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Abstract

This thesis develops a rigorous framework for stochastic integration in Banach spaces,

with a particular focus on integration with respect to cylindrical Lévy processes – an

infinite-dimensional generalization of Lévy processes that contains jumps and disconti-

nuities. Motivated by the need to work in non-Hilbertian spaces, the thesis makes original

contributions, including a generalization of the Itô integral for Banach space-valued pro-

cesses, a stochastic Fubini theorem for generalised cylindrical Lévy processes, existence

and uniqueness solution for Lévy driven stochastic differential equations in Banach spaces,

as well as a key extension of the Brzeźniak and Hausenblas [8] framework to cylindrical

Lévy settings using p-summing operators. These results are important in the theory of

stochastic partial differential equations and infinite-dimensional stochastic systems. Future

work will involve two research articles: one based on Sections 5–7, and another based on

the advanced results of Section 8.
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1. Introduction

The mathematical modelling of randomness phenomena has become increasingly vital

in both theoretical and applied sciences. In particular, stochastic processes – especially

those with jumps or discontinuities, such as Lévy processes – provide powerful tools for

capturing complex dynamical behavior in various areas, including biology, engineering,

finance, and physics. Lévy processes generalize Brownian motion by allowing for discon-

tinuous paths and sudden changes, thereby offering a richer and more flexible analytical

and probabilistic framework.

This thesis is devoted to the development of a rigorous theory of stochastic integration

in Banach spaces, with a particular focus on cylindrical Lévy processes. It presents original

contributions to the theory of stochastic integration, generalizations of Fubini-type results,

and an operator-theoretic framework for analyzing infinite-dimensional Lévy driven sys-

tems. Such a setting is essential for modelling systems with infinite-dimensional state

spaces, which arise naturally in several important applications, such as stochastic partial

differential equations (SPDEs), term structure models in mathematical finance, and dis-

tributed parameter systems in signal processing.

Extending stochastic calculus to Banach spaces poses substantial technical challenges,

as many standard tools from finite-dimensional Itô calculus fail to generalize directly to

Banach space settings, especially in the presence of jumps. This thesis systematically ad-

dresses these difficulties by developing integration theories suited to Banach spaces of mar-

tingale type, identifying and characterizing appropriate classes of operator for integrability,

and extending foundational results to the cylindrical Lévy setting.

1.1. Motivation and Scope. Stochastic calculus in infinite-dimensional spaces has seen a

substantial process, notably in the context of Hilbert spaces. However, there is increasing

interest in developing stochastic analysis tools in more general Banach spaces, driven by

the need to work with non-Hilbertian function spaces, such as Lp, Sobolev, or Besov spaces,

used in SPDEs theory. Unlike Hilbert spaces, Banach spaces lack inner products and the

Riesz representation theorem, which necessitates new approaches for defining integrals,

establishing measurability, convergence, and regularity of stochastic processes.
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A pivotal theme in this thesis is the study of cylindrical Lévy processes, a class of

infinite-dimensional Lévy processes that generalize classical finite-dimensional jump pro-

cesses. By acting on the dual space, these processes allow the construction of well-defined

stochastic integrals for a certain class of operator-valued integrands. In this context, the

Bochner integral serves as a key tool, extending integration to Banach space-valued func-

tions and facilitating the construction of Lp-spaces. This provides a natural foundation for

defining stochastic integrals with respect to Lévy noise. The use of Lévy processes, which

encompasses compound Poisson processes, subordinators, and more general infinite activ-

ity jump processes, provides a flexible and realistic framework for modelling real-world

systems where sudden changes or bursts are observed.

This thesis systematically explores the theory of Banach space-valued stochastic inte-

grals and Lévy processes, starting from the Bochner integral and culminating in more gen-

eral Lévy stochastic integrals. This framework lays the groundwork for future applications

to infinite-dimensional stochastic equations and martingale problems.

1.2. Thesis Outline and Section Contributions. The thesis begins by building a robust

theoretical foundation and culminates in original results that advance the theory of Lévy

driven stochastic calculus in Banach spaces.

Section 2 begins by introducing the Bochner integral, detailing key definitions and re-

sults related to measurability, integrability, and Lp spaces for Banach space-valued func-

tions. This sets the stage for the formal development of stochastic integration.

The section then presents a review of Lévy processes, including their construction via

characteristic functions, the Lévy–Khintchine formula, and the structure of compound

Poisson processes. Key concepts such as infinite divisibility and Lévy measures are ex-

plored.

Subsequently, Poisson random measures and compensated Poisson integrals are intro-

duced, which are fundamental to the theory of jump-driven stochastic calculus. Their

integration framework is carefully constructed using predictable integrands and square-

integrability conditions in Banach spaces.

Finally, the section reviews the Itô formula for Lévy driven stochastic integrals, provid-

ing a powerful analytical tool for dealing with nonlinear functionals of stochastic processes.
7



It closes with a discussion of the Lévy-Itô decomposition and martingale-valued measures

associated with Lévy noise.

Section 3 defines cylindrical measures and cylindrical random variables in Banach spaces,

extends Lévy processes to infinite dimensions, emphasizing cylindrical Lévy processes and

their characteristic functions, and finally discusses weak integrability conditions and cylin-

drical martingales, linking them to cylindrical Lévy processes.

Section 4 first introduces p-summing operators between Banach spaces, focusing on

their norm properties and relationships with Lp spaces. The section then defines p-Radonifying

operators, which extends cylindrical measures to Radon measures, and their equivalence to

p-summing operators under certain conditions.

Section 5 sets up the framework for stochastic integration in Banach spaces, including

assumptions on cylindrical Lévy processes and p-summing operators, then defines sto-

chastic integrals for step process, showing how to approximate general processes in Ba-

nach spaces of martingale type p ∈ [1, 2]. A key technical tool here is the Banach space

Λp(0,T ;Πp(K,E)), which accommodates stochastic processes taking values in the space

of p-summing operators from a Banach space K into another Banach space E. The sec-

tion defines the stochastic integral operator I(ψ), of step functions, and extends it to more

general integrands. A main contribution, culminating in Theorem 5.36, ensures that under

mild assumptions, the stochastic integral exists, has the martingale property, admits càdlàg

modification, and it satisfies a stronger inequality, (5.21), i.e.,

E sup
t∈[0,T ]

∥It(ψ)∥p ≤ CE
∫ T

0
πp

p(ψ(s)) ds.

These results are important for stochastic analysis in infinite-dimensional spaces.

Section 6 extends the classical Fubini theorem to the setting of stochastic integrals with

a generalized cylindrical Lévy process in Banach spaces. The main result, Theorem 6.6,

allows for interchanging the order of integration with respect to a measure space and a
8



stochastic integral Specially, if the appropriate conditions are met, equality (6.9) holds, i.e.,∫
O

(∫ t

0
ψ(s, y) dL(s)

)
dµ(y) =

∫ t

0

(∫
O
ψ(s, y) dµ(y)

)
dL(s), P − a.s.

This extension relies on precise measurability and integrability arguments. The proof in-

volves a careful approximation of integrands and uses tools from Bochner integration and

measure theory.

Section 7 applies the theory developed in section 5 to formulate and solve stochastic

differential equations (SDEs) of the form:

dX(t) = B(t, X(t)) dt +G(t, X(t)) dL(t), X(0) = X0.

in Banach spaces, where B and G are strongly measurable functions. The section proves

existence and uniqueness of solutions for Lévy driven SDEs in Banach spaces, under Lip-

schitz and growth conditions on the coefficients B and G, using the Banach Fixed Point

Theorem and exploring properties of the stochastic integral.

Section 8 constitutes a significant contribution of this thesis. It extends the work by

Brzeźniak and Hausenblas [8], originally developed for Poisson random measures, to the

more general cylindrical Lévy processes, thereby extending their results to a broader and

more flexible class of stochastic drivers. It introduces a class of Banach spaces Ep,q sat-

isfying specific integrability and continuity properties, and proves that stochastic convolu-

tions and integrals involving p-summing operators are well-defined under these settings.

The main result, Theorem 8.8, shows that the stochastic integral mapping satisfies crucial

conditions (R1)-(R6) as formulated in [8], such as boundedness, interpolation invariance,

and operator liftings from Poisson to Lévy settings. These results substantially broaden

the applicability of the theory, particularly for semigroup-based evolution equations and

operator-valued integrals in infinite-dimensional settings.

Finally, a few words about future directions. I plan to develop two research papers based

on the results of this thesis. The first article will be based on Sections 5, 6, and 7, while the

second will be based on Section 8.
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2. Foundation

We commence the foundational framework by presenting the Bochner integral, a critical

tool for stochastic integration in Banach spaces, which underpins the theoretical develop-

ment of subsequent stochastic analysis.

2.1. Bochner Integral. This subsection is based on chapter 1.2 of [12].

Definition 2.1. [40, p. 205] A set X is a real R (or complex C) Banach space if X is a vector

space over R (or C) scalar field, equipped with a mapping ∥ · ∥ : X → R, called norm, that

satisfies the following properties:

(i) ∥a f ∥ = |a| ∥ f ∥ for f ∈ X, a ∈ R (or a ∈ C),

(ii) ∥ f + g∥ ≤ ∥ f ∥ + ∥g∥ for f , g ∈ X,

(iii) ∥ f ∥ = 0 if and only if f = 0,

Moreover, if a sequence { fn} ∈ X satisfies limn,m→∞ ∥ fn− fm∥ = 0, then there exists an f ∈ X

such that limn→∞ ∥ fn − f ∥ = 0.

Definition 2.2. [1, p. 9] A metric space X is said to be separable if it has a countable

dense subset. In particular, a separable Banach space is a Banach space that contains a

countable dense subspace with respect to the distance generated by the norm.

Let us point out that examples of separable Banach spaces include the Lebesgue spaces

Lp with p ∈ [1,∞) and the Sobolev spaces H s,p with s ∈ R and p ∈ [1,∞). The space, L∞,

however, is generally not separable (although it is a Banach space).

Building on the notion of separability in Banach spaces, we now turn to the concept of

measurability in the context of measurable spaces.

Let X be a Banach space over a scalar field K ∈ {R,C}, and let B(X) denote the Borel

σ-field of X. Let (Ω,F ) and (S ,S) be measurable spaces.

Definition 2.3. [12, Definition 1.2.1, p. 16] A function f : Ω → S is F /S-measurable if

and only if f −1(A) ∈ F for every A ∈ S.

The Borel measurable, simple measurable, strongly measurable, finitely-valued and sep-

arably valued functions are respectively defined as follows:

B(Ω,F ; X) =
{
f : Ω→ X : f is F /B(X) −measurable

}
.

10



Sim(Ω,F ; X) =
{ N∑

j=1

x j1F j : N ∈ N, x1, · · · , xN ∈ X, F1, · · · , FN ∈ F
}
. (2.1)

Str(Ω,F ; X) =
{
f : Ω→ X : ∃( fn)∞n=1 ⊂ Sim(Ω,F ; X) : fn → f pointwise

}
.

Fin(Ω,F ; X) =
{
f : Ω→ X : f is a finite non-zero constant on each of a finite number

of disjoint F -measurable sets F j; and f is zero on Ω \ ∪n
j=1F j

}
.

Sep(Ω,F ; X) =
{
f : Ω→ X : ∃ a closed separable subspace X0 ⊂ X : f (Ω) ⊂ X0

}
.

Referring to Lemmas 1.2.3-4 and Corollary 1.2.6 in [12], we have the following facts:

(i) B(Ω,F ; X), Str(Ω,F ; X) and Sep(Ω,F ; X) are closed under pointwise limits.

(ii) [31, corollary of Pettis’s measurability theorem 1.2.5] The pointwise limit of a se-

quence of strongly measurable functions is itself strongly measurable.

Theorem 2.4. [31, Theorem 1.1]

Str(Ω,F ; X) = B(Ω,F ; X) ∩ Sep(Ω,F ; X)

Corollary 2.5. [12, Corollary 1.2.8] When X is separable, Str(Ω,F ; X) = B(Ω,F ; X).

The following definitions and the Alexandroff Theorem mainly follow Definitions 1.1.1-

2 and 1.1.6 in [12].

Definition 2.6. [19, Chapter 1, Section 1.1. Def. 1.1] A set function is a function

µ : A → R := R ∪ {±∞}

defined on a collectionA of a given set Ω, where R is the extended real number, and µ(A)

assigns a (possibly extended real) number to each set A ∈ A.

Definition 2.7. [18, Definition III.1.3] Assume that S is a non-empty set. A family S of

subsets of S is called a field if and only if

(i) ∅ ∈ S;

(ii) if A ∈ S, then S \ A ∈ S,

(iii) if A, B ∈ S, then A ∪ B ∈ S.

Lemma 2.8. (see after [18, Definition III.1.3]). If S is a field of subsets of a non-empty set

S , then
11



(iv) if A, B ∈ S, then A ∩ B ∈ S,

(v) if A, B ∈ S, then A \ B ∈ S.

Definition 2.9. Assume that S is a field of subsets of a non-empty S and X is a Banach

space. A set function µ : S → X is finitely additive if

(i) ∅ ∈ S;

(ii) µ(∅) = 0;

(iii) µ(
∑n

i=1 Ai) =
∑n

i=1 µ(Ai)

for every finite family {(Ai)n
i=1} ⊂ S of pairwise disjoint sets such that ∪n

i=1Ai ∈ S.

Definition 2.10. Assume that S is a field of subsets of a non-empty S and X is a Banach

space. Let µ : S → X be a finitely additive set function defined on S. Then µ is countably

additive if and only if

µ(
∞⋃

i=1

Ai) =
∞∑

n=1

µ(Ai)

for every sequence {(Ai)∞i=1} ⊂ S of pairwise disjoint sets such that ∪∞i=1Ai ∈ S.

Theorem 2.11. (Alexandroff) [18, Theorem III.5.13, p. 138] Let µ : S → C be a bounded,

see Definition G.3, regular complex valued additive set function defined on a field S of

subsets of a compact topological space S , see Definition F.7. Then µ is countably additive.

Theorem 2.12. (Alexandroff) [12, Theorem 1.1.7] Let µ : S → [0,∞] be a regular finitely

additive set function defined on a field S of subsets of a compact topological space S . Then

µ is countably additive.

Definition 2.13. [37, Definition 3.6, p. 65] Let (Ω,F , µ) be a measure space and let 0 <

p < ∞. For a measurable function f : Ω→ R (or C), define the Lp-norm by

∥ f ∥Lp(µ) :=
( ∫
Ω

| f |p dµ
) 1

p . (2.2)

Let Lp(µ) denote the set of all measurable functions f for which

∥ f ∥Lp(µ) < ∞.

We call ∥ f ∥Lp(µ), or simply ∥ f ∥p, the Lp-norm of f .
12



Definition 2.14. Let X be a Banach space, and let p ∈ [1,∞). Define

L p(Ω,F , µ; X) :=
{
f ∈ Str(Ω,F ; X) : ∥ f ∥Lp =

( ∫
Ω

∥ f ∥p dµ(ω)
) 1

p
< ∞

}
(2.3)

as a semi-normed vector space, see Definition F.10, and

Lp(Ω,F , µ; X) :=
{
[ f ]∼ : f ∈ L p(Ω,F , µ; X)

}
(2.4)

is a Banach space, see Definition 2.1, of all equivalence classes of mapping [ f ]∼ : Ω→

Rd that are equal almost everywhere (a.e.) w.r.t. µ.

Remark 2.15. The symbol L is used in a very different sense than in Definition 3.10. The

present use of this symbol is only temporary and often it is as L p and hence the abuse of

notation should not cause any problem.

Here the norm on Lp(Ω,F , µ; X) is given by the Lp-norm defined in (2.2).

Lemma 2.16. Let L p(Ω,F , µ; X) be a semi-normed vector space defined in (2.3), More-

over, if f ∼ g, then Lp(Ω,F , µ; X) defined in (2.4) is a Banach space w.r.t. the norm defined

by

∥[ f ]∼∥p : ∥ f ∥p, f ∈ L p(Ω,F , µ; X).

Remark 2.17. f ∼ g if and only if ∥ f − g∥p = 0.

Remark 2.18. Let f ∈ L p(0,T ; X) and { fn}
∞
n=1 ⊂ L p(0,T ; X) be a sequence of functions,

such that fn → f in L p(0,T ; X). Then there exists a subsequence { fn j}
∞
j=1 such that fn j → f

almost everywhere.

Lemma 2.19. f ∈ L p(Ω,F , µ; X) if and only if there exists { fn}
∞
n=1 ⊂ Fin(Ω,F , µ; X) such

that fn → f pointwise and ∥ f − fn∥p → 0.

Definition 2.20. [47, Definition, p. 132] Assume that (Ω,F , µ) is a measure space and

X is a Banach space. A function f : Ω → X is (µ−) Bochner integrable (or Strongly

(µ−) measurable) if and only if there exists a sequence ( fn)∞n=1 ⊂ Fin(Ω,F , µ; X) such that

fn → f pointwise and
∫
Ω
| f − fn| dµ→ 0.

For any set F ∈ F , the (µ-) Bochner integral of f over F is defined by∫
F

f dµ := lim
n→∞

∫
Ω

fn1F dµ. (2.5)

13



See [47, p. 132-133] for the justification that the limit on the right-hand side of (2.5)

exists.

Theorem 2.21. [47, Theorem 1, p. 133] A strongly F -measurable function f is Bochner

µ-integrable if and only if ∥ f ∥ is µ-integrable.

Lemma 2.22. If n ∈ N, (Fi)n
n=1 ⊂ F , µ(∪n

i=1Fi) < ∞ and f =
∑n

i=1 ai1Fi , then f ∈

Fin(Ω, X; µ) and
∫
Ω

f dµ =
∑n

i=1 ai µ(Fi).

2.2. Lévy processes. Having introduced the Bochner integral as a framework for integrat-

ing Banach space-valued functions, we are now prepared to study Lévy processes, which

will form the foundation for the stochastic models studied in the following sections.

2.2.1. Basic Definitions and Theorems. We begin with a set of classical definitions and

theorems about Lévy processes.

Definition 2.23. [6, Chapter 1, Section 4, p. 13] A random variable is a measurable func-

tion from a probability space (Ω,F ,P) to (R,B(R)).

Definition 2.24. [1, section 1.1.6] Suppose that (Ω,F ,P) is a probability space.

Suppose that X : Ω → Rd is a random variable. The characteristic function of X is a

function ϕX : R→ C defined by

ϕX(u) = E(ei(u,X)) =
∫
Ω

ei(u,X(ω))P(dω), u ∈ Rd.

LetM1(Rd) denote the set of all Borel probability measures on Rd. Note that the sub-

script ”1” in µ ∈ M1(Rd) indicates that µ(Rd) = 1.

Definition 2.25. If µ ∈ M1(Rd) then the characteristic function of µ is a function ϕµ : R→

C defined by

ϕµ(u) =
∫
Rd

ei(u,y) µ(dy), u ∈ Rd.

A natural question arises regarding the relationship between the two definitions above.

The answer is provided by the following lemma.
14



Lemma 2.26. Suppose that X : Ω → Rd is a random variable defined on a probability

space (Ω,F ,P). Let µ = µX = L(X) the law of X, i.e., a Borel probability measure on Rd

defined by

µX(A) := P(X−1(A)), A ∈ B(Rd).

Then,

ϕµ(u) = ϕX(u), u ∈ Rd.

Lemma 2.27. [1, Lemma 1.1.11]

(1) ϕX is positive definite for all u1, · · · , ud ∈ R
d.

(2) ϕX(0) = 1.

(3) The map ϕX is continuous at the origin.

Definition 2.28. [1, section 1.1.7, p. 19] The finite-dimensional distribution of a stochastic

process X = (X(t), t ≥ 0) is the collection of probability measures (pt1,t2,··· ,tn , t1, t2, · · · , tn ∈

R+, t1 , t2 , · · · , tn, n ∈ N) defined on Rdn by

pt1,t2,··· ,tn(A) = P ((X(t1), X(t1), · · · , X(t1)) ∈ A)

for each A ∈ B(Rdn).

Let σ be a permutation of {1, 2, · · · , n}; then for each H1,H2, · · · ,Hn ∈ B(Rd),

pt1,t2,··· ,tn(H1 × H2 × · · · × Hn) = ptσ(1),tσ(2),··· ,tσ(n)(Hσ(1) × Hσ(2) × · · · × Hσ(n)); (2.6)

pt1,t2,··· ,tn,tn+1(H1 × H2 × · · · × Hn × R
d) = pt1,t2,··· ,tn(H1 × H2 × · · · × Hn); (2.7)

Equations (2.6) and (2.7) are called Kolmogorov’s consistency criteria.

Proof of Equation (2.7). Notations (Rd)n = Rdn, A ⊂ Borel, HA1 = H × Rd.

pt1,t2,··· ,tn,tn+1(H × R
d) =P

(
(X(t1), · · · , X(tn), X(tn+1)) ∈ H × Rd)

=P
(
(X(t1), · · · , X(tn)) ∈ H, X(tn+1) ∈ Rd)

=P
(
(X(t1), · · · , X(tn)) ∈ H ∩ (X(tn+1) ∈ Rd)

)
=P

(
(X(t1), · · · , X(tn)) ∈ H ∩Ω

)
=P

(
(X(t1), · · · , X(tn)) ∈ H

)
.

□
15



Definition 2.29. [1, Section 1.2.2] Let X be an Rd-valued random variable. We say that

X is infinitely divisible if and only if, for each n ∈ N, there exist i.i.d. random variables

Y (1)
1 , · · · ,Y (n)

n such that

X = Y (1)
1 + · · · + Y (n)

n .

The following result lists two equivalent formulations of infinite divisibility.

Proposition 2.30. [1, Proposition 1.2.6] Let X be an Rd-valued random variable with the

law denoted by µX. Then the following three conditions are equivalent.

(a) X is infinitely divisible;

(b) for every n ∈ N, µX has a convolution n-th root that is itself the law of a random

variable, i.e., there exists a measure µ ∈ M1(Rd) such that ν∗
n
= µ .

(c) for every n ∈ N, ϕX(u) has an n-th root that is itself the characteristic function of a

random variable.

In general, the convolution n-th root of a probability measure may not be unique. How-

ever, it is always unique when the measure is infinitely divisible.

Definition 2.31. [1, Example 1.2.10] Suppose that (Zn, n ∈ N) is a sequence of i.i.d. Rd-

valued random variables with common law µZ, and that N ∼ Pois(c) is a Poisson random

variable that is independent of all the Z1,Z2, · · · ,Zn. The Compound Poisson random vari-

able X is defined as

X = Z1 + Z2 + · · · + ZN ,

so we can think of X as a random walk with a random number of steps, i.e.,

X = Z1(ω) + Z2(ω) + · · · + ZN(ω).

Proposition 2.32. [1, Proposition 1.2.11] In the framework of Definition 2.31, for each

u ∈ Rd,

ϕX(u) = exp
{ ∫
Rd

[
ei(u,y) − 1

]
c µZ(dy)

}
.

Proof of Proposition 2.32. Let ϕZ be the common characteristic function of Z1,Z2, · · · ,Zn.

By conditioning on Poisson random variable N and applying the law of total expectation,
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we obtain

ϕX(u) =
∞∑

n=0

E
(
exp{i(u,Z1 + Z2 · · · + ZN)}|N = n

)
P(N = n) · · ·

Since N ∼ Pois(c), we have

· · · =

∞∑
n=0

E
(
exp{i(u,Z1 + Z2 · · · + Zn)}

)
e−c cn

n!

=

∞∑
n=0

E
(
exp{i(u,Z1)} exp{i(u,Z2)} · · · exp{i(u,Zn)}

)
e−c cn

n!
= · · ·

Using independence of the Z1,Z2, · · · ,Zn, we have

· · · =

∞∑
n=0

E
(
exp{i(u,Z1)}

)
E
(
exp{i(u,Z2)}

)
· · ·E

(
exp{i(u,Zn)}

)
e−c cn

n!
= · · ·

Since each Zk has the same characteristic function, ϕZ(u), we get

· · · =

∞∑
n=0

ϕZ(u) · ϕZ(u) · · · ϕZ(u) e−c cn

n!
=

∞∑
n=0

[
ϕZ(u)

]n e−c cn

n!

= e−c
∞∑

n=0

[
cϕZ(u)

]n

n!
= e−c exp{cϕZ(u)}

= exp{cϕZ(u) − c} = exp{c[ϕZ(u) − 1]} = · · ·

By the definition of characteristic function of Z and using parts (2) and (3) of Lemma 2.27,

we have

· · · = exp
{
c
[ ∫
Rd

ei(u,y) µZ(dy) −
∫
Rd

ei(0,y) µZ(dy)
]}

= exp
{
c
[ ∫
Rd

ei(u,y) µZ(dy) −
∫
Rd

1 µZ(dy)
]}

= exp
{
c
∫
Rd

[ei(u,y) − 1] µZ(dy)
}
.

□

Definition 2.33. [1, section 1.2.4, p. 29] A non-negative Borel measure ν on Rd \ {0} is

called a Lévy measure if and only if∫
Rd\{0}

(
|y|2 ∧ 1

)
ν(dy) < ∞. (2.8)

Exercise 2.34. Suppose that ν is a Borel measure on Rd \ {0}. Then the following two

conditions are satisfied.
17



(i) ν is a Lévy measure;

(ii) ∫
Rd\{0}

|y|2

1 + |y|2
ν(dy) < ∞. (2.9)

Proof of Exercise 2.34. If ν is a Lévy measure, then condition (2.8) holds. We have

|y|2

1 + |y|2
≤ |y|2 ∧ 1 ≤ 2

|y|2

1 + |y|2
, y ∈ R.

The integrand 0 ≤ |y|2 ∧ 1 ≤ 1 of the sufficient and necessary condition (2.8) is equivalent

to the integrand of condition (2.9), 0 < |y|2

1+|y|2 ≤ 1. □

Theorem 2.35. (Lévy-Khintchine)[1, p. 29] A measure µ ∈ M1(Rd) is infinitely divisible if

there exists a vector b ∈ Rd, a positive definite symmetric, see Definition F.11, d × d matrix

A and a Lévy measure ν on Rd \ {0}, such that, for all u ∈ Rd,

ϕµ(u) = exp
{
i(b, u) −

1
2

(u, Au) +
∫
Rd\{0}

[
ei(u,y) − 1 − i(u, y)1B̂(y)

]
ν(dy)

}
,

where B̂ := {x ∈ Rd : |x| < 1} = B1(0).

Conversely, if ϕ : Rd → C is a map of the following form

ϕ(u) = exp
{
i(b, u) −

1
2

(u, Au) +
∫
Rd\{0}

[
ei(u,y) − 1 − i(u, y)1B̂(y)

]
ν(dy)

}
,

where b ∈ Rd, A is a positive definite symmetric d × d matrix, and ν is a Lévy measure on

Rd \ {0}, then there exists an infinitely divisible probability measure µ on Rd such that

ϕ = ϕµ.

Note that the quadratic term (u, Au) above can be written more explicitly:

(i) In dimension d = 1, if A = [a] is a 1 × 1 matrix, then (u, Au) = au2.

(ii) In general, for A = [ai j]d
i, j=1 with ai, j = a j,i (i.e., symmetric), we have (u, Au) =∑d

i, j=1 ai juiu j.

Definition 2.36. A function

η : Rd ∋ u 7→ i(b, u) −
1
2

(u, Au) +
∫
Rd\{0}

[
ei(u,y) − 1 − i(u, y)1B̂(y)

]
ν(dy) ∈ C

is called a Lévy symbol, where b ∈ Rd, A is a positive definite symmetric d × d matrix, ν is

a Lévy measure on Rd \ {0} as defined in Definition 2.33 and B̂ = {y ∈ Rd : |y| < 1}.
18



If µ ∈ M1(Rd) is infinitely divisible, and the parameters b, A, ν are as in Theorem 2.35,

then the function η defined above is called the Lévy symbol of µ.

If X is an infinitely divisible random variable and µ = µX is the law of X, then the Lévy

symbol of µX is also called the Lévy symbol of X.

Note that for a Lévy process X = (X(t), t ≥ 0), when t = 1, we have

E
[
eiµX(1)

]
= ϕX(1)(µ)

where ϕX(1) is the characteristic function of X(1).

Definition 2.37. [1, p. 101] A set A ∈ B(Rd \ {0}) is said to be bounded below if and only

if 0 < A, where A is the closure of A.

Remark 2.38. One can show that set A ∈ B(Rd \ {0}) is said to be bounded below if and

only if there exists r > 0 such that

B(0, r) ∩ A = ∅.

Theorem 2.39. [1, Theorem 2.3.5, p. 101] Let N(t, A) be the Poisson random measure

associated to a Lévy process. Then:

(a) If A is bounded below, then (N(t, A), t ≥ 0) is a Poisson process with intensity µ(A).

(b) If A1, · · · , Am ∈ B(Rd \ {0}) are bounded below and pairwise disjoint, then the

random variables N(t, A1), · · · ,N(t, Am) are independent.

Theorem 2.40. [1, Theorem 2.3.7, p. 106] Let A be bounded below, and let N be the

Poisson random measure associated to a Lévy process X = (X(t) : t ≥ 0). Then:

(a) for each t ≥ 0,
∫

A
f (x)N(t, dx) has a compound Poisson distribution such that, for

each u ∈ Rd,

E
(
exp

[
i
(
u,

∫
A

f (x) N(t, dx)
)])
= exp

[
t
∫
Rd

e(i(u,x)−1) µ f ,A(dx)
]
,

where µ f ,A(B) = µ(A ∩ f −1(B)) for each B ∈ B(Rd);

(b) if f ∈ L1(A, µA), then

E
( ∫

A
f (x) N(t, dx)

)
= t

∫
A

f (x) µ(dx);

19



(c) if f ∈ L2(A, µA), then

Var
(∣∣∣ ∫

A
f (x) N(t, dx)

∣∣∣) = t
∫

A
| f (x)|2 µ(dx).

Proof of Theorem 2.40 (a). For simplicity, we let

f =
n∑

j=1

c j1A j ∈ L1(A, µA),

where each c j ∈ R
b, A j is the disjoint Borel subset of A. By [1, Theorem 2.3.5] (see

Theorem 2.39 above), the random variables N(t, A1), · · ·N(t, An) are independent Poisson

random variables with respective intensities tµ(A j), hence we have

E
(
exp

[
i
(
u,

∫
A

f (x) N(t, dx)
)])
= E

(
exp

[
i
(
u,

n∑
j=1

c jN(t, A j)
)])

= E
(
exp

[
i
(
u, c1N(t, A1) + · · · + cnN(t, An)

)])
= E

(
exp

[
i
(
u, c1N(t, A1)

)]
· · · exp

[
i
(
u, cnN(t, An)

)])
= E

(
exp

[
i
(
u, c1N(t, A1)

)])
· · ·E

(
exp

[
i
(
u, cnN(t, An)

)])
=

n∏
j=1

E
(
exp[i(u, c jN(t, A j))]

)
=

n∏
j=1

E
(
exp[i(u, c j) N(t, A j)]

)
= · · ·

Again, by Theorem 2.39, we have N(t, A) ∼ Pois(tµA), and by Lemma 2.41 below, N(t, A j) ∼

Pois(tµA j), we have

· · · =

n∏
j=1

exp
{
tµA j[e

i(u,c j) − 1]
}
= exp

{
t

n∑
j=1

µA j[e
i(u,c j) − 1]

}
= exp

{
t

n∑
j=1

∫
A j

[ei(u,c j) − 1] dµ(x)
}
= exp

{
t
∫

A
[ei(u,c j) − 1] µ(dx)

}
.

20



The last equality holds because∫
A
[ei(u,c j) − 1]µ(dx)

=

n∑
j=1

∫
A j

[ei(u, f (x)) − 1] dµ(x) +
∫

A/(∪n
j=1A j)

[ei(u, f (x)) − 1] dµ(x)

=

n∑
j=1

∫
A j

[ei(u,c j) − 1] dµ(x) +
∫

A/(∪n
j=1A j)

[ei(u,0) − 1] dµ(x)

=

n∑
j=1

∫
A j

[ei(u,c j) − 1] dµ(x) +
∫

A/(∪n
j=1A j)

[1 − 1] dµ(x)

=

n∑
j=1

∫
A j

[ei(u,c j) − 1] dµ(x).

Proofs of Theorem 2.40 parts (b) and (c) are omitted. □

Lemma 2.41. If X ∼ Pois(λ), then

E[eiµ·X] = eλ(eiµ−1), µ ∈ R.

Proof of Lemma 2.41.

P(X = k) = e−λ
λk

k!
, k = 0, 1, 2, · · ·

so

E[eiµ·X] =
∞∑

k=0

eiµ·kP(X = k) =
∞∑

k=0

eiµke−λ
λk

k!
= e−λ

∞∑
k=0

(λeiµ)k

k!
= e−λeλeiµ

= eλ(eiµ−1).

□

Theorem 2.42. Let {an} be a sequence of real (or complex) numbers.

(1) If limn→∞ an exists, then

lim sup an = lim inf an = lim an.

(2) If lim sup an = lim inf an, then limn→∞ an exists, and

lim sup an = lim inf an = lim an.
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2.2.2. Subordinators. We now turn to the concept of subordinators, which are non-decreasing

processes that are often used to model time changes in stochastic frameworks, with con-

nections to Lévy processes that will be explored later.

Definition 2.43. A subordinator is an R-valued Lévy process whose trajectories are non-

decreasing.

Remark 2.44. If T (t), t ≥ 0 is a subordinator on a probability space (Ω,F ,P), then the

following two conditions are satisfied.

(i) T (t) ≥ 0 almost surely for each t > 0;

(ii) T (t1) ≤ T (t2) almost surely for all 0 ≤ t1 ≤ t2.

Claim 2.45. If z = v + iu with u ≥ 0, then

E
(
|eizT (t)|

)
≤ 1.

Thus E
(
eizT (t)

)
exists. Moreover, the function

{z = v + iu : u > 0} ∋ z 7→ E
(
eizT (t)

)
is analytic and continuous in the closure of that set.

Finally, we have

E
(
e−uT (t)

)
= etψ(u), u > 0,

where

ψ(u) = bu +
∫ ∞

0

(
1 − e−uy

)
λ(dy), u > 0.

Lemma 2.46. For z = ν + iu, where ν ∈ R and u > 0, E
(
eizT (t)

)
exists. Moreover, we have

zT (t) = νT (t) + iuT (t)

Proof of Lemma 2.46. Using basic algebra

i(ν + iu) = iν − u,

we have

eizT (t) = e(iν−u)T (t) = e−uT (t) · eiνT (t).
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Next using the fact that |ea+ib| = |ea| + |eib| and |eib| = 1 for any real b, because it lies on the

unit circle, we obtain

|eizT (t)| = |e−uT (t) · eiνT (t)| = e−uT (t) · 1 = e−uT (t).

Since u > 0 and T (t) ≥ 0, we have e−uT (t) ≤ 1. Hence

E|eizT (t)| = E|e−uT (t)| ≤ E1 = 1.

Hence E(eizT (t)) exists. □

Lemma 2.47. If z = v + iu with u ≥ 0, then∫ ∞

0
|
(
1 − eizy

)
| λ(dy) < ∞.

Hence,
∫ ∞

0

(
1 − eizy

)
λ(dy) exist. Moreover, the function

z 7→
∫ ∞

0

(
1 − eizy

)
λ(dy)

is analytic in the region {z = v+ iu : u > 0} and continuous in the region {z = v+ iu : u ≥ 0}.

Definition 2.48. [1, p. 56] A process TS = (TS (t), t ≥ 0) taking values in R+∪{∞} is called

a killed subordinator if it satisfies the following condition:

TS (t) =


T (t) for 0 ≤ t < S ,

∞ for t ≥ S .

where T (t) is a subordinator and S is a stopping time.

Proposition 2.49. [1, Proposition 1.3.24, p. 56] There is a one to one correspondence

between killed subordinators TS and Bernstein functions f ∈ C∞((0,∞)) with f ≥ 0, and

(−1)n f (n) ≤ 0 for all n ∈ N, given by

E(e−uTS (t)) = e−t f (u)

for each t, u ≥ 0.

Proof of Proposition 2.49. By independence, we have

E(e−uTS (t)) = E(e−uTS (t)
1[0,S ](t)) + E(e−uTS (t)

1[S ,∞)(t)) = E(e−uT (t)) P(S ≥ t) + e−∞

= e−tψ(u)
∫ ∞

t
a e−ax dx + 0 = e−tψ(u) (e−ax|∞t ) = e−tψ(u) e−at = e−t[ψ(u)+a] = e−t f (u),
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where the third equality follows by [1, p. 52],

E(e−uT (s)) = e−tψ(u),

where

ψ(u) = −η(iu) = bu +
∫ ∞

0
(1 − e−uy) λ(dy), u > 0.

and using the fact that gS (x) = a e−at for each x ≥ 0. □

2.2.3. Lévy Processes.

Definition 2.50. [40, Definition 1.4] A stochastic process is a family {Xt : t ≥ 0} of Rn-

valued random variables defined on a common probability space (Ω,F ,P).

Let us recall Definition 2.29 of an infinitely divisible random variable. The following

definition is taken from [1, Section 1.3, p. 43], where only the case n = 1 has been dis-

cussed.

Definition 2.51. Assume that n ∈ N, n ≥ 1. An Rn-valued stochastic process X = (X(t) :

t ≥ 0) on a probability space (Ω,F ,P) is a Lévy process if and only if,

(L1) X(0) = 0 almost surely;

(L2) X has independent stationary increments;

(L3) X is stochastically continuous, i.e., ∀a > 0, s ≥ 0,

lim
t→s
P(|X(t) − X(s)| > a) = 0;

Definition 2.52. Assume that n ∈ N, n ≥ 1. An Rn-valued stochastic process X = (X(t) :

t ≥ 0) on a filtered probability space (Ω,F ,F,P) with filtration F = (Ft)t≥0, is an F-Lévy

process if and only if it is Lévy process and

(L4) X is F-adapted, i.e., X(t) is Ft-measurable for every t ≥ 0;

(L5) If t ≥ s ≥ 0, then the random variable X(t) − X(s) is independent of Fs.

The following result links the previous two definitions.

Proposition 2.53. Assume that n ∈ N∗ := N \ {0} and let X = (X(t) : t ≥ 0) b an Rn-

valued Lévy process defined on a probability space (Ω,F ,P). Let F be the natural filtration

generated by X, i.e.,

Ft := σ{X(s) : s ∈ [0, t]}, t ≥ 0.
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Then X = (X(t) : t ≥ 0) is an Rn-valued F-Lévy process.

Exercise 2.54. Suppose that X = (X(t) : t ≥ 0) is a stochastic process on a probability space

(Ω,F ,P) that satisfies conditions (L1) and (L2). Then one can show that condition (L3) is

equivalent to the following one:

(L3*) ∀a > 0,

lim
t→0
P(|X(t)| > a) = 0.

Proposition 2.55. [1, Proposition 1.3.1, p. 43] If X = (X(t) : t ≥ 0) is a Lévy process, then

X(t) is infinitely divisible for each t ≥ 0.

By Proposition 2.55, we can write the characteristic function for Lévy process X(t) as

ϕX(t)(u) = eη(t,u), see Definition 2.24, for each t ≥ 0, u ∈ R, where each η(t, ·) is a Lévy

symbol.

Lemma 2.56. [1, Lemma 1.4.8, p. 67] If X is a Lévy process and Y is a modification of X,

then Y is a Lévy process with the same characteristics as X.

