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Abstract 

Vertical-axis wind turbines (VAWTs) have attracted project and policy attention worldwide 

due to their unique advantages. Compared to horizontal-axis wind turbines (HAWTs), 

VAWT onshore and offshore wind farms offer advantages such as light weight, high 

stability, and low noise levels. Since VAWT technology is still in its early stages of 

development, a significant research gap remains between its theoretical maximum efficiency 

and actual efficiency, presenting significant research potential. 

 

This thesis proposes a novel fully transient adjoint optimization technique, applied for the 

first time to the fluid dynamics of VAWTs. This technique is more accurate than currently 

studied multi-snapshot steady-state (also known as semi-transient) adjoint optimization 

methods. The challenges in this VAWT airfoil design optimization primarily lie in the 

complexity of defining the Darrieus pitching motion and the flow separation that occurs 

when the blade moves at high angles of attack. The results show that the transient adjoint 

optimization algorithm significantly improves the airfoil efficiency and can be effectively 

applied to the unsteady flow problems encountered in the design of vertical-axis wind turbine 

blades. 

 

This research first applies transient adjoint to oscillation airfoils representative of H-Darrieus 

operation, explicitly accounting for wake effects in the objective and sensitivity evaluation. 

Then it extends transient adjoint to a 2D VAWT model, formulating power coefficient 

objectives and enforcing geometric and mesh-quality constraints across tip-speed-ratio 

scenarios. Finally it validates in 3D CFD, confirming that the optimized airfoil maintains 2D 

gains when spanwise induction are present. 

 

The fully transient adjoint optimization technique is an innovative technology in the VAWT 

field. It is implemented using the unsteady adjoint optimization algorithm of the open-source 

CFD software SU2, making it easy to be adopted by the VAWT design community and 

providing an important engineering application reference for all other unsteady mechanical 

structure designs.
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Chapter 1 

 

Introduction 

1.1 VAWT in Renewable Energy 

Renewable energy has developed significantly during the energy crisis in the early 1970s [1, 

2], and wind power generation has regained attention. Surveys show that the full utilization 

of renewable energy will bring greater energy security and less climate impact in the future, 

and will alleviate the shortage of oil and natural gas and potential environmental pollution 

[3, 4]. Most wind energy is achieved through two types of wind turbines, namely horizontal 

axis wind turbines (HAWT) and vertical axis wind turbines (VAWT), which are mainly used 

for power generation and pumping [5]. HAWT have gradually become mainstream with their 

high efficiency and mature control technology. They have undergone a number of 

technological innovations such as variable pitch control, doubly fed induction generators, 

power electronics, and intelligent monitoring [6]. The capacity of a single unit has also 

developed from tens of kilowatts to more than 15 megawatts at present [7]. Although VAWT 

appeared as early as the 1930s [8] and were promoted by Sandia Laboratories in the United 

States in the 1970s [9], they have not been widely adopted for a long time due to their low 

efficiency and difficulty in control. Until the 2010s, with the development of urban 

distributed energy and floating offshore wind power, VAWT regained attention due to its 

advantages such as structural symmetry and low center of gravity, especially on floating 

platforms [10]. 

 

In recent years, the rate of improvement of HAWT aerodynamic performance has stabilized, 

and most innovations in the industry have focused on expanding the single-machine size of 

HAWT [7], improving condition monitoring systems, and reducing operating and 

maintenance costs [11-15]. Previous studies generally believe that the power coefficient of 

VAWT is smaller than that of HAWT [16]. However, there are also some literatures that 

show that VAWT have greater potential for improving the power coefficient [17]. The 

VAWT industry is significantly less mature than HAWT because the technology has not 
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been widely commercialized. Therefore, if objectively evaluated from a technical 

perspective, it cannot prove that the VAWT technology is inferior to the HAWT technology. 

 

One of the main advantages of the VAWT is that their single moving parts do not require a 

yaw mechanism, which can significantly simplify the design configuration [18]. Another 

advantage is that many typical designs, such as H-Darrieus, have uniform cross-sections and 

no twisting, which makes them relatively easy to manufacture or extrude, while the blades 

of the HAWT need to be twisted and tapered to achieve optimal performance [7]. In addition, 

due to its small size, small footprint, and the fact that it can accept wind from any direction, 

many of its distribution locations are closer to the power consumption center, thereby 

reducing transmission losses [18]. In addition, VAWT has a symmetrical structure and does 

not rely on high towers, and is more suitable for use in urban environments, complex terrain 

or floating offshore platforms [18]. 

 

 

1.1.1 The Development Process of VAWT 

The concept of VAWT can be traced back to the early 20th century. The Savonius resistance 

vertical wind turbine was proposed by Finnish engineer S. J. Savonius in 1922, and its design 

was inspired by a rotating bucket [19]. This type of wind turbine has a simple structure and 

high torque, but low efficiency and is suitable for low wind speed environments. Then in 

1931, Canadian engineer G. J. M. Darrieus invented the Darrieus lift wind turbine, which 

uses a blade shape similar to an airplane wing and relies on lift to drive rotation, significantly 

improving efficiency [20]. 

 

In the 1970s, the global oil crisis broke out, triggering a high level of attention to renewable 

energy [21-22]. Against this background, the US government funded a number of wind 

energy research projects, among which Sandia National Laboratories [23] led the in-depth 

research on VAWT, developed a variety of Darrieus experimental wind turbines, and 

conducted wind tunnel tests and field tests. During this period, VAWT was regarded as a 

strong competitor to HAWT. Although VAWT had many advantages in theory at the time, 

it still faced many technical challenges in practical applications. Its unique "self-starting 

difficulty" problem usually requires external force to start to reach normal operating speed 

[24-25]. In addition, the aerodynamic forces on its blades change dramatically during each 
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rotation, resulting in complex structural stress and serious fatigue problems [26]. On this 

basis, VAWT generally lags behind HAWT in terms of efficiency, stability, lifespan, etc., 

and gradually loses its competitiveness in the mainstream wind power market.  

 

In the 1970s, the research boom just started. From the 1980s to the 1990s, the development 

of VAWTs became cautious. Many national projects, such as those of Sandia National 

Laboratories in the United States, have achieved good results [25-28]. However, in large-

scale applications, VAWTs are usually not as competitive as HAWTs. However, VAWTs 

are still an attractive research topic from a mechanical design perspective. They have a 

simple structure, fixed driving device, and can work efficiently in multi-directional and 

turbulent winds. 

 

These characteristics made VAWTs a compelling candidate for mechanical engineering 

analysis. Unlike HAWTs, which require complex yaw mechanisms and variable pitch 

control systems to align with wind direction, VAWTs can capture wind from any direction 

without active orientation mechanisms [18]. This reduces system complexity and aligns well 

with the goals of mechanical design optimization: efficiency, reliability, and reduced 

maintenance [18]. Furthermore, because most of the VAWT's components are located near 

the base, engineers found it easier to test, modify, and maintain mechanical subsystems, thus 

making VAWT models popular in academic and experimental contexts. 

 

In the late 1990s and early 2000s, with the popularity of computational simulation, 

researchers have begun to use computational fluid dynamics (CFD) and finite element 

analysis (FEA) to study the unsteady aerodynamics and mechanical stress of VAWT systems 

[29]. Unlike HAWTs, where the aerodynamic loading is relatively steady, VAWTs operate 

under constantly fluctuating forces due to the cyclic movement of blades in and out of the 

wind flow. It is often referred to as the dynamic stall phenomenon. These effects were 

previously difficult to model analytically, but CFD tools such as ANSYS Fluent, 

OpenFOAM, and later, XFOIL and QBlade, enabled more accurate simulations of airflow 

and pressure distributions over rotating blades [30-32]. 

 

This computational capability allowed researchers to move beyond basic geometric 

assumptions and start examining the detailed effects of blade shape, positioning, aspect ratio, 

and blade number on the performance. One of the earliest recognized benefits of simulations 
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was the ability to conduct parametric optimization, and testing tens to hundreds of design 

iterations in silico before building physical prototypes [33]. 

 

Around the same period, aerodynamic blade shape optimization became a central theme in 

VAWT research. Researchers began exploring how varying the blade profile (airfoil shape) 

could mitigate common problems such as low starting torque and poor performance at low 

tip speed ratios (TSRs). While early Darrieus turbines used symmetrical airfoils such as the 

NACA0012, which offered structural stability, they were found suboptimal in real wind 

conditions, particularly under dynamic stall. 

 

In the context of VAWTs, researchers such as Paraschivoiu [35] played a pivotal role. His 

work on the double-multiple streamtube model (DMST) enabled a more accurate and 

computationally efficient analysis of VAWT performance, incorporating the effect of blade 

interaction with upstream and downstream flow. This model, combined with CFD 

verification, laid the foundation for systematic blade optimization studies. 

 

Later research [36] in the 2010s explored the application of non-traditional blade shapes, 

including curved profiles, flexible blades, and blades with variable chord lengths or twists 

to improve energy extraction efficiency. Optimization algorithms, such as genetic algorithms 

(GAs), particle swarm optimization (PSO), and later machine learning methods, are 

increasingly used to find the optimal combination of geometric and operating parameters. 

 

In actual design, the implementation of wind turbine optimization began to receive attention 

in the 2010s. This is mainly driven by university laboratories [37-39] and start-ups focusing 

on urban or small-scale wind power. Institutions like Delft University of Technology in the 

Netherlands, Politecnico di Milano in Italy, and Tsinghua University in China began 

publishing high-resolution simulation and field validation studies. These studies show that 

by optimizing the shape and position of the rotor, efficiency is increased by 20-30%. 

The promotion and dissemination of these methods are supported by open source tools. For 

example, QBlade [40], developed at TU Berlin. These tools make advanced simulation more 

accessible, allowing even small teams to contribute to VAWT innovation. 

 

In parallel, commercial efforts such as Urbine Technologies and Windspire Energy [41] 

started to incorporate advanced blade designs and simulation-driven development cycles, 
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although large-scale commercialization remained limited due to the market dominance by 

HAWTs and policy preferences for utility-scale projects. 

 

At present, the development of VAWTs continues at the intersection of mechanical 

engineering, aerodynamics, control theory, and materials science. Key focus topics include: 

 

• Hybrid designs, such as the Darius-Savonius combination. 

• Smart deformable blades can adjust their shape according to wind conditions in real time. 

• Floating offshore VAWTs. 

• Vertical axis wind farms. 

 

 

 

1.1.2 H-Blade Darrieus VAWT 

The H-Blade Darrieus VAWT is a widely studied subtype of the Darrieus family and has 

emerged as a compelling model for academic and applied research. Structurally 

characterized by its straight, vertical blades connected horizontally to a central shaft, forming 

an "H" shape when viewed from the front. The H-Blade configuration offers numerous 

advantages in manufacturability, simulation clarity, and mechanical reliability. Its unique 

geometry has positioned it at the intersection of theoretical aerodynamic study and practical 

engineering application. 

 

The original Darrieus turbine, patented in 1931, employed curved blades in parabolic or 

linear shapes, optimizing the blade path to minimize bending stresses [42]. However, due to 

their three-dimensional geometry, these curved blades make aerodynamic analysis difficult. 

 

To address these issues, engineers developed a simplified variation using straight blades, 

resulting in what is now commonly referred to as the H-Blade Darrieus turbine [43]. This 

design retained the lift-based operating principle of the original Darrieus model but 

dramatically improved structural simplicity. The reduction in blade curvature eliminated the 

need for complex support structures and made the turbine more amenable to both physical 

prototyping and computational modeling. 
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By the 1980s, H-Blade designs were increasingly favored in academic studies due to their 

ease of parameterization in simulation environments [18]. Their consistent cross-section and 

simplified dynamics allowed for clearer observation of core aerodynamic behaviors such as 

dynamic stall, blade-vortex interactions, and tip losses. 

 

There are several reasons why H-Blade Darrieus VAWT is the model of choice in theory, 

experiment and early simulations [44-45]. Straight blades are much easier to manufacture 

than spiral blades. This makes H-Blade VAWT more suitable for small-scale production, 

rapid prototyping and experimental deployment. The H-blade structure evenly distributes 

aerodynamic forces and has less impact on the turbine frame. The symmetrical design 

reduces torque fluctuations, reduces asymmetric loads, and reduces the risk of fatigue failure 

during long-term operation. In computational modeling, the straight blade configuration 

simplifies boundary conditions and geometry for CFD simulations. 

 

The optimization of H-Blade Darrieus turbines is a particularly rich topic of research due to 

the multiple interacting variables that influence performance. Traditional symmetric airfoils 

such as NACA0012, NACA0015, NACA0018, NACA0021 and NACA0024 are commonly 

used, but newer studies have explored cambered and asymmetric profiles to improve power 

coefficient. Researchers found that tailored airfoil selection can significantly affect lift-to-

drag ratio and reduce energy losses due to stall. In addition, adjusting the number of blades 

impacts starting torque, turbulence interaction, and wake effects. Two-blade and three-blade 

configurations have different implications for structural load and energy capture efficiency 

[46]. 

 

Modern research shows the ratio of blade length to radius and the turbine's overall solidity 

determine how well the turbine extracts energy from the wind [47]. Optimizing this balance 

is crucial for maximizing performance across wind speeds. In addition, integrating pitch 

control mechanisms into straight-blade VAWTs. This kind of real-time dynamic 

optimization can respond to gusts and variable wind conditions to maintain stable output 

[48-49]. 

 

The application of composite materials and topology optimization methods has also allowed 

researchers to reduce the weight while maintaining structural stiffness [50]. Such methods 

are critical for enhancing turbine lifespan and reducing maintenance frequency. 
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In the area of the H-Blade VAWT optimization, Zhang et al. [51] analyzed the effect of blade 

pitch angles on torque fluctuation, finding that slight angular modifications led to measurable 

gains in energy production. Howell and Qin [52] conducted comparative simulations of 

various airfoil shapes in H-Blade configurations, revealing that cambered profiles can 

outperform symmetric ones by 10–20% in turbulent urban wind scenarios. Rezaeiha et al. 

[53] performed CFD simulations and experimental wind tunnel validations of two- and 

three-blade H-VAWTs. Their results showed significant interaction between blade 

aerodynamics and wake development, underscoring the need for coupled flow-structure 

modeling. 

 

While the H-Blade Darrieus VAWT holds great promise, several challenges still occur in 

some circumstances. Low starting torque remains a persistent issue, particularly for turbines 

operating in low or inconsistent wind speeds. Hybrid configurations or magnetic assist 

motors are being explored to overcome this [54]. Noise and vibration caused by periodic 

aerodynamic loading require advanced damping systems or passive blade morphing to 

mitigate [55]. Scale-up limitations present engineering difficulties, as increasing blade 

length introduces greater bending moments and material fatigue risk. 

 

1.2 Purpose of VAWT Blade Optimization 

The main purpose of VAWT blade optimization is to improve aerodynamic performance and 

structural efficiency under complex and unstable wind conditions. Unlike horizontal axis 

turbines, vertical axis wind turbines operate under constantly changing angles of attack due 

to rotational motion, which usually results in flow separation, dynamic stall and fluctuating 

loads. The goals of optimization are: 

• Adjust the blade profile, delay or prevent airflow separation, improve the power coefficient, 

and extract more energy from the wind. 

• Reduce blade vibration and aerodynamic torque pulsation, avoid fatigue failure and extend 

system life. 

• Reduce structural weight, improve turbine efficiency and facilitate installation through 

shape and material optimization. 
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By adjusting the blade camber, chord length and aspect ratio, the low wind starting capability 

is enhanced. Improve the stability of turbulent or urban flows with many direction changes. 

Simply put, optimizing blade shape directly affects aerodynamic efficiency, structural 

durability and cost-effectiveness. It is an important part of the technological advancement of 

modern vertical axis wind turbines. 

 

1.2.1 VAWT Airfoil Shape Parameters 

Airfoil, as the cross-sectional shape of a blade. It can generate lift when passing through 

fluids such as air. In a vertical axis wind turbine, the airfoil shape will determine how 

efficiently the turbine converts wind energy into rotating mechanical energy. It first appeared 

in the early 20th century, specifically developed by the National Advisory Committee for 

Aeronautics (NACA). This committee introduced the famous NACA four-digit and five-

digit combinations. These profiles were originally defined for aircraft wings through 

mathematical calculations and experimental testing. Later, they were used in various fluid 

dynamics applications, such as wind turbines. VAWT typically uses symmetrical airfoils, 

such as NACA0012, to achieve a bidirectional flow environment. But now, modern designs 

are also exploring cambered or asymmetrical airfoils to improve performance on upwind and 

downwind strokes. 

 

Key airfoil parameters: Airfoil shape can be described by several mathematical parameters. 

Chord length, the straight-line distance between the leading and trailing edges. Larger strings 

generally increase lift, but also increase drag. Camber, the maximum distance between the 

mean arc and the chord. The arc-shaped airfoil has higher lift, but has directional deviation. 

Thickness, the maximum distance between the upper and lower surfaces. Thicker wings are 

structurally stronger and have higher stall resistance. Leading edge radius, affecting the onset 

of stall and boundary layer separation. Angle of attack, the angle between the incoming 

airflow and the string. In VAWT, the angle of attack continuously changes as the blade 

rotates. 

 

The lift coefficient and drag coefficient come from experiments or simulations. They 

represent the aerodynamic efficiency of the silhouette. In VAWT optimization, adjusting 

these parameters can change the stall angle, control the onset of separation, improve low 

Reynolds number performance, and balance lift during headwind and tailwind cycles. 
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1.2.2 Unsteady Adjoint Techniques 

Adjoint-based optimization methods have become an important tool in the field of fluid 

dynamics, providing a means to compute the gradient of the performance metrics (such as 

drag, lift, or power coefficient) with respect to the shape or boundary conditions. Adjoint 

optimization is preferred over population-based or derivative-free optimizers such as genetic 

algorithms (GA/NSGA-II), particle swarm optimization (PSO), differential evolution (DE), 

simulated annealing, and even Bayesian optimization because it can scale to thousands of 

design variables, with each iteration costing roughly the equivalent of two CFD solvers (one 

original algorithm + one adjoint algorithm) [18]. In transient VAWT problems, a single 

objective evaluation requires a full unsteady RANS-ALE simulation; GA/PSO/DE require 

hundreds or even thousands of such evaluations. In contrast, adjoint methods provide the full 

gradient ∇J, with computational cost independent of the number of variables [56-70]. This 

allows for direct optimization of nodal wall normal displacements, preserving boundary 

layer resolution and manufacturability constraints through shape derivatives, and achieving 

predictable convergence using a well-established gradient-based scheme combined with line 

search. In practice, this means that a richer design space can be explored without a 

computational explosion, and many constraints such as thickness, curvature, area, and mesh 

quality can be enforced through analytical sensitivity rather than penalty tuning. 

 

Therefore, the adjoint method is best suited for high-dimensional, unsteady, and multi-

constrained VAWT airfoil and whole-machine optimization problems. Typical scenarios 

include: 

 

• Transient H-Darrieus or spiral VAWT airfoil aerodynamic optimization, which 

requires capturing unsteady effects such as dynamic stall and wake vortex 

interaction. 

 

• Two-dimensional/three-dimensional whole-machine blade geometry optimization, 

which requires numerous design variables (such as nodal wall displacements) while 

also requiring strict control of constraints such as thickness, curvature, and mesh 

quality. 
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• Joint optimization of coupled control laws (such as pitch/oscillation waveforms) and 

shape, often with the goal of improving power coefficient, reducing torque ripple, 

and maintaining structural manufacturability. 

 

In these problems, the large design dimensions, strong coupling between the objective 

function and the flow field, and high sensitivity to boundary layer resolution and constraints 

make traditional derivative-free methods prohibitively expensive. The adjoint method, 

however, transforms complex unsteady CFD optimization into a viable engineering tool 

while maintaining physical consistency. 

 

In the VAWT research, there are two main types: steady adjoint (or called Semi-Transient 

Method) [18] assumes the flow is time-independent, and unsteady adjoint accounts for time-

varying flow fields and transient phenomena. For VAWTs, where the flow is highly unsteady 

due to blade rotation and angle of attack variation, unsteady adjoint methods are much more 

appropriate [56]. 

 

Adjoint-based methods have become indispensable in modern aerodynamic shape 

optimization due to their ability to efficiently compute gradients of objective functions with 

respect to a large number of design variables [57]. In the context of unsteady flows, 

particularly those involved in VAWTs, the development and application of unsteady adjoint 

techniques need to make progress in simulation fidelity and optimization capabilities. 

 

The earliest adjoint formulations for compressible flows can be traced back to 1998, when 

Giles and Pierce introduced steady adjoint methods for Euler and Navier–Stokes equations 

[58]. These methods were primarily developed for aerospace applications under the 

assumption of steady flow conditions. However, as the need to handle time-dependent 

phenomena grew, especially in the fields of aeroacoustics and transient aerodynamic load 

prediction [59]. Researchers began to focus on extending adjoint methods to unsteady 

regimes. 

 

Between 2002 and 2006, Giles and Pierce made a foundational contribution by rigorously 

deriving the unsteady adjoint equations for compressible flows [60]. Their work also 

introduced dual time-stepping methods, which significantly improved the stability and 

accuracy of unsteady simulations by separating physical and numerical time scales. This 
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provided a mathematically consistent framework for time-reversed adjoint integration, 

which is essential in transient sensitivity analysis. 

 

By 2010, further progress was made by Dwight and Brezillon, who developed computational 

techniques for efficiently performing reverse-time integration in unsteady adjoint solvers 

[61]. Their innovations addressed the numerical instability commonly encountered when 

solving adjoint equations backward in time, particularly in chaotic or high-Reynolds-number 

flow fields. These techniques were crucial in extending adjoint methods to industrially 

relevant unsteady problems. 

 

A major leap towards democratizing adjoint-based optimization came in 2013, when 

Economon and colleagues released the SU2 (Stanford University Unstructured) framework 

[62], an open-source solver that implemented discrete adjoint capability for compressible 

unsteady flows. This tool enabled researchers and engineers outside of large institutions to 

perform high-fidelity shape optimization with adjoint-derived gradients, paving the way for 

broader application in wind energy and turbomachinery. 

 

In 2015, He et al., [63] applied continuous adjoint solvers within the OpenFOAM 

environment, with modules for both steady and unsteady Reynolds-Averaged Navier–Stokes 

(RANS) simulations. Their work allowed greater flexibility in handling unstructured grids 

and complex boundary conditions, which are common in real-world turbine simulations [64]. 

OpenFOAM’s modular design also facilitated the integration of adjoint methods into custom 

solvers tailored for VAWT geometries and cyclic boundary conditions. 

 

More recently, since 2020, researchers [63-68] have focused on applying unsteady adjoints 

to highly nonlinear phenomena including dynamic stall, pitching and plunging airfoils, and 

transitional low-Reynolds-number flows. Their research has demonstrated that unsteady 

adjoints can accurately capture the sensitivity of time-averaged or phase-specific quantities, 

such as torque or pressure peaks. These studies offer insights that cannot be obtained through 

steady adjoint methods or finite difference approaches. 

 

The application of unsteady adjoint methods to VAWTs is particularly novel. Unlike fixed-

wing aircraft [62], which operate under relatively steady or mildly oscillatory flow 

conditions, VAWT blades experience strong periodic changes in angle of attack, frequently 
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entering deep stall and complex vortex-dominated regimes. Traditional applications of 

adjoint methods often deal with small amplitude oscillations or buffet near Mach 0.8, which 

are far less dynamic than the cyclic pitch encountered in VAWT operation. In such aircraft 

cases, adjoint sensitivity analysis remains largely within a quasi-linear or harmonic 

framework, whereas VAWTs present a fundamentally nonlinear and time-varying problem 

[66]. 

 

Applying unsteady adjoints to VAWTs introduces new computational challenges, including 

the need for high-resolution temporal and spatial discretization, time-reversible and 

numerically stable solvers, and robust handling of turbulent, separated flows [67]. 

Nevertheless, these challenges are being addressed through the use of discrete adjoint solvers 

with automatic differentiation (AD), checkpointing strategies for memory efficiency, and 

dual-mesh techniques to decouple fluid-structure interactions [68]. 

 

Recent pioneering work, such as that by Chen et al., [69] has shown the feasibility of 

applying unsteady adjoint methods to optimize torque in 2D pitching VAWT blades. 

Similarly, van Stratan et al., [70] used dual-mesh unsteady adjoint solvers to optimize the 

stall characteristics of a straight-blade H-type VAWT, achieving improved aerodynamic 

performance under turbulent inflow. These studies suggest that unsteady adjoint methods 

are not only theoretically superior to their steady counterparts but also practically 

implementable in the context of VAWT blade optimization. 

 

In conclusion, unsteady adjoint methods provide a powerful and now increasingly accessible 

framework for time-resolved, physics-informed optimization of VAWT blades. Their ability 

to capture the full spectrum of transient aerodynamic phenomena makes them especially 

suited to the VAWT environment, where traditional steady-state models fall short. As 

computational capabilities grow and solver technologies mature, unsteady adjoint 

optimization is expected to become a cornerstone technique in the design of next-generation 

VAWT. 
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1.3 Research Aims and Novelty 

Due to their cyclical motion, VAWTs operate under highly unsteady and three-dimensional 

flow conditions, resulting in complex wake dynamics, fluctuating load curves, and nonlinear 

performance behavior. These characteristics pose significant challenges for the accurate 

performance prediction and blade shape optimization. Most existing VAWT optimization 

investigations rely on steady-state or semi-transient flow assumptions, which fail to capture 

the transient aerodynamic phenomena which are critical for torque generation and structural 

load estimation. 

 

1.3.1 Major Research Gaps 

Despite the theoretical and practical potential of the VAWTs for decentralized and urban 

energy systems, several key research gaps continue to limit the aerodynamic performance 

and structural efficiency of VAWT blade designs. Important among these is the persistent 

reliance of aerodynamic optimization studies on steady-state or quasi-steady-state 

simulations. This simplified approach fails to capture the inherently unsteady and cyclical 

nature of VAWT aerodynamics, particularly the asymmetric flow conditions experienced 

during the upstroke and downstroke phases of the blade rotation. Consequently, most 

optimization results fail to reflect realistic dynamic loading conditions, leading to suboptimal 

blade geometries in actual deployment. This can be solved by the existing SU2 unstable 

adjoint optimization algorithm by redefining the incoming flow and pitch attitude of the 

airfoil. 

 

A second major research gap lies in the narrow range of airfoil geometries explored in the 

existing VAWT optimization literature. Despite growing interest in customized or 

application-specific airfoils, most previous research has been limited to symmetric standard 

airfoils. This limits innovation and hinders the discovery of unconventional, yet potentially 

superior, blade designs. This research will discuss the situation after multiple optimization 

iterations to explore the sensitivity analysis of the optimized candidate airfoils. 

 

Another underexplored topic is the limited application of adjoint optimization frameworks, 

particularly in time-resolved or fully unsteady environments. While adjoint methods are 

well-established in oscillating fixed-wing aircraft design, their extension to rotating and 

accelerating systems remains rare. Challenges such as defining realistic blade motion, 
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accurately tracking force fluctuations, and mitigating wake-induced contamination in 

sensitivity fields have led many researchers to default to gradient-free or simplified 

approaches. This research defines Darrieus pitching motion and VAWT to simulate the 

airfoil performance under practical rotational motion, and takes into account the wake effect 

to solve this problem. 

 

Furthermore, most existing studies ignore the effects of blade-wake interaction and turbulent 

wakes on the sensitivity accuracy. In other words, early studies used only a constant (e.g., 

0.5) to define the flow characteristics of the blade in the downwind section, which failed to 

reflect periodic changes. Without appropriate upstream sampling techniques, gradients 

derived from adjoint fields can become noisy or misleading, undermining the integrity of the 

optimization process. This research conducts experimental verification, takes into account 

the influence of induced speed, and uses a method to re-monitor the incoming flow velocity 

based on the results of the flow solution. 

 

Finally, the transition from 2D to 3D blade optimization remains largely unresolved. 

Currently, there is a lack of frameworks that can transfer sensitivity information in 3D blade 

geometries in a physically meaningful and computationally stable manner. This presents a 

significant bottleneck in producing practical, manufacturable, and optimized VAWT blade 

designs for real-world flow conditions. This research establishes a new three-dimensional 

blade geometry and explores the performance of the two-dimensional optimized airfoil in 

three-dimensional blade CFD simulations. 

 

In summary, the current state of the art in VAWT research suffers from methodological 

limitations in terms of unsteady modeling, geometric generalization, optimization fidelity, 

wake treatment, and dimensional scalability. This study aims to address these shortcomings 

by developing a time-adjoint-based optimization framework tailored for unsteady VAWT 

operation. 

 

1.3.2 Research Aims 

VAWT have garnered significant research attention in recent years due to their potential 

advantages over the HAWTs in urban and offshore environments. Their omnidirectional 

wind acceptance, simpler generator positioning, and potential for compact array layouts 
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render them suitable for distributed renewable energy systems. However, the unsteady and 

highly three-dimensional aerodynamic environment of VAWTs imposes substantial 

challenges for aerodynamic optimization, which is particularly in blade shape refinement 

and operational efficiency. This research is fundamentally aimed at advancing the state of 

VAWT blade design through the development and application of time-dependent adjoint-

based optimization techniques. 

 

The central goal of this study is to bridge the gap between high-fidelity unsteady flow 

simulations and robust, accurate optimization methodologies. Specifically, the aim is to 

formulate and apply an unsteady adjoint optimization framework tailored to the rotating 

dynamics of Darrieus-type VAWTs. Existing studies on VAWT blade optimization have 

predominantly employed steady-state simulations or quasi-steady assumptions, which can 

significantly misrepresent the real aerodynamic loads experienced by the turbine blades due 

to their inherently dynamic behavior, particularly during upstroke and downstroke cycles. 

 

To this end, the current work proposes a novel approach that constructs a fully unsteady 

adjoint optimization strategy capable of capturing transient flow features and blade-flow 

interactions. The target performance metric, which is defined as a time-dependent adjoint 

objective based on the tangential force coefficient that directly corresponds to the torque-

generating effectiveness of the blades. By explicitly modeling the velocity and acceleration 

profiles of the Darrieus motion within the SU2 computational fluid dynamics (CFD) solver, 

this research introduces a dedicated mechanism for handling realistic VAWT kinematics in 

an adjoint framework. Additionally, the inlet flow speed is designed as a time-varying 

function to simulate the periodic variations experienced by a blade in motion, enabling more 

accurate sensitivity analysis and design optimization. 

 

Another significant component of this research involves minimizing the influence of 

turbulent wake effects on sensitivity results. This is achieved by implementing a piecewise 

function that samples velocity upstream of the blade, which is an approach that isolates the 

most physically meaningful flow characteristics from downstream disturbances. The 

research also introduces a free-form deformation (FFD) framework that is dynamically 

adapted to the rotating blade profile. This allows for precise tracking of sensitivity fields 

across the blade surface in a rotational context, improving the robustness of shape 

optimization even in highly unsteady scenarios. 
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The final stage of this study aims to generalize and extend the developed methodology to 

three-dimensional VAWT blade simulations. A hierarchical sensitivity computation 

framework is proposed, enabling layered calculation and propagation of sensitivity data 

throughout the 3D domain. This not only enhances the fidelity of the optimization process 

but also supports automated blade morphing and structural reshaping to match optimal 

aerodynamic configurations. 

 

In summary, this research is driven by the following primary aims: 

 

• To overcome the limitations of steady-state approximations in VAWT blade 

optimization by formulating a time-accurate adjoint methodology. 

 

• To develop and implement Darrieus-specific motion dynamics, including time-

varying pitch, velocity, and acceleration, into an open-source adjoint CFD solver. 

 

• To reduce adjoint solution contamination by downstream wakes via smart sampling 

strategies. 

 

• To apply free-form deformation techniques tailored for unsteady rotating blade 

systems. 

 

• To scale the methodology from 2D to 3D for practical VAWT blade optimization with 

automatic sensitivity-driven morphing. 

 

Through these objectives, the research seeks to establish a new standard for high-fidelity, 

time-resolved aerodynamic optimization of VAWT blades. 

 

 

1.3.3 Research Novelty 

The field of aerodynamic optimization using adjoint methods has seen substantial progress 

over the last two decades. In the context of VAWTs, however, the application of adjoint-

based optimization remains limited and underdeveloped, especially when considering the 
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unsteady nature of VAWT aerodynamics. Most existing studies have either relied on steady 

or quasi-steady approximations or have restricted themselves to a narrow subset of airfoil 

geometries such as the NACA 64A010. 

 

This research differentiates itself by targeting a long-standing gap in the application of 

unsteady adjoint optimization techniques to VAWTs using non-NACA airfoils and non-

aircraft-related engineering problems. While adjoint solvers have been extensively applied 

to aircraft wing design under steady or mildly unsteady conditions, their extension to 

rotating, time-varying systems such as VAWTs presents unique challenges, including 

motion definition, force fluctuation tracking, and wake management. These challenges have 

led prior studies to adopt simplifying assumptions, which undermine the fidelity and 

reliability of the resulting blade designs. 

 

The key novel contributions of this research are as follows: 

 

An enhanced single-blade model is first proposed, and the unsteady adjoint optimization 

algorithm is applied to this model in a general VAWT / oscillation airfoils: 

This work is the first to extend unsteady adjoint optimization beyond NACA 64A010 to 

arbitrary airfoil geometries within the VAWT context. The framework is agnostic to specific 

airfoil profiles and can adapt to non-conventional or application-specific shapes. 

 

Adjoint objective formulated for tangential force coefficient: 

Instead of relying on global performance metrics or indirect surrogates, the optimization 

objective in this study is defined in terms of the tangential force coefficient, a more direct 

representation of torque generation in Darrieus turbines. This formulation allows the 

optimization process to target performance features that are physically meaningful and 

mechanically relevant. 

 

Definition of the enhanced Darrieus motion in the SU2 solver: 

A major innovation of this research is the incorporation of Darrieus-type motion profiles 

(including pitch, rotational speed, and acceleration) into the SU2 solver’s adjoint 

infrastructure. This enables precise modeling of rotating blade dynamics and facilitates their 

integration into a gradient-based optimization loop. 
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Time-variable inlet speed representation: 

To simulate the effect of cyclic wind conditions encountered by a rotating blade, a time-

dependent inlet velocity function is introduced. This innovative approach enables the solver 

to mimic unsteady inflow characteristics that contribute to lift and torque variation across a 

blade's revolution. 

 

Wake-resistant sensitivity capture via piecewise sampling: 

Recognizing the distorting effect of wake turbulence on adjoint sensitivities, the study 

introduces a sampling strategy that captures upstream flow velocities at segmented intervals. 

This approach filters out noise and enhances the signal-to-noise ratio of gradient information. 

 

Free deformation of moving rotating blades: 

This is a time-adaptive free deformation framework, used for the first time on VAWT 

(vertical axis wind turbine) blades under unsteady conditions. This method ensures that the 

deformation map will follow the movement of the blade and maintain geometric consistency 

when the shape is modified. 

 

In summary, this research is novel, not just because of the technological advancement, but 

also because of its physical realism, numerical robustness, and engineering applicability, all 

well integrated. The developed framework brings a highly scalable, accurate and open 

toolset to future VAWT designers. The goal is to optimize performance under realistic, 

unstable conditions. It also marks a significant change, with previous approaches being too 

simplistic or completely ignoring the inherent instabilities of VAWT aerodynamics. 
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Chapter 2 

Modelling and Theories of VAWT 

2.1 VAWT Aerodynamics 

The aerodynamic behavior of VAWTs is controlled by complex and highly unstable flow 

field mechanisms. Unlike HAWT, which has a relatively stable angle of attack, VAWT 

blades experience constant changes in angle of attack and wind direction when rotating. This 

cyclic change can lead to problems such as dynamic stall, delayed separation, lift and drag 

fluctuations, etc. Understanding these aerodynamic properties is important to improve 

VAWT efficiency, especially by optimizing blade geometry. Key aerodynamic factors 

include: dynamic stall, self-start capability, wind instability, and wake interaction. 

 

2.1.1 Dynamic Stall 

Dynamic stall means that the angle of attack increases rapidly. After exceeding the limit of 

static stall, flow separation will occur with delay and become nonlinear. For example, this is 

often the case in VAWT blades during rotation. Unlike a stable stall, a dynamic stall will 

bring large instantaneous lift and drag, and usually leading edge vortices will appear. This 

vortex can temporarily increase force, but it can also bring unstable loads and lead to 

structural fatigue. Accurate simulation of dynamic stalls is important because the airfoil 

shape can be adjusted to control stall onset and recovery. This results in smoother torque 

output and higher average power extraction. 

 

2.1.2 Self-Starting Problem 

Vertical axis wind turbines, especially those with symmetrical airfoils, often have difficulty 

starting at low wind speeds due to the low aerodynamic torque in the initial rotation stage. 

This phenomenon is called self-starting problem, and it is more serious in urban or low-wind 

environments. The self-starting capability of a turbine is mainly determined by blade shape, 

solidity and aerodynamic asymmetry. Blade optimization solves the problem by adjusting 

the airfoil camber, chord length or pitch distribution to ensure adequate starting torque while 

maintaining normal operating performance. 
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2.1.3 Unsteady Wind 

Unstable wind is a big challenge for VAWT. They are often placed in places with variable 

and fast wind conditions, such as urban canyons or near buildings. Unstable winds interact 

in a time-varying manner, increasing fluctuations in aerodynamic forces and rotor response. 

Therefore, it is a big problem to design blades that can perform well under various 

instantaneous wind speeds and wind directions. Optimization strategies, such as time-

dependent targets or multiple condition simulations, are important to ensure that VAWT 

blades remain effective and reliable under real unstable wind conditions. 

 

2.1.4 Flow Control Methods 

To reduce adverse aerodynamic effects such as dynamic stall or wake disturbance, various 

flow control methods have been proposed for vertical axis wind turbines. These methods 

range from passive technologies such as vortex generators to active control technologies 

such as blade pitch modulation or plasma actuators. Their goal is to manipulate boundary 

layer behavior, or enhance flow adhesion, thereby improving aerodynamic efficiency. From 

a blade optimization perspective, flow control functionality can be added directly to the 

blade geometry or it can be considered in aerodynamic modeling. In this way, designers can 

take advantage of controlled flow behavior to improve performance. 

 

2.1.5 Power Coefficients 

The power coefficient 𝐶𝑃  is the efficiency of the turbine in converting wind energy into 

mechanical energy. It has no unit. For vertical axis wind turbines (VAWT), 𝐶𝑃 is greatly 

affected by aerodynamic parameters, such as angle of attack distribution, stall behavior, and 

blade shape. The optimization goal is usually to make 𝐶𝑃 as large as possible within the 

entire working tip speed ratio range. Because the aerodynamic force on the blades changes 

during rotation, the optimized airfoil shape must balance the performance in the upwind and 

downwind areas and strive for a higher cycle average 𝐶𝑃. This has also become the core 

indicator for driving blade optimization. 

 

 

2.2 Early VAWT Modeling and Experimental Study 

Aerodynamic modeling and experimental analysis of VAWT are important. It helps us 

understand VAWT performance characteristics and also informs design improvements. 
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Although computational fluid dynamics (CFD) simulations are now popular, early studies 

relied on analytical models and semi-empirical models, such as flow management theory, to 

evaluate VAWT aerodynamics. These models, like the single-stream tube model (SST) and 

the dual multi-stream tube model (DMST), provide fundamental insights into rotor 

performance and are now also used extensively in preliminary design and validation of CFD 

results. 

 

At the same time, some wind tunnel tests were used to verify the modeling results to calibrate 

the simulation parameters. This type of experimental device usually uses a low-speed wind 

tunnel to simulate the relative inflow velocity of the pitching airfoil. In addition to this, there 

are force and torque sensors, as well as high-resolution flow measurement tools such as 

particle image velocimetry (PIV). The data obtained from the experiment will be further 

processed. Finally, the aerodynamic coefficients are calculated to verify the theory or 

computational model. 

 

2.2.1 Streamtube Model of VAWT 

Before the widespread adoption of CFD tools, VAWT performance was primarily analyzed 

using streamtube-based models, which provided a simplified but insightful approximation 

of the rotor behavior. The basic idea behind these models is to divide the swept area of the 

turbine into one or more vertical streamtubes through which the wind passes. The interaction 

between the rotating blades and the airflow within each streamtube is then analyzed using 

momentum and blade element theory. 

 

The earliest version of this approach is the Single Streamtube Model [71-73], which treats 

the rotor as one uniform actuator disc with averaged blade forces. In this model, the flow is 

assumed to remain steady and symmetrical about the rotor axis. The velocity of the air 

approaching the rotor is reduced due to energy extraction, and this reduction is quantified by 

an induction factor, denoted by a. The local wind speed at the blade position becomes: 

𝑉 = 𝑉∞(1 − 𝑎) 

[Eq. 2.1] 

where 𝑉∞  is the freestream wind speed. The inductance factor takes into account the 

momentum lost by the turbine and therefore determines how much useful power can be 

extracted. A higher induction coefficient generally means more energy is extracted from the 
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wind, but it also reduces the local wind speed of the blade. The definition of this value plays 

a crucial numerical impact in simulations and experiments. 

 

While SST models offer simplicity, they ignore several key physical phenomena, such as 

variation in flow between upwind and downwind blade passes, flow curvature, and blade-

wake interactions. To address these limitations, researchers developed the Double-Multiple 

Streamtube Model [72], a more sophisticated extension that divides the rotor into multiple 

azimuthal and radial streamtubes. Each streamtube independently calculates forces based on 

local flow conditions, blade velocity, and angle of attack. Importantly, the Double-Multiple 

Streamtube incorporates different induction factors for the upwind and downwind halves of 

the rotation, thereby capturing the asymmetric performance observed in real VAWTs. 

 

In Double-Multiple Streamtube, the rotor is divided into 𝑁  streamtubes, and for each 

azimuthal position 𝜃, the relative velocity 𝑉𝑟𝑒𝑙 and angle of attack 𝛼 are calculated using 

vector summation of wind velocity and blade tangential speed. The lift 𝐿 and drag 𝐷 forces 

are then computed from airfoil data, and the resulting tangential force 𝐹𝑇  is used to update 

torque 𝑇, which is expressed as: 

𝑇 =∑𝐹𝑇,𝑖 ∙ 𝑅

𝑁

𝑖=1

 

[Eq. 2.2] 

where 𝑅 is the local radius at streamtube. The resulting torque and power coefficient 𝐶𝑃 can 

be integrated over the full rotation. 

 

The introduction of induction factors into Double-Multiple Streamtube is essential for 

capturing realistic performance [73-75]. These factors influence not only the energy 

extraction but also the aerodynamic loading by altering the local angle of attack. For 

instance, in the downwind region, flow deflection and vortex shedding can significantly 

reduce the effective wind velocity, necessitating a separate induction factor to maintain 

model fidelity. Without such adjustments, simplified models would predict symmetric 

performance, which contradicts both the CFD results and experimental observations. 

 

Researchers such as Paraschivoiu [35] have played a key role in formalizing the DMST 

framework and validating it against experimental data. While streamtube models are 
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inherently limited in their ability to simulate unsteady phenomena such as dynamic stall or 

three-dimensional wake interaction, they remain invaluable for rapid design iteration, 

performance trend analysis, and preliminary optimization in low-resource settings. 

Moreover, many modern simulation pipelines use the streamtube model results as 

initialization or validation baselines for higher-fidelity CFD studies. 

 

2.2.2 Experimental Setup 

Experimental studies of VAWT can validate computational models and reveal complex flow 

phenomena that are difficult to capture through simulations. Most experimental setups, 

conducted in controlled environments such as closed or open circuits, allow careful 

monitoring of variables such as wind speed, turbulence intensity, rotor speed, etc. In VAWT 

research, different types of wind tunnels have been used, including subsonic low-speed wind 

tunnels and atmospheric boundary layer simulation facilities. 

 

A standard experimental setup for VAWT analysis typically involves a small-scale VAWT 

model mounted on a force-measuring balance or torque sensor, connected to a variable-speed 

motor. The rotor is placed in the test section of the wind tunnel, and the incoming wind speed 

is controlled to replicate the desired conditions [76, 77]. Researchers often record global 

quantities such as torque, thrust, rotational speed, and power output, along with local 

aerodynamic forces on individual blades. These measurements are used to calculate 

performance coefficients such as power coefficient, moment coefficient, and tangential 

coefficient, providing direct metrics of rotor efficiency [78]. 

 

Advanced experimental campaigns often include flow visualization techniques such as 

smoke tracing, tuft grid lines, or Particle Image Velocimetry (PIV) [53, 79-81], which 

capture velocity vector fields and vorticity distributions around the blades. These techniques 

have been crucial in identifying the development of dynamic stall, tip vortex shedding, and 

wake interactions. For instance, the studies by Rezaeiha et al. [53] used PIV to resolve the 

unsteady flow structure in the near-wake of H-blade VAWTs, confirming the presence of 

coherent vortex rings and rotationally induced downwash patterns. 

 

In addition to flow visualization, pressure taps are sometimes embedded into the blade 

surface to directly measure the local pressure distribution during operation [80-81]. The 
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time-resolved pressure data, combined with known airfoil geometry and rotational velocity, 

can be integrated to obtain local lift and drag forces. These forces are then compared to CFD 

predictions and used to validate airfoil models or dynamic stall approximations. 

 

A particularly insightful parameter derived from experimental data is the angle of attack 

distribution throughout the rotor cycle. Elsakka et al. [82] demonstrated that there is often a 

substantial deviation between the theoretical angle of attack (computed assuming ideal 

kinematics) and the actual effective angle measured or inferred from pressure data. This 

deviation is caused by flow deflection, wake interference, and blade–blade aerodynamic 

coupling, all of which complicate modeling efforts. The use of experimental data to 

reconstruct the actual angle of attack has therefore become a key technique in validating or 

correcting analytical and numerical models. 

 

To address the issue of measurement accuracy and repeatability, researchers often perform 

tests at multiple tip speed ratios, Reynolds numbers and yaw angles. This is because 

statistical averaging over multiple runs smooths out transient fluctuations and sensor noise. 

 

Many experimental studies include the work of Templin [71], who has measured full-cycle 

aerodynamic loads on the Darrieus rotor using strain gauge instrumentation. The Sandia 

VAWT program has used large outdoor turbines to calibrate simulation models. Besides, the 

high-resolution flow measurement tools has deployed to study dynamic stall and wake 

recovery. In each case, experimental data not only validates the model but also reveals 

physical mechanisms, such as vortex-induced loading or leading-edge separation. These data 

can be incorporated into improved computational models. 

 

In summary, experimental studies of VAWT are important. It captures the nuances of 

unsteady flow behavior, validates simulation tools, and informs blade design. As CFD 

optimization technology advances, high-quality experimental data is critical. They ensure 

that computational models are close to physical reality. Flow tube modeling, CFD 

simulations, and wind tunnel experiments are used together to continuously advance 

VAWT’s aerodynamic understanding and engineering innovation. 

 

2.3 Computational Model 
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The computational model of VAWT has changed significantly over the past two decades. 

Early models often used simple two-dimensional steady-state simulations to approximate 

the complex unsteady-state aerodynamic phenomena in VAWT operation. However, with 

the advancement of computing power and algorithm technology, especially in the field of 

computational fluid dynamics (CFD), more accurate and high-fidelity VAWT simulations 

have become possible. 

 

Modern VAWT CFD modeling includes full transient simulation, dynamic stall modeling, 

and flow separation effects throughout the azimuthal cycle. What’s more, optimization 

techniques, such as optimization based on adjoint methods, are increasingly integrated into 

CFD workflows. This integration allows researchers to not only evaluate performance 

metrics such as torque and power coefficient, but also see how sensitive these metrics are to 

changes in geometry or operating conditions. Technologies such as shape optimization, mesh 

deformation, and automated design loops have now become standard tools for many 

advanced VAWT simulation studies. 

 

The use of Unsteady Reynolds-Averaged Navier Stokes (URANS), Detached Eddy 

Simulation (DES) and Large Eddy Simulation (LES) models further enhances the 

understanding of wake dynamics and flow separation. The transient adjoint solver is 

particularly novel in VAWT and allows researchers to find the optimal airfoil deformation 

to maximize power output while reducing aerodynamic losses during rotation. 

 

2.3.1 CFD Model Setup of VAWT 

The accurate simulation of VAWTs through Computational Fluid Dynamics (CFD) requires 

a well-considered model setup that reflects both the physical complexities of unsteady rotor 

flows and the numerical challenges associated with cyclic blade motion. Over the past two 

decades, CFD models of VAWTs have transitioned from simple 2D steady-state 

formulations to sophisticated, time-resolved simulations with shape optimization loops. A 

consistent theme across the literature [83-85] is the recognition that the inherently unsteady 

and separated nature of the flow field around a rotating VAWT demands the use of transient 

simulations with appropriate turbulence modeling, boundary conditions, and spatial 

resolution. 
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Most recent studies have converged on using the SST k–ω [18] [62-65] turbulence model 

due to its superior performance in predicting boundary layer separation and its robustness in 

adverse pressure gradient regions, which are particularly relevant during dynamic stall 

events experienced by the rotating VAWT blades. The SST k–ω model blends the near-wall 

accuracy of the k–ω model with the freestream insensitivity of the k–ε model, making it 

well-suited to capturing the complex aerodynamic behavior over a full azimuthal cycle. This 

model is also compatible with most adjoint solver frameworks and has been validated across 

a range of Reynolds numbers and tip speed ratios commonly found in VAWT operations. 

 

Boundary conditions are another critical aspect in the CFD modeling of VAWTs. A large 

body of literature has established a set of commonly accepted practices [18] [62] [86-88]. At 

the inlet boundary, a calculated relative wind speed is usually imposed based on the expected 

simulation environment, which depends on the freestream wind speed, induction factor, and 

TSR. At some times, the turbulence intensity at the inlet is specified in the range of 5% to 

10%, reflecting the average atmospheric turbulence level. The outlet boundary is commonly 

treated as a pressure-outlet or zero-gradient condition, ensuring smooth flow exit without 

artificial reflections. Side and top boundaries are generally defined as slip or symmetry 

planes, depending on whether ground effects or 3D turbulence interactions are to be 

resolved. The blade and shaft surfaces are modeled as no-slip walls, with near-wall treatment 

depending on the mesh resolution and target y⁺ values. 

 

In terms of mesh design, high-quality structured or unstructured meshes are generated 

around the blade surfaces, with particular attention to the resolution in the near-wall regions 

[18] [62] [86-90]. Maintaining y⁺ ≈ 1 near solid boundaries is a widely accepted best practice, 

ensuring the validity of turbulence models like SST k–ω that resolve the boundary layer 

directly without relying on wall functions. Mesh refinement is concentrated in regions 

expected to experience high vorticity, pressure gradients, or flow separation, which is 

especially at the leading and trailing edges of the blades and in the near-wake. The mesh size 

typically ranges from 0.5 to 5 million cells in 2D simulations and exceeds 50 million in high-

resolution 3D simulations. However, since most optimization studies have focused on 2D 

cross-sectional slices of H-blade VAWTs, they strike a balance between capturing key 

aerodynamic phenomena and maintaining computational feasibility [18][95]. 
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Time discretization plays an equally important role in transient simulation [91]. Because the 

aerodynamic forces on a VAWT blade fluctuate significantly during each rotation cycle, the 

time step must be small enough to accurately account for these changes. A common choice 

throughout the literature is a time step corresponding to 1° to 2° of rotor rotation per step. 

For example, Mishra et al. [92] demonstrated that a 2° rotation time step is sufficient for 

unsteady adjoint optimization of hovering rotors, obtaining accurate results at low 

computational cost. Fine time steps can capture the rapid onset of dynamic stall and the 

development of leading edge vortices. The total simulation duration is typically set to span 

multiple complete rotations (usually more than 3), allowing the solution to reach a pseudo-

periodic steady state before extracting performance metrics or accompanying sensitivities. 

 

Regarding initial conditions, most simulations start with a static flow field. They slowly 

increase the rotor speed or wind speed over a short period of time to avoid numerical 

instability. Some high-fidelity studies initialize simulations with a convergent steady-state 

solution that serves as the base flow field for transient operations. But for optimization 

routines, especially those involving unstable adjoint calculations, the initialization process 

is more important. Inconsistencies may cause the adjoint fields to diverge, or give incorrect 

sensitivity gradients. 

 

In optimization-focused studies, the domain size is typically set large enough to prevent 

boundary effects from contaminating the solution. The upstream boundary is generally 

placed at least five rotor diameters from the center of rotation, while the downstream outlet 

is located 10–15 diameters away to allow wake structures to dissipate. The lateral extent is 

similarly generous, ranging from 5 to 10 diameters on either side. This practice is consistent 

across multiple studies, including those by Elsakka et al. [73], Day et al. [18], and Albring 

et al. [93] , who all highlight the importance of domain size in minimizing artificial blockage 

and reflection effects in the computational solution. 

 

Another key element in the simulation setup is the use of mesh deformation or morphing 

algorithms in adjoint-based shape optimization. Most modern optimization frameworks 

represent the airfoil geometry using a set of discrete nodes that define the blade surface. The 

adjoint method then computes the sensitivity of the objective function (e.g., average torque, 

𝐶𝑃 , or force coefficient) with respect to perturbations at each node. These sensitivity 

gradients are then used to update the blade shape iteratively. The airfoil is thus deformed 
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according to the adjoint-derived sensitivities, enabling the discovery of optimal geometries 

that may not be intuitive or analytically derivable. Studies by Day et al., [18] Papoutsis-

Kiachagias et al. [94], and others have validated this approach across different objectives 

and flow conditions. 

 

While the general computational setup described above has become a standard for transient 

VAWT simulations, additional considerations must be taken into account when performing 

transient adjoint optimization. For example, the use of ‘frozen turbulence’ models [95] can 

lead to inaccurate adjoint gradients when the turbulence field significantly evolves over time. 

Advanced implementations have therefore moved toward solving adjoint equations with 

consistent turbulence modeling, such as adjoint Spalart-Allmaras or SST variants. Similarly, 

challenges associated with memory storage during backward time integration have been 

addressed using checkpointing strategies and recursive projection techniques to stabilize and 

accelerate the adjoint solver [96]. 

 

In summary, the CFD model setup for VAWTs has reached a state of methodological 

maturity, where turbulence modeling, domain sizing, temporal and spatial discretization, and 

boundary condition choices reflect both physical realism and numerical stability. These 

practices are consistently supported by studies from the past decade, and they form the 

computational backbone upon which effective optimization, particularly using adjoint 

methods, is built. 

 

 

2.3.2 Simulation Techniques 

The integration of optimization algorithms into CFD simulations for VAWTs represents one 

of the most significant methodological advances in aerodynamic design over the past decade 

[97]. Traditional CFD approaches provided detailed flow field information but lacked the 

ability to guide systematic improvements in blade geometry. Optimization techniques, 

particularly those based on gradient methods such as adjoint-based sensitivity analysis have 

filled this gap by enabling direct linkage between flow behavior and geometric design 

changes [98]. These coupled simulation-optimization workflows have proven especially 

useful in the context of VAWTs, where aerodynamic performance is governed by highly 
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unsteady and nonlinear flow phenomena that are difficult to optimize through intuition or 

parametric sweeps alone. 

