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Introduction

Motivation: The Crepant Resolution Conjecture

The subject matter of this thesis lies at the intersection of birational and enumerative
algebraic geometry. The questions we will consider fall within the broad overarching
problem of understanding the behaviour of curve-counting invariants of varieties (or
orbifolds) under birational transformations.

A much-studied setup is that of crepant desingularisations: for X a complex algebraic
orbifold (smooth Deligne-Mumford stack) with coarse moduli space X, a resolution of
singularity 7w : Z — X is crepant if 7*Kx = K. The archetypical example is the
classical McKay correspondence for Kleinian singularities, which are coarse quotient
spaces X = C2/G for finite subgroups G' < SL(2,C). Such a space X has an isolated
singularity at the origin, and its minimal resolution Z — X is crepant. A classical
observation of McKay [50] asserts that the intersection graph of the exceptional divi-
sors in Z coincides with the affine Dynkin diagram associated with the representation
theory of G. Our thesis will be devoted to upgrading this connection to the study of
the respective quantum cohomologies and their underlying theory of curve counting
invariants (Gromov—Witten invariants).

From a birational perspective, a central question is how to associate invariants to
Deligne-Mumford stacks in crepant birational relationship. An early example is the
equality between the stringy Euler number of the orbifold and the Euler number of its
crepant resolution, motivated by the seminal work of Dixon, Harvey, Vafa, and Witten
[29] on orbifold string theory. The formalisation of this equivalence began with Batyrev
[5, 4] and was proven for global quotients by Denef-Loeser [28] using motivic integration.
Yasuda [64] subsequently refined this framework as an isomorphism of cohomologies as
graded vector spaces, proving that orbifolds in crepant birational relationship have
matching orbifold Betti numbers.

The classical underlying cohomology rings of X and Z are not, however, isomorphic.
Following Chen and Ruan’s [21] construction of orbifold cohomology and orbifold Gro-
mov-Witten invariants, Ruan famously proposed [58] that the Chen—Ruan orbifold
cohomology ring H¢p (X; C) is isomorphic to a suitable specialisation at roots of unity
of the quantum cohomology ring QH*(Z; C) of the resolution. A set of influential con-

vi
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jectures of Bryan—Graber [17], Coates—Iritani—-Tseng [25] and Iritani [42] further refined
Ruan’s original conjecture with a full prediction on how the genus-zero Gromov—Witten
theories of varieties (or orbifolds) in crepant birational equivalence are mutually deter-
mined.

The modern framework to understand these conjectures is as an isomorphism of quan-
tum D—modules associated to the respective Dubrovin connections [42, 25], inducing
a symplectic isomorphism of the associated Givental spaces and a non-trivial relation
between the generating function of genus-zero Gromov—Witten invariants of an orb-
ifold and its resolution. A striking conjecture of Iritani [43] further posits an explicit
form for this isomorphism as being induced from a natural isomorphism at the level
the corresponding derived categories of coherent sheaves via a suitable “central charge”
operator, defined in terms of the I'-class of the tangent bundle.

The state-of-the-art in the study of the Crepant Resolution Conjecture (CRC) heavily
— and virtually invariably — relies on techniques from mirror symmetry. The quantum
cohomology rings of targets in a crepant relationship should ostensibly arise from the
expansion of a global quantum D—module at different boundary points of the stringy
Kahler moduli space. Relating these explicitly requires a resummation and analytic
continuation of the respective Gromov—Witten generating series, with the oscillating
integral expressions from Landau-Ginzburg mirror models providing the core method
for the proof of the CRC in its various guises. Because of that, the near entirety of our
knowledge about the CRC is limited to toric stacks, with non-toric setups being largely
terra incognita. Even the foundational case of the CRC for Kleinian singularities — the
quantum McKay correspondence — is largely terra incognita aside from the case when
G is a cyclic (hence Abelian) group.

Abstract

In this thesis, we take a series of steps towards a proof of the quantum McKay correspon-
dence in full generality. We establish a uniform Lie-theoretic mirror theorem for ADE
singularities, also covering the as-of-yet untreated non-toric Dynkin series D,, and E,,
in terms of a suitable one-dimensional Landau—Ginzburg model. We then leverage this
to the as-of-yet untreated study of the global Dubrovin connection for the D-series, ver-
ifying Iritani’s structure conjecture for the CRC in that context. We also push the CRC
beyond its original geometric incarnation to encompass the representation-theoretically
meaningful case of “foldings”.

Outline of the thesis

In Chapter 1, we review some basic notions about the classical McKay correspondence,
the Chen—-Ruan cohomology of quotient stacks, Gromov—Witten theory and Givental’s
symplectic formalism, and relevant elements from the theory of Frobenius manifolds.
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In Chapter 2, we show that, under Dubrovin’s notion of “almost” duality, the Frobe-
nius manifold structure on the orbit spaces of the extended affine Weyl groups of type
ADE is dual, for suitable choices of weight markings, to the equivariant quantum coho-
mology of the minimal resolution of the Kleinian singularity of the same Dynkin type.
We also provide a uniform Lie-theoretic construction of Landau—Ginzburg mirrors for
the quantum cohomology of ADE resolutions. The mirror B-model is descr/ib\ed by a
one-dimensional LG superpotential associated to the spectral curve of the ADE affine
relativistic Toda chain. The content of this chapter originally appeared in a published
joint work [14] with Andrea Brini and Ian A.B. Strachan.

In Chapter 3, we follow a framework to study the crepant resolution conjecture for
the Kleinian singularities of type D, which allows to explicitly compute the symplectic
transformation between Givental spaces of the orbifold and resolution. We provide
such computation for the D3 = Ag singularity and discuss its relation with Iritani’s
integral structure. The main tool is mirror symmetry for minimal resolution of Kleinian
singularities as developed in Chapter 2.

In Chapter 4, we compute the untwisted part of the C*-equivariant orbifold quantum
cohomology of certain finite cyclic quotients of the minimal resolutions of Kleinian
singularities, which we refer to as their foldings. We then formulate a conjecture for
the full C*-equivariant orbifold quantum cohomology, motivated by the Crepant Res-
olution Conjecture, and provide two pieces of supporting evidence. We also identify
the resulting Frobenius structure with known Frobenius structures associated with the
corresponding non-simply-laced root systems.

In Appendix A, we briefly review Lauricella hypergeometric functions and provide
connection formulas for their analytic continuation. These results are used in Chapter 3.
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Notation

R, resp. R An ADE root system, resp. its set of positive roots
nI={o,...,q} The set of simple roots of R
Q={wi,...,w} The set of fundamental weights of R
pi, resp. I Irreducible representation, resp. weight system, with highest weight w;
(h,(,)) The Cartan subalgebra of g, together with its Cartan—Killing form
g The complex simple Lie algebra associated to R
Cij = (a4, o) The Cartan matrix of R
w A marked fundamental weight of R as in Figure 2.1.
W/W/W The Weyl/affine Weyl/extended affine Weyl group of type (R,®)
Gr The Kleinian subgroup of SL(2;C) corresponding to R
Xp,resp. Zr The Kleinian singularity of type R, resp. its minimal resolution
(i), Linear coordinates for H2(Zg) in the dual basis of {E;}_,
(Tg) getrrep(Gr) Linear coordinates for H¢ (Xr) in the basis {14} ctrrep(az)
T The torus action on Z specified by &
Maw The extended affine Weyl Frobenius manifold of type (R, ®)
Maw The equivariant quantum cohomology of Z of type (R, ®)
Mig The Landau—Ginzburg Frobenius manifold of the affine relativistic

Toda chain of type (R, )

(7707 Coﬂ?i&i)

The metric, product tensor, and their duals on M, (e € {AW, GW,LG})

(Yo[)fl:1 Basic Weyl-invariant Fourier polynomials of §
(Wa)l—4 The fundamental characters of exp(g)
(ya)o, Basic extended affine Weyl-invariant Fourier polynomials of h & C
(¢:)'T], resp. (p;)if] | Linear coordinates for h @ C in the basis ITY, resp. QY
(ta), A flat coordinate chart for Maw
J A set of initial conditions for M aw




v Generator of H., (pt) = C[v] in degree 2; we localise to C(v)
zZ A smooth quasi-projective variety or quotient stack,
equipped with a C*—action
1Z Inertia stack of Z
K(Z) Topological K—group of Z
H(Z) Cohomology HZ, (Z), if Z is a smooth variety;
Chen-Ruan cohomology H{y ¢« (Z), if Z is an orbifold
H(Z) Givental’s space H(Z) @ C((z 1)) of Z
QHZ. (2) C* —equivariant quantum cohomology of Z
(R, ®PRr) A pair of root system with a symmetric group &z = (¢)
(Rlold Rave) Root systems obtained by folding, averaging
Xtold | X grold Quotient stack [Zr/Pr]/ coarse quotient space Zr/Pr
RS Root systems corresponding to minimal resolutions of Xyfola

Table 1: Notation used throughout the text. When working in local coordinates for
Maw, we will consistently use lower-case Latin indices for a flat chart for the inter-
section form; upper-case Latin indices for a flat chart for the Saito metric; and Greek
indices for a coordinate chart given by basic invariants. When the context is clear and
a choice of root system R is fixed, we will often omit the subscript R in the relevant

expressions.




Chapter 1

Preliminaries

§1.1 Kleinian singularities and the McKay correspondence

In this section, we very briefly review the classical theory of Kleinian singularities and
the McKay correspondence, which bridges the representation theory of finite subgroups
of SL(2;C) and the geometry of their minimal resolutions.

1.1.1 KLEINIAN SINGULARITIES

Let G < SL(2;C), |G| < oo be a finite subgroup. The corresponding Kleinian singu-
larity (also referred to as du Val singularity, or a surface singularity of ADE type) is
defined as the affine scheme

X = Spec ((C[x,y]G) ,

where the action on C? by G is induced by restriction of the fundamental representation
of SL(2;C). The finite subgroups G < SL(2;C) and their corresponding singularities
are classified by root systems of type R = ADE;:

(Z/(n+1)Z R=A,,
BDy_9=1(2,2,n) R=D,,
G ~ < BT = (2,3,3) R = Eg, (1.1)
BO = (2,3,4) R =Er,
BI = (2,3,5) R = Eg.

The type of root systems reflects the resolution geometry of Kleinian singularities as
follows.

Klein’s classical presentation of the ring of invariants,

G C[ua v, ’U)]

Clovy (Zc)

: (1.2)



where
w? + u? + ot R=A,,
w? +v(u?+0"2) R=D,,
Ze(u,v,w) = ¢ w? + ud + v* R = Eg, (1.3)
w? + ud 4+ uo? R =E;,
w? +ud 400 R = Eg,

realises X as a hypersurface in C? with an isolated singularity at the origin. There is
a well-known canonical minimal resolution

Z T X (1.4)

obtained through a sequence of blowing-ups of the singularity [56]. The exceptional
locus E = 7~1(0) is a union of smooth rational curves E1, ..., E, intersecting transver-
sally. The dual graph of these curves is the Dynkin diagram of ADE type in the
classification.

1.1.2 THE McKAY CORRESPONDENCE

Let Irr(G) = {po, p1,---,pn} denote the set of isomorphism classes of irreducible rep-
resentations of G, where pg is the trivial representation. Let @ be the defining repre-
sentation of G given by the inclusion G < SL(2;C), and let x¢ denote its character.

The McKay graph of G is an undirected graph whose vertices are indexed by Irr(G).
The number of arrows between p; and p; is given by the multiplicity of p; in the tensor
product p; ® Q. Because xq is real, this is equal to the multiplicity of p; in the tensor
product p; ® Q.

McKay [50] observed a striking bijection between the representation theory of G and
the geometry of the minimal resolution Z:

Theorem 1.1.1 (McKay correspondence). The McKay graph of G is the affine ADE
Dynkin diagram corresponding to the type of G. Furthermore, by deleting the vertex
corresponding to the trivial representation pg, one obtains the classical ADE Dynkin
diagram, which is the dual intersection graph of the exceptional curves Fi,..., E, in
the minimal resolution Z.

Geometrically, this establishes a natural bijection between the non-trivial irreducible
representations of G and the irreducible components of the exceptional divisor:

pi +— Ej;, for 1 <i<n. (1.5)

The irreducible components E; are —2 curves. Therefore under this correspondence,
the intersection matrix of the exceptional curves is exactly the negative of the Cartan
matrix of the corresponding root system R:

Ei . Ej = _Cij. (16)



1.1.3 DYNKIN DIAGRAMS

Below we list the affine Dynkin diagrams associated with the Kleinian singularities.

PloNg

By _Ey NN 2

An: *—0o—eo— - —@
Es

En—2 En—l

S
3
&
S

E1 E2 E3 E4 E5

Ev FEy, FEs Ey FEs5 FEg

Q—O—IE—sé—O—O—Q

E1 E2 Eg E4 E5 E6 E7

Figure 1.1: Affine Dynkin diagrams of ADE type.

§1.2 Chen—Ruan cohomology of global quotient stacks

A complex orbifold generalises the notion of a complex manifold by admitting local
finite quotient singularities [60]. Locally, it is modeled on quotients U/G, where G is a
finite group acting holomorphically and effectively on an open subset U C C™. In the
algebraic category, the geometric data of a complex orbifold formally corresponds to



a smooth, separated Deligne-Mumford stack over C with generically trivial stabilisers
[48]. Throughout this thesis, we treat these two notions as equivalent.

1.2.1 ASSUMPTIONS AND NOTATIONS

All varieties and stacks are defined over the base field C. Moreover, all stacks considered
in this section are global quotient stacks of smooth varieties by finite groups.

Let Y be a smooth quasi-projective variety and let G' be a finite group acting on Y.
We write

X = [Y/G] (L.7)
for the associated global quotient stack, and denote by 7: X — Y/G the coarse moduli
map.

C*-action. Assume that C* acts algebraically on Y and commutes with the G-action,
so that it induces an action on X. The induced C*-action on the inertia stack IX is
described in (1.10). We assume moreover that the fixed locus Y is compact. This
hypothesis ensures that the localised C*-equivariant pushforwards appearing below are
well-defined (see Section 1.2.3).

Coefficients of (co)homology. Unless stated otherwise, all (co)homology groups are
taken with Q-coefficients. When a C*-action is present, we work C*-equivariantly and
denote equivariant cohomology by H¢, (- ). In this setting, all classes are understood as
equivariant lifts; moreover, whenever we apply localisation we implicitly extend scalars
from HY, (pt) = Q[v] to its field of fractions Q(v).

(Co)homology of quotient stack and the Kronecker pairing. Let ¢: Y — Y/G
be the quotient map. With Q-coefficients we identify H*(Y/G) with the G-invariant
subspace H*(Y)¢ via pullback ¢*. On homology we use the averaging projector

Avi Hy(Y3Q) = Hy(V;Q)%,  Av(y) = |(1;‘ S 6.(7), (1.8)
geG

and we regard the degree lattice for the quotient as Av(Hz(Y;Z)) C Ha(Y;Q)¢. The
Kronecker pairing on the quotient is defined by evaluation upstairs: for o € H kY/@)
and 8 € AV(HQ(Y; Z)),

(o, B)yic = (", By (1.9)

1.2.2 CHEN-RUAN COHOMOLOGY

Chen and Ruan [21] introduced a cohomology theory for orbifolds based on the inertia
stack IX. In the present setup, the inertia stack decomposes as a disjoint union indexed
by the conjugacy classes of G:

x = || Xy o Xy=[CH), (1.10)
(g)€Conj(G)



where Y'Y is the fixed locus and C(g) is the centraliser of g.

The connected components of the substacks Xy are called sectors. Those contained
in &) form the untwisted sector, and the remaining ones are twisted sectors.

There is a canonical involution
v IX = IX, (z,9) — (z,g71), (1.11)
which exchanges X,y with X(,-1).

Age. For z € Y9, the element g acts on T,Y with eigenvalues exp(27if;), where
; € [0,1). Define

age(g)| = Zﬁj. (1.12)

On each connected component of Y9 this is constant, so we view age(g) as a locally
constant function on X(g).

State space. The Chen—Ruan cohomology of X is
Hig(X) = H*(1X), (1.13)

equipped with the Chen—Ruan grading by declaring that a class « € H k(X(g)) has
shifted degree
degep (o) =k + 2 age(g). (1.14)

Equivalently, as a graded vector space one may write

Heg(X) = @ H 250 (X)) (1.15)
(9)

We call the contribution from twisted sectors the twisted part of Hip (X), namely

B = @ ) 110
(9)#(1)

Orbifold Poincaré pairing. For the remainder of this subsection, assume that X is
proper. The orbifold Poincaré pairing on X is defined using the standard pairing and
the involution on I X:

(o, B)cr = /IXa U™ (), o, € Hig(X), (1.17)

where the integration over a global quotient X{4) = [Y9/C(g)] is understood as

/[Yg/C(g)](') T C(g)l Yg() (1.18)




whenever this interpretation is convenient.

Double inertia stack and the obstruction bundle. The double inertia stack (or
2-fold inertia) of X’ is defined by

LX = IX xy IX, (1.19)
with the two projections ey, ea: IoX — I X. There is also a natural morphism p: IbX —
1X induced by multiplying stabiliser elements.

Set

Y9 =y9nyvh — C(g,h) =C(g)NC(h), X9 =[Y9"/C(g,h)]. (1.20)

Then I, X admits the presentation

LX = [ I1 Yg’h/G} S T (1.21)

(9,h)eGXG [(9,h)]€EG\(GXG)

where G acts on G x G by simultaneous conjugation. On the (g, h)-component, the
morphisms

el : Xg’h — X(g), (SHR Xg’h — X(h), I Xg’h — X(gh) (1.22)

are induced by the inclusions Y9 < Y9, Y9 < Y" and Y9 — Y9 together with
the corresponding inclusions of centralisers. Equivalently, the multiplication map is
induced by (y,g,h) — (y,gh) on stabilisers.

There is a canonically defined obstruction bundle Ob, ;, on each component A9 hc LX.
Its Euler class
egn = e(Oby, ) € H o (X9 (1.23)

plays a central role in the definition of the orbifold Chen—Ruan cup product; see [21, 37]
for its construction and properties.

Orbifold cup product. For the following componentwise formula only, assume that G
is abelian; this includes all groups appearing in the folding constructions of this thesis.
Let a € H*(Xy) and B € H*(X()) be homogeneous. Their Chen-Ruan product
axcr [ is the class in the (gh)-sector defined by

a*cr B = u*(e’{a U ey U eg,h) € H*(Xgn))- (1.24)

Taking the direct sum over g € G and inserting the degree shifts yields a graded product
on HEp(X). For a nonabelian group, the product is obtained by summing the same
push—pull construction over the simultaneous-conjugacy classes of pairs (¢, h’') with
g € (g9) and b’ € (h).

The Chen-Ruan product, together with the orbifold Poincaré pairing, defines the
degree-zero three point function for any o, 8,7 € Hig(X):

(o, B,7)0 = (a*cr B,7)cR- (1.25)



1.2.3 EQUIVARIANT VARIANTS

Chen—Ruan cohomology admits a natural C*-equivariant refinement. In this thesis we
work primarily in this C*-equivariant setting.
C*-equivariant Chen—Ruan cohomology. We set

Hipg ox (X) = Hgu (1X), (1.26)
equipped with the same Chen—-Ruan grading convention as in Section 1.2.2. The equiv-
ariant orbifold Poincaré pairing is

(CX

(o, B)emcn = / AU (8) € QW), (1.27)

1x

where [ C* denotes the C*-equivariant pushforward to a point.

Remark 1.2.1 (Non-proper targets). Since Y is only quasi-projective, the non-equivariant
pushforward [, need not be defined. In this thesis all pairings and correlators are un-
derstood C*-equivariantly, and their values lie in the localised coefficient ring Q(v).
The hypothesis that YC" is compact ensures that these localised pushforwards are
well-defined via localisation.

C*-equivariant Chen—Ruan product. The Chen—Ruan product admits a C*-
equivariant refinement

*or,cx ¢+ Heg o (X) @ Heg ox (X) — Heg ox (X)), (1.28)

defined by the same correspondence on the double inertia stack as in Section 1.2.2, with
all pullbacks, pushforwards, and Chern classes taken C*-equivariantly. Accordingly, the
degree—zero three—point function (1.25) admits a tautological C*-equivariant extension.

§1.3 Gromov—Witten invariants and quantum cohomology

In this section, we briefly recall the necessary background on Gromov—Witten theory
for both smooth varieties and orbifolds. Our main references are [21, 1, 20].

1.3.1 GROMOV—WITTEN INVARIANTS OF SMOOTH VARIETIES

Let Z be a smooth quasi-projective variety equipped with a C*-action. Let M, (Z, )
denote the moduli space of genus-g, n-pointed stable maps to Z of class 8 € Ha(Z,Z).
By the standard theory of Gromov—Witten invariants, it admits a perfect obstruction
theory and a virtual fundamental class

[Mg,n<Zy B)]Vir € Avdim (Mg,n(za B))a
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where the virtual dimension is given by

vdim My, (Z,8) = (1 — g)(dim Z — 3) +n + /ﬁcl(TZ). (1.29)

The C*-action on Z naturally induces a C*-action on the moduli space Mg,n(Z, B),
and the virtual fundamental class has a natural equivariant refinement

[Mg n(Z B)]Vlr(cx € Alem(i (Za B))

Gromov—Witten invariants are intersection numbers against the virtual fundamental
class. In the C*-equivariant setup, one needs to use Graber—Pandharipande’s virtual
localisation theorem [40] to define such invariants for a noncompact target. For every
(g,n,B) under consideration, assume that the fixed locus of the induced C*-action
on My, (Z,8) is proper. Virtual localisation then defines, for insertions aq, ..., a, €
HE . (Z), the primary C* -equivariant Gromov-Witten invariants:

x ip( ITizy evi(ai)
<a1,...,an>§’§6 = S / F eCXINvH) ) € Q(v), (1.30)

FCMg . (Z,8)C

where ev;: M, ,(Z,3) — Z is the evaluation map, the sum runs over the connected
components F of the fixed locus, ip: F < M, ,(Z, 3) is the inclusion, and the Euler
class of the virtual normal bundle Nl‘}ir is inverted in the localised equivariant cohomol-
ogy of a point.

Moreover, let £;,1 < i < n be the universal cotangent line bundle on Mgm(Z , ) whose
fibers are cotangent lines at the ith marked point of the source curve, and 1; = ¢1(L;).
Then descendant C* -equivariant Gromov—Witten invariants are defined as:

. i I v (o)l
(' o)=Y /F] I >e@<u>.

g,n,0 e Nvlr
FCMgn(Z,8)¢ c ( )

1.3.2 GROMOV—WITTEN INVARIANTS OF ORBIFOLDS

Gromov—Witten invariants are also defined for orbifolds. This theory was first devel-
oped by Chen—Ruan [20] in the symplectic category and later by Abramovich—-Graber—
Vistoli [1] in the algebraic category. In this subsection, X may be any smooth orbifold,
not necessarily a global quotient stack. Assume that X is equipped with a C*-action.
Following [1], one considers the moduli stack Ky, (X, 3) of genus-g, n-pointed twisted
stable maps to X of degree 5. It carries a canonical perfect obstruction theory and
hence a virtual fundamental class

[K:g,”(X7 B)]Vir € Avdim (’Cg,n(Xa B)) .
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Here, vdim denotes the virtual dimension on a connected component: if the ¢-th mark-
ing lies in the twisted sector of IX of age age; (1 <1i < n), then

vdim Ky (X, 8) = (1—g)(dimX —3) + n + /01 (Tw) Zage (1.32)
B

If X is equipped with a C*-action, ICy (X, ) inherits this action, and the canonical
obstruction theory admits a natural C*-equivariant enhancement. We thus obtain a
C*-equivariant virtual fundamental class

[/Cg,n(;(’ﬁ)]vir,@ 6‘4Vd1m( g,n(X’B))'

There are (unrigidified) evaluation morphisms
evi: Kgn(X,8) — IX, it=1,...,n, (1.33)

recording the twisted sector (monodromy) at the i-th marking. Composing with the
rigidification morphism p: IX — IX yields the rigidified evaluation morphisms ev; :=
poev; asin [1, §4.4].

C*-equivariant orbifold Gromov—Witten invariants. Just as in the smooth case,
for every (g,n, ) under consideration, assume that the fixed locus of the induced C*-
action on Ky (X, B) is proper. The virtual localisation theorem [40] then defines, for
insertions a; € Hip ox(X) = Hgx (IX), the corresponding C* -equivariant orbifold
Gromov—Witten invariants:

n
x,Cx _yevi(a ))
<Oéla ey Oén>g7n75 = Z / (v ecx NVII‘)

FCKgn(X,8)C*

€ Q).  (1.34)

Similar to the smooth case, define £;,1 < i < n as the universal cotangent line bundle
on Mg n(Z,3) whose fibers are cotangent lines at the ith marked point of the coarse
moduli space of the source curve, and ¥; = ¢1(L;). Then the descendant C*-equivariant
orbifold Gromov—Witten invariants are defined as:

. e (T &7 (el
1 n ’ o E
<Oél'l,[)1 e 7anwn >g)n:ﬂ T / vir €cx (Nz‘lr) © Q(V)

FCKgn(X,8)C

(1.35)

Remark 1.3.1. If X' is a Calabi-Yau threefold, i.e. dim X = 3 and wy = Ox (equiva-
lently ¢1(Tx) = 0), then (1.32) reduces to

vdim Ky, (X, B) =n — Zagei,
i=1

and in particular vdim KCgo(X, ) = 0.
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1.3.3 C*-EQUIVARIANT QUANTUM COHOMOLOGY

To treat the smooth and orbifold cases uniformly, let Z denote either a smooth quasi-
projective variety or an orbifold. We establish the convention that H(Z) refers to the

standard equivariant cohomology H{, (Z) for the smooth case, and the equivariant
Z,C*

Chen-Ruan cohomology H(; -« (Z) for the orbifold case. Correspondingly, (---) anB

indicates the equivariant Gromov—Witten invariants defined in (1.30) or (1.34).

