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Abstract

We investigate the electromagnetic moments and transition properties of atomic nu-
clei within the framework of nuclear density functional theory (DFT). We focus on
presenting the role of pairing interaction, spontaneous symmetry breaking and sym-
metry restoration techniques in nuclear structure studies with particular emphasis
on their influence over electromagnetic multipole moments and transition strengths.
We present a self-complete theoretical framework covering the seniority and quasi-
particle formalisms of pairing, given by the Bardeen-Cooper-Schreiffer (BCS) and
Hartree-Fock-Bogoliubov (HFB) theories. Additionally, we cover the fundamentals
of DFT in the context of the atomic nucleus and symmetry restoration techniques
in the framework of the generator coordinate method (GCM). We also introduce the
phenomenology of multipole moments, transitions and spin isomerism from theoretical
and experimental perspectives.

We apply these topics to perform systematic self-consistent parameter-free calcu-
lations to describe odd-mass isotopic chains of yttrium and zirconium using the im-
plementations in the code HFODD. We calculate spectroscopic electric quadrupole
and magnetic dipole moments which are compared with available experimental data
resulting in overall good quantitative agreement. We analyse the effects of pairing,
deformation, blocking and time-odd components of the functionals. Additionally, we
calculate the transition strength and multipole moments of the isomeric and ground
states of 22Th using advanced beyond mean-field techniques and compare with recent
experimental data. Overall, this work implements and tests modern DFT approaches to
reproduce electromagnetic observables demonstrating them to provide a robust frame-
work to study the atomic nucleus across the nuclear chart.
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Introduction

The atomic nuclei are quantum many-body systems whose observables and properties
emerge from the interplay of single-particle and collective motion via three out of
four of the known fundamental interactions. This places the atomic nucleus as an
interesting quantum mechanical system despite the fact that the exact analytical form
of the nuclear interaction is still unknown, presenting a significant theoretical challenge.
However, some aspects have been figured out, like the short range residual interaction
between pairs of like particles, also called pairing [6] [7]. This component of the residual
interaction favours the spatial overlap of like nucleons and plays a crucial role in its
stability, physical dimensions and observables. Early descriptions incorporated pairing
phenomenologically which was later formalized by the quasiparticle formalisms adapted
from solid state physics.

An intrinsic complication for the study of the nucleus is its many-body charac-
ter. This is a well-known problem from classical mechanics where the lack of enough
conserved quantities makes many-body systems analytically irresolvable. Quantum
mechanics inherits same complications of classical mechanics, where in addition we
have to account for the in-indistinguishability of particles and spontaneous symmetry
breaking of quantum systems. Because theoretical progress needs to produce practi-
cal results to test with experimental data, many-body theorists developed the density
functional theory (DFT) initially for solid state physics but quickly applied to nuclear
physics [8, 9] [7, 10]. It replaced the requirement to obtain full many-body wavefunc-
tions by solving for the one-body local density of the system, reducing computational
complexity and gaining feasibility for actual applications. Since then, DFT has thrived
in the several areas of many-body quantum mechanics.

The atomic nucleus is also an exceptional case of emergent phenomena where dis-
crete changes in nucleon numbers lead to distinctive structure and properties across the
whole nuclear chart [I1]. These emergent features give rise to a rich variety of observ-
ables including binding energies, deformations, collective excitations, decay modes and
electromagnetic properties. In particular, the electromagnetic interactions represent
important probes of the nucleus and because these are well controlled by current labo-
ratory techniques, it is the interaction of choice for nuclear structure studies. Quantities
such as electric quadrupole and octupole moments, as well as magnetic dipole moments
encode detailed information about charge and current distributions inside the nucleus.
The associated electromagnetic decays and isomerism reveal subtle aspects of the nu-
clear interaction which are essential to increase our understanding of the nucleus [12].
For our benefit, several measurements of static multipole moments and electromag-



2 Introduction

netic decays have been compiled over the years in evaluated and accessible databases
providing a reliable source of information to test theories and representing a general
interest to the scientific community for applications.

The reliability of any theoretical description rests on its internal consistency and
ability to reproduce and explain experimental data. Nuclear observables serve as bench-
marks for models of the structure of matter, reflecting the consistency of the interac-
tions and many-body methods. In this thesis we employ the theoretical frameworks of
pairing, DFT and symmetry restoration techniques to perform realistic and consistent
calculations of electromagnetic observables across specific open-shell deformed nuclei.
We review the theoretical framework required to explain the methodologies and results
obtained, organizing the contents as follows. In chapter 2 we introduce the pairing in-
teraction in the nucleus from the models of seniority, Bardeen-Cooper-Schreiffer (BCS)
[13,14] and Hartree-Fock—Bogoliubov (HFB) theories [7]. We emphasize in the concept
of quasiparticles, its usefulness to simplify many-body quantum mechanics and also the
breaking of particle-number it introduces. In chapter 3 we present the foundations of
DFT from its general theory applicable to any quantum system and the particular
case of the atomic nucleus. Additionally, we introduce the beyond mean field methods
essential to restore symmetries and mix multi-configuration wavefunctions. In chapter
4 we review the multipole moments and transitions showing its theory and experimen-
tal interplay to interpret several nuclear properties. Finally in chapter 5 we present
systematic self-consistent parameter-free calculations of electromagnetic moments for
odd-mass isotopic chains of yttrium and zirconium, and the isomeric transition strength
of 2*9Th using the implementations in the code HFODD [15]. We detail methodologies
and compare with available experimental data. Additionally, a set of appendices have
been included to complement the main text.



Descriptions of pairing in the nucleus

Since the beginning of experimental nuclear physics, distinctive features of even-even
nuclei have been identified which indicate a strong contribution to the nuclear phe-
nomenology and stability from the interactions of pairs. Consistent observations of
ground state zero angular momentum of even-even nuclei, odd-even staggering of bind-
ing energies, single-particle separation energies and density of states indicate an addi-
tional interaction within the nucleus that is not contained a priori in the mean-field
nuclear force. Such interaction must be attractive and favour large spatial overlaps
between like nucleons, . e., between protons and between neutrons. This additional
and non-negligible contribution to the residual interaction is called pairing.

It turns out that pairing is a general aspect of fermion systems which serves as
a mechanism to lower the energy by condensing pairs of time reversed states into a
vacuum of coherent bosons [16], [I7]. In the simplest liquid drop model of the nucleus,
it was included as an enhancement of the binding energy. However, more sophisticated
approaches are required if nuclear observables like spectra, deformations and refined
binding energies need to be reproduced better. In this chapter, we introduce the
different approaches for describing pairing in the nucleus, some of them inspired in
electronic systems along with a mathematical formalism useful for the development of
this thesis.

2.1 Quasiparticles and mathematical formalism

In an independent-particle picture of a many-body system, all interactions occur via a
one-body mean-field V involving no particle-particle forces. This first approximation
can be described by a Hamiltonian represented as

where 7 is the kinetic energy. In the formalism of fermion second quantization where
the operators aj and a; create and destroy fermions in states with quantum numbers
1, J respectively, and follow the anticommutation relations

{ai,al} = 6, (2.2)

{a;r?a;'} - {ai7aj} =0, (2-3)
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so that the Hamiltonian 2.1] terms are given by

T = Zﬂ'j@la]’? (2.4)
i,J

V = Z Vija;raj, (25)
i,J

Hyr = Z(sz + Vij)alaj, (2.6)
irj

where the indices run over all states of the model space and 7;;, v;; are the matrix
elements of the kinetic energy and mean-field potential, respectively. Part of the suc-
cess of the independent-particle shell-model in explaining the overall structure of the
nucleus relies in the fact that most of the energy is encapsulated in the simpler terms
7T and V [I8]. However, a more rigorous approach aiming to describe the emergent
richness of nuclear phenomena must include the so called residual interaction U. This
involves many-body operators usually restricted to two-, three- [19] or even four-particle
conserving interaction [20] terms as

_ T / 7ot
Hyrpir = E (13 + vij)ala; + Vi A5 AR
Z’7j i’j’k’l

" Tot T
+ Z Uijklmnai aj&kalaman + ...

i7j7k7l?m?n

(2.7)

Because the nuclear interaction is not exactly known, part of the work of the nuclear
physicist is trying to figure out the mathematical form that encapsulates best the resid-
ual interaction, even though, the introduction of such terms causes the solution of the
many-body systems to be highly non-trivial. However, under a suitable manipulation
of the creation and destruction operators, it is possible to capture some of the residual
interaction in the one-body part of an artificial algebraic structure called the quasi-
particle space. In this section we show two approaches to achieve this, focusing in the
short-range residual pairing interaction. Before that, we introduce the mathematical
formalism and a simple description of pairing called the seniority model.

2.1.1 The Fock space

The Fock space is a convenient formalism to approach a many-body system where an
undefined number of particle states can be established for the description of A particles
in an N-dimensional space. Given a single-particle Hilbert space denoted as H, the
Fock space is defined as the direct sum of tensor products of H as

%Fock:HO@Hl@H2@H3.--@HA, (28)
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where H; denotes the tensor product of 7 one-particle Hilbert spaces H;. Its associated
basis is given by

10) U {lagqy, oo Q) s =1, .., A k(i) = 1,..., N}, (2.9)

where |a,1€(1),...,a};(i)> is the anti-symmetric state of ¢ fermions occupying a single-
particle state configuration k(1), ..., k(7). The dimension of the Fock space is given by
the addition of the dimensions of the individual i-fermion spaces as

HEORGEH R

With this concept we devise operators to act on one of each many-body spaces depend-
ing on the number of particles considered on the interaction and in the basis states.
Notice for example that the elementary creation and annihilation operators map states
in ‘H; to H;.1 and H,;_; respectively.

2.1.2 The variational principle in quantum mechanics

In classical and relativistic mechanics, the least action principle in its simplest form is
given by

55 = /dt L{a0).d(1).t) = 0, (2.11)

which is a fundamental and universal approach to obtain the equations of motion
of a system. In quantum mechanics, its equivalent is given by the minimization of
the energy, which can be treated as a functional of a non-normalized ground state
wavefunction |Wy) as

(Wo| H|Wo)

e AT

-0, (2.12)

from which we can derive Schrédinger equation as follows. Since |Wo) and (¥y| are
independent functions, we have that
OE[W] OE[W]
OBV = ———[0¥q) + (¥
ol = gy 10%or + ol g (2.13)
= (Uo|H — E|6%) + (6¥o|H — E|¥) =0,

where [0Wq) and (§W,| can themselves be interpreted as a variation of parameters like
occupancies of single-particles, amplitudes, densities, etc. Each variational equation is
zero independently from where we get Schrodinger equation

(H — E)|¥,) =0, (Uo|(H — E) = 0. (2.14)

The set of equations [2.14] output the ground state energy. For the first excited state
|W1), a constrained minimization guaranteeing orthogonality between excited states
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has to be performed for the modified functional

(U1|[H = A\ (Wo|T1)]|Ty)
(Wq|Wy)

SE[U,] = —0, (2.15)

where )\ is the associated Lagrange multiplier. It can be generalized for the n' excited
state to ) .

SE[V,| =46 (0, [0,

— 0, (2.16)

This result is used to get the equation of motion of Hartree-Fock, Bardeen-Cooper-
Schreiffer and Hartree-Fock-Bogoliubov models.

Similarly, when an observable of the system O has to be constrained to a value O,
then an unconstrained variation has to be performed over

(H') = (H) = A((0) — Ov), (2.17)

where the associated Lagrange parameter A\ has to be determined as well. Stronger
versions of this method of constraining observables exist via quadratic terms [7] or the
extensively implemented augmented Lagrangian method [21].

2.1.3 Density matrix approach in many-body quantum physics

A physical observable that can be equivalently useful for the study of a many-body
system is the density operator. As will be shown in section [3.1.1] finding the many-
body wavefunction is a problem that can be completely replaced by finding the one-
body density of the system. Its introduction also allows the possibility of representing
mixed states, giving opportunity for quantum statistical mechanics applications [10],
22]. Consider a basis {|v)} and associated wavefunctions @, (r) = (r|v) of a system.
The operators that create (destroy) a particle in a position r with discrete quantum
numbers o (like spin and isospin) are given by

al(r.0) =) ¢,(r.0)dl,

(2.18)
a(r,o) = Z o, (r,o)a,,

and hold the anticommutation relations
{a(r,0),d'(r",0")} = Gperd(r — 1),
{aT(T’ O‘),CLT(T,, OJ)} = Y (2'19)
{a(r,a),a(r',a/)} =0,
so that we can represent the anti-symmetric N-body wavefunction by

1
U (r1,01, .., PN, ON) = —N<O]a('r1,01)...a('rN,aN)]\I/n>, (2.20)
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where |W,) is the anti-symmetric state with a particular configuration of occupied
states in the single-particle space. For an N-body system, the density matrix operator
of order n < N is defined as

~(n A
P(ry, 00, e Ty O OO

9 'nrYn

o (2.21)
=da'(r),0)..a (v}, 0))a(ry, 01)...a(ry, o).

The n-body density matrix is the expectation value of with respect to the
N-body wavefunction

P(")(rl,al, s Py TPy, Ol o) = (‘I’n|/3(")|‘11n>

Yt n?

N
= i E (P10 ooy To Oy Pt 1y Ot 1y ooy TN, ON)
Tt (2.22)

x W (rl,al,... Ty Oy Pt 1y Opt1y ooy TN, ON ) AP g1 ...dT

Z Pu,.. 7V2n(101/1( ) Spun(llql?gl)gpl/nﬂ(rbal) szn(rnvan)a

V1,-.5V2n

where
Puronwar, = (Walal ooy | W), (2.23)

Van* V +1

is the associate matrix element in the basis {|v)}.

In particular, for the one-body density matrix

PO (r,o0i70,01) =D puwes(rl, o)pu(r, o1), (2.24)
v
where
Puv = <\I/n|aj/au|\lln>' (2'25)

It can be seen that p is Hermitian, so there exist a basis {|7)} in which p,, is diagonal

= <‘1}n|aj1a/1|‘1jn>7

(2.26)

and is called the canonical or natural basis (see Appendix B). We can also construct
the space dependent density by adding over all discrete quantum numbers o

r17T1 ZP r17017r1701 :ZZPV}LS@;(TLUIXO;L(ThUI)- (227)
o1 pv

A useful property of the density matrix approach comes from the calculations of ex-
pectation values of operators. Consider that O is a one-body observable given by

_ T
=D O, (2.28)
%
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then A
(Ua|OW,) = ZOW<\I}n|aLaV|\Pn>
o N (2.29)
= 0upuu = Tr(0p).
v

A related operator to the density [2.21] is the so-called anomalous pairing tensor of
order n, given by

~(n A
P )(rl,al,...,rn,an,rl,ol,. r o)

e (2.30)
=a(r),o))...a(ry, o))a(ry, o1)...a(r,, 0,),
and the associated n-body pairing density
(11,01, oy T, Oy 01l 0l) = (U, || )
o N ro
= n Z \I’n(rl,al,. ,Tn,O'n,Tn+1,0'n+1,...,'I"N,O'N)
Il nON (2.31)
X W11, 01, ooy Py Oy Pt 1 O 1y ooy TN, ON ) AT 11 dT N
= Z Kun,oran P (T o Tn)- 'Spvn(riaUIl)@VnH(rbUl)-“SOVzn (T, o),
V1,320
where
B owon = (Wa| Gy, -Gy |a). (2.32)

The Hermitian conjugate 47 is also a useful and independent operator. Similarly,
the one-body pairing tensor is given by

EV (e, o7, 00) = Z R (11, 01) (T, 1), (2.33)
v
Ky = (Uylaya,|Wy). (2.34)

Notice that the matrices x and p cannot be diagonal in the same basis.

In a similar way as [2.29] for a two-body operator
F= waaﬁa 0o g, (2.35)

its expectation value is given in terms of the density and pairing tensor matrices as

<\I/n|F|\Ijn> = Z Suvas(¥ |a a aaaﬁmjn)

Hyvsen 3

1
= Z f;wa,@ paupﬁv+ 4!1,/“/15&

Vs

(2.36)

Equation [2.29] and the first line of [2.36] always hold, but the second line of [2.36] holds
for product states |U,) (see appendix B) by means of the Wick theorem (see appendix
A).
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Consider the specific case of the number operator
V — T
N = Z Ay (2.37)
o

which by applying we get
(Wa| N|W,) = Tr(Np) = Tr(p) = N. (2.38)
Similarly for its variance we get by means of Wick’s theorem
% = (Vo N2[Wy) — (U, N| W) = 2Ti(kk), (2.39)

which states that x = 0 is equivalent to particle conservation for the state |¥,). One
of the properties of pairing is that its associate wavefunctions violate particle number
conservation symmetry and approximately behave as a condensate of bosons.

An important and widely used definition of the density is the local approximation
where the position degrees of freedom are reduced to

plr) = o(ri—m), (2.40)
so that its associated single-particle density is

N
p(”)(T,U;r,U): Z ( )/\I/:(T,O',?“n+170'n+1,...,’I’N,O'N)

On+15--,0N n (2'41>

X \Ifn(’l“, 0,Tn+1,0n+1,---s TN, JN)dTn+1...dTN,

from which we can get the space local density distribution

P (r ZP T, 057, 0) (2.42)

2.1.4 Time reversal symmetry

We introduce the concept of time reversal here since it is an important property of
fermion interactions which show a strong correlation between time reversed counter-
parts, as observed in electronic systems and nuclei. Time reversal refers to the inversion
of the “arrow” of time in the dynamics of physical systems. In the classical sense of
dynamical variables, this refers to the transformation ¢ — —t implying that position
r — 7 is called time-even while momentum and angular momentum p — —p and
L — —L are called time-odd. In quantum mechanics, this translates to transforma-
tions of the operators # — T#7T = 7 and p = —ihV — T(—ihV)T1 = ihV so that

the canonical commutation relation changes to [23] 24] [, p;] = ih — |7, —pi] = —ih.
The angular momentum and spin are also time-odd and transform like I — T17 T = —I
and § — T&T1 = —8, respectively, which imply for the total angular momentum

A A A

J=1+5—>T5T =—5.
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We can formulate an operator for time reversal in quantum mechanics and denote it
by T. Schrodinger equation must be invariant under time reversal, which requires that
the action of the time reversal operator on the constant ¢A must be the conjugation of
it. Such property expressed by

Ta=aoT, (2.43)

for a € C and is called anti-linearity.

