, by contrast, invest greater preprocessing e�ort to construct a reusable roadmap of the

free con�guration space, which can then be queried many times at low marginal cost; this trade-



CHAPTER 2. LITERATURE REVIEW 32

o� favours static environments in which planning requests are repeated. The planners surveyed

below are predominantly single-query, with PRM-based methods (Section 2.2.1) representing the

multi-query alternative.

The RRT [31] planner uses randomised sampling to grow a tree in con�guration space from the

start state, repeatedly extending the tree by a �xed step size toward newly drawn samples until

a node within the goal region is reached. RRTConnect [31] extends this idea bidirectionally: two

trees are grown simultaneously, one rooted at the start con�guration and the other at the goal,

and at each iteration the planner samples a new point, extends one tree toward it, and then

attempts to "connect" the other tree to the newly added node by repeatedly stepping toward it

until either the node is reached (in which case a feasible path is recovered by concatenating the

two tree branches) or an obstacle is encountered (in which case the iteration terminates and the

trees swap roles). This greedy connect heuristic is the source of RRTConnect's substantial speed

advantage over plain RRT in most practical settings. RRTstar [31] further modi�es the basic

RRT by introducing cost-based rewiring: when a new node is added, neighbouring nodes are re-

evaluated and reconnected through the new node whenever doing so reduces their accumulated

path cost, yielding asymptotically optimal paths at the price of additional bookkeeping. TRRT

[32] augments RRT with adaptive sampling that biases tree growth based on a temperature-

controlled cost criterion, while EST [33] grows a tree by preferentially expanding from regions of

low local sample density to maintain coverage of unexplored space.

SBL [34], KPIECE [35], BKPIECE [35], and LBKPIECE [35] are further single-query planners that

exploit projections of the con�guration space onto lower-dimensional grids or cells: SBL grows two

trees and tests connection lazily, while the KPIECE family discretises a low-dimensional projec-

tion to bias exploration toward under-explored cells, with BKPIECE and LBKPIECE introducing

bidirectional and lazy variants of the same idea. STRIDE [36] uses a tree-based search informed

by a Generalised Binary Search Tree to handle high-dimensional and dynamic environments, and

FMT (Fast Marching Tree) [37] is a single-query asymptotically optimal planner that processes

a �xed batch of samples in cost-to-come order using a dynamic-programming recursion, provid-

ing the convergence guarantees of optimal sampling-based planners with reduced computational

overhead per sample.

2.2.1 Sampling-based planner

Sampling-based motion planning constructs paths by probing the robot's continuous con�guration

space with random samples and attempting short, local connections between nearby collision-free

states, thereby avoiding the need for a �xed discretisation that would otherwise scale exponentially

with the dimension of the con�guration space. As shown in Fig. 2.1, sampling-based planners are

conventionally divided into two families. Tree-based planners (e.g., RRT, RRTstar, RRTConnect,
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EST, KPIECE) grow a search tree from the start con�guration and, in bidirectional variants, also

from the goal, and are designed primarily for single-query problems. Roadmap-based planners

(e.g., PRM, PRM*, RRG, SPARS) instead construct a reusable graph of the free con�guration

space, amortising substantial preprocessing cost across many subsequent queries in multi-query

settings.

The principal theoretical attractions of sampling-based methods are two distinct convergence

guarantees that apply to speci�c planner subsets rather than to the family as a whole. Proba-

bilistic completeness, the property that the probability of �nding a feasible path, if one exists,

approaches one as the number of samples grows, is provided by the standard formulations of

RRT, RRTConnect, EST, SBL, the KPIECE family, PRM, and FMT. Asymptotic optimality, the

stronger property that the cost of the returned path additionally converges to the optimum as

samples grow, is provided by the optimal variants RRT, PRM*, RRG, and FMT*, which di�er

from their non-optimal counterparts in that they perform either rewiring or batch processing of

samples in cost-to-come order. In practice, the runtime of all sampling-based methods is dom-

inated by collision checking and nearest neighbour queries, and the choice between tree-based

and roadmap-based formulations turns on the trade-o� between build cost and query speed in

light of whether the application is single-query or multi-query in character. Table 2.1 consolidates

the principal sampling-based planners surveyed here, listing for each its tree or roadmap-based

category, its de�ning algorithmic feature, and its characteristic query complexity, so that the

completeness and optimality properties discussed above can be read alongside the practical cost

of constructing and querying each planner's search structure.

There are two sampling-based approaches, tree-based approaches and roadmap-based approaches.

The Rapidly exploring Random Tree, known as RRT [38], is the primary Tree-based motion plan-

ner. The planner begins by rooting a tree at the starting con�guration of the robot. RRTCon-

nect [40] is a bi-directional version of RRT, where two trees are grown simultaneously from start

and goal nodes until they meet each other. RRTstar [39] is an RRT planner with an optimising

step, where a new sample node is connected to the tree so that the state space is more locally

re�ned. Probabilistic Roadmap (PRM) [41] is a basic Probabilistic Road Map technique. It is

similar to RRT and generates a limited number of random points within a given area.

In practice, the behaviour of sampling-based planners is dependent on the number and speci�c

ordering of samples drawn, since the search structure they construct is a stochastic approximation

to the connectivity of the con�guration space [44,45]. This stochasticity has two consequences

that matter for applications. First, algorithm performance on any individual planning query

becomes a random variable rather than a deterministic quantity, which necessitates statistical

evaluation over multiple runs, a methodological point that directly motivates the benchmarking

study of Chapter 3. Second, the formal guarantees introduced earlier in this section (probabilistic

completeness for standard variants, asymptotic optimality for optimal variants) are all asymptotic

in the number of samples, which means that they constrain the behaviour of a planner in the limit
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but do not determine its behaviour under the �nite sample budgets that practical deployments

impose. The central practical trade-o� of sampling-based planning is therefore between planning

speed and solution quality under �nite time constraints that aggressive early termination yields

fast but potentially suboptimal paths, whereas extended sample budgets approach the theoretical

guarantees at the cost of computation time. This trade-o� is a principal factor in real-world

applicability and is examined quantitatively in Chapter 3.

2.2.2 Optimisation-based planners

A third family of motion planners, shown in Fig. 2.1, formulates planning as a continuous optimisa-

tion problem over trajectories rather than as a discrete search over sampled states. CHOMP [46]

performs gradient descent on a functional that combines a smoothness term (penalising high

trajectory curvature) with an obstacle-clearance term (computed from a signed distance �eld),

producing locally optimal trajectories at the cost of sensitivity to initialisation. STOMP [47]

replaces the exact gradient of CHOMP with a stochastic sampling of trajectory perturbations,

which removes the requirement that the cost functional be di�erentiable and permits the in-

corporation of arbitrary cost terms at the price of noisier convergence. TrajOpt [48] formulates

trajectory optimisation as a sequential quadratic programming problem subject to non-convex col-

lision constraints, using convex{concave relaxations to handle the non-convexity and achieving

competitive runtimes on high-dimensional manipulation problems. Optimisation-based planners

typically produce smoother trajectories than sampling-based methods and support the direct en-

coding of task-speci�c cost terms, but they are generally local and depend on an initial seed

trajectory, which motivates hybrid pipelines in which a sampling-based planner provides the seed

and an optimisation-based planner re�nes it.

2.2.3 Evaluation Methodology and Limitations of Existing Benchmarks

Having reviewed the principal families of motion planners, sampling-based, optimisation-based,

and LfD, we now turn to how these planners have been evaluated and compared in the exist-

ing literature, and we identify the methodological gaps that motivate the benchmarking study

presented in Chapter 3 of this thesis.

Chamzas et al. [49] introduced MotionBenchMaker, a tool that standardises the generation of

diverse manipulation scenarios across multiple robotic arms, enabling fair comparisons using

common benchmarking metrics such as planning time and path cost. However, their initial

experiments evaluated only three planners, which limits the ability to generalise conclusions about

the behaviour of the sampling-based motion planners implemented in the Open Motion Planning

Library (OMPL) [50,51], an open source library that provides reference implementations of RRT,
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Figure 2.2: General scheme of movement primitive adaptation in LfD: demonstrations are encoded
by learning algorithms into adaptive motion primitives, whose parameters are re�ned in a cycle
through feedback from the Performance Monitor.

RRT*, RRTConnect, EST, KPIECE and related algorithms, and which has become the de facto

standard for benchmarking sampling-based planners in the robotics community, across di�erent

clutter levels and manipulator architectures. In the benchmarking study presented in Chapter 3

of this thesis, we address this limitation by extending the MotionBenchMaker evaluation protocol

to twelve widely used OMPL planners assessed across three representative robot arms (Franka,

UR5, KUKA) and three levels of environmental clutter, thereby producing a substantially broader

empirical characterisation of planner{arm interactions than the original study provided.

2.2.4 Learning from Demonstration

A movement primitives adaptation technique [13,54,59,61] is commonly used in LfD to generalise

and adapt a demonstrated motion to new situations. This technique allows a robot or agent to

learn from a human demonstrator's movements and then use that knowledge to perform similar

tasks in new contexts, see Fig. 2.2 for the general scheme. In this scheme, motion demonstra-

tions are processed through learning algorithms to generate adaptive motion primitives, which

dynamically adjust based on human factors, environmental conditions, sensor inputs, and way-
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point constraints. The Performance Monitor evaluates the executed manipulation against target

criteria, providing real-time feedback that directly modi�es the motion primitives through adjust-

ment parameters. This architecture enables the system to iteratively re�ne robot movements by

updating primitive parameters based on performance metrics, so the system adapts to changing

task requirements and environments without extensive reprogramming. Movement primitives are

low-level, reusable building blocks of movements that can be combined to perform complex tasks.

By adapting these primitives, robots can adjust their movements to new situations and environ-

ments, which widens the range of tasks they can perform. However, one of the challenges of

movement primitives adaptation is to ensure that the robot can complete the task while taking

into account the disturbance in the environment. To address this challenge, researchers have

developed various techniques, including inverse reinforcement learning, probabilistic models, and

model-based reinforcement learning.

Much of the existing LfD adaptation literature consists of methods specialised to a single class of

adaptation requirement rather than to the integrated handling of multiple requirements. Repre-

sentative examples include the obstacle-avoidance DMP variants of Park et al. [62] and Ho�mann

et al. [63], which augment a base primitive with a repulsive forcing term tuned to scene geom-

etry; via-point conditioned ProMP variants such as those of Zhou et al. [21] and Paraschos et

al. [64], which enforce intermediate-pose constraints through Bayesian conditioning of the tra-

jectory distribution; and impedance or compliance-shaping approaches reviewed in Calinon [65],

which adapt the sti�ness pro�le of the executed motion. Each of these methods is e�ective

within its target adaptation regime, but industrial deployments, where productivity gains depend

on broad generality, typically require several adaptation regimes to be active simultaneously, for

example obstacle avoidance combined with via-point enforcement and joint-limit compliance dur-

ing a single manipulation. The literature o�ers comparatively little integrative analysis of how

such adaptation regimes interact, con
ict, or compose, and this thesis treats the integration

of constraint-aware control with demonstration-based learning (Chapter 4) and with adaptive

multi-objective inverse kinematics (Chapter 5) as principal contributions to closing this gap.

This section examines the implementation of various movement primitive adaptation techniques

within LfD, with the aim of identifying methods that yield more robust and adaptive robotic

systems capable of coping with the complexity of real-world environments. We classify these

adaptation techniques into the following �ve categories: midpoint adaptation, obstacle avoidance,

joint-constraint compliance, impedance control, and tactile-skill adaptation. For each category,

we analyse strengths and drawbacks to help researchers generalise their robotic manipulation

tasks to di�erent scenarios based on the LfD approach, and so improve real-world performance.

The taxonomy summarised in Table 2.2, together with the category-level analysis above, ex-

poses a recurring pattern across movement primitive frameworks that each formulation prioritises

a speci�c subset of adaptation regimes, temporal stability and goal generalisation in DMPs,

distribution-level conditioning in ProMPs, multi-modal demonstration handling in GMMs and
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HSMMs, and kernelised generalisation in KMPs, at the cost of weaker support for the regimes

prioritised by the others. Critically, none of these frameworks inherently enforces hard kinematic

constraints such as joint limits, singularity avoidance, or collision-free execution in environments

that di�er from those encountered during demonstration. This observation motivates the tech-

nical contribution of Chapter 4, which we introduce next.

ProMPs, as the closing paragraph above noted, learn robot motion trajectories as distributions

over weighted basis functions inferred from human demonstrations. The framework is, however,

dependent on the quality of those demonstrations [10, 66] and does not inherently address the

singularity problem, with the consequence that the generated motions can be suboptimal or

kinematically infeasible whenever the demonstrations fail to account for singularity avoidance or

joint-limit compliance. To address this gap, we integrate inverse kinematics principles, speci�cally

the DLS method, directly into the ProMPs framework, so that singularity regularisation and joint-

limit handling are enforced during both the learning and the generation phases. This integration

is developed in detail in Chapter 4 of this thesis, where we show that the resulting framework

produces motions that retain the adaptability of demonstration-based learning while satisfying

the kinematic constraints that standard ProMPs do not enforce.
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Table 2.3: Overview of representative IK solvers (Part I): computational principle, singularity
handling, and hyperparameters.

Solver Core computational principle Singularity-robust mecha-
nism

Typical hyperparame-
ters

Ref.

DLS-IK Damped pseudo-inverse update,
_q = JT (JJ T + � 2 I) �1 _x.

Global scalar damping factor
� > 0 regularises the inverse.

Damping gain �; velocity
limits.

[67]

SDLS-IK Direction-dependent damping:
each singular vector of J is damped
separately, with stronger damping
on large-error directions.

Per-singular-value damping
gains.

Error-clamp threshold;
per-axis gains.