Let 7 be a formal parameter in H(Z). All C*-equivariant products below are taken
after localising the equivariant parameter, so the resulting Frobenius structures are
defined over C(v). The C*-equivariant big quantum product =, on H(Z) is defined by

1 Z,C%
(a1 %7 a2, 3) z cx = Zzﬁ<a1,a2,a3,7,...,7‘>07n+3’5, (1.36)
B n>0

where the pairing on the left is the standard equivariant Poincaré pairing (or the equiv-
ariant orbifold Poincaré pairing, respectively).

The C*-equivariant quantum cohomology is defined as the family
QH{x(2) = (H(Z),%7,(,),1), (1.37)
viewed as a (formal) Frobenius manifold structure over C(v).

Remark 1.3.2 (Fundamental class axiom). The fundamental class axiom for Gromov—
Witten invariants says that

Z,C*
<C¥1, ey O, 1>g,n+1,6 = 0,

except for the case (g,n + 1, 5) = (0, 3,0), where

Z,C% c
<a,...,6,1>07570 :/Z aUp.

This implies that 1 is the unit of the Frobenius algebra.

Remark 1.3.3 (Divisor equation). For a divisor class D € HZ,(Z) and an effective
curve class 8 # 0, the divisor equation for Gromov-Witten invariants implies that

(a1, .. .,an,D>§f_:1ﬁ = /ﬁD {ai,.. .,an>§f;.

Thus repeated divisor insertions in the big quantum product exponentiate to the factor
¢/s™ below. The degree-zero contribution is the usual classical term and is included
separately in the quantum product.
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Remark 1.3.4 (Small quantum cohomology and Novikov parameters). The product

defined above is the big quantum product, since it depends on a general parameter
T € H(Z).

The C*-equivariant small quantum cohomology keeps only the dependence on H éx (2),
and the curve classes are encoded by Novikov variables. Concretely, restricting to
T e Héx (Z) and applying the divisor equation, (1.36) becomes, after resummation:

’ Z,Cx
(o1 *77 a2, 03) z cx = ZefBT (a1, 02, O‘3>073,ﬁ ‘

B

The /87 coefficients are often replaced by Novikov parameters Q°. Let Eff(Z) C

Hy(Z;Z) be the semigroup of effective curve classes, choose generators f, ..., [, of
Eff(Z), and let

ANov = Q[[Qla o aQrH

be the Novikov ring. For §=3"._, d;3; we write
T
Q% =[] @ € Axor-
i=1

The C*-equivariant small quantum product sy, on H(Z) ® Aney is defined by

Z,0x
(@1 H*sm 2, 3) z cx = Z Q° <01702703>07375~ (1.38)
BEEf(Z)

If Gromov-Witten invariants can be defined for Z without localisation (e.g., if Z is
proper), the same construction applies and defines the non-equivariant small quantum
cohomology on the standard (or non-equivariant Chen—Ruan) cohomology spaces.

§1.4 Quantum D—module and Givental space

Let Z be an smooth quasi-projective variety or global quotient stack that admits a
C*-action with compact support. This allows us to define C*-equivariant Gromov—
Witten invariants of Z and C*-equivariant orbifold quantum cohomology, as explained
in Section 1.3.

In this section, we review the formalism of quantum D—modules and Givental’s sym-
plectic vector space, which provide a geometric framework for generating functions of
Gromov—Witten invariants. This section closely follows Appendix A of [13]. For more
standard references, see [22].
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1.4.1 THE QUANTUM D-MODULE

The Dubrovin connection. Recall that the state space of the (orbifold) quantum
product is given by the C*-equivariant (Chen—Ruan) cohomology H(Z).

The quantum D—module is defined on the tangent bundle TH(Z) equipped with the
Dubrovin connection. For a cohomology class 7 € H(Z) and a tangent vector a €
T.H(Z), the Dubrovin connection in the formal parameter z-direction is given by

Vo = O+ %(Q*T), (1.39)

where *; is the C*-equivariant big orbifold quantum product from (1.36). The flatness
of the connection V reflects the associativity of the quantum product and the WDVV
equations.

The fundamental solution matrix. The fundamental solution to the Dubrovin
connection is governed by the End(H)-valued function S(r,2): H(Z) — H(Z)[z"}],
defined by

11 bi \xCx
S(r,2)(a) ::O‘_ZZﬁ;@"T’“"T’Z+¢>0,n+2,,3¢’ (1.40)
B n>0

where {¢;} is a homogeneous basis of H(Z), {¢'} is the dual basis with respect to the
equivariant orbifold Poincaré pairing (-,-)crcx, and ¢ denotes the first Chern class
of the universal cotangent line bundle at the last marked point. The operator S(t, z)
sends any element o € Hep o« (£) to a flat section of the D—module. Furthermore, it
satisfies the unitarity property S(7,z)S(r, —z)* = Id.

1.4.2 GIVENTAL’S SYMPLECTIC SPACE AND THE LAGRANGIAN CONE

The symplectic vector space. Following Givental, we enlarge the state space to the
infinite-dimensional loop space

Hz = H(Z)(z ). (1.41)

This loop space is equipped with a natural non-degenerate symplectic pairing €2 given
by
Q(f.9) = Res.—o (f(=2).9()) cuoxdss  fo9 € Ha. (1.42)

The space Hz comes with a natural polarisation Hz = Hz + ® Hz _, defined by
Hz .+ = H(Z)[2], Hz  =z2'H(Z)[z]. (1.43)

The subspaces Hz 4 and Hz _ are maximally isotropic with respect to (2. Furthermore,
‘Hz can be identified with the cotangent bundle T*H z | by viewing Hz _ as the dual
of Hz 4 via the symplectic pairing. If {¢;} is a homogeneous basis of H(Z) and
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{¢'} is its dual basis, then an element in Hz is written in Darboux coordinates as
Qb iz + prid'(—2)7F71), where the ¢} are coordinates on Hz 4 and the py; are the
§ ik + prigt k=1) where the ¢! dinat Hz 4 and the py; are th
corresponding cotangent coordinates from Hz _.

The J-function and the Lagrangian cone. The genus-zero Gromov—Witten theory
of Z is geometrically encoded by Givental’s Lagrangian cone Lz C Hz. To define it,
we first consider the genus-zero descendent prepotential

FL6) = 3057 S 6(0), - 6 (141
8 n>0

where t(z) € Hz 4. Recall from (1.43) that the symplectic space Hz can be identi-
fied with the cotangent bundle T"Hz .. The Lagrangian cone Lz is then the formal
submanifold of H z defined as the graph of the differential d]-'%.

A distinguished family on the Lagrangian cone is given by the J-function:

1 ¢z Z,Cx i
JZ(T,Z) = 21+T+ZZE<T,...,T,W 0,7’L+1,[‘3¢' (145)
B n>0
The relation

Jz(7,2) = 28(r,—2)11 (1.46)

implies that Jz(7, z) solves the quantum differential equation:

0

Z%JZ(Ta Z) = Pq *r JZ(T¢ Z)‘ (147)

In coordinates, expanding Jz(7,2) = 3_ , J#(7,2)¢,, this reads as

aJr ,
toa = Zy:cgy(T)J , (1.48)

where Ch,(7) are the structure constants of the big quantum product, defined by
¢a *r Oy = ZM CC'LXLV(T)QS;L'

Remark 1.4.1. Recall Remark 1.3.4 that restricting to 7/ € Héx (Z), the big quan-
tum cohomology becomes the small quantum cohomology. Correspondingly and using
Novikov parameters, applying the Divisor equation, the small J—function is

TN, 2) = Je(2) = 2e7 /7 [ 12 + ZQ%’“(Z(;Z)_’“W : (1.49)
B,k

Givental’s formalism and crepant resolution conjecture. Let Z be a crepant
resolution of the coarse moduli space X of a Gorenstein orbifold X. Coates—Corti—
Iritani—Tseng and Ruan made a conjecture that relates Givental’s formalism to the
crepant resolution conjecture, and its basic statement is:

Conjecture 1.4.2 ([25, 26]). There is a degree-preserving C((z~1))-linear symplectic
isomorphism U : Hy — Hz and a choice of analytic continuation of Lx and Lz such
that U(ﬁ){) = ﬁz.
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1.4.3 INTEGRAL STRUCTURE

The T-class. Following Iritani[42, 43], the natural integral structure on the space of
solutions to the quantum differer/l\tial equation is governed by the topological K-group
K (Z), suitably modified by the I'-class.

Let T'Z be the tangent bundle of Z, and suppose its Chern roots are ¢;. For a smooth
manifold, the I'-class of Z is the characteristic class defined by

Tz:=][[T1+4d), (1.50)

where I'(z) is the classical Gamma function.

For an orbifold Z, this definition naturally extends to the inertia stack IZ by in-
corporating the age shifts of the twisted sectors. On a connected component [Z, of
the inertia stack, the pullback of the tangent bundle decomposes into eigenbundles
TZ|rz, = @o<<1(T'Z)v,r on which the universal stabiliser acts with eigenvalue e?mif,

If 6, ¢; are the Chern roots of the eigenbundle (T'Z), ¢, the orbifold T-class is defined

Tz= [[ TIra-f+6r0- (1.51)

v 0<f<1 4

Integral structure framing. The integral structure on the Givental space H(Z)
is defined by an explicit framing map from the topological K-group K(Z). To a K-
theory class V € K(Z), the integral structure framing map Uz : K(Z) — H(Z) takes
the form: _

T (V) = (2m)" 955w (fz U (2m)%nv*ch(w) . (1.52)
Here, inv: IZ — 12 is the canonical involution on the inertia stack, sending a sector
with stabiliser element g to the sector with stabiliser element g~!. The operator deg
is the real degree operator applied to homogeneous cohomology classes in H(Z), and
1 is the grading operator. The image of this map under the fundamental solution map

defines a full integral lattice inside the space of multivalued flat sections.

Crepant resolution conjecture with an integral structure. The integral struc-
ture provides a bridge between the K —group McKay correspondence and the crepant
resolution conjecture. Rooted in the language of Givental’s space, Iritani proposed the
following

Conjecture 1.4.3 ([42]). The isomorphism in Conjecture 1./.2 can be lifted to a
K —group isomorphism Uk : K(X) — K(Z)

Kex (X) —5> Kex (2) (1.53)
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which preserves the Mukai pairing and commutes with the tensor by a topological line
bundle L on the coarse moduli space of X .

§1.5 Frobenius manifolds

1.5.1 (GENERALITIES ON FROBENIUS MANIFOLDS

Let M be an n-dimensional complex manifold. We will write Tas (resp. Q) for the
sheaf of holomorphic sections of the holomorphic tangent (resp. cotangent) bundle
TYOM (resp. TfoM), and X(M) :== H"(M, Ty) for the space of global holomorphic
vector fields on M. A holomorphic Frobenius manifold structure! on M is a 4-tuple
M = (M, ¢, n,e) satisfying the following axioms:
FM1 the metric n € HO(M, Sym?Q,,) is a flat perfect symmetric pairing on Tz ;
FM2 the product c € H°(M,Sym3Qyy) is a totally symmetric (0, 3)-tensor
NX,YoZ)=n(XoY,Z)=cX,Y,Z) e Oy(M), X,Y,ZecX(M),

inducing, holomorphically in p € M, a structure of commutative, unital, associa-
tive Frobenius algebra on the tangent fibre Tz} Opnp ;

FM3 Vyc(X,Y, Z) is totally symmetric in W, X, Y, Z € X(M), where V denotes the
Levi-Civita connection of #;

FM4 the identity vector field e € X(M), defined by its fibrewise restriction to the
identity of the algebra, is horizontal with respect to V, Ve = 0.

Two supplementary conditions are often imposed on M, the second of which may or
may not be realised in the context of this chapter.

FM5 M is semi-simple if the set
Discr(M) =={pe M | Jv € T,M with vov =0}
has positive complex co-dimension;

FM6 M is conformal if there exists a holomorphic vector field E' € X(M) which is
covariantly linear, VVE = 0, and is such that

[,EO:O’ ﬁEn:(d_2)777

for some constant d € Q, known as the charge of M.

We call Frobenius manifold here what is often elsewhere referred to as a weak (or almost) Frobenius
manifold, since we do not require axiom FM6 (covariant linearity of E) to hold in our definition. The
classical notion of Frobenius manifold in [30] is what we call conformal Frobenius manifold in this
thesis. We will reserve the terminology “almost Frobenius manifold” to indicate a Frobenius manifold
where FM4 (covariant constancy of e) is dropped.
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All examples in this chapter will be semi-simple, but not necessarily conformal. We
will write

M*® = M \ Discr(M)

to indicate the open semi-simple locus of M, and the calligraphic notation M*® for the
Frobenius manifold structure induced by restriction of M to M5,

Since the metric 7 is flat, the GL(n, C)-equivalence class of flat frames for 7 equips a
Frobenius manifold with a canonical GL(n, C) x C™ affine-linear equivalence class of flat
charts, in which the Gram matrix of the pairing 7 is constant. The axioms FM1-FM6
in one such chart (¢y,...,t,) amount to the local existence of a holomorphic function
F (the prepotential) with the following properties:

(i) the unit vector field is

(ii) the Gram matrix nap =7 (%, %) is constant, non-degenerate, and equal to

the Hessian matrix of 0y F,

PF

"AB = 5y 0t .0tg

(iii) the prepotential is weighted quasi-homogeneous in its arguments,

a 0 0
Z (pAtA —i—m) F=(3-d)F,

=t Otp Otp

for some py, qa, d € Q;
(iv) for all A, B,M,N € {1,...,n}, writing

n? = "Nen,

the prepotential satisfies the Witten—Dijkgraaf—Verlinde-Verlinde (WDVV) equa-
tions,

Z”: #®F  op OF  ®F  op PF
8tA8th’9ton OtpOty oty 8tA8tM8tcn OtpOtpoty

C,D=1
(1.54)

1.5.2 DUBROVIN DUALITY

Assume now that M = (M, ¢,n, e, E) is a conformal Frobenius manifold, so that F is the
Euler vector field appearing in FM6. The intersection form is defined on the open locus
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where E is invertible in the Frobenius algebra. In the semisimple setting considered
below, we restrict to the intersection of this locus with the semisimple locus and continue
to denote it by M®. Thus one may define a second metric 7’ (the intersection form)
by

P (X,Y) =1 (E*1/2 o X,E?0 Y> —n(E 1o X,Y). (1.55)

A consequence of the Frobenius axioms together with FIM6 [30, Lect. 3] is that the
metric 7° is also flat; we will usually denote by (z1,...,2y,) a choice of a flat coordinate
chart for it. Alongside 7°, we can define a second commutative, associative, O jgss-
algebra structure on X (M**) with unit E via

CXY,Z) = (X,Y*Z), XxY:=E loXoY. (1.56)

The *-product is compatible (in the sense of Frobenius algebras) with the pairing 7°:
this is an immediate consequence of the o-product being compatible with respect to
the pairing 7.

Proposition 1.5.1 ([32, 54]). Let M = (M,c,n,e,E) be a semi-simple conformal
Frobenius manifold of charge d = 1. Then M = (Mss,cb,n",E) s a semi-simple
Frobenius manifold satisfying axioms FM1-4, with flat unit E € X (M®).

In particular, if d = 1 and in a flat chart (z1,...,x,) for the intersection form 7°, there
exists a solution F” of the WDVV equations (1.54) (with 7, (t4)a replaced by 1%, (x;);)
where furthermore -
E— 9 7 0= _oF )

83;1 J axlaxiﬁxj
The Frobenius manifold structure M” = (M, ¢, 1, E) induced by F” will be called the
Dubrovin-dual structure to M. By Proposition 1.5.1 and (1.56), it will satisfy axioms
FM1-5, but it will not generally satisfy the additional conformality axiom FM6. The
two perfect pairings n and 7° on Txt locally induce isometries between tangent and
cotangent fibres,

(T, M, ) = (T} M%) (TpMSS,nb> ~ (T;Mss,(nb)_l) . (1.57)

In Einstein’s convention, this would be the familiar operation of “raising the indices”
with n4? (resp. (nb)” ). The isomorphisms (1.57) define two, a priori distinct, Opyss-
algebra structures on holomorphic 1-forms 0,y € Qayss,

6oy, 0% x, (1.58)
respectively given by the dual of the o-product under !, and the dual of the x-product
under (n°)~! in (1.57). By (1.55) and (1.56), these two dual products on ), are in
fact identically isomorphic:

0oy =0%x. (1.59)
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Spelling out (1.59) in the respective flat charts for n and 17’ results in the following
non-trivial relation between the prepotentials of M and M”:

n

P EP > y  Otc 0xa Oxy sy gy O°F

Owidaidvi |, f C,M,Nzl%njb@ otaotg T Btcdtyty

(1.60)

1.5.3 FROBENIUS STRUCTURES ON HURWITZ SPACES

Let N € Z-o and Hym be the moduli space of smooth genus g-covers of P! with
ramification profile at infinity specified by a partition m = N. We will write 7, A and
3.; for, respectively, the universal family, the universal map, and the sections marking
{o0;}i = A7([1: 0]), as per the following commutative diagram:

Cy Cym —— P! (1.61)
N Hy

We furthermore denote by d = d the relative differential with respect to the universal
family and p§* € Cy ~ 7~ 1([A]) the critical locus dA = 0 of the universal map. By the
Riemann existence theorem, the critical values of A,

(Ui)i=1,....dgim »

serve as local coordinates away from the discriminant locus u; = u; for 7 # j. On
its complement, we can construct a family of semi-simple, commutative, C-algebra
structures on the tangent fibres at (u1,...,uq,,) by stipulating that the coordinate
vector fields in the u-chart are the idempotents of the algebra,

Ou; + Ou; = 0150y, (1.62)
Let p: Cym — P! be a surjective morphism such that the relative one-form
dlogu € Qég,m/Hg,m(OOO + -+ 0om)

is an exact third-kind differential® on the fibres of the universal curve with simple poles
at oo;, with residues

Resdlogu=a; € Z.

00;

If ;v does not factor through A, this defines an Ehresmann connection on T'Cy m where
points in nearby fibres of the universal curve are identified if they have the same image
under g. This defines a meromorphic derivation

8o, + H°(Cym, Oc, ) — H’(Cym, Ke, )

ug

2This is a special case of a type IIT admissible differential, in the classification of [30, Lect. 5].
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defined in local coordinates p = (u1,...,uq,,;p) for Cgm as the partial derivative
taken with respect to w; whilst keeping p constant. A Frobenius manifold structure

HL&L = (Mg, cLg, nLc, e) can be defined on the Hurwitz space My = Hym by the
residue formulas [30]

Ox Aoy A

. 2
ma(X,¥) =3 RS (1.63)
(X, Y, 2) ZR OxA 5” 5ZA¢ , (1.64)
dx log A dy log A
b X log y 10g 2
X, Y) = 1.
nLG( ) ) - R;:r leg)\ d) ) ( 65)
where d
¢ = e .
7

The universal map A and the relative differential ¢ are referred to as the superpotential
and the primitive form of Hg m.



Chapter 2

Dubrovin duality and mirror
symmetry for ADE resolutions

§2.1 Introduction

Let | € Z~o and R = ADE; be a rank—I[ simply-laced irreducible root system, and fix
a choice of fundamental weight & for the complex simple Lie algebra associated to R
as follows:

e when R = A;, @ can be any fundamental weight;

e when R = D; or R = E;, @ will be the highest weight of the fundamental
representation of highest dimension.

We will call the datum (R, @) a marked ADE pair. The corresponding Dynkin diagrams,
with node marking specified by &, are shown in Figure 2.1. In this Chapter we will be
concerned with three classes of Frobenius manifolds associated to a given pair (R, ),
arising respectively from representation theory, enumerative algebraic geometry, and
integrable systems.

e For R the root system of any complex simple Lie algebra, and @ € Q any funda-
mental weight, Dubrovin and Zhang [35] famously constructed a canonical semi-
simple Frobenius manifold structure EAW(R,©) on the orbits of the reflection
representation of the W-extended affine Weyl group of R, generalising the clas-
sical construction of polynomial Frobenius manifolds on orbit spaces of Coxeter
groups. The specialisation to (R, &) being a marked ADE pair will be the setup
of sole concern to us in this work, and we will use the shorthand notation

MAW = EAW(R, @) .

22
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e Let G < SL(2,C), |G| < oo be the Kleinian subgroup of type R, and let Z = C2/G
be the minimal resolution of the associated canonical surface singularity. The pair
(R, ) specifies a C*-action on Z, point-wise fixing the irreducible component of
the exceptional locus of Z corresponding to the marked fundamental weight &
under the McKay correspondence [56]. The associated Frobenius manifold is the
C*-equivariant quantum cohomology of Z,

Maw = QHex (Z).

e In [31, 30], Dubrovin constructs a Frobenius manifold structure LG(\, ¢) on the
Hurwitz moduli space of ramified covers of the projective line with given genus
and ramification profile at infinity. Here, A (the Landau—Ginzburg superpotential)
denotes the universal map, and ¢ is the additional datum of a Saito form [59]
on the fibres of the family. One can associate to the pair (R,&) an algebraically
completely integrable system — the type (R, ) affine relativistic Toda chain [38] at
vanishing Casimir — whose isospectral dynamics is encoded in a special Frobenius
submanifold of a certain Hurwitz space [15]. In this context A is the spectral
parameter of the relativistic Toda Lax matrix, and ¢ is the differential of the
(logarithm of the) argument of its characteristic polynomial. We will denote this
Frobenius manifold as

Mg ==LG(\, ¢).

2.1.1 DUBROVIN DUALITY AND MIRROR SYMMETRY

Given a Frobenius manifold M with a linear Euler vector field F and semi-simple
product
o:I'M, TM)®o,, (M, TM) — T'(M,TM),

one can construct [32] a second family M” of Frobenius rings on the locus where E is
invertible in the o-algebra. This is obtained by pre-composing the flat pairing on M
with multiplication of each of its entries by E~1/2:

E-1/26
N

M M (2.1)
In a canonical coordinate chart for M, (2.1) corresponds to rescaling the coefficients of
the (diagonal) Gram matrix of the Frobenius pairing by the inverse diagonal matrix of
the canonical coordinates. It is further shown in [32] that the resulting rescaled pairing
on M is flat, and induced by a dual prepotential function to the original prepotential
of M. We will call M” the Dubrovin-dual * Frobenius manifold of M.

!The operation in (2.1) is often referred to as an “almost-duality” of Frobenius manifolds, owing
to the fact that M’ is a weak (or almost) Frobenius manifold: we review this in Section 1.5. The
terminology “duality” is perhaps somewhat improper, as for once the operation in (2.1) is not involutive,
but we abide by historical convention and refer to it as such (see also [49, 27]).
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R w Marked ADE Dynkin diagram
O N4 y b N\ ) O
Al WE w1 w3 w3 Wk Wi—2 Wi—1 wy
wi-1
w1 w2 w3 wj Wi—2
Dy | wi—2 i
we
O—O—@—OCO—O
E6 w3 w1 ) w3 Wy Ws
wr
M) M) M)
O N N N O
E7 w3 w1 w2 w3 Wy Wws We
ws
O M) M) M) M) O
E8 W3 w1 w2 w3 w4 Ws wWe w7t

Figure 2.1: Marked Dynkin diagrams of pairs (R,®). The marked node corresponding
to the weight & is indicated in black.

Dubrovin’s duality acquires a particularly salient form when M admits a realisation as
a Landau-Ginzburg model on a family of algebraic curves. In this case, (2.1) amounts
to replacing the superpotential by its logarithm [30, 32, 57]:

M’ ~ LG(log A, ¢) .

From the point of view of the bihamiltonian quasi-linear integrable hierarchy defined on
the loop space of a Frobenius manifold [30], a mirror-symmetry presentation of M as a
Landau—Ginzburg model is equivalent to a dispersionless Lax—Sato formulation of the
integrable flows, with A coinciding with the Lax symbol [62]. Dubrovin’s duality (2.1),
on the other hand, corresponds to expressing the integrable flows on M in Darboux
coordinates for the second Poisson bracket of the Principal Hierarchy (the limiting value
of the Dubrovin—Novikov pencil at infinity), and accordingly to a different (“dual”)
notion of topological 7-function in the sense of [36, 33].

The main result of this Chapter shows that, for all marked ADE pairs (R,®), the
Frobenius manifolds Maw, Mgw and Mg are either non-trivially isomorphic, or
Dubrovin-dual to each other.
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Theorem (=Theorems 2.3.1 and 2.3.2). For all marked ADE pairs (R,©), we have

~

Maw Mra
E—I/ZO O E—I/QO
Mb Mb
AW LG
Maw
The isomorphism in the top row,
Maw ~ ML,

was proved in [15]. Therefore, the statement that the equivariant quantum cohomol-
ogy of ADE resolutions is Dubrovin-dual to the corresponding extended affine Weyl
Frobenius manifold,

Maw ~ My , (2.2)

is logically equivalent to proving its mirror realisation as an LG model on a family of
relativistic Toda spectral curves, upon replacing the spectral parameter as A — log A,

Maw ~ M. (2.3)

Our strategy will be to prove the mirror theorem (2.3) first, as a means to establish the
Dubrovin duality (2.2) as a consequence, for the classical series R = A; and R = Dy;
and vice versa for the exceptional series R = Ej;.