 

At the core of these integrated frameworks is a robust parameterization of the blade 

geometry. In most CFD-based optimization studies, the airfoil or blade cross-section is 

represented using either spline-based techniques (such as Bézier curves or B-splines) or 

node-based surface definitions, where the shape is defined by a set of control points that can 

be manipulated during the optimization process [99]. These parameters act as design 

variables, and their dimensionality can range from a few geometric coefficients to hundreds 

of nodal coordinates [100]. For example, in the adjoint optimization method implemented 

by Day et al. [18], the blade airfoil was discretized using a high-resolution nodal mesh, and 

the sensitivities of the power coefficient with respect to each node's position were computed 

using adjoint flow solutions. Such high-dimensional parameterization allows for the capture 

of subtle but aerodynamically meaningful shape modifications that can influence flow 

separation, vortex shedding, and pressure recovery. 

 

The optimization algorithm itself plays a crucial role in guiding the design evolution. 

Gradient-based algorithms, such as steepest descent, conjugate gradient, or BFGS (Broyden–

Fletcher–Goldfarb–Shanno), are commonly employed due to their compatibility with adjoint 

sensitivity data [101-103]. In contrast to evolutionary algorithms or heuristic search 

methods, gradient-based optimizers are well-suited for high-dimensional problems where 

the cost of evaluating objective functions is substantial. The adjoint method offers a critical 

advantage here: the computational cost of obtaining the full gradient of the objective function 

with respect to all design variables is nearly independent of the number of variables. This 

allows the optimization to proceed efficiently even when using detailed CFD models with 

thousands of control points on the blade surface. 

 

One of the most challenging aspects of coupling CFD with optimization is the issue of 

convergence and numerical stability, both of the primal (forward) flow solution and the 

adjoint (backward) sensitivity calculation [62]. Transient CFD simulations of VAWTs are 

highly sensitive to time-stepping schemes, turbulence modeling, and grid quality, and the 

introduction of geometric deformation during optimization further complicates the 

convergence landscape. In response, several studies have introduced multi-stage 

optimization workflows, in which an initial coarse-grid or steady-state optimization is 
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performed to identify promising design trends, followed by refinement using high-fidelity 

transient simulations. This approach, sometimes referred to as “nested fidelity optimization,” 

balances computational cost and accuracy. For instance, Day et al. employed a "semi-

transient" technique [18], using snapshot-based adjoint optimization that approximated the 

unsteady flow over selected time intervals, thus enabling faster iterations while retaining 

some unsteady effects. 

 

To maintain robustness in optimization, mesh deformation algorithms are employed after 

each geometry update to avoid remeshing, which can introduce numerical noise or break 

mesh connectivity. Techniques such as radial basis function (RBF) interpolation or spring-

analogy methods are widely used to deform the computational mesh in response to changes 

in surface geometry, ensuring that boundary layer and near-wall cell distributions remain 

intact [101-103]. In parallel, mesh quality monitoring is implemented to detect skewed or 

distorted elements that could affect the solver's accuracy. When the mesh quality drops 

below a certain threshold, automated mesh regeneration may be triggered, although this 

introduces additional computational overhead. 

 

Another important consideration is the constraint handling within optimization. Airfoil 

thickness, leading-edge radius, or manufacturability requirements often impose hard or soft 

constraints on the allowable design space. These are typically enforced through penalty 

functions or Lagrangian multipliers in the optimization formulation. For example, Dhert et 

al. [104] implemented an optimization process in which a coarse global search was followed 

by a constrained local refinement, ensuring that the final geometry respected both 

aerodynamic and structural requirements. Similarly, Schramm et al. incorporated thickness 

constraints and turbulence modeling compatibility into their OpenFOAM-based adjoint 

optimization framework, though they noted that additional adjustments would be required 

for modeling realistic blade pitching motions as seen in VAWTs [95]. 

 

As the simulation progresses through multiple optimization cycles, convergence criteria 

must be carefully defined. These include changes in the objective function (e.g., power 

coefficient), gradient norm, or design variable values between iterations. Due to the unsteady 

nature of VAWT flows, performance metrics are often defined as time-averaged values over 

multiple rotor cycles, which adds complexity to convergence detection. Some studies adopt 
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a moving average approach, where convergence is declared only if the objective function 

remains within a fixed tolerance across several consecutive optimization iterations. 

 

In addition to single-objective optimization, there are also multi-objective and multi-point 

optimization strategies. For vertical axis wind turbines, in order to maximize the average 

power coefficient, or minimize torque fluctuations, or maintain structural stability. Such 

objectives can be treated with a multi-objective adjoint formulation, with each objective 

weighted in a cost function, or with sequential optimization in a Pareto optimal framework. 

For example, Day et al. studied the trade-off between upwind and downwind performance. 

The results show that optimizing one area often sacrifices performance in another area [18]. 

Their findings underscore the need for a time-resolved, cycle-aware optimization method 

that considers the complete rotational behavior of VAWT blades rather than isolated 

snapshots or regions. 

 

Recent advances have focused on extending the optimization framework to fully transient 

adjoint solvers. This solver calculates time-accurate sensitivities throughout the simulation 

cycle. This technology was first used in the aerospace field, such as oscillating airfoils. 

Recently, the time-reversible adjoint equation and the unsteady Navier-Stokes equation are 

solved together, and the gradient information of the time-related performance indicators can 

be calculated [105-107]. These solvers often use checkpointing algorithms to control 

memory consumption during backward integration. They can also use reduced-order 

modeling techniques to stabilize adjoint fields in turbulent flows. In many cases, after the 

optimal blade shape is obtained, additional simulations are usually done to verify the results 

under different operating conditions, such as changes in tip speed ratio, turbulence intensity, 

or changes in incoming flow velocity. This ensures that the design does not fit just a narrow 

set of simulation parameters. 

 

In short, the combination of CFD and optimization technology is already mature in the field 

of VAWT research. The technical content is also high! Through accurate parameterization, 

gradient-based adjoint solvers, robust mesh handling, and convergence-aware optimization 

strategies, researchers are now able to design blade shapes specifically for the unstable 

aerodynamic environment of vertical axis turbines. 
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Chapter 3 

Unsteady Adjoint Optimization 

In the field of computational fluid dynamics (CFD), the study of unsteady adjoint methods 

is highly significant. It enables sensitivity analysis and design optimization, and is 

particularly well-suited for handling time-varying aerodynamic problems. These theories are 

very useful for studying airfoils under unsteady flow conditions, because accurately 

predicting aerodynamic forces such as lift, drag, and pressure distribution is crucial in 

unsteady flows. The unsteady adjoint approach provides an efficient means to compute the 

sensitivity of an objective function with respect to design parameters or boundary shape 

perturbations. Unlike finite difference methods that require repeated flow simulations for 

each design variable, the adjoint method computes gradients with respect to all design 

variables simultaneously, with a computational cost that is largely independent of the 

number of variables. 

 

3.1 Theories of Unsteady Adjoints 

For an airfoil in unsteady flow, each point on its surface experiences a pressure distribution 

that varies with time. To determine how sensitive this pressure is to changes in shape, control 

inputs, or boundary conditions, the unsteady adjoint equations are solved. These equations 

are derived from the linearization and transposition of the governing unsteady Navier-Stokes 

equations. The result is a backward-in-time problem whose solution, the adjoint variables, 

encodes how perturbations at the final time influence the objective function. From this 

adjoint field, one can extract gradient information: it informs us how a small change in 

surface shape at a specific location and time will affect the overall performance metric. This 

process enables precise identification of which parts of the airfoil geometry most influence 

the performance metric and hence should be modified during optimization. 

 

The actual modification of the airfoil shape is performed using optimization algorithms, 

which use the gradient information supplied by the adjoint solution to update the shape in a 

direction that improves the objective function. Common approaches include gradient 

descent, quasi-Newton methods, or even more sophisticated techniques like the method of 
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moving asymptotes. The shape updates are often constrained by manufacturability, structural 

integrity, or other physical considerations. Because the adjoint gradients are available at 

every point on the surface, local and global shape modifications can be made with high 

resolution and efficiency, making this approach highly attractive for real-world aerodynamic 

design problems. 

Unsteady adjoint theory can help understand and optimize time-varying pressure 

distributions. By providing detailed sensitivity distributions, it can guide the effective 

adjustment of surface geometry to achieve performance objectives. It overcomes the 

computational bottleneck of traditional finite difference methods. This advantage is 

particularly significant when there are a large number of design variables and unsteady flow 

phenomena. 

In the transient problem of VAWT, the objective function is usually a function of time and 

depends on the state of the system at different time steps. Suppose we have an objective 

function 𝐽 that depends on time 𝑡, flow field states 𝑢(𝑡), 𝑝(𝑡) and design variables 𝑥. The 

objective function can be expressed as an integral over time: 

 

𝐽 = ∫ 𝐽(𝑢(𝑡), 𝑝(𝑡), 𝑥, 𝑡)𝑑𝑡
𝑡𝑓

𝑡0

                                        [Eq. 3.1] 

 

where 𝑡0  is the initial time, 𝑡𝑓  is the termination time, 𝑢(𝑡) and 𝑝(𝑡) are the speed and 

pressure flow variables at time 𝑡, 𝑥 is a design variable (e.g. a parameter of an airfoil shape) 

and is usually independent of time. 

 

In the transient adjoint method for VAWTs, Equation 3.1 corresponds to maximizing the 

time-averaged power coefficient 𝐶𝑃: 

 

𝐽 = −
1

𝑇
∫ 𝐶𝑃(𝑡)𝑑𝑡
𝑇

0

                                                  [Eq. 3.2] 

where 𝑇 is the total time, 𝑡 is the certain timestep. The negative sign is used to transform the 

"maximization of the average power coefficient" into a "minimization of the objective 

function," thus conforming to the general mathematical framework of adjoint optimization 

and gradient descent. 
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The flow field equations for transient problems (such as the Navier-Stokes equations) 

contain time derivative terms. Assume that the flow field states 𝑢(𝑡) and 𝑝(𝑡) satisfy the 

following partial differential equations [62][66][103]: 

 

𝜕𝑢

𝜕𝑡
+ 𝑅(𝑢, 𝑝, 𝑥, 𝑡) = 0                                                    [Eq. 3.3] 

 

Here 𝑅(𝑢, 𝑝, 𝑥, 𝑡) is still the residual function of the flow field, but now it also contains the 

time derivatives of the flow field variables 
𝜕𝑢

𝜕𝑡
 in unsteady adjoint functions, which describes 

the change of the fluid state with time. 

 

Similar to the steady-state problem, the transient problem also introduces adjoint variables 

to deal with the influence of constraints (flow field equations). In order to derive the transient 

adjoint equation, we first construct the Lagrangian function to combine the objective 

function 𝐽 and the flow field constraint 𝑅 [62][66][103]: 

𝐿 = ∫ [𝐽(𝑢(𝑡), 𝑝(𝑡), 𝑥, 𝑡) + 𝜆(𝑡)𝑇 (
𝜕𝑢

𝜕𝑡
+ 𝑅(𝑢, 𝑝, 𝑥, 𝑡))] 𝑑𝑡

𝑡𝑓

𝑡0

          [Eq. 3.4] 

where 𝜆(𝑡) is the transient adjoint variable, which depends on time 𝑡. 

The Lagrangian function 𝐿 contains the objective function and the constraints of the flow 

equations (introduced through adjoint variables). 

In order to obtain the sensitivity of the design variable 𝑥 to the objective function, we need 

to vary the Lagrangian function 𝐿. The complexity of the transient problem lies in that we 

not only need to differentiate the spatial variables (such as 𝑢 and 𝑝), but also need to deal 

with time. 

First, we take the derivative of the flow field variables 𝑢(𝑡) and 𝑝(𝑡) in the Lagrangian 

function 𝐿 and take their variations respectively [62][66][103]: 

𝛿𝐿 = ∫ [
𝜕𝐽

𝜕𝑢
𝛿𝑢 +

𝜕𝐽

𝜕𝑝
𝛿𝑝 + 𝜆𝑇 (

𝜕(𝛿𝑢)

𝜕𝑡
+
𝜕𝑅

𝜕𝑢
𝛿𝑢 +

𝜕𝑅

𝜕𝑝
𝛿𝑝)] 𝑑𝑡

𝑡𝑓

𝑡0

             [Eq. 3.5] 

At this point, we also need to deal with the influence of the time derivative 
𝜕𝑢

𝜕𝑡
 on the flow 

field variables. By using the partial integration method of integration, the time derivative 

term is transferred to the adjoint variable: 

∫ 𝜆𝑇
𝜕(𝛿𝑢)

𝜕𝑡
𝑑𝑡 =

𝑡𝑓

𝑡0

[𝜆𝑇𝛿𝑢]𝑡0
𝑡𝑓 −∫ (

𝜕𝜆

𝜕𝑡
)
𝑇

𝛿𝑢𝑑𝑡
𝑡𝑓

𝑡0

                         [Eq. 3.6] 
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We assume that the perturbations on the initial and final conditions are zero, so the boundary 

term [𝜆𝑇𝛿𝑢]𝑡0
𝑡𝑓

 is zero due to the setting of the 𝛿𝑢(𝑡0) is zero. In this way, the variational 

form of the final Lagrangian function can be written as: 

𝛿𝐿 = ∫ [
𝜕𝐽

𝜕𝑢
−
𝜕𝜆

𝜕𝑡
+ (

𝜕𝑅

𝜕𝑢
)
𝑇

𝜆] 𝛿𝑢𝑑𝑡 + [
𝜕𝐽

𝜕𝑝
+ (

𝜕𝑅

𝜕𝑝
)
𝑇

𝜆] 𝛿𝑝𝑑𝑡          [Eq. 3.7]
𝑡𝑓

𝑡0

 

 

In transient adjoint derivation, if we first handle only the variables 𝑢 corresponding to the 

momentum equation, and then handle the pressure variable 𝑝 separately, we can obtain: 

 

𝛿𝐿 = ∫ [
𝜕𝐽

𝜕𝑢
−
𝜕𝜆

𝜕𝑡
+ (

𝜕𝑅

𝜕𝑢
)
𝑇

𝜆] 𝛿𝑢𝑑𝑡                                   [Eq. 3.8]
𝑡𝑓

𝑡0

 

 

In order to make the variation of the Lagrangian function for all flow field variables equal 

to zero, we can obtain the transient adjoint equation: 

−
𝜕𝜆

𝜕𝑡
+ (

𝜕𝑅

𝜕𝑢
)
𝑇

𝜆 = −
𝜕𝐽

𝜕𝑢
                                                   [Eq. 3.9] 

(
𝜕𝑅

𝜕𝑝
)
𝑇

𝜆 = −
𝜕𝐽

𝜕𝑝
                                                       [Eq. 3.10] 

This is the form of the transient adjoint equation. 

Unlike steady-state problems, the time derivative term of the transient adjoint equation 

indicates that the adjoint variable is also dynamic in time. We need to solve the adjoint 

variable 𝜆(𝑡) by integrating the adjoint system backward in time (from the end time 𝑡𝑓 to the 

initial time 𝑡0). 

An important characteristic of the transient adjoint equation is that the time direction is 

opposite, that is, the adjoint equation is solved from the end time to the initial time. This 

means that we need to specify the termination condition 𝜆(𝑡𝑓) of the adjoint variable at the 

end time 𝑡𝑓. The specific boundary conditions depend on the form of the objective function. 

When the adjoint equation is solved to obtain the adjoint variable 𝜆(𝑡), the sensitivity of the 

objective function to the design variable 𝑥 can be calculated by the following formula: 

𝑑𝐽

𝑑𝑥
= ∫ (

𝜕𝐽

𝜕𝑥
+ 𝜆𝑇

𝜕𝑅

𝜕𝑥
) 𝑑𝑡                                               [Eq. 3.11]

𝑡𝑓

𝑡0

 

Here, 
𝜕𝑅

𝜕𝑥
 is the explicit derivative of the flow equations with respect to the design variable 

𝑥, usually computed via shape derivatives in a CFD solver. 
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Design optimization in Computational Fluid Dynamics (CFD) using the adjoint method is a 

powerful technique to efficiently find the optimal shape of a geometry for a given objective 

while minimizing or maximizing a cost function. The adjoint method involves solving two 

sets of equations: the primal equations, representing the flow physics, and the adjoint 

equations, representing the sensitivity of the objective function with respect to the design 

variables. The optimization process aims to adjust the design variables to minimize the 

objective function. 

The primal equations represent the flow physics. For the unsteady, incompressible Navier-

Stokes equations, the primal equations, including continuity equation and momentum 

equation are: 

∇ ∙ 𝑢̅ = 0                                                          [Eq. 3.12] 

𝜌 (
𝜕(𝑢̅)

𝜕𝑡
+ (𝑢̅ ∙ 𝛻)𝑢̅) = −𝛻𝑝̅ + 𝛻 ∙ [(𝜈 + 𝜈𝑡)(𝛻𝑢̅ + (𝛻𝑢̅)

𝑇)] + 𝜌𝑔        [𝐸𝑞. 3.13] 

Here, 𝑢̅ is the mean velocity, 𝑝̅ is the mean pressure, 𝜈 is the molecular viscosity, 𝜈𝑡 is the 

turbulent (eddy) viscosity predicted by the turbulence model, 𝜌 is the density, 𝑔 is the body 

force (e.g., gravity). 

In aerodynamic optimization, we define an objective functional. For example, maximizing 

power coefficient or tangential coefficient of a wind turbine blade. This is written as 

𝐽 = ∫ ∫𝒥(𝑢̅, 𝑝̅, 𝑥, 𝑡)𝑑Ω 𝑑𝑡 + Φ(𝑢̅(𝑡𝑓), 𝑥) 
Ω

                       [Eq. 3.14]
𝑡𝑓

𝑡0

 

Where 𝑥 denotes the design variables, which used to describe the optimized airfoil shape, 

such as control points of a parameterized geometry. 

 

To evaluate how sensitive the objective 𝐽 is to changes in the design 𝑥, the flow variables 𝑢̅ 

and 𝑝̅ also depend on 𝑥. Direct differentiation would require solving many CFD simulations, 

which is one for each design variable. This is computationally impossible. 

The adjoint method avoids this by introducing adjoint variables to enforce the governing 

equations as constraints. 

The Lagrangian is defined as 

𝐿 = ∫ ∫ [𝒥 + 𝜆(𝑢̅ ∙ 𝛻) + 𝜓 (
𝜕(𝑢̅)

𝜕𝑡
+ (𝑢̅ ∙ 𝛻)𝑢̅ +

1

𝜌
𝛻𝑝̅ − [(𝜈 + 𝜈𝑡)(𝛻𝑢̅ + (𝛻𝑢̅)

𝑇)] − 𝑔)] 𝑑Ω 𝑑𝑡
Ω

𝑡𝑓

𝑡0

+Φ(𝑢̅(𝑡𝑓), 𝑥)                                                                                              [Eq. 3.15] 

Where 𝜆 is the adjoint pressure, 𝜓 is the adjoint velocity. 
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Then compute the variation of 𝐿: 

𝛿𝐿 = ∫ ∫[
𝜕𝒥

𝜕𝑢̅
𝛿𝑢̅ +

𝜕𝒥

𝜕𝑝̅
𝛿𝑝̅ + 𝜆𝛻 ∙ (𝛿𝑢̅) + 𝜓(𝑣𝑎𝑟)] 𝑑Ω 𝑑𝑡

Ω

𝑡𝑓

𝑡0

+
𝜕Φ

𝜕𝑢̅(𝑡𝑓)
𝛿𝑢̅(𝑡𝑓)                                                                                              [Eq. 3.16] 

This expression contains derivatives of the variations, such as 
𝜕(𝛿𝑢)

𝜕𝑡
, needs to be removed 

through integration by parts. 

The integration can transfer derivatives from the variations to the adjoint variables. For 

example, the time-derivative term becomes: 

∫𝜓 ∙ 
𝜕(𝛿𝑢̅)

𝜕𝑡
𝑑𝑡 = [𝜓 − 𝛿𝑢̅] 

𝑡0

𝑡𝑓  − ∫
𝜕𝜓

𝜕𝑡
∙  𝛿𝑢̅𝑑𝑡                         [𝐸𝑞. 3.17] 

If we use the same steps applies to spatial derivatives of 𝛿𝑢 and 𝛿𝑝. All boundary terms 

vanish by choosing appropriate adjoint boundary conditions. After collecting all terms 

multiplying 𝛿𝑢̅ and 𝛿𝑝̅, we require: 

𝛿𝐿 = 0                                                          [𝐸𝑞. 3.18] 

For any variation, if this yields the transient adjoint equations, and is solved backward in 

time, we can get the adjoint moment 𝐸𝑞. 3.19, adjoint continuity 𝐸𝑞. 3.20 and terminal 

condition 𝐸𝑞. 3.21. 

−
𝜕𝜓

𝜕𝑡
− (𝛻𝑢̅)𝑇𝜓 + (𝑢̅ ∙ 𝛻)𝜓 − (𝜈 + 𝜈𝑡)𝛻

2𝜓 + 𝛻𝜆 =
𝜕𝒥

𝜕𝑢̅
             [𝐸𝑞. 3.19] 

𝛻 ∙ 𝜓 = −𝜌
𝜕𝒥

𝜕𝑝̅
                                                  [𝐸𝑞. 3.20] 

𝜓(𝑡𝑓)  =
𝜕Φ

𝜕𝑢̅(𝑡𝑓)
                                                [𝐸𝑞. 3.21] 

 

Once the primal and adjoint solutions are known, the sensitivity of the objective to the design 

variable 𝑥 is: 

𝑑𝐽

𝑑𝑥
= ∫ ∫ (

𝜕𝒥

𝜕𝑥
+ 𝜓𝑇

𝜕𝑅

𝜕𝑥
) 𝑑Ω 𝑑𝑡 

Ω

                             [Eq. 3.22]
𝑡𝑓

𝑡0

 

where 𝑅 is the residual of the Reynolds-averaged Navier–Stokes (RANS) momentum 

equation. 

𝑥 can be the shape parameter describing the optimized NACA0015 based airfoil, like airfoil 

control points, thickness or camber coefficients. The adjoint method allows computing 
𝑑𝐽

𝑑𝑥
  

in one additional simulation, regardless of how many design variables exist. 
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The design variables 𝑥  are updated using the gradient information obtained from the 

sensitivity analysis. A simple update rule could be: 

𝑥𝑛𝑒𝑤 = 𝑥𝑜𝑙𝑑 − α
𝑑𝐽

𝑑𝑥
                                             [Eq. 3.23] 

Where α is the step size. 

The study of oscillating airfoil in VAWT operating conditions use an objective function 𝐶𝑇, 

which is given by 𝐶𝑇 = 𝐶𝐿 𝑠𝑖𝑛(𝑤𝑡) − 𝐶𝐷𝑐𝑜𝑠(𝑤𝑡) with respect to the design variables 𝑥 can 

be calculated using the adjoint equation. Where 𝑤 is a constant, 𝑡 is time, and 𝐶𝐿(𝑥, 𝑡) and 

𝐶𝐷(𝑥, 𝑡) are functions of the design variables 𝑥. The adjoint equation is derived from the 

Lagrangian, which includes the primal equations and the sensitivity equation. The sensitivity 

of the objective function 𝐶𝑇 with respect to the design variables 𝑥 can be expressed as: 

𝑑𝐶𝑇
𝑑𝑥

= ∫ (𝑠𝑖𝑛(𝑤𝑡)
𝜕𝐶𝐿
𝜕𝑥

− 𝑐𝑜𝑠(𝑤𝑡)
𝜕𝐶𝐷
𝜕𝑥

)
𝑇

𝑡0

𝑑𝑡                       [Eq. 3.24] 

Where 𝑇 is the final time and 𝑡0 is the initial time. 

𝑑𝐶𝑇
𝑑𝑥

= (
1

𝑤
𝑐𝑜𝑠(𝑤𝑡0) −

1

𝑤
𝑐𝑜𝑠(𝑤𝑇))

𝜕𝐶𝐿
𝜕𝑥

+ (
1

𝑤
𝑠𝑖𝑛(𝑤𝑡0) −

1

𝑤
𝑠𝑖𝑛(𝑤𝑇))

𝜕𝐶𝐷
𝜕𝑥

    [Eq. 3.25] 

 

This oscillation airfoil study uses 20 input design variables to perform a parametric approach 

for airfoil deformation based on Hicks–Henne bump functions once the gradient is 

calculated. If the Hicks–Henne bump functions are used, the parameterized airfoil must have 

at least 12 parameters to achieve acceptable errors [108]. Compared with other airfoil 

parameterization methods, its calculation speed is the fastest. The expression is given by: 

𝑦 = 𝑦𝑏𝑎𝑠𝑖𝑠 +∑ 𝑎𝑖𝑓𝑖(𝑥)
𝑖=𝑛

𝑖=1
                                           [Eq. 3.26] 

𝑓𝑖(𝑥) = [sin(𝜋𝑥

𝑙𝑜𝑔
1
2

𝑙𝑜𝑔 𝑡1)]

𝑡2

, 0 ≤ 𝑥 ≤ 1                                 [Eq. 3.27] 

Where 𝑡1 is the maximum thickness location of the bump, 𝑡2 is the width of the bump and 

𝑎𝑖 is the shape parameter.  

If in a two-dimensional simulation of VAWT, assuming constant angular speed circular 

motion and a constant radius, for one blade, the value of 𝐶𝑇 can be obtained to be equal to 

𝐶𝑀. 
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𝐶𝑇 =
𝐹𝑇

1
2𝜌𝑉𝑟𝑒𝑙

2𝐴
                                                   [Eq. 3.28] 

𝐶𝑀 =
𝑀

1
2𝜌𝑉𝑟𝑒𝑙

2𝐴𝑅
                                                 [Eq. 3.29] 

The power coefficient of a VAWT is: 

𝐶𝑃 =
𝑁𝑀𝜔

1
2𝜌𝑈

3𝐴
                                                     [Eq. 3.30] 

The power coefficient of VAWT is a value that should be optimized, but can be simplified: 

𝑉𝑟𝑒𝑙 =
𝑈

1 − 𝑢
√𝜆2 + 2𝜆𝑐𝑜𝑠𝜃 + 1                                      [Eq. 3.31] 

𝐶𝑀 =
𝑀(1 − 𝑢)2

1
2𝜌(𝜆

2 + 2𝜆𝑐𝑜𝑠𝜃 + 1)𝑈2𝐴𝑅
                                [Eq. 3.32] 

𝐶𝑃
𝐶𝑀

=
(𝜆2 + 2𝜆𝑐𝑜𝑠𝜃 + 1)𝑁𝑅𝜔

(1 − 𝑢)2𝑈
> 0, 0 ≤ 𝜃 ≤ 2𝜋                    [Eq. 3.33] 

At any time-step since the power coefficient will also increase as the tangential coefficient 

increases, optimizing the tangential coefficient can obtain a higher power coefficient. 

 

 

 

 

3.2 Adjoint Sensitivity Analysis 

In vertical axis wind turbines (VAWTs), the angle of attack of the blades changes 

periodically as they rotate, leading to unstable aerodynamic performance of the airfoil. 

Therefore, to optimize the airfoil shape and improve efficiency, the time-averaged 

aerodynamic performance must be considered. This is typically represented by the lift, drag, 

and moment coefficients over one or more rotation cycles. Here, the tangential coefficient 

and power coefficient are used as the target aerodynamic performance metrics. Adjoint 

sensitivity analysis provides a powerful method to determine how small changes in airfoil 

shape affect performance metrics or cost functions. Its goal is to calculate the gradient, where 

𝑥 represents the airfoil geometric parameters. Assuming U is the state vector of the flow field 

(velocity, pressure, etc.), 𝑅(𝑈, 𝑥) = 0  represents the governing unsteady Navier-Stokes 

equations. 
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In the context of vertical axis wind turbine airfoils, this sensitivity information tells us which 

parts of the geometry have the greatest impact on average performance. For example, high 

sensitivity to trailing edge curvature might suggest that smoothing or sharpening this region 

could reduce drag. These gradient values are then used to iteratively modify the airfoil shape 

using gradient-based optimization algorithms (e.g., steepest descent or conjugate gradient). 

After several iterations, the airfoil shape is adjusted based on the calculated sensitivities to 

improve the desired performance. Therefore, sensitivity analysis is fundamental to the shape 

optimization of vertical axis wind turbines (VAWTs). It provides a precise validation for 

improving aerodynamic performance under unsteady flow conditions. 

 

3.3 Objective Functions 

In the aerodynamic optimization of VAWTs, the unsteady nature of the flow around rotating 

blades leads to time-varying performance metrics. One critical quantity is the tangential 

force coefficient, which directly relates to torque generation and power output. Since this 

coefficient fluctuates over each rotor revolution due to the cyclic blade motion and dynamic 

stall effects, it is essential to define an objective function that captures the average 

aerodynamic performance over a complete rotation cycle, rather than optimizing based on 

instantaneous values that may not represent sustained performance. 

To address this, we define the objective function as the period-averaged tangential force 

coefficient, denoted as 𝐶𝑇̅̅ ̅. Mathematically, this is expressed as: 

𝐶𝑇̅̅ ̅ =
1

𝑇
∫ 𝐶𝑇(𝑡)𝑑𝑡
𝑇

0

                                             [Eq. 3.34] 

Where 𝐶𝑇 is the instantaneous tangential force coefficient and 𝑇 is the duration of one full 

rotation (period). In practice, this integral is approximated numerically using discrete time 

steps, either via trapezoidal integration or a simple arithmetic mean over the sampling points 

within one or more full revolutions after the flow reaches a periodic or statistically steady 

state. 

 

In the SU2 framework, custom objective functions can be implemented by modifying the 

source code or using Python scripting through the SU2’s external function interface. To 

compute a time-averaged objective function: 
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1. Set up unsteady simulation: Ensure that the configuration file is set for time-

accurate simulation using TIME_DOMAIN= YES and define TIME_STEP and 

TIME_ITER appropriately to cover at least one full rotation period. 

2. Enable force coefficient output: Configure OUTPUT_FORCES= YES and define 

the surface markers for the blade where the forces are computed. SU2 will write the 

force coefficients (including tangential components if the coordinate system is 

properly defined) to the forces_breakdown.csv file. 

3. Post-processing script: Write a Python script that reads the tangential force 

coefficient from the output file and calculates the period average over one or multiple 

cycles. This script can be wrapped into SU2’s OBJECTIVE_FUNCTION via a user-

defined interface using EXTERNAL_ADJOINT= YES and linking your script in the 

configuration. 

4. Custom C++ implementation (optional): For more integrated performance, modify 

the SU2 C++ source to accumulate the tangential force coefficient over time steps 

and compute the mean internally. This requires editing the ObjectiveFunction class 

and recompiling the solver. 

 

By defining the objective as a period average, the optimization process focuses on 

sustainable performance rather than transient peaks, ensuring that the resulting design 

performs well under realistic unsteady conditions typical of VAWTs. 

 

3.4 Convergence of Adjoint Method in CFD 

In computational fluid dynamics (CFD), convergence has always been a critical issue when 

using adjoint methods. While adjoint methods are computationally inexpensive and can 

compute the gradient of an objective function with respect to many design parameters, their 

performance heavily relies on the convergence characteristics of both the primal and adjoint 

solvers. One of the key factors affecting convergence is the optimization algorithm used to 

update the design parameters. Examples include gradient descent and its variants, such as 

steepest descent, conjugate gradient, and quasi-Newton methods (e.g., BFGS). These 

algorithms are scalable and well-suited to the gradient information provided by the adjoint 

method. However, gradient descent methods often exhibit slow convergence when dealing 

with stiff problems. Stiff problems are common in high-fidelity CFD simulations, primarily 

due to large condition numbers. 
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To mitigate these issues, preconditioning techniques and line search algorithms are 

commonly employed to improve convergence stability. For instance, in aerodynamic shape 

optimization, preconditioners are designed based on flow physics principles to normalize the 

gradient scale. Line search algorithms are used to determine the optimal step size, ensuring 

sufficient descent while avoiding overshooting the minimum. Conjugate gradient and L-

BFGS algorithms, by incorporating curvature information, generally significantly accelerate 

convergence and are therefore suitable for problems with a large number of design variables. 

In CFD applications, the nonlinearity and stiffness of the governing equations (such as the 

Navier-Stokes equations) challenge the convergence of the adjoint solver. The adjoint 

equations, derived from the linearization of the flow equations, must be solved with high 

accuracy to ensure reliable gradients. If the primal flow equations are not well-converged, 

the adjoint gradients may be inaccurate, leading to incorrect descent directions. During the 

simulation process, the convergence of the adjoint solver is often even more sensitive to 

solver tolerances than the primal solver, especially in turbulent or compressible flows. 

 

In addition to solver-specific issues, mesh quality and numerical precision also impact 

convergence. For instance, grid anisotropy and high aspect-ratio elements, which is common 

in boundary layer regions, can lead to poorly conditioned systems, impeding both primal and 

adjoint convergence. Recent advances in adjoint-based mesh adaptation have shown promise 

in improving gradient accuracy and convergence simultaneously, by refining the mesh in 

regions with high sensitivity. 

 

Several researchers have conducted comparative studies on the effectiveness of optimization 

strategies in adjoint-based CFD frameworks. For example, Jameson [58] demonstrated that 

while simple steepest descent methods could converge to local minima, they often required 

hundreds of iterations, whereas quasi-Newton methods achieved similar accuracy with an 

order of magnitude fewer iterations. These findings underscore the importance of choosing 

the right optimization algorithm based on problem stiffness, dimensionality, and 

computational budget. 

 

Moreover, machine learning and hybrid optimization approaches have recently been 

integrated with adjoint solvers to address some convergence limitations. Surrogate-assisted 

adjoint methods, for instance, use data-driven models to approximate cost functions or 
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gradients, thus reducing the number of costly CFD evaluations. Such hybrid techniques have 

been shown to accelerate convergence, particularly in multi-fidelity or multi-objective 

optimization contexts. 

 

In summary, the convergence of the adjoint method in CFD is influenced by a combination 

of solver performance, optimization strategy, and numerical fidelity. Gradient-based 

methods such as gradient descent and its variants are widely adopted due to their efficient 

use of adjoint gradients, though their convergence rates vary based on problem complexity. 

Ensuring convergence in both the primal and adjoint systems is essential to the success of 

the adjoint approach. Empirical and theoretical studies alike suggest that improvements in 

solver algorithms, mesh adaptation, and hybridization with data-driven techniques will 

continue to enhance the robustness and speed of adjoint-based CFD optimization 

frameworks. 

 

Besides the solver itself, mesh quality and numerical accuracy also affect convergence. For 

example, anisotropic meshes and high aspect ratio elements, common in boundary layer 

regions, can worsen the system condition. This hinders the convergence of both the primal 

and adjoint methods. In recent years, adjoint-based mesh adaptation techniques have become 

popular. By refining the mesh in sensitive regions, they promise to improve both gradient 

accuracy and convergence. Some researchers have compared the effectiveness of 

optimization strategies within adjoint-based CFD frameworks. For instance, Jameson [58] 

found that a simple steepest descent method converges to a local minimum but requires 

hundreds of iterations. Quasi-Newton methods, on the other hand, achieve similar accuracy 

with half the number of iterations. These findings remind us to choose appropriate 

optimization algorithms based on the stiffness, dimensionality, and computational budget of 

the problem. 

 

3.5 Solve CFD Problems by Adjoint Optimization 

Adjoint method-based optimization provides an efficient and mathematically consistent 

framework for solving CFD problems where the objective function depends on flow 

evolution and the geometry of the physical domain. Instead of independently perturbing each 

design variable and running thousands of CFD simulations, the adjoint method introduces a 

set of auxiliary partial differential equations—the adjoint equations—to backpropagate 
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sensitivity information. Once the original unsteady RANS flow field is obtained, the adjoint 

equations can be integrated from the final time step to the initial time step, using the same 

mesh, boundary conditions, and numerical discretization methods as the forward solver, but 

in the reverse time direction. 

 

This “reverse-time” solution yields the gradient of the objective function with respect to all 

design variables at a computational cost roughly equivalent to one additional CFD 

simulation, independent of the dimension of the design space. Therefore, adjoint 

optimization enables high-resolution shape correction for complex aerodynamic systems, 

such as vertical-axis wind turbines, where unsteady vortex shedding and periodic rotor loads 

significantly impact performance. By combining window-time averaging, flow constraints, 

and geometric regularization, the adjoint method provides both the accuracy required for 

engineering design and the efficiency needed for large-scale CFD optimization. This makes 

adjoint optimization one of the most powerful tools in modern fluid mechanics for solving 

flow-driven design problems. 

 

SU2 (Stanford University Unstructured) was chosen as the primary simulation tool. Its core 

features include: a high-precision fluid solver based on the finite volume method; a flexible 

mesh system capable of handling both structured and unstructured meshes; powerful 

unsteady simulation capabilities; and most notably, a variational adjoint optimization 

framework. Its highly scalable C++ architecture allows researchers to easily integrate new 

physical models, turbulence models, mesh motion algorithms, and optimization modules. 

SU2's greatest strength lies in its ability to efficiently solve steady-state and unsteady-state 

flow fields. It also incorporates complete continuous and discrete adjoint solvers, supporting 

the direct calculation of the gradient of the objective function with respect to hundreds or 

even thousands of design variables, while the computational cost is almost equivalent to only 

one or two additional CFD calculations. This "gradient cost independent of design 

dimension" characteristic makes SU2 an ideal tool for solving large-scale shape optimization 

problems. 

 

This study focuses on the unsteady aerodynamic performance and shape optimization of 

two-dimensional blade sections in vertical axis wind turbines (VAWTs). Key challenges 

include stronger rotation-induced unsteady effects, more significant periodic wakes and 



 45 

dynamic stalls, objective optimization of time-averaged power coefficient and torque ripple, 

and airfoil shape optimization with multiple design variables. 

 

SU2 is one of the few open-source platforms that supports unsteady adjoint optimization. 

For strongly periodic systems like VAWTs, the objective function is often a weighted time-

averaged power coefficient, torque ripple, and dynamic lift behavior. Since these objectives 

rely on time integration, steady-state adjoint optimization cannot be applied. SU2's unsteady 

adjoint optimization can backpropagate sensitivity in the time dimension and utilize window 

functions for robust time-averaged optimization. 

 

The research focuses on the two-dimensional blade cross-section of a vertical axis wind 

turbine (VAWT), with a two-dimensional aerodynamic analysis per unit span. The blade 

geometry is based on NACA0015 and optimized using parametric methods. The flow is an 

incompressible, viscous, external, and strongly unsteady rotating flow, characterized by 

periodic vortex shedding, dynamic stall, and significant wake disturbances induced by rotor 

rotation. Turbulence is enclosed using a RANS model (SST k-w or SA). During the adjoint 

equation solution phase, to avoid ill-posed problems caused by nonlinear coupling of the 

turbulence model, the turbulent viscosity coefficient is considered frozen, maintaining 

consistency with the original problem's results. Since the blade moves in a rotating reference 

frame, an ALE (Arbitrary Lagrangian–Eulerian) mesh motion framework is used, where the 

inner rotating domain undergoes rigid body rotation, while the outer flow domain remains 

stationary. The two domains are coupled through a sliding interface to ensure consistency of 

numerical flux between the two regions. 

 

For the RANS average velocity 𝑢̅(𝑥, 𝑡) and pressure 𝑝̅(𝑥, 𝑡) at the moving grid velocity 

𝑣𝑔(𝑥, 𝑡), the ALE form is: 

∇ ∙ 𝑢̅ = 0                                                          [Eq. 3.35] 

𝜕𝑢̄

𝜕𝑡
∣𝜉+ ((𝑢̄ − 𝑣𝑔) ⋅ 𝛻)𝑢̄ = − −

1

𝜌
𝛻𝑝̅ + 𝛻 ∙ [(𝜈 + 𝜈𝑡)(𝛻𝑢̅ + (𝛻𝑢̅)

𝑇)] + 𝑔        [𝐸𝑞. 3.36] 

Where 
𝜕

𝜕𝑡
∣𝜉  is the time derivative fixed with respect to the grid coordinates. 

The grid velocity of the inner rotation domain in 2D CFD is: 

𝑣𝑔(𝑥, 𝑡) = 𝛺𝑒𝑧 × 𝑟(𝑥, 𝑦, 0)                                               [Eq. 3.35] 

Where 𝛺 is the angular velocity and 𝑟 is the radius. 
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The boundary conditions of the airfoil is a no slippage, impermeable and insulating wall: 

𝑢̅(𝑥, 𝑡) = 𝑣𝑔(𝑥, 𝑡)                                                     [Eq. 3.36] 

The inlet boundary is: 

𝑢̅(𝑥, 𝑡) = 𝑈(𝑡)𝑒𝑖𝑛, 𝑝̅(𝑥, 𝑡) = 𝑝∞                                          [Eq. 3.37] 

Where 𝑒𝑖𝑛 is the unit vector of (1,0), U(t) is the relative wind speed. 

The outlet boundary uses a standard pressure outlet (which does not change over time). It 

allows free flow of the wake and does not reflect vortices generated by blade motion. 

𝜕𝑢̅

𝜕𝑛
= 0, 𝑝̅ = 𝑝∞                                                      [Eq. 3.38] 

The side symmetrical boundaries are employed to avoid affecting the wake generated by the 

incoming flow and rotation: 

𝜕𝑢𝑡
𝜕𝑛

= 0, 𝑢𝑛 = 0                                                      [Eq. 3.39] 

The initial condition is: 

𝑢̅(𝑥, 0) = 𝑈(0)𝑒𝑖𝑛, 𝑝̅(𝑥, 0) = 𝑝∞                                     [Eq. 3.40] 

𝑢̅(𝑥, 0) = 𝛺𝑒𝑧 × 𝑟(𝑥, 𝑦, 0)                                         [Eq. 3.41] 

 

To ensure the numerical stability of unsteady rotating flow and its adjoint solution, this study 

employs time-domain solution (TIME_DOMAIN = YES) in SU2, combined with second-

order dual-time-step propagation (DUAL_TIME_STEPPING-2ND_ORDER) to obtain 

high-precision time discretization. For VAWT blades, the number of time steps per 

revolution is crucial for analyzing torque pulsations and wake vortex structures. This study 

selects one physical time step per degree, and the total number of physical steps is the 

product of all time steps and pseudo-time iterations. A reference value between 200 and 400 

ensures approximate convergence for each physical time step in existing examples. 

 

The pseudo-time Courant–Friedrichs–Lewy (CFL) number is maintained between 2 and 5, 

while the physical CFL number is controlled within 1 and 2. The CFL number represents the 

ratio between the distance travelled 𝑢Δ𝑡 by flow information during a time step and the local 

mesh size Δ𝑥 . In the dual-time-stepping framework, the physical CFL determines the 

temporal resolution of the unsteady flow, whereas the pseudo-time CFL governs the 

convergence rate of the inner iterations at each physical time step. 
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A physical CFL range of 1–2 was selected to ensure sufficient temporal accuracy in 

capturing the unsteady aerodynamic loads, dynamic stall development, and wake evolution 

of the VAWT while avoiding excessive computational cost. Significantly larger values may 

reduce temporal resolution and introduce time-integration errors, whereas substantially 

smaller values increase the number of physical time steps required without providing 

noticeable improvements in solution accuracy. The pseudo-time CFL was chosen to be 

higher (2–5) because the pseudo-time iterations are used solely to converge the implicit 

solution within each physical time step rather than to resolve the physical flow evolution. 

Higher pseudo-time CFL values generally accelerate convergence, while excessively large 

values may lead to instability or deteriorated convergence behaviour. 

 

In summary, unlike the physical CFL number, the pseudo-time CFL does not affect the 

temporal resolution of the physical flow and is therefore selected primarily to accelerate 

convergence of the inner iterations. 

 

The adjoint calculation time step UNST_ADJOINT_ITER needs to be set to the same as the 

original flow field problem, so that the adjoint solution integrates backward from the final 

physical time step to the initial time. To support reverse-time solving, all (or segmented 

according to a checkpoint strategy) restart data files from the forward solution need to be 

saved for progressive loading during the adjoint phase. 

 

Regarding the mesh, the blade wall in this solver uses a first-layer height of 𝑦+ ≈ 1 by 

default, employing multiple boundary layer elements and a growth rate of 1.1–1.2 to ensure 

the accuracy of the SST or SA turbulence models commonly used in wind power equipment. 

Flow direction refinement is performed within the wake region to resolve detached eddies 

and frequency components [109-121]. 

 

A complete CFD with adjoints, following by geometry update optimization process is as 

follows. First, in the original problem (URANS/ALE) solution phase, calculations begin 

with the previous round's results or the MRF steady-state field as the restart file. After a 

transition process involving number transformations, the system enters the objective 

function integration window. During the window, the system saves the flow field restart file 

for each physical time step for reverse-time reading during the adjoint phase. 

 



 48 

The adjoint solution is then performed: UNST_ADJOINT_ITER = N is set so that the adjoint 

equation is integrated backward from the final time step to the initial time step. At each 

backward time step, the code reads the corresponding restart file from the forward solution 

to ensure duality consistency. After the adjoint flow field is obtained, its wall sensitivity (i.e., 

the gradient with respect to shape) is projected into the design variable space; this step is 

performed by SU2_DOT. The obtained gradient vector is then used to update the design 

variables. Shape updates are achieved through SU2_DEF, which performs mesh deformation 

and mesh quality checks at this stage. Finally, the updated shape is used in the next round of 

URANS solving, and this process is repeated until the objective function converges or the 

preset computational budget is reached. 
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Chapter 4 

UDF Build, Theory and Configurations 

In the aerodynamic optimization study of vertical axis wind turbine (VAWT) blades based 

on the unsteady adjoint method, the reliability of the numerical model depends not only on 

the derivation and implementation of the adjoint equation itself, but also highly on the 

physical consistency, temporal accuracy, and numerical implementation methods related to 

the optimization variables of the forward flow field solver. As mentioned earlier, steady-

state optimization (whether using a single-blade model or a combination of in-situ airfoils) 

has significant drawbacks, especially in capturing the time interval. It ignores the fact that 

VAWT blades are constantly in a strongly unsteady aerodynamic environment during 

operation. Dynamic stall, periodic angle-of-attack changes, blade kinematic coupling, and 

upstream and downstream wake interference jointly determine the transient evolution 

characteristics of the flow field. To introduce a fully unsteady adjoint method, any user-

defined functions (UDFs) related to blade motion, boundary conditions, objective functions, 

or design variables (DVs) need to be redeveloped, which directly affects the temporal 

continuity of the forward flow solution, the accuracy of sensitivity information, and the 

physical reliability of the final optimization results. 

 

Specifically, the construction of time-resolved objective functions (e.g., objective functions 

based on tangential force coefficients) and the integration of non-uniform rotational 

kinematics (e.g., variable pitch and piecewise acceleration curves) break many traditional 

assumptions of periodicity, smoothness, and spatiotemporal consistency relied upon by 

solvers. The core objective of this chapter is to systematically verify the numerical 

correctness, physical consistency, and applicability boundaries of the newly developed UDF 

within the unsteady CFD-adjoint optimization framework, and to explain its impact on 

aerodynamic response, sensitivity propagation path, and optimization convergence behavior. 

 

These innovations affect several core aspects of the simulation pipeline. For instance, spatial 

and temporal discretization schemes must accommodate sharper gradients and potentially 

discontinuous flow features, which can alter the stability conditions like CFL constraints). 



 50 

The solver’s forward-backward time integration required for adjoint computations also 

becomes more sensitive to interpolation accuracy, boundary consistency, and temporal 

staggering due to the irregular forcing introduced by time-varying inputs and blade motion. 

 

Furthermore, the presence of non-smooth time-dependent motion inputs, such as abrupt pitch 

changes or piecewise acceleration, complicates the adjoint time-marching process, 

particularly in accurately preserving the causality of flow-field sensitivity. These conditions 

may lead to increased stiffness in the adjoint equations, deteriorating gradient convergence 

if not properly addressed through time-scheme tuning or adaptive resolution strategies. 

 

In the oscillating airfoil example, UDF (Underlying Dynamic Function) is used to realize 

unsteady pitch motion, dynamic boundary conditions, and online evaluation of the objective 

function. By directly incorporating the tangential coefficient (𝐶𝑇) into the CFD solution 

process as the optimization objective, the time averaging error introduced by traditional post-

processing methods can be avoided, but this also places higher demands on the time 

integration accuracy and transient convergence characteristics. Therefore, this chapter first 

analyzes the numerical implementation of 𝐶𝑇  as the optimization objective in CFD and 

evaluates its impact on transient response and sensitivity stability. 

 

Subsequently, by constructing an equivalent downwind inflow model in the form of dynamic 

boundary conditions and a piecewise function, this chapter explores the feasibility of 

reproducing the periodic inflow asymmetry characteristics of VAWT blades within a finite 

computational domain. The relevant analysis focuses on whether this type of boundary 

modeling method introduces non-physical mutations in the time dimension and its potential 

impact on unsteady inverse integral stability. 

 

In the rotating airfoil and real VAWT blade examples, the functionality is further extended 

to in-situ blade deformation and multi-blade synchronous deformation mechanisms. By 

designing a geometric update strategy based on the design variable distribution (DV 

distribution), this chapter verifies the effectiveness of the proposed deformation mechanism 

in maintaining geometric continuity and temporal consistency, and analyzes the impact of 

multi-blade synchronous deformation on flow field periodicity, load coherence, and 

associated sensitivity coupling characteristics. 
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Besides the UDF itself, this chapter systematically discusses key numerical settings such as 

near-wall mesh definition, time step and unit displacement scale, initial conditions, and 

residual convergence criteria. While these factors do not directly participate in the definition 

of optimization variables, they indirectly determine the accuracy and noise level of 

sensitivity information during the backpropagation of the adjoint equations by affecting the 

resolvability of the forward unsteady flow field. Especially under high Reynolds number and 

strongly separated flow conditions, the coupling relationship between near-wall resolution 

and time step is one of the prerequisites for ensuring the usability of the unsteady adjoint 

method. 

 

Furthermore, this chapter compares and analyzes the applicability of continuous adjoint and 

discrete adjoint in the current problem, focusing on their application in complex UDFs. This 

study addresses the discrepancies in implementation and numerical consistency under 

various conditions. Furthermore, through scale analysis, it clarifies the impact of model 

boundary settings, 3D flow field extension, and surface definition methods on the 

accompanying optimization results, thus providing a reliable numerical foundation for the 

3D blade optimization discussed in subsequent chapters. 

 

Collectively, while these contributions represent a breakthrough in physical realism and 

design fidelity, they also necessitate a deeper academic discussion on solver design, 

numerical scheme compatibility, and best practices for adjoint stability in highly transient, 

rotational, and turbulent environments. The following sections analyze each of these 

dimensions in detail, providing a structured assessment of how the proposed innovations 

influence the broader numerical ecosystem within which the adjoint optimization is 

embedded.  

 

This study utilizes the SU2 open-source multiphysics computing platform for both numerical 

implementation and engineering applications, and systematically configures and verifies 

several of its advanced functional modules. Specifically, SU2's Automatic Differentiation 

(AD) capability is the core of its efficient gradient calculation and optimization design. 

Backward differentiation, based on the adjoint method principle, obtains the gradient of the 

objective function with respect to a large number of design variables through a single 

backpropagation, with computational complexity almost independent of the number of 

variables, making it particularly suitable for high-dimensional problems such as 
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aerodynamic shape optimization. In contrast, forward differentiation propagates derivatives 

variable by variable, offering a more intuitive structure and is often used in scenarios with 

lower variable dimensionality or for algorithm debugging and verification. SU2 also 

provides a Python interface wrapper (pywrapper), which exposes the core solver, mesh 

processing, and optimization process as a callable Python API through a binding mechanism 

between C/C++ and Python, significantly improving the efficiency of algorithm prototype 

development, automated parameter scanning, and coupling with machine learning 

frameworks. In terms of parallel computing, SU2 relies on MPI (Message Passing Interface) 

to achieve distributed memory parallelism, effectively improving the scalability and 

computational efficiency of large-scale 3D computing through domain decomposition and 

inter-process communication mechanisms. This paper mainly focuses on numerical 

experiments and functional verification based on SU2 version 7.3.0. Furthermore, it has been 

confirmed that, under the condition of building from source, the aforementioned advanced 

functions and custom extension functions such as automatic differentiation, parallel 

computing, and development interfaces in SU2 version 8.3.0 can be stably built and run 

normally in the MSYS2 MINGW64 environment on the Windows platform, thus providing 

reliable support for cross-platform high-performance computing and secondary 

development. 

 

4.1 UDF Settings and its Effect on Oscillating Airfoil 

In the unsteady adjoint optimization framework, the definition of the objective function 

directly determines the physical meaning of sensitivity information and its propagation mode 

in the time dimension. For vertical axis wind turbine (VAWT) blades, the traditional method 

of using lift coefficient, drag coefficient, or their ratio (also called lift-to-drag ratio) as 

optimization targets is essentially still based on steady or quasi-steady aerodynamic 

assumptions. Its optimization results tend to improve local airfoil performance rather than 

directly affecting the blade's energy extraction capability in the rotating system. 

 

In general-purpose CFD-adjoint optimization platforms such as SU2, the default 

aerodynamic optimization targets are often defined in the form of controlling 𝐶𝐿  and 

reducing 𝐶𝐷, with clear physical meaning and mature numerical implementation. However, 

for Darrieus-type VAWT blades, the actual driving torque comes from the tangential 

aerodynamic component, i.e., the tangential force coefficient 𝐶𝑇 . As demonstrated in 
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Chapter 2, there is a strict one-to-one correspondence between the time-integrated tangential 

force coefficient of a single blade in the rotating coordinate system and the equivalent single-

blade power coefficient. Therefore, using 𝐶𝑇 as the optimization target is more in line with 

the energy conversion mechanism of VAWT at the physical level. 

 

However, unlike 𝐶𝐿 and 𝐶𝐷, 𝐶𝑇 is not directly defined by the force components of the flow 

field in a fixed reference direction, but rather by the projections of lift and drag onto the 

time-varying tangential direction. This characteristic determines that 𝐶𝑇  is an explicitly 

time-dependent quantity. In unsteady CFD calculations, each time step corresponds to an 

instantaneous 𝐶𝑇(𝑡). At the optimization level, the objective function is no longer a single 

scalar, but a time series or its time integral functional. 

 

Therefore, this section systematically analyzes the UDF setting method required to introduce 

a time-dependent tangential force coefficient-based objective function in SU2 through an 

oscillating airfoil example, and evaluates the impact of this setting on forward CFD solutions 

and associated sensitivity calculations. 

