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Abstract

Recent technological advances have allowed the construction of many-body quantum systems that

operate below the thermodynamic limit. This has given rise to the field of quantum thermodynamics

(QTD), which describes heat, work, and entropy while accounting for quantum effects. Within the

framework of QTD, numerous theoretical and experimental quantum thermal machines (QTMs) have

been proposed, aiming to exploit quantum effects as a resource. Hence, understanding the relationship

between quantum effects and thermodynamic properties is essential for creating efficient QTMs.

We explore the use of Nth-root controlled-not gates (NRCGs) in QTD, modelling our system as

multiple QTMs. These gates allow for a fractional application of two-qubit operations, facilitating

access to intermediary states inaccessible by full controlled-not (CNOT) gates. The system presented

is a closed, out-of-equilibrium multi-qubit quantum system in which we employ NRCGs in three

distinct protocols, comparing them using regime-specific performance measures.

First, we consider a quantum battery, where we optimise initial parameters to maximise per-

formance measures related to ergotropy and charging potential. Our results show that, across all

protocols considered, initial quantum coherence in a single qubit improves the battery’s performance.

Moreover, some NRCG protocols demonstrate better performance than CNOTs. We then characterise

our system as a quantum heat engine, where initial quantum coherence increases extractable work

which is achieved at high efficiencies. Furthermore, we uncover a strong linear correlation between

work production and many-body correlations.

Finally, we demonstrate the system can operate as different thermal machines without changes

to protocol design or system size, with regime selection dictated by the initialisation parameters of

a single qubit. Two uniquely interesting regimes are accessed: a work producing refrigerator and

reverse flow heat engine, both of which produce work and provide cooling simultaneously. These

regimes could reduce the energetic cost of cooling in quantum computer architecture.

3





Table of contents

Abstract 3

List of �gures 9

List of tables 19

Acknowledgements 21

Declaration 23

1 Introduction 25

1.1 Quantum Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.2 Quantum Thermal Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.3 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2 Theory 35

2.1 Density Matrix Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1.1 Coherences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.1.2 Gibbs States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.1.3 Pure States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.1.4 Composite System and Hamiltonians . . . . . . . . . . . . . . . . . . . . . 43

2.2 Quantum Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.2.1 Quantum Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.2.2 Two-point Measurement Protocol . . . . . . . . . . . . . . . . . . . . . . . 46

2.2.3 Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.2.4 Landauer's Erasure Principle . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5



Table of contents

2.2.5 Ergotropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.3 Correlations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.3.1 Mutual Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.3.2 Quantum Discord . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.3.3 Entanglement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.4 Protocol Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.4.1 Nth Root and Full CNOT Gates . . . . . . . . . . . . . . . . . . . . . . . . 56

2.4.2 Protocol Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.5 Computational Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.5.1 Protocol Application and System Evolution . . . . . . . . . . . . . . . . . . 61

2.5.2 Pseudocode Representation of Key Functions . . . . . . . . . . . . . . . . . 64

3 Optimisation of the Charging of a Quantum Battery 67

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.2 Plan of the Chapter and Anticipation of Main Results . . . . . . . . . . . . . . . . . 68

3.3 System Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.3.1 Unitary Charging of a Quantum Battery . . . . . . . . . . . . . . . . . . . . 70

3.3.2 Work Extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4 Quantum Battery Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4.1 Ergotropy Scans . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4.2 Ergotropy Variation, two and three qubit systems . . . . . . . . . . . . . . . 75

3.4.3 Ergotropy Ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.4.4 Figure of Merit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.4.5 Power of Charging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.5 Quantifying the Role of Coherences in the Initial States . . . . . . . . . . . . . . . . 86

3.5.1 Comparison with Overall Thermal Initialisation . . . . . . . . . . . . . . . . 86

3.5.2 Testing the Role of Coherences in the Initial Density Matrices . . . . . . . . 88

3.6 Battery Performance Measure Comparison between the Full CNOT Gate and NRCGs 94

3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6



Table of contents

4 Quantum Heat Engine 101

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2 Plan of the Chapter and Anticipation of Main Results . . . . . . . . . . . . . . . . . 102

4.3 Design and Functioning of the NRCG Driven Quantum Heat Engine . . . . . . . . . 103

4.3.1 Initialisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.3.2 Protocol Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4 Optimisation for Operation as a Heat Engine . . . . . . . . . . . . . . . . . . . . . . 106

4.4.1 Temperature Dependence on Work Production . . . . . . . . . . . . . . . . 106

4.4.2 Maximum Extractable Work Dependence on Initial Coherences . . . . . . . 108

4.4.3 Comparison to initialisation with no coherences . . . . . . . . . . . . . . . . 109

4.4.4 Energy Dynamics when Operating within a Maximum Work Producing Regime111

4.4.5 Ef�ciency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.5 Comparison Between Circuits with Full CNOT and NRCGs . . . . . . . . . . . . . 115

4.5.1 Single Gate Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.5.2 NRCG Comparison for the Case 3 Three-Qubit Protocol . . . . . . . . . . . 116

4.6 Relationship between Correlations and Extractable Work . . . . . . . . . . . . . . . 117

4.6.1 Pearson Correlation Coef�cient . . . . . . . . . . . . . . . . . . . . . . . . 117

4.6.2 Quantum Mutual Information . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.6.3 Classical Correlations and Quantum Discord . . . . . . . . . . . . . . . . . 120

4.6.4 Contributions to the Mutual Information . . . . . . . . . . . . . . . . . . . . 125

4.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5 Performance of Systems with Non-Equal Qubits 131

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2 Quantum Battery Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.3 Quantum Heat Engine Performance . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6 Identi�cation of Operating Regimes for the Quantum Thermal Machine 141

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.1.1 Regime Identi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7



Table of contents

6.2 Regime Ef�ciency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7 Conclusion and Outlook 157

7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.2 A Note on Experimental Feasibility . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.3 Outlook and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

References 165

Appendix A Chapter 3 Appendix 183

A.1 Norm of Coherence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

Appendix B Chapter 4 Appendix 187

B.1 Lower Initial Temperature Energy Dynamics . . . . . . . . . . . . . . . . . . . . . . 188

B.2 Lower Initial Temperature Mutual Information . . . . . . . . . . . . . . . . . . . . . 190

Appendix C Chapter 6 Appendix 193

C.1 Lower Temperature Regime Identi�cation . . . . . . . . . . . . . . . . . . . . . . . 193

8



List of �gures

1.1 Operating regimes of a quantum thermal machine. We identify six operating regimes:

(a): Heat engine; (b): Heat Pump; (c): Entropy pump; (d): Refrigerator; (e): Work-

producing refrigerator; (f): Reverse-�ow heat engine. The hot and cold reservoirs are

shown at the top and bottom respectively, with the working medium being the system

to be considered. Arrows point in the direction of the �ow of energy, or heat when

considering the work and reservoirs respectively. . . . . . . . . . . . . . . . . . . . 29

2.1 A 5-level system in stater = 0:1 j0ih0j + 0:2 j2ih2j + 0:3 j3ih3j + 0:4 j4ih4j has an

associated passive states r = 0:4 j0ih0j +0:3 j1ih1j +0:2 j2ih2j +0:1 j3ih3j which can

be used to extract ergotropy by means of some unitary operation as described in

Equation 2.53. Such a unitary operation in this case would beU = j0ih4j + j1ih3j +

j2ih2j + j3ih1j + j4ih2j (adapted from [77]). . . . . . . . . . . . . . . . . . . . . . . . 51

2.2 Ergotropy (y-axis) for the Case 1 three-qubit system of the total system over two

cycles of iterations (x-axis). Panels from top-left to bottom-right increase the value of

N from 5 to 30 in steps of 5 demonstrating a 'smooth' evolution at N = 15. . . . . . . 58

2.3 (a) Circuit diagram for the three-qubit protocols: the full protocol includesM itera-

tions, each composed of two blocks of gates (blue squares). IfM = N , the protocol is

said to run over a "cycle". (b) The protocols considered, i.e., case 1, case 2, and case 3,

differ by the set of gates within each `controlled gate' block, as indicated. A two-qubit

protocol emerges from the circuit in panel (a) by removing qubit-C and the second

controlled gate block. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

9



List of �gures

2.4 Flow chart showing an overview of the written code for three different modes of

operation, "standard", "theta scan", and "maximum value scan". Blue rectangles

represent processes, green diamonds represent decisions and the purple trapezoid

represents the input of initialisation parameters. . . . . . . . . . . . . . . . . . . . . 62

3.1 Operational cycle for the three-qubit quantum battery with the two-qubit system

recovered with the removal ofr C. Two steps of operation are shown: (a): Battery

charging; (b): Work Extraction. The black arrows in both panels indicate the evolution

of the energy contained within the system in each step. The protocols applied M times

in (a) are described in Section 2.4.2. . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.2 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC =

0:4 e2B. f = 0 . First row: ErgotropyWmaxof the total system for0 � q � p (x-axis)

and0 � Iterations � 30 (y-axis) for two-qubit systems where columns from left to

right are Case 1, 2, and 3 respectively. Brighter shades correspond to a greater value

of ergotropy. Second row: Same parameters as the �rst row but for three-qubit systems.73

3.3 Ergotropy Wmax for f = p, with the same parameters as Figure 3.2. . . . . . . . . . . 74

3.4 Variation in ergotropy DWmax for f = 0, with the same parameters as Figure 3.2. . . . 76

3.5 Variation in ergotropy DWmax for f = p, with the same parameters as Figure 3.2. . . . 77

3.6 Ergotropy ratio Wratio for f = 0, with the same parameters as Figure 3.2. . . . . . . . 78

3.7 Ergotropy ratio Wratio for f = p, with the same parameters as Figure 3.2. . . . . . . . 79

3.8 Figure of merit for f = 0, with the same parameters as Figure 3.2. . . . . . . . . . . 81

3.9 Figure of merit for f = p, with the same parameters as Figure 3.2. . . . . . . . . . . 82

3.10 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC =

0:4 e2B. First row: Max value �gure of merit of the total system for0 � q � p

(x-axis) and0 � f � 2p (y-axis) for two-qubit systems where columns from right

to left are Case 1, 2, and 3 respectively. Brighter shades correspond to a greater

value of the �gure of merit. Second row: Same parameters as the �rst row but for

three-qubit systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.11 Power PDWmax for f = 0, with the same parameters as Figure 3.2. . . . . . . . . . . . 84

3.12 Power PDWmax for f = 0, with the same parameters as Figure 3.2. . . . . . . . . . . . 85

10



List of �gures

3.13 Comparison of performance measures: maximum ergotropyWmax (�rst column),

maximum variation in ergotropyDWmax (second column), maximum ergotropy ratio

Wratio (third column), and maximum �gure of meritFoM (fourth column) of the total

system for Case 1 (C1), Case 2 (C2), and Case 3 (C3), as labelled. Three-qubit

system (blue diamonds), two-qubit system (light-blue), Three-qubit system with

Bthermal (red) , two-qubit system with Bthermal (orange). Parameters:kBTA = 4e2B and

kBTC = 0:4e2B. Maxima calculated over two cycles withN = 15, 0 � f � 2p and

0 � q � p. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.14 Ergotropy Wmax for no initial coherence, with the same parameters as Figure 3.2. . . 89

3.15 Ergotropy ratio Wratio for no initial coherence, with the same parameters as Figure 3.2. 90

3.16 Ergotropy variationDWmax for no initial coherence, with the same parameters as

Figure 3.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.17 Figure of merit for no initial coherence, with the same parameters as Figure 3.2. . . . 92

3.18 Figure of merit for no initial coherence, with the same parameters as Figure 3.10. . . 93

3.19 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC =

0:4 e2B. f = 0 . Magenta line: N = 15, Blue line: N = 1. First row: ErgotropyWmax

of the total system for0 � Iterations � 30 (x-axis bottom),0 � Iterations � 2

(x-axis top), and ergotropyWmax (y-axis) for the two-qubit systems where columns

from right to left are Case 1, 2, and 3 respectively. Second row: Same parameters as

the �rst row but for three-qubit systems. Y-axis scale differs for each panel. Note that

both the upper and lower x-axis start at 0 with 1 on the upper x-axis corresponding to

the �rst iteration of the circuit with full standard CNOT gates. The chosen value ofq

is indicated in each panel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.20 Ergotropy Wmax for f = p, with the same parameters as Figure 3.19. . . . . . . . . . 95

3.21 Variation in ergotropy DWmax for f = p, with the same parameters as Figure 3.19. . . 96

3.22 Figure of merit for f = p, with the same parameters as Figure 3.19. . . . . . . . . . 97

11



List of �gures

4.1 Target operational cycle for the three-qubit quantum heat engine, the two-qubit system

is recovered with the removal of qubit-C. The operation is cyclic, where after panel

(c) the system can be reinitialised back to its initial state. To note, in this work we are

interested only in the dynamics of the sequence (a), (b), and (c). Three distinct steps

are shown: (a): System initialisation - Sec. 4.3.1; (b): Iterative protocol application -

Sec. 4.3.2; (c): Extractable work. The arrows shown in panel (a) between the qubits

and reservoirsR(T̄ ) indicate positive heat �owhQi; the black arrows in (b) show the

building of correlations between the qubits mediated by the NRCGs. Except where

otherwise stated, we initialise qubit-B in a pure state with initial coherence. Qubits A

and C are initialised in identical Gibbs states using the thermal reservoirs R(T̄ ). . . . 103

4.2 Results demonstrate thekbT̄ dependence in units ofe2B (x-axis) of the maximum

extractable workhWe
peaki in units ofe2B (y-axis), wherehWe

peaki is recorded over every

q andf combination per value ofkbT̄. Black vertical line:kbT̄ = 40e2B. Dashed

black vertical line:kbT̄ = 4e2B. Purple: Case 1 two-qubit; Blue: Case 3 two-qubit;

Orange: Case 1 three-qubit; Red: Case 3 three-qubit, as labelled. . . . . . . . . . . . 107

4.3 Maximum extractable workhWe
maxi in units ofe2B for eachfq ; fg combination and

0 � q � p (x-axis) and0 � f � 2p (y-axis); First row: Two-qubit systems where

columns left to right are cases 1 and 3 respectively. Brighter shades correspond to

a greater maximum value of extractable workhWei . Each combination of initialq

andf is run for 150 iterations withhWe
maxi recorded at each iteration. Parameters are

e1 = 0e2B andkbT̄ = 40e2B. Second row: The same parameters as the �rst row but

for the three-qubit systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.4 Peak extractable workhWe
peaki in units ofe2b for the initial energy of qubit-B0 �

U (0) � 1 in units of e2b (x-axis) and0 � f � 2p (y-axis); First row: Two-qubit

systems where columns left to right are Cases 1 and 3 respectively. Brighter shades

correspond to a greater peak value of extractable workhWe
peaki . Each combination of

initial U (0) andf is run for 150 iterations. Parameters aree1 j = 0e2B; e2 j = 1e2B for

j = A; B andC. kbT̄ = 40e2B. Second row: The same parameters as the �rst row but

for the three-qubit systems. All initial density matrices have no off-diagonal elements

being a completely classical system. . . . . . . . . . . . . . . . . . . . . . . . . . . 110

12



List of �gures

4.5 Change in average internal energyDU for the total system and component qubits

in units ofe2B (y-axis) for0 � iterations� 60 for two-qubit systems (�rst row) and

0 � iterations� 150 for three-qubit systems (second row) (x-axis), where columns

from left to right are Case 1 and 3 respectively. Corresponding initialq andf for

each panel is shown in Table 4.2, withf = 0:17p for Case 1 two-qubits. Grey shaded

regions identify heat engine operation. Same parameters as in Figure 4.3. Red line:

DUA; Green line: DUB; Blue line: DUC; Magenta line: DUsys. . . . . . . . . . . . . . 112

4.6 Comparing the extractable workhWei = �DU sys(magenta) in units ofe2B (left y-axis)

and the ef�ciencyh (blue, right y-axis), in the case of the two-qubit systems (�rst row)

for 0 � iterations� 60 and the three-qubit systems (second row) for0 � iterations

� 150 , where columns left to right are Case 1 and 3 respectively. Same parameters as

in Figure 4.5. Magenta: hWei; Blue: h. . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7 Comparing the extractable workhWei in units ofe2 (y-axis) of N = 15 (NRCG) and N

= 1 (full CNOT gate) for the case 1 two-qubit system for four cycles. Same parameters

as in Figure 4.3.f = 0:17p . Red:q = 0; Orange:q = 0:25p; Yellow: q = 0:50p;

Cyan: q = 0:75p; Blue: q = p. Dashed lines: N = 15; Solid lines: N = 1. . . . . . . 115

4.8 Comparing the extractable workhWei in units ofe2 (y-axis) for the NRCG-protocol

with N = 15 (magenta), and with the standard CNOT (N = 1, blue), for Case 3,

three-qubit systems. Bottom x-axis:0 � iterations� 150 for N = 15; Top x-axis:0 �

iterations � 10 for N = 1. Same parameters as in Figure 4.5. . . . . . . . . . . . . . 117

4.9 Comparing the extractable workhWei (magenta) in units ofe2B (left y-axis) and

the mutual information (green) (right y-axis), in the case of the two-qubit systems

(�rst row) for 0 � iterations� 60 and the three-qubit systems (second row) for0 �

iterations� 150 , where columns left to right are Case 1 and 3 respectively. Same

parameters as in Figure 4.5. Magenta: hWei; Green: Mutual information. . . . . . . 118

4.10 Comparing, for the Case 1 two-qubit system, the extractable workhWei (magenta

lines) in units ofe2 (left y-axis), the classical correlations (brown dashed lines, top

row right y-axis), and the quantum discord (blue dash dot lines, bottom row right

y-axis), for0 � iterations� 60 , where columns left to right are the bi-partitions when

measuring on rB and rA respectively. Same parameters as in Figure 4.5. . . . . . . . 120

4.11 Comparing the Case 3 two-qubit system, with the same parameters as in Figure 4.10. 121

13



List of �gures

4.12 Comparing the Case 1 three-qubit system, with the same parameters as in Figure 4.10. 122

4.13 Comparing the Case 3 three-qubit system, with the same parameters as in Figure 4.10. 123

4.14 Comparison of the entanglement of formation (left y-axis) and quantum discord

(right y-axis) for0 � iterations� 60 (x-axis) for Case 3 two-qubit system. Top row:

q = 0:83p; Bottom row:q = 0:36p. Blue shaded regions indicate work production,

i.e regions withhWei > 0 . These include (but not coincide with) the regions in which

the system behaves as a heat engine. Black dashed: Entanglement of formation; Blue

dash dot: Quantum discord. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.15 Contributions to the mutual information (green) from the classical correlations (red)

and quantum discord (blue) for0 � iterations� 60 (x-axis); First row: Case 1

two-qubit system where columns left to right are the bi-partitions(A : B) and(B :

A) respectively. Initialisation parameters correspond to those in Table 4.2,e1 j =

0e2B; e2 j = 1e2B for j = A; B andC. kbTA = k bTC = 40e2B. Second row: The same

parameters as the �rst row but for the Case 3 system. . . . . . . . . . . . . . . . . . 126

4.16 Same parameters as Figure 4.15 but for the three-qubit system where columns left to

right are the bi-partitions (AC : B) and (B : AC) respectively. . . . . . . . . . . . . . 127

5.1 Parameters:kBTA = 4 e2B andkBTC = 0:4 e2B. Blue: Three-qubit "pure", Light blue:

Two-qubit "pure", Red: Three-qubit "thermal", and Orange: Two-qubit "thermal".

