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Abstract

Animal movement data offer key insights into behavioural responses to ecological

interactions and environmental change. However, recent advances in telemetry have

outpaced the development of statistical methodology, leaving large datasets challeng-

ing to analyse due largely to computational limitations. Movement ecologists commonly

analyse animal trajectories using discrete-time hidden Markov models (HMMs), which

become restrictive when observations are irregular or behaviour changes rapidly relative

to the sampling frequency of the data. Continuous-time formulations avoid these lim-

itations but are typically computationally demanding, with existing approaches often

relying on high-dimensional Bayesian MCMC inference, limiting their practical acces-

sibility.

In this thesis, we develop a series of efficient modelling frameworks to facilitate the

uptake of continuous-time methodology. We introduce the fast integrated continuous-

time HMM (FInCH), which limits the number of behavioural changes between succes-

sive observations and integrates over their timing using a combination of analytical and

numerical methods. This yields a close approximation of exact methods while enabling

efficient computation in both Bayesian and frequentist settings. We further improve

efficiency with the fast, refined integrated continuous-time HMM (FRInCH), which

assumes at most one behavioural change in each half interval between observations,

reducing computational cost and removing the need for tuning parameters. We then

present the velocity-based continuous-time HMM (VB-CTHMM), which accounts for

both the speed and directional persistence of an animal’s movement while retaining the

capacity for inference via direct likelihood maximisation in a multistate framework. Fi-

nally, we propose the density-level superset filtration (DSF) approach, a non-parametric

method for order selection that avoids repeated model fitting by identifying behavioural

states as stable clusters.

We demonstrate the proposed methods on simulated and real datasets, including

case studies on kinkajou (Potos flavus), red fox (Vulpes vulpes), fisher (Pekania pen-

nanti), reindeer (Rangifer tarandus), and domestic goat (Capra aegagrus hircus) data.
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If you can talk with crowds and keep your virtue,

Or walk with kings—nor lose the common touch,

If neither foes nor loving friends can hurt you,

If all men count with you, but none too much;

If you can fill the unforgiving minute

With sixty seconds’ worth of distance run,

Yours is the Earth and everything that’s in it,

And—which is more—you’ll be a Man, my son!

— Rudyard Kipling, If—
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Chapter 1

Introduction

By analysing how animals move through their environments, we gain insight into the

ecological processes that structure their lives: how they respond to conspecifics, com-

petitors, predators, and shifting environmental conditions. Movement data offers a

powerful lens on these interactions, informing both basic ecological understanding and

assessments of environmental change. However, movement trajectories are often dif-

ficult to interpret because they arise from an animal’s unobserved behavioural state,

biophysical limitations, and memory. Encounters with landscape features, the weather,

and other animals continually influence an animal’s trajectory (Cagnacci et al., 2010).

As a result, movement emerges from a complex sequence of decisions that exhibit sub-

stantial stochasticity alongside strong spatial and temporal dependence.

Recent advances in telemetry have greatly improved data collection—both in terms

of spatial precision and sampling frequency—and increasingly sophisticated statisti-

cal tools have been developed to analyse diverse forms of movement data (Patter-

son et al., 2017). In particular, the growing accessibility of high frequency datasets

has shifted movement ecology towards the short term, with a substantial number of

datasets now available that reveal fine-scale movement over weeks or even days (e.g.

Munden et al., 2021; Kays and Hirsch, 2015). This motivates the detailed study of

short-term behavioural dynamics. The focus of much of this work is on identifying

statistically detectable signatures in the movement process that correspond to a small

number of discrete behavioural modes throughout an animal’s trajectory (Fleming et al.,

2014). Of particular interest to ecologists are the number of underlying behaviours ex-

pressed in the data, the timing and frequency of transitions between them, and the

way in which movement patterns differ across behavioural states. Nevertheless, large

datasets—especially those with irregular temporal resolution—remain challenging to

analyse due to logistical constraints, computational demands, and a lack of accessible
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model formulation or software.

With recent technological advances enabling the collection of increasingly large

datasets, limited computational resources enforce ongoing trade-offs between ecolog-

ical realism and computationally tractable inference. Highly detailed models capture

individual movement process with considerable realism (e.g. Blackwell et al., 2015), yet

often lack the tools necessary for inference via direct likelihood maximisation, which

results in them being very slow to fit and often perceived as prohibitively complex.

In contrast, foundational work such as that of Morales et al. (2004) allows for highly

efficient inference via direct likelihood maximisation by making a series of simplifying

approximations, such as limiting changes in behaviour to observation times. However,

by coupling an animal’s behavioural process with the sampling regime of the data, this

approach may be problematic when faced with sparse data, irregular or missing obser-

vations, or may be inconsistent when analyses occur at different temporal resolutions

(Parton and Blackwell, 2017). Nonetheless, approximate methodology remains far more

common in practice—due largely to their efficiency and ease of implementation. Popu-

lar R software for animal movement modelling such as moveHMM (Michelot et al., 2016)

and momentuHMM (McClintock and Michelot, 2018) both implement this approximate

approach.

This thesis focuses on the case in which an animal’s movement process—observed

at a series of discrete locations over time—is described by some continuous-valued

distribution. The methods developed herein are suitable for cases in which changes

between the animal’s finite, discrete set of behavioural states occur at a slower rate

than the rate at which the observation of the animal is recorded. We assume that

these behaviours, which directly affect the animal’s movement process, are hidden at

observation times; this general framework describes a class of ‘state space model’ (e.g.

Patterson et al., 2008, 2017). In this work, we assume that the measurement error

associated with the animal’s location at each observation time is negligible, although

we do detail potential extensions to account for its incorporation (and discuss error in

Section 8.4.1). Such models are the focus of much existing software (Michelot et al.,

2016; Calabrese et al., 2016; McClintock and Michelot, 2018) and are thus widely used

by ecologists. Other general frameworks exist, such as those that assume that an

animal traverses a discrete plane (e.g. Hanks et al., 2015; Johnson et al., 2021) or

those that allow for continuous-valued behavioural processes (e.g. Torney et al., 2021),

although these lie beyond the scope of this thesis. Furthermore, we make the assumption

throughout that the number of discrete behavioural states is generally low, as is often

the case (Pohle et al., 2017), although—again—this is not always an assumption made
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when making inference on individual animal movement using state space models (e.g.

Langrock et al., 2014; Rautiainen et al., 2022).

The primary motivation of this thesis is to improve the efficiency of methods for fit-

ting classes of state space model that both allow for more ecologically realistic inference

than the aforementioned approximate approaches and are applicable to a wider range

of data. We focus on telemetric (e.g. GPS) data throughout this thesis, with a general

overview of animal movement data given in Section 1.1. In Section 1.2, we detail the

aims of this thesis in more depth and we outline the structure of this work in Section

1.3. In Section 1.4 we give details on the implementation of methodology developed

herein.

1.1 Animal Movement Data

As previously mentioned, the focus of this thesis is the use of statistical methodology

for the study of the movement of an individual animal. Throughout this thesis, we

focus primarily on data collected on a two-dimensional plane, as is the case for the vast

majority of animal movement datasets (Meyer et al., 2025). Furthermore, we focus

on datasets that are telemetrically collected, such as those collected via GPS or Argos

satellites, based on the tagging and tracking of an individual animal, with observations

detailing its location collected at a series of discrete time points. In Section 1.1.1 we give

an overview of the history of animal tracking and the development of different methods

for data collection, such as acoustic data (for which the methodology developed in

this thesis may also be suitable), before discussing animal movement in the modern

day (and data collected in higher dimensions) in Section 1.1.2. We give motivation

for providing statistical methods that allow for inference on temporally irregular data,

or data consisting of many missing observations, from a conservationist perspective in

Section 1.1.3.

1.1.1 On the history of animal tracking

Tracking the movement of animals has always been of interest to humans, given that

for 99% of our evolutionary history we have lived by hunting and gathering non-

domesticated plants and animals (Kuhn and Stiner, 2001). However, it is only in

relatively recent human history that we have considered marking and tracking species

for the purpose of scientific advancement and/or in the interests of conservation. It was

ornithology that yielded some of the earliest works in this regard—in particular, John
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James Audubon, a pioneer of ornithology, has been credited with the first known bird

banding experiment in 1803, observing that birds return to the same nesting site every

year (Audubon and Vogt, 1937). However, it has been argued that this particular early

work is of questionable authenticity (Halley, 2018).

It is verifiable that the ringing of starlings for the purpose of scientific study was

started, at the very latest, by Hans Christian Cornelius Mortensen in 1899 (Preuss,

2001). In subsequent years, the first ‘official’ bird ringing scheme was established in

Germany in 1903, which was followed by Hungary in 1908 and Great Britain a year later

(Spencer, 1985). The work of Blanchard and Finster (1933) later introduced a method

for identifying individual snakes based on the way in which their scales were clipped

using sharp dissecting or microsurgical scissors. Indeed, up until the Second World War,

there were very few methods for the automatic collection and transmission of animal

movement data, with standard approaches for animal tracking being ostensibly limited

to ‘mark and recapture’ data. It was not until the middle of the 20th century that

technological advancements as a consequence of both world wars ultimately facilitated

the use of both radar screens (Russell and Gauthreaux Jr., 1998) and acoustic sonar

(Johnson, 1960) in animal tracking, with birds causing ‘phantom signals’ to appear on

radar screens throughout World War II (Harper, 1958). Seagulls in particular were

blamed for causing interference during the Battle of Britain, and in 1945 a scheme

sponsored by the British Army Educational Corps ran an exercise using radar to deduce

the speed of migrating birds around the Suez Canal (Goodwin, 1947).

Indeed, the technological advancements resulting from the conclusion of World War

II served very much as a watershed moment regarding wildlife tracking technology.

Acoustic telemetry equipment was first developed for studying fish in 1956 (Trefethen,

1956), and in the 1960s automatic tracking based on the use of radio tags saw its first

usage (Cochran et al., 1965). Although having its origins in the Sputnik era (Guler,

1997), it was not until the 1980s that satellite-driven GPS technology belonging to the

US government was made widely available for civilian use (McLaughlin, 1997). The first

application of GPS in an animal tracking context came a number of years later, with

prototype GPS collars tested on wild caribou (Rangifer tarandus) in 1993 (Rodgers,

2001) and its first actual research application being in habitat selection studies with

Canadian moose (Alces alces) a few years later (Rodgers et al., 1997; Thirgood et al.,

2007). Since this early work, a plethora of satellite-driven animal movement data has

been collected and stored in repositories such as MoveBank (movebank.org), which at

the time of writing contains telemetric data from almost 9500 studies, and as of several

years ago had contributed to over 700 published papers (Kays et al., 2022).
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Beyond satellite-driven methodology for data recording, accelerometer and velocity

tags have been developed that do not rely on GPS, such as DTags for inferring the

movement of marine mammals underwater (e.g. Mikkelsen et al., 2019) or geolocator

tags for birds (e.g. McKinnon and Love, 2018). Although the focus of this thesis is

on telemetric data, we are confident that the methodology developed in this work

is amenable to data collected via any source that contains accurate information on

an animal’s location at a discrete set of time points. This is a feature of modern-day

acoustic technology, which is often used to study marine mammals and bats (e.g. Matley

et al., 2024). We discuss a potential application of novel methodology to radar data in

Section 8.2.1.

1.1.2 Animal movement in the modern day

Relatively recent technological advances extend beyond positional data to include high-

resolution accelerometry (e.g. Rautiainen et al., 2022) and physiological measurements

(e.g. Hooten et al., 2018), which offer a more direct window into an animal’s behavioural

and biomechanical dynamics. Alternatively, movement data may still be collected by

traditional means, such as manual relocation in capture-recapture studies (see Section

1.1.1). In such applications, individuals are captured, marked—such as with a visible

tag—and released, with the animals’ future locations recorded only upon recapture.

This approach, still common for organisms unsuitable for electronic tags (such as in-

sects; e.g. Ovaskainen, 2004), typically yields sparse and irregularly sampled datasets.

Throughout this thesis, however, we restrict attention to data consisting of locations

recorded at discrete time points, while noting once again that the underlying method-

ology introduced is, in principle, adaptable to these broader data types.

Electronic tracking devices such as those described in Section 1.1.1 have been used

for several decades to monitor the movement of free-ranging animals by recording their

locations at discrete time points (Cagnacci et al., 2010; Kays et al., 2015). Most contem-

porary telemetry systems, whether collar-mounted, implanted, or externally attached,

rely on satellite-based positioning technologies such as GPS or the Argos system. How-

ever, particularly in the case of Argos, the precision of location estimates may vary

widely, and the temporal spacing of fixes is often irregular (Patterson et al., 2010). A

standard measure of positional uncertainty associated with satellite geometry is the

horizontal dilution of precision (HDOP), which quantifies how the spatial configura-

tion of satellites relative to the tracked individual influences location accuracy. When

satellites cluster in a single region of the sky, positional error tends to increase Specht

(2022). Such error is largely unavoidable in practice and often necessitates the removal
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or down-weighting of high-error locations during preprocessing.

The vast majority of animal movement datasets consist of two-dimensional latitude-

longitude coordinates recorded in a geodetic coordinate system (Meyer et al., 2025). Al-

though globally meaningful, these coordinates describe positions on the curved surface

of the earth and are therefore cumbersome for direct use in many statistical procedures.

It is common practice to apply a map projection to transform geodetic coordinates into

a projected coordinate system such as Universal Transverse Mercator (UTM) coordi-

nates, which represent horizontal position in metres east and north of a local reference

origin (White and Garrott, 2013). This projection facilitates straightforward computa-

tion of movement metrics such as step length, turning angle, and speed (Meyer et al.,

2025). In this thesis, we rely primarily on the Euclidean distance between succes-

sive UTM-projected positions as the fundamental observable informing the statistical

methods developed herein. Nonetheless, certain applications, such as the visualisation

of simulated trajectories on geographical maps, require converting UTM coordinates

back to latitude and longitude; this operation is illustrated in Section 2.2.3.

Although most telemetry datasets are recorded in terms of latitude and longitude

only, animal movement itself is typically three-dimensional. Many species fly, dive, or

routinely climb, and thus exhibit substantial vertical displacement in addition to hor-

izontal movement. Incorporating this third dimension may yield substantially richer

insight into ecologically important behaviours such as foraging, predator avoidance,

and migratory strategies. Modern tracking technology increasingly accommodates this

by incorporating auxiliary sensors, including pressure and depth loggers and baromet-

ric altimeters, accounting for the flight altitude of birds (e.g. Clark et al., 2020) or

diving depth in marine organisms (e.g. Leos-Barajas et al., 2017). Although the anal-

yses presented in this thesis focus on two-dimensional movement, we expect that the

methodological framework herein may be generalised to three dimensions with relatively

minor methodological adjustment, though perhaps at non-trivial additional computa-

tional cost. The generalisation of the methodology developed in this thesis to higher

dimensions is discussed further in Section 4.6.

From inference on automatically collected movement data, we may infer the sort

of habitats preferred by an animal, its movement process, and how its underlying be-

haviour affects both. In this thesis, we focus primarily on the latter case, modelling the

movement of animals as being dependent on some hidden behavioural process, inferred

from their location collected at discrete time points. As detailed towards the beginning

of this section, modern telemetry systems provide unprecedented opportunities for the

study of animal movement but often introduce substantial analytical challenges arising
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from both measurement error and temporal irregularity or missing observations. These

challenges underscore the need for novel statistical methodology that is both robust

and accessible for ecologists, while being capable of accommodating the complexities

of contemporary movement data, thereby enabling deeper inference. In Section 1.1.3,

we further detail the importance of developing methodology for inference on data with

missing or temporally irregular observations, from a financial, scientific, and animal

welfare point of view.

1.1.3 The price of wasting tagging data

Although telemetric animal tracking has undergone a series of technological advance-

ments, both regarding the type and accuracy of data collected and tag miniaturisation

(Ross et al., 2024; Fontes et al., 2022), it still involves an inherently invasive proce-

dure, requiring a stressful process of live capture, handling, and tagging (Arrondo and

Pérez-Garćıa, 2025). There are, even at present day, real risks of causing harm to an

animal, perhaps affecting its overall survival probability (Clewley et al., 2021; Portugal

and White, 2021; Dennis and Shah, 2021). It is therefore essential that the process

of tagging an animal is not trivialised, and that each fitted tag contributes valuable

data to a study; deploying tags that are never used causes not only financial loss but

potential unnecessary welfare cost for the animal. If data is collected with scientific or

conservationist aims, but is later unused, this is also a waste from both a conservationist

and scientific advancement perspective.

The recent work of Arrondo and Pérez-Garćıa (2025) detects a declining trend in

data tagging projects that result in scientific publications. Of course, much of this

may be remedied by making data available to the wider scientific community using,

for example, the aforementioned MoveBank system. Further to this, however, it is

important that ecologists have access to statistical frameworks that are more flexible

and accessible than existing approaches, such that sparse or irregular data resulting

from technical malfunctions or excessive error may still be used. This forms part of the

wider motivation for developing more efficient formulations for scale-invariant inference

on individual animal movement data throughout this thesis; this is outlined in the

following section.
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1.2 A Summary of Thesis Aims

The preceding sections have outlined several key challenges in analysing animal move-

ment data. Ecologists are often interested in uncovering the number of latent be-

havioural modes expressed by an animal, determining how and when transitions be-

tween these modes occur, and understanding how movement differs between behaviours.

Achieving these goals is complicated by the practical realities of telemetry data, which

are often irregularly spaced or contains missing observations. Ecologists therefore face

a landscape in which computationally efficient but approximate methods are widely

used, while more ecologically realistic statistical approaches remain inaccessible due to

their perceived complexity, software limitations, or prohibitive computational cost.

In broad terms, models for individual animal movement may be formulated in either

discrete time—where movement and behavioural changes are assumed to occur on a reg-

ular grid of observation times—or in continuous time, where changes may occur at any

moment between observations. The essential distinction between the two approaches

lies in whether the underlying behavioural process is represented by a discrete-time

or continuous-time Markov chain (introduced in Chapter 2). Discrete-time models are

typically more straightforward and efficient to implement but struggle with temporally

irregular data, whereas continuous-time methods are scale invariant, and accommodate

unevenly spaced data naturally.

Furthermore, discrete-time methods often allow a proxy for velocity-based informa-

tion to be incorporated automatically via the animal’s change in bearing (i.e. turning

angle) between fixed observation intervals. In contrast, because continuous-time models

lack these fixed intervals, velocity cannot be recovered directly in this framework from

position differences without accounting for its autocorrelation across the data. Thus,

incorporating velocity directly into this framework is far less trivial, and often not fea-

sible within a frequentist setting. These areas will be developed formally in Chapters

2 and 3, with the former providing the necessary statistical background and the latter

reviewing existing methodologies for individual animal movement modelling in detail.

The overarching aim of this thesis is to contribute to narrowing the gap between eco-

logically realistic models and their approximate counterparts by developing continuous-

time behavioural-switching movement models and inference procedures that retain the-

oretical rigour while remaining computationally practical. Subsequent chapters in-

troduce the theoretical detail behind the movement models and inferential strategies

considered. However, the broad objectives of this work are summarised here:

• Develop continuous-time statistical models for individual animal move-
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ment that are more efficient than existing methods for exact inference

and more accurate than existing approximate methodology

Existing approaches for exact, continuous-time inference (e.g. Blackwell et al.,

2015; Blackwell, 2020) may be difficult to implement and computationally slow

when faced with large datasets. Conversely, existing approximate continuous-time

methodology (e.g. Glennie et al., 2023) allows for fast inference in both a Bayesian

or frequentist setting but lacks accuracy particularly when faced with an animal

that changes behaviour regularly relative to the sampling frequency of the data. A

key aim of this thesis is to present continuous-time models that are substantially

easier to implement than methods for exact inference, while improving on the

accuracy of existing approximate methodology by imposing a limit on the number

of behavioural changes, which are modelled independently of observation times.

The motivation for this is to mitigate the perception that continuous-time models

are mathematically and conceptually demanding, which currently contributes to

inhibiting their uptake relative to their discrete-time counterparts.

• Construct velocity-based continuous-time models that enable efficient

likelihood-based (frequentist) inference

Working with an animal’s velocity, rather than position alone, allows for an ani-

mals persistence in a given direction to be taken into account as well as its speed.

However, exact methodology for carrying out exact velocity-based inference (e.g.

Parton and Blackwell, 2017; Michelot and Blackwell, 2019) are particularly ineffi-

cient and do not allow for inference via direct likelihood optimisation. We aim to

develop methodology that retains the realism of exact methods while improving

on their efficiency by allowing for inference via direct optimisation rather than ne-

cessitating MCMC. By assuming that behaviours only occur at observation times,

we wish to develop a methodology for continuous-time inference that competes

with heuristic or approximate discrete-time methods—in terms of both efficiency

and ease of implementation—that dominate current practice.

• Introduce a robust methodology for selecting the number of behavioural

states without repeated model fits

At present, ecologists often choose the number of behaviours underpinning an

animal’s trajectory before fitting a model based on ecological intuition or ad hoc

criteria, which are rarely applicable or robust in practice (Pohle et al., 2017).

These approaches, such as the Akaike information criterion (AIC; Akaike, 1998),
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require the repeated fitting of the model of a variety of numbers of states. This

repeated fitting compounds the computation expense, and thus the risk of compu-

tational infeasibility, associated with continuous-time modelling, especially when

using exact, fully Bayesian methodology (e.g. Blackwell et al., 2015). Existing

methods that do not require additional model either rely on parametric assump-

tions (e.g. Dupont et al., 2025) or—if non-parametric—a series of ecologically

uninterpretable tuning parameters (e.g. de Chaumaray et al., 2024). As such,

we aim to develop a non-parametric method that helps to select the number of

behaviours, while allowing for optional ecological insight, in a single step (i.e. a

single-stage approach) by using a k-nearest neighbour densities (Kent et al., 2013)

with only one ecologically uninterpretable parameter.

1.3 Thesis Outline

In Chapter 2, we detail statistical background key to individual animal movement

modelling. In particular, we give an overview of Markov processes. We provide a brief

discussion of discrete-space Markov chains, which are commonly used to represent the

underlying (hidden) behavioural state process of an animal. We provide a description

of diffusion processes, such as Brownian motion (BM), which was first formulated to

describe the dynamics of interacting particles (Brown, 1828; Einstein, 1905), and the

Ornstein-Uhlenbeck (OU) process (Uhlenbeck and Ornstein, 1930), which was intro-

duced to emulate the velocity of a particle under friction. Each of these processes is

used to represent the movement of an animal, with BM representing an animal’s step

process in Chapters 4 and 5 and the OU process representing its underlying (hidden)

velocity in Chapter 6. Throughout this chapter, we provide illustrative examples.

In Chapter 3, we give an overview of existing methods for inference on individual

animal movement. In Section 3.1, we give an overview of approximate methods for

inference that are formulated in discrete time, namely the discrete-time hidden Markov

model (HMM). Both the formulation of this model and its efficiency due to an implemen-

tation of the forward algorithm (Baum et al., 1970) are discussed, along with its innate

ability to account for directional persistence and a summary of its use in the litera-

ture. In Section 3.2, we give a thorough treatment of existing continuous-time methods

for individual animal movement modelling, detailing the continuous-time Markovian

structure of the behavioural process in this framework. We detail fully Bayesian meth-

ods for exact inference such as that of Blackwell (2003) and Blackwell et al. (2015),

which assume that transition rates are constant and allow for environmental inhomo-
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geneity, respectively. We then discuss velocity-based models such as the Kalman filter-

based (Kalman, 1960) continuous-time correlated random walk (CTCRW) of Johnson

et al. (2008) and methods for approximate inference in continuous time such as the

continuous-time HMM (Glennie et al., 2023). Finally, in Section 3.3, we compare both

continuous- and discrete-time formulations of the (fundamentally approximate) HMM

framework in a case study on elk (Cervus canadensis) data.

Chapters 4 and 5 detail a rigorous approximation of exact methodology detailed in

Chapter 3 with an aim of facilitating inference via direct likelihood maximisation while

still allowing for changes in behaviour independent of observation times. These chapters

incorporate the aims listed above: the development of novel methodology that results

in more efficient inference formulated in continuous time. In Chapter 4, we first intro-

duce the fast integrated continuous-time HMM (FInCH) approach, detail its likelihood

formulation and compare its accuracy and efficiency to both existing methods for exact

and approximate inference using both a simulation study and kinkajou (Potos flavus)

data in Section 4.3. In Chapter 5, we introduce a more efficient likelihood construc-

tion for FInCH, labelling this novel process the fast, refined integrated continuous-time

HMM (FRInCH) approach. We compare these two approaches, and offer more detailed

stability analyses in Sections 5.3 and 5.5.

In Chapter 6, we introduce the velocity-based continuous-time HMM (VB-CTHMM)

approach, which builds on earlier work by Michelot and Blackwell (2019) to incorpo-

rate autocorrelation in velocity into an approximate continuous-time HMM, defined at

observation times, as described earlier in Chapter 3. We utilise a forward algorithm-

based framework (Baum et al., 1970) meshed with the CTCRW approach of Johnson

et al. (2008). This addresses further aims listed above, namely, velocity-based mod-

elling with switching behaviour now allows for efficient inference in a direct likelihood

maximisation framework, thus addressing another imbalance between continuous-time

methodology and the discrete-time HMM. In Section 6.3, we validate the accuracy of

the VB-CTHMM on a range of simulated data, drawing comparisons with existing

methodology for exact inference (Michelot and Blackwell, 2019). In Sections 6.4.1 and

6.4.2, we carry out case studies on fisher (Pekania pennanti) and reindeer (Rangifer

tarandus) data, demonstrating the amenability of the VB-CTHMM to settings with

transition rates that vary based on time and spatial covariates, respectively.

In Chapter 7, we detail the density-level superset filtration (DSF) method for or-

der selection (i.e., choosing the number of behavioural states) in a state-space model.

This approach addresses the aims above by facilitating efficient order selection in a

continuous-time setting without parametric discrete-time assumptions (e.g. Dupont
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et al., 2025), repeated model fitting (e.g. by using AIC; Akaike, 1998), or the un-

interpretable tuning parameters associated with existing non-parametric methods for

order selection (de Chaumaray et al., 2024). In Sections 7.4 and 7.5, we compare this

approach to existing model selection criteria in both a simulation study and using a

case study on domestic goat (Capra aegagrus hircus) data, respectively.

A summary of the progress made on these thesis aims is given in Section 8.4 of the

discussion in Chapter 8. Throughout this chapter, we discuss the novel methodology

presented across Chapters 4, 5, 6, and 7, summarising the implications of each approach

and future work stemming from the findings of this thesis. We detail potential appli-

cations of each method, both with regard to the better fulfilment of thesis aims and to

distinct areas of statistics.

1.4 Implementation

Throughout this thesis, we implement methods on the computer using the high-level

interpreted language R (R Core Team, 2023). Whereas a fully compiled language

would result in quicker computation of the methods contained herein, the primary

focus throughout is on relative computation time—we may interpret results for compu-

tation time as a conservative estimate for the absolute time taken for inference. Where

specified, when running more computationally intensive models, we integrate C++ in R

(using the Rcpp package; Eddelbuettel and François, 2011) to ensure feasibility. Where

approaches are directly compared, a similar level of backend integration is utilised. All

computation was carried out using the same laptop PC (8-core CPU, 32 GB RAM).

When carrying out inference via direct optimisation, the R function optim() is used

to maximise the log-likelihood of each approach. Unless otherwise stated, we use the

optimisation method of Nelder and Mead (1965), which is robust albeit reasonably slow

compared to other methods as it utilises only function values. Of course, as previously

mentioned, absolute speed of computation is not a primary focus of this thesis; we are

concerned only with the accuracy and computational efficiency of techniques relative

to one another.

In the context of a single run (e.g., in a real data case study) where interval estimates

are given after direct optimisation, the interval estimates are based on the diagonal

entries of the inverse of a calculation of the Hessian matrix at the estimated values (again

using optim()). We may interpret these as confidence intervals or as credible intervals

using a flat prior distribution based on a locally multivariate normal approximation to

the likelihood. Given a run of MCMC, 95% credible intervals for posterior mean values
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are found using the relevant quantiles of posterior samples in order to account for a

potential lack of symmetry.

Throughout this thesis, methods are validated using simulation studies, in which

the mean values and 95% quantiles for inferred parameter point estimates pooled from

100 simulated datasets are used to inform both bias and stability. The accuracy of

uncertainty estimates is found by calculating the coverage; that is, the number of times

that the true parameter value falls into the inferred 95% confidence interval—which are

again found based on a calculation of the Hessian matrix (DiRenzo et al., 2023). Given

100 distinct datasets, the total number of intervals covering the true parameter values is

given by a binomial (100, 0.95) distribution, with 95% confidence interval [0.907, 0.993].

Values for coverage falling outside of this range are viewed to be spurious, with excep-

tionally high values indicating uncertainty bounds that are too conservative and small

values indicating uncertainty bounds that are too narrow in the face of statistical bias.

When using uncertainty values calculated from the Hessian matrix to inform con-

fidence intervals, we are making the necessary assumption that parameter estimates

follow an approximately multivariate Gaussian distribution centred at maximum likeli-

hood estimate (MLE) values. This assumption is validated in pooled simulation studies

throughout this thesis by comparing confidence intervals based on inferred uncertainty

values with empirical estimates, or by observing the coverage of Hessian-based confi-

dence intervals.

The computation time associated with each method within this thesis represents the

expected time for an individual run of optim(), or the total time taken for an MCMC

scheme to run to completion, unless stated otherwise.
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Chapter 2

Statistical Background

In this chapter, we review Markov processes and provide a description of discrete-space

Markov chains, a form of Markov process which is used in this thesis to represent an

animal’s underlying behavioural state. We then detail continuous-time stochastic pro-

cesses such as Brownian motion (Brown, 1828; Einstein, 1905) and Ornstein-Uhlenbeck

processes (Uhlenbeck and Ornstein, 1930), which are employed in this thesis to describe

state-specific animal movement. This chapter is intended as a concise and accessible

overview of the fundamental statistical methodology that underpins the novel material

that is presented later in this thesis.

2.1 Markov Chains

A Markov process is a stochastic sequence of events (or states) in which the probability

of each event depends solely on the value of the immediately preceding event. This

defining feature is known as the Markov property or memorylessness (Cassandras and

Lafortune, 2008). Although definitions of a Markov chain vary across the literature

(Asmussen, 2003), we use the term here to denote a Markov process with a countable

state space, as is common in applied settings (Parzen, 2015; Karlin and Taylor, 2012).

We focus specifically on Markov chains with a finite state space, with states that may be

indexed within the set {1, . . . , N} for some finite value of N ∈ N≥1. This contrasts with

Markov processes defined on continuous or general state spaces, such as the diffusion

processes we describe in Section 2.2 (Karatzas and Shreve, 1998). Throughout this

thesis, the unobserved behavioural process of an animal is assumed to follow a finite-

state Markov chain of this form, and the animal’s movement process at any given time

is considered to be determined by its contemporaneous behavioural state.
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2.1.1 Transitions between states

Let the state of a Markov chain at observation indices n and n+1 be denoted by Sn and

Sn+1, respectively. For a chain with N > 0 possible states, the transition probabilities

between states may be represented as a transition probability matrix (TPM), Γ = {γij},
where each entry γij = Pr (Sn+1 = j|Sn = i), for i, j ∈ {1, 2, . . . , N}. This matrix

representation forms the foundation of all discrete-time inference used in this thesis

(Norris, 1997). Transition probabilities may either be assumed to be constant over all

regularly spaced time intervals or assumed to vary according to a series of environmental

or behavioural covariates. Similarly, if the data is irregularly spaced, the TPM is liable

to vary between intervals. We address both scenarios within this section. In this section,

we refer to the regularity of time intervals as the temporal regularity (or irregularity) of

the dataset, which may affect—but nevertheless is distinct from—the time homogeneity

of the behavioural process, which determines whether or not transition probabilities (or

rates) are constant throughout the analysis.

Temporally regular data

Assume for now that the probability of an animal changing states does not depend on

covariates such as the animal’s location. When its movement trajectory is recorded

at regular time intervals, the underlying Markov chain representing its behaviour is

time homogeneous, meaning that the TPM remains constant across time steps, i.e.

γij (n) = γij (n+ 1) for all n. Thus, the probability of transitioning between states i

and j is independent of n (Zhou, 2022). In this case, the elements of Γ = {γij} may

be estimated directly. In the setting in which transition probabilities vary over time

based on a number of covariates, the effect of these covariates may be incorporated

using a multinomial logit link. For a vector of p ≥ 1 covariates at observation n given

by z (n) = {z1 (n) , . . . , zp (n)}, we have

γij (n) =
exp (ηij (n))∑N
k=1 exp (ηik (n))

, (2.1)

where ηij (n) = βij0 +
∑p

l=1 β
ij
l zl (n) if i ̸= j, and 0 otherwise (Patterson et al., 2017). In

this formulation, inference is carried out on the regression coefficients β =
{
βij0 , . . . , β

ij
p

}
governing the probability of a transition from state i to state j, rather than on the TPM

entries themselves.

36



2.1. Markov Chains

Temporally irregular data

As previously stated, when observations are irregularly spaced in time, the underlying

probability of a behavioural change over each interval, and thus each element of the

TPM Γ, is no longer constant. Indeed, the underlying Markov chain becomes time

inhomogeneous, and it is difficult to estimate elements of the TPM directly. In an

ecological context, methods exist for directly inferring transition probabilities given

time inhomogeneity, but these each involve ignoring missing data (e.g. Langrock et al.,

2012), imputing the data at regular intervals (e.g. McClintock, 2017), or treating data

segments either side of missing data as distinct (e.g. Conners et al., 2021). Each of these

approaches have their own set of drawbacks, and are given more thorough treatment in

Section 3.1.2.

When faced with temporally irregular data sampling regimes, we may also formulate

the underlying behavioural state process as a continuous-time Markov chain. Whereas

discrete-time methodology infers transition probabilities between observation times,

which are heavily dependent on the sampling regime of the data, its continuous-time

counterpart infers infinitesimal transition rates, which are scale invariant (e.g. Glennie

et al., 2023). The TPM may be derived from transition rates as functions of an interval’s

length (Norris, 1997; Sigman, 2006). As such, the time homogeneity of continuous-time

Markov chains remains unaffected by the temporal irregularity of a given sampling

regime; this is discussed in greater detail in Section 3.2.1.

By decoupling behavioural trajectories from observation times, continuous-time for-

mulations offer a more realistic representation of the way in which animal behaviour

typically evolves. Furthermore, by modelling in a scale-invariant way, continuous-time

methodology facilitates comparisons across analyses conducted on very different tem-

poral scales. The methodological developments presented in this thesis are motivated

by the way in which more commonly used discrete-time methods are limited in their

handling of temporally irregular data, or comparisons between analyses on different

time scales, as is discussed further in Section 3.1.2.

Stationary state distributions

As stated earlier in this section, in this thesis we consider only cases in which the number

of behavioural states, N , is finite. Let i, j ∈ {1, . . . , N} be states of a given chain. Given

that an animal starts in state i, let Tij denote the time taken for the animal to exhibit

state j. A Markov chain is irreducible if Pr (Tij <∞) > 0 for all i ̸= j, meaning that it

is possible for every state to reach every other state, and recurrent if Pr (Tii <∞) = 1,
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meaning that the chain eventually returns to i with certainty. The Markov chains

representing an animal’s behavioural process throughout this thesis are assumed to be

positive recurrent, meaning that they are both irreducible and recurrent (Norris, 1997;

Levin et al., 2009).

When the rate of change between behaviours in a positive recurrent state process is

constant, it has a unique stationary distribution (Norris, 1997; Levin et al., 2009), which

quantifies the long-term proportion of time spent in each state (i.e. the amount of time

an animal spends in each behaviour). Given a TPM Γ, the stationary distribution of a

discrete-time Markov chain is given by a probability vector π = (p1, . . . , pN) satisfying

π = πΓ, (2.2)

where
∑N

i=1 pi = 1 (Kemeny and Snall, 1976). In continuous time, the stationary distri-

bution may similarly be obtained from the equilibrium flow into and out of each state.

Note that when transition rates between states depend on time-varying environmental

covariates, the concept of a stationary distribution no longer applies (Anderson, 1991).

2.1.2 Representation Of higher-order Markov chains

Markov chains are particularly powerful in practice because many non-Markovian pro-

cesses may be reformulated to possess Markovian representations by appropriately re-

defining the notion of ‘current’ and ‘future’ states (Lindquist and Picci, 2015). For

instance, consider a non-Markovian process S1. Define a second process S2 such that

each state of S2 represents a sequence of states in S1. Let a (n) and b (n) be positive-

valued functions with a (n) ≤ b (n). If

S2 (n) = {S1 (n) : n ∈ [a (n) , b (n)]} , (2.3)

represents a Markov process, then S2 is a Markovian representation of S1 (Akaike, 1998;

Doob, 1953).

A higher-order Markov chain is one in which the probability of the next state de-

pends on the previous k states, with k ≥ 2. Let the full sequence up to observation n

be S = {S1, . . . , Sn}. If S holds the property

Pr (Sn+1|S) = Pr
(
Sn+1|Sn, Sn−1, . . . , Sn−(k−1)

)
, (2.4)

then S is a k-th order Markov chain (Ching et al., 2004; Guttorp, 1995). To obtain a

first-order Markovian representation, we may augment the state vector to

S2 =
{
Sn, . . . , Sn−(k−1)

}
, (2.5)
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such that the compound process {S2} is now first-order Markov (Guttorp, 1995). In

Chapter 6, we employ such a representation to model autocorrelation in the directional

component of an animal’s velocity between successive observations.

2.2 Continuous-Time Stochastic Processes

Throughout this thesis, we represent animal movement as a diffusion process, which

is a form of continuous stochastic process that serves as the solution to a stochastic

differential equation (Øksendal, 2003). Perhaps the simplest example of a diffusion, let

W (t) denote a Wiener process defined at time t ≥ 0. For a given time increment δt > 0

and diffusion rate σ2, we have

W (t) ∼ N
(
0, σ2t

)
,

W (t+ δt)−W (t) ∼ N (0, δt) ,

as described by Durrett (2019). We define a general diffusion process, denoted X (t),

as a stochastic differential equation written in terms of W (t), given by

dX (t) = µ (X (t) , t) dt+ σ (X (t) , t) dW (t) , (2.6)

where µ (X (t) , t) represents its deterministic drift component and σ (X (t) , t) rep-

resents its stochastic diffusion component (Evans, 2013). In the models presented

throughout this thesis, the parameters of the diffusion process depend on the underlying

behavioural state process described in Section 2.1, which changes over time, giving rise

to the term switching diffusion models. Diffusion-based approaches that do not fall un-

der the switching diffusion umbrella include those that incorporate the continuous-time

correlated random walk (CTCRW), which fits a diffusion process to an animal’s velocity

rather than its location (Johnson et al., 2008). We utilise the CTCRW methodology in

Chapter 6.

Assume now that we observe a diffusion process over the time interval [t1, tn], which

is discretised into n observation times t = {t1, t2, . . . , tn}. A diffusion process {Xt}
satisfies the Markov property

Pr
(
Xtn+1 |Xtn , Xtn−1 , . . . , Xt1

)
= Pr

(
Xtn+1|Xtn

)
, (2.7)

which is directly analogous to the transition probabilities encapsulated in the TPM

described in Section 2.1. Indeed, in this regard, diffusion processes are conceptually

equivalent to the finite, countable Markov chains previously described, albeit defined

in continuous time with a continuous (and therefore uncountably infinite) state space.
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2.2.1 Brownian motion and Ornstein-Uhlenbeck processes

This thesis primarily employs Brownian motion (Brown, 1828; Einstein, 1905) and

Ornstein-Uhlenbeck (OU) diffusion processes (Uhlenbeck and Ornstein, 1930) to model

animal movement. We use the former to represent an animal’s location process (in

Chapters 4 and 5), while the latter is used to describe velocity dynamics, as detailed

in Chapter 6. In this section, we demonstrate how probability distributions for each—

conditional on a previous realisation before some increment in time—may be obtained

from their definitions as stochastic differential equations. For ease of exposition, we refer

to Wiener processes, Brownian motion, and OU processes as entirely distinct entities.

