
Tribological E�ects of Time

Varying Loading on a Wind

Turbine Main Bearing

Elisha de Mello

2025

Thesis dutifully submitted to the University of She�eld in the Year of our Lord Two
Thousand and Twenty Five, in ful�llment of the requirements for the degree of

Doctorate of Philosophy.

1



Abstract

Main Bearings constitute a considerable component of wind turbine failures, and present
a signi�cant technical challenge to industry, due to both high costs of failure and a lack
of theoretical understanding..

This thesis begins in Chapter 1 by exploring the unique operational conditions the main
bearing experiences, namely: very high loads, low speeds, and highly variable loading:
spatially and temporally. Considering failure rates of industrial steady state equivalents
(e.g. main bearings in power plant turbines) are well understood, and comparatively
much lower, a question arises: do the unique load dynamics in�uence premature failure?

Answering this is the aim of this research. After a literature summary, highlighting
existing gaps in modelling, the research investigates the link between thermal properties
and failure in a data driven investigation in Chapter 3, applying a transformation to
account for thermal inertia in the system.

With this link established, a Newtonian dynamic model with elastohydrodynamic lu-
brication was developed in Chapter 4, to examine macro-level slip. Due to numerical
sti�ness a Hamiltonian model was also derived, with justi�ed approximations, yielding
a leading-order analytical expression. Both were solemnly applied over the turbine's
operating conditions, and the e�ects of Macroslip were found to be vanishing.

Steady-state microslip was investigated in Chapter 5 using contact mechanics, deriving
expressions for the case study spherical roller bearing. This revealed steady-state mi-
croslip could be a more signi�cant factor in failure than macroslip.

Lastly, Chapter 6 tackled transient microslip, and the e�ect of load variability. This
involved fundamental elastodynamic solutions and a convolution-based approach with
regularized Hertzian load rate distributions. Transient microslip was found to poten-
tially be the most signi�cant factor in failure yet.

The �ndings may inform fault detection algorithms and condition monitoring , as well
as future design aspects. The author sincerely hopes the reader enjoys the perusal of
this document.
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1 Introduction and Background

Since Arrhenius's postulation of 1896 [2], it has become increasingly apparent the world
is facing an unprecedented climate crisis [3] due to anthropogenic greenhouse emissions.
Generation of electricity is responsible for a big part of these emissions, due to over
reliance on coal and gas. To combat the global emergency, the world is increasingly
looking to invest in and develop renewable sources.

Wind energy appears one of the key players in the decarbonisation of the power sector
and is consequently one of the fastest growing energy sources in the world. In 2019 elec-
tricity production from wind power alone totalled 417 Terra Watt Hours, accounting for
15% of EU electricity consumption [1]. Furthermore, as an Island nation the UK is one
of the world's most desirable locations for installation [4] (see Fig. 2), and has recently
received the brunt of concerted UK government initiatives to upgrade existing capacities
[5]. However, as a relatively new, interdisciplinary �eld, many technical challenges still
exist to reduce running costs and increase viability.

Figure 2: The relative levels of wind energy capacity of European countries. The Uk
is one of the best locations in the world for installation. Data compiled from [1].

With limited space and desire for onshore facilities, the o�shore sector is destined to ex-
perience continued growth. These, typically larger, turbines have the ability to capture
more power, and have become more prevalent in recent years: bringing with them a
set of unique challenges. Essentially, to increase feasibility of more powerful turbines in
less accessible locations with more hostile environments, reliability must be increased.
Premature failure is rife among existing designs. Therefore, amelioration of such fail-
ures will serve to reduce costs associated with expensive maintenance trips, unplanned
downtime, and at worst catastrophic failure of components. Their replacement also of-
ten involves expensive heavy lifting vessel procurement and operation.

A large portion of these failures can be attributed to the main bearing (MB), with higher
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Figure 3: A Main Bearing (MB) failure, showing despite advances, concerns remain
with high failure rates of this critical component in the drivetrain. Due to the MB's
unique operating conditions, a considered investigation is required. [6].

than expected failure rates [7, 8, 9], the root cause or causes of which have not yet been
conclusively identi�ed [10]. Whilst MB failure (Fig. 3) is a multi-faceted problem with
many di�erent underlying reasons, one primary contribution is that existing bearing
theory was developed on and applied to far more hospitable environmental conditions,
such as conventional power plants. This is contrary to the o�shore turbulent conditions
current hardware is subject to, causing most to fail before their issued 20-year lifetime,
with many failing in less than 6 years [11].

Further, as wind turbines grow in size and wind farms move further o�shore, component
reliability becomes increasingly important in the context of the levelised cost of energy.
Most main bearing failures are problematic in this regard, since they lead to signi�cant
loss of revenue from turbine downtime and necessitate the use of expensive jack-up ves-
sels to remove and support the wind turbine rotor during changeovers. Furthermore,
as turbines grow in size, the main bearing will increasingly become part of the loadcar-
rying structure [9]. Access and replacement will thus be more di�cult, meaning cost
implications of failures are more severe.

The above indicates that the identi�cation and investigation of key underlying mech-
anisms of premature main bearing failures could result in signi�cant improvements to
main bearing reliability and design practises, in turn reducing the levelised cost of wind
energy.

Whilst important advances have been made in identifying and categorizing loading con-
ditions experienced by the MB [12], signi�cant examination of bearing and individual
roller response to such dynamic loads is still required. This should include a full descrip-
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tion of lubrication mechanisms as well as dynamic e�ects such as slip and roller cage
interaction.

1.1 Background - the Wind Turbine

Wind turbine design has converged over the years to a design of predominantly three
bladed horizontal axis machines. Advancements have seen additional pitch and variable
speed regulation abilities developed over the years, improving e�ciency and control.
Typical operation sees the turbine's rotational speed varied in wind speeds below max-
imum (known as rated) power so as to maximise aerodynamic e�ciency.

However, once rated power is attained at higher wind speeds, rotor speed is capped as
the strength of the wind increases in order to prevent structural damage arising from
excessive power and loads. This is done by increasing pitch angle of the blades, hence
reducing surface area of contact to the wind, and limiting e�ective system loading. At
even higher speeds the turbine will cut out altogether. Similarly, there is a cut-in speed,
below which it is simply not energetically e�cient enough to run the turbine.

A variety of turbine drivetrains are available, the two principal variants being geared
and direct-drive (DD) machines [8]. The turbine drive train converts kinetic energy from
the wind to electrical energy via multistage components within the drive train. Geared
machines utilize an intermediate gearbox to step up the slower rotational frequency from
the rotor (up to 20 rpm) to the higher speeds (around 1800 rpm). These higher speeds
are suitable for generation and direct feeding into the grid/infrastructure by standard
generators.

Due to the complexity of the gearbox and high failure rates, geared machines historically
have been seen as less reliable, hence the development of DD machines. These have no
gearbox, and in order to generate at slower rotational speeds, have larger generator
diameters and thus operating torques. However, this brings with them their own set of
engineering challenges related to turbine component size, weight and cost [8]. Questions
remain about each variant's suitability, especially considering recent amelioration of
geared failure rates and increased reliability of the gearbox have made the choice between
the two less obvious.

1.2 The Main Bearing (MB)

The role of the main bearing is to support the rotor, and ensure only relevant forces are
transmitted along the drivetrain by absorbing and reacting to non-torque loads. Due to
contemporary high failure rates, this is the focus of the current work.

The exact con�guration of the main bearing will depend on the drivetrain layout, with
some possible geared variants being: a single main bearing, a double row main bearing,
gearbox integrated main bearing or `�oating drivetrain' design. For the alternative direct
drive types there exist single, double, or triple MB designs. A diagram of geared and
direct drive con�gurations is given in Fig. 4. For a more thorough discussion of Turbine
drivetrains the avid reader is referred to [14].
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Figure 4: Direct drive vs. Geared turbine con�guration, and the situation of the MB
in each. Diagram is a modi�ed version of a �gure from [13].

1.2.1 Rolling Elements

There are several di�erent types of rolling elements used in the MB, outlined below:

⋆ Spherical roller bearings (SRB's). The outer raceway of a SRB is a cross sectional
slice of a sphere. Because of this, SRB's are shaped so that they conform to both
raceways, and can consequently self-align and support high radial loads. A double-
row form of an SRB permits additional axial loading. However, moment loading
is not supported [8].

⋆ Tapered roller bearings (TRBs). TRB's can support both axial and radial loads.
The di�erence in contact angles between the inner outer raceway creates an unbal-
anced force that drives the roller alongside its guiding �ange. TRB's can sustain
moment loads, and are commonly found in double row form [8].

⋆ Cylindrical roller bearings (CRBs). CRB's are composed of crowned cylindrical
rollers, to prevent edge stress. They permit high radial loads and run under low
friction conditions due to the plane of motion [8]. However, in their pure form,
axial loads are entirely unsupported, although the presence of a thrust �ange may
induce some tolerance. Akin to their counterparts, the double row form may be
implemented to increase capacity.

⋆ Toroidal roller bearings (TorRBs, or CARB's). Similar in principle to SRB's but
with a toroidal outer raceway instead of a spherical one. Because of this, the rollers
are longer than that of SRB's, and can o�er increased capacity for radial loads,
but have reduced ability to self-align and can only withstand smaller axial loads.

Depictions of several are given in Fig. 5. The following work was conducted on a geared
double row type SRB MB. This was due to it's prevalence in wind turbine applications.
However, some parallels in conclusions might be made between other variants.
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Figure 5: Di�erent types of bearings seen in the MB of Wind turbines. Diagram
developed from [15].

1.3 Loading

MB loading occurs via force transmission from the rotor to the hub, and then via the low
speed shaft to the MB. To fully understand the nature of this force pro�le, the structure
of the incident wind �eld should be considered.

1.3.1 Incident Wind Field

A wind pro�le can be accurately described as a spatially structured turbulent �ow, when
external e�ects such as the interaction of competing structures and the ground are ne-
glected. Turbulence generally can be summarised as deviations in wind speed over time
scales of the order of 10 minutes [14].

The deviation is a result of the conversion of the wind's kinetic energy into thermal
dissipative energy by the creation and destruction of continually smaller eddies. Often a
turbulent �eld's velocity w, decomposed into wx, wy, wz, is thought of as a composition
of small scale �uctuating winds w′, superimposed on slower, more inert, oscillations
of a background mean wind speed w̄, determined by weather patterns or temperature
changes:

w(t) = w̄ +w′(t) (1)

Whilst on initial inspection the structure of this turbulent wind seems lacking and disor-
dered, its behaviour can actually be captured adequately by a number of key summary
statistics:

1. Turbulence intensity-This is de�ned as the standard deviation σw of the wind
speed divided by its mean w̄, both typically calculated over a ten minute interval
[14].

2. Wind speed probability density function- A probability of any given wind speed
occurring can be described via a probability density function (PDF). An example
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of a well suited candidate1 PDF for the distribution of speeds typically seen in
turbulent �eld is the Gaussian distribution [14]:

pw =
1

σw
√
2π

exp

[
− (w̄ −w)2

2σ2
w

]
(2)

With σw denoting the standard deviation of windspeed. This gives a mean centred
symmetrical distribution of probability densities, matching typical experimental
observations, where mean wind speed is the most probable occurrence, and there
is a similar probability of any instantaneous wind speed being above or below the
mean.

3. Integral Time/length scale - Coherence in the wind �eld is a result of wind being
a viscous medium, so points separated in time and space are not fully independent
of each other. By using autocorrelation functions, (see [14] for further description)
and �nding the average time over which wind speed �uctuations are correlated
with each other, the integral time scale may be found. This may be multiplied
by mean wind velocity to give the integral length scale to give information on the
structure of turbulence

4. Power spectral density function - The �uctuations present in wind can be thought
of a composition of multiple di�ering sinusoidal variations. Each sinusoid will
have di�ering frequencies phases and amplitudes. Therefore, a spectrum of these
frequencies, will be present in the power spectral density function.

1.3.2 Additional interactions

Additional important physical interactions must also be considered when modelling the
pro�le of a wind column. Some examples are:

1. Shear - this is the e�ect of the friction between the bottom of the wind column and
the ground or surface the wind is running over. This leaves a strati�ed vertical
�ow, with mean wind velocity increasing with height. Sheared �ow as a function
of height z can be approximated by a logarithmic pro�le for roughness length z0,
originating from boundary layer �ow in �uid mechanics:

w̄x(z) ∝ ln[z/z0] (3)

Another simple alternative is approximating the pro�le using a power law:

w̄x(z) ∝ zαsh (4)

where values of αsh typically are around 0.1-0.2, but can be as high as 0.6 [17].
The e�ect of shearing results in non-radially symmetric loading about the blades,
as wind speed will vary across both the height of the turbine[18], and across a
horizontal plane.

2. Tower shadow - The physical tower of the turbine blocks air �ow, and thus causes
a local minimum in the velocity �eld immediately in front of it. The e�ect of this
is a signi�cant drop in wind speed as each blade passes this region. This dip will
manifest itself in load patterns experienced by the rotor and therefore the main
bearing.

1Shown to commonly be a good �t in literature [16].
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3. Yaw error - Turbines are designed to face the prevailing direction of wind, and
can pivot to do so. However there often exist errors in this operation, such as
calibration, incorrect measurements, or just rapid changes in wind direction. Con-
sequently, improper alignment will result in changing local wind speed azimuthally
about the rotor.

4. Wake - The interaction of a turbine with the air extracts signi�cant kinetic energy
from the incident �ow. This results in a dip in velocity immediately after the
turbine, and this resultant velocity de�cit will persist downstream. Because of
this positions of turbines within farms have to be placed with their upstream
counterparts in mind.

5. Terrain - obstacles such as forests, hills and valleys can signi�cantly alter the
structure of the wind velocity �eld in complex ways. Pedersen and Langreder
(2007)[19] reported alterations in the wind �eld downstream of a forest, namely
reduced velocities, increased factors of shear and increased turbulence intensity.
These distortions adversely impacted turbines in their wake by increasing mechan-
ical loads as well as uncertainties in power curves. Rodrigo et al (2007) [20] came
to similar conclusions, as well as noting the increased presence of extreme winds.
Likewise, the presence of valleys have been found [21] to be capable of diverting
�ow directions by up to 20 - 30 degrees, and due to topographical compression of
the wind, speed is normally stepped up on the exposed side and top of a hill [22].

1.4 Resultant Load

As the turbine derives its rotation through the aerodynamic interaction of the blades
with the wind, subsequent aerodynamic gravitational and inertial forces are imparted
on the rotor. There are also signi�cant contributions from the weight of the rotor to
consider. Each of the three blades undergoes in plane and out of plane loading, and
these generate subsequent moments about the blade root.

Blade 1

Blade 2

Blade 3

M
zH

M
yH

M
y1

M
y3

M
y2

Figure 6: Hub moments visualization. These are used to calculate resultant MB load
transmission.

These three momentsmyi, (indicated in black for each blade in Fig. 6), can be expressed
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in total for the hub as [8] :

myH = my1 −
1

2
(my2 −my3) (5)

mzH =

√
3

2
(my3 −my2) (6)

These are derived from geometrical projection, e.g. the projection of my3 onto mzH is

given by cos(30) =
√
3
2 my3. Each of these components ofmyi per blade may be considered

as:
myi = m̄y +m′

yi (7)

where each blade moment is observed as a �uctuation about a stationary mean, that is
equivalent for each blade in a isotropic or slowly changing wind pro�le.

From this approximation and Eqs. [5] and [6], it can be seen that resultant moments
on the hub are almost entirely determined by the �uctuating components on the blade
root, as the mean by and large cancel out. The aerodynamic loading which drives m′

yi

can be divided into stochastic and deterministic parts.

The deterministic part is the result of physical interactions as covered earlier such as
yaw error, wakes, shear pro�le etc. These loading �uctuations have a frequency per
blade of f̃bld, corresponding to the rotational speed of the turbine, and are caused by
the prior mentioned spatial di�erences in wind �eld. As the hub has three loading
drivers and experiences the rami�cations of all blade loads simultaneously, this gives a
load frequency of 3 f̃bld on the hub, or more generally nf̃bld for a turbine with n blades.
Further harmonics from such e�ects can be expected to be seen at higher frequencies
(e.g. 6 f̃bld, 9 f̃bld - shown in Fig. 7).

Figure 7: Power spectra of hub forces (left) and out of plane moments (right) [8].
Tower interaction and harmonics due to blades are present. Quantifying the e�ect of
resultant transmission on the MB, the �rst point of contact in the drivetrain, will be
the focus of this research.

The stochastic part is induced by the variations in the non-stationary turbulent wind
�eld. These evolving �uctuations are random in nature, but, akin to the deterministic
counterpart, result in loads that �uctuate at a frequency of nf̃bld, and accompanying
harmonics.
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1.4.1 Time-Varying Main Bearing Load

When the hub load is transmitted down the shaft to the main bearing, load trajectory
can be tracked. Hart's 2020 Developing a systematic approach to the analysis of time-
varying main bearing loads for wind turbines [12] does this using hub loads generated
for the simulation of a 1.5-MW variable speed and pitch wind turbine in an aero elastic
turbulent wind �eld. These loads are then passed to a prior developed drivetrain model
[7], which outputs reaction loads on the main bearing. Hart discovered, upon visual
inspection of radial load density plots, dynamic structure in the form of looping patterns
(Fig. 8). These were typically centred around the rotor weight, as anticipated, and
increased in magnitude with wind speed. With the rapid �uctuation of these loops
(duration 2.4s), and load reversal phenomena that Hart attributed to rotor `lifting' by
gusts that overcome gravitational forces, the author called for increased scrutiny into
these loading pro�les as candidates for early MB failure. This is of high relevance to
this project, and will be investigated in due course.

Figure 8: MB load vector trajectories, as a result of a complex interaction of multiple
e�ects (Chapter 1.3). Further decomposition reveals elliptical loops of 1-3 s duration
[12]. The e�ects of these speci�c loading patterns on the bearing will be investigated
throughout the work.

Hart performed work in identi�cation and classi�cation of these loops, with the aim
of enabling systematic analysis. Full, partial, and non-loops were identi�ed, and were
found to be completely uncorrelated with incident thrust. When full loops were anal-
ysed by the speed of revolution, it was found the corresponding frequency congregated
heavily around 3 f̃bld. This is highly indicative of a deterministic cause, suggesting at
least a large portion of full loops are the result of a deterministic structure in the wind
�eld.
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1.5 Lubrication

MB lubrication is crucial to prevent wear of internal surfaces and maintain low friction
operating conditions. Therefore, lubrication mechanisms, especially those speci�c to the
conditions in the MB, should be incorporated into modelling attempts. Fluid �lm lubri-
cation occurs when there is complete separation of two surfaces by a layer of lubricant,
this results in forces being carried by the pressures within the lubricant, hence signi�-
cantly enhancing frictional conditions and cutting wear. Non perfectly smooth surfaces
mean that �lm thickness relative to surface roughness must be determined when con-
sidering when two surfaces are actually separate and if a �uid �lm exists. The relevant
quantity for this is [23]:

Λ =
hm
Rrms

(8)

Λ is known as the �lm parameter, where hm denotes the minimum �lm thickness and
Rrms is total root mean square roughness of the two surfaces:

Rrms =
√
R2
rms,1 +R2

rms,2 (9)

Figure 9: Stribeck curve with lubrication regimes for �lm parameter against traction
coe�cient.

Values of this parameter can roughly indicate which of the following regime the contact
is governed by, and is also given graphically by the Stribeck curve (Fig. 9):

� 5 < Λ < 100: : Hydrodynamic lubrication [23]. Normally associated with con-
forming surfaces, the motion of the contacting bodies generates a �ow induced
pressure that distributes the force over the contact area. There are negligible
associated elastic deformations.

� 3 < Λ < 10: : Elastohydrodynamic lubrication (EHL) [23]. Very small contact
areas and thus very high pressures between non conformal surfaces, these actually
deform elastically local to the contact, permitting �uid �ow through a parallel gap.
Again �ow-induced pressures support the load.

� 1 < Λ < 5: Mixed lubrication [23]. Some �uid �lm penetration occurs by irregu-
larities in the surface. This results in the load being shared by asperity contacts
and �uid �lm pressures. Hydrodynamic e�ects are still present.
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� Λ < 1: Boundary lubrication [23]. There is no separation between the surfaces
by �uid �lms, and signi�cant surface to surface contact occurs, resulting in high
friction scenarios.

EHL contact is desirable for the case of the MB, representing the lowest wear rates for
non-conformal contacts, with mixed and boundary lubrication regimes bringing height-
ened levels of friction.

1.6 Aims and Objectives: Frictional E�ects of Time-
Varying Loads and Speeds

The overarching aim of this research is to understand failure of a WTMB, and if it might
be better predicted. This will help answer the question:

`Does the unique dynamic loading seen by the main bearing in�uence premature failure?'

To do this will require spatially and temporally realistic consideration of the conditions,
and investigating the tribological-speci�c e�ects of these. Thus to tackle this complex,
multidisciplinary task, the project is split into three speci�c stages and foci:

1. Data driven investigation of failure predictors. As temperature is often
used to identify and monitor failure, thermal properties will be focused on.

2. Investigating the primary frictional e�ects caused by dynamic loading.

Since temperature will transpire to be indicative of failure, and frictional e�ects
are intrinsically linked to this, an attempt will be made to understand these as a
potential fundamental mechanism of failure. This will involve looking at the direct
implications of dynamics on roller trajectories and resultant macroslip, between
raceways and rollers. Macroslip (v) is the gross di�erence in relative velocities
(u̇) of mating surfaces (Fig. 10a), here the resultant slip �eld is assumed to be
constant across the contact interface (Fig. 11a):

vx(x, z) = u̇x1 − u̇x2 = v0 (10)

Macroslip occurring while the roller is under load (known as skidding) is typically
considered a potential driver of failure in general bearing tribology [24, 25, 26], so
will be the initial starting point of the investigation.

3. Investigating the secondary frictional e�ects caused by dynamic load-

ing. This will involve analysis of frictional factors that are typically considered
higher-order in general dynamic bearing behaviour, namely microslip. Microslip
(ṡ) arises due to the complex interplay of mating surface geometries and material
elastic deformation (Fig. 11b), resulting in a non-homogeneous slip �eld across
the contact patch.

Microslip is generally considered a secondary e�ect, as it precedes gross sliding
(i.e. macroslip- see Fig. 10b). In this regime, some regions of the contact remain
in stick (pure rolling), while others experience slip. As contact load increases,
and the strains between surfaces go up, the region of slip will grow until the
entire surface is slipping and macroslip is achieved. Because of this, microslip is
typically smaller in magnitude than macroslip (at least in high-speed, low-load
bearings where gross slip is larger) and is often neglected [27, 28, 29]. However, in
the unique circumstances of the MB, motivation for its study is twofold:
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(a) Slip is de�ned as the relative dif-
ference in surface velocity between
two surfaces in contact. This will
involve accurate consideration of all
components of angular velocity.
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(b) The classical continuous representation of microslip
and macroslip regimes.

Figure 10: Slip, microslip, and macroslip.

i. The low speeds typical of a MB mean the magnitude of microslip might not
necessarily be smaller than macroslip a priori.

ii. The very high loads present mean even a very small invoked microslip could
lead to signi�cant frictional power output, a potential damage metric that
will be introduced in due course.

1.7 Thesis Layout

In order to tackle the aims and objectives listed in the previous Subchapter, the Thesis
will be structured as follows.

Firstly there will be a brief summary of exiting literature on modelling bearing failure,
in Chapter 2.

Chapter 3 will investigate temperature failure predictors. This will be performed by
a SCADA case study in Chapter 3 looking at a failed 2 MW main bearing. Turbine
operational conditions will be explored, as well as the e�ects of failure via temperature
relationships. This will initially familiarize us with the interacting layers of control,
system inertia, and system response.

Chapter 4 will investigate macroslip, and potential associated damage metrics. This
will involve the following tasks for a 1.5MW turbine:

1. Upgrade of an existing quasi-static MB model [12] to dynamic capabilities. This
will use an informed lubrication model to calculate tractions, and thus torques.
Cage interactions will also be considered.

2. With these equations of motion and system constraints established, an object-
oriented Python code will be created to enable easy modi�cation of parameters,
such as bearing geometry.
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Figure 11: Macroslip vs. microslip. Macroslip treats the velocity of a contact surface
as spatially isotropic [30], whereas microslip accounts for e�ects that are traditionally
higher order: the interplay of geometry and strain. Because of the unique nature of the
MB operating conditions, consideration of such e�ects may or may not be important.

3. Running of the model over the loads identi�ed in [12] under fully turbulent condi-
tions to analyze macroslip. The study will be extended to investigate the e�ects
of di�erent turbine operational conditions (e.g., wind speeds, turbulence levels) on
potential damage metrics.

4. Due to issues associated with numerical sti�ness, and mischaracterisation of an-
gular momentum coupling, an analytical representation of frictional metrics asso-
ciated with macroslip will be derived.

Chapter 5 will commence work into secondary frictional e�ects of time varying loading
on the same turbine. This will involve:

1. Deriving the steady-state rolling microslip pro�les for the case study MB (SRB).

2. Testing these over the full range of turbine operating conditions and comparing
potential damage metrics for the steady-state case.

Finally, Chapter 6 will conclude analysis by:

1. Establishing the non-steady-state microslip equations, to account for the extreme
load variability seen in turbines. A purely steady-state microslip model would
not be sensitive to such variability, and the neglected non-steady e�ects may not
necessarily be insigni�cant�providing motivation for a transient consideration.

2. Testing these over the full range of turbine operating conditions and comparing
potential damage metrics, for the transient case.
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Figure 12: The structure of the work-stream of the project (see text). Two additional
supporting lubrication papers [23, 31] were undertaken during the course of this research.
The results of these informed the investigation into bearing frictional conditions, and
where used throughout the work - being cited throughout.

All of the above will contain references to two WTMB lubrication papers, undertaken
by the author [23, 31], and results will be summarised in Chapter 7 alongside recom-
mendations where possible. Due to the multi disciplinary nature of this work, a concise,
intuitive notation will be attempted, whilst trying to respect the traditions of some of
the �elds, e.g. contact mechanics, where clarity sometimes su�ers.
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2 Literature Review

This Chapter will not summarise all relevant theory, some will be inter-weaved in each
Chapter when necessary, more naturally supporting narrative and chronology of the re-
search undertaken.

In any rotating machinery, the bearing is typically one of the most critical components of
the entire system, constraining movement to the desired relative motion between static
and moving parts [25]. Foreseeably therefore, a great deal of attention has been paid to
evaluating, and thus mitigating, modes of bearing failure.

Historically, theory focused on failure mechanisms for predictable loading conditions,
such as static load angle and magnitude, and constant speeds. These matched the tra-
ditional bearing applications of the time, and as such Rolling contact fatigue [32] (RCF)
remains a principal design driver today for WTMB. RCF is a phenomenon pertaining
to the cyclic stressing and de-stressing invoked by roller passage over a raceway [33].
Over time, the repeated exposure to high contact pressures will invoke initiation and
propagation of surface and subsurface cracks, eventually resulting in failure [34].

Whilst wear and fatigue are still the dominant types of failure seen generally in bearings
[35], RCF's role in premature failure of WTMB's has been called into question with
recent studies [36], and the modes formulation doesn't account for dynamic conditions
or inertial e�ects. Investigating tribological implications of bearing dynamic loading
has evolved considerably over the years, in part due to the proliferation of modern
computational power. Complex non linear di�erential equations that were once not
possible to evaluate, were readily numerically solvable by the 1980's [25], and further
contemporary advances herald the arrival of exciting new techniques [37, 38], across a
range of dynamical systems [39, 40]. The very landscape across all scienti�c �elds is
constantly shifting with the resources available, and this has also been re�ected in the
progression of general bearing theory.

Figure 13: Increasing available computational resources has seen bearing theoretical
work evolve considerably. [41]
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One intrinsically dynamic phenomenon that computational trends have given increased
access to calculating is slip, which has been linked to multiple drivers of failure for rolling
element bearings:

� Slip introduces frictional shear stresses which increase bulk stress values and pull
the maximum stress closer to the surface, heightening the risk of surface initiated
fatigue [42].

� Although slip is not universally accepted to be the dominant cause (e.g. [43]) in
the formation of white etching cracks (WEC), it is widely understood to to be a
contributing factor [44, 45, 46], including in wind turbine gearbox bearings [24],
with WECs in main bearings now also being reported [47, 48].

� Smearing/adhesive wear may occur if slip coincides with asperity contact[49, 48].

� Slip under load is linked to other tribological e�ects, such as high frictional values
and stresses, as well as lubricant �lm thinning due to resultant heat [50].

Consequently, great e�orts in literature have been made in predicting when dynamic
e�ects such as slip might occur, and there exist two dominant categories of these models:

1. Quasi-static model. This solves applied roller forces and moments under balance,
for an equilibrium condition at each time step, and is very e�ective at providing
load distributions and bearing sti�nesses. Because of this they are useful for steady
state analyses like fatigue life, however they neglect inertial e�ects. Velocities
are assumed constant, and the angular speed of the bearing does not accelerate.
Therefore, quasi-static models have limited use with time varying conditions, and
may be limited in predictions of dynamic e�ects such as slip, cage interaction, and
lubricant traction behaviour. However, they often are required in solving initial
conditions for a dynamic model, and are signi�cantly cheaper computationally,
requiring only single solutions for all performance parameters that may be solved
via Newton-Raphson like techniques.

2. Dynamic model. Despite incurring additional computational costs, due to their
often initial value time stepping nature of solutions, they permit full simulation of
dynamic and inertial e�ects. Forces are evaluated continually and used to integrate
velocities and positions, accounting for inertial e�ects.

Jones kicked o� proceedings in earnest in 1956 [51], developing the �rst mathematical
theory for the analysis of rolling element bearings (REB), and applying it for ball bear-
ings a few years later in 1959 [52]. Expressions were derived for frictional forces due to
slip at the contact interface. Friction was assumed dry in form, and pressure Hertzian.
A limitation of this method was the use of raceway control theory, where spin is assumed
to occur at one raceway, but not the other.

Further headway was made for calculating slip in high speed cylindrical roller bearings
by Harris in 1966 [53], again using a quasi-static formulation.

This incorporated, contact, frictional, centrifugal and drag forces, and the e�ects of
roller number, axial load and rotational speed on slipping were also explored [53]. Key
inferences were that slip took place when drag forces were in excess of the frictional
forces driving the rollers. The study concluded that slip could be mitigated by bol-
stering the contact force on the elements, thus increasing the frictional driving forces.
However, this results in greater fatigue rates on elements, so a trade-o� needs to be
struck. Harris also considered EHL interactions via semi-empirical relationships. The
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model demonstrated good agreement with experimental validation, but deviations were
present at low loads due to breakdowns in the Elastohydrodynamic equations used.