Definition 2.57. An E-valued process X is said to be progressively measurable with respect

to the filtration F if and only if for every t ≥ 0, the mapping

[0, t] ×Ω ∋ (s, ω) 7→ Xs(ω) ∈ E

is B([0, t]) ⊗ Ft/B(E)-measurable.

Definition 2.58. [40, Definition 1.5] A stochastic process {Xt} on Rd is stochastically con-

tinuous or continuous in probability if and only if, for every t ≥ 0 and ε > 0,

lim
s→t
P[|Xs − Xt| > ε] = 0.

Definition 2.59. A sequence {Xn : n = 1, 2, · · · } of Rd-valued random variables is said to

converge stochastically or converge in probability to X if and only if, for each ε > 0,

lim
n→∞
P[|Xn − X| > ε] = 0.

This is denoted by

Xn
P
−→ X.
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Lemma 2.60. [1, Lemma 1.3.2, p. 43] If X = (X(t) : t ≥ 0) is a stochastically continuous

process, then, for each u ∈ Rd, the map

t 7→ ϕX(t)(u)

is continuous.

Theorem 2.61. [1, Theorem 1.3.3, p. 44] If X is a Lévy process, then for every t ≥ 0

ϕX(t)(u) = etη(u) = etη(1,u) = eη(t,u), u ∈ Rd,

where η is the Lévy symbol of X(1), see Definition 2.36.

Proof of Theorem 2.61. Since X is a Lévy process, hence the properties L(1)-L(3) stated in

Definition 2.51 are satisfied. Define the characteristic function

ϕu(t) = ϕX(t)(u), u ∈ Rd, t ≥ 0.

For all t ≥ 0, from Definition 2.51 (L2), we have

ϕu(t + s) =E(ei(u,X(t+s))) = E(ei(u,X(t+s)−X(s)) ei(u,X(s))) = · · · (2.10)

By independence (a property of Lévy processes),

· · · = E(ei(u,X(t+s)−X(s)))E(ei(u,X(s))) = E(ei(u,X(t)))E(ei(u,X(s))) = ϕu(t) ϕu(s).

Next, by Definition 2.51 (L1), we have

ϕu(0) = E(ei(u,X(0))) = 1. (2.11)

Finally, from Definition 2.51 (L3), we infer that X is stochastic continuous. Hence, by

[1, Lemma 1.3.2, p. 43] (see Lemma 2.60 above), the map t → ϕu(t) is continuous for each

u ∈ Rd.

Now, the unique continuous solution to (2.10) and (2.11) is given by

ϕu(t) = etα(u), where α : Rd → C.

By [1, Proposition 1.3.1, p. 43] (see Proposition 2.55 above), X(t) is infinitely divisible.

Therefore, ϕX(t)(u) can be written as

ϕX(t)(u) = ϕu(t) = eα(t,u), ∀t ≥ 0, u ∈ Rd,
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Hence

t α(u) = t α(1, u) = α(t, u)

and therefore, α(u) is the Lévy symbol of X(1).

□

2.3. Poisson Random Measures. The following definitions are from [1, Section 2.3.1].

Definition 2.62. Let S be a non-empty set, and let A be a ring, see Definition F.12 of

subsets of S . Assume that (Ω,F ,P) is a probability space.

A random measure on (S ,A) is a collection M = (M(B), B ∈ A) such that for every B ∈ A,

M(B) is a random variable on (Ω,F ,P) and the following two conditions are satisfied:

(i) M(∅) = 0,

(ii) If A, B ∈ A are disjoint, then

M(A ∪ B) = M(A) + M(B).

A σ-additive random measure is a random measure M = (M(B), B ∈ A) such that

(ii’) if A1, A2, · · · ∈ A are disjoint, then

M(
∞⋃

i=1

) =
∞∑

i=1

M(Ai)

or

M(
⋃
i∈N

) =
∑
i∈N

M(Ai).

Definition 2.63. Let S be a non-empty set, and let A be a ring of subsets of S . A random

measure M = (M(B), B ∈ A) on (S ,A) is called independently scattered random measure

if and only if for each pairwise disjoint family {B1, · · · , Bn} in A, the random variables

M(B1), · · · ,M(Bn) are independent.

Definition 2.64. Let S be a non-empty set, and let A be a ring of subsets of S . A random

measure M = (M(B), B ∈ A) on (S ,A) is called a Poisson random measure if and only if

(i) M is independently scattered;

(ii) M(B) < ∞ for all B ∈ A; and for each B ∈ A, the random variable M(B) ∼ Pois(λ(B))

with λ(B) = E(M(B)).
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The next four definitions are from [1, Section 1.1.1, p. 2].

Definition 2.65. Let S be a non-empty set and F a collection of subsets of S . We call F a

σ-algebra (or σ-field) if the following conditions are satisfied:

(i) S ∈ F .

(ii) If A ∈ F , then Ac ∈ F .

(iii) If (An)n∈N is a sequence of subsets in F , then ∪∞n=1An ∈ F .

Definition 2.66. Let S be a non-empty set, and let F be a σ-field of subsets of S . A pair

(S ,F ) is called a measurable space if a measure on (S ,F ) is a mapping µ : F → [0,∞)

that satisfies

(i) µ(∅) = 0,

(ii) µ
(⋃∞

n=1 An
)
=

∑∞
n=1 µ(An) for every sequence (An)n∈N of pairwise disjoint sets in F .

The triple (S ,F , µ) is called a measure space.

Definition 2.67. Let µ be a measure on a measurable space (S ,F ).

(i) The quantity µ(S ) is called the total mass of µ.

(ii) µ is said to be finite if µ(S ) < ∞.

(iii) µ is said to be σ-finite if there exists a sequence of (An)n∈N in F such that S =

∪∞n=1An and each µ(An) < ∞.

Definition 2.68. [1, Section 1.1.1, p. 2] The Borel σ-field of Rd, B(Rd), is the smallest

σ-field of subsets of Rd that contains all the open sets.

Definition 2.69. Elements of B(Rd) are called Borel sets, and a measure on (Rd, B(Rd)) is

called a Borel measure.

Definition 2.70. A function f : R → R is called a Borel function if, for every Borel set B

in R, the inverse image f −1(B) is also a Borel set in R, i.e., if f is B(R)/B(R)-measurable.

Definition 2.71. [44, Definition 4.6] A Lebesgue measure on (Rd,B(Rd)) is a measure that

assigns to every half-open rectangle A = [a1, b1) × [a2, b2) × · · · × [ad, bd) ⊂ Rd the value:

µ(A) =
d∏

i=1

(bi − ai), −∞ < ai < bi < ∞, i = 1, 2, · · · d.
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Note that Lebesgue measure is σ-finite but not finite.

The following two definitions are from [41, Definition G.1].

Definition 2.72. The Lebesgue σ-field on Rn, denoted by B∗(Rn), is the completion of the

Borel σ-field B(Rn) with respect to Lebesgue measure µ.

The Lebesgue σ-field B∗(Rn) consists of all sets in B(Rn), together with all subsets of

sets that have Lebesgue measure zero. In other words, B∗(Rn) is the smallest σ-field that

contains all Borel sets and all sets of Lebesgue measure zero:

B∗(Rn) := {A ⊆ Rn : ∃B ∈ B(Rn),N ⊆ B, µ(N) = 0 and A = B ∪ N}.

Definition 2.73. All sets in B∗(Rn) are called Lebesgue measurable sets.

Definition 2.74. [44, Definition 10.1] A function f : Ω → R, where R = [−∞,∞], on a

measure space (Ω,F , µ) is said to be (µ−) integrable, if it is F /B(R)− measurable and if

both ∫
f + dµ,

∫
f − dµ < ∞,

where f + and f − denote the positive and negative parts of f , respectively. In this case, we

call ∫
f dµ :=

∫
f + dµ −

∫
f − dµ ∈ (−∞,∞)

the (µ−) integrable of f .

We denote L 1(µ) and L 1
R

(µ) as the set of allR-valued andR-valued µ-integrable functions,

respectively.

Definition 2.75. If a measure µ, defined as in Definition 2.71, is integrable, then∫
f dµ

is called a Lebesgue integral of the function f with respect to the measure µ.

Notation 2.76. Assume that M is a random measure defined by the property

M((s, t], A) = M(t, A) − M(s, A), ∀ 0 ≤ s < t < ∞, A ∈ B(E).

where M(t, A) represents the measure accumulated by time t in the set A ⊆ E, and E is a

space with a σ-field B(E). Then the following conditions hold
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(1) M({0}, A) = 0 almost surely;

(2) M((s, t] × A) is independent of Fs;

(3) There exists a σ-finite measure ρ on R+ × E such that

E(M(t, A)2) = ρ(t, A), ∀0 ≤ s < t < ∞, A ∈ B(E).

Hence we have

ρ((0, t] × A) = ρ(t, A) = t µ(A),

and

E(⟨M(t, A),M(t, A)⟩) = ρ(t, A),

for each t ≥ 0, A ∈ B(E), where µ is a σ-finite measure on E.

Definition 2.77. [1, Section 2.3.1, p. 105] Let U be a topological space with Borel σ-field

B(U), and letA ⊆ B(U) be a ring. Let S = R+ ×U and let I be the ring comprising finite

unions of sets of the form I × A, where A ∈ A and I is itself a finite union of intervals. Let

M be a random measure on (S ,I). For each A ∈ A, define a process MA = (MA(t), t ≥

0) = M([0, t), A). We say M is a martingale-valued measure if each MA is a martingale.

The following example illustrates a concrete construction of a martingale-valued mea-

sure from a Lévy process.

Example 2.78. [1, Example 4.1.1, p. 215] Let X = (X(t) : t ≥ 0) be a Lévy process with

the Lévy-Itô decomposition given by

X(t) = bt + BA(t) +
∫
|x|≥1

x Ñ(t, dx) +
∫
|x|≥1

x N(t, dx), t ≥ 0, (2.12)

where

(1) b ∈ Rd,

(2) N(t, dx) is an independent Poisson random measure on R+ × (Rd \ {0}),

(3) Ñ(t, dx) is the compensated Poisson random measure,

(4) BA is a Brownian motion, see Definition F.4, with covariance matrix A, having

entries Ai j, i.e.,

Cov(Bi
A(t), B j

A(t)) = Ai j t ∀i, j ∈ {1, · · · , d}.
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where Bi
A(t) and Beqn−Jst

A (t) denote the i-th and j-th component of BA(t), respectively.

Now, let E = {x ∈ Rd, 0 < |x| < 1}. For each 1 ≤ i ≤ d, A ∈ B(E), define

Mi(t, A) = α Ñ(t, A \ {0}) + βσi j B j(t) δ0(A),

where

(1) α, β ∈ R are fixed constants,

(2) σ ∈ Rd×d is a matrix satisfying σσT = A,

(3) σσT = A and δ0(A) denotes the Dirac measure at 0, see Definition F.5,

(4) σi j are the entries of σ.

Then each Mi is an R-valued martingale-valued measure, and the associated compensator

(or intensity) measure is given by

ρi(t, A) = t
[
α2 ν(A \ {0}) + β2 Aii δ0(A)

]
, (2.13)

where ν is the Lévy measure associated with N(t, dx), and Aii = Var(Bi
A(t)) is the variance

of the i-th component of BA(t).

Note that when A \ {0} is bounded below, ρi(t, A) < ∞.

Under this construction, we can define a special type of martingale-valued measure

associated with Lévy processes.

Definition 2.79. Under the framework of Definition 2.77, a Lévy martingale-valued mea-

sure is a random measure M on R+ × Rd associated with a Lévy process X(t) with the

Lévy-Itô decomposition given by (2.12), such that for each A ∈ A, the process MA :=

M([0, t), A]) is a martingale, and the compensator ρi(t, A) associated with Mi(t, A) is given

explicitly in (2.13) of Example 2.78.

Definition 2.80. [1, Section 4.1] Fix E ∈ B(Rd) and 0 < T < ∞, and let P denote the

smallest σ-field with respect to which all mappings F : [0,T ] × E × Ω → R satisfy the

following conditions:

(1) For each 0 ≤ t ≤ T, the function (x, ω)→ F(t, x, ω) is B(E) ⊗ Ft-measurable;

(2) For each x ∈ E, ω ∈ Ω, the mapping t → F(t, x, ω) is left-continuous.
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We call P the predictable σ-field. A P-measurable mapping F : [0,T ]×E×Ω→ R is then

said to be predictable.

Definition 2.81. [1, Section 4. 1, p. 217, Section 4.2.2, p. 225]

Denote by P2(T, E) the space of all equivalence classes of mappings

F : [0,T ] × E ×Ω→ R

which coincide almost everywhere with respect to measure µ × P, and satisfy the following

two conditions:

(1) F is predictable;

(2) P
( ∫ T

0

∫
E
|F(t, x)|2 µ(dt, dx) < ∞

)
= 1.

E

[∫ T

0

∫
E
|F(t, x)|2, µ(dt, dx)

]
< ∞.

Denote byH2(T, E) the linear space of all equivalence classes of mappings

F : [0,T ] × E ×Ω→ R

which coincide almost everywhere with respect to ν × P, and satisfy the following two

conditions:

(1) F is predictable;

(2)
∫ T

0

∫
E
|F(t, x)|2 ν(dx) dt < ∞.

∫ T

0

∫
E
E

[
|F(t, x)|2

]
ν(dx), dt < ∞.

Definition 2.82. Poisson stochastic integral Take E = {x ∈ Rd, 0 < |x| < 1}. Let N be a

Poisson random measure on R+ × (Rd \ {0}) (time×space) with:

(i) Lebesgue measure, Leb, on the time component R+.

(ii) intensity measure ν on Rd \ {0} describing jump sizes, where ν is assumed to be a

Lévy measure (on space), see Definition 2.33

In this setting, the full intensity measure µ of the time-space Poisson random measure

N, is given by

Leb ⊗ ν.
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That is, the product of the Lebesgue measure in time and the Lévy measure in space. More-

over, µ is a σ-finite measure on the product σ-field B(R+)⊗B(Rd \ {0}). We define the space

P2(T, E) is equal to the space of all equivalence classes of mappings

F : [0,T ] × E ×Ω→ R

which coincide almost everywhere with respect to measure µ × P and satisfy the following

two conditions:

(1) F is predictable;

(2) P
( ∫ T

0

∫
E
|F(t, x)|2 ν(dx) dt < ∞

)
= 1.

Let Ñ be the compensated Poisson random measure, defined by

Ñ = N(dt, dx) − µ(dt, dx).

Let H be a vector with components (H1,H2, · · · ,Hd), each Hi ∈ P2(T, E).

We can then construct an Rd-valued Z = (Zt, t ≥ 0) with components Z1,Z2, · · · ,Zd,

where each 1 ≤ i ≤ d,

Zi(T ) =
∫ T

0

∫
E

Hi(t, x) Ñ(dt, dx).

Now let A ⊂ Rd \ {0} be a Borel set that is bounded below, and let P = (P(t), t ≥ 0) be a

compound Poisson process, defined by

P(t) =
∫

A
x N(t, dx).

Let K be a predictable mapping.

In particular, if H is square-integrable, then for each 1 ≤ i ≤ d,∫ T

0

∫
A

H(t, x) Ñ(dt, dx) =
∫ T

0

∫
A

H(t, x) N(dt, dx) −
∫ T

0

∫
A

H(t, x) ν(dx) dt.

Theorem 2.83. [1, Theorem 4.3.4, p. 232])

(1) If F ∈ P2(T, E), then for every sequence (An)n∈N in B(E) with An ↑ E as n → ∞,

we have

lim
n→∞

∫ T

0

∫
An

F(t, x) Ñ(dt, dx) =
∫ T

0

∫
E

F(t, x) Ñ(dt, dx) in probability.
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(2) If F ∈ H2(T, E), then there exists a sequence (An)n∈N with each ν(An) < ∞ and

An ↑ E as n→ ∞ for which

lim
n→∞

∫ T

0

∫
An

F(t, x) Ñ(dt, dx) =
∫ T

0

∫
E

F(t, x) Ñ(dt, dx) a.s..

and the convergence is uniform on compact intervals of [0,T ].

Definition 2.84. An Rd-valued stochastic process Y = (Y(t), t ≥ 0) is a Lévy-type stochastic

integrals if and only if there exist processes Gi, Fi j, Hi and Ki, for 1 ≤ i ≤ d, 1 ≤ j ≤ m,

t ≥ 0, such that |Gi|
1
2 , Fi j ∈ P2(T, E), Hi ∈ P2(T, E) and K is predictable, B = B j(t))1≤ j≤m

is an m-dimensional standard Brownian motion and N is an independent Poisson random

measure on R+ × (Rd \ {0}) with compensator Ñ and intensity measure ν, which assume to

be a Lévy measure. Then, for each 1 ≤ i ≤ d, t ≥ 0:

Y(t) =Y(0) +
∫ t

0
G(s) ds +

m∑
j=1

∫ t

0
F j(s) dB j(s)

+

∫ t

0

∫
|x|<1

H(s, x) Ñ(ds, dx)

+

∫ t

0

∫
|x|≥1

K(s, x) N(ds, dx).

Corollary 2.85. [1, Corollary 4.3.10, p. 235-236]

(1) If H ∈ P2(T, E), then for every sequence (An)n∈N in B(E) with An ↑ E as n → ∞,

we have

lim
n→∞

Yn(t) = Y(t) in probability.

(2) If F ∈ H2(T, E), then there exists a sequence (An)n∈N with each ν(An) < ∞ and

An ↑ E as n→ ∞ for which

lim
n→∞

Yn(t) = Y(t) a.s.,

and the convergence is uniform on compact intervals of [0,T ].
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2.4. Itô Formula. After introducing Poisson random measures, which model the jump

behavior of stochastic processes, we now proceed to present the Itô formula, a fundamental

tool for analyzing the dynamics of processes driven by both continuous and discontinuous

trajectories.

Theorem 2.86. Itô formula 1 for Brownian integrals[1, Theorem 4.4.3, p. 246] If M =

(M(t), t ≥ 0) be a Brownian integral with drift of the form

M(t) =
m∑

j=1

∫ t

0
Feqn−Jst(s) dB j(s) +

∫ t

0
G(s) ds,

where each Fi j, (G)
1
2 ∈ P2(T, E) for all t ≥ 0, then for all f ∈ C2(Rd), t ≥ 0 with probability

1, we have

f (M(t)) − f (M(0)) =
∫ t

0
∂ f (M(s)) dM(s) +

1
2

∫ t

0
∂∂ j f (M(s)) d[M j,M j](s).

Lemma 2.87. [1, Lemma 4.4.5, p. 249]) Assume that A ⊂ Rd \ {0} is bounded below and

that each K is predictable. If W = (W(t), t ≥ 0) is a stochastic process of the form

W(t) = W(0) +
∫ t

0

∫
A

K(s, x) N(ds, dx), t ≥ 0,

where N is a Poisson random measure on R+ × (Rd \ {0}), then for all f ∈ C(Rd), t ≥ 0,

with probability 1, we have

f (W(t)) − f (W(0)) =
∫ t

0

∫
A
[ f (W(s−) + K(s, x)) − f (W(s−))] N(ds, dx).

Lemma 2.88. [1, Lemma 4.4.6] Assume that A ⊂ Rd \ {0} is bounded below, each F j,

(G)
1
2 ∈ P2(T, E) and each K is predictable. Let Y = (W(t), t ≥ 0) be a Lévy type stochastic

integral of the form

Y(t) = Y(0) + Yc(t) +
∫ t

0

∫
A

K(s, x) N(ds, dx), t ≥ 0, 1 ≤ j ≤ m;

where N is a Poisson random measure on R+ × (Rd \ {0}), and Yc is the continuous part of

Y, given by

Yc(t) =
∫ t

0
G(s) ds +

m∑
j=1

∫ t

0
F j(s) dB j(s).
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Then for each f ∈ C2(Rd), t ≥ 0, with probability 1, we have

f (Y(t)) − f (Y(0)) =
∫ t

0
∂ f (Y(s−)) dYc(s) +

1
2

∫ t

0
∂∂ j f (Y(s−)) d[Yc,Yeqn−Jst

c ](s)

+

∫ t

0

∫
A
[ f (Y(s−) + K(s, x)) − f (Y(s−))] N(ds, dx).

Consider a general Lévy-type stochastic integral Y with stochastic differential

dY(t) = G(t) dt + F(t) dB(t) +
∫

E
H(t, x) Ñ(dt, dx) +

∫
Rd\E

K(t, x) N(dt, dx) (2.14)

where each F j, (G)
1
2 ∈ P2(T, E), H ∈ P2(T, E), each K is predictable, Ñ(dt, dx) =

N(dt, dx) − ν(dx)dt is the compensated Poisson random measure, for all t ≥ 0 and E =

{x ∈ Rd, 0 < |x| < 1}. We can decompose Y as

Y(t) = Y(0) + Yc(t) + Yd(t).

where the continuous part Yc satisfies

dYc = G(t) dt + F(t) dB(t);

and the discontinuous part Yd satisfies

dYd =

∫
E

H(t, x) Ñ(dt, dx) +
∫
Rd\E

K(t, x) N(dt, dx).

Theorem 2.89. Itô formula 2 for Lévy type stochastic integrals [1, Theorem 4.4.7] Let Y

be a Lévy-type stochastic integral of the from (2.14). Then, for each f ∈ C2(Rd), t ≥ 0, with

probability 1, we have

f (Y(t)) − f (Y(0)) =
∫ t

0

n∑
i=1

∂i f (Y(s−)) dY i
c(s) +

1
2

n∑
i, j=1

∫ t

0
∂i∂ j f (Y(s−)) d[Y i

c,Y
j

c ](s)

+

∫ t

0

∫
A
[ f (Y(s−) + K(s, x)) − f (Y(s−))] N(ds, dx)

+

∫ t

0

∫
E
[ f (Y(s−) + H(s, x)) − f (Y(s−))] Ñ(ds, dx)

+

∫ t

0

∫
E
[ f (Y(s−) + H(s, x)) − f (Y(s−)) − H(s, x) ∂ f (Y(s−))] ν(dx) ds.

Theorem 2.90. Itô formula 3 for Lévy type stochastic integrals [1, Theorem 4.4.10] Let Y

be a Lévy-type stochastic integral of the from (2.14). Then, for each f ∈ C2(Rd), t ≥ 0, with

probability 1, we have
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f (Y(t)) − f (Y(0)) =
∫ t

0

n∑
i=1

∂i f (Y(s−)) dY i
c(s) +

1
2

n∑
i, j=1

∫ t

0
∂i∂ j f (Y(s−)) d[Y i

c,Y
j

c ](s)

+
∑

0≤s≤t

[ f (Y(s)) − f (Y(s−)) − ∆Y i(s) ∂i f (Y(s−))].

2.5. Martingales. To further understand the behavior of stochastic processes, it is crucial

to explore the concept of martingales, which formalize the structure of stochastic evolution

over time. In what follows, we will always consider finite or infinite sequences of the form

(ξn)N
n=0 (where N ∈ N) or (ξn)∞n=0.

The following definitions are taken from [11, p. 46, p. 49].

Definition 2.91. Assume that (Ω,F ,P) is a probability space. A sequence (Fn)n≥0 of σ-

fields on Ω such that

F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ F

is called a (discrete time) filtration.

Definition 2.92. Assume that (Ω,F ,P) is a probability space and F = (Fn)n≥0 is a filtration.

Assume also that K is a separable Banach space. A sequence (ξn)N
n=0 (or (ξn)∞n=0) of K-

valued random variables is called a martingale on (Ω,F ,P) with respect to (w.r.t.) F if and

only if

(i) ξn is Bochner integrable for each n = 0, 1, 2, · · · ;

(ii) ξn is adapted to a filtration (Fn)n≥0 for each n = 0, 1, 2, · · · , i.e., ξn is F-measurable;

(iii) For each n = 0, 1, 2, · · · ,

E(ξn+1|Fn) = ξn a.s.

In the special case where K = R, we have the following definitions:

Definition 2.93. Let (Ω,F ,F,P) be a filtered probability space, i.e., (Ω,F ,P) is a proba-

bility space w.r.t. a filtration F. We say that (ξn)N
n=0 (or (ξn)∞n=0) is a submartingale (w.r.t. F)

if and only if

(i) ξn ∈ L 1(Fn) for each n = 0, 1, 2, · · ·
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(ii)

∀n, ∀A ∈ Fn,

∫
A
ξn+1 dµ ≥

∫
A
ξn dµ.

We say that a discrete time process (ξn)N
n=0, or (ξn)∞n=0, is a supermartingale (w.r.t. F) if and

only if

(i) if ξn ∈ L 1(Fn) for each n = 0, 1, 2, · · ·

(ii)

∀n, ∀A ∈ Fn,

∫
A
ξn+1 dµ ≤

∫
A
ξn dµ.

The following definition is based on [7, Definition 2.1][8, p. 629].

Definition 2.94. Assume that p ∈ [1, 2]. A Banach space (E, ∥ · ∥) is of martingale type p

if and only if there exists a constant Cp > 0 such that for any discrete and finite E-valued

martingale (Mk)N
k=0 one has

sup
k
E

[
∥Mk∥

p] ≤ Cp

N∑
k=0

E
[
∥Mk − Mk−1∥

p]; (2.15)

with the convention that M−1 = 0.

Remark 2.95. In Definition 2.94, we assume that p ∈ [1, 2] because it is well known that,

see e.g., [7, p. 6], if p > 2 and K is a Banach space of martingale type p, then K = {0}.

The basic examples of Banach spaces of martingale type p include the Lebesgue spaces Lq

with q ∈ [p,∞) and the Sobolev spaces H s,q with s ∈ R and q ∈ [p,∞). Note that these

spaces are separable Banach spaces of martingale type p.

Exercise 2.96. Take n ∈ N. Take K = R. Let (Wt)t≥0 be R-valued standard Brownian

Motion. Put Mk = Wk. Calculate both sides of (2.15).

See Appendix G for the proof of Exercise 2.96.

Definition 2.97. [11, p. 140] Assume that (Ω,F ,P) is a probability space and F = (Ft)t∈[0,T ]

is a filtration on it. A stochastic process (ξ(t))t∈[0,T ] is called a continuous-time martingale

w.r.t. a filtration F if:

(i) ξ(t) is integrable, see Definition F.13, ∀t ∈ [0,T ];

(ii) ξ(t) is F-measurable, see Definition 2.3, ∀t ∈ [0,T ];
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(iii) for all 0 ≤ s ≤ t ≤ T,

E(ξ(t)|Fs) = ξ(s) a.s.
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3. Cylindrical processes

In this section, we will introduce concepts of cylindrical measures, cylindrical random

variables and cylindrical processes, with a particular focus on cylindrical Lévy processes.

We begin our exposition with a subsection on conditional expectation.

3.1. Conditional Expectation.

Definition 3.1. [14, Proposition 1.10, p. 26] Assume that K is a separable space and that

(Ω,F ,P) is a probability space. Let ξ be a Bochner integrable K-valued random variable

on (Ω,F ,P), and letA be aσ-field contained inF . A Bochner integrable K-valued random

variable ζ on (Ω,A,P) is said to be the conditional expectation of ξ given A, denoted by

E(ξ|A), if and only if ∫
A
ξ dP =

∫
A
ζ dP, ∀A ∈ A.

A special case arises when K = R, where the conditional expectation coincides with the

standard notion of expectation in the real-valued probability theory.

Definition 3.2. A finite-rank operator ψ : U → V between Banach spaces is a bounded

linear operator whose range R(ψ) := ψ(U) = {ψ(u) : u ∈ U} is finite dimensional.

Exercise 3.3. A bounded linear functional is a particular case of a finite-rank operator,

namely of rank one.

See Appendix G for the proof of Exercise 3.3.

Exercise 3.4. Prove the following. If ψ : U → V is a finite rank operator between Banach

spaces U and V , then there exits a natural number n ∈ N, real numbers a1, · · · , an, vectors

ν1, · · · , νn ∈ V and linear functionals u∗1, · · · , u
∗
n ∈ U∗ such that

ψu =
n∑

i=1

ai⟨u∗i , u⟩ νi, ∀u ∈ U.

Here U∗ is the dual space of U. The expression ⟨u∗i , u⟩ = u∗i (u) ∈ R is called the duality

between the space U and its dual U∗.

See Appendix G for the proof of Exercise 3.4.
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Definition 3.5. [39, Proposition 4.1, p. 72] A Banach space K has the approximation

property if and only if for every ε > 0 and for every compact set, see Definition F.15,

K0 ⊂ K there exists a finite rank operator ψ : K→ K such that

∥x − ψx∥ ≤ ε, ∀x ∈ K0.

Definition 3.6. Let (Ω,F ) be a measurable space, and let K be a Banach space. Suppose µ

is a K-valued measure, see Definition F.16, on (Ω,F ), and ν is a non-negative measure on

(Ω,F ). We say that measure µ is absolutely continuous with respect to measure ν, denoted

by µ ≪ ν, if and only if for any A ∈ F , the following condition holds:

If ν(A) = 0, then µ(A) = 0.

Definition 3.7. [39, p. 102] A Banach space K is said to have the Radon–Nikodym property

if and only if for a measurable space (Ω,F ), every K-valued measure µ on F which is

absolutely continuous with respect to a finite, positive measure ν on F , there exists a ν-

Bochner integrable function f : Ω→ K such that

µ(A) =
∫

A
f dν, ∀A ∈ F .

Definition 3.8. [11, Definition 1.7] Suppose that ξ is a K-valued random variable on

(Ω,F ,P). If there exists a Borel function, see Definition 2.70, fξ : K → R, such that

for any Borel set B ∈ B(R)

P{ξ ∈ B} =
∫

B
fξ(x) dx,

then ξ is said to be a random variable with absolutely continuous distribution and fξ is

called the density function of ξ.

Definition 3.9. [16, p. xiii] Let K and E be normed vector spaces. A linear mapping

f : K→ E is isometric if and only if

∥ f (x)∥E = ∥x∥K, ∀x ∈ K.

Furthermore, f is called an isometry if it is also surjective, i.e., f (K) = E.
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3.2. Cylindrical Processes.

Definition 3.10. Assume that X and Y are normed vector spaces. A linear map A : X → Y

is said to be bounded if and only if ∃ C > 0 such that

∥A(x)∥ ≤ C∥x∥, x ∈ X.

The space of all bounded linear operators from X to Y is denoted by L (X,Y).

If A : X → Y is a linear map then we put

∥A∥L (X,Y) B sup
∥x∥≤1
∥A(x)∥.

This definition has to be supplemented by the following result.

Proposition 3.11. If A : X → Y is a linear map, then A ∈ L (X,Y) if and only if

∥A∥L (X,Y) < ∞.

Moreover, the function

L (X,Y) ∋ A 7→ ∥A∥L (X,Y) ∈ [0,∞)

is a norm on L (X,Y). Finally, if Y is a complete vector space, then so is L (X,Y).

When Y = R we have the following special case.

Definition 3.12. [47, Definition 1’, p. 111][16, p. xiii] If K is a normed vector space over

R, the dual space of K, denoted by K∗, is the set of all linear bounded, i.e. continuous maps

from K to R, i.e.

K∗ := L (K,R) = {x∗ : K→ R is linear and continuous}.

It is common to use the notation ⟨x, x∗⟩ instead of x∗(x) to represent the action of x∗ on x.

We have the following basic result.

Proposition 3.13. If K is a normed vector space over R, then the set K∗ is a vector space.

Moreover, the function

K∗ ∋ x∗ 7→ sup{|⟨x, x∗⟩| : x ∈ K, |x|K ≤ 1} ∈ [0,∞) (3.1)

is a norm and the space K∗ endowed with the norm defined in (3.1) is a Banach space.
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Because K∗ is a normed vector by Proposition 3.13, the next definition makes sense.

Definition 3.14. The double dual (also called the bi-dual or second dual) of K is the space

K∗∗, defined as the dual of K∗, i.e.

K∗∗ = (K∗)∗.

This means that K∗∗ consists of all linear continuous functionals acting on elements of K∗.

Definition 3.15. [47, Definition 4, p. 113][38, Section 4.5, p. 95] A normed vector space

K is said to be reflexive if K can be identified with K∗∗, i.e., the canonical mapping (or

cannoical embedding)

K ∋ x 7→ ⟨x, ·⟩ ∈ K∗∗

is surjective, meaning that every element of K∗∗ corresponds to some x ∈ K. In this case, K

is bi-dual, implying that K and K∗∗ share the same normed space structure.

It is important to note that every normed space is double dual, since the canonical map-

ping from K to K∗∗ always exists. However, a normed space is reflexive only if this mapping

is surjective, meaning K and K∗∗ are essentially the same space.

Proposition 3.16. The mapping x 7→ ⟨x, ·⟩ establishes an isometric embedding of K into

K∗∗. This means that the map

K→ K∗∗

is both linear and norm-preserving, i.e.,

∥x∥K = ∥⟨x, ·⟩∥K∗∗ , ∀x ∈ K.

This ensures that K is isometrically embedded in K∗∗, preserving its normed space struc-

ture. If the embedding is surjective, then K is reflexive, meaning

K � K∗∗.

The following result is stated in [45, Corollary 2, p. 219].

Corollary 3.17. Every reflexive Banach space has the Radon–Nikodym property.
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The following definitions are taken from [2] a book by Applebaum.

For each n ∈ N, let K∗n denote the set of all n-tuples of vectors from K∗, i.e.the n-th

Cartesian power of K∗:

K∗n = K∗ × · · · × K∗︸          ︷︷          ︸
n-times

.

Definition 3.18. [2, p. 698] Assume that K is a Banach space with dual K∗. The Borel

σ-field in K is denoted by B(K). For every (x∗1, · · · , x
∗
n) ∈ K∗n, we define a linear map

ψx∗1,··· ,x
∗
n : K ∋ x 7→ (⟨x, x∗1⟩, · · · , ⟨x, x

∗
n⟩) ∈ R

n,

where ⟨x, x∗i ⟩ is the the dual pairing for x ∈ K and x∗i ∈ K∗.

Now assume that B ∈ B(K), n ∈ N and (x∗1, · · · , x
∗
n) ∈ K∗n. A cylindrical set (or cylinder)

in K with basis B and generators x∗1, · · · , x
∗
n ∈ K∗ is a subset of K defined by the following

formula

Z(x∗1, · · · , x
∗
n; B) : =

{
x ∈ K :

(
⟨x, x∗1⟩, · · · , ⟨x, x

∗
n⟩
)
∈ B

}
= ψ−1

x∗1,··· ,x
∗
n
(B).

If Γ is a subset of K∗, the family of all cylindrical sets with an arbitrary basis B ∈ B(K),

arbitrary x∗1, · · · , x
∗
n ∈ Γ, and arbitrary n ∈ N, is denoted by Z(K,Γ). Any element of this

family is called a cylindrical set w.r.t. (K,Γ).

When Γ = K∗, we writeZ(K) := Z(K,K∗).

The σ-field generated by Z(K,Γ) is called the cylindrical σ-field w.r.t. (K,Γ), and its is

denoted by C(K,Γ).

When Γ = K∗, we write C(K) := C(K,K∗).

Remark 3.19. The familyZ(K,Γ) is generally not a σ-field. It is only an algebra.

Lemma 3.20. [2, Lemma 2.1] If a set Γ = {x∗1, · · · , x
∗
n ⊆ K∗} is finite, and F is an arbitrary

generator of B(Rn), then the cylindrical σ-field satisfies:

C(K,Γ) = Z(K,Γ) = σ
(
Z(x∗1, · · · , x

∗
n; B) : B ∈ F

)
.

In particular, if K is finite dimensional, thenZ(K) itself is a σ-field.

Definition 3.21. [2, p. 699] A function µ : Z(K) → [0,∞] is called a cylindrical measure

on K if and only if the restriction of µ to the σ-field C(K,Γ) is a measure for every finite
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Γ ⊆ K∗.

If µ(K) < ∞, we call µ a finite cylindrical measure. If µ(K) = 1, we call µ a cylindrical

probability measure.

The following result is usually called the (Lévy-Khintchine for infinitely divisible cylin-

drical measures). Our presentation follows two sources: [2, Theorem 2.7][34, Theorem

3.4]. We will use the following notation

B1 := {y ∈ R : |y| ≤ 1}

Theorem 3.22. Assume that (Ω,F ,P) is a probability space and K is a Banach space.

Assume that µ is an infinitely divisible cylindrical probability measure on K.

Then there exist

(i) a linear and continuous map

b : K∗ → R,

(ii) a quadratic and continuous form

q : K∗ → R

(iii) and a cylindrical Lévy measure ν on K, see Definition 3.25, such that for all x∗ ∈ K∗,

φµ(x∗) = exp
(
ib(x∗) −

1
2

q(x∗)

+

∫
R\{0}

(eiβ − 1 − iβ1B1(β))(ν ◦ (x∗)−1)(dβ)
)

where ν ◦ (x∗)−1 is a measure on B(R) defined by

[ν ◦ (x∗)−1](B) = ν[Z(x∗; B)], B ∈ B(R).

Proposition 3.23. Assume that K,E are Banach spaces and ψ : K→ E is a linear bounded

operator. If µ is a cylindrical measure on K, then its pushforward measure ψ(µ) is a cylin-

drical measure on K.

In particular, if E is finite dimensional, then ψ(µ) is σ-additive measure.
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Definition 3.24. Assume that K,E are Banach spaces and ψ : K → E is a linear bounded

operator. If µ is a cylindrical measure on K, the pushforward (image) cylindrical measure

ψ(µ) (or equivalently µ ◦ ψ−1) is defined as:(
ψ(µ)

)
(B) = µ

(
ψ−1(B)

)
, B ∈ Z(E). (3.2)

Definition 3.25. [2, Definition 2.5] Assume that K is a Banach space. A cylindrical mea-

sure µ on K is called a cylindrical Lévy measure on K if and only if for n ∈ N and all

x∗1, · · · , x
∗
n ∈ K∗, the image measure µ ◦ ψ−1

x∗1,··· ,x
∗
n

is a Lévy measure, see Definition 2.33, on

B(Rn).

Definition 3.26. We denote L0(Ω,F ,P;R) as the space of all R-valued random variables

on the probability space (Ω,F ,P).

The following definition is written in the spirit of [2, Definition 3.1].

Definition 3.27. Assume that K is a Banach space. A cylindrical random variable in K is

a continuous linear operator

X : K∗ → L0(Ω,F ,P;R), (3.3)

where K∗ is the dual of K.

Remark 3.28. The authors of the book [45] do not use the notion "cylindrical random vari-

able". Instead, they use consistently a phrase "a continuous linear operator X : K∗ →

L0(Ω,F ,P;R)". In addition, if p > 0 and Rp denotes the class of p-Radonifying oper-

ators, which will be discussed in next section, see Theorem 4.23, then if X : K∗ → Rp

is a continuous linear operator, then X : K∗ → L0(Ω,F ,P;R) is also a continuous linear

operator.

Definition 3.29. A cylindrical random variable X defined in (3.3) is said to be induced by

a classical/true random variable Y : Ω→ K if and only if

[X(x∗)](ω) = ⟨Y(ω), x∗⟩, ω ∈ Ω, x∗ ∈ K∗.

The following result links the two previous definitions by showing that every true ran-

dom variable induces a cylindrical random variable.
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Proposition 3.30. Assume that K is a Banach space. If X is true K-valued random variable

then X̃ defined by the following formula

X̃ =
{
K∗ ∋ x∗ 7→ x∗ ◦ X = ⟨X, x∗⟩ ∈ L0(Ω,F ,P;R)

}
.

is a cylindrical random variable in K induced by X.