However, this is not necessarily the case: the terms ‘Wiener process’ and ‘Brownian

motion’ are often used interchangeably, with the former being the name for the process

and the latter being the process it is often used to describe (Malliaris, 1990). In turn,

Brownian motion is a limiting case of the OU process (Blackwell et al., 2015).

Let θ (t) and ψ (t) denote realisations of one-dimensional Brownian motion and an

OU process at time t, respectively, and let W (t) again denote a Wiener process. A

Brownian motion is parametrised by diffusion rate σ2
θ and drift term µθ, which induces

systemic movement in a given direction, such that in Equation 2.6, µ (θ (t) , t) = µθ and

σ (θ (t) , t) = σ2
θ . Originally developed to describe the motion of microscopic particles

(Brown, 1828; Einstein, 1905), this process serves as a continuous-time analogue of the

random walk (often humorously called the drunkard’s walk), first described by Pearson

(1905). Brownian motion remains widely used in modelling an animal’s location process

(Blackwell, 2003; Blackwell et al., 2015; Alkhezi, 2019).

The one-dimensional Ornstein-Uhlenbeck process, parametrised by drift term µψ,

diffusion rate σ2
ψ, and long-term mean-reversion rate β > 0, is defined by µ (ψ (t) , t) =

β (µψ − ψ (t)) and σ (ψ (t) , t) = σψ. Here, the drift term is a linear function of the

deviation from the long-term mean, and β governs the rate of reversion towards µψ.

This property makes the OU process particularly suitable for modelling animal velocity,

as it captures the tendency of animals to maintain a long-term average speed and

direction (Parton and Blackwell, 2017). The two processes are therefore given by

dθ (t) = µθdt+ σθdW (t) , (2.8)

dψ (t) = β (µψ − ψ (t)) dt+ σψdW (t) , (2.9)

when written as stochastic differential equations (Guttorp, 1995; Iacus, 2008).

In this thesis, we utilise these properties to derive likelihood functions expressed

partly as local contributions akin to the conditional probabilities in Equation 2.7. In

Figure 2.1, we demonstrate both the Brownian motion and OU process in one dimen-
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Figure 2.1: Comparing the effect of drift on a Brownian motion and OU processes in

one dimension over time. Both processes correspond to drift terms µθ = µψ = 3 and

diffusion rates σ2
θ = σ2

ψ = 1, with the OU rate of reversion to the mean given by β = 0.5.

sion; this graphic shows the way in which each process is affected by the drift term,

with the BM exhibiting systematic movement towards a given direction and the OU

process demonstrating a long-term mean value. From the trajectory of the two lines in

this figure, the choice of an OU process to describe velocity, as previously mentioned

and incorporated in Chapter 6, is somewhat intuitive.

Diffusion processes and Itô isometry

Having established that diffusion processes are Markovian, we now demonstrate method-

ology for deriving the probability distribution for a future value of a Brownian motion

or OU process given its current state, based on the stochastic differential equations.

This is done using Itô isometry (Itô, 1951) where, for the sake of brevity, we assume

zero drift, such that µθ = µψ = 0. In this section, we focus primarily on formulating

an expression for the OU process as a probability distribution, such that the procedure

for finding an expression for a Brownian motion is much the same.

Applying the Itô product rule (Øksendal, 2003) to the SDE expression in Equation

2.9, we have

d
(
eβtψ (t)

)
= βeβtψ (t) dt+ eβtdψ (t) , (2.10)

such that substituting the expression for dψ (t) in Equation 2.9 into Equation 2.10
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yields

d
(
eβtψ (t)

)
= eβtσψdW (t) . (2.11)

Integrating both sides over [0, δt], where δt > 0 is some small increment in time, gives

ψ (t+ δt) = e−βδtψ (t) + σψ

∫ t+δt

s=t

e−β(t+δt−s)dW (s)

= e−βδtψ (t) + σ̃ψ (δt) ,

where σ̃ψ (δt) represents the stochastic element of the expression. Properties of the

Itô integrals (i.e. an integral over stochastic processes) determine that σ̃ψ (δt) is a

zero-mean Gaussian random variable with variance

Var (σ̃ψ (δt)) = E
(
σ̃ψ (δt)2

)
= σ2

ψE

[(∫ t+δt

s=t

e−β(t+δt−s)dW (s)

)2
]
. (2.12)

By Itô isometry (Itô, 1951), Equation 2.12 is equal to

Var (σ̃ψ (δt)) = σ2
ψ

∫ t+δt

s=t

e−2β(t+δt−s)ds

=
σ2
ψ

2β

(
1− e−2βδt

)
,

such that the probability density for a future realisation ψ (t+ δt) conditional on the

realisation ψ (t) (i.e. the ‘transition probability’ of an OU process over time δt) is given

by

ψ (t+ δt) |ψ (t) ∼ N
(
e−βδtψ (t) ,

σ2
ψ

2β

(
1− e−2βδt

))
. (2.13)

By following a similar procedure, a future realisation of a Brownian motion may be

written as

θ (t+ δt) |θ (t) ∼ N
(
θ (t) , σ2

θδt
)
. (2.14)

The results in Equations 2.13 and 2.14 are central to the methodology developed in

this thesis. Assuming isotropy, these processes readily extend to higher dimensions; for

instance, a two-dimensional Brownian motion θ (t) = {θx (t) , θy (t)} satisfies

θ (t+ δt) |θ (t) ∼ N
(
θ (t) , σ2

BδtI
)
, (2.15)

where I denotes the 2× 2 identity matrix.

In Chapter 4, we assume that an animal’s location process is governed by a Brow-

nian motion and exploit its Gaussian structure to derive a computationally tractable

likelihood, extending the work of Blackwell (2020). In Chapter 6, we model velocity as

an OU process, following Johnson et al. (2008) and Michelot and Blackwell (2019), inte-

grating over velocity to yield a smooth location process—again leveraging the Gaussian

nature of this distribution to obtain tractability.
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2.2.2 Interpreting diffusion rate

Consider a two-dimensional Brownian motion as in Equation 2.15. Setting θ (t) = 0

at the origin, the increment θ (t+ δt) represents the step displacement of the animal

rather than its specific new location (this formulation is utilised in Chapter 4). The

random vector θ (δt) = (δx, δy) follows a bivariate normal distribution with independent

components of variance σ2
B = σ2. The Euclidean step length R =

√
δx2 + δy2 follows

the distribution

R ∼Weibull
(
λ = σ

√
2δt, k = 2

)
, (2.16)

where λ and k represent the Weibull scale and shape parameters, respectively. The

median speed of the animal per unit time (δt = 1) is thus

ĉ = σ
√

2 (ln 2)0.5 . (2.17)

This is equivalent to a Rayleigh distribution with scale parameter σ (Chattamvelli and

Shanmugam, 2021).

2.2.3 Brownian bridges

Diffusion processes may be simulated in various ways, including discrete-time approxi-

mations. Alternatively, Horne et al. (2007) introduced the use of Brownian bridges to

estimate intermediate positions between known endpoints. A Brownian bridge B (t)

defined over t ∈ [t1, t2] is fundamentally a Brownian motion process conditioned on

known endpoints (Anderson and Stephens, 1996; Patterson et al., 2017). For the sake

of brevity, consider a Brownian bridge, B (t), for a one-dimensional Brownian motion

θ (t) with diffusion σ2, no drift, and known values θ (t1) = a and θ (t2) = b. This process

has distribution

B (t) ∼ N
(
a+

t− t1
t2 − t1

(b− a) ,
σ2 (t2 − t) (t− t1)

t2 − t1

)
, (2.18)

for all intermediate times t1 ≤ t ≤ t2 (Anderson and Stephens, 1996). The Brownian

bridge is particularly useful for resampling irregularly spaced animal movement data at

regular intervals, facilitating a multiple imputation approach for inference (McClintock,

2017); see Section 4.3.2 for an example of this. We may also use the Brownian bridge

to simulate switching diffusion trajectories, such that behavioural change times are

sampled stochastically and intermediate positions are drawn using Brownian bridges

between these events (Patterson et al., 2017).

The interpretation of a Brownian bridge is intuitive. As the intermediate time

approaches that of the known endpoints, t→ t1 or t→ t2, the variance term approaches
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zero, which fixes the process at known locations a and b, respectively. In contrast, the

uncertainty of the Brownian bridge is maximised at the midpoint t = (t1 + t2) /2. In an

isotropic setting, the expression in Equation 2.18 scales up to higher dimensions with

ease, as is the case with the processes described in Section 2.2.1.

An example: a drunkard’s walk as a Brownian bridge

Consider a pedestrian leaving one public house and walking to another a short dis-

tance away across the road, reaching their destination after five minutes. Their path

is irregular, perhaps staggering or pausing for traffic, as they progress slowly toward

their objective. We model this random motion as a diffusion process. Indeed, this

simple, rather tongue-in-cheek example illustrates a stochastic Brownian motion teth-

ered by known start and end points, which is exactly the scenario captured by the

aforementioned Brownian bridge.

Suppose that the patron reaches the second establishment after travelling 32.7 me-

tres east and 19.9 metres north, encompassing a total Euclidean distance of 38.3 metres,

moving with diffusion rate σ2 = 0.3, which by Equation 2.17 corresponds to an average

speed of around 0.64 metres per second. We sample the patron’s walk at 20 inter-

mediate locations equally spaced in time at 15 seconds apart, with observation times

contained in the vector t = {t1, t2, . . . , t20}, for which t1 and t20 are known. In order to

account for the Markovian nature of a Brownian motion, when B (tn) is sampled, for

n ∈ {2, 3, . . . , 19}, we sample B (tn+1) as a Brownian bridge tethered between tn and

t20 (i.e. we condition on some previously sampled value for tn). This approach is used

when simulating animal movement data throughout this thesis.

We simulate 10 Brownian bridges under these conditions, which are demonstrated

in Figure 2.2; in this graphic, each trajectory represents a plausible realisation of the

patron’s path. By Equation 2.18, at the point of highest uncertainty halfway through

the patron’s journey (at 150 seconds from the start), we have a 95% confidence interval

for displacement given by [6.8, 16.9] metres north and [4.9, 15.0] metres east. Evidently,

even with a fairly moderate diffusion rate, the Brownian bridge produces substantial

uncertainty for the patron’s intermediate location, highlighting the potential error in-

troduced by imputation-based path resampling methods.
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Figure 2.2: The results from running 10 separate Brownian bridges between pub-

lic houses. Map background tiles provided by OpenStreetMap contributors (www.

openstreetmap.org) and CartoDB (www.carto.com). For illustrative purposes, the

Harleys Bar and the Staveley Miners Welfare are both public houses located in Stave-

ley, Derbyshire, UK.
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2.3 Inference

By providing an overview of Markov chains and diffusion processes, we have outlined

the most fundamental statistical methods employed throughout this thesis and, indeed,

most state-space frameworks for individual animal movement. In this section, we pro-

vide a brief overview of the construction of a likelihood function and inference in a

frequentist direct likelihood maximisation setting.

Consider a Markov process such as those described throughout this chapter that

we observe at discrete times {t1, . . . , tn} with realisations Xti = xti at each observation

time, ti. The transition density Pr
(
Xti+1

= xti+1
|Xti = xti

)
describes the probability

(i.e. the likelihood) of a transition from state realisations Xti = xti to Xti+1
= xti+1

between observations, which is independent of earlier (and subsequent) observations due

to the Markov property. For some initial state distribution Pr (X1), representing the

likelihood of the first observation, the likelihood of seeing all n observations (suppressing

conditioning on model parameters) is given by

L (x1, . . . , xn) = Pr (X1 = x1)
n−1∏
i=1

Pr
(
Xti+1

= xti+1
|Xti = xti

)
. (2.19)

In this thesis, we set the initial observation to be deterministic, as is often the case (Pat-

terson et al., 2017). This allows for the Pr (X1 = x1) term to be treated as a constant,

although it is largely retained in expressions throughout for the purpose of generalis-

ability. Assuming that the transition density is a parametric function, Equation 2.19

quantifies the likelihood of seeing observations {x1, . . . xn} given a series of model (i.e.

transition density) parameter values.

In a frequentist setting, we may choose to infer the most likely model parameter val-

ues by maximising the expression in Equation 2.19, thus obtaining maximum likelihood

estimates (MLEs). In the simplest case, in which this likelihood is differentiable and the

parameter space is of low dimension, we may find MLE parameter values analytically.

If L (x1, . . . , xn) is not differentiable or has no written form (e.g., if Equation 2.19 is

found using a series of algorithms), then the likelihood may be maximised numerically.

Throughout this thesis, we primarily carry out inference via direct optimisation using

the Nelder-Mead (Nelder and Mead, 1965) numerical method. In taking this approach,

we require multiple evaluations of the likelihood, compounding the computational ex-

pense associated with its calculation. In taking a numerical approach to likelihood

maximisation, we choose to use the log-value of the likelihood function to avoid nu-

merical underflow (or overflow). The work of Pawitan (2001) provides a more in-depth

discussion of likelihood-based inference, and numerical optimisation methodology is
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detailed further by Nocedal and Wright (2006).
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Chapter 3

Methods For Individual Animal

Movement Modelling

In this chapter, we present an overview of key existing methods for statistical inference

on individual animal movement. We describe methods in both continuous and dis-

crete time, detailing their model formulation, strengths, and limitations. In these ap-

proaches, the animal’s behaviour is represented as an unobserved discrete-space Markov

chain, with states governing its movement process. Discrete-time behavioural-switching

models may, therefore, be thought of as approximations of their continuous-time coun-

terparts. In Sections 3.1 and 3.2, we give a thorough treatment of the discrete-time

HMM and continuous-time inference (both exact and approximate), respectively. This

is followed by a case study in Section 3.3 in which we make inference on data tracking

individual cow elk (Cervus canadensis), comparing discrete- and continuous-time HMM

methodologies in practice. As with Chapter 2, much of this chapter is intended as an

accessible overview of statistical background, albeit specific to state space modelling.

However, Sections 3.2.4 and 3.2.5 provide necessary background for methods for exact

inference that we build on in later chapters, giving an overview of key concepts such

as potential and actual behavioural switches. Much of the material in this background

chapter (with the exception of the comparative case study) is presented in Grainger

and Blackwell (2025).

3.1 The Discrete-Time Hidden Markov Model

By far the most widely used framework for inference on individual animal movement

data in discrete time is the hidden Markov model (HMM). This model assumes that

an animal’s observed movement arises from some underlying, unobserved Markov chain
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with states representing its behavioural mode, which is assumed to change only at

observation times. When taking a discrete-time HMM approach, the animal’s observed

movement is typically formulated as a bivariate time series consisting of its Euclidean

spatial step length and turning angle between successive observations, forming what

is often referred to as the ‘step and turn’ HMM (Patterson et al., 2008). We expect

to draw key ecological insight from this framework; for example, if an animal is in a

‘foraging’ state, we may expect to see it turn frequently over short distances, whereas

in a ‘migratory’ state it is liable to move long distances between observations, in a more

directed way. The work of Morales et al. (2004) classifies the movement of elk (Cervus

canadensis) in a similar manner to this—see also the case study in Section 3.3.

Consider a dataset composed of n temporally regular observations of an individually

tracked animal whose movement is determined by one of N distinct behaviours at any

one time. Let Si represent the underlying behavioural state of the animal at time ti,

corresponding to the i-th observation in the time series. The HMM assumes that the

behaviour, Si, influences the animal’s movement process until the following observation,

at time ti+1. Let the observed movement process of this animal, defined at each time

ti, be given by {X i}ni=1 with realisations xi = (li, ϕi), where li is the Euclidean step

length of the animal between observations i and i+ 1 and ϕi is the turning angle of the

animal between the intervals [ti−1, ti] and [ti, ti+1]. Figure 3.1 illustrates the structure

and dependencies within the HMM.

SiSi−1 Si+1

XiXi−1 Xi+1

. . . . . .

Figure 3.1: The state dependence structure of an HMM. The latent variables, {Si}ni=1,

represent the (hidden) behavioural state of an animal at each observation time t1 . . . , tn.

The state-dependent process, {Xi}ni=1, is the observed movement of the animal, often

given as a bivariate series of step lengths and turning angles.

3.1.1 Inference and the forward algorithm

Let the movement process of the animal at time ti, which is conditional on some be-

havioural state j ∈ {1, . . . , N}, be modelled by f (xi|Si = j), where f denotes either
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a density or probability mass function (Patterson et al., 2017). Throughout this the-

sis, we refer to the observed data generated by each hidden state as its emission, with

f (xi | Si = j) referred to as the emission distribution. For ease of calculation, it is

very common to make an assumption of contemporaneous conditional independence

(Zucchini et al., 2016), such that an animal’s step length and turning angle are inde-

pendent, conditional on the current underlying behavioural state. In this case, we have

a movement process at time ti given by

f (xi|Si = j) = f ((li, ϕi) |Si = j)

= fl (li|Si = j) fϕ (ϕi|Si = j) ,

where fl and fϕ represent some density specific to the animal’s step length and turning

angle, respectively.

There exists some scope regarding the exact distribution of choice for both fl and fϕ.

Many existing works model an animal’s step length, which is continuous and positive-

valued by its very nature, using either a Gamma or Weibull distribution; with expo-

nential and Rayleigh distributions as special cases, respectively. The turning angle

of an animal, which is continuous but circular-valued, may be modelled using a Von

Mises or wrapped Cauchy distribution. Each of these distributions have been used in

case studies (Humphreys et al., 2021; Morales et al., 2004) and in the demonstration

of novel step-and-turn methodology (Whoriskey et al., 2017; Klappstein et al., 2023),

each being equally easy to fit within a discrete-time HMM framework (Langrock et al.,

2012). Note that the turning angle of an animal between observations, as a proxy for

directional persistence, may be disregarded in the inference by letting fϕ represent a

uniform distribution, as is done in the case study of Pohle et al. (2017) and the HMMs

fitted in Sections 4.3.1 and 4.3.2.

As in Section 2.1.1, first assume that the underlying behavioural state sequence

of the animal is time homogeneous. In this case, the probability of movement be-

tween states at observation times is summarised by the N × N transition probability

matrix (TPM) Γ = {γjk}, with elements representing γjk = Pr (Si = k|Si−1 = j), for

behavioural states j, k ∈ {1, . . . , N} and each observation time ti. Given emission data

x = {xi}, and letting θ represent all model parameters, the likelihood for the HMM

may be written as

L (θ|x) =
N∑

s1=1

. . .
N∑

sn=1

Pr (S1 = s1)
n∏
i=1

f (xi|Si = si)
n∏
i=2

Pr (Si = si|Si−1 = si−1) ; (3.1)

see, e.g., Patterson et al. (2017). This expression, being composed of Nn summands,

is computationally infeasible even for moderate amounts of data and a low number of
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fitted states. However, the forward algorithm (Baum et al., 1970) allows for a much

more efficient likelihood calculation. This recursive scheme is the primary reason for

the tractability and widespread popularity of the HMM.

As an initial step, define the forward probability of being in state k at time ti to

be αti (k) = f (x1, . . . ,xi, Si = k), a value summarised for every state by the vector

αi = (αti (1) , . . . , αti (N)). Given that αti (k) contains information on the probability

of the animal being in state k at time ti (conditional on all observations up to time

ti) and the likelihood of all observations up to time ti, we may write the global HMM

likelihood as

L (θ|x) =
N∑
j=1

αtn (j) = αn1
T,

where 1 ∈ RN is a row vector of ones. By exploiting the Markov property, the for-

ward probability of state k at time ti may be given in terms of the previous state at

observation time ti−1, such that

αi (k) =
N∑
j=1

αi−1 (j) Pr (Si = k|Si−1 = j) f (xi|Si = j) ,

or, in matrix notation,

αi = αi−1ΓQ (xi) ,

with the likelihood matrix given by Q (xi) = diag (f (xi|Si = 1) , . . . , f (xi|Si = N)).

The forward algorithm traverses the time series, updating the forward probability vec-

tor, αi, at each observation, facilitating a formulation of the likelihood recursively as

L (θ|x) = δQ (x1)Γ . . .ΓQ (xn)1T, (3.2)

where δ = (Pr (S1 = 1) , . . . ,Pr (S1 = N)) is a vector of initial state probabilities. By

computing the likelihood recursively by combining forward probabilities across states,

the forward algorithm sums over all possible behavioural state sequences without enu-

merating them individually. This construction of the likelihood is very efficient, al-

lowing for straightforward and computationally feasible inference via direct maximum

likelihood estimation in the majority of cases (Zucchini et al., 2016; Patterson et al.,

2017). Indeed, much of the novel methodology introduced throughout this thesis is

designed to take advantage of a variation of the forward algorithm to ensure a degree

of computational efficiency.

3.1.2 The hidden Markov model in practice

The hidden Markov model is largely viewed as useful and tractable by ecologists, as

it separates the movement and behavioural processes of the animal in a conceptually
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clear manner. As already mentioned, the HMM is very efficient, scaling well with

both the data and the number of fitted behaviours due to an implementation of the

forward algorithm. The discrete-time HMM thus offers an option for inference on

animal movement via fast direct maximum likelihood estimation, which has led to

its widespread usage in statistical ecology. For example, HMMs have been used over

the years to study caribou (Franke et al., 2004; Dedeban et al., 2023), woodpeckers

(McKellar et al., 2015), beluga whales (Storrie et al., 2023), petrels (Zhang et al.,

2019), and elephants (Taylor et al., 2019). The uptake of this methodology is enabled

further by accessible R software packages such as moveHMM (Michelot et al., 2016) and

momentuHMM (McClintock and Michelot, 2018). However, the computational tractability

of the HMM is often a trade-off against its accuracy. In many cases, this framework

offers a particularly inaccurate approximation of the animal’s true ecological dynamics.

The HMM described in this section implicitly treats the underlying state as being

constant between observations, so that the observation process at some time ti—actually

a summary based on either two or three successive locations due to the calculation of

step lengths and turning angles—depends only on the state at time ti. Thus the state,

i.e. the behaviour, is effectively defined only at observation times (Langrock et al., 2012).

Given that we formulate the observation process in terms that are timescale dependent,

such as an animal’s step length, these observations are assumed by necessity to be

regularly spaced in time. Naturally, this is limiting in the face of temporally irregular

or missing data, an animal that changes behaviour frequently (for example, see Figure

4.3), or when comparing separate analyses on different timescales (with interpretability

issues stemming from this scenario demonstrated in Section 4.3.5).

A small amount of missing data on an otherwise regular grid of observation times

may be dealt with by replacing the corresponding likelihood matrix Q with the N ×N
identity matrix (Langrock et al., 2012). This method does not only affect the like-

lihood matrices corresponding to intervals with missing observations, but also cases

in which these intervals would otherwise be required for step length and turning an-

gle calculations. Thus, while taking this approach correctly allows for state transition

probabilities over time intervals that are a multiple of the usual interval between ob-

servations, it neglects the information represented by the locations after the missing

observations given those before them. Alternatively, missing data can be handled by

treating the data segments before and after as distinct time series for which separate

HMMs are fitted (Conners et al., 2021); this neglects the state transition information

over the longer intervals as well as the movement information. In summary, these

approaches, although straightforward to implement, do not permit the full use of the
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information from observations at intervals other than a single fixed length. More gen-

erally, temporally irregular data may be dealt with by taking the multiple imputation

(MI) approach of McClintock (2017), which resamples the animal’s movement path at

regular intervals. This method is popular with ecologists due to its inclusion in the R

package momentuHMM (McClintock and Michelot, 2018)—we use an approach similar to

this in comparison to the FInCH approach in Section 4.3.2. All these approaches as-

sume that the missingness of intended observations is not in itself informative; Chassan

and Concordet (2023) explore the more general case.

In theory, issues with interpretability (but not loss of information) may be dealt with

by framing the HMM as a continuous-time model, inferring transition rates (detailed

in Section 3.2.1) directly as well as transition probabilities. This step is much more

rarely done in practice (a matter discussed further in Section 3.2.6) and does not form

part of the workflow when modelling in discrete time in either moveHMM or momentuHMM.

Alternatively, we may find transition rates by taking the matrix logarithm of the TPM

(inverting Equation 3.6 in Section 3.2.1). Such a step potentially suffers from issues of

existence and uniqueness—see Section 8.1 for further discussion; this approach is not

pursued any further.

Throughout this thesis, we wish to make the case that, even when the temporal

irregularity of the data is particularly minor, it is better to avoid any loss of informa-

tion or adverse effect on the inference by using scale invariant methods for inference,

formulated in continuous time.

3.2 Inference in Continuous Time

Models for inference in continuous time are, in many ways, conceptually akin to their

discrete-time counterparts, in which an animal’s observed movement is assumed to

be determined by an underlying, typically unobserved Markovian behavioural state

process. However, continuous-time methods differ fundamentally by formulating be-

havioural changes independently of the data’s sampling regime, representing the ani-

mal’s underlying behaviour as a continuous-time Markov chain. An animal’s movement

is typically represented by a location-based switching diffusion process (Blackwell, 1997,

2003), although recent efforts have incorporated directional persistence—a feature of

the ‘step and turn’ HMM—by explicitly modelling the animal’s velocity (Parton and

Blackwell, 2017; Michelot and Blackwell, 2019). In the switching diffusion case, an an-

imal’s movement process is most often represented by a Brownian motion or Ornstein-

Uhlenbeck (OU) process (Uhlenbeck and Ornstein, 1930). The parameters of these

54



3.2. Inference in Continuous Time

movement processes may then change according to the animal’s behaviour at any in-

stant (Blackwell, 2003). Consequently, these continuous-time models violate the so-

called ‘snapshot’ property, which would require that each observation depends only on

the animal’s contemporaneous underlying state at any instant (Glennie et al., 2023).

As a result, the straightforward methods developed for continuous-time HMMs that

assume this property are not directly applicable (Blackwell, 2020).

3.2.1 Infinitesimal transition rates

As before, consider the case where we haveN behavioural states and let St ∈ {1, 2, . . . , N}
represent the behavioural state of the animal at some arbitrary time, t. When per-

forming inference in continuous time, we allow behavioural transitions to occur inde-

pendently of observation times by modelling the infinitesimal transition rates between

behavioural states, rather than transition probabilities as previously described in Sec-

tion 3.1. Whereas in discrete time we used i to represent observation index, we now let

i and j denote behavioural states. For i, j ∈ {1, . . . , N}, with i ̸= j, the rate at which

the animal changes behaviour is governed by the generator matrix G = {gij}, where

gij ≥ 0 represents the infinitesimal transition rate from state i to state j, such that

G =


−g1 g12 . . . g1N

g21 −g2 g2N
...

...
. . .

...

gN1 g2N . . . −gN

 , (3.3)

with (sign-reversed) diagonal entries gi ≥ 0 representing the transition rate out of each

state, i. Analogous to the discrete-time TPM, the generator matrix G determines the

latent behavioural process; if an animal is in state i, then it remains so for holding time

τi, where

τi ∼ Exp (gi) . (3.4)

The probability of an animal moving from state i to state j after some increment in

time δt ≥ 0 may be found in terms of transition rates as

Pr (St+δt = j|St = i) =

gijδt+ o (δt) for i ̸= j,

1− giδt+ o (δt) otherwise,

where o (δt) denotes a term such that

lim
δt→0

o (δt)

δt
= 0.
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Hence we may approximate the probability of moving from state i to state j by

Pr(St+δt = j|St = i) ≈

gijδt for i ̸= j,

1− giδt otherwise,
(3.5)

when the time increment, δt, is small (Graham et al., 1989). The entries of Γ (δt) =

{Pr(St+δt = j|St = i)} form a temporally inhomogeneous variation of the transition

probability matrix (TPM) as described in Section 3.1.1, and may be found exactly by

Γ (δt) = exp (Gδt) , (3.6)

a feature that is used throughout this thesis (such as in the FInCH likelihood formu-

lation in Equation 4.11). A thorough explanation of this result is given in Appendix

A.

Spatial or environmental information may be incorporated into the transition rates

to account for how an animal’s behaviour is influenced by its surroundings. Let

xt = (xt, yt) denote the animal’s location at time t. Perhaps the simplest spatially

inhomogeneous model accounts for instances where each behaviour tends to occur only

in a particular spatial region. In this case, the infinitesimal transition rate of the animal

from state i to state j is defined as

gij (xt) =

gij if xt ∈ Aj,

0 otherwise,
(3.7)

for constants gij ≥ 0 and a partition of the spatial domain into a finite number of regions

{Aj, j = 1, . . . , N}. This formulation, in which behavioural transitions are dependent

on the region of the habitat currently occupied, is known as the ‘adaptive’ model.

Examples of such models may be found in the work of Harris and Blackwell (2013),

Blackwell et al. (2015), and Alkhezi (2019).

More generally, we may wish to model behavioural switching as a function of con-

tinuous environmental covariates. Suppose that zt = {z1t, . . . , zlt} represents a series

of l environmental covariates observed at time t. We may express the infinitesimal

transition rates from state i to state j in the log-linear form

gij (zt) = exp

(
βij0 +

l∑
m=1

βijmzmt

)
, (3.8)

where inference is made on coefficient parameters
{
βij0 , β

ij
1 , . . . , β

ij
l

}
alongside parame-

ters describing the animal’s state-specific movement process.
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Naturally, more complex formulations of gij (zt) than that given in Equation 3.8

may also be incorporated into the model. In Section 6.4.2, we introduce a quadratic

term to capture the non-linear effects of environmental covariates, and in Section 6.4.1,

we present an alternative formulation that allows transition rates to vary explicitly over

time.

3.2.2 A simple example: observed behaviour

Throughout this thesis, we assume that the underlying behavioural state process of an

individual animal is completely unobserved. However, for the short illustrative example

within this section, we assume the opposite. Given some known state sequence, we may

parameterise the generator matrix (given in Equation 3.3), describing the behavioural

state switching process described in Section 3.2.1, in terms of transition rates out of

each state, λ = {gi}, and jump probabilities, P = {qij} = {gij/gi}, from each state i

to each state j with i ̸= j (Guttorp, 1995), such that

G =


−g1 g1q12 . . . g1q1N

g2q21 −g2 . . . g2q2N
...

...
. . .

...

gNqN1 gNqN2 . . . −gN

 . (3.9)

These are the model parameters we seek to infer, which we group as θ = (λ,P ). Given

an observed underlying behavioural state process, we may formulate the likelihood

rather straightforwardly in terms of sufficient statistics. Let the number of behavioural

changes from each state i to each state j be given by ν = {νij}, and let the time spent

in state i on the m-th visit from state j be given by τijm, such that the amount of time

spent in each state is given by τ = {τ̃i} =
{∑

i ̸=j
∑νij

m=1 τijm

}
. The likelihood for λ

and P is given by

L (θ|τ ,n) = exp

(
−
∑
i

giτ̃i

)∏
i ̸=j

(qijgi)
νij . (3.10)

The review of Patterson et al. (2017) gives a general overview of both model switching

in continuous time and simulations of this continuous-time model switching process.

Carrying out inference in continuous time, allowing for changes in behaviour to occur

independently of the data’s sampling regime, has obvious advantages with regard to

model accuracy. However, in most cases an animal’s behaviour is not observed directly,

and must therefore be treated as a latent, or hidden, process (for example, see Section

3.1). The main exceptions to this rule are datasets that include direct behavioural
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information such as those derived from high-frequency accelerometer measurements

(Rautiainen et al., 2022). In this thesis, however, we focus purely on GPS telemetry

data. Methods for inference when the behavioural state sequence is unseen are much

more involved than simply maximising the likelihood given in Equation 3.10.

In Chapters 4 and 5 of this thesis, we focus on and extend a method for inference in

continuous time, in which an animal’s behaviour is unobserved (or observed only spo-

radically) introduced by Blackwell (2003), and further developed by Blackwell (2020),

exploiting ideas from Blackwell et al. (2015). We call this method the ‘exact approach’,

which allows for exact, fully Bayesian inference; a brief summary of these approaches is

given in Sections 3.2.3 and 3.2.4. In Chapter 6, we develop an efficient velocity-based

continuous-time methodology; this approximates methods for exact velocity-based in-

ference such as the switching CTCRW (described in Section 3.2.5) using a framework

akin to a continuous-time HMM, an approach we cover in Section 3.2.6 and demonstrate

in Section 3.3.

3.2.3 Exact inference: unobserved behaviour

Statistical inference in continuous time becomes particularly challenging when the un-

derlying behavioural process of the animal is unobserved. This difficulty arises because

the conditional distribution of the animal’s position, given its previous position, depends

on the entire sequence of behavioural states occurring between those two times. This

issue is naturally avoided under a discrete-time approximation, in which behavioural

changes are assumed to occur only at observation times and both the movement and be-

havioural processes are treated as piecewise constant between successive observations.

Models that perform exact inference in continuous time typically reconstruct the com-

plete behavioural history of the animal—including all behavioural states and the precise

times of state changes—jointly with the estimation of model parameters. This is nor-

mally achieved using a Metropolis-within-Gibbs Markov chain Monte Carlo (MCMC)

algorithm—implicitly a reversible-jump procedure (Green, 1995), to accommodate the

unknown number of behavioural changes—giving a joint posterior distribution for the

behavioural states and the parameters. Consequently, the parameter space to be ex-

plored by the MCMC is of variable but necessarily high dimension, make the algorithm

computationally demanding.

The earliest methodology for modelling continuous-time switching diffusion pro-

cesses with hidden behavioural states is given by Blackwell (1997, 2003). The latter,

in particular, introduces a Bayesian inference framework for such models, treating the

underlying behavioural sequence as ‘missing’ data. In this framework, the quantities
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of interest are divided into three distinct groups: the complete ‘missing’ behavioural

process, the transition rate parameters governing the behavioural process, and the pa-

rameters describing the animal’s movement within each behavioural state. A variant of

the aforementioned hybrid Metropolis-within-Gibbs MCMC scheme is then employed,

with posterior distributions sampled for each group separately for each group in turn

while conditioning on the others. Indeed, when conditioning on a fully reconstructed

behavioural sequence, the transition rates out of each state, and jump probabilities

between states, may be sampled using Equation 3.10 as the likelihood. Although this

framework performs well in a spatially homogeneous setting, its sampling strategy for

the hidden state sequence assumes that the location of an animal has no bearing on

its behaviour. In Section 3.2.4, we explore subsequent developments that relax this

assumption and account for such scenarios in which an animal’s habitat may effect its

behaviour; these later approaches typically rely on the sampling of an animal’s location

alongside its complete behavioural sequence.

3.2.4 Exact inference: non-stationary unobserved behavioural

processes

In many applications, models that allow the rate at which an animal changes be-

haviour to depend on external factors—such as its location or a series of environmental

covariates—are preferable to the simpler, spatially homogeneous formulation of Black-

well (2003). The work of Harris and Blackwell (2013) describes spatially heterogeneous

extensions to this model, whereby both the animal’s movement and behaviour may

depend on the discrete spatial region that it occupies at any given instant. Assuming

that the animal has a single behaviour associated with each region, this describes the

adaptive case, as expressed in Equation 3.7 and discussed in Section 3.2.1. This early

work carries the assumption of ‘separability’, whereby changes in habitat influence an

animal’s tendency to behave in a particular manner, rather than causing instantaneous

transitions between states. As noted by Harris and Blackwell (2013), this is not an

unduly restrictive assumption; the requirement that transition rates are bounded is

retained in subsequent studies and, indeed, within this thesis.

The ‘exact approach’ of Blackwell et al. (2015) was later introduced as a method for

performing exact, fully Bayesian inference while explicitly accommodating both discrete

and continuous spatial covariates, akin to the example shown in Equation 3.8. This

framework allows for the animal’s location between observations to be accounted for

when reconstructing its behavioural sequence by uniformising the underlying Markov
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process through the introduction of potential switches. In doing so, this establishes

a uniform rate of switches, permitting a form of behavioural ‘change’ from any given

state to itself (Jensen, 1953; Blackwell et al., 2015). At time t, for spatial covariates zt

corresponding to some location xt, let gij (zt) denote the infinitesimal transition rate

from state i to state j, such that gi (zi) represents the total rate out of state i. We then

take some (fairly arbitrary) uniform upper bound κ satisfying

κ ≥ max
i,x,t

gi (zt) ,

and allow ‘potential’ changes in behaviour to occur at this rate. When such a potential

change in behaviour occurs, the probability of an actual switch out of state i is given

by pi (zt) = gi (zt) /κ, and the probability of an actual switch from state i to state j is

pij (zt) = gij (zt) /κ.

By imposing an upper bound on transition rates, this formulation assumes that

behavioural changes never occur instantaneously—a natural complement to the ‘sepa-

rable’ models proposed by Harris and Blackwell (2013). In the spatially homogeneous

case, the same framework applies, but with constant infinitesimal transition rates sat-

isfying κ ≥ maxi {gi}. Ultimately, this approach enables exact, fully Bayesian inference

within an MCMC framework that explicitly accounts for the environmental covariates

affecting transition rates between behavioural states.

Although the exact approach of Blackwell et al. (2015) provides a general and sta-

tistically rigorous framework for fully Bayesian inference on a large class of spatially

heterogeneous models, it is substantially less efficient that its earlier, simpler counter-

part (Blackwell, 2003). The method requires simultaneous sampling of hidden state

sequences, the number and timing of potential switches between observations, and the

parameters governing both movement and transition dynamics. As a result, the di-

mensionality of the parameter space becomes very high, leading to slow mixing and

heavy computational demands, hindering the uptake of this methodology among ecol-

ogists. Having established a framework for fully Bayesian inference, recent efforts have

therefore focused on improving computational efficiency and accessibility.

One recent development aimed at improving the efficiency of the exact approach

is the integrated continuous-time HMM (InCH), introduced by Blackwell (2020). This

framework reformulates the exact inference as a spatially inhomogeneous hidden Markov

model defined at potential switching times, rather than at observation times, as in the

‘conventional’ HMM (see Sections 3.1 and 3.2.6). The InCH approach is thus able to ex-

ploit the forward algorithm to integrate over visited behavioural states indirectly when

constructing the likelihood, rather than sampling them directly. This substantially
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reduces the dimensionality of the parameter space and improves mixing performance.

Nevertheless, the InCH approach still requires sampling of both the number and tim-

ing of potential switches, which precludes direct likelihood maximisation, limiting its

applicability in a frequentist setting. In Section 3.2.6, we detail existing approximating

methods that aim to further enhance computational efficiency. A further limitation of

the InCH approach is that it is not readily adaptable to a velocity-based movement

setting, which is often crucial for ecologists interested in quantifying an animal’s direc-

tional persistence. Some existing methods for continuous-time velocity-based inference

are highlighted in Section 3.2.5

3.2.5 Velocity-based models

Another important class of continuous-time models are those formulated in a way that

accounts for an animal’s velocity, rather than its location density alone. Incorporating

directional persistence within an exact (or near-exact) continuous-time framework is

essential if such models are ever to rival their discrete-time counterparts.

Velocity-based inference on an individual animal—albeit in a single behavioural

state—was originally facilitated by the work of Johnson et al. (2008) which introduces

the continuous-time correlated random walk (CTCRW). This model treats an animal’s

velocity, rather than its location, as a diffusion process (specifically, an OU process).

The velocity process is then integrated over time to produce a smooth location density.

Owing to the Gaussian nature of the OU process (see Section 2.2.1), highly efficient in-

ference is achieved via a global implementation of the Kalman filter (Kalman, 1960). In

essence, this approach constitutes a form of state-space model, being a doubly stochastic

process in which the underlying latent state is a vector consisting of both the true (error-

free) location and instantaneous velocity of the animal. The Kalman filter leverages

the temporal autocorrelation in velocity to parse out true movement from observation

noise, allowing for the rapid estimation of both velocity and underlying trajectories,

even when observations are temporally irregular or noisy.

An early multistate velocity-based model was proposed by Parton and Blackwell

(2017), which develops a continuous-time, behavioural state-switching model incorpo-

rating directionality by extending the spatially homogeneous model of Blackwell (2003),

formulating an animal’s movement in terms of ‘steps’ and ‘turns’ in a manner akin to

the discrete-time HMM. In this approach, the bearing of the animal is modelled as

a Brownian motion and its speed as an OU process. The method approximates the

animal’s movement path within a hybrid MCMC scheme on some arbitrarily fine time

scale, denoted δt. The turning angle is represented as a change in bearing, while the
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step length is defined as the product of the animal’s instantaneous speed and δt.

