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Abstract

Class bias ] systematic recall gaps across classes | continues to limit the fairness of classi ca-
tion models. Most explanations attribute this bias to data imbalance, assuming that unequal
sample counts are its primary cause. However, this interpretation overlooks di erences in
class hardness that persist even in balanced datasets. Since prior studies rarely separate
these e ects, it remains unclear whether reported fairness gains arise from one or the other,
constraining advances in hardness-aware learning. The focus of this thesis is twofold: bringing
coherence to a fragmented eld and showcasing its practical value.

To systematize existing approaches, we rst review model- and data-based hardness es-
timators, which have evolved as largely independent research lines. We introduce a uni ed
taxonomy that organizes both families and the types of hard samples they identify, pro-
viding a conceptual foundation for hardness-aware research. Building on this, we perform
the rst comparative benchmark between these two families, highlighting key limitations
of data-based estimation. A complementary stability analysis further shows that single-
seed evaluations | common in prior work ]| produce unreliable hardness rankings, motivating
ensemble-based estimation.

To demonstrate why hardness-aware learning matters, we conduct two case studies as-
sessing whether hardness-based resampling can improve fairness in balanced datasets. We

nd that it consistently reduces class-level recall and F1 gaps and can also enhance overall
performance under suitable conditions. These outcomes depend on three key factors: the
accuracy of hardness estimation, the quality of oversampled data, and the degree of induced
data imbalance. Together, these ndings establish hardness imbalance as a distinct and
measurable phenomenon and position hardness-aware learning as a principled framework for
studying and mitigating it.
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Chapter 1

Introduction

1.1 Motivation: Why Fairness Requires Addressing Hardness
Imbalance, Not Just Data Imbalance?

Classi cation tasks ] ranging from medical diagnosis (Esteva et al. 2017) and credit score
evaluation (Lessmann et al. 2015) to spam detection (Crawford et al. 2015) and autonomous
driving (Turay & Vladimirova 2022) | have driven much of modern ML research. In essence,
the main goal is to substitute or assist humans in solving classi cation problems across
diverse domains. Over the decades, classi cation has evolved from early linear models to
kernel methods and now to various deep learning architectures and foundational models,
re ecting the eld’s growing theoretical and computational sophistication (Alom et al. 2019,
Awais et al. 2025). Consequently, many classi cation models have already matched or even
surpassed human performance in benchmark settings (He et al. 2015, Buetti-Dinh et al. 2019,
Nasiri et al. 2025).

Despite these advances, ML classi cation systems remain far from universally deployed
in high-stakes domains. This hesitation stems not from conservatism but from persistent
issues in reliability, transparency, and fairness | here understood as the equitable predictive
performance across classes, rather than fairness in the socio-ethical sense. Many of these
problems originate in the data, with data imbalance ] the disproportionate representation
of certain classes ] being one of the most extensively studied and persistent issues (Johnson
& Khoshgoftaar 2019). This has led to the introduction of various methods for addressing
this problem, which can be generally divided into two categories. The rst, incorporating
reweighing approaches, aims at modifying the learning algorithm by putting higher emphasis
on minority samples (Fernandez et al. 2018). The second, involving resampling approaches,
focuses on removing the data imbalance altogether (Carvalho et al. 2025). These two cate-
gories cover the overwhelming majority of existing strategies for dealing with data imbalance
and are deeply embedded in both research practice and applied pipelines.

While this extensive focus on data imbalance has yielded valuable insights and practi-
cal solutions, this emphasis may have inadvertently narrowed our conceptual framework for
understanding imbalance in classi cation problems. The prevailing discourse often treats
imbalance as synonymous with unequal class distributions, leading to an implicit assumption
that minority classes are inherently disadvantaged and that achieving balanced performance
requires primarily addressing sample size disparities. However, this perspective overlooks
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a fundamental distinction: not all classes within a dataset are equally di cult to classify
correctly. This is empirically observed across multiple studies, which show that accuracy
discrepancies across classes persist even in balanced settings (Ma, Jiao, Liu, Li, Yang & Liu
2023, Kaushik et al. 2024), and that accuracy on tail classes can even exceed that of head
classes (Sinha et al. 2020). This highlights that the conceptual framework based solely on
data imbalance is insu cient to fully explain accuracy discrepancies across classes. A more
correct framework should incorporate various types of hardness ] which would each provide
unique reasoning behind model’s di culty in correctly classifying certain classes | with data
imbalance being only one among several factors contributing to hardness imbalance. How-
ever, to the best of our knowledge, hardness imbalance as a systematic bias across classes has
not been systematically theorized, measured, or benchmarked as rigorously as data imbal-
ance. Thus, while fairness in classi cation is often pursued through balancing class counts,
we argue that achieving complete fairness actually requires addressing disparities in intrinsic
class hardness.

Even though the notion of hardness imbalance has not been systematically conceptualized
in its own right, the concept of hardness is not a novel one and appears in multiple sub elds.
In curriculum learning, hardness is used to determine the order in which samples are learned
to improve e ciency by starting with easy samples and slowly introducing harder samples to
the curriculum (Wang et al. 2021, Soviany et al. 2022). In active learning, hardness is used
to identify the most informative samples that are to be manually labeled after the initial
exploration phase (Tharwat & Schenck 2023, Li et al. 2024). In data pruning, hardness is
used to determine the data samples that are least valuable to the learning process and can be
removed without negatively a ecting the accuracy of the nal networks (Sorscher et al. 2022).
In noise identi cation, hardness is used to identify challenging samples for removal (Pleiss
et al. 2020). Across these diverse applications, hardness is thus treated primarily as a practical
tool to improve training e ciency, labeling cost or dataset quality, rather than as a quantity
of intrinsic interest. This means that hardness plays only a secondary role in those studies.
There also exist many works focusing on data imbalance, which explicitly aim at improving
fairness, that incorporate hardness into their methods (e.g., Focal Loss (Lin et al. 2017) or
ADASYN (He et al. 2008)). Unfortunately, they either omit explicit recognition of hardness
imbalance or lack ablation studies disentangling it from data imbalance. This omission is a
crucial problem, as it makes it unclear whether simple methods that are known to address
data imbalance can also mitigate hardness imbalance. Furthermore, the fragmented nature
of this eld makes it hard to understand the current state-of-the-art or make meaningful
progress.

1.2 Research Questions: How to Verify if Hardness-Based Re-
sampling Improves Fairness?

This thesis has two overarching objectives. First, it aims at bringing structure to the eld
of hardness-aware learning and construct a knowledge map of current insights and state-
of-the-art, as well as highlight the main open questions and promising future directions.
Second, it seeks to demonstrate the practical value of hardness-aware methods. Together,
these objectives are designed to provide both conceptual clarity and empirical validation.
To achieve them, the work is divided into two complementary parts. The rst part,
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Hardness-Aware Learning:

Taxonomy, Benchmarking, and Fairness Applications

| !

Bringing structure to the field Showing practical value

Chapter 3 Chapter 4 Chapter 5

Which hardness estimators Can we improve fairness
i ?
How to estimate hardness? o Use on balanced datase

Yes, Hardness-based resampling:

*  We review and bring *  First benchmark of data-
structure to the field of and model-based
I . ¢ Reduces recall gaps across
hardness estimation estimators
classes
e Can Reduce F1 gaps across
*  We propose a unified *  Verifying robustness of gap
. classes and overall accuracy
taxonomy of hard samples single-seed hardness P .
. " N if high quality data and
bridging data- and model- estimates, which are ;
. . . hardness estimates are
based perspectives popular in the literature

available

Figure 1.1: The purpose of this thesis is twofold. First, we aim to bring structure
to the eld by providing a taxonomy of hard samples in Chapter 3 and addressing
benchmarking of hardness estimators in Chapter 4. Second, we demonstrate the
practical value of hardness-aware learning in Chapter 5, showing that introducing
data imbalance through hardness-based resampling can improve both fairness and
overall performance under certain conditions. Together, these e orts aim to con-
solidate current understanding and motivate further exploration of hardness as a
key dimension of data-centric learning.

corresponding to Research Questions Q1{Q3, focuses on structuring the insights from the
literature on hardness-aware learning: outlining which factors cause hardness, describing how
hardness can be estimated, how reliable these estimates are, and how to benchmark them.
The second part ] corresponding to Q4 | investigates the practical utility of hardness-based
resampling by examining whether it improves fairness and, if so, under what conditions.

1. How to estimate hardness?

e Q1: How can hardness estimators and the underlying factors of hardness be sys-
tematically categorized?

2. Which hardness estimators to use?

e Q2: Are data-based hardness estimators a viable alternative to the more widely
used model-based estimators?

e Q3: How robust is the common practice of estimating hardness using a single
random seed?

3. Does hardness-based resampling improve fairness on balanced datasets?
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e Q4: What are the conditions under which hardness-based resampling improves
fairness in balanced setting?

A schematic overview of these research questions is presented in Figure 1.1, which illus-
trates how they structure the thesis. Q1 will be targeted by Chapter 3, Q2 and Q3 will be
targeted by Chapter 4 and Q4 will be answered in Chapter 5.

1.3 Structure and Contributions

Chapter 2 introduces the foundations of machine learning, probability and statistics, which
are relevant for this thesis.

Chapter 3 brings structure and clarity to the growing but fragmented eld of hardness-
aware learning by reviewing the most prominent hardness estimators. The chapter organizes
existing approaches into two complementary families:

» data-based estimators, which infer hardness from the geometry, density, or local topology
of the data manifold; and

» model-based estimators, which infer hardness from model behaviour, such as prediction
con dence, loss dynamics, or gradient signals.

For each family, we introduce a consistent categorization of methods and provide mathe-
matical formulations of representative estimators, explaining their underlying rationale and
interconnections. For data-based estimators we frame the discussion using a geometric per-
spective on learning (the manifold hypothesis), showing how di erent estimators capture
complementary aspects of manifold geometry and sampling. For model-based estimators we
show that almost every study implicitly adopts its own notion of sample di culty; we aggre-
gate these categorizations into a single, coherent, model-based taxonomy that consolidates
overlapping de nitions and clari es their relationships. Together, these analyses expose the
conceptual complementarity between geometric and behavioral perspectives and motivate a
joint taxonomy of hard samples.

Contributions In Chapter 3 we introduce a uni ed taxonomy that bridges data-based
and model-based perspectives. This framework combines the interpretability and theoretical
grounding of data-based estimators with the empirical signals captured by model-based meth-
ods, o ering a principled synthesis of previously disconnected lines of research. In the process
we also identify three key open problems that motivate the rest of the thesis and future work:
(i) the computational intractability of geometric estimators in high-dimensional input spaces;
(ii) the under-exploration of training dynamics as a source of hardness information; and (iii)
the conceptual con ation of distinct subtypes of hardness across prior studies. By consoli-
dating insights scattered across disparate lines of work, the chapter transforms a fragmented
literature into a coherent conceptual framework, providing the structural foundation needed
for further progress in hardness-aware learning.

Chapter 4 builds on the conceptual foundations established in Chapter 3 by address-
ing the practical problem of benchmarking hardness estimators. Its purpose is to clarify
why evaluating these estimators remains challenging | most notably due to the absence of
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a ground-truth notion of sample di culty ] and to systematize the benchmarking strategies
that have emerged to address this gap. We group existing evaluation paradigms into three
broad families: downstream-task-based, injection-based, and proxy-based, each re ecting
di erent assumptions about what constitutes a reliable indicator of sample hardness. After
reviewing these approaches and the only existing benchmark study in the eld, we identify
two critical gaps in the literature: (i) the lack of direct comparison between model-based
and data-based estimators, and (ii) the widespread reliance on single-seed evaluations. In
addition, we observe that estimator robustness is typically assessed using correlations across
the entire hardness spectrum ] a practice that overlooks instability at the hardest and easiest
extremes, where robustness matters most for downstream applications such as noise removal
or pruning. These observations motivate our second and third research questions (Q2 and
Q3), which this chapter addresses through systematic empirical analysis. In doing so, we
also revisit one of the challenges highlighted in Chapter 3 ] the susceptibility of data-based
estimators to the curse of dimensionality | by examining whether dimensionality reduction
via PCA can improve the reliability of these estimators.

Contributions In Chapter 4 we perform the rst cross-family benchmark comparing data-
and model-based hardness estimators. Our results show that data-based estimators per-
form poorly as class-level hardness measures, and identify the curse of dimensionality as the
primary cause. Further experiments demonstrate that simple dimensionality reduction tech-
niques like PCA bring too much distortion into geometric and topological structure, rendering
it ine ective for preserving meaningful hardness relationships. These ndings underscore the
need for more geometry- and topology-aware dimensionality reduction techniques if inter-
pretable, data-based hardness estimation is to become competitive. We also introduce a
stability-based evaluation criterion that tests whether the top-t hardest or easiest samples
remain consistent across random seeds | a more meaningful measure of estimator robustness
than global correlation J and nd that many model-based estimators are very inconsistent
across seeds. Collectively, these ndings establish both methodological and practical foun-
dations for reliable benchmarking, motivate our choice of hardness estimator for subsequent
chapter, and advance the broader framework of hardness-aware learning.

Chapter 5 takes a di erent direction from the preceding chapters, shifting from concep-
tual contributions to practical evaluation. Building on the benchmarking results of Chapter
4 this chapter investigates whether hardness-based resampling can improve fairness even in
balanced datasets (Q4). This question challenges the common assumption that data balance
implies fairness, o ering a paradigm shift towards redistributing training focus according to
sample di culty. Answering this question is non-trivial because any observed e ect depends
on the quality of the data used in oversampling. To disentangle the impact of resampling from
that of data synthesis, we design two complementary case studies. The rst is a controlled
simulation that assumes access to real data during oversampling. The second represents a
realistic scenario in which oversampling relies on synthetic data. To ensure a rigorous and
quantitative assessment, we introduce ve complementary fairness metrics that (i) compare
performance between the easiest and hardest classes, and (ii) quantify variability across all
classes, allowing for a nuanced analysis of class-wise equity.
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Contributions Our results show that hardness-based resampling consistently reduces recall-
based class bias. Crucially, the mechanism di ers from data-imbalanced settings: there, ran-
dom oversampling reduces bias simply by balancing frequencies; here, with frequencies already
balanced, only oversampling that adds new and informative content can help. Accordingly,
random oversampling and SMOTE vyield negligible changes, whereas a state-of-the-art dif-
fusion model (Karras et al. 2022) produces substantial reductions ] closing the recall gap
between average easy and hard classes by 0:014 on CIFAR-10 and 0:027 on CIFAR-100.

We further nd that when generative models are involved, harder synthetic samples are
more bene cial: selecting samples based on hardness rather than chance nearly doubles the
reduction in class bias. This suggests that improving generative models’ ability to produce
hard samples ] rather than the easy samples they currently favor (Wang et al. 2024) | could
yield further gains. Importantly, these reductions do not come at the expense of overall
accuracy, which in most cases increases slightly. The only trade-o is a modest increase in
precision gaps across classes | a natural consequence of the precision-recall trade-o and the
strong alignment between class-level precision and recall.

Altogether, these ndings demonstrate that class bias is not merely a symptom of data
imbalance, but a more fundamental phenomenon rooted in the unequal distribution of hard-
ness across classes. If we are to build models that are truly fair | across all classes, regardless
of their frequency [ the eld must pivot from frequency-centric corrections toward hardness-
aware methods that address bias where it actually originates.



Chapter 2

Foundations of Probability and
Machine Learning

The aim of this chapter is to provide the mathematical foundation of probability, machine
learning and statistics to understand this thesis. | start with de ning the supervised classi -
cation problem and introducing the foundations of probability, relating each concept to the
classi cation problem. After that | describe how neural networks perform classi cation and
learn through a simple multi-layer perceptron. | end this chapter by introducing the core sta-
tistical estimators and evaluation metrics used in this thesis and by describing dimensionality
reduction.

2.1 Supervised Classification Problem

Let Xp = fXq;::i;Xng be a set of N data samples. These samples can be of any modality,
but in this thesis we restrict our experiments to image data. Let Yp = fyi;:::;ykg be a set
of K integers, called labels, each mapped to a conceptual class. For example, in CIFAR-10
y1 is mapped to ‘airplane‘, and y, is mapped to ‘cat’.

A dataset D consists of these samples and labels, together with a surjective mapping
fo : Xp ¥ Yp that assigns each image a label. So in CIFAR-10, fp is supposed to map
images of airplanes to y;, images of cats to y4, and so on. In practice, however, datasets often
contain label noise: an image of a cat might accidentally be assigned a di erent label. This
describes a supervised setting. In an unsupervised setting the mapping f is not available and
in some cases Yp is also not available.

In some domains | medicine, for example | a deterministic mapping f does not adequately
capture reality. The same symptoms X may indicate di erent diseases y with di erent prob-
abilities. Here, the relationship is better described by a conditional probability distribution
P (Y jX), which tells us, for a given x, how likely each possible y is. The strength of the
connection between a speci ¢ symptom X and a speci ¢ disease y is precisely the probability
P(Y = yjX = x). For simplicity, however, we will focus on the deterministic case in this
thesis.

It is commonly assumed that each data sample x; 2 Xp was drawn from some underlying
distribution. More formally, we assume there exists a joint distribution P (X;Y) over all
possible inputs and labels. Our nite dataset D is just a small collection of samples from this
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vast space obtained through P.

Recall that we have a dataset D = (Xp; Yp; fp), where fp : Xp ¥ Yp is the observed
labeling within the dataset. However, this fp is merely a nite snapshot of a broader under-
lying relationship. We assume there exists a true labeling function ¥ : X ¥ Y de ned over
the entire input space X. The labels we observe in D are then the result of applying f to our
speci ¢ images X, possibly with some errors. In other words, fp is what we see; T is what
we wish we knew.

The aim of a classi cation algorithm is to learn a hypothesish : X ¥ Y that approximates
the true labeling function f as closely as possible. Crucially, h must perform well not just on
the images we already have in Xp, but on all possible images from X ] including those we
have never seen. This property is known as generalization, and it is the central challenge of
machine learning.

Ideally, we would evaluate h by measuring its performance on a fresh set of images drawn
from the true underlying distribution P ;Y ). In practice, however, we do not have access
to such an in nite stream of labeled data, as P is inaccessible. Instead, we simulate this
evaluation by partitioning our nite dataset D into two disjoint subsets: a training set Drain =
(Xtrain; Ytrain; Ftrain) and a test set Diest = (Xtest; Ytest; Trest). The hypothesis h is learned
using only Dgrain, and its performance is measured on D, Which serves as a proxy for
unseen data. The expectation is that performance on Dyest Will approximate performance on
the true distribution P.

2.2 Probability Foundations

The previous section introduced probabilistic concepts informally. We now de ne them pre-
cisely, grounding each in the classi cation setting.

To formalize the idea of drawing an image from the world, we need a way to talk about a
quantity that is not xed ] one that can take di erent values each time we look. This is the
role of a random variable. We denote random variables with uppercase letters (X, Y) and
their realized values with lowercase letters (X, y). In our setting, X represents the random
process of drawing an image; Xj 2 Xp is a speci ¢ realization. Y represents the associated
label; ¥y is the observed label for Xx;.

A random variable alone is not enough ] we also need to specify how likely each possible
outcome is. This is the role of a probability distribution. How it is represented depends on
whether the outcomes are discrete or continuous. For discrete variables like labels Y, we use
a probability mass function P (Y =), which assigns probabilities that sum to one. P(Y =vy)
is simply the probability that a randomly drawn image belongs to class y ] in a balanced
dataset, P(Y = y) = 1=K. For continuous variables like images X, we use a probability
density function p(x). Here, p(x) describes relative likelihood: regions where p(x) is high
are more likely to produce samples than regions where p(x) is low. In real-world terms,
this captures sampling biases ] for example, certain demographics being underrepresented in
medical imaging datasets.

Once we have a distribution, we often want to summarize its behavior with key quan-
tities. The expected value (or expectation) E[Xl]aquanti es the average outcome under the
distribution. For a discrete variable, E[X] =, xP(X = x); for a continuous variable,
E[X] = 4 xp(X)dx. The variance Var(X) = E[(X E[X])?] measures how spread out the
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outcomes are around this average, and its square root is the standard deviation. These
summaries will become important later when we consider di erent sources of uncertainty in
learned models (Section 3.5.3). Speci cally, aleatoric uncertainty corresponds to the expected
variance of the model’s predictions, while epistemic uncertainty corresponds to the variance
of the expected prediction.