Definition 3.31. [2, Definition 3.1] Assume that K is a Banach space. A cylindrical process

in K is a family (X(t) : t ≥ 0) of cylindrical random variables in K. In other words, a

cylindrical process in a Banach space K is a family (X(t) : t ≥ 0) of continuous linear

operators from K∗ to L0(Ω,F ,P;R).

The following result is similar to Proposition 3.30, while the object is replaced by a

process.

Proposition 3.32. Assume that K is a Banach space. If L = (L(t) : t ≥ 0) is a true K-valued

process, then L̃ = (L̃(t) : t ≥ 0) defined by the following formula

L̃(t) =
{
K∗ ∋ x∗ 7→ x∗ ◦ L(t) = ⟨L(t), x∗⟩ ∈ L0(Ω,F ,P;R)

}
.

is a cylindrical process in K induced by L.

Comments about the proof of Proposition 3.32. If L(t) : Ω→ K is a true K-valued random

variable, then, by definition, L(t) : Ω→ K is F /B(K) measurable. Since the map

x∗ := {K ∋ x 7→ ⟨x, x∗⟩ ∈ R} is continuous, we infer that for every x∗ ∈ K∗, L̃(t)(x∗) =

x∗ ◦ L(t) : Ω→ R is F /B(R) measurable. Hence L̃ is a well-defined cylindrical process.

□

Definition 3.33. Assume that K is a Banach space. Assume that X : K∗ → L0(Ω,F ,P;R)

is a cylindrical random variable. This implies that for every n ∈ N and all x∗i ∈ K∗,

i = 1, · · · , n, the function

(X(x∗1), · · · , X(x∗n)) : Ω ∋ ω 7→ (X(x∗1)(ω), · · · , X(x∗n)(ω)). ∈ Rn

In this way we can define a map, denoted by X̂n,

X̂n : (K∗)n ∋ (x∗1, · · · , x
∗
n) 7→ (X(x∗1), · · · , X(x∗n)) ∈ L0(Ω,F ,P;Rn).
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The construction described in the above definition can be generalized from cylindrical

random variables to cylindrical processes.

Definition 3.34. [2, p. 705] Assume that K is a Banach space. Assume that (Ω,F ,P) is a

probability space. A cylindrical process X = (X(t) : t ≥ 0) on (Ω,F ,P), is said to have

weakly independent increments if for all 0 ≤ t0 < t1 < · · · < tn and all x∗1, · · · , x
∗
n ∈ K∗, the

random variables

(X(t1) − X(t0))x∗1, · · · , (X(tn) − X(tn−1))x∗n

are independent.

Definition 3.35. [2, p. 705] Let (Ω,F ,F,P) be a filtered probability space with filtration

F = (Ft : t ≥ 0). A cylindrical process X = (X(t) : t ≥ 0) on (Ω,F ,P) in a Banach space

K is said to be weakly F-adapted, if for every t ≥ 0 and all x∗ ∈ K∗, the random variable

X(t)(x∗) is Ft-measurable.

Definition 3.36. Assume that (Ω,F ,P) is a probability space and K is a Banach space. A

cylindrical Lévy process in K is a cylindrical process L = (L(t) : t ≥ 0) in K provided the

following condition holds.

For every n ∈ N and for all x∗1, · · · , x
∗
n ∈ K∗, the Rn-valued process(

L(t)x∗1, · · · , L(t)x∗n
)
, t ≥ 0,

see Definition 3.33, is an Rn-valued Lévy process, see Definition 2.51.

Definition 3.37. Assume that (Ω,F ,F,P) is a filtered probability space with filtration

F = (Ft : t ≥ 0) and K is a Banach space. A cylindrical F-Lévy process in K is a fam-

ily (L(t) : t ≥ 0) of cylindrical random variables in K, such that for every n ∈ N and for all

x∗1, · · · , x
∗
n ∈ K∗, the n-dimensional process(

L(t)x∗1, · · · , L(t)x∗n
)
, t ≥ 0,

see Definition 3.33, is an Rn-valued F-Lévy process, see Definition 2.52.

Definition 3.38. [2, Definition 3.2], An F-adapted cylindrical process (L(t) : t ≥ 0) is

called a weakly cylindrical F-Lévy process if for n ∈ N and all x∗1, · · · , x
∗
n ∈ K∗, the sto-

chastic process (L(t)x∗1, · · · , L(t)x∗n) : t ≥ 0) is an F-Lévy process in Rn.
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The following lemma explains the relationship between Definitions 3.36 and 3.38.

Lemma 3.39. [2, Lemma 3.8] For an F-adapted cylindrical process L = (L(t), t ≥ 0), the

following statements are equivalent:

(1) L is a weakly cylindrical F-Lévy process;

(2) (i) L has weakly independent increments;

(ii) (L(t)(x∗) : t ≥ 0) is an F-Lévy process ∀x∗ ∈ K∗.

Definition 3.40. Assume that (Ω,F ,P) is a probability space, K is a Banach space and

X : K∗ → L0(Ω,F ,P;R),

is a cylindrical random variable in K, see Definition 3.26.

A cylindrical distribution of X is a function µ : Z(K)→ [0, 1], i.e., a cylindrical proba-

bility measure, defined by the following formula

µ
(
Z(x∗1, · · · , x

∗
n; B)

)
:= P

(
(X(x∗1), · · · , X(x∗n)) ∈ B

)
= µx∗1,··· ,x

∗
n(B)

for every n ∈ N, x∗1, · · · , x
∗
n ∈ K∗ and B ∈ B(Rn).

Definition 3.41. Let (Ω,F ,P) be a probability space, and let K be a Banach space. Assume

that

X : K∗ → L0(Ω,F ,P;R),

is a cylindrical random variable in K, and that

µ : Z(K)→ [0, 1]

is a cylindrical probability measure onZ(K).

The characteristic function of µ is a function φµ : K∗ → C defined by

φµ(x∗) =
∫

K
ei⟨x,x∗⟩ µ(dx), x∗ ∈ K∗. (3.4)

The characteristic function of X is a function φX : K∗ → C defined by

φX(x∗) = E
[
eiX(x∗)], x∗ ∈ K∗.

Definitions 3.40 and 3.41 tell us the following proposition:
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Proposition 3.42. If X is a cylindrical random variable and µ is the cylindrical distribution

of X, then

φX = φµ.

Theorem 3.43. [45, Proposition 3.4, p. 231] A cylindrical random variable X : K∗ →

L0(Ω,F ,P;R) is continuous if and only if its characteristic function φX : K∗ → C is

continuous.

Definition 3.44. [2, Definition 2.2] A cylindrical probability measure µ on Z(K) is called

infinitely divisible if, for all n ∈ N, there exists a cylindrical probability measure µ1/n such

that

µ = (µ1/n)∗n.

Proposition 3.45. [2, p. 700] A cylindrical probability measure µ with characteristic func-

tion φµ is infinitely divisible if and only if, for all n ∈ N, there exists a characteristic function

φµ1/n of a cylindrical probability measure µ1/n such that

φµ(x∗) =
(
φµ1/n(x∗)

)n
, x∗ ∈ K∗.

Proposition 3.46. Assume that X,Y are cylindrical processes, and let K be a Banach space.

If Y is a K-valued Lévy process, then the induced process X is a weakly cylindrical Lévy

process with the same characteristic function as Y.

The following theorem applies the Lévy-Khintchine formula, see Theorem 2.35, to in-

finitely divisible cylindrical measures.

Theorem 3.47. [2, Theorem 2.7] Assume that (Ω,F ,P) is a probability space and K is a

Banach space. Let µ be an infinitely divisible cylindrical probability measure on K. Then

there exists a linear and continuous map b : K∗ → R, a quadratic and continuous form

q : K∗ → R and a cylindrical Lévy measure ν, see Definition 3.25, on Z(K) such that for

all x∗ ∈ K∗, the characteristic function φµ : K∗ → C of, as defined in (3.4) satisfies the

Lévy-Khintchine representation:

φµ(x∗) = eib(x∗) −
1
2

q(x∗) +
∫
R\{0}

(eiy − 1 − iy1B1(y)) (ν ◦ (x∗)−1) (dy)
)
,

where B1 := {y ∈ R : |y| ≤ 1}, and ν ◦ (x∗)−1 is a function on B(R), as defined in (3.2), see

Proposition 3.23 and Definition 3.24.
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Proposition 3.48. Under the assumptions of Theorem 3.47, the characteristic function of

the cylindrical Lévy process L(t) satisfies

φL(t)(x∗) = etϕ(x∗), x∗ ∈ K∗,

where

ϕ(x∗) = ib(x∗) −
1
2

q(x∗) +
∫

E

(
ei⟨x,x∗⟩ − 1 − 1BR(⟨x, x

∗⟩) ⟨x, x∗⟩
)
ν(dx), x∗ ∈ K∗.

Definition 3.49. [45, p. 102] Let p ∈ (0,∞) and K be a Banach space. A cylindrical

measure µ onZ(K) is of weak order p if∫
K

∣∣∣⟨x, x∗⟩∣∣∣p dµ(x) < ∞, for each x∗ ∈ K∗.

A Borel measure µ on K is of strong order p if∫
K
∥x∥p dµ(x) < ∞.

Clearly, the strong order implies the weak order, while the converse is valid only in the

finite dimensional case, see the following cited Theorem 3.50.

Theorem 3.50. [45, Theorem 2.1] For any p ∈ (0,∞), in every infinite-dimensional normed

space K there exists a (discrete) probability measure which is of weak order p but not of

strong order p.

The following definition is based on .....

Definition 3.51. Let p ∈ (0,∞) and K be a Banach space. A cylindrical process L is said

to be weakly p-integrable if and only if the following condition holds:

E
[∣∣∣L(t)(x∗)

∣∣∣p] < ∞, ∀t > 0, x∗ ∈ K∗.

A weakly 1-integrable cylindrical process L is simply called weakly integrable.

A weakly integrable cylindrical process L is said to be weakly mean-zero if and only if

E
[
|L(t)(x∗)|

]
= 0, ∀t > 0, x∗ ∈ K∗.

Definition 3.52. Assume that K is a Banach space. A cylindrical process L in K is said to

be weakly F-martingale if and only if the following three conditions hold:

(i) L is F-adapted, see Definition 3.35,
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(ii) L is weakly 1-integrable,

(iii) For every x∗ ∈ K∗, the process L(t)(x∗) is an R-valued martingale, i.e. for all 0 < s < t,

E(L(t)(x∗)|Fs) = L(s)(x∗).

Definition 3.53. Assume that (Ω,F ,P) is a probability space, F is a filtration, and K is a

Banach space. A cylindrical Lévy process L = (L(t) : t ≥ 0) in K is called a cylindrical

F-Lévy martingale in K if and only if it weakly F-martingale.

Corollary 3.54. Assume that (Ω,F ,F,P) is a filtered probability space with filtration F,

and K is a Banach space. If L = (L(t) : t ≥ 0) is a cylindrical F-Lévy martingale then L is

F-progressively measurable.

Proof of Corollary 3.54. According to Definition of progressively measurability, see Defi-

nition 2.57, a process L = (L(t) : t ≥ 0) is progressively measurable if, for every t ≥ 0, the

mapping

[0, t] ×Ω ∋ (s, ω) 7→ L(s, ω)x∗ ∈ L1(Ω,F ,P;R)

is B([0, t]) ⊗ Ft/B(R)-measurable for every x∗ ∈ K∗.

Since L = (L(t) : t ≥ 0) is a cylindrical F-Lévy martingale, we infer that

(a) L is F-adapted, i.e., for every t ≥ 0, L(t) is Ft-measurable;

(b) L is weakly 1-integrable, i.e., E
[
|L(t)(x∗)|

]
= 0, ∀t > 0, x∗ ∈ K∗, see Definition

3.53.

To show the progressive measurability, we need to check that for every fixed t, the mapping

(s, ω) 7→ L(s, ω)x∗

is B([0, t]) ⊗ Ft-measurable.

(i) Since L(s) is Fs-measurable for every s, it follows that L(s)x∗ is Fs-measurable for

all x∗ ∈ K∗.

(ii) The function s → L(s)x∗ is measurable in s, because L is Lévy process, hence has

càdlàg paths.

(iii) The composition of a measurable function with an adapted process remains mea-

surable.
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Therefore, the mapping (s, ω) 7→ L(s, ω)x∗ is measurable w.r.t. B([0, t]) ⊗ Ft.

□

Proposition 3.55. Assume that (Ω,F ,P) is a probability space, F is a filtration, and K is

a Banach space. Assume also that L = (L(t) : t ≥ 0) is a cylindrical F-Lévy martingale.

Then L is weakly mean-zero.

Proof of Proposition 3.55. Let us choose and fix x∗. According to Definitions 3.52 and

3.53, the R-valued process L(t)(x∗), t ≥ 0, is a martingale. Hence it is F-adapted and weakly

integrable, i.e., E
[
|L(t)(x∗)|

]
< ∞, for every t ≥ 0. Moreover, it satisfies the martingale

property, i.e.,

E
[
L(t)(x∗)|F0

]
= E

[
L(0)(x∗)

]
= 0.

Hence the claim of weakly mean zero is proved. □

Definition 3.56. Suppose L is a cylindrical Lévy process. The natural filtration F = (Ft)t≥0

generated by L is defined by

Ft := σ{L(s)x∗ : s ∈ [0, t], x∗ ∈ K∗}, t ≥ 0. (3.5)

The following result is a natural generalization of Proposition 2.53.

Proposition 3.57. If L is a weakly mean-zero cylindrical Lévy process, see Definition 3.52,

and F = (Ft)t≥0 is the natural filtration generated by L, then L is a cylindrical F-Lévy

martingale.

Remark 3.58. If t ≥ 0, then the σ-field Ft defined in formula (3.5) is equal to the smallest

σ-field G satisfying the following property:

L(s)x∗ is G -measurable for all s ∈ [0, t] and x∗ ∈ K∗.

Proof of Proposition 3.57. We assume that L is a weakly 1-integrable and weakly mean-

zero cylindrical Lévy process. We will show that it is a cylindrical F-Lévy martingale.

According to Definition 3.52 we need to show that for every x∗ ∈ K∗, the R-valued process

L(t)x∗, t ≥ 0 is an F-martingale.

(i) Adaptness: Since L is a cylindrical Lévy process, and F is the natural filtration

generated by L. Therefore, L(t)x∗ is adapted to Ft.
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(ii) Integrability: the assumption of weakly 1-integrable implies that

E(|L(t)x∗|) < ∞.

(iii) For 0 < s < t, using the fact that Lévy process has independent zero mean incre-

ments, see Definition 2.51 (L3), we deduce that L(t)x∗ − L(s)x∗ and L(s)x∗ − L(0)x∗

are independent, and that L(t)x∗ − L(s)x∗ is independent of Fs. In addition, L(s)x∗

is Fs-measurable, as proved in part (i), we have

E(L(t)x∗|Fs)) = E[(L(t)x∗ − L(s)x∗) + L(s)x∗|Fs]

= E[(L(t) − L(s))x∗|Fs] + E(L(s)x∗|Fs)

= E[(L(t) − L(s))x∗] + L(s)x∗

= L(s)x∗

Therefore it is a martingale.

□

Proposition 3.59. Assume that (Ω,F ,P) is a probability space, p ∈ [1,∞) and K is a

Banach space. If a cylindrical Lévy process L in K is weakly p-integrable, then for each

t ≥ 0, the mapping

L(t) : K∗ → Lp(Ω,F ,P;R)

is continuous.

Proof of Proposition 3.59. Assume that p ∈ [1,∞). Let us choose and fix t ≥ 0. By

assumption 3.52 the map

L(t) : K∗ → Lp(Ω,F ,P;R)

is well-defined. Moreover, it is easy to prove that it is linear. It is also continuous by

the closed graph theorem, see e.g., Theorem F.18. Indeed, K∗ and Lp(Ω,F ,P;R) are both

Banach spaces and it remains to show that the graph G of L(t) is a closed subset of K∗ ×

Lp(Ω,F ,P;R). For this purpose we take a sequence of element of G, i.e., (x∗n, L(t)x∗n) ∈ G

such that

(x∗n, L(t)x∗n)→ (x∗, y) ∈ K∗ × Lp(Ω,F ,P;R).
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This means that

x∗n → x∗ ∈ K∗ and L(t)x∗n → y ∈ Lp(Ω,F ,P;R).

We need to show that the limit (x∗, y) belongs to G, i.e.

y = L(t)(x∗).

Since L(t) is a cylindrical random variable in K, by Definition 3.27, L(t) : K∗ → L0(Ω,F ,P;R)

is continuous. Therefore, since x∗n → x∗ in K∗, L(t)x∗n → L(t)x∗ in L0(Ω,F ,P;R). On the

other hand, L(t)x∗n → y in Lp(Ω,F ,P;R) which implies that L(t)x∗n → y in L0(Ω,F ,P;R).

Now, we have two limits of the same sequence in L0(Ω,F ,P;R). Hence these limits are

equal, i.e., y = L(t)x∗.

Hence the assumptions of the closed graph theorem are satisfied and therefore, we infer

that the map L(t) is continuous. The proof is complete. □

Proposition 3.60. [23, Proposition 3.1, p. 23] Suppose that L is a weakly integrable cylin-

drical Lévy process. Then there exists

(i) A linear functional B : K∗ → R,

(ii) A cylindrical Wiener process W in K,

(iii) A cylindrical Lévy martingale M,

such that

L(t)x∗ = B(x∗)(t) +W(t)x∗ + M(t)x∗, t ≥ 0, x∗ ∈ K∗,

where M is defined by

M(t)x∗ :=
∫
R\{0}

βÑx∗(t, dβ), β ∈ R,

and Ñx∗ is the compensated Poisson random measure on R × (R \ {0}) associated with

(L(t)x∗ : t ≥ 0), which is independent of W.

Remark 3.61. In other words, the characteristics of a cylindrical Lévy process L are cap-

tured by a triplet

(b, q, ν),

where

(i) b : K∗ → R is a continuous linear function,
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(ii) q : K∗ → R is a quadratic form and

(iii) ν is a cylindrical measure on K.

Moreover, the Lévy-Itô decomposition of L is given by

L(t)x∗ = b(x∗)t + q(x∗)Wx∗(t) +
∫

BR
yÑx∗(t, dy) +

∫
Bc
R

yNx∗(t, dy), (3.6)

where B1 := {y ∈ R : |y| < 1}.

See [1, Theorem 2.4.16, p. 126, Theorem 2.4.25, p. 129].

Definition 3.62. A cylindrical Lévy process is called a purely discontinuous cylindrical

Lévy process if and only if its Gaussian part, i.e., the cylindrical Wiener process in the

decomposition (3.6), is equal to 0.

Remark 3.63. From Remark 3.61, it follows that a cylindrical Lévy process is purely dis-

continuous if and only if it has characteristics (b, 0, ν), meaning that the Gaussian part is

absent.
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4. p-Summing and p-Radonifying Operators

In this section we will use Definition 3.12.

By ⟨x j, x∗⟩ we will denote the duality pairing between K and K∗. We will use notation

⟨x, x∗⟩ instead of x∗(x). By BK∗ we denote the unit ball in K∗. Note that

|⟨x, x∗⟩| ≤ |x|K|x∗|K∗ , x ∈ K, x∗ ∈ K∗.

The following definition is from book [16, chapter 2, p. 31] by Diestel, Jarchow and

Tonge, see condition (Πp).

Definition 4.1. Assume that K and E are separable Banach spaces and p ∈ [1,∞). A linear

map ψ : K → E is called p-summing (or absolutely p-summing) if and only if there exists

a constant C ≥ 0 such that for every n ∈ N,
n∑

j=1

|ψx j|
p
E ≤ Cp sup

{ n∑
j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}
,

for all x1, · · · , xn ∈ K.

(4.1)

The 1-summing operator is simply called (absolutely) summing operator.

Here for x∗ ∈ K∗, the norm |x∗|K∗ is defined by

|x∗|K∗ := sup
{
|⟨x, x∗⟩| : x ∈ BK

}
= inf

{
C : |⟨x, x∗⟩| ≤ C|x|, x ∈ K

}
,

where BK is the closed unit ball in K.

The p-summing norm of a p-summing operator ψ, denoted by πp(ψ) or ∥ψ∥Πp(K,E), is the

smallest number C ≥ 0 for which the condition (4.1) is satisfied. We denote the space of all

p-summing linear operators from K to E by the symbol Πp(K,E).

Definition 4.2. [45, p. 103] Assume that K is a normed vector space and p ∈ [1,∞). A

sequence (xn)∞n=1 of elements of K is called weakly p-summable if and only if
∞∑

n=1

∣∣∣⟨xn, x∗⟩
∣∣∣p < ∞, for every x∗ ∈ K∗.

We denote the set of all such sequences in K by ℓweak
p (K).

A sequence (xn)∞n=1 of elements of K is called strongly p-summable if and only if
∞∑

n=1

|xn|
p
K < ∞.
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We denote the set of all such sequences in K by ℓstrong
p (K).

Corollary 4.3. [45, p. 104] For any p ∈ [1,∞), in every infinite-dimensional normed vector

space K, there exists a sequence which is weakly p-summable but not strongly p-summable.

Theorem 4.4. ψ ∈ Πp(K,E) if and only if the linear operator ψ̂ defined by

ψ̂ : ℓweak
p (K) ∋ (xn)∞n=1 7→ (ψxn)∞n=1 ∈ ℓ

strong
p (E)

is bounded.

Proposition 4.5. [16, p. 31] Assume that K and E are separable Banach spaces and p ∈

[1,∞). If ψ ∈ Πp(K,E), then ψ ∈ L (K,E) and the following inequality holds

∥ψ∥L (K,E) ≤ πp(ψ).

Proof of Proposition 4.5. Let us choose and fix an arbitrary ψ ∈ Πp(K,E).

Let us recall that the (uniform) norm on L (K,E) is defined by

∥ψ∥L (K,E) = inf
{
C > 0 : |ψx|E ≤ C|x|K, x ∈ K

}
Therefore, it is sufficient to prove that

|ψx|E ≤ πp(ψ)|x|K, x ∈ K. (4.2)

Let us choose and fix an arbitrary x ∈ K. Applying inequality (4.1) with n = 1 and

x1 = x we have

|ψx|pE =
1∑

j=1

|ψx j|
p
E ≤ π

p
p(ψ) sup

{ 1∑
j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}
= πp

p(ψ) sup
{ ∣∣∣⟨x, x∗⟩∣∣∣p : x∗ ∈ BK∗

}
≤ πp

p(ψ) |x|pK.

The proof of (4.2) is thus complete. □

Proposition 4.6. The space Πp(K,E) is a vector space.

Proof of Proposition 4.6. If ψ1, ψ2 ∈ Πp(K,E) and α1, α2 ∈ R, then we define

[α1ψ1 + α2ψ2](x) = α1ψ1(x) + α2ψ2(x), x ∈ K. (4.3)

Our aim is to prove that if linear operators ψ1, ψ2 ∈ Πp(K,E) then
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(i) α1ψ1 + α2ψ2 is a linear map and

(ii) α1ψ1 + α2ψ2 belongs to the set Πp(K,E), i.e., it satisfies condition (4.1).

We will show the following.

Step 1. α1ψ1 + α2ψ2 is a linear map.

Firstly show that conditions (V1) and (V2) in Definition F.25 hold for any x ∈ K.

Next show further that, if we choose and fix x1, x2 ∈ K and scalars β1, β2 ∈ R, the

following equation holds.

(α1ψ1 + α2ψ2)(β1x1 + β2x2) = β1(α1ψ1 + α2ψ2)(x1) + β2(α1ψ1 + α2ψ2)(x2).

Step 2. α1ψ1 + α2ψ2 is p-summing.

Proof of Step 1 is standard and is presented in the Appendix G.

Proof of Step 2. We will show that the linear α1ψ1 + α2ψ2 is p-summing.

We need to prove that α1ψ1 and ψ1 + ψ2 are p-summing operators when α1 ∈ R and

ψ1 + ψ2 ∈ Πp(K,E). For this purpose, let us choose a natural number n ∈ N and a finite

sequence x1, · · · , xn ∈ K. By assumptions ψi satisfies inequality (4.1) with constant Ci.

First, for α1ψ1, by the linearity we proved in (i), we have( n∑
j=1

|(α1ψ1)x j

∣∣∣p
E

) 1
p
=

( n∑
j=1

|α1(ψ1x j)|
p
E

) 1
p
=

( n∑
j=1

|α1|
p |ψ1x j|

p
E

) 1
p
=

(
|α1|

p
n∑

j=1

|ψ1x j|
p
E

) 1
p

= |α1|
( n∑

j=1

|ψ1x j|
p
E

) 1
p
≤ |α1|C1 sup

{ n∑
j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

} 1
p

Therefore, α1ψ1 satisfies inequality (4.1) with constant |α1|C1.

Secondly, for ψ1 + ψ2, we consider( n∑
j=1

|(ψ1 + ψ2)x j|
p
E

) 1
p
=

( n∑
j=1

|ψ1x j + ψ2x j|
p
E

) 1
p
≤

( n∑
j=1

(|ψ1x j|E + |ψ2x j|E)p
) 1

p
· · ·

by the definition of ψ1 + ψ2 and by the triangle inequality in E.

Next, applying the Minkowski inequality for R, see [37, Theorem 3.9][41, Corollary

13.4], we have

· · · ≤
( n∑

j=1

(|ψ1x j|E)p
) 1

p
+

( n∑
j=1

(|ψ2x j|E)p
) 1

p
· · ·
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Since ψi satisfies inequality (4.1) with constant Ci, we have

· · · ≤ C1 sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

} 1
p
+C2 sup

{ n∑
j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

} 1
p

= (C1 +C2) sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

} 1
p
.

So we proved that that ψ1 + ψ2 satisfies inequality (4.1) with constant C1 + C2, i.e., we

proved what we wanted in Step 2. □

Hence the proof of Proposition 4.6 is complete. □

Proposition 4.7. The function πp is a norm on the vector space Πp(K,E).

Proof of Proposition 4.7. We need to prove:

(N1) πp(ψ) ≥ 0 for every ψ ∈ Πp(K,E) and πp(0) = 0;

(N2) if ψ ∈ Πp(K,E) and πp(ψ) = 0 then ψ = 0;

(N3) if ψ ∈ Πp(K,E) and α ∈ R then

πp(αψ) = |α| πp(ψ); (4.4)

(N4) if ψ1 ∈ Πp(K,E) and ψ2 ∈ Πp(K,E) then

πp(ψ1 + ψ2) ≤ πp(ψ1) + πp(ψ2). (4.5)

(Ad N1) Obviously πp(ψ) ≥ 0 for every ψ ∈ Πp(K,E), because an infimum of a non-

empty subset of [0,∞) belongs to [0,∞).

If ψ = 0, then inequality (4.1) is satisfies with C = 0, because the LHS of (4.1) equals∑n
j=1 |0|

p
E = 0, while its RHS, 0 < |x∗|K ≤ 1. Hence πp(0) = 0.

(Ad N2) Let us choose and fix ψ ∈ Πp(K,E) such that πp(ψ) = 0. This means, by

Exercise G.1 in the Appendix, the smallest number C for (4.1) to satisfy is 0.

Hence, by applying inequality (4.1) with n = 1 and one-element sequence x1 ∈ K, we

get |ψx1|
p
E ≤ 0. Since the norm is nonnegative, we infer that |ψx j|

p = 0, which in turn

implies that ψx1 = 0. Since x1 is an arbitrary element of K we infer that ψ = 0.
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(Ad N3) Let us choose and fix ψ ∈ Πp(K,E). Our aim is to show (4.4). The LHS of

inequality (4.4) is the infimum of a certain set of numbers. Thus, see [36], in order to prove

the (4.4) it is sufficient that the LHS of inequality (4.4) belong to that set of numbers, i.e.,

inequality (4.1) for αψ is satisfied with C = πp(αψ), i.e., we need to show that for every

n ∈ N and every finite sequence x1, · · · , xn ∈ K,

n∑
j=1

|(αψ)x j|E ≤ |α|πp(ψ) sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p
. (4.6)

Let us prove inequality (4.6).

n∑
j=1

|(αψ)x j|E =

n∑
j=1

|αψ(x j)|E =
n∑

j=1

|α||ψ(x j)|E = |α|
n∑

j=1

|ψ(x j)|E

≤ |α|πp(ψ) sup
{ 1∑

i=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p
.

Hence we have

πp(αψ) = |α|πp(ψ).

(Ad N4) Let us choose and fix ψ1, ψ2 ∈ Πp(K,E). Our aim is to show that

πp(ψ1 + ψ2) ≤ πp(ψ1) + πp(ψ2).

The LHS of inequality (4.5) is the infimum of a certain set of numbers. In order to prove

the (4.5) it is sufficient to prove that the RHS of inequality (4.5) belong to that set of

numbers. In other words, it is sufficient to show that inequality (4.1) holds for ψ1 +ψ2 with

C = πp(ψ1) + πp(ψ2). Thus we need to show that for every n ∈ N and every finite sequence

x1, · · · , xn ∈ K,

n∑
j=1

|(ψ1 + ψ2)x j|E ≤ (πp(ψ1) + πp(ψ2)) sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p
. (4.8)
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Let us prove inequality (4.8).
n∑

j=1

|(ψ1 + ψ2)x j|E =

n∑
j=1

|ψ1x j + ψ2x j|E

≤

n∑
j=1

(|ψ1x j|E + |ψ2x j|E) =
n∑

j=1

|ψ1x j|E +

n∑
j=1

+|ψ2x j|E

≤ πp(ψ1) sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p
+ πp(ψ2) sup

{ n∑
j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p

= (πp(ψ1) + πp(ψ2)) sup
{ n∑

j=1

∣∣∣⟨x j, x∗⟩
∣∣∣p : x∗ ∈ BK∗

}1/p
.

Thus, we have proved what we set out to prove.

□

Definition 4.8. A normed vector space X is a Banach space if and only if every X-valued

Cauchy sequence has a limit that also belongs to the space.

Proposition 4.9. [16, Proposition 2.6, p. 38] The space Πp(K,E) with norm πp is a Banach

space.

A proof of Proposition 4.9 can be found in the [16, p. 38].

In what follows, we will introduce new concepts related to the spaces of type p and

cotype p in preparation for introducing the key concept of radonifying operators.

Let us recall that by N we denote set of positive integers, i.e., the smallest element of

N is 1. The following definitions are taken from [45]. Let us recall that a ε is Bernoulli

random variable if and only if P(ε = 1) = P(ε = −1) = 1
2 .

Definition 4.10. [45, p. xix-xx, p. 316] Assume that 0 ≤ p < ∞ and K is a Banach space.

We put

ℓp(K) = {(xn) ∈ KN :
∞∑

n=1

∥xn∥
p < ∞}.

Let ε = (εn) be a sequence of independent Bernoulli random variables and 0 ≤ p < ∞.

sp[K] = sp[ε; K] = {(xn) ∈ KN : series
∑

xnεn converges in K a.s.

and
∞∑

n=1

xnεn ∈ Lp(Ω; K)}
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It can be shown, see [45, Theorem V.2, p. 320-321] that the space sp[ε; K] does not

depend on index p and is therefore denoted by s[K].

Definition 4.11. Assume that 0 < p < ∞. A Banach space K is said to be a space of type

p if and only if ℓp(K) ⊂ s[K].

Definition 4.12. Assume that 0 < q < ∞. A Banach space K is said to be a space of cotype

q if and only if s[K] ⊂ ℓq(K).

Proposition 4.13. [16, Theorem 11.14, p. 223] Suppose that E has cotype q with 2 ≤

q < ∞, and that K is a compact Hausdorff space, see Definition F.20, Denote by C(K) the

Banach space of continuous scalar-valued functions on K endowed with the sup norm.

If 1 ≤ p, q < ∞, we denote by Πq,p(C(K),E) the space of all (q, p)-summing operators

from C(K) to E, that is, bounded linear operators T : C(K) → E such that there exists a

constant C > 0 such that∑
i

∥T xi∥
q

1/q

≤ C sup
φ∈BC(K)∗

∑
i

|φ(xi)|p
1/p

for all finite C(K)-valued sequences (xi).

Then following hold:

(a) if q = 2, then

L (C(K),E) = Π2(C(K),E),

(b) if 2 < q < r < ∞ and p < q, then

L (C(K),E) = Πq,p(C(K),E) = Πr(C(K),E),

Note that, localization allows us to replace C(K) in this theorem by any L ∞-space.

Remark 4.14. One can ask a question if the space Πp(K,E) is separable.

Our understanding of part (a) [16, Theorem 11.14, p. 223] is as follows. If E is any

Banach space, then by [16, p. 31], see Proposition 4.5,

Π2(C(K),E) ⊂ L (C(K),E)

and the corresponding embedding

i : Π2(C(K),E) ↪→ L (C(K),E)
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is bounded. Moreover, according to the proof of part (a) [16, Theorem 11.14, p. 223], if E

is a Banach space of cotype q = 2, then every i ∈ L (C(K),E) belongs also to Π2(C(K),E).

Hence by the Open Mapping Theorem, it follows that i is an isomorphism of Banach spaces.

The same argument applies to part (b).

We also think that the continuity of i−1 is proven implicitly while proving that i is a surjec-

tion.

The following answer to the above question is based on [46].

On one hand, [16, Theorem 11.14, p. 223]), if K = C(K) and E has cotype q = 2, then

the space Π2(C(K); Y) is isomorphic to the space L (C(K); Y). Therefore, the former space

is not separable because latter space is not separable neither.

On the other hand, if K is a separable Hilbert space and E is a Banach space of cotype

q = 2, then for every p ∈ [2,∞), Πp(K,E) = γ(ℓ2,E), see [16, Corollary 12.7 and Theorem

12.12]. Then, by the Hofmann-Jorgenson-Kwapien Theorem which states that γ(K,E)

is separable if both K and E are separable, we deduce that the Banach space Πp(K,E)

is separable when both the Hilbert space K and the cotype 2 Banach space E are both

separable.

In our understanding the equalities stated in [16, Corollary 12.7] are not only set-

theoretical but also in the sense isomorphisms of Banach spaces.

Definition 4.15. [45, p. 27] A Borel measure µ : B(X) → [0,∞) on a topological space X

is regular if and only if for every B ∈ B(X) the following condition holds:

µ(B) = sup{µ(A) : A ⊂ B, A is closed}

Definition 4.16. [45, p. 28] A finite Borel measure µ : X → [0,∞) on Hausdorff topologi-

cal space X is a Radon measure if and only if for every B ∈ B(X),

µ(B) = sup{µ(A) : A ⊂ B, A is compact} (4.9)

We say that a measure µ is tight if and only if condition (4.9) is satisfied with B = X.

Proposition 4.17. Each Radon measure is regular and tight and vice versa.

The following corollary establishes a key relationship between p-Radonifying operators

and p-summing operators in the context of Banach spaces.
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Definition 4.18. [45, V.5, p. 315-316, p.320-321] Assume that K is a normed vector space,

0 ≤ q ≤ p < ∞. A cylindrical (probability) measure µ on K is said to be of type p if and

only if it is of weak order p and the map

K∗ ∋ x∗ 7→
∫

K
|⟨x, x∗⟩|p dµ(x) ∈ R

is continuous.

Definition 4.19. [45, VI.5.2, p. 416] Assume that K and E are two normed vector spaces,

0 ≤ q ≤ p < ∞. A continuous linear operator

ψ : K→ E

is (q, p)-Radonifying if and only if for every cylindrical (probability) measure µ on K of

type p, the cylindrical measure ψ(µ) = µ ◦ ψ−1 extends to a Radon measure on E of strong

order q.

A (p, p)-Radonifying operator is called p-Radonifying. We denote the class of all (q, p)-

Radonifying operators ψ : K → E by the symbol Rp,q(K,E), and the class Rp,p(K,E) will

be denoted by Rp(K,E).

Note that if q > p, the only (q, p)-Radonifying operator is the null-operator.

The previous definition of a (q, p)-Radonifying operator was given in terms of cylindri-

cal and Radon measures. The result gives an equivalent characterization of such operators

in terms of cylindrical and true random variables.

Proposition 4.20. [45, Proposition 5.2, p. 416] Assume that K,E are normed vector spaces

and p, q ∈ [0,∞). Assume also that ψ : K → E is a continuous linear operator. Then, the

following conditions are equivalent:

(i) ψ ∈ Rp,q(K,E);

(ii) for each probability space (Ω,F ,P) and for each continuous linear operator

X : K∗ → Lp(Ω,F ,P), (4.10)

i.e., for each cylindrical random variable K such that (4.10) holds, the linear operator

X ◦ ψ∗ : E∗ → Lq(Ω,F ,P)
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i.e., the cylindrical random variable X ◦ ψ∗ in E is induced by a true E-valued random

variable.

See [45, p. 416-417] for proof of Proposition 4.20.

Proposition 4.21. [45, Proposition 5.4, p. 418] Let K,E be Banach spaces, p ∈ [1,∞),

and let ψ : K → E∗ be a continuous linear operator such that for any cylindrical measure

of type p on K the cylindrical measure ψ(µ) is countably additive on Z(E∗,E). Then ψ is

p-summing.

Corollary 4.22. [45, Corollary 2, p. 419] For Banach spaces K,E and p ∈ [1,∞). Each

p-Radonifying operator ψ : K→ E is p-summing.

The following result can be found in [45, Theorems 5.4 and 5.5, p. 423, p. 427].

Theorem 4.23. Assume that K,E are Banach spaces and

(i) p > 1 or

(ii) p = 1 and E has the Radon-Nikodym property

Then Πp(K,E) = Rp(K,E).

Proof of Theorem 4.23. By Corollary 4.22 we have Rp(K,E) ⊂ Πp(K,E), proof of the re-

verse inclusion can be found on [45, Theorem 5.4, p. 423 and Theorem 5.5, p. 427]. □

Note that in [45, p. 446] the following is written: Theorem 5.5 was taken from a paper

by L. Schwartz [42]. Theorem 5.4 is attributed to S. Kwapien [25] on a theorem of L.

Schwartz, without providing a detailed reference.
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5. Itô Integral of Cylindrical Lévy Process

5.1. Preliminaries. Let us list a family of assumptions that will be used throughout the

session. In each result, we will explicitly specify which assumptions are being applied.

Assumption 5.1. We assume that (Ω,F ,F,P), where F = (Ft)t≥0, is a filtered probability

measure space.

Assumption 5.2. We assume that T > 0.

Assumption 5.3. We assume that p ∈ [1, 2].

Assumption 5.4. We assume that K,E are separable Banach spaces.

Assumption 5.5. We assume that the Banach space E is of martingale type p. If p = 1,

we additionally assume that E satisfies the Radon-Nikodym property (RNP), see Definition

3.7.

Assumption 5.6. We assume that a cylindrical Lévy measure ν in K, see Definition 3.25,

satisfies the following condition. There exists q ∈ [1, 2] such that∫
K
|x∗(x)|q ν(dx) < ∞, ∀x∗ ∈ K∗ (5.1)

Note that condition (5.1) can be rewritten as∫
R

|y|q
(
ν ◦ (x∗)−1

)
(dy) < ∞, ∀x∗ ∈ K∗,

where ν ◦ (x∗)−1 denotes the pushforward measure on B(R) given by(
ν ◦ (x∗)−1

)
(B) = ν

(
(x∗)−1(B)

)
, B ∈ B(R).