A slightly later contribution by Michelot and Blackwell (2019) introduced the switch-

ing CTCRW, which embeds the CTCRW approach of Johnson et al. (2008) directly

within the spatially homogeneous state-switching framework of Blackwell (2003). This

formulation infers properties of velocity directly and, by leveraging the strengths of

the CTCRW, handles observation error effectively while maintaining reasonable levels

of computational efficiency for large datasets. Although not the focus of this thesis,

observation error affects many datasets, such as those collected using Argos satellites,

for which location error may be as high as hundreds of kilometres (Douglas et al.,

2012). However, in both this velocity-based approach and that of Parton and Black-

well (2017), the transition rates between behavioural states are assumed to be spatially

homogeneous. If spatial heterogeneity were to be incorporated, the computationally

intensive MCMC scheme described by Blackwell et al. (2015) would likely be required,

severely reducing the efficiency of each model. It is with this limitation in mind that, in

Chapter 6, we develop a continuous-time HMM approximation to the model of Mich-

elot and Blackwell (2019) that retains the benefits of velocity-based inference while

improving computational feasibility substantially.

3.2.6 Approximate continuous-time inference

Whereas exact, fully Bayesian inference has been shown to be theoretically possible in a

continuous-time framework, it may not always be computationally feasible when deal-

ing with large datasets or a high number of behavioural states. However, computational

efficiency may be obtained in this setting by taking a continuous-time HMM approach.

In this framework, the transition rates are first inferred to construct a generator matrix,

G, from which interval-specific transition probability matrices are derived (as shown

in Equation 3.6) and substituted directly into the forward algorithm (Equation 3.1)

defined at observation times. This additional step renders the continuous-time HMM

marginally less efficient that its discrete-time counterpart, in exchange for inference on

scale-invariant parameters, formulated in terms of transition rates rather than proba-

bilities. However, although this method formulates the TPM in a way that accounts

for every possible sequence of intermediate states implicitly, the effect of each state

sequence on the animal’s movement process is otherwise ignored. Thus, the continuous

time HMM does not retain the ‘snapshot’ property when modelling individual animal

movement (Glennie et al., 2023), and therefore carries the assumption that behavioural

changes are only permitted at observation times. This renders this method similar in its

accuracy to its discrete-time counterpart. Furthermore, there exists no direct analogue
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for incorporating an emission distribution for the animal’s turning angle, a feature that

contributes to the greater popularity of discrete-time HMMs.

In both discrete- and continuous-time settings, non-stationary HMM frameworks

may be implemented easily by allowing covariate values to remain piecewise constant

between observations. A more thorough treatment of the continuous-time HMM is

given in the work of Glennie et al. (2023). This approach is extended to allow for

velocity-based inference—thereby accounting for directionality—in Chapter 6 and it is

used directly in the case study on domestic goat (Capra aegagrus hircus) data in Section

7.5.

In order to ensure stable inference when modelling using both continuous- and

discrete-time HMMs, we set an upper bound on the highest interval in the data, max δt,

relative to transition rates between states based on the intuitive upper bound presented

by Glennie et al. (2023),

max δt ≤
(

max
i

(Σi ̸=jgij)
)−1

. (3.11)

This upper bound ensures that the expected number of changes in state between obser-

vations never exceeds one, accounting for the assumption that behavioural switches may

only occur at observation times due to the aforementioned violation of the snapshot

property.

Other methods of approximation

The InCH approach, described in Section 3.2.4, may be rigorously approximated by

assuming that no more than two behavioural changes occur within any interval between

consecutive observations. This upper limit accommodates intervals containing zero or

one switch—which we assume to represent the majority of intervals in any realistic

application—as well as cases in which there is a short ‘visit’ to a behavioural state that

starts and ends between observations. Thus, this approach covers the vast majority of

cases, and accounting for such brief visits to alternate states effectively represents much

of the uncertainty and variability inherent in more complex realisations.

This approximation has been shown to perform well in cases with only a single

switch allowed between observations (Alkhezi, 2019), although by itself it does not

substantially accelerate the model-fitting process. Nonetheless, constraining the number

of potential changes between observations provides the foundation for the new methods

presented in Section 4.2.
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3.2.7 Continuous-time inference in practice

The continuous-time methods for exact inference described above are, as expected,

more accurate than the approximate formulation outlined in Section 3.1. These ap-

proaches are scale-invariant; by estimating transition rates to and from states rather

than transition probabilities at discrete time points, results from analyses conducted on

contrasting timescales may be directly compared. Continuous-time methods also han-

dle irregular or missing data effectively—each of these attributes standing in contrast

to discrete-time approaches.

Implementing such models requires the sampling and reconstruction of either the

underlying state sequence itself (Blackwell, 2003) or the number and timing of poten-

tial behavioural switches (Blackwell, 2020). In practice, this necessitates a Metropolis-

within-Gibbs MCMC framework, often rendering these methods less accessible to ecol-

ogists compared with discrete-time approaches that allow for rapid, direct optimisation.

Methods for approximate inference in continuous time are generally more computa-

tionally efficient, and thus more widely usable in practice (Glennie et al., 2023), while

retaining many of the conceptual advantages of exact continuous-time modelling. How-

ever, the continuous-time HMM is unable to account for an animal’s directionality—

which is often of interest to ecologists—as demonstrated in Section 3.3. Continuous-

time methods that do account for directionality, such as the switching CTCRW model

(Michelot and Blackwell, 2019), necessarily rely on a Bayesian hybrid MCMC setting

for inference. These methods, although powerful, are expected to be computationally

demanding when applied to spatially heterogeneous data.

3.3 A Comparative Case Study: Elk data

In this section, we demonstrate both existing discrete- and continuous-time HMM

methodologies by re-analysing the movement data of an individual cow elk (Cervus

canadensis ; see Figure 3.2), labelled ‘elk-287’. This data forms part of a study tracking

the movement of four individuals, accompanied by habitat covariates, recorded at 24-

hour intervals (Morales et al., 2004; Morales, 2004). This dataset is readily available on

R through packages such as moveHMM, where it may be accessed via moveHMM::elk data

(Michelot et al., 2016), or otherwise from the Ecological Archives (https://esapubs.

org/archive/). The dataset has been extensively analysed in previous work; for exam-

ple, Patterson et al. (2017) present a more in-depth analysis of this data in a discrete-

time HMM framework.

The location of the elk at each recorded time point was obtained using GPS col-
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Figure 3.2: An elk cow wearing a radio collar. This photograph was taken in the Great

Smoky Mountains National Park, North Carolina (Burt, 2014).

lars. The animals in this study were part of a broader group translocated from Elk

Island National Park, Alberta, to east-central Ontario as part of a Canadian provincial

re-introduction program (Morales, 2004). Understanding the ecology of reintroduced

populations—and how they interact with unfamiliar environments—is critical for the

success of conservation efforts. Insights derived from such analyses may shine light

on potential challenges to reintroduction, such as resource requirement, space use, and

behavioural adaptations. These factors are essential for ensuring that released pop-

ulations survive and establish as self-sustaining components of their new ecosystems.

Elk are particularly significant as ecosystem engineers, heavily influencing vegetation

dynamics and providing a key prey resource for large carnivores.

In both discrete- and continuous-time settings, we infer model parameters in a

direct optimisation framework via the Nelder-Mead method for likelihood maximisation

(Nelder and Mead, 1965), as described in Section 1.4.

3.3.1 Discrete HMM model fitting

To enable straightforward comparison with the continuous-time model, we represent

the step length between observations using a Weibull distribution. In behavioural state

i, the Euclidean distance covered by the animal is given by li, such that

li ∼Weibull (ki, λi) ,
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where ki and λi denote state-specific shape and scale parameters, respectively. The

turning angle of the animal is modelled using a wrapped Cauchy distribution, which is

given by

ϕi ∼ wrapped Cauchy (µi, γi) ,

where µi ∈ [−π, π) represents the mean change in direction (i.e., the preferred turning

angle, such that µi = 0 represents persistent directionality), and γi ≥ 0 denotes the

concentration of turning angle realisations around µi.

Fitting two behavioural states to the data (labelled as states 1 and 2), we fix the

step length shape parameters at k1 = k2 = 2, such that li reflects the Euclidean step

length of a zero-mean Gaussian distribution in both states (Akarawak et al., 2019;

Chattamvelli and Shanmugam, 2021), facilitating easier comparison between discrete-

and continuous-time methods. We infer all other parameters, choosing initial values

for the Weibull scale λ1 = 2.5 and λ2 = 11.5, with turning angle parameters initially

estimated at µ1 = µ2 = 0 and γ1 = γ2 = 0.2. This corresponds to an animal moving

in either a slow or fast behavioural state with equally weak concentration around the

mean direction of travel. Lacking prior intuition on behavioural switching dynamics,

we initially estimate p12 = p21 = 0.2, reflecting an approximate 20% chance of the elk

changing its behavioural mode each hour.

3.3.2 Continuous-time HMM model fitting

Let δxi and δyi denote the elk’s displacement in the easting and northing directions

during interval i, respectively, which are assumed independent conditional on the ani-

mal’s contemporaneous behavioural state. The Euclidean distance travelled during this

interval is given by

Ri =
√
δx2i + δy2i .

Let δti denote the time duration of interval i, and let Si = si represent the state of

animal during this interval. To fit a continuous-time HMM, we model the animal’s

movement between observations as a Wiener (or Brownian motion) process, which is

multivariate normal such that

δxi, δyi|δti, Si = si ∼MVN
(
0T, σ2

i I
)
, (3.12)

where σ2
i is the diffusion rate of the animal in state i, I ∈ RN is the N × N identity

matrix, and 0 is a row vector of N zeroes. The local likelihood—that is, the likelihood
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contribution from each interval—is therefore given by

ρ (δxi, δyi|δti, Si = si) =
1

2πσ2
si

exp

(
−δx

2
i + δy2i
2σ2

si

)
, (3.13)

=
1

2πσ2
si

exp

(
− R2

i

2σ2
si

)
. (3.14)

Fitting two behavioural states, we choose initial parameter estimates log σ2
1 = −2

and log σ1 = 1 for diffusion rates, with transition rates g12 = g21 = 0.01. By Equation

2.16, this corresponds to step lengths represented by Weibull distributions with shape

parameters k1 = k2 = 2 and scales parameters λ1 ≈ 2.5 and λ2 ≈ 11.4, which is constant

with the discrete-time case. Using Equation 3.6, the initial choice of transition rates

yield equivalent transition probabilities p12 = p21 ≈ 0.19, again, comparable to the

discrete-time initialisation of p12 = p21 = 0.2.

3.3.3 Comparing results

Inference using the discrete-time HMM completed in 0.97 seconds, requiring 3235 func-

tion evaluations to converge. Maximum likelihood estimates (MLEs) for parameter

values with 95% confidence intervals are given in Table 3.1. These results suggest

that the elk’s movement process is governed by a slow, tortuous state (state 1), and

a faster, more directed state (state 2). The resulting turning angle distributions are

shown in Figure 3.3. The inferred transition probabilities, given by p̂12 ≈ 0.09 (95%

CI: [0.05, 0.16]) and p̂21 ≈ 0.52 (95% CI: [0.35, 0.69]), indicate that the elk spends con-

siderably more time in its slower ‘resting’ state than in its more directed ‘exploratory’

state.

Inference using the continuous-time model completed in 19.08 seconds, requiring

451 function evaluations to converge. The MLE values for diffusion and transition rates

λ1 λ2 µ1 µ2

Point estimates 0.37 7.60 −2.26 −0.04

95% CI [0.34, 0.41] [6.37, 9.06] [−2.56,−1.96] [−0.08,−0.01]

γ1 γ2 p12 p21

Point estimates 0.15 0.57 0.09 0.52

95% CI [0.05, 0.38] [0.38, 0.74] [0.05, 0.16] [0.35, 0.69]

Table 3.1: Inferred point estimates for movement and behavioural parameter values,

with 95% confidence intervals, found using the discrete-time HMM framework.
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Figure 3.3: Inferred turning angles from the elk data when using the discrete-time step

and turn HMM, based on MLE point estimates.

log σ2
1 log σ2

2 g12 g21

Point estimates −6.06 0.05 0.009 0.032

95% CI [−6.37, 5.76] [−0.30, 0.39] [0.005, 0.016] [0.018, 0.055]

Table 3.2: Inferred point estimates for diffusion and transition rate parameter values,

with 95% confidence intervals, found using the continuous-time HMM.

parameters are given in Table 3.2. Akin to the discrete-time case, this model identifies

a slow ‘resting’ or ‘encamped’ state and a faster ‘active’ or ‘exploratory’ state. As with

the inferred transition probabilities, MLE transition rate values, given by ĝ12 ≈ 0.009

(95% CI: [0.005, 0.016]) and ĝ21 ≈ 0.032 (95% CI: [0.018, 0.055]), suggest that the elk

exits its active state more frequently that its resting state, indicating that it spends a

greater proportion of time encamped.

Comparing the two frameworks directly, the equivalent Weibull scale parameters

derived from the continuous-time model (for δt = 24 hours) are given by λ1,CT =√
48σ̂2

1 ≈ 0.33 (95% CI: [0.29, 0.39]) and λ2,CT ≈ 7.10 (95% CI: [5.97, 8.44]). A visual

comparison of the interred step length distributions from both frameworks is provided

in Figure 3.4. The discrete-time model estimates median daily movement distances of

0.31 km (95% CI: [0.28, 0.34]) in the elk’s slow state and 6.33 km (95% CI: [5.31, 7.55]) in

the fast state, while the continuous-time model yields 0.28 km (95% CI: [0.24, 0.32]) and
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Figure 3.4: Step length distributions found using both the discrete- and continuous-

time HMM frameworks applied to the elk data. Areas are shaded for visual clarity.

5.91 km (95% CI: [4.97, 7.02]), respectively. The corresponding equivalent transition

probabilities derived from transition rates are p̂1,CT ≈ 0.14 (95% CI: [0.08, 0.22]) and

p̂2,CT ≈ 0.49 (95% CI: [0.33, 0.66]).

These results collectively indicate a biphasic long-term movement behaviour. The

cow elk alternates between an ‘encamped’ state, characterised by small step lengths and

relatively high turning angles, and an ‘exploratory’ state involving longer, more directed

movements (likely toward a specific destination). Based on transition probabilities in

both frameworks, the elk appears to spend considerably more time encamped than

exploring. This finding closely aligns with the results of the original study (Morales

et al., 2004; Morales, 2004). The estimated mean distances and time spent in each state

(0.31km in the encamped state and 6.33km in the shorter lasting exploratory state) also

align well with the results of Fryxell et al. (2008).

3.4 Summary of Existing Approaches

In this chapter, we have described methods for both exact and approximate inference

in continuous time alongside some more widely used approximate discrete-time ap-

proaches. A comparative summary of these different frameworks for the state-space

modelling of individual animal movement is presented in Table 3.3.

In the case study presented in the previous section, both discrete- and continuous-
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Discrete-time HMM Continuous-time HMM

Scale No Yes

invariance

Accuracy Behavioural changes Behavioural changes

at observations at observations

Accessibility Very high High

Computational Very high High

feasibility

Directional Yes No

persistence

InCH Switching CTCRW

Scale Yes Yes

invariance

Accuracy Exact Exact

inference inference

Accessibility Low; Bayesian only Low; Bayesian only

Computational Medium; high ESS Medium; only with

feasibility per second spatial homogeneity

Directional No Yes

persistence

Table 3.3: A summary of the principal frameworks for the state-space modelling of

individual animal movement. Features of each model are ranked from best to worst by

order of green → yellow → red. The table compares the discrete-time step-and-turn

HMM, the continuous-time HMM (Glennie et al., 2023), location-based methods for

exact inference such as the InCH approach (Blackwell, 2020), and exact velocity-based

methods such as the switching CTCRW (Michelot and Blackwell, 2019).
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time HMMs identified similar underlying behavioural mechanisms in terms of the pro-

portion of time spend in each state and the distribution of step lengths. This out-

come is unsurprising, as both frameworks provide comparable levels of accuracy (or,

equivalently, incur similar levels of approximation error). Each method achieves com-

putational efficiency and accessibility by making the simplifying assumption that be-

havioural changes may occur only at observation times. Continuous-time methodology

offers the additional advantage of scale invariance; transition rates and movement pa-

rameters inferred using this framework may be interpreted consistently across temporal

scales. Discrete-time models, by contrast, are inherently tied to the resolution of the

dataset, such that parameter estimates (e.g., mean step length or switching proba-

bilities) do not remain constant as the sampling frequency changes (e.g. McClintock

et al., 2014). Furthermore, the ecological interpretation of parameter values is liable

to change with the data resolution, with discrete-time inference on a sparse dataset

having a tendency to underestimate both an animal’s speed and directional persistence

(Michelot and Blackwell, 2019). This is because movement persistence is less evident

over coarser timescales and, as a result, the ‘movement rate’ (i.e. empirical speed based

on Euclidean step lengths) smooths over far more random movement (see also the work

of Michelot and Storey, 2025). Discrete-time methods, however, retain a major advan-

tage in their absolute efficiency and capacity to model turning angles (data timescale

dependency notwithstanding), and therefore directional persistence— an attribute that

is often ecologically informative, as demonstrated in this case study.

The central aim of this thesis is to reconcile these contrasting advantages. In Chap-

ter 4, we develop novel methodology that enables fast continuous-time inference within

either a frequentist or Bayesian framework, allowing behavioural changes to occur in-

dependently of observation times and thereby improving inferential accuracy. Chapter

6 then extends this framework to accommodate directionality, providing a means of

performing velocity-based inference in a continuous-time HMM setting.

Up to this point, we have not addressed model checking and validation techniques,

including approaches selecting the number of latent behavioural states to fit to the

data. In the preceding case study, a two-state model was chosen largely for illustrative

purposes; however, in practical applications, determining the appropriate number of

states is often non-trivial. Standard model selection criteria, such as the Akaike (Akaike,

1998) and Bayesian (Schwarz, 1978) information criterion, require multiple fits with

varying numbers of states. When applied to methods for exact inference in continuous

time, this requirement compounds the computational challenges already inherent to

these models. Furthermore, as the number of behavioural states increases, so too does
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the computational cost, regardless of the modelling framework used.

A further complication arises because standard information criteria tend to select

models with an unrealistically large number of states, capturing more subtle features of

the data at the expense of ecological interpretability and generalisability. The work of

Pohle et al. (2017) addresses this issue by advocating for an approach that incorporates

ecological knowledge and qualitative interpretation into model selection. This motivates

work in Chapter 7, which introduces a straightforward non-parametric alternative to

conventional model selection approaches.
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Chapter 4

The Fast Integrated Continuous

Time Hidden Markov Model

The first novel chapter of this thesis seeks to address the imbalance between discrete-

and continuous-time methods methodologies for modelling individual animal movement.

To this end, we introduce the fast integrated continuous-time HMM (FInCH) method,

which enables accurate inference within either a frequentist or Bayesian framework by

constraining the number of behavioural changes that may occur between successive

observations. This restriction on the number of switches allows for likelihood to be ex-

pressed in terms of marginal movement densities in a manner that is compatible with an

efficient HMM-style formulation. In Section 4.2, we derive the FInCH likelihood formu-

lation, the accuracy and computational efficiency of which is demonstrated throughout

Section 4.3 on a range of simulated and real animal movement data. In Section 4.3.1,

we compare FInCH to the discrete-time HMM in a simulate study on temporally reg-

ular datasets of varying size, before comparing FInCH with the exact inference and

imputation-based discrete-time methodology on temporally irregular kinkajou (Potos

flavus) data in Section 4.3.2. Section 4.3.3 then provides a further example workflow

on a large, temporally irregular red fox (Vulpes vulpes) dataset. Finally, we provide a

guide on choosing a method for inference, detailing the scenarios in which the FInCH

approach is suitable, in Section 4.5. The material presented in this chapter is described

in Grainger and Blackwell (2025).

4.1 Introduction

As discussed in Section 3.1.2, it is common for ecologists to model individual animal

movement using the discrete-time hidden Markov model (HMM). This approach is
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primarily chosen due to its computational efficiency and perceived simplicity, with

its widespread implementation facilitated by accessible R packages such as moveHMM

(Michelot et al., 2016) and momentuHMM (McClintock and Michelot, 2018). However, the

discrete-time HMM has various well-document limitations and potential inaccuracies;

this approach is problematic when faced with separate analyses on different timescales

or temporally irregular data, and loses information when handling missing observations

from otherwise regular data. These pitfalls of discrete-time modelling are covered in

detail in the earlier chapters of this thesis, and otherwise by Harris and Blackwell (2013).

Methodology for discrete-time inference that accounts for temporal irregular typically

relies on a multiple imputation (MI) approach, in which the movement trajectory of the

animal is resampled at regular intervals (McClintock and Michelot, 2018). Naturally,

this approach carries a great deal more computational expense than the off-the-shelf

discrete-time HMM approach.

Continuous-time models of individual animal movement avoid the issues associated

with their discrete-time counterparts by formulating behavioural changes independently

of observation times. Indeed, Parton and Blackwell (2017) argue that continuous-time

approaches are the ‘gold standard’ of animal movement models. These approaches gen-

erally permit inference only within a Bayesian Markov chain Monte Carlo (MCMC)

framework, which involves sampling from a parameter space of high dimensionality

(Blackwell, 2003; Blackwell et al., 2015; Blackwell, 2020). As a result, as previously

discussed in this thesis, exact methodology for continuous-time inference are typi-

cally associated with substantial computational cost, which has resulted in movement

ecologists being slow to adopt these methods. This issue is further compounded by

the perceived complexity of exact continuous-time frameworks and the aforementioned

widespread availability of R packages for inference in discrete time. Approximate ap-

proaches for continuous-time inference, such as the continuous-time HMM (detailed in

Section 3.2.6), are more able to somewhat compete against their discrete-time counter-

parts in terms of efficiency but do not offer improvements on their accuracy. Indeed,

both HMM approaches rely on the assumption that behavioural changes may only occur

at observation times.

In Section 3.2.4 we detail how existing methods allow for exact inference with non-

constant transition rates between states by utilising a uniformisation step (Jensen,

1953), introducing some upper bound on transition rates, κ, which serves as the ‘po-

tential’ switching rate. In this chapter, we seek to improve the general accessibility—in

terms of efficiency and ease-of-implementation—of continuous-time models for exact

inference by rigorously approximating the fully Bayesian but computationally intensive
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‘exact approach’ of Blackwell et al. (2015), described earlier in Section 3.2.4, for a class

of switching diffusion models. The aim of this work is to enhance the efficiency of earlier

approaches within an MCMC framework while also allowing for direct optimisation by

constructing a closed-form expression for the likelihood. To facilitate this, we impose a

limit of at most two potential behavioural changes in each interval between successive

observations. As shown in Sections 4.2.1 and 4.2.2, this enables the times of poten-

tial switches to be integrated out of the likelihood expression, meaning that the time

and number of potential switches no longer have to be treating as missing data and

independently sampled.

As is done in the work of Blackwell (2020), which introduces the integrated contin-

uous time HMM (InCH), we frame our methodology as a temporally inhomogeneous

HMM that is defined at potential switching times rather than observation times. This

enables the use of the forward algorithm to sum] over unobserved behavioural states

indirectly (Baum et al., 1970), ensuring that these are also removed from the param-

eter space. By removing the visited states, number of and time of potential switches

from the parameter space, we are able to construct a closed-form expression for the

likelihood. In doing so, we develop the fast integrated continuous-time HMM (FInCH)

approach.

We present the FInCH approach likelihood formulation, along with a method for

fast inference on temporally regular data using a spline-based interpolation step, and

its implementation into a temporally inhomogeneous forward algorithm. We then in-

vestigate its performance in comparison with the discrete-time HMM (with uniformly

distributed turning angles) in a simulation study on regularly sampled data of varying

sizes. Note here that—as shown in the results from the case study in Section 3.3—the

accuracy of the discrete-time HMM may be used as a proxy for its continuous-time

equivalent. We then demonstrate the accuracy and efficiency of the FInCH approach

on a small, temporally irregular kinkajou (Potos flavus) dataset in comparison with the

exact InCH approach (Blackwell, 2020) and the discrete-time MI approach of (McClin-

tock, 2017). We show that the FInCH approach is far faster than methods for exact

inference, which took 5.46 seconds 33.82 seconds for inference on the kinkajou data,

respectively. In both the simulation study and kinkajou data case study, we demon-

strate that the FInCH approach is well able to outperform its discrete-time counterpart

in terms of accuracy. A potential workflow for applying FInCH to large, temporally

irregular datasets is then outlined using a case study on red fox (Vulpes vulpes) data

comprising 5863 observations. Finally, we demonstrate the computational scalability

of FInCH for large, regularly sampled data (up to 100,000 observations), made feasible
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through spline-based interpolation of local likelihood terms derived from a representa-

tive subset of the data. In case with large, regular data, we are able demonstrate that

the FInCH approach competes well with the off-the-shelf discrete-time HMM in terms

of efficiency, taking 95.4 seconds compared to 64.9 seconds when faced with 100,000

observations, respectively.

4.2 Likelihood Formulation and Implementation

As discussed in Section 3.2.6 in the context of the work of Alkhezi (2019), one may

approximate exact continuous-time inference by limiting the number of behavioural

switches permitted between successive observations. This creates an opportunity to in-

tegrate out potential switching times rather than treat them as variables to be explicitly

sampled of imputed as part of a computationally demanding Metropolis-within-Gibbs

MCMC scheme (as is the case in Blackwell et al., 2015). By removing the number

and timing of potential switches from the parameter space, we may greatly reduce its

dimensionality, enabling either direct likelihood maximisation or the use of off-the-shelf

MCMC sampling of just a few parameters. This reduction represents a key step towards

enabling continuous-time models to rival their discrete-time counterparts in terms of

both efficiency and accessibility.

As in the InCH framework, we frame the exact inference as a temporally inhomo-

geneous HMM defined at potential behavioural switching times. We compute a local

likelihood conditional on the behavioural state at the beginning and end of each inter-

val, allowing the use of the forward algorithm. Consider two successive observations

at times t1 and t2, with corresponding locations xt1 = (xt1 , yt1) and xt2 = (xt2 , yt2).

Let the duration of time between these observations be δt = t2 − t1. Let St represent

the animal’s behavioural state at time t and let ρ (.) denote a density function condi-

tional on there being at least one intermediate potential switch. We focus on the local

likelihood for a single interval, conditional on the initial and final states. Suppressing

conditioning on model parameter values, this is given by

ρ (xt2 |xt1 , St1 = i, St2 = j, δt) ,

for some initial state i and final state j. Crucial to the formulation of this local likelihood

is the local movement density, which, as in the spatially homogeneous InCH approach of

Blackwell (2020), captures the diffusion-based movement process between observations.

The central innovation of the FInCH approach lies in its formulation of this move-

ment density: we assume that at most two behavioural switches may occur within any
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interval, integrating over both the number and timing of potential switches in each case.

4.2.1 An overview of location density

The location density between successive observations is obtained by limiting the number

of switches between observations to two and integrating the joint density of the final

location and the time of potential switches over time. The overall diffusion rate is

calculated as a weighted combination of the diffusion rates associated with each visited

state, following Blackwell (2020). An expression for the overall diffusion rate is given in

Equation 4.2. Throughout this chapter, we consider the case in which an animal moves

according to isotropic Brownian motion in each behavioural state (consistent with the

diffusion process introduced in Chapter 2).

Assume that an animal moves in a two-dimensional space over an interval of length

δt. Without loss of generality, assume that it starts from location 0 = (0, 0). Let M

denote the number of behavioural changes during this interval, with M = m poten-

tial switching times, given by t1, . . . , tm, and let the corresponding diffusion rates be

σ2
1, . . . , σ

2
m+1. Then the distribution of its final location, (x, y), is given by a bivariate

normal distribution,

x, y|0, η ∼ N (0, ηI) , (4.1)

with density f (x, y|0, ηI), where

η = t1σ
2
1 +

m∑
i=2

(ti − ti−1)σ
2
i + (δt− tm)σ2

m+1. (4.2)

Intuitively, a Brownian motion with diffusion rate σ2 over an interval of length δt is

equivalent to motion with diffusion rate 1 over time δtσ2. Thus, a mixture of processes

as described here may be represented as a single process with diffusion rate 1 over an

effective time η, as calculated in Equation 4.2.

Let ρ (t1, . . . , tm|M = m) denote the joint uniform distribution of switching times.

The marginal movement density over this interval is then obtained by integrating over

these potential switching times,

ρ (x, y|δt,M = m) =

∫
0<t1<...<tm<δt

f (x, y|0, η) ρ (t1, . . . , tm|M = m) dt1, . . . , dtm,

(4.3)

for which we suppress conditioning on visited states. For each sequence of possible

visited states, we obtain analytic, semi-analytic, or numerical solutions for Equation

4.3 for M = 0, M = 1, and M = 2 potential changes in state.
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4.2.2 Movement density solutions

In this section, we derive analytic and semi-analytic solutions for the local movement

density for each number of potential behavioural switches within an observation interval.

The methodology for movement density calculations is given in Appendix B.

No potential switches

When no potential behavioural changes occur throughout an interval of length δt, the

location density is simply the bivariate normal density in Equation 4.1 with η = σ2
i δt,

where i denotes the behavioural state at both the start and end of the interval. Thus,

x, y|t, i,M=0 ∼ N
(
0, σ2

i δtI
)
, (4.4)

One potential switch

In the case with exactly one potential switch, say from state i to state j, at some

unknown time u ∈ (0, δt), the effective diffusion is given by

η = uσ2
i + (δt− u)σ2

j .

Integrating over all possible potential switching times yields the marginal movement

density

ρ (x, y|δt, i, j,M = 1) =
1

2π
(
σ2
i − σ2

j

) ∫ R2/(2δtσ2
j )

R2/(2δtσ2
i )

exp (−z)

z
dz, (4.5)

derived in Appendix B.1, where R =
√
x2 + y2 represents the Euclidean distance moved

by the animal in the interval. The integral in equation 4.5 admits a semi-analytic

solution in terms the exponential integral, for which fast routines exist as part of the

GNU Scientific Library (Hankin, 2006; Galassi et al., 2006).

Two potential switches

If two potential switches occur within the interval, for instance from state i to state j

at time u (as before), followed by some final transition to state k at time v, the effective

diffusion is given by

η = uσ2
i + (v − u)σ2

j + (t− v)σ2
k.

Integrating over both both potential switching times yields

ρ (x, y|δt, i, j, k,M = 2) =

∫ δt

0

{
1

πδt2
(
σ2
i − σ2

j

) ∫ b

a

exp (−z)

z
dz

}
dv, (4.6)
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where

a =
R2

2 (σ2
i v + σ2

k (δt− v))
, b =

R2

2
(
σ2
j v + σ2

k (δt− v)
) , (4.7)

as derived in Appendix B.2. In equation 4.6, the inner integral is akin to the one-

switch case, and as such may be solved semi-analytically. The outer integral is solved

numerically using adaptive quadrature via the inbuilt integrate() function in R.

4.2.3 Generating a local likelihood

To utilise the local movement densities in a local likelihood (i.e. the likelihood contribu-

tion of a single interval), we must derive explicit expressions for each possible number

of behavioural switches, and for all feasible sequences of visited states, conditional on

the known initial and final states of the interval. Naturally, when M = 0 or M = 1,

this task is relatively straightforward, such that equations 4.4 and 4.5 may be applied

directly.

In the two-switch case, however, we must consider every feasible intermediate, first-

visited state. As described in Section 3.2.3, consider the matrix P = I + G/κ = {pij}
with elements pij denoting the probability of an ‘actual’ switch from state i to state j

at a given potential switching time. To account for a second visited state, we express

the movement density, conditional on initial state i and final state k, as

ρ (x, y|δt, i, k,M = 2) =
N∑
j=1

ρ (x, y, j|δt, i, k,M = 2) (4.8)

=

∑N
j=1 ρ (x, y|δt, i, j, k,M = 2) pijpjk∑N

j=1 pijpjk
, (4.9)

where we sum over all possible intermediate states, j. This process is demonstrated in

Figure 4.1 in the case with M = 2 potential behavioural changes and M = 3 behavioural

states.

Weighting movement densities based on the probability of each number of potential

switches, we obtain

ρ (x, y|δt, i, k) =
2∑

m=0

Pr (M = m|δt, i, k,M ≤ 2) ρ (x, y|δt, i, k,M = m) , (4.10)

which represents the joint location density of x and y conditional on the initial and final

states. For cases M = 0 and M = 1, the value of Pr (M = m|δt, i, k,M ≤ 2) is obtained

using existing algorithms for determining the conditional probability of a given number

of state changes in a uniformised Markov chain (Hobolth and Stone, 2009). For equation

79



Chapter 4. The Fast Integrated Continuous Time Hidden Markov Model

4.10 to hold, we assume that the probabilities of all possible numbers of switches sum to

unity. In accordance with the two-switch restriction assumed throughout this chapter,

we set

Pr (M = 2|δt, i, k,M ≤ 2) = 1−
1∑

m=0

Pr (M = m|δt, i, k) ,

thus ensuring that the model preserves probability mass across all switch scenarios.

4.2.4 A spline based interpolation

To construct the local likelihood, we must evaluate the total probability of transition

from state i to a given final state state k across an interval of some duration δt. This

is given by γik(δt), the corresponding element of the transition probability matrix

Γ (δt) = exp (Gδt) ,

where G denotes the generator matrix of the underlying continuous-time Markov pro-

cess (as defined in Section 3.2.1). Given the combined local movement density from

Section 4.2.3, we thus obtain the joint density for location and final behavioural state

as

ρ (x, y, k|δt, i) = γik(δt)ρ (x, y|δt, i, k) . (4.11)

The procedure for combining these joint densities to form the global likelihood is de-

scribed in Section 4.2.5.

In evaluating Equation 4.11, it is computationally inefficient to calculate the move-

ment densities in Equations 4.5 and 4.6 explicitly for every combination of behavioural

states across all observation intervals. To circumvent this, we employ a spline-based

interpolation technique, which substantially reduces computational burden by grouping

data according to similar temporal intervals, i.e. with similar values of δt.

For the models under consideration in this chapter, the required term ρ (x, y, k|δt, i)
(Equation 4.11) depends on (x, y) only through the distance moved R =

√
x2 + y2,

allowing for a reformulation of the local movement density in terms of the radial distance

moved by an animal rather than its explicit location. In outline, for given i, k, having

grouped together cases with similar values of δt, we may compute exact values of

ρ (R, k|δt, i) at selected values of R and then interpolate the remaining ones using cubic

splines.

Assume that the observed data x consist of n data points, taken at times t =

{t1, . . . , tn}. Define δti = ti+1 − ti as the duration of interval i, giving the vector

t̃ = {δt1, . . . , δtn−1}. We then group intervals with approximately equal durations
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State i

State 1

Pr(i → state 1)

State 2
Pr(i → state 2)

State 3

Pr(i → state 3)
State j

Pr(state 1 → j)

Pr(state 2 → j)

Pr(state 3 → j)

Interval start First switch Second switch Interval end

1
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3
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Event

Potential switch into state
Potential switch out of state

Figure 4.1: An illustration of the state changing process, conditional on beginning and

end states, in the case of three possible behavioural states and M = 2 potential switches.

In the upper plot, all potential state sequences are shown for an interval beginning in

for some initial state i and ending in state j. In the lower plot, we demonstrate this

process as a line graph, in which the animal both begins and ends the interval in state

3.
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using a user-defined similarity threshold (set to 5% throughout this work). Given that

we expect some minor variation in the interval duration to remain within groups (albeit

within the threshold of 5%), it is worth noting that, in this work, we adopt the first

observed duration in each group as the representative time interval for all occurrences

in the group. From here, each such group of ‘unique’ time steps is treated individually.

Consider group G, corresponding to each interval with approximate time step δtG,

containing nG elements. We first verify that this group contains a sufficient number

of elements to justify spline interpolation; this threshold is user-defined and set to

nG ≥ 20 throughout this chapter. Groups with fewer than 20 elements have Equa-

tion 4.11 evaluated explicitly for all intervals. For groups satisfying the threshold, we

consider the Euclidean step lengths R =
{
R1, . . . , RnG

}
corresponding to the inter-

vals within them. We then calculate ρ (R, k|δtG, i) exactly for a small subset of these

step lengths, comprised of mG < nG elements, ensuring the inclusion of the minimum,

median, and maximum step lengths alongside a random sample. Denote this subset

R̃ =
{
R̃1, . . . , R̃mG

}
, with corresponding computed density values ρR̃1

, . . . , ρR̃mG
.

A cubic spline is then fitted to these computed values, yielding coefficients al, bl, cl, dl

for l = 1, . . . ,mG − 1. We then approximate ρ (R, k|δtG, i) for every step entry not yet

calculated, R \ R̃: for R ∈
(
R̃l, R̃l+1

)
,

ρ (RG, k|δtG, i) ≈ al + bl

(
R− R̃l

)
+ cl

(
R− R̃l

)2
+ dl

(
R− R̃l

)3
, (4.12)

which is far more efficient than repeatedly calculating Equation 4.11 explicitly. This

procedure is repeated for every possible combination of initial and final states, and for

each unique temporal step length group. The cubic spline interpolation method follows

Forsythe et al. (1977), which is the well-tested default in the R function stats::splinefun.

Other spline-based interpolation schemes may be used if desired, although all exhibit

the same fundamental property that the proportion of explicitly computed data points

required for a given level of accuracy decreases as the dataset size increases. We discuss

other approaches, such as the use of adaptive splines (Friedman, 1991), in Section 4.6.

Accordingly, the FInCH approach bases the interpolation on a fixed proportion of the

data to achieve a consistent trade-off between computational speed and accuracy.

4.2.5 A temporally inhomogeneous forward algorithm

The joint density in Equation 4.11 is incorporated within a recursive forward algorithm—

analogous to that described for the discrete-time HMM in Section 3.1.1—to yield the

full global likelihood conditional only on movement and transition rate parameters.
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Let δi = Pr (S0 = i) denote the initial state probability that the animal begins

its trajectory from the origin in behavioural state i, which may be either inferred or

treated as deterministic. After a time interval δt, assume that the animal is observed at

a second location (x1, y1), having moved the Euclidean distance R1 =
√
x21 + y21. The

joint probability of this step, the initial state i, and the final state k is given by

ρ (R1, i, k|δt) = Pr (S0 = i) ρ (R1, j|δt, i) (4.13)

= δiγik(δt)ρ (R1|δt, i, k) . (4.14)

The combined joint distribution of the animal’s state at time t and the data up to the

second observation is then given by summing over (integrating out) initial state values

to obtain

ρ (R1, k|δt) =
N∑
i=1

ρ (R1, i, k|δt) . (4.15)

The full likelihood corresponding to these two observations is then

Ltwo obs (θ|R1) =
N∑
k=1

ρ (R1, k|δt) , (4.16)

where θ denotes the vector of all model parameters on which inference is to be made.

The resulting full likelihood is used to normalise Equation 4.15, before treating this

value similarly to the initial state distribution (with the state k as the new ‘initial state’)

in Equation 4.14. This recursive process continuous sequentially for all observation

intervals, with each iteration contributing to the cumulative global likelihood until all

observations have been accounted for.

4.2.6 FInCH likelihood summary

We note here that in earlier sections we have largely suppressed conditioning on the

potential switching rate, κ, a tuning parameter serving as an upper bound on transition

rates between states. The potential switching rate is used both to inform the probability

of an actual switching event (see Section 4.2.3) and to calculate the probability of each

number of potential switches, Pr (M = m | .), and thus implemented in local likelihood

calculations as shown in Equation 4.10. A user should take care to choose a value for κ

that is reasonable, lest they bias MLE transition rate values. This is discussed further

in Section 4.6.

As in the work of Blackwell (2020), using the forward algorithm to integrate over

behavioural states in Equations 4.15 and 4.16 eliminates the need to explicitly sam-

ple visited states. Furthermore, by integrating over the possible times of behavioural
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switches within each interval, we are no longer required to sample the times or frequency

of these, which substantially reduces computational complexity. This is particularly ad-

vantageous within an MCMC framework, as it allows for the use of a straightforward

Metropolis-Hastings algorithm and dramatically reduces the dimensionality of the pa-

rameter space from which we sample, which we expect to improve mixing substantially.

