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Abstract

Storm and wastewater pipes form a significant proportion of the UK’s hydraulic infras-

tructure, the maintenance of which presents key challenges. Ageing pipes face stresses

from climate change and urbanisation, demanding robust monitoring solutions. Current

monitoring practices utilise spot sensing methods, which fail to provide real-time continu-

ous data on the internal hydraulics of these turbulent pipe flows. While emerging studies

utilise free-surface dynamics, characterising turbulence via the fluctuating wall pressure

in partially-filled pipes remains under-explored. Fibre-optic sensing non-invasively mon-

itors these conduits from within the pipe wall through its response to the wall pressure.

This thesis details the development, implementation, and analysis of a novel flush-mounted

fibre-optic sensor designed to infer properties of turbulent partially-filled pipe flows directly

from its response to wall pressure fluctuations.

Firstly, the Approximate Bayesian Computation-sequential Monte Carlo scheme is adapted

to infer a high-dimensional binary system parameter encoding boundary condition infor-

mation of a thin plate structure housing a fibre-optic sensor. Applied to vibrational data,

it infers boundary condition configurations, with metrics demonstrating how convergence

depends on user-design choices.

This is followed by the development and application of a novel flush-mounted fibre-optic

sensor in an experimental facility, where its response to two partially-filled pipe flow regimes

was analysed. Cross-correlation analyses of sensor data enabled accurate recovery of bulk

flow velocity. A score-based Metropolis-Hastings algorithm was developed to identify op-

timal frequency bands retaining flow dynamics of interest. Azimuthal variation of sen-

sor response to wall pressure fluctuations was recovered, including streamwise correlation

structures, frequency-wavenumber spectra, and large-scale motion signatures. Their organ-

isation enabled linkage to secondary flow motions. These findings were compared against

Large-Eddy Simulation data of equivalent flow regimes. While showing reasonable qualita-
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tive agreement, simulation limitations led to slight quantitative differences between results.

Regardless, findings support the sensors ability to recover complex turbulent phenomena

in partially-filled pipe flows.
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Chapter 1

Introduction

1.1 Motivation

The UK’s underground pipe infrastructure is a vast, ageing asset, with an estimated length

of 1.5 million km. This incorporates 400,000 km of sewage network, and a similar length of

clean water network [9, 10]. Effectiveness of these networks degrades with age, resulting in

leakages and structural degradation. Existing condition monitoring methods prove slow,

invasive, and spatially limited, incapable of providing continuous, high resolution data

needed for robust monitoring. This leaves much of the network’s condition unknown. The

consequence of this uncertainty is frequent failures, often requiring utility trenching to fix

the problem, resulting in an estimated 4.25 million holes dug up on UK streets every year

at a cost of over £1.5 billion [9].

Future projections indicate a significant escalation in UK water demand, with the popu-

lation expected to reach 75 million by 2050. This demographic pressure, combined with

warmer summers from climate change and the water requirements for new infrastructure,

will place a far greater strain on available water resources [11]. Compounding this demand

challenge, the system continues to suffer substantial losses. Despite water companies re-

ducing leakage by 7% since the 1990s, approximately 20% of the public supply, equating

to some 3000 megalitres per day in 2020-2021, is still lost through the distribution network

[12, 13, 14].

Accurate monitoring of the pipe networks conveying this water is essential for the preven-

tion of the pressing economic and environmental issues mentioned above. This necessitates
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the production of enhanced sensing platforms capable of extracting live hydraulic data di-

rectly from inside the pipe infrastructure. A key hurdle is that many of these operational

conduits, particularly drainage pipes, flow partially-filled. Flows of this type typically ex-

perience high levels of turbulence. As such, the sensors to monitor this infrastructure are

required to interpret complex turbulent flow dynamics, and the potential influence these

dynamics may have on structural loading and degradation, to aid in predictive monitoring

solutions. Currently, most conventional methods are intrusive, distorting the flow dynam-

ics in order to obtain a measurement. Therefore, there is a demand for robust non-invasive

sensing systems capable of uncovering turbulent flow dynamics.

Unfortunately, only a sparse body of literature exists characterising the internal flow dy-

namics of turbulent partially-filled pipe flows [15, 16, 17, 18]. In many of these studies,

coherent turbulent motions contributing to spatial patterns of fluid loading are identified;

these are phenomena not observed in pressure-driven pipe flows. So far, our ability to

monitor such processes is dependent on either high-fidelity numerical simulations [19], or

laboratory techniques capable of resolving the whole fluid domain [1]. These turbulent

flow structures play a direct role in the state of the dynamic pressure field at the wall

that encodes information about the flow state. Consequently, it is of interest to recover

properties of this fluctuating wall pressure as a non-intrusive means to access the dynamics

of the overarching turbulent flow.

Fibre-optic sensing technologies present themselves as a suitable candidate for this mea-

surement challenge in such an environment. With immunity to electromagnetic interfer-

ence, small diameter, arbitrary shaping, and capabilities for distributed monitoring, these

cables have become increasingly popular for sensing purposes in varied environments [20].

For example, they have been utilised for mixture concentration monitoring, [21], seismic

activity monitoring [22, 23, 24], and structural health monitoring [25, 26]. Recently, re-

searchers have shown their utility for flow measurement purposes [27, 28, 29], showcasing

the versatility of these sensors. In order to recover undisturbed flow properties, it is pos-

tulated that these sensors can be installed directly at the pipe wall to respond to the

pressure fluctuations, containing information on the flow turbulence and conditions. As

such, this technology has the potential to perform as a robust non-invasive sensor designed

to relate fluctuating wall pressure with flow properties, a technology much-needed to aid

in advanced sensing of live water infrastructure. Here, the term non-invasive is used to

enunciate that the sensor does not protrude into the flow in any capacity, leaving the flow

8



field undisturbed.

1.2 Aims and objectives

The aim of this thesis is to produce a non-invasive fibre-optic sensing solution that measures

strain within a flush-mounted sensor system, in response to wall pressure fluctuations

in turbulent partially-filled pipe flows. The goal is to unambiguously recover bulk flow

conditions and spatial scales about the flow cross-section, from the sensor signal response

to flow-induced vibration. With this in mind, the specific objectives are as follows:

• Propose an alternate Bayesian methodology to infer discrete boundary conditions of

a complex engineering structure housing a fibre-optic sensor.

• Design and establish a novel fibre-optic sensor to respond to pressure fluctuations at

the interior wall of a turbulent partially-filled pipe.

• Apply cross-correlation based analyses in time and frequency domain to strain time

series data to recover spatial and temporal properties of wall pressure fluctuations

about the pipe azimuth for two distinct flow regimes.

• Recover multi-scale turbulent behaviour of partially-filled pipe flows, and azimuthal

changes thereof, from discrete strain measurements within the fibre.

• Validate against numerical Large-Eddy Simulation (LES) data.

1.3 Thesis layout

This thesis is organised in a thesis by publication format. Each individual research chapter

is either a published piece of work or a piece of work in the submission process.

• Chapter 2: Provides a review of the literature relevant to fibre-optic sensing for

partially-filled pipe flows, including current understanding of partially-filled pipe flow

dynamics, non-invasive measurement techniques, and current applications of fibre-

optic sensing for monitoring of hydraulic infrastructure. A short section is included

on Bayesian inference methodologies as applied to inverse problems in engineering

contexts.

• Chapter 3: Introduces the relevant methodologies utilised in this thesis. The
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Navier-Stokes and Poisson equations are introduced, followed by an introduction to

statistical quantities derived from time series measurements of wall pressure fluctua-

tions, as well as Taylor’s hypothesis. This is followed by an introduction to Bayesian

procedures used to sample from the posterior distribution of model parameters via

Markov Chain Monte Carlo (MCMC) and Approximate Bayesian Computation-

Sequential Monte Carlo (ABC-SMC) methods.

• Chapter 4: Presents a novel adaptation of the well-known ABC-SMC parameter

estimation scheme utilised to recover a distribution of complex boundary conditions

imposed on a fibre-optic sensor structure subjected to harmonic loading. This chapter

focuses on statistical methodology development as applied to a calibration problem of

the initial sensor structure. This sensor was only subjected to laboratory-controlled

dynamic testing before an improved, hydraulically-tested sensor iteration was devel-

oped for the proceeding chapters.

• Chapter 5: Introduces the fibre-optic sensor utilised throughout the majority of this

work, designed to respond to wall pressure fluctuations in turbulent partially-filled

pipe flows. It covers the sensor design, experimental facilities and flow conditions.

It also outlines the data processing steps undertaken to recover bulk flow properties

from the wall pressure-induced strain measurements, as well as initial identification

of large-scale motions through application of Taylor’s hypothesis.

• Chapter 6: Investigates the azimuthal variation of the fluctuating wall pressure-

induced strain statistics through a combined experimental and numerical approach.

The framework used to produce the complementary LES wall pressure fluctuation

data will be given. The combined datasets are used to infer azimuthal change in

flow dynamics derivable from the fluctuating wall pressure properties. These include

convection velocity, correlation structures, and frequency-wavenumber spectra. This

is extended to recover azimuthal variation of large scale motions across both datasets.

• Chapter 7: Contains conclusions and recommendations for future avenues to build

on the research presented in this thesis.
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Chapter 2

Literature review

In the first part of this chapter, I aim to introduce the necessary background of partially-

filled pipe flows and the underlying dynamics associated with their motion. To begin, basic

geometric descriptions of these flows will be given. I will then discuss the implications of

turbulence, focusing on the underlying dynamics that emerge due to the presence of the

free surface, arriving at a description of the wall pressure fluctuations. A review of the

current literature will be given to identify the present understanding of these phenomena.

Next, sensing methods applicable to flow monitoring purposes will be discussed, followed

by use cases of fibre-optic sensors in varied measurement scenarios, including flow and

pipeline monitoring. Finally, Bayesian approaches to solving inverse problems will be in-

troduced, outlining the most notable schemes used, and where their utility lies in parameter

estimation tasks for engineering applications.

2.1 Partially-filled pipe flows

2.1.1 Basic description and turbulence

Open channel flows (OCF) are characterised as flows with a free surface, a boundary

between the flowing fluid and the atmosphere above the channel. OCFs occur in various

channel geometries, such as rectangular, circular, or irregular (e.g. rivers) conduits. The

literature review in this section, which aims to stay close to the topic of this thesis, focuses

on OCF in circular conduits. OCFs in circular conduits, or pipes, are called partially-filled

pipes. In this case, the flow is driven by gravity due to the presence of the free surface.
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In the case of fully-filled pipe flow, where the conduit is filled entirely with fluid, the flow

is inherently pressure-driven [30]. I begin by defining some basic geometric parameters of

partially-filled pipe flows.

Figure 2.1: Schematic diagram and 
ow geometry of a partially-�lled pipe.

For a pipe of circular cross-section with inner diameter d, the flow depth h is the distance

from the pipe bottom to the free surface at the centreline of the cross-section. The central

angle 
 associated with parameters h and d, is given by the angle between the radius r

connecting the pipe bottom to the pipe centre, and the pipe centre to the free surface

boundary at the wall. The calculation of 
 is given by

cos(
) =
r � h
r

: (2.1)

Another important parameter is the hydraulic radius Rh, which can be interpreted as a

measure of channel efficiency based on the ratio of cross-sectional flow area A, to the length

of the pipe wall boundary in contact with the fluid, also called the wetted perimeter P .

Then, Rh = A=P , where

A =
r2

2

�
2
 � sin(2
)

�
; (2.2)

P = 2r
; (2.3)

Rh =
r
�
2
 � sin(2
)

�
4


: (2.4)
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Such expressions are central to hydraulic analyses, forming parts of the Manning equation

[31] necessary for calculating hydraulic quantities in open channel flows. Due to the gravity-

driven nature of these flows, greater flow depth increases flow rate, as compared to fully

filled pipes, whereby greater flow rate is achieved through greater pressure head. As such,

bulk flow velocity Ub can be defined as the ratio between flow rate Q and cross-sectional

area of flow to give

Ub =
Q

A
; where Q =

A

nm
R

2=3
h S1=2; (2.5)

from the Manning equation, which is applicable to OCFs. Here, S is the flow slope, and

nm is Manning’s roughness coefficient, a dimensionless quantity which is dependent on the

pipe wall material.

Perhaps the most important hydraulic parameter to consider is the Reynolds Number,

given by

Re =
4UbRh

�
: (2.6)

Here, � is the kinematic viscosity of the fluid. Named after Osborne Reynolds for his pipe

flow experiments in the 19th century, this dimensionless quantity can be interpreted as the

ratio of inertial and viscous forces within the flow [32]. Through non-dimensionalising the

Navier-Stokes equations, the ratio between the terms contributing to inertial and frictional

forces is equal to the Reynolds number. Indeed, the denominator of Equation (2.6) �, is a

measure of a fluid’s resistance to flow under gravity, originating from frictional shear forces

within the fluid. The numerator is a combination of inertial forces that arise due to the

momentum of the fluid, with flows possessing greater bulk velocity and ratio of area to wet-

ted perimeter produce larger inertial forces relative to viscous forces. The balance between

these forces determines whether the flow is labelled as laminar or turbulent, corresponding

to lower and higher values of Re, respectively.

Laminar flows are characterised by layers of adjacent fluid flow throughout the whole

domain, with no mixing between layers. In this case, frictional forces dominate, and the

shear between layers governs flow behaviour. In the literature, laminar flows are very well

understood. Closed form solutions of the Navier-Stokes equations governing incompressible

fluid flow are given, under the appropriate conditions. For example, in a fully-filled pipe

exhibiting laminar flow, the velocity profile obeys a parabolic profile about the pipe radius,

the well known Hagen-Poiseuille flow [33]. However, the same cannot be said for partially-

filled pipes. Only at very small Reynolds numbers (Re < 2400) is laminar flow observed

[34]. Through application of a bipolar coordinate transformation used to account for varied
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free surface levels, theoretical solutions for laminar flow in partially-filled pipes have been

derived [35, 36]. Although to this day, most literature concerning partially-filled pipe flows

has focused on turbulent regimes, as the laminar regime is rarely observed. The transition

to turbulence from the laminar regime begins when inertial forces outweigh viscous forces,

small perturbations occur between these adjacently flowing fluid layers, which the frictional

forces are not strong enough to damp. This leads to instabilities within the flow, which are

subsequently amplified. This generates chaotic fluctuations in all dimensions in the flow,

resulting in drastically different velocity and pressure fields in the spanwise and depthwise

directions as compared to laminar flow. For partially-filled pipe flows, the nature of this

turbulence is further complicated by the existence of the free surface. The presence of

which, and its consequences, will be investigated in the next section.

