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Abstract

This thesis consists of two parts.

In the first part, we study the relationship between special values of L-functions and
congruences of automorphic representations. We relate L(1, 7, Ad°) to the congruence
ideals for cohomological cuspidal automorphic representations m of GL, over any num-
ber field. We then use this result to deduce relationships between the congruences of
automorphic forms and adjoint L-functions. For CM fields, we apply the result, to-
gether with local-global compatibility for Galois representations and Galois deformation
theory, to obtain a lower bound on the cardinality of certain Selmer groups in terms
of L(1,7,Ad®), giving partial progress toward the Bloch-Kato conjecture. The main
method is to relate automorphic representations to the cohomology of locally symmetric
spaces for GL,. To implement this strategy, we analyze the relations between several
cohomology theories. Cohomology plays a central role because cup products correspond
to Rankin-Selberg convolutions and hence to adjoint L-functions. This part of the essay
has been published in [Fon26].

In the second part, we introduce a notion of Higgs bundles on the Fargues-Fontaine
curve, motivated by the trace formula and the geometric ideas underlying the funda-
mental lemma. We show that there is an Artin v-stack parametrising Higgs bundles
on the Fargues-Fontaine curve. Then we prove three abelianisation theorems, such as
a version of the BNR correspondence, which relates Higgs bundles to line bundles on
suitable spectral curves. We further describe an action of a Picard stack on the moduli
stack of Higgs bundles and show that, modulo this action, there is a natural injective
map of étale stacks from the product of B;R—aﬂine Springer fibers to the Hitchin fiber
that induces an equivalence of categories on every geometric point. Finally, we discuss
connections with number-theoretic objects.
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Chapter 1

Adjoint L-functions, congruence

ideals, and Selmer groups over
GLy,

In this part, we relate L(1,7, Ad®) to the congruence ideals for cohomological cuspidal
automorphic representations m of GL, over any number field. We then use this result
to deduce relationships between the congruences of automorphic forms and adjoint L-
functions. For CM fields, we apply the result to obtain a lower bound on the cardinality
of certain Selmer groups in terms of L(1,7,Ad?). This part of the thesis has been
published in [Fon26].

1.1 Introduction

In number theory, we study many different types of L-functions, such as L-functions
of elliptic curves, Artin L-functions, and Dirichlet L-functions. A recurring theme is
that the special values of these L-functions often encode deep arithmetic information.
Some notable examples include the analytic class number formula, the Herbrand-Ribet
theorem, and the Birch-Swinnerton-Dyer conjecture.

The focus of this part of the thesis is the adjoint L-function of an automorphic rep-
resentation. Special values of adjoint L-functions frequently reflect congruences between
automorphic forms, and these congruences can in turn be measured by the so-called con-
gruence ideal. The relationship between adjoint L-values and congruence ideals has by
now become a central theme in modern number theory; for a historical overview, we refer
the reader to the introduction of [BR17]. Here we offer a complementary motivation.

In 1994, Andrew Wiles and Richard Taylor proved Fermat’s last theorem by showing
that every semistable elliptic curve is modular. The key is to establish a modularity
lifting theorem, which in their setup boils down to showing that the universal deformation
ring R of some residual Galois representation is isomorphic to a suitable Hecke algebra
T. To do so, they used the Taylor-Wiles method to prove a modularity lifting theorem



in the minimally ramified case [TW95]. To extend the theorem to the non-minimal case,
Wiles [Wil95] used a numerical criterion for ring isomorphism. To apply the criterion
involves studying the tangent space of R on the one hand and examining an invariant
called the congruence ideal nr of T" on the other hand.

It has since proved fruitful to study congruence ideals not only for Hecke algebras
but also for various cohomology modules. In [TU21], the congruence ideals associated
with the cohomology of certain locally symmetric spaces are related to the value at s = 1
of the adjoint L-function for GLy over specific number fields. Using the work of [BR17],
we generalize these results to GL,, over an arbitrary number field.

Let 7 be a regular algebraic cuspidal automorphic representation of GL,(Ar), where
F is a number field. Our first main result is Theorem which establishes that,
under suitable assumptions, the (cohomological) congruence ideal of 7 is generated by a
special value of the normalised adjoint L-function L#9(1, 7, Ad°, €).

Building on Theorem [1.4.14], we derive consequences for congruences between auto-
morphic forms. In Corollaries [T.4.17 and [1.4.20], we show that under suitable assump-
tions, if the p-adic valuation of L(1,m, Ad®, €) is positive, then there is an automorphic
representation 7’ % m whose Hecke eigensystem is congruent to that of 7.

In the last subsection, we provide in Theorem a lower bound for the cardinality
of a certain Selmer group in terms of special values of L-functions when F'is a C'M field.
This can be viewed as partial progress on the Bloch-Kato conjecture.

1.1.1 Strategy

We briefly summarise the strategy of this thesis, omitting certain technical details in
order to emphasise the main ideas.

The starting point is to realise automorphic representations in cohomology and to
work at the level of cohomology. By results of Borel and Franke [Bor83, [Fra98], any
regular algebraic cuspidal automorphic representation of GL,(Ar) contributes to the
cohomology of the locally symmetric space Xy associated with GL,. Poincaré duality
furnishes a perfect pairing between the singular cohomology and the compactly sup-
ported cohomology of X with Zp-coefficients. Under the additional assumption that
the cohomology of the boundary of Xy is p-torsion free, this pairing induces a perfect
pairing on the inner cohomology of X .

By Lemma any such perfect pairing that is suitably compatible with the action
of the Hecke algebra yields an explicit formula for the corresponding congruence ideal:
the ideal is generated by the value of the pairing on appropriate Z,-generators. In our
setting, the relevant pairing is the cup product on cohomology, which, on the automor-
phic side, corresponds essentially to the Petersson inner product of two automorphic
forms. Via the Rankin-Selberg method, this inner product can be expressed in terms
of the adjoint L-function. This leads directly to a formula for the congruence ideal in
terms of the value L(1, 7, Ad’, €) in Theorem

Using the relationship between congruence ideals and congruences of automorphic
representations (Lemma , we then obtain criteria for the existence of congruent
automorphic representations in terms of adjoint L-values (Corollary . Finally,



invoking the local-global compatibility results for Galois representations established in
[CN23], together with standard techniques from Galois deformation theory, we derive
in section [L.4.5] (when F is a CM or totally real field) a lower bound for the order of a
certain Selmer group in terms of special values of adjoint L-functions.

1.1.2 Notation
For a number field F', we write A for the ring of adeles, Fi, := F ®g R = HU‘OO F,,

AF

the ring of finite adeles, and A}O’S for the ring of finite adeles without the components
at S. The contragredient of an automorphic representation of GL,(Af) is denoted by
.

If G is a locally profinite group and U is an open compact subgroup of G, then we

let

H(G,U) := {U-biinvariant compactly supported functions G — Z}
= Z[U\G/UY,

where multiplication is given by convolution with respect to the Haar measure on G
which gives U volume 1. If F' is a number field and O is the ring of integers of a finite
extension of Qp, then

T9 = H(GL.(AX®), ] GLa(OR)) @z 0.
v SU{oo}

(This of course depends on F,O.)

We write Ad® for the (trace zero) adjoint representation, which is the representation
of GL,,(C) on the n x n trace zero matrices by conjugation.

All L-functions include the L-factors at infinity unless otherwise stated.

If F'is a number field and G = GL,,/p, then Ko will mean the product of Ag := R~
Eland the standard maximal compact subgroup of G(F ®g R), so

Ko ZRog - (On(R)™ x Up(R)™?),

where 71,79 are the number of real and complex places of F' respectively and U, (R) :
oo

{g € GL,(C) : g"g = 1} is the unitary group. Also, g will be the Lie algebra of GL,,(Fi).
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1.2 Cohomology

Fix a number field F' with r; real places and ry complex places for the entire section.
Readers not very familiar with the relationship between automorphic representations
and cohomology are recommended to read the excellent papers [Sch09, [(Clo90].

1.2.1 Cohomology and Hecke operators

We shall mostly follow [KT17, section 6] and [Hanl7, section 2.1] to define the cohomol-
ogy group and Hecke operators. Most of the material is standard, but there are many
different variations, so we think it is necessary to state clearly our conventions.

Let G = GL,,. For an open compact subgroup U C G(AY), we deﬁneﬂ

Xv = G(F)\G(Ar)/KSU.
and
X =G(Fx)/Kg,.

Note that Xy = G(F)\(X x G(AY)/U).

We call an element g = (g,), € G(AY) neat if N,I', = {1}, where I', C Q* is the
torsion subgroup of the subgroup generated by the eigenvalues of g,. We call an open
compact subgroup K C G(AY) neat if all of its elements are neat.

Definition 1.2.1. We call U C G(AY) a good subgroup if it is a neat subgroup of the
form U =[], U, C [[GLL(OF,).

Let U be a good subgroup and M be a Z[U]-module. We define a locally constant
sheaf L£3; on Xy as the sheaf of continuous sections of the map

GF)\(X xGAF¥)x M)/U = Xy

where G(F) x U acts on X x G(A¥) x M by (v,u)(x,g,m) = (yz,ygut,um) and M
is equipped with the discrete topology. We define

H*( Xy, M) := H* (Xu, L)
to be the sheaf cohomology.

2We quotient out by K2 rather than K., because we would like to realise cohomological automorphic
representations in cohomology. If we instead quotient out by Ko, then some of these representations
only appear in the relative Lie algebra after twisting by a character € of Koo /KS,, but the fact that e is
not a character of U C G(A¥) makes it unclear how to define the inner cohomology with coefficient in
M) ®e. See however [Jan24] Proposition 3.2.5, Theorem 4.3.5] for a possible way to do this using locally
algebraic representations.



Proposition 1.2.2. [KT17, Proposition 6.2] If U is a neaﬂ subgroup, then
H*(Xy, M) = H*(C3.(U, M),

where

Ca(U, M) := HomG(F)xU(CA,Oa M)
and Cy o is the group of singular chains on X x G(AY) with Z coefficients.

To define the action of the Hecke algebra, we suppose M is actually a left Z[A]-
module, where A C G(AY) is a submonoid containing U. Note that the compactness
of U implies that U C A is a Hecke pair. Let H(A,U) be the set of locally constant,
compactly supported functions f : A — Z which are U-biinvariant. We can (and will)
regard it as a subalgebra of H(G(AY),U).

For 6 € A, let the characteristic function [U6U] acts on the complex C} (U, M) by

([UsUT¢)(a) = D 6:6(6; o)

where USU = | |, 6,U, ¢ € C3(U, M) and o € Cy . This is independent of the choices of
d;. By taking cohomology, we get an action of H(A,U) on H*( Xy, M).

Let T,, and By, be the standard diagonal torus and Borel subgroup of GL,, /7. Let wg
be the longest element of the Weyl groupﬁ

Definition 1.2.3. [Gerld, Definition 2.1] Let A be a commutative ring. If X\ € Z™ is
a dominant weight for GL,,, then we define the algebraic representation Ind%{;” (woA) /4
of GL,, 4 to be

{f € AIGL,] : f(bg) = (woA)(b)f(g) for all A-algebras B,g € GL,(B),b € B,(B)}
where A[GLy] := MorspecA(GLn/A,A}L‘) Hand GLy, 4 acts by right translation. We let
My 4 = Ind§" (wol) /4 (A),

which is a representation of GL,(A).

If E is a p-adic field with ring of integers O, then from [Gerl9, page 1349], M) o is
finite free over O. Also, My o ®o E = M) g is the algebraic representation of GL,,(E) of
highest weight X\. By [NT16, page 19], for all O-algebras R, the natural map M) o ®o
R — M) g is an isomorphism.

We write Z7 = {(A1,...,A\n) €Z" : Ay > -+ > A\, }. Let E be a finite extension of
Qyp inside @p which contains all embeddings of F' to @p, O be the ring of integers of F,
and p € (Z7 )Hom(BE),

3In [KT17], this is stated for good subgroups, but the proof actually works for all neat subgroups.
41f we write the characters of T}, as \ = (A, ..y An), then woA = (An, ..., A1)
"Here, Al = Spec A[T] is the affine line over A.



We define the O-module

M, = My0 = ® M0
T€Hom(F,E)

which receives an action of Hv|p GL(OF,) by (gu)v - @m; = ®g,(ryms, where v(7) is
the place of F induced by 7. Then GL,(A%") x U, acts on M, o by projection to
Up =11, Uv- By the formalism abov&ﬂ H(GL,(AZP), UP) acts on H*( Xy, My0).
We define
M,k == ®rcHom(F,E) My, . E

as an E[[[,, GLn(Fy)]-module. Then GLy(A%) acts on M), g by projection to GLy () :=
GLn(I1,p £v)- By the formalism above, H(GLy (A7), U) acts on H*(Xy, M, k). This is
compatible with the construction above, i.e. we have an isomorphism H*(Xy, M, 0)®0
E = H*(Xy, M, g) that is Hecke-equivariant for the restriction map #(GLy, (A% "), UP) —
H(GL,(AY),U).

Fix an isomorphism ¢ : @p =5 C for the rest of this section. We define M,c =
®reHom(F,E)M, c- This is acted on by [],, GL,(F,) via ¢ and also by G(F), where
Fy = F®qgR, by

vlp
G(Fx) = G(F®qC) = H G(C) ™~ ®reHom(F,E) My, C
T€Hom(F,C)

using the identification Hom(F, E) = Hom(F, C) given by ¢. Note that the 2 actions of
G(F) on M, c agree. As M, c is an irreducible representation of GL,,(F ®q C), it has
a central character. In particular, Ag actsﬂ by a character

x1:Ag — C~
on M, c. One can show that for all good subgroup U < G(AY),
H*(Xu, Myc) = H* (g, K, C*(G(F)\G(Ar)/U, x) @c Mp.c),
where g = Lie(G(F)) and
C(G(F)\G(AF)/U, x)

is the set of smooth functions f : G(F)\G(Ar)/U — C with f(ag) = x(a)f(g) for all
a € Ag. The algebra H(GL,(A¥),U) acts on C>*(G(F)\G(AF)/U, x) and this induces
the Hecke action on the relative Lie algebra cohomology. Then this isomorphism of
cohomology is compatible with the action of H(GL,(A%),U) on both sides.

SStrictly speaking, the formalism gives us an action of H(GL,(A%'?) x Uy, U). Yet, this algebra is
canonically isomorphic to H(GL,(AZ?), UP)
"Recall that Ag = Rs is embedded diagonally into the centre of G(Fxo).
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1.2.2 Regular algebraic automorphic representations

Let G = GL,, as above.

Definition 1.2.4. Let x : Ag — C* be a continuous homomorphism. We write
L*(G(F)\G(Ar), x)

for the space of measurable functions f: G(F)\G(Ar) — C such that f(ag) = x(a)f(g)
for all a € Ag and

/ 1F(g)Pdg < oo,
G(F)\G(Ap)!

where
G(Ar)' :={g € G(Ap) : |det(g)|a, = 1}

and functions which agree almost everywhere are identified. Let
L§(G(F)\G(AF), )

be the subspace of cuspidal functions in L?(G(F)\G(AF),X), i.e. elements f of L*(G(F)\G(AFr), x)
such that for the unipotent radical Up of every proper parabolic subgroup P,

/ f(ug)du =0
Up(F)\Up(AF)

for almost all g € G(Ap)'. We define a cuspidal automorphic representation of
character x to be an irreducible subrepresentation in L{(G(F)\G(Ar),x) of G(Ar). A
cuspidal automorphic representation is one such representation for some x.

Definition 1.2.5. Let x : Aqg — C* be a continuous homomorphism. We let
LHG(F\G(AF), x)

be the discrete spectrum, i.e. the closure of the sum of all irreducible subrepresenta-
tions of L*(G(F)\G(Ar),x). We define a discrete automorphic representation of
character x to be an irreducible subrepresentation in L3(G(F)\G(Ar),x) of G(Ar). A
discrete automorphic representation is one such representation for some x.

Remark 1.2.6. Note that every cuspidal automorphic representation is discrete. Also,
by our definition, every discrete automorphic representation 7 is a unitary Hilbert space
representation of G(Ap) after twisting by a suitable characterﬁ It follows from the
irreducibility of 7 that 7w has a central character. Moreover, 7, is admissible by a result
of Harish-Chandra [GH24, Theorem 4.4.5]

8For instance, we can always twist 7 by a Hecke character such that the action of Ag is trivial, i.e.
x = 1. This reduces us to the case in [GH24] section 3.7].
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Definition 1.2.7. Let A € (Zi)Hom(F’C). We say that a cuspidal automorphic repre-
sentation m is regular algebraz'cﬂ/cohomological of weight )\ if 7o has the same
infinitesimal character as MY .

Lemma 1.2.8. Let v be an infinite place of F'. Let (p,V) be an irreducible admissible
representation of G(Fy) that has central character w. Then the infinitesimal character
of p determines w|x.0, where F)°° is the identity component of F.X.

Proof. First assume v is a real place. Let us use the corresponding real embedding to
identify F,, with R. Then there is s € C such that w(y) = y* for all y € F,° = Rs. Let

1
X = as an element in the centre of the complexified universal enveloping
1
algebra of G(F,). By definition of the Lie algebra action, for all u € Vg,
d d
X . - 2 Xt - st — )
T t:op(e Ju dt =0 “ %Y

Thus, the infinitesimal character determines s and hence w| Fxo-

Now, assume v is a complex place. Let 01,09 : ' — C be the two complex embed-
dings corresponding to v. Use the same notation for the induced isomorphisms F,, — C.
Then there are s1,s2 € C with s — sy € Z such that w(y) = o1(y)* o2(y)®? for all

x

y e Ff (=2 C*). Forze F, let X = as an element in the centre of

x
the complexified universal enveloping algebra of G(F},). By definition of the Lie algebra
action, for all u € Vy,,,

_d xty, _d
o dt t:op(e Ju= dt lt=0

X -u es1al(z)t+5202(:c)tu _ (8101 (x> 1 89079 (:C))u
Taking x = 1 and = = o[ 1(4) gives us two equations that allows us to solve for si, s.
Thus, the infinitesimal character determines si, so and hence w| FX- U

Lemma 1.2.9. If © is a regular algebraic automorphic representation of weight A, then
the restriction of its central character to F3° is the inverse of that of My c. In particular,
Ag acts trivially on ms ® My,

My, c if v is real

Proof. Let My, := , where 7 is an embedding FF — C

My, c ®c My, c if vis complex
whose associated place is v. Then the infinitesimal character of m, is the same as that
of M /\\/U. We want to show that the restriction of the central character of 7, to Fy,° is
that of My = M,y. This follows from Lemma m O

9This is C-algebraic in the sense of Buzzard-Gee.
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Definition 1.2.10. We define
by, =11 Ln2/4J +ron(n —1)/2, t, :==mr L(n + 1)2/4J +ron(n+1)/2 — 1.
If n is clear, we may just write b and t insteadm

Definition 1.2.11. Let 7 be a regular algebraic cuspidal automorphic representation of
weight \. Let € € (Koo /K2) = {1,5gn}". We say that € is a permissible signature
if n is even, or n is odd and €, is the central character of m, ® M)y, restricted to {1}
for all real places v.

Lemma 1.2.12. Let m be a reqular algebraic cuspidal automorphic representation of
weight X. Let € be a permissible signature. Then for i € {by,t,}, the space

H' (g, K2, Too @c Myc)le]

o0
is 1 dimensional, where [€] denotes the e-isotypic component.

The strategy is to use Kiinneth formula and Clozel’s result for Lie algebra cohomology
of m, ® My,. A slight complication is caused by the fact that our K, (which contains
Ag) does not factor as a product over the infinite places.

Proof. Let

GH(Fs) =< (gv) € G(Fx) : H |det gylp, =1 3,

v]oo

GY(F,) == {gy € G(F,) : | det g,|» = 1},

H =< (ay) € HR>0 : H|GU‘FU =1, CG(Fy),

v]oo v

where we view HU| ~ R> as a subgroup of the centre of G(F) via the diagonal embed-
ding. Let gl ,gl,h be the corresponding Lie algebras. Let

Kl .— O, (R) if v is real
Y | Un(R) if v is complex

which is a subgroup of G1(F,), so £l := Lie(K}) C gl.
From the Lie group decompositions G(Fy) = G} (Fs) X Ag and Koo = []
Ag, we get corresponding decompositions of Lie algebras, which in turns give

0/t =05/ ]t (1.1)

v]oo

1
K, x

v]oo

10Tt is also common in the literature to write go for b, and go + £o for t,.
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as C[K|-modules, where K, acts by conjugation.
Similarly, from the Lie group decomposition G'(F,.) = [Ty G (F,) x H, we get a
corresponding Lie algebra decomposition for gl , which we can substitute to equation

(L.1) to get

gl

9/t = E—f x b (1.2)

v

v]oo
as C[K]-modules. Note that the action of K, on b is trivial.

The relative Lie algebra complex computing H'(g, KO, Too ®c My c) is by definition

the i-th cohomology of

(N*(9/80)" OR (Too) Ko fin B My )5
\Y K2

1
= A* H %’ ®R A*BY OR (Too) Koy-fin RC My ¢

v]oo
where (7o) k-fin means the K -finite vectors of m,. As the action of K, on b is trivial,
we can pull out that factor from the cohomology and get

v K3,

1
Hl(g,Kgo,ﬂoo(gCM)\,(C) = @ H® A* % R (7700)Koo-ﬁn KRc M/\,(C ®R/\bhv,
v

a+b=i v]oo

v
Since Ag acts trivially on A* (Hv|oo %—%) and 7o ®c M) c by Lemma [1.2.9, we can
replace K2 on the right hand side by ], K.. Then by definition

v]joo Trw

H'(g, K2, 700 ®c Mac) = @ H* [ ] a0 [ &m0 ®c Mac | @r A"HY,

a+b=i v]oo v|oo

which by Kiinneth formula [BW00, section 1.3 equation (2)] equals

B H (9,8, m &c My, ¢) ®c - @c H™ (g,, £}, m @ My, ¢) @ A'hY,
ar -+ tam+b=i

My, c if v is real

where m = r1+r2, My, c := { ,and 7 is an embedding

M)\T’(c Kc M)\;,(C if v is complex
F — C whose associated place is v. The result now follows from [Clo90, Lemma 3.14],
Remark [1.2.13] and the fact that h = Rm1+72—1, O

Remark 1.2.13. For even n, [Clo90, Lemma 3.14] only worked with trivial €,. To
deduce the result for general ¢, one can twist 7 by a suitable Hecke character F*\AJ —

{#£1}, which can for instance be constructed from a suitable character of F*Fig\A% =
Gal(F®/F).
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1.2.3 More on cohomology
Definition 1.2.14. We define the cuspidal cohomology as

H (XU7 Mu,(C) = H*(g’ K(o)o7 M,u,(C Q¢ L%(G(F)\G(AF)’X)U)v

cusp

where x~! is the restriction to Ag of the central character of G(F @ C) on M, c.
The cuspidal cohomology is also acted on by H(G(AY),U) and there is a H(G(AY),U)-

equivariant injection
H* (XUaMu,(C) ‘—)H*(XU,M#’(C).

cusp

By multiplicity one and semisimplicity of L3(G(F)\G(Ar),x) [GH24, Corollary 9.1.3,
Theorem 11.4.3], we know

LYG(FNG(AR),X) = @D .

where the sum ranges over all cuspidal automorphic representations of character x. We
have a corresponding decomposition of the cuspidal cohomology into finite algebraic sum
[Sch09, Theorem 4.1], [Clo90, Lemma 3.15]:

H}yoo(Xu, M) = & H* (9, K, My, ¢ ®c Too) ®c (7). (1.3)

cusp

By strong multiplicity one, for every cuspidal automorphic representation of character

X, the (WOO’S)US—isotypic component is
* S * (0]
chsp(XU7 MM7C)[(7TOO7S)U ] =H (ga K, Teo @C MM,(C) Ac (WOO)U' (1'4)

By Lemma [1.2.12] if 7 is regular algebraic cuspidal of weight A with 7V # 0, then there
is a H(GLn(A¥), U)-equivariant injection (7°°)V < Hbn_ (Xy, My c). The same holds
for the top degree t,.

Definition 1.2.15. We define the inner cohomology by Hj = im(H} — H*), where
HY is the compactly supported cohomology.

Then H(Xy, M, 4) for A € {O,E,C} is also acted on by the Hecke algebras by
restriction of the action on H*(Xy, M, 4). Moreover, there is a Hecke-equivariant in-
jection

H*

cusp

Lemma 1.2.16. (a) Hc = H(G®,U”) ®z C acts semisimply on H;(Xy, M, c) and
there is a decomposition

HY (Xu, Myc) = €D m(Im) @)U,
IIelly

(Xu, My c) — H{ (Xy, M, c).

where Ilg is the set of isomorphism classes of all discrete automorphic represen-
tations occurring as a subrepresentation of L3(GLy(F)\ GL,(AF), x) and m(II) €
Z>q.

15



(b) If m is a cuspidal automorphic representation of character x, then the (WOO’S)US—

1sotypic component is
HY (Xur, My 0)[(n°%)"7) = H* (g, Ko oo © M) @c (7).
(c) IfUS := GLn(ITo¢sufecy OF. ), then the ring
TE(H (Xu, My,)) := im(He — Endc(Hf (Xu, M)

18 reduced.

Proof. Let Hy = H*(g, K%, L2(GLy,(F)\ GLy,(AF), X)sm ®c M,.c), where ()sn stands
for the smooth vectors. We have a Hilbert space decomposition

—

L3(GLn(F)\ GLa(Ar), x) = @D, mg(IDIL

HEHd
By the multiplicity one theorem for the discrete spectrum proved by Moeglin and Wald-
spurger [MWR9], we have mgy(IT) = 1 for all such II. We have a corresponding decom-
position for the cohomology [BG83, Theorem 5.3]:

H; = @ H (9. K. e @ M) ©c (1), (1.5)
IIelly,

Each II*® is an irreducible admissible representation of GL,(A%), so it is factorisable,
so (I®)Y = (IIg)Ys ®c (HC’O’S)US is isomorphic to a direct sum of simple modules of
Hc. It follows that Hj is a semisimple Hc-module.

By a result of Borel [Clo90, Proposition 3.18], we have injections

H:usp(XUa M#,(C) — H!*(XUv M#,C) — H; (16)
where H is the image of H — H*(Xy, M ,c)- Submodules of semisimple modules are
semisimple, so H*(Xy, M, c) is a semisimple Hc-module and part @ follows.

For part @, recall that discrete automorphic representations are isobaric (as they
are Speh representations), so they satisfy strong multiplicity one, so Hj[(7°° Wi =
H*(g, K2, oo ®c My c) ®c (7)Y by (L.5). But this is also the (WOO’S)US—isotypic
component of the cuspidal cohomology by equation . Part @ now follows from
[9).

For part |(c)| assume U® := GLn(IT,¢sufocy OF.)- By Satake isomorphism, Hc is

commutative. Thus, (IT° )US is O-dimensional or 1-dimensional. Hence each element
of Hc acts on (I1°% )US by a scalar. The result now follows from part @ O
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1.3 Abstract congruence ideals

In this section, we will define congruence ideals as in [TU21) section 2.1]. We will also
establish some of their properties in the abstract algebraic setting. These will be applied
to the Hecke algebras and cohomology of locally symmetric space in the next section.

Let O be a complete discrete valuation ring with uniformizer w and field of fractions
E. Let T be a reduced finite flat local O-algebra, A : T'— O be an O-algebra homomor-
phism. This, being a section of the structure map O — T, is necessarily surjective. We
first recall a standard concept, which already appeared in [Wil95]:

Definition 1.3.1. 7y := A(Annp(ker \)).

It turns out that to study 7,, it is useful to generalise this concept to modules over
T.

Let M be a finitely generated T-module which is free over O. Write Mg = M Qo E
and Tp = T®e E. Note that M <— Mg and T'— T by O-flatness of T and M. Also, A
induces an F-algebra map Agp : Ty — E. Note that Tg is a finite dimensional E-vector
space, so it is Artinian. It follows that

e [ (@) (L.7)

peSpecTy

=~ J[ 7Te/w (1.8)

peSpecTy

>~ F x H Tr/p (1.9)
p#ker\g

Here, ([1.7)) is given by the diagonal map; (1.8)) is true as Tg is reduced; (1.9) is true by
the first isomorphism theorem. The upshot is that we have a canonical decomposition

TEgEXTL%

of E-algebras, where the first projection is given by Ag.
Let ey = e € T be the element corresponding to (1,0) € E x Tf. In other words,
e is the unique element of Tp such that Ag(e) = 1 and e € [, e, P Define two
T-submodules of Mg by
M :=eM
and
My :==eM N M = Mlker )|

where the last equality is proved in lemma In [TU21} section 2.1], M) is defined
as eMg N M, but it is equivalent to our definition, because if m € eMg N M, then
m=em € MnNeM.

Definition 1.3.2. Define the congruence module C3 (M) by



and the congruence ideal to be its Fitting ideal
(M) = Fitto(Cy(M)).

Note that C3 (M) is a finite torsion O-module, so 7*(M) is completely determined
by the cardinality of C}(M). More precisely, if C} (M) has cardinality |O/w|®, then
(M) = (@)

To see how definitions are related, note:

Lemma 1.3.3. Let M and T be as above.

1. My = Mlker A\] :={m € M : (ker \)m = 0}.

2. ma(T') = .

Proof. For , we first consider a slightly more general setup. Suppose we have a
product of commutative rings A x B acting on N. We can decompose N into Ni X No
accordingly. It is then clear that N; = N[kerm4], where m4 : A x B — A is the first
projection.

In our case, taking A x B = E x Tf, and N = Mg shows eMp = Mglker Ag]. Hence
My=eMpnNM={me M:m®1 e Mg is annihilated by (ker \) ®o E} = M [ker )]
since M is a free O-module.

For , note that under the O-module isomorphism T = E x Tf, the O-module
T = €T corresponds to A\(T) x0 = O x0 while T = T'[ker \] corresponds to A\(T'[ker A]) x
0. Hence, C3(T) = O/A(T[ker A]) and ny(M) = M\(T[ker \]) = ny. O

Observe that M* = eM C Mg is torsion free and finitely generated over O, so it is
a free O-module. The same is true for M) = M [ker A].
Lemma 1.3.4. (¢f. [TUZ21, equation (2.2)]) If rkoMy = 1, then C3(M) = O/n\(M)
and nx(M) D 1.
Proof. We know that M*/M, is a finite torsion O-module, so rko(M?*) = rko(M),) = 1.
Thus, there exists m € M such that eM = Oem as O-module. Then we have a surjection
of O-modules

A eT N eM
T)= " L CMM)=
Go(T) T'[ker \] 0 (M) M [ker )]
T = xm.
The lemma now follows from the observation that C3(T) = O/n,. O

Lemma 1.3.5. Let T, A\, e be as above. Let T be a finite flat local O-algebra, T >0
be an O-algebra homomorphism, and € be the corresponding idempotent in T. Let My, My
be T-module and T-module respectively that are finite free over O. Suppose that there is
an O-bilinear perfect pairinﬂ

[, ] My x My — @
such tha@ [eM, (1 —¢e)Ms] =0 and [(1 — e)M1,eMs] = 0.

1 This means the two induced maps M; — Homo (M2, 0) and M1 — Homoe (Ma2, O) are isomorphisms.
12We also write [, ] for its extension (M;)g x (M2)r — E.
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(a) Then [, ] induces an O-bilinear perfect pairing
CMMy) x CM(Ms) — EJO
and nx(My) = 15(Ma).

(b) If My[ker \] and Mslker X| are both free O-modules of rank 1 with respective bases
51, 52, then
(M) = n5(M2) = (01, 02])-

The key observation is that for every finite torsion O-module N, we have a (non-
canonical) isomorphism N = Homp(N, E/O). Hence, by considering the cardinalities
of C3(My) and C3(Ms), we know the pairing in is perfect if and only if it is non-
degenerate.

This lemma appears similar to [TU21, Proposition 2.3], but a key difference is that
we do not assume [tz,y] = [z,ty] for all ¢ € T. Instead, our analogous conditions are
[eM1, (1 —€e)Ms] = 0 and [(1 — €)M, eMs] = 0. This distinction is important because
we will later apply this lemma to the cup product, which satisfies our conditions but not
theirs. In the GLy setting, they twisted the pairing by the Atkin-Lehner involution to
make their conditions hold, but we are unaware of any such involution for GL,,.

Proof. 1t is easy to see that [, | extends to an E-bilinear perfect pairing [, | : (M;)g X
(M3)g — E. Let emy € eM; (with my € M) and emg € My NeMy (with ma € My).
Then [emy,ems] = [emy + (1 — e)my,eéms] = [my,eémy] € O because (my,eéms) €
M; x Ms. A symmetric consideration shows [, | induces a map

(,): CHMy) x C)(My) — E/O.
To show (, ) is non-degenerate, we let m; € M;. Suppose that
(emy,—) € Hom@(Cg‘(Mg), E/O)
is zero. This means that for all ms € My,
[em1, ema] = [emy,ema + (1 — €)ma] = [em1,m2] € O

so [em1,—] € Homp(Ma, O). By perfectness, there exists n € M; such that [em, —] =
[n,—], so n = emy € eM; N M; = (M), by perfectness again, so em; = 0 € CJ(M;).
By symmetry, (, ) is non-degenerate and hence perfect. Also,

C (My) = Homo (CY(My), E/O) = C (Ms).

