Advancing Gaussian Process Modelling for
Structural Health Monitoring

A Thesis submitted to the University of Sheffield

for the degree of Doctor of Philosophy in the Faculty of Engineering

J. H. Mclean

Department of Mechanical Engineering

University of Sheffield

July 2026



ACKNOWLEDGEMENTS

This thesis could not have been completed without the friendship, wisdom and
patience of many. Although I cannot thank everyone here, I would like to recognize

a few whose support made this thesis possible.

I would first like to thank my supervisors Dr Tim Rogers and Dr Nikolaos Dervilis.
Tim, thank you for your continued belief in me since that early summer research
project. Your mentorship, from pair coding JAX and discussing EP maths to countless
hours of chess, has taught me more than I can express. Nikos, your constant positivity

in our meetings made the difficult moments much easier to navigate.

Completing this PhD in an environment as supportive, knowledgable, and fun as the
DRG has been an incredible privilege. My collaborators Matty and Brandon, along
with all the researchers I engaged with in technical discussions, deserve heartfelt
thanks. I am especially grateful to Dan, Adam, and Ewan, my fellow PhD comrades
and friends. Apologies for the plentiful distractions of chess, diplomacy and idle
chatter, being in the PhD trenches was far more bearable alongside you. The
impromptu DRG chess club also deserves a mention; I am unreasonably proud of

our communal 2K ELO achievement on Dan’s account.

I must thank and acknowledge my family, without whose support and love I would

not be where or who I am today.

Finally, to Shae. Just like with everything else, you are my rock. You make it all

worth it, and I couldn’t have done this without you.



Highlights:

Bounded GPs are introduced and investigated as a way of enforcing physic-

ally meaningful predictions in SHM contexts

A power curve from an active offshore wind turbine is used as a motivating
example, representing significant novelty as one of the first works to bound

predictive models for the problem

A heteroscedastic GP with a Beta likelihood is investigated and found to
have strong prediction power and higher uncertainty quantification than a

normal GP would

A warping method is used but found to be inadequate as a bounding

method due to inducing discontinuity in the warped space
GP Classification is explored as a underutilised tool in SHM
Binary and Multi-class GPCs are benchmarked on SHM problems

Power Expectation Propagation is introduced as the approximation tool of
choice for GPCs

A generalised formulation of PEP is introduced to show how to extend

PEP to chained GPs (including multi-classification)

Active learning is introduced as a way to deal with the problem of expensive

labels

The Expected Prediction Information Gain (EPIG) algorithm is introduced
to SHM, and is shown to be an empirical improvement over current methods

when using physically informed targets

A novel method of updating GPCs is introduced to avoid expensive retrain-

ing at each active learning step, enabling broader online deployment of

GPCs
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ABSTRACT

Structural Health Monitoring (SHM) is the intelligent monitoring of any type of
structure to enable proactive maintenance and extend service life. An active area of
research, the field faces significant challenges including noisy and uncertain processes
and limited model interpretability. Gaussian Processes (GPs) offer a compelling
framework to address these challenges, yet their practical application in SHM lags
behind theoretical capabilities. This thesis bridges this gap by advancing GP
methodology in SHM, combining cutting-edge adaptations from the literature with

novel developments tailored to SHM challenges.

While GPs provide principled uncertainty quantification and flexibility, they do not
inherently enforce physical constraints, leading to physically impossible predictions.
This work investigates Bounded GPs as a weakly physics-informed solution. Using
in-service SHM data, the work demonstrates that bounding via a beta-likelihood

significantly improves uncertainty quantification over baseline models.

Classification provides a robust way to handle the discrete labelling of structural
states required by SHM. This thesis investigates GP Classification (GPC) for SHM,
developing binary models via the Power Expectation Propagation (PEP) approxim-
ation and introducing a novel chained PEP-GP. It is shown that they outperform
similar methods while providing uncertainty quantification across a range of SHM

datasets.

To mitigate the reliance of GPCs on labeled datasets, the thesis explores active
learning. Expected Predicted Information Gain (EPIG) is introduced as an acquisition

function with physically informed target distributions. This method is shown to

11



leverage physical knowledge to converge faster than traditional functions, reducing

labeling costs.

Finally, to accommodate online monitoring environments where standard GPs are
computationally prohibitive, the thesis derives a generalized extension to the online
PEP framework. This allows for the use of all likelihoods in online settings, improving

upon previous variational methods.

Collectively, this thesis creates a modernized toolbox of GP methods better suited

to the requirements of SHM.
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Chapter 1

INTRODUCTION

“Matrix is not positive semi-definite”

- jax.numpy

It has been abundantly clear for some time now that engineering practice is undergoing
a profound transformation. Ever-increasing computing power is driving this shift,
enabling new and more efficient approaches to engineering. This is made evident in
tools such as computational aided design and finite element methods; once cutting
edge computational technologies that are now industry standard. Machine Learning
(ML) is one of the latest phases of this transformation, enabling practitioners to
learn complex behaviours and relationships directly from measured data, rather
than relying solely on classical physical or numerical models that may not fully
capture reality. This thesis forms a small part of the ongoing scientific body of work

underpinning this shift.

1.1 Structural Health Monitoring

Structural Health Monitoring (SHM) is the automated monitoring of any type of
structure, with the aim to enable proactive maintenance and extend operational
service life. Significant benefits can be realised if structural damage can be detected

and monitored in its early stages while it is cheaper and simpler to repair. This
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reduces downtime from critical failures or emergency repairs, reduces operational
cost by allowing for proactive rather than scheduled and emergency maintenance
and improves the safety and resilience of the structure. Advancing reliable SHM

methods is thus a practical and high-impact research goal.

SHM is typically described as a hierarchy of tasks, often referred to as Rytter’s
hierarchy [1], later modernised in Worden et al. [2]. Each task builds on the previous

one:

1. Detection: Is there damage present?

2. Localisation: Where might the damage be?

3. Classification: What type of damage is there?

4. Quantification: What is the extent of the damage?

5. Prognosis: What is the remaining operational life of the structure?

At their core, each task requires some model of the underlying structure in order
to achieve their goal. Specifically, that model must be over measurable physical
phenomena that are sensitive to the target outcome. For example, the detection
stage aims to detect deviations from normal structural behaviour, and thus requires
a model over measurable phenomena that are sensitive to damage, such as natural
frequencies or power output [3, 4]. The localisation stage, in turn, requires models
that can locate the position of damage, and thus will typically use phenomena

sensitive to damage location, such as guided or ultrasonic waves [5, 6].

Traditional approaches revolve around analytical/first principle models or numerical
models. These can be powerful, but the real world is uncertain and complex, and
often these approaches cannot fully describe and capture the phenomena of interest.
To address these limitations and to take advantage of the streams of sensor data
modern structures can generate, more recent approaches make use of data-driven
ML models. By learning patterns from measured structural behaviour, machine
learning methods enable data-driven solutions to all stages of the SHM hierarchy
that can be entirely divorced form any physical underpinning. A useful example here

is the detection stage, where a wide body of literature use various ML algorithms
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in novelty detection or outlier analysis in order to detect damage (e.g. [7-11]). In
these cases, ML is used to learn normal operational behaviour for a damage sensitive
feature. Deviation from this operational norm can thus be quickly identified and fed

up the hierarchy of tasks.

While ML offers tremendous potential for the various tasks within SHM, direct
adoption is not straightforward. Many state-of-the-art ML models function as opaque
black boxes, providing accurate point predictions without quantifying their confid-
ence in their predictions or revealing the reasoning behind them. Deployed, these
algorithms will be subject to significant environmental and measurement noise and
operational conditions far from their training datasets. This potential for unreliability
is problematic: the goal of SHM is to automatically mobilise the resources necessary
to prolong the useful life of the structure based on the prognoses of these algorithms.
This mobilisation is an expenditure of capital, time and operational disruption purely
on the authority of algorithms operating in uncertain and complex environments
whose level of certainty and functionality is often opaque. When financial, operational
and safety consequences hinge on algorithmic outcomes, confidence in their output is

not optional.

It thus becomes clear that machine learning based SHM is an exercise in trust. It is an
exercise in trust of predictive systems which are expected to predict phenomena sub-
ject to high degrees of measurement and environmental uncertainty and often poorly
understood even in classical mechanics. Embedding such outputs into operational
workflows, long-term asset management, or financial planning therefore requires clear
justification that the system’s predictions are reliable. From this perspective, several
desiderata emerge for ML models in SHM: they must be (somewhat) explainable,
generalise well to unseen conditions, be robust to noise, quantify the uncertainty
underlying their predictions, and inspire confidence that they will behave consistently

under real-world conditions.

To satisfy these desiderata for ML models in SHM, this thesis explores two strategies:

physics-informed modelling and robust uncertainty quantification.
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1.1.1 Incorporating physics

The simplest approach is often the most effective: if a classical physical or numerical
model can adequately describe the phenomena of interest, it should be used. However,
in practice, real-world systems are rarely captured fully by such models, making
it attractive to learn these “un-modelable” phenomena from measured data using
data-driven ML. Yet, as established in the previous section, while data-driven ML
can capture complex phenomena, their black-box nature raises serious concerns about
reliability and trust. Further, data-driven models typically require large amounts
of data in order to reliably capture the phenemona of interest. In an engineering
context, such large data corpuses are unlikely to be available. This raises a natural
question: could a combination of physical models and data-driven learning offer a

more reliable solution?

It is useful here to introduce the black-white spectrum of models [12, 13], which
characterises the mixture of data-driven learning and explicit physical modelling.
At one extreme, a purely black-box ML model relies entirely on data, with no
incorporation of physical knowledge. At the other extreme, a white-box model is
grounded entirely in physical principles and cannot deviate from them. A grey-box
model is thus one that incorporates some level of physical structure or governing laws
into a machine learning model, alternatively known as Physically Informed Machine
Learning (PIML). The hope of this union is that the data-driven component can
learn behaviours that are difficult or impossible to model using traditional white-box
methods, while the incorporation of physical principles ensures convergence of the

learning to physically plausible solutions.

The adoption of grey-box models can address all of the desiderata not related to
uncertainty. The incorporation of physics or physical insight allows grey-box models
to fall back on encoded information, allowing for better extrapolation outside of the
training distribution and better predictions when confronted with low data regimes
[14, 15]. Further, grey-box models provide a rationale grounded in known governing
laws for their predictions, thereby reducing (though not eliminating) opacity and
improving confidence in their consistency and predictions. It is important to note that
no grey-box method completely eliminates model opacity, as all current approaches

still rely, at least in part, on a black-box data-driven component.
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It is useful here to briefly examine the wider PIML literature. To do this, the
taxonomy laid out in Karniadakis et al. [16, 17] is used. This is a wide and active
field of research, and the reader is referred to [16, 18] for comprehensive review papers.
The literature surrounding Gaussian Process PIML is left for a more in-depth review

in subsection 1.3.3.

Inductive bias involves embedding physical principles directly into the model architec-
ture or representation, so that the learned function inherently respects the structure
of the underlying physics. Many physical systems exhibit inherent symmetries, such
as invariance under rotations, translations, or parity transformations. Rigid body
dynamics are symmetric under rotations, described by the group SO(3), while fluid
flows are typically symmetric under both translations and rotations. Equivariant
neural architectures explicitly encode these symmetries, preventing the model from
relearning identical physics in multiple forms. Examples include equivariant attention
mechanisms for 3D rotations and translations [19] and networks embedding Lorentz-
group equivariance for relativistic systems [20]. Similarly, graph neural networks
(GNNs) leverage the connectivity and locality structure inherent in mesh-based phys-
ical systems, providing an architecture that respects spatial relationships and locality
constraints [21, 22]. Operator learning architectures, such as the Galerkin Trans-
former [23], can also be interpreted as embedding inductive biases by representing

inputs in a functional basis.

Learning bias is the direct incorporation of weak physics into the training objective or
loss function. Physics-Informed Neural Networks (PINNs) are a canonical example,
incorporating the residual of the governing PDE into the loss function [15]. This can
be understood as a minimisation toward the optima that best fits both the data and
the PDE, rather than a PDE solver. Extensions of this idea include Lagrangian and
Hamiltonian PINNs, which embed the Euler-Lagrange or Hamiltonian residuals into
the loss function [24, 25]. Bayesian PINNs additionally enable principled uncertainty
quantification in the inferred solutions and parameters [26]. Equation discovery
methods, such as Sparse Identification of Nonlinear Dynamics (SINDy) [27] and
its Bayesian extension BINDy [28], and those based on genetic algorithms [29] also
fall into this category, where the learning objective searches over a dictionary of

candidate terms to identify parsimonious governing equations.
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1.1.2 Uncertainty quantification

As mentioned previously, many conventional machine-learning models are determin-
istic; they return only a point prediction and offer no indication of how confident
that prediction is. In SHM applications, where data are often subject to measurment
and environmental noise and operating conditions often diverge from training data,
this neglect of uncertainty can be problematic. A model may produce seemingly
confident predictions while relying on noisy training data or operating far outside its
training distribution. Without an explicit and robust measure of confidence, engin-
eers cannot reliably base decisions on the model’s outputs. Consequently, the ability
to quantify predictive uncertainty is essential for the safe and effective deployment of
machine learning in SHM. This is known as Uncertainty Quantification (UQ). Before
discussing the benefits of UQ), it is necessary to clarify what uncertainty means. In

the literature, it is commonly decomposed into two types:

e Aleatoric uncertainty: irreducible uncertainty arising from intrinsic randomness
or measurement noise in the system. More data does not eliminate it; it can

only be characterised (e.g. via a noise model).

e Epistemic uncertainty: reducible uncertainty arising from lack of knowledge,
poor coverage of the input space, or limited model capacity. It can, in principle,

be reduced with better modelling or more informative data.

A useful UQ ML model should handle both: it should express what is fundamentally
unknown in the world (aleatoric) and also when the model does not know because it

has insufficient information (epistemic).

The literature surrounding UQ is extensive, and the reader is referred to [30, 31]
for comprehensive reviews on the field. Broadly, UQ can be divided into Bayesian
and non-Bayesian approaches. Bayesian methods leverage Bayes’ theorem to provide
a principled framework for quantifying both epistemic and aleatoric uncertainties
[32, 33]. While theoretically robust, scaling Bayesian methods to large models is a
challenge that recent techniques increasingly overcome. Non-Bayesian approaches,
in contrast, offer practical alternatives that can be easier to implement and scale,

which are often model agnostic. One class of non-Bayesian UQ) is known as conformal
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prediction [34, 35|, which provides distribution-free prediction intervals with statist-
ically valid coverage. Monte Carlo (MC) dropout [36, 37] approximates Bayesian
inference by performing multiple stochastic forward passes through a network with
dropout enabled at test time, capturing epistemic uncertainty without explicit pos-
terior estimation. Ensemble methods [38, 39], including deep ensembles, quantify
uncertainty through the variance of predictions from independently trained models.
Finally, quantile regression [40, 41] estimates conditional quantiles of the target,

providing intervals that reflect aleatoric uncertainty.

Beyond improving confidence in a models’ predictions, uncertainty-aware approaches
are also better suited to noisy data. By explicitly accounting for variability and
measurement noise, UQ-based methods tend to remain more stable and accurate
under uncertain sensing conditions than purely frequentist point estimators [42, 43].
Moreover, the quantified uncertainty itself is a valuable output; it is mathematically
useful in a variety of tasks, as will be shown in chapter 4, and it can be propagated
downstream to enable and enrich other tasks such as risk-aware decision making.
For example, Hughes et al. [44] integrate UQ into a probabilistic, risk-based SHM
framework, while Kamariotis et al. [45] introduce an uncertainty-aware decision

analysis framework.

1.1.3 The way forward

The need for a grey-box machine learning framework capable of uncertainty quantific-
ation is therefore evident. Gaussian Processes (GPs) are a promising class of models,
innately capable of both requirements. Their ability to handle nonlinear regression
tasks makes them especially useful in cases where physical models are difficult or

impossible to define. As a result, GPs have seen significant application in SHM.

However, as shall be shown shortly, application of GPs to SHM lags the latest
theoretical advances from the statistical and machine learning community. This thesis
aims to bridge this gap by introducing recent developments and exploring avenues of
application not yet covered in SHM literature. Further, novel GP advancements are
derived to address specific engineering requirements, with implications that extend
to the wider ML community. While the methods in this thesis are motivated as

tools for the early stages of Rytter’s hierarchy, they are broadly applicable across
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engineering applications of machine learning.

1.2 Bayesian Inference

Although there are several ways to interpret or formulate Gaussian Processes, the
Bayesian view is the most common. Thus before introducing Gaussian Processes,
it is necessary to briefly cover Bayesian statistics and inference. Bayes theorem
(Equation 1.1) arises naturally out of the laws of probability, and is used to update
beliefs in light of new evidence. Here, p(A) is the prior information on A, it describes
the current information or belief about A. p(B|A) is the likelihood, which describes
how well A currently describes B. p(A|B) is known as the posterior, which can

intuitively be thought of as the updated belief on A having now observed B.

p(B|A)p(A)

p(A|B) = (B

(1.1)
Bayes’ theorem can be used to infer probability distributions over unknown model
parameters or latent functions, a process known as Bayesian inference. Bayesian
inference also offers multiple natural ways to incorporate physical knowledge or

constrains into the learning procedure.

To introduce Bayesian inference practically and illustrate how the Bayesian framework
lends itself to incorporating physics, consider a simple SHM flavoured example:
a cantilever beam subject to varying and cyclic static point loads F' at its tip
(Figure 1.1). Over time, damage accumulates, reducing the beam’s elastic stiffness
ks. In order to detect this, k, will be monitored via measurements of input force F'
and beam displacement ¢, as in the ideal case the static displacement for a cantilever
is 0 = kE However, the displacement measurements ¢ are noisy, making direct
calculation unreliable. The problem can thus be formulated as § = kE + ¢, where €

represents the measurement noise.

A reasonable first stab at this problem would be to apply Ordinary Least Squares
linear regression (OLS). A slight reformulation § = SF + ¢, where 8 = kis shows that
the relationship between ¢ and F' is linear, suggesting linear regression is a natural

choice.
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L1111

Figure 1.1: Cantilever beam with the downward point load F' at the free
end.

Linear regression aims to choose /8 to minimise the sum of squared residuals £ 3~.(5; —

BF;)?, where n is the number of data points, in order to find the best-fit slope 3 for

the data. This has a closed form solution:

DY SN

Once the best fit g is found, the model can be used to make predictions for any ¢
given F. The results of the linear regression applied to this problem are shown in
Figure 1.2. This is a purely data driven approach, although it is not a black-box

model since the solutions for OLS are closed form and well known.

Best fit of data o Esimate of Stiffness K

| % Data *
— OLS -

--- True k
-—- 0OLSk
0.8

0.6

0.4

0.2

: ; . ‘ — 0.0 ; ‘ ; ; ‘ : :
200 400 600 800 1000 315 320 35 330 335 340 35
F(N) K(N\m)

Figure 1.2: Linear regression estimate of kg

Extending linear regression into the Bayesian realm is straightforward. Instead of
estimating a single point value for the slope 3, the goal is to obtain a posterior
distribution over 3, as shown in Equation 1.3. Here a more general notation is
introduced as it will be used heavily throughout the thesis. Inputs are denoted X

(which may be multidimensional) and outputs by y, while unseen or test data will
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be represented as X, and y,, respectively. Notation in bold implies a vector or
matrix. For this example, the input features X are the measurements of F, while
the output features y are the noisy measurements §. This posterior enables UQ over
3, naturally incorporates prior knowledge about the parameter, and, with standard

Gaussian prior and likelihood, converges to LR.

p(BIX,y) o p(y|X, B)p(8) (1.3)

Since the observation noise € is assumed Gaussian, the likelihood is given as
p(y|X,B8) = N(XB,0%I), where o2 is the noise variance. The likelihood term
describes how well a particular choice of weights describes the observed (training)
data. The prior p(3) is used to encode prior belief about 8. It is useful to ensure
that the prior is conjugate to the likelihood, as it ensures the posterior will have the
same functional form and be simpler to calculate. If there are no beliefs to encode,
a wide or general prior is typically chosen. Here, a wide Gaussian prior is chosen
p(B) = N(0,72I), where T is the prior precision. Note that 7 acts as a regularisation
term; shrinking overly large weights and penalising overly complex solutions. This
is mathematically the same as L2 regularisation, which is typically applied in an
ad-hoc manner in deterministic ML. Elegant and innate regularisation is one of the
key advantages of Bayesian inference. When prior and likelihood are Gaussian, so
too is the posterior, meaning Equation 1.3 has a closed form solution as the product
of two Gaussians. Since the likelihood and prior terms are Gaussian, the posterior is

also Gaussian and can be calculated in closed form as the product of two Gaussians:

Y5 = (iXTX + il)_l (1.4)
B o2 ) :
1
,Ll,l@ = ;E,@XT}’ (15)
p(B | X,y) = N(ug, Xp) (1.6)

It is important to reinforce the point that this posterior only exists in closed form
because the prior is conjugate to the posterior. Bayesian posteriors are often not

available in closed form. To deal with this, sampling methods such as MCMC [46] or
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approximations such as variational approximations [47, 48] are necessary. This will

be expanded upon further in section 1.3 and throughout the thesis where applicable.

The goal of this example is the posterior over (3, so in this case it is sufficient to stop
at the equations for the posterior above. However, often practitioners will want to
make predictions of unseen data y, using the posterior over the parameters. To do
this, B is marginalised out of the joint distribution p(y.,y,3). This averaging over
all possible weights is a robust way of dealing with uncertainty in @ while returning

a distribution over y,.