2.1.2 Free surface behaviour and secondary flow motions

While the transition to turbulence is a defining feature of partially-filled pipe flows, what

distinguishes them most from fully filled-pipe systems is the presence of the free surface.

The deformable interface between liquid and air modifies turbulence production and in-

duces secondary flow motions across the cross-section. Properties of the free surface, and

the relation to underlying conditions of the flow have only gained significant attention in

recent years.

The work of Brocchini and Peregrine [37] paid attention to free surface dynamics, including

what features may arise at the surface due to turbulence in different flow regimes. In this

work, a framework was developed to classify free surface effects based on the turbulent

velocity q, and length scale Lq of turbulence in the flow. The interplay between these two

quantities was visualised in a q � Lq diagram, whereby flows existing in different regions

of this q � Lq plane exhibit different free surface characteristics. The difference between

regions and their corresponding values of q and Lq arise from the relative dominance of

different forces. The framework dictates that at low values of q and Lq, there exists little

surface disturbance due to sufficient surface tension relative to gravity forces. Whereas

for larger values of q and Lq, flows experience extremely strong turbulence, where the

turbulent kinetic energy is great enough to overcome both surface tension and gravity. As

such, droplets and bubbles form in this case, creating two-phase flow. In the case of high Lq

and low q, gravity dominates, leading to small surface deformations. Naturally occurring

flows such as rivers and streams exist in this region [38].
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Building on insights gained from the interaction between free surface and bulk flow, re-

searchers have also sought to characterise quantities contained beneath the surface. Ng et

al. [15] utilised high-speed stereoscopic particle image velocimetry (S-PIV) to construct

the velocity distribution in partially-filled pipe flows. In the turbulent regime, the maxi-

mum velocity occurred along the pipe centreline below the free surface, otherwise known

as the velocity dip phenomenon. Using a Preston tube, Knight & Sterling [1] quantified the

shear stress distribution about the wetted perimeter for partially-filled pipe flows of varied

cross-sectional shape. Information on the velocity distribution throughout the fluid do-

main was also realised for varied cross-sections, concluding the same velocity dip for filling

ratios close to 50%. Similarly, Yoon et al. [39] employed S-PIV and arrived at comparable

conclusions. This velocity dip is widely accepted as evidence of secondary flow motions in

partially-filled pipe flows.

Figure 2.2: Isovel patterns of the streamwise velocity distribution about the

cross-sectional area in a half-�lled pipe 
ow showcasing the velocity dip phe-

nomenon [1].

These motions, describing organised motion of fluid in the plane perpendicular to mean flow

direction, were first observed in 1926 by Prandtl [40]. As explained by Nezu [41], secondary

flow motions originate from the streamwise component of vorticity, which can be derived

from the Reynolds-averaged Navier–Stokes (RANS) equations. These flow features are

classified as counter-rotating vortices symmetric about the flow centreline, and have been

studied extensively in open channel flows [41, 42, 34]. In OCFs, it is understood that their

relative strength in relation to mean flow is highly dependent on the aspect ratio B=h,
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where B is the bed width, and h is the flow depth. For small aspect ratios B=h < 5,

the side walls of the OCF exert greater influence, inducing the velocity dip as well as

secondary flow motions [43]. In contrast, for larger B=h ratios, the secondary flow motions

are negligible in comparison to the strength of the mean flow. Thus, the ratio B=h, and

consequently the geometry of the flow, is clearly a contributing factor in the presence and

strength of secondary flow motions.

The available literature on not only secondary flow motions, but also flow behaviour in

partially-filled pipe flows, is sparse in general. However, in recent years, there have been

more studies appearing that focus on secondary flow motions. Liu et al. [44] performed

LES of partially-filled pipe flows, confirming that the strength of the secondary flow is

positively correlated with the filling ratio of the pipe, and the number of counter-rotating

vortices is higher for smaller filling ratios. Results obtained from a RANS model in [45]

also confirm these observations.

As mentioned earlier, the velocity dip phenomenon is closely linked to the presence of

secondary flow motions. The counter-rotating vortices influence the velocity distribution

about the pipe cross-section, which in turn influences the local shear stress at the wall.

Knight & Sterling [1] concluded that the distribution of wall shear stress becomes more

uniform for greater filling ratios. Results of this study along with those in [39, 46] agree

that maximum shear is experienced at the pipe bottom position. However, the authors of

[19] conducted a Direct Numerical Simulation (DNS) study on semi-filled pipes for varied

Reynolds’ numbers. Through a highly resolved dataset, they conclude that the wall shear

distribution is heavily influenced by the existence of inner secondary vortices present at

the mixed corner, the flow region where the pipe wall and free surface intersect. This

phenomenon is not yet observed experimentally. Indeed, experimental works on secondary

flow motions in partially-filled pipes report only two large counter-rotating vortices span-

ning the whole cross-section [15, 46], with no reporting on additional smaller vortices at

the mixed corner. Local wall shear stress maxima occur where secondary flow motions

direct high momentum fluid towards the wall [47, 48]. Thus, the high-fidelity simulations

capable of resolving smaller vortices conclude that the wall shear stress distribution varies

based on inner secondary vortices size, a conclusion earlier experimental results were not

able to capture. Specifically, it is found that wall shear stress increases towards the mixed

corner as these vortices direct momentum towards the wall, allowing for greater variations

in the wall shear stress about the wetted perimeter than once initially understood.
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The authors of [49] utilised S-PIV measurements in conjunction with Proper Orthogonal

Decomposition (POD) to decompose the PIV velocity field into separate scales within a

partially-filled pipe flow. Through this they were able to conclude the existence of large, and

very large scale motions (LSM/VLSM) in partially-filled pipe flows. These are coherent,

elongated turbulent structures that scale with the flow depth. Having received a lot of

attention in recent years, they were first noticed by Kim & Adrian [2] in turbulent pipe

flow through recovering the pre-multiplied spectra of the streamwise velocity component.

Peaks were observed at wavenumbers corresponding to two different energy-containing

spatial scales � within the time series data, this can be seen in Figure 2.3.

Figure 2.3: Example of the streamwise velocity pre-multiplied power spectrum

at Re = 66400, displaying peaks at multiple spatial scales in terms of pipe

radius R [2].

The consistent appearance of these scales among many experimental and numerical studies

confirms that LSMs typically scale as r � 4r, and VLSMs as 10r � 30r. Gibeau & Ghaemi

[50] showed that VLSMs dominate the wall pressure at low frequencies. Ng et al. [49]

further concluded that there exists an interplay between secondary flow motions and VLSM,

with the strength of the secondary currents capable of moving VLSMs about the pipe cross-

section. As such, even though the number of studies focusing specifically on flow structures

in partially-filled pipe flows is small, it is clear that there exists an interplay between large-

scale motions and secondary currents. Resolving near-wall quantities directly, and inferring
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what aspects of these data are fingerprints of these aforementioned large flow structures

present in these flows, remains a key open challenge in experimental work concerning flows

of this type.

2.1.3 Wall pressure distribution

Classical models describing the fluctuating wall pressure beneath turbulent boundary layers

have existed in the literature for over sixty years. Corcos [51] was one of the first to develop

such models in 1962. Since then, many researchers have developed on these ideas to produce

empirical models of the fluctuating wall pressure [52, 53, 54]. Assumptions such as a flat

boundary and uniformity in all directions are given in these models. Such models are not

appropriate for modelling wall pressure fluctuations in partially-filled pipe flows, as there

exist significant variations in momentum transfer about the cross-section due to secondary

flow motions. These variations strongly affect shear stress and pressure distributions about

the wall, violating uniformity. Furthermore, in the flows considered here, the boundary is

inherently curved, adding another layer of complexity beyond the scope of classical models.

Despite the vast amount of work on fluctuating wall pressure patterns in turbulent bound-

ary layer flows and pressurised pipe flows, pipes running partially-filled remain relatively

unexplored. As outlined in the previous section, the partially-filled nature of the flows con-

sidered in this work induces knock-on effects that drastically alter the flow dynamics inside

the pipe, spanning from the free surface to the distribution of near-wall quantities about

the wetted perimeter, with varied flow regimes resulting in different interplay between each

component in the flow. Recent high-fidelity DNS simulations [19] provide reason to believe

the wall shear distribution is more complex than initially realised, as seen in the earlier

experimental studies of [1, 39]. This is illustrated in Figure 2.4.
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Figure 2.4: Azimuthal variation in normalised mean wall shear stress of a

partially-�lled pipe 
ow for di�erent values of friction Reynolds number [3].

To the best of the author’s knowledge, the distribution of fluctuating wall pressure about

the cross-section in partially-filled pipe flows has not been extensively researched, unlike

its tangentially-acting counterpart, wall shear stress. It is hypothesised that the azimuthal

variation of the fluctuating wall pressure is similarly, if not more affected by the existence of

secondary currents and signatures of LSMs and VLSMs. As such, the aim of this work is to

recover properties of wall pressure fluctuations in turbulent partially-filled pipe flows using

a wall-mounted sensor designed to dynamically respond to this fluctuating wall pressure,

and relate recovered properties to key hydraulic characteristics and spatial scales.

While it is important to understand the motions and structures that govern partially-filled

pipe flow dynamics, such as LSM/VLSM and secondary flow motions, a flush-mounted

sensor at the wall can only respond to the effect they imprint on the wall in the form of

pressure fluctuations. As such, the analysis presented in this thesis primarily focuses on

statistical descriptors of the data collected at the wall, which will be introduced in later

sections. By combining this statistical framework with the azimuthal sensor measurements,

this work aims to quantify fluctuating wall pressure behaviour, and uncover the hydraulic

information encoded within. Ultimately, this will link the wall pressure fluctuations to

turbulent structures without the need for their direct resolution.
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2.2 Flow measurement techniques

This section will introduce some common methods used for flow measurement purposes in

varying contexts related to partially-filled pipe flows in general. Over the years, a variety

of techniques have been developed to characterise different aspects of flow, including ve-

locity, free surface, and the wall pressure. The choice of measurement technique is usually

attributed to the phenomena of interest. For example, to isolate velocity distributions aris-

ing from secondary currents, optical methods visualising the fluid motion in the spanwise

direction would be preferable.

In industrial and field applications, flow measurement in partially-filled pipe systems is

typically achieved through a combination of point-based and bulk measurement techniques.

Here, it is typical to obtain simple measurements that can be used to inform network

operators of the internal state of the infrastructure, rather than detailed hydrodynamic or

turbulent information. Common instrumentation includes ultrasonic and electromagnetic

flow meters. Particularly in OCFs, but also for sewer systems, the velocity-area method

is common [55]. Here, flow rate is approximated through multiplication of the flow cross-

sectional area and estimated average flow velocity obtained in the measurement.

While useful for obtaining quick measurements needed for operators, they are often limited

in their ability to resolve finer details of flow dynamics. Many techniques are intrusive,

require calibration for specific flow conditions, or rely on assumptions regarding velocity

distributions that may not hold in turbulent flows. These limitations motivate the need for

more robust, non-invasive measurement techniques capable of recovering more than a single

output, particularly in complex turbulent flow conditions where intrusive instrumentation

may itself influence the flow behaviour. To gain a better understanding of the complexities

involved with turbulent flows, it is advantageous to utilise approaches that can provide

greater spatial and temporal information. In this subsection, we proceed by providing a

review of measurement methods used for uncovering flow dynamics that have found utility

in research and industrial settings. The measurement techniques to be presented in this

section are not an exhaustive list, I merely aim to highlight the current state of the art,

and how they are utilised in practice to gain understanding of hydraulic properties of pipe

flows.
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2.2.1 Free surface measurement

Measurement of the free surface behaviour is crucial for understanding OCFs and the

underlying turbulent processes taking place between the surface and the channel bed. A

short summary of relevant examples will be given here, and reviews of additional methods

can be found in [56]. Wave probes are point-based sensors commonly utilised to obtain

surface elevation measurements. By measuring the current flowing between two wires inside

the probe, the recorded current changes in proportion to the level of submergence of the

wires. Dolcetti et al. [57] utilised a non-equidistant array of wave probes spanning two

orthogonal directions to gather spatial information on the dynamic free surface of a shallow

flow with a rough bed. Across multiple Reynolds numbers, data from the wave probes

were used to study dispersion relations of waves originating in shallow flows. Similarly,

the authors of [58, 59] constructed a non-equidistant array of wave probes arranged into a

streamwise array for measurement of water surface elevation in a laboratory flume with a

rough bed for a range of flow conditions. From surface elevation data, they were able to

construct a correlation model of the space-time pattern of the surface waves in the flume.

The model parameters were found to change between flow conditions. While wave probes

have clear utility in quantifying properties of dynamic free surface behaviour, they must

be individually calibrated and, under extensive testing, cleaned in between measurements

to ensure reliable surface elevation measurements. Data from Nichols et al. [60] were

used to formulate a model attempting to relate free surface properties to the underlying

flow field of OCFs. It was found the spatial oscillation frequency of the recovered spatial

correlation patterns of the free surface were linked to the frequency of near-bed bursting

events, suggesting interplay between the free surface and underlying coherent turbulent

structures in OCFs.

Non-invasive methods for quantifying free surface behaviour can be used in an effort to

remove drawbacks associated with invasive measurement techniques such as wave probes.

A further extension of the previously mentioned studies introduced an airborne acoustical

measurement setup for free-surface measurement [61]. By reflecting an ultrasonic wave

from the free-surface of an OCF flume, analysis of the reflected acoustic field, specifically

the phase of the scattered field, enabled for free surface quantities to be recovered. Time-

varying estimates of the free surface fluctuations (for gravity waves and turbulent flow)

recovered from this setup agreed closely with analogous measurements recovered from wave

probes placed directly within the flow. Krynkin et al. [4] utilised an acoustic scattering
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phenomenon and a speaker-receiver setup in conjunction with the Kirchhoff approximation

to predict the scattered sound field reflected from the free surface of a shallow flow across

multiple flow regimes, a schematic diagram of the experimental setup in this study is given

in Figure 2.5. In the context of a spatially varying surface, the Kirchhoff approximation

models the reflection of an acoustic wave by assuming each point on the surface reflects the

incoming wave as if it were a tangent plane [62]. Through use of the Kirchhoff integral as

a forward model of the acoustic field above the free surface, it was realised that the mean

scattered acoustic pressure from the surface was dependent on the mean surface elevation.

Figure 2.5: Diagram of experimental setup for acoustical measurements in [4].

Through a minimisation procedure between measured receiver-obtained data and model

predictions, they were able to recover the mean surface elevation height within a ±5% error

when compared against wave probe measurements used for validation. Since its inception,

this method has been expanded upon to build more robust iterations. These are inclusive of

incorporating a Bayesian inversion approach to recover parameters of a sinusoidal surface

[63], and a Digital Image Correlation (DIC) method to recover frequency-wavenumber

spectra of free surface elevation to compare against theoretical dispersion relations [64].