First row: Ergotropy of the total system for1 � De A=DeB � 6 (x-axis) and ergotropy

Wmax (y-axis) for two-qubit systems where columns from right to left are Case 1, 2,

and 3 respectively. Second row: Same parameters as the �rst row but for the ergotropy

ratioWratio (y-axis). Third Row: Same parameters as the �rst row but for the �gure of

meritFoM (y-axis), note different y-axis scales. Note the bottom left panel both the

light blue and orange lines trace the same path. . . . . . . . . . . . . . . . . . . . . 133

5.2 Same parameters as Figure 5.1 but for qubit-B initialised with negative temperatures. 135

5.3 Parameters:kBTA = 4 e2B andkBTC = 0:4 e2B. Left: "Pure" system; Right: "Negative

temperature" system. Maximum values of ergotropyWmax of the total system for

DeA=DeB = 3:14 scanned over the entire parameter space0 � q � p and0 � f � 2p

where for each combination the Case 1 three-qubit protocol is applied for 30 iterations.136

5.4 Same parameters as Figure 5.3 but for the �gure of merit FoM. . . . . . . . . . . . . 137

14



List of �gures

5.5 Parameters:kBTA = 40 e2B andkBTC = 40 e2B. Blue: Three-qubit "pure", Light blue:

Two-qubit "pure", Red: Three-qubit "negative temperature", and Orange: Two-qubit

"negative temperature". Peak extractable workhWe
peaki (y-axis) of the total system

for 1 � De A=DeB � 6 (x-axis) where columns from right to left are Case 1 and 3

respectively. Note the left and centre panel both the light blue and orange lines trace

the same path and the y-axis are different in all three panels. . . . . . . . . . . . . . 138

6.1 Regime identi�cation for0 � Iterations � 150 (x-axis) and0 � q � p (y-axis)

for two-qubit systems. Colours that match each regime are shown in Table 6.1.

Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBT̄ = 40 e2B. First row:

f = 0; Second row: f = 0:5p; Third row: f = p. . . . . . . . . . . . . . . . . . . . 144

6.2 Regime identi�cation for0 � Iterations � 150 (x-axis) and0 � q � p (y-axis)

for three-qubit systems. Colours that match each regime are shown in Table 6.1.

Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBT̄ = 40 e2B. First row:

f = 0; Second row: f = 0:5p; Third row: f = p. . . . . . . . . . . . . . . . . . . . 144

6.3 Regime identi�cation for0 � Iterations � 150 (x-axis) and0 � q � p (y-axis)

for the two- and three-qubit "thermal" systems. Colours that match each regime

are shown in Table 6.1. Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC.

kBT̄ = 40 e2B. Top row: Two-qubit system; Bottom row: Three-qubit system. . . . . 145

6.4 Same parameters as Figure 6.1 but for the ef�ciency of the considered regimes for the

Case 3 two-qubit system. White signi�es an ef�ciency of 1.5 or higher. . . . . . . . 148

6.5 Same parameters as Figure 6.2 but for the ef�ciency of the considered regimes for the

Case 3 three-qubit system. White signi�es an ef�ciency of 1.5 or higher. . . . . . . . 148

6.6 Same parameters as Figure 6.1 but for the ef�ciency of the heat enginehE for the

Case 3 two-qubit system. Maximum ef�ciencyhE = 1 . White signi�es an ef�ciency

of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.7 Same parameters as Figure 6.1 but for the ef�ciency of the refrigeratorhR for the

Case 3 two-qubit system. Maximum truncated valuehR = 227:3. White signi�es an

ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

6.8 Same parameters as Figure 6.1 but for the ef�ciency of the reverse �ow heat engine

hRFHE for the Case 3 two-qubit system. Maximum ef�ciencyhRFHE = 1 . White

signi�es an ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . 151

15



List of �gures

6.9 Same parameters as Figure 6.1 but for the ef�ciency of the work producing refrigerator

hWPR for the Case 3 two-qubit system. Maximum ef�ciencyhWPR = 1 . White

signi�es an ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . 151

6.10 Same parameters as Figure 6.2 but for the ef�ciency of the heat enginehE for the

Case 3 three-qubit system. Maximum truncated valuehE = 4:9. White signi�es an

ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.11 Same parameters as Figure 6.2 but for the ef�ciency of the refrigeratorhR for the

Case 3 three-qubit system. Maximum truncated valuehR = 71:1. White signi�es an

ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

6.12 Same parameters as Figure 6.2 but for the ef�ciency of the reverse �ow heat engine

hRFHE for the Case 3 three-qubit system. Maximum ef�ciencyhRFHE = 9:83. White

signi�es an ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . 153

6.13 Same parameters as Figure 6.2 but for the ef�ciency of the work producing refrigerator

hWPR for the Case 3 three-qubit system. Maximum ef�ciencyhWPR= 1 . White

signi�es an ef�ciency of 1.5 or higher. . . . . . . . . . . . . . . . . . . . . . . . . . 154

A.1 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC =

0:4 e2B. f = 0 . First row: Norm of coherence of the total system for0 � q � p

(x-axis) and0 � Iterations � 30 (y-axis) for two-qubit systems where columns

from left to right are case 1, 2, and 3 respectively. Brighter shades correspond to a

greater value of ergotropy. Second row: Same parameters as the �rst row but for

three-qubit systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

A.2 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC =

0:4 e2B. f = p . First row: Norm of coherence of the total system for0 � q � p

(x-axis) and0 � Iterations � 30 (y-axis) for two-qubit systems where columns

from left to right are case 1, 2, and 3 respectively. Brighter shades correspond to a

greater value of ergotropy. Second row: Same parameters as the �rst row but for

three-qubit systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

B.1 Same parameters as in Figure 4.3 but for kbTA = k BTC = 4e2B. . . . . . . . . . . . . 188

B.2 Same parameters as in Figure 4.5 but for kbTA = k BTC = 4e2B. . . . . . . . . . . . . 189

B.3 Same parameters as in 4.9 for kbT̄ = 4e2B. . . . . . . . . . . . . . . . . . . . . . . . 190

16



List of �gures

C.1 Regime identi�cation for0 � Iterations � 150 (x-axis) and0 � q � p (y-axis) for

two-qubit systems. Colours that match each regime are shown in table 6.1. Parameters:

e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBT̄ = 4 e2B. First row: f = 0 ; Second

row: f = 0:5p; Second row: f = p. . . . . . . . . . . . . . . . . . . . . . . . . . . 193

C.2 Regime identi�cation for0 � Iterations � 150 (x-axis) and0 � q � p (y-axis)

for three-qubit systems. Colours that match each regime are shown in table 6.1.

Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBT̄ = 4 e2B. First row:

f = 0; Second row: f = 0:5p; Second row: f = p. . . . . . . . . . . . . . . . . . . 194

17





List of tables

2.1 Truth tables used for the construction of the two-qubit CNOT gates. Left table with A

as the control qubit and B as the target qubit. Right table A as the target qubit and B

as the control qubit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.2 Algorithm showing how the system is initialised and evolved with the written code.

Shown in Figure 2.4 as the "Evolution of System" block of processes. . . . . . . . . 63

2.3 Pseudocode representing the operation of the function used to calculate the ergotropy. 64

2.4 Pseudocode representing the operation of the function used to calculate the quantum

discord. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.1 Peak extractable work as converged at large values ofkbT̄, corresponding to Figure 4.2.107

4.2 Peak work values from Figure 4.3 and their corresponding initialisation parameters

for Case 1 and 3. Left: Two-qubit; Right: Three-qubit. . . . . . . . . . . . . . . . . 109

4.3 Left: Peak work values for Case 1 and 3 for the two- and three-qubit system with a

complete thermal initialisation; Right: percentage change inhWe
peaki by introducing

initial coherence in qubit-B with a pure state initialisation. . . . . . . . . . . . . . . 111

4.4 Ef�ciency corresponding to the peak extractable work, corresponding to Figure 4.6. . 114

4.5 Left: PCC forhWei versus Mutual Information corresponding to Figure 4.9. Right:

PCC for DUB versus Mutual Information. . . . . . . . . . . . . . . . . . . . . . . . 119

4.6 Pearson correlation coef�cients for the two-qubit systems for the extractable work

(left column) andDUB (right-column). Top tables: Classical correlations; Bottom

tables: Quantum discord. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

19



List of tables

4.7 Pearson correlation coef�cients for the three-qubit systems for the extractable work

(left column) andDUB (right-column). Top tables: Classical correlations; Bottom

tables: Quantum discord. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.8 PCCs for the quantum discord and the entanglement of formation when the system

operates in a maximum work producing regime and when we operate in the mode of

work symmetry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.1 Operating regime conditions and identi�cation, where the regime colours are used

in Figures 6.1 and 6.2 for identi�cation. The colours for the conditions,< 0 or > 0 ,

are green and brown respectively whereDUhot is the change in energy of the hot

components,DUcold is the change in energy of the cold components, andhWi is the

work provided. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

B.1 Maximum work values and corresponding initialisation parameters for Case 1 and 3

for the two- and three-qubit system. . . . . . . . . . . . . . . . . . . . . . . . . . . 189

B.2 PCC for Figure B.3. Left: hWi|Mutual Information; Right: DUB:Mutual Information. 191

20



Acknowledgements

I have spent a total of 9 years at the University of York, beginning with a foundation year, following

into my undergraduate and masters degree before �nally progressing through to the completion of my

PhD. I have met many amazing people over this time that have positively impacted my life beyond

my work.

First, I would like to thank my supervisor Professor Irene D'Amico, without her this work would

not have been possible. It cannot be overstated how grateful I am for her knowledge, insight, and

support over the past 4 years and I am thankful for being given the opportunity to complete this

project. Our meetings were always something I looked forward to and your knowledge of which pubs

offered the best pies was greatly appreciated. Thanks for keeping me grounded when the pressure was

high and ensuring my efforts were always pointed in the right direction. I could not have asked for a

more supportive supervisor and friend.

Second, I would like to thank Chris Murphy for providing me with the opportunity to progress

onto the undergraduate physics course after completing my foundation year in electronic engineering.

Such a small decision has had a huge impact on my life, allowing me to follow my preferred path

culminating in the completion of this thesis. Thanks for all the pub trips and welcome advice.

A special thank you to Helen Sharples and the team that ran the foundation year. Without this

program and the people that run it I would have never been able to begin higher education. Your

enthusiasm for teaching and the genuine care for your students that I experienced throughout my �rst

year of university is something I will always cherish.

My friends back home have been a source of tremendous support and I would like to thank Paul

Allen, Victoria Carter, and Harry Dobson. Your constant belief in my ability to complete this PhD has

been essential. All those pub nights, weekends away, festivals, and BBQs always left me refreshed

and reinvigorated. To all the wonderful people I met in York over the course of this journey, especially

Alex Carter, Will Frost, Matt Hodgson, and Emily Tavanyar, you were always there with a friendly

21



face making me feel welcome. Our nights out, mid day coffees, poker nights and climbing sessions

were as important to me as the physics, ensuring my free time in York was as rewarding as my time

spent on the PhD. Josh Pawson, thank you for all the encouragement, it helped me gain the traction

I needed to keep moving forward. Chad Nelmes, it was a pleasure sharing an of�ce with you, your

enthusiasm for physics and research was a boost that was welcome and our conversations were always

enjoyable.

Finally, I would like to thank my family for having the patience to support me through this long

journey. My decision to go back into education as a mature student was a massive change in my life

and without your love and support it would have been much more challenging. I am lucky to have the

family I do, thanks for always listening and pushing me to excel.

I have thoroughly enjoyed my time at York, a thank you to the School of Physics, Engineering

and Technology and the University of York who have made this a great experience. Also thank you to

the EPSRC for funding this project.

22



Declaration

I declare that this thesis is a presentation of original work and I am the sole author. This work has not

previously been presented for an award at this, or any other, University. All sources are acknowledged

as References.

Work in Chapter 3 has been published in Harnessing Nth Root Gates for Energy Storage,

E. J. Fox, M. Herrera, F. Schmidt-Kaler and I. D'Amico, Entropy, 26(11), 952, (2024). I wrote and

developed new code, performed all the numerical calculations, and performed all data visualisation. I

participated fully in all discussions and wrote the �rst draft of the manuscript.

Work in Chapter 4 has been published in Fractional Control Gate Protocols For Quantum Engines,

E. J. Fox, T. M. de Mendonça, F. Schmidt-Kaler and I. D'Amico, Entropy, 28(3), 297, (2026). I

wrote and developed new code, performed all the numerical calculations, and performed all data

visualisation. I participated fully in all discussions and wrote the �rst draft of the manuscript.

Signed,

Elliot John Fox

23





Chapter 1

Introduction

We begin this thesis with a brief description of the work presented, to place into some context the �rst

two sections of the introduction. We analyse a multi-qubit system, focusing �rst on the optimisation

of two quantum thermal machines, a quantum heat engine and a quantum battery, using the framework

of quantum thermodynamics to investigate key thermodynamic quantities. The system presented is

driven by quantum computational gates, which are used as the building blocks to design three distinct

quantum computational protocols, where as they are applied the energy dynamics are observed.

We show how quantum effects, such as coherence and quantum correlations, can enhance work

production and ergotropy. Finally, we demonstrate the operation of a universal thermal machine,

where all regimes are accessed using a single system and protocol, where the accessed regime is

dependent only on the state of a single qubit.

The following Section 1.1 introduces quantum thermodynamics, aiming to provide context to

why this framework is needed for our investigation. Quantum thermal machines are then introduced

in Section 1.2, which describes the different regimes a system can operate in while also providing

background on other works, which have helped direct our investigations. Finally, Section 1.3 will

outline the research questions we aim to answer, followed by an overview of each chapters.

1.1 Quantum Thermodynamics

Classical thermodynamics is a well-established and incredibly successful �eld. Initially developed

in the industrial revolution, it facilitated the development of the �rst steam engines [1], which both

�guratively and literally drove the development of where we are today. At its core, it describes the
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dynamics of energy, work, heat, and entropy in a system. Our understanding of these four quantities,

in one way or another, plays a role in some of our greatest technological advancements and has

profoundly shaped the modern world [2]. As the name suggests, classical thermodynamics describes

energy dynamics in macroscopic systems where quantum effects are negligible. For example, quantum

phenomena such as entanglement do not meaningfully affect the performance of a combustion engine

and are therefore not addressed by classical thermodynamics.

However, advances in technology have enabled the construction and manipulation of microscopic

systems. These thermal machines lie far from the thermodynamic limit [3–10], highlighting the

importance of understanding thermodynamics in the quantum regime. This has given rise to the

relatively new �eld of quantum thermodynamics, which has rapidly developed over the last few

decades. Quantum thermodynamics seeks to extend the classical laws of thermodynamics developed

over the 19th century [11–13] and to explore the uses and limitations of thermodynamic properties

in quantum technologies [11, 12, 14–16]. It has become an area in which well-established concepts,

such as the laws of thermodynamics, can be discussed and challenged at the quantum scale [11, 12,

17–26]. Much like its classical counterpart, it aims to describe heat, energy, work, and entropy but for

microscopic quantum systems, where these properties lose their usual classical meaning and their

exact de�nitions can become much more challenging. In particular, the aim is to describe systems

well below the thermodynamic limit, fully accounting for their quantum effects and non-equilibrium

dynamics. Quantum phenomena, such as coherence and entanglement, become extremely important

in the description and modelling of microscopic systems. In such systems quantum effects can

sometimes provide advantages over classical systems in thermodynamic processes [10, 11, 27–29],

signi�cantly impacting their energy dynamics.

Quantum work is an important aspect of quantum thermodynamics, as it is central to devices

such as heat engines and batteries [30–32], playing a role in optimising energy consumption [33, 34].

Quantifying heat and work can be a particularly challenging component of quantum thermodynamics

and separating their contributions for an open-many body system is not a trivial task. Understanding

these properties is important as heat in the system can restrict device ef�ciency [11, 33]. Another

important aspect of quantum thermodynamics is entropy, which can be used to quantify bi-partite

entanglement in a pure state via the von Neumann entropy [35].



1.2 Quantum Thermal Machines | 27

1.2 Quantum Thermal Machines

Quantum thermal machines are of great interest in the �eld of quantum thermodynamics. In this section

we �rst outline six different operating regimes and discuss previous theoretical and experimental

realisations, paying particular attention to quantum heat engines. Figure 1.1 introduces the regimes.

Their operating conditions are indicated by the direction of heat �ow between the hot and cold

reservoirs, and whether work is extracted hWi < 0 (arrow pointing away from the working medium)

or injected into the systemhWi > 0 (arrow pointing to the working medium). Second, we then discuss

the quantum battery in the context of current research.

The exact formulation of work in quantum thermodynamics is discussed at length in Section 2.2.

For our introduction to thermal machines, the intuition is that work should be considered energy that

is either extracted or injected into the system to facilitate a regimes operation. There is more depth to

considering the energy dynamics of our system, though that is elaborated on in the relevant chapters

and beyond the scope of this section. An overview of the operation of each of the regimes in Figure

1.1 is listed below, aiming to frame their usefulness in either work extraction or cooling.

• Heat Engine, Figure 1.1(a): The heat engine concerns itself with the production of extractable

work hWi < 0, which in part is converted from the heat absorbed by the working medium from

the hot reservoir. Heat not converted into work is then released to the cold reservoir, with an

overall heat �ow from hot to cold. This is considered a useful regime as extractable work is

produced;

• Heat Pump, Figure 1.1 (b): The heat pump demonstrates the same �ow of heat as the heat

engine. Instead, this regime requires the injection of workhWi > 0 to operate: pumping heat

from hot to cold. For this thesis we consider this regime less useful, as it does not produce

extractable work or provide cooling to the cold reservoir;

• Entropy Pump, Figure 1.1 (c): This is the most undesirable regime when considering the

speci�cs of its operation. It requires an injection of workhWi > 0 to operate, which in itself is

not a problem, but as the name suggests, the injected work increases the entropy of both the hot

and cold reservoirs which is not typically a useful operation;

• Refrigerator, Figure 1.1 (d): This regime has work performed on the systemhWi > 0, in order

to pump heat from the cold to the hot reservoir. The refrigerator is considered a useful regime
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as it reverses the typical �ow of heat in thermodynamics at some energetic cost: cooling the

cold reservoir;

• Work Producing Refrigerator, Figure 1.1 (e): The work producing refrigerator [36] is the

�rst of the two more interesting regimes, and is the second extractable work producinghWi < 0

regime listed here. Simultaneously producing extractable work and cooling down the cold

reservoir is an impressive operation, i.e. it behaves as a refrigerator that extracts work. The

production of extractable work could offset the energetic cooling costs in quantum computing

architecture;

• Reverse Flow Heat Engine, Figure 1.1 (f): The reverse �ow heat engine [37–39] is another

uniquely interesting regime. Extractable work is producedhWi < 0 while also reversing the

typical �ow of heat, from cold to hot. As with the work producing refrigerator this regime

could potentially offset the cost of cooling, which is a valuable operation.

We show in Chapter 6 that all regimes listed here are accessed by our system, where regime

access is dependent on the choice of a single qubits state, with the protocol and system size remaining

unchanged.

The realisation of quantum heat engines demonstrates an application of quantum mechanics for

work producing thermal engines and theoretical proposals are implemented across many different

models including, quantum computational protocols [40], laser or photocell quantum heat engines [41,

42], magnetically driven quantum heat engines [43], and quantum mechanical adaptations of the

Otto cycle [28, 44–46]. The situation where quantum heat engines outperform their classical coun-

terparts [47–49] or when quantum resources, such as coherence, correlation, or collective behaviour

characterised by many-body interactions provide an advantage [10, 46, 48–52] are of particular

interest. Work has been done on the impact of control noise for a model of a quantum Otto cycle [46],

where it was shown in this case that the inclusion of noise unfavourably disrupted the trade-off

between power output and working ef�ciency with respect to cycle operation time. Auxiliary controls,

such as a shortcut to adiabiticity and quantum lubrication, improve the quantum Otto cycle operation,

though this is not generally the case for noisy controls.

