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ABSTRACT

This thesis develops a rigorous framework for stochastic integration in Banach spaces,
with a particular focus on integration with respect to cylindrical Lévy processes — an
infinite-dimensional generalization of Lévy processes that contains jumps and disconti-
nuities. Motivated by the need to work in non-Hilbertian spaces, the thesis makes original
contributions, including a generalization of the It integral for Banach space-valued pro-
cesses, a stochastic Fubini theorem for generalised cylindrical Lévy processes, existence
and uniqueness solution for Lévy driven stochastic differential equations in Banach spaces,
as well as a key extension of the Brzezniak and Hausenblas [8] framework to cylindrical
Lévy settings using p-summing operators. These results are important in the theory of
stochastic partial differential equations and infinite-dimensional stochastic systems. Future
work will involve two research articles: one based on Sections 5-7, and another based on

the advanced results of Section 8.
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1. INTRODUCTION

The mathematical modelling of randomness phenomena has become increasingly vital
in both theoretical and applied sciences. In particular, stochastic processes — especially
those with jumps or discontinuities, such as Lévy processes — provide powerful tools for
capturing complex dynamical behavior in various areas, including biology, engineering,
finance, and physics. Lévy processes generalize Brownian motion by allowing for discon-
tinuous paths and sudden changes, thereby offering a richer and more flexible analytical
and probabilistic framework.

This thesis is devoted to the development of a rigorous theory of stochastic integration
in Banach spaces, with a particular focus on cylindrical Lévy processes. It presents original
contributions to the theory of stochastic integration, generalizations of Fubini-type results,
and an operator-theoretic framework for analyzing infinite-dimensional Lévy driven sys-
tems. Such a setting is essential for modelling systems with infinite-dimensional state
spaces, which arise naturally in several important applications, such as stochastic partial
differential equations (SPDEs), term structure models in mathematical finance, and dis-
tributed parameter systems in signal processing.

Extending stochastic calculus to Banach spaces poses substantial technical challenges,
as many standard tools from finite-dimensional It6 calculus fail to generalize directly to
Banach space settings, especially in the presence of jumps. This thesis systematically ad-
dresses these difficulties by developing integration theories suited to Banach spaces of mar-
tingale type, identifying and characterizing appropriate classes of operator for integrability,

and extending foundational results to the cylindrical Lévy setting.

1.1. Motivation and Scope. Stochastic calculus in infinite-dimensional spaces has seen a
substantial process, notably in the context of Hilbert spaces. However, there is increasing
interest in developing stochastic analysis tools in more general Banach spaces, driven by
the need to work with non-Hilbertian function spaces, such as L”, Sobolev, or Besov spaces,
used in SPDEs theory. Unlike Hilbert spaces, Banach spaces lack inner products and the
Riesz representation theorem, which necessitates new approaches for defining integrals,

establishing measurability, convergence, and regularity of stochastic processes.
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A pivotal theme in this thesis is the study of cylindrical Lévy processes, a class of
infinite-dimensional Lévy processes that generalize classical finite-dimensional jump pro-
cesses. By acting on the dual space, these processes allow the construction of well-defined
stochastic integrals for a certain class of operator-valued integrands. In this context, the
Bochner integral serves as a key tool, extending integration to Banach space-valued func-
tions and facilitating the construction of L”-spaces. This provides a natural foundation for
defining stochastic integrals with respect to Lévy noise. The use of Lévy processes, which
encompasses compound Poisson processes, subordinators, and more general infinite activ-
ity jump processes, provides a flexible and realistic framework for modelling real-world
systems where sudden changes or bursts are observed.

This thesis systematically explores the theory of Banach space-valued stochastic inte-
grals and Lévy processes, starting from the Bochner integral and culminating in more gen-
eral Lévy stochastic integrals. This framework lays the groundwork for future applications

to infinite-dimensional stochastic equations and martingale problems.

1.2. Thesis Outline and Section Contributions. The thesis begins by building a robust
theoretical foundation and culminates in original results that advance the theory of Lévy

driven stochastic calculus in Banach spaces.

Section [2 begins by introducing the Bochner integral, detailing key definitions and re-
sults related to measurability, integrability, and L? spaces for Banach space-valued func-
tions. This sets the stage for the formal development of stochastic integration.

The section then presents a review of Lévy processes, including their construction via
characteristic functions, the Lévy—Khintchine formula, and the structure of compound
Poisson processes. Key concepts such as infinite divisibility and Lévy measures are ex-
plored.

Subsequently, Poisson random measures and compensated Poisson integrals are intro-
duced, which are fundamental to the theory of jump-driven stochastic calculus. Their
integration framework is carefully constructed using predictable integrands and square-
integrability conditions in Banach spaces.

Finally, the section reviews the It6 formula for Lévy driven stochastic integrals, provid-

ing a powerful analytical tool for dealing with nonlinear functionals of stochastic processes.
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It closes with a discussion of the Lévy-Itd decomposition and martingale-valued measures

associated with Lévy noise.

Section [3|defines cylindrical measures and cylindrical random variables in Banach spaces,
extends Lévy processes to infinite dimensions, emphasizing cylindrical Lévy processes and
their characteristic functions, and finally discusses weak integrability conditions and cylin-

drical martingales, linking them to cylindrical Lévy processes.

Section [4] first introduces p-summing operators between Banach spaces, focusing on
their norm properties and relationships with L? spaces. The section then defines p-Radonifying
operators, which extends cylindrical measures to Radon measures, and their equivalence to

p-summing operators under certain conditions.

Section [3] sets up the framework for stochastic integration in Banach spaces, including
assumptions on cylindrical Lévy processes and p-summing operators, then defines sto-
chastic integrals for step process, showing how to approximate general processes in Ba-
nach spaces of martingale type p € [1,2]. A key technical tool here is the Banach space
AP0, T;I1,(K, E)), which accommodates stochastic processes taking values in the space
of p-summing operators from a Banach space K into another Banach space E. The sec-
tion defines the stochastic integral operator /(i), of step functions, and extends it to more
general integrands. A main contribution, culminating in Theorem [5.36] ensures that under
mild assumptions, the stochastic integral exists, has the martingale property, admits cadlag

modification, and it satisfies a stronger inequality, (5.21)), i.e.,

T
E sup (LI < CEJ; (W (s)) ds.

te[0,7]

These results are important for stochastic analysis in infinite-dimensional spaces.

Section [] extends the classical Fubini theorem to the setting of stochastic integrals with
a generalized cylindrical Lévy process in Banach spaces. The main result, Theorem [6.6]

allows for interchanging the order of integration with respect to a measure space and a
8



stochastic integral Specially, if the appropriate conditions are met, equality (6.9) holds, i.e.,

f ( f w<s,y>dL<s>) duu(y) = f ( f w(s,y)du(y)) dL(s), P-as.
(0] 0 0 (0]

This extension relies on precise measurability and integrability arguments. The proof in-
volves a careful approximation of integrands and uses tools from Bochner integration and

measure theory.

Section [7] applies the theory developed in section [5] to formulate and solve stochastic

differential equations (SDEs) of the form:
dX(t) = B(t, X())dt + G(t, X(1))dL(t), X(0) = Xp.

in Banach spaces, where B and G are strongly measurable functions. The section proves
existence and uniqueness of solutions for Lévy driven SDEs in Banach spaces, under Lip-
schitz and growth conditions on the coefficients B and G, using the Banach Fixed Point

Theorem and exploring properties of the stochastic integral.

Section [§] constitutes a significant contribution of this thesis. It extends the work by
Brzezniak and Hausenblas [8]], originally developed for Poisson random measures, to the
more general cylindrical Lévy processes, thereby extending their results to a broader and
more flexible class of stochastic drivers. It introduces a class of Banach spaces &), , sat-
isfying specific integrability and continuity properties, and proves that stochastic convolu-
tions and integrals involving p-summing operators are well-defined under these settings.
The main result, Theorem [8.8] shows that the stochastic integral mapping satisfies crucial
conditions (R1)-(R6) as formulated in [8], such as boundedness, interpolation invariance,
and operator liftings from Poisson to Lévy settings. These results substantially broaden
the applicability of the theory, particularly for semigroup-based evolution equations and

operator-valued integrals in infinite-dimensional settings.

Finally, a few words about future directions. I plan to develop two research papers based
on the results of this thesis. The first article will be based on Sections 5, 6, and 7, while the

second will be based on Section 8.



2. FounbpaTIiON

We commence the foundational framework by presenting the Bochner integral, a critical
tool for stochastic integration in Banach spaces, which underpins the theoretical develop-

ment of subsequent stochastic analysis.

2.1. Bochner Integral. This subsection is based on chapter 1.2 of [12].

Definition 2.1. [40, p. 205] A set X is a real R (or complex C) Banach space if X is a vector
space over R (or C) scalar field, equipped with a mapping || - || : X — R, called norm, that
satisfies the following properties:
@) llafll = lalllfll for f € X, a € R (ora € C),
(i) I1f + gll < IIf1l + llgll for f, g € X,
(i) [|fll = O if and only if f = 0,
Moreover, if a sequence {f,} € X satisfies lim,, 0 || fn — finll = O, then there exists an f € X

such that lim,. |If, — fll = 0.

Definition 2.2. [1, p. 9] A metric space X is said to be separable if it has a countable
dense subset. In particular, a separable Banach space is a Banach space that contains a

countable dense subspace with respect to the distance generated by the norm.

Let us point out that examples of separable Banach spaces include the Lebesgue spaces
L? with p € [1, o) and the Sobolev spaces H*” with s € R and p € [1, 00). The space, L*,
however, is generally not separable (although it is a Banach space).

Building on the notion of separability in Banach spaces, we now turn to the concept of
measurability in the context of measurable spaces.

Let X be a Banach space over a scalar field K € {R, C}, and let B(X) denote the Borel
o-field of X. Let (Q, ) and (S, S) be measurable spaces.

Definition 2.3. [12] Definition 1.2.1, p. 16] A function f : Q — S is ¥ /|S-measurable if
and only if f~Y(A) € F forevery A € S.

The Borel measurable, simple measurable, strongly measurable, finitely-valued and sep-

arably valued functions are respectively defined as follows:

B, F;X) = {f Q- X: fisF/BX) - measurable}.
10



N
SIm(Q, 75 X) = { > xjlp i NeN,x,---,xy e X, Fp,--- ,Fye Fl. (@1

=1
S(Q,F:X) = {f: Q- X : Af)y, € Sim(Q, F:X) : f, > f pointwise }.
Fin(Q, F; X) :{ f:Q — X : fis afinite non-zero constant on each of a finite number
of disjoint # -measurable sets F;; and f is zero on Q \ U}_| F j}.
Sep(Q, F; X) = {f : Q — X : daclosed separable subspace X, C X : f(QQ) C Xo}.
Referring to Lemmas 1.2.3-4 and Corollary 1.2.6 in [12]], we have the following facts:
(1) B(Q,F;X), Str(Q, F; X) and Sep(Q2, F; X) are closed under pointwise limits.

(i1) [31} corollary of Pettis’s measurability theorem 1.2.5] The pointwise limit of a se-

quence of strongly measurable functions is itself strongly measurable.
Theorem 2.4. [31, Theorem 1.1]
Str(Q, F;X) = B(Q,F;X) N Sep(QQ, F; X)
Corollary 2.5. [12| Corollary 1.2.8] When X is separable, Str(Q, F; X) = B(Q, F; X).

The following definitions and the Alexandroff Theorem mainly follow Definitions 1.1.1-

2 and 1.1.6 in [12].

Definition 2.6. [19, Chapter 1, Section 1.1. Def. 1.1] A set function is a function
y:ﬂ%ﬁ::RU{ioo}

defined on a collection A of a given set Q, where R is the extended real number, and u(A)

assigns a (possibly extended real) number to each set A € A.

Definition 2.7. 18, Definition II1.1.3] Assume that S is a non-empty set. A family S of
subsets of S is called a field if and only if

1 0es;

(i) if A€ S, then S \A € S,

(iii) ifA,B€ S, then AUB € S.

Lemma 2.8. (see after [18, Definition II1.1.3]). If S is a field of subsets of a non-empty set

S, then
11



(iv) ifA,B€ S, then ANBE€ S,
(v) ifA,Be S, then A\ B € S.

Definition 2.9. Assume that S is a field of subsets of a non-empty S and X is a Banach
space. A set function u : S — X is finitely additive if
1) 0eS;
(i) p(@) = 0;
(i) u(XiL, A) = XLy uA)

for every finite family {(A;)!_,} C S of pairwise disjoint sets such that U!_ A; € S.

Definition 2.10. Assume that S is a field of subsets of a non-empty S and X is a Banach
space. Let u : S — X be a finitely additive set function defined on S. Then u is countably
additive if and only if

uJan = ) uan
i=1 n=1
for every sequence {(A;);2,} C S of pairwise disjoint sets such that U A; € S.

Theorem 2.11. (Alexandroff) 18, Theorem I11.5.13, p. 138] Let u : S — C be a bounded,
see Definition regular complex valued additive set function defined on a field S of

subsets of a compact topological space S, see Definition|[F.7] Then u is countably additive.

Theorem 2.12. (Alexandroff) [12, Theorem 1.1.7] Let u : S — [0, o] be a regular finitely
additive set function defined on a field S of subsets of a compact topological space S. Then

u is countably additive.

Definition 2.13. [37, Definition 3.6, p. 65] Let (0, F,u) be a measure space and let 0 <

p < oo. For a measurable function f : Q — R (or C), define the L”-norm by
b= [ 197 d. 22)
Let LP(u) denote the set of all measurable functions f for which
1 Nlzrgey < oo.

We call || fllzr ), or simply || fll,, the LP-norm of f.
12



Definition 2.14. Let X be a Banach space, and let p € [1, ). Define
L0 F )= [ € ST 0 Il = ([P du@) <) @3)
as a semi-normed vector space, see Definition and
LI(Q.F . X) = {[f]- : f € L7QF . u: X)) (2.4)

is a Banach space, see Definition 2.1} of all equivalence classes of mapping [f]. : Q —

RY that are equal almost everywhere (a.e.) w.r.t. ju.

Remark 2.15. The symbol . is used in a very different sense than in Definition The
present use of this symbol is only temporary and often it is as .Z’” and hence the abuse of

notation should not cause any problem.
Here the norm on LP(Q, ¥, u; X) is given by the LP-norm defined in (2.2)).

Lemma 2.16. Let P (Q, F,u; X) be a semi-normed vector space defined in (2.3), More-
over, if f ~ g, then LP(Q, F, u; X) defined in (2.4)) is a Banach space w.r.t. the norm defined
by

WA = WAl f € ZP(QF, 13 X).

Remark 2.17. f ~ gif and only if ||[f — gll, = 0.

Remark 2.18. Let f € ZP(0,T;X) and {f,}>, € Z7(0,T; X) be a sequence of functions,

=1

such that f, — fin £7(0, T; X). Then there exists a subsequence {f,, }52, such that f,, — f

almost everywhere.

Lemma 2.19. f € ZL7(Q,F,u; X) if and only if there exists {f,},", C Fin(Q,F, u; X) such
that f, — f pointwise and ||f — full, — O.

Definition 2.20. [47, Definition, p. 132] Assume that (Q, 7, u) is a measure space and
X is a Banach space. A function f : Q — X is (u—) Bochner integrable (or Strongly
(u—) measurable) if and only if there exists a sequence (f,), C Fin(Q, ¥, u; X) such that

fu — [f pointwise andfglf—fnldy — 0.
For any set F € F, the (u-) Bochner integral of f over F is defined by

f fdu = lim f fulpdu. (2.5)
F ”_1’;” Q



See [47), p. 132-133] for the justification that the limit on the right-hand side of (2.5])

exists.

Theorem 2.21. [47, Theorem 1, p. 133] A strongly ¥ -measurable function f is Bochner
u-integrable if and only if ||f| is u-integrable.

Lemma 2.22. Ifn € N, (F)'_, ¢ F, (U F) < o and f = Y a;lr, then f €
Fin(Q, X; p) and [, f dy = 3L, ai p(Fy).

2.2. Lévy processes. Having introduced the Bochner integral as a framework for integrat-
ing Banach space-valued functions, we are now prepared to study Lévy processes, which

will form the foundation for the stochastic models studied in the following sections.

2.2.1. Basic Definitions and Theorems. We begin with a set of classical definitions and

theorems about Lévy processes.

Definition 2.23. [6, Chapter 1, Section 4, p. 13] A random variable is a measurable func-
tion from a probability space (Q, F,P) to (R, B(R)).

Definition 2.24. [1} section 1.1.6] Suppose that (Q, F, P) is a probability space.
Suppose that X : Q — R? is a random variable. The characteristic function of X is a
function ¢x : R — C defined by

dx(u) = B(e™X) = f e XOP(dw), ueR?
Q

Let M;(R¢) denote the set of all Borel probability measures on RY. Note that the sub-
script ”17 in u € M;(R?) indicates that u(RY) = 1.

Definition 2.25. [f u € M;(RY) then the characteristic function of u is a function ¢, : R —
C defined by

¢u(u) :f e u(dy), ueR.
R4

A natural question arises regarding the relationship between the two definitions above.

The answer is provided by the following lemma.
14



Lemma 2.26. Suppose that X : Q — R? is a random variable defined on a probability
space (Q, F,P). Let u = uxy = L(X) the law of X, i.e., a Borel probability measure on R?
defined by

px(A) :=P(X"'(4)), AeBRY.
Then,

¢u(u) = px(u), ueR

Lemma 2.27. |1, Lemma 1.1.11]

(1) ¢y is positive definite for all uy,--- ,u; € RY.

(2) ¢x(0) = L

(3) The map ¢x is continuous at the origin.

Definition 2.28. [1} section 1.1.7, p. 19] The finite-dimensional distribution of a stochastic
process X = (X(t),t > 0) is the collection of probability measures (py, 1. 1,, 11,12, * s 1, €
Rty #t, # - -+ # t,,n € N) defined on R™ by

Prpe-1,(A) = P((X (1), X (1)), -, X(11)) € A)

for each A € B(R™).
Let o be a permutation of {1,2,--- ,n}; then for each H\, H,,--- , H, € B(RY),

Pty ity (HE X Hy X oo X Hy) = Py oot (Hoty X Ho@) X0 X Hony); (2.6)
Pivine ininey (I X Hy X oo X Hy X RY) = py oy (Hy X Hy X -+ X H,); (2.7
Equations and (2.7) are called Kolmogorov’s consistency criteria.
Proof of Equation (2.7). Notations (RY)* = R, A c Borel, HA, = H x R%.
Pivis o anans (H X RY) =P((X(11), -+, X(8), X(141)) € H X RY)
=P((X(11), -~ , X(82)) € H, X(t11) € R)
=P((X(11), -+, X(,)) € H N (X(tns1) € RY))

=P((X(t1), -+, X(1,)) € H).

15



Definition 2.29. [[I Section 1.2.2] Let X be an R%-valued random variable. We say that
X is infinitely divisible if and only if, for each n € N, there exist i.i.d. random variables

Y;l), oo YW such that

_ vy n
X=Y +---+Y".
The following result lists two equivalent formulations of infinite divisibility.

Proposition 2.30. [1, Proposition 1.2.6] Let X be an R¥-valued random variable with the
law denoted by uy. Then the following three conditions are equivalent.
(a) X is infinitely divisible;
(b) for every n € N, ux has a convolution n-th root that is itself the law of a random
variable, i.e., there exists a measure y € M;(R?) such that v*' = u.
(c) for every n € N, ¢x(u) has an n-th root that is itself the characteristic function of a

random variable.

In general, the convolution n-th root of a probability measure may not be unique. How-

ever, it is always unique when the measure is infinitely divisible.

Definition 2.31. [1, Example 1.2.10] Suppose that (Z,,n € N) is a sequence of i.i.d. R?-
valued random variables with common law uz, and that N ~ Pois(c) is a Poisson random

variable that is independent of all the Z,,2,, - - - ,Z,. The Compound Poisson random vari-

able X is defined as

X=Zi+272,+ -+ 2y,

so we can think of X as a random walk with a random number of steps, i.e.,
X=Z(w)+ZL(w)+ - +Zy(w).

Proposition 2.32. [1, Proposition 1.2.11] In the framework of Definition for each

ueRY
Dx(u) = expl f [~ 1]e pugldy)).
Rd

Proof of Proposition[2.32] Let ¢, be the common characteristic function of Z, 2, - - - , Z,.

By conditioning on Poisson random variable N and applying the law of total expectation,
16



we obtain

(o)

ox(u) = > E(expli(u, Zy +Zy -+ Zy)IN = n) P(N = n)---

n=0

Since N ~ Pois(c), we have

E(exp{i(u, Ziv+7Zy---+ Z,,)}) e

M 1

E(exp{z(u Z)}expli(u,2y)} - - - expli(u, Zn)}) e—cz_ = ...

I
(=]

n

Using independence of the Z;, Z,, - - - , Z,, we have

n!

ZE expli(u, Z,)} ) (exp{l(u Zz)}) (exp{l(u Z )}) & _ ..
=0

Since each Z; has the same characteristic function, ¢(u), we get

Z¢Z(M)'¢z(u)“'¢z(u)€_c— D [pw)]" e

=0 n=0

S

= e " explcdz(u)}

explcdz(u) — c} = exp{cldz(u) — 11} =
By the definition of characteristic function of Z and using parts (2) and (3) of Lemma[2.27]
we have

o= exp{c[fRd Y gy (dy) — f e iz (dy)])

R4

= expc| fR ) €Y uy(dy) — fR ) 1 uz(dy)]}

= explc d[ei(“’y) — 11 pz(dy)}.
R

O

Definition 2.33. [IL section 1.2.4, p. 29] A non-negative Borel measure v on R¢ \ {0} is

called a Lévy measure if and only if
f (I A 1) W(dy) < 0. (2.8)
RA\{0}

Exercise 2.34. Suppose that v is a Borel measure on R? \ {0}. Then the following two

conditions are satisfied.
17



(i) vis a Lévy measure;

(i1)
f br* ~ (dy) < o. 2.9)

reyio) 1+ 11

Proof of Exercise If v is a Lévy measure, then condition (2.8)) holds. We have
P 2 P
< ANl <2———, eR.
repp <P S Y

The integrand 0 < |y|> A 1 < 1 of the sufficient and necessary condition (2.8)) is equivalent
to the integrand of condition (2.9), 0 < llfllj*lz <l o

Theorem 2.35. (Lévy-Khintchine)[1, p. 29] A measure u € M;(R?) is infinitely divisible if
there exists a vector b € RY, a positive definite symmetric, see Definition d X d matrix
A and a Lévy measure v on R \ {0}, such that, for all u € R¢,
. 1 i :
$u(u) = expli(h, u) = 5, Au) + f [ = 1 = i, TGV,
R4\{0}
where B := {x e R? : |x| < 1} = B,(0).
Conversely, if ¢ : R — C is a map of the following form
. 1 " .
0 = explito. = 36 A+ [ = 1= L0,
R\{0}
where b € R, A is a positive definite symmetric d x d matrix, and v is a Lévy measure on

RY \ {0}, then there exists an infinitely divisible probability measure u on R? such that
¢ = ¢,

Note that the quadratic term (u#, Au) above can be written more explicitly:
(i) In dimension d = 1, if A = [a] is a 1 X 1 matrix, then (u, Au) = au®.

(i1) In general, for A = [a,j]fj:l with a;; = a;; (i.e., symmetric), we have (u,Au) =

Z?:j:l (,lijl/t,'l/tj.
Definition 2.36. A function
1 .
n RS u e ihw) - S, Au) + f [ =1 — i(u, ) 13(1)]¥(dy) € C
R4\{0}

is called a Lévy symbol, where b € R?, A is a positive definite symmetric d X d matrix, v is

a Lévy measure on R? \ {0} as defined in Definition and B = {yeRe: |yl <1}
18



If u € M{(RY) is infinitely divisible, and the parameters b, A, v are as in Theoremm
then the function n defined above is called the Lévy symbol of u.
If X is an infinitely divisible random variable and pu = uy is the law of X, then the Lévy
symbol of uy is also called the Lévy symbol of X.

Note that for a Lévy process X = (X(#),¢ > 0), when ¢ = 1, we have

E[ei“x(l)] = dxay(W)

where ¢yx(;) is the characteristic function of X(1).

Definition 2.37. [1, p. 101] A set A € B(R? \ {0}) is said to be bounded below if and only
if0 ¢ A, where A is the closure of A.

Remark 2.38. One can show that set A € B(R? \ {0}) is said to be bounded below if and

only if there exists r > 0 such that
BO,r)NA=0.

Theorem 2.39. [1, Theorem 2.3.5, p. 101] Let N(t,A) be the Poisson random measure

associated to a Lévy process. Then:

(a) If A is bounded below, then (N(t,A),t > 0) is a Poisson process with intensity u(A).
(b) If Ay,--- ,A,, € B[R\ {0}) are bounded below and pairwise disjoint, then the

random variables N(t,A;),--- ,N(t, A,,) are independent.

Theorem 2.40. [1, Theorem 2.3.7, p. 106] Let A be bounded below, and let N be the

Poisson random measure associated to a Lévy process X = (X(t) : t > 0). Then:

(a) for each t > 0, fA f(X)N(t,dx) has a compound Poisson distribution such that, for

each u € R4,

E(explitn, [ SN0 = exple [ e -Dugad]

where pga(B) = u(A N £~(B)) for each B € B(RY);
(b) if f € L'(A, pp), then

E( fA FG)N(,dx)) =1 fA J () pu(dx);
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(©) if f € L*(A, pa), then

Var( fA FOYNGdn)) = 1 fA FOOP ().

Proof of Theorem (a). For simplicity, we let

n

F=¢jla € L'(A, o),

J=1

where each ¢; € Rb,AJ- is the disjoint Borel subset of A. By [1, Theorem 2.3.5] (see
Theorem [2.39 above), the random variables N(z,A;), - -- N(t, A,) are independent Poisson

random variables with respective intensities #1(A ;), hence we have

n

Eexplitu | f0 NG d0)) = Blexplita, Y NG A

j=1

= E(exp|i(u, c;N(t,Ay) + - -+ c,N(t, A))])
= B(expli(u, c;N(t, Ay))] - - - expli(u, ¢,N(t,A,))])

= B(expli(u, c;N(t, A1))]) - - - E(expli(u, c.N(t,A,))])

= HE(exp[i(u, c;N(t,A))])
=1

= 1—[ E(expli(u,c;,) N(t,A))]) =
=1

Again, by Theorem[2.39] we have N(, A) ~ Pois(tu14), and by Lemma[2.4T]below, N(t, Aj) ~

Pois(tuy,), we have

expltpa [ = 11} = explt » pua [ = 17)
J=1 j=1

= expl Z f () — 1] dpu(x)} = explt f (6D — 1] ().
=1 f
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The last equality holds because

f [e"“? — 1]u(dx)

A

:Z f [0 _ 1] du(x) + f [ _ 1] du(x)
=1 Aj A/(U;leAj)

= f [ — 1] dpu(x) + f [0 — 1] dyu(x)
= Ja A

; oy
= Z f [ — 1] du(x) + f [1—1]du(x)
jzl Aj A/(U_’;':|Aj)

n

f [ — 1] du(x).

j=1 YA

Proofs of Theorem [2.40] parts (b) and (c) are omitted.

Lemma 2.41. If X ~ Pois(A), then

E[e*X] = e’l(ew_l), u€R.

Proof of Lemma
/1k
P(X:k):e-ﬁﬁ, k=0,1,2,---
SO
) = > Ak — (Ae)k i
Xy — ip-k _ _ ipk A" _ -4 _ =4 A
Ele ]—kzz(;e P(X—k)—kzz(;e e ] =e 2, o =e e

Theorem 2.42. Let {a,} be a sequence of real (or complex) numbers.

(1) Iflim,_, a, exists, then
limsupa, = liminf g, = lima,.
(2) Iflimsupa, = liminf a,, then lim,_,, a, exists, and

limsupa, = liminf a, = lima,.
21
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2.2.2. Subordinators. We now turn to the concept of subordinators, which are non-decreasing
processes that are often used to model time changes in stochastic frameworks, with con-

nections to Lévy processes that will be explored later.

Definition 2.43. A subordinator is an R-valued Lévy process whose trajectories are non-

decreasing.

Remark 2.44. 1f T(¢), t > 0 is a subordinator on a probability space (€, ¥, P), then the

following two conditions are satisfied.

(i) T(t) = 0 almost surely for each ¢t > 0;

(i1) T(t;) < T(t,) almost surely for all 0 < #; < 1.
Claim 2.45. If z = v + iu with u > 0, then
E(e" ) < 1.
Thus E(e’mf)) exists. Moreover, the function
z=v+iu:u>03zm- E(eizT(l))

is analytic and continuous in the closure of that set.

Finally, we have

E(e_”m)) =W >0,

where
W) = bu + fo m(l —e™) Ady), u>0.
Lemma 2.46. For z = v + iu, where v € R and u > 0, E(eiZT(’)) exists. Moreover, we have
ZT(t) = vT(t) + iuT(t)
Proof of Lemma Using basic algebra
i(v+iu) =iv—u,

we have

eizT(t) — e(iv—u)T(t) — e—uT(l) . eivT(t)‘
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Next using the fact that [e*| = |e“| + |?’| and |e?’| = 1 for any real b, because it lies on the

unit circle, we obtain

—uT(f)

izT(t)l — 1 =e

|e—uT(t) 3 eivT(t)l — e—uT(t) .

le
Since u > 0 and T'(¢) > 0, we have e™“7® < 1. Hence
EleizT(t)l — Ele—uT(t)l <El =1.
Hence E(e”“T™®) exists. o
Lemma 2.47. Ifz = v + iu with u > 0, then
f (1 - &™) Ady) < oo.

0
Hence, fooo(l — eiZ}’) A(dy) exist. Moreover, the function

7 f (1-e™) Ay

0

is analytic in the region {z = v+iu : u > 0} and continuous in the region {z = v+iu : u > O}.

Definition 2.48. [1, p. 56] A process Ts = (Ts(t),t > 0) taking values in R* U {co} is called
a killed subordinator if it satisfies the following condition:
T for0<t<S§S,

Ts(t) =
o) fort>S.

where T(t) is a subordinator and S is a stopping time.

Proposition 2.49. [1, Proposition 1.3.24, p. 56] There is a one to one correspondence
between killed subordinators Ts and Bernstein functions f € C*((0, 0)) with f > 0, and
(=" f® < 0 forall n € N, given by

E(e ' Ts) = of®
foreach t,u > 0.
Proof of Proposition By independence, we have
E(e™"M) = B(e™" " Lo s1(1) + E(e™5 L5 00y (1) = B¢ ) P(S 2 1) + €™

— e—tw(u)f ae—ax dx+0 = e—tz//(u) (e—axlf) — e—tw(u) e—at — e—t[(//(u)+a] — e—tf(u)’
t
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where the third equality follows by [1, p. 52],
]E(e—uT(S)) - e—tllf(u),

where
Y(u) = —n(iu) = bu + f (I1-e"™)Ady), u>0.
0

and using the fact that gg(x) = ae™ for each x > 0. O

2.2.3. Lévy Processes.

Definition 2.50. [40, Definition 1.4] A stochastic process is a family {X, : t > 0} of R"-

valued random variables defined on a common probability space (Q, F , P).

Let us recall Definition [2.29] of an infinitely divisible random variable. The following
definition is taken from [1, Section 1.3, p. 43], where only the case n = 1 has been dis-

cussed.