The DIC method was also utilised by Wu et al. [65] to recover free surface properties of

a partially-filled pipe flow fed with white titanium oxide colourant, details of which can

be found in [66]. Comparison against wave probe data displayed good agreement between

the two methods as a potential alternate method for recovery of free surface properties,

including surface fluctuations and surface velocity.

Wang et al. [67] utilised the relative conductance measured between pairs of adjacent

electrodes embedded in a novel sensor to produce a conductance profile along the length

of the sensor. This sensor was placed in a flow containing several interfaces between

sediment, water, and air. Through knowledge of the differing lengths of each electrode in
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the array, and assumptions of the number of interfaces the electrodes cross, an expression

for conductance was derived that can be related back to the relative distance between each

interface. Thus, estimations of the water column height were inferred.

2.2.2 Flow visualisation techniques

In the field of turbulence, flow visualisation has long been a key tool for identifying complex

flow structures. Many of the studies mentioned in the previous subsection that produce

results advancing the current state of knowledge in partially-filled pipe flows utilise these

flow visualisation techniques. One such method is Particle Image Velocimetry (PIV).

One of the most widely utilised flow visualisation techniques, the flow is seeded with

tracer particles that are buoyant in the flow medium, allowing these tracer particles to

be carried along with the flow. Through exposure to a laser illuminating the plane of

interest of the flow, a high speed camera records successive images of the illuminated

tracer particles in this plane. The light scattered by the tracer particles, and successive

snapshots of the state of the flow, allow positions of individual particles to be tracked

in time. Quantities related to flow motion such as velocity are calculated through post-

processing using techniques such as auto or cross-correlation [68, 69, 70]. However, if

the flow is three-dimensional, the PIV-obtained flow velocity can be incorrect due to the

out-of-plane motion and its projection onto the PIV plane used [71, 72]. S-PIV extends

the conventional PIV approach by facing two cameras towards the PIV plane at different

angles, allowing for reconstruction of all three velocity components of the flow within the

PIV plane used by combining images from both cameras [73, 74]. A further extension

of the aforementioned visualisation tools is that of tomographic PIV [75]. Similarly to S-

PIV, illuminated tracer particles occupying some part of the flow are recorded by multiple

cameras, however in this case it is a volume and not a plane that is illuminated. Utilising a

tomographic reconstruction algorithm, the recorded images are combined to estimate the

3D light intensity distribution within the measurement volume. Cross-correlation of the

3D position data is applied at successive time steps to obtain the 3D velocity distribution

on the volume. One can see the utility of S-PIV/tomographic PIV when considering

consequences of turbulence, such as secondary flow motions. As such, many of the studies

presented in section 2.1.2 utilise these measurement techniques.

While the methods mentioned here, and adjacent methods such as Particle Tracking Ve-

locimetry (PTV) can resolve two, or three-dimensional behaviour that enhances under-
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standing of flow dynamics that would otherwise be difficult to quantify, they are not with-

out their drawbacks. Post-processing can be laborious, as the PIV plane needs to be split

into smaller interrogation windows. The size of these windows relative to the size of the

PIV plane determines the overall resolution of the resolved field, introducing a balance

between resolution and post-processing time. Careful attention needs to be paid to spatial

properties of the inserted tracers. The average spacing between particles in relation to

the mean distance moved by particles between two successive images, denotes the particle

spacing displacement ratio, this parameter heavily determines the traceability of individ-

ual tracer particles [76]. Furthermore, the optimal particle distribution is specific to the

application. For example, to measure surface velocity using PIV, Weitbrecht et al. [77]

required specific tracer particle density and dimensions to ensure they remained close to

the surface.

2.2.3 Wall-mounted measurement

The optical measurement techniques introduced in section 2.2.2, while being highly effective

for identifying coherent structures and cross-sectional velocity distributions if executed

correctly, are limited in measuring quantities at the wall. In particular, pressure, and

shear stress are difficult to capture with these techniques. As such, there exist wall-mounted

sensors designed to capture information at the wall.

Devices such as accelerometers have been installed on the external wall of turbulent pipe

flows to quantify relations between pipe vibration magnitude and fluid velocity inside the

pipe [78]. While easy to install, installation onto the pipe exterior adds additional layers of

transfer between the vibration sources in the flow, and the recorded acceleration of the pipe

structure itself. Knight & Sterling [1] used a Preston tube to measure the local wall shear

stress in a partially-filled pipe flow. In [79], the authors again used a Preston tube at the

fluid-wall interface around the wetted perimeter in conjunction with pattern recognition

techniques to predict continuous profiles of the boundary shear stress about the wetted

perimeter for various flow conditions. Blake [80] recorded wall pressure measurements be-

neath a boundary layer in a wind tunnel with a pinhole-mounted condenser microphone

to identify the interaction between the wall pressure and either rough and smooth bound-

aries. The authors of [81] assessed pressure fluctuations of developing turbulent pipe flows

through piezo-electric transducers (PZT). They were installed behind pinholes inside in

the wall, pressure taps were installed in these pinholes to operate as a piston, transferring
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wall pressure fluctuations to the PZT elements. Clinch [82, 83] flush-mounted pressure

transducers to the interior wall of a smooth-walled turbulent pipe flow to measure the

wall pressure in streamwise and spanwise directions. From pressure transducer time series

measurements of the wall pressure, streamwise and spanwise correlations were recovered

and used to estimate bulk velocity of the flow. Abraham & Keith [84] flush-mounted a

streamwise linear array of PZT sensors to estimate the frequency-wavenumber spectra of

the wall pressure fluctuations in a water tunnel. From this they identified the main con-

vective ridge and provided comparisons against well known spectra models including the

Chase and Corcos models. Included in the analyses was an investigation into the effect of

the sensor size in attenuating signatures from small scale structures. A similar study was

conducted by Hu [5].

Figure 2.6: Array of pressure sensors used for measurement in [5].

This study assessed a range of sensors designed to respond to wall pressure fluctuations

in turbulent boundary layers. These included wall-mounted and pinhole-mounted com-

binations of microphones and Kulite pressure transducers of various radii to assess the

sensor-size-related attenuation of wall pressure reading, images of the sensors used are

given in Figure 2.6. It is known that spatial averaging of signals occurs when recorded

over a sensor area [85, 86, 87]. As such, recorded wall pressure spectra typically represent

a convolution between the true wall pressure and a transfer function dependent on the

sensor sensitivity [88]. This justifies the need for a correction factor unique to the sensor

surface area and installation method. Indeed, pin-hole installations minimise exposure of

the sensor surface area to wall pressure, but the cavity present in these configurations

induces Helmholtz resonances [5].

In the context of partially-filled pipe flows, and where they may occur outside of laboratory

or research environments, many of the sensing techniques introduced here, would not be

applicable. Pipe flows exist in closed conduits by definition, and so it would be impractical

to attempt installations of speaker-receiver systems above the free surface to recover free
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surface properties as given in section 2.2.1 in operational pipes. For flow visualisation tech-

niques, it is paramount that the flowing medium be clear, otherwise tracer particles would

not be illuminated. Again, many operational pipes outside of laboratory environments are

opaque, and so application of any camera-based techniques would not be possible. In con-

trast, wall-mounted sensors offer a practical solution for recovering hydraulic information

in operational conditions, as they can be installed directly in the conduit. With appropriate

design, such in-field sensors would be exposed to similar conditions as their laboratory-

controlled counterparts. This capability makes this class of sensors an attractive approach

for not only research purposes, but also for practical application of monitoring hydraulic

infrastructure through information contained at the wall. To the best of the authors knowl-

edge, most studies characterising wall pressure through the use of wall-mounted sensors

take place in turbulent boundary layer flows. As mentioned previously, numerical models

of the fluctuating wall pressure assume a flat boundary and spatial uniformity. The avail-

ability of literature inferring hydraulic conditions from data collected at the wall in pipe

flows, and especially partially-filled pipe flows, is scarce.

2.3 Fibre-optic sensors

The scarcity of wall-mounted sensor systems for hydraulic infrastructure monitoring be-

yond those based on pressure transducers is driving the search for alternative technologies

that are robust, minimally intrusive, and capable of surviving deployment in operational

conduits. Fibre-optic cables compete as a potential candidate for monitoring purposes such

as this. Since emerging as a technology in the 1960’s, fibre-optic cables have traditionally

been used as a communications device. Consisting of a glass core several �m in diameter,

surrounded by plastic cladding layers, these cables enable communication at the speed

of light, acting as waveguides through total internal reflection of light pulses propagated

through the core. Their sensitivity to mechanical strain and temperature variations has

been leveraged in recent years to convert them into a new family of sensor systems. In

this subsection, the operating principles behind fibre-optic cables will be introduced, as

well as the optical phenomena that can be leveraged to convert physical perturbations into

measurable fluctuations of this unique optical waveguide. This will be followed by a review

of several use cases to illustrate where these robust family of sensors have found utility in

monitoring hydraulic infrastructure, establishing how the work in this thesis advances on

current use cases and operating principles currently employed by fibre-optic sensors.
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2.3.1 Technology and operating principle

Snell’s law describes the change of propagation direction when a ray of light is transmitted

between two media of different refractive indices, stated as

n1 sin 
i = n2 sin 
r: (2.7)

Here, n1; n2 are the refractive indices (RI) of the first and second media, respectively. The

RI of a given medium is the ratio of the speed of light in a vacuum and the speed of light in

the medium. The angle 
i is the angle subtended between the direction of incoming light in

the first medium and the line perpendicular to the boundary between the two media, also

known as the angle of incidence. The angle 
r is the angle subtended between the direction

of outgoing light in the second medium and the line perpendicular to the boundary between

the two media, also known as the angle of refraction. This angular change in propagation is

merely a consequence of Fermat’s principle [89], whereby path taken by a ray of light is the

one minimising the time taken. For particular combinations of the parameters in Equation

(2.7), the ray of light may not pass into the second medium. This occurs when n1 > n2

and 
i > arcsin
�
n2

n1
sin 
r

�
. When the ray intercepts the boundary for these conditions,

the ray is reflected back into the first medium from the boundary. This effect, known as

total internal reflection (TIR), is the fundamental mechanism confining light within the

glass core of fibre-optic cables, this is demonstrated in Figure 2.7 between the core and

cladding boundaries of the fibre-optic cable.

Figure 2.7: Schematic diagram of TIR in a �bre-optic cable [6].
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Total internal reflection occurs when light inside the core intersects with the boundary

between the core and the outer cladding layer. The low refractive index of the cladding

relative to that of the core causes TIR, constraining the light to propagate only down the

core. While TIR enables communication at the speed of light, the cables ability to act as a

sensor is due perturbations in the cables physical environment directly altering properties

of this light. Mechanical strain, pressure, temperature, humidity, among others, are all

parameters capable of altering core geometry or refractive index, which in turn manipulate

the optical signal in response to some physical measurand. The optical or geometrical

properties that are changed in response to external parameters define the type of fibre-

optic sensor (FOS), of which there exist many. Comprehensive reviews of the available

types of fibre-optic sensing can be found in [90, 91, 92, 93]. To keep the content of this

thesis focused within the realm of monitoring hydraulic processes and infrastructure, I will

introduce the two main FOS classes used most appreciably in this field: scattering-based

and wavelength-modulated.

Rayleigh scattering is a phenomenon whereby an electromagnetic wave encountering small

density fluctuations in a medium produces a scattered component of that wave of iden-

tical wavelength to the incident wave [94]. In a FOS, this occurs when incoming light

interacts with density fluctuations in the core material that are of a much smaller size

than the wavelength. Measurement of this type of scattering can be separated into two

classes. The first is optical time-domain reflectometry (OTDR) [95]. This sensing method

sends a pulse of light down the core, light scatters back from each section of the fibre. By

analysing the time of flight of the light pulse, the location of scattering can be identified.

In phase-sensitive OTDR (’-OTDR), the phase of the backscattered signal from a specific

fibre location is tracked over time. A dynamic strain event alters the optical path length,

inducing a phase shift, which is proportional to the applied strain. While this method

is capable of operating on multiple kilometres of fibre at once, it generally suffers from

poor spatial resolution [94]. The frequency domain counterpart, optical frequency-domain

reflectometry (OFDR) sweeps the frequency of the input signal linearly in time [96]. The

distance travelled before being scattered backwards towards the source is recovered from

a Fast Fourier Transform (FFT) of the signal [6]. The combined outward and scattered

signal is composed of reflections from different sections of the fibre, creating a beat fre-

quency spectrum where each frequency component corresponds to a specific distance. The

frequency content of this signal can be related back to the scattering points based on the

time of flight and sweep rate of the input signal [94]. While scattering-based methods pro-
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vide long-range capabilities, they suffer from poor localisation. As such, sensors operating

on these larger scales are typically referred to as distributed fibre-optic sensors (DFOS),

making them applicable for perimeter monitoring and other large-scale systems [97, 98].

The aforementioned wavelength-modulated sensing overcomes poor localisation issues through

alteration of the core’s optical properties at specific positions along its length. This cre-

ates individual elements at specified positions sensitive to external perturbations. Most

notably in this category are fibre Bragg gratings (FBG), first introduced by Hill et al. [99].

An individual grating is written into a fibre through periodic modulation of the refractive

index of the fibre’s core over a specified length. This is achieved by exposing the core to an

intense optical interference pattern at these points of modulation. When a broadband light

source intercepts the grating, reflecting components from each of the boundaries between

the points of modulated refractive index occur in phase, reflecting a singular wavelength

backwards along the core, this dichroic effect transmits all remaining wavelengths. The

particular value of this reflected wavelength, called the Bragg wavelength, is dependent on

the properties of the grating itself [100], this is given by

�B = 2Λne�: (2.8)

In the above expression, Λ is the grating period, and ne� is the effective refractive index of

the fibre core, both of which can be sensitive to changes in temperature T or axial strain

". Strain alters Λ through elongation of the cable, and alters ne� through the photo-elastic

effect. Temperature alters Λ through thermal expansion of the core, and alters ne� through

the thermo-optic effect [100]. Any changes to either ne� or Λ, induces a Bragg wavelength

shift ∆�B, proportional to the change in the corresponding temperature ∆T , or strain ".

This relation can be expressed as

∆�B
�B

= (1 � �e)" + (�e + �o)∆T: (2.9)

This expression details the full contribution from both strain and temperature in the Bragg

wavelength shift. Here, �e is the photo-elastic coefficient of the core material, �e is the

thermal expansion, and �o is the thermo-optic coefficient [101]. This cross-sensitivity to

both strain and temperature may require compensation strategies to isolate the effect of

each variable in the evolution of ∆�B, depending on the specific application. Aside from

this additional consideration, multiple FBG elements can be written into a single fibre

core, a technique known as multiplexing.
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Figure 2.8: Schematic diagram of FBG strain response [7].