Much work has been done on the realisation of quantum versions of the Otto and Carnot cycles.

The quantum realisation of the Carnot cycle consists of a working �uid that can take many forms,

including a particle in a box [53], single or multiple qubits [54, 55], multi-level atoms [56], and
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Fig. 1.1 Operating regimes of a quantum thermal machine. We identify six operating regimes: (a):
Heat engine; (b): Heat Pump; (c): Entropy pump; (d): Refrigerator; (e): Work-producing refrigerator;
(f): Reverse-�ow heat engine. The hot and cold reservoirs are shown at the top and bottom respectively,
with the working medium being the system to be considered. Arrows point in the direction of the �ow
of energy, or heat when considering the work and reservoirs respectively.

harmonic oscillators [57, 58]. The Carnot cycle describes an ideal and reversible thermodynamic

cycle, though in �nite-time thermodynamics we experience dissipation and a method to capture
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these dynamics should be employed [19]. When assuming weak coupling between the system and

the bath is assumed, we can facilitate this interaction by applying the Lindblad Master equation

approach to open quantum systems [59, 60]. A full Carnot cycle consists of four distinct steps

[55]: Adiabatic Expansion; Cold Isotherm; Adiabatic Compression; Hot Isotherm. In contrast to

the Lindblad approach for the Carnot cycle and open systems, the Otto cycle is implemented using

a harmonic oscillator [61, 62] with a time dependent frequency which changes through expansion

and compression steps. The four strokes of the Otto cycle are given by: Adiabatic Compression; Hot

Isochore; Adiabatic Expansion; Cold Isochore.

Work is done on or by the working medium in the expansion and compression steps for the Otto

cycle, and for the Carnot cycle this work is done during all steps, resulting in a more complex analysis

of heat and work. The difference between the two cycles arises from the isothermic and isochoric

processes, where heat is exchanged with the working medium and either a hot or cold bath. Explicitly,

the Carnot cycle has cold and hot isothermic steps which result in a change to the energy gap of the

working medium with work being done [55], whereas the Otto cycle has hot and cold isochoric steps

which do no work, where isothermic is de�ned as a process performed at constant temperature and

isochoric is a process performed at constant volume. We will see in Chapter 4 that for the operation

of our heat engine our thermalisation steps most closely resemble those of the Otto cycle, as during

these steps we will only see a change to the excited state populations of our working medium, with

no change to the energy gap and no work being done much like the isochoric steps, which aids the

analysis.

In this thesis, we focus solely on quantum algorithms as protocols for optimising the charging of a

quantum battery, producing work from a quantum heat engine, and demonstrating a universal thermal

machine. Quantum computing-inspired protocols for quantum thermal engines have been proposed,

with the experimental realisation of many-body systems implementing quantum logic gates achieved

utilising platforms such as, trapped ions [6, 63], Rydberg atoms [64], nuclear magnetic resonance [65],

and superconducting qubits [66]. For example, a genuine quantum advantage can be achieved on

a quantum processor with correlations between components of the working medium, boosting the

extractable work per cycle and producing an ef�ciency higher than the Carnot standard limit [10].

Further, initial correlations have been shown to play a role in the directionality of the heat current,

reversing the �ow from cold to hot reservoirs using nuclear magnetic resonance techniques [37].

This has been further extended to a work producing system that is effectively a refrigerator that
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produces work [39] being a unique feature arising from quantum effects. Quantum refrigerators are an

active area of research [67, 68], with the role correlations and coherence play in their operation being

�elds of extensive study [69, 70]. Replacing full Pauli gate operations with a fractional step-wise

protocol has allowed for investigating the presence of quantum friction, i.e. the generation of quantum

coherence in the instantaneous energy eigenbasis under a non-permuting protocol [71, 72]. The

experimental realization of this protocol has proven that quantum-friction induces a violation of the

work �uctuation dissipation relation, certifying an additional genuine quantum effect [73].

We now discuss the quantum battery, but �rst must understand an important subtlety in how

we characterise its performance compared to the quantum heat engine. Both thermal machines are

characterised by the extractable work, though when considering the engine the system produces

extractable work as it is evolved. For example, after each step of the evolution the system undergoes

a change in energy, which may be considered the work. For the battery, we consider the maximum

extractable work after the system has undergone some evolution, they are characterised as a system

that stores energy. For example, the system is evolved as dictated by a protocol to some �nal state,

after which work is then extracted with some other operation. Hence, the evolution of the system by a

protocol can be considered a charging step with the extraction step being a separate operation.

Quantum batteries were �rst introduced by Alicki and Fannes [74], who showed that entangling

unitary operations, in general, extract more work than independent operations. This has since been

followed by the search for other quantum phenomena that could improve battery performance [31,

75]. When discussing quantum batteries ergotropy (maximum extractable work), discussed in Section

2.2.5, is the main measure used to quantify their performance [31, 76–81]. An upper bound on the

power density and energy capacity is seen [82] much like their macroscopic counterparts. Quantum

batteries can also lose energy to their environment [83, 84] with work being done to stabilise against

decoherence which can drive this power loss [84].

We now turn to quantum effects, where batteries are shown to be charged or discharged via

operations that produce coherent superpositions between different states [85]. Much progress has

been made in understanding the role of correlations and collective effects achieving superextensive

charging power scaling [75, 82, 86, 87], which is charging power that scales faster than the quantity

of sub cells. Hence, considering protocols using many-body interactions for these new technologies is

of signi�cant importance and quantum effects have been shown to provide a real quantum advantage.
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Demonstrating an improvements over classical devices being one of the main focuses of the �eld

moving forward.

An important development in the �eld was achieved in a solid-state platform, displaying collective

powerful charging [88], de�ned as the enhanced scaling of the maximum charging power of entangled

subcells with respect to non-entangled subcells. Other models have since been proposed, including

but not limited to, strongly interacting fermionic batteries [89], N two-level atoms with a harmonic

�eld as a charger [90], nuclear spin systems using nuclear magnetic resonance methods [91], and

one dimensional spin chains [92] with initial steps being taken towards experimental realisation

[91, 93, 94]. Further, protocols inspired by quantum computing have been proposed for quantum

batteries, and the construction and testing of quantum many-body systems supporting the use of

quantum logic gates is experimentally realisable [6, 63, 64, 66]. While still in their early stages of

development, theoretical and experimental studies have demonstrated the feasibility and potential

bene�ts of quantum batteries [31, 74, 75, 88, 95–97].

Hence, considering protocols facilitating many-body interactions for these new technologies

is of signi�cant importance and understanding their underlying principles and exploring practical

implementations is the aim of this work.

1.3 Thesis Outline

Having introduced two of the main topics, we follow by outlining the contents of the thesis. We aim

to answer four main questions with sub-questions where required. These questions are:

1. Can we �nd an advantage for our system operating as a quantum thermal machine with initial

coherence when comparing against the completely thermal case?

(a) Do initial quantum coherences help or hinder the charging potential of a quantum battery

and work production from a quantum heat engine?

(b) Do correlations generated through quantum computational gates aid or signify stronger

work production in a quantum heat engine?

2. Does the trotterisation of the application of full CNOT gates offer a direct advantage to machine

operation?
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3. Does using non-identical qubits help or hinder in the performance of the system as a quantum

battery or a quantum heat engine?

4. Can we access the different thermal machine operating regimes, discussed in Section 1.2, with

our proposed system?

General theory, concepts, and ideas used throughout the thesis will be addressed in Chapter

2. Here, we will cover the formulation of: density matrix formalism, quantum thermodynamics,

correlations, protocol design, and the computational methods. Chapters 3 and 4 present an in-depth

analysis of our system operating as a quantum battery and quantum heat engine aiming to answer

questions 1 and 2. Question 3 will be addressed in Chapter 5, where we investigate how varying the

eigenenergy split of one of our systems components affects the quantum battery and quantum heat

engines performance. Question 4 will be addressed in Chapter 6, where we identify the operation of a

universal quantum thermal machine, with the regime dictated only by the initialisation parameters of

only one component. Finally, this thesis is concluded in Chapter 7, where we bring together the main

conclusions from each results chapter.





Chapter 2

Theory

In this chapter, we begin by introducing density matrix formalism, which is used to mathematically

describe our system discussing the motivations behind the initialisation parameters. This is followed

by the description of the investigated quantities, used to quantify the performance of two main

operating regimes: a quantum battery and a quantum heat engine. Once this framework is properly

outlined, we will then describe the form and function of the computational gates, followed by the

protocol design used to evolve our system. Finally, we outline the computational methods used to run

the simulations and produce data, with particular attention to non-trivial methods.

2.1 Density Matrix Formalism

Density matrix formalism was �rst introduced by John von Neumann [98] and independently by Lev

Landau in 1927 [99]. Von Neumann formulated the density matrix in order to develop both quantum

statistical mechanics and a theory of quantum measurements. In contrast, Landau's motivation was

attempting to address the impossibility of describing a subsystem of a composite quantum system

by a state vector [99]. We now choose to work in this well-established formalism for the following

reasons: its ability to characterise experimental situations where statistical uncertainty is present; its

ease of use in computational simulations; its ability to describe a subsystem of a composite quantum

system; its ability to represent thermal states. This is formalised through the density operator (r̂ ),

which describes the state of a single qubit or a composite system. In the following subsections, 2.1.2

and 2.1.3, we will describe the explicit form and initialisation of the qubits in our system for both

35
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mixed and pure states in line with the investigations in this thesis. We now write the postulates of

quantum mechanics, reformulated in terms of the density operator:

• Postulate 1 (Quantum States): A Hilbert spaceH known as the state space of the system,

is associated to each isolated physical system which is a complex vector space with an inner

product. The system is de�ned by a positive operatorr called the density operator. An operator

r is a density matrix associated with some ensemble of pure states if and only if it satis�es the

following three conditions [100, 101]:

Non-negativity condition: r is a non-negative operator,r � 0 , i.e. all diagonal elements are

positive real numbers;

Self-adjoint condition: r is a bounded, self-adjoint operatorr = r † de�ned on the entire

Hilbert space;

Trace condition: r has a trace equal to one,Tr[r] = 1 , i.e. the sum of all measurement

probabilities is 1.

We can now classify the different quantum states. A system in a fully known statejy i is

described as a pure state, for which the density matrix is given by

r = jy ihy j ; (2.1)

wherejy i is the state vector (often referred to as the wavefunction). The other type of quantum

state is the mixed state

r � å
k

pk jy kihy kj ; å
i

pi = 1 (ensemble of pure states): (2.2)

which is a "mixture" of different pure states in the ensemble ofr and cannot be simply described

by any single state vector. Equation 2.2 represents a state that incorporates both quantum and

classical uncertainty.

We can de�ne two conditions that can distinguish between the two state classi�cations [102]:

Tr[r 2] < 1 indicates a mixed state;Tr[r 2] = 1 indicates a pure state. For single-qubit states, the

density matrix can be represented on the Bloch sphere, where pure states lie on the surface and
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mixed states inside the sphere [100]. Finally, we can de�ne a measure of the degree of purityg

[102], g � Tr[r 2].

• Postulate 2 (Evolution): A unitary transformation describes the evolution of any given closed

quantum system. The initial state of some systemr (0) at timet(0) is related to some �nal state

r ( f ) at time t( f ) by a unitary operator U. This depends only on the times t(0) and t( f ) ,

r ( f ) = Ur (0)U†: (2.3)

The unitary evolution fromr (0) to r ( f ) is described by a unitary operator, which for all the

work presented in this thesis has the form of an Nth-root CNOT gate, described in Subsection

2.4.1.

• Postulate 3 (Quantum Measurement): A Quantum measurement is described by a collection

of measurement operatorsfM xg which act on the state space of the system being measured and

indexx refers to the measurement outcomes. If the state of the system before the measurement

is described by a density matrix r then the probability of the xth outcome is given by

p(x) = Tr[M †
x rM x]; (2.4)

with the post measurement state given by

r
0
=

M†
x rM x

Tr[M†
x rM x]

: (2.5)

The measurement operators satisfy the completeness equation,

å
x

M†
xMx = I; (2.6)

• Postulate 4 (Composite Quantum Systems): The tensor product of the state spaces of

component physical systems, i.e. multiple two-level systems such as a qubit, is the state space

of a composite physical system. Numbering these systems 1:::k with system i in state ri 2 H i ,

the product state of the total system isr 1 
 r 2::: 
 r k 2 H 1 
H 2::: 
H k. We have described

how to construct a composite system, now we describe the partial trace operation which removes
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a subsystem from the composite system. We begin with two systemsA andB, where the density

matrix r AB represents the composite system. We can de�ne the reduced density operator for

system A as,

r A � Tr B[r AB]; (2.7)

whereTrB is a map of operators known as the partial trace over systemB. The partial trace is

de�ned as [100]

TrB[ja1iha2j 
 jb1ihb2j] � ja1iha2j Tr[jb1ihb2j]; (2.8)

whereja1i , ja2i andjb1i , jb2i are vectors in the state spaceA andB, respectively. If we require

linearity in Equation 2.8 the de�nition of partial trace holds for any density matrix. The partial

trace operation is important to fully understand as it will be used extensively in this thesis to

compute the component qubits energies and to create bi-partitions from which we can quantify

correlations. The physical justi�cation that the reduced density matrix for A describes the state

of system A is that it provides the correct measurement statistics when measuring on system A,

i.e. its diagonal elements remain unchanged.

An example to consider is of an entangled two-qubit state, the Bell state(j00i + j11i )=
p

2,

where we aim to trace out the second qubit. For consistency here and for the rest of the thesis

we will call the �rst and second qubits A and B respectively. The Bell state density operator

has the form

r =
�

j00i + j11i
p

2

� �
h00j + h11j

p
2

�
(2.9)

=
j00ih00j + j00ih11j + j11ih00j + j11ih11j

2
: (2.10)

We now perform the partial trace onr to �nd the reduced density operator of qubit-A(r A), it

requires the equality Tr[jb1ihb2j] = hb2jb1i and Equation 2.8,
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r A = Tr B(r AB) (2.11)

=
TrB(j00ih00j)+Tr B(j00ih11j)+Tr B(j11ih00j)+Tr B(j11ih11j)

2
(2.12)

=
j0ih0j Tr(j0ih0j)+ j0ih1j Tr(j0ih1j)+ j1ih0j Tr(j1ih0j)+ j1ih1j Tr(j1ih1j)

2
(2.13)

=
j0ih0jh0j0i + j0ih1jh1j0i + j1ih0jh0j1i + j1ih1jh1j1i

2
(2.14)

=
j0ih0j + j1ih1j

2
(2.15)

=
I
2

: (2.16)

The resulting reduced density matrixr A gives insight into entanglement asr A is a mixed state

while the joint stater AB is a pure state.r A being in a mixed state means we have incomplete

knowledge of the state and this difference, where we have full knowledge of the joint system and

incomplete knowledge of the reduced state, is an indicator of quantum entanglement (discussed

in more detail in Subsection 2.3.3).

2.1.1 Coherences

Quantum coherence is derived from the superposition of quantum states and is the feature distinguish-

ing quantum mechanics from classical mechanics. Quantum coherence contained between different

components of a quantum system is the basis for the emergence of quantum correlations [100, 103].

The quantum coherence, which arises from the superposition principle, is a key non-classical feature

of a quantum system. We now give the form of thel1 - norm of coherence [104], thel1-norm is

widely used because of its intuitive link to off-diagonal density matrix elements and its straightforward

calculation. Consider a �nite-dimensional Hilbert spaceH with an orthonormal basisf j j i g, thel1 -

norm of coherence of a state r =å jk r jk j j ihkj on H has the form

Cl1(r) = å
j6=k

jr jkj; (2.17)

which is the absolute sum of all off diagonal elements of the density matrix r.

The pure state initialisation of qubit-B discussed in Subsection 2.1.3 allows for initial quantum

coherence between the groundj0i and excited statesj1i . The strength of the coherence is quanti�ed
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by the off-diagonal elements of the density matrix, as expressed in Equation 2.17. Thermal states

have no off-diagonal elements, resulting in Cl1(r Gibbs) = 0, signifying no initial coherence.

2.1.2 Gibbs States

We now discuss the Gibbs state initialisation in regards to the initialisation parameters for the

investigation into the quantum battery and quantum engine. The system we will be considering is

composed of either two- or three-qubits, labelled A, B and C. The Gibbs state arises naturally as the

unique steady state of a system weakly coupled to a large thermal reservoir [105]. The general form

of the Gibbs state is de�ned as [106],

r Gibbs = (1=Z)e�bH ; (2.18)

whereZ = å i e�be i is the partition function,b = (k BT)�1 is the inverse temperature parameter,kB

is the Boltzmann constant,ei are the eigenenergies of the HamiltonianH. Equation 2.18, speci�cally

the partition function, allows us to represent the statistical probabilities of a state prepared in thermal

equilibrium with heat baths at some temperatureT. This allows the system to be framed as a

thermal machine by having states initialised at a given temperature, allowing the investigation into

thermodynamic properties more readily. For our work we only consider the Gibbs state preparation

for a single qubit

r Gibbs; j = (1=Z j )exp�b j H j ; (2.19)

where explicitlyZ j = å i e�b j ei j , b j = (k BTj ) �1 , j represents the individual qubitsA;B or C, and

the single qubit Hamiltonian is given by

H j =

0

@
e1 j 0

0 e2 j

1

A : (2.20)

When considering the system as a quantum batterykBTA = 4e2B kBTC = 0:4e2B and when con-

sidering it as a quantum heat enginekBTA = k BTC = 40e2B. For the quantum battery, the difference

betweenkBTA andkBTC of an order of magnitude was initially chosen to observe if a �ow of energy

from qubit-A to qubit-C occurred when applying computational gates, with all qubits reaching some

equilibrium energy. An average energy equilibrium was not reached between the three-qubits, instead
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it was found that the system performed well as a quantum battery. The choice ofkBTA = k BTC

for the quantum heat engine was chosen for regime identi�cation when considering a system with

three-qubits, where identi�cation of which components of our system correspond to being "hot"

or "cold" is dictated by their initial average internal energy. As qubits A and C are initialised at

the same energy then they both can be considered as either "hot" or "cold", greatly simplifying the

identi�cation of the �ow of heat through the system. Qubit-B is only ever initialised in a Gibbs state

when comparing a completely thermally initialised system (A, B, and C initialised in a Gibbs state) to

one where we initialise qubit-B with initial coherence (pure state). This is done to investigate whether

having coherence in our initial system is bene�cial to work and ergotropy production.