In 1969 Kalker [54] made a consideration of the gyroscopic e�ect on the circulation
of balls in an unlubricated angular contact ball bearing, due to the continual adjust-
ment of the orientation of the axes of roller rotation. There is a subtlety here, that
demonstrates the di�culty in correctly marrying the physics of classical mechanics to
engineering bearing equations of motion. Kalker's 1969 paper was an amendment to
an earlier piece of work [55], where the author had mistaken the sole rotational force
with that of the �ctitious centrifugal force. In truth this is an easy mistake to make in
such problems as these, highlighting di�culties with multiple degrees of freedom in a
Newtonian framework. For example, in a general rotating body, there are an additional
two �ctitious forces to contend with: Coriolis due to rotation, and Euler due to rate
of change of rotation [56]. Although in practice, these terms may often be neglected,
existing literature frequently under-represents the true complexity of the physics.

Despite being seminal moments in REB theory, aforementioned quasi-static simpli�ca-
tions in these models make them less suitable to the variability of the WTMB case, and
it was only in the 1980's when fully dynamic extensions were made.

Figure 14: The dynamic software ADORE, developed by Gupta in the 1980's - a key
milestone in modelling REB [57].

Much of the subsequent literature stems from Gupta's pioneering Advanced Dynamics
of Rolling elements [25], the next REB theoretical breakthrough (Fig. 14). This was a
compilation of much of Gupta's work over the years [58, 59, 60], where a fully dynamic
model was developed into the comprehensive software ADORE. Some of the critical
interactions and e�ects in bearing dynamics to consider were duly outlined. However,
some of the explored methodologies (A Runge-Kutta-Fehlberg integration scheme) sug-
gested incur signi�cant computational costs, that was remarked on by contemporaries
at the time [61].

In 1990 Chang et al. [62] found discrepancies in slip speed at low load conditions
between their skidding model and experimental data, another phenomenon noted by
Harris's model [53]. They attributed this to roller cage interactions becoming more
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dominant in this regime. As during accelerations roller cage contacts will occur fre-
quently, it is crucial these are accounted for. Findings also indicated the importance of
EHL in analysis of roller motion.

Jain and Hunt [26] investigated the e�ect of a roller cage interaction via a spring based
model, and further analysis is available in a truly excellent thesis [30]. Also included
was centrifugal and gyroscopic e�ects under axial and combined axial and radial condi-
tions. However, angular coupling was found to be simpli�ed, a common issue in multiple
studies [63, 64, 27, 65]. This point of discussion will be revisited later.

Tu et al. [63] used a non-linear friction-slip relationship, where the Coulomb coe�cient
was a function of slip velocity. Cage interactions were included more thoroughly, with
friction and moments also included between the cage boundary and the roller surface
upon interaction. Again, angular momenta simpli�cations were made.

Guo and Kellers 2020 [66] analytical model and experimental validation on CRB's in
wind applications, analysed the performance of a high speed shaft bearing and two of
its supports, under a range of operating conditions and transient events. A similarly
thorough consideration of operational loading will be required for our subsequent work
on the MB.

Figure 15: Recent trends in computational power have enabled increasingly complex
modelling techniques, such as [67], where the e�ect of temperature of lubricant was
considered on ball bearing trajectories, and thus slip.

More recently, increasingly complex dynamic models have been developed, again re-
�ecting increased computational power. For example, Shi et al [68] include and track
additional components such as the inner and outer raceway, as well as housing, using
composite spring dampener models to conduct vibration analysis on CRB's. In 2018
Han et al. [27] took additional steps on prior studies by considering discontinuous con-
tact between roller and cage (by including clearance), roller crown pro�le, and skew of
roller. Gao et al. (2021)[67] contributed further with an impressive consideration of
lubrication spatial thermal distributions, accounting for regions of high or low load, as
well as inlets and outlets of lubrication �ow (Fig. 15).

However, the very nature of these types of numerical models is that they are in-
put/output. That is to say, they are very good at describing for a given isolated condition
what behaviour will occur, but give you limited knowledge outside the test range, or
fundamental deterministic causes of this behaviour. To do so requires building ones own
model, and running over required conditions. All of the above have been run on lower
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loads (up to a couple of kN, whereas a WTMB may easily reach hundreds of kN), and
higher speeds than that of a WTMB. Therefore, to draw conclusions about the WTMB,
requires main bearing speci�c modelling attempts.

WTMB speci�c literature is much sparser than other wind turbine bearing counterparts
such as the gearbox and generator. Loriemi et al. [69] proposed the use of an assy-
metrical SRB, more evenly distributing loads between rows, and demonstrating bearing
fatigue life increases of 62% using �nite element models (FEM). Whilst a tantalizing
prospect, follow up dynamic work would be required. Other quasi-static force and mo-
ment balancing WTMB SRB models have been created recently by Stirling et al. [70].
Development has continued with Guo et al.s [10] model to estimate the axial (only)
displacements and speeds from aerodynamic forces or tower load measurements on the
bearing. Although these studies have paved the way, there is thus still an evident gap
in literature to design a WTMB model, and run it over fully considered elliptical loads
mentioned in Chapter 1.4.1.

Secondary frictional e�ects in bearings, mainly seem to concern roller skew [27, 71, 72],
that is less relevant in the lower speeds of the WTMB. Arguably more important is mi-
croslip, and instances of partial slip, with foundational work being performed by Kalker,
creating his software FASTSIM [73] and CONTACT [74] in the 80's, still considered gold
standards in rail-wheel contact analysis today. Blanco Lorenzo et al. [75] compared the
validity of this software favourably against a simpli�ed strip theory [76] and FEA (Fig.
16). Additionally work on physics based models for partial slip of spherical contacts has
been performed by Eriten et al [77]. However, none of these have been applied over load
conditions for a WTMB.

Figure 16: Frictional contact analysis performed for a SRB by [75], comparing the
results of strip theory (a), Kalkers CONTACT (b), and FEA (c).

What is more, despite extreme turbine events being earmarked for potential failure
mechanisms, such as adiabatic shear bands [78], consideration of loading variability on
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bearing microslip is non existent in literature. There has been some limited work on
the e�ect of load variation on traction, [79] with Mindlin and Deresiewicz analysing
stationary elastic spheres in contact under varying oblique forces in 1953. These were
performed for a set of con�gurations of load and pressure increases, and investigated the
associated changes in surface traction and compliance. From this, displacements and
stresses may be evaluated, and an energy loss may be calculated. This doesn't account
for inertial e�ects however, and is not valid for rolling. Similarly, Kalker's works on non
steady rolling [80, 81] do not include inertial e�ects, so are not an accurate transient
consideration of the problem. Although theory exists for doing so, [82, 83, 84, 85], in
likelihood this has probably not been done because of the complexity and extreme com-
putational power it would require to do so. Such resources have only became available
recently, and the recent novelty of loading applications in a wind turbine has created a
new unsolved problem, that will be tackled herein.

Hence it is apparent that some signi�cant gaps exist in literature, as the study of WTMB
is in its relative infancy:

1. Existing dynamic bearing models are black box, and do not give deeper insights
to other bearing applications.

2. There is no existing dynamic model of a WTMB.

3. No application of regular microslip models to the main bearing.

4. No consideration of load variability and inertial e�ects on transient microslip for
any bearing contact interface, let alone WTMB's.

5. Incorrect description of angular momenta coupling in many general bearing mod-
els: the e�ect of this is unexplored.

These will all be addressed in due course throughout this body of work.
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3 Data Driven Fault Detection

As already discussed, fault prediction is a key component of investigating the signi�-
cance of the load conditions on failure of WTMB's. Furthermore as understanding real
world operating conditions is advantageous, and turbine speci�c MB failure detection
is not as well understood as other drivetrain components, an initial study of opera-
tional conditions, supervisory control and data acquisition (SCADA) was undertaken.
This was the published as a case study by the author [86], and investigated thermal rela-
tionships, and how these might be preprocessed to strengthen fault detection algorithms.

3.1 Introduction

An important contribution to turbine cost reductions will come from amelioration of
rates of catastrophic component failure through improved fault detection and predictive
maintenance capabilities; cutting unplanned downtime and reducing costs associated
with the replacement of damaged parts. Important advances in fault detection for wind
turbine drivetrain components have been made in recent years [87, 88, 89, 90, 91]. How-
ever, the main shaft bearing is a component which has seen less focus in the literature
in this context [8] when compared to other drivetrain components.

Furthermore, existing work which does consider fault detection and prognosis for MB's
is often based on simulated and idealised data [92, 93, 94] or, in some cases, is based on
scaled rotors whose inertias are orders of magnitude less than that of operational wind
turbines [95]. Studies that do employ real world data (e.g. [96, 97]) can also be limited
by the data types and number of failures they have access to, meaning proposed detec-
tion techniques are di�cult to validate. Even in studies reporting promising MB fault
detection performance [97, 98], it is not clear whether the data used was ascertained to
be the most appropriate for the task at hand, or simply what was available.

Consequently, in order to support improvements in MB fault detection capabilities, the
current work looks to study data from an example of an outer-raceway MB failures,
in order to demonstrate which aspects of this data can be associated with the known
fault type. In addition, the study seeks to inform practitioners as to the most promising
features for inclusion in detection algorithms. As such, focus will be on the data itself,
and observable trends as a fault progresses, rather than the algorithms which might then
make use of such data.

Employed data was from the supervisory control and data acquisition (SCADA) system
[99]. This data consists of 10-min means and standard deviations of wind turbine op-
erational and environmental variables, including: MB temperature, rotor speed, wind
speed and power. The turbines' rated power is 2MW.

3.2 SCADA data analysis

SCADA data was analysed for 16 months before failure of the MB outer raceway. Start-
ing from �rst principles, it was assumed that the presence of damage within the bearing
would lead to elevated temperatures at each operating point. However, wind turbine
operation is highly variable, so even for healthy MB's time variations in temperature
will be present. MB temperature (TMB) was therefore plotted against key operational
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variables in order to help delineate between natural variability and damage induced ef-
fects. Figs. 17-19 show these operational plots for rotor speed, power, and wind speed,
respectively. Each includes data from month 4 (1 year before failure) and month 16 (1
month before failure). The expected temperature elevations are clearly present.
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Figure 17: Rotor speed
versus temperature relation-
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Figure 19: Wind speed
versus temperature relation-
ship.

E�ects of changes in ambient temperature (Tamb) on the plotted relationships were also
considered, since changes in ambient temperature outside of the turbine could conceiv-
ably in�uence the temperature of the MB. Similar outputs were therefore generated
using the adjusted temperature;

Tadj = TMB − Tamb. (11)

However, it was found that the use of Tamb only increased the level of scatter present.
A correlation analysis showed the reasons for this, since TMB and Tamb were found to be
completely uncorrelated. This suggests that, for this turbine at least, the nacelle gen-
erates its own independent micro-climate possibly due to thermal insulation or active
temperature control.

In Figs. 17-19, while some co-dependency is apparent between the variables consid-
ered, there is also signi�cant scatter which will, inevitably, reduce the sensitivity of fault
detection algorithms which seek to monitor and detect changes in MB temperature re-
lationships. The lack of structure, as seen in the plots above, is perhaps somewhat
puzzling given the clear physical link which exists between TMB and the other variables,
since both load and speed would be expected to in�uence frictional e�ects fairly directly.
Further analysis of the data was therefore undertaken in order to seek an explanation.

3.2.1 Thermal inertia and system response

To better understand the underlying causal relationships, time series of SCADA data
values for TMB and the other variables were considered. Here, rotor speed values will be
used to illustrate �ndings, with similar conclusions found for the other variables.

Fig. 20 shows an example of concurrent TMB and rotor speed time series (scaled to be
zero mean and unit variance - referred to here as �normalised intensity� time series).
In this form, the reason for an observed lack of structure becomes clear. Changes in
TMB can be seen to lag behind changes in rotor speed. This lag is caused by thermal
inertia present in the system, in which the rate of accumulation and dissipation of heat
is dictated by a range of factors such as material heat capacity, physical size, surface
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Figure 20: Time series data of rotor speed and MB temperature. Thermal inertia is
clearly present, reducing the correlation between these variables.

area, and frictional surface geometry.

Relative to changes in rotor speed, the presence of thermal inertia elicits two main e�ects
when comparing these time series. The �rst is a clear smoothing e�ect, where higher
frequency variations present in rotor speed do not manifest in the temperature signal.
The second is a lag between signals, whereby any sustained change in rotor speed only
gradually generates an associated change in temperature values. Since the relationship
between rotor speed and MB temperature has this added level of complexity, the lack
of structure observed in joint plots becomes unsurprising. This result then begs the fol-
lowing question: can rotor speed values, Ωrot, be transformed into a new speed variable,
Ω̂rot, such that inertial e�ects are accounted for and the relationship between speed and
temperature strengthened? An answer in the a�rmative suggests an improved variable
on which learning algorithms might be based or, alternatively, helps inform as to appro-
priate learning features for inclusion at the fault prediction stage.

3.2.2 Transforming rotor speed to account for inertia

Inertia-like e�ects can be synthetically incorporated into a transformed version of rotor
speed time series via the following processes:

1. Application of a moving average across the time series. Moving averages of di�erent
forms, such as simple [100], auto-regressive integrated moving average (ARIMA)
models [28, 101] and exponentially weighted moving average models (EWMA)
[101], have been shown in the literature to help improve causal relationships in
this type of context. Here a simple, unweighted, trailing moving average across
N 10-min bins was applied; this is a simple example of a �nite impulse response
�lter.

2. Application of a time translation, t̂, to the output of step (i) to remove lag. t̂ is
chosen such that the correlation between Ω̂rot and TMB is maximised.
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The combined e�ect of these steps generates the transformed rotor speed time series,
for example see Fig. 21 and Fig. 22, for a given number of averaging bins (N). It is
clear that the relationship between Ω̂rot and temperature is now much stronger.
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Figure 21: Time series before prepro-
cessing. The e�ects of thermal inertia are
clearly present.
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Figure 22: Time series after preprocess-
ing rotor speed using an averaging window
of 22 and a time-shift of 8.

This same idea can be extended so as to consider optimal values of both N and t̂, again
such that correlation between the resulting transformed rotor speed and TMB is max-
imised. As such, the following cost function was de�ned:

ϱopt(N) = max
t̂
ϱ
(
Ω̂rot(N, t̂), TMB

)
. (12)

ϱopt returns the maximum correlation (ϱ) possible when a time shift (t̂) is applied to the
moving average processed rotor speed signal, where the averaging is over N bins. The
associated time shift which achieves this maximum, t̂opt, is therefore the optimal lag
for that choice of N . Using ϱopt to investigate optimal parameters across the available
data, it was found that the outlined process results in signi�cant increases in signal
correlation for all values of N , with correlations generally increasing from values as low
as 0.69 to those as high as 0.95. With no averaging, N = 1, a large value of t̂ is required,
with t̂opt corresponding to between 1.5 and 3 hours. However, the overall correlation
between signals was found to be maximum when a large averaging window, N = 40−60
(∼6.5-10 hours), was used in conjunction with no time shift, t̂opt = 0. This last result
is due to the fact that the application of a non-centred moving average also introduces
some amount of lag into the resulting signal, with results indicating that at the point of
maximum correlation the smoothing transform alone is enough to remove signal lag.

Fig. 23 shows the Ω̂rot, TMB relationship after applying the globally optimal transforma-
tion, as described above, for data from a year prior to failure (month 4) and one month
prior to failure (month 16). When compared to Fig. 17, the e�ects of pre-processing are
clear, with much reduced scatter and a stronger relationship evident between the two
variables (TMB and Ω̂rot). There remains a discernible increase in temperature values
from month 4 to month 16, especially at higher rotor speeds, where the overlap between
datasets has been all but removed.

A key question at this stage is whether by transforming Ωrot → Ω̂rot, the impending
failure becomes easier to detect. This question was considered by comparing the shift
seen in lines of best �t relative to the magnitude of residuals from those lines. More
formally, for lines of best �t l4 and l16 (written in vector form) on original data, and
denoting those �tted to processed data as l̂4 and l̂16; the relative shift in each case if
de�ned as:
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Figure 23: Rotor speed - temperature re-
lationship after applying the globally op-
timal transformation.
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∆T =
mean (|l16 − l4|)

σ
(13)

∆T̂ =
mean

(
|̂l16 − l̂4|

)
σ̂

, (14)

where σ denotes the average of original data residual standard deviations from lines l4
and l16 respectively, and similarly for σ̂ with respect to l̂4 and l̂16 on transformed data.

With these de�nitions in place, it was found that the relative shift (∆T̂ ) after trans-
forming rotor speed values was around 40% larger than that obtained using the original
data (∆T ), indicating a signi�cant improvement in sensitivity which could in turn al-
low for earlier or more reliable detection of impending MB failures. In practise, more
sophisticated methods than straight line �ts would be used to detect faults. However,
the analysis presented here highlights the potential bene�ts of either pre-processing as
outlined, or ensuring such e�ects are accounted for in learning methodologies.

While correlation can be maximised with a large enough averaging window and no lag,
it is also worth considering the possible information revealed when a shorter averaging
window is applied, such that non-zero optimal lag values (for the chosen value of N)
are obtained. Considering the degrading internal conditions of a failing MB, which in
turn lead to higher frictional forces, and so the higher temperatures observed in Figs.
17-19, it would be reasonable to expect rougher surfaces and the presence of metallic
debris to also e�ect the rate at which temperature responds to changes in speed (or load).

The lag applied above can in fact be interpreted as an estimate of the rate at which
bearing temperature responds to changes in rotor speed, an estimate learned from the
data itself.

Optimal lag values were therefore investigated, using intermediate values of N , in order
to ascertain whether a reduction in t̂opt values tends to occur as the bearing moves
closer to failure. On average, this was found to be the case; for example, Fig. 24 shows
distributions of daily optimal lag values from the �rst and last �ve months of data using
an averaging window of N = 10. Dashed lines show the average of optimal lag values in
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each case. Both with respect to the distributions themselves and their average values,
a shift towards the left is evident for the data taken from closer to failure. This in turn
implies that optimal lag might itself constitute a useful learning feature to be tracked
and fed to fault detection algorithms.

The transformation process outlined in this Chapter can also be applied to power and
wind speed signals with similar results. Overall the highest correlations were found to
exist in the rotor speed case.

3.3 Discussion

In this study, data from an outer race MB failure was analysed. Results of the SCADA
data analysis (Chapter 3.2) indicated that, as expected and in agreement with other
studies [101], temperature trends increased as the bearing moved closer to failure (Fig.
23), re�ecting increased frictional e�ects in the system.

However, some subtleties associated with the data were also investigated, with �ndings
indicating that thermal inertia e�ects should be considered when developing fault de-
tection models. It was further demonstrated that improved relationships between key
variables can be obtained by pre-processing measured data to arti�cially incorporate
inertial e�ects. Such pre-processing procedures might therefore be incorporated into
fault detection algorithms in order to improve sensitivities. Alternatively, results could
be interpreted as providing insight as to the types of features necessary for inclusion
in learning models (removing the need for the data itself to be manipulated outwith
the learning procedure). Explicitly, features should be included that allow for inertial
type e�ects to be accounted for, such as smoothed measurements and lags of measured
values. The choice between pre-processing or feature-level inclusion of these e�ects will
largely depend on sophistication of the chosen fault detection methodology.

It is also worth noting that while average based smoothing and time shifting of signals
has been commonly used to `clean' data prior to learning in the past, the current study
indicates that this step could provide more than just improved input-output correlations.

As shown in Chapter 3.2.2, optimal lags were found to reduce in mean values closer to
failure, indicating they may form a useful additional learning feature in their own right.
More generally, this could be extended to the use of other measures of system inertia for
monitoring of MB health. This suggests that, whilst MB temperature itself is certainly a
key indicator of system health, other measurable properties are present which shouldn't
be overlooked.

3.4 Conclusions

In this study SCADA datasets were analysed with regards to their fault detection po-
tential on an example of a wind turbine outer raceway fault. It was found that thermal
inertia present in the system warranted speci�c consideration, with changes in inertia
associated time-lags potentially o�ering a new learning variable.

Failure could alternatively be predicted if the fundamental mechanism of failure was
understood, and could be modelled. Given that temperature has been found in this
Chapter to be inherently linked to failure, this indicates that frictional e�ects play a
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role (increased friction, increased temperature). As it is not currently known what the
primary failure modes are, the presence of frictional e�ects motivates consideration of
whether they might also drive this failure process. This will now done in the next Chap-
ter.
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4 Macroslip Model

The previous Chapter prompted a consideration of frictional e�ects. Therefore, in this
Chapter, a dynamic model is proposed for the main bearing, considering EHL theory,
gyroscopic e�ects, roller cage interactions, and slip. The �rst step of the model is to use
a quasi-static solver to calculate internal roller load distribution under an applied ra-
dial and axial load for the double row-spherical bearing. From this, tractive forces may
be found, which can be used to solve the rotational equations of motion and analyse slip.

4.1 Introduction

Slip, the presence of relative motion at contacting surfaces, can be a driver for a number
of damage mechanisms in rolling element bearings, as covered in Chapter 2.

Slip may occur at a micro-level, as a result of contact geometries under load, or at a
macro-level, as a result of system dynamics. The focus of the current Chapter is dy-
namically induced macroslip.

Macroslip can be broken into two subcomponents. Cage slip refers to instances where
macroslip is such that the full rolling element set orbits the bearing centre at a speed
which di�ers from that of pure rolling (therefore resulting in a cage speed which also
di�ers). Macro-level individual roller slip also occurs, in addition to cage slip, as rollers
enter and exit the loaded zone [48] or are otherwise a�ected by changes in system loading
and speed. It is currently understood that individual roller slip can still occur in the
absence of cage slip.

A recent study investigated cage slip in the main bearing of an operational wind tur-
bine as a possible contributor to premature failures [102]. The analysis, using up-tower
measurements, concluded that levels of cage slip appeared negligible, likely as a result
of high loads and single-cage design between bearing rows, but it was emphasised that
individual roller slip may still be present. The current Chapter seeks to build on this
previous work by investigating individual roller macroslip in a wind turbine main bear-
ing under realistic operating conditions, in which rapid variations in main bearing load
magnitudes and directions are known to occur [12]. In order to computationally analyse
this phenomenon, it is necessary to �rst develop an appropriate dynamic model. As will
be described, this transpired to be a non-trivial problem. A detailed model derivation,
along with careful treatment of some subtleties which arose, is therefore the initial fo-
cus of this Chapter. Results under realistic wind turbine operating conditions are then
presented and discussed.

4.2 Quasi-Static Roller Loads

For solving roller normal load distribution around the bearing that is subsequently used
to inform dynamic components, a quasi-static solver was developed from [12]. This
assumes applied shaft loads at a given time-step are balanced by total reaction loads
from the roller. As this quasi-static component is used in making roller load assessments
through all subsequent investigations of frictional e�ects (Chapters 3, 4, 5), it is now
covered in some detail.
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The formulation used in the relevant study [12] is not suitable for dynamic extension, due
to the continuous nature of roller distribution. Therefore, a di�erent discrete quasi-static
model was created, which can be fully and properly applied to dynamic cases. Initially,
a single row is explored, prior to the double-row form, but much of the following is taken
from [12].
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Figure 25: Quasi-static forces and de�ections on the MB.

Displacement geometries are given as per Fig. 25, depicting a de�ection on a single row
of rollers.

These de�ections are de�ned by δϕ, at an angle ϕ around the bearing circumference:

δϕ = δmax

(
1− 1

2
ϵ(1− cosϕ)

)
(15)

with maximum de�ection being given by (at ϕ = 0):

δmax = δa sinα+ δr cosα (16)

And where:

ϵϕ =
1

2

(
1 +

δa tanα

δr

)
(17)

is the fraction of the circumference under load. With the roller trapped between the
two raceways, it can be treated as a compression-only non-linear spring of form:

Q = Ktotδ
3/2 (18)

where Ktot is the combined sti�ness of both the inner and outer raceway roller interac-
tions.

Thus, the reaction force (Q) at the angle ϕ takes the form:
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Qϕ = Qmax

(
1− 1

2
ϵ(1− cosϕ)

)3/2

(19)

And then this given reaction force can be decomposed into radial and axial components:

Qrϕ = Qϕ cosϕ cosα, Qaϕ = Qϕ sinα (20)
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rIIx
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rIIz
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rIx
rIz

b
a

z
x

y

Figure 26: Internal geometry of a spherical roller bearing with accompanying param-
eters. Two contacting interface produces a contact patch, by Hertzian theory.

By de�nition of a compression-only spring, any rollers that are outside the roots of Eq.
(19), or a limiting angle of:

ϕl = cos−1

(
−δa tanα

δr

)
(21)

do not supply any reaction force to the bearing.

Therefore, reaction force per roller at any angle of ϕ has been deduced. Hence as there
is now an equation where reaction loads are a function of shaft displacement, δr and δa,
reaction can be found for any given applied, axial Ga, and radial Gr, loads; the system
is assumed to be at equilibrium. In this case, the problem is reduced to �nding values
of δa and δr that minimise:

(Gr −Qr)
2 + (Ga −Qa)

2 = 0 (22)
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4.2.1 Double Row Case

When this argument is extended to the double row case, the upstream and downstream
rows need to be distinguished between each other, done here by subscripts 1 for up-
wind/rotor side row and 2 for downwind/generator side row. From Fig. 26 by inspection:

δr1 = δr2 = δr (23)

−δa1 = δa2 = δa (24)

The same procedure can be applied within each row such that the subsequent radial and
axial reaction forces (Qr1, Qr2, Qa1, Qa2) may be deduced from de�ned shaft displace-
ments (δr and δa). Total axial and radial reactions then take the form:

Qr = Qr1 +Qr2 (25)

Qa = Qa2 −Qa1 (26)

As total reaction forces can be evaluated, the same root-�nding formulation may be
implemented as in Eq.[22], to �nd the displacements that minimize the system and thus
total reaction forces per roller. All that remains to determine the numerical values of
these loads is to arrive at values of the spring constant K.

4.2.2 Interface Spring Constant

A curved surface S with radius r, has a scalar curvature value associated with it, given
by:

ζs = sign(S)
1

r
(27)

where sign(S) is 1 and -1 for convex and concave surfaces respectively. This gives for
two surfaces (I) and (II) in contact during revolution a total curvature sum of:

∑
ζ = ζIz + ζIx + ζIIz + ζIIx (28)

and a curvature di�erence of:

Fζ =
(ζIx − ζIz) + (ζIIx − ζIIz)∑

ζ
(29)

where the principal axes are x and z, and chosen such that curvature di�erence is a
positive quantity. This is calculated with the internal geometry of a SRB given by Fig.
26. Dp is pitch diameter, r1x roller radius, and r1z, rinIIz, r

out
IIz are contour radii. Other

terms are calculated as:

rinIIx =
Dp

2 cosα
− rIx (30)
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routIIx =
Dp

2 cosα
+ rIx (31)

r̃in = rinIIz cosα (32)

r̃out = routIIz cosα (33)

under the assumption that the bearing clearance is zero. Numerical values for all and
other bearing geometrical values are all available in Appendix A.

The combined metrics of curvature sum and di�erences permit the system to be treated
as an ellipsoid-plane contact, by Hertzian contact theory.
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Hertzian Contact Mechanics

Hertzian contact mechanics describes the stress and deformation of two elastic
bodies in contact. Governing assumptions are [103, 104, 105]:

1. Strains are small and within the elastic limit.

2. Contacting surfaces are assumed frictionless.

3. The area of contact is much smaller than the dimensions of the contacting
bodies.

4. Each body can be considered as an in�nite homogenous elastic half space.

The results are a set of simple analytical equations, with the following being
relevant for an elliptical contact:
Pressure distribution

p(x, z) = p0

√
1− x2

b2
− z2

a2
(34)

Max Pressure

p0 =
3F

2πab
(35)

Semi major ellipse dimension

a =

(
6κ2FE
π
∑
ζ E

′

)1/3

(36)

Semi minor ellipse dimension

b =

(
6FE

πκ
∑
ζ E

′

)1/3

(37)

with κ, the ellipticity parameter:

κ = a/b (38)

z - axis

x 
- 

ax
is

Pressu
re

Using Hertzian theory, the ellipticity parameter, κ, can be used to �nd the spring con-
stant in:
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Q =

( √
2πE

3(1− ν2)
κ

√
E

F(κ)3
∑
ζ

)
︸ ︷︷ ︸

K=spring contact sti�ness

δ3/2 (39)

where F(κ) and E(κ) denote elliptical integrals of the �rst and second kind, respectively.

This relationship models a single contacting interface of two elastically identical bodies
as a nonlinear compression-only spring.

When bearing material speci�c values are used, summarised by the following table:

Property Value

Young's modulus E 2.05× 1011 Pa

Reduced Elastic modulus E′ 2.55× 1011 Pa

Poisson's ratio ν 0.3

Material Steel

Table 6: Material Properties for Hertzian Contact Analysis

K simpli�es to:

K ≈ 3.336× 1011κ

√
E(κ)

F(κ)3
∑
ζ

(40)

-resulting in a calculation solely involving κ.

However, resolving elliptical integrals is an expensive implicit calculation, typically re-
quiring costly methods such as Gauss-Legendre quadrature [106]. This would be an
impractical repeat calculation in a time series analysis.

To avoid this issue, an empirical explicit formulation presented by Antoine et al. was
used [107], achieving at least 0.003% precision within the range 1 ≤ κ < 1010.Other ap-
proximations exist, but they perform well only in the range 1 ≤ κ ≤ 10, which wouldn't
su�ce in the speci�c WTMB case here, where κ ≈ 40.

The Hertzian elliptical integrals were shown to be computed as:

F(κ) = (λ0 + λ1κ
−2 + λ2κ

−4)− ln[κ−2](λ3 + λ4κ
−2 + λ5κ

−4) (41)

E(κ) = (β0 + β1κ
−2 + β2κ

−4)− ln[κ−2](β3 + β4κ
−4) (42)

And by de�ning a new variable X as:

X =
1 + Fζ
1− Fζ

(43)

Antoine et. al showed κ can be well approximated as:

κ(X) = Xsign(Fζ)ς(log10X) (44)

with:

ς(x) =
2

3

(
1 + µ1x

2 + µ2x
4 + µ3x

6 + µ4x
8

1 + µ5x2 + µ6x4 + µ7x6 + µ8x8

)
(45)
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All coe�cients are given in Appendix B for ease of access, taken from [107]. This
methodology was used to perform the Hertzian contact analysis.