The distribution tells us how likely di erent outcomes are, but it also implicitly de nes
which outcomes are possible at all. The support of a distribution is the set of outcomes
with non-zero probability (for discrete variables) or non-zero density (for continuous vari-
ables). This is distinct from the input space X, which contains all mathematically possible
images J every 32 32 3 array of pixel intensities, regardless of whether it resembles any-
thing real. The support of P (X) is the set of images that can actually appear under the
data-generating process: photographs of real-world scenes, not random noise. Similarly, the
support of P(X j Y = cat) is the set of all possible cat images ] photographs, paintings,
cartoons | which is still far larger than any nite dataset. This distinction clari es why
generalization is hard: our training samples cover only a tiny fraction of the support.

The expectation (or expected value) of a random variablg,x quanti es its average outcome
under its distribuﬁ'on. For a discrete variable, E[X] = , xP (X = x); for a continuous
variable, E[X] = | xp(x)dx. Expectation is linear: E[aX + b] = aE[X] + b. In machine
learning, we often work with the expected loss E(x.yy p[L(h(X);Y )], which we approximate
by the empirical average over samples. The variance Var(X) = E[(X E[X])?] measures
spread around the mean, and its square root is the standard deviation.

With these tools, we can now de ne precisely what we mean by P (Y j X) ] the conditional
distribution. For a given image X, P(Y j X = x) tells us the probability of each label. This
is the central object of interest in classi cation: P(Y = cat j X = X) is the probability
that photograph x contains a cat. In the deterministic case, this distribution places all
probability mass on a single class ] this is the true labeling function f. In probabilistic
settings like medical diagnosis, it assigns non-zero probability to multiple diseases given the
same symptoms.

The joint distribution P (X;Y) ties everything together. It describes the probability of
observing a particular image-label pair (X;y) together, and completely characterizes the data-
generating process: to sample from P (X;Y ), we rst pick a class according to P (Y ), then
generate an image from that class according to P(X j Y). This joint distribution is what
we would need to compute the ideal classi er, but it is unknown J we only have access to
samples from it via the dataset D.

To learn P (Y j X) from data, we must work with the nite collection of samples D. This
requires an assumption about how these samples relate to the underlying distribution. We
assume that the samples (xi;¥) are drawn independently and identically distributed (i.i.d.)
from the joint distribution P (X;Y ). Independence means that knowing one sample tells us
nothing about another; identical distribution means each sample comes from the same under-
lying process. This assumption justi es using the empirical average over training samples as
a proxy for the true expectation, and underpins the train/test split methodology. In practice,
it is often violated || for instance, when datasets contain near-duplicate images or temporal
correlations.
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Figure 2.1: Visual representation of Multi-layer perceptron including the notation
used in the main text.

2.3 Fundamentals of Machine Learning

2.3.1 Neural Networks

Neural networks are the primary tool we use to solve classi cation problems. A neural network
is constructed by composing many simpler functions together, resulting in a single, highly
complex function. For instance, the ResNet-18 architecture used in this thesis contains nearly
12 million parameters, while modern architectures have hundreds of billions of parameters.
Rather than delving into the speci cs of convolutional or other more complex architectures,
we will focus on explaining the multilayer perceptron (MLP) | the foundational building
block from which modern deep networks evolved. Understanding the MLP is su cient for
the purposes of this thesis, as the core principles of optimization and representation learning
carry over directly to the more complex architectures we employ in our experiments.

An MLP consists of layers of interconnected neurons, as illustrated in Figure 2.1. The

rst of these is the input layer, which does not perform computation but simply holds the
input data. For a given data sample x; 2 RP, the input layer contains D neurons, each
representing one feature dimension. In CIFAR-10, each image is 32 32 3 = 3072 pixels,
so D = 3072 and each neuron corresponds to a single pixel intensity.

Following the input layer are one or more hidden layers. Let L denote the number of
hidden layers, and let H; be the number of neurons in the I-th hidden layer. While the
values of H, can be chosen arbitrarily, a common design practice is to gradually decrease the
number of neurons in deeper layers, i.e., H1 H> H. The universal approximation
theorem guarantees that an MLP with a single hidden layer can approximate any continuous
function given su cient neurons (Cybenko 1989). However, deep networks with many layers
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are preferred in practice, as they tend to learn more e ciently and yield better performance.

Each neuron in a given layer is connected to every neuron in the subsequent layer, which
is why these are called fully connected (or dense) layers. The connections between layer
| 1 and layer | are parameterized by a weight matrix W(® 2 RH Hi 1 and a bias vector
b® 2 RH. The weight wi(J!) determines the strength of the connection from the j-th neuron
in layer | 1 to the i-th neuron in layer I.

Forward Propagation

Information ows through the network via a process called forward propagation. Let al! 1 2
RH' 1 pbe the vector of activations from the previous layer. The current layer rst computes
a linear transformation:

S0 = \Wwhald D4 pO- (2.1)

This pre-activation is then passed through a non-linear activation function () to produce
the layer’s output:

a® = (M. (2.2)

Common choices for include the logistic sigmoid, the hyperbolic tangent (tanh), and
the recti ed linear unit (ReLU - max(0; x)). The non-linearity is essential | without it, stack-
ing multiple layers would collapse into a single linear transformation, severely limiting the
network’s expressive power.

For the rst hidden layer (I = 1), the input a(® is simply the data sample x;. After
passing through all L hidden layers, we obtain the nal hidden representation a(™). This is
then mapped to the output layer, which for classi cation problems typically uses a softmax
activation to produce a probability distribution over the K classes.

The entire MLP can thus be viewed as a single composite function:

h(x;) = softmax(W+D (i (W®a® + pDy::) 4+ pE+)y: (2.3)

where we have absorbed the nal layer transformation into the notation and X; is a
vectorized form of x;. This function h : RP ¥ RK is our hypothesis ] the classi er we aim
to train to approximate f. Hence, for a given input x;, the output h(x;) is a vector of K
numbers between 0 and 1 that sum to 1, which we interpret as the predicted probability of
each class.

Inference

The hypothesis h can be used to make predictions on new data ] a process called inference.
Given an input x;, we compute h(x;) and then select the class with the highest predicted
probability:
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yi = argmax; [h(xi)lk; (2.4)

where [h(X;)]k denotes the k-th element of the output vector. This decision rule J choosing
the most probable class ] follows directly from the principle of maximum likelihood. This
predicted label y; may or may not coincide with the true label, which we denote from now
on as ¥y. The true label ¥; is the ground truth || the label that would be assigned by the ideal
function f.

2.3.2 Learning
Loss Function

The discrepancy between the predicted label y; and the ground truth ¥ is what we aim to
minimize during training. More precisely, we need a way to quantify how wrong the network’s
predictions are for each individual sample. This is the role of a loss function L(h(x;); %),
which measures the cost of predicting h(x;) when the true label is . Intuitively, if the
network assigns high probability to the correct class, the loss should be small; if it assigns
low probability to the correct class, the loss should be large. Hence, the goal of learning is to

nd the parameters of the network | all weight matrices W) and biases b(" J that minimize
this loss averaged over the entire training data. This average is known as the empirical risk:

1 X
Rtrain = N L(h(xi); %i): (2.5)
1

For classi cation problems, the most common choice is the cross-entropy loss. Recall that

pk = P(Y =k j Xj) is the predicted probability of class k. If the ground truth label for this
sample is ¥, we can represent it as a one-hot vector yire 2 0; 1gX that has a 1 at position
¥ and 0 elsewhere. The cross-entropy loss is then de ned as:

x
Lee(h(xi);¥i) = logpy, = [Ytruelk 109 pi: (2.6)

k=1
In words, it is the negative logarithm of the probability assigned to the correct class. This
loss has two desirable properties. First, it is minimized when the network assigns probability
1 to the correct class and 0 to all others. Second, minimizing cross-entropy is equivalent
to making the model’s predictions as correct as possible given the training data | in other

words, it directly implements the principle of maximum likelihood estimation.

Back Propagation

To minimize Ryrain, We need to adjust the network’s parameters in a direction that reduces the
loss. This requires computing the gradient of the loss with respect to every weight and bias
in the network. The algorithm that accomplishes this e ciently is called back propagation.
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Back propagation relies on the chain rule. The loss L depends on the output layer’s
activations, which depend on the previous layer’s activations, and so on back to the input.
By applying the chain rule, we can compute the gradient of L with respect to each parameter
layer by layer, working backwards from the output to the input.

For a single sample Xx;, let us denote the gradient of the loss with respect to the pre-
activation z() as 60 = &b, Starting from the output layer, we compute 5+ directly
from the loss. Then, for each layer | from L + 1 down to 1, we propagate the gradient
backwards:

oM = (wW*Dy>50+1) 'z 2.7)
@\@j\ll_(l) =60@! D)= (2.8)

L
@@g(l) = 50, (2.9)

where  denotes element-wise multiplication and ' is the derivative of the activation
function.

Gradient Descent

The gradients computed via backpropagation tell us how to adjust each parameter to reduce
the loss for a single sample x;. To improve performance across the entire training set, we
need the direction that reduces the average loss:

1 X
roRtrain = N roL(h(Xi); %), (2.10)
i=1

where 0 denotes all network parameters concatenated J all weight matrices W and

biases b®. In gradient descent, we iteratively update the parameters by stepping opposite
this gradient:

Ot+1 = 0t r9Rtrain; (2.11)

where > 0 is a constant called learning rate which controls the convergence speed. This
full-batch version uses all N samples per update, which is computationally prohibitive for
large datasets and can lead to poor generalization.

Stochastic gradient descent (SGD) addresses these issues by approximating the gradient
using a small random mini-batch B Dyrain 0f M samples:

1 X
O =0 = rel(h0G);$h): (2.12)
i2B
This approximation makes each update computationally feasible, introduces noise that
helps escape local minima, and often leads to better generalization.
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2.4 Statistical Estimators and Evaluation Metrics

We have established the probabilistic foundations underlying data generation and how neural
networks operate. We now turn to tools for summarizing and analyzing the nite samples
we actually have ] the dataset D. These statistical quantities serve two purposes: they help
us understand the structure of our data, and they provide metrics for evaluating model
performance.

Given a set of observations x1;:::; XN 0f a random variable X, the sample mean, de ned
as:

1 X

A= i 2.13
N i=1 XI, ( )

estimates the expected value E[X]. In classi cation, we might compute the mean of all
images belonging to a particular class to obtain a "prototype" or average representation of
that class. More commonly, we use the sample mean when normalizing data | subtracting
the mean from each sample centers the data and improves training stability.

While the mean describes the central tendency of the data, we often also need to know
how spread out the observations are around this center. The sample variance, de ned as:

1 X
e TSR (2.14)
N 1.
i=1
estimates this spread. Its square root, the sample standard deviation *, expresses the spread
in the original units of the data. These quantities are used in feature scaling (e.g., stan-
dardizing features to zero mean and unit variance) and in assessing the variability of model
predictions.
The mean and variance describe individual variables in isolation. To understand how two
variables relate to each other, we turn to covariance. For two random variables X and Z
with paired observations (Xj; zj), the sample covariance is:

N
HX2)= T i M@ "2 (2.15)
i=1

A positive value indicates that when X is above its mean, Z tends to be above its mean
as well; a negative value indicates an inverse relationship.

For multivariate data, we need a single object that encodes two complementary types of
information: how much each feature varies on its own, and how features vary together. The
covariance matrix 2 RP D does exactly this. Its diagonal entries jj capture the vari-
ance of each individual feature | whether a feature like "square footage" is tightly clustered
or widely spread across samples. Its o -diagonal entries i capture how features co-vary,
extending the pairwise covariance concept we just de ned to every pair of dimensions simul-
taneously.
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Evaluation Metrics

Covariance is scale-dependent, making it di cult to interpret strength. The Pearson corre-
lation coe cient, de ned as:

_ Cov(X;Z2).
X z

Xz (2.16)
normalizes covariance by the product of standard deviations, producing a dimensionless value
between 1 and 1. Pearson correlation indicates whether two sets of numbers move together
linearly [ for example, whether model predictions increase as ground truth values increase.

Spearman rank correlation extends this idea to monotonic relationships of any form.
Rather than operating on raw values, it replaces each value with its rank within its set, then
computes Pearson correlation on these ranks. The result, also between 1 and 1, captures
whether Z consistently increases when X increases, regardless of whether the relationship is
linear. This makes Spearman useful for nonlinear trends and robust to outliers.

Both Pearson and Spearman correlation measure the strength of a relationship, but nei-
ther measures agreement. Two sets of numbers can be perfectly correlated yet systematically
di erent | for example, predictions that are always twice the ground truth yield Pearson cor-
relation 1 despite being wrong. More importantly, a correlation coe cient summarizes the
global relationship between two sets of numbers with a single value. For large datasets, this
global statistic can mask considerable local structure: substantial subsets of the data may
exhibit very di erent relationships while the overall correlation remains high. A high corre-
lation therefore does not guarantee consistency across all regions of the data, a distinction
that becomes important in Chapter 4.

While the previous metrics apply to continuous variables, the Jaccard index measures
similarity between sets. For two sets A and B, the Jaccard overlap is de ned as
my — JANB],

YAB = ATE

(2.17)

the ratio of the size of their intersection to the size of their union. The value ranges from 0 (no
overlap) to 1 (identical sets). Unlike correlation, which summarizes trends, Jaccard provides
an intuitive measure of agreement: it tells us the fraction of elements common to both sets,
making it particularly useful when we care about exact matches rather than relationships.

2.5 Dimensionality Reduction

Real-world data, particularly images, often lives in a space of very high dimension. A 32 32
color image, for instance, exists in R3072 | yet we know that not all dimensions are equally
informative. Reducing an image’s resolution still allows us to recognize objects, suggesting
that the e ective degrees of freedom required to represent the data are far lower than the
raw pixel count. This observation points to a common assumption underlying dimension-
ality reduction: that the data contains substantial redundancy, with many features either
correlated or irrelevant, and that a lower-dimensional representation can capture most of the
information. In other words, the intrinsic dimension of the data ] the minimum number of
parameters needed to describe it without signi cant loss | is often much smaller than the
extrinsic dimension of the input space.
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The curse of dimensionality refers to the various phenomena that arise when analyzing
data in high-dimensional spaces. As dimension increases, data becomes sparse; points grow
farther apart, and the amount of data needed to maintain the same density grows exponen-
tially. This sparsity makes learning and inference di cult. Yet neural networks manage to
operate e ectively in such spaces, a fact often explained by the low intrinsic dimension of the
data: if the data e ectively lies in a lower-dimensional subspace, then the network only needs
to contend with that smaller dimensionality. This is precisely why dimensionality reduction
is possible, as it aims to nd a representation of the data whose dimensionality matches the
intrinsic dimension as closely as possible, while losing minimal information in the process.

Principal Component Analysis (PCA) is one of the most widely used linear dimension-
ality reduction methods. PCA nds a sequence of orthogonal directions, called principal
components, that capture maximal variance in the data. The rst principal component is
the direction along which the data varies most; each subsequent component is orthogonal to
the previous ones and captures the next largest remaining variance.

Given a dataset x1;:::; Xy With X; 2 RP, PCA rst centers the data by subtracting the
sample mean . It then computes the eigenvectors of the covariance matrix:

— 1 X N N
=N 1 i=1(Xi )i M7 (2.18)

The eigenvectors vi;::;;vp are the principal components, ordered by their corresponding
eigenvalues 1 2 D, Which quantify the variance captured by each component.
In other words, PCA identi es the axes along which the data spreads most (the principal
components) and ranks them by the amount of variation they capture (their eigenvalues).

To reduce the dimension to a target d < D (ideally close to the true intrinsic dimension),
PCA projects each point onto the rst d components:

XPCA = [vi;voriinvalm (i A 2 R%: (2.19)

The rst d eigenvalues also provide a measure of how much mforlggatlon |sF;eta|ned The
fraction of total variance preserved by the rst d components is j’ 1 §% j=1 j» Which
can guide the choice of d.

Many other dimensionality reduction techniques exist | such as t-SNE, UMAP, and au-
toencoders | each with di erent strengths, particularly for capturing non-linear structure.
However, they are outside the scope of this thesis, and PCA su ces for the purposes of our

analysis.



Chapter 3

How to Estimate Hardness?
Unified Taxonomy of Factors
Causing Hardness

3.1 Introduction

The concept of hardness is a pervasive and fundamental undercurrent in modern machine
learning. It appears, often implicitly, across a vast array of sub elds. In curriculum learning,
it dictates the order in which examples are presented to a model, starting with the \easy"
ones (Wang et al. 2021, Soviany et al. 2022). In data pruning and active learning, it serves
as the criterion for identifying which samples are most valuable to retain or query (Settles
2009, Ren et al. 2021, Toneva et al. 2019, Paul et al. 2021, Sorscher et al. 2022). In robust
learning, it helps distinguish between noisy, mislabeled examples and genuinely challenging,
informative ones (Stutz et al. 2020, Pleiss et al. 2020, Agarwal et al. 2022, Maini et al.
2022, Jia et al. 2023, Yang et al. 2024). Whether it is called \di culty", \uncertainty",
\complexity", or \importance" the underlying notion ] that data points are not all equal
and that this inequality is a source of valuable information ] is central to improving model
e ciency, robustness, and performance.

Despite its prevalence, the eld of hardness-aware learning is surprisingly fragmented
and su ers from a fundamental paradox: a widely used concept built on an unstable foun-
dation. First, there is no commonly accepted formal de nition of \hardness." The term is
typically treated as a heuristic (Zhu et al. 2024), operationalized through a diverse set of
estimators whose relationships and relative merits are poorly understood. Second, this lack
of a unifying framework has resulted in a literature that is highly fragmented. A simple
search for \hardness-aware learning" on Google Scholar returns a meager 19 results as of
March 2026 | a number that starkly underrepresents the concept’s true footprint, as it is
often buried as a methodological detail rather than treated as a subject of study in its own
right. Consequently, there are no comprehensive literature reviews that map the landscape
of hardness-aware learning, and taxonomies for either the estimators used to measure hard-
ness or the factors that cause it are virtually non-existent. A few prior works have proposed
such taxonomies: two focus on data-based hardness but are now dated, centering on sim-
ple measures like feature overlap rather than incorporating recent insights from geometry

17
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or topology (Lorena et al. 2018, 2019). A more recent model-based taxonomy appears in a
benchmarking paper (Seedat et al. 2024), yet its classi cation of hardness types is largely
intuitive and not grounded in a systematic review of the literature, and it does not fully
detail how di erent estimator families relate to one another. Most works remain isolated,
with rare cross-references between communities, leading to situations where the same hard-
ness estimator is repeatedly proposed as a novel contribution in di erent elds. For instance,
a method that adjusts hardness using the margin between the highest and second-highest
logits was presented as a novel extension of focal loss (Tao et al. 2023), though an essentially
identical estimator had already been used two years earlier in the label-noise literature (Paul
et al. 2021). Such parallel developments are a natural consequence of fragmentation, and
they highlight the di culty of building cumulatively on prior work. The sole benchmark-
ing paper on hardness-aware learning, published at ICLR in 2024, explicitly acknowledges
many of these challenges (Seedat et al. 2024). In over a decade of scattered research, such a
systematic treatment remains a rare exception.

This fragmentation is not accidental; it stems from a prevailing mindset that treats hard-
ness as a tool rather than an object of study. For most practitioners, hardness is simply
a means to an end | a component in a pipeline for curriculum learning, noise detection, or
data pruning. When the focus is on the downstream task, the intricacies of the hardness
estimator itself are often overlooked. Why invest e ort in understanding the fundamental
properties of hardness when it is merely a step in achieving a more "important" objective?
While pragmatic, this perspective has led to a fractured eld where it is exceedingly di cult
to assess the state-of-the-art, compare methods, or build upon prior work. The lack of a
shared vocabulary and a coherent knowledge structure sti es progress, causing research to
be duplicated and insights to remain trapped within sub-communities.