For part m let (w?) := nA(M1) = n;(Mz). By lemma |1.3.4} Ca (M) and Cg‘(Mg)
are free O/(w®)-modules of rank 1, with respective bases b1, bo say. By part @ we have
isomorphism

(;I)a) =~ (w(ga)bl = Homp <(w(9a)bg,E/O> = w;O @, (ga)
[ f(b2).
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This isomorphism maps 1 to [by, baJw® (mod w?), so [b1,ba]w® € O*. As Ob;/O6; =
O/(w®), we know 0; € wh;O*. We deduce that [d1, 2] € w?O*, as desired. O

The following lemma explains why 7 is called the congruence ideal:

Lemma 1.3.6. Let E be a non-Archimedean local field with ring of integers O, T be a
reduced finite flat local O-algebra, X : T — O be an O-algebra homomorphism. Then ny #
O if and only if there is a finite field extension L of E and an O-algebra homomorphism
N T — Oy such that (viewing A as a homomorphism to Or) we have A # X' and

A=) (mod wyp).
Here Oy, is the ring of integers of L and wy, is a uniformizer of Of,.

Remark 1.3.7. Recall that 7 is finite over O, so any O-algebra homomorphism 7' — E
has image in Of, for some finite field extension L of E. Thus, we can rephrase the lemma:
nx # O if and only if there is an E-algebra homomorphism X : T ®o E — E such that
N # A®0 FE and |\(t) — N(t)| < 1 for all t € T, where | - | is an absolute value on £
extending that of F.

Proof. Given A\, we can decompose T'®p F = E x T and get an idempotent e € T'®p F
as before. Define T¢ := im(T — T ®p E — T},).

We assume that ) is as in the statement of the lemma. We claim that )\ factors
through T'— T°¢. As O, C O ®p E, it suffices to show

= NQFE : TooE— OL®0FE

factors through T%. Note that O ®o F = L is an integral domain while T'®p E =
E x T§, so Ny must factor through E or Tf. Since A} is an E-algebra homomorphism
and Ny # Ag, Ny cannot factor through E. Hence A} must factor through 7§, as
claimed. Suppose 1y, = O. This means eIT'NT = €T, i.e. T D €eT. In particular,
(1,0) =e-(1,1) € T. Then

1=A(1,0)
=)\ (1,0) (mod wy)
=0 (mod w)

where the last equality holds since X factors through 7. We get a contradiction, so

m # 0.
Conversely, suppose 1) # O. The key observation is that O/ny = O @ T¢, because
ker(T'— T¢) =T NeT. Thus we have an O-algebra homomorphism

[T 0@rT=0/n\— O/w.
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We get a commutative diagram
@)
T O/w
\ /
TC

We want to lift f. There is a classical argument due to Deligne and Serre. Let m¢ :=
ker f. Consider the structure map O — T¢. As w € m¢, the prime ideal m¢ lies above
wO. Note that multiplication by w is invertible in T, so Ty and hence T is O-torsion
free. Thus, T¢ is a finite free O-module. By flatness, the going down property holds, so
there is a prime ideal p¢ C m€ lying above (0), so O < T¢/pc. This is a finite extension,
SO

L := Frac(T¢/p°)

is a finite extension of E. We know T°/p€ is finite over O and hence integral over O, so
T° / p¢ C Op.

We want to show that this inclusion is a local homomorphism of local rings. As O is
a Henselian ring and 7°¢/p¢ is an integral domain, 7°¢/p€ is a local ring. Note m’ :=
wrOr NT¢/p¢ is a prime ideal of T¢/p¢ lying above wO (since its pullback to O is the
preimage of wy O under the O-algebra map O — T¢/p¢ — Op). By the incomparability
theorem for injective integral ring extensions, m’ is a maximal ideal of T¢/p°. Hence, the
fact that 7¢/p® is a local ring implies m’ = m¢/p°. This gives us another commutative
diagram
Tc / mé¢ —— OL / Wi,
2 f
TC 3 TC/pC c 3 OL

Combining the two diagrams gives us

T 7 O \’ Or/w1
AN s

TCHOL

Denote the bottom map T — Op, by X. It remains to show XA # )\ as maps to Op. If
this is false, then for all (z,y) € T C O x T¢, we have x — y € p° by construction of \.
In particular, if (z,y) € T NeT, then y =0 and x € O Npc = (0) as p° lies above (0).
This means T'N el = 0, which is false as w® € T NeT for a € Z sufficiently large. [
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1.4

L(1,7,Ad°) and congruences for automorphic represen-
tations

In this section, we will apply the results from the last section to study congruence ideals
of Hecke algebras and cohomology of locally symmetric spaces. Then we will relate them

to Selmer groups.
We shall need some notation and assumptions. Let

F be a number field

p be a prime. Starting from section [1.4.2] we will also assume

p> 2.

L: @p =5 C be a fixed isomorphism. We will often use it implicitly.

7 be a cuspidal, regular algebraic automorphic representation of GL,, (Ar) of weight

L, where p € (Z”)Hom(ﬂ@p)

Upm = {9 € GLn(Op,) : the last row of g (mod @}*)is (0 ... 0 1)} form €
Z>qo, where w, is a uniformiser of F,. Let f, € Z>o be the unique integer such

that[3]

dime (7,)Vofo = 1.

Let U =[]

oo Uy, where U, = U, y,. Assume that U is neat.

S be a finite set of finite places of F' containing all v such that m, is ramified.

G5 = GL,(AZ™) and US = GLa ([T, g50(00) OF)-

E C Q, be a local field containing .~ *(Q()) nd the image of every embedding
F—Q,

O be the ring of integers of F, w a uniformizer of O

S KZ/?;O a permissible signature (Definition |1.2.11])

Xy the locally symmetric space of GL,, p (Section |1.2.1)), 0 Xy the boundary of its
Borel-Serre compactification.

TS := H(GS,US) @z O.

Note that T® is a commutative O-algebra. If M is an O-module equipped with an
O-algebra homomorphism T — Endp(M), then we define

T9(M) := im(T% — Endp(M)).

3Such a f, always exists by the uniqueness of local new vector [GH24) Theorem 11.5.6].
1Q(n) is the field of rationality of m [Clo90] section 3 page 101].
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For completeness, let us also remark that in Lemma below, we shall show that
there is a Hecke eigensystem A : T° — O attached to 7. We will let

m:=ker(A (mod w)).

1.4.1 Hecke eigensystems
We first show that we have a Hecke eigensystem attached to .

Lemma 1.4.1. We have an O-algebra homomorphism
AT -0

sending t € TS to its eigenvalue on (1717, This homomorphism factors through
TS(H{ (Xvu, M,0)), where Hf = im(H! — H*) is the inner cohomology and H* =
@ionl .

Proof. In this proof, we may sometime abuse notation and regard a C-vector space as
an O-module via the map ¢ : Q, = C. Let H := H(G%,U”).

As GL, (A}?) acts on the @p—vector space ¢~ >, we know T acts on the U°-invariant
(L_17T°°)US and hence also on (:7'7*°)Y. Moreover, for all finite v ¢ S, 7, is unramified
o) 7r1€] v is a one dimensional @p—vector space. It follows that each element of T acts by
a scalar on (17 17>)Y, so we get an O-algebra homomorphism

TS - Q, (1.10)

sending an element to its eigenvalue.

Note that T (H*(Xy, M,,.0)) acts on H{'(Xy, M, 0) ®o C = H{(Xy, M, c). Since

m is cohomological of weight p, we have H-equivariant injections

(WOO)U — H:usp(XUv MM,C) — H'*(XUa Mp,@)'
Pick any non-zero z € (7)Y and let y be its image under this injection. For all
t € TV, its eigenvalue on (:~'7°°)Y only depends on how it acts on % and this is deter-
mined by the image of ¢ in TS(H; (Xy, M,.0)). It follows that factors through
T(H{ (Xv, M, 0)). It remains to show that the image of lies in O.

We first show that its image lies in E. By [Clo90, Proposition 3.1], there is a
GL,(AP)-stable Q(7)-vector subspace W of m°° such that 7°° = W ®g(,) C. Then
() = WY ®q(r) C. Let h € H. We have already seen that it acts by a scalar on
(7)Y, so the same is true for WU. As WV is a Q(7)-vector space, the scalar must lies
in Q(7). Hence the image of lies in . ~1(Q(7)) C E.

Finally, by the existence of Borel-Serre compactification of X7, we know that H*( Xy, M, 0)
is a finite O-module, so

H (Xy, M,,0)/O-torsion

is a finite free O-module stable under H. Pick an O-basis B for this module. We can
then express the action of H on H"(Xy, M, 0)/O-torsion by matrices with entries in O.
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We can view B as a C-basis for H*(Xy, M, c). Then the action of H on H{"(Xy, M, c)
is given by the same matrices. Hence each eigenvalue of H on this space is a root of a
monic polynomial over O. We know they lie in £ by the previous paragraph, so they lie
in O as O is integrally closed. O

We let m = ker(A mod w) C T¥, which is a maximal ideal. We define
T :=T5(H{ (X, M,,0))m/O-torsion.

Lemma 1.4.2. T is a reduced finite ﬂaﬁ local O-algebra. Also, A induces a local
O-algebra map
AT = 0.

Proof. Let H := H(Xy, M, ). By the existence of Borel-Serre compactification of
Xy, H is a finite O-module, so T¥(H) is a finite O-algebra. We let

A :T9(H) = O

be the map induced by A, which exists by lemma and let ¢ : T — TS(H) be the
quotient map, so A = A’ o ¢. Then m D ker g, so ¢(m) is a maximal ideal of T®(H) and
hence

T%(H)m = T°(H) g(m)

is a finite local O-algebra. The same is thus true for T. As T is a finitely generated
torsion-free O-module and O is a PID, T is flat over O. Hence T' — T ®» C. As C
is O-flat, T ®p C = Tg(H!* (Xv, M,,.c))m, which is reduced by Lemma Thus, T,
which injects into T' ®¢ C, is also reduced.

Note that g(m) = ker(A’ mod w). It follows that A’ induces an O-algebra map
T(H; (X, M,,0))gm) — O and hence an O-algebramap A : T' — O, i.e. a commutative
diagram

T 250

%

It follows that A~!(wO) is a prime ideal of T lying above w® (i.e. the preimage of
A1 (@O) along the structure map O — T is w®). Since T is a local O-algebra, the
maximal ideal of T also lies above w(@. By the incomparability theorem for injective
integral ring extensions, we deduce that A~!(w) is the maximal ideal of 7. Thus, X is
a local homomorphism. ]

Remark 1.4.3. Let us show that

T= TS(FHXUaMu)m)?

5Note that since O is a PID, an @-module is finite flat if and only if it is finite free.
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where H, (Xy, M,) = H*(Xy, M,)/O-torsion. (In the following, a bar on top of an O-
module will usually mean the module modulo its O-torsion.) Write H = H\'(Xy, M, 0).
There is an obvious surjection

TS (H) — TS ((H)w). (1.11)

Let t € TS(H). Since H is a finitely generated O-module and (H)y, is a quotient of it,
we know that ¢ is in the kernel of if and only if there exists a € N, b € TS —m such
that @t = 0, which is equivalent to t € ker(T%(H) — T%(H)y/O-tors). Thus
induces the desired isomorphism.

1.4.2 Congruence ideals for automorphic representations
The previous lemma means we are now in the situation of section

Definition 1.4.4. With the setup above, define the congruence ideal

e'NT

as in definitions where e is the idempotent in T @o E corresponding to (1,0)
in the decomposition T ®o E = E x T§, induced by X\. For i € {b,t} and a permissible

T
Nr = nx = A(Anng(ker X)) = Fitto < c >

€ € Koo/KS,, define the cohomological congruence ideal

) . . eH
Nrie = M(H (Xu, M, 0)nle]/O-torsion) = Fitto <€H - H)
where H = H/(Xy, My, 0)m[e]/O-torsion.

Let (’)@ be the ring of integers of @p and mg be its maximal ideal.
P P

Lemma 1.4.5. Fiz i € {b,t} and a permissible € € K;/?go. Letp > 2 and T2 =
_ P
TS XKoo Qp.
(a) Let n be a mazimal ideal of TS and V = Hi(XU,MM@
V = @QZT% (V)_@Z;V[(ker O[)OO]

Jn- Then

where a runs over Q,-algebra homomorphisms ']I‘S (V) — Q, and [(ker a)>] is
the set of elements annihilated by some power of kera. Any such a satisfies
(alys) " (mg ) = .

(b) Let n be a mazimal ideal of T and W = H!i(XU, Mu,@p)“'

W - @QZT% (W)%@pW[ker a]
P

Then

where o runs over @p—algebm homomorphisms TS (W) — @p. Any such a satisfies

(afs) " (mg, ) = . ”
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(c) Let H = H{(Xy, M,,0)mle]/O-torsion. Then Hlker \] is a free O-module of rank
one whose base change to C is canonically isomorphic to

H (Xu, M) (7))
as a C-vector space.
(d) Nrie D Nr. Equality holds if H is a free T-module of rank 1.

Proof. Note that T% (V) is finite dimensional as a Q,-vector space, so it is an Artinian

P
ring. In particular, it is the (finite) product of its localisations at maximal ideas. Hence
we get a corresponding descomposition

V= EBpEmSpec’]l'ﬁ (V)V;J
Qp

By [Bel21l, Section 2.5.1], V, = V[p™]. By Zariski’s lemma, mSpec’I[% (V) = {kero| a:
J— R P

']I‘% (V) — Q, is a Q,-algebra homomorphism}. We thus get the desired decomposition

of {7 o

To see that (04|Ts)*1(m@ ) = n, note that ']T% (V) = T5(H(Xy, My)a) ®0 Q, by O-

_ P P ‘

flatness of Q,. Thus, «a gives rise to an O-algebra homomorphism TS(H ( Xy, M wn) —

Q,. The image of the this homomorphism necessarily lies in Og, because TS(H ( Xy, My,)w)

P
is finitely generated as an O-module. By the same reasoning as Remark

TS (H ( Xy, My,)a) = T°(H (X7, My,))n.

Thus, we get an O-algebra homomorphism a : ’]I'S(Hi(XU,MM))n — O@p. We have
ail(m@p) = nT%(H(Xy, M,))s by the going up theorem [Sta25, Lemma 00GU]. This
proves (04|Ts)_1(m@p) =n.

Part [(b)| can be proved in the same way using Lemma One can also prove
it in a more straightforward manner.

For part we know T'[ker A] is a finite free O-module since it is torsion-free and
finitely generated. To find its rank, note that ker A is the image of ker A = (t —A(t) : ¢t €

T9) under the projection g : T — T. As T is Noetherian, we can pick t1,...,t, € T
such that q((t; — A(t;) : 1 <7 <n)) =ker \. Then

Hiker A = H[{t; — A(t:) : 1 < i < n}] = ker(H 2B, pny

Taking kernel commutes with flat base change, so

Hlker \] ®o C = (H{(Xy, M,,0)mle] ®o C)lker A]

= H{(Xy, My,c)m[e][ker A]

= H{(Xy, M, c)[€][ker A] (1.12)
= H{(Xv, My 0)[(x™%)"" ][]

= H'(g, K%, 700 ®c M)l ®c (7). (1.13)



To see that equation (|1.12)) holds, note that O is a Henselian local ring, so
T%(H{ (X, My,,0)) = @ T (H{ (Xt My,0))n,

where n runs over the maximal ideal of T that contains ker(T* — T°(H}(Xy, M, 0))).
Thus, H/(Xy, M,.c) = @nH}(Xu, M,,.c)a. By part m if n # m, then

H{(Xy, My, c)nlker \] = 0.
Equation ([1.13]) holds by lemma|1.2.16, By Lemma |1.2.12|and the choice of U, (1.13) is

a one dimensional C-vector space. This proves part
The first part of @ now follows from lemma m The remaining part is easy. [J

1.4.3 Betti-Whittaker periods

We shall mostly follow [BR17] to define the Betti-Whittaker period for this subsection.
Fix all Haar measures as in that paper. Let F, 7, ... be defined as before.

Definition 1.4.6. Let i € {by,t,}. Pick the generator ws, (depends on i) of the 1-
dimensional space (Lemma

H (g, KO, W(meo) ® M, c)le]

as in [BR17, Section 3.2.2]. Fizx a continuous unitary homomorphism ¢ : F\Ap — C*
such that 1, is non—tm’viaE}for all v. We shall abuse notation and let ¥ also denote the
corresponding standard character on the unipotent radical of G, i.e. P(u) = P(u12 +
Uz + -+ 4 Up—1,). Let W(n™) be the Whittaker model of 7 with respect to .
Let V; be the subspac@ of LA(G(F)\G(AFr),x) realizing . Define Froo .. as the
composition of the isomorphisms

W(m®)" = W(x>)Y @c H' (g, K%, W (me) ® Myc)[e]
= Hi(g, KO, W(m)Y @ M, c)[e]
= Hi(g,Kgo, VWU ® M, c)le]
= H},op (Xu, My ) [(7)7 x ¢

%y Hi(Xu, My, o)[(n%)Y° x ).

The first map is W™ — W QWqo; the second map is trivial; the third map is the inverse
of the map

Ve = W(n)
oo [ P g (u)d
Un(F)\Un(AF)
5Such a 1 exists, e.g. take 1,(x) = e 2™ for real v, ¥, (x) = e~ 2=+ for complex v, and

oy (z) = ™ TF /2 ™) for all v | p and all rational primes p, and ¢ =[], .
1"Well-defined by the multiplicity one theorem.
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and U, is the unipotent radical of the standard Borel subgroup B,,. The last isomorphism

1s by Lemma|1.2.16,

Definition 1.4.7. For each finite place v, let w, be the essential vectmﬂ of Ty N its Py, -
Whittaker model. Let w™® = Qy<oow,. Then w™ € W (7)Y by our choice of U and the
definition of essential vector. Let H = H{(Xy, M, 0)mle]/O-torsion. By Lemma
Hlker \] ®o C = H{(Xy, M#,C)[(WWS)US x €]. We define the period

pTr,i,E

to be the number in C* such that Freo ¢y i(W™®)/Pric is an O-generator of Hlker A].
This is well defined up to multiplication by O by Lemma|1.4.4(c)

1.4.4 L(1,7,Ad°) and congruence ideals
Recall that U, = GL,,(O,) for all finite v ¢ S. Let

0 : H(GY, U = H5 (G, U®)
[U°gU®] = [Ug~ U],

This is an O-algebra isomorphism[™]

Lemma 1.4.8. The Hecke eigensystem A : TS5 = O attached to the contragredient T is
given by Ao 6.

Proof. 1t is enough to show the analogous fact after base changing from O to C and
working at a single place. Let v ¢ S be a finite place, G = GL,(F}), K = GL,,(Op,),
V =my.

It is well known that the restriction map induces an isomorphism

(VYK = VK (1.14)

so in particular (V)X is 1-dimensional.
Let g € G. By the same proof as [DS05, Lemma 5.5.1 (c)], there exist g1,...,9m € G
such that KgK = U;g;K = UKg;. For all f € (V ) and v € VK,

(KgK1f)(w) = _gi- Hw) = FO_g; ') = f([Kg 'Kv) = M[Kg~ K]) f(v).
By (1.14), [KgK]f = M[Kg 'K])f, as desired. O

Proposition 1.4.9 (Poincaré duality). Let d = dimXy. The cup product induces a
perfect pairing

[,]: H(Xy, M,)/(O — tors) x Hd*i(XU,MlY)/(O — tors) = O

I81f 7, is unramified, then w, is the unique element in W (m,, ¢, )L (OP) with w, (I,,) = 1.
This is a homomorphism because H*° (G, U®) is commutative.
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wherﬂ M,/ = Homo(M,,, 0). If S is a finite set of finite places such that U, = GLy(O,)
for all finite v ¢ S, then

[tz, y] = [z, 0(t)y]
for allt € H(GS,U"), v € H{(Xy, M,,)/(O — tors), y € H(Xy, M) /(O — tors).

A version of this is proved in [Har08, Theorem 4.8.9], but the proof is not that easy.
We shall deduce this from Verdier duality instead.

Proof. As stated in [ACCT23| Proposition 2.2.20], we have by Verdier duality an iso-
morphism
RHomo(RTe(Xy, M,),0) = RU(Xy, M,/)[d]

in the derived category of O-modules D(Q). It follows from one of the spectral sequences
for Fxt that we have a spectral sequence

Ey = Extiy(H? (Xu, M), 0) = B = HH Xy, MY).

Since O is a PID, the only non-zeros terms lie in {(i,7) : 0 <i < 1,—d < j < 0}. For all
Jj € Z, we have an exact sequence

0= By 7' 5 BT S EYT 50
ie.
0 = Eath(HIT(Xy, M), 0) = HY (Xy, M) L Home (HI(Xy, My,), 0) = 0.

Since HZH(XU, M,,) is finitely generated over O by the existence of Borel-Serre com-
pactification, the second term is O-torsion. On the other hand, the 4th term is O-torsion
free. It follows that ker f is precisely the O-torsion of HY ™I (Xy, M /\f ), so f induces an
isomorphism

f+H¥(Xy, M) /(O — tors) = Homo (HZ(Xy, M,,)/(O — tors), O).
We have a pairing

HY(Xy, M) /(O = tors) x Hi(Xy, M,,)/(O — tors) = O

(a,b) — f(a)(b).
This is a perfect pairing because both H9=7 (X, M,/)/(O —tors) and HI(Xy, M,)/(O—-
tors) are finite free @-modules and f is an isomorphism. It is well-known that this is

given by the cup product. The last assertion about the action of the Hecke algebra
follows from [ACCT23, Proposition 2.2.20]. O

2Tn general, M[{ and M, v are not isomorphic.
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The cup product induces a pairing
[, ]: H{(Xu, M) /(O — tors) x H{™(Xy, M) /(O — tors) — O.
To see this, it is enough to show that the cup product induces a pairing
H{(Xy, My,) x H Xy, M) = O.
We thus need to show that the map

H{(Xy,M,) x H (Xy, M) — HX(Xy, M, ® M)
(:L’, y) =z Uye

is well-defined, where .. is a lift of  to H:(Xy, M,,), y. is a lift of y to HI~{(Xy, M),
and U is the cup product on HY(Xy, M,) x HS™ (X, M,/). If x;, (vesp. y,) is another
lift of 2 (resp. y) to Hi(Xy, M,) (resp. HI™'(Xy, M), then 2, = z. + € and y, =
Ye + 0, where € € ker(H{(Xy, M,) — H'(Xy,M,)) and 6 € ker(HI"(Xy, M)/) —
H* Xy, M/.\L/)) Recall that to form the cup product of two elements in the compactly
supported cohomology, we can first map one of the elements to the usual cohomoology
and then take the cup product between usual and compactly supported cohomology. It
follows that
Uy, =2, Uy, +eUye+2.Ud+eUd =z, Uvye.

For convenience, let
Hi(Xy, M) = Hi(Xy, M,)/(O — tors)

and T, (Xy, MY) := HY(Xy, MY)/(O — tors).

Let q1 : TS — TS(H,(Xy, M,)) be the quotient map. Note that TS (H} (X, M,))
is a finite O-algebra, so it is the (finite) product of its localisations at maximal ideals.
Thus,

F?(XUvMu) = @ ﬁ?(XU7MH)m1'

my EmSpec’H‘S
mj Dker q1

Note also that suppps (F?(XU, M,)) = V(Annys (F?(XU, M,))) = V(kerq), so F?(XU, M))m, =
0 if my 2 ker q;. It follows that

b b
H, (XUvMM) = @ H, (XUvMM)ml' (1’15)
m; €EmSpecTS
We have a similar decomposition for HT(XU, M,/). Thus, we can restrict [, | to these

direct summands to get pairings

—=b -t
H! (XUaM,u)ml X H!(XUaM;Y)mQ -0
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for any mi,ms € mSpecT®. Similarly, we have decompositions for Fb(XU,M#) and

HT(XU, M,/) into direct sums of their localisations at maximal ideals of TS. Thus, we
can restrict [, ] to these direct summands to get pairings

71) —
H'(Xu, My)wy * Ho(Xv, MY )y — O

for any m;, my € mSpecT?.

Let 0Xy denote the boundary of the Borel-Serre compactification of X7, Let m =
(m) C TS, which equals ker(A mod w) by Lemma where A : TS — @ is the Hecke
eigensystem attached to the contragredient 7. Let € : Ko /K3 — {£1} be the character
such that for every real place v, if z,, € K, /K¢ is non-trivial, then €(z,) = (—1)""te(z,).

Corollary 1.4.10. Assume H®(0Xy, M) is O-torsion free and p > 2.

(a) Then
[, ] H (X, My x Hy(Xp, MY )g = O (1.16)

and
[ ) HY (Xu, My)le] x H (Xy, My)g[d = O

are both perfect pairings.
(b) 6 z'nduce an isomorphism TS(F?(XU, M,)m) = ’]I‘S(ﬁf(XU, M))g)-
Proof.

Claim. Let mq,mg C TS be maximal ideals of T°. Then

—b —t

[H (Xu, Mu)ml ) Hc(XU> M;\L/)mQ] =0
unless my = §(my). Similarly,

—=b -t

[H! (XUv M,Lb)ml  H, (Xu, M;Y)mz] =0

unless mo = 6(my).

We shall show the first one. The second one is similar and easier. To show this,
we let A = Hb(XU,M%@p)ml,B = Hg(XU,Ml@p)m2. Suppose [A,B] # 0. By
Lemma [1.4.5(a)| and its analogue for the compactly supported cohomology, there ex-
ist a € A[(kera)™],b € B](ker 8)*°] such that [a,b] # 0, where a,f : ']I% — Q, are
. P
Q,-algebra homomorphisms with (a|Ts)_1(m@ ) = my and (B|Ts)_1(m@ ) = mgy. Let

p P

t € TS. Then t—a(t) € ker , so (t—a(t))"a = 0 for some r > 1. For all y € B[(ker 3)*°],
we have

0=[(t—a®) ay] = [z, (0t) — a(t))y]

21By ‘induces’, we mean the map given by lifting an element of Ts(ﬁ? (Xu, My)wm) to T2, applying 0
to it, and then projecting it to 'H‘S(ﬁf(Xw M)z)-

31



Thus, (6(t) — a(t))" is not surjective as an Q,-linear endomorphism of B(ker 3)>],
o it is not injective, so (8(t) — a(t))"c = 0 for some ¢ € B[(ker §)*°] \ {0}. By the
definition of B, there exists s > 1 such that (6(t) — 8(0(t)))°c = 0. Since ¢ # 0, we
must have «a(t) = S(0(t)). Thus, a|ps = B|ps 0 6. It follows that m; = (ahrs)_l(m@p) =
(Blps ©6) gy ) = O(ms).

Using this claim, we shall now deduce the first part of @ by a similar argument to
[BR17, section 4.2.4] under our assumption that H*(0 Xy, M,,)n is O-torsion free.

We first note that the base change of to K

[, ]: H(Xu, Myp)m x H{(Xu, M) p)s — E (1.17)

is a perfect pairing, because this is non-degenerate by Poincaré duality and the claim
proved above. Similarly,

[, ] H'(Xu, Myp)m x HA(Xu, My p)z — E (1.18)

is a perfect pairing.
Next, note that since H?(XU, M,,)m and FT(XU, M,/ )5 are both finite free O-modules,
to show that (1.16)) is a perfect pairing, it is enough to show that the induced map

H, (Xu, My)m — Homo (H} (Xy, MY )z, 0) (1.19)

is an isomorphism. To see injectivity, note that F?(XU, My)m — F?(XU, M,)n®o E =
H!Z’(XU, M, g)m and similarly for the right hand side of (1.19). Thus, we deduce the

injectivity of (1.19)) from the non-degeneracy of ([1.17]).
To check surjectivity of (1.19), let f € Hom@(ﬁf(XU,Ml)ﬁ,(’)). Analogous to

(L.15), ﬁf(XU, M,/) is the direct sum of its localisations at maximal ideals of T9. We
extend f to f’ : ﬁ!t(XU,MlY) — O by setting it to be 0 on other summands. Let
q: ﬁz(XU, M)/) — ﬁf(XU, M,/) be the natural map. By Proposition there exists
x € Fb(XU, M,,) such that

floq=lz, -]
By the claim, we can assume that z lies in the direct summand Fb(XU,MM)m of

Fb(XU, M,,). On the other hand, by the perfectness of ((1.19)), there exists z € H!b(XU, M, E)m
such that fg = [z, —], where fg is the base change of f along O — E. Then

f,EOQE:[Za_]

as maps Hg(XU,MlE) — E. By the perfectness of (1.18)), xp = 2, where zg is the
image of z in H*(Xy, My g)m. In particular,

xp € H( Xy, My g)n.
Recall that there is a long exact sequence

= H(Xy,M,) — H (Xy, M,) — H'(0Xy, M,) — ...
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We lift = to H®(Xy, M,,)m and consider its image y in H*(Xy, My)m/HY(Xv, My)m C
Hb(aXU,Mu)m. By what we have just shown, yg € Hb(ﬁXU,M%E)m is 0. Since

HY (X1, M) is O-torsion-free, y = 0. Thus, x € H, (Xu, M,,)m.
For the second part of @, note that we have a decomposition

—=b —=b
H, (XUv Mu)m = @ H, (XU7 Mu)m[fl]
elengo

since p > 2. The perfectness then follows from the first part and the proof of [BR17,

Proposition 3.3.1]. (The proof there works here in view of the decomposition of H*(g, K., oo ®c

M, c) in the last part of the proof of [1.2.12})
Part @ follows from part @ and the same argument as [ACCT 23| Corollary 2.2.21],

namely the commutativity of the diagram

TS —— Endo(H{(Xu, M,)n)

HJ ltranspose

TS —— Endo(H(Xv, M))z)

O]

Lemma 1.4.11. Let ¢, 5 be the specific cusp forms in the space of cusp forms affording
m, 7 respectively which are defined in |[BRI17, Section 22]@ Define

0.0 = | $(0)8(9)da.
AcG(FN\G(AF)
Then ;
~ lyieo 0wy, wy) - L(1, 7, Ad®)
(6,8) = — :
ap pram(ﬂ-)
where ap := % with ® the characteristic function Ofl_.[v)(oo O% , &>f its Fourier
n Ress=1Cr(s v

transform, and (g the completed zeta function. The measures, cg,(wv,ﬂiv), and Pram ()
are defined as in [BR17, section 2]. Also, L(1,7,Ad®) is the value at 1 of the Langlands

L-functiorf).

Proof. Note that [ c(r\c(ar) = Jzncwncun Jasarnzwnar) Where Z s the
centre of G. Also, AcG(F)\Z(Ap)G(F) = F*\AL, where AL :={x € Ap: |z|s, = 1}.

22The corresponding Whittaker vectors of ¢,$ are tensor products of local Whittaker vectors. At
finite places, the local Whittaker vectors are the essential vectors. At infinite places, the local Whittaker
vectors are the ‘cohomological vectors’ as defined in [BR17].

23The Langlands L-function is defined as the product over all places of F of the local L-factors. The
local L-factor can be defined as the local L-factor of the corresponding Weil(-Deligne) representation
under the local Langlands correspondence at a (non-)Archimedean place.
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It follows that
(6,3) = vol(F*\Ab) / 6(9)3(9)dg.
Z(AF)G(F)\G(AF)

The result now follows from [BR17, equation (2.2.11)]. They obtained their result by
relating the Petersson inner product with L(1, 7,Ad%) by the Rankin-Selberg method
and using the fact that L(s, 7 x @) = (p(s)L(s,m, AdY). O

Lemma 1.4.12. We have

[19;,57 5?,%’] = Lalg(17 T, Ad07 6)7

where [ , ] is the pairing induced by cup product as before, Uy  is an O-basis ofF?(XU, M) m|€][ker A],

52; is an O-basis ofﬁf(XU,Ml)ﬁ[E][kerX], and
L(1,7,Ad)

L1, 7, Ad%, €) := .
( ) OF Pram (W)poo (W)pw,b,ep?r,t,g

Here, poo(m) is defined as in [BRI17, equation (3.3.9)] and prpc, b7z are defined in

Definition [1.4. 1

Proof. This is more or less what [BR17, section 3.3.3] obtained, except that our space
Xy is different from the locally symmetric spaces they used. As in [BR1T, p.658], we
have

o .
vol(U) Ja(p\G(ar)/ KU
1

[pﬁ,b,eﬁgja p'ﬁ,t,gﬁzg} = <

S
vol(U) /G(F)\G(AF)/AGU

S
/G(F)\G(AF)/AG
L(1,7,Ad°)

ap pram(ﬂ-)poo(ﬂ-)

where ¢ has the same meaning as that in [BR17, p.658] and in the last equality we used
Lemma [1.4.11] instead of [BR17, equation (2.2.11)]. Dividing both sides by pr bz e
gives the result. O

Remark 1.4.13. ar depends only on F', p,qm(7) depends only on the ramified compo-
nents of 7, and poo(7) depends only on 7.