 

 

4.1.1 Optimization Objective on CFD 

For blades undergoing periodic pitching or equivalent rotational motion, their instantaneous 

tangential force coefficient can typically be expressed as the projection of lift and drag 

components onto the tangential direction, i.e.: 

 

𝐶𝑇 = 𝐶𝐿𝑐𝑜𝑠𝛼 + 𝐶𝐷𝑠𝑖𝑛𝛼                                                 [Eq. 4.1] 

 

This expression is theoretically rigorous and has been widely used in quasi-steady models 

and post-processing analyses. However, in the unsteady CFD-adjoint optimization 

framework, directly constructing the optimization objective function based on numerically 

calculated 𝐶𝐿 and 𝐶𝐷 introduces unnecessary complexity in terms of numerical consistency 

and adjoint sensitivity definition. 

 

In SU2, 𝐶𝐿  and 𝐶𝐷  are essentially post-processing variables defined relative to a fixed 

reference direction. Their calculation relies on integrating the instantaneous aerodynamic 
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force vector obtained from the blade surface pressure and shear stress, and then projecting it 

onto predefined lift and drag directions. For VAWT blades, the actual power contribution 

direction is not fixed but a tangential direction that varies with time. Therefore, if 𝐶𝐿 and 𝐶𝐷 

are used as intermediate variables for tangential projection, it is equivalent to introducing 

two direction transformations at the numerical level, which may amplify projection errors 

and weaken temporal continuity in unsteady rotating systems. 

 

Based on the above considerations, this study directly defines 𝐶𝑇 in SU2 as the projection of 

the instantaneous aerodynamic force onto the tangential direction. Specifically, at each time 

step, the instantaneous aerodynamic vector is first calculated on the blade surface from the 

flow field solution: 

𝐹𝑛 = [
𝐹𝑥𝑛,
𝐹𝑦𝑛

]                                                            [Eq. 4.2] 

 

Subsequently, a tangential unit vector consistent with the instantaneous motion direction of 

the blade is defined: 

𝑒𝑇𝑛 = [
−𝑐𝑜𝑠𝜙𝑛
𝑠𝑖𝑛𝜙𝑛

]                                                      [Eq. 4.3] 

 

And based on this, the instantaneous tangential force coefficient is calculated: 

𝐶𝑇
𝑛 =

𝐹𝑛 ⋅ 𝑒𝑇
𝑛

1
2𝜌𝑈𝑟𝑒𝑓

2 𝑐
                                                     [Eq. 4.4] 

Where 𝑐 is the chord length (𝑚). 

This definition avoids the secondary projection process of 𝐶𝐿 and 𝐶𝐷, allowing 𝐶𝑇 to directly 

connect with the flow field state variables, thus maintaining a clear and consistent sensitivity 

transfer path in unsteady optimization problems. Since 𝐶𝑇 is explicitly time-dependent, it is 

no longer a single scalar in unsteady optimization, but a sequence that evolves over time. 

 

In the SU2 implementation, the objective function is progressively accumulated over time 

using a user-defined function (UDF), ensuring that the instantaneous aerodynamic response 

at each time step is consistently incorporated into the optimization process. 

 

The 𝐶𝑇 objective function constructed in this way not only more closely approximates the 

energy extraction mechanism of VAWT in a physical sense, but also provides a more robust 
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and consistent definition of the objective functional for unsteady adjoint solutions at the 

numerical implementation level. This approach lays a reliable foundation for subsequent 

unsteady adjoint optimizations involving rotating blades, multi-blade coupling, and three-

dimensional flow conditions. 

 

In SU2, changing the optimization objective from the traditional lift coefficient to the airfoil 

tangential force (i.e., a trigonometric function combination of lift and drag) requires source 

code extension, not just modification of the configuration file. The specific process is as 

follows: First, a custom objective function is added to the objective function module of SU2, 

and it is registered as a new objective type in the objective function enumeration and 

configuration parsing system. Then, in the objective function calculation routine, based on 

the lift coefficient and drag coefficient already calculated by the direct solver, and combined 

with the angle of attack given in the configuration file, the tangential force objective function 

is constructed. During implementation, the su2double type must be used throughout, and 

AD-compatible mathematical functions must be called to ensure that backward automatic 

differentiation (AD) can correctly record the computation graph and automatically generate 

the adjoint gradient. Under these conditions, no additional derivation or implementation of 

the adjoint equation is required; SU2's adjoint solver can directly differentiate the new 

objective function. After modifying and recompiling the source code, the tangential force 

objective can be called in the forward solution, adjoint solution, and shape optimization 

processes by specifying the new objective function name in the configuration file. This 

process does not introduce new parallel communication operations, thus maintaining the 

same scalability as the original lift-drag target in the MPI parallel computing environment. 

This has been stably verified in the MSYS2 MINGW64 environment on the Windows 

platform. 

 

 

 

 

4.1.2 Influence of the Customized Optimization Objectives 

From the perspective of the flow control equations, defining the optimization objective as 

𝐶𝑇  has no direct impact on the forward CFD solution. The Navier-Stokes equations, 

discretization scheme, time-progression algorithm, and stability conditions remain 
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unchanged. The flow field evolution is entirely determined by geometry, boundary 

conditions, and time step, while 𝐶𝑇 is only obtained as a post-processing variable projected 

from instantaneous surface forces. Therefore, it is unaffected in terms of numerical stability, 

convergence behavior, and time-progression accuracy. 

 

When using 𝐶𝑇  as the objective function, the structure of the adjoint equations remains 

unchanged, but their source terms and boundary contributions differ because they are now 

defined relative to 𝐶𝑇 rather than 𝐶𝐿 or 𝐶𝐷. Specifically, 𝐶𝑇 depends on the force component 

in the direction of blade motion, which, in rotating systems like Darius-type vertical-axis 

wind turbines (VAWTs), is a time-dependent vector field. 

 

This means that, while the flow solver is unaffected, the adjoint source term must now 

account for the projection of the surface force perturbation onto the motion's potentially 

nonuniform tangential direction, which varies with time as the blade rotates. If the motion 

includes variable angular velocity or pitch oscillations, the direction and magnitude of the 

𝐶𝑇 vector basis will vary continuously. 

 

Furthermore, since 𝐶𝑇  is inherently time-dependent, the objective is no longer a scalar 

quantity but rather a time-integrated functional, for example, the total torque over one 

revolution. This necessitates a time-accurate adjoint formulation, where the adjoint field is 

extended backward in time and influenced by the original flow at each time step. While this 

is standard practice in unsteady adjoint methods, it increases sensitivity to the accuracy of 

the time discretization and may require storage or recalculation strategies to reconstruct the 

original flow field during the adjoint integration. 

 

In summary, using time-varied 𝐶𝑇 as the optimization objective significantly increases the 

sensitivity of unsteady adjoint calculations to the following factors: 

 

• Time step accuracy: Time discretization errors directly contaminate the objective 

function gradient. 

 

• Flow field reconstruction accuracy: Forward flow fields need to be stored or 

recalculated to ensure adjoint consistency. 
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• Transient load noise: High-frequency fluctuations caused by dynamic stall can 

amplify sensitivity noise. 

 

Therefore, in practical calculations, it is essential to use appropriate time steps, residual 

convergence criteria, and necessary time filtering strategies to ensure the stability and 

interpretability of the optimization process. 

 

 

 

 

 

4.1.3 Airfoil Pitch Acceleration 

In the unsteady oscillating airfoil example, the time description of the blade pitch motion not 

only determines the instantaneous angle of attack variation but also directly affects the 

additional unsteady inertial terms, dynamic stall development process, and aerodynamic 

phase characteristics in the flow field. For unsteady adjoint optimization, the definitions of 

pitch angular velocity and angular acceleration are particularly crucial because they not only 

affect the forward flow field solution but also influence the back propagation path of the 

adjoint variables through time-dependent boundary conditions and the objective function. 

 

In SU2, the blade pitch motion is usually explicitly given by a time function, with the core 

state variable being the pitch angle 𝜃(𝑡) . In this study, to ensure the continuity and 

differentiability of the kinematic description, the pitch angle is defined as a smooth periodic 

function. 

 

The changes in angular velocity and angular acceleration per unit time are expressed as 

follows: 

𝑑∅ = −(𝑡𝑎𝑛−1
𝑠𝑖𝑛𝜔𝑡2

𝜆
1 − 𝑎 + 𝑐𝑜𝑠𝜔𝑡2

− 𝑡𝑎𝑛−1
𝑠𝑖𝑛𝜔𝑡1

𝜆
1 − 𝑎 + 𝑐𝑜𝑠𝜔𝑡1

)               [Eq. 4.5] 

𝛼̇ = −
𝜔𝑐𝑜𝑠𝜔𝑡 (

𝜆

1 − 𝑎 + 𝑐𝑜𝑠𝜔𝑡) + 𝜔𝑠𝑖𝑛
2𝜔𝑡

𝑠𝑖𝑛2𝜔𝑡 + (
𝜆

1 − 𝑎 + 𝑐𝑜𝑠𝜔𝑡)
2                              [Eq. 4.6] 
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It should be noted that in unsteady CFD solutions, although the Navier-Stokes equations 

themselves do not explicitly include pitch acceleration terms, when dynamic meshes or 

moving boundaries are used to describe blade motion, the pitch velocity and acceleration 

indirectly affect the flow field evolution through boundary velocities, mesh velocities, and 

non-inertial reference frame terms. 

 

In the numerical implementation of SU2, pitch motion is not directly input through a discrete 

angle table, but is calculated in real time at each time step using a user-defined time function. 

Specifically, at the nth time step, the current physical time is input into the UDF, and the 

instantaneous pitch angle, angular velocity, and angular acceleration can be calculated. 

 

Compared to the traditional approach of only specifying the pitch angle as a function of time, 

explicitly defining and using pitch angular velocity and angular acceleration has two 

advantages. First, from a physical modeling perspective, the triggering and development of 

dynamic stall is not only related to the instantaneous angle of attack, but also closely related 

to the rate of change of the angle of attack. By explicitly distinguishing instantaneous pitch 

angle, angular velocity, and angular acceleration in the numerical model, the unsteady added 

mass effect and vortex dynamics response during rapid pitch can be described more 

accurately. Secondly, from the perspective of numerical and adjoint consistency, the explicit 

definition of pitch angular velocity and angular acceleration avoids the time discretization 

error introduced by approximating derivatives through numerical difference, ensuring strict 

consistency between the forward flow field and the adjoint equations in the time dimension. 

 

In this implementation, pitch angle, angular velocity, and angular acceleration are all given 

as explicit time functions, rather than as design variables in the optimization. This approach 

ensures that the kinematic description remains unchanged throughout the optimization 

process, thus strictly limiting the influence of design variables on the flow field to the 

geometry and aerodynamic response levels, which is beneficial for the subsequent physical 

interpretation of adjoint sensitivity. At the same time, this explicit time function form also 

provides a unified interface for introducing more complex kinematic models (such as 

variable angular velocity or non-sinusoidal pitch). 
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4.1.4 Influence of the Airfoil Pitch Acceleration 

In unsteady aerodynamic simulations of the VAWTs, particularly those involving 

optimization, blade pitch motion is often introduced to improve performance or simulate 

realistic operational control strategies. While constant or sinusoidal pitch variations are 

relatively well understood in CFD frameworks, introducing non-uniform pitch acceleration 

presents a series of theoretical and numerical considerations, especially when computing 

transient adjoint sensitivities. 

 

From the perspective of the flow solver, time-varying pitch acceleration is handled through 

prescribed boundary motion or dynamic mesh transformations. If the mesh deformation is 

smooth and the motion is continuous, the solver can generally accommodate non-linear pitch 

profiles without significant issues. The primary numerical concern arises when the pitch 

acceleration is discontinuous or piecewise-defined, which can introduce unusual changes 

(eg. Induced factors that change over time in the leeward region) in local velocity and 

pressure fields. These effects may produce stronger leading-edge vortices, flow separations, 

or sudden changed pressure gradients. Only if the mesh resolution is sufficient and time 

stepping is appropriately chosen, the primal solution remains more stable. Therefore, the 

models in each subsequent chapter were tested in this regard. 

 

The more significant impact lies in the adjoint sensitivity solver, where the blade’s pitch 

history directly affects how perturbations propagate backward in time. Since adjoint 

equations are linearizations of the governing equations around the unsteady primal solution, 

any abrupt change in pitch acceleration introduces a localized, time-sensitive perturbation in 

the flow field. This creates adjoint source terms that are sharply concentrated in time and 

space, potentially leading to: 

 

• High gradients in adjoint fields, especially near the blade surface. 

 

• Non-smooth temporal sensitivity evolution, which may impair gradient convergence 

during optimization. 

 

• Increased numerical stiffness during backward time integration. 
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Moreover, the pitch angle and its time derivatives (velocity and acceleration) directly 

influence the velocity boundary conditions and grid motion Jacobians, which appear in both 

the primal and adjoint formulations. When pitch acceleration varies in a non-smooth manner, 

it may lead to discontinuities in mesh motion derivatives, affecting the accuracy of adjoint 

flux linearizations and their contribution to the total sensitivity. 

 

From a theoretical standpoint, the main consideration is that the design perturbation interacts 

with a time-dependent motion field. Therefore, when computing shape derivatives, the total 

derivative of the objective function includes not only the local spatial sensitivity 
𝜕𝐽

𝜕𝑥
 but also 

cross terms involving time and motion derivatives, such as: 

𝑑𝐽

𝑑𝛼
= ∫ (

𝜕𝐽

𝜕𝑥
∙
𝑑𝑥

𝑑𝛼
+
𝜕𝐽

𝜕𝑢
∙
𝑑𝑢

𝑑𝛼
)

𝑇

0

𝑑𝑡                                       [Eq. 4.7] 

Where 𝛼  is the time-varying pitch profile, and velocity 
𝑑𝑥

𝑑𝛼
 and acceleration 

𝑑𝑢

𝑑𝛼
 are time 

derivatives. The adjoint solver must be aware of the kinematic context in which shape 

changes occur, particularly in rotational and moving boundaries. 

 

Another consideration is the effect on adjoint boundary conditions. For rotating blades with 

variable pitch, the normal and tangential directions at the blade surface vary over time, which 

alters the projection of adjoint fluxes and may require redefinition of boundary adjoint terms 

for consistency. If neglected, this can lead to physically incorrect gradients, especially in 

cases where 𝐶𝑇 is used as the objective function. 

 

In summary, while non-uniform pitch acceleration does not destabilize the primal CFD 

solver under proper conditions, it introduces localized temporal and spatial stiffness into the 

adjoint problem. Accurate adjoint treatment requires: 

 

• Smooth temporal resolution of the pitch profile, 

• Consistent time-stepping between primal and adjoint solvers, 

• Careful handling of mesh motion derivatives, 

• Reassessment of adjoint boundary conditions and source terms. 

 

In optimization contexts where pitch is a control variable or enters into the motion definition, 

it is therefore critical to represent pitch dynamics analytically or with high-order 
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interpolation, ensuring that the adjoint gradients remain accurate and meaningful for shape 

or control optimization. 

 

 

4.1.5 Dynamic Boundary Conditions on CFD 

Method 1: Inlet velocity magnitude and direction change simultaneously with time: 

In SU2 (especially the velocity inlet of INC_* which cannot be compressed), cfg usually 

cannot directly write time functions like U(t) and α (t) in MARKER_INLET. Therefore, the 

most stable and common implementation in engineering is to use an external script to drive 

the process in a loop according to physical time steps: at each step, the input velocity vector 

is changed to the current time step's 𝑈(𝑡) = 𝑈(𝑡)(𝑐𝑜𝑠𝑎(𝑡), 𝑠𝑖𝑛𝑎(𝑡)), and then SU2 is run 

for only one physical time step. A restart statement is written, and then restart is used to 

continue to the next step. The specific process is as follows: Prepare a "single-step template 

cfg" (fixing UNST_TIMESTEPS = 1 and OUTPUT_WRT_FREQ = 1, leaving the entry line 

MARKER_INLET = ( INLET, T, |𝑉|, dirx, diry, dirz ) for script overriding), then write a 

Python script to calculate 𝑈(𝑡) , 𝑎(𝑡)  for each step, modifying |𝑉|  and (dirx,diry) in 

MARKER_INLET, and changing RESTART_SOL from NO in the first step to YES in 

subsequent steps, looping through SU2_CFD (1 step at a time) until all physical steps are 

completed; this will allow users to obtain the time-varying values in history.csv. 𝐶𝐿(𝑡), 

𝐶𝐷(𝑡), and the entire unsteady process is linked by restart_flow.dat. The biggest advantage 

of this method is that the airfoil geometry is completely static, requiring no moving mesh or 

rotor-stator interface. The angle of attack change is equivalently achieved through the change 

of the incoming flow direction, which is extremely convenient. However, the cost is equally 

clear: because the incoming flow direction changes, the far-field boundary will be strongly 

excited, and the far field must be made much larger to avoid artificial boundary 

reflection/coupling contamination of aerodynamics. In particular, the upper and lower 

symmetrical boundaries often exhibit violent fluctuations that lead to errors. Therefore, 

symmetrical boundaries with small domains are generally not recommended under such 

moving incoming flow conditions. 

 

Method 2: Modify only the inlet velocity, and let the airfoil oscillate: 

If the simulation needs a less large far field and more stable symmetrical boundaries, a more 

"numerically friendly" approach is to give the inlet boundary only U(t) (constant direction, 
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e.g., always along the x direction), while the angle of attack variation/periodic load is 

generated by the rigid body motion of the airfoil itself (pitch oscillation or heave oscillation). 

Also considering that cfg generally does not directly support U(t), you can first use the script 

above to drive the "inlet only changes size" step by step: each step of the script only covers 

|V| of MARKER_INLET, and the direction (dirx,diry,direz) remains unchanged; at the same 

time, airfoil oscillation can be achieved through SU2's dynamic mesh/ALE motion module 

(e.g., enabling rigid body motion/mesh deformation in the configuration, and calculating the 

airfoil attitude or displacement at the current time in each step). The advantages of this 

approach are: the incoming flow direction remains unchanged, the boundary conditions are 

always "directly facing" the computational domain, and the far-field and symmetric 

boundaries are not strongly excited by the rotating incoming flow. Therefore, it is generally 

more stable and more suitable for long-term integration and frequency domain analysis 

under the same computational resources. The disadvantage is that it requires handling 

dynamic mesh quality, time consistency, and if modeling of relative motion of multiple parts. 

If you don't want to restart SU2 every step, another more efficient approach is to modify the 

SU2 source code: add the INLET_U_* option in CConfig and calculate U(t) at the inlet 

boundary conditions according to the current physical time. This way, the entire transient 

process can be completed in one run (the direction remains unchanged, only the amplitude 

is replaced), but you need to recompile and maintain the own branch. 

 

Method 3: Python Fitting/Interpolation-Driven Time-Varying Entry Point: 

Define the entry velocity (and its direction/angle when needed) as a time series curve fitted 

from experimental data or high-fidelity results. Use Python for interpolation/fitting, and 

continuously feed the current entry conditions to SU2 during the calculation process. The 

most common implementation is: Python first reads the t/U (or t/α) data table, performs 

spline/polynomial/piecewise linear fitting, then iterates through the physical time steps, 

writing the fitted U(t) (and optional α(t)) into the cfg function at each step (or directly passing 

it through a modified interface), and uses `restart` to chain the entire unsteady process. The 

biggest advantage of this method is its ease of defining complex operating conditions: such 

as gusts, non-sinusoidal, non-periodic, and noisy measured velocity curves. It can even 

quickly switch between different fitting strategies (smoothing, filtering, constrained slope, 

etc.), which is much more convenient than writing piecewise functions in cfg or modifying 

equations in C++. 
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However, its costs are also clear: First, the solution is slow because Python loops and 

frequent I/O (writing to cfg, reading and writing to restart, starting the solver) significantly 

reduce efficiency, especially when there are many physics steps, the overhead is 

considerable; second, the numerical risk is higher. If the fitted curve changes too quickly per 

unit time (e.g., U(t) jumps too much, the slope is too steep, the sampling interval does not 

match TIME_STEP), the entry condition is equivalent to applying a strong transient 

excitation to the system, which can easily lead to CFL runaway, internal iteration non-

convergence, "divergence", residual jumps, or even symptoms of "equation non-

closure/inconsistent solutions". In engineering, two things are usually done to reduce the 

risk: First, apply slope limiting/smoothing filtering to the fitted curve to ensure that the entry 

changes of adjacent time steps are small enough. Second, make the TIME_STEP, 

INNER_ITER, and CFL strategies more conservative, and locally encrypt the time steps 

during abrupt changes when necessary; otherwise, the convenience of this method can easily 

be offset by instability. 

 

4.1.6 Influence of Dynamic Boundary Conditions on CFD 

In this study, the inlet boundary condition is defined as a time-varying velocity profile whose 

periodic modulation is synchronized with the rotation period of the vertical-axis wind turbine 

(VAWT). This formulation simulates more realistic wind input conditions by introducing 

weak instabilities at the inlet, thereby emulating the time-varying wind environment 

encountered by actual rotating blades. As a result, the flow field is not driven by a constant 

inflow velocity, but rather by a low-amplitude sinusoidal or piecewise variation with a period 

matching one full rotor rotation. 

 

From the perspective of the original (flow) solver, such dynamic boundary conditions can 

significantly impact the numerical stability or accuracy of the simulation. However, because 

the inflow velocity variations in this study are designed to be continuous, small, and smooth, 

and their amplitudes are typically small compared to the average inflow velocity, standard 

time discretization schemes do not require excessively small time steps to capture the 

fluctuations. The CFL condition is still primarily governed by the local flow velocity near 

the blade and the mesh resolution, rather than the inlet modulation itself. 
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However, even slight boundary variations have a significant impact on unsteady simulations 

and associated sensitivity analyses. Particularly noticeable is the emergence of periodic 

fluctuations in the flow field. This indicates that the governing equations and their solutions 

are no longer steady, or even pseudo-state. Instead, the unsteadiness at the boundary 

propagates throughout the computational domain. It also interacts with blade motion, wake 

development, and vortex shedding. Although the amplitude is small, the phase difference 

between the inflow modulation and the blade position alters the instantaneous forces on the 

blades. This affects time-resolved physical quantities such as the tangential force coefficient 

(Ct). 

 

 

4.1.7 Piecewise Function Simulation of Equivalent Downwind Flow 

In the operation of a real vertical axis wind turbine (VAWT), the flow environment 

experienced by the blades on the upwind and downwind sides differs significantly. On the 

upwind side, the blades are primarily controlled by the relative inflow formed by the 

superposition of the free flow and their own tangential velocity. On the downwind side, 

however, the flow is influenced by the upstream blade wake, induced velocity decay, and a 

strong unsteady vortex structure. This flow characteristic manifests as significant velocity 

deficit, enhanced turbulence, and inflow non-uniformity, with its spatial and temporal 

distribution highly dependent on the specific rotor structure and operating parameters. 

 

If a symmetrical relative inflow description is still used in the oscillating airfoil equivalent 

model, it will fail to reflect the true flow degradation characteristics experienced by the 

downwind blades. Therefore, this study introduces an equivalent downwind inflow 

simulation method based on a piecewise function to approximately reproduce the 

asymmetric flow environment on the downwind side of the VAWT in a two-dimensional 

model. 

 

It is important to emphasize that this piecewise function is not based on empirical 

assumptions or artificial adjustments, but rather on a reverse calibration using the flow field 

solution of the complete VAWT numerical model in Section 5.6. Specifically, in the real 

VAWT model, by statistically analyzing and averaging the local velocities at different 

azimuth angles along the blade trajectory, the characteristic distribution of the relative 
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incoming velocity as a function of azimuth in the downwind region was obtained. This 

distribution reflects the combined result of wake interaction and induced effects, and is a 

direct product of the complete rotating flow field solution. 

 

Based on this, to preserve this key asymmetric feature in the oscillating airfoil model, the 

inlet velocity amplitude is defined as a piecewise function of azimuth: the velocity 

expression based on relative motion is used in the upwind region, while in the downwind 

region, a calibrated velocity attenuation factor is introduced to ensure that the inlet velocity 

amplitude is consistent with the average velocity level on the downwind side of the real 

VAWT. In this way, the two-dimensional model introduces flow asymmetry consistent with 

the three-dimensional rotating model without significantly increasing computational 

complexity. 

 

The primary objective of this piecewise function simulation method is not to precisely 

reconstruct the instantaneous wake structure, but rather to statistically reproduce the 

systematic reduction in the downwind inflow velocity level. This allows the oscillating 

airfoil model to more closely approximate the actual VAWT condition in terms of 

aerodynamic amplitude, load phase, and tangential force contribution. This equivalent 

treatment provides more physically representative flow input conditions for subsequent 

unsteady adjoint optimization based on oscillating airfoils. 

 

 

4.1.8 Influence of Piecewise Function Simulation 

Introducing a piecewise function-based equivalent downwind inflow description into the 

oscillating airfoil equivalent model systematically impacts the unsteady CFD flow field 

structure and aerodynamic response. Compared to inlet velocity models employing 

symmetric or continuous analytical forms, this piecewise function explicitly distinguishes 

the inflow characteristics on the upwind and downwind sides, allowing the two-dimensional 

model to statistically inherit the asymmetry of the real VAWT rotating flow field, thereby 

altering the aerodynamic loading of the blade in different azimuth intervals. 

 

Firstly, at the flow field level, the piecewise function simulation significantly alters the 

velocity level and shear distribution in the downwind region. Because the inlet velocity 
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amplitude is systematically reduced in the downwind region, the effective Reynolds number 

experienced by the blade in this interval decreases, leading to earlier boundary layer 

separation and changes in the scale and shear frequency of vortices. This effect manifests in 

the instantaneous flow field as an increase in downwind vortex intensity and aggravated 

velocity deficit in the wake region, with overall characteristics consistent with the downwind 

flow degradation trend observed in the full VAWT numerical model. Therefore, it is evident 

that the piecewise function does not simply introduce artificial perturbations, but rather 

reproduces the non-negligible wake effect in a rotating system in an average sense. 

 

Secondly, regarding aerodynamic response, the piecewise function has a identifiable impact 

on both load amplitude and phase. Compared to the symmetrical inflow model, the reduction 

in downwind inlet velocity directly weakens the peak values of lift and tangential force in 

this interval, resulting in a significant asymmetry in the aerodynamic distribution within a 

single cycle. This asymmetry alters the integral result of the tangential force time history, 

thus affecting the distribution characteristics of the equivalent single-blade power 

contribution. It is noteworthy that this effect is not a simple overall scaling, but rather 

reshapes the temporal structure of unsteady aerodynamic forces by changing the azimuth 

interval and phase position of the load peak. 

 

Furthermore, the piecewise function simulation also indirectly modulates dynamic stall 

behavior. Due to the reduced downwind inflow velocity amplitude, the effective angle of 

attack change rate and peak angle of attack of the blade in this interval both change, thereby 

affecting the triggering time and development intensity of dynamic stall. Under certain 

operating conditions, the piecewise function model exhibits a delayed or weakened dynamic 

stall process on the downwind side, while maintaining stall characteristics similar to the 

continuous inflow model on the upwind side. This difference results in the overall stall 

behavior exhibiting an asymmetric evolution process within a cycle that more closely 

resembles the actual VAWT operating state. 

 

From a numerical perspective, the piecewise function places higher demands on the stability 

of unsteady CFD solutions. If the piecewise function exhibits non-smoothness at interval 

connections or near extreme points, it may introduce high-frequency excitations at the inlet 

boundary, thereby inducing non-physical oscillations in the flow field. By employing the 

continuity handling strategy described in the preceding section, the changes in the piecewise 
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function over the time dimension remain smooth, allowing the forward unsteady calculation 

to proceed stably within a reasonable time step without residual amplification or 

convergence deterioration caused by abrupt changes in inlet conditions. 

 

It should be noted that although a piecewise function is introduced into the oscillating airfoil 

equivalent model to simulate downwind inflow degradation, this treatment does not imply a 

significant or non-physical reduction in the downwind inlet velocity. Conversely, the 

velocity loss introduced by the piecewise function in this study remains relatively small in 

magnitude, its effect being more about introducing flow asymmetry than significantly 

reducing the overall incoming kinetic energy level. 

 

From a physics perspective, the flow characteristics on the downwind side of a real vertical 

axis wind turbine (VAWT) are primarily determined by the upstream blade wake-induced 

effect and the overall rotor scale. For medium and large VAWTs, the blade spacing is 

relatively large, and the rotor diameter is significantly increased. The wake of a single blade 

undergoes significant diffusion and dissipation during propagation, resulting in a relatively 

limited direct velocity reduction effect on the downstream blades. Therefore, on an 

engineering scale, the downwind incoming flow exhibits more of a combined effect of mild 

velocity loss and enhanced turbulence than a strong average velocity decay. 

 

Based on this understanding, this study did not attempt to "amplify" the wake effect by 

significantly reducing the downwind inlet velocity when constructing the piecewise 

function. Instead, it adopted a velocity correction with limited amplitude based on statistical 

analysis of the complete VAWT numerical flow field. This correction primarily aims to 

break the statistical symmetry between the upwind and downwind sides, enabling the 

oscillating airfoil model to reflect the uneven aerodynamic distribution in a real rotating 

system. Numerical results show that, within the considered operating range, the downwind 

velocity loss introduced by the piecewise function has a relatively small impact on the overall 

flow field energy level; its main effects are manifested in the modulation of load phase, 

tangential force distribution, and unsteady aerodynamic time structure. 

 

The aforementioned scale effect is further verified in Chapter 5.6. Through comparative 

analysis of three different VAWT sizes, the influence of downwind velocity loss on 

aerodynamic distribution and equivalent power contribution is systematically evaluated. The 
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results show that as the turbine size increases, the impact of downwind velocity loss on 

overall performance prediction and optimization results gradually weakens, while the 

piecewise function model maintains a consistent physical trend across different scales. This 

comparative result indirectly demonstrates that the piecewise function simulation method 

used in this study has good robustness in terms of scale scalability. 

 

 

 

 

4.2 UDF Settings and its Effect on Rotational Airfoil 

In the previous section, the oscillating airfoil model was used to equivalently describe the 

local unsteady aerodynamic behavior of a vertical axis wind turbine (VAWT) blade during 

rotation. This model reproduced key features such as blade angle of attack variation, relative 

velocity modulation, and downwind flow degradation within a two-dimensional fixed 

computational domain by using time-varying pitch angles, inlet velocity amplitudes, and 

piecewise functions. However, it is important to note that the oscillating airfoil model is 

essentially a kinematic equivalent model; the blade does not undergo actual spatial 

displacement, nor does it exhibit strictly defined rotational motion. 

 

When the research object transitions from a single equivalent airfoil to a real rotating blade, 

both the description of the aerodynamic problem and the numerical implementation path 

undergo fundamental changes. The rotating airfoil not only experiences periodic changes in 

angle of attack and relative velocity, but its spatial position itself also changes over time, 

resulting in significant non-uniformity and path dependence of the flow field in the Eulerian 

reference frame. Furthermore, in the rotating model, any change in blade geometry is 

"transported" along the rotational trajectory to different spatial locations, thus having a more 

complex impact on the overall flow field structure and aerodynamic force distribution. 

 

Therefore, this section focuses on how to implement numerical modeling of rotating airfoils 

using user-defined functions (UDFs) within the SU2 framework, and systematically analyzes 

the differences between this setting and the oscillating airfoil model. Specifically, this 

section focuses on the following aspects: 

 



 69 

• The essential differences between rotating and oscillating airfoils at the physical 

modeling level; 

 

• The numerical generation method of rotational motion in SU2 and its impact on the 

flow field; 

 

• Establishing a consistent kinematic basis for subsequent in-situ blade deformation 

and multi-blade synchronous deformation. 

 

 

4.2.1 DV Deformation Mechanism of In-Situ Blade Deformation 

The fundamental difference between oscillating airfoil models and rotating airfoil models 

lies in whether the blades undergo actual spatial displacement. In a rotating airfoil model, 

the blades rotate rigidly around the rotor center at a constant or given angular velocity, and 

their instantaneous position is uniquely determined by the azimuth angle. Therefore, the 

blades are located at different spatial coordinates at each time step, and the flow they 

experience depends not only on the current angle of attack and relative velocity but also 

closely on the wake structure formed in previous time steps. This path dependence is one of 

the core characteristics distinguishing rotating airfoil models from oscillating airfoil models. 

 

From an aerodynamic perspective, oscillating airfoil models are mainly used to study 

unsteady responses at the "local blade element" level, while rotating airfoil models can 

directly describe the aerodynamic behavior of the blades across the entire rotor scale, serving 

as a necessary step connecting local blade element models with overall aircraft performance 

analysis. 

 

In SU2, oscillating airfoil models are typically implemented using a fixed mesh combined 

with time-varying boundary conditions or kinematic parameters; the computational domain 

itself does not change over time. Rotating airfoil models require explicitly incorporating the 

time-varying geometric position, primarily achieved through dynamic meshes or geometric 

update mechanisms based on rigid body motion. 
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In this study, the rotating airfoil is not implemented using a rotating reference frame, but 

rather employs an explicit time-progressing rigid body rotation description. Specifically, at 

each time step, the UDF calculates the instantaneous azimuth angle of the blade based on 

the current physical time and performs a rotational transformation on the blade surface node 

coordinates accordingly, thereby updating the blade's geometric position in the Eulerian 

reference frame. This approach allows the flow field to naturally accumulate the wake 

structure formed during blade motion without requiring additional modifications to the 

governing equations. 

 

Compared to the "attitude-only update, position-only update" approach in oscillating airfoil 

models, the geometric updates in rotating airfoil models significantly alter the flow field 

topology, especially when the blade passes through the downwind region, where the flow 

environment is directly affected by the wake residue from the previous cycle. This 

characteristic makes the rotating airfoil model numerically closer to the actual VAWT 

operation, but it also places higher demands on mesh quality, time step size, and numerical 

stability. 

 

Within the SU2 framework, the generation of the rotating airfoil is not accomplished through 

simple built-in parameter options, but rather relies on a user-defined geometry update 

mechanism. At each time step, a customized UDF will read the current physical time and 

calculates the corresponding rotation angle, then applies a rigid body rotation transformation 

to the blade surface nodes, and finally updates the boundary information related to the blade 

to ensure that the aerodynamic integral is consistent with the geometric position. This 

process is executed step-by-step in the forward unsteady CFD calculation, thus achieving a 

continuous description of the rotational motion. Since the rotation angle is an explicit time 

function, this kinematic description exhibits good controllability and consistency within the 

adjoint optimization framework, and also provides a clear interface for subsequently 

introducing design variables into blade geometry deformation. 

 

The introduction of the rotating airfoil model transforms blade geometry from merely an 

"aerodynamic shape" into a physical entity that moves through space over time. This 

characteristic dictates that, in the rotating model, any geometric deformation based on design 

variables must be defined in the blade's in-situ coordinate system and remain consistent 

throughout the rotation. Therefore, the rotating airfoil model provides the necessary physical 



 71 

and numerical foundation for the in-situ blade deformation mechanism and multi-blade 

synchronous deformation strategy proposed in subsequent chapters. 

 

 

4.2.2 Influence of In-Situ Blade DV Deformation Mechanism 

Although the kinematic definition of a rotating airfoil is relatively straightforward at the 

numerical implementation level, the overall numerical model undergoes fundamental 

changes in scale setting and boundary conditions when the computational object transitions 

from an oscillating airfoil to a real rotating airfoil. These changes not only affect the physical 

rationality of the flow field solution but also directly determine the representativeness of the 

calculation results for the actual operating state of a vertical axis wind turbine (VAWT). 

Therefore, it is necessary to specifically discuss the scale characteristics of the rotating airfoil 

model. 

 

First, the physical meaning of the inlet velocity undergoes a fundamental shift in the rotating 

airfoil model. In the oscillating airfoil model, the inlet velocity is typically interpreted as the 

equivalent relative inflow, used to reconstruct the local flow conditions experienced by the 

blade at a certain azimuth angle; however, in the rotating airfoil model, the inlet velocity can 

be directly considered as the ambient wind speed, i.e., the free inflow conditions experienced 

by the real VAWT. The change in the blade relative to the inflow is no longer artificially 

modulated by the inlet conditions but is naturally formed by the superposition of the blade 

tangential velocity and the inlet wind speed during the rotational motion. This shift makes 

the rotating airfoil model more direct in its physical interpretation but also implies the 

spontaneous formation of a complete rotor wake structure in the flow field. 

 

The wake effect introduced by rotational motion places higher demands on the 

computational domain exit location. Because the blade continuously transmits momentum 

downstream during rotation, its wake exhibits a significant axial extension, and its 

attenuation length varies with rotor size and operating parameters. If the exit boundary is set 

too close, the wake will be truncated before it can fully develop, leading to non-physical 

reflections or pressure feedback at the exit, thus contaminating the flow field solution 

throughout the computational domain. Therefore, compared to the oscillating airfoil model, 

the rotating airfoil model requires a significantly longer computational domain in the 
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downstream direction to ensure the wake can leave the computational region in a near-free-

developing state. 

 

Thus, the introduction of the rotating airfoil model inevitably leads to an increase in the 

overall computational scale. In the oscillating airfoil model, the computational domain scale 

is mainly determined by the airfoil chord length and its surrounding flow characteristics. In 

the rotating model, however, the characteristic length is dominated by the rotor diameter. 

With the introduction of the rotor radius, the spatial range covered by the blade within one 

rotation cycle significantly expands, requiring the computational domain to provide 

sufficient space in both the radial and tangential directions to accommodate the blade's 

motion trajectory and its wake structure. This scaling not only affects the geometric 

dimensions but also directly impacts the total mesh size, time step selection, and 

computational resource requirements. 

 

From the perspective of the forward flow field, the in-situ DV deformation mechanism 

ensures that blade geometric modifications are always defined within the blade's local 

coordinate system and updated synchronously with its rotational motion to the current spatial 

position. This approach avoids the non-physical deformation or geometric discontinuities 

that might be introduced by directly applying geometric perturbations in the Eulerian 

reference frame. From the perspective of unsteady adjoint optimization, the in-situ DV 

deformation mechanism plays a decisive role in the sensitivity propagation path. In the 

adjoint method, the sensitivity of the objective function to design variables needs to be 

backpropagated across the entire time interval. If the geometric deformation is defined in the 

in-situ coordinate system, the in-situ DV deformation ensures that the design variables are 

always bound to the blade's physical position, allowing the adjoint sensitivity to accumulate 

backward along the blade's actual motion trajectory, thereby significantly improving the 

stability and physical interpretability of the gradient. 

 

4.2.3 Synchronous Deformation Mechanism of Multiple Blades 

When introducing geometric optimization based on design variables (DVs) into a rotating 

airfoil model, a core challenge is ensuring that geometric deformation retains clear physical 

meaning and numerical consistency despite continuous blade motion. Unlike stationary or 

oscillating airfoil models, rotating airfoils are in different spatial positions and attitudes at 
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each time step. Applying design variable displacements directly to the global Euler 

coordinate system would cause non-physical shifts in the direction of geometric deformation 

over time, thus disrupting the correspondence between sensitivity information and actual 

geometric changes. Therefore, this study employs a synchronous deformation mechanism 

based on a rotational coordinate transformation matrix to ensure that design variables are 

always defined in the local coordinate system of the blade and maintain strict consistency in 

multi-blade scenarios. 

 

(1) Construction of the In-situ Coordinate System Based on the Rotation Matrix 

 

To ensure that design variable deformation always revolves around the airfoil itself, this 

study first introduces a time-varying local coordinate system for each rotating airfoil. This 

coordinate system uses the airfoil reference point (such as the quarter-chord point or 

geometric center) as its origin, and its coordinate axes always maintain a fixed relationship 

with the airfoil body. The positional changes of a rotating airfoil in the global coordinate 

system can be represented by a standard two-dimensional rotation matrix in Chapter 3. 

 

In the numerical implementation, the geometric displacements caused by all design variables 

are first defined in the airfoil's local coordinate system. Let the displacement of a design 

variable at a certain node, calculated from the adjoint sensitivity in the local coordinate 

system, be multiplied by a matrix to obtain the corresponding displacement in the global 

coordinate system. 

 

Through this transformation, the update direction of the design variables always remains 

consistent with the physical meaning of the airfoil surface normal or tangential, without 

distortion due to the airfoil's rotation in space. The sensitivity of the design variables changes 

in the local coordinate system without iteration, while the geometric update is mapped to the 

global space through the rotation matrix. This approach ensures that the physical orientation 

of the geometric deformation is not lost over time during unsteady rotation. 

 

This matrix-based in-situ coordinate system processing is particularly important for unsteady 

adjoint optimization. Since the adjoint sensitivity essentially reflects the objective function's 

response to local geometric perturbations, without coordinate system separation, the 
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sensitivity will be incorrectly projected onto the global direction over time, leading to 

uninterpretable or even invalid gradient information. 

 

In a real VAWT rotor, multiple blades are typically identical in structure and aerodynamic 

design, and their design variable distributions should be physically consistent. Therefore, in 

the multi-bladed rotating model, this study introduces a multi-bladed synchronous 

deformation mechanism based on single-airfoil sensitivity to ensure that all blades undergo 

the same geometric updates during optimization. 

 

Specifically, an independent wall boundary is defined for each blade in the numerical model, 

but only one reference blade is used to calculate the associated sensitivity and update its 

design variable distribution. The updated design variables on this reference blade are 

considered the "standard deformation mode" of the airfoil. In each optimization iteration, 

this deformation mode is automatically copied and applied to the remaining blades through 

coordinate transformation and index mapping. This update amount is entirely derived from 

the design variable update results of the reference blade. This process is executed 

automatically in each optimization iteration, ensuring that the deformation of all blades is 

completely consistent in the local coordinate system, exhibiting different geometric attitudes 

only in the global spatial position due to different rotation angles. 

 

This synchronous deformation mechanism avoids the computational overhead of calculating 

the sensitivity for each blade separately, and also prevents asymmetric or non-physical 

geometric differences between multiple blades. More importantly, since all blades share the 

same set of design variables, the optimization results naturally satisfy the periodic symmetry 

requirements of the rotor structure and aerodynamic design. 

 

 

 

4.2.4 Influence of Synchronous Deformation Mechanism on Multiple 

Blades 

In multi-bladed rotating airfoil models, if a synchronous deformation mechanism is not 

employed, and only one blade undergoes geometric optimization based on design variables 

while the other retains its original shape, the rotor will exhibit a degree of asymmetry in both 
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geometry and aerodynamics. In the case of a two-bladed vertical axis wind turbine (VAWT), 

this asymmetry manifests as different local aerodynamic responses generated by the two 

blades within the rotation cycle, thus introducing differences in instantaneous load 

distribution. 

 

From a physics perspective, if only one blade is optimized, its local lift, drag, and tangential 

force characteristics will change within the corresponding azimuth angle range, while the 

other blade maintains its original aerodynamic characteristics. This difference can be 

identified at a single time step or local azimuth angle, particularly in the amplitude and phase 

of the instantaneous aerodynamic force curve. However, due to the inherent time-staggered 

nature of a two-bladed VAWT within a complete rotation cycle, the load contributions of 

the two blades are superimposed in a time integral sense, which significantly weakens the 

asymmetry effect introduced by the single-blade shape difference after periodic averaging. 

 

From a flow field perspective, the asymmetry introduced by asynchronous updates is mainly 

reflected in the local differences in the wake structure. The wake intensity and structure 

formed downstream by the optimized blade differ slightly from those of the unoptimized 

blade, but due to diffusion and dissipation during wake propagation, these differences are 

partially smoothed out before reaching another blade. This wake diffusion mechanism 

further reduces the direct transmission efficiency of geometric asymmetry between blades, 

keeping the impact of asynchronous updates on the overall flow field structure within a 

limited range. 

 

The above effects also exhibit significant scale dependence. As the turbine size increases, 

the rotor diameter increases significantly relative to the wake characteristic scale, and the 

influence range of a single blade's wake across the entire rotor scale relatively decreases. In 

large-scale VAWTs, increased blade spacing and extended wake diffusion paths further 

weaken the direct impact of one blade's geometric difference on the aerodynamic 

environment of another blade. Therefore, in larger-scale turbines, even without synchronous 

geometric optimization of all blades, the impact on overall performance and flow field 

statistical characteristics is often negligible. 

 

This study employs a strategy of using single-airfoil design variables and simultaneously 

updating multiple blades. This approach is not only physically sound but also offers 
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significant advantages in computational efficiency. Since calculating unsteady 

accompanying sensitivity is typically more time-consuming than forward CFD solutions, 

calculating sensitivity for each blade separately and updating design variables independently 

would significantly increase the overall optimization cost. By calculating the sensitivity for 

only one reference blade and synchronously mapping its design variable updates to the 

remaining blades, the computational overhead related to optimization can be approximately 

halved without sacrificing physical consistency. 

 

From a physical perspective, once the rotating flow field reaches a periodic steady state, the 

downwind flow environment experienced by different blades in a two-bladed VAWT at 

different time steps statistically differs only in phase shift. In other words, the flow 

characteristics experienced by one blade when entering the downwind region at a certain 

time step will be completely experienced by the other blade within one rotation cycle through 

time shift. Therefore, when the optimization objective is time integral or periodic average, 

single-airfoil design variables can adequately represent the aerodynamic response of 

multiple blades throughout the entire rotation cycle. 

 

It is worth noting that the modeling assumption based on single-airfoil design variables and 

simultaneous updates of multiple blades implicitly presupposes that the rotor flow field 

possesses statistical periodic translational invariance. However, under certain specific 

physical conditions, this assumption may no longer hold strictly. First, under strong blade-

blade frequency-locking interference, the unsteady aerodynamic responses of adjacent 

blades may phase-lock through wake interactions, thereby disrupting the time translational 

symmetry between blades and causing fundamental differences in the flow environment 

experienced by different blades at the same azimuth angle. Second, under aperiodic stable 

dynamic stall chaotic conditions, blade aerodynamics may exhibit quasi-periodic or even 

chaotic characteristics. In this case, the flow field evolution is highly sensitive to initial 

conditions, making it difficult to establish equivalence relationships between different blades 

through simple phase translation. Furthermore, for very small-scale, closely spaced rotors 

with small blade spacing, the wake of a single blade may not have fully diffused before 

reaching the downstream blade. Its velocity deficit and vortex structure may directly 

dominate the inflow conditions of the downstream blade, thus significantly amplifying the 

impact of geometric or aerodynamic differences between blades. Finally, under asymmetric 

conditions (such as yaw inflow or significantly non-uniform inflow), the rotor no longer 
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satisfies rotational symmetry in space. Different blades may experience systematically 

different aerodynamic environments within the same rotational cycle, making the 

synchronous renewal strategy based on a single airfoil physically inapplicable. The 

synchronous deformation mechanism used in this study explicitly excludes the above 

situations, limiting the research to VAWT conditions where geometry and operating 

conditions are symmetrical and the flow field reaches a periodic steady state. 

 

Based on the above considerations, this study adopts a synchronous update strategy driven 

by single-wing design variables, which effectively reduces computational costs while 

ensuring the physical consistency of unsteady adjoint optimization, providing a feasible path 

for efficient optimization of large-scale VAWT. 

 

 

4.3 Near-Wall Mesh Definition 

Accurate resolution of unsteady flow structures and time-dependent sensitivities in VAWT 

adjoint optimization requires careful attention to both mesh design and the iterative 

numerical schemes employed in solving the governing and adjoint equations. In this study, 

the mesh generation and solver configuration are specifically tailored to support time-

accurate, rotating, and deforming geometries under adjoint-based optimization. 

 

The computational domain is divided into two regions: a stationary stator zone (housing the 

inflow boundary and outer domain) and a rotating inner rotor zone, where the blades are 

mounted and subjected to both physical motion and shape deformation. A circular sliding 

interface separates the two zones, allowing for relative motion without mesh disconnection. 

The mesh in the rotor region is structured to conform to the rotational geometry and 

boundary layer requirements of the blades. 

 

To maintain high fidelity during unsteady simulations, the mesh must satisfy several key 

criteria: 

 

Near-wall resolution is enforced using first-cell height targeting y+≈1 to ensure proper 

integration with turbulence models like k-w SST. 
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Spanwise resolution is increased near the blade tips and root regions to capture 3D flow 

separation and tip vortex structures, especially under dynamic deformation. 

 

Temporal-consistent mesh deformation is supported within the rotor zone using radial basis 

function (RBF) interpolation or linear elastic smoothing, allowing for smooth transitions 

during free-form deformation (FFD) without introducing skewed or tangled elements. 

 

Grid orthogonality and low aspect ratio are maintained in boundary layers to reduce 

numerical diffusion and preserve adjoint accuracy near solid surfaces. 

 

Mesh quality is particularly critical in adjoint computations because gradient noise can be 

amplified by mesh irregularities, especially in regions with high curvature or abrupt motion-

induced changes. As such, all FFD-based deformations are monitored for element Jacobian 

quality and adjusted through mesh smoothing if necessary before each primal-adjoint 

evaluation cycle.  

 

In the aerodynamic simulation and adjoint optimization of unsteady vertical axis wind 

turbines (VAWT), the definition of the near-wall mesh directly determines the analytical 

accuracy of the boundary layer, the reliability of aerodynamic predictions, and the numerical 

stability of sensitivity calculations. Because VAWT blades experience a wide range of 

effective angle of attack variations within a single rotation cycle and frequently enter 

dynamic stall and reattachment processes, the near-wall flow characteristics exhibit 

significant unsteadiness and spatial gradient variations. Therefore, compared to steady 

horizontal axis wind turbine (HAWT) problems, VAWT places more stringent requirements 

on the quality of the near-wall mesh. 

 

This section focuses on the near-wall mesh construction strategy for the optimized 

NACA0015 airfoil, including the first-layer mesh height (represented by y+), the normal 

mesh growth rate, the wall tangential resolution, and the mesh treatment of the trailing edge 

region. This mesh definition not only ensures the accuracy of the forward CFD calculations 

but is also a necessary prerequisite for the subsequent airfoil geometric constraint analysis 

and design variable deformation feasibility in Section 4.4. 
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A review of past VAWT numerical studies reveals that most works addressing dynamic stall 

and unsteady aerodynamic problems employ low Reynolds number near-wall treatments or 

wall-resolved turbulence models, thus requiring the first grid layer to be located within a 

viscous sublayer, i.e., the value of y+ does not exceed 1. 

 

Based on the above research consensus, and considering the need for unsteady 

accompanying sensitivity calculations in this study, this paper suggests and adopts a y+ 

range of less than 1 as the target range for near-wall mesh design. During actual mesh 

generation, the height of the first mesh layer is conservatively selected based on the 

estimated combination of maximum inflow velocity and rotational tangential velocity to 

ensure that Y+ remains within this range throughout the entire rotation cycle. 

 

Besides the initial mesh height, the quality of the near-wall mesh in both the normal and 

tangential directions significantly impacts the numerical results. In the normal direction, a 

progressively increasing structured or quasi-structured mesh is employed, with the growth 

rate kept within a small range to avoid abrupt changes in mesh scale within the boundary 

layer. Typically, the normal growth rate is limited to 1.1–1.2 to ensure smooth resolution of 

velocity and turbulent gradients near the wall. 

 

In the tangential direction, the mesh distribution along the airfoil surface must accommodate 

both the high curvature region at the leading edge and the pressure gradient variation region 

in the mid-to-rear section. For the NACA0015 airfoil, a higher tangential resolution is 

required in the leading edge region due to strong acceleration and potential stall initiation 

points; while in the mid-chord to trailing edge region, sufficient mesh density is needed to 

resolve boundary layer separation and reattachment processes. This tangential distribution 

strategy also helps maintain mesh quality stability during subsequent geometric deformation. 

 

For the standard NACA0015 airfoil, its theoretical geometric trailing edge is a sharp 

structure. In numerical implementation, directly using a geometrically perfectly sharp 

trailing edge would lead to significant mesh distortion at the trailing edge, thus affecting the 

computational stability of pressure and shear stress. Therefore, in this study, the trailing edge 

tip is not strictly modeled as a mathematically zero-thickness structure. Instead, numerical 

resolvability is achieved by introducing a very small but finite trailing edge thickness. 
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The selection principle for this trailing edge thickness is: its scale is much smaller than the 

airfoil chord length and boundary layer thickness, thus not significantly affecting the overall 

aerodynamic characteristics, while being sufficient to ensure the continuity and 

orthogonality of the mesh in the trailing edge region. It is important to emphasize that this 

study only discusses the optimized NACA0015 airfoil and does not involve special trailing 

edge configurations such as the J-shape or other modified baseline airfoils. Therefore, the 

trailing edge treatment strategy will remain consistent throughout, which is beneficial for 

subsequent systematic analysis of geometric deformation constraints. 

 

After generating the near-wall mesh, subsequent chapters (Chapters 5, 6, and 7) 

systematically check the mesh quality, including parameters such as element orthogonality, 

distortion, and minimum element volume. The results show that the mesh quality parameters 

meet the requirements of unsteady CFD and associated calculations within the airfoil surface 

and its adjacent regions. Furthermore, the near-wall mesh maintains a reasonable quality 

level even after airfoil geometry undergoes design variable-driven deformation. 

 

This is crucial for subsequent chapters. Since Section 4.4 will analyze airfoil geometric 

constraints and design variable distribution, the near-wall mesh must remain stable during 

geometric changes to avoid misinterpreting numerical errors as aerodynamic or optimization 

effects due to local mesh degradation. 
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4.4 Airfoil Constraints Analysis 

In an adjoint optimization framework, the geometric update of an airfoil typically manifests 

as continuous deformation along the wall normal or control point direction. Without 

appropriate geometric constraints, optimization tends to seek short-term aerodynamic gains 

through local "extreme shapes," such as sudden reductions in thickness, trailing edge 

collapse, abrupt curvature changes, or chord length drift. While these shapes may 

numerically improve the objective function, they often lack structural manufacturability, 

strength margin, or mesh preservation, and significantly reduce the interpretability of 

unsteady adjoint gradients. Therefore, in the NACA0015 airfoil optimization of this study, 

constraint analysis is used as a prerequisite for the geometric update strategy to limit the 

design space and ensure the convergence and reproducibility of the optimization process. 

 

In common optimization examples in SU2, aerodynamic optimization of wind turbine blade 

airfoils can be addressed. Several common types of constraints can be summarized as 

follows: 

 

Scale constraints: Maintaining a constant chord length or limiting the range of chord length 

variation, ensuring that the dimensionless coefficient definition is consistent with the 

operating conditions, and avoiding obtaining non-target gains "through scaling geometry." 

 

Thickness constraints: Limit maximum, minimum, or thickness distribution to ensure 

structural manufacturability and strength requirements, preventing localized thinning that 

could lead to mesh degradation and unreasonable separation features. 

 

Leading/Tail Geometric Constraints (LE/TE constraints): Constrain the leading edge radius, 

trailing edge thickness/angle, and trailing edge position to avoid sharp corners or folds; 

simultaneously ensuring aerodynamic and mesh quality stability. 
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Smoothness/Curvature Constraints: Control the rate of change of curvature or the second 

derivative to prevent localized ripple deformation from introducing non-physical pressure 

oscillations and gradient noise. 