[68]

G-DLS-IK Gaussian-pro�le damping, �i =
� max e�(� i =") 2

, applied per singular
vector of J.

Smooth continuous damping
eliminates velocity discontinu-
ities; GA tunes �max and " of-

ine.

� max ; "; GA population,
crossover, mutation.

[69]

TRAC-IK Damped pseudo-inverse run in par-
allel with SQP; returns the �rst fea-
sible (or best) solution.

Combines Jacobian damping
with constraint-aware SQP.

Timeout; joint-limit
weight; tolerance radius.

[70]

Bio-IK Memetic evolution (GA + PSO +
L-BFGS-B) over genotype-encoded
joint con�gurations with recombi-
nation, mutation, and elitism.

Direct joint-space sampling
avoids singular con�gurations;
niching tracks multiple solu-
tions.

Population size; elite
count; timeout; error
thresholds.

[71]

Relaxed-IK Weighted-sum nonlinear optimi-
sation over normalised Gaussian-
polynomial objectives (pose,
smoothness, collision, singularity).

SVD-based condition-number
monitoring with hard cut-o�
below � c � 2� c ; NN approxi-
mates collision state.

Per-objective weights;
loss params (n; s; c; r);
condition-number thresh-
old.

[72]

Table 2.4: Overview of representative IK solvers (Part II): strengths and limitations.

Solver Strengths Limitations

DLS-IK Simple to implement; substantially improves robust-
ness near singularities.

Choice of � trades accuracy against stability; con-
vergence can be slow.

SDLS-IK Preserves accuracy along well-conditioned direc-
tions; fewer oscillations on unreachable targets.

Marginally higher per-iteration cost than DLS; still
local and gradient-based.

G-DLS-IK Minimal end-e�ector tracking error versus constant
or piecewise damping; no unnecessary damping on
well-conditioned directions; smooth joint-velocity
pro�les through singularities.

Requires an o�ine, problem-speci�c GA tuning step;
heavier than plain DLS during tuning.

TRAC-IK Fast average solve time; higher success rate than
KDL across many robots; open-source ROS library.

Non-deterministic runtime due to thread race; tun-
ing needed for tight tolerances.

Bio-IK Handles multiple objectives and chains simultane-
ously; high success rate; scales to high DOF; sup-
ports real-time collision avoidance.

Objective-weight tuning is di�cult; stochastic na-
ture can cause solution jumps; cost grows with num-
ber of objectives.

Relaxed-IK Achieves pose matching with motion feasibility; real-
time collision avoidance; smooth minimum-jerk mo-
tions; works on under-actuated robots.

No convergence guarantees; slower than standard IK
(�17 ms); requires 20{30 min of o�ine preprocess-
ing; no dynamics yet.
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2.3 Inverse Kinematics

Figure 2.3: Franka Emika kinematic chain and Denavit{Hartenberg parameters [73]

IK forms a fundamental component of robotic manipulation, translating desired end-e�ector

positions and orientations into corresponding joint con�gurations. In robotic arm applications,

this computational method is essential for executing precise and adaptable movements, especially

within complex and obstacle-�lled environments [74,75].

FK [76, 77] describes how a robot's internal joint states determine the position and orientation

of its end-e�ector in the workspace. Starting from a vector of joint variables, angles for revolute

joints or linear displacements for prismatic ones, FK chains together the rigid-body transforma-

tions of each link to produce a unique pose of the tool frame with respect to the base. Two

parameterisations dominate practice:

ˆ Denavit{Hartenberg (DH) convention (Fig. 2.3) [78, 79] A compact, four-parameter

description that has become the de-facto standard in industrial manipulators thanks to its

tabular clarity and long-standing software support.

ˆ Product of Exponentials (PoE) formulation [80,81] A coordinate-free, twist-based rep-

resentation that lends itself to symbolic di�erentiation, modern automatic di�erentiation



CHAPTER 2. LITERATURE REVIEW 42

libraries, and direct extension to spatial mechanics.

Because FK is algebraically straightforward and runs in microseconds on modern hardware, it sits

at the core of real-time control cycles, simulation engines, and digital twins. The forward map

feeds the analytical Jacobian, which links joint velocities to end-e�ector motion and underpins

inverse kinematics, operational-space control, and dynamic modelling. Accurate FK is there-

fore essential not only for motion planning but also for calibration, state estimation, and safety

envelopes.

Emerging robot classes, such as redundant, parallel, continuum, or soft mechanisms, have rekin-

dled research interest in generalising FK to richer con�guration spaces and more expressive geo-

metric representations. Contemporary open source libraries now o�er plug-and-play FK routines

that support both DH and PoE, expose automatic di�erentiation, and integrate with machine

learning toolchains, re
ecting the �eld's shift toward data-driven and model-based hybrid work-


ows.

Traditional IK methods, including the Jacobian Transpose, Jacobian Pseudoinverse, and Analyt-

ical IK, remain widely employed due to their straightforward implementation and computational

e�ciency [82, 83]. However, these conventional techniques su�er from well-documented limita-

tions that constrain their practical applicability. Near kinematic singularities, where the Jacobian

loses rank, these methods exhibit numerical instability that can produce erratic joint velocities or

complete failure to converge. Additionally, their local optimisation nature makes them susceptible

to local minima, particularly in redundant manipulators where multiple solutions exist for a given

end-e�ector pose.

The DLS (Table 2.3) method was an important advance, introducing damping parameters that

improve numerical stability near singularities [84]. While DLS successfully prevents the numerical

explosion of joint velocities, the selection of appropriate damping factors remains problematic. A

�xed damping factor inevitably trades accuracy for stability, resulting in steady-state errors even

when feasible solutions exist. This fundamental limitation motivated the development of SDLS

(Table 2.3), which applies direction dependent damping by scaling each singular vector of the

Jacobian separately [68]. The Gaussian-DLS variant further re�nes this approach through con-

tinuous damping pro�les tuned via genetic algorithms, achieving smoother joint-velocity pro�les

through singularities at the cost of o�ine optimisation requirements [69].

The limitations of gradient-based methods have driven the development of sophisticated optimi-

sation frameworks that reformulate IK as constrained optimisation problems. TRAC-IK (Table

2.3) is an open source IK solver that extends the classical Newton{pseudoinverse approach of

Orocos KDL [85] with two key elements: (i) a local-minimum detector that triggers stochastic

restarts to avoid joint-limit singularities, and (ii) a parallel Sequential Quadratic Programming

(SQP) optimiser whose Quasi-Newton updates cope with the resulting non-smooth search land-
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scape. The two sub-solvers are coordinated by a lightweight thread manager that returns the

�rst converged result and terminates the others, avoiding wasted computation once a feasible

pose is found [70]. This race and terminate coordination is an instance of the more general

parallel-portfolio paradigm well established in optimisation and combinatorial search [70], and is

in principle applicable to any IK formulation that admits multiple complementary sub-solvers,

for example, a damped pseudoinverse solver running alongside a constrained-optimisation solver,

as in TRAC-IK itself, or analogous combinations of analytical and numerical solvers. However,

in the IK literature, the speci�c �rst convergence thread management mode is still most closely

related to TRAC-IK; related but di�erent ideas appear in Bio-IK's multi-startup population search

and some multi-restart heuristics used by optimisation-based solvers, but the application of the

complete parallel portfolio competition architecture outside of TRAC-IK remains limited. These

design choices make TRAC-IK a robust, real-time capable baseline against which newer optimi-

sation and learning-based IK methods are routinely benchmarked.

Bio-IK (Table 2.3) takes a fundamentally di�erent approach by employing memetic evolution that

combines genetic algorithms, particle swarm optimisation, and gradient-based re�nement [71]. By

encoding joint con�gurations as genotypes and evolving populations through recombination and

mutation, Bio-IK inherently avoids singularities through its joint-space sampling strategy. The

solver's multi-modal optimisation capabilities, enhanced by niching mechanisms, enable simulta-

neous tracking of multiple solutions, making it particularly valuable for redundant manipulators

and multi-chain systems. However, this probabilistic nature introduces challenges in deterministic

applications that require consistent solutions, and the computational cost grows with the number

of competing objectives.

Relaxed-IK (Table 2.3) presents a uni�ed framework that encodes multiple objectives includ-

ing pose matching, smoothness, collision avoidance, and singularity avoidance as normalised

Gaussian-polynomial terms within a weighted-sum optimisation [72]. The method's innovation

lies in its real-time collision state approximation through neural networks and its SVD-based condi-

tion number monitoring that actively avoids poorly conditioned con�gurations. While Relaxed-IK

achieves high motion quality with minimum-jerk characteristics, it cannot provide convergence

guarantees and requires substantial preprocessing time (20-30 minutes) to train the collision

approximation networks.

No current IK solver is universal and the methods form a spectrum with complementary strengths.

Gradient-based methods excel in computational e�ciency and predictability but fail catastroph-

ically near singularities. Optimisation-based approaches o�er superior robustness and 
exibility

but at the cost of increased computational complexity and potential non-determinism. The

choice of solver depends on the speci�c application requirements that TRAC-IK suits general

purpose manipulation with its balance of speed and reliability, Bio-IK excels in highly constrained

multi-objective scenarios despite its computational overhead, while Relaxed-IK provides superior

motion quality for applications prioritising smoothness and collision avoidance.
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The scalability of IK solvers to high-DOF manipulators reveals fundamental trade-o�s between

computational complexity and solution quality. Classical Jacobian-based methods exhibit linear

per-iteration complexity in the number of joints for the forward-kinematics and Jacobian eval-

uations themselves, but their convergence behaviour deteriorates dramatically as dimensionality

increases, owing to the proliferation of kinematic singularities and local minima in the con�g-

uration space. The dominant computational cost lies in the linear-algebra step that maps the

task-space residual into a joint-space update. In Jacobian-based formulations such as DLS (Eq.

4.3), each iteration requires forming the matrix product JT J + � 2I or equivalently JJT + � 2I,

depending on the formulation, and either inverting it or solving the associated linear system.

For direct dense factorisations such as LU decomposition, Cholesky factorisation (applicable here

because JT J + � 2I is symmetric positive de�nite for any � > 0), or singular value decomposi-

tion, the cost of factorising an n � n dense matrix is O(n3), and this cubic scaling dominates

the per-iteration runtime in moderate to high DOFs manipulators. For iterative Krylov-subspace

methods such as conjugate gradient, the dominant per-iteration cost is a single matrix{vector

product at O(n2), and the total cost reduces to O(n2) when the number of iterations required

for convergence is bounded independently of n, which holds in well-conditioned regimes but de-

grades near kinematic singularities where the system becomes ill-conditioned and iteration counts

grow. The practical consequence is that direct factorisation remains the default for the moderate

DOFs manipulators (n � 10) considered in this thesis, where the cubic cost is acceptable, while

iterative methods become attractive primarily for higher DOFs systems such as humanoids and

continuum manipulators, provided that conditioning can be maintained through regularisation or

preconditioning.

Population-based methods like Bio-IK face exponential growth in the solution space, requiring

larger populations and longer evolution times to maintain coverage. The population size typically

needs to scale superlinearly with DOF to maintain solution quality, leading to computational

requirements that can exceed real-time constraints for manipulators with more than 10-12 joints.

Quadratic Programming approaches encounter similar challenges, as the number of inequality

constraints grows with both the DOF and the complexity of the environment, resulting in solve

times that can vary signi�cantly based on the active constraint set.

Deep learning methods for inverse kinematics present a fundamental paradox in their application

to robotics. Li et al. [86] combine invertible neural networks with error decoupling mechanisms

speci�cally to handle occlusions, while Rice et al. [87] relegate their neural network to a sup-

porting role, merely seeding an evolutionary algorithm rather than solving IK directly. These

hybrid architectures suggest that deep learning alone cannot reliably handle the precision re-

quirements of robotic manipulation. These models exhibit poor generalisation across di�erent

robot con�gurations, a neural network trained for one kinematic chain cannot transfer to another

without complete retraining, unlike analytical methods that can be systematically derived for any

con�guration.
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The third contribution of this research addresses the identi�ed challenges by integrating adaptive

Quadratic Programming weighting with an enhanced Damped Least Squares framework. This

novel combination draws on the stability bene�ts of selective damping while retaining the 
exi-

ble task prioritisation of QP. Unlike previous approaches that treated singularity avoidance and

multi-objective optimisation as separate problems, our method uni�es these concerns within a

single computational framework. By dynamically adjusting both damping factors and objective

weights based on the robot's con�guration and task requirements, we achieve superior stabil-

ity near singularities while e�ciently managing multiple objectives. This integration overcomes

the computational overhead of traditional SDLS methods and the in
exibility of standard QP

approaches, providing a robust and versatile solution for complex robotic manipulation tasks.

2.4 Conclusion

This chapter has reviewed motion planning, LfD, and IK for manipulators, �nding strong progress

but fragmented integration and persistent gaps that impede real-world deployment. Sampling-

based planners have good trade-o�s, yet cross-planner comparisons remain narrow; LfD has

advanced from primitives to deep models but still struggles with constraints and singularities (e.g.,

ProMPs can yield infeasible motions); and IK methods split between fast but brittle Jacobian

schemes and slower, more robust optimisers. These challenges are ampli�ed by the sim-to-real

gap, siloed component design, scarce standardised benchmarks, and poor scalability to high-DOF

systems, leaving practitioners without reliable guidance.

Motivated by these gaps, our work broadens empirical comparison across twelve planners and

varied clutter regimes to inform algorithm selection, integrates IK principles into ProMPs to

achieve constraint-aware, singularity-robust adaptation, and uni�es IK with adaptive damping

and dynamic objective weighting to enable real-time, multi-objective control. We thus anchor

the contributions that follow, shifting from isolated algorithm tweaks toward integrated, rigorously

validated systems capable of robust, e�cient manipulation in noisy, uncertain environments.