Since the spherical symmetry is important in nuclear theory, we are interested in
the action of the time- reversal on states of angular momentum j and prOJect1on m
denoted as |jm). Because J — —J, time reversal will conserve _72 but not j,. If T
is composed with a rotation around the y-axis by an angle of 7, j, will be conserved.
Thus, the states |[jm) are eigenstates of the composition Ry (7)7T with eigenvalue 1,
which defines the standard phase convention for |jm). Given this, the action of 7 on
|ym) can be deduced as

Tljm) = R, (m)Ry(m) T jm) = R, (m)|jm) = (=1) " — m), (2.44)
since the Wigner-d matrix is
Gml Ry () jm') = d] (1) = (=17 " 8. (2.45)

Thus, the action of time reversal in spherical-symmetric or axial-symmetric states will
cause the inversion of the projection of the total angular momentum and the appearance
of a phase. This property is important for the concepts of pairing in the nucleus and
the Bogoliubov transformation as explained below.

2.2 Seniority model of pairing

As mentioned above, the nuclear interaction carries a strong short-range residual com-
ponent called pairing that is not accounted in the mean-field independent-particle po-
tential. This interaction causes the wavefunctions to not be able to be represented
by a single-particle-conserving Slater determinant. The seniority model is one of the
elementary approaches to pairing. It considers a system where the interaction is given
by a one-body mean-field Hep and the residual interaction comes from a short range
pairing term as Vo

H = Hgp + Vp. (2.46)

A pair is defined as two nucleons of the same kind (7 stands for proton while v stands
for neutron) that form a time reversed pair and couple to total angular momentum
J = 0. This setup of time reversed pairs have large spatial overlap which is energetically
favored and increases the binding energy further. Since it is a residual interaction, it
must be expressed as a two-body interaction of pairs which in general can happen across
several shells. By adopting a spherical shell model basis, we have a pair |jm)® |j —m)
coupled to |J = 0, M = 0) and denoted as |jj;00). We focus now only in the properties
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of Vp which in second quantization is given by

~ 1 . Y
Ve =5 > (5 00[Vplf'f' 0000} pay—maym.
33!

m,m’>0

(2.47)

Usually the matrix element is approximated by a positive constant GG called the pairing
strength
~2G = (jj; 00[Vplj'j'; 00), (2.48)

whose phenomenological values are given by

G = g eV,
4 (2.49)
Gl, = Z [MGV]

A multi-shell analysis is possible [18], but for simplicity of presentation we will reduce
to the case of a single shell j = j' with N particles holding 0 < N < 2j + 1.

We can rewrite [2.47] as

~

Vp = —GSTS, (2.50)

where () = %(2]' + 1) is the maximum number of pairs in a shell j and

§'=> alutin =2 8l

m>0 m>0 (2 51)
S = Z aj,majm = Z §m7
m>0 m>0
are creation and destruction operators of time-reversed pairs. Defining
N t
Sm = §(ajmajm + Aj_mAj—m — 1)?
A 1 (2.52)
0 20
SY = 5 Z(a}majm + a}_maj,m —-1)= Z S,
m>0 m>0

we can establish that the operators in follow the algebra of 8u(2) in their spherical
components

(85, 8n] =280,
[8m 8] =8h, (2.53)
(80, 81.] = = 8m,

which is called the quasi-spin algebra. St and S behave as the components + and —
of a vector operator, respectively, so we can rewrite [2.50| as

Vp = —G(8% — (5°)% + 59, (2.54)

which by the studies of the algebra 8u(2), its eigenvectors are |S, Sp), the eigenvalues
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0 s=4

-2} s=2

-6 s=0

Figure 2.1: (a) Pairing energies of the seniority model for G = 1 MeV and a single shell
J = 7/2 in function of number of particles N and seniority s. (b) Energies and spins of the
j =17/2 and N = 4 for all allowed seniority values.

of Vp are given by
Ep(S) = —G(S(S+1) — S5 + Sy), (2.55)

and the quasi-spin quantum number adopts the values

Q Q Q |Q—N|
1.2 92 . for N even
219 D) 9 ’ ) ’

Q-N
__l__éj__i_,_jg, for N odd,

interpreted as proportional to the total number of pair-particle and pair-holes in a
given configuration in shell j. We can now introduce the seniority quantum number s

given by
s =0 —285,
0,2,4,....9Q, for N even, (2.57)
S =
1,3,5,....,Q—1, for N odd,

which quantifies the number of unpaired nucleons and defines a new basis |N, s).
Rewriting [2.55|in terms of s we get

Ep(N,s) = —%(N —5)(2Q —s— N +2). (2.58)

Fig. [2.1 shows the dependence of pairing energy with respect to s and N for a shell
Jj =7/2 with G =1 MeV. The lowest energy configurations are given by the smallest
possible values of s, namely s = 0 for even N nuclei and s = 1 for odd N.

The degeneracy D for a given state of seniority s is given by

D(s) = {

which is a useful expression for assigning the angular momentum values of each seniority

(29), for s < 2,

s

(29)—(29), for s > 2,

s s—2

(2.59)

eigenstate. The validity of equation [2.59]is constrained to N + s < 27 + 1 which arises
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from the m—scheme of allowed angular momentum states degeneracy that cannot be
surpassed [25, 26].

For odd-A nuclei the unpaired nucleon will not contribute to the pairing interaction
and it will result in the lowest state (s = 1) while for even-even nuclei the lowest
configuration is the one where all nucleons are paired (s = 0). Even though it can
become very complex via the incorporation of several shells and the introduction of
broken pairs, its relative simplicity cannot account for the full pair interactions in the
nucleus. However, many of its qualitative features remain valid in more realistic cases.

2.3 The special Bogoliubov transformation

Following the idea of section 2.1 we aim now to perform transformations on the fermion
space to capture part of the residual interaction in a simpler fermion quasiparticle
algebraic structure. The simplest transformation that can be formulated in the fermion
space involves a linear combination of creation and annihilation operators. This is
called the Bogoliubov transformation and is given by

ol = uiaT

i i — Uidg,

(2.60)

; = —UZ'CL%r + U; Qs

where az and a; are the quasiparticle creation and annihilation operators for all states
7 in the original fermion space and the coefficients u;, v; € R are called the Bogoliubov
amplitudes. These follow u; = u; and v; = —v;. The symbol 7 denotes the time reversed
state of 7. This condition is not mandatory in the transformation rule, it suffices that
the model space states are paired in any way, but it is a standard to pair time reversed
counterparts in nuclear physics. The quasiparticles in have a nature intermediate
between particles and holes in the shell-model sense. Inverse relations of read

T

T _
a; = uo; + v;04,

X (2.61)
A = Vi0; + U0

This newly defined set of quasiparticle operators need to hold all anti-commutation
rules of the original space, from where we can deduce the normalization conditions

{al, a;} = (wsuy +vivy)8i; = 05,
u? + v? =1, i=j (2.62)
—
Uju; + v;v; = O, ) 7é j
Also, the fermion vacuum |0) is transformed to a quasiparticle vacuum |®) such

that the condition

is fulfilled.
The entire set of observables is mapped to the quasiparticle space according to[2.61]
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Taking the Hamiltonian with mean-field and two-body particle conserving residual
interaction
H = Ztma aj + — Z U,,Jkla alak, (2.64)
,7,k,l
Vijkl = Vijkl — Vijlks (2.65)

we obtain the following form in the normal-ordered quasiparticle space

H HOO)—I—ZH(llan—i—Z( ijo) TaTthc)

+ Z ( Ukl ozkoq + h. c) Z (ngg,jl)aTaTakal + h.c. )

gkl gkl (2.66)

+Z< ijloz akozl—i—hc)

1,35kl
_ 1ya.p- q.p-
=H + HRI ,

where the only terms we are concerned about after the transformation are H©  F(1)
and H®%. The explicit form of H is given by

00) Z tuv + Z ( Z’iju 'UZUJU] + QU’L]Z]U2U2'>’ (267)

and is the only term that survives after calculating expectation values in the quasiparti-
cle space. The terms H®? HGY and H*Y will be considered as residual quasiparticle
interaction Hj{ . Notice how H 00) and HM contain terms of the original residual
interaction in the one-body quasiparticle scheme, as was initially aimed. A useful com-
puter library to obtain explicit forms of the terms in is the Mathematica package
SNEG [27].

2.3.1 Bardeen-Cooper-Schreiffer (BCS) theory

A more sophisticated approach to pairing is given in this section. The BCS theory
was originally devised for solid state physics as an explanation for superconductivity
[13], where pairs of electrons interact via a long range attractive force forming a boson-
like condensate that manifests as zero resistance to current of certain materials under
specific conditions. The effects of pairing had been known for a while in the nucleus,
so the physicist of the time quickly adapted the BCS model to the atomic nucleus [14]
finding it fructiferous in explaining several aspects of it.

As described in the appendix [B] the product state of an even particle system can
adopt a particular mathematical form via the Thouless theorem as

1
‘(I)>even = A eXp( 2 Z Z’LT] a; ]) ‘0> (268)
(2]

where Z;; is the Thouless matrix and 4 denotes the normalization factor. In the
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canonical basis, it can be rewritten as

‘(I)>even = Aexp(zsjziagal'L) ‘0>7 (269)

1>0

where the bar in the creation operators @' denote the canonical basis and i denotes
a canonically conjugated state, usually corresponding to the time reversed state. The
summation ¢ > 0 denotes sum over half of the space, i.e., only over one state represen-
tative of the pair. Being aware of the Baker—-Campbell-Hausdorff (BCH) theorem and
because the square of any creation fermion operator vanishes, we can rewrite [2.69| as a
product of exponentials

|D) even = AH exp(sfzidgdlﬂm = AH (1+ sfzidgdz)|0>. (2.70)
>0 >0
By means of the Onishi theorem (see appendix B), the normalization factor is given by

A= ! (2.71)

Hi>0 V(1+zi2)’

after replacing [2.71] into [2.70] we get

|®)even = [ ] (i + viailal)|0) = |BCS)even, (2.72)

>0

which is the so called BCS ground state ansatz in the canonical basis. The product
state described above belongs to the Fock space, which means it has no fixed number
of particles, but instead it is a superposition of even-particle states.

The state 2.72]is the starting point of the BCS theory as the coefficients u; and v;
which are the same of the Bogoliubov transformation play the role of variational
parameters. Following [2.63] the associate BCS quasiparticle operators hold

a|BCS) =0 Vi (2.73)

Let us remove from now on the bar on the creation and destruction operators for
simplicity in the notation. The expectation value of the number operator with respect
to the BCS state is X

(BCS|N[BCS) =2) w7, (2.74)

>0
so that the interpretation of the coefficients v? are the occupations of state |i) while

the u? denote the corresponding vacancies. Because the particle number is no longer
conserved, the standard deviation of the operator will be non-zero and has a value of

2 2.2

>0
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We constrain the particle number in the Hamiltonian H%P of by
H = H — \(N — Ny), (2.76)

and its expectation value following [2.67]is given by
1 _ 1 _
<H3=§:B%—Wﬁf+§§:%mﬁﬁ]+Z§:%mmwww, (2.77)
i j ij

over which we perform a non-constrained variation, where A is a Lagrange multiplier
called the Fermi energy. The variation is given by

S(H) =) (aéf;) du; + aéi ”m) + NHH') 53 — 0, (2.78)

i

because of condition [2.62] we have
N dv; \ O(H')
S(H') _Z (1 8ul> o 6v; + (N — Ny)dA

_Z<1——) <Hl>5 i+ (N — No)dx =0,

each variation must vanish independently so that for the variation dv; after calculating
O(H'")/Ov; we get the BCS equation

(2.79)

where

.1 _ _
€ = 5 <t“ + tﬁ -+ Z (Uijz‘j + Uz'jij)vjz) — )\,
J (2.81)

_—EﬁMW%

>0
are called the modified single-particle energy and pairing gap respectively. The non-
trivial solution (v;u; # 0) [28] of equation results in

(2.82)

these are physically interpreted as the occupancies and vacancies of single quasiparticle

E; = /& + A2, (2.83)

states i, respectively. The quantity



2.3 The special Bogoliubov transformation 17

1.0
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0.6-
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Q.24 — Even-even nucleus A=0
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Figure 2.2: Effects of pairing interaction and blocking in nuclear single-particle occupations.

is called the quasiparticle energy as it can be identified as the expression for ’HZ(ZI Y of
m in the basis in which hy; = ti; + >, vijrv? is diagonal.

If the solutions [2.82] are replaced in then we obtain the so called gap equation
_ —~ J
Ai=—3 Z Vit~ (2.84)

which shows explicitly the non-linear coupling of the equations and thus the need to
solve them via numerical iterative methods.

In a simplified case where the residual interaction is just the pairing term of the
form with constant matrix elements and the one-body term is diagonal as

G
Hp = Zei(ajai —|—a§ag) — EZaIagajaj, (2.85)

i i\
then, equation reduces to

2
(Hpy =2 (ém? + %Gvf) - %, (2.86)

>0
where the gap parameter looses its dependence on a particular state as

A= GZU]‘U]',

>0 (2.87)
€Z:€Z—GU22—/\
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The terms Gv? and Gv} are usually neglected. Equations and now read as

2 1 Ei—>\
Ul — = ]__ 5
2 \/(EZ—/\)2+A2

u2_1 1+ Gi—>\
P2 Vie— N2+ A2)]

A=Y =

5 ; \/ﬁ (2.89)

The quantity A quantifies the strength of the pairing interaction and influences the

(2.88)

single-particle orbital occupation by softening its values around the Fermi surface by
partially occupying orbitals above and partially emptying orbitals below in an analo-
gous situation as in finite temperature Fermi gases [29]. This phenomenon can be seen
in Fig. 2.2 where the trivial solution (u;v; = 0 Vi) and a non-zero pairing gap situation
is shown. Naturally, a different pairing gap exists for neutrons A, and protons A,.
Experimentally, the pairing gap is evidenced via the so called odd-even mass stagger-
ing where the mass of an odd-even nucleus is larger than the mean of its even-even
neighbours following

M(A) = %(M(A )4+ M(A+1) A, (2.90)

this expression is used to fit the values of A, and A, in theoretical applications. It is
worth noticing that theoretically for full shells we have A — 0 (see chapter |5), which
implies that the condensate is not realized and a trivial solution is obtained. However,
the contribution from pairing to the total energy is still non-zero. An empirical formula
for the pairing gap is

12
A = — MeV, (2.91)
Az

Blocking

In the previous section, the case of even particle number systems was analysed. When
the total number of fermions is large this issue becomes irrelevant, but in few fermion
systems it is crucial to study the unpaired or odd-particle number case for the under-
standing of the single-particle influence in the hole system and its interaction with the
rest of it. The ground state is given by

’q)>odd = a}’BCS>even = a;f' H (uz + Uld;r&j)‘(» = ‘BCS>0dd’ (292)

i#§>0

where the particle created in orbital j on top of the even system does not participate
in the pairing. The mathematical form of constrains the occupancies v; = 1 and
v; = 0 simultaneously. This is illustrated in Fig. and is the effect of blocking where
the j'* column and row of the corresponding Thouless matrix (see are zero.
This is an essential aspect for the description of odd and odd-odd mass nuclei, which
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in practice is realized by blocking a given eigenstate of the Hamiltonian in every step
of the self-consistent iteration. Such state can be selected by calculating the overlap
between all the quasiparticle orbitals and a fixed eigenstate of H followed across the
iterations. This methodology has been implemented in [30] and extensively applied for
example in [31, B2, [33] and this work. The initial blocked eigenstate of H should be
constrained to a specific set of single-particle properties that are aimed to be conserved
accordingly to the symmetries of the system and that will reproduce its observables. In
the case of this work, the axiality is a conserved symmetry for which the Nilsson states
[Nn,AJQ2) [34], 35] serve to track the blocked quasiparticles (see chapter [f). These
results also hold for next section where the HFB generalization of BCS is presented.

2.4 The general Bogoliubov transformation

The aim of this section is presenting the Hartree-Fock-Bogoliubov (HEB) theory as an
extension of the BCS approach, where a generalization of the Bogoliubov transforma-
tion is implemented involving all n states in the model space as

Oé;-r = Z (uj,-a; + vjl-aj),
’ (2.93)
o = Z (v;}a} + u;fl-aj),

J

thus, we introduce now the doubled dimension representation to facilitate derivations.
We define a 2n dimensional vector of operators as

a
c= (aT> = (ay...a al...al)T (2.94)

so that the transformation [2.93] can be expressed via a 2n x 2n matrix

W= (g g) | (2.95)

o Ut a a
_ — WT
(o) = (e o) ) = (), 299
and the anti-commutation rules of the quasiparticles imply

Ulu+Vviv =1, Ut +vvT =1
T T 1 *77T (2.97)
UV +VTU =0, uvt+vuT = o,

which also guarantees the unitarity of ¥W. We know from the Bloch-Messiah-Zumino
theorem [36, [37], that a unitary matrix of the form can be decomposed as

(0 DEDE
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where C, D are unitary matrices and U, V are the Bogoliubov amplitudes in the
canonical basis given by the block diagonal form

0 0

u; 0
0 wu

(el
Il

(2.99)

up 0
0 uy

0 v

- 0

<
Il

(2.100)

0 Ve
—UVk 0

0 0
thus, the function of matrix D is the change of basis from an arbitrary to the canonical

basis, U and V constitute a special Bogoliubov transformations of the type in section
[2.3]and C performs a linear unitary transformation between the quasiparticle operators.