The aim of this chapter is to provide a structured entry point into hardness-aware learning.
Rather than attempting an exhaustive review of all related elds, We focus on two core
questions: how is hardness estimated? and what factors cause it? To answer these, we draw
on a selection of representative works from areas such as curriculum learning, data pruning,
active learning, and noise identi cation | elds where hardness estimators are most commonly
used. Based on this material, we develop a set of taxonomies intended to help readers orient
themselves in the current landscape.

Speci cally, the chapter makes the following contributions:

e A distinction between data-based and model-based hardness. We separate
hardness estimators into those that treat hardness as an intrinsic property of a data
point and those that view it as emerging from the interaction between a data point and
a model.

e A taxonomy of data-based hardness estimators. For the data-based stream, we
categorize the most common estimators according to their underlying principles.

e Taxonomies of factors causing hardness. We propose two taxonomies: one de-
rived from the data-based literature and one from the model-based literature. The two
taxonomies are presented together in 3.1, which illustrates how the factors relate to
each other.

The main objective is to 0 er readers | whether new to hardness-aware learning or already
working in one of its application areas ] a clearer picture of how hardness is estimated and
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Figure 3.1: We propose two complementary taxonomies: one derived from the
literature on data-based hardness estimators, and one derived from the literature
on model-based hardness estimators. The gure presents both taxonomies together
and illustrates how the factors from each perspective relate to one another.

what factors give rise to it. By organizing existing approaches in a way that is largely agnostic
to downstream tasks, we hope to make it easier to navigate the literature, compare methods,
and build on prior work more systematically.

3.2 Objective and Subjective hardness

We ground our categorization of hardness estimators|into model-based and data-based|in
an intuitive, real-world understanding of hardness. Every person is familiar with the notion
of di culty: in formal education, exam questions vary in how easily they can be solved. Some
are answered almost e ortlessly; others demand complex reasoning. Students often prioritize
easier topics when studying, postponing harder material in the hope it will not be tested.
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Importantly, this perception of di culty is subjective: what one student nds easy, another
may nd challenging. Geometry might be intuitive for one learner but daunting for another,
while probability poses the opposite pattern. Nevertheless, some aspects of diculty are
widely shared: most would agree that computing - x? is simpler than %2::2&2

A similar phenomenon emerges in machine learning. When training neural networks on
classi cation tasks, certain samples are consistently learned more quickly than others, often
across di erent architectures|suggesting that some aspects of hardness are intrinsic to the
data. At the same time, hardness is also shaped by the model: di erent architectures induce
di erent inductive biases and representations, so a sample that is easy for one network may
be harder for another. In other words, hardness has both a data-intrinsic component and
a model-dependent component. Importantly, the degree to which model-dependent biases
in uence hardness estimates remains underexplored. It is not yet clear whether architectural
di erences introduce only minor artifacts or fundamentally alter which samples are consid-
ered hard. Despite this uncertainty, the conceptual distinction between data-intrinsic and
model-dependent hardness provides a useful organizing principle.

Motivated by this dual nature, we propose a high-level categorization of hardness estima-
tors (and the works that use them) into two families:

~ Data-based estimators quantify the inherent diculty of a sample by analyzing
properties of the data alone|such as geometry, dimensionality, or feature-space imbal-
ances|independently of any model.

Model-based estimators  quantify hardness by examining the model's behavior dur-
ing training or inference, using signals like con dence, uncertainty, forgetting events, or
learning dynamics. These estimators capture the e ects of hardness as they manifest
in the interaction between data and model.

These two families are almost always treated separately in the literature. Research ei-
ther focuses on how model-based estimators inform downstream tasks (pruning, curriculum
learning, label-noise detection) or explores geometric properties of data manifolds to moti-
vate learning criteria. Consequently, existing taxonomies of hard samples are built primarily
from one perspective|either model-based (Seedat et al. 2024) or data-based (Lorena et al.
2018, 2019)|with little e ort to bridge the two. This is something we try to address in this
chapter.

3.3 Data-Based Hardness Estimators

There exist multiple foundational perspectives from which neural networks and classi cation
problems can be studied. Among the maost prominent are:

" The geometric perspective, which relies on the manifold hypothesis and emphasizes
how data and decision boundaries are shaped and transformed across layers (Olah 2014,
Naitzat et al. 2020).

" The probabilistic or Bayesian  perspective, which treats model outputs as estimates
of uncertainty and approaches learning as inference under uncertainty (Lampinen &
Vehtari 2001, Magris & losi dis 2023).
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~ The information-theoretic perspective, which seeks to quantify and understand learn-
ing in terms of information compression, mutual information, and entropy (Tishby &
Zaslavsky 2015, Kawaguchi et al. 2023).

These viewpoints 0 er complementary insights, each highlighting di erent facets of what
it means for a data instance to be \learned" or \di cult." In this thesis, we adopt the
geometric perspective, grounding our discussion in the manifold assumption.

3.3.1 Manifold Assumption and its Implications on Learning

Many datasets in machine learning are high-dimensional. For instance, each color image
in CIFAR-10 (Krizhevsky et al. 2009) is represented as a point inR3%72, and a single gene
expression pro le may span tens of thousands of features. However, the number of available
training samples is often similar or even orders of magnitude smaller than the number of
features. How, then, do deep neural networks manage to learn e ectively in such settings,
seemingly sidestepping the curse of dimensionality?

One popular explanation is the manifold hypothesis (Narayanan & Mitter 2010, Fe erman
et al. 2016, Berner et al. 2021). According to this view, real-world data, while technically
residing in high-dimensional spaces, actually occupy only a tiny, structured subset of that
space|a manifold of much lower intrinsic dimensionality. Thus, while the data representation
is high-dimensional, its structure is not. In other words, we can consider classes not as a
collection of data samples but rather as structures that have certain geometry and topology.
More formally, we would say that for a given class, data is sampled from a data distribution
the support of which is a manifold with lower intrinsic dimensionality than the extrinsic
dimension. This shifts our focus from individual data points to the underlying manifolds
themselves, treating each class as a distinct geometric object, with its own properties like
intrinsic dimension or curvature, rather than a mere set of examples.

In the input space, these class manifolds are entangled|they are interwoven in complex,
non-linear ways that prevent linear separation. This entanglement is what makes classi cation
challenging in the original representation. Our goal, then, is to transform this entangled
con guration into a clean, disentangled structure in the output space. As established in
Chapter 2, the output of a neural network is a vector of oats|one per class|representing
the model's con dence that the input belongs to each class. The ideal behavior is that
the model is perfectly con dent and correct for every sample. Mathematically, this ideal
corresponds to the outputs for all samples of a given class collapsing to a single point|the
vertex corresponding to that class|with these vertices forming a perfect K -simplex in the
output space.

A neural network provides the mapping between the input and output spaces. It is
composed of a series of linear and non-linear functions, each of which can be understood
geometrically as a transformation that stretches, rotates, and folds the space (Olah 2014).
As samples pass through the network, their representation is transformed layer by layer,
gradually reshaping the corresponding manifolds. The objective is that, by the time it reaches
the output layer, the con guration of these manifolds approximates the ideal simplex.

Learning is the process of nding the speci c transformations that achieve this. This is
accomplished through a loss function|in our case, cross-entropy|and backward propaga-
tion. The cross-entropy loss is de ned asL = logpg. Minimizing it forces the centroids
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of the class manifolds to align with the standard basis vectors (the vertices of the simplex)
and the manifolds themselves to collapse to points (Weinan & Wojtowytsch 2022). Thus,
the learning objective becomes geometric: we seek the set of transformations that bring us
as close as possible to a perfect simplex in the output space. This perspective is backed by
empirical research, which showed that:

phenomenon of class manifolds collapsing onto standard basis vectors, termexdtural
collapse emerges in overparametrized regime when training beyond zero error, and
towards zero loss (Papyan et al. 2020, Kothapalli 2023);

geometric and topological features of class manifolds get simpli ed as they pass through
the layers of a well-trained network, with no such pattern emerging for untrained net-
works (Brahma et al. 2015, Naitzat et al. 2020, Magai 2023, Suresh et al. 2024);

the distance of the data sample to its closest latent class centroid is a good estimate of
hardness (Paul et al. 2021).

This perspective naturally implies the existence of class-level hardness. Intuitively, some
classes will be harder to disentangle from others and to collapse onto the corresponding stan-
dard basis vector. This intuition is supported by theoretical work on sample complexity|the
number of samples required for a learning algorithm to achieve high accuracy with high prob-
ability. For binary classi cation, Narayanan & Niyogi (2009) proved that sample complexity
depends on the intrinsic dimension of the data manifold and the curvature of the decision
boundary separating the classes. In the context of our framework, this can be interpreted
as showing that the intrinsic dimension and curvature of class manifolds, as well as their
interaction (entanglement, closeness, and overlap) with each other directly a ect how many
examples are needed to learn to separate them (class-level hardness).

The existence of class-level hardness naturally gives rise to dataset-level and instance-level
notions of hardness. A dataset is hard if it contains a substantial number of hard classes; a
data sample is hard if it belongs to a hard class or, as a plausible hypothesis, if it lies in a
region of a class manifold that exhibits high geometric or topological complexity (e.g., close
to the decision boundary, in high-curvature zones, or near topological singularities). In the
remainder of this section, we survey the literature on data-based estimators and construct a
knowledge map to identify which geometric and topological properties have been proposed
or empirically shown to in uence learning hardness.

3.3.2 Dimensionality-Based Estimators

Ansuini et al. (2019) studied how the intrinsic dimensionality (ID) of data representations
evolves across layers of a deep neural network. They observed that for trained models, the ID
tends to increase in early layers and decrease in later layers, particularly in the output layer,
where it strongly correlates with test accuracy. This suggests that rst few epochs aim at
disentangling class manifolds, increasing ID of the dataset in the process, and later ones focus
on collapsing class manifolds onto corresponding standard basis vectors|a pattern consistent
with ndings of Ciceri et al. (2024). Importantly, this observation didn't hold for untrained
networks. They also nd that the ID of the latent representation of the dataset from the last
hidden layer correlates strongly with classi cation performance.
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To estimate the ID, they employ the Two Nearest Neighbors (TwoNN) method of Facco
et al. (2017), which relies on the assumption that data points are locally uniformly sampled
from a d-dimensional manifold and can be approximated by a Poisson point process. In such
a manifold, the number of points within a ball of radius r scales asN(r) / r9, implying
that for each data point X;, the ratio ; = Ta(x;)=Ti(X;), where T; (x;) is the distance from
Xj to its j -th nearest neighbor, is a realization of a random variable that follows a Pareto
distribution:

p( )=d (@D (3.1)

Based on this distributional form, the intrinsic dimension d can be estimated via maximum
likelihood over a collection of such ; ratios. In practice, one computes these ratios for each
sample in the dataset and ts the Pareto distribution using maximum likelihood, resulting
in a closed-form estimator for the global intrinsic dimension.

xXn
D()=(1" log i) * (32)
i=1

where 1 and X = fxj;::i;Xhg denotes the set of data points whose intrinsic dimension
is being estimated. Alternatively, one may use a localized version by applying the same
procedure within individual classes, as we later do.

Pope et al. (2021) extend this line of inquiry by focusing on estimating the intrinsic
dimension of raw input datasets rather than latent representations. They nd that the
estimated ID of a dataset is negatively correlated with state-of-the-art classi cation accuracy,
reinforcing the notion that lower-dimensional manifolds are easier to learn. Moreover, they
empirically validate the theoretical predictions of Narayanan & Niyogi (2009), showing that
higher intrinsic dimensionality increases the number of samples required to achieve a given
generalization error, while the extrinsic dimension has minimal inuence. To assess the
utility of ID estimation methods, they conduct experiments on synthetic datasets generated
via GANs, which allow precise control over intrinsic dimensionality. For estimation, they
adopt the maximum likelihood approach of Levina & Bickel (2004), which models the count
of neighboring points within a xed radius as a Poisson process under local uniformity and
Euclidean assumptions. Speci cally,

2 3,
D(xi)= 41 " 1og 1K) 5

k 1j:1 Tj (Xi)

(3.3)

This local estimate is later averaged over all data samples, providing a global estimate. The
choice ofk controls the bias{variance tradeo : small k leads to high-variance estimates due
to noise, while largek can introduce bias by violating the local Euclidean assumption|since
distant neighbors may lie outside the locally linear region of the manifold.

Ma et al. (2024) build on the above ndings by analyzing intrinsic dimensionality at the
class level. They show that the negative correlation between intrinsic dimension and classi -
cation accuracy not only holds at the dataset level, as shown by Pope et al. (2021), but also
at the level of individual classes. Speci cally, they nd that classes whose latent representa-
tions occupy lower-dimensional manifolds tend to have higher classi cation accuracy. This
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class-level correlation is most pronounced when using representations from deeper layers of
the network, although they do not consider the input layer in their experiments, in contrast

to Pope et al. (2021) who measure ID directly in input space. These ndings are consistent
with the geometric perspective adopted in this thesis: a higher ID in the nal hidden layer
suggests that the network has di culty in collapsing the corresponding class manifold toward

its associated standard basis vector, indicating class hardness. Ma et al. argue that during
training, networks implicitly learn space transformations that reduce ID imbalance across
classes. To improve this rebalancing process, they propose Intrinsic Dimension Regulariza-
tion (IDR), which penalizes high-ID class representations during training. They estimate 1D

of each class through the following formula:

_ () 2.
ID = TEOR (3.4)
where is the covariance matrix of the class's latent representations. This quantity ap-
proximates the number of signi cant directions in which local variance is distributed. An
estimated intrinsic dimension of k implies that variance is spread across approximatelyk
orthogonal directions, suggesting that the manifold locally behaves a&-dimensional. Their
regularization loss is de ned as:

X ID !
I—ID = Iog c
c=1

(3.5)

with K being the number of classes. In practice, this term is smoothed and scaled before
being added to the training objective (see the original paper for details). Empirically, they
show that IDR reduces class-level imbalance by improving performance on hard, high-1D
classes, with only minor degradation on easier ones.

3.3.3 Volume-Based Estimators

Since intrinsic dimension has been shown, both theoretically and empirically, to correlate with
hardness, it is natural to expect similar trends for Lebesgue measure of the region occupied
by the data|colloquially referred to as volume in the literature|which often increases with
intrinsic dimension. Ma, Jiao, Liu, Li, Yang & Liu (2023) explore this connection and show
that the volume associated with each latent class manifold, when appropriately scaled, is
negatively correlated with classi cation accuracy. This complements their ndings in Ma et al.
(2024), where higher intrinsic dimensionality was similarly associated with lower accuracy. In
their experiments they de ne a measure calledsemantic scalefor each class, which captures
the volume of the class manifold weighted by its average distance to the centroids of other
classes. They estimate the volume itself via:

Ve = %Iogz det(l + ) = %Iogz det | + 2(Zc Z)(Ze Zo)' (3.6)

wherem is the number of samples in class, D is the dimensionality of the latent represen-
tation space,Z. isthe D m matrix whose columns are the latent representations of samples
belonging to classc, Z¢ is the D m matrix with each column equal to the mean vector of
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the class, computed as the average across thm samples, and = %(ZC Z)(Ze ZJ)Tis
the scaled covariance matrix of the class representations. The determinant of the covariance
matrix estimates the volume of the corresponding covariance ellipsoid | the ellipsoid that
captures the spread of data around the class mean. This ellipsoid may provide a coarse ge-
ometric approximation of the class manifold. However, it tends to signi cantly overestimate
the true manifold volume when the manifold is highly curved or has an intrinsic dimension
substantially lower than the extrinsic dimension.

As in their work on intrinsic dimension, the authors propose a regularization term that
penalizes high semantic scale, and show that it reduces performance gaps across classes on
both balanced and imbalanced datasets. However, due to the absence of ablation studies,
it remains unclear whether these improvements arise speci cally from volume compression,
controlled inter-class distances, or a combination of both. Finally, they observe that both
semantic scale and accuracy grow together as new data is added, but begin to plateau simulta-
neously. While the authors do not o er an explanation for this phenomenon, we hypothesize
that it re ects a decline in the informational uniqueness of newly added samples. In the
early stages of training, each additional sample tends to introduce novel geometric varia-
tion, making class separability easier. As the dataset grows, however, most new samples
are drawn from already well-represented regions of the manifold, o ering limited additional
structure. This results in diminishing returns with respect to both accuracy and semantic
scale, highlighting the need to consider the quality of data when oversampling.

3.3.4 Topology-Based Estimators

Another characteristic of the complexity of class manifolds is theirpersistent homology which

captures topological features that persist across scales. These features are quanti ed Betti

numbers |, which count the number of n-dimensional holes in the data. For example, g

represents the number of connected components, counts 1-dimensional loops (as in a ring),
2 corresponds to 2-dimensional voids (such as the hollow of a torus), and so on.

To compute Betti numbers in practice, one rst constructs a simplicial complex on top
of the data. The most commonly used construction is theVietoris{Rips complex, where ak-
simplex is formed amongk +1 data points if all pairwise distances are below a xed threshold
t. A k-simplex is the k-dimensional generalization of a triangle: a 0-simplex is a point, a 1-
simplex is a line segment, a 2-simplex is a lled-in triangle, a 3-simplex is a tetrahedron, and
so on. To capture topological changes across scales,laation is applied: a nested sequence
of complexesKy K1 Kt is formed by gradually increasing the distance threshold.
Persistent homology then tracks the birth and death of topological features|e.g., connected
components and loops|as t varies, resulting in a persistence diagramor barcode summarizing
the lifetime of each feature (see Figure 3.2 for visualization).

Naitzat et al. (2020) observed that neural networks simplify the topological structure of
class manifolds as data propagates through layers. Speci cally, they show that the Betti
numbers decrease progressively with depth, indicating a topological simpli cation aligned
with the geometric perspective. This e ect is more pronounced when using RelLU activations
compared to tanh, potentially explaining why ReLU networks tend to train more e ectively.
They further nd that network depth a ects the distribution of topological simpli cation: in
shallow networks, most of the reduction in Betti numbers occurs in the nal layers, whereas
in deeper networks, the reduction is more gradual and distributed across layers. This insight



CHAPTER 3. HOW TO ESTIMATE HARDNESS? 26

Figure 3.2: (a) A sequence of Vietoris{Rips (VR) complexes constructed on a
2D point cloud by increasing the pairwise distance threshold. A k-simplex is
added whenever all kgl adges amongk + 1 points have length t. This results

in a growing complex: ast increases, new edges and higher-order simplices (e.g.,
lled triangles) appear, yielding a nested sequenc&y Kz Ks Ky. (b) The
barcode summarizes the persistence of topological features across this Itration:
each bar represents the birth and death of a feature. For example, a loop feature
is absent inK 5 but appears inK 7, indicating that its birth lies within the interval
between these two Itration steps. Dotted lines in (b) correspond to the thresholds
shown in (a).

provides a possible explanation for why deeper architectures can outperform shallow ones,
despite the universal approximation theorem guaranteeing representational capacity in both
cases.

Magai (2023) expand the ndings of Naitzat et al. (2020) by showing that topological
simpli cation of data manifolds is a consistent phenomenon across a wide range of architec-
tures, including convolutional neural networks, vision transformers, ConvMixers, and large
language models. Instead of analyzing individual Betti numbers, they use a scalar summary
statistic, PH gim, which they show empirically to be an e ective estimator of intrinsic di-
mensionality, thereby connecting persistent homology with intrinsic dimension. They nd
a strong negative correlation between test accuracy and PH, of the last layer's manifold
representations.

These insights align with the geometric perspective introduced in 3.3.1. In a well-trained
network, Betti numbers decrease across layers because class manifolds are progressively col-
lapsed onto the standard basis vectors. This is why it is common in the literature to describe
class manifolds as being "simpli ed" as they propagate through the layers of a well-trained
network. Nevertheless, whether the topological properties of class manifolds captured by
Betti numbers correlate with class-level hardness remains an open question.

3.3.5 Curvature-Based Estimators

Kienitz et al. (2022) conducted an empirical study to assess how geometric properties such as
entanglement, intrinsic dimensionality, and extrinsic dimensionality a ect sample complexity
in classi cation tasks. Using both synthetic and real-world datasets, including SVHN (Netzer
et al. 2011) and CIFAR-10, they found that entanglement between class manifolds was the
strongest predictor of increased sample complexity. In contrast, extrinsic dimensionality had
negligible in uence, while intrinsic dimensionality only a ected learning di culty in datasets
that already exhibited high entanglement.