2.1.3 Pure States

Unlike qubits A and C, qubit-B is initialised in a pure state for the majority of work in this thesis with

the purpose of introducing "quantumness" to the system through initial coherence. In this subsection

we will construct the density matrix for the pure state of a qubit and discuss the initialisation parameters

of qubit-B. The wavefunctionjy i is de�ned as

jy i = cos(q=2)j0i +e if sin(q=2)j1i : (2.21)

Here,q andf span the parameter space0 � q � p and0 � f � 2p . j0i is the ground state and

j1i is the excited state, forming our complete single qubit basisf j0i ; j1i g which are represented by

the vectors,

j0i =

0

@
1

0

1

A ; j1i =

0

@
0

1

1

A : (2.22)

We now construct the density matrix explicitly from Equations 2.1 and 2.21,

r pure= cos2 (q=2)j0ih0j +cos(q=2)sin(q=2)e�if j0ih1j

+sin(q=2)cos(q=2)eif j1ih0j +sin2 (q=2)j1ih1j :
(2.23)

Then writing rpure as a matrix in the computational basis fj0i; j1ig,
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j0ih0j =

0

@
1

0

1

A
�

1 0
�

=

0

@
1 0

0 0

1

A ; j0ih1j =

0

@
1

0

1

A
�

0 1
�

=

0

@
0 1

0 0

1

A ;

j1ih0j =

0

@
0

1

1

A
�

1 0
�

=

0

@
0 0

1 0

1

A ; j1ih1j =

0

@
0

1

1

A
�

0 1
�

=

0

@
0 0

0 1

1

A :

(2.24)

r pure becomes,

r pure =

0

@
cos2 (q=2) cos(q=2)sin(q=2)e�if

sin(q=2)cos(q=2)eif sin2 (q=2)

1

A : (2.25)

r B =

0

@
j0ih0j j0ih1j

j1ih0j j1ih1j

1

A (2.26)

We see that asq increases the excited population of qubit-B is also increased, which in turn

increases the initial energy of qubit-B up to the limit ofe2B. This is represented on the Bloch sphere,

which is the Hilbert space of a two-level system, with the state vector sweeping the surface of the

Bloch sphere fromj0i to j1i pointing north or south along the z-axis respectively. Varyingf rotates the

state vector around thez-axis and introduces an imaginary component to the coherence (off-diagonal

elements ofr pure), this is particularly important with the application of the Nth root CNOT gates

introduced in Subsection 2.4.1. Unlike standard CNOT gates, NRCGs contain imaginary components

that interact with the off-diagonal phase terms of Equation 2.25, further rotating the state vector

around the Bloch sphere's z-axis as the protocols are applied.

For our work the initialisation of all qubits is treated as a free resource which is convention when

working with quantum thermal machines as we are solely concerned with the energy dynamics of the

system as it undergoes some change. If our system was implemented in an experimental setting we

would indeed incur some energetic cost for initialising or reinitialising our qubits in a speci�c state.

In the case of the pure state initialisation they may be prepared via unitary rotations fromj0i using

single-qubit gates, i.e.Ry(q)Rz(f ) j0i [100]. Further, resetting our system between runs to operate as

a quantum heat engine (Chapter 4) would require returning qubit-B to its ground statej0i , erasing the

information of its previous state which is a process that has some energetic cost (discussed later in

Subsection 2.2.4), then re-preparing the qubit via unitary rotations.
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2.1.4 System Hamiltonians

We introduce the corresponding Hamiltonians which describe the energy eigenvalues for the qubits

and the total system. For the majority of the work presented in this thesis the individual qubits and

their Hamiltonians are identical, where explicitly

HA = H B = H C =

0

@
0 0

0 1

1

A : (2.27)

Throughout this thesis,e2B is used as the unit of energy, de�ned as 1, corresponding to the excited

state energy of qubit-B de�ned by the Hamiltonian in Equation 2.27. In Chapter 5 we investigate

the effects of non-equal qubits by increasing the eigenenergy gap of qubit-A while holding the

eigenenergy gaps of qubits B and C the same. For example the Hamiltonians of the component qubits

for an eigenenergy gap ratio of 6 between qubits A and C (DeA=DeB = 6) is

HA =

0

@
0 0

0 6

1

A ; HB =

0

@
0 0

0 1

1

A ; HC =

0

@
0 0

0 1

1

A : (2.28)

We now introduce the total system Hamiltonian for both the two- and three-qubit systems. It is a

non-interacting Hamiltonian of the form,

HSys= (H A 
 I) + (I 
H B) ; (2.29)

for the two-qubit system. For the Three-qubit system,

HSys=(H A 
 I 
 I) + (I 
H B 
 I) + (I 
 I 
H C) ; (2.30)

whereI is the single qubit identity matrix, andHA, HB, andHC are the Hamiltonians of qubits A,

B, and C respectively, as de�ned in Equation 2.27. This form is general for non-interacting systems

and can be extended to cover any number of qubits. A non-interacting Hamiltonian for the total

system is used as at the point of "measurement" the components of the system are non-interacting,

with interactions mediated solely through computational gates. While we only consider the non-

interacting Hamiltonian at the point of "measurement", during the dynamics induced by computational

gates the qubits interact and the Hamiltonian would be an interacting one. Interacting models (i.e.

Heisenberg [107] or Ising couplings [108]) are also common in quantum thermodynamics [12].
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Postulate 4 in Section 2.1 demonstrated how a composite quantum system can be constructed

from the state spaces of its component physical systems. We now introduce the composite system

used throughout this thesis. Two- or three-qubit systems are considered with the composite system for

each simply being

r AB 2 H A 
H B and rABC 2 H A 
H B 
H C (2.31)

respectively, where,H A, H B, andHC are the single-qubit Hilbert spaces. As our initial systems

do not have any entanglement then we can describe it as the product state of the component qubits

r (0)
AB = r (0)

A 
 r (0)
B and r (0)

ABC = r (0)
A 
 r (0)

B 
 r (0)
C ; (2.32)

where r(0)
A , r (0)

A , and r(0)
A are the initial states of qubits A B and C respectively.

2.2 Quantum Thermodynamics

In Section 1.1 we discussed the �eld of quantum thermodynamics and its relation to the design and

realisation of quantum thermal machines. The two main foci in this thesis are the optimisation of

quantum work and the enhancement of ergotropy, which is related but not equal to the work done on

the system. In this section we will discuss the formulations of the �rst and second laws of quantum

thermodynamics with the introduction of work and entropy, and examine how these laws translate

into quantum physics. We conclude with a discussion of ergotropy, a key concept for quantifying

quantum battery performance.

2.2.1 Quantum Work

When considering thermodynamics we are interested in the energy and variation of energy, classi�ed

as work and heat. We begin by discussing the formulation of the �rst law of quantum thermodynamics

which describes the change in internal energy DU of a closed classical system

DU = Q+W; (2.33)

where the change in energyDU is described by the work done on the systemW plus the heatQ

supplied to the system. Classical systems, however, are large enough that any quantum effects are
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negligible when considering the overall change in energy of the total system. Conversely, in quantum

systems, �uctuations and other effects become signi�cant [12], as they now constitute a considerable

contribution to the overall change in energy. It is clear we now need a de�nition of work and heat that

encapsulate these quantum effects.

We begin with the internal or average energy of a system, which is described by the expectation

value

U(r) = Tr[rH]; (2.34)

whereH is the Hamiltonian andr is the density matrix of some quantum system. The change

in internal energy of a system when it evolves from an initial state over the intervalt 2 [0;t] [109]

has contributions from two types of energy transfer which are work and heat. The equation for this

change in internal energy, which follows from Equation(2.34), is given as the difference between the

initial average internal energy of the system and the �nal average internal energy of the system,

DU = Tr[r (t) H(t) ] � Tr[r (0)H(0) ]: (2.35)

Here,r (0) andr (t) are the initial and �nal state of the system,H(0) andH(t) are the initial and

�nal Hamiltonian after some timet. Now the de�nitions of work and heat in quantum thermodynamics

need to be motivated. Work is considered a useful energetic resource and arises from the controllable

part of the system, as the time-variation of the Hamiltonian is controlled by an experimenter any

change in energy corresponding to its time-variation is considered work. When considering the

heat as an energetic change it is uncontrolled and wasteful [106, 110–112], associated with the

recon�guration of the system state due to the system's coupling to the environment or change in

the system's Hamiltonian. Using the above explanation for work and heat we arrive at the formal

de�nition of average work done on a system

hWi =
Z t

0
Tr[r (t) �H(t) ]dt; (2.36)

wherehWi is the ensemble average (implied by the trace operation) and�H is the time varying

controlled change in the Hamiltonian. This time variation in the Hamiltonian also induces uncontrolled

energy changes via the recon�guration of the system state (�r ), leaving us with the formal de�nition of

the average heat absorbed by the system



46 | Theory

hQi =
Z t

0
Tr[ �r (t) H(t) ]dt; (2.37)

wherehQi is the ensemble average. Working from the above Equations 2.36 and 2.37, and

knowing that the total change in the average internal energy is the sum of the average heat and the

average work done on the system we can say that

hWi+hQi =
Z t

0

d
dt

Tr[r (t) H(t) ]dt: (2.38)

As we can see that Equations 2.33 and 2.38 are equivalent then we can de�ne the �rst law of

thermodynamics for quantum systems [11] as

DU = hQi+hWi: (2.39)

As in this thesis we will be working with closed quantum systems and there is no heat exchanged

with the environment then Equation 2.38 simply becomes,

DU = hWi = Tr[r (t) H(t) ] � Tr[r (0)H(0) ]: (2.40)

Both heat and work are process-dependent, determined by how the system evolves in time (i.e.

from (r (0) ;H(0)) to (r (t) ;H(t) ). They do not correspond to any direct observables [113], where

depending on the process (if only heat or work is produced for a closed system), they require two

measurements to be done. When considering a more general open system with an applied driving �eld

this picture becomes more complicated, as separating work and heat from two measurements is not a

trivial task. This leaves these quantities a challenge to measure as they can often be indistinguishable

from each other when we do not have complete knowledge of the evolutionary process of the system.

Conversely, the average internal energy is an observable which can be found from Equation 2.34 and

only depends on a single measurement.

2.2.2 Two-point Measurement Protocol

As discussed in the previous section work is not an observable and to determine the average total work

of a process (such as a unitary evolution) the system requires two measurements: one measurement

of the systems initial state, and one measurement of the systems evolved state. This measurement
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technique is called the two-point energy measurement protocol [114, 115], which has shown it

can be used to recover the work distribution and the average total work for a system as long as the

measurement apparatus is initially prepared in an energy eigenstate [114]. This two-point measurement

scheme leads to work �uctuations as, for example, when repeating a shot (where a shot here is one run

of a unitary evolution) in an experimental setup our initial and �nal measurements will possibly result

in different observations due to the collapse of the wave function describing the quantum system.

In practice, when applying this measurement protocol experimentally the entire processes of initial

and evolved state measurements following the systems evolution will have to be repeated numerous

times to build a work distribution from the different observations from which we can recover the

average total work for a process. There have been proposals to avoid the need of multiple observations

by constructing a matrix of transition probabilities between initial and �nal eigenstates of a driven

protocol, using this to reconstruct the quantum work probability distribution.

There have been proposals to avoid the need of multiple observations. One proposal focuses on

the construction of a matrix of transition probabilities between initial and �nal eigenstates of a driven

protocol, using this matrix to reconstruct the quantum work probability distribution [25]. Another

proposal uses an ancilla-assisted measurement of the characteristic function of the work distribution,

relying on an interferometric approach, it delegates the retrieval of the required information to routine

measurements performed on a �nite-sized ancilla [116].

2.2.3 Entropy

We now discuss the formulation of the entropy. Splitting the change in energy of a system into

heat and work, as seen in Equations 2.36 and 2.37, is essential for formulating the second law of

thermodynamics. It is a fundamental law, setting the limit on work extraction in heat engines and

establishes the concept of irreversibility. The change in a reversible thermodynamic process is used to

de�ne the thermodynamic entropy Sth

DSth :=
Z

rev

hdQi
T

; (2.41)

whereT is the temperature when the system exchanges heat with a bath andhdQi is the average heat

absorbed by the system.



48 | Theory

Using Equation (2.41) and observing that any cyclical process satis�es the inequality

I hdQi
T

� 0; (2.42)

we get the Clausius inequality

Z hdQi
T

� DS th; where for constant T this reduces to hQi � TDSth: (2.43)

This inequality states that the change in entropy of a system must be greater or equal to the average

heat absorbed by a system during a transformation or process divided by the temperature at which

this heat is exchanged. The Clausius inequality sets an upper bound on the heat that a system is able

to absorb and this is assumed in previous works to be valid in the quantum regime [109, 110]. The

free energy of a system with a Hamiltonian H in contact with a heat bath is

F(r) := U(r) � TS th(r): (2.44)

Combining the Clausius inequality(2.43)with the free energy Equation(2.44)results in the upper

limit on the extractable work from a thermodynamic process

hWexti = �hWi = �DU +hQi � �DU +TDS th = �DF: (2.45)

The heat and work, which is either absorbed or extracted is dependent on the speci�cs of the

process. We now consider equilibrium statesr Gibbs (Equation 2.18) where the thermodynamic entropy

Sth equals the information theoretic entropyS, multiplied by the Boltzmann constantkB given by

S(r th)kB = Sth(r th) [11]. The information theory entropy, known as the von Neumann entropy is

de�ned as

S(r) := �Tr [r lnr] ; (2.46)

for a stater of a subsystem. It is often interpreted as a measure of entanglement between pure

states [117] when considering the entropy of one of the partitions, giving an idea of uncertainty in a

system. The von Neumann entropy also quanti�es the degree of mixedness of a state, vanishing for

pure states and reaching its maximum for maximally mixed states [100]. The thermodynamic entropy
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is assumed to be extended to non-equilibrium states by information theoretic entropy though there

are still debates on whether this equivalency is true [118], though recent work has showed that the

second law of information thermodynamics is universal [119] for any quantum feedback control or

erasure protocol. This assumption is made when applying the von Neumann entropy to the analysis of

thermodynamic processes and calculating ef�ciencies of quantum thermal machines [10].

2.2.4 Landauer's Erasure Principle

We now discuss Landauer's erasure principle, introduced by Landauer in a seminal paper [120]

investigating the thermodynamic cost of information processing tasks, speci�cally the energy cost

of erasing information. This is relevant to the work presented in Chapter 4, as running a quantum

heat engine over multiple cycles requires erasing the single-qubit states in the working medium,

returning them to the ground statej0i prior to reinitialisation. Landauer found that erasing one bit of

information required a minimum dissipation of heat governed by the following equation,

hQmin
dis i = k bT ln2; (2.47)

where the erased information is dissipated as heat to a surrounding environment andT is the

temperature of the environment at equilibrium. The erasure of one bit refers to the system transitioning

from an initially unknown state, one of two equally probable states, to a fully known state, for example,

the ground statej0i . The energetic cost of the heat dissipation of the erasure is balanced by the

minimum work that must be done on the system at a constant average energy (DU = 0),

hWmini = DU �hQi = hQ min
dis i: (2.48)

When discussing Landauer's erasure principle, one must also mention the Maxwell's demon

paradox, which Bennett [121] argued could be resolved by accounting for the information stored in

the demon's memory, information that must be erased to return the system to its initial conditions.

Bennett's argument thus resolves the paradox: once the energy required to erase the demon's stored

information is accounted for, the second law of thermodynamics is satis�ed, as this energy cost

cancels the work extracted, resulting in no net gain.
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Landauer's principle, which was originally formulated for the erasure of a classical bit, can be

extended to the erasure of a general mixed quantum state (r ) transformed to the ground statej0i ,

consistent with the second law (Equation 2.43) [11]. The minimum required heat dissipation is

hQmin
dis i = k bTS(r): (2.49)

2.2.5 Ergotropy

Ergotropy is de�ned as the maximum amount of work that can be extracted from a quantum system

by means of a cyclic and unitary operation [77, 122] and is the primary measure used to explore

the performance of a quantum batteries capacity for energy storage [74, 79]. We aim to show the

limits of the extractable work from a system allowed by quantum mechanics while comparing to their

classical counterparts, enabling us to then identify potential quantum advantages. We now consider

the ergotropy,

Wmax := Tr [rH] �min
U

fTr[UrU †H]g; (2.50)

which is optimised over all unitary operators. Explicitly, Equation 2.50 describes the maximum

difference in energy of our system between the stater and some unitary evolutionUrU † that

minimises the energy of the system. This minimisation results in a state from which no more work

can be extracted, such a state is called a passive state. A quantum states r is called passive if no work

can be extracted from it for all unitaries U so it obeys the following inequality,

Tr
�
s r H

�
� Tr

�
Usr U†H

�
: (2.51)

Following from Equation 2.51,s r is passive if and only if it is diagonal in the basis of the

Hamiltonian H and its eigenvalues are non-increasing with the energy [106, 111],

s r =
n

å
j=1

sj j j ih j j with sj+1 � s j : (2.52)

For any stater = å rk jkihkj, wherek are the eigenstates ofr , there exists a unique passive state

that minimises the termTr
�
UrU †H

�
in Equation 2.50. The passive state is obtained by some unitary
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operation which rearranges the eigenvalues ofr in descending order to achieves r , fr kg ! fr 0
kg, and

has the form,

s r = U r rU †
r =

n

å
k=1

r0
k jkihkj : (2.53)

In generalr does not initially need to be diagonal to �nd the passive states r , as we can �rst

diagonalise r with a unitary operation and then rearrange the eigenvalues in descending order.

The maximal amount of work extractable from a battery is then the surplus energy of the initial

state with respect to the passive states r with the same eigenvalues asr , the reordering of eigenvalues

is illustrated in Figure 2.1. From this description it follows that for any given stater there exists a

unique passive state sr that maximises the extractable work.

Fig. 2.1 A 5-level system in stater = 0:1 j0ih0j +0:2 j2ih2j +0:3 j3ih3j +0:4 j4ih4j has an associated
passive states r = 0:4 j0ih0j +0:3 j1ih1j +0:2 j2ih2j +0:1 j3ih3j which can be used to extract ergotropy
by means of some unitary operation as described in Equation 2.53. Such a unitary operation in this
case would be U =j0ih4j + j1ih3j + j2ih2j + j3ih1j + j4ih2j (adapted from [77]).

With that we can now express the ergotropy in terms of the passive state,

Wmax := Tr [rH] �Tr[s r H]: (2.54)

In many-body systems, ergotropy can exhibit collective enhancements, "quantum advantages",

where correlated or entangled states yield higher extractable work than uncorrelated states [31]. From

Equation 2.52 we can see that all thermal states,r Gibbs = (1=Z)exp�bH , are passive as they commute

with the HamiltonianH and their eigenvalues decrease with energy. However, in general, passive

states need not be thermal, and �nding sr reduces to a sorting problem in the eigenbasis of H.
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An important point to make is that a system composed of individual passive states is not necessarily

in a passive state itself, which has implications when dealing with many-body systems.

2.3 Correlations

In this section we will discuss correlations between different components of a composite system and

the ways they may be characterised. In this thesis we show that correlations aid in the production of

work when considering a heat engine, so quantifying them is an important step in our analysis. First,

we will discuss the mutual information in Subsection 2.3.1. Second, we will describe the quantum

discord and entanglement of formation, which are entirely quantum effects, in Subsections 2.3.2 and

2.3.3 respectively.

2.3.1 Mutual Information

The mutual information captures all correlations shared between the components of a chosen bi-

partition and has two equivalent classical expressions,

I(A : B) = H(A)+H(B) �H(AB); (2.55)

and

J(A : B) = H(A) �H(AjB): (2.56)

The quantum generalisation for the �rst expression of the mutual information quanti�es the total

correlations in some bi-partite system which includes both quantum and classical parts [123]. It is

symmetric about the bi-partition and has the form [124],

I(r AB) = S(r A) +S(r B) �S(r AB): (2.57)

Here the Shannon entropyH(A) [125] has been replaced by the von Neumann entropy [100, 126],

Equation 2.46, which is equivalent when using this expression for quantum systems.

Equation 2.57 is the main method of quantifying correlations we will be using for the work in this

thesis, when discussing the mutual information, we will be referring to this de�nition. It also forms

the basis for the formulation of the quantum discord described in Subsection 2.3.2. We now perform

the quantum generalisation of Equation 2.56, which requires determining the conditional entropy. The
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quantum description ofJ(A : B) is interpreted as the information gained about subsystem A with a

measurement on subsystem B and has the form,

J(r AB)fP B
j g = S(r A) �S(r AjfP B

j g): (2.58)

whereS(rAjfP B
j g) is the conditional entropy [125] for subsystem A when the complete measure-

ment over subsystem B is done, andfP B
j g represents the set of projectors with which we perform the

measurement. As the conditional entropy requires a measurement on one part of the bi-partition it

is non-symmetricJ(A : B) 6= J(B : A)whereas the mutual information described in Equation 2.57 is

symmetric about the bi-partition I(A : B) = I(B : A).