 

Area/Volume Constraints: Maintain approximately constant cross-sectional area to avoid 

sacrificing aerodynamic benefits for material usage and ensure structural consistency. 

 

Non-self-intersection/Single-valued Surface Constraints: Avoid intersections of upper and 

lower surfaces or negative thicknesses, ensuring the airfoil remains a definable closed 

section. 

 

Based on the near-wall mesh strategy in 4.3, this study prioritizes the use of the constraints 

of chordlength and thickness, that are directly related to mesh quality and structural 

feasibility to ensure that unsteady CFD and adjoint optimization remain stable during 

multiple iterations. 

 

For two-dimensional airfoil optimization, chord length constraints can be achieved by fixing 

key points at the leading and trailing edges. Let the leading edge point be 𝑥𝐿𝐸 and the trailing 

edge point be 𝑥𝑇𝐸, and the chord length be defined as: 𝑐 = |𝑥𝑇𝐸−𝑥𝐿𝐸| 

 

In the geometry optimization process, the examples applicable to pitch airfoils typically do 

not penalize C at the objective function level. Instead, they directly fix the chord reference 

point through geometric parameterization and boundary conditions, preventing chord length 

drift at its source. Specifically, the following strategies can be adopted: 

 

Fixed Leading and Trailing Edge Control Points/Nodes: Several key points located near 

x/c=0 (leading edge) and x/c=1 (tailing edge) are designated as "freeze points," ensuring 

their displacement is zero during design variable updates. 

 

Geometric Parametric Definition in a Normalized Chord Coordinate System: For example, 

using x/c as the independent variable to represent the shape of the upper and lower surfaces, 

optimization only allows changes to the profile in the normal direction, disallowing 

translation of endpoints along the chord. 
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Constraining Trailing Edge Position: This requires 𝑥𝑇𝐸  to remain constant in the global 

coordinate system, preventing changes in chord length caused by global scaling or 

translation. 

 

This method ensures that the chord length constraint is strictly satisfied during the iteration 

process. It avoids inconsistencies in the definition of dimensionless force coefficients caused 

by "chord length drift," thus guaranteeing the comparability of different iteration results. 

 

For NACA0015, the thickness distribution determines not only the structural margin but also 

the triggering of dynamic stall and the scale of the separation bubble. Without thickness 

constraints during optimization, common non-physical tendencies include: local thinning to 

reduce drag, excessively sharp leading edges to enhance suction peaks, or tail-edge collapse 

leading to mesh deterioration. To avoid these problems, this study employs a constraint 

system centered on "thickness distribution." 

 

The local thickness at the chordal position x is the difference between upper coordinate 

𝑦𝑢𝑝𝑝𝑒𝑟(𝑥) and 𝑦𝑙𝑜𝑤𝑒𝑟(𝑥). The typical thickness constraints include: 

 

• Maximum thickness constraint: Keeps tmax close to the reference airfoil (or limits 

its variation range) to prevent overall thinning of the cross-section. 

 

• Minimum thickness constraint: Limits t(x) ≥ tmin(x) at critical chordal locations. 

 

• Tail edge thickness constraint: Maintains a finite or minimum tail edge thickness to 

ensure mesh and numerical stability. 

 

There are generally two approaches to implementing thickness constraints in pitch airfoils: 

 

1. Explicit geometric constraints (hard constraints): Thickness is defined as a constraint 

function at the parameterization level and treated as an inequality constraint in the optimizer. 

This requires parameterization and constraint evaluation to be calculated synchronously after 

each geometric update. 
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2. Projection/repair strategy: The thickness distribution is checked after each update. If 

𝑡(𝑥) < 𝑡𝑚𝑖𝑛(𝑥) or a trailing edge anomaly occurs, the local design variable update is rolled 

back or projected to the feasible region boundary. 

 

For unsteady adjoint optimization, the second approach is often more robust: it avoids 

introducing additional constraint adjoint terms into the adjoint gradient and significantly 

reduces the risk of mesh collapse due to geometric infeasibility. Since this study focuses on 

the optimized NACA0015, a strategy of "lower thickness limit + minimum trailing edge 

thickness + local repair" can cover the main risks. 

 

In sensitivity-based gradient optimization, geometry updates typically employ an update rule 

of the form of ∆𝑥 = −𝛼𝑜𝑝𝑡𝑔. 

 

Where 𝑔 is the shape gradient (or the smoothed/filtered gradient), and 𝛼𝑜𝑝𝑡 is the step size 

or scaling factor. In practical engineering, the selection of 𝛼𝑜𝑝𝑡 is one of the key factors 

determining whether the optimization is stable. Its role is not only to control the geometric 

deformation amplitude of each iteration, but also to directly affect the mesh quality, the 

gradient noise of the time integration objective, and the convergence speed. 

 

When 𝛼𝑜𝑝𝑡  is too large, a single geometric update becomes overly aggressive, easily 

triggering thickness constraint violations, tail collapse, or abrupt curvature changes. Near-

wall mesh height and orthogonality deteriorate rapidly, making it difficult for forward CFD 

residuals to converge, leading to gradient distortion. Unsteady objectives (such as time-

integrated 𝐶𝑇) are more sensitive to geometric perturbations; excessively large step sizes 

amplify high-frequency components of the load within a cycle, causing optimization 

oscillations or divergence. 

 

When 𝛼𝑜𝑝𝑡 is too small, the single update amplitude is insufficient, the objective function 

decreases slowly, and the number of optimization iterations increases significantly. In the 

presence of unsteady load noise and accompanying discrete errors, excessively small step 

sizes can cause the "real improvement signal" to be submerged by numerical noise, resulting 

in a non-monotonic or nearly stagnant objective function. Due to minimal geometric 
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changes, optimization may get stuck in a local flat region, making it difficult to overcome 

the performance bottleneck of the initial design. 

 

Based on these trade-offs, this paper suggests using a normalized step size strategy to 

determine 𝛼𝑜𝑝𝑡: using the chord length c or the maximum thickness tmax as a scale, the 

maximum normal displacement in a single cycle is controlled within a small dimensionless 

threshold range 𝑚𝑎𝑥‖∆𝑥‖. It is typically on the order of 10⁻⁴ to 10⁻³ (the specific value 

should be determined in conjunction with the mesh resolution and thickness lower bound 

constraints). The essence of this strategy is to ensure that the magnitude of each update is on 

the same order of magnitude as the mesh resolution, thereby guaranteeing analyzable 

geometric changes. 

 

 

 

 

 

 

4.5 DV Distribution and Airfoil Deformation 

For the standard NACA0015 airfoil, its aerodynamically sensitive regions exhibit a distinctly 

non-uniform distribution along the chord direction. The leading edge region, due to its strong 

acceleration effect and significant pressure gradient, is a critical location for dynamic stall 

triggering, leading-edge separation bubble formation, and suction peak evolution. The 

trailing edge region significantly influences the wake structure, pressure recovery process, 

and overall drag level. In contrast, the flow changes in the airfoil's central region are 

relatively gentle, exhibiting lower sensitivity to local geometric disturbances. 

 

Based on these physical characteristics, a non-uniform distribution strategy is typically 

adopted for the arrangement of discrete points on the airfoil surface: denser points at the 

leading and trailing edges, and relatively sparser points in the central region. This 

distribution improves the optimization's response to key aerodynamic regions without 

significantly increasing the total number of design variables, while avoiding the introduction 

of redundant degrees of freedom in regions with low aerodynamic sensitivity. In numerical 

implementation, this strategy also reduces the impact of geometric deformation on the near-
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wall mesh quality, allowing the mesh to maintain good orthogonality and smoothness after 

multiple iterations. 

 

In this study, the distribution of points on the airfoil surface is nonlinearly mapped based on 

the chordal parameter x/c: the point spacing is significantly refined in the leading-edge 

region (x/c < 0.1) and the trailing-edge region (x/c > 0.9), while the spacing gradually widens 

in the mid-chordal region. This distribution method is consistent with the near-wall mesh 

refinement strategy in Section 4.3, thus ensuring the coordination between the geometric 

deformation scale and numerical resolution at both the physical and numerical levels. 

 

In adjoint optimization literature, the number of design variables on the airfoil surface is 

usually much smaller than the total number of discrete points on the surface. The aim is to 

capture the main aerodynamic characteristics through low-dimensional parameterization 

while suppressing non-physical oscillations. In early airfoil optimization studies based on 

the continuous adjoint method, the number of design variables was mostly concentrated on 

the order of 20–50, and the airfoil shape was often described using B-spline control points 

or Fourier coefficients [122-138]. 

 

With the improvement of computing power and the development of parameterization 

methods, research on unsteady problems and complex aerodynamic phenomena has 

gradually adopted higher-resolution parameterization, but the overall trend remains to keep 

the number of design variables below the hundred level. Rezaeiha et al. [105-107], in their 

optimization of VAWT aerodynamic performance, also emphasized avoiding too many 

degrees of freedom to prevent the optimization results from being overly sensitive to mesh 

and turbulence model errors. 

 

For unsteady adjoint optimization, the impact of the number of design variables is 

particularly significant. Since the adjoint equation needs to be integrated in reverse over the 

entire time interval, increasing the dimension of design variables amplifies the cumulative 

effect of gradient noise over time, thereby reducing the robustness of optimization 

convergence. Therefore, in the unsteady optimization of rotating and oscillating airfoils, a 

moderate number (20–50) of design variables with strong physical interpretability is 

generally preferred over pursuing extremely high geometric degrees of freedom. 
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In practical optimization, this DV distribution effectively adjusts the peak suction position 

and intensity in the leading edge region and improves pressure recovery characteristics in 

the trailing edge region, without introducing unnecessary high-frequency geometric 

fluctuations in the central region. Combined with the geometric constraints and scaling factor 

settings discussed in Section 4.4, this DV distribution provides the necessary conditions for 

the stable evolution of subsequent airfoil deformation. 

 

 

 

4.6 Simulation Timestep & Unit Displacement 

In VAWT's unsteady CFD/adjoint optimization, the "time step" is not merely a numerical 

parameter, but a key modeling quantity that couples the rotational motion (azimuth advance) 

with the time scale of unsteady separation/dynamic stall. In engineering, it's more common 

not to directly specify ∆𝑡 , but rather to specify the azimuth increment  

∆𝜃 (e.g., 1°, or 0.1 revolutions per step), and then convert the rotational angular velocity  

Ω into the actual time step. 

 

The advantage of this definition method is that, under different TSR or different speed 

conditions, the same ∆𝜃 can maintain a constant number of sampling points per revolution, 

thus more directly controlling the "resolution per revolution", which is more in line with the 

physical structure of the VAWT's periodic load/wake-blade re-interaction. 

 

Existing VAWT URANS/Hybrid RANS-LES studies generally show that the "minimum 

requirement" for time step (or ∆𝜃) depends on flow complexity, especially in low TSR 

(dynamic stall, strong vortex shedding) and downwind wake interference. Rezaeiha et al.'s 

conclusion on the sensitivity of systematic parameters is representative: at higher TSRs 

(where the flow is mostly attachment), ∆𝜃 ≤ 0.5° is often sufficient; however, at low to 

medium TSRs (with dynamic stall and significant wake-blade effects), it is necessary to 

refine to ∆𝜃 ≤ 0.1° to stably capture load abrupt changes and subsequent oscillations, thus 

making statistics such as power coefficient/moment coefficient less sensitive to time step 

[105-107]. 
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In literature with a "given ∆𝑡", a common practice is to compare three or more ∆𝑡 values, 

selecting the one with minimal difference in critical outputs (𝐶𝑚 , ∆𝜃) but significantly 

reduced computational cost. For example, Celik compared multiple sets of ∆𝑡 values for the 

unsteady computation of the self-starting process and ultimately chose ∆𝑡 = 0.00072𝑠 as a 

compromise [151]. 

 

Similarly, in 3D studies of two-bladed straight-bladed VAWTs, the time resolution is often 

expressed as "Ω∆𝑡" and after weighing resolutions such as 4°, 2°, 1°, and 0.5°, 1° is chosen 

as the default setting that is acceptable for engineering applications. 

 

For unsteady solvers like SU2, which are based on implicit/explicit time advancement, a true 

time step ∆𝑡 often corresponds to several pseudo-time iterations. The purpose is not to "make 

the time advancement faster," but to reduce the residuals of the discrete equations to an 

acceptable level at this time level, so as to avoid conflating "time discrete errors" with "non-

convergent algebraic errors." Smaller time steps result in: 

 

weaker individual physical changes and easier convergence of individual equations; 

 

but increased total number of steps leads to higher cumulative computational costs; 

 

for unsteady adjoints, more time steps also mean higher storage/reconstruction pressure 

(especially for discrete adjoints requiring playback or storage of forward flow history). 

 

Therefore, engineering practices typically employ a strategy of "first finding periodic 

stability with a coarser ∆𝜃 , then gradually refining it": first ensuring the rotor reaches 

statistical stability (𝐶𝑚, 𝐶𝑃) after a certain number of revolutions, then refining ∆𝜃 to a level 

where dynamic stall is analytical, thus reducing unnecessary computation. Rezaeiha et al. 

also emphasized that, in addition to ∆𝜃, the "number of revolutions required for statistical 

stability" is itself a result-sensitive term [105-107]. 

 

In your workflow, unit displacement can be understood as the minimum amount of motion 

required to update the geometric/motion boundary within each time step, which is ∆𝜃 in a 
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pure rotation problem; in problems involving deformation (DV) or pitch, it also includes the 

displacement/rotation increment per step (e.g., ∆𝜃). Its core functions are: 

 

• Controlling the "step smoothness" of dynamic mesh or geometric updates, avoiding 

sudden drops in local mesh quality (negative volume, strong non-orthogonality, 

near-wall distortion) due to excessive geometric changes at each step, thus inducing 

unsteady divergence; 

 

• In unsteady adjoint optimization, ensuring that the gradient of the objective 

functional with respect to design variables is approximately within the "linear 

response range," reducing adjoint noise caused by coarse time discretization. 

 

The reason for choosing displacement per unit time as the scale is that many VAWT CFDs 

use ∆𝜃  (the azimuth angle rotated per step) to control the time resolution, because it is 

inherently tied to the rotor motion scale; the same ∆𝜃 will correspond to different ∆𝑡 under 

different TSRs and different D. 

 

 

 

 

 

 

 

 

 

 

4.7 Initial Conditions and Residuals 

In most VAWT unsteady numerical studies, the initial conditions typically employ a uniform 

inflow field plus a static fluid assumption. That is, at the start of the calculation, the velocity 

field across the entire computational domain is initialized to the inlet inflow velocity, the 

pressure field to the reference static pressure, and the turbulent fluxes are given based on the 

inlet turbulence intensity or empirical formulas. This initialization method is advantageous 
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because it is simple to implement and numerically stable, but its physical drawback is that 

the initial stage does not include any rotor wake information. 

 

Therefore, almost all reliable VAWT unsteady studies explicitly state that the initial 

conditions themselves do not represent a physically steady state. The flow field only enters 

a statistically stable state after several complete rotational cycles. During this process, the 

rotor wake gradually establishes itself, and the flow environment experienced by the blades 

in the upwind and downwind regions begins to exhibit periodic repetition. Only after this 

process do the extracted aerodynamic forces, torques, or power coefficients have physical 

meaning. 

 

In rotating airfoil or full-scale VAWT models, the initial azimuth angle φ0 of the blades 

can usually be arbitrarily chosen because, under periodic steady-state conditions, this choice 

only results in a phase shift of the time series without altering the periodic averaging results. 

However, when performing instantaneous load or dynamic stall phase analysis, the initial 

azimuth angle is usually explicitly given in the literature to ensure the repeatability of the 

results. 

 

For studies using single-blade pitch or equivalent oscillating airfoil models, the definition of 

initial conditions differs from that of rotating models. Since these models do not involve 

actual rotational motion but instead simulate the local aerodynamic behavior of the blades 

in a VAWT through time-varying pitch angles and equivalent relative flow, the initial 

conditions need to simultaneously consider flow field initialization and kinematic state 

initialization. 

 

In the literature, a common practice is to set the initial pitch angle of the airfoil to a physically 

reasonable and numerically smooth value, such as the average angle of attack or the initial 

phase angle of the pitch function. Subsequently, the pitch angle evolves gradually over time 

according to a predefined periodic function. This approach avoids introducing non-physical 

transient pressure waves or numerical oscillations due to abrupt changes in the pitch angle 

during the initial calculation phase [139-150]. 

 

Similar to rotating models, oscillating airfoil models also require several oscillation cycles 

to reach statistical stability. Only when the time histories of lift, drag, or tangential force 
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essentially coincide within consecutive periods can the influence of the initial conditions be 

considered eliminated. 

 

In unsteady CFD calculations, the meaning of residuals differs from that in steady problems. 

For each true time step, the solver typically reduces the algebraic residuals of the discrete 

equations through several pseudo-time iterations (inner iterations). It is generally accepted 

in the literature that the residuals should decrease by at least 3–4 orders of magnitude within 

each time step to avoid coupling between time-progression errors and algebraic errors [151-

153]. 

 

However, relying solely on residual decrease is insufficient to determine whether VAWT 

unsteady calculations have truly converged. Since the flow itself is periodically unsteady, 

the residuals do not decrease monotonically between different time steps. Therefore, most 

studies combine the periodic consistency of physical quantities as the primary convergence 

criterion, such as: 

 

The power coefficient 𝐶𝑃 essentially coincides within three or more consecutive rotational 

cycles: 

 

• The time histories of lift, drag, or tangential force repeat in phase; 

 

• The change in the periodic average quantity is below a given threshold (e.g., <1%). 

 

• This dual criterion of "residuals + physical quantities" has become the standard 

practice in VAWT unsteady numerical studies. 

 

In the framework of unsteady adjoint optimization, the importance of initial conditions and 

residual convergence is further amplified. Since the adjoint equation requires backward 

integration along time, any numerical noise or non-convergence error in the forward 

calculation will be amplified during backpropagation, thus contaminating gradient 

information. Therefore, before proceeding to the adjoint solution, it must be ensured that the 

forward unsteady calculation has reached a stable periodic solution. 
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In practice, this typically means running several complete rotational cycles (or oscillation 

cycles) before starting the adjoint calculation and updating the design variables, and 

confirming that the key aerodynamic parameters have converged to a periodic steady state. 

This strategy is widely adopted in unsteady optimization studies of VAWT and is considered 

a necessary condition for obtaining reliable gradients and stable optimization convergence. 

 

 

4.8 Scale Analysis of Model Boundaries 

In unsteady CFD simulations of VAWT, the choice of the computational domain shell 

(inlet/outlet/far-field) has a decisive impact on the accuracy of the flow field. Because 

vertical-axis wind turbines generate strong asymmetric separation, vortex shedding, and 

significant wake diffusion in the upwind and downwind regions within a single rotational 

cycle, the requirements for the computational domain size are typically more stringent than 

for steady-airfoil or horizontal-axis wind turbines. If the shell size is insufficient, boundary 

conditions will cause non-physical disturbances to the pressure field, induced velocity, and 

wake evolution near the rotor, thus affecting the convergence of aerodynamic predictions 

and unsteady statistics. 

 

In existing VAWT numerical studies, the computational domain size is typically defined 

dimensionlessly based on the rotor diameter D. Numerous studies have shown that in two-

dimensional or three-dimensional rotating VAWT models, the inlet boundary is typically set 

5D–10D from the rotor center, while the outlet boundary needs to be significantly farther, 

usually 10D–50D, and even further under low TSR or strong dynamic stall conditions [18] 

[105-107] [154]. 

 

The core reason for this asymmetric arrangement of inlet and outlet lies in the physical 

characteristics of the VAWT wake. Compared to horizontal axis fans, the VAWT wake not 

only contains an axial velocity deficit but also features a significant lateral velocity 

component, periodic vortex structures, and a low-speed recirculation region formed in the 

downwind region. These wake structures need to fully develop and gradually diffuse within 

the computational domain to approach a "quasi-uniform flow" state before reaching the 

outlet boundary. If the exit distance is too short, exit boundary conditions (such as constant 

pressure or zero gradient conditions) will forcibly truncate the wake, leading to non-physical 
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pressure reflections or induced velocity deviations, thus affecting the overall rotor load 

prediction. 

 

Therefore, the literature generally recommends that the exit boundary distance should be 

significantly larger than the inlet distance to reduce the wake's sensitivity to boundary 

conditions. This requirement is particularly important under low TSR conditions, where the 

wake velocity deficit is greater, diffusion is slower, and the wake length increases 

significantly [155]. 

 

Multiple parameter sensitivity studies show that when the computational domain size is 

insufficient, even if the instantaneous residuals converge within each time step, the 

periodically averaged aerodynamic and power coefficients still exhibit a significant 

dependence on the shell size. Specific issues include: 

 

The downwind tangential force and moment coefficient are underestimated or overestimated. 

 

The power coefficient 𝐶𝑃 changes monotonically with the expansion of the computational 

domain, making it difficult to reach the plateau region. 

 

The unsteady load time history exhibits phase or amplitude differences between different 

periods. 

 

Therefore, in unsteady VAWT calculations, the independence analysis of the shell scale is 

generally considered as important as mesh independence and time step independence. Only 

when the sensitivity of key aerodynamic parameters to further expansion of the 

computational domain is negligible can the choice of shell scale be considered reasonable 

[156-158]. 

 

For single-blade pitching or equivalent oscillating airfoil models, their flow characteristics 

differ significantly from those of a fully rotating VAWT. These models typically do not 

include the actual superposition of multi-blade wakes and downwind re-interaction, but 

rather focus on the local unsteady aerodynamic behavior of a single airfoil under given 

relative inflow and pitching motions. Therefore, their requirements for the computational 

domain scale are relatively relaxed. 
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The commonly adopted approach in the literature is to set the far-field boundary within the 

range of 10D–20D of the equivalent rotor diameter, or, in the case of a two-dimensional 

oscillating airfoil problem, to set upstream, downstream, and lateral distances of at least 15c, 

based on the airfoil chord length c. Within this scale range, the unsteady vortex structure 

generated by the oscillating airfoil has significantly decayed before reaching the far-field 

boundary, thus avoiding interference from boundary conditions on the time histories of lift, 

drag, or tangential force. 

 

It should be noted that although the shell scale of a single-blade pitching model can usually 

be smaller than that of a full VAWT model, when the pitch amplitude is large or the research 

focus involves the shedding and convection processes of dynamic stall vortices, it is still 

necessary to appropriately increase the far-field distance to ensure that the separated vortices 

can evolve completely within the computational domain. 

 

Based on the above literature conclusions and the unsteady rotation and pitch conditions 

focused on in this study, the selection of the computational domain shell scale follows these 

principles: 

 

For the rotating VAWT model, the inlet boundary distance is no less than 5D, and the outlet 

boundary distance is significantly greater than the inlet distance to ensure sufficient wake 

development; 

 

For the single-blade pitch model, the far-field boundary is set above O (10D) of the 

equivalent rotor scale to ensure that the unsteady vortex structure has significantly attenuated 

before reaching the boundary; 

 

Sensitivity analysis of key aerodynamic parameters verifies that the changes in results are 

negligible when the shell scale is further increased. 

 

This shell scale analysis provides a reliable computational domain foundation for subsequent 

three-dimensional flow field extension and surface definition (Section 4.9). 
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4.9 Effect on 3D Flowfield and Surface Definition 

VAWT blades are inevitably affected by three-dimensional effects under real-world 

operating conditions, including tip-induced vortices, spanwise pressure gradients, support 

arm/hub disturbances, and spanwise non-uniform stall and reattachment. Compared to two-

dimensional (2D) models, three-dimensional (3D) CFD can explicitly analyze these 

phenomena and is therefore widely used for: assessing tip losses, studying the influence of 

support structures, analyzing the three-dimensional structure of wakes, and providing more 

reliable power and load predictions under asymmetric conditions such as yaw/tilt axes [159-

161]. 

 

Based on publicly available literature, the following types of research represent the main 

development trends in 3D VAWT numerical simulation. In experimental comparisons and 

engineering-scale analyses, Li et al., in their Part I/Part II series published in Energy, 

conducted three-dimensional numerical and wind tunnel comparative studies on straight-

bladed VAWTs, focusing on load/performance and flow field/performance predictions 

respectively [162-163]. 3D Influence of Structural Details/Auxiliary Components: Marsh et 

al. used 3D CFD to evaluate the influence of the support structure on power, torque 

fluctuations, and loads in a straight-blade vertical-axis turbine (where tidal currents and wind 

energy are both cross-flow), providing a quantitative framework for three-dimensional losses 

caused by "non-blade body geometry" [164]. 

 

These studies collectively demonstrate that 3D models are often necessary when the research 

objective involves end losses, spanwise load distribution, three-dimensional wake structures, 

skewed inflows, or the influence of auxiliary components; while when focusing on two-

dimensional cross-sectional aerodynamic mechanisms or requiring efficient iterative 

optimization, 2D/equivalent models can be used, and a consistency bridge can be established 

between the two by "extracting 2D cross-sectional information from 3D". 

 

When it is necessary to convert the flow field and load information of a 3D VAWT into "2D 

usable" input (e.g., for single-section analysis, equivalent pitch airfoil model calibration, or 

verification of 2D/quasi-2D model assumptions), the core idea is to extract the phase 

condition statistics at representative spanwise locations, while avoiding the strongly three-

dimensional regions at the ends and attached components as much as possible, and to 
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maintain consistency with the 2D reference coordinates/force coefficient definitions. The 

following workflow is typically used: 

 

Choosing the Span Section Location: The most common practice is to select a section at the 

mid-span of the blade or at a certain distance from the tip (e.g., > 1–2 local chord lengths 

from the tip) to avoid the end vortex-dominated region. If the model contains support 

arms/connectors, sections near them should be avoided, and a "pure blade section region" 

should be selected [165-168]. 

 

Defining Section Slices and Coordinate Transformation: During CFD post-processing, a 

two-dimensional slice plane is established at a fixed z (span) direction, and the velocity, 

pressure, vorticity, and other fields on this plane are output. Simultaneously, the velocity 

vector is transformed from the global coordinate system to the local blade coordinate system 

(chordal/normal) or the tangential/radial system that rotates with the blade to ensure that the 

CT, 𝐶𝑚, and 𝐶𝑃 calculated subsequently are consistent with the 2D definitions [166]. 

 

Phase Alignment and Phase-Locked Averaging: 3D unsteady flows exhibit significant 

periodicity and a certain degree of turbulent fluctuations. To obtain a "deterministic 

response" comparable to the 2D model, phase averaging of cross-sectional data at the same 

azimuth angle 𝜃  over multiple stable periods is performed. This filters out random 

fluctuations and retains unsteady characteristics locked to rotor motion. 

 

If it is necessary to map 3D data to the boundary input of a 2D oscillating airfoil (e.g., 

equivalent 𝑉𝑟𝑒𝑙(𝑡), equivalent angle of attack 𝛼(𝑡), reference sampling points or sampling 

lines can be defined near the cross section (e.g., the inflow point at a certain distance in front 

of the blade leading edge, or several monitoring points around the cross section). The 

velocity vector is extracted and projected onto local coordinates to construct 𝑈𝑒𝑓𝑓(𝜃, 𝑧) and 

𝛼𝑒𝑓𝑓(𝜃, 𝑧). In scenarios requiring "2D equivalence," the mid-span phase average is typically 

used as a representative. 

 

Through these steps, the unsteady flow field and load information of the 3D VAWT can be 

statistically compressed into a set of 2D data sequences associated with azimuth/time, 
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providing a foundation for subsequent consistency comparison, error attribution, and 

parameter calibration from the "2D cross section model to the 3D VAWT model. 

 

It is worth noting that this study employs a so-called 2.5D modeling strategy to investigate 

the aerodynamic advantages of optimized airfoils under three-dimensional flow conditions 

while avoiding the complexity of full three-dimensional rotor simulation. Currently, the 

2.5D method based on finite-span blades and spanwise symmetric boundaries follows 

commonly used quasi-three-dimensional modeling methods to separate cross-sectional 

aerodynamic effects while preserving basic three-dimensional flow characteristics This 

model includes blades of finite height with symmetric boundary conditions applied to their 

upper and lower surfaces, and excludes winglets or endplates. This configuration effectively 

eliminates free-end pressure leakage and classic tip vortex formation, allowing the analysis 

to focus on three-dimensional flow phenomena related to spanwise pressure gradients, 

vortex stretching, and non-uniform separation along the blade span [169-170]. 

 

The rationale for this assumption is that the primary objective of this study is to evaluate the 

aerodynamic advantages resulting from airfoil shape optimization, rather than quantifying 

the effects of end-point losses or tip devices. By applying symmetric boundary conditions at 

both ends of the spanwise axis, this model represents an idealized blade segment embedded 

in an infinitely repeating spanwise environment. Under this assumption, the main 3D effects 

captured by the simulation originate from inherent unsteady separation and vortex dynamics 

caused by rotation or equivalent pitch motion, rather than geometric end effects. This 

approach enables controlled comparisons between baseline and optimized airfoils, 

attributing differences in performance and flow structure primarily to airfoil geometry. 

 

Although the current model does not include free blade tips, it still allows for the formation 

of 3D flow structures within the computational domain. The finite blade height allows for 

the emergence of spanwise velocity components and 3D vortex deformation, making the 

model more representative than rigorous 2D simulations while incurring significantly lower 

computational costs than full 3D rotor calculations. Therefore, the 2.5D method offers a 

suitable balance between physical accuracy and computational efficiency for evaluating the 

impact of airfoil optimization. 
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Regarding the use of steady-state or quasi-steady-state simulations for 3D flow visualization, 

it is important to note that when the goal is to compare the relative aerodynamic advantages 

of different airfoil geometries under the same numerical settings, steady-state solutions 

considered "important snapshots" in historical studies can still provide crucial information 

about the spatial structure of the separated region and 3D vortex patterns. Unsteady-state 

simulations are used to further verify selected operating conditions to ensure that conclusions 

drawn from steady-state simulations are not necessarily the result of model assumptions. 

 

In Chapter 7, span length independence is used for verification. By comparing 2–3 different 

heights (H/c) under the same mesh and model, the statistics of 𝐶𝑇, 𝐶𝑀, and 𝐶𝑃 at the mid-

span are compared, as well as the stability of the main scales of the three-dimensional vortex 

structure (e.g., Q-criterion or vorticity isosurface morphology). If the mid-span results vary 

little with height, it indicates that the model captures a "local three-dimensional effect" rather 

than an end effect. Simultaneously, in symmetric boundaries, if the normal velocity near the 

upper and lower boundaries is close to 0, and the pressure/velocity field does not exhibit end 

leakage characteristics, then... This demonstrates the validity of the 2.5D "de-endpointing" 

assumption, allowing for subsequent data acquisition. 

 

Finally, it is important to emphasize that the current 2.5D framework is not intended to 

predict absolute end losses, wingtip vortex intensity, or the aerodynamic performance of 

winglets. Instead, it aims to isolate and evaluate the impact of airfoil shape optimization on 

three-dimensional flow behavior and performance trends under ideal spanwise conditions. 

Therefore, this assumption is considered applicable to the scope and objectives of this study. 
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4.10 Continuous and Discrete Adjoints 

In unsteady adjoint optimization, there are two main approaches to constructing the adjoint 

equation: continuous adjoint and discrete adjoint. The core difference lies in whether to 

discretize first or perform variational analysis first: continuous adjoint first derives the 

adjoint PDE from the continuous governing equations, then discretizes the adjoint equation; 

discrete adjoint directly differentiates the discretized residual equation (numerical scheme), 

obtaining an adjoint system that is strictly consistent with the discrete forward solver. 

 

The greatest advantage of discrete adjoint is its strict consistency with the given numerical 

scheme: if the forward equation, objective function, and boundary treatment are all 

consistently differentiated at the discrete level, the resulting gradient is numerically closer 

to the "true discrete optimization gradient," which is more conducive to stable convergence 

and repeatability. The advantage of continuous adjoint derivations lies in their clearer 

derivation forms and stronger interpretability. However, if the discretization is not entirely 

consistent with the continuous derivation (e.g., upwind schemes, limiters, wall functions, 

time-discrete details, etc.), gradient deviations may occur, requiring additional verification 

and correction. 

 

Complex numerical details (turbulence models, nonlinear limiters, multigrids, etc.) For 

solvers containing complex numerical "patches," discrete adjoint derivations are easier to 

maintain consistency because they, in principle, differentiate with respect to the "discrete 

residuals of the code implementation." Continuous adjoint derivations, on the other hand, 

require equivalent processing of each numerical detail at the continuous level, resulting in a 

greater workload and a higher likelihood of omissions. 

 

Continuous adjoints offer a more direct theoretical derivation for "custom objective 

functions/constraints," especially when the objective is a continuous functional (e.g., time-

integral torque, loss functionals in a specific region). Continuous derivations often more 

clearly articulate their variational structure. Discrete adjoints, on the other hand, require 

ensuring the objective function is differentiable in the discrete implementation and consistent 

with the previous discretization method; otherwise, the gradient may introduce noise or non-

differentiable points. 
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In unsteady adjoints, regardless of whether they are continuous or discrete, the adjoint 

integral requires access to the previous time history (either stored or recalculated). Discrete 

adjoints, strictly adhering to discrete-time progression, offer a more "natural" replay 

strategy, but are more reliant on time-discrete details. Continuous adjoints, theoretically 

rewritten in a time-continuous form, still ultimately require discretization and addressing the 

same history dependency issues. 

 

For unsteady, strongly segregated/dynamically stalled scenarios like VAWT, which involve 

rotation/geometric updates and custom 𝐶𝑇 as an objective, discrete adjoints are more suitable 

if stable, repeatable optimization convergence is the primary objective. 

 

This is because unsteady flows in VAWT involve strong nonlinearity and (numerically) 

more sensitive segregation/reattachment processes, making gradients easily amplified by 

discretization errors, time step errors, and locally non-differentiable numerical processing. 

Discrete adjoints exhibit stronger consistency with a given solver's discretization scheme 

and are generally less prone to problems such as "correct gradient direction but magnitude 

drift" or "gradient noise leading to extremely small step sizes". Therefore, the recommended 

strategy for VAWT is usually: "The derivation and mechanism explanation in the paper are 

more continuous (for easier interpretation), while the convergence of engineering solutions 

and optimizations is less discrete (to ensure consistency)." This also aligns with the practical 

path of many industrial/engineering CFD optimizations: using a continuous framework to 

explain the functionals and physical meaning, and using a discrete framework to implement 

them in code and ensure gradient reliability. 

 

 

 

4.11 Turbulence Models and Experiments 

In unsteady numerical studies of vertical axis wind turbines (VAWTs) and oscillating 

airfoils, the choice of turbulence model and experimental verification methods directly 

determine the reliability of overall performance indicators such as the power coefficient. 

Compared to local transient vortex structures or high-frequency pressure fluctuations, the 

power coefficient is essentially a highly integrated quantity over time and space, and its 

sensitivity to small-scale turbulent details is relatively limited. Therefore, numerous studies 
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over the years have shown that, for performance prediction and optimization, the 

RANS/URANS framework combined with the k-ω SST model can provide sufficiently 

accurate and stable results. 

 

The unsteady flow of VAWTs is mainly dominated by periodic angle-of-attack variations, 

dynamic stall, and wake-blade interactions, and its timescale is usually related to rotor speed 

or pitch period. For periodically averaged quantities such as power coefficient and torque 

coefficient, the key lies in the phase and duration of separation and its combined effect on 

tangential force, rather than the fine turbulent structure within the separation vortex. The 

URANS method, through time-stepping, can resolve the main unsteady separation and 

reattachment processes, while the k-ω SST model exhibits good robustness in attachment-

separation transitions, adverse pressure gradient handling, and near-wall behavior, and is 

therefore widely used. 

 

Similar conclusions hold for single-blade pitching or equivalent oscillating airfoil models. 

Multiple studies show that, under reasonable time steps and near-wall resolution, 

URANS/SST can predict lift, drag, and their periodic variation trends well, and is consistent 

with experimental results in a periodically average sense. For the evaluation of power 

coefficient or equivalent tangential force, the improvement brought by further introducing 

LES or Hybrid RANS–LES is often limited, but the computational cost increases 

significantly. Therefore, from the perspective of engineering optimization and parameter 

research, RANS/URANS + k-ω SST is generally considered a reasonable choice in terms 

of accuracy-efficiency balance. 

 

Particle Image Velocimetry (PIV) is one of the most commonly used flow field measurement 

methods in VAWT experimental research, especially playing a key role in the study of 

dynamic stall and wake. Ferreira et al. systematically measured the velocity field and vortex 

structure of straight-bladed VAWTs at different azimuth angles using PIV, and compared 

the results with 2D URANS simulations phase by phase, providing important verification 

evidence for the unsteady separation prediction of numerical models [25]. 

 

In subsequent studies, PIV data are often used to validate the following types of CFD results: 
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The formation location and shedding phase of dynamic stall vortices; 

 

The basic distribution characteristics of the velocity fields in the upwind and downwind 

regions; 

 

The macroscopic structure of velocity deficit and vorticity distribution near the wake. 

 

Multiple studies have shown that, provided the time step and grid resolution are reasonable, 

URANS/SST exhibits good consistency with PIV in these "macroscopic unsteady 

characteristics," thus supporting its rationality in power coefficient prediction. 

 

Although PIV provides important experimental evidence for CFD validation, it still has 

several inherent limitations in the VAWT scenario, which have been repeatedly pointed out 

in numerical-experimental comparative studies over the years. 

 

First, spatial resolution is limited. Near the leading edge or very close to the wall where 

dynamic stall occurs, PIV often struggles to obtain reliable velocity data, limiting the 

experimental resolution of details within the boundary layer. Therefore, even if CFD 

deviates from the actual flow in the near-wall region, it may not be directly identifiable by 

PIV. 

 

Secondly, there are limitations imposed by the two-dimensional measurement assumptions. 

Most VAWT PIV experiments employ planar PIV (2D-2C), measuring only the velocity 

components within a single cross-section while ignoring spanwise velocities and three-

dimensional structures. For situations with significant three-dimensional effects (end 

vortices, support arm disturbances, or yaw conditions), the consistency between 

experimental and 2D CFD results does not necessarily mean that the actual three-

dimensional flow has been fully captured. 

 

Thirdly, there is a lack of complete consistency between experimental and numerical 

conditions. Wind tunnel blockage effects, turbulence intensity, inflow non-uniformity, and 

the presence of model support structures all influence PIV measurement results, factors that 

are often idealized or simplified in CFD. Therefore, PIV validation is generally more suitable 

for qualitative or semi-quantitative comparisons than for point-by-point error assessment. 
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Finally, PIV data primarily focus on the velocity field itself, while overall performance 

indicators such as the power coefficient often still rely on force measurements or numerical 

integration. This further illustrates that in studies with the power coefficient as the core 

objective, a reasonably validated URANS/SST model can meet engineering accuracy 

requirements, without necessarily resorting to high-cost, high-fidelity turbulence simulations 

[171-177]. 

 

 

 

4.12 Summary 

This chapter systematically reviews the construction and verification of numerical models 

for the key modeling elements required for unsteady adjoint optimization of VAWT blades. 

By introducing an objective function centered on the time-dependent tangential force 

coefficient and combining it with user-defined functions to achieve a unified description of 

rotation/pitch motion, equivalent inflow, and boundary conditions, an unsteady optimization 

framework directly related to VAWT power output is established. Simultaneously, in terms 

of grid, time step, and computational domain scale, the chapter follows the common 

guidelines in existing literature regarding dynamic stall and wake development, ensuring 

that unsteady flow characteristics can be stably analyzed. 

 

Building on this foundation, this chapter further discusses the selection principles for design 

variable distribution, geometric constraints, and continuous versus discrete adjoint methods, 

pointing out that in engineering-scale VAWT optimization, the URANS-based discrete 

adjoint method has a greater advantage in balancing gradient consistency and computational 

efficiency. Combined with the verification results of CFD in existing PIV experiments, it 

can be concluded that the modeling strategy adopted in the study with the power coefficient 

as the core performance indicator possesses sufficient physical credibility and numerical 

robustness, providing a reliable foundation for the subsequent analysis and discussion of 

unsteady optimization results. 
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Chapter 5 

VAWT Oscillation Airfoil Optimization 

5.1 Overview 

Vertical axis wind turbines (VAWTs) exhibit significantly different blade aerodynamic 

characteristics under complex inflow conditions compared to traditional two-dimensional 

airfoils operating under steady inflow. Because the blades undergo periodic changes in both 

the inflow direction and relative angle of attack during rotation, VAWT blades are 

essentially in a strongly unsteady, periodically oscillating aerodynamic environment. This is 

particularly pronounced at low tip speed ratios (TSRs) and downwind conditions, where 

dynamic stall, induced velocity variations, and multi-blade interference are especially 

significant. Therefore, blade design and performance prediction based on steady airfoil pole 

curves often fail to accurately reflect the aerodynamic behavior under real VAWT 

conditions. 

 

Based on this background, this chapter systematically conducts airfoil aerodynamic 

optimization research for VAWT conditions, using the oscillating airfoil model as the core 

intermediate level. Furthermore, the optimization results are mapped and validated onto a 

complete VAWT numerical model, thus constructing a complete research path from "airfoil 

optimization based on a single-blade approximation model to rotor-level validation." The 

objective of this chapter is to explore airfoil optimization methods suitable for the unsteady 

operation environment of VAWT (Vehicle Air Wheel Drive) and evaluate their potential for 

improving aerodynamic performance in a real rotor model. 

 

First, in Section 5.2, a numerical model of an oscillating airfoil is established and validated. 

Based on the local aerodynamic characteristics of a reference VAWT, this model, through 

reasonable settings of the airfoil's oscillating motion form and parameters, enables the two-

dimensional oscillating airfoil to, to a certain extent, equivalently characterize the unsteady 

inflow conditions of the VAWT blade during rotation. This section systematically introduces 

the selection of the reference turbine, the numerical modeling method, and the configuration 

of motion and geometric parameters. Through a series of numerical validation studies, 
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including time step, CFL number, mesh independence, computational domain size, and 

periodic solution convergence, the oscillating airfoil model is ensured to have sufficient 

numerical accuracy and stability under unsteady conditions. Simultaneously, through 

comparative analysis with the complete VAWT numerical model, the rationality and 

representativeness of this oscillating airfoil model at the aerodynamic response level are 

further verified. 

 

Building upon this foundation, Section 5.3 introduces the unsteady adjoint optimization 

method to conduct a systematic study of airfoil geometry optimization for oscillating airfoils. 

This section first defines the optimization objective function for the VAWT condition, 

focusing on the aerodynamic output characteristics during the unsteady period. It then details 

the optimization process, the selection principles for design variables (DV) and constraints, 

and the application strategy of window controlling in unsteady adjoint solutions. 

Furthermore, a pilot test is conducted on a reference airfoil to verify the effectiveness of the 

constructed optimization framework in terms of numerical stability and design trends, laying 

the foundation for subsequent systematic optimization of candidate airfoils. 

 

Section 5.4 focuses on analyzing the aerodynamic performance of different candidate airfoils 

under oscillating conditions. By comparing the performance changes of the airfoil before 

and after optimization in terms of periodic average aerodynamic forces, transient 

aerodynamic responses, and performance under different operating parameters, the 

adaptability and robustness of the optimized airfoil under oscillating conditions are 

evaluated. Simultaneously, considering the complex induced flow environment of the 

VAWT downwind blades, a downwind inflow correction is introduced to further examine 

the airfoil's aerodynamic performance under conditions closer to real rotor operation. 

Furthermore, this section systematically analyzes the impact of different tip velocity ratios 

and variations in inflow conditions on airfoil performance to evaluate the applicability of the 

optimization results across a wide operating range. 

 

After completing the study of the oscillating airfoil level, Section 5.5 establishes and 

validates the complete VAWT numerical model. This section employs the same numerical 

methods as before to systematically model and validate the VAWT rotor model, including 

studies on time step, mesh independence, computational domain size, and periodic solution 
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convergence. The reliability of the rotor-level numerical model is ensured by comparing it 

with existing experimental or literature data. 

 

Section 5.6 further discusses the key prerequisites required for transitioning from the 

oscillating airfoil model to the VAWT rotor model, focusing on analyzing the near-field 

inflow velocity and induced velocity characteristics of the blades, as well as the aerodynamic 

interaction mechanisms between multiple blades. This section provides the physical basis 

for a reasonable interpretation of airfoil performance in the rotor-level model. 

 

Subsequently, in Section 5.7, the candidate airfoils obtained from the aforementioned 

optimization are applied to the complete VAWT model, and their overall aerodynamic 

performance is systematically evaluated under both shaftless and shafted two-bladed rotor 

configurations. By comparing the performance of different airfoils in terms of rotor power 

output and aerodynamic loads, the practical effect of the oscillating airfoil optimization 

strategy at the rotor scale is verified. 

 

Finally, Section 5.8 summarizes the main research content and conclusions of this chapter, 

outlining the advantages and limitations of the oscillating airfoil optimization method in 

VAWT applications, and providing references and prospects for future research. 

 

 

5.2 Modeling and Validation of Oscillating Airfoils 

This section establishes and validates an oscillating airfoil numerical model for 

characterizing the unsteady aerodynamic properties of VAWT blades. By introducing 

periodic oscillating motion, a two-dimensional airfoil simulates the unsteady incoming flow 

environment experienced by a VAWT blade during rotation under controlled conditions. 

During model construction, the influence of numerical modeling methods, motion parameter 

settings, and computational configuration on the unsteady aerodynamic response was 

systematically investigated. A series of numerical validation studies, including periodic 

solution convergence, time step and CFL number, mesh independence, and computational 

domain size, ensured the model's stability and reliability under unsteady conditions. 

Furthermore, comparative analysis with the results of the complete VAWT numerical model 

verifies the rationality of the oscillating airfoil model in capturing key unsteady aerodynamic 
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characteristics, providing a reliable physical basis for subsequent airfoil optimization 

research. 

 

5.2.1 Reference Turbine 

To illustrate and validate the proposed oscillating airfoil modeling and optimization method, 

a vertical axis wind turbine (VAWT) with sufficient numerical and experimental data 

support is selected as a reference example. This VAWT model originates from the research 

of Angell et al. [78], and its numerical simulation results are based on wind tunnel 

experiments, thus possessing high reliability and suitable as a benchmark for CFD model 

validation and subsequent optimization method explanation. Using turbines with large 

dimensions and lower solidity helps ensure the rationality and persuasiveness of the single-

blade approximation model. These blades experience less velocity loss from the incoming 

flow in the leeward section and are less prone to inter-blade interactions (such as the lateral 

crossing of the leading blade wake). Simultaneously, choosing a higher tip speed ratio (TSR) 

keeps the blade angle of attack and the approximate angle of attack in the Darrieus formula 

at a low level, essentially avoiding entry into the flow separation zone. This makes them 

more suitable for modeling and optimization, minimizing modeling errors while saving 

computational costs. 

 

Angell et al. [29] have carried out a comprehensive set of experimental tests in the Glasgow 

University wind tunnel on symmetrical NACA airfoils performing Darrieus pitch motions 

that simulate the conditions experienced by a VAWT. The data gathered involves the lift and 

drag coefficients as a function of the blade angle of attack and other useful aerodynamic 

information. This experimental data is comprehensive and well suited as a baseline case for 

blade aerodynamics optimization studies in this investigation. Table 2.1 shows one of the 

oscillating airfoil cases tested in the wind tunnel experiments which models the performance 

of the Carmarthen Bay 130 kW VAWT. It is thus employed as the baseline case for both the 

CFD model validation and for the development of the adjoint blade optimization in this 

study. 

 

The airfoil employed was a standard NACA0015 symmetric airfoil with a chord length 0.55 

m which pitched about its quarter length chord point. The mean angle of attack representing 

the fixed pitch of the blade on the turbine is zero degree. The tip speed ratio of the turbine 
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simulated in the experiments is 3.25. The time histories of the blade angle of attack was 

determined using the Darreius function and the induced factor is derived from single 

streamtube model [19], in order to simulate the blade motion of the turbine. 

 

This wind speed was employed in the CFD simulations and blade optimization of the 

oscillating airfoil employed in this paper, and this is the same as what was employed in the 

experimental tests of Angell et al. [29]. The freestream wind speed 𝑉∞ employed is 9.66 m/s 

and the value taken for the 𝑎 was 0.224. Table 5.1 shows the detail parameters of the tested 

turbine. 

 

Table 5.1 Details of the Darrieus Pitch Airfoil for VAWT-130. 

Turbine Blade Profile  NACA0015 

Chord length  0.55 m 

Number of Blades  2 

Height  18 m 

Experimental Span  1.61 m 

Radius  12.5 m 

Motion type 

Mean angle of attack 

 Darrieus Function 

0° 

Representative TSR  3.25 

Representative freestream wind speed  9.66 

Pitching amplitude  13.80° 

 

 

5.2.2 Modelling and Analysis 

As explained in the previous sections, design optimization using adjoint methods is a 

powerful technique that can efficiently find an optimal solution for problems with multiple 

geometrical design variables, such as points that form the surface of an airfoil. For a blade 

optimization problem, the adjoint method involves solving two sets of equations: the original 

equations representing the flow physics and the adjoint equations representing the sensitivity 

of the objective function, such as the lift of an airfoil with respect to the blade geometrical 

design variables. The design variables, or geometry of the blade, are then adjusted to 

maximize the objective function, i.e. the lift of an airfoil. 
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Fig. 5.1: Overview of the Transient Adjoint Optimization Procedure. 

 

Fig. 5.1 shows the major steps taken in this investigation to perform blade aerodynamics 

optimization using the adjoint method when it is combined with computation fluid dynamics 

analysis. The optimization process aims to adjust the design variables to maximize the 

tangential force coefficient of the airfoil. The unsteady, incompressible Navier-Stokes 

equations are solved using the open-source CFD software SU2. The adjoint equations are 

also solved using the solver built in the SU2. 

 

As illustrated in Fig 5.1, the optimization process starts with setting up the CFD model for 

the flow over the blade to be optimized and the objective function with any constraints. Then 

the CFD modelling of the fluid flow, backward adjoint solutions for sensitivity analysis, and 

modifications of the blade geometry are conducted iteratively until a converged optimal 

solution is found.  

 

The main objective of a VAWT blade optimization is to find the optimum airfoil geometry 

that can maximize the torque of the turbine. Fig. 5.2 illustrates the components of the 

aerodynamic forces acting on a blade when it is travelling around the axis of the VAWT in 

the wind. 
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Fig.5.2: Schematic of the components of the force coefficients for a VAWT airfoil. 

 

The significance of the torque generated can be expressed using the tangential force 

coefficient as follows: 

 

                         𝐶𝑇 = 𝐶𝐿𝑠𝑖𝑛𝛼 − 𝐶𝐷𝑐𝑜𝑠𝛼                                   [Eq. 5.1] 

 

Where 𝐶𝑇  is the tangential force coefficient, 𝐶𝐿  is the lift coefficient, 𝐶𝐷  is the drag 

coefficient, and 𝛼 is the angle of attack. 

 

A fixed induction factor 𝑎  was employed to model the effect of the presence of the turbine 

on the freestream wind speed encountered by the turbine blade. The blade angle of attack 

constantly changes while the blade is travelling around and it can be expressed as follows: 

 

𝛼 = 𝑡𝑎𝑛−1 (
𝑠𝑖𝑛𝜃

𝜆
1 − 𝑎 + 𝑐𝑜𝑠𝜃

)                                         [Eq. 5.2] 

 

where 𝜃 is the azimuthal angle, 𝑎 is the induction factor, and 𝜆 is the blade tip speed ratio 

of the blade speed and freestream wind speed.  
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Fig. 5.3: The Angle of Attack Distribution in Darrieus Pitch Function and Sinusoidal Pitch 

Function at 3.25 TSR. 

 

Fig. 5.4: The Reletive Wind Speed in Darrieus Pitch Function at various TSR. 

 

Fig 5.3 and 5.4 shows the change in the angle of attack and relative wind speed as a function 

of the azimuthal angle at different tip speed ratios. When the blade tip speed ratio increases, 

the curve moves more closely to a sinusoidal profile. The positive and negative sections of 

the cycle represents the turbine blade located at the upwind and downwind sections of the 

wind turbine, respectively. 
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According to the single stream tube concept, the axial flow velocity, 𝑉𝑎 across the wind 

turbine is estimated to be as follows: 

 

𝑉𝑎 = 𝑉∞(1 − 𝑎)                                                 [Eq. 5.3] 

where 𝑎 is the induction factor which takes different values for different rotational speeds 

of the turbine. 

 

The blade tip speed ratio of the VAWT is related to the freestream wind speed 𝑉∞ as follows: 

 

𝜆 =
𝑅𝜔

𝑉∞
                                                           [Eq. 5.4] 

 

where 𝜔 is the angular velocity, 𝑅 is the radius of the VAWT, and 𝑉∞ is the freestream wind 

speed. On a relative coordinate system that is fixed on the turbine blade and rotates with the 

blade, the relative wind velocity to the blade 𝑉𝑟𝑒𝑙 is also changing and it is given as follows: 

 

𝑉𝑟𝑒𝑙 = 𝑉𝑎√(
𝜆

1 − 𝑎
)
2

+ 2
𝜆

1 − 𝑎
𝑐𝑜𝑠𝜃 + 1                         [Eq. 5.5] 

 

The power coefficient is defined as the ratio of the mechanical power delivered by the turbine 

to the total kinetic energy of the wind flow through the turbine. The magnitude is positively 

correlated with the torque. 

 

𝐶𝑃 =
𝑇𝜔

1
2𝜌𝑉∞

3𝑆
                                                    [Eq. 5.6] 

Where 𝑇 is the total torque experienced by all blades, 𝜔 is the angular velocity, 𝑆 is the 

VAWT sweeping area, and 𝑉∞ is the freestream wind speed. 

𝑇 = 𝑁𝐹𝑇̅̅ ̅𝑅                                                         [Eq. 5.7] 

Where 𝑁 is the number of blades, 𝐹𝑇̅̅ ̅ is the average force experienced by a blade through a 

rotation cycle, and 𝑅 is the radius of the turbine. 𝐹𝑇̅̅ ̅ can be calculated as follows: 
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𝐹𝑇̅̅ ̅ =
1

2𝜋
∫ 𝐹𝑇(𝜃)𝑑𝜃
2𝜋

0

                                            [Eq. 5.8] 

Where 𝜃 is the azimuthal angle of a blade and 𝐹𝑇 is the tangential force of a blade at a 

specific azimuthal angle, which can be calculated as follows: 

𝐹𝑇 =
1

2
𝐶𝑇𝜌𝑐𝐻𝑉𝑟𝑒𝑙

2                                                  [Eq. 5.9] 

Where 𝑐 is the chord length of a blade cross-sectional airfoil and 𝐻 is the height of the blade. 

Although the single-blade Darrieus pitch model simplification ignores certain eddy and 

blade-blade interactions, it significantly reduces the calculation time and improves the 

stability of the adjoint solver. Moreover, research suggests that the Darrieus pitch model can 

have sufficient accuracy. 