Provided the Bragg wavelengths of each grating are spaced su�ciently far from each other,

the transmitted spectrum from each FBG does not interfere with neighbouring elements.

This allows for FBGs to be transformed from a single-point measurement sensor into what

is called a quasi-distributed �bre-optic sensor, with spatial resolution dependent on the

FBG spacing.

2.3.2 Towards deployment in 
ow monitoring

In the previous subsection, the most common types of �bre-optic sensing, and their mea-

surement principles, were introduced. Now, our attention is turned to their deployment

and capabilities in monitoring live infrastructure, with a focus on the utility of FBG tech-

nology in hydraulics and 
ow monitoring use cases. All sensors monitoring the health or

condition of some structure typically recover the response of the structure to some physical

process, whether it be dynamic loading, temperature variations, or chemical changes. In

the context of monitoring hydraulic infrastructure, the �elds inducing loading on some

structure are naturally spatially and temporally evolving �elds. Embedding of FOS onto

these structures enables spatial and temporal variations to be resolved, allowing for an

abundance of data to be collected from a single sensor, making it a promising tool for ad-

vancing 
ow monitoring and condition assessment. To the best of the author's knowledge,

work leveraging �bre-optic sensing to monitor hydraulic processes in partially-�lled pipes

is sparse, even more so when attempting to utilise this sensing method to collect data at

the interior pipe wall. As such, although �bre-optic sensing is common among structural
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health monitoring [102, 103], use cases relevant to the general area of monitoring hydraulic

infrastructure shall be introduced as a means to provide insight into the current capabilities

of �bre-optic sensing in this area.

Multiple studies have utilised FBG technology to respond to changes in hoop strain of a

pipe structure. This is a consequence of the internal pressure inside the pipe and changes

in wall thickness. The authors of [104] demonstrated that externally-installed FBGs were

capable of identifying leaks in a pressurised pipe due to the relation with hoop strain. An

`optical �bre accelerometer' system utilising FBGs was attached to the exterior of a buried

steel pipeline, and was shown to track changes in natural frequency of the pipe structure

when subjected to localised corrosion over time [105]. Studies such as this showcase how

monitoring of external parameters leads to sound inference of internal conditions.

More speci�c to direct 
ow monitoring, a unique FOS was developed in [8] in an e�ort

to measure 
ow rate in pipe 
ow. From the mathematical details given in the study it is

assumed the 
ow is pressurised. A hollow cylindrical cantilever with a circular target at

the free end was attached to the interior pipe wall, oriented perpendicularly to the 
ow

direction, a schematic of this setup is given in Figure 2.9. Three FBGs were attached,

two responding to strain induced by cantilever bending in response to 
ow, with the third

uncoupled to calibrate against thermal changes. Through a simple mathematical formu-

lation, recovered strain was converted into corresponding 
ow velocity at the pipe centre,

agreeing well with simulation results.

Figure 2.9: Schematic diagram of FBG sensor developed in [8].
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The main shortcoming of this unique sensor however is the lack of spatial resolution, and

intrusion into the 
ow. In the context of monitoring live infrastructure, a dense coverage

in the sensor network is advantageous. By way of the construction of this speci�c sensor,

it cannot capture spatial variations along the pipe wall, limiting its utility in the �eld.

Takashima et al. [106] presented a water 
ow meter that uses FBG sensors and a cross-

correlation technique to measure 
ow velocity based on the time delay of vortex signals.

The mentioned signals were produced by 
uid moving past a blu� body manually installed

in the 
ow domain. While a more enhanced method of analysis is utilised to recover 
ow

properties, the method requires manual disruption of 
ow, making it unsuitable for live

and buried pipelines.

A multi-parameter sensor utilising FBG technology was produced in [107], capable of re-

sponding to pressure, acceleration, and temperature changes. Installed on the exterior of

a hydraulic pipe system, the results from the FBG sensors were in good agreement with

measurements obtained from reference electrical sensors. FBG-recovered modal proper-

ties such as natural frequencies and damping ratios displayed excellent agreement with

accelerometer-equivalent results. Looseness of the clamping system was also identi�ed by

tracking changes to the natural frequencies recovered by the FBG sensors. An externally-

mounted FBG sensing system was constructed to work on toroidal sections of pipe [108].

Centripetal forces induced from the curved path of 
ow exerts forcing onto the pipe wall,

resulting in displacement at the FBG location. Wavelength shifts in response to changes

in 
ow velocity were recorded to empirically relate the two, showing errors of only 4.6%.

Collectively, the studies presented in this subsection present the utility of FBG technology

in hydraulic infrastructure monitoring, while simultaneously highlighting an all-important

trade-o� between ease of operation and sensor capability. While non-invasive monitoring

through external attachment is relatively easy to install on operational infrastructure,

the steps taken to achieve inference of internal 
ow properties are laborious, owing to

the indirect measurement of 
ow properties. Conversely, direct access to 
ow inside the

infrastructure necessitates intrusion of the sensor into the 
ow domain, disrupting the


ow dynamics. Even measurement principles that recover 
ow properties directly have

only been developed to operate on pressurised pipelines, a condition less common in many

operational drainage and sewer conduits, which are often partially-�lled. Dynamics of these


ows is fundamentally more complex than fully-�lled counterparts, often being turbulent

in nature. As such, modern sensing techniques must be produced to directly monitor 
ows

32



departing from the idealised pressurised 
ow dynamics. It is precisely this gap, the need

for a direct, non-intrusive 
ow measurement technique capable of recovering hydraulic

conditions in partially-�lled pipes, that this thesis aims to address.

2.4 Inverse problems in engineering

In some cases, the direct measurand provided by sensors may not be su�cient to provide

the information necessary to achieve the required monitoring task. It is most common for

sensors to monitor the response of the system to some external process or loading. In other

words, sensors record the output of a system, which is dependent on some underlying inputs

that are currently unknown to the user. These inputs can be a loading pro�le induced by

wind, or material properties of some structure, such as natural frequencies and damping

ratios. In either case, the task of inferring the unobservable inputs, given the output data

available to the user, is known as an inverse problem. This is in contrast to the forward

problem, where observable outcomes are computed given the inputs and, usually, a set

of equations governing the dynamics of the system in question. Inverse problems are,

by nature, susceptible to ill-posedness. In these types of problems, there may be many

potential inputs � explaining the observed data Y , or none at all. Traditional optimisation

methods, such as least-squares optimisation, aim to seek the input � minimising the error

between Y and model-predicted outputs. However, approaches such as this are often

vulnerable to noise in the observed data Y , and do not address the issue of multiple

minima existing.

2.4.1 A Bayesian perspective on inversion

First, consider an experiment producing a set of measured data Y that are dependent

on some unknown parameters �; these data may additionally depend on some known in-

put variables, which will be termed X. One may have access to a mathematical model

f � : X ! Y that perfectly describes the dynamics of the system, allowing for an opti-

mal � to be chosen that minimises the error between measured data and model-produced

data. Here, X ; Y denote the spaces of the inputs X and the output data Y , respectively.

Probabilistically, however, one could instead construct, using the same model f� , a prob-

ability density function P ( Y j � ; X ) which expresses how likely the measured Y is given

the known X and choice of �; this expression will be termed the likelihood of the model.
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In Bayesian statistics, the posterior distribution is related to the likelihood via the relation

P ( � j Y ; X ) =
P ( Y j � ; X ) P ( � )

P ( Y )
: (2.10)

In Equation (2.10), one's prior beliefs about the distribution of the parameters � are con-

tained within the prior P ( � ) [109]. The posterior P ( � j Y ; X ) is the probability distribu-

tion which expresses belief over the unknown � once data have been observed. It balances

the in
uence of the user's a priori belief and the information contained in the observed

data through the likelihood, and is the central object providing inference on parameter val-

ues given measured data Y. The denominator is known as the marginal. This term serves

to normalise, ensuring the posterior distribution integrates to one. Under the Bayesian

paradigm, attention shifts from inferring a `best' estimate of the unknown quantities �

to understanding the chance of � taking every possible value, as expressed through the

posterior distribution.

Armed with the essential components of a Bayesian analysis, consider how to compute the

posterior distribution. The likelihood and prior are both determined by the user. In the

context of an engineering problem, the likelihood may consist of the model of the physical

process one seeks to understand f� and some probabilistic speci�cation of the noise on

the observed data. For a certain subset of models with speci�c choices for P ( Y j � ; X )

and P ( � ) it is then possible to compute P ( � j Y ; X ) directly and in closed form. This

can be a very useful and powerful route for analysis. However, in the majority of cases

of interest, the nature of the models (f� ) which are being used necessitates a form of

P ( Y j � ; X ) which is not amenable to this exact solution. Such cases of intractable models

require a numerical approach to solving for P ( � j Y ; X ). Introductory texts on the general

frameworks of Bayesian inference for inverse problems can be found in [110, 111], however

a few use cases of frameworks relevant to the content of this thesis shall be introduced next.

The types of inverse problems addressed in this thesis are those of parameter estimation.

As such, tasks of this type shall be the focus of the following subsection.

2.4.2 Parameter estimation via Bayesian methodologies

One of the most common Bayesian methods for parameter estimation is MCMC methods

[112]. The authors of [113] utilised the Metropolis-Hastings (MH) algorithm to estimate

the coe�cients of polynomial terms in a linear time-invariant (LTI) system. Variations

of adaptive and parallel adaptive MCMC methods were also utilised in conjunction with
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priors imposed on the variance of the to-be-estimated parameters to estimate kinetic rate

parameters of Ordinary Di�erential Equation (ODE) models in systems biology [114]. By

posing the bending sti�ness as a damage-sensitive parameter discretised along the length

of an Euler-Bernoulli beam, the authors of [115] developed a modi�ed MH scheme that

outperformed conventional MH on the given task. In a problem of acoustic scattering,

Johnson et al. [63] utilised an adaptive MH scheme to recover the parameters of a sinusoidal

rough surface from the surface's scattered acoustic �eld. A requirement of MCMC methods

is the ability to compute the likelihood function, how likely observed data Y are given inputs

�. Especially in cases of high-dimensionality or unknown likelihoods, this computation may

be expensive or impossible to complete. For the most part, this limits the applicability of

standard MCMC schemes for low-dimensional problems, or where there exists a relatively

simple likelihood. This limitation motivates the need for other inference methods that

can provide sound inference of model parameters (through computation of the posterior

distribution) in the presence of unworkable likelihoods.

Among the most popular likelihood-free methods is ABC [116]. Methods such as this

circumvent the need for a likelihood through simulation of arti�cial data Y� from inputs

sampled from the prior. Direct comparison between simulated and observed data under

some de�nition of distance characterised by a metric D, enables assessment of inputs in

their plausibility of being responsible for the observed data. If the simulated data Y� agree

with eachother up to some threshold � under D (D(Y; Y� ) � �), the input � � is accepted

into an approximate posterior distribution. The threshold � controls the acceptance rate

and accuracy of the approximated posterior distribution. On its own, ABC experiences very

low acceptance rates, and improvements are based on enhancing the sampling procedure

to target more appropriate subsets of the parameter space [117].

Building on this, one key advancement is that of ABC-SMC [118]. This scheme operates by

projecting samples � through a series of intermediate distributions. The distribution from

which inputs are sampled in a given wave is the posterior of the accepted samples from

the previous wave. The gradual change of the distribution from which to sample potential

inputs is the main driving force behind enhanced e�ciency. By concentrating e�orts on

increasingly appropriate areas of the parameter space, less e�ort is wasted testing suitability

of samples occupying areas of parameter space sampled from less-so in the previous wave.

The technical details have been spared here, but can be found in greater depth in Chapter

4.5. This enhanced method has found utility in estimating parameters of the repressilator
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model for gene regulatory systems [119]. Used to estimate a four-dimensional quantity

parametrising a set of six ordinary di�erential equations, the posterior distribution obtained

over 19 waves agrees well with analogous results from previous studies. An improved

ABC-SMC (IABC-SMC) scheme was used for model selection and parameter estimation

on models of infectious diseases, showcasing improved accuracy of parameter estimates

and model selection speed [120]. The authors of [121] combined ABC-SMC with the

random forest (RF) algorithm to infer parameters of the Lokta-Volterra model. It was

found that their combined architecture typically results in better posterior approximations

than previous methods solely relying on RF methods alone, simultaneously maintaining

performance comparable to standard ABC schemes. These applications demonstrate the

versatility of ABC-SMC as a tool for probabilistic inference tasks, the major drawback

of these schemes is that the parameters to be inferred, are continuous. In practice, it

is ubiquitous that the goal of inverse problems is to gain an understanding of discrete,

categorical, or mixed parameters. Part of the contribution of this thesis is to address the

inapplicability of ABC-SMC to varied parameter types by introducing a novel adaptation

combinatorial ABC-SMC designed to perform inference on high-dimensional binary, rather

than continuous variables. The details of which are presented in more detail in Chapters

3 and 5.

2.5 Literature review summary

The literature reviewed in this chapter serves to highlight not only the complex and multi-

scale properties of turbulent partially-�lled pipe 
ows, but also the complexities involved

in measurement challenges of such 
ows in the laboratory and out in the �eld. The key

feature complicating the dynamics of partially-�lled 
ows as compared to their fully-�lled

counterparts is the free surface. The presence of which introduces secondary 
ow motions,

non-uniform wall shear stress distributions, and consequently non-uniform wall pressure


uctuation distributions. Experimental and numerical studies on turbulence in these 
ows

utilising methods ranging from S-PIV to LES have signi�cantly advanced understanding

of these 
ows, yet most approaches are restricted to simulation or laboratory environments

only, and do not address the wall pressure distribution. As of yet, the number of studies

further advancing understanding of partially-�lled pipe 
ows with data collected from the

wall, while also providing new measurement techniques applicable to monitoring of these


ows in the �eld, remains limited.
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Ranging from free surface characterisation, velocity �eld reconstruction, and wall-based

measurements, many measurement technologies exist that are utilised in the laboratory

and in the �eld to this day. However, where many of these methods introduced in this

chapter fall short is their intrusion into the 
ow, or sparse coverage of pipe lengths. Fibre-

optic sensing technologies o�er a promising alternative due to their non-invasive nature,

durability, and potential for distributed measurement. Having been adapted for various

sensing scenarios such as structural health monitoring and monitoring of hydraulic infras-

tructure, they have so far not been implemented in a non-invasive fashion with the goal of

uncovering turbulent phenomena from partially-�lled pipe 
ows through their response to


uctuating pressure at the wall. In particular, there is a lack of established methodologies

for interpreting FOS response in terms of the underlying turbulence in these 
ows.