The vacuum of the quasiparticle operators a will be denoted as |HFB) and follows
condition [2.63], namely
a;|HFB) = 0, (2.101)

thus we can calculate one-body density matrix and anomalous pairing tensor by means

of .93 and R.101] as

p =(HFB|a'a|HFB) = V*V 7,

. (2.102)
r =(HFB|aa|HFB) = V*UT = —UV".

We postulate these now as it can be proved that different Bogoliubov transformations
lead to different density matrices but there is a one-to-one correspondence between p
and |HFB) (see chapter |3). Furthermore, using the Bloch-Messiah-Zumino decompo-
sition we can show that ~

p =DV DT,
o (2.103)
k =DUV D",

which implies that in the canonical basis p is diagonal while x is skew-symmetric
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composed by blocks as

1 0
_ —v? 0
p - 0 — 2 )
’ / (2.104)
0 0 '
o — 0 U;V;
N —U;V; 0
0 0
From [2.97] and [2.102] the following relations hold
2 T
+ KK =p,
PR e (2.105)
pk — kp- =0,

which demonstrate that the pairing tensor deviates p from being a projective matrix,
i.e, p> = p. This case is realized for example when the particle number is fixed so that
k= 0.

It is natural to extend the density matrix to the doubled dimension representation
where it is generalized by the so-called Valatin matrix given by

p K |4 VAR VAl VA
= = 2.1
R (—/@* 1-— ,0*) (U*VT uut)’ (2.106)
so that
R =R (2.107)
and
~ + 0 0
R=WTRW= 01 (2.108)

meaning that its eigenvalues are 0 and 1 for the eigenstates (U, V)L and (V*,U*)L,
respectively for column k of U and V.

2.4.1 Hartree-Fock-Bogoliubov (HFB) theory

In the previous section we presented the BCS theory in which we assume that the
Hartree-Fock (HF') solutions have been already obtained and pairing is added as a post
self consistent calculation. Here we introduce the HFB theory in which both mean-field
and pairing are treated simultaneously. Similarly as for the BCS case, we begin with
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the particle conserving Hamiltonian but now replace the generalized Bogoliubov
transformation leading to a form like [2.66, where after constraining the particle
number we get

11 A
H{0 = Tr((t = N)p + 5Tp + 5AK") = (HFBIAHFB) = Eyrnlp, v, 6], (2:100)

which encapsulates again part of the residual interaction in the terms

Iy = E Uikjl Pkl s
el

1 - OEyrp OFEnrB
A== Digparin = 2 — 9 ,
i35 2. VijkiFk Dr o, (2.110)
hij = tij + Ty — Ni; = ;
AR 30

where such matrix elements are given in an arbitrary basis. I' serves to describe the
HF potential while A determines the pairing correlations. Notice that the case A — 0

reduces HFB to HF theory. For the doubled basis we define the generalized HFB
matrix as

h A
"= 2.111
(e 3) o
whose 2n eigenvalues are the generalized quasiparticle energies Ej, —F, for the 2n

eigenstates (U, V)T and (V*,U*)}, respectively. The HFB equations are a set of non-
linear equations which read

0 DO A0, e

Because [2.106| and [2.112{ have a common basis, then it must happen that
[H',R] = 0. (2.113)

The HFB equations must be solved in an iterative self consistent way like the
Hartree-Fock approach. A practical implementation begins with a trial of the vector
(U, V)i, for all k which is used to calculate p and & using[2.102| Then the HFB matrix
is calculated and diagonalized to obtain the eigenvalues Ej; and eigenvectors
(U, V);‘gl. This is repeated iteratively until a self consistent solution is attained. It is
worth mentioning the behaviour of the HFB equations in the canonical basis employing
2.103l The HFB equations reduce to a BCS form
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with solutions for occupations and vacancies

V2 = 1( - oy & g ) (2.115)
L2 \/(hu + hi)? + AAZ 7 .
9 1 hi; + hz
up =g |1+ ; (2.116)
\/ (hi; + h)? + 4A%

and quasiparticle energies

E=/h%+AZ (2.117)



Density functional theory

In quantum mechanics, the wavefunction is the mathematical object that encapsulates
all degrees of freedom of a system and describes all that can be known about it.
Thus, the solution of Schrodinger equation (or its relativistic extensions) is the most
important step to model all observables and properties of a system. Density functional
theory is an alternative approach to the solution of many-body quantum systems where
the main mathematical object to obtain is no longer the wavefunction but the one-body
local space density of the system given by

p(r) = (\D\ﬁ(l)]\D) = N/dTQ...dTN |V (7, ry, T3, ...,rN)|2, (3.1)

where |U) is the exact N-body ground state (g.s.) wavefunction. This strategy reduces
the N-body problem from finding a complex-valued wavefunction |¥) of 3V coordinates
to a real-valued function p(r) dependent of three position coordinates obtained via
minimization of the energy density functional E[p| that holds non-negativity (0 <
p(r)), normalization ([ drp(r) < co) and is continuously differentiable (p(r) € C™).
This apparent advantageous approach does not come without cost, as it represents a
trade-off where inherent complexities eventually manifest. In this section we present its
original foundation for solid state systems and then extend the theory to non-relativistic
nuclear physics where we present the available energy density functionals along with
some of their properties.

3.1 General density functional theory

We review the main theorems and foundational results that support the density func-
tional theory (DFT) framework for studying many-body systems. Although these
theoretical developments originated primarily within the context of solid state physics,
their applicability extends to many other fields, including nuclear physics as is our case
of interest.

3.1.1 The Hohenberg-Kohn (HK) theorem
and the Kohn-Sham (KS) equations

The proposal of DFT relies in the important HK theorem and KS equations, origi-
nally stated in a series of papers for electron gases [8, [0]. These demonstrate that
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densities, wavefunctions and the external potentials for N-body systems are in a one-
to-one correlation and that this mappings allow a simplification of the N-body to an
independent-particle mean-field, respectively. In the original formulation, the Hamil-
tonian of the system is

H=T+W + Vig, (3.2)

where 7' is the kinetic energy, W is an universal particle-particle potential interaction
common to all electronic systems and V,,; is an external field that can be expressed as

W= Zz&(ri,rj) = /dr/dr’ p(rw(r,r’)p(r), (3.3)

i<j

‘A/:ext - Z@ext(ri) - /dI‘ Uext(r)ﬁ(r)7 (34)
i=1
In principle, His non-relativistic, zero temperature and time independent, even though
extensions to these regimes have been developed in dedicated research [10]. Below we
sketch the approach of [38] [39], where rigorous proofs of the HK theorem can be found
in [40, 41]. If we define the following sets

Y = {Vext (T) | Vext(r) # vl (r) + const. Vo, (r) € ¥}, (3.5)

ext

G = {|U) | |¥) # e®|¥) are non-degenerate g. s. associated to ve, € ¥}, (3.6)

A =A{p(r) |p(r) = (¥|p(r)|¥), |¥) € 4}, (3.7)

and the maps
AV =9, (3.8)
B.YG— N, (3.9)

which are operationally defined as the solution of Schrédinger equation and calculation
of (W|pM| W), respectively. The thesis that the HK theorem addresses concerns the
injectivity of o/ and Z. In other words, if once fixed wve(7), then the associated
ground state and densities |¥) and p(r) are unambiguously defined as well up to a
constant. A graphical representation of the HK theorem is shown in Fig. 3.1 It turns
out that the HK theorem can be proved and thus the injectivity of the maps &/ and
A is guaranteed.

What was presented above assumed that the ground state is non-degenerate, but
proofs for degenerate states can also be formulated in which these partition the whole
space so that the theorem is extended to single representatives of each partition. A
corollary of this result is that the state | ) can be uniquely parametrized as a functional
of the density p(r), denoted by |¥) = |¥[p]), and it can be interpreted as a realization
of the map %=1 (which exists since the injectivity is guaranteed). The same can be
said for any observable O expressed as

Olp] = (¥[p]|O¥[p]), (3.10)
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Figure 3.1: Schematic representation of the HK theorem as maps between the spaces of
external fields ¥, wavefunctions ¢ and densities .4".

in particular the energy density functional (EDF) is
Elp] = ([]| H|¥[p]), (3.11)

which is the essential functional of the DF'T. Without mentioning some crucial formal-
ities, DF'T postulates the variational principle

%{E[p] —u[/drp(r) - N}}

which expresses that the energy functional has a stationary point in the density po(r)

=0, (3.12)

po(r)

of the associated ground state |¥) constrained to a finite number of particles, being
1 the Lagrange multiplier associated to the chemical potential. Equation is the
equivalent of Schrodinger equation for the DF'T formulation. The HK theorem however
is just an existence proof, no computational procedure is established for finding the
appropriate functional E[p]. In section we will describe few strategies to figure
out E[p] in the context of nuclear physics with potentials used in nuclear structure
applications.

Another motivation for the formulation of the DFT is the possibility of mapping
an interacting N-body system into a non-interacting system described by a Slater
determinant in the fermion case. This is the main thesis that the KS equations aim
to solve and is also called the non-interacting v-representability (standing for vey).
In principle, the densities obtained are exact solutions of the many-body problem
constrained to the exact expression of the kinetic and potential functionals.

Consider a system of non-interacting fermions so that its Hamiltonian and external

potentials are given by
Hygs =T + Vks,

N 3.13
Vks = /dr vgs(r)p(T), ( )
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and its ground state |Pkg) holds
Hys|®xs) = Exs|Pxs), (3.14)

which is a Slater determinant of single-particle states |¢;) in the space representation
given by

1
(r1,..., 0| Pks) = Prs(r1, ..., 1) = W : : )
with each one a solution of

2m

( - h_2V2 + va(r)> ¢i(r) = €idi(r), (3.15)
where

N (3.16)

for Fermi energy er. The density for the non-interacting case has a simple form

N

pis(r) =D |oi(r)]. (3.17)

i=1

From the HK theorem we have that |®Pks) = |Pks|pks]). The question now reduces
to finding the density of non-interacting fermions pks(r) that equals the density of
the interacting system p(r). As proved in reference [42], this is possible for any non-
negative normalized density for which [3.17 holds for a set of orthonormal single-particle
states. One can therefore write an external field

vk (1) = vt (7) + valpxcs] (1) + v pics] (), (3.18)

where
v [pks](7) :/dr’w(r,T’)sz(r'),
_ B[]
op(r)

and Fy.[p] represents the exchange energy which is one of the unknowns of the KS

(3.19)

Uxe|Pxs] (T)

approach whose role is to correct the total potential so that the independent-particle
system represents exactly the interacting system. Thus we formulate the KS equations
explicitly from [3.15| as

( - ;—mw + Vext (1) + v [p](7) + ch[p](r)) di(1) = €1¢(1), (3.20)
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which are to be solved iteratively in a self-consistent fashion like the Hartree-Fock
method. The independent-particle orbitals are interpreted as purely mathematical
constructs to solve the many-body density since the KS equations guarantee that the
energies and densities are reproduced but not the ground states themselves. A difficulty
of the DFT approach is now apparent, that is, the non-linearity of the KS equations
which lead to non-convergence, instabilities and impossibilities to attain a solution
[43].

3.2 Density functional theory in the nuclear case

The nucleus is a self bounded system, so in principle there is no external field in its
Hamiltonian. In addition, the particle-particle potential W is not only two-body but
also three-body and possibly four-body terms should be included [19, 20]. However the
results of DFT still hold for the nuclear case. In general the EDF can be separated
into kinetic, nuclear potential, pairing and Coulomb as

E[ﬂ? K? ’%T] = EkiIL [p] + Ep0t~[p] + Epair~ [pa '%7 KT] + ECOul- [107 K’a K'T]a (321)

The one-body density operators act in the space of spin and isospin, and thus can be
expanded in scalar and vector components of each of these spaces as

1 1 . 1 . 1 .
p(r,r') = ZpO’O(T’ r’) + Zpo’l(T’ )T + 18170(7“, r')o + ZSM(T’ roT, (3.22)

implying that the densities and thus the EDF of can be separated into scalar and
vector components in spin and isospin as well.

Additionally, we can also establish that the nuclear EDF is the integral over the
volume of the energy density $) as

Eporlp] = / v H(p). (3.23)

which itself is given by the expectation value of some nuclear interaction operator called
the pseudo-potential v as

9(p) = (V[5]w). (3.24)

This approach requires a physical formulation of v, which is mostly abandoned
nowadays for phenomenological constructions of §) from one-body isoscalar (¢ = 0) and
isovector (¢t = 1), local and non-local densities given by [22], 44]

p0,0('r7 'r‘/) = Z Z pul/gpi(r/ﬂ g, T)QOM(T', g, 7_)7

o U
Pl,k(’ﬁ 7’/) - Z Z pWQOZ(""/a g, T)%k(pu(ra g, 7—)7 (325)
o U

Pei(r) = pri(r, 7'/)

?

r=r’
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spin densities

Soo(r,7") ZZ/}W% r' o, 7)o, (r, o, T),

o, T U,

s1(r,r) ZZP“V@V r, o, 7)o Tpu(r,0,7), (3.26)

o, T Ul

Six(r) = sip(r,r') ,

r=r/

kinetic and spin-kinetic densities

Tk(r) =V -V (r,r)

Y

= (3.27)
T.r(r) =V - Vs p(r,r) .
and current densities
Jurlr) = (¥ = V)pualr )|
Je(r) = —%(V — V) sik(r,7") " (3.28)

Fou(r) = %(vv’ splr )+ VY )|
which are accompanied by a small set of parameters (between 5 and 15) whose nu-
merical values are fit from experimental data to reproduce specific features like infinite
nuclear matter, nuclear structures, astrophysical environments etc.

Further structure of the functionals that can be formulated from [3.25] [3.26] [3.27]
and can be by figured out by analyzing their time reversal properties. The local
densities ppx(7), 7k(r) and Jy k() are time-even while s;4(7), Tix(r), Jer(r) and
F\(r) are time-odd. Thus we can also separate the nuclear EDF into two terms as

Epot.[p] = /dV <53Even(P) + ﬁodd(ﬂ)>, (3.29)

which has to obey invariance under space and isospin rotations, translation, parity,
time-reversal and Galilean transformations. It is worth noting that the term $oqq(p)

is only non-zero for time reversal breaking systems, in the nuclear case this is realized
for odd-A nuclei.

3.2.1 The Skyrme functional

The Skyrme interaction [45] is a family of parametrizations of a physically motivated
EDF that is in principle non-local, three-body and zero range. It is constructed by
considering products of up to two densities and gradients. Its mathematical form is
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B p] = / vy {Cf P2+ O Ay + CF (pire — T - I)
t

O824+ O, - Asy + OV (V- 3y + Gy -V x sy) 530
3.30
+ Ofvs(v . St)2 + OtJJ(Jt . Jt — 8¢ - 1})

+ G [(Te@)? 43,37 ~ 25, F] }

where : denotes the contraction of tensors, J, = > €uvkd el and the coupling

vk
constants are denoted by th " Extensive literature exist for the later quantities and
explicit numerical values are given in [46] 47, 48, 49 50, 51, 52]. The separation of

terms into isoscalar and isovector, time-odd and time-even is apparent now in [3.30

Moreover, the Skyrme interaction is motivated by a physical pseudo potential whose
two-body part is separated into three contributions

. — . . . —
t)Skyrrne(rla rs, k 3 kl) = [Ucentr + ULs + t)tens] (rla Iy, k ’ ,)7 (331)

where the central, spin-orbit and tensor components are given by

- — £ N
Beantr (1,72, 5 ) = to (1+ 0Py ) (1 —12)

N\ & (3.32)
—|—t2 <1+JZ2P¢7 k '(S(I'l—I'Q)E>
1 - afT1+ T2
+6t3 (1+$3P0>p ( 9 )(5(1’1-1‘2),
— <—
6Ls(r1,1‘2, ?, k’,) = ZWO[&l + 6'2] . k/ X 5(’!‘1 — ’I"Q)?, (333>
. — 1 R A o R s
Brens (T1, T2, k¥, ) = 5158{ 361 K)(62 W) = (&1 )2 3(xy — 12)
e NV 4 A A
+(5(I‘1-I‘2)[3(0’1 k?)(O'Q k)_<0-10-2>k3:|}
(3.34)
3. ; = S N ; .
+t0 5(0’1 k )(5(1‘1 — 1'2)(0'2 . k?) + 5(0’2 k )(5(1‘1 — I'2>(0'1 . k?)

PN 7 -
—(0'1'0'2)]{? '5(1‘1—1'2)]{3],

— = =
where k = —3(V; — V) is the relative momentum operator acting on the right
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while ? is its hermitian conjugate acting on the left. P, = %(1 + 01 - 62) is the
spin-exchange operator. The parameter set ¢, , a and W, and have in principle a
one-to-one correspondence between the coupling constants C’tf £ Also, sometimes a
three body potential is included which has the form

~

03_b<r1, Io, 1'3) = t3(5(r1 — 1'2)5(1'2 — I'3). (335)

The Skyrme functional is a popular choice among theorists of several areas, this
is reflected in the fact that over 200 parametrization have been developed. Next we
comment in some of the relevant choices for nuclear structure for this work in particular.

Parametrizations of the Skyrme functional for nuclear structure

The different parametrizations of the Skyrme functionals can be clustered in families
that aim to reproduce specific nuclear structure features and observables. The param-
eters change from being zero or changing slightly among the different functionals. The
relevant parametrizations for this work are shown in table where the parameters
are in MeV multiplied by some appropriate power A of fm*. Additionally, for some
functionals the spin-orbit term arises from a single isoscalar parameter W, or from a
separate isoscalar and isovector parameters by and b, respectively [53].