Assumption 5.7. We assume that L is a cylindrical Lévy process, see Definitions 2.51 and

3.36, on K with finite q-th weak moments, where q ∈ [1, 2]. Furthermore, L is assumed to be

1-integrable, weakly mean-zero, purely discontinuous, see Definition 3.62, and associated

with the cylindrical Lévy measure ν from Assumption 5.6.

Assumption 5.8. Assume that (Ω,F ,P) is a probability space, F = (Ft)t≥0 is a filtration and

that (L(t) : t ≥ 0) is a cylindrical F-Lévy martingale in a Banach space K, see Definition

3.53.
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Definition 5.9. The predictable σ-field on [0,T ]×Ω, denoted byP, is the σ-field generated

by all processes

ψ : [0,T ] ×Ω→ R

such that

(1) ψ is an F-adapted process;

(2) for every ω ∈ Ω, the path (or trajectory)

[0,T ] ∋ t 7→ ψ(t, ω) ∈ R

is left-continuous.

In other words, P is the smallest σ-field such that all left continuous and F-adapted R-

valued processes on [0,T ] ×Ω are measurable with respect to it, see Definition 2.80.

Example 5.10. If t ∈ [0,T ] then the function

1[0,t] : [0,T ] ×Ω ∋ (s, ω) 7→ 1[0,t](s) ∈ R,

is left-continuous and adapted, and hence it is P-measurable. Therefore, the set

[0, t] ×Ω = (1[0,t])−1({1}).

belongs to the predictable σ-field P.

Since the spaceΠp(K,E) may not be separable, see Remark 4.14, in the definition below

we use the Borel σ-field B(Πp(K,E)) of subsets of Πp(K,E) and not the so called strong

Borel σ-field Bs(Πp(K,E)).

Definition 5.11. Assume that K,E are separable Banach spaces. We denote byB(Πp(K,E))

the Borel σ-field on Πp(K,E) with p ∈ (1, 2], i.e., the σ-field generated by the following

family of sets {
L ∈ Πp(K,E) : L(x) ∈ B

}
, B ∈ B(E).

A process

ψ : [0,T ] ×Ω→ Πp(K,E)

is called predictable if and only if it is P/B(Πp(K,E))-measurable, i.e., for every set A ∈

B(Πp(K,E)),

ψ−1(A) = {(s, ω) ∈ [0,T ] ×Ω : ψ(s, ω) ∈ A} ∈ P.
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Remark 5.12. Let Bs(Πp(K,E)) be the strong-Borel σ-field on Πp(K,E), i.e., the σ-field

generated by the following family of sets{
L ∈ Πp(K,E) : L(x) ∈ B

}
, x ∈ K, B ∈ B(E).

If Πp(K,E) is separable, then, according to Corollary 2.5, the process ψ is P/Bs(Πp(K,E))

measurable if and only if the process ψ is P/B(Πp(K,E))-measurable.

Remark 5.13. Predictable processes are adapted and measurable w.r.t. the predictable σ-

field P on [0,∞) × Ω, where P is generated by left-continuous, adapted processes with

right limits (càglàd). The predictable σ-field P is the smallest σ-field w.r.t which all

such processes measurable. There are examples of predictable processes that are not left-

continuous, see [32, Chapter I, Section 2], or [33, Chapter 1], or [35, Chapter II].

Definition 5.14. [23, p. 92] Let λp(0,T ;Πp(K,E)) be the class of all predictable Πp(K,E)-

valued processes

ψ : [0,T ] ×Ω→ Πp(K,E)

such that

∥ψ∥λp :=
(
E

∫ T

0
∥ψ(s)∥pp ds

) 1
p
< ∞. (5.2)

Definition 5.15. We say that two processes ψ and ϕ belonging to λp(0,T ;Πp(K,E)) are

equivalent, and denote by ψ ∼ ϕ, if and only if

∥ψ − ϕ∥λp = 0.

Proposition 5.16. The relation ψ ∼ ϕ is an equivalence relation in the space λp(0,T ;Πp(K,E).

Before we embark on the proof, let us formulate an equivalent version of the Definition

5.15 in the following remark.

Remark 5.17. By Definition 5.14, the norm in λp(0,T ;Πp(K,E)) is given by (5.2). Apply-

ing this to ψ − ϕ, we get

∥ψ − ϕ∥λp :=
(
E

∫ T

0
∥ψ(s) − ϕ(s)∥pp ds

) 1
p
.

By definition, ψ ∼ ϕ, if and only if

∥ψ − ϕ∥λp = 0.
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Since the integrand ∥ψ(s) − ϕ(s)∥pp is nonnegative, the only way for its expectation to be

zero is if

∥ψ(s) − ϕ(s)∥pp = 0,

for almost all (s, ω) ∈ [0,T ] ×Ω. Hence

ψ(s, ω) = ϕ(s, ω) for almost all (s, ω).

Thus, the processes ψ and ϕ are equivalent in λp(0,T ;Πp(K,E)) if and only if they are equal

almost everywhere w.r.t. [0,T ] ×Ω.

Proof of Proposition 5.16. To this end, we need to verify the following properties, for all

ψ, ϕ and χ.

(1) ψ ∼ ψ

(2) If ψ ∼ ϕ, then ϕ ∼ ψ

(3) If ψ ∼ ϕ and ϕ ∼ χ, then ψ ∼ χ.

Ad (1) We need to show ψ ∼ ψ, i.e., ∥ψ − ψ∥λp = 0. But

∥ψ − ψ∥λp =
(
E

∫ T

0
∥ψ(s) − ψ(s)∥pp ds

)1/p
=

(
E

∫ T

0
0 ds

)1/p
= 0.

Hence ψ ∼ ψ.

Ad (2) Suppose ψ ∼ ϕ, i.e., ∥ψ − ϕ∥λp = 0. Since the norm is symmetric, we have

∥ψ − ϕ∥λp = ∥ϕ − ψ∥λp = 0.

Hence ϕ ∼ ψ.

Ad (3) Suppose ψ ∼ ϕ and ϕ ∼ χ, i.e.,

∥ψ − ϕ∥λp = 0 and ∥ψ − χ∥λp = 0.

Using the triangle inequality, we have

∥ψ − χ∥λp ≤ ∥ψ − ϕ∥λp + ∥ϕ − χ∥λp = 0 + 0 = 0.

Hence ψ ∼ χ.

□
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Definition 5.18. We denote by Λp(0,T ;Πp(K,E)) the space of equivalence classes of pro-

cesses in λp(0,T ;Πp(K,E))

Λp(0,T ;Πp(K,E)) B λp(0,T ;Πp(K,E))/ ∼,

where the space λp(0,T ;Πp(K,E)) is defined in Definition 5.14 and the equivalence relation

∼ is defined in Definition 5.15.

The norm in Λp(0,T ;Πp(K,E)) is defined by

∥[ψ]∼∥Λp B

(
E

∫ T

0
|ψ(t)|p

Πp
dt

)1/p

= ∥ψ∥λp

The next definition is quickly recalled on pages 49-50 of [17].

Definition 5.19. By Lp([0,T ]×Ω,P,Leb⊗ P;Πp(K,E)) we mean the space of all (equiva-

lence classes of ) P-measurable functions

ψ : [0,T ] ×Ω→ Πp(K,E)

such that

∫
[0,T ]×Ω

πp
p(ψ(t, ω)) (Leb ⊗ P) (dt, dω) = E

∫ T

0
πp

p(ψ(t)) dt < ∞.

This space is equipped with the norm

∥ψ∥Lp B

(
E

∫ T

0
πp

p(ψ(t)) dt
)1/p

.

As a direct consequence of the above definitions, we obtain the following.

Proposition 5.20. We have

Λp(0,T ;Πp(K,E)) = Lp([0,T ] ×Ω,P,Leb ⊗ P;Πp(K,E)) (5.3)

with equal norms.

The following corollary follows from Proposition 4.9 and [17, Chapter 2].

Corollary 5.21. The space in (5.3)

Λp(0,T ;Πp(K,E)) := Lp([0,T ] ×Ω,P,Leb ⊗ P;Πp(K,E))

is a Banach space.
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Definition 5.22. [23, p. 92] A stochastic Πp(K,E)-valued step process is a process of the

following form

ψ(t) = ψ01{0}(t) +
N−1∑
k=0

ψk1(tk ,tk+1](t), t ∈ [0,T ], (5.4)

such that

(i) 0 = t0 < t1 < · · · < tN = T;

(ii) for each k = 0, · · · ,N, ψk : Ω → Πp(K,E) is a simple Πp(K,E)-valued random

variable, i.e., finitely valued function, see equation (2.1), of the following form

ψk =

mk∑
i=1

1Ak,iψk,i, (5.5)

for some mk ∈ N and some pairwise disjoint sets Ak,1, · · · , Ak,mk ∈ Ftk and some

ψk,1, · · · , ψk,mk ∈ Πp(K,E).

In particular, each ψk : Ω → Πp(K,E) is an Ftk/Bs(Πp(K,E))-measurable p-

integrable simple function.

We denote the space of allΠp(K,E)-valued stochastic step processes by λp
step(0,T ;Πp(K,E))

and the space of its equivalence classes by Λp
step(0,T ;Πp(K,E)).

Note that we use the following notation

Λp(0,T ;Πp(K,E)) := {[ψ] = [ψ]∼ : ψ ∈ λp(0,T ;Πp(K,E))}.

Λ
p
step(0,T ;Πp(K,E)) := {[ψk] = [ψk]∼ : ψk ∈ λ

p
step(0,T ;Πp(K,E))}.

Here, Λp and Λp
step represent the equivalent classes of the spaces λp and λp

step, respectively.

From this point onward, we assume that Assumption 5.8 holds.

In the following lemma we will use the following notation, which is a special case

of Definition 3.10 and Proposition 3.11, i.e. L (K∗; Lp(Ω,R)) is the Banach space of all

bounded linear maps A : K∗ → Lp(Ω,R) equipped with the norm defined in two equivalent

ways

∥A∥L (K∗;Lp(Ω,R)) := sup
{
∥Ax∗∥Lp(Ω,R) : x∗ ∈ K∗, ∥x∗∥K∗ ≤ 1

}
,

or

∥A∥L (K∗;Lp(Ω,R)) := inf
{
C > 0 : ∥Ax∗∥Lp(Ω,R) ≤ C∥x∗∥K∗ : x∗ ∈ K∗

}
.
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Lemma 5.23. Assume that a cylindrical Lévy process L in K satisfies Assumption 5.8.

Suppose that p ∈ [1, 2]. If L is weakly p-integrable, then for every T > 0 there exists a

constant C such that for every t ∈ [0,T ], the following inequality holds

∥L(t)∥pL (K∗;Lp(Ω,R)) ≤ Ct,

Equivalently, for every element x∗ ∈ K∗, we have

∥L(t)x∗∥Lp(Ω,R) ≤ Ct ∥x∗∥K∗

or

(E∥L(t)x∗∥p)1/p
≤ Ct ∥x∗∥K∗ .

Digression 5.24. Since (L(t) : t ≥ 0) is a cylindrical F-Lévy martingale, see Definition

3.53, for every t ≥ 0, L(t) is a cylindrical random variable, i.e.

L(t) : K∗ ∋ x∗ 7→ L(t)x∗ ∈ L0(Ω,F ,P;R) is a linear map.

In addition, the process is weakly p-integrable, which implies that for every x∗ ∈ K∗, the

random variable L(t)x∗ is p-integrable. In other words, the R-valued random variable

L(t)x∗ belongs to Lp(Ω,F ,P;R), abbreviated as Lp(Ω;R), for x∗ ∈ K∗. Thus, for every

t ≥ 0, the map

L(t) : K∗ → Lp(Ω,F ,P;R) (5.6)

is a linear map.

In the course of the proof of Lemma 5.23 we will show that the norm of the linear map

(5.6) is ≤ Ct1/p.

Proof of Lemma 5.23. Let us choose and fix p ∈ [1, 2]. Let (Ω,F ,F,P) be the filtered

probability space as in Assumption 5.1.

Note that assumptions of Proposition 3.59 are satisfied and therefore we infer that for

every t > 0, L(t) belongs to the space L (K∗; Lp(Ω,R)) and is continuous. We have to find

a constant C > 0 such that the norm of this linear map is bounded from above by Ct1/p for

t ∈ [0,T ].

For this purpose we choose and fix T > 0 and define a normed vector space Rp(T ), see

[30, p.164] for a similar object, by

Rp(T ) = {ψ : [0,T ] ×Ω→ R : ψ is F-progressively measurable and ∥ψ∥Rp < ∞}, (5.7)
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where the norm ∥ · ∥Rp is defined by

∥ψ∥Rp = sup
t∈(0,T ]

1
t1/p (E

[
∥ψ(t)∥p

]
)1/p.

One can prove, see Lemma G.14, that Rp(T ) is a Banach space.

Next, let us observe, that for every t ∈ (0,T ], the following inequality holds

E
[
∥ψ(t)∥p

]
≤ t ∥ψ∥pRp

, for every ψ ∈ Rp.

In particular, since E
[
∥ψ∥p

]
= ∥ψ∥

p
Lp(Ω), for every t ∈ (0,T ], the map

Rp ∋ ψ 7→ ψ(t) ∈ Lp(Ω)

is (obviously) linear and bounded (and hence continuous).

Since, by Assumption 5.8, the process L is a cylindrical F-Lévy martingale, by the

properties of R-valued Lévy martingales, see [2, Theorem 2.7], we have

E(L(t)x∗) = Ct.

Moreover, by [2, Remark 4.9, eq. (4.2) on p. 713], and by [30, Th. 8.23(i), p. 129], we get

E[∥L(t)x∗∥p] = E∥
∫ t

0

∫
R\{0}

x Ñ(ds, dx)∥p

≤ CE
∫ t

0

∫
R\{0}
|x|p

(
ν ◦ (x∗)−1) dx ds

= Ct
∫
R\{0}
|x|p

(
ν ◦ (x∗)−1) dx.

where ν ◦ (x∗)−1 is the pushforward measure of the cylindrical Lévy measure ν, see Def-

initions 3.21,3.24 and 3.25, which satisfies Assumption 5.6; Ñ is the compensated Poisson

random measure associated with a Lévy process.

In short, there exists a constant C > 0 such that

E[∥L(t)x∗∥p] ≤ Ct
∫
R

|x|p
(
ν ◦ (x∗)−1) dx, for all x∗ ∈ K∗, t ≥ 0. (5.8)

Let us temporarily choose and fix x∗ ∈ K∗ and define the process ψ by

ψ : [0,T ] ×Ω ∋ (t, ω) 7→ L(t, ω)x∗ ∈ R.

We will show that

(i) ψ is progressively measurable.

(ii) ψ belongs to the space Rp.
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Ad (i). By Corollary 3.54, we infer that the process ψ is progressively measurable and

hence the claim (i). □

Ad (ii). We need to show that ∥ψ∥Rp(T ) < ∞.

By using inequality (5.8), we have

∥ψ∥Rp(T ) = sup
t∈(0,T ]

1
t1/p (E

[
∥ψ(t)∥p

]
)1/p

= sup
t∈(0,T ]

1
t1/p (E

[
∥L(t, ω)x∗∥p])1/p

≤ sup
t∈(0,T ]

1
t1/p

(
ct

∫
R

|x|p
(
ν ◦ (x∗)−1) dx

)1/p

= c1/p
(∫
R

|x|p
(
ν ◦ (x∗)−1) dx

)1/p
< ∞,

since
∫
R
|x|p

(
ν ◦ (x∗)−1) dx < ∞ under Assumption 5.6. Hence the claim (ii). □

After we have shown (ii) we can define a map L̂ : K∗ → Rp by

L̂x∗ = (L(t)x∗ : t ∈ [0,T ]).

We observe that in view of (i) and (ii), (i’) L̂ is well-defined. Moreover, we will show that

(ii’) L̂ is a linear map.

To show the linearity, we have to show that for any x∗, y∗ ∈ K∗ and a constant α ∈ R, the

following equality holds

L̂(αx∗ + y∗) = L(t)(ax∗ + y∗)

= L(t)(ax∗) + L(t)y∗

= aL(t)(x∗) + L(t)y∗

= αL̂x∗ + L̂y∗

Finally, we will show that (iii’) L̂ is a continuous map. For this purpose we will use the

closed graph theorem, see Theorem F.18, in the same as the proof to Proposition 3.59.

Indeed, we can easily check the first two assumptions of the closed graph theorem are

satisfied, i.e.:

(a) K∗ and, by Lemma G.14, Rp are both Banach spaces and hence Fréchet spaces.
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(b) the map L̂ is linear, as proved in part (ii’).

It remains to show that the third assumption, i.e.,

(c) the graph G of the map L̂ is a closed subset of K∗ × Rp. For this purpose we take a

sequence of elements of G, i.e., (x∗n, L(t)x∗n) ∈ G such that

(x∗n, L(t)x∗n)→ (x∗, y) ∈ K∗ × Rp

This means that

x∗n → x∗ ∈ K∗

L(t)x∗n → y ∈ Rp.

We need to show that the limit (x∗, y) belongs to the graph G, i.e.

y = L(t)x∗.

Since L(t)x∗ are cylindrical random variables, by Definition 3.27, it is continuous.

Therefore, since x∗n → x∗ in K∗, L(t)x∗n → L(t)x∗ in Rp. On the other hand, L(t)x∗n →

y in Rp which implies that L(t)x∗n → y in Rp. Now, we have two limits of the same

sequence in Rp. Hence these limits are equal, i.e., y = L(t)x∗.

Hence the assumptions of the Closed Graph Theorem, see Theorem F.18, are all satisfied

and therefore, we infer that L̂ : K∗ → Rp is continuous and hence, since it is linear,

bounded. Thus there exists C > 0 such that for every x∗ ∈ K∗,

∥L̂x∗∥Rp ≤ C |x∗|K∗ .

By the definitions of the space Rp(T ) and the operator L̂, we infer that

sup
t∈(0,T ]

1
t1/p

(
E
[
∥L(t)x∗∥p

])1/p
≤ C |x∗|K∗ , x∗ ∈ K∗.

Hence,

E
[
∥L(t)x∗∥p

]
≤ Ct |x∗|pK∗ , t ∈ (0,T ], x∗ ∈ K∗.

□

Definition 5.25. Let 0 ≤ s < t ≤ T, and assume that Assumptions 5.4 and 5.5 hold

with p ∈ [1, 2]. Assume that for every k = 0, · · · ,N − 1, ψk is a simple Πp(K,E)-valued
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random variable of the form (5.5), with pairwise disjoint sets Ak,1, · · · , Ak,mk ∈ Ftk and

ψk,1, · · · , ψk,mk ∈ Πp(K,E).

Assume that L is a weakly p-integrable cylindrical Lévy process in K, see Definition

3.52, and that ψ : K → E is p-summing operator. Then, by Theorem 4.23, ψ : K → E is

also p-radonifying. Hence, according to Definition 3.29, the cylindrical random variable

(L(t)−L(s))ψ∗ in E has finite p-th weak moments and it is induced by a true random variable

Js,t(ψ) : Ω→ E.

In other words,

(L(t) − L(s))(ψ∗x∗) = x∗(Js,t(ψ)) = ⟨Js,t(ψ), x∗⟩, ∀x∗ ∈ E∗. (5.9)

This construction can be applied to ψ = ψk,i.

We define an E-valued random variable Js,t(ψk), when ψk is of the form (5.5), by the

following identity

Js,t(ψk) :=
m∑

i=1

1Ak ,iJs,t(ψk,i). (5.10)

Proposition 5.26. Assume that K,E are Banach spaces. Let p ∈ [1, 2] and let L be a

weakly p-integrable cylindrical Lévy process in K. Assume that ψ : K → E is p-summing

operator. Then the process (J0,t(ψ), t ≥ 0) is an E-valued Lévy process.

Proof. Let us choose and fix x∗ ∈ E∗. Then by formula (5.9),

⟨J0,t(ψ), x∗⟩ = L(t)(ψ∗x∗)

By the assumptions on L, we infer that the process ⟨J0,t(ψ), x∗⟩ is a Lévy process. Since by

assumptions J0,t(ψ) is E-valued, we infer that it is an E-valued Lévy process. □

Remark 5.27. Kosmala in his thesis proved a similar result in the case of Hilbert spaces,

see [23, Theorem 3.5, p. 27]. He proved that if L is a weakly square-integrable cylindrical

Lévy process and ψ ∈ M2(0,T ; LHS (H ,H), where H = Q1/2U and U,H are separable

Hilbert spaces, the process (
I(t), t ∈ [0,T ]

)
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admits a càdlàg modification. Moreover, if L is a cylindrical martingale, then the process I

is càdlàg, mean-zero, square-integrable martingale and the following equality holds:

E
[
∥

∫ T

0
ψ(s) dL(s)∥2

]
= E

[ ∫ T

0
∥ψ(s)Q1/2∥2LHS (U,H) ds

]
.

Lemma 5.28. (Radonification of the increments) Under the assumptions listed in Definition

5.25, if 0 ≤ s < t ≤ T, the random variable Js,t(ψk) defined in (5.10), satisfies the following

inequality (
E
[
∥Js,t(ψk)∥p

]) 1
p ≤ ∥L(t − s)∥L (K∗,Lp(Ω;R))

(
E
[
πp

p(ψk)
]) 1

p . (5.11)

Proof of Lemma 5.28. See [23, proof to Lemma 5.6, p. 91-92]. □

5.2. The Itô Stochastic Integral for Step Processes and Its Properties. The set of as-

sumptions listed at the beginning of this section will be valid throughout the subsection.

For any 0 ≤ s < t, we use the filtration

F[0,s] = σ(Lr, 0 ≤ r ≤ s).

Remark 5.29. Assume that L is a cylindrical Lévy process. The natural filtration F =

(Fs : s ≥ 0), see (3.5), generated by L does not satisfy the usual condition, see Definition

F.24. To ensure that standard results from stochastic analysis apply, we work with augmen-

tation Faug =
(
F

aug
t : t ≥ 0

)
of this natural filtration, which is defined by

F
aug

t :=
⋂
s>t

(Fs ∨ N), t ≥ 0,

where N denotes the collection of all P-null sets. Let us recall that A ⊂ Ω is a P-null set if

and only if there exists a set B ∈ F such that A ⊂ B and P(B) = 0.

’Given a filtration (Ft), its usual augmentation is the smallest right-continuous and com-

plete filtration containing it’[32, Chapter 1, Section 1, p. 4].

The augmented filtration (F aug
t )t≥0 is the smallest right-continuous and complete filtra-

tion containing the natural one. The process L remains adapted to this augmented filtration,

and the increments of L continue to be independent of the past, i.e. of F aug
s for s < t.

Therefore, when applying results in Section 7, particularly those concerning stochastic

integrals and stochastic differential equations, we use this augmented filtration generated by
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L. This ensures that all stochastic integration results, martingale properties and existence-

uniqueness theorems apply without restrictions.

To define the stochastic integral, let Λp(0,T ;Πp(K,E)), Λp
step(0,T ;Πp(K,E)) and ψk be

defined as in Definitions 5.18 and 5.22.

We define the stochastic integral operator as follows.

Definition 5.30. If ψ ∈ Λp
step(0,T ;Πp(K,E)) be a step function of the form (5.4), then the

stochastic integral of ψ over the interval [0,T ] is a random variable defined by the following

formula

I(ψ) :=
N−1∑
k=0

Jtk ,tk+1(ψk). (5.12)

In the next definition we extend Definition 5.30 by defining a family of stochastic inte-

grals over time intervals [0, t], t ∈ [0,T ].

Definition 5.31. Assume that ψ ∈ Λp
step(0,T ;Πp(K,E)) be a step function of the form (5.4).

Assume next t ∈ [0,T ). Let the process 1[0,t]ψ be defined by the following formula

[0,T ] ×Ω ∋ (s, ω) 7→ 1[0,t](s)ψ(s, ω) ∈ Πp(K,E),

then 1[0,t]ψ ∈ Λ
p
step(0,T ;Πp(K,E)) of the following form

(1[0,t]ψ)(s) = ψ01{0}(s) +
n−1∑
k=0

ψk1(s̃k ,s̃k+1](s), s ∈ [0,T ],

where n is the unique number such that

n ∈ {1, · · · ,N} and t ∈ [tn−1, tn),

and (s̃k : k = 0, · · · , n + 1) is a new auxiliary partition of [0,T ] defined by

s̃k =


tk if k < n,

t if k = n,

T if k = n + 1.

Next we define the the Itô integral of the step process ψ over the time interval [0, t] as:

It(ψ) := I(1[0,t]ψ), t ∈ [0,T ).
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and

IT (ψ) = I(ψ).

We also have the following simple observation:

It(ψ) = I(1[0,t]ψ) =
n−1∑
k=0

Js̃k ,s̃k+1(ψk) =
n−2∑
k=0

Jtk ,tk+1(ψk) + Jtn−1,t(ψn−1). (5.13)

The following results are fundamental in our definition of the stochastic Itô integral for

step processes.

Proposition 5.32. Under Assumptions 5.1-5.7, the following assertions hold. There exists

a constant C > 0 such that the stochastic integral I(ψ) = (It(ψ) : t ∈ [0,T ]), of every step

process ψ ∈ Λp
step(0,T ;Πp(K,E)) of the form (5.4), satisfies the following conditions:

(i) I(ψ) is an E-valued, F-adapted and càdlàg process.

(ii) If t ∈ [0,T ], then

E
[
It(ψ)

]
= 0.

(iii) I(ψ) is a p-integrable F-martingale.

(iv) The map I is linear between the space Λp
step(0,T ;Πp(K,E)) and the space of all E-

valued, p-integrable càdlàg F-martingales.

(v) If t ∈ [0,T ], then

sup
s∈[0,t]
E

[
∥Is(ψ)∥p

]
≤ CE

[ ∫ t

0
πp

p(ψ(s)) ds
]
. (5.14)

(vi) If additionally, p > 1, then for every t ∈ [0,T ],

E

[
sup

s∈[0,t]
∥Is(ψ)∥p

]
≤ CE

[ ∫ t

0
πp

p(ψ(s)) ds
]
. (5.15)

Proof of Proposition 5.32. Each part of the proposition will be proven separately.

Proof of part (i). Let the time partition be of the form

0 = t0 < t1 < tk < · · · < tn−1 < t ≤ tn ≤ tN = T. (5.16)

(a) adaptedness By Definition 5.30, each ψk isΠp(K,E)-valued, Ftk-measurable. Since

the stochastic integral is constructed as (5.12), i.e.,

I(ψ) :=
N−1∑
k=0

Jtk ,tk+1(ψk),

80



where each Jtk ,tk+1(ψk) depends only on information up to time tk, it follows that

It(ψ), t ∈ [0,T ] is Ft-adapted for all t ∈ [0,T ], and It(ψ) ∈ E, i.e., E-valued, by

(5.13).

(b) càdlàg Assume that t ∈ [t0, t1). Then by the definition (Definition 5.31), each

Js,t(ψk) denotes the action of ψk on the Lévy process increment L(t) − L(s). By

Lemma 5.28, each Js,t(ψk) is well-defined, and it has the martingale property . With

n = 1 and by formula (5.13), It(ψ) = J0,t(ψ0). By Proposition 5.26 this process is

càdlàg w.r.t. t. If n ≥ 2, the proof is similar.

By (5.12) in Definition 5.30, the stochastic integral is given as a sum of incre-

ments Jtk ,tk+1(ψk), where each Js,t(ψk) denotes the action of ψk on the Lévy process

increment L(t)−L(s). By Lemma 5.28, each Js,t(ψk) is well-defined and, since L is a

weakly p-integrable cylindrical Lévy process, has a martingale property. Moreover,

each Js,t(ψk) is càdlàg. Hence, It(ψ) being a finite sum of càdlàg functions, is itself

càdlàg. Finally, since Lévy processes have right-continuous paths with left limits

in Banach spaces, and weak p-integrability ensures that jumps are well-defined, it

follows that I(ψ) admits left limits. Therefore, I(ψ) is càdlàg.

□

Proof of part (ii). Let us choose and fix a step process ψ ∈ Λp
step(0,T ;Πp(K,E)) and t ∈

[0,T ]. Without loss of generality, we can assume that the partition corresponding to ψ

contains the number t, i.e., is of the form (5.16). Thus the stochastic integral of the process

ψ is a stochastic process I(ψ) = (It(ψ) : t ≥ 0) such that

It(ψ) = I(1[0,t]ψ) =
n−1∑
k=0

ψk
(
L(tk+1) − L(tk)

)
, t ≥ 0.

Let us note that ψk is Ftk-measurable and L(tk+1) − L(tk) is independent of the σ-field Ftk =

σ(Lt, 0 ≤ t ≤ tk), and by using the fact that E
(
L(tk+1) − L(tk)

)
= 0 in the last equality, see

Definition 2.51. Thus we deduce the independence of ψk and L(tk+1)− L(tk), see [23, p. 91]

[11, Proposition 6.3, p. 154, Corollary 6.2, p. 155]. Therefore, we get

E(It(ψ)) =
n−1∑
k=0

E
(
ψk(L(tk+1) − L(tk)

)
=

n−1∑
k=0

E(ψk)E
(
L(tk+1) − L(tk)

)
= 0.

□
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Proof of part (iii). Let us choose and fix a step process ψ ∈ Λp
step(0,T ;Πp(K,E)). We have,

for t ∈ [0,T ],

E∥It(ψ)∥p = E
∥∥∥ n−1∑

k=0

ψk

(
L(tk+1) − L(tk)

)∥∥∥p
≤

n−1∑
k=0

E
∥∥∥ψk

(
L(tk+1) − L(tk)

)∥∥∥p

≤

n−1∑
k=0

∥L(tk+1 − tk)∥
p
L (K∗,Lp(Ω;R))E

[
πp

p(ψk)
]
≤

n−1∑
k=0

CL(tk+1 − tk)E
[
πp

p(ψk)
]

= CLE
n−1∑
k=0

(tk+1 − tk)πp
p(ψk) = CE

∫ T

0
πp

p(ψ(s)) ds < ∞.

Therefore, It(ψ) is p-integrable, for every t ∈ [0,T ].

Next, we will follow the solutions to [11, Exercise 7.5, p. 211-212], to show that I(ψ) =

(It(ψ) : t ∈ [0,T ]) is a martingale with respect to the filtration F = (Ft : t ∈ [0,T ]) defined

by

Ft = F[0,t] = σ(Ls : 0 ≤ s ≤ t).

Let the time partition corresponding to ψ be of the following form

0 = t0 < t1 < · · · < tk = s < tt+1 < · · · < tm = t < tm+1 < · · · < tn = T.

Let us denote the increments L(t j+1) − L(teqn−Jst) by Jt j,t j+1(ψ j). Then

1(0,t]ψ =

m−1∑
j=0

ψ j1[t j,t j+1], 0 < s < t ≤ T,

and

It(ψ) = I(1(0,t]ψ) =
m−1∑
j=0

ψ jJt j,t j+1(ψ j),

which is Ft-measurable (and p-integrable).

It remains to compute

E(It(ψ)|Fs) = E(I(1(0,t]ψ)|Fs) =
m−1∑
j=0

E(ψ jJt j,t j+1(ψ j)|Fs).

If j < k, then ψ j and Jt j,t j+1 are Fs-measurable and therefore

E(ψ jJt j,t j+1(ψ j)|Fs) = ψ jJt j,t j+1(ψ j).
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If j ≥ k, then Fs ⊂ Ft j and

E(ψ jJt j,t j+1(ψ j)|Fs) = E(E(ψ jJt j,t j+1(ψ j)|Ft j)|Fs)

= E(ψ jE(Jt j,t j+1(ψ j)|Ft j)|Fs)

= E(ψ j|Fs)E(Jt j,t j+1(ψ j)) = 0,

since ψ j is Ft j-measurable and Jt j,t j+1(ψ j) is independent of Ft j . It follows that

E(It(ψ)|Fs) =
k−1∑
j=0

ψ jJt j,t j+1(ψ j) = I(1(0,s]ψ) = Is(ψ).

Hence we have proved part (iii). □

Proof of part (iv). To prove the linearity of It, we need to prove if ψ, ξ ∈ Λp
step(0,T ;Πp(K,E))

and α, β ∈ R, then

I (αψ + βξ) = αI(ψ) + βI(ξ).

Let us choose and fix two step processes ψ, ξ ∈ Λp
step(0,T ;Πp(K,E)). Without loss of

generality we can assume that the partitions corresponding to ψ and ξ are the same and

of the form (5.16). Note that αψ + βξ is a step process with the same partition. Thus the

stochastic integral of the processes ψ, ξ and αψ + βξ are

I(ψ) =
n−1∑
k=0

ψk
(
L(tk+1) − L(tk)

)
I(ξ) =

n−1∑
k=0

ξk
(
L(tk+1) − L(tk)

)
I(αψ + βξ) =

n−1∑
k=0

(αψk + βξ)
(
L(tk+1) − L(tk)

)
=

n−1∑
k=0

(
αψk

(
L(tk+1) − L(tk)

)
+ βξk

(
L(tk+1) − L(tk)

))
=

n−1∑
k=0

αψk
(
L(tk+1) − L(tk)

)
+

n−1∑
k=0

βξk
(
L(tk+1) − L(tk)

)
= α

n−1∑
k=0

ψk
(
L(tk+1) − L(tk)

)
+ β

n−1∑
k=0

ξk
(
L(tk+1) − L(tk)

)
= αI(ψ) + βI(ξ).

Hence we have proved part (iv). □
83



Proof of part (v). Using the identity (5.13) of the random variable It(ψ) in Definition 5.30,

and the fact that (Jsk ,sk+1(ψk))n
k=0 are E-valued martingales with respect to the filtration

(Ftk)
n
k=0, therefore by the martingale type p property of the Banach space E, see Defini-

tion 2.94, together with the inequality (5.11) of Lemma 5.28, we have

sup
t∈[0,T ]

E∥It(ψ)∥p = sup
t∈[0,T ]

E
∥∥∥ n−2∑

k=0

Jsk ,sk+1(ψk) + Jsn−1,t(ψn−1)
∥∥∥p
= sup

t∈[0,T ]
E
∥∥∥ n−1∑

k=0

Jsk ,sk+1(ψk)
∥∥∥p

≤ Cp

n−1∑
k=0

E
∥∥∥Jsk ,sk+1(ψk)

∥∥∥p
≤ Cp

n−1∑
k=0

∥L(sk+1 − sk)∥
p
L (K∗,Lp(Ω;R))E

[
πp

p(ψk)
]

≤ Cp

n−1∑
k=0

CL(sk+1 − sk)E
[
πp

p(ψk)
]
= CpCLE

n−1∑
k=0

(sk+1 − sk)πp
p(ψk)

= CE
∫ T

0
πp

p(ψ(s)) ds.

Note that the last inequality is based on the results of Lemma 5.23, see also [23, ineq.

(5.17), p. 94]1, while the last equality holds because ψ is a Πp(K,E)-valued simple-step

process of the form (5.4). Hence the proof of part (v) is complete. □

Proof of part (vi). Since by part (iii), the process It(ψ), t ≥ 0 is an E-valued martingale and

E is a Banach space, by [26, Proposition (1) of 1.18, Ch 1, p. 12], we infer that ∥It(ψ)∥,

t ≥ 0 is a nonnegative submartingale. Let us recall that we additionally assume that p > 1,

then by the Doob martingale, see Theorem C.1 and inequality (5.18), we infer that

E
[

sup
s∈[0,t]
∥Is(ψ)∥p

]
≤ (

p
p − 1

)pE
∥∥∥It(ψ)

∥∥∥p

≤ CTE

∫ t

0
πp

p(ψ(s)) ds.

Hence the proof of part (vi) is complete. □

The proof of Proposition 5.32 is thus complete. □

1[23, ineq. (5.17), p. 94]

∥M(tk+1 − tk)∥p
L (K∗,Lp(Ω;R)) ≤ ∥M∥L (K∗,Rp)(tk+1 − tk), ∀t ∈ [0,T ].
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5.3. The Itô Stochastic Integral for General Processes and Its Properties. The aim

of this final subsection is to formulate and prove a result about the existence of the Itô

stochastic integral of a general process as a càdlàg martingale, see Theorem 5.36.

Proposition 5.33. If ψ ∈ Λp(0,T ;Πp(K,E)) and t ∈ [0,T ], then

ψt : [0,T ] ×Ω ∋ (s, ω) 7→ 1[0,t](s)ψ(s, ω) ∈ Πp(K,E)

is also a predictable process and it belongs to the space Λp(0,T ;Πp(K,E)).

Proof of Proposition 5.33. Let t ∈ [0,T ]. Let us choose and fix a process ψ ∈ Λp(0,T ;Πp(K,E)).

First we will prove that ψt is a predictable process.

According to Definition 5.11 we need to show that for every A ∈ Bs(Πp(K,E)), ψ−1
t (A) =

{(s, ω) ∈ [0,T ] × Ω : ψt(s, ω) ∈ A} ∈ P. By Example 5.10 the set [0, t] × Ω belongs to P.

Hence, because

{(s, ω) ∈ [0,T ] ×Ω : ψt(s, ω) ∈ A} = {(s, ω) ∈ [0,T ] ×Ω : s ∈ [0, t], ψt(s, ω) ∈ A}

∪ {(s, ω) ∈ [0,T ] ×Ω : s ∈ (t,T ], ψt(s, ω) ∈ A}

= {(s, ω) ∈ [0,T ] ×Ω : s ∈ [0, t], ψ(s, ω) ∈ A}

∪ {(s, ω) ∈ [0,T ] ×Ω : s ∈ (t,T ], 0 ∈ A}

= ([0, t] ×Ω ∩ {(s, ω) ∈ [0,T ] ×Ω : ψ(s, ω) ∈ A})

∪ (t,T ] ×Ω ∩ {0 ∈ A},

we infer that ψ−1
t (A) belongs to P.

In the above argument we used an observation that the set {0 ∈ A} is either empty or a

full set Ω.

Next, we need to show that the condition (5.2) holds, i.e., ∥ψt∥ < ∞.

∥ψt∥Λp =
(
E
[ ∫ T

0
∥1[0,t](s)ψ(s, ω)∥ppds

]) 1
p

=
(
E
[ ∫ t

0
∥ψ(s, ω)∥ppds +

∫ T

t+
∥0∥ppds

]) 1
p

=
(
E
[ ∫ t

0
∥ψ(s, ω)∥ppds

]) 1
p

≤
(
E
[ ∫ T

0
∥ψ(s, ω)∥ppds

]) 1
p < ∞,
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since ψ ∈ Λp(0,T ;Πp(K,E). Hence the proof is complete. □

In order to be able to define the Itô integrals for a general process ψ we need the follow-

ing approximation result.

Proposition 5.34. Under Assumptions 5.4 and 5.5. Then for every process ψ belonging to

the Banach space Λp(0,T ;Πp(K,E)), there exists a Λp
step(0,T ;Πp(K,E))-valued sequence

(ψn)∞n=1 such that

lim
n→∞
∥ψn − ψ∥Λp = 0. (5.17)

After we will have prove this the above approximation result we will show how we use

it.

Proof of Proposition 5.34. Our aim is to show that any process ψ ∈ Λp(0,T ;Πp(K,E)) can

be approximated by a sequence of (ψn)∞n=1 of step processes in Λp
step(0,T ;Πp(K,E)), such

that (5.17) holds.