We can now prove our first main theorem.

However, our L (1,7, Ad’ €) and periods are slightly different from that in [BRI7] due to our
different choice of Xy.
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Theorem 1.4.14. Let the assumptions be as at the start of Section[1.4. Suppose that
HY(0Xy, M,,)w is O-torsion free. Then

Nrbe = Nxte = (Lalg(la T, Adoa E))
Proof. Since H*(0Xy, M )m is O-torsion free, the cup product gives a perfect pairing
7b —
[ )+ HY(Xu, My)wle] x Hy (Xu, M,)5[d = O

by Corollary [1.4.10[*°| We would like to apply Lemma m The conditions in part (b)
of that lemma is satisfied by Lemma and the fact that (7°°)Y and (7*°)V are one

dimensional.

Recall that A : T' — O is the Hecke eigensystem for w. This factors through
']I'S(ﬁ?(XU, M,)m) because the action of the Hecke algebra on H, (Xy7, M,)m preserves
degree and 7 is isomorphic to a submodule of F?(XU, M,)m ®0 C.

Similar to how we defined the idempotent e € Tg using A : T' — O, we can de-
fine an idempotent €' € TS(F?(XU,MH)W‘)E using the induced map on the quotient
TS (F?(XU, M,)m) — O. It is clear from the definitions of e and ¢’ that ¢’ is the image
of e under Tp — 'H‘S(ﬁ?(XU, M,)m)E-

The same argument (with HY(Xy, M,)m replaced by Hf(Xy, M/Y)ﬁ) works for the
contragredient 7, X, €, ¢ and we know ¢ is the image of € under T —» TS(FT(XU, M))&)E-

By Lemma [1.4.8] we know X = Aod. It follows from definition and part (b) of
Corollary [1.4.10/that 0(¢’) = &. Thus, for all @ € Hy(Xtr, M,)wle], y € Hy(Xv, MY)s[d),
we have

lex,y] = [e'z,y] = [x,0(c")y] = [z,y] = [z, ey].

From thi@ and the fact that e, ¢’ are idempotents, we deduce that all the conditions of
Lemma [[.3.5] are satisfied.
By Lemma [I.3.5] and Lemma [I.4.12

Nrbe = Mgz = 95,05 d = (L%(1, 7, Ad°, €)).
]

Remark 1.4.15. The theorem is a generalisation of [TU21, Proposition 4.12 first part
and Lemma 5.6(iv)], where analogous results were obtained for GLy over a totally real
field and over an imaginary quadratic ﬁeldE

25This is the only place in this proof where we use the assumption that Hb(aXU, M,)m is O-torsion
free.

26The reason that we need to argue via e/,€ rather than e, directly is that we do not have the
analogue of part (b) of Corollary for the entire inner cohomology. We only have it for the bottom
and top degrees.

2T At least in the totally real case, although it was not explicitly stated, they implicitly assumed that
the ideal m is non-Eisenstein, as they applied the Poincaré duality result from [TU2I) Proposition 4.10
part 3], which was established only under this assumption in their paper.
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An analogous result is stated in [BR17, section 4]. It differs from our result in the
following ways: the result there is for the product of L49(1, 7, Ad°, €) over all permissible
€ while our result is for each individual permissible €. Additionally, we localize at a maxi-
mal ideal throughout, which is necessary for relating congruence ideals to Selmer groups
(see Theorem below). Localisation also makes some results slightly harder to
prove, but requires a weaker hypothesis that H®(0Xy, M, 1)m, rather than H b(0Xy, M, w)
is O-torsion free (see Lemma below for a case where this holds). Although this
weaker hypothesis was mentioned in [BRI17, page 669], the necessary (small) adjust-
ments to their proof were not worked out. We have provided more detailed arguments
for certain parts. Furthermore, to facilitate the use of some results in [ACCT23| and
INT16], we work with a different locally symmetric space, preventing us from applying
some results from [BRI7] directly. For the same reason, our L% (1,7, Ad°, ) is slightly
different from theirs.

Remark 1.4.16. It may be possible to determine po,(7) explicitly as a power of 2mi
using techniques of [GL21], but we have not attempted this. In that paper, they precisely
determined some archimedean zeta-integrals by replacing 7 with simpler automorphic
representations 7/ with 7o, = 7. . Here, ’simpler’ means 7’ is automorphically induced
from a Hecke character or is an isobaric sum of Hecke characters. This approach allows
them to relate the L-function of m to those of Hecke characters, which, in turn, are
related to CM periods by results of Blasius.

Now, we will explain why this is related to congruences of automorphic representa-
tions. Roughly speaking, if L% (1,7, Ad", €) is not a p-adic unit, then 7 is congruent
to another automorphic representation. The converse holds if the maximal ideal m is
non-Eisenstein.

Corollary 1.4.17. Let the assumptions be as at the start of Section[I.4. Suppose that
H0Xy, M,,)m is O-torsion free. Consider the following two statements:

(a) w | L9(1,7,Ad°¢).

(b) There is a discrete automorphic representation ' % 7 of GLy (A ) with Hf (X, MMVC)[(W’O‘”S)US] #
0 whose Hecke eigensyste N 2 T® = Q, satisfies |A(t) — N (t)], < 1 for all
te T,

Then implies . If HY(Xy, My, 0)wle]/O-torsion is a free T-module, then im-
plies[(a),

Note that 7’ needs not be cuspidal even though we start with a cuspidal w. See
Corollary [1.4.20| below however.

28This is defined using the fixed isomorphism ¢ : @p = C as in Lemma The only differences are

that (W’OO‘S)US only appears in the inner cohomology but not the cuspidal cohomology, and the image
of A’ needs not lie in O, but only an integral extension.
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Proof. Abusing notation, we shall identify @p with C using our fixed isomorphism .
Note that 7/ = 7 if and only if A’ = A by the strong multiplicity one theorem (where we
regard A as having codomain in Q ).

Suppose w | L%(1,7,Ad° €). By Theorem and Lemma ne # O. By
Remark |1.3.7] there exists a Qp algebra homomorphlsm N T ®eo @p — Qp such that
N Z£A®o Qp and |\(t) — N(t)| < 1 for all t € T. We have a natural map

T8 (H; (Xy, M) ©0 @, = T (V) = T ©0 Q,,

where V' := H(Xy, M, 5 ) and T%p(v) = im(T* ®o Q, — Endg, (V)). Composing

this with X/, we get a @p—algebra homomorphism
£ Trﬁp(V) — Q.

Let n:=ker f. Then
Va#0

because Supst (V) ={p € Spec(']TS (V) :pD AnnTs y(V)} = Spec(TS (V))

By [Bel21 sectlon 2.5.1], V[n] # 0. By Lemma part there is a dlscrete au-
tomorphic representation 7’ such that (7/°° )US is 1somorph1(: to a sub- ']I‘% (V)-module
D

of V and (7' S) *[n] # 0. Note that (7/°5)U° = @/ (#/)V" is one dimensional over
Q,, so (7/>>5)Y [n] = (7°5)U% The Hecke eigensystem attached to 7' has the desired
property.

Suppose HP (X, My, 0)m[e]/O-torsion is a free T-module, say, of rank d, and there
is a 7’ satisfying the statement of the corollary. Note that d > 1 by Lemma
By freeness, nrpe = ne, so by Theorem it suffices to show that n, # O. By
Lemma it suffices to show that there is an (O-algebra homomorphism \ : T — @p
with A # X and |A(¢t) — X (¢)| < 1 for all t € T'. Equivalently, we need to show that there
is an O-algebra homomorphism A” : T9 — Q, that factors through TS(H ( Xy, M,))
with A # A” and |A(t) — A”(t)| < 1 for all t € T, because any such A” necessarily
factors through 7. For this, we can take A” to be the Hecke eigensystem attached to
7. O

Remark 1.4.18. A version of Corollary appears in [BR17, Theorem 4.3.1], but
the conditional converse is not stated explicitly and is not proved. An analogue of
Corollary in the case of GLy is also proved in [Naml5, Theorem 5.25] under
certain conditions for minimal and ordinary eigenforms.

We think the condition for the converse, namely that HY(Xy, M, 0)ml€]/O-torsion
is a free T-module, is not unreasonable. When F' is a CM field, it should be possible to
verify this using the Taylor-Wiles method if m is non-Eisenstein and the Galois represen-
tation attached to 7 is a minimally ramified deformation of its residual representation.
However, under our current knowledge of Galois representations, such an approach will
require a lot of extra assumptions and conjectures (such as the vanishing of H*(Xy7, k)
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outside the cuspidal range, existence of Hecke algebra valued Galois representations
(without nilpotent ideals), local-global compatibility of such representations). There-
fore, we do not pursue this approach here. See, however, [Han13] for the GLy case@ It
may also be possible to extend the freeness to the non-minimal case using the methods
of [IKM22al TKM22b].

Now, assume in addition that F' is a CM field or a totally real number field, and S
contains {places w : w|g is ramified in F' or w|g = p}. (Recall that we also make the
assumption that S contains all v such that 7, is ramified.) By [HLTT16, Theorem A],
there is a Galois representation

pr : Gal(F/F) — GL,(Q,)

attached to 7 such that for all v ¢ S of F', the characteristic polynomial of the image of
Frob, is

X" Tv,an_l 4 (—1)iqf}(i_1)/2Tv,an_i 4ot (_1)nq11}1(n—1)/2Tv7n,

where T, ; = [GL,,(Op,)diag(wy, . .., @y, 1,...,1) GL,(OF,)] with w, appearing i times.
From now on, we assume that m is non-FEisenstein, i.e. the residual Galois represen-
tation o, : Gal(F'/F) — GL,(F,) is (absolutely) irreducible.

Lemma 1.4.19. Let the assumptions be as above (so in particular m is non-Eisenstein,).
Then

(a) H*(0Xy, M,)m = 0,
(b) H*(XUa Mu)m = H!*(XUa Mu)m;
(c) T =T(H*(Xy, M,))m/O-tors,

(d) H*(XU7 M,u,(C)m = H!*(XUa M,u,(C)m = H (XU7 M,u,(C)m-

cusp

Proof. The key input for the first part is [NT16, Theorem 4.2], which states that for
every smooth O[Ug]-module A that is finite as an O-module, H*(0Xy, A)m = 0. They
proved this using the fact that Xy admits a stratification with strata indexed by con-
jugacy classes of proper parabolic subgroups of GL, and by an in depth analysis of the
cohomology of each stratum.

Recall that by [NT16, page 19], M, ®o O/w = M,, <, Which receives an action of
GL,(O/w), compatible with that of GL,(O). Thus M,, /s is a smooth O[Ug]-module
that is finite as O-module, so

H*(0X1, My, 0/)m = 0.

2We think that in that (well-written) paper, it is necessary for p > 7 instead of p > 3 as stated.
This ensures the image of the residual Galois representation is enormous, guaranteeing the existence of
Taylor-Wiles primes. Also, it seems that for the first equation on page 8 to hold, one should patch the
(derived) dual of Cj rather than C, itself.
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We get the desired result by considering the long exact sequence associated to
0— M, = My — M, 0/m—0

and applying the Nakayama lemma to the finite O-module H*(0Xy, My,)m = 0.
Part @ now follows from the long exact sequence

= HY(Xy,M,) — H(Xy, M) — H(0Xy, M,) — ...

For part note that T%(H )w/O-tors & T%(Hy,) for H € {H*(Xy, M), Hf (X, M)}
by the same proof as Remark [.4.3]

For part @, it is proved in [ACC™23| Theorem 2.4.10] using Franke’s decomposition
of H*(Xy, My, c) via automorphic forms that H*(Xv, My, c)m = Hyep(Xv, My c)m- As
H¥(Xy, M, c)m is always sandwiched between these two groups, these groups are all
equal. (The first equality also follows from part @) O

For readers’ convenience, we restate our running assumptions.

Corollary 1.4.20. Let the assumptions be as at the start of Section [I.4. Suppose
in addition that F is a CM or totally real number field, and S contains {places w :
wlg is ramified in F' or w|g = p} (and all v such that m, is ramified).

Assume that m is non-Fisenstein. Consider the following two statements:

(a)
w | L%Y(1, 7, Ad°, €).

(b) There is a cohomological cuspidal automorphic representation ©w' % T of weight
ui of GL,(Ap) with (n')V # 0 whose Hecke eigensystem A' : T5 — Q,, satisfies
|A(t) — A'(t)], < 1 for all t € T.

Then implies . If HY(Xy, M, 0)wle]/O-torsion is a free T-module, then im-
plies .

Proof. The proof is just a slight variation of that of Corollary [T.4.17] Abusing notation,
we shall identify Q, with C using our fixed isomorphism ¢. Suppose w | L1, 7, AdY, €).

By Theorem |1 and Lemma 4 ne # O. By Remarkthere exists a Qp algebra
homomorphlsm )\’ T®oQ, — Qp such that X # A ®p @, and [A(t) — XN (¢)| < 1 for all
t € T'. We have a natural map

T%p(V) - T®oQ,= ']I‘S (Huep (XU, My, g, ),

where the last equality is by Lemma |1.4.19] V := H:USP(XU,MM@ ), and ']I'% (V) =
b p p

im(T® @0 Q) — Ende(V)). Composing this with X, we get a @p—algebra homomor-
phism

f: TEP(V) — Q.
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Let n:=ker f. Then
Vn # 0
because Suppys (1) (V) = {p € Spec(']T% (V) :p D Anngs (y(V)} = Spec(']l‘% (V).
Q P Q P
By [Bel21l Sectign 2.5.1], V[n] # 0. Thus, there is a Cohomoloigical cuspidal automorphic

representation 7’ of weight ¢y such that (7/°° )US

of V and (7/°5)U%[n] # 0. Note that (7/°°5)U° = &/ (z/ )V is one dimensional over Qs
/oo,S)US[ /oo,S)US

is isomorphic to a sub—’]I‘% (V)-module
D

so (m n| = (w . The Hecke eigensystem attached to ' has the desired
property.

When HY(Xy, M, 0)mle]/O-torsion is a free T-module, the converse follows from
Corollary because if 7’ is a cohomological cuspidal automorphic representation 7’
of weight ¢y of GL,,(Ar) with (7)Y # 0, then 7’ is a discrete automorphic representation

and 0 # HY,,(Xu, My c)[(x'°>%)V°] ¢ HY(Xy, M, c)[(x">>%)V7]. O

1.4.5 Selmer groups

We now illustrate how to combine the results above with deformation theory to obtain
some Bloch-Kato type results relating Selmer groups and L-functions. We use the same
definitions and notation of local and global deformation problems as in [ACC™23, section
6.2.1] and we will always take A, = O for all v € S. In particular, p: Gpg — GLy (k) is
absolutely irreducible, D, is a local deformation problem for each v € S,

S = (p,5,{0}ves; {Dv}ves)

is a global deformation problem, and Rgs is the ring representing the deformation functor
of type S.
Fix p: Grs — GL,(O) a lifting of p of type S. For each m > 1, let
@)
(@)
with multiplication given by (a, be)(c,de) = (ac, (be + ad)e). This is a local O-algebra
and there is a natural map O,, — O given by projection to the first factor.

Definition 1.4.21. We let

On =060

€

LY (x~™m0/0)
be the preimage of Dy(Oy,) under the isomorphism

7.‘_7m

7! <GFU,Adp ®0 O) = {liftings Gp, — GLyn(On) of play, }

given by c— (1 + ce)play, , where Z' means the group of continuous 1-cocycles.
We know
~ E
ZNGF,,Adp®o E/O) = {liftings Gr, — GL,(0O @ 56) of play, } (1.20)
Sinc ZYGp,,Adp ®p E/O) = lim ZYGp,, Adp ®0 =52), any lifting Gp, —

30Note that Adp®o E/O is a discrete Gp,-module.
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E
GL,(O& 56) of p|g, necessarily has image in GL;(O,,) for some m > 1.

E
Definition 1.4.22. P!\ A lifting Gp, — GL,(O @ 56) of play, is of type D, if it is

of type D, when it is regarded as a lift with codomain in GL,(O,,) for some m (or,
equivalently, for all m for which GLy,(Oy,) contains the image of the lift.)

The following is immediate from the definitions.

Definition/Lemma 1.4.23. The following subgroups of Z'(Gp,,Adp @0 E/O) are
equal. We denote them by L1(E/O).

(i) iy £H(xm0/0)

E
(ii) preimage of {liftings Gr, — GL,(O® 56) of plg,, of type D,} under the isomor-
phism (T:20).

Since P‘GFU is of type Dy, aplcy, a~! is also of type D, for all a € ker(GL,(O,,) —
GL,,(0)) for all m by definition of local deformation problem. It follows that £ (7=™0/O)
and L1(E/O) both contain the group of 1-boundaries.

Definition 1.4.24. We define L,(m~™O/O) to be the image of LL(x~™O/O) under
ZY — H. Similarly, we define L,(E/O) to be the image of LL(E/O) under Z* — H*.
Equivalently, by exactness of direct limits, L,(E/O) = lim Ly(m™mO/0O).

We also define the Selmer groups

T T

Hé (Adp@o O) = {cEHl <GF,5,Adp®o O) 1oy € Ly(mTO/O) VUES}

and

E E
H} (Adp R0 (9> = {c e H! (GF,S,Adp R0 (9> tcy € Lo(E/O) Vv € S} ,

where ¢, is the restriction of ¢ to Gg,. It is easy to verify that

E )
L (Adp@o 0) = liny H} (Adp@o T 5 >

Lemma 1.4.25. The strict equivalence class [p] of p gives rise to a local O-algebra

homomorphism Rg 9% 0. Let p:=kerf. Then

Homo (p/p?, B/O) = Hg(Ad p @0 E/0O),

31Since O @ %e is not a complete local ring, the term ’of type D,’ is not defined for liftings to
GLA (O & Ze) a priori.
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Proof. This is well-known so we will just sketch a proof. Note that p/p? is a finitely
generated Rs/p = O-module, so any O-algebra homomorphism p/p? — E/O has image
contained in w~""O/O for some m > 1. Thus, if we know

Homo (p/p*, @ "0/0) = Hg(Ad p @0 @ "0/0)

for all m > 1, then taking colimit will give the desired result. This follows from the
chain of isomorphisms

Hi(Adp o @ ™0/0)
= {liftings Gp,5 — GL,(Opm) of p of type S}/ ker(GL,(Op) — GL,(0)) (1.21)
= {deformations Grs — GLy,(Op,) of [p] of type S} (1.22)
~ {f € Homp(Rs,Op,) : f (mod €) = 6}
> Homo(p/p?, @~ "0/0).

In (1.21)), ker(GL,(Oy,) — GL,(0)) acts on {liftings Gp,g = GLy(Oy,) of p of type S}
by conjugation. In , by deformations of [p], we mean deformations of p whose
pushforward to GL,(O) is [p]. To show the bijectivity of (1.21]) and (1.22]), note that
the centralizer of the image of p in GL,(O) is O* by [CHT08, lemma 2.1.8] and p is
absolutely irreducible. The other steps are easy. O

Theorem 1.4.26. Let the assumptions be as at the start of Section [1.4. Suppose
in addition that F is a CM or totally real number field, and S contains {places w :
w|g is ramified in F' or w|g = p} (and all v such that m, is ramified).

Assume m is non-Fisenstein. Then there is a continuous Galois representation

Pm : GF,S — GLn(T)
such that for allv ¢ S of F, the characteristic polynomial of pm(Frob,) is
X" Tv,an_l NN (_1)iqrz(i_1)/2Tv,an_i 4ot (_l)nq’[’r)l(n—l)/QT%n,

where Ty, ; = [GL,(Op,)diag(wy, . .., @y, 1,...,1) GL,(OF,)] with w, appearing i times.

Assume that py is a lifting of pm of type S, where S = (pm, S, {O}ves, {Dv}ves) is
some global deformation problem. Let p := Ao py, where A : T — O is induced from A
as in Lemma|1.4.2. Then

#HE(Adp ©o E/O) > #(O/L(1, 7, Ad°,€)) (1.23)
where # denotes the order of a group.

Proof. The key to proving the existencelﬂ of pm is to use [HLTTI16, Theorem A] and
Carayol’s lemma.

32If one makes extra assumptions on F and S, then the existence of pm follows immediately from
[ACC™23| theorem 2.3.7].
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Since m is non-Eisenstein, H/*( Xy, Mu@p)m = H}yp(Xu, Mu,@p)m by Lemma (1.4.19
Let W = HZ,,(Xu, M, 5 )m- By (the proof of) Lemma
»p

W = @QZT%p (W)ﬁ@pW[kel" Oé] (124)

where o runs over @p—algebra homomorphisms T% (W) — @p. Any such « satisfies

P
(a|Ts)_1(m@p) = m. By equation (1.3)) and [BW00, Ch.II, Prop. 3.1],

H::kusp(XU? M,u,(c) = ®W’H*(g7 Kgo? Mlh(c ®c 7T</>o) ®c (W/OO)U7

where 7’ runs over all cohomological cuspidal automorphic representations of GL, (Ar)
of weight p with 7'V # 0. It follows that any « as above gives rise to a cohomological
cuspidal automorphic representation 7, of GL,(AFr) of weight p such that 7¥ # 0 and
t € TS acts on 7V by a(t).

We have a @p—algebra homomorphism

h:T®o@p=T%p(W)—> I <

a:T%p(W)H@p

t— (a(t))a-

By (1.24)), h is injective. If h is not surjective, then its image is a proper @p—subalgebra
of ], @p, so, by a simple arguement, there exist 3,7 : ’]I% (W) — @p such that 8 # v
P

and the image is contained in {z € [[,Q, : z3 = 2,}. This is impossible by the strong
multiplicity one theorem. Hence, h is an isomorphism.

By [HLTT16, Theorem A], for every «, there is a unique continuous semisimple
representation

pr. : Gal(F/F) — GLn(@p)

such that for all v € S, py,, is unramified at v and pr, (Frob,) has characteristic polyno-
mial a(P, (X)), where a( P, (X)) is the polynomial obtained by applying « to every coeffi-
cient of Pv(X) — Xn—Tvlen_l—i—- . '+(—1)iqi(i_1)/2Tv,an_i+‘ . ’+(_1)nq2(n_1)/QTv,n.
By the Baire category theorem and the compactness of Gal(F/F), after conjugating pr,
by elements of GL,(Q,), we can assume that pr, (Gal(F/F)) C GLn(Op) for every
a, where L is a finite extension of E. See [CHTO08, Lemma 2.1.5] for the proof of an
analogous result. By the Brauer-Nesbitt theorem, every residual Galois representation
Pr. : Gal(F/F) — GLy(kg), where ky, is the residue field of L, is isomorphic to p;.
We can conjugate pr, by elements of GL,(Opr) to ensure that all these residual Galois
representations are equal to p,., not just conjugate to it. By enlarging L if necessary, we
can also assume h(T) C [], Or.
Let

p = (pr,) : Gal(F/F) = GLy(T ®0 Q,) = [ GLa(Q,)
For every v € S, p is unramified at v and p(Frob, ) has characteristic polynomial P,(X).
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Let A := {(zq) € [[, OL : Zo are all equal and lies in O/w}, where Z, is the reduc-
tion mod my, of . This is a local ring with maxial ideal my := {(zo) € [[,OL : Ta =
0 for all a} and residue field O/w. This is also finitely generated as an O-module, so it is
a complete Noetherian ringﬁ Thus, A € CNLp (the category of complete Noetherian
local O-algebra with residue field O/w).

In the remaining part, let us denote the image of m in 7 also as m. Note that T C A
and T' € CNLp. Also, TNmy = m by, so T < A is continuous. This is a closed map
of topological spaces, because T is compacﬁ and A is Hausdorff. In particular, T is a
closed subset of A.

Note that p(Gal(F/F)) C GL,(A), so we can view p as a representation

p: Gal(F/F) — GL,(A).

The residual Galois representation p : Gal(F/F) — GL,(A/m4) is absolutely irre-
ducible because m is non-Eisenstein. We know that tr(p(Frob,)) = +T;,;1 € T for all
v € S. By Chebotarev density theorem and the fact that T C A is a closed sub-
set, trp(Gal(F/F)) C T. By Carayol’s lemma ([CHT08, Lemma 2.1.10]), there exists
g € GL,(A) — GL,(O/w) such that gp(Gal(F/F))g~' C GL,(T). Then gpg~! is
unramified outside S, so it gives rise to

pm : Grs — GL,(T)

such that for all v ¢ S of F, the characteristic polynomial of py(Frob,) is P,(X). This
proves the first part.

For the second part, assume that py, is of type S. Its strict equivalence class induces
an (-algebra homomorphism f : Rs — T. We know that T is generated by

{T,,(T)) v g 5,1 <i<n}

as an (’)—algebraﬁ For all g € G, every coefficient of the characteristic polynomial of
pm(g) is in the image of Rg — T. Taking Frob !, we know f is surjective.

If HL(Ad p®e E/O) is infinite, then equation is trivial. Suppose H:(Ad p®o
E/O) is finite. Let 8 = Ao f and p := ker 6. It follows from Lemma that p/p? is
also finite and

#Hs(Adp @o E/O) = #(p/p).
By [DDT97, page 141 equation (5.2.3)],

#(p/p%) = #(0/1rs)
where ngg == 0(Anng,(p)). By [DDT97, page 140 equation (5.2.2)],

#(O/nrs) = #(O/nr),

331t is clear that A is w-adically complete. By the going up and incomparability theorem, vwA =
Npcwap = ma. It follows that A is also ma-adically complete.

34To see this, note that T = lim, T/m’ is profinite.

35This can be easily deduced by applying the Satake isomorphism to H(GLy (F,), GLy,(OF, ))®ZZ[qi/2].
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where nr = A(Anng(ker \)), which is the same as 7, in the previous subsections. By

Lemma Lemma and Theorem
#(O/117) = #(0 /0 p.c) = #(O/L™(1, 7, Ad, ¢)).
We get the desired inequality. O

As an illustration of Theorem let us give an example. Let D} be the functor
on CN Lo (category of complete Noetherian local O-algebras with residue fields k) that
sends A to the set of all lifts of pm|c,, to A. In the Fontaine-Laffaille case, if v is a
p-adic place, we let DX be the local deformation problem that sends any A € CN Lo
that is finite over O to all liftings of pm|cy, to A that are Fontaine-Laffaille of type
(7 )reHom(F,,B)- See [ACCT23| sections 4.1, 6.2.14] for more detail.

Corollary 1.4.27. Let the assumptions be as at the start of Section [1.4 Suppose in
addition that

e F is a CM or totally real number field.

e S contains {places w : w|g is ramified in F or w|g = p} (and all v such that 7, is
ramified).

e U, =GL,(Op,) for allv | p.

e the residual Galois representation pr : Gal(F/F) — GL,(F,) is irreducible and
decomposed generic [ACCT 235, Definition 4.3.1].

Then for all v | p, pml|cy, is Fontaine-Laffaille of type (i) rcHom(F,,E), where pm is the
Galois representation constructed in Theorem[1.4.26. In particular, py, is a lifting of pm

Of type S= (ﬁma S7 {O}v637 {DUFL}v|p U {DE}veSf{v\p}) and
#HE(Adp ®0 E/O) > #(O/L(1, 7, Ad°)).

Proof. This follows from the proof of Theorem [1.4.26] and by replacing the use of
[HLTT16, Theorem A] by [CN23| Theorem 4.3.1]. O

Remark 1.4.28. To relate this Selmer group to the Bloch-Kato Selmer group, see

[DFGO4, lemma 2.1] and [Dim09} section 7.3]. In their setup, the O-Fitting ideal of their

Selmer group was equal to that of the Bloch-Kato one multiplied by [ [, o5, Fitto (H} (Fy, (Ad® ps)*(1)))
for some finite set of places . Each term in the product was then shown to be equal

to the local Tamagawa number divided by the local L-factor at that place. Combining

this with a suitable R = T' theorem, they were able to deduce a form of the Bloch-Kato

conjecture using similar argument to the proof of Theorem [1.4.26
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Chapter 2

Higgs bundles on the
Fargues-Fontaine curve

In this part, we introduce a notion of Higgs bundles on the Fargues-Fontaine curve.
We establish a version of the BNR, correspondence, which relates Higgs bundles to line
bundles on suitable curves. We then describe an action of a Picard stack on the moduli
stack of Higgs bundles and show that, modulo this action, there is a natural injective
map of étale-stacks from the product of B;R—afﬁne Springer fibers to the Hitchin fiber
that induces an equivalence of categories on every geometric point. Finally, we discuss
connections with number-theoretic objects.

2.1 Introduction

Higgs bundles on algebraic varieties play an important role in several areas of mathe-
matics. To motivate this thesis, let us give two motivations from the Langlands program
for studying Higgs bundles. We will be slightly imprecise to streamline the discussion.

1. Langlands duality
Let X be a smooth projective curve over C. It has been conjectured that (cf.
[DP12, Conjecture 2.5]) there is an equivalence of categorie{]

QCoh(Higgsg) ~ QCoh(Higgs~),

where G is a connected reductive group over C, G is its dual group, and Higgs is
the moduli stack of G-Higgs bundles on X. This is highly interesting because it is
an instance of Langlands duality: it involves both G and G. Even for G = GL,,,
this is a non-trivial assertion, because this equivalence is expected to be compatible
with certain Fourier-Mukai equivalence, and in particular is not satisfied by the
identity functor. To be less vague, there is a Hitchin fibration Higgs; — Ag. By
the BNR theorem [BNR89, Proposition 3.6], the fibres of this map over a suitable

!This is just an approximation. It is unknown precisely what the two categories should be.
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locus on Ag are given by the Jacobian of the spectral curves (up to some stacky
parts). In particular, there is a Fourier-Mukai equivalence [Muk81] on the derived
category of quasi-coherent sheaves on the fibres. The conjectured equivalence above
should restrict to this Fourier-Mukai equivalence.

2. Proof of the fundamental lemma

One of the central tools in the study of the Langlands conjectures is the trace
formula. Most of its applications rely on a deep and highly nontrivial input known
as the fundamental lemma, which relates local orbital integrals attached to two
different reductive groups. By [Wal97], to prove the fundamental lemma for all
non-Archimedean local fields, it is enough to prove it for non-Archimedean local
fields with equal characteristic. In [Ng610], Ngo achieved this using the geometry
of Higgs bundles.

The guiding principle is a global-to-local philosophy. Locally, orbital integrals can
be interpreted in terms of point counts on affine Springer fibers, certain closed
subsheaves of the affine Grassmannians. Globally, the Hitchin fiber in the moduli
stack Higgs serves as a global avatar of affine Springer fibers. The reason is that
there are certain Picard stacks acting on Higgs,; and the affine Springer fibers.
Ngo proves in [Ngo610, Proposition 4.15.1] that modulo the action of these Picard
stacks, the Hitchin fiber factorises as a product of affine Springer fibers over all
places. This product formula makes precise the global-local relationship and allows
one to deduce identities between orbital integrals from global geometric properties
of the Hitchin fibration.

It is worth emphasizing that Ngé works with a variant of the usual notion of Higgs
bundles: instead of the canonical line bundle Q}(, one allows an arbitrary line
bundle on X. This additional flexibility plays an essential role in the geometric
arguments.

In this thesis, we introduce a notion of Higgs bundles on the fundamental curve of p-
adic Hodge theory, namely the Fargues-Fontaine curve. Introduced by Laurent Fargues
and Jean-Marc Fontaine, this curve provides a geometric framework for studying p-adic
Hodge theory and the Local Langlands Program. In particular, the study of G-bundles
on the Fargues-Fontaine curve and ¢-adic sheaves on their moduli stacks plays a central
role in the geometric approach to local Langlands developed in [FS21].

From this perspective, the local Langlands program can be viewed as a form of
geometric Langlands theory on the Fargues-Fontaine curve. It is therefore natural to
extend geometric constructions from the classical setting of smooth projective curves to
this p-adic context. In this thesis, we carry out such an extension for the notion of Higgs
bundles.

In contrast to the classical setting, the Fargues-Fontaine curve is an adic spaceﬂ
rather than an algebraic variety. As a consequence, certain basic tools from algebraic

2There is also a schematic version of the Fargues-Fontaine curve, but that is also not an algebraic
variety.
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geometry are not available. In particular, the notion of Kéhler differentials does not
exist for the Fargues-Fontaine curve, which prevents one from defining Higgs bundles in
the usual way. We thus adapt Ngo’s definition of Higgs bundles, i.e. we fix a line bundle
L on the Fargues-Fontaine curve Xg and define a (L-twisted G-)Higgs bundle on Xg to
be a pair (€, ¢), where

e £ is a G-bundle on Xg,
o ¢ € H(X5,Ad(E) @0y, L).

We let Higgs; denote the moduli stack of L-twisted G-Higgs bundles. We also introduce
in Definition a local analogue of Higgs, which we call B;R—afﬁne Springer fiber.