Theorem 2.3.2 answers constructively, in all Dynkin types, a long-standing question
about mirror symmetry in the fundamental setup of quantum cohomology of du Val
resolutions. When R = A;, Z is a smooth 2-dimensional toric Calabi—Yau surface: in
this case a Landau—Ginzgburg mirror has been known since Givental’s work on equivari-
ant toric mirror symmetry [39, 23]. The case where R # A; and Z is not toric has been
outstanding to-date, as the methods of [39] cannot be directly applied to this more gen-
eral setup. An important consequence of (2.3) is that it automatically provides a global
integral representation of the components of the J-function as univariate Laplace-type
integrals: for type R = A;, this enhanced control on their analytic continuation was
brought to fruit in [13] to prove Iritani’s integral K-theoretic and higher genus full-
descendent Crepant Resolution Conjectures, using R-matrix quantisation techniques.
Theorem 2.3.2 opens the way for a similar analysis for all ADE types, which will be
explored in future work. The isomorphism (2.2) further suggests a conjectural inte-
grable hierarchy governing the higher genus Gromov—Witten theory of Z: this should
coincide with the one constructed in [53] expressed in a suitable set of dual variables,
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given by Darboux co-ordinates for a second Hamiltonian structure. For the classical
series R = A; and R = Dy, the hierarchy is a particular rational reduction of the 2-Toda
hierarchy [11].

2.1.2 ORGANISATION OF THE CHAPTER

The background on Frobenius manifolds and Dubrovin’s duality used in this chapter
is recalled in Section 1.5. The chapter itself is organised as follows. In Section 2.2, we
construct the three Frobenius manifolds Maw, Mrg and Mgw specified by the datum
of a marked ADE pair (R,&). In Section 2.3.1, we will explain how the embedding
of the LG model (), ¢) into a genus zero Hurwitz-Frobenius manifold for the classical
series R = A; and R = D; allows to systematically determine the structure constants
of M? . Armed with this, the mirror theorem in (2.3), and therefore the duality (2.2)
with the extended affine Weyl orbit spaces, can be deduced upon comparison with the
genus zero Gromov—Witten calculations of [16, 13]. In Section 2.3.2, we give a general
representation-theoretic argument, applicable to all extended affine Weyl Frobenius
manifolds, showing that the structure constants of the Frobenius product on both
sides of (2.2) belong to a certain finite-dimensional vector space of quasi-homogeneous
polynomials. As such, the corresponding (2, 1)-tensors are determined by their values
on a (small) finite set of points J in the semi-simple locus of Maw, which we call a
set of initial conditions for Maw. We perform this analysis specifically for R = Ej,
and show how the reduction to initial conditions drastically simplifies the verification
of (2.2), and therefore the proof of the mirror theorem in (2.3), which we carry out for
the entire exceptional series.

§ 2.2 Frobenius manifolds of type (R,®)

With these preliminaries, we shall consider three classes of semi-simple Frobenius man-
ifolds associated to a marked ADE pair (R, ®).

2.2.1 EXTENDED AFFINE WEYL FROBENIUS MANIFOLDS

Let g = ade; be the rank-I complex, simple, simply-laced Lie algebra with root system
R. We shall denote by b the associated Cartan subalgebra, and by W its Weyl group.
The action of W on b lifts to an action of the affine Weyl group W = W x A, with
A} the lattice of co-roots:

Wxh— b,
(w, "), h) — w(h) + 2ria”. (2.4)
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For (R,&) a marked ADE pair, the corresponding w-extended affine Weyl group W is
defined as the semi-direct product W = W x Z acting on h @& C by

WxheC—haC,
(w, ¥, 1), (h,v)) — (w(h) + 27ia” + 2mil@, v — 27il). (2.5)

Let X denote the hyperplane arrangement associated to the root system R, and h**® :=
h\X be the set of regular elements in h. The restriction of (2.5) to h™ @ C is a free
affine action, whose quotient defines the regular orbit space of the extended affine Weyl
group of R with marked weight & as

Maw = (™8 x C)/W = T8 /W x C*, (2.6)

where 7€ = exp(h™8) is the image of the set of regular elements of ™8 under the ex-
ponential map to the maximal torus 7. Let (q1,...,q) be linear coordinates on h w.r.t.
the co-root basis {ay, ..., o}, and extend these to linear coordinates (qi,. .., q; qit+1)
on h @ C, giving local coordinates on the regular orbit space. Denoting («, 3) the pair-
ing on h* induced by the restriction of the Killing form on the Cartan subalgebra, and
writing R
Cop = <0za,a1¥> , dg = {we, ), d={(0,0),

where, as throughout, the indices on the Cartan matrix are renamed according to
context, we can define a non-degenerate pairing £ on h x C by orthogonal extension of
minus the Cartan—Killing form on § as

—Cy ifab<l+1,
aw (Oges Bg) = < d. fa=b=1+1, (2.7)

0 otherwise,

with ¢+ parametrising linearly the right summand in & C. The quotient map N :
7€ x C* — Maw from (2.6) defines a principal W-bundle on Maw: a section &;
lifts a (sufficiently small) open U C Maw to the i*" sheet of the cover V; € 5; '(U) =
ViU- - -UVjyy. The invariant ring Z := C[T]" is, from classical results about exponential
Weyl invariants [8], a polynomial ring Z ~ C[Y7, ..., Y]], where

Y; = Syp(el@ihy (2.8)
and Syy is the average over the Weyl orbit. Equivalently, we have Z ~ C[Wq,..., W],
where
Wi= Y el (2.9)
wel’;

Proposition 2.2.1 ([35, Thm. 1.1]). Let A be the ring of W-invariant Fourier poly-
nomials in the variables q1,...,q and qu+1 that are bounded in the limit:
(0]

~ 0
q=q" +wTr, Q41 = QZ[Jr]l -7, T — 100, (210)
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for any (q[o],ql[?gl), where f is the determinant of the Cartan matriz. Then
A~ (C[ylv R 7ylaeyl+1] ;
with

daditry, =1,...,1
ya:{e o AT b (2.11)

Q41 a=I0+1.

and d; := (w;, ).

In the following, for k € {1,...,1} such that w; = @, we will denote § = yz. We will
define a grading on A by

degya:da(a:17"'7l)7 degeyl+1:1.
The following reconstruction theorem holds [35, Thm 2.1].

Theorem 2.2.2. There exists a unique, up to isomorphism, semi-simple and conformal
Frobenius manifold

Maw = (Maw, caw, Naw, €, E)

of charge d = 1 satisfying the following properties in flat coordinates (t1,...,t;+1) for
AW ¢

AW-1 C/l\E = a‘]H—l = Zf]:l djtjatJ + 8tl+1;
AW-II the intersection form is 1’ = 67¢;

AW-III the prepotential is polynomial in t1,. .., t; 1, el+t.

2.2.2 QUANTUM COHOMOLOGY OF ADE RESOLUTIONS

Let G < SU(2), |G| < oo be the Kleinian subgroup of type R = ADE;. X = C2?/G be
the corresponding Kleinian singularity (see Section 1.1) and

Z "> X (2.12)

be its minimal resolution. The intersection diagram describing the configuration of
irreducible rational curves in the exceptional locus is the Dynkin diagram of the corre-
sponding ADE type, and the integral homology of the resolution,

H,(Z,7) = Hy(Z,Z) ® Hy(Z,2) ~ L& 7,
is isomorphic to the affine root lattice of type R. Writing

H::{a17"'7al}7 Q::{C‘Jl,...,wl}



29

for, respectively, the set of simple roots and fundamental weights of the complex simple
Lie algebra associated to R. we will label the irreducible components {ej,...,¢e;} of
the exceptional locus accordingly, so that

€; & Qi > wj . (2.13)

Let T ~ C* and consider a T-representation on C? commuting with the action of G.
This induces T-actions on X and Z, respectively by descent to the quotient and by
T-equivariance of the resolution (1.4). When R = DE;, we have a unique possible
choice for the action of T: this is the scalar torus action on C? with characters (t,t)
on the affine coordinates (z,y) of C2. When R = Ay, since G is abelian, we have more
generally that the full Cartan torus

T := (C*)? < GL(2,0),

with characters (t,,t,) will act effectively on X and Z. For k € {1,...,1}, we will be
specially interested in the one-dimensional subtori T acting with characters (t,t,) =
(tH—l—k’ tk)

As the singularity is the only torus fixed point in X, the T-fixed locus of Z is fully
contained in the exceptional set. We will write [e;]" for the Poincaré dual classes to
[e;] in the locally compact cohomology, ¢; for their canonical lifts to T-equivariant
cohomology, and ¢;11 for the identity class in Ht(Z). The T-equivariant cohomology
of Z is an (I + 1)-dimensional vector space over the field of fractions of H(BT,C) ~
C[v], where v is the first Chern class of the T-representation ¢t. For R = A;, we
can more generally consider the equivariant cohomology of Z with respect to the full 2-
dimensional torus T': this will now be an (/4 1)-dimensional vector space over C(v1, 1),
with v; = ¢1(t;) € Hr(pt). We will slightly abuse notation and continue to write
01,1, 141 for the lift of e in the T'-equivariant cohomology of Z.

Remark 2.2.3. For (R,©) a marked ADE pair, the marked fundamental weight & € Q
corresponds to the (single) irreducible exceptional divisor € € Hy(Z,Z) which is point-
wise fixed by T

E— A+ W.

To see this, notice that each double point in the exceptional locus is T-fixed. For
R = DEj, this entails that the T-action on the irreducible component € labelled by the
trivalent marked node in Figure 2.1 must be trivial, since € is a P! with three T ~ C*-
fixed points. When R = A;, the weights wl?t at the two T’-fixed points of e; are [13,
App. B]

(wi ,w;) = (—iv1 + (I + 1 —i)va,ivy — (I + 1 —i)va).

70

As discussed above, the restriction to a one-dimensional torus T acting with characters
(tH1=k k) sets

vi=0I0+1-ky, vy = kv, (2.14)
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so that w?; = 0. Hence, in this case,

e Q¢ W =W.

The torus action on Z induces an action on its moduli space of stable maps Mg,n(Z ,B).
Since the T-action on Z is free away from the exceptional locus, its fixed locus in
ﬂgm(Z, B) is proper, and it carries a torus-equivariant perfect obstruction theory and
virtual fundamental class [40]. Gromov-Witten invariants of Z can then be defined by

- H 1 Lev; (‘pz )
(s s0ima =T vites) = [ oL Q).
1 ! My .n(Z, 5)]"" 1;[ g ’ [ﬂ;n(zﬂ)wir €T(N )

with ¢ : M;n(Z, B) <= Myn(Z, ) the immersion of the substack of T-fixed points into
the moduli space of stable maps, and NY" its T-equivariant normal bundle. Writing

x = Ziﬂ qivi € Hy(Z), the genus-zero invariants of Z define a Frobenius manifold
satisfying the axioms FM1-FMS5:

Maw = (H1(Z),caw,naw, Qi+1)

via
CGW(QDJZJ’H) = T/ @U¢U9+ Z 90 ¥, >03/6’eﬂx>7 (215)
2] BEH(Z,Z)
naw (0, ¥) = caw (P41, 9, ¥) = T/[z} pUp.
T
In [35], when the torus acts with characters (t,t), the authors solved the genus zero T-

equivariant Gromov—Witten theory of Z using degeneration arguments and the Aspinwall—
Morrison formula for the super-rigid local curve. The formal power series (2.15) is the
Fourier expansion of a trigonometric rational function given explicitly by
s t=i=1+1,
caw (@ir1, 0i, 0j) = naw(wi, ¢j) = —Cij, 4,5 <1,
0, else,

l
= 7am m . .
cGW(@ZyQO‘]vSOk = -V Z alu Oé], <akaﬂ> coth <Zm_1<l8 >q ) ) Z)])k S l.

2
BERT
(2.16)

The corresponding prepotential is Fgw = F(%W + F(J{W, where the zero and positive
degrees parts read

l
1 1 1
Faw :@@(QIH)?’ — S+ > Cijaig; — = Z Z (i, B) (e, B) (e, B)aig;ar ,

ij=1 0 R ifim

Féw =2v > Lig (7). (2.17)
BERT
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When R = A;, the same reasoning applied to the full two-dimensional T’-action on Z
yields [23, 12]
11 1 : 1 :
Fow =———aP1 — =i+ Z Cijqiqj — = Z CiirCjr Crar €ir 11 4G Qe
Gr1vs |G 2 ij—1 6 ivj kil k=1

Fy =1 +m) Y Lis (e_<’3’h>> . (2.18)
BeERt

where the symmetric trilinear form €;j;, is determined by its value at i < j < k as

(Jri+ (1 +1—=jre)i(l+1—k)
l+1

2.2.3 LANDAU-GINZBURG MIRRORS FROM ADE SPECTRAL CURVES

A general mirror symmetry construction of Frobenius submanifolds of Hurwitz spaces
isomorphic to M aw, and the associated Dubrovin-dual Frobenius manifolds, was given
in [15] (see also [35, 34]), as we review here. For (R,&) be a marked ADE pair, let k €
{1,...,1} be such that w; = &. Fix 0 # w € A}, a non-zero dominant weight. Starting
from the characteristic polynomial of a regular element of 7 in the representation p,,,

o= ] (e<w’»Z> - u) cQYr,.... Y[, (2.19)
W EW(w)
define
P,y A p) = Q (E = yie” L — 5izer’y’+1;u) : (2.20)

For fixed y € M3y, (2.20) defines a plane algebraic curve Cy := V (P) . Let C,, denote
the normalisation of the projective closure of the fibre at y, g := h'° (ﬁy), and let m
be the ramification profile over infinity of the Cartesian projection A : C, — P!. The
corresponding family is the pull-back of the universal curve to M35y, where the pull-
back metric, product, and intersection tensors are given by (1.63)—(1.65). with {p{"},
the ramification points of A : C,, — P!. For convenience and later comparison with
Maw, it will be helpful to rescale the primitive differential and the linear coordinate
on the second factor of h™& @ C as

@ — i)’ N (2.21)
<W7 w + 2W> dlm(c Puw I ’ qi+1 2 qi+1, .

where l
1
W= g > B= Zw (2.22)
BERT i=1

is the Weyl vector. By (1.63)—(1.65), this just results in an overall rescaling of the
prepotential for Mpq.
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Theorem 2.2.4 (Mirror symmetry for Maw). For all marked pairs (R,©), the Landau—
Ginzburg formulas (1.63)—(1.65) define a semi-simple conformal Frobenius manifold

Mg = (MLg, LG, cLa, e, E),
with e = ylfl@g, E = 1110y, ,. Furthermore,

Miag ~ Maw .

The next Proposition [32, 57] shows that, for M — M, m a Frobenius submanifold of
a Hurwitz space, the Dubrovin-dual Frobenius manifold M” is obtained by replacing
the superpotential by its logarithm

A — log \.

Proposition 2.2.5. Let . : M = (M,c,n,e,E) — Hgm be a semi-simple conformal
Frobenius submanifold of a Hurwitz space defined by a Landau—Ginzburg pair (A, ¢). Let
M8 be the Frobenius submanifold structure on M defined by the formulas (1.63)-

(1.64) with X =1log\, ¢ = ¢, and X,Y,Z € 1.(X(M)). Then,

Mlog ~ Mb )

From Proposition 2.2.5, the Frobenius structure of -Mlic ~ ./\/leW is given as

Sx\ Oy A
Taw(X,Y) =1a(X,Y) =Y Res— 22, (2.23)
— i AdA
Sx A Oy Aoz
Aw(X,Y,2) = o(X,Y,Z) =Y Res—~ - Y0727 42 (2.24)

— P AZdA

§ 2.3 Dubrovin duality and mirror symmetry

In this section we will state and prove our two main theorems relating the Dubrovin-
dual Frobenius structures of Maw and Mi,g to the T-equivariant quantum cohomology
of ADE resolutions.

Theorem 2.3.1 (Dubrovin duality for Maw and Mgw). For all (R,&), we have
MRW ~ Maw.

Theorem 2.3.2 (Mirror symmetry for Mgw). For all (R,®), we have M{G ~ Maow.
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Remark 2.3.3. In Theorem 2.3.1, when comparing the Frobenius structures on M'AW
and Maw, we shall need to formally set v = 1: by the Degree Axiom, the dependence
on v is reinstated on the Gromov-Witten side (or introduced on the extended affine
Weyl side) upon rescaling

b b di+1
FGW%VFGW, FAW_>VFAW7 q1+1—>T.

Properties AW-I and AW-II identify the unit and metric with those of quantum
cohomology. Thus it remains only to compare the three-point functions, equivalently
the Frobenius products.

In the following we will describe how Theorem 2.3.2 for rational spectral curves trans-
lates into a comparison statement between the Gromov—Witten calculation in (2.17)
and (2.18) on one hand, and an explicit summation of residues which localise to the
fibre over zero of the A—projection on the other: we will compute this in closed-form
for R = A; and R = Dy, thereby proving Theorem 2.3.2, and therefore Theorem 2.3.1,
for the classical series. We also explain in general how to reduce Theorem 2.3.1 to a
comparison statement of the structure constants for the Frobenius algebras restricted
to a finite set of points on the complement of the discriminant: computing this explic-
itly for R = E; will provide a proof of Theorem 2.3.1, and therefore Theorem 2.3.2, for
the three exceptional cases.

2.3.1 LANDAU-GINZBURG MIRROR SYMMETRY

We start by looking at the argument of the residues in (2.23),

) 5§53A5§“) A

Y, = *_du(p), 2.25
Gk (P) X220 1(p) (2.25)
so that

n%G(aqz" 8%‘) = Z pEg?r Ti,j,l+1(p) ) Cig(aqi, aqj ) 8%) = pESCSrTiJJf(p) . (2:26)

From (2.25), we deduce that the pole structure of T; ;1 (p) is as follows:

(i) it has at most simple poles at the critical points {pj"}, for which dA(p§") = 0;
(ii) it has a pole of order at most
max{2 — &; ;41 — ;141 — Ok 1+1,0}
at A(p) = 0: this follows from
S XA,

q+1

which offsets a linear power in the vanishing of the denominator;
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(iii) it has at most simple poles at pu(p) = 0 (when A(p) = oc0) wheni=j =k =10+1;

(iv) it has a pole of order at most
max{l — 41 — 6j 141 — Og,14+1,0}

at the critical points {¢o} of the u-projection, du(gS) = 0. These are the loci
(H))\

where the Ehresmann connection induced by the p-foliation is singular and 58q.

possibly develops a pole. These singularities are partially offset by a vanishing of
the same order of dju/d,\.

The residue sums (2.26) pick up the contributions from the residues of type (i) alone:
the difficulty in writing the critical points of the superpotential as algebraic functions
of (q1,...,q) makes, however, their individual computation unwieldy. To overcome
this problem, we turn the contour around and equate the sum of residues at the critical
points in (1.65) to a much more manageable sum of residues at poles and zeros of y
and A (type (ii) and (iii)) as well as a contribution from residues at critical points of y
(type (iv)).

Computing the individual contributions from type (iv) residues is as difficult, if not
more, than computing those arising from the critical points of A\. However, there are
two scenarios when they can be shown to vanish identically.

e If any of 4, j or k is equal to [ + 1, we have
ordger Y jx = max{l — &; 141 — §j141 — O141,0} =0

hence there is no pole at the ramification points of the p-projection. The sum
was calculated explicitly for all extended affine Weyl Frobenius manifolds with
canonically marked node in [15, Thm. 3.5], showing that

niG(aqm 8(1]') = ZpEg?rTi,j,lJrl(p) = UGW(aqw an)

as expected.

o If degy P = degy Q = 1, implying that the spectral curve is rational, we have
{¢&} = 0, so once again the sum over residues only picks up contributions from
zeros and poles of p and A. For 7,4,k # [ + 1, the sole contribution arises from
the zeroes of the rational function A(u).

When R = A; or R = Dy, it was shown in [15] that degy, P = 1, and for these two cases
the summation over residues can be performed explicitly?.

2Using the superpotential derived in [34] the almost dual prepotentials for the BC D-cases with
arbitrary marked node may easily be calculated. These are of the same form, corresponding to a
BCj-root system.
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2.3.1.1 Proof of Theorem 2.3.2 for the A; series with arbitrary marked
weight

Let w be the highest weight of the defining representation p of g = sl;11(C), and let
1 <k < be a choice of marked node. From (2.20), the corresponding superpotential
reads

w’ l z l
_ v oeww @ =) g 2R (1 - ) [They (1 Aia)
A= (— )ik =(-1) Yir1 H Rj g1k ’
J=1
(2.27)

where

l l
i ) — (s 1 .
Kj ::He Pro1<j<l, qg=e wm""h)ﬂa Wmin = TIr1 g (o7
i=j i=1

The structure constants of the Frobenius manifold structure on M"LG were computed
using the method described in Section 2.3.1 in [57] and, in a slightly generalised fash-
ion, in [13, Thm. 5.4], where more generally the three-point functions of the full T’-
equivariant Gromov-Witten theory of Z were seen to equate® those arising from the
Landau—Ginzburg pair (log A, ¢), with

l v l 2
wn b T (1 R d
A=ent [[r; ( Q)(ll};)lgl ? , = (v + ) <q> :
j=1 g 1

Taking the restriction to the one-dimensional subtorus T that fixes the irreducible
component ;- as in (2.14), the superpotential A coincides with (2.27), hence
CGW(SOia Pis Sok) = CiG(aqw 8qj ) a!Ik) 5

which yields the statement of Theorem 2.3.2 for R = A; and & = wy,.

2.3.1.2 Proof of Theorem 2.3.2 for the D; series

Let w be the highest weight of the defining representation of g = so9;(C). From (2.20),
the corresponding superpotential reads

\ i [rewe @ =) _ v [Ty (10— i) (0= 1) (2.28)

pl=2 (p? = 1)? pl=2 (p? = 1)?

3More precisely, the comparison in [13] was performed for Z x C with a 2-torus action acting
with opposite weights on the canonical bundle of the two factors. The corresponding genus-zero GW
potential differs from that of Z by by an overall weight factor of —(v1 4 v2).
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where

l
logri = Gijgy,1 <i<l, (2.29)
j=1

and G;j = 6;; — ;41 + 6;1-10;;; note that (GTG)ij = Cjj. As in (2.21), we shall
normalise the coordinate ¢;11 and the quadratic differential associated to the primitive
form such that:

A 2
log ki41 = %, P =v <:> . (2.30)

Since the spectral curve is rational in this case and the p-projection is unramified,
to perform the sum of residues over critical points in (2.23)—(2.24) we the contour of
integration around on the fibres of the mirror family, and instead sum over residues at
the other poles of the integrand. From (2.28), these are located at the support of the
divisor (A): the locus of zeroes and poles of A\. We thus need to show that

da,, (\)da,. (A)da,, (A)
caw(i, @i 98) = cla(pn i oe) == Y, Res———g———¢%  (231)
pEsupp(A)
Write
1 0 0 0
Rik = —¢ , , , 2.32
ik = 9,06 <810g/<ci Olog k; alogﬁk> ( )

and Rgz]k for the contribution of the residue at u = ¢ in the sum (2.31). We start with
the following

Lemma 2.3.4. We have

1 —1
Ry =R =0,
0 _ ploo) _ 90041951410k 141
RY, = R g
Km 1/km
Rl 4 R

0 j ki

=(0i jm + 0 kem + 0i kem) X { + (1 =0 k) [ — (04,j,mOk,i+1 + 05 k.m0 141 + 0i kom0 i+1)

+ (1 =05 jmOki+1 — 0. k;m0 141 — Oi kom0, 141) (0i j,mPmk + Ok i,mPmj + 5j,k,mpmi)] } ,

with
2

Ki (ﬁ? - 1) s ( Kin(1 — K2)

(ki — k) (Kikj — 1) (ke — Kn) (Fgkn — 1)

Pij =
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Proof. The statement follows from a lengthy, but straightforward calculation of the
rational residues in

H —Km ik 1=0m, 141
o _ metighy (2 + i) i
r=1\p—r, “_5:1 m 21
for ¢ =0, 0o, £1, k5 ; we omit the details here. o

Corollary 2.3.5. We have, for 1 <i,j <Il+1,

1 e
m7 Z—j—l+1,

o 0 0

b ..

) ) = _Cl 5 ) l 17 234

G (3%’ dgj 3(11+1> ! BIFLE (2.34)
0 else.

Proof. Since log ;11 = q+1/(2v), the Lhs. fori=j=1014+11is

[0] o]
1 Ry i T B 1

— R = = .
12 AL 12 W21 =2)

The vanishing when i # j and either i = [4+1 or j = [41 is immediate from Lemma 2.3.4.
For the case 1 <i,5 <, we use (2.29) to get

l l
b . [K5n] [1/kn] R . e ().
ac (ql . —qi, Qj) = E Gri (Rk, I+1 + Rk, 1 1)Gm] = ké 1 leij = ng .

k,mmn=1

O]

Recall that, w.r.t. the orthonormal basis {e;}!_; of R!, the D; root system is
O={e—entisiU{aa+a}, RT={a*elic;, (i) =Gji.

Definition 2.3.6. Choose a bijection
(-1
a:{(z‘,j)\1gi<j§l}<—>{1,..., ( > )},

and for each pair (i,5) with 1 <4 < j <, define ©F and © by

1 ifk=1
1 ifk=iork=j ’ e+
+ o ) — o . - —
Octi) = {0 otherwise, Ortigr =1 k=1, 0= < ) .