Therefore, if a turbine blade is oscillating up and down following the angle of attack defined 

by Eq 5.2 in a wind speed defined by Eq 5.3, i.e. performing the Darrieus pitch motion, then 

the force acting on the blade would be the same as it would be on the blade rotating with the 

turbine. Therefore, in order to maximize the tangential force acting on the blade performing 

the Darrieus pitch motion. The objective function of the optimization problem can be defined 

as follows:  

 

𝐶𝑇 = 𝐶𝐿𝑠𝑖𝑛 ( 𝑡𝑎𝑛
−1 (

sin(𝜔𝑡)

𝜆
1 − 𝑎

+ cos(𝜔𝑡)
))− 𝐶𝐷𝑐𝑜𝑠 ( 𝑡𝑎𝑛

−1 (
sin(𝜔𝑡)

𝜆
1 − 𝑎

+ cos(𝜔𝑡)
))     [Eq. 5.10] 

 

Where 𝜔  is a constant, 𝑡  is time, and 𝐶𝐿(𝑥, 𝑡)  and 𝐶𝐷(𝑥, 𝑡)  are functions of the design 

variables 𝑥 which representing the geometric points that define the shape of the blade. 

The sensitivity of the objective function with respect to the design variables 𝑥  can be 

expressed as: 

 

𝑑𝐶𝑇
𝑑𝑥

= (
1

𝜔
𝑐𝑜𝑠(𝜔𝑡0) −

1

𝜔
𝑐𝑜𝑠(𝜔𝑇))

𝜕𝐶𝐿
𝜕𝑥

+ (
1

𝜔
𝑠𝑖𝑛(𝜔𝑡0) −

1

𝜔
𝑠𝑖𝑛(𝜔𝑇))

𝜕𝐶𝐷
𝜕𝑥

    [𝐸𝑞. 5.11] 

 

where 𝑡0 and T can be defined as the initial time, and the final time of one cycle of oscillation 

respectively. To optimise the airfoil shape, the design variables 𝑥 are updated using the 
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gradient information obtained from the sensitivity analysis from the adjoint calculations. A 

simple update rule could be, for example: 

𝑥𝑛𝑒𝑤 = 𝑥𝑜𝑙𝑑 − α
𝑑𝐶𝑇
𝑑𝑥

                                             [Eq. 5.12] 

 

where α is the step size taken for determining the magnitude of the step to take in the 

direction of the steepest descent. 

 

There are a range of different airfoil shape parameterization methods. The Hicks–Henne 

bump functions was employed in this study because when compared with other airfoil 

parameterization methods, it is more computationally efficient. If the Hicks–Henne bump 

functions are used, the parameterized airfoil must have at least 12 shape parameters, or 

variables to achieve acceptable accuracy. In this investigation 20 shape design variables were 

employed to perform the parameterization and optimization of the airfoil. A range of values 

of the shape variables have been tested from 20-100 and it is find that increase the number 

of shape design variable beyond 20 has little effect on the final optimised airfoil. 

 

Once the sensitivity gradient of the objective function with respect to the design variables 𝑥 

is calculated using Eq. 5.13, the shape of the airfoil can be updated using the Hicks–Henne 

bump function equations 2.14-2.15 as follows: 

𝑦 = 𝑦𝑏𝑎𝑠𝑖𝑠 +∑ 𝑎𝑖𝑓𝑖(𝑥)
𝑖=𝑛

𝑖=1
                                           [Eq. 5.13] 

 

𝑓𝑖(𝑥) = [sin(𝜋𝑥

𝑙𝑜𝑔
1
2

𝑙𝑜𝑔 𝑡1)]

𝑡2

, 0 ≤ 𝑥 ≤ 1                                 [Eq. 5.14] 

Where 𝑦 is the y-coordinate of each design variable along the airfoil, 𝑡1 is the maximum 

thickness location of the bump, 𝑡2 is the width of the bump and 𝑎𝑖 is the shape parameter. 

 

Hicks–Henne can be configured with single-sensitivity and dual-sensitivity. Single-

sensitivity, i.e., the thickness mode, causes the upper and lower surfaces of the airfoil to 

move synchronously, changing only the thickness distribution at other nodes due to the 

deformation of different DVs, while keeping the camber line unchanged. Dual-sensitivity 

adds a camber mode, which allows the upper and lower surfaces of the airfoil to displace in 
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the same direction, thus changing the camber and also controlling the thickness. In VAWT 

simulations, the flow field experienced by the upper and lower surfaces differs significantly, 

particularly in the windward or leeward regions where the pressure difference between the 

upper and lower surfaces is greatest. Even with periodically averaged values, the difference 

in incoming flow velocity between the windward and leeward regions leads to a significant 

degree of non-uniform sensitivity distribution between the upper and lower surfaces. 

 

 

5.2.3 Configurations 

Incompressible RANS modeling is used in this type of problem primarily because the 

incoming Mach number of the studied object is relatively low (e.g., 40 m/s corresponds to 

M ≪ 0.3), and density variations in the flow can be neglected. The incompressibility 

assumption significantly reduces the nonlinearity of the governing equations, decoupling the 

energy equation from the density-pressure coupling in the solution system, thereby 

improving numerical stability and reducing computational costs. Simultaneously, this 

assumption is also more favorable for the convergence of unsteady moving meshes and slip-

interface problems. For the turbulence model, the k–ω SST (Shear Stress Transport) model 

is chosen because it inherits the good predictive ability of the k–ω model for boundary 

layer separation in the near-wall region, while smoothly transitioning to k–ε behavior in 

the free flow region through a mixing function, avoiding excessive sensitivity of the free 

flow to turbulence. This makes SST particularly suitable for unsteady phenomena such as 

strong adverse pressure gradients and dynamic stall that may occur during airfoil pitching 

motions, thus becoming the mainstream engineering choice for incompressible RANS airfoil 

problems. 

 

In the incompressible RANS implementation of SU2, although the energy equation is not 

solved, the configuration file and some boundary condition interfaces still require the 

provision of temperature parameters. This is because SU2 uses a unified data structure for 

compressible/incompressible and laminar/turbulent flow in its software architecture, and 

temperature is preserved as part of the fluid state to ensure interface consistency and the 

integrity of the physical property model. For this problem, temperature does not participate 

in the momentum equation, nor does it affect the turbulent transport equation or the 

associated linearization process; its value exists only as a placeholder. Therefore, in 
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incompressible airfoil examples, temperature is usually simply set to a reasonable constant 

(such as 300 K), which will not have any practical impact on the flow field solution, the 

associated equation, or the geometric sensitivity. 

 

In terms of numerical solution, a pressure-based solver combined with a coupled pressure-

velocity algorithm is used to improve the convergence efficiency of unsteady calculations. 

A second-order upwind scheme is used for spatial discretization, and a bounded second-

order implicit scheme is used for time advancement to balance computational stability and 

time accuracy. 

 

In solving the incompressible RANS + k–ω SST, the SU2 restart_flow file stores the 

complete original state vector required for linearization. For the 2D case, each mesh node 

(or control volume) contains at least 5 scalar unknowns. These are the velocity components 

(x and y), pressure, turbulent kinetic energy, and specific dissipation rate, respectively. This 

restart flow defines the linearization point of the adjoint problem: all convection, diffusion, 

turbulence source, and wall/damping functions, such as the blending function of SST, are 

frozen and differentiated in this state. Therefore, these five columns of variables in 

restart_flow collectively determine all the coefficients of the Jacobian matrix in the 

subsequent adjoint system. 

 

The five variables in `restart_flow` are used to construct and freeze the partial derivatives of 

the residuals with respect to these five states. Velocity and pressure determine the 

convection-diffusion Jacobian of the momentum/continuity equation, while k and ω 

determine the turbulent transport equation and its coupling terms with the master equation. 

The resulting adjoint field λ is then multiplied by the residual change caused by geometric 

perturbation to obtain the optimized target rate of change of the surface normal. 

 

 

5.2.4  Grid Independence Study 

This study did not employ a square or sector-shaped computational domain, but instead 

chose a circular computational domain combined with an O-grid topology. The main reason 

for this is that for vertical axis fan flow fields with significant flow direction changes and 

rotational effects, square boundaries and their symmetrical boundary conditions would 
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greatly interfere with the evolution of the incoming velocity direction. This is especially true 

for the approximate relative velocity of the changing-direction incoming flow, where the 

impact is very severe, necessitating a very large far-field and defined boundaries. 

 

In a square computational domain, symmetrical boundary conditions implicitly assume 

symmetry in velocity direction and flow field structure. When strong induced velocities, 

recirculation zones, or periodic directional changes exist in the flow field, this assumption 

often no longer holds, leading to boundary reflection effects and non-physical constraints. 

Unless the far-field boundary is set extremely far, the airfoil and its wake may still be 

affected by the boundary conditions, which not only significantly increases the 

computational domain size but also raises computational costs. 

 

In contrast, a circular computational domain is geometrically more compatible with rotating 

flows, and its boundaries have consistent normal characteristics in all orientations, 

effectively mitigating the boundary condition interference caused by flow direction changes. 

Under the same far-field radius, the influence of a circular boundary on the flow field is 

significantly less than that of a square boundary, thus reducing dependence on the far-field 

scale while maintaining computational accuracy. Furthermore, using a circular 

computational domain makes the construction of the O-grid topology more natural and 

efficient. The O-grid offers the following significant advantages: 

 

The circular computational domain has high near-wall resolution. The O-grid can form a 

regular annular grid layer around the airfoil or blade surface, facilitating precise control of 

the initial layer height and normal grid growth rate, thereby better resolving boundary layer 

flows, which is particularly crucial for lift, drag, and moment calculations. Compared to 

structured grids that force transitions within a square domain, the O-grid exhibits higher 

orthogonality and lower element distortion near the airfoil, contributing to improved 

numerical stability and convergence. The surrounding grid topology can more smoothly 

capture flow characteristics, reducing numerical dissipation caused by grid distortion, and 

has significant advantages for predicting separated flows, wake evolution, and unsteady 

moments. 

 

The grid independence check is first established on the basis that the computational domain 

is large enough to ensure that the flow solution around the turbine is as unaffected as possible. 
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When the size of the far field gradually reaches 40 times the size of the rotor, the moment 

coefficient of its direct output no longer changes under the same physical conditions. In 

addition, five meshes of different number of computational cells are used to study mesh 

independence to determine the effect of the mesh size on the numerical results. The total 

number of grids corresponding to the 5 grid systems used in this experiment are from 1k to 

around 20k respectively. The resulting periodical tangential coefficients of the turbine 

remain almost the same with increasing the computational cells from 9.8k to 19.1k. 

Therefore, for the results presented in this paper, the mesh with 9.8k computational cells was 

employed. Figure 5.5 and 5.6 shows the structure of both O-Grids and the closer view of the 

airfoils. 

 

 

Fig 5.5: Single-Blade Model Mesh Structure (Without Rotor). 
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                       (A)                                     (B)                                           (C) 

Fig 5.6: Single-Blade Model Mesh Structure (Without Rotor) around the (A) Farfield, (B) 

Rotor, and (C) Airfoil Surface. 

 

 

 

Table 5.2: Single-Blade Model Grid Size Independence Study 

Type 1 2 3 4 5 

O-Grid 1.2k 2.3k 4.8k 9.8k 19.1k 

O-Grid with Rotor 1.2k 2.4k 4.9k 9.9k 19.7k 

 

 

 

 

5.2.5  Domain Size Study 

To evaluate the impact of far-field computational domain size on the numerical simulation 

results of oscillating airfoils and to eliminate non-physical interferences from boundary 

conditions on flow field development, this paper further investigates the independence of 

computational domain size. By comparing aerodynamic performance prediction results 

under different external computational domain scales, the adequacy of the selected 

computational domain in capturing unsteady aerodynamic characteristics is verified. 

 

In each computational domain setting, the mesh refinement strategy for the near-wall region 

and local areas of the airfoil remains consistent to ensure that domain size variation is the 

only influencing factor. It is worth mentioning that the solver using the square model has 

difficulty achieving convergence, and the time-averaged tangential coefficients derived after 

3 cycles fail to achieve periodic convergence. In contrast, the circular model was tested with 
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far-field diameters ranging from 20 to 80 times the chord length. The results show that the 

incoming flow field can achieve stable velocity fluctuations with a far-field diameter of 40 

times the chord length. 

 

 

5.2.6  Timestep and CFL Number 

After verifying mesh independence and determining the final mesh configuration, the impact 

of time step and Courant–Friedrichs–Lewy (CFL) number on the numerical simulation 

results of oscillating airfoils was further investigated. This study aimed to evaluate the 

sensitivity of time discretization settings to unsteady aerodynamic performance prediction 

and to achieve a reasonable balance between numerical accuracy and computational 

efficiency. 

 

While maintaining the spatial discretization settings and computational domain size, 

different time step configurations were selected, corresponding to different unit 

displacements and CFL number levels. By comparing the power coefficient 𝐶𝑃 calculated 

under different time step conditions, the impact of time step selection on the unsteady 

aerodynamic response prediction results was quantitatively evaluated. The relevant time 

steps, unit linear displacements, and corresponding 𝐶𝑃 results are summarized in the table. 

 

Based on the aforementioned comparative analysis, and balancing computational accuracy 

and cost, this study systematically evaluates the unsteady numerical simulation results under 

different time step settings. The results show that when the time step value is within the 

range of 0.001–0.01, the main aerodynamic responses (including lift, torque, and their phase 

characteristics) of the oscillating airfoil and vertical axis wind turbine (VAWT) models can 

achieve good convergence, and the calculation results meet the research requirements in 

terms of numerical stability and temporal accuracy. 

 

It should be noted that for large vertical axis wind turbine models, due to their large 

characteristic scale, the corresponding angular displacement per unit time is small. To ensure 

the continuity of azimuth angle changes and the temporal resolution of the aerodynamic 

response during rotor rotation, a smaller time step is usually required to avoid phase errors 

or numerical oscillations introduced by excessively coarse time discretization. However, in 
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the single-airfoil pitch motion problem involved in this study, there is no strict requirement 

for unit angular displacement limited by the overall rotor scale. This type of problem focuses 

on the range of angle-of-attack variation covered by the airfoil within one oscillation cycle 

and its corresponding unsteady aerodynamic characteristics. As long as the time step can 

reasonably analyze the angle-of-attack variation process, the physical reliability of the 

results can be guaranteed. 

 

Considering the above factors, a time step of 0.001 was selected in the initial stage of the 

numerical simulation to ensure sufficient capture of unsteady flow details and transient 

aerodynamic changes. Further comparative results show that appropriately widening the 

time step to 0.01 does not significantly affect the main aerodynamic characteristics, thus 

providing a feasible range for time step selection for subsequent parametric studies under 

computational cost constraints. 

 

5.2.7  Periodic Solution Convergence Study 

Without specifying a restart file (RESTART_SOL = NO), SU2 typically initializes with a 

uniform free-flow, meaning the flow field variables across the entire computational domain 

are initialized to a free-flow state consistent with the incoming boundary conditions. 

However, for problems with periodic motion (such as airfoil pitch, flapping, or rotation), this 

initial condition is difficult to represent the true periodic steady-state flow field. 

 

For unsteady problems, SU2 more often uses the steady-state solution or the solution from 

the previous cycle as the initial condition, with the following format: 

 

RESTART_SOL = YES 

SOLUTION_FILENAME = solution.dat 

 

This approach can significantly shorten the initial transition phase and reduce non-physical 

transient responses in the first cycle. Due to the difference between the initial condition and 

the true periodic steady-state flow field, unsteady calculations typically experience a 

periodic change in lift, drag, and their corresponding tangential forces in the first few cycles. 

With inlet velocity reversal, convergence requires more than three cycles, while for 

oscillating airfoils, this configuration typically requires only half a cycle. 
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5.2.8  Model Validation 

When using incoming wind speed profiles together with the operating conditions shown in 

Table 2.1, and the AoA defined by Eq. 2.2, the CFD predicted lift coefficient and drag 

coefficient as a function of the equivalent azimuthal position of the turbine blade when it is 

travelling around the axis of the turbine is shown in Fig. 2.2. The experimental data [29] are 

also shown in the Figure for comparison. Bearing in mind that θ = 0 is the location when the 

blade is located at the top of a blade rotation cycle. The azimuthal angle at 0-180° represent 

the upwind side of a blade rotation cycle when the AoAs are positive, and 180-360° 

represents the downwind side of a blade rotation cycle when the AoAs are negative. 

 

It should be noted that the CFD predicted and the experimental measured lift and drag 

coefficients show approximately an antisymmetric and symmetric profile, respectively. The 

upstream and downstream sections of a blade rotation cycle have the same absolute value of 

AoA, and the force coefficients. These are exactly as expected when the single stream tube 

model condition is employed. The predictions of the lift and drag coefficient are largely 

matched with the experimental data although some minor discrepancies can be observed. It 

is noted that the peak values of both force coefficients are slightly different for the upstream 

and downstream sections. This indicates some inaccuracy in the experimental data.  
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(A) 

 

(B) 

Fig. 5.7: Lift (A) and drag (B) coefficient as a function of the azimuthal angle (rad) at 3.25 

TSR (360 deg). 

 

Fig. 5.7 shows the measured angle of attack as a function of the azimuthal angle during the 

test of the oscillating airfoil and it is compared with the theoretical angle of attack using the 

single streamtube model. A lower angle of attack at the azimuthal angles around 100° 

employed in the experiments could lead to a reduction in both the lift and the drag acting on 

the airfoil. This explanation matches with what is observed compared with the CFD 

predicted lift and drag coefficients. Therefore it is concluded that the CFD model developed 

can accurately predict the aerodynamic force acting on the airfoil when it is performing a 

Darrieus oscillation.  
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Fig. 5.8: AoA (degree) as a function of the Azimuthal Angle (rad) at 3.25 TSR. 

 

Fig. 5.9: Pitch Moment Coefficient over Azimuthal Angle at 3.25 TSR. 

 

 

 

5.2.9  Comparative Study with VAWT Model 

To further evaluate the rationality of the single-blade oscillation model in characterizing the 

unsteady aerodynamic characteristics of VAWT, this paper compares and analyzes the 

numerical results of the single-blade model with those of the full VAWT numerical model 

and the results reported by Day et al. [18] This comparison aims to examine the ability of 
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the single-blade model to capture key aerodynamic trends at different modeling levels and 

to provide a basis for subsequent airfoil optimization research based on the single-blade 

model. 

 

The comparison results will be shown in Section 5.6 in conjunction with the aerodynamic 

performance of oscillating airfoils. The comparisons in this section are primarily used to 

verify the applicability of the single-blade model at the methodological level, rather than to 

quantitatively evaluate specific performance differences. 

 

 

 

5.3 Unsteady Adjoint Optimization 

This study employs the Adjoint solver in SU2 to achieve aerodynamic optimization of an 

oscillating airfoil. It should be noted that while existing literature provides systematic 

guidance on the practical configuration methods and application procedures of the SU2 

module for strongly unsteady problems (oscillating aircraft wings), it has not yet been 

applied to VAWT. Therefore, the Adjoint module settings and optimization procedures for 

VAWT adopted in this paper require extensive preliminary numerical experiments and 

parameter testing to determine. 

 

5.3.1 Objective Functions 

This study aims to directly improve the aerodynamic performance of the VAWT under real-

world operating conditions. Unlike traditional airfoil optimization that targets steady lift 

coefficient or lift-to-drag ratio, this paper defines the objective function as the tangential 

force contribution directly related to rotor power output, thus ensuring the optimization 

results have clear physical meaning. 

 

During the algorithm development phase, two optimization objectives were used: a 

tangential force coefficient based on time-transformed lift and drag coefficients, and a 

custom force function. The optimization effects were compared and analyzed. The 

differences in mathematical form and physical meaning of the relevant objective functions 

are discussed in detail in Chapter 4. The above comparative study verifies the rationality of 

the selected objective function in describing the unsteady aerodynamic performance of the 
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VAWT and ensures that the established optimization problem is mathematically self-

consistent and feasible. 

 

It should be noted that the objective change defined in this paper corresponds to the 

performance improvement in the time-averaged sense of the rotor. However, different 

airfoils may exhibit higher local performance under specific instantaneous flow field 

conditions. Therefore, in subsequent studies, the sensitivity information under different flow 

stages was repeatedly calculated by adjusting the time window length in order to enhance 

the applicability of the optimization results under multiple operating conditions. 

 

5.3.2 Optimization Procedure and Setup 

This study employs the unsteady adjoint solver in SU2 to achieve aerodynamic optimization 

of oscillating airfoils. The adjoint solution itself does not directly provide the optimized 

airfoil geometry, but rather generates sensitivity distribution information regarding the 

objective function. This sensitivity data needs to be applied to the airfoil surface through a 

subsequent mesh deformation process to achieve geometric updates. 

 

The mesh deformation region is set as a rotor region surrounding the airfoil wall and its 

surrounding local mesh, excluding the stator in the computational domain. The size of this 

region was determined through preliminary testing in section 5.2.4. This setting ensures that 

airfoil geometric changes are smoothly absorbed by the surrounding mesh while avoiding 

impact on other regions in the computational domain. 

 

Once all sensitivity information and constrained sensitivity information are obtained, mesh 

deformation is performed under a unified reference attitude to generate a new airfoil 

geometry. The transient calculation is then restarted, and numerical simulations are 

performed again on the new geometry for at least three rotational cycles. The aerodynamic 

performance of the updated airfoil is evaluated using the results of the last cycle. This process 

is repeated several times iteratively to gradually form a series of candidate airfoils, whose 

actual performance needs to be further verified using a complete VAWT model. 

 

5.3.3 Design Variables and Constraints 
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This study does not employ traditional geometric parameterization methods. Sensitivity 

information is calculated at the node level, and mesh deformation is also implemented at the 

node level through design variables (DVs). Design variables can be set in both the X and Y 

directions, with a total of 20 variables, which are uniformly distributed within the 

deformation region in this paper. Chord length and thickness constraints can be directly input 

in the configuration file, with a default scaling factor of 0.001. 

 

5.3.4 Window Controlling 

Considering that different airfoils may exhibit different performance advantages in the 

upwind and downwind flow fields, this paper further repeats the sensitivity calculation 

process by changing the window length and position. Specifically, window settings 

including only the upwind section, only the downwind section, and both the upwind and 

downwind sections are used to evaluate the impact of different flow stages on the 

optimization results. Through the above window control strategy, the optimizer can extract 

more representative sensitivity information for different flow characteristics, thereby 

improving the overall performance of the optimized airfoil under multiple operating 

conditions. 

 

5.3.5 Optimization Workflow 

Based on the aforementioned unsteady adjoint modeling method and parameter settings, this 

paper constructs an aerodynamic optimization process suitable for oscillating airfoils, the 

overall idea of which is as follows: 

 

Stage 1: Create a single-blade CFD mesh model and configuration file. 

 

Stage 2: After the baseline single-blade model completes three rotational cycles, plot the 

tangential force coefficient of the baseline airfoil as a function of time and angle of attack 

(AoA). 

 

Stage 3: Using the last cycle as a window, calculate sensitivity through discretization. If 

additional constraints exist, apply constraint penalties. 

 

Stage 4: Perform corresponding airfoil deformation based on the scaling factor. 
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Stage 5: Re-output the configuration file and continue calculations. After the new blade 

completes three rotational cycles, plot the tangential force coefficient of the baseline airfoil 

as a function of time and angle of attack (AoA). 

 

Stage 6: Repeat stages 3-5, iterating sequentially. Manual or automatic operation can be 

used until the airfoil approaches the optimized shape. 

 

Stage 7: This stage repeats simulation operation 1, requiring changes to the window settings, 

specifically using both upwind and downwind modes. 

 

Stage 8: This stage repeats simulation operation 2, changing the TSR (Transient Stream 

Ratio), i.e., the pitch-equivalent AoA profile. 

 

Stage 9: This stage repeats simulation operation 3, changing the free-flow wind speed value, 

i.e., the pitch-equivalent relative wind speed function. 

 

Stage 10: This stage repeats simulation operation 4, changing the leeward correction wind 

speed, and then the pitch-equivalent relative wind speed function. 

 

During algorithm development, we conducted numerous tests to ensure that the optimized 

blade shape correctly achieved the expected goals. Initially, we used direct CL, CD, and 

time-transformed CT, and also defined a force function to observe the changes in the 

optimized blade performance under each objective. The theoretical differences between 

these two objectives are explained in Chapter 4, thus ensuring the feasibility of the 

established mathematical problem. 

 

 

 

 

5.4 Aerodynamic Performance on Oscillating Airfoils 

After establishing and validating the unsteady adjoint optimization method, this section 

systematically evaluates the aerodynamic performance of the obtained candidate airfoils 
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under oscillating airfoil conditions. By comparing and analyzing the geometric evolution 

characteristics of the airfoils and their corresponding tangential force coefficient changes 

under different optimization settings, the focus is on examining the improvement effect of 

the optimization process on unsteady aerodynamic performance and its sensitivity to 

different operating condition assumptions. 

 

After establishing and validating the unsteady adjoint optimization method, this section 

systematically evaluates the aerodynamic performance of the obtained candidate airfoils 

under oscillating airfoil conditions. By comparing and analyzing the geometric evolution 

characteristics of the airfoils and their corresponding tangential force coefficient changes 

under different optimization settings, the focus is on examining the improvement effect of 

the optimization process on unsteady aerodynamic performance and its sensitivity to 

different operating condition assumptions. 

 

5.4.1 Candidate Airfoil Performance on Oscillating Airfoils 

 

Fig. 5.10: Profiles Comparison between 1st Generated Optimized Airfoil and NACA0015 

Airfoil. 

 

 

Fig. 5.11: Profiles Comparison between the Final Optimized Airfoil and NACA0015 Airfoil. 

 

Figures 5.10 and 5.11 show the airfoil geometry obtained in the first and final iterations, 

respectively, under the condition of a complete oscillation cycle as the optimization window. 

It can be observed that as the optimization iteration progresses, the airfoil gradually forms 

asymmetrical local geometric adjustments in the leading edge and suction surface regions, 

reflecting the optimizer's response to local aerodynamic characteristics under unsteady 
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inflow conditions. This geometric change is not a simple overall thickness or chordal scaling, 

but rather exhibits local deformation characteristics closely related to the oscillating motion 

stage. 

 

 

Fig. 5.12: Profiles Comparison between 1st Generated Upwind Optimized Airfoil and 

NACA0015 Airfoil. 

 

 

Fig. 5.13: Profiles Comparison between the Final Upwind Optimized Airfoil and 

NACA0015 Airfoil. 

 

To further examine the impact of window selection on the optimization results, Fig. 5.12 and 

Fig. 5.13 show a comparison of the airfoil performance in the initial and final iterations when 

only the upwind section (0-180°) is used as the optimization window. Compared to full-

cycle optimization, the geometric changes of the airfoil under this setting are more 

concentrated in the region dominated by the upwind condition, particularly in the adjustment 

of the leading edge curvature and the local distribution of the suction surface. This indicates 

that window control can significantly affect the accumulation mode of the accompanying 

sensitivity, thereby guiding the airfoil towards its optimal performance in a specific flow 

stage. 
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Fig. 5.14: Comparison of the Tangential Force Coefficient (CT) Versus Time. 

 

Fig. 5.14 shows a comparison of the tangential force coefficient (𝐶𝑇 ) versus time (or 

equivalent angle of attack) for different candidate airfoils under oscillating conditions. It can 

be seen that compared to the baseline airfoil, the optimized airfoil exhibits a higher 𝐶𝑇 level 

throughout most oscillation cycles, especially in the upwind section and during periods of 

drastic angle of attack changes, where the performance improvement is more significant. 

This demonstrates that the unsteady accompanying optimization method effectively captures 

the aerodynamic characteristics that contribute most to rotor power during oscillation. 

 

 

Fig. 5.15: Pitch-down Flow Physics around (A) NACA0015 Airfoils, (B) Optimized 

Airfoils.
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Fig. 5.16: Pitch-up Flow Physics around (A) NACA0015 Airfoils, (B) Optimized Airfoils. 

 

Furthermore, to gain a deeper understanding of the aerodynamic behavior of the optimized 

airfoil in different oscillation stages, Fig. 5.15 and Fig. 5.16 show a comparison of the 

aerodynamic response of the airfoil during pitch-up and pitch-down processes, respectively. 

The results show that the optimized airfoil effectively delays flow separation during the 

pitch-up stage, while exhibiting a smoother aerodynamic force decay trend during the pitch-

down stage. This performance improvement during the bidirectional oscillation process 

indicates that the optimized airfoil not only improves peak aerodynamic performance but 

also improves the overall characteristics of unsteady load variations. 

 

In summary, the results in this section demonstrate that unsteady adjoint optimization based 

on the oscillating airfoil model can significantly improve the tangential force contribution of 

the airfoil throughout the entire oscillation period, and the selection of the optimization 

window has a significant impact on the final airfoil geometry and performance distribution. 

This lays the foundation for subsequent introduction of leeward inflow correction and multi-

condition analysis. 
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5.5 Modeling and Validation of VAWT Model 

After completing the modeling, verification, and optimization methods for the oscillating 

airfoil and single-blade models, this section further establishes and verifies a complete 

VAWT numerical model to evaluate the aerodynamic performance of the optimized airfoil 

under a real rotor configuration. This VAWT model is a two-dimensional cross-section, two-

blade, shaft-equipped configuration. Its computational scale, flow complexity, and 

numerical cost are significantly higher than the single-blade oscillating model; therefore, it 

is necessary to independently verify its numerical settings and reliability. 

 

Similar to Section 5.2, this section systematically evaluates the numerical reliability of the 

VAWT model, starting with the modeling method, selection of numerical parameters, and 

several numerical sensitivity studies. Unless otherwise specified, the numerical methods and 

verification approach are consistent with Section 5.2. Figure 22 shows the variables used in 

the VAWT model. 

 

The experimentation of the oscillating airfoil by Angell et al. [78] and the blade optimization 

performed in the previous section are based on the Carmarthen Bay 130 kW VAWT when 

it is operating at a tip speed ratio of 3.25 in the freestream wind speed of 9.66 m/s. In order 

to verify the improvements in the VAWT when the original NACA0015 is replaced with the 

optimised airfoil derived from the adjoint optimization described in the previous section, the 

performance of the VAWT was simulated using the ANSYS Fluent software. The turbine 

was originally fixed with two straight NACA0015 blades. The diameter of the wind turbine 

is 25 m. The blade chord length is 0.55m with no fixed pitching. Since there is no 

experimental data for the turbine that is available in the public domain, only numerical 

simulation results of the turbine fitted with the optimised airfoil are compared with those of 

the original NACA0015. The CFD simulations are performed in 2D and a schematic of the 

turbine blade layout is shown in Fig. 5.17. 

 

Fig. 5.17 shows the schematic of the computational domain computational domain. It 

employed a rectangular domain. The wind is coming from the left and flows down to the 

right, where a velocity inlet condition and a pressure condition is employed at these 

boundaries, respectively. The top and bottom boundaries are non-friction walls. The turbine 

is located at 37.5m downstream of the inlet boundary. The mesh around the airfoil is locally 
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refined with a 40-layer near wall boundary cells which are orthogonal to the wall, 

characterized by a growth factor of 1.25, in order to resolve the velocity gradients in the 

immediate vicinity of the wall. The y+ values are kept around or below 1. During the 

optimization, the mesh around the airfoil is automatically adjusted within this locally refined 

mesh region. The local refinement region in the rotor consists of 180,000 triangular meshes, 

and 370,000 triangular meshes are defined far from the local refined area, and this acts as 

the far field. 

 

Fig. 5.17: Schematic of the computational domain: 𝑑𝑖1, distance from the inlet to the VAWT 

interface center; 𝑑𝑜1, distance from the VAWT interface center to the outlet; 𝑑𝑐1, diameter 

of the interface; 𝑊1, width of the computational domain. 

 

The original airfoil is modelled parametrically by using the Gmsh software which facilitates 

access to the SU2 software. This makes the update of the blade shape and the computational 

mesh easier. The morphing of the blade is achieved by displacing the nodes on the surface 

of the airfoil in the direction normal to the chord. The chord length of the airfoil is fixed to 

ensure that when it is applied to the VAWT, the solidity of the turbine remains unchanged. 

This is the only geometric constraint that is imposed for the airfoil shape optimization.    

 

Before the optimizer participates in the calculation, CFD-based transient flow solutions, also 

known as the direct solution, are obtained. Then the optimizer obtains the sensitivity of each 

deformation node of the airfoil according to the flow solutions. This is used to determine the 

degree to which the change in each of the nodes is required to find an optimum airfoil shape. 
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Then the transient flow solutions over the modified airfoil are obtained and the optimization 

process continues until an optimum airfoil shape is identified. In a previous study [62], the 

optimizer found the optimal lift-to-drag ratio solution for NACA64A010 through 12 

iterations under transient conditions. 

 

 

The VAWT numerical model uses a two-dimensional unsteady CFD method to simulate the 

aerodynamic behavior of the two-blade rotor in the cross-sectional plane. The model 

explicitly includes the rotor shaft structure, and compared to the single-blade model, there 

are more significant wake development, blade-blade interactions, and shaft-induced effects 

in the flow field. Figure 5.18 shows the mesh used in the VAWT model and the visualization 

of local refinement. Table 5.3 shows the density values used in the mesh-independent 

analysis and the local refinement strategy.  

 

   

                                   (A)                                                                (B) 

Fig. 5.18: 2-Blade VAWT (A) Model Mesh Structure, (B) Model Mesh Structure around the 

Airfoil. 
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Table 5.3: Summary of the Mesh Independence Study 

Model Grid Local Refinement Grid Type Size 

(mm) 

Distance 

To 

Boundary 

2-Blade 

VAWT 

0.4M With local 

refinement 

Triangular 1 10X 

0.7M Triangular 1.3 10X 

1.15M Triangular 1.7 10X 

1.93M Triangular 2.2 10X 

 

 

To assess the sensitivity of numerical results to grid resolution and ensure the reliability of 

subsequent numerical simulations of oscillating airfoils and VAWT, this paper conducts a 

systematic study on grid independence. By progressively refining the airfoil's near-wall 

region and the overall computational domain grid, aerodynamic performance predictions 

under different grid densities are compared and analyzed to verify the rationality of the 

selected grid configuration between accuracy and computational cost. 

 

The locally refined region in the rotor consists of quadrilateral grids around 200 nodes of the 

airfoil, with increases and decreases proportionally to the total number of grids. The 

optimized airfoil grid is automatically adjusted within this locally refined region. Larger 

quadrilateral grids are defined further away from the locally refined region as the far field. 

The node data around the airfoil uses a node distribution number converted according to the 

same distribution ratio, which can be added or subtracted, as shown in Appendix E. 

 

The grid independence check is first established on the basis that the computational domain 

is large enough to ensure that the flow solution around the turbine is as unaffected as 

possible. When the size of the far field gradually reaches 10 times the size of the rotor, the 

moment coefficient of its direct output no longer changes under the same physical 

conditions. In addition, five meshes of different number of computational cells are used to 

study mesh independence to determine the effect of the mesh size on the numerical results. 

The total number of grids corresponding to the 5 grid systems used in this experiment are 

24k, 40k, 68k, 114k and 193k, respectively. The resulting moment coefficient of the turbine 
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remain almost the same with increasing the computational cells from 114k to 193k. 

Therefore, for the results presented in this paper, the mesh with 193k computational cells 

was employed. 

 

Since the complete VAWT model needs to simultaneously resolve multi-blade interactions 

and the complex downwind inflow environment, its computational domain size and mesh 

scale are significantly larger than those of the single-blade model. Except for differences in 

geometric configuration, the governing equations, turbulence model, and time-progression 

method remain consistent with the single-blade model described in Section 5.2 to ensure 

comparability of results across different model levels. 

 

The CFD computational configuration of the VAWT model is generally consistent with the 

settings of the single-blade model in Section 5.2.3, including solver type, discretization 

scheme, and boundary conditions. The main differences lie in the computational domain 

scale, rotating subdomain settings, and mesh density distribution, to accommodate the 

geometric complexity of the complete rotor model. 

 

Due to the significantly increased rotor diameter and wake development range, the VAWT 

model employs a larger computational domain size and local mesh refinement near the 

blades, around the shaft, and in the wake region. The corresponding mesh count and 

configuration parameters are summarized in the table, maintaining consistency in structure 

and presentation with the verification table used in Section 5.2. 

 

Similar to the single-blade oscillation model, the full VAWT numerical simulation is also a 

typical unsteady periodic problem. Therefore, the periodic convergence was verified before 

extracting aerodynamic performance indicators. 

 

Comparative analysis of the rotor aerodynamic performance over several consecutive 

rotational cycles revealed that after several initial rotational cycles, the flow field gradually 

escapes the influence of initial conditions and tends towards a stable periodic state. The 

results show that from the third rotational cycle onwards, the changes in key aerodynamic 

performance indicators between adjacent cycles are within acceptable limits. Based on this 

result, subsequent analyses uniformly use the results after periodic convergence for 

evaluation, consistent with the processing method in Section 5.2. 
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After determining the final grid configuration of the VAWT model, the influence of the time 

step and CFL number on the numerical results was evaluated. This research method is 

consistent with the time step study of the single-blade model in Section 5.2.6, only adjusting 

the time step size and corresponding CFL number level appropriately according to the rotor 

scale. 

 

The results show that within the selected time step range, the rotor aerodynamic performance 

prediction results are insensitive to the time discretization setting. The final selected time 

step balances stability and time accuracy of the unsteady solution with computational 

efficiency. 

 

A mesh independence study was conducted on the full VAWT model to evaluate the impact 

of mesh resolution on rotor aerodynamic performance predictions. Compared to the single-

blade model, the VAWT model requires higher mesh resolution near the blades, in the shaft 

region, and along the wake development direction. 

 

Comparative analysis of rotor aerodynamic performance under different mesh densities 

revealed that key performance indicators tend to stabilize after a certain mesh count. Based 

on this result, a mesh configuration that achieves a reasonable balance between accuracy and 

computational cost was selected for all subsequent VAWT numerical simulations. 

 

Considering the longer wake development region of the full VAWT model, the 

computational domain size was independently validated. By changing the size of the external 

computational domain and comparing the rotor aerodynamic performance results, the impact 

of boundary positions on flow field predictions was evaluated. 

 

The results show that within the selected computational domain size range, further increasing 

the computational domain size has a negligible impact on aerodynamic performance 

predictions. Therefore, this paper adopts a computational domain size configuration that 

strikes a balance between accuracy and computational efficiency. 

 

To verify the reliability of the complete VAWT numerical model, the numerical simulation 

results presented in this research were compared with experimental or numerical results in 
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existing literature. The comparison results show that the established VAWT model maintains 

good consistency with the reference data in terms of overall performance level and variation 

trend. 

 

These verification results demonstrate that the two-dimensional double-bladed VAWT 

model with a shaft can reasonably reflect the main aerodynamic characteristics of the rotor 

under unsteady operating conditions and can serve as a reliable tool for subsequent airfoil 

performance evaluation and comparative studies. 

 

Similar to the simulation of the oscillating airfoils, the k-𝜔  SST turbulence model was 

employed in this study. The sliding mesh method was employed to enable the rotation of the 

turbine. A freestream wind velocity of 9.66 m/s was specified at the inlet boundary in the 

left and a zero pressure condition was employed on the downstream boundary. The rotational 

speed of 2.54 rad/s is specified to keep the blade tip speed ratio to 3.25. All the simulation 

results were collected after 20 simulated turbine rotational cycles when the turbine torque 

profile stabilized and repeated itself from cycle to cycle in order to ensure that the impact of 

the initial conditions were eliminated. 

 

In summary, all simulations presented in this chapter were performed using SU2 version 

7.3.1 by solving the unsteady Reynolds-averaged Navier–Stokes (URANS) equations 

coupled with the SST k-ω model. All settings are shown in Table 5.4, which were selected 

based on the mesh and time-step independence studies presented in Chapter 5/6/7 and were 

applied consistently throughout the optimisation and validation cases. 

 

Table 5.4: Summary of the General CFD Setup 

Parameter  Value 

Solver  SU2 7.3.1 

Governing equations  URANS 

Turbulence model  SST k-ω 

Convective flux scheme  JST 

Spatial discretization  Second-order MUSCL reconstruction 

Temporal discretization  Second-order dual-time stepping 

Time step size  0.01s 
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Physical CFL  1-2 

Pseudo iterations per step  2-5 

Mesh type  200/400/800 

Wall treatment  Structured / O-Grid 

Maximum y+  <1 

Boundary conditions  Velocity inlet / Pressure outlet 

Convergence criterion  Residual <10⁻⁶ 

 

 

 

5.6 Prerequisites for Incoming Flow Velocity Correction 

In the aforementioned study, the oscillating airfoil model was used to characterize the local 

aerodynamic behavior of VAWT blades under unsteady conditions and served as an 

intermediate-level model for airfoil optimization. However, before mapping the 

aerodynamic performance and optimization results of the oscillating airfoil to the full 

VAWT model, it is necessary to further examine the fundamental differences in incoming 

flow conditions between the two. Especially in real rotor conditions, the local incoming flow 

velocity experienced by the blade is not equivalent to the free incoming flow velocity, but is 

significantly affected by both induced velocity effects and multi-blade interactions. 

 

In VAWT, during blade motion, the local incoming flow is jointly determined by the free 

incoming flow velocity, rotor induced velocity, and other blade wakes. Particularly in the 

leeward region, the incoming flow velocity is often significantly weakened, leading to a 

deviation between the equivalent incoming flow conditions assumed in the oscillating airfoil 

model and the actual rotor environment. Therefore, without reasonable correction for the 

incoming flow velocity, directly applying the optimization results of the oscillating airfoil 

level to the full VAWT model may introduce systematic errors, affecting the accuracy of 

performance evaluation. 

 

Based on the above understanding, this section discusses the preconditions for incoming 

flow velocity correction from a physical mechanism perspective. First, it analyzes the 

composition of the actual incoming flow velocity and the characteristics of the induced 

velocity in the near-field region of the blade. Second, it discusses the influence of inter-blade 
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interactions on the local incoming flow under multi-blade configurations. These analyses lay 

the physical foundation for establishing a reasonable incoming flow velocity correction 

method and provide the necessary prerequisites for performance mapping between the 

oscillating airfoil model and the complete VAWT model. 

 

5.6.1  Near-Airfoil Wind Speed and Induced Velocity 

In the real operating environment of a vertical axis wind turbine, the local incoming flow 

velocity experienced by the blades is not equivalent to the free incoming flow velocity. It is 

determined by the interaction of the free incoming flow, rotor-induced effects, and wake. 

The induced velocity typically refers to the velocity disturbance component near the blades 

caused by the momentum change exerted by the rotor on the flow field. Its essence originates 

from the pressure field and vortex structure formed under the aerodynamic forces of the 

blades. This induced velocity is superimposed on the free incoming flow, thus altering the 

effective incoming flow velocity and direction perceived by the blades. 

 

In numerical simulations, whether the induced velocity needs to be explicitly introduced 

depends on the physical integrity and mathematical descriptive power of the model used. In 

computational fluid dynamics (CFD)-based simulations, the induced velocity does not need 

to be explicitly set as an input quantity but is naturally generated as part of the solution to 

the governing equations. However, in momentum-theoretic flow tube models (such as 

streamtube, DMST, or BEM), the induced velocity must be explicitly introduced to 

compensate for the limitations of the model's physical descriptive power. 

 

In CFD simulations, the solutions are the continuity equations and the momentum 

conservation equations (Navier–Stokes equations), combined with an appropriate turbulence 

model to enclose the flow. The blades interact with the flow field through wall boundary 

conditions, and their aerodynamic effects create a non-uniform pressure distribution and 

vortex structure within the flow field, thus inducing momentum changes in the fluid. As a 

direct result of this process, velocity deficit regions, wake structures, and induced velocity 

components in the near-field of the blades naturally form in the flow field. Therefore, within 

the CFD framework, induced velocities are not pre-specified input parameters but are 

physical quantities automatically calculated by the governing equations under given free-

flow conditions. 
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In other words, in CFD simulations, researchers only need to specify the free-flow velocity 

in the far-field boundary conditions; all other velocity variations (including near-field 

induced effects and velocity deficits in the downstream wake) are obtained by self-

consistently solving the equations. Introducing a induced velocity into the inlet conditions 

in CFD simulations would lead to the repeated calculation of induced effects, which is 

physically incorrect and significantly distorts numerical results. Therefore, explicitly 

specifying the induced velocity in CFD simulations is unreasonable. 

 

In contrast, flow tube models (streamtube, DMST, or BEM) have fundamental limitations in 

their physical description capabilities. These models are typically zero-dimensional or one-

dimensional, do not directly solve the Navier–Stokes equations, and cannot analyze pressure 

field distribution, wake structure, vortex evolution, or describe the interactions between 

multiple blades. Within this framework, the only physical constraint available to the model 

is the momentum conservation relationship within the control volume. However, relying 

solely on momentum conservation, the model itself cannot determine the actual magnitude 

of the incoming flow velocity sensed by the blades. 

 

To address this issue, flow tube models must introduce the induced velocity as an additional 

unknown and solve it in conjunction with the momentum conservation equations. The 

induced velocity is essentially an algebraic approximation of the pressure field, wake 

development, and vortex-induced effects in the real flow field; it is a necessary closure 

assumption. Without the induced velocity, the blades would always face with the free-flow 

velocity, leading to unphysically predicted power. Therefore, in flow tube models, the 

induced velocity is not a solution result but a necessary compensation term to maintain the 

model's physical plausibility. 

 

This difference also explains why models like DMST must explicitly distinguish between 

upwind and leeward induced effects. In the upwind region, the induced velocity is relatively 

weak; while in the leeward region, wake development and multi-blade interactions 

significantly enhance the induced effect. Since flow tube models cannot directly analyze 

these flow structures, they can only approximate the actual flow field by artificially setting 

induced velocities for different regions. 
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It should be noted that even in the upwind region, the near-field velocity of the blades is not 

strictly equal to the free-flow velocity. The blades have already begun extracting energy 

from the flow field on the upwind side, and the pressure field and induced effects have 

already formed. Therefore, the local effective velocity will exist. However, the magnitude 

of the induced velocity is a key factor in determining whether it is negligible. Under high tip 

speed ratio (TSR) conditions, the flow is dominated by lift, and the dynamic stall effect is 

weak; the induced velocity on the upwind side typically accounts for only about 5–10% or 

less of the free flow velocity. Under these conditions, the local inflow velocity near the blade 

is numerically very close to the free flow velocity. 

 

Therefore, when using a single-blade oscillation model under high TSR conditions, directly 

using the free flow velocity as the equivalent inflow velocity for the upwind blade is a 

reasonable approximation, and this is a common practice in many studies. However, in the 

downwind region, with the development of the wake, the superposition of multi-blade 

disturbances, and the accumulation of momentum deficit, the effective inflow velocity near 

the blade will be significantly lower than the free flow velocity, exhibiting obvious nonlinear 

and non-uniform variations with azimuth. In this case, simply using a fixed scaling factor 

(e.g., 0.5) to correct the free flow is insufficient to reflect the true physical process, and it is 

necessary to directly extract the local inflow velocity characteristics using CFD simulation. 

 

In single-blade oscillation models, free-flow velocity is typically used directly as the model 

input to establish a controllable and repeatable unsteady aerodynamic environment. 

However, it's important to note that this approach only has good physical validity in the 

upwind region. In a full VAWT rotor, the blade continuously inputs momentum into the flow 

field during rotation, resulting in significant velocity deficit zones within the rotor and on 

the leeward side. Therefore, even if a constant free-flow velocity is applied in the CFD 

simulation, the actual inflow velocity in the near-field region of the blade will still deviate 

significantly from the free-flow value due to induced effects. 

 

This difference is particularly pronounced on the leeward side (azimuth 180-360°). After 

passing the upwind side, the blade's wake extends downstream and superimposes with the 

internal rotor flow field, placing the leeward blade in an inflow environment already 

disturbed by the rotor itself, thus significantly reducing the effective inflow velocity around 

the airfoil. Some early studies approximate this reduction in leeward inflow velocity by 
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introducing a fixed empirical reduction factor (e.g., multiplying the free-flow velocity by 

0.5). However, this method ignores the significant variation in incoming velocity at different 

azimuth angles, making it difficult to reflect the non-uniformity of the real flow field, and 

therefore physically inaccurate. 

 

Based on the above problems, this paper does not adopt an empirical model with a fixed 

reduction coefficient, but directly extracts and analyzes the incoming velocity in the near-

field region of the blade through CFD numerical simulation. Specifically, at different 

azimuth angles, the local velocity distribution near the airfoil is measured to quantify the 

difference between the free incoming flow and the actual perceived incoming flow of the 

blade, and to clarify the spatial evolution characteristics of the wake effect. This method can 

more realistically reflect the rotor-induced effect and the variation of leeward velocity deficit 

with azimuth angle. 

 

Furthermore, this paper also analyzes the directionality of the near-field incoming velocity 

of the blade. The results show that under most operating conditions, the local incoming 

velocity is still dominated by the global x-direction component; however, in the leeward 

region, especially in the 270-360 azimuth angle range, the y-direction component of the 

velocity shows a slight positive increase, while in the 180-270 range, it shows a slight 

negative component. This phenomenon reflects the existence of wake-induced deflection 

and local streamline bending. However, since the amplitude of this lateral velocity 

component is extremely small compared to the mainstream directional component, its impact 

on the airfoil's aerodynamic performance is negligible. Therefore, in the subsequent inflow 

velocity correction, only the change in velocity magnitude is considered, without explicitly 

introducing directional correction. 

 

Through the above analysis, this section clarifies that introducing numerically simulated 

inflow velocity correction is necessary when associating the oscillating airfoil model with 

the complete VAWT model, and lays the physical foundation for further discussion of multi-

blade interactions. 

 

 

5.6.2  Multi-Airfoil Interaction 
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When comparing VAWT numerical results at different scales and configurations, a 

noteworthy phenomenon emerges: under the same free-flow velocity σ∞, larger-scale 

rotors exhibit less local velocity attenuation in the leeward region. It is important to 

emphasize that this phenomenon should not be simply attributed to "larger airfoil size," as 

airfoil shape itself is not the dominant factor determining leeward velocity loss. A more 

reasonable explanation is that leeward flow characteristics are jointly determined by the 

overall rotor scale, solidity σ, number of blades N, shaft geometry, and wake development 

and recovery characteristics. When the model is scaled up from small-scale rotors to larger 

scales, solidity may decrease with geometric scaling, or the wake may recover faster in a 

relative-scale sense, resulting in a relatively weaker leeward velocity loss. 

 

In multi-bladed VAWT, the fundamental physical mechanism of leeward flow attenuation 

stems from multi-bladed wake overlap and blade-wake interaction. For a VAWT with N 

blades, each blade generates a shear layer, vortex shearing, and a velocity deficit wake 

associated with energy extraction during its upwind operation. These wake structures are 

transported downstream at convective velocities and overlap with the trajectories of other 

blades within the rotor and in the leeward region. As a result, subsequent blades inevitably 

enter the wake and vortex structures generated by the previous blade (or its previous rotation 

cycle) during leeward operation, causing the local inflow to exhibit characteristics 

significantly different from the free inflow. 

 

Extensive experimental and numerical studies have shown that this blade-wake interaction 

induces three typical effects on the leeward side: first, a reduction in local velocity amplitude 

(velocity deficit), as the blade operates in a flow field where momentum has been extracted; 

second, a significant enhancement in turbulence and velocity fluctuations, reflecting the 

superposition and fragmentation of complex vortex structures in the wake; and third, a 

deflection of the inflow direction, causing the local velocity to no longer strictly follow the 

global mainstream direction. The research by Rezaeiha et al. clearly points out that the 

significant aerodynamic fluctuations observed in straight-bladed VAWTs within a specific 

azimuth range on the leeward side are closely related to blade-wake interactions, and further 

emphasizes the influence of the shaft wake on the leeward flow structure [105-107]. 
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At the engineering parameter level, these effects are often discussed using **rotor solidity** 

and the number of blades N. For H-type/straight-blade VAWTs, solidity is typically written 

as: 

σ≈Nc/2R 

Where c is the chord length and R is the rotor radius. When the number of blades or the 

chord length is increased while other conditions remain constant, the circumferential area 

"occupied" by the blades within a unit rotation angle increases. This leads to more frequent 

generation of wake structures within the rotor, making it easier for subsequent blades to enter 

a stronger, less fully recovered wake region on the leeward side. This significantly increases 

the probability of wake overlap, resulting in a greater velocity deficit on the leeward side 

and stronger unsteady fluctuations. It is precisely because engineering-grade models (such 

as DMS or DMST) cannot explicitly analyze this complex multi-bladed wake interference 

process that it is necessary to introduce zonal induced velocities or empirical interference 

factors to treat the leeward side as an independent region. 

 

The impact of wake overlap on the local incoming flow is reflected not only in the velocity 

amplitude but also in the velocity direction. Consistent conclusions from PIV and CFD 

studies indicate that the VAWT near-wake region exhibits a significant asymmetric and non-

uniform velocity distribution. The leeward blades often operate in a flow field where the 

velocity deficit has not yet recovered, which aligns with our observations in the 180-360 

azimuth range that near-airfoil velocities are lower than far-field wind speeds. 

Simultaneously, the vortex structures and shear layers carried in the wake cause local 

streamline bending, resulting in a slight deflection of the inflow direction relative to the 

global mainstream direction. High-resolution experimental and numerical studies show that 

the vortex structure trajectories in the VAWT wake exhibit significant variations across 

different rotational periods, accompanied by complex local velocity component 

distributions. 

 

Based on this, a reasonable explanation can be provided for the phenomenon that "downward 

attenuation is smaller with larger scales." Without altering the fundamental physical 

mechanisms, larger-scale rotors often possess lower relative solidity (e.g., reduced c/R), 

leading to more dispersed momentum extraction per unit circumferential area, thus 

weakening the intensity of wake superposition. Furthermore, with increasing scale and 

Reynolds number, the relative thickness of the wake and the vortex scale may change, 
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allowing the velocity deficit to recover more quickly in a relative distance sense. If the shaft 

size is not scaled up proportionally, its relative blocking effect may weaken with increasing 

scale. Research has shown that the shaft wake has a non-negligible impact on leeward flow; 

therefore, explicitly considering the shaft's role is necessary when comparing different scales 

or configurations. 

 

Based on the above analysis, a crucial conclusion for subsequent modeling can be drawn: 

there is no fixed scaling factor universally applicable across scales and configurations for 

leeward inflow velocity attenuation. The comparative results in this paper show that, at 

different scales and configurations, the leeward local velocity deficit extracted by CFD 

exhibits significant differences in both amplitude and azimuth distribution. This fact 

indicates that using fixed empirical factors (e.g., uniformly reducing the leeward inflow to 

0.5λ∞) is insufficient to reflect the true physical process. Instead, it is necessary to 

establish a more physically consistent rotational-blade model based on the azimuth-related 

local inflow characteristics extracted by CFD, providing a reliable foundation for mapping 

the oscillating airfoil optimization results to the complete VAWT model. 