We prove three abelianisation theorems in this thesis. As we noted in motivation
1, to formulate motivation 1 for GL,, we need to know that the Hitchin fibers are the
Jacobians of certain curves (up to some stacky parts), so that we have Fourier-Mukai
equivalence on them. In Theorem [2.4.9] we prove a version of the BNR correspondence,
which relates GL,-Higgs bundles to line bundles on suitable curvesﬂ This can be viewed
as progress towards formulating an analogue of motivation 1 for the Fargues-Fontaine
curve. In Proposition we prove that

Higgs.? = P,

where HiggsTGeg is a certain sub-prestack of Higgs, and P is a certain Picard prestack
which classifies J,-bundles on the Fargues-Fontaine curve, for some commutative group
scheme J over the Hitchin base. Similarly, in Proposition 2.7.7, we prove that

where Grgﬁ’w is a certain sub-v-sheaf of the B;R—afﬁne Springer fiber Grg 4, and P(llff
is the BjR—afﬁne Grassmannian of a commutative group scheme J,, .

In Theorem [2.7.22] we exhibit the close relationship between the Hitchin fibers Higgs,
and the affine Springer fibers Grg 4, by showing that for generically regular semisimple
a, there is a natural injective morphism of étale-stacks

I[I  [Graw/Pl)a — [Higes,/Pala

closed ve| X |

which is an equivalence on every geometric point. This can be viewed as progress to-
wards motivation 2 for arbitrary non-Archimedean local fields. Finally, we will discuss
connections with number-theoretic objects.

3These will be the spectral curves. In the same way that the Fargues-Fontaine curve is not a curve
in the usual sense, the spectral curve is also not a curve in the usual sense. However, the spectral curve
will be a finite covering of the Fargues-Fontaine curve.
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Convention

If C is a category, then by a prestack on C, we mean a 2-functor C°? — Grpd, where Grpd
is the (2,1)-category of (small) groupoids. For a scheme or adic space X, we denote by
| X | its underlying topological space, not just the closed points. Unless otherwise stated,
by a stack, we mean a stack in groupoids. By a vector bundle on X, we mean a locally
finite free Ox-module on X. Unless otherwise stated, our G-torsors will be right G-
torsors and all other (group) actions will be left actions.

If C is a site, X € C and G is a group sheaf on C, then a G-torsor/G-bundle on X
is a sheaf £ on C/x equipped with a right G | x-action on it for which there is a cover
{U; — X} and G|y,-equivariant isomorphisms E|y, = G|y,, where G|y, acts on itself via
right multiplication. If F is a sheaf on C with a left G-action, then we define £ x& F to be
the sheafification of U + (£(U) x F(U))/G(U) where G(U) acts as g-(z,y) = (xg~", gy).
We will denote the trivial G-bundle by & or G.

We let Perf,PerfE,Perfs be the category of perfectoid spaces over F,, F,, S re-
spectively. We let Xg denote the Fargues-Fontaine curve. If S is affinoid perfectoid,
then we let X §Ch denote the schematic Fargues-Fontaine curve. If V is a vector bun-
dle on the Fargues-Fontaine curve Xg, we let H°(V) be the functor on Perfg given by
T — H(X7,V). We let Dy denote Spec B}, (T') and D% denote Spec Bp;,1 (T'). Note
that this depends on the map T — Div}{, not just on 7.

If A is a Huber ring, then Spa A := Spa(A4, A°).

If X is an affine scheme, then O(X) is the ring of global sections of its structure
sheaf Ox.

Unless otherwise stated, by ‘ring’, we mean a commutative ring.
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2.2 Background

In this section, we provide some background useful for this thesis. While most of these
materials are standard, there are some new results which do not seem to exist in the liter-

ature, including Proposition [2.2.11] Proposition[2.2.15] Lemma [2.2.16] the computations
in Section 2.2.13] Lemma [2.2.89] Lemma [2.2.91] Lemma [2.:2.95

2.2.1 Recollections on stacks

Let C be a site. We shall mainly apply this to the fppf site of schemes and the étale site
of sousperfectoid spaces as in the appendix.
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If 7 is a sheaf on C and X € C, then we abbreviate Flc,, as F|x.
Let G be a group sheaf on C.

Definition 2.2.1. For X € C, a G-torsor/G-bundle on X is a sheaf € onC,x equipped
with a right G|x-action on it for which there is a cover {U; — X} and G|y, -equivariant
isomorphisms E|y, = G|y, where G|y, acts on itself via right multiplication.

We recommend the readers to read [SW20), Appendix to Lecture XIX] for some more
discussions on G-torsors in the settings of schemes and adic spaces.

Definition 2.2.2. Let F be a sheaf on C acted on by G. We define [F/G] to be the
stack

C? — Grpd
S — (€ a G-torsor on S, f : £ — Fls a G-equivariant map).

Since by our convention £ and F receive right and left G-actions respectively, by
‘G-equivariant’, we mean f(eg) = g~ f(e).
Let us recall a well-known lemma.

Lemma 2.2.3. [F/G] is the stackification of the prestack [F/pre G| : CP — Grpd
sending S to the quotient groupoz’cﬁ F(S)/G(S5).

Proof. By [Sta2h, 04TQ, 04TR], [F/G] is indeed a stack. We have a map of prestacks
[F/pre G] = [F/G] given on S-valued points by

F(8)/G(S) = [F/GI(S)
x € F(S) + (trivial G-bundle on S, g~ ¢~ 'x)
g€ G(S) g

It is easy to verify using [Sta25l Lemma 02ZN] that this map exhibits [F/G] as the
stackification of [F/pre GJ. O

Let us also recall a well-known description of the sections of associated bundles via
G-equivariant maps.

Lemma 2.2.4. Let £ be a G-torsor on X € C. We have a bijection between
1. G-equivariant maps € — F|x and
2. elements of (€ x& F|x)(X).

In particular, we can identify [F /G| with the stack

S — (£ a G-torsor on S, s an element of (£ x& F|x)(X)).

“The groupoid whose objects are elements of X(S) with morphisms given by Mor(z,y) =
{9€G(S): gz =y}
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Proof. By replacing C by C|x, we can assume X is the final object of C. Let f: & — F
be a G-equivariant map. Then we get a G-equivariant map (id, f) : &€ — £ x F, and
hence a map

X=£/G— (ExF)G=ExCF,

Eh.e. an element of (€ x& F)(X).
Conversely, let s € (£ x% F)(X). By abuse of notation, we let s also denote the
composite &€ = X — £ x& F, where the second map corresponds to the original s. We

get a G-equivariant map
g e (ExCF) L F

where 7 is the sheafification of the map (as U € C vary)

EWU)x (EWU)x FWU))/GU) — F(U)
(e,[e, 9] = g).

When defining 7, we have used the fact that G(U) acts on £(U) freely. This follows from

the isomorphism G x & M) & x &, which holds because by [Sta25, 04TQ)], we can
check this étale locally on X and hence assume & is the trivial G-torsor, for which the
isomorphism is clear.

It is straightforward to check that these two maps are inverses of each other. O

We will also use the following lemma, whose proof is evident, without explicitly
mentioning it.

Lemma 2.2.5. Suppose we have
X
|1
y 25 7

where X,Y,Z are groupoids and f,g are functors. Assume that for each x € X and

map f(x) EN z, there is a map © % ' such that f(a) = 8. (Le. f satisfies the ‘path
lifting property’.) Then the 2-fiber producﬁ and the 1-fiber producﬂ of the diagram are
canonically equivalent.

®The canonical map & /G — X is an isomorphism locally, and hence is an isomorphism by [Sta25
04TQ)].
5The groupoid whose objects are (z,v,f(z) — ¢(y)) and morphisms (z,y, f(z) — g(y)) —

(z',y', f(x") = g(y)) are pairs (x = ',y == ¢') such that the obvious diagram commutes.
"The groupoid whose objects are (z,y) such that f(z) = g(y) and morphisms (z,y) — (z',3) are

g(a').

pairs (z = 2/, y = ¢') such that f(a)
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2.2.2 Picard stack

Recall that a Picard groupoid is by definition a symmetric monoidal groupoid G for
which every element € G admits an inverse z~! € G such that z ® = 2 1, where 1
is the monoidal unit. For example, if X is a scheme, then the groupoid of line bundles
on X equipped with the tensor product structure is a Picard groupoid. One can think
of Picard groupoids as categorifications of abelian groups.

Let us recall the following definition in [EGNO15, Definition 7.1.2]@

Definition 2.2.6. Let X be a groupoid and G be a Picard groupoid. An action of G
on X is a functor ® : G x X — X together with two natural isomorphisms mgp o :
(gh)@r =g (h®z) andl, : 1 ® x = = such that the obvious diagrams

(g h)®@k) @z

— T

(9@ (h®k)®x (9@ h)® (k®x)
92 ((h®k)®x) » g (h® (k®x))
and
(gl » g (1@ x)
\g@x/

commute for all g,h,k € G and x € X.

In this case, we can form the 2-categorical quotient of [X/G]. It is a 2-category which
can be explicitly described as follows (cf. [Ngo06l end of section 4]):

e The objects are objects of X.
e The 1-morphisms from 1 to 3 are pairs (g, «), where g € G and o € Morx (g1, x2).

e The 2-morphisms from (g, @) to (¢, a’) are ¢ € Morg(g, g') such that

gri ——

swids, | /
[e%

/
g
commutes.

It turns out that in the case of interest in this thesis, every 2-quotient is equivalent
to a 1-groupoid.

8There, X is called a left module category over G.

52



Lemma 2.2.7. [Ngo06, Lemme 4.7] Let X be a groupoid and G be a Picard groupoid
acting on X. Then the 2-quotient [X/G| is equivalent to a 1-groupoid if and only if the
natural map induced by the action

Autg(lg) — Autx(z)
is an injection for every x € X.

Proof. It is evident from the explicit description above that the 2-quotient [X/G] is
equivalent to a 1-groupoid if and only if for every g € G,x € X, the natural map

Autg(g) — Autx(gz)

is an injection. This is equivalent to the condition in the statement of the lemma, because
we have the following commutative diagram

Autg(g) —— Autx(gz)

s /

Aute(1e)
where the vertical map is an isomorphism. O

Now let C be a site. Let x be the terminal object in the topos. Note that for any
stack P on C, an element in P(x) := Mor(*, P) is the same as a compatible collection of
objects in P(U) as U € C varies.

Definition 2.2.8. A Picard prestack on C is a prestack P on C together with
e a morphism @ : P x P — P,

a Q—morphiswﬂ ®o(®xid) = ®o (id x ®),

a Q—morphisrrm ® = ® oflip,

an element 1 € P(x),

a 2-morphism 1 ® id = id,

a 2-morphism id ® 1 = id,
such that for every U € C, these data make P(U) a Picard groupoid.

Remark 2.2.9. One should think of a Picard prestack as a ‘commutative group prestack’,
i.e. a prestack P with a group operation ® such that x®y = y®x. However, it is unnat-
ural to assume equality holds. One should instead have an isomorphism z®y ~ y®x for
every x,y. Moreover, these isomorphisms should be compatible. The definition above
formalises this idea.

9Here, both ® o (® x id) and ® o (id X ®) are morphisms P x P x P — P. A map between these
morphisms is thus a 2-morphism in the category of stacks.
"Here, flip is the morphism P x P — P x P given by (z,y) — (y, z).
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Definition 2.2.10. Let X be a prestack and P be a Picard prestack. An action of P
on X 1s

e a morphism @ : Px X — X,
°a Q—morphisr@ ®o (®xidyx) = ®o (idp x ®)
e a 2-morphism 1p ® idx = idyx

such that for every U € C, these data define an action of P(U) on X(U) in the sense of
Definition [2.2.6

Let J be a commutative group sheaf on C. Since J is commutative, we can identify
left J-torsors and right J-torsors in the naive WayE In particular, we can form the
contracted product Qi x’ Qs of two J-torsors Qi and Q. The contracted product
Q1 x7 Qs is still a J-torsor by the commutativity of J. Moreover, if Q is a J-torsor,
then Q' defined to be the same sheaf () with J-action given by

QxJ—=>0QxJ—=>Q
(¢,4) = (g,57")

satisfies Q x7 Q' = J,. Thus [/J] is a Picard stack.

Recall that for a prestack X on a site C, its inertia prestack Zx is the prestack
whose U-valued points are the groupoid of pairs (z,0), where z € X(U),0 € Aut(x). If
x € X(U), then we let Aut(z) denote the presheaf on C/;; given by V' Aut(z|y).

Proposition 2.2.11. Let C be a site, X be a stack over B, and J be a commutative
group sheaf on C. Suppose we have a morphism

f:IxX—>Tx
over X. Equivalently, for every U € C and x € X (U), we have a morphism
Jly — Aut(z) (2.1)

such that for every U € C and every morphism x — y in X (U), the following commutes

( )/ J|U\

Aut(z Aut(y)

where the horizontal map is given by conjugation. If (2.1)) is a group homomorphism for
every U € C and x € X (U), then there is a canonical action

[+/J] x X — X. (2.2)

"Both ® o (® x idx) and ® o (idp x ®) are morphisms P x P x X — X.
121 e. if Q is a right J-torsor, then we view it as a left J-torsor with the same J-action, without taking
inverse.
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Remark 2.2.12. Informally, the action is given by twisting objects and morphisms in
X by J-bundles.

Remark 2.2.13. The assumption that J is commutative ensures that [x/J] is a Picard
stack, so its action on another stack makes sense.

Proof. For U € C and z € X(U), we denote the image of j under J|y — Aut(x) as j.
We define a morphism of prestacks [/, J] x X — X, which on U-valued points
(for U € C) is given by
(k,2) = x

on objects and is given by

j,0 00jz=jy00
() 2D () 1 (@ 2220, )

on morphisms. Taking the stackification gives the desired action on stacks. O

Remark 2.2.14. Let us describe the action explicitly on objects. To avoid confusing
with index, let us write j(x) for what we denote as j, above. Let @ be a J-bundle on
U and x € X(U). Fix a covering {U, — U} of U and trivialisations ¢, : Q|y, — J|u, -
Write Uy, = U, Xy Up. Let

[/b|Uab © La|&jb = jab € HO(Uaba Q)

Then
(x’Uahjab(x’Uab))’

where jop(z|v,,) is viewed as an isomorphism (z|v,)|v,, — (%], )|v,,, is a descent datum
on X, so it glues to an object on X (U). It is straightforward to check that this is the

image of (j,x) under the map ([2.2]).
We will need the following slight generalisation of Proposition [2.2.11]

Proposition 2.2.15. Let C be a site, B be a sheaf, X be a stack onC, and h : J - B
be a commutative group sheaf over B. Suppose we have a morphism

f:dxp X > Tx
over X. In particular, for allU € C, x € X(U) having image b in B(U), we get a map
{j € J(U) : h(j) = b} — Aut(z)
Suppose that this is a group homomorphism. Then there is a canonical action
[B/J] xp X - X
of stacks on C over B.

Proof. This follows from Proposition [2.2.11| by replacing C by C,p and identifying stacks
over B with stacks on Cp. O
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2.2.3 An exactness criterion

We will often prove results about G-bundles by first proving them for vector bundles, and
then generalise the results using the Tannakian formalism, namely by interpreting G-
bundles on X as exact tensor functors Rep(G) — {vector bundles on X}. The following
result is useful for proving exactness of functors in various situations.

Lemma 2.2.16. Let {XZ- ﬁ—> X} ; be morphisms of locally ringed spaces such that
i€

Ufi(X;) = X. Then a sequence of vector bundles on X
0S5 5e" 50 (2.3)
with boa =0 is exact if and only if
0— ff€— fi& — ff€" =0 (2.4)
s exact for every i.

The proof is given to us by Ken Lee in the context of part of Lemma
namely in the case where X and X; are the Fargues-Fontaine curves. We sincerely
thank him for it. The generalisation to locally ringed spaces is proved in the same way.

To simplify notation, in the proof, whenever Y is a locally ringed space and y € Y,
then we let k(y) = Oy, /m, denote the residue field of Y at y. If F is a sheaf of Y, then

F(y) == Fy ®oy.,, k(y)-

Proof. The ’only if’ direction is clear by considering stalks. Let us prove the ‘if’ direction.
By [Sta25, Lemma 0000], to check that is exact, it suffices to show that for every
z € X,

0— &)= &)= E"(x) =0 (2.5)

is exact. By assumption, there exists ¢ € [ and 2’ € X; such that f;(z') = . We
can check the exactness of (2.5)) after base changing along x(x) — k(2’). Note that
E(r) Ry (qy k(z") = (f€)(2"), so we would like to show the exactness of

0= (ff&)@") = (FEN) = (fF€")(") — 0.

This follows from the exactness of ([2.4]). ]

2.2.4 Huber rings

Following [SW20, Lecture 2], we briefly review the the theory of Huber rings. Unless
otherwise stated, everything in this subsection is from this source.

Definition 2.2.17. A Huber ring is a topological ring R for which there is an open
subring Ry whose subspace topology is I-adic for some finitely generated ideal I of Ry.
Any such Rg is called a ring of definition. Any such I is called an ideal of definition.
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Remark 2.2.18. The Ry, I are not part of the data of a Huber ring. A Huber ring can
have many different rings/ideals of definition. Also, Ry needs not be I-adically complete.

Example 2.2.19. 1. Any ring equipped with the discrete topology is a Huber ring.
2. Qp is a Huber ring with ring of definition Z,.

3. If R is a ring with a finitely generated ideal, then R equipped with the [-adic
topology is a Huber ring. For example, Z,[T] with the (p,T")-adic topology is a
Huber ring.

4. (Non-example) [Weil9, Section 1.4] One may think that Q,[77] is a Huber ring
with ring of definition Z,[T] and ideal of definition (p,T)Z,[T]. This is false. In

fact, Qp[1'] with this topology is not a topological ring, because as n — oo, T" — 0
but p~17" 4 0.

Let R be a Huber ring.

Definition 2.2.20. An elementr € R is called topologically nilpotent if lim,, ., r" =
0. We let R°° denote the set of topologically nilpotent elements in R. An element r is a
pseudouniformaizer if it is topologically nilpotent and is a unit. A Huber ring is Tate
if it has a pseudouniformizer.

For example, Q, is Tate with p as a pseudouniformizer. On the other hand, Z, is
not Tate.

Definition 2.2.21. A subset S C R is called bounded if for every open subgroup U C R,
there is an open neighborhood V' of 0 such that S -V C U.

Example 2.2.22. e Any finite subset is bounded. The union of any two bounded
subsets is bounded.

e Suppose that R is Tate with a pseudouniformizer w and Ry is a ring of definition.
Then a subset .S C R is bounded if and only if S C w™ "Ry for some n € Z.

Definition 2.2.23. An element r € R is called powerbounded if the set {r" :n € Z>1}
is bounded. We let R° denote the set of powerbounded elements in R.

It can be shown that R° is an open and integrally closed subring of R. However, it
needs not be a ring of definition of R. In fact, R° is a ring of definition of R if and only
if R is uniform.

Definition 2.2.24. R is called uniform if R° is a bounded subset of R.

Example 2.2.25. Let K be a non-Archimedean valued field with absolute value | - |.
Then a subset S C K is bounded if and only if S C {z € K : |z| < r} for some r > 0.
Also K° = {x € K : |z| < 1}. This is bounded so K is uniform.
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Example 2.2.26. Consider the Huber ring R = Q,[T]/(T?) with ring of integers Ry =
Zy[T)/(T?) and ideal of definition pRy. Then p is a pseudouniformizer of R, so R is
Tate. It is easy to see that

e ac R°forall acZ,
e VI € R° for all b € Qp,
e cZ RifceQ,\Zp.

Since R° is a ring, it follows that R° = {a + b1 : a € Zp,b € Q,}. This is not bounded,
so R is not uniform.

Definition 2.2.27. R is called complete if every Cauchy sequence in R has a unique
limit.

Equivalently, some (equivalently, every) ring of definition Ry is I-adically complete,
where I is an ideal of definition of Ry. The inclusion functor {complete Huber rings} —
{Huber rings} has a left adjoint, called completion. Explicitly, if we let Ry be a ring
of definition of R and I C Ry be an ideal of definition, then the completion R can be

constructed as -
Ry ®pr, R

with ring of deﬁnition ]/%B := lim,, Ry/I™ and ideal of definition I E). See [Hub93l, Lemma
1.6]. As a group, R is isomorphic to lim,, R/I". Note however that I" is not an ideal of
R, so R/I™ is not a ring.

2.2.5 Perfectoid rings

Fix a prime p. In this section, we give a brief summary of the theory of perfectoid spaces,
with an emphasis on examples.

Definition 2.2.28. A perfectoid rinﬂ R is a complete uniform Tate ring such that
e there is a pseudo-uniformizer m € R such that 7P | p in R° and
e the Frobenius map R°/m — R°/xP is an isomorphism.

By [SW20, Remark 6.1.3], it is equivalent to require R to be a complete uniform Tate
ring such that

e there is a pseudo-uniformizer 7 € R such that 7P | p in R° and

e the Frobenius map R°/p — R°/p is surjective.

13These are also sometimes called perfectoid Tate rings so as to distinguish them from integral per-
fectoid rings.
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For instance, C, and Fp((t))/\ are perfectoid rings. More generally, if K is an alge-
braically closed, complete, non-Archimedean valued field (whose absolute value is non-
trivial), then K is perfectoid. The product of any two perfectoid rings is a perfectoid
ring. To construct more examples, it is useful to note the following lemma, whose proof
is easy.

Lemma 2.2.29. Let K be a field equipped with a non-trivial non-Archimedean absolute
value | - |. Denote its completion with respect to the metric by K. Lett € K be any
pseudo-uniformizer. Then

Og = completion of O w.r.t. ||

= t-adic completion of Ok

and

Or/(t) = Ok /(1)

Example 2.2.30. Q,((p'/7™)) := Q,(p"/P™)" is a perfectoid ring, where Q,(p'/?™) is
the field obtained from @Q, by adjoining a compatible sequence of p-th power roots of
unity. To see this, let K = Q,(p'/?™). Clearly, K is non-Archimedean, not discretely
valued, and [p| < 1. It remains to show that the Frobenius is surjective on Oz /(p) =
Ok /(p). Note that for all n > 1, Og_,1/m) = Zy[p'/7"], s0

Ok =17Zy [Pl/poo]-

Every element in Ok /(p) has a representative of the form le‘io a;p"/?" for some a; €
Zp,n > 1. This is mapped by Z‘io aip"'/p"+1 under the Frobenius on Ok /(p). This
proves the surjectivity of the Frobenius.
If we view Q,((p'/P™)) as a subring of C,, then every element of Q,((p'/?™)) can be
uniquely written as
Z a;p’

€[]
where every a; € {0,1,...,p— 1} and for every n € N, a; = 0 for almost all i < n.
Conversely, every such sum gives an element of Q,((p'/?™)).
Similarly, we can show that Q5 := Qplppe)” and Ty ((£1/P7)) := Fy((1)) (£ /P7)N,
where pipee == {r € Q, : 2" =1 for some n > 1}, are both perfectoid rings. Explicitly,
we can write elements of F,,((t'/7™)) as formal power series:

every a; € I,
Fp((tl/poo)) = Z a;t' : and for every n € N,
ieZ[%] a; = 0 for almost all 7 < n.
Definition 2.2.31. A perfectoid field is a perfectoid ring whose underlying ring is a
field. Equivalently [Ked18, Theorem 4.2], it is a complete non-Archimedean field K (i.e.
topology is induced by a non-Archimedean absolute value) such that
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o K is not discretely valued,
o [p| <1,
o the Frobenius is surjective on Ok /p.

The topology of any complete Tate ring is induced by a (sub-multiplicative) norm.
The point of [Ked18, Theorem 4.2] is that, for a perfectoid field, one can construct a
multiplicative norm inducing the topology.

Example 2.2.32. [Zhu, Example 3.1.9] If K is a perfectoid field, then K (T'/P™) is
a perfectoid ring. Here, K(TYP™) = O (TV/P™)[x~1 and O (TV/P™) = O [TY/P7],
where the completion is with respect to the m-adic topology and 7 any pseudouniformizer
of K. We equip it with the topology such that W”OK<T1/7’°°> for n € N forms an open
neighborhood basis of 0. Explicitly, we can write elements of the ring as formal power
series:

~every a; € K
K(TYP™y = Z a;T" : and for every neighborhood U of 0 in K,
i€Z[1]0 a; € U for almost all i.

Fix an absolute value |- | that induces the topology on K. We define the Gauss norm
I Il on K(TVP™) by

Z a;T"|| := sup |a).
i€Z(2]50 ‘
This induces the topology on K(T/P™). Moreover, this norm is multiplicative (see

[Zhul, Example 3.1.9]). It follows that the set of powerbounded elements of K (T/P™) is
precisely O (TV/P™). Tt is now clear that K (T'/P™) is indeed perfectoid.

Similarly, K(Tll/poo,...,Tﬁ/poo> and K(Tlil/poo,...,Tfl/pm> are perfectoid rings.

The following proposition shows that for a ring of characteristic p, being perfectoid
is essentially the same as being perfect.

Proposition 2.2.33. [SW2(0, Proposition 6.1.6] Let R be a complete Tate ring with
pR = 0. Then R is perfectoid if and only if R is perfect (i.e. the Frobenius on R is a
bijection).

The hard part of the proof is that, if R is perfect (and complete Tate), then it is
uniform. This is proved by the Banach open mapping theorem.
We also get lots of examples of perfectoid rings by the following important theorem.

Theorem 2.2.34. [SW20, Theorem 7.4.5] Any finite étale extension of a perfectoid ring
is perfectoid.

In particular, any finite field extension of a perfectoid field is perfectoisz]

Note that every finite field extension of a perfectoid field K is separable, because either charK = 0
or charK = p is perfect.
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2.2.6 Relation with integral perfectoid rings

Definition 2.2.35. A commutative ring A is called special integral perfectoid if
there is a non-zero divisor m € A such that

e A is m-adically complete,
o 7P| pin A, and
e the Frobenius map A/m — A/7P is an isomorphism.

While this concept is quite standard, the terminology is not standard. Every special
integral perfectoid ring is integral perfectoidlﬂ in the sense of [BMSI18], Definition 3.5] by
[BMSIS, Lemmas 3.9, 3.10] 9]

There is a tight relationship between perfectoid rings and special integral perfectoid
rings.

Proposition 2.2.36. If A, 7 are as in Definition then R := A[%], equipped with
the topology such that ™A (n € N) is an open neighborhood basis of 0, is a perfectoid
ring. Also, every perfectoid ring arises in this way.

Proof. The first part is stated in [BMS18, Lemma 3.21] and proved in [Sch12, Lemma
5.6]. One can also consult [Heul, Proposition 1.2.14] for the same proof without explicitly
mentioning almost mathematics.

The second part is true because if R is any perfectoid ring, then R° is special integral
perfectoid, so taking A := R° works. O

Remark 2.2.37. Let A, 7, R be as in the first part of Proposition [2.2.36l Up to multi-
plying 7 by a unit in A, m admits compatible p-power roots in A. Then it is shown in
the proof of [Heul Proposition 1.2.14] that the ring of powerbounded elements R° in R
is

{xER:ﬂl/pnzveAforallneN}.
In particular, A C R° is an almost isomorphism in the sense of almost mathematics.

Among other things, Proposition [2.2.36] is useful for proving perfectoidness. Let us
give an example, generalising Example [2.2.32

Example 2.2.38. Let R be a perfectoid ring. Then R(T"/P™) is also perfectoid. Here,
R(TYP™Y .= R(TYP™)[x~1] and R°(T'/P™) := R°[TYP™]", where the completion is
with respect to the m-adic topology and 7 any pseudouniformizer of R. We equip it with
the topology such that 7" R° <T1/ P*) for n € N forms an open neighborhood basis of 0.
Note that none of these depends on the choice of the pseudouniformizer.

Similarly, R(Tll/poo, o ,Tﬁ/pn> is also perfectoid.

15Tn [BMS18], integral perfectoid rings are simply called perfectoid rings. What we called perfectoid
are called ‘perfectoid in Fontaine’s sense’ there.

1611 fact, by those two lemmas, special integral perfectoid rings are precisely those integral perfectoid
rings which are w-adically complete for some non-zero-divisor 7 such that «? | p.
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2.2.7 Tilting

One of the key properties of perfectoid rings is that they have strong relation with
characteristic p rings.
Let R be a perfectoid ring.

Definition 2.2.39. The tilt of R is
R’ = lim R,
:c%?’

equipped with the inverse limit topology.

This can be equipped with the structure of a topological ring. See [SW20, Section
6.2] for the detail. Then it is a characteristic p perfectoid ring. Note that if R is of
characteristic p, then R’ = R.

Example 2.2.40. We have Q,((p'/?™))" = F,((t}/7™)), (Q¥?) = F,((t'/*™)), C, =
F,((t))". If K is a perfectoid field, then K (TV/P™)" = K> (T1/P™).

A perfectoid R-algebra is a perfectoid ring S equipped with a continuous ring homo-
morphism R — §.

Theorem 2.2.41. [SW20, Theorems 6.2.7, 7.4.5]

1. We have an equivalence of categories

{perfectoid R-algebras} = {perfectoid Rb—algebms}
S S,

2. FEwvery finite étale R-algebra, equipped with the induced topologﬂ is a perfectoid
ring. Moreover, the above equivalence restricts to give an equivalence of categories
{finite étale R-algebras} = {finite étale R’-algebras}
S S,

2.2.8 Adic spaces

Following [SW20, Lectures 2, 3], we will briefly review the theory of adic spaces.

If T is a totally ordered abelian group, whose group operation is written multiplica-
tively, then we let T’U{0} denote the totally ordered monoid I'LI{0} with 0 the minimum
element and 0-a=a-0=0.

Definition 2.2.42. A valuation of a topological ring A is a function |-|: A — T'U{0},
where I' is a totally ordered abelian group, such that

7If A is a topological ring, then any finitely generated A-module has a canonical topology, given by
picking a surjection A™ — M and equipping M with the quotient topology. This is independent of the
choice of the surjection. See [GR18| Lemma 8.3.34].

62



i |0‘ :07‘1| =1,
e |ab| = |al[b],
e |a+b| < max(|al,|b]).

If moreover for every a € A, the subset {x € A : |zx| < |a|} is open, then we say that | - |
s a continuous valuation.

Definition 2.2.43. Two valuations |-| and |-|" on A are equivalent when it is the case
that for a,b € A, |a] < |b| if and only if |a|’ < |b|'.

Definition 2.2.44. e A ring of integral elements R™ of a Huber ring R is an
open and integrally closed subring of RC.

o A Huber pair is a pair (R, R") where R is a Huber ring and R* is a ring of
integral elements in R.

e A morphism of Huber pairs (R, R") — (S,S") is a continuous homomorphism
¢o:R— S
such that ¢(R*) C ST.
e A Huber pair (R, R") is called complete if R is completeF_g]

The inclusion functor {complete Huber pairs} < {Huber pairs} has a left ad301nt
called completwn Explicitly, if (R, R) is a Huber pair, then its completion is (R, RY )

where R is the completion of Huber ring and R* is the topological closure of R in R.
Let (R, R") be a Huber pair. Note that we always have R°° C R™ C R° C R.

Definition 2.2.45. The adic spectrum Spa(R,R") of (R,R") is the set of equiv-
alence classes of continuous valuations | - | on A such that |s| < 1 for every s €
R*. We equip it with the topology generated by open subsets of the form U(g) =
{|-| € Spa(A, AT) : |f| < |g| # 0} as f,g varies over A, i.e. the finite intersections of
subsets of this form forms a basis for the topology.

Example 2.2.46. 1. Let R = Rt = F, with the discrete topology. Let |- | be a
continuous valuation on F,. Then for all z € Fy \ {0}, |z|? = |29] = 1. As ordered
abelian groups have no non-trivial torsion element, |z| = 1. Thus, Spa(F,,F,) is a
singleton, consisting of the trivial valuation.

2. Let (K,|-|) be a valued field, where | - | is a non-trivial absolute value on K. Let
K™ be an open and bounded valuation subring of K. Then we have a homeomor-
phism between Spa(K, K*) and Spec(K*/K®°). See [Zhu, Example 2.4.7.(3)]. In
particular, | Spa(K, KT)| is a totally ordered chain of specialisations.

18Note that R' is closed in R. Thus, if R is complete, then so is R™.
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Proposition 2.2.47. [SW2(, Proposition 2.3.9] The natural map
Spa(R, R*) = Spa(R, R")
1s @ homeomorphism.

Definition 2.2.48. A rational subset of Spa(R, R1) is a subset of the form

U <flvg7fn> — {‘ . | c Spa(A’A—’—) : ‘f1|,,|fn| < |g| 7&0}

where (f1,..., fn)R is an open ideal of R.

It is easy to see that any rational subset is an open subset of Spa(R, RT). In fact,
the rational subsets form a basis for the topology of Spa(R, R™).

We would like to endow Spa(R, RT) with a sheaf of topological rings. We shall do
so by specifying the values of the sheaf on the basis of rational subsets.

Lemma 2.2.49. [SW20, Theorem 3.1.3] Let U be a rational subset of Spa(R, RT). Then
there is a complete Huber pair (Ry, Rf;) and a morphism (R, R*) — (Ry, Ry;) such that
the map

Spa(Ru, Rf;) — Spa(R, R") (2.6)

factors through U and (RU,Rﬁ) is universal in such complete Huber pairs. Moreover,
(2.6)) is a homeomorphism onto U.