Definition 2.51. Assume that n € N, n > 1. An R"-valued stochastic process X = (X(t) :
t > 0) on a probability space (Q, F,P) is a Lévy process if and only if,

(L1) X(0) = 0 almost surely,

(L2) X has independent stationary increments;

(L3) X is stochastically continuous, i.e., Ya > 0,s > 0,
lim P(|X(?) — X(s)| > a) = 0;
t—s

Definition 2.52. Assume that n € N, n > 1. An R"-valued stochastic process X = (X(t) :
t > 0) on a filtered probability space (Q, F ,E,P) with filtration F = (F,);»0, is an F-Lévy
process if and only if it is Lévy process and

(L4) X is F-adapted, i.e., X(t) is F;-measurable for every t > 0;

(LS) Ift = s > O, then the random variable X(t) — X(s) is independent of F.

The following result links the previous two definitions.

Proposition 2.53. Assume that n € N* := N\ {0} and let X = (X(t) : t > 0) b an R"-
valued Lévy process defined on a probability space (2, F,P). Let F be the natural filtration
generated by X, i.e.,

Fr=0{X(s):s€[0,t]}, t=>0.
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Then X = (X(¢) : t > 0) is an R"-valued F-Lévy process.

Exercise 2.54. Suppose that X = (X(¢) : t > 0) is a stochastic process on a probability space
(Q, ¥, P) that satisfies conditions (L1) and (L2). Then one can show that condition (L.3) is
equivalent to the following one:
(L3*) Ya > 0,
lti_%lPGX(t)l >a)=0.

Proposition 2.55. [1, Proposition 1.3.1, p. 43] If X = (X(¢) : t > 0) is a Lévy process, then
X(¢) is infinitely divisible for each t > 0.

By Proposition [2.55] we can write the characteristic function for Lévy process X(7) as
bxn(w) = €™, see Definition [2.24} for each 1 > 0,u € R, where each 7(z,-) is a Lévy
symbol.

Lemma 2.56. [1, Lemma 1.4.8, p. 67] If X is a Lévy process and Y is a modification of X,

then Y is a Lévy process with the same characteristics as X.

Definition 2.57. An E-valued process X is said to be progressively measurable with respect

to the filtration F if and only if for every t > 0, the mapping
[0,/] X Q> (s,w) — X,(w) € E
is B([0, 1]) ® F,/B(E)-measurable.

Definition 2.58. [40, Definition 1.5] A stochastic process {X,} on R? is stochastically con-

tinuous or continuous in probability if and only if, for every t > 0 and € > 0,
limP[|X, - X,| > €] = 0.
st

Definition 2.59. A sequence {X, : n = 1,2,---} of R%valued random variables is said to

converge stochastically or converge in probability to X if and only if, for each € > 0,

lim P[|X, — X| > €] = 0.

This is denoted by

X, - X.
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Lemma 2.60. [[1, Lemma 1.3.2, p. 43] If X = (X(¢) : t > 0) is a stochastically continuous

process, then, for each u € RY the map
1 dx(u)
is continuous.
Theorem 2.61. [1, Theorem 1.3.3, p. 44] If X is a Lévy process, then for every t > 0
bxiy(u) = M = M0 = g1ty e RY
where 1 is the Lévy symbol of X(1), see Definition

Proof of Theorem Since X is a Lévy process, hence the properties L(1)-L(3) stated in

Definition 2.51] are satisfied. Define the characteristic function
¢u(0) = dxy@), ueR’t>0.

For all ¢ > 0, from Definition 2.51| (L2), we have

¢u(t + S) :E(ei(u,X(t+S))) — E(ei(u,X(t+s)—X(s)) ei(u,X(s))) - ... (210)
By independence (a property of Lévy processes),

= E(ei(u,X(t+s)—X(s))) E(ei(u,X(s))) — E(ei(u,X(t))) E(ei(u,x(é‘))) = ¢,(1) Pu(5).
Next, by Definition [2.5T] (L1), we have
$.(0) = E(e"™XOy = 1. (2.11)

Finally, from Definition [2.51] (L3), we infer that X is stochastic continuous. Hence, by
(1, Lemma 1.3.2, p. 43] (see Lemma[2.60]above), the map r — ¢,(¢) is continuous for each
u R4

Now, the unique continuous solution to (2.10) and (2.11)) is given by

du(t) = €™, where a : R — C.

By [, Proposition 1.3.1, p. 43] (see Proposition [2.55] above), X(7) is infinitely divisible.

Therefore, ¢y (1) can be written as

bxy(w) = ¢, (t) = e, Vt>0,u e R,
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Hence

ta(u) =ta(l,u) = a(t,u)

and therefore, a(u) is the Lévy symbol of X(1).

2.3. Poisson Random Measures. The following definitions are from [1, Section 2.3.1].

Definition 2.62. Let S be a non-empty set, and let A be a ring, see Definition of
subsets of S. Assume that (Q, F,P) is a probability space.
A random measure on (S, A) is a collection M = (M(B), B € ‘A) such that for every B € A,
M(B) is a random variable on (Q, ¥, P) and the following two conditions are satisfied:
(i) M@©@) =0,
(1) If A, B € A are disjoint, then

M(A U B) = M(A) + M(B).

A o-additive random measure is a random measure M = (M(B), B € A) such that

(i1’) if Ay, Ay, - - - € A are disjoint, then

M(O) = i M(A)
i=1 i=1
or

M=) M.

iEN  ieN
Definition 2.63. Let S be a non-empty set, and let A be a ring of subsets of S. A random
measure M = (M(B), B € A) on (S, A) is called independently scattered random measure
if and only if for each pairwise disjoint family {B,,--- ,B,} in A, the random variables
M(B,),--- ,M(B,) are independent.

Definition 2.64. Let S be a non-empty set, and let A be a ring of subsets of S. A random
measure M = (M(B), B € A) on (S, A) is called a Poisson random measure if and only if

(1) M is independently scattered;
(i1)) M(B) < oo for all B € A; and for each B € A, the random variable M(B) ~ Pois(A(B))

with A(B) = E(M(B)).
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The next four definitions are from [1, Section 1.1.1, p. 2].

Definition 2.65. Let S be a non-empty set and ¥ a collection of subsets of S. We call ¥ a
o-algebra (or o-field) if the following conditions are satisfied:

(i) S eF.

(i) IfA € 7, then A° € F.

(i) If (A,)nen is a sequence of subsets in F, then U A, € F.

n=1

Definition 2.66. Let S be a non-empty set, and let ¥ be a o-field of subsets of S. A pair
(S,F) is called a measurable space if a measure on (S, 5 ) is a mapping u : ¥ — [0, 00)

that satisfies
(i) u(@) =0,
(i) p(Ussy An) = 2oy 1(Ay) for every sequence (A,)nen of pairwise disjoint sets in F .

The triple (S, ¥, ) is called a measure space.

Definition 2.67. Let u be a measure on a measurable space (S, F).

(1) The quantity u(S) is called the total mass of .
(1) u is said to be finite if u(S) < oo.
(ii1) u is said to be o-finite if there exists a sequence of (Ap)nen in F such that § =

U> A, and each u(A,) < .

Definition 2.68. [1, Section 1.1.1, p. 2] The Borel o-field of R?, BRY), is the smallest

o-field of subsets of RY that contains all the open sets.

Definition 2.69. Elements of B(R?) are called Borel sets, and a measure on (R¢, B(RY)) is

called a Borel measure.

Definition 2.70. A function f : R — R is called a Borel function if, for every Borel set B
in R, the inverse image f~'(B) is also a Borel set in R, i.e., if f is BR)/B(R)-measurable.

Definition 2.71. [44, Definition 4.6] A Lebesgue measure on (RY, B(R?)) is a measure that

assigns to every half-open rectangle A = [a;, b)) X [as, by) X - - - X [aq, by) C RY the value:

d
u(A) = l_[(bi_ai)’ -0 <qg;<b;<oo, i=12,---d
i=1
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Note that Lebesgue measure is o-finite but not finite.

The following two definitions are from [41, Definition G.1].

Definition 2.72. The Lebesgue o-field on R", denoted by B*(R"), is the completion of the

Borel o-field B(R") with respect to Lebesgue measure L.

The Lebesgue o-field B*(R") consists of all sets in B(R"), together with all subsets of
sets that have Lebesgue measure zero. In other words, 8*(R") is the smallest o-field that

contains all Borel sets and all sets of Lebesgue measure zero:

BRY:={ACR":AB e B(R"), N C B,u(N) =0 and A = BU N}.
Definition 2.73. All sets in B*(R") are called Lebesgue measurable sets.

Definition 2.74. [44, Definition 10.1] A function f : Q — R, where R = [-0, ], on a
measure space (Q,F, 1) is said to be (u—) integrable, if it is F | B(R)— measurable and if

both
fﬁdu, ff‘du < oo,

where f* and f~ denote the positive and negative parts of f, respectively. In this case, we

[rauw= [ rau- [ 1 due o)

the (u—) integrable of f.
We denote £ (1) and 3%01) as the set of all R-valued and R-valued u-integrable functions,

call

respectively.

Definition 2.75. If a measure u, defined as in Definition is integrable, then

[ ran

is called a Lebesgue integral of the function f with respect to the measure p.

Notation 2.76. Assume that M is a random measure defined by the property
M((s,t],A) = M(t,A) — M(s,A), YO0<s<t<oo, AecB(E).

where M(t, A) represents the measure accumulated by time t in the set A C E, and E is a

space with a o-field B(E). Then the following conditions hold
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(1) M({0},A) = 0 almost surely;
(2) M((s,t] X A) is independent of F;

(3) There exists a o-finite measure p on R* X E such that
E(M(t,A)?) = p(t,A), VO<s<t<oo, AcBE).

Hence we have
p((0,1] X A) = p(t,A) = tu(A),
and

E(M(1,A), M(t,A))) = p(t, A),

foreacht >0, A € B(E), where u is a o-finite measure on E.

Definition 2.77. [1, Section 2.3.1, p. 105] Let U be a topological space with Borel o-field
B(U), and let A € B(U) be a ring. Let S = R* X U and let I be the ring comprising finite
unions of sets of the form I X A, where A € A and 1 is itself a finite union of intervals. Let
M be a random measure on (S,1). For each A € A, define a process My = (My(t),t >

0) = M([0,1),A). We say M is a martingale-valued measure if each M, is a martingale.

The following example illustrates a concrete construction of a martingale-valued mea-

sure from a Lévy process.

Example 2.78. [1, Example 4.1.1, p. 215] Let X = (X(¢) : t > 0) be a Lévy process with
the Lévy-Itdé decomposition given by

X(®) = bt + B,(r) + f

[x|>1

xN(t,dx) + f xN(t,dx), t>0, (2.12)
[x>1

where
(1) b e RY,
(2) N(t,dx) is an independent Poisson random measure on R* x (R \ {0}),
3) N (t,dx) is the compensated Poisson random measure,
(4) B4 is a Brownian motion, see Definition [F4] with covariance matrix A, having
entries A;j, i.e.,

Cov(B,(1), Bf\(t)) =A;t Vi, jefl,---,d).
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where B, (t) and B{""~"'(r) denote the i-th and j-th component of B, (7), respectively.

Now, let E = {x e R", 0 < |x| < 1}. Foreach 1 <i < d, A € B(E), define
Mi(t,A) = a N(1, A\ {0}) + B o Bj(1) 6o(A),

where

(1) a,pB € R are fixed constants,
(2) o € R™ is a matrix satisfying ool = A,
(3) oo = A and §y(A) denotes the Dirac measure at 0, see Definition [F.5]

(4) oj are the entries of 0.

Then each M; is an R-valued martingale-valued measure, and the associated compensator

(or intensity) measure is given by
pilt, A) = t[a* V(A \ {0)) + B Aii 6o(A)], (2.13)

where v is the Lévy measure associated with N(¢,dx), and A;; = Var(Bj;(t)) is the variance
of the i-th component of B4(t).
Note that when A \ {0} is bounded below, p;(¢, A) < co.

Under this construction, we can define a special type of martingale-valued measure

associated with Lévy processes.

Definition 2.79. Under the framework of Definition a Lévy martingale-valued mea-
sure is a random measure M on R* x R? associated with a Lévy process X(t) with the
Lévy-1toé decomposition given by (2.12), such that for each A € A, the process My =
M([0, 1), A)]) is a martingale, and the compensator p(t, A) associated with M(t,A) is given

explicitly in (2.13) of Example

Definition 2.80. [1, Section 4.1] Fix E € BRY) and 0 < T < oo, and let P denote the
smallest o-field with respect to which all mappings F : [0,T] X E X Q — R satisfy the
following conditions:

(1) Foreach 0 <t < T, the function (x,w) — F(t, x,w) is B(E) @ F,-measurable;

(2) Foreach x € E, w € Q, the mapping t — F(t, x, w) is left-continuous.
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We call P the predictable o-field. A P-measurable mapping F : [0, T] X EXQ — R is then

said to be predictable.

Definition 2.81. [1, Section 4. 1, p. 217, Section 4.2.2, p. 225]
Denote by P»(T, E) the space of all equivalence classes of mappings

F:[0,TIXExQ —R

which coincide almost everywhere with respect to measure u X P, and satisfy the following
two conditions:

(1) F is predictable;

@ B( [ [IF@0P udr, dx) < =) = 1.

T
E[ f f |F(t,x)|2,u(dt,dx)] < 0.
0 E

Denote by Hy (T, E) the linear space of all equivalence classes of mappings
F:[0,TIXExXxQ —R

which coincide almost everywhere with respect to v X P, and satisfy the following two
conditions:

(1) F is predictable;

@ [ [IF@ 0P vdx)dr < oo,

T
f f E[|F(r,x)|2] w(dx), dt < .
0 E

Definition 2.82. Poisson stochastic integral Take E = {x € R?,0 < |x| < 1}). Let N be a

Poisson random measure on R* x (R¢ \ {0}) (timexspace) with:

(i) Lebesgue measure, Leb, on the time component R”.
(i) intensity measure v on R? \ {0} describing jump sizes, where v is assumed to be a
Lévy measure (on space), see Definition[2.33)
In this setting, the full intensity measure u of the time-space Poisson random measure
N, is given by

Leb®v.
32



That is, the product of the Lebesgue measure in time and the Lévy measure in space. More-
over, | is a o-finite measure on the product o-field B(R*) @ B(R?\ {0}). We define the space

P,(T, E) is equal to the space of all equivalence classes of mappings
F:[0,T]XEXxQ—R

which coincide almost everywhere with respect to measure u X P and satisfy the following

two conditions:
(1) F is predictable;
2) P( foT Jo IF (5, 0)P v(dx) dt < oo) = 1.

Let N be the compensated Poisson random measure, defined by
N = N(dt,dx) — u(dt, dx).

Let H be a vector with components (H', H?,--- , H%), each H' € P»(T, E).
We can then construct an R-valued Z = (Z,,t > 0) with components Z',7*,--- ,Z¢,

where each 1 <i <d,
T
Zi(T) = f f Hi(t, x) N(dt, dx).
0 JE

Now let A c R4\ {0} be a Borel set that is bounded below, and let P = (P(t),t > 0) be a

compound Poisson process, defined by

P(t):fo(t,dx).
A

Let K be a predictable mapping.

In particular, if H is square-integrable, then for each 1 <i < d,

T T T
f f H(t,x) N(dt,dx) = f f H(t, x) N(dt, dx) — f f H(t, x) v(dx) dt.
0 A 0 A 0 A

Theorem 2.83. [1, Theorem 4.3.4, p. 232])

(1) If F € Po(T, E), then for every sequence (A,)yen in B(E) with A, T E as n — oo,

we have

T T
limf fF(t,x)N(dt,dx):f fF(t,x)N(dt,dx) in probability.
n—=e Joo Ja, 0 E
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(2) If F € Hy(T,E), then there exists a sequence (A,),en With each v(A,) < oo and
A, T E as n — oo for which

T T
lim f f F(t, x) N(dt, dx) = f f F(t,x) N(dt,dx) a.s..
n—e Jo A 0 E

and the convergence is uniform on compact intervals of [0, T].

Definition 2.84. An R-valued stochastic process Y = (Y(t),t > 0) is a Lévy-type stochastic
integrals if and only if there exist processes G;, Fyj, H; and K;, for 1 <i <d, 1 < j<m,
t > 0, such that IGiI%, Fij € Po(T,E), H; € P»(T,E) and K is predictable, B = Bj(1))1<j<m
is an m-dimensional standard Brownian motion and N is an independent Poisson random
measure on R* x (R? \ {0}) with compensator N and intensity measure v, which assume to

be a Lévy measure. Then, foreach 1 <i <d, t > 0:

Y(t) =Y(0) + f G(s)ds+z f F(s)dB(s)
0 =1 Yo
+ f H(s, x) N(ds, dx)
0 |x]<1
+f K(s,x) N(ds,dx).
0 |x|>1

Corollary 2.85. [1} Corollary 4.3.10, p. 235-236]

(1) If H € Po(T, E), then for every sequence (A,),en in B(E) with A, T E as n — oo,

we have
lim Y,(¢) = Y(¢) in probability.

(2) If F € Hy(T,E), then there exists a sequence (A,),en With each v(A,) < oo and
A, T E as n — oo for which

lim Y, =Y(@®) a.s.,

and the convergence is uniform on compact intervals of [0, T].
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2.4. It6 Formula. After introducing Poisson random measures, which model the jump
behavior of stochastic processes, we now proceed to present the Itd formula, a fundamental
tool for analyzing the dynamics of processes driven by both continuous and discontinuous

trajectories.

Theorem 2.86. 16 formula 1 for Brownian integrals|1, Theorem 4.4.3, p. 246] If M =
(M(t),t > 0) be a Brownian integral with drift of the form

VOEDY fo Fegn-1,(5)dBj(s) + fo G(s)ds,
j=1

where each F, (G)% € Po(T,E) forallt > 0, then for all f € C*(RY), t > 0 with probability

1, we have
! 1 !
J(M(0) — f(M(0)) = fo Of(M(s))dM(s) + Efo 00, f(M(s)) d[M;, M;](s).

Lemma 2.87. [1, Lemma 4.4.5, p. 249]) Assume that A C R \ {0} is bounded below and

that each K is predictable. If W = (W(t),t > 0) is a stochastic process of the form

W) = W) + f fK(s, x)N(ds,dx), t>0,
0 Ja

where N is a Poisson random measure on R* x (RY \ {0}), then for all f € C(R?), t > 0,

with probability 1, we have

JW@®) = f(W(0)) = fo L[f(W(S—) + K(s,x) — f(W(s-))] N(ds, dx).

Lemma 2.88. [1, Lemma 4.4.6] Assume that A ¢ R?\ {0} is bounded below, each F I3
(G)% € Po(T, E) and each K is predictable. Let Y = (W(¢),t > 0) be a Lévy type stochastic
integral of the form

Y(f):Y(0)+YC(t)+ffK(s,x)N(ds,dx), t>0,1<j<m
0

A

where N is a Poisson random measure on R* x (R? \ {0}), and Y. is the continuous part of

Y, given by

Y.(t) = fo G(s)ds+; fo Fi(s)dB(s).
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Then for each f € C*(RY), t > 0, with probability 1, we have

1 1 t
f(Y(t))—f(Y(O))Zfoaf(Y(S—))ch(S)+§foaﬁjf(Y(s—))d[Yc, Yot (s)

!
+ f f[f(Y(S—) + K(s,x)) = f(Y(s-))] N(ds, dx).
0 JA
Consider a general Lévy-type stochastic integral ¥ with stochastic differential

dY(t) = G(t)dt + F(t)dB(t) + fH(t, x) N(dt, dx) + f K(t, x) N(dt,dx) (2.14)
E R

d\E

where each Fj, (G)% € Po(T,E), H € P,(T,E), each K is predictable, N(dt, dx)

N(dt,dx) — v(dx)dt is the compensated Poisson random measure, for all # > 0 and E

{x € R%,0 < |x| < 1}. We can decompose Y as
Y(t) = Y(0) + Y(2) + Yu(2).
where the continuous part Y, satisfies
dY.=G@)dt + F(t)dB(1);
and the discontinuous part Y, satisfies
dy, = f H(t, x) N(dt, dx) + f K(t, x) N(dt, dx).
E RI\E

Theorem 2.89. It6 formula 2 for Lévy type stochastic integrals [1, Theorem 4.4.7] Let Y
be a Lévy-type stochastic integral of the from 2.14)). Then, for each f € C*(R?),t > 0, with
probability 1, we have

>, [ s v

ij=1

¢t N ) 1
JX () - f(¥(©0)) = ](; Z(?if(Y(s—))dYé(s)+§
i=1

+ fo fA‘[f(Y(S—) + K(s, x)) — f(Y(s—))] N(ds, dx)
+ f f[f(Y(S—) + H(s, x)) - f(Y(s-))] N(ds, dx)
0o JE
# [ G+ H ) = FF2) = Hs ) 255D i) ds.
o JE
Theorem 2.90. [t6 formula 3 for Lévy type stochastic integrals [1, Theorem 4.4.10] Let Y

be a Lévy-type stochastic integral of the from [2.14). Then, for each f € C2(R?), t > 0, with

probability 1, we have
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> fo 0:0;f (Y (s=)) dI Y, Y/1(s)

ij=1

+ Z [f(Y(5)) = f(Y(5-)) = AY'(8) i f(Y (s-))].

0<s<t

¢t N ) 1
JX(@) - f(X(0) = fo Zaif(Y(S—))dYé(S)+§
i=1

2.5. Martingales. To further understand the behavior of stochastic processes, it is crucial
to explore the concept of martingales, which formalize the structure of stochastic evolution
over time. In what follows, we will always consider finite or infinite sequences of the form
(&)Y, (where N € N) or (£,)%2,.

The following definitions are taken from [L1, p. 46, p. 49].

Definition 2.91. Assume that (Q,F,P) is a probability space. A sequence (F,)ns0 of o-
fields on Q such that

FoCcFiCFrC---CF

is called a (discrete time) filtration.

Definition 2.92. Assume that (Q, ¥, P) is a probability space and F = (F,,),»0 is a filtration.
Assume also that K is a separable Banach space. A sequence (&, f;’zo (or (§4)r) of K-
valued random variables is called a martingale on (Q, ¥, P) with respect to (w.r.t.) F if and
only if
(i) &, is Bochner integrable for eachn =0,1,2,---;
(i1) &, is adapted to a filtration (F,),s0 for eachn = 0,1,2,---, i.e., &, is F-measurable;
(iii) Foreachn=0,1,2,---,

E@nilFn) =& as.

In the special case where K = R, we have the following definitions:

Definition 2.93. Let (Q, F,F,P) be a filtered probability space, i.e., (Q, F,P) is a proba-

bility space w.r.t. a filtration F. We say that (.fn)nN

if and only if

o (01 (&,),) is a submartingale (w.r.t. F)

() & € LNF,) foreachn=0,1,2,---
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(i1)
Vn, YA € 7, fA§n+1 dp = fAfn dp.
We say that a discrete time process (‘fn)nN:o’ or (&), is a supermartingale (w.r.t. F) if and
only if
() ifé, € LNF,) foreachn =0,1,2,---
(i1)
Vn, YA € F,, f&m du < ffn du.
A A
The following definition is based on [/, Definition 2.1][8}, p. 629].

Definition 2.94. Assume that p € [1,2]. A Banach space (E, || - ||) is of martingale type p
if and only if there exists a constant C, > 0 such that for any discrete and finite E-valued

martingale (Mk),iv:o one has

N
supE [IMill”] < C, > B[lIMx = Ml (2.15)
k k=0

with the convention that M_; = 0.

Remark 2.95. In Definition [2.94] we assume that p € [1,2] because it is well known that,
see e.g., [, p. 6], if p > 2 and K is a Banach space of martingale type p, then K = {0}.

The basic examples of Banach spaces of martingale type p include the Lebesgue spaces L4
with g € [p, c0) and the Sobolev spaces H*? with s € R and g € [p, 00). Note that these

spaces are separable Banach spaces of martingale type p.

Exercise 2.96. Take n € N. Take K = R. Let (W,);»o be R-valued standard Brownian
Motion. Put M, = W;. Calculate both sides of (2.13).

See Appendix |G| for the proof of Exercise

Definition 2.97. [11, p. 140] Assume that (Q, ¥, P) is a probability space and F = (F,)ie(0.1)
is a filtration on it. A stochastic process (&(t)).e(0.1) is called a continuous-time martingale
w.r.t. a filtration F if:

(i) &(1) is integrable, see Definition[F13] ¥t € [0, T];

(ii) &(¢) is F-measurable, see Definition[2.3) ¥t € [0, T];
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(iii) forall0 < s<t<T,

EEDIF,) = &(s)  as.
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3. CYLINDRICAL PROCESSES

In this section, we will introduce concepts of cylindrical measures, cylindrical random
variables and cylindrical processes, with a particular focus on cylindrical Lévy processes.

We begin our exposition with a subsection on conditional expectation.

3.1. Conditional Expectation.

Definition 3.1. [[14) Proposition 1.10, p. 26] Assume that K is a separable space and that
(Q,F,P) is a probability space. Let & be a Bochner integrable K-valued random variable
on (Q, 7, P), and let A be a o-field contained in . A Bochner integrable K-valued random

variable { on (Q, A, P) is said to be the conditional expectation of ¢ given A, denoted by

E(&|A), if and only if
fgdP:fgdP, YA € A.
A A

A special case arises when K = R, where the conditional expectation coincides with the

standard notion of expectation in the real-valued probability theory.

Definition 3.2. A finite-rank operator  : U — V between Banach spaces is a bounded

linear operator whose range R(W) := y(U) = {¥(u) : u € U} is finite dimensional.

Exercise 3.3. A bounded linear functional is a particular case of a finite-rank operator,

namely of rank one.
See Appendix [G] for the proof of Exercise [3.3]

Exercise 3.4. Prove the following. If ¢ : U — V is a finite rank operator between Banach
spaces U and V, then there exits a natural number n € N, real numbers ay, - - - , a,, vectors

vi,-++,V, € V and linear functionals uj, - -- ,u, € U" such that

n

Yu = Z aiu:,uyv,, YueU.

i=1
Here U* is the dual space of U. The expression (u;,u) = u:(u) € R is called the duality

between the space U and its dual U*.

See Appendix [G] for the proof of Exercise [3.4]
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Definition 3.5. [39, Proposition 4.1, p. 72] A Banach space K has the approximation
property if and only if for every € > 0 and for every compact set, see Definition

Ko € K there exists a finite rank operator ¥ : K — K such that
lx —yx|| <e, VxeK,.

Definition 3.6. Let (QQ, F) be a measurable space, and let K be a Banach space. Suppose u
is a K-valued measure, see Definition on (Q,F), and v is a non-negative measure on
(Q, F). We say that measure u is absolutely continuous with respect to measure v, denoted

by u < v, if and only if for any A € F, the following condition holds:
If v(A) =0, then u(A) = 0.

Definition 3.7. [39, p. 102] A Banach space K is said to have the Radon—Nikodym property
if and only if for a measurable space (Q, F), every K-valued measure u on & which is
absolutely continuous with respect to a finite, positive measure v on ¥, there exists a v-

Bochner integrable function f : QQ — K such that

u(A):ffdv, VA € F.
A

Definition 3.8. [[11, Definition 1.7] Suppose that ¢ is a K-valued random variable on
(Q,F,P). If there exists a Borel function, see Definition fe + K = R, such that
for any Borel set B € B(R)

Pi¢ € B = f felx) dx,
B

then & is said to be a random variable with absolutely continuous distribution and f; is

called the density function of €.

Definition 3.9. [16, p. xiii] Let K and E be normed vector spaces. A linear mapping

f : K > Eis isometric if and only if
IfCOlle = [lxllk, VYx €K

Furthermore, f is called an isometry if it is also surjective, i.e., f(K) = E.
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3.2. Cylindrical Processes.

Definition 3.10. Assume that X and Y are normed vector spaces. A linearmap A : X — Y

is said to be bounded if and only if 3 C > 0 such that
Al < Clixll,  x€X.

The space of all bounded linear operators from X to Y is denoted by £ (X, Y).

If A : X — Y is alinear map then we put

IAllzcx.y) = sup [[ACOII.

IIxdi<1

This definition has to be supplemented by the following result.
Proposition 3.11. IfA : X — Y is a linear map, then A € £ (X, Y) if and only if

Al 2x,y) < o0.

Moreover, the function

ZXY)3Am lAll.2x.yy € [0, 00)

is a norm on £ (X, Y). Finally, if Y is a complete vector space, then so is £ (X,Y).
When Y = R we have the following special case.

Definition 3.12. [47, Definition 1°, p. 111][16, p. xiii] If K is a normed vector space over
R, the dual space of K, denoted by K*, is the set of all linear bounded, i.e. continuous maps

fromKtoR, i.e.
K" := Z(K,R) = {x" : K > R is linear and continuous}.
It is common to use the notation {x, x*) instead of x*(x) to represent the action of x* on x.

We have the following basic result.

Proposition 3.13. [f K is a normed vector space over R, then the set K* is a vector space.

Moreover; the function
K* 5 x" 5 sup{|{x, x*)| : x € K, |x[x < 1} € [0, 00) (3.1

is a norm and the space K* endowed with the norm defined in (3.1) is a Banach space.
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Because K* is a normed vector by Proposition [3.13] the next definition makes sense.

Definition 3.14. The double dual (also called the bi-dual or second dual) of K is the space
K**, defined as the dual of K", i.e.

K** — (K*)*.

This means that K** consists of all linear continuous functionals acting on elements of K.

Definition 3.15. [47, Definition 4, p. 113][38, Section 4.5, p. 95] A normed vector space
K is said to be reflexive if K can be identified with K**, i.e., the canonical mapping (or

cannoical embedding)

K> xm (x,-) e K*

is surjective, meaning that every element of K™ corresponds to some x € K. In this case, K

is bi-dual, implying that K and K** share the same normed space structure.

It is important to note that every normed space is double dual, since the canonical map-
ping from K to K** always exists. However, a normed space is reflexive only if this mapping

is surjective, meaning K and K** are essentially the same space.

Proposition 3.16. The mapping x +— (x,-) establishes an isometric embedding of K into

K**. This means that the map

is both linear and norm-preserving, i.e.,
llxllx = [I<x, Mg, Yx € K.

This ensures that K is isometrically embedded in K**, preserving its normed space struc-

ture. If the embedding is surjective, then K is reflexive, meaning
The following result is stated in [45, Corollary 2, p. 219].

Corollary 3.17. Every reflexive Banach space has the Radon—Nikodym property.
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The following definitions are taken from [2] a book by Applebaum.
For each n € N, let K* denote the set of all n-tuples of vectors from K*, i.e.the n-th
Cartesian power of K*:

K"=K*x.---xK".
N’

n-times
Definition 3.18. [2, p. 698] Assume that K is a Banach space with dual K*. The Borel
o-field in K is denoted by B(K). For every (x|, -+ ,x,) € K", we define a linear map

Yoy - K2 X (0, x7), -+, (X, X)) €RY,

where (x, x}) is the the dual pairing for x € K and x: € K".

Now assume that B € B(K), n € Nand (x],--- , x;) € K. A cylindrical set (or cylinder)
in K with basis B and generators x\,--- , x, € K" is a subset of K defined by the following
formula

Z(x{, -+ ,x;B) 1 = {xeK:((x,x”f),--- (X, X)) EB}

s po

If U is a subset of K*, the family of all cylindrical sets with an arbitrary basis B € B(K),
arbitrary x3,--- ,x, € I, and arbitrary n € N, is denoted by Z(K,I'). Any element of this
family is called a cylindrical set w.r.t. (K,T).

When I' = K, we write Z(K) := Z(K, K*).

The o-field generated by Z(K,T') is called the cylindrical o-field w.r.t. (K,I'), and its is
denoted by C(K,TI').

When I' = K*, we write C(K) := C(K, K*).

Remark 3.19. The family Z(K,T) is generally not a o-field. It is only an algebra.

Lemma 3.20. [2, Lemma 2.1] If a setT" = {x},--- , x;, C K*} is finite, and F is an arbitrary
generator of B(R"), then the cylindrical o-field satisfies:

C(K.T) = Z(K.T) = o(Z(x},-++ ,x;; B) : BE F).
In particular, if K is finite dimensional, then Z(K) itself is a o-field.