With the individual roller raceway interface spring constant thus arrived at, now a total
spring constant Ktot for the combined inner and outer raceway interaction needs to be
found. If each interaction is treated like a spring, and the roller becomes a series of two
non-linear springs, the forces inside the series must be equal throughout:

Kiδ
3/2
i = Koδ

3/2
o = Ktot(δi + δo)

3/2 (46)

Thus, the combined spring constant of both inner and outer raceway interfaces�i.e., an
isolated roller as a whole�is found by rearranging:

Ktot =

((
1

Ki

)2/3

+

(
1

Ko

)2/3
)−3/2

(47)

This is then used to inform Eq [46], and thus Eq.[22] may be solved.

It was also found the Quasi-static solver here performed better than the continuous
version presented in [12], with the loading zones less narrow in the continuous version
due to a spatial averaging e�ect. The discrete representation here is a more realistic
representation of roller loads.

We are now at the point where given input time series shaft loads, axial and radial,
individual roller loads may be determined. This was used in all subsequent analysis,
that we will now begin.

4.3 Newtonian Dynamic Macroslip Model

The previous Subchapter determined roller loads. These can now be used to determine
the tractive forces acting on the roller to solve roller trajectories, and also to determine
frictional metrics from slip. This was done initially via a Newtonian framework - the
standard method in bearing engineering.

Therefore, roller orbital dynamics in the developed model will be captured using rigid-
body equations of motion. Note, this approximation is applied only with respect to the
dynamic equations themselves. In contrast, all load and contact evaluation aspects of
the model do incorporate elastic de�ections using Hertzian theory (see Chapter 4.3.6).
Since the elastic deformations occurring in such bearings are several orders of magnitude
less than the geometric dimensions which determine inertia and momentum, the rigid-
body approximation in the context of dynamic equations is valid

4.3.1 General equations of motion for the rotation of a rigid

body

The fundamental equation of motion governing the rotation of a rigid body is,∑
i

mi =
dl

dt
, (48)
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where the mi are moments and l is the body's angular momentum (both vector quan-
tities). However, this is the case only in an inertial frame of reference. As will be seen,
it can often be bene�cial to express l in a reference frame whose orientation changes
over time, i.e. a rotating (non-inertial) reference frame. In such cases, the time-rate-
of-change of the reference frame basis vectors must be taken into account. The body's
angular momentum, l, is the product of its 3 × 3 moment of inertia tensor, I, with its
angular velocity vector, ω. In a non-rotating frame, I will in general be non-diagonal
and time dependent.

If, instead, the reference frame rotates such that its axes maintain the same alignment
with respect to the body's mass distribution throughout, I (as observed in the rotat-
ing frame) remains constant. If, in addition, this alignment coincides with the body's
principal axes of inertia, I will also be diagonal here, I = Ip. Let γ denote a choice
of reference frame angular velocity which achieves both of these outcomes. It can be
shown that:

dl

dt
= Ip

(
dω

dt
− γ × ω

)
+ γ × l. (49)

Expressing all vector/tensor quantities in the inertial (non-rotating) reference frame
which has the same orientation as the rotating frame at each given instant in time (in
this orientation I = Ip):

mi =


mi,1

mi,2

mi,3

 , ω =


ω1

ω2

ω3

 , dω

dt
=


ω̇1

ω̇2

ω̇3

 , γ =


γ1

γ2

γ3

 , l = Ipω =


I1ω1

I2ω2

I3ω3

 . (50)

Combining Eqs [48] and [49], the equations of motion for rigid body rotation under these
circumstances are therefore:∑

i

m1,i = I1ω̇1 − I2γ3ω2 + I3γ2ω3 − I1 [γ × ω]1 (51)∑
i

m2,i = I2ω̇2 − I3γ1ω3 + I1γ3ω1 − I2 [γ × ω]2 (52)∑
i

m3,i = I3ω̇3 − I1γ2ω1 + I2γ1ω2 − I3 [γ × ω]3 . (53)

A suitable rotating frame can be obtained by �xing the frame in the rigid body so they
rotate together in all dimensions. In such cases γ = ω, γ × ω = ω × ω = 0, and Eqs
[51,53] reduce to the well-known Euler's equations of rigid body rotation. However, in
the current problem, it transpires that it is convenient to de�ne a rotating frame for
which γ ̸= ω.

4.3.2 Angular momentum decomposition and the parallel axis

theorem

The angular momentum, l, of a rigid body with respect to the origin, O, of an inertial
reference frame may be shown to decompose as follows [108]:

l = lCoM + l̃, (54)

where lCoM is the angular momentum of the body's centre of mass (CoM) relative to
O2, and l̃ is the angular momentum of the rigid body relative to its COM. Consider the

2More speci�cally, lCoM is the angular momentum (relative to O) of a point mass with mass equal
to that of the rigid body, and with position and velocity equal to the body CoM at each point in time.
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simple case of rotation within a single plane, where an object (of mass M and in-plane
moment of inertia I about its CoM) spins about its own CoM with angular velocity ω,
while orbiting the stationary system origin (at a distance R) with angular velocity Ω.
The above decomposition in this instance becomes:

l =MR2Ω+ Iω (55)

A related result is the parallel axis theorem. This states that the moment of inertia of a
rigid body about a given axis is equal to the sum of (1) its moment of inertia about the
parallel axis which passes through the body's COM, and (2) the product of the body's
mass and the square of the distance between parallel axes [108]. For the simple case
considered above, the parallel axis theorem gives:

IO =MR2 + I. (56)

This theorem deals with strict rigid-body rotation about the given axis, the implication
being that for a parallel axis located outside of the body, the body maintains its initial
orientation with respect to the origin at all times3. In cases where this occurs, the
parallel axis theorem actually follows as a speci�c case of Eq. [55], since one may easily
show that ω = Ω here. Crucially, the parallel axis theorem is not applicable in more
general cases where the orbiting body may experience ω ̸= Ω. In such instances the
general form, Eq. [54] or [55], must be used.

4.3.3 Modelling of Bearing slip in the literature

Much work on the modelling and analysis of slip in roller bearings has been under-
taken in the literature [26, 63, 64, 27, 65, 66]. This is usually in the context of gross
slip (also referred to as cage slip). Particularly relevant to the current work is [26],
where an e�cient model is presented for the purposes of studying ball-bearing slip be-
haviour in wind turbine gearboxes. The current modelling work is broadly based on [26].

A drawback of the model used in [26] is the use of the parallel axis theorem, to arrive at
the di�erential equation governing ball-bearing orbital speeds, since this theorem does
not apply to bearing balls or rollers which themselves have independent velocity compo-
nents about an axis parallel to which that they are orbiting (see Chapter 4.3.2). It thus
appears that the true angular momentum in the system was not accounted for. The
formulation used in [26] allows orbital motion and roller spin to be decoupled, greatly
simplifying the solving process. However, considering the total system angular momen-
tum (Eqs . [54] or [55]) reveals that these quantities are in fact part of a coupled system.

3An example of such an orbit being that of the tidally locked moon.
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Coupled Systems

Coupling refers to a system of equations, having components interacting with
each other. For example in a simple linear system:

dy1
dt

= k1y1 + k2y2 (57)

dy2
dt

= k3y1 + k4y2 (58)

Each component y1, y2 will e�ect each other's evolution in time, and solving dy1
dt

and dy2
dt will need consideration of this. The act of decoupling, and solving each

component independently, i.e:

dy1
dt

= k1y1 (59)

dy2
dt

= k4y2 (60)

would be an incorrect description of the system. However, in practice if k2 ≪ k1
and k3 ≪ k4, coupling may be negligible, and the simpli�cation may o�er
an accurate approximation of the system's behaviour. Since ki have no time
dependency, the coupling is static.

Similar issues related to system angular momentum characterisation and the coupling/
decoupling of orbit and spin appears to be widespread in literature, and is present in a
number of studies [63, 64, 27, 65]. Further, it appears this error has been carried for-
ward to at least one existing example of commercial software. Whilst these comments on
coupling may appear philosophical, with little relevance to the current application, they
are important observations, as a decoupled approximation of a coupled system, may not
be a good representation of true system behaviour depending on coupling strength (see
coupled systems callout). Further work will be conducted to investigate the extent of
this coupling, and the relevant importance of it in WTMB simulations.

4.3.4 Numerical Integration

The dynamic equations to be integrated in this work are second order. Such equations
may be reformulated as a system of �rst order di�erential equations for solving. Such
systems are of the form:

dy

dt
= f(y, t). (61)

Integration may then be undertaken using any of a variety of numerical procedures of
varying complexities, stabilities and accuracies. With respect to stability, if a system
of ordinary di�erential equations is �sti�� [109], explicit methods of integration are
unstable unless the time-step is made prohibitively small (Fig. 27). In such cases, an
implicit method must be used. The most basic numerical integrators falling into each
category are the (explicit) Euler method:

y(t+ dt) = y(t) + dt · f(y(t), t), (62)

and (implicit) backward Euler method:

y(t+ dt) = y(t) + dt · f(y(t+ dt), t+ dt). (63)
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Figure 27: Example of instability in the highly loaded zone when using Euler's method
(red). Backward Euler (black) can be seen to avoid this instability issue. This issue is
not widely reported in the literature, and may be speci�c to the WTMB.

In backward Euler, y(t + dt) appears on both sides of the equation. As such, each
integration step requires an additional numerical procedure to solve for the y(t + dt)
which satis�es Eq. (63). Improved stability therefore comes at a computational cost.
Numerical sti�ness issues don't appear to be greatly reported in the literature, with the
author only �nding its brief mentioning in an discussion between Pirvics and Gupta
[61] on the latter's recent paper. This phenomena's absence is likely due to the novelty
of the application and associated very high loads. However, sti�ness posed challenges
throughout this investigation.

4.3.5 Equations of motion for a spherical roller bearing

Reference frames used in the current work are shown in Fig. 28. The bearing-centre
frame is denoted by X0, Y0, Z0. Roller-centric frames are denoted by x, y, z. Subscript
�0� (e.g. x0) indicates axes which translate with the roller centre, but which do not
rotate and so maintain their initial orientation with the bearing-centre axes. The x, y, z
axes (no sub- or super-scripts) translate with the roller centre, while also rotating such
that the y-axis remains aligned with the line from the bearing centreline to the centre
of the roller. Primed axes (e.g. y′, y′0) are obtained from their un-primed counterparts
by applying a rotation of α (the bearing contact angle) about the corresponding x-axis
(x or x0).

Assuming no skewing or tilting of rollers occurs, and approximating the contact angle
as remaining constant, a constant and diagonal moment of inertia tensor is seen in the
described (rotating) x′, y′, z′ frame. Note, a rotating frame is necessary to achieve this,
as demonstrated by the changing mass distribution observable in the x′0, y

′
0, z

′
0 frame

(see Fig. 28c) as the roller orbits the bearing centreline. Other notation is as follows:
ω (appropriately sub-scripted) will denote roller angular velocity in the various x, y, z
frames. γ will denote the angular velocity of the roller-centric rotating frame in the
various x, y, z frames. Ω= [0, 0,ΩZ0]

T will denote the orbital angular velocity of the
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Figure 28: Spherical roller bearing reference frames shown for a single row and roller.

roller centre in the X0, Y0, Z0 frame.

Each roller in the bearing will rotate about its own centre, whilst also orbiting the
bearing centreline. The roller is assumed to rotate freely (subject to moments in the
system) only about z′, and the roller centre is assumed to rotate only about Z0. The
radius of orbit is assumed to remain constant throughout, as is the contact angle α.
From the orientation described for the x, y, z frame, it follows that this frame is rotating
with angular velocity γxyz = [0, 0,ΩZ0 ]

T . It follows that the x′, y′, z′ frame is rotating
with angular velocity γx′y′z′ = [0,− sinα ΩZ0

, cosα ΩZ0
]T . Approximating the roller as

a cylinder, the diagonal moment of inertia tensor in this frame is:

Ix′y′z′ =


1
4MR2 + 1

12ML2 0 0

0 1
4MR2 + 1

12ML2 0

0 0 1
2MR2

 , (64)

where M is roller mass, R is the roller centreline radius and L is roller length. For
roller slip analysis, ωz′ is the critical angular velocity component. Since o�-design skew
and tilt are both assumed not to occur, the roller angular velocity components ωx′

and ωy′ are pre-determined, since they each must be such that the roller follows its
design trajectory and orientation while orbiting the bearing centreline. Since the roller
experiences a constant contact angle, α, it follows that ωx′ = 0 throughout. ωy′ is non-
zero, and a function of ΩZ0

and bearing geometry. But, as will be shown, turns out not
ωy′ is not needed. Since ωx′ and ωy′ may be considered known, only a single di�erential
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equation must be solved, that of ωz′ - Eq. (53). It has been shown that:

ωx′y′z′ =


0

ωy′

ωz′

 and γx′y′z′ =


0

− sinα ΩZ0

cosα ΩZ0

 , (65)

hence:
Ix′x′γy′ωx′ = Iy′y′Γx′ωy′ = Iz′z′

[
γx′y′z′ × ωx′y′z′

]
z′

= 0. (66)

The roller-centric di�erential equation to be solved in this case is therefore much sim-
pli�ed, ∑

i

mz′,i = Iz′z′ ω̇z′ . (67)

Note, whilst this equation initially appears to be independent of the roller orbital speed,
ΩZ0 , and the inner-raceway/shaft angular velocity, Ωin, both quantities will in�uence
ωz′ values through the moments acting on the roller. This will be shown explicitly in
a later Subchapter. The roller's orbital motion about the bearing centreline, ΩZ0

, is
governed by a second di�erential equation, obtained using Eq. (55) and roller velocity
projections onto the z-axis. This takes the form:∑

i

mZ0,i =MR2Ω̇Z0 + Izz
(
cos(α)ω̇z′ − sin(α)ω̇y′

)
, (68)

where Izz is the lower diagonal element of Ix′y′z′ after transformation (using rotation
matrices) to the x, y, z frame. Eq. (68) shows explicitly the coupling between �roller
orbit� and �roller spin� components.

4.3.6 Moments acting on a roller

Integrating rotational equations of motion requires the moments acting on the system
to be resolved at each timestep. Bearing roller moments are caused by tractive/friction
forces which result from normal forces at roller/raceway and roller/cage contacts. The
various forces acting on the roller are shown in Fig. 29. These are as follows:

Figure 29: Forces acting on an individual roller.
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1. Gravitational force, fg. In the roller frame,

fg,x′ = mg cosϕ (69)

fg,y′ = −mg cosα sinϕ (70)

fg,z′ = −mg sinα sinϕ (71)

where m is roller mass, g acceleration due to gravity, α the roller contact angle,
and ϕ the roller orbital position (see Fig. 28).

2. Centrifugal force, fc. In the roller frame:

fc,x′ = 0 (72)

fc,y′ = mΩ2
Z0
�r cos .α (73)

fc,z′ = mΩ2
Z0
�r sinα, (74)

where r̃ is the vertical height from the bearing centreline to the roller centre (see
Fig. 28).

3. Fluid (lubricant) resistance drag, fd. In the roller frame:

fd,x′ = sign(v)
1

2
ρ
lub
ϵ�llv

2CDA (75)

fd,y′ = 0 (76)

fd,z′ = 0, (77)

where v = ΩZ0 r̃ is the roller tangential velocity in the bearing frame, ρ is lubricant
density, ϵ = 0.7 is a �ll factor, A is the cross-sectional area of the roller, and CD
the drag coe�cient (taken to be 1 based on approximate Reynolds numbers for
the system).

4. Inner- and outer-raceway normal contact forces, fn,i and fn,o, respectively. These
forces consist of a y′ component only, and are approximated as follows:

(a) First a Hertzian contact model (essentially identical to that of [12], but con-
taining discrete representations of rollers) of the bearing is used to perform a
static load balance which determines the normal load on each roller required
to balance the current bearing load;

(b) Second, the magnitude of the unbalanced resultant y′ body-force, fg,y′+fc,y′ ,
is added to the appropriate raceway to balance all non-tractive forces along
y′.

Hertzian theory is then used to determine the resulting contact patch and pres-
sure distribution, if present, at each contact location (required for traction force
estimation).

5. The form of the cage normal force, fn,cage, will di�er depending on the model
implementation. In the current work, the normal cage force will be used to act as a
�control� in the system since, ultimately, it will be assumed that it acts to balance
all roller forces along x′ (see Chapter 4.3.7). Similar to raceway normal forces,
Hertzian theory is used to evaluate the contact patch and pressure distribution
between roller and cage. The cage is assumed to conform to the roller with the
same geometry as between roller and raceways in the lateral direction. In the
rolling direction the cage is assumed to also conform to the roller with equal
percentage conformity to that de�ned laterally. Note, in the applied formulation
the cage tractive force represents an unbalanced y′ force in the system, however,
testing has revealed this unbalanced force to be acceptably small.
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6. Elastohydrodynamic tractive forces (ft,i, ft,o, ft,cage) at inner raceway, outer race-
way and cage contacts, respectively. These are generated from shearing of the
lubricant �lm when slip is present which, in turn, results in surface-stress distribu-
tions over each contact patch. At the point (x′p, z

′
p) in a contact patch, the shear

stress (τyx) in a Newtonian �uid separating the two surfaces may be approximated
as [110]:

τyx(x
′
p, z

′
p) =

η(x′p, z
′
p)∆u̇x

hc
, (78)

The viscosity (η) across the contact patch is a�ected by local pressure variation
and frictional heating which results from lubricant shearing. A closed-form ap-
proximation of viscosity variations under these conditions was derived by Crook
[110] and also applied in [26]:

η(x′p, z
′
p) = η0 exp

[
cηpp(x

′
p, z

′
p)
] ln [√χ+ 1 +

√
χ
]√

χ(χ+ 1)
(79)

where p is the Hertzian pressure distribution ∆u̇x,the slip speed, hc central �lm
thickness, and:

χ = η0 exp[cηpp(x
′, z′)]cηT∆u̇

2
x/(8Kc) (80)

with Kc being the lubricant thermal conductivity. Lubrication property values are
summarised below. Other lubrication/bearing parameters match that of [31].

Property Symbol Value

Barus Law Pressure-Viscosity Coe�cient cηp 21 GPa−1

Temperature-Viscosity Coe�cient cηT 0.04 ◦C−1

Lubricant Thermal Conductivity Kc 0.125 Jkg−1K−1

Lubricant Speci�c Gravity ρ
c

0.9

Lubricant Contact-Inlet Temperature Tinlet 35◦C

Surface roughness Rrms 300 nm

Table 7: Lubrication properties used in the analysis.

In this model (Fig. 30), h is assumed constant throughout the contact, as hc. This
was evaluated using an equivalent line contact representation [23, 31] and a central
�lm thickness empirical formula which accounts for surface roughness [111]:

h = Rx·2.691U0.705G0.556·W−0.135
l

(
1 + 0.2

(
Rrms

Rx

)1.222

ν0.223W−0.229
l U−0.748G−0.842

)
(81)

with dimensionless speed:

U =
η0 · u̇entx
E′ ·Rx

(82)

dimensionless load:

Wl =
3F

4a · E′ ·Rx
(83)

and dimensionless material parameter:

G = E′ · cp (84)
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where cp is the inverse asymptotic isoviscous pressure coe�cient (at the inlet
temperature- 1/cp =

∫∞
0

η0
η dp).

p(x’,z’)

hc

u
.
1x

u
.
2x

u
.
ent x

Figure 30: The lubrication model used to calculate tractive forces.

We denote roller and raceway/cage surface tangential velocities as u̇1x and u̇2x,
respectively. The above formulation requires both entrainment velocity, u̇entx =
1
2 | u̇1x + u̇2x |, and slip speed, ∆u̇x = u̇2x − u̇1x, to be evaluated at each contact.
For convenience, surface tangential velocity expressions were identi�ed such that
positive slip values result in positive acceleration of the roller in its local frame,
consequently, generating roller moments with the same sign as ∆u̇x. These are:

u2,in = −(Ωin − ΩZ0)r̃in (85)

u2,out = (Ωout − ΩZ0)r̃out (86)

u2,cage = 0 (87)

u1,in = u1,out = u1,cage = ωz′r. (88)

r is the roller centreline radius. The bearing in question has a stationary outer-
raceway, Ωout = 0.

Having calculated the traction forces as described above for each case, the moments
acting on the roller at each point in time are mt,i = Rft,i, mt,o = Rft,o, and mt,cage =
Rft,cage.

4.3.7 Model implementation

Previous sections highlight the complexity of dynamics for the entire system being con-
sidered, including the presence of coupled di�erential equations for ωz′ and ΩZ0 . Results
outlined in Chapter 4.1 indicate that some simpli�cation may be possible, since it ap-
pears reasonable to assume roller orbital trajectories are maintained at that of pure
rolling4 via cage normal forces (neglecting clearance between cage spars and rollers).

4The bene�t of this is that at �pure rolling� the orbital speeds becomes a simple function of shaft
speed, similar to a gear-speed equation Eqs.[12, 31].
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However, even then one would have to ensure that forces/moments are such that both
Eqs. [67] and [68] remain satis�ed throughout, a complicated task. Furthermore, under
high loads which (locally) drive rollers at their pure-rolling speed, it has been found that
governing di�erential equations become sti�, requiring an additional solving procedure
at each time-step. Based on the above di�culties, which would require complex nested
iterative solving to handle all aspects of the real-world problem, it was deemed sensible
to �rst consider a simpli�ed version of the system which is analogous, but not identical,
to the original.

We therefore consider the case where rollers are subject to identical loading, contact
geometries, entrainment speeds and surface tangential velocities as those seen in the
main bearing (as per Chapter 4.3.6), but where all of this occurs for rollers travelling in
a straight line at velocity ΩZ0

r̃ (for ΩZ0
set equal to the orbital speed under pure-rolling)

between parallel raceways, as opposed to orbiting a bearing centre. In this simpli�ed
case, there is no longer an orbital component to angular momentum, and hence Eq. (68)
falls away, leaving the single di�erential equation, Eq. (67), to be integrated. Whilst
not identical to the real-world problem, it is believed that analysis of this simpli�ed case
will still provide insights into the key mechanisms at play in such systems. Additionally,
wind turbine rotors have large rotational inertia, and so is it assumed that Ω̇Z0

r̃ is
small/negligible. The cage normal force for each roller is therefore speci�ed such that it
balances the other forces acting along x′:

fn,cage =| fg,x′ + fd,x′ + ft,i − ft,o | . (89)

Rollers in this system are thus independent of one another, since they interact with their
adjacent cage spars only. As a result, dynamic analysis may be undertaken considering
just a single roller in the system. Applied load balancing via the Hertzian model still
requires knowledge of the orbital position of all rollers, but (since ΩZ0

is now that of
pure-rolling) orbital position over time may be easily determined at each point in time,
for example see [12].

This model implementation was undertaken using the main bearing and 1.5 MW wind
turbine aeroelastic model applied in previous work [12, 31]. Simulated wind conditions
contained a shear exponent of 0.2, and aeroelastic simulations were performed at three
levels of kinematic turbulence (high - (A), medium - (B) and low - (C), as speci�ed by
IEC-61400 design standards). Simulations at each turbulence level were performed for
turbulent wind �elds with mean wind speeds of 14, 18, and 22 m/s. In total, analysis of
individual roller dynamics was undertaken across 10-min turbine simulations. Note, all
simulations fall within the turbine's second constant speed region, wherein pitch action
is attempting to maintain the shaft speed at its set rated-level. The roller di�erential
equation, Eq. (67), remains sti�. Stable time integration was consequently achieved
using the backward Euler method.

4.3.8 Cumulative Frictional Energy

To analyse results in the context of possible damage occurrence, the accumulation of
frictional energy was calculated from the obtained dynamic model results. Cumulative
frictional energy at a given contact is de�ned as,

E(t) =

∫ t

t0

| ftrac(t) ·∆u̇(t) | dt. (90)

Cumulative energy results presented in the following section are of the total cumulative
energy, i.e. Etot = Ein +Eout +Ecage. As will be described, Etot values are dominated
by Ecage.
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4.3.9 Results
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Figure 31: a) Roller rotational speed and normalised cumulative frictional energy
under constant load and speed, b) Roller rotational speed and normalised cumulative
frictional energy under time-varying conditions.

Fig. 31 shows the roller rotational speed, ω′
z, solution after applying the model under

conditions of a static downward load and constant speed, set to the mean load and speed
seen in the 14m/s mean wind speed case with turbulence level B.

As expected, roller rotational speeds can be seen to remain at pure-rolling throughout
the load zone. This is due to high contact forces. As the roller exits the load zone, the
braking action of cage contact decelerates the roller. An in�exion point in rotational
speed is visible. This occurs as the roller passes over the top of the bearing, where
brie�y there is no gravitational component acting to push the roller into the cage. Upon
re-entering the loaded zone the roller can be seen to rapidly re-accelerate to the pure
rolling speed. The cumulative frictional energy from across all contacts (cage, inner- and
outer-raceway) is also shown. This variable increases steadily throughout the contact
zone. As there is essentially no slip at inner- and outer-raceways towards the centre of
the load zone, energy accumulation there is due to roller-cage interaction. This scenario
might be crudely taken to represent a roller in a bearing of a conventional power plant
turbine.

Fig. 32 provides results under time varying conditions. Note, in this case the cumulative
frictional energy values were around two orders of magnitude greater than for the static
case. Here, the roller can be seen to track the slowly changing pure rolling speed when
loaded. Note, the bearing applied load is also changing in both magnitude and direction
throughout. Most of the energy can be seen to accumulate towards the centre of the
loaded zone. Again, this energy accumulation is dominated by friction between the roller
and its cage, resulting from (brief) high traction forces at inner- and outer-raceways
working to force the roller into the cage spar. Raceway traction forces are present due
to the slow variations in shaft speed, which in turn are changing the pure-rolling speed.
Traction forces therefore develop which drive the roller towards the current pure-rolling
ωz′ value.

Cumulative frictional energies were compared across wind speeds and turbulence levels,
as shown in Fig. 33. Frictional energy is seen to be highest at the lowest considered wind
speed of 14 m/s. This observation was originally thought to be explained as resulting
from turbine operation/control, since once rated power is reached at around 12 m/s,
excess energy and loads at higher wind speeds are shed by the control system pitching
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Figure 32: (a) Normalised cumulative frictional energies in the downwind row for each
turbine simulation. Results are normalised against the 12 m/s, turbulence C test, (b)
Ratios of frictional energy results in the downwind versus upwind main bearing row,
Edown/Eup.
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Figure 33: (a) Mean and standard deviation values for the maximum frictional power
per roller orbit in the downwind row. Results are normalised against the 14 m/s, turbu-
lence A result. Note, results are staggered about each mean wind speed for clarity. (b)
Ratios of mean values of max frictional power per orbit in the downwind versus upwind
main bearing rows.

the blades. This would result in design thrust loads which maximise at about 12 m/s,
then fall continuously for higher wind speeds. As a result, higher frictional energies
might well be expected at points of higher thrust loading. Further comparison was
made between upwind and downwind row frictional energy ratios, since discussions with
wind farm operators indicate that main bearing failures tend to occur in the downwind
main bearing row.

However, upon additional inspection it was found that although results were stable in
terms of slip speeds, rapid force �uctuations persisted as an artefact of resolving the sti�
dynamics (Fig. 34), meaning a tiny numerical oscillation was yielding erroneously high
frictional energies. This was unexpected, considering an implicit method had already
been used, and hints at the extreme sti�ness of the problem: extra caution must be
taken in analysing problems of this nature. There are three possible strategies to deal
with such residual sti�ness:

1. Keep decreasing the time step. With in�nite computational power, eventually a
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Figure 34: Traction's, slip's, and frictional powers from raceways and cages using two
di�erent integration schemes. Sti�ness can be seen to cause stark numerical issues.

stable solution will be achieved. This was performed initially up to a timestep
of 1× 10−5. Energy results continued to decrease (Fig. 35), hinting at vanishing
frictional energy, but results were still unstable (Fig. 34). Going beyond this for
a 10 min interval of real world data, due to the large requisite number of points,
is not feasible.

2. Change to a more accurate integration method. An implicit midpoint method was
explored, that is better equipped to deal with sti�ness.

y(t+∆t) = y(t) + ∆t · f
(
t+

∆t

2
,y(t) +

∆t

2
f(t,y(t))

)
(91)

This did improve stability of forces to some extent, however it was also ultimately
inconclusive. As it incurred additional computational costs, due to multiple calls
of the quasi-static solver, adapting integration method further was deemed im-
practical without further substantial restructuring of the code.

3. Attempt a di�erent method. An analytical approximation, whereby the di�erent
scales of the problem are dealt with separately, might be the best way to proceed.

At this point it is worth discussing if value lies in proceeding with the only remaining
strategy available (point 3). Values of frictional energies are low, and negative linear
trends with decreasing time-step hint at vanishing frictional energy, so it is arguably
reasonable to conclude that macroslip is not signi�cant, and potentially we can crack
on with looking to see if microslip is signi�cant instead. However, it was decided to
continue, motivated by a few points.
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Figure 35: Cumulative frictional energies for backward Euler method and midpoint
integration schemes (1 roller). Both hint at vanishing frictional energy, but are incon-
clusive due to numerical sti�ness. A timestep of 1 ×10−5 was not performed for the
midpoint method, due to prohibitive computational time.

i. Despite frictional energy decreasing with timestep for both methods, the energy in-
creases when moving between the backward Euler method, and the more accurate
midpoint method. This is counter-intuitive, and motivates additional investigation
as it leaves the open question:

`Why is it that increasing accuracy, via decreasing time-step, gives the opposite
trend in energy by changing to a supposedly more accurate integration scheme?'

This leaves a slight lingering doubt that we may conclusively determine that en-
ergies vanish.

ii. There is a 2 order magnitude di�erence in frictional energy between the `static' load
equivalent and the dynamic case. This is likely due to the the system struggling to
track with �uctuating value of pure rolling, but we haven't quanti�ed the actual
e�ect of this �uctuation in terms of energy. This will go about answering more
fundamentally if there is a di�erence between the `static' bearing and a WTMB
in terms of macroslip.

iii. Coupling hasn't been investigated, an aim identi�ed earlier and ripe to be tackled
using a fresh approach.

iv. Whilst indicative of vanishing frictional energies, residual numerical instability is
not conclusive. For reasons of thoroughness an alternative method is required.
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4.4 Hamiltonian Dynamic Macroslip Model

The �nal observation in the previous Subchapter highlights the shortcomings of a Newto-
nian model for this problem, and motivates an alternative approach. Thus a Hamiltonian
based method is introduced [112], which has strengths in more complicated dynamic sys-
tems with multiple degrees of freedom, such as celestial mechanics [113]. It also has the
advantage of removing potential confusion with reference frames, along with inadvertent
issues which may arise as such, for example, the previously explored angular momentum
coupling mischaracterisation. Further, �ctitious forces are no longer required.