UNEDFO[S] UNEDF1[AS] SHIB4] SLy4[h] SkM*[56] SkO'[G7] SkX.[5]

to ~1883.69 -2078.33 -1128.75 -2488.91  -2645  -2099.42  -1438
t 277.50 239.40 395 486.82 410 301.531  244.3
t 608.43 1575.12 95 -546.39  -135 154781  -133.7
ts 13901.95 14263.65 14000 13777 15595  13526.46 12116.3
0 0.0097 0.054 0.45 0.834 0.09 -0.03 0.288
$1 -1.78 -5.07 0 -0.344 0 -1.33 0.611
9 -1.68 -1.37 0 -1 0 -2.32 0.145
3 -0.38 -0.16 0 1.35 0 015 -0.056
by 125.16 38.39 - - 65 144 -

b, -91.26 71.32 - - 65 -82.89 -
W - - 120 123 130 180 145.7
a 0.32 0.27 1 1/6 1/6 1/4 1/2

Table 3.1: Parameter sets for the Skyrme potentials used in this work.

The Landau parameters

Before leaving the presentation of Skyrme parametrizations we discuss the Landau
parameters. These constrain the values of the time-odd isoscalar and isovector spin-
spin and spin-kinetic-spin coupling constants as
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g0 = Ny (2083 +2C¢ Jﬁﬂfﬁ) :
gh = No (20 + 207780200 )
g1 = —2N,CJ? Bpl?,

g, = —2NoC{ Bl

sat.?

(3.36)

where the normalization factor Ny and § involve the saturation density pg.:. and effec-
tive nucleon mass m* given by

5= (372/2)",
Nomrt (L) (3 ) (3.37)
o=m | =— —_— .

2m m 2

The influence of ¢ in the values of magnetic dipole moments has received a lot of
attention and has been discussed extensively in the literature, see for example [32] 59,
33, B0] for discussions its optimal values.

3.2.2 The Gogny functional

As mentioned above, the residual nuclear interaction can be separated into short and
long range contributions. This concept is absent in the Skyrme potential as in its basic
formulation it is a zero range interaction. Thus, a natural extension is the inclusion of
a finite range component in the central potential approximated by Gaussian functions
of different ranges. This functional is called the Gogny interaction [60] and has the
features of being non-local, two-body and finite range. Its mathematical form for two
different Gaussian ranges is

Bl = [ v [av ST S e () + Agps(r) s

t =12

+ B pi(r, v ) p(r' ) + Bifsi(r, ') - sy (1, r)} (3.38)

(2

+ /dVZ [Cfp[po]ptpt + Cfs[po]st -8 + CtpVJ(ptv . jt + jt -V x St):|,
t

where the coupling constants are A;;, B;; depend on the Gaussian component and the
th " are inherited from the Skyrme functional with an explicit density dependence.

Complications are apparent due to the involvement of non-local densities and the
algebraic form of the functional. This acquired complexity manifests itself mainly in
higher computational costs. Additionally, the separation into the time-even and time-
odd contributions cannot be done since the non-local densities do not simply get a
phase under time reversal transformation but instead behave as

p(r,r") = p*(r,7r") = p(r',r),

s(r,r') = —s*(r,r') = —s(r', 7). (3.39)
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The Gogny functional is also inspired in a nucleon-nucleon pseudo potential given
by

« — A A A A 27,2
UGogny<I'1, ro, k, k’/) = Z [Wz + B,P, — H;P, — MingT} e~ (r=m2)®/u
i=1,2
A ™Y+
+to(1 + ngo)pa( ! 5 2)5(1'1 — 1) (3.40)
- -

+iWLS(a'1 + &Q)k/ X (5(1‘1 — I'g) k.

Parametrizations of the Gogny functional for nuclear structure

Although the finite range functionals are not applied in this work, we include for
completeness one of its most used set of parameters, the D1S functional [61].

Ly W; B; H; M;
1 0.7 -1720.30 1300 -1813.53 1397.60
2 1.2 103.64 -163.48 162.81 -223.93

to ro a Wig
13906 1 1/3 -130

Table 3.2: Parameters of the Gogny D1S interaction.

3.2.3 Kinetic, Coulomb and Pairing functionals

Most of the energy is carried by the kinetic and nuclear potential for which most
of the efforts are dedicated, however, the other three terms included in play an
important role in determining the nuclear structure, especially the pairing and Coulomb
interactions. The kinetic functional is simply given by the isoscalar density

Flan [p] = % (1- %) / AV ro0(r), (3.41)

where the factor 1 — % serves as an approximation for the centre-of-mass energy cor-

rection [54].

For the pairing term, since it is part of the nuclear interaction in principle should
be contained in E, [p], however, in practice this is not the case as in the BCS and
seniority models. Only in the Gogny type potentials where a finite range is considered
it is possible to include the pairing interaction within the nucleon-nucleon EDF. One
way to do this is via the expectation value of the pseudo-potential where the collection
of all terms proportional to x and x! constitute the pairing. A standard form obtained
from this for the pairing EDF reads as

Buanlpo. ) = [ VA1) 3 5l (r)pu(r). (3.42)
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where n = m, v, the coupling function A" [p] and the local pairing density p,(r) are
given by

r)=—2 ZO’Iin(’l", or,—0), (3.43)

1—n <pp<rt)) ]5(r1 —7y), (3.44)

where the parameter n controls the distribution of the pairing force across the nuclear

Vo
A [p] = =

volume and V;, is fit to mass staggering in some applications. The functional in [3.42]
can be obtained from the pseudo-potential

Von >y |1 —n (P(<"°1 T r2)/2)) ] 6(r1 —72). (3.45)

T,(l_Pa)

Upair., n(T17 Ir2) = P
sat

Alternatively, in a BCS framework, the pairing EDF has an explicit dependence on
the Bogoliubov parameters as

2
= -3 6 (S .6)

where G,, is the pairing strength of 2.49] Notice that the contributions from proton-
neutron pairing are neglected in the functionals above which might be crucial in some
applications.

The last term that completes the nuclear EDF comes from the Coulomb interaction
whose mathematical form is well know. Three main terms constitute the Coulomb EDF
which quantify the direct local, non-local exchange and pairing contributions are given
respectively by

ir. p7T TI' )
B3 o] / dv / dv/' ’T_r,’ : (3.47)

XC. p7T pﬂ'(’r T) SW(T77’/> ' 377(7',77')
ECoul = ——/dV/dV, ‘,r _ ,r/’ + ”l" _ 7'/’ 9 (348)
air. (r,o;7r" 0 ) ke (r, o1, 0)
Ego o, v, k1] = / av / v’y =] : (3.49)

3.3 Post mean-field or multi-reference density func-
tional theory (MR-EDF)

In chapter [2| we presented the pairing interaction and its effects in the nuclear wave-
function. Among several properties, the particle number breaking is one of the most
remarkable for both BCS and HFB models. These approaches comprehend what is
known as the single reference density functional theory (SR-DFT) where we obtain a



3.3 Post mean-field or multi-reference density functional theory
(MR-EDF) 35

single symmetry breaking solution and use it to describe the nucleus. However, many
fundamental observables need to be computed for the symmetry-conserving states, like
for example multipole moments and transitions. Thus, it becomes a necessity to go
beyond this mean-field approaches and consider several configurations that serve as
references to restore the symmetry in these already complicated solutions. This is the
main focus of the multi reference energy density functional theory (MR-EDF) which
we introduce based mostly on references [62] 11 [7, [10] 43 63].

Reference [10] establishes two main approaches to nuclear physics: the vertical and
horizontal philosophies. The former focuses on implementing numerous symmetry-
conserving configurations to represent the nuclear state, while the latter seeks to de-
scribe the nucleus as a mixture of symmetry breaking wave functions. The later is
also the framework in which DFT is formulated. In this section we review the horizon-
tal philosophy approach focusing on the beyond symmetry breaking mean-field theory
aiming at the methods of restoration of symmetry.

3.3.1 Symmetries and spontaneous symmetry breaking

Symmetries are essential properties of physical systems, both classical and quantum.
They express conserved quantities which in the later case, provide the quantum num-
bers that determine selection rules and several properties of the system. Here we
introduce some of the general theory of symmetries and the spontaneous breaking in
the quantum context. We scattered particular symmetry concepts across the chapters
as considered necessary for the narrative in sections and .1}

The mathematical structure of symmetries is described by group theory [64, [65]
60, 67], in particular, Lie groups are used for continuous symmetries like rotations and
translations, while finite groups are used for discrete symmetries like parity and time
reversal. A system possesses a symmetry S if the commutator of the Hamiltonian of
the system H with the generators S; of the associated symmetry group follows

[H,S;]=0. (3.50)

Since the group elements are obtained via the exponential map
> —1 lgl
R(q) =[] e ™, (3.51)

for a set of parameters ¢;, we have from the invariance

~

R(q)HR(q)" = H. (3.52)

Because of [3.50] the generators and energy eigenstates have a common basis denoted
as |Au), where X is the quantum number associated to S and p is associated to sub-
algebras of S that serve to quantify multiplicities of A. Table summarizes some
symmetries relevant to nuclear theory.

The notion of spontaneous symmetry breaking comes from situations where the

Hamiltonian of a system H holds|3.50|for a given symmetry S but the ground state |¥)
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Symmetry Parameters Generators Group
3D space rotations Euler angles: «,3,y I, I, I, | SU(2) = S0O(3)
3D isospin rotations | Isospin Euler angles: ar,B87,7r 1., Ty, T, SU(2)
Particle number Gauge angle: ¢ N U(1)
Parity Orientation angle: ¢ =0, 7 N_ Lo

Table 3.3: Survey of some symmetrles relevant to nuclear physics. N denotes the particle
number operator and N_ => akak such that states k are of negative parity only. See
[1] for more detail.

does not share such symmetry. A necessary condition for this to happen is the presence
of degenerate ground states connected by actions of the symmetry generators §Z|\If>
In the nuclear case this is manifested in the collective phenomena where nuclei develop
for example shape deformation and particle condensates that violate rotational and
particle-number symmetries (like HFB and BCS theories) respectively, even though
the forces involved conserve them. This concept is essential for interpreting several
collective phenomena observed in the nucleus like rotational bands, spectra, pairing
and transition strengths.

3.3.2 The generator coordinate method (GCM)

In this section, we present the GCM framework, which enables one to restore symme-
tries after mean-field calculations and describes the mixing of different deformations
and single-particle configurations. To quantify the degree of symmetry breaking, we
introduce the collective or generator coordinate q, which encompasses all information
about the degree of deviation from a symmetric state like parameters of shape defor-
mation, gauge angles, Fuler angles etc. Thus, the GCM wavefunction is defined as a
superposition of the (continuous or discrete) collective degrees of freedom g as

) = / dq f,(q) |®(q). (3.53)

where the weight functions (amplitudes) f,(q) labelled by quantum numbers ; need to
be determined. One of the motivations for is the non-orthogonality of the mixing
components |®(q)) which may contribute to the full description of the system. It rep-
resents clearly the horizontal philosophy, where we construct a total wavefunction from
a superposition of symmetry breaking states instead than from symmetry conserving,
like in the vertical approach. The energy of |¥,) is given by the expectation value of the
same Hamiltonian H that describes the symmetry breaking mean-field wavefunction
|®(q)) (which can be from the HF, BCS or HFB type) in the form

o _ )

) (354
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thus the variational equation is

OB, E
oFE ovU,) + (0 3.55
from the term of [§V,,) where
_ Oy
0,,) = 5f, =0t | dg|®(q)), (3.56)
0f,
we get the Hill-Wheeler-Griffin equation [68], 69, [70]
[ daHid ) - EN(G @] fila) =0 (357)
where
H(d' q) = (2(d)|H|®(q)) (3.58)
N(q' q) = (2(q')|2(q)) (3.59)
are called the energy and norm kernels, respectively. The latter along with
d(q’ CT-CZ‘ d
(©(q')|®(q))
: (P(q')|cjci|(q))
Rij\q ,q) = ; y 3.61
D= el 300

Tt !
) (2@ 562)
’ (®(q)|®(q")

are the main quantities for any GCM calculation since we can express any observable
in terms of them.

In practical applications, q is a discrete variable so we will present from now on the
discrete version of it from which the continuous case can be recovered straightforwardly.
We have instead

Z [Hkl - EMNkl] fl,u =0 (363)
1
where
Hkl = H(Qka ql)a (364)
N = N(gr, @) (3.65)

Equation [3.63] is almost an eigenvalue problem except for the presence of the norm
kernel N'. A method for dealing with this inconvenience is called symmetric orthog-
onalization which assumes that A can be decomposed into invertible matrices N/

that follow .
> N Not” = N, (3.66)

m
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ZNk NG = (3.67)
ZNk V2NN, 11/2 = Opi- (3.68)

After applying property [3.68] to [3.63] we get the eigenvalue problem

Z [7:[]@[ - E;/,(Skl} g = 07 (369)
l

with the modified kernel and weight functions

Hia = ZNk S H o N, (3.70)

1 2
G = Nl frp (3.71)

l

Having solved for g, and A /2 the expectation values of any one-body operator O can
be calculated using as

(0,]0],) fow (@1)|01®(q)) fi = ng,MOkzgm (3.72)

where

okl_z o (@(@n) |01 @ ()N, 2. (3.73)

3.3.3 Restoration of symmetries: projection theory

The projection theory is one of the applications of the GCM to restore broken symme-
tries. Together with the mean-field calculations, this approach has been developed in
two ways depending on the order of these two operations. Minimization of the energy
from symmetry restored wavefunctions is called variation after projection (VAP), while
the projection of minimum energy states is the projection after variation (PAV) [7].
In this section we present only the PAV method which was applied for calculations in
chapter [5]

For a continuous symmetry characterized by quantum numbers A\ we need to con-
struct a projection operator P> that extracts the component that transforms like the
irreducible representation |\) of a general state |W). To achieve this consider the action
of the group operator R(q) in the symmetry multiplet state |A\u) given by

R(q) M) = {polR(q) M) po) = ZD q)|a), (3.74)

po

where D ..(q) are the continuous single valued representations of the group. In the case
of the group of rotations these are the well-known Wigner functions. These functions
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follow the orthogonality

* ! V
[ da D@D @) = it (3.75)

where the volume is V' = [ dg and n is the dimension of the irreducible representation
|Au). In the case of rotational symmetry for states |IM) we have V = 872 (as long as
both A and A" are both integers or half-integers [25]) and n = 27 4+ 1. Multiplying |3.74
by D}5(q), integrating over g and applying results in

[ da D@ @ i = s, (3.76)

where the resemblance of the left hand side with the GCM state|3.53|is apparent having
the parameters of the Lie algebra play the role of the generator coordinate. From |3.76
we define the projection operator onto state |A\u) as

~ n A
By =1 [ daDiafa) .17

such that
PolaB) = budils), BN =P (378)

v

and thus we can establish the projected state with good quantum numbers as
|@%,) = P, | ). (3.79)
The GCM energy for this projected wavefunctions is

b OLIHIR) (@PYARLI®)  (9|AE)) 550
(e lP) (DIPAPAID)  (D|P)|D)

v

where the projection operators commute with the Hamiltonian according to [3.50] and
can be combined into a single projector as shown for example in [12]. Since every state

@)= fuleh) =S huBlle), (3.81)
Ap A

the projection results in lower values of energy for each component than the original

follows

symmetry breaking state.

The case of rotational symmetry

Rotational symmetry is relevant for nuclear physics since the electromagnetic observ-
ables which are some of the most important probes to study the nucleus depend on it
for their calculations (see chapter 4)). Thus the restoration of rotational symmetry is
a crucial step to be able to access those observables after mean-field calculations. The
states associated to this symmetry are the angular momentum |7 M) that hold the well-
known relations I2|TM) = I(I 4+ 1)|IM) and I,|IM) = M|IM) and the parameters



40 Density functional theory

(a) (b)

Figure 3.2: Schematic representation of the active rotational symmetry restoration of an
axially deformed quantum body. (a) Symmetry breaking wavefunction. (b) Symmetry
restored wavefunction in the sense of [3.53 where the mixing is performed over the Euler
angle 3 corresponding to the rotation along the y-axis.

are the Euler angles «, 8 and 7.

The projection operator for rotational symmetry is given by space rotations about
angles ¢ = (a, ,7) as

A 2[ 1
PI = + da

dﬁsm / dy Dlic(o, B R(e B,7),  (3.82)

where the group operator can be expressed in terms of angular momentum operators
I; in a given reference frame as

R(a, B,7) = et emifly =i (3.83)

and the projected states are

[Wrar) = Z FH Py |®) = Z |Pracrc), (3.84)
K

K

where the f¥ are interpreted as probability amplitudes of measuring the wavefunction
at a particular orientation.

It is common practice to retain the axial symmetry of the nucleus, that is, to
conserve the quantum number M. This reduces the 3D integration over the three
Euler angles to a 1D integral over the angle 8 of rotations around y, reducing the
computational costs by several orders of magnitude [71]. The projector operator m
simplifies to

A 2 +1 i .83 A
Pl =300~ ) [ apsin(®) dfi (@) H 5L~ K). (389
0
which when acting on the wavefunction it is interpreted in two ways: active and passive

views. In the active view the operation ¢ (I; — K) projects on good quantum number
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K in a predetermined axis followed by a rotation of the wavefunction along the y-axis
restoring the angular momentum [ by forming a superposition of rotated states. Finally
it projects M in the same predetermined axis. The passive view acts on the reference
frame where the first operation projects the angular momentum on the intrinsic z-
axis frame, followed by a rotation of 5 to set the laboratory frame orientation and then
projecting the angular momentum to M in this frame. The former view is schematically
illustrated in Fig. |3.2]



Nuclear phenomenology: electromagnetic
interactions and isomerism

A defining feature of composite systems is the appearance of emergent phenomena as
their extensive quantities are scaled [I1]. In the atomic nucleus, the increase in mass
by changes in the number of nucleons in it leads to a diversity of structural properties
enhanced by spontaneous symmetry breaking mechanisms and allowing the expression
of a broad spectrum of observables. This richness of phenomena has as a consequence
the absence of a complete or standard model of nuclear physics [72]. The discrete
changes in mass by nucleon units are the primary source of emergent behaviour in
nuclear interactions, as they enhance certain traits while suppressing others across the
nuclear chart in a discontinuous fashion.