Definition 3.21. [2, p. 699] A function u : Z(K) — [0, oo] is called a cylindrical measure

on K if and only if the restriction of u to the o-field C(K,I') is a measure for every finite
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I'c K.
If u(K) < oo, we call u a finite cylindrical measure. If u(K) = 1, we call u a cylindrical

probability measure.

The following result is usually called the (Lévy-Khintchine for infinitely divisible cylin-
drical measures). Our presentation follows two sources: [2, Theorem 2.7][34, Theorem

3.4]. We will use the following notation
By :={yeR:yl <1}

Theorem 3.22. Assume that (Q,F,P) is a probability space and K is a Banach space.
Assume that u is an infinitely divisible cylindrical probability measure on K.
Then there exist

(i) a linear and continuous map

b:K"— R,
(ii) a quadratic and continuous form

g:K'->R
(iii) and a cylindrical Lévy measure v on K, see Definition[3.25] such that for all x* € K*,

eux) = expib(x) - 5q(x")
v f (€ = 1= iB15, BN o () )dp))
R\{0}

where v o (x*)™ is a measure on B(R) defined by

[vo (x)'1(B) = v[Z(x"; B)], BeBR).

Proposition 3.23. Assume that K, E are Banach spaces and  : K — E is a linear bounded
operator. If u is a cylindrical measure on K, then its pushforward measure y(u) is a cylin-
drical measure on K.

In particular, if E is finite dimensional, then y(u) is o-additive measure.
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Definition 3.24. Assume that K, E are Banach spaces and ¥ : K — E is a linear bounded
operator. If u is a cylindrical measure on K, the pushforward (image) cylindrical measure

W(w) (or equivalently o ') is defined as:
(¥@)B) = u(y™(B). B e Z(E). (3.2)

Definition 3.25. [2, Definition 2.5] Assume that K is a Banach space. A cylindrical mea-

sure i on K is called a cylindrical Lévy measure on K if and only if for n € N and all

* * * : -1 ; 5 11,
Xy, ,x, € K, the image measure u o wa’.‘.’x: is a Lévy measure, see Definition|2.33} on

BR").

Definition 3.26. We denote L°(Q, F,P;R) as the space of all R-valued random variables
on the probability space (Q, ¥, P).

The following definition is written in the spirit of [2, Definition 3.1].

Definition 3.27. Assume that K is a Banach space. A cylindrical random variable in K is

a continuous linear operator
X: K - L%Q,F,P;R), (3.3)

where K* is the dual of K.

Remark 3.28. The authors of the book [45] do not use the notion "cylindrical random vari-
able". Instead, they use consistently a phrase "a continuous linear operator X : K* —
L%Q, F,P;R)". In addition, if p > 0 and R, denotes the class of p-Radonifying oper-
ators, which will be discussed in next section, see Theorem @ then if X : K* —» R,
is a continuous linear operator, then X : K* — L%Q,F,P;R) is also a continuous linear

operator.

Definition 3.29. A cylindrical random variable X defined in (3.3) is said to be induced by

a classicalftrue random variable Y : Q — K if and only if
[X(x)](w) = (Y (w),x"), weQ, x" €K

The following result links the two previous definitions by showing that every true ran-

dom variable induces a cylindrical random variable.
46



Proposition 3.30. Assume that K is a Banach space. If X is true K-valued random variable

then X defined by the following formula
X={K'3x" > x oX=(X.x") € LQF.PiR)).
is a cylindrical random variable in K induced by X.

Definition 3.31. [2, Definition 3.1] Assume that K is a Banach space. A cylindrical process
in K is a family (X(¢t) : t > 0) of cylindrical random variables in K. In other words, a
cylindrical process in a Banach space K is a family (X(t) : t > 0) of continuous linear

operators from K* to L°(Q, F,P; R).

The following result is similar to Proposition [3.30] while the object is replaced by a

process.

Proposition 3.32. Assume that K is a Banach space. If L = (L(t) : t > 0) is a true K-valued
process, then L = (L(t) : t > 0) defined by the following formula

L) = {K" 5 x" > x" 0 L(t) = (L), x*) € LQ. F.P;R)}.
is a cylindrical process in K induced by L.

Comments about the proof of Proposition[3.32] If L(t) : Q — K is a true K-valued random
variable, then, by definition, L(7) : Q — K is ¥ /8(K) measurable. Since the map

x* = {K3xm (x,x") € R} is continuous, we infer that for every x* € K*, LiH(x") =
x* o L(t) : Q — Ris F/B(R) measurable. Hence L is a well-defined cylindrical process.

O

Definition 3.33. Assume that K is a Banach space. Assume that X : K* — L%(Q, F,P;R)
is a cylindrical random variable. This implies that for every n € N and all x; € K,

i=1,---,n, the function
XD, X&) 1 Q5 @b (XEDW), - X(K)(w)). € R”
In this way we can define a map, denoted by X",

X" (KDY s (xg, L x5 B (X)), -+, X(x5) € LY(Q, FL,P;RY).
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The construction described in the above definition can be generalized from cylindrical

random variables to cylindrical processes.

Definition 3.34. [2, p. 705] Assume that K is a Banach space. Assume that (0, F ,P) is a
probability space. A cylindrical process X = (X(t) : t > 0) on (Q,F,P), is said to have
weakly independent increments if for all 0 <ty < t; <--- <t,and all xi,--- ,x, € K", the

random variables
(X(t1) = X(to)x, - -+, (X(#n) — X(t4-1))x,

are independent.

Definition 3.35. [2, p. 705] Let (Q,F,F,P) be a filtered probability space with filtration
F = (F;:t>0). A cylindrical process X = (X(t) : t > 0) on (Q,F,P) in a Banach space
K is said to be weakly F-adapted, if for every t > 0 and all x* € K*, the random variable
X()(x*) is F,-measurable.

Definition 3.36. Assume that (Q, F,P) is a probability space and K is a Banach space. A
cylindrical Lévy process in K is a cylindrical process L = (L(t) : t > 0) in K provided the
following condition holds.

For every n € N and for all x|, -- , x,, € K*, the R"-valued process
(L), LO)x;), 120,
see Definition[3.33] is an R"-valued Lévy process, see Definition [2.51]
Definition 3.37. Assume that (Q,F,F,P) is a filtered probability space with filtration
F = (F;:t>0) and K is a Banach space. A cylindrical F-Lévy process in K is a fam-

ily (L(¢t) : t 2 0) of cylindrical random variables in K, such that for every n € N and for all

Xy, ,x, € K* the n-dimensional process
(L), LX), 20,
see Definition[3.33] is an R"-valued F-Lévy process, see Definition [2.52]

Definition 3.38. [2, Definition 3.2], An F-adapted cylindrical process (L(t) : t > 0) is
called a weakly cylindrical F-Lévy process if for n € N and all x7,--- , x, € K", the sto-

chastic process (L(t)x],- -+ , L(t)x;) : t > 0) is an F-Lévy process in R".
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The following lemma explains the relationship between Definitions [3.36|and [3.3§]

Lemma 3.39. [2, Lemma 3.8] For an F-adapted cylindrical process L = (L(t),t > 0), the

following statements are equivalent:

(1) L is a weakly cylindrical F-Lévy process;
(2) (1) L has weakly independent increments;

(11) (L(t)(x*) : t = 0) is an F-Lévy process Vx* € K*.
Definition 3.40. Assume that (Q, F,P) is a probability space, K is a Banach space and
X: K - LY(Q,F,P;R),

is a cylindrical random variable in K, see Definition
A cylindrical distribution of X is a function u : Z(K) — [0, 1], i.e., a cylindrical proba-
bility measure, defined by the following formula

Wz, xs B)) = B((XGD, -+, X)) € B) = s .. (B)

foreveryneN, xj,--- ,x, € K" and B € B(R").

Definition 3.41. Let (QQ, ¥, P) be a probability space, and let K be a Banach space. Assume
that

X:K - L°Q,F,P;R),
is a cylindrical random variable in K, and that
p: Z(K) - [0,1]

is a cylindrical probability measure on Z(K).

The characteristic function of u is a function ¢, : K* — C defined by
Qu(x7) = f ¢ u(dx),  x* e K. (3.4)
K
The characteristic function of X is a function ¢x : K* — C defined by
ox(x*) = E[e*™)],  x* e K"

Definitions [3.40|and [3.41] tell us the following proposition:
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Proposition 3.42. If X is a cylindrical random variable and u is the cylindrical distribution
of X, then

Yx = Pu-

Theorem 3.43. [45, Proposition 3.4, p. 231] A cylindrical random variable X : K* —
LY(Q, F,P;R) is continuous if and only if its characteristic function px : K* — C is

continuous.

Definition 3.44. [2| Definition 2.2] A cylindrical probability measure u on Z(K) is called
infinitely divisible if. for all n € N, there exists a cylindrical probability measure '™ such

that
p= (.

Proposition 3.45. [2| p. 700] A cylindrical probability measure u with characteristic func-
tion @, is infinitely divisible if and only if, for all n € N, there exists a characteristic function

@,m of a cylindrical probability measure 1" such that
ou(x") = (goul/n(x*)) , x eK.

Proposition 3.46. Assume that X, Y are cylindrical processes, and let K be a Banach space.
If Y is a K-valued Lévy process, then the induced process X is a weakly cylindrical Lévy

process with the same characteristic function as Y.

The following theorem applies the Lévy-Khintchine formula, see Theorem [2.35] to in-

finitely divisible cylindrical measures.

Theorem 3.47. [2, Theorem 2.7] Assume that (Q, ¥, P) is a probability space and K is a
Banach space. Let u be an infinitely divisible cylindrical probability measure on K. Then
there exists a linear and continuous map b : K* — R, a quadratic and continuous form
q : K* — R and a cylindrical Lévy measure v, see Definition on Z(K) such that for
all x* € K*, the characteristic function ¢, : K* — C of, as defined in (3.4) satisfies the

Lévy-Khintchine representation:
* ib(x* 1 * i . s —
037 = M = 2+ [ @ 1= iy o) e () @)
R\{0}

where By :={y € R : |y| < 1}, and v o (x*)" is a function on B(R), as defined in (B-2), see
Proposition [3.23|and Definition
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Proposition 3.48. Under the assumptions of Theorem the characteristic function of

the cylindrical Lévy process L(t) satisfies
orn(x) = %), x e K,
where
¢uﬁ:wuﬂ—%aﬁmlgwmm—l—nm«&f»ujﬂwwm,.ﬁeK#

Definition 3.49. [45] p. 102] Let p € (0,00) and K be a Banach space. A cylindrical
measure u on Z(K) is of weak order p if

f |¢x, x)
K

A Borel measure u on K is of strong order p if

fIIXII” du(x) < co.
K

Clearly, the strong order implies the weak order, while the converse is valid only in the

Pdu(x) < oo, for each x* € K*.

finite dimensional case, see the following cited Theorem [3.50]

Theorem 3.50. [45, Theorem 2.1] For any p € (0, ), in every infinite-dimensional normed
space K there exists a (discrete) probability measure which is of weak order p but not of

strong order p.
The following definition is based on .....

Definition 3.51. Let p € (0, o) and K be a Banach space. A cylindrical process L is said
to be weakly p-integrable if and only if the following condition holds:

"l <o, V>0, x* €K'

E[|L(t)(x")

A weakly 1-integrable cylindrical process L is simply called weakly integrable.

A weakly integrable cylindrical process L is said to be weakly mean-zero if and only if

E[IL(O(x*)] =0, Vi>0, x" €K,

Definition 3.52. Assume that K is a Banach space. A cylindrical process L in K is said to

be weakly F-martingale if and only if the following three conditions hold:

(i) L is F-adapted, see Definition [3.35]
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(11) L is weakly 1-integrable,

(i11) For every x* € K*, the process L(t)(x") is an R-valued martingale, i.e. for all0 < s < t,
E(L(O(x)IF) = L(s)(x).

Definition 3.53. Assume that (Q, ¥ ,P) is a probability space, F is a filtration, and K is a
Banach space. A cylindrical Lévy process L = (L(t) : t > 0) in K is called a cylindrical

F-Lévy martingale in K if and only if it weakly F-martingale.

Corollary 3.54. Assume that (Q,F,F,P) is a filtered probability space with filtration F,
and K is a Banach space. If L = (L(t) : t > 0) is a cylindrical F-Lévy martingale then L is

F-progressively measurable.

Proof of Corollary According to Definition of progressively measurability, see Defi-
nition a process L = (L(t) : t > 0) is progressively measurable if, for every ¢ > 0, the
mapping

[0,1] X Q3 (s,w) = L(s,w)x" € L'(Q, F,P;R)

is B([0, 1]) ® F;/B(R)-measurable for every x* € K*.
Since L = (L(¢) : t > 0) is a cylindrical F-Lévy martingale, we infer that
(a) Lis F-adapted, i.e., for every t > 0, L(¢) is ¥,-measurable;
(b) L is weakly 1-integrable, i.e., E[|L(t)(x*)|]] = 0, V¥t > 0, x* € K*, see Definition
353

To show the progressive measurability, we need to check that for every fixed ¢, the mapping
(5, w) > L(s,w)x"

is B([0, t]) ® F,-measurable.

(i) Since L(s) is F,-measurable for every s, it follows that L(s)x" is F;-measurable for
all x* € K*.
(i) The function s — L(s)x* is measurable in s, because L is Lévy process, hence has
cadlag paths.
(i11)) The composition of a measurable function with an adapted process remains mea-

surable.
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Therefore, the mapping (s, w) — L(s, w)x* is measurable w.r.t. B([0, t]) ® F;.

O

Proposition 3.55. Assume that (Q, 7 ,P) is a probability space, F is a filtration, and K is
a Banach space. Assume also that L = (L(t) : t > 0) is a cylindrical F-Lévy martingale.

Then L is weakly mean-zero.

Proof of Proposition[3.53] Let us choose and fix x*. According to Definitions [3.52] and
[3.53] the R-valued process L(1)(x*), t > 0, is a martingale. Hence it is F-adapted and weakly
integrable, i.e., E[lL(t)(x*)l] < oo, for every t > 0. Moreover, it satisfies the martingale
property, i.e.,

E[L(1)(x")|Fo] = E[LO)(x")] = 0.

Hence the claim of weakly mean zero is proved. O

Definition 3.56. Suppose L is a cylindrical Lévy process. The natural filtration F = (F;)»0
generated by L is defined by

Fi=oc{L(s)x" : s €[0,1], x* € K}, t>0. 3.5)
The following result is a natural generalization of Proposition [2.53]

Proposition 3.57. If L is a weakly mean-zero cylindrical Lévy process, see Definition[3.52}
and F = (F,)is0 is the natural filtration generated by L, then L is a cylindrical E-Lévy

martingale.

Remark 3.58. If t > 0, then the o-field ¥, defined in formula (3.5) is equal to the smallest
o-field G satisfying the following property:

L(s)x* is G -measurable for all s € [0, 7] and x* € K*.

Proof of Proposition[3.57] We assume that L is a weakly 1-integrable and weakly mean-
zero cylindrical Lévy process. We will show that it is a cylindrical F-Lévy martingale.
According to Definition [3.52] we need to show that for every x* € K*, the R-valued process
L(t)x*, t > 0 is an F-martingale.

(1) Adaptness: Since L is a cylindrical Lévy process, and F is the natural filtration

generated by L. Therefore, L(¢)x" is adapted to 7.
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(i1) Integrability: the assumption of weakly 1-integrable implies that
E(L(t)x™[) < co.

(iii) For 0 < s < ¢, using the fact that Lévy process has independent zero mean incre-
ments, see Definition [2.5T](L3), we deduce that L(r)x* — L(s)x* and L(s)x* — L(0)x*
are independent, and that L(7)x* — L(s)x™ is independent of ¥. In addition, L(s)x*

is Fs-measurable, as proved in part (i), we have

E(L()x"|F5)) = E[(L(1)x" — L(5)x") + L(5)x"|F]
= E[(L(?) = L(8)x"|F] + E(L(s)x"|F)
= E[(L(?) = L(5))x"] + L(s)x"

= L(s)x*

Therefore it is a martingale.

Proposition 3.59. Assume that (Q, F,P) is a probability space, p € [1,00) and K is a
Banach space. If a cylindrical Lévy process L in K is weakly p-integrable, then for each
t > 0, the mapping

L) : K" = LP(Q,F,P;R)

s continuous.

Proof of Proposition[3.59] Assume that p € [1,00). Let us choose and fix t > 0. By
assumption the map

L(t) : K" - L(Q,F,P;R)

is well-defined. Moreover, it is easy to prove that it is linear. It is also continuous by
the closed graph theorem, see e.g., Theorem Indeed, K* and LP(Q, ¥, P; R) are both
Banach spaces and it remains to show that the graph G of L(¢) is a closed subset of K* x
LP(Q, F,P;R). For this purpose we take a sequence of element of G, i.e., (x;, L(¢)x}) € G
such that

(x,, L(t)x,) — (x*,y) € K" X L”(Q, 7, P; R).
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This means that

x, = x € K" and L(t)x, — y € LP(Q, F,P;R).
We need to show that the limit (x*, y) belongs to G, i.e.

y = L{)(x").

Since L(f) is a cylindrical random variable in K, by Definition|3.27, L(f) : K* — L%(Q, F,P;R)
is continuous. Therefore, since x* — x* in K*, L(f)x; — L()x* in L°(Q, F,P;R). On the
other hand, L(f)x; — y in LP(Q, F,P;R) which implies that L()x} — y in L%(Q, F,P;R).
Now, we have two limits of the same sequence in L°(Q, ¥, P;R). Hence these limits are
equal, i.e., y = L(f)x".

Hence the assumptions of the closed graph theorem are satisfied and therefore, we infer

that the map L(¢) is continuous. The proof is complete. O

Proposition 3.60. [23| Proposition 3.1, p. 23] Suppose that L is a weakly integrable cylin-

drical Lévy process. Then there exists
(1) A linear functional B : K* — R,
(i1) A cylindrical Wiener process W in K,
(ii1) A cylindrical Lévy martingale M,
such that

L(t)x" = B(x")(@) + W(HOx" + M(t)x*, t>0,x" € K",

where M is defined by
M()x" := f BN.(t, dB), BER,
R\{0}

and Nx* is the compensated Poisson random measure on R X (R \ {0}) associated with

(L(t)x* : t =2 0), which is independent of W.

Remark 3.61. In other words, the characteristics of a cylindrical Lévy process L are cap-

tured by a triplet
(b,q,v),
where

(i) b : K* — R is a continuous linear function,
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(i) ¢ : K* — R is a quadratic form and

(ii1) v is a cylindrical measure on K.

Moreover, the Lévy-Itd decomposition of L is given by

L(t)x" = b(x)t + q(x)Wy (1) + f YN (t, dy) + f YN (2, dy), (3.6)

B B,

where By :={y e R : |yl < 1}.
See [1, Theorem 2.4.16, p. 126, Theorem 2.4.25, p. 129].

Definition 3.62. A cylindrical Lévy process is called a purely discontinuous cylindrical
Lévy process if and only if its Gaussian part, i.e., the cylindrical Wiener process in the

decomposition (3.0)), is equal to 0.

Remark 3.63. From Remark [3.61] it follows that a cylindrical Lévy process is purely dis-
continuous if and only if it has characteristics (b, 0, v), meaning that the Gaussian part is

absent.
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4. pP-SUMMING AND P-RADONIFYING OPERATORS

In this section we will use Definition [3.12]
By (xj, x*) we will denote the duality pairing between K and K*. We will use notation

(x, x*) instead of x*(x). By Bk- we denote the unit ball in K*. Note that
[Kx, x| < Ixlglxf|k-,  x € K, x" e K"

The following definition is from book [16, chapter 2, p. 31] by Diestel, Jarchow and

Tonge, see condition (I1,,).

Definition 4.1. Assume that K and E are separable Banach spaces and p € [1, o). A linear
map ¥ : K — E is called p-summing (or absolutely p-summing) if and only if there exists

a constant C > 0 such that for every n € N,

n

Z lxjlp < CP sup{ Z |(xj,x*) P BK*},
" ! 4.1)

forall xy,--- ,x, € K.

The 1-summing operator is simply called (absolutely) summing operator.

Here for x* € K*, the norm |x*|x- is defined by
"l = sup{l(x, x| : x € B = inf{C : [(x,x")| < Clxl, x€K],

where Bk is the closed unit ball in K.
The p-summing norm of a p-summing operator s, denoted by rw,(f) or Y|l k), is the
smallest number C > 0 for which the condition (4.1) is satisfied. We denote the space of all

p-summing linear operators from K to E by the symbol 11,,(K, E).

Definition 4.2. [45] p. 103] Assume that K is a normed vector space and p € [1,00). A

sequence (x,)., of elements of K is called weakly p-summable if and only if

(59

PERED

n=1

)4
< oo, forevery x* € K'.

We denote the set of all such sequences in K by f}f“‘k(K).

A sequence (x,);. | of elements of K is called strongly p-summable if and only if

o0
D Ixlf < .
n=1
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We denote the set of all such sequences in K by £, (K).

Corollary 4.3. [45] p. 104] For any p € [1, ), in every infinite-dimensional normed vector

space K, there exists a sequence which is weakly p-summable but not strongly p-summable.

Theorem 4.4. € 11,,(K, E) if and only if the linear operator  defined by
g1 6N K) 3 () B W) € 6 (E)
is bounded.

Proposition 4.5. [16, p. 31] Assume that K and E are separable Banach spaces and p €
[1,00). If Y € I1,(K, E), then y € Z(K, E) and the following inequality holds

Wl 2k < m,().

Proof of Proposition Let us choose and fix an arbitrary ¢ € I1,(K, E).
Let us recall that the (uniform) norm on .Z (K, E) is defined by

Il ) = inf{C > 0 : lyxle < Clxk, x € K
Therefore, it is sufficient to prove that
lWxle < m,(Plxlk, x €K (4.2)

Let us choose and fix an arbitrary x € K. Applying inequality (.1) with n = 1 and

x; = x we have

p:x* EBK*}

1 1
lxlg = Z Wxily < b () sup{ Z |xj X
=1

J=1

= mb(w) sup{ [¢x, x| : x* € By} < ) Ixly.

The proof of (4.2)) is thus complete. o
Proposition 4.6. The space I1,(K, E) is a vector space.
Proof of Proposition If 1,45 € I1,(K,E) and @1, @, € R, then we define

a1 + @ ](x) = a(x) + e (x), x €K (4.3)

Our aim is to prove that if linear operators ¥, Y, € I1,(K, E) then
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(1) a1y + axy, 1s a linear map and

(ii) a1y + axy, belongs to the set I1,(K, E), i.e., it satisfies condition (4.1).
We will show the following.

Step 1. a1y + asy, is a linear map.
Firstly show that conditions (V1) and (V2) in Definition [F:25]hold for any x € K.
Next show further that, if we choose and fix x;,x, € K and scalars 81,5, € R, the

following equation holds.

(@11 + @) (Bix1 + Bax2) = Bl + @) (x1) + Balaryn + ayfr)(x2).
Step 2. a1 + @y, is p-summing.
Proof of Step 1 is standard and is presented in the Appendix [G|

Proof of Step 2. We will show that the linear a1y + @y, is p-summing.

We need to prove that ajy; and ¥, + ¥, are p-summing operators when @; € R and
Y1 + ¢ € I1,(K,E). For this purpose, let us choose a natural number n € N and a finite
sequence xi, - -- , X, € K. By assumptions ¢; satisfies inequality with constant C;.

First, for @y, by the linearity we proved in (i), we have

Z @wnxl)’ Z @)’ Z o Waxi2)” = (jal? Z )’

j=1

=l (D] ilt)’ <l sup| Z [, x)”
=1 =

==

x' e BK*}

Therefore, @y satisfies inequality (4.1]) with constant |@;|C.

Secondly, for ¥ + ¥, we consider

Z W1+ vk)’ Z Wx; +goxle)” < Z(lwlx,hg ) -

J=1 J=1 J=1

by the definition of ; + ¥, and by the triangle inequality in E.

Next, applying the Minkowski inequality for R, see [37, Theorem 3.9][41, Corollary
13.4], we have

Z(Wlxjha)p Z(W’zX]lE)p 7 e
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Since y; satisfies inequality (4.1]) with constant C;, we have

<0y sup{zn: |(xj,x*)p (X" € BK*}‘% +Cs sup{znl |<xj,x*)17 (X" € BK*}’l’

J=1 J=1

==

= (Cy + Cy)sup{ ) [(xj, x")

J=1

p
X GBK*} .

So we proved that that | + ¢, satisfies inequality (4.1)) with constant C; + C, i.e., we

proved what we wanted in Step 2. m|

Hence the proof of Proposition [4.6]is complete. m|
Proposition 4.7. The function rt, is a norm on the vector space I1,(K, E).

Proof of Proposition We need to prove:
(N1) 7 () > 0 for every ¢ € I1,(K, E) and 7,(0) = 0;
(N2) if € IT,(K, E) and 7,(i%) = O then ¢ = 0;
(N3) if € II(K,E) and @ € R then

rp(ay) = |a|m,(); 4.4)

(N4) if ; € I,(K, E) and ¢, € IL,(K, E) then

(Y1 + ) < (W) + (o). 4.5)

(Ad N1) Obviously 7,()) > 0 for every ¢ € I1,(K, E), because an infimum of a non-
empty subset of [0, o) belongs to [0, o).

If ¥ = 0, then inequality is satisfies with C = 0, because the LHS of equals
Z;:l |0|§ = 0, while its RHS, 0 < |[x*|x < 1. Hence 7,(0) = 0.

(Ad N2) Let us choose and fix ¢ € II,(K,E) such that 7,()) = 0. This means, by
Exercise[G.1|in the Appendix, the smallest number C for {.1)) to satisfy is 0.

Hence, by applying inequality (4.1]) with n = 1 and one-element sequence x; € K, we
get |yx; |£ < 0. Since the norm is nonnegative, we infer that [iyx;|” = 0, which in turn

implies that yx; = 0. Since x; is an arbitrary element of K we infer that y = 0.
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(Ad N3) Let us choose and fix ¢ € II,(K,E). Our aim is to show (4.4). The LHS of
inequality (4.4) is the infimum of a certain set of numbers. Thus, see [36], in order to prove
the (4.4) it is sufficient that the LHS of inequality (4.4) belong to that set of numbers, i.e.,

inequality (.I)) for ey is satisfied with C = 7,(ay), i.e., we need to show that for every

n € N and every finite sequence x;,--- , x, € K,
Z [(ay)xlg < lalm,(y) sup{ Z |(xj,x )|p X € BK*} . 4.6)
=1 =1

Let us prove inequality (4.6)).

D lew)xjle = ) lay(xple = > lelly(x)ls = lal ) (x)l
j=1 j=1 j=1 j=1

1/p

p:x*eBK*}

< lafm, ) sup{ ) [(x;, %)

1
i=1
Hence we have
ﬂp(a/w) = |C¥|7Tp(¢’)-

(Ad N4) Let us choose and fix ¢/1, ¢, € I1,(K, E). Our aim is to show that

T,(Y1 +y2) < () + 7, (Y2).

The LHS of inequality (4.5)) is the infimum of a certain set of numbers. In order to prove
the (4.5) it is sufficient to prove that the RHS of inequality belong to that set of
numbers. In other words, it is sufficient to show that inequality (4.1)) holds for ¢ + ¢, with
C = n,(y1) + 7, (). Thus we need to show that for every n € N and every finite sequence

Xl,"',anK,

n

DI + vl < () + mpa) sup{ D [, 6
=1 j=1
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Let us prove inequality (4.8).

Z |1 +2)xjlg = Z lix; + Yoxjle

=1 =1

< Z(Wlleﬁ + Yoxjle) = Z 1 xlg + Z +pox)le
J=1 Jj=1 j=1
<m,(Y1) Sup{ Z |(xj, x) Pxe BK*}UP + 7,(Y2) sup{ Z |<xj, x*)

Jj=1 j=1

. 1/p
b X € BK*}

C * * 1/p
= () + mpWa)) sup{ Y [(xj x| ¥ € Bie}
=1

Thus, we have proved what we set out to prove.

O

Definition 4.8. A normed vector space X is a Banach space if and only if every X-valued

Cauchy sequence has a limit that also belongs to the space.

Proposition 4.9. [16, Proposition 2.6, p. 38] The space I1,(K, E) with norm n), is a Banach

space.

A proof of Proposition 4.9 can be found in the [16, p. 38].

In what follows, we will introduce new concepts related to the spaces of type p and
cotype p in preparation for introducing the key concept of radonifying operators.

Let us recall that by N we denote set of positive integers, 1.e., the smallest element of
N is 1. The following definitions are taken from [45]. Let us recall that a & is Bernoulli

random variable if and only if P(s = 1) = P(s = 1) = 1.

Definition 4.10. [45] p. xix-xX, p. 316] Assume that 0 < p < oo and K is a Banach space.
We put
£,(K) = {(x,) € K2 3 [lnll” < oo).

n=1

Let € = (g,) be a sequence of independent Bernoulli random variables and 0 < p < oo.

splK] = s5,[&;K] = {(x,) € K" : series Z Xxn&, converges in K a.s.

and Z x,&, € L"(Q; K)}

n=1

62



It can be shown, see [45, Theorem V.2, p. 320-321] that the space s,[e; K] does not
depend on index p and is therefore denoted by s[K].

Definition 4.11. Assume that 0 < p < co. A Banach space K is said to be a space of type
p if and only if €,(K) C s[K].

Definition 4.12. Assume that 0 < g < 0. A Banach space K is said to be a space of cotype
q if and only if s[K] c £,(K).

Proposition 4.13. [16, Theorem 11.14, p. 223] Suppose that E has cotype q with 2 <
q < oo, and that K is a compact Hausdor{f space, see Definition Denote by C(K) the
Banach space of continuous scalar-valued functions on K endowed with the sup norm.

If 1 < p,q < oo, we denote by 11, ,(C(K), E) the space of all (q, p)-summing operators
from C(K) to E, that is, bounded linear operators T : C(K) — E such that there exists a
constant C > 0 such that

1/q 1/p
(Z ||Tx,~||‘f) <C_swp (Z Iso(xi)l”]
for all finite C(K)-valued sequences (x;).
Then following hold:
(a) if g = 2, then
Z(C(K),E) = IL(C(K), B),

(b) if2<g<r<ooandp < q, then
Z(C(K),E) = I1;,,(C(K), E) = IL(C(K), E),

Note that, localization allows us to replace C(K) in this theorem by any £ *-space.

Remark 4.14. One can ask a question if the space I1,,(K, E) is separable.
Our understanding of part (a) [16, Theorem 11.14, p. 223] is as follows. If E is any
Banach space, then by [16] p. 31], see Proposition4.5]

IL(C(K),E) ¢ Z(C(K),E)
and the corresponding embedding

i : IL(C(K),E) — Z(C(K),E)
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is bounded. Moreover, according to the proof of part (a) [16, Theorem 11.14, p. 223], if E
is a Banach space of cotype ¢ = 2, then every i € .Z(C(K), E) belongs also to IT1,(C(K), E).
Hence by the Open Mapping Theorem, it follows that i is an isomorphism of Banach spaces.
The same argument applies to part (b).

We also think that the continuity of i~! is proven implicitly while proving that i is a surjec-
tion.

The following answer to the above question is based on [46]].

On one hand, [16, Theorem 11.14, p. 223]), if K = C(K) and E has cotype g = 2, then
the space I1,(C(K); Y) is isomorphic to the space .Z(C(K); Y). Therefore, the former space
is not separable because latter space is not separable neither.