0 otherwise,

Corollary 2.3.7. Let € be the column vector (e, . .. ,el)T. Then the rows of © - € give
all the positive roots of Dy,

(,81, ce Bl(l—l)) = Oe. (235)
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Define now coordinates (11, ...,7) of H?(Z,C) via
(@, @) =C7'G (m,... )" (2.36)
By (2.29), we have:
(logk1,...,logr)T = Glqr,...,q)" = GCGT (r,...,m)T
Using GTG =C, we get GC~'GT = I, hence logr; =7, 1 <i<I.
Lemma 2.3.8. The positive degree part of the genus Gromov—Witten primary potential

of Z is
(1) !

Fdw=2v Y Lig|exp (Y —047 | | - (2.37)
i=1 j=1

Proof. In term of the matrix A;; = (5;, a;) of coefficients of the positive roots (81, ..., Bji—1))
in the basis of fundamental weights Q = {w1,...,w;},

Rt = AQ, (2.38)
we find, using (2.36),
1(1-1) I
Fdw=2v ) Lig | exp —(ACTIGT) o7
o=1 7j=1
On the other hand, expressing fundamental weights in the orthonormal basis,

(/817 B 7/8l(l71))T = ACil (0[1, s 7al)T = AC?lGT (617 ceey GZ)T :

From this we deduce that © = AC~!G" by comparing to (2.35), thereby proving the
claim. O

Proof of Theorem 2.3.2 for R = D;. By Corollary 2.3.5, we need only consider the case
1<4,7,k <I. From Lemma 2.3.8, we get

1(1-1) l
exp(— . OumTm
5 01100,000 = St O
o=1 1- exp(— Zm:l @ame)

1 &PFhy
2v O1;07;07y N

, (2.39)

where o is an element of the index set o € {(m,n)|1 < m < n <1}, and consider the
case k = j =1 for starters. From Definition 2.3.6, this reads explicitly as

1 PRy _ exp(—T, Tk) B exp(—Ti + 7%) exp(—7x + 7i)
) -y oy

2v O7,07;07; 1— exp( — T ~ 1 —exp(—7; + %) ~ 1—exp(—m,+ 1)
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Likewise, for k = j # i, we spell out (2.39) to be

1 PRy exp-mi—7) exp(-7i+7) 1
2v 01;01:01; 1 —exp(—1;—7;) 1—exp(—7+71j) 2

(sgn(i—j)+1).

As, for fixed o, O, is only non-zero for exactly two values of i, we finally have that,
for 4, j, k all distinct,
PFly _
or, iaT 7 oT k
Let us compare the above back to the structure constants of the Landau—Ginzburg
product (2.32). From Lemma 2.3.4 and for i, j, k all distinct, we find

1 O3FS 1 O3F, 1 1 OPFf
R — — GW_ _j4; Rioi=— - GW _~ — )41 Ry ——_—_~ _GW _
" 0 010101 T 20 9r;0mi0T; 2 (sgn(@=)+1), Wk = 9y, 07,0707,
(2.40)

Hence Theorem 2.3.2 for type D; reduces to verifying the following identities relating
the additive terms in the r.h.s. of (2.40) to the T-equivariant triple intersection numbers

of Z:
1(-1) . o
Z@ 2(1 —1), 1<i=j<I,
sgn(i—j)+1, 1<i#£j<lI.
These are easily verified using the definition of ©, concluding the proof. O
2.3.2 DUBROVIN DUALITY VIA INITIAL CONDITIONS
A direct proof of Theorem 2.3.1 would entail showing that the structure constants of

MbAW, expressed in terms of those of Maw through the duality relation (1.60), coincide
with the quantum cohomology product (2.16) of Z. Explicitly, in our case (1.60) reads

83FGW b Otc 0qq Oqp AB
=W = E ia t , 2.41
8qi6qj8qk(x) a,bABC(nAW) (UAw)ybaq 875 6753 (CAW)C (t(x)) ( )
where -
+
03 Faw
AM BNi 2.42
CAW E TAaw TTaw Dt Ot NOte ( )

M,N=1

For a given marked pair (R, ), (2.41) could a priori be proved by brute-force, as both
sides of the equality are calculable, at least in principle. For the r.h.s., closed-form
expressions for the prepotential Faw (f) and the Saito flat coordinates {¢t4(z)} in linear
coordinates on h x C were found in [35, 10, 15]; for the l.h.s., the Gromov—Witten
quantum prepotential is given by (2.16).

In practice, however, this approach is largely unfeasible. The entries of the Jacobian
matrix Oy tc(x) are trigonometric polynomials with e.g. up to billions of terms for
R = Eg; for the same reason, computing the inverse 0;,q, relevant to (2.41) is well
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out of reach of symbolic computation packages, such as Mathematica, even for very low
values of [.

As we will show, both sides of (2.41) are uniquely determined by their values at a
(small) finite number of points in the semi-simple locus MEy, = h**& ® C: we will refer
to this as a set of initial conditions for the Dubrovin duality. The functional equality
(2.41) reduces then to a numerical equality over the set of initial conditions, which can
in turn be verified very effectively. As explained in Remark 2.3.3, we will formally set
v = 1 throughout this Section.

2.3.2.1 Reduction to initial conditions

We will start by establishing various homogeneity properties for the tensors appearing
in (2.41). Following [35], we define d;y; = deg(y;+1) = 0. On the complement of
the discriminant, the coefficients (%) of (2.6) in the chart parametrised by the
coordinates (y1,...,y+1) satisfy [35, Lem. 2.1]

deg(naw)™” = da + dg,

while the inverse Gram matrix of the Saito metric is, by definition,

n%% (y) = O(naw) ™’
AW ay
By [35, Cor. 2.5, the flat coordinates {ta}a=1, ; are polynomials in yi,...,y;,e¥+!
with degts = da. Furthermore, from [8], the determinant of the Jacobian matrix
associated to the change-of-variables Y; — Y;(q1,...,q) is
6= T (P72 — e omr2). (2.43)

BERT
By definition, § is anti-invariant under the Weyl group action,
§(wh) = (—=1)" ™5 (h).

By orthogonal extension to h x C, the determinant of the Jacobian matrix associated
to the change-of-variables y; — y;(q1, ..., q11) 18

A = celhttd)ang (2.44)
and A is therefore, for the same reason as §, anti-invariant w.r.t. the Weyl group action.

Lemma 2.3.9. A% ¢ A. Moreover, A? is quasi-homogeneous of degree 2(dy +---+d;).
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Proof. We first show the invariance of A% under the extended affine Weyl group W. It
suffices to check it on the generators, given by the Weyl reflections, the co-root lattice
generators, and an extra translation

(h, qu) — (h + 27w, qi+1 — 27’l’i) . (245)

Obviously, since A is anti-invariant, A? is a Weyl group invariant. For the invariance
under the other generators of W, we use

5=elm T (1 - e*<5vh>) : (2.46)
BeRT

where w is the Weyl vector (2.22). An affine translation by a co-root oV,
h — h + 2mia

will leave § (and therefore A and A?) invariant, since (w,a") and (8,a"), B € RT
are integers. It only remains to consider the effect of the Z-action generated by (2.45):
under this translation, we have

5 —s 627T1(W7@>5, e(dit+di)qi1 s o 2mi(dittdy) o (dit+di) g

Hence A is invariant, using (2.22) and the fact that

(W, @) =Y d;, (2.47)
since d; = (w;,@). To conclude that A2 € A, it remains to prove boundedness of A in
the limit (2.10). From (2.47), the restriction of A to the locus in (2.10) is

celtttdas ) T (1_e—(ﬂ,h)e—(6@>f).
BERT

This is bounded when 7 — 400, since (3,W) € Z~q. It is finally immediate to see that
A?(z) is quasi-homogeneous of the claimed degree, since it is monomial in e%+! with
exponent 2(d; + - - -+ dp). O

Define now (2, 1)-tensors
law € H®(Maw, Sym* Tatgy ® Tipgy) > Caw € HP(Maw, Sym* Tatay ® Thray)

by the following expressions in the chart (yi,...,y+1):

PFaw 5 iaOWa »OYB Oqk
(¢ ia jbZIB
(faw): agka%a%a@f o) G O G
Yo, Oyp Ot
(aw)?? = 3 SH2 T8 TN () KM (2.48)

LN 6tL Otar Oye
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Proposition 2.3.10. We have

A (Uegw)P e A, (Uaw)*P e A. (2.49)

Proof. By (2.8) and (2.11), the entries of the Jacobian matrix (resp. its inverse),

0Ya -1 0q;
jai = an , Tesp. t77ja = Tya’
are Laurent polynomials (resp. rational functions) in (e?',...,e%+1). Since A is the
determinant of the Jacobian matrix, the expression
Aqu € Cleta, ... etun]
dye
is again a Fourier polynomial in (g1, ...,q1). Moreover, from (2.17), the triple deriva-
tives of the Gromov—Witten prepotential are rational functions in et ..., e*%+1 with
at most first order poles at 4 = 0. Hence,
A% (low)2? € Cletn, ... et
is a Fourier polynomial in (qi,...,q+1), as claimed. By Lemma 2.3.9, it remains to
check that the tensor components (EGW)?"B are WW-invariant and bounded in the limit
(2.10). Let
ayn baya
. 2.50
Z aq(l W Iqp ( )

By [35], ¢"* are elements of A. Therefore, noticing that

P Faw o OY 0y Oqy,
Y af _ b NiaYYa b \jpYIB YAk
(baw), o 8(1@'8%8%( ) 8qa( hw) dqp Oye
PFaw 0q; 0qj 3%) na 68
= ey S T agob 2.51
Z (an‘ana% Oyy Oys Oye 99 (2:51)

Z‘7j7k:7§’/'7

it suffices to check that

Z P Faw  9qi 0g; gk
* 09i0q;0qr Oyn Oys Oye

is W-invariant. Since Yo 1S VNV—invarifglt for 1 < a <, Y141 = qi+1, and the coordinates
g; which are linearly-acted-upon by W are contracted, verifying the JV-invariance of the
last expression amounts to checking the W-invariance of the Gromov—Witten potential
Faw, up to an additive quadratic shift in x. Recall that

Lis(e) = e3(2) + Lig(e™), (2.52)
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where c3(z) is a cubic polynomial in z, as follows from integrating both sides of the
geometric series identity Lig(e*) = 1 — Lig(e™*). Expanding the sum over positive roots
in (2.17) to a sum over all roots using in (2.52), we have

Fow = D3 + 2v Z L13 —(6; h>
BER

for a cubic polynomial Ds(q). It is straightforward to verify that Ds(q) is Weyl-
invariant, hence Fgw is Weyl-invariant. The invariance under the extended affine
action is trivial, since for each 3, e!#h) ig invariant under the corresponding translation
in W.

It only remains to verify the boundedness property. Under the limit (2.10), since the
entries of the Jacobian matrix J,; are bounded, so are the coefficients of its inverse
JZ; , and we have already shown that A is bounded. As for the triple derivatives of
the Gromov—Witten potential, boundedness is trivial when either of 7,5,k =1+ 1 by
the string equation and (2.16). For 4, j, k <[, we have

P Fow o—(B.h)
= ¢k + dz 2.53
00:0q;0q " BZER ) U (2:53)

for constants c;jk, dijx(8), with 8 € R*. Since (8,&) > 0, we have

lim |e—<5,qo+fuT>| -0
T—400 ’

hence (2.53) is bounded at infinity.

As for aw, by [35, 15], recall that when 1 < A <[, t4(y) is a polynomial in yi,...,y
and e¥+! with polynomial inverse y;(t), and t;11 = y;41. Moreover, (caw)i™(t) are
polynomials in y1,...,y; and e¥+1. Therefore,

(EAW)?Q(Q) S (C[yl, e Yl eyl+1] )

The claim then follows as y;(x),...,y(z) and e¥+1 are generators of A. O

The square Jacobian factor A? in A%qw entered our discussion so far only in order to
offset the potential double poles of {gw along the discriminant. However, the equality
(2.41) that we need to prove, fgw = £aw, would lead to the stronger expectation that
Low is in fact regular at § = 0. We now show that this is indeed the case. We start by
proving the following

Lemma 2.3.11. Let
m:Ay,(R) — C
w — my
be a complex-valued map on the weight lattice having finite support and Weyl-invariant

fibres,
Myw) = Mw YweW, {w € Aw(R)|my, # 0}] < oo,



44

and consider the Weyl-invariant Fourier polynomial

= X macd e it o)t
wEAW(R)

Then, for all B € A.(R), the directional derivative of p(q) along B is divisible by
(1 — eFBM)Y) in the ring of Fourier polynomials,

l

Z</vaa>a§;q> € (1—etBmMyCletan, ... et

a=1

Proof. Since

aqa weAw(R) a
we have that
l p(q)
Z(ﬁ,wcﬁai = Z Mg (B, w)el M. (2.54)
a=1 Qo Lera(R)

Let now 8 € A.(R) and
T1(8) = {w € Aw(R) [sgn ((B,w)) = £1} .
Since (B, sg(w)) = —(B,w), the Weyl reflection across 3+ gives a bijection

sg: T+(B) = I'x(B) .

Moreover, using m(,) = My, We can rewrite (2.54) as

Z me (3, W>(e<“”h> — e<sﬁ(w)’h>) = Z mw(ﬁ,w>e<‘“’h)(1 _ e’%) )
wel'+(6) weT4(8)
As 2(%075/? is a (positive) integer, (1 — ei(ﬂﬁ)) divides the r.h.s. in (C[ei‘h, o ’eiql] 0

Proposition 2.3.12. ({aw)’ € A.

Proof. From (2.11), (2.17) and (2.55), (law)®” is a polynomial in e%+1. Let then

af ‘
q+1=0"

The statement would follow from showing that L?B , which a prior: has double poles

along § = 0, is in fact a Fourier polynomial in (q1,...,q). By Proposition 2.3.13, (52L?ﬁ

is Weyl-invariant, and therefore SLEP is Weyl anti-invariant. By Bourbaki [8, Ch. VI,
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Sec.3, Prop. 2(iii)], the multiplication by 0 is a bijection from the set of Weyl-invariant
Fourier polynomials onto the set of Weyl anti-invariant Fourier polynomials. It then
suffices to show that

SLYP e Clet®, ... eF].

From (2.48), we have

b
qr+1=0

N O*Fg -
6L = D7 o o (i) (hw) " ToaTan Tt 6
i hab 4:04;04k

where the r.h.s. has in principle simple poles at 6 = 0. Since A = det 7, 571;1

qi+1=0
is regular at 6 = 0, therefore it would be sufficient to show that

qi+1=0

is pole-free at 6 = 0. By (2.17), the triple derivatives of the prepotential are pole-free
along the discriminant unless 7, j, k < [, in which case®
P Faw v v y 1

R = Cijk + 2v Z <,8,ai ><IB,C¥J ><B,ak>7h .

94i9q;0qy, R 1 — eBh)
By Lemma 2.3.11 with p(¢q) = ya(g), we have that, for all 8 € RT, > (8,wa)Taa has
a simple zero at (8,h) = 0. Hence, using (niw)ab = —Cy for a,b,< [ by (2.7), the
expression

1 J—
T 2B )€ i

is regular on the discriminant § = 0, concluding the proof. O

Proposition 2.3.13. For any «, B3, €, (EGW)?ﬂ and (EAW)?B

polynomials in y1, ...,y and e¥+' of degree do, + dg — d..

are quasi-homogeneous

Proof. The polynomiality statement follows from Propositions 2.2.1, 2.3.10 and 2.3.12.
The homogeneity property for £gw can be read off from (2.51): firstly, from (2.50), g
and ¢°? are quasi-homogeneous of degree d, + ds and ds + dg respectively. The triple
derivatives of Fgw are quasi-homogeneous of degree zero, and therefore each nonzero
term of (EGW)?ﬁ has the same degree dn + dg — de. As for Law, by [35], ta is a quasi-
homogeneous polynomial of degree d4 for 1 < A <, and t;41 = y;41. Thus, recalling

that dj41 =0, gtiz is quasi-homogeneous of degree d,, —da, and likewise gtB has quasi-

homogeneous degree dg — dg. Furthermore, by [35], (caw )% (¢) is quasi-homogeneous
of degree dy, + dp; — dn. Therefore, each nonzero term of

Oy, Oyg Ot
(Law)2P = Z o 298 EN M

LMN 8tL (975]\/[ 6y€

4For A; with a general 2-torus action, the expression is the same upon relacing 2v — vy + vs.
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will be of the same degree:
(do —dr) + (dg —dm) + (dy — de) + (dp +dyr — dn) = do +dg — de
concluding the proof. O

Define a grading on C[Y7,...,Y]] by degy Y; = d; for 1 <i <[. Writing
D :=max{(dy +ds — de)|1 <n,6,e <141}, (2.55)
we will write

!
Znidi < D},

Voten = {F e C¥s,...,Y]] ‘ degy F < D} , Sadm = {(nl,...,nl) e 7L,
=1

for, respectively, the finite-dimensional vector subspace of polynomials in (Y7,...,Y])
of degree less than or equal to D, and the set of monic monomials in Y,q,. We
will refer to Sagm as the set of admissible exponents of the root system R, and to
the corresponding monomial basis of U,qm,m as the set of admissible monomials. In
particular, for N = (nq,...,n;) € Sadm, we will use the shorthand multi-index notation

!
YV = l_IYZ”Z .
i=1
Corollary 2.3.14. We have

(baw)™ € Bodm,  (Law)™ € Vadm -

q+1=0 q1+1=0

Proof. Immediate from Proposition 2.3.13. O

By Corollary 2.3.14, the Weyl-invariant Fourier polynomials (KGW)Q(S\,]ZH:O and (eAW)?(S‘qH,l:O
are elements of the same finite-dimensional vector space U,qm, with dimc Uaqm =

| Sadm|- This reduces the verification of the functional relation (2.41) to checking the
numerical relation

(baw)? (@) = (Law) 2 (¢"))
for finitely many points {g), ..., q(SaamD} in p, each providing a linear constraint on
the coefficients of either side of (2.41) as an element of V,qp,. If these points are chosen
generically, the resulting linear system will have maximal rank and determine the (2, 1)
tensors fow and £aw uniquely.

Definition 2.3.15. A set of |Saqm| points {¢(1), ..., ¢([SaamD} M35y will be called
a set of initial conditions for MbAW if the |Sadm| X |Saam| generalised Vandermonde
matrix minor

(YN (@™M)) N e S
is non-singular,

(YN(q(M>)> £0. (2.56)

det
M,N
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Checking (2.41) on a set of initial conditions is poorly suited to a general proof of
Theorem 2.3.1 for all marked pairs (R,@). On the other hand, it can be performed
highly effectively on a case-by-case basis. As it just remains to prove Theorems 2.3.1
and 2.3.2 for R = E;, we will construct sets of initial conditions to verify (2.41) directly
in these three exceptional cases.

2.3.2.2 Proof of Theorem 2.3.1 for the E; series

It is straightforward to compute the degree bound D and the number [S,qn,| of admis-
sible monomials for the exceptional series E;. These are reproduced in Table 2.1.

l D ’Sadm|
6| 12 151
7|24 254
8|60 | 434

Table 2.1: Degree bounds and size of the set of initial conditions for the exceptional
series E;, | = 6,7, 8.

Configurations of |S,qm| points that are not initial have measure zero in Sym'sﬂdm‘b,
since (2.56) is an open condition. Due to the small size of S,qm for R = E;, it is
straightforward to construct an initial set by picking a configuration of |Saqm| points in
the Cartan subalgebra and then checking a posteriori that the generalised Vandermonde
minor (2.56) is indeed non-zero for them. Having constructed a set of initial conditions
J, we are then just left with verifying directly the numerical identities

(law);”(@™) = (Law)3 @), k=1,....]].

Proposition 2.3.16. For all (R,©) with R = E;, there exists a set of initial conditions
J such that, Vx € 7,

(law)2?(q) = (Law)2(q) - (2.57)

Proof. Direct calculation. O

Example 2.3.17 (R = Eg). We will sketch here the main elements entering the ver-
ification of (2.57) for R = Eg. The Lh.s. of (2.41), as a function of x = (q1,...,q7)
is explicitly computed by (2.17). As for the r.h.s., (P )ia is given by (2.7), and all
we need to compute are the Jacobian matrix of the change-of-variables ¢t — ¢(q), its
inverse, and the (2, 1) multiplication tensor caw in flat coordinates. For the latter, the
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prepotential of Maw was computed in [15] to be

el2t7

1 1 1
Faw =~ + 7%hts + 55e%7 (1 + 15 + 3t5) + 5™ hitets

1 e3t7
+ Ee‘“? (10t3t3 + tita — tot? — tots) + 5 te (£} — tots + 5 + 265 + tats)
2t7 1
+ g (tth — 2ttt} + (85 + 2643 + 36t5ts + t) t1 + 15t5) + e (8 —t2) (t2 +t4) to

9418 tot] —tatd 13— 17 23 + 342 (tats — tats)ts t6 1
- + —t3t2 +

1
— — - —13¢
38880 7776 2592 36 192 ' 8 3T

4

from which (cAW)éB in (2.42) is immediately computed as an explicit polynomial in

t1,...,t¢ and e'7. The flat coordinates are related to the fundamental traces in (2.9)

2
3

i1 = W03 Wi, to=W; (Wl —6Wo — 12W5),  t3 = Wo(2W1 W5 + W5 4+ 3Ws + 3),

2 1 1 log(W/
ty= W3 (—W2+12W1 +6Wy), ts5=WSWs, t5=WZWs+2), t7:Og(60),
(2.58)

where furthermore Wy = /247, The fundamental traces W; and Wy in, respectively,
the 27 and 78 (adjoint) representation can be computed from the respective weight and
root system, and their expressions are given in the supplementary material available
with [14]. The remaining traces can be computed from the following relations in the
representation ring of Eg:

Wi(q):Wg_( ) i:1,...,5
1

Wala) = 5 (W2(a) ~ W1(20)) , Wila) = 5 (Wal)Wila) — Wa(a) Wi (20) + W3 (30))

3

expressing, respectively, the fact that p; = ps_; for 1 < i < 5 and p; = Alp; for i =2, 3.
Plugging the resulting expressions into (2.58) gives the change-of-variables ¢ — ¢(q),
from which the Jacobian coefficients 0,,t4 could then be in principle be computed as
explicit, if cumbersome, Fourier polynomials with a few thousand terms. The resulting
matrix inversion computing 0 ,¢; as rational trigonometric functions of ¢ is far out of
reach of modern symbolic computation packages. On the other hand, evaluating on
a (rational) set of initial conditions J dramatically reduces the unwieldy expressions
above in the field Q(e?,...,e?) to eminently manageable manipulations of rational
numbers. The exact inversion of the numerical 7 X 7 matrix O qu| g0 over Q for
¢%) € 7 takes now a fraction of a second in Mathematica on an entry—level desktop
computer’, as does the evaluation of all the other quantities entering (2.41). This
allows for a straightforward and fast verification of (2.41) over J, and therefore, by
Proposition 2.3.13 and Corollary 2.3.14, on the whole of Maw.

5 Absolute clock-times based on a setup with Intel Core i7-8700 @3.20 GHz processor and 16GB
RAM.
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The same Mathematica calculations take a couple of minutes for R = E7, and a few
hours for R = Eg with the same setup. The Wolfram Language code used to verify
Proposition 2.3.16 is also available in the supplementary material for [14].

Corollary 2.3.18. Theorems 2.5.1 and 2.5.2 hold for (R,©) with R = E;.

Proof. Theorem 2.3.1 follows from Propositions 2.3.13 and 2.3.16 and Corollary 2.3.14,
and it implies Theorem 2.3.2 by Theorem 2.2.4. O

Example 2.3.19 (Landau—Ginzburg mirror symmetry for the Eg du Val resolution).
Let R = Eg, so that @ = ws is the highest weight of its 2925-dimensional fundamental
representation. By Theorem 2.3.2 and (2.21), the T-equivariant quantum cohomology
of the du Val resolution of type Eg is mirror to a one-dimensional Landau—Ginzburg
model with a log-meromorphic superpotential log A and logarithmic primitive form

2
¢2 — v d;u
3\ p )’
where X\ and p are the two Cartesian projections on the family of plane algebraic curves
over ' @ C in (2.20) given by

P(y17y7;)\7ﬂ) :07

and we took w = w; in (2.20) to be the highest weight of the 27-dimensional fundamen-
tal representation p;. Expressing the characters of the exterior powers of p; in terms of
fundamental characters Wy,...Ws (see [7, Eq. (6.21)]), and further relating the latter
to the basic invariants as

Wi=Y1, Wy=Y>+5Y;, Ws=Y3+4Y1Y5—9Ys —63,

Wy=Yys+5Y1, Ws5=Y; Wsg=Ys+6,

as can be ascertained from a direct inspection of the fundamental weight systems I';
(i=1...6), we compute from (2.20)—(2.21) that

— _ 3
P(yla C YT A, //J) = Q(Ylv ooy Yo, M)+e q7/(2y)Q[1] (Ylv o Y, M)>\+6 q7/l/tu9 (/1’3 B 1) A d
Yo=yae™ %a¥7
where Q is the characteristic polynomial in (2.19), and
Ol =1 - 2°Yy + pi® (Y5 + 20) + p* (Y — 2Yp — 13Y5) — 1 (YY1 + 9Y1 + V)
+ 18 (23 + 12Y1Y5 — 21Y5 — 150) + p” (5Y2 — 10Y}? — Y3 Y) + 24Y5 — Y5Y5)
+ 18 (YsYE 4 3YsY1 + 26Y1 — 13Y7 + Yy — 2Y5Y5)
+ 10 (6Y5Y1 — Yi¥ + 3YaY] — 6Y3 + 3Y4Ys + 48Y5 + 343)
+ !0 (4Y5 —4YF = 2YPY) - YaY: - 3Ys + 3Y5Y5)
+ (uk — (=) Y — Vs, Yo — Y4> .
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As a check, from (2.23), the dual pairing on Maw ~ Mig is

1 da, A0a, A d 1 da, Ada, A d

b q; q; M q; q; )

a0, 0q;) = = Res —————— = — g Res ————.
G MOA w6 ey P oA K

For 1 <4,j </, it is straightforward to check that the only non-vanishing residues arise
from the zeroes of A, i.e. when p = ¢’ for ' € T';. We find

2 -6 0 0 0 O
-6 12 -6 0 0 O

09, A 00, A dp 0 -6 12 -6 0 —6
Res oA u > (Whai) (way) = 0 0 -6 12 -6 0
UJIEFl M:e<w ,q> ,LL K ,LL w/eFl
0 0 0 -6 12 0
0 0 —6 0 0 12

and therefore
WiG(aqm aq]') - nGW((Ph (Pj) = _Cij ;

recovering the expression for the 2-point intersection pairing on Z in (2.16).