Alternatively, given that no latent quantities remain to be sampled outside of the

likelihood itself, the method readily supports direct optimisation, thereby permitting

inference in either a Bayesian or frequentist setting. The inclusion of the spline-based

interpolation procedure described in Section 4.2.4 further enhances the computational

tractability of this approach in situations with regular (or fairly regular) data, even

when datasets are very large. We demonstrate the efficiency of the FInCH approach

on examples of up to 100,000 observations in Section 4.3.3.

4.3 Results and Comparisons

In this section, we evaluate the effectiveness of the FInCH approach in terms of both

computational efficiency and inferential accuracy in comparison with existing methods

in both continuous and discrete time. We assess performance using a range of simulated

and real data. In Section 4.3.1, we compare the FInCH approach to the discrete-

time HMM in a simulation study on temporally regular data. Section 4.3.2 details a

comparative case study on kinkajou (Potos flavus) data, in which the FInCH approach

is compared to both the exact InCH approach of Blackwell (2020) and a discrete-time

non-directional multiple imputation approach similar to that of McClintock (2017).

Finally, Section 4.3.3 details a case study on a large red fox (Vulpes vulpes) dataset

which serves as an example workflow for an ecologist using FInCH.

Implementation

When carrying out inference in both a direct optimisation and MCMC setting, we

ensure that sampled diffusion rate values are positive by utilising a log transformation

(base e). As such, we report log σ2
i values for each state i, considering untransformed

σ2
i values only for ecological interpretation. In the spirit of fairness with regard to

comparisons in terms of efficiency, we use initial estimates for log diffusion rate values

of log σ2
1 = −3 for the slow state and log σ2

2 = 2 for the fast state in all comparative

cases, for all methods. When using the multiple imputation (MI) method, which is

described in Section 4.3.2, we use initial probability values obtained from a previous

arbitrary run of optim(). When comparing FInCH to MI using the real data, we use
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initial transition rates given by log (0.01). When comparing FInCH to the HMM, we

use initial transition rates given by 0.001 or its equivalent discrete probability. Initial

parameter estimates were chosen as they were close to the true values used in the

simulation study in Section 4.3.1, with good initial separation between state-specific

diffusion rates. We explore the general sensitivity of the FInCH approach to starting

parameter values in Section 5.5.

In the simulation study in Section 4.3.1, the computation time inference using each

method via direct optimisation is based on the average value pooled from of 100 separate

runs, whereas in the real data Sections 4.3.2 and 4.3.3, this is based on one. The idea

here is to show that the FInCH approach is not only computationally feasible but that

it competes with its discrete-time counterparts.

When taking an MCMC approach to obtain the shape of the posterior distribution

for parameter values using InCH (Blackwell, 2020), for comparison in Section 4.3.2, we

carry out 10, 000 iterations of MCMC, with flat prior distributions used throughout. In

this case, the use of the quantile() function to find 95% intervals for posterior mean

values is necessary to account for lack of symmetry—see Figure 4.5.

4.3.1 Simulated regular data: FInCH v HMM

The discrete-time analogue of our switching diffusion model is a step-and-turn HMM,

as outlined in Section 3.1, with a uniform turning-angle distribution. Based on the

results from the case study in Section 3.3 showing high consistency between discrete-

and continuous-time formulations in terms of accuracy, we treat the performance of the

step-and-turn HMM as a proxy for that of its continuous-time counterpart on regular

data. Henceforth, for sake of brevity, we refer to the discrete-time HMM simply as the

HMM.

To compare the accuracy of FInCH and the HMM, we fit both models to a range

of spatially homogeneous, temporally regular simulated data. We assess the two ap-

proaches in terms of their computation time and accuracy across datasets of varying

size, n ∈ {100, 200, 500, 1000}. For each data size, n, we simulate 100 datasets and

perform inference on each, pooling together point estimates and uncertainty values to

account for potential artefacts arising from individual simulations. Specifically, we as-

sess the bias of each approach by finding the mean and 95% quantiles of inferred point

estimates for each parameter. We account for the coverage by finding the number of

times in which true parameter values fall inside inferred 95% intervals based on the

Hessian at MLE parameter values (DiRenzo et al., 2023).

The simulated animal alternates between two behavioural states (labelled as states
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1 and 2) with log diffusion rates log σ2
1 = −2 and log σ2

2 = 1, respectively. Transitions

between states occur at rates g12 = g21 = 0.001, where gij denotes the infinitesimal

transition rate from state i to state j. In each simulated dataset, observations are spaced

100 units of time apart, which corresponds to roughly 0.1 expected changes in behaviour

per interval. This interval length is well within the intuitive upper bound (introduced

Section 3.2.6) of max (δt) =
(

maxi

(∑
i ̸=j gij

))−1

= 1000 seconds for reliable HMM

performance based on these transition rate values, and thus serves as an example of a

case in which the HMM may ordinarily be used.

When using the FInCH approach, we may manually assign the proportion of data

used to construct the spline interpolation, described in Section 4.2.4, on the local likeli-

hood. Generally, the more (regular) data we have, the lower the proportion of the data

we use, striking a balance between computational cost and accuracy. This trade-off en-

sures computational feasibility even for large datasets (see Table 4.5). Throughout this

simulation study, we ensure that no less than 20 data points are used for explicit local

likelihood calculations. For the cases with 1000 and 500 observations in each dataset,

we use 5% and 10% of regularly spaced data for explicit calculations, respectively. We

use 20% of the datasets with 100 and 200 observations.

As is shown in Table 4.1, the FInCH approach achieves consistently higher accuracy

than its discrete-time counterpart. As the number of observations decreases, discrep-

ancies between the two methods widen; although parameter estimates for log diffusion

rates do appear to stabilise at around 200 observations. Notably, as illustrated in Figure

4.2, the HMM has a tendency to underestimate the separation between diffusion rates in

each behavioural state, with the diffusion rate in the fast and slow states systematically

biased downwards, and upwards, respectively. We do note, however, that the empirical

95% quantiles for pooled diffusion rate point estimates are comparable across methods,

with both the HMM and FInCH exhibiting a decrease in uncertainty as observations

increase. In all cases, the FInCH approach yields pooled mean point estimates for the

infinitesimal transition rate to and from each state given by ĝ12 = ĝ21 ≈ 0.001 to two

significant figures, whereas the discrete-time HMM is unable to infer this parameter

directly. Again observing at Table 4.1, both FInCH and HMM approaches infer un-

certainty values with similar coverage, with both method yielding coverage within the

95% confidence bounds described in Section 1.4 in all but one case.

We then demonstrate the effect of increasing the frequency of behavioural changes

relative to the sampling frequency of the data by comparing the predictive distribution

for Euclidean distance moved over intervals 100 and 500 units of time in duration. Con-

ditional on either the slow or fast state, we 50,000 behavioural state sequences using
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Approach Observations log σ2
1 log σ2

2 γ12 γ21

True values — -2.00 1.00 0.091 0.091

FInCH 1,000 -2.01 0.99 0.092 0.091

[-2.07, -1.92] [0.90, 1.09] [0.071, 0.13] [0.060, 0.13]

Coverage 0.99 0.96 0.96 0.89

HMM 1,000 -1.97 0.95 0.089 0.082

[-2.04, -1.89] [0.86, 1.04] [0.070, 0.12] [0.055, 0.11]

Coverage 0.95 0.82 0.96 0.92

FInCH 500 -2.00 1.00 0.089 0.093

[-2.11, -1.88] [0.88, 1.12] [0.061, 0.14] [0.050, 0.15]

Coverage 0.98 0.99 0.95 0.93

HMM 500 -1.97 0.95 0.086 0.085

[-2.09, -1.83] [0.83, 1.07] [0.059, 0.14] [0.050, 0.13]

Coverage 0.93 0.91 0.93 0.92

FInCH 200 -2.00 0.99 0.089 0.092

[-2.27, -1.72] [0.78, 1.18] [0.040, 0.16] [0.037, 0.20]

Coverage 0.96 0.94 0.96 0.93

HMM 200 -1.97 0.94 0.083 0.085

[-2.22, -1.70] [0.73, 1.16] [0.039, 0.15] [0.038, 0.16]

Coverage 0.92 0.91 0.97 0.97

FInCH 100 -1.98 0.99 0.090 0.092

[-2.35, -1.64] [0.71, 1.33] [0.032, 0.25] [0.037, 0.28]

Coverage 0.98 0.96 0.95 0.94

HMM 100 -1.94 0.94 0.079 0.089

[-2.27, -1.57] [0.63, 1.25] [0.028, 0.21] [0.032, 0.20]

Coverage 0.95 0.91 0.97 0.96

Table 4.1: Pooled point estimates and uncertainties for parameter values obtained using

direct optimisation via the HMM and FInCH approach on simulated data, and com-

pared to actual values. In each case, we use 100 simulated datasets, each consisting of

observations every 100 seconds. To ensure that the FInCH approach is computationally

feasible in all cases, we can manually alter the amount of data we use to carry out a

spline interpolation to find the ‘local’ likelihood as a function of spatial step length.

the exact methodology (i.e. unlimited behavioural changes possible over the interval),

FInCH (at most two behavioural changes), and HMM (no behavioural change permit-
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n = 1, 000 n = 500 n = 200 n = 100

FInCH computation time (s) 5.56 5.53 3.73 2.02

HMM computation time (s) 0.59 0.31 0.11 0.063

Table 4.2: The time taken for both the FInCH and HMM approaches in the simulation

study.

ted within the interval) frameworks. Based on each behavioural sequence, we simulate

the animal’s movement process, using the Euclidean distance moved to approximate

a predictive distribution. Parameters used to simulate the behavioural and movement

processes were taken from the pooled point estimate values inferred from the simulated

datasets with 1000 observations. Figure 4.3 illustrates that HMM performs particu-

larly poorly in the case with 500 seconds between observations (corresponding to 0.5

expected in changes in behaviour). This is not an extreme example; based on the rule

of thumb presented by Glennie et al. (2023), the HMM may reasonably be used in both

scenarios. In comparison, the FInCH approach remains robust across both sampling

regimes due to its ability to accommodate intermediate behavioural changes. Evidently,

using FInCH to formulate state changes independently of observation times not only

aids with point estimation accuracy but allows for more precise predictive distribution

calculation. Although the continuous-time HMM allows for scale invariant inference,

it is subject to the same potentially limiting assumption—of a piecewise constant be-

havioural state process between observations—as its discrete-time counterpart.

The computation time for both methods (Table 4.2) confirms that, although still

much slower than the discrete-time HMM, FInCH remains computationally tractable.

The aforementioned user-defined trade-off between runtime and accuracy (Section 4.2.4)

allows the method to scale very effectively with the data. For instance, FInCH takes

approximately the same amount of time for inference on n = 500 and n = 1000 ob-

servations (at 5.53 seconds and 5.56 seconds, respectively). This reflects the efficiency

gain from spline-based interpolation, which offsets the higher volume of data.
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Figure 4.2: Point estimates and uncertainty for the log diffusion rate in each behavioural

state, by the size of the dataset, found using FInCH and HMM approaches. The upper

plot gives the pooled estimate and empirical 95% quantiles for the slow diffusion rate,

whereas the lower plot details the same but for the fast diffusion rate. The lack of

separation when taking the HMM approach biases the fast diffusion rate downwards,

and the slow diffusion rate upwards.
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Figure 4.3: The predictive distribution for the step length of an animal between obser-

vations, for when we start and end in both the slow or fast state. Both plots are based

on the results of inference on the dataset consisting of 1000 data points. The upper

plot gives the predictive distribution of the animal’s step length when observations are

100 seconds apart. The lower plot gives the same but for the case where observations

are taken 500 seconds apart. Particularly in the case with 500 seconds between ob-

servations, the HMM underestimates the distance travelled when starting in the slow

state and overestimates the distance travelled when starting in the fast state. This is

because the HMM is unable to account for intermediate state changes.
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4.3.2 A comparative case study: kinkajou data

The kinkajou (Potos flavus) is a small mammal found in the closed-canopy forests

of Central and South America. The species faces threats from both habitat loss due

to deforestation and the exotic pet trade (Harrington, 2015). Understanding animal

behaviour may inform, and thus aid, conservation efforts in the face of such threats.

However, kinkajous are nocturnal and, as an arboreal species, spend most of their

time in trees (Ford and Hoffman, 1988), making them very challenging to observe

directly (Sanderson and Trolle, 2005; Galvis et al., 2024). Suppose instead we wish to

make inference on the behaviour of individual kinkajou by using GPS data, collected

by tagging an individual specimen; although this offers a practical alternative, dense

canopy cover often leads to signal loss, and therefore irregular or missing data (Wright

et al., 2017). Effective analysis therefore requires a method that is both computationally

efficient and robust to temporal irregularity.

We compare discrete-time and FInCH approaches using a relatively small, irreg-

ularly sampled kinkajou movement dataset obtained from Movebank (Powell et al.,

2017; Kays and Hirsch, 2015). The dataset consists of 61 spatiotemporal observations,

spaced roughly 600 seconds apart, with several missing points (see Figure 4.4). Because

both FInCH and discrete-time methods may be viewed as approximations of the exact

inference, we evaluate their accuracy relative to the exact, fully Bayesian integrated

continuous-time HMM (InCH) approach (Blackwell, 2020), which is detailed in Section

3.2.4. The agreement of each approximate method with the results found via this exact

approach serves as a proxy for its accuracy.

When demonstrating each model, we fit two behavioural states to the kinkajou data.

We assume that the kinkajou moves according to a Brownian motion, making inference

on its diffusion rate in each state and the rate at which it changes behaviour. From

the estimated diffusion rates in each state, given in Figure 4.5, we can see with clear

separation that the animal moves with a far lower diffusion rate in one behavioural

state than the other, indicating that the kinkajou has both a ‘slow’ and a ‘fast’ or

‘busy’ behaviour. The slower behaviour may represent periods in which the kinkajou

is asleep, or otherwise at rest, and the busier state may describe the movement of the

kinkajou when it is foraging.

Multiple imputation

Observing Figure 4.4, we see that the dataset contains six missing observations, ac-

counting for approximately 10% of the total. When making inference in discrete time,
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Figure 4.4: The time between successive observations in the kinkajou (Potos flavus)

dataset. Clearly, there are occasional missed observations (in one case, two missed ob-

servations in succession). Most ‘regular’ observations are recorded around 600 seconds

apart. ‘Partly regular’ temporal structure such as this is common amongst temporally

irregular datasets.

we cannot justify fitting an HMM directly to such data given this level of temporal

irregularity without loss of data (see Section 3.1.2). Instead, we adopt a multiple impu-

tation (MI) approach inspired by the widely used R package momentuHMM (McClintock

and Michelot, 2018). This method involves resampling the movement path at regular

intervals using a single-state continuous-time model, followed by fitting an HMM to the

resampled observations. This process of imputation and estimation is repeated multiple

times in order to account for the uncertainty in the animal’s true path (see Equation

4.18, or the example in Section 2.2.3).

Whereas momentuHMM employs continuous-time correlated random walks (CTCRWs)

(Johnson et al., 2008) to reconstruct movement paths, we instead use a single-state dif-

fusion model. Conceptually this is similar, although it does not account for directional-

ity, maintaining consistency with the other examples in this chapter. After resampling

the movement path, we fit a two-state HMM, estimating MLEs and uncertainty values

using pooled estimates across imputations. This process proceeds as follows:

1. Fit a single state diffusion model to the data, using optim() to glean an ‘average’

diffusion rate.
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2. Sample a path at regular time intervals (in this case, we use observation times

spaced 600 seconds apart), using the MLE diffusion rate inferred from the previous

step, employing Brownian bridges (e.g., Bullard, 1999; Horne et al., 2007) to

ensure that observed locations are visited by the animal.

3. Fit a non-directional two-state HMM to this regular, augmented path.

4. In total, we repeat steps 2 and 3 a total of 30 times, storing point estimates and

uncertainties for parameter values. Let θ represent any of the parameters we wish

to estimate. Denoting the i-th MLE parameter value by θi, such that var (θi) is its

variance estimate, we may find pooled point and variance estimates for parameter

θ by

θ̄ =
1

n

n∑
i=1

θi, (4.17)

var
(
θ̄
)

=
1

n

n∑
i=1

var
(
θi
)

+

(
1 +

1

n

)[
1

n− 1

n∑
i=1

(
θi − θ̄

)2]
, (4.18)

as described by Rubin and Schenker (1986).

Comparing approaches

From Table 4.3, the FInCH approach exhibits markedly greater accuracy than its

discrete-time counterpart. This is evidenced by the fact that, when using the MI

approach, the 95% confidence interval for the log diffusion rate in the slow behavioural

state, log σ2
1, fails to include the posterior mean value obtained using InCH. This dis-

crepancy is illustrated clearly in Figure 4.5.

As with the simulation study on regular data in Section 4.3.1, discrete-time models

do not allow direct inference on the infinitesimal transition rates between states, g21 and

g21. Rather, we may estimate transition transition probabilities at observation times, γ12

and γ21, for comparison across approaches. The FInCH approach performs considerably

better than the MI method in this regard as well. The results from the exact inference

suggest that the kinkajou is in the slow state 51.4% of the time, compared with 54.3%

and 59.4%, for the FInCH and MI approaches, respectively.

The FInCH approach took 5.46 seconds to compute compared to 2.36 seconds for

the MI, which is far closer than the comparisons between FInCH and the off-the-shelf

HMM on regular data. Given its higher accuracy and demonstrated scalability (as

shown in Section 4.3.1), in a non-directional setting the FInCH approach provides

a strong alternative to discrete-time imputation-based methodology, which may not

always scale as effectively (McClintock, 2017).
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Approach log σ2
1 log σ2

2 γ12 Time (s)

Exact −2.29 1.80 0.38 33.82

95% CI [−3.49,−0.95] [1.40, 2.30] [0.21, 0.49]

FInCH −2.67 1.85 0.43 5.46

95% CI [−3.64,−1.70] [1.38, 2.32] [0.26, 0.57]

MI −0.62 1.64 0.29 2.36

95% CI [−1.82, 0.59] [1.13, 2.16] [0.11, 0.79]

γ21 g12 g21

Exact 0.36 0.011 0.011 —

95% CI [0.17, 0.48] [0.00053, 0.0016] [0.00041, 0.0016]

FInCH 0.38 0.0015 0.0013 —

95% CI [0.14, 0.67] [0.00066, 0.033] [0.00032, 0.0052]

MI 0.20 — — —

95% CI [0.058, 0.69]

Table 4.3: Point estimates, with 95% confidence intervals for parameter values given for

diffusion rate values, derived using the three methods. In particular, we see far more

uncertainty when using the discrete-time approach than when using the two continuous-

time methods. The general high uncertainty in each case highlights the importance of

making inference from-and-to each state, g12 and g21, in order to gain ecological insight.

Point estimates for probabilities out of each state at observations are calculated over

intervals of 600 seconds in each case.

For direct optimisation under FInCH, we choose a potential switching rate of κ =

0.003, corresponding to a very conservative upper bound of around 1.8 potential changes

in behaviour between observations. To account for the low quantity of data, we employ

a spline interpolation technique which utilises 50% of similarly temporally spaced data

to approximate local likelihood values (Section 4.2.4). The choice of 30 imputations for

MI is largely based on the results of McClintock (2017), which demonstrated that ad-

ditional imputations did not always yield improved accuracy relative to computational

cost. Indeed, inference using 400 imputations in this case study took 31.05 seconds to

compute and yielded point estimates log σ̂2
1 = −0.72, log σ̂2

2 = 1.60, γ̂12 = 0.32, and

γ̂21 = 0.19. This does not give a substantial improvement on diffusion rate point esti-

mates and suggests that the kinkajou spends 62.7% of its time in the slow behaviour,

in contrast with the 51.4% found in the exact inference.

When carrying out exact inference we use the Integrated Continuous-time HMM
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(InCH) approach of Blackwell (2020), calculating posterior distribution parameters

within an MCMC framework with flat priors. We do this for 10,000 iterations. To

find 95% credible intervals with InCH, we use the quantile() function in R in accom-

modate asymmetry in posterior distributions (which is visible in Figure 4.5).

4.3.3 A big data case study: red fox

The second case study in this chapter considers a large dataset with observations col-

lected 10 minutes apart and some missing data (n = 5863, with 261 missing data points)

concerning the GPS location of an individual red fox (Vulpes vulpes) around UK grass-

lands (Porteus et al., 2024). We assume that this fox moves according to Brownian

motion with a diffusion rate, σ2
i , determined by three separate behaviours, i ∈ {1, 2, 3}.

Unlike the comparative studies in Section 4.3.1 and Section 4.3.2, we demonstrate only

the FInCH approach; this section thus serves as an example workflow for an ecologist

making inference on a large dataset within this framework.

We choose (fairly arbitrary) starting parameters given by log σ2
1;0 = −3, log σ2

2;0 = 0,

log σ3
3;0 = 2, and gij = 0.001 for i ̸= j with i, j ∈ {1, 2, 3}, with initial estimates

for transition rates corresponding to around 0.6 changes in behaviour per 10 minute

interval. We interpolate based on 1% of similarly temporally spaced data, and set a

very conservative potential switching rate of κ = 0.2. The time taken for inference via

direct optimisation was around 20 minutes and required 2978 function calls, largely due

to the increased number of model parameters and MLE values ĝ13 ≈ ĝ31 ≈ 0 taking

a while to converge. By contrast, all other runs of optim() throughout this chapter

converge in less than 500 iterations. Fixing g13 = g31 = 0 ahead of running FInCH, and

setting κ = 0.02, yields similar MLE values for parameters in around eight minutes,

requiring only 934 function evaluations. Full MLE parameter values and uncertainties

are given in Table 4.4. Diffusion rate point estimates are given by log σ̂2
1 ≈ −3.78,

log σ̂2
2 ≈ −1.30, and log σ̂2

3 ≈ 3.52, reflecting a very slow ‘resting’ state, a moderately

fast ‘walking’ state, and an active ‘running’ state, respectively. The estimated generator

matrix, Ĝ, is given by

Ĝ =


−ĝ11 ĝ12 ĝ13

ĝ21 −ĝ22 ĝ23

ĝ31 ĝ32 −ĝ33

 ≈

−0.00025 0.00025 0

0.00049 −0.001 0.00052

0 0.00041 −0.00041

 , (4.19)

which indicates that the fox never moves directly between state 1 and state 3.

Based on the point estimates for diffusion rates found in this inference, we may

calculate the distribution for the animal’s speed in each behaviour. As shown in Sec-
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Figure 4.5: The uncertainty around point estimates for the kinkajou diffusion rate, in

each state, using each method. The histogram shows the posterior distribution for each

log diffusion rate obtained using InCH. Note here that by taking a direct optimisation

approach, we have assumed a multivariate normal distribution for approximate (FInCH

and MI) parameter values. The MLE values found through FInCH are a close estimate

of the posterior mean values and an almost exact estimate of the posterior modes. In

contrast, the MI approach is somewhat inaccurate—especially in the case for the slow

state.
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Figure 4.6: In the upper plot, we have point estimates and uncertainty for log diffusion

rates in the three behavioural states in the red fox case study. Because this is a very

large dataset, we see very little uncertainty around point estimates. In the lower plot,

we see the distribution for the fox’s speed (in metres per second) in these behaviours.
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tion 2.2.2, for a given diffusion rate σ2
i , the Euclidean distance moved by the animal

in a given unit time is given by a li ∼ Rayleigh (σi). This is demonstrated, along

with point estimates and uncertainties for diffusion rates, in Figure 4.6. Based on

the 95th quantile of the distribution for the fox’s speed in its ‘running’ behaviour,

l3 ∼ Rayleigh (exp (3.52)), we may expect the top speed of this red fox to be around

14.29 metres per second (or, equivalently, 51.4 kilometres per hour), which is supported

by current literature (Fothergill et al., 2015).

log σ2
1 log σ2

2 log σ2
3

−3.78 −1.30 3.52

[−3.85,−3.70] [−1.46,−1.15] [3.47, 3.58]

g12 g13 g21

0.00025 ≈ 0 0.00049

[0.00021, 0.00030] [0.00044, 0.00062]

g23 g31 g32

0.00052 ≈ 0 0.00041

[0.00044, 0.00062] [0.00041, 0.00049]

Table 4.4: Point estimates and uncertainty values for model parameters obtained from

running the FInCH model on the fox data.

State reconstruction

By formulating its likelihood using the temporally inhomogeneous forward algorithm,

the FInCH approach integrates over the animal’s behavioural states indirectly, meaning

we do not have to sample them. However, in practice an ecologist may be interested

in reconstructing the animal’s behavioural states to gain a more in-depth interpreta-

tion of the data and of the behaviours themselves. In a standard discrete-time HMM

setting, the Viterbi algorithm, introduced by Viterbi (1967), may be used to find an

animal’s most likely behaviour at each observation time (Zucchini et al., 2016). This is

a readily available option in popular software for implementing HMMs, such as moveHMM

(Michelot et al., 2016).

The Viterbi algorithm may also be used directly in a FInCH framework. The prob-

ability of the fox being in each behaviour over the first 150 hours of data is given in

Figure 4.7, in which there is a clear cyclic nature to the fox’s most, and least, active

behaviours over a 24 hour period.
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Figure 4.7: We may use the Viterbi algorithm to reconstruct an animal’s state sequence

when using FInCH, just as we may when using the HMM. In this example, which looks

at the first 150 hours of data, it seems as if the period in which the fox is most active

(that is, in the ‘running’ behavioural state) is fairly consistent throughout the day.

Given the results in Figure 4.7, an ecologist may wish to make inference on the cyclic

nature of the fox’s activity. To do this, separate generalised additive models (GAMs)

were fitted for each of the three states, using a cyclic cubic regression spline (with 7

knots) to account for the periodic nature of the 24-hour cycle. The GAMs were fitted

assuming a Gaussian error distribution, treating Viterbi decoded state probabilities as

continuous responses. Although the response variable represents probabilities bounded

in [0, 1], a Gaussian error structure was adopted for simplicity, as the GAM is used here

largely as a descriptive tool rather than as a formal probabilistic model.

In all three GAM fits, the smooth term for time of day was highly significant (p <

10−15), indicating strong diel variation in underlying behavioural state. In Figure 4.8,

we illustrate the inferred probability of the fox being at rest, and a stacked area plot

showing the probability of the fox being in each of the three states, through a given 24

hour day. In the latter, results were calculated by normalising predicted probabilities

from each of the three fitted GAMs. The fox exhibits a high likelihood of being at rest

between 12:00 and 21:30, whereas fox activity is predicted to peak between 00:00 and

08:00. This crepuscular and nocturnal cyclic activity is supported by the findings of

Dı́az-Ruiz et al. (2016). Given the evidence against the model with constant transition

rates, it makes sense as a next step to incorporate time as a covariate directly into the
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FInCH framework. Indeed, a single-stage approach serves a better alternative to the

two-stage approach such as this, which does not account for the uncertainty in Viterbi

decoded state classification when inferring covariate effects (Klappstein et al., 2023).

Methods of achieving this are discussed further in Section 4.4.

4.3.4 The FInCH and the HMM for temporally regular large

datasets

As described in Section 4.2.4, we are able to use a spline-based interpolation method

to reduce the computation time for inference via the FInCH approach, with an effect

that increases based on the regularity of the data. When faced with entirely regular

data, the FInCH approach scales very well with the size of the data, such that when

faced with very large datasets its efficiency begins to compete with that of the off-the-

shelf HMM. An example of this, when we fit two behavioural states to regular datasets

of consisting of 105 and 104 observations using 0.1% and 0.5% of the data to inform

the spline-interpolation step, respectively, is given in Table 4.5. Whereas in Section

4.3.1 we saw that on moderately sized datasets the FInCH approach remains orders of

magnitude slower than the HMM, when faced with n = 105 observations FInCH is only

around 32% slower.

Approach Observations Time (s)

FInCH 100,000 95.4

HMM 100,000 64.9

FInCH 10,000 16.4

HMM 10,000 9.38

Table 4.5: An example of the time taken for the FInCH and HMM approach on regular

data of size 100,000 and 10,000, respectively. Two behavioural states were fitted in each

case. To carry out inference in the n = 100, 000 case, a spline interpolation utilising

0.1% of the data has been used. In the n = 10, 000 case, we incorporate 0.5% of the

data. Point estimates for parameter values inferred in these examples are given in

Appendix C.

100



4.3. Results and Comparisons

00:00 04:00 08:00 12:00 16:00 20:00 24:00

0.
25

0.
50

0.
75

P
ro

ba
bi

lit
y 

of
 fo

x 
be

in
g 

at
 r

es
t

Hour of the day

Fitted values
95% confidence intervals

00:00 04:00 08:00 12:00 16:00 20:00 24:00

0.
00

0.
25

0.
50

0.
75

1.
00

P
ro

ba
bi

lit
y

Hour of the day

Resting
Walking
Running

Figure 4.8: Above: the estimated probability of the fox being in its resting state, with

uncertainty, throughout a given day. Below: a stacked area plot showing the probability

of the fox being in either of its three behavioural states throughout a given 24 hour day.

These results were calculated by normalising results from a generalised additive model

(GAM) which fits a cyclic cubic spline, with 7 knots, to the hour of the day. Here, we

have overwhelming evidence against there being no relationship between fox activity

and the hour of the day (p < 10−15).
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4.3.5 The importance of continuous-time inference

In Section 4.3.2, we demonstrated the importance of inferring the generator matrix, with

transition rates, rather than the discrete-time transition probability matrix (TPM) for

ecological interpretability, based on the potential uncertainty of TPM values. This

section offers a stronger example—the generator matrix in Equation 4.19 yields a TPM

(over 600 second intervals) given by

Γ̂ = {γ̂ij} = {Pr (St+600 = j|St = i)} ≈


0.88 0.11 0.02

0.21 0.58 0.21

0.03 0.17 0.81

 , (4.20)

with p̂13 and p̂31 values accounting for a visit to state 2 in the interval between observa-

tions. However, Γ̂ alone, without knowledge of transition rates, does not demonstrate

that the animal may never move directly between state 1 and state 3; this key structural

feature would likely have been missed by an ecologist if inference had taken place in

discrete time.

A further advantage of making inference in continuous time—inferring transition

rate rather than probability values—may be seen when reconstructing an animal’s be-

havioural state sequence. In this example, due to the size and sampling frequency of

the dataset, we viewed it appropriate to use to Viterbi algorithm to find the probabil-

ity of the fox being in each state at each observation time. However, MLE transition

rate values may also be used to sample the behavioural sequence of the animal on any

timescale. The work of Blackwell (2020) demonstrates this form of approach by utilising

the ‘forward-filtering backward-sampling’ method of Früwirth-Schantter (1994). This

is especially useful with particularly sparse data or when comparing different analyses

on contrasting timescales.

4.4 Non-stationary Behavioural Processes

This chapter describes the FInCH methodology in a context where transition rates are

constant. However, as discussed in Section 3, this may not be the case, with transi-

tions between behaviours better represented by some function of an animal’s habitat or

surroundings. We may compartmentalise realisations of environmental inhomogeneity

in two ways. The first corresponds to ‘adaptive’-style behaviour (Harris and Blackwell,

2013), in which behaviours change according to discrete effects such as habitat or time

of day. In these models, behaviour adapts to the prevailing environment, resulting

in different movement regimes associated with different environmental states. For the
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sake of brevity, we consider only habitat-dependent effects in this section. The second

approach models environmental effects through continuous covariates, such as location

or temperature, allowing movement parameters to vary smoothly with covariate values.

Consider first the discrete, adaptive case. In an ‘exact’ framework, the location of

the animal at switching times may be sampled directly (Blackwell et al., 2015; Blackwell,

2020). In an approximate framework however, in which the time of potential switches

are integrated out, this is not so straightforward. One approach to address this estimates

the amount of time spent in a given habitat by the animal between observations. This

may be done using Brownian bridges, using a method that weights the average transition

rate into a state by the expected duration of time within a given interval that transitions

into this state are possible. In this adaptive setting, let the transition rate between

states i and j for an animal travelling in a one dimensional plane be given by gij (x, t),

at some time t ∈ R and location x ∈ R, given by

gij =

g̃ij if x ∈ (x1, x2) ,

0 otherwise,
(4.21)

for some x1, x2 ∈ R. For some state s ∈ {1, . . . , N}, let

µs (t) = x1 +
t− t1
t2 − t1

(x2 − x1) ,

Σ2
s (t) =

σ2
s (t2 − t) (t− t1)

t2 − t1
,

represent the mean and (scalar) variance terms of a Brownian bridge fixed at Bs (t1) =

x1 and B (t2) = x2, respectively (defined in Section 2.2.3). We may approximate the

equivalent transition rate between state i and state j, within a given interval [t1, t2]

with endpoint locations x1 and x2 by

gij (x, t) ≈ g̃ij

N∑
s=1

πs

t2 − t1

∫ t2

t1

Φ

(
x2 − µs (t)

Σs (t)

)
− Φ

(
x1 − µs (t)

Σs (t)

)
dt, (4.22)

where πs is the stationary probability of the animal being in behavioural state s, with

the idea that this value may then be incorporated into a spatially homogeneous frame-

work akin to that used throughout this chapter.

There may be a plethora of viable options for accounting for inhomogeneity in a

setting with continuous covariate or location-based effects. Perhaps the most straight-

forward option is to use assume that covariate effects are piecewise constant, being

some end- or mid-point value either side of each interval. This is the typical approach

taken when modelling using HMMs, but naturally carries the potential to be a rather
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crude estimate of the truth when data is sparse. Furthermore, when faced with a co-

variates such as external temperature, which the animal’s location does not inform, we

lose no information compared to the exact inference. When an animal’s location affects

its transition rate is informed by its location, such that gij (x, t) is some continuous

function of x, it may feasible to account for the location of potential switches between

observations. We may rewrite the local movement density as some expression of both

movement and transition rates, such that in the one-switch case we have

ρ (x2|x1, δt, i, j,M = 1) =

∫ δt

0

∫ x2

x1

f (x|x1, u, i)
gij (x, u)

κ
f (x2|x, t− u, j) dxdu, (4.23)

where f (x|.) represents a single state diffusion process.

Both discrete and continuously inhomogeneous frameworks are likely to benefit from

the ‘strictly two switches’ style model formulation introduced in Chapter 5, which

disregards the need for algorithms from Hobolth and Stone (2009) which are applicable

to a strictly spatially homogeneous Markov chain. Initial investigation into both of these

methods has been promising, although their stability and effectiveness under a range of

data is less clear. We feel that this would certainly warrant further investigation, with

the ‘piecewise constant’ assumption being used an easy ‘go-to’ option until these ideas

have been suitably implemented and stress tested.

4.5 Choosing a Method

In this chapter, we have demonstrated that the FInCH approach is highly effective in

comparison to its discrete-time counterparts, regarding both accuracy and the ability

to compete in terms of computational expense, in a spatially homogeneous switching

diffusion setting. However, in cases with regular large datasets recorded at a high

sampling frequency relative to the rate at which an animal changes behaviour, the

disparity between the HMM and FInCH performance may not be too great, assuming

that the HMM is formulated in a continuous-time framework. Most existing R packages

do not formulate the HMM in this way, however, and Table 4.5 demonstrates that the

FInCH approach scales very well with the size of regular datasets. Thus, the FInCH

approach may still be preferable even in this special, albeit fairly common, case.

The two-switch FInCH approach in this chapter is efficient due to the semi-analytical

solutions for the location density in Section 4.2.2, which are obtained under the assump-

tion of a fairly simplistic animal movement process. Where semi-analytical solutions

do not exist, however, a great deal of computational efficiency is lost; this is evidenced

further in Section 5.4.3 of Chapter 5. However, in this scenario the fundamentals of

104



4.5. Choosing a Method

the FInCH likelihood formulation are unchanged and—if there is tolerance for the ad-

ditional computational expense—the FInCH approach remains more accurate that its

counterparts that assume behavioural changes only at observation times, and therefore

the desirable alternative. If computational expense is an issue, or when faced with

datasets that do not benefit from the temporal spline interpolation step described in

Section 5.3 such as large temporally irregular dataset, it may be desirable to assume

only one switch between behaviours. This is shown in the work of Alkhezi (2019) to

yield a good approximation of the truth. Alternatively, spatiotemporal splines such as

those demonstrated in Section 5.3.1 of Chapter 5 may allow for relatively fast inference

on large temporally irregular datasets even in the two-switch case. Additionally, it

may be possible to ensure computational feasibility even in this setting by using more

efficient Gaussian quadrature schemes to calculate movement densities; this potential

avenue for future research is given a more thorough treatment in Section 5.7 of Chapter

5.

One advantage of the discrete-time HMM is the easy incorporation of directional

persistence in an animal’s movement (see Section 3.1 or the discussion in Section 8.1 for

details). The existing implementation of the FInCH methodology does not support the

inclusion of velocity, so if this is expected to be an important aspect of animal behaviour

in a particular study, then an ecologist may wish not to use this approach until it

has been suitably extended. Viable alternatives exist that allow for exact inference,

such as that of Michelot and Blackwell (2019), or for finer-scale approximation, as

in Parton and Blackwell (2017). However, these methods are relatively slow and only

allow for inference in a Bayesian framework; if an ecologist wishes to carry out inference

on data without imputation of times, locations and velocities between observations

then a continuous-time velocity-based HMM approximation such as that introduced in

Chapter 6 may be preferred. Albeit in a HMM setting, this later approach allows for

scale invariant inference on irregular data, unlike its discrete-time counterpart, and is

therefore desirable if directional persistence is of interest and exact methodology proves

too computationally expensive.

In Section 4.3.2, the FInCH method is shown to be markedly faster than the exact

inference, while producing similar results. This approach offers a viable, more accessi-

ble alternative to its exact counterpart, allowing for inference via direct maximisation

of the likelihood, as illustrated here, or of the posterior density, if a penalty term rep-

resenting the prior distribution is included. The user may still wish to utilise the exact

inference if they expect many behavioural changes between observations, accept the

sampling-based Metropolis-within-Gibbs mechanisms behind the InCH approach, and
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can accommodate the computational expense. However, even in this case, we are able

to simply increase the number of behavioural changes possible when taking the FInCH

approach between observations to allow for relatively straightforward direct inference.

As previously discussed, alternative methods exist for exact inference that allow for the

incorporation of directionality in inference without time-discretisation error (alongside

the approximate work introduced in Chapter 6). These methods may be preferred by

an ecologist if there is a wish to account for directional persistence.

As a further barrier to the usage of exact methodology, the procedure of choosing

the number of behavioural states underpinning the animal’s movement often involved

numerous fits of the model for a varying number of behavioural states (Pohle et al.,

2017). Naturally, this compounds the computational expense incurred by fully Bayesian

approaches; this illustrates an additional potential usage of FInCH as more efficient

mechanism for order selection even if the exact inference is to be used in the final

product. Of course, additional computational expense may be incurred even when

using the FInCH approach alone; work in Chapter 7 introduced a faster, non-parametric

method for order selection that may help in this regard.

4.6 Discussion

In this chapter, we have introduced the fast continuous-time integrated HMM (FInCH)

approach, which serves as a rigorous approximation of the InCH approach of Blackwell

(2020). We have shown that the spatially homogeneous FInCH approach is more ac-

curate than the discrete-time HMM for a range of real and simulated data, which we

use as a proxy for the performance of the continuous-time HMM on temporally regular

data. The FInCH performs particularly well compared to the discrete-time HMM when

faced with irregular data or data for an animal that changes behaviour frequently. This

FInCH approach is also far more accessible than pre-existing continuous-time methods

for statistical inference (such as the aforementioned InCH model) in that it allows for

full likelihood calculation, and therefore direct maximisation, at a computational cost

that competes with models formulated in discrete time. Furthermore, the spline in-

terpolation between the likelihood terms of the FInCH approach reduces computation

time, allowing for computationally feasible inference when faced with large datasets.

One advantage of this method is that the amount of data used for explicit local like-

lihood calculation is user-defined in response to the size of the dataset, so in practice

the computational cost scales well.