Py, X, y,x.) = / ply.[X.. B)p(BIX. y)dB (L.7)

The results for the Bayesian linear regression are shown in Figure 1.3a, where is clear
that the BLR has converged on the LR, but now provides quantified uncertainty
about how sure it is of its estimate. The utility of the U(Q is highlighted in Figure 1.3b,
where the observation noise € has been significantly increased. It is clear that given
such noisy observations, the BLR is very unsure about it’s estimate of 5. This UQ is
rich, useful information that can be used to inform any engineering decision made

on this result, and would be hidden if only the OLS model was used.

But p(3) = N(0,72I) is an uninformative prior. An engineer can make an educated
guess that kg is probably going to be close to ks = ?f—gl, where E' is the (undamaged)
Young’s modulus of the beam material, I is the second moment of the area and L is

the length of the beam. This can be easily be incorporated into the prior as:

p(B) =N (%,721) (1.8)
While Equation 1.4 assumes a zero-mean prior, introducing a non-zero prior mean
(o) updates the posterior mean to pg = g (ﬁXTy + T—lguo), leaving the covariance
unchanged. This can be thought of as a very simple example of physics informed
machine learning. Here, the model is still entirely learnt from the data, but a sensible
and physically informed initial guess is provided. The results of this incorporation
are shown in Figure 1.4, where it is clear that the physics informed guess returns

a stronger prediction, and that the model is more certain of this prediction. It is
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Best fit of data Esimate of Stiffness K
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(a) Standard prior
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(b) Noisier data

Figure 1.3: Bayesian linear regression estimate of ks under varying
observation noise. Recall that the (here Gaussian) Bayesian LR posterior
is given here as N (ug, X3), as shown in Equation 1.4.

important to note here that the prior can work in reverse too, a bad prior can require
much more data to overcome, and significantly bias the posterior away from the
truth.

This has been a quick introduction to Bayesian ML via a simple linear regression
example. For a rigorous introduction to Bayesian analysis, the reader is referred
to [49, 50]. It has been show how Bayesian ML provides innate and powerful
UQ, modelling both aleatoric and epistemic uncertainty. Epistemic via the returned
uncertainty distribution over the object of interest, and aleatoric via the inclusion of a
noise term in the likelihood, which captures everything that cannot be captured from
the data. Further, Bayesian ML provides a strong and flexible framework through
which physics can be incorporated. The following section introduces Gaussian

Processes, a high flexible Bayesian model and the focus of this thesis.
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Figure 1.4: Physical prior BLR estimation of ks;. The posterior is still a
closed form Gaussian: N (g, X3).

1.3 Gaussian Processes

As mentioned previously, there are many ways in which to define and interpret
a Gaussian Process [50]. A natural view is to consider the GP as a probability
distribution over the possible functions that could fit a given set of points. This can
be intuitively understood as a type of Bayesian inference, where the target of interest
is f, a continuous latent function modelling the underlying process being observed.
However, to perform inference on a given dataset D = {X,y}, this continuous
function is evaluated at specific training inputs X. This yields f, a finite vector of
scalar latent function values. Applying Bayes’ theorem to this finite vector results
in the formulation shown in Equation 1.9. This section will introduce naive GP
regression, where the observations y are assumed to be corrupted by independent

Gaussian noise, such that y; = f(x;) + ¢ where € ~ N(0,02).

pylf, X)p(f, X)

PRy = 1X)

(1.9)

Where p(f|X,y) is the posterior over the latent function of interest given the data.
p(y|f, X) is the likelihood, which here describe how well the latent functions cur-
rently describe the data. In the regression case, this likelihood is: p(y;|f, z;, 0) =
N (yi; f(x;),0?) (i.e. y; = f(x;) +€;), where 6 are the hyperparameters of the GP,
and shall be fully examined shortly. Finally, p(f,X) = GP(ux, 2x) is the prior,

which induces a distribution over functions and encodes prior belief about the form
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of these functions.

The prior takes the form p(f, X) = N (0, Kxx), where K,y is the covariance matrix,
otherwise known as the kernel. The kernel specifies the family of functions that
may have generated the data, and is one of the strengths of the GP. Kernels allow
users to encode belief about the family of underlying functions such as periodicity,
smoothness or linearity, and can be combined in order to better fit the problem. As
will be shown shortly, kernels can also be used to encode physical information into
the GP. A common kernel function is the squared exponential, given in Equation 1.10,
where ¢ and [ are the variance and length scale respectively. These are known as
hyperparameters (commonly denoted @), and their choice strongly defines the kernel.
Figure 1.5a shows function draws from a GP with an SE kernel. An important note
here is that the mean of the prior is often left as 0 for mathematical convenience,
but this need not be true, and can also be used to encode prior belief or information

about a problem as illustrated in the previous section.

k(x,x') = 0% exp (—M) (1.10)

Calculating the posterior over f will proceed as normal in Bayesian tasks; the prior is
updated with training data via the likelihood. Of course, draws from the posterior at
locations in the training data is rarely the goal. Instead, the task is to evaluate the

posterior over f at test locations X, (which have related observations y. = f(x.)+¢).

The goal then is p(f, | X,y, X,). The GP prior defines a joint model over all latent
function values, giving rise to Equation 1.11, where K, is the covariance between

x and x, and Ky «, is the covariance of the test data.

() )

The conditioning of f, on the training data is then simply the conditioning of a joint

Kyx + 021 Kix,
Ky, x Kyx, + 021

multivariate Gaussian distribution, giving the following:
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p(f | X, y, X,) = N (s, Zy) (1.12)
e = Ky x (Ko + UZI)_IY (1.13)
3, = Kex, — Kyox(Kox + 021 ' Koy, (1.14)

This is equivalent to marginalising out f from the joint Gaussian p(f,, f|X,y, X,),
shown in Equation 1.15. The parallels to Bayesian inference for linear regression in
Equation 1.7 are clear. Indeed, many sources introduce GPs as an nonlinear, infinite

dimensional extension of Bayesian linear regression.

p(£ | X, y, x,) = /p(f*|f, X, y,z.)p(f| X, y)df (1.15)

Finally, prediction of the noisy test data y, is found via marginalisation of f, from
the joint p(y., £/ X, y, X,):

p(y. | Xy, X,) = /p(y*,f*|X, y)df* = N (., B, + 021) (1.16)

To tie this all together, a brief visualisation of the GP in action is shown in Figure 1.5.
Here, posterior samples (functions) are drawn from a posterior that progressively
sees more data. It is clear that the drawn functions (and distribution over these

functions) concentrate around the observed data.

It was mentioned previously that the choice of hyperparameters 6 define the kernel.
How then, to choose the best hyperparameters? A true Bayesian would of course
have already placed a prior over #, and would be furiously marginalising out the
hyperparameters in the new predictive posterior. Unfortunately, the true Bayesian
will quickly find themselves faced with intractable integrals and computationally
expensive MCMC methods. Instead, practitioners often prefer to maximise the
marginal likelihood w.r.t. 8, known as type-II maximum likelihood problem. The
marginal likelihood is the denominator in Equation 1.9, and in the tractable naive

GPR case is given by:
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after seeing more and more data.

p(y|X, 0) = / D(yI£. X, 0)p(E|X, 0)df (117)

Thus the marginal likelihood integrates out f, allowing for an evaluation of the total
evidence for the hyperparameters given all possible functions consistent with the prior.
It is also tractable in the regression case, and contains self regularising properties that
make it an attractive optimisation target. Maximisation of the marginal likelihood
is typically done via gradient descent, but any optimisation algorithm is suitable
here. A gradient descent based optimisation of a GP looks like this: initialise the
hyperparameters, take the partial derivative of the marginal likelihood w.r.t. all 6
and take a step in that direction. Continue until convergence in 6 or a set number of

iterations.

Unfortunately, this requires an inversion of the covariance Ky, at each step. Since
inversion is an O(n?®) operation, this creates a significant computational bottleneck

for scaling GPs to large datasets.
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1.3.1 Sparse Gaussian Processes

The O(n?) computational bottleneck is one of the most important practical limitations
of GPs. Considerable research has therefore focused on various methods to mitigate
this bottleneck, almost all of these induce some kind of sparsity into the GP in order

to reduce the size of the required inversion without loosing model flexibility.

The most widely used class of sparse GP models are known as sparse inducing point
methods, and aim to summarise the latent function via a small set of m << n
inducing variables instead of the full data of size n. Inducing point frameworks vary
in the details, but have this over-arching goal in common. FITC and PITC [51, 52]
impose independence assumptions in the prior to achieve sparsity, while variational
approaches induce sparsity through an approximate posterior [53]. Hensman et al.
[54] show how variational approaches can be scaled to very large datasets via mini-
batching. These inducing point approaches are unified under the Power Expectation

Propagation (PEP) framework [55], which will be expanded upon in chapter 3.

Beyond inducing point methods, a variety of approaches have been proposed, each
balancing flexibility, approximation accuracy, and computational efficiency in different
ways. One class of methods relies on spectral approximations, such as the Sparse
Spectrum GP introduced by Lézaro-Gredilla et al. [56], which approximate stationary
kernels using a finite set of basis functions derived from the kernel’s spectral density.
Similarly, reduced-rank representations in Hilbert spaces provide computational
gains by projecting the GP onto a lower-dimensional basis [57]. Another strategy
involves inter-domain approaches, where inducing variables are defined as functionals
of the process rather than direct observations [58]. Local GPs offer a different angle
by dividing the input space into regions and chaining together many smaller GPs,
which can reduce computational complexity (via the cube law) while capturing
local variations effectively [59, 60]. More recently, sparsifying kernel methods have

emerged, which learn sparse structures in the kernel itself directly from data [61].

It is clear that the literature on sparse and computationally efficient GPs is extensive
and well established. Many of these methods have been shown to work on very
large datasets (>1mn data points [54, 61]), and thus a practitioner is free to choose
the method that best suits their use case. This thesis uses inducing point methods

throughout, as they also enable approximation of non-Gaussian likelihoods. The
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rationale for each choice is provided at the point of application throughout the work.

The inducing point methods covered in this thesis all require the computation of

1-dimensional non-tractable integrals of the form:

/N()g(x)d:z: (1.18)

where N is a Gaussian over z and g(x) is some non-Gaussian function or distribution.
This integral is therefore intractable, and approximation is required. Gauss-Hermite

quadrature approximates integrals of the kind:

/e‘xQQ(x)dx ~ Zwi,g(xi), (1.19)

where z; are the roots of the N** Hermite polynomial Hy () and w; are the associated
quadrature weights. It is clear that via a simple change of variables, Gaussian-Hermite

can approximate the 1-dimensional integral shown in Equation 1.18.

In practice, a small number of quadrature points (typically between 10 and 20) is
often sufficient to approximate the integral to a high degree of accuracy, making
Gauss-Hermite quadrature a practical and efficient method for approximating the

intractable expectations that arise in sparse Gaussian process inference.

1.3.2 Further Limitations of GPs

Beyond the computational bottleneck of matrix inversion, GPs are faced with
many practical limitations. First amongst these is the fact that the closed form
solution to the posterior only exists when the likelihood is Gaussian. When it is not,
an approximation is required. Many of the inducing point sparsification schemes
discussed in the previous section are specifically designed to enable approximation
of non-Gaussian likelihoods [54, 55, 62|, making these methods a fundamental
component of practical GP implementations. If accuracy is mission critical, the
non-tractable posterior can be sampled via MCMC [46] or related sampling methods,

although this is typically computationally expensive.
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GPs may also struggle on non-tabular or structured domains (e.g., graphs or mani-
folds), unless the covariance is carefully engineered to reflect the geometry of the
inputs. Graph GPs and message-passing extensions have emerged to address these
cases [63], as have convolutional GPs to deal with high dimensional inputs such as
images [64]. Similarly, non-stationary behaviour cannot be captured by traditional
stationary kernels unless the kernel is adapted to allow spatially or temporally varying

lengthscales; this has motivated non-stationary kernel families [65, 66].

Another important practical constraint is that standard GPs assume globally smooth
latent functions. Highly non-smooth or discontinuous phenomena (e.g., change
points [67, 68], regime shifts [69], strong heteroscedasticity [70]) require bespoke
kernel design or hierarchical constructions. Further, GPs assume infinite support on
the distributions of f, and as such cannot respect bounds in the prediction space.
Bounded GPs have been developed to these constraints [71, 72|, ensuring that outputs

respect known limits.

As mentioned in the previous section, kernel choice is critical; an inappropriate kernel
can severely hinder performance. Deep GPs [73], which learn flexible, hierarchical
kernel structures, and Automatic kernel search [74] have been proposed to address
this.

GP extrapolation is often weak unless strong prior structure is encoded into the kernel.
GPs revert to the prior outside the support of the data. This is beneficial when
the prior encodes the correct physics, but otherwise leads to conservative behaviour.
Multi-output GPs can achieve better extrapolation by leveraging correlations between

related outputs, as demonstrated by Jones et al. [75].

1.3.3 (Gaussian Processes in SHM

As mentioned previously, GPs have seen wide adoption in SHM literature, likely due
to the innate UQ combined with a powerful and flexible predictive framework. Naive
black-box GPs are common, applied to various problems in SHM [76, 77]. More
recently, it has become common to model heteroscedastic noise using an additional
latent function [70, 78, 79]. These approaches remain data-driven and black-box in

nature, capitalising on the robust UQ that GPs inherently provide. Many of these
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applications will include variational or similar sparsification techniques in order to

scale the GPs to the medium-large sized datasets found in SHM.

A substantial number of recent advances in GP PIML have been developed for and
applied to SHM literature. A majority of these models are inductive bias approaches,
leveraging the inherent flexibility of the Bayesian framework to incorporate physical
knowledge directly into the learning process. Several methods achieve this by
encoding physics through the kernel function, such as the single-degree-of-freedom
(SDOF) kernel introduced by Cross et al. [13] and the switching kernel proposed
by Pitchforth et al. [68]. Other approaches aim to constrain the GP so that its
sample paths are guaranteed to satisfy a given set of physical principles or structural
properties, such as the bounding kernels introduced in [80]. Broader theoretical work
on GP bounding, such as the likelihood based bounds proposed by Jensen et al. [71],
remains to be applied within the SHM domain. Additional inductive bias approaches
combine GPs with classical system identification tools; for instance, GPs have been
integrated into NARX models [81], and convolutional GPs have been employed to

mimic the convolutional structure of linear dynamical systems [82].

Another class of inductive bias approaches involves state-space formulations of GPs.
State-space GPs [83, 84|, embed physical knowledge directly within the state-space
representation. The Kalman filter can be interpreted as performing exact GP
inference in a particular state-space representation, motivating direct adaptations
of GP regression to filtering contexts [85, 86]. This connection extends naturally to

latent force models [87, 88|, where unknown forcing terms are also modelled as GPs.

The detection and localisation tasks in Rytter’s hierarchy introduced in section 1.1
are explicitly discrete classifications of structural states. The literature often tackles
this with novelty or outlier methods based on regression techniques [7-11], but direct
classification offers numerous advantages, including the ability to handle higher-
dimensional, non-linear problems and increased robustness to noise. Consequently,
Gaussian Process Classification (GPC) presents a promising tool for SHM. Despite
this, the literature on GPC application in SHM is very limited, and existing works
only examine binary GPCs [89].

Finally, GPs are a natural choice for prognostics because they provide trajectory

predictions with calibrated uncertainty that can be propagated to Remaining Useful
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Life estimates, as used in Vuckovic et al. [90]. Examples of such applications
include GP mixtures to handle multimodal degradation in Li et al. [91] and deep

nonstationary GPs in Xu et al. [92].

1.4 Contributions of this thesis

This thesis aims to develop an improved and modernised GP toolbox for the detection
and localisation stages of SHM. The outcome of this is a robust, state-of-the-art UQ
framework that can be readily extended to PIML when appropriate. This chapter
has identified two key gaps in the application of theoretical GPs to SHM: the limited
use of GP classification and the incomplete exploration of bounded GPs. This
work addresses these gaps and examines the associated methodological and practical
challenges. While only the bounded GP component is directly PIML, the enhanced
GP methods developed here provide a strong probabilistic foundation for future GP
PIML applications in SHM.

Chapter two explores bounded GPs in SHM. Since GPs are necessarily Gaussian
distributions with infinite support, they cannot be bounded. This is a problem when
using them to predict physically bounded things, such as power output or density.
Physically implausible predictions or probability mass imperil downstream use and
makes the immediate prediction less useful. In order to rectify this, this chapter
applies two bounding methods from the theoretical GP community, both are novel
to SHM. These are; beta likelihoods and heteroscedastic warping. It is shown that
the Beta likelihood approach is highly effective and better models the uncertainty of
the data. The work present in this chapter is published in the SHM journal under
the name “Physically meaningful uncertainty quantification in probabilistic wind
turbine power curve models as a damage-sensitive feature”. The author was the

primary contributor of this publication.

Chapter three examines GP classification. As mentioned previously, detection and
localisation are classification tasks of discrete structural states. Classification models
are therefore interesting model architectures to explore for these tasks, however
GPCs have seen little application to the field. This chapter introduces GPCs with

the state-of-the-art approximation theorem, Power Expectation Propagation (PEP),
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and benchmarks binary GPCs on a range of SHM tasks. It also introduces and
similarly benchmarks multi-class GPCs, a novelty for SHM. In order to introduce the
multi-class derivation for GPCs, it is shown how to derive PEP approximations for
any chained GP, an important contribution to the PEP literature. The experiments
find that in both the binary and multi class setting, GPCs offer similar or improved

predictive performance compared to similar algorithms while also providing robust

UQ.

Finally, chapter four tackles the problem of lack of data labelling in SHM. This is done
via an investigation in active learning. Expected Predicted Information Gain (EPIG)
is introduced as an algorithm of interest, since it explicitly targets improvements over
specified target distributions. It is argued that since SHM has the benefit of often
knowing where regions will be the most informative, this restriction on exploration
can be worthwhile. EPIG is benchmarked against a range of acquisition functions,
and is shown to outperform other algorithms in cases where target distributions
are defined. Active learning requires constant updating of the predictive model,
but this is very expensive for GPs. This chapter derives a novel extension to an
online PEP framework for general GP likelihoods, enabling fast updates and online
deployments. This generalised online PEP framework has implications not only for
active learning, but wider deployment of online GPCs in SHM and the wider GP
community. The generalised online framework is shown to not only have equivalent
predictive performance to a full re-train, but also to be more performant than similar

online algorithms for GP classification.

To conclude the introduction, it is appropriate to again reiterate the aim of this

thesis and make explicit its specific objectives.

Aim
This thesis aims to develop an improved and modernised toolbox of Gaussian process

methods for Structural Health Monitoring (SHM).

Objectives

To achieve this aim, the following objectives are pursued:
1. Advance the study of bounded GPs in SHM.

2. Introduce state-of-the-art GP classification techniques into SHM.
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3. Address the challenge of data labelling costs for classification methods in SHM.

4. Enable the online deployment of GP classifiers.



Chapter 2

BOUNDED (GAUSSIAN PROCESSES IN
SHM

Chapter Highlights:

e Bounded GPs are introduced and investigated as a way of enforcing physic-

ally meaningful predictions.

e A power curve from an active offshore wind turbine is used as a motivating
example, representing significant novelty as one of the first works to bound

predictive models for the problem

e A heteroscedastic GP with a Beta likelihood is investigated and found to
have strong prediction power and higher uncertainty quantification than a

normal GP would

e A warping method is used but found to be inadequate as a bounding

method due to inducing discontinuity in the warped space

A major challenge in applying GPs to SHM is that many SHM problems involve
strict physical constraints on the outputs (e.g. negative density or power output are
physically impossible). Standard GPs assume outputs follow a Gaussian distribution
with infinite support, which means their predictions inevitably assign probability

mass to regions that violate these constraints. This occurs even when the bounds

24
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are well known and clearly represented in the data, leading to predictions that are
physically meaningless. Physically implausible predictions reduce immediate utility
and imperil downstream decision making involving the model such as risk based
decision frameworks. This chapter explores how constraining GPs can lead to GP

frameworks that retain their elegance and utility while becoming physically credible.

The motivating example used are wind turbine power curves, illustrated in Figure 2.1.
Power curves are widely used in SHM literature as damage-sensitive features for wind
turbines [93, 94|, and their natural physical bounds make them especially suitable
for this study. Further, as global demand for wind turbines continues to grow [95],
so too does the need for effective methods of modelling and understanding these

turbines, making it an important SHM contribution.
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Figure 2.1: Example of a power curve

The power curve is a fundamental characteristic of a wind turbine, describing how
much power a turbine can be expected to extract from a given wind speed over the
turbine. The power curve exhibits a theoretically cubic relationship between power
and wind speed [96], and is bounded on two sides in the power dimension. The lower

bound of the power curve occurs at zero power, where the wind does not contain
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enough energy to move the turbine. The upper bound is the maximum power that
the turbine is designed to safely extract from the wind, also known as the rated
power. If wind speed increases while the turbine is operating at rated power, it will
regulate itself to maintain rated power before shutting down should speeds get too
high. An accurate power curve model means accurate power generation predictions.
This has numerous financial and engineering benefits; knowing the expected power
output of a turbine can be used to inform strike price, help with grid management

and monitor the structural integrity of the turbine [93].