Definition 2.2.50. Let X = Spa(R, R"). For an open subset W C X, define

OX(W) = WCUhgzltionalRW

equipped with the inverse limit topology and

O}(W) = WCUliglltionalR%

equipped with the inverse limit topology.

Then Ox, (’)}L( are both presheaves of topological rings. However, they are not nec-
essarily sheaves of topological rings.

~

Remark 2.2.51. We have Ox(X) = R (not R in general).

Definition 2.2.52. A Huber pair (R, R") is sheafy if Ospa(r,r+) 1S a sheaf of topological

rings. (Then (9§r

pa(R,R+) is also a sheaf of topological rings.)

Theorem 2.2.53. [SW2(, Theorem 3.1.8][BV15, Theorem 7] Let (R, R') be a complete
Huber pair and let X = Spa(R,R"). Then Ox is a sheaf of topological rings in the
following situations.

1. (Schemes) The topological ring R is discrete.
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2. (Formal schemes) The ring R has a Noetherian ring of definition.

3. (Rigid spaces) The topological ring R is Tate and strongly Noetherian, i.e. the
rings R(T1,...,T,) is Noetherian for all n > 0.

4. (Stably uniform) Ox (U) is uniform for every rational subset U C X.

Example 2.2.54. If X = Spa(R, R"), where R is a perfectoid ring, then Ox(U) is
a perfectoid ring for every rational subset U C X by [SW20, Theorem 6.1.10]. Thus,
(R, R™) is stably uniform and hence sheafy.

Definition 2.2.55. Define a category (V) as follows:

e Objects: triples (X, Ox, (| (z)|)zex), where X is a topological space, Ox is a sheaf
of topological rings on X , and each |- (x)| is an equivalence class of continuous
valuations on Ox ;.

e Morphisms: maps of topologically ringed spaces f : X — Y (so that the map
Oy (V) = Ox(f~Y(V)) is continuous for each open V. C Y ) such that the pullback

of | - ()| along Oy, p(z) = Ox.a gives | - (f(x))].

If (A, A") is a sheafy Huber pair, then X = Spa(A, A™) is naturally an object in
(V). Indeed, we have already defined its topology and structure sheaf. For all z € X
and any rational subset x € U C X, the equivalence class of continuous valuations |- (x)]
extends uniquely to an equivalence class of continuous valuations on Ox (U), because
Spa(Ox(U), 0% (U)) — X is a bijection onto U. The valuations are compatible as U
varies. Thus, the valuations extend uniquely to a class of continuous valuations on the
stalk Ox , as desired. We call such an X an affinoid adic space.

Definition 2.2.56. An adic space is an object (X, Ox, (|- (z)])zex) of (V) that admits
a covering by spaces U; such that for each i,

(Uiv OX‘UN (| ' (aj)’)erz) = Spa(RiaRj)

for some sheafy Huber pair (R;, R;).

Remark 2.2.57. 1. Any adic space is automatically a locally ringed space and any
morphism between them is automatically a morphism of locally ringed space [Wed),
pages 76, 77].

2. For every sheafy Huber pair (R, RT), the natural map Spa(R, 1:3*) — Spa(R, RT)
is an isomorphism.

3. The contravariant functor (R, R") — Spa(R,R*") from sheafy complete Huber
pairs to adic spaces is fully faithful.
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2.2.9 Perfectoid spaces

Definition 2.2.58. An affinoid perfectoid space is an adic space of the form Spa(R, R),
where R is a perfectoid ring and R' is an open and integrally closed subring of R°.

Definition 2.2.59. A perfectoid space is an adic space X for which there is an open
cover X = UU; where each U; is affinoid perfectoid.

Remark 2.2.60. Let (R, R") be a complete Huber pair. Suppose that Spa(R, RT) is a
perfectoid space. Then we know that it has an open cover Spa(R, R") = U; Spa(S;, S;")
where each S; is a perfectoid ring. It is unknown whether R itself is a perfectoid ring.
Thus, one needs to be careful that ‘affinoid perfectoid’ is different from ‘affinoid and

perfectoid.” In most literature and this thesis, ‘affinoid perfectoid’ is used in the sense
of Definition 2.2.58

We can extend the operation of tilting to perfectoid spaces.

Theorem 2.2.61 (Tilting equivalence). Let X be a perfectoid space. Then tilting induces
an equivalence of categories

{perfectoid spaces over X} = {perfectoid spaces over Xb} .

Moreover, we have a homeomorphism | X| = | X°|.

One can define étale morphisms and étale sites of perfectoid spaces [Sch17, Definition
6.2]. It turns out that tilting preserves the étale sites:

Theorem 2.2.62. [Schi7, Theorem 6.3] Let X be a perfectoid space. Then tilting
induces an equivalence of étale sites

Xo = X,
This equivalence restricts to an equivalence on the finite étale sites.

Definition 2.2.63. IfY is a perfectoid space over SpalF,, then an untilt of Y is a pair
(X, 1), where

e X is a perfectoid space,
e ¢ is an isomorphism X’ 5 Y.

Note that there is always a trivial untilt, namely (Y,Y” =Y id, Y).
For later uses, let us also recall the following definition.

Definition 2.2.64. A perfectoid space X is called strictly totally disconnected if it
18 qcgs and every étale cover of it splits.
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By [Schl17l, Proposition 1.15], a perfectoid space is strictly totally disconnected if and
only if it is affinoid and every connected component of X is of the form Spa(K, K) for
K an algebraically closed perfectoid field with an open and bounded valuation subring
KT.

There is a useful generalisation of perfectoid spaces, called sousperfectoid spaces,
which were introduced in [HK25].

Definition 2.2.65. [SW20, Definition 6.5.1] Let R be a complete Tate-Z,-algebra. Then
R is called sousperfectoid if there is a perfectoid ring S with an injection R — S that
splits as topological R-modules.

Definition 2.2.66. An affinoid sousperfectoid space is an adic space of the form
Spa(R, R™), where R is a sousperfectoid ring and R* is an open and integrally closed
subring of R°. A sousperfectoid space is an adic space X for which there is an open
cover X = UU; where each U; is affinoid perfectoid.

For example, the Fargues-Fontaine curve is a sousperfectoid space. Some properties
of sousperfectoid rings are summarised in [SW20| Section 6.3].

2.2.10 Diamonds

We now introduce diamonds, which are the analogue of algebraic spaces in the perfectoid
settings.

We can generalise the concept of étale morphisms to pro-étale morphisms. See [Sch17,
Definition 7.8].

Definition 2.2.67. [Sch17, Definition 11.1] Let X € Perf. A representable equiva-
lence relation on X is a perfectoid space R C X x X such that for every Y € Perf,
R(Y) C X(Y) x X(Y) is an equivalence relation. A pro-étale equivalence relation
on X is a representable equivalence relation R C X x X such that the two projections
R = X are both pro-étale.

Definition 2.2.68. [SW20, Definition 8.3.1] A diamond is a pro-étale sheaf D on
Perf for which D = X/R, where X is a perfectoid space over F,, and R is a pro-étale
equivalence relation on X.

Here, the quotient X/R is taken in the sense of pro-étale sheaves.
There is a particularly nice class of diamonds, called locally spatial diamonds. See
[Sch17, Definition 11.17].

Definition 2.2.69. Let X be an adic space over Zy,. Define X< as the presheaf on Perf
given by S {(Sﬁ, 1, 8% — X) : (S%,1) is an untilt of S}/ > where two elements are
equivalent if and only if there is an isomorphism between the untilts that commute with
the maps to X.

Then X© is a v-sheaf (see next section) for every adic space X over Z, by [SW20,
Lemma 18.1.1]. If X is an analytic adic space over Z,, then X? is a locally spatial
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diamond with |X¢| = |X| by [Schi7, Lemma 15.6]. If X is a perfectoid space, then
X< = X", Thus, one can view (—)<> as a generalisation of tilting to general adic spaces.

One can then generalise the tilting equivalence, see [Sch17, Lemma 15.6].
We define Spd(A4, A*) := (Spa(A, A1))?.

Example 2.2.70. [SW20, Section 8.4] Take X = Spa@Q,. Then
X9 = (SpaF,((t/77))) /25,

where the action is given by v -t := (1+1)7 — 1 for vy € Z).

2.2.11 v-stacks

There is a notion of v-site of perfectoid spaces, see [Sch17, Definition 8.1]. This is an
analogue of the fpqc sites on schemes for perfectoid spaces. We can then define v-sheaf
and v-stacks:

Definition 2.2.71. A wv-sheaf is a sheaf on the v-site Perf. A wv-stack is a stack on
the v-site Perf.

It turns out that every diamond is a v-sheaf [Sch17, Proposition 11.9]. This is an
analogue of the fact that every algebraic space is a fpqc sheaf [Sta25, 0APL].
Below is a useful lemma.

Lemma 2.2.72. [SW20, Proposition 11.10] Any sub-v-sheaf of a diamond is a diamond.

Definition 2.2.73. A v-sheaf F is small if there is a surjective map of v-sheaves X — F
from a perfectoid space X over IF,. A v-stackY is small if there is a surjective map of
v-stacks X —'Y from a perfectoid space X over IF, such that X xy X is a small v-sheaf.

Definition 2.2.74. A v-stack X is quasi-compact if there is an affinoid perfectoid
space S and a surjection S — X of v-stacks.

Definition 2.2.75. Let f : X — Y be a morphism of v-stacks. Then f is

e a closed immersion if for every strictly totally disconnected perfectoid space S
with a map S — Y, the pullback X xy S — S is representable by a closed immersion
of perfectoid spaces (see [Sch1’l, Definition 5.6]);

o representable in locally spatial diamonds if for every morphism Z — 'Y from
a locally spatial diamond Z, the fibre product X Xy Z is a locally spatial diamond;

e quasi-compact if for every affinoid perfectoid space S with a map S — Y, the
fibre product X xy S is quasi-compact;

e quasi-separated if the diagonal A : X — X Xy X and the iterated diagonal
Ap: X = X Xxx,x X are quasi-compact;

e O-truncated if X(S) — Y (S) is faithful for every S € Perf;
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e partially proper if it is quasiseparated, O-truncated, and for every perfectoid ring
R with an open and integrally closed subring RY, and every diagram

Spa(R, R°) —3 X

-
-
-
-
-
-
-
-
-

Spa(R,Rt) —— Y
there is a unique dotted arrow making the diagram commutes.

Let us be more precise about the definition for partially properness, following [Sta25|,
O0CL9]. The diagram above (without the dotted arrow) is equivalent to the data of a
triple (y € Y(R,R"), z € X (R, R°), yl(r,re) 2Ly f(x)). There is a category Dot, called
the category of dotted arrows, defined as follows:

e objects are triples (27 € X(R,RY), 2| (g pey = . ¥ LN f(z™)) such that f(a)o

Bl(r,ro) =
e morphisms (7,1, 81) — (25, a2, B2) are given by morphisms x] — z3 that are
compatible with the a; and g;.

If f is O-truncated, then there are no non-trivial automorphisms in Dot, so Dot is

equivalent to a set. By ‘there is a unique dotted arrow making the diagram commutes’,

we mean Dot is equivalent to a set with one element. In other words, the tripe (z 7, , 3)
is unique up to (necessarily unique by 0-truncatedness) isomorphism.

Definition 2.2.76. [FS21, Definition IV.1.1] An Artin v-stack is a small v-stack X
for which the diagonal X — X x X is representable in locally spatial diamonds, and
there is a surjective morphism f : U — X from a locally spatial diamond U such that f
1s separated and cohomologically smooth.

2.2.12 Fargues-Fontaine curve

Let E be a non-Archimedean local field with residue field F,. Let 7 be a uniformizer of
E.

Definition 2.2.77. For an affinoid perfectoid S = Spa(R, RT) € Perfy,, define
Vp,s = SpaWo, (RF) \ V([w])

and
Vs := SpaWo,(R") \ V(r[=]),

where @ is a pseudouniformizer of R and Wo,(R™) is equipped with the (r, [w])-adic
topology. We define the (relative) Fargues-Fontaine curve to be

Xps = Yp,s/95,
wher@ ¢s is the automorphism on Yg s induced by the q—Frobeniuﬂ on RT. For

9The quotient makes sense as an adic space because the action of ¢ on on Ys is free and totally
discontinuous by [FS21, Proposition I1.1.16].
20The morphism z — z9.
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general S € Perfy,, we define Xg g to be the adic space obtained by gluingﬂ

When there is no ambiguity, we will write Vg for Vg g, Yg for Yg 5, and Xg for Xg 5.
Here,
WOE (R+)

is the unique m-adically complete, flat Og-algebra such that Wo, (RT)/m = RT over F,.
Its existence and uniqueness can be proved using the vanishing of cotangent complex
on perfect rings and the relationship between cotangent complex and lift of algebras,
as summarised in [Sch12, Theorem 5.11]. We also have Wo, (RT) = W(R")@wx,) Ok,
where the completion is the m-adic completion. Explicitly,

Wop (RT) = W(R") Qwr,) OF if charE = 0,

Wog(RT) = RT[[t]] if B=T,((1)).
In any case, every element in Wp, (RT) can be written uniquely as Y >°,[a;]n", where

a; € R* and [—] is the Teichmuller lift, and conversely every such element defines an
element of Wo,, (RT).

Proposition 2.2.78. [F521, before Definition 1.2.2] Let E = Fy((t)) and S = Spa(R, R"),
where R has pseudouniformizer w. Then

1. SpaWo, (R') = Spa R*([[t] is the open unit disc over Spa RT, namely

Spa Fq[[tﬂ X Spal, Spa RT.

2. Ys = Spa RT[[t]] \ V(w) is the open unit disc over Spa(R, RT), namely

Spa]FQHtH X Spal, Spa(R, R+).

3. Ys = Spa RT[[t]] \ V(tw) is the punctured open unit disc over Spa(R, RT), namely

SpaFy((t)) Xspar, Spa(R, RT).

Let us justify why SpaF,[[t]] Xspar, Spa R is called the open unit disc over Spa R™.
Let (A, A") be a complete Huber pair over F,. Then

(SpaFy[[t]] Xspar, SPaRT)(A, AT) = Homp, s (Fq[[t], A7) x (Spa RT)(A, A™)
= A% x (SpaRT)(A, AT),

where Homg p, stands for the set of continuous F,-algebra homomorphisms. This is
what the (A, A")-valued points of the open unit disc over Spa R* should be. The same
argument justifies why SpaF,[[t]] Xspar, Spa(R, RT) is called the open unit disc over
Spa(R, RT).

2IThis gluing makes sense because if S — T is an open immersion of affinoid perfectoid spaces, then
Xs — Xr is an open immersion by [FS21] Proposition I1.1.3].
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Similarly, if (A, AT) be a complete Huber pair over (R, R"), then
(Span((t)) ><SpaIE'q Spa(Ra R+))(A7 A+) = Homcts,Fq((Fq((t))aﬁq[[t“)a (Aa A+)) X Spa(R> R+)(A> A+)
= (AN A*) x Spa(R, R")(A, A™).

This justifies why SpaFq((t)) Xspar, Spa(R, R") is called the punctured open unit disc
over Spa(R, R™).

Proof of Proposition[2.2.78, Let us show (3). The others are similar. Let (A, AT) be a
complete Huber pair over F,. Then Yg(A, AT) is the subset of

(Spa R[[t])(A, AT) = Homp, o5 (R [[t], AT)

such that the induced map Spa(A, AT) — Spa R™[[t]] lies in the open subspace Spa R™[[t]]\
V(tw). In other words, it is those f € Homp, s(RT[[t]], AT) such that for all | -| €
Spa(A, A1), | f(tw)| # 0. By [SW20, Proposition 2.3.10], it is those f € Homp, .s(R*[[t]], AT)
such that f(tw) € A*. We can identify this with (4°° N A*) x Spa(R, RT)(4,AT). O

While the definition of Yg and Xg may look a bit complicated, it turns out that the
diamonds associated with them have simple and intuitive descriptions.

Proposition 2.2.79. [F'S21l, Proposition I1.1.17] For every S € Perfr,, Y§> =Spd ExS
and X¢ = Spd E x S/¢%.

Definition 2.2.80. For A\ = g with d,r € Z and r > 0, we have the vector bundle (’)’{/S

0O 1 0 ..
0 1 0
with a ¢g-linear automorphism .. .. .| og, where the matrix is of size
0 0 1
=@ 0 0

r X r. This descends to a vector bundle on Xg, which we denote by O(\).

Note that the power of 7 in the definition is —d, not d.
When S is an affinoid perfectoid space over F,, there is a schematic version of the
Fargues-Fontaine curve.

Definition 2.2.81. X" := Proj (@mZOHO(XS,OXS (m))) .
We have the following GAGA result:

Proposition 2.2.82. [FS21, after Remark I11.2.8] Suppose S is affinoid perfectoid. Then
we have a natural map of locally ringed spaces

frXg— XE"
and pullback along this map induces an equivalence of categories

f* : {vector bundles on X"} = {vector bundles on Xg}.
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In addition, for every vector bundle £ on XgCh, we have

H'(XE",€) = H'(Xs, [*(€))
for all i > 0.
Remark 2.2.83. By [[S21] proof of Proposition I1.2.7], the equivalence above is an
equivalence of exact categories, i.e. a sequence 0 — & — & — &3 — 0 of vector bundles

on XM is exact if and only if 0 — f*& — f*E — f*E5 — 0 is exact. It follows from
the Tannakian interpretation of G-bundles that we have an equivalence of categories

f*: {G-bundles on X"} = {G-bundles on Xg}

for any linear algebraic group G over F.

2.2.13 Global sections of the Fargues-Fontaine curve

As an attempt to understand the Fargues-Fontaine curve, let us compute the global
sections of Yg when E = TFy((t)).
The following lemma is a slight variant of [Berl(, Proposition 32.3].

Lemma 2.2.84. Let A be a commutative ring and f,g € A be non-zero-divisors such that

A[%]ﬂA[%] = A, where the intersection is taken in A[ﬁ]. Then we have an isomorphism

AXI/ax ~ )5 4 |1]

gwen by X +— 5, where A[g] is the subring of A[é] generated by A and g.
Proof. The proof in [Berl(, Proposition 32.3] works. O

Let S = Spa(R,R") € Perfr, and @w be a pseudouniformizer of R admitting a
compatible sequence (ww!/P™),,>1 of p-power roots of w. Take E = F,((t)).

Let a = % for some n > 1 which is a power of p. Let us compute the rational
subspace U,, := {|t| < |@w?| # 0} of Spa RT[t]. By definition, this rational subspace is
Spa(By, By}, where B, = R*[t](Z:)[L] and B,| is the integral closure of R*[t](-;) in
By,. Here, RT[t](Z:) is the (w,t) = (w)-adic completion of RT[t][-;]. For i > 1, we
have

RI1] [t] /(&) = RAIX)/(@°X — 1, )

= (R*/@")[t, X]/ (=" X — 1)
= (R*/=")[X],

where we use Lemma [2.2.84] in the first line. The inverse limit of these rings is R (X).
Thus, (B, BY) = (R(X), R™(X)). We can identify B,, with

t i A
— g ; YL -
R(—) { E rit'lr; € R, ihm riTo O}

1=0
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and B with RT (L) = {32 rit'|r; € R, lim;o0 1iw"/™ = 0,1;"/™ € RFVi}.

Next, we want to compute the rational subspace V,, = {|w"| < |t| < |@w®| # 0} of
Spa RT[¢t]. This is also the rational subspace {|@"| < |t| # 0} = {|]@"%| < |X]| # 0} of
Uy, where X = L. Thus, V;, = Spa(BY,, B,"), where B], = R"(X)(Z—)[+] and B

is the integral closure of R™ (X)(w;t(_a> in B),. For i > 1, we have

wn—a

X

RH(X) [ ] J(&) = R X)Y]/(XY — =", )
_ (R )X, Y]/(XY — )

The inverse limit of these rings is RT(X,Y)/(XY — @™ %), because in both the inverse
limit and this ring, every element can be written uniquely as ., r; X7 + D k>l Yk,
where 7,7, € Rt and lim;_,oo 7j = limy_,oo 7}, = 0. We can identify B], with

{Zritiri € R7 hm riwi/n = 0, . hm Tiwin = O} .
i€z oo i——00
Since Yg = Up>1Vy, we know that

HO(YSa OYS> = nglB;r

In other words, it is those series ), r;t* with suitable convergence conditions on r; as
1 — £00. Note in particular that r; € R°° for all ¢ sufficiently negative.

Example 2.2.85. Recall that ¢g acts on Yg via the morphism induced by f(t) — f(t9)
on RT[t]. Using the analysis above, it is easy to check that

HO(XSa OXs(l)) = HO(YS7 OYS)¢S:t

= {Znti € H'(Ys,Oyy) irl =r Vi€ Z}

€L

-
€7
~ Ro°.
Similarly, for every n € Z>1, H*(Xg, Ox4(n)) = H°(Ys, Oy )?5=t" = (R°°)™.
Example 2.2.86. Note that
H°(Xs,0x,) = H'(Ys, Oy, )?s=14 = {Zriti € H'(Ys,Oyy) i rl =1 Vi € Z} .
€L
If S = Spa(R, RT), where R is a field, then one can easily check that H°(Xg, Ox,) =
Fq((2))-
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There is a more general result, valid for any non-Archimedean local field:

Proposition 2.2.87. [FS21l, Proposition I1.2.5] For any non-Archimedean local field E
with residue field Fy and S € Perfy,, we have

H°(Xg,0) = Cont(|S|, E),

where Cont denotes the set of continuous functions. Also, for any A = %

integers r,s > 0, we have

with coprime

charE =0 and 0 < A < [E: Qp], or

H°(Xs,0()) = (0s(5)™)" if {charE =p.

2.2.14 Moduli stack of (G-bundles

Definition 2.2.88. For a linear algebraic group G over E, we define Bung to be the
prestack oﬂ Perqu taking S € Perqu to the groupoid of G-bundles on Xg.

This is a v-stack [['S21), before Definition III.1.2]. This is proved as follows: One first
proves that S — {vector bundles on Xg} is a v-stack [F'S21], Proposition I1.2.1]. One can
view a G-bundle on Xg as an exact tensor functor Repy(G) — {vector bundles on Xg}.
Using these two facts and part of the following lemma, one can deduce that Bung is
a v-stack.

Lemma 2.2.89. Let S’ — S be a v-cover of perfectoid spaces over SpaF,. Letc: Xg —
Xg be the associated map on the Fargues-Fontaine curves.

1. The map on the underlying topological spaces |c| : | Xg/| = | Xg| is surjective.

2. A sequence

0—)51%52&83%0

of vector bundles on Xg with go f = 0 is exact if and only if its pullback
0—=c& —c'é —c'é—0

1s exact.

Proof. For part , note that as in [F'S21] Section I1.1.2],
[Xs| = |X§| = [5/6” x Spd E| = |S x (Spd E) /"]

because the absolute Frobenius ¢ x ¢ of S x Spd E' acts trivially on the topological space.
Since S’ — S is a v-cover, it is a surjection of v-sheaves. It follows that its base change
S' x (Spd E)/¢* — S x (Spd E)/¢” is also a surjection of v-sheaves. The map on the
underlying topological spaces is thus surjective.

Part follows from part and Lemma [2.2.16 O

22We switch to Perfg because this is the setup where Bung is studied in [FS21].
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2.2.15 Bj,-Affine Grassmannian

Lemma 2.2.90 (Beauville-Laszlo lemma). [BL95] Let A be a ring and f € R be a
non-zero-divisor. Let A = lim, A/f™. There is an equivalence of categories between
{finite projective A-modules} and the category of triples (F,G, ), where

e F'is a finite projective A[%]—module
e (G is a finite projective A-module
e p:FR4AS G[%] is an //l\[%]—module isomorphism.

Lemma 2.2.91. Let A be a commutative ring and f € R be a non-zero-divisor. A
sequence
0— M — My — M3 —0

of finite projective A-modules is exact if and only if its pullbacks

1 1 1
0—>M1®AA|::| —>M2®AA|::| —>M3®AA|::| —0
/ f /
and R R R
0> M QA — MR A— M3sR4A—0
are exact.

Proof. By Lemma [2.2.16] it is enough to show that the natural map Spec A {ﬂ U

Specf/l\ — Spec A is surjective (on the underlying topological spaces). This follows
from [BL95, Lemme 1] by taking M to be the residue field of A at every prime ideal of
A. O

The following follows immediately from Lemmas [2.2.90| and [2.2.91]

Corollary 2.2.92. Let A be an FE-algebra and f € R be a non-zero-divisor. Let
A = lim, A/f™. Let G be a linear algebraic group over E. There is an equivalence of
categories between {G-bundles on Spec A} and the category of triples (F,G, ), where

e F is a G-bundle on Spec A[%]

e G is a G-bundle on Specle\

° o ]:|Specg[%] 5 g]spec A is an isomorphism.

Let us recall the definitions of B}, (R) and Byr(R). Let R be a perfectoid E-algebra
with a pseudo-uniformizer w. Then we have Fontaine’s map

0: Wo,(R”) - R°.
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Its kernel is generated by an element & of the form 7 + [@’]a for some a € Wo, (R®)
and pseudouniformizer @’ of R”. We define

Bin() = i Wo, (1) | L] /6
and 1
Bar(R) = Bjp(R) [J :

One can show that Bjj,(R) is £ torsion-free, ¢-adically complete, and Bjj(R)/(£) =
R.

Let G be a connected reductive group over E.

Definition 2.2.93. The BjR-ajﬁne Grassmannian Grg is the v-sheaf on Perf given
by sending an affinoid perfectoid space S = Spa(R,R") to the equivalence classes of
triples {(Sﬁ,g,L)}, where

o Sf = Spa(R!, R*™) is an untilt of S over Spa E
e & is a G-bundle on Spec B}, (R¥)
® 1 ElSpec By (RY) = &olspec Bur(Rt) 18 an isomorphism to the trivial G-bundle.

One way to prove that this is a v-sheaf is to first show that
S — {Vector bundles on Spec BJR(Rﬁ)}

is a v-stack [SW20, Corollary 17.1.9] and then use the Tannakian formalism together
with Lemma 2.2.95] below.
One can show using the Beauville-Laszlo lemma that this is isomorphic to the v-sheaf

sending an affinoid perfectoid space S = Spa(R, RT) to the equivalence classes of triples
{(5*,&,1)}, where

e S¥ = Spa(R*, R*T) is an untilt of S over Spa E
e &£ is a G-bundle on ngCh
o : & X3¢\ Spec R = & X3¢\ Spec R is an isomorphism to the trivial G-bundle.

In particular, we have a morphism Grg — Bung, called the Beauville-Laszlo

morphism. This is surjective as a morphism of pro-étale stacks [FS2I, Proposition
I11.3.1].
Let us state a handy lemma.

Lemma 2.2.94. Let R be a commutative ring and £ € R. Let

0s-alplce (2.7)
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be morphisms of £-complete R-modules. Assume that go f = 0 and £ is neither a zero
divisor in B nor C. If
0— A/ — B/ — C/¢ (2.8)

is exact, then so is (2.7)). If B/{ — C/¢ is surjective, then B — C' is surjective.

Proof. Assume (2.8) holds. It is straightforward to check by induction that for every
n>1,
0—A/" - B/ —C/E"

is exact. It is also clear that
0= lim A/¢" — lim B/¢" — lim C/¢"

is exact. The exactness of now follows by the £-completeness of A, B, C.

Assume B/¢ — C/¢€ is surjective. Let ¢ € C. Then there exists by € B such that
¢ = g(by) + &c1 for some ¢; € C. There exists by € B such that ¢; = g(b1) + e
for some ¢y € C, and hence ¢ = g(bg + £b1) + £2co. We continue this process. Then
bo + &by + £2by + ... defines an element in B whose image in C' is ¢ by &-completeness
of B and C'. Thus B — (' is surjective. O

Lemma 2.2.95. Let h: S’ = Spa(R/, R"") — S = Spa(R, R") be a v-cover of affinoid
perfectoid spaces over Spa F.

1. A sequence

0P Lpspao (2.9)
of finite projective R-modules with go f =0 is exact if and only if its pullback
0PorR - P,oprR - P30rR —0 (2.10)
s ezxact.

2. A sequence
0= M LM My — 0 (2.11)

of finite projective BjR(R)—modules with go f = 0 is exact if and only if its pullback
0— M ®B;R(R) BC—;_R(R,) — Mo ®B$R(R) B;_R(R/) — Ms ®B;R(R) BC—;_R(R,) —0

(2.12)
15 exact.

This does not follow immediately from Lemma [2.2.16| because neither Spec(R’) —
Spec R nor Spec BJ,(R') — Spec Bj(R) seem to be surjective.
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Proof. For part , the ‘only if’ direction is clear. Let us now prove the ‘if’ direc-
tion. Note that P; := P; ® g Og are vector bundles on S. By [Ked19, Theorem 1.3.4],
H(S, E) = 0. Thus, to prove the exactness of , it suffices to show that the sequence
of vector bundles on S L

0P —P—>P;—0

is exact. Since S — S is a v-cover, |S’| — |S|. By Lemma [2.2.16] it suffices to show
that - s -
00— h*PL - h*Py = h"P; — 0

is exact. Note that h*P, = P7;/®\; R := (P;®r R') ®pg Og, so the desired result follows

from the exactness of ([2.10]).
For part , the ‘only if” direction is clear. Let us now prove the ‘if’ direction. Note

that M; is &-adically complete: There is a B, (R)-module N; such that
M; & N,; = B;R(R)m

for some n;. Since B,(R) is ¢-adically complete, B (R)™ = lim,, B,(R)™ /™ is an
isomorphism, which implies that M; = lim,,>1 M;/¢™. By Lemma [2.2.94] to show the
exactness of ([2.11)), it suffices to show that

0— Mi/§ — My/§ — M3/§— 0

is exact. Since ([2.12)) consists of finite projective B;R(R’ )-modules, its base change along
Bin(R') = Bip(R')/¢ is still exact, i.e.

0—>M1/§®RR/ —>M2/§ ®RR/ — Mg/f ®RR/ —0

is exact. Now the result follows from part . O

2.2.16 Moduli stack of L-parameters

We will briefly state the definition and some properties of the moduli stack of L-
parameters, which are studied in [FS21, DHKM?25, [Zhu25]. We shall follow the pre-
sentation in [FS21]. Fix a prime ¢ # p. We have the dual group G of G over Z.

The idea is that there is a scheme Z1 (W, @) whose A-valued points, for a Z-algebra
A, are the continuous 1-cocycles ¢ : Wg — G (A). However, it is not clear which topology
we should put on G (A). We can solve this problem using condensed mathematics.

Let ProFin be the category of profinite sets whose morphisms are continuous maps.
We say that {f; : X; — X}ier is a cover in ProFin if I is finite and X = Uf;(X;).
Then ProFin is a site@ A condensed set/group/ring is a sheaf of sets/groups/rings on
ProFin.

23This is not literally true, because ProFin is not a small category. To be rigorous, one should restrict
to k-small profinite sets for a suitable cardinality x and then take the union over these k. Alternatively,
one can also consider the category of light profinite sets instead. We shall ignore these set-theoretic
difficulties in this subsection.
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For example, if T" is a T1-topological space, then we have a condensed set
T : ProFin® — Set S — {continuous maps S — T'}.

If A is any Zg-algebra, then we have a condensed ring A := Agisc ®7, 4. Z¢, Where
Agise and Zyg gisc are equipped with the discrete topology. If we let Aipa—s denote A
equipped with the ind-f-adic topology@ then in fact Ajq—¢ = A.

Note that G(A) is a condensed group, given by S — G(A(S)).

Recall that the action of Wg on G factors through a finite quotient of Wg. It follows
tha@ acts on CAJ(A)

Theorem 2.2.96. [FS21, Theorem VIII.0.1] There is a scheme Zl(WE,CA;)Awhose A-
valued points, for a Zp-algebra A, are the condensed 1-cocycles ¢ : Wy — G(A). The
scheme is a disjoint union of finite type Zgy-schemes.

Note that G acts on Z!(Wg, G) via twisted conjugation: (g ¢)(w) = go(w)(¥g) L.
Define L
Parg := (Z'(Wg,G)/G).

2.2.17 Categorical conjecture

Let G be a quasi-split reductive group over E. Let £ be a prime different from p. In
this subsection, we shall view Parz as a stack on Qg-algebras, i.e. we base change Parg
from Zy to Q. Pick a Whittaker datum, i.e. a Borel B C G and a generic character
Y UE) — Q;~, where U is the unipotent radical of B. Let Wy = iucIndgEng €

D(Bung, Qy), where i; : Bun}; — Bung is the usual open immersion. Fix ,/q € @X.
Then we have a spectral action of Perf(Parg) on D(Bung, Q;), where Perf(—) denotes
the co-category of perfect complexes. The action on the Whittaker sheaf gives rise to a
map

Perf?(Parg) — D(Bung, Q)
M — M x Wy,

and hence a map
QCoh(Parg) = Ind Perf?(Pars) — D(Bung, Q)

by the universal property of ind-completion, where QCoh is the derived oo-category of
quasi-coherent sheaves. By the adjoint functor theorem, this map has a right adjoint

D(Bung, Q¢) — QCoh(Parg). (2.13)

?4Le. the colimit topology M = colimycar (N, f-adic topology), where N runs through the finitely
generated sub-Z,-module of M. More explicitly, a subset S C M is open if and only if SN N is open in
(N, £-adic topology) for every finitely generated sub-Z,-module of M.