Chapter 3

On the crepant resolution
conjecture for type D Kleinian
singularities

§3.1 Introduction

Let G = Gp,, < SL(2;Z) be the Kleinian subgroup of type D, and X = C?/G be
the corresponding Kleinian singularity. Let f : Z — X be the minimal (and crepant)
resolution of X, and X = [C2/G] be the underlying orbifold of X.

The setup of the Crepant Resolution Conjecture (CRC) therefore applies. For type
D Kleinian singularities, Hu [41] verified the Bryan—Gholampour conjecture for X,
thereby matching the quantum cohomology of X and Z. What remains open is the
Coates—Ruan formulation of the CRC stated in Conjecture 1.4.2. It predicts a degree-
preserving symplectic isomorphism

U:Hy — Hz

that, after analytic continuation, maps Ly to Lz.

In this chapter, we construct a candidate transformation U, that matches the two
Lagrangian cones after analytic continuation. Recall that Conjecture 1.4.3 predicts
that such a transformation is induced from a K-group isomorphism through Iritani’s
integral structure.

The key input is the mirror symmetry for Z that is developed in Chapter 2, follow-
ing a framework based on the work of Brini-Cavalieri-Ross[13], where they proved
the crepant resolution conjecture for [C2?/Z, 1] x C using one-dimensional Landau—
Ginzburg mirrors. Analogous applications of mirror symmetry to the study of crepant
resolutions can be traced back to toric examples [23, 24], where the general theory of

o1
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toric mirror symmetry is used. We outline the three key steps in the framework as
follows:

3.1.1 THE FRAMEWORK

Recall that every weak Frobenius manifold M” is equipped with a pencil of flat con-
nections, known as the Dubrovin connection. In the context of quantum cohomology,
the components of the J-function provide the flat coordinates for this connection. For
more details, see Section 1.4.

Step 1 Show the following statement:

Claim 3.1.1. There ezists a (weak) Frobenius manifold M and two special points LR,
OP € M”, such that:

(1) in a neighbourhood Uz of LR € M®, QHp, (Z) Mb‘UZ,

(2) in a neighbourhood Ux of OP € M”, QHE . (X) = Mb‘UX.

Consequently, the components Jz and Jy are local deformed flat coordinates for the
same Frobenius manifold at distinct points, which implies that they are related via
analytic continuation or parallel transport. In principle, this reduces the problem to
finding the explicit analytic continuation that links the respective J-functions: if there
is U that sends Jz to Jy, then it induces an isomorphism of Givental’s spaces. However,
directly computing this continuation on the A-model side is hopeless; because they are
defined as formal power series, their global analytic properties remain highly elusive.
This problem is translated to the analytic continuation of the mirror B-model periods,
which typically have more tractable analytic behaviour.

Step 2 Suppose M” has a Landau-Ginzburg model (log (M), @), then show that

Claim 3.1.2. The gradients of oscillatory integrals f)\l/zgzb are flat sections of the
Dubrovin connection associated to M®. Moreover, one can choose a family of integral
contours y; such that f% N/2¢ give a framing of deformed flat coordinates.

As a corollary, components of J-functions are linear combinations of these integrals
near LR(resp. OP), for Z (resp. X’). The components of J—functions are therefore
linear combinations of oscillatory integrals at LR/OP.

Computing U is, at this point, equivalent to explicitly comparing J—functions with
oscillatory integrals at LR/OP, which becomes the final step:

Step 3 Choose a global framing of oscillatory integrals that is defined in particular in
a neighbourhood of path p connecting LR and OP. Compare the local behaviour of
this framing near LR/OP with Jz/Jx and obtain the linear map U that sends Jz to
Jx.
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3.1.2 ORGANISATION AND MAIN RESULTS

The chapter is organised as follows. Section 3.2 describes the Chen—Ruan cohomology
of X and reviews the Bryan—Gholampour conjecture. The analysis of the Coates—Ruan
conjecture for X then proceeds according to the framework explained in Section 3.1.1.
Specifically, Section 3.3 uses mirror symmetry to establish Step 1. Following this, Sec-
tion 3.4 develops the theory of twisted periods for one-dimensional Landau—Ginzburg
models, applying it to establish Step 2 for X'. Finally, Section 3.5 constructs a candi-
date transformation U, for general type D,, by comparing the local expressions of the
global period framing, and describes the transformation predicted by Conjecture 1.4.3.
The candidate transformation maps the corresponding Lagrangian cones to one an-
other. It remains to prove that U, satisfies all the remaining properties required by
Conjecture 1.4.2. Thus the conjecture is not proved in full. In the D3 case the candi-
date transformation is computed explicitly and compared, in suitable limits, with the
transformation predicted by the integral structure. Necessary connection formulas of
relevant Lauricella functions are given in Appendix A.

We now list the main results of this chapter.

Let R be the D,, root system, M be the associated extended affine Weyl Frobenius
manifold and M" be its dual Frobenius manifold. Let (A, @) be the superpotential of
M. These structures are introduced in Chapter 2.

Proposition 3.1.3 (=Proposition 3.3.1). Claim 3.1.1 holds for (X,Z, M?).
Theorem 3.1.4 (=Propositions 3.4.11 and 3.4.12). Claim 3.1.2 holds for (X, Z, M").
Proposition 3.1.5 (= Proposition 3.5.8). U, is explicitly computed in D3 case.

Proposition 3.1.6 (See Propositions 3.5.8, 3.5.9 and 3.5.11). In the D3 case, U, is
induced by an isomorphism

Uk : Kex (X) = Kex (2) (3.1)

via the C* -equivariant integral structure framings T x and v 7. Moreover, Uk s linear
over Frac(Kcx (pt)) and its non-equivariant limit is linear over Z.

§ 3.2 Cohomological and Bryan—Gholampour conjecture for X

We briefly review the classical and quantum McKay correspondence for type D Kleinian
singularities in order to fix conventions.

The Kleinian subgroup G < SL(2; C) of type Dy, is the binary dihedral group
G = Gp,, = BDyy,—s. (3.2)
Explicitly, G is generated by two matrices in SL(2;C):

a:<g Col>, b:(_ol é) (3.3)
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where ¢ = exp (2(75’_2)). These generators satisfy the relations

"D 2 1 papl — a1, (3.4)

Let 7 : Z — C?/Gp,, denote its minimal resolution, and E, ..., E,, be the exceptional
curves of m. We express a general element of H2(Z,C) as

T = th [E]. (3.5)

By the McKay correspondence (see Section 1.1), the irreducible representations of G
are in bijection with the vertices of the affine Dynkin diagram D,,. There are four
one-dimensional representations (po, p1, Pm—1, Pm) and m — 3 two-dimensional repre-
sentations (pa, ..., pm—2), where for 2 < k <m — 2

= (" )= (e ) (55)

and for k € {0,1,m — 1, m}, pr depends on whether m is even or odd as follows:

a b a b
P1 1 1 o1 1 1
P2 1 -1 P2 1 -1
p3 | —1 | —1 p3 | —1 | i
P4 —1 1 P4 -1 —i
m even m odd

It can then be checked that the McKay graph of these representation is the affine D,
Dynkin diagram:

Q. )

po Pm—1
————o

./p.Q 3 Pm—3 Pm—2

The Chen—Ruan orbifold cohomology of the stack X = [C2/G] is spanned by the twisted
sectors in bijection with the m 4 1 conjugacy classes of G:

t;krb(‘)(?(c) = @ H*(Xg,(C) (38)
(9)€Conj(G)
Let 1, be the fundamental class of the twisted sector X9, we write a general element

of Hip (X) as
S a1, (3.9)
g€Conj(Gp,,,)
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For an irreducible curve E,, let p, be the corresponding irreducible representation of G
under the McKay correspondence, and @) be its defining representation. An immediate
consequence of the McKay correspondence is that the following change of variables

= ,é‘ S Vxa@) = 2x. (9) 2 (3.10)

geG

where the index v for p, is consistent with the classical McKay correspondence (3.7),
induces an linear isomorphism ¢ : H2, (X,C) = H?(Z,C) and preserves the (Chen—
Ruan) Poincaré pairing, as introduced in Bryan—-Gholampour [16].

Bryan and Gholampour further conjectured that the genus-zero Gromov-Witten theory
of X' is equivalent to that of the resolution Z after analytic continuation. They made
the following explicit prediction for the genus zero prepotential of the X:

Conjecture 3.2.1 (Bryan—Gholampour/Bryan—Graber). Let the coordinates {t,} and
{4} of H(Z) and H(X) be as in (3.10) and (3.9) respectively. Then the genus zero
C* -equivariant Gromov—Witten prepotentials F¢ and F* of H(Z) and H(X) are equal,
up to analytic continuation and change of variables

.dim p, 1
ty = 2771T|p + @ Z Vxv(g) = 2xp,(9) 24, (3.11)
geG

Proving this conjecture requires a rigorous computation of the involved Hodge integrals
and a structural understanding of the descendant invariants. This long-standing task
was finally accomplished by Hu [41]:

Theorem 3.2.2 (Hu). The Bryan—Gholampour Conjecture 3.2.1 is true for binary
dihedral groups.

Our subsequent study is fundamentally based on this result.

§ 3.3 Global mirror symmetry

In this section, we show Step 1 for type D Kleinian singularities. This means giving
the local isomorphism between the quantum cohomology of X' (resp. Z) and the dual
Frobenius manifold of the associated extended affine Weyl Frobenius manifolds.

3.3.1 GLOBAL MIRROR SYMMETRY

Let M’ be the dual Frobenius manifold of the extended affine Weyl Frobenius manifold
M associated with the D,, root system, and let LG(log A, ¢) be its Landau—Ginzburg
model. As in (2.28), its superpotential is
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l -1

~ A [ Lo (p = ) (k= k) _dp
A= Ty . p=—, (3.12)

P2 (p? = 1) 0

where (see (2.29))
I
logri = »_ Gijgj,1 <i<l, (3.13)
j=1

and Gij = 5”‘ — 5i,j+1 -+ (5,’71715"1.

Proposition 3.3.1. Locally identify the base manifold of M® with H(Z) and H(X)
via (3.11). Take two special points LR, OP € M as

LR = {Re(t;) » —oo}, (3.14)

dim py
OP = {tv = 27i }, 3.15
| (3.15)

Here LR denotes the large radius limit, and OP denotes the orbifold point. Then

(1) mear a neighbourhood of LR € M, QH%, (Z) =2 M” 2 LG(log A, ¢);

(2) near a neighbourhood of OP € M, QH., (X) = M 2 LG(log A, ¢).

Proof. Part (1) follows from Theorems 2.3.1 and 2.3.2, specialised to the root system
D,,. For part (2), Hu'’s theorem identifies the quantum cohomology of X with that of
Z under the affine change of variables (3.11). The origin in the orbifold coordinates is
mapped to OP, so transporting the identification in part (1) gives the required local
isomorphism near OP. 0

This establishes Step 1.

§3.4 Twisted periods of one-dimensional Landau-Ginzburg mirrors

3.4.1 (GENERALITIES ON DEFORMED FLAT COORDINATES

Let ¢ = d(log 1) and A(t, 1) be a superpotential that parametrises a Hurwitz space:

c—2 ~p! (3.16)

B
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Associated to the pair (A, ¢) are two weak Frobenius manifolds M and M, with the
multiplication given by:

XYWz
XoY Z)= —————"dl 1
NXoY,Z)= ) Res =5 Toiog 5 0108 I (3.17)
pecr(A)
B X (log V)Y (log A)Z(log \)
g X*xY,Z) = pegr()\) iji)s Blog A/dlog 1 dlog 1 (3.18)

An overview of the theories mentioned above can be found in Section 1.5.

Consider the associated pencil of flat coordinates:

V?&I _ V)L(«Cm + hXo (319)
Vi = GO 4 X (3.20)

By [30], they are flat pencils of connections on T'M. The gradients of a deformed
flat coordinate are solutions to the associated system of differential equations. For
example, let I be deformed flat coordinates of V?{-I and t, are flat coordinate of 7, then
& = 01 /0tg are solutions to the following system:

Oas = hC] &, (3.21)

where C 5 are structure constants of the multiplication o:
(3.22)

In this chapter, we will always write structure constants in flat coordinates of 1, which
we denote by{t,}. For example:

(Ca)y = Cops (3.23)
E = E°D,, (3.24)

Ug = EC%, (3.25)
V= t2d ~ VE. (3.26)

Proposition 3.4.1 ([32]). In flat coordinates of n, the system of differential equations
for (gradients of ) deformed flat coordinates of the dual-Frobenius manifold is given by

Oal - U=E¢-(V+h—1/2)Co, (3.27)

where & = (&1, -+ ,&m) is viewed as a row vector and - is the matriz multiplication.

We will prove the following two statements:
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Proposition 3.4.2. Let \,¢ = dlog u be a Hurwitz Frobenius manifold, then the

integral
/ eh)\(z)
r

Proposition 3.4.3. Let \, ¢ = dlog p be a Hurwitz Frobenius manifold. Then, under
the assumption that

is a solution to the system (3.21).

(1) E(A) = A;
(2) VE is diagonal;
(3) d=1,

the integral

e

For simplicity, we take z = log u throughout the section. The idea is to follow the
theory of primitive form, in particular in the context of Hurwitz Frobenius manifolds
as developed by Milanov[51].

is a solution to the system (3.27).

3.4.2 PRIMITIVE FORM AND FLAT COORDINATES TO FIRST STRUCTURE
CONNECTION

Proposition 3.4.4. For any Hurwitz Frobenius manifold, there are functions K.z,
defined by the first equation below, such that

oA
0K o
Oadsh = =52, (3.29)

Proof. The first equation is the same as saying that the Kodaira-Spencer map:

TB = m.0c v () (3.30)

C

is an isomorphism, where C' is the set of critical point of A. This is explained in [51,
3.1].

The second equation follows from the fact that the primary form ¢ = dlog u = dx
in Dubrovin’s classification is a primitive form [51, Proposition6.4] and {t*} are flat
coordinates, which we now explain.
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Let H = mHy pgan (€% / ) be the cohomology bundle of the twisted De Rham differen-
tials, where (0, = Q5/ (7 (QF) A 71Q¢)) is the sheaf of relative differential forms.

On the formal complement #((z)) there is a Gauss-Manin connection (z = 1/h in
this note):

2VEM (W] = [rel o vy(zde + deAN)@)], (3.31)

where ¥ (resp. @) are lifting of v (resp. w) to a vector field (resp. a honest differential
form) on C.

One of the conditions of primitive form ¢ (see [51, 5.1] or [52, 4.6]) then says that
2VGM VGG = (C, + 2T )2V Mg, (3.32)

where CZB and I') 5 are structure constants of the multiplication and Christoffel coeffi-
cients of the metric respectively. Since {t*} are flat coordinates, I'? 5 = 0 and therefore

R.H.S = C),ViM¢ (3.33)
= C 30, A\dx. (3.34)

Now by definition the L.H.S. is

VGMVGMdr = 2 VM (950dx) (3.35)
= [(20008\ + 0aADp\)dz]. (3.36)

Using the first equation,

L.HS—-R.H.S = [(Z@aag)\ + Kaﬁg)dx}. (3.37)
Noticing that
0K o oA
(dg + 2zdzAN)Kop = ( 5 + ZKaﬁ(‘):c) dz, (3.38)
=)
K,
0=L.HS-RH.S=1z [(aaaﬁx - aamﬁ)d:v} . (3.39)

The last differential is zero in H((z)) if and only if

OKap
or

De O\ — 0,

namely the second equation holds.
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Proof of Proposition 3.4.2. Let

I(t,h) = /F dr  and &5 = 9l

Using the two identities in Proposition 3.4.4, a straightforward computation gives

Dol =h / (D0 + D AIBN) " da (3.40)
r
d
= hCD 46, + h / - (Kage™) da (3.41)
= hC) 4. (3.42)
Thus ¢ satisfies (3.21). O

3.4.3 TWISTED PERIODS OF DUAL FROBENIUS MANIFOLDS

Proof of Proposition 3.4.5. This argument is based on [32, Proposition 5.1]; the differ-
ence here is that the Euler vector field can be more general. We use the two identities
established in Proposition 3.4.4. Let

I(t,h) = /F Mz, (3.43)
then taking derivatives gives
0001 /1 = 0y /F s\ dx (3.44)
= /F (000NN + (B — 1)0u, AIgAN""2] dz (3.45)
= (h— 1);0&5A85AAE_2dx+/F [8§;5Ah +(hi—1) aﬁgAAﬁ 2\ da

(3.46)

where the two identities from Proposition 3.4.4 are used in the last line. Notice that the
second part of the last equation is integrating an exact form, which by Stokes’ theorem
is zero. This means

DudsI /B = (h—1) anﬁ / DN 2l (3.47)

Now we use quasi-homogeneous property of A to show that I satisfy (3.27). Let

a

=Y (a0 + bota) -, (3.48)
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then F(A) = A implies
A= (ta + bata)daX.

«

Multiplying by dsA and using the first equation, we get

AN =Y (o + bata)PaAdpA

= g(aa —}—bata)(; 8 A+ aﬁg)\)

Recalling the definition of the matrix i, this gives

oA
> U= XA = (aa + bata)Kap .
¥ o

Now, take £ = (011, -+ ,0m1), then the L.H.S. of the equation (3.27) reads

(95 - U)o/h = USDpE/
= U (h—1)C, /F M2 dz |

using associativity of F o 0, o dg, this further equals
(h—1)C3 / (U O\ d.
r
Now using (3.52) we just obtained, this equals
(h—1)C° /a(mﬁ Yo — (h—1)C /Za+bt 5@Ah 2dx
B ﬁ € € 8

K
—(h—1) c%/amﬁ 1dm+Céﬁ/Za6+bt 2 “WL Ldz,

where integration by parts is used in the second line.

Now taking 0s to
A=) (ac+bete)DeA

and using the second equation, we get

K,
OsA = bsOs\ + Z ae + bet )8&;6

which means

0K
D (e + bete) —= 55 = (1= bs)0s).

€

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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Using this, (3.55) is just

D (h—1+1-1b5)Cly / s AN Ldz (3.59)
s r
=1/B (7= bs)Clp8s. (3.60)
5
Now recalling that
V= 227d—VE—1/2—d1ag{b1, b},
SO
V—1/2=-VE = —diag{by, - ,bn}, (3.61)
therefore
(@€ U)a =D (h+V —1/2)§Co585 = (§- (h+V = 1/2) - Cg)a- (3.62)
5
This is exactly (3.27). O

Remark 3.4.5. Every condition is used in this proof, including d = 1, which guarantees
V —1/2 = —VE. In particular, the condition (d = 1, E(\) = A) can be replaced by
other conditions, for example the one in [32, Proposition 5.1].

3.4.4 RESTRICTING TO FROBENIUS SUBMANIFOLDS

Super-potentials of Kleinian resolutions parameterise sub-manifolds of Hurwitz spaces.
In order to understand the differential equations of its oscillatory integrals, it’s necessary
to ask how the system restricts to submanifolds.

For our purpose, we restrict to the case where the restriction is given by restricting flat
coordinates t = (s1, ..., Sm) to s = (s1, ..., $p) for some n < m.

Proposition 3.4.6. Ifspan{0/0s,i1, -+ ,0/0sy} = span{d/dsy,--- ,0/ds,}*, in or-
der that 1(s,z) is a solution to the system

I=h —I1,1< < .
831833 Z ”8 1,7 <mn, (3.63)
a sufficient condition is that

C’ijk =0, Vi<i,7<n, k>n. (364)

Proof. This is obvious. O
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Proposition 3.4.7. The rank of HI(P!\ ()\); L) is equal to the number of distinct
finite poles and zeroes, minus one.

Proof. See [63, VIII, Proposition 3.1]. O

Proposition 3.4.8. For any full Hurwitz Frobenius manifold H, taking local basis
Yi: H—=>V,1<i< N of 1-cycles for the homology bundle, then the induced map

HﬁCN:tHIi(t):/ Mg
Vi

18 a local homeomorphism at any semisimple point.

Proof. 1t suffices to take a special local basis. Near a semisimple point, we can use
canonical coordinates {u;}. Then using path of steepest descent to represent the cy-
cles, each integral has uf as the leading term of the asymptotic expansion, which are
algebraically independent because u; are coordinates. O

3.4.5 APPLICATION I: TWISTED PERIODS SATISFY QUANTUM DIFFERENTIAL
EQUATION

Consider the Hurwitz space H = Hom, where m = (m —3,m—3,1,1). This is the space
of covers of P! with ramification profile over oo of type m: there are four preimages
of oo with A having order m; + 1 at each preimage. By a Riemann-Hurwitz formula
computation, this is a space of dimension:

29 +2m+ Y m;=2m+2. (3.65)

A general element of this space is given by

\ o I = €)= o)
P2+ 12— e

. (3.66)

On P! there is an involution:
0:p—1/p (3.67)

which acts on H. Take M as its invariant subset. It’s easy to see that M is an m + 1
dimensional space with a general element given by:

5= el (n =) (n =)
2+ 1)2(p — 1)2

(3.68)

From this expression it’s easy to see the conformal dimension is d = 1, with E = 9/9xy.

Take (20, %1, .-y Tm,Y0,Y1,---,Ym) as the coordinates, then M = {y; = —z;,1 < i <
m,yo =0} C H.

We want to use the theories we have discussed so far to study fr th,u/ . Here we take
I' as an element of HIf(P!\ (A\); £).
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Proposition 3.4.9. Take
eo = /00, fo = /0y, (3.69)
er = 0/0xok_1 — 0/0x9k, [ = 0/0x2k—1 + 0/0x9k, 1 < k < m. (3.70)

Restricting these vector fields to M, then the following statements hold:

(1) TM = span{eg,e1,...,em};
(2) TM: = span{ fo + eo, fr —eo, 1 < k < m}.

Proof. (1) is obvious, (2) follows from straightforward computation. O

Corollary 3.4.10. For any I' € H{'(P'\ (\); L), the integral |y, MNidp/p satisfies the
system (3.27) for the twisted periods of the corresponding dual Frobenius manifold.

Proof. By Proposition 3.4.3, the statement is true for the whole Hurwitz space. Now
apply Proposition 3.4.6. ]
The next question is to find enough 1-cycles.
Proposition 3.4.11. There exist local sections si : 0 < k < n of homology bundle,
such that the induced map
M= C™ it () = / Mg
8

18 a local homeomorphism.

Proof. Using Proposition 3.4.8, choosing a basis of 2m + 2 cycles induces a local home-
omorphism, at a small neighborhood in ‘H. M is therefore locally homeomorphic to its
image. Now using the involution €, we can choose these basis elements in pairs with
an additional condition s = 7951 © #. Then, because

A1/p) = Xp), dlog(1/p) = —dlog (1/p), (3.71)
the image of f'Y2k—1’ 1 <k <m+1 is locally homeomorphic to M.

For the last argument: let

V2k—1 Y2k

then they give local coordinates of H. By the inverse function theorem, {fx + gk}Zii

cut out a submanifold X of half dimension. On the other side, by (3.71),

(fi +96)| 0 =0 (3.73)

hence M C X. Since dim M = dim X, M is locally homeomorphic to X. As a
conclusion, f1,..., fma1 give local coordinates of M. O
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Proposition 3.4.12. {s;} can be chosen as {[0,e~"'],...,[0,e~"™],[0,1]}.

Proof. From the proof of Proposition 3.4.11, it suffices to show that the cycles s; and
s; 0 0 generate the relative homology group

HY' (P1\ (A); £).
Taking linear combinations of
[0,e "], ...,[0,e "], [0,1]

gives
[1,e” "], ... [1,e "], [1,0].

Applying the involution §(u) = 1/u gives the further cycles
[1,e"],...,[1,e"™],[1, 00].

Together these are the standard basis of 2m + 2 cycles used in the proof of Proposi-
tion 3.4.8. Hence the proposed cycles and their images under 6 generate the required
relative homology group. O

Proof of Theorem 3.1.4. By Propositions 3.4.11 and 3.4.12, the periods over these ex-
plicit contours give a framing of local deformed flat coordinates on M. By Corol-

lary 3.4.10, their gradients satisfy the dual quantum differential equation. Hence
Claim 3.1.2 holds. O

3.4.6 APPLICATION II: HYPERGEOMETRIC FORM OF TWISTED PERIODS

An immediate application of Section 3.4.5 is the following

Proposition 3.4.13. Let

) — IT2 (1 — ki) (p — 57 Y) _dp
(K1, K 1) = Ko T R ¢ = ., (3.74)
Yk = [071/’{]{)]71{;: 17 s TS Ym+1 = [07 ” (375)

Further let Z be the minimal resolution of the D, Kleinian singularity with the C*-
action induced by the diagonal one on C? as in Chapter 2. Then, the associated periods

I, = / Az, (3.76)
Vi

give a framing of deformed flat coordinates of the Dubrovin connection of the C* equiv-
ariant quantum cohomology QUL (Z), under the identification as in (2.29).
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Remark 3.4.14. By the discussions in Section 3.4.5, these integrals give framing of
deformed flat coordinates of the Dubrovin connection of the Frobenius structure associ-
ated to (log(A), ¢). By Chapter 2, this Frobenius structure is isomorphic to QHZ.. (Z).
The scaling 2 = 2v is in order to match exactly the equivariant parameter in the
Dubrovin connection of QHE.. (Z).