Using a GP to model the power curve is a sensible choice; the data shown in Figure 2.1
is stochastic, and can better be modelled with a probabilistic approach. Further,
the returned uncertainty over the power prediction can be used to understand and
model uncertainty propagation on financial returns and structural health of the
turbine, allowing for robust long term risk planning. The prevalence of Gaussian
Processes in the power curve literature reflects their utility, this is especially notable
in anomaly and outlier detection tasks where the uncertainty quantification of GPs
provides additional value [93, 97, 98]. More complex GPs are also employed, such as
a heteroscedastic GP to capture the input varying noise in Rogers et al. [99]. It is
clear then that GPs provide significant utility to power curve modelling, however,
GP predictions have no guarantee of being physically meaningful (and in practise for
this problem, are often not). While one could argue that the predictive density could
simply be truncated at the bounds, this is not a statistically robust or satisfying
approach. A robust method of modelling the uncertainty such that it remains

physically meaningful is therefore desirable.

Before establishing how this bounding of the uncertainty will be done, it is useful
to first examine existing approaches to power curve modelling. A broad range of
models have been proposed, and a comprehensive review is given by Lydia et al.
[100]. Relatively few studies, however, attempt physically meaningful probabilistic
power curve modelling. Those that do often focus on fitting bounded parametric
distributions, such as the Weibull, through conventional estimation techniques
[101, 102]. From the literature, it is clear that there remains a clear gap for application
of ML tools that obey the physical bounds of the power curve in the prediction
space. Similarly, exploration of bounded Gaussian processes (GPs) in the wider SHM
literature is limited, though Jones et al. [75, 80] have begun investigating approaches

to bounding GPs via the kernel function.
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This chapter seeks to address this gap in the literature by investigating two bounded
Gaussian Process (GP) models. The first is a warping method, which transforms
the data and the GP outputs to satisfy boundary conditions. The second is a beta
likelihood approach, which naturally bounds the outputs to the unit interval. Both
approaches are modelled with sparse heteroscedastic! GPs in order to deal with the
large, heteroscedastic dataset. The literature surrounding bounded GPs is extensive?,
and both modelling strategies build on established ideas. Warping functions have
long been recognized as an effective way to impose bounds on GPs [103], and the
heteroscedastic beta likelihood was briefly proposed in Saul et al. [104]. While
numerous bounding methods exist, these two were selected for their ability to enforce
two-sided bounds on the power curve within a single model while preserving the

GP’s capacity for robust uncertainty quantification.

The contribution of this chapter lies not in proposing new models, but in their
novel application and interpretation. Although Saul et al. [104] introduce the
heteroscedastic beta model, the role of the beta distribution as a bounding mechanism
receives little attention. Similarly, while warping [103] has long been established, this
chapter advances the approach by incorporating heteroscedasticity and employing
a modern sparse variational framework. Most importantly, this chapter presents
robust, probabilistic bounded models for power curves for the first time, contributing
both practically and theoretically, and extends the study of bounded GPs within the
wider SHM literature.

The chapter proceeds as follows. First, the necessary theory for heteroscedastic GPs
and sparsity is introduced, followed by a presentation of two bounding methods.
These bounded models are then evaluated against one another, as well as against
a standard GP baseline, using anonymised power curve data from an operational
offshore wind turbine. The results demonstrate that bounded GPs offer both practical
and conceptual advantages within SHM frameworks. In particular, the beta GP
is shown to capture uncertainty more effectively, providing improved uncertainty

quantification while also remaining physically meaningful.

'A heteroscedastic GP is a GP designed to model heteroscedastic noise, otherwise known as
input dependant noise. This will be expanded upon in subsection 2.1.1
2For a comprehensive literature review of GP bounding methods see Swiller et al. [72]
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2.1 Bounding approaches and ancillary theory

This section describes the two bounding methods used, as well as the necessary
theory in heteroscedastic GPs (which both methods use) and the necessary sparse

variational approximation scheme.

2.1.1 Heteroscedastic noise

Heteroscedastic noise is noise that varies as a function of a function’s input. The
power curve data in Figure 2.1 is an excellent example of this; it is clear that
the data is much noisier in the centre of the power curve than towards its limits.
Therefore, the input (the wind speed) is correlated to the amount of noise, making
this heteroscedastic noise. The standard (homoscedastic) GP assumes that noise and
hence uncertainty is constant across the full input range, and as such cannot model
the way the noise changes with wind speed. In order to model the heteroscedastic
noise and return a more useful probabilistic power curve, a heteroscedastic GP model

can be used, as was done in Rogers et al. [99].

The particular heteroscedastic model adopted in this work (distinct from [99]) uses
two latent GPs to learn the location (Equation 2.1a) and scale (Equation 2.1b) of the
distributions required, first shown in [105]. This is done by connecting a Multi-output
kernel to a heteroscedastic likelihood, mapping the latent GPs onto a single function.

The heteroscedastic GP model can be described as:

fi(x) ~ GP(u(x), k1 (x,X)) (2.1a)
f2(x) ~ GP(u(x), k2 (x, X)) (2.1b)
m(x) = fi(x) (2.1¢)

s(x) = g(f2(x)) (2.1d)

y(x) ~ N(m(x),s(x)) (2.1e)

The transform ¢(-) in Equation 2.1d in this case is an exponential transform, in
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order to keep the function positive, since it models the variance of the noise which
must be greater than zero. In the model defined in Equation 2.5, the two latent
GPs have been assumed independent. However, this does not necessarily have to be
true - the latent GPs can be modelled as dependent should the need arise by linking
Equation 2.1a and Equation 2.1b through a multi-output GP, e.g. [106].

2.1.2 Warping functions

The first bounded model investigated in this chapter is the warping function. A visual
illustration of how the warping function works is shown in Figure 2.2. Figure 2.2a is
an illustrative example of how a simple normal distribution modelling uncertainty

at rated power has a large portion of probability mass outside of what is physically

possible.
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Figure 2.2: Illustration of each step of the warping process - the normal
distributions are for illustrative purposes only

The warped bounding method starts with transforming the power data using the
logit function [72], shown in Equation 2.2. Conceptually, the warped GP moves
the data from the bounded space to an unbounded one by means of a nonlinear

transformation. The warped power curve is shown in Figure 2.2b. The logit function
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moves the power curve from a bounded space (p € (0,1)) in the power dimension
to an unbounded space (p € (—00,00)) in the power dimension. The GP is then
applied to the warped power curve, as in this unbounded space the bounds on the

power curve no longer apply, so the assumption of Gaussianity holds.

logit(p) = In (%) for p € (0,1) (2.2)

After fitting, the data and the returned uncertainty distribution are unwarped using
the inverse of the logit function, resulting in the bounded data and distribution
shown in Figure 2.2c. An important note on this method is that it is difficult to
evaluate the unwarped uncertainty as no closed form solution exists for it. It is
clearly possible to sample it via some Monte Carlo approach, but this is beyond
the scope of the current work. The density shown in Figure 2.2c¢ is presented for
visualisation but is not exact. It is therefore simpler to work with and evaluate the
model directly in the warped space. To illustrate how the uncertainty looks in the
unwarped space for the entire power curve, a confidence bound can be created in the

warped space at 20 and unwarped with the predictive mean.

2.1.3 Beta likelihood

A typical GP model is formulated using a Gaussian likelihood. This assumes that the
data is drawn from a normal distribution, i.e. f(x) has noise € added and € ~ N (0, 02).
This results in a normally distributed posterior function, as shown in Figure 2.2a.
Without any modifications, this is not a suitable model for probabilistic power curve
modelling. Instead of warping the output space, the likelihood can be changed to a
non Gaussian likelihood - one that better represents the distribution of the observed

data for the problem at hand.

The likelihood chosen here is the Beta likelihood, imposing the assumption that
the data is drawn from a Beta distribution. The Beta distribution is a continuous
probability distribution in the interval [0,1]. Tt is defined in Equation 2.3 where «
and (8 are the shape parameters of the distribution. The probability density function
is given in Equation 2.4, where B(a, ) = I'(a)['(8)/T'(a + ) and T is the Gamma
function. The use of the Beta likelihood is a bounding method because the GP with
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a Beta likelihood would imply that data were generated from Beta distributions,

which are inherently bound between [0,1].

y ~ Beta(a, ) (2.3)
_ a1 — y)’!
p(y) =y Bla. 5] (2.4)

Using a non Gaussian likelihood in the GP like the Beta likelihood results in an
analytically intractable posterior [71]. The posterior must instead be approximated,
numerous approximations exist for this problem. A common method (used in the
popular GP packages GPflow [107] and GPML [108]) to approximate the posterior
is MCMC [109] sampling. However, this can require a large amount of samples to

approximate the posterior well, and can be very slow.

Instead of using MCMC, this work approximates the Beta likelihood using variational
inference and quadrature of a heteroscedastic GP. The model proceeds by introducing
two latent GPs to calculate o and [ as functions of the input, instead of the mean
and variance as used in the normal heteroscedastic GP in subsection 2.1.3. This is
expressed mathematically below, where #(-) represents an exponential transform to

keep the functions over o and 3 positive.

fi(x) ~ GP(u(x), k1 (x, X)) (2.5a)
fa(x) ~ GP(p(x), k2 (x, x')) (2.5b)
g, = t(fy) (2.5¢)

g2 = t(f2) (2.5d)

y ~ Beta(g1, g2) (2.5¢)

A flow diagram of this process is shown in Figure 2.3. Figure 2.3 illustrates how
f1 and f; are calculated from the power curve data using the heteroscedastic GP,

both f; and fy are distributed normally for each input. These are then transformed
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exponentially to create g, and g, which are approximations of « and 8. Using total
variance and mean, the distributions of g; and g, are used to find a final o and
[ value for each wind speed input. These are then used to create the final Beta

distributions at each input shown in the final panel.
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Figure 2.3: Flow chart of the Heteroscedastic Beta Process

This approach is useful because it allows for fast posterior approximation with
established methods, in this case the Stochastic Variational Inference approximation
(SVGP) [54], explained further in subsection 2.1.4.

A further benefit to this approach is that the heteroscedasticity of the model is not
lost, as & and [ vary with inputs and as such capture the varying uncertainty with

inputs as one would expect, alongside capturing the progression of the mean function.
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2.1.4 Approximations and Quadrature solutions

When considering the large heteroscedastic models used here, two problems arise.
The first is that solutions for heteroscedastic and non-Gaussian models do not, in
general, exist in closed form, and must be approximated to reach a solution. The
second is that GPs are computationally inefficient when used on large datasets. This
is due to their reliance on a matrix inversion when calculating the posterior and the
marginal likelihood, which has time complexity O(N?3) and therefore scales poorly
with increasing numbers of training data points. In this case, calculating the entire
posterior using the dataset of >17,000 is impractical and would require an excessive

amount of computational resource and time.

As mentioned in subsection 1.3.1, inducing point approximations offer a solution
to both of these problems. This chapter uses a stochastic variational inference
approach [54] to approximate and sparsify the posteriors of interest. Similarly to
other inducing point methods, the method applied in this work uses a set of inducing
points u to summarise the model. These “summarising” inducing points are then
marginalised out of the joint posterior ¢(f,u) in order to obtain the approximate
marginal posterior over the latent function f, as shown in Equation 2.6. Given a
Gaussian prior and Gaussian approximating forms, the joint p(f|u) has a closed form

solution, as illustrated in [104]

oft) = [ ot win = [ p(tfwa(a)da (2.6)

The approximate posterior is found by maximising the bound on the marginal
likelihood. This bound is known as the Evidence Lower Bound (ELBO) and is
used instead of the marginal likelihood to reduce computational cost. The global
stochastic variational approach from [54] differs from other variational inference
bounds in that it allows for the inducing points to be global points representing the

entire GP despite being calculated locally - thus allowing faster computation.

A formulation of the evidence lower bound (ELBO) of a heteroscedastic GP is shown
in Equation 2.7 [104], where [ q(f:)q(g:)logp(yil fi, g:)dfidg; is the likelihood term.
The terms ¢(f;) and ¢(g;) are the marginal variational distributions (as shown in

Equation 2.6) of the mean and variance latent GPs respectively, and log p(v;| fi, g:) is
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the conditional probability term. The model can then be optimised from this bound

using stochastic gradient descent.

logp(y) 2> [ alfa(o0) o plul f, )
=1

— KL(q(ug)||p(ug)) — KL(g(ug)|[p(ug))

The likelihood term is clearly an n term integration over the marginal variational
distributions and the conditional probability. As long as these terms are all Gaussian
(such as in the heteroscedastic GP model), this integration has an analytical solution.
However, the conditional term log p(y;|fi, g;) is not Gaussian in the HBP model, and
as such the likelihood term does not have an analytical solution. It is therefore
approximated with Gaussian-Hermite quadrature, as discussed in subsection 1.3.1
and shown in Saul et al. [104].

The use of sparse variational inference allows a GP to be computed with time
complexity O(NM?) instead of O(N?), where M is the number of inducing points.
In a chained GP like the heteroscedastic one explored here, this complexity scales
linearly with the number of latent GPs being explored. Note that the inducing
points M do not have to be the same for each latent GP. This saving solves the
computational complexity problem, as it now requires significantly less time to train
the heteroscedastic models. As mentioned earlier, the approximated posterior is
found by maximising the ELBO. This means that the heteroscedastic methods can

be used, as they can be approximated efficiently.

2.2 Case study

The data used in this chapter comes from the supervisory control and data acquisition
(SCADA) system of an operating wind turbine. The SCADA data is the 10 minute
average of power output and wind speed (as taken on the nacelle) is comprised of
50,000 readings. The measured values of wind and power have been obscured by

scaling for confidentiality reasons.
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The dataset was split into three equal parts: a training dataset, a testing dataset and
a validation set. The GP models used in this chapter are trained using the training
data. The predictive performance of the trained models are then evaluated on the
test data, which they have not seen before. The validation set is put aside should

further validation of predictive performance be required.

After the initial scaling to anonymity, the power output data was again normalised
between 0 and 1 in order to allow for the Beta likelihood approach to work. Neither
the original scaling or the subsequent normalisation impacted the relationship between
power output and wind speed as both were linear transforms [110]. The training

data was then cleaned of severe outliers, for example known curtailments.

Two performance metrics will be used in order to compare the success of the various
models in modelling the power curve. The first is Normalised Mean Squared Error
(NMSE), shown in Equation 2.8, where y are the true values of the test vector, o2 is
the variance of the test vector and ¥ is the prediction. The NMSE assesses how close
to the mean of the predictive distribution the test value was, and can be thought of

(and functions similarly to) percentage error.

100

NMSE =
No?

V-9 y-9) (2.8)

The second metric being used is the joint predictive log likelihood (PLL) which is
computed as the sum of the predictive log likelihood at every test value under the

posterior, Given in Equation 2.9.

Ny

PLL =) _log p(ys.iX.i, D) (2.9)

i=1

This is an especially important metric for this chapter as it is a measurement of how
good the uncertainty of a specific model was at capturing the test data and not solely
the performance of the mean estimate. The larger the joint log likelihood, the better
the uncertainty of the model has captured the test data and the more successful the
model. While intepreting the absolute value of the PLL can be challenging since it
scales with dataset size, this poses no issue for this comparitive analysis since the

test set is identical across all evaluated models. Readers interested in a normalised
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or standardized metric may instead consider the Negative Log Predictive Density or

the Standardized Mean Log Loss respectively.

To facilitate the discussion of results, the NMSE and joint log likelihood of each
model is shown in Table 2.1. The results of each model will be further discussed in
their respective following subsections. Each model was run with 250 inducing points
(for the heteroscedastic models, this is 250 for each latent function) and a minibatch
size of 800. Both hyperparameters and inducing point locations were optimised via
the ADAM gradient descent optimiser. Inducing points were initialised via uniform
grid spacing over the input space. Alternative methods such as clustering or prior
sampling having been found to have no or little impact on model performance. Since
this is a relatively simple 1D regression problem, optimisation was robust across a

range of reasonable hyperparameter initialisations.

Model NMSE | Joint log likelihood
Standard GP 0.24 32312
Warped heteroscedastic GP 5.4 -12469
HBP 0.53 68866

Table 2.1: Case study results

It will be argued by the authors in the remainder of this section that the HBP best
captures the physical behaviour and uncertainty associated with the power curve of
an operating wind turbine. All the models presented in this chapter were written in
Python and run on GPflow [107].

2.2.1 Simple GP Regression

A standard (homoscedastic sparse) GP model was trained over the power curve to
act as a benchmark to the two bounded models being tested. The standard GP
used an additive composite kernel compromised of a Matérn 3/2 kernel and a Linear

kernel. This combination was used to capture the upward linear trend of the data.

In Figure 2.4a the results of the standard GP model can be seen. The model
seemingly performs well in its mean predictions with an NMSE of 0.24, it also shows
a log likelihood of 32312, less than half of that seen for the HBP, indicating worse
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performance in the uncertainty quantification. Figure 2.4b shows a magnified portion
of the same model at rated power in order to examine how successful the model
was at quantifying uncertainty at rated power. The standard GP model captured
the shape of the power curve very well on average across the range of wind speeds,
and the NMSE reflects this. The uncertainty prediction is comparatively poor; the
uncertainty distribution is underestimated away from the bounds and overestimated
close to them. This can be seen in that some data is not covered by the distribution
in the middle of the power curve, and that the distributions at rated and zero power

overestimate the variance.
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Figure 2.4: Initial power curve prediction with GP

While the GP has an excellent NMSE and good joint log likelihood, it is clear from
visual examination of Figure 2.4b that the predicted mean and uncertainty do not
obey physical limits and overestimate possible values of the rated power. Perhaps
the point of most concern here, is that despite the excellent NMSE score, there are
still predictions above the rated power output. This output is then not a particularly
useful model if carried forward into further analysis, as the errors in the uncertainty
and mean estimation could mask damage in the turbine or suggest that the financial

performance of the wind could exceed what is physically possible.

Finally, it is clear that the GP struggles to correctly predict the transition to rated

power. This could be because continuous function models such as the GP can struggle
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with abrupt transitions such as this one. The transition to rated power was addressed

using Bayesian committees in [99].

2.2.2 Heteroscedastic warped Gaussian process

The prediction of the power curve with the warped GP is shown in Figure 2.5a, and
a magnified image of the model at rated power is shown in Figure 2.5b. The warped
heteroscedastic GP used a Matérn 3/2 kernel for both the mean and variance GPs.
Note that the inclusion of an additive linear kernel for the mean (as used in the
other two models) created numerical stability issues. The performance metrics for
this model were comparatively very poor, with an NMSE of 5.4 and a log likelihood
of -12469. The warping approach has failed to correctly capture either the mean

behaviour or the uncertainty in the power curve.
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Figure 2.5: Initial power curve prediction with GP

The performance metrics clearly show that the warped GP has performed poorly.
In order to understand why, the fitted GP must be examined in the warped space
(shown in Figure 2.6), as this is where the GP interacts with the data being modelled.
It is clear from Figure 2.6 that the GP has failed to map the warped function correctly.
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This is likely because warping the power curve has resulted in a data shape that is

too noisy and discontinuous for the GP with a Gaussian likelihood to model well.

The inherent noise of the power curve in the power axis was exacerbated during the
warping process, resulting in large vertical noise distributions that the GP cannot
capture except by increasing the variance. This would confuse the training of the
GP and is why such large uncertainty distributions are returned in Figure 2.5a and
Figure 2.6. The discontinuity of the warped shape is also a problem because the
GP is a continuous function and struggles to model abrupt changes as discussed in
subsection 2.2.1 and [111]. This results in the GP smoothing over the abrupt changes
in the model as seen in Figure 2.6. It appears that this challenge in modelling the

discontinuous transition is amplified when projecting the data through the warping

function.
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Figure 2.6: Heteroscedastic GP in the warped space

Despite being an intuitive approach, the heteroscedastic warped GP is clearly not

that useful in assessing either the predictive mean or the uncertainty. The issues
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with this model lie in the warped space, where the data shape becomes too noisy
and discontinuous. These problems could be addressed in several ways such as with
further cleaning in the warped space, with a Bayesian committee such as in [99] or
an alternative warping function. However, the author proposes that altering the

likelihood function in the model is a superior approach to application of warping.

2.2.3 Beta Likelihood

The results from the HBP model can be seen in Figure 2.7a. The HBP used an
additive composite kernel compromised of a Matérn 3/2 kernel and a Linear kernel
for the transform of o, and a squared exponential kernel for the transform of 5. In
order to demonstrate the effectiveness of the bounded UQ provided by the HBP, as
well as illustrate that the uncertainty is recoverable in closed form, a heatmap of the
predictive uncertainty over the test data is shown in Figure 2.8. The heat map is

capped at 30 due to the likelihood being so high towards the bounds.

The NMSE for this model is 0.53, while the log likelihood is 68866. These are
excellent results. The log likelihood is the highest of all the models tested, and
shows that the bounded distribution best captures the power curve data. The NMSE
is higher than for the standard GP, however the difference (0.53 vs 0.24) is small
enough that these results can be considered comparable. It is worth noting again
the previous discussion regarding the failure of the standard GP model to obey the

physical bounds of the system in both the mean and the variance despite its lower
NMSE.

Choosing between the standard GP and HBP will depend on the desired use case.
When uncertainty matters, the HBP is clearly a superior model. If only the mean
prediction matters then the standard GP could be considered the better choice,
however it is worth considering that the lower NMSE of the standard GP is misleading;
the predictive mean exceeds rated power (as seen in Figure 2.4b) and as such is
physically implausible. If this is not accounted for, using the unbounded model
could have serious consequences should its predictions be taken forward - such as

over-predicting financial returns or masking turbine damage.

As seen in Figure 2.7a the model has captured the shape of the power curve well.
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Figure 2.8: Capped heat map of the predictive uncertainty of the HBP

Similarly to the other models, this model also struggles to accurately fit the transition
to rated power. This is marginally less pronounced as the use of Beta distributions
allow the mean to be “squashed” into the transition better than a normal distribution

would allow.
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It is clear from the performance metrics that the HBP model is successful. It presents
significant utility in that a full bounded predictive uncertainty distribution is returned.
This uncertainty distribution also captures the data better than the standard GP
and warped model. As mentioned in previous sections, this has significant financial
and engineering benefits. The NMSE is comparable to the standard GP but offers
the extra security that the mean prediction is bounded, removing the potential for
error that an unbounded model carries and providing the basis for increased operator

confidence in the model.