25To see this, let S € ProFin, w € Wg(S), g € G(A(S)). Say the action of Wg on G factors through
a finite quotient @). Let Sy be the fibre of ¢ € @ in the composite map the composite S 2 We — Q.
Then the action is defined as “g := (*(gls,))qeq € [[,cq G(A)(Sg) = G(A)(S). This is independent of
the choice of Q.

79



Conjecture 2.2.97. [FS21, Conjecture X.1.4] The restriction of | to D(Bung, Q,)¥
is fully faithful with essential image Coh(Parg). Thus, D(Bung, Q) 5 Coh(Parg).

Here, Coh(Parg) is the oo-category of bounded complexes with quasicompact support
and coherent cohomology sheaves. By [FS21, Theorem VIL.7.4], D(Bung, Q) is com-
pactly generated. In particular, if Conjecture [2.2.97]is true, then taking ind-completion
gives an equivalence

Lg : D(Bung, Q) = IndCoh(Pary).

2.3 Moduli stack of Higgs bundles

In this section, we define the moduli stack of Higgs bundles and establish some basic
properties of it.

Let E be a non-Archimedean local field with residue field F,, where ¢ is a power
of p. Let G be a connected reductive group over E. Let g(E) be its Lie algebra. Fix
S € Perfp, and a line bundle £ on the Fargues-Fontaine curve Xg. Inspired by [Ngo10,
definition 4.2.1], we make the following definition:

Definition 2.3.1. For T € Perfg, a L-twisted G-Higgs bundle on Xt is a pair (€, ),
where

o £ is a G-bundle on X,
e ¢ € H(Xr,Ad(€) ®ox,. Lr).

Here, L7 is the pullback of £ to X7 and Ad(€) is the adjoint bundle@ We will
usually just call them G-Higgs bundles or Higgs bundles. We will let Ad(E), denote
Ad(€) ®ox, L1

Definition 2.3.2. Let Higgsg » be the prestack on Perfg taking T € Perfgs to the

groupoid of Higgs bundles on X, where an isomorphism (€1, 1) — (Ea, ¢2) is an iso-
morphism £ = E mapping ¢1 to do.

When there is no ambiguity, we will write Higgs. » as Higgsg.

Example 2.3.3. e For G = G,,, we have Higgs; = Bung,, xH’(L).

e For G = GL,, there is a more concrete description of G-Higgs bundles. We have
an equivalence of groupoids

{rank n vector bundles on Xg} ~ {GL,,-bundles on Xg}
V= Isomp, (0%, V)

E xCn 0% €.

20Tf one view a G-bundle as an exact tensor functor Rep(G) — (vector bundles on Xr), then this is
the image of g(E) with the adjoint action. If one view a G-bundle as a sheaf on X7, then Ad(E) =
£ x% (9(E) @5 Oxz).
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If V corresponds to &£, then Ad(£), = Hom(V,V ® L), where the right hand side
is the sheaf on Xg sending U to Homp,, (V|y, (V ® £)|r). Thus, we can identify a
GL,-Higgs bundles with a pair (V,¢:V — V ®0x L), where V is a rank n vector
bundle on Xg and ¢ is Oxg-linear.

Lemma 2.3.4. The prestack Higgss is a v-stack.

Proof. This follows easily from the fact that Bung is a v-stack and for any G-bundle &,
the functor T+ HO(Xr, Ad(E) ®0y,. Lr), being the Banach-Colmez space associated
with Ad(€) ®oy, £, is a v-sheaf by [['S21} Proposition I1.2.1]. O

Proposition 2.3.5. The natural map Higgs; — Bung s representable in locally spatial
diamonds and is partially proper (cf. Definition|2.2.75,)

Proof. Let us denote this map by f. The proof of [FS21l Proposition III.1.3] shows
that there is a perfectoid space T such that T" — Bung as pro-étale stacks. This map
corresponds to a G-bundle £ on X7. The base change of f along this map is

Higese Xpune T = HY(AA(E) ® L) — T.

As HP(Ad(E)® L) is a locally spatial diamond, this map is representable in locally spa-
tial diamonds. Moreover, by [FS21] Proposition I1.2.6], this map is quasi-separated. It
follows from [Sch17, Proposition 10.11] that f is quasi-separated. By [Sch17, Proposition
13.4(iv)], f is representable in locally spatial diamonds.

It is clear that f is O-truncated and we have just shown that f is quasi-separated.
We can deduce that f is partially proper by applying the following fact to the adjoint
bundle: if Spa(R, R™) is an affinoid perfectoid space over S and V is a vector bundle
on X(p gr+), then we have an isomorphism HO(X(R7R+), V) S HO(X(RR:)), V). This fact
is immediate from the partial properness of the map H°(V) — S, proved in [FS21]
Proposition 11.2.16]. O

Corollary 2.3.6. Higgs is an Artin v-stack if | S € Perffq.
Proof. This follows from Proposition and [FS21), Proposition IV.1.8(iii)]. O

Proposition 2.3.7. [TL26, Proposition 2.20] If S € Perffq and L = Oxg, then
HiggSG’ XBung Bllan = [g(E)/G(E)]

Proof. This is true because Higgs, is the same as the stack Buné in [TL26], where
X = g with the adjoint action of G. O

2"We make the assumption that S € Perffq because in [ES21], Bung is defined on Perffq.
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2.4 GL, case

In this section, we take G' = GL,,. We will usually view Higgs as the stack that sends
T to the groupoid of pairs (V,¢:V — V ®0x,, L), where V' is a vector bundle on X
and ¢ is Oy, -linear.

The aim of this section is to study the Hitchin fibration Higgs; — Ag (cf. Defini-
tion [2.4.1)), which essentially maps a pair (V,¢) to the characteristic polynomial of ¢.
We prove an analogue of the BNR theorem, which relates fibres of the Hitchin fibration
to line bundles on the spectral curves. This is an interesting result, because it is an in-
stance of abelianisation: we reduce the study of (non-abelian) GL,, objects to (abelian)
GL1 objects. We also prove a GAGA type result for the spectral curve, which gives an
equivalence between the category of vector bundles on the spectral curve and that on a
schematic version of the spectral curve.

2.4.1 Hitchin fibration

Definition 2.4.1. We define the Hitchin base A = [[l_; HO(L®Y), which is a
locally spatial diamond. When there is no ambiguity, we will write Ag c as Ag.
We define the Hitchin fibration

Higgs; — Ag

to be the map which on T-valued points sends (V,¢:V — V @ Lr) to ((—1)' Tr A’);.

We call the image of (V,¢) € Higgs(T') under this map its characteristic poly-
nomial. We will also call Z" — Tr(¢)Z" ! + Tr(A%¢)Z" 2 + -+ 4+ (=1)" Tr(A"¢) €
[T, HO (X7, L&) Z the characteristic polynomial of (V,®).

Here, Tr A’¢ is defined as follows: We apply A’ to ¢ to get a map
Ng: ANV = A (VL) 2NV e LY

which corresponds to an element in H°(Xr, (MV)V @ AV © L"), We can apply the
evaluation map to get an element in H%(Xr, E%Z), which we call Tr A%¢.

2.4.2 Spectral curve

There is a way to describe the fibre of the Hitchin fibration in terms of line bundles on
the spectral curve, which we will define now. This is desirable because it allows us to
relate GL,, objects with GL; objects.

Now, fix S € Perfg,, £ a line bundle on Xg, and (a;) € [[7_; £L%(Xg). To construct
the spectral curve, we shall construct adic spaces Spa(By, B'J ) over U for open subsets
U C Xg and then glue these spaces.

Let U C Xg be an affinoid sousperfectoid space such that L[y is isomorphic to Oy.
Let A= Oy(U), AT = O} (U). If v : L]y = Oy is a trivialisation, then

By, = AlZ]/(Z"™ + W(a))Z" 1 -+ uay))
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equipped with the induced topology in footnote is a sheafy Huber ring by [HK25|
Corollary 4.7]. If // : L]y = Oy is another trivialisation. Then +/ = av for some a € A%,
SO

BU,L — BU,L’
Zw—a'Z

is an isomorphism. Defind®

By := colim By,

LZL|U:>OU

and
B?J' = integral closure of AT in By.

Lemma 2.4.2. B(J]r s a Ting of integral elements of By, i.e. Bg s an open and integrally
closed subring of (By)°.

Proof. We identify By with some By, by fixing a trivialisation ¢. The map A — By
is an adic morphism by [SW20, Lemma 5.1.2], so it sends powerbounded elements to
powerbounded elements. Thus, AT C (By)°. Thus

B(Jj C integral closure of (By)° in By

= (Bu)°.

It remains to show that B(}L is open in By. Let w be a pseudouniformizer of A. Then
w7 is integral over AT for some N > 1, so Bff D AT[@w™Z]. It is direct from the
definition of the topology on By that A*[w™ Z] is open in By, so B[J} is also open. [

Hence, we have an adic space Spa(By, Bff) with a canonical map
mu : Spa(By, Bf) — Spa(4,AT) = U.
This is compatible with passing to open subspace of U:

Lemma 2.4.3. Let U' C U be an affinoid sousperfectoid open subspace of U. Then the
canonical U-morphism Spa(BU/,Bﬁ,) — ﬂal(U/) is an isomorphism. In other words,
we have a Cartesian diagram

Spa(BU/, B;,) — Spa(BU, B(-,if—)

”U’l lﬂU
U’ > U.

280f course By = By, for every , but By is more canonical in the sense that it is independent of the
choice of «.

83



Proof. We shall verify that they have the same functor of points. Fix a trivialisation
¢ Ly = Op to make the identifications By =2 By, and By» = By, Let U =
Spa(A’, A’"). Let (R,R") be a complete Huber pair over (A, AT). Recall that By}, is

the integral closure of A" in By = (Z"+L(a1);;LZ1]+~~~+L(an))' Thus

(Spa(Bur, Byj,) (R, RT)
A'lZ]

=H
OM(4,A+) (( (Zn + L(al)anl +- L(an))
= Homa o) (A, A7), (R, RY)) x {r € R:v" +1(a)r" ™ + -+ u(an) = 0}

BE). (R, R*))

This is {r € R:r" + v(a1)r" ' + -+ + 1(ay) = 0} if the structure map Spa(R, R") —
Spa(A, AT) factors through U’ and empty otherwise.
Similarly, if the structure map Spa(R, RT) — Spa(A4, A1) factors through U’, then

' (U')(R, RY)
= Homy (Spa(R, R"), Spa(Bu, B}))

AlZ]
Z"+1(a1)Zn 1+ -+ (ay))
= {7“ER:r"+b(a1)rn_1+---+L(an) :0}.

— Homguas) (( : BY). (R, R*))

If the structure map Spa(R,RT) — Spa(A, AT) does not factor through U’, then
7 (U")(R, R*) = @. This finishes the proof. O

Definition 2.4.4. Define the spectral curve C,gs to be the adic space obtained by
gluing Spa( By, B?}) as U runs through all the affinoid sousperfectoid open subsets of Xg
such that L|y = Oy .

This gluing is valid by Lemma[2.4.3} By gluing 7y, we get a morphism 7 : Co 5 — X
Let U = Spa(A, A") be an affinoid sousperfectoid open subset of Xg such that
L|y = Oy. Then (7*L)|-1(yy is the vector bundle associated with the BU—modulﬁ

L(U) ® By = L(U) ®4 colim, A[Z,]/(Z" + 1(a1) 2" + -+ + 1(an)).

The element

T e 2,
is independent of the choice of ¢, because if /' = a¢ is another trivialisation of L|y, then
e Z, =0 () ®@atZy = /Y1) ® Z,. Thus, we can glue them as U varies to

obtain an element

7€ H(Cus,7°L).

We call this the tautological section of 7* L.
Informally, locally we have U = Spa(A, A"), 7=1(U) = Spa(A[Z]/(Z" + 1(a1)Z" " +
-+ +1(ay)), integral closure of AT), 7= Z.

2We rename Z by Z, so as to distinguish the different copies of Z.
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Lemma 2.4.5. Let A be a commutative ring, M be a finite free A-module, ¢ € End 4 (M)
with characteristic polynomial f(Z) = (Z = 1)...(Z —\,), where \; € A and \; — \j €
A* for alli # j. If we regard M as the A[Z]/(f)-module with Z acting as ¢, then M is
a finite projective A[Z]/(f)-module of rank 1.

Proof. As \; — \; € A for all i # j,
AlZ)/(f) =2 A[Z))(Z — A1) x - X A[Z])(Z — \) =2 A"

Let e; be the idempotent in A[Z]/(f) corresponding to the i-th factor, ie. e; =
]_[j# % Note that 1 = ey +--- + e, and e;e; = d;;. Then
M=eM&- - - de, M (2.14)

as A[Z]/(f) = A™-module. It suffices to show that each e;M is a finite projective A-
module of rank 1.

Each e;M is a direct summand of the free A-module M, so each e;M is a finite
projective A-module. By , it suffices to show M; # 0 for all ¢. Let K be a field
over A. If we view ¢ as a matrix over K, then it has characteristic polynomial f with
eigenspace decomposition

M@aK=((etM)2aK)®-- & ((enM) ®a K).

Note that (e;M) ®4 K is the A;-eigenspace, so it is non-zero. It follows that each e; M
is non-zero and the claim follows. O

Lemma 2.4.6. Let A — B be a ring homomorphism such that B is free of rank n as
an A-module. Let M be a finite projective B-module of rank 1. Then M is a finite
projective A-module of rank n.

Proof. Let h : Spec B — Spec A be the corresponding map on affine schemes. This is flat
and of finite presentation, so it is open. Let M be the quasi-coherent sheaf on Spec B
corresponding to M. We can pick an open cover {U;} of Spec B such that M|y, = Oy,
for all i. Then {h(U;)} is an open cover of Spec A and (h*M)‘h(Ui) = (hOv,) |nw,) =
OZ(Uz')' =

We have the analogue of the BNR theorem [BNR89, Proposition 3.6] in our setting:

Proposition 2.4.7. For 1 <i<mn, let a; € L% (Xg). Let f(Z)=Z"+a1Z" 1 +--- +
an € EB?:lﬁ@(XS)Zi. Assume that for all x € Xg, there is an open neighborhood U of
x such that Ly is trivial and f(Z) factorizes as (Z — A1) ...(Z — \y,), where \; € L(U)
and N\j — X\j € LIU)* foﬂ all i # j. Then we have an equivalence of categories

{line bundles on C, s} — {rank n Higgs bundles on Xg with characteristic polynomial f}
F = (mF,me(T @ F)),

30Here is the definition of £|y(U)*: Pick an isomorphism ¢ : L]y = Oy; L(U)* is the subset of £(U)
which corresponds to O(U)* under the induced isomorphism £(U) =2 Oy (U). This is independent of
the choice of «.
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where m : Cy s — Xg is the canonical map and 7. (T @ F) is defined as follows: T
corresponds to a map O — 7 L; we can tensor it with F to get F — (n*L) ® F; then
we apply 7, to get the desired map . F — 7 (7*L) @ F) = L @ m. F.

Proof. For x € Xg, let us call an open neighborhood z € U C Xg good if U is affi-
noid sousperfectoid and L|y = Op. Note that on such a U, we can identify f with a
polynomial with coefficients in Oy (U).

Let F be a line bundle on Cy 5. Let us first show that 7, F is a rank n vector bundle
on Xg. Let z € X and U = Spa(A4,A") C X be a good neighborhood. We know
that 71 (U) = Spa(A[Z]/(f), AT), where AT is the integral closure of AT in A[Z]/(f).
Then F|-1(y) corresponds to a finite projective A[Z]/(f)-module of rank 1, which, by
Lemma is a finite projective A-module of rank n. Thus, (7.F)|y is a rank n vector
bundle. It follows that the same holds for 7, F.

To see that ¢ := m.(7 ® F) has characteristic polynomial f, i.e. a; = (—1)" Tr A’¢
for all 1 < i < n, note that the formation of Tr Aicp is compatible with restriction to
open subsets. We can therefore check them locally, so we are reduced to showing the
following: if M is a finite projective A[Z]/(f)-module of rank 1, then Z € Ends(M),
viewed as an A-linear endomorphism of the finite projective rank n A-module M, has
characteristic polynomial f. We can localise at A to assume that M is free of rank n as
an A-module. Then this is standard.

Conversely, let (V, ¢) be a rank n Higgs bundles on Xg with characteristic polynomial
f. Let x € Xg and U = Spa(A, AT) C Xg be a good neighborhood such that V|y = OF
and f(Z) factorises as in the statement of the proposition. We can view the finite free
A-module V(U) as a By = colim, A[Z,]/(Z" + 1(a1)Z"* + - - - + 1(a,))-module with Z,
acting as the endomorphism

VU) S (Ve £)U) 225 v).

This is well-defined, because if +/ = a¢ is another trivialisation of ¢, then a='Z, (= Z,

in By) acts as a~! times V(U) LA (Ve L)(U) TN V(U), which is the same as the way

that Z, acts. By Lemma V(U) is a finite projective By-module of rank 1. Thus,
it gives rise to a line bundle W on 7~ '(U). We can glue W as U varies to get a line
bundle on Cy_s.

It is not hard to verify that these two constructions are inverses of each other. [

Remark 2.4.8. In the classical case, where X is a smooth projective curve with genus
at least 2 over an algebraically closed field k and £ = Qx/;, then one can show that
the assumption in the proposition is never satisfied by considering the degree of the
discriminant divisor. However, the assumption in the proposition is possible in our setup.
It £ = Oxg, then the assumption is roughly saying that the characteristic polynomial
has distinct roots, which seems reasonable.

As an immediate corollary of Proposition [2.4.7], we get the following relation between
the Hitchin fibers and line bundles on the spectral curve.
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Theorem 2.4.9. In the situation of Proposition we have a canonical isomorphism
of v-stacks
Higgs, , = Picc,.

Here, Higgs,, , is the v-stack on Perfg sending T to the groupoid of rank n Higgs bundles
on Xg with characteristic polynomial f, i.e. the Hitchin fiber Higgsqy, xXuaq., S; Pice,
is the v-stack on Perfg sending T' to the groupoid of line bundles on Cq 1.

Remark 2.4.10. In the setting of Proposition [2.4.7} the spectral cover C, s is a degree
n covering space of Xg, i.e. for all x € Xg, there is an open neighborhood U of x such
that 7=1(U) 2 [[I., U over U. Moreover, for all T € Perfg,

Coq =Cos Xxg X7.

Indeed, there is a natural map Cy 1 — Co s X xs X7. Locally, Xg is given by Spa(4, A1),
Xr is given by Spa(B, Bt), Cys is given by Spa(A[Z]/(f), AT), and both C,r and
Ca,s X x4 X7 are locally given by Spa(B[Z]/(f), B1), where ~ denotes integral closure.
The claim follows. This motivates the setup in the next subsection.

2.4.3 Covering space of the Fargues-Fontaine curve

Fix § € Perfp,,n > 1. Let 7 : Cs — Xg be a degree n covering of Xg, i.e. Cg is
an adic space and for all x € Xg, there is an open neighborhood U of z such that
7 Y U) =], U over U.

Let us start with an easy lemma.

Lemma 2.4.11. If € is a vector bundle of rank m on Cg, then m.€ is a vector bundle of
rank mn on Xg. Also, m, : Ab(Cg) — Ab(Xg) is an exact functor, where Ab(—) stands
for the category of abelian sheaves. In particular, for all F € Ab(Cy),

H'(Cs, F) = H'(Xs, m.F) (2.15)
for all i > 0.

Proof. The first statement follows immediately from the fact that 7 is a covering of
degree n. For the second statement, note that for all 7 € Ab(Cg) and = € Xg, we have
(7 F )z = Oyen—1(2)Fy because 7 is a covering. O

Let Ocy(1) :== m*Ox,4(1). Let us prove an ampleness result for Oc(1).

Proposition 2.4.12. Assume S is affinoid perfectoid. Let £ be a vector bundle on Cg.
Then there exists N > 1 such that for all i > N, £(i) := € @0, Ocs(1)® is globally
genemteﬂ and HY(Cs,E(i)) = 0. Moreover, H'(Cs,E) = 0 for all j > 2.

31 An Ocg-module F is called globally generated if there is an m > 1 and a surjection og, - F.
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Proof. By Lemma [2.4.11] 7€ is a vector bundle on Xg. By equation (2.15) and [FS21],
beginning of section I1.2], H/(Cs,&) = 0 for all j > 2. By [FS21, Theorem II.2.6],
there is an N > 1 such that for all i > N, (m.€)(i) == (7€) @0 Ox4(1)®" is globally
generated and H'(Xg, (7.€)(i)) = 0. Note that

(m8)(i) = mu(€ ©oc, 7 Ox (i) = ma(E(i))

by the projection formula. By equation (2.15)), H!(Cs,£(i)) = 0 for all i > N. Finally,
as (m.€)(7) is globally generated, there is an m > 1 and a surjection

O, — (1) (i) = 7. (B(0)).
Applying 7* gives a surjection
g:Of, — mm(E(q)).
Now, observe that the natural map
h:m*m (E()) — E(i)

is surjective, as can be checked on stalks. Hence we get a surjection hog: O% — E (1),
showing that F(i) is globally generated. O

We shall also need a general topological lemma. Let us write qc as a shorthand
for ‘quasi-compact’. Recall that a topological space is called quasi-separated if the
intersection of any two qc open subsets is qc. We refer the reader to [Sch17, section 2]
for the definitions of spectral and locally spectral spaces. Recall that every adic space
is a locally spectral space. Also, a locally spectral space is spectral if and only if it is
quasi-compact and quasi-separated (qcgs).

Lemma 2.4.13. Let Z be a locally spectral space. Assume that Z admits a finite open
cover {U;}™ such that U; and U; N U; are qc for all i,j. Then Z is gcgs.

Proof. Quasi-compactness of Z is clear. The proof for quasi-separatedness is almost
identical to that in [Sil]. Let V' be a qc open subset of Z. Let us show that V N U; is
qc. Since Z is locally spectral and V is qc, we can write

m M
v=UUws

i=1j=1

for some qc open V;; C U; and M € N. Then

m M
vno = JWi;nt)
i=1j=1

m M
= U U(sz N, ﬂUj).
i=1j=1
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By assumption, each U1 NUj is qc. Since V;; and Uy NUj are both qc open subsets of Uj,
we know that (V;; NU; NUj) is also qc by the quasi-separatedness of U;. Hence V N U;
is also qc.

Now, suppose W is also a qc open subset of Z. Then W N U is qc by the above. By
quasi-separatedness of Uy, V "W NUj is also qc. By symmetry, the same holds with Uy
replaced by any of the U;. Hence, VNW = U™ (VN W NU;), is also qe. O

We have the following GAGA result:

Theorem 2.4.14. Suppose S is affinoid perfectoid. Let

Cyh = Proj | @ H(Cs, Oy (m))

m>0
Then we have a natural map of locally ringed spaces
f:Cs— C&h
and pullback along this map induces an equivalence of categories

f* : {vector bundles on C¥"}y = {vector bundles on Cs}.

In addition, for every vector bundle £ on ngl, we have

H'(CE", &) = H'(Cs, [*(€))
for alli > 0.

Proof. For affinoid perfectoid S, Xg is qcgs. Thus, there is a finite open cover {U;}",
such that U;NUj is qc for all 7, j. Since 7 : Cs — Xg is a covering of degree n, 7 is quasi-
compact, i.e. the preimage of any qc open subset is qc. It follows that {W_I(Ui)}inll is
an open cover of C's satisfying the condition of Lemma [2.4.13] Thus, Cs is qcgs, and
hence is a spectral space. The theorem now follows from Proposition [2.4.12] and the
general GAGA theorem in [FS21, Proposition I1.2.7]. O

Remark 2.4.15. It is conceivable that for S = Spa K, where K is an algebraically closed
perfectoid field over Fy, one can establish an analogue of [E'S21) Proposition I1.2.9] about
the properties of Cgc". Once this is established, one should be able to get an analogue
of [FS21], Proposition I1.2.10] on the classification of line bundles on C$”* and hence a
concrete description of the Hitchin fiber via Proposition |2.4.7

2.5 Hitchin fibration and action of Picard stack

The aim of this section is to study the Hitchin fibration for general G and study the
action of a certain Picard stack on Higgs. (cf. Section ) Starting from this section,
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we will mostly use the schematic version of the Fargues-Fontaine curve instead of the
adic space version.

Let E be a non-Archimedean local field with residue field IF,, where ¢ is a power of
p. Let G be a split connected reductive group over E, B be a Borel subgroup over F,
T be a split maximal torus in B. Assume charE { |W|, where W is the Weyl group of
G. We let g be the Lie algebra of G, thought of as a scheme over E@ Let t be the Lie
algebra of T'.

Fix an affinoid perfectoid space S over F, and a line bundle £ on X §Ch . As a rule of
thumb, in this section, every stack is either a stack on Perfg with the v-topology or a
stack on Sch Xseh with the fppf topology.

2.5.1 Hitchin fibration
Let ¢ := g // G be the GIT quotient of g by the adjoint action of G, i.e.
¢:=g/ G := SpecO(g)®

where O(g) is the ring of global sections of the structure sheaf of g. Let us recall the
meaning of O(g): if we view elements of O(g) as morphisms g — A!, then O(g)® are
the morphisms such that the two compositions

Gxg—esg — Al

action
agree. In other words,

0(9)° = eq ( O(5) ~2 0(@) 2 O() ) . (2.16)

action*
Let us recall the Chevalley restriction theorem.

Proposition 2.5.1. [Ngo10, Theorem 2.1] The inclusion t — g induces an isomorphism
0(9)" = o™,

Moreowver, (’)(g)G is isomorphic to the polynomial algebra E[Ty,...,T,] over E, where r
is the rank of G, and we can pick the isomorphism such that T1,...,T, correspond to
homogeneous elements of O(g) = Sympg(Lie(G)Y). The degrees of these elements are
independent of their choices.

The proposition implies that ¢ 2 A%, over E. The inclusion O(g)® € O(g) induces a
map
g—c.

This map is invariant under the adjoint action of G on g by equation (2.16)). We base
change both sides along X gCh — Spec E to get

ngch — cchh .

321.e. g = Spec Symg(Lie(G)Y), where Lie(G) = ker(G(E[¢]/(€?)) — G(E)).
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We can view both sides as vector bundles on X glCh and tensor both sides with £ to get
a G-equivariant map
gc — ¢ (2.17)

where g, = 9xseh ®o, L with the adjoint G-action and ¢, := Cxgeh ®o ., L with

sch
S

sch

the trivial G-action.
Definition 2.5.2. We call Ac = H’(cc) the Hitchin base.

Note that this is a Banach-Colmez space. In particular, it is a locally spatial diamond.
When there is no ambiguity, we will write Ag  as Ag.

Remark 2.5.3. We can be more concrete about the definition of Ag. Pick homogeneous
fi,. ., fr € O(g)% such that the map E[T1,...,T,] — O(g)%, T; — f; is an isomorphism.
Let deg(f;) = d;. Then we get an isomorphism of schemes

¢ = A%
fi T

This induces a G,,-equivariant isomorphism of sheaves on X gCh

~ T
Cchh - X;.Ch’

where G, acts on the i-th component of (’)gfgch via t — t%. Twisting both sides by the

Gyn-torsor £ = Isompsen (Oggg, L), we obtain
S

o =L@ o L8

because on the i-th component, we have an isomorphis Oggg xCm [ 2y £®di given
by sheafifiying (z, f) — f(2) @ f(1) ® --- ® f(1). It follows that

Ag = HHO(E@)di)-
=1

For example, for G = GL,, if we pick f; = (=1)! Tr(A*()) for 1 < i < n, then we get
back Definition 2.4.7]

Remark 2.5.4. From the analogue of Lemma for the fppf site on schemes, we
can deduce that if £ is a G-bundle on X §Ch, then

ExYgr=ExY (L xCm ngch)
=L xC®m (& Xnggch)
= £ x%m Ad(€)
= £®Oxgch Ad(€)

where we use the analogue of Lemma for the first and last isomorphisms.

33Note that the action of G,, on Oﬁfg is different on each component.
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Definition 2.5.5. We define the Hitchin fibration to be the map
Higgs; — Ag (2.18)

which on T-valued points (for affinoid perfectoid T') is given by sending (€, ¢) € Higgsq(T)
to its itmage under

Ad(E)(X7™) = (€ 7 go)(XF™) = (€ xF e£)(XF™) = eo(X5™),

where the middle map is induced from equation (2.17)). We call the image of (£, ¢) under
(2.18) its characteristic polynomial.

Remark 2.5.6. Note that by Lemma we have
Higgsq = Map(F'F, [g./G]).

Here, Map(F'F, [g,/G]) denotes ﬁ the prestack on Perfg sending T to the groupoid
[92/G](X5h), where G acts on g, via the adjoint action. Similarly, we have

Ag = Map(FF,cr).
The Hitchin fibration is obtained by applying Map(F'F, ) to

l9c/G] — cc. (2.19)

Example 2.5.7. Assume G = GL,. Let us show that we recover Definition To
identify Ag with [, HO(L®") as in Remark we pick f; = (—1)!Tr(A%( )) for
1 <4 < n as a basis of O(g)G.

Let V be a rank n vector bundle on X §Ch. Its corresponding GL,-bundle is &£ :=
MOX?}L (O?{gh’v)‘ Let ¢ € HO(Xh Ad(€),) = Homoxgch VY,V ® L). We want

to show that the image of (£, ¢) (via Definition and the image of (V,¢) (via
Definition in ¢, agree. It suffices to check this on an open cover of X §Ch. Let
U = Spec B be an open affine subset of X gCh such that £, £, V are all trivial. Then
¢|u corresponds to an element M € g(U) = gl,,,,(B). The restriction of the map in
Definition to U is given by

g(A) = ¢(A) = (Spec E[f1, ..., fa])(A) = A"
M = (fi(M))1<i<n = ((=1)" Tr(A"M))1<i<n.

This agrees with Definition [2.4.1

34Note that by 2-Yoneda lemma, this is also the prestack sending T' to the groupoid of morphisms
X5 — [g2/G] of stacks on SChxgch’fppf. This justifies the notation Map(F'F, —).
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2.5.2 g
Lemma 2.5.8. The functor given by

I : {schemes over E}°P — Set
U~ {(g,v) e GU) x g(U) : Ady(v) = v}

is representable by an affine scheme of finite type over E.

Proof. Fix an embedding G — GL,, of group schemes. Let

I' : {schemes over £} — Set
U~ {(9,v) € GL,(U) x gl,,(U) : Adg(v) = v}.
Then I = I' X1, xqi, (G x g), so it suffices to prove the lemma for I replaced by I'.
Xu o X\ Y\ [Xu oo X\ Y1 fi
Write : : : : : — 1] =1:] ThenI'is
X1 o Xom Y, X1 o Xom Y, fn
represented by

SpecE[XH, ce ,Xnn,Yl, s ,Yn][l/det(X”)]/(fl, .. ,fn)
]

We shall identify I with the scheme that represents it. Note that there is a projection
map I — g, (g,v) — v. Also, I is a group scheme over g.

Lemma 2.5.9. [Ryd] Let H be a group scheme locally of finite type over a scheme T.
Then the function f: T — Z, t — dim(Hy) is upper semi-continuous, i.e. for alln € Z,
{t € T :dim(H;) < n} is open.

Proof. This is the proof in [Ryd]. We include it here as [Ryd] is subject to change.
Let s : H — T be the structure map. Let T < H be the unit map. By [Sta25]
lemma 045X], f is the composite of the maps e and

H-7 (2.20)
h +— dimh(Hs(h))-

As e is continuous and (2.20) is upper semi-continuous by [Sta25l lemma 02FZ], their
composite is also upper semi-continuous. ]

Applying this lemma to I — g, we know that {v € g: dim I,, < r} is open in g.

Definition 2.5.10. Define g™ to be the open subscheme of g whose underlying subset
is{veg:diml, <r}.
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In fact, for every v € g, we have dim [, = r.

Note that G' x Gy, acts on I, where G acts via h - (g,v) := (hgh™!, Ady,(v)) and G,,
acts via t - (g,v) := (g, tv).

Let us recall the construction of the Kostant section, as in [CZ17, section 2.3]. For
each simple root «;, pick f; € g_q,(E)\{0}. Let f =3 f;. Complete f into an sly-triple
e, f,h. Let g° be the centraliser of e in g.

Proposition 2.5.11 (Kostant). [Ngo06, Theorem 2.1] f 4+ g° C g"9 and the restriction
ofg—>c=g//G to f+ g° gives an isomorphism

f+e Se (2.21)

The Kostant section Kos : ¢ — g is the composition of the inverse of with
the inclusion f + g® < g. Then Kos is a section of the natural map g — ¢. Note that
the Kostant section actually lands in g™9.

We define g2¢ := L xCm (9% Xgpec & X&) and L= Isom(Ox, £). A priori, this
is a fppf sheaf on SCthch, but this is representable by a scheme by fppf descent of

quasi-affine schemes [Sta25, 0247], so we will also regard it as a scheme over X gCh.