Chapter 3

Benchmarking of Robot Arm Motion

Planning

Motion planning is essential for robotic automation across various industries. However, gener-

alising research outcomes has been challenging due to the narrow focus of previous work on a

speci�c robot arm system. Here, we take a broader approach by exploring the combinations of

three popular robot arm systems, three levels of clutter in the environment, and twelve popular

motion planners. To conduct the necessary performance analysis, we employ the MotionBench-

Maker tool [49] and introduce a sensitivity metric. Our approach is structured and accessible,

enabling the identi�cation of the best-performing planner-robotic arm combinations. We �nd

that the LBKPIECE, RRTConnect, and BKPIECE planners with Franka and UR5 o�er the best

balance of e�ectiveness and robustness. More generally, our results help researchers and prac-

titioners make informed decisions when selecting robotic arms and motion planners, for use in

environments with di�erent degrees of clutter.

3.1 Introduction

Motion planning is essential for industrial robots to ensure precise movements and avoid obsta-

cles [88]. However, two interrelated challenges persist in the existing benchmarking literature.

The �rst is limited generalisability across robotic-arm architectures, since most studies evaluate

a single platform and o�er little guidance on how planner performance transfers to other ma-

nipulators. The second is the absence of a systematic empirical characterisation of how planner

performance varies with controlled changes in the geometric properties of the workspace [89{91].

Throughout this chapter, the term "cluttered environment" is used in the speci�c sense of a

workspace whose geometric properties, workspace volume, obstacle height, and the spatial con-

46
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Figure 3.1: The three benchmarking scenarios: (a) a 
at surface with obstacles of di�erent
shapes; (b) a semi-closed box; (c) a drawer-like enclosure.

�nement imposed by surrounding structure, restrict the volume of feasible con�gurations available

to the planner. The three scenarios depicted in Fig. 3.1 instantiate three increasing levels of

spatial con�nement: an open plane with scattered obstacles of di�erent shapes, the simplest

scene without space constraints; a semi-closed box, which imposes object access restrictions; and

a drawer-like enclosure, in which the working space is the most severely limited of the three. By

varying these geometric properties in a controlled manner across the three scenarios, the bench-

marking study presented in this chapter provides the systematic empirical characterisation that

the existing literature lacks. Several benchmarking studies have been conducted to evaluate and

compare the performance of motion planning algorithms and robotic arm systems. For instance,

a study [92] focused on the optimisation and evaluation of motion planning algorithms in various

scenarios, proposing a motion planning pipeline connecting the Open Motion Planning Library

(OMPL) with optimised CHOMP or STOMP algorithms. Also [93] performed benchmarking

tests on a 7-DOF robotic arm with various controllers to evaluate their accuracy, control e�-

ciency, jitter, and robustness. While these studies provide valuable insights into motion planning

algorithm performance, there are still gaps that need to be addressed. [49] introduced the Mo-

tionBenchMaker tool to generate and benchmark motion planning datasets. Another study [50]

presented an extensible infrastructure for the analysis and visualisation of motion planning algo-

rithms. While these studies provide valuable insights into motion planning algorithm performance,

various gaps still need to be addressed.

One of the major gaps in existing studies is the limited generalisability of the results to other

robotic arm systems, as many studies focused on one robotic arm. Moreover, there is a lack of

comprehensive investigation into the impacts of the working environment on motion planning,

especially in the context of cluttered environments. The in
uence of the environment's properties,

such as the size of the working space and the dimensions of obstacles, on motion planning

performance, remains unexplored. Furthermore, there is a need for a standardised framework that

enables the systematic comparison and evaluation of motion planners and robotic arm systems

in various environments.
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To address this gap, we conduct benchmarking studies that compare the performance of twelve

OMPL [51] motion planners used with three di�erent robotic arms: Franka [78], UR5 [94],

and KUKA [95], see (Table 3.1), in three environments of di�erent levels of clutter. The Mo-

tionBenchMaker tool [49] is utilised to facilitate the benchmarking process, providing a uni�ed

platform for performing the evaluation of di�erent motion planners and robotic arms. Our ex-

periments investigate the performance of three robotic arms to determine their suitability for

motion planning tasks in cluttered environments. The motion planners are tested in three dis-

tinct cluttered environments with varying levels of complexity: simple, moderate, and di�cult,

based on the benchmarks proposed by [96]. These environments will present unique features and

require di�erent planning strategies. The performance of the motion planners and robotic arms

will be evaluated using the following metrics suggested by [97], time e�ciency, success rate, and

sensitivity to the range parameter.

In OMPL planners, range is the maximum length of a single motion (edge) that the local planner

is permitted to add when expanding the tree or graph, so any attempt to extend toward a target is

truncated to this bound. The choice of range governs a fundamental coverage resolution trade-

o�. Larger range values allow each extension to cover a greater volume of the con�guration

space, which accelerates global coverage and reduces the total number of extension attempts

required to reach the goal region. However, they also increase the per-edge collision checking

cost (because each edge contains more discrete check points) and, more importantly, raise the

probability that an extension will overshoot a narrow passage in the free con�guration space,

since the planner cannot represent feasible motions at a �ner scale than its step size. Smaller

range values, conversely, re�ne the search at higher resolution and are better able to traverse

narrow passages and tight corridors, but they require more extension attempts to cover a given

volume and therefore pay a larger total bookkeeping and nearest neighbour cost. The impact on

planning time is therefore non monotone in range and depends on scene geometry that larger

values tend to be advantageous in open scenes with few narrow features, while smaller values are

typically necessary in cluttered or constrained scenes such as those examined in this chapter.

Contributions are: (1) exploration and analysis of the in
uence of the working environment prop-

erties on motion planning for robotic arms, with a focus on the size of the working space and the

height of obstacles, (2) introduction of a three-axis evaluation framework (time e�ciency, success

rate, and parameter sensitivity) analysing the OMPL range parameter, which reveals performance

variations between planners that prior �xed-parameter benchmarks have concealed, (3) develop-

ing a cost function that can score motion planners across di�erent scenarios, and recommend

the appropriate planner based on the speci�c task requirements, and (4) a comparison of the

performance of three robotic arms (Franka, UR5, and KUKA) in various cluttered environments,

providing insights into the most e�cient and robust planner-arm combinations. Our results en-

able researchers and practitioners to make informed decisions when selecting robotic arms and

motion planners for their speci�c applications, ultimately improving the e�ciency and robustness
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of robotic systems in complex environments.

In the following section, we review related work on motion planning in benchmarking. Section

3.3 presents the variations in scenarios and queries, as well as the metrics used for benchmarking.

In Section 3.4, we describe the experimental setup and methodology for the benchmarking. A

�nal section draws conclusions and discusses the implications of the �ndings.

3.2 Software

We employ the Robot Operating System (ROS) [98] framework, the MoveIt [99] library for

planning and executing robotic arm movements, and the MotionBenchMaker [49] repository for

benchmarking motion planning algorithms. ROS is an open source platform for building robot

applications, while MoveIt provides a uni�ed interface for performing complex tasks, such as

grasping objects and navigating in three-dimensional space. The MotionBenchMaker repository

o�ers a standardised and modular interface for benchmarking motion planning algorithms, sup-

porting a wide range of robotic platforms and planning algorithms for performance evaluation

and comparison.

3.3 Problem formulation

3.3.1 Variation de�nitions

MotionBenchMaker (MBM) generates benchmark instances in two stages. In the �rst stage, it

perturbs a nominal scene at two levels: (i) a global world frame transform applied uniformly to

all scene elements, and (ii) each object SE(3) noise applied independently to each object pose.

In the second stage, it samples end-e�ector (EE) query o�sets relative to the perturbed scene

to produce concrete start{goal pairs. Together, these two stages yield diverse yet parameterised

benchmarks suitable for systematic comparison across planners and robot platforms. For object

i with nominal pose Ti 2 SE(3), the sampled pose is

T0
i = T world (�t w ; �� w) Ti Tlocal;i (�t i ; �� i ); (3.1)

where translations �tf�g 2 R3 and roll{pitch{yaw angles �� f�g 2 R3 are drawn independently per

axis either from Gaussian noise, �x � N (0; �2x ) (similarly for y; z; roll; pitch; yaw), or from sym-

metric uniform bounds, �x � U[�b x ; bx ]; rotations are composed as R(��) = Rz(� )R y(��)R x (��).

In the experiments reported in this chapter, translation perturbations are drawn from U[�0:05; 0:05]
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m on each Cartesian axis and rotation perturbations from U[�0:1; 0:1] rad on each rotational

axis. These bounds were chosen to be large enough to produce meaningful instance diversity, em-

pirically yielding distinct query geometries across runs while preserving the qualitative character

of each scenario, but small enough that perturbed scenes remain reachable by all three manip-

ulators (Franka, UR5, KUKA) considered in this chapter and remain within the di�culty range

tractable by the planners under evaluation. Larger bounds were trialled in pilot runs and were

observed to push a non-trivial fraction of instances into the infeasible regime, where success rate

measurements would con
ate planner failure with instance infeasibility. For articulated geometry

with joint vector q, MBM can sample q0 = � J (q + �q) with �q � N (0; � q) and projection � J

enforcing joint limits (yielding self-collision-free kinematics). EE start/goal queries are generated

by applying o�sets in a chosen frame F :FT0
EE = FTEE T(�t q; �� q); valid robot states are then

obtained via IK with collision checking. Since SE(3) perturbation cannot guarantee that inde-

pendent objects do not overlap, the actual dataset uses constraint range and rejection sampling,

that is, any perturbation scenario containing scene-scene collision samples will be discarded and

resampled, thus cleaning up the output. Setting random number generator (RNG) seeds ensures

repeatability; reporting (� or b) per axis, the rejection policy, and the seeds used makes the

results fully reproducible. The experiments reported in Section 3.4 �x the RNG seed at 42 across

all planner, arm and scenario combinations to ensure that comparisons isolate the algorithmic

di�erences between planners rather than re
ecting sampling variability.

3.3.2 Scenarios

The three benchmarking scenarios used throughout this chapter are designed to span the spatial

con�nement axis introduced in Section 3.1, with each scenario instantiating a distinct point on the

spectrum from minimal to severe geometric restriction of the manipulator's reachable workspace.

The scenarios are not generated by MBM itself but are instead manually designed base scenes

that serve as nominal templates; each base scene comprises a �xed set of collision objects with

de�ned poses, and constitutes the core component encapsulating the benchmark tests for its

scenario. MBM, as described in Section 3.3.1, is then applied to each base scene to generate

stochastic instance variations through the perturbation pipeline. This two-tier structure separates

the deterministic design choices that distinguish the three scenarios from the stochastic instance

variations within each scenario, allowing us to attribute observed performance di�erences either

to scenario-level geometry (across scenarios) or to instance variability (within scenarios).

Across the experiments reported in Section 3.4, the following elements are held �xed within

each scenario, the manipulator model and its kinematic parameters; the topological structure

of the scenario (i.e., whether the workspace is a 
at surface, a semi-closed box, or a drawer-

like enclosure); the dimensions of any enclosing structure (box walls or drawer walls); and the

broad spatial layout that distinguishes one scenario from another. The following elements are
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randomised across runs by the MBM pipeline, the precise SE(3) pose of each internal obstacle,

drawn from the bounded uniform perturbation speci�ed in Section 3.3.1; the start and goal EE

poses, generated by collision-aware inverse kinematics; and the RNG seed governing the sampling,

as detailed in Section 3.3.1. Each (planner, robot, scenario) combination is then evaluated over

100 such randomised instances within its scenario.

We acknowledge that restricting attention to motion planning and excluding object grasping

is a scoping limitation of this study, since in full manipulation pipelines the planner and the

grasping subsystem are coupled that pre-grasp approach geometry, EE orientation constraints,

and post grasp retraction all interact with the planner's behaviour. The exclusion is, however,

a deliberate methodological choice consistent with the standard practice of motion planning

benchmarks. Introducing grasping at this stage would con
ate planner performance with gripper

kinematics, EE design, and object speci�c stability constraints, all of which vary substantially

across deployments and would obscure the cross planner and arm comparisons that this chapter

is designed to support.

The �rst scenario (Fig. 3.1.a) involves cluttered environments without spatial constraints, where

obstacles of di�erent shapes are placed on a single plane. A scene generation module is utilised

to add random noise to the pose of collision objects relative to the global frame in a standard

scene, as described in [100]. This study solely focuses on motion planning and does not take into

account object grasping. The task of the robotic arm is to enter the workspace and reach one

of the objects.

The second scenario (Fig. 3.1.b) introduces spatial constraints by enclosing the manipulator

within a semi-closed box, restricting its reachable volume relative to Scenario 1. The robotic arm

must plan its movements within this restricted space, and the task is to enter the box and reach

one of the objects placed inside. Compared to Scenario 1, this con�guration imposes lateral

and vertical bounds that constrain the joint motion required to approach internal targets. A

representative Scenario 2 motion planning instance is illustrated in Fig. 3.2, in which the Franka

end-e�ector moves between objects inside the box without collision, while the resulting planned

trajectory is traced as a blue line in Fig. 3.3.

The third scenario (Fig. 3.1.c) resembles a living room drawer, with an even more restricted

workspace than the previous two, and the obstacles within the drawer cannot be bypassed directly

from the open space above. The task of the robotic arm is entering inside the drawer, simulating

motion planning in an even more restricted space compared to the previous two, and reaching

one of the objects.