When illustrating the FInCH approach, we refer to the states of the underlying
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Markov chain as the animal’s ‘behavioural state’. Indeed, we contend that there is

a great deal of legitimacy in representing an animal’s underlying behaviour in such a

way. As previously discussed, this general model formulation is very common in prac-

tice (e.g., Blackwell, 2003; Morales et al., 2004; Parton and Blackwell, 2017; Michelot

and Blackwell, 2019). However, in reality, these are statistical states which serve to

capture and cluster the radial distance moved by an animal in each interval between

observations. Thus, although we label states in behavioural terms such as ‘walking’ or

‘running’ for illustrative purposes throughout this work, we accept that this should be

done with caution; is it widely accepted that the ‘states’ in models such as FInCH sim-

ply provide convenient proxies for the animal’s true underlying behaviour (Patterson

et al., 2017). As such, inferred states may not always be interpretable in an ecologi-

cal setting, particularly when the number of fitted states is high (Pohle et al., 2017);

this serves as motivation for the two and three-state examples used in this chapter,

and serves as additional motivation for the work of Chapter 7. In order to facilitate

ecological interpretation in a FInCH setting, it may be feasible to incorporate known

behavioural states (e.g. based on information gleaned from the direct interpretation of

accelerometer data) in a semi-supervised framework by treating the behavioural state

as deterministic at corresponding observation times (Saldanha et al., 2023).

The key assumption made by the FInCH approach is that no more than two potential

switches may occur between observations. In the calculation for the local likelihood, we

take the probability of two potential switches to be given by the probability of having

two or more potential switches in the exact model. In theory, this over-inflates the

probability of having two potential switches. However, this is compatible with the idea

that the case of two switches serves partly as a proxy for more complex realisations with

multiple changes in behaviour. Initial investigation into the effects of using Hobolth and

Stone (2009) algorithms to calculate the probability of two potential switches explicitly

found that this approach gave only a negligible improvement on model accuracy at the

expense of increased computation time.

As stated in Section 4.2.5, the potential switching rate, κ, is a tuning parameter

that must be chosen by the user with some care. A choice of potential switching rate

that is too low may easily be identified by convergence of MLE point estimates for

transition rates towards κ. However, we expect that it will be less easy to spot in-

stances where estimates are biased by κ being set too high. When κ is large, due to the

limit on the number of potential switches an animal will have fewer ‘chances’ to change

behaviour than they will in the exact inference, potentially risking biasing transition

rates downwards. This is not the case when taking the exact approach (Blackwell et al.,
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2015; Blackwell, 2020), where a high potential switching rate serves as a conservative

option, that risks increasing computation time without affecting model accuracy. How-

ever, based on results presented throughout this chapter, we have reason to believe that

FInCH is fairly resilient to high values of κ—corresponding go to more than two poten-

tial switches per interval—with values of κ = 0.2 and κ = 0.02 yielding similar results

in Section 4.3.3. This may be evidence of the aforementioned ability of the two-switch

case to serve as a proxy for more complex state trajectories. We demonstrate the effects

of choosing an unsuitable large κ value in Section 5.2.1, but further investigation into

the stability of FInCH based on imposed potential switching rate values is merited.

Although not implemented in this thesis, one method for choosing sensible values of κ

would be to fit a continuous-time HMM such as that presented in the work of Glennie

et al. (2023) to obtain initial insight on the magnitude of transition rate values.

In the scenarios described here, it is perfectly reasonable to assume that an upper

bound exists on transition rates between behavioural states, which may serve as the

‘potential’ switching rate as earlier described. Allowing a ‘switch’ from a state to itself—

that is, a potential switch that is not an actual switch—is an aspect of ‘uniformisation’

(Jensen, 1953; Blackwell et al., 2015). However, there may be circumstances in which

the two-switch limitation remains viable but the upper bound on transition rates does

not. For example, in the adaptive case—as described by Harris and Blackwell (2013) and

in Section 4.4—an animal be certain to exhibit a given behaviour in a certain habitat,

but only expected to cross into this habitat at most once per interval. The development

of efficient methods that are amenable to this case is certain a worthy avenue to explore

in future research. However, the algorithms that we have used to ensure fast likelihood

evaluation when taking the FInCH approach require that the uniformised Markov chain

be homogeneous—i.e. with constant transition rates (Hobolth and Stone, 2009). For

this reason, the construction of a likelihood in the non-stationary case, as described in

Section 4.4, may not be straightforward (although this problem may be mitigated by

assuming that transition rates are piecewise constant).

Although a key strength of the FInCH approach is that it allows for fast inference

via direct optimisation, with associate approximate interval estimates, the user may still

wish to make fully Bayesian inference. The FInCH method reduced the dimensionality

of the space from which we need to sample, from being large and variable (Blackwell,

2003, 2020), or bounded but proportional to the number of observations (Alkhezi, 2019),

to being fixed and small—just the number of parameters in the model. Using the

likelihood defined in this chapter, we expect that inference within a Metropolis-Hastings

framework will be straightforward and computationally feasible even for large datasets.
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Although here we have only demonstrated FInCH with up to three behavioural

states, we may easily incorporate more using the same method. We expect this to

result in a slight increase in computation time as we need to account for the local

likelihood by considering every possible visited state, although naturally any method

will experience some increase in computational cost with more states. Furthermore,

the work of Pohle et al. (2017) suggests that fitting state-space models to individual

animal movement with more than four states is somewhat atypical; this may result in

interpretability issues due to the issues outlined above. Likewise, we may readily apply

the FInCH to data in any number of dimensions, through the specific analytic integrals

(shown in Appendix B.1) will differ. In particular, it may be valuable to incorporate

an additional (third) dimension accounting for altitude or depth; this has been used to

provide valuable insight when studying marine animals (e.g. DeRuiter et al., 2017) and

avian species (e.g. Clark et al., 2020). We may readily apply any number of dimensions

when taking the FInCH approach, through the specific analytic integrals (shown in

Appendix B.1) will differ. The choice of two dimensions in this chapter reflects most

animal movement data. Again, increasing the number of dimensions used in the data is

liable to increase computation time as we are more likely to require adaptive quadrature

to acquire an expression for the animal’s movement density.

As previously mentioned, the FInCH approach has been demonstrated to be very

efficient when used on regular data due to a spline-based interpolation of local like-

lihood terms. Based on the results of the simulated big data case studies shown in

Section 4.3.3, it may be that, in this simple (low state) example, surrogate modelling of

the local likelihood allows FInCH to be reasonably efficient even when we allow more

than two potential switches between intervals. This is undoubtedly worthy of further

investigation because—if this is the case—then it may be possible to achieve arbitrar-

ily exact inference in a direct optimisation setting without encountering computational

bottlenecks on very large, regular datasets. As stated in Section 5.3, we expect that the

proportion of data required for a given level of accuracy will be inversely proportional

to the size of the dataset. Furthermore, increasing the number of exact local likelihood

calculations will increase the accuracy of the inference at great computational expense.

In this chapter, we have ensured that no more than 20 similarly spaced data points

have been used for this interpolation, lowering the proportion of data used for large

datasets (for example, see Section 4.3.1). We have used a higher proportion of tempo-

rally irregular data (for example, we used 50% of similarly spaced data in the kinkajou

case study of Section 4.3.2). Naturally, in cases with a very high level of temporal

irregularity, this spline-based approach is liable to be less effective; this is addressed

109



Chapter 4. The Fast Integrated Continuous Time Hidden Markov Model

in Chapter 5. In implementing the spline-interpolation step, we only present results

based on the utilisation a cubic spline. Initial investigation into the effects of using

a bilinear spline was shown to moderately improve the efficiency, but have a negative

effect on the accuracy, of the FInCH method. A potential avenue for future research

would be to explore the effect of implementing other methods for surrogate modelling

of the computationally expensive local likelihood terms on FInCH efficiency. In partic-

ular, adaptive splines—introduced by Friedman (1991)—vary the number of evaluation

points automatically based the smoothness of the local likelihood function rather than

using a fixed number of evaluations (e.g. Zhou and Shen, 2001; Vitenti et al., 2025). By

taking this approach, we may achieve the same degree (or a better) degree of accuracy

while carrying out less function evaluations overall.

Throughout this thesis, we have considered infinitesimal transition rates found di-

rectly when using methods formulated in continuous time. In theory, one may find the

matrix logarithm of the transition probability matrix to find the generator matrix after

making inference in discrete time. However, this process is not as straightforward as

taking the matrix exponential—the matrix logarithm of a given TPM may not exist,

and if it does exist may not be unique. This is not merely a mathematical technicality;

it reflects the fact that a given discrete-time model may not have any reasonable in-

terpretation in continuous time, which in turn cases some doubt on the interpretation

of that model. Albeit a feasible step in practice, software for inference in discrete time

such as that of Michelot et al. (2016) and McClintock and Michelot (2018) tend not

to include finding the infinitesimal transition rate as part of their workflow. Thus, we

have not accounted for this in our analysis.

It is common for an ecologist working within a state-switching framework to in-

fer the effects of a series of environmental covariates on behavioural switching. For

example, an ecologist may be interested in how an animal’s proximity to an environ-

mental feature (e.g., a river of forest) affects its underlying behaviour. Examples of

case studies incorporating temporal or environmental-inhomogeneity in transition rates

are given in Chapters 6 and 7. Indeed, this is the original motivation behind the intro-

duction of the ‘potential switch’, which differentiates the exact approach of Blackwell

et al. (2015) from the original conceptualisation of Blackwell (1997, 2003). To incor-

porate environmental covariates in a FInCH framework, we assume that the FInCH

approach represents a separable model, as described by Harris and Blackwell (2013)

and Blackwell et al. (2015). In such models, we assume that movement into a new

environment only directly affects an animal’s transition rate between behaviours, such

that its movement patterns do not directly depend on its location. Thus, we do not
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have to contend with instantaneous behavioural switches. As discussed in Harris and

Blackwell (2013), this is not a particularly limiting assumption. Separability is also as-

sumed in the spatially heterogeneous exact inference method of Blackwell et al. (2015)

and in the InCH approach Blackwell (2020) in order to allow for the assessment of an

animal’s environment as a prerequisite for finding the probability of an actual change

in behaviour. As described in Section 4.4, we may contend with discrete effects in a

framework similar to the homogeneous case, albeit with weighting based on Brownian

bridges (Horne et al., 2007), and in the continuous-effects case we may ‘integrate over’

an animal’s location as well as potential switching times. The implementation of these

approaches may be better facilitated by the next chapter, which refined the FInCH

approach in such a way as to avoid the need for algorithms from Hobolth and Stone

(2009), which require a Markov chain to be homogeneous. In the meantime, before

these approaches for incorporating non-stationarity have been suitably extended, we

suggest taking spatial covariates to be piecewise constant between observations, which

is the assumption made in many approximate methodologies such as the HMM.

Existing methods for inference in discrete time, such as the step-and-turn HMM

(outlined in Section 3.1), uses the turning angle of an animal between observations

as a proxy for its directional persistence. This is often a feature of use for ecologists.

For example, when an animal is migrating—therefore moving in a more goal-oriented

way—it likely to ‘turn’ less than an animal which is foraging. There are clear advantages

to considering an animal’s directional persistence in a FInCH framework, which may

also facilitate a more comprehensive comparison to the off-the-shelf HMM. A potential

future avenue of research could be an extension of the novel work introduced in Chapter

6, which introduces a velocity-based continuous-time HMM.
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Chapter 5

A Refined and Automated FInCH

Approach

In the previous chapter we introduced the FInCH approach, which allows for efficient in-

ference on individual animal movement, modelling changes in behaviour independently

of observations times without requiring the behavioural change times to be sampled. In

this chapter, we refine this approach by reformulating its local likelihood in such a way

that computational expense is equivalent to imposing strictly two potential behavioural

changes in each interval and automating the potential switching rate, κ, as a function

of an upper bound on transition rates. By automating κ, we no longer require this

value—which has no clear ecological interpretation—to be chosen arbitrarily by the

user, thus making the implementation of a FInCH-type approach more straightforward

for practitioners. In doing so, we introduce the fast, refined integrated continuous-time

HMM (FRInCH) approach. In Section 5.2, we detail the FRInCH likelihood based on

the assumption that at most one potential behavioural change may occur within each

half-interval between observations. Before validating FRInCH, we detail a brief investi-

gation into the number of exact calculations required for the spline-based interpolation

step to stabilise in Section 5.3. In Section 5.4, we compare the FInCH and FRInCH

approaches—with and without automating the potential switching rate—on a range of

simulated data, in scenarios with both semi-analytic and fully numeric solutions for

local movement densities. We then explore the sensitivity of the FInCH, FRInCH, and

discrete-time HMM frameworks to initial parameter estimates in Section 5.5.
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5.1 Introduction

The FInCH formulation described in Chapter 4 produces a close approximate of the

exact inference by limiting the number of potential changes in behaviour between obser-

vations to two. However, thus far, this framework accounts for the explicit possibility of

no, one, and two potential switches between observations, based on the density expres-

sions in Section 4.2.2, for every possible sequence of behavioural states within the local

likelihood. The local likelihood expression as described in Section 4.2.3 relies on den-

sity expressions being weighted by the probability of each number of potential switches,

which are found using algorithms from Hobolth and Stone (2009). These algorithms

are limited to homogeneous, uniformised, endpoint-conditioned Markov chains, serv-

ing as a potential barrier to the future implementation of environmental or temporal-

inhomogeneity in the FInCH approach. Furthermore, throughout the previous chapter

FInCH is formulated in a way that demands the potential switching rate, κ—defined as

some upper bound on infinitesimal transition rates between states—to be set constant

before inference takes place. Without prior ecological insight, the choice of κ may be

arbitrary, and difficult to interpret, potentially inhibiting the accessibility of the FInCH

approach; this may serve to reduce its uptake amongst ecologists.

In this chapter, we assume that no more than one potential switch occurs in each

half-interval between observations. In doing so, we refine the FInCH approach by re-

formulating the local likelihood such that it carries a computational complexity that is

equivalent to the case where only the possibility of two potential switches are taken into

account, refer to this updated framework as the fast, refined integrated continuous-time

HMM (FRInCH) approach. This requires no use of algorithms from Hobolth and Stone

(2009), and only one density evaluation (of the two-switch density given by Equation

4.6) for each possible sequence of states. By demanding less computational expense

when calculating the local likelihood, the expectation is that the time of inference will

decrease, accordingly. Furthermore, by relying less on algorithms that use a uniformised

Markov chain, we implicitly rely less on the potential switching rate, κ, which is the

source of this uniformisation. This facilitates the automation of this value as some

function of upper bounds on transition rates or, potentially, its removal altogether.

We demonstrate the accuracy of the FRInCH approach, relative to the original FInCH

framework, in a simulation study; this encompasses implementations with both manu-

ally set and automated values for κ. This is followed by a stability analysis comparing

the sensitivity of the FInCH, FRInCH, and discrete-time HMM approaches to the choice

of initial parameter estimates.
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Beyond the potential limitations of the FInCH approach with regard to accessibil-

ity, which are addressed in the FRInCH methodology, it is important for ecologists to

have ample insight into their choice of the number of exact local likelihood calculations

when implementing a temporal spline-based interpolation. Furthermore, when faced

with particularly temporally irregular data, the methodology described in Section 5.3

is no longer applicable, potentially severely inhibiting the efficiency of the FInCH ap-

proach. Accordingly, we carry out a brief stability analysis on both the FInCH and

FRInCH approaches based on the amount of data used in the interpolation, verifying

that the choice of 20 observations serves as a safe lower bound. We then introduce a

spatiotemporal spline methodology, based on a thin plate spline (TPS).

5.2 Likelihood Formulation

The likelihood formulation for the FRInCH approach closely parallels that of the orig-

inal FInCH framework. In both cases, inference may proceed in either a Bayesian

MCMC or direct optimisation-based setting, with computational feasibility ensured by

limiting the number of behavioural changes permitted between successive observations.

This assumption enables the integrating out of potential switching times when calculat-

ing local movement densities, allowing the forward algorithm to be utilised for likelihood

computation.

The two methodologies differ in their local likelihood calculation, however. Unlike

FInCH, which evaluates the likelihood by summing over the probabilities of zero, one,

and two potential switches by utilising the algorithms given by Hobolth and Stone

(2009), FRInCH instead makes use of the two-switch movement density alone. That

is not to say that we only assume that two potential switches actually occur between

observations; rather, we use the two-switch density as the singular building clock to

represent behavioural dynamics over time. This refinement simplifies computation, ac-

counting for the probabilities of each number of switches implicitly rather than requiring

their explicit evaluation. Although the potential switching rate κ remains part of the

FRInCH formulation, its role is limited to defining the probability of actual behavioural

changes, rather than modelling the number of potential switches per interval directly

(see Section 5.6 for discussion of how κ could, in principle, be removed altogether).

As described in Section 3.2, the infinitesimal transition rates between behavioural

states are represented by the generator matrix G = {gij}, where each element gij de-

notes the transition rate from state i to state j. In both FInCH and the exact inference

methodology of Blackwell et al. (2015) and Blackwell (2020), potential behavioural
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changes occur at an upper bound on transition rates, κ ≥ maxi
∑

i ̸=j gij. The prob-

ability of an actual behavioural switch at potential switching times may therefore be

written as

pij =

gij/κ if i ̸= j,

1−
∑

i ̸=j gij/κ otherwise,
(5.1)

which may represented compactly by matrix P , such that

P = I +
1

κ
G, (5.2)

where I ∈ RN×N is the identity matrix. This formulation represents the underlying

switching mechanism as a Poisson process with rate κ, thinned such that each point

is retained or discarded probabilistically (Guttorp, 1995; Blackwell et al., 2015). The

actual switching probabilities contained within P are used directly in the exact inference

of Blackwell et al. (2015) and implicitly in both FInCH and the exact InCH approach

given by Blackwell (2020), where they are embedded within a forward algorithm.

The FRInCH approach constructs the local likelihood by segmenting an interval

of length δt into two equal intervals of length δt/2, truncating the underlying Markov

chain further by assuming at most one event per half-interval. The number of potential

switches within each segment is given by Mhalf ∼ Poisson (µ), where µ = κδt/2 denotes

the expectation of Mhalf. Drawn directly from this distribution, let

r = exp (−µ) ,

represent the probability that no switch occurs. The actual probability of a behavioural

switch from some state i to state j with the interval, conditional on at most one switch

and suppressing conditioning on interval length and model parameters, is then

Pr (j|i) = rPr (j|i,Mhalf = 0) + (1− r) Pr (j|i,Mhalf = 1) ,

which may be expressed in terms of the transition matrix P as

Q = rI + (1− r)P . (5.3)

Crucially, this transformation accounts for the possibility of either zero or one potential

switch in each half-interval; thus, over the entire interval, we are not strictly enforcing

two potential switches. However, the resulting matrix Q serves as a modified transition

probability matrix that may be used analogously to P in the two-switch case of FInCH.

The probability of moving from state i to state k over the whole interval—with a visit

to intermediate state j—is then given by

Pr (k|i, j) =
qijqjk
{Q2} ik

, (5.4)
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which corresponds with the two-switch case in the original FInCH formulation (see Fig-

ure 4.1, or Equation 4.9 within Section 4.2.3). However, the formulation for Pr (k|i, j)
based on Q as given in equation 5.3 now accounts for each possible number of potential

state changes implicitly.

Given that M ∼ Poisson (2µ) denotes the number of potential switches over the

whole interval, local likelihood terms are then given by

ρ (x, y, k|δt, i) = γik (δt) ρ (x, y|δt, i, k) (5.5)

= γik (δt)

∑N
j=1 ρ (x, y|δt, i, j, k,M = 2) qijqjk∑N

j=1 qijqjk
, (5.6)

where ρ (x, y|δt, i, j, k,M = 2) is defined by the two-switch density given in Section 4.2.2

and γik (δt) represents the i, k-th element of exp (Gδt) = {γik (δt)}. Other features of

the FInCH likelihood, such as the spline interpolation step, remain unchanged. Thus,

much of the methodology developed in the previous chapter applies directly here, aside

from the omission of the algorithms of Hobolth and Stone (2009) in the local likelihood

calculation.

By refining FInCH such that we no longer require the explicit calculation of proba-

bilities for each value of M , we expect the potential switching rate, κ—a key quantity

in these calculations—to have a lessened effect on the absolute value of the likelihood.

As a tuning parameter, κ may be difficult to interpret biologically, thus serving as a

barrier to the uptake of this methodology by ecologists. In this chapter, we leverage the

reduced role of κ by automating its role within the inference, setting it as a function of

transition rates rather than a parameter to be set manually.

5.2.1 Automating potential switching rates

Having introduced the FRInCH likelihood formulation, we now summarise methodology

for automating the potential switching rate, κ. This is achieved by defining κ as a

function of the upper bound on transition rates in the likelihood, rather than as a fixed

constant, as was assumed throughout 4. The aim of this step is to mitigate the risk of

unsuitable values being chosen for κ and, ultimately, to simplify the FInCH inferential

procedure to encourage wider uptake among ecologists.

The effect of unsuitable potential switching rate values

It is intuitive that setting the potential switching rate, κ (i.e. the upper bound on

transition rates), to an excessively low value leads to an underestimation of transition
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probabilities. It is perhaps less obvious, however, that choosing overly large values of

κ may also introduce systematic bias—a natural consequence of the finite-sum approx-

imation that underpins FInCH and, by extension, FRInCH.

For ease of exposition, consider the case in which the transition rate out of each

behavioural state is given by g. Over an interval of duration δt, the number of ac-

tual behavioural switches follows a Poisson (gδt) distribution, and the probability of

observing at least one switch is

Pr (≥ 1 actual switch) = 1− exp (−gδt) .

At the upper bound suggested by Glennie et al. (2023), where g = 1/δt, this yields

Pr (≥ 1 actual switch) ≈ 0.63.

In the exact inference setting of Blackwell et al. (2015) and Blackwell (2020), as

described earlier in Section 5.2, the uniformisation induced by potential switching rates

results in an exact representation of transition rate values if one sums over all possible

realisations of M . However, the FInCH and FRInCH approximations introduce a com-

putational simplification by truncating this sum at two potential switches per interval

(M ≤ 2). When the probability of more than two potential switches is small, this

truncation has negligible effect; this becomes problematic, however, when κ is chosen

to be large relative to the interval length.

Table 5.1 illustrates how the probability mass associated with more than two poten-

tial switches grows rapidly as κδt increases. When κδt = 5, for instance, approximately

87.5% of the probability mass lies beyond this truncation point; by κδt = 10, nearly all

of it does. In such cases, both FInCH and FRInCH likelihood frameworks effectively

ignore a substantial proportion of the switching scenarios that—in the exact inference—

serve to meaningfully contribute to the total transition probability of a given interval.

Indeed, although each potential event carries only a small individual probability of be-

coming an actual switch, the cumulative effect of many such opportunities to change

behaviour may be significant. When most of these opportunities are excluded by the

M ≤ 2 truncation, the model consequently integrates over only a small fraction of

the relevant probability mass; this results in a systematic underestimation of the total

switching probability and, as a consequence, of the transition rates, g.

In effect, an excessively large κ relative to the observation interval duration δt results

in the inferred behavioural process appearing more persistent than is actually the case.

Indeed, it is almost paradoxical that increasing κ—a conservative but computationally

demanding strategy in the exact inference—risks reducing the accuracy of FInCH and

FRInCH formulations by increasing the relevant probability mass excluded by the trun-
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Potential switch rate, κ Pr (M ≤ 2) Tail mass

0.5 0.986 0.014

2 0.676 0.324

5 0.125 0.875

10 0.0028 0.9972

Table 5.1: The effect of increasing the potential switching rate, κ, on the probability of

more than two potential changes in behaviour over an interval of length δt = 1.

cation point at M = 2. Thus, in order to avoid biasing transition rate estimates, the

choice of κ must be handled carefully in these frameworks.

A variable potential switching rate

The inclusion of the potential switching rate κ may be viewed as a vestigial arte-

fact of the behavioural state sampling procedures used in earlier exact inference meth-

ods (Blackwell et al., 2015), where algorithms specific to uniformised Markov chains

(Hobolth and Stone, 2009) required its presence to facilitate sampling of latent states.

In the FRInCH formulation, however, these algorithms are no longer required, imply-

ing that κ could, in principle, be removed entirely (see Section 5.6). Doing so relies

on a first-order Taylor approximation, which may introduce some degree of inferential

inaccuracy; we do not pursue this approach any further than detailing its existence as

a potential avenue for future research.

If we retain κ, however, we are left with an arbitrary tuning parameter that must

be chosen carefully: large enough to ensure the an accurate representation of the true

transition rates, but not so large that it inflates the probability of more than two

potential changes per interval. When prior insight into the magnitude of switching levels

exists, κ may be chosen to reflect these expectations and may even serve as a useful

constraint. However, in most applications, we expect that it would be advantageous

to automate this choice to improve accessibility and reduce the risk of inadvertently

biasing inference.

Analogous work has been undertaken in a fully Bayesian setting, where κ is treated

as a random variable to be inferred directly (Alkhezi, 2019). In a direct optimisation

framework, κ may instead be updated dynamically based on the largest transition rate

out of each state at each iteration, such that

κ = max
i

∑
j ̸=i

gij + ϵ, (5.7)
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for each state i, with a small constant ϵ > 0. In theory, within a frequentist setting we

may set ϵ = 0, resulting in a FInCH likelihood with no user-imposed tuning parameters.

However, this does not translate into a Bayesian setting. When κ is sampled within a

hybrid MCMC scheme such as that of Blackwell et al. (2015), setting it equal to the

transition rate out of a state may impede the reconstruction of feasible behavioural

trajectories, leading to poor mixing (Alkhezi, 2019). For this reason, we incorporate

ϵ ̸= 0 in this automation process for conceptual ease. We reiterate here that we have no

reason to believe that the results detailed throughout this chapter are liable to change

with different values of ϵ as long as it is set to be some small value. This improves on the

formulation detailed in Chapter 4, for which there are potentially serious consequences

with regard to model accuracy when the choice κ is inappropriate. In a specific MCMC

sampling context, the work of Alkhezi (2019) shows that choosing ϵ—rather than κ—as

a tuning parameter leads to far better mixing than the original exact methodology.

As mentioned previously in this chapter, we retain much of the FInCH methodol-

ogy described in Chapter 4, a principal advantage of which is the computational gains

obtained by using spline-based interpolation to approximate local likelihood terms for

highly temporally regular data. Before validating the methodology introduced in this

chapter, we give a more careful treatment of the numerical stability of the spline interpo-

lation as a function of the quantity of similarly spaced data used for explicit calculation,

and we introduce an alternative interpolation approach suitable for very irregular data.

5.3 On the Spline Interpolation of Local Terms

As outlined in Section 4.2.4 and demonstrated in Section 4.3.4, the original FInCH

implementation is computationally feasible even for very large datasets provided that

observations are largely temporally regular; this relies on spline interpolation of local

likelihood terms (Forsythe et al., 1977). Throughout Chapter 4, we use at least 20

observations to inform each interpolant, with the proportion of contributing data chosen

to increase with the overall size and temporal regularity of a given dataset. Ultimately,

the amount of data used in this step is user-defined and reflects the familiar trade-

off between accuracy and computational cost; it is therefore important to quantify

the amount of data required for the interpolated likelihood (both for the FInCH and

FRInCH approaches) to stabilise.

The interpolation error of a cubic spline is strongly linked to the smoothness of

the underlying function, decreasing rapidly as the density of interpolation nodes (i.e.

the amount of similarly temporally spaced data used for explicit calculation) increases
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(Press et al., 2007; De Boor, 2001). Let ñ denote the number of distinct step lengths used

for manual local likelihood evaluation and write Ri for the ordered, unique Euclidean

step lengths used in the interpolant, R = {R1, . . . , Rñ} such that R1 = min (R) and

Rñ = max (R). For brevity, assume that nodes (i.e. data points) are roughly evenly

spaced in the interval [R1, Rñ], so that the subinterval width may be approximated by

h ≈ Rñ −R1

ñ− 1
.

For a sufficiently smooth target local likelihood function, the pointwise error of a cubic

spline interpolation is of the order O (h4), such that halving h (achieved by roughly

doubling the number of nodes) reduces the interpolation error by a factor of around

24 = 16 (De Boor, 2001). This underpins the practical recommendation that small or

irregularly sampled datasets should use a relatively large proportion of observed steps

for interpolation, whereas very large temporally regular datasets require only a modest

fraction.

Suppressing conditioning on model parameters, let ρs (Ri) and ρτ (Ri) denote the

interpolated and true local likelihood evaluated at some step length Ri, respectively.

The maximum absolute induced error over the interpolation domain may be bounded,

up to a constant, by

max
R∈[R1,Rñ]

{|ρs (R)− ρτ (R) |} ∝ h4C, (5.8)

where

C = max
Ri∈[R1,Rñ]

|ρ(4)τ (R) |, (5.9)

is the supremum of the fourth derivative of the local likelihood, quantifying its lack of

smoothness (Burden and Faires, 2011).

In practice, the error associated with the spline-based interpolation may be roughly

calculated on a case-by-case basis. We may evaluate h directly from the data; C

may be approximated numerically, such as via automatic differentiation on the local

likelihood for a small representative parameter values. For brevity, we opt not to

carry out this step, however, and comparing Figures 5.1 and 5.2 illustrates that in

an example with 100 observations, parameter estimates stabilise at around 12 nodes,

whereas in a 1000-observation case stabilisation occurs with only 6-8 explicit local

likelihood calculations. As a conservative rule-of-thumb, we therefore maintain the use

of 20 nodes as a lower bound for two-state models; these experiments suggest that

both the FInCH and FRInCH approaches scale at least as well with the data size as

previously expected.

121



Chapter 5. A Refined and Automated FInCH Approach

−
3.

2
−

2.
8

−
2.

4
−

2.
0

S
lo

w
 s

ta
te

0.
9

1.
0

1.
1

1.
2

1.
3

Fa
st

 s
ta

te

2 4 6 8 10 12 14 16 18 20

Lo
g 

di
ffu

si
on

 r
at

e

Data used in spline (100 observations)

0e
+

00
4e

−
04

8e
−

04

O
ut

 o
f s

lo
w

 s
ta

te

0.
00

00
0.

00
06

0.
00

12

O
ut

 o
f f

as
t s

ta
te

2 4 6 8 10 12 14 16 18 20

Tr
an

si
tio

n 
ra

te

Data used in spline (100 observations)

Figure 5.1: Stabilisation of parameter value point estimates by the amount of data

used in the spline interpolation of the likelihood in the 100 observation case. The blue

dashed lines represent the FInCH approach and the solid black line represents FRInCH.
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Figure 5.2: Stabilisation of parameter value point estimates by the amount of data

used in the spline interpolation of the likelihood in the 1000 observation case. The

blue dashed lines and black solid lines represent the FInCH and FRInCH approaches,

respectively.
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5.3.1 Spatiotemporal splines

Thus far, we have exploited the aforementioned spline-based interpolation for efficient

likelihood computation across groups of intervals with similar temporal spacing. For

data drawn from highly irregular sampling schemes, however, the temporal-only spline

is less effective. To address this, we approximate the local likelihood as a function

of both spatial step length and interval duration using thin-plate splines (TPS). This

two-dimensional interpolant captures the joint dependence of the local likelihood (Sec-

tion 4.2.3) on step length and interval duration, therefore retaining effectiveness when

temporal regularity is weak.

Let x = {x1, . . . , xñ} denote the spatiotemporal inputs for ñ distinct intervals, with

xi = (Ri, δti) where Ri and δti represent the step length of interval i and its duration,

respectively. As before, let ρτ (xi) represent the likelihood value—conditional on some

initial and final state—evaluated across interval i. The TPS constructs a mapping f (x)

that minimises the data fidelity term

Edata =
ñ∑
i=1

||ρτ (xi)− f (xi) ||2, (5.10)

subject to a bending-energy penality; with smoothing parameter λ, the optimisation

objective is given by

ETPS = Edata (f) = λ

∫∫ [(
∂2f

∂R2

)2

+ 2

(
∂2f

∂R∂δt

)2

+

(
∂2f

∂δt2

)2
]
, (5.11)

balancing the smoothness of f (x) against goodness of fit to the computed local like-

lihood values (Tahir, 2023). In practice, a TPS approach to interpolation may be

implemented efficiently using the well-tested routine fields::Tps in R (Nychka et al.,

2021).

To briefly illustrate the practical benefits of this approach, consider a short simula-

tion study on completely irregular data of size n ∈ {100, 200, 500, 1000}, using 10 dis-

tinct simulated datasets per scenario. For highly temporally irregular data the temporal

spline is not appropriate, so we compare the runtime of FRInCH without any spline

interpolation to that of FRInCH augmented by a spatiotemporal TPS. We utilise 50%,

40%, 30%, and 15% of the data for explicit local likelihood calculation in the cases with

100, 200, 500, and 1000 observations, respectively. Results in Figure 5.3 show that, for

the base FRInCH (no spline) exhibits faster computation for for small sample sizes;

however, its run time grows roughly linearly in n whereas the TPS-enabled approach

plateaus, yielding vastly better scalability for large and irregular data. Thus the spa-

tiotemporal spline plays a similar role to the one-dimensional spline in the temporally
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Figure 5.3: Comparing the computation time for datasets with a range of different

sizes when using the base FRInCH approach and spatiotemporal splines. Shaded areas

give 80% confidence intervals, with 10 datasets pooled in each scenario. Point estimate

results from this brief simulation study are given in Appendix D.1.

regular-data setting, enabling computational feasibility even when irregularity prevents

effective temporal-only interpolation.

5.4 Comparing Model Accuracy and Efficiency

In this section, we compare the accuracy and computational complexity of the original

FInCH approach with its reduced counterpart, FRInCH. In Section 5.4.1, we directly

compare the runtime and accuracy of these two approaches while permitting equivalent

use of temporal spline interpolation. This comparison study draws upon pooled results

from 100 independently generated datasets, constructed analogously to those of Section

4.3.1. By comparing the accuracy of these two approximate methods, we effectively

validate the ‘one switch per half interval’ assumption introduced in Section 5.2.

In Section 5.4.2, we examine how automating the potential switching rate, κ, in-

fluences both the disparity between—and the absolute accuracy of—the FInCH and

FRInCH frameworks. This comparison, again based on pooled MLE results from 100

simulated datasets, evaluates whether altering κ affects the overall likelihood value

to a non-negligible degree. Section 5.4.3 demonstrates the degree to which FRInCH

enhances the efficiency of the original FInCH approach in scenarios where movement
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densities admit no (semi-)analytic solutions, thereby requiring the movement densities

described in Section 4.2.2 to be evaluated using adaptive quadrature alone. Draw-

ing direct comparison between numeric and semi-analytic cases, this analysis provides

further insight into the benefits of having semi-analytic expressions for movement den-

sities. Finally, in Section 5.4.4, we summarise the time complexity of the FInCH and

FRInCH approaches, giving a quantitative explanation for the relative computational

performance of the two methods observed throughout the aforementioned comparison

studies.

5.4.1 A simulation study

To demonstrate the impact of the FRInCH approach relative to the original FInCH

method, we conduct a simulation study using datasets ranging from 100 to 1000 ob-

servations. As is done in Section 4.3.1, we apply temporal spline interpolation to 20%

of the data for the 100 and 200-observation cases, reducing to 10% and 5% of the data

for the 500- and 1000-observation cases, respectively. We simulate a two-state animal

movement process with transition rates g12 = g21 = 0.001, and diffusion parameters

log σ2
1 = −2 and log σ2

2 = 1. For this initial study, we do not automate the potential

switch rate, instead fixing it at κ = 0.2 as in the original framework.

The results of this direct comparison between FInCH and FRInCH are given in

Table 5.2. Across all scenarios, the MLE point estimates obtained from the two methods

exhibit negligible differences (indeed, results are almost exact across all dataset sizes up

to three significant figures), while—as shown in Table 5.3—FRInCH consistently incurs

less computational cost. Figure 5.4 illustrates the computation time (demonstrating

both mean values and uncertainty) for each dataset size. Notably, the efficiency gained

by taking the FRInCH approach as a proportion of overall computation time does not

increase linearly with the size of the data. A more linear effect may be seen, however,

when comparing the efficiency of the FRInCH approach to the amount of data used in

the spline interpolation; this is discussed in Section 5.4.4.

5.4.2 Incorporating automated kappa

As described in Section 5.2.1, we may automate the potential switching rate, allowing

κ to be updated as parameters are sampled rather than a tuning parameter that is

arbitrarily set by the user, by defining κ to be some function of the upper bound on

transition rates. In this study, we fix the potential switching rate in the two state case

described in Section 5.4.1 to be κ = 0.01 + max
(∑

i ̸=j gij

)
. In a direct optimisation
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Figure 5.4: Comparing the mean time taken for both the FInCH approach—with ex-

plicit calculation of M = 0, M = 1, and M = 2 potential switches per interval—and

the FRInCH approach—which only incorporates the movement density conditional on

M = 2 switches per interval—by the number of observations in the simulation study.

Note that the potential switching rate is fixed at κ = 0.2. Note that we still account

for the possibility of less than two switches per interval in the FRInCH case, albeit

implicitly.

framework, the choice of ϵ = 0.01 is arbitrary and the results herein correspond to what

is expected by simply setting ϵ = 0. We then compare the effect of automating κ on

the accuracy and computational performance of both the FRInCH and original FInCH

approaches, under an equivalent simulation study to that utilised in Section 5.4.1.

The runtime of the FInCH and FRInCH approaches under automated κ, illustrated

in Figure 5.5, are almost indistinguishable from the case with fixed κ = 0.2, as shown

previously in Figure 5.4. These results contrast sharply with the Bayesian variable-κ

approach, which has been shown to reduce the computation time taken for the exact

method of Blackwell et al. (2015) substantially (Alkhezi, 2019).

To assess the accuracy of the automated κ formulation, we compute the root mean

square error (RMSE) of MLE parameter results inferred when using each method. For

true parameter value x and n estimates x̂
(j)
i inferred using model j, the RMSE is defined

as

RMSEj =

√
1

n

(
x̂i

(j) − x
)2
. (5.12)
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In Figure 5.6, we compare the RMSE ratio RMSEf/RMSEv for fixed (RMSEf ) and

variable (i.e. automated) κ (RMSEv) across both the FInCH and FRInCH frameworks.

Allowing κ to vary has minimal effect on accuracy; in many cases, the varying-κ for-

mulation yields slightly lower RMSE. In Figure 5.6, it is not immediately clear why

the case with n = 200 observations appears to stand out from the rest; this may be

a remanent artefact of the data, which would require a follow-up investigation with

a higher number of pooled datasets to verify. Differences between κ formulations are

generally more pronounced in the FInCH framework than that of FRInCH, reflecting

the stronger dependence of the former on κ incurred by the use of algorithms drawn

from Hobolth and Stone (2009). Notable, the 200-observation case shows the most pro-

nounced RMSE ratio differences. Given that the temporal spline interpolation affects

20% of the data in this case, the method depends the least on interpolation and more

on direct calculations involving κ, giving greater opportunity for small differences as

a result of varying κ to propagate. Nevertheless, the RMSE ratio remains low in all

scenarios, demonstrating that automating κ does not introduce any substantial error

and perhaps further evidencing that FInCH and FRInCH yield comparable accuracy

overall.
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Figure 5.5: Comparing the mean time taken for both FInCH and FRInCH approaches

(as bars) with uncertainty by the number of observations in the simulation study, the

potential switching rate given by κ = 0.01 + max
(∑

i ̸=j gij

)
. The computation time

taken is similar to that in the fixed-kappa case (see Figure 5.4 for comparison), with

the FRInCH approach remaining consistently faster than the original FInCH approach.
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Figure 5.6: Comparing the RMSE ratio (that is, the RMSE in the fixed kappa case over

the varied kappa RMSE) for each model parameter value. The RMSE value is found

for each number of observations, as labelled. Evidently, fixing the potential switching

rate does not produce estimates too dissimilar from allowing potential switching rate

to vary.

5.4.3 A general application: the numeric case

Thus far, we have validated the accuracy and efficiency of the FRInCH method (for both

fixed and varying κ) across 100 pooled datasets with n ∈ {100, 200, 500, 1000} observa-

tions in order to account for natural variation in computation time between runs. Since

the simulated animal’s movement is drawn from a state-dependent isotropic Brownian

motion, it has thus far been treated as given that we are able to use semi-analytic solu-

tions for movement densities throughout. Of course, more complex movement formula-

tions may not exhibit the same level of analytic tractability; if semi-analytic solutions

do not exist, then movement densities are evaluated numerically at greater computa-

tional cost. For the simulation model previously described, we draw direct comparison

between the time taken when using the FInCH and FRInCH approaches (with κ auto-

mated) in both a semi-analytic and numeric setting (i.e. where the movement densities

given in Section 4.2.2 are calculated using adaptive quadrature).