It is pertinent to note, that both models applied correctly to absolute precision would
describe the same system identically. Consequently, at �rst, there appears no advantage
in the choice of one over the other, and the bene�ts of the modern computer for solving
numerically mean these is unlikely to be any di�erence using either method. However
numerical methods cannot always reveal fundamentals concerning behaviour about the
system, e.g. stability [114]. The Hamiltonian is a more fundamental approach for doing
so, relying on energy and geometry [115], instead of forces, which are actually derived
quantities [116]. Furthermore, forces of constraint can be removed, and the frequencies
of complicated motions can be analysed without explicitly solving the exact equation
of motion. This enables the study of more complicated motions and non linear e�ects.
Another option would be the Lagrangian [117, 118], a similarly elegant method also
founded on variational principles. This was decided against as it yields a set of n(= 2)
second order ordinary di�erential equations (ODE's), as opposed to 2n(= 4) �rst order
ODE's given by the Hamiltonian. The latter are generally, but not always, easier to
handle [119].

φ

R
COM

ψ

α

i

i

r
R

Figure 36: Two degrees of freedom slip coupled spin orbiting system

The derivation of the Hamiltonian set of equations are given in Appendix C. Again,
a 2 degrees of freedom (DOF) system was analysed, with skew and tilt being ignored.
However, a 4 DOF version is available in Appendix C for future development, with the
strengths of the formulation becoming more obvious as the DOF's increase, due to in-
creasing complexity of coupled ODE's associated with complicated changes of angular
velocity in time.

Before continuing we should mention the fundamental aim of this model is to charac-
terise the behaviour of the system, speci�cally how frictional energy, is in�uenced by
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variations of loads and speeds, in order to answer questions and uncertainties raised at
the end of Chapter 4.3. This will conclusively determine if macroslip energy truly goes
to ≈ 0.

Aim: Analytical Model

We seek an analytical approximation due to numerical sti�ness in the Newtonian
model:

Newtonian Model
Sti�ness Issues−−−−−−−−−→ Analytical Approximation

Goals:


Leading-order behaviour in extreme load limit

No sti�ness issues

Capturing coupling e�ects

4.4.1 The Lagrangian

The focus will be on one given rolling element, again assuming a cylindrical pro�le,
and for simplicity cage interactions will be neglected. The �rst step in establishing the
Hamiltonian is to �nd the Lagrangian L, given by [115, 112]:

L = T − V (92)

where V denotes potential energy, which in this case is a function of the position around
the circumference of the bearing:

V =MgR(1− cosϕ) (93)

With M denoting mass of roller, g gravitational constant, and R radius of orbit. T is
given by the kinetic energy of the element, fully generally by integrating the velocity
(vi) over the body of the roller (see [120]):

T =
1

2

∫
(vi)

2 dm (94)

with the position vector of a given point on the body written as R⃗i = r⃗i + R⃗, and
geometrical symbols depicted in Fig. 36. Due to the additive nature of vectors, the
total angular velocity of the element can be decomposed into body and orbital form
respectively, ω⃗ = ω⃗b + Ω⃗. Then the velocity of an element on the surface is expressed
vectorially as:

v⃗i =
dR⃗i
dt

=
dR⃗

dt
+
dr⃗i
dt

= Ω⃗× R⃗+ ω⃗ × r⃗i (95)

This is then plugged into Eq. (94), resulting in [120]:

T =
1

2

∫ [(
Ω⃗× R⃗

)
·
(
Ω⃗× R⃗

)
+ 2
(
Ω⃗× R⃗

)
·
(
ω⃗b × r⃗i

)
+ 2
(
Ω⃗× R⃗

)
·
(
Ω⃗× r⃗i

)
+
(
ω⃗b × r⃗i

)
·
(
ω⃗b × r⃗i

)
+ 2
(
ω⃗b × r⃗i

)
·
(
Ω⃗× r⃗i

)
+
(
Ω⃗× r⃗i

)
·
(
Ω⃗× r⃗i

)]
dm

(96)
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Hence, it is evident how complex angular momentum coupling is in multiple DOF sys-
tems, and the potential for its oversimpli�cation.

Fortunately, in this case:

Ω⃗ = (0, 0, ϕ̇) (Global frame) (97)

ω⃗b = (0, 0, ψ̇) (Body frame) (98)

and further, due to symmetry about a rotational point in all principal axes:∫
r⃗i dm = 0 (99)

meaning terms 2 and 3 drop from Eq. (96), leaving:∫
(Ω⃗× R⃗) · (Ω⃗× R⃗) dm =MR2Ω2 (100)

∫
(ω⃗b × r⃗i) · (ω⃗b × r⃗i) dm = ω⃗b ·

∫
r⃗i × ω⃗b × r⃗i dm = ω⃗b · Iω⃗b (101)

∫
(ω⃗b × r⃗i) · (Ω⃗× r⃗i) dm = Ω⃗ ·

∫
r⃗i × ω⃗b × r⃗i dm = Ω⃗ · Iω⃗b (102)

∫
(Ω⃗× R⃗i) · (Ω⃗× R⃗i) dm = Ω2Izz (103)

where I denotes the moment of inertia tensor through its top, and Izz the moment of
inertia about a vertical axis through its pivot, related by:

I =


Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz

 = C


I1 0 0

0 I2 0

0 0 I3

CT (104)

5

where C is the passive transformation matrix from lab to roller frame, shown in Ap-
pendix C, giving:

Izz = I1 sin
2 α+ I3 cos

2 α (105)

Combining the above, in the body frame of reference, we �nd the free body Lagrangian
as:

L =
1

2
I3ψ̇

2+
1

2
MR2ϕ̇2+

1

2
ϕ̇2(I1 sin

2 α+I3 cos
2 α)+ ϕ̇ψ̇I3 cosα−MgR(1−cosϕ) (106)

With all angles being de�ned by Fig. 36.

Whilst the method presented seems excessively formal, it outlines the natural framework
for an accurate description of more complex con�gurations (e.g. [120], 4 DOF, inclusion
of clearance dynamics, defects in mass distribution due to wear).

5I1 = I2 in the case here due to symmetry in the two principal axes of rotation.
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4.4.2 Hamilton's Equations

Each coordinate qi, has a corresponding conjugate momenta6 pi, given by ∂L
∂q̇i

. These
momenta don't have a physically intuitive meaning, not necessarily corresponding to
linear or angular momentum. Instead, they are a more general and fundamental concept
of momenta [121], being speci�cally associated with each co-ordinate, and should be
thought of as variables to help solve the system:

pψ =
∂L
∂ψ̇

= I3ψ̇ + I3ϕ̇ cosα (107)

pϕ =
∂L
∂ϕ̇

= ϕ̇(MR2 + I1 sin
2 α+ I3 cos

2 α) + I3ψ̇ cosα (108)

As the Hamiltonian H is given by:

H =
∑
i

q̇ipi − L (109)

and:

q̇i =
∂H
∂p

(110)

ṗi = −∂H
∂q

(111)

Then rearranging Eqs. (107, 108) to �nd ψ̇ and ϕ̇ in terms of pψ and pϕ, and plugging
into L, to �nd H as:

H = −
p2ψ
2I3

+ gMR(1− cosϕ)+
pψpϕ
I3

− (pϕ − pψ cosα)(pϕ − pψ cosα− 2pϕ + 2 cosαpψ)

2(MR2 + I1 sin
2 α)

(112)
with accompanying equations of motion (EOMs):

ϕ̇ =
pϕ − pψ cosα

MR2 + I1 sin
2 α

(113)

ψ̇ =
pψ
I3

− cosα(pϕ − pψ cosα)

MR2 + I1 sin
2 α

(114)

ṗψ = 0 (115)

ṗϕ = −MgR sinϕ (116)

However, in its current form, this system isn't of particular interest or relevance, having
no driving terms. As ṗψ = 0, and thus pψ is conserved, ψ is a cyclic co-ordinate, meaning
we only have a 1 DOF system.

6Sometimes referred to as Canonical momenta.
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4.4.3 Rayleigh Dissipation Function

Obviously, the free body representation of the system is vastly di�erent from the real
world. Dissipative in�uences and the energy being transferred into the system need to
be accounted for.

To do this, the Rayleigh dissipation function7 is introduced [115], an `e�ective' potential
of velocities, R(q̇i):

R(q̇i) =
∑
i

ki
q̇ni
n

(117)

where ki is the coe�cient of velocity-dependent friction. This modi�es Hamilton's equa-
tions of motion:

q̇i =
∂H
∂pi

(118)

ṗi = −∂H
∂qi

− ∂R
∂q̇i

(119)

Historically, the function has often been regarded as something of a curiosity, without
real-world applications. This unease can perhaps be explained by the variational foun-
dations of Hamiltonian and Lagrangian dynamics and the violation of these principles
due to the non-conservative nature of the dissipation function. Furthermore, ki often
could only be found in practice from back-working from the forces present8, further go-
ing against the grain of the foundation of these mechanical methods. However, renewed
contemporary interest has demonstrated its suitability in linear and non-linear forms
for frictional problems [122, 123], including the presence of lubrication [124], as well as
other dissipative physical mechanisms [125, 126, 127].

Whilst the problem is non-variational9, and thus not a `true' Hamiltonian system, it
may still be viewed as a �ow of energy. Therefore, system variables may still be tracked
and analysed through considering energy transfer and balances.

The function can be split into the driving slip term and the dissipative drag term. Drag
is assigned the same quadratic pro�le as in the previous Subchapter, with n = 3.

The slip term requires a little more work. The example presented in the previous
Subchapter was an advanced model for modelling traction. However, in the knowledge
that loads are so high that rollers are unlikely to exit the linear region of the traction
curve (Fig. 37), we can take the limiting behaviour of Eq. (79), when ∆u̇x → 0, χ→ 0,
Taylor expanding [129]:

η
χ→0

≈ η0 exp [cηP p(x, z)]

(
1 +

2

3
χ+O(χ2)

)
(120)

7The use of the term dissipation is perhaps misleading in this instance, as friction can drive the
system as well, that it does here.

8Although on a deeper level the two are identical.
9It can be reformulated as a variational one by doubling the DOF and reducing to an e�ectively

conservative system- see [128]. This trick is not done here.

72
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Figure 37: Ideal traction curve (left) and the Crook traction model (right) used in the
Newtonian model in Chapter 4.3. The gradient is so steep in the Crook curve, due to
high pressures in the application, that slip is minimal, and unlikely to leave the linear
regime.

Then, if we keep only the dominant, linear, term and integrate spatially over shear stress
(that would give us force as in Chapter 4.3) from Eq. (78).∫ a

−a

∫ b

−b
τyx(x, z)dxdz ≈ ∆u̇x

∫ a

−a

∫ b

−b

η0
h

exp [cηP p(x, z)] dx dz︸ ︷︷ ︸
Rayleigh coe�: kslip

(121)

With the right hand sides linearity in ∆u̇x, it is obvious this serves as an e�ective po-
tential in slip speed, and the integral term is our Rayleigh coe�cient associated with
slip kslip. This can also be seen as the slope of the traction curve, around u̇slip = 0,
multiplied by force.

kslip can be found from Eq. (121) numerically, as in Chapter 4.3. However doing so would
require to establish a contact patch and integrate at each time step, which doesn't really
align with the desired `quick and dirty' philosophy of the model.

Although the expression does not have a closed form, in the knowledge that pressures are
huge, and the term in the exponent → ∞, we may utilise Laplaces method to a second
and fourth order, to attain asymptotic approximations of kslop. The second order form
is stated:

k2nd =
η02πba

hccηP p0
exp [cηP p0] (122)

The fourth order is more involved, and is available in the Appendix D, along with work-
ings for both asymptotic forms.

These analytical expressions, which are purely in terms of Hertzian parameters, were
found to perform within typically 5-10% accuracy of the numerical (Fig. 38), for 5.63 %
and 5.72% of the computational time respectively. The second order term was deemed
appropriate for subsequent analysis in determining leading order behaviour, kslip = k2nd.

Our Rayleigh dissipation function is thus de�ned as:
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Figure 38: Numerical vs. asymptotic approximations of Rayleigh dissipation function
coe�cient. A value on the graph represents the gradient of the linear region of µ
(coe�cient of friction) vs. slip speed, for a given load. The numerical version was
used in Chapter 4.3, showing the goodness of �t between the assumptions made here
(Eqs. (120, 122)).

R =
kslip
2

(ϕ, t)

((
cα routϕ̇+ rψ̇

)2
(Outer slip term)

+
(
cα
(
rinϕ̇− rinωin

)
− rψ̇

)2
(Inner slip term)

)
− 1

3

(
1

2
ϵρCDRϕ̇

)3

(Drag energy term)

(123)
where a ϕ and t dependence arise generally as the roller will have a load dependence on
position and load. A short hand of c and s has been used in place of cos and sin for
brevity.

4.4.4 System Behaviour

Using the Rayleigh dissipation function, we now have a set of fully coupled equations,
giving a general description of the evolution of the system. The same interactions to the
previous Newtonian model used have been considered, (apart from neglecting dissipation
due to roller cage interface), and a small discrepancy in using an asymptotic form of the
traction. The governing equations can be found from subbing Eq. (123) into Eqs. (118,
119), arriving at:

ϕ̇ =
pϕ − pψcα

MR2 + I1s2α

ψ̇ =
pψ
I3

− cα(pϕ − pψcα)

MR2 + I1s2α

ṗψ = −kslip(ϕ, t)r

(
cα(rout − rin − 2r)

MR2 + I1s2α
pϕ +

(
c2α(rin − rout + 2r)

MR2 + I1s2α
+

2r

I3

)
pψ + cαrinωin

)

ṗϕ = −kslip(ϕ, t)cα

(
cα
(
r2out + r2in + r(rin − rout)

)
MR2 + I1 sin

2 α
pϕ +

(
c2α
(
r(rout − rin)− r2out − r2in

)
MR2 + I1s2α

+
r(rout − rin)

I3

)
pψ

−cαr2inωin

)
+

1

2
ϵρCDR

3 p
2
ϕ − 2pϕpψcα+ p2ψc

2α

(MR2 + I1s2α)2
− gMRsϕ (124)
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These were integrated using an initial value problem approach (Scipy's Radau method),

No slip

Figure 39: Phase portraits of orbital, rotational, and slip motions of roller, using Eqs.
(124), for 1 kN and 100 kN constant load constant speed bearing conditions.

for a simple azimuthal load distribution from [130], at a constant load and speed10. This
revealed the extent of the coupling seen in Fig. 39.

Velocities were found to be fundamentally interlinked, constrained to move along an
orbit when slipping, with a constant orientation of this orbit in phase space. The incli-
nation of this orbit was found to be una�ected by load magnitude and other properties,
only being in�uenced by geometrical ones, such as contact angle. This is due to the
strength of the coupling and transferral of energy.

Therefore, the two velocity components should not be considered individually (see Chap-
ter 4.3.3), and a change in one component is strictly associated with a change in another.
If the two were independent, the phase plot in Fig. 39 would have vertical or horizontal
lines, indicating independent motions, instead there are diagonal and curved lines. This
has implications for studies that apply a decoupling approximation, and goes against
the earlier assertion in Chapter 4.1 which stated that roller slip may occur without cage
slip [102].

The full intricacy of the coupled motion for variable operating conditions is seen in Fig.
40. Further to the coupling between orbital and rotational motions, is an additional
layer of complexity, via the time variation in the driving rotational speed. This changes
the no slip condition in Fig. 39 from a point, to a time varying motion up and down a
constrained line, de�ned by the pure rolling ratio at that given time point. The devia-
tions from this pure rolling line are events where the roller undergoes slip.

It was also found that synthetically introducing additional orbital inertia (i.e. a presence
of cage interaction, by multiplying all factors of MR2 in Eq's.[124] by λcage) e�ected
the phase trajectories in a complex non linear manner Fig. 40b, as it changes coupling
strengths. For example: a cage inertia of 0 M , indicates the roller is free from cage

10Gravity was set to 0 to make Fig. 39 clearer.

75



Variable
speed no 
slip line

Trajectory

A B

Figure 40: (A) Phase portraits of orbital and rotational speeds, using Eqs. (124), for
variable loading (2 mins of 12 A). (B) Shows the e�ect of inclusion of additional cage
inertia on coupling.

interaction, 1 M means it is interacting with a cage inertia equal to its own mass, and
26 M indicates being entirely driven by, or driving the cage. It is likely an accurate
understanding of cage- roller interactions and its e�ect on slip, would require a full
account of the behaviour of all other rollers. Without this it is not clear to what ex-
tent the roller is interacting with the cage (pushing/being pushed by). This could be
done by simulating all 27 rollers, or alternatively giving this synthetic inertia a time de-
pendence (λcage → λcage(t)), potentially dependent on the extent of other loaded rollers.

What phase plots doesn't represent or capture is the quantity of time the roller spends
under slip. This is comparatively small against the time it is under pure rolling. More-
over this is whilst mostly unloaded, giving minimal contribution to frictional metrics.

Thus it would appear that slip in the two motions does not occur separately, being
fundamentally interlinked. When this is combined with earlier reported �eld evidence
of minimal measured operational cage slip [102], we can begin to conclude that there is
therefore likely to be minimal macroslip of either cage or roller present in WTMBs.

However, at this point the system still requires numerical methods to evaluate, and
hasn't o�ered any improvements on the results in Chapter 4.3 in terms of evaluating
frictional energies invoked by changes in operating speed in the highly loaded sti� region.

As it is speci�cally this factor that is of interest, and the knowledge that drag and
gravity are markedly smaller than the driving raceway interaction, these terms can be
neglected for frictional calculations.

Next, in order to better represent the system, we take k as a constant. It should be
emphasised this is merely an intermediate point, intended for analysing the state of
the system at an instantaneous snapshot in time: k(ϕ, t) → k. As ϕ and ψ now don't
appear explicitly appear, our system of Eqs. (124), can be reduced to a two by two,
linear, matrix equation:
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[
ṗϕ

ṗψ

]
= −kslip

cα
(

cα
(
r2out+r

2
in+r(rin−rout)

)
MR2+I1s2α

)
cα

(
c2α
(
r(rout−rin)−r2out−r

2
in

)
MR2+I1s2α

+ r(rout−rin)
I3

)
r
(
cα(rout−rin−2r)
MR2+I1s2α

)
r
(
c2α(rin−rout+2r)
MR2+I1s2α

+ 2r
I3

)
[pϕ

pψ

]

+ kslip

[
c2αr2inΩin(t)

−rcαrinΩin(t)

]
(125)

That may be represented as:
ẋ = Ax(t) + f(t) (126)

Where A is the system matrix and f(t) the forcing term.

This is an inhomogenous linear time invariant (LTI) system, and has a solution of the
form [131]:

x(t) = eAtx(0)︸ ︷︷ ︸
homogeneous

+

∫ t

0

eA(t−τ)f(τ) dτ︸ ︷︷ ︸
particular

(127)

For bearing geometries,

A = kslip

[
−0.59442 −0.60587

9.7379× 10−5 −1.2344

]
, f(t) = kslip

[
0.11934Ωin(t)

−0.012523Ωin(t)

]
(128)

For later convenience we will de�ne A = kslipA1. The equilibrium state (pure rolling)
value can be found from the values of pϕ, pψ at pure rolling, by plugging ϕ̇roll =

Ωin(t)rin
rin+rout

,

ψ̇roll = − routΩin(t)rincα
r(rin+rout)

into Eqs. (107,108), or by linear algebra taking the product of
the inverse of the system matrix with f(t):

[
pψ,roll

pϕ,roll

]
=

[
I3ψ̇roll + I3ϕ̇roll cosα

ϕ̇roll(MR2 + I1 sin
2 α+ I3 cos

2 α) + I3ψ̇roll cosα

]

=

[
0.2110817

−0.01012796

]
Ωin(t)

= A−1f(t)

(129)

where checking that the last and �rst line in Eq. (129), both give the middle numerical
value, indicating the system is logically well de�ned and consistent11. If the two were
not identical, a mistake would have been made, and this veri�cation process is reassuring
given the abstract nature of the previous steps.

The real bene�t of a linearised system is the ability to use standard linear methods on
them [132], giving eigenvalues and eigenvectors of:

λ1 = −0.59452 kslip, λ2 = −1.2343 kslip (130)

v1 =

[
1.0000

1.5218× 10−4

]
, v2 =

[
0.68754

0.72615

]
(131)
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11 deg 11 deg

Figure 41: Eigenvalues and vectors vs. contact angle for the bearing. Speci�c geometry
contact angle (11 degrees) is marked, corresponding to the values provided in the text.

LTI System

0.211

-0.0101

k=1

k=10

k=100

0.211

-0.101

1 rad/s= 9.549 RPM

-0.0

A B

Figure 42: LTI representation of the system (B), for a 1 rad/s rolling speed. Increasing
values of kslip lead to increasingly rapid decays to the instantaneous pure rolling value,
dictated by turbine rotor speed, Ωin (A). In (B) Ωin, and thus f(t) are kept constant
for clarity.

These eigenvalues and vectors are a function of bearing geometry, and are always nega-
tive and real, apart from at α = 90deg, when the motions become uncoupled (Fig. 41).
This indicates a decay, without oscillation, of e−∥λi∥t along each respective node, and as
kslip → ∞, λi → ∞, this decay becomes practically instantaneous. This means, albeit
in a rather formal and abstract de�nition, slip only exists for a very small time period
in the system. Fig. 42b provides a good demonstration of this, as kslip gets larger, the

11If the reader wishes to con�rm for themselves, they would require a full de�nition of both than Eq.
(128), i.e. higher than the 5SF provided.
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system more rapidly settles to the pure rolling values of the conjugate momenta.

The eigenvalues can also be used to evaluate the observed numerical sti�ness. Sti�ness
is not an exact mathematical property per se [133], and it can be di�cult to predict
when numerical issues will or won't occur. Therefore, indications, as opposed to exact
de�nitions, of sti�ness are often given, a popular one being [133]:

"A linear constant coe�cient system is sti� if all of its eigenvalues have negative real
part(s) and the sti�ness ratio is large." (page 217 )

With the sti�ness ratio for our system being given by :

|λ2|
|λ1|

≈ 2 (132)

this statement is not ful�lled. However, another possible precursor for sti�ness is given
by [134]:

"Sti� di�erential equations are characterized as those whose exact solution has a term
of the form e−ct, where c is a large positive constant." (page 348 )

Since the value of kslip can be as large as 2×1014 (see Fig. 38), this condition is satis�ed.
In our preceding Newtonian method we would of required a characteristic timescale of
dt ∼ 1/λ to solve. Further, when we consider our system state variables are of order
1× 10−1 - 1× 10−2 (Fig. 42a), these issues become even more apparent. There is up to
a 15-16 order of magnitude di�erence between the state variables and their eigenvalues.

Since Numpy �oat64, used here, follows the IEEE 754 double-precision �oating-point
standard [135], with 15 decimal places available, we are nearing the limit of what nu-
merically can be solved due to the extreme di�erence in scales involved. This formally
captures why the system struggles with sti�ness: extremely large decay rates, due to
very high roller loads, combined with very small variable values, due to very low opera-
tional speeds. Numerically, the perfect storm.

However, kslip is not constant, so the current derivation is not accurate outside the im-
mediate local location in ϕ and t. To characterise global behaviour we must consider the
fully general case, where kslip is a function of both the roller position round the bear-
ing, and also time, due to changing load angle (e.g. due to gusts of wind), and also speed:

k(ϕ, t)2nd = η0
2πb(ϕ, t)a(ϕ, t)

cηP p0(ϕ, t)
exp[cηP p0(ϕ, t)] (133)

This means there exists a similar dependence for the system matrix A(ϕ, t), making
the system highly non-linear, and potentially very di�cult to resolve or understand be-
haviour12.

However, non-linear systems are widely tackled, where appropriate, with linear methods
[119]. In many cases this may be the only viable method to use. Fortunately, we may
do this to a high precision here.

Noting that the decay rate time scale, ∼ 1/λi, is negligible compared to the timescale of
the evolution of kslip(ϕ, t) and to the driving timescale Ωin(t), the fast dynamics of the

12The minimum for a system to exhibit chaotic behaviour is three independent variables, with non-
linearity present [115]
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slip can be analysed independently from the slow dynamics [114, 136] of the rest of the
system. Slip can be taken to have minimal in�uence on the overall dynamics and trajec-
tory of ϕ, and hence kslip(ϕ, t) can be simpli�ed to kslip(t): i.e. purely a time dependent
input as the roller tracks with pure rolling, apart from very small slip displacements
with rapid decays.

This then leaves a system of inhomogeneous linear time variant (LTV) equations:

ẋ = A(t)x+B(t)f(t) (134)

where B(t), known as the control or input matrix, in this case is the identity matrix, I,
scaled by kslip(t).

This LTV approximation is a very good representation of the system, due to the al-
ready mentioned 15-16 order of magnitude di�erence between the respective timescales.
Furthermore, when the timescales do approach each other in size, as they are changing,
this region may be neglected due to its minimal contribution to frictional energy (under
light load). This comes back to the underlying aim of the model, to investigate frictional
energies due to operational load and speed variability.

Solving Eq. (134) in general is more involved [119, 137] than the LTI variant in Eq.
(126), and is given by:

x(t) = Φ(t, t0)x(t0) +

∫ t

t0

Φ(t, τ)B(τ)f(τ)dτ (135)

This involves resolution of the state transition matrix [138] Φ(t, t1), which is often
challenging, and unlikely to be of closed form [137]. However, in the special case of
A(t)A(τ) = A(τ)A(t) [139, 137]:

Φ(t, τ) = exp

[ ∫ t

τ

A(s) ds

]
(136)

where it should be noted that this expression is not equivalent to exp[At].

Since the matrix A(t) = kslip(t)A1, and kslip(t) is a scalar:

A(t1)A(t2) = kslip(t1)kslip(t2)A1A1 = A(t2)A(t1) (137)

since A1, as a square matrix, commutes with itself. As a result the form of Eq. (136)
may be applied, resulting in:

x(t) = exp

[ ∫ t

t0

k(s)A1 ds

]
x(t0)︸ ︷︷ ︸

homogeneous

+

∫ t

t0

exp

[ ∫ t

τ

k(s)A1 ds

]
k(τ)If(τ)dτ︸ ︷︷ ︸

particular

(138)

where subscript slip has been dropped for brevity.

The behaviour of this solution is captured in Fig 43. System state depends on a complex
interaction of both load, (kslip) and speed, (Ωin). As load increases the system better
tracks with the �uctuating state of the pure rolling momenta.

Mathematically, this is due to an increasing negative integral over k(s)ds, which is nec-
essarily always a real positive value. This means the exponential kills o� contributions;
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Figure 43: LTV representation of the system for di�erent values of kslip.

the previous system states of the become less and less important in calculating the cur-
rent state. By reasoning, times further back, and closer to, t0, will have an increasingly
negative exponential exponent, so will have negligible contributions to the overall state
of the system.

We now appeal to the knowledge of the shear magnitude of k in our system. By reason-
ing, times further back, and closer to t0, will have an increasingly negative exponential
exponent as the result of the inner integral getting increasingly negative in Eq. (138).
This kills o� the homogeneous term:

x(t) ≈
∫ t

t0

exp

[ ∫ t

τ

k(s)A1 ds

]
Ik(τ)f(τ)dτ (139)

Furthermore, principal contributions will come from when t ≈ τ [129, 140]. Therefore,
performing a Taylor expansion around the vicinity of t− τ 13:

x(t) ≈
∫ t

t0

I exp
[(
k(t)(t− τ) +O

(
(t− τ)2

) )
A1

]
·
(
f(t) + (t− τ)f ′(t) +O

(
(t− τ)2

))
·
(
k(t) + (t− τ)k′(t) +O

(
(t− τ)2

))
dτ (140)

neglecting higher order terms:

x(t) ≈
∫ t

t0

I exp
[(
k(t)(t− τ)

)
A1

]
·
(
f(t)+ (t− τ)f ′(t)

)
·
(
k(t)+ (t− τ)k′(t)

)
dτ (141)

13The expansion is backwards in time so is slightly di�erent from the familiar form.
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making the substitution of s = t− τ :

x(t) ≈ −
∫ 0

t−t0
I exp

[(
k(t)(s)

)
A1

]
·
(
f(t)k(t) + s(f ′(t)k(t) + k′(t)f(t))

)
ds (142)

The limits can be swapped, and as k is very large and negative, the upper bound can
be extended to in�nity, t− t0 → ∞, as these contributions are exponentially suppressed
[129, 140], leaving to leading order:

x(t) ≈
∫ ∞

0

I exp
[
k(t)sA1

]
f(t)k(t) ds+

∫ ∞

0

I exp
[
k(t)sA1

]
s

(
f ′(t)k(t) + k′(t)f(t)

)
ds

= A−1
1 f(t)︸ ︷︷ ︸

Equilibrium term

+
1

k(t)2
A−2

1

(
f ′(t)k(t) + k′(t)f(t)

)
︸ ︷︷ ︸

First order term.

(143)
where the exponential matrix integral has been used in the �nal step.

Finding the frictional energy from the system state at this point is simply arrived at by
using the de�nitions of the conjugate variables, and of kinetic energy from the Hamil-
tonian:

T =
∑
i

q̇ipi (144)

meaning that the frictional power is:

Ėf (t) =
∥∥(xroll(t)− x(t)) · q̇(t)

∥∥ =

∥∥∥∥ 1

k(t)2
A−2

(
f ′(t)k(t) + k′(t)f(t)

)
· q̇(t)

∥∥∥∥ (145)

and the cumulative frictional energy is given by:

Ef (t) =

∫ t

t0

∥∥∥∥ 1

k(t)2
A−2

(
f ′(t)k(t) + k′(t)f(t)

)
· q̇(t)

∥∥∥∥ dt (146)

It can thus be seen, to �rst order, that frictional energies are a combination of an inter-
play of load and speed variability. In the case:

k2(t) ≫ ∥f ′(t)k(t) + k′(t)f(t)∥ ⇒ Ef , Ėf → 0. (147)

This condition was found to be the re�ective of the problem here; when this expression
was ran over the same turbine conditions used in the previous Subchapter, very low
resultant frictional metrics were found. This �nding is due to the extremely high opera-
tional loads, and slower associated timescales with load and speed variability satisfying
Eq. (147).