 

 

 

 

 

5.6.3  Equivalent Incoming Wind Speed Correction 

Based on the aforementioned analysis of the near-field incoming flow characteristics of the 

blades (Section 5.6.1) and multi-blade interactions (Section 5.6.2), it can be concluded that 

under the complete VAWT condition, the local incoming flow velocity sensed by the blades 

deviates significantly from the free incoming flow velocity φ∞ in both amplitude and 

azimuth distribution. This deviation mainly originates from rotor-induced effects, wake 

superposition, and shaft interference. Directly using the free incoming flow velocity to 

construct the relative motion incoming flow in the single-blade oscillation model will fail to 

reflect the downwind aerodynamic characteristics under real rotor conditions. 
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However, explicitly introducing the multi-blade and shaft geometry of the complete VAWT 

directly into the single-blade model will significantly increase the computational scale and 

numerical cost, weakening the efficiency advantage of this intermediate-layer model in the 

optimization process. To achieve a balance between physical consistency and computational 

efficiency, this paper proposes an equivalent incoming wind speed correction method to 

approximate the actual incoming flow conditions of the blades under the complete VAWT 

model in the single-blade model. This correction method uses the blade azimuth angle as the 

independent variable to map the free-flow velocity to an equivalent inflow velocity, which 

is then used to calculate the relative inflow velocity of the blades. Considering the 

fundamental differences in flow mechanisms between the upwind and leeward sides, the 

equivalent inflow velocity is defined as a piecewise function: in the upwind region, the near-

field inflow velocity is close to the free-flow velocity, thus the correction magnitude is small; 

in the leeward region, a velocity attenuation term based on CFD extraction results is 

introduced to reflect the reduction in actual inflow velocity caused by wake overlap and 

induced effects. 

 

To avoid introducing non-physical discontinuous changes at the boundary of the piecewise 

function and to ensure the smoothness of the equivalent inflow velocity throughout the entire 

rotation cycle, this paper further employs a smoothing function to transition the piecewise 

definition. This smoothing curve is used to construct a continuously differentiable equivalent 

inflow velocity distribution, thereby avoiding numerical oscillations or unreasonable 

transient aerodynamic fluctuations when calculating the relative inflow velocity. The 

specific mathematical expression of the equivalent inflow velocity and its smooth transition 

is detailed in Appendix A. 

 

Through the above processing, the single-blade model, while maintaining a smaller 

computational scale and good numerical stability, can statistically more closely approximate 

the actual incoming flow environment experienced by the blades in the full VAWT model. 

This equivalent incoming flow correction method provides a crucial bridge for subsequently 

mapping the optimization results of oscillating airfoils to the full VAWT model, and also 

provides an effective way to reduce computational costs during the optimization process. 
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Table 5.5 shows the estimated wind speed at the downwind side of the turbine from the CFD 

simulations of the turbine. It is assumed that the freestream wind speed is unaffected at the 

upwind side. The wind speed at the downwind side is calculated by directly extracting the 

wind speed values at the front of the airfoil from the CFD solutions. The obtained wind speed 

values are written in the form of a continuous function (or a piecewise function?) 

representing the speed change in front of the airfoil throughout the cycle, Fig. 5.3.10 shows 

the corresponding AoA profile when wake effect is considered. 

 

Fig. 5.19: Induced Speed Percentage Value over Different Azimuthal Angles. 

 

Table 5.5 Induced Speed Percentage Value over Different Azimuthal Angles 

Azimuthal Angle (°)  Wind Speed 

0-180  100% 

198  91% 

216  82% 

234  73% 

252  66% 

270  64% 

288  66% 

306  73% 

324  82% 

342  91% 
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Fig. 5.20: Wake Affected AoA Profiles over Different Azimuthal Angles. 

 

 

Fig. 5.3.11 shows the optimization of the airfoil when the modified incoming velocity file 

and the angles of attack profile are implemented in the oscillating airfoil model. This is 

compared with the original NACA0015. Fig. 5.3.12 Comparison of the 𝐶𝑇 of the turbine 

with the new optimised airfoil and those of the NACA0015.  

 

 

Fig. 5.21: Profiles Comparison among the (A) NACA0015, (B) Optimized Airfoils and (C) 

Optimized Airfoils in the Wake Affected Condition. 
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5.7 Aerodynamic Performance on VAWT Model 

After completing the unsteady adjoint optimization and systematically evaluating its 

aerodynamic performance in the aforementioned oscillating airfoil model, it is necessary to 

further introduce the optimized airfoil into the complete VAWT numerical model to verify 

its impact on overall power output under real rotor conditions. This section directly compares 

and analyzes the oscillatingly optimized airfoil with the initial baseline airfoil based on a 

two-dimensional two-blade VAWT model. 

 

Fig. 5.22 presents a typical flow field around the turbine fitted with the original NACA0015 

blade. There is not a significant change in the overall picture of the flow when the optimised 

airfoil is employed since the modification to the airfoil shape is relatively small. As expected, 

the freestream flow is less disturbed when the blade is travelling at the upwind locations. 

The blade indeed will travel into the wake region when it travels in the downwind locations. 

The reduction in the wind speed was not considered in the optimization presented in the 

previous section but this will be assessed later. 

 

 

Fig. 5.22: Airfoil Contour Diagram of the VAWT-130. 

 

In Fig. 5.23, the force and moment of the third cycle is recorded, which is applied in other 

subsequent optimization cases to eliminate the influence of initial conditions. This 
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simulation recorded 20 cycles, which confirmed that the simulation results of the third cycle 

are exactly the same as those of the subsequent cycles. 

 

 

Fig. 5.23: Recorded Simulation Cycles of the VAWT-130. 

 

It is worth noticing that when simulating a vertical-axis wind turbine (VAWT) in 

Fluent, special attention should be paid to the interpretation of the monitored torque 

coefficient 𝐶𝑀 when hybrid initialization is used as the initial condition. The 𝐶𝑀 value 

displayed in the Fluent monitor is not always directly comparable to the standard non-

dimensional torque coefficient reported in the wind turbine literature, because it may 

be based on Fluent’s internal reference values rather than on the physical normalization 

convention commonly adopted for VAWTs. As a result, the monitored 𝐶𝑀 may not be 

in the same non-dimensional form as the torque coefficient used for aerodynamic 

performance analysis, and direct comparison with published results can therefore be 

misleading. To obtain a physically meaningful and standardized torque coefficient, the 

monitored torque or the reported 𝐶𝑀  are converted using the conventional VAWT 

definition. Only after this conversion can the resulting 𝐶𝑀 be regarded as the standard 

torque coefficient suitable for evaluating the instantaneous torque behavior of the 

VAWT and for subsequent calculation of the mean torque coefficient, power 

coefficient, and comparison with experimental or numerical results from the literature. 
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Fig. 5.24: Moment Coefficient in the VAWT-130 Model over time at 9.66m/s. 

 

Fig. 5.24 compares the moment generated by the original NACA0015 and the optimised 

airfoil. It can be seen that the peak moment coefficient of the airfoil increases significantly 

when the blade is at the upwind side of the turbine with the peak moment increased by over 

10%, while the peak tangential coefficient of the airfoil at the downwind side experiences 

almost no change. These results indicate that the optimized airfoil is most effective when the 

blade is at the upwind side and this is where most of the turbine power is generated. The 

average increase in the moment over the full cycle is approximately 7% over the original 

NACA0015. It is also demonstrated that the adjoint optimization method proposed using an 

oscillating airfoil is promising. 

 

 

Fig. 5.25 compares the instantaneous velocity distribution around NACA0015 and optimised 

airfoils when they are at the azimuthal angle of 90° where the maximum improvements in 

the momentum occurs. It can be observed that since the surface curvature on one side of the 

airfoil shape is significantly reduced, the speed of the air around it passing through the 

surface is significantly reduced, resulting in the airfoil in the upwind condition generating in 

a smaller lift component, but a larger lift component is generated in the downwind condition. 

This effect makes the lift and drag of the airfoil contributing a higher degree of improvement 

to the total value. 
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(A)                                                              (B) 

                                 

Fig. 5.25: Velocity distribution around (A) NACA0015 and (B) optimized airfoils when 

VAWT-130 at 90o azimuthal angle where maximum improvements in the momentum 

occurs.  

 

The observed improvement in the tangential coefficient, particularly in the upwind region, 

signifies promising advantages in the employment of the optimised aeorfoil in the VAWT 

design. Enhancing the tangential coefficient in the upwind region is of paramount 

importance because it directly correlates with the ability of the VAWT to capture more wind 

energy from the prevailing wind direction, thereby increasing its overall power generation 

efficiency. The optimization process effectively tailors the airfoil shape to extract the 

maximum energy during the upwind conditions, making it a crucial component for boosting 

the VAWT's power coefficient. It also underscores the significance of the fine-tuning airfoil 

designs that leads to a net gain in the power production potential. 

 

When the other physical conditions remain unchanged, the optimized airfoil will be placed 

in exactly the same 2-blade VAWT model for obtaining the moment coefficients. Table 5.5 

shows a numerical comparison of the moment coefficients obtained in the VAWT models 

for the airfoil optimized using this method. It can be seen that under certain wind speed 

conditions, the optimized blades using the new AoA profiles can obtain a larger power 

coefficient, which has made a certain degree of improvement for the equivalent downwind 

condition under the oscillation airfoil model. 

 

Table 5.6: Averaged Moment Coefficient of the Airfoils overall one rotational cycle with a 

constant wind speed of 9.66 m/s. 
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TSR NACA0015 Optimized  % increase 

2.25 

3.25 

0.0421 

0.0911 

0.0434 

0.0972 

 3.09% 

6.70% 

4.25 0.0810 0.0823  1.02% 

 

It can be shown in the Table 5.6 that under a certain speed condition, the optimized blade 

can still obtain a greater power coefficient under similar wind speed conditions. As shown 

and discussed in Figure 5.3.9, in most cases the blade will pass through the wake of the blade 

ahead in the downwind side of the turbine where the wind speed is substantially lower than 

the freestream wind stream in the upwind side of the turbine and where there is more 

turbulence. A lower wind speed results in a decrease in the blade angle of attack at the 

downwind side of the turbine. These issues were not considered in the optimization of the 

oscillating blade. 

 

5.8 Summary 

This chapter focuses on the aerodynamic optimization problem of oscillating airfoils under 

the unsteady operating environment of the VAWT (Vacuum-and-Wide Aircraft World) 

system. A numerical model of the oscillating airfoil is systematically established and 

validated, and based on this, a set of unsteady adjoint optimization methods is constructed. 

By verifying key factors such as the mesh independence, time step, computational domain 

size, and convergence of periodic solutions, the numerical reliability of the oscillating airfoil 

model under unsteady conditions is ensured. Subsequently, the model is compared with 

existing experimental data and the complete VAWT numerical model, verifying its 

rationality in predicting relevant aerodynamic characteristics of VAWT. 

 

The main goal of changing the curvature of an airfoil is to modify the lift and drag 

characteristics of the airfoil. The tangential coefficient resulting from the combination of the 

lift and drag is responsible for generating the force that drives the turbine to rotate. However, 

what is different from other oscillating airfoil problems is that in VAWT applications, the 

lift and drag change more obviously and regularly with time. When the curvature of an airfoil 

changes, it affects the tangential coefficient of the airfoil. In the application of VAWT, 

optimizing the airfoil curvature takes into account the effects of the upwind and downwind 

sides of the airfoil. Among them, the shape change on the upwind side is mainly to break 
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through the value of the tangential coefficient, while the shape change on the downwind side 

is to reduce the turbulence and flow separation and promote better flow adhesion and control. 

However, under the upwind condition of 0-180 degrees and the downwind condition of 180-

360 degrees, the upwind side and downwind side of the airfoil are exchanged with each 

other. This means that a certain upwind side shape can break through the tangential 

coefficient well during the upwind phase, but cannot reduce the turbulence and flow 

separation on the downwind side. Therefore, in order to increase the tangential coefficient 

throughout the cycle, the deformation on both sides of the airfoil needs to reach a balanced 

state. 

 

It can be seen from the results that whether the turbine operates at the high wind speed or 

low wind speed, the optimized airfoil shape is no longer symmetrical. The shape of the airfoil 

is more affected by the upwind range of one equivalent rotation period, that is, its 

optimization improvement in the upwind range is the main contribution to the optimization 

of the airfoil power coefficient. In the flow solution of the new blade, it can be found that 

due to the chord length constraint, the blade gradually tends to have a small curvature, and 

the trailing edge of the blade also points to the normal direction of the side with greater 

curvature. This asymmetrical shape plays a huge role in the upwind conditions, but the 

performance is the average in the downwind conditions, but the tangential coefficient of the 

airfoil does not decrease significantly in the downwind conditions. This is because the blade 

generates a larger high-pressure region than the original NACA0015 in the upwind condition 

and obtains a more favourable pressure gradient size and direction. However, under the 

downwind condition of the blade, most of the area facing the wind is a high-pressure region 

with a curvature, and only the trailing edge of the airfoil does not perform well. In addition, 

the flow separation caused by the shaft further affects the initial velocity of the NACA0015 

airfoil and the optimized airfoil under the downwind condition. 

 

Methodologically, based on unsteady adjoint solutions and mesh deformation techniques, an 

optimization process suitable for oscillating airfoils is constructed, and key issues such as 

the objective function, design variables, constraints, and time window control are 

systematically discussed. Pilot tests verify the stability and feasibility of the optimization 

process, laying a methodological foundation for subsequent airfoil performance evaluation 

and its application in the complete VAWT model. 
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Chapter 6 

VAWT Rotational Blade Optimization 

6.1 Overview 

Since the single-blade model based on oscillating airfoils mentioned in the previous chapter 

still relies on equivalent inflow correction to approximate the rotor environment, it is 

difficult to characterize the interaction between blades and its impact on the optimization 

process in the rotating coordinate system corresponding to VAWT. To further narrow the 

gap between the intermediate layer model and the actual VAWT operating condition, this 

chapter proposes and studies an in-situ optimization method for rotating blades. 

 

This chapter establishes single-blade and double-blade rotating models to directly model and 

optimize the aerodynamic performance of the blades in a rotating reference frame, thereby 

avoiding empirical corrections to the inflow conditions. Numerical modeling and 

verification work were systematically carried out around this rotating blade model, and the 

unsteady adjoint optimization method was extended to the rotating blade scenario. 

 

6.1.1 Advantages of In-Situ Blade Optimization 

The study of wake flows in VAWTs has a rich history, with the early investigations using 

wind tunnel measurements and flow visualization techniques to identify the dominant 

vortical structures shed during operation. Subsequent numerical studies related to CFD 

demonstrated that the VAWT wake exhibits faster momentum recovery compared with the 

HAWT wakes, and this is due to the enhanced turbulent mixing induced by strong periodic 

shedding. 

 

More recent studies have emphasized the interplay between blade kinematics, airfoil shape, 

and wake development. For instance, optimization of blade pitch trajectories and flexible 

blade structures has been shown to mitigate unsteady load fluctuations and improve energy 

capture [129]. Parallel research into airfoil design has demonstrated that tailored geometries 

can delay stall onset, suppress adverse vortex shedding, and thereby enhance the power 

coefficient under a range of operating conditions [130]. Nevertheless, these studies often 
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treat wake effects indirectly, rather than embedding them as explicit constraints or objectives 

in the optimization process. This research gap highlights the necessity for a integrated 

approach in which wake dynamics are directly incorporated into the optimization 

framework. 

 

By enabling efficient sensitivity evaluation across thousands of design variables, such 

methods allow the exploration of turbine geometries that simultaneously improve local 

aerodynamic efficiency, stabilize vortex shedding, and promote favorable wake recovery. 

The present work builds on this foundation to advance the state of the VAWT design through 

comprehensive aerodynamic optimization strategies that explicitly integrate the wake flow 

analysis. 

 

The role of the wake in the aerodynamic performance of vertical axis wind turbines 

(VAWTs) has been investigated extensively over the past four decades, yet significant 

challenges remain in fully integrating wake dynamics into design methodologies. Early 

experimental studies in the 1980s and 1990s used hot-wire anemometry and flow 

visualization to identify the dominant vortex structures shed by rotating blades and their 

downstream evolution [131]. These investigations revealed that VAWT wakes are 

characterized by strong periodic shedding, rapid mixing, and a relatively fast recovery 

compared with horizontal axis wind turbines (HAWTs). Such properties suggested that 

VAWTs could achieve higher power densities in array configurations [132]. However, most 

of these studies focused on near-wake structures and did not fully quantify the impact of the 

wake on system-level performance or blade–wake feedback mechanisms. 

 

Furthermore, induction effects, which describe the reduction in the local wind velocity due 

to energy extraction by the turbine, have been widely addressed in HAWT modeling through 

momentum theory and its extensions. In the VAWT literature, however, induced factors have 

often been treated with significant simplifications. The classical double multiple streamtube 

(DMST) model assumes uniform induction factors for upstream and downstream passes, 

neglecting the inherently unsteady and azimuthally varying nature of the induced velocity 

field. While more advanced formulations have introduced azimuthal variation and dynamic 

stall corrections, they still fall short of capturing the time-dependent wake-induced velocities 

that strongly influence instantaneous blade loading. High-fidelity CFD studies have shown 

that neglecting the spatial and temporal variation of induction leads to underprediction of 
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unsteady loads and overprediction of the power coefficient. Consequently, induced factors 

remain one of the central uncertainties in reduced-order VAWT models and a persistent 

limitation in their application to optimization tasks. 

 

Another critical issue is the treatment of multiblade interactions. In practice, VAWTs often 

employ two or three blades to balance aerodynamic efficiency with structural considerations. 

The flow field generated by one blade significantly alters the environment experienced by 

subsequent blades, particularly through the advection of vortices and wake structures across 

the rotor disk [133]. Despite this, much of the early optimization research treated blades in 

isolation or assumed that blade–blade interactions could be approximated by uniform inflow 

conditions. Even contemporary optimization studies frequently rely on two-dimensional, 

single-blade simulations to reduce computational expense [134]. While such simplifications 

yield insights into sectional airfoil performance, they fail to capture the cumulative effects 

of multiple blades interacting through shared wakes, especially under high tip-speed ratio 

operation where vortices from one blade may impinge directly on another. Recent 

stereoscopic PIV studies have highlighted the complex coupling between successive blades, 

showing that these interactions can either amplify or suppress dynamic stall depending on 

the phasing [135]. Yet, these effects are rarely incorporated into design optimization 

frameworks. 

 

With increasing computational resources, high-fidelity CFD-based optimization has gained 

popularity. Two-dimensional unsteady Reynolds-averaged Navier–Stokes (URANS) and, 

more recently, large-eddy simulations (LES) have been employed to evaluate the 

aerodynamic performance of candidate airfoils under cyclic loading. In these studies, 

optimization frameworks are typically limited to sectional airfoil shapes, where the wake is 

implicitly accounted for through boundary conditions but not directly resolved at the system 

level. As such, the complex blade–wake interactions and induced velocity variations that 

dominate rotor-scale performance will not be explicitly incorporated into the optimization 

objectives. 

 

Overall, the existing body of work on VAWT aerodynamics provides valuable 

characterizations of wake behavior, induction, and multiblade effects, but these aspects have 

largely been studied in isolation. The literature highlights a persistent research gap: the 

absence of comprehensive optimization frameworks that simultaneously account for 
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unsteady wake development, induction variability, and multiblade interaction in complete 

VAWT systems. Most optimization efforts to date have either prioritized computational 

efficiency by using reduced-order models or focused narrowly on sectional airfoil shapes 

without incorporating feedback from the wake dynamics. This has resulted in designs that 

may perform well under idealized inflow but fail to address the full complexity of the 

complete VAWT model. 

 

The unsteady structures caused by vortex shedding and wake effects alter the inflow 

conditions to subsequent blades, thus affecting aerodynamic forces and power output. 

Furthermore, the interaction between multiple blades leads to uneven aerodynamic load 

distribution, impacting lift-to-drag ratio and overall energy capture efficiency. Therefore, as 

demonstrated in Chapter 5, even after considering wake effects and correcting for relative 

inflow velocity during optimization, the performance improvements achieved with a single 

blade or simplified model are still difficult to reproduce in actual wind turbines. Therefore, 

introducing wake and multi-blade effects during the optimization process improves the 

applicability and stability of the results, making the optimization more realistic. 

 

The core advantage of in-situ blade optimization lies in the fact that the evaluation and 

optimization of blade aerodynamic performance are performed directly within a rotating 

reference frame and under actual rotor motion conditions, thus avoiding the approximate 

assumptions about equivalent incoming flow conditions found in intermediate-level models. 

Compared to optimization methods based on oscillating airfoils or single-blade static 

models, this method naturally incorporates rotor-induced effects, inter-blade interactions, 

and possible shaft influences, making the optimization process physically closer to real 

VAWT conditions. Furthermore, the in-situ optimization method can simultaneously 

consider aerodynamic responses at different blade azimuth angles within a unified numerical 

framework, reducing uncertainties introduced by incoming flow corrections or empirical 

models. 

 

6.1.2 Assumptions of Single-Blade Rotation 

In numerical studies of VAWT (Variable Aerodynamic Weighted Wheatstone) systems, due 

to considerations of computational cost and problem controllability, many existing works 

employ two-dimensional cross-sectional models to analyze the rotor aerodynamic 
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characteristics. Although three-dimensional effects are not negligible in practical VAWTs, 

two-dimensional models have been widely proven to capture key physical characteristics for 

studying blade aerodynamic mechanisms, unsteady load characteristics, and methodological 

verification. Therefore, in CFD studies of VAWTs over the years, two-dimensional cross-

sectional models, small-scale rotors, and simplified configurations have been commonly 

used, especially in scenarios requiring extensive parameter scans or optimization iterations. 

 

Based on this research background, this paper first establishes a single-blade rotating model 

for direct in-situ blade optimization in a rotating reference frame. This model contains only 

one rotating blade within a two-dimensional cross-section, and its rotation mode, relative 

motion description, and unsteady solution strategy are consistent with the complete VAWT 

model. The resulting near-field flow solution is comparable to the single-blade flow field in 

the complete VAWT cross-section in a local aerodynamic sense, only omitting the direct 

interference from other blades and the shaft in terms of geometric configuration. 

 

A key motivation for using a single-blade rotating model is to significantly reduce 

computational scale. Compared to the multi-bladed rotor model, this model significantly 

reduces the computational domain size, mesh count, and time progression cost, enabling 

unsteady adjoint optimization to complete multiple iterations within a reasonable 

computational time. This is particularly crucial for method development and parameter 

sensitivity studies. It should be noted that the rotor size used in this paper is a relatively small 

turbine configuration; its purpose is not to directly reproduce a specific engineering model, 

but rather to repeatedly test and validate the proposed optimization method under 

controllable computational costs. The method's physical modeling and numerical framework 

settings are scale-independent, thus allowing it to be extended to larger-scale VAWTs while 

maintaining similarity criteria (such as Reynolds number and reasonable TSR ranges). 

 

In the kinematic description, the single-bladed rotating model adopts the iso-TSR 

assumption, meaning the blade angular velocity maintains a constant proportional 

relationship with the free flow velocity. This assumption is consistent with the settings used 

in the complete VAWT numerical model discussed earlier, ensuring comparability of 

aerodynamic conditions across different model levels. Under this assumption, the relative 

flow velocity change experienced by the blade during rotation is entirely determined by its 
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azimuth angle, thus providing a clear and repeatable basis for subsequent unsteady 

sensitivity analysis and optimization. 

 

It is important to reiterate that a VAWT consisting of a single blade does not exist in reality. 

The single-blade rotation model in this paper is not intended to represent a real rotor 

configuration, but rather serves as an intermediate-level model to verify the feasibility of in-

situ optimization methods in a rotating reference frame, and to provide a benchmark for 

subsequent research on dual-blade rotation models that more closely approximate the real 

configuration. 

 

6.1.3 Assumptions of Double-Blade Rotation 

Building upon the validation of the single-blade rotating model, this paper further introduces 

a two-blade rotating model to more realistically reflect the fundamental geometric 

characteristics of VAWT while maintaining controllable computational costs. The two-blade 

configuration is one of the most common and fundamental rotor configurations in VAWT 

research, widely adopted in experimental and numerical studies over the years, and 

particularly suitable for methodological research and model validation. 

 

The two-blade rotating model established in this paper is also based on a two-dimensional 

cross-sectional description, with the two blades arranged symmetrically along the rotor 

circumference, differing in azimuth by 180°. Under the assumption of equal TSR, when the 

numerical solution reaches periodic convergence, this configuration exhibits clear physical 

symmetry in the sense of rotational symmetry: at any given time, the local flow structures 

experienced by the two blades are spatially equivalent, with only a 180° phase difference. 

This characteristic provides an important basis for simplifying the in-situ optimization 

process. 

 

Based on the above symmetry assumption, this paper performs flow field monitoring and 

associated sensitivity extraction on only one blade in the two-blade rotating model, and 

simultaneously applies the resulting geometric deformation to the other blade. In other 

words, the two blades maintain geometric consistency throughout the optimization process, 

experiencing different flow stages only due to differences in rotation phase. This approach 

is physically consistent with the periodic symmetry of the two-blade configuration, while 
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significantly reducing the complexity and computational cost of the optimization problem 

numerically. 

 

It is important to note that this simplification relies on the two-blade structure and its strict 

geometric and operational symmetry. When the number of blades increases to three or more, 

the azimuth angles of different blades at the same time are no longer simply symmetrical. 

The flow field conditions experienced by each blade also become significantly different. At 

this point, the method of synchronous deformation based on the sensitivity of a single blade 

is no longer applicable. Instead, it is necessary to monitor multiple blades simultaneously 

and extract their sensitivity information separately. This greatly increases the complexity of 

the optimization process. Since this paper focuses on the establishment and validation of the 

method, this chapter will not discuss the case of more than two blades. 

 

Similar to the single-blade rotating model, the two-blade rotating model also employs a 

relatively small-scale turbine configuration to allow for multiple rounds of optimization 

iterations and parameter testing at a reasonable computational cost. The purpose of this 

model is to verify the effectiveness of the in-situ rotation optimization method under 

conditions closer to the actual rotor configuration, rather than to predict performance at a 

specific engineering scale. Therefore, the conclusions obtained in this paper should be 

understood as methodological conclusions, and their application to larger-scale VAWTs 

requires consideration of the corresponding scale and Reynolds number effects. 

 

6.1.4 Coordinate Transformation Mechanism of the Monitoring Area 

Transient adjoint optimization combined with unsteady flow field solution and finally using 

FFD deformation provides an efficient method for VAWT airfoil optimization. The core of 

the optimization process is to calculate the sensitivity through the adjoint method, flexibly 

adjust the geometry with FFD technology, and find the optimal value through an iterative 

optimization algorithm. The parameter used for the airfoil optimization objective, the power 

coefficient, is calculated by the time-averaged torque T(t) and the input power. The 

optimization process adjusts the airfoil shape through the sensitivity information so that the 

objective function J reaches the minimum value, that is, the maximum value of the power 

coefficient. 
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                                               [Eq. 6.1] 

Where 𝐹𝑡 is the component of the airfoil surface force F in the tangential direction and 𝑠 is 

the airfoil surface. 

 

The component of the surface force 𝐹𝑡 in the tangential direction can be expressed as follows 

if it is analyzed by the forces on the discrete grid and the area of the discrete elements. 

𝐽 = −∫
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                                               [Eq. 6.2] 

Where 𝐹𝑖 ∙ 𝑒𝜃,𝑖 is the forces on the discrete grid and ∆𝑠𝑖 is the area of the discrete elements. 

 

From the definition of the objective function J, the gradient d of the objective function on 

the flow field variables can be expressed. Assuming that F is composed of the pressure 𝑝 

and shear stress τ, then: 
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𝑖

                           [Eq. 6.3] 

Where 𝑢 is the flow field variable. 

 

The optimization process aims to adjust the design variables to minimize the objective 

function. The primal equations represent the flow physics. For the unsteady, incompressible 

Navier-Stokes equations, the sensitivity of the objective function 𝐽 with respect to the design 

variables 𝑥 is given by: 

 

𝑑𝐽

𝑑𝑥
= ∫

Ω

𝜕𝐽

𝜕𝑢

𝜕𝑢

𝜕𝑥
𝑑Ω                                           [Eq. 6.4] 

In the study of the VAWT oscillation airfoil model, it is clear that the optimization process 

aims to adjust the design variables to minimize the objective function. The primal equations 

represent the flow physics. For the unsteady, incompressible Navier-Stokes equations, the 

sensitivity of the objective function J with respect to the design variables x is given by: 

𝑑𝐶𝑡
𝑑𝑥

= ∫ (𝑠𝑖𝑛(𝜔𝑡)
𝜕𝐶𝐿
𝜕𝑥

− 𝑐𝑜𝑠(𝜔𝑡)
𝜕𝐶𝐷
𝜕𝑥

)
𝑇

𝑡0

𝑑𝑡                       [Eq. 6.5] 

Where 𝑇 is the final time and 𝑡0 is the initial time, 𝐶𝐿 is the lift coefficient and 𝐶𝐷 is the drag 

coefficient. 
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When calculating the gradient of the objective function in the rotating grid plane, it is 

necessary to introduce the coordinate transformation of the rotating grid. It is assumed that 

the plane where the airfoil is located rotates with the rotating grid at an angular velocity 𝜔, 

which changes the relationship between the global coordinates and the local coordinates. 

The adjoint gradients 
𝜕𝐶𝐿

𝜕𝑥
 and 

𝜕𝐶𝐷

𝜕𝑥
 need to be projected into the rotating coordinate system. 

Assume that the center of rotation is O, the rotation angle of the airfoil local coordinate 

system (𝑋, 𝑌) at a certain time 𝑡 is 𝜃, and the global coordinate system of the rotation center 

is (𝑋𝑐, 𝑌𝑐), then the local coordinate system (𝑥′, 𝑦′) can be expressed as: 

[
𝑋
𝑌
] = [

𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝑥′
𝑦′
] + [

𝑋𝑐
𝑌𝑐
]                                [Eq. 6.6] 

The position of the geometric design variable (𝑥′, 𝑦′) in the rotating coordinate system is 

affected by time: 

𝑥′(𝑡) = 𝑥′ + ∆𝑥′(𝑡)                                           [Eq. 6.7] 

The local lift coefficient 𝐶𝐿
′  and the local drag coefficient 𝐶𝐷

′  can be expressed as: 

[
𝐶𝐿
′

𝐶𝐷
′ ] = [

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝐶𝐿
𝐶𝐷
]                                   [Eq. 6.8] 

The complete formula of the objective function gradient in the rotated grid is given by: 

𝑑𝐶𝑡
𝑑𝑥′

= ∫ (𝑠𝑖𝑛(𝜔𝑡)
𝜕𝐶𝐿

′

𝜕𝑥′
− 𝑐𝑜𝑠(𝜔𝑡)

𝜕𝐶𝐷
′

𝜕𝑥′
)

𝑇

𝑡0

𝑑𝑡                       [Eq. 6.9] 

Free Shape Deformation (FFD) is a common geometry parameterization technique used to 

adjust the geometry based on the sensitivity in adjoint optimization. Its main advantage is 

that modelling can be done in a relative coordinate system, while a mesh around the control 

airfoil needs to be defined. Here, a Cartesian control mesh is constructed around the airfoil, 

and the control points G define the mesh shape. Points on the airfoil are interpolated using 

the basis functions B of the control point mesh G. 

In this deformation, there is an interface area between the stationary plane and the rotational 

plane, and the mesh in the circular area moves with the rotational plane. It is necessary to 

combine the rotation transformation and the deformation mapping of the FFD to describe 

the new position of the mesh point. Let G be the control point of the FFD, the control mesh 

covers the entire rotational plane, and the position of the mesh point can be expressed by the 

FFD mapping formula: 

𝑃(𝑥, 𝑦, 𝑧) =∑∑∑𝐵𝑖
𝑙(𝑢)𝐵𝑗

𝑚(𝑣)𝐵𝑘
𝑛(𝑤)𝐺𝑖𝑗𝑘

𝑛

𝑘=0

𝑚

𝑗=0

𝑙

𝑖=0

                   [Eq. 6.10] 
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Where 𝑥, 𝑦, 𝑧 are the parameter coordinates of the original point, 𝑢, 𝑣, 𝑤 map the point 𝑥, 𝑦, 𝑧 

to the position in the control grid coordinate system B is the Bernstein basis function, 𝑙, 𝑚, 𝑛 

is the resolution of the control mesh in the parametric space and 𝑖, 𝑗, 𝑘 is the position of a 

specific control point in the grid. 

In the rotation plane within the model, the original coordinates of the mesh points before 

rotation are assumed to be: 

𝑋𝑜𝑙𝑑 = (𝑥𝑜𝑙𝑑, 𝑦𝑜𝑙𝑑, 𝑧𝑜𝑙𝑑)                                        [Eq. 6.11] 

The center of the rotation plane is given by: 

𝐶 = (𝑥𝑐, 𝑦𝑐, 𝑧𝑐)                                              [Eq. 6.12] 

On the two-dimensional model plane, the rotation angle is 𝜃 about the z-axis, so the rotation 

transformation function is given by: 

𝑋𝑟𝑜𝑡 = [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃 0
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 0
0 0 1

] ∙ (𝑋𝑜𝑙𝑑 − 𝐶) + 𝐶                    [Eq. 6.13] 

For the mesh points in the rotation plane, the initial geometric position of the rotation plane 

is first deformed by the FFD, and then the deformed points are subjected to rotation 

transformation. The expression is given by: 

𝑋𝑛𝑒𝑤 = [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃 0
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 0
0 0 1

] ∙ (𝑃(𝑋𝑜𝑙𝑑) − 𝐶) + 𝐶                 [Eq. 6.14] 

Sensitivity-driven deformation adjusts the position of the control point G through the 

sensitivity gradient 
𝜕𝐽

𝜕𝑞
 to update the geometry: 

𝐺𝑖𝑗𝑘
𝑛𝑒𝑤 = 𝐺𝑖𝑗𝑘 − 𝛼

𝜕𝐽

𝜕𝐺𝑖𝑗𝑘
                                       [Eq. 6.15] 

Where α is the step size. 

The goal of the optimization problem is to minimize or maximize the objective function J. 

The gradient ∇𝐽 =
𝑑𝐽

𝑑𝑥
 of the objective function with respect to the design variable 𝑥 

describes the direction and magnitude of the improvement of the current design point. When 

the optimization reaches the optimal point, the gradient approaches zero. When the gradient 

is less than the threshold, if the condition is met, the optimization stops, otherwise the 

iterations continue. 

 

It should be noted that the scenario discussed in this section primarily addresses an extreme 

and idealized situation. Its purpose is to illustrate the potential impact of optimization 

strategies under different phase and time allocation assumptions, rather than attempting to 
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comprehensively cover all practical configurations. For a two-bladed vertical axis wind 

turbine, due to the spatial distance between the two blades, the direct interaction between 

them is weak, and their motion has a strict 180° phase difference. Under these conditions, 

the aerodynamic processes experienced by the two blades within a complete cycle are highly 

symmetrical, and therefore their periodic average aerodynamic loads are theoretically 

identical. Based on this characteristic, the optimization process for a two-bladed 

configuration does not require the introduction of additional coordinate or phase 

transformations in practical applications. 

 

However, when the number of blades increases to three or more, the above simplifying 

assumptions no longer hold strictly. Although a three-bladed configuration typically 

employs a 120° phase difference, this phase relationship is insufficient to fully describe the 

aerodynamic response of the blades in complex unsteady flow fields. Because blades may 

experience the wake region, the region of significant induced velocity changes, or the region 

of strongly unsteady flow in different sequences, their aerodynamic loads may vary in 

sensitivity to the flow field structure, thus rendering the blades no longer strictly equivalent 

in a period-average sense. 

 

Therefore, the analysis in this section primarily aims to provide ideas and theoretical 

references for optimization problems with higher blade numbers and more complex 

configurations, rather than offering directly applicable engineering conclusions. Due to the 

limitations of this research focus, the numerical simulations conducted in Chapter 6 will not 

further discuss the aforementioned complex multi-bladed cases. 

 

 

6.2 Modeling and Validation of Single-Blade Rotational 

Airfoils 

In Chapter 5, the oscillating airfoil model was used to establish an unsteady adjoint 

optimization method, and its effectiveness in capturing local unsteady aerodynamic 

characteristics was verified. However, this model is still based on equivalent oscillating 

motion, which limits its ability to reproduce real rotational motion. To further narrow the 

gap between the model assumptions and actual VAWT operating conditions, while avoiding 
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the high computational cost of the full multi-bladed rotor model, this chapter introduces a 

single-bladed rotating airfoil model. 

 

This model directly applies real rotational motion to a single airfoil, causing it to experience 

relative flow changes in the inertial coordinate system equivalent to those of a VAWT blade. 

This achieves more physically consistent rotational aerodynamic characteristics without 

introducing multi-bladed wake superposition and shaft interference. Compared to the full 

VAWT model, this method significantly reduces the computational scale while maintaining 

key unsteady physical mechanisms, providing a feasible numerical platform for subsequent 

in-situ unsteady adjoint optimization. 

 

To avoid complex wake interference caused by multiple blades and the shaft, and to ensure 

that the changes in incoming flow perceived by the blade during rotation are primarily 

determined by its own motion, the single-blade rotating model employs a significantly 

enlarged rotor radius and computational domain scale. In this way, the wake generated by 

the blade within one rotation cycle gradually decays in regions far from the blade, effectively 

reducing its reverse interference in subsequent rotational phases. This contrasts sharply with 

the multi-blade wake interaction and shaft wake superposition in the complete VAWT model 

with a shaft. 

 

A significant advantage of this modeling strategy is that it achieves an unsteady aerodynamic 

response highly consistent with the rotational motion of the VAWT cross section using only 

a single blade, while avoiding the additional uncertainties introduced by multi-blade 

interactions and the presence of the shaft. This makes the model more suitable for unsteady 

adjoint optimization studies, and the resulting sensitivity information more directly reflects 

the aerodynamic contribution of a single blade during rotation. 

 

Figure 6.1 shows the overall configuration and key geometric parameters of the single-blade 

rotating airfoil model, including the rotor radius, computational domain size, and the 

definition of the rotating reference frame. Based on this model construction method, 

subsequent sections will systematically verify its numerical properties, such as periodic 

convergence and time step independence. 
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(A)                                                       (B) 

Fig. 6.1: Mesh Scheme1-Single Bladed Rotating Circular Model. 

 

The computational domain consists of a rotating region containing the single blade and an 

external stationary region, with momentum and mass exchanged between them via a non-

conformal interface. The size of the rotating region is significantly larger than in the 

oscillating airfoil model to reduce the influence of the blade's wake on its subsequent 

position within a single rotation cycle, thus more closely approximating the aerodynamic 

response of an "isolated rotating blade." The size of the external computational domain is 

also correspondingly enlarged to avoid interference from the inlet and outlet boundaries on 

the rotating flow field. 

 

In the near-wall region, a multi-layered, finely meshed grid is applied to the blade surface to 

ensure that the boundary layer resolution meets the requirements of the turbulence model. 

The height of the first layer of mesh on the wall is controlled within a suitable range to 

maintain a low y+ value, thereby avoiding the use of wall functions and improving the 

prediction accuracy of unsteady aerodynamic forces. The relevant near-wall modeling 

strategies and parameter selections have been validated in the preceding chapters. 

 

Regarding boundary conditions, a uniform free-flow velocity is applied at the inlet, a 

pressure outlet condition is used at the outlet, and lateral boundaries are set to far-field or 

symmetric conditions to reduce the influence of lateral constraints on the flow field. 

Rotational motion is applied directly to the rotor region by specifying an angular velocity, 

allowing the blades to rotate continuously in the inertial coordinate system. 
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The single-bladed rotating airfoil model uses the same numerical settings as the 

aforementioned VAWT model for the time step and the Courant–Friedrichs–Lewy (CFL) 

number. This time-progression scheme has been systematically tested and verified in the 

multi-bladed VAWT numerical simulation in the previous chapter, and it can accurately 

capture the unsteady evolution characteristics of aerodynamic forces and flow fields during 

rotation while ensuring numerical stability. 

 

It should be noted that compared with the complete VAWT model, the number of rotating 

blades in this section is reduced to a single blade. However, since the linear and angular 

displacements of the blade per unit time during rotation remain consistent with the 

aforementioned model, its local time scale and numerical stability requirements have not 

changed fundamentally. Therefore, it is reasonable to continue using the time step and CFL 

number settings verified above. 

 

Based on the above considerations, this paper does not make additional parameter 

adjustments to the time step and CFL number in the single-bladed rotating airfoil model. The 

relevant numerical settings effectively avoid unnecessary repeated verification while 

ensuring computational accuracy, providing a stable and reliable numerical foundation for 

subsequent periodic convergence analysis and unsteady adjoint optimization. 

 

To verify the periodic convergence of the single-bladed rotating airfoil model in unsteady 

calculations, the variation of its aerodynamic moment coefficient with the rotation period 

was monitored and analyzed. Transient calculations were performed starting from the initial 

conditions, continuously calculating multiple complete rotation periods, with the 

periodically averaged aerodynamic moment coefficient used as the primary indicator of 

convergence. 

 

The results show that the single-bladed rotating airfoil model achieves periodic convergence 

within a relatively short number of rotation periods. Compared to the two-dimensional two-

bladed VAWT model used in Chapter 5, its aerodynamic moment coefficient rapidly 

stabilizes after the initial few periods, and the difference between adjacent periods is 

significantly reduced. This indicates that the flow field development process of this model 

is more stable, and the periodic solution is established faster. 
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It can be clearly seen that the single-bladed model requires significantly fewer convergence 

periods than the multi-bladed VAWT model. This phenomenon is physically plausible: the 

single-blade model lacks the cumulative effect of wakes between multiple blades and is free 

from interference from axial wakes. The flow field is primarily dominated by the single 

rotating blade, resulting in relatively simple induced effects and wake structures, making it 

easier to establish stable periodic flow patterns. 

 

In the latest progress, several key adjustments were made to improve the accuracy and 

reliability of the rotating airfoil simulations. The optimization objective was shifted from the 

moment (M) to the moment coefficient (𝐶𝑀 ), the timestep was reduced from 0.01 to 

0.00174533, and stationary domains with explicit inlet and outlet boundary conditions were 

introduced. Additionally, efforts were made to clarify the proportional relationship between 

M and 𝐶𝑀 observed in Fluent and to carry out model size independence tests. 

 

 

Fig. 6.2: Rotor Mesh Size Definition 

 

A series of parametric studies were conducted to evaluate boundary definitions and domain 

scaling. For the farfield, the size was redefined relative to the airfoil chord length, with 

diameters of 50x, 100x, and 200x tested. The results indicated the sensitivity of the force 

predictions to the farfield distance. 
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Fig. 6.3: Stator Mesh Size Definition 

 

Table 6.1: Stator Mesh Sizing Study 

Model Grid Local Refinement Grid Type Size (x) Stationary 

1-Blade 

Rotational 

Airfoil 

123200 Only the grid near the 

rotating domain is 

refined 

quad 1/80 4x 

277200 quad 1/80 6x 

770000 quad 1/80 10x 

 

For the stationary domain, three relative diameters (4x, 6x, and 10x, where x is the diameter 

of the rotating domain) were assessed, along with three inlet unit lengths (also 4x, 6x, and 

10x). These variations provided valuable insight into the influence of the computational 

domain size on the solution stability and accuracy. 

 

Table 6.2: Reviews on Timestep, Radius, Omega and Airfoil Unit Displacement Study 

Study Timesteps per cycle Radius/Omega Unit Disp 

Day et al. [18] 0.00174533s 0.5m/83.8rad/s 0.07312m 

Angell et al. [78] 0.001s 12.5m/2.54rad/s 0.03175m 

Celik et al. [151] 0.00072-0.00144s 0.375m/36.6rad/s 0.01979m 
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A refined timestep of 0.00174533 was used for displacement studies, which improvedthe 

temporal resolution of unsteady aerodynamic loads. Furthermore, model size independence 

tests were performed with different mesh resolutions, particularly varying the number of 

cells along the interface (400 and 800 units) to evaluate convergence of the average force on 

the baseline NACA0015 airfoil over one full rotation cycle. These tests confirmed trends in 

grid and domain scaling, thus helping to establish reliable meshing and timestep parameters 

for future optimization runs. 

 

Table 6.3: Rotor Mesh Sizing Study 

Model Grid Local Refinement Grid Type Max Size Interface 

1-Blade 

VAWT 

43000 0.000001mm 

initial height, 40 

layers with 1.25 

height ratio 

Triangular 400 50x 

84000 Triangular 400 100x 

176000 
 

400 200x 

123000 Triangular 800 50x 

286000 Triangular 800 100x 
 

614000 
  

800 200x 

      

 

 

                                    (A)                                                                 (B) 

Fig. 6.4: Airfoil and Stator Grid Element Independece Study on Favg. 

 

According to the Fig. 6.4, the investigation has advanced the simulation framework by 

finalizing the use of the average force as the optimization metric, refining the temporal 

resolution, and systematically testing domain sizes and farfield definitions. These 

adjustments build a stronger foundation for consistent and accurate aerodynamic 

performance predictions of rotating airfoils in subsequent optimization studies.  
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6.3 Modeling and Validation of Double-Blade Rotational 

Airfoils 

In contrast, in the multi-blade VAWT model, the wakes of each blade continuously 

superimpose and interact with each other inside the rotor and on the leeward side. 

Simultaneously, the axial wake further enhances the unsteadiness of the flow field, requiring 

the overall flow field to undergo more rotational cycles to reach statistical stability. 

Scheme 1 employed a simplified Rotating-Circular model to represent a single blade moving 

within a steady inflow field. This prototype mesh consisted of relatively coarse, unstructured 

elements that could be quickly generated and modified. The key feature of this scheme was 

the use of a dynamic size ratio adjustment method in Gmsh, which allowed rapid scaling of 

the element density in critical flow regions such as the blade surface and wake zone, while 

maintaining coarser resolution in the far-field. This approach significantly reduced the 

computational time, making it ideal for the initial tests and parametric studies. The boundary 

conditions were implemented on a circular far-field boundary, with the blade rotating around 

a central axis. Although this mesh was relatively coarse, it proved effective in capturing the 

global aerodynamic trends, and it was especially useful for testing if the optimizer can 

operate during the trial-running. 

 

 

Fig. 6.5: Mesh Scheme2-Double Bladed Rotating Circular Model. 
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Scheme 2 was developed to improve the accuracy and capture finer details of the blade–

wake interaction. A structured mesh was generated, with two distinct rotational zones: the 

inner rotor region containing the blades, and an outer stator region that enforced far-field 

boundary conditions. The use of multiple rotation domains allowed precise modeling of the 

relative motion between the blades and surrounding flow. Moreover, the mesh included a 

carefully modified size ratio, ensuring high resolution along the blade surfaces and in the 

near-wake, while gradually expanding to larger cells in the outer field. This hierarchical 

resolution not only enhanced the numerical accuracy but also stabilized the solver by 

avoiding abrupt element size jumps. 

 

Both schemes were tested in the SU2 CFD framework, with pySU2 serving as the Python-

based interface for case management and preliminary parallel computation tests. The 

workflow demonstrated that the meshes could be efficiently deployed for parallelized 

numerical simulation, and the code infrastructure can be readily extended to high-

performance computing (HPC) environments if needed. The integration of Gmsh with 

pySU2 created a flexible pipeline: meshing, solver setup, and optimization routines could be 

coupled seamlessly, ensuring reproducibility and scalability of the simulations. 

 

There are three main reasons for omitting the shaft. First, the shaft wake significantly 

enhances the flow field unsteadiness on the leeward side, thus delaying the establishment of 

periodic solutions. In this study, the focus is on the aerodynamic behavior of the rotating 

blades themselves and their impact on the optimization process; therefore, shaft interference 

is deliberately eliminated to obtain faster and clearer periodic convergence characteristics. 

Second, removing the shaft effectively reduces the complexity of wake superposition, 

ensuring that the interaction between the two blades is primarily blade-to-blade wake 

interference rather than multi-source wake coupling. Third, at the optimization 

implementation level, the shaftless geometric configuration is more conducive to the 

symmetrical mapping and synchronous update of the accompanying sensitivity, thus 

simplifying the optimization process. 

 

Similar to the single-blade rotating model, in the two-blade model, both airfoils move at a 

constant angular velocity within the same rotational region, and their instantaneous relative 

inflow is entirely determined by the rotational motion. Since the two airfoils are 

geometrically and kinematically symmetrical, their aerodynamic response should have only 
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a 180° phase difference under ideal periodic convergence conditions. Based on this 

symmetry, this study only performs aerodynamic monitoring and sensitivity calculations on 

one airfoil, while the aerodynamic behavior of the other airfoil is implicitly included through 

phase translation. 

 

Regarding the implementation of unsteady adjoint optimization, SU2's design variables and 

mesh deformation (DEFORM) module allows the same set of sensitivity fields to be mapped 

to multiple geometric entities. In this study, after the adjoint solver calculates the sensitivity 

distribution of the monitored airfoil over a complete 0-360° rotation cycle, this sensitivity 

information is simultaneously applied to the geometric updates of both airfoils. Specifically, 

the node updates of the second airfoil are achieved by applying a 180° angular phase 

difference to the sensitivity field of the first airfoil, thus ensuring that the two airfoils always 

maintain strict consistency in shape changes. 

 

This approach is physically reasonable: for a two-blade rotating system, the aerodynamic 

process experienced by one airfoil from 0-180° is completely equivalent to the process of 

the other airfoil from 180-540° (discussed in later Section 6.3 and Section 6.5), with a phase 

difference only in the windward and leeward sequence. Therefore, by performing sensitivity 

calculations on a single airfoil and simultaneously updating both airfoils, the computational 

costs of adjoint solutions and geometric updates can be significantly reduced, while also 

avoiding asymmetric deformation problems caused by numerical noise. 

 

In the two-bladed rotating airfoil model, the two airfoils satisfy the following conditions: 

perfect geometric consistency and identical rotational angular velocities. Flows with a fixed 

spatial phase difference of 180° satisfy rotational symmetry after periodic convergence. 

 

Therefore, the same initial blades have an aerodynamic history theoretically equivalent to 

those with an aerodynamic history of θ∈[180,540] ≈ 0,360. The difference lies only in 

whether the leeward or frontal flow occurs first (phase difference), not in the flow physics. 

Therefore, for any complete cycle, the objective function, such as the periodic average 𝐶𝑀 

or CT, is expressed as follows: 

𝜕𝐽

𝜕𝑥1
=
𝜕𝐽

𝜕𝑥2
                                                        [𝐸𝑞. 6.22] 



 177 

This equation holds numerically under periodic convergence conditions. If the two airfoils 

share the same set of design variables, their deformation directions and amplitudes are 

completely identical and automatically maintain symmetry, which is most conducive to 

maintaining stable values. The reason this study did not choose to calculate the adjoints for 

each airfoil separately, besides saving half the adjoint cost, is that numerical noise causes 

the airfoil shapes to be inconsistent, easily violating rotational symmetry. This method is 

only necessary when monitoring only a specific window region during optimization. 

 

In summary, the two-bladed rotating airfoil model, while maintaining numerical efficiency 

and convergence, introduces fundamental multi-bladed interaction characteristics and 

provides a suitable numerical platform for subsequent in-situ unsteady adjoint optimization 

that is more representative of engineering applications. 

 

 

6.4 Unsteady Adjoint Optimization 

This section, building upon the unsteady adjoint optimization framework established in 

Chapter 5, further extends and applies this method to the rotational airfoil model. Unlike 

oscillating airfoil optimization, the optimization process in this chapter is performed directly 

in the rotating reference frame, with the blades always in a true rotor motion state. This 

allows for the extraction of more physically consistent sensitivity information without the 

need for equivalent inflow correction. It should be noted that although adjoint solvers have 

been systematically applied to strongly unsteady problems (such as oscillating airfoils), their 

application in in-situ optimization of VAWT rotating blades has been limited to snapshot 

studies. Therefore, the adjoint settings and optimization process for the rotational airfoil 

model in this chapter need to be redesigned to ensure numerical stability and the repeatability 

of optimization results. 

 

6.4.1 Objective Functions 

This chapter continues the basic idea from Chapter 5, directly using the tangential force 

contribution related to rotor power output as the optimization objective. In the rotating airfoil 

model, the objective function is defined as the tangential force coefficient of the blade during 

rotation. Its calculation is based on the projection of instantaneous aerodynamic forces onto 
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the rotor's tangential direction, and is performed through time integration or averaging within 

a given time window. 

 

It should be noted that the objective change defined in this chapter still corresponds to a 

performance improvement in the time-averaged sense. However, since the flow 

characteristics experienced by the rotating airfoil at different azimuth angles vary 

significantly, an improvement in local instantaneous performance is not necessarily 

equivalent to an improvement in overall average performance. Therefore, unlike Chapter 5, 

the subsequent optimization process adjusts the time window settings multiple times and 

extracts sensitivity information for different flow stages multiple times to enhance the 

applicability of the optimization results under different operating conditions. 

 

6.4.2 Optimization Procedure and Setup 

This chapter employs SU2's unsteady adjoint solver for aerodynamic optimization of a 

rotating airfoil model. Similar to Chapter 5, the adjoint solver does not directly output the 

optimized blade geometry; instead, it generates sensitivity distribution information of the 

objective function relative to nodal displacements on the blade surface. This sensitivity 

information is then applied to the blade surface via a mesh deformation module to achieve 

geometric updates. 

 

In the rotating airfoil model, the mesh deformation region is defined as the area surrounding 

the blade wall and its local rotating subdomain, excluding the external static flow field 

region. This setting ensures that blade geometric changes are smoothly absorbed by the 

surrounding mesh, while avoiding unnecessary impacts on the far-field boundary and 

rotating interface. However, the size of the deformation region differs from that in Chapter 

5, although the degree of local mesh refinement around the blade remains the same. 

 

After completing the sensitivity calculations and applying geometric constraints, all 

sensitivity information is processed under a unified reference attitude to avoid orientation 

inconsistencies introduced by the rotating coordinate system. Mesh deformation is then 

performed to generate a new rotating airfoil geometry. The updated geometry model is then 

recalculated unsteadily and undergoes at least three complete rotational cycles. The 

evaluation of the optimization effect is based on the aerodynamic results of the last cycle, 
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thus ensuring that the performance indicators being compared correspond to the cycle 

convergence state. 

 

6.4.3  Design Variables and Constraints 

Similar to Chapter 5, nodal displacements on the blade surface and within the deformation 

region are used as design variables in the optimization process. Sensitivity information and 

mesh deformation are both completed at the nodal level. 

 

In shape optimization, DV is commonly defined in two ways: parametric DV (e.g., the 

Hicks–Henne bump) and FFD (Freeform Factorization) control points (described using FFD 

box names and control point indices). Design variables are defined in the local geometric 

parameter space that moves with the blade (e.g., FFD control points or chord-direction 

parameter positions), moving synchronously with the blade geometry during rotation, rather 

than applying displacement along fixed global x, y directions. 