Given that numeric and analytic solutions correspond to the same likelihood model,

we are not concerned with MLE values here; instead, the focus is on computation

time alone. In Table 5.4, we show that the time taken for entirely numerical inference
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is far greater than when semi-analytic solutions for movement densities are utilised,

regardless of whether the FInCH or FRInCH approach. Naturally, we expect that the

computational cost for the numeric case is negated somewhat by the temporal spline

interpolation; this is evidence by the similarity in computation time between the 500-

and 1000-observation cases, each requiring the same number of explicit local likelihood

calculations. Interestingly, although a slight computational gain is still evidenced when

taking the FRInCH approach the original FInCH in a numeric setting, the improvement

is actually lower as a proportion of overall computation time. This is likely because,

conditional on some number of exact local likelihood calculations, the two-switch density

dominates the time complexity of both FInCH and FRInCH approaches when it is

computationally expensive. Thus, the gain seen from not requiring the no-switch and

one-switch densities tends towards negligibility; this is shown in Section 5.4.4.
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Approach n log σ2
1 log σ2

2 γ12 γ21

True values — -2.00 1.00 0.091 0.091

FRInCH 1,000 -1.99 1.00 0.092 0.093

[-2.09, -1.89] [0.91, 1.08] [0.070, 0.118] [0.067, 0.134]

Coverage 0.94 0.96 0.99 0.96

FInCH 1,000 -1.99 1.00 0.092 0.093

[-2.09, -1.89] [0.91, 1.08] [0.070, 0.117] [0.067, 0.133]

Coverage 0.94 0.96 0.99 0.96

FRInCH 500 -2.01 0.99 0.096 0.094

[-2.16, -1.87] [0.87, 1.09] [0.057, 0.147] [0.055, 0.145]

Coverage 0.94 0.95 0.92 0.93

FInCH 500 -2.01 0.99 0.096 0.094

[-2.16, -1.86] [0.87, 1.09] [0.057, 0.147] [0.055, 0.145]

Coverage 0.94 0.95 0.92 0.93

FRInCH 200 -1.99 1.00 0.095 0.100

[-2.28, -1.77] [0.77, 1.23] [0.043, 0.169] [0.041, 0.189]

Coverage 0.90 0.93 0.96 0.93

FInCH 200 -1.99 1.00 0.095 0.100

[-2.28, -1.77] [0.77, 1.23] [0.043, 0.169] [0.041, 0.189]

Coverage 0.90 0.93 0.96 0.93

FRInCH 100 -2.00 1.02 0.102 0.099

[-2.34, -1.68] [0.69, 1.28] [0.03, 0.28] [0.02, 0.22]

Coverage 0.96 0.96 0.93 0.98

FInCH 100 -2.00 1.02 0.102 0.099

[-2.34, -1.68] [0.69, 1.28] [0.03, 0.28] [0.02, 0.22]

Coverage 0.96 0.96 0.93 0.98

Table 5.2: Pooled point estimates and uncertainties for parameter values obtained using

direct optimisation via the reduced FInCH (FRInCH) and original FInCH approaches

on simulated data, compared to actual values. We use a similar portion of the data

for spline interpolation as in the previous Section. In all cases, approaches correctly

predicts the infinitesimal transition rate to and from each state to be ĝ12 ≈ ĝ21 ≈ 0.001

to two significant figures. Point estimates and uncertainty for parameter values gleaned

from using both FInCH and FRInCH approaches are nearly indistinguishable to three

significant figures.
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n = 1000 n = 500 n = 200 n = 100

FRInCH computation time (s) 4.25 3.75 3.48 1.84

FInCH computation time (s) 4.79 4.25 3.98 2.11

Table 5.3: The time taken when using both the FRInCH and FRInCH approaches for

inference for datasets of varying size. The FRInCH approach consistently takes less

time to compute throughout the analysis.

Approach Observations Analytic Time (s) Numeric Time (s)

FRInCH 100 1.28 32.1

FInCH 1.57 34.9

FRInCH 200 1.98 39.3

FInCH 2.35 37.1

FRInCH 500 2.48 57.3

FInCH 2.94 65.9

FRInCH 1000 3.44 58.8

FInCH 4.34 66.0

Table 5.4: The time taken when using the FInCH and FRInCH approaches in the

semi-analytic case, and the case with no analytic or semi-analytic solutions for move-

ment densities, based on the mean value of 100 pooled runs. Although the FRInCH

approach remains faster than the original FInCH framework, the relative difference in

computation speed is, ultimately, very fine in both scenarios. We use temporal spline-

based interpolation using 20% of the data in the cases with 100 and 200 observations

(amounting to 20 and 40 explicit local likelihood calculations, respectively). We utilise

10% and 5% of the data when faced with 500 and 1000 observations, respectively—this

corresponds to 50 local likelihood calculations in each case, resulting in a plateau in

computation time in both FInCH and FRInCH frameworks.
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5.4.4 Quantifying the time complexity of FInCH and FRInCH

Throughout this chapter, we have observed that there exists a tangible yet modest im-

provement in computation time from introducing FRInCH. Perhaps contrary to initial

expectations, and likely on account of the effective temporal-spline based interpolation

step in the original FInCH, this reduced formulation does not offer efficiency gains

that scale with the size of the dataset. Given that the two methods differ only their

treatment of the local movement density, we explain these results based on the time

complexity of evaluating the local likelihood in a single observation interval.

Consider the general case with N behavioural states. In the FInCH framework, let

τ0, τ1, and τ2 denote the cost of computing the no-switch, one-switch, and two-switch

movement densities, respectively, conditional on start and end states. For each interval,

and ignoring symmetry between transitions (i.e. treating the density conditional on

i → j as distinct from that for j → i), these densities must be evaluated N , N2, and

N3 times, respectively. The local computation time for FInCH is therefore given by

Tρ,FInCH ≈ τ0N + τ1N
2 + τ2N

3, (5.13)

and if ñ intervals are calculated exactly then the total cost of computation is roughly

equal to T = ñTρ,FInCH. In contrast, FRInCH, requiring no evaluation of the no-switch

or one-switch densities, has a total time complexity of T ∗ = ñTρ,FRInCH ≈ τ ∗2n
3, where

τ ∗2 differs only slightly from τ2 due to the modified structure of Q. The corresponding

cost ratio is

R =
T
T ∗ =

τ0N + τ1N
2 + τ2N

3

τ ∗2N
3

=
τ0

τ ∗2N
2

+
τ1
τ ∗2N

+
τ2
τ ∗2
, (5.14)

which converges rapidly to τ2/τ
∗
2 ≈ 1 as either the number of states N or the two-switch

computation time τ2 increases. This explains the empirical findings in earlier sections—

specifically, the smaller (relative) improvements seen in numeric settings where τ2 and

τ ∗2 are very large relative to the semi-analytic case.

If symmetry between transitions is exploited (e.g., treating i → j and j → i as

equivalent), the corresponding reduction in required calculations of the two-state den-

sity may diminish the computational advantages gained from FRInCH. Finally, we

reiterate that for a dataset with n total observations, the computational cost of both

the FInCH and FRInCH likelihoods is roughly of the order O (ñ) rather than O (n). The

temporal-spline interpolation has been demonstrated to be stable even for small val-

ues of ñ, thereby potentially reducing the magnitude of computation gain even further

(for instance, in Table 5.4 we see that inference on n = 1000 observations is achieved

using only ñ = 50 exact local likelihood calculations). Consequently, we see that the
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Figure 5.7: Comparing the time taken for the FInCH and FRInCH approaches in the

semi-analytic and numerical cases, with uncertainty.
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most substantial improvements from FRInCH on regular data occur in settings with

relatively small sample sizes where spline interpolation plays a smaller role. Although

not explored thus far, modest gains from taking a FRInCH approach may also be seen

when making inference on small-to-moderately sized irregularly sampled datasets, for

which the spatiotemporal spline interpolation described in Section 5.3.1 is less effective.

5.4.5 A summary of model comparisons

Based on the cost ratio given in Equation 5.14, it is possible that, by focusing on the case

with N = 2 behavioural states, we have effectively demonstrated the most favourable

scenario for the FRInCH approach relative to the original FInCH method. Nevertheless,

the examples presented throughout this chapter show that FRInCH consistently reduces

computation time, with no evidence of detrimental effects on model accuracy. Moreover,

the development of an alternative FInCH formulation that removes the reliance on

algorithms designed for uniformised homogeneous Markov chains (Hobolth and Stone,

2009) may constitute a meaningful step toward accommodating spatially heterogeneous

transition rates (see Section 4.4). Based on results from Section 5.4.2, this reformulation

may also attenuate potential issues arising from the automation of κ. A key takeaway

from this section is that future attempts to improve the accuracy of the FInCH/FRInCH

framework are most likely to be successful if they target the efficient calculation of the

two-switch density; this motivates a promising avenue for future research discussed in

Section 5.7.

A method not considered yet in this chapter—but used extensively for comparison

in Chapter 4—is the discrete-time HMM. This framework is well known for its sensi-

tivity to starting parameter values. In what follows, we briefly examine the stability

of the FInCH, FRInCH, and discrete-time HMM methodologies under varying initial

parameter estimates in order to assess whether this sensitivity likewise poses a challenge

for the continuous-time methods introduced thus far in this thesis.

5.5 Model Stability: A Sensitivity Analysis

In preceding sections, we have demonstrated that the FRInCH approach, in compari-

son to the original FInCH methodology, enables faster computation, though the relative

magnitude of this improvement diminishes with increasing sample size and with greater

temporal regularity of the observations. Furthermore, automating the potential switch-

ing rate κ as a function of upper bounds on transition rates does not appear to adversely
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affect model performance. However, in all simulation studies presented thus far, we have

initialised direct likelihood optimisation using parameter values log σ2
1 = −3, log σ2

2 = 1,

g12 = 0.001, and g21 = 0.001, which are close to the true parameter values.

In theory, optimisation algorithms such as that of Nelder-Mead (Nelder and Mead,

1965) or the Baum-Welch (Baum et al., 1970) converge to a maximum of the likeli-

hood function, but not necessarily to the global maximum. Consequently, it is essential

that the methodology employed is robust to a broad range of initial parameter values,

ensuring that the local maximum reached corresponds to the global maximum. Con-

vergence issues and optimisation failures due to poorly chosen starting values are well

documented for discrete-time HMMs (Michelot and Langrock, 2025). A common strat-

egy to address instability is to repeat the optimisation across a grid or random sample

of starting values within reasonable bounds (Rabiner, 1989). For any method used by

movement ecologists, robustness to starting values is therefore critical to ensure that

instability rarely arises and when it does it is easily identifiable. In this section, we con-

duct a concise sensitivity analysis comparing the FInCH, FRInCH, and discrete-time

HMM approaches (which, similarly to throughout Chapter 4, we also refer to as simply

‘the HMM’).

Consider a temporally regular dataset containing 100 observations for an animal

moving according to two behavioural states (one fast and one slow), identical to that

used in Section 5.4.3. Rather than relying on previously selected initial parameter

values, we now explore the effect of varying starting parameters within pre-specified

bounds. We assume that the ecologist has prior beliefs that the slow diffusion rate lies

in log σ2
1 ∈ [−5, 0] and the fast diffusion rate in log σ2

2 ∈ [−1, 4], subject to σ1 < σ2.

Transition rates are assumed to lie in g12, g21 ∈ [0.0005, 0.01], spanning approximately 5

expected switches over the entire data to values approaching the upper limit for which

an HMM remains appropriate (Glennie et al., 2023); nothing is assumed known about

the magnitude of transition rates relative to one another. For the FInCH, FRInCH, and

discrete-time HMM frameworks, we perform direct likelihood optimisation over a single

dataset using a broad array of starting values within these uncertainty bounds, ceasing

inference at 501 function calls. Finally, note that when using both the FInCH and

FRInCH approaches, we allow κ to be automated, following the methodology outlined

in Section 5.2.1.

The FInCH approach

When using the original FInCH method described in Chapter 4, we observe a reasonable

degree of resilience to the choice of starting parameters. Illustrating this, output from
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the sensitivity analysis for the transition rates is shown in Figure 5.8. Convergence

issues arise only in cases where starting values are log σ2
1 = 0 and either log σ2

2 = 4 or

log σ2
2 = 2.5. These results indicate that the initial diffusion-rate specification must be

handled with particular care. In contrast, the starting transition rates appear to exert

less influence on the inferred MLE values, except in the case log σ2
1 = 0 and log σ2

2 = 2.5,

in which issues only occur when g12 = 0.01 and g21 = 0.00525. Table 5.5 summarises

the number of problematic cases, with nine combinations of starting parameters leading

to identifiability issues in total.

log σ2
1 = −5 log σ2

1 = −2.5 log σ2
1 = 0

log σ2
2 = 1 0 0 0

log σ2
2 = 2.5 0 0 1

log σ2
2 = 4 0 0 8

Table 5.5: Counts for the runs with at least one variable demonstrating extreme in-

accuracy by initial choice of log diffusion rate in each state. We find that the initial

choice of diffusion rate has more of an effect on the inference than the initial choice of

transition rates, and thus must be chosen carefully.

The FRInCH approach

The FRInCH approach exhibits sensitivity patterns broadly similar to those of the

original FInCH method. However, under FRInCH, convergence issues only arise when

starting diffusion rate values are set to log σ2
1 = 0 and log σ2

2 = 4. A visualisation of

the effect of starting values on the estimated diffusion rates is provided in Figure 5.9.

Table 5.6 indicates that only eight parameter combinations resulted in identifiability

issues.

log σ2
1 = −5 log σ2

1 = −2.5 log σ2
1 = 0

log σ2
2 = 1 0 0 0

log σ2
2 = 2.5 0 0 0

log σ2
2 = 4 0 0 8

Table 5.6: Counts for the runs with at least one variable demonstrating extreme in-

accuracy by initial choice of log diffusion rate in each state. We find that the initial

choice of diffusion rate has more of an effect on the inference than the initial choice of

transition rates, and thus must be chosen carefully.
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The discrete-time HMM

The HMM displays substantially greater sensitivity to starting parameter values than

either continuous-time method. Figure 5.10 illustrates this issue, showing instability not

only in cases with log σ2
1 = 0 and log σ2

2 = 4 (as is the case with FInCH and FRInCH),

but also for combinations such as log σ2
1 = −2.5 and log σ2

2 = 4. These cases are not

exhaustive; the instability of the HMM is widespread across the parameter space, with

Table 5.7 summarising the frequency of anomalous outcomes.

log σ2
1 = −5 log σ2

1 = −2.5 log σ2
1 = 0

log σ2
2 = 1 0 0 1

log σ2
2 = 2.5 0 0 1

log σ2
2 = 4 1 3 7

Table 5.7: Counts for the runs with at least one variable demonstrating extreme inac-

curacy by initial choice of log diffusion rate in each state, when running the HMM.

Overall, both FInCH and FRInCH show similar and comparatively modest sensitiv-

ity to starting parameter values, with instability primarily arising cases where the fast

diffusion rate is initially chosen to be very high. In contrast, the discrete-time HMM

demonstrates much higher sensitivity, influenced strongly by both initial diffusion rates

and initial transition rate-derived TPM entries. This increased instability is likely at-

tributable to the discrete-time HMM being a far more coarse approximation to the true

continuous-time process. However, given that continuous-time methodology has been

demonstrated not to be infallible, caution remains necessary when making inference via

direct likelihood optimisation using the FRInCH/FInCH methodology. Starting values

should be chosen deliberately, typically through exploratory data analysis or—if tol-

erance for computational expense allows—by sampling from a grid of plausible initial

values (Michelot et al., 2016).

If locating the global optimum is essential for a single run, alternative optimisation

methods to those used in this thesis may be employed. For example, simulated annealing

(Belisle, 1992; Bertsimas and Tsitsiklis, 1993) is able to find global optimum values

even in cases with a high number of local maxima by probabilistically accepting lower-

likelihood parameter sets, albeit at increased computational cost.
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Figure 5.8: Output from the sensitivity analysis for the FInCH approach: estimates for

ĝ12 and ĝ21. Starting parameters for outlying values are given, along with the dispersion

of parameter estimates in each case.
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Figure 5.10: Output from the sensitivity analysis for the HMM: estimates for log σ̂2
2

and the transition probability γ̂12. Starting parameters for outlying values are given,

along with the dispersion of parameter estimates in each case.
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5.6 Removing Potential Switching Rates Entirely

In Section 5.2.1 we introduce the idea of allowing the potential switching rate, κ, to be

a simple function of the lowest upper bound on transition rates rather than a tuning pa-

rameter chosen by the user. From Section 5.4.2 onwards, this approach is implemented

as part of the FRInCH framework, and is shown to perform well in compared to the

original FInCH methodology. In both FRInCH and FInCH formulations, the potential

switching rate κ is liable to effect the absolute value of the likelihood, although it does

not effect inferred MLE parameter values in the FInCH case due to it being constant.

When taking the FRInCH approach, however, with κ varying, it no longer cancels up

to proportionality, exhibiting a different effect on the value of the likelihood as new

transition rates are sampled. Naturally, the risk of having this effect is suboptimal,

and may result in convergence to incorrect parameter values, especially in cases such

as where the likelihood is particularly flat.

Much of the methodology developed in this thesis thus far relies on the assumption

of separability; that is, the existence of an upper bound κ on state-switching rates

which enables uniformisation of the behavioural process. This upper bound is essential

in the exact inference procedures of Blackwell et al. (2015) and Blackwell (2020), which

require accounting for an animal’s location at potential behavioural change times. In

this section, we detail methodology for eliminating the effect of the potential switching

rate from the FRInCH framework entirely, removing κ as a vestigial artefact of earlier

exact methods.

We do so by approximating the transition matrix Q. Substituting Equation 5.2 into

Equation 5.3 yields

Q = I +
1− r
κ

G, (5.15)

where G is the generator matrix and r = exp (−aκ) with a = δt/2. Assuming transition

rates, and their corresponding upper bound κ, are sufficiently small—specifically κ2 <<

κ, or equivalently maxj
∑

i ̸=j gij << 1 (Glennie et al., 2023)—we expand r using a first-

order Maclaurin approximation

Q ≈ I +
1− (1− aκ)

κ
G = I + aG = I +

δt

2
G, (5.16)

which removes κ from the likelihood formulation entirely. This approximation as a first-

order MacLaurin expansion recovers an expression equivalent to that given in Equation

3.5 in Section 3.2.1, with elements of Q = {qij} given by

qij ≈

 δt
2
gij if i ̸= j,

1− δt
2
gij if i = j,
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where G = {gij}.
For ease of exposition, let κ be the exact lowest upper bound on transition rates.

This κ-free approximation still rests implicitly on the separability assumption because

we require κ to be small enough, and therefore bounded, so that the neglected O (κ2)

term is negligible. The second-order error term is

ε =
δt2κ2

8

2

δt
=
δtκ2

4
, (5.17)

which, if we follow the constraints suggested by Glennie et al. (2023), namely δt ≤ 1/κ,

we obtain a ‘worst case’ error value of

ε ≤ κ

4
,

indicating that the error associated with this approximation may be non-trivial when

behavioural switching occurs at a particularly high rate relative to the sampling fre-

quency of the data. Conversely, we expect that this error is attenuated when the data

are sampled at a fine temporal resolution relative to the switching rates.

Given the availability of an automated, time-varying choice of κ as described in

Section 5.2.1, which removes the need for any tuning parameters (setting ϵ = 0), the

uniformised formulation was retained throughout this chapter. Nonetheless, the κ-

free formulation represents a promising avenue for future investigation, particularly in

settings where simplifications of the state process are desirable.

5.7 Future Work On Improving FInCH Efficiency

As highlighted in Section 5.4.4, the main opportunity for enhancing the computational

efficiency of the FInCH/FRInCH approach lies in accelerating the computation of the

movement density conditional on the maximum number of possible behavioural changes.

A logical first step is to investigate the performance of the one-switch approximation

across a wide range of datasets. Alkhezi (2019) demonstrated that this method is rea-

sonably accurate in many settings, and its impact would be substantial in spatially

inhomogeneous models, in which formulations derived in Section 4.4 become increas-

ingly complex and computationally burdensome.

Beyond simply reducing the number of potential switches, improvements may also

be achieved by replacing standard adaptive numerical integration with more efficient

quadrature schemes. Recent work by Masolele et al. (2024) demonstrates that Gauss-

Hermite quadrature yields highly accurate and efficient approximations for spatial inte-

grals. Preliminary investigation, done in collaboration with Thea Johonnett, suggests
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that Gauss-Legendre quadrature (Bogaert, 2014) offers similar advantages for approxi-

mating the two-switch movement density given in Equation 4.6 of Section 4.2.2.

Gauss-Legendre quadrature approximates an integral as a weighted sum∫ 1

−1

f (x) dx ≈
n∑
i=1

wif (xi) , (5.18)

where the nodes xi are the roots of the degree-n Legendre polynomial Pn (x), and the

weights

wi (xi) =
2

(1− x2i ) [P ′
n (xi)]

2 ,

are chosen to ensure exactness for polynomials up to degree 2n− 1.

In approximating the two-switch density, we conservatively choose n = 5 nodes for

each integration step, treating the integrand as a smooth function well approximated

by a polynomial of degree nine. The required nodes for P5 are

xi ∈
{

0,±1

3

√
5− 2

√
10/7,±1

3

√
5 + 2

√
10/7

}
,

with corresponding weights

wi (0) =
128

255
,

wi

(
±1

3

√
5− 2

√
10/7

)
=

322− 13
√

70

900
,

wi

(
±1

3

√
5 + 2

√
10/7

)
=

322 + 13
√

70

900
.

Because the Gauss-Legendre rule is defined on [−1, 1] as shown in Equation 5.18, inte-

grals over a general interval [a, b] require the change of variables

x
(a,b)
i =

b− a
2

xi +
a+ b

2
, w

(a,b)
i =

b− a
2

wi.

To illustrate the efficiency of this method, consider an animal moving a Euclidean

distance R = 2, with diffusion rates σ2
1 = 0.2, σ2

2 = 0.6, σ2
3 = 0.5, over a time step

δt = 10. We repeatedly evaluate the two-switch density using both adaptive numerical

integration and Gauss-Legendre quadrature, assuming in each case that semi-analytic

solutions for movement densities do not exist. Let τ
(A)
2 and τ

(G)
2 denote the computation

for one evaluation using adaptive and Gauss-Legendre quadrature, respectively. Over

1000 repetitions, we obtain

τ
(A)
2 ≈ 6.84× 10−4 (95% CI : 5.33× 10−4, 1.11× 10−3),

τ
(B)
2 ≈ 1.99× 10−4 (95% CI : 1.54× 10−4, 3.20× 10−4),
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Figure 5.11: The cumulative mean time taken over the 1000 iterations using both the

adaptive and Gauss-Legendre quadrature approaches. The disparity in the efficiency of

the two approaches is clear from the early stages of the experiment.

indicating that inference in a FRInCH-type framework using this approach is around

τ̂
(A)
2 /τ̂

(G)
2 ≈ 3.44 times faster. The corresponding density evaluations are extremely

close:

ρ (R|M = 2, .) ≈ 2.327047× 10−2 (Gauss-Legendre),

ρ (R|M = 2, .) ≈ 2.327049× 10−2 (adaptive).

Thus, Gauss-Legendre quadrature achieves comparable accuracy at substantially re-

duced computational cost, making it a promising candidate for accelerating two-switch

likelihood calculations within FRInCH-type models.

5.8 Discussion

In this chapter, we have introduced the fast, reduced, integrated continuous-time HMM

(FRInCH) approach, which assumes that no more than one potential change in be-

haviour occurs per half-interval between observations. We have shown that this novel

approach serves as a more computationally efficient alternative to the original FInCH

framework, as introduced in Chapter 4. We have demonstrated this improvement in

efficiency on a range of simulated data, in scenarios with both semi-analytic and nu-

merically calculated movement densities. The refined approach has exhibits no adverse
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effects on either accuracy or convergence stability when compared with the FInCH

framework. Indeed, both the FInCH and FRInCH approaches appear to be to be less

sensitive to the choice of initial parameter estimates than the discrete-time HMM. Fi-

nally, in this chapter it is shown that automating the potential switching rate, κ, has

no adverse effects on model accuracy or efficiency. One advantage of taking this upper

bound on transition rates to be automated is that it requires no prior knowledge about

the animal’s behavioural process, thus improving the accessibility of this approach for

ecologists.

The computational feasibility of the original FInCH formulation is driven by the

temporal-spline interpolation step when making inference on regular data. An imple-

mentation such as this allows for computational time to plateau as the size of the data

increases, rather than increasing linearly, thus rendering this continuous-time method

very competitive against the HMM when faced with very large regular datasets. Of

course, this carries an inevitable trade off between accuracy and efficiency based on the

amount of data used in the spline-based approximation step, as discussed in Chapter 4.

Throughout the earlier work, we use a minimum of 20 data points to generate this in-

terpolation, which has been shown in this chapter to potentially be quite a conservative

bound (at least in the two-state case); for as few as 100 observations we see conver-

gence when 12 observations as used directly in calculations. In this regard, we feel

that further investigation into the effect of the number of exact calculations on FInCH

stability is certainly warranted. In each case, this approach is inapplicable for highly

irregular datasets, for which we risk seeing a high associated computational cost. This

is liable to have a sizeable effect on inhibiting uptake of these methods among ecologists,

especially with large, regular datasets being that which discrete-time HMMs are best

suited for (Langrock et al., 2012). Accordingly, the spatiotemporal spline implementa-

tion, which facilitates faster inference on particularly irregular, large datasets has been

demonstrated in this chapter. This results in a similar plateau in computation time as

the size of the data increases, ensuring computational feasibility. The implication of

this step is that the FInCH/FRInCH-style approaches now have the potential to scale

reasonably well with the data regardless of its size or temporal irregularity. This is a

very important development in terms of ensuring the accessibility of these methods for

a wide range of data.

By removing the need for algorithms from Hobolth and Stone (2009) to be imple-

mented in the local likelihood formulation, which are specific to homogeneous Markov

chains, we have developed an alternative formulation that is more amenable to the incor-

poration of non-constant transition rates than FInCH. This advantage of the FRInCH
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approach in this aspect is likely limited to providing a simpler model formulation,

rather than improvement in efficiency that scales with the data, however. If we take

the (somewhat speculative) approach of integrating out both the animal’s location and

the time until potential changes, we naturally expect the time taken for calculating

the two-switch density to increase dramatically. In this scenario, based on the results

from Section 5.4.4, which are evidenced by the outcome of the fully numeric simulation

study in Section 5.4.3, we may see that the gain in efficiency from taking the FRInCH

approach compared to FInCH is not particularly notable. In order to ensure gains in

efficiency, there may be scope in formulating the behavioural process as a second-order

Markov chain (akin to in Chapter 6), and constructing a local likelihood over two suc-

cessive intervals and allowing for at most one potential switch in each. In taking this

approach, we avoid the need to numerically calculate quadruple integrals (over both the

space and time of both potential switches). The one-switch approximation has been

shown to perform well in the work of Alkhezi (2019).

There are caveats to taking an automated kappa approach, particularly in cases

where the inferential process is driven by different values of κ rather than ecologically

interpretable parameter values. This may the case when parameter values are weakly

identifiable (and thus the likelihood is more flat). This analysis may also suffer as a con-

sequence of having one high transition rate state, transitions out of which occur almost

instantaneously; this may be seen with error states (Langrock et al., 2012). Such states

may drive the potential switching rate very high relative to switching rates out other

states, which risks biasing other transition rates downwards. Note here that, in such

scenarios, the assumption of at most two changes in behaviour between observations

is not necessary violated. By contrast, in the original FInCH formulation of Chapter

4, the transition rate out of error states may only converge to the potential switching

rate, which is easily diagnosable and may even still result in stable, accurate inference.

We have demonstrated that automating the potential switching rate, κ as some

function of upper bounds on transition rates does not have a clear negative effect on

model accuracy, and developed an alternative FRInCH formulation that removes the

potential switching rate entirely (although this variation is not further investigated in

this thesis). By contrast, the original FInCH approach as described in Chapter 4 ne-

cessitates a user-imposed choice for the potential switching rate—-an estimate for the

upper bound on transition rates—adding an extra layer of complexity to the approach,

requiring some prior knowledge of behavioural change rates. Another feasible approach

for automating κ is to set this value at the upper bounds imposed in the general rule of

thumb proposed by Glennie et al. (2023), equal to the reciprocal of the mean interval
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duration. However, although we have taken this rule of thumb into account through-

out this thesis, it may be possible that allowing for intermediate behavioural switches

renders this upper bound overly conservative; in this regard, further investigation is

merited. Another potential option may be to treat the potential switching rate itself

as a variable, sampled separately from movement and transition rate parameters in a

reversible-jump style MCMC framework (Green et al., 2019). In the work of Alkhezi

(2019), this was shown to have a positive effect on the mixing of the original exact

method of Blackwell et al. (2015). However, given the aims of this thesis, this ap-

proach feels somewhat counter-intuitive: the primary motivation for developing FInCH

(and, by extension, FRInCH) is to allow for frequentist inference and a simpler MCMC

sampling regime implementation. Nonetheless, there may be scope for further experi-

mentation regarding the efficiency of approaches that allow κ to be sampled within a

Bayesian FRInCH/FInCH framework.

Ultimately, as discussed in Section 5.4.4, future efforts to improve the efficiency of

FInCH, perhaps unlocked by progress made in this chapter, may be best concentrated on

reducing the time-complexity of the movement density of the animal given a number of

switches equal to the assigned upper bound. We feel that the most promising direction

for future research extends the work demonstrated in Section 5.7, which uses Gauss

Legendre integration methods to approximate a double integral using only 10 function

evaluations. Early investigation in this chapter has shown that this drastically improves

the efficiency of the two-switch movement density, which we expect corresponds to a

high level of improvement when carrying out inference using the full model.
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Chapter 6

Efficient Velocity-Based Inference

In Continuous Time

So far in this thesis, we have developed the FInCH approach (with the FRInCH re-

finement introduced in the previous chapter coming under this umbrella term from this

point onwards) to facilitate fast inference on animal movement in continuous time. How-

ever, this approach is limited to a class of models in which the directional persistence

of a given animal is not accounted for. In this chapter, we develop the velocity-based

continuous-time HMM (VB-CTHMM), which allows for velocity-based inference (thus

accounting for directionality) in a way that carries the same limitations on behavioural

switching as the original continuous-time HMM and facilitates the use of the efficient

forward algorithm. In Section 6.2, we derive an expression for the VB-CTHMM like-

lihood, formulating the animal’s movement process as series of sliding windows of five

successive observations and its behavioural process as a second-order Markov chain.

In Section 6.3, we demonstrate the performance of this novel approach in a simula-

tion study on temporally regular data and as a comparison case study against existing

methodology for exact inference on simulated irregular data. We subsequently highlight

how the VB-CTHMM approach may be used in to infer non-stationary transition rates

in real-data case studies in Section 6.4, demonstrating a temporally inhomogeneous

framework on fisher (Pekania pennanti) data in Section 6.4.1 and an environmentally-

inhomogeneous framework on reindeer (Rangifer tarandus) data in Section 6.4.2. We

then give a guide on choosing a method for ecologists, highlighting the scenarios in

which the VB-CTHMM approach is particularly suitable, in Section 6.6.
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6.1 Introduction

As outlined in Section 4.5, the FInCH approach detailed in Chapters 4 and 5 is limited

to a class of models in which the directionality of an animal is not accounted for.

This is often a feature of interest to an ecologist, playing a large role in case studies

on a plethora of animal species such as Galapagos tortoises (Bastille-Rousseau et al.,

2016), bottlenose dolphins (Bailey and Thompson, 2006), and grey field slugs (Ellis

et al., 2020). Indeed, from an animal’s persistence of movement, we may more easily

parse out goal-oriented behavioural modes such as migration or return trips to a nest

from more exploratory movement which may signify behaviour such as foraging. In

this introductory section, we detail motivation and background (supplementary to that

provided in Section 3.2.5) for the velocity-based continuous-time HMM (VB-CTHMM).

A key advantage of the discrete-time HMM over its continuous-time counterparts,

and perhaps a key reason for its popularity, is the fact that it allows for straightfor-

ward, computationally efficient inference on an animal’s directional persistence. This

is achieved by applying a probability distribution to both its step length and turning

angle—the latter of which is, in effect, a (potentially inaccurate) proxy for velocity

autocorrelation. As discussed throughout this thesis thus far, methods formulated in

discrete time infer parameters that are heavily dependent on the sampling regime of the

data, and are problematic when faced with irregular or missing data or when comparing

different analyses on contrasting timescales. One approach for discrete-time inference

that accounts for directional persistence on irregular data or data with error is the mul-

tiple imputation approach of McClintock (2017). However, as demonstrated in Section

4.3.2, this method introduces a great deal of additional uncertainty, and may not scale

particularly well with the data; aforementioned issues with regard to scale dependence

persist.

The continuous-time correlated random walk (CTCRW) approach of Johnson et al.

(2008) allows for the directional persistence of an animal to be accounted for in a

scale invariant framework by modelling its velocity as an Ornstein-Uhlenbeck (OU)

process (Uhlenbeck and Ornstein, 1930). The animal’s location density is then given as

an integrated OU process, which is smooth and therefore more realistic than switching

diffusion frameworks over a fine timescale. Johnson et al. (2008) formulates the CTCRW

as form of state-space model in which the underlying states—i.e. the true observations

without error and unobserved velocity process—are continuous. The Kalman filter

(Kalman, 1960) is implemented to parse out the two underlying processes in an efficient

manner, under the assumption that the error process is Gaussian. There has been
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much work extending this approach, such as the work of Albertson et al. (2015), which

accounts for non-Gaussian error by utilising a Laplace approximation (Fournier et al.,

2012) rather than a Kalman filter and Fleming et al. (2017), which extends the Kalman-

filter CTCRW to encompass a wider family of diffusion processes. However, none of

these allow for the incorporation of hidden switches between behavioural states.

The work of McClintock et al. (2014) introduces latent behavioural states to the

CTCRW framework that requires the sampling of visited behavioural states and move-

ment parameters individually within an MCMC setting, under the assumption that

behavioural states are piecewise constant between observation times. A further multi-

state approach is given by Parton and Blackwell (2017) which allows for the modelling

of intermediate behavioural switches and formulates the movement of an animal in

continuous time—using diffusion processes—in terms of an animal’s step length and

turning angle, which is analogous to the discrete-time HMM. However, this approach

requires the resampling of the animal’s movement path over a fine timescale, meaning

it requires great computational expense when faced with large datasets. Later, the

work of Michelot and Blackwell (2019) meshes the CTCRW framework with a fully

Bayesian regime-switching scheme similar to that of Blackwell (2003), sampling states

by utilising algorithms from Hobolth and Stone (2009). This approach allows for exact

inference (albeit strictly within a Bayesian setting), in which behavioural states occur

independently of observation times, on high resolution datasets. However, although

this approach is relatively efficient in a spatially homogeneous setting, when faced with

environmental inhomogeneity its state-sampling scheme is no long valid; this scenario

requires a more expensive framework such as the exact approach of Blackwell et al.

(2015) to be implemented.

Here, we introduce a novel velocity-based approach for fitting a class of continuous-

time HMMs to animal movement data, which we call the velocity-based continuous-time

HMM (VB-CTHMM). We approximate the exact approach of Michelot and Blackwell

(2019) by limiting behavioural changes to observation times (an assumption first made

in a velocity-based framework by McClintock et al., 2014). We then use the forward al-

gorithm (described in Section 3.1.1) to facilitate much faster continuous-time inference

in both a direct optimisation and MCMC framework. This is achieved by compart-

mentalising the animal’s movement trajectory into windows of five observations, which

its underlying (autocorrelated) velocity process is able to propagate through. We in-

vestigate the performance of the VB-CTHMM in a simulation study, and demonstrate

that it is able to more efficiently recover movement and behavioural parameters from

simulated temporally irregular data then the exact switching CTCRW in a comparison
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study. We then carry out two case studies, fitting two states to fisher (Pekania pennanti)

and reindeer (Rangifer tarandus) movement data, respectively. Throughout these case

studies, we exhibit the way in which temporal and environmental inhomogeneity may

be implemented without incurring excessive computational expense or violating the key

assumptions of the model.

6.2 Model Formulation

In what follows, we provide an overview of the velocity-based continuous-time HMM

(VB-CTHMM). In Section 6.2.1, we detail the underlying location and velocity process

for a given time interval, which are given by an integrated Ornstein-Uhlenbeck process

(Johnson et al., 2008). We demonstrate the velocity distribution at the start of the

final interval in a given window in Section 6.2.2 and the corresponding location process

in Section 6.2.3. We highlight the underlying behavioural process formulation, which

we assume is represented by an underlying second-order Markov chain, in Section 6.2.4.

A directed graphic of this approach over a given window is shown in Figure 6.1.

6.2.1 The integrated Ornstein-Uhlenbeck process

The VB-CTHMM approach frames the velocity of an animal as some underlying,

(mostly) unobserved Ornstein-Uhlenbeck (OU) diffusion process (Uhlenbeck and Orn-

stein, 1930), the integral of which produces a smooth location velocity. Consider an

animal that moves on a one-dimensional plane. Let the location of the animal at some

time t be given by xt and its velocity at this time be vt. In the single-state case, the con-

tinuous time correlated random walk (CTCRW), or integrated OU process, is defined

by the equations

dxt = vtdt, (6.1)

dvt = β (µ− vt) dt+ σdωt, (6.2)

where ωt ∼ N (0, t) denotes a Wiener process (also called a Brownian motion process;

see Chapter 2), σ2 is the velocity diffusion rate (thus relating to the animal’s speed),

and β > 0 is the rate at which the animal’s velocity damps to its long term mean

value, µ. For simplicity, throughout this chapter we assume that the animal moves

according to an isotropic integrated OU process, such that β, µ, and σ are scalar, and

meaning that expressions contained within this section may easily be scaled up to higher

dimensions. If were to consider the non-isotropic case, these values could be taken as

multidimensional matrices (Blackwell, 2003; Gurarie et al., 2017).
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Without loss of generality, assume that an animal is in location x0 = 0 at time t = 0,

moving with instantaneous velocity v0. The work of Johnson et al. (2008) shows that,

by using Itô isometry (Itô, 1951), the marginal distribution of the animal’s location,

x1 and velocity, v1 conditional on the initial velocity and some increment in time δ is

given by

v1|v0 ∼ N
(
µ+ e−βδ (v0 − µ) ,

σ2

2β

(
1− e−2βδ

))
, (6.3)

x1|v0 ∼ N

(
µδ + (v0 − µ)

(
1− e−βδ

β

)
,

(
σ

β

)2
(
δ +

1− e−2βδ

2β
+

2
(
1− e−βδ

)
β

))
,

(6.4)

where we suppress conditioning on the temporal interval length and parameter val-

ues. The expression in Equation 6.4 is the integrated OU process. An example of Itô

isometry being used in working is shown in Section 2.2.1 of Chapter 2. We implement

a multistate variation of this integrated OU process, in which the model parameters

in our formulation are state-specific, such as in the switching CTCRW (Michelot and

Blackwell, 2019).

6.2.2 A data and model driven velocity process

From this point onwards, we consider an animal’s movement at any time to be de-

termined by the animal’s current behavioural state. Thus, if the animal is in state

i ∈ {1, 2, . . . , N}, then it moves in a manner defined by velocity process

dvt = βi (µi − vt) dt+ σidωt, (6.5)

where βi, σi, and µi are now state-dependent parameters.

In the original single-behaviour CTCRW approach of Johnson et al. (2008), the full

likelihood term for the model based on the integrated OU process in Section 6.2.1 is

evaluated using a global implementation of the Kalman filter (Kalman, 1960). This is a

form of state-space model in which the underlying state is continuous (i.e. representative

of underlying velocity, or true observed locations without measurement error) rather

than discrete (as is the case with the switching-regime models covered thus far). Thus,

we clarify here that, when we use the term multistate to differentiate between this and

switching CTCRW (Michelot and Blackwell, 2019), we refer only to states representing

discrete behavioural states.