2.3 Discussion

The novelty of this chapter was to investigate the use of two bounded GP methods
in relation to power curve modelling. As discussed previously, this is a comparatively
underdeveloped area of power curve modelling, and while both methods have been
theorized about in wider GP literature, have never been applied to SHM problems

or interpreted /implemented in this way.

Of the two methods investigated, it was argued that HBP model was the most
successful, and performs favourably compared to a baseline GP, with a significantly
higher joint likelihood and comparable NMSE. The higher joint likelihood score
indicates that the bounded uncertainty region better captures the test data than
its unbounded counterpart, a key result and especially significant when the use of
predictive uncertainty in further calculations is considered. The difference in NMSE
between the standard GP and HBP is small enough to be functionally comparable,
and ignores the fact that some of the predictions returned by the standard GP are
not physically plausible. Even in a perfect scenario, where predictions from the
standard GP do not appear exceed the bounds with its mean predictions, the model
cannot provide confidence that its mean predictions are 100% physically plausible for
all possible test cases going forward. The HBP is therefore superior in establishing
operator trust and reliance on the power curve model, even when compared to a

theoretically perfect standard GP.

While the proposed methods for bounding the GPs met with varying levels of success,

both models open up avenues for further work. It was clear that the heteroscedastic
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GP did not perform adequately in the warped space. Several methods to remedy this
exists, and although outside the scope of this thesis, may be considered in the future.
These include using Bayesian committees to tackle the discontinuous nature of the
warped data shape or experimenting with alternative warping functions. The GP
with Beta likelihood was successful, and while the fast approximation of the likelihood
with the heteroscedastic method worked well, the random nature of the sampling
and unification of the various distributions into an average distribution at each test
point is not the most statistically robust method. Uniting the beta distributions of
each sample mathematically rather than using the mean and total variance would
be more robust and would be worth pursuing. Finally, it may be worth considering
again the use of committee machines to better handle the transition to rated power

seen in the power curve.

To conclude, the work presented in this chapter has significant novelty in the field of
SHM. The HBP model is an important step in better quantifying the uncertainty of
power curve models, and both models investigated have opened up new avenues of
research in the field. The key result of this chapter was to show that bounding the
GP to respect physical limitations significantly improves uncertainty quantification, a
result with interesting ramifications for industrial use moving forward. The remainder
of this thesis will now move on to examining the use of Gaussian Process classifier

tools in SHM, and present methods in improving their use and application.



Chapter 3

POWER EXPECTATION PROPAGATION
AND GAUSSIAN PROCESS CLASSIFIERS
IN SHM

Chapter Highlights:

e GP Classification is explored as a underutilised tool in SHM
e Binary and Multi-class GPCs are benchmarked on SHM problems

e Power Expectation Propagation is introduced as the approximation tool of
choice for GPCs

e [t is intuitively shown how to extend PEP to multi-latent likelihoods

(including multi-classification)

As previously discussed, this thesis aims to enhance data driven methods for the
Detection and Localisation stages of Rytter’s hierarchy [1]. Since these stages are
discrete classifications of structural states, a classification approach may be more

natural than a regression one.

That classification models are better at classification is obvious, but it is important

to understand why this is so and when they should be used in SHM. Classification

44
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models explicitly learn a decision boundary between states, either directly, as in
support vector machines, or implicitly, as in Gaussian Process Classifiers. Regression,
by contrast, is designed for prediction of continuous outputs, so using it for discrete
state prediction typically requires arbitrary thresholds or distance metrics in the
prediction space (e.g. [112-114] are all novelty or outlier detectors using regression

models for damage detection).

This distinction matters. A learnt decision boundary can typically accommodate
noisy data, nonlinear separations, and multiple classes. Conditions under which a
regression approach will struggle. The major drawback of classification however, is
its reliance on expensive labelled data from all damage scenarios of interest. Since
damage cases and locations are functionally infinite, and exponentially rarer the
more catastrophic they are, this flaw presents a critical challenge for the field. Thus,
when appropriate data are available, classification methods offer a more principled

and robust framework for detection and localisation tasks within Rytter’s hierarchy.

A vast body of literature exists on the use of classification models in SHM when
all damage classes are known (known as supervised classification). The studies in
[115-117] all provide benchmarks for common off-the-shelf classifiers (e.g. Support
Vector Machines (SVMs), random forest, feedforward neural networks and naive
Bayes classifiers) applied to various supervised SHM problems. There are three
notable approaches in the literature for addressing the data labelling challenge. These
are; semi-supervised learning, transfer learning, and active learning. Semi-supervised
learning involves learning on both labelled and unlabelled data, and is a common
approach in SHM. Models range from Gaussian Mixture models [118], graph neural
networks [119] to Dirichlet Process Mixture models [120]. Transfer learning is the
transfer of data between similar structures [121], and is an exciting avenue of research
for SHM where structures often do bear significant similarity. Active learning can be
thought of as learning which points are the most informative to label in order to deal

with the expensive labelling issue, and will be explored further in the next chapter.

Following the narrative trend of this thesis the following question can be formulated:
“Given that classification is a task of interest in SHM, is Gaussian Process Classification
(GPC) an avenue worth exploring?”. The rest of this thesis contends that the answer
is yes; presenting philosophical justification, demonstrating the benefits of the UQ
innately provided by GPCs and highlighting the limited existing literature on their
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application in the field. While it will be shown that GPCs offer significant benefits
to SHM, it must be noted that they are a supervised method and thus require fully
labelled data. This chapter examines their performance under the assumption that
these data are available, while the next explores active learning as a way to mitigate

this limitation.

Philosophically, the arguments for probabilistic classification in SHM remain similar to
the regression setting: Uncertainty quantification provides richer and more meaningful
results for immediate stakeholders, and a probabilistic classifier is inherently more
suited to modelling noisy data. Further, the UQ results can easily be propagated
downstream to other tasks such as risk-based decision making [44, 122]. Finally (and
unique to classification), a Bayesian model can be easily formulated to deal with
unbalanced classes via priors, usefully redressing the comparative rarity of damage

classes in real datasets.

Before continuing it is worth considering if other probabilistic classification meth-
ods have been applied to SHM that might already provide adequate uncertainty
quantification. Certainly, a wide the range of Bayesian classification methods have
been applied to the field; From Bayesian neural networks [123] and Bayesian Linear
Discriminant analysis [124] to relevance vector machines [125], the list is not short.
Interestingly, there is a noticeable Gaussian shaped hole in this probabilistic wall
of classifiers, with only a few prior works such as Alvarez et al. [89] examining
the use of GPCs in the field. This is despite GPCs offering several benefits that
make them uniquely suited to SHM labelling problems. As discussed previously,
GPs offer a high degree of modelling flexibility, and crucially in the SHM case are
comparatively interpretable and scale relatively well when sparsified!. Gaussian
Processes also allow prior knowledge and physical insights to be incorporated via
the kernel function, enabling the model to reflect known structural behaviour such
as smoothness, periodicity, or spatial correlation. Finally, the GPC posterior is an
interpretable, already calculated form of uncertainty quantification, simplifying its

use in downstream tasks (as shown in the next chapter).

Prior work such as Alvarez et al. [89] have made an excellent first step into the use

of binary GPCs in SHM, however the application was with the FITC approximation

LGPs operate extremely well in small data environments, and when sparsified (which they are
throughout this thesis) can be extended to much larger data environments
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scheme [126] and on a limited problem set. This chapter will expand upon this work
by applying it to a more common set of SHM problems and crucially by introducing
the state-of-the-art (SOTA) approximation scheme for GPCs; Power Expectation
Propagation (PEP) [55]. Further, it is illustrated why PEP is the approximation

scheme of choice in section 3.3. Results closely mirror that of [127].

The extension of binary GPCs to multi-class is clearly desirable - doing so would
unlock a wider range of problems with a much greater level of predictive power. To
the authors knowledge, no literature exists on the use of multi-class GPCs in SHM.
Since it is SOTA for classification ([55, 127, 128]) is desirable to maintain the use of
PEP as an approximating framework in the extension to multi-class. Building on the
multi-class PEP GP derivation of Villacampa et al. [129], the multi-class formulation
can be viewed as one specific member of the wider class of multi-latent (or “chained”)
GPs [104]. This observation motivates a generalised PEP approximation covering
the full spectrum of chained GPs. This generalisation is presented in this chapter,
with the multi-class GPC and a heteroscedastic GP used as motivating examples.
The resulting framework represents a meaningful contribution to the PEP literature,
enabling more flexible and advanced applications of PEP approximations. Finally,
the multi-class GPC is, for the first time, benchmarked on two challenging SHM

datasets.

This chapter therefore focuses on the use of GPCs in SHM. Much of the literature
surrounding Expectation Propagation (EP) is mathematically dense, presenting a
significant challenge for practitioners looking to apply this approximation frame-
work. This chapter aims to help bridge this gap by offering intuitive tutorials on
Expectation Propagation and its extension to multi-latent GPs. Both binary and
multi-class GPCs will be benchmarked on a variety of SHM problems, significantly
furthering the highly limited exploration of these methods in the SHM literature.
The GPCs will be benchmarked against SVMs with an RBF kernel, as SVMs are
common deterministic models of a similar class as GPCs (used in small-medium data
environments, performant but relatively light and interpretable). It will be shown
that GPCs perform similarly or better than SVMs but offer the additional benefit of

a probabilistic framework underpinning its predictions.
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3.1 Binary Gaussian Process Classification

In the binary case, a Gaussian Process Classifier (GPC) can intuitively be thought
of as a discriminator over the latent function representing the class labels [62]. This
is illustrated below in Figure 3.1. In the binary case, the two classes are represented
as values above or below zero. The latent function is attempting to model if a point
is positive or negative rather than assign it a real value. In prediction, if the latent
function at that test point is confidently above zero, the test point is labelled as class

one.

----- Discriminator * Test data —— Latent function

Class label
(=]
i

Input data

Figure 3.1: Basic example of a GPC classifying some problem generated
by a sine wave. Data greater than 0 is in class 1, and data less than 0 is
in class 2.

Following from the notation introduced in section 1.3, it will be shown that the
structure of a GP is almost entirely unchanged when applied to classification. The
key change is the probabilistic mapping (likelihood) p(y;|f, z;, 0) between inputs and
outputs. Where in regression it is p(y;| f, z:,0) = N (ys; f(2:),0?) (i.e. yi = f(z;)+€),

in binary classification it becomes:
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pilf, i, 0) = B(yi; o(f (1)) (3.1)

Where B is the bernoulli distribution and o(f(z;)) is a sigmoidal link function, which
maps the latent function onto the unit interval. It follows very naturally then that
p(y = +1|x) = o(f(x)), hopefully making it clear that the GPC is very simply a

discriminator over f(x) mapped to the unit interval, as shown in Figure 3.1.

Since the labels are modelled as independent Bernoulli variables in Equation 3.1, and
the probit sigmoid is chosen here for analytical convenience (p(y = +1|x) = ®(f(x))),

the joint likelihood factorises into Equation 3.2:

n n

p(ylf) = Hp(yilfi) = H P (yif:) (3.2)

i=1 =1

Given a prior on f ~ N (0, K), this results in the posterior on the latent function for
given hyperparameters 6 as given by Equation 3.3, where Z = [ p(f) [T\, ®(v: f;)df

is the normalisation constant.

p(E1D.6) = —p(6) [] 20 (33)

i=1

Following the structure for regression, the predictive posterior over f, given x, can

be computed by marginalisation, and is given by:

p(fuD,0.2,) = /p(f*|f,X,«9,x*)p(f\D, 0)df (3.4)

Again following the structure for regression, the predictive distribution for y* is given
by marginalisation of the joint p(ys., fi) over f., shown in Equation 3.5. When the
likelihood is approximated Gaussian, the predictive distribution that y belongs to
class 1 has the analytical form p(y, = +1|D, 0, 2.) = ®(uu//1 + o) where ® is the
Gaussian CDF.
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Py, = +1|D,0,2.) = / Dy, f.|D. 0)dE* = / P fOP(EIE, D0, 2 )df  (3.5)

Unfortunately, none of the above objects of interest are analytically tractable. It
is therefore necessary to approximate these objects. In the literature, Expectation
Propagation (EP) is widely regarded as the state-of-the-art approximation for GPCs
compared to alternatives such as Variational or Laplace approximations [127, 128].
Note that these are empirical findings as EP has no formal proof of convergence, unlike
variational approaches. Importantly EP also lends itself well to sparse approximations,
a necessary feature in the real world usage of GPs. The rest of this chapter will build
gradually from a primer in the fundamental theory of expectation propagation to it’s
application to sparse GPs through the Power Expectation Propagation framework
that the rest of this thesis leverages. This chapter will also demonstrate and discuss

why PEP is the approximation theory of choice in section 3.3.

3.2 Expectation Propagation

This section aims to provide a more approachable and intuitive introduction to Ex-
pectation Propagation (EP) than is commonly found in the literature. An interested

reader is referred to [130] for a comprehensive and rigorous overview of EP.

Expectation Propagation (EP) [131] is a general-purpose framework for approximating
distributions p which are intractable or otherwise too difficult to compute. The

distribution p must be factorisable as:

pla) = [T 1) (3

Where ¢;(z) is known as a site. The goal is to approximate p with ¢ € F, where
F is the set of exponential families. EP works by visiting each site in turn, and

approximating it with #;(z), which intuitively gives ¢ the form:
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a(@) = ] [#i(a) (3.7)

As is common in machine learning literature, the local approximation is achieved by
minimising a KL divergence (Equation 3.9) between the target and approximating
distribution. In EP this step is known as projection. The following derivation is
written in terms of p and ¢ in order to improve legibility and maintain generalisability
for later reference, but will apply exactly to ¢(x) and #;(x). Interestingly, the KL
divergence in EP is the reverse of that used in variational inference. EP’s KL is mass-
covering, encouraging the approximation to capture all regions of significant posterior
probability, while the variational KL is mode seeking, focusing on the highest-
probability regions and often ignoring smaller modes, resulting in under-estimated
variance. As will be shown in section 3.3, this has significant ramifications for the
prediction. Mode seeking behaviours typically lead to overconfident predictions in
classification. When data is noisy, such overconfidence is highly problematic and can

undermine the usefulness of the returned probability, as illustrated in section 3.3.

proj(p) = arg min KL(p|lq) (3.8)
= x) 1o @ x
KLollo) = | ple) log 225 (3.9

Since the only free parameters are that of the site approximation ¢(x), the only way
to minimise the objective is to take derivatives of it w.r.t. the parameters of ¢ and
then set this equal to 0. This task is greatly simplified by the standard properties of
the exponential family to which ¢ belongs. While the exponential family encompasses
most common continuous and discrete distributions, this thesis explicitly chooses

the Gaussian distribution for ¢ so it is used here as the motivating example.

A probability distribution belongs to the exponential family if its density can be

expressed in the canonical form:

1 = exp(67(x) — Z(0)) (3.10)
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The term Z(0) is the log-partition function, which serves as the normalization constant
ensuring the distribution integrates to 1, and is given as Z(0) = log [ exp(0” ¢(x))dx.
The term 6 is the vector of natural parameters. Natural parameters offer an alternative
characterization to standard moment parameters (which for a Gaussian are the mean
(i) and variance (02)). One of the key advantages of representing a distribution in
its natural form is that multiplying two distributions simplifies to an addition of

their natural parameters. This will be key later.

The term ¢(z) denotes the vector of sufficient statistics, which captures all the
information the data contains about the underlying parameters. For a 1D Gaussian
distribution, the sufficient statistics are ¢(z) = [z,2?]T. A key property of the
exponential family is that the expectation of these sufficient statistics with respect
to ¢q(z) yields the moment parameters 7, as does the gradient of the log partition

function with respect to the natural parameters:

n = Eqo(x)] = d—qu(H) (3.11)

To illustrate this for the Gaussian case, evaluating the expectation of the first

sufficient statistic recovers the standard mean:
m = E,[z] = /xq(x)dx = U (3.12)

Armed with this information and returning now to the task at hand (minimising
the KL divergence), expand out the KL divergence using the exponential form of q,

given in Equation 3.10:
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KL(pHQ):/ (x)log 2) gy (3.13)

q(x)
_ / pla) log(p(a))dz — / p(a) log(exp(676(x) — Z(O))dx  (3.14)
— By llog(p(2))] — 07 By [6(2)] + Z(0) (3.15)

Now take the derivative w.r.t the parameters of ¢;:

dK L d

7o = ~Epw)[0(z)g] + %3(9) = —Ep)[0(2)] + Eq) [¢(x)g]  (3.16)

0=

q

Therefore, the objective is minimised when E,4)[¢(2),] = Eq)[0(2)q]. Since one of
the central features of the exponential family is that n = ]Eq( )[qb(m)q] it is therefore
intuitive to say that the new parameters of ¢ will be 77 Ep@)[é(x)q]. In even
simpler terms; if ¢ is chosen to be a Gaussian, calculate the mean and variance of
t;(z) and set the mean and variance of #;(x) equal to the calculated values. This is

known as moment matching.

Calculating moments is not always simple if ¢;(x) is complicated, however this
difficulty can be addressed in two ways. The first is that the integrals will be one
dimensional, and that usually some quadrature is available for these integrals to a
reasonable degree of accuracy. The second is that some tractable moment matching
equations fall out when the target of approximation is a Bayesian posterior, as shall

be shown shortly.

Stopping here seems sensible. The KL divergence has been minimised at each site,
what else is there left to do? What has been laid out so far is known as Assumed
Density Filtering (ADF). There are however, significant shortcomings to ADF. An
examination of the update maths 1) = E,,)[¢(x),] makes it clear that the ADF
update is entirely local to the site being approximated. This local approximation is
problematic because objects of interest such as posteriors are often highly coupled

between sites, thus leading to poor approximations of the true global distribution.

EP is an extension of ADF, as shown in [131]. The central extension lies in the
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idea of a cavity distribution, which can be thought of as a representation of the rest
of the distribution without the site being examined, i.e. ¢(z) with ¢;(x) removed.
When ¢(x) and t;(x) are Gaussian, this division is simple in the natural parameters:
0\ =0 —0.

¢ (2) = q(x)/fi(x) (3.17)

Then instead of minimising the KL divergence between t;(z) and ¢;(x), EP minim-
ises between the two while holding ¢"'(z) fixed, as shown in Equation 3.18. This
minimisation is known as the projection step, and is denoted with the proj as shown
in Equation 3.18, and will be referred to as such throughout the thesis. Here the
product #;(x)¢\!(z) defines the tilted distribution, denoted P(z). Note that the idea
behind the moment matching introduced earlier still holds true, and an interested
reader can expand out the KL divergence below to find that the new moments of
projection will be equal to the moments of the tilted distribution. EP requires a
further “division” by the cavity distribution to recover the new site, but again in

natural parameter space this is very simple.

ti(z)"" = argmin KL(t;(2)q" (2)||f:(z)q" (z)) (3.18)
= proj[t:(z)q"'(z)]/q" (z) (3.19)

It should hopefully be clear that while the projection step still achieves the same
thing after the division of the cavity, the shortcomings of ADF have been overcome.
It is now possible to iterate over the current global best guess, since it is contained
in the minimisation. The projection also contains global information, making EP a

global approximation, rather than a local one like ADF.

Since ¢ is a member of the exponential family (¢ € F), the tilted distribution
P(z) remains in a closely related form called a tilted exponential distribution. This
preserves many of the properties of ¢\!(z) (such as its parametric structure) while
shifting it to incorporate information from the true site ¢;(x). This structure is useful
because the moments of the tilted distribution can be expressed very simply, as

shown in Equation 3.20, where Z; = [ ¢\!(z)t;(z)dz is the normaliser of the tilted
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distribution 13(35) Note here that log Z; will typically not be available in closed form,
but since it is a one dimensional integral, quadrature and other simple numerical
approximations abound. When ¢ is chosen Gaussian, this guarantees that log Z; will

be approximatable with a Gaussian-Hermite quadrature.

d .

To tie everything together, Algorithm 1 shows the EP algorithm, and illustrates how

it is iterated over.

Algorithm 1 EP algorithm for approximating []t;(x)

For each i point, calculate:
1: Cavity: ¢\/(z) = q(z)/t;(z) In natural parameters: 6\ =0 — @
2: Projection: nne, = Ep,)[¢q(2)] = = log Z; + 1\, and pick Q"™ € F
3: Update\:l Replace £;(z) with: £;(z)™" = Q"% /Q\ in natural parameters: 6% =
prew _ P\i

Repeat until convergence.

Algorithmically, the extension of EP to Power Expectation Propagation (PEP) is
trivial. The cavity is now calculated by dividing the global approximation by the

site approximation raised to the power of a:

¢\ (w) = q(x) /ti(2)" (3.21)

This results in the new factor being calculated as shown in Equation 3.22. Note that
with the factor raised to a power, the KL divergence minimisation is equivalent to

an alpha divergence minimisation instead [132].

fi(2)"" = (proj[ti(x)q"'(2)]/q" ())"* (3.22)

Power EP was originally motivated in terms of simplifying projection step, as certain
power terms can significantly simply the resulting projection [132]. It will also
be discussed in the following section how the introduction of the v power creates
some stability in the update step. By itself, PEP is a useful tool for approximating

complicated distributions, but only really comes into play later, when PEP is applied
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to sparse GPs.