These emergent properties make each isotope uniquely characterized by its observ-
ables of binding energy, deformations, pairing, decay mechanism, collectivity, excita-
tion structure, interactions with the environment, reaction channels etc. Among these,
the electromagnetic interactions play a crucial role in the information that can be
learned from the nucleus. Given that it is composed of electrically charged protons
and magnetically interacting neutrons, it is susceptible to interactions with external
electromagnetic fields and it constitutes one of the best sources of information to probe
nuclear theories.

In this section we describe the electric moments emphasizing in the quadrupole and
octupole moments, which are the quantities that describe spatial charge distributions
of the nucleus or any classical or quantum extended charged body. Also, the mag-
netic dipole moment describes its magnetic interactions and influences strongly in the
electronic configuration of the atom and the solid state structure in which these are
embedded. Additionally, we explain the electromagnetic decay mechanisms and the
very important emergent property of nuclear isomerism which has caught the interest
of scientist across many areas for its potential applications.

4.1 Electric quadrupole and octupole moments

In classical electrodynamics, the multipole expansion of the electric potential generated
by a static source is an essential tool for the study of the properties and interactions of
extended charge distributions [73]. Each term in the expansion contains a characteristic
aspect of the field encoded in its mathematical properties. When all charges in the
distribution have the same sign (which is the case of the atomic nucleus), the terms in
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the expansion can be physically interpreted as geometric deformations, with the lowest
order terms providing the dominant contributions. The classical expression for the
multipole moment (), of order A\ and component p of a charge distribution in spherical
coordinates is given by

Q. = [ drpr)r 1), (4.1)

where the integral is performed over the charge volume and p(r) is its density. The
monopole term A = 0 is scalar and contains the information about the the total charge
point-like properties of the source. The first-order A = 1 dipole moment is a vector
quantity that describes the asymmetry of charge distribution with respect to a plane
crossing the origin of coordinates. This quantity violates parity symmetry, which has
motivated lots of research for its implications in fundamental symmetries of nature and
the nuclear forces [74], [75], [76, [77]. So far, no non-zero electric dipole moment (EDM)
has been measured for the nucleus or any elementary particle. Thus, the second lowest
experimentally accessible observable is the the second-order A = 2 quadrupole moment
which is the traceless symmetric tensor in Cartesian form given by

QEJQ) = /d’l"p(’l") <3$1I] - 7“261']‘), (42)

whose diagonal entries quantify the axially symmetric elongation or compression of the
charge distribution along each axis. Similar to the dipole, the A = 3 octupole moment
breaks parity and can be expressed in Cartesian coordinates by [7§]

QS’}C = /drp(r)(5a:ixjmk — (0% + ;00 + Tx045)), (4.3)

whose diagonal entries quantify the asymmetry of charge distribution along each axis.
We delay comments on its experimental status in the atomic nucleus for later. Addi-
tionally, it holds the properties

B) _ »HB)
Qijk = Qa(ijk)’
>Qd =0 vk, Y

where o(ijk) is any permutation of ijk. Definitions 4.2| and [4.3| above may differ in the
literature by constant pre-factors.

In quantum mechanics, the multipole expansions are equally useful albeit restricted
by the rules of first quantization and the symmetries of the system. The associated
operators in the multipole expansion Q/\u are spherical tensors with assigned parity
given by (—1)*, which imposes selection rules in the transitions between the states of
the system. The associated observable is given by the expectation values of maximum
projection of spherically symmetric angular momentum eigenstates like

167 A
_ 4.5
(O} 2)\+1<II|Q>\O|II>7 (4.5)
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and is called the spectroscopic moment of order \.

In order to obtain numerical values of multipole moments (or in general of
any spherical tensor) between axial deformed states |K) where K is the projection of
angular momentum in a predetermined axis, we need to restore the rotational symmetry
using the tools of section [3.3.3] The angular momentum projector operators |3.82 and
any spherical tensor Q »p hold the identity [12]

Pitosy Qi Parie = (L MO T M) Yy (Lv, Aol K') Oxe Blie, (4.6)

vo
thus, the matrix elements between projected states |IM K of the operator Q/\u are

(I'M'K'| Qx| IMK) = (K'| Picoy Qg Py K)
— (LMl MY S (L Aol I K (K| Qre PLIK), ¢

vo

4.7)

where evaluating for IKKM = I’ K’ M’ and replacing projector for axially deformed
systems we get

(IME|Qu IMK) = (K| Pieys Qi Py | K)

21 +1
— (I, M\ ), M) =

> (I,K —0,) 0|l K)

Ly

x / dBsin(B) di_, () (K|Qrpe s
0

K).

.BI
Thus, we can perform a Taylor expansion over the operator e *# [I2]. Considering
By

T K)

the large-axial-deformation approximation where the matrix element (K |Q A€
is a rapidly-varying function of 5 and taking the zeroth-order term we get

(IME|QuTME) 2 (1, M, ul I M)LK, 017, K) (K| Quol K, (49)
For M =TI and p = 0, we get the matrix element of the right hand side of
(ITK|Qxo|ITK) ~ (I, 1,011, 1){I, K, X\, 0|1, K) (K|Qx|K), (4.10)
from which we derive
O\~ (I,1,\0/1,1){I,K,\0|I,K)Q, (4.11)

where Q?\ is the intrinsic moment of order \.

The atomic nucleus can be viewed as an extended system of positively charged
matter, thus the study of its geometrical shape is a legitimate area of research and a
necessity to understand its structure, excitation spectra, physical size, reaction mech-
anisms and even connections with fundamental questions of physics [79], 80, [77, 81].
A rule of thumb to know the largest multipole that is expected to contribute to the
nuclear deformation is given by the condition A < A'/3 [23]. Observations show that
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Qu| K=0 | K#0

QQO

- 8

PS,, T PS, T

>

Table 4.1: Symmetries of an axially deformed quadrupole and octupole quantum body.

nuclear interaction preserves parity, so the lowest multipole orders that carry informa-
tion about deformation are the monopole and quadrupole moments. By definition, the
observable associated with quadrupole deformation is given by

Q= \/16%<H|Q20|H>, (4.12)

where the component of the multipole is taken to be the one along the predetermined
z-axis and calculated between the projected states of maximum angular momentum
projection. The quantity in is called the spectroscopic quadrupole moment. To
calculate the intrinsic quadrupole moment Qy we evaluate for A = 2 from which

we get
0— 3K? —I(I+1)
I +3)(1+1)

where it can be seen that Q vanishes for I = 0,1/2 even for non-zero Q, values.

Qo, (4.13)

The symmetry restoration features of the octupole moment follow essentially the
same rules since it is also a spherical tensor. Several reviews have compiled the prop-
erties to be expected for intrinsic octupole deformed nuclei [82] 83 84l 85 [86]. Some
suggest that certain configurations of protons and neutrons around the values 34, 56,
88 and 134 [87] seem to posses an enhanced octupole deformation which is manifested
by the presence of a low energy negative parity rotational band in even-even nuclei and
the presence of parity doublet bands in odd-A nuclei. These experimental observations
have motivated lots of research in recent years, like for instance the experimental mea-
surements of strong E3 transitions between 3; and 0] states in even-even nuclei that
indicate intrinsic octupole moments [79]. It has also been demonstrated that octupole
deformation enhances parity breaking Schiff and anapole moments, making actinides
the best candidates for accessible experimental studies on fundamental symmetries
[51 [88].

Deformed shapes hold certain symmetries with respect to spatial rotations an reflec-
tions useful for its description [89,00]. Axial deformations are the ones of most interest
because they setup the lowest energy deformation in most of nuclei, even though in
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(a) 0ds 2 (b) 1py /2 (c) 2p3/2

Figure 4.1: Probability densities of single-particle orbitals of the isotropic harmonic oscillator
potential.

some regions of the nuclear chart triaxiality is relevant [91) [00]. The minimal set of
symmetries to describe an axially deformed nucleus along a predefined z-axis are given
by the following operators: parity P which inverts the Cartesian axes as

T — —x,
y— =, (4.14)
z— —z,

the y-signature S’y which performs a rotation of 7 around the y-axis (by convention)
given by
S, =e il (4.15)

and time reversal 7 which inverts the orientation of spins as described in section
by
t— —t, (4.16)

and compositions of them. Axial shapes defined in this way are invariant under rota-
tions around z-axis given by
R, =e (4.17)

’

for any angle #. Table summarizes the symmetries for axial quadrupole and axial
octupole deformations with projections of angular momentum K = 0 and K # 0. A
relevant composition of the symmetry operators above is the simplex-y operator which
performs reflections with respect to the xz-plane given by

2, =PS,, (4.18)

and the y-simplex? which reflects with respect to the xz-plane and inverts the orien-
tation of spins and momenta given by

2, =TPS,. (4.19)

Several nuclear models have been devised to account for deformation, some con-
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Figure 4.2: Unprojected energy surfaces with respect to quadrupole moment in Q5 for
semi-magic nuclei ®8Pb and %°Zr using the functional UNEDF1. The minima correspond
to spherical, oblate and prolate deformations in the case of %Pb.

sider collective degrees of freedom to explain rotational phenomena, others calculate
single-particle orbitals in anisotropic potentials like the Nilsson model [34]. A more
advanced level of sophistication combines both single-particle and collective variables
in the so called particle-rotor models, which are applied mostly to odd-mass deformed
nuclei [92] 93]. In models based in group theory, deformation emerges from particular
configurations of the many-body state and the associated irreducible representations
favoured by the algebraic structure of the interaction [94].

The elementary single-particle estimates offer an important perspective for analysing
the electromagnetic static properties of the nucleus and its transitions [95]. In the
single-particle shell model the potential is approximated by a harmonic oscillator, where
only the proton eigenfunctions ¢lem(7°) carry non-zero quadrupole moment for a total
angular momentum j > 1/2 given by

0., = —e%v%, (4.20)
where e is the elementary charge and (r?) is the mean square radius of the isotropic
harmonic oscillator wavefunctions. Fig. represent the probability distributions of
single-particle orbitals where the spherical distribution of the j = 1/2 orbital carrying
no quadrupole deformation is evident while the other two j = 3/2 and j = 5/2 spread
along the xy-plane. For n protons in a shell 5 coupled to total angular momentum j
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Figure 4.3: Experimental spectroscopic electric quadrupole moments of ground states plot-

ted with respect to the number of neutrons and protons simultaneously. Vertical lines
denote the magic numbers. Data retrieved from [3].

(that is seniority 1), the quadrupole moment is given by [90]

—1
oM = 0., [1 . 22"]_ - ] , (4.21)

In this elementary approach, the charge source comes solely from the protons which
show clear disagreement with experiment [12], showing that the quadrupole moments
must emerge from coherent contributions of many proton states. A placebo solution
to this issue comes from the introduction of effective charges for protons and neutrons
in order to account for the contributions of the protons outside the valence space.
Usually, effective charges become adjustable free parameters not possible to determine
from within the model itself, which improve the agreement with experiment but loose
explanatory power to the actual processes that cause deformation and transitions. On
the other hand, in the self-consistent methods, the deformation is attained by the or-
ganization of the nucleons via the nuclear interaction alone. In Fig. are depicted
energy surfaces with respect to different values of quadrupole moments where uncon-
strained calculations would lead to the local minima of the surface. This figure displays
how several deformation properties like the shape coexistence can be reproduced self-
consistently.

There is a large dataset of spectroscopic quadrupole moments [97], 98] from several
techniques [99] [100] 101], which evidence that most of the nuclei are deformed. This
data is displayed in Fig. 4.3 Positive values mean prolate deformation, where the
charge accumulates along the intrinsic z—axis and negative values mean oblate defor-
mation where the charge accumulates along the intrinsic xy—plane. The data displays
a pattern where its values are greatly diminished around the magic numbers and dis-
play its largest values in the mid-shell regions. Also, there appears to be a prolate
dominance over the oblate, which explained by few models, for example [102, 103].
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4.2 The magnetic dipole moment

In classical electrodynamics, magnetism is generated by currents, that is, the motion of
electric charges. In a similar way as for the potential of a static charge distribution, the
magnetic vector potential A(r) can be expressed in terms proportional to the vector
multipoles

M, = / dr §(r)r Y30, ), (4.22)

where the integral is performed over the current distribution and j(r) is the current
density. Since charge currents have to form closed loops, the monopole term A = 0
vanishes. The contribution of the dipole term A = 1 can be rewritten using the magnetic
dipole moment

p= %/drr x g(r), (4.23)

which quantifies the strength and direction of the magnetic field generated by the
current density.

The most elementary classical experience of magnetism comes from permanent mag-
nets. However, it has been demonstrated that all magnetic properties of solids can only
be explained by quantum mechanics [104], from the bounded motion of its subatomic
constituents and their intrinsic spins. Thus, the quantum expression for the operator
3( ) has contributions from convection current ]C and magnetization current j,,. ]C is
proportional to the angular momentum L while ]m is proportional to the spin S of
the constituents of the system. Thus, a general expression for the magnetic multipole

operator has the form
M o< V(Yo (@) - (908 + 133 L) (4.24)

where ¢gs and ¢; are gyromagnetic factors dependent on the specific particle of the
system.

Different than in the electric case, both protons and neutrons are direct causes of
the magnetic dipole moment, the former from their motion in the nucleus and spin,
and the latter exclusively from its spin. From relativistic quantum mechanics [12], the
one-body magnetic moment generated by the individual nucleons is given by

1 =y |98 + g7 L (4.25)
where 0 = 7, v and in Gaussian units the nuclear magneton uy is given by
eh
2m,c
and the free nucleon gyromagnetic factors have values of
91 =1, g7 =0, gg = 5.987, gs = —3.826. (4.27)
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Figure 4.4: Experimental magnetic dipole moments and Schmidt lines. Data from [2].

The associated magnetic multipole operators are spherical tensors and their parity is
given by (—1)*1. Thus, the operator associated to the magnetic dipole moment is
given by

47

H= ?<II|[1'10|]]>’ (4.28)

where the only component measured is along the predetermined z-axis of and the
projected states are prepared with the maximum projection of angular momentum.
Extensions of operator to include two-body terms from meson exchange currents
have been developed and its effect in the calculations is a current area of research [12].

In a similar manner as for the single-particle quadrupole moments of Eq. 4.20, the
magnetic moment of a single nucleon in orbital j =1+ 1/2 is given by

[(j—%)Qf%—%gg KN, ]:l+1/27

/‘Ls.p. -

(4.29)
J
J+1

<]+%)gi—%gg]NNa j:l_1/27

these expressions give the so called Schmidt lines which are limiting values for the case
of independent nucleons. Few nuclei behave accordingly as can be seen from mea-
surements in Fig. 1.4l From these experimental results, it is clear that the origin of
magnetic moments is of strict single-particle character in only a few limited cases. An
analogous placebo solution to this issue is the implementation of effective gyromagnetic
factors to improve theoretical output. In the non-parametric approaches, the organi-
zation of nucleons and orbitals gives rise to the self-consistent polarization of the core
due to the odd nucleon and from it a collective magnetic moment is obtained.
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4.3 Electromagnetic transitions and spin isomers

In quantum mechanics, the eigenstates of a Hamiltonian are stationary. It means that
if a nucleus is prepared in a given excited state it should remain in it indefinitely. This
is contrary to experimental observations where nuclei transition to the lowest energy
state. In the case where the process is due to electromagnetism, the field oscillations of
vacuum and couplings to the electromagnetic field of photons cause the excited states
not be eigenstates of the full interaction and thus the decay occurs. The strength of
the coupling of the excited states with the vacuum oscillations make half-lives vary in
a wide range from picoseconds to billions of years.

From classical electrodynamics it is known that the interaction between external
electromagnetic fields ¢(r) and A(r) with matter is given by the Hamiltonian

Hiyy = /dr [@("“)p("“) - %J’(?‘) ' A(T)]v (4.30)

which after expanding the field in the centre of the charge distribution we can express
the interaction in terms of multipoles as [105]

Hine = Q(0) — P - V(r)

. %u,- (v x A(r))

1 OE,

1
p=y [dre i)

Qij Z/d"“ p(r)(Bziz; — r?dy;),

r=0 r= r=0
(4.31)
where the terms that emerge are
@:/wmm
P = / dr rp(r),
(4.32)

and can be identified with the multipoles of the previous sections.

To step into quantum mechanics, expressions in have to turn into operators
obeying first quantization. Thus, if we adopt the spherical tensor character of the
operators we obtain for the electric and magnetic spherical tensors

QM :/d"o p(T)T’\Y,\M(Q,gb),

(4.33)
M/\u :/dr wp(r) - [V <TAYAu(97¢)>]7

where the magnetic dipole moment has two sources, from the motion of charged par-
ticles and from spin currents.