For this purpose, let us consider the partition of [0,T ],

Pn = {0 = tn
0 < tn

1 < · · · < tn
N−1 < tn

N = T }

where N = N(n). Put

mesh(Pn) B sup
0≤k≤N

|tn
k+1 − tn

k |.

Let us define the step process ψn by

ψn(t, ω) =
1

tn
k+1 − tn

k

∫ tnk+1

tnk

ψ(s) ds, for t ∈ [tn
k , t

n
k+1), ω ∈ Ω.

Recall that in (5.3), we have

Λp(0,T ;Πp(K, E)) := Lp([0,T ] ×Ω,P,Leb ⊗ P;Πp(K,E))

i.e. the space of predictable processes taking values in the Banach space Πp(K,E), such

that

E

∫ T

0
∥ψ(s)∥p

Πp(K,E) ds < ∞.

Since Πp(K,E) is a Banach space and ψ ∈ Λp(0,T ;Πp(K,E)), the Bochner integral∫ tnk+1

tnk

ψ(s) ds
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exists in Πp(K,E). Hence, ψn(t, ω) ∈ Πp(K,E).

As [tn
k , t

n
k+1) → 0, by the Lebesgue Differentiation Theorem (for Banach-valued func-

tions), see Theorem F.34, we have

ψn(t)→ ψ(t) in Πp(K,E) for a.e. t.

Moreover, since ψ ∈ Λp(0,T ;Πp(K,E)), the Bochner-Lebesgue Dominated Conver-

gence Theorem, see Theorem F.35, gives∫ T

0
∥ψn(s) − ψ∥p

Πp(K,E) ds→ 0.

Hence,

ψn → ψ in Λp(0,T ;Πp(K,E)), i.e. ∥ψn − ψ∥Λp → 0.

The proof is complete.

□

Theorem 5.35. Assume Assumptions 5.4 and 5.5. Then the operator

I : Λp
step(0,T ;Πp(K,E))→ Lp(Ω,FT ,P; E),

defined by (5.12), is continuous and extends to a unique bounded and linear operator

I : Λp(0,T ;Πp(K,E))→ Lp(Ω,FT ,P; E).

which is also denoted by I.

In particular, if C is the constant from inequality (5.15), then for every process ψ ∈

Λp(0,T ;Πp(K,E)), the Itô integral I(ψ), denoted also by
∫ T

0
ψ(s) dL(s), satisfies the fol-

lowing inequality

E
[∥∥∥ ∫ T

0
ψ(s) dL(s)

∥∥∥p

E

]
≤ CE

[ ∫ T

0
πp

p(ψ(s)) ds
]
. (5.18)

Theorem 5.35 has been stated and proven in [23, inequality (5.2) and Theorem 5.8].

We now present an extension of Theorem 5.35, which constitutes the main result of this

section.

Theorem 5.36. Under the framework of Proposition 5.34, assume that p ∈ (1, 2], assume

also that a process ψ : [0,T ] ×Ω→ Πp(K,E) belongs to Λp(0,T ;Πp(K,E)).
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(i) Assume that (ψn)∞n=1 is a Λp
step(0,T ;Πp(K,E))-valued sequence satisfies condition (5.17).

Note that for each n ∈ N, we can define a process I(ψn) = (It(ψn), t ∈ [0,T ]), see Definition

5.30, then the sequence of processes (I(ψn))∞n=1 is Cauchy in the following sense

lim
n,m→∞

E sup
t∈[0,T ]

[
∥It(ψn) − It(ψm)∥pE

]
= 0. (5.19)

(ii) There exists a unique adapted process I(ψ) = (It(ψ) : t ∈ [0,T ]) which has càdlàg E-

valued trajectories and satisfies

lim
n→∞
E sup

t∈[0,T ]

[
∥It(ψn) − It(ψ)∥pE

]
= 0. (5.20)

for every sequence (ψn)∞n=1 as in part (i). In particular, the process It(ψ), t ∈ [0,T ], is

independent of the approximating sequence (ψn)∞n=1.

(iii) The process I(ψ) from part (ii) satisfies the following inequality,

E sup
t∈[0,T ]

∥It(ψ)∥p ≤ CE
∫ T

0
πp

p(ψ(s)) ds, (5.21)

where the constant C = (p,K,E) > 0 is the same constant as in Proposition 5.32.

(iv) The process I(ψ) from part (ii) is p-integrable martingale.

Remark 5.37. If (ψn)∞n=1 is aΛp
step(0,T ;Πp(K,E))-valued sequence satisfies condition (5.17),

then (ψn) is Cauchy in Λp.

Remark 5.38. In order to have supremum under the expectation, we need p ∈ (1, 2] because

of Proposition 5.32 part (vi).

In the following paragraphs, we will prove Theorem 5.36.

Proof of Theorem 5.36. Let us choose and fix p ∈ [1, 2], a process ψ ∈ Λp(0,T ;Πp(K,E))

and a Λp
step(0,T ;Πp(K,E))-valued sequence (ψn)∞n=1 that satisfies condition (5.17).

For every n ∈ N, we define a process (It(ψn) : t ∈ [0,T ]) by Definition 5.30.

Let us first prove that the latter sequence satisfies equality (5.19).

Proof of assertion (5.19). By inequality (5.15) from Proposition 5.32, we infer that

E
[

sup
t∈[0,T ]

∥It(ψn) − It(ψm)∥pE
]
≤ CE

∫ T

0
πp

p(ψn(s) − ψm(s)) ds

= C∥ψn − ψm∥Λp(0,T ).
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By Proposition 5.34, ψn is Cauchy in Λp(0,T ;Πp(K,E). Therefore,

lim
n,m→∞

E
[

sup
t∈[0,T ]

∥It(ψn) − It(ψm)∥pE
]
= 0.

□

Proof of assertion (5.20). Since ψn → ψ in Λp(0,T ;Πp(K,E)), we can find sequence of

natural numbers {nk}
∞
k=1 such that

∥ψnk − ψ∥
p
Λp(0,T ;Πp(K,E)) <

1
10k , k ∈ N,

where we put

ψ0(s) = 0, s ∈ [0,T ].

We will write k instead of nk for brevity.

Note that the series
∑∞

k=1
1

10k is convergent. Since (a + b)p ≤ 2p−1(ap + bp), for a, b ≥ 0,

p ≥ 1, and πp(·) is a norm, it follows that

E

∫ ∞

0
πp

p(ψk+1(s, ·) − ψk(s, ·)) ds

≤ 2p−1E

∫ ∞

0
πp

p(ψk+1(s, ·) − ψ(s, ·)) ds + 2p−1E

∫ ∞

0
πp

p(ψk(s, ·) − ψ(s, ·)) ds

≤ 2p 1
10k ≤

4
10k , k ∈ N.

By applying the Chebyshev inequality and the Itô inequality (5.15), we infer that for every

k ∈ N,

P
{

sup
t∈[0,T ]

∥It
(
ψk+1 − ψk

)
∥ ≥

1
2k

}
≤

1
( 1

2k )p
E
[

sup
t∈[0,T ]

∥It
(
ψk+1 − ψk

)
∥p

]
≤

C
( 1

2k )p
E

∫ T

0
πp

p
(
ψk+1(s) − ψk(s)

)
ds

≤ C(2p)k 4
10k ≤

C
2k .

Since the series
∑∞

k=1
1
2k is convergent, we infer that

∞∑
k=1

P
{

sup
t∈[0,T ]

∥It(ψk+1 − ψk)∥ ≥
1
2k

}
< ∞. (5.22)

Let us put

Ak =
{
ω ∈ Ω : sup

t∈[0,T ]
∥
(
It(ψk+1 − ψk)

)
(ω)∥ ≥

1
2k

})
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with

lim sup
k

Ak :=
∞⋂

n=1

( ∞⋃
k=n

Ak

)
.

In the view of the first Borel-Cantelli Lemma, see Proposition D.21, and inequality (5.22),

it follows that

P(lim sup
k

Ak) = 0.

Hence, if

Ω̂ = Ω \ lim sup
k

Ak,

we deduce that Ω̂ ∈ F and

P(Ω̂) = 1.

Since

Ω̂ =

∞⋃
n=1

( ∞⋂
k=n

(Ω \ Ak)
)
,

we infer that, if ω ∈ Ω̂, then there exists n ∈ N, such that for every k ≥ n,

sup
t∈[0,T ]

∥
(
It(ψk+1 − ψk)

)
(ω)∥ <

1
2k .

Therefore, we have

∥
(
It(ψk+1 − ψk)

)
(ω)∥ <

1
2k , t ∈ [0,T ].

Hence, if ω ∈ Ω̂, then the series

∞∑
n=k

(
It(ψk+1 − ψk)

)
(ω), t ∈ [0,T ],

is uniformly absolutely convergent [36, Theorem 7.10, p. 148]2. Now we define

It(ψ)(ω) =


∑∞

k=0 It
(
ψk+1 − ψk

)
, if ω ∈ Ω̂,

0, if ω ∈ Ω \ Ω̂,
t ∈ [0,T ].

2[36, Theorem 7.10, p. 148] Suppose that { fn} is a sequence of functions defined on a set E, fn(x) ≤ Mn,

where t ∈ E; n ∈ N; Mn = supt∈E | fn(x) − ψ(ω)|. Then
∑

fn converges uniformly on E if
∑

Mn converges.
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By the linearity of map It for step processes, see Proposition 5.32, we have

It(ψ)(ω) =
∞∑

k=0

It(ψk+1 − ψk)(ω) = lim
n→∞

n−1∑
k=0

It(ψk+1 − ψk)(ω) (5.23)

= lim
n→∞

It

[ n−1∑
k=0

(ψk+1 − ψk)
]
(ω) = lim

n→∞
It(ψn)(ω)

Therefore, for every ω ∈ Ω̂, It(ψn) is convergent uniformly with respect to t ∈ [0,T ] to

It(ψ).

Since for each n, the process It(ψn), t ≥ 0 is càdlàg and since the limit of a uniformly

convergent sequence of càdlàg-continuous functions preserve the càdlàg-continuity, we de-

duce It(ψ), t ∈ [0,T ] has all càdlàg paths.

After having constructed process It(ψ), t ∈ [0,T ], we will show that it satisfies all

remaining properties in Theorem 5.36. We begin with the

Proof of assertion (5.20). Again by the Itô inequality (5.15), we have

E
[

sup
t∈[0,T ]

∥It(ψn) − It(ψ)∥pE
]
≤ CE

∫ t

0
πp

p(ψn(s) − ψ(s)) ds

≤ CE
∫ T

0
πp

p(ψn(s) − ψ(s)) ds

= C∥ψn − ψ∥Λp(0,T ).

By Proposition 5.34, we have

lim
n→∞
∥ψn − ψ∥Λp(0,T ) = 0.

Therefore,

lim
n→∞
E
[

sup
t∈[0,T ]

∥It(ψn) − It(ψ)∥pE
]
= 0.

□

□

We next follow with the

Proof of inequality (5.21). Let us choose and fix t ∈ [0,T ] and ω ∈ Ω̂. Then, by (5.24) we

have

It(ψ)(ω) = lim
n→∞

It(ψn)(ω) (5.24)
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By taking the expectation, applying the continuity of the norm and using the results that

limN→∞ ∥ψN∥Λp(0,T ) = ∥ψ∥Λp(0,T ) from Proposition 5.34, we have

E∥It(ω)∥p = E∥ lim
N→∞

It(ψN)∥p = E lim
N→∞
∥It(ψN)∥p

= E lim inf
N→∞

∥It(ψN)∥p ≤ lim inf
N→∞

E
∥∥∥It(ψN)

∥∥∥p

≤ lim inf
N→∞

E

∫ t

0
πp

p(ψN(s)) ds = lim inf
N→∞

∥ψN∥
p
Λp(0,T )

= lim
N→∞
∥ψN∥

p
Λp(0,T ) = ∥ψ∥

p
Λp(0,T ) = E

∫ T

0
πp

p(ψ(s)) ds.

Note that the first inequality is due to the inequality (D.3) in the Fatou Lemma, see Corol-

lary D.22, and the second inequality holds by the Itô inequality (5.18). □

Finally, we will present

Proof of part (iv). Let us choose and fix ψ ∈ Λp(0,T ;Πp(K,E)) and t ∈ [0,T ].

Firstly, let us show that the process (It(ψ) : t ≥ 0) is Ft-adapted.

By Proposition 5.33, the process 1[0,t)ψ ∈ Λ
p(0,T ;Πp(K,E)). Hence there exists a

sequence (ψn)∞n=1 in Λp
step(0,T ;Πp(K,E)) approximating 1[0,t)ψ , i.e.,

∥ψn − 1[0,t)ψ∥Λp → 0.

Then each process It(ψn), t ≥ 0 is clearly Ft-adapted.

Moreover, since each ∥It(ψn) − It(ψ)∥Λp → 0, as n → ∞, we can find a subsequence

ψnk , nk ∈ N such that ∥It(ψn
k) − It(ψ)∥Λp → 0 (almost surely) as nk → ∞, hence the required

results follows.

Finally, let us show the martingale property, i.e.,

E
(
It(ψ)|Fs

)
= Is(ψ) a.s..

For this purpose, let us choose and fix 0 ≤ s < t ≤ T . First, we observe that It(ψ) and Is(ψ)

are p-integrable. Moreover we have the following identity

It(ψ) = I(1[0,t]ψ) = I(1[0,s]ψ + 1(s,t]ψ) = I(1[0,s]ψ) + I(1(s,t]ψ) =: Is(ψ) + Is,t(ψ).

Let us first prove the following two lemmata that we are going to apply.

Lemma 5.39. If 0 ≤ s < t ≤ T, then the random variable I(1(s,t]ψ) is independent of the

σ-field Fs.
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Proof of Lemma 5.39 . If 0 ≤ s < t ≤ T , by Definition 5.41, we have the random variable

I(1(0,s]ψ) =
∫ T

0
1(0,s](r)ψ(r) dL(r) ∈ Lp(Ω,FT ,P; E)

generated by the σ-field F(0,s] = σ(Lr, 0 ≤ r ≤ s), and

I(1(s,t]ψ) =
∫ T

0
1(s,t](r)ψ(r) dL(r) ∈ Lp(Ω,FT ,P; E)

generated by the σ-field F(s,t] = σ(Lr2 − Lr1 , 0 < s < r1 < r2 ≤ t).

Let us observe that because the increments of our process are independent, the σ-fields

F(0,s] and F(s,t] are independent as well. Therefore I(1(0,s]ψ) is independent of F(s,t], and

I(1(s,t]ψ) is independent of F(0,s]. □

Lemma 5.40. The process I(ψ) is F-adapted.

Proof of Lemma 5.40. Let us choose and fix a step process ψ ∈ Λp
step(0,T ;Πp(K,E)) and

t ∈ [0,T ]. Without loss of generality we can assume that the partition corresponding to ψ

contains number t, i.e., is of the following form

0 = t0 < t1 < · · · < tk = t < tk+1 < · · · < tn = T.

Thus the stochastic integral of the process ψ is a stochastic process I(ψ) = (It(ψ) : t ≥ 0)

such that

It(ψ) = I(1[0,t]ψ) =
m−1∑
k=0

ψk
(
L(tk+1) − L(tk)

)
, t ≥ 0.

Let us observe that every random variable ψk and L(tk+1) − L(tk) appearing in the formula

above is Ft-measurable. In other words, It(ψ) is generated by the σ-field F[0,t]. Therefore,

by Definition 2.52, the process I(ψ) is F-adapted. □

Let us continue the proof of part (iv) of Theorem 5.36. Using the above two lemmata,

we infer that

E
(
It(ψ)|Fs

)
= E

(
Is(ψ)+1s,t(ψ)|Fs

)
= E

(
Is(ψ)|Fs

)
+E

(
Is,t(ψ)|Fs

)
= Is(ψ)+E(Is,t(ψ)) = Is(ψ).

which shows martingale property for step function. For each n, we have

E
(
Is,t(ψ)|Fs

)
= Is(ψn).
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Next, by applying the Jensen’s inequality, we have

E
∥∥∥∥Is(ψ) − E

(
It(ψ)|Fs

)∥∥∥∥p
=E

∥∥∥∥Is(ψ) − Is(ψn) + E
(
It(ψn)|Fs

)
− E

(
It(ψ)|Fs

)∥∥∥∥p

≤ 2pE
∥∥∥∥Is(ψ) − Is(ψn)

∥∥∥∥p
+ 2pE

∥∥∥∥E(It(ψn)|Fs

)
− E

(
It(ψ)|Fs

)∥∥∥∥p

= 2pE∥Is(ψ) − Is(ψn)∥p + 2pE
∥∥∥∥E(It(ψn) − It(ψ)|Fs

)∥∥∥∥p

≤ 2pE∥Is(ψ) − Is(ψn)∥p + 2pE
(
E
(
∥It(ψn) − It(ψ)∥p|Fs

))
= 2pE∥Is(ψ) − Is(ψn)∥p + 2pE

(
∥It(ψn) − It(ψ)∥p

)
where the constant 2 comes from the following inequality:

(a + b)p ≤ 2P(ap + bp), where a, b ≥ 0, p = 1, 2, 3, · · · .

Since for every t ∈ [0,∞],

lim
n→∞
E∥It(ψn) − It(ψ)∥p = 0.

We infer that

lim
n→∞
E
∥∥∥∥Is(ψ) − E

(
It(ψ)|Fs

)∥∥∥∥p
= 0.

Therefore

E
(
It(ψ)|Fs

)
= Is(ψ) a.s..

Hence we have proved part (iv). □

Hence, the proof of Theorem 5.36 is complete. □

Now we will introduce the useful and very important notation.

Definition 5.41. Assume that ψ ∈ Λp(0,T ;Πp(K,E)). We define∫ t

0
ψ(s) dL(s) B It(ψ), t ∈ [0,T ].

We conclude this section by summarizing the key properties of the stochastic Itô inte-

gral, defined in Definition 5.41. In the following theorem we use just introduced symbol∫ t

0
ψ(s) dL(s) of the stochastic integral.

Theorem 5.42. Assume that ψ, η ∈ Λp(0,T ;Πp(K,E)) and α, β ∈ R. Let us denote by∫ t

0
ψ(s) dL(s),

∫ t

0
η(s) dL(s) and

∫ t

0
(αψ(s) + βη(s)) dL(s) the corresponding processes con-

structed in Theorem 5.36.
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(i) For every t ≥ 0, P-almost surely.∫ t

0
(αψ(s) + βη(s)) dL(s) = α

∫ t

0
ψ(s) dL(s) + β

∫ t

0
η(s) dL(s),

(ii) For every t ≥ 0, E(
∫ t

0
ψ(s) dL(s)) = 0.

(iii)
∫ t

0
ψ(s) dL(s) : t ≥ 0 is a p-integrable martingale and

E sup
t∈[0,T ]

∥

∫ t

0
ψ(s) dL(s)∥p ≤ CE

∫ T

0
πp

p(ψ(s)) ds,

(iv)
∫ t

0
ψ(s) dL(s) : t ≥ 0 is càdlàg. More precisely,

∫ t

0
ψ(s) dL(s) has a modification

which has càdlàg trajectories.

Proof of Theorem 5.42. In view of Definition 5.41, this result is an obvious consequence of

Theorem 5.36.

□
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6. Stochastic Fubini Theorem Applied to a Generalised Cylindrical Lévy Process

In this section, let us fix a number p ∈ [1, 2]. Suppose that K,E are separable Banach

spaces, and E is of martingale type p, see Definition 2.94. Let us consider a filtered prob-

ability measure space (Ω,F ,F,P), and a cylindrical Lévy process L on K, see Definition

3.36, which has finite p-th weak moments. Finally let us assume that (O,O , µ) is a σ-finite

measure space, see Definition 2.67.

Definition 6.1. Let (O,O) be a measurable space and P be a predictable σ-field, see

Definition 2.80. By P ⊗ O , we denote the smallest σ-field of subsets of [0,T ] × Ω × O,

containing sets of the following form

A × B : A ∈ P, B ∈ O .

In other words, P ⊗ O is the σ-field generated by {A × B : (A, B) ∈ P × O}.

Example 6.2. [39, Section 1] Let A be the Borel σ-field on R, and let C also be the Borel

σ-field on R, i.e.

A = C = B(R).

We defineA⊗ C the smallest σ-field of subsets of R × R that contains all sets of the form

A × B : A ∈ A, B ∈ C.

It can be shown thatA⊗ C is equal to the Borel σ field on R2, i.e.,

B(R) ⊗ B(R) = B(R2).

The following result about product measure is standard, see [3, Section 2.6] [20, Section

1.10, p.23-24].

Theorem 6.3. There exists a unique measure, denoted by Leb⊗ P, defined on the σ-field P

such that

(Leb ⊗ P)(A × B) = Leb(A) P(B),

for all measurable sets A × B ∈ P.
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Definition 6.4. Assume that K,E are separable Banach spaces. The spacesΛp(0,T ;Πp(K,E))

and Λp
step(0,T ;Πp(K,E)) are defined in Definitions 5.18 and 5.22. We call a process ψ a

simple function if there exists a finite sequence of numbers n ∈ N (0 ≤ k ≤ n ≤ N),

0 = tn
0 < tn

1 < · · · < tn
k =

kT
n ≤ · · · ≤ tn

N such that

ψ(t, ω) =
N−1∑
k=0

mk∑
i=1

ψn
k,i1An

k,i
(ω)1(tnk ,t

n
k+1](t),

for some disjoint sets Ak,1, · · · , Ak,mk ∈ Ftk and ψk,1, · · · , ψk,mk ∈ Πp(K,E) for all k ∈

{0, · · · ,N}. We use Λp
ss(0,T ;Πp(K,E)) to denote the set of all such simple step functions.

Lemma 6.5. Let (O,O , µ) be a σ-finite measure space. Suppose that a function

ψ : [0,T ] ×Ω × O→ Πp(K,E)

is a P ⊗ O/Bs(Πp(K,E))-measurable such that∫
O

(
E

∫ T

0
πp

p(ψ(t, ·, y)) ds
) 1

p

µ(dy) < ∞. (6.1)

Such a function ψ will be called below a "generalised process".

Then there exists a sequence {ψn}∞n=1 of simple step functions of the form

ψn(t, ω, y) =
N−1∑
k=0

mk∑
i=1

mk∑
l=1

ψn
i,l,k1An

i,l,k
(ω)1(tnk ,t

n
k+1](t)1Bn

i,l,k
(y), (6.2)

where for each n ∈ N (0 ≤ k ≤ n ≤ N), 0 = tn
0 < tn

1 < · · · < tn
k =

kT
n ≤ · · · ≤ tn

N; for some

disjoint sets A1,1,k, · · · , Ai,l,mk ∈ Ftk , B1,1,k, · · · , Bi,l,mk ∈ Otk and ψk,1, · · · , ψk,mk ∈ Πp(K,E)

for all k ∈ {0, · · · ,N}, such that

lim
n→∞

∫
O

(
E

∫ T

0
πp

p(ψn(t, ·, y) − ψ(t, ·, y)) ds
) 1

p

µ(dy) = 0. (6.3)

The main result of this section is Theorem 6.6, which provides a generalisation of the

stochastic Fubini Theorem from a recent paper [48].

Theorem 6.6. Suppose that a generalised process

ψ : [0,T ] ×Ω × O → Πp(K,E)

is a P ⊗ O/Bs(Πp(K,E))-measurable and satisfies condition (6.1). Then the following

holds:
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(1) There exists a measurable set O′ ⊂ O such that Leb(O \ O′) = 0 and for every

y ∈ O′,

E

∫ T

0
πp

p(ψ(s, ·, y)) ds < ∞, (6.4)

and the process

ψy := ψ(·, ·, y) : [0,T ] ×Ω ∋ (t, ω) 7→ ψ(t, ω, y) ∈ Πp(K,E) (6.5)

belongs to the space Λp(0,T ;Πp(K,E)).

In particular, by Theorem 5.36, there exists a process I(ψy) = (I(ψy)(t) : t ∈

[0,T ])

[I(ψy)](t) :=
∫ t

0
ψy(s) dL(s), t ∈ [0,T ].

(2) The generalised stochastic process,

[0,T ] ×Ω × O ∋ (t, ω, y) 7→
∫ t

0
ψ(s, ω, y) dL(s) ∈ E

is FT ⊗ O/Bs(Πp(K,E))-measurable and belongs to L1(Ω × O,FT ,P; E).

Moreover, for P-almost all ω ∈ Ω, the function

[0,T ] × O ∋ (s, y) 7→
∫ t

0
ψ(s, ω, y) dL(s) ∈ E

is Bochner integrable.

Moreover,∫
O

(
E sup

t∈[0,T ]
∥

∫ t

0
ψ(s, ω, y) dL(s)∥pE ds

) 1
p

µ(dy)

≤ C
∫

O

(
E

∫ T

0
πp

p(ψ(s, ω, y)) ds
) 1

p

µ(dy),

(6.6)

where C > 0 is independent of ψ.

(3) The process

ψ : [0,T ] ×Ω ∋ (s, ω) 7→
∫

O
ψ(s, ω, y) µ(dy) ∈ Πp(K,E) (6.7)

is P-measurable (i.e., predictable), and

E

∫ T

0

∥∥∥∥∥∫
O
ψ(s, ω, y) µ(dy)

∥∥∥∥∥p

Πp(K,E)
ds < ∞. (6.8)
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Moreover, for (Leb ⊗ P)-almost all (t, ω) ∈ [0,T ] ×Ω 3, the function

ψt,ω := ψ(t, ω, ·) : O ∋ y 7→ ψ(t, ω, y) ∈ Πp(K,E)

is Bochner integrable.

(4) The following identity is satisfied for every t ∈ [0,T ], P almost surely:∫
O

(∫ t

0
ψ(s, y) dL(s)

)
dµ(y) =

∫ t

0

(∫
O
ψ(s, y) dµ(y)

)
dL(s). (6.9)

Note that the process
∫ t

0
ψ(s, y) dL(s) exists in view of part (1) and the function

O ∋ y 7→
∫ t

0
ψ(s, y) dL(s) ∈ is Bochner integrable for almost all ω ∈ Ω by part (2).

The RHS makes sense because of part (3).

Proof of Theorem 6.6. Let us choose and fix a P ⊗ O/Bs(Πp(K,E))-measurable process

ψ : [0,T ] × Ω × O → Πp(K,E) satisfying condition (6.1). Note that the spaces (O,O , µ)

and ([0,T ] ×Ω,P,Leb ⊗ P) are both σ-finite measure spaces, see Definition 5.18.

Proof of part (1). Let us recall, see [20, Theorem 6.1.4, p. 120], that if the integral of a

non-negative function is finite, then the function itself is finite almost everywhere. Hence,

in view of assumption (6.1), we infer that(
E

∫ T

0
∥ψ(s, ·, y)∥pp ds

) 1
p

< ∞ for µ − a.a. y ∈ O.

This obviously implies that

E

∫ T

0
πp

p(ψ(s, ·, y)) ds < ∞ for µ − a.a. y ∈ O.

and (6.4) follow.

Next, we apply Fubini’s theorem, see Theorem D.19, to the function

(ω, y) 7→
∫ T

0
πp

p(ψ(s, ω, y)) ds,

defined on the product measure space (Ω × O,FT ⊗ O,P ⊗ µ).

The measurability of this function follows from the P ⊗ O-measurability of ψ, and its

integrability is ensured by (6.4). Therefore, Fubini’s theorem yields∫
Ω

∫
O

∫ T

0
πp

p(ψ(s, ω, y)) ds µ(dy) dP =
∫

O

∫
Ω

∫ T

0
πp

p(ψ(s, ω, y)) ds dP µ(dy).

3In this case, it means that there exits a set A ∈ P such that (Leb ⊗ P)([0,T ] × Ω \ A) = 0 and for every

(t, ω) ∈ A, the function O ∋ y 7→ ψ(t, ω, y) ∈ Πp(K,E) is Bochner integrable.
99



Hence,(∫
Ω

∫
O

∫ T

0
πp

p(ψ(s, ·, y)) ds µ(dy) dP
) 1

p

=

(∫
O

∫
Ω

∫ T

0
πp

p(ψ(s, ·, y)) ds dP µ(dy)
) 1

p

≤ · · ·

By the Minkowski inequality for integrals, see Definition D.18, we have

· · · ≤

∫
O

(∫
Ω

∫ T

0
πp

p(ψ(s, ·, y)) ds dP
) 1

p

µ(dy) = · · ·

Using the definition of expectation and assumption (6.1), we obtain

· · · =

∫
O

(
E

∫ T

0
πp

p(ψ(s, ·, y)) ds
) 1

p

µ(dy) < ∞.

Hence, we have

(∫
Ω

∫
O

∫ T

0
πp

p(ψ(s, ω, y)) ds µ(dy) dP
) 1

p

=

("
Ω×O

∫ T

0
πp

p(ψ(s, ω, y)) ds d(µ ⊗ P)
) 1

p

< ∞.

Therefore, using [20, Theorem 6.1.4, p. 120], we infer that∫ T

0
πp

p(ψ(s, ω, y)) ds < ∞ for µ ⊗ P − a.a. (ω, y) ∈ Ω × O.

Furthermore, by applying the Minkowski inequality for integrals again, we get"
Ω×O

(∫ T

0
πp(ψ(s, ω, y)) ds

)p

d(µ ⊗ P) ≤
"
Ω×O

∫ T

0
πp

p(ψ(s, ω, y)) ds d(µ ⊗ P) < ∞.

Therefore, equation (6.4) is satisfied.

Hence, the process ψy belongs to the space Λp(0,T ;Πp(K,E)) and (6.5) is proved. □

Proof of part (2). By Theorem 5.35, we have

E

∥∥∥∥∥∥
∫ T

0
ψ(s, y) dL(s)

∥∥∥∥∥∥p

Πp(K,E)

≤ CE
∫ T

0
∥ψ(s, y)∥p

Πp(K,E) ds < ∞. (6.10)

Hence ∫ T

0
ψ(s, ω, y) dL(s) < ∞ for µ ⊗ P − a.a. (ω, y) ∈ Ω × O.

Hence
∫ T

0
ψ(s, ω, y) dL(s) exists.

Hence

ψ : Ω × O ∋ (ω, y) 7→
∫ T

0
ψ(t, ω, y) dL(s) ∈ Πp(K,E)

is FT ⊗ O/Bs(Πp(K,E))-measurable, and this function belongs to L1(Ω × O,FT ,P; E).
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Moreover, from inequality (6.10) and by applying [20, Theorem 6.1.1, p. 117], we have∫
O

E ∥∥∥∥∥∥
∫ T

0
ψ(s, ω, y) dL(s)

∥∥∥∥∥∥p

Πp(K,E)


1
p

dµ(y) ≤ C
∫

O

(
E

∫ T

0
∥ψ(s, ω, y)∥p

Πp(K,E) ds
) 1

p

dµ(y) < ∞.

Note that the last inequality holds by assumption (6.1).

Now, applying the Minkowski inequality for integrals, we have∥∥∥∥∥∥
∫

O
E

∫ T

0
ψ(s, ω, y) dL(s) dµ(y)

∥∥∥∥∥∥
E

=

(∫
O

∥∥∥∥∥∥E
∫ T

0
ψ(s, ω, y) dL(s)

∥∥∥∥∥∥p

E

dµ(y)
) 1

p

≤

(∫
O
E

∥∥∥∥∥∥
∫ T

0
ψ(s, ω, y) dL(s)

∥∥∥∥∥∥p

E

dµ(y)
) 1

p

≤

∫
O

(
E

∥∥∥∥∥∥
∫ T

0
ψ(s, ω, y) dL(s)

∥∥∥∥∥∥p

E

) 1
p

dµ(y) < ∞.

Thus, we have ∥∥∥∥∥∥
∫

O
E

∫ T

0
ψ(s, ω, y) dL(s) dµ(y)

∥∥∥∥∥∥
E

< ∞.

Hence, by the definition of Lp functions, see Definition 2.14 , we infer that∫
O
E

∫ T

0
ψ(s, ω, y) dL(s) dµ(y) = E

∫
O

∫ T

0
ψ(s, ω, y) dL(s) dµ(y) < ∞.

Therefore, for P-a.a. ω ∈ Ω, the function

ψy := ψ(·, y) : O ∋ y 7→ ψ(ω, y) ∈ Πp(K,E)

is Bochner integrable.

So the LHS of (6.9),
∫

O

∫ T

0
ψ(s, ω, y) dL(s) exists.

□

Proof of part (3). By the definition of expectation, we have

E

∫ T

0

(∫
O
πp(ψ(s, y)) µ(dy)

)p

ds =
∫
Ω

∫ T

0

(∫
O
πp(ψ(s, y)) µ(dy)

)p

ds dP = · · ·

Applying the Fubini Theorem, we have

· · · =

"
[0,T ]×Ω

(∫
O
πp(ψ(s, y)) µ(dy)

)p

d(Leb ⊗ P).

Then, by assumption (6.1), we infer that"
[0,T ]×Ω

(∫
O
πp(ψ(s, y)) µ(dy)

)p

d(Leb ⊗ P) < ∞.
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Again, by (6.1.9) in [20, Theorem 6.1.3, p. 119], we infer that almost everywhere w.r.t.

Leb ⊗ P: (∫
O
πp(ψ(s, y)) µ(dy)

)p

< ∞.

Thus, we have∫
O
πp(ψ(s, y)) µ(dy) < ∞ for a.a. (s, ω) ∈ [0,T ] ×Ω w.r.t. Leb ⊗ P.

Hence, the process

ψ : [0,T ] ×Ω ∋ (s, ω) 7→
∫

O
ψ(s, ω, y) µ(dy)

is P-measurable (i.e., predictable). Hence, (6.7) is proved.

Now, applying Jensen’s inequality, we have∥∥∥∥∥∫
O
ψ(s, ω, y) µ(dy)

∥∥∥∥∥
Πp(K,E)

≤

∫
O
∥ψ(s, ω, y)∥Πp(K,E) µ(dy)

Thus

πp(ψ(s, ω)) ≤
∫

O
πp(ψ(s, ω, y)) µ(dy)

Moreover,

E

∫ T

0
πp

p(ψ(s, ω)) ds ≤ E
∫ T

0

(∫
O
πp(ψ(s, ω, y)) µ(dy)

)p

ds < ∞.

The last inequality follows from the results of (6.11) below.

By the definition of expectation, the Minkowski inequality for integrals, and again using

the definition of expectation, we obtain, by the assumption (6.1), that(
E

∫ T

0

(∫
O
πp(ψ(s, y)) µ(dy)

)p

ds
) 1

p

=

(∫
Ω

∫ T

0

(∫
O
πp(ψ(s, ω, y)) µ(dy)

)p

dsP(dω)
) 1

p

≤

∫
O

(∫
Ω

∫ T

0
πp

p(ψ(s, ω, y))dsP(dω)
) 1

p

µ(dy)

=

∫
O

(
E

∫ T

0
πp

p(ψ(s, ,̇y)) ds
) 1

p

µ(dy) < ∞.

Hence, we infer that

E

∫ T

0

(∫
O
πp(ψ(s, ω, y)) µ(dy)

)p

ds < ∞. (6.11)

Therefore, equation (5.2) is satisfied and (6.8) is proved.

Hence, the process ψ(s, ω) belongs to Λp(0,T ;Πp(K,E)) and ψ(s, ω, y) ∈ Πp(K,E).
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By Theorem 5.35, inequality (5.18) holds, i.e.

E

(∥∥∥ ∫ T

0
ψ(s, ω) dL(s)

∥∥∥p
)
≤ C

(
E

∫ T

0
πp

p(ψ(s, ω)) ds
) 1

p

< ∞.

Hence, the Itô integral
∫ T

0
ψ(s, ω) dL(s) exists.

Hence, the RHS of equation (6.9),
∫ T

0

(∫
O
ψ(s, y) dµ(y)

)
dL(s), exists.

□

Proof of part (4). It is sufficient to prove that equality (6.9) holds for t = T . To show

equality (6.9), let us choose and fix a generalized process ψ satisfying condition (6.1). We

will consider a sequence (ψn)∞n=1 of simple step processes as described in Lemma 6.5.

Step 1 We will show here that equality (6.9) holds for each simple step process ψn. Indeed,

the following equality

−

∫
O

∫ T

0
ψn(s, y) dL(s) dµ(y) +

∫ T

0

∫
O
ψn(s, y) dµ(y) dL(s) = 0

follows from the Fubini Theorem for the simple step processes.

Step 2 We will show here that equality (6.9) holds for each simple step process ψ. Let

us observe that

E
∥∥∥ ∫

O

∫ T

0
ψ(s, y) dL(s) dµ(y) −

∫ T

0

∫
O
ψ(s, y) dµ(y) dL(s)

∥∥∥
= E

∥∥∥ ∫
O

∫ T

0
ψ(s, y) dL(s) dµ(y) −

∫
O

∫ T

0
ψn(s, y) dL(s) dµ(y)

+

∫ T

0

∫
O
ψn(s, y) dµ(y) dL(s) −

∫ T

0

∫
O
ψ(s, y) dµ(y) dL(s)

∥∥∥ ≤ · · ·
Note that here the 3rd, 4th terms are equal by the Fubini Theorem, i.e.

−

∫
O

∫ T

0
ψn(s, y) dL(s) dµ(y) +

∫ T

0

∫
O
ψn(s, y) dµ(y) dL(s) = 0

Next, we apply the Minkowski inequality for integrals,

· · · ≤E
∥∥∥ ∫

O

∫ T

0
ψ(s, y) dL(s) dµ(y) −

∫
O

∫ T

0
ψn(s, y) dL(s) dµ(y)

∥∥∥
+ E

∥∥∥ ∫ T

0

∫
O
ψn(s, y) dµ(y) dL(s) −

∫ T

0

∫
O
ψ(s, y) dµ(y) dL(s)

∥∥∥ = · · ·
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By the linear property of expectation,

· · · =E
∥∥∥ ∫

O

∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s) dµ(y)

∥∥∥
+ E

∥∥∥ ∫ T

0

∫
O

(ψn(s, y) − ψ(s, y)) dµ(y) dL(s)
∥∥∥ = · · ·

By the definition of expectation, this becomes

· · · =

∫
Ω

∥∥∥ ∫
O

∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s) dµ(y)

∥∥∥dP(ω)

+ E
∥∥∥ ∫ T

0

∫
O

(ψn(s, y) − ψ(s, y)) dµ(y) dL(s)
∥∥∥ = · · ·

By applying the Fubini Theorem again, we get

· · · =

∫
O

∥∥∥ ∫
Ω

∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s)dP(ω)

∥∥∥ dµ(y)

+ E
∥∥∥ ∫ T

0

∫
O

(ψn(s, y) − ψ(s, y)) dµ(y) dL(s)
∥∥∥ = · · ·

Now, by the definition of expectation again, we can write

· · · =

∫
O

∥∥∥E∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s)

∥∥∥ dµ(y)

+ E
∥∥∥ ∫ T

0

∫
O

(ψn(s, y) − ψ(s, y)) dµ(y) dL(s)
∥∥∥ ≤ · · ·

Applying Jensen’s inequality, we have

· · · ≤

∫
O
E
∥∥∥ ∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s)

∥∥∥ dµ(y)

+

(
E
∥∥∥ ∫ T

0

∫
O

(ψn(s, y) − ψ(s, y)) dµ(y) dL(s)
∥∥∥p

) 1
p

≤ · · ·

Using (5.21), we obtain

· · · ≤

∫
O
E
∥∥∥ ∫ T

0
(ψ(s, y) − ψn(s, y)) dL(s)

∥∥∥ dµ(y)

+

(
CE

∫ T

0

∥∥∥ ∫
O

(ψn(s, y) − ψ(s, y)) dµ(y)
∥∥∥p

dL(s)
) 1

p

≤ · · ·
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Again, applying (5.21), we obtain

· · · ≤

∫
O
E

∫ T

0
πp(ψ(s, y) − ψn(s, y)) dL(s) dµ(y)

+

(
CE

∫
O

∫ T

0
πp

p(ψn(s, y) − ψ(s, y)) dL(s)
) 1

p

dµ(y)→ 0.