On the other hand, if K is a separable Hilbert space and E is a Banach space of cotype
q = 2, then for every p € [2,00), I1,(K,E) = y(£%,E), see [16], Corollary 12.7 and Theorem
12.12]. Then, by the Hofmann-Jorgenson-Kwapien Theorem which states that y(K, E)
is separable if both K and E are separable, we deduce that the Banach space II,(K,E)
is separable when both the Hilbert space K and the cotype 2 Banach space E are both
separable.

In our understanding the equalities stated in [16, Corollary 12.7] are not only set-

theoretical but also in the sense isomorphisms of Banach spaces.

Definition 4.15. [45, p. 27] A Borel measure pu : B(X) — [0, 00) on a topological space X
is regular if and only if for every B € B(X) the following condition holds:

u(B) = sup{u(A) : A C B, Ais closed}

Definition 4.16. [45, p. 28] A finite Borel measure pu : X — [0, c0) on Hausdorff topologi-
cal space X is a Radon measure if and only if for every B € B(X),

u(B) = sup{u(A) : A C B, A is compact} 4.9)
We say that a measure y is tight if and only if condition (4.9) is satisfied with B = X.

Proposition 4.17. Each Radon measure is regular and tight and vice versa.

The following corollary establishes a key relationship between p-Radonifying operators

and p-summing operators in the context of Banach spaces.
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Definition 4.18. [45, V.5, p. 315-316, p.320-321] Assume that K is a normed vector space,
0 < g < p < o0. A cylindrical (probability) measure u on K is said to be of type p if and

only if it is of weak order p and the map

K'sx" - fl(x, XN du(x) e R
K

s continuous.

Definition 4.19. [45, V1.5.2, p. 416] Assume that K and E are two normed vector spaces,

0 < g < p < 0. A continuous linear operator
Yy :K—-E

is (g, p)-Radonifying if and only if for every cylindrical (probability) measure u on K of
type p, the cylindrical measure y(u1) = u o y~" extends to a Radon measure on E of strong
order q.

A (p, p)-Radonifying operator is called p-Radonifying. We denote the class of all (q, p)-
Radonifying operators  : K — E by the symbol R, ,(K,E), and the class R, ,(K,E) will
be denoted by R,(K,E).

Note that if g > p, the only (g, p)-Radonifying operator is the null-operator.
The previous definition of a (g, p)-Radonifying operator was given in terms of cylindri-
cal and Radon measures. The result gives an equivalent characterization of such operators

in terms of cylindrical and true random variables.

Proposition 4.20. [45] Proposition 5.2, p. 416] Assume that K, E are normed vector spaces
and p,q € [0, ). Assume also that  : K — E is a continuous linear operator. Then, the

following conditions are equivalent:

(@) ¢ € Ry y(K,E);

(1) for each probability space (Q, F ,P) and for each continuous linear operator
X:K' = L"(Q,7,P), (4.10)
i.e., for each cylindrical random variable K such that (.10) holds, the linear operator

Xoy* :E* = LYQ,F,P)
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i.e., the cylindrical random variable X o " in E is induced by a true E-valued random

variable.

See [45], p. 416-417] for proof of Proposition [4.20}]

Proposition 4.21. [45, Proposition 5.4, p. 418] Let K, E be Banach spaces, p € [1, ),
and let  : K — E* be a continuous linear operator such that for any cylindrical measure
of type p on K the cylindrical measure y(u) is countably additive on Z(E*,E). Then ¥ is

p-summing.

Corollary 4.22. [45] Corollary 2, p. 419] For Banach spaces K,E and p € [1,0). Each
p-Radonifying operator ¢ : K — E is p-summing.

The following result can be found in [45, Theorems 5.4 and 5.5, p. 423, p. 427].

Theorem 4.23. Assume that K, E are Banach spaces and

1 p>1lor
(i1) p = 1 and E has the Radon-Nikodym property

Then I1,(K,E) = R,(K,E).
Proof of Theorem[{.23} By Corollary 4.22] we have R,(K,E) c I1,(K, E), proof of the re-
verse inclusion can be found on [45, Theorem 5.4, p. 423 and Theorem 5.5, p. 427]. |

Note that in [45] p. 446] the following is written: Theorem 5.5 was taken from a paper
by L. Schwartz [42]]. Theorem 5.4 is attributed to S. Kwapien [25] on a theorem of L.

Schwartz, without providing a detailed reference.
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5. It6 INTEGRAL OF CYLINDRICAL LEVY PROCESS

5.1. Preliminaries. Let us list a family of assumptions that will be used throughout the

session. In each result, we will explicitly specify which assumptions are being applied.

Assumption 5.1. We assume that (Q, F,F,P), where E = (F,);0, is a filtered probability

measure space.
Assumption 5.2. We assume that T > 0.

Assumption 5.3. We assume that p € [1,2].

Assumption 5.4. We assume that K, E are separable Banach spaces.

Assumption 5.5. We assume that the Banach space E is of martingale type p. If p = 1,
we additionally assume that E satisfies the Radon-Nikodym property (RNP), see Definition
3.2

Assumption 5.6. We assume that a cylindrical Lévy measure v in K, see Definition [3.25)

satisfies the following condition. There exists q € [1, 2] such that
flx*(x)lq v(dx) < oo, VYx"eK" (5.1
K

Note that condition (5.1) can be rewritten as

f y(v o ()")(dy) < 0, V¥x" €K,

R
where v o (x*)~! denotes the pushforward measure on B(R) given by
(vo ))B) =v((x)'(B). BeB®).

Assumption 5.7. We assume that L is a cylindrical Lévy process, see Definitions and
on K with finite g-th weak moments, where q € [1,2]. Furthermore, L is assumed to be
1-integrable, weakly mean-zero, purely discontinuous, see Definition and associated

with the cylindrical Lévy measure v from Assumption

Assumption 5.8. Assume that (Q, ¥, P) is a probability space, F = ()0 is a filtration and
that (L(t) : t > 0) is a cylindrical F-Lévy martingale in a Banach space K, see Definition

3,551
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Definition 5.9. The predictable o-field on [0, T]1X €, denoted by P, is the o-field generated
by all processes
vi[0,T]xQ—-R
such that
(1) ¢ is an F-adapted process;
(2) for every w € Q, the path (or trajectory)

[0,T] 2t Y(t,w) € R

is left-continuous.

In other words, P is the smallest o-field such that all left continuous and F-adapted R-

valued processes on [0, T] X Q are measurable with respect to it, see Definition

Example 5.10. If ¢ € [0, T'] then the function
]l[(),,] . [O, T] X Q> (S, (L)) = ]l[(),[](S) (S R,
is left-continuous and adapted, and hence it is P-measurable. Therefore, the set

[0,£]1 X Q = (Lo, ({1}).

belongs to the predictable o-field #.

Since the space I1,(K, E) may not be separable, see Remark4.14} in the definition below
we use the Borel o-field B(I1,(K, E)) of subsets of I1,(K, E) and not the so called strong
Borel o-field 8,(I1,(K, E)).

Definition 5.11. Assume that K, E are separable Banach spaces. We denote by B(I11,(K, E))
the Borel o-field on I1,(K,E) with p € (1,2], i.e., the o-field generated by the following
Sfamily of sets
{Lel,(K,E): L(x) € B}, BeB(E).
A process
Y [0, T] x Q — II,(K,E)

is called predictable if and only if it is P/B(1,(K, E))-measurable, i.e., for every set A €
B(1,(K, E)),

YN A) = {(5,w) € [0, T X Q: Y(s,w) € A} € P.
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Remark 5.12. Let B,(I1,(K, E)) be the strong-Borel o-field on II,(K, E), i.e., the o-field

generated by the following family of sets
{Lem,(K.E): L(x) € B}, xeK,BeBE).
If I1,(K, E) is separable, then, according to Corollary @ the process ¢ is P/B,(11,,(K, E))

measurable if and only if the process y is P/ B(I1,(K, E))-measurable.

Remark 5.13. Predictable processes are adapted and measurable w.r.t. the predictable o-
field # on [0, 0) X Q, where # is generated by left-continuous, adapted processes with
right limits (caglad). The predictable o-field # is the smallest o-field w.r.t which all
such processes measurable. There are examples of predictable processes that are not left-

continuous, see [32, Chapter I, Section 2], or [33, Chapter 1], or [35, Chapter II].

Definition 5.14. [23, p. 92] Let A7(0, T; I1,(K, E)) be the class of all predictable I1,(K, E)-
valued processes

Y [0,T] x Q — I,(K, E)

such that

1

T ES
nwﬂ:0§£nwmgmy<m. (5.2)

Definition 5.15. We say that two processes y and ¢ belonging to A7(0,T;11,(K,E)) are
equivalent, and denote by Y ~ ¢, if and only if

Y — @llw = 0.
Proposition 5.16. The relation y ~ ¢ is an equivalence relation in the space A7(0, T; I1,(K, E).

Before we embark on the proof, let us formulate an equivalent version of the Definition

[5.15]in the following remark.

Remark 5.17. By Definition [5.14} the norm in A7(0, T'; I1,(K, E)) is given by (5.2). Apply-
ing this to ¥ — ¢, we get

T 1
1=l = (2 [ 106s) - 6o ds)'
0
By definition, ¥ ~ ¢, if and only if

Il = ¢l = 0.
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Since the integrand ||y (s) — ¢(s)||Z is nonnegative, the only way for its expectation to be

zero is if
e (s) = gl = 0,
for almost all (s, w) € [0, T] X Q. Hence

U(s,w) = ¢(s,w) foralmost all (s, w).

Thus, the processes ¢ and ¢ are equivalent in A7(0, T'; I1,(K, E)) if and only if they are equal

almost everywhere w.r.t. [0, 7] X Q.

Proof of Proposition To this end, we need to verify the following properties, for all
Y, ¢ and y.

Dy ~y
2) Ify ~ ¢, then ¢ ~ ¥
3) Ify ~¢and ¢ ~ y, theny ~ y.

Ad (1) We need to show ¢ ~ ¢, i.e., | — ¢|l» = 0. But

! 1/p T 1/p
I = ¥l :(Efo ||l//(S)—lﬂ(S)||st) :(Efo Ods) = 0.

Hence ¢ ~ .
Ad (2) Suppose ¢ ~ ¢, i.e., || — ¢|l,» = 0. Since the norm is symmetric, we have

I = @llar = ll¢p = ¥llar = 0.

Hence ¢ ~ .
Ad (3) Suppose ¥ ~ ¢ and ¢ ~ y, i.e.,

ly —¢lly =0 and |y — xllw» = 0.

Using the triangle inequality, we have

W —xllw <y — ¢l + ll¢p — xllp =0+0=0.

Hence ¢ ~ y.
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Definition 5.18. We denote by AP(0, T;I1,(K, E)) the space of equivalence classes of pro-
cesses in AP(0, T;11,(K, E))

AP0, T;I1,(K,E)) := A7(0, T; 11,(K, E))/ ~,
where the space A7(0, T; I1,(K, E)) is defined in Definition[5.14|and the equivalence relation
~ is defined in Definition[5.15]
The norm in AP(0, T;11,(K, E)) is defined by
T 1/p
Y1 llar = (Ej(; WOy, dt) = [l

The next definition is quickly recalled on pages 49-50 of [17].

Definition 5.19. By L7([0, T] x Q, P, Leb @ P; 11,(K, E)) we mean the space of all (equiva-

lence classes of ) P-measurable functions
[0, T]xQ — I1,(K,E)

such that

T
f (Y (1, w)) (Leb ® P) (dt, dw) = Ef () di < oo.
[0,T1xQ 0

This space is equipped with the norm

T
Wl o= (E fo (W (1)) dt)

As a direct consequence of the above definitions, we obtain the following.

1/p

Proposition 5.20. We have
AP0, T;I1,(K,E)) = L7([0, T] x Q,P,Leb ® P;I1,,(K, E)) (5.3)
with equal norms.

The following corollary follows from Proposition 4.9 and [[17, Chapter 2].

Corollary 5.21. The space in (5.3))
AP0, T;T1,(K, E)) := L/([0, T] X Q, P, Leb ® P; I1,(K, E))

is a Banach space.
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Definition 5.22. [23, p. 92] A stochastic I1,(K, E)-valued step process is a process of the

following form
N-1
w(t) = Yol + D Wiliu®, 1€[0,T), (54)
=0
such that

D)0=ty<t1 <---<ty=T;
(i1) for each k = 0,--- ,N, ¢ : Q — II,(K,E) is a simple 11,,(K, E)-valued random

variable, i.e., finitely valued function, see equation (2.1), of the following form

ny
Y = Z La,Ykis (5.5)
i=1
for some my, € N and some pairwise disjoint sets Ay, -+ ,Axm, € T, and some

wk,l’ R wk,mk € Hp(K’ E)
In particular, each ¢ : Q — II,(K,E) is an 7, /B,(I1,(K, E))-measurable p-

integrable simple function.

We denote the space of all 11,(K, E)-valued stochastic step processes by A%, (0, T;I1,(K, E))

step

and the space of its equivalence classes by Aftep(O, T;11,(K,E)).

Note that we use the following notation
AP0, T; (K, E)) :={[y] = [y]. : ¢ € 27(0, T I1,(K, E))}.

Agep(0, T3 T, (K, E)) = {[Y] = [~ @ Yx € A5, (0, T (K, B

step

Here, A? and A?__ represent the equivalent classes of the spaces A” and A7 _ , respectively.

step step?

From this point onward, we assume that Assumption [5.8 holds.

In the following lemma we will use the following notation, which is a special case
of Definition and Proposition ie. Z(K*; LP(Q,R)) is the Banach space of all
bounded linear maps A : K* — L7(Q, R) equipped with the norm defined in two equivalent
ways

Al k=@ r)) = Sup{”Ax*”LP(Q,R) X e K x|k < 1},

or

Al - 2@y = 1nf{C > 0 |AX Iz < Cll'llc 1 x* € K.
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Lemma 5.23. Assume that a cylindrical Lévy process L in K satisfies Assumption
Suppose that p € [1,2]. If L is weakly p-integrable, then for every T > 0 there exists a

constant C such that for every t € [0, T], the following inequality holds
p
”L(t)”.,%}(K*;LP(Q,R)) S Ct,
Equivalently, for every element x* € K*, we have
IL(Ox" |r@ry < Ctllx" ||k

or

EILOX )P < Ct ||x" Ik

Digression 5.24. Since (L(t) : t > 0) is a cylindrical F-Lévy martingale, see Definition

[3.53] for every t > 0, L(¢) is a cylindrical random variable, i.e.
L) : K* 3 x" > L(H)x" € L°Q, F,P;R) is a linear map.

In addition, the process is weakly p-integrable, which implies that for every x* € K", the
random variable L(t)x* is p-integrable. In other words, the R-valued random variable
L(t)x" belongs to LP(Q,F ,P;R), abbreviated as LP(€);R), for x* € K*. Thus, for every
t > 0, the map

L(t) : K' - L?(Q,F,P;R) (5.6)

is a linear map.

In the course of the proof of Lemma [5.23| we will show that the norm of the linear map

(3-6) is < Cr'/».

Proof of Lemma[5.23] Let us choose and fix p € [1,2]. Let (Q,%,F,P) be the filtered
probability space as in Assumption[5.1]

Note that assumptions of Proposition [3.59] are satisfied and therefore we infer that for
every t > 0, L(t) belongs to the space .Z(K*; L”(€2,R)) and is continuous. We have to find
a constant C > 0 such that the norm of this linear map is bounded from above by Ct'/? for
te[0,T].

For this purpose we choose and fix 7 > 0 and define a normed vector space R,(T), see
[30L p.164] for a similar object, by

R,(T) ={y : [0,T] X Q — R : ¢ is F-progressively measurable and [|/||g, < o}, (5.7)
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where the norm || - [, is defined by

1
Wi, = sup @[l '".

co.r1 1P
One can prove, see Lemma|G.T4] that R,(T') is a Banach space.

Next, let us observe, that for every ¢ € (0, T'], the following inequality holds

B[] < tlllg . forevery y € R,.

In particular, since E[Hl//”p] = ||| for every t € (0, T'], the map

4
Lr(Q)’
R, >y = y(t) € LF(Q)

is (obviously) linear and bounded (and hence continuous).
Since, by Assumption [5.8] the process L is a cylindrical F-Lévy martingale, by the

properties of R-valued Lévy martingales, see [2, Theorem 2.7], we have
E(L(H)x") = Ct.
Moreover, by [2, Remark 4.9, eq. (4.2) on p. 713], and by [30, Th. 8.23(1), p. 129], we get

E[|IL(t)x*||"] = Ell f f x N(ds, dx)||”
0 JR\{0}

!
< CE f f IxIP(v o (x*) ") dxds
0 JR\{0}
= Ct f Ix[”(v o (x*) ") dx.
R\{0}

where v o (x*)7! is the pushforward measure of the cylindrical Lévy measure v, see Def-

initions |3.21u3.24| and |3.25L which satisfies Assumption N is the compensated Poisson

random measure associated with a Lévy process.

In short, there exists a constant C > 0 such that
E[||L(H)x"||P] < CtLbclp(v o(x") dx, forallx*e€K*, t>0. (5.8)
Let us temporarily choose and fix x* € K* and define the process ¢ by
U [0, T X Q> (1, w) — L(t, w)x" € R.

We will show that
(1) ¥ is progressively measurable.

(i1) ¢ belongs to the space R,,.
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Ad (i). By Corollary [3.54] we infer that the process y is progressively measurable and

hence the claim (i). O

Ad (ii). We need to show that |z, ) < 0.

By using inequality (5.8)), we have

1
= sup — (E|lly@IP P
Wl r) = sup 7o 261

1
sup — (E|||L(t, w)x*|IP])"/”
ze((),g]t”f’ [

1 e 1/
sup tl—/p(ctL|x|P(vo(x) l)dx) p

te(0,T1]

I [apo oy ) <o,
R

IA

since fR [x|P(v o (x*)7!) dx < oo under Assumption Hence the claim (ii). O

After we have shown (ii) we can define a map L:K — R, by
Lx" = (L(Ox": t€[0,T)).

We observe that in view of (i) and (i1), (i*) L is well-defined. Moreover, we will show that
@i1”) L is a linear map.
To show the linearity, we have to show that for any x*, y* € K* and a constant @ € R, the

following equality holds

f(a/x* +y") = L(t)(ax™ +y")
= L(t)(ax") + L(t)y"
= aL(t)(x*) + L(t)y"
= aLx" + Ey*
Finally, we will show that (iii’) L is a continuous map. For this purpose we will use the
closed graph theorem, see Theorem [F.I§] in the same as the proof to Proposition [3.59]

Indeed, we can easily check the first two assumptions of the closed graph theorem are

satisfied, i.e.:

(a) K* and, by Lemma|G.T4] R, are both Banach spaces and hence Fréchet spaces.
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(b) the map Lis linear, as proved in part (ii’).
It remains to show that the third assumption, i.e.,

(c) the graph G of the map L is a closed subset of K* X R,. For this purpose we take a

sequence of elements of G, i.e., (x, L(t)x},) € G such that
(x,, L(H)x,) — (x*,y) e K" X R,
This means that
x, = x €K"
L(t)x, = y € R),.
We need to show that the limit (x*, y) belongs to the graph G, i.e.
y = L(H)x".

Since L(f)x* are cylindrical random variables, by Definition it is continuous.
Therefore, since x;, — x* in K*, L()x; — L(¢)x* in R,,. On the other hand, L(?)x; —
y in R, which implies that L(#)x; — y in R,. Now, we have two limits of the same

sequence in R,. Hence these limits are equal, i.e., y = L(f)x".
Hence the assumptions of the Closed Graph Theorem, see Theorem|F.18] are all satisfied

and therefore, we infer that L : K* — R, is continuous and hence, since it is linear,

bounded. Thus there exists C > 0 such that for every x* € K*,
ILxlr, < C 'l

By the definitions of the space R,(T) and the operator i:, we infer that
sup —(E[ILOx 7)) < Clle. ¥ €K
re0,11 P
Hence,
E|IL0x'|IP] < CtIx'ly., 1€ (0.T], X €K".

O

Definition 5.25. Let 0 < s < t < T, and assume that Assumptions and hold

with p € [1,2]. Assume that for every k = 0,--- ,N — 1, ¢ is a simple 11,(K, E)-valued
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random variable of the form (5.5), with pairwise disjoint sets Ay, -+ ,Agm, € Fi, and
Ui, s Wkm € L (K E).

Assume that L is a weakly p-integrable cylindrical Lévy process in K, see Definition
[3.52} and that  : K — E is p-summing operator. Then, by Theorem[d.23| ¢ : K — E is
also p-radonifying. Hence, according to Definition [3.29) the cylindrical random variable

(L(t)—L(s))¢¥* in E has finite p-th weak moments and it is induced by a true random variable
J () : Q = E.
In other words,

(L(1) = LW x7) = X" (U5, () = (Jou(), ), Vx" € E. (5.9)

This construction can be applied to W = Yy ;.
We define an E-valued random variable J; (), when . is of the form (5.5), by the
following identity

T = D Laid s Wie)- (5.10)
i=1

Proposition 5.26. Assume that K,E are Banach spaces. Let p € [1,2] and let L be a
weakly p-integrable cylindrical Lévy process in K. Assume that  : K — E is p-summing

operator. Then the process (Jo,(¥),t > 0) is an E-valued Lévy process.

Proof. Let us choose and fix x* € E*. Then by formula (5.9),

Jou(y), x7) = LOW"x7)

By the assumptions on L, we infer that the process (Jy ,(¢), x*) is a Lévy process. Since by

assumptions Jo,(¢) is E-valued, we infer that it is an E-valued Lévy process. O

Remark 5.27. Kosmala in his thesis proved a similar result in the case of Hilbert spaces,
see [23, Theorem 3.5, p. 27]. He proved that if L is a weakly square-integrable cylindrical
Lévy process and ¢ € M?*(0,T; Lys(H, H), where H = Q'?U and U, H are separable

Hilbert spaces, the process

(I(0), t€[0,T])
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admits a cadlag modification. Moreover, if L is a cylindrical martingale, then the process /

is cadlag, mean-zero, square-integrable martingale and the following equality holds:

T T
El fo w(s)dL(s)IP| = E| fo ()01 s vy 45 |-

Lemma 5.28. (Radonification of the increments) Under the assumptions listed in Definition
[.25] if0 < s < t < T, the random variable J () defined in (5.10), satisfies the following
inequality

(E[”Js,t(wk)”p])% < |IL(z - S)”f(K*,LI’(Q;R))(E[ﬂg(wk)])%~ (5.11)

Proof of Lemma[5.28 See [23| proof to Lemma 5.6, p. 91-92]. ]

5.2. The It6 Stochastic Integral for Step Processes and Its Properties. The set of as-
sumptions listed at the beginning of this section will be valid throughout the subsection.

For any 0 < s < ¢, we use the filtration
7:[O,S] =o(L,0<r<y).

Remark 5.29. Assume that L is a cylindrical Lévy process. The natural filtration F =
(F5 : s = 0), see (3.5)), generated by L does not satisfy the usual condition, see Definition
To ensure that standard results from stochastic analysis apply, we work with augmen-
tation F“¢ = (F,“* : t > 0) of this natural filtration, which is defined by

Fl =\ F VN, 120,

s>t
where N denotes the collection of all P-null sets. Let us recall that A ¢ € is a P-null set if
and only if there exists a set B € ¥ such that A ¢ B and P(B) = 0.

’Given a filtration (F;), its usual augmentation is the smallest right-continuous and com-
plete filtration containing it’[32, Chapter 1, Section 1, p. 4].

The augmented filtration (F,"**),s0 is the smallest right-continuous and complete filtra-
tion containing the natural one. The process L remains adapted to this augmented filtration,

and the increments of L continue to be independent of the past, i.e. of 7, for s < 1.

Therefore, when applying results in Section 7, particularly those concerning stochastic

integrals and stochastic differential equations, we use this augmented filtration generated by
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L. This ensures that all stochastic integration results, martingale properties and existence-

uniqueness theorems apply without restrictions.

To define the stochastic integral, let A?(0, T;11,(K, E)), Aftep(O, T;11,(K,E)) and ¢ be
defined as in Definitions [5.18] and [5.22]

We define the stochastic integral operator as follows.

Definition 5.30. Ify € Aftep(O, T;11,(K,E)) be a step function of the form (5.4)), then the
stochastic integral of y over the interval [0, T| is a random variable defined by the following

formula
N-1

1) = > Sy 0. (5.12)
k=0

In the next definition we extend Definition[5.30|by defining a family of stochastic inte-

grals over time intervals [0, ¢], t € [0, T'].

Definition 5.31. Assume that y € AL, (0, T;I1,(K,E)) be a step function of the form (5.4).

step

Assume next t € [0,T). Let the process 1y gy be defined by the following formula
[0, T]1X Q5 (s, w) = Lio(s) Y(s, w) € (K, E),

then 1y 49 € AL, (0, T;T1,(K, E)) of the following form

step

n-1
(Lpat)(9) = Yol() + > ¥l s1(s), s €[0,T],
k=0
where n is the unique number such that
nef{l,--- ,N}andt € [t,_1,1,),

and (5, : k=0,--- ,n+ 1) is a new auxiliary partition of |0, T] defined by

e ifk<n,

Sk =9t ifk=mn,
T ifk=n+1.

Next we define the the It6 integral of the step process  over the time interval [0, t] as:

L) = I(Lpn¥), t€[0,T).
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and

Ir(¥) = I1().

We also have the following simple observation:

n—1 n-2
L) = 1) = Y Jsos W) = D Jugn @0 + Iy uWo). (5.13)
k=0 k=0

The following results are fundamental in our definition of the stochastic It0 integral for

step processes.

Proposition 5.32. Under Assumptions the following assertions hold. There exists
a constant C > 0 such that the stochastic integral I(y) = (I,(¥) : t € [0, T]), of every step
process Y € AL, (0, T;11,(K, E)) of the form (5.4), satisfies the following conditions:

step
(1) I(Y) is an E-valued, F-adapted and cadlag process.
(ii) Ift € [0, T], then
E[L()] = 0.

(i11) I(y) is a p-integrable F-martingale.
(iv) The map I is linear between the space Aftep(O, T;11,(K,E)) and the space of all E-
valued, p-integrable cadlag F-martingales.
(v) Ift € [0,T), then
sup E[ILWIP] < CE| fo w0 (s)) ds]. (5.14)
(vi) If additionally, p > 1, then for every t € [0,T],

E[SUP (IRU2]1 5 SCE[j;ﬂﬁ(w(S))dS]- (5.15)

s€[0,7]

Proof of Proposition[5.32] Each part of the proposition will be proven separately.

Proof of part (i). Let the time partition be of the form
O=fy<ti<tfp<-- <t 1 <t<t,<ty=T. (5.16)

(a) adaptedness By Definition|5.30, each ¢ is I, (K, E)-valued, #,-measurable. Since

the stochastic integral is constructed as (5.12), i.e.,

N-1

19) = > T W),
k=0
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where each J, ;. (¥«) depends only on information up to time #, it follows that
L(y),t € [0,T] is F;-adapted for all + € [0,T], and I,(y) € E, i.e., E-valued, by
G.13).

(b) cadlag Assume that 7 € [fo,7;). Then by the definition (Definition [5.31), each
Js.(¥y) denotes the action of y; on the Lévy process increment L(f) — L(s). By
Lemma(5.28] each J,, (1) is well-defined, and it has the martingale property . With
n = 1 and by formula (5.13), I,(¥) = Jo,(¢). By Proposition [5.26] this process is
cadlag w.r.t. ¢. If n > 2, the proof is similar.

By (5.12) in Definition [5.30] the stochastic integral is given as a sum of incre-
ments J, ., (Yx), where each J;,(¢) denotes the action of iy on the Lévy process
increment L(#)—L(s). By Lemma[5.28] each J, () is well-defined and, since L is a
weakly p-integrable cylindrical Lévy process, has a martingale property. Moreover,
each J,(¥y) 1s cadlag. Hence, I,(¥) being a finite sum of cadlag functions, is itself
cadlag. Finally, since Lévy processes have right-continuous paths with left limits
in Banach spaces, and weak p-integrability ensures that jumps are well-defined, it

follows that 1(y) admits left limits. Therefore, I(i) is cadlag.

O

Proof of part (ii). Let us choose and fix a step process ¢ € Aftep(O, T;11,(K,E)) and ¢ €
[0,7]. Without loss of generality, we can assume that the partition corresponding to ¥
contains the number ¢, i.e., is of the form (5.16)). Thus the stochastic integral of the process
Y 1s a stochastic process () = (I,(¥) : t > 0) such that

n—1

L) = I(ow) = ) vl Lltin) = L), 120,
k=0

Let us note that i is ¥, -measurable and L(#,) — L(#) is independent of the o-field ¥, =
o(L;,0 <t < 1), and by using the fact that E(L(t;,1) — L(#;)) = 0 in the last equality, see
Deﬁnition@ Thus we deduce the independence of ¥ and L(#;.1) — L(t), see [23], p. 91]
[L1, Proposition 6.3, p. 154, Corollary 6.2, p. 155]. Therefore, we get

n-1 n—1
BUW) = ) BW(L(te) = L(1) = D" BGOE(L (1) - L(1) = 0.
k=0 k=0
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Proof of part (iii). Let us choose and fix a step process ¢ € AL, (0, T;I1,(K, E)). We have,

step
fort € [0, T],
n-1 n—1
EILWIP = Bl > vi(Lite) = Le))|” < D Bl L) - L)
k=0 k=0

n—1 n—1
< Y MLt = W oy Bl @] < D Cultnnr = B[]
k=0 k=0

n—1 T
= CLE Yt = wnflw) = C2 [ mw(o)ds < .
=0 0

Therefore, I,() is p-integrable, for every ¢ € [0, T].

Next, we will follow the solutions to [[11, Exercise 7.5, p. 211-212], to show that I(y) =
(I,(y) : t € [0, T]) is a martingale with respect to the filtration F = (7, : ¢t € [0, T']) defined
by

Fi=Fpng=0L;:0<s5<0).

Let the time partition corresponding to ¢ be of the following form
O=fp<tf <" <l{=5<ty< - <th=t<tp<---<t,=T.

Let us denote the increments L(;11) — L(fegn-s,) bY J11,,, (¥ ;). Then

m—1
]1(0,),‘]’7” = ij]l[tj,tjﬂ]’ O<s<t< T,
Jj=0
and
m—1
L) = (oat) = D Wiy ),
Jj=0
which is ¥,-measurable (and p-integrable).
It remains to compute
m—1
BULWIF) = BUAL )T = D BWJy0,, WHIF.
=0

If j <k, theny;and J, ,,, are F,-measurable and therefore

B 0 WDIFs) = ¥ idi 0 W)
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If j > k, then F; C ;. and

EW i1y WDIF5) = BEW 1,0, W DIF)IF)
= E(w]E(JI/,IJ.H(¢])|¢[,)|f9)
= E('vl’jlfs‘)E(Jlj,l,+1(¢])) = 07

since y; is F;,-measurable and J; ., () is independent of ¥ . It follows that

k-1

BULWIF) = ) Wil ) = I oaw) = L),
=0
Hence we have proved part (iii). O
Proof of part (iv). To prove the linearity of /,, we need to prove if i, £ € Aftep(O, T;11,(K,E))
and a,B € R, then
Iy + ) = ad(Y) + BI(E).
Let us choose and fix two step processes ,& € AP (0, T;11,(K,E)). Without loss of

step
generality we can assume that the partitions corresponding to ¢ and & are the same and
of the form (5.16). Note that ay + B¢ is a step process with the same partition. Thus the

stochastic integral of the processes ¥, & and oy + B¢ are

n—1

1) = ) vl Litin) = L(t)
k=0
n—-1

1) = ) &(Lt) = L)
k=0

n—1
Iy +BE) = (@ + BEY(L(tnr) — L(t)
k=0

n—1

= > (eaLltn) = L) + Béa(Lten) - L(1))

k=
n

- o

n—1
(L) — Lt)) + Zﬁfk(“&ﬂ) — L(%))
=0

k=0
n—1 n—1
= @ ) YuLltin) = L) + B ) & Lltin) = L(1)
k=0 k=0
= al(y) + BI&).
Hence we have proved part (iv). O
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Proof of part (v). Using the identity (5.13)) of the random variable /,(y) in Definition [5.30}
and the fact that (Jy, ., (Y1), , are E-valued martingales with respect to the filtration
(Fi.)i_y» therefore by the martingale type p property of the Banach space E, see Defini-
tion [2.94] together with the inequality (5.11)) of Lemma[5.28] we have

n—-1
sup BlIL@)I" = sup E| Zfsk @) + Js sl = sup B ;JSk,sk+l(m>||”

te[0,T] 1€[0,T] k=0

._.

n—

<C,

gl

E||J s )| < € ZHL(skH SO e 1 B[00

k k=0

Il
=

n—

n—1
Cp D Culsiar = SB[ Wo)| = C,CLE D (st = sOmh (o)
k=0

=0

IA
~

T
=CEfO bW (s)) ds.