3.2.1 EP for Bayesian posteriors

In order to introduce EP as intuitively as possible, the introduction was done for a
general class of factorisable distributions. This section briefly explains how to apply
EP to a Gaussian Process posterior, as well as introducing the marginal likelihood
approximation that arises naturally. Note that this can be adapted to any Bayesian
posterior. Assuming an intractability in the likelihood, the target of approximation of
choice here is the joint distribution (unnormalised posterior) because it has a simple

structure and contains the marginal likelihood. The unnormalised GP posterior is:

p(fly, =) o< p()pylf) o< p(f) [ [ plwil £2) (3.23)

Thus the approximation ¢ is given as:

a(f) = p(f) ] [#i(a) (3:24)

The cavity would be calculated as:

¢"(f) = a(f)/i(x) (3.25)

And thus projection also happens as normal:

ti(x)" = proj[t:(x)a"' (N))/a" (f) (3.26)

Recall equation Equation 3.20 for the shortcut to moment matching. Recall that
in this case, since q\i( f) is Gaussian, the 1D integral can be approximated with

Gauss-Hermite quadrature [133].

The marginal likelihood as expected is: p(y|X) = [ ], ti(z)p(f|z)dx. Since the

approximation for ¢;(z) has already been calculated (£;(z )), the approximation for
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p(y|z) arises very naturally. Before simply plugging in the approximated sites, it is
important to match the normalisation constants in order to make the correct normal-
isation of #;(x) explicit. Consider the two normalisation constant of interest, shown

in Equation 3.27, where ® denotes the log normaliser of the denoted distribution.

Since the goal is simply to match the two normalisation constants (and there is
nothing left to control, a new parameter C; is added such that Z; = C’lZ~Z) Thus

resulting in:

log C; = log Z; — ®(6) — ®(9)\ (3.29)

Thus the log marginal likelihood arises very simply as:

=1

L= log / exp(3 " log Ci + 07 () — B(6)) (3.30)

= i log C; 4+ ®(0) — &) (3.31)

=1

Note that the log marginal likelihood depends on both the approximate sites and
the parameters. It is thus necessary to assume that the parameters are smoothly
differentiable in an area around the current sites, and alternate taking steps in the
log likelihood and in the posterior approximation. This is simple to implement, but

certainly lacks the elegance of the variational ELBO.

For a GP, the derivatives w.r.to the parameters of the log likelihood exist in closed
form, however this work has found it sufficient (and far more flexible) to use auto-
matic differentiation to approximate these instead. To recap, the EP algorithm for

approximating a GP is shown in Algorithm 2.
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Algorithm 2 EP algorithm for approximating p(y) [ [ p(x:|v:)
For each i point, calculate:
I Cavity: ¢'(y) = q(2)/i:(x)
2: Projection: e, = Ep(,[¢g(2)] = 4= log Z; + 1\, And pick Q" € F
3: Update: Replace t;(x) with: #;(z)"V = Q"% /Q\V
Once each site has been visited, take a step in the hyperparameter space via
45 og C; + 0(0) — ©(0©).

Repeat until convergence.

As is always the case, there is no free lunch. Other algorithms such as variational ones
perform better in regression and have seen much wider adoption and implementation.
Crucially EP has no formal proof of convergence, and can be numerically unstable.
Practitioners have found that numerical instability can be efficiently dealt with via
parallel updates instead of sequential ones, as well as “damping” the updates by only
taking a fraction of the new site instead of all of it. It has also been found that PEP
has inherent stability benefits, mostly by keeping the variance in the cavity small
[134]. Some theoretical work does underpin EP. Numerical stability is guaranteed

when the factors are log concave (as in GP regression for instance) [134].

3.2.2 Power EP for Sparse (Gaussian Processes

As has previously been discussed, a key problem with the use of GPs is their
computational scaling cost of (O(n)?). This is a universal problem across GP
usage, as small datasets do not typically contain enough information to capture the
underlying system to a sufficient degree for meaningful and accurate predictions.
To tackle this problem this work previously examined the use of Sparse Variational
approximations, however since the aim here is to use EP to better classify data, a
sparse EP framework is needed. This section introduces the sparse PEP framework
from [55] and [135]. While the original derivation is mostly followed, small numerical

stability updates are introduced for parallel updating.

There is an important clarification to be made here in that the rest of this thesis
focuses on classification, which requires expensive labelled data. It could be con-
vincingly argued that the models are unlikely to bump into real computational
challenges given these expense constraints on dataset size, but this is not correct. A

practitioner will have an unpleasant time with GPs over a thousand data points, well
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within the size of labelled data that is feasible in an engineering context. Further,
the goal of SHM machine learning is often fast or online predictions, adding another
reason to sparsify the GP. Sparse approximations are valid even in the medium data
density environments that this thesis operates in, especially under the lens of SHM

where online computations might be crucial.

As previously in this chapter, the target of approximation is the joint distribution,

written as:

n

p(£16,y) = p(£,0) [ [ p(wil £, 6) (3.32)

=1

As mentioned in subsection 1.3.1, all inducing point sparse GP methods aim to use
inducing points to sparsify the posterior over the latent function by expressing it
through a smaller subset of values (the inducing points u). Note that while inducing
points can correspond to observed data, they do not have to be. They are often
treated as virtual pseudo inputs that lie on the latent function. The structure of
approximation, and the way in which sparse methods project the real data onto the
latent function through these inducing points varies, but the idea remains the same.
Variational Free Energy methods [136] will do this projection via a KL divergence
between the true posterior and the variational distribution over the inducing variables.
Sparse methods that induce sparsity in the prior instead such as FITC and PITC
methods [52], [137] do this projection by assuming that all dependencies between
datapoints are mediated entirely by the inducing variables, approximating the full
prior as a product of conditionals p(f,|u), which sparsifies the latent function by

treating the training outputs as conditionally independent given the inducing points.

The PEP framework introduced by Bui et al. [55] is no different in its aims, although
it is perhaps uniquely intuitive. Importantly, it unifies all inducing point sparsifying

frameworks through the EP framework.

The core EP approximation behind the PEP framework is as covered in the previous
section (with the addition of the power factor, as shown in 3.2). The approximating

form can be seen below, where u are the inducing points:
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p(fly,0) = p(f, 9>_H p(ylf,0) H q(f10) (3.33)

Here ¢(f) is chosen to have the variational structure ¢(f) = p(f2u|w)q(u ) The crucial
step for sparsification comes in the moment matching step: when KL(P(f)||q(f)) is
minimised. The expansion of this equation follows exactly as before, however now

the result is:

Ep@o(w)] = Eqplo(u)] (3.34)

That is despite matching the moments over f, the moments only need to match at u,
meaning that the PEP parameters stored and updated need only be for u for each

fi, resulting in significant computational savings.

The resulting high level algorithm is shown in Algorithm 3. Note that the log
likelihood for PEP remains unchanged from EP other than a division by a. In
practise, it is convenient to express the approximating site in terms of natural
parameters (which Bui et al. show can be expressed in rank 1 form). For a detailed

derivation, the reader is referred to [55].

Algorithm 3 PEP algorithm for approximating p(f) [ p(y|f)
For each i point, calculate:
1: Cavity: ¢V'(f) = q(f)/ti(w)*
2: Projection: 1),., = IEP(f) [pg(u)] = dG\Z log Z; +n\', And pick QY € F
3: Update: Replace f;(u) with: #;(u)"" = (Q"V/Q\))!/*
Once each site has been visited, take a step in the hyperparameter space via

415 og C; + (0) — B(OD).

Repeat until convergence.

It was mentioned earlier that (P)EP can be unstable, and that one way of dealing
with this is by updating every site approximation in parallel. This is generally
true, however this requires considerable swapping between the natural and moment
parameters, a famously unstable process. This is sadly unavoidable (it is easier to
divide in natural parameter space, but it is also easier to calculate new moments
in moment space). Here, a small change to the original derivation involving a QR

decomposition to avoid explicit calculation of an inverse of the variance has been
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implemented and is strongly recommended. This is highlighted in Appendix A.

The interested reader might be wondering why Power EP is used at all, given that
the Power term has made no impact on the derivation. And, apart from the stability
benefits mentioned earlier, this is true. The key finding of Bui et al’s. seminal work
is that when set to 0, the EP approximation collapses to VFE, and when set to 1, a
more traditional EP/FITC approximation emerges. This is a genuinely beautiful
result that does a great deal in unifying the field of inducing point approximations
for Gaussian Processes. For details of how this is true, the reader is referred to the
work [55].

3.3 Application of Binary GPC in SHM

Having established the PEP approximation framework, the binary GPC is now
applied to two SHM problems classifying damaged and non-damaged states. Further,
it is illustrated why the PEP is the approximation theory of choice for the classification
setting. The two SHM problems used here have been chosen as standard damage
sensitive features practitioners would look to first when examining a structure. All
are derived from the Los Alamos bookshelf dataset [138]. The GPC is benchmarked
against an SVM with an RBF kernel, a popular and robust choice for classification in
the machine learning and SHM community. The three story experimental structure
consists of aluminium columns and plates. Each floor is a four degree-of-freedom
system, with four columns connecting the top and bottom plates via bolted joints.
Damage is simulated via a centre column suspended from the top floor, which induces
non-linear behaviour when it contacts an adjustable bumper on the floor below. It is
constrained to move in the x direction via linear rails, and environmental changes
are simulated with an 87.5% stiffness reduction in one or more columns. The dataset
is comprised of roughly 50-50 damaged un-damaged cases, with nine undamaged but
environmentally changing classes, and eight damaged classes in increasing severity
by decreasing the bumper gap. The division of damage/undamaged classes follows
the original paper, and states 1-9 are labelled as undamaged, while 10-17 are labelled
damaged.

The bookshelf dataset here is feature engineered to represent two distinct classification
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problems. Case study 1 is a damage classification task given the first two dimensions
of the PCA of the FRFs of the bookshelf dataset. This presents a noisy, but clustered
classification problem, as shown in Figure 3.2a. Case study 2 is again a damage
classification task but over the coherences of the FRFs instead [139], shown in
Figure 3.2b. This is a separable classification problem, but remains interesting as a
problem for active learning (which will be introduced next chapter), and as an easier
counterpart to the first problem. The separability found with the coherence method
highlights the importance of feature engineering in SHM, turning a complex task
into a simple one without reaching for the machine learning. For both problems, the
GPC was trained with a Matérn 3/2 kernel with 30 inducing points for case study 1
and 20 for case study 2. Both were initialised via K means clustering. Results were
robust against a range of sensible hyperparameter initialisations. Several different

hyperparameters for the SVM were tested, with the best results shown.

In order to benchmark the GPC against the SVM, an F} score is used as a performance
metric, shown in Equation 3.35, where TP are the true positives, FP are the false
positives and FN are the false negatives. The F} score represents the mean of the

precision and recall, and is standard in the literature for binary classification tasks.

2TP

= 3.3
2TP +FP +FN ( )

Fy

The results of the GPC and SVM are given in Table 3.1. As expected, the GPC
and SVM perform very similarly, with the GPC returning better predictions across
the board. Such a result is not surprising, as the GPC is a more descriptive model.
Further, the GP is returning much more information in its posterior, which quantifies
how certain the model is about its predictions, as illustrated in Figure 3.3. Unlike
the SVM, which establishes rigid geometric boundaries, the GPC yields a continuous
probability distribution across the feature space. As has been highlighted through-
out this thesis, such a probability on the prediction is invaluable to downstream

engineering decisions and tasks.

On top of benchmarking the GPC on SHM problems, it is worth examining why the
PEP is a suitable approximation choice, especially given the abundance of fast, well
implemented variational methods such as the Stochastic Variational GP (SVGP). To
evaluate this, the Laplace, SVGP and PEP approximations (with PEP a = 0.9 to
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Figure 3.2: Test points for both case studies

represent EP and remain distinct from variational solutions) are benchmarked on

case study 1 (Figure 3.2a).

The approximation schemes are compared against a ground truth MCMC baseline.
Specifically, the parameters of the latent predictive posterior (the mean p and variance
o2 as well as the final marginal predictive probability p) are compared against their
MCMC equivalent. Recall that p = ®(u/v/T+ o) where ® is the Gaussian CDF. To
ensure a strict comparison of the actual approximation mechanisms, the inducing
points are kept static for all three and are found via k means clustering while each
approximation optimises its hyperparameters. The results of this are shown in
Figure 3.4. A good result here would be the dots lining up with the grey line,

implying that for each data point, the parameter is very similar to its ground truth
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GPC | SVM
Case Study 1 | 0.84 | 0.77
Case Study 2 | 0.99 | 0.99

Table 3.1: Case study results. Case study 1 is the FRF clustering problem
illustrated in Figure 3.2a, and case study 2 is the coherence problem
illustrated in Figure 3.2b.
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Figure 3.3: Decision boundary of the SVM with RBF kernel (left) com-
pared to the posterior of the GPC (right).

equivalent. This comparison methodology mirrors the benchmarking tests performed
on a range of approximations by [127]. To understand how these marginals track
to predictive performance, the F1 score and predictive log likelihood (introduced
in Equation 2.9 as a measure of how well the uncertainty of a model captures the
test data) of each approximation are compared against each other and the MCMC
ground truth in Figure 3.5. Here, the higher the score the better the model has

performed for both metrics.

Figure 3.4 reveals several interesting findings. The first is that the Laplace approxim-
ation performs badly, confirming results shown in [127]. This poor result for Laplace
is corroborated by the performance metrics shown in Figure 3.5, where it performs
the worst of any approximation. Perhaps more surprisingly, the SVGP performs
quite similarly to the Laplace approximation. This behaviour stems from SVGP’s
objective function, which minimizes the mode seeking KL divergence (KL(q || p))
(opposite to the EP KL divergence) which typically seeks the mode and underestim-

ates the variance. As expected, this results in a slightly better mean and predictive
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Figure 3.4: Marginals of different GPC approximation schemes plotted
against an MCMC GPC. PEP had alpha=0.9 such to be closest to EP
and furthest from SVGP. p is the predictive mean, o is the predictive
variance and p = ®(u/+/1+ o) is the predictive probability that any
label belongs to class 1.

probability fit than Laplace with significantly underestimated variance (note the
large clump of ¢ points under the grey line). Finally, the PEP seems to behave
well. The mean and variance marginals are linearly out of scale with the MCMC
ground truth implying a different optimum for the hyperparameters found, but the
predictive probability loosely resembles the MCMC ground truth. This result is
reflected in Figure 3.5, where PEP performs the best in both F1 score and PLL of
all the approximations. This result again corroborates [127] which with the same
experiment (although on a different dataset) and many more show that PEP tends

to a good choice for classification tasks.
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MCMC 0.835 MCMC - -0.217

PEP 0.839 PEP - 0.253

SVGP 0.821 SVGP | 0.459
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Figure 3.5: Bar chart comparing the F1 score (left) and the Predictive
Log Likelihood (right) of all approximation schemes and the MCMC
ground truth. For both metrics, a higher score is better.

While the results presented here would indicate that PEP would always be the
best approximation choice for GPC, this is not the case. There is no free lunch,
and there will always be cases where it is outperformed by other approximations.
Crucially though the PEP framework allows for tuning between most inducing point
approximations, allowing the user to manually choose which would best fit the current
problem. While some users may be concerned that unlike variational approximations,
the PEP has no guarantee of convergence, it is important to remeber that such a

guarantee is only to local optima, and is not a guarantee of a good result.

3.4 PEP for multi-latent GPs

The GPs presented so far have been defined with a single latent function, designed
to model a single input-output relationship. However, many real world problems are
more complex and require richer representations. A GP can instead model multiple
latent functions (each representing a distinct process of interest), and define their
interaction through a joint likelihood over these latent functions. These models
are known as chained GPs [104]. This section presents a general and intuitive
derivation showing how EP can be extended to approximate these models. While
prior work has applied PEP to multi-class GPs [129], it is limited to classification and
does not follow standard notation. In contrast, the derivation here is fully general,
covering all chained GPs (of which multi-class classification is only a subset), and

provides a consistent, field-standard formulation, enabling future work with PEP
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approximations for chained GPs. For brevity, EP/PEP is simply referred to as PEP,
though everything here applies equally to a pure EP implementation.

To illustrate the PEP extension to multi-latent likelihoods, this section walks through
two thematic GP examples. The fist being multi-class classification, and the second
being a heteroscedastic GP. Note that the inclusion of the Heteroscedastic GP gives
this chapter the dubious honour of novelty for the derivation of a PEP approximation

to the SHGP.

The multi-latent likelihoods of interest here are of the form, p(y;|fn,, .-, fn,,). Each
latent function has their own independent prior, such that their form and parameters

are not necessarily uniform across latent functions: f,, ~ N(0|K,,), ..., fn, ~

N(0|K,,,).

The likelihood of a multi-class classification GP is given in Equation 3.36, where
H is the heaviside step function and f = (f}, ..., f;) is the vector of latent functions
representing every label. A more robust extension with the introduction of € to
deal with noise is introduced in Equation 3.37, where € represents the probability of
choosing y; from the labels and ¢ is the number of classes. Quite intuitively, it is
simply the probability that the latent function associated with the label y; is larger
than all the other latent functions. To keep notation light, this section uses the
non-robust version as the motivating example, however the following maths and

framework apply equally to the robust likelihood.

piylf) =] I #(f — 1) (3.36)

i=1 kty;

pylf) = (1= T TT (= f0) + = (3.37)

i=1 kty;
The likelihood of the SHGP is given in Equation 3.38, where f = (f;, f;). It states

that the likelihood of the GP is normal (f;) but that its scale parameter (f3) is

modelled by another GP, which is bounded to be positive via an exponent.

n

p(ylf) = HN<yi|f1,ia exp(f2;)) (3.38)

=1



68 3.4 PEP for multi-latent GPs

At the core of this extension to PEP is the approximation of independence in the
likelihood. The approximation to the posterior is denoted ¢(f), and is shown in
Equation 3.39. For the multi-class, this is intuitive as it inherently carries this
approximation. This is not so for the heteroscedastic, and instead the approximating

form will mimic the relationship of the true likelihood during PEP training.

q(f) = [[NOK) [T T pwil f) (3.39)

k=11i=1

PEP aims to approximate each p(y;|fx,) individually with its respective site £(u)y.;,
looping over i (as usual), as well as k. This is actually very typical for EP problems
with multiple targets of approximation, and as discussed previously was one of the
original motivators of the power term in PEP. The algorithm is shown in Algorithm 4.
It is clear that at a high level the functionality is similar to PEP for single GPs.
Three differences characterise this extension and require further exploration, discussed

below.

Algorithm 4 PEP algorithm for approximating [[p(f) [T p(y|f)

For each kth latent function, calculate:
For each i point, calculate:

1. Cavity: ¢“'(f.) = q(f)/tei(u) o

2: Projection: npew.c = Ep ) [dq(u)] = # log Z; + n\', And pick Q¥ € F

3: Update: Replace t.;(u) with: t.;(u)""V = (Q"¥/Q\))'/«
Once each site has been visited, take a step in the hyperparameter space via
d%é > ket 2oicy l0g Oy + @(6) — ©(01).
Repeat until convergence.

The first difference is the cavity step. For any latent function f. at any point 4, the
cavity will take the form shown in Equation 3.40. That is, the cavity only changes
over f.. It follows that the only parameters that will be updated are also only over
fe, so PEP parameters only need be created and updated for the f. being visited,
rather than for all f. The rest of the cavity (¢(fxxc)) can be treated as a constant
throughout the process, and is anyway a product of Gaussian’s that plays nicely
with the Gauss-Hermite quadrature introduced for the projection step. Note this is

a general form for the cavity of all multi-latent likelihoods.
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q(f)
(1) = AL
= Hp fil0) Hp vilfic) fc‘e() )(y1|f ) (3.40)
k#c k#c (X
= 0" (F)a( frze)

The second difference is the projection step, which requires calculating the normaliser
of the tilted distribution Z; = [ ¢\'(f.)p(yilfi,)df;. As a general rule, the amount
of dimensions this integral requires depends on the factorisation of the likelihood.
First examine the heteroscedastic example (Equation 3.41). Since it contains a joint
likelihood over both latent functions, so too must Z; require a joint integral (and

resulting quadrature) over both latent functions.

7 — / 0V (£ )p(yilfie ),

(3.41)
/ / Ve () Frpe) N (yilfr, exp(Ea) dfudfo

In contrast, the likelihood of the multi-class factorises over [], 7éyi(-). This means
that the Z; integral factorises into k — 1 double integrals (Equation 3.42). To explain
this factorisation intuitively, the cavity notation ¢\/e* has been dropped. Simply
drop the relevant calculated cavity into whatever latent function is currently being
visited. Nested quadrature approximations are still computationally feasible in low
dimensions, meaning that the necessary double quadrature for Equation 3.42 and

Equation 3.41 are feasible and accurate to a reasonable degree.

/ () T atro) TT H(ky, — fi)d

k#y; k#y;

— [ [ T [ atromcs, -~ todsar,

k#y:

(3.42)

The third difference is the log marginal likelihood approximation, given in Equa-
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tion 3.43 in a general form. Here ®(f) is the log normaliser of the global ap-
proximate posterior, ®(0(?) is the log normaliser of the global prior and Cj,; =
log Zsitreai + ®(0\F4) — ®(6;;) is the unique normalising constant for each latent
function. Since the approximating form ¢(f) is a product of Gaussians (shown in
Equation 3.39), it has a closed form solution, and therefore so does its log normal-
iser ®(#). This makes the calculation of the marginal likelihood approximation no
more difficult than for a standard GP-PEP. To simplify things further, the entire
marginal likelihood factorises over k, since both the global log normalisers of the
prior and posterior factorise also over k, as made explicit in Equation 3.39. Thus
the hyperparameters of each k" latent function can be optimised over the terms of
the marginal likelihood that are over that k' latent function, rather than over the

whole marginal likelihood

C n

L= é 5™ log i + 67 () — @(0) (3.43)

k=1 =1

Importantly, the equivalence to variational bounds when « = 0 still hold, and after
referring to the proof in [55], it is self evident that the above marginal likelihood
approximation will recover the variational bound for chained GPs introduced in Saul
et al. [104].