More broadly, the problem of inferring unknown system behaviour from raw sensor data,

which is inherently a response to some unknown source, can be viewed as an inverse prob-

lem. Such problems may be ill-posed and sensitive to uncertainty in sensor measurements,

modelling choices, or unknown parameters governing system behaviour. The Bayesian

approaches reviewed here encompass some of the more common methods leveraged to per-

form data-driven inference on real world engineering scenarios. A focus has been given on

parameter estimation schemes to outline how the extension of the well-known ABC-SMC

scheme presented in this thesis was a necessity in resolving the niche form of uncertainty

observed when calibrating the primitive FOS response to controlled excitation.

From the literature reviewed, clear gaps can be identi�ed that this thesis aims to address.

Firstly, there is limited understanding of the 
uctuating wall pressure spanning the wetter

perimeter in turbulent partially-�lled pipe 
ows, especially when considering how the or-

ganisation of these pressure 
uctuations may be �ngerprints of secondary 
ow structures

encompassing the whole 
ow �eld. There is also a lack of non-invasive sensing method-

ologies capable of capturing the targeted dynamics of these 
ows. Finally, there is a need

for robust inference frameworks to interpret sensor response in the presence of uncertainty,

particularly when measurements involve unique and complex calibration procedures. The

initial focus is placed on resolving uncertainty in a primivite version of this FOS through

the application (and extension) of Bayesian inference methods, before progressing to the

development of a novel �bre-optic sensor embedded into the wall of a partially-�lled pipe

for hydraulic testing. This enables for the FOS response to wall pressure to be captured for

the �rst time in 
ows of this type, resulting in the recovery of key 
ow properties, including
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bulk velocity, spatial correlation structures, and signatures of turbulent large-scale motions

and secondary 
ow motion, directly from the wall. In doing so, the work contributes to

both the advancement of non-invasive monitoring technologies for hydraulic infrastructure

and the broader understanding of turbulent partially-�lled pipe 
ows.
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Chapter 3

Methodology

This chapter introduces the overall methodological frameworks utilised throughout this

thesis. This includes experimental, mathematical, and statistical methodologies that have

been leveraged to obtain the results to be presented in the proceeding chapters. As the

current study adopts methodologies spanning the above mentioned three broad compo-

nents, it is the aim of this chapter to provide an overall narrative to connect the chapters

together to form a single study.

Chapter 4 centres on developing Bayesian methodologies applied to datasets obtained from

experiments on a preliminary �bre-optic sensor developed by nuron Ltd, a company who

were tied to the initial stages of this project through their research on �bre-optic sensing

technology for live pipeline monitoring. Sensor design considerations had already been

completed before I began my research. As such, the contribution of this chapter is purely

statistical, and was a relevant step needed to resolve uncertainty that was identi�ed in the

dynamic response of this preliminary sensor during testing. While the sensor con�guration

investigated in Chapter 4 di�ers from the �nal design adopted in subsequent chapters,

the work provides an important methodological foundation for addressing uncertainty in

�bre-optic sensor response. Building on insights gained here, a revised FOS was later

developed in the subsequent chapters that was deemed appropriate for hydraulic testing,

as seen in Chapters 5 and 6. As such, Chapter 4 represents an initial stage in the overall

research, where challenges associated with sensor response are addressed in a controlled

setting, before being extended to more complex hydraulic environments in the remainder

of the thesis.

39



Chapters 5 and 6 centre around experimental design, data collection, and analysis of the

FOS response to 
uctuating wall pressure of turbulent 
ows in a partially-�lled pipe rig.

As such, one of the methodologies relevant to these chapters is the signal processing used

to manipulate raw sensor data for physics-based inference. It is also important to consider

the measurement techniques used to setup the 
ow conditions, and give details of design

decisions that needed to be implemented before the data collection process could take place

for these works. Inclusion of these details of the experimental methodology will also be

given, to guide the reader through the research process from experimental setup, to raw

data collection, right up to the construction of the presented results through data analysis

pipelines.

To provide an overall methodological framework of the work in this thesis, the current

chapter separates the methodology into three distinct sections: mathematical and statisti-

cal methods utilised for analysis of wall pressure 
uctuations in chapters 5 and 6, Bayesian

methodologies used throughout chapters 4, 5, and 6, and experimental design decisions

that were central to the data collection processes carried out in chapters 5 and 6.

3.1 A statistical description of wall pressure 
uctua-

tions

Content contained within the current sub-section is necessary to build up the mathematical

and statistical formalism needed to understand the nature of the wall pressure 
uctuations,

and the standard signal processing techniques applied to raw sensor data to arrive at mean-

ingful physical interpretations of the collected data. Describing the balance of momentum

in an incompressible 
uid, the Navier-Stokes equations provide an analytic formulation of

the relation between pressure p and velocity �eld v, typically written as

�
@v
@t

+ �(v � r)v = �rp + �̂r 2v: (3.1)

Here, �̂ is the dynamic viscosity of the 
uid, and � is the 
uid density. The incompressibility

condition demands that r � v = 0. After taking the divergence of these equations and

some rearranging, one arrives at the Poisson equation for the pressure

r 2p = ��r � (v � r)v � �r � (v � rv) (3.2)
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Equation 3.2 tells us that the pressure, even at the wall, isn't purely local. It is determined

from contributions of the velocity �eld across the whole 
uid domain, which is especially

complex in turbulent 
ows, where multiple spatial scales exist within the 
ow. This makes

exact prediction of the pressure �eld impractical in practice, as it would require knowl-

edge of the whole velocity �eld. This limitation motivates the statistical approach taken

throughout this work, the wall pressure is characterised through its measurable statistical

properties (introduced in the following subsection), which prove useful in recovering more

global 
ow dynamics.

Near the wall in fully developed turbulent 
ows, the velocity �eld v is assumed to be

composed of a constant component, overlaid with a 
uctuating component arising from

turbulent 
uctuations in the velocity �eld. The consequential variations in pressure at

the wall also 
uctuate about a mean value, with these 
uctuations being stationary in

time. This stationarity implies that statistical moments such as mean and variance remain

constant over time. Spatial data is usually sparse in comparison to temporal data. As

such, the stationary process is usually assumed to be ergodic to allow for time averages to

be equated to ensemble averages.

3.1.1 Space-time correlations

The stationarity assumption enables us to look at di�erences in wall pressure between two

points separated in the direction of mean 
ow as a function of streamwise separation � and

temporal separation (or time lag) � only, and not their absolute positions in space or time.

For the 
uctuating wall pressure p(x; t), stationary in space and time, the space-time cross-

correlation between two points x1; x2 such that � = jx 1 � x 2j is given by

Rpp(�; � ) = hp(x 1; t) p(x 2; t + � )i: (3.3)

Here, the subscript denotes correlation of p with itself, and h�i denotes the ensemble average,

which can be replaced by a time average under the ergodicity assumption, such that

Rpp(�; � ) =
1
T

Z T

0
p(x1; t) p(x 2; t + � )dt; (3.4)

for a given (x1; x2) pair, where T is the length of the function in time. The function Rpp

characterises similarity between p at varied spatial and temporal shifted versions of itself.

41



the value of � at which Rpp is maximised corresponds to the time lag at which p(x1; t) is

most similar to p(x2; t). In the context of 
uctuating wall pressure signals separated in the

direction of mean 
ow, this value � � is the time delay that denotes the convection of wall

pressure 
uctuations between the two positions. This, along with the known distance �

between the two pressure signals, can be used to estimate the velocity of the wall pressure,

also known as the convection velocity Uc = �=� � . Removing dependencies of separation

and time lag, the auto and spatial correlations are de�ned, respectively. These are given

by

Rpp(0; � ) =
1
T

Z T

0
p(x1; t) p(x 1; t + � )dt; (3.5)

and

Rpp(�; 0) =
1
T

Z T

0
p(x1; t) p(x 2; t)dt; (3.6)

respectively.

Cross-correlation is, by de�nition, a time domain method. Transforming its various forms

into the frequency domain via the Fourier transform allows for a more detailed view of the

temporal and spatial properties, as frequency domain representations can be viewed as a

distribution over available frequencies, isolating di�erent scales present in the data.

Taking the Fourier transform of Rpp(�; � ), the cross-spectral density (CSD) of wall pressure

for a given (x1; x2) pair such that � = jx 1 � x 2j, is given as

� pp(�; !) =
1

2�

Z 1

�1
Rpp(�; � )e �i!� d�: (3.7)

The CSD provides the degree of correlation between p(x1; t) and p(x2; t) across all angular

frequencies !, where ! = 2�f and f is the temporal frequency in Hz. Performing the

above transform on the autocorrelation provides the power-spectral density (PSD), given

by

� pp(!) =
1

2�

Z 1

�1
Rpp(0; � )e �i!� d�: (3.8)

The PSD represents the distribution of variance with frequency !, and is equivalent to the

CSD evaluated at � = 0.
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Taking the spatial Fourier transform of the CSD along �,

� pp(k; !) =
1

(2�) 2

Z 1

�1
� pp(�; !)e �ik� d� (3.9)

gives the frequency-wavenumber spectrum of p. In the context of 
uctuating wall pres-

sure signals separated in the streamwise direction, k is the streamwise wavenumber. This

function provides a complete spectral representation of the temporal and spatial scales

contained in p(x; t). The magnitude of � pp at a given (k; !) indicates the energy of struc-

tures present in the 
uctuating wall pressure with that speci�c streamwise wavenumber

and oscillation frequency. The main contributor of energy in �pp is the convective ridge.

This indicates the convection of 
ow of pressure past the wall at the convection velocity

Uc, which manifests as a ridge of high energy, and can be expressed as Uc = !=k in ! � k

space.

3.1.2 Taylor's hypothesis

The presence of a convective ridge of precise structure suggests a relation between temporal

and spatial scales in the wall pressure 
uctuations; this relation is formalised through

Taylor's hypothesis [122]. This hypothesis reasons that, if 
uctuations in a turbulent

quantity F are small in relation to the mean 
ow velocity, then time histories of this

quantity at a �xed point can be viewed as a spatial pattern frozen in time, translating past

the �xed point. For example, a turbulent velocity �eld v = �v + ~v with mean component

�v = (V; 0; 0), and turbulent component ~v such that j~vj << j�vj, Taylor's hypothesis states

that
dF
dt

=
@F
@t

+ V
@F
@x

= 0; (3.10)

establishing that
@
@t

= �V
@

@x
(3.11)

so that the time evolution of F at a �xed point is related in full to the convection of the

spatial �eld by the mean 
ow [123, 124].

Much like white light can be thought of as a superposition of all wavelengths, turbulent


ow can be considered similarly as a superposition of structures of varied spatial scales

�. The inherent drawback of Taylor's hypothesis is the assumption that all components

travel with velocity V , independent of frequency f , or wavelength �. Particularly close

to the wall where there exists high shear, larger-scale structures tend to propagate at
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velocities faster than the local mean V . In the inverted domain, the conversion is given

as k = 2�f=V , this mapping imposed by Taylor's hypothesis then maps these larger

structures to higher than realistic wavenumbers, owing to a misrepresented value of their

true velocity. This skews the converted wavenumber spectrum, shifting energy away from

low wavenumber (longer wavelength), obscuring the true, 
atter energy distribution at

large scales [125, 126, 127]. Even with this limitation, Taylor's hypothesis is still a very

powerful assumption that enables recovery of spatial properties of turbulence from single-

point time series measurements alone.

3.2 The Bayesian approach

Owing to the di�culty in computation of the posterior distribution in Equation (2.10) for

all but simple cases, practical Bayesian inference techniques typically rely on numerical

methods to approximate P ( � j Y ; X ). More speci�cally, samples are generated through a

stochastic sampling approach. After su�cient time, generated samples are distributed in

line with the posterior. In this section, the sampling procedures of the two main Bayesian

methodologies used in this thesis shall be introduced.

3.2.1 Markov Chain Monte Carlo

The dominant methodology for sampling-based approaches when dealing with intractable

distributions is that of an MCMC approach. When attempting to sample from a target

distribution, MCMC methods produce a Markov chain, a sequence of random samples,

such that each successive sample depends only on its predecessor. The chain possesses

a stationary distribution that converges to the target distribution. This means, after a

su�ciently long time, samples drawn from the Markov chain are distributed according to

the target distribution.

Perhaps the most well-known MCMC scheme is the Metropolis-Hastings algorithm. Re-

moving dependency on X in Equation (2.10), Bayes' theorem becomes

P( � j Y ) =
P( Y j � )P ( � )

P ( Y )
: (3.12)

Considering the application of Metropolis-Hastings in a Bayesian setting, the goal is to

sample from the LHS of Equation (3.12). Computation of the denominator of the RHS is
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laborious, as it is typically a multidimensional integral that is expensive to compute. This

can be reframed as attempting to sample from a distribution

�(�) = g(�)=Z; (3.13)

where g represents the numerator of Equation (3.12), which can be sampled from, and

Z = P( Y ) is a normalising constant. The Metropolis-Hastings algorithm then proceeds

as follows: from a current sample �, a new state �0 is proposed, which is sampled from

a proposal distribution q(�0j�); centred on the current sample. The transition � ! � 0 is

accepted with acceptance probability

� = min
�

1;
g(� 0)q(� 0j�)
g(�)q(�j� 0)

�
= min

�
1;

P ( Y j � 0)P ( � 0)q(� 0j�)
P ( Y j � )P ( � )q(�j� 0)

�
: (3.14)

The crucial aspect of this computation is that the normalising factors Z, or corresponding

marginals in the posterior probabilities, cancel out. By assessing the relative values of each

sample under the likelihood and prior, the scheme can explore the parameter space and

generate samples from the target posterior using only the numerator of Bayes' theorem in

Equation (3.12). If a proposed state is accepted, the Markov chain moves to �0, otherwise

it remains at �, and a new state is proposed from q(�j�). This simple acceptance condi-

tion ensures that, over time, the chain explores the parameter space in proportion to the

posterior probability.

3.2.2 Approximate Bayesian Computation via Sequential Monte

Carlo (ABC-SMC)

Even though the Metropolis-Hastings blueprint circumvents the need for evaluation of

complex terms, knowledge of the likelihood may also be infeasible. This, unfortunately, is

the reality for many complex systems, where the likelihood itself is intractable or expensive

to evaluate. When the model f� used to map inputs to outputs cannot form part of a

probabilistic model capable of providing likelihood values, attention is turned to likelihood-

free methods that utilise all possible information contained in f� .