Note that the last inequality is based on the results of Lemma[5.23] see also [23] ineq.
(5.17), p. 94][[, while the last equality holds because  is a II,(K, E)-valued simple-step

process of the form (5.4). Hence the proof of part (v) is complete. O

Proof of part (vi). Since by part (iii), the process I,(), t > 0 is an E-valued martingale and
E is a Banach space, by [26, Proposition (1) of 1.18, Ch 1, p. 12], we infer that ||Z,(y¥)||,
t > 0 is a nonnegative submartingale. Let us recall that we additionally assume that p > 1,

then by the Doob martingale, see Theorem |[C.I]and inequality (5.18), we infer that

B[ sup LW < ( Eoyefuw)’
sef0,1]
!
< CTEf (W (s)) ds.
0
Hence the proof of part (vi) is complete. O
The proof of Proposition [5.32]is thus complete. m|

23| ineq. (5.17), p. 94]

||M(tk+l - tk)”op(f(K*,Lp(Q;R)) < I|M||$(K*,Rl,)(tk+l - tk)$ Yt e [O’ T]
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5.3. The Ité6 Stochastic Integral for General Processes and Its Properties. The aim
of this final subsection is to formulate and prove a result about the existence of the It

stochastic integral of a general process as a cadlag martingale, see Theorem [5.36
Proposition 5.33. If y € AP(0,T;11,(K,E)) and t € [0,T], then
wl‘ : [Oa T] X Q>3 (S, (,U) = l[o,t](s) w(S, (1)) € Hp(K’ E)
is also a predictable process and it belongs to the space AP(0,T;I1,(K, E)).
Proof of Proposition[5.33] Lett € [0, T]. Letus choose and fix a process ¢ € A”(0, T; I1,(K, E)).
First we will prove that ¢, 1s a predictable process.
According to Definition we need to show that for every A € B,(I1,(K, E)), ;' (A) =

{(s,w) € [0,T] X Q : Yi(s,w) € A} € P. By Example [5.10| the set [0, 7] x Q belongs to P.

Hence, because
{(5,w) € [0, TIXQ: ¢(s,w) €A} = {(5,w) €[0,T]xQ:5€[0,7], Yi(s,w) € A}
U{(s,w) € [0, TIxQ:s€(t,T], (s, w) € A}
= {(5w) €[0,TIXQ:s€0,1], ¥(s,w) € A}
U{(s,w) €[0,TIxQ:s€ 1T, 0€A}
= ([0, xQN{(s,w) € [0, T] XQ: Y(s,w) € A}
U@ TIxQN{0 €A}

we infer that ¢ '(A) belongs to P.

In the above argument we used an observation that the set {0 € A} is either empty or a
full set Q.

Next, we need to show that the condition (5.2)) holds, i.e., [[]| < co.

T 1
W dlar = (B[ fo 1 L10.0(s) Y (s, w)|[Pds])?
! T '
= (8] fo (s, w)llods + f l0l1zds])?
= (8] fo (s, w)lZds])?

r 1
< Bl [ It ljas)? <o
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since ¥ € AP(0, T;11,(K, E). Hence the proof is complete. O

In order to be able to define the It6 integrals for a general process ¥ we need the follow-

ing approximation result.

Proposition 5.34. Under Assumptions[5.4] and Then for every process Y belonging to
the Banach space AP(0,T;11,(K,E)), there exists a A (0, T; IT1,(K, E))-valued sequence

step

()i, such that
lim [k, — llar = 0. (5.17)

After we will have prove this the above approximation result we will show how we use
it.
Proof of Proposition Our aim is to show that any process ¥ € A?(0, T';I1,(K, E)) can
be approximated by a sequence of (i), of step processes in Aftep(O, T;11,(K,E)), such
that (5.17) holds.

For this purpose, let us consider the partition of [0, 7],

P, =0=1<t]<--- <ty <ty=T}
where N = N(n). Put
mesh(Z2,) := sup |t;,, — 1.

0<k<N
Let us define the step process ¢, by

n
tk+1

Y(s)ds, fortelt,t,,), weQ.

Yn(t, w) = rR—
k+1 — ‘k Vi

Recall that in (5.3]), we have
AP0, T;11,(K, E)) := LP([0, T] x Q,P,Leb ® P;I1,,(K, E))

i.e. the space of predictable processes taking values in the Banach space I1,(K, E), such

that

T
Efo W, i ) ds < o0
Since I1,(K, E) is a Banach space and ¢ € AP(0, T'; I1,(K, E)), the Bochner integral

1
tk+1

w(s)ds
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exists in I1,(K, E). Hence, y,,(t, w) € I1,(K, E).
As [, 1],,) — 0, by the Lebesgue Differentiation Theorem (for Banach-valued func-

tions), see Theorem [F:34] we have
Yu(t) = (1) in I,(K, E) for a.e. t.

Moreover, since € AP(0,T;I1,(K,E)), the Bochner-Lebesgue Dominated Conver-

gence Theorem, see Theorem [F.35] gives

T
f () = lfy gy ds = 0.
0

Hence,

Yu = ¢ in AP0, T3 1L, (K, E)), ie. [, —¢llar — 0.

The proof is complete.

Theorem 5.35. Assume Assumptions[5.4)and Then the operator

1: Al (0, T3 T1,(K, B)) — L7(Q, Fr, Py B),

step

defined by (5.12), is continuous and extends to a unique bounded and linear operator
1: AP0, T;11,(K, E)) —» L(Q,F7,P; E).

which is also denoted by 1.
In particular, if C is the constant from inequality (5.13), then for every process ¢ €
AP0, T;11,(K, E)), the Ito integral 1(\), denoted also by fOT W(s)dL(s), satisfies the fol-

lowing inequality
T T
E(]| fo w(s)dL(s)|[;] < CE| fo T W(s) ds). (5.18)

Theorem [5.35| has been stated and proven in [23] inequality (5.2) and Theorem 5.8].
We now present an extension of Theorem [5.35] which constitutes the main result of this

section.

Theorem 5.36. Under the framework of Proposition assume that p € (1,2], assume

also that a process  : [0,T] X Q — II,(K, E) belongs to AP(0, T;I1,(K, E)).
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(1) Assume that (Yr,);", is a Aftep(O, T;11,(K, E))-valued sequence satisfies condition (3.17).
Note that for each n € N, we can define a process 1(r,) = (I,(¥,,), t € [0, T]), see Definition
@ then the sequence of processes (1(s,)), is Cauchy in the following sense

lim B sup |11, = Lwmlg| = 0. (5.19)
MM=00 e[0T

(i1) There exists a unique adapted process I() = (I,(¥) : t € [0, T]) which has cadlag E-

valued trajectories and satisfies

lim B sup |11~ LWIE| = 0. (5.20)

n—=0 1e[0,T]
for every sequence (Y,),., as in part (i). In particular, the process I,(), t € [0,T], is
independent of the approximating sequence (). ,.
(ii1) The process I(¥) from part (ii) satisfies the following inequality,
T
E sup [IL@II" < CEf () ds, (5.21)
1€[0,T1 0

where the constant C = (p, K, E) > 0 is the same constant as in Proposition[5.32)

(iv) The process I1(¥) from part (ii) is p-integrable martingale.

Remark 5.37. If (), | is a AL, (0,T;T1,(K, E))-valued sequence satisfies condition (5.17),

step

then (i,,) is Cauchy in A?.

Remark 5.38. In order to have supremum under the expectation, we need p € (1, 2] because

of Proposition [5.32] part (vi).

In the following paragraphs, we will prove Theorem[5.36

Proof of Theorem[5.36] Let us choose and fix p € [1,2], a process ¢ € A?(0,T;11,(K,E))
and a Aftep(O, T;11,(K, E))-valued sequence (i,),- , that satisfies condition (5.17).

For every n € N, we define a process (/,(i,,) : t € [0, T]) by Definition [5.30]
Let us first prove that the latter sequence satisfies equality (5.19).

Proof of assertion (5.19). By inequality (5.135]) from Proposition [5.32] we infer that

T
E| sup ”It(wn)_lt(wm)”g] < CE](; T, Wn(s) = Ym(s)) ds

t€[0,T]

= Cllrn = Yllaro,r)-
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By Proposition[5.34] ¢, is Cauchy in A?(0, T;I1,(K, E). Therefore,

lim E| sup [I,(4,) — LWwllg | =

n,m—oo 1€[0,T]

O

Proof of assertion (5.20). Since ¢, — y in AP(0,T;I1,(K,E)), we can find sequence of

natural numbers {n;};>, such that

P
”wnk - EZ’”M(O’T;HP(K,E)) < l_ok’ k € N,

where we put
Yo(s) =0, se€[0,T].
We will write k instead of n; for brevity.
Note that the series ﬁ is convergent. Since (a + b)? < 2P"Y(a? + b”), for a,b > 0,

p > 1, and m,(+) is a norm, it follows that
Ef T W1 (s, ) — Yu(s, ) ds
0

< 2r'E f AW (5, — (s, N ds + 21 f RS ) - s ) ds
0 0

1 4
< <2 pen
SRETIERT

By applying the Chebyshev inequality and the It6 inequality (5.13)), we infer that for every
k€N,

B{ sup 11,y — )l 2 } L8[ sup (Wit - vl

€[0,T] ()P “reroT

C T
(2_1’(),,15’\[0‘ T (W1 (s) — Yu(s)) ds
4 _C

<0 {7 = 51

IA

Since the series ;. , % 1s convergent, we infer that
> VB{ sup Wi — gl 2 2,(} co. (5.22)
= o)
Let us put
1
A= {weQ: sup (LG = )W)l 2 7})

t€[0,T]
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with

(o) (9]

limsup Ay = m ( UAk).

k n=1l k=n
In the view of the first Borel-Cantelli Lemma, see Proposition and inequality (5.22)),

it follows that

P(limsup A;) = 0.
k

Hence, if

Q=0 \ lim sup Ay,
k

we deduce that Q € ¥ and

Since

we infer that, if w € Q, then there exists n € N, such that for every k > n,

1
sup [[(Z;(Wi+1 — Y)Wl < =

te[0,7] 2k

Therefore, we have

1
(7 (W1 — )W)l < i L€ [0, T1].

Hence, if w € fl, then the series

[ee)

D Ui = y0))w), 1€[0,T],

n=k

is uniformly absolutely convergent [36, Theorem 7.10, p. 148ﬂ Now we define

°°_ It +1 — s if Qa
L)) = Yoo LW — i), fwe e
0, ifweQ\Q,

2[36, Theorem 7.10, p. 148] Suppose that {f,} is a sequence of functions defined on a set E, f,(x) < M,

where f € E; n € N; M, = sup,eg | fu(x) — ¥(w)|. Then 3] f, converges uniformly on E if }; M, converges.
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By the linearity of map /, for step processes, see Proposition[5.32] we have

00 n—1
L) = D 1k = Y0(@) = lim " LW - (@) (5.23)
k=0 k=0

n—1
= lim 1] ) (s — w](@) = lim Lwn)(@)
k=0

Therefore, for every w € Q, I,(¥,) is convergent uniformly with respect to ¢ € [0, 7] to

IW).

Since for each n, the process I,(¥,),t > 0 is cadlag and since the limit of a uniformly
convergent sequence of cadlag-continuous functions preserve the cadlag-continuity, we de-
duce I,(¥), t € [0, T] has all cadlag paths.

After having constructed process I, (¥), t € [0,T], we will show that it satisfies all

remaining properties in Theorem[5.36] We begin with the

Proof of assertion (5.20). Again by the Itd inequality (5.15]), we have

E| sup ||1t<wn)—1t<w>||§]sc1a f A (W(s) — (s)) ds
0

€107}
T
< CEfo T, (Wa(s) — Y(s)) ds
= Cllyn = ¥llaro.r)-
By Proposition[5.34] we have
31_)1‘130 Y = ¢llar.r) = 0.

Therefore,

lim E{ sup [IL,(,) — LW)Ilg| = 0.

n—00 te[0,T]

We next follow with the

Proof of inequality (5.21). Let us choose and fix ¢ € [0, 7] and w € Q. Then, by (5.24) we

have

LW)(w) = Tim L)) (524)
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By taking the expectation, applying the continuity of the norm and using the results that

limy_o, [[¥nllar.r) = [I¥lar.r) from Proposition [5.34, we have

ElL(@)lI” = Ell im LGyw)II” =E lim [ILG)ll”

= E liminf [I[,)[l” < lim inf E||7.w)||”
!
< liz{friingjo‘ T (Wn(s)ds = lil{lrl)i;lf ||$N||1A)p(o,r)

T
= lim Wnllsro.r) = %007 = Ej; T, (s)) ds.

Note that the first inequality is due to the inequality in the Fatou Lemma, see Corol-
lary and the second inequality holds by the It6 inequality (5.18). m|

Finally, we will present

Proof of part (iv). Let us choose and fix ¢ € A?(0,T;11,(K,E)) and 1 € [0, T'].

Firstly, let us show that the process (I,(¥) : t > 0) is F,-adapted.

By Proposition @ the process Loy € AP(0,T;11,(K,E)). Hence there exists a
sequence (¥")>, in AL (0, T;I1,(K, E)) approximating 1y , i.e.,

= step

lly" — Lo p¥llar — O.

Then each process I;(¥"),t > 0 is clearly F;,-adapted.

Moreover, since each ||I,(y") — L,()|la» — 0, as n — oo, we can find a subsequence
W i € N such that [|1,(]) — I,(Y)lla» — O (almost surely) as n; — oo, hence the required
results follows.

Finally, let us show the martingale property, i.e.,

E(LW)IF:) = L) as.

For this purpose, let us choose and fix 0 < s <t < T'. First, we observe that I,(¢) and I,(¢)
are p-integrable. Moreover we have the following identity

L) = I(Ljoq¢) = 1o a¢ + L qp) = 1o q¢) + 1A ) =: L) + I, ().

Let us first prove the following two lemmata that we are going to apply.

Lemma 5.39. If0 < s <t < T, then the random variable I(1q¥) is independent of the

o-field F.
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Proof of Lemma[5.39]. If 0 < s <t < T, by Definition [5.41] we have the random variable

T
I(Lo.s¥p) = fo Lo, (ry(r)dL(r) € L"(Q, Fr,P; E)

generated by the o-field g = 0(L,,0 < r < s), and

T
I(Lsn¥) = j(; Lgn(My(r) dL(r) € L7(Q, F7,P; E)

generated by the o-field ¥,y = o(L,, — L,,,0 < s <r <r, <1).

Let us observe that because the increments of our process are independent, the o-fields
Fo.s) and F(s, are independent as well. Therefore I(1 ) is independent of ¥, and
I(1;q¢) is independent of F g . o

Lemma 5.40. The process 1(¥) is F-adapted.

Proof of Lemma[5.40;, Let us choose and fix a step process ¢ € AL (0, T;11,(K, E)) and
t € [0, T]. Without loss of generality we can assume that the partition corresponding to ¢

contains number ¢, i.e., is of the following form
O=fp<tfy<--<p=t<tpy<---<t,=T.

Thus the stochastic integral of the process ¢ is a stochastic process I(y¥) = (I,(y) : t > 0)
such that

m—1

L) = 1) = > (Lt = L), 12 0.

k=0

Let us observe that every random variable ¢, and L(#;,1) — L(#;) appearing in the formula
above is F,-measurable. In other words, /,(¥) is generated by the o-field ¥ . Therefore,
by Definition [2.52] the process I(y) is F-adapted. m|

Let us continue the proof of part (iv) of Theorem [5.36] Using the above two lemmata,

we infer that

E(LW)IF) = B(LW) + Lo WIF,) = B(LW)IF.) + (L W)IF.) = L) + B W) = L).

which shows martingale property for step function. For each n, we have

E(L.IF,) = L").
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Next, by applying the Jensen’s inequality, we have

E|nw) - E(Lw)F)|| =E|rw) - 1w + E(LeniF) - BrwiF)|
< 28|\ rw) - 1w+ 27E[[(Lwnir) - B(Lwis)|
= 2B, — LI + 27B|B(1") - L)
< 2B\, () - LI + 2E(B(ILW"N - LW)IPIF))
= 2EILW) - LI + 2E(ILw") - L))
where the constant 2 comes from the following inequality:
(a+ by <2P(a” +bP), where a,b>0, p=1,2,3,---.
Since for every t € [0, oo],
lim BIIL@") - LI = 0.
We infer that
lim E||1,) - (LI = 0.
Therefore
E(LW)IF,) = L) as.
Hence we have proved part (iv). O
Hence, the proof of Theorem [5.36)is complete. O

Now we will introduce the useful and very important notation.
Definition 5.41. Assume that y € AP(0,T;11,(K,E)). We define
!
f w(s) dL(S) = It(w)’ re [O’ T]
0

We conclude this section by summarizing the key properties of the stochastic Itd inte-
gral, defined in Definition [5.41] In the following theorem we use just introduced symbol
fot Y(s) dL(s) of the stochastic integral.

Theorem 5.42. Assume that y,n € AP(0,T;I1,(K,E)) and a,B € R. Let us denote by
fot U(s)dL(s), fot n(s)dL(s) and fot(oa,b(s) + Bn(s)) dL(s) the corresponding processes con-

structed in Theorem
94



(i) Foreveryt > 0, P-almost surely.
f(m//(S) +pBn(s)) dL(s) = Ckf Y(s)dL(s) +,3f0 n(s) dL(s),
0 0

(ii) For every 1> 0, E( [ ¢(s)dL(s)) = 0.
(ii1) fot W(s)dL(s) : t > 0 is a p-integrable martingale and
t T
E sup || | w(s)dL(s)||’ < CEf b (s)) ds,
ref0.71 Jo 0

@iv) fot W(s)dL(s) : t > 0 is cadlag. More precisely, fot W(s)dL(s) has a modification

which has cadlag trajectories.

Proof of Theorem In view of Definition[5.41] this result is an obvious consequence of
Theorem [5.36)
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6. StocHASTIC FUBINI THEOREM APPLIED TO A GENERALISED CYLINDRICAL LEVY PROCESS

In this section, let us fix a number p € [1,2]. Suppose that K, E are separable Banach
spaces, and E is of martingale type p, see Definition [2.94] Let us consider a filtered prob-
ability measure space (Q, ¥, F,P), and a cylindrical Lévy process L on K, see Definition
which has finite p-th weak moments. Finally let us assume that (O, &, u) is a o-finite
measure space, see Definition

Definition 6.1. Let (O, 0) be a measurable space and P be a predictable o-field, see
Definition By P ® O, we denote the smallest o-field of subsets of [0,T] X Q X O,

containing sets of the following form
AXB: AeP, BeO.
In other words, P ® O is the o-field generated by {A X B : (A, B) € P x 0}.

Example 6.2. [39, Section 1] Let A be the Borel o-field on R, and let C also be the Borel

o-field on R, i.e.
A =C =BR).

We define A ® C the smallest o-field of subsets of R X R that contains all sets of the form
AXB: Ae A BeC.

It can be shown that A ® C is equal to the Borel o field on R% ie.,
BR) ® BR) = BR?).

The following result about product measure is standard, see [3), Section 2.6] [20, Section

1.10, p.23-24].

Theorem 6.3. There exists a unique measure, denoted by Leb ® P, defined on the o-field P

such that

(Leb ® P)(A x B) = Leb(A) P(B),

for all measurable sets A X B € P.
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Definition 6.4. Assume that K, E are separable Banach spaces. The spaces AP(0, T;I1,(K, E))
and Aftep(O, T;11,(K,E)) are defined in Definitions and We call a process  a

simple function if there exists a finite sequence of numbers n € N(O < k < n < N),

O=1 <t <---<tp =% <... <1 such that

N-1 my
p(t,w) = Y > U (@)l 0,
k=0 i=1
for some disjoint sets Ag1,--- ,Am, € Fy and Y1, -+ Yim, € I,(K,E) for all k €

{0,--- ,N}. Weuse AL(0,T; IT,(K, E)) to denote the set of all such simple step functions.
Lemma 6.5. Let (O, O, u) be a o-finite measure space. Suppose that a function

Y [0, T]xQx 0 — II,(K,E)
isaP® C/B,(I1,(K,E))-measurable such that

T »
fO(Efo ﬂZ(lﬁ(t,"Y))dS) u(dy) < oo. (6.1)

Such a function  will be called below a "generalised process".

Then there exists a sequence {{/"}_, of simple step functions of the form

N-1 my my
Wit wy) = D0 3w (@) (O, (), (6.2)
k=0 i=1 I[=1

where for eachn e N(O <k<n<N),0=1 <t/ <---<tfl = kn—T < - < 1y, for some
dlSJOZnt sets Al,l,k7 Tt aAi,l,mk € 7_7‘/(’ Bl,l,k’ T, Bi,l,mk € ﬁtk and lpk,la ) wk,mk € Hp(K’ E)
forall k € {0,--- , N}, such that

r :
tim [ (E [ m @) - vt ds) utan =o. (6.3)
0]

—00
n 0

The main result of this section is Theorem [6.6] which provides a generalisation of the

stochastic Fubini Theorem from a recent paper [48]].

Theorem 6.6. Suppose that a generalised process
Y [0, TIxQx 0 — 11,(K,E)

is a P ® 0/B,(I1,(K,E))-measurable and satisfies condition (6.1). Then the following

holds:
97



(1) There exists a measurable set O C O such that Leb(O \ O") = 0 and for every
ye O,

T
Ef (s, -, y)) ds < oo, (6.4)
0

and the process
Yy =y(,-y) [0, TI X Q3 (f,w) = Y(t,w,y) € I1,(K,E) (6.5)

belongs to the space AP(0, T;11,(K, E)).
In particular, by Theorem there exists a process () = (I(Y,)(1) : t €
[0,T])

[I(y))(0) = f Yy(s)dL(s), t€[0,T].
0

(2) The generalised stochastic process,
!
[0, T]xQXx0>(tw,y) — f Y(s,w,y)dL(s) € E
0

is Fr ® 0 /B,(I1,(K, E))-measurable and belongs to L' (Qx O, Fr,P;E).

Moreover, for P-almost all w € Q, the function

[0, T]X O > (s,y) — f U(s,w,y)dL(s) € E
0

is Bochner integrable.

Moreover;

fo (E sup || | w(s.w.y)dLsI, ds),, u(dy)

t€[0,T] 0

1 (6.6)
T »
<C f (E f oW (s, w,y)) dS) u(dy),
0 0
where C > 0 is independent of .
(3) The process
01071953 (.0) > [ Usw)ud) € KB 6.7)
0
is P-measurable (i.e., predictable), and
T P
Ef flﬁ(s, w,y) u(dy) ds < 0. (6.8)
0 o I, (K,E)
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Moreover; for (Leb ® P)-almost all (t, w) € [0,T] X Q the function

Yo =Yt w,) 1 03y = Yt w,y) € I1,(K,E)

is Bochner integrable.

(4) The following identity is satisfied for every t € [0, T], P almost surely:

f ( f w<s,y>dL(s>) du(y) = f ( f w(s,y)du(y)) dL(s). 6.9)
[0 0 0 (0]

Note that the process j; (s, y)dL(s) exists in view of part (1) and the function
O3>y fot W(s,y)dL(s) € is Bochner integrable for almost all w € Q by part (2).
The RHS makes sense because of part (3).

Proof of Theorem|[6.6] Let us choose and fix a P ® ¢'/B,(I1,(K, E))-measurable process
Y [0, T]x Q x 0 — II,(K,E) satisfying condition (6.I)). Note that the spaces (O, O, u)
and ([0, T] x Q, P, Leb ® P) are both o-finite measure spaces, see Definition [5.18]

Proof of part (1). Let us recall, see [20, Theorem 6.1.4, p. 120], that if the integral of a
non-negative function is finite, then the function itself is finite almost everywhere. Hence,

in view of assumption (6.1]), we infer that

T P
(Ef (s, - VI, dS) <oco for u—aa.yeoO.
0

This obviously implies that

T
Ej; (s, y))ds < oo for p—aa.ye€oO.

and (6.4) follow.

Next, we apply Fubini’s theorem, see Theorem [D.19] to the function

T
(w,y) = fo (s, w,y)) ds,

defined on the product measure space (Q X O, F7r @ O,P ® u).
The measurability of this function follows from the $ ® O-measurability of ¥, and its

integrability is ensured by (6.4). Therefore, Fubini’s theorem yields

T T
[ [ [ mwsomdsuande= [ [ [ mwes.omdsdeud.
QJO JO 0JQJO

3In this case, it means that there exits a set A € ¥ such that (Leb ® P)([0,7] X Q \ A) = 0 and for every

(t,w) € A, the function O 3 y = (¢, w,y) € I1,(K, E) is Bochner integrable.
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Hence,

g ’ T 1
(fff nﬁ(l!’(s,-,y))ds#(dy)dp) = (fff T W(s, -, ) dsdP,u(dy)) <.
@O0 o Ja Jo

By the Minkowski inequality for integrals, see Definition [D.18] we have

T 5
sf(ff nﬁ(w<s,~,y>>dsdP) pdy) = -+
0 QJOo

Using the definition of expectation and assumption (6.1]), we obtain

r ;
..:f(Ef zr’,j(w(s,-,y))dS) p(dy) < oo.
(0] 0

Hence, we have

T 5 T 5
( [[] ﬂi(w(s,w,y))dsu(dy)dP) :( [ [ mwcomdsdusn) <o
QJO JO Qx0 JO

Therefore, using [20, Theorem 6.1.4, p. 120], we infer that
T
f (s, w,y))ds < oo for pu®P —a.a.(w,y) € QX O.
0

Furthermore, by applying the Minkowski inequality for integrals again, we get

T p T
f f ( f ,WU(s, w, y))ds) du®P) < f f f TW(s, w,y)) ds d(u ® P) < co.
Qx0 0 Qx0 JO

Therefore, equation (6.4) is satisfied.
Hence, the process ¢, belongs to the space AP(0, T;11,(K, E)) and (6.5) is proved. O

Proof of part (2). By Theorem [5.35] we have

p

T
E < C]Ef (s, y)||gp(K’E) ds < oo. (6.10)
0

T
f (s, y) dL(s)
0

,(K.E)

Hence

T
f U(s, w,y)dL(s) < oo for uP —a.a.(w,y) € QX O0.
0

Hence fOT (s, w,y)dL(s) exists.

Hence
T
QX053 Wy - f U(t, w,y) dL(s) € T1,(K, E)
0

is Fr ® O/B,(I1,(K, E))-measurable, and this function belongs to L'(Q x O, Fr,P; E).
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Moreover, from inequality (6.10) and by applying [20, Theorem 6.1.1, p. 117], we have

[ [ ] dun < [ ( f s 0, I, o s) du(y) < .
IT,(K.,E)

Note that the last inequality holds by assumption (6.1).

f U(s, w,y) dL(S)

Now, applying the Minkowski inequality for integrals, we have

-
([
[

T
f E f Y(s, w,y) dL(s) du(y)
o 0 E

Hence, by the definition of L” functions, see Definition[2.14], we infer that

T T
E fo (s, 0, ) dL(s) du(y) E fo U(s, ,7) dL(s)

T
f Y(s, w,) dL(s)
0

T »
ﬁ l//(S, w, )’) dL(S) ) d[l(y) < 00,
E

Thus, we have

< 0.

T T
fo E fo (s, 0,v) dL(s) du(y) = B fo fo (s, 0,9) dL(s) du() < oo.

Therefore, for P-a.a. w € Q, the function

Yy = yY(,y) 1 03y Y(w,y) € I,(K, E)

is Bochner integrable.

So the LHS of (6.9), fo fOT U(s, w,y)dL(s) exists.

Proof of part (3). By the definition of expectation, we have

T p T p
B f ( f npw(s,y»u(dy)) ds = f f ( f ﬂp(tﬂ(s,y))ﬂ(dy)) dsdP = -
0 o Q JO o

Applying the Fubini Theorem, we have

P
= ff (fﬂp(g//(s,y))u(dy)) d(Leb®P).
[0.71xQ \J o

Then, by assumption (6.1)), we infer that

P
ff (f ﬂp(l//(s,y))u(dy)) d(Leb ® P) < oco.
[0,T]xQ 0
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Again, by (6.1.9) in [20, Theorem 6.1.3, p. 119], we infer that almost everywhere w.r.t.
Leb ® P:

p
( fo ﬂp(w(s,y))u(dy)) < oo.

Thus, we have
f(;np(l//(s, V) u(dy) < oo for a.a.(s,w) €[0,T] xQ wrt. Leb®P.
Hence, the process
0 0.71%Q3 6.0 - [ uswpuiy

is P-measurable (i.e., predictable). Hence, is proved.

Now, applying Jensen’s inequality, we have

f usonudy| < f 105, 0, V)l ey ()
) m,KE Jo

Thus
7, (s, ) < fo Ty W5, @, ) ()
Moreover,
T T 14
Ef(; ﬂ;(l/l(s, w))ds < Efo (f 7, (s, w, y)),u(dy)) ds < oo,
0

The last inequality follows from the results of (6.11)) below.
By the definition of expectation, the Minkowski inequality for integrals, and again using

the definition of expectation, we obtain, by the assumption (6.1)), that

T Po\r T P 7
(E | ( [ npw(s,y»u(dy)) ds) :( [ ( | npw(s,w,y))u(dy)) dsP(dw))
0 o QJO 0
T »
<[ ( [ nz<w(s,w,y»dsp<dw>) u(dy)
0 QJO0
T 7
= fo (E fo ﬂﬁ(w(s,;y))dS) u(dy) < oo,

T p
E[) (f 7, (Y (s, w, y)),u(dy)) ds < 0. (6.11)
0

Therefore, equation (5.2)) is satisfied and (6.8) is proved.

Hence, the process ¥(s, w) belongs to A?(0, T'; I1,,(K, E)) and ¢/(s, w, y) € I1,(K, E).
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By Theorem [5.35] inequality (5.18) holds, i.e.

T p %
E(”fo lﬁ(s,w)dL(s)”P)gC(Ej; ﬂg(lp(s,w))ds) < oo,

Hence, the It6 integral fOT (s, w)dL(s) exists.

Hence, the RHS of equation (6.9)), fOT ( fo W(s,y) d,u(y)) dL(s), exists.
m|

Proof of part (4). It is sufficient to prove that equality holds for t = T. To show
equality (6.9), let us choose and fix a generalized process ¢ satisfying condition (6.1)). We
will consider a sequence (¥");>, of simple step processes as described in Lemma 6.5}
Step 1 We will show here that equality (6.9) holds for each simple step process ¢". Indeed,
the following equality

T T
- fO fo W (s, ) dL(s) duy) + fo fo V(5. 3) du(y) dL(s) = 0

follows from the Fubini Theorem for the simple step processes.
Step 2 We will show here that equality (6.9) holds for each simple step process . Let

us observe that

T T
E”fo‘fo w(s,y)dL(S)d/J(y)—jO\ j;‘ﬂ(s,)’)dﬂ(y)dL(s)”

T T
= E| f f W(s,y) dL(s) du(y) - f f W(s, y) dL(s) du(y)
0 J0 0 Jo

T T
[ [wemaas - [ [ vy <
0 o 0 o

Note that here the 3rd, 4th terms are equal by the Fubini Theorem, i.e.