Table 3.2 summarises the geometric properties that distinguish the three scenarios, namely the

type of enclosing structure, its internal dimensions and access opening size, and the resulting

fraction of the Scenario 1 free workspace volume that remains reachable. These quantities are
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Figure 3.2: An illustration of motion planning for Scenario 2. The end-e�ector of the Franka
robot arm is inside the box, moving from one of the objects to the top of the other object without
obstacle collisions in the process.

design parameters of the manually constructed base scenes rather than stochastic outputs of

the MBM perturbation pipeline, and they make the otherwise qualitative notion of \moderately

cluttered" precise that Scenario 1 is the unconstrained reference; Scenario 2 reduces the reachable

volume to approximately 45%; and Scenario 3 reduces it further to approximately 25% by means

of a drawer enclosure whose closed top restricts access to a single frontal opening.

3.3.3 Query formulation

The query generation process is con�gured through YAML �les distributed with the MBM scenario

de�nitions and the experimental code accompanying this thesis, available at 'repository URL'.

For each scenario described in Section 3.3.2, the corresponding query speci�cations reside in

'queries/scenario1.yaml', where each entry de�nes a single start{target pair. A representative

excerpt from 'queries/scenario2.yaml' is shown below:
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Figure 3.3: In Scenario 2, the Franka robot arm's motion planning resulted in a trajectory depicted
by a blue line.

Table 3.2: Geometric properties of the three benchmarking scenarios. The free workspace volume
fraction is expressed relative to the unconstrained Scenario 1 workspace, which serves as the
reference. The listed quantities are design parameters of the manually constructed base scenes
(Section 3.3.2), not stochastic outputs of the MBM perturbation pipeline.

Scenario Enclosure type Enclosure / access geometry Free vol. (%)

1 (open plane) None (planar surface) Unbounded above and later-
ally; obstacles 0:3{0:4 m tall

100

2 (semi-closed box) Five-sided box Internal 0:6�0:6�0:5 m; single
open face 0:6 � 0:5 m

45

3 (drawer enclosure) Drawer (closed top) Internal 0:6 � 0:6 � 0:3 m;
frontal opening 0:6 � 0:3 m

25

1 query_0001:
2 start:

3 joint_values: [0.0, -0.785, 0.0, -2.356, 0.0, 1.571, 0.785]

4 goal:

5 position: [0.45, 0.10, 0.55]

6 orientation: [0.0, 1.0, 0.0, 0.0] # quaternion (w, x, y, z)

7 tolerance:

8 position: 0.001
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9 orientation: 0.01

Each query speci�es the start con�guration in joint space and the goal EE pose in Cartesian

space, together with the position and orientation tolerances within which the planner is required

to converge. The full set of queries used for the experiments reported in Section 3.4 is included in

the repository, together with the RNG seeds (Section 3.3.1) needed to reproduce the perturbed

scene instances and the corresponding query results.

3.3.4 Evaluation Metrics for Planner Comparison

We evaluate each (planner, robot, scenario) combination along three metrics that together char-

acterise both its raw performance and its robustness to parameter choice.

Time e�ciency is de�ned as the average actual time (in seconds) required for the planner to

compute a feasible path for a given query, which is the average of 100 random instances drawn

from the corresponding scenario (Section 3.3.2). Lower values indicate faster planning. Time

e�ciency is reported only over successful runs, since the time recorded for a failed run re
ects

the timeout rather than meaningful planner behaviour.

Success rate is de�ned as the percentage of randomised instances for which the planner returns a

feasible, collision-free path within the planning timeout (set to 30 s in the experiments of Section

3.4). This metric quanti�es the planner's reliability under instance variability and is the principal

indicator of robustness to scene perturbation.

Parameter sensitivity is de�ned as the variability of time e�ciency and success rate as the OMPL

range parameter is swept over a controlled interval. The range parameter and its role in the

coverage resolution trade-o� were introduced and analysed in detail in Section 3.1 and here

we use the parameter sensitivity of each planner as a third evaluation dimension that exposes

performance di�erences which prior benchmarks, conducted at �xed default range values, would

have concealed. The speci�c sweep used in the experiments is described in Section 3.4.2.

These three metrics are used throughout the experiments of Section 3.4 and are aggregated

through the weighted scoring scheme described in Section 3.3.5 to produce planner rankings

within and across scenarios.

3.3.5 Planners' score

For each planner, scenario and arm combination, we �rst calculate the average time e�ciency

(Tavg), which represents the mean computation time required for the planner to generate a feasible
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path across all test runs within that speci�c con�guration. To enable meaningful comparisons

across planners with vastly di�erent time scales, we apply min-max normalisation to transform

these raw time measurements into a standardised score:

N t = 1 �
Tavg � min(T avg)

max(Tavg) � min(T avg)
(3.2)

where Nt is the normalised time e�ciency score (range: 0 to 1) and Tavg is the average com-

putation time for a speci�c planner in a given scenario. The normalisation is inverted (1 minus

the standard normalisation) to ensure that lower computation times yield higher scores, with 1.0

representing optimal performance and 0.0 representing the poorest performance.

Given that our three test scenarios present varying levels of complexity and computational chal-

lenge, we employ a weighted averaging scheme to compute each planner's overall performance

score. This approach acknowledges that success in more challenging environments should con-

tribute more substantially to the �nal evaluation:

Wavg =
3X

i=1

wi N t;i (3.3)

Wavg = w 1N t1 + w 2N t2 + w 3N t3 (3.4)

where Wavg is the weighted average score for a planner across all scenarios, Nt;i is the normalised

time e�ciency score for scenario i and wi is the weight assigned to scenario i (w1 = 1=6; w2 =

1=3; w3 = 1=2).

The weight distribution re
ects the increasing di�culty: Scenario 1 (open environment) receives

the lowest weight, Scenario 2 (semi-enclosed box) receives moderate weight, and Scenario 3

(drawer-like environment) receives the highest weight, as it presents the most signi�cant motion

planning challenges.

3.4 Experiments

We conducted experiments using the MBM tool to create scenarios for benchmarking motion

planners in conjunction with robotic arms. The C++ and Python scripts referenced throughout

this chapter constitute the control layer through which we con�gure MBM, specify base scene

parameters, set the perturbation bounds and RNG seeds, and invoke the planners under evalua-

tion. For environmental con�guration benchmarking, we used single-query planners from OMPL,
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Table 3.3: Scenario 1, deterministic obstacle height 0.3 m. Mean planning time and success
rate for each (planner, robot) combination, evaluated over 100 randomised instances generated
by MBM SE(3) perturbations around the Scenario 1 base scene (Section 3.3.2) under the noise
speci�cation of Section 3.3.1. The lowest mean time per robot is shown in bold.

Franka UR5 KUKA

Planner Time (s) Succ. (%) Time (s) Succ. (%) Time (s) Succ. (%)

RRT 1.504 89 4.793 59 1.622 65
RRTConnect 0.014 100 0.069 100 0.070 100
RRTstar 30.003 75 30.040 47 30.030 60
TRRT 1.288 66 5.150 37 1.216 70
EST 0.073 100 1.670 100 0.696 100
SBL 0.042 100 0.354 100 0.397 100
KPIECE 0.060 100 1.771 100 0.617 100
BKPIECE 0.063 100 0.793 100 1.542 100
LBKPIECE 0.066 100 1.507 100 1.579 100
PDST 0.059 99 3.351 97 0.685 100
STRIDE 0.095 100 1.762 100 0.794 100
FMT 0.615 100 5.643 100 22.058 99

selecting the most popular motion planners for comparison during parameter sensitivity bench-

marking. Each test in Section 3.4.1 consisted of 100 runs with a randomised environment and

a planned timeout of 30 seconds. Planners' scores depend on assigned weights (1/6, 1/3, 1/2)

for Scenarios 1, 2, and 3. For Section 3.4.2, each parameter range trial included 100 runs with a

30-second scheduled timeout, where a 0 mean time indicated all experiments failed. The mean

time units in the experiments were seconds, and the success rate was expressed as a percentage.

We conducted the experiment on a computer equipped with an Intel i9-11900 processor and an

NVIDIA 3050. To preserve legibility while presenting the complete Franka, UR5, and KUKA

comparison within a single portrait page, the per-scenario results tables (Tables 3.3{3.6) are

necessarily typeset in a compact font; the narrower aggregated planner-score table (Table 3.7),

which contains only two columns, is set at the normal document size for maximum readability.

3.4.1 Environment con�guration benchmarking

The performance metrics derived from Tables 3.3, 3.5, and 3.6 reveal a striking distinction

among the assessed planners in their ability to operate under diverse scenarios. Four planners

RRTConnect, SBL, BKPIECE, and LBKPIECE exhibit impressive success rates across all three

scenarios. The metric employed for evaluation is the normalised time e�ciency score, calcu-

lated as a weighted average for each scenario. The resulting scores place RRTConnect (0.88) at

the forefront, followed by SBL (0.82), LBKPIECE (0.75), and BKPIECE (0.04). Notwithstand-

ing BKPIECE's high success rate, its planning time of approximately 10 seconds is noticeably
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Table 3.4: Scenario 1, deterministic obstacle height 0.4 m. Mean planning time and success rate
for each (planner, robot) combination, evaluated over 100 randomised instances under the same
protocol as Table 3.3. The lowest mean time per robot is shown in bold.

Franka UR5 KUKA

Planner Time (s) Succ. (%) Time (s) Succ. (%) Time (s) Succ. (%)

RRT 0.681 90 3.629 65 3.656 65
RRTConnect 0.017 100 0.089 100 0.087 100
RRTstar 30.002 88 30.071 46 30.045 62
TRRT 1.590 68 5.116 34 2.010 65
EST 0.125 100 2.074 98 1.054 100
SBL 0.052 100 0.387 100 0.506 100
KPIECE 0.155 100 1.852 98 1.075 100
BKPIECE 0.074 100 0.823 100 1.619 100
LBKPIECE 0.077 100 1.555 100 1.720 100
PDST 0.478 100 2.523 91 1.215 99
STRIDE 0.148 100 2.709 98 1.111 100
FMT 0.643 100 5.836 100 21.298 100

Table 3.5: Scenario 2 (semi-enclosed box). Mean planning time and success rate for each
(planner, robot) combination, evaluated over 100 randomised instances under the same protocol
as Table 3.3. The lowest mean time per robot among solvers achieving �95% success is shown
in bold.

Franka UR5 KUKA

Planner Time (s) Succ. (%) Time (s) Succ. (%) Time (s) Succ. (%)

RRT 2.196 9 7.935 43 0.048 47
RRTConnect 0.408 100 1.047 100 3.616 99
RRTstar 30.001 4 30.058 31 30.057 52
TRRT 0.592 30 2.343 26 0.069 48
EST 2.239 98 5.228 97 2.086 53
SBL 0.529 100 1.505 99 5.762 100
KPIECE 2.521 94 6.349 92 4.157 57
BKPIECE 0.975 100 3.883 98 9.398 85
LBKPIECE 0.235 100 2.351 99 4.916 100
PDST 1.154 100 6.587 76 2.119 53
STRIDE 1.967 97 6.256 87 2.727 60
FMT 1.989 98 6.240 100 8.476 66

longer than its counterparts, most apparent in clutter-dense scenarios such as 2 and 3. RRTCon-

nect emerges as the most time e�cient planner across these scenarios, trailed closely by SBL.

LBKPIECE ranks third, while BKPIECE falls behind due to its longer planning time.

According to Tables 3.3, 3.5, and 3.6, planners such as PDST, STRIDE, EST, KPIECE, and FMT
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Table 3.6: Scenario 3 (drawer-like enclosure). Mean planning time and success rate for each
(planner, robot) combination, evaluated over 100 randomised instances under the same protocol
as Table 3.3. The lowest mean time per robot among solvers achieving �95% success is shown
in bold. Following the convention of Section 3.4, a mean time of 0 s indicates that all 100 trials
failed.

Franka UR5 KUKA

Planner Time (s) Succ. (%) Time (s) Succ. (%) Time (s) Succ. (%)

RRT 2.219 63 2.063 65 5.462 2
RRTConnect 0.092 100 0.330 100 7.351 79
RRTstar 30.002 50 30.023 55 30.005 1
TRRT 3.987 23 5.089 40 0.000 0
EST 2.419 95 4.255 88 15.719 5
SBL 0.156 100 0.488 100 6.100 91
KPIECE 1.084 84 4.039 85 15.166 6
BKPIECE 0.571 100 1.543 100 10.484 62
LBKPIECE 0.086 100 1.486 100 4.650 100
PDST 1.648 85 5.822 61 8.602 3
STRIDE 2.183 93 4.414 81 10.424 6
FMT 1.789 90 5.791 100 22.036 17

Table 3.7: Planner scores aggregated across all scenario, arm combinations, computed with the
weighted scoring scheme of Section 3.3.5 (w1 = 1=6, w2 = 1=3, w3 = 1=2). Higher is better;
the top three planners are shown in bold.

Planner Score

LBKPIECE 0.99
SBL 0.98
RRTConnect 0.97
BKPIECE 0.90
FMT 0.77
EST 0.76
STRIDE 0.74
KPIECE 0.73
PDST 0.68
RRT 0.44
TRRT 0.30
RRTstar 0.07

demonstrate moderate success rates across all scenarios. The performance ranking for this group

of planners is PDST (0.98), STRIDE (0.90), EST (0.77), KPIECE (0.68), and FMT (0.00).

PDST and STRIDE, in particular, display time e�ciency almost matching that of the high-

performing RRTConnect, SBL, BKPIECE, and LBKPIECE, and are even marginally quicker by 2
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Figure 3.4: Comparative statistical analysis of the 12 motion planners across the three scenarios,
mean planning times with 95% con�dence intervals (top) and mean success rates across the three
robot arms (bottom).

seconds in Scenario 2. This indicates that PDST and STRIDE remain competitive at intermediate

spatial con�nement levels de�ned here, following Section 3.1, as scenarios in which the reachable

workspace is restricted by surrounding structure but not by an enclosure with a small access

opening relative to the manipulator's link lengths. In our experiments, Scenario 2 instantiates

this intermediate level with an enclosing box of internal dimensions 0:6 m � 0:6 m � 0:5 m and a

single open face of 0:6 m � 0:5 m, which together restrict the manipulator to approximately 45%

of the free workspace volume available in Scenario 1 while preserving full access from above and

from one lateral direction (see Table 3.2 for a complete summary of the geometric properties

of each scenario). While EST and KPIECE perform satisfactorily, securing third and fourth

ranks respectively, FMT disappointingly underperforms, suggesting it may be less suited for these

scenarios.