Therefore we can conclude that there is fundamentally a theoretical e�ect present in
macroslip frictional metrics, due to the variability in loads and speeds of the bearing.
This is evident from the form of Eqs. (145,146) alone, as well as powers and energies
increasing across wind-speeds with increased variability of conditions Fig. 44. Similarly,
we see a di�erence present between the static and dynamic loading cases 14. If we break
down the contributions of frictional energy for one roller, we see the greater contribution
to Ef , Ėf is from the load variability term in our system, with speed variability having

14There is a nuance here, in that if speed does not vary, the solution to the problem is ill posed as it
is no longer an LTV system. Therefore, Eqs. (145, 146) can't truly be used, and alternative methods
would be required. However, we can instead view this is a description of the static loading with an
additional in�nitesimal speed �uctuation Ωin(t) = Ωin,0 + δΩin(t).
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Figure 44: The leading order behaviour of frictional energies and powers due to
macroslip for the system was found conclusively to approach 0. Although theoreti-
cal di�erences exist in frictional metrics due to load and speed variability (see text),
in practice this has no demonstrable e�ect in a WTMB, and the values vanish. (A) is
presented for one roller, (B) for the whole bearing.

a negligible contribution. However, in practice, this theoretical di�erence has no mean-
ingful energetic consequence on our case, with very low frictional outputs. Therefore
we conclude that macro level slip, due to dynamic loads and speeds, is unlikely to be a
factor in premature WTMB failure.

The limitations of the assumptions of this analytical expression should be understood,
as it is designed speci�cally for the low speed high load case of a WTMB. With higher
speeds, non linear forces (drag) would make the linearisation less accurate, and with
lower loads, the Taylor expansion performed in Eq. (140) would also lose validity,
meaning loads further back in time would start to have greater in�uence on the contem-
porary state of the system. A cut o� for smaller values of k ∼ 1/dt was applied for the
results in Fig. 44 so as not to surpass these regions of validity for the Taylor expansion.

It might appear that we have undertaken a rather self-indulgent exercise in analytical
mechanics, producing a simulacrum of the original problem, so far detached from its
origin that it has lost all meaning and usefulness [141].

This concern is worth addressing. The Newtonian model provided can be considered
a `black box', giving a case-by-case solution, describing how a system will evolve, but
not necessarily why. This makes it harder to understand fundamental behaviour and
structures of the system, consequently when novel applications are encountered bringing
with them novel issues, deeper insight is required.

The analytical `glass box' model provides this. It is in fact a good representation of the
system, due to the operational load and speed extremes, validating simpli�cations and
assumptions. Furthermore, it targets gaps in understanding, explaining why sti�ness
occurs and the importance of correctly applied momenta coupling. It speci�cally targets
the region the Newtonian model cannot, load and speed �uctuation under highest load,
answering questions about this frictional contribution left open at the end of the previous
Subchapter. In engineering, philosophically, such methods should only be developed if
they are useful. That is, they meet these requirements:

1. There is a need to develop them, since the simpler method doesn't give the intended
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outcomes.

2. There is a meaningful outcome and results may be interpreted and used to inform
the engineering task.

As both conditions are satis�ed, this exercise has been a valuable contribution.

4.5 Conclusions

This Chapter began by developing a quasi-static Hertzian based load solver, for discrete
distributions of rollers in a case study SRB. This solver was used for calculating the
roller loads used in Chapters 4, 5 and 6.

With macroslip being identi�ed as a key factor in other turbine bearings wear and fail-
ure, a Newtonian dynamic model was developed to track this proposed cause of failure
for WTMB. Major in�uences on dynamics were incorporated, including gyroscopic ef-
fects, roller cage interactions, and EHL. The lubrication model used assumed Hertzian
pressure distributions inside the contact, and a spatially constant �lm thickness, calcu-
lated from an empirical formula.

Results hinted at low associated frictional metrics, although extreme numerical sti�ness
made �rm conclusions di�cult. In fact, trends between cases might be misinterpreted
due to artefacts associated with sti�ness, and extreme care should be taken interpreting
systems such as these in future work.

After some deliberation, it was decided to develop an alternative method to conclusively
determine if the indications given by the Newtonian model were correct. Therefore a
Hamiltonian representation was derived, with an asymptotic approximation of the lu-
brication model. This approach also targeted gaps in literature due to angular momenta
mischaracterisation. Analysis revealed the di�erence in time scales were so extreme in
the system, that the standard limit of decimal places available (15) is approached, mak-
ing it numerically challenging to solve, especially for the previous Newtonian model.
Furthermore, neglecting angular momentum coupling was found to be a poor simpli�-
cation of a slip coupled spin orbiting system.

Nevertheless, extremely low frictional metrics were found, supporting the �ndings of the
Newtonian model. Since the Newtonian model included a higher �delity depiction of lu-
brication e�ects (preferable), and the Hamiltonian method only captured leading order
behaviour, the two models really should be ultimately viewed as supporting each other.
Moreover, both need interpreting together covering weaknesses/left by of the other: in
unison providing exceptional value answering a di�cult problem.

This Chapter found that macro level slip was unlikely to be a factor in premature WTMB
failure. As macroslip is insigni�cant, and small displacements under high loads might
invoke considerable frictional dissipation, consideration of higher order displacements
between surfaces should now be undertaken.
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5 Steady State Microslip

The following Chapter will run through the derivation of steady state microslip for the
case study bearing. Tests will be run over parallel conditions in Chapters 4, and the
Chapter will terminate with the �ndings of the frictional implications of these.

5.1 Introduction

Prior to this gross slip was considered, as a driver for failure. This analysis had assumed
that the relative motion between contact surfaces was uniform throughout the patch,
and for many bearing applications this is a suitable simpli�cation [142]. In the WTMB
case, di�culties were encountered due to the sti�ness of the system, nevertheless two
separate analyses types concluded that the invoked frictional energies and powers due to
macroslip were extremely low. However, considering the extremely high load conditions
of the main bearing, a very small relative motion could invoke a very high dissipation
of frictional energy, and this is considered in more depth here.

Thus undertaking a higher order accuracy assessment in relative surface displacements
would be prudent. Therefore microslip is introduced, where the interplay of e�ects such
as strain and geometry are considered. These result in a non-uniform displacement �eld
throughout the contact.

This Chapter's analysis considers micro-slip under steady state tractive rolling, where
there is no acceleration present. Therefore the system is analysed as a sequence of equi-
librium states, and e�ects arising due to transitions between are ignored. There is no
inherent reliance on time, except from resolving the state under an immediate applied
condition, whereas in reality, transient e�ects will be present in some form, and may
or may not be signi�cant. The neglect of transient e�ects poses concerns about the
usefulness of steady state methods. However, steady state methods are often analytical,
elegant, and don't rely on excessive computational power that was often unavailable at
their time of development. Furthermore, they give insight into the inner workings of the
system, and may have additional value in techniques where deviations from the stable
state are considered (e.g. perturbative analysis).

The structure of the Chapter is as follows: We will �rstly revisit contact mechanics via
Carters strip theory [143], applying some modi�cations to derive an equivalent for a
SRB, making various idle comments and observations along the way. Then the derived
equations will be used to assess the e�ect of microslip on frictional metrics, over the full
range of wind conditions, to make conclusions on damage and failure predictions.
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Figure 45: The right hand side Cartesian contact patch co-ordinate frame with ellipti-
cal geometries used in the following two Chapters. Care should be taken, as di�erences
exist between classical contact mechanics texts (e.g. [105]) in axes and denotion of a
and b.

5.2 Establishing Boundary Conditions

Rolling is a relative angular motion between two bodies in contact about an axis to a
common tangent plane. This angular motion will give an absolute motion of surfaces,
and any di�erence between these two surface in various properties, e.g. material, geom-
etry, strain, will accordingly evoke a relative motion.

If a reference frame is used which moves with the point of contact (Fig. 45), the surfaces
�ow through the contact zone with tangential velocity V1 and V2. The bodies may also
fully generally have angular velocity ωz1 and ωz2. If each of these velocities are unequal,
sliding and spin will respectively occur.

Additionally, an e�ect known as creep may also eventuate, in which the di�erence be-
tween strains tangentially leads to an e�ectively enlarged circumference of rotation for
one of the bodies. This is a geometric e�ect and creep velocities are denoted by δV .

When using a Eulerian view, in which the reference frame is moving with the point of
contact: the material moves whilst the �eld of deformation remains �xed in space. If
tangential displacements at a surface point are denoted by ux(x, z, t) and uy(x, z, t), this
is captured via:

dux
dt

= V
∂ux
∂x

+
∂ux
∂t

(148)

and
duz
dt

= V
∂uz
∂x

+
∂uz
∂t

(149)

Hence particle velocities in the �eld are given by:

vx(x, z) = V + δVx − ωyz + V
∂ux
∂x

+
∂ux
∂t

(150)

vz(x, z) = δVz + ωyx+ V
∂uz
∂x

+
∂uz
∂t

(151)

If the strain �eld does not change with time, as in steady rolling, the �nal partial is
dropped from both of these expressions 15. The remaining partials arise purely from
strain in the surface, and can be deduced if surface tractions are known, as will sub-
sequently be done. Therefore, the velocities of microslip of points on the surface for

15These terms will become important later when exploring transient e�ects
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steady rolling are given by:

ṡx(x, z) = vx1 − vx2 = (δVx1 − δVx2)− (ωy1 − ωy2)z + V

(
∂ux1
∂x

− ∂ux2
∂x

)
(152)

ṡz(x, z) = vz1 − vz2 = (δVz1 − δVz2) + (ωy1 − ωy2)x+ V

(
∂uz1
∂x

− ∂uz2
∂x

)
(153)

These may also be represented in non-dimensional form for an elliptical contact:

ṡx(x, z)/V = ξx − ψz/c+

(
∂ux1
∂x

− ∂ux2
∂x

)
(154)

ṡz(x, z)/V = ξy − ψx/c+

(
∂uz1
∂x

− ∂uz2
∂x

)
(155)

where ξx/z = (δVx1/z1 − δVx2/z2)/V is the creep ratio, and ψ is the spin parameter
(ωy1 − ωy2)c/V in which c = (ab)1/2, with the following boundary equations applying:

ṡ(x, z) =

{
0 (In a stick region: |q(x, z)| < µp(x, z))

µp(x, z) · −ṡ(x,z)
|ṡ(x,z)| (In a slip region: |q(x, z)| = µp(x, z))

(156)

Where p denotes pressure and q surface traction, not to be confused with conjugate
momenta pi and position qi used in Chapter 4.4.

Eq. (156) states that in a stick region, where there is no relative motion, the traction
must not exceed the Couloumb force, and in a slip region the traction will equal the
magnitude of the coulomb force but oppose the direction of slip. As before, we will focus
only on motion in the x (rolling) direction.

These preceding equations de�ne our problem, and will be solved for the rolling case of
a cylinder, then ball bearing, before we are in a position to do so for a full SRB case.
We will also stick to b representing semi minor axes ( aligned with x), and a the semi
major (z).16

5.3 Cattaneo-Mindilin's problem

As discussed in the previous Subchapter, there may be regions of slip and stick occur-
ring simultaneously across the contact, �rst identi�ed via Cattaneo- Mindilin's problem
[104]. The problem is that of a static Hertzian pressure contact, subject to a constant
tangential force per unit length across the contact. In an age preceding numerical tech-
niques, this elegant argument noted that for a no slip Q < µP , this would necessitate a
singular µ at the edge of the contact (Fig. 46).

The reader is referred to [104] or [105] for a full treatment of the problem, but the results
are stated below and are useful in aiding understanding of the rest of the Chapter.

The solution of distribution of tangential traction in the static case is solved by the
distribution of two elliptical tractions:

q′(x) = µp0(1− x2/b2)1/2, |x| < b (157)

16This di�ers from some notable literature- see ref.[105].
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Figure 46: Cattaneo- Mindilin's problem- for no slip and a constant traction an in�nite
coe�cient of friction is required at the edges of the contact. This is unphysical, so stick
and slip zones must arise.

q′′(x) = −c
b
µp0(1− x2/c2)1/2, |x| < c (158)

Primed notation corresponds to the distribution that causes slip, and double primed the
stick. These tractions cause strains of:

∂u′x
∂x

= −2(1− ν2)

bE
µp0x, |x| < b (159)

∂u′′x
∂x

=
2(1− ν2)

bE
µp0x, |x| < c (160)

These strains cancel inside the region |x| < c, giving no displacement(stick) within this
annulus, and the size of this stick region can be determined by integrating over the
distributions to �nd the magnitude of the force:

Q =

∫ b

−b
q(x)dx =

∫ b

−b
q′(x)dx+

∫ c

−c
q′′(x)dx (161)

giving:
c

b
=

(
1− Q

µP

)1/2

(162)

The behaviour of this solution is, for a constant P , steadily increasingQ from 0, microslip
begins at the edges of the contact and moves inwards (Fig. 47). As Q approaches the
limiting value of µ, gross sliding will occur, as the stick region shrinks to a radius of
c = 0.
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Figure 47: The solution is found by prescribing two opposing Hertzian form tractions.

5.4 Rolling Elastic Cylinders

We now move onto the case of steady rolling between two cylinders, upon which a trac-
tive force is being applied. This could represent the driving or braking of a wheel.

Similar to Cattaneo- Mindilin's static problem, we expect the cylinders to be divided
into stick and slip zones as in the con�guration of Fig. 47.

Figure 48: In the case of rolling cylinders the distributions used for Cattaneo-
Mindilin's problem are shifted to satisfy Eq. (156). This is known as Carter's solu-
tion.

as in the rolling case, we expect an occurrence of both regions, however Eq. (156) is
violated, as the leading slip edge in the contact, doesn't oppose the traction direction.

Here arises a chief problem in such analysis, �nding the con�gurations of slip and stick
generally is very di�cult for even the simplest of cases. For rolling cylinders, it was
initially tackled by Carter, by shifting the stick region q′′(x) to the leading edge by a
distance d (= b− c), and solving resultant tractions and strain distributions.
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Slip is now conveniently con�ned to the single zone at the trailing edge (Fig. 48), where
boundary conditions are satis�ed. Following the same reasoning from the preceding
Subchapter, if the stick traction q′′(x) distribution is displaced by d (= b− c) so that it
now aligns with the leading edge, the resultant traction and strains become:

q′(x) = µp0(1−
x2

b2
)1/2, |x| < b,

q′′(x) = −c
b
µp0(1−

(x+ d)2

c2
)1/2, −b ≤ x ≤ c− d,

∂u′x
∂x

= −2(1− ν2)

bE
µp0x, |x| < b,

∂u′′x
∂x

=
c

b

2(1− ν2)

cE
µp0(x+ d), −b ≤ x ≤ c− d.

(163)

If these two strains are combined, within the strip (−b ≤ x ≤ c − d) the resultant
tangential strain is

∂ux
∂x

=
2(1− ν2)

bE
µp0d = constant (164)

The tractions on each surface are equal and opposite, so therefore the tangential strains
are both equal and opposite. For the slip velocity to be zero this means that when the
above expression is plugged into Eq. (154), under no spin and no slip (ṡ = 0), results in
a creep ratio of

ξx = −4(1− ν2)µp0d/bE (165)

Accordingly the required boundary conditions are satis�ed. As with the static case, the
width of the stick region is dependent on the tangential force:

d

b
= 1− c

b
= 1− (1−Qx/µP )

1/2 (166)

Consequently if the Hertzian relationship is used for p0, we can make a substitution of
Eq. (165) into Eq. (166) :

ξx = −µb
R

[1− (1−Qx/µP )
1/2] (167)

where 1/R is the linear combination of the two surface curvatures. This means any
presence of tractive force will cause microslip in the trailing edge, which will grow until
when Q = µP , gross sliding occurs.

The results of this analysis only apply to elastically similar solids in contact, else addi-
tional e�ects are present. We now have a tractable equation for microslip in the contact,
involving only forces and geometries. This strip theory is now used for the case of a
roller bearing in a raceway, where the radius of curvature varies along the non-rolling
direction.
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5.5 A Ball Rolling in a Conforming Groove

The next extension of the problem is solving over a curved surface, where the problem
goes from the 1D line contact form to 2D. Tackled by Johnson, a pre-eminent �gure
in contact mechanics, surface points across a curved body will necessarily have di�er-
ent local velocities. This di�erential can be roughly approximated by using a Taylor
expansion:

V1 ≈ ω(R− z2/2R) (168)

This geometrical velocity di�erential is known as Heathcote slip [104] Therefore from
the de�nition of creep in Eq. (154), across the contact the ratio is

ξ(z) =
V1 − V2
ωR

=

(
1− V2

ωR

)
− z2

2R2
= ξ0 −

z2

2R2
(169)

If the creep ratio previously found for Eq. (165) a cylindrical slice is substituted into
this expression:

d

b
= Γ(γ2 − z2/a2) (170)

where:

Γ =
a2E′

4µp0R2
(171)

and:
γ2 = 2R2ξ0/a

2 (172)

No slip will occur at strips located at z = ±γa (Fig. 49). From Eq. (166) the tractive
force per strip may be expressed as:

Stick

A)

B)

C)

A)

B)

C)

C)

B)

A)

Slip

Figure 49: The regions of stick and slip required by evaluating every `Carter slice' and
solving the resultant force to be zero Eq. (174), over a curved surface in the non-rolling
direction.

Q∗ =
π

2
µp∗0b∗

d

b∗

(
2− d

b∗

)
=
π

2
µp0b

d

b

(
2
b∗
b

− d

b

)
(173)

For, free, steady, rolling the total traction force satis�es:
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Q =

∫ b

−b
Q ∗ dy = 0 (174)

This will determine the position of the no slip bands, γ, and has to be solved numerically
by minimizing the integral.

5.6 Wind Turbine SRB Steady Microslip

For a spherical roller bearing the con�guration will be di�erent to that of a ball rolling
in a groove as given by Johnson [105]. The two di�erences that are present and which
will need consideration are :

1. Modi�cation of peripheral velocity due to the combination of both degrees of
angular velocity, (the orbit about the bearing centre and the rotation of the roller
around its own principal axes of rotation). This is di�erent from the classically
considered cases, as the conforming groove was assumed static.

2. Modi�cation of geometry, to account for contact angle and adequate considera-
tion of di�ering surface radii. Before, the roller assumed perfect conformity of
contacting surfaces, and no angle was present.

Both of these are shown visually in Fig. 50. With the e�ect of these di�erences on
microslip and frictional metrics not being fully clear, and considering the tolerances re-
quired due to the extremely high loads, a full investigation will now be carried out to
determine the implications of these.

The e�ective radii (r′ and r′in) for a particle in the contact are illustrated in the diagram
below:

First it is instructive to have a look at the peripheral velocity distribution due to the
curvature of the roller about the z axes of the roller, depicted in �gure 2 and denoted
by r′.

For a point z along the surface, where z=0 is centred with the roller, it can be seen that
the e�ective radius r′(z) varies.

This is given vectorially by:

r′(z) = (r21z − z2)1/2 − (r1z − r1x) (175)

assuming r1z >> z, a Taylor expansion may be used. This results in:

r′(z) ≈ r1z

(
1− z2

2r21z
+O(z4)

)
− (r1z − r1x) (176)

Thus the velocity distribution due to the curvature of a roller bearing, with just rota-
tional velocity ω, is given by:

ωr′(z) ≈ ω

(
r1x −

z2

2r1z

)
(177)
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Figure 50: Velocity di�erences due to geometrical variation across mating surfaces

A similar argument can be made for the velocity distribution on the raceway. Without
the presence of a contact angle, this would be:

r′in(z) ≈ rin +
z2

2r2z
(178)

Here, the second order term is additive, as the curvature of the raceway is negative, so
the point along the surface is getting further away from the axis of orbit, along z.

However, there is also an additional e�ect due to the contact angle, so the second order
term is modi�ed by a factor of cosα, and an additional asymmetrical term is introduced
that reduces the e�ective radius with displacement along z. This gives:
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Figure 51: Reference frames of the velocity di�erences in the patch frame.

r′in(z) ≈ rin − z sinα+
z2

2r2z
cosα (179)

As the roller is both rotating and orbiting, it is helpful to consider the problem in the
patch reference frame, which moves with the contact.

This is done by subtracting the orbital (cage) velocity, Ωc, from the inner raceway and
roller. This would give the velocities of a mating surface point on the roller and inner
raceway respectively as:

≈ ω

(
r1x −

z2

2r1z

)
(180)

≈ (Ωi − Ωc)

(
rin − z sinα+

z2

2r2z
cosα

)
(181)

This is illustrated in Fig. 51.

The condition of pure rolling [31], an assumption made largely throughout this Chapter,
gives that:

Ωc = Ωi
r̃in

r̃in + r̃out
(182)

using,
r̃out = r̃in + 2r1x (183)

and the condition for pure rolling:

ωr1x =
r̃inr̃out
r̃in + r̃out

(184)

A substitution may be made for the inner raceway's velocity pro�le of:

(Ωi − Ωc) =
ωr1x
r̃in

(185)
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giving an inner raceway surface velocity of:

ω

(
r1x − z sinα

r1x
r̃in

+
z2r1x
2r2z r̃in

cosα

)
(186)

and thus (subtracting Eq. (186) from Eq. (180) and dividing by ωr1x) the creep ratio
(Fig. 52) is:

ξ = ξ0 + z
sinα

r̃in
− z2

(
1

2r1zr1x
+

cosα

2r2z r̃in

)
(187)

Following the parallel argument to 3.4, if the creep ratio per strip is given by:

A

B C

A B C

Figure 52: Top left- the creep ratio along contact for SRB. The resultant micro slip
speeds from combining geometrical terms (ξ), and strain.

ξ = −4(1− ν2)µp0d/aE (188)

By equating and rearranging, the ratio of stick region per strip is given by:

d

b
=

E

4(1− ν2)µp0

(
ξ0 + z

sinα

r̃in
− z2

(
1

2r1zr1x
+

cosα

2r2z r̃in

))
(189)

Johnson's formulation for a ball bearing uses a conformity factor, Γ to express the ratio
in a symmetric quadratic.

d

b
= Γ(γ2 − z2/a2) (190)

Γ =
a2E′

4µp0R2
=

a2E

8(1− ν2)µp0R2
(191)
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To compare results, an `equivalent' Gamma must be used. This equivalent expression is

d

b
= Γ′

(
2r1zr1xξ0

a2
+ z

2r1xr1z sinα

a2r̃in
− z2

a2

(
1 +

r1xr1zcosα

r2z r̃in

))
(192)

where:

Γ′ =
a2E

8(1− ν2)µp0r1xr1z
(193)

The moment resisting rolling is given by:

mz =

∫ b

−b
Q∗
(
r1x −

z2

2r1z

)
dz (194)

Due to the assymetry of the slip pro�les invoked by an angular contact, a skewing
moment will also be generated:

my =

∫ b

−b
Q∗ · z dz (195)

If the e�ect of these moments is to be evaluated, the outer race patch must also be
considered. Using the same reasoning, the velocity of the mating surfaces on the roller
and outer race:

≈ −ω
(
r1x −

z2

2r1z

)
(196)

≈ −Ωc

(
r̃out − zsinα− z2

2r2z(out)
cosα

)
(197)

If the same co-ordinate system is used.

Using the outer race pure rolling identity:

Ωc =
ωr1x
r̃out

(198)

Thus the outer raceway velocity is given by:

−ω
(
r1x − z sinα

r1x
r̃out

− z2r1x
2r2z(out)r̃out

cosα

)
(199)

Therefore the creep ratio on the outer raceway is:

ξ = ξ0 − z
sinα

r̃out
+ z2

(
1

2r1zr1x
− cosα

2r2z(out)r̃out

)
(200)

The remaining task required to �nd the total microslip is to identify the strains between
the surfaces. This follows the same protocol as before, by using strip theory and super-
posing two elliptical distributions.
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5.6.1 Strain Terms

The strains in a surface for a Hertzian contact are given by [105]:

∂ux0

∂x
= − (1− 2ν)(1 + ν)

E
p(x)− 2(1− ν2)

πE

∫ b

−b

q(s)

x− s
d(s) (201)

The contact of the two surfaces results in the symmetrical pressure terms cancelling
each other out for the resultant strain between surfaces. The remaining integral may be
evaluated via the real part of:∫ b

−b

(
1− s2

b2

)0.5
ds

x+ iy − s
= π

(
x+ iy

b
−
[(

x+ iy

b

)2

− 1

]0.5)
(202)

In the case that x2 < b2, the second contribution from this integral is purely imaginary,
and disregarded, giving only a real contribution of:

π
x

b
(203)

In the instance that x2 > b2:

π

(
x

b
−
[
x2

b2
− 1

]0.5)
(204)

Therefore, when q(s) = µP0(1− s2

b2 )
0.5 is used, this gives the result of the integral outside

the contact as:

−2(1− ν2)µP0

E

[
x

b
−
(
x2

b2
− 1

)0.5]
(205)

and inside the contact as:

−2(1− ν2)µP0

E

[
x

b

]
(206)

To �nd the precise total strain for the combined =slip and stick regions, these two must
be superposed for the two distributions de�ned earlier

∂u

∂x
=
∂u′

∂x
+
∂u′′

∂x
=

2(1− ν2)µP0

E

[
− x

b
+
c

b

(
x+ d

c
−
(
(x+ d)2

c2
− 1

)0.5)]
(207)

with the resultant strain throughout given by:

∂u

∂x
=

2(1− ν2)µP0

Eb

[
d− c

(
(x+ d)2

c2
− 1

)0.5]
(208)

The term in the square root becomes real and provides a contribution to net strain when
−d+ c < x.

With the direction of the total strain being additive between the two surfaces, equal and
opposite, the total slip ratio for the inner and outer raceway and zero spin is given as
(Eqs. (154,187,200,208)):

ṡxin(x, y)

ωr1x
= ξ0+z

sinα

r̃in
−z2

(
1

2r1zr1x
+

cosα

2r2z r̃in

)
−4(1− ν2)µP0

Eb

[
d− c

√
(x+ d)2

c2
− 1

]
(209)
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A B C

A

Figure 53: Strain distributions for case study SRB. Slices are taken at the three regimes
of -(A) only slip, (B) -regions of stick and slip, (C) -only stick.

ṡxout(x, y)

ωr1x
= ξ0−z

sinα

r̃out
+z2

(
1

2r1zr1x
− cosα

2r2z(out)r̃out

)
−4(1− ν2)µP0

Eb

[
d− c

√
(x+ d)2

c2
− 1

]
(210)

The 1
c term inside the brackets may not be taken out; elsewhere, d − c = a has been

made use of. Resultant strain and traction distributions are portrayed in Fig. 53 and
Fig. 54 respectively.

However, the use of these forms is only valid in regions where there is both stick and
slip, not in areas of pure sliding. Having outlined microslip for more general bearing
geometries, we will next analyse some initial implications of these matters.
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A

B C

Figure 54: Tractive distributions for case study SRB. Slices are taken at the three
regimes of- (A) only slip, (B) regions of stick and slip, (C) only stick. q�(x) becomes
imaginary in certain regions, leaving partial, or full slip with its complete absence.

5.7 Results

The classic form of slip/stick is observable for our case, with regions of opposing slip
either side of a central region, and narrow bands of stick (Fig. 56).

Figure 55: The e�ect of increasing α on steady state microslip. Shown here are 5, 10,
and 15 degrees (from left to right). Increasing asymmetry and size of velocity di�erential.
The net skewing e�ect of this is investigated in Fig. 56.

The contact angle appears to have a strong e�ect on microslip distributions in general,
and might have potential implications on race failure if steady state microslip is a failure
driver (Fig. 55). The asymmetry and velocity di�erential concentrated frictional power
dissipation on the contact side furthest from the axis of orbit, by roughly a factor of
2-3 (Fig. 57) of that of the mean spatial value. Under the above proviso this would
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accelerate damage in this region, and reduce bearing life as a whole, according to linear
damage theory.

It only took between 150 - 200 points to convincingly discretize the problem on the
semiminor axes, typical of most regular elliptical problems (Fig. 57). However a mere
twenty or so points also gave a pretty accurate signal (Fig. 57).

The classic resisting moment curve was plotted over di�erent scenarios. There seemed
to be little di�erence due to the moving raceway and static, indicating the ball in a
conforming groove is a good approximation for pure rolling in this sense.

Heathcote's resisting moment of 0.08mzR/(µFa
2) is treated in the literature as the

limiting case of Γ, however results here instead indicate resisting moment is sensitive to
contact angle α, and does not converge on this widely reported value (Fig. 58).

Figure 56: Case study SRB: Left- Stick/slip regions, marked by black outline. Right-
Skewing moment (negligible) and Γ′ vs. roller Load.
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Figure 57: Higher resolution and lower resolution outputs. Even as few as 20 points
along x provides adequate convergence.
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A)

A)
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B)

C)

C)

Figure 58: Classical resisting moment vs. Gamma for di�erent scenarios: (1) Ball in static groove, (2) Ball in moving raceway, (3) Ball in
moving raceway for 10 degree contact angle, (4) Ball in moving raceway for 20 degree contact angle. Slip pro�les for case 1 Γ = 0.9 (A), 9 (B) and
90 (C) are given. This demonstrates that for case (C), full Heathcote slip is reproduced, converging on a resisting moment of 0.08 mzR/(µFb

2).
This is indicated in the slip pro�le also, with stick being con�ned to two narrow lines. We note that the Heathcote dimensionless quantity of
0.08 is not a universal quantity. This can be demonstrated by considering the limiting case of Eq. (194), when the roller is cylindrical, r1z → ∞,
and the integral becomes symmetric and vanishes.
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The e�ect of skewing was also considered, with the moment my identi�ed earlier by
Eq. (195). This required consideration of both the skewing on the inner and outer
patches. The contribution was found to be higher order, as both opposed each other
my = my,in − my,out, resulting in a small relative skewing moment, which was linear
with both load (Fig. 56), and angular speed. Whilst this e�ect is perhaps worth con-
sidering in higher �delity simulations, to do so would require a better description of
angular momentum coupling not seen in most rigid body models (Chapter.4).

It was also apparent for typical load ranges (0-130 kN), mean Γ′ in the case study's
typical load range is around 10. This indicates the turbine SRB's are mostly operating
in the majority slip regime (Fig. 56, Fig. 58).

Figure 59: The look up Frictional Power per rads−1 scheme used for steady state
microslip (henceforth denoted as ṡ0). As power values are non-linearly dependent on
geometry and applied load, simulations would involve numerous expensive repeat calcu-
lations. Recognizing this, signi�cant time savings can be made, for increased accuracy
(using higher N in table de�nition).

The results of this model were tested over di�erent wind conditions, for both the up-
stream and downstream rows (Fig. 60), using a high resolution look-up table17 and
linear interpolation (Fig. 59).

Similar trends to initial macroslip results were found, with a peak in frictional metrics
being associated with the operational thrust strategy of the turbine 18. Unlike the initial
macroslip investigation, this is not an artefact of the numerical process and does in fact
indicate higher frictional powers and energies at these speeds.