Pochhammer integrals (3.76) of powers of rational functions are Lauricella functions
(see Appendix A.1 for details). Applying to the periods (3.76), we get the following

Proposition 3.4.15. The integrals II; can be expressed as:

p(,w)p(% +1) 2vim2)

I = )
t F(]_— 211(7721—3)) 1
pomin(_Wm=2) vy % w(m-3)
D P I > 9 9 > 9 P 9 2 9 > 9 9 > ) P
1 R 1 717_1,’%7...7'@’...7"4)’ (3_77)
K1K; KmKi Ki  Ki Kq K K;
and
2u(m—2 v
L PP - )
TR
(2m+1) 2u(m—2) 2v 2 4v  2u 2u 2vm
FD _7;_7"..7_7’77_77".7_7;]‘_
z z z oz z z z
1 1
R )75_17ﬁm7"' )/{1>' (378)
K1 Km

§3.5 Symplectic transformation for type D Kleinian singularities

In Proposition 3.5.1 and Definition 3.5.2, we use the common period framing to de-
fine the analytic-continuation transformation U, and reduce its computation to the two
comparison matrices A and B. The remainder of Section 3.5.2 explains how to compute
these matrices from the local behaviour at LR and OP. To compare this transformation
with Iritani’s integral structure, Proposition 3.5.5 expresses it in terms of the corre-
sponding map on equivariant K-groups. We then specialise to D3: Proposition 3.5.7
supplies the large-radius asymptotics that determine the resolution-side comparison
matrix A, while evaluation of the periods at the orbifold point determines 5. Proposi-
tion 3.5.8 computes these matrices explicitly, and Propositions 3.5.9 and 3.5.11 compare
the result with the equivariant and non-equivariant integral structures.

3.5.1 SYMPLECTIC TRANSFORMATION FROM MIRROR SYMMETRY

We have shown that twisted periods II; give a framing of the basis for the deformed flat
coordinates of the Dubrovin connection over M. Moreover, M is locally isomorphic to
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quantum cohomologies of Z and X. This in particular means that II; give deformed flat
coordinates of the quantum D—module on the corresponding neighborhood. Following
(3.96), we analytically continue II; along a path p in the domain

1 Ri+1

— <1,
Kk Kq

<1, 1<k<m,1<i<m-1. (3.79)

to obtain II, then it follows that
Proposition 3.5.1. There are matrices A and B with entries in C(1/z)) such that
AT, T 3 = I T} (3.80)
onU? C M and
BT - T} = (T, T} (3.81)
on UY c M.

Thus Proposition 3.5.1 reduces the construction of U, to determining the two compar-
ison matrices A4 and B from the local behaviour of the same period framing at LR and

OP.

Definition 3.5.2. Let
Uyt .= AB. (3.82)

In the bases {3;}7"11 of H(X) and {¢;}7|! of #(Z), this matrix defines a C((1/z))-linear
map U,: H(X) — H(Z) by
(51, msa} o> {B1 - s G JUTE (3.83)

Remark 3.5.3. Varying the choice of path results in a transformation of A by an
associated monodromy matrix. Explicitly, let p and p’ be two paths from OP to LR,
then there exists M such that

{Hll)> e 7Hﬁz+1}T = M{Hfl) P 7H%+1}T7 (384)

resulting
Ay = A, M. (3.85)

3.5.2 CoMPUTING U BY COMPARING LOCAL BEHAVIOURS

The comparison between twisted periods and Jz near LR is achieved by comparing
monodromies. For this purpose, it’s convenient to use the localised basis of H(Z).

The fixed points of C* on Z consist of m — 1 points and 1 curve. We denote the central
curve as C' and label p; from the left to right following the indices in the Dynkin diagram
as in Section 1.1.3. For example, in the Dy case they are labelled as follows:
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D1 e D3 e D4 ¢

Let i : Z&° C Z be the inclusion, then the localisation morphism
" Hi(Z) = He(Z97) = P H (0) D H(C) P O H (i) (3.86)

is an isomorphism of vector spaces over Frac(Hg., (pt)) = C(v).

Take {1; = ¢~ (Neaz)}ie, U{1z7} as the basis for Hf, (Z). Let P;,i # m — 2 be the
fundamental class of p;, 1¢ be the fundamental class of C' and we = ¢1(O¢(1)).

The image of 1z is just the identity

*(1z)= Y Pj+1g, (3.87)
1<j<m
j#m=2

and the image of 1); can be computed using weights of the C* on N, £;\z- Notice that

(W1) The tangent weights at intersection points of exceptional curves add to 2v;

(W2) If an irreducible curve has two fixed points, then tangent weights along the curve
adds to 0,

the images of v; can therefore computed as

wrk P+wl Py 1<i<m—4
i(Yi) = 4v P+ 1we i=m-3,m—1m, (3.88)
—2we +2v1c

where {wF,w?}M7* are the unique solutions to

2 —wl = -2w+wl, wi+wh, =20, wl_, =20 (3.89)

We now compute the components of Jz. From (1.49), it’s easy to see

JZ (7 2) ~ oz 1, 7' — LR, (3.90)
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Let 7’ be a general point of H?(Z), then writing 7/ in the chosen basis yields

()= Y L) P+ L") 1o + LY (7) we /. (3.91)
1<j<m
j#m—2
It then follows that near
LR:Re{/ T’b—>—oo,1<z'<m}, (3.92)
E;
the components of it in localised basis
JA = Y I P It 10+ JE we (3.93)
1<j<m
j#Am—2
satisfy
z zel’(™)/2 j#Em—2
J§m7 ~ L'm72 / . 9 (394)
J ze ()/= j=m-—2
and
a7~ LO(r). (3.95)

On the mirror side, the twisted periods also serve as a framing of deformed flat coor-
dinates, which are given by explicit hypergeometric functions as in Proposition 3.4.15.

Note that the large radius limit sends the parameters i, - , Ky, to the domain:
1 Ky
— <1, w1, 1<k<m1<i<m—1. (3.96)
Kk Kq

Thus their leading asymptotic behaviours can be explicitly described, using connecting
formulas developed in Appendix A.3.

We now turn to the comparison at OP. Since the components of J* at OP satisfy

JY(0,2) = z 1o, (3.97)
dJx¥
7836/{ (0,2) = 1y, (3.98)

and B doesn’t depend on z;, to compute B, it suffices to study the evaluation and
derivatives of twisted periods at OP.

Remark 3.5.4. The superpotential, and therefore twisted periods in fact degenerate
a lot at OP. Using (2.29) and (3.15), one find

-1 k=1
Hk‘op =91 h=m ’ (399
efirr(2m72kfl)/(2mf4) 2<k<m-1

and therefore

Mop =12+ (3.100)

Mm—2 :
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3.5.3 SYMPLECTIC TRANSFORMATION FROM INTEGRAL STRUCTURE

Recall that Iritani proposes the following commuting diagram (1.53):

Kex (X) 25 Kex (2) (3.101)

e

H(Z)

where U induces an isomorphism of quantum D—modules in the Coates—Ruan conjec-
ture, and is induced by an isometry Ug of K-groups via the vertical integral-structure
framing maps ¥y and ¥y defined in (1.52).

Proposition 3.5.5. Let { L7} (resp. { LX) be a basis of Kex(Z) (resp.
Kex (X)), and let {¢:}+Y (resp. {6;}4) be a basis of H(Z) (resp. H(X)). Suppose
the map U is induced by an isomorphism Uy of K—groups. Define their matrices in
these bases by

{01, 0} = {1, -, gt U™ (3.102)

and

{Dng? e m+l} = {"%1 y T m+1}Umat (3'103)

Then the matriz of U can be computed as
U™ = T'y chy Up™ ch ' T3, (3.104)

where the matrices 'y, chy and 'z, chy are determined by:

(61, 6ms1) UL (Th) = (61, -, 6ms1) T, (3.105)
(61, s bms1) UT(T7) = (¢1, -, dms1)T 7, (3.106)
(ch(Z7Y),- ch(fn’fﬂ)) = (61, ,0m+1)chy, (3.107)
<ch<$1z> ,ch(Z7,1) = (61, bmi1)chz. (3.108)

Remark 3.5.6. For minimal resolution of Kleinian singularities, they are canonical
choices of basis for K-groups. Let {p} be the set of irreducible representations of the
Kleinian subgroup that defines X. There is a canonical vector bundle L, € K(Z) such
that

0, =0c2@pe K(X)+— L, (3.109)
induces an isomorphism of K-groups.

Moreover, denote by E, the irreducible component of the exceptional F in Z that
corresponds to an nontrivial irreducible p under the McKay correspondence, then the
isomorphism above sends Op ® p € Ko(X) to Og,(—1) € Kg(Z), and Og to Og(—1).
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3.5.4 CoMPUTING U: D3 CASE

The D3 singularity is also the Ajs singularity, where the Kleinian subgroup is Z4. In
this case, much of the computation about the integral structure central charge can be
found in [13], with the equivariant parameters o and a9 there restricted to

ag=ay=1/2v. (3.110)

For D3 = As, we use the following basis for the K —groups and compute their integral
structure central charges.

On the orbifold side, the irreducible representations py(¢) := ¢*, with ¢ = e*™/4 give a
basis

{0 = Oc2 @ p_i )i, (3.111)

of K([C?/Z4)]). The central charge under this basis is therefore

(z—%degf(TX)) U ((m)%deg inv*ch(oj))

3 ' 1y 2
=() ¢v1,)u(r (1—22) 1o
v=0

+1§F<1—Z—;Z>F<Z—;Z) 1,/2) (3.112)
(=58
3 v 1lv v 1lv .
+;F<1_4_22)F<4_2z> ¢ 1,/ (3.113)

On the resolution side, a basis is given by

{0(61)Yie1 U {0z}, (3.114)

where O(¢y) restrict to O(1) on Ej and trivial bundle on the other curves. The
localisation of the dual basis ¢; := ¢1 (N, z) reads as

i*(1) =2v 1o — 2 we, (3.115)
i*(¢2) =we + 4v P, (3.116)
i*(¢3) = we + 4v Ps. (3.117)

Using Iritani’s integral-structure framing [43, Definition 2.11],

(¢17¢2a¢3) = _(wla"/}%wfi)c[_);v (3118)
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the localisation of the basis ¢; is given by

i*(¢1) = —2v 1o + 1L we — 2v Py — 2u P, (3.119)
*(¢2) = —v1c —3v Py — 1v P, (3.120)
Z*(¢3) =—vilc—1v Py —3v P3. (3121)

It follows that their Chen characters are

ch(O(61)) = M2 1 (27100 4 2T2) Py 4 272 py (3.122)

= 22 (16 + 2miwe) + 22 Py 4 22 Py (3.123)
ch(O(¢2)) = €M) 1¢ + () py 4 271 py (3.124)
ch(O(p3)) = M) 1 4 2MEW) P, 4 (3 py, ( )

Moreover, the Chen character of the trivial bundle Oy is simply
Ch(OZ) =1c+ P> + Ps. (3.126)

Localisation also allows computing Gamma class of Z. Using that the tangent weights
at P; are {4v, —2v} and is 2v on N 7, the Gamma class of Z is given by

(z*%deg f(TZ)) :F(l + %)F(l - 21) P+ r(l + %”)F(l - 21) Py

z z

+r<1+ QWC)F(lJrM){C, (3.127)

z z

where the last term follows from the decomposition TZ| c=1c® NC\ 7 and

T (Te) = 2w, & (Novz) = —2we + 2. (3.128)

Moreover, using
Fl+y+2)~T(1+y) 1+l +y)z+ 0], (3.129)
I(1+y)~1—7y+0(y), (3.130)

where 7 is the Euler’s constant and ¢(y) = I''(y)/I'(y) is the digamma function, the
last term of the Gamma class can be expanded as

r(1+ %?C)F(l + w)b (3.131)

=|[1-2%|r(1+ 27”) [1 + (1 + i—y) x (—2W)] (3.132)

z
2v w(;]

:r(1 + 27”) [1C+ (—2v—2y(1+ 7)) » (3.133)
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Combining these, the central charge of the resolution under the given basis is given by

(z*%degf(TZ)) y (<2m>%deg h(O(61)))

H {21 2 (1 - Z)s

z z

21/ w .
[1C+ =2y = 2p(1+ = ZC] [eZ’“( ) (1C+27T1wc)}

(

+r(1+)
—r(1+ )r(1 )2 Py (14 Z)r(1 e py

+(1+ %)

2
e27r1 —2v) |:1C'+ (_ 27_ 211}(1 + Zl/) —|—27T1) :| , (3134)

(=734 T(T2) ) U ((2m) "= ch(O(02)))

4 2 ; 4 2
:F<1 + l)I‘(l — 1)62”1(_31’) P+ F(l + l)r(l V) 2mi(—1v) Py
z z z

n r(1 n %”)e%ﬂ(—v) 1o+ (= 2y —20(1+ 2”))“’5} , (3.135)
(7395 (1) ) U ((27i) 39 ch(O(63)) )
L e (R (B S
+1(1+ 27”)@2“1(—”
(z—%degf(:rz)) U ((2m)édeg ch(OZ)>
(e 2 e (- 2)

+F<1+2§) [10—1—(—27 2 (1 + Z”))“C]. (3.137)

1o+ (—2v—20(1 + 2”))”:}, (3.136)

We now specialise the notation of Proposition 3.5.5 to U = U, and compute Uglat.
We fix the basis for H(Z) as the localised basis {1¢,w, P3, P} and for H(X) the
fundamental class of sectors {12,1;,13,10} corresponding to the conjugacy classes of
Zg = (C):

1; «— ¢k (3.138)

We begin by computing the asymptotics of JZ in the localised basis using (3.94) and
(3.95). With the localisation data determined by (3.88), these asymptotics can be
computed as

Proposition 3.5.7. The leading asymptotics of components of

Jsm7Z<7_/’z) _ me’Z 1o+ JémZ we + J?S)mZ Ps + sz,Z Py (3.139)
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are given by

2 — 2 exp (%(2% +aq2 + Q3)) , (3.140)
JE = —q1 exp (g(% + @2+ q3)> : (3.141)
IS — 2 exp (E(qu +3¢2 + Q3)) ; (3.142)
L —— (E(qu + g2 + 3Q3)> : (3.143)

These asymptotics determine the resolution-side comparison matrix A. The orbifold-
side comparison matrix B is determined below by evaluating the periods and their
derivatives at OP.

Since we only need leading asymptotics in the large radius limit (3.96), the integrals in
Proposition 3.4.15 can be first reduced to

F(—M)F(zl +1) =2 ;) 2u(m—2) 2w 2v 2v(m — 3)
Hi: z 3 Z H’L’ Z FD _7,_7”_7’1_4
r(1— 2m=3)) z 2 2 2
z
A "“) (3.144)
Kq Kj

for 1 <7<m and

oo I(—24m=2hp(q - %)F(H'l) 2v(m—2) v 2w 2w 2wm
m r(1— 2m) b z 27 oz 2] z

‘ — 1, K, - ,m). (3.145)

The connection formula in Appendix A.3 thus applies, recursively, to these functions.
A~! is then read off from the coefficients.

On the orbifold side, following Section 3.5.2, the matrix B can be obtained by computing
evaluations of periods and their derivatives at

mi
N=R=B=""y (3.146)

where

k1= —1, kg = —i, k3 = 1. (3.147)

After a careful computation following strategies above, we get:
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Proposition 3.5.8.

Al =
27y
T Ccsc
_mese( %) 0 0 0
2imy
e z —HQTV—H_Z+2V+Z7T i
z : —€ 0 0
2imy Airy
2¢ z H z_»,_zg,j 2iny ez T 27)1—\(24—221/) O )
— —e
z : zl"(%’—&-l
262i.7zrVH 2imry ay 2 3/9 _4v 4y 2imv Ary
zt2v 2imy e z I —7)1" = m3/227 % ~1eTZ cse z
— —e =z
z (-2 P (=)0 (2 +3)
(3.148)
where
Hy =9¢(1+1x)+7, (3.149)
and
Ce¥obnmgrgm) ety p¥dremgpgey) | ye¥Fraoy)
v ) VT L, T2)
. (25 % (2 (2 4) . (e
2; 2v_3 21\/7?2 2 2v_ 3 Qﬁ
_Cn¥a¥ i) R (s (¥ Aoz ye¥raey)
Tz 221*(—5) vz Ig%)
0 VR () 0 YR
(L) (=)
(3.150)

By Definition 3.5.2, this determines U;nat = AB in the fixed D3 bases. This is the
matrix of the explicit transformation stated in Proposition 3.1.5.

We finish this section with a few checks in comparison with integral structures. By
Proposition 3.5.5, if U, is induced by a K —group isomorphism Ug, their matrices
should satisfy

UR™ =Tz chy UR* chy' Ty (3.151)

We define UR*" by this relation and let Ux denote the map represented by this matrix
in the fixed K-theory bases.

Proposition 3.5.9.

U™ € GL4(Frac(Kcx (pt))), (3.152)
where the Chern character of the generator q of Kcx (pt) = Z[q,q '] is mapped to
i deg/2 wiv
q—> (g) chex(q) == (3.153)

Remark 3.5.10. A highly non-trivial result from this computation is that all the
transcendental factors in A4 and B (and thus [Ug‘at), such as Gamma functions and
digamma functions of v/z, delicately cancel out after lifting to U2**. This is a precision
check of the (equivariant extension of) Iritani’s integral structure conjecture.
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Proposition 3.5.11. Under the non-equivariant limit that sends v to 0,

-1 0 -1 -1
0 0 -1 0
: mat __
MU =1 0 1 1 1 (3.154)
2 0 2 1
In particular,
lim UR € GL4(Z). (3.155)
v—0

This further shows that, under the non-equivariant limit, Ug identifies the integral
lattice of K (X') with that of K(Z), again in keeping with Iritani’s integral structure
conjecture. Moreover, since lim,_,oU, is the Bryan-Gholampour change of variables
(which can be seen from either the relation U,Jx = Jz, or by direct inspection), it
is further compatible with the discussion in [43, Remark 3.32] in the non-equivariant
setup.

Proof of Proposition 3.1.6. Proposition 3.5.8 determines the transformation U, explic-
itly through its matrix Urpnat = AB. Using the integral-structure framing diagram,
Eq. (3.104) defines the corresponding map

UKZ KCX (X) — K(cx (Z)
Proposition 3.5.9 shows that its matrix satisfies
UR™ € GL4(Frac(Kcx (pt))).

It is therefore an isomorphism over Frac(Kcx(pt)), and the framing diagram shows
that it induces U,. Finally, Proposition 3.5.11 computes its non-equivariant limit and
shows that

lim U™ € GL4(Z).

Am UK 4(Z)

Thus the non-equivariant limit is integral, which proves both assertions of Proposi-
tion 3.1.6. 0



Chapter 4

On orbifold quantum cohomology
of foldings of ADE resolutions

§4.1 Introduction

Let R be a root system and let & be a finite cyclic group acting on R by automor-
phisms induced by symmetries of its Dynkin diagram. The pairs (R, ®r) we consider
form four classes listed in the first row of Figure 4.1. For R = Ag,_1 with n > 2, the
group O = Z, fixes the marked central vertex and interchanges the two arms. For
R = Dypy1 with m > 3, the group ®r = Zs fixes the horizontal chain, including the
marked vertex, and interchanges the two remaining vertices. For R = Eg, the group
b =2 Zs fixes the left two vertices and interchanges the two remaining arms. Finally,
for R = Dy, the group ®r = Zgs fixes the marked central vertex and cyclically permutes
the three outer vertices.

B, Cm Fy G

Figure 4.1: Dynkin symmetries and foldings

7
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Associated with such a pair (R, ®g) are two non-simply-laced root systems, one is
obtained by restricting to the ®x-invariant roots, denoted by R and its Dynkin
diagram is shown in the second row of Figure 4.1, another is obtained by averaging
roots, denoted by R?®. These root systems can be summarised in the following table:

R | ox | RO [ R | Nproa
A2nf 1 ZQ Bn Cn 2
Dm+1 ZQ Cm Bm m

Eg Zo Fy Fy 3

D4 Zg G2 G2 2

Table 4.1: restricting and averaging root systems under a Dynkin symmetry

Here, averaging of 3 € hr, denoted by /3, is defined by

Bz%ZgOﬂ- (4.1)

Let Gr < SL(2,C) be the corresponding Kleinian subgroup in the ADE classification,
C?/Gx be the corresponding Kleinian singularity and Zz := C2/Gx be its minimal
resolution. The geometry of Zi is closely related to root system R via the McKay
correspondence. For example, there is a canonical identification Ho(Zg;Z) = Ag,
under which the classes of exceptional curves correspond to simple roots, and the
intersection form agrees with the negative of the inner product on Ag.

The ®r-action on R also admits a geometric interpretation. In [61], Slodowy shows
that there exists a natural ®gr-action on Zp, such that the exceptional curves are
stable under &% and the action on the curves is compatible with the action on Dynkin
diagrams. Moreover, & is free on the complement of fixed points, giving the same
number of isolated A || singularities on the quotient space Zz /®%. The number of
fixed points on Zg is denotes by Nyria and listed in Table 4.1.

Let Xztoa = [Zr/Pr] be the corresponding orbifold /quotient stack, which we call the
folding of Zr. The diagonal C*-action on C? induces a C*-action on Zg, and fixes
an irreducible component of the exceptional curves corresponding to the marked node
in Figure 4.1. Moreover, the C*-action descends to Xztia. Associated with these data
is the C*-equivariant orbifold quantum cohomology QH{.. (Xztwia). Relevant
theories are reviewed in Section 1.2.

4.1.1 MAIN RESULTS

We first study quantum multiplication on the untwisted sector. To state our result,
we describe the relevant cohomology and degree lattices. Consider the quotient map
T AR — XRfold. The pullback

7 H?(Xgoa; C) — H*(Zg;C)
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is naturally identified with the embedding of root systems R4 ¢ R. Under this iden-
tification, the orbifold Poincaré pairing agrees with the negative of the inner product,
scaled by @:

1
HQ(XRfold; C) <hRfold, —@<, >> . (4.2)

The degree lattice, or equivalently the second homology, of Xztia is obtained by aver-
aging curve classes on Z. Thus,

HQ(XRfold; Z) = ARavc. (43)

The root systems R4 and R?¥e are dual to each other, consistently with the Kronecker
pairing on Xpfold.

Under these identifications, and writing R?¥®™ for the set of positive roots of R3¢, our
first main result is the following.

Theorem 4.1.1. For ¢;,¢;,7 € H 2(Xgtod) = hptoa, quantum multiplication is given
by

_ _ —(B,7) _
bikr 5 = —V2|GRl( o) +v S BB B (14)

BeRave,+ 1—e (37

This theorem gives a closed formula for quantum multiplication on the untwisted sector.

We next turn to the full orbifold quantum cohomology, including products involving
twisted sectors. To investigate these products, we use the fact that the coarse moduli
space of Xproa admits a crepant resolution. In this setup, Ruan’s Crepant Resolution
Conjecture [58] (CRC) suggests comparing this orbifold quantum cohomology with the
quantum cohomology of the crepant resolution.

In Bryan-Graber’s later formalism of CRC, an explicit affine change of variables is an
essential part of the CRC, see [17]. Although substantial work has been carried out
for Kleinian singularities [17, 16, 23, 41], such a change does not appear to have been
formulated previously for the quotient stacks considered here. This leads us to propose
the following conjecture:

Conjecture 4.1.2 (= Conjecture 4.3.2). After analytic continuation and an affine
change of variables as in Definition /.53.1, there is an isomorphism

QH?&X (ZRres) = QH;*)I'b,(CX (XRfold). (45)
Here Zgres denotes the crepant resolution of the coarse moduli space of Xproa. This
resolution is described in Section 4.3.1.

We establish two results that provide evidence for this conjecture. We state both in
simplified form; their precise formulations are given in Propositions 4.3.5 and 4.3.11,
respectively.
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Proposition 4.1.3 (=Proposition 4.3.5). After an explicit specialisation of the excep-
tional quantum parameters, the quantum-corrected cohomology of Zpres is isomorphic,
as a ring, to the Chen—Ruan cohomology of Xpiola.

Proposition 4.1.4 (=Proposition 4.3.11). The affine transformation in Conjecture /.3.2
1s compatible, via Iritani’s integral structure, with the Fourier—Mukai transform, in the
sense that it identifies the corresponding integral central charges, up to the specified
signs in the (D4, Ga) case.

The first proposition verifies the cohomological crepant resolution conjecture of Ruan
in [58], which is a cohomological limit predicted by Conjecture 4.3.2. The second
proposition provides categorical evidence for the proposed affine transformation under
Iritani’s formalism of crepant resolution conjecture with an integral structure developed
in [42, 43]. Neither proposition proves the full identification of quantum products after
analytic continuation though; establishing such an identification is left for future work.