The core idea of ABC is to infer posterior probabilities directly from arti�cial data Y�

procured as the output of some forward model f� : X ! Y governing the system dynamics.

The need for a likelihood is bypassed through implementation of a metric D and a threshold

�. A sampled � 0and the corresponding simulated data Y� , are assessed under D. An outline

of the scheme is given below:
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1. Sample �0 from P ( � )

2. Compute Y� = f � 0(X)

3. Compute D(Y; Y� ).

4. If D(Y; Y � ) � �, store � 0. Return to step 1 and repeat.

The recovered population of samples stored from this scheme originate from the distribution

[128]

P� ( � j Y ) /
Z

P ( � )P ( Y j � )I A �;Y (Y � )dY � ; (3.15)

where IA �;Y denotes the indicator function on the set A�;Y such that

A �;Y =
�

Y � 2 Y j D(Y; Y � ) � �
	

: (3.16)

One can see, � ! 0 forces Y ! Y � , and consequently P� ( � j Y ) ! P ( � j Y ). In the other

direction, taking � ! 1 provides no restriction on the acceptance criteria. In this case,

P� ( � j Y ) ! P ( � ). Thus, there is a balance in how tight to make the threshold to balance

accuracy with acceptance rate.

To enhance the acceptance rate, ABC-SMC is employed. As mentioned in Chapter 2.5,

samples are propagated through a series of J intermediate distributions, accompanied by a

sequence of decreasing tolerances �1 > � 2 > ::: > � J . The core idea is that the distribution

of accepted samples evolves through a sequence of distributions, bridging the gap between

prior and posterior as the scheme progresses. The �rst distribution (j = 1) is recovered

via the standard ABC procedure, where samples are drawn from P( � ), and a tolerance of

� 1 is used. After all the required number of samples N are accepted, all are assigned an

equal weight of 1=N.

For all subsequent populations (j � 2), a sample � � is drawn from the previous waves'

pool of accepted samples with a probability proportional to its weight on the previous

wave. This allows the scheme to focus on areas of parameter space that are deemed

more probable. The selected �� is then perturbed using a Markov kernel Kj (� 0j� � ) to

propose a new candidate sample �0. This operates as a means for the scheme to explore

areas surrounding promising samples. Simulated data Y� are produced from �0, which is

accepted if D(Y; Y� ) � � j . This proposal step is repeated until N samples are accepted.

The weight for the i0th accepted sample in wave j � 2 is computed as
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w(i)
j =

P( � (i)
j )

P N
l=1 w(l)

j�1 K j (�
(i)
j j� (l)

j�1 )
: (3.17)

This balances the sample's prior probability against how likely it was to be sampled, based

on previous weights and Kj . Consequently, a sample receives a larger weight if it has a

high prior probability, and correspondingly low probability of being proposed from the

previous wave's distribution. An outline of the ABC-SMC algorithm for a sequence of J

intermediate distributions is given below:

Algorithm 1: ABC-SMC algorithm

1 Initialise �rst population, j = 1;

2 for i = 1; :::; N do

3 Sample �0 from P ( � ) ;

4 Generate Y� from f � 0;

5 if D(Y; Y � ) � � 1 then

6 Set � (i)
1  � 0;

7 Set w(i)
1  1=N ;

8 end

9 end

10 Sequential populations;

11 for j = 2; :::; J do

12 for i = 1; :::; N do

13 Resample: Select � � from f� (i)
j�1 g with probabilities / w (i)

j�1 ;

14 Perturb: Sample � 0 � K j (�j� � );

15 Generate Y� from f � 0;

16 if D(Y; Y � ) � � j then

17 Set � (i)
j  � 0;

18 Set w(i)
j  

P ( � (i)
j )

P N
l=1 w(l)

j�1 K j (�
(i)
j j� (l)

j�1 )
;

19 end

20 end

21 Normalize weights:
P N

i=1 wi
j = 1;

22 end
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3.3 Experimental methodology considerations

The experimental approach adopted in this thesis balances two requirements: to obtain

statistically robust datasets of the target turbulent phenomena, balanced with practical

constraints of the laboratory facility and data collection process. Where appropriate, key

experimental decisions are justi�ed below, alongside a discussion of associated uncertainties

and limitations.

The experimental datasets presented in this thesis encompass two distinct 
ow conditions,

representing di�erent 
ow depths, Reynolds numbers, and 
ow geometries within the same

partially-�lled pipe rig. Rather than attempting a wider study containing a greater number

of Reynolds numbers and 
ow depths, this smaller number of regimes was selected in order

to focus on obtaining high quality datasets for both 
ow cases. Here, the goal was to obtain

very long time series measurements of each 
ow regime. Most datasets in studies of this

type span seconds or minutes, whereas here it was desired to obtain hours. This allowed for

more reliable statistical analysis and independent samples of the sensor response, ensuring

an abundance of derived quantities that would be used to draw conclusions from the

raw data. Particularly in turbulent 
ows, where low frequency or large-scale motions

are present, longer sampling durations are also advantageous to capture the full range of

dynamics, as these features are slow-varying, and so greater time series lengths enable for

recovery of an appropriate number of signatures of these low frequency features. Aside from

this, shorter measurement periods were found to introduce greater variability in correlation

and spectral estimates, as can be seen in the proceeding chapters.

A key assumption throughout this thesis is that of uniform 
ow conditions and fully-

developed 
ow throughout the duration of the experimental datasets. Uniformity was

manually targeted through control of the pipe slope and downstream boundary conditions

of the sluice gate at the pipe outlet. The pipe was surveyed manually with rulers to ensure

a consistent gradient, and adjustments to the outlet weir were made, as seen in Figure

3.1(a), such that the water surface slope aligned as closely as possible with the pipe slope

over the measurement region. Initial 
ow-setting calibration was also conducted using

wave probes distributed across the pipe length for a range of 
ow rates and outlet gate

conditions, allowing target 
ow depths corresponding to neutral water slope conditions to

be established. In practice, perfectly uniform 
ow is di�cult to con�rm, and so throughout

this work this assumption should be interpreted in a statistical manner, whereby 
ow prop-

erties recovered from the raw sensor data are measured as approximately constant over the
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sensor region. Experimental determination of 
ow depth and bulk 
ow velocity were also

conducted manually. The former was obtained using manual ruler measurements during

the slope setting procedure. The latter was calculated indirectly from measured 
ow rate,

recorded by calibrated Siemens electromagnetic 
ow meters at the main inlet tank outlet.

Manufacturer-stated accuracies are on the order of ±0.2% of the measured value under

ideal operating conditions. As the downstream gate condition directly controls the local


ow depth at the sensor position, it is acknowledged that the recovered bulk velocity should

be interpreted as an approximate bulk quantity rather than a detailed representation of

the local velocity �eld. However, experimental results shown in Section 5 con�rm that

FOS-obtained velocity measurements align exceptionally well with the experimentally-set

bulk 
ow velocity values. The uncertainty in depth measurement is expected to be on the

order of millimetres, which propagates into the calculated wetted area and velocity. Once

measurements were made and deemed to 
uctuate minimally, additional manual measure-

ments were taken by extending tape around the pipe circumference up to the water surface.

The measured arc length was then used to con�rm the recorded 
ow depth, this is pictured

in Figure 3.1(b). During the main experimental runs, intrusive wave probes were removed

from the 
ow to minimise additional disturbances and arti�cial turbulent structures within

the measurement region.

(a) (b)

Figure 3.1: (a): Sluice gate at the pipe outlet controlling the 
ow depth. (b):

Tape measure placed around pipe circumference to infer 
ow depth from wetted

perimeter of 
ow.

Once data were collected, the main consideration during preprocessing was �ltering of the
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time series in an appropriate frequency range. Upon assessment of power spectra, a man-

ual cuto� of 15 Hz was decided, this will be explored further in Section 5.4. The selected

frequency range was chosen to retain the dominant energy-containing scales of the tur-

bulence while excluding higher-frequency noise and components of the structural response

not directly related to 
ow-induced pressure 
uctuations as seen in the power spectra. It is

acknowledged that the choice of cut-o� frequency introduces some subjectivity. However,

during preliminary data analysis steps, testing of greater cuto� frequencies past this 15

Hz limit revealed no signi�cant di�erences in derived quantities, a�rming this limit was

appropriate for the available experimental datasets.

Overall, the experimental methodology re
ects a balance between ideal measurement con-

ditions and the practical limits involved with the laboratory facility and study length. The

choices made are considered appropriate for capturing the key 
ow features of interest,

while acknowledging the inherent uncertainties associated with turbulent 
ow measure-

ments and indirect interpretation of sensor response.
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Chapter 4

Calibrating the discrete boundary

conditions of a dynamic simulation:

A combinatorial ABC-SMC approach

4.1 Abstract

This paper presents a novel adaptation of the conventional approximate Bayesian

computation sequential Monte Carlo (ABC-SMC) sampling algorithm for parameter es-

timation in the presence of uncertainties, coined combinatorial ABC-SMC. Inference of

this type is used in situations where there does not exist a closed form of the associated

likelihood function, which is replaced by a simulating model capable of producing arti�cial

data. In the literature, conventional ABC-SMC is utilised to perform inference on continu-

ous parameters. The novel scheme presented here has been developed to perform inference

on parameters that are high-dimensional binary, rather than continuous. By altering the

form of the proposal distribution from which to sample candidates in subsequent iterations

(referred to as waves), high-dimensional binary variables may be targeted and inferred

by the scheme. The e�cacy of the proposed scheme is demonstrated through application

to vibration data obtained in a structural dynamics experiment on a �bre-optic sensor

simulated as a �nite plate with uncertain boundary conditions at its edges. Results indi-

cate that the method provides sound inference on the plate boundary conditions, which

is validated through subsequent application of the method to multiple vibration datasets.
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Comparisons between appropriate forms of the metric function used in the scheme are also

developed to highlight the e�ect of this element in the scheme's convergence.

4.2 Introduction

The calibration of complex computer models remains a challenging problem within engi-

neering contexts. This issue is exacerbated by two factors: high dimensionality, and lack

of di�erentiability in the parameter space of interest. A methodology for targeting the

combination of these two problematic scenarios is the key contribution of this work. Ad-

ditionally, in almost all scenarios, aligning the outputs of a computer model (simulator)

with measured data is complicated by the presence of uncertainties throughout the pro-

cess, some of which may be reducible (e.g., model parameters such as material properties)

or irreducible (e.g., pollution of measured data by noise). The understanding and quan-

ti�cation of this uncertainty is often a key step in the calibration process, and one where

problems of high dimensionality and lack of di�erentiability are exacerbated.

In this work, the authors adopt a Bayesian standpoint on the calibration problem, where

the user seeks to �nd a posterior distribution over the parameters of interest given the

combination of evidence from observed data and expert judgement (expressed as prior

belief). This Bayesian viewpoint on uncertainty is by no means the only approach for

the quanti�cation of uncertainty; however, it has previously been shown to be e�ective in

problems the readers will be familiar with. In the context of structural dynamics, there

exist several known methods appealing to Bayes' theorem to infer structural parameters

[129, 130, 131]. These have proved to be popular avenues for engineers to take when

attempting to perform inference on parameters of dynamical systems when working with

measured data. It is also widely known that Bayesian methodologies can be adopted in

the context of structural model updating. For example, the works of [132, 131, 133] all

show e�ective methodologies for the recovery of Bayesian posteriors. Just as the successes

of the Bayesian approach are well known, so are some of the shortcomings, particularly the

di�culty of inference in high dimensions; see [134].

In the examples above, the parameters of interest, such as natural frequency, exist as a

set of continuous variables. Less attention has been given to problems where the variables

take discrete values or where the parameter vector � contains a mixture of continuous

and discrete values. This problem of inference over discrete or mixed spaces has received
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comparatively less attention in general, notable exceptions being in mixture modelling or

switching cases, e.g., [135, 136, 137]. However, in the context of engineering modelling,

cases such as these may be encountered in a number of scenarios as seen in [138], where

the authors used Bayesian optimisation to inform structural design of a welded beam, en-

coding welding types as a binary variable, whilst geometric considerations were encoded as

continuous variables. The contribution of this paper is to propose a methodology for (ap-

proximate) Bayesian inference over computer models (simulators), where the parameters of

interest are discrete (or mixed) and the parameter space is high dimensional. The approach

is one of a sequential approximate Bayesian computation scheme with proposal kernels de-

veloped in a similar manner to that seen in Population Monte Carlo [139]. This allows

for inference to be made over a thirty-six dimensional binary parameter space in the case

study modelling a �bre-optic sensor housing articulation response in an e�cient manner.

Commonly, Bayesian inference will be intractable, owing to lack of access to the marginal

likelihood which normalises the posterior; hence, most modern Bayesian approaches will

resort to an approximation of the posterior either via sampling methods such as MCMC, im-

portance sampling, or sequential Monte Carlo, or via parametric approximation as in vari-

ational inference [140]. In practice, however, even the evaluation of the likelihood function,

which models the observed data Y as a function of known inputs X, parametrised by �, may

prove to be impractical. A closed form of a function f� : X ! Y may be available, but the

form of the noise model may not be known, or f� may be known to only be an approxima-

tion of the true physical mechanisms at play due to the lack of su�cient knowledge of the

system or the computational expense [128]. A collection of approaches coined likelihood-

free methods have been produced that allow for computation of the posterior in situa-

tions where the corresponding likelihood function is unavailable. One such likelihood-free

method that has proved popular within the last two decades is ABC [141]. This algorithm

relies on the user being able to produce simulated data Y� through a simulating model

with inputs � sampled from some known distribution, e.g., the prior. The simulating model

mimics the unknown likelihood function by considering the closeness of the outputs of this

model to the observed data. Acceptance of � into the approximate posterior is conditional

on simulated and observed data Y� , Y being similar `enough' under some de�nition of

distance [128]. The application of this algorithm and its augmented versions such as ABC-

MCMC [142] and ABC-SMC [143] can be seen throughout many areas, including genetics

[144, 116, 145] and applied dynamical systems. For example, in [146], the authors demon-

strated the value of ABC-SMC for parameter estimation in nonlinear system identi�cation.
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In [147], the authors used both ABC-SMC and ABC-MCMC to estimate the parameters in

the deterministic Lotka-Volterra model [148] to demonstrate the decreased computational

cost incurred with these adapted schemes compared to traditional ABC. To the best of the

author's knowledge, all documented uses of the ABC-SMC scheme have been produced to

estimate continuous parameters.