Whether formulated in discrete- or continuous-time, the hidden Markov model

(HMM) allows for the use of the forward algorithm (Baum et al., 1970) by compart-

mentalising the global likelihood into local likelihood terms, leading to notable gains in
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efficiency by summing over potential visited behavioural states indirectly. The primary

objective of this chapter is to join the Kalman filter and HMM frameworks together

in an integrated OU setting, in which the autocorrelation of velocities is accounted

for and the likelihood is segmented into overlapping groups of successive observations.

This step facilitates the incorporation of underlying directionality in a continuous-time

setting while retaining much of the efficiency of off-the-shelf HMM formulations.

Consider a series of five observations recorded at (ordered) times given by

twindow = {t0, t1, t2, t3, t4} ,

such that the location of the animal at the time of the i-th observation is given by

xi−1. Let the duration of each interval within the window be given by δi = ti − ti−1 for

i = 1, . . . , 4. In what follows, the first observation x0 is only used to construct the initial

empirical and does not otherwise contribute directly to the local likelihood calculations

detailed throughout the rest of this section. For this reason, it is convenient to index in

a manner that is relative to the intervals between observations rather than the intervals

themselves. In particular, for one-dimensional movement, we define a ‘first guess’ for

the instantaneous velocity at time t1 using the empirical velocity over the first interval,

given by

v̂1 =
1

δ1
(x1 − x0) . (6.6)

Thus, the choice of indexing reflects the fact that velocity estimates are naturally as-

sociated with intervals {δ1, δ2, . . . , δ4} and therefore depend on pairs of successive ob-

servations rather than individual locations.

Naturally, the accuracy of this choice of initial velocity depends on the length of

the first interval in the window, δ1. If this interval is small, we expect v̂1 to be rea-

sonable estimate, whereas the actual value of v1 is liable to tend towards its long-

term stationary distribution. However, as a prerequisite for inference that accounts for

velocity-autocorrelation, we require data to be sampled at a relatively high frequency.

Furthermore, this velocity calculation lies three interval ‘stages’ behind the final ob-

servation, such that we expect any error incurred from this step not to have such a

great effect on the accuracy of the window’s location density expression. Thus, we

view this approximation for v̂0 to be sufficient. We discuss the case with more sparse

data in Section 6.5.2. At the start of the animal’s trajectory, we take v̂1 = 0, which is

conceptually akin to the prior distribution set for velocity in the global Kalman filter

implementation (Johnson et al., 2008).

Conditional on the calculated value for v̂1 representing the instantaneous velocity at

observation time t1, we seek an expression for the distribution of v2 and v3, representing
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the velocity of the animal at time t2 and t3, respectively. Let i ∈ {1, . . . , N} denote

the behavioural state of the animal at time t2. Suppressing conditioning on model

parameters and features of the data, the density for v2 is given by

ρ (v2) = N
(
µi + e−βiδ2 (v̂1 − µi) ,

σ2
i

2βi

(
1− e−2βiδ2

))
, (6.7)

drawn directly from the distribution of an OU process with damping parameter βi,

velocity diffusion σ2
i , and long term mean µi.

Assume that at time t2 the animal transitions into behavioural state j (which may or

may not be equal to i). The distribution for v3—denoting the instantaneous velocity of

the animal at time t3—conditional on v2 is drawn from an OU process with behaviour-

specific parameters {βj, σj, µj}, given by the probability distribution

ρ (v3|v2) = N
(
µj + e−βjδ3 (v2 − µj) ,

σ2
j

2βj

(
1− e−2βjδ3

))
. (6.8)

The marginal probability density for the animal’s velocity at the penultimate observa-

tion may then be written as

ρ (v3) =

∫
v2

ρ (v3|v2) ρ (v2) dv2, (6.9)

which amounts to an analytically tractable convolution of Gaussian random variables.

With manual calculations shown in Appendix E.1, this is given by

ρ (v3) = N
(
mv, s

2
v

)
,

where

mv = µj + e−βjδ3
[
µi + e−βiδ2 (v̂1 − µi)− µj

]
, (6.10)

s2v =
σ2
j

2βj

(
1− e−2βjδ3

)
+ e−2βjδ3

σ2
i

2βi

(
1− e−2βiδ2

)
. (6.11)

Intuitively, these results suggest that the expectation of v3 approaches its stationary

distribution in state i in cases with δ3 << δ2, and vice-versa if δ2 << δ3. The effect of

uncertainty around v2 on the overall uncertainty of v3 tends to zero as δ3 → ∞. The

neat tractability of Gaussian convolutions such as that of Equation 6.8 serves as the

basis for the Kalman filter itself (Kalman, 1960).

6.2.3 An integrated location process

Having calculated an expression for the distribution of the instantaneous velocity at the

penultimate observation time, v3 we may write the density for the animal’s change in
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location between observation times t3 and t4 as an integrated OU process. Assume that

at time t3 the animal transitions into behavioural state k. Directly from the original

CTCRW model formulation Johnson et al. (2008), we have that the distribution of

some step over the final interval, ∆4 = x4 − x3, is given by

ρ (∆4|v3) = N
(
mx|v, s

2
x|v
)
, (6.12)

where

mx|v = µkδ4 + (v3 − µk)
(

1− e−βkδ4
βk

)
, (6.13)

s2x|v =

(
σk
βk

)2
(
δ4 +

1− e−2βkδ4

2βk
−

2
(
1− e−βkδ4

)
βk

)
, (6.14)

conditional on the velocity of the animal at the start of the interval, where we suppress

conditioning on the previous location of the animal (assuming x3 = 0 without loss of

generality).

The marginal density for the final observation within the window, accounting for

the underlying velocity information propagated across the entire four-step window, and

conditional on visited states i, j, and k, is given by

ρ (∆4) =

∫
v3

ρ (∆4|v3) ρ (v3) dv3, (6.15)

for which we again suppress conditioning on model parameters and features of the data.

This is another example of a convolution of Gaussian random variables, which may be

found analytically by

ρ (∆4) = N
(
mx, s

2
x

)
, (6.16)

mx = µk

(
δ4 −

1− e−βkδ4
βk

)
+

1− e−βkδ4
βk

mv, (6.17)

s2x =

(
1− e−βkδ4

)
β2
k

s2v + s2x|v, (6.18)

where mv, s
2
v, and s2x|v are defined in Equations 6.10, 6.11, and 6.14, respectively. A

directed illustration of the dependencies across a given window in the VB-CTHMM

framework is given in Figure 6.1.

A single-state example

We reiterate that the procedure of conditioning a final step on a series of earlier velocities

is, in effect, a pseudo-Kalman filter. Thus, conceptually speaking, we may view the
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v̂1 v2 v3

S1 S2 S3

∆4

Figure 6.1: The state-dependence structure of the VB-CTHMM within a each window.

The underlying behavioural state and instantaneous velocity at observation time tn is

given by Sn and vn respectively. The change in the animal’s location between time t3

and t4 (suppressing conditioning on previous locations) is given by ∆4, and depends

jointly on instantaneous velocity at time t3 and the final behavioural state within the

window, S3. For illustrative purposes, throughout this section we have assumed state

realisations S1 = i, S2 = j, and S3 = k with i, j, k ∈ {1, . . . , N} for some number of

fitted states, N .

global implementation of this approach as an application of a Kalman filter across

overlapping four-step segments. To briefly illustrate this fact, we initially fit this model

in the single-state case, simulating 300 distinct datasets consisting of 1500 temporally

regular observations spaced by 10 time units, for an animal following a CTCRW process

with true parameter values β = 3, σ = 0.3, and µ = 0. We base inference on initial

parameter estimates β0 = 0.03 and σ0 = 0.16, with µ = 0 fixed. Pooling together

the results from single-state VB-CTHMM inference on each dataset (fixing µ = 0), we

estimate σ̂ ≈ 0.32 ([0.28, 0.36]) and β̂ ≈ 3.16 ([2.99, 3.32]). Figure 6.2 shows the spread

of results across the simulation study, in which we see a right-bias in the inferred MLE

values for σ and β. By virtue of utilising the empirical estimate of the instantaneous

velocity at time t1, we are taking into account features such as random acceleration

that occur earlier, across the interval [t0, t1]. The estimate of v̂1 may therefore be more

dissimilar to subsequent velocities than the true value of v1, biasing autocorrelation in

velocity across the window—and therefore the inferred damping rate, β̂, downwards.

This—along with the high levels of correlation between the two parameters—is likely

the cause of the right-bias that we see as a result of this study. Nonetheless, this

approach is clearly stable, with MLE values close to the true results albeit biased for

the reasons previously mentioned.
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Figure 6.2: A simulation study of 300 separate datasets in the single state case. With

the exception of some slight bias towards higher parameter values, this method performs

well.

6.2.4 Second-order hidden Markov model formulation

Refer again to the directed graph shown in Figure 6.1, which illustrates the dependencies

within each local window formulation of the VB-CTHMM approach. Conditional on

some calculated value of v̂1, an animal begins in one behavioural state (denoted by i)

at observation time t1, transitions to a second state j at time t2, and finally transitions

to some state k at time t3, ending the window in this state. This sequence of state

dependencies is amenable to a second-order continuous time HMM framework (a brief

overview of higher order representations for Markov chains is provided in Section 2.1.2

of Chapter 2). This approach accommodates switching behaviour at observation times

within a CTCRW framework, allowing for the conditioning on the velocity at the start of

the final interval v3, which depends on the second-to-last visited state, j (and therefore

the final state of the previous window). We therefore formalise the state-switching

process by allowing consecutive windows to overlap.

In constructing a second-order continuous-time HMM, we compound behavioural

state values into groups representing the final state in the previous, and current, window;

this yields the equivalent to a first-order Markov chain with N2 states (Guttorp, 1995).

Assuming spatial homogeneity in the model (for now), let the true underlying generator

matrix with elements representing transition rates to-and-from each state be given by
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the N ×N matrix

G =


−g1 g12 . . . g1N

g21 −g2 . . . g2N
...

...
. . .

...

gN1 gN2 . . . −gN

 , (6.19)

where gi =
∑

i ̸=j gij represents the infinitesimal transition rate out of each state and

gij denotes the transition rate from state i to state j, such that i, j ∈ {1, 2, . . . , N}. As

shown in Appendix A, the transition probability matrix (TPM) defined over the final

interval of length δ4 is given by Γ (δ4) = exp (Gδ4) = {γij (δ4)}, where γij (δ4) denotes

the probability of transitioning from state i to state j at the end of the final interval.

The second order equivalent to this TPM, compounding the final two states visited in

two consecutive windows, is given by the N2×N2 matrix Γ (δ4) =
{
γ{ij}{jk} (δ4)

}
. Here,

elements γ{ij}{jk} (δ4) denote the probability of ‘transition’ from a window in which an

animal’s final behavioural change is from state i to state j (i.e. a final pair {ij}), to a

window ending with a behavioural change from state j to state k (a final pair {jk}).

Naturally, the only feasible state sequences are those in which the final behavioural

state in the previous window is equivalent to the penultimate behaviour in the current.

Furthermore, although here we account for state-dependencies across both windows,

we are not concerned with the initial state in the previous window; thus, we have the

equivalency γ{ij}{jk} (δ4) = γjk (δ4). This yields a second-order representation of the

TPM that is relatively sparse, the calculation of which is not overly complex. For

example, in the two state case, this is given by

Γ (δ4) =


γ{11}{11} (δ4) γ{11}{12} (δ4) 0 0

0 0 γ{12}{21} (δ4) γ{12}{22} (δ4)

γ{21}{11} (δ4) γ{21}{12} (δ4) 0 0

0 0 γ{22}{21} (δ4) γ{22}{22} (δ4)

 (6.20)

=


γ11 (δ4) γ12 (δ4) 0 0

0 0 γ21 (δ4) γ22 (δ4)

γ11 (δ4) γ12 (δ4) 0 0

0 0 γ21 (δ4) γ22 (δ4)

 , (6.21)

for the state space {(1, 1), (1, 2), (2, 1), (2, 2)}, which may readily be incorporated into

the forward algorithm (Baum et al., 1970).
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6.2.5 Global likelihood formulation

Given the transition probability matrix in Equation 6.21 and the local density terms, we

may formulate the VB-CTHMM likelihood in a manner akin to any other continuous-

time HMM (e.g. Glennie et al., 2023). In doing so, we are able to utilise a temporally

inhomogeneous forward algorithm (Baum et al., 1970), defined at observation times, to

sum over visited behaviours indirectly.

Suppressing conditioning on model parameters and features of the data, let the

movement density over window w, conditional on start, intermediate, and end states

{i, j, k}, as defined in Section 6.2.3, be given by ρ
(

∆
(w)
4 |i, j, k

)
. Let δ

(w)
3 and δ

(w)
4 denote

the duration of the final and penultimate (i.e. third and fourth) interval, respectively.

The joint density of the animal’s observed movement and final state as a local likelihood

contribution of this window is given by

ρ
(

∆
(w)
4 , {jk} | {ij}

)
= ρ

(
∆

(w)
4 , k|i, j

)
(6.22)

= ρ
(

∆
(w)
4 |i, j, k

)
γj,k

(
δ
(w)
4

)
, (6.23)

which we may write as forming the elements of the N2 ×N2 likelihood matrix,

Qw =
{
ρ
(

∆4, k̃|j̃
)}

,

where j̃, k̃ ∈ {1, . . . , N2} represent compounded state pairs, ordered akin to that of the

TPM matrix in Equation 6.21.

As defined in the first-order case in Section 3.1.1, let

αw

(
k̃
)

=
∑
j̃

αw−1

(
j̃
)
ρ
(

∆
(w)
4 , k̃|j̃

)
represent the forward probability of the observed data up to window w and the state

pair k̃ (given all possible previous state pairs j̃) at the end of this window. As in Section

3.1.1, let αw =
{
αw
(
j̃
)}

represent a vector of forward probabilities for each possible

number of state pairs, j̃, such that α4

(
j̃
)
, the vector of initial state probabilities, is

assumed to be uniform (and initial observations deterministic). For each window w ≥ 4,

we have the recursive update

αT
w = αT

w−1Qw, (6.24)

which is followed by normalisation

cw =
N2∑
j̃=1

αw
(
j̃
)
,

αw (j)← αw (j)

cw
.
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6.3. Results on Simulated Data

With θ denoting all model parameters and x representing the data, the full likelihood

is given by

logL (θ|x) =
n−1∑
w=4

log cw, (6.25)

which, in the case with uniform initial state distributions, is equivalent to

L (θ|x) ∝
n−1∏
w=5

∑
i,j,k

ρ
(

∆
(w)
4 , {jk} | {ij}

)
αw ({jk}) , (6.26)

where the above detailed recursive scheme is conceptually akin to that of Section 4.2.3,

given for the FInCH approach, in Chapter 4.

6.3 Results on Simulated Data

In this section, we validate both the efficiency and accuracy of the VB-CTHMM ap-

proach. For the sake of brevity and consistency with Michelot and Blackwell (2019), we

fix the long-term velocity means at µi = 0 for all behavioural states, i ∈ {1, 2, . . . , N};
for an single state example in which non-zero long-term velocity means are included,

see Johnson et al. (2008). Section 6.3.1 evaluates the effectiveness of the VB-CTHMM

method for regularly sampled data using a simulation study involving 100 distinct

datasets. Section 6.3.2 compares the performance of the VB-CTHMM with that of

the exact switching CTCRW on simulated, irregular data. Finally, Sections 6.4.1 and

6.4.2 illustrate the flexibility of the VB-CTHMM when applied to real irregular data,

including both temporally and spatially inhomogeneous transition rates, using North

American fisher (Pekannia pennanti) and reindeer (Rangifer tarandus) telemetry data.

Implementation

In the simulation study detailed in Section 6.3.1, for which we utilise only the VB-

CTHMM method, starting parameters in each case are given by β1 = 1.17, β2 = 0.98,

σ1 = σ2 = 1.03, and g12 = g21 = 0.05. When making inference via direct maximum

likelihood estimation, the Nelder-Mead (Nelder and Mead, 1965) optimisation algorithm

is used via the in-built R function optim().

For the comparison study on irregular data in Section 6.3.2, the fully Bayesian

switching CTCRW method (Michelot and Blackwell, 2019) is implemented with exactly

13000 MCMC iterations, 5000 of which are discarded as burn in. Initial parameter

estimates for both the exact and VB-CTHMM approaches are given by σ2
1 = 0.5,

σ2
2 = 1.5, β1 = 0.7, β2 = 0.5, and g12 = g21 = 0.05. The exact switching CTCRW is
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implemented, and data is simulated, using routines available via the MScrawl R package

(Michelot, 2018).

6.3.1 Simulated regular data

We first apply the VB-CTHMM to 100 simulated one-dimensional datasets, each con-

taining n = 1050 observations sampled at fixed time intervals of δ = 4 units. The

simulated movement process comprises two behavioural states: a slow foraging state

with low directional persistence (β1 = 1 and σ1 = 1), and a fast state with high velocity

autocorrelation (β2 = 0.3, σ2 = 3). True transitions between states occur symmetrically

with g12 = g21 = 0.05.

Mean point estimates, associated empirical 95% quantiles and standard deviation,

as well as inferred standard error based on pooled inferred uncertainty values, and

coverage are reported in Table 6.1. Estimated movement parameters were β̂1 ≈ 0.88

(95% empirical interval: [0.62, 1.17]), β̂2 ≈ 0.30 (95% empirical interval: [0.21, 0.41]),

σ̂1 ≈ 0.92 (95% empirical interval: [0.69, 1.17]), and σ̂2 ≈ 3.02 (95% empirical interval:

[2.61, 3.67]). These results suggest that the VB-CTCRW approach recovers the move-

ment parameters reasonably well in terms of point estimation, with only slight negative

bias for β̂1 and σ̂1. Transition rates were also estimated accurately on average, with

ĝ12 ≈ 0.057 (95% empirical interval: [0.048, 0.070]) and ĝ21 ≈ 0.060 (95% empirical

interval: [0.046, 0.076]).

To assess calibration of the inferred uncertainty values given direct likelihood max-

imisation, we compared the mean Hessian-based standard errors, SE, with the empirical

standard deviation, SD, of the estimates across simulation replicates. For all parame-

ters, the SE/SD ratio was below 1, ranging from 0.72 to 0.95, indicated that Hessian-

based standard errors tend to underestimate the true sampling variability. Consistent

with this, the coverage of 95% confidence intervals based on inferred Hessian-based

SE values was well below 0.95 for all parameters, ranging from 0.81 to 0.90. Hence,

although point estimation was generally good, the uncertainty quantification of the

VB-CTHMM approach in a direct optimisation framework appears to be somewhat

optimistic. This is likely because we do not explicitly account for uncertainty in our

empirical velocity approximation, with methods of doing so perhaps serving as a po-

tential avenue for future research. The time for optimisation was approximately 74

seconds on average, ranging from 32 to 152 seconds.

Throughout this chapter, we retain Hessian-based estimates for uncertainty due to

its computational efficiency and consistency with the other methodology introduced

in this thesis. However, given that the simulation study given in this section yields
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results that suggest that these estimates are slightly anti-conservative, we interpret

inferred SE values as approximate rather than as a fully calibrated quantification for

uncertainty. Methods for correcting this underestimation in uncertainty are given in

the discussion in Section 6.7. The simulation study given in this section provides a

somewhat conservative insight into the performance of the VB-CTHMM because one-

dimensional datasets provide less information per observation than higher-dimensional

data, making state inference inherently more challenging. In the next section, we

compare the accuracy and efficiency of the VB-CTHMM with that of the exact inference

for a temporally irregular simulated dataset with observations in two dimensions.

Value β1 β2 σ1

Truth 1.00 0.30 1.00

Point estimate 0.88 0.30 0.92

[0.62, 1.17] [0.21, 0.41] [0.69, 1.17]

Empirical SD 0.17 0.20 0.14

Standard error 0.16 0.14 0.13

[0.11, 0.23] [0.11, 0.21] [0.09, 0.19]

SE/SD ratio 0.95 0.72 0.91

Coverage 0.85 0.84 0.82

Value σ2 g12 g21

Truth 3.00 0.050 0.050

Point estimate 3.02 0.057 0.060

[2.61, 3.67] [0.048, 0.070] [0.046, 0.076]

Empirical SD 0.12 0.15 0.18

Standard error 0.08 0.14 0.15

[0.06, 0.13] [0.13, 0.15] [0.14, 0.17]

SE/SD ratio 0.73 0.90 0.88

Coverage 0.84 0.90 0.81

Table 6.1: The performance of the multistate VB-CTCRW approach on simulated

datasets of size n = 1050, summarised in terms of point estimation accuracy, Monte

Carlo variability, Hessian-based uncertainty estimates, and empirical coverage.
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6.3.2 Simulated irregular data: comparing approaches

To examine the performance of the VB-CTHMM approach in the presence of irregular

sampling, we simulate 1100 two-dimensional regularly spaced observations (δ = 3)

before removing 100 observations at random; thus simulating a dataset with 9% of its

observations missing. As in the previous section, true parameter values are given by

β1 = 1, σ1 = 1, β2 = 0.3, σ2 = 3, although now we use symmetric transition rates

g12 = g21 = 0.03. Drift is again fixed at µ1 = µ2 = 0. The simulated trajectory is

illustrated in Figure 6.3. We directly compare the approximate VB-CTHMM method,

with inference again taking place in a frequentist direct optimisation setting, to the

fully Bayesian exact approach of Michelot and Blackwell (2019), allowing each method

a comparable amount of computation time.

State 1
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Figure 6.3: The simulated irregular two-state dataset.

Table 6.2 summarises both the results and the time taken for inference using each

method. The approximate method closely recovers the true parameter values (in 70.89

seconds, comparable to the one-dimensional case explored in Section 6.3.1), whereas

the exact method fails to converge when limited to a similar runtime (111.23 seconds,

corresponding to a total of 1.5×104 iterations with 104 disposed of as burn-in). Inferred

95% credible intervals are found based on 95% quantiles of posterior samples when tak-

ing the exact approach, and approximate 95% confidence intervals are derived from the

Hessian-based estimates for uncertainty when using the VB-CTHMM. The proximity

of estimates from the VB-CTHMM approach to that of its exact counterpart is shown
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Method β1 β2 σ1

Truth 1 0.3 1

Exact 0.58 0.30 0.73

(short) [0.48, 0.68] [0.24, 0.35] [0.66, 0.80]

Approx. 1.11 0.31 1.10

[0.77, 1.59] [0.23, 0.42] [0.82, 1.48]

Method σ2 g12 g21

Truth 3 0.03 0.074

Exact 3.05 0.078 0.074

(short) [2.83, 3.29] [0.047, 0.124] [0.043, 0.122]

Approx. 3.22 0.032 0.038

[2.70, 3.84] [0.023, 0.044] [0.027, 0.053]

Table 6.2: Point estimates and uncertainty around parameter value when taking an

exact inferential approach and the approximate method. For the exact approach, pos-

terior means are given along with 95% credible intervals based on posterior samples.

The short MCMC corresponds to 1.5× 104 iterations total, in which the first 104 were

disposed of as burn-in. The time taken for the approximate inference was 70.89 seconds,

whereas the exact inference was allowed to run for 111.23 seconds.

for β1 and β2 in Figure 6.4, and for σ1 and σ2 in Figure 6.5.

State decoding

Whereas the exact approach of Michelot and Blackwell (2019) includes behavioural

state sampling as part of its hybrid-MCMC procedure, the VB-CTHMM allows for

behavioural state decoding via a modified four-state Viterbi algorithm (Viterbi, 1967).

Using MLE parameter values, we find that the approximate method yields inferred state

probabilities that are far less noisy than posterior state probabilities found via the exact

method, as shown in Figure 6.6. When preferred, latent sequences may alternatively be

sampled independently of observation using the forward-backward sampling procedure

of Früwirth-Schantter (1994), though the fine temporal resolution of the data considered

in this chapter is well suited to Viterbi decoding.

Both the approximate and exact approaches also permit latent velocity estimation

at each observation time via a Kalman smoother (Mayne, 1966), conditional on decoded

state sequences. Figure 6.7 compares predicted velocities in both states against the true

latent velocities. This is based on the Viterbi output from the approximate inference,
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Figure 6.4: Estimated (log) β1 and β2 damping parameters in both behaviours. Note

that the blue histogram represents posterior samples from the exact inference.
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Figure 6.5: Estimated (log) σ1 and σ2 velocity diffusion values in both behaviours. As

with Figure 6.4, the histogram represents output from the exact inference.
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Figure 6.6: Reconstructed probability of being in the second state in both the exact

and approximate cases over the final 500 observations in the simulated dataset. For

comparison, we have the true state sequence also given, with red point representing

state 2 and blue points representing state 1.

and the posterior state probabilities from the exact inference, respectively.

6.4 Case Studies

In this section, we illustrate the performance of the VB-CTHMM in a series of case

studies on real telemetry data. Unlike the exact inference method of Michelot and

Blackwell (2019), the approximate formulation allows for the straightforward incorpo-

ration of temporally or spatially varying transition rates in a way that is consistent

with the HMM assumption that behavioural changes occur only at observation times.

We demonstrate this flexibility using fisher (Pekania pennanti) and reindeer (Rangifer

tarandus) data. For both case studies, we validate the direct inclusion of non-constant

transition rates via a preliminary analysis in which we fit a GAM to Viterbi decoded

state probabilities at observation times, replicating the modelling strategy used in Sec-

tion 4.3.3. Both of these datasets exhibit a large amount of missing data and—as

such—we take the VB-CTHMM approach to avoid losing additional information (see

Section 3.1.2 for an overview why this is, and alternative discrete-time methods).

168



6.4. Case Studies

Approximate
Exact
True

0 1 2 3 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

D
en

si
ty

Speed in slow state

Approximate
Exact
True

0 5 10 15 20 25

0.
00

0.
05

0.
10

0.
15

D
en

si
ty

Speed in fast state

Figure 6.7: The actual speed of the animal, along with predicted speeds based on

parameter values and state sequences decoded using the exact and approximate ap-

proaches given the simulated irregular dataset. The upper and lower plots show the

speed of the animal in the slow and fast state, respectively.

Implementation

In the case study of Section 6.4.1, we utilise starting parameters β1 = 1, β2 = 0.05,

σ1 = 4, σ2 = 0.8, and transition rates given by g12 = g21 = 0.05. In the case study of

Section 6.4.2, we use starting parameters β1 = β2 = 1, σ2
1 = σ2

2 = 9, and gij = 0.05
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for all behavioural states i and j. In both cases, initial estimates for covariate effects

coefficients are arbitrarily set to η
(ij)
p = 0 for all states i, j and p ∈ {1, . . . , l}, such that

we have l coefficients in total.

6.4.1 A case study on fisher data

We first analyse a two-state behavioural model applied to fisher telemetry data consist-

ing of n = 919 observations in total (LaPoint et al., 2013). Fishers are forest-dwelling

carnivorous mammals native to North America. The animal’s location was observed at

intervals of roughly 15 minutes, with a large number of missing observations. Initially,

we carry out inference in a setting with constant transition rates. As before, we estimate

σ1, σ2, β1, and β2, along with transition rates g12 and g21, and we fix µ1 = µ2 = 0.

Inference was completed in 37.09 seconds, requiring 431 function evaluations. Esti-

mated (log) damping parameters and diffusion parameters are given in Table 6.3. Point

estimates for the damping parameter values, log β̂1 ≈ −0.09 and log β̂2 ≈ −2.54, corre-

spond to mean directional autocorrelational timescales given by τ̂1 ≈ 1.1 minutes and

τ̂2 ≈ 12.7 minutes, respectively. Thus, state 2 exhibits substantially strong directional

persistence (as illustrated in Figure 6.8). Based on point estimates for diffusion pa-

rameters, log σ̂2
1 ≈ 1.02 and log σ̂2 ≈ 2.24, we have evidence to suggest that the more

goal-orientated state 2 corresponds to faster movement overall.

As is the case throughout this paper, velocity components are assumed independent

and identically distributed. Under the stationary velocity distribution in state i,

vi ∼MVN
(
0, I

σ2
i

2βi

)
,

the implied stationary speed distribution (i.e. the radial distribution of the velocity

process) follows a Weibull distribution with shape k = 2 and scale λi = σi/
√
βi (see

Section 2.2.2 for the reasoning behind this relationship). Under these estimates for

velocity diffusion rates and damping parameters, the fisher moves at approximately

the mean speeds shown in Figure 6.9, with state 2 associated with considerably faster

movement than state 1. Estimated transition rates and approximate uncertainties were

log β1 log β2 log σ2
1 log σ2

2

Point estimates −0.09 −2.54 1.02 2.24

95% CI [−0.35, 0.16] [−3.05, 2.04] [0.76, 1.28] [1.92, 2.57]

Table 6.3: Maximum likelihood parameter estimates for (log) damping parameters and

velocity diffusion rates, drawn from homogeneous inference on the fisher data.
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Figure 6.8: Estimated distributions of the autocorrelation timescale (i.e. the expected

time before a substantial change in direction) in each behavioural state.

log g12 ≈ −4.35 (95% CI: [−4.58,−4.11]) and log g21 ≈ −4.22 (95% CI: [−4.49,−3.96]),

indicating that the fisher spends a roughly equal amount of time in each behaviour.

State decoding

State sequences were decoded using the Viterbi algorithm (Viterbi, 1967)—as in the

previous section—and the results for a portion of the Fisher’s trajectory are shown

in Figure 6.10. Cyclic patterns in behaviour are clearly visible, with large gaps cor-

responding to missing observations (given that state probabilities are defined only at

observation times in this framework). To observe how the fisher’s behaviour is expected

to change over a given day, we fit a GAM with 24-hour time as a covariate (using a

cyclic cubic spline and 4 knots), modelling the probability of being in a resting state.

Using a restricted maximum likelihood approach, assuming that the response variable is

approximately Normally distributed, we very overwhelming evidence in favour of there

being a temporal effect on fisher behaviour (p < 10−15). The fitted temporal effect is

given in Figure 6.11, showing peaks in early-morning activity and lower activity from

midday into the evening.
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Figure 6.9: The average speed of fisher movement in each behavioural state, based on

MLE mean values inferred using the VB-CTHMM approach.
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Figure 6.10: The decoded probability of the fisher being at rest for a segment of its

trajectory, found using the Viterbi algorithm. Each dotted line represents period of 24

hours, marking 12:31 UTC.
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Figure 6.11: Inferred temporal effect on behaviour, based on output from the fitting of

a GAM model (p < 10−15).

Temporal inhomogeneity

Rather than use the two-stage GAM approach, temporally varying transition rates may

be incorporated directly into the model. We let transition rates from each state i to

each state j depend on the time-of-day t24 via

gij (t24) = exp

(
ηij0 + ηij1 sin

(
2πt24

24

)
+ ηij2 cos

(
2πt24

24

))
, (6.27)

which has a period of 24 hours. Thus, in this two-state temporally-inhomogeneous

transition rate setting, we make inference on covariates η120 , η210 , η121 , η211 , η122 , and η212

alongside movement parameters.

Inference was completed within five minutes, yielding MLE point estimates and

approximate uncertainties for damping parameters given by log β1 ≈ −0.28 (95%

CI: [−0.54,−0.01]) and log β2 ≈ −2.84 (95% CI: [−3.15,−2.53]). Estimated diffu-

sion parameters were log σ1 ≈ 0.84 (95% CI: [0.58, 0.84]) and log σ2 ≈ 2.05 (95% CI:

[2.05, 2.23]). These values are of the same magnitude as the homogeneous case study.

Transition rate covariate values appear in Table 6.4. Figure 6.12 shows that the transi-

tion rate into the active state or ‘busy’ state peaks in the early morning, while transition

into the resting state shows a pronounced increase during the afternoon.

To obtain insights into the behavioural process of the fisher that are more inter-

pretable, we may frame these transition rates in terms of the (time varying) stationary
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distribution for the probability of the animal being in each state, as defined in Section

2.1.1; this is illustrated in in Figure 6.13

η120 η210 η121

Point estimates -4.28 -3.88 -0.0078

95% CI [-4.63, -3.94] [-4.36, -3.40] [-0.50, 0.48]

η211 η122 η212

Point estimates -1.12 0.35 -0.0012

95% CI [-1.98, -0.25] [0.0022, 0.70] [-0.37, 0.35]

Table 6.4: Point estimates and uncertainty for inferred transition rate parameters in

both states.
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Figure 6.12: The transition rates to and from each state, varying by hour of the day

(given by a 24 hour clock).

A summary of the fisher case study

Observing Figures 6.8 and 6.9, we find that, in the fisher’s active state, it changes

directional substantially less frequently than in its ‘resting’ state. If this active state

represents hunting behaviour—analogous to the basic ‘foraging’ example discussed in

earlier chapters—one might expect frequent turns. However, for the fisher, there is an

ecological basis for this not necessarily being the case. A fisher’s hunting behaviour has
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Figure 6.13: The (stationary) probability of being in each of the two states across a

given day.

two primary components: whether the animal is within a prey-rich area, or travelling

to locate such an area (Powell, 1977). Between patches with high prey density, fishers

travel in a highly directed manner, relying on scent cues and spatial memory to reach

the next abundant patch (Powell and Zielinski, 1994). When searching for porcupine

dens in particular, fishers may travel long distances with minimal changes in direction

(Clem, 1977; Powell and Brander, 1977). This goal-directed behaviour is likely captured

by the high velocity-autocorrelation ‘fast’ state identified in this analysis.

Within prey-rich areas, the fisher’s short-term movement is characterised by fre-

quent, zig-zagging changes in direction (Powell and Brander, 1977). However, it is

probable that the individual studied here spends most of its hunting time between

abundant patches. For solitary prey such as porcupines, the time spent hunting in an

‘abundant’ area may be brief. When at rest, fishers occupy sites such as hollow logs,

ground holes, brush piles, or nests of branches. Such confined locations may explain

the frequent directional changes observed in the ‘resting state’; alternatively, as Hodel

and Fieberg (2022) suggest, apparent random movement during periods of rest may

in actuality be artefacts of slight observation error. Overall, there is a clear ecological

basis for the patterns observed in this case study. Nevertheless, a three-state model

may better capture the full spectrum of fisher movement, as the elusive ‘zig-zagging’

hunting behaviour may currently be subsumed by one or both of the fitted states.

Ultimately, the fisher is known to be crepuscular, which contributes to explaining
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its cyclic, early morning activity (Croose et al., 2019). With few predators other than

humans, it is likely that an individual fisher’s daily habits are largely driven by prey

availability. Fishers are solitary hunters and, being roughly the size of a domestic

cat, their prey options are constrained by their size. The primary prey species are

the red squirrel (Sciurus vulgaris), snowshoe hare (Lepus americanus), and the North

American porcupine (Erethizon dorsatum), the latter made possible largely due to the

fisher’s exceptional agility (Parr, 2016). The snowshoe hare exhibits predominantly

crepuscular or nocturnal activity patterns (Feirabend and Kielland, 2014), while the

porcupine is largely nocturnal (Marshall et al., 1962). Indeed, numerous studies support

peaks in diel fisher activity occurring overnight, with moderate levels of activity during

the day (Arthur and Krohn, 1991; Mayer et al., 2023; Powell, 1977; Weir et al., 2005).

In particular, Kupferman et al. (2021) reports that the lowest diel activity of fishers

occurs between midday and midnight.

6.4.2 A case study on reindeer

In this section, we present a case study using a subset of 2000 observations for an

individual reindeer (Rangifer tarandus), tagged ‘b53.10’. These data were collected

by Anna Skarin as part of a larger study tracking several reindeer within the Mal̊a

herding community in northern Sweden over the space of a week. Although this is

a dataset with very high resolution, with observations recorded on average every two

minutes, we increase its temporal irregularity by removing points with excessive obser-

vation error, defined as having a horizontal dilution of precision (HDOP) score greater

than 5 (Cornelsen et al., 2022). In doing so, we now have a small number of missing

observations—only 90 in total—with high temporal autocorrelation in satellite error

(with intervals of up to 10 successive missing data points). As in the fisher study, we

first fit two behavioural states in a spatially homogeneous setting, estimating movement

parameters σ1, σ2, β1, and β2, with long term velocity means fixed at µ1 = µ2 = 0, with

constant transition rates g12 and g21.

Inference on the reindeer data required 114.78 seconds and 621 function evaluations.

log β1 log β2 log σ2
1 log σ2

2

Point estimates 0.60 −0.97 2.59 3.35

95% CI [0.55, 0.64] [−0.99,−0.94] [2.56, 2.62] [3.34, 3.36]

Table 6.5: Point estimates and uncertainty for inferred movement parameters in the

environmentally homogeneous reindeer case study.
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Point estimates, along with 95% confidence intervals, for damping parameters and dif-

fusion rates are given in Table 6.5. Point estimates for (log) damping parameters,

given by log β̂1 ≈ 0.60 and log β̂2 ≈ −0.97, correspond to autocorrelation timescales

of approximately τ̂1 = 0.55 and τ̂2 = 2.63, indicating that state 2 represents a greater

degree of directional persistence than state 1. Inferred point estimates for diffusion

rates in each state, log σ2
1 ≈ 2.59 and log σ2

2 ≈ 3.35, indicate that—although state 2

is more directed—it is not a great deal faster. Thus, the primary distinction between

the states appears to be whether or not the deer are travelling in a goal-oriented man-

ner, further evidences the importance of accounting for velocity when modelling the

individual movement of animals. Finally, transition rates are estimated as ĝ12 ≈ 0.055

(95% CI: [0.053, 0.057]) and ĝ21 ≈ 0.0973 (95% CI: [0.094, 0.101]). The reindeer thus

spends much less time in its directed state. From this point onwards, we refer to states

1 and 2 as the ‘travelling’ and ‘foraging’ states, respectively (although, naturally, we

have no guarantee that these are the true ecological process unpinning each state).

We note also here the narrow uncertainty bounds associated with each MLE parameter

value. Given the results from the simulation study in Section 6.3.1, these are very likely

to be underestimates of the true 95% confidence intervals associated with point esti-

mates. As previously mentioned, we are careful to account for this in future ecological

interpretation; this is discussed further in Section 6.7.

State decoding

As with the fisher case study, we may use the Viterbi algorithm to predict the reindeer’s

behaviour at each observation time, this time fitting a GAM with distance to a water

source as the explanatory variable. We assume a Gaussian response distribution, mod-

elling the probability of activity as a smooth function of distance to water. A penalized

regression spline with basis dimension k = 15 was used to allow for a flexible non-linear

relationship between the two. We find overwhelming evidence against the model with

constant transition rates (p < 10−5). Figure 6.14 shows that the reindeer is more likely

to be in its travelling state when both far from, and close to, water, with a tendency

to forage at moderate distances. It is particularly interesting that these results suggest

that the reindeer is less goal-oriented when reasonably close to water sources, but more

of a travelling-type behaviour when approaching water. It may be that the reindeer

approaches water primarily in order to drink—not to forage—potentially influenced by

factors such as insect pressure (Skarin et al., 2004). Alternatively, this may be due to

human-driven factors; the herd may travel primarily along water bodies, with periods

of rest inland. This is discussed further later in this section.
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Figure 6.14: Normalised predicted probabilities of being in each behavioural state given

the distance of the reindeer to water, inferred through the fitting of a GAM model

(p < 10−5).

Spatial inhomogeneity

Rather than using a GAM to infer the effect of the distance to water on deer behaviour,

we may incorporate this spatial effect directly by modelling the transition rate from

state i to state j as a function of distance, such that

gij (d) = exp
(
ηij0 + ηij1 d+ ηij2 d

2
)
, (6.28)

where ηijn , for n ∈ {0, 1, 2}, are transition-specific coefficients. Naturally, as with the

previous section, gaining insight into how covariates affect transition rates rather than

stationary probabilities alone is a key advantage of modelling environmental covariates

directly.

Inference took 16.4 minutes, requiring 2381 function evaluations. Point estimates

for the damping parameters were log β1 ≈ 0.4 (95% CI: [0.37, 0.44]) and log β2 ≈ −1.00

(95% CI: [−1.02,−0.98]), corresponding to autocorrelation timescales of approximately

τ̂1 = 0.67 and τ̂2 = 2.73. Diffusion rates were given by log σ2
1 ≈ 2.43 (95% CI:

[2.41, 2.46]) and log σ2 ≈ 3.34 (95% CI: [3.33, 3.35]), respectively. These values are

very similar to the estimates inferred in the spatially homogeneous analysis. Maximum

likelihood estimates for transition rate parameter values are given in Table 6.6. The

way in which these transition rates vary by distance to water is given in Figure 6.15.
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Figure 6.15: Transition rates inferred from the reindeer data in the spatially inhomo-

geneous case.