When calculating multi-class PEP, some practitioners (Hernandez et al. [129]) only
visit the f,, at each 7, leaving all ¢(fix,) to sit at their initialisation of zero. This
results in some computational saving in return for some strange behaviour at class
boundaries, where a deeply unlikely latent function has the same likelihood as all
others. The author strongly recommends that all latent functions be visited in
parallel. With modern programming architectures, this additional compute can

easily be parallelised.

Both examples above require the calculation of at least one double integral. This
is not necessarily true of all multi-latent likelihoods. Some may not factorise at
all and require k£ nested integrals to be computed, while others may even factorise
further or benefit from clever marginalisations to reduce down to a single integral or
even an analytical form. In the cases presented here, all integrals contain at least
one Gaussian in them (and this is true as a general case due to the inclusion of

the cavity, which must necessarily be Gaussian), this means that the calculation
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can be approximated with a sufficient degree of accuracy via nested Gauss-Hermite
quadrature. Computational complexity generally scales linearly with dataset size:
O(knm? + ns?), where k is the number of latent functions, n is the number of data,
m is the number of inducing points, s is the number of Gauss-Hermite degrees and d
is the depth of nested quadrature required. For the examples covered here, D = 2,
and thus computational complexity scales linearly with the number of latent function
as the quadrature term is negligible. If the likelihood does not factorise nicely, the

complexity will come to be dominated by the nested quadrature.

As previously, the theory covered here is relatively high level. It should hopefully be
clear that since each latent function is approximated separately, a PEP approximation
implementation will look identical to that of a standard GP except the likelihood

and marginal likelihood are now chained. This is made explicit in Appendix B.

Before moving on to a more serious examination of the application of multi-class GPC
in SHM, this section concludes by validating the heteroscedastic PEP approximation
on a synthetic toy dataset. The dataset consists of a sine wave characterized by input-
dependent variance, where the noise envelope dynamically modulates with z. As
illustrated in Figure 3.6, the predictive variance of the heteroscedastic GP successfully
tracks these localized noise fluctuations, validating the PEP approximation for a
chained GP.
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Figure 3.6: Heteroscedastic GP predicting a noisy sine wave

3.4.1 Application of multi-class GPC in SHM

The multi-class GPC is benchmarked against two distinct SHM classification problems.
Case study 3 is the FRFs of the Los Alamos bookshelf dataset introduced in section 3.3.



72 3.4 PEP for multi-latent GPs

FRFs are standard damage sensitive features in SHM and are often the first point of
analysis for practitioners. There are four transducers in this dataset, and the FRFs
measured by the first one are shown in Figure 3.7a as an illustration of the problem,
“Env.” here indicates undamaged environmental conditions, as detailed in the original
work [138]. Although only one is shown, all four FRFs are used as inputs, resulting
in a five-dimensional input space; frequency and the four FRF magnitudes at each
frequency. The associated structural states at each data point are the classification
targets. Note that only six classes of the original 17 are used for this problem, both
to enable reasonable computation of the multi-class GPC (which scales linearly with
the number of class labels) and to simplify the dataset down to a noisy if separable
problem. It can be seen that the problem is separable, especially around the FRF
peaks of damage cases, which should come as no surprise with a large part of the
environmentally noisy classes removed from the dataset. Case study 4, shown in
Figure 3.7b is a synthetic clustering problem simulating an 8-DOF system under
white noise excitation, where linear damage is induced by decreasing stiffness of the
fifth spring (as indicated in the legend, lower ks stiffness corresponds to a higher
state of damage). Introduced in Bull et al. [140] the axes are the first two PCA
components of the transmissibility between masses one and eight. It provides an
interesting clustering problem, with overlapping and noisy class boundaries as well

as interesting outliers that some classifiers might struggle to deal with.

The results are shown in Table 3.2. Here a macro F1 score is used, which is the
averaged F1 score for each class. The Macro F1 score was chosen here since it
weighs all classes equally, and the goal is to benchmark GPC labelling performance
across the input space, not just in areas of interest such as damage classes. For
case study 3 all latent functions used a Matérn 3/2 kernel, with 150 total inducing
points shared between classes. A very similar set up was used for case study 4.
Each latent function again had a Matérn 3/2 kernel and this time only 50 inducing
points were used since this is a simpler classification problem. For both experiments
hyperparameter optimisation was stable across multiple initialisations, and inducing
points were initialised via clustering. Again the SVM was initialised with a range of

hyperparameters, with best results shown.

The clustered problem sees strong performance from both classifiers. Both classifiers
are able to deal with the limited class overlap relatively well, and extrapolate

class boundaries well to deal with outliers. Interestingly, there is a large gap in
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Figure 3.7: Test points for both multi-class case studies

model performance for the FRF problem, likely because the probabilistic GPC can
better handle the highly noisy class overlaps. These results are significant as they
demonstrate that multi-class GPCs are a powerful and expressive classifier fully
capable of handling SHM data.
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GPC | SVM
FRFs 0.79 | 0.68
PCA transmissibility | 0.96 | 0.95

Table 3.2: Case study results. Case study 3 is the raw FRF classification
problem in Figure 3.7a, and case study 4 is the synthetic clustering
problem in Figure 3.7b.

3.5 Discussion

This chapter has introduced both binary and multi-class Gaussian Process Clas-
sification as a classification algorithm of interest for SHM data, implemented via
the SOTA approximation scheme PEP. Binary GPC was shown to perform well
on multiple SHM datasets with comparable or better predictive performance to an
SVM. The chapter then showed how to extend PEP to multi-latent GP problems. A
novel heteroscedastic PEP approximation was derived, and the multi-class GPC was

applied to two SHM problems for the first time.

Establishing the binary GPC as a practical tool in SHM is valuable for several
reasons. First, GPCs are grounded in a strong Bayesian framework, allowing for a
principled treatment of uncertainty in model predictions. This innate uncertainty
quantification which can be readily propagated downstream, and, as will be shown

in the next chapter, proves mathematically useful and convenient in active learning.

The introduction of a PEP-based multi-class GPC to SHM is a notable contribution,
allowing significant probabilistic progression up Rytter’s hierarchy. By demonstrating
strong classification performance across two distinct and common SHM challenges,
the model is established as a flexible and effective tool for tackling complex supervised
classification tasks in this domain. Further, its inherent ability to quantify uncertainty

is again particularly valuable in SHM applications.

This chapter also spent significant time on the PEP approximation, walking intuitively
through a simple approximation to complex, multi-latent approximations. This
presentation is an important contribution to the literature as many works are
theoretically dense, and can thus be difficult to approach for practitioners. Further,
this chapter presented a generalised approximation framework for chained GPs, an

important step for PEP literature. Second, the generalized approximation framework
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for chained GPs presented in this chapter, representing an important contribution to
PEP literature that simplifies future work with chained GPs.

The GPC models presented and applied to SHM in this chapter face two critical
challenges before they can become fully practical tools in the SHM toolbox. The
first challenge is data availability. In this chapter, labelled data was assumed to
exist for all structural states of interest. In reality, this assumption rarely holds, and
the following chapter addresses this issue through the application of active learning
strategies. The second challenge is scalability. Even with sparsification, GPCs do not
scale efficiently to large datasets compared to other models. Further, training GPCs
is computationally intensive, and some form of adaptation is required to deploy them
in the streaming settings typical of SHM applications. This challenge is also explored
in the following chapter, where an online PEP framework is extended to generalized
likelihoods.

The work presented in this chapter opens several promising avenues for future
research in SHM. An immediate avenue is understanding the impact of prior (kernel)
selection on GPC performance. The introduction of non-stationary kernels to GPCs
could be an especially promising area of research, as discrete class data is often
non-stationary across the input space. One of the most important areas of future
research is the incorporation of PIML into GPCs. While challenging due to the
abstract latent space of GPCs, this could be achieved via physics-informed feature
augmentation or multi-output GPs, where a PIML regression branch influences the
GPC latent discriminator. That PIML GPCs are a realistic future research direction
highlight that the introduction of GPCs to SHM in this chapter create an important
foundation, establishing GPCs as powerful probabilistic model class fully capable of
tackling SHM problems.

As stated, the next chapter will focus on tackling the two critical challenges facing
the use of GPCs in SHM: data availability and online data streams. Active learning
will be explored as a solution to the data availability problem, with a focus on
how prior knowledge can be incorporated into and guide active learning. It will be
shown that good use of expert knowledge can drastically improve convergence rates,
thus reducing the amount of new labels necessary. At the same time, the problem
of scaling GPCs to online environments will be investigated and a novel solution

proposed, ensuring that GPCs can move closer to becoming practical, deployable
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tools for SHM applications.



Chapter 4

AN EXPLORATION OF ACTIVE
LEARNING: THE POWER OF PRIOR
BELIEF AND FAST MODEL UPDATING

Chapter Highlights:

e Active learning is introduced as a way to deal with the problem of expensive
labels

e The EPIG algorithm is introduced to SHM, and is shown to be an empirical

improvement over current methods.

e A novel method of updating GPCs is introduced to avoid expensive retrain-

ing at each active learning step

One of the primary challenges facing classification algorithms is the lack and expense
of labels. This is particularly pronounced in SHM; where labelling will often require
extensive and skilled labour hours (e.g. might necessitate a site visit or an engineer
reading a report). This capital and time cost must therefore be minimised in order
to maximise the utility of classification methods within SHM. The previous chapter
touched on a few methods in which the labelling problem is approached in the

literature; namely semi-supervised learning and transfer learning. Both are active

7
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and exciting fields of research with much promise, however this chapter will instead

focus on active learning as a simpler, more immediate alternative.

Active learning addresses the challenge of expensive data labeling by identifying
which unlabelled instances would be most informative to the current model if labelled.
The process is broken down in Figure 4.1. After training an initial small model,
the most informative data to label is identified by taking the maximum of the
acquisition function. The data is added, the model is updated or retrained, and this
loop continues until a satisfactory threshold in performance is reached or a labelling
budget is used up. The acquisition function is the secret sauce of active learning,
and is what differentiates different active learning strategies. When the acquisition
function is not specific to a model architecture, the active learning process is model
agnostic. This is one of the great strengths of the approach, as it creates a drag and
drop framework that allows users to leverage their chosen models strengths without

needing to design a separate classifier (unlike in say, semi-supervised learning).

Identify new
data to label

Train model |——» -5 Completed
model

Add Data &
Re-Train model

Figure 4.1: The active learning loop

This chapter explores active learning with GPCs as the model of choice, however it
is important to highlight that the acquisition functions explored are model agnostic.
Instead, the focus on GPCs is for narrative reasons. Firstly, it is necessary to drive
home the point made in the previous chapter that the UQ provided by GPs is highly
useful and worth the extra effort. Second, it ties in nicely with the second half of

this chapter which proposes a novel extension to a fast updating framework for GPs.

There are two types of scenarios an Active Learner can be deployed in: online active
learning [141], where data arrives in a stream and labeling decisions must be made

in real time, and pool-based active learning [142], where a fixed set of unlabelled data
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is available from the outset. Many acquisition functions apply to both scenarios, and

as such this chapter focuses on pool based scenarios for the sake of convenience.

A wide variety of acquisition functions have been proposed in the literature, making
strict classification of them challenging. However, broad families can still be identified.
The family of interest in this chapter is information theoretic acquisition functions.
These rely on fundamental principles from information theory, such as entropy
and mutual information to quantify uncertainty to guide the selection of the next
evaluation point. Perhaps the most widely used information theoretic active learner
is the Bayesian Active Learning by Disagreement (BALD) acquisition function [143],

which targets reductions in parameter uncertainty.

The simplest acquisition functions are heuristics (e.g. select the prediction with
the greatest entropy/uncertainty [144], [145]). More advanced acquisition functions
range from clustering-based approaches (e.g., H. Nguyen et al. [146]) to methods
based on adversarial training (e.g., S. Sinha et al. [147]). While active learning
has been applied to many classifiers, a surprisingly large number of works focus on
GPCs. This is likely because GP posteriors are easy to query and naturally provide
uncertainty estimates useful for active learning. Some particularly notable examples
of active learning with GPs include Buisson et al. [148], who apply it to dynamic
systems; Zhao et al. [149], who propose a gradient-based acquisition function that
aims to minimize classification error; and Schreiter et al. [150], who focus on ensuring

physical safety during the active learning process.

Active learning in SHM has seen considerably less attention. Feng et al. [151] apply it
to defect detection in civil infrastructure, whilst Bull et al. [152] use it in a machining
setting. Bull et al. [153] also investigate its use for managing inspections, applying
the guided semi supervised clustering process to real bridge data. Finally, Hughes et
al. [154] introduce an alternative way of looking at risk in order to incorporate the

acquisition function into larger risk calculations.

Active learning remains a relatively recent addition to the field of Structural Health
Monitoring (SHM), and there is considerable value in expanding the range of acquis-
ition functions applied in this context. This chapter introduces Fxpected Predicted
Information Gain (EPIG) (proposed by Smith et al. [155]) to SHM. EPIG is an

information theoretic acquisition function that builds upon earlier approaches such
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as BALD. EPIG aims to reduce prediction error over specified “target” distributions
of interest, effectively incorporating a prior over current belief of where the most
informative data points may lie. This is especially useful in SHM, where damage
sensitive features are often highly localised in the input domain (e.g. FRF peaks).
EPIG allows the user to leverage the mechanics underlying SHM problems to place

a target only where there are the strongest damage signatures.

Comparatively little attention in the literature has been given to the updating step
of the active learning loop, despite it being a clear computational bottleneck. This
bottleneck is especially pronounced in acquisition functions which require “test”
updates to find the most informative point (such as BALD and EPIG). These update
challenges are model-specific, and in the case of Gaussian Process Classifiers (GPCs),

the options for efficient updates are limited.

One approach involves rank-one Cholesky updates [156], which are efficient but only
applicable to GPs with exact posteriors and are restricted to single-point updates,
making them unsuitable for GPCs. A second approach leverages variational methods
[157], enabling more widely applicable updates through a variational framework.
However, it would be a shame to abandon the PEP framework and its associated
performance gains in classification. Although Bui et al. [157] proposed a PEP based
update method, their derivation applies only to GPs with Gaussian likelihoods. This
chapter presents a novel extension of that approach, generalizing it to GPs with

arbitrary likelihoods, including GPCs.

This chapter therefore contributes meaningfully to both parts of the AL loop as
well as wider GP approximation theory. The chapter will start with introduction
to information theoretic active learning before introducing the EPIG algorithm. It
will be shown that prior knowledge of SHM problems can be significantly leveraged
with the EPIG framework via benchmarks on the previously introduced Los Alamos
classification problems. The chapter will then introduce the Sparse Streaming GP
(SSGP) framework and the proposed extension for generalised likelihoods. This will
finally be benchmarked against other streaming approximations and real updates

across a range of problems to illustrate accuracy.
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4.1 Do BALD men dream of Electric PIGs (EPIG)?

In many SHM problems, the information desired and the physics of damage sensitivity
are highly localized in the input domain. Further, these localisations are under-
stood by well known mechanical principles underlying the systems being modelled.
Examples include: FRF peaks, guided wave time windows, anti node regions of
specific nodes and bands around the first few bending modes in operational modal
analysis. It therefore follows that it is intuitive to restrict prediction to only these
areas. However, simply cutting the input domain down to the area of interest is
an arbitrary process with significant risks. For instance there will always be data
outside the arbitrary cut that influences the decision boundary in the target. Clearly,
it would be highly useful to introduce some notion of this target in the input space

into acquisition functions used in SHM.

This section will introduce the EPIG [155], a relatively simple acquisition function
that enables a user to define a target distribution in the input space and make
explicit that the goal is improved prediction over the defined target, rather than the
whole input space. This neatly sidesteps the arbitrary cutting issue, allowing all
areas of the input space to be checked for informativeness for prediction in the target.
EPIG will be comprehensively benchmarked on the SHM problems introduced in the
previous chapter using a binary GPC. It will be shown that that using engineering
knowledge to direct a target distribution can greatly improve convergence in active
learning problems. A parallel can be drawn to feature engineering, where smart
feature choice (e.g. the coherences illustrated in Figure 3.2b) can greatly simplify
the predictive problem. In practice, thoughtful use of prior knowledge and feature

design often outperforms more sophisticated mathematical techniques.

It is worth discussing here that while the notion of a target distribution in SHM is
appealing. There are drawbacks; fundamentally the methodology proposed by EPIG
is a restriction on exploration of the data space. This restriction can be justified
with strong prior knowledge of the problem, and comes with significant benefits such
as improved convergence and decreased computational overhead, but also carries the
risk of ignoring potentially highly useful areas if prior knowledge turns out incorrect.

As such, practitioner discretion is advised.
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The derivation for EPIG presented here follows original formulation, and presents
an additional discussion on how it might be more efficiently calculated for GPCs.
The reader is referred to Figure 4.2 to situate themselves as to where the following
section sits within the AL framework, as well as to the original text for a more in

depth introduction to EPIG.

Identify new
data to label

“Completed”

Train model F—» —p
model

Add Data &
Re-Train model

Figure 4.2: Situation of (this) section 4.1 within the AL loop

4.1.1 Information theoretic acquisition

One of the core ideas of information theory is that of Shannon’s entropy [158],
which is a measure of the average uncertainty or information content in a random
variable’s possible outcomes. For a random variable X with a continuous probability

distribution p(z), Shannon’s entropy is defined as H(X) = — [ p(z) log p(z)dzx.

Given a posterior p(¢|D) over some quantity of interest ¢, Information Gain (IG)
extends entropy to measure what new data (x.,y.) most reduces the uncertainty
on the quantity of interest, shown in Equation 4.1. An important note on notation
here: (z.,y.) denotes both the predictive data and the active learning pool (from
which new data can be drawn). This is because the AL pool is often the target of
prediction, and the predictive posterior of the GP is explicitly needed to calculate
the uncertainty (over 1) before new data is observed. As usual D is suppressed to

lighten notation.

Gy = Hlp(¥)] = Hlp(¢|", y")] (4.1)
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Since y* is a random variable, it is necessary to take expectations over possible
realisations of it given z* and the current predictive model p(y*|z*), as shown in

Equation 4.2. This is known as Expected Information Gain (EIG).

EIGy = By o) [H[p(¥)] — Hp(s|z", y*)]] (4.2)

Note that BALD (one of the most widely used information theoretic acquisition
functions) sets ¢ = 6, which targets a gain in information on the parameters.
However, since the posterior over the parameters can often be intractable, Houlsby
et al. [143] note that the information gain is equivalent to the mutual information,
which is symmetric, hence allowing a much more tractable formulation as shown in

Equation 4.3.

BALD(z) = By [H[p(0)] — Hlp(0]z", y")]] (4.3)
= By [H[p(y*|2")] — Hp(y"|2", 0)]] (4.4)

One of the critical shortfalls of BALD is that information gain on the parameters
does not necessarily lead to information gain on prediction [155]. This is especially
obvious in high dimensional problems, where many inputs might actually be irrelevant
to actual prediction. To deal with this, Smith et al. [155] introduce the idea of a
target distribution p(ys|z,), over the which the acquisition function seeks to gain
information. Here, ys denotes the labels associated with the target distribution p(z;).
The IG for this is shown in Equation 4.5.

1Gy, = Hp(ys|zs)] — H[p(ys|zs, v+, )] (4.5)

An expectation over a number of realisations of xy must be taken to calculate the
average reduction in predictive uncertainty over the target distribution of interest.

Obviously, the expectation over y, must also be taken as it is still a random variable.

EPIGys = Lip(zs)p(ys|zs) [IGys] (46)
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Since it is equivalent to mutual information, EPIG can be written as a KL divergence:

EPIG,, = Ep(ws)[KL[p(yS,y*kL’s, ) |[p(ys|2s) p(ys| 24 )] (4.7)

As mentioned in the previous chapter and throughout this one, the GP has some
innate properties that make it highly attractive for active learning. In the context of
EPIG, one of these properties is the fact that the entropy for a GP posterior with
probit likelihood (after a posterior approximation) has an analytical solution, as given
in [143]. The analytical expression is shown in Equation 4.8, where @ is the Gaussian
CDF and p,, and o2_ are the predictive mean and variance of the GP respectively.
Note that the binary entropy function A is given as h(p) = —plogp—(1—p)log(1—p).
For acquisition functions not centred around entropy, the returned Gaussian posterior
is still massively useful. Many of these acquisition functions will require some form

of uncertainty calculation which is typically innately provided by the GP.

Hly.J., D] ~ h / S(fo )N (fo e 0% ) (48)
B i,
_h (cp (—U . 1)) (49)

If one still wishes to calculate the joint distribution p(ys = 1,y. = 1]z, z4) in
Equation 4.7, there exists a shortcut as shown in [149] and [62] to reduce it to a

linear time singular integral.

4.1.2 EPIG SHM case study

The binary problems from Los Alamos Bookshelf dataset introduced the previous
chapter provide an excellent first SHM test for EPIG. A binary GPC is used, and
EPIG is benchmarked against BALD, random sampling and uncertainty sampling.