Lemma 2.5.12. Let U be a scheme over X", Assume vi,vs € gj°?(U) have the same
image in ¢c(U). Then there is a fppf cover W — U such that vi|w,ve|lw are G(W)-
conjugate.

Proof. Let ¢ be the common image of vy,vy in ¢ (U). Fix a Kostant section Kos :
¢ — g. The morphism G x ¢ — g™, given on Z-valued points (for Z € Schg) by
(9,¢) = Ady(Kos(c)), is a smooth and surjective morphism of schemes over ¢, as stated
in [Ngd06, proof of Proposition 3.4]. Note that this map is G,,-equivariant. Thus,
GxXcep— gzeg is a smooth and surjective morphism of schemes over ¢,. It follows that

Gxcp—gp? (2.22)

is surjective as morphism of fppf sheaves on Sch Xgeh-
Thus, there is a fppf cover W — U and (g1,¢1) € (G X ¢z)(W) such that

Adg, (Kos(c1)) = v1.

As (2.22)) is a morphism over ¢z, ¢; = c¢|w. Hence Ady, (Kos(c)) = v1. Similarly, up to
replacing W by a fppf cover, there is go € G(W) such that Adg,(Kos(c)) = va. Thus,
v1|w, v2lw are G(W)-conjugate. O
2.5.3 Regular centraliser

Let I|gres := I x4 g"®. It turns out that the group scheme I|gres — g9 descends to a
group scheme over c:
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Lemma 2.5.13. [Ngo10, Lemme 2.1.1] There is a unique smooth commutative group
scheme J over ¢ equipped with a group scheme isomorphism over g9

J X g" s Igres. (2.23)

that is compatible with the G X Gy,-action. This extends uniquely to a homomorphism

over g
Jxcg— 1. (2.24)

that is compatible with the G x Gy,-action.

Remark 2.5.14. [Ngol10, after Lemme 2.1.1] It we pick a Kostant section Kos: ¢ — g,
then J = I Xy kos €.

As the projection map I — g is G x Gy,-equivariant, we can base change both sides
to X" and twist the map by the G,,-torsor L = Isom(O, L) to get a G-equivariant
map

I —gc

of fppf sheaves on Sch Xsehs where I :=1 Xseh ®X0 L. Similarly, we can twist J — ¢

chh
to get
Jg — CL.

Note that for all U € Sch Xgeh, We have a canonical isomorphism
I:(U) = {(g,v) € GU) x g£(U) : Ady(v) = v}. (2.25)

To see this, note that the right hand side defines a sheaf and there is an obvious map
from I, to it, which is an isomorphism locally (and hence globally). Similarly, if we fix
a Kostant section Kos, then for all U € Sch Xgeh, We have a canonical isomorphism

Je(U) =2 {(g,¢) € GU) x ¢£(U) : Ady(Kos(c)) = Kos(c)}. (2.26)

2.5.4 Action of Picard prestack on Higgs bundles

Our aim in this subsection is to define the action of a certain Picard prestack P on
Higgs.

We can twist by L to get a group homomorphism over g,
Je Xep 92— Iz (2.27)
that is compatible with the G-action. This induces a map
(Ve Xep 02)/G) = T Xep [82/G) = [Le/G. (2.28)

Note that [Iz/G] = Tj5, /), the inertia stack of [g¢/G]. Indeed, it is clear from
the definition and equation (2.25) that the inertia prestack of the quotient prestacklﬂ

35We mean the prestack S +— [g(U)/G(U))].
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[92/pre G| is [Iz/pre G]. Recall that on prestacks, the operations of taking stackification
and taking inertia prestack commutes [Sta25, Lemma 06NS]. It follows that [I./G] is
the inertia stack of [g./G].

Thus, we can write ([2.28)) as
Jr Xep lo2/G] — I[EL/G} (2.29)

which is a morphism over [g./G] satisfying the condition of Proposition [2.2.15| because
(2.27) is a group homomorphism over g,. By Proposition [2.2.15] we get an action

lec/Jc] e [02/G] — [92/G] (2.30)
over c..

Example 2.5.15. Take G = G,,. Let Tot(£) — X5 be the geometric vector bundles
corresponding to £. Then g = ¢ = AL, g = Tot(£) with trivial G-action, and Iy =
Jr = Gy, xg Tot(L). By definition, is the morphism [L/G]| x¢ [L/G] — [L/G]
given by taking the stackification of the map

[£/pre G X2 [L£]pre G] = [L/pre G
(v,v) = v on objects

(91, 92) = 9192 on morphisms.

Thus, if we identify [£/G] as the stack taking a scheme X to the groupoid of pairs (F,v),
where F is a line bundle on X and v € H(X, £) is a global section of the pullback of £
to X, then (2.30)) is the morphism

1£/G] xc [£/6) — [£/€]
((F1,v), (F2,v)) = (F1 @ Fa,v).
Let us return to the general case.
Definition 2.5.16. Define P := Map(FF,[cz/Jc]), i.e. the prestack
Perf?” — Grpd
T {(a, Q) :a € co(X5M), Qs a Jr X, X5 -torsors on X%Ch} .

We also define J, := Jg X, q X%Ch.

Remark 2.5.17. If S = Spa C for an algebraically closed perfectoid field C over [, then
for ' — S, we can by Lemma identify J,-bundles on X}Ch with exact O,-linear
symmetric monoidal functors Rep,.(J¢) — VB(X35") ~ VB(Xr). Since T +— VB(X7)
is a v-stack, P is also a v-stack by Lemma

Taking Map(F'F, —) of (2.30]), we get an action
P x 4, Higgsg — Higgsq (2.31)

of P on Higgs, over Ag. Let us denote the image of (@, z) by Q * .
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Lemma 2.5.18. Let (€, ¢) € Higgs(T), which corresponds to a map X5 — [g./G].
Let a be the composite map X5 — [gc/G] — ¢. Let Z — X3 be a scheme over X5
If the image of Z — X5 — [g./G) lies in [ /G), then Jo|z = Aut(E, ¢)|z.

Proof. The base change of ([2.29) along [g,?/G] — [9-/G], i.e. the map
Jr X, 077 /G] = Tigres (2.32)

is an isomorphism, because it is induced from isomorphism (2.23|) (in the same way that
(2:29) is induced from (2.24))). Base changing (2-32)) along the map Z — X5 — [g7+7 /G|

gives an isomorphism

Jolz = Z Xigiea e Tgiea ) = Aub(E, 9)\z.

We have the following analogue of [Ng610, Proposition 2.2.1].
Proposition 2.5.19. Let Higgs.,Y := Map(F'F,[g,,?/G]). Then
Higgsgeg =P
as prestacks. This isomorphism is canonical if we choose a Kostant section.

Proof. We first prove that [g-?/G] is a neutral gerbe over ¢, as stacks on (Sch xseh) fopf-
reg reg

Fix a Kostant section Kos : ¢ — g". Then the map ¢z — g7 — [g,”/G] provides an
object in z = [g77/G](cz). Let U € SChxgch. Suppose (&1, ¢1), (E2,¢2) € [977/G](U)
have the same image in ¢ (U). We would like to show that locally in U, (&1, ¢1) and
(&2, ¢2) are isomorphic. By passing to a fppf cover of U, we may assume &;,& are
trivial G-bundles and £ = O. Then ¢1, ¢2 € g(U) have the same image in ¢(U). Since
¢1,¢2 are regular, they are G(U)-conjugate after passing to a fppf cover V of U by
Lemma 2.5.12 Thus, (£1,¢1)|v = (€2, ¢2)|v. Hence, [g7?/G] is a neutral gerbe over ¢,
by [Sta25l Lemma 06P1].

Let us calculate Aut(z). Let U — ¢, which corresponds to ¢ € ¢z (U). Then we can
identify x|y with (€y,Kos(c)) € [g7/G|(U), where & is the trivial G-bundle on U and
Kos(c) is viewed as a global section of Ad(&y). Thus,

Aut(z)(U) = {9 € G(U) : Ady(Kos(c)) = Kos(c)}.
By (2.20), Aut(x) = J¢.

By a general property of neutral gerbe, we have an isomorphism [cz/Jz] = 977 /G]
given by the stackification of the map

cc(U)/Jc(U) — [a?/GI(U) (2.33)

¢ — (&, Kos(c)) (2.34)

j—=J. (2.35)

Applying Map(FF, —) to [cz/Jz] = [97+7/G], we obtain P = Higgs". O
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Remark 2.5.20. By Remark|2.5.17]and Proposition|2.5.19}] we know that if S = SpaC,
then Higgs;Y is a v-stack.

We have two actions of P on Higgs "’ over Ag:

1. the one in ([2.31) restrictedlﬂ to Higgs.?

2. the one obtained by identifying Higgs,;? = P and using the contracted product on
P.

These two actions are equivalent.

Lemma 2.5.21. The two actions above are equivalent. More precisely, the two 1-
morphisms P X 4 Higgsgeg — Higgsgg are isomorphic in the 2-category of prestacks
on Perfg.

Proof. Tt suffices to show that the two actions of [cz/Jz] on [g?/G] over ¢, are iso-

morphic. In other words, we want to show the two 1-morphisms [cz/Jz] X, [ /G| —
reg

l977/G] are isomorphic. Equivalently, by identifying [c./J] with [g,»?/G] via the map
(2.33), we need to show the two 1-morphisms

[cc/Jc] %o [ec/T) = [ec/Te) %o, [077/G) = (977G

are isomorphic. By property of stackification [Sta25, Lemma 04W9], it suffices to see
the two I-morphisms [cz/pre J] Xcp [¢2/pre Jz] — 9 7/G] are isomorphic. This can
be checked by chasing through the definitions: on objects, they both send (c,c) to

(&0, Kos(c)); on morphisms, they both send (j1,j2) to jija. O

2.6 Affine Springer fiber

In this section, we define and study the Bygr-affine Springer fibres. One can view them
as the local analogues of Hitchin fibers.

Recall that [FS21) section VI.1] if S is a perfectoid space over F,, then Divi (9) is
the set of closed Cartier divisors of degree 1 of Xg. Locally in the analytic topology
of S, any such Cartier divisor arises from an untilt of S over E. If S is affinoid and
S — Div}( is a map whose corresponding Cartier divisor Dg arises from an untilt of S
over E, then we defind®/|

B;iv}((S)
to be the global sections of the completion of Ox  along Zg, where Is C Ox, is the
ideal sheaf corresponding to Dg, and

BDivk (S)

36The action preserves the regularity condition, because the map J x. g — I restricts to a map
J X greg — I|gv‘eg.
3"Note that Bg, . (S) depends on the map S — Divk and not just S.
lVX
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to be Bgiv& (S)[%] where Ig is the ideal of Bgivk (S) determined by Zg. If we pick an
untilt S* = Spa(R, R) of S which gives rise to Dg, then we can identify Bgiv}( (S) with
Bjr(R) and By, (S) with Bag(R).

In the remainder of this thesis, let Dz denote Spec B}, (T') and D% denote Spec B, (T).
Note that this depends on the map T — Div}(, not just on T. Also let & denote the
trivial G-bundle.

Motivated by [Ngo610|, Definition 3.2.2], we make the following definition.

Definition 2.6.1. Let S be a perfectoid space over Fy, Ds € Divi.(S), L be a line
bundle on Dg = Spec Bp;,1(S), and v € g-(Dr). Define the (Bar-)affine Springer
fibre Grlr'é’S/Dw1 as the v-sheaf Perfgp — Set given by sending (an affinoid perfectoid

T — S for which the pullback Dt of Dg arises from an untilt of T' over EE to the
isomorphism classes of triples

(57 ¢7 L)?

where
e £ is a G-bundle on Dy,

e o€ HYDr,Ad(E),),

o 1:&p; 5 &o|pz. is an isomorphism whose induced map Ad(E)c|pz, 5 Ad(&) . D:.
sends ¢|pz, to 7.
Proposition 2.6.2. Gr/ , is indeed a v-sheaf (on the basis {affinoid perfectoid

G,S/Div
T — S for which the pullback Dr of Dg arises from an untilt of T over E} of Perfg,
and hence extends uniquely to a v-sheaf on the entire Perfg).

Proof. The lemma follows from the fact that the BJR—afﬁne Grassmannian Grg is a v-
sheaf and the following: If 7 — T is a v-cover of affinoid perfectoid spaces over S for
which Dr arises from an untilt and V is a vector bundle on Spec B]J)r. . (T), then

lVX

H(Spec Bgivk (T),V) — H°(Spec Bgivk (T"),V) = H°(Spec Bgivk (T"),V)

is an equaliser diagram, where T” = T’ xp T’. This is proved in a similar way to
[CY23l end of the proof of proposition 2.1]. Let us give more detail for their proof. Let
Q@ = SpecSym VY, so V = Homspec B (T)(—, Q). We need to show

IVX

HomBg_ ! (T)(OQ(Q)’B&V}( (1) = HomBg‘ . (T)(OQ(Q)’BI—;@ (1) = HOmBg‘ ) (T)(OQ(Q)vBSivﬁ( (T"))
ivy vl vl

38Recall that Divi = Spd E / %, where the quotient is taken in the category of sheaves on Perf , for
the topology of open covers [FS21] after definition I1.1.19]. It follows that {affinoid perfectoid 7' — S
for which the pullback Dr of Dg arises from an untilt of 7" over E} contains every totally disconnected
perfectoid space over S.
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is an equaliser diagram. By the definition of limit, it suffices to show
+ + / + 1
BDiv}( (T) — BDiV}( (1) = BDiv}( (") (2.36)

is an equaliser diagram in the category of Bgi . (T)-algebras. Fix an untilt T% =
VXx

Spa(R, R") that gives rise to Dp. This induces untilts 7% = Spa(R’, R'") and T =
Spa(R”, R"*) of T and T". We need to see

Byp(R) = Bip(R') = Bjgp(R")

is an equaliser diagram. The kernel of Wo, (R°?) — R° is generated by a primitive
element ¢ of degree 1. The images of £ in BJ5(R') and BJL(R") are also primitive
elements of degree 1. By Lemma (with g taken to be the difference of the two
maps Bl (R') = Bjp(R")), it suffices to show

R— R =R’

is an equaliser diagram. This is true because Spa(R’, ") — Spa(R, RT) is a v-cover
and O is a v-sheaf. O

Lemma 2.6.3. Let R be a perfectoid E-algebra andV be a vector bundle on Spec B;‘R(R).
Then the restriction map H°(Spec Bjn(R),V) — H%(Spec Byr(R),V) is injective.

Proof. Let W = Spec(Sym V") be the total space of V. We need to show that

HomB;R(R) (Ow (W), BIR(R)) - HomB;rR(R) (Ow (W), Bar(R))

is injective. This is true because Bj,(R) — Bqr(R) is injective. O

Proposition 2.6.4. The natural map

y
GrG,S/Divl — GI.G,S/Divl

is a closed immersion. Also, Gr/, S/Dint 18 @ small v-sheaf (cf. Definition :

Proof. By Lemma, the natural map

,
Gre g/pivt = GIG 5/Divt

Is an injection of v-sheaves. Since Grg s/Divl 18 a small v-sheaf, the same is true for
gl
GrG,S/Divl’
'Y . . . . . .
The proof that GrG,S /Divt Grg g /Divl 18 & closed immersion is similar to that of

[SW20, Lemma 19.1.4]. Let Z = Spa(A4, A™) be a strictly totally disconnected perfectoid
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space. Let Z — GrG’S/DiV1 be a map, which corresponds to a pair (€, ¢ : 5|D*Z — G]]D*Z) €

.5/ Divt X G g/pivt Z, so we have a Cartesian diagram

F—Z

| !

N
GrG’,S/Dz’vl » Grg g/pivt -

We need to show that F — Z is representable by a closed immersion of perfectoid spaces.

Since Z is strictly totally disconnected, every étale cover of it splits. By the same
proof as Lemma € and L are both trivial. Without loss of generality, £ = G and
L=0,s0 (€,t) = (G,v: G|, SN G|py,) for some g € G(Dz). Let T = Spa(R, R*) be
an affinoid perfectoid space. Then

F(T) = {f . T — Z|f*(Ady-1 (7)) € Lie(G) @5 B;;R(Rﬁ)} .

Upon choosing basis for Lie(G), Lie(G) ®p Bjn(R*) = Bjn(R*)™ functorial in R*.
Without loss of generality, m = 1. We have thus reduced to showing that for any
§ € Bar(A"), the subfunctor

T {f LT s Z|f(5) € B;R(Rﬁ)}

of Z is representable by a closed immersion.

We have § € {7'B,(A?) for some i > 1. Recall that a closed subspace of a strictly
totally disconnected perfectoid space is also strictly totally disconnected. It suffices to
show that the subfunctor

T { [T — Z1f°(0) € €' B (R}

of Z is representable by a closed immersion Z; = Spa(4;, A;F) C Z, because once we have

shown this, we can replace Z by Z;, pullback J to BdR(Ag), and repeat the process with
i replaced by i — 1 until we reach i = 1. Recall that £ B (R*) /¢TI BI (R*) = RE.
We have finally reduced to showing that for a € A*, the subfunctor

T = Spa(R, R*) s {f:T—>Z|f*(a):0€Rﬁ}

of Z is representable by a closed immersion. This can be shown as in the proof of [SW20,
Lemma 19.1.4]. O

Proposition 2.6.5. Consider the presheaf Perfd — Set given by sending (an affinoid
perfectoid T — S for which the pullback Dt of Dg arises from an untilt of T over E) to

{9 € G(Bpi (T))/G(By,1 (1) : Adg—1(7) € 8 (B, (T))}-

s 1
Divy

Y

Its sheafification with respect to the analytic topology on Perfg is GrGS/le.
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Proof. Let us denote the presheaf in the statement as . We have a map of presheaves
F — GraS/le given by

F(T) — Grz;’s/le(T)
g (E0,Ady—1(7), Elps. L Eolps,)-

This map is injective, so its sheafification is also injective. The surjectivity of the sheafi-
fied map follows from [CY23| Theorem 3.1]. O

Remark 2.6.6. Suppose that C is an algebraically closed perfectoid field. Then every
line bundle on D¢ is trivial by the same arguement as the proof of Lemma [2.7.3] By

Proposition [2.6.5]

Gry, 5/ pint (SP2C) = {g € G(C(()/G(CIE]) : Ady-1(7) € 8(C[ED) }

as in the case for the classical affine Springer fiber. This expression also suggests that

Grz; S/ Dipt 0AY be related to orbital integrals.

2.7 Product formula

In this section, we shall show that modulo the actions of certain Picard stacks, there is
a natural injective map of étale-stacks from the product of affine Springer fibers to the
Hitchin fibre that induces an equivalence of categories on every geometric point. This is
a geometric manifestation of the fact that global orbital integral factorises as the product
of local orbital integrals. This also partly justifies the claim that affine Springer fibers
are local analogues of Hitchin fibers.

Let E be a non-Archimedean local field with residue field IF,, where ¢ is a power of
p. Let G be a split connected reductive group over E, B be a Borel subgroup over E, T
be a split maximal torus in B. Assume charE t |W|, where W is the Weyl group of G.
Fix an algebraically closed perfectoid field C' over F,. Let £ be a line bundle on X, ‘(th.
Fix a Kostant section Kos : ¢ — g.

Lemma 2.7.1. [Wed23, Lemma A.25, Example A.28, Proposition A.30] Let S be a sep-
arated regular noetherian scheme of dimension <1 and G — S be an aﬁin@ flat group
scheme of finite type. Then for any prestack X over S, the groupoids of cohomological
G-bundles over X and of Tannakian G-bundles over X are equivalent.

Here,

e A cohomological G-bundle on X is an fpqc-sheaf on Aff /X endowed with a G x g X -
action over X which s locally for the fpgc-topology on X isomorphic to Gy.

e A Tannakian G-bundle on X is an exact Og-linear symmetric monidal functor
Repg(G) — VB(X), where Repg(G) is the category of vector bundles V on T with
a morphism of group schemes G — Auty (V) and VB(X) is the category of vector
bundles on X.

39We mean the morphism G — S is affine. The schemes G and S need not be affine.
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Definition 2.7.2. Let a € Ag(SpaC). Let v be a closed point of Xé?h and a, =
a|SpecB;iV%{ (SpaC)-

1. Define Grg,q, to be Grg?ssl()zv(}/mvl' Here, the map SpaC — Div}( is the map

corresponding to v, a, is the restriction of a : XéCh — ¢, to Spec ngl(Spa C). In
other words, Grg,q,» 15 the v-sheaf Perfggac — Set given by sending (an affinoid
perfectoid T — S for which the pullback Dy of Dg arises from an untilt of T over
E) to the isomorphism classes of triples

(€, 0,0),

where

e & is a G-bundle on Dr,
e o c HY(Dr,Ad(E),),

e : Elp: = &olpz. is an isomorphism whose induced map Ad(E)c|ps, =
Ad(&)clpz. sends ¢lps. to Kos(ay).

2. Let GrTGefw be the sub-presheaf of Grga. consisting of those (€,¢,1) with ¢ €
HO(Dp, & x¢ g79).

3. Define 732?5 = Grj.x,.1 SpaC to be the presheaf over Perfgpac sending T =
Spa(R, R*) to

]D*T}/g~

{Jg Xcpap Dr-torsors @ on D with a trivialisation of Q
We also define Jg, := Jz Xcp 0, Dr.

Recall that Dy denotes Spec ngl(T) and D%, denotes Spec Bp;,1(T), and this de-
pends on the closed point v. In case of ambiguity, we will instead denote them by

DTv

)

and
D*
Tw-

If we do not take isomorphism classes in the definition of Pé‘fg, we will get a prestack
that is equivalent to 7?305 by an argument similar to Lemma We can by Lemmam
identify J,,-bundles on D7 with exact O,.-linear symmetric monoidal functors

Rep, (Jz) — VB(Dy).

Since T' — VB(Dr) is a v-stack by [SW20, Corollary 17.1.9], 73205 is a v-sheaf by
Lemma [2.2.95)
Let ¢ := Kos(ay).
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Note that for all (£, ¢,¢) € Grg,,q(T), the image of (€, ¢) under the Hitchin fibration
is ay, because by Lemma the image is determined by its restriction to D7, and we
have an isomorphism ¢ : &|p;, — &olps, which sends ¢|ps to Kos(ay)|pz.-

Similar to Section we can define an action

Pt Xspac Grgan — GG ap (2.37)

of 73(1105 on Grg,q,» over SpaC. Indeed, if (@, : Q|pz, = Ja, Ipz.) € PLe(T) and (€, ¢,1) €
Grga0(T), then as in Section we get @Q * (€, ¢). The trivialisations ¢ and ¢ induce

a trivialisation Q x (€, @) D, 5 Ja, * (£, d0) D5 = (&0, ¢0)-

Lemma 2.7.3. Let Q be a J,,-bundle on Dy, where T = Spa(R, R") is an affinoid
perfectoid space over C. Then there ewists an étale cover T' — T such that Q]DT, s a
trivial Jo,|p,, -bundle.

Proof. The usual proof for affine Grassmannian works here. Let us record it here to
show that it works in this setup.

We have a map B;R(Rﬁ) — R! ie. amap f : SpecR! — Dp. The base change
f*Q is a J,,-bundle on Spec R*. As J,, — D is smooth, by passing to an étale cover
of Spa(R, RT), we may assume f*Q is the trivial J, -bundle. We claim that @ is also
trivial.

Since J,, is affine, @ is representable by an affine scheme Q over Dy by descent
of affine morphisms. As f*Q is trivial, there is an element s; € Morp, (Spec R¥, Q).
As Q — Dr is smooth (because smoothness can be checked fpqc locally), there is a
morphism s9 such that the following commutes:

Spec R* % 9}

Spec B (RY) /€ —— Dr
Similarly, there is a morphism s3 such that the following commutes:

Spec Bjj(R¥) /¢ i}{ Q

Spec By (RY) /&% —— Dr

We can continue this process and get compatible sequence of maps s, so,... i.e. com-
patible sequence of maps H%(Q,Oq) — Bj,(R*) /" over Bj,(R¥). This gives a map
H(Q,0q) — lim, Bj,(R*)/&" = BIL(R*) over Bj,(R*), i.e. an element of Morp,. (D7, Q),
so @ is trivial. O
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Lemma 2.7.4. Let (£,¢,1) € Gry? (T). Then there exists an étale cover T' — T such

that®™| y
(€, 9,1) = (&0, ¢0, &olpz, L &olpz,)

in Grg, (T") for some j € Jo,(D7). Moreover, j is unique up to right multiplication
by elements of Jq, (D).

Proof. Let Qg 4 := Isom((&y, ¢0), (€, ¢)). Let us show that Qg 4 is a J,,-bundle on Dy.
There is a right J,, -action on Qg 4 given by f* j := f(j- ). There is a fppf cover U
of Dr such that &y = &|y. Let us fix such an isomorphism and identify £|y = & |-
Then for all T'— U, we can identify Qg 4(T") with

{9 € G(T) : Ady(¢0) = ¢}-

We know ¢|7, ¢o|v have the same image under the map g7+?(U) — ¢£(U). By regularity
and Lemma[2.5.12] there is a fppf cover V of U and g € G(V) such that Ady(¢o|v) = ¢|v.
Then we have a J,,-equivariant isomorphism J,, |y — Qg 4|y given by j — gj. Thus,
Q¢4 is a J,,-bundle on Dr.

By Lemma there exists an étale cover T — T such that Qe plpy, 1s a trivial
Ja,-bundle. In particular, it has a global section, i.e. (&, ¢o) = (€,¢). The lemma is
now clear. O

Proposition 2.7.5. Let LJ,, /Lt J,, : Perfgiac — Set be the v-sheafification of the
functor sending an affinoid perfectoid T' to J,,(Dr)/Ja,(D}). We have an isomorphism

LJa, /L Ja, = Pt

j € Ja,(D1) = (JauIprs Jay bz, 2 Ja,

D3.)-

We also have an isomorphism
LJ,, /Lt J,, = Grge,%w (2.38)
j € Ja,(D1) = (&olpy, P0lDyr Eolps, = Eolps)-

In particular, Grgi’i’v s a v-sheaf.

Proof. The first isomorphism follows from Lemma The injectivity of (2.38)) is
clear. By Lemma[2.7.4] this map is étale locally surjective as a map of presheaves. Since

Grg? . is a sub-presheaf of Grg g, we know that Gr? is a separated presheaf, i.e.

for all v-cover T" — T, the map Grg?  (T) — Grg? (T”) is injective. Combining these
information, we can deduce that (2.38) is surjective as a map of presheaves. Hence it is

an isomorphism. O

40Recall that elements in Grgef;,a(T’) are isomorphism classes, so equality means equality of isomor-
phism classes, not of the representatives.
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Remark 2.7.6. By Lemma [2.7.3] we also have
LJav/ét L+Jav :> ,P(ll?’g’

where L.J,, /& LT J,, is the étale sheafification of T' — J,, (D7) /Ja, (DF.). It follows that
Ly, /Lt Ja, = Lda, [t Lt Ja,.

It follows from Proposition [2.7.5| that Grgy¥ & LJ,,/L* J,, = P%. We can give a
more direct description of this isomorphism.

Proposition 2.7.7. We have an isomorphism
F:Grgy, = Pploe
which on T-valued points (for affinoid T' € Perfsyac) are given by
(87 ¢a L) = (Qg,d)v tI‘iV)

where Qg ¢ = Isom((€o, do), (€, ¢)) and triv is the trivialisation on Qg |p;. given by

Isom((&o, ¢0), (€, 8))|n;. = Isom((€o, o), (€0, $0)) bz = Ja, [z

Moreover, F agrees with the isomorphism induced by Proposition[2.7.5, i.e. the following
commautes

LJa, /Lt J,,

N

reg loc
GrG’,a,v F > PG»U

Proof. Note that Qg 4 is indeed a J,,-bundle on D7 by the proof of Lemma It
is straightforward to verify the commutativity of the diagram. We deduce that F' is an
isomorphism from the fact that the other two morphisms of the diagram are isomor-
phisms. O

We have three actions of PL¢ on Gr;Y , over SpaC:

1. the one in ([2.37)) restrictedlﬂ to Grgi v

2. the one obtained by identifying Grgifw = Pézc and using the contracted product
on PLe.

3. the one obtained by identifying Grg? , = Lo, /LT J,, ploc =~ LJ, /LT J,, and
using the multiplication map L.J,, /LT J,, given by (j1,72) + j1J2-

These three actions are equivalent.

4IThe action preserves the regularity condition, because the map J x. g — I restricts to a map
J X greg — I|97‘eg.
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Lemma 2.7.8. The three actions above are equivalent over SpaC. More precisely, the

three 1-morphisms Pf;ic XSpaC Grgefw — Grng'w are isomorphic in the 2-category of

v-stacks over SpaC.

Proof. Tt is straightforward to verify that the first two actions both agree with the third
one, so they all agree. O

Lemma 2.7.9. Let
L, : Perfd o — Set

be the functor sending an affinoid perfectoid T (for which the pullback Dt of Dspac
arises from an untilt of T over E) to Jq, (D%). Let

L*Ja, : Perfd o — Set

be the functor sending an affinoid perfectoid T (for which the pullback Dt of Dspac
arises from an untilt of T over E) to J,,(Dr). Then both LJ,, and LT J,, define small

v-sheaves on Perfgpa c.

Proof. That LJ,, and L*.J,, are both v-sheaves can be proved by the same argument
as Proposition By the proof of [FS21] Proposition III.1.3], to show that L.J,, and
L*J,, are small, it is enough to show that if T; = Spa(R;, RZTF), 1 € I is an w-cofiltered
inverse system of affinoid perfectoid spaces with limit 7' = Spa(R, RT), then

colim; (Lo, )(T}) 55 (L, )(T), colimi(L*Ja,)(T3) 5 (L*Ja,)(T).
By [Sch17, Proposition 6.5],
colim; R; = R, colim; R;-" 5 RT.
By the wi-cofilterness of I and the construction of the Witt ring by Witt polynomials,
colim; Wo,, (R") = Wo, (R™).

Fix ig € I, @ be a pseudouniformizer of Ry and ¢ € ker(Wo, (Rf) — Ry %) a primitive
element of degree 1. Then (£) = ker(Wp, (R*) — R**). Then

. 1 m
Bn(¥) = i Wo, (%) | | (€

(]

= lim colim; (W@E(Rj) [1} / (5’“))

m>1 [o]

. . 1
= colim; BIR(Rg),
where the second to last equality holds because in the category of rings, wi-filtered
colimits commute with sequential limits. Inverting ¢ shows that we also have Byg(RF) =

COlimi BdR (Rg) .
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Note that Jz X, Dgpa ¢ is an affine scheme of finite presentation over Dgp, . Let A
be the ring of global section of Jz X, Dgpac. Then

(L Ja, )(T) = Ja, (Dr)
= Hompyg,, (D7, Jz X¢p Dspac)
= HomB;R(Cﬁ)(A, B(R%))
= colim; HomB;R(Cu) (A, BIR(RQ))
= colim; (L™ J,, )(T;)

where the second to last equality holds because A is of finite presentation over BJR(Cﬂ).
Similarly, (LJg, )(T) = colim;(LJ,, )(T3). O

Lemma 2.7.10. If F is a small v-sheaf with a group action of a small group v—sheaﬂ
G, then [F/G] is a small v-stack.

Proof. As F is small, there is a perfectoid space X with a v-surjection o : X — F. We
have the following commutative diagram, where the two squares are Cartesian.

X

P
idxa

GxX 5 GxF 2 F

m o |

X F [F/9)

«

It follows that X x(r/g X = (G x X) xz X. We would like to show that this is small.

We have an injection of v-sheaves (G X X) xr X > Gx X x X. As G x X x X is
small, there is a perfectoid space Y with a v-surjection ¥ — G x X x X. We form the
fibre product diagram

H « Y

l I

(GXxX)xrpX —— Gx X xX.

As H is sub-v-sheaf of Y and Y is a diamond, # is also a diamond by [SW20l Proposition
11.10]. In particular, H admits a v-surjection from a perfectoid space. Thus, the same
holds for (G x X) xr X. O

Corollary 2.7.11. The v-stack [Grg a, /PLC] is small.

Proof. By Proposition and Lelrn]rna‘2.7.9|7 Grg,a,0 and 733"5 = LJ,,/L" J,, are both
small v-sheaves. The result now follows from Lemma 2.7.10} ]

42Le. a group object in the category of v-sheaves.
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Note that each root o : T' — G, of G induces a map do : t — A}; on Lie algebras.
Their product gives a map ], cq do: t — AlE, which is invariant under the Weyl group
W, where ® is the set of roots of G. Hence, it induces a morphism

disc 1= H do: ¢ — AL
acd

Define ¢"* to be the affine scheme given by the locus where disc does not vanish. Let

(¥ = L xCm CTXSSCC’“

The preimage of ¢* in g — ¢ is contained in g"®. Thus, the preimage of ¢/¥ in gz — ¢,
is contained in g}-7.
For a € Ag(SpaC'), we define

Higgs, := Higgsg x 4, SpaC,

where the map Spa C — Ag is the one corresponding to a. We call it the Hitchin fibre.
We also define
Po =P x4, SpalC.