T T
- f f W (s,¥) dL(s) du(y) + f f W (s.3) du(y) dL(s) = 0
0 JO 0 (0]

Next, we apply the Minkowski inequality for integrals,

T T
- <E| j; fo (s, y) dL(s) du(y) — fO j; W' (s,) dL(s) du()|

T T
+E| fo fo W' (5.3) du(y) dL(s) - fo fO W(s,3) du) dL(s)| = -

103



By the linear property of expectation,

T
=8| [ [ s = dLs duo|
T
cB| [ @6 =) dutndiis)] = -
By the definition of expectation, this becomes
T
. fg || fo fo W(s,3) = 0"(5,)) dL(s) du(y)|[dP(w)
T
B [ @6 =) dutydiis)] = -+
By applying the Fubini Theorem again, we get
T
= [ [ s - duso) duo)
T
cB] [ [ @) =053 dutr)dLo)] = -
Now, by the definition of expectation again, we can write
T
s fa i fo (5. 5) — 0 (5,y) dL(S)|| du(y)
T
+E fo fo W' (5.3) — 9(5.)) du(y) dL(s)|| < -
Applying Jensen’s inequality, we have
T
s B [ W -wso dus]dao)
o
T ,
w3l [ [ @ -uem du(y)dL(s)H”) <
Using (5.21]), we obtain
T
<< Bl [ @ =ws dus] )

T ;
+(CE fo || fo W (5,3) - s, 7)) du(y)ll”dL<s>) <
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Again, applying (5.21)), we obtain

T
s fO B fo 7,05, ) — 0"(5,)) dL(s) du()

: :
+(CE [/ n5<w"<s,y>—¢(s,y>>dL<s)) du(y) = 0.

Finally, the expression goes to zero by Lemma|6.5]

Summing up, we proved

T T
E| fO fo W(s,y) dL(s) du(y) - fo fo V5.3 du) L) = 0.

Therefore,
T T
f f Y(s,y) dL(s) du(y) = f f Y(s,y)du(y)dL(s) P-a.s.
0 Jo 0o Jo
and so equality (6.9) is satisfied. o
Hence, the proof of Theorem [6.6]is complete. m|

6.1. An alternative proof of Theorem [6.6, Step 1 Let us choose and fix a generalised
P ® 0'/B,(I1,(K, E))-measurable process

Y [0,T1x Qx 6 — IL,(K,E)

which satisfies condition (6.1]).
Step 2 Let us choose, as in Lemma@ a sequence {y"}  of simple step functions of
the form (6.2) such that (6.3)) holds.

For every n € N we define a generalised process

IY") = f U'(s,w,y)dL(s), (t,w,y)€[0,T]xQxO0.
0

Since " is a simple step function, this is well-defined. We also prove that inequality (6.6])
is satisfied by all linear combinations of processes ¢".

Step 3 We prove that the sequence /(i") is Cauchy in the following sense

1

lim (E sup || U'(s,w,y)dL(s) — f U (s, w,Y) dL(s)IIl’; ds)p u(dy) = 0.
0 0

n,m—oo 1€[0,T] 0

Step 4 We prove that each process I(y") satisfies all assertions of Theorem [6.6]
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Step S By considering a subsequence we can assume that

T »
[ (E [ nzw"(r,-,y)—w,-,y))ds) uldy) <107, ne.

Using the Borel-Cantelli Lemma, as in the proof of Theorem [5.36] we can show that there
exist measurable sets O; C O and Q; C Q, of full measures, such that for y € O, and
w € Q, the sequence fo. Y'(s, w,y)dL(s) is uniformly convergent in E. We put, if y € O,

and w € Q,
[0 ars = tim [ wisonio
and, otherwise, we put ' ’
ft (s, w,y)dL(s) = 0.
Step 6 We show that thus defined goeneralised process

1Y) = f U(s, w,y)dL(s), (t,w,y)e€[0,T]xQXO0,
0

satisfies all assertions of our Theorem [6.6]
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7. EXISTENCE AND UNIQUENESS OF SOLUTION TO STOCHASTIC DIFFERENTIAL EQUATIONS

7.1. Preliminaries. In this section, we apply developed theories about stochastic integrals
with respect to cylindrical Lévy process to establish the existence and the uniqueness of the
solutions to a stochastic differential equation (SDE) in a Banach space.

We begin by outlining the framework for this section. We assume that (2, ¥, F,P) is a
filtered probability space such that the filtration F = (7,)»( satisfies the usual condition —
right-continuity and completeness, see Definition

Let us recall several key definitions. Assume that F is a Banach space.

1. An F-valued process & = (£(f))»0 is F-adapted if and only if £(¢) is F,-measurable
for each r €> 0.

2. An F-valued process & = (&(1))0 1s cadlag if and only if &(7) is right continuous
and has a left limit at every ¢ > 0.

3. An F-valued process & = (£(1))»0 1s F-predictable if and only if & is F-measurable
and the mapping

£:[0,00) X EXQ > R

satisfies the the following conditions:

(a) For each r > 0, the mapping (x, w) — &(t, x, w) is B(E) ® F,-measurable;

(b) For each x € E, w € Q, the mapping [0, c0) 5 t — &(¢, x, w) is left-continuous.
See also Definition

7.2. Formulation. We assume that F and E are Banach spaces. The norms in these spaces
will be denoted by || - ||z and || - ||, respectively. When there is no danger of ambiguity,
these norms will simply be denoted by the notation || - ||.

The space of all p-summing linear operators from E to F is denoted by II,(E, F) and
the norm in this space is denoted by 7,() or || - ||, &.F)-

Assume that p € [1, 2]. This number will be fixed throughout the whole section.

We assume that L is a cylindrical Lévy process on E such that, for every t € R*, the
mapping

L) : E* - L°(Q,F,P;R)
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has finite weak p-th moments, i.e.
E[|[L(Hx"|P] < o0, ¥Yt>0,¥Yx" € E".

This corresponds to the condition (5.1]).

We consider functions
B:R"XF—>F
and
G:R"XF > 1II,(E,F)
which are assumed to be strongly-measurable. Further assumptions on these functions will

be introduced later.

In this section we will study the following SDE:

dX(t) = B(t,X(t))dt + G(t,X(¢))dL(r), t=>0, (7.1)

X(0) = Xo,

where X, is an ¥y-measurable, F-valued random variable.

‘We now introduce the definition of a mild solution.

Definition 7.1. A solution of the SDE (7.1) is a predictable F-valued process X = (X(t));»0
such that for every T > 0,

IXII7 = sup E[IX®II'] = sup E[IX®I}] < e,

t€[0,T] 1€[0,T]

and such that, for all t > 0, we have P-almost surely
! !
X)) =X+ f B(s,X(s))ds + f G(s,X(s)) dL(s).
0 0

In what follows, we assume the Lipschitz and the linear growth conditions on the coef-
ficients B and G, and an integrability assumption on the initial condition.
In the assumptions below we temporarily replace the time interval [0, c0) by a bounded

interval [0, T'].

Assumption 7.2. (Initial data)

We assume that p € [1,2] and

(A0) X, € LP(Q, Fo, P; F).
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Assumption 7.3. (Lipschitz and Growth Conditions on B and G)

We assume that

(BO) For every x € E, the map
[0,T]> s+ B(s,x) € F

is Lebesgue measurable;
(B1) there exists a non-negative function b € L1([0,T]) = Li([0, T];R), where g = ﬁ,

such that for all x, x,,x, € E and t € [0, T]

1Bt < b(@) (1 + [1x]D,

1B(,x1) = B(t,x2)llF < D(2) [lx1 — X2l|.
(GO) For every x € E, the map
[0,T] > s+ G(s,x) € II,(E,F)

is Lebesgue measurable;
(G1) there exists a non-negative function g € L*([0, T]; R) such that for any x, x;,x, € F
andt € [0,T]

(G (2,x)) < g(1) (1 + ||xID,

mp(G(t,x1) = G(1,x2)) < g(D) [lxy = xal.

These assumptions ensure well-posedness (existence and uniqueness) of the solution to

the SDE.

Theorem 7.4. Let p € (1,2]. Suppose that the Banach spaces E and F satisfy the following

conditions:
(a) E is reflexive or has a separable dual,
(b) F is of martingale type p, and E** has the approximation property.

Assume that L is a cylindrical Lévy process such that Assumptions [7.2{7.3] are satisfied.

Then, for every Xy € LP(Q, Fo,P; F), there exists a unique solution to the SDE ([/.1)).
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Remark 7.5. Here we need Banach space E** having the approximation property, see Def-
inition so as to ensure the stochastic integral with respect to cylindrical Lévy process
L(s), i.e., fot G(s, X(s)dL(s), where G(s,X(s)) € II(E, F), is well-defined, i.e., it can be
approximated by sums over simple functions, and hence we will be able to apply (5.14)) of

Proposition [5.32]

Theorem 7.6. Let p = 1. Suppose that the Banach spaces E and F satisfy the following

conditions:

(a) E is reflexive or has a separable dual,
(b) F is of martingale type 1, has the Radon-Nikodym property, and E** has the ap-
proximation property.
Assume that L is a cylindrical Lévy process as before, and that Assumptions [7.2H7.3] are
satisfied. Then, for every X, € LY(Q, Fy,P; F), there exists a unique solution to the SDE

(7.1).
Before we embark on proof of Theorem (/.4 We introduce the following function space:

Definition 7.7. If T > 0 then we define the space
Hr = {X ([0, T xQ — F : X is F— predictable and

sup E[IIX(0)II"] < oo.
t€[0,T]

This space consists of all predictable processes that satisfy a uniform L”-boundedness

condition over [0, T']. Obviously, the following lemmas hold.
Lemma 7.8. The space Hr is a vector space.

For the proof of Lemma[7.8]see Appendix [G.13]

Let us choose and fix 8 > 0 and define a norm || - [|l7.5 on Hr by

1/p
IXllzp = ( sup e"”E[IIX(t)II”]) , XeL(QF,PF).
1€[0,T]

Note that

-z == I~ ll7.0-

Lemma 7.9. The function || - |7 g is a norm on Hr.
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Proof of Lemma(7.9 Let us recall that a R-valued function || - || is a norm on the vector
space Hr if and only if satisfies the following four properties:

(N1) |IXllrg > O for every X € Hy and ||0]| = 05

(N2) If X € Hy and || X|l75 = O then X = 0;

(N3) If X € Hy and a € R then

laXllzg = lal X7
(N4) If X, X, € Hy, then
1X1 + Xollrg < [ Xillzg + 1Xall7s.

(Ad N1) Obviously if X = 0, then |[X|lrg = 0. Let us choose and fix X € Hy. Since
E[IIX()II’] > 0 for every ¢ € [0, T], we infer that [|X||7 5 > 0.
(Ad N2) If [|X]lrs = 0O, then by definition,

sup e PE[|IX()|I"] = 0.

t€[0,T]

Since e P'E[||X()]|P] > O for every t € [0, T], it follows that
E[|IX(®)|"] =0 foreveryt e [0,T].

Therefore,

X@®»=0 Vtel0,T].
and hence X = 0.
(Ad N3) For X € H7 and a € R, we have

1/p 1/p
llaXllrp = ( sup e_ﬁ’E[llaX(t)ll”]) = Ial( sup E‘ﬁ’E[IIX(t)II”]) = || |IX]l7p-
€[0,T] 1€[0,T]

(Ad N4) For X;, X, € Hr, by Minkowski’s inequality, we have
1/p
_ _ 1/
X, + Xollrg = ( sup e P'E[||X, () + Xz(t)llp]) = sup (eE[IX,(1) + X(0I"])
t€[0,T] t€[0,T]

< sup (¢ EUX @D + e EUXOID'™)

< sup e E[IX,)IPD"? + sup e E[IX,(t)IIP])"”
t€[0,T] t€[0,T]

= IXillrg + IXall7 -
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Lemma 7.10. The norms || - || and || - |7 g on Hr are equivalent.
Proof Lemma([7.10]. Assume that 8 > 0. Then, since 0 < e P < 1 fort > 0, we infer that
1/p 1/p
1Xll7p = ( sup e_ﬂlE[HX(f)Hp]) < ( sup E[llX(t)ll”]) = |IXll7.0-
1€[0.7] r€[0,T]
Now we will show the inequality in the opposite direction. Since 0 < € < €T for t €
[0, T], we infer that

1/p 1/p
IXll70 = ( sup E[IIX(I)Ilp]) = ( sup eﬁte_ﬁtEHlX(t)llp])

t€[0,T] t€[0,T]

1/p 1/p
= ( sup eﬂTe‘ﬁfE[nX(t)np]) < eﬂT( sup e E[||X(r)||”]) =T Xllrp.

1€[0,T] 1€[0,T]
This completes a proof of our equivalence Lemma. Note that it was essential to consider

only 7 > 0 and not T = oo. i

Lemma 7.11. The space Hy endowed with the norm || - ||7 is complete.

Hence, the space Hy endowed with the norm || - |7 g is also complete.

Proof of Lemma(7.11] Let (X,) be a Cauchy sequence in Hy-. Then for every & > 0, there

exists a number N € N such that for all m,n > N,

1

»
1X,, — Xinllr = | sup E[lIX,(2) — Xm(t)ll”]) <e.
1€[0,T]

Fix any ¢ € [0, T]. Then, for all m,n > N,
ElXn (1) = XuOIP)? < N1X, — Xllr < &.

Observe that the left-hand side is exactly the norm || X,,(t) — X,,(t)l|.-@). Hence for every
fixed t € [0, T'], X,,(¢) is a Cauchy sequence in LP(Q, F,,P; F), i.e.,
“Xn(t) - Xm(t)”LP(Q) <eé&.

Since LP(Q, 7, P; F) is complete, hence there exists a process X(¢) € LP(Q, F,P; F) such
that
lim E[||X, (1) — X(0)|I"] — 0.

Define X : [0, T] X Q — F by setting

X(t,w) := lim X,,(¢t, w) in L?(Q)for eachz.
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Since each X, is F-predictable and X,, — X in L?([0, T'] X Q), there exists a subsequence
that converges to X almost surely. Using the fact that the class of F-predictable processes
is closed under almost sure limits, see [32, Theorem IV.35, p. 182], [27, Chapter 1, Section
1.5], it follows that X is also F-predictable.

We now show that X € Hy, i.e., || X||; < .

By the triangle inequality in LP(Q), for each ¢ € [0, 7] and n € N, we have
EIXOIN' < EIX(@®) = X, 0" + EIX, 0"
Taking the supremum over ¢ € [0, T'], we obtain

sup (EIIX(@)|I)"” < sup (EIX(®) — X,(OI")"? + sup (EIX,(0))"" .
t€[0,T] t€[0,T] t€[0,T]

By definition of || - ||; norm, this is equivalent to:
IXDllr < 1X(®) = Xullr + 1Xa(Dll7.
Since (X,) is Cauchy in H, it is bounded, i.e.,
sup 1 Xallr < o0.

Moreover, for any & > 0, there exists N such that for all n > N, we have ||[X — X,|Ir < e.

Hence
IX(Dllr < &+ sup [|X,,(Dllr < 0.

Hence X € H;.
Finally, we show that X,, — X in H7. Since X,, is Cauchy in H, for all n,m > N,

1Xo — Xnllr < &.
Taking the limit as m — oo, and using the norm continuity of L”({2), we obtain
X, — Xllr < e.

Hence, X, — X in Hr, proving that H; is complete under || - ||7.
Hence, the space Hr, when equipped with the norm || - |74, is also complete, as it is

equivalent to || - [|7. O
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We are now ready to prove Theorem in which we apply the Banach Fixed Point
Theorem see Theorem [E.3|in Appendix, to establish the existence and uniqueness of

solutions to the SDE.

Proof of Theorem[/.4, Assume that the assumptions of Theorem [7.4] are satisfied. In par-
ticular, we choose and fix X, € L?(Q, ¥y, P; F).
We define, for i = 0, 1, 2, the maps

K;: Hr — Hr,
by, for X € Hr,
Ko(X)(@) := Xy, t€][0,T],

Ki(X)(®) :=fB(s,X(s))ds, te[0,T], (7.2)
0

K)(X)(?) := f G(s,X(s))dL(s), te€][0,T]. (7.3)
0

We first establish the following lemma:
Lemma 7.12. Each K; maps Hy to itself. Hence K maps Hry to Hr.

Proof of Lemma[7.12) (1) Case i = 0. Let us choose and fix X € Hr. Define the map
Ky : Hr — Hr by

Ko(X)(®) := Xy, te€l0,T]

We want to prove that Ky(X) € Hr. We need to prove:

(1) Ko(X) 1s a predictable F-valued process,

(ii) SUP,eq0.7; EIIKo(X)(D)IIP] < oo,

Ad (i) Let us observe that the process Ky(X) is constant with respect to time. The
random variable X, is F-valued and ¥)-measurable. Recall that the predictable
o-field on [0,7] x Q is generated by left-continuous adapted processes, hence
the process Ky(X), being constant in time and measurable with respect to %y, is
both adapted and left-continuous. Moreover, the Banach space F' is equipped with
its Borel o-field B(F), which is generated by the open sets induced by the norm

topology, i.e., the topology defined by the norm || - || on F. Hence, the mapping
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t = Ko(X)(t) = X is measurable with respect to the predictable o-field, and takes
values in F'. Therefore, we infer that the process Ky(X) is predictable.

Ad (ii) For all 1 € [0, T'], we have

sup E[[|Ko(X)(DII’] = sup E[||Xo]I”] = E[lIXolI"] < co.

t€[0,T] €[0,T]

(2) Case i = 1. Let us choose and fix X € Hr. We want to prove that K; X € Hr. We

need to prove:

(i) K;X is a well-defined F'-valued process,
(i) K;X is a predictable F-valued process,
(i11) K;X satisfies

sup EJK, (X))}, < oo,
te[0,T]

Ad (i) The Bochner integral in (7.2) is well-defined for each ¢ € [0, T'], because
X € Hy is F -predictable and the mappings

B(s,):E>x— B(s,x) € F

are continuous in x. By Assumption and the integrability of X, the mapping
s — B(s, X(s)) is Bochner integrable. Hence KX is well-defined.

Ad (ii) Since X is predictable, and the map B(s, -) is continuous, the composition
B(s, X(s)) is again predictable as a function of (s, w). Thus, K; X is a predictable.
Ad (iii) By [47, Corollary V.5.1, p. 133], Assumption (B1), the Holder in-
equality, see Corollary also we use the fact that, if C is a constant and
g:[0,T] — [0, c0), then

sup (Cg(1) = C sup g(1).

t€[0,T] t€[0,T]

sup E[HKI(X)(;)HP] = sup E[”j: B(s,X(s)) ds”p]

t€[0,T] 1€[0,T1]

< sup E[( fo tllB(s,X(s))llds)p] <.

t€[0,T]
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By Assumption[/.3[(B1) and applying Holder’s inequality, we have

< sup B[( [ (1 + x|

t€[0,T]

< sup E|( fo t |b(s)|qu)s fo t(1+||X(s)||)pds]

t€[0,T]

<( f ' Ib(s)lqu)% sup E| f a + IX()IlY ds| <
0 0

t€[0,T]
Using the inequality (a + b)? < 2P~'(a” + b”), where a,b > 0, p > 1, we have

<( f ' Ib(s)lqu)% sup E| f 12”_1(1”+||X(s)||”)ds]

te[0,T] 0

f Ib(s)|? ds Pop-1 T+ sup E f 1X(s)I|P ds

te[0,T]

< IBII7, 271 (T + 1IX117.) < oo.

(3) Case i = 2. Let us choose and fix X € Hr. We want to prove that K, X € Hr. We

need to prove

(i) K,X is a well-defined F-valued process,
(i1) K,X is a predictable F-valued process,
(i11) K,X satisfies

sup E|K> (X))} < oo.
te[0,T]

Ad (i) The stochastic integral in (7.3)) above is well-defined because the process X

is predictable and the mappings, for every s € [0, T],
G(s,r) : E 3 (s,x) = G(s,x) € II,(E, F)

are continuous. By Assumption [7.3] and the integrability of X, the mapping s
G(s, X(s)) is Bochner integrable and takes values in I1,(E, F)). Hence K, X is well-
defined.

Ad (ii) Since X is predictable and the map G(s, -) is continuous, the composition
G(s, X(s)) is again predictable as a function of s, w. Thus, K;X is predictable.

Ad (iii) Using the same approach in the case of K, we conclude from Assumption
[7.3](G1) and inequality (5.21)) from Theorem [5.36| that there exists a constant Cr >

0 such that
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sup E[HKz(X)(t)Hp] = sup E[H j: G(s,.X(s)) dL(s)Hp]

1€[0,T'] 1€[0,T]

< CTE[ fo ' (G5, X(5))) ds] <.

By Assumption[7.3/(G1), we have

T

< CrE| fo (g() (1 +1X(oID)” ds]
T

= CE| fo g(s) (1 + IX(s)l)" ds]

T
< Crlesssupcio.rle(s)I"] f (1+EIX()l) ds
0

< CT“gHZM(O,T)(T + ”X”?’O) < o0.

Let us continue our proof of Theorem We will next establish that the process
Ki(X),i = 1,2 1s stochastically continuous. For this purpose, let us choose and fix t € [0, T)

and € > O such that t + £ < T. Then we obtain

Bk 006+ - Koo =5[] [ B xenas— [ s xenas|]

ft " B(s. X(s) ds”p]

<e( [ e xemas)'|

=

<gl( [ b+ K@ ds)|
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By applying Holder’s Inequality and the formula (a + b)? < 27~!'(a” + b”), where a,b >

0,p > 1, we have

([ woras)E] [aswonras)
< f bl ds) 'E] f T s ds|

) (ft+s |b(s)|q ds)gzp—l[g + Ef”s ||X(S)||p dS]

S NBI g1y 2" " (& + 1IXI1 )

Li(t,t+e)

-0 ase—0.

The last step is based on the following fact:

Digression 7.13. The assumption that b € L([0, T]; R), see Assumption[7.3|(B1), i.e.,

T
f |b(s)|9ds < .
0

I+&
lir%f b(s)|?ds = 0.
E— t

implies that, for every t € [0, T]

Below we will provide the proof to this digression, using the Lebesgue Dominated Con-

vergence Theorem, see Theorem [F:32]

Proof'to Digression[7.13] Applying the Lebesgue Dominated Convergence to our case, we
have § = [0,T], g(s) = |b(s)|?, u := Lebesgue measure, i.e., u(ds) = ds; f(s) = 0,
fu($) = 1y, 15(5) |b(5)|?. All assumptions of LDCT are satisfied. Hence (E.I) holds, i.e.

ff,,(s)dsaff(s)ds,
s s
ff(s)dszf()ds:O,
S S

1

f fu($)ds = f Elb(s)lqu.
S t

r+1
lim f |b(s)|9ds = 0.
n—00 P
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Therefore

1+e
lir%f |b(s)|?ds = 0.
E— t

Let us continue our proof of Theorem For K, we obtain by inequality (5.18)) from
Theorem [5.35/ that there exists a constant C > 0 such that

BlIIK>(X)(t + &) = KxCOWI"] = B fo " G5, X dL(s) - fo G5, X(s) dis)|']
= | f " Gs.X(s) drs)|'|
< CE| f Hs 7 (G(s. X(s))) ds|

< CE| f (g1 + IXD) ds] < -

By applying Holder’s Inequality and the formula (a+b)? < 2P~'(a?+b"), fora,b > 0,p > 1,

we have

1+&
o+ < Clesssup,, o8I |E f (1 + IX(S)I)? ds
t

I+&
< Clesssup,,,,qlg)I”|(e + E f IX(9)II” ds)
1

< gl (& + IXIE)

-0 ase—0.
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Similarly, we have for 0 < ¢ < t,

Bk 00—~ Koo =5[] [ B xenas— [ s xenas|]

f " Bls. X(s)) ds”p

t—&

:E[

<E|( [ 1BGs.X(s)llds)']

<E( f b(s)(1 +1IX(s)l) ds)’ |

< f )'E| fo 8<1+||X<s>||)Pds]

<( f b7 ds) E] f 82p“<1p+||X<s)||P>ds]

( )2 e +E f XY ds]
b7 ds)" 2 [& + sup E f X d]

0 t€[0,T]

< DI, 0,027 (e + IXI2 )

— 0 ase—0.

The stochastic continuity of K,(X) can be shown in a similar way, as follows:

BlIIK>(0)( - &) = KO0 = B f G(s, X(5)) dL(s) - f G(s, X(s) dL(s)| ]

:E[

ft_ G X dLe)[]

< CE| f, ts (G(s. X(s))) ds|

< CE| f (ewa +IX0)I))” ds]

< Clesssup .25V’ | fo 1+ X)) ds|

< Clesssup .o g’ |( + B fo X ds)

= ClIgll7w 0 (& + IXII7.)
©e) :

—0 ase—0.
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Thus the process K(X) is stochastically continuous.
In particular, the stochastic continuity implies the existence of a predictable modification
of the process K(X) by [74, Proposition 3.12]. In summary, we obtain that K maps from
Hr to Hy.

For applying the Banach Fixed Point Theorem it is enough to show that K is a contrac-

tion with respect to || - ||7 g for some 5. We have

IK(X1) = KX, < 277 (1K (X)) — Ky (I 5 + 1Ka(X) = Kx(Xo)I] ).

We estimate each term on the right-hand side separately.

For the part corresponding to the drift, we calculate

p
IKi(X1) = Ki(Xo)ll7 5 = sup e EHKl(Xl)(f) - Kl(Xz)(l)H
t€[0,T

= sup e_ﬁ’EH ft B(s, Xi(s))ds - ft B(S’XZ(S))dsHp
0 0

t€[0,T]

by the definition of K;. Then by the linearity of integral, we have

= sup e E”j: (B(s, Xi(s)) — B(s, XZ(S))) dS”p

t€[0,T]

By [47, Corollary V.5.1, p. 133], we have

< sup e E( fo tHB(s,Xl(s))—B(s,Xz(s))Hds)p

t€[0,T]
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By Assumption (B1) and applying Holder’s inequality, we have

< sup ¢ E( f b(s) 1X1(5) = Xa(s)l| ds)”
0

te[0,T]
t P t
< sup ' E[( f Ib(s)l*ds)" f 1X1(5) = Xa(s)II ds)|
t€[0,T] 0 0
T ? t
<( f Ib(s)l" ds)” sup ¢ E| f 1X1(s) = Xa(s)IP dis]|
0 te[0,T] 0
T » t
= f Ib(s)l" ds)" sup | f e ePE|IX (5) - Xa(s)I1” ds]
0 te[0,T] 0

T » .
< ( f Ib(s)|* dS)q sup [ sup e P E|1X1(s) — Xo(s)|I f o B=9) ds]
0 0

t€[0,T] ~ s€[0,1]

T P v
< ( f Ib(s)l" ds)" sup e PEl|X;(s) — Xa(s)II” sup | f B ds|
0 SE[O,T] IE[O,T] 0
r P
= f ()| ds)’
0

1 T P ‘
:E(f (bs)l'ds)" sup e EIIXi(s) = Xa(s)IP
0

s€[0,T]

" [P
sup e E|IXi(s) = Xa(s)II” sup [ (1 -]
s€[0,T1] t€[0,T] ﬁ

1, (T L
= [—),( fo Ib(s)|” ds)" 11X = Xal5
So we proved that
1 ’ T 1
||K1<X1)—K1<Xz>||T,ﬂs([—3) ( f Ib(s)|” ds)" X, = Xallr . (7.4)
0

In the following calculation for the part corresponding to the diffusion, we use the con-
tinuity of the stochastic integral formulated in Theorem [5.35]to justify the first inequality.
We begin with the definition of K5,

IKo(X)) = a0, = sup e B[ Ka(Xi)(0) - K ()0

te[0,T]

sup e_ﬁ’EHft G(s, X1(s)) ds — ftG(S’XZ(S))dSHP
0 0

t€[0,T]

Then by the linearity of integral, we have

= sup e” EH]: (G(s, X1(s)) — G(s, Xz(S))) dSHp

t€[0,T]

< C sup e E| f t (G (s, X1(s)) — G(s, Xx(5))) ds|

te[0,T] 0
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By Assumption[7.3|(G1), we have

< C sup | fo (60 1%, ~ X ds]

te[0,T]

!
=C sup | f g(s)” eI PE|X () — Xa(9)II ds]
0

t€[0,T]

! t
< C sup [(esssup,.o,8(s)” f eV ds)( sup f e EIXi(s) - Xa(s)II” ds)|
0 0

1€[0,T] 0<s<t
1
< Cﬁesssupse[o’T]g(S)p 1Xi = Xall7 5

_¢
B

So we proved that

P p
1817 1 1X1 = Xall2

C 1/p
IK>(X1) — Ky(Xo)llrp < (E) llgllz=0.0) 1 X1 = Xsll7 g (7.5)

Combining the above inequalities and (7.5), we deduce that we can choose 8 > 0
sufficiently large so that K is a strict contraction, and by the Banach fixed point theorem,
the SDE (7.1)) has a unique fixed point X € H7 such that K(X) = X which completes the
proof of Theorem|[7.4]
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8. ExTENsioN oF THE BH WoRrk [8]] To P-SUMMING OPERATORS.

In this section we will generalize the results from the paper [8] by Brzezniak and
Hausenblas, where the authors considered Stochastic Evolution Equations (SEEs) driven
by Poisson random measures. Their main tool was certain inequality valid for stochas-
tic integrals in martingale type p, p € (1, 2], Banach spaces driven by a class of Poisson
random measures. This inequality was further extended to the so called stochastic convolu-
tions. In this section, we show that stochastic integrals driven by Poisson random measures
can be replaced with those driven by cylindrical Lévy processes.

This section is organized as follows: in the first subsection, we present preliminary
concepts; in the second subsection, we introduce the main results which are based on paper

8, p. 6211.

8.1. Analytic Preliminaries.

Assumption 8.1. Assume that E is a separable martingale type p, p € (1, 2], Banach space.
Let A(E) denote the class of linear operators A, such that —A is an infinitesimal generator
of an analytic semigroup {e~"*} 5o with the domain D(A) on E, see condition (A1)) in Theo-
rem Note that analytic semigroups are not necessarily exponentially stable in general;
in this work we consider semigroups of the form (e 7)o, so any stability depends on the
spectral properties of A.

It is known, that for every A € A(E) there exist numbers C > 0 and w < 0 such that
e < Ce™, 1>0. (8.1)

In what follows, we fix A € A(E) and numbers C > 0 and w < 0 such that (8.1) is
satisfied.

The following inequality is well known, see e.g., [29, Theorem 2.5.6 (d), p. 62; Theorem
2.6.13 (c), p. 74; and p. 196]. There exists C > 0 such that

lAe" 4| < Cr!, fort> 0. (8.2)
We have decided not to introduce detailed and precise definitions of the real interpola-

tion spaces. Instead, we use the equalities below as such definitions.
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Assume that the parameters 6 € (0,1), m € N, 6 € (0, ), g € [1, o) are given. Then we
define the relevant interpolation spaces accordingly, see Section 1.14.5 in [44], or [13]], or

(8} p. 620],

(B, DA™y = (DA™, E)1g, = {x € E: f It’"“‘%me‘mxl"d{ <o) (83)
0

We denote the associated norm:

0
dt
m(1-6) gm _—tA |41
X1 o fo R (8.4)

It follows trivially from the above that
(E, D(A™))gq = (D(A™),E)1_g4.