Finally, the expression goes to zero by Lemma 6.5.

Summing up, we proved

E
∥∥∥ ∫

O

∫ T

0
ψ(s, y) dL(s) dµ(y) −

∫ T

0

∫
O
ψ(s, y) dµ(y) dL(s)

∥∥∥ = 0.

Therefore, ∫
O

∫ T

0
ψ(s, y) dL(s) dµ(y) =

∫ T

0

∫
O
ψ(s, y) dµ(y) dL(s) P − a.s.

and so equality (6.9) is satisfied. □

Hence, the proof of Theorem 6.6 is complete. □

6.1. An alternative proof of Theorem 6.6. Step 1 Let us choose and fix a generalised

P ⊗ O/Bs(Πp(K,E))-measurable process

ψ : [0,T ] ×Ω × O → Πp(K,E)

which satisfies condition (6.1).

Step 2 Let us choose, as in Lemma 6.5, a sequence {ψn}∞n=1 of simple step functions of

the form (6.2) such that (6.3) holds.

For every n ∈ N we define a generalised process

I(ψn) :=
∫ t

0
ψn(s, ω, y) dL(s), (t, ω, y) ∈ [0,T ] ×Ω × O.

Since ψn is a simple step function, this is well-defined. We also prove that inequality (6.6)

is satisfied by all linear combinations of processes ψn.

Step 3 We prove that the sequence I(ψn) is Cauchy in the following sense

lim
n,m→∞

∫
O

(
E sup

t∈[0,T ]
∥

∫ t

0
ψn(s, ω, y) dL(s) −

∫ t

0
ψm(s, ω, y) dL(s)∥pE ds

) 1
p

µ(dy) = 0.

Step 4 We prove that each process I(ψn) satisfies all assertions of Theorem 6.6.
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Step 5 By considering a subsequence we can assume that∫
O

(
E

∫ T

0
πp

p(ψn(t, ·, y) − ψ(t, ·, y)) ds
) 1

p

µ(dy) ≤ 10−n, n ∈ N.

Using the Borel-Cantelli Lemma, as in the proof of Theorem 5.36, we can show that there

exist measurable sets O1 ⊂ O and Ω1 ⊂ Ω, of full measures, such that for y ∈ O1 and

ω ∈ Ω1, the sequence
∫ ·

0
ψn(s, ω, y) dL(s) is uniformly convergent in E. We put, if y ∈ O1

and ω ∈ Ω1, ∫ t

0
ψ(s, ω, y) dL(s) := lim

n→∞

∫ ·

0
ψn(s, ω, y) dL(s)

and, otherwise, we put ∫ t

0
ψ(s, ω, y) dL(s) = 0.

Step 6 We show that thus defined generalised process

I(ψ) :=
∫ t

0
ψ(s, ω, y) dL(s), (t, ω, y) ∈ [0,T ] ×Ω × O,

satisfies all assertions of our Theorem 6.6.
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7. Existence and Uniqueness of Solution to Stochastic Differential Equations

7.1. Preliminaries. In this section, we apply developed theories about stochastic integrals

with respect to cylindrical Lévy process to establish the existence and the uniqueness of the

solutions to a stochastic differential equation (SDE) in a Banach space.

We begin by outlining the framework for this section. We assume that (Ω,F ,F,P) is a

filtered probability space such that the filtration F = (Ft)t≥0 satisfies the usual condition –

right-continuity and completeness, see Definition F.24.

Let us recall several key definitions. Assume that F is a Banach space.

1. An F-valued process ξ = (ξ(t))t≥0 is F-adapted if and only if ξ(t) is Ft-measurable

for each t ∈≥ 0.

2. An F-valued process ξ = (ξ(t))t≥0 is càdlàg if and only if ξ(t) is right continuous

and has a left limit at every t ≥ 0.

3. An F-valued process ξ = (ξ(t))t≥0 is F-predictable if and only if ξ is F-measurable

and the mapping

ξ : [0,∞) × E ×Ω→ R

satisfies the the following conditions:

(a) For each t ≥ 0, the mapping (x, ω)→ ξ(t, x, ω) is B(E) ⊗ Ft-measurable;

(b) For each x ∈ E, ω ∈ Ω, the mapping [0,∞) ∋ t → ξ(t, x, ω) is left-continuous.

See also Definition 2.80.

7.2. Formulation. We assume that F and E are Banach spaces. The norms in these spaces

will be denoted by ∥ · ∥E and ∥ · ∥F , respectively. When there is no danger of ambiguity,

these norms will simply be denoted by the notation ∥ · ∥.

The space of all p-summing linear operators from E to F is denoted by Πp(E, F) and

the norm in this space is denoted by πp(·) or ∥ · ∥Πp(E,F).

Assume that p ∈ [1, 2]. This number will be fixed throughout the whole section.

We assume that L is a cylindrical Lévy process on E such that, for every t ∈ R+, the

mapping

L(t) : E∗ → L0(Ω,F ,P;R)
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has finite weak p-th moments, i.e.

E[|L(t)x∗|p] < ∞, ∀t ≥ 0,∀x∗ ∈ E∗.

This corresponds to the condition (5.1).

We consider functions

B : R+ × F → F

and

G : R+ × F → Πp(E, F)

which are assumed to be strongly-measurable. Further assumptions on these functions will

be introduced later.

In this section we will study the following SDE:

dX(t) = B(t,X(t)) dt +G(t,X(t)) dL(t), t ≥ 0, (7.1)

X(0) = X0,

where X0 is an F0-measurable, F-valued random variable.

We now introduce the definition of a mild solution.

Definition 7.1. A solution of the SDE (7.1) is a predictable F-valued process X = (X(t))t≥0

such that for every T > 0,

∥X∥pT = sup
t∈[0,T ]

E[∥X(t)∥p] = sup
t∈[0,T ]

E[∥X(t)∥pF] < ∞,

and such that, for all t ≥ 0, we have P-almost surely

X(t) = X0 +

∫ t

0
B(s,X(s)) ds +

∫ t

0
G(s,X(s)) dL(s).

In what follows, we assume the Lipschitz and the linear growth conditions on the coef-

ficients B and G, and an integrability assumption on the initial condition.

In the assumptions below we temporarily replace the time interval [0,∞) by a bounded

interval [0,T ].

Assumption 7.2. (Initial data)

We assume that p ∈ [1, 2] and

(A0) X0 ∈ Lp(Ω,F0,P; F).
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Assumption 7.3. (Lipschitz and Growth Conditions on B and G)

We assume that

(B0) For every x ∈ E, the map

[0,T ] ∋ s 7→ B(s, x) ∈ F

is Lebesgue measurable;

(B1) there exists a non-negative function b ∈ Lq([0,T ]) = Lq([0,T ];R), where q = p
p−1 ,

such that for all x, x1, x2 ∈ E and t ∈ [0,T ]

∥B(t,x)∥F ≤ b(t) (1 + ∥x∥),

∥B(t,x1) − B(t,x2)∥F ≤ b(t) ∥x1 − x2∥.

(G0) For every x ∈ E, the map

[0,T ] ∋ s 7→ G(s, x) ∈ Πp(E, F)

is Lebesgue measurable;

(G1) there exists a non-negative function g ∈ L∞([0,T ];R) such that for any x, x1, x2 ∈ F

and t ∈ [0,T ]

πp(G(t,x)) ≤ g(t) (1 + ∥x∥),

πp(G(t,x1) −G(t,x2)) ≤ g(t) ∥x1 − x2∥.

These assumptions ensure well-posedness (existence and uniqueness) of the solution to

the SDE.

Theorem 7.4. Let p ∈ (1, 2]. Suppose that the Banach spaces E and F satisfy the following

conditions:

(a) E is reflexive or has a separable dual,

(b) F is of martingale type p, and E∗∗ has the approximation property.

Assume that L is a cylindrical Lévy process such that Assumptions 7.2-7.3 are satisfied.

Then, for every X0 ∈ Lp(Ω,F0,P; F), there exists a unique solution to the SDE (7.1).
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Remark 7.5. Here we need Banach space E∗∗ having the approximation property, see Def-

inition 3.5, so as to ensure the stochastic integral with respect to cylindrical Lévy process

L(s), i.e.,
∫ t

0
G(s, X(s) dL(s), where G(s, X(s)) ∈ Πp(E, F), is well-defined, i.e., it can be

approximated by sums over simple functions, and hence we will be able to apply (5.14) of

Proposition 5.32.

Theorem 7.6. Let p = 1. Suppose that the Banach spaces E and F satisfy the following

conditions:

(a) E is reflexive or has a separable dual,

(b) F is of martingale type 1, has the Radon-Nikodym property, and E∗∗ has the ap-

proximation property.

Assume that L is a cylindrical Lévy process as before, and that Assumptions 7.2-7.3 are

satisfied. Then, for every X0 ∈ L1(Ω,F0,P; F), there exists a unique solution to the SDE

(7.1).

Before we embark on proof of Theorem 7.4, We introduce the following function space:

Definition 7.7. If T > 0 then we define the space

HT :=
{
X : [0,T ] ×Ω→ F : X is F − predictable and

sup
t∈[0,T ]

E[∥X(t)∥p] < ∞
}
.

This space consists of all predictable processes that satisfy a uniform Lp-boundedness

condition over [0,T ]. Obviously, the following lemmas hold.

Lemma 7.8. The spaceHT is a vector space.

For the proof of Lemma 7.8 see Appendix G.13.

Let us choose and fix β ≥ 0 and define a norm ∥ · ∥T,β onHT by

∥X∥T,β :=
(

sup
t∈[0,T ]

e−βtE[∥X(t)∥p]
)1/p

, X ∈ Lp(Ω,F ,P; F).

Note that

∥ · ∥T := ∥ · ∥T,0.

Lemma 7.9. The function ∥ · ∥T,β is a norm onHT .
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Proof of Lemma 7.9. Let us recall that a R-valued function ∥ · ∥ is a norm on the vector

spaceHT if and only if satisfies the following four properties:

(N1) ∥X∥T,β ≥ 0 for every X ∈ HT and ∥0∥ = 0;

(N2) If X ∈ HT and ∥X∥T,β = 0 then X = 0;

(N3) If X ∈ HT and α ∈ R then

∥αX∥T,β = |α| ∥X∥T,β.

(N4) If X1, X2 ∈ HT , then

∥X1 + X2∥T,β ≤ ∥X1∥T,β + ∥X2∥T,β.

(Ad N1) Obviously if X = 0, then ∥X∥T,β = 0. Let us choose and fix X ∈ HT . Since

E[∥X(t)∥p] ≥ 0 for every t ∈ [0,T ], we infer that ∥X∥T,β ≥ 0.

(Ad N2) If ∥X∥T,β = 0, then by definition,

sup
t∈[0,T ]

e−βtE[∥X(t)∥p] = 0.

Since e−βtE[∥X(t)∥p] ≥ 0 for every t ∈ [0,T ], it follows that

E[∥X(t)∥p] = 0 for every t ∈ [0,T ].

Therefore,

X(t) = 0 ∀t ∈ [0,T ].

and hence X = 0.

(Ad N3) For X ∈ HT and α ∈ R, we have

∥αX∥T,β =
(

sup
t∈[0,T ]

e−βtE[∥αX(t)∥p]
)1/p

= |α|

(
sup

t∈[0,T ]
e−βtE[∥X(t)∥p]

)1/p

= |α| ∥X∥T,β.

(Ad N4) For X1, X2 ∈ HT , by Minkowski’s inequality, we have

∥X1 + X2∥T,β =

(
sup

t∈[0,T ]
e−βtE[∥X1(t) + X2(t)∥p]

)1/p

= sup
t∈[0,T ]

(
e−βtE[∥X1(t) + X2(t)∥p]

)1/p

≤ sup
t∈[0,T ]

(
e−βt (E[∥X1(t)∥p])1/p + e−βt (E[∥X2(t)∥p])1/p

)
≤ sup

t∈[0,T ]
e−βt (E[∥X1(t)∥p])1/p + sup

t∈[0,T ]
e−βt (E[∥X2(t)∥p])1/p

= ∥X1∥T,β + ∥X2∥T,β.

□
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Lemma 7.10. The norms ∥ · ∥T and ∥ · ∥T,β onHT are equivalent.

Proof Lemma 7.10 . Assume that β > 0. Then, since 0 < e−βt ≤ 1 for t ≥ 0, we infer that

∥X∥T,β =
(

sup
t∈[0,T ]

e−βt E[∥X(t)∥p]
)1/p

≤

(
sup

t∈[0,T ]
E[∥X(t)∥p]

)1/p

= ∥X∥T,0.

Now we will show the inequality in the opposite direction. Since 0 < eβt ≤ eβT for t ∈

[0,T ], we infer that

∥X∥T,0 =
(

sup
t∈[0,T ]

E[∥X(t)∥p]
)1/p

=

(
sup

t∈[0,T ]
eβte−βt E[∥X(t)∥p]

)1/p

=

(
sup

t∈[0,T ]
eβT e−βt E[∥X(t)∥p]

)1/p

≤ eβT

(
sup

t∈[0,T ]
e−βt E[∥X(t)∥p]

)1/p

= eβT ∥X∥T,β.

This completes a proof of our equivalence Lemma. Note that it was essential to consider

only T > 0 and not T = ∞. □

Lemma 7.11. The spaceHT endowed with the norm ∥ · ∥T is complete.

Hence, the spaceHT endowed with the norm ∥ · ∥T,β is also complete.

Proof of Lemma 7.11. Let (Xn) be a Cauchy sequence in HT . Then for every ε > 0, there

exists a number N ∈ N such that for all m, n ≥ N,

∥Xn − Xm∥T =

(
sup

t∈[0,T ]
E[∥Xn(t) − Xm(t)∥p]

) 1
p

< ε.

Fix any t ∈ [0,T ]. Then, for all m, n ≥ N,

(E∥Xn(t) − Xm(t)∥p)
1
p ≤ ∥Xn − Xm∥T ≤ ε.

Observe that the left-hand side is exactly the norm ∥Xn(t) − Xm(t)∥Lp(Ω). Hence for every

fixed t ∈ [0,T ], Xn(t) is a Cauchy sequence in Lp(Ω,Ft,P; F), i.e.,

∥Xn(t) − Xm(t)∥Lp(Ω) < ε.

Since Lp(Ω,F ,P; F) is complete, hence there exists a process X(t) ∈ Lp(Ω,F ,P; F) such

that

lim
n→∞
E[∥Xn(t) − X(t)∥p]→ 0.

Define X : [0,T ] ×Ω→ F by setting

X(t, ω) := lim
n→∞

Xn(t, ω) in Lp(Ω) for each t.
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Since each Xn is F-predictable and Xn → X in Lp([0,T ]×Ω), there exists a subsequence

that converges to X almost surely. Using the fact that the class of F-predictable processes

is closed under almost sure limits, see [32, Theorem IV.35, p. 182], [27, Chapter 1, Section

1.5], it follows that X is also F-predictable.

We now show that X ∈ HT , i.e., ∥X∥T < ∞.

By the triangle inequality in Lp(Ω), for each t ∈ [0,T ] and n ∈ N, we have

(E∥X(t)∥p)1/p
≤ (E∥X(t) − Xn(t)∥p)1/p + (E∥Xn(t)∥p)1/p

Taking the supremum over t ∈ [0,T ], we obtain

sup
t∈[0,T ]

(E∥X(t)∥p)1/p
≤ sup

t∈[0,T ]
(E∥X(t) − Xn(t)∥p)1/p + sup

t∈[0,T ]
(E∥Xn(t)∥p)1/p .

By definition of ∥ · ∥T norm, this is equivalent to:

∥X(t)∥T ≤ ∥X(t) − Xn(t)∥T + ∥Xn(t)∥T .

Since (Xn) is Cauchy inHT , it is bounded, i.e.,

sup
n
∥Xn∥T < ∞.

Moreover, for any ε > 0, there exists N such that for all n ≥ N, we have ∥X − Xn∥T < ε.

Hence

∥X(t)∥T ≤ ε + sup
n
∥Xn(t)∥T < ∞.

Hence X ∈ HT .

Finally, we show that Xn → X inHT . Since Xn is Cauchy inH , for all n,m ≥ N,

∥Xn − Xm∥T < ε.

Taking the limit as m→ ∞, and using the norm continuity of Lp(Ω), we obtain

∥Xn − X∥T ≤ ε.

Hence, Xn → X inHT , proving thatHT is complete under ∥ · ∥T .

Hence, the space HT , when equipped with the norm ∥ · ∥T,β, is also complete, as it is

equivalent to ∥ · ∥T . □
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We are now ready to prove Theorem 7.4, in which we apply the Banach Fixed Point

Theorem E.3, see Theorem E.3 in Appendix, to establish the existence and uniqueness of

solutions to the SDE.

Proof of Theorem 7.4. Assume that the assumptions of Theorem 7.4 are satisfied. In par-

ticular, we choose and fix X0 ∈ Lp(Ω,F0,P; F).

We define, for i = 0, 1, 2, the maps

Ki : HT → HT ,

by, for X ∈ HT ,

K0(X)(t) := X0, t ∈ [0,T ],

K1(X)(t) :=
∫ t

0
B(s,X(s)) ds, t ∈ [0,T ], (7.2)

K2(X)(t) :=
∫ t

0
G(s,X(s)) dL(s), t ∈ [0,T ]. (7.3)

We first establish the following lemma:

Lemma 7.12. Each Ki mapsHT to itself. Hence K mapsHT toHT .

Proof of Lemma 7.12. (1) Case i = 0. Let us choose and fix X ∈ HT . Define the map

K0 : HT → HT by

K0(X)(t) := X0, t ∈ [0,T ].

We want to prove that K0(X) ∈ HT . We need to prove:

(i) K0(X) is a predictable F-valued process,

(ii) supt∈[0,T ] E[∥K0(X)(t)∥p] < ∞.

Ad (i) Let us observe that the process K0(X) is constant with respect to time. The

random variable X0 is F-valued and F0-measurable. Recall that the predictable

σ-field on [0,T ] × Ω is generated by left-continuous adapted processes, hence

the process K0(X), being constant in time and measurable with respect to F0, is

both adapted and left-continuous. Moreover, the Banach space F is equipped with

its Borel σ-field B(F), which is generated by the open sets induced by the norm

topology, i.e., the topology defined by the norm ∥ · ∥ on F. Hence, the mapping
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t → K0(X)(t) = X0 is measurable with respect to the predictable σ-field, and takes

values in F. Therefore, we infer that the process K0(X) is predictable.

Ad (ii) For all t ∈ [0,T ], we have

sup
t∈[0,T ]

E[∥K0(X)(t)∥p] = sup
t∈[0,T ]

E[∥X0∥
p] = E[∥X0∥

p] < ∞.

(2) Case i = 1. Let us choose and fix X ∈ HT . We want to prove that K1X ∈ HT . We

need to prove:

(i) K1X is a well-defined F-valued process,

(ii) K1X is a predictable F-valued process,

(iii) K1X satisfies

sup
t∈[0,T ]

E|K1(X)(t)|pF < ∞.

Ad (i) The Bochner integral in (7.2) is well-defined for each t ∈ [0,T ], because

X ∈ HT is F -predictable and the mappings

B(s, ·) : E ∋ x 7→ B(s,x) ∈ F

are continuous in x. By Assumption 7.3, and the integrability of X, the mapping

s 7→ B(s, X(s)) is Bochner integrable. Hence K1X is well-defined.

Ad (ii) Since X is predictable, and the map B(s, ·) is continuous, the composition

B(s, X(s)) is again predictable as a function of (s, ω). Thus, K1X is a predictable.

Ad (iii) By [47, Corollary V.5.1, p. 133], Assumption 7.3 (B1), the Hölder in-

equality, see Corollary D.17, also we use the fact that, if C is a constant and

g : [0,T ]→ [0,∞), then

sup
t∈[0,T ]

(Cg(t)) = C sup
t∈[0,T ]

g(t).

sup
t∈[0,T ]

E
[∥∥∥∥K1(X)(t)

∥∥∥∥p]
= sup

t∈[0,T ]
E
[∥∥∥∥ ∫ t

0
B(s,X(s)) ds

∥∥∥∥p]
≤ sup

t∈[0,T ]
E
[( ∫ t

0
∥B(s,X(s))∥ ds

)p]
≤ · · ·
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By Assumption 7.3 (B1) and applying Hölder’s inequality, we have

· · · ≤ sup
t∈[0,T ]

E
[( ∫ t

0
b(s) (1 + ∥X(s)∥) ds

)p]
≤ sup

t∈[0,T ]
E
[( ∫ t

0
|b(s)|q ds

) p
q

∫ t

0
(1 + ∥X(s)∥)p ds

]
≤

( ∫ T

0
|b(s)|q ds

) q
p sup

t∈[0,T ]
E
[ ∫ t

0
(1 + ∥X(s)∥)p ds

]
≤ · · ·

Using the inequality (a + b)p ≤ 2p−1(ap + bp), where a, b ≥ 0, p ≥ 1, we have

· · · ≤
( ∫ T

0
|b(s)|q ds

) q
p sup

t∈[0,T ]
E
[ ∫ t

0
2p−1(1p + ∥X(s)∥p) ds

]
≤

( ∫ T

0
|b(s)|q ds

) q
p 2p−1

[
T + sup

t∈[0,T ]
E

∫ t

0
∥X(s)∥p ds

]
≤ ∥b∥pLq2p−1(T + ∥X∥pT,0) < ∞.

(3) Case i = 2. Let us choose and fix X ∈ HT . We want to prove that K2X ∈ HT . We

need to prove

(i) K2X is a well-defined F-valued process,

(ii) K2X is a predictable F-valued process,

(iii) K2X satisfies

sup
t∈[0,T ]

E|K2(X)(t)|pF < ∞.

Ad (i) The stochastic integral in (7.3) above is well-defined because the process X

is predictable and the mappings, for every s ∈ [0,T ],

G(s,·) : E ∋ (s, x)→ G(s,x) ∈ Πp(E, F)

are continuous. By Assumption 7.3, and the integrability of X, the mapping s 7→

G(s, X(s)) is Bochner integrable and takes values in Πp(E, F). Hence K2X is well-

defined.

Ad (ii) Since X is predictable and the map G(s, ·) is continuous, the composition

G(s, X(s)) is again predictable as a function of s, ω. Thus, K2X is predictable.

Ad (iii) Using the same approach in the case of K1, we conclude from Assumption

7.3 (G1) and inequality (5.21) from Theorem 5.36 that there exists a constant CT >

0 such that
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sup
t∈[0,T ]

E
[∥∥∥∥K2(X)(t)

∥∥∥∥p]
= sup

t∈[0,T ]
E
[∥∥∥∥ ∫ t

0
G(s,X(s)) dL(s)

∥∥∥∥p]
≤ CTE

[ ∫ T

0
πp

p

(
G(s, X(s))

)
ds

]
≤ · · ·

By Assumption 7.3 (G1), we have

· · · ≤ CTE
[ ∫ T

0

(
g(s) (1 + ∥X(s)∥)

)p
ds

]
= CTE

[ ∫ T

0
g(s)p (1 + ∥X(s)∥)p ds

]
≤ CT

[
esssups∈[0,T ]|g(s)|p

] ∫ T

0
(1 + E∥X(s)∥)p ds

≤ CT ∥g∥
p
L∞(0,T )(T + ∥X∥

p
T,0) < ∞.

□

Let us continue our proof of Theorem 7.4. We will next establish that the process

Ki(X), i = 1, 2 is stochastically continuous. For this purpose, let us choose and fix t ∈ [0,T )

and ε > 0 such that t + ε ≤ T . Then we obtain

E[∥K1(X)(t + ε) − K1(X)(t)∥p] = E
[∥∥∥∥ ∫ t+ε

0
B(s, X(s)) ds −

∫ t

0
B(s, X(s)) ds

∥∥∥∥p]
= E

[∥∥∥∥ ∫ t+ε

t
B(s, X(s)) ds

∥∥∥∥p]
≤ E

[( ∫ t+ε

t
∥B(s, X(s))∥ ds

)p]
≤ E

[( ∫ t+ε

t
b(s)(1 + ∥X(s)∥) ds

)p]
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By applying Hölder’s Inequality and the formula (a + b)p ≤ 2p−1(ap + bp), where a, b ≥

0, p ≥ 1, we have

· · · ≤
( ∫ t+ε

t
|b(s)|q ds

) p
q
E
[ ∫ t+ε

t
(1 + ∥X(s)∥)p ds

]
≤

( ∫ t+ε

t
|b(s)|q ds

) p
q
E
[ ∫ t+ε

t
2p−1(1p + ∥X(s)∥p) ds

]
≤

( ∫ t+ε

t
|b(s)|q ds

) p
q 2p−1

[
ε + E

∫ t+ε

t
∥X(s)∥p ds

]
≤ ∥b∥pLq(t,t+ε)2

p−1(ε + ∥X∥pT,0)

→ 0 as ε→ 0.

The last step is based on the following fact:

Digression 7.13. The assumption that b ∈ Lq([0,T ];R), see Assumption 7.3 (B1), i.e.,∫ T

0
|b(s)|q ds < ∞.

implies that, for every t ∈ [0,T ]

lim
ε→0

∫ t+ε

t
|b(s)|q ds = 0.

Below we will provide the proof to this digression, using the Lebesgue Dominated Con-

vergence Theorem, see Theorem F.32.

Proof to Digression 7.13. Applying the Lebesgue Dominated Convergence to our case, we

have S = [0,T ], g(s) = |b(s)|q, µ := Lebesgue measure, i.e., µ(ds) = ds; f (s) = 0,

fn(s) = 1[t,t+ 1
n )(s) |b(s)|q. All assumptions of LDCT are satisfied. Hence (F.1) holds, i.e.∫

S
fn(s) ds→

∫
S

f (s) ds,

where ∫
S

f (s) ds =
∫

S
0 ds = 0,

∫
S

fn(s) ds =
∫ t+ 1

n

t
|b(s)|q ds.

Hence we proved that

lim
n→∞

∫ t+ 1
n

t
|b(s)|q ds = 0.
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Therefore

lim
ε→0

∫ t+ε

t
|b(s)|q ds = 0.

□

Let us continue our proof of Theorem 7.4. For K2 we obtain by inequality (5.18) from

Theorem 5.35 that there exists a constant C > 0 such that

E[∥K2(X)(t + ε) − K2(X)(t)∥p] = E
[∥∥∥∥ ∫ t+ε

0
G(s, X(s)) dL(s) −

∫ t

0
G(s, X(s)) dL(s)

∥∥∥∥p]
= E

[∥∥∥∥ ∫ t+ε

t
G(s, X(s)) dL(s)

∥∥∥∥p]
≤ CE

[ ∫ t+ε

t
πp

p

(
G(s, X(s))

)
ds

]
≤ CE

[ ∫ t+ε

t

(
g(s)(1 + ∥X(t)∥)

)p
ds

]
≤ · · ·

By applying Hölder’s Inequality and the formula (a+b)p ≤ 2p−1(ap+bp), for a, b ≥ 0, p ≥ 1,

we have

· · · ≤ C
[
esssups∈[t,t+ε]|g(s)|p

]
E

∫ t+ε

t
(1 + ∥X(s)∥)p ds

≤ C
[
esssups∈[t,t+ε]|g(s)|p

](
ε + E

∫ t+ε

t
∥X(s)∥p ds

)
≤ C∥g∥pL∞(t,t+ε)(ε + ∥X∥

p
T,0)

→ 0 as ε→ 0.
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Similarly, we have for 0 < ε ≤ t,

E[∥K1(X)(t − ε) − K1(X)(t)∥p] = E
[∥∥∥∥ ∫ t−ε

0
B(s, X(s)) ds −

∫ t

0
B(s, X(s)) ds

∥∥∥∥p]
= E

[∥∥∥∥ ∫ t

t−ε
B(s, X(s)) ds

∥∥∥∥p]
≤ E

[( ∫ t

t−ε
∥B(s, X(s))∥ ds

)p]
≤ E

[( ∫ t

t−ε
b(s)(1 + ∥X(s)∥) ds

)p]
≤

( ∫ ε

0
|b(s)|q ds

) p
q
E
[ ∫ ε

0
(1 + ∥X(s)∥)p ds

]
≤

( ∫ ε

0
|b(s)|q ds

) p
q
E
[ ∫ ε

0
2p−1(1p + ∥X(s)∥p) ds

]
≤

( ∫ ε

0
|b(s)|q ds

) p
q 2p−1

[
ε + E

∫ ε

0
∥X(s)∥p ds

]
≤

( ∫ ε

0
|b(s)|q ds

) p
q 2p−1

[
ε + sup

t∈[0,T ]
E

∫ ε

0
∥X(s)∥p ds

]
≤ ∥b∥pLq(0,ε)2

p−1(ε + ∥X∥pT,0)

→ 0 as ε→ 0.

The stochastic continuity of K2(X) can be shown in a similar way, as follows:

E[∥K2(X)(t − ε) − K2(X)(t)∥p] = E
[∥∥∥∥ ∫ t−ε

0
G(s, X(s)) dL(s) −

∫ t

0
G(s, X(s)) dL(s)

∥∥∥∥p]
= E

[∥∥∥∥ ∫ t

t−ε
G(s, X(s)) dL(s)

∥∥∥∥p]
≤ CE

[ ∫ t

t−ε
πp

p

(
G(s, X(s))

)
ds

]
≤ CE

[ ∫ t

t−ε

(
g(s)(1 + ∥X(t)∥)

)p
ds

]
≤ C

[
esssups∈[0,ε]|g(s)|p

] ∫ ε

0
(1 + ∥X(s)∥)p ds

]
≤ C

[
esssups∈[0,ε]|g(s)|p

](
ε + E

∫ ε

0
∥X(s)∥p ds

)
= C∥g∥pL∞(0,ε)(ε + ∥X∥

p
T,0)

→ 0 as ε→ 0.
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Thus the process K(X) is stochastically continuous.

In particular, the stochastic continuity implies the existence of a predictable modification

of the process K(X) by [74, Proposition 3.12]. In summary, we obtain that K maps from

HT toHT .

For applying the Banach Fixed Point Theorem it is enough to show that K is a contrac-

tion with respect to ∥ · ∥T,β for some β. We have

∥K(X1) − K(X2)∥pT,β ≤ 2p−1
(
∥K1(X1) − K1(X2)∥pT,β + ∥K2(X1) − K2(X2)∥pT,β

)
.

We estimate each term on the right-hand side separately.

For the part corresponding to the drift, we calculate

∥K1(X1) − K1(X2)∥pT,β = sup
t∈[0,T ]

e−βt E
∥∥∥∥K1(X1)(t) − K1(X2)(t)

∥∥∥∥p

= sup
t∈[0,T ]

e−βt E
∥∥∥∥ ∫ t

0
B(s, X1(s)) ds −

∫ t

0
B(s, X2(s)) ds

∥∥∥∥p

by the definition of K1. Then by the linearity of integral, we have

= sup
t∈[0,T ]

e−βt E
∥∥∥∥ ∫ t

0

(
B(s, X1(s)) − B(s, X2(s))

)
ds

∥∥∥∥p

By [47, Corollary V.5.1, p. 133], we have

≤ sup
t∈[0,T ]

e−βt E
( ∫ t

0

∥∥∥∥B(s, X1(s)) − B(s, X2(s))
∥∥∥∥ ds

)p
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By Assumption 7.3 (B1) and applying Hölder’s inequality, we have

≤ sup
t∈[0,T ]

e−βt E
( ∫ t

0
b(s) ∥X1(s) − X2(s)∥ ds

)p

≤ sup
t∈[0,T ]

e−βt E
[( ∫ t

0
|b(s)|q ds

) p
q
( ∫ t

0
∥X1(s) − X2(s)∥p ds

)]
≤

( ∫ T

0
|b(s)|q ds

) p
q sup

t∈[0,T ]
e−βt E

[ ∫ t

0
∥X1(s) − X2(s)∥p ds

]
=

( ∫ T

0
|b(s)|q ds

) p
q sup

t∈[0,T ]

[ ∫ t

0
e−β(t−s) e−βsE∥X1(s) − X2(s)∥p ds

]
≤

( ∫ T

0
|b(s)|q ds

) p
q sup

t∈[0,T ]

[
sup

s∈[0,t]
e−βsE∥X1(s) − X2(s)∥p

∫ t

0
e−β(t−s) ds

]
≤

( ∫ T

0
|b(s)|q ds

) p
q sup

s∈[0,T ]
e−βsE∥X1(s) − X2(s)∥p sup

t∈[0,T ]

[ ∫ t

0
e−β(t−s) ds

]
=

( ∫ T

0
|b(s)|q ds

) p
q sup

s∈[0,T ]
e−βsE∥X1(s) − X2(s)∥p sup

t∈[0,T ]

[1
β

(1 − e−βt)
]

=
1
β

( ∫ T

0
|b(s)|q ds

) p
q sup

s∈[0,T ]
e−βsE∥X1(s) − X2(s)∥p

=
1
β

( ∫ T

0
|b(s)|q ds

) p
q
∥X1 − X2∥

p
T,β

So we proved that

∥K1(X1) − K1(X2)∥T,β ≤
(
1
β

) 1
p ( ∫ T

0
|b(s)|q ds

) 1
q
∥X1 − X2∥T,β. (7.4)

In the following calculation for the part corresponding to the diffusion, we use the con-

tinuity of the stochastic integral formulated in Theorem 5.35 to justify the first inequality.

We begin with the definition of K2,

∥K2(X1) − K2(X2)∥pT,β = sup
t∈[0,T ]

e−βt E
∥∥∥∥K2(X1)(t) − K2(X2)(t)

∥∥∥∥p

= sup
t∈[0,T ]

e−βt E
∥∥∥∥ ∫ t

0
G(s, X1(s)) ds −

∫ t

0
G(s, X2(s)) ds

∥∥∥∥p

Then by the linearity of integral, we have

= sup
t∈[0,T ]

e−βt E
∥∥∥∥ ∫ t

0

(
G(s, X1(s)) −G(s, X2(s))

)
ds

∥∥∥∥p

≤ C sup
t∈[0,T ]

e−βt E
[ ∫ t

0
πp

p

(
G(s, X1(s)) −G(s, X2(s))

)
ds

]
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By Assumption 7.3 (G1), we have

≤ C sup
t∈[0,T ]

e−βt E
[ ∫ t

0

(
g(s) ∥X1(s) − X2(s)∥

)p
ds

]
= C sup

t∈[0,T ]

[ ∫ t

0
g(s)p e−β(t−s)e−βsE∥X1(s) − X2(s)∥p ds

]
≤ C sup

t∈[0,T ]

[(
esssups∈[0,t]g(s)p

∫ t

0
e−β(t−s) ds

)(
sup
0≤s≤t

∫ t

0
e−βs E∥X1(s) − X2(s)∥p ds

)]
≤ C

1
β

esssups∈[0,T ]g(s)p∥X1 − X2∥
p
T,β

=
C
β
∥g∥pL∞(0,T )∥X1 − X2∥

p
T,β.

So we proved that

∥K2(X1) − K2(X2)∥T,β ≤
(
C
β

)1/p

∥g∥L∞(0,T )∥X1 − X2∥T,β. (7.5)

Combining the above inequalities (7.4) and (7.5), we deduce that we can choose β > 0

sufficiently large so that K is a strict contraction, and by the Banach fixed point theorem,

the SDE (7.1) has a unique fixed point X ∈ HT such that K(X) = X which completes the

proof of Theorem 7.4.

□
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8. Extension of the BH Work [8] to p-Summing Operators.

In this section we will generalize the results from the paper [8] by Brzeźniak and

Hausenblas, where the authors considered Stochastic Evolution Equations (SEEs) driven

by Poisson random measures. Their main tool was certain inequality valid for stochas-

tic integrals in martingale type p, p ∈ (1, 2], Banach spaces driven by a class of Poisson

random measures. This inequality was further extended to the so called stochastic convolu-

tions. In this section, we show that stochastic integrals driven by Poisson random measures

can be replaced with those driven by cylindrical Lévy processes.

This section is organized as follows: in the first subsection, we present preliminary

concepts; in the second subsection, we introduce the main results which are based on paper

[8, p. 621].

8.1. Analytic Preliminaries.

Assumption 8.1. Assume that E is a separable martingale type p, p ∈ (1, 2], Banach space.

LetA(E) denote the class of linear operators A, such that −A is an infinitesimal generator

of an analytic semigroup {e−tA}t≥0 with the domain D(A) on E, see condition (A.1) in Theo-

rem A.9. Note that analytic semigroups are not necessarily exponentially stable in general;

in this work we consider semigroups of the form (e−tA)t≥0, so any stability depends on the

spectral properties of A.

It is known, that for every A ∈ A(E) there exist numbers C > 0 and ω < 0 such that

∥e−tA∥ ≤ Cetω, t ≥ 0. (8.1)

In what follows, we fix A ∈ A(E) and numbers C > 0 and ω < 0 such that (8.1) is

satisfied.

The following inequality is well known, see e.g., [29, Theorem 2.5.6 (d), p. 62; Theorem

2.6.13 (c), p. 74; and p. 196]. There exists C > 0 such that

|Ae−
t
2 A| ≤ Ct−1, for t > 0. (8.2)

We have decided not to introduce detailed and precise definitions of the real interpola-

tion spaces. Instead, we use the equalities below as such definitions.
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Assume that the parameters θ ∈ (0, 1), m ∈ N, δ ∈ (0,∞), q ∈ [1,∞) are given. Then we

define the relevant interpolation spaces accordingly, see Section 1.14.5 in [44], or [13], or

[8, p. 620],

(E,D(Am))θ,q = (D(Am),E)1−θ,q =
{
x ∈ E :

∫ δ

0

∣∣∣tm(1−θ)Ame−tAx
∣∣∣q dt

t
< ∞

}
. (8.3)

We denote the associated norm:

|x|q(E,D(Am))θ,q;δ =

∫ δ

0

∣∣∣tm(1−θ)Ame−tAx
∣∣∣q dt

t
, x ∈ E. (8.4)

It follows trivially from the above that

(E,D(Am))θ,q = (D(Am),E)1−θ,q.

Moreover, it is known that the norms defined by the equation (8.3) are equivalent for

different values of δ ∈ (0,∞). The spaces (E,D(Am))θ,q = (D(Am),E)1−θ,q, which we denote

by DAm(θ, q), depend on m, θ and q. For certain choices of these parameters, however, these

spaces are equal, as illustrated by the identity (8.5) below.

The following important results are cited in [8, p. 621] and [44, Theorem 1.15.2(f), p.

101].

Proposition 8.2. If 0 < k < m ∈ N, p ∈ [1,∞) and θ ∈ (0, 1), then

(E,D(Ak))θ,p = (E,D(Am)) k
m θ,p

.