In analogy with [Ngo06|, Definition 4.4], we make the following definition.

Definition 2.7.12. We say that a € Ag(SpaC) is generically regular semisimple

if a, as a map Xffh — ¢r, sends the generic point n of Xéch to ¢7’.

Lemma 2.7.13. The group scheme J£|C2s — ¢ 18 a torus.

Proof. By [Ngol0, Proposition 2.4.2] and |[CZ17, Proposition 2.5.1], Jlss — ¢ is a
torus. Thus, the twist Jdczs — ¢ is also a torus. ]
Lemma 2.7.14. Suppose that a € Ag(SpaC) is generically reqular semisimple.

sch

1. For every closed point v € | X", J‘lvm*c,v = D¢, Xc. Jr is a torus over D, .

2. Let T = Spa(K,K") € Perfspac, where K is algebraically closed. Then every
Ja, -torsor on D7, is trivial.

Proof. The element a € Ag(SpaC') corresponds to a map f : Xé?h — ¢g. Since a is

generically regular semisimple, f (X(th) Ne # @. As ¢ is open in ¢z, f~1(c7¥) is a non-
empty open subset in XéCh. Since Xé?h is Noetherian, 1-dimensional, and irreducible,
the complement of f~1(¢7¥) in XgCh is a finite set of closed points.

sch

For every closed point v € | X", the map
D, — X&" (2.39)

factors through the open subscheme f~1(¢¥) C XZ". To see this, recall that D¢, =
Spec OXéch’v. The map
Doy — XN (2.40)
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is given by Spec (’);cc\hﬂ) — Spec OXé'chw — X. Pick an open neighborhood U = Spec B
of v € X" such that U \ {v} C f~1(¢?) and an element ¢ € B such that {v} is the
vanishing locus of €. Then factors through U. The map D¢, — U corresponds
to the ring homomorphism B — O;;v. Inverting ¢ gives B [%] — (’);‘-scc\h’ v[%] Taking

Spec gives DE  — U\ {v}. Thus, [2.39) factors as D, — U\ {v} < f71(c¥) — X&h.
It follows from this and Lemma [2.7.13|that J,, is a torus over D¢ ,. Recall that

]D)Ev = Spec BdR(Kﬁ) = SpecKﬁ((g)).

By [Gre66), Section 2 Theorem 2], K*((T)) is a C; field. Since K*((¢)) is a C;-field and
Ja, |pz. . is a connected reductive group over Spec K B(T)),

He (D, Ja,) = HY(E((€)), Ja,) = 0
[Py [BS68, Section 8.6]. This is the desired result. O

Remark 2.7.15. Suppose that a € Ag(SpaC) is generically regular semisimple. The

element a corresponds to a map f : XgCh — ¢,. For each closed point v € |X(th] that

lies in f~1(c?), Ja, = Dow Xc, Jg is a torus over De,, by Lemma and the proof

of Lemma Also, Grg’%’v = Grg a0, because if (€,¢,1) € Grgqu(T), then the
s

image of (&£, ¢) under the Hitchin fibration is a,, which lies in ¢/*(Dr,), implying that
¢ € H'(Dr, & x% gj79). Thus, by Proposition

Grg a0 = P (2.41)

In other words, in this case (which is the case for all but finitely many v), the affine
Springer fiber is the affine Grassmannian of a torus. We can view this as an instance of
abelianisation. Let us also note that respects the Pézc—actions on both sides by
Lemma m In particular, the quotient [Grg,q,, /PL%] is trivial.

Lemma 2.7.16. Let T be a perfectoid space and t € HO(T, O7). Suppose that f*(t) = 0
for every algebraically closed perfectoid field K and every map f : Spa(K,K°) — T.
Then t = 0.

Proof. Without loss of generality, we assume that 7" = Spa(A, A™) is affinoid perfectoid.
Let 2 € T. Let K(x) be the completed residue field at x. As T is analytic, the absolute
value on K (z) is non-trivial. Since K (x) is a complete valued field, its absolute value

—

extends uniquely to its algebraic closure K (z) and then to the completion K (z) =: C(x).
By standard argument, C'(x) is algebraically closed. It follows that C'(x) is perfectoid.
Since A is uniform, the map

A— ] )

zeT

43The latter cohomology is Galois cohomology.
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is injective by a result of Berkovich [SW20, Theorem 5.2.1]. In other words, the map

HY(T,07r) - [] B*(Spa(C(z),C(x)°),0)

zeT
is injective. The desired result follows. O
Lemma 2.7.17. Let S be a perfectoid space over Fy, £ be a vector bundle on Xg.

1. Lett € H(Xs,E). Suppose that for every algebraically closed perfectoid field K
with open and integrally closed subring K™ C K° and every map Spa(K, K*) — S,
we have t|x =0. Thent =0.

Spa(K,KT)

2. Let a : £ = & be a morphism. Suppose that for every algebraically closed per-
fectoid field K with open and integrally closed subring K™ C K° and every map
Spa(K,K') — S, we have O‘|Xspa(K K4y = id. Then o = id.

By Proposition [2.2.82] the same also holds with Xg replaced by X §Ch.

Proof. We first prove . Without loss of generality, assume that S is affinoid perfectoid.
Since S is affinoid, there exist integers n,m > 1 such that O%  — £"(n) by [FS21]
Theorem I1.2.6]. Thus, £ — O%_(n). Hence, we may without loss of generality assume
& = Ox,(n). Let S* be an untilt of S over E. By [FS21], Proposition 11.2.3], for every
integer k, there is a short exact sequence

0— Oxg(k—1) = Ox4(k) = Og: — 0.

Taking global section gives us an exact sequence
0 — HO(Xg, Ox,(k — 1)) &5 HO(Xg, Ox, (k) L5 HO(S, Ogs)

which is compatible with change of S. By Lemma [2.7.16] and the assumption on ¢,
gn(t) = 0. Thus, ¢ lies in H%(Xg, Ox4(n—1)). Repeating this process, we reduce to the
case where t € H(Xg, Ox,).

By [FS21} Proposition 11.2.5(ii)], H°(O) = E. Thus, t corresponds to a continuous
map 7T : |S| — E whose composite with every map | Spa(K, K)| — |S] is the zero map.
Since the images of the maps | Spa(K, KT)| — |S| cover |S| as (K, KT) varies, T must
be the zero map. Therefore ¢ = 0.

For (2), note that o can be identified with a global section of the vector bundle
Hom (€, €), so the result follows from (). O]

We have the following analogue of [Ng606, Lemme 4.5].

Lemma 2.7.18. Suppose a € Ag(SpaC) is generically reqular semisimple. Let S be an
affinoid perfectoid space over Spa C. Then the 2-quotient [Higgs,(S)/Pa(S)] is equivalent
to a 1-groupoid.
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Proof. By Lemma we need to show that for all (£,¢) € Higgs,(S), the natural
map

F:Aut(ly,) — Aut((€,¢))

is injective, where 1, is the trivial J,-torsor on X §Ch.

We first prove it for S = SpaC. We employ the same strategy as [Ngo06, Lemme
4.5] for this case. We shall focus on the omitted detail there. We have a commutative
diagram

Aut(ly,) — Aut((&€,9))

| |

Aut(ly,[p) —— Aut((€,9)ly).

Note that Aut(1;,) = H(X", J,) and Aut(1y,],) = H°(n, Jul;). By Lemma
and the assumption that a is generically regular semisimple, the bottom map is an
isomorphism. The desired result will follow if we show that the left vertical map is
injective. Since I — g, is an affine morphism, the same is true for its base change
m:dy — Xffh. We would like to show that the restriction map

MOI‘Xéch (XM J,) — MOI'Xéch (n, Ja)

is injective. Let f,g € MOI‘Xéch(Xé«Ch, Jo) with f|, = g|,. Let U = SpecB be a
non-empty open subscheme of Xéfh. We can view the restrictions of f,g to U as
maps flu,glu : U — 7 1(U). We know these two maps agree after restriction along
Spec Frac(B) — Spec B. As U and f~!(U) are both affine schemes, we know f|y = gy
As U is arbitrary, f = g.

Let us return to the case of general affinoid perfectoid S over SpaC. Let f,g €
Aut(1y,) with F(f) = F(g). Then F(f)|xsen = F(g)|xsen for all Spa(K, K*) — S with
K algebraically closed perfectoid field K and open integrally closed subring K+ C K°.
The same proof as above proves that f]| Xseh = 9| Xsch-

By Lemma [2.7.1] we can identify J,-bundles on Xg with exact O.,-linear symmetric
monoidal functors Rep,,(Jz) — VB(XE"). Then the result follows from part of
Lemma O

Due to this lemma, we will henceforth regard [Higgs,(S)/P.(S)] as a 1-groupoid.

Definition 2.7.19. Define

[Higgs,/Paler
to be the étale-stackification of T > [Higgs,(T)/Pa(T)]. Define [Grg an /PSlet to be
the étale-stackification of S — [GrGﬂ,v(T)/sz?g(T)].

Remark 2.7.20. Let 7' — SpaC be an affinoid perfectoid. Using the fact that P,
and Higgs, are both v-stacks, one can easily verify that for any x,y € Higgs,(T'), the
presheaf of isomorphisms from x to y in [Higgs,(T)/P.(T)] is a v-sheaf. It follows
from [Sta25, Lemma 02ZN] that this is also the sheaf of isomorphisms from z to y in
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[Higgs,/P.](T). In particular, the isomorphisms from z to y in [Higgs,(T')/P.(T)] and
in [Higgs,/Palet(T) agree.

Remark 2.7.21. We take étale stackification to ensure that for every geometric poin@
Spa(K, K1), the value at Spa(K, KT) of a presheaf F agrees with the value at Spa(K, K™)
of the stackification of Spa(K, KT). This is used in the proof below.

We have the following analogue of [Ngo06, Theoreme 4.6], which roughly says that
modulo the actions of the Picard stacks, the Hitchin fiber factorises as a product of affine
Springer fibers.

Theorem 2.7.22. Suppose that a € Ag(Spa C) is generically reqular semisimple. Then
there is a canonical morphism

F H (Grg a0 /Pé?ﬂét — [Higgs,/Palet

closed ve| X &M |

of étale-stacks over SpaC and all but finitely many terms on the left are trivial (i.e.
isomorphic to SpaC). This is injective, i.e. the map on the Spa(R, R1)-valued points
is fully faithful for every Spa(R, RT) € Perfspac . Moreover, F is an equivalence on the
Spa(K, KT)-valued points for every geometric point Spa(K, KT) € Perfgpac .

Proof. The element a € Ag(SpaC) corresponds to a map f : Xé?h — ¢r. We have

already seen in the proof of Lemma that U := f~1(¢#) is a non-empty open
subset in X éCh whose complement in X7™ is a finite set of closed points. For each closed
point v € |X&| that lies in U, the quotient [Grg q, /PL] is trivial by Remark
Using Propositions [2.5.19] and 2.7.7] and Lemma we can prove the remaining
assertion in the same way as [Ngo06, Theoreme 4.6]. Let us sketch the argument.
Let T — SpaC be an affinoid perfectoid (for which the pullback D7 of Dgpac
arises from an untilt of 7" over E). Let (&, dv,tw)v € [liosed ve|Xzeh] Grg,au(T). Let

U’ be the pullback of U along stfh — XéCh. By the Beauville-Laszlo lemma, we can
glue (Sv)vaxéchmw with the trivial G-bundle on U’ via the trivialisations (i,) to get

a G-bundle £ on X%Ch. Note that global sections of Ad(E), correspond to morphisms
O — Ad(E)r, so by the fully faithfulness part of the Beauville-Laszlo lemma, we can
glue (¢v)v€|X5ch|\|U‘ with ¢l € HO(U', Ad(E) ) to get a section ¢ € HO(X 5" Ad(€) ).
Then (&, ¢) € Higgs,(T). This defines a map [] . ceq vel Xzt Grg o0 — Higgs,, which is

Péof, and P, equivariant, so it induces a map
. loc .
FO ’ H [Geraﬂ) /pre Pa,v] - [nggsa/pre Pa]~
ve| XM\ |U|
Taking étale stackification gives

F: H (Grg a0 /Pé?S]ét — [Higgs,/Palet-
ve|XEM\|U

A geometric point is an adic space of the form Spa(K, KT), where K is an algebraically closed
perfectoid field and K™ is an open and bounded valuation subring of K.
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Since F' is the stackification of Fy and [Higgs,(T')/Pa(T)] — [Higegs,/Palet(T) is fully
faithful for every affinoid T' € Perfgp, ¢ by Remark[2.7.20, to show that F' is injective, it is
enough to prove that Fy(7T') is fully faithful for every 7" in a basis of Perf¢o. Let T — Spa C
be an affinoid perfectoid (for which the pullback Dr of Dgp, ¢ arises from an untilt of
T over E). Let m = (my),n = (n,) € HU€|Xéch|\|U| Grg,au(T). Then a morphism
from F(m) to F(n) in [Higgs,(T")/Pa(T)] is given by a pair (P,6), where P € Py (T)
and 6 : P* F(m) = F(n) is an isomorphism. We know that F(m)|y: = (& v, ¢olv)
and F(n)|yr = (&olu, ¢olv). By Proposition and Lemma we necessarily

have Py 22 J,|y. We also know that for each v € |X&™|\ U], F(m)|p,, = m, and
F(n)|py, = ny. By the Beauville-Laszlo lemma, the data of such a pair (P, ) is thus
the same as (P,) € HUE|XéCh|\|U| Ploc(T).

Finally, let T' = Spa(K, K) € Perfgp, ¢ be a geometric point. To show that

F(T): [l [Greao(T)/Ps(T)) — Higes,(T)/Pa(T)]
vel X\ U]

is an equivalence of categories, it remains to show that this is essentially surjective. Let

(€,¢) € Higgs,(T). By Proposition [2.5.19| and Lemma [2.5.21} there is a J,-torsor P’
-2.7.14

on U’ and an isomorphism P’ * (£,¢)|r = (£0,¢0)|7. By Lemma for every
v € |XEM\ U, P'|p;, is a trivial J,,-torsor on D7, . In particular, it can be extended

to a Jg,-torsor on Dr,. By the Beauville-Laszlo lemma, we can thus extend P’ to a
Ja-torsor on X:‘?Ch, which we still denote as P’. By replacing (€, ¢) by P’ x (€, ¢), we

can assume we have an isomorphism (£, ¢)|yr = (£o, ¢o)|v. Then ((€, )Ipr,,» oz o €
Hv€|Xéch|\|U‘ Grg.q,0(T) and its image under F is isomorphic to (€, ¢). O

2.8 Connections with number-theoretic objects

2.8.1 Adelic description of Higgs,(C)

Fix C an algebraically closed perfectoid field. For simplicity, we take £L = O Xaeh (in the
definition of Higgs bundles). Throughout the section, we let 1 be the generic point of
Xt = Xgh o and

F == OXEChW

be the function field of Xé?h. If £ =Qp, we have F' = Frac(Bf@i), where Beys is the
crystalline period ring [SW20, Theorem 13.5.3]. For each closed point v of X é?h, we let
O, = (’)?50\;% = Bgivﬁ( (SpaC) and D, := Spec O, (= D¢, in previous sections), where
the implicit map SpaC — Div}( corresponds to the untilt corresponding to v. Also,
let F,, := Frac(O,) = Bp;1 (SpaC) and D := Spec F,(= Dg,, in previous sections).
Note that F' C F,. Following [Ngo06, Section 1], we shall give in this section an adelic
description of Higgs,(C).
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Proposition 2.8.1. Every G-torsor on Spec F' can be extended to XSpaC' In particular,

we have a surjection B(G) — HY(F,G), where B(G) is the Kottwitz set of G and the
cohomology group on the right is the Galois cohomology.

Proof. For every untilt C* of C, Byr(C*) = C*((t)) is a Cj-field by [Gre66, Section
2 Theorem 2], so every G-bundle on it is trivial by [BS68l, Section 8.6]. The proof in
[Ngo06, Lemma 1.1] then gives the result. O

Remark 2.8.2. In the case where E is a finite extension of Q,, Fargues conjectured in
[Far20, Conjecture 3.10] that F is a Cj-field. If this is true, then H'(F,G) = 1.

For each ¢ € H'(F,G), we can by Proposition pick a G-torsor &, on X(th such
that the cohomology class corresponding to (&), is ¢. Let

Ge = Aut(E,)
be the sheaf on (Sch/XEM)gpr given by (U — X&H) — Autg(Ecly). Let

Yc
be the sheaf on (Sch/ X" )gp given by Spec R +— ker(Gc(Re]) — Ge(R)), where €2 = 0.

Lemma 2.8.3. If v € g.(F), then there is an open subscheme U C Xé?h such that ~

extends to an element of g.(U), and this extension is unique for any fived U. The same
holds for v € G.(F).

The idea is very simple: objects finitely presented over Frac(B) are defined over B[]
for some b.

Proof. Let us prove the lemma for g.(F'). The proof for G¢(F) is similar.

Pick a non-empty affine open subscheme U’ = SpecB C Xé?h. Then & |y is
representable by a flat, finitely presented affine scheme U = Spec A over U’. Then
v+ Eelspec Flg = Eclspec Fl corresponds to a Frac(B)|e|-algebra homomorphism A ®@p
Frac(B)le] - A®pFrac(B)[e]. As A is finitely presented over B, there exists b € B\ {0}
such that the ring homomorphism arises from a B[}][e]-algebra homomorphism

A®p B[%He] S A®s B[%][e]. (2.42)

This is G-equivariant. By the B-flatness of A, A ®p B[%} A ®p Frac B is injec-
tive. It follows that (2.42) is G-equivariant, is in g.(Spec B[3]) = ker(Autg(Ec|B[%M) —
1

Autg(SC|B[%})), and is the unique extension of v to Spec B[;]. The uniqueness of ex-

tension to general U (such that v extends to an element of g.(U)) can be deduced by
applying the above to an affine open U’ C U and take b = 1. ]

Lemma 2.8.4. We have Ad(&.) = g..
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Proof. Let U be an affine scheme over Xé?h. Pick an affine fppf cover V. — U and an
isomorphism &.|y N Gly. Let my,my : V xy V. — V be the projections to the left and
right factors respectively. Let ¢t = 75 (a) o mj (). To give an element of Ad(E.)(U) is
the same as giving an element of eq(Ad(&:)(V) = Ad(&:)(V xp V)), i.e. an element
v € g(V) such that Ad(wjv) = m5v. The same description holds for g.(U). This gives
an isomorphism

Ad(&)(U) = gc(U) (2.43)
By tracing through the definitions, we see that this is given by descending

Ad(E)(V) = (£ X7 g) (V) = ge(V)
(e,v) —a to Adye)(v) 0 @,

where g.(V) is viewed as an element of Autg(E:|o)g) and Adye(v) is viewed as an
element of Autg(Glo(v)). It is clear from this expression that (2.43) is independent
of the choice of o and is compatible with passing to affine fppf cover V! — V of V, so
(2.43) is also independent of the choice of V. As U varies, we get an isomorphism of
sheaves. O

For each closed point v of XéCh, we pick a trivialisation

Ly © gc|]D)v :> G’]D)U

which exists by the proof of Lemma m Then ¢, induces isomorphisms G.|p, — G|p,
and gclp, = glp,- We shall use these isomorphisms to view elements of G.(F,) as
elements of G(F,) and to view elements of g.(F,) as elements of g(F,).

Note that g.(F') C gc(F,). To see this, note that by definition g.(F') C Aut(&|spec r[)-
We know that &[gpec [ 1S representable by an affine flat Spec F[e]-scheme Spec A.
In particular, A — A ®pyq Fule], so Aut(A) — Aut(A ®pyq Fyle]). This implies
gc(F) C ge(Fy). In particular, elements of g.(F) can also be viewed as elements of

a(Fy).
We have the following analogue of [Ng606, Corollaire 1.3], whose proof is omitted
there. The relevant [Ng606, Proposition 1.2] is proved there however.

Proposition 2.8.5. We have an equivalence of categories between Higgs,(C') and the
groupoid of triples
(C’ 7> (-gv)closed v€|XéFh|)

where
e cc HY(F,G)
* v € g.(F)

e g, € G(F,)/G(Oy) such thaﬁAdg;1(’y) € 9(0y) for every v and g, is trivial for
all but finitely many v.
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The morphisms are given by

Mor((¢, 7, (90)), (¢, 7, (g5)))

_J{h € Gu(F): hgy € g,G(Ov) forfSall v,y = Adp(y)} ife={
o if c# .

Proof. The proof is similar to how one expresses Bung(F,) as a double adelic quotient.
Let us denote the groupoid of triples in the proposition as 7.
We first construct a functor f : 7 — Higgsg(C). Let (¢, 7, (v)closed UE‘Xéch‘) eT.

By Lemma we can pick a non-empty open subscheme U of Xé?h such that g, is
trivial for all v € U and 7 extends to an element of g.(U), which we still denote as .
By the Beauville-Laszlo lemma, we can glue & |y with the trivial G-bundles G|p, for
v € | X"\ |U| via the isomorphism

-1
(&lv)lp; == (Glp,)Ip;

to get a G-bundle £ on X(sfh. This is well-defined because changing the representa-
tives of g, € G(F,)/G(O,) gives another G-bundle on X" with a canonical isomor-
phism to €. (Alternatively, one can pick a representative for each object of 7.) By
the Beauville-Laszlo lemma, the sections v € go(U) = Ad(&)(U) and Ad 1(tu(7)) €
g(Dy) = Ad(G|p,)(Dy) glue to give a section ¢ € HO(X™", Ad(E)). Up to canonical
isomorphism, (£, ¢) is independent of the choice of U. This defines f on objects.

Let h € Mor((¢,7, (9v)), (c,7,(g,))). Then ¢ = ¢. Fix representative for gy, g,
in G(O,), which we still denote as g,,¢,. By Lemma we can pick a non-empty
open subscheme W of XgCh such that g,, g} are trivial for all v € W and ~,+" extend
to elements of g.(W) and h extends to an element in G.(WW). By the Beauville-Laszlo
lemma, the isomorphisms h : (E|w,v) = (Elw,”’) and g, thg, : (Glp,, Ad,-1(7)) —
(Glp,, Adg/,l (7)) glues to an isomorphism (€, ¢) — (€', ¢’). This defines the functor F.

It is egsy to verify using the Beauville-Laszlo lemma that F' is fully faithful. It
remains to show that F' is essentially surjective. Let (£,¢) € Higgs;(C). Pick an
isomorphism ¢, : &, = (&), for some ¢ € H'(F,G). This extends to t, : E|lu = &|v
for some non-empty open subscheme U C X&". For each v € |X"| \ |U|, pick an
isomorphism t, : €|p, = G|p,. Then

-1
Glp: 2 Elps = (£.)

L
s 2% Glps

corresponds to an element g, € G(F,). For v € U, set g, = 1. Via t,, and Lemma m
we get an isomorphism Ad(E)|y = Ad(E.)|v = gcJu. The image of ¢|y gives an element
in g.(U), which can be restricted to n to give v € g.(F). Then F(c,, (gv)) = (£,¢). O

45More precisely, Ad (Loyey ) € g(O,).
46More precisely, tohiy gy € ghG(Oy).
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Remark 2.8.6. In analogy with [Ngdo006, after Corollaire 1.3], this proposition roughly
suggests that the cardinality of Higgs;(C') as a groupoid is given by the orbital integrals

D

c€H(F,G) v€gc(F)/conj.

111, 9(0,)(Adg-17)dg
/ch)\G(AF) L 8(@:)F

where

o Ap =TI (F,,0,) H;(Cﬁ((t)), CE[t]) is a restricted direct product and C! is the
untilt of C' corresponding to v

e G, is the centraliser of v in G
® 117 4(0,) is the indicator function of [, g(Ov).

However, as stated, this equation does not make much sense, since no Haar measures on
the groups have been specified; even after fixing such measures, both the cardinality of
Higgs(C) and the sums involved should be infinite. We do not attempt here to make
the connection with orbital integrals fully rigorous.
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Appendix A

Etale topology on sousperfectoid
spaces

In Remark we showed that Higgsg; = Map(FF, [g2/G]), where [g./G] is viewed
as an fppf stack on the category of schemes over X §Ch. We also use various other fppf
stacks in the main text. In the appendix, we show that, we can instead use adic spaces.
More precisely, we use stacks on the big étale site of sousperfectoid spaces. The reason
for this choice of site is that, we would like to consider G-bundles on the adic Fargues-
Fontaine curve Xg. We thus want to have a site that includes Xg as an object. To
get the correct notion of G-bundles on adic spaces, which are by definition étale locally
trivial, we use the étale topology. We restrict to sousperfectoid spaces, rather than using
all adic spaces, because the notion of G-bundle is particularly well-behaved on them
[SW20,, Theorem 19.5.2] and the fibre product of sousperfectoid spaces X x 7Y is still a
sousperfectoid space if X — Z is étale by Lemma

One advantage of using this formalism is that, we do not have to restrict to affinoid
S in defining v-stack whose S-valued points involve the Fargues-Fontaine curve.

Let sPerfd be the category of sousperfectoid spaces, which is introduced by Hansen-
Kedlaya, cf. [SW20, section 6.3], [HK25| section 7]. In this section, we will study some
basic properties of the étale topology on sPerfd.

Recall that étale maps of (pre)adic spaces are defined in [KL15, Definition 8.2.16].

Lemma A.0.1. Let f : X — Z,g:Y — Z be two maps of sousperfectoid spaces with
f étale. Then the fibre product X Xz Y exists in the category of adic spaces and is a
sousperfectoid space. Moreover, we get a surjection of topological spaces

‘X Xz Y’ — |X| X\Z\ |Y‘

Proof. By the usual argument, this reduces to the case where X, Y, Z are affinoid sous-
perfectoid and f = f; o fo o f3, where fi, f3 are open immersions and f> is finite étale.
Then the claim that X x zY exists and is sousperfectoid follows from [SW20, Proposition
6.3.3].

For the last claim, one can use [KL15, Lemma 9.1.3]. Alternatively, one can easily
reduce the claim to the case where X, Y, Z are affinoids and then apply [Johl. O
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By this lemma and [KL15, Lemma 8.2.17(c)], we get the étale site on sPerfd:
Definition A.0.2. We denote by

o sPerfdy; the big étale site, whose objects are sousperfectoid spaces and coverings
are étale covers;

o sPerfdx ¢ the big étale site over a sousperfectoid space X, whose objects are sous-
perfectoid spaces over X and coverings are étale covers;

o Xy the small étale site over a sousperfectoid space X, whose objects are sousper-
fectoid spaces étale over X and coverings are étale covers.

By an étale sheaf on X, we mean a sheaf on Xg.

We shall establish some basic properties of these sites, following the strategy of
[Sch17, sections 8, 9].

Lemma A.0.3. The presheaves O, 0% : sPerfdl’ — Set which send X to Ox(X), 0% (X)

are sheaves.

Proof. They are sheaves for the analytic topology, so it is enough to check the sheaf
axioms for an étale cover of the form {Y — X} with X affinoid sousperfectoid. This
follows from [KL15, Theorem 8.2.22(c)]. O

Proposition A.0.4. The site sPerfdg; is subcanonical, i.e. the presheaf represented by
any X € sPerfd is a sheaf.

Proof. Let X € sPerfd and F be the presheaf represented by X. Let ¢: Z - Y be an
étale cover in sPerfd. We want to show that

F(Y) = eq(F(Z) = F(Z xy Z)).

By [KLI15, Lemma 8.2.17(b)], every étale morphism is openE| Being surjective and
open, the map |q| : |Z| — |Y| on the underlying topological spaces is a quotient map.

Let f € eq(F(Z) = F(Z xy Z)). By surjectivity of |Z xy Z| = |Z| X|y||Z], the two
composite maps |Z| x|y |Z] = |Z] LN | X | agree. As |q| is a quotient map, |f| factors as

1]

ZN /X.

The problem can then be considered locally on X, so we can assume X is affinoid. The
corollary now follows from the fact that O, O are étale sheaves by Lemma O

!The lemma, there directly implies that every étale morphism whose domain is quasi-compact is an
open mapping. We can deduce the same result for a general étale morphism by writing the domain as a

Y

union of quasi-compact open subsets.
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Remark A.0.5. In [SW20, Appendix to Lecture XIX], a cohomological G-torsor £ on
a sousperfectoid space X is viewed as a sheaf on the small étale site of X. By [SW20,
Theorem 19.5.2], &£ is the étale sheaf of sections of a geometric G-torsor P, which is
sousperfectoid. By Proposition Homx ( ,P) is a sheaf on the big étale site of X,
whose restriction to Xg is £. It follows that we can equivalently regard a cohomological
G-torsor as a sheaf on the big étale site.

We have étale descent of vector bundles on sousperfectoid spaces:

Lemma A.0.6. The prestack sending X € sPerfd to the groupoid of vector bundles on
X s an étale stack.

Proof. This is a stack for the analytic topology, so it is enough to prove the axiom of stack
for étale covering between affinoid sousperfectoid spaces. The lemma thus follows from
the fact that for X = Spa(A, A™) affinoid sousperfectoid, we have {finite locally free Ox-modules} ~
{finite projective A-modules} ~ {finite locally free Ox,,-modules} by [KL15, Theorem
8.22). O

Lemma A.0.7. Let X € sPerfd. We have equivalences of symmetric monoidal cate-
gories

{vector bundles on sPerfdx ¢} — {vector bundles on Xg} — {vector bundles on X }.

By a vector bundle on sPerfdx ¢, we mean a sheaf F of Ogpertdy o -module on sPerfd x ¢
which is locally finite free, i.e. there is an étale cover {Y; — X} of X by sousperfectoid
Y; such that ]:’SPerfd’Yiét =2 O o, JOT sSOME My € L.

Proof. Given a vector bundle on sPerfdx ¢;, we can restrict it to get a vector bundle on
Xg¢. This, together with the obvious maps on morphisms, define a functor which we call
a.

Given a vector bundle on Xg;, we can restrict it to get a sheaf on X, which is a vector
bundle by Lemma We can also restrict morphisms. We call this functor b.

Given a vector bundle V on X, we can form a sousperfectoid geometric vector bundle
Tot(V) — X such that Homyx( , Tot(V)) =V as sheaves on X. Then Homx( , Tot(V)),
regarded as a functor on sPerfd? 4, is a sheaf on sPerfd x ¢; as sPerfdx ¢ is subcanonical
by Proposition [A.0.4, To endow it with an Osperfd x o.-module structure, we can work
locally and assume V = O%, so Tot(V) = A% and Homx ( , Tot(V)) = (Perfdy o> Which
has a canonical Ospertay ,,-module structure. It is easy to see this is a vector bundle on
sPerfdx ;. This assignment, together with the obvious maps on morphisms, define a
functor which we call c.

It is not hard to show that coboa,aocob,boaoc are all equivalent to the identities.
To enhance a (and similarly for b) to a symmetric monoidal functor, we can use the
universal property of sheafification to define for vector bundles £1,&> on sPerfdx ¢ a
map a(&1) ® a(&2) — a(&1 ® Ez), which can be easily shown to be symmetric monoidal
by working locally. As cis a quasi-inverse of boa, it can also be enhanced to a symmetric
monoidal functor. O
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Let us state the following easy lemma, which relates two ways to twist a sheaf by a
line bundle.

Lemma A.0.8. Let X be a sousperfectoid space and L be a line bundle. Let L =
Isomy  (Ox, L) be the associated G, -bundle, where G, acts via f * a := af. Suppose
F is an Ox-module. Then we have a canonical isomorphism of Ox-modules

Lx®m F Lop, F
where the Ox-module structure on £ x® F is induceaﬂ from F.

Proof. Define the map as the sheafification of (h,v) — h(1) ® v. To check that this is
an isomorphism, we can work locally on X, so we may without loss of generality assume

L=0x. Then L x®" F=F = F = L®o, F. O

As an application, we show that we can replace some uses of fppf stacks by étale
stacks on sousperfectoid spaces. There are some clash of notations with the main text.
We hope this is not too confusing.

We just give one example. We can view G as an étale sheaf on sPerfdx,, whose
Spa(R, R™)-valued points are G(R). To see that this is indeed an étale sheaf, note that
G is smooth over Spec F, so its analytiﬁcatiorﬁ over Spa F exists and is a sousperfectoid
adic space. Thus, the presheaf it represents is an étale sheaf on sPerfdgsp, g (and hence
also on sPerfdx,) by Proposition

Similarly, we can view g as an étale sheaf on sPerfdy,, whose Spa(R, R™)-valued
points are g(R). We can then form g, := g ®ox, L, which is a vector bundle on Xg. We
can define the étale stack [gz/G] on sPerfdx,. Then Higgs; = Map(F'F, [gz/G]), where
Map(F'F,[gz/G]) denotes the prestack on Perfg sending T to the groupoid [g./G](X7).
Note that by 2-Yoneda lemma, this is also the prestack sending 7" to the groupoid of
morphisms X7 — [gz/G] of stacks on sPerfdx,.

2The addition on £ x® F is obtained by sheafifying (a, ) + (a,y) = (a,z + y).
3See [Zav24l Section 6] for the notion of analytification, which is a process that turns schemes into
adic spaces.
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