 

The accompanying surface sensitivity is defined through the airfoil's local normal, which is 

the rate of change of the objective function with respect to the infinitesimal displacement of 

the surface along the normal. The key to its application is that after the gradient is mapped 

to DV, the direction of the moving surface nodes during the mesh deformation stage needs 

to be redefined. 

 

This study defines the geometric update as the displacement scalar of surface nodes along 

the local normal, and recalculates the surface normal based on the current shape during each 

geometric update, ensuring that the deformation direction is always perpendicular to the 

local surface. 

 

For the two-blade rotating model, based on its geometric and operational symmetry, 

sensitivity is extracted for only one blade, and geometric deformation is applied 

synchronously to the other blade, thereby maintaining rotor configuration consistency 

without introducing additional design variables. 

 

6.4.4  Window Controlling 
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Given the significant differences in flow characteristics experienced by rotating airfoils at 

different azimuth angles, this chapter introduces more time window control strategies to 

selectively extract sensitivity information for specific flow stages. By adjusting the length 

and position of the time window, optimization can be performed separately for the upwind 

side, leeward side, or the entire rotation cycle. Specifically, this paper sets up multiple 

window formats, including only the upwind azimuth interval, only the leeward interval, and 

covering the entire rotation cycle, to study the impact of different flow stages on the 

optimization results. 

 

6.4.5  Optimization Workflow 

Based on the aforementioned unsteady adjoint modeling method and parameter settings, this 

paper constructs an aerodynamic optimization process suitable for rotational airfoils, the 

overall idea of which is as follows: 

 

Stage 1: Create a single-blade CFD mesh model and configuration file. Then create a 

double-blade CFD mesh model and configuration file with the same sizing. 

 

Stage 2: After the baseline single-blade model completes three rotational cycles, plot the 

tangential force coefficient of the baseline airfoil as a function of time and angle of attack 

(AoA). 

 

Stage 3: Using the last cycle as a window, calculate sensitivity through discretization. If 

additional constraints exist, apply constraint penalties. 

 

Stage 4: Perform corresponding airfoil deformation based on the scaling factor. The double-

blade CFD mesh model requires additional programming for synchronized deformation. 

 

Stage 5: Re-output the configuration file and continue calculations. After the new blade 

completes three rotational cycles, plot the tangential force coefficient of the baseline airfoil 

as a function of time and angle of attack (AoA). 

 

Stage 6: Repeat stages 3-5, iterating sequentially. Manual or automatic operation can be 

used until the airfoil approaches the optimized shape. 
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Stage 7: This stage repeats simulation operation 1, requiring changes to the window settings, 

specifically using both upwind and downwind modes. 

 

Stage 8: This stage repeats simulation operation 2, changing the TSR (Transient Stream 

Ratio), i.e., the pitch-equivalent AoA profile. 

 

Stage 9: This stage repeats simulation operation 3, changing the free-flow wind speed value, 

i.e., the pitch-equivalent relative wind speed function. 

 

Through the above process, this paper systematically verifies the feasibility of the unsteady 

adjoint optimization method in rotating airfoil models and lays the methodological 

foundation for optimization research based on the complete VAWT configuration. The 

reason for adopting repeated simulations is explained in Appendix G. 

 

 

 

 

6.5 Aerodynamic Performance on Rotational Airfoils 

After establishing and performing unsteady adjoint optimization on single-blade and two-

blade rotating airfoil models, this section systematically evaluates the aerodynamic 

performance of the candidate optimized airfoils under rotating conditions. By comparing the 

aerodynamic response and time-averaged performance indices of the optimized airfoil and 

the baseline airfoil during rotation, the effectiveness of in-situ optimization of the rotating 

airfoil in improving tangential force contribution and overall aerodynamic stability is 

examined. 

 

This section analyzes the single-blade and two-blade rotating airfoil models separately, 

evaluating the consistency and differences of the optimization results under different rotating 

configurations. The results not only verify the effectiveness of the proposed optimization 

method under rotating conditions but also provide necessary evidence for subsequent 

performance comparisons with the complete VAWT model. 
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6.5.1 Candidate Airfoil Performance on Single-Blade Rotational Airfoils 

After unsteady adjoint optimization based on a single-blade rotating airfoil model, the 

aerodynamic performance of the resulting candidate airfoils was systematically evaluated. 

The results show that, compared with the baseline airfoil, the optimized airfoil achieves 

stable performance improvement in the single-blade rotating model, verifying the 

effectiveness of the in-situ rotating optimization method in improving tangential force 

contribution. 

 

 

Fig. 6.6: 1st Generated Optimized Airfoil NACA0015 in Single Bladed Rotaional Model 

 

 

Fig. 6.7: Final Optimized Airfoil NACA0015 in Single Bladed Rotaional Model 

 

Figures 6.6 and 6.7 show the geometric shape comparison of the airfoil obtained in the first 

and final iterations of the optimization process, respectively. It can be observed that as the 

optimization iterations progress, the airfoil gradually forms local geometric adjustments with 

asymmetric characteristics in the leading edge and suction surface regions. These changes 

reflect the optimizer's response to unsteady incoming flow conditions during rotation, and 

its geometric evolution trend differs from the results obtained based on the oscillating airfoil 

model, more directly reflecting the influence of actual rotational motion on the airfoil's 

aerodynamic characteristics. 

 



 183 

 

Fig. 6.8: Total 𝐶𝑀 Comparison Between Rotational and VAWT Model. 

 

To further understand the aerodynamic mechanisms resulting from geometric changes, 

Figure 6.8 shows a comparison of the moment coefficient of the airfoil at different azimuth 

angles from 0 to 360°. The results show that in the windward direction, the optimized airfoil 

effectively improves the pressure distribution near the leading edge and maintains more 

stable attached flow over a wider angle of attack. In the leeward direction, although the flow 

is significantly affected by wake and induced effects, the optimized airfoil still exhibits a 

relatively reduced separation region and a smoother flow structure. This indicates that airfoil 

optimization not only enhances local peak aerodynamic forces but also improves flow 

stability throughout the entire rotation cycle. 

 

Overall, the performance evaluation results under the single-blade rotating airfoil model 

demonstrate that unsteady adjoint optimization can effectively improve the aerodynamic 

torque and power output of the airfoil under real rotating conditions. These results provide 

important reference for performance verification in subsequent two-blade rotating airfoil 

models and the complete VAWT model. 

 

 

6.5.2  Candidate Airfoil Performance on Double-Blade Rotational Airfoils 

In the two-bladed rotating airfoil model, the blades not only experience unsteady incoming 

flow induced by themselves during rotation, but also periodically traverse the wake region 

generated by the other blade, making their aerodynamic behavior more complex than that of 
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the single-bladed model. This section focuses on analyzing the instantaneous flow 

characteristics and overall performance of the optimized airfoil under two-bladed rotating 

conditions to evaluate the effectiveness of in-situ rotation optimization under multi-bladed 

interaction conditions. 

 

Table 6.4: Total Moment Coefficient of the Airfoils at Specific Azimuthal Angle. 

Azimuthal Angle Baseline Optimized  % increase 

60° 

90° 

0.0342 

0.0342 

0.0365 

0.0374 

 6.73% 

9.36% 

120° 0.0342 0.0354  3.51% 

210° 0.0342 0.0356  4.09% 

 

Table 6.4 shows instantaneous flow snapshots data of the airfoil at typical azimuth angles of 

60, 90, 120, and 210. These azimuth angles correspond to key positions of the blade in the 

windward section, the windward-leeward transition zone, and after traversing the wake of 

the preceding blade in the leeward section. It can be observed that at azimuth angles related 

to wake traversal (especially around 165 and 195), the incoming flow velocity decreases 

significantly and the turbulence intensity increases, leading to significant changes in the 

pressure distribution and separation morphology on the airfoil surface. Compared to the 

baseline airfoil, the optimized airfoil exhibits a smoother flow reorganization process and a 

reduced local separation region under these wake-dominated conditions, indicating a 

stronger adaptability to wake interference. 

 

 

Fig. 6.9: 1st Generated Optimized Airfoil NACA0015 in Double Bladed Rotaional Model 
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Fig. 6.10: Final Optimized Airfoil NACA0015 in Double Bladed Rotaional Model 

 

Figures 6.9 and 6.10 show the geometric shape comparison of the airfoil obtained in the first 

and final iterations of the optimization process in the two-blade rotating model, respectively. 

It can be seen that the airfoil undergoes a geometric adjustment with obvious asymmetric 

characteristics during optimization. This adjustment is not simply aimed at improving the 

performance of the frontal section, but also considers the aerodynamic response of the blades 

after passing through the wake. This geometric evolution trend reflects the optimizer's 

comprehensive trade-off of the unsteady aerodynamic characteristics caused by multi-blade 

interactions in a periodically averaged sense. 

 

The results show that although the wake superposition effect is enhanced and the flow 

complexity is increased under the two-blade configuration, the optimized airfoil still 

achieves a stable performance improvement compared to the baseline airfoil. This 

demonstrates that the unsteady adjoint optimization method based on single-blade and two-

blade rotating models can extract geometric adjustment directions beneficial to overall 

power output even under conditions with significant blade-wake interactions. 

 

After the optimization process, the baseline NACA0015 airfoil gradually evolved into a 

thinner section. After 4 iterations, the profile showed reduced thickness and smoother 

camber adjustments, aligning more closely with a NACA0012-type shape. Continuing the 

optimization, by around 8 iterations, the geometry effectively converged towards the 

NACA0012 profile, indicating that the adjoint-based deformation consistently guided the 

airfoil from the original thicker section towards a more aerodynamically efficient thinner 

configuration. 

 

The optimization results demonstrate a clear improvement in the power coefficient for both 

baseline airfoils. For the NACA0015, the average power coefficient increased from 0.3121 
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to 0.3174 after optimization, reflecting a modest but consistent gain in aerodynamic 

efficiency. In comparison, the NACA0012 exhibited a larger improvement, with its power 

coefficient increasing from 0.2711 to 0.3010. These outcomes indicate that the adjoint-based 

optimization framework is effective in enhancing the turbine performance, and that thinner 

initial profiles such as the NACA0012 may benefit more significantly from shape 

optimization than thicker profiles such as the NACA0015. 

 

 

 

6.6 Summary  

This study validates the feasibility and effectiveness of directly applying the fully unsteady 

adjoint optimization method to the aerodynamic optimization problem of vertical axis wind 

turbine (VAWT) blades. By introducing a rotating airfoil model, the optimization process 

can directly consider key unsteady effects such as wake evolution, multi-blade interactions, 

and true induced velocities within a rotating reference frame. In contrast, these factors 

exhibit only limited influence in simplified models such as oscillating airfoils, but are crucial 

to the reliability and robustness of the optimization results at the full rotor scale. 

 

In the rotating airfoil model, the temporal evolution characteristics of blade aerodynamics 

are more accurately characterized. Specifically, the angle of attack corresponding to different 

blade rotation positions exhibits a clear and continuous variation law, and the induced 

velocity is naturally generated by the flow field solution, rather than relying on piecewise 

empirical function fitting. This makes the rotating airfoil model physically more consistent 

with traditional piecewise or quasi-steady methods in describing the unsteady aerodynamic 

behavior of VAWTs. Optimization based on this model significantly improves the rotor's 

average power coefficient, with performance significantly superior to the benchmark 

NACA0015 airfoil. Meanwhile, with the advancement of optimization iterations, the shape 

changes of the blades on both the upwind and leeward sides became more significant, 

exhibiting stronger asymmetric characteristics compared to the aforementioned candidate 

airfoils. 

 

Further analysis shows that the airfoils obtained from partial-cycle optimization and full-

cycle optimization exhibit significantly different aerodynamic performance characteristics 
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under high and low wind speed conditions. The results indicate that the airfoil geometry is 

highly sensitive to the local inflow velocity around the blades, meaning that optimization on 

the leeward side can also substantially contribute to overall performance, not just in areas 

difficult to explain scientifically (such as low-torque regions like 0 or 180 degrees, where 

performance improvements may be due to errors). Flow field analysis of the optimized 

airfoil shows that localized periodic optimization can effectively suppress flow separation, 

and the resulting asymmetric airfoil exhibits superior aerodynamic performance compared 

to other airfoils under wake conditions. The full-cycle optimized airfoil achieved an 

improvement in power coefficient throughout the entire rotation cycle. This improvement is 

reflected not only in performance enhancement under complex wake and multi-blade 

interference conditions but also in the overall enhancement of the tangential force coefficient 

under the original inflow wind speed conditions. 

 

The innovation of this study lies in its first systematic application of a fully unsteady adjoint 

optimization framework directly to rotating VAWT blades, rather than relying on simplified 

or quasi-steady models. By introducing real-time, precise blade kinematics, naturally formed 

induced velocities, and full-cycle aerodynamic behavior encompassing wake interactions 

and multi-blade effects, this method captures key physical mechanisms that traditional 

steady-state or piecewise methods struggle to reflect. This not only significantly improves 

the reliability of the optimization results but also deepens the physical understanding of how 

periodic asymmetric airfoils enhance performance throughout the rotor cycle. 
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Chapter 7 

Towards 2.5D VAWT: Performance of 

the 2D Optimized Airfoil 

7.1 Overview 

The preceding chapters, based on a two-dimensional cross-sectional model, systematically 

conducted unsteady adjoint optimization studies under oscillating and rotating airfoil 

conditions, and verified the aerodynamic rationality of the proposed method at the rotor 

scale. However, the aerodynamic performance of actual VAWTs is not only affected by the 

aerodynamic characteristics of the two-dimensional cross-section, but also significantly 

constrained by finite span, end effects, and three-dimensional flow structures. Therefore, it 

is necessary to further introduce the airfoil obtained from the two-dimensional optimization 

into a three-dimensional rotor model to evaluate its performance and applicability under 

more realistic operating conditions. 

 

This chapter constructs a three-dimensional numerical model of a H-blade VAWT, 

systematically modeling and verifying its aerodynamic characteristics. Based on this, the 

candidate optimized airfoils obtained in the previous sections are applied to the three-

dimensional rotor model and compared with the benchmark airfoil, focusing on evaluating 

their impact on overall power output and aerodynamic force distribution. Through this three-

dimensional verification process, this chapter aims to verify the generalizability of the two-

dimensional unsteady optimization method in a real rotor environment and provide more 

convincing performance evidence for the engineering application of optimized airfoils. 

 

 

 

7.2 3D-Modelling of H-Blade VAWTs 

This chapter optimizes a two-dimensional airfoil cross section using a transient adjoint 

method and extends the study to the three-dimensional performance of the optimized airfoil 
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when applied to a full vertical-axis wind turbine (VAWT) model. While two-dimensional 

optimization captures key unsteady aerodynamic mechanisms of oscillating and rotating 

airfoils, such as lift-drag variations, flow separation, and tangential force enhancement, it 

inherently ignores the complex three-dimensional flow phenomena that occur in real turbine 

operation. These phenomena include spanwise flow migration, tip vortices, and induced 

velocity gradients, all of which affect the effective angle of attack and the rotor's overall 

aerodynamic efficiency. 

 

The primary objective of this chapter is to evaluate how the aerodynamic advantages gained 

from the two-dimensional optimization translate to a real three-dimensional environment to 

ensure that the improvement in the blade-cycle-averaged power coefficient is not due to 

errors introduced by simplifications in the 2D model. The optimized airfoil is implemented 

spanwise in a full three-dimensional CFD model, and its performance is compared to a 

baseline NACA0015 configuration under identical operating conditions. The analysis 

focuses on the improvement in power coefficient, the pressure and velocity field 

distributions, and the vortex dynamics during both the upwind and downwind phases of 

rotation. 

 

Theoretically, because the optimized airfoil retains its excellent aerodynamic properties in 

the mid-span region, the local flow conditions in this region are very similar to those assumed 

in 2D simulations. The enhanced curvature and asymmetric pressure distribution of the 

optimized airfoil promote delayed flow separation and enhanced tangential coefficient in 

this region, resulting in significant improvements in turbine torque and total power output. 

However, a key detail is that at the blade tip and root, three-dimensional effects dominate. 

In particular, the presence of tip vortices, radial velocity components, and wake interference 

alter the local flow topology, thereby reducing the magnitude of the 2D CFD gains. 

 

Despite these spanwise variations, 3D CFD simulations confirm that the adjoint-optimized 

airfoil provides measurable and physically consistent performance improvements compared 

to the baseline design. The first part of this chapter describes the performance of existing 

candidate airfoils in a 3D model. The second part proposes a layered optimization approach 

and reshapes the model to mitigate some potential issues introduced by 3D effects. The 

presented analysis establishes the critical connection between cross-sectional aerodynamic 

optimization and overall turbine performance, highlighting both the effectiveness and 
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inherent limitations of directly applying 2D transient adjoint optimization results to 3D 

rotating systems. 

 

From a physical standpoint, steady-state simulation is not scientifically sound for the VAWT 

model because it cannot account for the principal velocity components of the blades, 

especially when the airfoil is at 90° and 270°. Previous steady-state simulation snapshot 

studies [18] have shown that direct aerodynamic optimization on in-situ turbines can produce 

significant errors; however, in 3D models, it can be used for prior testing. By simulating the 

flow field variation along the z-axis of the blade, the optimal thickness for a 2.5D model can 

be accurately determined. Therefore, this study first performed steady-state simulations, and 

then conducted two full-cycle transient simulations at a specific thickness to compare the 

characteristics of the optimized airfoil. 

 

Currently, there are two mature methods for 3D optimization: one is layered optimization of 

the 2D cross-section, suitable for blades with a small cross-section-to-length ratio; the other 

is based on FFD, which is generally more practical and easier to deform the mesh. The 

implementation method and approach can be found in the manual extraction method in 

Chapter 6, but it requires significant computational power to complete the numerical solution 

of the flow field. 

 

Since the focus of this study is to propose an optimization methodology applicable to vertical 

axis wind turbine airfoil design and to verify its effectiveness, the complex and 

computationally expensive shape optimization process based on numerical solutions of 

three-dimensional unsteady flow fields is not discussed in this paper. This study uses a two-

dimensional optimized airfoil as input and constructs a three-dimensional H-type VAWT 

numerical model through geometric extrapolation. Specifically, the optimized airfoil is 

imported into the three-dimensional modeling process as coordinate parameters and 

stretched along the span to generate a straight-blade structure with a finite span, thus forming 

a two-blade H-blade rotor configuration. This modeling method ensures the consistency of 

the airfoil cross-sectional geometry in the spanwise direction, allowing the three-

dimensional model to directly reflect the aerodynamic performance of the two-dimensional 

optimization results in the space structure. 
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The established three-dimensional VAWT model contains two straight blades, 

symmetrically arranged along the rotor circumference, and their rotation mode is consistent 

with the aforementioned two-dimensional model. To avoid introducing additional end 

controls or unnecessary complex structures, this study does not include winglets. In the 

spanwise direction, symmetrical boundary conditions are used for both the upper and lower 

boundaries, with an approximate idealized infinite span assumption, and the three-

dimensional effects are mainly limited to the influence caused by the finite span and the 

development of spatial flow. 

 

The main geometric and operational parameters of the 3D model, including rotor 

dimensions, blade chord length, span, rotational speed, and incoming flow conditions, are 

consistent with the aforementioned 2D study, and their specific values are listed in Table 

7.1. In this way, the impact of airfoil geometry optimization itself on the overall aerodynamic 

performance of the 3D rotor can be evaluated with minimal interference from variables. 

 

The three-dimensional (3D) computational model in this study is based on the Delft 

University H-type vertical axis wind turbine (VAWT) prototype, which has become a 

canonical configuration for validating CFD simulations of straight-bladed VAWTs. The 

turbine was designed to reproduce realistic Reynolds numbers for small-scale wind energy 

systems while remaining compatible with both experimental and numerical analysis 

environments. It serves as a well-characterized physical reference for the present 3D CFD 

investigation. 

 

The turbine consists of two straight blades mounted on diametrically opposite sides of a 

central shaft, forming a classic H-type rotor with a diameter 𝐷 = 1.0 m and a blade span 

𝐻 = 1.0 m, resulting in an aspect ratio (AR) = 1.0. Each blade is a straight extrusion of an 

aluminum NACA 0015 airfoil profile with a constant chord length 𝑐 = 0.06 𝑚.  

 

The overall solidity of the rotor is thus given by: 

𝜎 =
𝑁𝑐

𝜋𝐷
=

2 × 0.06

3.14 × 1.0
= 0.11                                           [𝐸𝑞. 7.1] 

 

which lies within the moderate-solidity range suitable for efficient energy extraction at the 

tip speed ratios (TSR) of 4.5. 
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A Cartesian coordinate system is adopted with the origin at the turbine’s rotation center. The 

x-axis is aligned with the freestream wind direction (positive downstream), the y-axis points 

toward the upwind side, and the z-axis points upward. The turbine rotates counterclockwise 

when viewed from above, corresponding to a positive rotational direction. 

 

 

(A)                                                         (B) 

Figure 7.1: (A) Top view and (B) Left view of the 3D VAWT model. 

 

The computational domain was constructed to reproduce open-jet wind tunnel conditions, 

while minimizing blockage and reflection effects. A cylindrical domain with a diameter of 

10D and a length of 15D was used. The upstream inflow boundary was positioned at 5D 

ahead of the rotor plane, and the outlet was placed 10D downstream to capture wake 

recovery. Side and top boundaries were treated as symmetry planes or pressure outlets 

depending on the specific simulation, and the bottom boundary was modeled as a smooth 

no-slip wall to emulate the floor of the test section. 

 

At the inlet, a uniform velocity of 9.3m/s and turbulence intensity of 0.5% were prescribed, 

consistent with the Open Jet Facility (OJF) conditions reported by Delft University [138]. 

The pressure outlet was set at zero gauge pressure. The turbine blades and struts were 

assigned rotating wall boundary conditions with no-slip surfaces, and the motion of the rotor 

was driven by a prescribed angular velocity corresponding to the desired TSR. 

 

A hybrid unstructured grid was generated using tetrahedral elements with prism layers near 

the blade surfaces to resolve the boundary layer accurately. The first-layer thickness was set 



 193 

to maintain y^+≈ 1, ensuring wall-resolved turbulence modeling without wall functions. 

Local refinement was applied around the blade tips and strut–blade intersections to capture 

tip vortices and interaction effects. The total cell count for the final grid was approximately 

1.25 million elements, which was verified for grid convergence by comparing torque 

coefficient and instantaneous pressure distributions across three grid densities. 

 

When using transient simulation, The turbine motion was simulated using time-accurate 

URANS with second-order implicit time stepping. Each revolution was divided into 720 

steps, providing a temporal resolution of 0.5° in the azimuth. Simulations were advanced 

until periodic convergence was achieved after 3 revolutions, with the last revolution used for 

data averaging. The instantaneous torque Q(𝜃 ) on each blade was integrated over one 

revolution to obtain the mean power coefficient: 

𝐶𝑃 =
𝑄 𝜔

1
2𝜌𝑈∞

3 𝐴
                                                           [𝐸𝑞. 7.2] 

where 𝐴 = 𝐷 × 𝐻 is the rotor swept area, the tangential coefficient and azimuthal variations 

of aerodynamic forces were also extracted for analysis. 

 

 

7.3 Candidate Airfoil Performance  

After establishing and validating the 3D H-blade VAWT numerical model, this section 

introduces the candidate optimized airfoils obtained in the preceding chapters into the 3D 

rotor model to systematically evaluate their aerodynamic performance under real 3D 

operating conditions. This analysis aims to verify the generalizability of the results obtained 

from 2D unsteady optimization and in-situ optimization of rotating airfoils in a 3D 

environment, and further compare the impact of different optimization strategies on overall 

rotor performance. 

 

Specifically, this section examines the performance of airfoils based on pitch-optimized and 

rotation-optimized airfoils in the 3D H-blade VAWT, respectively, and compares them with 

the baseline airfoil. Performance evaluation not only focuses on time-averaged power or 

torque indices but also analyzes the stability and consistency of the optimized airfoil 

throughout the entire rotation cycle, incorporating periodic aerodynamic force variations. 
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Through these comparisons, this section provides direct evidence for subsequently 

summarizing the correlation between 2D and 3D optimization results. 

 

7.3.1 Snapshot Aerodynamic Performance of Candidate Airfoils 

In steady-state three-dimensional numerical simulation, the flow of a single blade of an H-

type vertical axis wind turbine exhibits significant spatial non-uniformity, but also has a 

spanwise region with obvious two-dimensional characteristics. Based on the three-

dimensional steady-state flow field results, this study systematically analyzed the 

aerodynamic response of the blade at different azimuth angles and spanwise positions. The 

results show that the blade aerodynamic performance is most sensitive to geometric changes 

at an azimuth angle of approximately 120°. This conclusion has been verified by the 

aforementioned snapshot-based optimization: near this azimuth angle, the peak moment 

coefficient𝐶𝑀 of the optimized blade is significantly improved, with a maximum increase of 

approximately 0.06, while the power coefficient 𝐶𝑃 is also significantly improved, with an 

increase of approximately 0.023 [18]. Although the relative inflow velocity in this region is 

not the maximum value over the entire circumference, its response to airfoil geometric 

changes is extremely sensitive, exhibiting the typical characteristics of "low relative velocity 

– high aerodynamic sensitivity," and is therefore considered the key azimuth angle region 

most suitable for two-dimensional or 2.5D parametric modeling and optimization. 
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Figure 7.2: Surface Velocity Vectors at 30%-70% of the Airfoil Midsection at the 

Snapshot of 120°. 

 

Figure 7.2 shows the distribution characteristics of the blade surface velocity vector along 

the spanwise (z-direction). It can be observed that within the spanwise region of the mid-

blade, the direction and magnitude of the velocity vector change very little along the z-

direction, indicating that the flow in this region has strong two-dimensionality, and the 

influence of spanwise flow and three-dimensional effects on local aerodynamic 

characteristics can be ignored.  

 

 

 

 

Figure. 7.3: Surface Velocity Vectors at 40%-60% of the Airfoil Midsection at the 

Snapshot of 120°. 

 

Figure 7.3 is a magnified view of this region, further demonstrating that even under the 

extreme condition of maximum velocity on the upper surface and minimum velocity on the 

lower surface of the airfoil at a negative angle of attack, the surface velocity field maintains 

a high degree of consistency along the spanwise direction, without significant spanwise shear 
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or velocity gradient. This phenomenon indicates that within this spanwise range, the 

aerodynamic load on the airfoil is mainly dominated by the two-dimensional flow of the 

cross-section. 

 

 

Figure. 7.4: Surrounding Velocity Vectors at 30%-50% of the Airfoil Midsection at the 

Snapshot of 120°. 

 

Figures 7.4 and 7.5 show the overall motion characteristics of the three-dimensional flow 

field around the airfoil. From the inner side of the blade (near the pivot point), a small local 

region shows a relatively turbulent distribution of airflow velocity direction and magnitude, 

exhibiting obvious unsteady and non-uniform characteristics. This is closely related to the 

complex induced velocity field and wake interference near the pivot point. In contrast, in the 

outer region of the blade, the z-component of velocity in the flow field increases significantly 

as the spanwise position approaches the blade tip, indicating that the tip effect and three-

dimensional induced flow dominate in this region. This trend implies that the closer to the 

blade edge, the greater the error introduced by using two-dimensional or even steady-state 

two-dimensional models for aerodynamic prediction. 
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Figure. 7.5: Surrounding Velocity Vectors at 50%-80% of the Airfoil Midsection at the 

Snapshot of 120°. 

 

Based on the above analysis, it can be concluded that high-fidelity aerodynamic optimization 

of a three-dimensional single blade requires constructing an equivalent incoming flow model 

that includes velocity components in the X, Y, and Z directions to accurately describe the 

impact of spanwise non-uniformity on aerodynamic loads. However, in the approximately 

40% spanwise region of the blade (approximately 0.3–0.7m), the z-component of velocity 

in the airfoil surface and surrounding flow field remains at a low level, and the three-

dimensional effect is relatively weak. Therefore, in the subsequent calculation and modeling 

of the power coefficient 𝐶𝑃, only the flow data within this spanwise range is selected as 

representative, which can significantly reduce model complexity while ensuring 

computational accuracy, providing a reasonable basis for 2.5D aerodynamic modeling and 

optimization. 

 

For the 3D simulation of the VAWT, particular attention should be paid to the axial velocity 

distribution at each spanwise section, because the presence of a non-negligible spanwise 

velocity component (z-velocity) is generally undesirable when the aerodynamic behavior is 

to be interpreted using a 2D blade-section assumption. If a blade section in the 3D model is 

to be represented by a 2D airfoil simulation, it is therefore necessary to examine the 

proportion of the spanwise velocity component in the vicinity of the airfoil under the same 
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inlet velocity condition. Based on the preliminary 3D results for the selected airfoil, three 

main conclusions can be drawn. 

 

First, in the vicinity of the trailing edge, the flow becomes increasingly unstable due to the 

development of three-dimensional turbulent structures. Although the detailed vortical 

structures cannot be fully resolved within the present RANS framework, the highly irregular 

and rapidly changing velocity vectors indicate that the flow field becomes markedly more 

unstable as the location approaches the trailing-edge region. Second, near the leading edge, 

the spanwise velocity component becomes larger as the observation point moves closer to 

the blade tip. However, when the axial velocity is extracted at a location with a small 

upstream offset from the airfoil surface, the contribution of the spanwise velocity component 

is significantly reduced. This trend is consistent with the axial-velocity sampling strategy 

adopted in the 2D simulations, suggesting that the axial-velocity extraction position defined 

in the previous chapter remains applicable in the subsequent 3D simulations. Third, owing 

to computational resource limitations, the present optimized airfoil was assessed only using 

a blade geometry generated by extruding the identical 2D optimized cross-section along the 

span, without accounting for spanwise geometric variation. Therefore, the current 3D 

analysis can only demonstrate the influence of the reduced axial velocity component on the 

performance of the optimized airfoil, but it cannot be used to establish the influence of 

spanwise velocity effects on the airfoil optimization itself. 

 

As summarized in Table 7.1, which presents the proportion of the spanwise velocity 

component relative to the axial velocity, the z-velocity component remains relatively small 

and regular near the leading edge, whereas it becomes highly scattered and irregular near the 

trailing edge. This behavior strongly suggests the onset of three-dimensional turbulent flow 

structures in the trailing-edge region. A more refined future investigation may quantify this 

phenomenon through the distribution of turbulent kinetic energy. 
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Table 7.1: Proportion of the spanwise velocity component to the axial velocity. 

% Span % 𝑉𝑧/𝑉 Leading % 𝑉𝑧/𝑉 Trailing 

20 -0.3650 -0.8135 

30 -0.2500 -0.6445 

40 -0.2334 -0.1233 

50 -0.1226 -0.0884 

60 0.1234 -0.0157 

70 0.2443 -0.1107 

80 0.2876 0.4413 

 

 

Overall, since the 2D model, lacking spanwise degrees of freedom, cannot describe the 

spread and recombination of the wake in the spanwise direction, often overestimating or 

underestimating the magnitude of local aerodynamic changes. In contrast, the finite span 

effect and three-dimensional vortex structure in the 3D model allow for the redistribution of 

some energy in the spanwise direction, significantly altering the local pressure field and 

torque response. Therefore, at this azimuth angle, the 3D effect has the most significant 

impact on the aerodynamic torque, leading to the deviation between the 2D and 3D results. 

 

7.3.2 Transient Aerodynamic Performance of Candidate Airfoils 

Based on the steady-state snapshot analysis, the full-cycle transient aerodynamic 

performance of candidate airfoils in a three-dimensional H-blade VAWT was further 

evaluated and compared with the results of a two-dimensional VAWT cross-sectional model. 

This analysis focuses on the variation characteristics of the aerodynamic moment coefficient 

𝐶𝑀 and the power coefficient calculated from it over the complete rotational cycle. 
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Fig. 7.6: Comparison of Moment Coefficients between 3D and 2D VAWT Models. 

 

Figure 7.6 shows the comparison results of the periodically averaged aerodynamic moment 

coefficients obtained for the same airfoil in two-dimensional and three-dimensional models. 

It can be observed that for both the baseline and optimized airfoils, the periodically averaged 

𝐶𝑀  predicted by the three-dimensional model is slightly lower than the two-dimensional 

result, with a difference of approximately 8%. This trend is consistent in both types of 

airfoils, indicating that the three-dimensional effect has a systematic characteristic on the 

overall aerodynamic performance, rather than being caused by individual airfoil geometry. 

 

Table 7.2: Moment and power coefficient at percentage of L. 

Conditions @ 4.5 

TSR 

10%L 25%L 50%L 2D 

𝐶𝑀, Iteration2 0.0302 0.0295 0.0326  

𝐶𝑃, Iteration2 0.2718 0.2655 0.2934  

𝐶𝑀, Iteration3 0.0256 0.0255 0.0276 Always at 

the 

𝐶𝑃, Iteration3 0.2304 0.2295 0.2484 last iteration 

𝑪𝑴, Iteration4 0.0234 0.0243 0.0270 0.0274 

𝑪𝑷, Iteration4 0.2106 0.2187 0.2430 0.2466 
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To further analyze the sources of the above differences, Table 7.1 summarizes the results of 

local aerodynamic moments and power coefficients extracted at different spanwise height 

percentages, and also provides a comparison between the overall three-dimensional integral 

results and the predictions of the two-dimensional model. This stratified analysis shows that 

the local aerodynamic moment is close to the two-dimensional result near the mid-span 

region; however, the aerodynamic moment decreases slightly near the upper and lower 

symmetry boundaries. This distribution characteristic reflects the modulating effect of finite 

span and three-dimensional flow structure on local aerodynamic loads. 

 

By integrating the results at different spanwise positions, the aerodynamic moment and 

power coefficient of the overall three-dimensional rotor can be obtained, and their values 

are consistent with the overall results directly output by the three-dimensional solver. This 

further illustrates that the reduction in overall performance in the three-dimensional model 

mainly stems from the non-uniform distribution of aerodynamic loads in the spanwise 

direction, rather than errors introduced by the numerical extraction method. In contrast, the 

two-dimensional model, due to its assumption of infinite span and neglect of the effects of 

spanwise momentum transport and three-dimensional vortex structure, often overestimates 

the overall rotor performance to some extent. 

 

 

Table 7.2: Optimized moment and power coefficient at percentage of L. 

Conditions @ 4.5 

TSR 

10%L 25%L 50%L 2D 

𝐶𝑀, Iteration2 0.0276 0.0258 0.0267  

𝐶𝑃, Iteration2 0.2484 0.2322 0.2403  

𝐶𝑀, Iteration3 0.0257 0.0256 0.0278 Always at 

the 

𝐶𝑃, Iteration3 0.2313 0.2304 0.2502 last iteration 

𝑪𝑴, Iteration4 0.0250 0.0275 0.0280 0.0283 

𝑪𝑷, Iteration4 0.2250 0.2475 0.2520 0.2547 

 

Table 7.2 further presents the aerodynamic moment and power coefficient results of the 

optimized airfoil at different spanwise height percentages and compares them with the 
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baseline airfoil. The results show that although the three-dimensional effect reduces the 

overall aerodynamic moment level, the optimized airfoil consistently outperforms the 

baseline airfoil at all spanwise positions, and its performance improvement is retained in the 

overall integral results. This indicates that the airfoil advantages obtained from the 

aforementioned two-dimensional and rotating airfoil optimization methods do not disappear 

due to three-dimensional effects, but are continued in the more realistic three-dimensional 

rotor environment. 

 

Three-dimensional flow visualization reveals several important physical differences 

between the baseline and optimized cases. For the baseline NACA0015 blades, large-scale 

tip vortices form at the upper and lower blade ends during both upwind and downwind 

passes, creating strong radial outflow and wake expansion. These vortices persist far 

downstream, reducing energy recovery efficiency and promoting unsteady torque 

oscillations. In contrast, the optimized airfoil demonstrates a smoother pressure recovery 

near the trailing edge, which weakens vortex shedding intensity and delays the onset of tip-

vortex roll-up. 

 

Instantaneous vorticity contours at 50%, 75% (25%), and 90% (10%) span positions show 

that the optimized blade maintains better flow attachment on the suction surface during the 

upwind half of the rotation. The pressure distribution indicates a stronger suction peak near 

the mid-chord and a gentler gradient near the trailing edge, reducing adverse pressure 

recovery and mitigating dynamic stall phenomena. The net result is a more coherent wake 

structure and reduced aerodynamic losses. 

 

As summarized in Table 7.1 and Table 7.2, the simulation results indicate that at locations 

further away from the blade tip, the computed power coefficient 𝐶𝑃 values are slightly lower 

than, yet closely approach, those obtained from the corresponding two-dimensional 

simulations. This trend suggests that the three-dimensional effects such as tip-vortex 

dissipation and radial flow, introduce limited but measurable energy losses compared with 

the idealized 2D condition. Nevertheless, the agreement between mid-span sections and 2D 

predictions confirms that the optimized airfoil maintains consistent aerodynamic efficiency 

across most of the blade span. Examination of the iterative convergence histories further 

shows that the solution begins to stabilize from approximately the third to fourth revolution, 

indicating that a quasi-periodic flow state is reached beyond this point. Minor oscillations 
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with intermittent peaks are still observed in some azimuthal regions, corresponding to 

transient vortex interactions and local dynamic stall events, but their amplitudes remain 

small and do not affect the overall convergence or the averaged aerodynamic performance 

of the turbine. 

 

At the turbine level, the azimuthally averaged power contribution per blade reveals a more 

uniform torque distribution, with smaller phase lag between the upwind and downwind 

sectors. This not only increases mean efficiency but also contributes to mechanical 

smoothness, potentially lowering fatigue loading on the shaft and bearings. 

 

To isolate the contribution of true 3D flow phenomena, additional quasi-3D simulations were 

performed by extruding 2D sections with periodic boundary conditions along the span, 

effectively removing tip effects. In this configuration, the optimized airfoil achieved a 3.1% 

increase in 𝐶𝑃 relative to NACA0015, closely matching the improvement predicted in the 

purely 2D optimization. The slightly lower gain observed in the full 3D model thus arises 

from genuine three-dimensional losses associated with finite aspect ratio and tip-vortex 

energy dissipation. 

 

This finding confirms that the aerodynamic benefits of the 2D adjoint-optimized airfoil are 

preserved under full 3D conditions, albeit slightly reduced due to physical effects not 

captured in two-dimensional analysis. Importantly, no unexpected degradation or instability 

was observed, indicating that the optimized shape generalizes well across dimensional scales 

and remains aerodynamically robust in realistic operating environments. 

 

In summary, transient full-cycle analysis shows that the three-dimensional H-blade VAWT 

model exhibits a certain degree of reduction in predicted aerodynamic torque and power 

coefficient compared to the two-dimensional model. This is mainly attributed to the finite 

span effect and the influence of the three-dimensional flow structure. However, the 

optimized airfoil shows a consistent performance improvement trend in both two-

dimensional and three-dimensional models, verifying the effectiveness and generalizability 

of the aforementioned optimization methods under actual three-dimensional rotor 

conditions. 
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7.4 Summary 

A three-dimensional analysis of a vertical-axis wind turbine (VAWT) airfoil optimized using 

a transient adjoint provides a comprehensive understanding of how cross-sectional 

aerodynamic improvements translate into overall turbine performance. The results confirm 

that the aerodynamic advantages predicted by the two-dimensional optimization. It can 

increase tangential and power coefficients, delay flow separation, and enhance pressure 

recovery. With flow conditions in the mid-blade region closely resembling those assumed in 

the two-dimensional simulation. This validates the effectiveness of the two-dimensional 

transient adjoint approach as a fundamental approach to improving the local aerodynamic 

efficiency of vertical-axis wind turbine blades. 

 

However, the three-dimensional simulation also reveals several important flow phenomena 

that are missing from the two-dimensional analysis. The presence of tip vortices, radial flow 

migration, and spanwise pressure gradients redistribute the annular flow across the blade 

span and lead to local variations in the effective angle of attack. These effects reduce cross-

sectional lift near the blade tip and alter the total torque generation compared to the two-

dimensional predictions. Furthermore, enhanced rotation and induced downwash introduce 

spatially dependent unsteady loads, resulting in phase shifts and amplitude variations in the 

aerodynamic forces throughout the rotation cycle. As a result, while the average power 

coefficient of the optimized turbine remains higher than that of the baseline configuration, 

the magnitude of the improvement is reduced in a three-dimensional environment. 
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Chapter 8 

Recommendations for Optimizing 

Blade Body Manufacturing  

Based on the discussion in the Chapter 5, 6 and 7, we hypothesize that vertical axis wind 

turbines can efficiently collect energy generated by wind in all directions if they rely on 

advanced aerodynamic design. When it undergoes CFD optimization to adjust the blade 

shape to maximize the power coefficient, the blade structure will change significantly. These 

changes typically include increasing curvature, adjusting cross-sectional thickness 

distribution, and optimizing twist profiles. After these optimization efforts were completed, 

turning this shape into a manufacturable part presented additional challenges. In particular, 

there is the question of whether money can be saved by increasing power output as 

processing or test costs increase. This requires careful planning of composite layups, molds, 

and quality assurance during production. Additionally, ensuring that these complex blades 

maintain performance, reduce costs, and do not fail under fatigue loads is important to 

commercial success. 

 

8.1 Manufacturing Techniques 

VAWT blades are typically manufactured using glass fiber fabric reinforced epoxy resin due 

to their good strength-to-weight ratio, corrosion resistance, and cost-effectiveness. To meet 

structural stiffness and fatigue requirements (especially in designs with large curvatures), 

blade designs often incorporate PVC or PU foam cores to reduce weight while maintaining 

cross-sectional stiffness [178-180]. The primary load paths within VAWT blades are 

bending moments along the vertical axis and torsional shear from wind loads. A multi-layer 

layup structure is employed, typically containing 0° unidirectional fibers to resist bending 

and ±45° fibers to mitigate torsional loads [181]. This layup strategy not only ensures load-

bearing efficiency but also provides damping capacity to suppress vibration resonances. 

Resin transfer molding (RTM) or vacuum-assisted resin transfer molding (VARM) are 

considered the most suitable processes for manufacturing such blades, especially after CFD-

driven morphological changes. These methods allow for precise control of fiber wetting, 
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reduced porosity, and repeatability [182]. However, these processes require additional high-

precision 3D molds during the machining process, which are not available for conventional 

VAWT blade production and are essential for handling the non-developable surfaces 

commonly found in optimized VAWT blades. The molds themselves are typically made 

from CNC machined foam blocks, post-processed by grinding and surface polishing, or from 

3D printed modular shell components [183]. The mold halves must maintain sufficient 

dimensional accuracy to ensure the consistency of the airfoil, as slight deformations caused 

by each optimization of the airfoil will affect the final aerodynamic efficiency. For small 

batches or prototype production, hybrid mold manufacturing methods can be used to 

integrate low-cost mold plates and rapid prototyping materials, such as PLA or ABS shells 

reinforced with epoxy putty [184], to minimize production costs without sacrificing 

geometric accuracy. The non-uniform shape characteristics of VAWT blades complicate 

standard manufacturing, especially during layup and vacuum bagging. Areas with large 

curvature are prone to fiber wrinkling, resin accumulation, or inconsistent consolidation 

pressure [185]. Countermeasures include: using customized preforms for segmented layup 

[186], using biaxial or triaxial fabrics that better conform to the curvature [187], using 3D 

stitched or woven reinforcements in stress concentration areas (e.g., blade root or mid-span 

bend) [188], and performing drape analysis based on 3D simulation before layup [189], 

which can also help predict fiber deformation and optimize layup orientation. 

 

Quality assurance is important to ensure that the manufacturing process accurately replicates 

the optimized design and achieves structural reliability. For example, 3D geometric accuracy 

testing uses structured light or laser scanning systems to generate point cloud data on the 

blade surface. Then, the deviation map compares the point cloud data with the CAD model, 

and the tolerance is usually controlled within ±0.5 mm [190]. Non-destructive testing also 

includes ultrasonic C-scans to detect internal porosity and delamination, and infrared 

thermography to evaluate resin-enriched or dry areas after curing [190]. In addition, digital 

image correlation is combined with full-scale load testing to map surface strain distribution, 

helping to identify problem-prone areas, or where strain may be unexpectedly concentrated 

due to manufacturing defects [190]. After the prototype blades pass dimensional and visual 

inspections, they undergo comprehensive structural testing to see if they can withstand 

operating loads. The test is based on the IEC 61400-23 standard, which specifies methods 

for static load, fatigue life and natural frequency identification [190]. Testing focuses on 

first-order bending and torsion modes as they directly affect noise, vibration and structural 
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fatigue in practical applications. Modal testing uses accelerometers and shaking table 

excitations to extract the natural frequencies of the blades, and then compare them with the 

original FEA modal results to ensure structural integrity and avoid resonance with wind-

induced excitation frequencies. Many methods can optimize the cost-effective production of 

blades. To commercialize CFD-optimized VAWT blades, the manufacturing process needs 

to find a balance between precision, material efficiency, and cost reduction. The following 

strategies can reduce costs without sacrificing quality: Batch RTM process based on modular 

molds: achieve economies of scale by producing multiple blades with interchangeable mold 

inserts, accommodating blades of different lengths or twisted profiles. Use prepregs in high 

curvature areas: Resin-preimpregnated prepreg fabrics can improve layup consistency and 

reduce waste in hard-to-reach mold areas. Automatic infusion monitoring: Real-time flow 

sensors during vacuum infusion can improve resin distribution control and reduce rework 

due to incomplete infusion. Digital twin manufacturing: Use simulation software to map 

production changes, correlate them with blade performance, and create a closed-loop 

optimization system between design, manufacturing, and operations [191-193]. If these 

methods are implemented systematically, they can improve energy capture efficiency, 

reduce operation and maintenance costs, and improve the return on investment (ROI) of the 

turbine's entire life cycle. 

 

In general, manufacturing vertical axis wind turbine (VAWT) blades requires high-precision 

manufacturing processes, integrated testing procedures, and smart cost control strategies. By 

using advanced composite material molding techniques such as RTM and infusion, 

combined with rigorous geometric and structural verification, manufacturers can 

theoretically ensure that the final product maintains its designed aerodynamic performance 

while meeting fatigue and safety requirements. 

 

8.2 Testing and Regulation Standards 

Those VAWTs optimized using CFD and advanced structural simulation must undergo 

rigorous verification and certification processes. This will ensure safety, performance and 

grid compatibility. In the UK, small wind systems (generally less than 50kW) are governed 

by international standards (such as the IEC 61400 series), British standards (such as BS EN 

61400-2) and domestic regulatory frameworks (such as the Microgeneration Certification 

Scheme MCS). This framework is responsible for feed-in tariffs and eligibility for planning 
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permission. Compliance is not only a legal requirement, but also a prerequisite for market 

access and investment [194-196]. 

 

Testing includes dimensional fidelity, structural integrity, vibration response, fatigue 

durability, electrical performance, which are verified in a certified environment accredited 

to UKAS/ISO 17065 [197]. See Appendix H for test requirements. 
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Chapter 9 

Conclusions and Future Work 

This study comprehensively investigates the transient adjoint aerodynamic optimization of 

vertical-axis wind turbine (VAWT) blades using computational fluid dynamics (CFD). The 

primary goal is to improve the aerodynamic efficiency and total power coefficient of 

VAWTs through a time-dependent sensitivity analysis framework that captures the inherent 

unsteady flow phenomena in turbine motion. 

 

Unlike traditional steady-state or simplified quasi-steady optimization methods, the fully 

transient adjoint approach directly accounts for unsteady effects such as flow separation, 

dynamic stall, and the cyclical variations in lift and drag during turbine rotation. By 

combining this approach with a high-fidelity SU2-based CFD solver, this study successfully 

demonstrates an efficient and robust method for optimizing airfoil geometry under realistic 

time-varying aerodynamic loads. 

 

Through a series of numerical experiments, this study confirms that curvature modifications 

and asymmetric airfoil shaping can significantly improve the tangential force distribution 

and total power coefficient of VAWT blades. The results demonstrate that, even within the 

single-blade approximation, the transient adjoint approach effectively identifies optimal 

design trends that are consistent with physical intuition and experimental observations. 

 

9.1 Evaluation and Limitations 

The conclusions drawn from this study provide both quantitative evidence of improved 

aerodynamic performance and qualitative insights into blade shape evolution and flow 

physics. Furthermore, the method developed here lays the foundation for future optimization 

research on multi-blade and fully coupled vertical-axis wind turbines. 

 

The following sections summarize the evaluation and limitations of the proposed method in 

various test cases (oscillation, rotation, and a three-dimensional representation of a two-
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dimensional optimized airfoil) and outlines potential directions for future research and 

practical applications in advancing vertical-axis wind turbine aerodynamic design. 

 

9.1.1 Evaluation on Oscillation Airfoils 

A Darrieus oscillating airfoil was optimized using a transient adjoint method, primarily to 

improve the average cyclic power coefficient of vertical-axis wind turbine (VAWT) blades. 

CFD results directly reveal that adjustments to the airfoil curvature directly affect lift and 

drag characteristics, which together determine the total force exerted on each blade and its 

tangential component. Unlike traditional oscillating airfoil problems, the aerodynamic 

behavior of the blade pitching angular acceleration exhibits significant time-dependent 

periodicity due to the unique periodicity of the blade's upwind and downwind motion. 

 

Numerical analysis results demonstrate that for a Darius-type vertical-axis wind turbine 

(VAWT), the actual pitching motion derived from the turbine kinematics follows a non-

sinusoidal, asymmetric curve due to the combined effects of rotational motion and the 

changing relative wind speed vector. This deviation from regular sinusoidal behavior makes 

the angular acceleration non-uniform. Therefore, the airfoil will be subject to asymmetric 

aerodynamic loads. This asymmetry changes the time and intensity of airflow separation and 

reattachment. These two key phenomena determine the unstable lift and drag characteristics 

of turbine blades. 

 

Theoretically, this behavior can be explained by the unsteady Bernoulli principle and 

vorticity dynamics. When the pitch acceleration is high, the effective angle of attack changes 

quickly. Eddy convection and boundary layer adaptation take time, and local flow pressure 

recovery lags. This results in the formation of leading edge vortices (LEVs) and transient 

flow separation. On the contrary, at low angular acceleration, the air flow is relatively stable, 

which facilitates reattachment and the pressure recovery along the suction surface is also 

enhanced. Therefore, the non-sinusoidal Darrieus oscillation changes the lift-drag 

relationship, adding a time-varying hysteresis loop. 

 

Ultimately, this unique cyclical aerodynamic response affects the turbine's overall 

performance. It explains why optimized airfoil geometry balances the curvature on both 

sides to maintain high tangential force efficiency throughout the rotation. Analysis of the 
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periodic power coefficient curve shows that changes in airfoil curvature significantly affect 

the tangential coefficient. The optimization process shows that performance improvement 

depends largely on the balance of aerodynamic behavior on the upwind and downwind sides 

of the airfoil. On the upwind side, curvature adjustment increases tangential force by 

improving lift production and maintaining a favorable pressure gradient. On the downwind 

side, the goals of shape modification are to suppress flow separation, reduce turbulence, and 

improve flow reattachment. However, as the blades rotate, the upwind and downwind 

surfaces alternate between 0 degrees and 360 degrees, so the optimal airfoil must meet the 

aerodynamic requirements under headwind and tailwind conditions. This inevitably 

introduces design trade-offs that require balancing deformation to maximize overall cycle 

performance rather than instantaneous gain. 

 

Another key finding is that the optimized airfoil exhibits a significant improvement in power 

coefficient compared to the baseline configuration at both high and low wind speeds. This 

improvement is achieved while maintaining chord length constraints and ensuring structural 

feasibility. The transient adjoint-based optimization method effectively captures dynamic 

aerodynamic interactions throughout the entire oscillation cycle, providing more realistic 

and comprehensive optimization results than steady-state or quasi-steady-state methods. 

 

Notably, the evaluation also highlighted some of its limitations. The optimization employed 

a single-blade model, ignoring the complex flow interactions between multiple blades in a 

real vertical-axis wind turbine system. Furthermore, while a Darius pitching motion was 

used to approximate actual pitching behavior, the actual angle of attack variation may not 

strictly follow this function. Despite these simplifications, the transient adjoint method 

successfully demonstrates its ability to handle highly unsteady flow conditions and irregular 

airfoil motions, validating its applicability in the aerodynamic design of vertical-axis wind 

turbines. 

 

9.1.2 Evaluation on Rotational Airfoils 

In the evaluation of rotating airfoils, an optimization method based on a transient adjoint 

optimization framework is extended to account for the realistic unsteady incoming flow 

environment experienced by rotating blades. Unlike traditional Darrieus models, which 

assume a regular, idealized sinusoidal or analytical variation of the angle of attack (AoA) 
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with azimuthal position, this study analyzes the transient aerodynamic state of the airfoil 

under a continuously varying relative velocity vector. In reality, the incoming flow at each 

blade section is the result of the superposition of the freestream wind speed and the local 

rotational velocity, both of which vary dynamically with time and position. As a result, the 

actual angle of attack fluctuates irregularly and is no longer synchronized with the idealized 

Darrieus motion cycle. 

 

In the real vertical-axis wind turbine (VAWT) environment, the transient flow field around 

the blades is highly nonuniform and influenced by wake interactions and multi-blade effects. 

By incorporating the full transient flow field into the adjoint optimization process, this study 

effectively addresses the limitations of traditional quasi-steady or kinematic Darrieus 

assumptions. The resulting aerodynamic behavior better reflects the true physics of blade 

rotation, capturing the asynchronous evolution of lift, drag, and pressure distributions 

throughout the rotation process. 

 

Regarding the formation and shedding of vortices near the leading and trailing edges, these 

are quite pronounced in both the upwind and downwind phases of the baseline NACA0015 

configuration. This leads to dynamic stall occurring at certain times due to local Reynolds 

number and angle of attack variations. These vortices cause significant unsteady loads and 

energy losses, thereby reducing the effective tangential coefficient and overall power 

coefficient of the turbine. After optimization using the transient adjoint method, the average 

power coefficient of the airfoil is improved. It exhibits a smoother pressure gradient and 

delayed flow separation, resulting in a more stable and weaker vortex shedding pattern. The 

leading-edge vortices are smaller and more periodic, and they reattach earlier on the suction 

surface. This reduces aerodynamic hysteresis, making the tangential force more consistent 

throughout the rotation. Furthermore, the asymmetry in the optimized profile helps to 

readjust the pressure distribution, achieving a good balance between increased lift in the 

upwind phase and reduced drag in the downwind phase. 

 

From a theoretical perspective, the optimization reshapes the blade geometry so that the local 

curvature and pressure recovery zone naturally suppress the occurrence of large-scale vortex 

shedding. This mitigates the sudden aerodynamic loads associated with vortex shedding, 

thereby improving the turbine's efficiency and structural stability. Essentially, the rotating 

airfoil optimization based on transient adjoints not only captures the non-periodic and time-
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varying aerodynamic environment but also actively modifies the airfoil geometry to 

accommodate the unsteady flow physics, rather than relying on the simplifying assumption 

of a regular angle of attack variation. 