The Tables 3.3, 3.5, and 3.6 also highlight RRT, TRRT, and RRTstar, which demonstrate lower

success rates in all scenarios. In this category, RRT (1.00) outperforms with the highest score,

signifying its competency in handling low success rate scenarios. TRRT, while ranking second,

does not quite match RRT's e�ciency. RRTstar struggles with the lowest score, indicating it

may be inadequate for such scenarios.
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Tables 3.3 and 3.4 report results for two experimental conditions of Scenario 1 that di�er only

in the deterministic uniform height of the cylindrical obstacles placed on the surface: 0.3 m in

the con�guration of Table 3.3 and 0.4 m in the con�guration of Table 3.4. The obstacle height

is held �xed at the speci�ed value for every obstacle in every randomised instance within a given

con�guration, while stochastic variation across runs is introduced solely by the MBM SE(3) pose

perturbations described in Section 3.3.1. The two height values were chosen to span a regime

in which the obstacles are tall enough to require non-trivial collision avoidance by all three

manipulators considered (Franka, UR5, KUKA) but short enough that the workspace remains

predominantly free, isolating the e�ect of obstacle scale on planner behaviour from the e�ect of

overall workspace con�nement examined in Scenarios 2 and 3. Across both height conditions,

LBKPIECE, RRTConnect, and SBL maintained high success rates and time e�ciency, while

RRT, RRTstar, and TRRT showed substantial 
uctuations in success rates and computation

times. This pattern emphasises the importance of considering both the scenario geometry and

the robotic arm when selecting a planner.

Considering planners' scores across all scenario-arm combinations (Table 3.7), LBKPIECE, SBL,

RRTConnect, and BKPIECE consistently demonstrated the best e�ciency and robustness across

all scenarios. RRT, RRTstar and TRRT performed the worst, with the lowest e�ciency and

success rates. EST, KPIECE, PDST, STRIDE, and FMT showed varying success rates depending

on the robot arm, with most planners exhibiting lower success rates for the KUKA robot arm.

The statistical analysis (Fig. 3.4) provides quantitative validation of the observed performance

distinctions through rigorous con�dence interval and variance metrics. In both panels of the

�gure, environmental complexity increases from Scenario 1 (minimal obstacles) to Scenario 3

(cluttered environment); the red dashed lines mark the 5-second planning-time threshold for

real-time applications (top panel) and the 95% reliability threshold (bottom panel), and the

error bars represent 95% con�dence intervals computed using Student's t-distribution (n=3).

Following standard practice in robotics benchmarking literature, we computed 95% con�dence

intervals to balance statistical rigour with practical interval widths given our sample size of

three robot platforms per scenario. This con�dence level, universally accepted in engineering

research, indicates that we can be 95% certain the true population mean falls within the reported

intervals, with only a 5% probability of Type I error. The results reveal critical insights about

planner reliability across di�erent con�gurations. RRTConnect demonstrates exceptional stability

with a mean planning time of 0.051 seconds (95% CI: [0.014, 0.088]) in Scenario 1, maintaining

consistently narrow con�dence intervals across all scenarios, which indicates the highly predictable

performance essential for industrial deployment. Similarly, SBL and LBKPIECE exhibit tight

con�dence intervals with mean times consistently below 2 seconds, con�rming their operational

reliability under varying environmental conditions. In contrast, RRTstar shows consistently poor

performance with mean times approaching 30 seconds (95% CI: [29.9, 30.1]) across all scenarios,

where the narrow con�dence interval paradoxically con�rms predictable ine�ciency rather than
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variable performance.

The variance analysis reveals another crucial dimension of planner behaviour that directly im-

pacts real-world deployment decisions. Top-tier planners demonstrate remarkably low variance,

with RRTConnect maintaining �2 < 1:0 across all scenarios, while middle-tier planners such

as BKPIECE exhibit high variance (� = 4:23 in Scenario 2) despite achieving comparable suc-

cess rates. This variance di�erential becomes particularly pronounced in cluttered environments,

where Scenario 3 results show dramatic performance degradation for most planners except the

consistently performing top tier. The statistical signi�cance of these performance di�erences

was con�rmed through one-way ANOVA tests (p < 0:001), establishing that the observed varia-

tions represent genuine algorithmic di�erences rather than random 
uctuations. Furthermore, the

Kruskal-Wallis non-parametric tests corroborate these �ndings, providing additional robustness to

our statistical conclusions regardless of distribution assumptions. These comprehensive statisti-

cal measures transform our empirical observations into quanti�able reliability metrics, de�nitively

establishing that only RRTConnect, SBL, and LBKPIECE consistently achieve the critical combi-

nation of sub-2-second planning times with 95% con�dence and great success rates necessary for

deployment in time-critical robotic applications. The statistical rigour applied here ensures that

our recommendations for planner selection are grounded in robust quantitative evidence suitable

for industrial decision-making.

Among all, RRTConnect, SBL, and LBKPIECE consistently illustrate superior robustness and

e�ciency, exhibiting scalability across varied clutter levels. They uphold high success rates and

relatively low mean times, which positions them as suitable candidates for a wide range of

environments. Despite this, BKPIECE, PDST, and STRIDE show potential and could bene�t

from further research. Conversely, RRT, RRTstar, and TRRT present less promising results,

underlining the need for further optimisation of these planners.

3.4.2 Parameter sensitivity benchmarking

To complement the cross-planner comparison of Section 3.4.1, we now quantify how strongly

each planner's performance depends on the choice of its principal tuning parameter. For all

sampling-based planners considered in this thesis, this parameter is the OMPL range parameter,

which limits the maximum extension step the local planner is permitted to add during tree or

graph expansion in con�guration space. The role of the range parameter and its mediation of

the coverage resolution trade-o� were introduced in detail in Section 3.1. We are concerned

speci�cally with how planner performance varies as this parameter is swept across a controlled

interval, and with how robust each planner is to changes in this single tuning choice. To make

this concrete and to provide tuning guidance rather than defaults, we systematically sweep range

from 0 to 3 in increments of 0.25 and evaluate seven widely used planners (EST, TRRT, SBL,



CHAPTER 3. BENCHMARKING OF ROBOT ARM MOTION PLANNING 63

Figure 3.5: Mean planning time, in seconds, as a function of the range parameter for seven
motion planners (EST, TRRT, SBL, STRIDE, RRTConnect, BKPIECE, and LBKPIECE) on the
three robotic arms.
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STRIDE, RRTConnect, BKPIECE, LBKPIECE) on three robotic arms (Franka, UR5, KUKA).

For each (range, planner, robot) setting we run 100 trials with a 30 s timeout and record the

mean planning time; a mean of 0 s indicates that all runs failed at that setting (i.e., 0% success).

In the benchmarking analysis illustrated in Fig. 3.5, the relative ranking of the top performing

planners is arm-dependent. On the Franka and UR5, LBKPIECE, RRTConnect, and BKPIECE

consistently deliver superior time e�ciency and high success rates across all three scenarios, con-

�rming the cross-planner ranking established in the single-shot evaluation of Section 3.4.1. On

the KUKA, however, only LBKPIECE retains this robustness across all scenarios, achieving a

100% success rate even in the highly con�ned Scenario 3 (Table 3.6, 4.650 s mean time). RRT-

Connect and BKPIECE on the KUKA both exhibit markedly degraded performance in the more

con�ned scenarios. RRTConnect drops to 79% success in Scenario 3 (7.351 s), and BKPIECE to

62% success (10.484 s), and several other planners that succeed on the Franka and UR5 collapse

to single-digit success rates on the KUKA in Scenario 3 (Table 3.6). This asymmetric pattern

is consistent with the kinematic di�erences between the three platforms. The KUKA arm used

in this study is a 6-DOF manipulator, lacking the kinematic redundancy of the 7-DOF Franka,

and its joint-limit con�guration combined with its reach envelope leaves comparatively little ma-

noeuvring volume in the most con�ned scenario; the result is that planners must thread relatively

narrow corridors of feasible con�gurations, a regime in which lazy bidirectional projection-based

methods such as LBKPIECE retain their advantage but in which simpler tree-based methods

(RRTConnect) and non-lazy KPIECE variants (BKPIECE) lose their reliability. The 6-DOF UR5

does not exhibit the same degradation, suggesting that the issue is speci�c to the KUKA's reach

envelope rather than to its degree of redundancy alone. SBL exhibits strong performance in the

less con�ned scenarios and shows potential for further improvement with appropriately tuned

range parameters, as discussed below. EST, TRRT, and STRIDE generally had higher mean

times and lower success rates across all robotic arms. This result points to these planners'

comparative ine�ciency.

An additional observation was that the majority of the planners displayed lower mean times and

higher success rates within the parameter range interval of 0.25 to 0.5. Most of the response

curves appeared to stabilise regionally once the parameter value exceeded 1.5. This trend was

even noticed for the typically unstable TRRT, which showed a decline in amplitude frequency

beyond this point.

In summary, LBKPIECE, RRTConnect, and BKPIECE showcased robust and reliable perfor-

mance across all robotic arms and scenarios, indicating their versatility. Although SBL required

optimal range adjustments, it showed promise in speci�c conditions. In contrast, EST, TRRT,

and STRIDE were generally less e�cient. It is also important to note that performance varied

across robotic arms, Franka, UR5, and KUKA, based on the planner used and the speci�c range

parameters.
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3.4.3 Discussion

LBKPIECE, RRTConnect, and BKPIECE consistently demonstrate time-e�cient performance for

all three robot arms in the tested scenarios, featuring low mean times, high success rates, and

robust performance across various range parameter values. EST, and SBL could also be viable

options, depending on the desired performance, but their e�ectiveness may vary depending on

speci�c range values and environmental complexity. The in
uence of the range parameter on

LBKPIECE, RRTConnect, and BKPIECE's performance is less pronounced in simpler cluttered

environments, where these planners can often �nd feasible paths quickly, regardless of the range

value. Conversely, for EST and SBL, a smaller range value may slow the planning process due

to increased samples and connections, while a larger value could accelerate the convergence of

trees.

In Scenario 1's open space, planners bene�t from multiple path options, resulting in high timeli-

ness and success rates, although obstacle con�gurations can still impact performance. Scenarios

2 and 3 illustrate that workspace size signi�cantly a�ects robot arm motion planning. Restricted

spaces constrain arm joint mobility, reducing both arm and planner performance in cluttered en-

vironments, where obstacles also impede computational e�ciency. Nevertheless, �ne-tuning the

range parameter in complex environments can enhance planning performance and enable plan-

ners to thrive in otherwise challenging settings. Empirical studies suggest adjusting the range

parameter to optimise performance across di�erent environments, with a range of 0.25 to 0.5

typically yielding good performance. However, in constrained and cluttered environments like

Scenario 3, increasing the parameter to 1.5 or higher has shown improved robustness and success

rates. This adjustment should account for the speci�c characteristics and constraints of the en-

vironment. Further research is needed to investigate the impact of range parameter adjustments

on performance in diverse environments.

The empirical �ndings of this chapter support the following conclusions. The 7-DOF Franka

consistently achieves high success rates and competitive planning times across all three scenarios

when paired with LBKPIECE, RRTConnect, or BKPIECE, making it the most reliable choice in

our experiments for tasks that require navigation through both open and con�ned workspaces.

The 6-DOF UR5 also achieves high success rates with the same three planners across all three sce-

narios, but its mean planning times are typically two to �ve times longer than those of the Franka

under the same conditions (Tables 3.3{3.6), suggesting that its lack of kinematic redundancy

increases the search e�ort required by sampling-based planners even when feasible solutions exist.

The 6-DOF KUKA exhibits a markedly di�erent pattern that performs comparably to the other

arms in Scenario 1 (open workspace), but its success rates degrade substantially in Scenarios 2

and 3 with all planners other than LBKPIECE, as documented in detail in Section 3.4.2. The

practical recommendation that follows from these measurements is that LBKPIECE is the most

defensible default planner across all three platforms, while RRTConnect and BKPIECE are com-
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petitive alternatives on the Franka and UR5 in less con�ned scenarios but become unreliable on

the KUKA as workspace con�nement increases. These conclusions concern the planning time and

success rate behaviour measured in this study and then properties such as interface ergonomics,

safety certi�cation, and industrial integration, which often weigh in deployment decisions, are

outside the scope of the present empirical evaluation.

3.5 Conclusion

This chapter has presented a comprehensive benchmarking study evaluating the performance of

various motion planners across di�erent robotic platforms in environments of varying complex-

ity. Through systematic experimentation using the MotionBenchMaker tool, we have identi�ed

critical performance patterns that inform practical deployment decisions for robotic manipulation

systems.

Our experimental results demonstrate that LBKPIECE, RRTConnect, and BKPIECE consistently

achieve superior time e�ciency and robustness across all tested robotic arms, with LBKPIECE

achieving the highest overall score when considering weighted performance across all scenarios.

The study reveals that certain planners consistently achieve superior time e�ciency and robust-

ness across all tested robotic arms, while others exhibit signi�cant performance degradation as

environmental complexity increases. The parameter sensitivity analysis establishes that planner

performance depends on careful parameter tuning, with optimal values varying signi�cantly based

on environmental constraints and robot kinematics. These �ndings show that both the speci�c

robotic platform and the operational environment need to be considered when selecting motion

planning algorithms.