To estimate entanglement and curvature, the authors propose two proxies. The rstis the
classi cation accuracy of a linear support vector classi er (LSVC), which serves as a global
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measure of linear separability. The second is based on the distribution of singular values of
the Hessian obtained by tting second-order Taylor approximation to the decision bound-
ary. This approximation quanti es how sharply the decision boundary bends around those
points, capturing the degree to which the boundary locally deviates from linearity. While
this Hessian-based curvature score is more geometrically informative, it is also signi cantly
more computationally expensive. The authors claim that LSVC accuracy and the Hessian-
based metric generally agree on the relative complexity of datasets, despite some noticeable
di erences, and advocate LSVC as a computationally cheaper alternative.

Crucially, both estimators re ect a blend of decision boundary curvature, which can
serve as a proxy forcurvature of class manifolds and class entanglement However, because
these factors are not explicitly separated in either estimator, it remains di cult to determine
whether a given hardness score arises from intrinsic manifold complexity or from entanglement
between class manifolds. Subsequent works address this limitation by proposing methods that
isolate curvature-speci c e ects more directly.

Isolating Curvature from Entanglement

Kaufman & Azencot (2023) investigate how the curvature of data representations evolves
through the layers of deep neural networks, measuring curvature at the dataset level. They
observe a characteristic pattern where curvature signi cantly increases in the initial layers,
remains relatively stable through the middle layers, and increases again in the nal layer.
Notably, the dierence in curvature between the penultimate and output layer correlates
strongly with model accuracy. The underlying reasons for this pattern remain an open ques-
tion, and likely require further study incorporating class-level analyses of curvature changes,
which, by de nition, provide more informative insights than dataset-level estimates.

To estimate the curvature, the authors adopt the Curvature Aware Manifold Learning
(CAML) method, introduced by Li (2018). The methodology is conceptually related to that
of Kienitz et al. (2022), with two key di erences. First, the Hessian is obtained by tting a
second-order Taylor approximation to the embedding mapf : R4 ! RP, which represents
the underlying projection from latent class manifolds to the input space. This map is pre-
cisely the object that decoders in generative models such as autoencoders or VAEs attempt
to approximate. The local approximation of f at a point x is constructed by projecting
nearby points into a tangent space centered ak, and spanned by the topd singular vectors,
obtained from the SVD of the centered neighborhood matrix, where the intrinsic dimension
d is approximated using TwoNN.

Second, they analyze the eigenvalues of the Hessian rather than its singular values.
The use of eigenvalues enables them to capture both the magnitude and the sign of cur-
vature|distinguishing between convex and concave directions|whereas singular values used
by Kienitz et al. (2022) re ect only the absolute curvature. This approach is, in a sense,
more mathematically principled, as it targets the curvature of the manifold itself rather than
that of the decision boundary. However, it also necessitates reliance on nite observed data,
whereas working with the decision boundary allows sampling additional points to improve
the approximation's delity.

Ma, Jiao, Liu, Yang, Liu & Li (2023) study how three geometric quantities | class
separation, manifold volume, and curvature | evolve throughout training, and how they
in uence model accuracy and generalization. They report that both (1) the positive cor-
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relation between accuracy and class separation, and (2) the negative correlation between
accuracy and curvature become stronger as training progresses. In addition, the separation
between class manifolds increases over epochs, lending further support to the geometric per-
spective on learning. Interestingly, they observe a signi cant drop in curvature during the
early epochs of training, followed by a more gradual decline. This trend complements the
ndings of Kaufman & Azencot (2023), who examined how curvature evolves across layers
of a trained model. However, it remains unclear whether generalization is better predicted
by the nal curvature of the latent representation or by the curvature gap used by Kaufman
et al. Finally, to encourage atter class manifolds, Ma, Jiao, Liu, Yang, Liu & Li (2023)
introduce a curvature-based regularization term:
|
X 1 '
Lcurvature = log S
c=1

maxfG, % Gelg (3.7)
where G; is the estimated Gaussian curvature of the manifold of class. As with their
volume- and dimension-based regularizers, it was empirically showed that this term reduces
the generalization gap.

While the overall curvature estimation framework of Ma, Jiao, Liu, Yang, Liu & Li
(2023) follows the same high-level structure as that of Kaufman & Azencot (2023), the
implementation di ers slightly in the choice of tangent space dimensionality. Speci cally,
Ma et al. estimate the tangent space at each point using PCA with a xed number of
components, rather than adapting it to the locally estimated intrinsic dimension. This results
in a curvature estimate that may be less faithful to the local geometry of the data manifold,
and introduces additional hyperparameter.

3.3.6 Neighborhood-Based Estimators

All the above-mentioned families of hardness estimators focus on measuring the complexity
of the class manifolds. However, hardness can also emerge due to sampling related issues
which cannot be captured by measuring the properties of the manifolds. To measure the
hardness that emerges from sampling-related issues neighborhood-based hardness estimators
are the most optimal, as they assume that a sample's di culty is re ected in its distances to
nearby samples and the surrounding class distribution. Several simple yet e ective metrics
include:

1 X
dgame(x) = N )] kx  x%; (3.8)
X02N same (x)
other — 1 X q( .
davg (X) = —smerrov kx  xKo; (3.9)

N 2ther (x)] XON et (x)
whereN S2M€(x) and N 2" (x) denote the k nearest neighbors ok from the same and di erent
classes, respectively. dg%er(x) can be interpreted as a proxy for distance to the decision
boundary. Hence, the lower it is the harder the sample. On the other handdi@&“e(X) serves

as a proxy for sample rarity - rare samples tend to have few nearby same-class neighbors,
making them more di cult. It is important to remember that in high-dimensional settings,

the density of points per dimension becomes so sparse that such local distance-based metrics
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often lose their discriminatory power, making such simplistic neighborhood-based hardness
estimators unreliable.

Another commonly used neighborhood-based hardness estimator @ass impurity, which
guanti es the proportion of a sample's neighbors that belong to di erent classes. Formally:

iN other ;
Class Impurity(x) = j N, 00 (3.10)

N ()] + N 27 ()]

While class impurity draws on similar signals asd3jg*(x) and dg@%er (x), it combines them
into a single, normalized score, making it more interpretable in practice - ADASYN (He
et al. 2008), a very popular oversampling method, selects minority samples with high class
impurity for oversampling. In an idealized setting, high class impurity would indicate strong
entanglement between class manifolds, re ecting intrinsic geometric ambiguity and closeness
to other class manifolds. However, in real-world datasets, elevated class impurity is more often
a consequence of sampling e ects. Speci cally, the local sampling density from the same class
may be signi cantly lower than that from other classes, leading to high impurity despite well-
separated manifolds. In this context, class impurity functions as a proxy for relative sample
rareness, which may arise either locally or globally. The latter case corresponds to well-known
problem of between-class data imbalance (Johnson & Khoshgoftaar 2019).

3.4 Providing Geometry-Based Taxonomy of Hard Samples

In the previous section, we reviewed several key families of data-based hardness estimators,
uncovering a wealth of insights into what makes samples hard to learn and classify. Here, we
summarise these ndings and identify three core sources of sample-level hardness, which we
outline below.

3.4.1 Geometry- and Topology-Related Hardness

The geometry and topology of latent class manifolds, particularly those in the nal (output)
layer representations of trained neural networks, have been shown to correlate with classi -
cation accuracy. Speci cally, lower intrinsic dimension, volume, and curvature of latent class
manifolds correlate with higher model accuracy. In addition, several studies have shown that
both intrinsic dimension and topological complexity decrease as data ows through the layers
of a trained neural network, backing the geometric perspective on inference as a process of
disentangling class manifolds and collapsing them onto corresponding standard basis vectors.
As far as we know, no analogous study currently exist for volume, whereas for curvature the
only known study examining evolution of this property over layers estimates it at the dataset
level, rather than the class level. Since curvature is a class-speci ¢ property, dataset-level
aggregation conducted by Kaufman & Azencot (2023) is hard to interpret and provides lim-
ited practical insights. Thus, while there is no empirical evidence behind reduction of the
curvature of class manifolds as they pass through layers, this assumption aligns with the
geometric perspective.

This pattern of simplifying geometric and topological properties of class manifolds through
forward propagation implies that high geometric or topological complexity in the raw (input-
level) manifolds may be an underlying cause of poor performance, as the higher the input
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complexity the more di cult it is for the network to simplify these structures through forward
propagation. In other words, we believe that it is natural to assume that complexity of class
manifolds in the raw and latent spaces should strongly correlate - a class that is the most
complex in the input space is unlikely to become the simplest one in the latent space. How-
ever, empirical studies show little to no correlation between these raw manifold properties
and nal model accuracy. We hypothesize that this discrepancy is largely due to the curse of
dimensionality. Most methods for estimating manifold properties rely on Euclidean assump-
tions that hold only locally and become unreliable in high-dimensional input spaces with
limited data density. Our hypothesis is supported by two key observations. Firstly, Pope
et al. (2021) found that intrinsic dimension measured at the dataset level allows ranking
datasets in a way that aligns with SOTA performance, suggesting that a similar relationship
may hold at the class level. Secondly, Narayanan & Niyogi (2009) proved that the sample
complexity of binary classi cation depends on the intrinsic dimension and curvature of class
manifolds, suggesting that the absence of empirical correlation is an artifact of estimation,
rather than a true absence of e ect.

A parallel conceptual argument can be made for topology. The geometric perspective on
deep learning suggests that forward propagation progressively collapses class manifolds onto
the standard basis vectors, e ectively simplifying their topological structure. It is therefore
plausible that a class manifold with high Betti numbers|jimeaning it possesses numerous or
high-dimensional holes|should be inherently harder to classify. We hypothesize that this
hardness stems from two interconnected reasons. First, the presence of non-trivial topology
(loops, voids, etc.) imposes additional constraints on the transformations needed to collapse
the manifold to a topologically trivial point, making the optimization problem more complex.
Second, a manifold with holes can become entangled with other class manifolds in ways that
a simply connected manifold cannot: while overlapping manifolds merely share a region,
a manifold with a hole can have another manifold passing through it, creating a form of
topological entanglement that is more di cult for a network to disentangle. Although this
hypothesized link between Betti numbers and class-level hardness has not yet been empirically
or theoretically con rmed, it 0 ers a compelling motivation for including persistent homology
among the candidate complexity properties in the categorization below.

In addition to individual manifold properties, a second key contributor to hardness arises
from interactions between class manifolds. Class manifolds do not exist in isolation; they
occupy the same Euclidean space, and as the number of classes grows, the complexity of their
interactions increases. Three forms of interaction have been linked to increased classi cation
di culty: closeness, overlap, and entanglement. Closeness refers to manifolds that lie near
one another, making them easily confusable in the presence of noise. Overlap occurs when
manifolds share a region of space, forcing the network to resolve ambiguous points (e.g.,
heterogeneous outcomes in medicine). Entanglement, in this context, describes a situation
where manifolds are interwoven in a way that prevents them from being separated by a linear
or low-complexity decision boundary|for example, when one manifold winds around another
without intersecting it. Empirical studies have shown that these forms of interaction correlate
with higher classi cation di culty, underscoring that hardness is not solely a function of
each class manifold's intrinsic properties, but also of how manifolds relate to one another.
Together, these insights motivate the following categorization:
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1. Geometry-related issues causing hardness

(a) Issues emerging due to properties of class manifolds themselves

i. Global properties of class manifolds
A. Volume
B. Intrinsic dimension
C. Persistent Homology

ii. Local properties of class manifolds
A. Curvature

(b) Issues emerging due to interaction between class manifolds

i. Closeness between class manifolds
ii. Entanglement of class manifolds
iii. Overlap between class manifolds

3.4.2 Sampling-Related Hardness

Another core source of hardness stems from sampling related issues. These issues can be
viewed from two perspectives. When considering individual class manifolds, we can notice
that in practice the data is never uniformly sampled from it. This naturally leads to emer-
gence of within-class data imbalance, characterized by existence of small disjuncts|isolated
subclusters of a class that are sparsely represented in the data (Jo & Japkowicz 2004). Such
regions pose a challenge because the network must learn to correctly collapse these sparse
submanifolds while having limited evidence to guide the transformation. Despite its intuitive
importance, within-class sampling imbalance remains severely under-researched compared to
its between-class counterpart (Leevy et al. 2018).

Just as with geometric hardness, where di culties arise both from properties of individ-
ual class manifolds and from interactions between them, sampling-related hardness similarly
stems from two sources. The second source concerns sampling inconsistencies across class
manifolds. At the global scale, this is the well-known problem of between-class imbalance,
where one class overall has many more samples than another. This form has received exten-
sive attention in the literature (Makki et al. 2019, Fotouhi et al. 2019). However, sampling
inconsistencies can also manifest locally: even when the overall dataset is balanced, there can
be neighborhoods where the sampling density of one class dominates another. We conjecture
that such local relative imbalance should also a ect classi cation hardness. For instance, a
small disjunct of class A surrounded by a densely sampled region of class B is likely more
challenging to learn than the same disjunct isolated from other classes, because the decision
boundary must carve out the sparse region while being pulled by the dense neighboring class.
While the concept of local label mixing is captured by measures such as class impurity, sys-
tematic empirical investigations that isolate the e ect of local relative imbalance|separate
from global imbalance or other confounding factors|remain scarce. The practical severity
of this phenomenon is therefore not yet well understood, and we raise it here as a plausible
but under-explored contributor to hardness. Between the global and local extremes lie inter-
mediate scales, where measures such as class impurity can capture the degree of local label
mixing.
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As discussed in Section 3.3.6, the hardness of a data sample can often be inferred from
its distance to nearby samples from the same class, with larger distances indicating increased
rareness. However, it is important to distinguish between two sources of such rarity. The
rst arises from non-uniform sampling within the data-generating distribution itself, leading
to underrepresented regions on the class manifold. Samples from such regions are typically
referred to as anomalies or rare in-distribution (ID) examples. The second arises when the
sample is drawn from a di erent sampling distribution altogether, such that its support does
not fully overlap with the support of the training data. These out-of-distribution (OOD)
samples may still belong to the same semantic class (e.g., cat images from ImageNet versus
CIFAR-10), but di er in visual style, resolution, or context. From a geometric perspective,
this implies that neither sampling distribution fully covers the underlying class manifold.
While both types of samples may appear rare under nearest-neighbor analysis, we argue that
their origins and implications are fundamentally distinct, and thus merit separate treatment
in our taxonomy. Together, these insights lead to the following taxonomy:

1. Sampling related issues causing hardness

(a) Issues due to sampling inconsistencies within class manifold
i. Within-class data-based imbalance (small disjunct problem)
(b) Issues due to across class sampling inconsistencies

i. Relative data-based imbalance
A. Local (measured by class impurity)

B. Global (between-class data-based imbalance measured by imbalance ratio
between classes)

(c) Issues due to insu cient support of the main sampling distribution
i. Out-Of-Distribution samples

3.4.3 Error-Related Hardness

The previous two taxonomies fail to take into consideration various practical issues that can
emerge in the real world such as noise, which constitutes a pervasive and often inescapable
challenge in real-world applications. The reasons behind noise emergence can be numerous,
ranging from sensor errors, and bias introduced through data imputation (when dealing with
missing data), to simple human error. It can a ect both the data as well as the labels. In
this work, we do not provide further sub-categorization of noisy samples.

Summary  Taken together, these insights support the construction of a geometry-based
taxonomy of hard samples presented on the left side of Figure 3.1. Importantly, a data
sample can be hard due to multiple reasons, and it is likely that as our understanding of the
problem of hardness will expand so will this taxonomy.

In an idealized future, hardness-aware learning could evolve toward a more guantitative
formulation|one in which each factor (such as intrinsic dimension, curvature, or local vol-
ume) constitutes a variable in a predictive model of sample hardness. With su ciently precise
estimators, such a framework could in principle resemble a regression-like formulation, where
each factor is assigned an appropriate scaling coe cient, or even a more nuanced non-linear
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model that accounts for interdependencies among factors|for instance, the dependence of
the impact of intrinsic dimension on entanglement reported by Kienitz et al. (2022). Such
a formulation would enable us not only to diagnose hardness more accurately but also to
identify which interventions are most e ective for mitigating hardness imbalance. While we
are still far from this level of understanding, we believe that this is the direction in which a
mature theory of hardness-aware learning should ultimately progress.

3.5 Model-Based Hardness Estimators

3.5.1 Con dence-Based Estimators

Con dence-based hardness estimators are among the earliest and most intuitive approaches
proposed by the research community. Their central assumption is simple: easy samples should
be classi ed with high con dence, whereas hard samples tend to result in low con dence
predictions. In this context, con dence can be de ned in several ways, depending on the
available information and problem setting. In the supervised setting, where ground-truth
labels are accessible, con dence is often measured as the logit assigned to the true clgss »

C = zp(x) (3.11)

Alternatively, one may use the predicted probability of the correct class py, obtained by
applying the softmax function to the logits. In the unsupervised or label-agnostic setting,
con dence is typically de ned as the maximum logit or maximum predicted probability across
all classes:

C-= m?x zj (x): (3.12)

This formulation allows the use of con dence-based estimators even when true labels are
unavailable.

A canonical example of a con dence-based hardness estimator is theocal Loss, rst
introduced to address class imbalance in object detection tasks (Lin et al. 2017). Focal Loss
modi es the standard cross-entropy loss by dynamically scaling its contribution based on the
model's con dence. In the multi-class setting, the standard cross-entropy loss is de ned as:

CE(p;9) = logpy; (3.13)
The Focal Loss introduces a modulating factor (1 py) , leading to:
FL(p;9)= (1 py) logpy; (3.14)

where 2 [0;5] is a tunable focusing parameter. This formulation reduces the contribution

of easy (i.e., high-con dence) samples to the loss, allowing the model to focus more heavily
on harder, low-con dence samples during training. In other words, Focal Loss performs
hardness-aware weighting based on model condence. Focal Loss can be generalized by
replacing its con dence-based scaling with alternative hardness measures. For example, Tao
et al. (2023) proposed a margin-based variant termedual Focal Loss , which substitutes
the con dence term with margin-based hardness estimates, which we will talk about in the
next section.
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Limitations of Con dence-Based Estimators

While con dence-based estimators are conceptually simple and computationally e cient,
they exhibit inherent limitations stemming from their narrow focus on the logit (or predicted
probability) assigned to the ground-truth class. By relying solely on this single value, they
discard information about the distribution of scores assigned to competing classes, e ectively
de ning the model's uncertainty using only one scalar. As a consequence, these estimators
may fail to distinguish between predictions that are genuinely con dent and those that are
only marginally correct. To illustrate this issue, consider two hypothetical six-class predic-
tions:

Sample A:p = (0:5; 0:1; 0:1; 0:1; 0:1; 0:1);

Sample B:p = (0:6; 0:39; 0:005, 0:002 0:002 0:001).

Both samples assign the highest probability to the true class (class 1), but Sample B
| despite having higher p; | exhibits much higher ambiguity, as a signi cant portion of
the probability mass is assigned to class 2. Con dence-based estimators would incorrectly
classify Sample B as easier, despite the model being clearly more uncertain about its decision.
Such misrepresentations arise precisely because the hardness estimate fails to account for
competing logits.

3.5.2 Margin-Based Estimators

Margin-based hardness estimators address the limitations of con dence-based approaches
by explicitly incorporating information about both the correct class logit and the strongest
competing class. Intuitively, the margin captures the gap between the predicted class and
its closest competitor|a larger gap indicates a more con dent, decisive prediction, while a
small or negative gap signals ambiguity or error. Formally, in supervised classi cation, the
margin M is de ned as:

M (x) = z¢(x) m@a%/xzj (x); (3.15)
i
In unsupervised settings the margin can be approximated using the top two logits:
M (x) = max z;(x) rr%%xzj (x); (3.16)
i i

where max? denotes the second-largest logit value. Returning to the illustrative example
from the previous section, applying margin-based estimators to Samples A and B yields
more intuitive hardness estimates. Despite Sample B having a higher con dence scong,
its margin is smaller due to the high probability assigned to the second class. Thus, margin-
based estimators correctly identify Sample A as easier than Sample B, as they better capture
the underlying uncertainty.