Particularly in practical engineering cases, parameters encoding the design of some struc-

ture to be assessed may manifest as binary variables as highlighted above. In such cases

where likelihood-free methods are the best form of attack, the procedure in question must

be assessed in order to best ascertain how the sampling of these parameters can be altered to

achieve e�cient model calibration from the prior to the posterior distribution through the

use of Bayes' theorem. The presented work provides an adapted version of the well-known

ABC-SMC scheme in the case where the parameters to be inferred are high-dimensional

sets of binary variables rather than continuous variables. In this case, it is the resampling

procedure contained in the sequential component of the algorithm that has been modi�ed

to accommodate this parameter change, allowing other components of the algorithm to

operate as intended. The adapted scheme is not just applicable to the application shown

here but in any scenario when an altered approach of well-known likelihood-free methods

is needed to suit the nature of the problem to be addressed.

In Sections 4.3 and 4.5, the ABC, ABC-SMC, and adapted combinatorial ABC-SMC al-

gorithms are presented. Section 4.6 presents a niche form of uncertainty that arose in a

structural dynamics experiment considered by the authors, as well as details of numeri-

cal modelling of the experiment. Section 4.7 presents results from utilising the developed

methodology to quantify the experimental uncertainty, followed by the interpretation of

these results and notes on potential future work in Section 4.8.

4.3 Approximate Bayesian Computation

The already discussed Bayesian strategy for learning about unknown parameters in engi-

neering models has been suggested as a valuable approach, owing to its formal incorporation

of expert knowledge (through the prior distribution) and added insight from recovery of the

full distribution over �. It stated that it is generally possible, either exactly or numerically,

to recover the posterior distribution P ( � j Y ; X ), which is the main object of interest.

However, it is simple to imagine a case where the modeller has insu�cient knowledge to
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construct the likelihood of the model P ( Y j � ; X ). This situation may arise from (broadly

speaking) two areas of ignorance. First, it may not be possible to write down the correct

form of f � , for example, using a computer model such as a �nite element simulation of a

physical object that will result in some mismatch between the output of the model and the

`true' physical behaviour of the system. This mismatch will be termed model discrepancy,

which will lead to an incorrect likelihood distribution and result in a biased estimation

of the posterior. The second source of ignorance is regarding the form of the uncertainty

on the observed data Y . It is commonly di�cult to express as a probability distribution

the uncertainty associated with the measurements, and often, assumptions will be made

about the form of this uncertainty for convenience. Most regularly, models of the form

P ( Y j � ; X ) = N (f � j �), i.e., additive Gaussian (white) noise with standard deviation �

determined by the probabilistic speci�cation of the problem, may be assumed. Incorrect

assumption regarding the uncertainty or noise process will, similarly to model discrepancy,

lead to a bias in the estimation of P ( � j Y ; X ).

The challenge in accurately specifying the likelihood P ( Y j � ; X ) and the known bias that

misspeci�cation can introduce has motivated the development of ABC techniques, which

can return reliable results even when it is not possible to specify the likelihood exactly [149].

ABC attempts to retain the bene�ts of a fully Bayesian approach, i.e., recovering a poste-

rior distribution which incorporates prior knowledge, by using an approximate likelihood

where the computation of P ( Y j � ; X ) is replaced by some other function which describes

how well the current set of � allows the data to be modelled given f� . The function which

replaces the likelihood should measure in some way the distance D(Y; Y� ) between the

data generated by the model for some choice of �, Y� , and the observed data Y . There

are some restrictions on the choice of this distance function; however, in general, it is far

easier to specify D(Y; Y� ) than it would be to specify a correct form for P ( Y j � ; X ).

The aim of ABC is then to gather a number of samples N from an approximate form of

P ( � j Y ; X ) which contains within its probability mass the true posterior distribution.

Recovering such a set of samples can be achieved by employing a rejection sampling ap-

proach [149]. In possession of the simulating model f� , one can produce outputs Y� for

a trial set of � values, � 0, which are the predictions from the model f� 0 (X). The quality

of these predictions may be assessed by the previously de�ned distance function D(Y; Y� ),

and then, if this is below some speci�ed threshold �, that sample could be designated as

plausible and is stored. If the distance is greater than the minimum acceptable as set by
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�, then � 0 is discarded (rejected), and another possible trial � is drawn. This rejection

sampling procedure is outlined in Algorithm 2 [150].

Algorithm 2: ABC rejection sampler.
Input: f � ; P ( � ) ; D(Y; Y � ); N; �

Output: n t Samples from approximate P ( � j Y ; X )

1 na  0;

2 while n a < N do

3 Sample �0 from P ( � );

4 Compute Y� = f � 0(X);

5 if D(Y; Y � ) � � then

6 Store � 0;

7 na  n a + 1;

8 end

9 end

Assuming that � 2 �, where � is the space of all possible �, one can imagine that if

only a small part of � contains valid samples, the rejection sampling approach may be

very ine�cient, i.e., many guesses of � are discarded. This issue can often be encountered

in practice and is exacerbated when the computation of Y� = f � 0(X) is computationally

demanding. One may then seek ways in which the e�ciency of Algorithm 2 could be

improved through more targeted sampling of possible �0 to be assessed. However, it is

useful to retain the properties and guarantees of this most basic ABC inference algorithm.

4.4 ABC-SMC

The desire for a more e�cient ABC inference approach led to the development of ABC-

SMC [143], where SMC refers to sequential Monte Carlo. This, as the name suggests,

utilises a sequential sampling scheme to arrive at the set of valid target samples. The

main challenge of e�ectively using the aforementioned ABC rejection sampling approach

is that very few samples may be accepted at the desired threshold; most trial sets of

parameters for which the simulation is run are rejected. When a potential � is simulated

and then rejected, the computational e�ort associated with that simulation is, in e�ect,

wasted. Therefore, it is favourable to design algorithms which will improve the acceptance
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rate and therefore reduce the amount of wasted computational e�ort. An introduction,

more generally, to SMC for Bayesian inference can be found in [151]; however, a brief

introduction to ABC-SMC is given here.

ABC-SMC attempts to increase the acceptance rate of samples through generating J in-

termediate distributions which bridge the gap between the prior and the posterior, each

of these may be referred to as a population. These intermediate distributions are formed

by sequentially reducing the threshold below which samples are accepted, such that in

earlier populations of the algorithm, sets of � whose simulated outputs lie further from

the observed data Y are still accepted. The setup for performing ABC-SMC inference is

very similar to that seen for the rejection sampling approach presented in Algorithm 2;

the output of the algorithm will be a set of nt samples of � that produce outputs from the

simulator Y � which lie within the threshold � in terms of their distance from the observed

data Y . Additionally, the user speci�es a set of n thresholds given by

� = f� 0; : : : ; � n�1 ; �g ; (4.1)

which are decreasing and whose �nal value � is the target threshold. Notationally, for pop-

ulation j, a set of N samples will be produced
n

� (j)
i

oN

i=1
.

On its own, this would not improve the e�ciency of the overall sampling scheme; instead,

the acceptance rate would simply fall with each iteration. To facilitate the improvement

in acceptance rate, the SMC component of the algorithm uses the accepted samples from

the previous population (after the �rst) to propose �0 from a more restricted space, which,

hopefully, will contain more good samples. The full procedure is described in [143], in-

cluding, in particular, comments on the choice of the backward kernel, which have been

omitted here for brevity, although a brief description of the full algorithm is given below.

As the samples are accepted, they are also assigned a weight according to some weighting

function wi
j (�

0) which considers the likelihood of �0 under the prior and the D(Y; Y� )

given the simulated data under �0. In populations after the �rst wave, the weights are

also a function of the previous weight and likelihood under the move kernel (and backward

kernel). The move kernel Mj

�n
� (j)

i

o
j�
�

allows samples of � to be generated for population

t+1. In other words, it facilitates the sequential part of the SMC procedure, informing the

samples of the next population from those currently selected. The move kernel encompasses

the following steps. First, a resampling procedure selects to carry forward those samples

with the highest weights (i.e., those proportional to the smallest D(Y; Y� )). After sampling,
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each sample weight is reset to 1=N. The resampling step may be omitted if the diversity

in the samples (commonly measured by the e�ective sample size, ESS) is high enough. It

should be noted that it is often bene�cial to reduce sample degeneracy. After resampling,

the remaining samples are used to propose possible �0 in the next population j by means of

a Markov kernel Kj (�j
n

� (j�1)
i

o
). The most common choice for this Markov kernel (and the

backward kernel) is a Gaussian with zero mean and some variance which corresponds to a

random walk centred on a previous sample with some perturbation, the extent of which is

governed by the variance. This selection has the advantage of simplifying the calculation

of wi
j , ensuring that the whole parameter space can be reached.

4.5 Combinatorial ABC-SMC

In the previous section, ABC and ABC-SMC schemes have been introduced. ABC-SMC

aims to reduce the problem of slow convergence when the parameter space only contains

a small subset of appropriate samples, this is the typical setting in an engineering model

where the posterior is much tighter than the prior distribution. Typically, ABC-SMC

methods have been used in situations where the parameters of interest � are continuous

variables. However, as discussed, it is often the case that parameters in engineering models

will be discrete or a mixture of discrete and continuous domains; this poses a problem

since the typical random walk proposals seen in ABC-SMC are no longer appropriate.

Since the parameter spaces are often high dimensional, it would be bene�cial to leverage

the same advantages as ABC-SMC usually does, increasing acceptance rates through a

series of sampling procedures with shrinking tolerances that is applicable to these binary,

or mixed spaces. By considering the contributions from all elements of the variable, their

individual states, and the outputs through f� , it should be assessed which combination of

all variable states is more likely to produce appropriate simulated data. To accommodate

this challenge, a novel scheme, coined combinatorial ABC-SMC is presented. The root

of this terminology is the fact that the algorithm is searching for the posterior over the

combination of binary variables, as is necessary to resolve the experimental uncertainty to

be presented in Section 4.6. In the proceeding text, the parameters to be inferred shall be

denoted by � to re
ect the fact they are multidimensional. It will later become apparent

why this change in variable approach was needed.

Combinatorial ABC-SMC again uses a sequential sampling scheme, projecting samples

through a sequence of J intermediate distributions with thresholds introduced in Equa-
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tion (4.1). The proposed solution involves developing a proposal that works similarly to

that seen in [152, 139]. The idea is to build a proposal distribution which depends on all

the accepted samples in the previous wave, and generate new samples to be assessed inde-

pendently from that distribution on the current wave, for example, computing the sample

mean and variance, then proposing from that Gaussian distribution as in [153]. Here,

however, this is not the desired method since the variables are binary, and it is not clear

how a Gaussian proposal could be leveraged. Instead, the solution explored is to develop

a proposal distribution that makes the following assumption; that each dimension can be

treated as independent in the proposal, i.e., there is no correlation between elements in the

variable. The proposal is then given by the estimated posterior probability that a given

element �v in � is equal to 1 in the previous wave, which is computed in a Monte Carlo

manner based on the full set of accepted samples,

� 0
v =

8
>><

>>:

1 with probability
1
N

NX

i=1

1fig

�
� (j)

v

�
;

0 otherwise

; (4.2)

where 1fig

�
� (j)

v

�
is an indicator if � (j)

v is equal to one in the i'th accepted sample from

the previous wave. Then, �0v is the proposed value of the v0th dimension of a potential

� 0 in wave j + 1, and this is proposed with the probability equal to the proportion of

instances in the previous wave where that element is equal to one (i.e., �(j)
v = 1). This can

be repeated for each dimension of �0 as independence is assumed. While this may seem

complicated, an intuitive explanation is that the probability that a particular element is

equal to one is simply equal to the proportion which is equal to one in the previous wave.

Rather than assigning weights to accepted samples, the intermediate distribution formed

by the N samples described by the above procedure in each wave is simply sampled from

the subsequent wave. By recording which samples are more likely to produce appropriate

data, which is contained in each wave's intermediate distribution, sampling from this on

the next wave ensures a more appropriate subset of the parameter space is explored.

There is a clear case where this may be a bad choice for the proposal. If, for a particular

dimension of �, there are no accepted instances where �v is not zero, then it will be impos-

sible to ever propose that �v is not equal to zero. This will cause problems. One potential

solution, if this is to occur, is to also perform tempering on the proposal distribution. De-

noting the density from which a new �0 is sampled using Equation (4.2) as ~q(�0j� j ), then
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the tempered proposal density can be given by,

q(� 0j� j ) = ~q(� 0j� j )1��(j) p(�) �(j) ; (4.3)

where �(j) is a monotonically reducing sequence from 1 to 0 as a function of the wave

number j, e.g., a linearly reducing scheme. This tempering approach ensures there is some

in
uence of the prior to maintain diversity across the waves [154]. The contribution of this

paper then is to present the new proposal in Equation (4.2) to be used in the move step

of the ABC-SMC scheme with the intention of targeting high-dimensional sets of binary

variables. An application in which this methodology has been utilised shall be introduced

in the following sections.

4.6 Problem statement

nuron Ltd., formed in 2015, is a company that aims to utilise �bre-optic sensing for leak

detection and 
ow measurement in the UK's wastewater pipes. Their researchers and engi-

neers provided a FOS to be used in an experiment based at the Laboratory for Veri�cation

and Validation (LVV) at the University of She�eld. This experiment aimed to analyse

the dynamic response of a �bre-optic sensor laid at the bottom of a dry half-pipe when

subjected to localised mechanical excitation. For clarity, a �bre-optic sensor is a uniquely

designed structure encasing a �bre-optic cable that can be laid at the bottom of the pipe

interior, spanning a given section of the pipe length. The sensor is designed so any ex-

ternal pressure perturbations exerted on the structure are magni�ed by several orders of

magnitude as they propagate through, ensuring the perturbations are picked up by the

encased cable. In the �eld, it is pressure impacts due to the 
uid 
ow above the sensor

that induce signal changes in the �bre-optic cable within. These signal 
uctuations change

when leakages occur, allowing leaks to be detected [155]. It should be noted, however, that

for these experiments, it is the dynamic response of the sensor structure that is of interest,

rather than the interior cable signal response.

The experimental setup in the LVV facility consists of an 8 m long, 300 mm diameter clay

half-pipe laid horizontally, clamped in place to minimise pipe vibration. The sensor has a

length of 90 cm and consists of three separate layers. An articulation system spanning each

side of the sensor is installed to ensure the sensing structure itself did not become dislodged

from the pipe interior during testing. This system is divided into 18 clamp sections on either

side, each 5 cm in length. The coupling between the articulation system and the sensor
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varies between sections, and it is the application of the previously introduced methodology

that resolves this uncertainty in coupling variation. The experiments at LVV involved

exerting a harmonic load onto the sensor via a electrodynamic shaker at given points

along the sensor length. For a given impact location, time series of the sensor transverse

displacement at regular length intervals were recorded using a Laser Doppler Vibrometer

(LDV). This in turn is used to build a pro�le of the maximum transverse displacement

of the sensor for a load of given frequency, amplitude, and location. Figure 4.1 contains

a maximum displacement pro�le of the sensor that is recovered through the experimental

procedure described above. Note, LDV data were only collected in 1 cm intervals from 48

to 80 cm along the sensor length. This acted as a �rst step in understanding how nuron's

sensor would respond to simple excitation in controlled conditions.