2.3.2 Quantum Discord

With both measures of mutual information described for the quantum case we can now formulate the

quantum discord �rst introduced by Ollivier and Zurek [127]. It is the measure of the total quantum

correlations shared between a bi-partition and is non-symmetric much like Equation 2.58. Importantly,

quantum discord has been shown to increase the performance and ef�ciency of a quantum Otto

cycle engines [128, 129] which is relevant to our work. Maximisation overJ(r AB) encompasses the

maximum classical correlations that can be obtained from the chosen bi-partition with any remaining

correlations being completely quantum.S(rAjfP B
j g) is the conditional entropy over the complete

orthonormal measurement basis fjui ; jvi g and is given by

S(rAjfP B
j g) = å

j=u;v
p jS(rAjPB

j
); (2.59)

which is the sum of the von Neumann entropies of the post measurement states, yielding the conditional

entropy of A given the complete measurementfP B
j g on B. The post-measurement state of A that

corresponds to the outcome of the measurement on B has the form,

r AjPB
j

= (P B
j )r AB(P B

j )=pj ; p j = Tr[P B
j r AB]; (2.60)

and the complete orthonormal measurement basis for a single qubit fjui ; jvi g is,

f jui = cos(q=2)j0i +sin(q=2)eif j1i ; jvi = sin(q=2)e�if j0i � cos(q=2) j1i g: (2.61)



54 | Theory

This basis is used to create projectors for the measurementPB
u = I A 
 juihuj andPB

v = I A 
 jvihvj

whereIA is the identity matrix with dimensionality corresponding to that of subsystem A. We can

now de�ne the quantum discord [127] which has the form,

D(A : B)fP B
j g = I(A : B) �max

PB
J(A : B)fP B

j g;

D(A : B)fP B
j g = min

PB
[S(B) �S(AB)+S(AjfP B

j g)]:
(2.62)

To satisfy the minimisation criteria of the discord, we maximise the conditional entropy term

S(AjfP B
j g) over0 � q � p and0 � f � 2p . Quantum discord depends only on the density matrix

r AB and the projectorsfP B
j g, with these we can obtain a minimised value of quantum discord when

considering all possible measurements. The minimisation value is a special point, representing the

quantum discord in which subsystem A is least disturbed and allows the most information to be

extracted about subsystem A. Hence, the quantum discord can be considered as a measure of quantum

correlations, as the quantum discord measures the quantity of information that cannot be obtained by

performing the measurement on one subsystem alone. Quantum discord for the three-qubit system

requires an expansion of our measurement basis to cover two qubits simultaneously due to asymmetry

in the bi-partition,

f jui
�
�u0� ; jui

�
�v0� ; jvi

�
�u0� ; jvi

�
�v0� g; (2.63)

where,

jui = cos(q=2)j0i +sin(q=2)eif j1i ; jvi = sin(q=2)e�if j0i � cos(q=2) j1i
�
�u0� = cos(q0=2)j0i +sin(q 0=2)eif 0

j1i ;
�
�v0� = sin(q 0=2)e�if 0

j0i � cos(q 0=2)j1i :
(2.64)

Projectors are created the same way as for the single qubit measurement,

PAC
uu0 = juihuj 
 I 


�
�u0� 
 u0

�
� ; PAC

vu0 = jvihvj 
 I 

�
�u0� 
 u0

�
� ;

PAC
uv0 = juihuj 
 I 


�
�v0� 
 v0

�
� ; PAC

vv0 = jvihvj 
 I 

�
�v0� 
 v0

�
� :

(2.65)

Measurement is performed for all values of0 � q � p , 0 � f � 2p , 0 � q 0� p , and0 � f 0� 2p .

We note there is an analytical form of the quantum discord for a subclass ofX structured density

matrices [130] and not applicable here. Completely classical correlations are also considered. As the

quantum discord encapsulates all the quantum correlations in the mutual information then it follows
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that the remaining correlations are completely classical,

CC(A : B) = I(A : B) �D(A : B) fP B
j g: (2.66)

WhereCC(A : B) is the total classical correlations when measuring on B,I(A : B) is the mutual

information and D(A : B)fP B
j g is the quantum discord.

2.3.3 Entanglement

We have just shown how to quantify the total quantum correlations. Now, we discuss one of the

most interesting phenomena that can emerge in quantum systems, entanglement. Entanglement is a

property which cannot be described by classical physics and may contribute to the quantum discord.

It is shared between two or more components of microscopic systems with no counterpart in the

classical world, rendering it a purely quantum effect. Entanglement is not limited by distance, i.e.,

two components may be separated considerably and a change to one part can immediately cause a

change to the other. It relates to quantum correlations that are based in the non-separable state vector

of quantum systems [124, 131, 132]. We quantify entanglement using the entanglement of formation

(EOF) [133], in general it can be extended to all bi-partite systems though this not a trivial task. We

introduce the special case which quanti�es the entanglement of any arbitrary pair of qubits A and B

and can be used regardless of if they are in a mixed or pure state. It has the form

EOFAB = �x log 2x � (1 � x) log 2(1 � x); (2.67)

wherex = 1�
p

1�t
2 , t = [max(l 1 � l 2 � l 3 � l 4;0)], l i =

p
ei the square root of the eigenvalues

ei , andei are the eigenvalues of the matrixr ABr AB. Herer AB is the reduced density matrix of sites

A and B andr AB is the spin-�ippedr AB, sor AB = (s A
y 
 s B

y )r �
AB(s A

y 
 s B
y ). TheEOF can take any

value between0 and1, where0 represents no entanglement and1 represents a maximally entangled

state (such as a Bell state) of qubits A and B. With this, we can now analyse how the qubits within our

system form entanglement with their counterparts as we apply our protocol.
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2.4 Protocol Design

2.4.1 Nth Root and Full CNOT Gates

Now that the system has been described and the quantities of interest de�ned, we begin describing the

computational gates used and the design of the protocols. Here, we will derive the full CNOT gate

before introducing the Nth-root CNOT gate (NRCG). The CNOT gate is an entangling gate which

may generate entanglement and correlation between the two qubits involved in their operation. Out of

the two-qubits, one is designated as the control and the other is the target. They are unitary operations

for which the state of the control qubit dictates if the application of the gate affects the state of the

target qubit. We now derive the form for the two-qubit CNOT gate using the computational basis set

f j00i ; j01i ; j10i ; j11i g for two-qubits, which we will call A and B(jABi ), with 0 being the ground

state and 1 being the excited state. Here,

j00i =

0

B
B
B
B
B
B
@

1

0

0

0

1

C
C
C
C
C
C
A

; j01i =

0

B
B
B
B
B
B
@

0

1

0

0

1

C
C
C
C
C
C
A

; j10i =

0

B
B
B
B
B
B
@

0

0

1

0

1

C
C
C
C
C
C
A

; j11i =

0

B
B
B
B
B
B
@

0

0

0

1

1

C
C
C
C
C
C
A

: (2.68)

Input Output

AC BT AC BT

j0 0i j0 0i

j0 1i j0 1i

j1 0i j1 1i

j1 1i j1 0i

Input Output

AT BC AT BC

j0 0i j0 0i

j0 1i j1 1i

j1 0i j1 0i

j1 1i j0 1i

Table 2.1 Truth tables used for the construction of the two-qubit CNOT gates. Left table with A as the
control qubit and B as the target qubit. Right table A as the target qubit and B as the control qubit.

Table 2.1 shows the result of a CNOT gate application which determines the exact form of the

CNOT gate. We look at the input column, where qubit-A is the control qubit and qubit-B is the target
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qubit. We can see that if the control qubit is in its ground state then we have no change in the output,

j01i ! j01i , if the control qubit is in its excited state then we see a change in the state of the target

qubit, j10i ! j11i . The right table shows that when qubit-B is the control and qubit-A is the target

it results in a different output. Combining the computational basis de�ned in Equation 2.68 and the

truth tables in Table 2.1 we see that the matrices representing the operation of the standard CNOT

gates for the two-qubit system are,

CNOTA;B =

0

B
B
B
B
B
B
@

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

1

C
C
C
C
C
C
A

; CNOTB;A =

0

B
B
B
B
B
B
@

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

1

C
C
C
C
C
C
A

: (2.69)

The �rst subscript represents the control qubit and the second subscript represents the target qubit.

The NRCG [134] is a method of partially applying a full standard CNOT gate. It is a unitary operation

and in the standard basis is represented by the matrices

N
p

CNOTA;B =

0

B
B
B
B
B
B
@

1 0 0 0

0 1 0 0

0 0 s p

0 0 p s

1

C
C
C
C
C
C
A

; N
p

CNOTB;A =

0

B
B
B
B
B
B
@

1 0 0 0

0 s 0 p

0 0 1 0

0 p 0 s

1

C
C
C
C
C
C
A

: (2.70)

Here,s = 1
2 + 1

2e
ip
N andp = 1

2 � 1
2e

ip
N . The form of the standard CNOT gate is recovered whenN = 1

and for a single gate protocol, the �nal stater for N applications of the NRCG is identical to one

application of a full CNOT gate. The NRCGs for the three-qubit system, with qubits A B and C, can

be shown to be of the form,

N
q

CNOTA;BjC = N
p

CNOTA;B 
 I; N
q

CNOTB;CjA = I 
 N
p

CNOTA;B;

N
q

CNOTB;AjC = N
p

CNOTB;A 
 I; N
q

CNOTC;BjA = I 
 N
p

CNOTB;A:
(2.71)

Here,I is the two-dimensional identity matrix, andN
p

CNOTA;B is the two qubit NRCG as de�ned

in Equation 2.70.N
p

CNOTi; jjk is the three-qubit NRCG, wherei is the control qubit,j is the target

qubit, and k is the qubit not being operated on with the NRCG.
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We chooseN = 15, as multiple applications of the gate with this value ofN demonstrates

smooth evolution of the state of the system as the protocol is applied. WhenN > 15, we see no

real improvement while only increasing the run time of the simulation. Further, a larger value ofN

requires more applications of the gate per cycle (where a "cycle" is de�ned as N protocol applications),

resulting in a more challenging implementation of the system experimentally.N < 15 moves the

NRCG closer to a standard full CNOT gate and evolves the state of the system in a more staggered

way. This can be seen in Figure 2.2 when examining the ergotropy (Equation 2.54), we observe that

as N increases we observe a smoother evolution of the system.

Fig. 2.2 Ergotropy (y-axis) for the Case 1 three-qubit system of the total system over two cycles of
iterations (x-axis). Panels from top-left to bottom-right increase the value ofN from 5 to 30 in steps
of 5 demonstrating a 'smooth' evolution at N = 15.

The equivalence of the NRCG to a standard CNOT gate can easily be checked to show that

CNOT = (NRCG)N. In the limit of largeN, N iterations of the NRCG could be seen as a trotterisation

of the CNOT gate, aiming to explicitly implement the gate as an adiabatic dynamics with similarity to

collisional models that utilise partial SWAP operations [135, 136]. This implementation also gives

explicit access to intermediate states, e.g. allowing for the opportunity to use states with different

degrees of entanglement from the end result of the full CNOT gate.

We can �nd a link between the NRCG and an adiabatic transformation when looking at the

evolution of the state. The NRCG provides access to intermediate states between the initial and �nal
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state when applying the full CNOT. This is analogous with an adiabatic transformation, as whenN

tends to in�nity the change to the state of the system for each gate application is in�nitesimally small,

much like we see in adiabatic transformations.

2.4.2 Protocol Design

Now that the forms of the NRCGs have been de�ned: it is time to describe the forms of the protocols

and how they will act on our system. A schematic of the protocols is shown in Figure 2.3 for the

three-qubit systems. The two-qubit system protocols are recovered with the removal ofr C and the

second controlled gate block. We examine three ways of applying interactions, labelled Case 1,

Case 2, and Case 3 (Figure 2.3(b)). Cases 1 and 2 examine the dynamics when one of the qubits

is never the control qubit, with this being either qubit-A or -C for the three-qubit systems and A

or B for the two-qubit systems. This allows for an investigation into how having control qubits

prepared in different initial states affects how the state of the system evolves and how this will affect

thermodynamic properties, i.e. for the Case 1 and 2 three-qubit systems, if qubit-A is initially in a

higher energy state than qubit-C, the dynamics will differ. Case 3 examines the protocol where all

qubits are either a control or target qubit over the course of one iteration: here we see the state of all

qubits (A, B, and C for the three-qubit system) evolved as the protocol is applied demonstrating more

complex dynamics.

When the number of iterationsM is equivalent toN we consider the system to have run over

a "cycle" (M = N ); this is where the NRCG is equivalent to a standard full CNOT gate under a

single-gate operation protocol. This is an important point in the system's operation to highlight, as

it signi�es the best conditions for direct comparison between results from CNOT and NRCGs. We

note that in all three-qubit protocols, as NRCGs are applied to different qubits or alternate different

control/target qubits, successive iterations will not generate full CNOT gates. Instead, for Cases 1 and

2 and the two-qubit system, multiples ofN iterations of the circuit will be equivalent to the application

of multiple standard CNOT gates; however, fractions ofN iterations will allow access to intermediate

states in the evolution leading to a CNOT.
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Fig. 2.3 (a) Circuit diagram for the three-qubit protocols: the full protocol includesM iterations, each
composed of two blocks of gates (blue squares). IfM = N , the protocol is said to run over a "cycle".
(b) The protocols considered, i.e., case 1, case 2, and case 3, differ by the set of gates within each
`controlled gate' block, as indicated. A two-qubit protocol emerges from the circuit in panel (a) by
removing qubit-C and the second controlled gate block.

The system is evolved, corresponding to the quantum circuits in Figure 2.3, to the evolution

r ( f )
sys = Ur (0)

sysU†; (2.72)

wherer (0)
sys is the initial density matrix of the total system andr ( f )

sys indicates the total density matrix

after one iteration. The unitaryU represents the controlled gates speci�ed in Figure 2.3, as appropriate

to each protocol, with NRCGs of the form in Equation 2.70. The unitaries (U) represented here are the

NRCGs introduced in Section 2.4 and have the form of Equation 2.70. The operators that represent

the gates must be unitary satisfyingU†U = UU† = I , and the following three statements are properties

of a unitary operator:

1. The operation must conserve the scalar product;
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2. The operation must conserve the norm, ensuring the total systems probability always sums to 1

(i.e. trace condition in Section 2.1);

3. The operation must be reversible with no dissipation or loss of information preserving the

entropy of the total system.

2.5 Computational Methods

For the work presented in this thesis and published and submitted articles [137, 138], new code was

created for calculating and analysing data. In this section we will discuss the code, how it operates,

and the main functions implemented. The evolution of the system, calculation of desired quantities,

and graphing is performed entirely in Python leveraging the following packages: numpy, scipy, pandas,

matplotlib.

This section will be split into two subsections. First, we will provide an overview of the full

operation of the code and the three different types of "run" with the corresponding algorithm used to

evolve our system. Second, we will discuss the corresponding algorithms used to calculate the less

obvious quantities investigated, which have been discussed in the two previous sections, 2.2.5 and

2.3.1, ergotropy and quantum discord.

2.5.1 Protocol Application and System Evolution

Figure 2.4 shows an overview of the code's operation including the evolution of the system and the

three different types of "run". Here, the core code and process for each of these "runs" is identical in

regards to the protocol application and recording of data: the difference is in how we iterate over a

chosen parameter space. The "standard" operation is used for single shot runs where all initialisation

parameters are speci�ed at the start of operation and the protocol is applied for the chosen number of

iterations. The "theta scan" and "maximum value scans" operate within a speci�ed parameter space,

which is the full range ofq, or q andf respectively. For eachq andf combination, the protocol is

applied for the chosen number of iterations and desired quantities are recorded. The three types of

"run" accomplish different goals; "standard" is used to probe speci�c initialisation parameters which

may be of particular interest. The "theta scan" is used to investigate the behaviour of the system as we

sample0 � q � p in 25 steps for a �xed value off where we may be interested in strongly performing

regions for particular quantities. The "maximum value scan" samples the parameter space0 � q � p
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Fig. 2.4 Flow chart showing an overview of the written code for three different modes of operation,
"standard", "theta scan", and "maximum value scan". Blue rectangles represent processes, green
diamonds represent decisions and the purple trapezoid represents the input of initialisation parameters.

and0 � f � 2p in 25 steps each. Here, we are �nding optimal initial parameters for maximising a

desired quantity. For example, if we are interested in when the system produces the maximum amount

of work, we would run a maximum value scan where we then record the maximum value and the
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corresponding initialq andf . It is also used to produce surface plots of the measured quantities to

visualise their dependence onq andf , which we will see is a valuable tool in later chapters of this

thesis.

For the research presented in all chapters the core of the code involves the evolution of our

system by a unitary operation (equation 2.72) whose form is decided by our chosen protocol shown in

Figure 2.3. This process is represented by pseudocode in Table 2.2. First the states of the component

qubits are initialised as desired and the composite system is createdr (0)
ABC = r (0)

A 
 r (0)
B 
 r (0)

C using

the numpy.kron() routine to perform the tensor product. The initialisation parameters arekBTA and

kBTC for qubits A and C, for qubit-Bq andf . As the protocol is applied, the evolved systemr (i)
ABC is

fed back into the algorithm and evolved again into some new stater (i+1)
ABC . Between iterations each

quantity is calculated by its respective function. For quantities related to the component qubits we

take the partial trace to �nd the reduced density matrix, e.g.r A = Tr BC[r ABC]. This process ends

when the total number of iterations is reached and data is exported as CSV �les, with visualisation

performed in

Algorithm 1: Evolution of the system

1: Set up system parameters (number of iterations, N,q, f , kBTA, kBTC, H j where j = A; B; C).

2: Initialise and create: component qubit density matricesr j where j = A; B; C; composite

system r(0)
ABC = r (0)

A 
 r (0)
B 
 r (0)

C using the numpy.kron() routine; NRCGs.

3: Iteratively evolve rABC with r (i+1)
ABC = Ur (i)

ABCU† .

4: Calculate and save desired quantities.

5: Repeat steps 3 and 4 until the total number of iterations has been reached.

Table 2.2 Algorithm showing how the system is initialised and evolved with the written code. Shown
in Figure 2.4 as the "Evolution of System" block of processes.

a separate script. For all calculations involving the NRCG, the system evolution, and the mea-

surement of ergotropy and quantum discord, care is taken to ensure that numerical errors do not

accumulate in the total density matrix. If sampling the initial parameter space,q andf for qubit-B,

then the algorithm described in Table 2.2 is repeated for each combination.
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2.5.2 Pseudocode Representation of Key Functions

In this subsection we will discuss the process of calculation for the more involved quantities of interest

used in this thesis. An in-depth mathematical description of each quantity is performed earlier in the

chapter and as such we will now focus on the explicit implementation of these functions.

Algorithm 2: Ergotropy

1: Required inputs: Total system density matrix
�

r (i)
ABC

�
; total system Hamiltonian (HSystem).

2: Diagonalise the total system density matrix using the numpy.linalg.eig() routine.

3: Order the eigenvalues of the diagonalised matrix in descending order to match the ordering of

the energy eigenvalues of the Hamiltonian, thereby creating the passive state (sr ).

4: Perform the calculation of the ergotropy as perWmax := Tr [rH] � Tr[s r H] using the

numpy.trace() and numpy.dot() routines.

Table 2.3 Pseudocode representing the operation of the function used to calculate the ergotropy.