Involving training dynamics

While con dence-based estimators were limited by relying on a single logit, margin-based
estimators improve upon this by incorporating additional information from the competing
logit. However, both approaches share a common limitation: they only utilize information
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available at a single time point, and ignore the evolution of predictions throughout training.
Incorporating the training dynamics allows for much more precise and detailed categorization
of samples based on hardness.

One method that leverages training dynamics within a margin-based framework is the
Area Under the Margin (AUM) estimator (Pleiss et al. 2020). AUM extends the margin
de nition by tracking the margin throughout the entire training process. Speci cally, at each
epocht, the margin is computed as:

M O(x; 9) = zg()t) (X) max 2 (x); (3.17)

and then averaged over allT training epochs:

XT
AUMOG 9= 27 MO ) (3.18)
t=1

Samples with large AUM values are considered easy, as the model was consistently more
condent in its prediction throughout training. In contrast, hard samples and mislabeled
samples exhibit low or even negative AUM values, re ecting persistent ambiguity or incorrect
predictions across epochs.

Hard vs mislabeled samples

Pleiss et al. have demonstrated that mislabeled samples frequently manifest as hard sam-
ples under hardness estimators such as AUM. This property allows the majority of hardness
estimators to also function as potential tools for label noise detection. Since ground-truth
information about label correctness is typically unavailable in real-world datasets, compli-
cating the evaluation of noise detection methods, Pleiss et al. used the concept tfreshold
samples a subset of intentionally corrupted training samples with known incorrect labels.
The model is retrained with these threshold samples included, and AUM values are com-
puted for all threshold samples. A threshold is then selected, typically such that 99% of the
threshold samples are classi ed as mislabeled, which enables identi cation of potential label
noise among the remaining training data.

AUM showcases the value of incorporating training dynamics into hardness estimation.
While it remains one of the most widely used margin-based methods, many subsequent esti-
mators have extended the incorporation of learning dynamics by utilizing di erent training
signals such as forgetting events, impact on loss, uncertainty estimates, or gradient behavior.

3.5.3 Uncertainty-Based Estimators

When discussing con dence-based hardness estimators, we pointed out that their main limi-
tation is the reliance on information contained in a single logit. This limitation was partially
addressed by margin-based estimators, which incorporate information from two logits, thus
o ering richer estimates on model con dence and uncertainty. However, margins still do not
fully capture model uncertainty. To address this, we now delve deeper into explicit uncer-
tainty quanti cation, which is grounded in well-established theoretical foundations and has
led to the development of multiple hardness estimators.
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Uncertainty can be broadly divided into two types: epistemic and aleatoric. Epistemic
uncertainty re ects the model's lack of knowledge; it arises due to limited data, and can in
principle be reduced by acquiring more training samples. For instance, poor performance
on genuinely hard samples | either because they lie in complex regions or in regions with
low sampling density | is primarily driven by epistemic uncertainty. In contrast, aleatoric
uncertainty stems from the inherent ambiguity or noise in the data itself and is fundamen-
tally irreducible. Mislabeled samples and ambiguous inputs naturally give rise to aleatoric
uncertainty.

Formally, the total predictive uncertainty can be decomposed using the law of total vari-
ance:

V(Yjx)= V (E[Yjx; )+ E (VIYjx; ]): (3.19)

The rst term, representing epistemic uncertainty, can be estimated as:

. il
V (E[Yjx; )= T P(x; &) P(X)]% (3.20)
t=1

This captures the variation of predictive probabilities for a given data sample across an (in
principle) in nite set of models trained on the same data.
The second term corresponds to aleatoric uncertainty and can be estimated as:

X
E (VIYix, 1) = % PO &)1 P (X; e); (3.21)
t=1

which re ects the inherent variance in the data given xed model parameters. This type
of uncertainty is particularly prominent in domains such as medicine, where patients with
nearly identical features may nonetheless experience di erent outcomes - same symptoms but
di erent underlying diseases (Van den Goorbergh et al. 2022).

Estimating hardness through epistemic and aleatoric uncertainty

Swayamdipta et al. (2020) proposed to leverage epistemic uncertainty for hardness estima-
tion in their method called Data Maps . Speci cally, they use both the mean con dence
over epochsP and epistemic uncertainty V (E[Yjx; ]). In their framework, easy samples
exhibit high con dence and low epistemic uncertainty; ambiguous samples have intermediate
con dence and high epistemic uncertainty; and hard samples exhibit low con dence and low
epistemic uncertainty.

Seedat et al. (2022) points out that a key limitation of estimating hardness via epistemic
uncertainty is its inability to capture uncertainty arising from inherent data ambiguity. For
instance, if P(x; ¢)  0:5 throughout training due to aleatoric uncertainty, the epistemic
variance may remain low, incorrectly suggesting the sample is either easy or hard (depending
solely on the con dence value), rather than ambiguous. To address this issue, they proposed
Data-1Q , which substitutes epistemic uncertainty with aleatoric uncertainty E (V[Yjx; ])
for hardness estimation. This allows the Data Maps framework to be extended into medical
and nancial domains, where heterogeneity of outcomes is a major issue.



CHAPTER 3. HOW TO ESTIMATE HARDNESS? 37

3.5.4 Forgetting-Based Estimators

The notion of forgetting was rst introduced by McCloskey & Cohen (1989), who studied
sequential learning in connectionist networks! Inspired by the observation that humans
learn sequentially (e.g., learning addition precedes multiplication), they argued thatif con-
nectionist networks are to be used to model human learning, then the networks must be able to
learn sequentially However, such models are a ected bycatastrophic interference , now
known as catastrophic forgetting , wherein previously acquired knowledge is disrupted by
subsequent learning.

Building on this, Toneva et al. (2019) systematically investigated the relationship between
forgetting and hardness. They introduced the concept of aorgetting event , which occurs
when a model transitions from correctly classifying a sample at epoch to misclassifying it
at epocht + 1. Formally, a forgetting event occurs if:

arg maxzj(t)(x) =4 and arg maxzj(tﬂ) (x) 8 4: (3.22)
i ]

Their analysis revealed that the frequency of forgetting events is not uniformly distributed
across samples: some are frequently forgotten throughout training, while others are consis-
tently remembered, with some never being forgotten. Hence, hardness of a data sample
would be proportional to the number of its forgetting events|the more often it is forgotten
by the model during training the harder it is. Importantly, Toneva et al. observed that
forgetting statistics are highly consistent across di erent model architectures. This nding
provides empirical evidence that hardness is partially model agnostic and highlights the need
for development of data-based hardness estimators.

Incorporating Forgetting Time into Hardness Estimation

The seminal work of Toneva et al. (2019) has prompted further development of forgetting-
based methods. As noted by Maini et al. (2022), subsequent works have focused on: (1) the
epoch at which examples are rst learned; (2) the number of prediction ips during training;
and (3) whether examples are forgotten when held out of training. However, these approaches
do not fully capture the heterogeneity of hardness; speci cally, they fail to distinguish be-
tween examples that are hard due to label noise, low-density regions, or complex decision
boundaries. To address this limitation, Maini et al. proposed Second-Split Forgetting

Time (SSFT) , which analyzes forgetting events during ne-tuning on a holdout dataset.
Let Da denote the initial training set, and Dg the holdout set used for ne-tuning. The
second-split forgetting time for samplex; is de ned as:

SSFT(X)=min t 8t t :argmaxzj(t)(x)S’y ; (3.23)
]

where zjt(xi) denotes the logit after t ne-tuning epochs on Dg, and (x;¥) 2 Da. Maini et
al. found that in this framework, mislabeled samples are typically forgotten rapidly during

McCloskey and Cohen de ne connectionist networks as systems in which information is stored in weights
on connections between simple processing unitga general de nition that extends to modern neural network
models.
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ne-tuning, rare samples from low-density regions are forgotten more slowly, and complex
examples tend to remain stable?

By focusing on the stability of predictions during ne-tuning, SSFT enables ner-grained
categorization of sample hardness into easy, complex, rare, and mislabeled examples. While
SSFT o ers a more detailed hardness taxonomy, its practical deployment is computationally
demanding due to the need for additional ne-tuning, which is particularly expensive for
modern large-scale models.

3.5.5 Loss-Based Estimators

The loss function serves as the primary learning signal, guiding parameter updates during
training via backpropagation. It is designed to produce low values for samples that the
model classi es correctly with high con dence, and high values for misclassi ed or uncertain
samples. Thus, from a hardness perspective, easy samples correspond to low loss, while hard
samples incur higher loss values. This naturally allows us to reuse the template introduced
in Equation 3.18, simply substituting the margin-based hardness estimate with loss values.

A related formulation was proposed by Arriaga et al. (2023), who de ne hardness using
what they call action scores , which are based on cumulative loss:

A= Ly t (3.24)
t=0

The inclusion of the t term is purely to allow drawing connections with continuous-time
formulations in information theory, as in experiments they set t to correspond to epochs,
similar to other works.

Hardness-driven curricula

In the works discussed so far, hardness has primarily been used post-hoc to guide data
pruning or noise removal. However, hardness can also be incorporated directly into the
training process through curriculum learning, where the sequence or selection of training
samples is dynamically adjusted based on their estimated hardness. For detailed reviews on
curriculum learning, we refer the reader to the surveys by Wang et al. (2021), Soviany et al.
(2022). In this work we will only detail the RHO-loss curriculum (Mindermann et al. 2022),
which, like other loss-based hardness estimators, prioritizes the selection of samples that are
expected to most e ectively reduce generalization loss.

The core idea behind RHO-loss is to select training samples that are expected to maximize
generalization improvement, rather than merely minimizing training loss, which, according
to the authors, is the focus of many other loss-based methods. To formalize this, the authors
de ne a sample selection objective that estimates how much adding a given sample;(y) to

2To simulate complex examples, they trained on a union of MNIST (Deng 2012) and CIFAR-10, where
CIFAR-10 samples were categorized as complex. To simulate rare examples, they modi ed CIFAR-100
(Krizhevsky et al. 2009), which contains 100 classes grouped into 20 superclasses (e.g., the superclasguatic
mammals contains subclasses such as dolphin, otter, seal, whale, and beaver), into a long-tailed variant. The
class imbalance was created by changing the number of examples in each subgroup td 500; 250; 125; 64; 32g
from the original f500; 500; 500; 500; 500g.
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the training data would reduce the loss on a holdout set:

argmin  logPgno (x"°; *); (3.25)
(x;9)2B ¢

+

where ™ was obtained by training on D¢ [f (X;$)g, D D is a subset of training samples
seen up to timet, and Bi+1 is a new batch of training samples. This expression can be
rewritten as:

L9 PO Loy PPy, (3.26)

which represents the expected reduction in holdout loss obtained by including the sample.
To simplify the computation of the holdout loss, the authors replace the model trained
on D[f (x;$)g with one trained only on the holdout set Dyg:

L(X,Y, Dho[Dt) L (X,Y, Dho) (327)

This term, referred to as the irreducible holdout loss (IL), represents an estimate of the loss
that cannot be reduced by further training. To e ciently estimate this value during training,
they introduce a lightweight auxiliary model (the IL model) with lower capacity than the
target network. This model is trained on the holdout set alone, leveraging the assumption
that sample hardness is at least partially model-agnostic. This formulation naturally leads
to a sample taxonomy. Redundant (easy) samples have low training loss and low reducible
holdout loss, as their inclusion yields little additional bene t. Noisy and ambiguous (hard)
samples exhibit high training loss and high irreducible holdout loss, since their loss is di cult
to reduce even with additional data. Outliers (hard) also exhibit low reducible loss, as
neighboring samples are unlikely to help reduce their loss.

Potential Pitfalls of RHO-Loss

RHO-Loss selects for training only the hard samples that are non-noisy and task-relevant.
While this approach improves test accuracy by reducing test loss, we believe that it raises
potential concerns related to Goodhart's Law: when a measure becomes a target, it may cease
to be a good measurgStrathern 1997). Speci cally, one may question whether excluding
outliers and ambiguous samples truly improves generalization, or whether it merely over ts
to the test set, which itself contains relatively few such examples. After all, the test set is
only a proxy for estimating generalization error, and ambiguous or rare samples inevitably
occur in real-world data. Thus, disregarding these harder cases may inadvertently reduce
the model's robustness on out-of-distribution or underrepresented scenarios, even while test
accuracy improves.

3.5.6 Gradient-Based Estimators

As discussed earlier, learning is guided by the loss function, with each parameter updated via
backpropagation according to the gradient of the loss. Since gradients directly encode how
much the model adjusts its parameters for each sample, they provide an equally valuable
measure of hardness, complementary to loss. This was utilized by Agarwal et al. (2022)
who proposedVariance of Gradients (VoG) as a class-conditional hardness estimator,
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designed to identify the most challenging samples for human-in-the-loop auditing. They rst
de ne S as the gradient matrix of the activation of the output neuron corresponding to the
true or predicted cIassA:O with respect to the input pixels of x;

@4
S=—: 3.28
@x (3.28)
They later perform across-channel averaging to collaps& to a 2D spatial map and compute
the mean across epochs

il
=< s (3.29)
t=1

The variance of gradients across epochs is then computed as:

N
tax

VoGp=" = (St )2 (3.30)
t

=1

Finally, since V oG, is a spatial map, the scalar VoG score is obtained by averaging across all
N pixels

1 X
VoG = N (VoGyp) (3.32)

A key advantage of VoG is that, unlike many other hardness estimators, it does not require
access to ground-truth labels, making it attractive for unsupervised or weakly supervised
settings. Furthermore, the authors normalize VoG based on class-level hardness, addressing
the non-uniform distribution of hardness across classes. Without this normalization, hard
samples from easier classes would rarely be selected for human auditing, as their hardness
scores would be low relative to samples from inherently more di cult classes. However, this
also raises a broader question: should hardness be normalized across classes at all, or does
doing so risk obscuring the very di culty we seek to understand?

Two stages of learning

Agarwal et al. also point out one important phenomenon. Namely, at early stages of training
(setting T = 3) the VoG is high for easy samples-the samples on which model has high
accuracy after completed training. This switches in late-stage training (computing VoG over
the last 3 epochs), where it is the samples on which model performs poorly that have high
VoG.

Computationally cheap hardness estimation

Thanks to the incorporation of training dynamics information many of the previously de-
scribed hardness estimators allow for very detailed and precise characterization of hardness.
However, because of that they are also more expensive as they require pretraining a model
to obtain the hardness estimates. To address this Paul et al. (2021) propos&radient
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Normed (GraNd) , which approximates the impact of removing a data sample from the
training batch on the training loss via the norm of the gradient.

@ (xi; %i; )
@ = () 2

While the gradient norm can be computed for multiple layers, and averaged like it's
done with other hardness estimators using training dynamics, the authors demonstrate that
evaluating GraNd scores at model initialization already provides a surprisingly strong approx-
imation of sample hardness. They further observe that GraNd can be closely approximated
by the Error L2 Norm (EL2N) score, which measures the Euclidean distance between the
predicted probability vector and the one-hot encoded true label at an intermediate epoch.

GraNd(x;) = (3.32)

EL2N(xi) = P(xi; M) ey, , (3.33)
This requires some training, however, the authors show that training on barely 20 epochs
can greatly improve the accuracy of EL2N as a hardness estimator, matching the Forget
score computed at epoch 200 (experiments conducted on CIFAR-10, CINIC-10 (Darlow et al.
2018), and CIFAR-100). This provides an excellent, computationally cheaper alternative to
previously mentioned hardness estimators.

3.5.7 Other Estimators

While many hardness estimators can be generally categorized into con dence-, margin-,
uncertainty-, forgetting-, loss-, and gradient-based approaches, there also exist model-based
hardness estimators that do not t neatly into these categories. One such example is the
Noise Detector introduced by Jia et al. (2023), which employs a separate auxiliary model
to identify mislabeled or noisy samples based on training dynamics.

Speci cally, they train an LSTM-based label noise detector that learns to distinguish
between clean and mislabeled samples by observing training dynamics on synthetic noisy
data. The LSTM architecture is a natural choice here, as the training dynamics form a
time series | i.e., sequences of model predictions evolving over training epochs. In order
to create training data for the detector, the authors inject label noise into existing datasets.
The LSTM observes how predictive probabilities evolve across epochs for both clean and
corrupted samples, learning patterns that di erentiate the two. Importantly, because the
detector operates purely on training dynamics rather than model parameters or architectures,
it remains model-agnostic and can generalize across architectures and datasets. In their
experiments, the detector is trained on CIFAR-100 and later successfully applied to Tiny
ImageNet (Le & Yang 2015), CUB-200 (Welinder et al. 2010), Caltech-256 (Grin et al.
2007), WebVision (Li et al. 2017), and ClothinglM (Xiao et al. 2015). This demonstrates
that hardness estimation based on temporal training dynamics can generalize across domains.

3.6 Providing Model-Based Taxonomy of Factors Causing

Hardness

Each model-based hardness estimator implicitly assumes certain categorization of hard sam-
ples. In Table 3.1 we summarize all of the reviewed hardness estimators, and in Table 3.2 we
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Table 3.1: Summary of model-based hardness estimators reviewed in this chapter.
Methods are listed in the order in which they were introduced in the section.

Estimator Name Category Hardness Estimation Method
Focal Loss Con dence- Con dence in correct label
based

Dual Focal Loss

Margin-based

Margin between correct and highest incorrect logit

AUM

Margin-based

Average margin between correct and highest incor-
rect logit during training

Data Maps Uncertainty- Epistemic uncertainty over training
based
Data-1Q Uncertainty- Aleatoric uncertainty over training
based
Forgetting Score Forgetting- Count of class ips (correct ! incorrect) during
based training
SSFT Forgetting- Monitor forgetting during ne-tuning
based
Action Scores Loss-based Averaged loss over epochs
RHO-Loss Loss-based Loss on a holdout set based on smaller auxiliary
model
VoG Gradient-based | Variance of input gradients across epochs
GraNd Gradient-based | Norm of gradient of loss
EL2N Gradient-based | L2 distance between predicted and one-hot labels

Noise Detector

Other

LSTM trained on training dynamics

have grouped them based on the taxonomy of the hard samples that each of them imposes
on data. This leads to eight distinct sample categories: (1) easy samples; (2) hard samples;
(3) mislabeled samples; (4) clean samples; (5) ambiguous samples; (6) complex samples; (7)
rare samples; and (8) outliers. Since we are interested in taxonomy of hard samples we disre-
gard easy and clean samples as they represent unproblematic cases. We also disregard hard
samples (2) as it's a supercategory. This leaves ve meaningful subtypes, which we formalize
using the terminology from Section 3.3, with sample complexity being the minimal number

of samples that need to be sampled from a neighborhoodl (x) for the model to correctly
learn|be able to collapse it onto the standard basis vector|the given neighborhood with

high probability.

~ Rare Samples. De nition: A data point x is rare if its neighborhood N (x) contains
few samples, regardless of its local sample complexity.

Literature:

{ Maini et al. (2022) de ne rare samples as belongingo underrepresented subpopu-
lations and identify them via a \second-split forgetting” signal|they are forgot-
ten during the second split only after prolonged training (distinct from quickly-
forgotten mislabeled samples or persistent complex ones). They simulate rarity
by converting CIFAR-100 into a long-tailed variant.
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Table 3.2: Categorization of model-based hardness estimators based on the cate-
gorization of hard samples that they assume.

Categorization Methods

Easy vs. Hard Focal Loss, Dual Focal Loss, Forgetting,
Action scores, VoG, GraNd, EL2N

Easy vs. Hard vs. Mislabeled AUM

Clean vs. Mislabeled Detector

Easy vs. Ambiguous vs. Hard Data Maps, Data-1Q

Easy vs. Complex vs. Rare vs. Mislabeled SSFT

Easy vs. Outliers vs. Noisy vs. Ambiguous| RHO-Loss
vs Hard

" Complex Samples. De nition: A data point x is complex if the sample complexity

SC(N (x)) of its neighborhood is high, even when the neighborhood is well-sampled.
Literature:

{ Maini et al. (2022) de ne complex samples as belongingo subpopulations for
which the classi cation task is more dicult. Within their two-split forgetting
setup, such samples are never forgotten during the second split training. They
simulate complexity by merging MNIST and CIFAR-10, treating CIFAR-10 as the
complex component.