17Eqs. (209, 210) both have linear dependence on angular velocity, and only are dependent on applied
load and geometries, a repeat calculation for a memoryless system.
18Cumulative energy isn't presented here, as it is a simple conversion from power, the more funda-

mental quantity, and will accordingly have the same trends. Furthermore, since reported literature
values are dimension speci�c [24], that of an energy value as opposed to an energy density, making
comparisons for di�erent sized geometries is not possible.
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Figure 60: Real time results for 12A m/s. Power is most sensitive to force, due to
rotational speed being kept fairly constant by control. Due to asymmetry the upwind
row experiences signi�cantly less force and thus lower frictional powers.

Assuming mean conditions in time are the same, powers were scaled by the total number
of rollers19, shown in Fig. 61. At peak values of ≈ 500 W, this is 3-4 orders of magnitude
greater than the powers found by the macroslip model, indicating in this application
microslip is a more important e�ect. The value of power densities however was still much
less (Fig. 57) than the reported criterion for smearing damage ([48] - 1.5 × 108W/m
), even in the peak area due to angular asymmetry. The power also represented 0.03%
of the total power of the 1.5MW turbine, a conservative absolute value, with literature
placing values between 0.1 - 5% [144, 145].

Figure 61: Frictional power results vs. windspeed's and conditions for steady state
microslip results. Powers peak at 12 m/s, corresponding to the thrust strategy of the
turbine and max roller load.

1927
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5.8 Conclusion

It can be concluded that steady state microslip is a more important consideration in
bearing damage than macroslip in this instance, simply from the observations that fric-
tional metric's are orders of magnitude higher, whilst the macroslip ones appear to
e�ectively vanish. Interestingly, the trends between the two models are very di�erent,
further indicating the importance of selecting an appropriate model. Whilst energies
and powers for the macroslip model were ultimately found to go up with wind speed,
the model here found the opposite trend. This arises since there is no consideration of
inertial e�ects or transients, solely being dependent on the magnitude of applied force,
and rotational speed at a given time step. As a result, the `most damaging' conditions,
correspond to where there is the greatest roller load, i.e. the peak of the turbines thrust
strategy.

Consequently, with no sensitivity to dynamics and applied load on average being sim-
ilar between dynamic and static load cases, this model would predict similar frictional
energies between cases. However, limitations exist due to the neglect of transient terms
in microslip Eqs. (150,151), that due to the variability of wind loading conditions might
require consideration. This will now be performed in the next Chapter.
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6 Transient Microslip

The following Chapter will demonstrate the extreme di�erences in loading variability
in a WTMB and a conventional power plant alternative: a motivation for a transient
consideration of microslip. Due to the novelty and di�culty of doing so, methodology
will be extensively covered, before frictional results over all wind conditions are analysed.

6.1 Introduction

The microslip model presented in the previous Chapter was steady state, meaning sys-
tem conditions are solved as a succession of quasi-static steady states. Therefore, sudden
changes in system state are not represented, and there is no knowledge of behaviour be-
tween the `start' and `end' points of the two quasistatic steps (Fig. 62). In many cases
this is a very good approximation [75]. However inherently transient problems, such as
those occurring in the main bearing, might require a full consideration to determine if
such a steady state approach is appropriate.

Figure 62: Steady state analysis disregards the period between the two regions. The
accuracy of this approach will depend on the magnitude and time period of the transient
domain.

Motivation for such a consideration will be provided in the following Subchapter, that
provides a further brief study on loading characteristics of the MB. A transient model
will then be developed and applied over a range of wind conditions.
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6.2 Main Bearing Load Rates and Shock loading

Attention has already been drawn to the unique spatial, and high absolute, loads expe-
rienced by the main bearing [12]. However the rate of change of loading, hasn't received
any attention, possibly in part because doing so would call for a treatment of the prob-
lem, that it will turn out is very challenging. These MB load rates will now initially be
characterised.

The following summary statistics are compiled from the roller normal loads from the
quasi-static model, when implemented across a range of aeroelastic model conditions.
Simulated wind conditions (mean speeds 12-24 m/s) contained a shear exponent of 0.2,
and were performed at three levels of kinematic turbulence (high - A, medium - B, and
low - C, (as speci�ed by IEC-61400 design standards). It is worth noting that the quasi-
static model assumes instant load transmission, so might in parts overestimate the rate
of applied load due to e�ects such as shaft �exibility. On the other hand, resonance and
other dynamics are also ignored, and their absence could lead to an under representation
of rate of applied load.

Figure 63: Absolute loads and load rates between a `Static' load scenario (blue), i.e.
a conventional power plant MB analogue, and a WTMB (shown in red). It is clear that
whilst absolute load values are similar, the time derivatives vary signi�cantly between
cases.

The 12B case is explored as a benchmark for demonstrative purposes. 12 m/s- as this
was identi�ed as the highest frictional energy scenario by the microslip model due to the
turbine control's thrust strategy. Level B was used as this is the median of the three
turbulence groups. A constant load constant speed equivalent was used for comparison

107



purposes. This is henceforth referred as a 'static' con�guration, due to the static nature
of the bearing load vector, and is intended as a crude representation of a conventional
power plant analogue.

Whilst the mean load values and gross load pro�les are very similar between constant
and dynamic cases (36.0 kN and 36.8 kN), there is a signi�cant time based deviation
present in the dynamic form (Fig. 63). Whilst the relative size of this �uctuation is not
necessarily massive, its frequency is several times higher than that of the roller loading
cycle.

Digging deeper we notice this rapid �uctuation means the time derivative of load Ḟ
might be a better suited comparison metric. These can be seen to be vastly di�erent
(Table 8), with mean values of (23.1 kN/s, 34.0 kN/s) and maximum of (42.3 kN/s, 213.6
kN/s) between the static and dynamic case respectively. In fact, further investigation
for a 10 minute simulation window, showed that approximately 1/3rd of the roller time
is spent at loading rates higher than the max. loading rate in the static case. This is
inclusive of the time the roller is unloaded.

These conditions are something the steady state microslip model is not sensitive to,
instead relying only on absolute roller load at each step. Due to similar mean values
between the constant and dynamic cases, it would struggle to distinguish between them,
resulting in similar, and potentially erroneously low, predictions of frictional energies.

This max. value loading rate at 12 m/s B is chosen as a threshold for a comparison over
the remaining conditions, and a 3 SD limit was applied to obtain subsequent maximum
values, in order to not over represent noise.

The choice of threshold is arbitrary (justi�ed in part by being associated with the highest
frictional energies, and therefore most damaging with a non-transient consideration) but
is kept consistent for demonstration. Future work might apply more advanced statistics.

At �rst glance it is immediately apparent that whilst the mean roller load is higher for the
lower speeds, (resulting in higher frictional energies when compared to the steady state
approach), loading rate increases substantially as windspeed climbs (indicated in mean
and max), as does the roller time above threshold. These e�ects are captured in Fig. 64.

Figure 64: Trends in mean roller loads: F decreases across wind speeds, but rate of
load, Ḟ goes up. This motivates the development of a model that is sensitive to these
conditions.
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Wind Condition Roller Load Summary Statistics

Wind
Speed

Turbulence
Level

Mean
Roller
Load
(kN)

Mean
Roller
Loading
Rate
(kN/s)

Max
Roller
Loading
Rate
(kN/s)

Roller
time
above
Load-
ing rate
threshold
(%)

12 A 37.1 32.4 124.0 31.5

12 B 36.8 34.0 126.8 33.2

12 C 36.9 34.6 128.4 34.1

14 A 34.6 33.4 135.4 33.3

14 B 32.8 31.2 126.1 30.9

14 C 34.2 33.2 133.8 32.8

16 A 30.8 32.4 135.6 32.1

16 B 30.3 34.2 147.6 33.4

16 C 29.8 34.1 143.0 33.4

18 A 28.4 33.9 149.0 33.2

18 B 29.0 33.9 151.7 33.4

18 C 28.0 33.9 145.9 33.9

20 A 27.3 35.2 158.0 33.8

20 B 27.1 35.6 160.0 34.0

20 C 27.8 34.8 158.2 33.3

22 A 27.2 37.1 173.8 34.9

22 B 27.3 37.4 169.5 35.6

22 C 26.4 34.1 156.3 32.3

24 A 26.0 39.8 182.9 36.6

24 B 26.4 40.2 184.8 37.2

24 C 26.3 38.5 181.9 35.5

Table 8: Table of roller loads and rates of loads over wind conditions.
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This re�ects the increasingly chaotic nature of the wind leading to greater rates of
change. Increasingly violent and abrupt changes in the wind-�eld, direction and mag-
nitude, result in high impulses being imparted on the bearing. Counter-intuitively tur-
bulence level don't seem to have signi�cant e�ects apart from perhaps producing slight
increases in variability of loading rates at higher wind speeds. This could be down to the
simplicity of the turbulence model or non-linearity of the wind drivetrain interaction,
but is otherwise unexplainable and would be an area ripe for further work.

Another interesting feature found by manually sifting through the data (Table 8) is the
occasional existence of exceptionally large max. values, corresponding to the presence
of what are known as load reversal events, where a gust of wind lifts the shaft up, before
slamming it back down, resulting in huge peak instantaneous accelerations, at least two
orders of magnitude above threshold. These only seem to occur at higher wind speeds,
and don't appear to correlate in magnitude, possibly due to the combined e�ects of their
low frequency, the length of observed window, and the stochastic nature of wind. Whilst
it was not possible to consider such matters here due to the 3 σ threshold, investigating
the e�ect of such loading events on the health of the bearing should be a matter of
future investigation.

Large loading rates may be important for system health. Shock loading, loading that
is characterised by rapid rates of change of force with time [146], could be very impor-
tant for system health and longevity. Mechanical shock has several associated routes to
premature failure. A given single shock may not appear to cause damage, but repeated
low-level shock expose could invoke fatigue failure [147]. Alternatively a single high
shock could breach a threshold and invoke accelerated material failure [148]. Both of
these two mechanisms respectively can be crudely captured by the mean and max rates
of loading already presented. They will be explored further by the model later on.

Examples of other operating conditions transients where such high load rates might oc-
cur are controlled and emergency stops - found to be three times more damaging than
normal stops on the drivetrain in one fatigue analysis study on such events [149]. Due
to 80-90% of the turbines relative inertia being upstream in the blades [150], such stops
are accompanied by huge and rapid oscillations in torque on the low speed shaft and
bearings [151].

Care should be taken at this point to state: the systems sensitivity to sudden applied
loads is not currently known and we are not claiming to make any conclusions from
simply these observed load rate trends a-priori. That is to say, these rates of load ap-
plication might not be high enough, or conversely the constant load case in itself may
already meet the requirements to be damaging.

However, the lack of failure of similarly highly loaded static industrial equivalents (e.g.
conventional power plants) and the stark di�erence in loading rates between the two
provides signi�cant motivation for further analysis. It is interesting to note at this point
that a model accounting for loading rates could give very di�erent conclusions to the mi-
cro/macroslip results, depending on the systems sensitivity, and this sensitivity should
now be determined.

Although e�ects of high loading rates could well have signi�cant consequences on inte-
rior material mechanics, and should be investigated in future, the key area of interest
here is restricted to the frictional interface for a few reasons. Firstly, to maintain consis-
tency, secondly because 67% of wave energy is radiated via the surface [152], and �nally
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due to the presence of large tractions on the surface, which will mean that this relative
displacement will radiate signi�cant energy.
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6.3 Elastodynamics

Again, the problem will be a consideration of relative slip between surfaces, but this
time how loading transients e�ect it. This involves consideration of the full non steady
microslip equation, e.g.:

ṡx(x, y)/V = ξx − ψy/c+

(
∂ux1
∂x

− ∂ux2
∂x

)
+

(
∂ux1
∂t

− ∂ux2
∂t

)
/V (211)

that, it transpires, can be decomposed into:

ṡ = ṡ0 + ṡ′ (212)

where ṡ0 is given by the earlier steady rolling equation (Eqs.[154-157]), and ṡ′:

ṡ′ = V

(
∂ux1
∂x

− ∂ux2
∂x

)′

+

(
∂ux1
∂t

− ∂ux2
∂t

)
(213)

The primed indicates this is the decoupled dynamic strain.

The presence of the two �nal terms signi�cantly complicates solving this equation, as
the conventional, previously used, elastostatic problem, goes from parabolic, to hyper-
bolic and time dependent [82, 83], -a �eld of study known as Linear Elastodynamics
[153]. Additionally, the strain �eld is now also non-steady, and needs to be evaluated
accordingly. This level of complexity perhaps explains the lack of literature on microslip
transients.

Kalker produced a series of in�uential papers on transient e�ects in mircoslip [80, 81,
154, 155], but neglected inertial e�ects. The importance of these inertial e�ects was
highlighted by Gurrutxaga-Lerma in two impressive papers on slip in the presence of
friction in dynamic contacts of planar and antiplanar half spaces [82, 83]. In these
the author stated [82] `there exist a considerable number of practical applications where
loading transients a�ect contacting interfaces. Such situations are found in the bearings
of rotating machinery (e.g. . . . wind turbine shafts', and,[83] `Elasto dynamic
contact is of particular relevance at high strain rates, under shock or ramp loading....'.
These mathematically involved (common to the �eld) papers were an elastodynamic
(ED) version of the Cattaneo- Mindinlin problem, and despite some consideration of
dynamic deformations in rolling contacts (e.g. Tyres [156]), and e�ects such as outer
ring �exibility on bearing power losses [157], there appears to be a gap in knowledge on
speci�c roller raceway elastodynamic interaction. At the time of writing, it the author
is unaware of any existing consideration of inertial e�ects applied to bearing frictional
interfaces [158], and certainly no application to highly relevant Wind Turbine Main
Bearing engineering. Before proceeding, it is worth stating that the worth of this model
presented herein will lie in it's novelty; it tackles this complex, overlooked problem, in
an easy to follow form, and thus justi�ed simpli�cations will be present. That being
said, fairly standard methods will be applied.
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6.4 Governing Equations

Evaluating the temporal partial in Eq. (213), and how displacements ux evolve with
time for the two contact surfaces, involves revisiting linear elasticity. Linear elasticity
has already been used in the previous Chapter in the elastostatic case, which involved
solving the displacements for the Navier Cauchy equation for equilibrium:

(K +
1

3
G)∇(∇.u) +G∇2u = 0 (214)

Where K and G are the bulk and shear moduli. There are numerous ways this equation
can be solved subject to appropriate boundary conditions, e.g. green functions [105],
separation of variables [159] and bi-harmonic potentials [160] to name a few.

The elastodynamic case is an extension of the same theory, and so it maintains a consis-
tency and ease of comparison between the two Chapters. Due to the complexity involved
and resultant text brevity, results will merely be stated, but the reader is referred to a
highly recommended accompanying introduction in [159]. This provides an accessible,
but detailed, modern background on the topic. Displacements are given by the linear
wave equation:

ρ
∂2u

∂t2
= (K +

1

3
G)∇(∇.u) +G∇2u (215)

Where ρ is the mediums density.

Although most dynamical systems are intrinsically non-linear, the act of linearisation
simpli�es the problem substantially. Linearisation is the act of expansion over a small
physical quantity about an equilibrium point, here displacement, where only resultant
�rst order linear terms are retained. This implies that at no point do the strains (dy-
namic or static) surpass the elastic threshold, past which the theory becomes non-linear
and invalid. Therefore, all deformations are perfectly elastically reversible.

The bene�t of linearisation cannot be understated: the nodes of discretized domains
can be solved independently 20 and superposed, enabling the strength of modern com-
putational techniques such as vectorized approaches in Python, and parallelisation/ use
of clusters. All such methods were implemented here. This makes solving problems
in large scale systems tractable, and known fundamental solutions can be combined to
give a representation of problems of more complex general con�gurations. Considering
the di�culty in �nding static slip distributions (Chapter 5.3), this enables an easier
numerical description of our dynamic problem.

20Unlike interdependent non linear systems, which often require sequential operations with signi�cant
overhead.
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Figure 65: Lambs problem describes the transient surface displacements along an
in�nite elastic half space (a common method to contact mechanics [104, 105]), upon
application of a unit step force point load (Eq. (216)) at a distance x. This displace-
ment response is a fundamental solution. From this time evolving displacement, surface
velocities and strains can be deduced.

6.5 Lambs Problem

The next simpli�cation which will be made is the use of the in�nite elastic half-space
approximation. This simpli�es boundary conditions signi�cantly, as it only requires the
wave amplitude to be �nite at large distances [159]. It should be recognised this is a sim-
pli�cation, and in actuality there will be other wave phenomena such as elastodynamic
re�ections, and interactions from neighbouring rollers. However, we are concerned with
the dominant dynamics in the contact from the primary roller, and again, the half space
approximation was made use of in [105], from which the earlier steady-state microslip
model was used. Furthermore, due to the 1/r2 decay of amplitude present, local e�ects
will invariably dominate.

Fundamental solutions (known as displacement responses21 exist to describe how the
surface of this elastic half space material will behave and deform upon the application
of an instantaneous unit step function point load on the surface of the form:

f(x, z, t) = Fδ(x, z)H (t) (216)

Where F , δ and H denote the force magnitude, Dirac delta and Heaviside function
respectively. A visual of the problem statement can be seen in Fig. 65.

This problem is familiar to, and of interest in geophysics, where it is used in modelling
earthquakes, but applies for general ν of linearly elastic materials (i.e. Steel), and is
known as Lambs problem, after the original paper [162].

The speeds of the three stress waves (shear Cs, pressure Cp, and Rayleigh Cr ) mediat-
ing a disturbance on the surface a linear isotropic half-space, are found from the three
roots κ21, κ

2
2, κ

2
3 of Rayleigh's Bi-cubic function 22 :

16(1− a)κ6 − 8(3− 2a2)κ4 + 8κ2 − 1 = 0 (217)

Where a denotes the ratio of speed of S to P waves Cs/Cp. Here is an unintended con-
sequence of traversing multiple �elds, as both symbols appearing above are distinctly
21See Achenbach [161] for a well detailed derivation
22See Eringen and Suhubi's magnum opus Elastodynamics [153] for more information on this function.
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di�erent from the non underlined representation in Hertzian contact theory.

The �rst root is real and true- and has a physically meaningful value (the ratio of R and
S waves). The last two are false and turn to complex conjugates when Poisson's ratio
exceeds 0.2631. There are interesting implications for additional roots of this equation in
proving the dynamic instability of elastic media above the unphysical limit of ν > 1 [163].

Initially the method explored was via the 3D displacement responses23 from the remark-
ably accessible Kausel's `Lamb's problem at its simplest' [85], which provides 3 dimen-
sional solutions to the problem in a concise form24. The text is worth highlighting to
the (likely un) interested reader, for its clear presentation and modern explanation of a
challenging �eld. However, due to the unique challenges of the application this method
was discarded in favour of the 2D version of Lamb's problem. These issues are set out,
in order to assist any future development.

Unique numerical challenges

1. High wave speeds combined with small spatial distances of interest mean
very high frequency discretization is required, due to a CFL-like relation-
ship a, common to wave propagation problems.

2. Singularities in the displacement response functions mean detailed resolu-
tion must be used.

3. High rates of load further necessitate a high frequency resolution, else alias-
ing will occur.

4. High spatial gradients in load rate (high variation over a small area) require
a very �ne spatial discretization between grid points.

5. High contact ellipticity: whilst interest is in the motion in the x direction,
so a suitable resolution was required for dx; typically one should match step
size over both axes (dx = dz), for simulation stability. This necessitates
many total grid points, despite primary interest in displacement parallel
to rolling direction. Furthermore, it turns out, this mandated running
simulations until the slowest mode of vibration had traversed from the full
length of the contact 2a, κ(40) times the length scale of actual interest
(2b). With the O(N2) computational cost of convolution, this becomes a
prohibitively costly calculation.

6. There is no far-�eld approximation in such a problem, as there commonly
are in simulating other long-range forces such as electromagnetism or grav-
ity. Despite a 1/r decay being present, all points in the contact have to be
fully considered for a knowledge of displacements interior to the contactb.
This is because, despite this decay, the interacting number of loaded points
for a circle increases as r2, so will behave similarly for an ellipse.

aThis is not strictly the CFL condition, as we are not using an explicit time-stepping method
to integrate the wave equation of motion.

bFar �eld approximations could be used if looking outside the contact.

To summarise, the primary issue with this uniquely challenging simulation, is that there

23Elastodynamic displacement versions of Boussinesq Cerruti.
24It is worth noting that alternatives exist [164, 165, 166].

115



Figure 66: The displacement solution to Lamb's problem (Fig. 65), can be used to
linearly superpose pressure distributions to �nd a solution to a general time evolving
distribution. The analysis presented does this numerically, although there are signi�cant
challenges. In this way, the time evolving displacement for a given point inside a contact
patch may be found.

is an area of interest spanning several di�erent scales of both time, and space25. Both
the short distances required for high �delity under high rates of load, as well as the
very small time-steps for accurate wave propagation, when combined with the relatively
much longer length scale of 2a, and the respectively long simulation time for all 3 waves
to have fully interacted over this, invoked expensive costs.

All of the above problems posed signi�cant challenges throughout the course of code
development and in attaining a stable set of results. Quite often the results were not
stable, and it was not immediately apparent why. It transpired that any of a number
of the above could cause numerical issues, despite manifesting as similar looking `symp-
toms' in unstable results. Greater detail is given in the Appendix F, which discuss how
accuracy was ensured and these issues overcome.

Thus, the 2D solutions to Lamb's problem [84] were implemented. This reduced dimen-
sionality, was more e�cient, and so we could now collapse the area of interest to time
and length scales of b, increasing e�cieny by κ3 = 64000 26. Considering the planar
nature of the problem, and the parallel formulation of the steady state version, this was
deemed an adequate approach.

25Something of a recurring theme, with the sti�ness issues encountered in Chapter 4 due to the vastly
di�erent scales in dynamics.
26Spatial points reduced by factor κ, simulation duration cut by factor κ - giving a convolution reduc-

tion of κ2. A naive reduction if equivalent methods were used, that they weren't. A full investigation
into the 3D coupled problem is possible, with time, and should be performed in future. Code has
partially been developed to do so, using high resolution HDF55 displacement function look up tables,
adaptive temporal resampling, hybrid parabolic spatial discretization to match pressure rate pro�les,
as well as condensed representation of un waveforms.
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6.5.1 2D Displacements

Due to high ellipticity, the problem can be approximated as a line contact. This enables
increased spatial resolution with the same available resources, and use of the 2D planar
wave approximation: the special case of a wave or �eld where the displacement is con-
stant over the direction parallel to the propagation.27

Thus, the piecewise displacement functions for the 2-dimensional variant of Lamb's prob-
lem can be used, in which displacements are solved for a distance, x, from a source on
a 2D lower elastic half-space. The source has dimensions:

[F ][T ]/[L] = [Impulse]/[Length in y direction]

There are four di�erent surface motions invoked from a normal and a tangential load
(Figs. 65). Thus, four di�erent response functions exist for a force of the form of Eq.
(216): uxx, uxz, uzz and uzx. For each displacement response, un generally, the �rst
subscript indicates the direction of the, load, vertical z or horizontal x, and the second
the direction of the displacement. Time τ = tCs/|x| is dimensionless and was trans-
formed too when evaluating numerically.

uxx =
1

πG|x|


0, τ < a,

4τ2(1−τ2)
√
τ2−a2

(2τ2−1)4+16τ4(τ2−a2)(1−τ2) , a ≤ τ ≤ 1,
−
√
τ2−1

(2τ2−1)2+4τ2
√
τ2−a2

√
1−τ2

1 < τ,

(218)

Only uxx is used, being the only relevant displacement for tracking the moving relative
dislocation parallel to the surface of the roller and the raceway28. The form of uxx is
visually explored in Fig. 67, showing the decay of the moving wave at di�erent dis-
tances. These displacement �elds are the dynamic analogue of the elastostatic Flamant
solutions [104], though by construction, these static limits are not recovered as t→ ∞.
See [82, 83] for a discussion of this. This means these equations model solely the dy-
namic components of displacement, the perturbation from the static. Thus, to �nd net
microslip involves superposing the elastostatic solutions with the elastodynamic, justi-
�cation for Eq. (212).

Therefore, for an impulse of form Eq. (216), by symmetry of Eq. (213):

ṡ′ = 2

(
V
∂uxx
∂x

+
∂uxx
∂t

)
(219)

This can be analysed by using a simple �nite di�erence method and can be implemented
for a given point relative to an origin at, and along, x and t.

However, this is only representative of the slip wave moving between two surfaces due to
an idealised instantaneous point load. Obviously this needs to be modi�ed to represent
a rapidly applied, but non instantaneous, load distribution, as of the type seen in Fig.
66. The natural question then arises, how might a transient load pro�le look, and how
might it be represented?

27A true plane wave cannot physically exist, as it would have to �ll all space; however, it is a widely
used physical approximation.
28uzz , uzx represent out of plane vibrations, and uxz is discarded via the same reasoning in going

from Eq. (201) to Eq. (202).
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Figure 67: The form of the 2D displacement function for an impulse at di�erent
distances. Note the moving singularity at τ = Cs/Cr.

6.6 Rate of Loading Pro�le

Ultimately this model will take the roller loading history, from that imparted by the
quasi-static module in the previous parts of this work. Therefore, loads and, loading
rates from �nite di�erences, are already known. The next step is �nding the pressure
rate pro�le for applying to displacement functions, as the line contact will be discretized.
Consequently a given force input, Ḟ needs to be transformed to a transient pressure dis-
tribution ṗ(x). Then a transient traction distribution, from this needs to be established,
q̇, relevant for for �nding displacements. How this is done will now be outlined.

Full understanding of a transient pressure pro�le is a di�cult task, especially if lubrica-
tion is considered [167, 168]. Not only is the pressure pro�le complex, but the area will
expand, bringing additional regions into contact, subsequently interacting elastodynam-
ically. Therefore assumptions and simpli�cations are necessarily made 29. The �rst of
these being :

dp

dt
≈ p(x, y, t+∆t)− p(x, y, t)

∆t
=
p0(t+∆t)− p0(t)

∆t

(
1− x2

b2

) 1
2

=
∆p

∆t
(220)

I.e. pressure rate, like absolute pressure, is also of Hertzian and parabolic form.

The next simpli�cation, is that a, and b, and thus ṗ remain constant, throughout the
simulation time-step, ∆t. Therefore they are resolved from the absolute force at the
end of the previous/start of the new time-step. This simpli�cation is motivated as the

29It is worth taking a moment to distinguish between the two. A simpli�cation: a purposeful reduc-
tion in complexity to make problem more tractable, being aware of the limitations of making it. An
assumption - where necessary adjustments are made without proof, due to a lack of data, knowledge,
or an impossible computational complexity, in order to progress a model.
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rate of pressure change increase far outstrips the rate that the area of the contact patch
grows, as, for a line contact equivalent [23]:

b =

(
8FRx

πẼ′

)1/2

= k1F
1/2 (221)

and:

p0 =

(
2FẼ′

πRx

)1/2

= k2F
1/2 (222)

Where Ẽ′ = (1 + Rx/Rz)E(κ)−1E′ is the adjusted reduced modulus. By making the
comparison that k2/k1 for our bearing is very large (Ẽ′2/4R2

x), we can see the rate of
growth of b is dwarfed by that of p.

Such assumptions as these do have precedents in other practical applications in litera-
ture [104], and will increase in accuracy as ∆t gets smaller. This is part of a larger issue
in discretization, and will be kept in mind going forward. As long as the steps are small
enough, results should be acceptable for initial analysis.

The last assumption made is that traction is of Coulomb form:

q = µp (223)

and by similar logic/reasoning to above :

dq

dt
≈ µ

∆p

∆t
(224)

The �rst is a regularly made assumption in contact and numerical mechanics [75], and
as the system will turn out be slipping due to vibrational dislocations between surfaces,
it is assumed su�cient to take µ as 0.1, the dynamic value, in the ensuing investigation.
It should be remarked, it is known that the coe�cient of friction will vary spatially
across the contact (see [169, 170, 171]), and also with slip speed. This should be taken
into account when interpreting results.

The next Subchapter will look at taking the forms of ṗ, and q̇, and looking at how they
might be represented in the time domain to �nd resultant displacements.
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6.7 Temporal Regularisation

uxx is formulated for a Heaviside load. This is a load applied suddenly in time, H (t).
As this is an applied Chapter, actual time will be used instead of dimensionless time in
the explanation, since it is easier to match up with real world variables such as pressure
rates and powers. The model enumerated here switches between both.

As prior discussed, this is not a physical representation of loading, as loads are applied
over a �nite timescale, and do not have discontinuities in gradient. Therefore a smooth
approximation to this function is required, that converges on H (t) when a regularisation
parameter ϵt → 0. A common approximation is an arctan load [172, 173, 174] (see Fig.
68), a loading pro�le approximation that will be used here:

H (t) ≈ gϵ(t) =
1

2
+

1

π
arctan(t/ϵt) (225)

which approaches H (t)'s true form as ϵt → 0.

It is therefore the gradient of the Heaviside approximation gϵ(t), which determines the
rate at which the load is applied with time- a quantity sometimes denoted in physics
and mechanics as Yank30. This is:

dgϵ(t)

dt
=

ϵt
π(t2 + ϵ2t )

= fϵ(t) (226)

This converges on the delta functions true form as ϵt → 0 (Fig. 68), and is a smoothed
approximation.

Assuming load is applied at t = 0, ϵt may be con�gured to match with instantaneous
load rate, i.e. the maximum of fϵ(0). Practically speaking ϵi,t = (πq̇i)

−1 for the local
load location i, 31. These may be inferred from global loading rates and Eq. (224).
It can be seen with smaller ϵt, corresponding to higher loading rates, steeper step load
approximations arise, and higher derivatives of these (peaks of fϵ) are present. However,
the integral of fϵ (physically speaking the total applied force), is by de�nition unity.

Figure 68: The e�ect of ϵt on load pro�le (gϵ), and on the rate of change of load pro�le
( fϵ).

30Jerk [175] is the only slightly more commonly used massless equivalent- i.e. an analogue of what
acceleration is to force.
31Cs/q̇i if dimensionless time is explicitly used.
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Since the elastic wave equation is linear, and uxx is a response to a Heaviside load, the
smoothed displacement uϵ to the loading pro�le of gϵ(t), or equivalently fϵ(t) ∗H (t), is
given by [172]:

uϵ(x, t) =

∫ ∞

−∞
fϵ(t− t′)uxx(x, t

′)dt′ (227)

Since this identity isn't immediately obvious or readily available in literature, a proof is
in the Appendix E, to which the reader is referred. The results of this convolution for
several di�erent values of fϵ(t) is given in Fig. 69.