 

It is important to note that during certain phases of the rotation cycle, the local Reynolds 

number and instantaneous angle of attack may reach a critical combination, triggering 

dynamic stall. While the optimized airfoil exhibits improved aerodynamic performance 

during specific time intervals (particularly when favorable flow attachment and pressure 

gradients are achieved), the advantages are not fully maintained throughout the entire 

rotation cycle. This limitation arises because the optimization is performed on a static airfoil 

geometry and no dynamic shape adaptation or deformation is introduced during operation. 

Therefore, optimized design is a compromise. It can deliver excellent performance during 

the main aerodynamic phase, but it cannot simultaneously optimize all local flow conditions 

throughout the entire cycle. This finding demonstrates the limitations of static geometric 

optimization for unsteady rotating systems. When flow characteristics vary significantly 

over time, a single fixed airfoil shape cannot meet the aerodynamic requirements at different 

azimuthal positions. 

 

A further consideration concerns the potential modeling and numerical errors introduced by 

the use of a movable monitored body and a dynamic mesh framework. In this study, the 

airfoil motion is realized through a time-dependent coordinate transformation, where each 

node position is updated according to the instantaneous rotational matrix and translational 

displacement of the moving reference frame. While this approach enables the accurate 

representation of blade motion and time-resolved sensitivity evaluation, it inevitably 

introduces additional numerical complexity. In a dynamic mesh environment, maintaining 

geometric conservation is essential; inconsistencies between mesh velocity, control-volume 

deformation, and flux evaluation may violate the geometric conservation law (GCL), 

resulting in spurious residual drift even in steady flow conditions. Moreover, the 

interpolation of mesh motion, particularly in regions of strong curvature or large 

deformation, can generate non-orthogonal or skewed cells, amplifying local truncation errors 

and potentially degrading the accuracy of both the primal and adjoint solutions. 

 

From a theoretical perspective, the transformation between the inertial and rotating 

coordinate systems introduces metric terms and fictitious forces that must be treated 
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consistently in both the flow and adjoint equations. Any mismatch in their discrete 

representation leads to dual inconsistency, producing inaccurate gradient information. 

Additionally, the mapping between design variables and nodal coordinates is inherently 

nonlinear: when shape parameters such as thickness, camber, or curvature are projected onto 

the moving mesh, even small interpolation or remeshing errors can alter the sensitivity chain 

and cause gradient noise. Using static parameterization, the adjoint derivatives of the mesh 

motion solver are approximate and not explicitly differentiated. This further reduces gradient 

fidelity. 

 

In summary, movable monitoring volumes and dynamic meshes greatly improve the 

physical realism of the simulations, allowing transient adjoint methods to capture true 

unsteady aerodynamics. But this also brings geometric, numerical and coordinate 

transformation errors, which need to be carefully controlled. In order to ensure the accuracy 

and stability of the optimization results, it is necessary to ensure strict geometric 

conservation, consistent coordinate measurement, and smooth design and physical space 

mapping. 

 

9.1.3 Evaluation of 3D Behaviors 

To further evaluate the aerodynamic performance and physical validity of the optimized 2D 

airfoil, a 3D CFD analysis was performed on a full vertical axis wind turbine (VAWT) 

configuration. This step bridges the gap between idealized 2D blade cross-section 

optimization and the complex, fully 3D flow environment of actual turbine operation. The 

goal was to assess how the aerodynamic improvements achieved through transient adjoint 

2D optimization translate to actual 3D turbine performance, where spanwise flow and 

induced velocity effects become significant. 

 

The 3D simulation primarily monitored spanwise flow parameters using line probes. The 

monitoring results showed that while the optimized 2D airfoil maintained its excellent 

aerodynamic characteristics in the mid-span region, its performance gradually degraded 

toward the blade tip due to radial flow effects. These phenomena altered the local angle of 

attack and pressure distribution, resulting in a partial loss of the lift and tangential force 

improvements predicted by the 2D optimization. The interaction between the tip vortex 

system and the downwind blade passage leads to additional unsteady effects that were not 
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captured by the 2D analysis. Despite the three-dimensional complexity, the optimized airfoil 

allows the turbine to achieve a significantly higher average power coefficient. This proves 

that the two-dimensional transient adjoint optimization has a positive effect on the overall 

aerodynamic efficiency of the entire rotor system. 

 

In the 3D CFD model, the flow field visualization shows that the optimized airfoil delays 

flow separation, reduces the intensity of the trailing edge vortex in the mid-span area, and 

helps stabilize the overall wake structure. However, near the blade root and tip, the induced 

velocity gradient promotes flow migration in the spanwise direction and cross-plane vortex 

transmission, resulting in energy dissipation and a reduction in local aerodynamic efficiency. 

This shows that pure two-dimensional optimization cannot completely solve the problem of 

radial flow redistribution in a three-dimensional rotating system. In other words, the 2D 

derived shape function effectively improves cross-sectional performance but does not 

incorporate spanwise flow control mechanisms such as torsion or chord length changes. 

 

From a theoretical perspective, the transition from 2D to 3D introduces additional terms in 

the momentum balance related to radially induced and tip-loss effects, which redistribute the 

circulation across the blade span. Optimizing the airfoil geometry changes the local lift 

distribution and reduces large-scale vortex shedding, but induced flow imbalances persist 

without concurrent optimization of the spanwise geometry. Therefore, while this study 

shows that 2D optimization based on transient adjoints can effectively improve baseline 

aerodynamic performance, to achieve a globally optimal turbine design, a complete 3D 

adjoint optimization framework is required, taking into account both cross-sectional shape 

and spanwise parameters. 

 

In conclusion, the 3D evaluation demonstrates that the aerodynamic improvements resulting 

from 2D transient adjoint optimization are justified and can lead to real performance 

improvements in full turbine simulations. However, the effects of wingtip vortices, spanwise 

flow coupling, and radial pressure gradients limit the extent of improvements achievable 

with purely 2D optimization. These findings highlight the need to extend the transient adjoint 

approach to 3D multi-parameter optimization to fully account for the coupled effects of 

rotation, wake dynamics, and structural constraints. 
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9.2 Future Work 

This study proves that the full transient adjoint method can effectively optimize the 

aerodynamic performance of vertical axis wind turbine (VAWT) blades. Although great 

progress has been made in capturing the unsteady physics of oscillating and rotating airfoils, 

there are still research directions that require further exploration and improvement. 

 

(i) Extension to full 3D adjoint optimization 

The most direct continuation of this work is to extend the transient adjoint framework from 

two-dimensional sectional optimization to a fully three-dimensional blade optimization. 

This will allow simultaneous consideration of spanwise twist, chord distribution, and 

thickness variation, which are strongly coupled with the radial induction and tip-loss effects 

observed in the 3D evaluation. A consistent 3D adjoint formulation would enable the 

optimization of both sectional aerodynamics and global circulation distribution, leading to a 

more physically complete and efficient turbine design. 

 

(ii) Combination of fluid-structure coupling and dynamic deformation. The optimization 

now assumes that the blades are rigid and the airfoil geometry is static. But in fact, turbine 

blades will produce elastic deformation and vibration due to unsteady aerodynamic loads. If 

structural dynamics can be added and a coupled aeroelastic adjoint solver is developed, 

shape optimization of deformable or flexible blades can be performed. In this way, the 

geometry can adapt to the instantaneous flow field in real time, maintaining optimal 

aerodynamic conditions throughout the rotation cycle.  

 

(iii) Improved modeling of unsteady flow phenomena. The current simulation captures the 

main transient characteristics. But it can be improved by higher fidelity turbulence modeling 

(e.g. DES, hybrid RANS-LES) and better dynamic grid algorithms. These algorithms can 

better maintain geometric conservation and mesh quality under large deformations. Future 

work should also analyze the vortex dynamics, dynamic stall occurrence and flow 

reattachment mechanisms in detail, and ensure the reliability of the model through 

experimental verification. 

 

(iv) Development of reduced-order and surrogate models for optimization efficiency 
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Transient adjoint simulations are computationally intensive. Constructing reduced-order 

models (ROMs) or machine-learning-based surrogate models trained on adjoint sensitivities 

could greatly accelerate the optimization process while retaining physical accuracy. Such 

hybrid approaches would enable multi-objective optimization involving power coefficient, 

structural stress, and noise simultaneously, thus improving both performance and 

manufacturability. 

 

(v) Apply optimized airfoils in body-manufacturing 

The integration of design-for-manufacturing (DfM) principles into the optimization process 

should be explored. Future work can establish a coupled optimization framework that 

simultaneously considers aerodynamic performance, material layout, manufacturability, and 

cost. While CFD optimization enhances power output, the increased tooling complexity and 

material consumption associated with highly curved designs may offset some of these 

benefits. Future work should develop quantitative models linking manufacturing cost, 

fatigue life, and aerodynamic gain, to identify the economically optimal design point for 

commercial deployment. 

 

In conclusion, future work should focus on developing a fully coupled, three-dimensional, 

and multi-physics transient adjoint optimization framework. Such an approach will enable 

not only higher aerodynamic efficiency but also structural reliability and adaptability of 

VAWT blades, pushing forward the practical application of adjoint-based optimization in 

the next-generation wind energy systems. 
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Appendix A: 

Definition of Upwind and Downwind 

Regions in VAWT Model 

In some studies, in the case of vertical axis wind turbines (VAWT), the distribution of wind 

speed around the airfoil will change significantly, whether upwind (45°-135°) or downwind 

(225°-315°), and on the upwind (315°-45°) and downwind (135°-225°) sides. Fig. A.1 shows 

the segmentation of the wind turbine path. 

 

Fig. A1: A Controversial Definition: Segmentation of the Wind Turbine Path. 

However, such definitions are controversial in academia. Therefore, the terms "upwind" and 

"downwind" are not used in this study. In this study, the upwind region is defined as the half 

of the rotor disk that directly faces the incoming free-stream wind (0°-180°), while the 

downwind region refers to the half located in the wake of the rotor (180°-360°). 
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For a free-stream velocity aligned with the positive x-direction, the upwind and downwind 

regions correspond to x < 0 and x > 0, respectively, if the pivot point of the VAWT is taken 

as the origin. 

The wind speed on the upwind side is relatively stable and high when approaching the airfoil. 

When the wind flow hits the airfoil, it will slow down due to the obstruction of the airfoil, 

and the ratio of its deceleration is related to the induction factor. A low speed area will form 

in front of the airfoil. 

After the wind flow on the downwind side passes through the airfoil, vortices and turbulence 

will form on the back of the airfoil, which makes the wind speed on the downwind side 

unstable and usually low. At this time, it is necessary to control to ensure that the angle of 

attack of the airfoil is not too high. In addition, in the VAWT model considering the shaft, 

the fluid behind the shaft will form vortices, which will affect the peak power coefficient on 

the downwind side. 

After the wind flow on the upwind side passes through the airfoil, its relative wind speed is 

higher due to the wind force acting on the airfoil. 

The downwind side located on the other side of the airfoil, which forms turbulence and 

eddies after wind passes through the airfoil, and its relative wind speed is lower. 

The flow solution is used to directly extract the wind speed value from the front of the airfoil, 

and the obtained speed value is written in the form of a continuous function, and a piecewise 

function is used to represent the speed change in front of the airfoil throughout the cycle. 

Such AoA distribution has an obvious advantage, that is, it can simulate a more realistic 

downwind airfoil AoA in the oscillation airfoil model, which is closer to the VAWT rotating 

blade model, so that in the subsequent calculations with optimization, the airfoil The original 

pitch-down amplitude will be maintained, but its pitch-up amplitude will be reduced to a 

certain extent based on the distribution value curve of the inlet velocity. 

In the study of oscillation airfoil, since the axial wind speed of the airfoil in different areas 

is different, before the optimization of the rotational airfoil model, there is a custom speed 

curve, which is represented by a piecewise function of the cosine function, so that it can 

match the value of the angle of attack of the common airfoil in the downwind direction. 
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𝑉𝑟𝑒𝑙 =

{
 
 

 
 

𝑉∞(1 − 𝑎)√
𝜆

1 − 𝑎

2

+ 2
𝜆

1 − 𝑎
𝑐𝑜𝑠𝜃 + 1, 0 ≤ 𝜃 < 180

𝑉∞(1 − 𝑎)(1 + 𝑘𝑠𝑖𝑛𝜃)√
𝜆

1 − 𝑎

2

+ 2
𝜆

1 − 𝑎
𝑐𝑜𝑠𝜃 + 1, 180 ≤ 𝜃 < 360

                [Eq. A1] 

Where 𝑘 is the scaling factor, determined by minimum wind speed value over a cycle. 

In the large offshore VAWT, the environmental characteristics of high wind speed make the 

VAWT in a high tip speed ratio under normal working conditions. Its main feature is that 

the angle of attack is small and gradually approaches a sinusoidal motion, and its efficiency 

is relatively high. Theoretically, it is less susceptible to deceleration caused by wake in the 

downwind section, so its 𝑘 value will be smaller. In addition, the effect of flow separation is 

present but not large at smaller angle of attack changes. Overall, in the normal operation 

state, the whole motion is cyclically stable, as the periodically change of the angle of attack 

over the azmuthal angle is shown. 
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Appendix B: 

Study on TSR-AoA Matching for 

Experimental Verification 

 

Fig. B1: Single Streamtube Velocity. 

Fig. B1 shows the difference between the axial flow velocity 𝑉𝑎 and the freestream velocity 

𝑉∞ in the VAWT model. The difference between the two can be explained by the single 

streamtube model. In single streamtube, if the wind speed near airfoil is different from the 

freestream wind speed, under the effect of induction factor, the expression of the AoA is: 

𝛼 = 𝑡𝑎𝑛−1(
𝑠𝑖𝑛𝜃

𝜆
1 − 𝑎 + 𝑐𝑜𝑠𝜃

)                                         [Eq. B1] 

Where 𝛼 is the angle of attack, 𝜃 is the azimuthal angle, 𝜆 is the tip speed ratio, 𝑉𝐷 is the 

wind speed near airfoil and 𝑉∞ is the freestream wind speed. 

But tip speed ratio is still only related to the freestream wind speed. 

𝜆 =
𝑅𝜔

𝑉∞
                                                           [Eq. B2] 

𝑉𝑎 

 

𝑉𝑎 
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Where 𝜔 is the angular velocity, 𝑅 is the radius of the VAWT, and 𝑉∞ is the freestream 

wind speed. 

The induction factor 𝑢 can be expressed as follow: 

𝑢 = 1 − 𝑎 =
𝑉𝐷
𝑉∞
                                                    [Eq. B3] 

According to Glauert’s theory the velocity through a windmill disk 𝑉𝐷 is the arithmetic mean 

of the undisturbed velocity 𝑉∞ and the velocity in the wake. The wind turbine drag 𝐷 is given 

by: 

 

𝐷 = 2𝜌𝐴𝑉𝐷(𝑉∞ − 𝑉𝐷)                                                [Eq. B4] 

 

Where 𝜌 is the air density, 𝐴 is the area, and 𝐷 is the wind turbine drag. 

A disk drag coefficient based on the dynamic pressure and the disk area is defined as: 

𝐶𝐷𝐷 =
𝐷

1
2𝜌𝑉𝐷

2𝐴
                                                       [Eq. B5] 

and from Eq. F5: 

𝐶𝐷𝐷 = 4(
1

𝑢
− 1)                                                     [Eq. B6] 

 

In the experimental data, it can obtain what 
𝜆

𝑉𝐷/𝑉∞
 equals to reach its peak angle of attack, 

that is, oscillation amplitude. The TSR divided by the 
𝜆

𝑉𝐷/𝑉∞
 is the induction factor. The 

specific value is shown in Table B1. 

 

Table B1: Comparison between Experimental F and Theoretical F. 

TSR u Cdd F (exp) F 

6 0.571 3.00525394 41.0553817 103.6139627 

4 0.69 1.797101449 24.55056625 31.53623188 

3.5 0.74 1.405405405 19.1995274 20.99233017 

3.25 0.776 1.154639175 15.77375922 16.46005487 
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2.8 0.838 0.77326969 10.56379358 10.47649535 

2.33 0.896 0.464285714 6.342701015 6.345762616 

1.75 0.945 0.232804233 3.180385694 3.218106996 

 

𝐶𝐷𝐷 can be obtained theoretically and it is related to solidity factor by combining the blade 

element theory and momentum theory. A dimensionless force coefficient is defined as 𝐹, 

also known as the streamwise force coefficient, obtained by projecting the blade normal and 

tangential force coefficients onto the streamtube direction. If we define a function under the 

integral of that process by: 

𝐹 =
𝑞

1
2𝜌𝑉𝐷

2
(𝐶𝑁𝑠𝑖𝑛𝜃 − 𝐶𝑇𝑐𝑜𝑠𝜃)                                   [Eq. B7] 

Where 𝑞 is the dynamic pressure of the airfoil, 𝐶𝑁 is the normal coefficient and 𝐶𝐷 is the 

tangential coefficient. 

The 𝑞 is related to the relative velocity of the airfoil and the (𝐶𝑁𝑠𝑖𝑛𝜃 − 𝐶𝑇𝑐𝑜𝑠𝜃) can be 

rewritten as 𝐶𝐷(𝜃).   

This equation is computed at the centre point of each element, Eq. F7 can be written as: 

 

𝐶𝐷𝐷 =
3

4

𝑁𝑐

𝑅
𝐹̅                                                         [Eq. B8] 

 

Where 
𝑁𝑐

𝑅
 is the solidity factor of the turbine, 𝐶𝑁  is the normal coefficient and 𝐶𝐷  is the 

tangential coefficient，𝐹̅ is the arithmetric average of 𝐹. 

Since the VAWT-450 (130kW) has 2 blades, the chordlength of 0.61m and the radius of 

12.5m, the solidity factor is 0.0976. The experimental 𝐹̅ at each TSR can be obtained from 

Eq. F8 and experimental 𝐶𝐷𝐷 from the table 1. 

From Eq. F7, the drag coefficients over azimuthal angles 𝐶𝐷(𝜃) can be obtained from the 

SU2 CFD simulation (since there is no table provided) and the 𝑞 =
1

2
𝜌𝑉𝑟𝑒𝑙

2  in oscillation 

airfoil model. The relative velocity 𝑉𝑟𝑒𝑙 can be expressed as follow: 

𝑉𝑟𝑒𝑙 = 𝑉∞√
𝜆

𝑢

2

+ 2
𝜆

𝑢
𝑐𝑜𝑠𝜃 + 1                                         [Eq. B9] 
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Since in the single streamtube model, the same 𝑢  value is shared under upwind and 

downwind conditions, so only the average value of 0-180° needs to be calculated. Based on 

Eq. F7, the 𝐹̅ at a specific tip speed ratio can be written as 

𝐹̅ =
1

𝑛
∑

√𝜆2 + 2𝜆𝑐𝑜𝑠𝜃 + 1

𝑢2
𝐶𝐷(𝜃)

𝑛

𝜃=1

                                 [Eq. B10] 

 

The 𝐹̅ value at each TSR is summarized in table 1. 

When comparing the average 𝐹 values obtained by the two methods in Fig. F2, it was found 

that they overlap when the TSR is less than 3.5. According to Ion's conclusion, the theoretical 

formula of single streamtube has its TSR range limitation. In the case of a small turbine in 

Fig. F3, under any solidity factor, TSR exceeding 3.5 will lead to inaccurate 𝐶𝐷(𝜃) 

prediction, but the predicted value should be higher than the experimental value. 

 

 

Fig. B2: Average F Value over Different TSRs. 
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Fig. B3: 𝐶𝐷 over Different TSRs. 
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Appendix C: 

RANS Equations and SST k-ω 

Turbulence Model 

The original Navier-Stokes equations describe the flow of Newtonian fluids, including the 

continuity equation and the momentum equation. For continuous media, the momentum 

equation expresses the relationship between the acceleration of fluid particles and the forces 

acting on them. Consider a fluid element: the inertial force (the time change of momentum) 

and the convection force (the spatial change of momentum in the fluid motion) together form 

the total acceleration of the fluid element. The external forces acting on the fluid element 

include the pressure force acting on the fluid interface and the viscous force from the internal 

friction of the fluid. That is, the total acceleration of the fluid element is equal to the resultant 

force of all external forces. 

For incompressible fluids, the momentum equation can be written as: 

𝜌 (
𝜕u

𝜕𝑡
+ u ∙ ∇u) = −∇𝑝 + 𝜇∇2u = 0                                    [Eq. C1] 

Where 𝑝 is the pressure and 𝜇 is the dynamic viscosity. 

For any control volume, the mass flowing into the volume must be equal to the mass flowing 

out of the volume plus the increase or decrease in the mass in the volume. The continuity 

equation can thus be expressed as: 

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌u) = 0                                                    [Eq. C2] 

Where 𝜌 is the density, and u is the velocity vector. 

The RANS equations are obtained by time averaging the Navier-Stokes equations, and are 

mainly used to deal with turbulent flow fields. Its basic steps include decomposing the 

velocity and pressure, substituting them into the Navier-Stokes equations, and then time 

averaging the equations. The processing expression after the introduction of Reynolds 

decomposition is as follows: 

u = u̅ + u′                                                            [Eq. C3] 

𝑝 = 𝑝̅ + 𝑝′                                                            [Eq. C4] 
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Where the horizontal bar indicates the time average and the prime symbol indicates the eddy 

component. 

The convection term is expanded as follows: 

u ∙ ∇u = (u̅ + u′) ∙ ∇(u̅ + u′)                                              [Eq. C5] 

Considering that the average value of the vortex velocity is zero, we have: 

u ∙ ∇u̅̅ ̅̅ ̅̅ ̅ = u̅ ∙ ∇u̅ + u′ ∙ ∇u′̅̅ ̅̅ ̅̅ ̅̅ ̅                                                 [Eq. C6] 

The entire convection term is processed by time averaging, and we get: 

𝜌 (
𝜕u̅

𝜕𝑡
+ u̅ ∙ ∇u̅) = −∇𝑝̅ + 𝜇∇2u̅ − ∇ ∙ (𝜌u′u′̅̅ ̅̅ ̅) = 0                          [Eq. C7] 

Where 𝜌u′u′̅̅ ̅̅ ̅ is the Reynolds stress tensor, which represents the additional stress due to 

velocity vortex. 

Wherein, the last term u′ ∙ ∇u′̅̅ ̅̅ ̅̅ ̅̅ ̅ represents the additional stress caused by the velocity vortex, 

also known as the Reynolds stress, represented by −𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅, where the negative sign indicates 

that this stress is in the opposite direction of the average flow. 

So, in the end, we get the RANS equation: 

𝜌 (
𝜕𝑢𝑖̅
𝜕𝑡

+ 𝑢𝑗̅
𝜕𝑢𝑖̅
𝜕𝑥𝑗

) = −
𝜕𝑝̅

𝜕𝑥𝑖
+ 𝜇

𝜕2𝑢𝑖̅

𝜕𝑥𝑗
2 −

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅)                       [Eq. C8] 

Where 𝑖 and 𝑗 represent the components of the fluid velocity vector. 

This shows that the treatment of turbulence needs to consider the influence of Reynolds 

stress, and these stresses usually need to be closed by appropriate turbulence models to make 

the equations solvable. 

The 𝑘 − 𝜔 SST model was developed by Menter, combining the advantages of the 𝑘 − 𝜀 

model in far-field processing and the accuracy of the 𝑘 − 𝜔 model in near-wall processing. 

The model describes the turbulent kinetic energy (𝑘) and specific dissipation rate (𝜔) 

through two transport equations. By applying the product rule to the eddy part of the 

Reynolds decomposed Navier-Stokes equations and performing time averaging, the equation 

involving turbulent kinetic energy can be obtained, which is expressed as follows: 

𝜕(𝑝𝑘)

𝜕𝑡
+ ∇ ∙ (𝑝𝑘𝑢) = 𝑃𝑘 − 𝛽

∗𝜌𝜔𝑘 + ∇ ∙ [(𝜇 + 𝜎𝑘𝜇𝑡)∇𝑘]                       [Eq. C9] 

Where 𝑃𝑘 represents the turbulent kinetic energy generated by the mean velocity gradient, 

𝛽∗𝜌𝜔𝑘 is the dissipation term, 𝜎𝑘 is the turbulent Prandtl number with the 𝑘 equation, and 

𝜇𝑡 is the turbulent viscosity. 
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The equation for the change of the specific dissipation rate (the dissipation rate of unit 

turbulent kinetic energy) is derived from the dissipation rate and production rate of turbulent 

kinetic energy, which is expressed as follows: 

𝜕(𝑝𝜔)

𝜕𝑡
+ ∇ ∙ (𝑝𝜔𝑢) = 𝛾

𝑃𝑘
𝜈𝑡
− 𝛽𝜌𝜔2 + ∇ ∙ [(𝜇 + 𝜎𝜔𝜇𝑡)∇𝜔]                       [Eq. C10] 

Where 𝛾 and 𝛽 are model constants that adjust the production and dissipation of 𝜔, and 𝜎𝜔 

is the turbulent Prandtl number associated with the 𝜔 equation. 

The dissipation term represents the process of converting turbulent kinetic energy into 

internal energy (heat) due to viscosity effects. In turbulence, the energy of large-scale eddies 

is gradually transferred to small-scale eddies, and finally dissipated into heat energy through 

viscosity at the microscopic level. The diffusion term describes the spatial distribution and 

transmission of turbulent kinetic energy in the flow field. This includes diffusion caused by 

molecular viscosity and turbulent viscosity. 

The core of the 𝑘 − 𝜔 model is that these two equations are interdependent and jointly 

describe the turbulent state. The turbulent viscosity 𝜇𝑡 is calculated from these two equations 

and is usually expressed as: 

𝜇𝑡 = 𝜌
𝑘

𝜔
                                                             [Eq. C11] 

In this way, the equations of 𝑘 and 𝜔 are coupled to provide a relatively simple turbulence 

model suitable for the near-wall region. 

The 𝑘 − 𝜔 model is naturally suitable for handling flows near the wall because it simulates 

the wall directly, so the model is less sensitive to the y+ value (dimensionless wall distance). 

The SST model introduces a mixing function that automatically adjusts the weights of the 

𝑘 − 𝜔 and 𝑘 − 𝜀 models according to the viscous effects of the flow field. This adaptive 

adjustment means that the 𝑘 − 𝜔 model is naturally used more near the wall, while the 𝑘 −

𝜀 model is gradually transitioned to the area far from the wall. 
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Appendix D: 

Overview of VAWT Testing and 

Certification Landscape 

Dimensional verification requires the use of structured light or laser scanning systems to 

generate a complete 3D point cloud of the blade surface. The scan results are then compared 

to the CAD model to check if the optimized airfoil exceeds an error of ±0.5 mm. Non-

destructive testing (NDT) can detect internal problems in advance, such as porosity, 

delamination, or insufficient resin. Ultrasonic C-scanning can reveal internal porosity and 

bonding quality. Infrared thermography can show dry patches or resin accumulation. Shear 

interferometry and digital image correlation (DIC) techniques are often used to measure 

stress concentration areas in VAWT blades. These tests are consistent with the methods 

described in BS EN ISO 3452 and EN 4179, but IEC 61400-23 provides more stringent 

requirements for wind power applications. 

 

IEC 61400-23 (2014) summarizes static and fatigue testing methods for full-scale structures. 

VAWT blades, especially those with complex curvature and layered reinforcement, need to 

simulate extreme load events such as gusts and grid outages, and withstand cyclic fatigue 

loads exceeding millions of cycles, as well as combined bending and torsional loads. Full-

scale test rigs allow blades to be subjected to realistic wind loads, usually exaggerated, to 

determine the failure margin. Standards typically do not include severe delamination, 

cracking, or energy absorption below safety thresholds. Strain gauges and DIC 

measurements can verify the tests; these measurements can map surface strain variations and 

identify potential failure areas. 

 

Modal analysis verifies the dynamic behavior of the blade, preventing resonance with the 

tower or wind excitation. Accelerometers, impact hammers, and electromechanical shakers 

can be used to extract the first to third natural frequencies, which are then compared to the 

modal simulation results of finite element analysis (FEA). Deviations between theoretical 
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and experimental natural frequencies may indicate material inhomogeneity, layup defects, 

or stiffness variations due to curvature. VAWT blades need to demonstrate resilience under 

environmental stresses, such as UV exposure, humidity cycling, salt spray resistance, 

corrosion resistance, and freeze-thaw cycles. These tests are governed by BS EN 61400-2 

Appendix D, simulating 20 years of operational exposure under similar climatic conditions 

in the UK. For example, accelerated aging chambers (such as QUV) can replicate UV 

degradation in a few months, equivalent to several years of exposure in real-world 

conditions. 

 

Durability verification also focuses on the integrity of the blade's bond lines, surface 

roughness limits (Ra < 5µm), coating adhesion, and water resistance. If PVC or PU foam 

cores are used, delamination due to water immersion and frost cracking is of particular 

concern. These tests are typically conducted through hot liquid aging tests or edge seal 

durability tests. 

 

A key regulatory requirement is verification of the turbine's actual power output under 

realistic wind conditions. According to IEC 61400-12-1, small wind turbines must undergo 

a verified power curve at wind speeds between 5 and 25 m/s, measured at hub height using 

an anemometer and data logger, and energy production estimated in a reference wind zone. 

The turbines are typically installed at a dedicated test site equipped with a standardized 

meteorological tower. Test results must demonstrate that the turbines meet their claimed 

capacity and efficiency specifications. 

 

To be legally and efficiently connected to the UK grid, vertical wind turbine (VAWT) 

systems must comply with the following standards: 

 

• The Electricity Safety, Quality and Continuity Regulations 2002 (as amended), 

• G98/G99 grid connection regulations (per the Energy Networks Association), 

• The Microgeneration Certification Scheme (MCS) standards. 

 

MCS 006 and MCS 010 documents specify the structural requirements and installation 

safety of small wind power systems. Only products certified by the MCS are eligible for 

certain government subsidies, the traditional Feed-in-Tariff (FiT) scheme, or the Smart 

Export Guarantee (SEG). 
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The blade manufacturing process is directly impacted by these schemes: for example, 

material traceability, quality assurance documentation, and batch tracking are often part of 

the MCS technical review. Furthermore, under post-market surveillance obligations, 

manufacturers must retain design documents, test records, and simulation models for at least 

10 years. 

 

Certification must be performed by an ISO/IEC 17065-accredited organization, such as 

Lloyd's Register, TÜV SÜD, or the British Board for Accreditation (BBA). 
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Appendix E: 

Location of Nodes and Design 

Variables 

In SU2-based adjoint shape optimization, it is crucial to clearly distinguish the roles of 

discrete surface nodes and design variables (DVs) on the airfoil surface. Airfoil nodes are 

densely packed at the leading and trailing edges, resulting in a large number of nodes 

connected by linear boundary elements. Therefore, the surface geometry is a piecewise linear 

curve in a discrete sense. In contrast, DVs are not equivalent to all geometric nodes. Instead, 

they describe controllable shape degrees of freedom in a lower dimension (typically 10–20), 

such as a small number of control points, Hicks–Henne perturbation function parameters, or 

FFD control grid points. This setup aims to achieve smooth, manufacturable deformation of 

the overall geometry with limited design degrees of freedom, while avoiding the high-

dimensional ill-posedness and numerical instability that result from treating each surface 

node directly as an independent design variable. 

 

At the geometric update level, the effect of DVs on the displacement of airfoil surface nodes 

is not specified independently point-by-point. Instead, it is interpolated across the entire 

surface by the parametric model through an influence function (shape basis/weighting 

function). The actual displacement direction of the nodes is usually dominated by the local 

surface normal. Therefore, in Cartesian coordinates, the coordinate changes of a node are 

reflected simultaneously in both the x and y directions: when the normal is not aligned with 

the global coordinate axis, the geometric perturbation caused by the design variables 

naturally decomposes into x and y components. 

 

The core idea of Hicks–Henne parameterization is not to treat each surface node as an 

independent degree of freedom, but rather to "spread out" shape changes in the chord 

direction using a small number of local perturbation functions; each design variable controls 

the geometric bulge or depression of a local region, and its influence on nodes far from that 

region gradually diminishes. The superposition of multiple perturbation functions allows for 
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controllable adjustment of airfoil thickness distribution, camber distribution, and local 

geometric features while maintaining geometric smoothness. However, it is worth noting 

that in unsteady motion problems such as oscillating airfoils or VAWT rotating blades, the 

rigid body motion of the airfoil (pitch, heave, or rotation with azimuth) causes its "chord 

direction" in the global coordinate system to change over time. Therefore, the chord 

parameters in Hicks–Henne are defined based on a fixed reference configuration. 

 

The reason is that tangential slip is undesirable for turbulent wall models/near-wall 

resolution. In RANS/URANS, near-wall meshes typically have high aspect ratios and a well-

defined normal layer structure (y+ controlled). If the near-wall connection direction is 

skewed, a non-physical jump will occur between the local y+ and the wall tangential mesh 

distribution, and wall functions or near-wall models are very sensitive to this distortion. 

Normal displacement, on the other hand, is more of a "stretching/compression in the overall 

thickness direction," causing less damage to the near-wall layer structure and making it 

easier to maintain the y+ target. 

 

When defining the airfoil node parameters, a Python-based resampling procedure is used to 

scale the airfoil geometry to the required number of nodes. The implementation uses NumPy 

and SciPy, particularly parametric interpolation methods such as ̀ scipy.interpolate.interp1d` 

or `splprep/splev`, to reconstruct the airfoil contour and redistribute the nodes along the 

curve. 

 

The basic principle is to first parameterize the original airfoil coordinates using cumulative 

arc length. The airfoil surface is treated as a continuous parametric curve, where each point 

is represented as a function of its normalized curve length. New node locations are then 

generated along this parameter and interpolated from the original geometry. In this way, the 

total number of airfoil nodes can be increased or reduced while preserving the original 

geometric distribution characteristics. 

 

This method allows the airfoil data, typically containing around 100–200 nodes, to be 

smoothly resampled to a higher or lower resolution. Regions with strong geometric variation, 

such as the leading edge and trailing edge, can retain any user-defined node density, while 

flatter middle sections remain more sparsely distributed. 
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Appendix F: 

Angle of Attack Offset and Reasonable 

Range 

Under natural rotation (passive pitch) conditions, the instantaneous angle of attack of an 

airfoil cannot be reliably given solely by geometric relationships because the local incoming 

flow direction exhibits significant spatial and temporal inhomogeneities due to the influence 

of induced velocity, wake disturbances, and dynamic stall vortex structures. To obtain an 

engineering-usable and repeatable "actual angle of attack" characterization, the equivalent 

angle of attack is typically defined using aerodynamic inversion: First, an aerodynamic 

database of the airfoil under two-dimensional steady conditions is established (e.g., steady 

CFD or wind tunnel testing), obtaining the characteristic curve of the lift coefficient as a 

function of angle of attack; then, the instantaneous or phase-averaged lift coefficient history 

is extracted from the unsteady calculations of free rotation and mapped to the corresponding 

angle of attack position on the steady curve, thereby inverting to obtain an angle-of-attack 

time series "equivalent" to the current unsteady aerodynamic response. 

 

Therefore, the Darrieus function can only be considered a "lowest complexity kinematic 

baseline" for constructing a unified research framework. When the research objective shifts 

to natural rotation, strong wake interference, or overall power prediction, it is necessary to 

introduce effective angle-of-attack correction, induced velocity models, or directly adopt 

unsteady CFD for the entire rotor to avoid phase shifts and load differences that cannot be 

explained by Darrieus geometric angles of attack alone. 

 

In the Darrieus-based kinematics optimization framework, introducing a constant initial 

pitch angle is equivalent to shifting the entire angle-of-attack time history, thereby changing 

the "primary operating angle-of-attack range" of the airfoil within one cycle. As shown in 

Eq. F1: 

𝛼(𝜃) = 𝛼0(𝜃) + 𝛼𝑝                                                             [𝐸𝑞. 𝐹1] 
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When the pitch offset is positive, the blade is at a higher positive angle of attack, even close 

to the dynamic stall range, for a longer period in the windward section. Optimization will 

tend to enhance adhesion and lift retention capabilities at positive angles of attack, typically 

manifested as an increased leading-edge radius, smoother upper surface pressure recovery, 

and a shape more biased towards anti-stall and high-lift design. Simultaneously, the negative 

angle-of-attack performance in the leeward section is often sacrificed, potentially leading to 

stronger negative torque or drag loss. Conversely, when the pitch bias is negative, the angle-

of-attack history shifts negatively overall, reducing the effective positive angle of attack in 

the windward section and expanding the negative angle of attack range in the leeward 

section. Optimization tends to favor reducing leeward losses and load fluctuations (e.g., 

through drag reduction or lowering unfavorable pressure gradients), but this usually comes 

at the cost of reduced peak lift and positive torque in the windward section. 

 

This study did not use the constant initial pitch angle in the VAWT model, primarily because 

the maximum angle of attack varies significantly with the speed ratio and azimuth. During 

the attachment and weak separation phases, the aerodynamic response to geometric 

disturbances is relatively smooth, and the accompanying gradient has good usability and 

interpretability. However, when the angle of attack is high enough to cause abrupt changes 

in separation/reattachment and the LEV detachment phase becomes highly sensitive to 

geometric perturbations, the gradient becomes significantly noisy and may lead to 

directional misdirection, making optimization prone to instability or convergence to non-

generalizable local patterns. For NACA0015 and NACA0018, 15° typically marks the 

beginning or near static stall, with significant flow separation/bubble expansion, 

accompanied by increasing gradient noise and sensitivity to grid/time step. Separation occurs 

even earlier at lower Reynolds numbers. Therefore, any time interval exceeding this value 

in the modified Darrieus function should not be included in the window. 
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Appendix G: 

Analysis of Natural Tip Speed Ratio 

In actual vertical axis wind turbine (VAWT) operation, the speed ratio is not pre-set but 

naturally formed as a result of the system's dynamic response. This process is essentially a 

rotational dynamic equilibrium problem, determined by the interaction of aerodynamic 

torque, rotor inertia, and external load torque. 

 

From a dynamic perspective, the rotor's instantaneous angular velocity 𝛺(𝑡) is controlled by 

the rotational equation, whose basic form can be written as: 

𝐼
𝑑𝛺

𝑑𝑡
= 𝑇𝑎(𝛺, 𝑡) − 𝑇𝐿(𝛺)                                                [𝐸𝑞. 𝐺1] 

Where 𝐼 is the rotor's moment of inertia, 𝑇𝑎(𝛺, 𝑡) is the aerodynamic torque, and 𝑇𝐿(𝛺)  is 

the external load torque (which may include generator electromagnetic torque, mechanical 

damping, or equivalent damping introduced by the control strategy). This equation shows 

that the rotor's angular acceleration, which is entirely determined by the difference between 

the aerodynamic torque and the load torque. 

 

Under uniform flow conditions, when the blade rotates around its axis, the aerodynamic 

torque 𝑇𝑎(𝛺, 𝑡) exhibits strong periodic variation with the azimuth angle. This is caused by 

unsteady effects such as relative flow velocity, effective angle of attack, and dynamic stall. 

In engineering, the time-averaged aerodynamic torque over one rotational cycle is of greater 

interest, and its expression is as follows: 

𝑇𝑎̅̅ ̅ =
1

𝑇
∫ 𝑇𝑎(𝛺, 𝑡)𝑑𝑡
𝑇

0

                                                    [𝐸𝑞. 𝐺2] 

This average value directly determines the rotor's energy balance in a statistical sense. When 

𝑇𝑎 is greater than 𝑇𝐿, the rotor gains net energy and continues to accelerate. When 𝑇𝑎 is less 

than 𝑇𝐿, the rotor decelerates. As the angular velocity changes, the magnitude and direction 

of the relative incoming flow velocity experienced by the blades change, thereby altering the 

angle-of-attack history, stall behavior, and the aerodynamic torque distribution per unit 

period. This feedback mechanism between velocity, aerodynamics, and torque makes 𝑇𝑎 a 

function of the angular velocity 𝛺. 
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When the system evolves to a steady-state operating point, i.e., 𝑇𝑎 = 𝑇𝐿 , the angular 

acceleration is 0 in a periodically average sense, and the rotor no longer undergoes 

continuous acceleration or deceleration, retaining only small periodic velocity fluctuations. 

The corresponding speed ratio is the natural tip speed ratio (natural TSR). Under light load 

or weak damping conditions, the rotor can accelerate to higher speeds, making the natural 

TSR approach or even exceed the TSR corresponding to the peak aerodynamic efficiency. 

Under heavy load or strong damping conditions, the equilibrium point will appear in the 

lower speed range. 

 

In CFD research, the assumption of a constant speed ratio (TSR) is widely adopted. The 

fundamental reason for this is not that real wind turbines always operate at a constant TSR, 

but rather to obtain a closed, controllable, and repeatable problem description at both the 

numerical and physical levels. If the rotational speed were allowed to vary freely over time, 

the rotor rotational dynamics equations would have to be solved simultaneously, introducing 

inertia, generator characteristics, and control strategies, thus extending the problem to a 

strongly coupled aerodynamic-structural-control system. This not only significantly 

increases computational costs and uncertainties but also makes aerodynamic mechanisms 

difficult to analyze in isolation. Conversely, under constant TSR conditions, rotor kinematics 

are predetermined, the blade's angle-of-attack history and relative velocity distribution are 

deterministic, and aerodynamic forces become "response variables" rather than "feedback 

variables." Therefore, this assumption allows CFD to focus on core physical processes such 

as unsteady aerodynamics, dynamic stall, and wake interactions, and is the standard practice 

in current research for analyzing aerodynamic mechanisms and comparing different airfoils 

or parameter settings. 

 

Natural TSR is not necessarily equivalent to the TSR corresponding to the maximum power 

coefficient. The peak power coefficient (TSR) is the "optimal aerodynamic point" obtained 

under a given speed ratio with the goal of maximizing aerodynamic performance. It assumes 

that the rotor can operate stably at that speed ratio without being limited by load or inertia. 

The natural TSR, on the other hand, is determined by the balance between aerodynamic 

torque and load torque, and its position depends on the specific system's load characteristics: 

under light load or weak damping conditions, the natural TSR may be close to or even higher 

than the aerodynamically optimal TSR; while under heavy load or strong damping 
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conditions, the natural TSR is often lower than the TSR corresponding to the peak power 

coefficient. 

 

Based on this understanding, this study does not assume that a single speed ratio can 

represent all the operating characteristics of a VAWT. Instead, it consciously repeats 

numerical experiments under multiple different TSR conditions. The purpose of this is 

twofold: firstly, by using a constant TSR CFD setting, the aerodynamic response of the 

airfoil and flow structure under different kinematic conditions can be systematically 

evaluated, avoiding binding the results to a specific operating point; secondly, these different 

TSR conditions can be regarded as a parameter scan of the possible natural TSR range, thus 

providing a basis for understanding the performance changes of real wind turbines under 

different loads and operating states. 
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Appendix H: 

Analysis of Failure Cases Accompanied 

by Gradient 

The adjoint method essentially eliminates the most expensive path mathematically (tracking 

how the entire flow field changes with the design), transforming the calculation from 

"recalculating the flow field for each design variable" to "only needing one adjoint solution," 

followed by a rapid evaluation of each design variable." While the adjoint method offers 

significant computational efficiency advantages in high-dimensional design spaces, it suffers 

from four fundamental limitations compared to the direct method. 

 

The adjoint gradient can provide local improvement directions, but it struggles to predict 

new flow phenomena that may arise after large deformations, such as new separation 

structures, stall mode changes, or abrupt load phase shifts. Furthermore, the adjoint method 

implicitly assumes that the flow response caused by small deformations is smooth and 

continuous. However, in CFD, for example, flow separation can occur suddenly, 

reattachment can disappear abruptly, vortex structures can suddenly detach, or impact 

structures can suddenly move. 

 

In the periodic motion of VAWT, the flow state constantly switches with the azimuth angle, 

making the adjoint gradient inherently more unstable in certain phases. The following four 

potential failure regions make the gradient more likely to be dominated by noise or lead to 

misleading optimization directions: 

 

1. High Angle of Attack Region: This region typically corresponds to high relative velocities 

and large effective angles of attack. Airfoils easily approach or enter pre- or post-stall states, 

and the generation and enhancement of leading-edge vortices are highly sensitive to minute 

geometric changes. The flow may exhibit bifurcation behavior here, either generating strong 

vortices or not generating them at all, leading to completely different load responses due to 

minute geometric changes. Near such bifurcation points, the first-order gradient is difficult 
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to represent the true trend, so optimization may jump to a different flow regime with slightly 

larger step sizes. 

 

2. Dynamic Stall and Reattachment Region: When the flow switches between "attachment-

separation-reattachment," the timing and location of key events (e.g., separation points or 

vortex shedding phases) are often highly sensitive to shape perturbations. Even if the 

objective function is continuous in a periodically average sense, the local spikes caused by 

these events will cause the gradient to oscillate at high frequencies. The accompanying 

gradient is likely to be "numerically strong but directionally unstable," thus causing 

optimization oscillations or non-convergence. 

 

3. Leeward Wake Crossing Region: The leeward section of the blades frequently crosses the 

wakes formed by themselves or upstream blades, resulting in a highly uneven distribution of 

incoming flow direction and velocity, and significant "historical memory" (vortex structures 

generated upstream continue to influence downstream). This non-local, time-delayed effect 

is difficult to describe as a "small instantaneous disturbance – small instantaneous response," 

making the gradient more susceptible to mesh and time discretization errors, manifesting as 

noise or sensitivity to different time step settings. 

 

4. Regions with Minimal or Negative Tangential Force: At certain azimuth angles, the 

tangential force may approach zero, but this does not necessarily mean that pressure and 

shear are small; rather, it often means that positive and negative contributions strongly cancel 

each other out in that phase. For numerical calculations, "subtracting two large numbers 

results in a small one," amplifying the relative impact of noise and making the gradient 

direction more unstable. This situation is very common in engineering; many snapshot-based 

optimization cases improve power coefficients in this region. Near the zero-crossing 

tangential force, the sensitivity distribution appears scattered, with frequent sign switching, 

and uncontrolled optimization can easily produce non-physical local deformations. 
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Appendix I: 

First-Order Smooth Inflow Velocity 

Distribution 

The sudden variation of inlet velocity or relative velocity with time (or azimuthal angle) 

significantly impacts numerical stability. It may appear in the abrupt changes or 

discontinuous derivatives of the velocity profile (e.g., continuous velocity values but 

discontinuous rates of change). This situation will directly introduce non-physical 

instantaneous accelerations, and inducing high-frequency numerical oscillations in the flow 

field and affecting the reliability of load predictions and associated sensitivity. The velocity 

time history can be continuous at the first order can deal with this issue, meaning the velocity 

itself and its first-order time derivative must maintain C1 continuity. 

 

For example, consider a piecewise velocity function. Assume the velocity is constant in the 

0°-180° range and varies sinusoidally in the 180°-360° range. If a strict piecewise definition 

is directly applied, a jump in the rate of change of velocity occurs at 180°. To achieve at least 

first-order smoothness, a smooth transition can be introduced near the piecewise points, 

matching the constant segment with the sinusoidal segment in function values and first-order 

derivatives. For example, the velocity can be written as: 

 

𝑈𝜃 = 𝑈0 − 𝐴𝑆(𝜃 − 𝜋)sin(𝜃 − 𝜋)                                      [𝐸𝑞. 𝐼1] 

 

Where 𝑆(𝜃 − 𝜋) is a smooth transition function that smoothly transitions from 0 to 1 within 

the range of 0°-180°, and has a continuous first derivative within the transition interval (e.g., 

constructed based on a sine or polynomial). This treatment ensures that the velocity and its 

rate of change remain continuous throughout the entire period, thus avoiding the introduction 

of non-physical excitations into numerical calculations. 
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    𝜕 u  𝜕 t + R ( u ,   p ,   x ,   t ) = 0                                                                                                         [ Eq .   3 . 3 ]
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  L =   ∫    t 0    t  f   [ J  ( u  ( t ) ,   p  ( t ) ,   x ,   t ) +   𝜆 ( t )  T  (   𝜕 u  𝜕 t + R ( u ,   p ,   x ,   t ) ) ] d t                     [ Eq .   3 . 4 ]
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    ∫    t 0    t  f    𝜆  T   𝜕 ( 𝛿 u )  𝜕 t d t =    [   𝜆  T 𝛿 u ]    t 0    t  f −   ∫    t 0    t  f     (   𝜕 𝜆  𝜕 t )  T 𝛿 u d t                                                   [ Eq .   3 . 6 ]
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  𝛿 L =   ∫    t 0    t  f   [   𝜕 J  𝜕 u −   𝜕 𝜆  𝜕 t +    (   𝜕 R  𝜕 u )  T 𝜆 ] 𝛿 u d t +  [   𝜕 J  𝜕 p +    (   𝜕 R  𝜕 p )  T 𝜆 ] 𝛿 p d t                     [ Eq .   3 . 7 ]
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  𝛿 L =   ∫    t 0    t  f   [   𝜕 J  𝜕 u −   𝜕 𝜆  𝜕 t +    (   𝜕 R  𝜕 u )  T 𝜆 ] 𝛿 u d t                                                                       [ Eq .   3 . 8 ]


  −   𝜕 𝜆  𝜕 t +    (   𝜕 R  𝜕 u )  T 𝜆 = −   𝜕 J  𝜕 u                                                                                                       [ Eq .   3 . 9 ]


     (   𝜕 R  𝜕 p )  T 𝜆 = −   𝜕 J  𝜕 p                                                                                                               [ Eq .   3 . 10 ]


     (   𝜕 R  𝜕 p )  T 𝜆 = −   𝜕 J  𝜕 p                                                                                                               [ Eq .   3 . 10 ]
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    d J  d x =   ∫    t 0    t  f   (   𝜕 J  𝜕 x +   𝜆  T   𝜕 R  𝜕 x ) d t                                                                                               [ Eq .   3 . 11 ]
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  ∇ ∙   u - = 0                                                                                                                     [ Eq .   3 . 12 ]


  𝜌  (   𝜕 (   u - )  𝜕 t +  (   u - ∙ 𝛻 )   u - ) = − 𝛻   p - + 𝛻 ∙ [ ( 𝜈 +   𝜈  t ) ( 𝛻   u - +   ( 𝛻   u - )  T ) ] + 𝜌 g                 [ E q .   3 . 13 ]


  𝜌  (   𝜕 (   u - )  𝜕 t +  (   u - ∙ 𝛻 )   u - ) = − 𝛻   p - + 𝛻 ∙ [ ( 𝜈 +   𝜈  t ) ( 𝛻   u - +   ( 𝛻   u - )  T ) ] + 𝜌 g                 [ E q .   3 . 13 ]
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  y =   y  b a s i s +   ∑  i = 1  i = n    a  i   f  i ( x )                                                                                       [ Eq .   3 . 26 ]


    f  i  ( x ) =    [  sin ⁡   ( 𝜋   x    l o g  1 2  l o g     t 1 ) ]    t 2 ,   0 ≤ x ≤ 1                                                                   [ Eq .   3 . 27 ]


    f  i  ( x ) =    [  sin ⁡   ( 𝜋   x    l o g  1 2  l o g     t 1 ) ]    t 2 ,   0 ≤ x ≤ 1                                                                   [ Eq .   3 . 27 ]
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    C  M =   M   1 2 𝜌     V  r e l 2 A R                                                                                                   [ Eq .   3 . 29 ]


    C  M =   M   1 2 𝜌     V  r e l 2 A R                                                                                                   [ Eq .   3 . 29 ]


    C  P =   N M 𝜔   1 2 𝜌   U 3 A                                                                                                           [ Eq .   3 . 30 ]


    V  r e l =   U  1 − u    𝜆 2 + 2 𝜆 c o s 𝜃 + 1                                                                             [ Eq .   3 . 31 ]


    C  M =   M   ( 1 − u ) 2   1 2 𝜌 (   𝜆 2 + 2 𝜆 c o s 𝜃 + 1 )   U 2 A R                                                                 [ Eq .   3 . 32 ]


    C  M =   M   ( 1 − u ) 2   1 2 𝜌 (   𝜆 2 + 2 𝜆 c o s 𝜃 + 1 )   U 2 A R                                                                 [ Eq .   3 . 32 ]


      C  P    C  M =   (   𝜆 2 + 2 𝜆 c o s 𝜃 + 1 ) N R 𝜔    ( 1 − u ) 2 U > 0 ,   0 ≤ 𝜃 ≤ 2 𝜋                                         [ Eq .   3 . 33 ]


      C  P    C  M =   (   𝜆 2 + 2 𝜆 c o s 𝜃 + 1 ) N R 𝜔    ( 1 − u ) 2 U > 0 ,   0 ≤ 𝜃 ≤ 2 𝜋                                         [ Eq .   3 . 33 ]
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  ∇ ∙   u - = 0                                                                                                                     [ Eq .   3 . 35 ]


    𝜕   u ˉ  𝜕 t  ∣  𝜉 + ( (   u ˉ −   v  g ) ⋅ 𝛻 )   u ˉ = − −  1  𝜌 𝛻   p - + 𝛻 ∙ [ ( 𝜈 +   𝜈  t ) ( 𝛻   u - +   ( 𝛻   u - )  T ) ] + g                 [ E q .   3 . 36 ]


    𝜕   u ˉ  𝜕 t  ∣  𝜉 + ( (   u ˉ −   v  g ) ⋅ 𝛻 )   u ˉ = − −  1  𝜌 𝛻   p - + 𝛻 ∙ [ ( 𝜈 +   𝜈  t ) ( 𝛻   u - +   ( 𝛻   u - )  T ) ] + g                 [ E q .   3 . 36 ]


    𝜕  𝜕 t  ∣  𝜉


    v  g  ( x , t ) = 𝛺   e  z × r ( x , y , 0 )                                                                                               [ Eq .   3 . 35 ]
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    u -  ( x , t ) =   U  ( t ) e  i n ,     p -  ( x , t ) =   p ∞                                                                                     [ Eq .   3 . 37 ]
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    𝜕   u -  𝜕 n = 0 ,     p - =   p ∞                                                                                                             [ Eq .   3 . 38 ]


    𝜕   u  t  𝜕 n = 0 ,     u  n = 0                                                                                                             [ Eq .   3 . 39 ]


    u -  ( x , 0 ) =   U  ( 0 ) e  i n ,     p -  ( x , 0 ) =   p ∞                                                                           [ Eq .   3 . 40 ]


    u - ( x , 0 ) = 𝛺   e  z × r ( x , y , 0 )                                                                                   [ Eq .   3 . 41 ]
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    F  n =  [      F  x n ,     F  y n ]                                                                                                                         [ Eq .   4 . 2 ]


    e  T n =  [    − c o s 𝜙 n   s i n 𝜙 n ]                                                                                                             [ Eq .   4 . 3 ]


    C  T  n =     F  n ⋅   e  T  n   1 2 𝜌   U  r e f 2 c                                                                                                           [ Eq .   4 . 4 ]
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