Out-Of-Distribution Samples. De nition: A data point x 2 D is out-of-distribution
(OOD) if it lies outside of the support of the main sampling distribution Pp.

Literature:

{ Mindermann et al. (2022) interpret outliers|e ectively OOD samples|as points
far from most of the training data. In their RHO-Loss formulation, these samples
show high training and irreducible loss (IL; Eq. 3.27).

Ambiguous Samples. De nition: A data point x is ambiguousif its neighborhood
N (x) lies within a margin  of a dierent class manifold, or contains samples from
multiple class manifolds.

Literature:

{ Mindermann et al. (2022) interpret ambiguous samples as pointgdhat have more
than one plausible label Within their RHO-Loss framework, these samples exhibit
high training loss and IL, and are simulated using Ambiguous-MNIST (Mukhoti
et al. 2021).

{ Swayamdipta et al. (2020) associate ambiguity with high epistemic uncertainty,
identifying such samples as those contributing most to out-of-distribution gener-
alization.

{ Seedat et al. (2022) de ne ambiguous samples as those thappear where the
current features are insu cient to distinguish the example correctly, regardless
of the model used. They associate such samples with high aleatoric uncertainty,
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as observed in settings where patients share similar features but have di erent
outcomes.

" Mislabeled Samples. De nition: A data point X is mislabeledif its observed label
does not correspond to the class manifold from which it was sampled.

Literature:

{ Pleiss et al. (2020) detect mislabeled samples as those with an AUM value below a
xed threshold. As in most works, mislabeled samples are synthetically introduced
through random label ipping in ablation studies.

{ Jia et al. (2023) train an LSTM-based label-noise detector to recognize the char-
acteristic learning dynamics of mislabeled samples.

{ In the two-split forgetting setup of Maini et al. (2022), mislabeled samples are
identi ed as those forgotten earliest during the second phase of training.

{ Within the RHO-Loss framework of Mindermann et al. (2022), mislabeled samples
correspond to instances exhibiting high training loss and IL.

Hard Samples  As shown in Table 3.2, many works treathard samplesas a single, generic
category, making it di cult to map their ndings onto our more granular taxonomy. For in-
stance, Pleiss et al. (2020) de ne hard samples as those with low AUM values but above the
threshold used to identify noisy samples, while Swayamdipta et al. (2020) and Seedat et al.
(2022) associate hardness with low con dence or high uncertainty. Such broad de nitions
con ate multiple underlying factors|such as rareness, complexity, ambiguity, or mislabel-
ingleach of which represents a distinct source of diculty. This con ation complicates

e orts to compare results across studies or to determine which specic hardness factors a
given estimator is sensitive to. Addressing this ambiguity is essential for building a uni ed
understanding of sample hardness.

3.7 Unifying taxonomies of hard samples

So far, we have introduced two complementary taxonomies of hard samples. The rst, pre-
sented in Section 3.4, is grounded in data-based hardness estimators and relies on conceptual
reasoning under the manifold assumption. While conceptually appealing, these methods are
often di cult to apply in practice due to the curse of dimensionality. The second taxonomy,
introduced in the previous section, is based on model-based estimators and synthesizes the
categories used across empirical studies , and is therefore largely heuristic, re ecting observed
empirical phenomena. By expressing the model-based categories in geometric terms, we can
relate them to the data-based taxonomy, bridging empirical observations with plausible un-
derlying mechanisms. This uni ed taxonomy (see Figure 3.1) allows us to connect observable
model behavior to conceptual geometric and statistical causes, setting the stage for a more
comprehensive conceptual understanding of hardness.

Ambiguous and complex samples Ambiguous samples are those for which more than
one label is plausible. From a geometric viewpoint, ambiguity can be understood as occurring
when two class manifolds overlap or approach each other closely in the input space; under



CHAPTER 3. HOW TO ESTIMATE HARDNESS? 45

such conditions the posterior distribution would remain uncertain even under ideal sampling.
Complex samples are more broadly de ned as observations from subpopulations whose local
sample complexity is high: they reside in regions of the class manifold that are dicult
to collapse into compact latent centroids or to separate from other classes. In geometric
terms, local sample complexity can be thought of as increasing with manifold attributes
such as extrinsic volume, intrinsic dimension, nontrivial persistent homology, and degree of
entanglement with neighboring manifolds, while high local curvature further increases relative
di culty within a class. Thus, ambiguous and complex samples can be understood as sharing
a geometric origin: the former primarily re ect manifold closeness/overlap, the latter re ect
intrinsic geometric/topological complexity and entanglement between manifolds (see Section
3.4.1). In practice, however, diagnosing these phenomena from nite, suboptimally sampled
data is challenging in two distinct ways. For complex samples, itis di cult to determine which
geometric factor contributes most to hardness, making it unclear which type of regularization
proposed by Ma et al. would be most e ective. For ambiguous samples, the di culty lies
in reliably establishing whether class manifolds truly overlap or merely appear close due to
limited sampling, which prevents accurate identi cation of inherently ambiguous cases that
might require human oversight or uncertainty-aware models. These diagnostic limitations
make it dicult to apply targeted interventions, forcing most current approaches to rely
on model-based heuristics or indirect signals of hardness rather than direct, factor-specic
corrections.

OOD and rare samples OOD samples are those that lie far from the bulk of the training
data. From a sampling perspective, this can be understood as occurring when the main sam-
pling distribution fails to cover the entire class manifold, or when the dataset is constructed
from multiple sampling distributions whose supports di er. Consequently, two samples may
belong to the same semantic class yet originate from distinct distributions, with the dis-
tance between their supports being non-zero. Rare samples, on the other hand, arise from
underrepresented subpopulations. Conceptually, this corresponds to non-uniform sampling
either between classes|leading to globally rare classes|or within classes|leading to locally

rare samples within otherwise well-represented classes. Hence, both OOD and rare samples
are di cult not because of intrinsic geometric complexity, but because of inadequate sam-
pling. Nevertheless, these factors may interact: a sample initially considered OOD or rare
may, upon denser sampling, reveal underlying geometric complexity, thereby transitioning
into the complex category. As with geometry-related hardness, distinguishing between these
contributing factors remains a challenge. Detecting within-class imbalance, local rarity, or
subtle distributional shifts is di cult under limited sampling and high-dimensionality. Yet,
doing so is essential, as these cases determine where data collection, augmentation, or domain
adaptation e orts should be targeted to most e ectively mitigate hardness.

Mislabeled samples Mislabeled samples correspond to the nal supercategory in our
data-based taxonomy, representing hardness that arises from annotation errors rather than
geometric or sampling-related factors. From a geometric perspective, these are points whose
assigned labely does not correspond to the class manifold from which the inputx was
drawn, thereby violating the assumption that each sample lies on a correctly labeled manifold.
While such samples may reside deep within well-sampled and geometrically simple regions,
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their incorrect labeling makes them fundamentally misleading during training, introducing
contradictory gradients that distort the learned decision boundaries. These samples are
particularly harmful because they cannot be corrected through resampling, regularization, or
increased data density. Instead, they would require explicit identi cation and either relabeling
or removal. However, distinguishing mislabeled examples from genuinely hard but informative
samples|such as ambiguous or complex points|remains a major open challenge.

3.7.1 Identifying research gaps

The uni cation of model-based and geometry-based taxonomies highlights several key gaps in
the current literature|both conceptual and methodological. Below, we identify three central
directions in which further research is critically needed.

Intractability of Geometric Estimators in Input Space

While our geometric taxonomy o ers a principled understanding of sample hardness, esti-
mating manifold-level properties (e.g., curvature, entanglement, or overlap) in input space
remains infeasible due to the curse of dimensionality, as we discussed in Section 3.4.1. Existing
data-based estimators fail to approximate these properties reliably when applied directly to
the input space, leading to misleading results that diverge from theoretical predictions or in-
tuitive expectations. As a consequence, it is di cult to estimate the relative impact of speci ¢
geometric and topological features on sample hardness. This poses a major challenge for tar-
geted regularization: although individual geometric properties can in principle be addressed
through specialized loss terms|e.g., for curvature (Ma, Jiao, Liu, Yang, Liu & Li 2023),
intrinsic dimension (Ma et al. 2024), or volume (Ma, Jiao, Liu, Li, Yang & Liu 2023)|ap-
plying all of them indiscriminately may lead to optimization con icts, over-regularization,
and degraded generalization. Ideally, one would rst estimate the contribution of each geo-
metric factor to hardness and then use this information to guide the selection or weighting
of appropriate regularization strategies|much like in regression, where knowing the relative

in uence of each variable enables more e ective modeling. There is thus a pressing need
for proxy estimators or approximation techniques that can selectively recover meaningful
geometric structure despite the curse of dimensionality.

Under-Utilization of Training Dynamics for Hardness Subtype Identi cation

Training dynamics|such as per-sample loss, con dence, or forgetting patterns|hold rich,
under-explored signals about sample hardness. While prior work has leveraged these dynam-
ics to detect mislabeled samples (Jia et al. 2023), and SSFT demonstrated that rare samples
can exhibit distinct forgetting behaviors (Maini et al. 2022), little e ort has been devoted to
linking such dynamic patterns to the speci ¢ subtypes in our geometric taxonomy. It remains
an open question whether di erent subtypes produce distinguishable training dynamics; for
example, samples whose hardness stems primarily from the intrinsic dimension of their class
manifold might show di erent learning dynamics than those a ected mainly by local curva-
ture or neighborhood entanglement. Such distinctions might o er a promising alterxnative
to data-based geometric estimators by potentially enabling the estimation of each geometric
factor's contribution to sample hardness through training dynamics alone.
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Con ation of Hardness Subtypes in Model-Based Estimators

Each model-based hardness estimator imposes its own categorization of hard samples. As
summarized in Table 3.2, some estimators|like SSFT or RHO-Loss|provide relatively ne-
grained distinctions among subtypes, but many con ate several sources of hardness into
broader categories. This con ation leads to a broader issue in the literature: downstream
methods are frequently evaluated on the aggregated set of \hard" samples without performing
ablation studies to assess how each subtype is aected. A similar concern was recently
raised by Seedat et al. (2024), who show that di erent estimators target di erent notions of
hardness, making it di cult to compare or generalize ndings. As a result, we risk drawing
misleading conclusions|some interventions may bene t one subtype while harming others,
yet this remains invisible under coarse evaluation. Worse still, these methods are often applied
uniformly across datasets and classes, despite each having distinct hardness pro les shaped
by geometry, sampling, topology, or label noise. This undermines the interpretability and
reliability of hardness-aware learning. In principle, interpretable learning would begin with
estimating the hardness pro le of a dataset|using either data-based estimators or training
dynamics|and then tailoring the intervention to the dominant factors. Fully resolving this
issue will require a systematic e ort to disentangle and evaluate the impact of methods on
each subtype individually]an e ort far beyond the scope of any single study, yet essential

for future progress and for achieving principled, interpretable hardness-aware learning.

3.8 Conclusion

In this chapter, we investigated data-based hardness estimators through the lens of the geo-
metric perspective on learning. This analysis revealed three fundamental sources of sample
di culty: geometry-related, sampling-related, and error-related issues. These informed the
construction of a novel, geometry-based taxonomy of hard samples.

We then turned to model-based estimators, examining their core assumptions and limi-
tations. While these estimators are highly practical, their reliance on behavioral heuristics
o ers limited insight into the underlying causes of hardness. From this analysis, we distilled
the distinct categorizations each estimator imposes on hard samples and uni ed them into a
single model-based taxonomy of hard samples.

To understand how these two perspectives relate, we mapped each category from the
model-based taxonomy onto components of the geometry-based one. This revealed that
many model-based estimators act as coarse proxies for multiple subtypes of hardness, often
con ating distinct sources of diculty. As a result, current practice makes it dicult to
identify the true reasons behind sample hardness.

We conclude by identifying three core directions for future research: (1) overcoming the
intractability of geometric estimators in input space; (2) leveraging training dynamics to
more precisely characterize hardness subtypes; and (3) avoiding the con ation of subtypes in
model-based estimators. We posit that until hardness subtypes are explicitly accounted for
in both evaluation and design, our understanding of what makes samples hard | and what
makes methods e ective | will remain fundamentally incomplete.



Chapter 4

Which Hardness Estimator to Use?
Verifying Estimate Robustness and
Benchmark of Data- and
Model-Based Estimators

4.1 Introduction

In the previous chapter, we reviewed hardness estimators drawn from both model- and data-
based families, synthesizing them into a uni ed taxonomy of hard samples and identifying
future research directions. However, we deliberately left open one crucial questionjvhich
hardness estimator should one use in practice@his question is particularly challenging due
to the lack of robust benchmarking procedures, and is the central focus of this chapter.

Benchmarking plays a central role in methodological research. Once a new method is
proposed, it is not su cient to evaluate it based on theoretical guarantees or intuitive appeal;
robust empirical validation is essential to assess its practical applicability. This is especially
important in machine learning, where many widely used methods are guided by heuristic
insight rather than formal derivation, and even theoretically grounded approaches often rely
on assumptions that fail in practice (Dundar et al. 2007, He et al. 2021). These discrepancies
make empirical benchmarking not just complementary to theory, but indispensable.

However, evaluating hardness estimators presents a unique challenge: the property being
estimated is not directly observable. In many settings, empirical validation is straightforward
because the target quantity|such as a class label or regression target|is explicitly de ned
and provided. In contrast, there is no ground truth for how \hard" a sample truly is, nor a
de nitive list of factors contributing to hardness, as we highlighted in the previous chapter.
As a result, it is di cult to determine which estimator performs better, making traditional
benchmarking approaches inapplicable. To work around this, prior research has adopted one
of three main evaluation strategies:

~

Downstream-task-based evaluation , which assesses whether a hardness estimator
improves performance on downstream tasks like data pruning, curriculum learning, or
label noise detection.

48
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Figure 4.1: Our literature review revealed that many works use hardness esti-
mates obtained over a single run. This raises concerns regarding stability and
reliability of such hardness estimates. To address this we investigate the impact of
the ensemble size on the hardness estimates, revealing that for some downstream
tasks single-run-based hardness estimates are extremely unreliable. After estab-
lishing that we perform the rst comparative benchmarking between model- and
data-based hardness estimators, nding that current data-based estimators are not
able to achieve good performance and identify curse of dimensionality as the main
cause.

" Injection-based evaluation , which introduces synthetically hard samples|e.g., mis-
labeled, out-of-distribution, or augmented examples|and evaluates whether the esti-
mator can identify them.

~ Proxy-based evaluation , which compares hardness predictions to an external variable
assumed to correlate with hardness, such as accuracy.

Unfortunately, there is no standardization in how these strategies are used. As aresult, papers
proposing di erent hardness estimators often rely on di erent evaluation protocols, making
it di cult to compare them directly or identify the state of the art. The work of Seedat

et al. (2024) is, to our knowledge, the only one to perform a thorough benchmarking study
of model-based hardness estimators under a xed strategy (injection-based), highlighting the
broader need for more systematic evaluation in this eld. Beyond the issue of standardization
in evaluation protocols, we identify two additional shortcomings in the current literature on
hardness estimators that we address in this chapter (see Figure 4.1 for visualization).
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Benchmarking Model-Based Estimators Against Data-Based Ones

First overlooked issue concerns the lack of comparative evaluation between model-based and
data-based hardness estimators. While both aim to quantify sample di culty, they have
not yet been benchmarked side by side as to our knowledge. This gap obscures important
practical tradeo s between interpretability, stability, and performance.

We address this by conducting a proxy-based evaluation of selected data- and model-
based estimators. Our results, discussed in Sec. 4.5.3, show that intrinsic dimension (ID),
volume, curvature, and class impurity exhibit weak or negligible correlations with class-level
accuracy, suggesting poor estimation performance. We attribute this largely to the curse
of dimensionality, as argued in Chapter 3. Supporting this interpretation, we observe that
ID and volume, which are tightly linked in theory, are in fact poorly correlated when com-
puted in the raw space. We therefore apply these estimators to PCA-reduced representations,
expecting lower intrinsic dimensionality to improve estimate reliability, yet nding no con-
sistent change. Addressing this likely requires more sophisticated dimensionality reduction
techniques|a promising direction for future work|but in this thesis we treat PCA as a
simple, low-cost probe.

Robustness Analysis of Hardness Estimates

A second critical shortcoming is the lack of robustness analysis in hardness estimation. Most
works compute hardness using a single model, without reporting variance or consistency
across seeds. While some studies justify this choice using correlation metrics such as Spear-
man or Pearson across repeated runs, we nd this practice insu cient. High correlation does
not necessarily imply stability in the top-k hardest or easiest samples | a requirement that

is critical for computing resampling ratios in our hardness-based resampling method, as well
as for other downstream tasks such as noise removal and curriculum learning.

To rigorously assess robustness, we introduce three complementary metrics. First, the
pruning change rate (PCR) quanti es the fraction of samples di ering in the top-k hardest or
easiest sets as ensemble size grows, indicating stability in extreme sample rankings. Second,
we compute the Jaccard overlap between top-k sets generated by di erent hardness estimators
to measure agreement and the risk of suboptimal estimator choice. Third, we analyze absolute
di erences in class-wise sample counts under hardness-based resampling as ensemble size
increases, revealing the impact of estimator variability on our task of class-level resampling
ratios.

Our experiments, discussed in Sec. 4.5.1 and 4.5.2, demonstrate that hardness estimates
from a single model can be very unstable depending on the task. Namely, while single-run
estimates appear stable enough for certain hardness estimators when identifying topmost
extreme samples for hight (50%), the same is not the case for lowet (10%). Furthermore,
we nd that hardness estimators that do not utilize information on learning dynamics are
less stable than their counterparts that use that information. We also notice low agreement
across hardness estimators when identifying a set of top-most extreme samples. Combined,
this tells us that the choice of hardness estimator is very important, due to low agreement,
and that single-run estimates are often unstable, despite high correlation values reported
in the literature. Furthermore, our ndings show the issues of estimating hardness using
a single model run, highlighting the need to use ensemble approaches where hardness is
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estimated over multiple runs. While further research is heeded to quantify how this instability

a ects downstream outcomes, in Chapter 4 we rely on this robustness analysis to inform our
experimental design and henceforth use hardness estimates averaged over ensembles of 10
models to improve stability.

Contributions

To conclude, this chapter makes the following contributions:

" We perform the rst direct benchmark comparing model-based and data-based hardness
estimators, exposing large gap between the two.

" We nd that applying PCA does not reliably enhance data-based estimators, indicating
the need for more sophisticated dimensionality reduction techniques to make data-based
estimators competitive.

" We highlight the volatility of hardness measures from single networks, recommending
ensemble approaches for robust downstream use.

4.2 Reviewing Benchmarking Strategies of Hardness Estima-
tors

4.2.1 Benchmarking in Works Involving Data-Based Hardness Estimators

Most works involving data-based hardness estimators do not attempt to benchmark them
in a comparative or systematic manner. In many cases, this is entirely appropriate: several
studies focus on analyzing (1) the evolution of data properties during training or inference
(Naitzat et al. 2020, Magai 2023), or (2) the relationship between such properties and sample
complexity (Kienitz et al. 2022), neither of which naturally lends itself to benchmarking.

However, other works do attempt to evaluate their proposed estimators, albeit in frag-
mented or indirect ways. Broadly, we can identify two recurring strategies. First, sev-
eral studies introduce geometry-inspired regularization strategies and assess their utility via
downstream-task-based evaluation - comparing class-level performance gaps with and with-
out regularization (Ma, Jiao, Liu, Yang, Liu & Li 2023, Ma, Jiao, Liu, Li, Yang & Liu 2023,
Ma et al. 2024). While this reveals the potential bene ts of geometric constraints, these works
do not compare their regularizers against each other, making it di cult to determine which
geometric property most e ectively mitigates class-level hardness. Second, some works use
proxy-based evaluation, exploring the relationship between data-centric metrics and classi -
cation accuracy (Ansuini et al. 2019, Pope et al. 2021, Kaufman & Azencot 2023). While this
is rarely framed in terms of hardness explicitly, the core idea is to demonstrate that a given
data property tracks or predicts class-level performance. In e ect, these studies treat accu-
racy as a proxy ground truth for hardness and use correlation with accuracy as an implicit
benchmark.
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4.2.2 Benchmarking in Works Involving Model-Based Hardness Estima-
tors

Model-based hardness estimators are typically introduced alongside a speci ¢ downstream
task, with their evaluation tailored to that particular application. In this section, we review
how such estimators have been benchmarked in prior work, organized around three primary
use cases: detection of problematic samples, data pruning, and training modulation.