Figure 69: Impulse, response function, and resultant displacement response from di�er-
ent loading rates. Results are normalised, but reduce in width and increase in amplitude
with larger load rates.

However, additional complex and important issues need consideration. As uxx is formu-
lated for a unit load, in practice an additional factor of dF , the total force of the loaded
element over the time-step ∆t, will need to be accounted for.

Now, each fϵ,i is representative of a tractive load increase, of unity, being applied over
a discrete element, at a relevant load rate. For a local element, that has a pressure rate
of q̇i for a given simulation time ∆t, there therefore is a net pressure increase of:

∆qi =
dqi
dt

∗∆t (228)

As each fϵ,i is representative of a pressure increase of unity there needs to be a total
number Nϵ of ∆qi of fϵ,i, each separated by a unit in time of q̇−1

i , i.e. the reciprocal of
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Figure 70: Spatial variation ofXϵ across a transient traction pro�le.

the tractive load rate:

Xϵ,i =

Nϵ,i∑
K=0

(fϵ,i −KTi), Ti =

(
dqi
dt

)−1

(229)

This is a smoothed approximation of a Dirac comb X, that converges on the true form
as ϵt → 0:

Xϵ=0 =

∞∑
n=−∞

δ(x− nT ) (230)

Again,Xϵ,i will vary for each loaded element inside the contact patch, and needs to be
con�gured according to the local value of ϵt (Fig. 70).

Therefore, the total e�ect of a loaded element, at x, from a transient pressure impulse
lasting duration ∆t, can be approximated as:

uϵ(x, t) =

∫ ∆t

−∞
Xϵ(t− t′)uxx(x, t

′)dt′ (231)

This is extended over the entire line contact to describe the state of the system between
time-steps as: ∫ b

−b

∫ ∆t

0

Xϵ(x, t− t′)uxx(x, t
′)dt′dx (232)
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A discretized version of this equation was subsequently solved for, where each indepen-
dent element i had its own Xi, dependent on its local traction rate q̇i, varying over
the contact. Thus the entire problem over the domain of N elements becomes a set
of N time evolving linear equations, that can be solved in parallel [119, 159]. This is
compatible with a vectorized, parallelised method in Python.
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6.8 Simulation Time

The duration of this simulated time-step in its most complete form would be that match-
ing the quasi-static/shaft loads model input frequency, hitherto 50 Hz 0.02 s. With the
necessary frequencies required to avoid aliasing and ensure stability, even running a 0.02
s simulation would be invoke considerable computational expense.

However computational cost can be minimized by recognizing that after the two furthest
most points have exchanged Rayleigh waves with each other in the domain (i.e. opposite
points along the semi-minor), outputs will start to become re�ective of the rest of the
duration of the remaining simulation time-step ∆t. This is why a 2D method is more
e�cient, as b≪ a. The entire domain will now be fully internally interacting. However,
a snapshot of instantaneous values at this point (t = 2b/Cr), shouldn't strictly be used,
due to the complex nature of wave interaction, and the set of di�erent frequencies in
loading rates over the domain. Instead, the system will be in a dynamic equilibrium,
in which metrics �uctuate, around a mean value over some characteristic time period
(∆tchar). Hence, the minimum time scale of simulation, ∆tmin

32, is given by:

∆tmin = 2b/Cr +∆tchar (233)

as Rayleigh waves are the slowest moving interaction of the three wave-speeds. This
time period will be much smaller than ∆t.

Nonetheless, once the system has reached this state it will maintain a �uctuating, but
on average constant, rate of energy transfer, via the mechanical loading, into kinetic
and elastic. This is as load rate can only be approximated as linear between simulation
steps, as there is no additional information available due to limitations with sampling
frequency.

Once the timescale ∆tchar is established, which is characteristic of the systems behaviour
for the rest of the step, relevant metrics (e.g. frictional energy) could be assumed by
taking the mean (denoted with a bar) over ∆tchar, and extrapolating over ∆t. i.e.:

E∆t ≈
∆t

∆tchar
.Ē∆t,char (234)

This may be resolved by tracking relevant system variables in Eq. (232). However,
when using an instantaneous metric like power, it would be assumed to be the same
throughout the time-step:

Ė∆t ≈ ˙̄E∆t,char (235)

32For a correct physical description, the initial transitory period of 2b/Cr cannot be skipped, due to
the nature of the convolution. If the convolution was initialised at the start of ∆tchar, the system would
have no memory of previous events in the past that contribute to the evolution and establishment of
dynamic equilibrium, breaking causality. The nuances of this will be revisited later.
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6.9 Wind turbine SRB Transient Microslip

The physics of the method was tested and veri�ed for a uniform load rate and a Hertzian
load rate distribution, (see Appendix G). As previously discussed, this was a numeri-
cally challenging investigation, and various techniques were required to achieve numerical
stability (see the Appendix F). Future work might look at analytical forms of Lamb's
problem, some headway was made into using a near �eld asymptotic expansion [176],
but had to be dropped for time constraints.

Having established the workings of the model, it was put to use on test conditions that
spanned the domain of all possible turbine operating points. Therefore, a test matrix
was de�ned as the outer product of:

M = F⃗ ⊗ ˙⃗
F (236)

Where
F⃗ = {5, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130}(kN) (237)

and

˙⃗
F = {5, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 120, 140, 160, 180, 200}T (kN/s) (238)

Table 9: Parameters and Values for test matrix M.

Parameter Value

System Memory b/Cr

N 500

∆tchar 4b/Cr

κ 40

µ 0.1

This spanned the e�ective parameter space of observed loads and load rates for the case
study SRB. Outputs were solved for the central slice of the contact.

For our application, using the same simpli�cations previously encountered,(pure rolling
and symmetry of contacting surfaces), micro-slip is given as:

ṡ′ = 2

(
ωr1x

∂ux
∂x

′
+
∂ux
∂t

)
(239)

However, although dynamic strain may be a useful metric to monitor material integrity,
it contributes minimally to dynamic microslip in our case (ω ∼ 10), as ω·r1x · ∂u

′
x

∂x << ∂ut

∂t
(see Appendix H).

Consequently, only the �nal term of Eq. (239) was used in calculating frictional power,
with the mean ellipticities of the outer and inner contact (κ ∼ 40) used to con�gure
simulations. As mentioned earlier, it should be stressed that these dynamic values are
by construction separate from the steady state case, and a full description of strains and
velocities would be made by recombining both, that is:

ux = ux,0 + u′x (240)
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And then using full displacements to solve for velocities and strains, and establishing
frictional powers. However, due to the large di�erence in magnitude between both cases,
we are simply decoupling the two and analysing separately. It would be tedious and not
particularly valuable to perform such a recombination. The frictional energy in results
are then given by:

Ė′ ≈ q · ∂ux
∂t

(241)

where the approximation arises since there is no exact knowledge of the form of trac-
tional distribution in transient slip; it is assumed as the full slip pro�le.

Results from text matrix M were compiled and are now summarised below.

There is a strong linear relationship between dynamic strains and load rate (Figs. 71(a,
b), with results indicating that at lowest force values, the highest rates of change of force
could cause the bearing to approach the elastic limit of steel. This possibility was also
raised in the Appendix G.2 with preliminary evaluation of Hertzian load rates.

These �ndings applied in the �eld, predict that an initially lightly loaded bearing, sub-
ject to a sudden very high load rate, would be at increased risk of damage. This could be
the results of a sudden alteration in wind direction changing the load location, invoking
local surface yield, and gradual failure. However, as mentioned before, the model is
least accurate in these regions, as it assumes the patch size is kept constant throughout
a time-step. Therefore it is unclear for how long such high dynamic strains would be
present with the growth of the patch, and some caution should always be taken when
interpreting these �ndings. Furthermore, limitations in assuming a constant µ could
be signi�cant in such scenarios. Additionally, although we have compiled tests over the
complete set of co-ords in the matrix M. Although some combinations of load and load
rate are indeed possible, this doesn't mean they occur, i.e. a smaller area of matrix
elements is covered in the �eld. Real time analysis will give additional insight into this.

A highly signi�cant �nding was that frictional powers are independent of applied forces,
having a linear dependence on Ḟ only. This validates the assumption used of keeping b
constant, outlined in Chapter 6.6, as change of patch size is irrelevant, as Ḟ is constant,
although ṗ0 is not. Whilst this implies net power output over ∆t is not dependent on
initial load F , the same is not true of power density, that could be a better failure met-
ric, as it is independent of geometry. It is noted that the limit for smearing [48] could
be possible under certain scenarios, indicated in Fig. 71c. An algorithm methodology
exploring the potential e�ects of cumulative energy densities on survivability was devel-
oped, and left in Appendix I. Because of the observed linear relationships, power results
have been normalised by µ2, meaning that relationships and dynamic powers may con-
sequently be calculated for di�erent values of µ, e.g: di�erent lubrication regimes. This
is useful outcome, since if it turns out using that µ = 0.1 is too high or low, results may
easily be rescaled.

There is slight noise present in the frictional metrics at the higher load rates, due to
aliasing. This could be overcome by running the simulations with higher N , but due to
the aforementioned CFL like relationship, would also necessitate a smaller dt. With the
time scope this was not possible, but might be performed with more work.
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E) F)
Pressure Rate 

Pressure Rate 

elastic limit = 0.003
elastic limit = 0.003

Smearing limit =1.5E8

Figure 71: The linear relationships deduced over test case bearing operating conditions
M. Variance (1SD indicated) is in large due to inherent system dynamics (see Chap-
ter.6.7 or Appendix G.2). Relationships were used to establish semi-analytic equations
for subsequent analysis. There is some spatial aliasing present at the higher load rates
for powers.

6.9.1 Numerical-Analytical Equations

Making predictions from the test matrix outcome was straightforward, due to the linear
nature of theory and thus results.

If fricional power density for a central line contact is related to roller load rate by:

Ėℓ,0 = m · Ḟ µ2 (242)
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As suggested by Figs. 71(c, d), with m being found by linear regression. This gives
the frictional power per slice of the contact, in terms of the rate of change of central
pressure as:

Ėℓ,0 = m · µ2ṗ0
2πab

3
(243)

This line integral can be extended into a surface one, and integrated along the semi
major axis to give total frictional power of the contact:

Ė = mµ2ṗ0
2πab

3

∫ a

−a
[1− z2/a2]

1
2 dz (244)

The integral is solved by a trigonometric substitution, z = a sin θ, dθ = a cos θ dz, and
using the double angle formula, cos2 θ = 1+cos 2θ

2 , on the resultant form to give:∫
[1− z2/a2]

1
2 dz =

2θ + sin 2θ

4
=

1

2

(
z

√
1− z2

a2
+ a sin−1 z

a

)
(245)

When limits are plugged in, this simpli�es to:

Ė = mµ2Ṗ0
2π2a2b

6
= mµ2Ḟ

πa

2
(246)

that is the frictional power associated with transient microslip for an elliptical contact.

Qualitatively, by taking the gradient, it can be reasoned that the intercept, +c, is asso-
ciated with a systematic error from the spatial regularisation, and keeping the same dx,
gradient can be used accurately.

Similarly, as steady state strain inside the contact is proportional to traction (Eq. (159)),
dynamic strain should be proportional to traction rate. Results supported this, enabling
a set of predictive hybrid numerical-analytical equations to be applied over operational
conditions:

Ė = m∗
1µ

2Ḟ
πa

2
(247)

∂u

∂x
= m2µṗ0

π

4
(248)

∂u

∂xmax
= m3µṗ0 (249)

where the mean and max values of strain are calculated by normalising the integral and
the max. of the central value respectively. Each of the three gradients are speci�c to
this bearing.

Additional processing was applied to m∗
1, to account for noise present due to aliasing.

This was done by �nding the slope associated with:

Ėℓ ·
3

2πab
= m12Ṗ0 (250)

and leveraging the two slopes to get an average slope and uncertainty

m∗
1 = (m11 +m12)/2± |m11 −m12|/2 (251)

These equations were then veri�ed against the frictional energy found by running a
simulation over all strips, and integrating for total frictional energy for a 30 kN/10 kN/s
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load case, at a time t = 0.301µs. The results of this full simulation are given on the
next page, with the full complexity of all three surface wave interaction being evident.
Notably, the frictional power results are an order of magnitude above the steady state
(Fig. on next page). Comparing the derived semi analytical equations for the same
scenario we �nd:

Ė = 3.472± 0.025 · 0.12 · 10e3N/s · π ∗ 24.4mm
2

= 133.30± 0.96W (252)

This is a favourable comparison (full simulation 129.5 W) with the discrepancy of 2-3%
explainable from comparing mean and instantaneous metrics, despite the relatively low
N used. These simple, �tted equations were then used in actual analysis of wind �les.
This is an incredibly quick method; performing a step by step integration of transient
system explicitly would not be possible in a realistic timescale, due to the complexity of
the calculations.
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6.10 Results

These equations were applied over the full range of wind conditions, using a centred
�nite di�erence method to reduce noise (Fig. 72), capping Ḟ at a limit of 3 standard
deviations (SDs), and conservatively neglecting strain terms below 5 kN, due to potential
divergence caused by the 1

ab dependence in ṗ.

Figure 72: Centred �nite di�erence with 3SD cap vs. forward �nite di�erence e�ect
on roller load rate

The same idea was used as in the macroslip Chapter 4, using a benchmark, constant
load, constant speed `static' equivalent to make a comparison against. This serves as
an analogue for a conventional power plant turbine, in which observed failure rates are
lower.

50Hz time series results for 12 m/s A are presented in Fig. 73. Because of the linearity,
and thus rapid solve time of Eqs.[247-249], a plethora of data is available for all four
load locations (upstream/downstream, inner and outer). The transient analysis shows
a complex dependency on F and Ḟ , and there is signi�cant �uctuation present in power
and strain outputs (Figs. 73(a, b, e)). The static equivalent upwind row is unloaded
and experiences signi�cantly lower powers and strains.

Interestingly, the area of peak power dissipation coincides roughly halfway between the
rollers' peak load and the exit of the load zone (Fig. 73c). This is where the product of
Ḟ and F is at its highest. This may be used to explain more complex relationships in
the dynamic case.

The distribution of strains between the two cases is explored in Fig. 74e, with Seaborn's
Gaussian Kernel Density Estimate (KDE) representation of the strains present in all
four contact points over time. Zero strains have been removed to make relationships
clearer. What becomes apparent is the longer tail of the dynamic case in strains. On
the other hand, strains in the static case have no probability of such extremes and are
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C) D)

E) F)

Figure 73: 12A run. Frictional power has a complex dependency on both roller force
and Ḟ , with a greater sensitivity to the latter. There is, like in earlier analysis, an
imbalance in powers between rows.

con�ned to a narrow range, well within the elastic limit. Thus, the two are characterized
by completely di�erent distributions.

The frictional power outputs were scaled to the power of the turbine for all 27 rollers and
displayed in histograms 74(a- d). This demonstrated that the mean power loss is higher
by more than 50% in the wind turbine case than in the static case. Furthermore, the
distribution is radically di�erent between cases, with much higher instantaneous powers
occurring on the right tail of the dynamic loading case. It isn't just that these higher
powers are more frequent between cases, there is a signi�cant portion of power loads in
the wind case that would never occur in the static equivalent. It can be seen as we move
to 24 m/s, this trend increases in the dynamic case, with the length of the histogram
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B)

C) D)

E)

A)

Figure 74: Power distributions between `static' and dynamic cases are seen to be
signi�cantly di�erent when a transient model is used. These are represented in terms
of total operational power of the turbine. These di�erences can be characterised as
fundamental statistical ones - see text.

extending, whilst in the static it remains relatively similar. Linking back to the idea of
shock loading overcoming a threshold and invoking material damage, such high power
events could be associated with increased risks of this occurring.

This �nding is further supported when the analysis was extended over all of the op-
erational conditions (Fig. 75). Maximum powers (Fig. 75b), and upper limit powers
(Mean + 3SD- see Fig. 75a) were compiled, revealing a constant increase with wind
speed, although no particular correlation with turbulence levels. The rate of increase
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Figure 75: Maximum powers and strain KDE distributions over all wind conditions.
The two sets of results are markedly statistically di�erent, and a steady state analysis
would not have been sensitive to this, giving very di�erent predictions.

is greater in the dynamic case, for both powers and strains. The lack of signal with
turbulence, is confusing, and warrants additional exploration in future work.

What is extremely intriguing from these �ndings, is that in the static case, the observed
max. power is actually lower than the 3SD limit. On the other hand, the dynamic
max powers are signi�cantly higher than the upper 3SD limit. This reveals that the
powers distributions seen between these two cases are fundamentally statistically di�er-
ent. The dynamic case experiences an extended tail behaviour, indicating an increased
likelihood of extreme events. On the other hand, the morphology of the static equiva-
lent is compactly supported, meaning that relative extreme events have a 0 probability
of occurring. Such extreme events are deterministically related to shock, and could be

134



linked to premature failure.

This trend is also re�ected in the strains seen in Figs. 75(e, f). As wind speed increases,
the extremes become more densely populated in the dynamic case, further illustrating
the distinct bearing behaviour under dynamic conditions and wind applications, com-
pared to the power plant `static' analogue.

Figure 76: Operational Power losses between the two scenarios. Extreme powers are
directly related to wind speed in the dynamic case, whereas they aren't present in the
static case.

The fundamental di�erences between the transient to the steady state micro slip analysis
is demonstrated in Fig. 76. Unlike the steady state microslip analysis, there really is
a demonstrable and distinct di�erence between the static and dynamic simulations in
terms of frictional power. The dynamic mean value is roughly double that of the static,
and goes up with wind-speeds, due to increase variability. Furthermore, extreme power
events become more likely to occur, indicated by the shaded area. These values compare
more favourably with literature [144, 145] for operational power losses, than those of the
steady state microslip frictional model.

If the raceway is unwrapped, and cumulative energy densities plotted over a 10-minute
time period between both sets, this makes stark di�erences between the two cases be-
come even more pronounced: shown in Fig. 77. As already suggested by [24], this could
be an indicator of WEC occurrence. One method which could be used to investigate
this more deeply is to use spatial distributions of cumulative frictional energy densities
to predict failure, or to better inform fault detection algorithms. One such method is
explored in Appendix I.
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Raceway Transient Cumulative Power Density

Figure 77: Dissipated frictional energies densities imparted over 10-minute simulations
on inner raceways between cases. Values above the max of 12 A- C dynamic have been
coloured in as black, for visual e�ect. In 24 A-C they reached as high as 20MJ m2.

6.11 Conclusion

To summarise, we have seen that transient microslip looks to be important when consid-
ering WTMB failure, giving larger, and very di�erent results to a steady state analysis.
Furthermore, it is sensitive to di�erences between a power plant MB analogue and a
WTMB, suggesting that transient conditions in loading require a methodology with
transient considerations, rather than a steady state analysis.
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7 Conclusion: Findings and Recommendations

Was it not Heraclitus, the great Greek philosopher, who was once heard to say [177]?

�No man ever steps in the same river twice. For it's not the same river, and he's not
the same man."

And thus we are at the end of our journey.

The aim of this research was to investigate the tribological e�ects of time-varying loads
on a rolling element WTMB so as to better understand and predict failure. The �rst
attempt to do this was via a data-driven approach, which informed how physics might be
better embedded in systems analysis to improve predictions on behaviour and propensity
for failure. This then led to further work investigating the fundamental causes behind
temperature changes and potential mechanisms of failure; here proposed initially as
macroslip and microslip. Further, since it is known that WTMB exhibit higher failure
rates than those of power plant equivalents, and that the loading patterns and dynamics
di�er signi�cantly, these were fully considered throughout, to determine if these load
dynamics were a factor in failure. The �ndings are listed below, for each Chapter.

7.1 Findings

7.1.1 Chapter 3

i) Thermal inertia is clearly present in SCADA data and should be accounted for in
preprocessing methods for MB fault detection algorithms.

ii) Changes in MB thermal response are present with accrued damage and these could
henceforth be used as an indicator for failure.

iii) Changes in thermal properties linked with failure motivate investigation of deter-
ministic causes of these, i.e. frictional e�ects.

7.1.2 Chapter 4

iv) Frictional powers and cumulative energies, dissipated at the contact interface, have
been linked in literature to failure via WEC and smearing. Thus, this was explored
as a potential damage metric.

v) Equations of motion of WTMB dynamics are extremely numerically sti�. This
can lead to misleading conclusions on behaviour and trends between windspeeds
of frictional metrics.

vi) A classical Newtonian rigid body dynamic method suggests low associated fric-
tional metrics, but couldn't fully resolve the required values due to aforementioned
sti�ness. In fact, it appears that such an implementation may not be able to re-
solve macroslip to an adequate level of precision (at least using naive methods
due to numerical decimal limitations), even when implicit integration schemes are
used.
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vii) Alternative methods exist which are better equipped to tackle these regions of
extreme sti�ness. One of these is the linearised Hamiltonian method presented
here. This enabled characterisation of the problem as an LTV system, and a �rst
order semi-analytical approximation of this conclusively found very low operational
macroslip frictional metrics.

viii) Angular momenta coupling is important. This is often ignored and decoupled in
existing analyses, but the current study conclusively demonstrates such coupling
should not, in future, be neglected.

ix) Both `roller slip' and `cage slip' must be considered together to accurately model
a WTMB system. Although clearance e�ects are not included, the current work
clearly demonstrates that individual `roller slip' will not be present in the absence
of `cage slip', and the two relative motions must be considered together to accu-
rately model the system. This is widely not performed in the literature, and the
�ndings indicates its importance in ensuring accurate and comprehensive consid-
eration of all potential failure mechanisms.

x) Macroslip produces insigni�cant frictional energies and powers. This is clear when
point (ix) is considered with empirical �eld observations, that report minimal cage
slip. This is further supported by �ndings (vi) and (vii). Consequently macroslip
is unlikely to be a driver for premature bearing failure, unlike other WT bearings
such as the gearbox.

7.1.3 Chapter 5

xi) Steady state microslip appears more signi�cant than macroslip in the frictional
metrics of highly loaded rollers, such as those in the WTMB.

xii) Asymmetry due to contact angle could accelerate failure at roller/raceway inter-
face, as it leads to regions of higher frictional energy/power densities.

xiii) Heathcote's resisting moment curve is not universal.

xiv) WTMB's mostly operate in the majority `slip' regime, with bands of `stick' being
narrow, due to the high loads.

xv) Steady state methods predict higher frictional metrics with lower wind speeds,
peaking at 12 m/s, corresponding to the operational thrust strategy of the tur-
bine. However, these methods would not be sensitive to and would struggle in
distinguishing between, a dynamic load condition of a WT and the `static' loading
on a conventional power plant's MB.

7.1.4 Chapter 6

xvi) Roller absolute loads in WT are similar to those in conventional power plants,
however rates of change of load between the two di�er greatly. Previous work has
not accounted for these rates of change of load (shock loading) so consequently a
transient consideration of microslip is needed to determine if such di�erences are
manifested in frictional e�ects.

xvii) Analysis of transient microslip indicated linear relationships existed between fric-
tional power and the rate of loading, independent of initial contact load.
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xviii) The relationship between dynamic strains was linear with central pressure rate.
Dynamic strains could near the elastic limit under certain conditions, however
this may be overestimated by taking µ = 0.1, and the frequency of these extreme
strains could be limited.

xix) There is a one order of magnitude di�erence in frictional metrics between the
transient and steady state microslip case results. Power densities may, at time,
reach a literature threshold for smearing. This suggests that transient microslip
may be more important than steady state in WTMB failure, further work should
be performed to examine this issue in more depth.

xx) There are signi�cant di�erences present in both higher material (dynamic strains)
and frictional (powers and energies) metrics between a power plant MB analogue
and WTMB. These di�erences arise principally due to the transient model's sen-
sitivity to load variability which demonstrated that the statistical distributions
of strain and power are fundamentally di�erent between the two. In particu-
lar, power plant MBs exhibit closed and compact distributions, whereas those of
WTMBs show open distributions indicating a nonzero probability of extreme load
and strain events.

xxi) Converse to the steady state model, the transient case indicates an increase in fric-
tional metrics with wind speed, as loading becomes more variable. This highlights
the importance of selecting an appropriate modelling approach, as di�erent models
capture distinct physical e�ects and can lead to vastly di�erent and potentially
inadequate conclusions.

7.2 Recommendations

The scope of this study has been limited to the rated power section of the operational
curve, for one isolated turbine dataset. These limits should be extended to include more
turbine datasets of di�ering designs and site locations, of which there are several im-
pressive open source examples online [178, 179, 180].

Furthermore, solely limiting the model to rated power, where o�shore turbines are es-
timated to spend 30-40% of their life [181], neglects a large portion of operational con-
ditions, and potential damage that may arise. Likewise, case studies of transient events
would be pertinent, where bearings of the low speed stage are thought to be particu-
larly vulnerable [149]. Ideally the transient microslip model should be applied to these
regimes, where load rates are the highest. However, care needs to be taken here, as if the
high load rates exceed the elastic limit, as indicated by some of the dynamic strains in
Chapter 6.9 and Appendix G.2, the linear elastodynamic assumption will not be valid,
necessitating the use of more advanced theory.

The main recommendations in this thesis swing on the signi�cance of the high frictional
powers associated with transient microslip, as the steady state case, and macroslip even
more so were shown to be signi�cantly smaller and less relevant. Naturally therefore,
follow up work should be performed to investigate.

The shortcomings of the numerical approach for the method explored in Chapter 6
were primarily due to singularities present in Eq. (218), that resulted in excessive com-
putational times and numerical instabilities. This makes full interpretation of results
challenging, and alternative methods should be explored.
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One obvious candidate is �nite element analysis (FEA) [182]. As an industry standard
solution FEA is well equipped for parametric studies, and preliminary work may focus
on a simpli�ed case of di�erent load rates for a rolling contact, avoiding the less accurate
interpolation scheme used here and solving in full.

An alternative that should be performed in alongside an FEA analysis is seeking ana-
lytical closed form approximations of Eq. (227). This was attempted, based on work
that found an in�nite series of cylindrical wave-functions [176, 183] to describe Lambs
problem. From this, leading order terms could be used to give quick and accurate calcu-
lations for internal displacements for transient Hertzian contact, that would have uses
in multiple classes of engineering problems.

If subsequent further work supports the �ndings of this study, showing that such powers
are greater than those of the steady state (or even of a similar order of magnitude), then
unique load patterns and dynamics could be a risk factor for failure.

However if the contrary is found, then load patterns and dynamics of a wind turbine
will not be a risk factor of failure, although high absolute loads and pressures could be.

The implications of the former could require more radical turbine re-design to mitigate
either shocks, or the e�ects of shocks which impart large pressure impulses on the MB.
The former could be done by a systems level approach, modifying the turbine so shock
loads are less likely to occur. Due to the inherent chaotic nature of the wind, and more
extensive requisite work, this would not be preferable. The latter, looking at mitigating
the e�ects of shock within the existing turbine design, could be achieved by a localized
approach, redesigning the bearing so larger contact areas are accommodated, meaning
pressures and thus pressure rates would be reduced. An obvious choice is a form of
Journal bearing [130], and contemporary work on variants for wind speci�c application
has already begun [184, 185, 186].

A more philosophical recommendation arising from this thesis, is that of a more com-
prehensive consideration of the fundamental physics underpinning bearing behaviour.
Better, more uni�ed notation, 33, would support this, easing the di�culties in traversing
and combining interdisciplinary �elds, and the use of SI should be used where possible.

Numerical methods aren't necessarily bulletproof, as shown by the issues encountered
herein with sti�ness, but analytical and semi analytical tools have great use and should
continue to be developed. Unfortunately, a deeper understanding of mathematical tech-
niques in engineering is not as prevalent as it was in an age predating the modern
computer. This is a natural consequence of the rise of, and increasing reliance on, all
powerful computational software like �nite element analysis (FEA), computational �uid
dynamics (CFD), and computer aided design (CAD). Whilst stopping short of calling for
the destruction of computational tools, cotton mills, and general progress in �ts of blind
rage (Fig. 78), an increased familiarity with traditional analytical tools would aid the
problem solving mindset and foster the intuition required for tackling novel engineering
applications such as these. Such considerations will further assist in the development
of appropriate models, being used in conjunction with and to inform numerical tools.
Considering the relevant and dominant physics of the system, as discussed above in
�nding (xxi), is crucial for making accurate assessments of �ndings.

33Admittedly this is easier said than done, but should be moved towards.
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Figure 78: All hail King Ludd [187].
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Appendix A: Bearing Geometrical Parameters

Given are the bearing geometrical parameters for the case study 1.5 MW turbine SRB,
up to 5 signi�cant �gures places. For higher accuracy calculations relevant formula are
available in text.

Parameter Description Value

rIx Roller radius (rolling-direction) 0.03625 m

rIz Roller non-rolling radius 0.41756 m

rinIIz Inner race non-rolling radius 0.43047 m

routIIz Outer race non-rolling radius 0.43047 m

α Contact angle 0.19199 rad (11 deg)

Dp Pitch diameter 0.775 m

Nrollers Number of rollers 27

rinIIx Inner race radius (rolling-direction) 0.35850 m

routIIx Outer race radius (rolling-direction) 0.43100 m

r̃in Inner race radius of contact 0.35192 m

r̃out Outer race radius of contact 0.42308 m

lroller Roller length 0.1 m

Mroller Roller mass 3.2407 kg

Ix′(I1) = Iy′(I2) Roller non-rolling axes moment of Inertia 0.0037652 kg m2

Iz′ (I3) Roller rolling axis moment of Inertia 0.0021292 kg m2

Table 10: SRB Geometrical Parameters used.
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Appendix B: Hertzian Empirical Explicit Coe�cients

Table 11: Parameter Values for Empirical explicit formula in calculating Hertzian con-
tact terms.

Parameter Value Parameter Value

λ0 1.3862944 λ1 0.1119723

λ2 0.0725296 λ3 0.5

λ4 0.1213478 λ5 0.0288729

β0 1 β1 0.4630151

β2 0.1077812 β3 0.2452727

β4 0.041496 µ1 0.40227436

µ2 3.7491752× 10−2 µ3 7.4855761× 10−4

µ4 2.1667028× 10−6 µ5 0.42678878

µ6 4.2605401× 10−2 µ7 9.0786922× 10−4

µ8 2.7868927× 10−6
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Appendix C: 4DOF Free Body Hamiltonian

The following has been derived using the same methodology in Chapter 4.4, but for a 4
DOF system.

φ

R
COM

ψ

i

i

r
R

θ

Figure 79: 4 DOF system.

The use of the passive transformation matrix was required.