Moreover, it is known that the norms defined by the equation (8.3)) are equivalent for
different values of ¢ € (0, o). The spaces (E, D(A™))y, = (D(A™),E)i_y4, which we denote
by D (60, q), depend on m, 8 and g. For certain choices of these parameters, however, these
spaces are equal, as illustrated by the identity (8.5]) below.

The following important results are cited in [8, p. 621] and [44, Theorem 1.15.2(f), p.
101].

Proposition 8.2. [f0 <k <meN, p € [1,00) and 6 € (0, 1), then
(E, D(A")), = (E, D(A™)) s,
It follows from Propositionthat if pe[l,0)and 6 € [0,1 — ﬁ), then

1 1
(E, D(A))gs1 4 = Da(0 + 7’ q) = DAZ( *5 ,(J) = (E,D(A%))g, (8.5)

+2p

with equivalent norms, see Definition

Equality (8.5]) implies the following result:

Corollary 8.3. Under the above assumptions, there exists a constant C > 0 such that
1 1
E|Z|DA2(2+$,q) < IZlDA(9+%,q) < C|Z|DA2(§+2LP,4), Vz € Da(0+ ;,CI)- (8.6)

Let us now formulate an inequality that will be used in the later part of this section.
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Lemma 8.4. [8, Lemma 3.1] If ¢ > p > 1, then there exists a constant C > 0 such that for

all t > 0 and s € (0, 1), the following inequality holds:

! —p
1 q-r ('
(f L4 ) ' < 1-Ly+1”
0 (t —-r+ S)qu Sq( _;)+

The main result is stated in the next section.

8.2. Statements of The Main Results. In this section, we first define a suitable class
of Banach spaces. Next, we present a selection of relevant theorems, propositions, and
corollaries based on these conditions to explore additional properties and their connection
to p-summing operators. This sets the stage for introducing our main result, Theorem 8.8}

Assume that p € (1,2] and g € [p, ). Let (Q,F,F,P) be a filtered probability space
with filtration F = (F;),»o satisfying the usual conditions, see Definition m

Definition 8.5. Consider a "functor" R which associates with a Banach space E of martin-
gale type p a Banach space R(E). We say that this functor is of class &, if and only if the

following six conditions are satisfied.

(R1) IfE is a Banach space of martingale type p, then there exists a family (I,)o, of uni-
formly bounded linear operators from the class M) (R(E)) of all F-progressively
measurable R(E)-valued processes, to the spaces LP(Q, F;,P; E), i.e. there exists a

constant C, > 0 such that

Ellt(f)lpSCpEf(; ||§(r)||g(E)dr, t>0. (8.7)

(R2) IfE, and E, are isomorphic, then R(E,) and R(E,) are isomorphic.
(R3) IfE,, E; are Banach spaces of martingale type p and ® € Z(E,, E,), then there
exists an operator be ¥ (R(Ey), R(E»)), called a lift of ®, such that

1DErEy) < 1P|, b IEllrE), & € REY. (8.8)
(R4) IfE is a Banach space of martingale type p and 6 € (0, 1) then

R(Ez, Epg,p = (R(E2), R(E1))g,p
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(RS) There exists a constant C ¢ > Osuch that for every E is a Banach space of martingale

type p and every &€ € MY (R(E)),

loc

EIL@)L < CE( fo I dr)?, 12 0. (8.9)

(R6) If E is a Banach space of martingale type p, and 0 < 6, < 6, < 1 and 6 > 0, there

exists a constant K > 0 such that

dr
_ —r q
f: I A S =K lepumgn s & € RE). (8.10)

where by the definition of the norm on the real interpolation space (E, D(A))g,, see

equation (8.4),

? d
q _ 1-0 4 —rA ya 47
”‘x”(E,D(A))g,q;(S - L ||r Ae X”E p .

We now proceed to formulate the main auxiliary result of this section.

Theorem 8.6. Assume that K is a separable Banach space, p € (1,2]. The functor R that
associates with every separable Banach space E of martingale type p, the space R(E) :=

I1,(K,E), equipped with the norm n, as defined in Definition (4.1), satisfies the conditions
(R1), (R3) and (R6) from Definition (8.3}

Proof of Theorem|[8.6] Let us assume that K is a separable Banach space, p € (1,2] and E
is a separable Banach space of martingale type p. Put R(E) := I1,(K, E), equipped with the
norm 7, as defined in Definition (#.I).

First we will show that condition (R1) is satisfied. Later we will show that conditions
(R3) and (R6) are satisfied.

For simplicity we consider T instead of co. Let & : [0, 7] x Q — II,(K, E) be a progres-
sively measurable process and ¢ € [0, T]. Let the operator /, be defined by Definition [5.41]
and Theorem[5.35] i.e.

I : AP0, T 11,(K, E)) - L7(Q, F7, P, E)
is a bounded linear operator and, by inequality (5.21)) , I, satisfies inequality (8.7) with a

constant C,, independent of 7.
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Now we will prove that (R3) is satisfied. For this aim, let us assume that E;, E, are

Banach spaces of martingale type p and ® € Z(E,, E;). We define the following map
® :T,(K,E|)> L+ ®oLell,(KEy).

By [16, Theorem 2.4], the map ® is well defined. It is obviously linear and again by [16)
Theorem 2.4] it is bounded with norm < 1. So we deduce that condition (R3) is satisfied.

The fact that (R6) is satisfied is a consequence of the following result.

Proposition 8.7. Let R(E) = I1,(K, E). Forevery0 < 6, <6, < 1andé > 0, condition (R6)

holds with constant
Cg(l—ﬁz) C?Oz §54©02—01)

q(6> — 61)
Proof. Choose and fix & € I1,,(K, D4 (65, q)).

K? =

Step 1: Interpolation estimate.
By the real interpolation theorem for operator norms, using the estimate (8.2)) and with

interpolation parameter 6,:

||Ae—rA

< 7t re(o,6l. (8.11)

L(Da62.9), E) —

Step 2: Pointwise bound via (R3).
Applying inequality (8.8) with ® = Ae™™ € L(Dx(6,,q), E):

[Ae™ e, < llae™

L(Da(62,9), E) ”fllR(DA(é?z,q)) :
Multiplying by r'=% and substituting (§.11):
1-6, 4 —rA 1-6, 6y 62-6
||r ‘Ae §||R(E) < Gy P CPr U Ellrep o)) -
Since 6, > 6, the power 7% — 0 as r — 0*.

Step 3: Integration. Since g(6, — 6,) > 0, the integral converges:

dr d
1-6, —rA #||4 “r q(1-62) ~q6> q q(62-61)—1
j: I~ Ae™ e, - = G O ko, @) j; d dr

Cg( 1-6>) Clllf)z 5(1(02—61 )

q — q q
q(6, —0)) ”fllR(DA(@z,KI)) =K ”fllR(DA(@z,q)) ’
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We are now prepared to state our main result of this section, which is inspired by and

based on [8, Theorem 2.2, p. 621-622].

Theorem 8.8. Let (Q,F,F,P) be a filtered probability space with filtration F = (F;)r0.
Assume that 1 < p < g < 2 and that E, A, K, R(E) satisfy the previous assumptions with
R(E) satisfying conditions (R1), (R3), (R5), and (R6). Let 0 < 0, < 6, < 1 with6, < 1 — %
Then there exists a constant C > 0, depending only on p, q, 61, 65, T, and the constants in
(R1), (R5), (R6), such that for every progressively measurable R(D (6., q))-valued process
& with

T
q
EIIM@Nmmwmdt<w’

the stochastic convolution
SC(&) = L(eE0). 120, (8.12)

satisfies

T T
E | [SC(&) dt < CEf B dt.
l:"@%4wl) M,

6 ;,q
8.3. Proofs of The main results. Note that this proof has been modified to include the

numbers 6; and 6, instead of 6.

Proof of Theorem|[8.8] Without loss of generality, we consider § = 1, i.e., the norm | -

D641 )1 defined by formula (8.4) will be denoted simply as ||| - ||, 5,41, We also
ptr P’

assume, without loss of generality, that A~! exists ﬁ] and is bounded so that the graph norm

in D(A) is equivalent to the norm ||A - ||. We fix 6, € (0,1 — %).

“We assume A generates an analytic semigroup {S (f)},>0 on E and that O lies in the resolvent set p(A). This

means A is injective and has a bounded inverse, that is,
A" e L(B).
Equivalently,
0ep(A) = A! exists and is bounded.

In many analytic frameworks, this property is taken as an assumption. Hence, we simply assume A~! exists

and is bounded.
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Casel. g=pe(1,2]
Let us choose and fix & € Mfo AR(E)) and T > 0. By inequality (8.6), there exists a

constant C; > 0 such that the following inequality holds

1
2 ﬁap)

T T
p p = e e .
B fo ISCAN, .1, di < CiE fo ISCAENT, oy, i = (8.13)
From definition (8.4), the RHS of (8.13) is equal to
T o
| , d
© = CE f f 103 A% S CLn = di = -
o Jo s
Since we chose ¢ = 1, by applying the Fubini Theorem, we infer that
T ! 1 ds
- =Cy f f Ells* "7 A% S CUOI— dt
0o Jo §
Tl
d
=C f f " FPEIIA%e S CAOIR= dr = -
o Jo §
Using the definition (8.12) of S C,(¢), we have
T 1 ds
Ce :Cl f f SP(2—91)—1E||A26—SAIt(e—(t—-)Aé‘:(.))l|£ 2dt=---
0o Jo 5
Using the fact that the stochastic integral commutes with bounded linear operators, we get

T 1
d
...:le f sP(HI>—1E||1t(A2e—SAe‘<"'>A§(-))||§—Sdt:---
0o Jo S

Applying the semigroup property of (¢~*4) s, we infer that

T 1 ds
cee :Cl f f Sp(2—9|)—1E||II(AZe—(t—-+s)A§(_))”]l; Zdr< -
0 Jo S

Using inequality in Assumption (R1), we deduce that

T 1 ! ds
... SCICp f f SP(2—91)—1E(f ||A26—(t—u+S)Aé:(u)||§(E) du) —dt=---
0 Jo 0 S
By the Fubini Theorem, changing the order of integration, we have
1 T ! dS
.- =C,C, f f sPCOTE( f |42~ E )|y dur) dit —
0 Jo 0 s

l 2-6))-1 ' " a2 )A ds
=CiCy fo s fo B ( fo A% Wy du) i == < -
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Using the semigroup property of (e~*4),-( and applying the Fubini Theorem again, we infer

that

tu+v IM+Y d
.- <C,Cy f sPe-o- f E( f lAe” = 4|IPllAe” Af(u)llR(E)du)dt—s
0 S

=CiC,E f g7 f ( f lAe™"
0 0 0

Applying inequality (8.2)), we obtain

t—u+s

ds
ALy, du) di — <

uts 4 _
> 7]l Ae

1 T ¢
t—u+s d
-+ C1C,C,E f sP@-o0-t f f (t = u+ ) PIAe” F AWy dudt = (8.14)
0 0o Jo §

T H),, < —,,, we infer that

u+_s d
E f st f f (t—u+s)"lAe” FE W, du dt —

0
<E f sP@-on-1 f f sP|lAe” ’%*‘Ag(u)nR(E)dudr
=E f gPi=on=2 f f lAe™ "2 AE)llh g, dudt ds

0
=E f sP=00=2 f f lAe™ T A g, dt du ds
=E f f f P2 Ae T AE )|y ) dt duds
=E f f f sp(l—el)—znAe-"‘é”Ag(u)n;;(E)dtdsdu

0 0 u

by applying the Fubini-Tonelli theorem twice.

Sincefor0 <u <t <T,s >0, we have

Hence, following the train of inequalities starting with (8.13) and concluding with
(8.14), we deduce that

f ISCUO, .1, di < CICC,E f f f "2 Ae T AE )y g dt ds du.
(8.15)

Next, in order to estimate the integral on the RHS of (8.15]), we introduce the following

change of variables
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o=t—u+s (8.16)

Then the set

{(t,s,u):0<u<t<T, 0<s<1}

over which the last integral is calculated is no larger than the following set expressed in the

new variables
{(p,O’,T) :0<p<T,

O<o<T+1-p,

pP<T<p+ o'}.
Let us show that if (z, s, ) belongs to the first set, then (p, o, 7) belongs to the second set.
For this aim, let us choose (¢, s, u) belongs to the first set. Since t > u and s > 0, by
definition (8.16) we infer that o > 0 and 7 — p > 0. Furthermore, since s > 0, we infer that
T < p+o0. Asu > 0it follows that p > 0. Additionally, since u < T, we infer thatp < T.
Finally, since s < 1 and t < T, we infer that o < T + 1 — p. Thus, all the conditions for
(o, 0, T) to belong to the second set are satisfied.

Therefore, by the change of measure theorem, see [21, Theorem 5.1, p. 191], and then

by the Fubini-Tonelli theorem, we obtain

T 1 T

T T+1-p o+0 .
<[ [ [ om0 e Aol drdodp
0 0 P

T T+1—p .
:Ef f ||Ae_7A§(p)||2(E) f (0- + p— T)P(l—el)—Z dT do_ dp — ...
0 0 b

Define T =0 +p—1,sincep <7 <p+ 0, hence 0 < T < o, hence

T T+1—p . o
.. :Ef f ”Ae_ZAg(p)”Z(E)f FP(1-00-2 gz 1 dp = ...
0 0 0
1
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By calculating the last integral
T T+l—p .
.. :Ef f g P-6n-1 ”Ae—*Ag(p)”R(E) do dp

T+1—p
“E f f o= 91>||Ae‘fA§(p>||R(E)

T+1-p

2
-0 f f I Ae el 2 dp
0 0 R(E) g

Hence, by applying inequality (8.10) in Assumption (R6) we deduce that

T
S G f €0, P
0

Summing up, we have proved

T 1 T T
E f f f P2 Al T AE W)y dt ds du < 27V KPE f IEOR D, 8,0y P
0o Jo Ju 0 '

(8.17)
Thus, by inequality (8.15), we infer that there exists a constant C,, > 0 such that
T T
B fO SCAEN, ., dt < CF fo T
Hence, the result is proved in the first case. m]

Case2. g > pand p € (1,2]
Let us choose and fix ¢ € M} (R(E)) and T > 0. By inequality (8.6), there exists for a
constant C; > 0 such that the following inequality holds:

T
f SCAN .. di<CE f SC@F, , | di=-  (818)
0

( 2 21} q)

From definition (8.4), and since we chose § = 1, applying the Fubini Theorem, we infer

that the RHS of (8.18)) is equal to:

T
- =C| f f E||s21- 3542 ”‘Sa(f)n"—dt
0 0

T 1 1 dS
=C, f f Ells* "7 A% S Ol — dt
0 Jo N

T 2-6,-1 2 -sA ds
¢\ [ [ s Eme s cion i -
0 0
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Using the definition (8.12) of S C,(¢), the fact that the stochastic integral commutes with

bounded linear operators, and the semigroup property of (¢~*4) =0, we infer that

Tt 2-6,)-14 2 _sA A ds
ey [ [ et e e
0 Jo N
T ! q dS
=C, f f STV E| (A% e TAE)NE — dt
0 Jo s

T ! q dS
_¢, f f 5B (A% e B dr <
0 0 s

Hence, by first applying inequality (8.9) in Assumption (R5), then using the Fubini The-

orem, next invoking the semigroup property of (¢™*4),5 and finally applying the Fubini

Theorem again, we deduce that

T 1 ¢ ds
- <CiC, f f SO0 -F( f A% AWl ) — dt
. —C C f f sq(z 91)—E(f ||A2 —(t- M+S)Aé:(u)||R(E)du)p dl‘—
- (261~ 2 ~(-u+s)A o ds
=C,C, ’ E( ||A g(u)nR(E)azu)pafrT
0
[—uts —uts 4 d
<CiC, fo $120075 f E( f lAe™ =P lAe™ = A€l f gy du)? dt?s

_4 tu+s M+J 4 dS
_C\C,E f e f ( f e ApPlAe F Al ) dr S <
0

Next, by first applying Holder inequality, see Theorem and then using Lemma [8.4]in

conjuction with inequality (8.2), we obtain

1
-+ SCIC,E f 100 f (€ f IIAe A )7 f e 5 Ag () du] dt
0
! q T Ius d
<CiC,C,E f 137007 f - 1) 1 f lAe Af(u)llR(E)dudt
0 0 P
1—u+s d
=C,C,CE f s12-00a1=p)t f f IAe™ A4, dudt =
0 0 Jo S

1 T !
=Ci1C,CE f s11-0=2 f f IAe™ 2 eI} g, dudtds < ---
0 0 0

Note that inequality is valid with p replaced by ¢, because g < 2. Hence, by applying
inequalities (8.17) and (8.18)), we infer that there exists a constant K, such that

T T
q q
Efo IS Cl&Np, 6,41 dtSKquo €O (15 62,7) D
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Hence, the result is proved in the second case.
This concludes the proof of the main Theorem in this section.

Theorem [8.8| represents one of the main achievements of this thesis.
We finish this Section with the following Open Problems.
Is Theorem 8.8 true, in any form, for g > 2?

Is Theorem [8.§| true, in any form, for 6, = 6,?

135



Appendices

A. SEMIGROUP

Definition A.1. [29, Definition 2.1, p. 4] A semigroup T(t),0 < t < oo, of bounded linear
operators on Banach space X is strongly continuous semigroup of bounded linear operators
if

lti_{rol T(t)x =x, forevery xe€lX.
We denote the strongly continuous semigroup of bounded linear operators on X by C

semigroup.

Theorem A.2. [29, Theorem 2.2, p. 4] Let T(t) be a Cy semigroup on a Banach space X.

Then there exist constants w > 0 and M > 1 such that

T < Me*',  for 0<1< oo

Definition A.3. [29, p. 8] If A is a linear, not necessarily bounded, operator in Banach
space X, the resolvent set p(A) of A is the set of all complex numbers A for which AI — A
is invertible, i.e., (AI — A)™" is a bounded linear operator in X. The family R(A : A) =
(A = A)7', A € p(A) of bounded linear operators is called the resolvent of A.

Theorem A.4. [29, Theorem 5.2, p. 62] Let T'(t) be a uniformly bounded C, semigroup. Let
A be the infinitesimal generator of T (t) and assume that O € p(A). The following statements

are equivalent:

(a) T(t) can be extended to an analytic semigroup in a sector As = (z : |arg z| < d) and
1T (2| is uniformly bounded in every closed subsector A < 6, of As.

(b) There exists a constant C such that for every o > 0,7 # 0

IR(c + it : A)|| < <
|7l

(c) There exist 0 < 6 < 7 and M > 0O such that
Pp(A) DT = (1 |arg | < g + 61U {0)

and

M
IR(A : A)|| < o for 1€X,A1#0.
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(d) T(¢) is differentiable for t > 0 and there is a constant C such that

|AT (2)|| < for t>0.

~ |0

Assumption A.S. [29, Assumption 6.1, p. 69] Let A be a densely defined closed linear

operator for which
pA)DEF ={1:0<w<|argd <n}UV,

where V is neighborhood of zero, and

M
R(A:A)| < —— Aext
IR = All < 377 for A€

Proposition A.6. [29] p. 70] By Assumption[A.5] 0 € p(A), there exists a constant 6 > 0
such that —A + ¢ is also an infinitesimal generator of an analytic semigroup. This implies

the following estimates:

ITON < M~
IAT ()] < Myt e
AT (0)]] < Mt ™"e™.
Theorem A.7. [29, Theorem 6.13, p. 74] Let —A be the infinitesimal generator of an
analytic semigroup T(t). If 0 € p(A) then,
(@) T(t) : X = D(A?) for everyt > 0 and a > 0.
(b) For every x € D(AY) we have T(t)A%x = A*T (t)x.
(c) Foreveryt > 0, the operator A*T(t) is bounded and
AT (|| < Myt %™, 6> 0.
(d) Let O < @ < 1 and x € D(A®), then

IT(0)x — x|l < Cot®lIA%x]|.

Assumption A.8. [29, Assumption (F), p. 196] Let U be an open subset of R* x X,.
the function f : U — X satisfies the assumption (F) if for every (t,x) € U there is a
neighborhood V C U and constants L > 0,0 < ¢ < 1 such that

If (1, x1) = f(t2, )Nl < LUt = taf” + 11x1 = xalle)

forall (t;,x;) € V.
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Theorem A.9. [29, Theorem 3.1, p. 196] Let —A be the infinitesimal generator of an
analytic semigroup T (t) satisfying ||T(¢)|| < M, M > 1, and assume further that 0 € p(—-A).

If f satisfies the Assumption|A.8} then every initial data t, xo € U, the initial value problem:

&0 + Au(t) = f(tut)), t> to;
u(to) = xo

has a unique local solution u € C([ty, t;[: X) N C'(Ity, t1[: X), where t; = t,(ty, Xo) > to, and

JAT ()| < Cot™™, for t>0. (A.1)

B. Po1sSON DISTRIBUTION AND POISSON PROCESS
Definition B.1. [40, p. 7]
(a) The characteristic function ¢(z) of a probability measure P on R? is
$(2) = f d ¢“VP(dx), zeR”
R
(b) The characteristic function of the law uyx of a random variable X on R? is

Pl = f ¢ uy(dx) = B0, zeR!
R4

Definition B.2. [40, p. 10] (d = 1) Let ¢ > 0. The Poisson distribution with mean c is
defined by

—C an

PX =n)= ", forn=0,1,23,
n'

with P(B) = 0 for any B containing no nonnegative integer. We have

#(z) = exp(c(e“ = 1)), zeR.

Lp(u) = f e " P(dx) = exp(c(e™—1)), u=0.
[0,00)

W) = —n(iu) = bu + f w(l — ™) Ady)., u>0.
0

n(u) = ~y(~iu) = ibu + f (e = 1)a@d, wso.
0
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Definition B.3. A Poisson distribution with parameter ¢ > 0 is a Borel probability measure

on R such that

() = 5, n=01,2,--
n!

We say that a random variable X has a Poisson distribution with parameter ¢ > 0, and we
write X ~ Pois(c), if and only if the the law of X is a Poisson distribution with parameter

c>0.

Definition B.4. A Poisson process with parameter ¢ > 0 is stochastic process {X, : t > 0}
if it is a Lévy process such that for t > 0, the random variable X, has a Poisson distribution

with parameter ct.

Definition B.5. A Poisson process with intensity A > 0 is a Lévy process N taking values

in N U O such that

(ﬂf)"e_A[

PING@) =n) = —

n=0,1,2,---

Proposition B.6. Definitions|B.4|and|B.5| are the same.

C. DooB AND BURKHOLDER-DAVIS-GUNDY INEQUALITIES

In this section we assume that (Q2, ¥, F, P) be a o-finite filtered probability space, F =
(7_;)[20, 1 < p < 0,

Let us recall that a submartingale has been defined in Section[2.5]

Theorem C.1. [[1, Theorem, 2.1.56, p. 86] Doob martingale inequality: If X = (X(t) : t > 0)
is a positive submartingale, see Definition then for any p > 1,11—7 + é = 1 and for all

t>0,

E( sup X(5)") < ¢" B(X(2)").

0<s<t

Theorem C.2. [1, Theorem, 2.1.6, p. 87]Doob tail martingale inequality If (X(t),t > 0) is
a positive submartingale, then for any ¢ > 0,p > 1, and t > 0
1
P( sup X(s) > ¢) < — EX(®)").
cP

0<s<t
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Theorem C.3. [41, Theorem 25.12, p. 308] Doob maximal L? inequality: Let (M,),en be a

martingale or a submartingale, see Definition[2.93] Then,

max IM,IH <
1<t<T p

14 14
<
p- IHMTHP “p-1 g{ag;llMtllp.

Theorem C.4. Burkholder-Davis-Gundy inequalities Let T > 0 and (M,)o<,< be a contin-
uous local martingale such that My = 0. For every 0 < p < oo, there exist constants c, and

C, such that

¢ (7)< 2 (( sup |Mt|)p) <C,E (<M>§).

0<t<T

where (M) denotes the quadratic variation of M.

One can find more information about the Burkholder inequality in the lectures by F.

Baudoin [4]].

Theorem C.5. [41) p. 387-8] The Burkholder-Davis-Gundy inequalities for a martingale
(M)ier, on a probability space (2, F, ):

(BDG) ¢,

sup |M,|

0<t<T

< > =Gy sup |M,|Hp

0<t<T

forall T € Ny = {0,1,2,3,---} (i.e., positive integers), 0 < p < oo and some absolute
constants 0 < ¢, < Cp,. {M)y stands for the quadratic variation of the martingale:

T-1

(Myr := M, + ) Moy — M.
=0

As cited in [41), p. 388], a proof of (BDG) can be found in [35, Vol. 2, p. 93-5]. If we

combine (BDG) with Doob’s maximal L” inequality, we get

pC,
M
Py 1|| rll,

1
(BDG')  ¢,IMyl, < ||ch);

<
P

forall T €e Ny ={0,1,2,3,---} (i.e., positive integers), 1 < p < co-mind the different range
for p in (BGM’) compared with (BGM).
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D. THE FUNCTION SPACES .7

Throughout this section (X, A, u) will be some measure space.

Theorem D.1. [41, Definition 11.1] A (u—) null set N € N, (the family of all u-null sets)

is a measurable set N € A satisfying
NeN, & NeA and u(N)=0.

Equivalently,
N, ={NeA: ulN) =0}

If a property T = T(x) is true for all x € X apart from some x contained in N, we say
that T (x) holds for (u—) almost all (a.a.) x € X or that T holds (u—) almost everywhere

(a.e.). In other words,

T holds a.e. < {x:T(x) fails} CN € N,;

f=g ae = {x: f(x)# gx)} is (contained in) a u — null set.
AN e N, {x: f(x) # g(x)} CN.
Let us recall that by M(A) we denote the family of measurable functions; and that

M=(A) denote the families of (extended) R-valued measurable functions (ﬁ 1= [—o0, +00]).

Let us recall that for a function f : X — R we put
{f#0}:={xeX: f(x) #0},

Ifl zct={xeX:|f(x)| 2 c}

Theorem D.2. [41, Theorem 11.2] Let f € Mg(A) be a measurable function on a measure

space (X, A, u). Then

() [Ifldu=0|fl=0ae < pu{f £0}=0,
(i) Inf € Zw), YN eN,and Jy fau=o.

Definition D.3. [41, p. 116] Define the sets
LP(u) = {f :X—>R:fe M(ﬂ),flflpd,u < oo}, p € [l,00),

L) ={f : X 5> R: fe MA), Ic > 0, pllfl 2} =0}, p=co.
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The £P(u) space (or simply £P—space) and the £ (u) space (or simply £ *—space) are

the spaces consist of all corresponding f.

By definition, a function f belongs to .Z*(w) if and only if f is u— almost everywhere
bounded by some constant ¢ > 0. This constant may depend on f. When the choice of
measure u is clear, e.g., u is the Lebesgue measure on R”, or u is the counting measure on
a set A, and if we want to stress the underlying space or o-field, then we write .Z7(R") or

LP(A) (or £P(A)) instead of L7 (u).
Definition D.4. If0 < p < co and if f is a measurable function on X, define
1
1A, = ( f P udn)’,  p € [0,0),

Ifll = inf{e>0: pflf| 2 e} =0}, p=c.

Clearly, f € Z" if and only if f € M(A) and || f]|, < co. We call [|f||, the £ —norm of
f.
By Theorem (i) we have the following results.
A Ifl,=0= f=0 ae,
(i) Forallc e R

lesll, = ( [ les )’ = (e [ 117 dw)” = kel

lefllo = inf {¢’ : {1 2 %} = 0} = inf{lel” : p{If1 = ¢”} = 0} = Ie] | fll-

Theorem D.S. (Young’s inequality)[41, Lemma 13.1] Let p,q € (1, 00) b conjugate num-
bers, i.e., + +1 =1, hence q = L. Then
P q p
p q

A? B
AB<— +=, VA,B>0. (D.1)
P q

In (D.1)) equality holds if and only if
B=A""
Theorem D.6. (Holder’s inequality)[41, Theorem 13.2][37, Theorem 3.8]
If p,q € [1, 0] are conjugate extended numbers, i.e., [—17 + é = 1,and if f € ZLP(u) and
g € L), then fg € L (1) and
| [ redu] < [ \eldu <t gl
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Holder’s inequality with p = g = 2 is usually called the Cauchy-Schwarz inequality.

Note that setting i =0, we see that p = 1 and g = oo are also conjugate numbers.

Corollary D.7. (Cauchy-Schwartz inequality)[41], Corollary 13.3] Let f,g € .£?*(u). Then
fg e L) and

flfgld,u < [I£1l2 - llgll2s

equality holds if and only if
fGP _ 18P
17113 lgll3

Another consequence of Holder’s is the Minkowski or triangle inequality for || - || .

Corollary D.8. (Minkowski’s inequality)[41, Corollary 13.4][37, Theorem 3.9] If p €
[1,00], f,g € ZLP(), then f + g € LP(u) and

ILf + glly, < A1l + llgllp-

Definition D.9. [41, p. 120] A sequence (f,)nen C L7 (1) is convergent in £P-space with
ZLP-limit f if and only if lim,_ |If, — fll, = 0, i.e,

ZLP-lim f, = f ifand only if lim||f, — fll, = 0.

Note that .Z’P-limits are only almost everywhere unique. If f, g are both .£’7-limits of

the same sequence (f;),cn, we have

I = gllp < HmLf = fullp + £, = gll,) = O,

implying only f = g almost everywhere.

Definition D.10. [41} p. 120] We call (f,)nen C ZP(1) an (£?-) Cauchy sequence if

Ve>0,dN. €N, Vk,n>N.:|f,- fill, <e.

Lemma D.11. [41, Lemma 13.6] For any sequence (f,),en C LP(u), p € [1, 0], of positive

(o8] (o)
(2 RIS
p
n=1 n=1

Theorem D.12. (Riesz-Fischer)[41, Theorem 13.7] The spaces £P(u), p € [1, ], are

functions f, > 0, we have

complete, i.e., every Cauchy sequence (f,),en C L (u) converges to some limit f € L7 (u).
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Corollary D.13. [41], Corollary 13.8] Let (f;)nen € -ZP(w), p € [1, o] with £P-lim,,_,, f, =
f. Then there exists a subsequence (fuu))ken Such that lim,_,. fux(x) = f(x) holds for al-

most every x € X.

Theorem D.14. [41, Theorem 13.9] Let (f,)enn € LP(u), p € [1,00] be a sequence of
functions such that |f,| < g for alln € N and some g € LP(w). If f(x) = lim,_,« f,(x) exists

for (almost) every x € X, then
feZLw and lim||f - fll, = 0.

Theorem D.15. [41, Theorem 13.10](Riesz’s convergence theorem)
Let (f)nen C ZLP(u), p € [1, 0] be a sequence such that lim,_,, f,(x) = f(x) for almost
every x € X and some f € LP(u). Then

lim If = fill, =0 Tim [I£l, = 11l

Theorem D.16. [41, Theorem 13.13](Jensen’s inequality) Let (X, A, i) be a measure space
and pu a probability measure.

(1) Let V : [0,00) — [0, o) be a convex function and extend it to [0, oo]:

V(ffdu)st(f)du, f € MA), f 0.

In particular, if V(f) € L), f >0, then f € L (u).
Note that if V : [0, 00) — R is convex, then the extension V : [0, 00] — (—o0, 00],
where V(o0) := +00 is also convex, see [41, p. 126].

(ii) Let A : [0, 00) — [0, 00) be a concave function:
A([ra)> [Ande feL'.s >0
In particular, if f € L), f 2 0, then A(f) € L ().