Detection of Problematic Samples

Hardness estimators are frequently used to identify and, potentially, remove problematic
samples. The most prominent use case is label noise detection, where mislabeled samples in
the training data are removed. Several model-based estimators, such as AUM (Pleiss et al.
2020), SSFT (Maini et al. 2022), noise detector (Jia et al. 2023), and action scores (Arriaga
et al. 2023), have been evaluated on this downstream task. Another related task is OOD
detection, with the goal of identifying inputs that deviate signi cantly from the distribution

of the training data. Among the reviewed estimators, only VoG (Agarwal et al. 2022) has
been applied to this task, although other hardness estimators, such as con dence-based ones,
are commonly used across the literature (Yang et al. 2024).

Benchmarking for these tasks typically follows one of two experimental protocols. The
rst evaluates how accurately the estimator identi es problematic samples that were synthet-
ically introduced into the dataset, using metrics such as AUC, AUROC, or average precision
(injection-based evaluation). The second evaluates the quality of the estimator indirectly by
removing samples with high estimated hardness from the synthetically corrupted training set
and measuring the resulting change in accuracy (downstream-task-based evaluation). In this
setup, better noise detection corresponds to smaller accuracy degradation|or even accuracy
improvement|after data cleaning. Hence, the main objective of benchmarking is to estimate
how accurate hardness estimators are at identifying the problematic samples.

Data Pruning

Data pruning refers to the process of removing training samples based on their estimated
utility, with the goal of improving generalization or reducing computational cost. Typi-
cally, benchmarking involves pruning increasing fractions of the training set according to the
hardness estimator, retraining models on the remaining data, and measuring test accuracy.
Performance is then compared against baseline methods, including training on the full dataset
and pruning based on alternative heuristics, including random pruning, with results averaged
across multiple seeds (downstream-task-based evaluation).

Two main variants of hardness-based pruning exist in the literature, each associated with
distinct objectives. The rst aims to reduce computational burden by removing samples that
contribute least to learning|those deemed easy or redundant. Estimators such as Forgetting,
EL2 and GraNd (Toneva et al. 2019, Paul et al. 2021) were evaluated in this setting. The
second variant seeks to improve robustness and generalization by pruning both easy and
hard samples, i.e., those that may be either uninformative or noisy. This strategy has been
explored in works like Data Maps (Swayamdipta et al. 2020), Data-1Q (Seedat et al. 2022),
and SSFT (Maini et al. 2022). Hence, the main objective of benchmarking is to indirectly
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estimate how accurate hardness estimators are at identifying the least informative and, in
some cases, the most harmful samples.

Hardness-Aware Training Modulation

Beyond post hoc interventions, sample hardness estimators have also been used to dynami-
cally guide the training process itself. While this has historically taken di erent forms across
loosely connected sub elds, the unifying idea is to modulate the training dynamics in response
to the estimated informativeness or di culty of individual samples.

A central example is curriculum learning, in which the training process follows a cur-
riculum|an ordering of training samples from easiest to hardest|under the hypothesis that
learning simpler examples rst improves convergence and generalization. This curriculum
can be prede ned based on heuristics (Bengio et al. 2009), or constructed dynamically by the
model itself in what is known as self-paced learning (Kumar et al. 2010). From our reviewed
methods, only Action Scores (Arriaga et al. 2023) has been applied to this task, however,
con dence-based methods are also commonly employed (Wang et al. 2021, Soviany et al.
2022).

Other methods similarly adjust training emphasis based on instance-level hardness. For
example, Focal Loss (Lin et al. 2017) and its extensions (Tao et al. 2023) introduce scaling
factors that downweight high-con dence or high-margin samples. Hence, rather than ex-
plicitly ordering samples, these approaches implicitly prioritize harder ones by shaping the
objective function. Rather than adjusting how much a sample matters, one can instead de-
cide whether it should remain part of the learning process at all. This intuition underlies
instance-dependent early stopping (Yuan et al. 2025), where samples are not used in the
current epoch if their second-order loss falls below a certain threshold. A related idea drives
RHO-Loss (Mindermann et al. 2022), which curates batches by estimating which samples are
expected to yield the largest reduction in hold-out loss.

Because all of these methods|whether based on ordering, weighting, or removallaim
to modulate the training process in response to instance-level signals, their benchmarking
often follows a downstream-task-based philosophy: does the method improve performance,
e ciency, or fairness compared to standard training or competing techniques? Although
speci ¢ metrics vary|ranging from accuracy and F1 score to convergence speed|the focus
on the whole spectrum of hardness remains relatively consistent. In other words, the main
objective of benchmarking is to indirectly estimate how accurate hardness estimators are at
ranking samples based on hardness.

4.2.3 Benchmark papers

A critical contribution to the study of sample hardness comes from the recent work of Seedat
et al. (2024), who introduced the rst systematic benchmarking framework for hardness es-
timators, called H-CAT. They propose a series of three experiments. The rst assesses how
well hardness estimators identify hard samples when datasets are corrupted with increasing
proportions of synthetically injected instances from ve prede ned hardness subcategories
involving mislabeled, OOD, and augmented samples. They evaluate each estimator's perfor-
mance using the Area Under the Precision{Recall Curve (AUPRC), treating these injected
samples as positive cases. The second experiment ranks the estimators based on their AUPRC



CHAPTER 4. WHICH HARDNESS ESTIMATOR TO USE? 54

Table 4.1: Overview of works by category. Model-based and data-based hardness
studies di er in their benchmarking strategies, with the latter relying primarily on
proxy-based evaluation.

Downstream-task-based Injection-based Proxy-based

Lin et al. (2017), Toneva et al. (2019), | Pleiss et al. (2020),| Lorena et al. (2018), An-
Pleiss et al. (2020), Swayamdipta et al.| Maini et al. (2022), | suini et al. (2019), Pope
(2020), Paul et al. (2021), Maini et al. | Agarwal et al. (2022), | et al. (2021), Ma, Jiao, Liu,
(2022), Mindermann et al. (2022), See+ Mindermann et al. | Yang, Liu & Li (2023), Ma,

dat et al. (2022), Tao et al. (2023),| (2022), Jia et al.|Jiao, Liu, Li, Yang & Liu

Jia et al. (2023), Arriaga et al. (2023), | (2023), Seedat et al| (2023), Kaufman & Azen-
Yuan et al. (2025) (2024) cot (2023), Ma et al. (2024)

scores from the rst task and visualizes these rankings using critical di erence diagrams to
assess statistical signi cance. The third experiment shifts focus to ranking consistency by
computing the average Spearman correlation between hardness scores obtained across three
independently trained model instances. As far as we are aware, this remains the rst and
only benchmarking paper focused on model-based estimators.

Another important work is that of Lorena et al. (2018), which is, to our knowledge,
the only systematic benchmarking study of data-based hardness estimators, although their
taxonomy of measures departs substantially from ours. Their experiments yield two main
contributions. First, they demonstrate that data-based hardness estimates can be used not
only to assess dataset complexity but also to guide model design, for instance by recommend-
ing Support Vector Regression hyperparameters that control model capacity. In the context
of the broader vision outlined in the previous chapter, this represents a concrete step toward
hardness-aware learning|an approach where data-derived estimators reveal the underlying
sources of complexity and inform appropriate interventions. In this case, the intervention
concerns architectural choice rather than sample-level regularization mentioned in the previ-
ous chapter, highlighting how hardness estimates can improve interpretability by explaining
why speci ¢ hyperparameters are chosen instead of relying on blind grid search. Second,
they evaluate the relationship between hardness estimates and learner performance by mea-
suring the Pearson correlation between these estimates and the normalized mean squared
error (NMSE) of base learners across 39 regression datasets. Their correlations are generally
stronger than those we observe, but this di erence is likely due to two factors: the datasets
in their study are substantially lower-dimensional than CIFAR-10/CIFAR-100 (reducing the
impact of the curse of dimensionality), and their estimators are comparatively simple (e.g.,
feature{target correlation, mean absolute error of a linear regressor, average examples per
feature dimension) compared to the estimators we use. Importantly, neither benchmark com-
pares data-based estimators against model-based ones; to date, the two families have only
been evaluated in isolation.

4.2.4 Summary

As became apparent through our review and as summarized in Table 4.1, the choice of bench-
marking strategy depends strongly on the intended purpose of benchmarking. Downstream-
task-based benchmarking is the most direct and interpretable approach: it simply evaluates
how a hardness-aware method a ects performance on the downstream task. This strategy
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does not require an explicit de nition of hardness and can accommodate analyses across the
entire hardness spectrum or within selected subsets (e.g., the hardest or easiest samples).
Its simplicity, however, comes at a cost|it requires retraining or re-evaluating the down-
stream model for each method under comparison and does not provide detailed insights into
performance on distinct hardness subtypes.

Injection-based benchmarking is conceptually more demanding. By design, it focuses on
a speci ¢ subtype of hard samples (such as mislabeled or out-of-distribution examples) that
must be explicitly de ned and arti cially injected into the dataset. When applicable, it pro-
vides highly informative results, as it directly tests whether an estimator correctly identi es a
known type of hard sample. Importantly, injection- and downstream-task-based benchmark-
ing are often used in tandem: since the downstream-task-based protocol is conceptually simple
and provides complementary information, many works that perform injection-based bench-
marking also repeat the downstream task to quantify its impact. The drawback is the addi-
tional computational cost of retraining models. Conversely, the reverse rarely occurs|jmost
works relying on downstream-task-based benchmarking do not adopt injection-based evalu-
ation, either because it is conceptually more demanding (requiring a strict de nition of the
hardness subtype of interest) or because they aim to study hardness across the full spectrum,
where injection-based protocols are not applicable.

Proxy-based benchmarking is the most common strategy among data-based estimators.
It is inexpensive and easy to implement, as it evaluates estimators using a proxy metric
that approximates ground-truth hardness (for instance, class accuracy or loss). While con-
venient, it relies heavily on the assumption that the chosen proxy meaningfully re ects true
hardness and|like downstream-task-based benchmarking|does not provide detailed infor-
mation about performance on di erent hardness subtypes. Each strategy therefore o ers a
distinct balance between practicality, speci city, and generality.

In our benchmarking experimentsjwhere we compare data- and model-based estima-
tors|we adopt a proxy-based evaluation following common practice in the literature. Specif-
ically, we treat class-level accuracy as a surrogate for ground-truth hardness and assess esti-
mator quality via the Pearson and Spearman correlations between estimated class hardness
and accuracy values. Higher correlations indicate better alignment with this proxy notion of
hardness. We acknowledge that this design inherently favours model-based estimators, since
accuracy re ects model-dependent biases. Nonetheless, in the absence of ground-truth hard-
ness, all existing evaluation paradigms su er from comparable limitations: proxy-based and
downstream-task-based evaluations both hinge on model behaviour, while injection-based
approaches only test narrow subsets of hard samples. Because our goallhardness-based
resampling|requires evaluating estimators across the full hardness spectrum rather than
isolated subtypes, proxy-based benchmarking remains the most practical and conceptually
aligned choice for our setting.

4.3 Background on Stability of Hardness Estimates

No matter the evaluation strategy or the downstream task involved, the majority of works
on hardness estimation lack a systematic robustness analysis. From the reviewed methods,
the authors of Focal Loss (Lin et al. 2017), Dual Focal Loss (Tao et al. 2023), RHO-Loss
(Mindermann et al. 2022), VoG (Agarwal et al. 2022), and Noise Detector (Jia et al. 2023)
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compute hardness from a single model and report no robustness analysis. Other works,
such as AUM (Pleiss et al. 2020) and Data-1Q (Swayamdipta et al. 2020), also use single-
seed estimates but measure correlations across architectures, with both reporting relatively
stable estimates (98% for AUM and 80{98% for Data-IQ depending on the dataset). Pleiss
et al. further nd that omitting training dynamics leads to noticeably less stable hardness
estimates.

This is not to say that robustness has been entirely neglected. The authors of GraNd
and EL2N (Paul et al. 2021) use ten seeds, although they do not explicitly report robustness
metrics. Data Maps (Seedat et al. 2022) and Forgetting (Toneva et al. 2019) go further,
estimating hardness over ve and one hundred seeds respectively, and explicitly measuring
Pearson correlation between runs. Seedat et al. nd that the average correlation between
ve random seeds is 0.75 or higher, while Toneva et al. report 89.2% correlation on average
between pairs of runs and 95% when aggregating over sets of ve|clear evidence that aver-
aging across multiple runs improves stability. Both works also note that correlations plateau
early in training, implying that training to full convergence is unnecessary, as model-based
hardness estimates stabilize after a certain point. This explains how EL2N, which has only
access to a probe network obtained after 20 epochs (10% overall training time), is competitive
with hardness estimators that have access to the full range of learning dynamics. Finally, the
authors of SSFT (Maini et al. 2022) ( ve seeds) and Action Scores (Arriaga et al. 2023) (two
seeds) perform robustness analyses both across seeds and across architectures, consistently
nding greater variability across architectures than within seeds.

Summary

Despite their growing use, model-based hardness estimators are almost exclusively bench-
marked within the context of their target downstream task. This makes cross-comparison
between estimators|and especially with data-based alternatives|very limited in existing
literature. Moreover, due to task-speci ¢ design choices, many estimators are evaluated only
on their ability to identify either easy or hard samples, rarely both. For example, benchmarks
for label noise detection focus narrowly on the hardest examples, while data pruning often
targets the easiest. As a result, current evaluation practices provide only a fragmented view
of estimator utility. Most importantly, there is little attention being put to the robustness of
hardness estimates, with many works using estimates produced from only a single run.

4.4 Methodology

This section details the design and implementation of our benchmarking experiments. We
begin with class-level analyses, where model- and data-based hardness estimators are com-
pared against accuracy-based ground-truth. We then shift to instance-level experiments,
investigating the stability of model-based estimators as a function of ensemble size to iden-
tify a suitable ensemble size for stable downstream performance of hardness-related tasks.
Finally, we describe the training setup and implementation-speci ¢ considerations related to
curvature estimation.
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4.4.1 Comparing Data- and Model-Based Hardness Estimators

We begin by training a modi ed ResNet-18 architecture on the dataset of interest using an
ensemble of twenty independently initialized models. During training, we track several model-
based instance-level hardness estimators: con dence, AUM, aleatoric uncertainty (denoted
as Data-1Q), loss, and the number of forgetting events. Since Data-IQ incorporates both
con dence and aleatoric uncertainty, we exclude the con dence term to avoid redundancy.
All estimators are averaged across both training epochs and ensemble members to yield a
single scalar per data sample, reducing the impact of model biases on hardness estimates.
After training, we recompute all estimators|excluding Forgetting|using only information

from the nal epoch. These variants, denoted iCon dence, iIAUM, iData-IQ, and iLoss (with
the pre x \i* indicating \instant"), allow us to assess the importance of learning dynamics

in hardness estimation. In parallel, we compute a suite of data-based estimators including
intrinsic dimension (ID), volume, Gaussian curvature, and class impurity. For ID, we use
TwoNN due to its lack of hyperparameters (Figure 4.2 shows these ID estimates on CIFAR-
10 and CIFAR-100), and for curvature, we apply CAML.

Figure 4.2: Estimated class-level intrinsic dimensions (IDs) using TwoNN.
We provide this Figure to visualize the dierence between the extrinsic
dimensions| 3077and IDs for classes in CIFAR-10 and CIFAR-100. It is clear
that the class manifolds are signi cantly lower dimensional than the space that
they occupy.

We then aggregate instance-level estimates to the class level by averaging over all training
examples per class. We also compute two complementary class-level accuracy metrics. The
rst, which we term Subjective Accuracy is derived from the ensemble used for hardness
estimation. The second, Objective Accuracy, is computed using a diverse set of pretrained
classi ers|including ResNet (He et al. 2016), VGG (Simonyan & Zisserman 2015), Mo-
bileNetV2 (Sandler et al. 2018), Shu eNetV2 (Ma et al. 2018), and RepVGG (Ding et al.
2021)|sourced from Chen (n.d.) and yielding a total of twenty networks, with four variants of
increasing complexity per architecture (e.g., ResNet20, ResNet32, ResNet44, and ResNet56).
Because we have no access to the true sample hardness, we follow standard practice and treat
accuracy as a proxy ground truth. From this perspective, estimators that better correlate
with accuracy are assumed to better capture true class-level di culty. Finally, we quantify
the alignment between the obtained class-level estimates by computing pairwise Pearson and
Spearman correlations across all class-level measures.
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As discussed in Chapter 3, data-based estimators may yield poor estimates due to the
curse of dimensionality when applied directly in input space. To investigate whether this
issue can be mitigated, we project each class manifold onto lower-dimensional subspaces us-
ing class-conditional PCA|i.e., performing PCA separately for each class to better preserve
local geometric structure. We then recompute the data-based hardness estimators on these
projected manifolds and evaluate how their correlations with both Subjective Accuracy and
Objective Accuracy vary as a function of the projection dimensionality. For Curvature, we
follow a slightly di erent procedure: because CAML internally performs PCA to de ne local
tangent spaces, we bypass external PCA and instead vary the internal projection dimension-
ality within CAML itself, applying it directly to the raw input data. This ensures consistency
with the estimator's design while still enabling a controlled study of dimensionality e ects.
Overall, this experimental setup enables us to comprehensively benchmark hardness estima-
tors and examine whether PCA improves the reliability of data-based measures.

To summarize, all of these experiments aim at answering the following research questions:

" Can data-based hardness estimators compete with model-based estimators in predicting
class di culty, using class-level accuracy as a ground-truth proxy?

~ Can projecting data into class-conditionally PCA-transformed spaces mitigate issues of
unreliability due to the curse of dimensionality in data-based estimators?

4.4.2 Instance-Level Stability and Agreement of Model-Based Hardness
Estimators

While the previous section focused on class-level benchmarking, we now shift to evaluating
hardness estimators at the instance level. We reuse the instance-level model-based hardness
estimates obtained in earlier experiments. Since data-based estimators are model agnostic,
and our objective is to measure the stability of hardness estimates with respect to the number
of seed-measurements, we omit them from this experiment. To assess the behavior of each
estimator, we consider a pruning-based setup in which samples are ranked by hardness and
progressively removed. For each estimator, we identify the subset of samples that would be
removed at pruning thresholds of 10%, 20%, 30%, 40%, and 50%. This is done under two
scenarios:

1. Easy-sample pruning , where we remove thelowest-scoring (i.e., easiest) samples;
2. Hard-sample pruning , where we remove thehighestscoring (i.e., hardest) samples.

This allows us to measure the stability of identifying the most extreme samples by di erent
hardness estimators. Speci cally, we vary the number of model$/ used to compute ensemble-
averaged hardness scores, ranging frofl =1 to M =10. For each M, we compute the set
of pruned indicesSﬁ\M) at a given pruning threshold, with hardness estimator A guiding the
choice of pruned indices. To ensure robustness of our results we repeat the computation ve
times each time randomly choosing the models for the ensemble from the twenty models we
trained for class-level benchmarking. To quantify how the pruning sets change as we increase
ensemble size we introducéruning Change Rate (PCR ), which measures the percentage of
samples whose inclusion in the pruned set changes:
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jS'(AM) N S/&M )|

Pruning Change Rate(A;M ) = M)
1Sa

100% (4.1)

Since the pruning threshold is xed|both sets have the same cardinality and no du-
plicate samples|this di erence cleanly captures the percentage of samples that would be
replaced if the ensemble was expanded frorM to M + 1 models. The earlier-mentioned
ve-fold repetition of computation allows us to obtain ve PCRs which we later use to com-
pute mean and standard deviation. This experiment closely parallels the third benchmark
proposed by Seedat et al. (2024). However, our approach di ers in two key ways. First, we
use a more interpretable metric|PCR|which directly quanti es changes in pruned subsets
rather than relying on correlation of full sample orderings. Second, we explicitly distinguish
between stability in identifying easy and hard samples, while their analysis focuses on global
ranking stability. We believe these design choices yield a complementary perspective and
contribute a distinct, application-oriented benchmark. Moreover, by distinguishing between
performance on easy and hard sample identi cation we address the methodological gap iden-
tied in Section 4.2.2, where prior evaluations often focused on only one side of hardness
spectrum.