A =


cψcκ − cθsκsψ, cψsκ + cθcκsψ, sψsθ

−sψcκ − cθsκcψ, −sψsκ + cθcκcψ, cψsθ

sθsκ, −sθcκ, cθ

 (253)

The order in which each angle is applied is important, and follows the Euler angle no-
tation. Shorthand notation has been used for the trigonometric functions, c- cos, s- sin.

Such a method is the natural way of formulating more complex problems, such as increas-
ing DOF (skew, tilt) and including additional clearance dynamics, without neglecting
complex coupling. To extract results for the driven and damped case would require the
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same method as Chapter 4.4:

H = gMR(1− cϕ) +
p2θ
I1

− pψ(I3cθpκ − I1s2θpψ − I3c2θpψ)
I1I3s2θ

− (pκ − pϕ)cθ
I1MR2

(
I3cθpκ
s2θ

− I1pψ − I3c2θpψ
s2θ

)
− (pκ − pϕ)

2

2MR2

− (pκ − pϕ)pϕ
MR2

− pκ
I1MR2

(
− I1pκ − MR2pκ

s2θ
+
MR2cθpψ

s2θ
+ I1pϕ

)
− I3

2

(
I3cθpκ − I1s2θpψ − I3c2θpψ

I1I3s2θ
− cθ
I1MR2

(
− I1pκ − MR2pκ

s2θ
+
MR2cθpψ

s2θ
+ I1pϕ

))2

− (I3c
2θ + I1s

2θ)

(
(pκ − pϕ)

2

2M2R4
+

(pκ − pϕ)

I1M2R4

(
− I1pκ − MR2pκ

s2θ
+
MR2cθpψ

s2θ
+ I1pϕ

))
− I1

2

(
p2θ
I21

+
s2θ

I21M
2R4

(
− I1pκ − MR2pκ

s2θ
+
MR2cθpψ

s2θ
+ I1pϕ

)2)
(254)
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Appendix D: Asymptotic Forms of Rayleigh Dissipation
Slip Coe�cient

We are looking to �nd the integral of:

∆u̇x

∫ a

−a

∫ b

−b

η0
h

exp [cηP p(x, z)] dx dz (255)

Under the knowledge that p is very large.

Laplaces method states, for an integral of the form [188]:∫ b

a

eMf(x) dx (256)

if f(x) is at least twice di�erentiable, and has a maximum at x0, where a < c < b, then
the integral will be dominated by regions very close to x0 as M → ∞.

Then f(x) may be Taylor expanded around this region, too:

f(x) ≈ f(x0)+f
(1)(x0)(x−x0)+

f (2)(x0)

2!
(x−x0)2+

f (3)(x0)

3!
(x−x0)3+

f (4)(x0)

4!
(x−x0)4

(257)
With (n) denoting the order of derivative with respect too x in this case. f(x) is a
Hertzian pro�le in our case here. Due to the antisymmetry of the integral, the �rst and
3rd derivative vanish. We may then extend the limits of the integral to in�nity, since
they will contribute minimally, leaving:∫ b

a

eMf(x)g(x) dx ≈ eMf(x0)

∫ ∞

−∞
e

Mf(2)(x0)
2! (x−x0)

2+
Mf(4)(x0)

4! (x−x0)
4

dx (258)

If only the second order term is kept, a Gaussian integral may be used, yielding∫ b

a

eMf(x) dx ≈ eMf(x0)

√
2π

M |f ′′(x0)|
as M → ∞, (259)

When a Hertzian pressure pro�le is used, this yields:

k2nd =
η02πba

hccηP p0
exp [cηP p0] (260)

If the fourth order term is kept, this was found to be also analytically solvable, via
Mathematica software, giving us an improved asymptotic estimate:

k4th = exp

[
cpp0

(
A2

8C
+
B2

8D

)]
K 1

4

(
A2

8C

)
K 1

4

(
B2

8D

)
η0
hc

(261)

with:

A =
cηpp0
2b2

, B =
cηpp0
2a2

, (262)

C =
cηpp0
7b4

, D =
cηpp0
7a4

. (263)

where K 1
4
(x) is a modi�ed Bessel function of the second kind [140, 129].
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Appendix E: Proof Of Regularized Displacement Con-
volution

The full proof is given here for the sake of completeness, and also as it seems to be
absent from other applied sources.

We are given that un is the response (output) to the Heaviside (H (t) ) function, there-
fore, for a linear system, we may express:

un = (y(t) ∗ H (t)) (264)

Where y(t) is some unde�ned linear impulse response to the system, and (∗) denotes
the convolution operation.

Invoking the fundamental properties of convolution, for di�erentiation:

d

dt
(g̃ ∗ f̃) = dg̃

dt
∗ f̃ = g̃ ∗ df̃

dt
(265)

Using our prior de�nitions (Eq. (225)), we can substitute g̃ → gϵ, f̃ → H .

We can express gϵ(t) as :∫ ∞

−∞
fϵ(t)H (t− t′)dt′ =

∫ ∞

−∞
gϵ(t)δ(t− t′)dt′ = gϵ(t) (266)

Where we have made use of Eq. (227), and:

δ(t) =
dH (t)

dt
(267)

and the sifting properties of the delta function.

We are trying to �nd the system response to our smoothed Heaviside approximation,
gϵ, or formally:

ue = (y(t) ∗ gϵ(t)) (268)

Ergo, subbing in Eq. (266):

ue = (y(t) ∗ (fϵ(t) ∗ H (t))) (269)

Due to the commutative property of convolution, we may swap the order of any of the
functions, giving:

ue = ((y(t) ∗ H (t)) ∗ (fϵ(t))) (270)

That leaves from Eq. (264), and commutativity again;

ue = (un(t) ∗ fϵ(t)) = (fϵ(t) ∗ un(t)) (271)

as required.
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Appendix F: Ensuring Numerical Accuracy

Due to the aforementioned challenges in Subchapter 6.4, combined with the novelty of
the investigation, extra care must be taken with accuracy. There are two main factors
to consider for numerical accuracy of results.

Appendix F.1: Aliasing

Aliasing is a common issue when representing and processing continuous data as discrete
forms. It occurs when the sampling rate is insu�cient to capture the true nature of the
waveform in signal processing, leaving a distorted version where the higher frequencies
are misidenti�ed into lower ones. The Shannon Nyquist sampling theorem is commonly
used to overcome this, stating that the sampling rate must be at least twice the rate of
the maximum frequency present in the signals [189, 190].

fNyq ≥ 2fmax (272)

However, the Fourier transform of fϵ is ([191]):

f̂ϵ(ω) = F{fϵ(t)} =
1√
2π

∫ ∞

−∞
fϵ(t)e

−iωt dt =
1√
2π

∫ ∞

−∞

ϵe−iωt

π(t2 + ϵ2)
dt =

e−ϵω√
2π

(273)

Figure 80: Fourier transform of di�erent values of fϵ. The higher the load rate, the
greater the frequency content in higher frequencies, meaning a higher frequency cut o�
ω99 is required.
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Therefore, this is an open frequency function, meaning there is no maximum frequency,
and the smaller ϵ is, (high load rates) the more frequency content present in higher
frequencies. Strictly speaking the Shannon-Nyquist theorem cannot be used, as is often
the case in real life applications. Instead, a limit of 99% of the maximum frequency
amplitude is chosen as a cut o� limit, ω99. This is de�ned as the frequency when ˆfϵω
falls to 1% of its maximum value (at ω = 0), 1

2π :

ω99 =
ln 0.01

−ϵ
(274)

The corresponding frequency is:

f99 =
ω99

2π
(275)

and therefore the corresponding Nyquist rate:

dtNyq =
1

2f99
= − ϵπ

ln [0.01]
(276)

As the Nyquist frequency is the absolute minimum sampling rate required to capture
the frequency features of a signal, for smoother signals a minimum timestep of:

dt =
dtNyq
4

= − ϵπ

4 ln [0.01]
(277)

was used.

Similiarly, if the grid size is not su�ciently �ne, due to the steep nature of a parabolic
pro�le, neighbouring elements will have too high a di�erence in load rates, and thus
in wave frequencies, to result in smooth resultant displacements: the spatial form of
aliasing. It was subsequently found whilst for establishing summed results like total (or
mean) surface velocity, or total (mean) strain, N ≈ 300 tended to su�ce, but for a clear
signal of an individual elements evolution N ≈ 500 was necessary.

Appendix F.2: Stability

Secondly, stability is also required. Whereas with aliasing convergence may be attained,
but will not be representative of a true solution, stability is a prerequisite for convergent
results. Without it, errors will propagate. One type of convergence condition is the CFL
[192] like relationship:

CCFL = ∆t

n∑
i

Vi
∆xi

≤ Cmax (278)

where V denotes the max wave speed (Cp),and simulation grid sizes must give a dimen-
sionless Courant number (CCFL) under Cmax = 1 for convergence.
Using an insu�cient time-step leads to the wavespeed propagating over multiple grid
points between successive steps, resulting in a loss of information. A ratio of 3 was
selected here.

Additionally, there are complexities involved with the singularities in Eq. (218), as set
out below.
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Figure 81: Convergence was taken very seriously in this study, and tested over multiple
factors

1. Singularity around 1/|x|. As spatial sampling decreases and |x| between neigh-
bouring elements gets increasingly small, contributions will diverge. This was
dealt with by using a a conservative spatial regularisation parameter εx. This was
2-3 orders of magnitude lower than the �nest spacing between grid points, and
modi�ed x → (x2 + ε2x)

0.5 This is a common method in problems of these nature
[193, 194, 195, 196], and increased resultant stability and sped up convergence.

Figure 82: Convergence is slower than that of typical elliptical geometry- at between
500-800 elements, with mild oscillatory behaviour. This can be attributed to the complex
dynamics of vibration. εx speeds up convergence, but at the loss of information, by
e�ectively reducing the minimum scale and blurring resolution.

2. Singularity around τ = Cs/Cr (see Fig. 67). Whilst the 3D displacement functions
were found to be successfully regularized by convolution [172] 34, the 2D versions
are trickier, as the strength of the singularity is greater in the latter, and diverges at
a greater rate. This is as the Rayleigh function, which features in the denominator,

34And in work on the initial 3D model performed here.
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vanishes. Eringen and Suhubi on page 617 [153], regard an integration over this
domain as taking a Cauchy Principal Value. Formally this is de�ned as excluding
the problematic region in the integral:

C.P.V.

∫ b

a

f(z) dz = lim
ϵ→0

(∫ z0−ϵ

a

f(z) dz +

∫ b

z0+ϵ

f(z) dz

)
(279)

In the spirit of Occam's razor, this was done by simply truncating uxx when it
exceeded the magnitude of the �rst peak in the displacement function, invoked
by the pressure wave, that can be viewed as a physically motivated limit. This
involved �nding the local maxima of uxx ∈ a ≤ τ ≤ 1, solving ∂uxx

∂τ = 0. I.e.:

∂uxx
∂τ

=
8(1− τ2)

√
τ2 − a2τ

(2τ2 − 1)4 + 16(1− τ2)(τ2 − a2)τ4
− 8

√
τ2 − a2τ3

(2τ2 − 1)4 + 16(1− τ2)(τ2 − a2)τ4

+
4(1− τ2)τ3√

τ2 − a2 ((2τ2 − 1)4 + 16(1− τ2)(τ2 − a2)τ4)

− 1

((2τ2 − 1)4 + 16(1− τ2)(τ2 − a2)τ4)
2

[
4(1− τ2)

√
τ2 − a2 · 16(2τ2 − 1)3τ

+ 32(1− τ2)τ5 − 32(τ2 − a2)τ5 + 64(1− τ2)(τ2 − a2) · τ3τ2
]
= 0

(280)
This had to be solved numerically, as polynomials above order 4 can't generally
be solved [197], and was done via a Mathematica script. For steel a ≈ 0.56 gave a
root in τ ≈ 0.577245. Tethering the limit of the displacement to di�erent multiples
of n ·uxx(τ = 0.577245) was experimented with (�gure n = 1, 5, 10 ). It was found
this didn't e�ect overall mean power values, just the speed of convergence. In
the end n = 1 was selected, thus excluding the problematic region previously
identi�ed.

Figure 83: Di�erent limits of truncation n. Final mean power results weren't e�ected,
but speed of convergence was slowed, the higher the truncation.

Numerically, this was still a challenging situation, and an analytical solution to the
problem, if one exists, should be the focus of future work.
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Appendix G: Pressure Rate Pro�les

Appendix G.1: Uniform Pressure Rate Pro�le

The case of uniform applied pressure is a classic elastostatic example explored in many
texts in contact mechanics. Here the transient example is explored, as it explains the
working of the model.

Pressure rate, and traction rate are taken as:

dp

dt
=

dp0
dt

,
dq

dt
= µ

dp0
dt

(281)

The cases below were for the dimensions of a Hertzian line contact formed for the bearing
test case geometries under a load of F = 10 kN, with Ḟ = 10 kN s−1.
ṗ0, q̇0 were calculated from the central point of the equivalent elliptical distribution line
contact.

Only 200 grid points were required for satisfactory convergence, a number typical for
regular (static) elliptical integration problems. This is due to the spatial coherence of
the wavefronts- all points on the surface in contact are in phase in displacements (Fig.
84), at just after impact t ≈ 0 35. This gives a smooth displacement �eld. As will be
covered, in Hertzian load rates later a far higher number of points is required. There is
then an initial transitory phase, of duration 2b/Cr. There are two things going on here:

1. Instability due to edge e�ects of convolution. Since the window of convolution
is initially very small, numerical inaccuracies associated with discretisation are
ampli�ed, as the sample size is very small. With su�cient discretization this
e�ect quickly becomes negligible into the simulation.

2. Ongoing interaction of surface vibrations. At time 2b/Cr, the furthermost points
at the edges of line contact become fully connected, having exchanged Rayleigh
waves with each other. After this outputs will start to become re�ective of the
rest of the duration of the simulation time, as the system converges on dynamic
equilibrium. Before this point however, the system is in a transient phase, and
larger changes in behaviour can be observed. This can be observed at multiples
of b divided by the three speeds, when the di�erent waves from the two further
most points of the contact �rst encounter each other at the midpoint, then in full
at 2b. This is best illustrated on the average surface strain graph (Fig. 85), where
changes in gradient can be linked with these multiples.

35At t = 0 uxx is unde�ned.
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Symbol De�nition Value

G Shear modulus 79 MPa

µ Coe�cient of friction 0.1

Cp Primary/Pressure wave speed (P-wave) 5790

K Bulk modulus 200 Mpa

Cs Secondary/Shear wave speed (S-wave) 3250 m/s

Cr Rayleigh wave speed 2770 m/s

ν Poisson's ratio 0.27

ρ Density 7850 kg/m3

q̇, (= q̇0) Traction rate 69.4MPa/s

b Semi minor contact width 0.406mm

Table 12: Simulation Parameters for Uniform Load Rate Tests
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Figure 84: Velocity and frictional power pro�les. There is a clear single frequency and associated time period, in which the velocity oscillates
in time and space, due to there being only one loading frequency present. Powers settle to a constant output, as dynamic equilibrium is reached.
The long-term velocity sign of slip is spatially planar in the uniform load rate case.
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Figure 85: Average dynamic strain in time can be seen to have key behaviour changes
corresponding to multiples of wave speeds over the length of the contact. Surface �ux
helps explain the physics of the problem, via equipartition of energy

Some observations worth stating:

� Dynamic strain approaches a smooth form at t = 2b/Cr, after which there is a
mild oscillation about this form. The overall amplitude of this dynamic strain
does not increase after this point, as the system approaches dynamic equilibrium.

� The dynamic velocity term is symmetric. This is because the elastic force is equal
and opposite between two interacting points. Such a pair will push or pull each
other equally in the same direction.

� The velocity exhibits complex, dynamic behaviour. Naively, it might be expected
that it retains the same form as at t ≈ 0 throughout the simulation. However, this
is a complex spatial problem. The forces are long range, and because it is a closed
system with 1/x decay. For the locations at the edge, whilst experiencing the same
pressure rate as the central point, will experience a di�erent integrated e�ect of
this, as they have fewer immediately neighbouring elements at the boundary. This
imbalance, results in variations in surface velocity, and this e�ect is propagated
by the three waves.

This is graphically explained in Fig. 86. Initially, the velocity is isotropic spatially.
If the system were an in�nite line, then there would be no spatial variations in
velocity at a given time-step and it would be perfectly in phase36. However, a front
moves in from the edge of the contact, as here is where the imbalance is present.

36The system would still oscillate in time, but spatially in phase

155



t≈0 t= b/Cp

Figure 86: Velocity pro�le at t ≈ 0 and t = b/Cp. The spike carried by the pressure
wave is due to imbalance at the edge of the contact, and moves inwards to meet at the
centre.

This sharp peak meets at the midpoint, at t = b
Cp

, and then the vibrations begin a
state of superposition to form a resultant vibration for the rest of the simulation.
Shear and Rayleigh waves also undergo the same processes, and this superposition
is fully established when they have covered the entire length of the contact, 2b.

The spatial gradient in load rates will invoke complex variations across the velocity
pro�le, and will be important for Hertzian load rate analysis.

� The time between successive peaks in both frictional power (due to velocity) and
strain is q̇−1. This is as expected, as there is only one frequency present, and is
used in constructing the separation between successive fϵ ofXϵ.

� Slip reversal is predicted by the model 37. Due to the presence of the negative
displacement region in the displacement function, and the in-phase nature of the
load rate, negative slip (opposing the direction of traction) will occur. Aside from
in the transient phase t < 2b/Cr, this doesn't occur in a concurrently spatial
manner, and the long term behaviour of slip direction is planar.

� All wave motion has an associated energy �ux. In ED, volumetrically this can be
expressed as [159]38:

s = −K(Θ)u̇i − 2GΣij u̇j (282)

where:

� Θ is the trace of the strain tensor.

� Σij is the o� diagonal components of the shear tensor.

37This could be an unavoidable artefact due to the use of X, and caution should be taken in its
analysis. In reality, the load rate pro�le won't be a succession of peaks on an in�nitesimal scale, but
a constant `block' of load rate. However, the displacement functions are not formulated for this, and
whilst there is scope for excessive `waviness' to be introduced in solutions, this won't e�ect magnitude
of slip results. Furthermore, the two will become identical with reduction in separation between delta
peaks, and such a delta train is commonly used as a representation of more complex loads [131].
38Analogous to the Poynting vector in Electrodynamics.
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Figure 87: Transient components of surface velocity waveform in multiples of length
of contact over wave speed. Pressure spikes are initially observable moving inwards,
then superposing. Shear, then Rayleigh, wave interaction introduces extra degrees of
complexity. The system then begins to approach its long-term form (bottom right).

Accordingly, the surface �ux sxx associated with uxx is simply the product of
K, ∂ux

∂t and ∂ux

∂x . The time series plot of this line �ux underlines the physics of
the simulation. Flux is initially negative following impact, as net energy is going
into the system due to the large applied impulse, and then it is absorbed as elastic
potential energy. This excess energy is carried out of the system by elastodynamic
waves exiting the contact. As dynamic equilibrium is approached, �ux �uctuates
between negative and positive values, due to a constant exchange of energy between
elastic and kinetic (equipartition of energy). Eventually, energy exiting the contact
balances energy coming in from loading, thus establishing dynamic equilibrium.

� True dynamic equilibrium isn't reached instantly after 2b/Cr, and values continue
to level o� slowly. This is because the form of uxx never truly reaches 0, and as
convolution is a causal operation, the system will have an in�nite memory of past
events. Since it is dynamic equilibrium which will be representative of the long-
term behaviour of the system, representing the majority of the time-step ∆t in
practical analysis, care needs to be taken with system memory. Initialisation could
introduce artefacts in analysis, and will need to be accounted for. Here this was
done by truncating the displacement function above the characteristic timescale
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Figure 88: Long term behaviour of surface velocity waveform.

of the problem, i.e. uxx(t > 2b/Cr) = 0. As this is dependent on global time, and
thus time of wave propagation, it is an unbiased operation.

Despite the simplicity of the 2D loading pro�le, the complexity of results highlight the
highly deterministic nature of the system. We now move onto the more complex Hertzian
loading pro�le, which forms the basis of the real-world WTMB SRB analysis.

Appendix G.2: Hertzian Pressure Rate Pro�le

With the demonstrative uniform pressure case explored, the velocities and dynamic
strains of a Hertzian pro�le was explored. This is the load rate our real word bearing
is predicted to have. Three di�erent load rates, 10 kN/s, 50 kN/s, 100 kN/s, were sim-
ulated for an applied load of 30 kN:

The transient and dynamic equilibrium period is di�erent from the uniform traction
rate pro�le, as instead of a single load rate frequency there are now a set of frequencies,
corresponding to the parabolic pro�le of load rate. In the uniform load case, with �-
nite system memory, history can be clearly split into two periods, of an initial transient
phase, and followed by subsequent dynamic equilibrium.

A sampling window of q̇−1
0 (t0) would be su�cient to capture the entire ensuing history

at this point, since what follows is just a repetition over this period, due to the single
frequency present. Establishing an equivalent period for the Hertzian load rate is not
so obvious. In practice, it was found that the frequency produced by the central load
rate dominated the energy, and a sampling period, tchar ≈ 3 − 10 q̇−1

0 tended to su�ce
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Figure 89: Imposing a �nite system memory forces a decay at t = 2b/Cr onto the true
dynamic equilibrium state. The discontinuity at this time shows that residual e�ects
from an impact event are signi�cant, and do need to be accounted for to avoid artefacts
when making assessments of metrics via extrapolation (Eq. (234)).

39. A longer, more rigorous period was used for wind analysis.

Dynamic equilibrium mean behaviour is thus adequately captured. Running longer
lengths than this would not provide a great deal of extra information.

Figure 90: A sampling time over the dynamic equilibrium period of between 3-10 of
the central load rate frequency t0 ( q̇

−1
0 ) was deemed adequate for assessments of power

and energy for a Hertzian pro�le.

The results of the three di�erent load rates are now explored. System memory of impact
was still present in the following tests, capturing the residual e�ects of impact (e.g. sud-
den gusts of wind imparting impulse loads on the bearing ). However, for wind condition
case studies this e�ect will be negated, as the load rates will on average be more gradual.

Simulation b dF
dt

dq0
dt N dt

Sim 1 0.585 mm 10 kN/s 33.4 MPa/s 500 0.135 ns

Sim 2 0.585 mm 50 kN/s 167 MPa/s 1000 0.068 ns

Sim 3 0.585 mm 100 kN/s 334 MPa/s 1000 0.068 ns

Table 13: Simulation Parameters for three simulated Hertzian Load Rate Tests.

Observations:
39Although the true period of repetition (∆tchar) of a discrete set of periods would be given by the

lowest common multiple of them, t0 = lcm(ti).
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t≈0

t= b/Cp

A B DC

A) D)

C) C) C)

B)

Figure 91: Showing how metrics over dynamic Hertzian loads rates are more complex
than for the uniform case, due to the associated frequency spectrum. It can be seen that
∂ux

∂x ,
∂ux

∂t and thus �ux (C) oscillate around a long term stable value, with the highest
frequency component dominating dynamics. The resultant vibration over tchar is shown
in (B).

� Strain and velocity terms are highly dynamic, propagating across the contact with
time. Strain now also varies spatially in time. This was not the case with uniform
pressure rates. This is due to the variation in q̇ across the contact.

� Peak values of strain and velocity appear linear with load rates between the same
absolute load conditions. This is unsuprising considering our use of linear theory.

� The elastic strain limit of steel is 0.3-0.1% (0.001-0.003). After this point the
material will permanently deform and surface damage will occur. The highest
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Figure 92: Simulation 2 and 3 results have high frequency load rates, and thus complex
higher frequency vibrations.

risk of this happening is at low loads and highest load rates, thus the highest
instantaneous pressure rates. This might correspond to an unloaded or lightly
loaded bearing suddenly being loaded by a gust of wind. However, it should be
noted that high values of µ might contribute too higher than expected outputs.
Furthermore, the assumption of constant contact dimensions will be least valid
at low loads, meaning the model is least sensitive. It is at this points that the
contact patch grows quickest, potentially relieving high pressure rates. Further
work is required to determine if dynamic strains do approach the elastic strain
limit of steel.

� Regions of spatially concurrent reverse slip are clearly predicted, and these regions
become less separated in both time and space with increases in load rate. The
mechanical implications of this are currently unclear, but should be investigated
in future, as these matters indicate local compressions and extensions of surface
material, and thus concentrations of strain tips. This is not something that can
be predicted by steady state microslip.

� Spatial aliasing starts to become an issue at higher load rates, and thus higher grid
numbers are required. This is because there are steeper spatial gradients in local
load rates. Future work should look at analytical methods, or frequency domain
calculations (being computationally cheaper due to N log N).

� It should be noted that there is again a constant exchange of energy between elastic
(strain × bulk), and kinetic. Because of the wide set of load frequencies it would
require an unfeasibly long time to capture the full dynamics of the simulation.
However, average strain and velocity settle quickly, after which they exhibit a
complex oscillation about dynamic equilibrium state values.
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Appendix H: Dynamic Strain Transient Microslip Con-
tribution

This �gure shows how little dynamic strain in practice contributes to microslip, with
rotational speed of roller. Because of this it can e�ectively be disregarded in calculation
of frictional energy.

Figure 93: Dynamic strain is seen to contribute minimally to net microslip, apart from
very high angular speeds. Therefore only ∂ux

∂t was used in calculations of test matrix
M.
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Appendix I: Proposed Cumulative Frictional Energy Den-
sity Failure Prediction Algorithm

The following section explores how cumulative energy densities might be used to predict
bearing lifetimes, using analyses of the frictional e�ects of repeated low level shock expo-
sure. The value of this lies in its exploration of the spatial distribution of these densities
on individual element failure, a feature available through the presented transient model,
which accesses the full spatial complexity of frictional dissipation. The methodology is
general and preliminary, and other failure methods such as rolling contact fatigue (RCF)
are ignored. A full assessment of actual life would involve a combined consideration of
these, not possible within the time-frame of current work.

It only takes one element of the raceway to fail, to cause a failure of the entire bearing[198].
Alternatively, this expression is equivalent to the probability of the whole bearing sur-
viving, being the product of the probabilities of the survival of its components, that are
themselves a product of probabilities of the survivals of their individual surface elements:

Sbearing =

ncomp∏
i=1

Scomp ≈
in∏
k

Sk ·
out∏
k

Sk ·
roll∏
j

Sj (283)

focusing only on the inner raceway for demonstrative purposes.

The start point is assuming that survivability of an element, is related to cumulation of
frictional power density, by a Lundberg-Palmgren like relationship:

ln
1

Sk
∝
(∫ t

0

Ėkdt

)n
dxdz (284)

where n is some underdetermined parameter. The integral represents energy, leaving a
resultant energy density, the same SI units as the original Lundberg-Palmgren model,
and based on Weibull statistics [36]. This is just a formal representation of the previ-
ously used assumption that cumulative frictional energy density can serve as a proxy for
failure likelihood, similar to how the Lundberg-Palmgren model treats stress cycles for
RCF. Only the most basic form of Eq. (284) is considered, with n being set to 1.

Thus, the survivability of the inner race as a whole is given by:

ln
1

Sin
∝

in∑
k

(Ek)
ndxdz (285)

and the survivability of the inner raceway is given by:

Sin ∝ eC
∑

in
k En

k (286)

where dx, dz have been absorbed into an arbitrary constant C, by design.

However, C and n remain free parameters. Although their absolute values are unknown,
we can compare observed (�eld) survivability under di�erent operating conditions to �nd
and use them for future predictions. Again, for brevity and demonstrative purposes, we
are just assuming S ≈ Sin, ignoring the other components of the bearing.

To �nd C and n, we must choose a reference set of conditions where an associated
survivability is known and then take the ratio of survivabilities:
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Sref
Si

= eC(
∑

k E
n
ref−

∑
in
k En

i ) (287)

If Sref has an associated L10, due to its inverse proportionality, we may express the L10
life of sub-condition i as:

L10i = L10refe
C(

∑
k E

n
ref−

∑
in
k En

i ) (288)

Then, using strict series reliability or linear damage theory, the combined lifetime is:

L10comb =
1∑

i ϕi/L10i
= L10ref

eC
∑

k E
n
ref∑

i ϕie
C

∑
k E

n
i

(289)

where ϕi represents the total proportional time spent in each operational sub-condition,
which may be derived from operational data or a Weibull wind pro�le.

A) B)

Figure 94: (A): Weighting used, from SCADA wind speed distributions from Chapter
2. This is used to combine the di�erent L10i over the 12-24m/s wind speeds in (B), to
arrive at a combined L10 (black line), for that C (red, orange, green). Each individual
L10i is displayed by a single coloured line, for each wind condition (e.g. 14m/s C).
These were calculated from applying Eq. (289) over the relevant dataset (Fig. 95)

This equation can be minimized against �eld observations (e.g., using a Nelder-Mead
solver with a sum-of-squares implementation) to infer parameters C and n, thereby
quantifying the system's sensitivity to power densities.

Examples are given below in �g, of how this could be done, for �eld L10's corresponding
to 10% and 90% of a reference L10, by using the 12 A static �le as a reference, and the
same weighting in Fig. 94(A), to uniquely determine values of C and n.

It should be noted that C and n are uniquely determined, if there is both an observed
failure rate, and wind condition distribution with associated frictional energy dataset,
and in an ideal case should be identical for a given bearing.

Any reference L10 could be selected, for example �eld data of wind-speeds and observed
failure rates in themselves, to predict L10's of di�erent �eld conditions.

For example, using the 12 A dynamic condition as a reference, shows there is a big
di�erence in densities, or associated failure chances, between the static and dynamic
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Figure 95: Dataset used in the life analysis model demonstrating densities of frictional
energy increase with windspeed.

0.876 0.626

B)A)

Figure 96: L10 composition for failures rates corresponding to 10% of L10 reference
(A) and 90% of reference (B).

cases. This is as here, there is now no longer a narrow grouping between windspeeds
(e.g. compared to Fig. 94b or Fig. 96). This indicates there isn't a large di�erence
in energy densities between individual dynamic cases, when compared to the di�erence
there is between static and dynamic ones.

Such methods may be used to predict lifetimes for di�erent wind distributions, or to
test the hypothesis that microslip and frictional energy is a driver of failure. In reality,
this would need to be combined with weighting in algorithms for other known modes
of failure to make valid predictions (RCF). Higher resolution datasets and calculations,
across both di�ering wind conditions and spatially along the raceway would be required
to train this model. This would necessitate the use of fairly powerful numerical methods
[199] (Fig. 98).
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Figure 97: The spread in relative L10's when 12A is used as a reference L10.

Figure 98: Due to the large number of cell elements, and data�les, solving Eq. (289)
is a sensitive calculation. When combining this with large sets of �eld data, advanced
numerical methods will be required.
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