It follows from Proposition 8.2 that if p ∈ [1,∞) and θ ∈ [0, 1 − 1
p ), then

(E,D(A))θ+ 1
p ,q
= DA(θ +

1
p
, q) = DA2(

θ

2
+

1
2p
, q) = (E,D(A2)) θ

2+
1

2p ,q
. (8.5)

with equivalent norms, see Definition F.2.

Equality (8.5) implies the following result:

Corollary 8.3. Under the above assumptions, there exists a constant C > 0 such that

1
C
|z|DA2 ( θ2+

1
2p ,q) ≤ |z|DA(θ+ 1

p ,q) ≤ C|z|DA2 ( θ2+
1

2p ,q), ∀z ∈ DA(θ +
1
p
, q). (8.6)

Let us now formulate an inequality that will be used in the later part of this section.
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Lemma 8.4. [8, Lemma 3.1] If q > p ≥ 1, then there exists a constant C > 0 such that for

all t > 0 and s ∈ (0, 1), the following inequality holds:

( ∫ t

0

1

(t − r + s)
pq

q−p
dr

) q−p
p
≤

C

sq(1− 1
p )+1

.

The main result is stated in the next section.

8.2. Statements of The Main Results. In this section, we first define a suitable class

of Banach spaces. Next, we present a selection of relevant theorems, propositions, and

corollaries based on these conditions to explore additional properties and their connection

to p-summing operators. This sets the stage for introducing our main result, Theorem 8.8.

Assume that p ∈ (1, 2] and q ∈ [p,∞). Let (Ω,F ,F,P) be a filtered probability space

with filtration F = (Ft)t≥0 satisfying the usual conditions, see Definition F.24.

Definition 8.5. Consider a "functor" R which associates with a Banach space E of martin-

gale type p a Banach space R(E). We say that this functor is of class Ep,q if and only if the

following six conditions are satisfied.

(R1) If E is a Banach space of martingale type p, then there exists a family (It)t≥0, of uni-

formly bounded linear operators from the class Mp
loc(R(E)) of all F-progressively

measurable R(E)-valued processes, to the spaces Lp(Ω,Ft,P; E), i.e. there exists a

constant Cp > 0 such that

E|It(ξ)|
p
E ≤ CpE

∫ t

0
∥ξ(r)∥pR(E) dr, t ≥ 0. (8.7)

(R2) If E1 and E2 are isomorphic, then R(E1) and R(E2) are isomorphic.

(R3) If E1, E2 are Banach spaces of martingale type p and Φ ∈ L (E1,E2), then there

exists an operator Φ̂ ∈ L (R(E1),R(E2)), called a lift of Φ, such that

∥Φ̂ξ∥R(E2) ≤ |Φ|L (E1,E2) ∥ξ∥R(E1), ξ ∈ R(E1). (8.8)

(R4) If E is a Banach space of martingale type p and θ ∈ (0, 1) then

R(E2,E1)θ,p = (R(E2),R(E1))θ,p
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(R5) There exists a constant Ĉq > 0 such that for every E is a Banach space of martingale

type p and every ξ ∈ Mp
loc(R(E)),

E|It(ξ)|
q
E ≤ ĈqE

( ∫ t

0
∥ξ(r)∥pR(E) dr

) q
p , t ≥ 0. (8.9)

(R6) If E is a Banach space of martingale type p, and 0 < θ1 < θ2 < 1 and δ > 0, there

exists a constant K > 0 such that∫ δ

0

∥∥∥r1−θ1 Ae−rAξ
∥∥∥q

R(E)

dr
r
≤ Kq ∥ξ∥

q
R(DA(θ2,q)) , ξ ∈ R(E). (8.10)

where by the definition of the norm on the real interpolation space (E,D(A))θ,q, see

equation (8.4),

∥x∥q(E,D(A))θ,q;δ =

∫ δ

0
∥r1−θAe−rAx∥qE

dr
r
.

We now proceed to formulate the main auxiliary result of this section.

Theorem 8.6. Assume that K is a separable Banach space, p ∈ (1, 2]. The functor R that

associates with every separable Banach space E of martingale type p, the space R(E) :=

Πp(K,E), equipped with the norm πp as defined in Definition (4.1), satisfies the conditions

(R1), (R3) and (R6) from Definition 8.5.

Proof of Theorem 8.6. Let us assume that K is a separable Banach space, p ∈ (1, 2] and E

is a separable Banach space of martingale type p. Put R(E) := Πp(K,E), equipped with the

norm πp as defined in Definition (4.1).

First we will show that condition (R1) is satisfied. Later we will show that conditions

(R3) and (R6) are satisfied.

For simplicity we consider T instead of∞. Let ξ : [0,T ] ×Ω→ Πp(K,E) be a progres-

sively measurable process and t ∈ [0,T ]. Let the operator It be defined by Definition 5.41

and Theorem 5.35, i.e.

It : Λp(0,T ;Πp(K,E))→ Lp(Ω,FT ,P; E)

is a bounded linear operator and, by inequality (5.21) , It satisfies inequality (8.7) with a

constant Cp independent of t.
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Now we will prove that (R3) is satisfied. For this aim, let us assume that E1, E2 are

Banach spaces of martingale type p and Φ ∈ L (E1,E2). We define the following map

Φ̂ : Πp(K,E1) ∋ L 7→ Φ ◦ L ∈ Πp(K,E2).

By [16, Theorem 2.4], the map Φ̂ is well defined. It is obviously linear and again by [16,

Theorem 2.4] it is bounded with norm ≤ 1. So we deduce that condition (R3) is satisfied.

The fact that (R6) is satisfied is a consequence of the following result.

Proposition 8.7. Let R(E) = Πp(K, E). For every 0 < θ1 < θ2 < 1 and δ > 0, condition (R6)

holds with constant

Kq =
Cq(1−θ2)

0 Cqθ2
1 δq(θ2−θ1)

q(θ2 − θ1)
.

Proof. Choose and fix ξ ∈ Πp(K,DA(θ2, q)).

Step 1: Interpolation estimate.

By the real interpolation theorem for operator norms, using the estimate (8.2) and with

interpolation parameter θ2:∥∥∥Ae−rA
∥∥∥
L(DA(θ2,q), E)

≤ C1−θ2
0 Cθ2

1 rθ2−1, r ∈ (0, δ]. (8.11)

Step 2: Pointwise bound via (R3).

Applying inequality (8.8) with Φ = Ae−rA ∈ L(DA(θ2, q), E):∥∥∥Ae−rAξ
∥∥∥

R(E)
≤

∥∥∥Ae−rA
∥∥∥
L(DA(θ2,q), E) ∥ξ∥R(DA(θ2,q)) .

Multiplying by r1−θ1 and substituting (8.11):∥∥∥r1−θ1 Ae−rAξ
∥∥∥

R(E)
≤ C1−θ2

0 Cθ2
1 rθ2−θ1 ∥ξ∥R(DA(θ2,q)) .

Since θ2 > θ1, the power rθ2−θ1 → 0 as r → 0+.

Step 3: Integration. Since q(θ2 − θ1) > 0, the integral converges:∫ δ

0

∥∥∥r1−θ1 Ae−rAξ
∥∥∥q

R(E)

dr
r
≤ Cq(1−θ2)

0 Cqθ2
1 ∥ξ∥

q
R(DA(θ2,q))

∫ δ

0
rq(θ2−θ1)−1 dr

=
Cq(1−θ2)

0 Cqθ2
1 δq(θ2−θ1)

q(θ2 − θ1)
∥ξ∥

q
R(DA(θ2,q)) = Kq ∥ξ∥

q
R(DA(θ2,q)) .

□
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□

We are now prepared to state our main result of this section, which is inspired by and

based on [8, Theorem 2.2, p. 621-622].

Theorem 8.8. Let (Ω,F ,F,P) be a filtered probability space with filtration F = (Ft)t≥0.

Assume that 1 < p ≤ q ≤ 2 and that E, A, K, R(E) satisfy the previous assumptions with

R(E) satisfying conditions (R1), (R3), (R5), and (R6). Let 0 < θ1 < θ2 < 1 with θ2 < 1 − 1
p .

Then there exists a constant Ĉ > 0, depending only on p, q, θ1, θ2, T , and the constants in

(R1), (R5), (R6), such that for every progressively measurable R(DA(θ2, q))-valued process

ξ with

E

∫ T

0
∥ξ(t, ·)∥qR(DA(θ2,q)) dt < ∞,

the stochastic convolution

SCt(ξ) := It

(
e−(t−·)Aξ(·)

)
, t ≥ 0, (8.12)

satisfies

E

∫ T

0
|SCt(ξ)|

q

DA

(
θ1+

1
p , q

) dt ≤ Ĉ E
∫ T

0
∥ξ(t, ·)∥qR(DA(θ2,q)) dt.

8.3. Proofs of The main results. Note that this proof has been modified to include the

numbers θ1 and θ2 instead of θ.

Proof of Theorem 8.8. Without loss of generality, we consider δ = 1, i.e., the norm ∥ ·

∥DA(θ1+
1
p ,p);1 defined by formula (8.4) will be denoted simply as |∥ · ∥DA(θ1+

1
p ,p). We also

assume, without loss of generality, that A−1 exists 4 and is bounded so that the graph norm

in D(A) is equivalent to the norm ∥A · ∥. We fix θ2 ∈ (0, 1 − 1
p ).

4We assume A generates an analytic semigroup {S (t)}t≥0 on E and that 0 lies in the resolvent set ρ(A). This

means A is injective and has a bounded inverse, that is,

A−1 ∈ L(E).

Equivalently,

0 ∈ ρ(A) ⇒ A−1 exists and is bounded.

In many analytic frameworks, this property is taken as an assumption. Hence, we simply assume A−1 exists

and is bounded.
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Case 1. q = p ∈ (1, 2]

Let us choose and fix ξ ∈ M
p
loc(R(E)) and T > 0. By inequality (8.6), there exists a

constant C1 > 0 such that the following inequality holds

E

∫ T

0
∥S Ct(ξ)∥

p
DA(θ1+

1
p ,p)

dt ≤ C1E

∫ T

0
∥S Ct(ξ)∥

p

D2
A( θ12 +

1
2p ,p)

dt = · · · (8.13)

From definition (8.4), the RHS of (8.13) is equal to

· · · = C1E

∫ T

0

∫ δ

0
∥s2(1− θ12 −

1
2p )A2e−sAS Ct(ξ)∥

p
E

ds
s

dt = · · ·

Since we chose δ = 1, by applying the Fubini Theorem, we infer that

· · · =C1

∫ T

0

∫ 1

0
E∥s2−θ1−

1
p A2e−sAS Ct(ξ)∥

p
E

ds
s

dt

=C1

∫ T

0

∫ 1

0
|s2−θ1−

1
p |pE∥A2e−sAS Ct(ξ)∥

p
E

ds
s

dt = · · ·

Using the definition (8.12) of S Ct(ξ), we have

· · · =C1

∫ T

0

∫ 1

0
sp(2−θ1)−1E∥A2e−sAIt

(
e−(t−·)Aξ(·)

)
∥

p
E

ds
s

dt = · · ·

Using the fact that the stochastic integral commutes with bounded linear operators, we get

· · · =C1

∫ T

0

∫ 1

0
sp(2−θ1)−1E∥It

(
A2e−sAe−(t−·)Aξ(·)

)
∥

p
E

ds
s

dt = · · ·

Applying the semigroup property of (e−sA)s≥0, we infer that

· · · =C1

∫ T

0

∫ 1

0
sp(2−θ1)−1E∥It

(
A2e−(t−·+s)Aξ(·)

)
∥

p
E

ds
s

dt ≤ · · ·

Using inequality (8.7) in Assumption (R1), we deduce that

· · · ≤C1Cp

∫ T

0

∫ 1

0
sp(2−θ1)−1E

( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E) du

) ds
s

dt = · · ·

By the Fubini Theorem, changing the order of integration, we have

· · · =C1Cp

∫ 1

0

∫ T

0
sp(2−θ1)−1E

( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E) du

)
dt

ds
s

=C1Cp

∫ 1

0
sp(2−θ1)−1

∫ T

0
E
( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E) du

)
dt

ds
s
≤ · · ·
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Using the semigroup property of (e−sA)s≥0 and applying the Fubini Theorem again, we infer

that

· · · ≤C1Cp

∫ 1

0
sp(2−θ1)−1

∫ T

0
E
( ∫ t

0
∥Ae−

t−u+s
2 A∥p∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du

)
dt

ds
s

=C1CpE

∫ 1

0
sp(2−θ1)−1

∫ T

0

( ∫ t

0
∥Ae−

t−u+s
2 A∥p∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du

)
dt

ds
s
≤ · · ·

Applying inequality (8.2), we obtain

· · · ≤C1C2CpE

∫ 1

0
sp(2−θ1)−1

∫ T

0

∫ t

0
(t − u + s)−p∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du dt

ds
s

(8.14)

Since for 0 ≤ u ≤ t ≤ T, s > 0, we have 1
(t−u+s)p ≤

1
sp , we infer that

E

∫ 1

0
sp(2−θ1)−1

∫ T

0

∫ t

0
(t − u + s)−p∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du dt

ds
s

≤E

∫ 1

0
sp(2−θ1)−1

∫ T

0

∫ t

0
s−p∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du dt

ds
s

=E

∫ 1

0
sp(1−θ1)−2

∫ T

0

∫ t

0
∥Ae−

t−u+s
2 Aξ(u)∥pR(E) du dt ds

=E

∫ 1

0
sp(1−θ1)−2

∫ T

0

∫ T

u
∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt du ds

=E

∫ 1

0

∫ T

0

∫ T

u
sp(1−θ1)−2∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt du ds

=E

∫ T

0

∫ 1

0

∫ T

u
sp(1−θ1)−2∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt ds du

by applying the Fubini-Tonelli theorem twice.

Hence, following the train of inequalities starting with (8.13) and concluding with

(8.14), we deduce that

E

∫ T

0
∥S Ct(ξ)∥

p
DA(θ1+

1
p ,p)

dt ≤ C1C2CpE

∫ T

0

∫ 1

0

∫ T

u
sp(1−θ1)−2∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt ds du.

(8.15)

Next, in order to estimate the integral on the RHS of (8.15), we introduce the following

change of variables
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ρ = u,

τ = t

σ = t − u + s (8.16)

Then the set {
(t, s, u) : 0 < u < t < T, 0 < s < 1

}
over which the last integral is calculated is no larger than the following set expressed in the

new variables {
(ρ, σ, τ) : 0 < ρ < T,

0 < σ < T + 1 − ρ,

ρ < τ < ρ + σ
}
.

Let us show that if (t, s, u) belongs to the first set, then (ρ, σ, τ) belongs to the second set.

For this aim, let us choose (t, s, u) belongs to the first set. Since t > u and s > 0, by

definition (8.16) we infer that σ > 0 and τ − ρ > 0. Furthermore, since s > 0, we infer that

τ < ρ + σ. As u > 0 it follows that ρ > 0. Additionally, since u < T , we infer that ρ < T .

Finally, since s < 1 and t < T , we infer that σ < T + 1 − ρ. Thus, all the conditions for

(ρ, σ, τ) to belong to the second set are satisfied.

Therefore, by the change of measure theorem, see [21, Theorem 5.1, p. 191], and then

by the Fubini-Tonelli theorem, we obtain

E

∫ T

0

∫ 1

0

∫ T

u
sp(1−θ1)−2∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt ds du

≤E

∫ T

0

∫ T+1−ρ

0

∫ ρ+σ

ρ

(σ + ρ − τ)p(1−θ1)−2∥Ae−
σ
2 Aξ(ρ)∥pR(E) dτ dσ dρ

=E

∫ T

0

∫ T+1−ρ

0
∥Ae−

σ
2 Aξ(ρ)∥pR(E)

∫ ρ+σ

ρ

(σ + ρ − τ)p(1−θ1)−2 dτ dσ dρ = · · ·

Define τ̃ = σ + ρ − τ, since ρ < τ < ρ + σ, hence 0 < τ̃ < σ, hence

· · · =E

∫ T

0

∫ T+1−ρ

0
∥Ae−

σ
2 Aξ(ρ)∥pR(E)

∫ σ

0
τ̃p(1−θ1)−2dτ̃ dσ dρ = · · ·
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By calculating the last integral

· · · =E

∫ T

0

∫ T+1−ρ

0
σp(1−θ1)−1∥Ae−

σ
2 Aξ(ρ)∥pR(E) dσ dρ

=E

∫ T

0

∫ T+1−ρ

0
σp(1−θ1)∥Ae−

σ
2 Aξ(ρ)∥pR(E)

dσ
σ

dρ

=2p(1−θ1)E

∫ T

0

∫ T+1−ρ
2

0
∥σ1−θ1 Ae−σ̃Aξ(ρ)∥pR(E)

dσ̃
σ̃

dρ

Hence, by applying inequality (8.10) in Assumption (R6) we deduce that

· · · ≤2p(1−θ1)K pE

∫ T

0
∥ξ(ρ)∥pR(DA(θ2,p)) dρ

Summing up, we have proved

E

∫ T

0

∫ 1

0

∫ T

u
sp(1−θ1)−2∥Ae−

t−u+s
2 Aξ(u)∥pR(E) dt ds du ≤ 2p(1−θ1)K pE

∫ T

0
∥ξ(ρ)∥pR(DA(θ2,p)) dρ.

(8.17)

Thus, by inequality (8.15), we infer that there exists a constant Cp > 0 such that

E

∫ T

0
|S Ct(ξ)|

p
DA(θ1+

1
p ,p)

dt ≤ CpE

∫ T

0
∥ξ(ρ)∥pR(DA(θ2,p)) dρ.

Hence, the result is proved in the first case. □

Case 2. q > p and p ∈ (1, 2]

Let us choose and fix ξ ∈ Mp
loc(R(E)) and T > 0. By inequality (8.6), there exists for a

constant C1 > 0 such that the following inequality holds:

E

∫ T

0
|S Ct(ξ)|

q
DA(θ1+

1
p ,q)

dt ≤ C1E

∫ T

0
|S Ct(ξ)|

q

D2
A( θ12 +

1
2p ,q)

dt = · · · (8.18)

From definition (8.4), and since we chose δ = 1, applying the Fubini Theorem, we infer

that the RHS of (8.18) is equal to:

· · · =C1

∫ T

0

∫ δ

0
E∥s2(1− θ12 −

1
2p )A2e−sAS Ct(ξ)∥

q
E

ds
s

dt

=C1

∫ T

0

∫ 1

0
E∥s2−θ1−

1
p A2e−sAS Ct(ξ)∥

q
E

ds
s

dt

=C1

∫ T

0

∫ 1

0
s(2−θ1−

1
p )q E∥A2e−sAS Ct(ξ)∥

q
E

ds
s

dt = · · ·
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Using the definition (8.12) of S Ct(ξ), the fact that the stochastic integral commutes with

bounded linear operators, and the semigroup property of (e−sA)s≥0, we infer that

· · · =C1

∫ T

0

∫ 1

0
sq(2−θ1)− q

pE∥A2e−sAIt
(
e−(t−·)Aξ(·)

)
∥

q
E

ds
s

dt

=C1

∫ T

0

∫ 1

0
sq(2−θ1)− q

pE∥It
(
A2e−sAe−(t−·)Aξ(·)

)
∥

q
E

ds
s

dt

=C1

∫ T

0

∫ 1

0
sq(2−θ1)− q

pE∥It
(
A2e−(t−·+s)Aξ(·)

)
∥

q
E

ds
s

dt ≤ · · ·

Hence, by first applying inequality (8.9) in Assumption (R5), then using the Fubini The-

orem, next invoking the semigroup property of (e−sA)s≥0 and finally applying the Fubini

Theorem again, we deduce that

· · · ≤C1Cq

∫ T

0

∫ 1

0
sq(2−θ1)− q

pE
( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E)du

) q
p

ds
s

dt

· · · =C1Cq

∫ 1

0

∫ T

0
sq(2−θ1)− q

pE
( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E)du

) q
p dt

ds
s

=C1Cq

∫ 1

0
sq(2−θ1)− q

p

∫ T

0
E
( ∫ t

0
∥A2e−(t−u+s)Aξ(u)∥pR(E)du

) q
p dt

ds
s

≤C1Cq

∫ 1

0
sq(2−θ1)− q

p

∫ T

0
E
( ∫ t

0
∥Ae−

t−u+s
2 A∥p∥Ae−

t−u+s
2 Aξ(u)∥pR(E)du

) q
p dt

ds
s

=C1CqE

∫ 1

0
sq(2−θ1)− q

p

∫ T

0

( ∫ t

0
∥Ae−

t−u+s
2 A∥p∥Ae−

t−u+s
2 Aξ(u)∥pR(E)du

) q
p dt

ds
s
≤ · · ·

Next, by first applying Hölder inequality, see Theorem D.6, and then using Lemma 8.4 in

conjuction with inequality (8.2), we obtain

· · · ≤C1CqE

∫ 1

0
sq(2−θ1)− q

p

∫ T

0

[( ∫ t

0

∥∥∥Ae−
t−u+s

2 A
∥∥∥ pq

q−p du
) q−p

p ×

∫ t

0
∥Ae−

t−u+s
2 Aξ(u)∥qR(E)du

]
dt

ds
s

≤C1C2CqE

∫ 1

0
sq(2−θ1)− q

p

∫ T

0

1

sq(1− 1
p )+1

∫ t

0
∥Ae−

t−u+s
2 Aξ(u)∥qR(E) du dt

ds
s

=C1C2CqE

∫ 1

0
sq(2−θ1)− q

p−q(1− 1
p )−1

∫ T

0

∫ t

0
∥Ae−

t−u+s
2 Aξ(u)∥qR(E) du dt

ds
s

=C1C2CqE

∫ 1

0
sq(1−θ1)−2

∫ T

0

∫ t

0
∥Ae−

t−u+s
2 Aξ(u)∥qR(E) du dt ds ≤ · · ·

Note that inequality (8.17) is valid with p replaced by q, because q ≤ 2. Hence, by applying

inequalities (8.17) and (8.18), we infer that there exists a constant Kq such that

E

∫ T

0
|S Ct(ξ)|

q
DA(θ1+

1
p ,q)

dt ≤ KqE

∫ T

0
∥ξ(ρ)∥qR(DA(θ2,p)) dρ.
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Hence, the result is proved in the second case. □

This concludes the proof of the main Theorem in this section. □

Theorem 8.8 represents one of the main achievements of this thesis.

We finish this Section with the following Open Problems.

Is Theorem 8.8 true, in any form, for q > 2?

Is Theorem 8.8 true, in any form, for θ1 = θ2?
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Appendices
A. Semigroup

Definition A.1. [29, Definition 2.1, p. 4] A semigroup T (t), 0 ≤ t < ∞, of bounded linear

operators on Banach space X is strongly continuous semigroup of bounded linear operators

if

lim
t→0

T (t)x = x, for every x ∈ X.

We denote the strongly continuous semigroup of bounded linear operators on X by C0

semigroup.

Theorem A.2. [29, Theorem 2.2, p. 4] Let T (t) be a C0 semigroup on a Banach space X.

Then there exist constants ω ≥ 0 and M ≥ 1 such that

∥T (t)∥ ≤ Meωt, for 0 ≤ t < ∞.

Definition A.3. [29, p. 8] If A is a linear, not necessarily bounded, operator in Banach

space X, the resolvent set ρ(A) of A is the set of all complex numbers λ for which λI − A

is invertible, i.e., (λI − A)−1 is a bounded linear operator in X. The family R(λ : A) =

(λI − A)−1, λ ∈ ρ(A) of bounded linear operators is called the resolvent of A.

Theorem A.4. [29, Theorem 5.2, p. 62] Let T (t) be a uniformly bounded C0 semigroup. Let

A be the infinitesimal generator of T (t) and assume that 0 ∈ ρ(A). The following statements

are equivalent:

(a) T (t) can be extended to an analytic semigroup in a sector ∆δ = (z : | arg z| < δ) and

∥T (z)∥ is uniformly bounded in every closed subsector ∆′δ < δ, of ∆δ.

(b) There exists a constant C such that for every σ > 0, τ , 0

∥R(σ + iτ : A)∥ ≤
C
|τ|
.

(c) There exist 0 < δ < π
2 and M > 0 such that

ρ(A) ⊃ Σ = {λ : | arg λ| <
π

2
+ δ} ∪ {0}

and

∥R(λ : A)∥ ≤
M
|λ|

for λ ∈ Σ, λ , 0.
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(d) T (t) is differentiable for t > 0 and there is a constant C such that

∥AT (t)∥ ≤
c
t

for t > 0.

Assumption A.5. [29, Assumption 6.1, p. 69] Let A be a densely defined closed linear

operator for which

ρ(A) ⊃ Σ+ = {λ : 0 < ω < | arg λ| < π} ∪ V,

where V is neighborhood of zero, and

∥R(λ : A)∥ ≤
M

1 + |λ|
for λ ∈ Σ+.

Proposition A.6. [29, p. 70] By Assumption A.5, 0 ∈ ρ(A), there exists a constant δ > 0

such that −A + δ is also an infinitesimal generator of an analytic semigroup. This implies

the following estimates:

∥T (t)∥ ≤ M−δt

∥AT (t)∥ ≤ M1t−1e−δt

∥AmT (t)∥ ≤ Mmt−me−δt.

Theorem A.7. [29, Theorem 6.13, p. 74] Let −A be the infinitesimal generator of an

analytic semigroup T (t). If 0 ∈ ρ(A) then,

(a) T (t) : X → D(Aα) for every t > 0 and α ≥ 0.

(b) For every x ∈ D(Aα) we have T (t)Aαx = AαT (t)x.

(c) For every t > 0, the operator AαT (t) is bounded and

∥AαT (t)∥ ≤ Mαt−αe−δt, δ > 0.

(d) Let 0 < α < 1 and x ∈ D(Aα), then

∥T (t)x − x∥ ≤ Cαtα∥Aαx∥.

Assumption A.8. [29, Assumption (F), p. 196] Let U be an open subset of R+ × Xα.

the function f : U → X satisfies the assumption (F) if for every (t, x) ∈ U there is a

neighborhood V ⊂ U and constants L ≥ 0, 0 < ϑ ≤ 1 such that

∥ f (t1, x1) − f (t2, x2)∥ ≤ L(|t1 − t2|
ϑ + ∥x1 − x2∥α)

for all (ti, xi) ∈ V.
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Theorem A.9. [29, Theorem 3.1, p. 196] Let −A be the infinitesimal generator of an

analytic semigroup T (t) satisfying ∥T (t)∥ ≤ M, M ≥ 1, and assume further that 0 ∈ ρ(−A).

If f satisfies the Assumption A.8, then every initial data t0, x0 ∈ U, the initial value problem:
du(t)

dt + Au(t) = f (t, u(t)), t > t0;

u(t0) = x0

has a unique local solution u ∈ C([t0, t1[: X) ∩C1(]t0, t1[: X), where t1 = t1(t0, x0) > t0, and

∥AαT (t)∥ ≤ Cαt−α, for t > 0. (A.1)

B. Poisson distribution and Poisson process

Definition B.1. [40, p. 7]

(a) The characteristic function ϕ(z) of a probability measure P on Rd is

ϕ(z) =
∫
Rd

ei⟨z,x⟩ P(dx), z ∈ Rd.

(b) The characteristic function of the law µX of a random variable X on Rd is

ϕµ(z) =
∫
Rd

ei⟨z,x⟩ µX(dx) = E(ei⟨z,X⟩), z ∈ Rd

Definition B.2. [40, p. 10] (d = 1) Let c > 0. The Poisson distribution with mean c is

defined by

P(X = n) =
e−ccn

n!
, for n = 0, 1, 2, 3, · · ·

with P(B) = 0 for any B containing no nonnegative integer. We have

ϕ(z) = exp(c (eiz − 1)), z ∈ R.

LP(u) =
∫

[0,∞)
e−ux P(dx) = exp(c (e−u − 1)), u ≥ 0.

ψ(u) = −η(iu) = bu +
∫ ∞

0

(
1 − e−uy

)
λ(dy), u > 0.

η(u) = −ψ(−iu) = ibu +
∫ ∞

0

(
e−iuy − 1

)
λ(dy), u > 0.
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Definition B.3. A Poisson distribution with parameter c > 0 is a Borel probability measure

on R such that

µ({n}) =
cne−c

n!
, n = 0, 1, 2, · · ·

We say that a random variable X has a Poisson distribution with parameter c > 0, and we

write X ∼ Pois(c), if and only if the the law of X is a Poisson distribution with parameter

c > 0.

Definition B.4. A Poisson process with parameter c > 0 is stochastic process {Xt : t > 0}

if it is a Lévy process such that for t > 0, the random variable Xt has a Poisson distribution

with parameter ct.

Definition B.5. A Poisson process with intensity λ > 0 is a Lévy process N taking values

in N ∪ 0 such that

P(N(t) = n) =
(λt)ne−λt

n!
, n = 0, 1, 2, · · ·

Proposition B.6. Definitions B.4 and B.5 are the same.

C. Doob and Burkholder-Davis-Gundy inequalities

In this section we assume that (Ω,F ,F,P) be a σ-finite filtered probability space, F =

(Ft)t≥0, 1 < p < ∞,

Let us recall that a submartingale has been defined in Section 2.5.

Theorem C.1. [1, Theorem, 2.1.56, p. 86] Doob martingale inequality: If X = (X(t) : t ≥ 0)

is a positive submartingale, see Definition 2.93, then for any p > 1, 1
p +

1
q = 1 and for all

t > 0,

E
(

sup
0≤s≤t

X(s)p
)
≤ qp E(X(t)p).

Theorem C.2. [1, Theorem, 2.1.6, p. 87]Doob tail martingale inequality If (X(t), t ≥ 0) is

a positive submartingale, then for any c > 0, p ≥ 1, and t ≥ 0

P
(

sup
0≤s≤t

X(s) > c
)
≤

1
cp E(X(t)p).
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Theorem C.3. [41, Theorem 25.12, p. 308] Doob maximal Lp inequality: Let (Mt)t∈N be a

martingale or a submartingale, see Definition 2.93. Then,

∥∥∥∥ max
1≤t≤T
|Mt|

∥∥∥∥
p
≤

p
p − 1

∥MT ∥p ≤
p

p − 1
max
1≤t≤T
∥Mt∥p.

Theorem C.4. Burkholder-Davis-Gundy inequalities Let T > 0 and (Mt)0≤t≤T be a contin-

uous local martingale such that M0 = 0. For every 0 < p < ∞, there exist constants cp and

Cp such that

cpE
(
⟨M⟩

p
2
T

)
≤ E

((
sup

0≤t≤T
|Mt|

)p)
≤ CpE

(
⟨M⟩

p
2
T

)
.

where ⟨M⟩ denotes the quadratic variation of M.

One can find more information about the Burkholder inequality in the lectures by F.

Baudoin [4].

Theorem C.5. [41, p. 387-8] The Burkholder-Davis-Gundy inequalities for a martingale

(Mt)t∈T0 on a probability space (Ω,F , µ):

(BDG) cp

∥∥∥∥ sup
0≤t≤T
|Mt|

∥∥∥∥
p
≤

∥∥∥∥⟨M⟩ 1
2
T

∥∥∥∥
p
≤ Cp

∥∥∥∥ sup
0≤t≤T
|Mt|

∥∥∥∥
p

for all T ∈ N0 = {0, 1, 2, 3, · · · } (i.e., positive integers), 0 < p < ∞ and some absolute

constants 0 < cp ≤ Cp. ⟨M⟩T stands for the quadratic variation of the martingale:

⟨M⟩T := |Mo|
2 +

T−1∑
t=0

|Mt+1 − Mt|
2.

As cited in [41, p. 388], a proof of (BDG) can be found in [35, Vol. 2, p. 93-5]. If we

combine (BDG) with Doob’s maximal Lp inequality, we get

(BDG′) cp∥MT ∥p ≤

∥∥∥∥⟨M⟩ 1
2
T

∥∥∥∥
p
≤

pCp

p − 1
∥MT ∥p

for all T ∈ N0 = {0, 1, 2, 3, · · · } (i.e., positive integers), 1 < p < ∞-mind the different range

for p in (BGM’) compared with (BGM).
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D. The function SpacesL p

Throughout this section (X,A, µ) will be some measure space.

Theorem D.1. [41, Definition 11.1] A (µ−) null set N ∈ Nµ (the family of all µ-null sets)

is a measurable set N ∈ A satisfying

N ∈ Nµ ⇐⇒ N ∈ A and µ(N) = 0.

Equivalently,

Nµ := {N ∈ A : µ(N) = 0}.

If a property T = T (x) is true for all x ∈ X apart from some x contained in Nµ, we say

that T (x) holds for (µ−) almost all (a.a.) x ∈ X or that T holds (µ−) almost everywhere

(a.e.). In other words,

T holds a.e. ⇐⇒ {x : T (x) fails} ⊂ N ∈ Nµ;

f = g a.e. ⇐⇒ {x : f (x) , g(x)} is (contained in) a µ − null set.

∃N ∈ Nµ : {x : f (x) , g(x)} ⊂ N.

Let us recall that by M(A) we denote the family of measurable functions; and that

MR(A) denote the families of (extended) R-valued measurable functions (R := [−∞,+∞]).

Let us recall that for a function f : X → R we put

{ f , 0} := {x ∈ X : f (x) , 0},

{| f | ≥ c} := {x ∈ X : | f (x)| ≥ c}

Theorem D.2. [41, Theorem 11.2] Let f ∈ MR(A) be a measurable function on a measure

space (X,A, µ). Then

(i)
∫
| f | dµ = 0⇐⇒ | f | = 0 a.e. ⇐⇒ µ{ f , 0} = 0,

(ii) 1N f ∈ L 1
R

(µ), ∀N ∈ Nµ and
∫

N
f dµ = 0.

Definition D.3. [41, p. 116] Define the sets

L p(µ) :=
{
f : X → R : f ∈ M(A),

∫
| f |p dµ < ∞

}
, p ∈ [1,∞),

L ∞(µ) :=
{
f : X → R : f ∈ M(A), ∃c > 0, µ{| f | ≥ c} = 0

}
, p = ∞.
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The L p(µ) space (or simply L p−space) and the L ∞(µ) space (or simply L ∞−space) are

the spaces consist of all corresponding f .

By definition, a function f belongs to L ∞(µ) if and only if f is µ− almost everywhere

bounded by some constant c > 0. This constant may depend on f . When the choice of

measure µ is clear, e.g., µ is the Lebesgue measure on Rn, or µ is the counting measure on

a setA, and if we want to stress the underlying space or σ-field, then we write L p(Rn) or

L p(A) (or ℓp(A)) instead of L p(µ).

Definition D.4. If 0 < p < ∞ and if f is a measurable function on X, define

∥ f ∥p :=
( ∫
| f (x)|p µ(dx)

) 1
p
, p ∈ [0,∞),

∥ f ∥∞ := inf
{
c > 0 : µ{| f | ≥ c} = 0

}
, p = ∞.

Clearly, f ∈ L p if and only if f ∈ M(A) and ∥ f ∥p < ∞. We call ∥ f ∥p the L p−norm of

f .

By Theorem D.2 (i) we have the following results.

(i) ∥ f ∥p = 0⇐⇒ f = 0 a.e.,

(ii) For all c ∈ R

∥c f ∥p =
( ∫
|c f |p dµ

) 1
p
=

(
|c|p

∫
| f |p dµ

) 1
p
= |c| ∥ f ∥p,

∥c f ∥∞ = inf
{
c′ : µ

{
| f | ≥

c′

|c|

}
= 0

}
= inf

{
|c| c′′ : µ

{
| f | ≥ c′′

}
= 0

}
= |c| ∥ f ∥∞.

Theorem D.5. (Young’s inequality)[41, Lemma 13.1] Let p, q ∈ (1,∞) b conjugate num-

bers, i.e., 1
p +

1
q = 1, hence q = p

p−1 . Then

AB ≤
Ap

p
+

Bq

q
, ∀A, B ≥ 0. (D.1)

In (D.1) equality holds if and only if

B = Ap−1.

Theorem D.6. (Hölder’s inequality)[41, Theorem 13.2][37, Theorem 3.8]

If p, q ∈ [1,∞] are conjugate extended numbers, i.e., 1
p +

1
q = 1, and if f ∈ L p(µ) and

g ∈ L q(µ), then f g ∈ L 1(µ) and∣∣∣∣ ∫ f g dµ
∣∣∣∣ ≤ ∫

| f g| dµ ≤ ∥ f ∥p · ∥g∥q.
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Hölder’s inequality with p = q = 2 is usually called the Cauchy-Schwarz inequality.

Note that setting 1
∞
= 0, we see that p = 1 and q = ∞ are also conjugate numbers.

Corollary D.7. (Cauchy-Schwartz inequality)[41, Corollary 13.3] Let f , g ∈ L 2(µ). Then

f g ∈ L 1(µ) and ∫
| f g| dµ ≤ ∥ f ∥2 · ∥g∥2;

equality holds if and only if
| f (x)|2

∥ f ∥22
=
|g(x)|2

∥g∥22
a.e.

Another consequence of Hölder’s is the Minkowski or triangle inequality for ∥ · ∥p.

Corollary D.8. (Minkowski’s inequality)[41, Corollary 13.4][37, Theorem 3.9] If p ∈

[1,∞], f , g ∈ L p(µ), then f + g ∈ L p(µ) and

∥ f + g∥p ≤ ∥ f ∥p + ∥g∥p.

Definition D.9. [41, p. 120] A sequence ( fn)n∈N ⊂ L p(µ) is convergent in L p-space with

L p-limit f if and only if limn→∞ ∥ fn − f ∥p = 0, i.e.,

L p- lim
n→∞

fn = f if and only if lim
n→∞
∥ fn − f ∥p = 0.

Note that L p-limits are only almost everywhere unique. If f , g are both L p-limits of

the same sequence ( fn)n∈N, we have

∥ f − g∥p ≤ lim
n→∞

(∥ f − fn∥p + ∥ fn − g∥p) = 0,

implying only f = g almost everywhere.

Definition D.10. [41, p. 120] We call ( fn)n∈N ⊂ L p(µ) an (L p-) Cauchy sequence if

∀ε > 0, ∃Nε ∈ N, ∀k, n ≥ Nε : ∥ fn − fk∥p < ε.

Lemma D.11. [41, Lemma 13.6] For any sequence ( fn)n∈N ⊂ L p(µ), p ∈ [1,∞], of positive

functions fn ≥ 0, we have ∥∥∥∥ ∞∑
n=1

fn

∥∥∥∥
p
≤

∞∑
n=1

∥ fn∥p.

Theorem D.12. (Riesz-Fischer)[41, Theorem 13.7] The spaces L p(µ), p ∈ [1,∞], are

complete, i.e., every Cauchy sequence ( fn)n∈N ⊂ L p(µ) converges to some limit f ∈ L p(µ).
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Corollary D.13. [41, Corollary 13.8] Let ( fn)n∈N ⊂ L p(µ), p ∈ [1,∞] with L p-limn→∞ fn =

f . Then there exists a subsequence ( fn(k))k∈N such that limn→∞ fn(k)(x) = f (x) holds for al-

most every x ∈ X.

Theorem D.14. [41, Theorem 13.9] Let ( fn)n∈N ⊂ L p(µ), p ∈ [1,∞] be a sequence of

functions such that | fn| ≤ g for all n ∈ N and some g ∈ L p(µ). If f (x) = limn→∞ fn(x) exists

for (almost) every x ∈ X, then

f ∈ L p(µ) and lim
n→∞
∥ f − fn∥p = 0.