Corollary D.17. [41, Corollary 13.18] Let (X, A, i) be a measure space.
=1, f e LPu and g € L), then

(1) (Holder inequality) Let p € (1, ), % + [11

fg e LY ) and
flfg| du < || fllpllgllg-
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(ii) (Reverse Holder inequality) Let p € (0, 1), 11—7 +-=1, f e LP(u)and g € L),

1
q
then

[ iretdu= iriyigh
(iii) (Minkowski inequality) Let p € [1,00) and f,g € LP(u), then f + g € LP(u) and
If -+ gllp < (LA + 1gl]], < A1l + Nl
(iv) (Reverse Minkowski inequality) Let p € (0, 1) and f, g € £?(u), then
1+ 181l = 11711, + gl
(v) (Hanner’s inequality) Let p € [1,2] and f, g € £?(u), then
11, = lgll,|” + QAL + liglh,)? < 11 + g2 + 11 - gll2.
(vi) (Hanner’s inequality) Let p € [2,00) and f, g € £P(u), then and
A1 = gl + (AL + gllp)” = 11 + gl + 11 = gl

Theorem D.18. [41, Theorem 14.16](Minkowski’s inequality for integrals) Let (X, A, w)
and (Y, B,v) be o-finite measure spaces and f : X X ¥ — R be A ® B-measurable and let

O<r<s<oo. Then

( f ( f FCe I V(dy)) i(dn)* < ( f ( f FC I u(dx) v(dy)).
X Y Y X

The following theorem is a general version of Fubini’s theorem for product measures
involving n factors, taken from the monograph [3] by Ash et al, see Theorem 2.6.7, Com-

ments 2.6.8, pp. 109-111.

Theorem D.19. (Fubini Theorem) Let F; be a o-field of subsets of Q;, j=1,...,n. Let u;
be a o-finite measure on Fj, for j =1,...,n.

Let Q =[]}, Qjand ¥ = ®';.:1 F, i.e. ¥ is the smallest o-field of subsets of [])_; Q;
containing all sets of the form [[_, Aj, with Aj € F}, j=1,...,n. Then

(a) there exists a unique measure p on F such that for every set [1_, Aj, with A; € F,

w[ A = Juan
j=1 J=1

The measure u is o-finite on F.

j=1,...,n
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(b) if a function f : Q — Ris F/B(R) measurable and non-negative, then the function
n—1
1—[ Q] B/ ((1)1, .o ,(,Un_l) = f f(wl’ ceey W1, a)n)/l(d(,l)n)
j=1 2

is well defined almost everywhere and ®;:11 ¥ i/ B(R) measurable etc, and the fol-
lowing identity holds

ffd/l:f ,Ul(dwl)f ,U(dwz)"'f f(wi, ..., w,) pldwy). (D.2)
Q Q Q) Q,

(¢) If a function f : Q — Y, where Y is a Banach space, is Bochner integrable then the

Jfunction

n—

1
[ e, ..o f flr, ..., w1, ) pldw,)
QH

J=1
is well defined almost everywhere and Bochner integrable etc, and the identity (D.2))

holds in Bochner sense.

Definition D.20. [40, p. 5] For a sequence of events {A,}, the upper limit event and the

lower limit event are defined by

lim sup A, = ﬁ OAk and lim nigfoAn = O ﬁAk,

n—co n=1 k=n n=1 k=n

respectively.

Proposition D.21. [45, Proposition 1.3][40, Proposition 1.11](Borel-Cantelli lemma)
() If X, P(A,) < oo, then P(limsup, . A,) = 0.
(1) If Yoo  P(A,) = 0 and {A,, n € N} is independent, then P(limsup,_, . A,) = 1.

Therefore, if {A,, n € N} is independent, P(lim sup,,_, ., A,) is either 0 or 1.

If f and g are non-negative functions, then

T T
fo f(s)g(s)ds < sup f(s) | g(s)ds

s€[0,T] 0

Corollary D.22. [1, Corollary 1.1.3, p. 8](Fatou’s lemma) If (f,,n € N) is a sequence of

non-negative measurable functions on S, then

f liminf f,(x)u(dx) < liminf f Ju()u(dx).
§ o n—e Jg
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In particular, if lim,_,, f,(x) exists u-almost all x € S, then

f lim £,(x)u(dx) < liminf f F(Oudx). (D.3)
§ o n—oo S

If f and g are non-negative functions, then

T

T
j(; f(9)g(s)ds < sup f(s) | g(s)ds

s€[0,T] 0

E. BanacH Fix PoINT THEOREM

Definition E.1. [24] p. 299] Assume that X is a non-empty set. A fix point of a mapping

T : X — X is any element x € X such that
Tx = x,
i.e the image T x coincides with x.

Definition E.2. [24, Definition 5.1-1] Assume that (X, d) is a metric space. A mapping
T : X — X is called a strict contraction if and only if there is a real number c such that

0 < ¢ < 1 and such that
d(Tx,Ty) <cd(x,y), Vx,yeX.
A mapping T : X — X is called a contraction if and only if
d(Tx,Ty) < d(x,y), VYx,yeX.

Geometrically strict contraction means that any points x and y have images that are

d(Tx,Ty)

<c,where0<c<1.
d(x.y)

closer together than those points x and y, i.e.,

Theorem E.3. [24, Theorem 5.1-2]Banach Fixed Point Theorem (Contraction Theorem)
Assume that (X, d) is a complete metric space. Suppose that T : X — X is a strict contrac-

tion on X. Then T has precisely one fixed point.
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F. SeLECTED BAsic AND CITED DEFINITIONS AND THEOREMS

Definition F.1. [50, p. 12] Consider two stochastic processes X = (X))o and Y = (Y;)r>0
defined on the same filtered probability space (), F ,F,P) and taking values in the same

space E. Since X and Y are functions on R* X Q, the E-valued processes X and Y are:

e equal if and only if X,(w) = Y,(w), for every t > 0 and every w € Q.

e indistinguishable (or P-equivalent) if and only if
Plw € Q: X (w) = Y (w); Yt € [0,00)} = 1.
e stochastically equivalent if, for each t > 0,
Plw: X/(w) =Y (w)} =1 or Plw:X(w)#Y(w)}=0.

In this case, the process Y is said to be a modification of X. It then follows that X

and Y have the same finite-dimensional distribution [1, p. 67].
Notethat 1 > P{X, =Y,} >P{X, = Y,;; Vte R*} = 1.
Definition F.2. If (X, |- |x) and (Y,| - |y) are normed vector spaces, then we say that
X =Y with equivalent norms
if and only if, X =Y in the set theoretical sense, and there exists C > 0 such that
1
E|Z|Y <lzly < Clzly, z€eX.

Definition F.3. If X is a vector space, and | - | and || - || are norms on X, then we say that

these norms are equivalent if and only if and there exists C > 0 such that
1
EIIZII <ld<Clladl, zeX.

Definition F.4. [11, Definition 6.9, p. 151] The Brownian motion (or Wiener process) is a
stochastic process B(t),t > 0 defined on a probability space (Q, F,P) with the following
properties:

(B1) B(0) = 0 almost surely.

(B2) Independent increments: For any 0 < t; < t, < --- < t,, the random variables

B(t,) — B(t,), B(t;) — B(t,), - - - , B(t,) — B(t,_1) are independent.
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(B3) Stationary increments: The distribution of B(t + h) — B(t) depends only on h, i.e.,
B(t + h) — B(t) ~ N(0, h), where N(0, h) denotes a Guassian distribution with mean
0 and variance h.

(B4) The sample paths of B(t) are continuous in t, alsmost surely.

Definition F.5. [[1, p. 19] The Dirac delta measure 6, on a measurable space (S, A) is a

measure defined by

1 ifxeA,
0.(A) =

0 ifx¢A,
forall A € A. It assigns all its mass to the point x € S, and assigns 0 mass to any set

that does not contain x.

Definition F.6. [36, Definition 4.13] A mapping f of a set E into R¥ is said to be bounded

if there is a real number C such that |f(x)| < C forall x € E.

Definition F.7. [38, p. 6-7] A topological space is a set in which a collection of all open
subsets (i.e., topology) has been specified. A topological vector space with topology is a

vector space such that:

(1) every singleton, i.e., every one-element set, of the vector space is a closed set,

(i1) the vector space operations are continuous w.r.t. to the topology.

Definition E.8. [24, p. 19] A topological space is a pair (X,T), where X is a set and T is
a collection of all open subsets of X. We call the collection (or the set) T a topology for X,

which has the following properties

(TH VeT,XeT.
(T2) The union of any member of T is a member of T .

(T3) The intersection of finitely many members of T is a member of T .

Definition F.9. [47, p. 3] A topological space (X,T") is a set X and a family T of subsets
of X satisfying

e DeT.

e Xe7.

o [fteT,thenUt 7.
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o [f T €T is a finite subfamily, then N\t € 7.

We shall often omit T and refer to X as a topological space.

The family T is called a topology and the sets which belong to the family T are called
open sets.

A subset A of X is called a closed set if and only if the complement X \ A is an open set.

One can show, see also [47, p. 3], that a subset A of a topological space X is closed if it
contains all its accumulation points.

Let us recall that an element x € X is an accumulation point or limit point of a subset A
of X if and only if every neighbourhood of x contains at least one element (or point) a € A

different from x.

Definition F.10. [47, Definition 1, p. 23] A real-valued function f(x) defined on a linear

space X is called a semi-norm on X, if the following two conditions hold:

1) f(x+y) < f(x)+ f(y) (subadditivity),
(i) f(ax) = |alf(x).

Definition F.11. A symmetric d X d matrix A is positive definite if all the leading principal

minor of order r (wherer = 1,--- ,d) of A is positive.

Definition F.12. A family A of subsets of S is a ring if and only if

1) 0eA
(i) VA, BEAAUBEe A/ A-Be A ANBeHA

Definition F.13. A random variable & : Q — R is said to be integrable if fQ |£|dP < oo.

Definition F.14. If (QQ, ¥, P) is a probability space, a random variable & : Q — R is said
to be —measurable if {¢ € B} € F, for every Borel set B € B(R).

Definition F.15. A metric space X is said to be compact if every sequence in X has a
convergent subsequence whose limit is also in X. The family of all such compact sequences

are then called the compact set.

Definition F.16. If (QQ, ¥) is a measurable Banach space, a K-valued measure on (Q, F)
is a mapping 1 : F — K such that for every A € B(K), the preimage u~'(A) € F, and it

satisfies the following conditions:
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(1) Null set condition: u(0) = 0;

(i) Countable additivity: for every sequence (A, n € N) of mutually disjoint sets in 7,

n=1 n=1

Definition F.17. [38| p. 9][18], p. 51] Let X denotes a topological vector space with topol-
0gy 1. Then X is an Fréchet space (i.e., the union of all linear bounded subsets of X), if its
topology 7 is induced by a complete invariant metric d. That is, Fréchet space is a linear

metric space with the following properties:

(1) The metric d € X is invariant, i.e., d(x,y) = d(x — y,0);
(i1) The mapping (c,x) = cx of KX X — X, (where K is a scalar field, and c € K, x €
X), is continuous in c for each x, and continuous in x for each c;

(ii1) The metric space X is complete.

Theorem F.18. [38, Theorem 2.15, p. 51] The Closed Graph Theorem
Suppose

(a) X and Y are Fréchet spaces, see Definition[F. 17}
(b) T : X — Y is linear;
©) G={(x,Tx): xe X}isclosedin X X Y;

Then T is continuous.

Theorem F.19. [24, Theorem 2.7-9] Continuity and boundedness
Let T : D(T) — Y be a linear operator, where D(T) C X is a subspace vector and X, Y

are normed spaces. Then the following assertions hold:

(a) T is continuous if and only if T is bounded.

(b) If T is continuous at a single point, it is continuous.

Definition F.20. [18, 1.7.2, p. 27-28]1 A map f : D — X of a directed set D into a set X is
called a generalized sequence in X. That is f converges to the point x € X. A topological
space X is a Hausdorff space if and only if no generalized sequence in X has more than

one limit.
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Definition F.21. [45, p. 27] A non-empty family (A)) je; of sets is called an ascending (resp.
descending) directed family (A))je; if for any ji, j» € J C R, there exists a j3 € J such that
Ajl U14j2 C A]% (resp. Aj] U14J2 D) Ah)

Definition F.22. [[14, p. 17] A collection K of subsets of Q is said to be a n-system if ) € K
and if A,B € K, then AN B € ‘K.

Definition F.23. A random field is a random function over an arbitrary domain, e.g., a

stochastic process with some restriction on its index set.

Definition F.24. [1, p. 84] The usual conditions (or usual hypotheses) are as follows:

(see also https:/|planetmath.org/filteredprobabilityspace)

e (completeness) The probability space (Q, F ,P) is complete.
o The o-fields F, contain all the sets in F of zero probability.
e (right continuity) The filtration ¥, is right continuous, ., = ¥, lLe., for every

non-maximal t € T, the o-field .. = Ny, Fy is equal to F,.

Definition F.25. [24, Definition 2.1-1] A vector space (or linear space) X over a field R
of real numbers is a nonempty set whose elements are called vectors endowed with two

operations: addition and multiplication by scalars, i.e.,
+: XXX—->X

T RXxX o X

which satisfy the following two conditions

(V1) vector addition is commutative and associative: x+y = y+ xand x + (y + 2) =
(x +y) + z, where x,y, 7 are vectors.
(V2) multiplication of vectors by scalars satisfies: a(Bx) = (@f)x, a(x +y) = ax + ay

and (a + B)x = ax + Bx, where a, 8 are scalars and x,y are vectors.

Similarly we define a vector space over C of complex numbers.

Corollary F.26. [16, Corollary 12.7, p. 235]

(a) If the Banach space Y has cotype 2, then 11, (X,Y) = I1(X,Y) for every Banach

space X and every 2 < r < oo,
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(b) If the Banach spaces X and Y both have cotype 2, then 11, (X, Y) = II.(X,Y) for

every 1l <r < oo.

In all cases norms are equivalent, due to the Closed Graph Theorem.

Theorem F.27. [16, Theorem 12.12] Let u : X — Y be a bounded linear operator between

Banach spaces. Then u is almost summing if and only if there is a constant ¢ such that

- 1/2 v
( f 1 gu@hwnd? dPw)) < e 0 e
Q =1

Jfor every finite sequence (x;);_, C X. Here, (gi) denotes a sequence of independent stan-
dard Gaussian random variables on a probability space (Q, F ,P), and ||(x);_, Iy cak repre-

sents the weak €*-norm of the sequence (x).

Lemma F.28. [[14, Lemma 1.3, p. 16] Let E be a separable metric space with metric p
and let X be an E-valued random variable. Then there exists a sequence {X,,} of simple
E-valued random variables such that, for arbitrary w € Q, the sequence {p(X(w), X,,(w))}

is monotonically decreasing to 0.

Proposition F.29. [[14, Proposition 1.4, p. 17] Assume that K is a n-system and let G be
the smallest family of subsets of C such that
HKcg
(ii) if A € Gthen A° € G,
(i) ifA;€ G, VYieNandA,NA, =0forn+m, thenU> A, €G.

Then G = o(K).

Theorem F.30. [20, Theorem 6.1.3, p. 119] Let u be a measure. If f is measurable and

non-negative on a measurable set E, then fE f du < oo implies that f(x) < co a.e. on E.

Theorem F.31. [20, Theorem 6.1.1, p. 117] Let u be a measure. If f, g are measurable and

non-negative on a measurable set E, then fE fdu< fE gdu, whenever f(x) < g(x) on E.

Theorem F.32. Lebesgue Dominated Convergence Theorem (LCDT) Suppose that (S, B, i)
is a measure space where [ is a non-negative measure and supposes also that a sequence of
functions f, : S — R is measurable, f : S — Rand g:S — [0, ] are also measurable,

such that
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@) fuls) = f(s)isp—ae;
(1) [fu( < g(s) ispu—a.e.;
(i) [, g(s) pu(ds) < oo;
Then
fsﬁa(S)ﬂ(dS) - fsf(S),U(dS)- (E.1)

Theorem F.33. [/, Theorem A.4] If the Banach spaces X C Y, with X continuously and
densely embedded in Y, are of M-type p, and p € (0, 1) the the complex interpolation
spaces Y, X1y and the real interpolation space (Y, X)y, , are of M-type p.

Theorem F.34. [17, Chapter 3](Lebesgue Differentiation Theorem) Let (X, ||-||) be a Banach

space, and let f : R" — X be Bochner integrable. Then for almost every x € R",

1
|B(x, r)|

lim
r—0

f Ilf ) — f)lldy = 0.
B(x,r)

where B(x,r) is the ball centred at x with radius r, and |B(x, r)| is the Lebesgue measure of

the ball.

Theorem F.35. (Bochner-Lebesgue Dominated Convergence Theorem) Let (X, A, u) be a
measure space, and E be a Banach space. A function f : X — E is Bochner integrable if
it is strong measurable and fx Ilf ()|l du(x)e < oco. Suppose (f,) is a sequence of Bochner
integrable functions f, : X — E such that the following conditions are satisfied.

1 (Pointwise convergence) f,(x) — f fora.e. x € X;

ii (Domination) there exists g € L'(u1) such that ||f,(x)|| < g(x) for all n and a.e. in x.
Then

a. f is Bochner integrable, and

b. [, fu(®) du(x) — [, f(x)du(x) in E, and also

. |fa = fllzie — 0.

The following result is from [15, Chapter IV, Section 44, p. 230-233].

Theorem F.36. Let (Q, F,F,P) be a filtered probability space satisfying the usual con-
ditions (i.e., right-continuous and complete). Consider the product measurable space

Ry X Q,B([R,)®F). Define

(a) the predictable o-field P: the o-field generated by all adapted, caglad processes;
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(b) the optional o-field O: the o-field generated by all adapted, cadlag processes; and
(c) the progressively o-field Pro: the o-field generated by all adapted processes that
are continuous in time measurement, i.e. generated by adapted processes that are

B([0, t]) ® F,-measurable for every t.
Moreover, P C O C Pro. Then,

(a’) A process is predictable if and only if it is measurable w.r.t. P.
(b”) A process is optional if and only if it is measurable w.r.t. O.

(c’) A process is progressively measurable if and only if it is measurable w.r.t. Pro.

G. SOME PROOFS
Proof of Exercise Let us choose and fix k € [0, o), and an R-valued standard Brown-

ian Motion W, we have

N
supE[IWill’] < C, > ElIIWe = Wi l];
k

k=0
For the left-hand side, since W, ~ N(0, k), the p-th absolute moment is

E|W.|P = k"?E|Z|’, where Z ~ N(O, 1)

Hence

sup E|W;|” = max kPIPE|Z|P. (G.1-LHS)
k <k<n

For the right hand side, since W, — W,_; ~ N(0, 1), hence

EW, - WP =EIZIP, k=1,...,n

Moreover,
Wo—-W_1=W;-0=0.
Hence
Zn: E|W; — Wi |P = nE|Z]”. (G.1-RHS)
k=0

Putting (G.I-LHS) and (G.I-RHS)) together, we now need to show

max k’/*E|Z|’ < C,nE|Z|’

0<k<n
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Dividing both sides by E|Z|?, which is none zero, gives
max k/? < C N
0<k<n

Since maxg<x<, k”/> = n?/?, hence

n?<Cn=C,2n"*">1, for pell,2].

Therefore, C,, > 1 suffices.

O

Proof of Exercise[3.3] Let U be a Banach space and let u* € U™, such that u* : U — R (or
C) is a bounded linear operator. Define ¢ : U — R by

Y(u) = (U, u).

Since u* 1s linear and bounded, so is .
Observe that for any u € U, ¢(u) € R, so the image of ¢ lie in a one-dimensional

subspace of R, and it has two possibilities for dimension (or rank):

(1) If u* = 0, then the image is just {0}, and
rank(y) = dim({0}) = 0.

(2) If u* # 0, then for any scalar a € R, there exists some u* € U such thata = (u*, u) #

0, so the image ¥(u) # 0 and has the dimension exactly 1.
rank(y) = dim(¥(u)) = 1.
O

Proof of Exercise[3.4] Since  is a finite rank operator, by definition the image /(U) is a

finite-dimensional. So there exists n € N such that
dimy(U) = n.

Let{vy,...,v,} € Vbeabasis of y(U) C V. Then for each u € U, the vector yu € y(U),

so it can be written uniquely as a linear combination of this basis:

Yu = i a;(u)vi,
P
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where each a; : U — R, defined by:
a;(u) = the i-th coeflicient in the expansion of yu,

is a linear map, since ¥ is linear. Hence, a; € U™.

Define u; := «; € U*. Then we have:

Yu = i(u?, uyv;.
i=1

Now foreachi =1,...,n, we can multiply by scalars a; := 1 € R, so we have:

n

Yu = Z ai{u; , uyv;.

i=1

O

Exercise G.1. Show that the infimum of the set of all numbers C for which the inequality

#@.1) holds is equal to the minimum of the same set.
Proof of Exercise|G.1] Let us begin by recalling the definitions of infimum and minimum.

Definition G.2. A C R is closed if and only if for every A-valued sequence {x,} ", if x, — x
inR, then x € A.
A subset A of a metric space X is called a closed set if and only if every sequence (x,) € A

which converges to an element x € X, the limit x € A.

Definition G.3. A setr A Cc R is

e bounded above if and only if
dJaeR:VxeA x<a. (G.1)

A number a satisfying (G.1)) is called an upper bound of the set A.
e bounded below if and only if

daeR:VxeA x>a. (G.2)

A number a satisfying (G.2) is called a lower bound of the set A.

e bounded if and only if it is both lower and upper bound, i.e.,

da,a, e R:Vx€A, a <x<as.
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Definition G.4. The supremum of a non-empty set A C R, denoted by sup A, is the smallest

upper bound of A. In other words,
supA = min B,

where B is the set of all upper bounds of A.
The infimum of a non-empty set A C R, denoted by inf A, is the biggest lower bound of
A. In other words,

infA = maxC,

where C is the set of all lower bounds of A.
One can prove the following:

Proposition G.5. If A C R is a bounded above set, then sup A exists. Similarly, if A C R is

a bounded below set, then inf A exists.

Proposition G.6. Suppose that A C R is a bounded below set, so that inf A exists. Suppose
further that min A exists. Then

minA < inf A.

Definition G.7. The maximum of a set A C R, denoted by max A is, if exists, the biggest
number of A.

The minimum of a set A C R, denoted by min A is, if exists, the smallest number of A.

Proposition G.8. Assume that A C R. Then a = min A if and only if

(1) a € A and

(i1) a < x for every x € A.
Similarly, b = max A if and only if
(i) b e A and

(i1) b = x for every x € A.

Using the definition of lower and upper bounds, the above proposition can be rewritten

as

Proposition G.9. Assume that A C R. Then a = min A if and only if
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(1) a € A and

(11”) a is a lower bound of A.
Hence, we infer that

Proposition G.10. Assume that A C R. If min A exists, then A is lower bounded and
min A = inf A.

Proposition shows that if min A exists, then it must equal inf A. The following
theorem provides a necessary and sufficient condition for the existence of min A in terms

of the infimum.

Theorem G.11. If A is a bounded below set and inf A € A, then min A exists and
min A = inf A.

Proof of Theorem|G.11] Since A is bounded below, by Proposition [G.6] a = inf A exists.
By the definition of infimum, a is a lower bound of A and, by assumption a € A. So

conditions (ii’) and (i) of Proposition [G.9] are satisfied and hence a = min A. O

Theorem G.12. If a set A is (i) bounded below and (ii) closed, then
minA = inf A.

Proof of Theorem|G.12] Since A is lower bounded, a = inf A exists.
Step 1, we will show that a € A. Since a + % > a, by the definition of the infimum, a + ﬁ
is not a lower bound of A. Hence there exists x,, € A: x, < a + % Moreover, because a is

a lower bound of A, a < x,. So we constructed a sequence {x,} ., such that

1
X, €A, ax,<a+-—.
n

Therefore, by the Comparison Theorem (called sometimes the Sandwich Principle)
lim x,, = a.

Indeed, both sides of the inequalities satisfy a — a and a + ﬁ — a. But, by assumptions, A
is closed and by x,, € A, so a € A. We proved what we claimed in Step 1.
Step 2 Thus by Theorem min A exists and min A = inf A. The proof is complete.

O
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Let us now proceed to the proof of Exercise[G.1]

Proof of Exercise Let us assume that K and E are normed vector spaces and ¢ : K —
E is a linear bounded map.

Define a set

A:={C20:yxls < Clrlx, x € K].

We will show the equality
inf A = min A.

In view of Theorem [G.12] it is sufficient to prove that (i) A is lower bounded. (ii) A is
closed.

By definition, every C € A satisfies C > 0 so that A is lower bounded by 0 and hence
assumption (i) of Theorem [G.12]is satisfied.

To prove (ii) A is closed. Let us take a sequence {C,} : C,, € A and C,, — C. We will
show that C € A.

By the definition of set A, because C, in A,

lWxlg < C,lxlg, forevery x € K. (G.3)

Let us choose and fix x € K. By the Comparison Theorem, since C, — C, and inequality
(G.3) is satisfied for every C,, we infer by the Comparison Theorem, that it is also satisfied
by C, i.e.,

[xale < Clxalk.

Since x was arbitrary we deduce that

[Yxlg < Clxlg, forevery x € K.

Thus we infer that C € A. Hence assumption (ii) of Theorem is satisfied. By applying
Theorem we infer that min A = inf A. This completes the proof. O

Proof of Proposition4.6|Step 1. Let us
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(Ad i) show that a1¥| + as, is a linear map.

Ad Condition (V1)

In order to show that Y, + ¢, = ¥, + ¢, is sufficient to show that for every x € K the
value (Y1 + ¥,)(x) is equal to the value (¥, + 1)(x). By the definition of the sum ¢ + ¢,
we have the following train of equalities:

W1+ Y2)(x) = Y1 (x) + Pa(x) = Ya(x) + Y (x) = W2 + Y1) ().
So we prove equality ¥; + Yo = ¥ + Y.
Similarly, if y3 € I1,(K, E), we have
Y1(x) + (P2 + ¥3)(x) =1 (x) + [Ya(x) + Y3(x)]
= Y1(x) + Ya(x) + Y3(x)
= [ (%) + Y2 (0] + ¥3(x)
= W1 +Y)(x) + ¥s(x), xeK.

Hence, we have proved the equality ¥ + (Y + ¥3) = (Y + ¥2) + 3.

Hence, we have proved condition (V1).

Ad Condition (V2)

For a,a; € R and ¢, ¢, € I1,(K,E), to prove aj(axy) = (a1, a1(Yy + ) =
a + oy, and (@) + o) = a1y + asyr,, we choose and fix x € K and then observe that
by the properties of real numbers and the definition (4.3),

(a) for identity a(ax¥) = (a1@2)Y, we have
LHS = [a1(a2)](x) = a1[ap(X)] = a1a2¥(x) = (@1a2)y(x) = RHS.
(b) for identity a; (¥ + ¥2) = a1y + ax,, we have

LHS = a;(Y1 +y2)(x) = a [ (x) +a(xX)] = a1 (x) +apa(x) = (a1¢ +axr)(x) = RHS.

(c) for identity (a; + a2 = a1 + ay,, we have

LHS = [(a; + a)¥](x) = (a1 + @)y (x) = a1(x) + axp(x) = [a¢](x) + [axyr](x)

=[la¥ + ax¥](x) = RHS.
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This completes the proof to condition (V2).

Finally, for a, @, 81,8, € R and y1, ¢, € 11,(K, E), we have

(@Y1 + a)(Bixi + Boxa) = a1 (Bixi + Baxz) + asfn(Bixy + Baxa)
= (@ )(B1x1) + (1) (Bax2) + (@22)(B1x1) + (a22)(B2X2)
= (@ )(B1x1) + (@22)(Brx1) + (@ 1¥1)(B2X2) + (a22)(B2X2)
= Bilayi(x1)) + Bi(azha(x1)) + Ba(a1y1(x2)) + Ba(azya(x2))
= Bilayi(x1) + aaya(x1)) + Balanyi(x2) + azpa(x2))
= Bilay + an)(x1) + Bolar s + a2y2)(x2).

Lemma G.13. The space Hr is a vector space.

Proof of Lemma|G.13| Let X;,X, € Hy, and let o, 8 € R. Hence X;, X, are both predictable

F-valued processes. Since F' is a Banach space, hence we have

(1) aX; is also predictable F-valued. For all ¢ € [0, T], aX,(¢) € F and

sup E[llaXi(®llz] = lal” sup E[lIXi(0)l7] < co.
1€[0,T1 1€[0,T]

Hence aX, € H;.
(2) aX; + BX; is also predictable F-valued. For all t € [0, T'], aX;(¢) + X,(¢) € F and

by using the inequality |la + b||” < 27~'(|lall + [1bl|)?, where a,b € F, p > 1, we have
E(leX, (1) + BXa(01) < 27 (lelPEAX: (0]17) + BPEAIXa(0)IL))
Taking the supremum over ¢ € [0, 7], we get

sup E(loX, (1) + BXa0lI2) < 27 (el sup BAX, I + B sup EQIXa(0)7))

t€[0,T] t€[0,T] t€[0,T]

= 277 (jaPIX @)L, + BP0, ) < o

Hence aX; + BX, € Hr.

162



Lemma G.14. R,(T) is a Banach space.

Proof of Lemma Recall the definition of R,(T) as in (5.7):
R, (T) ={y : [0,T] X Q — R : ¢ is F-progressively measurable and [[/||r, < oo},
where the norm is given by

1
Wlle, = sup —=CE[lw ).

re0.11 1
Let (Y,)ner be a Cauchy sequence in R,(T). Then for every £ > 0, there exists N € N

such that for all m,n > N,
1 N
1 = ¥mllr, ) = sup —— (Bl () = umOI")7 < e.
refo,r1 /P
Fix any ¢ € [0, T]. Then, for all m,n > N,
1
Ellya(t) = Y OIP)7 <177 |, — Wllg, < 1'/7e.

Observe that the left-hand side is exactly the norm ||, (t) — ¥, (?)l|.r ). Hence for each fixed

t, the sequence ¥, (1) C L”(Q) is Cauchy:
(1) = YDl < 1'77e.
Since L?(€)) is complete, there exists y/(f) € L”(€2) such that
lim ¢,(0) = y(1)  inL(Q).
Define ¢ : [0,T] X Q — R by
U(t,w) = ’113)10 Ua(t,w) 1in LP(Q)for each r.

Since each ¥, is F-progressively measurable, and convergence in L”(Q)) implies conver-
gence in probability, we infer that ¢ admits a progressively measurable version. Hence ¢
is F-progressively measurable.

We now show that ¢ € R,(T), i.e., |[Yllr, < .

By the triangle inequality in L”(Q2), we have

Elly @I < El@) — @I + Ell(0)IIP) P
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Dividing both sides by ¢'/7 gives

1m@wwmwslmmwm UaOIN'? + (mwmmw

Taking the supremum over ¢ € [0, T'], we have

sup — @wmmw<sw @wm UaIP)'" + sup — <mwmmw

t€[0, T] te[0 T] tel0 T]

By definition of || - ||z, norm, this is equivalent to:

I Dllz, < 1 (®) = Yu®llr, + [a(Dllg,-

Since (i) is Cauchy in R,(T), it is bounded, i.e.,

sup [[Y,llg, < oo.

n

Moreover, for any & > 0, there exists N such that for all n > N, we have [l — ¢, < &.

Therefore,

W (@®llk, < &+ sup (g, < co.

Hence ¢ € R,(T).
Finally, we show that ,, — ¢ in R,(T).
Since i, is Cauchy in ‘H, for all n,m > N,

”wn - wm”Rp <eé.

Taking the limit as m — oo, and using the norm continuity of L”(£2), we obtain

Wn = llr, < &

Hence, ¥, — ¢ in R,(T).

Hence R,(T') is complete, i.e., a Banach space.
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