Ideally, assessing the impact of ensemble size on downstream tasks would involve repeating
the entire pipeline|recomputing hardness scores for each ensemble size, pruning accordingly,
and retraining models on the resulting datasets|until performance converges. However, this
exhaustive approach is computationally prohibitive. We hope that the introduced PCR
will act as a more computationally feasible surrogate metric of stability on pruning-based
downstream tasks. The key intuition is that if PCR remains high, then adding models to
the ensemble will signi cantly change which samples are identi ed as most extreme, likely
resulting in di erences in downstream task performance. Conversely, once PCR stabilizes, we
expect downstream behavior to stabilize as well. While this proxy is not a formal guarantee,
we argue it provides a practical and interpretable estimate of estimator robustness to the
downstream tasks with respect to ensemble size.

The main objective of this thesis is to verify practical applicability of hardness-based
resampling as a method to reduce performance gap across classes on balanced datasets. As
such, we are also interested in the stability of the resampling ratios|more speci cally the per-
class sample counts after resampling|with respect to the size of the ensemble. To estimate
that, we measure the averaged changes to the per-class sample count after resampling after
increasing the ensemble size used to estimate hardness by one. More formally, we de ne

Absolute DierenceM) = jgM*D  pxM)j: 4.2)

where b(cM) is the number of samples in clasg after resampling with the hardness estimates
being obtained using ensemble oM models, with the algorithm for computing by being
detailed in the next chapter. For clarity we report class-averaged Absolute Di erence. Simi-
larly to PCR computation, here we also repeat experiments ve times, each time using a new
ensemble ofM and M + 1 randomly chosen pre-trained models.

While our stability analysis captures how consistent a given estimator is in ranking the
easiest/hardest samples under model variation, it says nothing about consistency of this



CHAPTER 4. WHICH HARDNESS ESTIMATOR TO USE? 60

ranking across hardness estimators. To investigate this, we compute pairwise Jaccard overlaps
between the pruned sets obtained by di erent estimators :

iSa [ Sgj

This reveals how much the outcome of hardness-based part of the pipelineli.e., the actual
data selected or removed|would change if one switches from one estimator to another.
In doing so, we assess the functional similarity between estimators, independent of their
individual stabilities. Just like in the previous cases, we repeat the experiments 5 times with
pruned indices being obtained from estimates produced by distinct ensembles of 10 randomly
chosen pre-trained models.

To summarize, this set of instance-level benchmarking experiments addresses the following
research questions:

Jaccard(A;B) = (4.3)

" How stable are model-based hardness estimates under varying ensemble sizes, and how
can we reliably determine an appropriate ensemble size without retraining downstream
models?

" To what extent do di erent model-based hardness estimators agree on which samples
are easy or hard?

4.4.3 Experimental Setup

We evaluate all hardness estimators using CIFAR-10 and CIFAR-100 datasets, using their
standard training/test splits with no additional validation set. Each image is normalized
using the dataset-speci ¢ mean and standard deviation. We apply basic data augmentations
during training, speci cally random horizontal ips and 32 32 random crops with 4-pixel
padding. While performing experiments on larger and more complex datasets like ImageNet
would better verify the generality of our conclusions we note that the usage of simple datasets
is more established in relevant literature, with very few works on hardness-aware learning
involving ImageNet or other, more complex, datasets.

We focus on CIFAR-10 and CIFAR-100, as their use has been well established in the
relevant literature. While performing our experiments on ImageNet would provide better
generalization information

Our classi er architecture is a variant of ResNet-18, modi ed for low-resolution inputs.
Speci cally, the initial 7 7 convolution and max-pooling layers are replaced with a single
3 3 convolution. All models are trained using stochastic gradient descent with momentum
(0:9), an initial learning rate of 0:1, and weight decay of 5 10 4. The learning rate is reduced
by a factor of 0:2 at epochs 60, 120, and 160. Each model is trained for 200 epochs with a
batch size of 128.

To account for randomness in training and evaluate the robustness of hardness estimators,
we train ensembles of 20 independently initialized models per dataset. Seeds are assigned
deterministically to ensure reproducibility: the i-th model uses seed 42+4i2 We store model
checkpoints at epoch 20 (for EL2N) and at the end of training for iCon dence, iIAUM, iData-

IQ, and iLoss. The hardness estimates for the comparison between model- and data-based
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hardness estimators (Section 4.5.3) and overlap experiments (Section 4.5.2) were obtained by
averaging over all 20 models.

Learning-dynamics-based estimators are computed using models trained with data aug-
mentation speci ed before. Although this introduces slight noise into per-sample behavior, we
believe this e ect is minimal due to averaging across many epochs. Importantly, this choice
allows us to reuse the same ensemble for future downstream tasks, which require training
on augmented data to replicate real-world settings. All other estimators (e.g., iIAUM, iLoss,
data-based methods) are computed on non-augmented inputs. For fairness sake, all of the
hardness estimates were obtained on training data. Finally, all experiments are implemented
in PyTorch and run on GPUs.

Implementation Considerations for Class-Level Curvature and Volume Estima-
tions

Estimating the Gaussian curvature of a class manifold and its volume introduces several
methodological challenges. For curvature, a key challenge lies in selecting the local neighbor-
hood sizek, which determines the manifold patch used for local PCA in CAML. A constant

k across classes is appealing for consistency but is expected to lead to unreliable estimates
for classes with vastly di erent intrinsic dimensions (ID). Small values of k can destabilize
estimates in high-ID classes, while larg& values atten curvature in low-ID classes, as neigh-
borhoods span larger, less curved regions of the manifold. Furthermoré must be at least

as large as the target number of principal components to make PCA feasible, and should
generally be higher to ensure numerical stability.

To strike a balance, we adopt a class-conditional strategy: for each class, we skt=
2  ID¢lass, Where IDgass is the class-level intrinsic dimension. This proportionality ensures
that k scales with manifold dimensionality while avoiding manual tuning. Our choice of the
scalar factor = 2 is motivated by prior work by (Kaufman & Azencot 2023) who used it when
estimating curvature of di erent datasets. On the other hand, for our experiments involving
applying data-based estimators on PCA-transformed spaces we opt for unifornk across all
classes to ensure fair comparison across volume, curvature, and ID estimates. Speci cally, we
setk = 2d, where d is the number of retained principal components ( xed across all classes).
Although our approach follows intuition and draws from prior recommendations, the impact
of choosing class-speci ¢ versus global neighborhood sizksas well as the optimal setting of
the scaling factor , remains largely unexplored in the literature. Addressing these questions
would require a systematic theoretical and empirical analysis, which we consider a valuable
but separate research e ort outside the scope of this thesis.

When it comes to estimating the volume, the challenge comes from computing the de-
terminant from Equation 3.6. This is because is high-dimensional and badly conditioned,
making det(l + ) numerically unstable. As a result, the computation may return in nity
rather than a valid estimate, rendering any correlation analysis meaningless. We x this by
employing the log-det trick via eigenvalues: |

1 1 Y 1X
Ve = > log, det(l + ) = élogz det @a+ 5 = > log,(1+ ): (4.4)
[ i
This allows us to avoid computing the determinant directly, making the formulation signi -

cantly more numerically stable.



CHAPTER 4. WHICH HARDNESS ESTIMATOR TO USE? 62

45 Results and Discussion

45.1 Stability on Top- t Most Extreme Samples

We begin by evaluating the stability of data pruning under di erent hardness estimators using
the Pruning Change Rate (PCR) de ned in Equation 4.1. Figure 4.3 reports PCR values for
various ensemble sizes and pruning thresholds, distinguishing between easy and hard sample
pruning on CIFAR-10 and CIFAR-100. We also report the changes to Absolute Di erence as
a function of ensemble sizes in Figure 4.4.

A number of consistent trends emerge. First, class-level averaged Absolute Dierences
are lower by one degree of magnitude on CIFAR-100 than on CIFAR-10, likely stemming
from lower number of samples per class. Second, stability consistently increases with the
pruning threshold|regardless of whether we target easy or hard samples. This observation
aligns with intuition: selecting the top-t most extreme samples requires less precision as
t increases, leading to higher stability. This is a crucial, as when identifying problematic
samples, which represent a small minority of the dataset, it is common to rely on hardness
estimates. Lastly, we observe that when Forgetting is excluded, estimators that leverage
learning dynamics (column 1) are signi cantly more stable in both identifying the most
extreme samples and producing resampling ratios than their instant counterparts (column
2), clearly highlighting the bene t of involving learning dynamics in hardness estimation. This
happens because instant estimators are inherently limited by their reliance on a snapshot of
a fully trained model, whereas their dynamics-based counterparts can exploit patterns that
evolved throughout training.

A notable outlier among estimators that leverage training dynamics (column 1 of Figure
4.3) is Forgetting, which exhibits the highest instability across all pruning settings. This is
especially pronounced on CIFAR-10 when identifying the easiest samples, where Forgetting
performs similarly bad to instant estimators that lack access to learning dynamics altogether.
The root cause of this large instability when identifying the easiest samples on CIFAR-10 is
that a large number of samples exhibit identical or near-identical forgetting rates. Speci cally,
in an ensemble of eight models, 4163 samples have a forgetting rate of @, and 3, 430 samples
have a forgetting rate of 0125. Consequently, when pruning 10% of the dataset (900
samples), Forgetting provides no meaningful way to rank these 3430 samples, explaining the
poor stability of Forgetting observed by Seedat et al. (2024). Due to this reason, the lack of
stability of Forgetting becomes more pronounced for simpler datasets, which is why we do
not notice similar trend on CIFAR-100.

Crucially, our results diverge from those of Toneva et al. (2019), who reported correlations
of 89:2% between single-seed Forgetting estimates and up to 95% with ve seeds. In contrast,
our results reveal substantially higher variability: transitioning from single- to double-seed
estimates changes the composition of the top-10% easiest samples by over 60% on average,
and of the top-10% hardest samples by more than 30%. Even when increasing from ve to
six seeds, we still observe deviations exceeding 40% and 15%, respectively. These ndings
back our concerns regarding unreliability of correlation as a measure of stability of hardness
estimates. We argue that, if one aims to perform downstream-task-based benchmarking, it
is only natural to evaluate stability with respect to the speci ¢ downstream objective | for
instance, stability of top-k identi cation or deviations in resampling ratios, as done here. Our
ndings also indicate that hardness estimator stability is not uniform but varies depending
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Figure 4.3: Percentage change in the pruned indices (Eq. 4.1) when increas-
ing the ensemble size by one, across two pruning thresholds0@6 50%) and two
scenarios (easy vs. hard pruning). High PCR indicates low stability of hardness
estimates. We nd that: (i) Forgetting is very unstable at identifying the easiest
samples on simple datasets; and (ii) instant estimators are generally less stable
than those using training dynamics. Results were averaged over ve ensembles of
randomly chosen models and std is not reported for clarity.
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Figure 4.4:  We report changes to the sample count of a class after hardness-based
resampling (Absolute Di erence) averaged across all classes when increasing the
ensemble size used to estimate hardness by one. High Absolute Di erence indicates
low stability in resampling ratios and class-level hardness estimates. Unlike in
Figure 4.3, we nd Forgetting to be competitive with other dynamics-based hardness
estimators indicating that struggling at identifying top-t easiest samples does not
translate to diculty in estimating class-level hardness. At the same time we
notice large instability of EL2N, despite this estimator yielding similar stability to
other hardness estimators at the instance level. The values are averaged over ve
ensembles of randomly chosen models and std is not reported for clarity.

on which part of the hardness spectrum is being targeted|whether the focus lies on the
hardest, easiest, or all samples. Forgetting shows the greatest instability when identifying top-
k extreme samples, while EL2N is the least stable when estimating resampling ratios. This
extends the insights of Seedat et al. (2024), who demonstrated that estimator performance
(rather than stability) varies across downstream tasks. Whether these two properties |
stability and task performance | are correlated remains an open question.

Another important point is that while stability analysis itself varies depending on the
part of the hardness spectrum being targeted, its practical relevance ultimately depends on
the downstream task in question. For tasks that focus on hard-sample identi cation|such
as detecting mislabeled or out-of-distribution instances|stability is likely to be particularly
valuable, as inconsistent identi cation of these rare and in uential samples could undermine
the reliability of any corrective intervention. In contrast, for tasks centered on easy-sample
selection, stability plays a much smaller role. Prior work on data pruning has shown that
model performance remains largely una ected by which speci ¢ easy samples are removed,
provided they are indeed easy (Sorscher et al. 2022). Thus, while stability currently appears
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most consequential for tasks emphasizing the hard end of the spectrum, this observation
should not be mistaken for a universal rule. Future downstream applications may well emerge
where stability among easy samples proves equally critical.

Taken together, these ndings motivate our choice of AUM as the hardness estimator
in the following chapter. Among all evaluated estimators, it exhibited consistently high
stability across both downstream tasks, aligning with the high precision reported by Seedat
et al. (2024). Its robustness to both task and seed variation makes it a reliable foundation for
the resampling and reweighting experiments that follow. To summarize, the main insights
from this experiment are as follows:

" Due to experimental design, Forgetting is one of the most unstable model-based hard-
ness estimator, especially when applied to simple datasets.

~ Overall, estimators that utilize learning dynamics are signi cantly more consistent at
identifying the most extreme samples than instant alternatives, with Forgetting being
the only major exception.

~ Just because hardness estimator is stable at instance level doesn't imply it will also be
stable at the class level, and vice versa.

4.5.2 \Verifying Estimator Agreement Through Jaccard Overlap

We now turn to analyzing the overlap between pruned indices produced by di erent hardness
estimators, as shown in Figure 4.5. Each plot visualizes the pairwise overlap between pruning
sets obtained from distinct estimators, across a range of thresholds, and separately for easy
and hard sample pruning on CIFAR-10 and CIFAR-100.

These results reveal substantial variability in estimator agreement. At low thresholds
(e.g., top 10%), overlap between estimators spans a wide range: while some pairs (e.g.,
Loss and AUM on hard samples) achieve up to 70% overlap on CIFAR-10, others share less
than 10% of pruned indices on CIFAR-100. This sharp divergence underscores that di erent
estimators often disagree on which samples are the most extreme. Agreement improves with
increasing threshold, indicating that rankings converge somewhat when more samples are
included. Importantly, no universal pattern emerges. estimators that agree in one setting
(e.g., Loss and AUM on hard pruning) may diverge in another (e.g., the same pair under
easy pruning). These inconsistencies are also dataset-dependent, suggesting that estimator
agreement is sensitive not only to the hardness subtype but also to task complexity. These
results make it clear that choosing appropriate hardness estimator can potentially have a
profound impact on downstream performance as they rarely tend to agree with each other
when identifying the most extreme samples.

We also note that overlap between instant estimators and those that incorporate learning
dynamics remains consistently low, especially at smaller thresholds (column 3). Together
with the observations from our pruning stability experiment this emphasizes a key trade-o :
while instant estimators such as iCon dence or iData-IQ are computationally cheap and re-
quire only a pretrained model, or ensemble thereof, they fail to identify the same top- hardest
or easiest samples as estimators that utilize the learning behavior. In contrast, estimators
like AUM or Forgetting yield fundamentally di erent (and arguably more meaningful) rank-
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Figure 4.5: We report Jaccard overlap (Eq. 4.3) between the set of pruned
samples selected by various hardness estimators across two scenarios (easy vs.
hard pruning) and ve pruning thresholds. Low overlap indicates strong disagree-
ment on which samples are considered most extreme, which can signi cantly a ect
downstream tasks. Notably, (i) estimator choice heavily in uences pruning out-
comes (columns 1 and 2), and (ii) incorporating learning dynamics (e.g., AUM

vs. IAUM) leads to marked shifts in selected samples (column 3).

ings|but at the cost of retraining the model. This trade-o between computational e ciency
and estimator delity remains a central challenge in practical hardness-based interventions.
To summarize, the main insights from this experiment are as follows:

~ The choice of hardness estimator is very important, as the estimators rarely agree in
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terms of identifying the most extreme samples.

~ Modifying the hardness estimation by incorporating learning dynamics into the formula
(e.g., IAUM | AUM) signi cantly alters the set of samples identied as the most
extreme.

4.5.3 Benchmarking Model- and Data-Based Estimators

We nish by measuring the correlation between class-level hardness estimates, obtained by
both data- and model-based estimators, using Pearson and Spearman Rank Correlations.
Figure 4.6 visualizes these correlation values for CIFAR-10 and CIFAR-100.

Across most settings, we observe that Pearson and Spearman rank correlations yield
highly consistent conclusions regarding the similarity between class-level hardness estimates.
When one correlation is high, the other tends to be similarly strong; when one is weak, so is
the other. This co-movement suggests that estimator pairs which yield similar rank orderings
also tend to preserve their relative magnitudes, and vice versa.

One of the most striking ndings is that while estimator pairs exhibit low overlap in
the specic samples they rank as easiest or hardest|as per Figure 4.5|their class-level
hardness estimates tend to be much more strongly correlated. A likely explanation is that
class estimates are often obtained by averaging over instance-level estimates, which greatly
reduced the impact of various noises and biases.

In contrast to model-based estimators, data-based hardness measures|such as local in-
trinsic dimension, curvature, and volume|exhibit little to no correlation with both  Subjective
Accuracy and Objective Accuracy. This is true across both CIFAR-10 and CIFAR-100, and
holds regardless of whether Pearson or Spearman correlations are used. Moreover, we observe
that class-level ID and Volume estimates themselves are uncorrelated, despite being theoret-
ically related through manifold scaling laws. This discrepancy lends further support to our
hypothesis from previous chapter that data-based estimators break down when applied to
high-dimensional raw data, likely due to the curse of dimensionality.

In an attempt to mitigate the curse of dimensionality, we applied data-based estimators
to PCA-transformed class manifolds. Speci cally, we rst performed PCA for each class
separately reducing its dimensionality to d ranging from 10 to 100, and then recomputed
the ID, volume, and curvature. We then recomputed the correlations between the updated
data-based estimates and the accuracy measures, as well as the correlation between ID and
volume, as a function ofd (see Figure 4.7). We use di erentd range for curvature than ID
and volume due to higher computational complexity of CAML.

We expected that correlations between data-based estimates and class-level accuracy
would be insigni cant for large d and would gradually become more signi cant asd de-
creased, re ecting improved reliability in lower-dimensional spaces. This expectation holds
only for volume, and even then the trend is weak. For intrinsic dimension (ID), both its cor-
relation with accuracy and with volume change in a highly erratic fashion, with no consistent
upward or downward trend. On CIFAR-100, ID{volume correlation shows a slight movement
from 0O:lto 0:1, but this change is so small and in the wrong direction that it cannot
reasonably be called a trend. Curvature{accuracy correlations are even more static, varying
by less than Q1 across the entire range ofl.
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Figure 4.6: We report the Pearson and Spearman rank correlations between all
pairs of class-level hardness estimates obtained from raw input data, including
their correlations with Subjective Accuracy and Objective Accuracy, which serve
as proxies for ground truth. Compared to Fig. 4.5, the stronger agreement between
estimators suggests that class-level hardness is easier to estimate than instance-
level hardness. On top of that, the weak correlation between volume and ID |
despite theoretical expectations of alignment | further supports the view that data-
based estimates on raw input are unreliable.

Overall, it appears that PCA reduction does not address the fundamental issue: cor-
relations between data-based estimates and accuracy remain weak, and ID remains largely
uncorrelated with volume. While we do observe occasional spikes (e.g., ID{accuracy below

0:6 and ID{volume above 07 for speci ¢ d on CIFAR-10), these are isolated and embedded
in otherwise chaotic behavior, making it likely that they are statistical artifacts rather than
meaningful e ects. This highlights that addressing the issue of poor performance of data-
based estimators requires more sophisticated dimensionality reduction techniques that cause
less alternations to the manifold geometry.