First, we will discuss the ergotropy, which is the basis for numerous performance measures for the

work presented in Chapter 3 and part of the work presented in Chapter 5. The function is described

with pseudocode in Table 2.3. We use three routines from the numpy package, numpy.linalg.eig(),

numpy.trace(), and numpy.dot(), to effectively calculate the ergotropy from the total system density

matrix and Hamiltonian. The key steps in Table 2.3 are 2 and 3. We �rst diagonalise the matrix, then

order the eigenvalues to be non-increasing with the energy eigenvalues of the Hamiltonian to create

the passive state (sr ). It is then trivial to calculate the ergotropy from Wmax := Tr [rH] �Tr[s r H].

The calculation of the quantum discord (pseudocode representation shown in Table 2.4) is the most

computationally taxing process as the entire parameter space (q andf ) is sampled for the complete

single-qubit measurement basis,f jui = cos(q=2)j0i + sin(q=2)eif j1i ; jvi = sin(q=2)e�if j0i �

cos(q=2)j1i g. It was found that a "high level" of granulation (R) was needed when calculating

the quantum discord to accurately �nd the minimum value. Here,R = 20 is chosen forming a

20 �20 parameter grid forq andf , as it provided the best balance between speed of execution and

accurate identi�cation of the minima. When considering the two-qubit complete measurement basis

f jui = cos(q=2)j0i +sin(q=2)eif j1i ; jvi = sin(q=2)e�if j0i �cos(q=2) j1i j u0i = cos(q0=2)j0i +

sin(q0=2)eif 0
j1i ; jv0i = sin(q 0=2)e�if 0

j0i � cos(q 0=2)j1i g, the available parameter space (q, f , q0,
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andf 0) increases by two terms with the scaling of processes, given byRN where N is the number of

parameters. For our case whenR = 20 andN = 4 the number of unique combinations in the parameter

grid for the two-qubit measurement basis is160000. For higher-dimensional systems, parallelisation

or advanced optimisation techniques would be required to maintain reasonable computation times.

Algorithm 3: Quantum Discord

1: Required inputs: Total system density matrix
�

r (i)
AB

�
; reduced density matrix of measured

component in bi-partition(r A = Tr B[r AB]). (All other possible bi-partitions are also consid-

ered.)

2: Create projectors from which to conduct the measurement and construct the post-measurement

state.

3: Perform measurement as perr AjPB
j

= (P B
j )r AB(P B

j )=pj ; p j = Tr[P B
j r AB] using the

numpy.trace() and numpy.dot() routines.

4: Calculate and record the quantum discord as perD(A : B)fP B
j g = min PB[S(rB) � S(r AB) +

S(rAjfP B
j g)].

5: Repeat steps 2 to 4 until the entire parameter space has been sampled for the given measure-

ment basis.

6: Output the minimum calculated value for the quantum discord.

Table 2.4 Pseudocode representing the operation of the function used to calculate the quantum discord.

The methodology presented here provides a �exible framework for evolving multi-qubit sys-

tems under NRCG protocols and computing relevant thermodynamic and informational quantities

ef�ciently.





Chapter 3

Optimisation of the Charging of a

Quantum Battery

3.1 Introduction

As discussed in Section 1.2 quantum batteries are an active area of quantum thermodynamics research

and are experimentally realisable on numerous platforms. Efforts are focused on �nding a potential

quantum advantage, understanding their underlying principles, and exploring potential practical imple-

mentations. Quantum batteries represent a novel application of quantum principles, with the potential

to revolutionize energy storage for diverse scenarios. This kind of device has been implemented

in multiple systems [75, 88, 90–92] and ergotropy has been the �gure of merit used to quantify its

effectiveness [31, 76, 77]. The ergotropy is maximum amount of work that can be extracted from

a system by means of a unitary operation, serving as the main performance measure for quantum

battery operation.

We will begin the results section of this thesis, with an investigation into the optimisation of a

few-qubit system for operation as a quantum battery. The application of Nth-root gate operations

between qubits unlock a couple of assets, as we are able to follow the evolution in a step-wise manner

and investigate the functioning of quantum battery protocols in more detail. We look for potential

advantages provided by quantum phenomena, such as initial coherence in our system. Consequently,

we consider three different protocols, highlighted in Figure 2.3 for varying numbers of iterations and

different initialisations.

67
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3.2 Plan of the Chapter and Anticipation of Main Results

For a fair and meaningful comparison among all these systems and protocols, we will examine four

measures of performance for an optimal battery:

• Ergotropy, which describes the maximum amount of work extractable at the end of the protocol;

• Ergotropy variation, which is the difference between the �nal and initial ergotropies, relevant

when the initial state, like what is considered here, is not a passive state;

• The ratio between ergotropy and the �nal energy of the system, which describes the fraction of

energy that can be extracted as work;

• A �gure of merit, which combines the ergotropy variation and the ratio.

We �nd that results are strongly affected by the initial coherence of qubit-B, and the same circuit

may lead to minimal or to maximal ergotropy. Also, the overall largest ergotropy variation and �gure

of merit are obtained from a circuit with high initial coherence. For all protocols and all measures of

performance, initialising qubit-B in a pure state as opposed to a thermal state provides a substantial

advantage. In the second part of the chapter we then compare the performance of NRCGs to standard

CNOT gates to see if a trotterised approach to applying entangling quantum computational gates is

bene�cial. NRCGs have the bene�t of being experimentally realisable, which is an important current

goal in the �eld, and granting access to intermediate states not accessible to full CNOT gates.

To summarise, we propose a fractional step-wise protocol with multiple qubits and using NRCGs

for charging and discharging a quantum battery. We investigate the protocol for initial quantum

coherences and �nd that this leads to improved performances as compared to a thermal state.

Work presented in this chapter has been published in Entropy: New Trends in Quantum Informa-

tion and Quantum Optics, see reference [137].

3.3 System Description

As a reminder from the theory section which described the proposed system in a more general sense, we

now describe the system in relation to the work done in this chapter. We will begin here by discussing
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the initialisation parameters and then the two operational steps of the quantum battery (Figure 3.1),

unitary charging and work extraction, in the following two subsections. The system considered is

composed of either a two- or a three-qubit working medium (qubits A, B, and C) where we will apply

three different protocols illustrated in Figure 2.3 (Case 1, 2, and 3). The different protocols allow us

to probe how having different qubits as controls or targets effects the dynamics of the system. We �x

kbTA andkbTC at4e2B and0:4e2B for qubits A and C, respectively. These are initialised in a Gibbs state

(Equation 2.18),r Gibbs j = (1=Z j )exp�b j H j where j = A;B; or C with qubit-B initialised in a thermal

state for the classical system comparison. For the majority of this chapter qubit-B will be initialised in

a pure state as described in Equation 2.21,jy i = cos(q=2)j0i +e if sin(q=2)j1i which adds a level

of quantumness to the system compared to a completely classical initialisation, we sampleq from

0 � q � p in 25 equal steps wheref will be either0 or p. An order of magnitude difference between

kbTA andkbTC was initially chosen to understand if an equilibrium would be reached between the

energies of the qubits in the working medium characterised be a �ow of energy from "hot" to "cold"

as would be expected from classical systems composed of interacting bodies at different temperatures.

While this classical behaviour was not seen, the difference in the effective temperature of qubits A

and C led to a clear winner when comparing the three-qubit Case 1 and Case 2 protocols in regards to

battery performance.
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3.3.1 Unitary Charging of a Quantum Battery

Fig. 3.1 Operational cycle for the three-qubit quantum battery with the two-qubit system recovered
with the removal ofr C. Two steps of operation are shown: (a): Battery charging; (b): Work Extraction.
The black arrows in both panels indicate the evolution of the energy contained within the system in
each step. The protocols applied M times in (a) are described in Section 2.4.2.

There are two main steps in the operation of a quantum battery shown in Figure 3.1, �rst we have a

unitary charging step which increases or decreases the systems available energy. Second, we have

the work extraction step which considers the maximum amount of extractable work available in

our charged system. In this section we will describe the unitary charging process for the general

case. We consider a closed quantum battery which consists of an dimensional system with a general

Hamiltonian,

H =
n

å
j=1

ej j j ih j j ; (3.1)

here the energy levels can be partially degenerate according to the following equalityej � e j+1 as

long as the HamiltonianH has a non-zero bandwidth. The bandwidth (w) is the difference between

the maximum and minimum eigenvalue of the Hamiltonian, corresponding to the maximal amount of

energy that can be stored in the system. Explicitly,wH := emax� e min > 0 whereemax andemin is the

maximum and minimum eigenvalue respectively. With these conditions imposed, it can be seen that

energy can be stored in the system whenr is in some excited state andtr [rH] > e 1. Now the general
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case has been described, as a reminder from theory we brie�y reintroduce our initial Hamiltonian,

which is non-interacting and of the form,

HSystem= å
j

H j ; H j =

0

@
e1 j 0

0 e2 j

1

A ; (3.2)

where j = A;B or j = A;B;C for two and three qubits, respectively. We note that Equation (3.2)

represents the Hamiltonian for the total system at any time, including at the point of measurement,

except when NRCGs are applied, inducing interactions between qubits.

A quantum battery can be charged via unitary operations that possibly generate quantum correla-

tions between the components of our many-body working medium or generate coherences between

their eigenstatesj j i . The amount of energy that is reversibly injected for a charging regime and

extracted for a discharging regime is given by,

DUsys= tr
h
r ( f )

sysH
i

� tr
h
r (0)

sysH
i

; (3.3)

r (0)
sys andr ( f )

sys are our initial and �nal density matrices of the total system, whereDU > 0 and

DU < 0 indicate a charging and discharging regime respectively. The system is evolved corresponding

to the circuits in Figure 2.3(a) by some unitary operation represented by the controlled gates in

Figure 2.3(b) described in Equation 2.72, r( f )
sys = Ur (0)

sysU†.

3.3.2 Work Extraction

We now discuss work extraction (Figure 3.1(b)) from our battery which is our second operational step

and is quanti�ed by the ergotropy which is the maximum quantity of extractable work by means of

a unitary operation. As a reminder from theory it has the form,Wmax := tr [rH] � tr[s r H] with s r

given by Equation 2.53 which is discussed at length in Section 2.2.5. While the ergotropy is a strong

measure of a quantum batteries capacity it doesn't provide complete information on performance in

respect to the rate of charging or the ratio of extractable work when looking at the total energy of the

system. For example, if we have a large quantity of extractable work (ergotropy) but this is only a

small fraction of the energy available in the system then we can say that the system is possibly not a

strong quantum battery candidate and as such, other measures are introduced. Outlined in Section 3.2,
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they leverage the ergotropy with the aim to address this particular problem and are de�ned in later

sections as they become relevant.

3.4 Quantum Battery Analysis

Here we begin our analysis of the system with the aim of �nding optimal initial conditions from

which to operate our charging protocols and see if we can achieve an advantage when introducing

quantumness to the system through initial coherence in qubit-B.

3.4.1 Ergotropy Scans

The two-qubit system is initialised with qubit-A thermalised in the Gibbs state Equation (2.18)

using a reservoir wherekBTA = 4 e2B. For the three-qubit system qubits A and C are thermalised

at kBTA = 4 e2B and kBTC = 0:4 e2B, respectively. Qubit-B is initialised in the pure statejyi =

cos(q=2)j0i+exp(if )sin(q=2)j1i . One cycle is composed ofN iterations of the protocol application,

for example, whenN = 15 at 15 iterations we say we have completed a cycle. We chooseN = 15,

with this value showing a smooth evolution of the state of the system as iterations are applied. Cycles

with N > 15 show no improvement but are increasing the run times of the simulations. Cycles with

N < 15 show increasing discontinuities, moving the evolution closer to the one using a complete

CNOT gate (N = 1).
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Fig. 3.2 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC = 0:4 e2B.
f = 0 . First row: ErgotropyWmax of the total system for0 � q � p (x-axis) and0 � Iterations
� 30 (y-axis) for two-qubit systems where columns from left to right are Case 1, 2, and 3 respectively.
Brighter shades correspond to a greater value of ergotropy. Second row: Same parameters as the �rst
row but for three-qubit systems.

Each panel of Figure 3.2 shows results for the ergotropy calculated after 1, 2,: : : ; 2N iterations,

for 0 � q � p andf = 0 . Increasingq increases qubit-Bs initial internal energy frome1B = 0 to e2B.

The �rst row refers to two-qubit systems, the second to results for three-qubit systems, for all three

circuit described in Figure 2.3, as labelled. Each of the panels is referred to as an "ergotropy scan".

The initial ergotropy (corresponding to zero iterations, top line of all panels) mainly depends on

the initial energy of qubit-B. The closerq is top the larger the initial ergotropy of the total system.

This can be seen across all Cases for both two and three-qubit systems. However, how the battery

behaves for increasing number of iterations depends on both the number of qubits and the circuit

chosen, showing charging (ergotropy increasing with iterations) and discharging (ergotropy decreasing

with iterations) regimes. For example, for Case 1,q = p and iterations increasing from 0 to 15, the

two qubit system would discharge while the three qubit system would be charging.
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Cases 1 and 3 show the greatest difference in the ergotropy evolution, both with respect to the

initial ergotropy value and when comparing the results for the two and three-qubit systems. It is clear

that in Cases 1 and 3 there is an optimal number of iterations that would maximise the ergotropy, with

the region of largest ergotropy reached for three qubits, 10 to 25 iterations andq & 0:8p. For Case 2,

we �nd only a small variation in ergotropy as the system evolves.

Fig. 3.3 Ergotropy Wmax for f = p, with the same parameters as Figure 3.2.

Figure 3.3 shows the same system with identical initial conditions as Figure 3.2 apart fromf = p

for qubit-B. When comparing all panels of both graphs the two panels with the most notable variation

in ergotropy are for the three-qubit system for both Case 1 and 3. Here we see the maximum ergotropy

region shifted closer toq = 0:5p, showing some dependence onf . It can be seen that in Cases 1

and 3 there is an optimal number of iterations that would maximise the ergotropy, with the region

of peak ergotropy reached for three qubits, 10 to 25 iterations andq & 0:5p, compared toq & 0:8p

whenf = 0 . Case 2 remains relatively unchanged mimicking itsf = 0 counterpart for both two and

three-qubit systems. When directly comparing regions of charging and discharging we see no large

change. Also in this comparison we see a larger maximum value of ergotropy reached for Figure 3.3
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at 1.44 (e2B) compared to 1.42 of Figure 3.2 though this is a minor improvement. It is important to

note that for Case 2 we don't see much variation in the maximum value of ergotropy: here qubit-C

(initialised at the lowest temperature) is only a control qubit and qubit-A (initialised at the highest

temperature) only being a target qubit. The circuit for Case 2 is the inverse of Case 1, with this

consideration, for generating maximum ergotropy it is favourable that the most energetic qubit is a

control qubit.

In all Cases, the gradual �ne-tuning (increase and decrease) of ergotropy with the system evolution

is due to the use of NRCGs, as this granularity would not be accessible with a full standard CNOT

gate. This �exibility would be useful for protocols requiring speci�c amounts of extractable work to

be available, corresponding to speci�c ergotropy values.

3.4.2 Ergotropy Variation, two and three qubit systems

Our systems do not start from a passive state, so the ergotropyWmax at the end of the process may be

in�uenced by the initial one. This is not a simple relation, as the systems studied undergo "discharging"

and "charging" processes as the number of iterations increase, as discussed below.

In addition, when consideringWmax (Figure 3.2), a direct comparison between the two and three-

qubit systems is not easy to perform: when all common parameters are the same, the three-qubit

systems inherently start from more energy and ergotropy than the two-qubit system by merit of having

more qubits. For the dynamics considered, this almost always translates into acquiring more ergotropy

by the end of the process (compare �rst and second row in Figures 3.2 and 3.3). From this we can

argue that looking at the maximum ergotropy may not be a fair comparison between systems with

different quantities of qubits.

For these reasons, we introduce the ergotropy variation (DWmax) which is de�ned by the following

equation

DWmax= W ( f )
max�W

(0)
max; (3.4)

whereW( f )
max is the ergotropy of the �nal state andW(0)

max is the ergotropy of the initial state of the

total system.
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Equation(3.4) allows the identi�cation of two regimes, charging or discharging. A charging

regime is characterised by a positive value of ergotropy variation and a discharging regime is charac-

terised by a negative value of ergotropy variation.

Fig. 3.4 Variation in ergotropy DWmax for f = 0, with the same parameters as Figure 3.2.

Figure 3.4 showsDWmax for the two and three-qubit systems and all 3 Cases of circuits.DWmax

allows for a fairer comparison between different systems. For example if we see an equal or greater

positive change in the two-qubit system when comparing against the corresponding three-qubit system

then an easier-to-implement two-qubit system may be more suited to a certain task as a battery.

Initial comparison of panels in Figure 3.4 against those in Figure 3.2 show a dramatically different

landscape, with the maxima no longer being constrained toq � p . We can see for Case 2 that for the

two and three-qubit systemDWmax is small when compared to Cases 1 and 3 showing that it is not the

optimal Case for increasing or decreasing ergotropy from the initial state of the system.

Comparing 2 to the other Cases (1 and 3) in Figure 3.4, the latter display much larger peaks and

troughs forDWmax indicating a stronger performance as a quantum battery with well de�ned charging

and discharging regimes. Comparison of Cases 1 and 2, which correspond to inverted gates, indicates
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that having qubit-A (the more energetic qubit) being a control qubit produces more favourable changes

in ergotropy. The introduction of an extra 2 gates per iteration in Case 3 shows no advantage when

comparing against Case 1 when purely looking at the maximum positive change inDWmax. Looking

at the regions where the system is discharging and comparing to the charging regions we can see that

we have a greater area where the system is charging across all panels in Figure 3.4. This behaviour

is ideal when looking to optimise conditions for operating a quantum battery as the discharging

process (extracting the energy) is performed by the unitary in Equation 2.72, meaning our metric for

performance here is solely de�ned by charging regions.

Fig. 3.5 Variation in ergotropy DWmax for f = p, with the same parameters as Figure 3.2.

There is signi�cant improvement for the variation of ergotropy when qubit-B is initialised with

f = p for Cases 1 and 3 of the three-qubit system when comparing between Figure 3.4 and Figure 3.5.

The maximum variation of ergotropy changes from 0.49e2B to 0.62e2B which is a 64% increase in

ergotropy gained and thus an improvement in performance. We can also see these maximum ergotropy

regions now lie more centrally aroundq = 0:5p and shows the extra initial coherence forf = p

enhances the charging performance for the two discussed Cases. When comparing all other Cases
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between both �gures we don't observe such a dramatic change in the topography of the plots, in

particular for the two-qubit systems. Here there is no such "shift" in the region of maximum ergotropy

variation towardsq = 0:5p suggesting that there is not a universal relationship between the variation

in ergotropy and initial coherence in the system but it is somewhat dependent on the design of the

circuit and quantity of qubits involved.

The ergotropy variationDWmax should not be the only quantity to consider when looking at the

operating parameters for a quantum battery. A fair additional question could be how much of the

systems energy can be extracted as work. We will look at this, the 'ergotropy ratio', in the next

section.

3.4.3 Ergotropy Ratio

Fig. 3.6 Ergotropy ratio Wratio for f = 0, with the same parameters as Figure 3.2.

Here we introduce the ergotropy ratio which is de�ned as,
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Wratio =
Wmax

Tr[r ( f ) H]
; (3.5)

whereWmax is the ergotropy (Equation 2.54) andTr[r ( f ) H] is the internal energy of the system in its

�nal state. The ergotropy ratio takes a value between 0 and 1 where a value closer to 1 signi�es a

larger quantity of extractable energy. The ergotropy ratio is good measure of how effectively a battery

is performing, for example if there is a large value of ergotropy but that makes up a small percentage

of the total available energy in the system then we can say that the battery is not very effective. With

this in mind the ergotropy ratio is introduced to look for optimal initial conditions for an effective

quantum battery.