To evaluate an acquisition function, it is typical to examine convergence of the metric
of choice (in this case F1 score) as new data is added. A faster improvement in F1

score implies a better acquisition function, and thus a reduced labelling cost. The
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results of the benchmark on the PCA FRF problem are shown in Figure 4.3a, while
the results for the PCA Coherence are shown in Figure 4.3b. In both cases, only
one observation is added per iteration. Each plot is an average of 15 runs. Note
that EPIG is evaluated here with the target distribution equal to the prediction data
(no target distribution). It is clear that EPIG converges slightly faster than BALD
in the Coherence problem, and more slowly in the FRF problem. This difference
is not truly significant, and instead corroborates the results of the original paper
in that EPIG is a suitable dorp in replacement for BALD even when no target
distribution is used. In the FRF results it is notable that all acquisition functions
do not significantly outperform random sampling. Since all acquisition still see a
significant improvement, this implies that most of the available data was informative
to the classifier. If there had been no improvement in F1 score and random sampling
provided equal convergence, this could instead imply that the underlying GP is not
quite trustworthy enough in the low data environment the experiment was initialised
in to be truly useful. This is a useful lesson to highlight for practitioners: active
learning is only useful if your underlying model has enough useful data to make a

prediction.

To illustrate why a target distribution is useful in SHM two case studies are investig-
ated, only BALD and EPIG are benchmarked here, since uncertainty and random
based sampling converged much slower in the previous task. The first case study is a
simple example, taking the coherence dataset and placing a tight Gaussian target
distribution p(ys|xs) over the undamaged cluster. A reasonable prior here could be
to prioritise information gain around what is known to be a tightly clustered group.
The mean convergence rates are shown in Figure 4.4, averaged over 15 runs with
variance shaded in. Both active learners are given a restricted prediction set centred
around the distribution. This ensures that it is a fair comparison, since BALD is

now cycling through target samples drawn from the prediction set.

Although it is likely rare that a practitioner would desire better prediction over
undamaged cases, this serves a useful example of a simple and interpretable target
distribution. It is clear from Figure 4.4 that EPIG is able to accurately target the
distribution, whilst BALD cannot. Note that since the example is over a different

prediction set, convergence rates are different to Figure 4.3b.

The second example targets a more complex damage sensitive cluster. The 8-DOF
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Figure 4.3: Convergence rates for binary SHM case studies. Only one
new observation is added per iteration. EPIG is expected predicted
information gain, BALD is Bayesian Active Learning by Disagreement,
UNC is choosing the next observation as the one with the highest predict-
ive uncertainty, and RAND is choosing the next observation randomly.

simulated data from Bull et al. [140] is modified to represent a more interesting
binary classification challenge by changing each odd class label to damage, and
each even to undamaged (recall in Figure 3.7 six classes of increasing damage are
simulated). The modified classification problem is shown in Figure 4.5a. A target
p(ys|zs) is placed over the first two classes, shown as the colour points in Figure 4.5b.
This target can be thought of as specifically aiming for more information over the
selected decision boundary of interest (the two clusters in Figure 4.5b). Only the

target is included in the test set.

In the original problem, the two target classes are the undamaged class and the

slightly damaged class. This decision boundary is perhaps one of the most important
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Figure 4.4: Coherence convergence study with a target distribution over
undamaged cluster

to understand in the entire problem space; it is noisy and overlapping, and further
damage is distinct and can readily be handled by classification algorithms. A
Gaussian target distribution is centred on the decision boundary of these two classes.
The convergence results can be seen in Figure 4.6. It is visually clear that EPIG
improves in F1 score faster than BALD on this targetted dataset, and settles on a

higher converged F1 score.

4.2 Fast updating for Active Learning via gener-

alised online learning

One of the central parts of active learning is the updating step. This is often the
most computationally expensive step, but is often left undiscussed in the literature,
largely because this step is model specific. This section introduces a novel extension

to online PEP updates for Gaussian Processes, and is one of the first works to apply
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Figure 4.5: Damage clusters classification problem

this method to active learning. As a reminder, the graphic in Figure 4.7 illustrates

where in the AL framework the contribution introduced in this chapter sits.

Before introducing the online PEP update, it is worth again taking some time to
discuss the current approaches to online updates for GPs. As discussed previously,
Rank one Cholesky updates are not a suitable choice for the problem at hand; the
GP is approximate and sparse, and many data may be labelled and added at once,
all things a Cholesky update is not able to handle. Online variational frameworks
do exist and are quite prevalent, and could easily be adapted to an active learning
framework. However, if the performance of the PEP approximation for classification
is to be kept, this is not an appropriate choice for an updating scheme. One final
option to consider is that within the PEP framework, a reasonable update would be
to fix the number of inducing points between updates, and take several EP steps using
the previous EP parameters. In practise, this approach can suffer from instability
especially if the change in the input data is large, but is typically suitable for small

updates within the acquisition function to take the expectation over . (as shown in
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Figure 4.6: Damage cluster convergence study with target distribution
over clusters of interest

Equation 4.2).

Bui et al. [157] introduced a variational streaming framework for GPs, and in
the work also illustrated how this extends to PEP !. However the online PEP
framework introduced in [157] was only derived for Gaussian likelihoods. Following
the methodology for joint PEP problems introduced in section 3.4, an extension
to generalise the online PEP framework to arbitrary non Gaussian likelihoods is

introduced here.

This section will begin by introducing the online PEP framework, largely following the
original derivation. The extension will then be highlighted, and then benchmarked

on several posteriors of interest.

'Recall in chapter 3 that Bui et al. [55] proved that sparse variational approximation schemes
can be considered equivalent to PEP when alpha equals zero.
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Figure 4.7: Situation of (this) section 4.2 within the AL loop

4.2.1 Sparse online PEP updating

The exact sparse posterior upon observing new data is given in Equation 4.10. Note
that a = f(ue) and b = f(Unew). Assuming that the hyperparameters do not
change significantly after each update, the exact posterior can be approximated via
Equation 4.12

Py Vo) = ZP(Frala, Baa)a(@)py 1) (4.10)
1 o(a)
zp(fwold) ( |9 ) (Y|f) (4-11)
PU1Y s Yoen) = (1) — L2 iy 1) (4.12)
Fnew) = P new) e 10a) '

Bui et al. [157] propose the following approximate posterior, shown in Equation 4.13,

q(a)
p(alfo1a)

In plain terms, ¢;(b) uses the new inducing points b to summarise the information of

where ¢;(b) and ¢2(b) are the PEP approximations to and p(y|f) respectively.
the old posterior contained by the old inducing points a, and g2(b) summarises the
likelihood at the new inducing points b. Recall that this is a very similar structure
to the variational structure introduced in Equation 3.34. Much of the same benefits

and patterns will follow from this choice.
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q(f) o< p(f |Onew)q1 (0)q2(b) (4.13)

Following the traditional PEP framework, each ¢;(b) is approximated separately.
The PEP approximation for these factors contains a neat shortcut when the factors
are Gaussian since they are only over the inducing points, rather than all of f. To
intuitively illustrate what this means, the example of a simple PEP approximation
for a GP is revisited with some notation over v made explicit. Recall that ¢(f,u) =
P(fru|u)g(u). It follows that the cavity is as given in Equation 4.14. One of the key
benefits of this trick is that it is no longer necessary to factorise over f; (and thus all

notation over i is no longer necessary), as will be shown shortly.

q(f,u)\ = qi{u?) (4.14)
= q"(u)p(f|u) (4.15)

It then follows that the tilted distribution ¢(u) (note that this is the tilted over u
not f) is the joint tilted distribution ¢(f,u) marginalised over f:

a(u) = / a(f, ) plyl f)df (4.16)
— g\ / p(fle)p(yl ) df (4.17)

If everything inside the integral [ p(f|u)p(y|f)*df is Gaussian the result will also
be a Gaussian which can be calculated in closed form. And since the objective is
updates of the sites at u (not f), the update step requires a division of the cavity of
u, neatly cancelling the cavity of u outside the integral. Thus the new distribution

q(u
(which in the Gaussian case is closed form), as shown in Equation 4.18.

)™ can be set equal to the closed form Gaussian that pops out of the integral
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¢\(u) fp<f|u>p<y\f>adf] - (118)

q\(u)

. { / p(fIU)p(ylf)adf] ' (4.19)

q(U)new = {

This is a shortcut because there is no longer a need to sweep over each ¥ point
and calculate the cavity and projection for each. The closed form for the entire
update is now available. This is only possible when the factor being approximated is
Gaussian, as otherwise the integral over f is intractable and not a suitable target for

approximation.

Moving back now to the problem at hand, this trick applies almost directly to ¢ (b).
It is slightly different here in that since the approximation only need approximate
the latent function of the old posterior at a, the marginalisation of the tilted is
instead over a (rather than f). This is briefly shown below, with the cavity defined
in Equation 4.20 and the tilted in Equation 4.22.

0\ (f) = p(f)ai~*(b)ga(b) (4.20)
= p(f2an[b)p(b)p(alb)g~*(b)gs(b) (4.21)

«

() = plFanlbIp(b)p(alblal (blas(b) ala)

—(a|901d) (4.22)

Remembering now that a must be marginalised out, and that the resulting cavity
over b is cancelled when the new factor is calculated, the new factor is calculated as
shown in Equation 4.23. Since everything is Gaussian in this integral (and always
will be Gaussian since the old posterior must necessarily be Gaussian), a closed form
solution exists for the moments of the new factor, this is omitted here for brevity

but shown in Appendix C.

q1new(b) X { / p(alb) pLa))T : (4.23)

(alfoia
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The same applies to ¢z2(b) when the likelihood is Gaussian, and the derivation for
this is found in the original text [157]. When the likelihood is not Gaussian, this

trick is no longer possible.

If an online and generalised PEP approximation is the desired goal, then it is

necessary to revert to a normal PEP procedure, visiting each f; in turn. This is

q(a)
p(alfo1a)

Gaussian, and the integral over a will thus always be analytic. In order to make

only necessary for ¢»(b), since the previous term must necessarily always be
PEP over ¢o(b) sparse, it is easier to change the approximating structure proposed
by Bui et al. [157], shown in Equation 4.13 to a conditional p(f # b|b). This results

in the approximating posterior:

q(f) o< p(f # bb)q1(b)g2(b) (4.24)

This is a necessary change since a conditional prior over the inducing points makes
the PEP maths significantly neater. Note that this change does not impact the
factorisation trick required for ¢;(b), since p(alb) still drops out of the new prior
via the laws of conditional probability p(a, fzas0) = p(fzas|b, a)p(alb). Here the

dependence on a is dropped, just as it is in the original work.

When approximating ¢a(b), ¢1(b) is held fixed. It is acceptable to ignore ¢;(b) during
the approximation and multiply the resulting posterior by ¢;(b) after, but this is
undesirable, since inclusion will bias the cavity in interesting ways that should
be captured. Luckily, once ¢;(b) is centred on b via a completing of the square
(Appendix C), it is simple to combine ¢;(b) with the approximate posterior via

natural parameters, and continue with a standard PEP approximation.

Following Appendix A, the approximate factors for go(b) in natural parameter form
are t,(b) = N (b; Ty, T2,). This naturally leads to the approximate posterior with
natural parameters Ty, = >, T, + Tfl(b) and Ty = Kyt + >, To + Tgl(b). If no
minimisation to rank 1 natural parameters is desired, then the PEP approximation

can continue as laid in Appendix A.

The marginal likelihood proceeds just as the marginal likelihood approximation for
chained GPs in section 3.4. Where the approximation is given in Equation 4.25.

Since ¢;(b) is now given in terms of b, this makes the log normaliser of the full
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posterior ¢p.s very simple to compute, as it is now a product of Gaussians over b.

1 ~ 1 -
f - ¢post - ¢prior + a(log Zl + ¢cav,1 - gbpost) + a(log ZQ + ¢cav,2 - gbpost) (425)

The high level idea of the generalised streaming PEP is shown in Algorithm 5, while
Appendix C lays out the full derivation for the full rank case.

Algorithm 5 PEP algorithm for generalised streaming PEP
Calculate ¢;(b):
1: Cavity:
¢(f,a,b) = p(f,a,b)a}~*(b)ga(b) = p(f2apb)p(b)p(alb)g' ~*(b)ga(b)

2: Combined Projection & Update:

Q=

\ a) @
) 0\(f.b) [ p(a!b),)(zfejld)]

0 (f.b) z{ / p(alb) 1% a]i

Since 1 new(b) is Gaussian, it is simple to combine it into the approximate posterior.
Now treat the approximation of ¢;(b) as a normal PEP approximation but with a
prior that now includes g new(b).

Calculate ¢,(b); for each n point, calculate:

1: Cavity: ¢\"(f) = q(f)/tn(u)®

2: Projection: nue, = Ep ;[0 (u)] = # log Z,, +n\", And pick Q" € F

3: Update: Replace t;(u) with: t,(u)"" = (Q"V/Q\")Y/
Once each site has been visited, take a step in the hyperparameter space via
d%é St Doy 10g Chpy 4+ ©(6) — ©(61).

Repeat until convergence.

The astute reader will have noticed that when the likelihood is not Gaussian, some-
thing that looks suspiciously like a standard PEP approximation emerges. The
attractive computational shortcut of the online PEP framework depends explicitly
on the integral over all f in Equation 4.13 being analytical. When this is not the
case, the neat shortcut which collapses most of the PEP calculations into a closed
form one step sweep does not exist. Put simply, there is no longer a highly efficient
way to compute ¢o(b). Instead, a traditional PEP approximation is used (which is
still sparse and efficient). This is not strictly bad news though: the PEP framework

is designed for online cases where previous data is no longer seen. This means
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that actual training data sizes are only as large as incoming batches of data - all
previous data being summarised by ¢;(b). The computational cost of retraining is
therefore dominated by the PEP approximation of ¢»(b), with O(nm?) computational
cost. Since it is unlikely incoming batches will be very large, n will be small and
thus retraining will be quick. What has been derived then is still a robust PEP
approximation ready for deployment in online environments within SHM or in active

learning cases.

If the full computational savings are truly desirable, then several options remain.
The first is to simply accept defeat and switch to the variational approach outlined in
the same paper. The second is that in very very small updates ( 3 data points), the
integral will be approximatable via nested quadrature. The last option is to directly
approximate the non Gaussian likelihood with a Gaussian via one-shot variational
inference in transformed bases [159]. While also abandoning PEP, this approach has

been shown to perform very well in the streaming case.

4.2.2 Sparse Streaming case study

To benchmark how well the generalised streaming framework performs in prediction
tasks and how well ¢; (b) captures previously seen data, two problems are investigated.
Both problems are set up the same way: a classification problem is split up into three
batches. At each batch, the streaming PEP is tasked with predicting all previously
seen test cases but can only see the current batch of training data (the coloured
data). Previously seen data will be shown in grey, and a full baseline PEP GP is
trained at each batch on all previously seen data. For both problems, each data
batch is partitioned to be significantly out of distribution of previously seen data
in order to mimic a worst-case streaming scenario. Computational benchmarking
for this framework is not informative, since computational cost is tied to the sparse

approximation of ¢z(b) and is dominated by training dataset size.

The first is the synthetic data from Bull et al. introduced in Figure 3.7 [140]. Here,
as earlier in Figure 4.5a each cluster is alternatively labelled as damaged undamaged,
rather than as a spectrum of progressively more damaged classes in the multi class
GP case study and in the original work. The results of this in the streaming case

are shown in Figure 4.8a, with the baseline GP shown in Figure 4.8b. The second
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streaming case study is the FRF case study, previously shown in Figure 3.2a. The

results of which are shown in Figure 4.9a, with the baseline GP shown in Figure 4.9b.
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(a) Streaming PEP predictions
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(b) GPC predictions
Figure 4.8: Benchmark of streaming PEP over the FRF dataset from
Figure 4.5. Each column represents a new batch of data coming in. At

each step, the classifiers are asked to predict all previously seen data,
but the streaming PEP can only see the coloured data.

The results show that at each step, the streaming PEP correctly predicts the entire
historical dataset despite only seeing a small subset of it. This is best exemplified in
the third update step (third column), when a majority of the dataset is unnavailable
to the streaming PEP (unnavailable data being shown as greyed out) and yet its
F1 score remains comparable to the baseline GPC that sees the entire dataset at
each batch. It is thus clear that the streaming PEP is able to completely capture
the entire dataset via ¢;(b) despite not currently seeing it. Since previously seen
data can be robustly captured by ¢;(b) a practitioner can be confident that the only

training data necessary at each step is the incoming batch, all previous information
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Figure 4.9: Benchmark of streaming PEP over the FRF dataset from
Figure 3.2a. Each column represents a new batch of data coming in. At
each step, the classifiers are asked to predict all previously seen data,

but the streaming PEP can only see the coloured data.

being stored in ¢;(b). This is a significant result, as it enables significant memory

and computational savings when PEP GPs are deployed for online monitoring, active

learning or other streaming setting.

Finally, the PEP extension is benchmarked against its VFE equivalent. The results

of this are shown in Figure 4.10. The results are unsurprising; a very slight edge

to the PEP approximation, with VFE outperforming PEP on the last test case.

For the relatively simple classification problems presented here, it is expected both

approximations will converge well to the true GPC. For further comparison between

the two approximation methods, the reader is again referred to [127, 128].
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(b) VFE streaming predictions for FRF

Figure 4.10: Streaming PEP vs streaming VFE over the FRF dataset
from Figure 3.2a. Each column represents a new batch of data coming
in. At each step, the classifiers are asked to predict all previously seen
data, but the streaming PEP can only see the coloured data.

4.3 Discussion

This chapter has presented contributions in all sections of the active learning cycle. It
first introduced EPIG as an attractive acquisition function for SHM before introducing
a new tool for fast updates of non-Gaussian GPs in streaming settings (including

active learning).

The introduction of EPIG was motivated by the fact that many SHM problems have
known underlying mechanics that allow a practitioner to focus on a particularly

important part of the input space. With the introduction of a target distribution,
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EPIG creates the framework for these parts of the space to be targetted without the
need for arbitrary cut-offs in the input space. It is shown that EPIG operates on parity
with other acquisition functions when there is no target distribution, and significantly
better when there is one. The motivating examples used were two damage clustering
problems, where it was shown that EPIG significantly outperformed BALD. While it
is a constrain on exploration, EPIG can be a powerful tool when the input space can
be targetted with known engineering principles or sensible engineering targets (such
as the reasonable desire to prioritise the damage/undamaged decision boundary in

the second case study).

BALD, EPIG, and many other acquisition functions explicitly depend on samples
drawn from the candidate pool of labels in order to identify which candidate is most
informative. When sample sizes are constrained by computation or data availability,
these methods become sensitive to sample quality and may generate uninformative
or misleading suggestions. EPIG is especially vulnerable, as it depends on draws
from both the candidate and target pools. A potential future direction of research

could be to investigate ways to proof acquisition functions against sampling bias.

The introduction of the online PEP update framework to active learning is novel in and
of itself, however the extension to the non-Gaussian case is a significant step towards
making the PEP framework more widely useable. It is also a significant contribution to
the streaming GP literature, introducing another streaming approximation framework

with its own benefits and drawbacks.

To conclude, by visiting all areas of the active learning cycle, this chapter has made
significant contributions to the literature in SHM and GPC based active learning, as

well as the wider streaming GP literature.

Further research should be investigations into the limits of the online framework.
Questions such as “When do the inducing points presenting the previous data cease
to do so?” and “What are the robust limits of this sparse representation of the
dataset?” are important ones that must be resolved by deployment into real world

online settings.



Chapter 5

CONCLUSIONS AND FUTURE WORK

This thesis set out to develop an improved and modernized Gaussian Process (GP)
toolbox for SHM. In order to achieve this, four specific objectives were laid out. These
were: (1) Advance the study of bounded GPs in SHM. (2) Introduce state-of-the-art
GP classification techniques into SHM. (3) Address the challenge of data labelling
costs for classification methods in SHM. (4) Enable the online deployment of GP
classifiers. The detection, localisation and classification stages of Rytter’s hierarchy

were motivated as use cases for the work presented throughout.

To meet these objectives, several theoretical advancements from the machine learning
community were adapted and applied to SHM. In addition, a novel generalized
framework for online PEP updates was derived and demonstrated, with relevance
to broader theoretical GP research. The main contributions of this thesis were as

follows:

1. Bounded GPs were investigated, and shown to be more effective in modelling

the uncertainty in a real world bounded problem

2. Gaussian Process Classification (binary and multi-class) were shown to be
effective modelling approaches for the detection and localisation stages of SHM.

It was shown how to derive a PEP approximation for any chained GP.

3. Targetted active learning via EPIG was shown to be more effective than

traditional techniques when engineering prior knowledge can guide the targets
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effectively.

4. A novel generalised online PEP framework was derived.

The objectives set out at the beginning of this thesis have thus been successfully
achieved, resulting in a set of tools that together form a state-of-the-art GP framework
for SHM. These tools have wide-ranging applications within SHM: bounded GPs
can better model bounded physical problems; GPC is a powerful tool for predicting
discrete structural states, delivering both accurate predictions and reliable uncertainty
estimates; targeted active learning via EPIG can efficiently reduce labeling costs when
targetting areas of interest; and the online PEP framework enables the deployment
of GPCs (and other GPs that benefit from PEP approximations) in real-time SHM
applications. Although only the bounded GP component is directly PIML, the
enhanced GP methods developed in this thesis offer a solid probabilistic foundation
that easily lends itself to future GP-based PIML applications in SHM.

At the time of writing, advancements in Al and ML have been dominated by very
large black-box models. Faced with these results, it can sometimes feel difficult to
justify research in smaller methodologies and frameworks. This work has shown that
Gaussian Processes are powerful and flexible tools, both philosophically and practic-
ally justified within the SHM domain. They offer robust uncertainty quantification
and multiple ways to incorporate physics, making them an essential component of
the SHM toolbox.