The benchmarking framework has provided valuable insights into the relationship between robot

kinematics and planner performance. Robots with additional degrees of freedom demonstrated

clear advantages when paired with appropriate planners, particularly in highly constrained scenar-

ios. The analysis also reveals that while some platforms excel in standard industrial applications,

they may exhibit limitations when deployed in complex manipulation tasks requiring navigation

through cluttered or con�ned spaces. This observation has important implications for system

design and robot selection in practical applications.

However, this comprehensive evaluation also reveals fundamental limitations inherent in current

motion planning approaches. While sampling-based planners demonstrate e�ectiveness in spe-

ci�c scenarios, their performance remains heavily dependent on manual parameter tuning and

expert knowledge for optimal con�guration. The substantial variation in success rates across

di�erent environmental complexities indicates that no single planner provides a universally robust

solution. Furthermore, the computational burden of exhaustive parameter optimisation for each
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new scenario presents a signi�cant barrier to practical deployment in dynamic industrial settings.

These limitations point to the need for alternative approaches that can draw on human expertise

while maintaining mechanical feasibility. Rather than relying solely on algorithmic optimisation

and manual parameter tuning, incorporating human demonstrations could provide valuable guid-

ance for navigating complex manipulation tasks. This observation motivates our exploration

in the following chapter of LfD techniques, speci�cally examining how human insights can be

e�ectively transferred to robotic systems while ensuring kinematic compliance and mechanical

constraints are respected. By combining the systematic understanding gained from our bench-

marking study with the adaptability o�ered by demonstration-based learning, we aim to address

the generalisation challenges that purely algorithmic approaches have yet to overcome.



Chapter 4

Enhancing LfD with DLS-IK and

ProMPs

LfD techniques are invaluable for capturing complex human behaviours for robotic arm manipula-

tions, yet they frequently encounter challenges such as avoiding singularities and respecting joint

limits when directly applied to robotic systems. These challenges often lead to mechanical non-

compliance, inaccuracies, and increased computational demands during control method adjust-

ments. To address these issues, this study introduces a robust approach that integrates DLS-IK

with ProMPs. By using DLS-IK to generate kinematically feasible trajectories, and embedding

these within the ProMPs framework, our method not only ensures mechanical compliance but

also bene�ts from the probabilistic modelling capabilities of ProMPs. This synergy addresses a

signi�cant gap in traditional LfD applications, aligning human demonstrations with the mechani-

cal constraints of robotics, independent of the demonstrator's expertise. Our integrated approach

re�nes the LfD process, enabling the generation of precise, reliable, and mechanically compliant

movements in robotic arms, thereby reducing the typical inaccuracies and computational burdens

associated with conventional LfD methods.

4.1 Introduction

The challenge of kinematic singularities is a prominent concern within the �eld of robotic ma-

nipulators [101, 102]. At such points, the robotic arm encounters con�gurations where it loses

one or more degrees of freedom, complicating control over its movements. Traditionally, these

issues are addressed using IK solutions [103{105]. However, the implementation of LfD tech-

niques [1,10,88], where robots learn actions from human demonstrations, intensi�es the di�culty

of managing singularities. Human demonstrators often overlook the robotic arm's susceptibility

68
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Figure 4.1: Overview of the proposed DLS-IK with ProMPs demonstration learning pipeline:
an iterative IK cycle (FK, primary and secondary tasks, joint update) produces a kinematically
feasible joint trajectory, which the Plan block resamples and passes to ProMPs learning. The
pipeline stages are described in detail in Section 4.2.5.

to singularities and joint limits, which can lead to suboptimal guidance during demonstrations.

This study seeks to enhance LfD methods by addressing such inherent challenges when employing

human demonstrations for training the robotic arm. Current LfD approaches may fail to consider

the full mechanical constraints of robotics, resulting in increased computational complexity and

suboptimal robotic performance. We introduce a novel integration of the DLS-IK (Fig. 4.1) [106]

with ProMPs [13, 55], aimed at overcoming these limitations by ensuring both kinematically-

feasible and mechanically-compliant trajectory learning.

The gap in traditional LfD methods lies in the alignment of human demonstrations with the me-

chanical and operational principles of robotic arms [107]. This misalignment often necessitates

various improvised adjustments and control methods, which compromise the accuracy of the

outcomes and increase the system's computational burden. Our approach uses the robust tra-

jectory generation capabilities of DLS-IK to handle singularities and joint constraints e�ectively.

Integrating these trajectories within the ProMPs framework utilises the probabilistic modelling

strengths of ProMPs, while ensuring that the learning process adheres to mechanical feasibility.

It is necessary to visualise the problems on the physical platform used in this chapter, and

to build upon this foundation for discussion. Figures 4.2, 4.3, and 4.4 illustrate three distinct

singular or near-singular con�gurations of the 7-DoF Franka Emika Panda arm encountered during
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Figure 4.2: A representative singular con�guration of the 7-DoF Franka Emika Panda arm en-
countered during a kinesthetic demonstration: (a) full-arm view, with the end-e�ector path traced
in green; (b) close-up of joints 4, 6, and 7, whose individual trajectories are drawn separately.

Figure 4.3: Wrist-alignment singularity: the
axes of the �nal three joints become copla-
nar, so rotations about the wrist no longer
span a full three-dimensional orientation
space.

Figure 4.4: Elbow-extension singularity: the
arm is fully extended, so the shoulder, el-
bow, and wrist lie almost in a straight line
at the boundary of the reachable workspace.

preliminary kinesthetic demonstrations. Figure 4.2 shows a generic case in which the arm has

reached a con�guration where two consecutive revolute axes have become near-collinear, so

motion of the a�ected joints produces no independent end-e�ector displacement that the end-

e�ector trajectory remains well-de�ned whilst the underlying joint trajectories of joints 4, 6, and

7 lose their kinematic independence, collapsing onto coincident or near-parallel paths that signal

rank de�ciency of the manipulator Jacobian at this pose. This is the situation that gives rise to
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the unstable joint velocities analysed quantitatively in section 4.3.1. Figures 4.3 and 4.4 depict

two structurally distinct singularity classes that recur throughout the demonstration corpus: a

wrist-alignment singularity, in which the axes of the �nal three revolute joints become coplanar

(Fig. 4.3), and an elbow-extension singularity, in which the manipulator approaches full extension

and the redundant degree of freedom collapses (Fig. 4.4). In the latter case the end-e�ector

pose appears unremarkable from a task-space perspective, yet the Jacobian becomes severely ill-

conditioned and any further commanded motion in the direction of extension cannot be realised.

Both classes are routinely produced by human demonstrators who, as noted earlier, guide the end-

e�ector towards task-relevant goals without regard for the manipulator's internal kinematic state.

Each class causes classical pseudoinverse-based IK to fail in a characteristic way: wrist-alignment

singularities produce unbounded joint velocities about the wrist axes, whereas elbow-extension

singularities produce ill-conditioned solutions accompanied by erratic torque signatures. The

DLS-IK formulation developed in section 4.2 is designed to remain stable in both regimes, and

the experiments of section 4.3.1 quantify this stability on instances drawn from each class.

In summary, our contributions are: (1) An advanced DLS-IK method that not only controls

velocity damping but also adheres to joint constraints through the null space principle of the

robotic arm. (2) Incorporation of this re�ned DLS-IK approach into the ProMPs framework,

which signi�cantly enhances the robot's ability to learn and generate motion trajectories that

are both mechanically compliant and e�cient, e�ectively addressing singularity issues and joint

limitations. (3) An investigation into the impact of the Jacobian condition number in the DLS-IK

process on the stability and robustness of robotic arm movements, particularly near singularities.

Our �ndings demonstrate improved stability and velocity control via local optimal parameter

selection.

4.2 Methods

4.2.1 Inverse Kinematics

IK [108] is a crucial concept in robotics, used for determining the necessary joint parameters that

achieve a desired position of the robot's end-e�ector. This process is the inverse of FK, where

the position and orientation of the end-e�ector are computed given the joint parameters. The

complexity of the IK equations can vary signi�cantly depending on the robot's architecture (e.g.,

the number of joints, the type of joints, the geometry of the linkages).

Analytical methods involve solving the equations derived from the robot's geometry algebraically.

These methods can provide exact solutions but may not be feasible for complex robots due to

the mathematical di�culty of solving the equations.
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For robots with multiple degrees of freedom, a common approach is to use the Jacobian matrix,

which relates the velocities of the robot's joints to the velocity of the end-e�ector. The IK

problem can be solved by calculating the inverse (or pseudo-inverse) of the Jacobian matrix:

_x = J _� (4.1)

where _� denotes the vector of joint velocities, J is the Jacobian matrix, and _x represents the

Cartesian velocity of the end e�ector. This iterative method helps approximate joint angles for

complex robotic arms.

4.2.2 Damped Least Squares

The DLS method modi�es the basic least squares solution by adding a damping term to improve

stability and handle singular con�gurations [109]. The Jacobian matrix (J) of the robot, which

relates changes in joint angles to changes in end e�ector position and orientation, plays a central

role in this method.

Given a desired change in end e�ector position (�x), the change in joint angles (��) can be

approximated using the pseudo-inverse of the Jacobian:

�� = J y�x (4.2)

However, directly using the pseudo-inverse can lead to large joint velocities in the vicinity of

singularities. To mitigate this, the DLS method introduces a damping factor (�), modifying the

formula to:

�� = (J T J + � 2I) �1 JT �x (4.3)

where JT is the transpose of the Jacobian, I is the identity matrix, and � is the damping factor,

a small positive constant. This addition ensures that the solution is less sensitive to singularities

and results in smoother motion.

Additionally, the relationship between the damping factor � and the condition number of the

Jacobian �(J) in the context of the DLS is critical for maintaining the stability of the robotic

arm's movements, especially near singularities.

�(J) =
� max

� min
(4.4)
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where �max and � min are the maximum and minimum singular values of the Jacobian matrix J,

respectively. High condition number of Jacobian (�(J) large) indicates that the Jacobian matrix is

near singular or ill-conditioned. To reduce the in
uence of these instabilities, the larger � provides

more damping, which e�ectively regularises the pseudo-inverse by reducing the contribution of

directions associated with small singular values. This helps to prevent excessively large joint

velocities and torques.

Low condition number of Jacobian (�(J) small) indicates that the Jacobian matrix is well-

conditioned. A smaller � allows the control to more precisely follow the desired end e�ector path

or force application.

The damping factor �, together with the additional regulariser � introduced in the null-space

formulation of Section 4.2.4, is held �xed throughout the experiments of this chapter at � = 0:01

and � = 0:01. Because the primary-task solve takes the form (JJ> + � 2I + �I) �1 (Eq. 4.8), the

two parameters combine into an e�ective isotropic damping of
p

� 2 + � =
p

10�4 + 10 �2 � 0:10,

which sits at the upper end of the conventional 0:01 � � � 0:1 range; note that � = 0:01

dominates �2 = 10 �4 , so the additive regulariser in fact supplies most of the damping.

This operating point was selected, rather than merely assumed, through a sensitivity analysis of

the accuracy{stability trade-o� along the elbow-singularity approach of Section 4.3.1, where the

Jacobian condition number rises steeply. Table 4.1 and Fig. 4.5 report, as the e�ective damping

is swept, the peak joint velocity reached during the approach (the stability indicator) against the

residual error in task-space velocity tracking (the accuracy cost). An e�ective damping of � 0:10

is the smallest value that holds the peak joint velocity below the Franka joint-velocity limit of

2:175 rad=s (reaching 1:79 rad=s); weaker damping (. 0:06) leaves the joint velocity above the

limit and therefore mechanically infeasible near the singularity, whereas stronger damping trades

tracking accuracy for stabilisation that is no longer required. The �xed value is thus a deliberate,

conservative operating point justi�ed by the manipulability characteristic, while the condition

number adaptive damping developed in Chapter 5 is its principled successor.

It is worth addressing here why the standard DLS formulation, rather than the more re�ned

SDLS variant introduced in section 2.3, was selected as the IK backbone for the integration with

ProMPs. Three considerations motivated this choice. First, the integration target a probabilistic

movement primitive framework whose weights w � N (�w ; � w) already encode trajectory vari-

ability is most cleanly coupled with a deterministic IK module whose regularisation is governed

by a single, interpretable scalar parameter; a per-direction damping schedule introduces a second

source of stochasticity-like behaviour through threshold transitions and complicates the analysis

of how IK regularisation propagates into the learned weight distribution. Second, the demonstra-

tion learning cycle generates a large number of IK queries per training episode (5,600 joint-angle

samples for the con�guration reported in section 4.3.2), and the SVD cost incurred per itera-

tion by SDLS is poorly amortised in this o�ine, batch usage pattern, where DLS's closed-form



CHAPTER 4. ENHANCING LFD WITH DLS-IK AND PROMPS 74

Table 4.1: Accuracy stability trade-o� of the damped least squares solver along the elbow-
singularity approach of Section 4.3.1, as a function of the e�ective isotropic damping �e� =p

� 2 + �. The peak joint velocity is the stability indicator (it must remain below the Franka limit
of 2:175 rad=s) and the task-velocity residual k_x � J _qk is the accuracy cost. The value used
throughout this chapter (�e� � 0:10, from � = � = 0:01) is the smallest damping that keeps
the peak joint velocity within the limit.