Thus the electromagnetic transition operators have the same mathematical form
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that describe charge and current distribution of the nucleus. They carry parity and
impose selection rules of angular momentum for initial state |¢) and final state |f) with
total angular momentum j; and j; respectively, given by

(—1)* for EX transition,
T = N (4.34)

(—=1)*1  for M transition,

and impose the so called triangular rule
lji — Jgl <A< Ji+ (4.35)
The decay amplitude is given by Fermi golden rule as
2 A (2

Ty = s <f|Hmt|Z>| py(E). (4.36)

where pf(E) is the density of final states. After calculating ps(E) [23] considering
the multipole expansion of the interaction Hamiltonian and from the fact that
transition probabilities are additive, we can isolate each multipole and get

2 A+1 (E7

TEA — 2 it
¢ he

22+1 ) )
eoh A((2X + 1)11)2 > B(EX; ji = Jr), (4.37)

where ¥ = E, M, the energy of the emitted photon is £, and the factor B(X\) is the
reduced transition probability given by

B(2A:j; — jy) = |Gl 1515 (4.38)

27; +1

notice that the factor preceding the reduced matrix element depends on the convention
of the Wigner-Eckart theorem, which in this case we use the convention of [106, 25].

The electromagnetic transitions are a key observables to probe nuclear theories since
we can infer several structural and dynamical properties from them. For instance,
by measuring electromagnetic transitions it is possible to obtain values of intrinsic
deformation as converging series of transitions [I07]. In the case of octupole moment,
recent measurements of large values of B(E3) suggests that certain actinide nuclei
posses an intrinsic octupole shape [79].

As has been emphasized above for the multipole moments, the single-particle esti-
mates are always an important guide for the understanding of the nucleus. Electro-
magnetic transitions are no different, so an artificial unit for the observables B(X\) was
devised to quantify the degree of collectivity or single-particle character of transitions.
This is called the Weisskopf unit denoted by W.u. and given by expressions [95]

1222/ 3 \?
1 W (EN) = '47T (m) AP 2 m?, (4.39)
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Figure 4.5: Single-particle orbitals and schematic occupations of protons and neutrons for
8Y using the Woods-Saxon spherical potential. The gq/o orbital is an accessible excited
state in the proton space which explains the presence of several 9/2" isomers in odd-A
yttrium isotopes.
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1 W (M)) —1.22A—2<i) AR/ 2 A2 (4.40)
m

A3

which are used extensively in experimental databases and theoretical studies. The
values of these transition strengths help in the grouping of excitation spectra into
collective or single-particle states.

From expression [4.37] it is evidenced the dependence of transition lifetimes on
energy, multipolarity and internal structure which allows for the emergence of a wide
domain of values, from picoseconds to nanoseconds, minutes or several billions of years.
In general the intensity of the transition will be dominated by the lowest multipoles
that preserve the selection rules and be strongly influenced by the difference in energy
between the initial and final states. This set of variables fortuitously configure so
that the decay is delayed from the domain of picoseconds to much longer time spans
[108, 109], constituting the mechanisms of spin-isomerism. We adopt the convention
of [I08] and consider as isomers only the states with a half-life larger than 10 ns.
Although there are other mechanisms of isomerism like the shape, seniority and K-
isomerism explored extensively in the literature, we will focus only in the spin and
extremely low-energy in this thesis.

The spin isomerism emerges mainly because of the strong spin-orbit interaction in
the nucleus. In the shell model picture, it causes levels of large angular momentum
from certain shells to migrate to contiguous shells, placing themselves among states
of opposite parity and lower angular momentum values. These are called intruder
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(or deserter) states. For a given shell n, the values of orbital angular momentum are
l=mn,n1—2,n—4,..., 0or1 and the total angular momentum values are j = [4+1/2. The
spin orbit interaction removes the j degeneracy of single-particle orbitals by introducing
a term in the Hamiltonian proportional to o< j(j41) —I({ +1) — 3/4. Thus, the values
of larger total angular momentum are pushed to the immediate lower shell of opposite
parity n — 1. Because the spin orbit gets stronger the heavier the nucleus, this happens
only in shells above the sd (n = 2), having as consequence the breaking of the simple

harmonic oscillator symmetries [110, 111, 112, 1T3] and the appearance of isomers. The

- +
11/ 13/27

of their occurrence exist in the literature [I0§] causing the transition to lower energy

main generating orbitals are 1 f7_/2, 1 g;r/Q, 1h{,,, and 14 for which systematic studies
states via high multi-polarities (E4, M4, E5, etc.) and thus hindering the transition.

As an example, in the odd-A isotopes of yttrium, seven isomeric states of angular
momentum and parity 9/27 have been identified experimentally [I08]. In Fig. are
shown the single-particle levels and occupations of the Woods-Saxon potential with
spin-orbit interaction for #Y from which the intruder orbital 1g;{/2 can be observed
in the proton spectrum as the lowest excited configuration for the odd proton. The
isotopic chains of yttrium and zirconium will be reviewed in chapter [5

Another electromagnetic isomer mechanism that emerges across the nuclear chart
is due to the appearance of extremely low-energy excited states that hinder the half-life
due to the proportionality in expression on F,. Even though, the typical energy
ranges of nuclear interaction are keV and MeV, in few cases across the nuclear chart
these excited states go down to eV. Currently, the mechanism for this phenomenon is
not fully known and is challenging to study from both theory and experiment. The
most exceptional examples are the isomers of ??Th and 23°U with energies of 8.4 eV
and 76.7 eV and half-lifes in vacuum of 29 and 26 minutes, respectively [114], 115].
The former is subject of study for chapter |5 where we calculate its B(M1) transition
strengths.
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Every theoretical model is judged by its inner consistency and agreement with experi-
mental data. While no theory can be proven to describe nature with absolute certainty,
any attempt must reproduce experimental observations and additionally be consistent,
that is, it has to be free of contradictions and disagreements with previously established
principles [116]. In particular, the observables of the atomic nucleus serve this purpose
for nuclear physics by reflecting our understanding of the interaction, the equations of
motion and their associated mathematical structures.

We present applications of the theoretical results of previous chapters with actual
calculations and comparisons with experimental data. We detail methodologies and
procedures followed in the implementation of the code HFODD [15] which serves as
our tool to study the nuclear properties of pairing, electromagnetic moments and tran-
sitions. Although the emphasis is on comparisons with experimental data, predictions
are also a useful possibility and constitute a distinctive characteristic of a good theo-
retical approach.

In particular, we dedicate this chapter to showing calculations of pairing and sym-
metry breaking properties in certain regions of the nuclear chart. We apply these
methods to calculate wavefunctions and electromagnetic moments of the odd-A iso-
topic chains of yttrium and zirconium. We also calculate the transition strength and
electromagnetic moments of the 2?Th isomer and ground states using advanced DFT
techniques developed in the preceding chapters. We analyse and contrast the results
with the existing experimental data.

5.1 General remarks

Several computational implementations of the pairing and DF'T approaches of chapters
and |3 have been developed over the years [15, 117, [118]. One of the key advantages of
the code HFODD is its formulation in the 3D harmonic oscillator Cartesian basis, which
is a natural framework to describe symmetry-breaking for systems whose deformation
is not previously known [44]. Tt allows for the self-consistent solution to smoothly ac-
quire axial parity breaking (dipole, octupole, etc.) and parity conserving (quadrupole,
hexadecapole, etc.) deformations. Non-axial moments can also be described naturally
in a more unrestricted but considerable more computationally expensive approach. See
section for a review of these concepts.

It is well established that deformation is one of the mechanisms by which the energy
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Figure 5.1: Splitting of spherical orbitals by the deformation and associated Nilsson labels.

of the nucleus is lowered. In odd-A systems, the unpaired nucleon enhances deforma-
tion further by polarizing the shape of the core and thus accessing lower single-particle
energies. This mechanism occurs via couplings of the unpaired nucleon wavefunction
to the states 2, 4%, 67, ...
be able to describe how spherical single-particle orbitals split according to the differ-

of the core [33, 119]. Thus, it is a basic requirement to

ent projections of angular momentum once spherical symmetry is broken. Fig.
illustrates the effect of a small deformation in the spherical orbitals between shells 50
and 82, which split according to the projections of angular momentum. This effect
is well known from the Nilsson model [34] and represents an essential aspect for the
identification of states to be blocked in the HFB and BCS calculations.

The inclusion of time-odd terms in the nuclear functionals is crucial for a reliable de-
scription of nuclei across the entire nuclear chart. In even—even systems, the occupation
of time-reversed single-particle states in the ground state leads to the cancellation of
time-odd densities. However, odd-A and odd—odd nuclei break time-reversal symmetry,
giving rise to non-zero contributions from time-odd densities and breaking signature
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Figure 5.2: Effects of pairing interaction and blocking in nuclear time reversed pair occu-
pations of neutrons. The blocking is set in two cases, above and below the Fermi energy.
Time reversed states are not exactly degenerate due to the time-odd terms which break
time-reversal symmetry.

symmetry. The odd particle interacts asymmetrically with the nucleons of the core de-
pending on their alignment of angular momentum breaking the time-reversal of the core
and polarizing it so that it acquires a small net spin. This contributes to the magnetic
properties of the nucleus and drives magnetic moments away from the limiting values
of the Schmidt lines. This mechanism happens via couplings of the unpaired nucleon
wavefunction to the states 17, 37, 5% ... of the core [33]. The presence of an unpaired
particle or more generally any broken pair leads to the appearance of non-zero mag-
netic observables and corrections to the associated time-even observables, introducing
simultaneously several technical complications.

The other pillar for the description of nuclei is the pairing interaction. In chapter
we introduced the three main theoretical frameworks that deal with pairing in the
nucleus, namely the seniority, BCS and HFB models. One of the main consequences of
pairing in any fermion system is the breaking of particle number conservation which is
reflected in a smoother non-integer occupations of single-particle orbitals around the
Fermi energy. In systems with an odd number of particles, one must block a specific
orbital and force the vacancy of its time-reversed partner. These features are illustrated
in Fig. [5.2] where we show the neutron occupations for time reversed pairs in an even-
even P°Zr and in the odd-A contiguous *'Zr and 8°Zr where blocking is applied.

Additionally, two central parameters of these models are the pairing gap and Fermi
energy, which quantify the strength of the pairing and the dependence of the total
energy with particle number, respectively. At the magic numbers, the pairing gap
goes to zero since shell effects are not overcome and the pair condensation does not
occur, however, pairing still contributes to the total energy. The Fermi energy increases
monotonically with the neutron number indicating that the nucleons become less bound
as mass increases due to the short-range nature of the nuclear force. This features are
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Figure 5.3: Neutron pairing gaps and Fermi energies for the odd-A isotopic chain 337101y,

Open (full) markers indicate oblate (prolate) tags.
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shown in Fig. [5.3|for the odd-A isotopic chain #3719YY for a set of blocked quasiparticle
configurations.

The code HFODD has been developed for almost three decades now with special
emphasis in aiming to describe (among many other aspects) the properties and wave-
functions of heavy deformed open shell nuclei. As mentioned above, this requires an
adequate treatment of symmetry breaking, pairing and polarization effects via time-
odd terms and projection theory, all done self-consistently and parameter free. HFODD
has been published in nine articles over the years announcing new implementations and
improvements. We give now a short account of the main developments. Publications
I-IIT [44) 120}, 121] implemented the HF solver with Skyrme interactions. Publica-
tion IV [122] included the pairing interaction within the HFB framework. Publications
V-VI [123],30] implemented the angular-momentum projection and quasiparticle block-
ing. Publication VII [124] implemented the augmented Lagrangian method (ALM) for
stronger constraints in multipole moments. Version VIII [125] implemented the Gogny
force. The most recent publication IX [I5] implemented improvements in the nuclear
potentials, particle number and parity symmetry restorations. Current unpublished
version is capable of multi configuration mixing and transitions between these and also
fine two-body corrections to magnetic moments. Additionally, a guide for keyword in-
put files is available [126]. These complexity makes HFODD a valuable tool for progress
in theoretical nuclear physics.

5.2 Isotopic chains of yttrium and zirconium

We present the methods and results for calculations of electromagnetic moments of
the odd-A isotopic chain of yttrium and zirconium. These particular nuclei are of
special interest because they exhibit interesting phenomenology that serve as good
tests of nuclear DFT regarding deformation, blocking effects and core polarization.
These isotopes present a sudden shape transition in A ~ 100 [127, 128, 129] and
systematically exhibit 9/2% and 1/2~ spin isomeric states from dominant single-particle
configurations [109]. Fig. summarizes the isotopes studied in this section and the
available experimental electric quadrupole and magnetic dipole moments.

434 O o O | [®zr ¥Exp. uonly
a1 | I I I O A @Y :Exp.Qand u
N ™ o o 5 Bk ) e ) o 0.0 0 0.0
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Figure 5.4: Isotopic chains of Y and Zr studied. Green diamonds and red circles represent
the odd mass isotopes studied. Yellow cross signs represent isotopes where measurements
of multipole moments () and p are available for the ground or any of its excited states
while the yellow stars represent measurements of p only.
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5.2.1 Methodology

We adopt an iterative strategy in which the nuclear mean-field and corresponding
wave function are calculated through a sequence of ordered steps. Physical constraints
are applied progressively leading to a self-consistent solution with restored symmetries
as the final outcome. Starting from a spherical even—even solution the calculation is
guided towards a deformed odd-A solution where we can calculate the spectroscopic
electric quadrupole and magnetic dipole moments given by

167

Q= - 111Qul11). (5.1

47 .
p=1/ 5 Uil IT), (5.2)

after the restoration of rotational symmetry. Results for expressions[5.1]and [5.2| can be
compared directly with experimental data. Refer to chapters [3] and [ for discussions
on the interplay between intrinsic and spectroscopic moments.

These stages have been developed and applied previously in [32], B3] BI] for which
we give a summary now for our particular applications. The first stage of calculations
begin with the HFB spherical calculations of a semi-magic or doubly-magic nuclei near
the isotopic chain of interest using the parametrization UNEDF1. Then a small axial
deformation constraint of &~ +0.1 b and a cranking frequency of w, = 0.001 MeV /h are
imposed so that the angular momentum of the now weakly deformed nucleus is aligned
along the z-axis. We continue the calculations from the small deformed solutions but
now constrain the quadrupole moments to relatively large values of ~ +10 b and fix
the pairing gaps to Ay = Ap =1 MeV to get prolate and oblate starting points.
This means that all calculations for a given configuration are two-folded, one for the
prolate and another for oblate starting points. This is done so that the energy surface
is scanned in case minima are found simultaneously at prolate and oblate deformation.
In case there is a single minimum, both calculations will simply converge to the same
state (see Fig. 4.2)).

In the second stage we select a set of quasiparticle configurations from the solutions
in stage one. We block these by using the tagging technology which allows us to track
a given orbital across the self-consistent iterations regardless of their changing energies
and deformations [31]. The physical properties of these tags are obtained from the
largest overlap with Nilsson wavefunctions which might change over the self consistent
iterations due to the breaking of symmetries. We denote the tags by parenthesis
(N,n., A)2 and the self consistent labels by the standard brackets [N, n,, A]Q2. This
blocking is done for each of the odd-A isotopes where we break simplex-y, signature-y
and time reversal symmetries while keeping a large deformation constraint and fixed
pairing gap. Due to the breaking of spherical symmetry, the total nuclear angular
momentum [ is no longer conserved and thus it is not a good quantum number to label
the nuclear state. Then, we identify the states by the axial Nilsson labels [N, n., A]Q
which conserve both parity and projection €2.

The third stage releases the constraints of deformation and pairing set previously
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so that calculations reach energy minima in a self-consistent way. Due to the breaking
of time-reversal symmetry and particle-number conservation, a strong core polariza-
tion of the mean field is induced which makes the self-consistent iterations sensitive to
level crossings of single-particle states [130} 131] resulting sometimes in oscillatory or
non-convergent behaviour. This technicalities regarding the iterative algorithm need
to be dealt with to achieve the desired convergence by manipulating degree of mixing
of potentials between iterations [126, 132]. The output of this stage is the symmetry
breaking self consistent solutions which must be treated with symmetry restoration
methods to recover good quantum numbers and be able to access experimentally rele-
vant observables.

In the last stage we restore the spherical symmetry via the angular momentum
projection (AMP) technique detailed in section [3.3.3] Due to the axial symmetry,
the actual application is for the case of equation [3.85 which reduces computations by
about two orders of magnitude. This allowed us to get an expansion of the symmetry
breaking state of each calculation in terms of states |IQ2) where Q < I for which the
component |2Q) is used to calculate spectroscopic moments and . The values
we compare with experiment are the lowest energy |Q) among the several blocked
configuration. This also allows us to form a spectrum of each isotope which we show
in appendix C and determine if the oblate and prolate calculations reached the same
minimum or found two different minima in the axial energy surface.

This methodology allows for systematic large-scale calculations of electromagnetic
moments across the entire nuclear chart reaching open-shell odd and odd-odd deformed
nuclei. This technique is free of effective charges or g-factors, proposing a consistent
treatment of deformations and core polarizations exclusively from the nuclear interac-
tion so that our understanding of the nucleus can be systematically tested.

5.2.2 Results

For stage one we calculated the spherical, small deformed and large deformed lowest
energy states of 7Y and %°Zr from which we obtained the single-particle spectra to
block in the calculations of the 22 odd-A isotopes in the chains 7Y and ™~ 1917,
respectively. For the Y chain we blocked the 11 proton orbitals between magic numbers
28 and 50, while for the Zr chain we blocked the 27 neutron orbitals between magic
numbers 28 and 82. These are shown in tables [5.1] and [5.2] and accounted for a total
of 484 and 1188 calculations for the Y and Zr chains, respectively. We performed these
calculations in HFODD version 3.28k and used the Cartesian harmonic oscillator basis
of up to shell n, +n, +n, = Ny < 16.

These calculations were performed throughout the four stages described in the
previous section from which we obtained excitation spectra, electric quadrupole and
magnetic dipole moments for each of the configurations. We obtained 435 and 1119
converged calculations in the Y and Zr isotopic chains, representing around 90% and
94% useful results of the total, respectively. The full results are shown in appendix
C and comparisons with available experimental magnetic moments and quadrupole
moments are shown in figures 5.5 and [5.6, Numerical values are compiled in appendix
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Figure 5.5: Spectroscopic magnetic dipole moments of 337191Y and 87-101Zr compared to
experimental data. Background bars are the area between Schmidt lines. Bold font in iso-
tope names correspond to ground sates. Yellow crosses denote experimentally undetermined
signs suggested by theory. The theoretical value for 7Y did not converge. Theoretical error
bars were calculated by evaluating the Landau parameter ¢ at 1.3 and 2.1.