Fig. 3.7 Ergotropy ratio Wratio for f = p, with the same parameters as Figure 3.2.

Figure 3.6 shows the ergotropy ratio for the total system, with the largest value of ergotropy ratio

having the largest quantity of extractable energy from the total energy available in the system. It can

be seen that for all Cases and system sizes we have a greater value of ergotropy ratio when qubit-B

is initialised with a larger value ofq. There does not seem to be any advantage with using a two
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or three-qubit system here when looking at just the maximum value for the ergotropy ratio with the

maximum values across all panels in Figure 3.6 being very close to each other.

The topology in Figure 3.7 whenf = p , is similar to that shown in Figure 3.6 whenf = 0 showing

only a smallf dependence on the ergotropy ratio(Wratio). We see an increase from0:73to 0:74and

small shift of the high ratio regions closer to q = p.

While this is a good indicator for which initial conditions lead to a larger percentage of total energy

that can be extracted as work from the system it doesn't show if that large percentage in Figure 3.7

corresponds to a region of low charging in Figure 3.5. If this large percentage does correspond to a

region of low charging then we would be extracting, while a large percentage of the total energy, a

smaller amount of work. A lower percentage of extractable work lying in a region of greater charging

could be of more bene�t. A �gure of merit needs to be introduced that consolidates the two quantities

we are looking at to measure the circuits ability to charge a system as a battery. The variation in

ergotropy (DWmax) and the ergotropy ratio (Wratio) are the two pieces of information we are interested

in to quantitatively assess how well the initial conditions and systems considered perform as a battery.
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3.4.4 Figure of Merit

Fig. 3.8 Figure of merit for f = 0, with the same parameters as Figure 3.2.

The �gure of merit we propose to �nd the optimal circuit, number of iterations and initial conditions

for charging a quantum battery has the form

FoM(q; f ; iter) = DW �W ratio: (3.6)

This combination of quantities shows where the best balance of energy that can be extracted

(ergotropy ratio) and ergotropy increase from the initial condition (ergotropy difference) lies, giving a

clearer indication of the optimal system.
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Fig. 3.9 Figure of merit for f = p, with the same parameters as Figure 3.2.

In Figure 3.8 we plotFoM for the same parameter scans of Figures 3.4 and 3.6. Whenf = 0 we

see the highest value regions whenq is 0 or p, also the topography of these graphs mirrors that of

Figure 3.4 (variation in ergotropy) much more than that of Figure3.6 (ergotropy ratio) suggesting a

signi�cant dependence on the variation of ergotropy rather than the ergotropy ratio. Interestingly in

this Case Figure 3.8 suggests that the system performs better as a battery when qubit-B is initialised

closer to a diagonal (q is 0 or p). When comparing this to Figure 3.9 we can see the opposite is true

with the greatest value ofFoM occurring whenq = p=2. The maximum value for theFoM is also

35%greater when initialising qubit-B withf = p with the system demonstrating a better performance

when introducing initial coherences. While we do see an improvement in performance with initial

coherence it is important to note that there is no correlation between performance measures and the l1

norm of coherence as the protocol is applied and iterations> 1 , �gures are supplied in appendix A.1.

We now look at the dependence ofFoM on bothq andf , with 0 � f < 2p and0 � q < p . The

values plotted in Figure 3.10 are the maximumFoM over 30 iterations for each particular combination

of q and f .
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Fig. 3.10 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC = 0:4 e2B.
First row: Max value �gure of merit of the total system for0 � q � p (x-axis) and0 � f � 2p
(y-axis) for two-qubit systems where columns from right to left are Case 1, 2, and 3 respectively.
Brighter shades correspond to a greater value of the �gure of merit. Second row: Same parameters as
the �rst row but for three-qubit systems.

In Figure 3.10 the system with the clear advantage over the others is Case 1 with the three-

qubit system (bottom left panel). Here there is a large parameter region with a maximum value of

FoM = 0:42, which is approximately double the next best Cases (Case 1 with two-qubits and Case

3 with three-qubits) and lies in the range of0:2p . q . 0:79p and0:5p . f . 1:5p . When

looking at the two-qubit systems for Case 1 and Case 3 we see that the value for the FoM drops to 0

on the right side of the panels where we have a double peaked pattern pushing into larger values ofq

though it is less evident in Case 3. The regions where these peaks lay is when the initialf is either

0:5p or 1:5p which corresponds to no initial coherences suggesting no bene�t in terms of the region

of the �gure of merit speci�cally for the two-qubit systems. Case 3 for the three-qubit system follows

a similar trend to Case 1 with the maximum value being centred aroundq = 0:5p andf = p which is

a state with high initial entropy and large initial coherences for the 3 body system. This suggests that

for Cases 1 and 3 for the three-qubit system, the maximum value dependence onf is considerable

and is observed to be as important asq when selecting optimal initial conditions. The least favourable

circuit corresponds to Case 2 (column 2). While it may present a large ergotropy ratio (Figure 3.6), at
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most it shows an average ergotropy variation (Figure 3.4) which translates into a poor �gure of merit.

Interestingly, in contrast to the other Cases, Case 2 may perform better as a two-qubit system rather

than a three-qubit system.

3.4.5 Power of Charging

Fig. 3.11 Power PDWmax for f = 0, with the same parameters as Figure 3.2.

In references [31, 75] they consider as a performance measure for a battery the way energy is

accumulated, i.e. the power of charging. For our protocols up to the a iteration this translates to

Pa =
hWa i
Ta

; (3.7)

whereTa = a=M is the process duration up to thea iteration andM is the total number of iterations

considered (hereM = 30 corresponding to two cycles). Fora = M , Ta = 1 . hWa i is the average work

de�ned as hWa i = E a � E i , where Ea = Tr [r a H].
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Fig. 3.12 Power PDWmax for f = 0, with the same parameters as Figure 3.2.

When evaluating the power of a quantum battery there is more depth than just the difference in

average internal energy of the system. While the average internal energy plays a role, this is not a

one to one comparison with the ergotropy, which as thoroughly discussed in Section 3.4, is a better

measure for quantum battery performance. With that in mind we introduce,

PDWmax =
DWmax

Ta
; (3.8)

wherePDWmax is the power of charging or discharging andDWmax is the variation in ergotropy up to the

a iteration. Equation 3.8 characterises the rate at which the system generates ergotropy. The total

ergotropy is not used as we are interested in charging from some initial state (r i) that has a non-zero

ergotropy.

Figures 3.11 and 3.12 follow a somewhat similar trend to that of Figures 3.4 and 3.5 respectively

(where Figures 3.4 and 3.5 showDWmax). Indeed, for the three qubit systems the maximum values

of PDWmax are reached whenf = p (Figure 3.5) and areas withq � 0:5p , where initial coherence is

large. Whenf = 0 (Figure 3.5) the regions of high power are achieved whenq � 0 or p , for which
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we have lower initial coherence. These maxima appear for similar values as the maxima ofDWmax,

but at earlier iterations, see Figures 3.4 and 3.5. Looking at Equation 3.8 we see that as iterations

increase then a reduction in power is expected which is what we see in Figures 3.11 and 3.12. This is

why we see the power maxima at lower iterations than that of the maxima in Figures 3.4 and 3.5.

Directly comparing maxima for Figures 3.11 and 3.12 we see a larger maximum power reached when

f = p with a value of1:42e2B compared with1:07e2B giving a32:7%increase further emphasising

greater initial coherence when f = p is bene�cial for battery operations.

3.5 Quantifying the Role of Coherences in the Initial States

3.5.1 Comparison with Overall Thermal Initialisation

Fig. 3.13 Comparison of performance measures: maximum ergotropyWmax (�rst column), maximum
variation in ergotropyDWmax (second column), maximum ergotropy ratioWratio (third column), and
maximum �gure of meritFoM (fourth column) of the total system for Case 1 (C1), Case 2 (C2), and
Case 3 (C3), as labelled. Three-qubit system (blue diamonds), two-qubit system (light-blue), Three-
qubit system with Bthermal (red) , two-qubit system with Bthermal (orange). Parameters:kBTA = 4e2B

and kBTC = 0:4e2B. Maxima calculated over two cycles with N = 15, 0 � f � 2p and 0 � q � p.

In previous sections, we have seen that initial coherences tend to favour higher performances. Here,

we compare the systems analysed so far with systems in which qubit-B is initialised in a thermal state.

Our results show a clear advantage of having qubit-B initialised in a pure state.

In Figure 3.13, dark and light blue diamonds correspond to the original systems, i.e., with qubit-

B initialised in a pure state, for three- and two-qubit systems, respectively, while red and orange
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diamonds map the systems with qubit-B initially being thermal (Bthermal systems) for three- and

two-qubit systems, respectively. The �gure shows the results for the optimal initial con�gurations

producing ergotropy (�rst column), maximum ergotropy generation (second column), the maximum

ergotropy ratio (third column), and maximumFoM (fourth column) for Case 1, Case 2, and Case

3, as labelled. QubitsA andC are always prepared in the thermal state Equation 2.18 with �xed

temperatureskBTA = 4e2B andkBTC = 0:4e2B (only kBTA applies when dealing with a two-qubit

system). We note that each point in a panel may correspond to a different initial condition, depending

on which initial value ofq andf will give the overall maximum of that particular quantity over

30 iterations.

It is also important to note that some of the Cases show the same maximum values in the �gures

and we will clarify the panels. Column 2 top row (DWmax) for C1 both the two-qubit thermal and pure

systems have the same value (light blue and orange). Column 4 top row (FoM) C1 both the two-qubit

thermal and pure systems have the same value (light blue and orange).

To �nd the optimal values for the original systems, parameter scans for qubit-B are performed for

0 � f � 2p and0 � q � p . For the initialisation of the Bthermal systems, we scan the initial state of

qubit-B between the zero-temperature state (ground state) and the maximum energy and entropy state

r B =

0

@
1=2 0

0 1=2

1

A : (3.9)

We vary the temperature in steps between the lowest and highest energy states, with the generic

temperature de�ned by kBTB = hEBi = Tr [r BH0].

The systematic advantage we observe in the original systems (blue and light blue diamonds) comes

from the quantum coherences in the initial state of qubit-B, as can be seen, e.g., from Figures 3.9

and 3.10. This quantum advantage translates into a maximum ergotropy (panels in the �rst column)

about an order of magnitude higher for Case 2, and two to �ve times higher for Cases 1 and 3 . For the

original systems, three-qubit set-ups outperform two-qubit ones for Cases 1 and 3, while the opposite

occurs for Case 2. Case 1 for the original system with three qubits demonstrates the best performance

across all measures.
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3.5.2 Testing the Role of Coherences in the Initial Density Matrices

Initial states of qubit-B leading to good performances often present both coherences and a degree of

population inversion. A fair question to ask would then be could the population inversion be providing

the advantage rather than the initial coherences? To achieve this comparison we initialise qubit-B once

again in a pure state and compare to when we initialise qubit-B in the corresponding state where here

we set to zero the off diagonal elements in qubit-Bs density matrix. Explicitly, for qubit-B initialised

in a pure state

r B =

0

@
r 00 r 01

r 10 r 11

1

A ; (3.10)

with some initialq andf we setr 01 = 0 andr 10 = 0 . We will call these the coherent and non-

coherent cases respectively. This comparison produces the same populations in qubit-B for each case

while removing all initial coherence allowing for us to quantify the contribution from coherence. We

note that these states could only be achieved with effective negative temperatures but it is an important

comparison to make to ensure that our conclusions are correct. We will look at four performance

measures: ergotropy, ergotropy ratio, variation in ergotropy, and the �gure of merit. The comparison

will be undertaken against the best examples of each, for example, if we have a better performance

when f = p (as is generally the case) then that is what we will compare against.



3.5 Quantifying the Role of Coherences in the Initial States | 89

Fig. 3.14 Ergotropy Wmax for no initial coherence, with the same parameters as Figure 3.2.

First we compare the ergotropy in Figures 3.14 and 3.3. Interestingly we only see a moderate

improvement to the maximum ergotropy for the coherent case whenf = p , Wmax = 1:44e2B and

Wmax= 1:42e2B for the coherent and non-coherent cases respectively. While this is an improvement

of 1:4% it is far from outstanding and when comparing the coherent case whenf = 0 we see no

improvement in this maximum value. What we do see is larger strong ergotropy producing regions

for when we have initial coherence which extend belowq < 0:5p suggesting an additional bene�t to

ergotropy production without an initial population inversion for qubit-B.
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Fig. 3.15 Ergotropy ratio Wratio for no initial coherence, with the same parameters as Figure 3.2.

Now we compare the ergotropy ratio in Figures 3.15 and 3.7 where the most obvious difference is

an improved region of the ratio of extractable energy whenq > 0:5. Here, initial coherence grants

more access to the total energy in the system within this region than that which could be attained

with no coherence. Interestingly, the topography of the ergotropy ratio in Figure 3.15 mirrors that of

the ergotropy in Figure 3.14 with a sharp rise in both whenq > 0:5p: this shows that exploiting the

system as a battery when q < 0:5p initial coherence in qubit-B is advantageous.
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Fig. 3.16 Ergotropy variationDWmax for no initial coherence, with the same parameters as Figure 3.2.

Figure 3.16 gives us the most striking advantage of initial coherence so far when comparing

against Figure 3.5 where we see a26:5%increase fromDWmax= 0:49e2B to DWmax= 0:62e2B for the

initially non-coherent and coherent systems respectively. Here, the increase in charging potential

provided by initial coherence is evident. When looking at the topography of the panels in Figure 3.16

we do not see the same sharp change atq = 0:5p as we did withWmax in Figure 3.14. In fact when

comparing the topographies directly between Figures 3.16 and 3.4 (the non-coherent and coherent

cases whenf = 0 ) they are very similar though not identical. Here, the initial population inversion

of qubit-B does not obviously play a role in the topography ofDWmax. However, from the increase

in actual values ofWmax it is safe to draw the conclusion that the initial coherence provides an

improvement. When comparing the peak values ofDWmax for whenf = 0 in Figure 3.4 we actually

see no improvement in this peak value with diagonal elements, with the improvement coming from

the introduction of a non 0 value of f .
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Fig. 3.17 Figure of merit for no initial coherence, with the same parameters as Figure 3.2.

The �nal comparisons to make is that of the �gure of merit which is arguably the most important

performance measure, comparing Figures 3.17 and 3.9 where the scale of the colour bar is identical

to facilitate easier cross referencing of both �gures. Here, we see an increase in maxFoM of 35:4%

with initial coherences with the value increasing fromFoM = 0:31e2B to FoM = 0:42e2B: this is

a very strong indicator of initial coherence providing an advantage in battery operations. When

comparing the topography there is a large difference between the coherent and non-coherent cases:

we see with the best performing systems (three-qubit Case 1 and 3) that their maximum value regions

lie atq � 0:5p , whereas for the non-coherent case the best performing systems (three-qubit Case 1

and 3)q maximum value regions lie atq � 0p or q � p . We also recover the sharp change that we

saw in Figure 3.14 atq = 0:5p for these Cases, where at thisq there is a reduction inFoM. When

considering the initial population inversion of qubit-B (q > 0:5p) and the performance of all Cases

we see that it is not strictly required for a large value of FoM.
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Fig. 3.18 Figure of merit for no initial coherence, with the same parameters as Figure 3.10.

We again look at theFoM in Figure 3.18 though here we now consider only the peak value of

FoM when scanning the initial parameter spaceq andf . In the data of Figure 3.18 the off diagonals

are removed from qubit-Bs initial density matrix as per the rest of the section. Even thoughf has

no impact on the initialisation in this case it is included so it is easier to draw direct comparison

with Figure 3.10. Contrary to the behaviour in Figure 3.10 we see that the maximum values of the

FoM are reached whenq is either0 or p and not where we would see maximum initial coherence

(q = 0:5p). We also see a reduction in the maximum value ofFoM achieved for the three-qubit Case 1

system from0:42e2B for the coherent case to0:31e2B. This is a35:5%increase from the introduction

of coherence showing a large improvement can be gained from the addition of quantumness to the

system. Interestingly for both Cases 1 and 3 for the three-qubit systems the minima of theFoM is

located atq � 0:5p . This shows for the completely thermal case that having qubit-B initialised closer

to its ground or excited state is bene�cial to battery operation. To explain this behaviour when qubit-B

is initialised close to its ground state the system has more potential to increase in energy and hence

producing respectable values ofDWmax: this results in comparable values ofFoM to when qubit-B is

initialised close to its excited state with population inversion. Further, the protocol applied also plays

a role as seen in Figure 3.18 where depending on which qubits are the target of the NRCGs we see

peak values of FoM at either q = 0 or q = p.
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To brie�y summarise, we see signi�cant improvements in nearly all performance measures with

the introduction of initial quantum coherence in our battery working medium.

3.6 Battery Performance Measure Comparison between the Full CNOT

Gate and NRCGs

Fig. 3.19 Parameters:e1 j = 0 e2B; e2 j = 1 e2B for j = A;B , andC. kBTA = 4 e2B andkBTC = 0:4 e2B.
f = 0 . Magenta line: N = 15, Blue line: N = 1. First row: ErgotropyWmax of the total system for
0 � Iterations � 30 (x-axis bottom),0 � Iterations � 2 (x-axis top), and ergotropyWmax (y-axis)
for the two-qubit systems where columns from right to left are Case 1, 2, and 3 respectively. Second
row: Same parameters as the �rst row but for three-qubit systems. Y-axis scale differs for each panel.
Note that both the upper and lower x-axis start at 0 with 1 on the upper x-axis corresponding to the
�rst iteration of the circuit with full standard CNOT gates. The chosen value ofq is indicated in each
panel.

Here we begin our direct comparison between results obtained using full CNOT gates and NRCGs.

This differs from the investigation in the previous section as we are now interested in the difference

in performance between these two types of gates using the same protocols. These quantities are

the Ergotropy (Wmax), Variation in ErgotropyDWmax, and theFoM. NCRGs can be interpreted as a

gradual application of a full CNOT gate as explained more thoroughly in Section 2.4. We then wish

to compare if applying fractions of CNOTs instead of a full CNOT is advantageous in the present
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case. First we will look at the ergotropy, then we will extend the comparison to both the variation in

ergotropy and the �gure of merit to see if advantages are found for all relevant performance measures.

Fig. 3.20 Ergotropy Wmax for f = p, with the same parameters as Figure 3.19.

In Figure 3.19 we compare the ergotropy over 2 cycles in which iterations have either N = 1

(CNOT, blue line) or N = 15 (NRCG, magenta line). ForN = 15 we considerq corresponding to

maximum ergotropy of the system considered in each of the panels. The top left and top centre panels

in Figure 3.19, showing Case 1 and 2, for the two body systems, operate with only a single gate per

iteration. These particular systems demonstrate well how the NRCGs operate as a gradual application

of the full CNOT gate with the systems ergotropy reaching the same values for both gates after 1 cycle

(15 iterations for a N = 15 NRCG and 1 iteration for a full CNOT gate). Circuits with the full CNOT

gate allows to reach only two speci�c values of ergotropy. However, NRCGs allow access to these

and to all intermediate values. This could prove advantageous when a particular value of ergotropy or

the corresponding intermediate state are desired, that are in-between the initial and �nal ergotropy

and states generated by a full CNOT gate.