Theorem D.15. [41, Theorem 13.10](Riesz’s convergence theorem)

Let ( fn)n∈N ⊂ L p(µ), p ∈ [1,∞] be a sequence such that limn→∞ fn(x) = f (x) for almost

every x ∈ X and some f ∈ L p(µ). Then

lim
n→∞
∥ f − fn∥p = 0 ⇐⇒ lim

n→∞
∥ fn∥p = ∥ f ∥p.

Theorem D.16. [41, Theorem 13.13](Jensen’s inequality) Let (X,A, µ) be a measure space

and µ a probability measure.

(i) Let V : [0,∞)→ [0,∞) be a convex function and extend it to [0,∞]:

V
( ∫

f dµ
)
≤

∫
V( f ) dµ, f ∈ M(A), f ≥ 0.

In particular, if V( f ) ∈ L 1(µ), f ≥ 0, then f ∈ L 1(µ).

Note that if V : [0,∞) → R is convex, then the extension V : [0,∞] → (−∞,∞],

where V(∞) := +∞ is also convex, see [41, p. 126].

(ii) Let Λ : [0,∞)→ [0,∞) be a concave function:

Λ
( ∫

f dµ
)
≥

∫
Λ( f ) dµ, f ∈ L 1(µ), f ≥ 0.

In particular, if f ∈ L 1(µ), f ≥ 0, then Λ( f ) ∈ L 1(µ).

Corollary D.17. [41, Corollary 13.18] Let (X,A, µ) be a measure space.

(i) (Hölder inequality) Let p ∈ (1,∞), 1
p +

1
q = 1, f ∈ L p(µ) and g ∈ L q(µ), then

f g ∈ L 1(µ) and ∫
| f g| dµ ≤ ∥ f ∥p∥g∥q.
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(ii) (Reverse Hölder inequality) Let p ∈ (0, 1), 1
p +

1
q = 1, f ∈ L p(µ) and g ∈ L q(µ),

then ∫
| f g| dµ ≥ ∥ f ∥p∥g∥q.

(iii) (Minkowski inequality) Let p ∈ [1,∞) and f , g ∈ L p(µ), then f + g ∈ L p(µ) and

∥ f + g∥p ≤
∥∥∥| f | + |g|∥∥∥

p
≤ ∥ f ∥p + ∥g∥p.

(iv) (Reverse Minkowski inequality) Let p ∈ (0, 1) and f , g ∈ L p(µ), then∥∥∥| f | + |g|∥∥∥
p
≥ ∥ f ∥p + ∥g∥p.

(v) (Hanner’s inequality) Let p ∈ [1, 2] and f , g ∈ L p(µ), then∣∣∣∥ f ∥p − ∥g∥p∣∣∣p + (
∥ f ∥p + ∥g∥p

)p
≤ ∥ f + g∥pp + ∥ f − g∥pp.

(vi) (Hanner’s inequality) Let p ∈ [2,∞) and f , g ∈ L p(µ), then and∣∣∣∥ f ∥p − ∥g∥p∣∣∣p + (
∥ f ∥p + ∥g∥p

)p
≥ ∥ f + g∥pp + ∥ f − g∥pp.

Theorem D.18. [41, Theorem 14.16](Minkowski’s inequality for integrals) Let (X,A, µ)

and (Y,B, ν) be σ-finite measure spaces and f : X × Y → R beA ⊗ B-measurable and let

0 < r ≤ s < ∞. Then

( ∫
X

( ∫
Y
| f (x, y)|r ν(dy)

) s
rµ(dx)

) 1
s ≤

( ∫
Y

( ∫
X
| f (x, y)|r µ(dx)

) r
s ν(dy)

) 1
r .

The following theorem is a general version of Fubini’s theorem for product measures

involving n factors, taken from the monograph [3] by Ash et al, see Theorem 2.6.7, Com-

ments 2.6.8, pp. 109-111.

Theorem D.19. (Fubini Theorem) Let F j be a σ-field of subsets of Ω j, j = 1, . . . , n. Let µ j

be a σ-finite measure on F j, for j = 1, . . . , n.

Let Ω B
∏n

j=1Ω j and F B
⊗n

j=1 F j, i.e. F is the smallest σ-field of subsets of
∏n

j=1Ω j

containing all sets of the form
∏n

j=1 A j, with A j ∈ F j, j = 1, . . . , n. Then

(a) there exists a unique measure µ on F such that for every set
∏n

j=1 A j, with A j ∈ F j,

j = 1, . . . , n.

µ(
n∏

j=1

A j) =
n∏

j=1

µ(A j)

The measure µ is σ-finite on F .
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(b) if a function f : Ω→ R is F /B(R) measurable and non-negative, then the function

n−1∏
j=1

Ω j ∋ (ω1, . . . , ωn−1) 7→
∫
Ωn

f (ω1, . . . , ωn−1, ωn) µ(dωn)

is well defined almost everywhere and
⊗n−1

j=1 F j/B(R) measurable etc, and the fol-

lowing identity holds∫
Ω

f dµ =
∫
Ω1

µ1(dω1)
∫
Ω2

µ(dω2) · · ·
∫
Ωn

f (ω1, . . . , ωn) µ(dωn). (D.2)

(c) If a function f : Ω→ Y, where Y is a Banach space, is Bochner integrable then the

function

n−1∏
j=1

Ω j ∋ (ω1, . . . , ωn−1) 7→
∫
Ωn

f (ω1, . . . , ωn−1, ωn) µ(dωn)

is well defined almost everywhere and Bochner integrable etc, and the identity (D.2)

holds in Bochner sense.

Definition D.20. [40, p. 5] For a sequence of events {An}, the upper limit event and the

lower limit event are defined by

lim sup
n→∞

An =

∞⋂
n=1

∞⋃
k=n

Ak and lim inf
n→∞

An =

∞⋃
n=1

∞⋂
k=n

Ak,

respectively.

Proposition D.21. [45, Proposition 1.3][40, Proposition 1.11](Borel-Cantelli lemma)

(i) If
∑∞

n=1 P(An) < ∞, then P(lim supn→∞ An) = 0.

(ii) If
∑∞

n=1 P(An) = ∞ and {An, n ∈ N} is independent, then P(lim supn→∞ An) = 1.

Therefore, if {An, n ∈ N} is independent, P(lim supn→∞ An) is either 0 or 1.

If f and g are non-negative functions, then∫ T

0
f (s) g(s) ds ≤ sup

s∈[0,T ]
f (s)

∫ T

0
g(s) ds

Corollary D.22. [1, Corollary 1.1.3, p. 8](Fatou’s lemma) If ( fn, n ∈ N) is a sequence of

non-negative measurable functions on S , then∫
S

lim inf
n→∞

fn(x)µ(dx) ≤ lim inf
n→∞

∫
S

fn(x)µ(dx).
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In particular, if limn→∞ fn(x) exists µ-almost all x ∈ S , then∫
S

lim
n→∞

fn(x)µ(dx) ≤ lim inf
n→∞

∫
S

fn(x)µ(dx). (D.3)

If f and g are non-negative functions, then∫ T

0
f (s)g(s) ds ≤ sup

s∈[0,T ]
f (s)

∫ T

0
g(s) ds

E. Banach Fix Point Theorem

Definition E.1. [24, p. 299] Assume that X is a non-empty set. A fix point of a mapping

T : X → X is any element x ∈ X such that

T x = x,

i.e the image T x coincides with x.

Definition E.2. [24, Definition 5.1-1] Assume that (X, d) is a metric space. A mapping

T : X → X is called a strict contraction if and only if there is a real number c such that

0 < c < 1 and such that

d(T x,Ty) ≤ c d(x, y), ∀x, y ∈ X.

A mapping T : X → X is called a contraction if and only if

d(T x,Ty) ≤ d(x, y), ∀x, y ∈ X.

Geometrically strict contraction means that any points x and y have images that are

closer together than those points x and y, i.e., d(T x,Ty)
d(x,y) ≤ c, where 0 < c < 1.

Theorem E.3. [24, Theorem 5.1-2]Banach Fixed Point Theorem (Contraction Theorem)

Assume that (X, d) is a complete metric space. Suppose that T : X → X is a strict contrac-

tion on X. Then T has precisely one fixed point.
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F. Selected Basic and Cited Definitions and Theorems

Definition F.1. [50, p. 12] Consider two stochastic processes X = (Xt)t≥0 and Y = (Yt)t≥0

defined on the same filtered probability space (Ω,F ,F,P) and taking values in the same

space E. Since X and Y are functions on R+ ×Ω, the E-valued processes X and Y are:

• equal if and only if Xt(ω) = Yt(ω), for every t ≥ 0 and every ω ∈ Ω.

• indistinguishable (or P-equivalent) if and only if

P{ω ∈ Ω : Xt(ω) = Yt(ω); ∀t ∈ [0,∞)} = 1.

• stochastically equivalent if, for each t ≥ 0,

P{ω : Xt(ω) = Yt(ω)} = 1 or P{ω : Xt(ω) , Yt(ω)} = 0.

In this case, the process Y is said to be a modification of X. It then follows that X

and Y have the same finite-dimensional distribution [1, p. 67].

Note that 1 ≥ P{Xt = Yt} ≥ P{Xt = Yt; ∀t ∈ R+} = 1.

Definition F.2. If (X, | · |X) and (Y, | · |Y) are normed vector spaces, then we say that

X = Y with equivalent norms

if and only if, X = Y in the set theoretical sense, and there exists C > 0 such that

1
C
|z|Y ≤ |z|X ≤ C|z|Y , z ∈ X.

Definition F.3. If X is a vector space, and | · | and ∥ · ∥ are norms on X, then we say that

these norms are equivalent if and only if and there exists C > 0 such that

1
C
∥z∥ ≤ |z| ≤ C∥z∥, z ∈ X.

Definition F.4. [11, Definition 6.9, p. 151] The Brownian motion (or Wiener process) is a

stochastic process B(t), t ≥ 0 defined on a probability space (Ω,F ,P) with the following

properties:

(B1) B(0) = 0 almost surely.

(B2) Independent increments: For any 0 ≤ t1 < t2 < · · · < tn, the random variables

B(t2) − B(t1), B(t3) − B(t2), · · · , B(tn) − B(tn−1) are independent.
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(B3) Stationary increments: The distribution of B(t + h) − B(t) depends only on h, i.e.,

B(t + h)− B(t) ∼ N(0, h), where N(0, h) denotes a Guassian distribution with mean

0 and variance h.

(B4) The sample paths of B(t) are continuous in t, alsmost surely.

Definition F.5. [1, p. 19] The Dirac delta measure δx on a measurable space (S ,A) is a

measure defined by

δx(A) =


1 if x ∈ A,

0 if x < A,

for all A ∈ A. It assigns all its mass to the point x ∈ S , and assigns 0 mass to any set

that does not contain x.

Definition F.6. [36, Definition 4.13] A mapping f of a set E into Rk is said to be bounded

if there is a real number C such that | f (x)| ≤ C for all x ∈ E.

Definition F.7. [38, p. 6-7] A topological space is a set in which a collection of all open

subsets (i.e., topology) has been specified. A topological vector space with topology is a

vector space such that:

(i) every singleton, i.e., every one-element set, of the vector space is a closed set,

(ii) the vector space operations are continuous w.r.t. to the topology.

Definition F.8. [24, p. 19] A topological space is a pair (X,T ), where X is a set and T is

a collection of all open subsets of X. We call the collection (or the set) T a topology for X,

which has the following properties

(T1) ∅ ∈ T , X ∈ T .

(T2) The union of any member of T is a member of T .

(T3) The intersection of finitely many members of T is a member of T .

Definition F.9. [47, p. 3] A topological space (X,T ) is a set X and a family T of subsets

of X satisfying

• ∅ ∈ T .

• X ∈ T .

• If τ ∈ T , then ∪τ ∈ T .
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• If τ ∈ T is a finite subfamily, then ∩τ ∈ T .

We shall often omit T and refer to X as a topological space.

The family T is called a topology and the sets which belong to the family T are called

open sets.

A subset A of X is called a closed set if and only if the complement X \ A is an open set.

One can show, see also [47, p. 3], that a subset A of a topological space X is closed if it

contains all its accumulation points.

Let us recall that an element x ∈ X is an accumulation point or limit point of a subset A

of X if and only if every neighbourhood of x contains at least one element (or point) a ∈ A

different from x.

Definition F.10. [47, Definition 1, p. 23] A real-valued function f (x) defined on a linear

space X is called a semi-norm on X, if the following two conditions hold:

(i) f (x + y) ≤ f (x) + f (y) (subadditivity);

(ii) f (αx) = |α| f (x).

Definition F.11. A symmetric d × d matrix A is positive definite if all the leading principal

minor of order r (where r = 1, · · · , d) of A is positive.

Definition F.12. A familyA of subsets of S is a ring if and only if

(i) ∅ ∈ A

(ii) ∀A, B ∈ A, A ∪ B ∈ A, A − B ∈ A, A ∩ B ∈ A

Definition F.13. A random variable ξ : Ω→ R is said to be integrable if
∫
Ω
|ξ|dP < ∞.

Definition F.14. If (Ω,F ,P) is a probability space, a random variable ξ : Ω → R is said

to be F−measurable if {ξ ∈ B} ∈ F , for every Borel set B ∈ B(R).

Definition F.15. A metric space X is said to be compact if every sequence in X has a

convergent subsequence whose limit is also in X. The family of all such compact sequences

are then called the compact set.

Definition F.16. If (Ω,F ) is a measurable Banach space, a K-valued measure on (Ω,F )

is a mapping µ : F → K such that for every A ∈ B(K), the preimage µ−1(A) ∈ F , and it

satisfies the following conditions:
150



(i) Null set condition: µ(∅) = 0;

(ii) Countable additivity: for every sequence (An, n ∈ N) of mutually disjoint sets in F ,

µ(
∞⋃

n=1

An) =
∞∑

n=1

µ(An).

Definition F.17. [38, p. 9][18, p. 51] Let X denotes a topological vector space with topol-

ogy τ. Then X is an Fréchet space (i.e., the union of all linear bounded subsets of X), if its

topology τ is induced by a complete invariant metric d. That is, Fréchet space is a linear

metric space with the following properties:

(i) The metric d ∈ X is invariant, i.e., d(x, y) = d(x − y, 0);

(ii) The mapping (c, x) → cx of K × X → X, (where K is a scalar field, and c ∈ K, x ∈

X), is continuous in c for each x, and continuous in x for each c;

(iii) The metric space X is complete.

Theorem F.18. [38, Theorem 2.15, p. 51] The Closed Graph Theorem

Suppose

(a) X and Y are Fréchet spaces, see Definition F.17;

(b) T : X → Y is linear;

(c) G = {(x,T x) : x ∈ X} is closed in X × Y;

Then T is continuous.

Theorem F.19. [24, Theorem 2.7-9] Continuity and boundedness

Let T : D(T )→ Y be a linear operator, whereD(T ) ⊂ X is a subspace vector and X,Y

are normed spaces. Then the following assertions hold:

(a) T is continuous if and only if T is bounded.

(b) If T is continuous at a single point, it is continuous.

Definition F.20. [18, I.7.2, p. 27-28] A map f : D → X of a directed set D into a set X is

called a generalized sequence in X. That is f converges to the point x ∈ X. A topological

space X is a Hausdorff space if and only if no generalized sequence in X has more than

one limit.
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Definition F.21. [45, p. 27] A non-empty family (A j) j∈J of sets is called an ascending (resp.

descending) directed family (A j) j∈J if for any j1, j2 ∈ J ⊂ R, there exists a j3 ∈ J such that

A j1 ∪ A j2 ⊂ A j3 (resp. A j1 ∪ A j2 ⊃ A j3).

Definition F.22. [14, p. 17] A collectionK of subsets of Ω is said to be a π-system if ∅ ∈ K

and if A, B ∈ K , then A ∩ B ∈ K .

Definition F.23. A random field is a random function over an arbitrary domain, e.g., a

stochastic process with some restriction on its index set.

Definition F.24. [1, p. 84] The usual conditions (or usual hypotheses) are as follows:

(see also https://planetmath.org/filteredprobabilityspace)

• (completeness) The probability space (Ω,F ,P) is complete.

• The σ-fields Ft contain all the sets in F of zero probability.

• (right continuity) The filtration Ft is right continuous, Ft+ = Ft, I.e., for every

non-maximal t ∈ T, the σ-field Ft+ ≡ ∩s>tFs is equal to Ft.

Definition F.25. [24, Definition 2.1-1] A vector space (or linear space) X over a field R

of real numbers is a nonempty set whose elements are called vectors endowed with two

operations: addition and multiplication by scalars, i.e.,

+ : X × X → X

· : R × X → X

which satisfy the following two conditions

(V1) vector addition is commutative and associative: x + y = y + x and x + (y + z) =

(x + y) + z, where x, y, z are vectors.

(V2) multiplication of vectors by scalars satisfies: α(βx) = (αβ)x, α(x + y) = αx + αy

and (α + β)x = αx + βx, where α, β are scalars and x, y are vectors.

Similarly we define a vector space over C of complex numbers.

Corollary F.26. [16, Corollary 12.7, p. 235]

(a) If the Banach space Y has cotype 2, then Πa,s(X,Y) = Πr(X,Y) for every Banach

space X and every 2 ≤ r < ∞.
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(b) If the Banach spaces X and Y both have cotype 2, then Πa,s(X,Y) = Πr(X,Y) for

every 1 ≤ r < ∞.

In all cases norms are equivalent, due to the Closed Graph Theorem.

Theorem F.27. [16, Theorem 12.12] Let u : X → Y be a bounded linear operator between

Banach spaces. Then µ is almost summing if and only if there is a constant c such that( ∫
Ω

∥

n∑
k=1

gk(ω)uxk∥
2 dP(ω)

)1/2
≤ c · ∥(xk)n

k=1∥
weak
2

for every finite sequence (xk)n
k=1 ⊂ X. Here, (gk) denotes a sequence of independent stan-

dard Gaussian random variables on a probability space (Ω,F ,P), and ∥(xk)n
k=1∥

weak
2 repre-

sents the weak ℓ2-norm of the sequence (xk).

Lemma F.28. [14, Lemma 1.3, p. 16] Let E be a separable metric space with metric ρ

and let X be an E-valued random variable. Then there exists a sequence {Xm} of simple

E-valued random variables such that, for arbitrary ω ∈ Ω, the sequence {ρ(X(ω), Xm(ω))}

is monotonically decreasing to 0.

Proposition F.29. [14, Proposition 1.4, p. 17] Assume that K is a π-system and let G be

the smallest family of subsets of Ω such that

(i) K ⊂ G,

(ii) if A ∈ G then Ac ∈ G,

(iii) if Ai ∈ G, ∀i ∈ N and An ∩ Am = ∅ for n , m, then ∪∞n=1An ∈ G.

Then G = σ(K).

Theorem F.30. [20, Theorem 6.1.3, p. 119] Let µ be a measure. If f is measurable and

non-negative on a measurable set E, then
∫

E
f dµ < ∞ implies that f (x) < ∞ a.e. on E.

Theorem F.31. [20, Theorem 6.1.1, p. 117] Let µ be a measure. If f , g are measurable and

non-negative on a measurable set E, then
∫

E
f dµ ≤

∫
E

g dµ, whenever f (x) ≤ g(x) on E.

Theorem F.32. Lebesgue Dominated Convergence Theorem (LCDT) Suppose that (S ,B, µ)

is a measure space where µ is a non-negative measure and supposes also that a sequence of

functions fn : S → R is measurable, f : S → R and g : S → [0,∞] are also measurable,

such that
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(i) fn(s)→ f (s) is µ − a.e.;

(ii) | fn(s)| ≤ g(s) is µ − a.e.;

(iii)
∫

S
g(s) µ(ds) < ∞;

Then ∫
S

fn(s) µ(ds)→
∫

S
f (s) µ(ds). (F.1)

Theorem F.33. [7, Theorem A.4] If the Banach spaces X ⊂ Y, with X continuously and

densely embedded in Y, are of M-type p, and p ∈ (0, 1) the the complex interpolation

spaces [Y, X]ϑ and the real interpolation space (Y, X)ϑ,p are of M-type p.

Theorem F.34. [17, Chapter 3](Lebesgue Differentiation Theorem) Let (X, ∥·∥) be a Banach

space, and let f : Rn → X be Bochner integrable. Then for almost every x ∈ Rn,

lim
r→0

1
|B(x, r)|

∫
B(x,r)
∥ f (y) − f (x)∥ dy = 0.

where B(x, r) is the ball centred at x with radius r, and |B(x, r)| is the Lebesgue measure of

the ball.

Theorem F.35. (Bochner-Lebesgue Dominated Convergence Theorem) Let (X,A, µ) be a

measure space, and E be a Banach space. A function f : X → E is Bochner integrable if

it is strong measurable and
∫

X
∥ f (x)∥ dµ(x)e < ∞. Suppose ( fn) is a sequence of Bochner

integrable functions fn : X → E such that the following conditions are satisfied.

i (Pointwise convergence) fn(x)→ f for a.e. x ∈ X;

ii (Domination) there exists g ∈ L1(µ) such that ∥ fn(x)∥ ≤ g(x) for all n and a.e. in x.

Then

a. f is Bochner integrable, and

b.
∫

X
fn(x) dµ(x)→

∫
X

f (x) dµ(x) in E, and also

c. ∥ fn − f ∥L1(E) → 0.

The following result is from [15, Chapter IV, Section 44, p. 230-233].

Theorem F.36. Let (Ω,F ,F,P) be a filtered probability space satisfying the usual con-

ditions (i.e., right-continuous and complete). Consider the product measurable space

(R+ ×Ω,B(R+) ⊗ F ). Define

(a) the predictable σ-field P: the σ-field generated by all adapted, càglàd processes;
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(b) the optional σ-field O: the σ-field generated by all adapted, càdlàg processes; and

(c) the progressively σ-field Pro: the σ-field generated by all adapted processes that

are continuous in time measurement, i.e. generated by adapted processes that are

B([0, t]) ⊗ Ft-measurable for every t.

Moreover, P ⊂ O ⊂ Pro. Then,

(a’) A process is predictable if and only if it is measurable w.r.t. P.

(b’) A process is optional if and only if it is measurable w.r.t. O.

(c’) A process is progressively measurable if and only if it is measurable w.r.t. Pro.

G. Some proofs

Proof of Exercise 2.96. Let us choose and fix k ∈ [0,∞), and an R-valued standard Brown-

ian Motion Wk, we have

sup
k
E

[
∥Wk∥

p] ≤ Cp

N∑
k=0

E
[
∥Wk −Wk−1∥

p];
For the left-hand side, since Wk ∼ N(0, k), the p-th absolute moment is

E|Wk|
p = kp/2E|Z|p, where Z ∼ N(0, 1)

Hence

sup
k
E|Wk|

p = max
0≤k≤n

kp/2E|Z|p. (G.1-LHS)

For the right hand side, since Wk −Wk−1 ∼ N(0, 1), hence

E|Wk −Wk−1|
p = E|Z|p, k = 1, . . . , n

Moreover,

W0 −W−1 = W0 − 0 = 0.

Hence
n∑

k=0

E|Wk −Wk−1|
p = nE|Z|p. (G.1-RHS)

Putting (G.1-LHS) and (G.1-RHS) together, we now need to show

max
0≤k≤n

kp/2E|Z|p ≤ CpnE|Z|p
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Dividing both sides by E|Z|p, which is none zero, gives

max
0≤k≤n

kp/2 ≤ Cpn

Since max0≤k≤n kp/2 = np/2, hence

np/2 ≤ Cpn⇒ Cp ≥ np/2−1 ≥ 1, for p ∈ [1, 2].

Therefore, Cp ≥ 1 suffices.

□

Proof of Exercise 3.3. Let U be a Banach space and let u∗ ∈ U∗, such that u∗ : U → R (or

C) is a bounded linear operator. Define ψ : U → R by

ψ(u) := ⟨u∗, u⟩.

Since u∗ is linear and bounded, so is ψ.

Observe that for any u ∈ U, ψ(u) ∈ R, so the image of ψ lie in a one-dimensional

subspace of R, and it has two possibilities for dimension (or rank):

(1) If u∗ = 0, then the image is just {0}, and

rank(ψ) = dim({0}) = 0.

(2) If u∗ , 0, then for any scalar a ∈ R, there exists some u∗ ∈ U such that a = ⟨u∗, u⟩ ,

0, so the image ψ(u) , 0 and has the dimension exactly 1.

rank(ψ) = dim(ψ(u)) = 1.

□

Proof of Exercise 3.4. Since ψ is a finite rank operator, by definition the image ψ(U) is a

finite-dimensional. So there exists n ∈ N such that

dimψ(U) = n.

Let {ν1, . . . , νn} ∈ V be a basis of ψ(U) ⊆ V . Then for each u ∈ U, the vector ψu ∈ ψ(U),

so it can be written uniquely as a linear combination of this basis:

ψu :=
n∑

i=1

αi(u)νi,
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where each αi : U → R, defined by:

αi(u) = the i-th coefficient in the expansion of ψu,

is a linear map, since ψ is linear. Hence, αi ∈ U∗.

Define u∗i := αi ∈ U∗. Then we have:

ψu =
n∑

i=1

⟨u∗i , u⟩νi.

Now for each i = 1, . . . , n, we can multiply by scalars ai := 1 ∈ R, so we have:

ψu =
n∑

i=1

ai⟨u∗i , u⟩νi.

□

Exercise G.1. Show that the infimum of the set of all numbers C for which the inequality

(4.1) holds is equal to the minimum of the same set.

Proof of Exercise G.1. Let us begin by recalling the definitions of infimum and minimum.

Definition G.2. A ⊂ R is closed if and only if for every A-valued sequence {xn}
∞
n=1, if xn → x

in R, then x ∈ A.

A subset A of a metric space X is called a closed set if and only if every sequence (xn) ∈ A

which converges to an element x ∈ X, the limit x ∈ A.

Definition G.3. A set A ⊂ R is

• bounded above if and only if

∃a ∈ R : ∀x ∈ A, x ≤ a. (G.1)

A number a satisfying (G.1) is called an upper bound of the set A.

• bounded below if and only if

∃a ∈ R : ∀x ∈ A, x ≥ a. (G.2)

A number a satisfying (G.2) is called a lower bound of the set A.

• bounded if and only if it is both lower and upper bound, i.e.,

∃a1, a2 ∈ R : ∀x ∈ A, a1 ≤ x ≤ a2.
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Definition G.4. The supremum of a non-empty set A ⊂ R, denoted by sup A, is the smallest

upper bound of A. In other words,

sup A = min B,

where B is the set of all upper bounds of A.

The infimum of a non-empty set A ⊂ R, denoted by inf A, is the biggest lower bound of

A. In other words,

inf A = max C,

where C is the set of all lower bounds of A.

One can prove the following:

Proposition G.5. If A ⊂ R is a bounded above set, then sup A exists. Similarly, if A ⊂ R is

a bounded below set, then inf A exists.

Proposition G.6. Suppose that A ⊂ R is a bounded below set, so that inf A exists. Suppose

further that min A exists. Then

min A ≤ inf A.

Definition G.7. The maximum of a set A ⊂ R, denoted by max A is, if exists, the biggest

number of A.

The minimum of a set A ⊂ R, denoted by min A is, if exists, the smallest number of A.

Proposition G.8. Assume that A ⊂ R. Then a = min A if and only if

(i) a ∈ A and

(ii) a ≤ x for every x ∈ A.

Similarly, b = max A if and only if

(i) b ∈ A and

(ii) b ≥ x for every x ∈ A.

Using the definition of lower and upper bounds, the above proposition can be rewritten

as

Proposition G.9. Assume that A ⊂ R. Then a = min A if and only if
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(i) a ∈ A and

(ii’) a is a lower bound of A.

Hence, we infer that

Proposition G.10. Assume that A ⊂ R. If min A exists, then A is lower bounded and

min A = inf A.

Proposition G.10 shows that if min A exists, then it must equal inf A. The following

theorem provides a necessary and sufficient condition for the existence of min A in terms

of the infimum.

Theorem G.11. If A is a bounded below set and inf A ∈ A, then min A exists and

min A = inf A.

Proof of Theorem G.11. Since A is bounded below, by Proposition G.6, a = inf A exists.

By the definition of infimum, a is a lower bound of A and, by assumption a ∈ A. So

conditions (ii’) and (i) of Proposition G.9 are satisfied and hence a = min A. □

Theorem G.12. If a set A is (i) bounded below and (ii) closed, then

min A = inf A.

Proof of Theorem G.12. Since A is lower bounded, a = inf A exists.

Step 1, we will show that a ∈ A. Since a+ 1
n > a, by the definition of the infimum, a+ 1

n

is not a lower bound of A. Hence there exists xn ∈ A: xn < a + 1
n . Moreover, because a is

a lower bound of A, a ≤ xn. So we constructed a sequence {xn}
∞
n=1 such that

xn ∈ A, a ≤ xn < a +
1
n
.

Therefore, by the Comparison Theorem (called sometimes the Sandwich Principle)

lim xn = a.

Indeed, both sides of the inequalities satisfy a→ a and a + 1
n → a. But, by assumptions, A

is closed and by xn ∈ A, so a ∈ A. We proved what we claimed in Step 1.

Step 2 Thus by Theorem G.11, min A exists and min A = inf A. The proof is complete.

□
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Let us now proceed to the proof of Exercise G.1.

Proof of Exercise G.1. Let us assume that K and E are normed vector spaces and ψ : K →

E is a linear bounded map.

Define a set

A :=
{
C ≥ 0 : |ψx|E ≤ C|x|K, x ∈ K

}
.

We will show the equality

inf A = min A.

In view of Theorem G.12, it is sufficient to prove that (i) A is lower bounded. (ii) A is

closed.

By definition, every C ∈ A satisfies C ≥ 0 so that A is lower bounded by 0 and hence

assumption (i) of Theorem G.12 is satisfied.

To prove (ii) A is closed. Let us take a sequence {Cn} : Cn ∈ A and Cn → C. We will

show that C ∈ A.

By the definition of set A, because Cn in A,

|ψx|E ≤ Cn|x|K, for every x ∈ K. (G.3)

Let us choose and fix x ∈ K. By the Comparison Theorem, since Cn → C, and inequality

(G.3) is satisfied for every Cn, we infer by the Comparison Theorem, that it is also satisfied

by C, i.e.,

|ψxn|E ≤ C|xn|K.

Since x was arbitrary we deduce that

|ψx|E ≤ C|x|K, for every x ∈ K.

Thus we infer that C ∈ A. Hence assumption (ii) of Theorem G.12 is satisfied. By applying

Theorem G.12 we infer that min A = inf A. This completes the proof. □

□

Proof of Proposition 4.6 Step 1. Let us
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(Ad i) show that α1ψ1 + α2ψ2 is a linear map.

Ad Condition (V1)

In order to show that ψ1 + ψ2 = ψ2 + ψ1 is sufficient to show that for every x ∈ K the

value (ψ1 + ψ2)(x) is equal to the value (ψ2 + ψ1)(x). By the definition of the sum ψ1 + ψ2

we have the following train of equalities:

(ψ1 + ψ2)(x) = ψ1(x) + ψ2(x) = ψ2(x) + ψ1(x) = (ψ2 + ψ1)(x).

So we prove equality ψ1 + ψ2 = ψ2 + ψ1.

Similarly, if ψ3 ∈ Πp(K,E), we have

ψ1(x) + (ψ2 + ψ3)(x) =ψ1(x) + [ψ2(x) + ψ3(x)]

= ψ1(x) + ψ2(x) + ψ3(x)

= [ψ1(x) + ψ2(x)] + ψ3(x)

= (ψ1 + ψ2)(x) + ψ3(x), x ∈ K.

Hence, we have proved the equality ψ1 + (ψ2 + ψ3) = (ψ1 + ψ2) + ψ3.

Hence, we have proved condition (V1).

Ad Condition (V2)

For α1, α2 ∈ R and ψ1, ψ2 ∈ Πp(K,E), to prove α1(α2ψ1) = (α1α2)ψ1, α1(ψ1 + ψ2) =

α1ψ1 + α2ψ2 and (α1 + α2)ψ = α1ψ1 + α2ψ2, we choose and fix x ∈ K and then observe that

by the properties of real numbers and the definition (4.3),

(a) for identity α1(α2ψ) = (α1α2)ψ, we have

LHS = [α1(α2ψ)](x) = α1[α2ψ(x)] = α1α2ψ(x) = (α1α2)ψ(x) = RHS .

(b) for identity α1(ψ1 + ψ2) = α1ψ1 + α2ψ2, we have

LHS = α1(ψ1+ψ2)(x) = α1[ψ1(x)+ψ2(x)] = α1ψ1(x)+α2ψ2(x) = (α1ψ1+α2ψ2)(x) = RHS .

(c) for identity (α1 + α2)ψ = α1ψ1 + α2ψ2, we have

LHS = [(α1 + α2)ψ](x) = (α1 + α2)ψ(x) = α1ψ(x) + α2ψ(x) = [α1ψ](x) + [α2ψ](x)

=[α1ψ + α2ψ](x) = RHS .
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This completes the proof to condition (V2).

Finally, for α1, α2, β1, β2 ∈ R and ψ1, ψ2 ∈ Πp(K,E), we have

(α1ψ1 + α2ψ2)(β1x1 + β2x2) = α1ψ1(β1x1 + β2x2) + α2ψ2(β1x1 + β2x2)

= (α1ψ1)(β1x1) + (α1ψ1)(β2x2) + (α2ψ2)(β1x1) + (α2ψ2)(β2x2)

= (α1ψ1)(β1x1) + (α2ψ2)(β1x1) + (α1ψ1)(β2x2) + (α2ψ2)(β2x2)

= β1(α1ψ1(x1)) + β1(α2ψ2(x1)) + β2(α1ψ1(x2)) + β2(α2ψ2(x2))

= β1(α1ψ1(x1) + α2ψ2(x1)) + β2(α1ψ1(x2) + α2ψ2(x2))

= β1(α1ψ1 + α2ψ2)(x1) + β2(α1ψ1 + α2ψ2)(x2).

□

Lemma G.13. The spaceHT is a vector space.

Proof of Lemma G.13. Let X1, X2 ∈ HT , and let α, β ∈ R. Hence X1, X2 are both predictable

F-valued processes. Since F is a Banach space, hence we have

(1) αX1 is also predictable F-valued. For all t ∈ [0,T ], αX1(t) ∈ F and

sup
t∈[0,T ]

E[∥αX1(t)∥pF] = |α|p sup
t∈[0,T ]

E[∥X1(t)∥pF] < ∞.

Hence αX1 ∈ HT .

(2) αX1 + βX2 is also predictable F-valued. For all t ∈ [0,T ], αX1(t) + βX2(t) ∈ F and

by using the inequality ∥a + b∥p ≤ 2p−1(∥a∥ + ∥b∥)p, where a, b ∈ F, p ≥ 1, we have

E(∥αX1(t) + βX2(t)∥pF) ≤ 2p−1
(
|α|pE(∥X1(t)∥pF) + |β|pE(∥X2(t)∥pF)

)
Taking the supremum over t ∈ [0,T ], we get

sup
t∈[0,T ]

E(∥αX1(t) + βX2(t)∥pF) ≤ 2p−1
(
|α|p sup

t∈[0,T ]
E(∥X1(t)∥pF) + |β|p sup

t∈[0,T ]
E(∥X2(t)∥pF)

)
= 2p−1

(
|α|p∥X(t)∥p

HT
+ |β|p∥X2(t)∥p

HT

)
< ∞.

Hence αX1 + βX2 ∈ HT .

□
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Lemma G.14. Rp(T ) is a Banach space.

Proof of Lemma G.14. Recall the definition of Rp(T ) as in (5.7):

Rp(T ) = {ψ : [0,T ] ×Ω→ R : ψ is F-progressively measurable and ∥ψ∥Rp < ∞},

where the norm is given by

∥ψ∥Rp = sup
t∈(0,T ]

1
t1/p (E

[
∥ψ(t)∥p

]
)1/p.

Let (ψn)n∈N be a Cauchy sequence in Rp(T ). Then for every ε > 0, there exists N ∈ N

such that for all m, n ≥ N,

∥ψn − ψm∥Rp(T ) = sup
t∈[0,T ]

1
t1/p

(E∥ψn(t) − ψm(t)∥p)
1
p < ε.

Fix any t ∈ [0,T ]. Then, for all m, n ≥ N,

(E∥ψn(t) − ψm(t)∥p)
1
p ≤ t1/p · ∥ψn − ψ∥Rp ≤ t1/pε.

Observe that the left-hand side is exactly the norm ∥ψn(t)−ψm(t)∥Lp(Ω). Hence for each fixed

t, the sequence ψn(t) ⊂ Lp(Ω) is Cauchy:

∥ψn(t) − ψm(t)∥Lp(Ω) < t1/pε.

Since Lp(Ω) is complete, there exists ψ(t) ∈ Lp(Ω) such that

lim
n→∞

ψn(t) = ψ(t) in Lp(Ω).

Define ψ : [0,T ] ×Ω→ R by

ψ(t, ω) := lim
n→∞

ψn(t, ω) in Lp(Ω) for each t.

Since each ψn is F-progressively measurable, and convergence in Lp(Ω) implies conver-

gence in probability, we infer that ψ admits a progressively measurable version. Hence ψ

is F-progressively measurable.

We now show that ψ ∈ Rp(T ), i.e., ∥ψ∥Rp < ∞.

By the triangle inequality in Lp(Ω), we have

(E∥ψ(t)∥p)1/p
≤ (E∥ψ(t) − ψn(t)∥p)1/p + (E∥ψn(t)∥p)1/p
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Dividing both sides by t1/p gives

1
t1/p

(E∥ψ(t)∥p)1/p
≤

1
t1/p

(E∥ψ(t) − ψn(t)∥p)1/p +
1

t1/p
(E∥ψn(t)∥p)1/p

Taking the supremum over t ∈ [0,T ], we have

sup
t∈[0,T ]

1
t1/p

(E∥ψ(t)∥p)1/p
≤ sup

t∈[0,T ]

1
t1/p

(E∥ψ(t) − ψn(t)∥p)1/p + sup
t∈[0,T ]

1
t1/p

(E∥ψn(t)∥p)1/p .

By definition of ∥ · ∥Rp norm, this is equivalent to:

∥ψ(t)∥Rp ≤ ∥ψ(t) − ψn(t)∥Rp + ∥ψn(t)∥Rp .

Since (ψn) is Cauchy in Rp(T ), it is bounded, i.e.,

sup
n
∥ψn∥Rp < ∞.

Moreover, for any ε > 0, there exists N such that for all n ≥ N, we have ∥ψ − ψn∥Rp < ε.

Therefore,

∥ψ(t)∥Rp ≤ ε + sup
n
∥ψn(t)∥Rp < ∞.

Hence ψ ∈ Rp(T ).

Finally, we show that ψn → ψ in Rp(T ).

Since ψn is Cauchy inH , for all n,m ≥ N,

∥ψn − ψm∥Rp < ε.

Taking the limit as m→ ∞, and using the norm continuity of Lp(Ω), we obtain

∥ψn − ψ∥Rp ≤ ε.

Hence, ψn → ψ in Rp(T ).

Hence Rp(T ) is complete, i.e., a Banach space.

□
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[8] Z. Brzeźniak and E. Hausenblas, Maximal regularity for Stochastic convolutions driven by Lévy Pro-

cesses, Probab. Theory Relat. Fields, 145, 615-637, 2009.
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