Figure 4.1: Normalised absolute displacement pro�le for the sensor subjected

to mechanical excitation of 0.041{0.044 N operating at 5 Hz. Impact located at

45 cm along the 90 cm sensor length.

Through the large di�erence between the obtained LDV data and previously obtained

numerical data during initial simulation stages, it became clear that the extent of the

coupling between the clamps and the sensing structure is unknown, implying any given edge

section could move freely if the clamp at that position is not locked in place. Whatever the

cause for the discrepancy between the numerical and experimental data, there is uncertainty

in how to numerically model the sensor response. If each clamp is modelled as on or

o�, there are a potential 236 possible clamping con�gurations that may be responsible

for the data in Figure 4.1. If it took one second to numerically evaluate the maximum

sensor displacement under the same experimental conditions as outlined in Figure 4.1 for
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a given clamping con�guration (based on the simpli�ed numerical model outlined in the

following subsection), it would take over two millennia to evaluate the displacement for all

possible con�gurations.

The presented problem can be stated as follows: obtained experimentally are data Y that

are dependent on some unknown parameters � 2 �, of which there are many. Which mem-

bers of � may be responsible for Y? Or, in the context of the presented work, given the

observed sensor response in Figure 4.1, what is the possible con�guration of clamping that

is physically responsible for these data? It is the methodology developed in the previous

sections that the authors have used to resolve this boundary condition uncertainty. The ap-

proach taken is to model the clamping con�guration for the sensor as a high-dimensional

binary variable � 2 �, where � = f0; 1g 36. Each of the 36 elements corresponds to a par-

ticular clamping section such that each element of � is either 0 (unclamped) or 1 (clamped),

resulting in the corresponding edge section being �xed or free, respectively. The authors

believe that 5 cm is a long enough length for the sensor displacement to decrease (as seen

in Figure 4.1) so that a speci�c clamp section may not be a�ected by the condition of its

neighbours, and so independence between clamping sections is assumed. There is currently

no known method of recovering the transverse displacement of the sensor when subjected

to harmonic excitation with the complex boundary conditions that are presented here,

making a likelihood function unobtainable. To circumvent this problem, simulated data

Y � can be produced through the use of the model displayed in Figure 4.2 that replicates

the observed data Y shown in Figure 4.1 for the same type of excitation, with a di�ering

con�guration of boundary conditions for each simulation. Under a suitable user-de�ned

metric D that not only de�nes the distance between the two data curves but characterises

their similarity, the suitability of simulated curves and the corresponding boundary con-

ditions can be assessed. By repeating this and projecting samples through intermediate

distributions, an approximate form of the posterior distribution P ( � j Y ; X ) can be pro-

duced. This gives the probability of each boundary condition being �xed or free, given

observed data Y .

Starting with a uniform probability of all boundary conditions being �xed or free, a con-

�guration of conditions is sampled from �. Each of these boundary conditions are inserted

into the COMSOL model, which analyses the sensor displacement in the same fashion as

in the experiment. Under the user-de�ned metric, the experimental and simulated curves

are compared; if they agree within a certain margin of error, the boundary conditions
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from the simulation are accepted. Otherwise, that con�guration of conditions is rejected,

and a di�erent con�guration of conditions is sampled. The process is repeated multiple

times, sampling from the previous waves distribution, using a smaller margin of error each

time, until 500 appropriate samples are accepted. During the testing of this methodology

applied to the experimental data, it is found that �ve waves of combinatorial ABC-SMC

is su�cient to achieve the target threshold � from Equation (4.1) and converge to realistic

posterior distributions on the parameters of interest, and so the scheme is implemented

over �ve waves for this work. Inference of the true con�guration of boundary conditions

would not be achievable by use of classical ABC-SMC due to how the boundary conditions

manifest as random variables. The authors hope this application demonstrates how the

adapted combinatorial ABC-SMC scheme can be utilised in practice to perform inference

on binary rather than continuous variables in an engineering context.

Physically Modelling the Articulation Response

A simpli�ed �nite element model of the LVV �bre-optic sensor was built in the �nite

element modelling (FEM) package COMSOL [156]. The geometry of the model is shown

in Figure 4.2. While the actual �bre-optic sensor had a more complex geometry, through

FEM simulations, it is established that simplifying the geometry has a negligible e�ect

on sensor response. hence, it is decided to proceed with the simpli�ed geometry that

resulted in a considerable reduction in computational cost. The simpli�cations included

not explicitly modelling the half pipe to which the sensor is attached, as well as the clamping

system holding the sensor in place. The e�ect of these geometry elements is replicated via

appropriate boundary conditions.
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(a) (b)

Figure 4.2: Simpli�ed model of LVV sensor used for predicting response to

mechanical excitation. Labelled clamping sections and shaker impact area are

highlighted in blue in (a). The mesh used is displayed in (b).

Note, the sections highlighted in blue that line the left and right sides of the sensors' top

layer in Figure 4.2a are where the clamps line the sensor at the pipe bottom. The �ner

mesh section in Figure 4.2b on the top of the sensor highlights where the harmonic load

is exerted to replicate the data displayed in Figure 4.1. The top centreline of the sensor,

parallel to the edges in Figure 4.2a, is where the maximum displacement of the sensor is

plotted from, in line with the LDV measurements obtained in LVV. The presented model is

used to generate simulated displacement curves Y� for di�erent con�gurations of clamping

and played a pivotal role in resolving the uncertainty of the clamping system. The following

section displays the results obtained from utilising the displayed �nite element model as a

simulating function in the combinatorial ABC-SMC scheme.

4.7 Results and discussion

Combinatorial ABC-SMC is applied twice to the data in Figure 4.1. In each instance,

a di�erent metric is used to characterise the similarity between normalised observed data

Y and normalised simulated data Y� . It is noted that both datasets are normalised by

the maximum value, restricting values to the interval [0; 1]. For a sampled set of boundary

conditions in the �rst instance, the areas beneath the experimental curves Y in Figure 4.1

and Y� , denoted as Ac(Y ) and Ac(Y � ) respectively, were calculated on the interval 48{80
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cm. The corresponding metric used for this run takes the form

D(Y; Y � ) =
jA c(Y ) � A c(Y � )j

Ac(Y )
: (4.4)

Using this form of D allows the areas of the respective curves to be compared, and if

D(Y; Y � ) � �, the 36 boundary conditions producing Y � are accepted. Figures 4.3 and 4.4

display results from this run. The 500 normalised simulated data Y� accepted on each wave

are displayed �rst in Figure 4.3. The corresponding probability of each of the 36 boundary

conditions being �xed after all 500 samples were accepted for each wave is displayed in

Figure 4.4.

It can be observed in Figure 4.3 that the sequence of accepted curves more closely ap-

proximates the shape of the experimental data for successive waves. The corresponding

boundary conditions capable of producing these more acceptable data show a trend of

favouring free conditions at the shaker impact area. By wave 5 (Figures 4.3e and 4.4e), it

appears that only con�gurations of conditions that are free at the shaker impact area are

capable of producing curves within the margin of error that has been set for wave 5.
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(a) (b)

(c) (d)

(e)

Figure 4.3: Accepted curves for each wave of ABC-SMC using a di�erence of

area metric. Curves in (a)-(e) correspond to accepted simulated data Y� from

waves 1-5, respectively. Experimental data are shown with circle markers.
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(a) (b)

(c) (d)

(e)

Figure 4.4: Intermediate distributions for each dimension of � for each wave

of ABC-SMC, using a di�erence of area metric. Distributions in (a)-(e) corre-

spond to the belief of the �xity of each boundary condition after each wave 1-5,

respectively.

The results in Figures 4.5 and 4.6 were produced by using a least-squares metric on the

same experimental data. The metric used in this instance takes the form

D(Y; Y � ) =
33X

i=0

jy �
48+i � y 48+i j2: (4.5)

The terms yl ; y�
l are the values of the experimental and simulated curves Y; Y� at l cm along

the sensor length, respectively. Note, as data were only collected along a subsection of the
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sensor length, it is only over this interval that areas of simulated data and least-squares

distance are calculated for each run.

(a) (b)

(c) (d)

(e)

Figure 4.5: Accepted curves for each wave of ABC-SMC using a least-squares

metric. Curves in (a)-(e) correspond to accepted simulated data Y� from waves

1-5, respectively. Experimental data are shown with circle markers.
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(a) (b)

(c) (d)

(e)

Figure 4.6: Intermediate distributions for each dimension of � for each wave

of ABC-SMC, using a least-squares metric. Distributions in (a)-(e) correspond

to belief of �xity of each boundary condition after each wave 1-5, respectively.

For any ABC scheme, the metric utilised needs to be carefully chosen to fully incorporate

the notion of `similarity' between the objects Y and Y� being considered. If the outputs

of the system in question were real numbers, then a simple function such as the absolute

distance D(Y; Y� ) = jY � Y � j between the two data would be a perfect mechanism to

classify similarity. In this scenario, D = 0 would imply Y = Y � , and so it is understood

that the parameters � producing Y� must also produce Y . Unfortunately, for most cases

where ABC schemes are applicable, the parameters to be inferred do not produce objects

69



as simple as this. Understanding the objects being compared is important, i.e., curves in

R2 in the current scenario. However, the metric needs to fully re
ect what properties of

the experimental data the user wishes to emulate. For the presented case, the user wishes

to recover simulated absolute maximum displacement pro�les of the plate that match,

as closely as possible, the trajectory of the data in Figure 4.1. Whilst taking the form

of D in Equation (4.4) provided the expected inference, it is clear from Figure 4.3e that

boundary conditions are still being accepted that produce curves with secondary peaks,

even though the target data do not display this feature. The di�erence between the areas

of these curves and the experimental curve are still within the margin of error that has

been set, and so the scheme sees the samples generating these curves as appropriate, even

though these curves do not follow a trajectory similar to Y . Thus, D has, in a sense, failed

to only accept samples producing simulated data that conform to the conditions being

targeted within �ve waves, and more iterations may be needed to produce simulated data

more closely approximating experimental data.

It is believed that using the form of D in Equation (4.5) would provide more sound inference

when attempting to recover the exact trajectory of Y without the need to increase the

number of waves, as this metric aims to minimise the sum of o�sets between the two sets

of data being considered, ensuring that simulated curves with similar trajectories to Y

produce lower values of D.

Utilising a least-squares metric as seen in Figures 4.5 and 4.6 accounted more for the shape

of the simulated curves. It is believed that this form of D would penalise curves with sec-

ondary peaks more heavily when compared against the experimental data, which consists

of only a single thin peak. In later waves, this is hypothesised to help in re�ning the space

of appropriate samples, leading to a more accurate approximate posterior distribution.

It can be seen by wave 5 that no curves are accepted with secondary peaks along the

points covering the experimental data curve. Intense overlapping of the accepted curves

by the �nal wave in Figure 4.5 displays that for an appropriate choice of metric, more

realistic samples can be recovered, ensuring a more accurate form of the �nal approximate

posterior distribution.

Regardless of the slight improvement in results for the second run, both instances arrive

at the conclusion that the clamps surrounding the midsection of the sensor must be loose.

It can also be seen that clamps 8, 12, 13, 26, 30, and 31 have a much higher probability

of being �xed. So it must be the case that these clamps were deemed �xed in a greater
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proportion of elements sampled from � producing accepted simulated curves, implying it

is highly likely that these clamps are in fact �xing the corresponding boundary conditions

in the experimental setup, constraining the width of this peak in Figure 4.1. As stated

in the introduction, coupling between the clamping system and the sensor varies between

sections, and it can be seen that combinatorial ABC-SMC has provided valuable insight

into the true nature of this coupling.

For the �nal waves in Figures 4.3 and 4.5, it can be seen that away from the impact area,

the clamps' probability of being �xed or free is con�ned within the [40,60]% interval, and so

the algorithm provides less certain inference in these areas. This phenomenon occurs due to

the fact that the displacement would diminish over a relatively short length scale (for any

boundary condition con�guration) along the sensor when considering the structure (three

layers) and material properties of the sensor (as can be seen in Figure 4.1). Consequently,

the clamping con�guration in these further away areas would have minimal e�ect on the

displacement pro�le.

While these results convey the applicability of combinatorial ABC-SMC for providing infer-

ence of the coupling variation between the clamping system and the sensor, it is necessary

to verify the model used for this work. Additional data were obtained from a variation of

the original experimental setup at LVV. These data were collected from a similar experi-

ment, where the impact is located at 70 cm along the length of the sensor, rather than 45

cm. Combinatorial ABC-SMC is applied to these data, which are displayed in Figure 4.7.

It is the aim to provide insight into how the more complex-looking data manifests in the

approximate posterior at the end of wave 5 in this additional run.
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Figure 4.7: Normalised absolute displacement pro�le for the sensor subjected

to mechanical excitation of 0.035{0.037 N operating at 5 Hz. Impact located at

70 cm along the 90 cm sensor length.

One can see how the maximum displacement pro�les presented in Figures 4.1 and 4.7 are

nothing alike. These data were chosen speci�cally to see if the performance of combinatorial

ABC-SMC would yield a similar posterior distribution of boundary conditions for the data

in Figure 4.1. Additionally, it is believed that the existence of secondary and third peaks

in Figure 4.7 may be due to more variation in coupling between neighbouring clamps in

this section of the sensor, as well as the fact that there is greater displacement of the sensor

further from the shaker location in Figure 4.7 compared to Figure 4.1.

Data from Figure 4.7 were only collected in 1 cm intervals starting from 4 cm away from

the shaker position, unlike previous data, which started 3 cm from the shaker position.

The MATLAB optimisation toolbox is used to �t the data at 74{76 cm to a Gaussian

function centred at the shaker impact location. This is performed using the lsqcurve�t

function to replicate the shape of the displacement curve localised to the impact area.

Using the combined LDV data and arti�cial data, a longer displacement pro�le on which

to apply combinatorial ABC-SMC is produced. Equipped with a metric of the form shown

in Equation (4.5), combinatorial ABC-SMC is applied to the data in Figure 4.7. This is

implemented to provide a comparison of how well the aforementioned metric would perform

on two di�erent datasets. Due to the increased complexity of experimental data in this

case, it is hypothesised that there would be di�ering levels of convergence between the two

runs. It is the authors' belief that the recovery of samples closely approximating the data
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