Shell | Spherical orbital | Nilsson orbitals
2p3/2 (321)1, (312)3
3 1fs5/2 (303)2, (330)%, (301)3
2p1 /2 (301)3
A 1gg/2 (420)%, (431)2, (422)3,
(413)%, (404)2

Table 5.1: Nilsson orbitals tags blocked in the Y isotopic chain.

C. The optimum value of the isovector Landau parameter (see section [3.2.1]) for the
functional UNEDF1 was determined to be g, = 1.7 which was fit to electromagnetic
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Shell | Spherical orbital | Nilsson orbitals
2p3/2 (330)3, (301)3
3 1fs5/2 (321)1, (312)3, (303)3
2p1 /9 (301)%
1gg/2 (420)3, (431)3, (422)3,
(413)Z, (404)%
2ds (440)3, (411)2, (402)3
4 3s1/9 (400)3
23/ (431)3, (402)3
1g7/2 (411)%, (422)3, (413)3,
(404)3
] Uiy (530)%, (521)3, (532)3,
(523)I, (514)%, (505)%

Table 5.2: Nilsson orbitals tags blocked in the Zr isotopic chain.

moments of doubly magic neighbours [I33]. Due to the sensibility of magnetic operators
with respect to the parameter g(, we estimate theoretical error bars for the magnetic
dipole by performing all calculations within an interval of 0.4 around the optimum, i.
e., go— = 1.3 and g\, = 2.1. These give the theoretical error bars shown in Fig. .

We observe from quadrupole moments in Figs[C.3] and that the strong shape
transition documented around A ~ 100 builds up quickly but begins late in the Y
isotopes. This has already been reported in [134] for odd-odd yttrium isotopes. It
indicates that potential energy surfaces have a tendency to be flat where spherical
minima competes with weakly deformed states. This underestimation in deformation
indicates that this region is transitional rather than well-deformed as mentioned in the
literature [127], 12§]. Figs and evidence the appearance of a secondary minima
in the axial energy surface observed to happen mostly for mid shell isotopes with lower
prolate minima for Zr and lower oblate minima for Y. Around the magic numbers,
nearly all configurations collapse to a single minimum as expected. Few experimental
values have been measured in this region which are shown in Fig. [5.6] In the available
data for the Y chain we find both remarkable agreement and deviations. At mass
number A = 99, a sudden change in the nuclear mean square radius has been reported
[129], which might be correlated to the remarkable deviation from calculations in masses
A =99 and A = 101 as this sudden shape transition is not properly reproduced.
Similar situation happens for the Zr isotopic chain where the value at mass A = 101
indicates an analogous situation, although no further experimental data is available.
We obtain root mean square (RMS )deviations of 1.06 and 0.397 for the Y and Zr
chains, respectively.

The magic dipole moments calculated for the Y isotopic chain display a predom-
inantly single-particle character given their overall closeness to the Schmidt values.
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Figure 5.6: Spectroscopic electric quadrupole moments of 83710Y and 871917y compared
to experimental data. The theoretical value for °"Y could not be converged. Bold font in
isotope names correspond to ground sates.

The most deviated cases from the limiting single-particle origin is seen in *°Y and
101y where their values are reproduced closely. A smaller degree of core polarization is
observed for the 9/2— states. Clear deviation from experiment is seen in #Y where a
behaviour opposite to the single-particle regime is predicted. In the neutron rich chain,
a more pronounced deviation from the Schmidt lines is seen but the results struggle
to reproduce consistently. However, they follow the trends of experimental data. We
obtain RMS deviations of 0.800 and 0.8634 for the Y and Zr chains, respectively. It
has long been recognized that one-body magnetic dipole operators do not fully account
for the magnetic contributions in nuclei [I35]. Additional two-body meson exchange
currents can play a non-negligible role in the description of magnetic observables [130].
The real impact of these two-body contributions is still to be tested in systematic
dedicated calculations.

Another interesting feature of these results comes from the spectra displayed in
Figs. and [C.5] In the Zr chain, several configurations take over as ground states
as the mass increases while for the Y chain the angular momentum and parity 1/2—
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state results as ground state in all 22 isotopes analyzed. Ground states spins and
parities have been measured for chains 1Y and #'~19Zr. These quantum numbers
are correctly reproduced for 8797Y. Also for the isotopes 8Zr, 8Zr, 897Zr, 37r and 3Zr
with values 9/2%, 5/2%,1/2%,1/2% and 3/2" respectively.

Overall, these results demonstrate that the mean-field approach captures the dom-
inant trends in these isotopic chains but with limitations in developing the onset of
deformations around A =~ 100. Experimental efforts in this region of measurements of
electromagnetic observables are required to test our models further and figure out the
nature of the rapid shape transition observed in these nuclei.

5.3 The thorium isomer

The nearly degenerate isomeric and ground states of 22 Th were discovered almost half
a century ago. Since then, substantial work from both experimental and theoretical
communities has been dedicated on elucidating and characterizing this remarkable
emergent feature. At present, the state 2 Th remains the lowest-lying excited state
known across the entire nuclear chart, standing out as a uniquely interesting isomer for
experiments, theoretical investigations and prospective technological applications [137,
138, (139, [140], [141], 142]. This unusual isomer poses significant challenges, pushing
current experimental and theoretical techniques to their limits.

The isomer was first detected from the v spectrum of the o decay of 233U, in which
an excited state with an energy below 100 eV was postulated in order to account for the
observed decay scheme [143]. A series of subsequent spectroscopic investigations refined
the level scheme and narrowed down the energy of this state [144] 145, [146], [147]. Later,
the direct observations of internal conversion electrons enabled a more accurate deter-
mination of the properties of the isomeric state [148]. Recently, alternative production
mechanisms and experimental techniques have been developed to precisely establish its
decay parameters and multipole moments [149, 150, 151} 152] as well as to investigate
internal conversion processes originating from excited electronic configurations [153].

Because this radiative transition occurs at very low energy, its characteristics are
strongly affected by the surrounding electronic environment having huge internal con-
version coefficients. Consequently, measured lifetimes depend on the particular ex-
perimental conditions and must be corrected to extract the corresponding transition
rates in vacuum. Recent measurements report a transition energy of E., = 8.35574(3)
eV, a vacuum half-life of ¢/, = 1740(50) s and a transition strength of B(M1) =
0.0217(6) W.u. = 0.0388(12) 3 [115]. Notice that 1 W.u.\y = 1.7905 u3, obtained
from equation [£.40] In Fig. we show the low energy spectrum including the
ground and isomeric bands along with Nilsson labels assigned. Additionally, the elec-
tromagnetic moments have been measured for both the isomeric and ground states
[154] [155], [156], [157]. The latest results of spectroscopic electric quadrupole moments
are Q(**9"Th) = 1.77(1) b and Q(**Th) = 3.11(2) b [158]. For the magnetic dipole
moments, the latest reports are p (2 Th) = —0.378(8) ux and p(***Th) = 0.366(6)
[159]. The deviation from the Schmidt limits ugsen (5/2) =[1.366, -1.913] uy and
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Figure 5.7: Spectrum of ??*Th with the isomeric transition latest measurements and dom-
inant multipolarity [4].

tsen. (3/2) =[1.148, -1.913] py indicate a strong core polarization effect in this isotope.

Progress in the experimental front have driven prospective technological applica-
tions in areas like precision chronometry [160, 161, 162, 163], ~-ray laser technol-
ogy [164], [165], satellite-based navigational and chronological geodesy systems [138].
These advances could enable a new generation of ultra-high-precision methods that
ultimately deepen our understanding of fundamental physics [140} 137, [141]. Realizing
these technologies requires sophisticated manipulation of excitation and de-excitation
processes between the isomeric 3/2] state and the 5/2 ground state, where the M1
multipolarity overwhelmingly dominates over the competing E2 channel by roughly
10" orders of magnitude due to the exceptionally low transition energy [166]. Recent
work in controlled laser excitations of the isomeric state show that these applications
are within reach [167], 115] 168, 169].

Theoretical attempts to describe and predict the observables of this highly elusive
isomeric transition have employed a variety of frameworks, including phenomenological
models [166], core-plus-particle approaches [146] 170, 171], projected shell-model cal-
culations [172] and mean-field methods [137, [173] [I74]. In these treatments, the use of
adjustable parameters and effective charges has been essential for achieving agreement
with experimental observables.

We present the first analysis based on nuclear DFT aiming to calculate multipole
moments ), p and reduced transition probabilities B(M1) implemented within the
methodology of [I33] predating the measurement reported in [I15]. We perform calcu-
lations with pairing and octupole deformation for three single-particle configurations of
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each projection 2 = 3/2 and 2 = 5/2 and for seven parametrizations of Skyrme forces.
We then apply the multi-reference DF'T (MR-DFT) (se section to eventually mix
these configurations and estimate the values of @), p and B(M1). The only parameters
fit were the pairing strengths, Vo x and Vg p (see equations and , adjusted
to the mass staggering near ??Th and ?*"Ac [175], respectively. Also the Landau pa-
rameter g, was fit in [I33] to constrain the isovector spin-spin coupling constants (see
section with magnetic dipole moments of doubly magic nuclei neighbors.

5.3.1 Methodology

Similarly as for the isotopic chains of yttrium and zirconium, we performed a multi-
stage calculation of the ground and isomeric nuclear wave functions of ??Th to de-
termine the magnetic dipole transition strength B(M1;3/2f — 5/27) and multi-
pole moments of the states 3/2] and 5/2]. We implemented these calculations for
seven parametrizations of the Skyrme force, namely, SIIT [54], SkO’ [176], SkM* [56],
SLy4 [55], SkX. [177], UNEDF1 [49] and UNEDFO [48]. Because none of these parametriza-
tions were adjusted to octupole degrees of freedom, systematic differences among the
various calculations were expected. Following [5] [I75], we investigate the correlations
between the predicted @, p and B(M1) with calculated intrinsic octupole moments
Q3, using the experimentally determined values of Q3 as reference benchmarks. For
this purpose, we calculated the ground-state octupole moments of symmetry-broken,
self-consistent wave functions for 226Ra and ?*°Th. The experimental values for these
nuclei are Q3(**Ra) = 1080(30) efm® [I78, 179] and Q3(**°Th) = 800(40) efm® [180].

Our computational strategy consists in blocking selected odd-neutron axial quasi-
particle configurations in 22 Th and releasing the constraints on parity and odd-multipole
moments so that octupole deformation can be obtained. This procedure produced
deformed, symmetry-breaking solutions characterized by non-zero intrinsic octupole
moments Q3. These intrinsic states were subsequently projected onto good parity and
angular momentum, then mixed and used to calculate the electromagnetic observables.
As detailed in reference [12] and the literature cited therein, magnetic moments ob-
tained within DFT are strongly influenced by the so-called time-odd (TO) components
of the mean-field [I81] [182, [10] which are an essential feature of these kind of calcula-
tions in addition to the time-even components (TE).

The multi-step calculation follows a similar path as the yttrium and zirconium
calculations. First, for each Skyrme functional, we calculated the axially deformed,
parity-breaking paired ground-state wave functions of the neighbouring even—even nu-
cleus ?2Th, from which the corresponding single-particle (s.p.) states were extracted.
Next, for each angular-momentum projection onto the symmetry axis, 2 = 5/2 and
2 = 3/2, we chose three states in the vicinity of the Fermi level to be blocked [7, 30, [183]
in the odd-N nucleus ?2Th.

In the second step, the ??*Th single-particle wave functions are used as reference
states to self-consistently identify the quasiparticle configurations in 22Th, as described
in reference [I84]. As mentioned in the previous section and following [59], we denote
the tags by Nilsson labels in parentheses rather than square brackets. For ) = 3/2,
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these are (642)3/2, (741)3/2 and (631)3/2, while for Q = 5/2 they are (633)5/2,
(752)5/2 and (622)5/2. We also considered parity-broken configurations with Nilsson
quantum number Ny = 7, since such states may acquire positive-parity components
after parity restoration. Using this procedure, we obtained self-consistent, symmetry-
breaking wave functions for 2Th and 2" Th, which we denote as |®,q) for the three
lowest configurations, n = 1,2, 3, for both 2 = 5/2 and 2 = 3/2. In certain cases, the
Nilsson labels of the blocked, self-consistent quasiparticle orbitals differ from those of
the corresponding states. This can occur when the contribution of a specific Nilsson
component [Non,.AJQ is not strongly dominant, as discussed in reference [12].

In the third step, we restore the broken spherical and parity symmetries [I] by pro-
jecting the wave functions |®,q) onto states of good angular momentum I and positive
parity @ = +. The resulting band-head states with I = || are denoted as |®,;+q),
that is, by |®p5/2+5/2) and |®,3/2+3/2). Previous benchmark studies have shown [12]
that restoring particle number has no significant effect on the magnetic moments so
we do not project into good particle number states also because it would increase the
computational cost by roughly two orders of magnitude. As mentioned in section [3.3.3]
when restoring symmetries in the GCM formalism, the restored wavefunctions might
attain near orthogonality causing discontinuities or divergences in the energy kernels
of [3.80] This added to the instabilities arising of level crossing and pairing reduce the
calculations useful for analysis, giving an argument in favour of implementing several
parametrizations of the Skyrme forces for a comprehensive analysis of the relevant
observables for this isotope.

The yttrium and zirconium calculations finish in this stage, but now we go one
step further and proceed to mix these solutions using the GCM techniques (see section
. We calculate two sets of 3 x 3 matrix elements of the energy and overlap kernels
HL = (®,110|H|®priq) and NI, = (B, 10|, 1+q), respectively for I = 5/2 and
I = 3/2 along with the set of 6x6 M1 and Q2 transition matrix elements of the
magnetic dipole operator, M, = (®, 4/ |M1|®,, 1, ) and QI = (D14 [|Q2|D,, 111 1))
Then for each I = 5/2 and I = 3/2 solutions, we solve independently two sets of
configuration—interaction Hill-Wheeler equations (see section [3.3)

E ItQ § ItQ
Hnn/ Ap/ 1+ — E Nnn/ Ap'1+0Q, (53)
n' n/

where we take only the solutions with the lowest energies E to calculate the M1 tran-
sition strength. This results in the mixing coefficients (weight functions) a,/+q and
the normalized mixed wave functions |®;+q) = >, @pr+q|Prr+q). With these results
we can determine the MR-DFT matrix element of the M1 transition given by

<(I)5/2+5/2|M1\q)3/2+3/2> = Z GZ5/2+5/2Mnn/Gn/3/2+3/27 (5-4)

nn’

and the corresponding reduced transition strength,

1 N
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Similarly, for the multipole moments we determine

<(I)I+I’M1|(I)I+I> = Z GZHIMnn'Gn'HI, (5-6)
<(I)I+I|Q2|(I)I+I> = Z a:;[Jr]an’an’I‘FI? (5~7)

from which we obtain the multipole moments from equations [5.1] and [5.2]

5.3.2 Results

We implement the independent block-states mixing in HFODD version 3.33k where we
performed these calculations using a spherical 3D harmonic oscillator basis of Ny <16
shells with TE and TO terms in the functionals. The parameters g), Vo n and Vg p
used are summarized in table [5.3] Additionally, the blocked neutron Nilsson tags are
shown in table [5.4]

Skyrme gy Vow Vo
SkX. 1.2 139.02 173.63
SkM* 1.2 181.47 216.25
UNEDF1 1.7 145.35 169.79

SIII 1.2 181.14 220.19
SkO' 1.0 163.82 184.34
SLy4 1.3 207.76 231.89

UNEDFO 1.2 130.61 158.39

Table 5.3: The Landau parameters g(, and the strengths of the volume proton and neutron
pairing interactions, Vp and Vy, used in this study.

Shell | Spherical orbital | Nilsson orbitals
6 Li1 /2 (642)2, (633)2
249/2 (622)2, (631)2
. 2hi1 /2 (741)3
Lj13/2 (752)2

Table 5.4: Nilsson orbitals tags blocked in the ?*Th calculations.

Figs. [b.8 (.9 and table summarize the principal results. We present
the TE+TO, parity breaking and pairing calculations after angular momentum, parity

projection and mixing gauged using the measured intrinsic octupole moments in 22Ra
(left panels) and 23°Th ( panels). In each case, the results were analysed using a linear
regression method which served to perform statistical predictions of the models and
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estimate error bars of theoretical values [5]. It is remarkable that these parameter-free
calculations orbit around the experimental values for all three observables but do not
show a strong systematic relation with octupole moments. We obtain theoretical values
that agree with experiment within error bars for the B(M1) observables and magnetic
dipole moments of 5/27 ground states for both extrapolations. In the other data
points, the agreement is closer for individual functionals but deviates in the collective
prediction.

The main challenge in obtaining the results is to retain the stability in the calcula-
tion of the Hamiltonian mixing matrix elements H TIZ:;,Q which are often singular due to
non-zero self-interaction and self-pairing energies that characterize Skyrme functionals
[1]. Because of this, several data points have to be severed from the calculations so the
initial blocks of 3x3 matrices have to be reduced to smaller configuration spaces for
the mixing. These results represent sophisticated MR-DFT machinery implemented
to the calculation of these electromagnetic observables. However, in reference [185] we
present this analysis for cases where we conserve parity and perform single configura-
tion calculations demonstrating a small influence of mixing and the need of octupole
deformation to properly model this isotope.