� e� peak joint velocity (rad/s) task-velocity residual

0 (undamped) 72:44 0:000
0:03 6:62 0:110
0:06 3:16 0:177

0:10 (used) 1:79 0:236
0:20 0:91 0:321
0:50 0:33 0:416

Figure 4.5: Damping accuracy{stability trade-o� along the elbow-singularity approach: peak joint
velocity (red, left axis) and task-velocity tracking residual (blue, right axis) as functions of the
e�ective damping �e� (logarithmic axis). The dotted line marks the Franka joint-velocity limit
and the vertical line the operating point used in this chapter.

update is preferable. Third, and most importantly from a thesis-architectural standpoint, the

contribution of Chapter 4 is the integration of an IK-based feasibility layer with a learning-based

motion-primitive framework, not the re�nement of the IK solver itself; introducing SDLS at this

stage would have entangled two distinct contributions and obscured which performance gains

stem from kinematic regularisation versus from the LfD integration. The natural place for direc-

tional damping and adaptive regularisation is therefore Chapter 5, where SDLS-IK serves as one

of the principal benchmark comparators against which AWARE-IK is evaluated, and where the
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interaction between regularisation strategy and multi-objective optimisation is examined directly.

4.2.3 Selectively Damped Least Squares

While the DLS method introduced in the previous section successfully prevents numerical diver-

gence near singularities, it does so at a measurable cost: the scalar damping factor � regularises

all directions of motion uniformly, including those that are well-conditioned and require no sta-

bilisation. The consequence is a systematic loss of tracking accuracy along directions where the

manipulator retains full mobility, manifesting as steady-state Cartesian error even when feasible

solutions exist. This isotropic treatment of an inherently anisotropic problem motivated the de-

velopment of the SDLS, which redistributes damping in a direction-dependent manner through

explicit spectral decomposition of the Jacobian. The foundation of SDLS lies in the Singular

Value Decomposition (SVD) of the manipulator Jacobian:

J = U�V > =
rX

i=1

� i u i v >
i (4.5)

where U 2 Rm�m and V 2 R n�n are orthogonal matrices whose columns ui and vi represent

the task-space and joint-space singular vectors, respectively, and � contains the singular values

� 1 � � 2 � � � � � � r > 0 ordered by magnitude. Each singular value �i quanti�es the gain

along a corresponding pair of singular directions that small singular values identify near-singular

directions where small Cartesian commands induce disproportionately large joint velocities, while

large singular values correspond to directions of well-conditioned mobility.

Whereas DLS computes the joint update through the uniformly regularised inverse

_qDLS = J > (JJ > + � 2I) �1 _x (4.6)

SDLS reformulates the update as a sum of per-direction contributions, applying damping to each

spectral component independently:

_qSDLS =
rX

i=1


 i
� i

� 2
i + � 2

i
v i (u >

i _x) (4.7)

where �i is a per-direction damping factor and 
i 2 [0; 1] is a clamping coe�cient that limits

the magnitude of each component when the requested motion exceeds achievable bounds. The

damping factor �i is typically scheduled as a function of �i , for instance, �i = � max (1�� i =� thresh)

for � i < � thresh and � i = 0 otherwise, so that well-conditioned directions are inverted essentially
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without regularisation while ill-conditioned directions receive aggressive damping. The clamping

term 
 i further prevents any single component from dominating the joint velocity vector, which

is particularly valuable when the desired end-e�ector velocity has components that exceed the

manipulator's instantaneous reachability.

The practical e�ect of this selective regularisation is twofold. First, tracking accuracy along well-

conditioned directions is preserved at near-undamped levels, eliminating the systematic Cartesian

residual that uniform damping introduces. Second, the joint velocity through singular con�gu-

rations becomes smoother because damping is engaged gradually as �i decreases, rather than

being applied as a constant o�set throughout the motion.

These advantages do not come without a cost. SDLS requires a full SVD at every control step,

raising the per-iteration computational complexity from O(n3) for DLS's matrix inversion to

approximately O(min(m; n)2 max(m; n)) for the decomposition. While this remains tractable

for typical 6 and 7-DOF manipulators, it is a non-trivial overhead for high-frequency control

cycles or for trajectory generators that solve thousands of IK problems per planning episode. A

second concern is parameter sensitivity that SDLS replaces DLS's single scalar � with a damping

schedule f� i g, a singularity threshold �thresh, and clamping bounds, each of which must be

tuned to the manipulator and the task. Empirically, this expanded parameter space can produce

non-smooth behaviour across the threshold value of �thresh, where a singular value crossing the

threshold causes a discontinuous change in the damping applied to its direction.

4.2.4 Controlling in the null space

The following general terms are used throughout this section. Let n denote the number of

actuated joints of the manipulator and m the dimension of the task space, with m = 6 when

the task is full pose tracking (three positional and three rotational components). For the 7-DoF

Franka used in all experiments of this chapter, n = 7 and m = 6. The joint con�guration is

q 2 Rn with corresponding joint velocity _q 2 Rn ; the end-e�ector pose lives on the manifold

SE(3), and we write _x 2 Rm for its instantaneous twist. The manipulator Jacobian J 2 Rm�n is

the linear map between these two velocity spaces, _x = J _q. We adopt the convention Ik 2 R k�k

for the identity matrix of size k, so that Im and Im refer unambiguously to identity matrices

acting in task space and joint space respectively.

Controlling in the null space refers to a technique used to achieve a speci�c task (the primary

task), while simultaneously satisfying additional constraints or optimising secondary objectives to

achieve some secondary task [110]. The null space refers to the space of motions that do not

move the end e�ector and hence do not a�ect the primary task.

In this approach, we �rst calculate the joint velocity required for the primary task (e.g., reaching
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a target end e�ector position and orientation) using the DLS method. This method modi�es the

pseudo-inverse calculation of the Jacobian to include damping factors that help prevent numerical

instabilities and large joint velocities near singularities. The formula for the primary task joint

velocity _qprimary 2 Rn using DLS is:

_qprimary = J > (JJ > + � 2I m + �I m ) �1 _x (4.8)

_qprimary 2 Rn , joint-velocity command for the primary task; J 2 Rm�n , manipulator Jacobian,

with JT 2 Rn�m its transpose;_x 2 R m , desired end-e�ector twist in Cartesian (task) space;

I m 2 Rm�m , identity matrix acting in task space, this is distinct from the joint-space identity

I n that will appear in the secondary-task formulation in Eq. 4.9; � 2 R>0 , Damping factor

(typically 0:01 � � � 0:1) that prevents numerical instabilities near singularities by regularising

the inversion of JJT ; � 2 R �0 , additional regularisation parameter penalising joint-velocity

magnitude.

Dimensionally, the product JJT 2 Rm�m , so the bracketed quantity to be inverted is m � m

and its inverse acts on the task-space residual_x 2 R m ; left-multiplication by JT 2 Rn�m then

projects the result back into joint space, yielding_qprimary 2 Rn as required. The damping factor

� speci�cally addresses the singularity problem by ensuring that (JJT + � 2I m ) remains invertible

even as JJT approaches rank de�ciency. A larger � provides more robust numerical behaviour

at the cost of tracking accuracy. The supplementary parameter � a�ords further control over

joint-velocity magnitude: larger values produce smaller commanded velocities and lower energy

expenditure, at the cost of slower convergence.

The damping factor � speci�cally addresses the singularity problem by ensuring the matrix (JJT +

� 2I m ) remains invertible even when JJT becomes singular. A larger � value provides more

robust numerical behaviour but may reduce tracking accuracy. The additional parameter �

provides further control over joint velocity magnitudes, where larger values result in smaller joint

velocities and potentially lower energy consumption, though this may slow convergence of the IK

solution.

The secondary task in our implementation minimises the deviation of each joint's angle from

the midpoint of its motion range. To prevent this secondary task from interfering with the

primary task, the secondary joint velocity _qsecondary 2 Rn is projected onto the null space of the

Jacobian. The null space comprises all joint velocities that do not in
uence the movement of the

end e�ector [102]. The projection of _qsecondary onto the null space is given by:

_qnull = (I n � J + J) � _qsecondary (4.9)
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where: _qnull 2 Rn , null-space projected component of the secondary-task velocity; In 2 Rn�n ,

identity matrix acting in joint space (distinct from Im ); J + = J T (JJ T +� 2I m +�I m ) �1 2 Rn�m ,

damped pseudoinverse, consistent with Eq. 4.8;_qsecondary 2 Rn , joint velocity computed for the

secondary task before projection.

The product J+ J 2 R n�n projects any joint-space vector onto the row space of J (i.e. the

directions that do a�ect the end-e�ector); consequently (In � J + J) 2 R n�n projects onto the

null space of J, guaranteeing by construction that J_qnull = 0 and so the secondary task cannot

perturb the end-e�ector motion delivered by the primary task.

The matrix product J+ J projects any vector onto the column space of J, and thus (In � J + J)

projects onto the null space, ensuring that _qnull does not a�ect the end-e�ector motion.

The �nal joint velocities combine contributions from both tasks, prioritising the primary task

while incorporating the secondary task within the available degrees of freedom:

_qf inal = _qprimary + _qnull (4.10)

where _qf inal 2 Rn represents the �nal joint velocity command sent to the robot. This formulation

ensures that the primary task objectives are met exactly, while the secondary task objectives are

achieved to the extent possible without interference.

4.2.5 DLS-IK

The DLS-IK demonstration learning framework summarised in Fig. 4.1 takes two inputs, a desired

target end-e�ector pose xtarget 2 SE(3) and the manipulator's initial joint con�guration q0 2 Rn ,

and produces, as output, a probabilistic trajectory model p(y(t)) encoded by ProMPs. Between

these two endpoints, the framework operates in two distinct phases that share a common joint-

space representation but run on di�erent time scales. The �rst phase is the iterative IK solver of

Fig. 4.1, in which FK, the primary and secondary tasks, and the joint update repeatedly close a

feedback cycle until the Cartesian residual against xtarget falls below tolerance; this phase produces

a discrete sequence of joint con�gurations fqkgT
k=0 that is kinematically feasible by construction.

The second phase is a one-o� that the Plan block resamples this sequence onto a uniform time grid

via linear interpolation in joint space, and the resulting time-parameterised trajectory is encoded

by ProMPs as a distribution over basis-function weights, yielding a generative model from which

novel mechanically compliant trajectories can subsequently be drawn. It begins with the target

end e�ector posture, which serves as the desired outcome of the demonstration learning. The

FK module provides the necessary context by predicting the end-e�ector's position from current

joint angles.
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Before tracing the operations step by step, we make explicit the design rationale that motivates

the primary and secondary decomposition, since the motivation for splitting the task clari�es

the mechanical description that follows. The choice is not stylistic but a deliberate exploitation

of the manipulator's redundancy that the Franka robot possesses seven actuated joints whilst

pose tracking imposes only six task space constraints, leaving a one-dimensional self-motion

manifold along which the arm can recon�gure without disturbing the end-e�ector. A na•�ve

damped pseudoinverse leaves this redundancy unused, and over long trajectories the solver tends

to drift towards joint limits or towards con�gurations of poor manipulability. Splitting the task

allows the primary component to deliver Cartesian accuracy through the damped pseudoinverse,

while the secondary component spends the redundant DoF on a chosen ergonomic objective that

in our case, regulation towards the centre of each joint's range projected onto the Jacobian's

null space so that it cannot, by construction, interfere with task-space tracking. The role of

the Plan block is then purely to render the discrete IK output suitable for downstream learning,

linear interpolation in joint space resamples the sequence onto a uniform time grid, producing

the kinematically feasible, time-parameterised trajectory that ProMPs encodes. The forward

arrow from Plan to ProMPs Learning in Figure 4.1 is therefore a one-shot transfer; the apparent

feedback path through FK that a casual reading of the schematic might suggest exists only inside

the iterative phase and is closed before the Plan block is reached.

Concretely, the iterative phase proceeds as follows. The framework is initialised with the target

end-e�ector pose xtarget and the starting joint con�guration q0. At each iteration k, FK is

evaluated at the current joint state qk to obtain the present end-e�ector pose; di�erencing this

against xtarget produces the Cartesian residual that drives the joint-velocity update. The update

itself is decomposed into two contributions. The primary task uses the damped least squares

formulation of Eq. 4.8 to compute the joint velocity that drives the end-e�ector towards the

target whilst remaining stable near singularities. The secondary task, computed independently,

biases the joints towards the centre of their motion ranges; it is then projected onto the null

space of the Jacobian via Eq. 4.9 so that, by construction, it cannot perturb the primary task.

The two contributions are summed in Eq. 4.10 to yield the �nal joint-velocity command_q�nal ,

which is integrated to obtain qk+1 and then enters back to FK closing the cycle. Iteration

continues until the Cartesian residual falls below tolerance, at which point the accumulated joint

sequence fqkgT
k=0 is handed to the downstream encoding phase, linear interpolation in joint space

resamples it onto a uniform time grid, and ProMPs encodes the resulting time-parameterised

trajectory as a distribution over basis function weights, supporting smooth reproduction and

conditioning on novel task contexts.

Throughout this iterative process, the robot's commanded motion is continuously re�ned by

the interplay of primary-task tracking, null-space regulation, and the damping mechanism of

Eq. 4.8. Once the framework converges and the resulting trajectory is encoded by ProMPs,

the learned model can be queried to generate new trajectories that respect the same kinematic
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constraints as the demonstration whilst adapting to perturbed via-points or revised goal poses.

The mathematical machinery underlying the ProMPs encoding step is set out in section 4.2.6.

4.2.6 Probabilistic Movement Primitives

In the robotic motion planning and control, ProMPs [54] are a key methodology for encapsu-

lating complex motor skills in a probabilistic framework. This approach signi�cantly diverges

from deterministic trajectory representations, opting instead to model movements as distribu-

tions over trajectories. Such a probabilistic representation not only accommodates for inherent

execution variability but also adeptly navigates uncertainties, thereby ensuring robust adaptabil-

ity to dynamic environmental interactions and alterations in task objectives. ProMPs learn from

multiple task demonstrations to form a cohesive probabilistic model that encodes the movement's

fundamentals and permissible variations.