5.1 Bounded Gaussian Processes for SHM

When an SHM problem involves strict physical bounds in the output space, standard
GPs become suboptimal, as their mean predictions and probability mass do not
necessarily respect these bounds. Physically implausible predictions reduce immediate
utility and imperil downstream decision making involving the model such as risk
based decision frameworks. To address this issue, Chapter 2 introduced and evaluated
two bounding methods. The motivating example used are anonymised power curves

from operational offshore wind turbines.

Of the two methods investigated, the Heteroscedastic Beta Process proved most
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effective, outperforming the baseline GP with a significantly higher joint likelihood
and comparable NMSE. The higher joint likelihood indicates that the bounded
uncertainty region more accurately captures the test data. Since one of the main
attractions of GPs are their innate UQ, improving this ability in bounded problems
is a key result. Although the NMSE difference between the standard GP and HBP is
minimal, it overlooks that some standard GP predictions are physically implausible.
Even in ideal cases where mean predictions remain within bounds, the standard
GP cannot guarantee physical plausibility for all future test cases. The HBP model
therefore offers greater reliability and operator trust in the power curve model,
even when compared to a theoretically perfect standard GP. While this was not
implemented, the bounded GPs presented in this chapter are a tool for damage
detection, with the provided physically meaningful uncertainty enriching the outlier

or novelty detection process, as well as other downstream tasks.

5.2 Gaussian Process Classification for SHM

Gaussian Process Classifiers were explored in chapter 3 as potential models for
the Detection and Localisation stages of Rytter’s hierarchy, which require discrete
classification of structural states. All GPCs were implemented via the state-of-the-art
approximation Power Expectation Propagation. Both binary and multi-class GPCs
are introduced and benchmarked against an SVM on a variety of laboratory and

synthetic datasets.

The binary GPC demonstrated strong performance across multiple SHM datasets,
achieving predictive accuracy comparable to or better than that of an SVM. Given the
highly limited attention binary GPCs have received in SHM literature, their further
exploration using a modernised approximation framework and broader problem set

constitutes a meaningful contribution.

Introducing a PEP-based multi-class GPC represents a significant novelty in SHM
literature, enabling probabilistic progression up Rytter’s hierarchy with state-of-
the-art predictive performance. By demonstrating strong classification performance
across two SHM challenges, the model is demonstrated to be both flexible and

effective for complex supervised classification tasks. Its inherent ability to quantify
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uncertainty over class labels further enhances its utility in SHM applications.

Chapter 3 devoted some time to intuitively introducing the PEP approximation,
walking through a simple, general approximation to normal GP approximations to
complex, chained GP approximations. Consequently, this presentation serves as a
practical resource for implementation, contrasting with the often highly theoretical

presentations prevalent in current literature.

While effective predictive classification models, the GPCs presented face two critical
challenges before they can become fully practical tools in the SHM toolbox. The
first challenge is data availability. In this chapter, labelled data was assumed to
exist for all structural states of interest. In reality, this assumption rarely holds.
Even with the active learning approach investigated in chapter 4, this challenge
does not completely disappear. Most importantly there is no mechanism to deal
with new classes appearing during deployment. This is an issue that must be solved
before GPCs can be considered for deployment in SHM uses. The second challenge is
scalability. Even with sparsification, GPCs do not scale efficiently to large datasets
when compared to other models. Further, training GPCs is computationally intensive,
and some form of adaptation is required to deploy them in the streaming settings

typical of SHM applications.

5.3 Targetted Active Learning for SHM

Active learning was investigated as a method of dealing with the need for expensive,
labelled data. Chapter 4 introduced Expected Predicted Information Gain as an
attractive acquisition function for SHM. The introduction of EPIG was motivated
by the fact that many SHM problems have known underlying mechanics, allowing
practitioners to focus on critical regions of the input space. By explicitly targetting
improvements in prediction over a user defined target distribution, EPIG enables

these regions to be prioritized without relying on arbitrary cut-offs.

It was shown that EPIG outperforms other acquisition functions when guided by
a target distribution, lowering labeling costs and enhancing model performance,
as demonstrated on two synthetic damage clustering problems. It was also shown

that EPIG performs on parity with other acquisition functions when there is no



104 5.4 Generalised Online PEP Updates for SHM

target distribution, making it a flexible substitute for BALD. Although it constrains
exploration, EPIG is a powerful tool when input space targetting can be informed
by engineering principles or objectives, such as identifying the damage/undamaged
decision boundary in the second case study. Of course, the biggest problem with EPIG
is that wrongly defined target distributions will suggest sampling in irrelevant or
suboptimal regions, potentially biasing the model and reducing overall performance.
A key problem with the active learning strategies explored in chapter 4 is their
dependence on sampling. EPIG, BALD and many other acquisition functions depend
on samples from the candidate pool to identify the best improvement. When sample
draw sizes are limited by computation or data size, these methods become sensitive
to their quality and may produce uninformative (or even damaging!) suggestions
if the draws themselves lack information. EPIG is particularly susceptible to this,

since it also depends on target pool draws as well as candidate draws.

5.4 Generalised Online PEP Updates for SHM

Chapter 4 highlighted that updating GPs in active learning presents a computational
bottleneck, an issue that extends to broader SHM applications. Since SHM ultimately
requires online algorithm deployment, standard GPs are currently ill-suited to this
task.

Given that PEP is the preferred approximation for GPCs, developing an online
framework for PEP capable of handling general non-Gaussian likelihoods is therefore
desirable. The introduction of an online PEP update framework for active learn-
ing was novel in itself, and its extension to non-Gaussian likelihoods represents a
significant step toward making the PEP framework more widely applicable. This
contribution also advances the streaming GP literature, providing a new approx-
imation framework with its own benefits and trade-offs. Further, the non-trivial
rank-one derivation demonstrates how the general PEP framework can be leveraged

for more complex applications.
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5.5 Future Work

Chapter 2 investigated several bounding techniques, opening multiple accessible
avenues for future work. The heteroscedastic GP underperformed in the warped
space, suggesting potential remedies such as Bayesian committees to address the
discontinuities in the warped data or alternative warping functions, though these
were beyond the scope of this thesis. While the HBP model was highly successful,
the random nature of the sampling and unification of the various distributions into
an average distribution at each test point is not the most statistically robust way
of dealing with the quantified uncertainty. Uniting the beta distributions of each
sample mathematically rather than using the mean and total variance would be more
robust and would be worth pursuing. Finally, it may also be worth considering the
use of committees in the HBP model in order to better handle the transition to rated

power seen in the power curve.

The GPC investigation in chapter 3 similarly highlights several avenues for future
research. An immediate and more accessible research direction is exploration of the
impact of prior (kernel) selection on GPC performance. Introducing non-stationary
kernels to GPCs may be an especially promising approach here, as discrete class data
often exhibits non-stationarity across the input space. Another significant research
direction is the incorporation of PIML into GPCs. PIML in the context of GPCs is
challenging, as the latent space is a highly abstract discriminator rather than a latent-
model of a physical process. The most straightforward way to achieve this would be
via physics informed feature augmentation - deriving additional sensitive features to
the task that might improve predictive performance. While feature augmentation
represents a valuable, low-hanging fruit, a more architecturally significant way to
incorporate PIML into GPCs could be via a multi-output GP, with one branch as a
classifier and another as a GP regression model. Such combined GPC-GPR models
already exist as heterogeneous multi-output GPs [160], where the regression branch
has traditionally been used to fill in missing data. Instead, the GP regression model
could be made PIML, influencing the latent discriminator of the GPC. This approach
also connects naturally to semi-supervised GPs [161], which exploit correlations
between labelled and unlabelled data to improve predictions. This structure could

be similarly leveraged to incorporate PIML into GPCs.
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These proposed extensions to GPCs to PIML make it clear that the introduction of
GPCs to SHM in this thesis was an important stepping stone, establishing GPCs as
powerful probabilistic model class fully capable of tackling SHM problems worthy
of further investigations. Beyond these methodological developments, an important
operational research direction is understanding how a GPC would handle deployment

in practice, particularly in the presence of new, unseen classes.

Finally, chapter 4 also opens new research directions. It is clear that active learners not
reliant on sampling would be beneficial. Some studies have explored approximating
acquisition functions with smooth, differentiable functions and guiding acquisition
using these gradients [149], but these approaches are not universally applicable and
depend on the availability of a suitable smooth approximation. A true sample-
less active learner would be a significant step forward in the literature. Further
incremental research within the online PEP framework is also warranted. Most
important is further investigation into how well the inducing points capture the
previously seen posterior as that posterior increases in size. It also remains an open
question whether a “true” generalised online PEP framework can be developed, but

continued investigation is clearly justified.



PEP DERIVATION AND
IMPLEMENTATION

This section takes the algorithm PEP algorithm (Algorithm 6) introduced in subsec-
tion 3.2.2. Note that this is an abbreviated version of the original work in [55] for
reference, an interested reader is referred to the original work for more detail. This
section also highlights the QR decomposition in REF introduced in subsection 3.2.2

as a small change to increase computational stability.

To reiterate, the sparsity is induced via the result Ep,[¢(u)] = Eqp[¢(u)]. That is,
during the projection step the moments need only be matched at u, so for each n,

only u moments need be matched (instead of n moments).

Algorithm 6 PEP algorithm for approximating p(f) [ p(y|f)
For each n point, calculate:

1: Cavity: ¢\"(f) = q(f)/tn(u)”
2: Projection: npe,, = Ep ;) (g (u)] 4 log Z, +n'\", And pick Q" € F

3: Update: Replace t;(u) with: £,(u)"" = (Q""/Q\")/

Set-up: Given the approximating posterior ¢(f) = p(fxu|u)q(u) and approximate
factors in natural parameter form t(u), = N (u; Ty, T2p). The approximate
posterior in natural parameters is Ty =Y, Ti,, Toy =Kyl + >, T2, In mean

and variance:
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my = Kqu;&Ti}Tl,n = Kfu’}/ (Al)

Vip=Kg — Qg + Kqu;&Ti}K;iKuf/ = Kg — K SKupr (A.2)

Where v and 3 are algebraically easy terms to store and update the approximate

factors.

A.1 Full rank factors

Cavity: For each n, the cavity is ¢\"(f) = q(f)/tn(u)®. In natural parameters

T}T} =Ty —aT,, T;T} =Ty s —aTy,. In mean and variance:

Projection: Recalling that moments at u only need be matched and using the tilted

Property Nnew = Epp[dq(u)] = # log Z,, +n\" introduced in Equation 3.20 gives

approximating factor a mean and variance:

. dlog Z,
m, = m,\" + V\" dog\n (A.5)
my
d210g Z, < \»
Vo=V, \n g vin © 082y (A.6)

ufn n fau
d(m}")?
Update: t,(u)™" = (Q""/Q\")/*. Resulting in updated natural parameters:
Tl,n,new - Vuilmu - Vu\nyilmu\n (A7>
T2,n,new - \/ui1 - \/u\n’i1 (A8)

Cycle over n and repeat cycling till convergence.



A.2 Rank 1 factors

However, T, can be represented as rank 1, bringing further computational savings.

For the derivation of how, the reader is referred to [55]. This is given as:

Ty, = wyv, 'wl (A.9)

Where w, = KyiKyy, and v = a(—dy' =V} V"7 'V}" ) and dp = Z( 105?;;. This
my

results in the first natural parameter as:

T, = wv, g (A.10)

Where g, = —fl—; + Kfan\n and d; = %. Resulting in an approximate factor
with the form ¢, (u) = N (K}, uw)Kyiu; gn, v,. Thus only g, v,, v and 8 need be
updated and stored, resulting in significant computational savings. This requires

some slight rejigging of the cavity and projection steps.

Cavity: Bui et al. Use an alternative deletion method here, likely to avoid explicitly
parametrising on my and V;f. Instead of subtracting the natural parameters, they
note that the deletion step can also be thought of as a KL minimisation, and solved
with the same moment matching procedure. Since it will be necessary, the log

t(i((f )) df. The cavity for v and § are

u

normaliser of the cavity is obviously log Z, = i

thus:
A\ =y 4 K;}V}l’}ncfl (A.11)
BV = B+ Ko iV dyV )" Kol (A.12)
Where:
- d*logZ v
d :—":[K KKy — K WKy ——"] A13
2 dm?‘n fn uu fn fn ﬁ fn a ( )



The full derivation of which the reader is again referred to the original text.

Projection: The projection equations from earlier need to be rewritten as:

= fy\" + K;lvl\;}ndl

u

ﬂ = K;& (Kuu - Vu>K1_1&
= Kyl (Kuu — Vi = V] V)
= V" — KV} V)" Ko

(A.14)

(A.15)
(A.16)
(A.17)

(A.18)
(A.19)
(A.20)



A.3 Full implementation

Algorithm 7 Full PEP implementation

Initialise parameters: {g, = 0}Y_ {v, = inf}_ v = 0p1,1 and B = Oprenr

For each n point, calculate:

1: Cavity: .
YW =7+ KyaVuy,di (A.21)
B\ =B+ KyaVuy, oV, u K (A.22)
2: Projection 1:
Y ="+ Kgh V), dy (A.23)
B=5" —KaVijdV] K (A.24)
3: Projection 2:
dl
n,new — T 35 K u \n A.25
9n, 75 T K (A.25)
Un,new = —d27" — V}:uV}ﬁl’_lvl\:}n <A26)
4: Update:
Up = (v,j’lnew R I (A.27)
n = Un(gn,newvgjlew + (1 —a)gav,t) (A.28)

Once each site has been visited, take a step in the hyperparameter space via
45 og C; + 0(0) — ©(09).

Repeat until convergence.

Where:
Vllfn = Kufn - KuuBKufn (A29)
Vl\l’r}n - Kuf" - Kuu/ﬁ\nKufn (Ago)

Moving this from a sequential to parallel implementation (where each n is PEP’d at
once) has significant computational and stability savings, and is thus desirable. In
practise, this is done by creating a tensor along n and leveraging linear algebra tools

such as einsum in order to effectively calculate all PEPs at once.

The problem when implemented in parallel is that the projections for v and S in
Equation A.23 and Equation A.24 calculate a v and 8 for each n. This is fine when
looping over n, as v and [ are updated sequentially. However now they must be

updated all at once, incorporating the information from all n.



This is on the surface simple, via a simple rearrange: v = K lm, and 8 = K} (Kuu

V.)K,.. Unfortunately, the problem lies in the fact that the approximate factors
are stored as rank 1 natural parameters (v, and g,), and switching between natural
and moment parameters is highly unstable. The crux of this instability lies in the

inversion of V, ' = Kl + Tay.

To circumnavigate it, an inversion via QR decomposition is introduced. Here La¢ is
the lower triangular cholesky of To¢ and Lk, is the lower triangular cholesky of
K L

[LT“] ~ QR (A.31)

Ly,
Ensure R is positive in the diagonal (since R is not unique in the QR). Then:
L,=R" (A.32)
Vo=L, L' =(L,L)™! (A.33)

Where L;! is calculated via stable triangular solve. This results in a parallel

implementation as follows:

Where’ m, = VuTl,f and Vu = (L’ULZ)_I‘

A.4 Marginal likelihood optimisation

Recall that the marginal likelihood is given as:

=1

L =log / exp(Zlog Ci + 07 p(x) — @(0))) (A.42)

= zn: log C; + ®(0) — &) (A.43)

=1



Algorithm 8 Parallel PEP implementation

Initialise parameters: {g, = 0}2_,, {v, = inf}"_,, v = Oprz1 and 8 = Oprpns

Broadcast over n:

1: Cavity: .
YW=+ Ko Vay,di (A.34)
B\ = B+ Koa Var, o Vi, uKoa (A.35)
2: Projection:
L O (A.36)
gn,new - 42 fnu7 .
Vnnew = —d271 = V" ViR (A.37)
3: Update:
Un = (U pew + (1= @), )7 (A38)
gn = Un(gn,newvgjlew + (1 - a)gnvgl) <A39)
4: Update v and f:
v =K umy (A.40)
B =K (Ku — Vo) Ko (A.41)

Once each site has been visited, take a step in the hyperparameter space via
45 og C; + ©(0) — (D).
Repeat until convergence.

Where ® denotes the log normaliser of the denoted distribution, and:

log C; = log Z; — ®(0) — ()" (A.44)

[55] provide a rank 1 derivation for the marginal likelihood, however through experi-
ence it is simpler and just as efficient to store all of the required PEP parameters as

the PEP update happens, and then wrap the update inside an optimiser loop.



CHAINED PEP IMPLEMENTATION

Algorithm 9 Parallel PEP implementation

Initialise parameters: {g, = 0}2_;, {v, =nf}2_;, v = Oprp1 and B = Oprpns
Broadcast over n:

1: Cavity: .
TV =7+ K Vag,di (B.1)
B\ =B+ KgaVuy, da Vi, oK (B.2)
2: Projection:
dl
nnew — 5 K u \n B.3
9n, 75 T Ky (B.3)
Unnew — _d2_1 - V}‘:uvl\,lﬁ_lvl\l?n (B4)
3: Update:
Un = (Vgpew + (1 = a)o )7 (B.5)
9n = /Un(gn,newv;iew + (1 — Oé)gn'l);l) (B6)
4: Update v and f:
v = Kguly (B.7)
B =Kot (Kuu — Vo) Kg, (B.8)

Once each site has been visited, take a step in the hyperparameter space via
45 og C; + () — ().
Repeat until convergence.

Where, m, = V,T1¢ and V, = (L, L)%
In chained GPs, the key difference will lie in d; and dy everything else should
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remain the same!. Recall that the log normaliser in the tilted classification case is:

7 = / a(f,) TT atfe) T #ky, — £t

k#y; k#y;

_ / / W T] / d(fOH(E,, — BdEdf,,

k#yi

(B.9)

This results in the Gauss-Hermite quadrature implementation:

[%Zwi [H %Zwi@[ty —tk]” (B.10)

k#y;

Where w; are the Hermite weights, © is the heaviside step function and t;, =

V201 + 1, where x; are the Hermite roots.

Again, note here that the cavity is undefined. Both ¢, and ¢, can be valid cavities,
it just depends on which latent function is being visited (e.g. for the k' latent
function, some data points the cavity will be ¢, and some it will be ¢;). This is
simple information to store and index into the correct cavity as necessary. Note
that this only applies if the user is implementing a multi-class GP where all latent
functions see all data. If, like in [129], the latent function only sees the training data

associated with that class, then ¢, will always be the cavity.



STREAMING PEP DERIVATION

C.1 qb)

In order to illustrate the streaming PEP extension, it is necessary to follow the
derivation of Bui et al. [157] for ¢;(b).

0:(f) = p(f)ai=*(b)gs(b) (C.1)
= p(fzap/b)p(b)p(alb)q'~*(b)ga(b) (C.2)

@(f) = pUfzanlb)p(b)p(ab)ai*(b)ax(b) (ZTZ;L)

Where:

p(alb) = N(a; KapKpb 1b, Kaa — Kap Kb 1Kpa) = N (a; Wb, Q,) (C.4)

And noting that ¢(a) = N(a;m,, Sa) and p(alfoaq) = N (a;0, Kaa), this leads to:
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= O N (a;1h,, S C.5
p(awold) 1 ( ) ( )
Where:
m, = D,S, 'm, (C.6)
. 1

a=—D. .
Sa = - (C.7)
D,=(Sa ' —Kaa ) (C.8)

Since the projection step is all gaussian, the new factor is simply equal to the

marginalised tiled:

Do () [ / p<a|b>pLa))a] ' (©9)

(a|901d

Letting ¥, = D, + aQa, and recalling that the new factor must be set to the power
of i as well as divided by the cavity in the update step, this results in:

q1(b) = N (1ha; Wab, ¥a) (C.10)
In order to make integrating ¢;(b) into the PEP process easier, it is necessary to

change the variable of ¢;(b) to b. Via a completion of the square in the exponent

this results in (up to a normalising constant):

q1(b) = N (b; p, Xp) (C.11)

Where fip = Sy Wa! o, and Xy = Wal S, W,



C.2 Full rank streaming PEP

Following Appendix A, the approximate factors for ¢o(b) in natural parameter form
are t,(b) = N(b; Ty, T2,,). This naturally leads to the approximate posterior over
b with natural parameters T, = Y, T, + qul(b) and Toy = Kyt + >, Ton + qul(z).

The moment parameters of ¢;(b) are given in Equation C.11. In mean and variance:

In mean and variance:

ms = KK Ty ;T (C.12)

Vip = Ko — Qi + Kea K a Tt K0 Kue (C.13)

In full rank, the PEP distribution then proceeds exactly as before except now 17
and Ty contain information on ¢ (b).

Cavity: For each n, the cavity is ¢\"(f) = ¢(f)/to(u)®. In natural parameters

TY} =T ;—aTi,, T;Y} =Ty s — aTs,. In mean and variance:

m)" = KoKl Ty T = Kj 0y (C.14)

Vi =Ky p — Qg + KoK T KKy, =Kj f, — KjufV"Kyy, (C.15)

Projection: Recalling that moments at u only need be matched and using the tilted
property Nnew = Ep sy [pg(u)] = % log Z,, +n\" introduced in Equation 3.20 gives

approximating factor a mean and variance:

\n dlog Zn

mpy
d210g Zp < \n
Vo=V \n g vin 082y (C.17)

ufp n fau
d(m}")?

Update: t,(u)™" = (Q""/Q\")'/*. Resulting in updated natural parameters:



Tl,n,new = Vu_lmu - Vu\m_lmu\n <C18)

TZ,n,new - \/vui1 - \/vu\n’i1 (019)

Cycle over n and repeat cycling till convergence.
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