Finally, we relate the untwisted quantum product to known Frobenius structures as-
sociated with non-simply-laced root systems. The precise formulations are given in
Corollary 4.4.1 and Theorem 4.4.2. Let

L: H*(XRfold) — HER(XRfold>

denote the inclusion of the untwisted sector. As a direct consequence of Theorem 4.1.1,
we obtain:

Corollary 4.1.5 (=Corollary 4.4.1). After the change of variables

the untwisted quantum cohomology L*(QH(’EX (XRfold)) is isomorphic, as a Frobenius al-
gebra, to the one constructed by Bryan—Gholampour [16, Theorem 6] for R?¥e.

Using in addition the Landau—Ginzburg description of the extended affine Weyl Frobe-
nius manifolds, we prove:

Theorem 4.1.6 (=Theorem 4.4.2). The untwisted quantum cohomology L*(QHZEX (XRfold))

18 isomorphic to the Dubrovin dual M%ave of the extended affine Weyl Frobenius man-
ifold Mpave.

Thus, the folding construction provides a geometric realisation of these Frobenius struc-
tures associated with non-simply-laced root systems.

4.1.2 ORGANISATION

The chapter is organised as follows.
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In Section 1.2, we recall the necessary background on Chen—Ruan cohomology, equiv-
ariant Gromov—Witten theory, and orbifold quantum cohomology for global quotient
stacks.

In Section 4.2, we prove Theorem 4.1.1. The proof strategy is outlined in Section 4.2.1
and reduces the theorem to two key ingredients: the construction of two threefolds
and a multiple-cover calculation. These are established in Sections 4.2.2 and 4.2.3,
respectively.

In Section 4.3, we describe the relevant crepant resolutions and the affine identifica-
tion of their cohomology groups before formulating Conjecture 4.3.2. The supporting
evidence is developed in Sections 4.3.3 and 4.3.4.

Finally, in Section 4.4, we compare Theorem 4.1.1 with the known Frobenius structures
associated with non-simply-laced root systems.

§4.2 Proof of Theorem 4.1.1

4.2.1 PROOF OF THEOREM 4.1.1 ASSUMING PROPERTY 1 AND PROPOSITION 4.2.4

We prove Theorem 4.1.1 in this section. The argument relies on property 1 and Propo-
sition 4.2.4, which are established in Section 4.2.2 and Section 4.2.3 respectively.

We first describe the Chen—Ruan cohomology of Xptoa. By Slodowy [61], the ® g-action

. N to . .
on Zg has Nyt fixed points {pg} kjlf 'Y Therefore, the inertia stack decomposes as

Ny told
1 X010 = Xptola I_l Ug?l_l[pk/q)n], (4.6)
k=1
and
Ny told
Heg (Xgioa; C) 2 H* (Xgioa; ©) P 2% ™ H* " 2(BZigy-1; C). (4.7)
k=1

Proposition 4.2.1. V¢, ¢/, 7 € H?(Xpsa; C) and § € HE; (Xgroa; C),
(¢ *r &', 0)crex =0, (4.8)

Proof. In orbifold Gromov-Witten theory for global quotients (see for example [45,
(10)]), the product of monodromies at marked point need to be 1 in order to have
non-empty moduli space, otherwise the GW invariant is zero. As a consequence, each
term

<¢7 ¢/7 Tty T, 6>O,n+3,A7 (49)

in the expansion of quantum product is zero, since the product of monodromies is a
nontrivial |®z|-th root of unity. O
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As a corollary, the quantum product is closed on the subspace

H*(XRfold; C) C HéR(XRfold; (C). (4.10)

We start with computations of several genus zero Gromov-Witten invariants of Xpsola.

Proposition 4.2.2. For any ¢;, ¢, ¢ € H?(Xgoia; C) = hrroa, the degree 0 invariants
are given by

(1) (L1 1o = b
(2) <¢Z7 17 1>O - O;
(3) ($isdj,1)o = @(%%%‘

(4) (Di, 05, Pk)0 = Gap 20 (61, B, B) {6k, B ).

BERave,+

Proof. By the comparison (4.2) of Poincaré pairings, the degree 0 of Xpria satisfy

Xt 1 z
<'a B '>0Rf M= @<7 B '>0R' (411)

The later ones are computed in [16] and (1) — (3) immediately follows. By [16],

(00,5 )5 ™ = =V > (D, B) (S5, B){: B), (4.12)

BeRT

(4) then follows from the following properties:

o (¢, ) = (¢, B) for any ¢ € hpra = hI;

e Y gof= B, shown in [16, Lemma 9].
gePR

O]

Theorem 4.2.3. For any A € Ho(Xptoa; Z) = ARave, the degree A invariants are given
by

1.2 1 _JR3
X fold _ 2’/673 (B.B) P’ A =dpg,
0, otherwise.

Outline of proof. In Definition 4.2.5, we will define two three-folds W and W' satisfying:
Property 1. (P1) W and W' admit ®-actions;
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(P2) W is deformation equivalent to W' ;
(P3) The ®r-action is compatible with the embedding Zr C W and deformation;

(P4) Zr C W and contains all compact curves of W. There is a contracting map
W — W where all the curves get contracted and W is affine;

(P5) Given any positive root 8 € R, there exists an isolated (—1,—1) curve Cg C W'.
Moreover, {Cg : B € R} exhaust all the compact curves in W' and ®r acts on
{Cs: B € RT} respecting the ®r-action on the index j;

(P6) On Nz \w, ®r acts trivially. On W', the stabliser of ®r is either trivial or Og.
At a @R fized point on Cg, Pr acts with weights 1 (or —1) on tangent direction
on Cg, and (—1,0) (or (1,0)) on the normal direction;

(P7) W and W' are Calabi-Yau, and the ®r-actions preserve the Calabi-Yau form on
them.

These properties above immediately imply that <>f:73f°1d = 21/()9;[// Prl _ 2V<>EXVI/ Pl
The first identity follows from the fact that ® acts trivially on N, Zr\w > and N, Zr\W =
Oz, ®Cy, as a C* bundle. The second one follows from deformation invariance of

orbifold Gromov-Witten invariants.

By (P4), for any genus-zero stable map to [W'/®g] in class df the image is equal to
Cp. Take
Hg = Stab¢R(Cﬁ) = {gedr| g(Cﬁ) = Cﬁ }.

Since Cp is a (—1, —1)-curve and does not intersect with other Cg, 5’ # (3, the degree-d
invariant is the local contribution supported on Cg, namely

W'/er] _ / e( R f*Ne 413
Coas [Ko.0([Cs/ H. )]s ( col W)’ (413)

where 7 : C = Moo([Cs/Hgl,d) and f : C — [C/Hpg| are the universal curve and map.

A direct check shows that o
(8, B)
2
The theorem therefore reduces to the following multicover formula:

|Hp| = | ®PR]. (4.14)

Proposition 4.2.4 (=Corollary 4.2.9). Let z,y be homogeneous coordinates of P!,
and let ¢ be a primitive root of unity of order n. Consider the Z, = (()-action on
Op1(—1) ® Op1(—1) as follows:

(1) On Pl; C[ZL‘ : y] = [C.CL‘ : y];

(2) View z,y as generators of HY(Op1(1)), then on the first (resp. second) summand
Op1(—1), ¢ has weight 0 (resp. 1) in x and weight —1(resp. 0) in y.
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Let [Tot(Op1(—1) ® Opi1(—1))/Zy] be the corresponding quotient stack/orbifold, then

_ _ 1
<>g§t(opl( 1)®0p (—1))/Zn] _ . (4.15)

O

Proof of Theorem j.1.1 assuming Property 1 and Proposition 4.2./. From Proposition 4.2.1,
the orbifold quantum product is closed on the untwisted sector. Therefore, to compute

@i *r ¢j, it suffices to compute its pair with H*(Xgzs1a; C). By Remark 1.3.2 the pair-

ing with 1 is just the classical pairing , which has been shown in Proposition 4.2.2.
Therefore, it remains to show, for any ¢;, ¢;, ¢, T € H?*(Xgsea; C), it holds

_ _ _ _ —(B,7)
(i %r &7, 1) = =t > <5,¢i><5a¢j><5v7¢j>1+67*' (4.16)

ﬁeRavc,+

Recall that

(i *r @5, Pk) = <¢i,¢j,¢k>o+ZGL‘T/A@/A%AWOA- (4.17)

A#£0

Here the first term is the degree-zero contribution, which is computed in Proposi-
tion 4.2.2. The remaining terms are determined by the positive-degree no-point invari-
ants. By Theorem 4.2.3, they vanish unless A = df3, where 8 € R**t and d > 1.
Under the root-lattice identifications,

¢ =—d(B,9). (4.18)
ag
Thus the three divisor pairings contribute a factor —d>. The formula in Theorem 4.2.3
contains a factor d—3, so these powers of d will cancel. For each such root, the remaining
coefficient will give

2 1 3 2 1 e (A7)
_21/77 S eid(ﬁJ-) = —2]/ — = . (419)
</876> |¢R| dz>1 </875> |(I)72|1—e—</3,T>
Notice that _
_ 283
gr=22 (4.20)
(B,8)
combining this series with the degree-zero contribution gives the factor
—U 1 + e7<BvT>
— 4.21

in (4.17). This completes the proof. O
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4.2.2 CONSTRUCTION OF W AND W' WITH PROPERTY 1

Restricting Grothendieck’s simultaneous resolution

~ ™
g—— =0 xXywh——9g

)

b bh/W

to the Slodowy slice through a subregular nilpotent element yields

TS

D Xs
Xs

b

Property 2 ([61]). The objects in the diagram (4.22) have the following properties:

e over( € by, wg is the minimal resolution of the corresponding Kleinian singularity;

e x (1) is smooth, and Z;l(T) contains a curve only when T € Hg for some root

B;

o Let 7 € UgHpg, then XEI(T) has the singularity type determined by the root sub-
system

{ao e R, 7 € H,}; (4.23)

o The symmetric group PR acts everywhere on the resolution diagram and com-
mutes with the arrows in (Eq. (4.22)). Any o € ®r induces a homeomorphism
o x5 (1) = xs(07L(7)) and stabilises the exceptional curves. In particular,
over 0, the ®r —action on curves is compatible with the Dynkin symmetry.

Let i : C> — h®®R be any generic linear embedding.

Definition 4.2.5. Let W and W’ be the total of spaces in the following pull back
families:

w () w’

SR

{0} xC——C xC<=—Cx {1}

Proposition 4.2.6. W and W' satisfy the properties listed in Property 1.
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Proof. (P1-P3) Since Im(i : C2 — hg) lies in the invariant subspace b%z, P1-P3 follows

(P4)

(P5)

from Property 2;

By construction, Zg = xg '(0) C W. To show Zg contains all compact curves
of W, it suffices to show h%ﬁ is not contained in any hypersurface Hg, in another
word, (8, —) is non-zero on h%z. For this, we use (3,v) = (B,v) if v € f)%z and
notice that the averaging 3 € f)%z is a positive root of R®'® and hence is nonzero.
The affineness follows from the affineness of S = e + Ker(adf);

Since h%z is not contained in any hyperplane Hpg, for a generic choice of the
embedding ¢ : C x {1} — hgﬂ the curve i(C x {1}) meets each Hg transversely,
and avoids all pairwise intersections Hg N Hg unless 5 and §’ lie in the same
dr—orbit. Consequently, the exceptional curves in W are contained in the fiber
of x5 over the (necessarily unique) point

i(C x {1}) N Hp.

If i(C x {1}) meets a single hyperplane Hg (and no other Hg/), then the corre-
sponding fiber contains a unique (—2)-curve. If instead i(C x {1}) passes through
a point lying on several hyperplanes, then by construction this can only happen
for hyperplanes Hg with 8 € ®% - . In this case the fiber contains |®r - 3|
distinct (—2)-curves, naturally indexed by the roots in the orbit: we denote by
Cg the component which deforms along Hg  in the family. Moreover, it can be
checked that if 3/ = gB for 1 # g € ®x, then 8 and 3’ are orthogonal in R,
therefore C3 and Cg do not intersect in W’. Finally, by transversality of the
intersection, each C are (—1,—1)-curves.

®r acts trivially on N, zZz\w by construction. On W', the fixed points lie on Cj

corresponding to a fixed positive root 8 € R4 by property 2. In this case let
T8 = H/B ﬂl((c X {1}) and

Ss=Xg'(8) . S5 = x5 ' (18), (4.24)

then 7g : 5’5 — Sp is the resolution of an A; singularity; let Cz C 5’5 be the
exceptional curve. To check the tangent weights, we use the short exact sequence

0— NCB\S'B — Negwr — Néﬁ\W' —0 (4.25)

By construction, NCB\S'B is trivial with trivial ®g action. It then suffices to
show that Sg/®r is a As singularity (C?/Zs)/(Z4/Z2) when ®r = Zs and an
As singularity (C?/Zs)/(Zs/Z2) when ®g = Zs, therefore & acts on Sz = T*P!
is induced by the action z — (z, where ( is a primitive root of unity of order
|®r|. To see this, we notice that, by [19, Chap3], Sg/Pr is a simple singularity
and therefore there is a Kleinian subgroup G < SL(2;C) such that ®r = G/Zs.
By the classification of Kleinian subgroups, G = Z4 and G = Zg are the only
Kleinian subgroups of order 4 and 6 respectively.
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(P7) By construction, W is an complete intersections in an affine variety S, hence
is Calabi-Yau by adjunction formula. Moreover, since the resolution W — WWaff
is an simultaneous resolution over C and moreover is a minimal resolution of
Kleinian singularities over each b € C hence crepant, W — W2 is crepant. From
this it follows that W is Calabi—Yau. The same argument applies to M’. To check
that & preserves Calabi—Yau forms, it suffices to check det (g D Wy — wx) =1
at any fixed point x, since W and W' are connected. For W, a fixed point over
{0} x {0} satisfy this property, since g acts trivially on the base of the family and
gives an A|g,|—1-singularity to the quotient surface. For W', this has been shown
in (P6).

O

4.2.3 MULTI-COVER FORMULA FOR [Tot(Op1(—1) @& Op1(—1))/Z,]

When n = 1, the multicover formula in Proposition 4.2.4 is the famous Aspinwall—
Morrison formula [3]. When n > 1, it can be obtained from Johnson-Pandripande-
Tseng’s computation in [46] about local orbifold Gromov-Witten invariants on orbifold
P!, which we explain now.

Lemma 4.2.7. Consider the action of Z, on P! and on the total space Tot(Op1(—1)®
Op1(—1)) defined in Proposition /.2.). The quotient stack [P'/Zy)] is isomorphic to
the root stack PY[n,n] of [/6]. Moreover, the two line bundles on the quotient stack
induced by the summands of Tot(Op1(—1) @ Opi(—1)) coincide with the duals Ly and
LY, defined in [}0].

Proof. We compare the stacks and line bundles respectively.

(1) [P'/Z,] ~ P![n,n]. The quotient stack [P!/Z,] has coarse space P! with orbifold
structure given as: at 0 and oo, a neighborhood is uniformised by the branched
covering map z +> z". Therefore, it is isomorphic to the complex orbicurve
(IP’I, (0, 00), (n,n)) defined in [20, Definition 2.2.2], which by [18, Example 2.4.5],
coincide with the root stack P![n,n].

(2) Identification of line bundles. Lo and Lo in [46] are defined as line bundles
associated to the divisors:

Lo = Op1/z,)([0/Zn]), Lo = Opr/z,,)([00/ Z4]), (4.26)

It amounts to showing that their dual bundle coincide, as a Z,, equivariant bundle,
with the summands of Tot(Op1(—1) @& Op1(—1)). To prove it, recall that the Z,
action is given by

Cle:y] = [Cz =y, (4.27)
therefore, the relative weight of x/y is 1. Since 0 and oo are cut out by x and
y respectively, = (resp. y) needs to have weight 0 as global sections of Ly (resp.
Ls). This coincides with the construction in Proposition 4.2.4.
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O]

Let EQO(Pl [n,n], d) be the moduli stack of genus-0 twisted stable maps f: C' — P![n, n]
of degree d/n (in the convention of Section 1.2.1), where the domain C' has no stacky
points. Viewing local invariants as twisted invariants, we have

<>£lT/<:(oﬂ,1<_1>@oP1(—1>>/zn1 _ / e(R'm f*(LY ® L)) (4.28)
[Ko(P[n,n],d)]vir

Therefore the invariant is exactly the one studied by Johnson-Pandripande-Tseng. In
fact they give a formula for a generating function of

Cooal) = / e(R'mf*(Ly @ L))
[’Cg,a+ﬁ (Pl[a’de)}vir

where g,a,b € Z>p and a = (aq,..., o), 8 = (f1,...,0s) with 1 < a; < a—1 and
1 < B <b—1. It’s easy to see that with a = b = n, our invariant is their Cy o4 5(nd)
with &« = 8 = 0 and can be extracted from their formula:

Theorem 4.2.8 (Johnson-Pandharipande-Tseng [46]). Let a = (aq,...,a,) and =
(B1,...,0s) withl <a; <a—1and1 < p; <b—1.

(1) Cya4p(d) =0 unless
d—ZOZiEO (mod a) and d—ZﬁjEO (mod b).
i=1

(2) If the congruences hold, then

Tic1%, d $io18j g4 drHsT3 ud/2 2
C Dud = (=1~ "% tats- 5 )
ggo gotp(d)u (=1) ’ " ips1 sin(ud/2)
- (4.29)
Now we can conclude the proof:
Corollary 4.2.9. ‘
B o (nd)® 1
00,6(”d) = (—=1)=" i (4.30)

Proof. Noticing that

2
<sinqziil2/2)> =1+0(), (4.31)

C, 5(nd) can be read from g = 0 term of (4.29). O

)
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§4.3 A crepant resolution conjecture for Xjroa

We have so far described the contribution from the untwisted sector to QHg . (Xtoia).
In this section we formulate a conjecture for the full (orbifold) quantum cohomology
and present supporting evidence. Our strategy is to compare it with the quantum
cohomology of a crepant resolution of the coarse moduli space Xyfold.

4.3.1 CREPANT RESOLUTION OF Xjpfold

As explained in the introduction, the surface Xproa has Nyroa isolated Kleinian sin-
gularities: each is of type Ay when & = Zs, and of type As when & = Zs. This
means Xprla admits a crepant resolution by taking the minimal resolutions of these
singularities:

Vi Zres — Xprold. (4.32)

The setup of the Crepant Resolution Conjecture [58, 17] therefore applies and predicts
that the orbifold quantum cohomology of Xzwia can be obtained from the quantum
cohomology of Zgres by analytic continuation together with an explicit affine-linear iso-
morphism H*(Zgres) = H¢ g (Xgroa). One may therefore obtain the full QHZ (Xgfoia)
from QHF. (Zgres) by taking such an affine map.

The quantum cohomology of Zgres is completely clear. By [61], Zgres is in fact the
minimal resolution of a Kleinian surface singularity C2/I'gres, where the root system
R associated to R is recorded in Table 4.2:

Rfold Rres
Bn Dn+1
Cm D2m
Eg E~
Dy Eg

Table 4.2: minimal resolution types for the folded surfaces.

QHE « (ZRres) therefore has been studied in detail by Bryan-Gholampour [16]. In this
section, we formulate a precise conjecture, in our examples, for the affine-linear trans-
formation relating QHE .« (Zrres) and QHE x (Xptola).

4.3.2 CREPANT RESOLUTION CONJECTURE FOR Xpiold

The affine-linear transformation will be written as blocked affine map under natural
splitting of cohomologies.

Let 1 < k < Nprua. Denote by pr, € Zg the fixed points, and s € Xy the images
of pr under the quotient map. Write E®) C Zgwes for the exceptional configuration
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over s;. Decomposing into irreducible components, E*) = EYC) when ®r = Zsy and
E® = E® 1 BF) when ©g = 7.

As in (4.7), the definition of Chen—Ruan cohomology yields a natural splitting of graded

vector spaces
N fold

HéR,(CX (Xgtoa) = H(EX (Xptona) @ Virs (4.33)
k=1

where Vj, is spanned by fundamental classes of components of IXgzia that are sup-
ported on s;.

On the other hand, a corresponding splitting respecting 1) can be made as

Rfold

Hi (Zrees) = 9" (Hix (Xgooa)) @ Wi, , (4.34)

where W, is spanned by exceptional classes supported on E;.

Definition 4.3.1 (Affine identification ®). Define an affine map
®: H* (Z'Rres) — HéR(XRfold)
as follows. On ¢*H*(Zp/) we set ® = id via the isomorphism

H*(Xptoa) = H* (X gtola) (4.35)
For each k, we define ®|w, to be:

(1) When (R, R'd) = (As,_1, B,), (Dyy1, C) or (Eg, Fy),

tgk) = —7i + ixgk) ; (4.36)
(2) When (R, R'd) = (Dy, Go),
(k) 7ri 21 2 ) k)
t = ?Zs Z) ci=1,2 (4.37)

J=1
where ¢ = e271/3,

Conjecture 4.3.2 (Crepant resolution prediction for Xzroa). After analytic continu-
ation and affine change of variable as in Definition /.3.1, there is an isomorphism

QHEx (Zrres) =2 QHL ox (Xgioa). (4.38)
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4.3.3 CHEN-RUAN COHOMOLOGY RING OF Xjpfold

Let A:; = Ker(¢),) N Eff(Zgres) be the semigroup of effective curve classes that is
contracted by 1. Following Ruan and Perroni [58, 55], we define :

Definition 4.3.3 (Quantum corrected ring of Zgres). Let ng) be the quantum param-

eter with respect to Ei(k). For any ¢1, ¢2, ¢p3 € H*(Zgres), define the quantum corrected
3—point function (1, ¢2, P3)qc(q) as

(61,62, 83)qc(@) = > Q7 ¢1,¢2,¢3>§7§f§s’cxa (4.39)

,BeA*

and quantum corrected product Uy by

(P1 Uy P2, 93) 7R = (¢1 U 2, ¢3)7R™ + ($1, d2, $3)qc(q). (4.40)
Proposition 4.3.4.

res 1 + Q/B
(61 Uy b2, 03) 7R = v Y (g1, B) (o, ><¢3’/B>W’ (4-41)
BERP+
where N
fold . ~
RO = Ker(th,) N RS = Hﬁvg Riw ¥ or =L, (4.42)
Hizﬁfold R:ZQ if Or = Zs.

under the identification between Ho(Zrres;Z) and the root lattice of R'S.

Proof. Notice that the quantum-corrected ring is just a specialisation of the full quan-
tum cohomology ring to the contribution from contracted curve classes, so the result
follows from comparison with [16]. By [16], only positive roots contribute to nontriv-
ial Gromov—Witten invariants. It then remains to describe the contracted roots as in
(4.42), which can be checked directly. O

For projective surfaces with a single A; or A singularity, or in general projective vari-
eties with transversal A; or Ay singularities, Perroni [55] proves that under an explicit
change of basis and specialisation of the quantum parameters, there is a ring isomor-
phism between their orbifold cohomology and certain quantum-corrected cohomology
of their crepant resolutions, where the same splitting as (4.33) and (4.34) is used.

In our setup, Xyfua is non-compact and admits more than one A; or Ay singularity.
Moreover, an equivariant variant is used to define (quantum) cohomology. Nevertheless,
the same construction yields a ring isomorphism.

Proposition 4.3.5. Equip H*(Zgres) with the quantum-corrected product Uy, defined in
Definition 4.5.5. Then the map H*(Zrres)(q) = HEr (Xrioa) defined by the following
formulas:
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(1) when (R, R'Y) = (Ag,—1, By), (Diny1,Crm) or (Es, Fy),
EW 01 e QW) = 1, (4.43)

(2) when (R,Rf‘ﬂd) = (D4, G9),
2 .
EY 20 Y sin ()¢ el 1 = ¢ (4.44)
j=1

where { = e2m/3,

18 a Ting isomorphism.

Proof. By construction, the linear map in the statement agrees, on each block
V" (Hix (Xpeoa)) ® W,

with the map appearing in Perroni’s formula [55, Proposition 6.2]. Using the same
proof as in [55] with the equivariant variant, a ring isomorphism therefore holds on
each block:

* (H(EX (Xproa)) ® W, = H(EX (Xgtoa) ® Vs, , Vk. (4.45)

Consequently, to reduce to Perroni’s result, it suffices to verify the following two claims:

Claim 1. For 1 < k < Ngroa, the space ¢* (H((*:X (Xpioa)) & Wi, (resp. H (Xgroa) @
Vs, ) is closed under Uy, (resp. *cg cx)-

Claim 2. W,, Uy Wy, =0 and Vi, *cr Vi, = 0 if ki # k.

The resolution side follows from Proposition 4.2.2: from it we see that (¢1Uy ¢, (h3)ZRres
is zero as long as two of ¢1, @2, ¢3 are supported over fibres of distinct singular points.

On the orbifold side, we first show Claim 2. For classes §; and o supported over
distinct singular points, by construction,

01 *CR 02 = [ (6?51 U e502 U €g7h), (4.46)

Since €j(d1) and e5(d2) have different support, ejd; U e5dy = 0. Hence one has
V:;kl *CR ‘/Skg =0if ]{71 7é ]{72.

It remains to show Claim 1 on the orbifold side. First, the untwisted part is by itself
closed, so is each component Vs, . In order to show Claim 1, it suffices to show, for any
¢ € H\ (Xgroa), and 61 and J2 supported over distinct singular points,

(¢ *cr,cx 01,09) RE1 = 0 (4.47)

By associativity
(¢ *cr,cx 01, 02) R = (¢, 61 kg cx 52) RN, (4.48)

it reduces to Claim 2. O
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Remark 4.3.6. This result can be viewed as evidence for Conjecture 4.3.2. Indeed,
assuming that Conjecture 4.3.2 holds, this result can be obtained by taking a certain
limit, as follows. On the resolution side, the quantum modified ring can be viewed as
the Frobenius algebra at the partial large radius limit:

Re(r, E) — —o0, (4.49)

in the big quantum product, or
QE —0 (4.50)

in the small quantum product, for all uncontracted curves F C Zgres.