Comparing Figures 3.19 and 3.20 the main variation for initialising withf = p is in Case 1 for the

three-qubit system, here we see the maximum value of ergotropy is now reached whenq = 0:92p. We

observe a greater advantage forN = 15 in this case between3 . iterations. 26 with a larger variation

between the ergotropy values of the NRCG and the full CNOT gate. We also see this shift in the value
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of q from q = p to q = 0:96p for the maximum ergotropy in Case 3 of the three-qubit system though

no greater advantage can be readily observed. It is also important to note that the difference between

Figures 3.19 and 3.20 are small with the only easily observed difference is for the Case 1 three-qubit

system. Cycles from circuits containing two or more (non-equal) NRCG inside a single iteration,

are not equivalent to cycles from corresponding circuits with CNOT even when considering the end

results. This is shown in the third upper panel and in the bottom row of Figure 3.19.

Apart from easy-reach of intermediate values of ergotropy, we can see other two ways in which

the use of NRCGs could be advantageous: (i) at points where the ergotropy of the total system has

a larger value than that of the standard CNOT gate within the same cycle; (ii) when the maximum

ergotropy reached using NRCGs is higher that the one of the corresponding CNOT-gate circuits. The

�rst possibility can be observed in all panels of Figure 3.19; the second can be seen in the three-qubit

Cases 1 and 2. We note that a larger value of the ergotropy may be reached after the two cycles shown

in Figure 3.19.

Fig. 3.21 Variation in ergotropy DWmax for f = p, with the same parameters as Figure 3.19.

We now compare NRCGs to full CNOT gates for the variation in ergotropy, as we found the best

performance whenf = p as discussed in Section 3.4.2 we will focus on that here. We considerq

values when we observe maximum variation in ergotropy forN = 15. Figure 3.21 shows distinct

advantages for the Case 1 and 2 three-qubit systems which have a greater charging potential(larger
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peakDWmax) for the NRCGs whenN = 15. The Case 3 two-qubit system shows a larger variation

in ergotropy before the second application of the full CNOT gate providing an advantage at a lower

number of iterations. We can also see that theq values lay, for the most part, between0 andp where

we have initial coherence reinforcing the points made earlier. Interestingly Case 1 and 2 for the

two-qubit systems have no improvements from initial coherence withq = 0 andq = p respectively

suggesting that for the two-qubit single gate Cases initial coherence has no effect on the charging

potential of the battery. When directly comparing Figures 3.21 and 3.20 for the variation in ergotropy

and ergotropy respectively we see that the ergotropy by itself doesn't have the initial coherence

dependence we see when looking at the variation in ergotropy.

Fig. 3.22 Figure of merit for f = p, with the same parameters as Figure 3.19.

In the previous �gures we compared full CNOT gates to NRCGS looking for advantages in

ergotropy(Wmax) and variation in ergotropy(DWmax). In Section 3.4.4 we introduced a �gure of merit

to more fairly asses the systems performance of a battery. Here we perform the same comparison

and analysis as for other measures in this section but now for the �gure of merit to see if similar

advantages are also found. We again focus on whenf = p as this is when we achieve the greatest

values for the �gure of merit.

We again see in Figure 3.22 a dependence on initial coherence for all Cases when considering the

three-qubit system and only for Case 3 when considering the two-qubit system. Thoughq values are
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not exactly the same, this dependence is mirrored in the variation of ergotropy (Figure 3.21). This

is to be expected since it is a large contributor to the �gure of merit. Even so, the Cases that have

larger peak values than that of the full CNOT gates in the �gure of merit are the same as those for the

variation in ergotropy, showing that these advantages hold across both of these performance measures.

3.7 Discussion

A bene�t of the investigation in this chapter is its possibility to be realised experimentally on a

number of different platforms, mentioned in the introduction, by using computational gates. This

experimental realisation is an important next step in the development of quantum batteries as noted by

Campaioli et al [77]. When looking at other investigations that inspired this work the focus is generally

on maximum work extraction which we �rst looked at in Section 3.4.1. The importance of initial

coherences for the ergotropy was noted in references [139, 140]. While we �nd that the ergotropy is

positively in�uenced by initial coherence, the other measures of performance we consider are even

more affected, as summarized below. The power of charging, and by extension the ef�ciency [31, 75,

82, 141], are also used in quantum battery research.

Our investigation compares a set of three different protocols with two or three identical qubits as

working �uid. One of the qubits is initialised in a pure state. The idea to establish which protocol

and system is best as a battery under which circumstances has led us to consider a set of measures of

performance. Hence, we focus not only on how much work or power can be extracted, but also on

which fraction of the system's internal energy is extractable and characterise this by the ergotropy

ratio (Equation 3.5), used also in [142]. We �nd that regions with better performance depend on

the initialisation of the system just as much as the method used for charging, generally favouring

initial qubit-B states whereq > 0:5p and hence with some degree of population inversion. However,

comparison with results from corresponding initial states where the off-diagonal elements of qubit-B

are set to0 demonstrates that initial coherences signi�cantly enhance and ergotropy ratio forq < 0:5p .

The difference between initial and �nal ergotropiesDW is introduced as a performance indicator.

When looking at optimising initial conditions for battery charging, this is arguably a metric that is

more important than just the total ergotropy, especially when initialising the system in a state other

than the ground state. With this, we can discriminate clear winners among the Cases implemented,

with Case 2 under-performing against Cases 1 and 3. This indicator also clari�es charging and
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discharging regimes, with positive regions corresponding to charging and negative to discharging. We

�nd that initial coherence in qubit-B is de�nitely bene�cial to charging, improving the maximum

ergotropy difference by 26.5% (compare results forf = 0 andf = p ). Results for the power con�rm

the importance of initial coherences for enhanced performances.

With the aim of identifying systems that would be good overall performers, we then introduce

a �gure of merit,FoM, combining the ergotropy ratio and the variation in ergotropy. By scanning

all initial conditions, theFoM allows us to identify the protocol of Case 1 with three-qubits as the

overall best for use as a battery. TheFoM of this system has a marked dependence on the initial

condition, favouring initialisations with the largest initial coherence in qubit-B, providing us with a

clear quantum advantage.

In the last part of this chapter, we compare performances for all protocols with corresponding

systems with qubit-B initialised in a thermal state. The main takeaway from these comparisons is

that introducing a pure-state initial component is advantageous across the board, and for all measures

of performance, see Figure 3.13. Initial coherences lead to overall maxima for some measures

of performance.

Further investigations could expand this work by exploring the effect of intermediate measure-

ments on the protocols' ef�ciency [143] and utilizing alternative to Nth root computational gates and

different quantum thermal machines. We found that, depending on the protocol, the best performer

could be either the two- or the three-qubit system: future research could explore the scaling (and its

consistency) for increasing the number of qubits. Another avenue of future investigation could be

the use of a collective bath [144] and of global collective charging [87] to verify if, in our case, they

would improve performances.

A challenge that this system and others could face experimentally is the loss of coherences,

whether from dissipation or through direct measurement [143]. How ergotropy and related measures

of performance would be affected would depend on the dissipation mechanisms speci�c to the

hardware. However, as hardware for quantum computers has already been optimized to perform a very

large number of gates within the relevant decoherence times, quantum batteries based on quantum

circuits should also share this advantage.
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3.8 Conclusion

In this chapter we have shown that circuits containing Nth-root CNOT gates could be advantageously

used as quantum batteries. We evaluate the circuits' performance using �ve different measures—

ergotropy, power, ergotropy difference and ratio, and a �gure of merit—and considering two- and

three-qubit circuits. Our results show consistently that having one of the qubits initialised in a

pure state is highly advantageous with respect to using a thermal state with the same energy: high

performances are strongly and positively in�uenced by initial quantum coherences. For any given

initial condition, and at difference with standard CNOT gates, iterating circuits with Nth-root CNOT

gates allows access to a �ne distribution of values of ergotropy: this �exibility could be advantageous

for tailoring the same battery to different working needs. The systems and protocol we propose are

experimentally feasible with the current technology.



Chapter 4

Quantum Heat Engine

4.1 Introduction

In this chapter, we introduce an algorithmic QHE composed of a two- or three-qubit working medium

whose energy dynamics are driven through the stepped application of quantum computational protocols

shown in Figure 2.3. Here, work is characterised as a reduction in energy of the total system with

respect to its initial state after the protocol is applied. The problem of practically accessing the work

in many-body systems for QHEs in proposed theoretical models remains a challenge. Experimentally,

the building blocks to realise QHEs have been developed and as the number of qubits available in

quantum computers increases, the size of realisable QHEs increase in turn. In the present case, the

state of our two- and three-qubit systems can be accessed through full state quantum tomography [145,

146] which opens the door for the probing and testing of our proposed engine in future work.

The system we use to operate the quantum heat engine is identical to that investigated in Chapter

3. However, in this chapter we only investigate Case 1 and 3 andkbTA = k bTC = k BT̄. Case 2 is

excluded from this chapter as whenkbTA = k bTC, applying the Case 1 and 2 produces identical energy

dynamics. Work is the main measure of performance for the quantum heat engine, though some key

points need to be addressed to differentiate work from ergotropy and the quantum battery from the

quantum heat engine. As a reminder from the introduction the goal of the quantum battery is to store

energy, we charge the system through some protocol and then apply some unitary operation to extract

the maximum amount of work. When considering a heat engine the application of our protocols are

the mechanism we use to extract the work, this difference is important to de�ne at the beginning of

the chapter as it separates the two regimes.

101
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Work presented in this chapter has been submitted for publication and is available on the arXiv,

arXiv:2509.23997 [138].

4.2 Plan of the Chapter and Anticipation of Main Results

This chapter is composed of two main parts. The �rst part contains an investigation of the systems

properties as a heat engine, in some details:

• Optimisation of the initialisation parameterskbT̄ for qubits A and C, andq andf for qubit-B

with the aim of maximize production of extractable work;

• Comparison of results for qubit-B initialised in a pure state against qubit-B initialised in a Gibbs

state for identi�cation of advantages obtained from adding quantumness to the system;

• Analysis of the cycles leading to maximum extractable work and of their ef�ciency.

For three out of the four Case and system-size combinations, we �nd that initial coherence of

qubit-B provides an advantage in maximum work production. For all combinations, there is a larger

work producing parameter region when compared to a completely classical initial system. Also, we

see that large values of extractable work correspond to large values of ef�ciency, rendering our system

a strong candidate as a quantum heat engine.

The second part utilises the Pearson Correlation Coef�cient (PCC) to quantify the correlation

between the extractable work and different correlation measures when the system is initialised to

produce maximum work. The correlation measures investigated are:

• Mutual information;

• Classical correlations;

• Quantum discord.

Our results demonstrate a strong linear correlation between the mutual information and the

extractable work, suggesting that correlations play an important role in work production in a quantum

heat engine. Of the mutual information components, it is the classical one that correlates better to the

extractable work. 6
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4.3 Design and Functioning of the NRCG Driven Quantum heat Engine

Fig. 4.1 Target operational cycle for the three-qubit quantum heat engine, the two-qubit system is
recovered with the removal of qubit-C. The operation is cyclic, where after panel (c) the system can
be reinitialised back to its initial state. To note, in this work we are interested only in the dynamics of
the sequence (a), (b), and (c). Three distinct steps are shown: (a): System initialisation - Sec. 4.3.1;
(b): Iterative protocol application - Sec. 4.3.2; (c): Extractable work. The arrows shown in panel (a)
between the qubits and reservoirsR(T̄ ) indicate positive heat �owhQi; the black arrows in (b) show
the building of correlations between the qubits mediated by the NRCGs. Except where otherwise
stated, we initialise qubit-B in a pure state with initial coherence. Qubits A and C are initialised in
identical Gibbs states using the thermal reservoirs R(T̄ ).
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We consider a system composed either by two (A and B) or by three (A, B, and C) qubits that interact

with each other through the use of NRCGs (Figure 2.3). Our system will undergo one operational

cycle that consists of three distinct steps: initialisation; iterative protocol application; work extraction.

Operations involving logic gates may generate quantum correlations, e.g. entanglement between

the component qubits. Figure 4.1 introduces the target operational cycle of our system as a thermal

engine, next we will describe in detail each step shown.

4.3.1 Initialisation

First, we describe the initialisation step. Except where otherwise stated, the component qubits of the

working medium are coupled to their respective reservoirs which initialise or re-initialise them to

some initial state. Qubits A and C are initialised in identical Gibbs states,r Gibbs = (1=Z)exp�bH

(Equation 2.18), at equal temperatureskBT̄ = 40e2B by weak coupling to the thermal reservoirsR(T̄ ).

It is important to note that in this work we do not consider any coherence generated in the Gibbs state

initialised qubits through weak coupling to the thermal reservoirs. If instead we considered �nite

system-reservoir coupling it has been shown to impose a bound on quantum heat engine performance,

demonstrating a quantum disadvantage [45]. Equal temperatures are chosen for qubits A and C so

we can identify the "hot" and "cold" components of the working medium by grouping both qubits

in either the "hot" or "cold" category. For example, when considering the initial energies of all the

qubits, if qubit-B is initially the most energetic (U (0)
B > U (0)

A , whereU (0)
A = U (0)

C ) then it is described

as the "hot" component and qubits A and C are described as the "cold" components. This is important

in Subsection 4.4.4 when we identify for which iterations the system is operating as a heat engine,

requiring the identi�cation of the �ow of heat. In the case where qubit-B is initialised in a thermal

state, "Initialisation" in Figure 4.1(a) is performed by the reservoirR(TB). It is important to note there

is no initial correlation between the qubits and their respective reservoirs as a result of thermalisation.

As reference systems, we consider the ones with each qubit prepared in a thermal state: here, there are

no initial quantum coherences. We compare these with the systems in which qubit-B is prepared in a

pure state; then, initial quantum coherence will transfer through the qubits when a circuit is applied.

This allows for probing how initial quantum coherences affect the system's capabilities as a heat engine.

Qubit-B is initialised in a pure state asr Pure = jyihy j, wherejyi = cos(q=2) j0i +e if sin(q=2) j1i

with a value ofq which ranges from0 to p, while f ranges from0 to 2p. For this investigation, we

will consider the full range ofq andf values. Here,j0i is the ground state andj1i is the excited state.
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To understand the �ow of heat through the system, we �rst remind the reader of two important

quantities discussed in Chapter 2: the average internal energy; the extractable work. The average

internal energy is quanti�ed with the value Uj and has the form

U j = Tr [r jH j ] ; (4.1)

wherer j is the density matrix of either the component qubits or the total system andH j is the

corresponding Hamiltonian,j = A; B; C for the component qubits orj = sys for the total system. It

then follows that the change in energy of the total system or the component qubits from some initial

state to some �nal state is,

DUj (r j ) = Tr
h
r ( f )

j H j

i
� Tr

h
r (0)

j H j

i
; (4.2)

wherer (0)
j andr ( f )

j are the initial and �nal density matrices respectively. To �nd the reduced

density matrix for the change in energy of the component qubits, the partial trace is performed as

shown in Equation 2.8. We also de�ne here the convention that a reduction in the total energy of the

system equates positive extractable work withhWei = �DU sys. This de�nition of extractable work

will be used throughout the thesis when referring to the heat engine.

We now characterise the �ow of heat through the system. Explicitly,

• U (0)
A = U (0)

C < U (0)
B identi�es qubit-B as the hot component;

• U (0)
A = U (0)

C > U (0)
B identi�es qubit-B as the cold component.

HereU (0)
j is the initial energy of the qubits andj = A; B and j = A; B; C for two and three

qubits. To identify the direction of the �ow of heat,hQi is negative when energy is transferred from

a reservoir to a component of the working medium which corresponds to the change in energy of

the component qubits, i.e.hQj i = DU j where j = A; B or C. Further, the system has no intrinsic

interaction between the qubits outside of those facilitated by NRCGs allowing for convenient resetting

of the system back to initial conditions.

4.3.2 Protocol Application

The second step of the NRCG driven quantum heat engine is the iterative protocol application shown

in Figure 2.3(a). Qubits' correlation, which a CNOT gate may achieve, may lead to a quantum
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advantage in the operation of a quantum heat engine [10]. A cycle is de�ned asN iterations of the

basic circuit, corresponding to M = N in Figure 2.3(a).

A schematic of the building blocks of the protocols is shown in Figure 2.3(a). We consider systems

of two and three qubits for each protocol and we examine two ways of applying interactions, where

the two-qubit system is recovered with the removal of qubit-C and one "controlled gate" block in

Figure 4.1(b). Explicitly,

• Case 1: Qubit-A is never the target qubit;

• Case 3: All qubits are either a control or target qubit over the course of one iteration.

The system is evolved, according to the quantum circuits in Figure 2.3(b) with the evolution,

r ( f )
sys = Ur (0)

sysU†, wherer (0)
sys is the initial density matrix of the total system andr ( f )

sys indicates the total

density matrix at the end of the protocol. The unitaryU represents the controlled gates speci�ed

in Figure 2.3(b), as appropriate to each protocol, with NRCGs of the form in Equation 2.70. The

protocols are iteratively applied to the system and can be halted at a chosen number of iterations,

which can be optimised for either a maximum or a speci�c value ofhWei , signi�ed by the work

production step. Afterwards, the system will then proceed back to the initialisation step. While the

system does not always operate as a heat engine over all protocols and initial conditions, it does so for

the regions corresponding to the highest production of extractable work.

4.4 Optimisation for Operation as a Heat Engine

4.4.1 Temperature Dependence on Work Production

Here, we begin with optimising the system described in Section 4.3 to identify the temperatures at

which to initialise qubits A and C for maximum extractable workhWe
peaki . This is de�ned as the peak

value of extractable work across all protocols' applications and system initialisations. Figure 4.2

shows the temperature dependence ofhWe
peaki from all protocols and system sizes, where protocols

are applied up to 150 iterations,q is scanned from0 � q � p , f is scanned from0 � f � 2p , a

comprehensive range of kbT̄ is sampled, and hWepeaki measured for each combination.

Higher initial temperatures lead to larger values ofhWe
peaki , until saturation occurs forkbT̄ & 40e2B.

This is intuitive, the system is initialised with a higher initial energy leaving more scope for a larger

reduction in energy and a larger amount of work to be produced. Low temperatures show small to no
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Fig. 4.2 Results demonstrate thekbT̄ dependence in units ofe2B (x-axis) of the maximum extractable
work hWe

peaki in units ofe2B (y-axis), wherehWe
peaki is recorded over everyq andf combination per

value ofkbT̄. Black vertical line:kbT̄ = 40e2B. Dashed black vertical line:kbT̄ = 4e2B. Purple: Case
1 two-qubit; Blue: Case 3 two-qubit; Orange: Case 1 three-qubit; Red: Case 3 three-qubit, as labelled.

hWe
peaki at kbT̄ = 104e2B

Two-Qubit Three-Qubit

Case 1 0:50e2B 0:39e2B

Case 3 0:27e2B 0:50e2B

Table 4.1 Peak extractable work as converged at large values of kbT̄ , corresponding to Figure 4.2.

work production untilkbT̄ � 0:4e 2B for all but Case 1 two-qubit system, which produces some amount

of work already atkbT̄ � 0:1e 2B. Work production then rapidly increases up tokbT̄ � 4e 2B, to saturate

at higher temperatures to the values of peak work shown in Table 4.1 for each protocol and system

size. This convergence is a result of the thermally initialised qubits approaching maximally mixed

states. Because of this, the temperature at which we see the largesthWe
peaki is the same for all Cases

and system sizes. Figure 4.2 already demonstrates that the maximum extractable work is not merely

connected to the system size and available initial energy, as, depending on the protocol, the two-

or three-qubit system may achieve a largerhWe
peaki . As this work will focus mainly on maximising

work production, in the following we choose to initialise the system withkbT̄ = 40e2B which is

shown in Figure 4.2 by the black vertical line. For completeness an investigation intokbT̄ = 4e2B,
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