Movement trajectory y(t) at any given time t is expressed as:

y(t) = �(t) T w (4.11)

where �(t) denotes the chosen basis functions, such as Gaussian basis or polynomials, and w

represents the weights that encode speci�c movement patterns.

ProMPs envisage the weights w as random variables adhering to a Gaussian distribution for

simplicity:

w � N (� w ; � w) (4.12)

This distribution encapsulates movement variability, with �w and � w denoting the mean and

covariance matrix of the weights, respectively.

The objective is to ascertain the parameters �w and � w that most aptly characterise the demon-

strated movements. Techniques such as maximum likelihood estimation or Bayesian inference

are employed, integrating prior knowledge regarding the weights.

ProMPs excel in conditioning on observed trajectory segments or desired outcomes, facilitating

movement adaptation. This is accomplished through Bayesian conditioning, which updates the

weight distribution based on new evidence:

p(wjy obs) / p(y obsjw)p(w) (4.13)
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The revised distribution is instrumental in predicting likely movement completions or adaptations

to novel circumstances. New movements are synthesised by sampling from the w distribution,

followed by trajectory computation using the basis functions.

The variability that this Gaussian distribution over weights is designed to capture is of three prin-

cipal kinds, all of which arise routinely in kinesthetic teaching of a 7-DoF manipulator. The �rst

is trajectory variability, across repeated demonstrations of the same task, the operator typically

traces end-e�ector paths that di�er in shape, for instance, reaching towards a target along a

slightly higher or lower arc, even when the task constraints (start pose, end pose, obstacle avoid-

ance) are identical. The second is temporal variability, the same operator, or di�erent operators,

will execute the same gesture at di�erent paces, with non-uniform local speed, leading to phase

variation between otherwise similar trajectories. The third is execution variability, small perturba-

tions within a single demonstration arising from physiological tremor, friction in the joints during

back-driving, or 
uctuations in the operator's grip on the end-e�ector. ProMPs encodes the �rst

two of these gracefully through the covariance structure �w of the weight distribution, which

models how demonstrations spread around the mean trajectory in shape and timing space. The

third, high-frequency execution noise sits at a frequency that the smooth-basis representation

�(t) does not naturally absorb, and it is here, as the experimental analysis in section 4.3.2 will

show, that raw human demonstrations cause ProMPs to produce velocity pro�les with charac-

teristic oscillations and oversmoothed peaks. The DLS-IK preprocessing step proposed in this

chapter is motivated precisely by the need to suppress this third class of variability before en-

coding, whilst preserving the �rst two. Through this combination, ProMPs provide an e�ective

representation for adaptable robotic motion in settings where variability and uncertainty must be

managed deliberately rather than averaged away.

4.3 Experiments

We present two experiments conducted to evaluate the e�cacy of the proposed DLS-IK method

in robotic arm manipulations. The �rst experiment, termed the singularity experiment, was

designed around two distinct singularity scenarios to demonstrate how DLS-IK can e�ectively

stabilise and smooth the manipulator's movements approaching singularity points. Additionally,

this experiment provided insights into the relationship between the Jacobian condition number

and the stability of the robot arm's movement, underlining the critical in
uence of mathematical

conditions in robotic precision and control.

The second experiment focuses on integrating the ProMPs model to contrast the outcomes from

DLS-IK demonstrations with those derived from human demonstrations. This comparison aims to

identify and analyse the limitations inherent in using human demonstrations for robotic learning.

The �ndings highlight the challenges of relying solely on human inputs and con�rm the need for
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Figure 4.6: Change in velocities of the Franka robot arm using null space principle

Figure 4.7: Change in velocities of the Franka robot arm using DLS-IK solution

incorporating the DLS-IK method to improve learning outcomes.

It is instructive to �rst examine the velocity stabilisation behaviour of the DLS-IK formulation in

isolation, to verify that the primary and secondary task decomposition of section 4.2.4 produces

the bounded transient response that its theoretical motivation predicts. Figures 4.6 and 4.7
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present this preliminary diagnostic.

Figure 4.6 shows the joint-velocity transient produced when only the secondary, null-space pro-

jected task of Eq. 4.9 is active, that is, when the manipulator is regulated towards the centre

of each joint's range without simultaneous primary-task tracking. The seven joint velocities ex-

hibit substantial initial excursions, with peak magnitudes reaching approximately �2:0 rad=s and

+1:5 rad=s at the �rst step, before damping out to near-zero values by approximately the sixth

iteration. This behaviour is the expected signature of the null-space mechanism acting alone

that it pushes the con�guration towards a preferred posture, but in the absence of an anchoring

task-space constraint the resulting transient is large in magnitude and irregular across joints.

Figure 4.7, by contrast, shows the joint-velocity transient produced by the full DLS-IK formulation

of Eq. 4.10, in which the primary damped least squares task (Eq. 4.8) and the null-space projected

secondary task (Eq. 4.9) are combined. The initial excursions are reduced to approximately

�1:5 rad=s and +1:0 rad=s, a roughly 25{30% reduction in peak magnitude, and the convergence

to near-zero values is comparably smooth. The key qualitative observation is that the addition

of the primary task does not eliminate the secondary task contribution, instead it constrains the

secondary task to act within the kinematic envelope set by the primary objective, producing a

bounded, well-behaved transient even when the manipulator is not yet at the target.

We employ the ROS [98] framework and the MoveIt [99] library for planning and executing

robotic arm movements. ROS is an open source platform for building robot applications, while

MoveIt provides a uni�ed interface for performing motion tasks. We conduct the experiment on

a computer equipped with an Intel i9-11900 processor and an NVIDIA 3050.

4.3.1 Approaching a singularity

Before presenting the results, we make the experimental setup explicit. All singularity experi-

ments are performed on the Franka Emika Panda, a 7-DoF serial manipulator (n = 7 actuated

joints against an m = 6 pose task, leaving the one-dimensional redundancy exploited in Sec-

tion 4.2.4). The per-joint position, velocity, and acceleration limits used throughout are those of

the Panda datasheet and are listed in Table 4.2; the elbow joint (q4), whose admissible range

[�3:072; �0:070] rad is the most restrictive and entirely one-sided, is the joint driven toward its

limit in the second scenario.

Two singularity scenarios are evaluated, both seeded from the Panda ready con�guration q0 = [ 0;

�0:785; 0; �2:356; 0; 1:571; 0:785 ] rad, whose end-e�ector position is [ 0:307; 0; 0:486 ] m.

The two scenarios di�er only in the commanded target and hence in the way the arm is driven

toward a singularity, as summarised in Table 4.3. In the �rst scenario (Fig. 4.14) the commanded

end-e�ector position is held essentially constant while the wrist is re-oriented, so that the terminal
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roll (q7) carries the motion and the arm approaches a wrist (representation) singularity; this is

a mild case in which the Jacobian condition number stays close to 8:2 throughout. In the

second scenario (Fig. 4.15) the arm is commanded to reach out toward a target behind the

base, [ �0:310; 0; 0:589 ] m, so that the elbow (q4) straightens toward its upper limit and the

manipulator approaches an elbow-extension singularity; joints 4, 6, and 7 are the most a�ected,

and the condition number rises sharply (to � 85 without stabilisation). Figure 4.8 visualises

this approach directly, plotting the Jacobian condition number and the manipulability measure
p

det(JJ > ) along each scenario with and without DLS-IK stabilisation (� = 0:01), and so

makes concrete how each scenario drives the arm toward its respective singularity. In the mild

�rst scenario �(J) remains near 8:2 for both conditions, whereas in the severe second scenario the

undamped baseline condition number climbs to � 85 while DLS-IK holds it to � 15, consistent

with the conditioning improvement quanti�ed in Tables 4.5 and 4.6.

Table 4.2: Joint limits of the 7-DoF Franka Emika Panda used in all experiments of this chapter
(manufacturer datasheet). Position limits de�ne the admissible con�guration range; velocity and
acceleration limits bound the commanded motion. The asymmetric, entirely negative range of
joint 4 makes it the joint most readily driven to its limit during the elbow-extension scenario.

Joint qmin (rad) qmax (rad) range (rad) _qmax (rad/s) •q max (rad/s2)

q1 �2:897 2:897 5:795 2:175 15:0
q2 �1:763 1:763 3:526 2:175 7:5
q3 �2:897 2:897 5:795 2:175 10:0
q4 �3:072 �0:070 3:002 2:175 12:5
q5 �2:897 2:897 5:795 2:61 15:0
q6 �0:018 3:753 3:770 2:61 20:0
q7 �2:897 2:897 5:795 2:61 20:0

Table 4.3: Con�guration of the two singularity scenarios. Both are seeded from the Franka ready
pose q0 = [ 0; �0:785; 0; �2:356; 0; 1:571; 0:785 ] rad (end-e�ector at [ 0:307; 0; 0:486 ] m);
they di�er in the commanded target and in the joint motion that carries the arm toward the
singularity.

Scenario Singularity
type

Commanded target EE
(m)

Approach that induces the singularity

1
(Fig. 4.14)

Wrist (q7) [ 0:307; 0; 0:486 ] (re-
orient)

Wrist re-orientation at near-constant po-
sition; q7 carries the motion (mild, � �
8:2).

2
(Fig. 4.15)

Elbow (q4, q6,
q7)

[ �0:310; 0; 0:589 ]
(reach behind base)

Elbow q4 straightens toward its upper
limit on extension (severe, � to �85).

This section presents a comparative analysis of two distinct singularity scenarios to assess the

e�ectiveness of the DLS-IK method in smoothing velocity of robotic arms near singularity points.

Fig. 4.14 and 4.15 delineate these scenarios, focusing on the robotic arm joints particularly

susceptible to singularity e�ects.
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Figure 4.8: Jacobian condition number �(J) (top) and manipulability
p

det(JJ > ) (bottom) along
the approach for the �rst (wrist, left) and second (elbow, right) singularity scenarios, baseline
(dashed) versus DLS-IK (solid).

Table 4.4: Peak absolute joint velocity reached during the second (elbow) singularity approach of
Fig. 4.15, without stabilisation (baseline, undamped resolved-rate) and with DLS-IK (� = 0:01).
The undamped baseline drives joints 4 and 6 far past their velocity limits as �(J) ! 85, whereas
DLS-IK keeps every joint within its limit (cf. Table 4.2).

Joint baseline peak j _qj (rad/s) DLS-IK peak j _qj (rad/s) limit (rad/s)

4 14:64 1:68 2:175
6 6:96 1:19 2:61
7 2:18 0:15 2:61

In the �rst scenario, depicted in Fig. 4.14, as the robotic arm nears a singularity, there is a

marked increase in the velocity of joint 7, with values dipping to -1.0 rad/s which illustrates

the challenges typically associated with singular con�gurations. In contrast, the application of

DLS-IK yields a consistent velocity, maintaining approximately -0.8 rad/s, thus showcasing the

method's capacity for ensuring stable velocities even as singularity is approached.

Torque associated with singularity, as shown in Fig. 4.14, are characterised by small magnitudes

yet display erratic 
uctuations and frequent direction changes. The implementation of DLS-IK,

however, results in more uniform torque trajectories, indicating an enhanced level of consistency

and control over torque application, especially in the vicinity of singularity.



CHAPTER 4. ENHANCING LFD WITH DLS-IK AND PROMPS 86

Figure 4.9: The �rst singularity task



CHAPTER 4. ENHANCING LFD WITH DLS-IK AND PROMPS 87

Figure 4.10: Change in velocities of the Franka robot arm using DLS-IK solution in the �rst task
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Figure 4.11: The second singularity task
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Figure 4.12: Change in velocities of the Franka robot arm using DLS-IK solution in the second
task
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Figure 4.13: (a) illustrates the operation sequence of a Franka robot arm, beginning with the
initial stage (highlighted in orange) and progressing towards a state near to a singularity. (b)
displays the motion trajectories of Joints 4, 6, and 7, which are in
uenced by the singularity.

Table 4.5: Distribution of the Jacobian condition number �(J) along the trajectory generated
for the �rst singularity scenario, with and without DLS-IK stabilisation. Each row reports the
percentage of time samples (over the full duration of the executed trajectory, sampled at the
controller rate) at which �(J) falls below the indicated threshold. Lower condition numbers
correspond to better-conditioned Jacobians and therefore to numerically more stable kinematics;
values of �(J) � 10 already indicate proximity to a kinematic singularity, while �(J) < 8 corre-
sponds to comfortably well-conditioned con�gurations. The interpretation of the table including
the apparent reduction in the "< 10" column under DLS-IK, which is in fact a consequence of
denser sampling of the singular region rather than worse conditioning is given in the discussion
that follows.

Condition number of Jacobian �(J) < 8 (%) �(J) < 10 (%)

First singularity scenario 0% 100%
DLS-IK in �rst singularity scenario 20% 83%

In the second scenario (Fig. 4.15), the baseline trajectory is marked by an unstable simultaneous

increase in the velocities of joints 4, 6, and 7 as the manipulator approaches the coupled elbow

singularity. Without stabilisation the velocities diverge sharply as the Jacobian condition number

climbs toward �(J) � 85 that joint 4 reaches a peak magnitude of approximately 14:6 rad=s and

joint 6 approximately 7:0 rad=s, both far in excess of the corresponding Franka joint-velocity lim-

its (2:175 and 2:61 rad=s respectively, Table 4.2), while joint 7 reaches approximately 2:2 rad=s.

These magnitudes are mechanically infeasible and constitute the velocity-level manifestation of

the near-singular instability that classical pseudoinverse IK produces. The DLS-IK formulation

regulates all three trajectories: the peak velocities of joints 4, 6, and 7 are reduced to ap-

proximately 1:7, 1:2, and 0:15 rad=s respectively (Table 4.4), every value now lying within its

joint-velocity limit, and the pro�les become smooth and monotonic rather than divergent. The
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