This work is the first consistent application of nuclear DFT with no parameter ad-
justment to describe the electromagnetic properties of the 22" Th, namely, its transition
strength and electromagnetic moments. One of the crucial aspects for this results was
accounting properly for the octupole degrees of freedom in the Skyrme forces. Thus, to
advance both DFT and MR-DFT methodologies it is necessary to refine the description
of the octupole polarizability already at the stage of global fitting of the functionals to
experimental data. In addition, a fundamental limitation of current functionals lies in
their persistent issues with self-interaction and self-pairing, which leads to unreliable
and often unsatisfactory results in many applications. A substantial, focused effort in
addressing these two aspects is urgently needed.
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Skyrme BM1) | w(5/2+) | Q(5/24) | u(3/24) | Q(3/2+)
SkX. — 0.4103 | 2.8080335 — —
SkM* 0.07176 0.55101 | 2.9567549 | -0.0199 | 1.6953374

UNEDF1 0.04833 0.25525 | 3.0641712 | -0.26823 | 1.6418052
SIII 0.06880 0.96563 | 2.8825213 | -0.15283 | 1.5379411
SkO’ — — — — —
SLy4 0.00456 0.3141 | 2.9925722 | -0.32877 | 1.6755628
UNEDFO 0.00588 | -0.13349 | 3.0328231 | -0.23921 | 1.6789627
226Ra regression: | 0.04(3) 0.4(3) 3.01(7) -0.1(1) 1.69(6)
230Th regression: | 0.03(2) 0.2(2) 2.96(6) -0.2(1) 1.73(1)
Experiment: | 0.0388(12) | 0.366(6) | 3.11(2) |-0.378(8) | 1.77(1)

Table 5.5: Unrounded numerical values of the B(M1;3/2] — 5/27) transition probabilities
(in 43;) and spectroscopic magnetic dipole ;- moments (in yy) and electric quadrupole Q
moments (in e-barn) calculated for the mixed 5/2% and 3/2" states. Values obtained from
the regression analysis relative to the ?26Ra and 23°Th data, along with the experimental
values, are also shown. Instabilities caused missing data in potentials SkO’ and SkX...
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Figure 5.8: B(M1) values with respect to the intrinsic octupole moments D3, of *?°Ra
(a) and ?*Th (b), determined for functionals with time-even and time-odd mean-fields
(TE+TO). The numbers in parentheses represent the number of successfully mixed wave
functions for the two configurations, namely (5/2%,3/2%). The vertical and horizontal
stripes labeled EXP are the experimental values of Q390 and B(M1), respectively. Thick
lines and shaded bands denote the regression results and their uncertainties, respectively [5].
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Figure 5.9: Same as Fig. but for magnetic dipole moments. Numbers in parenthesis
denote the number of configurations mixed to calculate the observable. Markers are the
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Conclusions

In this thesis we explored the structure of atomic nuclei through the study of its electro-
magnetic moments and transitions within the framework of nuclear DFT. We combined
mean-field approaches with pairing interaction and advanced symmetry restoration
techniques to perform a robust and consistent theoretical description of nuclear elec-
tromagnetic observables. We reviewed the theoretical developments from the role of
pairing and its mean-field formulations of BCS and HFB theories. The role of symme-
try breaking by shape deformations and intrinsic structure of the nucleus along with its
subsequent symmetry restoration played a central role in the applied methodologies in
order to access electromagnetic observables that test our understanding of the nuclear
interaction. These tools allow for systematic and realistic studies of even-even, odd
and odd-odd open shell deformed nuclei across the nuclear chart via proper treatment
of blocking and the implementation of time-odd mean-fields.

We performed calculations of spectroscopic electric quadrupole and magnetic dipole
moments for the odd-mass isotopic chains of yttrium and zirconium implementing a
rigorous and parameter-free methodology. We obtained overall good agreement with
available experimental data and managed to reproduce the main trends. These results
demonstrate how pairing and deformation play an essential role in nuclear structure and
we posses tools to systematically compute them without loosing explanatory arguments
by using parameters like effective charges or gyromagnetic factors.

The study of the isomeric transition of the 2?Th poses a big challenge for both
theory and experiment. Thus, we implemented advanced beyond mean-field DFT tech-
niques to describe its transition strength. Despite the ambition of this task, we achieved
close agreement with experimental data which reaffirms DFT as a well-established and
strong theoretical framework to study the atomic nucleus, even in its extreme emergent
features. At the same time, it highlights the shortcomings of the current models for
which certain degrees of freedom are demonstrated to gain relevance in certain regions
of the nuclear chart requiring dedicated efforts to improve our picture of the nucleus.
This thesis contributes to the ongoing work of building consistent predictive nuclear
models and motivates future studies of exotic nuclei, particularly in regions of the
nuclear chart where experimental data remains scarce.
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Wick’s theorem

Calculations of observables in quantum mechanics follow a general procedure given by
the next sequential steps: i) the mathematical formulation of the associated operator
that holds the rules of first quantization and describes as complete as possible a given
physical quantity, i) the computation of the wavefunctions of the system and i) the
calculation of the matrix elements of the operator in i) between the states of 7i). Wick’s
theorem is a useful tool to perform step i) in an efficient way with a limited knowledge
of the expectation values of individual operators and commutation rules between them.
Here we present Wick’s theorem without a rigorous proof following the formulation of
professor Jacek Dobaczewski, several other different approaches can be found in the
literature.

Wick’s theorem states that the expectation value of an ordered string of operators
Ay As.. A, with respect to a state |U) can be reduced to a summation of products of
scalar factors called contractions. Actually, these contractions are only scalars in the
case where |U) is of a particular form called product state, as will be described in
appendix [B] Suspending that assumption for a while, we have that for any state |¥)
and any operator A, we can decompose it as

A=Ag+A_+A,, (A.1)
where
Ag = (V[A]TV),
A= (A= (V][A]W))(1 = [W)(¥]), (A.2)
Ay = (1= [U)(P))A[T) (Y],
so that
A_|W) =0,
(A.3)
(V|A; =0.

Now consider the quantity (V]|A;As...A,|V). In this formalism, n is allowed to be
even or odd. We can decompose A; in the form to get

by commuting A; _ with A;>; using

A A= {A A} — AAy = A A — AA (A.5)
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and adopting the definitions of auto-contraction

-
A = Ay, (A.6)

and two-operator contraction

ﬂi = {Al,—a Al}? (A7)

we get by assuming |U) is a product state

(B

M .
(0| Ay Ay A [0) = Ay (W[ Ag. A [0) + S (1) Ay A (0 Ag. Ay Ay A, |0,
l (A8)

where the phase (—1)" arises from the number of times that a commutation must
happen so that A; and A; are contiguous in the operator string. Applying iteratively
for the remaining matrix elements, it can be shown that

(UA Ay ATy = ) ( 1T A?)( > a(kl-.-yz)ﬂl...ﬂz) (A.9)
k

i=0or1l \j=0orl Aoy, 257
step 2

where ¢ and j start at 0 or 1 depending if n is even or odd, respectively. The phase
o(kl...yz) is the signature of the permutation kl...yz that sets all operators contiguous
as shown explicitly in The values of 7 = 0 means no auto-contractions at all, so
in the case of n even, it accounts for the terms where all operators are pair-contracted.
Thus, the matrix element of a string of operators has been expressed as products of the
matrix elements of the individual operators and the anti-commutators between them.
The total number of terms in expression is given by

v- 3 ()

m=0 or 1
step 2

W (A.10)

where m starts at 0 if n is even or at 1 if n is odd. In[A.I0] the first factor accounts
for m possible auto-contractions and the second one for two-operator contractions.
Applications of the theorem to up to four operators result explicitly in

(PIA|Y) =
nn —
(U|AB|W) = AB + AB,
nmn n Al M1 on
(W|ABC|W) = ABC + ABC + ABC + ABC,

(U|ABCD|W) = ABCD + ABCD + ABCD + ABCD

Anml Fml M M/ onm — M
+ ABCD + ABCD + ABCD + ABCD

—= 1
+ABCD + ABCD



Product states

Wick’s theorem introduced in the previous appendix is an essential operational tool
for calculations in quantum mechanics, however, its usefulness is constrained by the
requirement that all contractions need to be scalars. This is only realized when the
state between which the expectation values are calculated has a specific mathematical
structure called product state. In this section we describe them along with some useful
formulas and properties without rigorous proofs. The approach presented here is based
in professor Jacek Dobaczewski formulation.

B.0.1 Operational definition

The fermion space is described in second quantization by a set of N single-particle
states with the associated set of operators {aJ{, ...,ajv,al, .,an} and a vacuum |0).
Consider the decomposition for operators aI and a; with respect to a state |¥) to
be determined. We require the quantities

j _{az ) ]}

aTaJ {CLF, aj}v
-
azaT ={a;_, ]}

(B.1)

aza] {ai a;},

to be scalars. Since the — components are operators in the fermion space, they can
be expressed as a linear superposition of products of m creation and n destruction
operators as

al_ = Z S(m,n), (B.2)

a;,— = Z T(m,n). (B.3)

It can be seen that the only terms of expansions [B.2] and [B.3|that result in scalars after
replacement in are S(1,0), S(0,1) and T(1,0), T(0,1). Thus

al_ = Z (A”a] + Bija g) (B.4)

J
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a =3 (Cwaj + Dya J) (B.5)

J

are a set of 2NV linearly independent operators that span the whole fermion space. We
can postulate a unitary transformation between these — components to operators

_ -1,
= E Uij a;—,

(B.6)
Oé _ ZU 1* ’
which fulfill anti-commutation relations
o7
;o5 = 10,05 =0,
{ 1 j} { ]} (B?)

{aia a;f} - 51]7

as long as U is non-singular. Since the operators af and a emerge from invertible
(non-singular) linear relations, is equivalent to

o= (Clya; + Diyal), (B.8)

J

of =3 (Dlja; + Cizal) (B.9)
J

which from [B.6] also holds
a;|¥) = 0, (B.10)

thus we arrived at the central theorem of this appendix which states that the product
states for which Wick’s theorem holds true are the vacuum of generalized Bogoliubov
transformations between fermion operators a, a and af, a. The Pauli exclusion prin-
ciple constrains the possible transformations greatly since all quadratic combinations
annihilate thus simplifying the space where Wick’s theorem operates to well-known
linear transformations.

B.0.2 Thouless theorem

For the fermion space described by the set of operators {ai,...,a}r\,,al,...,a]v} and
a vacuum |0), we can perform a unitary transformation U to get a different set
{a{, ...,a},,al, ...,ay} and vacuum |®) such that

of =Ualut,
a; =Uald’, (B.11)
@) =U|0).

Thouless theorem connects all vacua of fermion operators by a simple equation
dependent on the Bogoliubov transformations between them. If |®) and |¥) are the
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quasiparticle vacua of fermion operators «; and f3;, respectively, and (®|¥) # 0, then

) = <W|¢>exp(§ > w:@) ), (B.12)

where Z is skew-symmetric and is called the Thouless matrix. It is given by
7 =Vvut (B.13)

with U and V' given by
U=UyUs + Vg Vs,
e (B.14)
V — VlII U(I) + U\IJV@,

where U, Vp and Uy, Vy are the generalized Bogoliubov transformation matrices of
for states ® and W, respectively.

B.0.3 Onishi and Bertsch-Robledo theorems

In equation the overlap (¥|®) needs to be calculated. It is also a recurring task
in the multi-reference methods of A useful formula to calculate overlaps between
vacua is given by the Onishi theorem [7, [I0] which states

(@) = /det(U} Uy + ViVay), (B.15)

and leaves the overlap undefined by a phase. This was corrected by Bertsch and
Robledo [186] via the formula

nj2det(Ca)det(Cy) VoUs Vg Vg

(V|0) = (-1) D
[T;vei T, 0w, —Vive ULVg

, (B.16)

where Cy and Cg are the quasiparticle transformation matrices of the Bloch-Messiah-
Zumino theorem [2.98]

B.0.4 Canonical basis

Thouless theorem relates all product states via the simple relation However,
this relation can be simplified further by performing a unitary transformation over the
space {01, 8} so that the Thouless matrix Z;; has a simpler form. This transformed
outputs the canonical basis. This result relies in a theorem from matrix algebra that
states that for any skew-symmetric matrix Z, there exist an unitary matrix U such
that

Utzu = Z, (B.17)

where

Zij == S;ZZ'(S’ (B18)

YRl
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z =2z >0, S; = —Si, 5785 =1, (B.19)

where the transformation imposes a grouping of the indices in pairs associated by the
bar above the index. These are called canonical pairs and are usually chosen to be time-
reversed pairs. If we consider the density matrix[2.25]and pairing tensor calculated
calculated between product states we get

p=2'1+22N"Z,

B.20
w=—Z11+22NH", (B.20)
in the canonical basis we get a diagonal and skew-symmetric forms
; 2
pij = (U'pU)y; = TZZQ(Sij = —; 0
- i (B.21)
Rij = (UTWU"); = #z?‘sfj = 87UV 0
presented also in via the Bloch-Messiah-Zumino theorem.
The transformation rule over the creation operators is then
Bl = Z UjiBl,
’ (B.22)

Bi = ZUJE@‘,

when replaced in |B.12| results in
R OISR [ 323
i>0

where the summation ¢ > 0 denotes summation over a single representative of the
canonical pair. After mathematical manipulations we get to the form

@) = (W|®) [] (1 + 5728 8) ), (B.24)

1>0

which is the ground state ansatz of BCS theory.



Complete dataset of calculations

We present in graphs the complete set of calculated spectra and electromagnetic mo-
ments for the odd-mass isotopic chains of yttrium and zirconium. We restrict the plots
to calculations that converged, any missing points correspond to cases with numerical
instabilities. We separate the dataset by oblate and prolate tags analogously as in [59].

C.1 0Odd-A zirconium calculations plots

We performed 1188 calculations by blocking 27 states specified in table[5.2)in the odd-A
isotopic chain of ™~10'7Zr. Fig. displays excitation energy of the 27 configurations.
Fig. displays the energy difference between oblate and prolate minima. Figs.
and show electric quadrupole and magnetic dipole moments, respectively.
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Figure C.4: Calculated magnetic dipole moments of 1917y,
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C.2 0Odd-A yttrium calculations plots

We performed 448 calculations by blocking 11 states specified in table[5.1]in the odd-A
isotopic chain of ™19V, Fig. displays excitation energy of the 11 configurations.
Fig. displays the energy difference between oblate and prolate minima. Figs. [C.7]
and [C.§] show electric quadrupole and magnetic dipole moments, respectively.
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Complete dataset of calculations
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C.3 Numerical values of available experimental data

Isotope I~ Hexp (1) fn (f)

877, 9/2+  —0.894(5) —1.506570%8
877y 1/2=  40.641(16)  +0.649210:9067
897y 9/2t  —1.045(6) —1.363719.9%7
807y 1/27  +0.794(18)  +0.642279:9043
N7y 5/2  —1.3022(4) —1.53741004%8
%7, 5/2t +1.13(2)  —1.2806100648
7y 1/2% —0.936(5) —1.674570:02%8
97 7/2¢ 41.37(14)  +0.9202+0.9856
997, 1/2F  —0.929(4) —1.7132790900
97y 3/2t  4+0.42(6)  +1.030170014
1017, 3/2%)  —0.272(8)  +0.0042+09237

(3/27)
01z (5/2%)  40.12(7)  +0.470879:00%8
1017y (5/27)  —0.5(3)  —1.00627392¢8
1017y ( ) 4+0.6(4) 11211705358
Wlzy  (7/27)  —0.14(11)  —0.5465T003%8

RMS: 0.8634

Table C.1: Experimental and theoretical magnetic dipole moments for Zr isotopes. Exper-
imental values from [2]. Coloured signs are assigned by theory.

Isotope  I™ Qexp (b) Qwm (b)
STZr 9/2F 4+0.42(5)  +0.09689
97r  9/2% +0.28(10)  +0.18542
97y 52t —0.176(3)  —0.10061
Bzr  5/2¢  +0.22(2)  +0.05676
0z 3/2t  10.81(6)  -+0.00896
RMS: 0.397

Table C.2: Experimental and theoretical electric quadrupole moments for Zr isotopes.
Experimental values from [3].
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Isotope I Hexp (1) fen (1n)

83y 7/2+ +2.1(6)  4+5.1153739%,
85y (9/2)*  +6.2(5) +6.1856+0:000,
85y (5/2)~ +1.36(2)  41.007970:0362
8Ty 1/2- —0.19(2)  —0.249470:5541
8Ty 9/2+ +6.24(2)  +6.1705+3900
89y 1/2=  —0.137298(5) —0.244910:0051
89y 9/2*  +6.37(4)  +6.229370909,
o1y 1/2=  +0.1639(8)  —0.2401+3905
o1y 0/2*  +5.96(4)  +5.888970.000
93y 1/2=  —0.139(1)  —0.2340790069
03y 0/2*  +6.04(3)  +5.8490+0:0%0
0By 1/2- —0.16(3)  —0.2274739067
Yy 1/2- —0.12(1)  —0.229415-50%
oy 9/2F +5.88(2) Not converged
9y /2t +3.18(2)  +3.208170.0%0
101y 5/2+ +3.22(2)  +2.895675:5%,

RMS: 0.800

Table C.3: Experimental and theoretical magnetic dipole moments of Y isotopes. Experi-
mental values from [2]. Coloured signs are assigned by theory.

Isotope  I” Qexp (b) Qum (b)
Sy 9/2t —0.50(6)  —0.4650
Yy 9/2t —043(6)  —0.3552
By 9/2t  _0.64(8)  —0.6380
Ny 9/2% —0.76(8) Not converged
VY  5/2F £155(17)  —0.4483
oy 59t 4153(17)  —0.7975
RMS: 1.06

Table C.4: Experimental and theoretical electric quadrupole moments for Y isotopes. Ex-

perimental values from [3].
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