Correspondingly, on the orbifold side, all curves in Xproa are of the form ¢(F), with
E an uncontracted curve in Zgres, under the large radius limit

Re(r, E) — —o0, (4.51)

in the big quantum product, or
Qyr) — 0, (4.52)

in the small quantum product, QH} (XRfold) degenerates to the ordinary Chen—Ruan
cohomology H g (Xpsold).

To finish the remark, one can check that the linear map in Proposition 4.3.5 is the
inverse of the linear part of Definition 4.3.1.

4.3.4 COMPATIBILITY WITH A FOURIER-MUKAI TRANSFORM

Ruan’s conjecture is closely related to the (largely open) DK conjecture [6, 47], which
predicts that K-equivalent varieties/orbifolds should be derived equivalent and hence
have isomorphic K-groups. A conceptual link is provided by Iritani’s integral structure
and central charge on K-theory [43]: he explains how a derived equivalence induces a
concrete affine transformation on cohomology, compatible with the relevant enumera-
tive structures.

We first fix the integral-structure conventions. For a smooth Deligne-Mumford stack
Z of complex dimension d and V' € K.(Z), we use Iritani’s cohomology-valued class
[43, Equation (12)]

Uz (V)= 2r) Y20(TZ) U (2ri)%*8/2inv* ch(V),  d=dimc Z, (4.53)

where deg is the ordinary cohomological degree on the inertia stack. Following [43,
Proposition 3.28], the integral central charge is then

Fz(V)(r) = 2m) Y474 (Jz(r,2)] __,, ¥z(V)) (4.54)

orb ’

For the noncompact spaces considered here, we take V € K (Z), so that Wz(V) is
compactly supported and the orbifold pairing in (4.54) is well-defined.



94

Remark 4.3.7. The J-function Jz(7,z) used by Iritani in this setup is normalised
with expansion ([43, Equation (55)])

Jz(r,2) =1+ g +0(272). (4.55)

Conjecture 4.3.8 (Following Iritani [43, Corollary 3.30] [42, Proposal 5.7]). Let X
be an orbifold with coarse moduli space X, and let ¢: Z — X be a crepant resolution.
There exists an isomorphism

U : Ko(Z) — Ko(X) (4.56)

induced by a Fourier-Mukai equivalence. After analytic continuation, there exists an
affine change of flat coordinates Ucon, with the following properties:

(1) the quantum D-modules of Z and X are isomorphic in a way that preserves their
T'-integral structures and is induced by Ug;

(2) Ueon identifies the corresponding quantum products;

(3) for every V € K.(Z),

Fz(V)(1) = £ Fx(Uk(V)) (Ueon(r)), (4.57)

where the sign £ is independent of V.

For Kleinian singularities, the derived McKay correspondence gives an isomorphism
K.(C?/G) ~ K§(C?), (4.58)

for any finite subgroup G < SL(2;C). Iritani explains how the associated integral
central charges recover the coordinate changes predicted by the quantum McKay cor-
respondence; see [43, §3.9].

In the remainder of this section, we verify this predicted central-charge compatibility for
the Fourier—Mukai transform (4.60) and the affine change of variables in Definition 4.3.1.

By [44, Theorem 1.6], @z —Hilb(Zg) is a crepant resolution of C?/T'gres and therefore
isomorphic to the minimal resolution Zgres. Let Ur C Zpres X Zr be the universal
scheme, with projections

p: Ur — Zpres, q: Up — Zp. (4.59)

The derived McKay correspondence of Bridgeland-King—Reid [9] then implies that the
Fourier—-Mukai transform

Rg. op* : K(Zpres) — K®®(Zg), (4.60)
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is a derived equivalence. In particular, coherent sheaves on Zgres naturally correspond
to ®r-equivariant sheaves on Zp.

Given a vertex p in the Dynkin diagram of R"®, let C), C Zgres be the corresponding
Dynkin curve.

Proposition 4.3.9. The image of Oc,(—1) under Rq.op*, as ®r-equivariant sheaves
L, on K(Zr), are as follows:

(1) If C, is contracted to a point x, on the quotient Xpra corresponding to a r—
fized point y, € Zg, then define L, := k(y,) ® w, where w : P — C* is the
irreducible representation of ®x in the local McKay correspondence of ¢ at x,;

(24) If m=1(¢(C,)) is a free Pr-orbit of irreducible curves O - E,, where E, C Zg

is any representative. In this case define L, := 3 Oy, (—1);
gePr

(2B) Otherwise, 71 (¢(C,)) is a single curve E,, which is stable under the ®x action.
In this case define L, = Og,(—|®Pr|).

Proof. We use the property that the Fourier—-Mukai transform of a sheaf can be re-
stricted to a neighbourhood of its support and show (FM) in the two cases respectively:

(1) If C, is contracted to a point x,, then over a ®r-invariant neighbourhood of z,,
(p, q) can be identified with

U C dr—Hilb(C?) x C? (4.61)
/ \
C2/dpr C?
which is the same as in the local McKay correspondence;

(2A) If 771 (1(C,)) is a free Pg-orbit, then ¢ is an isomorphism and p is a covering

map over a neighbourhood of )(C)). It follows that £, := > Oyg,)(—1).
gedR

(2B) If 7~ 1(y(C,)) is a single curve E,, then over a neighbourhood of ¢(C,), the pair
(p, q) can be identified with

UCY x Tot(O(—2)) , (4.62)
Y / Tot(O(-2))

where Y = &z —Hilb(Tot(O(—2))) is the minimal resolution of an A3 (resp. As)
singularity when ®x = Zs (resp. Z3), and C, is the component corresponding to
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the middle vertex in the corresponding Dynkin diagram. Therefore, p is a degree
|®%| map over C, and ¢ is an isomorphism restricting to p~'(C,) = P!. As a
consequence, we get

40" (Oc,(-1)) = Op,(—|®r]). (4.63)

O

To show compatibility with integral structure, we start with a local computation.

Lemma 4.3.10. Let n > 2 and { = e*™/™. Consider the cotangent lift of the Z, = (¢)
action
"o [20, 21] = [¢F20, 21]

on P! to Tot(Op1(—2)) = T*PL. Let
i [P)Z,) — [Tot(Op1(—2))/Zy)

be the zero-section inclusion, and equip Opi(—n) with the trivial action on the fibers
over fized points pg and peo.

Let F-(V') denote the integral central charge (4.54), where ¥ is the cohomology-valued
class defined in (4.53). Then

n—1 179

]:7— (i*OPI (—n)) = — n + % + Fpo,tw + fpoo7tW7 (464)
with
n—1 n—1
1—¢k 1— ¢k
w = — , w = —— T k- 4.
Fross kZ:l 4rnsin(mk/n) 70,k Fpoot k;zl 4mn sm(ﬂ'k:/n)T ok (4.65)

Here the coordinates 7o, 7ok, Too,k Of

n—1 n—1
T=10H + Y Toreor+ Y Tookbook € HER([Tot(Opi(—2))/Zn]) (4.66)
k=1 k=1

are defined by taking H = ¢1(Op1(1)), normalized by

1
/ =t (4.67)
Bz N

while eg j, and e, are the fundamental classes of the twisted sectors over py and pso,
respectively, labelled by C*.

Proof. Write X,, = [T'ot(Op1(—2))/Zy] and let N = Op1(—2) be the normal bundle of
the zero section. Grothendieck—Riemann—Roch for the closed immersion i gives

ch(i.L) Td(TX,) = i.(ch(L) TA(T[P' /Z,))), (4.68)
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or, equivalently,
ch(i.L) = i, (ch(L) Td(N) ™). (4.69)

For L = Op1(—n), using H? = 0, one has
ch(L)=1—-nH, Td(N)=1-H, TdN)'=1+H. (4.70)
Since i,(1) = [P'/Z,) and i.(H) = 1[pt], the untwisted component is

ch(ixOpi (—n))| ) = ix((1 = nH)(1 + H))

n_1 (4.71)

= [P'/Zn] - [pt].

Let q : Tot(Op1(—2)) — P! be the projection. The equivariant Koszul resolution of the
zero section is
0— ¢ (L&NY)— ¢"L — i.L — 0. (4.72)

By the definition of the orbifold Chern character [43, 2.4-2.5],
ch(i:L)] oy = Tr(CHILp) (1= Tr(CHIN)) - (4.73)

At po, the tangent and normal characters are (¢,(~!), while at po, they are ({1, ().
Together with the trivial fiber action on L, this gives
ch (i, Op1 (—n)))|

=1-¢*  ch(i.O0p(—n))] =1-(k (4.74)

(po,C*) (Pos+CF)

The untwisted Gamma class restricts to 1, and on every twisted sector labelled by ¢*

it is szl“(l;)r(1—];> :m. (4.75)

Specializing (4.53) to the surface &, gives

1 ~ ~
W(V) = o D(TX,) U (271)9°8 /2 inv* ch(V), (4.76)

™
where deg is the ordinary cohomological degree on the inertia stack, its untwisted

component, is
V(i 0p1(=n))| ) = ilP'/Zn] + M[pt], (4.77)

and its twisted components are

. 1—¢F

v (1*0]131 (_n)) ’(P(),C’“) = 9 Sin(ﬂ'k/n) [Pto,k], (478)
. 1—¢k

(00 (=) ) = Faimirn ) Ploot] (4.79)
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To pair these components with the twisted coordinates of 7, by definition of the orbifold
Poincaré pairing,
1 .
(ejjk, [ptj,n—k])orb = j €{0,00}. (4.80)
Thus the coefficient of 7; is read from the (j,n — k)-component of . By (4.55), the
part of J(7,2)|,__; that pairs nontrivially with the compactly supported components
of U(V) is 1 — 7; the remaining O(z~2) terms have no component in the dual ordinary
degrees. Since dimc &,, = 2, the prefactor in (4.54) is —1/(27). Hence
1
fT(V) - _g(l - T, \I’(V))orb (481)
for V= i,Op1(—n). Substituting the preceding components gives the constant term
—(n — 1)/n, the untwisted linear term iry/(27n), and the two twisted sums stated
above. O

Proposition 4.3.11. The change of variables in Definition 4.5.1 is compatible with
the Fourier—Mukai transform (4.60) under the integral structure central charge in the
following sense:

(1) when (R, R®Y) = (A3, 1, By), (Dpmi1, Cr) or (Es, Fy),
F(Oc,(-1)) = F(L,) (4.82)
(2) when (R, R™'%) = (D4, G),
F(Oc,(—1)) = £F(L,), (4.83)

where the sign £ is —1 when C, is contracted under 1) and +1 in the other cases.

Proof. We notice that the image of the central charge of a sheaf depends only on a
neighbourhood of its support, where the Fourier-Mukai transform has been described
in the proof of Proposition 4.3.9. We show the compatibility corresponding to the three
cases respectively:

(1) Suppose first that C,, is contracted to a fixed point. Restricting to a $r-invariant
neighbourhood, (p, ¢) is the usual local McKay correspondence for the cyclic quo-
tient singularity of type A, -1, hence of type A; or As. In this local situation,
the change of integral central charges has been computed in [43]. Comparing with
the affine identification in Definition 4.3.1, we obtain

F(Oc,(-1)) = F(L,) (4.84)

for the order-two foldings in part (1) of the statement. In the (D4, G2) case, the
affine identification in Definition 4.3.1 differs from the convention of [43] by an
overall negative sign, so for the contracted curves one obtains

F(Oc, (1)) = —F(L,). (4.85)
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(24)

(2B)

This is the negative sign in part (2) of the statement, and the same sign is used
below for the side-block curves in case (2B).

Suppose that 771(¢)(C,)) is a free ®r-orbit. From [43], we know that

Fre (00, (~1)) = — = 1. (4.86)

2mi

Since the support lies in the free locus of the quotient stack, the orbifold central
charge is the ordinary central charge upstairs divided by |®%|. Thus

1 1
]:XRfold (Lp) = ’(I)R’}-ZR <gez:{> Og(Ep)(—D) = _WQEZ{) ty(B,)- (4.87)
R R

On the other hand, by the averaging convention (4.1), (4.3), and the identity on
the untwisted summand in Definition 4.3.1, the flat coordinates satisfy

1
ty=T1o-7 D Lok, (4.88)
P=| S5

Hence F(O¢,(—1)) = F(L,) in case (2A4), which is the + sign in the statement.

The integral central charge of £, is computed in Lemma 4.3.10. The resolution
side is the minimal resolution of an Ajjg, 1 singularity, with C = C|g,| the
middle curve, and the integral central charge of O¢,(—1) is computed in [43] as

1
- . 4.
517 nc, (4.89)
Take C1, . .., Cgjpy|—1 as the Ag g, |1 chain on the resolution. The basis matching
the splitting (4.34) is
{D = w*(ﬂ—*(Ep))a Cla SER) C|©R|—17 C\<I>R|+17 B C’2|<I>R|—1}7 (490)
where
[Pr|-1 2|PRr|-1
2|0r| -k
D=Clag+ 3 ooy S 22RIZke g
— |or] . PR
= =|®xr|+1

where the coefficients are determined by the relations
D.-Cy =0, k # |Pr|. (4.92)

Now write

|®r|-1 2[Pr|-1 o

T=sD+ > pCe+ . ppCi € H (Tot(Opi(~2))/Zigy),  (4.93)
k=1 k=P |+1



100

and let
Pr—1 — 2Pk + P41 k # |®R|,

! (4.94)
~aa] S T Pogl-1 T Plogl+1 k= [PR],

tk:TﬂCk:{

where po = pjoy| = P2jog| = 0, and —2/|®x| is the intersection number D - Cg |-
Notice also that D-Clg,| = —2H -9(C|p,|). Since the untwisted degree-two block
is one-dimensional and the identification preserves the pairing with the middle
curve, this fixes the relation

0 = —28 (4.95)

on the untwisted part.

It remains to substitute the affine coordinates in Definition 4.3.1 into the expres-
sion for t|g,|. Following the notation of Definition 4.3.1, we relabel the two local
blocks by the fixed points py and po; the corresponding affine coordinates are
2 and 2>, When |®r| =2, Cy and C3 are —2 curves, so

J J
1 1
=——t =——t 4.96
p1 ot p3 53 ( )
and the affine substitution is the one in Definition 4.3.1, with azgo) = 79,1 and
l'goo) = Txo,1. No additional sign is inserted in this case. Thus
i
prtps=mi—g (70,1 + Too1) - (4.97)

When |®z| = 3, the left-hand Ay block satisfies

t1 2 =1\ (m t1 + 2ts
_ = — . 4.98
<t2> <—1 2 ) (m) ’ b2 3 (4.98)

On this block the sector labels are x§0) = 70,5 At poo the tangent character is
inverse to the tangent character at pyg. Therefore the local As ordering used in
Definition 4.3.1 is opposite to the global ordering of the right-hand side of the
chain C1 —---—Cj5: the ordered global pair is (¢5,t4), and the sector labels satisfy

(1>

,25)) = (T2, Toor1)- (4.99)

With this ordering, the right-hand block satisfies

ts 2 -1 D5 ts + 2t4
- _ = — . 4.100
()5 2) G met wm

We then substitute the affine coordinates from Definition 4.3.1. In the (D4, G2)
case, the side-block curves belong to the contracted-to-a-fixed-point case treated
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in (1) above, so the negative sign there gives (t1,t2) = —(tgo),téo)) and (t5,t4) =

- (tgoo), tgoo) ). Consequently,

o W3

p2 = EE ((1 —Q)1o1 + (1 — CQ)TO,Q) )
o iv3 (4.101)
mooi
pr=—5—— (- (oot + (1= 7o) -
Substituting the preceding expressions into *%tlén\v together with 79 = —2s,

gives exactly the central charge in Lemma 4.3.10. Hence F(Oc,(—1)) = F(L,)
in case (2B), which is the + sign in the statement since C, is not contracted by
1) in this case.

O

Remark 4.3.12. The p-dependent sign in the (D4, G2) case, equivalently in the local
|®| = 3 comparison, is not part of Iritani’s original proposal. It appears here because
the affine change of variables matches the central charges only after inserting this sign.
A conceptual explanation of this sign is still missing, and we leave it for future work.

§4.4 Frobenius structures associated with affine BCFG root systems

Given any irreducible root system ®, including the non-simply-laced ones, Dubrovin—
Zhang [35] construct a natural Frobenius structure Mg on the orbit space of the corre-
sponding extended affine Weyl group. Later work of Brini—van Gemst [15] provides Lie-
theoretic Landau—Ginzburg superpotentials for all these Frobenius manifolds. When &
is simply-laced, Brini-Ma—Strachan [14] relate the quantum cohomology of the minimal
resolution of the corresponding Kleinian singularity to the Dubrovin dual of Mg. When
® is non-simply-laced, a similar Frobenius algebra has been constructed by Bryan—
Gholampour [16], but the geometric counterpart is not yet known. In this section,
we explain how the untwisted part of the orbifold quantum cohomology QHF . (Xrto1a)
provides a geometric counterpart of these Frobenius structures.

Let R be one of the non-simply-laced root systems in Table 4.1, and let ¢ : H*(Xpgto1a) —
H¢ g (Xgioa) be the restriction.

The first observation is the comparison with Bryan—Gholampour’s construction.
Corollary 4.4.1. After applying
QF = e 7, (4.102)

V(QHE« (Xgtoa)) is isomorphic, as a Frobenius algebra, to the one constructed in [16,
Theorem 6] for R?ve.
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Proof. Notice that Theorem 4.2.3 coincides with [16, Theorem 6] exactly. O

The second observation extends the simply-laced result of Brini-Ma—Strachan [14] to
the non-simply-laced cases.

Theorem 4.4.2. 1*(QH%, (Xgeo)) is isomorphic to the Dubrovin dual M. of the
extended affine Weyl Frobenius manifold Mpave corresponding to R*°.

Proof. By Brini-van Gemst [15], Mz is isomorphic to a Landau-Ginzburg(LG) model
(AR, ®). For a LG model (A, ¢), its Dubrovin dual is another LG model(log(\), ¢).
Having this, the result follows from proving Ag|ppae = Agave. This fact is briefly
mentioned in [15], and we explain it here in more details.

We recall the construction of the LG superpotential given any irreducible root system
®. First, ¢ is associated with a Lie algebra gs. A¢ is then constructed by solving

zeroes of \
P(wo, .- -, wigs Aa, 1) = Q% (x; = w; — 51',1217(}(;;#)7 (4.103)

where Q"9 is the (1 — u)-free part of the characteristic polynomial
(1-p>Qet=9= det(g — pl) € Zx, s Xl 4] (4.104)

of a fundamental representation p of go with minimal dimension, and x;(g) := T'rp,(9)
is the i*" fundamental character. Moreover, k is a marked node in correspondence (see
[14]) with the index of the C* fixed curve in the exceptional curves, shown in Figure 4.1.
We denote the fundamental weight corresponding to the marked node by w'™. In order
to prove Ag|prave = ARave, it’s enough to show

1 pR‘hRave contains prave with multiplicity exactly 1;

2 V(wl)| contains V (wi¥..) with multiplicity exactly 1.

hRave

This is checked directly. O



Appendix A

Lauricella functions and their
analytic continuation

§ A.1 Lauricella functions

The Lauricella function FJ(DN) is the analytic continuation of the generalised hypergeo-

metric series defined by:

FéN)(a,7b1’ ,bN;C

Ty, ,.’L'N)

_ (@5 i 71 Brie s,
=y (C>zukl;[1 Gt (A1)

i1, ,in 20

An important property of F' j(jn) is its one-dimensional Euler-type integral representation:

F[()n)(G’?bla'” 7bN7C7x17"' 7$N)

— F(C> ! a—1l/1 _ p\c—a—1 = —r —by,
_F(a)F(c—a)/O dt 17-1(1— 1) k]lu o) b, (A.2)

The Lauricella series reduce to the Gauss hypergeometric series when N = 1 and to
the Appell hypergeometric series when N = 2.

Fixing the variable z1,--- ,zx5_1 and re-expand the series w.r.t. z, one get the fol-
lowing useful formula:

FEN)(aablv ,bN;C"Tl,"' 7$N)

(“)ZN—%- N-1 (bj)i.xirj N-1 N-1
= Z =1 7 H > IR a4+ Z ij,bn,c+ Z ij‘xN (A.3)
J=1 J=1

. - C N-1; . Z'
i1, N1 2o i g=1 J

103
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§ A.2 Analytic continuation of Gauss hypergeometric functions

When N = 1, a Lauricella function becomes an Euler hupergeometric function: Fg ) (a,b,c|z) =
9Fi(a, b, c|z). In this case the following connection formula holds:

fa—béd2,
2 Fi(a,b, c|z) —i(z);(?r(g( 2) % Fi(a,a—c+ lia—b+ 1%)
?EZ);(?T;; (=) Yoy (b,b— e+ 1;—a+ b+ 1%) (A4)
If a =0,
oFi(a,a,cl|z) :(_z)_af‘(a)?((cc)—a)
X Z (a)n(l(n_';—i_ a)nz_”[log(—z) +2¢(n+1)—¢Y(a+n)—(c—a—n).
n=0 :
(A.5)
a = b is the special case of b=a+m,m € Z,
oFi(a,a+ m,c|z) = oF1(a+ m,a,c|z)
_ —a—m I'(c) % (@)ntm(l —c+ a)nim 5N
=(=2) I'(a+m)I'(c—a) n%;] n!(n +m)!
x [log(=2) + (1 +m+n) —¢(1+n) —¢(a+m+n) —¢(c—a—m—n)
o DO KR Tm—n)@, .,
(=) I'(a+m) Zo nl'(c—a—n)" (A.6)

§ A.3 Analytic continuation of multi-variable Lauricella functions

The multi-variable case is less well understood. When a; by, - - - , by; c are generic, using
connection formula in generic case and restricting to the asymptotically leading terms,
the following connection formula holds:
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Proposition A.3.1 ([13, (243)]).

Fl()N)(avbla )bN;C

T1, - ,TN)

o c, by—a
o) (S YT

I 1

XFI(DN)(a;bl,-- o1, 1—cH+a;l—by+a|l—, -, —)
e TN
B by & G — by
Hean) (S ST
(N-1) ) .
XFD (a—bN7b1,--- ,bN_l,C—bN‘:Ul,"' ,xN_l). (A.7)
When a; by, - -+ ,by; c are not generic, the analytic continuation is more complicated, as

we have seen in N = 1 case. A key result we need is the following

Proposition A.3.2 (]2, (A.11)]).

Fl()n)(a,bl’ .. 7bn_1,a, C|.’L’1, e 7-7371,)

0 n—1
_ TI(o () Z Z 11:(0 —a — |M]) (@)|p]4m, (1 — ¢ + a)omm, H (bi)m, »

T(@)(c—a) ~ T(c—a+|M]) (M + 1) ! RN
(log(—2n) + hum,) (;ﬁ;)ml . <$;;1>mn_l xln)m”
|M]— 1 n,l Mn
+ F(a)l;((cc) a) Z Z my!(c |]C\L4||M| M Zl_[ ; ml oty <$1n> ’
(A.8)
here
by, = (1 + [M] 4+ mn) + (1 +my) —(a+ [M|+my) —(c —a—my).
Corollary A.3.3.
F(a;br, -+ by-1,a5¢|z1, -+, zy)
" o g Vo) ™ (os(—aw) + ho)
(S an Y D il ((2’;{ 7 (A.9)

M, |M|=1 (C - a)|M| 7j=1
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Lemma A.3.4.

N-1
Z r'(|M]) (bj)mj 2
k
s €T a5 (mg)!
d N-1
=—| Fp (&b, ,bp_1;c—alr1, -, Tn-1)
de —o D ‘
Proof. Notice that
N-1
Z L'(|M]) H (bj)mjxmj
(c—a)m w5 (my)! ™"
MM|>1 M| o VT
lim FY &by, - byorse— alwy, - an_1) — 1
e—0 1/F(6) '

The statement is therefore an application of L’Ho6pital’s rule.

Taking derivatives in Proposition A.3.1, where we take a = €, we arrive at

Lemma A.3.5.

da
de|._g

~ —log(—zn_1) + (= (bn_1) + ¢¥(—a+c))

_ c—a,—by_
+(—an-1) bN_lF( c—a— bx—i )

F =& b, by;e—alay, -+, ono1)

x FENQ)(—belvbl, L bng, e —a—byoq|zr, - e o),

here if N = 2, then the FSV_Q) term is 1.

(A.10)

Proof. We follow the proof of Proposition A.3.1. Using the identity for Fl()N), we get
a linear combination of Lauricella function and a power series with Gamma function

coefficients. We then take derivatives of these two terms.
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Corollary A.3.6.

FgN)(a;bh"' ’bN_l,a;c‘xh S, TN)

c
a,c—a

~T( )(—zn)~(log(—zn) — log(—zNn—1) + hg)
c —bn_1
a c—a—by_q

X F,(jN_z)(—bN—l;bl, o by_gic—a—by_q|zy, - wN_2)

+1( () (—ay1) N

here

0= ho —¥(bp—1) +Y(~a+c)
= 2¢(1) = 9(a) = ¢(c —a) = ¢(bp-1) +¥(=a +¢)
= 20(1) = (a) = Y (bn-1),

and if N =2, then the ng_g) term is 1.

(A.11)
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