Evidently, fitting variation in transition rates as a simple quadratic function of the

reindeer’s distance to water produces similar results to the two-stage GAM.

η120 η210 η121

Point estimates -3.051 -1.948 -0.239

95% CI [-3.108, -2.994] [-2.005, -1.891] [-0.295, -0.183]

η211 η122 η212

Point estimates -0.034 0.058 -0.547

95% CI [-0.107, 0.039] [0.006, 0.109] [-0.618, -0.475]

Table 6.6: Point estimates and uncertainty for inferred transition rate parameters in

both states.

A summary of the reindeer case study

Both the two-stage GAM and environmentally inhomogeneous analysis indicate that

the reindeer is roughly twice as likely to forage than to travel at an ‘average’ distance

from water. It is least likely to forage when farthest from water and slightly less likely

to forage when at the water’s edge. In its goal-oriented travelling state, the reindeer

may be moving between grazing areas, rendezvous points, or exhibiting vigilance be-
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haviours such as moving to locations with improved invisibility. A high probability of

directed travel at points far away from water may also be influenced by human man-

agement (herding), and its low likelihood of foraging near water may be influenced by

environmental factors such as insect pressure, which have been shown to strongly affect

semi-domesticated reindeer habitat selection (Skarin et al., 2004). Indeed, in Sweden

many insects such as mosquitoes are particularly abundant around water sources, which

play a key role in their life cycle (Blomgren et al., 2018; Schäfer et al., 2006).

As an extension to this analysis, it may be possible to fit a VB-CTHMM with two

behavioural states, finding the reindeer’s most likely state sequence using the Viterbi

algorithm, and applying a separate scale-invariant habitat selection model such as that

of Michelot et al. (2019) to two behaviour-specific trajectories. This two-stage state-

dependent habitat selection model is a popular method for combining these two distinct

approaches to modelling animal movement, albeit commonly used in a step-and-turn

HMM framework rather than in continuous time (e.g., Mawer et al., 2025).

6.5 Potential Extensions

Here, we outline potential modifications to the model framework for including early ob-

servations, handling sparse data, or dealing with occasional large observation intervals.

6.5.1 Including early observations and sparse datasets

The approach described and used throughout this chapter omits early observations prior

to the final interval in the first window. One option here is to model the beginning of the

trajectory as a memoryless VB-CTHMM, which does not account for autocorrelation

in velocity. This allows for early local movement densities to be estimated over shorter

intervals. Here, the initial velocity at the start of the final interval (v3 n Section 6.2.2)

follows the stationary distribution of the previous state, i, such that

v3|i, . ∼ N
(
µi,

σ2
i

2βi

)
, (6.29)

with the corresponding location distribution given in Equation 6.16 and the distribution

for the animal’s location is given in Equation 6.16. Over an interval of length δ, the

local movement density conditional on some final state k is

ρ (∆4|.) = N
(
m̃, s̃2

)
, (6.30)
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where

m̃ = µk

(
δ − 1− e−βkδ

βk

)
+ µi

(
1− e−βkδ

βk

)
, (6.31)

s̃2 =

(
1− e−βkδ

)2
β2
k

σ2
i

2βi
+

(
σk
βk

)2
(
δ +

1− e−2βkδ

2βk
−

2
(
1− e−βkδ

)
βk

)
. (6.32)

Although this approach infers damping and diffusion parameters separately, it cannot

directly infer them if the original VB-CTHMM with autocorrelation is not used along-

side it; rather, it estimates the stationary variance σ2
i,effective = σi/2βi and long-term

mean velocity µi. Figure 6.16 demonstrates that, after 105 iterations of Metropolis-

Hastings MCMC (with a very conservative 4 × 104 iteration burn-in) on a simulated

dataset of size n = 500, the single-state memoryless VB-CTHMM captures the station-

ary velocity distribution well, albeit with a slightly bimodal posterior. For comparison,

a single-state CTCRW fit via a global Kalman filter (the ‘exact’ alternative) yields very

close estimates (see Table 6.7). This makes sense when we consider the VB-CTHMM

model formulation: a memoryless variant of this, is akin to a memoryless CTCRW.

The VB-CTHMM thus suffices for including early observations and may also enable

velocity-based inference on sparse data, allowing for a smooth location process to be

inferred even if autocorrelation in velocity is undetectable.

Approach log σ2
effective µ

Truth −0.62 3

Memoryless VB-CTHMM −0.66 3.04

[−0.78,−0.53] [2.98, 3.11]

CTCRW −0.53 3.04

[−0.76,−0.31] [2.91, 3.17]

Table 6.7: The estimated values for the (log) effective velocity diffusion rate log σ2
effective

and long term mean velocity µ based on posterior distributions drawn from 105 iter-

ations of Metropolis-Hastings MCMC using the single-state memoryless VB-CTHMM

and CTCRW, respectively.
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Figure 6.16: Posterior samples from 105 iterations of MCMC for the inferred movement

parameters in an example single-state memoryless VB-CTHMM setting. The black

lines show contours of a kernel density estimate of the posterior distribution. The

black dot shows true parameter values. We only show the final 1000 samples here, for

visualisation purposes.

6.5.2 Stationary initial velocities for very irregular data

In this chapter, we have approximated the instantaneous velocity at the start of each

window by calculating the empirical velocity, v̂0. This was judged to be appropriate for

high-frequency data, even if they are slightly irregular. For datasets with occasional

large gaps, however (such as the reindeer data in Section 6.4.2), v̂0 may be dominated

by random acceleration rather than the true autocorrelated velocity. In such cases, it

may be preferable to assume initial velocities follow the stationary distribution. When

µi ̸= 0 for any state i, this requires accounting for the behavioural state of the animal

in the first of the four intervals within a window, likely increasing computational effort.

For µi = 0 in all states, one may set v0 = 0 for windows following large intervals.

To determine when an interval δ1 is excessively large for the use of the empirical

velocity, we may set some arbitrary threshold ϵ > 1 and compute the mean interval

duration δ̄ = 1
n

∑n
t=1 δt, choosing v0 = 0 if δ0 ≥ ϵδ̄. Alternatively, the cut-off may be

model-driven: as δ0 → ∞, exp (−2βiδ1) → 0, reflecting convergence to the stationary

distribution for state i. Without accounting for the behaviour of the animal prior to the

local window, a conservative approach uses the highest β, or a weighted average between

182



6.6. Choosing a Method

the state-specific values, to define the cut-off. In the two-state case with transition rates

g12 and g21, we may set

g21
g12 + g21

e−2β1δ0 +
g12

g12 + g21
e−2β2δ0 < ϵ,

for some ϵ ∈ (0, 1) as the condition for choosing v0 = v̂0, and taking v0 = 0, otherwise.

6.6 Choosing a Method

Based on the efficiency and robustness to (at least moderate levels of) temporal ir-

regularity of the VB-CTHMM, we suggest this approach as a potentially favourable

alternative to the exact inference (Michelot and Blackwell, 2019; Parton and Blackwell,

2017) when faced with most reasonably large high-resolution datasets. This remains

the case regardless of whether or not occasional observations are missing.

However, the VB-CTHMM relies on a second-order HMM formulation, such that

a high number of behavioural states may have a particularly adverse effect on compu-

tation time (although this is also the case for the exact inference). Furthermore, its

reliance on empirical velocity estimates at the start of each window, and the HMM

assumption that behavioural changes only occur at observation times, may reduce the

performance of the VB-CTHMM for data that is highly irregular. This novel method-

ology further assumes that observation error is negligible; this is readily accounted for

by the switching CTCRW in its implementation of the Kalman filter (Kalman, 1960).

Therefore, until these particular limitations are more fully tested, or the VB-CTHMM

has been suitably extended, it may be advisable to opt for the switching CTCRW in

these scenarios.

If directional persistence is not of interest, or the data is sparse, the VB-CTHMM

loses its primary advantage. In such cases, we suggest the fast integrated continuous-

time HMM (FInCH) method (Chapters 4 and 5), which allows more accurate estimation

than the standard continuous-time HMM (e.g., Glennie et al., 2023). If an ecologist

wishes to carry out exact inference, then methods such as the integrated continuous

time HMM (InCH) approach (Blackwell, 2020) exist; further discussion is provided in

Section 4.5 of Chapter 4.

In a modelling framework with non-homogeneous transition rates between states,

the exact switching CTCRW (Michelot and Blackwell, 2019) does not facilitate the

sampling of intermediate animal locations in an InCH-type framework (Blackwell et al.,

2015) due to its implementation of a global Kalman filter (Kalman, 1960). Because of

this, for spatial inhomogeneity to be accounted for a more computationally expensive
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approach such as the exact approach of Blackwell et al. (2015)—described in more detail

in Section 3.2.4—must be implemented. To avoid the risk of computational infeasibility

when faced with even a moderate number of observations, the VB-CTHMM approach,

which facilitates spatially inhomogeneity in a straightforward manner that does not

violate the its key assumptions, may be preferred, assuming that the limitations listed

above are accounted for.

When long-term directional persistence is of interest but observations are sparse,

velocity autocorrelation may not be captured; this is a feature of many velocity-based

approaches formulated in continuous time. The switching CTCRW requires sufficient

data to separate the velocity process from observation error, and the VB-CTHMM

requires enough data to construct infer the underlying velocity-process based on a

series of smaller data subsets. However, for small datasets, discrete-time step-and-

turn HMMs—or multiple imputation approaches such as that of McClintock (2017) on

irregular datasets—may be more able to infer turning angles as a proxy for velocity

autocorrelation. This approach has been shown to work with datasets as small as 164

observations in Section 3.3. A caveat to taking this approach, as discussed throughout

Chapters 3 and 4, is that inferred discrete-time parameters are heavily dependent on the

sampling regime. For example, Michelot and Blackwell (2019) show that as the time

between observations increases, the inferred turning angle distribution becomes less

and less concentrated around its mean. Alternative methods formulated in continuous

time, such as the fine-scale approximation of Parton and Blackwell (2017), may be

comparatively stable on small datasets, which perhaps warrants further investigation in

this regard. We contend that, where possible, continuous-time, scale-invariant inference

methods are always the optimal choice.

6.7 Discussion

In this chapter, we have introduced the velocity-based continuous-time HMM (VB-

CTHMM) approach, which serves as an approximation of existing methodology for

exact inference by reformulating the likelihood in terms of sliding windows of five con-

secutive observations in order to account for underlying autocorrelation in velocity. By

segmenting the likelihood into local components, calculating local movement densities

based on a series of Gaussian convolutions, we are able to effectively mesh together

both implementations of a (pseudo) Kalman filter (Kalman, 1960) and forward algo-

rithm (Baum et al., 1970) to ensure efficient likelihood evaluation. The VB-CTHMM

greatly improves on the accessibility of pre-existing exact inference methods which are
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necessarily Bayesian, such as that of Parton and Blackwell (2017) and Michelot and

Blackwell (2019), by allowing for full likelihood calculation and therefore inference in

either a frequentist or Bayesian setting. By formulating in continuous time, we allow

for scale-invariant inference. As such, as is widely discussed throughout this thesis, we

may readily apply the VB-CTHMM to a datasets with missing observations without

losing information, and compare analyses that are recorded over a range of contrasting

timescales.

In the simulation study in Section 6.3.1, we demonstrate moderate levels of system-

atic underestimation of Hessian-based uncertainties. To address this bias, the simplest

approach would be to apply a multiplicative variance inflation metric based on the ratio

between empirical and inferred standard deviations. However, this carries the limiting

assumption that calibration error is roughly consistent across datasets, which would

require thorough validation. This approach would be analogous to the use of the design

effect factor used in survey statistics to quantify how well a sample represents a larger

group for a specific measure of interest (Kish, 1995). As a more statistically rigorous

method, a parametric bootstrap approach may also be taken, in which data is simulated

based on inferred parameter values before the model is repeatedly refit, allowing for the

empirical distribution of estimates to be used for uncertainty bounds (e.g. Efron and

Tibshirani, 1993; Zucchini et al., 2016; Bacri et al., 2022). However, this is likely to

result in a very computationally expensive inferential procedure, potentially more-so

than the existing method of Michelot and Blackwell (2019) for large datasets, which is

counter-intuitive given the aims of this thesis.

It has often been said that a strength of discrete-time methodology is that they

offer interpretable and easily conceptualised parametrisation (Torney et al., 2021)—

more-so than continuous-time methods (McClintock et al., 2014; Parton and Blackwell,

2017)— with step length and turning angle being very easily ‘imagined’ in a real-world

context. However, we wish to reiterate that, because methodologies formulated in con-

tinuous time exhibit the aforementioned timescale invariance, both an animal’s speed

and the expected time until a substantial change in direction may be inferred in a way

that is objective and entirely independent of the sampling regime (Blackwell, 2003;

Parton and Blackwell, 2017). Indeed, the parameters inferred in the continuous-time

framework described in this chapter, and the earlier work of Johnson et al. (2008) and

Michelot and Blackwell (2019), relate directly to ecological processes (albeit under the

assumption that the inferred states have a direct ecological interpretation; see Section

4.6). In contrast, discrete-time model parameters rely on an some arbitrary pre-defined

discretisation interval, typically on a regular grid of (potentially imputed) observation
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times, which risks conflating artefacts of the sampling design with the animal’s genuine

ecological dynamics (Harris and Blackwell, 2013; Nams, 2013; Rowcliffe et al., 2012).

We wish to make the case that continuous-time formulations, in particular those such

as the VB-CTHMM approach that allow for directional persistence to be taken into

account, yield parameter estimates that are more ecologically interpretable and biolog-

ically grounded than their discrete-time counterparts. The latter potentially allows for

the ecologist to ascertain behaviour-driven contrasts in movement dynamics, whereas

the former provides actual ecological insight and interpretation. A direct comparison

between the step-and-turn HMM and the exact switching CTCRW is given in Michelot

and Blackwell (2019), which highlights some of the pitfalls of discrete-time inference.

Given that the aim of the VB-CTHMM is to account for underlying autocorrelation

in velocity, it is naturally best suited to high-resolution data (i.e. data in which the

rate of behavioural changes is much lower than the time duration between successive

observations). This is also the case with exact approach of Michelot and Blackwell

(2019). Given this precondition, the choice to limit behavioural switching only to

observation times was judged not to be overly limiting. Nonetheless, it may be feasible

to incorporate the VB-CTHMM approach into a FInCH-type formulation, allowing

for behavioural switches independently of observation times. Such an extension may

allow for arbitrarily exact inference as the limit on the number of potential switches

in increased between observations, although we expect that this will incur additional

computational expense. However, the Gaussian integration techniques briefly explored

in Section 5.7 may enable computational efficiency in this setting; even if this does not

exhibit greater absolute efficiency than exact approaches for inference, it retains the

advantage of allowing for frequentist inference via direct likelihood maximisation.

In this chapter, the VB-CTHMM approach has been shown to handle spatial or

temporal inhomogeneity well by treating covariates as piecewise constant between ob-

servations. Given that behaviour is also treated as such, this is not in violation of the

principal assumptions made by this method. In contrast, approaches for exact infer-

ence, if we are to remain in an exact inference setting, must account for the location

of a given animal at behavioural change times by incorporating potential behavioural

switches, a formulation that is utilised throughout Chapters 4 and 5. However, existing

exact methodologies such as that of Parton and Blackwell (2017) and Michelot and

Blackwell (2019) do not offer a compartmentalisation of the likelihood that allows for

the use of the forward algorithm defined at potential switches, and therefore are not

amenable to efficient spatially-heterogeneous frameworks such as the InCH approach

(Blackwell, 2020). Rather, a less efficient implementation such as the exact approach
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of Blackwell et al. (2015) may be required, which we expect to significantly increase

computational expense.

By conditioning on a series of underlying velocity processes to account for their

autocorrelation over a series of successive observations, we are essentially ‘mimicking’

the Kalman filter (Kalman, 1960), which is the source of tractability for the original

single-state CTCRW (Johnson et al., 2008). Both the Kalman filter and the novel

formulation introduced in this chapter rely on the stochastic process representing the

animal’s velocity being Gaussian, as this family of distributions exhibits tractable forms

for convolutions over velocity values. As such, we expect that the framework described

in this chapter is amenable to extensions parallel to work that extends the CTCRW,

such as that of Fleming et al. (2017) which demonstrates the amenability of the CTCRW

to a wider class of diffusion models. However, whereas the Kalman filter is able to parse

out Gaussian observation error from the underlying velocity process, it is possible that

the locally implemented Kalman filters in VB-CTHMM are not so able to distinguish

between the two; this has not been clear in initial investigation. As with the original

CTCRW approach, a more general yet computationally complex approach akin to that

of Albertson et al. (2015), which is more robust in that it allows for non-Gaussian er-

rors, may be implemented in a VB-CTHMM framework using a Laplace approximation

(Fournier et al., 2012). Indeed, there are many extensions to the Kalman filter that

exist beyond the realm of statistical movment ecology, each of which may also permit

extensions here (e.g. György et al., 2014). Rather than accounting for observation error

explicitly, it may be possible to utilise additional ‘states’, with transition rates to-and-

from these states treated as nuisance parameters, that contain observed values with

errors; this is suggested as a possible approach in Pohle et al. (2017).

Although the VB-CTHMM is formulated in continuous time, and therefore scale in-

variant, the suitability of this approach for temporally irregular data may be dependent

on the extent of this irregularity, due to the initial velocity at the start of each local

window being modelled deterministically. In particular, it may be that the performance

of this method may be effected by the sparsity of the data, i.e. the number of consecu-

tive missing observations in a row. In the reindeer case study in particular, we see that

inference took an anomalously long time to complete, and 95% confidence intervals for

diffusion parameters that are, in places, very narrow. In this specific case study, high

error observations were removed from the data (HDOP ≥ 5); these occur when satellites

are clustered together in the sky rather than spread out (Hutchinson, 1995), which for

high resolution data is likely to effect more than one consecutive observation. Indeed,

this leads to rare instances of great sparsity in the data, in some instances as many
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as 10 missing observations. It may be that, in this scenario, the methodology for ac-

counting for sparse datasets or incorporating stationary initial velocities (each detailed

within Section 6.5) allow for more stable inference. That being said, as is previously

discussed, coverage was shown to be low in the simulation study on temporally regular

data in Section 6.3.1, although throughout this chapter the 95% confidence intervals on

data without particularly sparse intervals remain feasible. Until this has been suitably

investigated, we may only assume that the VB-CTHMM is suitable for high-resolution

data with moderate levels of irregularity.
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Chapter 7

Selecting The Number Of States

This chapter outlines a non-parametric, density-based approach for determining the

appropriate number of latent behavioural states in state-space models applied to indi-

vidual animal movement data. For reasons that become clear later in the chapter, we

refer to this method as the density-level superset (DSF) approach for order selection.

In contrast with traditional parametric criteria, the DSF framework avoids the limita-

tions imposed by restrictive emission distribution assumptions, exhibiting robustness to

outliers and model misspecification. Moreover, because it considers the distribution of

the dataset globally rather than relying on sequential model fitting, the DSF approach

circumvents the potentially heavy computational penalties associated with classical

order-selection criteria when making inference in exact (or near exact) continuous-time

frameworks. In Section 7.2, we give a brief accessible overview of commonly used se-

lection criteria, intended for those unfamiliar with the material, before outlining the

established density filtration process approach in Section 7.3. We describe the process

of assigning points to clusters from low density regions of the data in Section 7.3.2. In

Sections 7.4 and 7.5, we compare the ability of the DSF method to accurately infer the

correct number of underlying behaviour with existing selection criteria by carrying out

a simulation study and a case study on domestic goat (Capra aegagrus hircus) data,

respectively.

7.1 Introduction

For both continuous- and discrete-time state-space models, estimating the number of

latent behavioural states remains a fundamental challenge. Within a Bayesian context,

particularly in reversible-jump Markov chain Monte Carlo (MCMC) frameworks such

as that of Blackwell (2020), it may be feasible to treat the number of states, N , as an
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unknown quantity to be estimated jointly with other model parameters (Green, 1995).

However, although this approach is theoretically elegant, it conflicts with the practical

objectives of this thesis—namely, improving computational efficiency and accessibility

of continuous-time models for animal movement. In contrast, many animal movement

studies rely on a frequentist likelihood-based inference for model fitting, typically within

a hidden Markov model (HMM) framework (Zucchini et al., 2016). Despite significant

methodological progress, determining the appropriate number of behavioural states—

also known as order selection—remains a persistent obstacle in applied HMM analysis

(Pohle et al., 2017; Dupont et al., 2025).

Order selection procedures often require a balance between ecological interpretabil-

ity and statistical goodness-of-fit. Indeed, researchers frequently rely on subjective

judgement or domain expertise to select an appropriate model order. Although several

parametric and non-parametric selection criteria exist, they vary widely in reliability

and often yield inconsistent results. The lack of a universally accepted methodology

means that, in practice, researchers often resort to using the Akaike information crite-

rion (AIC; Akaike, 1998) or Bayesian information criterion (BIC; Schwarz, 1978). In

particular, routines for implementing the AIC approach are available within widely

used R packages such as moveHMM (Michelot et al., 2016) and momentuHMM (McClintock

and Michelot, 2018). However, Pohle et al. (2017) demonstrate that these information

criteria perform poorly when applied to (discrete-time) HMM order selection, espe-

cially in the presence of non-Gaussian noise, outliers, or misspecified emission distribu-

tions. Indeed, there is no formal justification for using AIC or BIC to select between

HMMs of differing orders, as their underlying derivations assume the independence of

observations—an assumption violated by the Markovian dependence inherent in HMMs

(Dupont et al., 2025).

The two-stage nature of these methods—fitting multiple models and then comparing

their criteria—further compounds computational costs, particularly in continuous-time

models where likelihood evaluation is expensive. More fundamentally, these criteria rely

on parametric assumptions about the animal’s movement process, which risks propagat-

ing error if the assumed emission distributions are inappropriate. To account for these

limitations, alternative frameworks have been proposed: de Chaumaray et al. (2024)

introduced a non-parametric approach that integrates clustering with single-value de-

composition, enabling a one-stage model fitting. However, this method depends on

user-defined parameters, such as bandwidth and a kernel function, and is computation-

ally prohibitive for large datasets. This approach also assumed stationarity, limiting

applicability to cases where behavioural switching rates are spatially homogeneous. Pe-
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nalised likelihood methods have also been developed (Gassiat and Boucheron, 2003;

Mackay, 2002), yet these approaches rely on parametric assumptions and tend to un-

derestimate the true number of states (Chen and Khalili, 2008). Dupont et al. (2025)

addresses this issue by introducing a double-penalised likelihood estimator, which cor-

rects bias in state estimation and accommodates non-stationarity, but at the cost of

considerable computational complexity. Finally, the integrated completed likelihood

(ICL) criterion (Biernacki et al., 2013) has been shown to outperform both AIC and

BIC in terms of accuracy for a range of cases (Pohle et al., 2017), yet suffers from

similar theoretical and computation limitations.

In response to these challenges, this chapter introduces the density-level superset

(DSF) method, which identifies distinct behavioural modes by grouping together obser-

vations that occur in regions where the data are most concentrated. These groups are

allowed to expand and merge as lower-density regions are included, based on a grad-

ually decreasing density threshold, thereby revealing the underlying structure of the

data. A ‘density-level superset’ is the set of observations that lie in regions where the

data density is above some given threshold (e.g. Polonik, 1995), and ‘filtration’ refers to

the nested sequence of sets formed as the density threshold is reduced (see Edelsbrunner

and Harer, 2010). This approach, which utilises the algorithms of Kent et al. (2013),

requires no assumptions regarding the parametric form of the emission distributions

or the underlying number of behavioural states. When applying a filtration over den-

sity levels, the DSF framework constructs a dendrogram that captures the emergence

and dissolution of data clusters across density thresholds. This hierarchical perspective

enables ecologists to integrate statistical evidence with ecological insight, providing an

interpretable, data-driven mechanism for determining the number of behavioural states.

We demonstrate the performance of the DSF approach compared with the AIC, BIC,

and ICL criterion in a simulation study, before offering a further comparison as a case

study on domesticated goat (Capra aegagrus hircus) data.

7.2 Existing Validation Techniques

In order to contextualise the DSF approach, we first summarise existing order-selection

criteria: AIC, BIC, and ICL, which remain the most prevalent tools in HMM applica-

tions (Pohle et al., 2017).

Let k denote the number of estimated parameters in a fitted model (including move-

ment and state-process parameters), and let L̂ denote the maximised likelihood. The
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AIC (Akaike, 1998) is defined as

AIC = 2k − 2 ln
(
L̂
)
. (7.1)

Among a set of candidate models, the model yielding the lowest AIC is preferred.

Similarly, the BIC is computed as

BIC = k ln (n)− 2 ln
(
L̂
)
, (7.2)

where n is the number of observations (Schwarz, 1978). In general, BIC imposes a

stronger penalty for model complexity than AIC, favouring more parsimonious models—

although it may require a large sample size (i.e. reasonably high value of n) for reliable

results.

The ICL criterion (Biernacki et al., 2013) extends BIC by considering the relevance

of partitions of the data into distinct states, incorporating a measure of state assignment

uncertainty by running the Viterbi algorithm (Viterbi, 1967). Let Pr (Stl = i) denote

the posterior probability that the animal is in behavioural state i ∈ {1, . . . , N} at the

l-th observation corresponding to time tl. The ICL is defined as

ICL = BIC−
n∑
l=1

N∑
i=1

Pr (Stl = i) ln (Pr (Stl = i)) , (7.3)

where the second term represents the entropy of each state allocation. The ICL

thus favours models in which each observation clearly belongs to a given state (i.e.

Pr (St = i) ≈ 0 or Pr (St = i) ≈ 1). By penalising overlapping or ambiguous state as-

signments, the ICL effectively counters the AIC and BIC’s tendency to favour higher-

order models.

Simulation studies in the work of Pohle et al. (2017) demonstrate that, although

ICL generally performs better than both AIC and BIC, all three methods struggle

under model misspecification or with non-parametric emission structures. As stated

in Section 7.1, other principled alternatives do exist (e.g. de Chaumaray et al., 2024;

Dupont et al., 2025). However, these are lie beyond the remit of this chapter, excluded

because they are either far more complex and computationally intensive when faced

with continuous-time or spatially inhomogeneous models, or they impose potentially

excessive, poorly interpretable tuning choices on the user. For this reason, AIC, BIC,

and ICL serve as benchmark comparisons for the DSF method presented herein.

7.3 The Density-Level Superset Method

Consider a spatiotemporal dataset, Xn = {x1, . . . , xn} ⊂ Rd, representing observed

animal movement in a d-dimensional space. Each observation xi is drawn from some
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underlying probability density function f . For example, in the context of a step-and-

turn HMM, we might define xi = (li, ϕi), where li denotes the step length over the

interval [ti, ti+1], ϕi represents the turning angle between successive intervals [ti−1, ti)

and [ti, ti+1), and ti corresponds to the time of the i-th observation.

In the modelling frameworks presented throughout this thesis, we have made several

parametric assumptions regarding functional forms of f that account for the tempo-

ral structure of the data. For instance, we may assume that the step lengths follow

a Gamma distribution whereas turning angles follow a von Mises distribution, under

an assumption of conditional independence (Guttorp, 1995). Such a formulation natu-

rally represents a two-dimensional case (d = 2), whereas analysing only Euclidean step

lengths corresponds to d = 1 (even if location data is originally recorded in two or more

dimensions). In this chapter, the dataset Xn is referred to as a point cloud, following

conventions in topological data analysis (Carlsson, 2014).

In the example of the HMM formulation, the ecologist’s goal is to uncover the an-

imal’s underlying behavioural states in order to characterise transitions between them

and to understand how these states influence observed movement. The HMM frame-

work, in essence, performs an unsupervised clustering of animal movement data (Ji

et al., 2009). It groups together segments of movement that share similar statistical

properties, representing different behavioural states, under a set of assumptions regard-

ing both the Markovian nature of state transitions and the parametric form of emission

distributions. In a parametric framework such as this, when fitting N behaviours, we

effectively regard the data Xn as a combination of samples drawn from distributions

fs, specific to some contemporaneous behavioural state, s, where fs is a member of

some parametric family. For instance, in the FInCH approach introduced in Chapter

4, these state-specific densities take the form of multivariate Gaussian distributions,

each associated with a distinct diffusion rate. The compound density f may then be

viewed as a mixture of N component densities (Stuetzle, 2003), whose parameters are

estimated from the data where the number of components N is determined using a

model order-selection criterion.

In the non-parametric approach used throughout this chapter, we assume that the

movement data specific two each behaviour are drawn from separate modes (i.e. local

maxima) of the density function, f . The goal is thus to estimate the number and loca-

tion of these modes, and to assign each observation in the points cloud to a correspond-

ing domain of attraction (Wishart, 1969; Stuetzle, 2003). Many of the aforementioned

order-selection criteria, including recent developments such as Dupont et al. (2025),

rely—either explicitly or implicitly—on parametric assumptions inherent to the HMM
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framework. The density-level superset (DSF) method described here provides a fully

non-parametric alternative. It clusters data purely on the basis of density similarity,

without requiring model fitting as part of the order-selection process. This makes it

particularly robust in situations where emission distributions are inadequately fitted or

when behavioural switching deviates from strict Markovian assumptions.

The following sections outline the three components of the DSF approach. In Section

7.3.1, we describe the process of filtration over density-level supersets before describing

the procedure for producing an initially unknown number of clusters to the data based

on this filtration in Section 7.3.2. Finally, in Section 7.3.3, we detail methodology

for assigning observations in low-density regions—those not directly influencing cluster

information—to nearby high-density clusters in order to facilitate the interpretation of

behavioural time allocation.

7.3.1 Filtration over density supersets

The DSF methodology begins with a filtration over supersets of density clusters derived

from a given point cloud Xn, under the assumption that the data is drawn from some

completely unknown probability density function, f . This non-parametric perspective

allows for the number of behavioural states to be found without specifying step length

or turning angle distributions, as is necessary in parametric state-space model formula-

tions. The objective here is to extract distinct clusters from Xn without presupposing

number of clusters of their shape. The filtration process provides a natural way to

visualise and capture how clusters merge or separate across a continuum of density

levels. Because movement data exhibits strong temporal structure (as discussed in Sec-

tion 2.2), points cannot be treated as independent spatial observations; thus, the data

is transformed to features such as step lengths and turning angles before applying the

filtration. If the original (i.e. untransformed) location data is used, the DSF may be

used to investigate the habitats preferred by a given animal, rather than the way in

which it moves.

Following the foundational work of Wishart (1969), Hartigan (1975), Stuetzle (2003),

and Kent et al. (2013), we define for a point cloud Xn ⊂ R2 the upper-level set of the

distribution f at a density threshold λ ≥ 0 as the collection of all points that occur at

or above that density, given by

Lλ (f) =
{
x ∈ Rd : f (x) ≥ λ

}
. (7.4)

Intuitively, for some reasonably sized threshold λ, Lλ (f) the subset of the point cloud

occupying high-density regions, which we interpret as recurrent or stable movement
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patterns, and therefore potential behavioural states.

Early work such as the one-level mode analysis of Wishart (1969) involved selecting

a single high value of λ such that Lλ (f) reveals distinct, well-separated groups, typ-

ically identified using single-linkage clustering (Sibson, 1973). The popular DBSCAN

algorithm (Ester et al., 1996) is conceptually similar to this one-level approach. How-

ever, the choice of density threshold λ is inherently arbitrary: a high λ may produce too

many small, fragmented clusters, whereas a low value may merge all data into a single

group. To overcome this limitation, Wishart (1969) proposed a hierarchical mode anal-

ysis, later formalised by Hartigan (1975) and Kent et al. (2013), in which a hierarchy

of clusters is constructed by allowing λ to vary.

The process of increasing the threshold λ from some minimal value—or conversely

decreasing it from some maximum—and identifying clusters at each stage yields a

cluster tree, a nested family of connected components of Lλ (f). For example, starting

from some suitably low density level λ1, for which Lλ1 (f) includes the entire point

cloud, we may increase λ monotonically over ñ steps to produce the filtration

Lλ1 (f) ⊇ Lλ2 (f) ⊇ . . . ⊇ Lλñ (f) , (7.5)

for λ1 < λ2 < . . . < λñ. This filtration decomposes the state space hierarchically,

from coarse, low-density groupings to find, high-density clusters (Kent et al., 2013).

The corresponding cluster tree may visualised as a dendrogram, where each branch

represents the emergence or dissolution (‘birth’ and ‘death’) of a cluster. This approach

negates the need to arbitrarily select a single density threshold and allows a user to

interpret the number of behavioural state at different scales, potentially informed by

the temporal resolution of the data.

To approximate the density function f , we employ the k-nearest-neighbour (kNN)

density estimator, which balances flexibility and computational tractability (Stuetzle,

2003). The estimated density at point xt is given by

f̃ (xi) =
k

nVdrk (xi)
d
, (7.6)

where rk (xi) is the Euclidean distance from xi to its k-th nearest neighbour, Vd is the

volume of the unit d-dimensional ball, and k is a user-specified smoothing parameter.

Variables are standardised prior to analysis to ensure that Euclidean distance reflects

relative distances rather than differences in measurement scale.
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7.3.2 Clustering of states

Given a filtration such as that above, the subsequent step is to identify coherent,

high-density regions that correspond to potentially feasible behavioural states. This

is achieved by constructing a similarity graph G = (V,E), where each vertex represents

a data point xi, and edges connect each vertex to its k nearest neighbours based on

Euclidean distance. As previously mentioned, data on different scales are accounted for

by reprojecting values onto intervals of the same order of magnitude, by—for example—

carrying out a trigonometric or log transformation.

For a given density threshold λ and empirical estimate f̃ , we define

Gλ = G
[
Lλ

(
f̃
)]
, (7.7)

where G
[
Lλ

(
f̃
)]

denotes the sub-graph containing only nodes whose estimated density

satisfied f̃ (xi) ≥ λ (Kpotufe and von Luxburg, 2011). The connected components of

this sub-graph are treated as high-density clusters at that threshold, such that

Cλ = {C1, . . . , Cm̃λ
} , (7.8)

where m̃λ represents the number of clusters (potentially representative of behavioural

states) detected at density level λ. As λ varies, clusters emerge and disappear. Let

m̃ denote the total number of distinct clusters that are born and die throughout the

entire filtration procedure. The persistence of each cluster is the value of its lifespan:

the difference between the density at which it dies and the density at which it is born.

This value serves as a measure of a given cluster’s stability and significant, such that

short-lived clusters are generally regarded as spurious, likely representing random noise,

whereas persistent clusters are more likely to suggest meaningful behavioural modes.

To relate clusters back to their ecological interpretation, observations not included

in Lλ

(
f̃
)

may be assigned to their nearest high-density cluster, providing a potentially

crude but nonetheless informative estimate of the proportion of time spent in each

behavioural state. Comparing the number of points associated with each cluster at its

birth and death further helps to distinguish ecologically significant clusters from those

that are transient or noisy, while also mitigating the risk of misclassifying sub-clusters

that merely represent divisions of a single behavioural mode.

7.3.3 Assigning low density points

An important extension of the aforementioned density-filtration method involves as-

signing low-density observations to nearby high-density clusters. Real animal move-

ment datasets often contain measurement error or irregular sampling, producing points
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that may fall outside of core high-density regions. Imposing a threshold on density

alone may therefore fragment such data and obscure the true behavioural boundaries.

Assigning low-density points ensures that every observation is included at each point

of the filtration, enabling full coverage of the dataset and providing (potentially crude)

insight into the amount of time spent in each potential behavioural mode across the

animal’s trajectory.

The assigning of low-density points to local clusters is achieved via a two-stage

procedure. First, high-density clusters are identified via filtration as described previ-

ously; and second, remaining low-density observations are assigned using Mahalanobis

distance (Mahalanobis, 2018). Consider a high-density region Lλ

(
f̃
)

at threshold λ,

with corresponding clusters Cλ = {Cj} for j ∈ {1, . . . , m̃λ}. Let µj and Σj denote the

empirical mean vector and covariance matrix of cluster Cj. For any point xi /∈ Lλ
(
f̃
)

,

its Mahalanobis distance to cluster Cj is given by

DM (xi, Cj) =
√

(xi − µj)T Σ−1
j (xi − µj). (7.9)

Each low-density point is assigned to the cluster than minimises this distance. Extend-

ing cluster support in this way yields a complete partition of the dataset, preserving

interpretability and a level of comparability with HMM-based behavioural classification.

The fraction of points associated with each cluster at its birth and death densities

provides a useful measure of support, allowing spurious or weakly supported to be easily

identified and discarded. In practice, we retain only clusters that persist for a reasonable

duration of the filtration and contain a non-negligible proportion of the data. However,

an ecologist may alternatively select clusters corresponding to any other point along

the density scale, guided by a dendrogram representation of the cluster tree.

7.3.4 Implementation

We may readily carry out density-based filtration on a point cloud using the R rou-

tine ClusterTree(), which is contained within the software package TDA (Fasy et al.,

2019). The Mahalanobis distance may then be retrieved using the in-built R function

stats::mahalanobis(). Throughout this chapter, given a density-level superset fil-

tration, a cluster CJ is regarded as behavioural state if it is born with at least some

threshold percentage T% of the data after Mahalanobis-based assignment, has no viable

descendents, and does not share excessive data points with future clusters (based on

some additional percentage threshold, τ%). Algorithm 1 details the DSF accept/reject

procedure.
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Throughout this chapter, we choose birth thresholds and similarity threshold of

T% = τ% = 10, although if an ecologist expected the presence of some rarely visited

state then T% may reasonably be decreased. We choose a value of k to provide a

stable estimate of local densities while avoiding excessive smoothing. Initial empirical

investigation showed that results were quantitively similar with k ∈ [50, 100], with

k = 70 used throughout this chapter to ensure stability without excessive smoothing and

thus no systematic underestimation of the number of behaviours. In order to reasonably

compare efficiency with these routines in both the simulation study of Section 7.4 and

the real data case study in Section 7.5, we decode underlying state probabilities via the

Viterbi algorithm using the momentuHMM R package (McClintock and Michelot, 2018).

7.4 Simulation Study

We demonstrate the effectiveness of the DSF filtration method in selecting the ap-

propriate number of behavioural states using a simulation study based on an animal

exhibiting two distinct movement modes. In each behavioural state i, the animal’s

movement is characterised by a step length

li ∼ Gamma (αi, θi) , (7.10)

where αi and θi denote the shape and scale parameters respectively, and by a turning

angle

ϕi ∼ Von Mises (µi, κi) , (7.11)

where µi represents the mean turning angle direction and κi quantifies the concentration

of this distribution. This specification was judged to be reasonable since the Gamma

and Von Mises distributions are, respectively, positive continuous and circular-valued—

properties that align well with step length and turning angle data (Patterson et al.,

2017). The animal’s switching behaviour between states is governed by a transition

probability matrix (TPM) Γ = {γij}, as defined in Section 3.1.1, where each element

γij = Pr (St = j|St−1 = i) represents the probability of transitioning from state i to

state j between consecutive observations.

For the two behavioural states considered, we define parameters α1 = 0.5, α2 = 3,

θ1 = 0.5, θ2 = 1.5, µ1 = µ2 = 0, κ1 = 0.5, and κ2 = 5, with transitions out of each

state at observation times occurring with probability γ12 = γ21 = 0.05. Figure 7.1

displays the distinct step length distributions for each state, highlighting that simu-

lated movement in state 1 is relatively slow—and therefore short ranged—whereas in

state 2 corresponds to longer, faster movement. Figure 7.2 illustrates the contrasting
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Algorithm 1 The DSF acceptance or rejection procedure

Require: Cluster Cj with birth level λbirth, death level λdeath, threshold T%, clus-

ter tree structure (parent, children), similarity threshold τ%, and data assignments

DataPoints

Ensure: Decision: ACCEPT (cluster regarded as behavioural state) or REJECT

1: Compute percentage of retained points at birth:

pbirth ← 100× #{xi assigned to Cj at λbirth}
#(Ci)

2: if pbirth < T% then

3: reject Cj ▷ Insufficient stability at birth (Cj assumed spurious)

4: return REJECT

5: end if

6: Identify children of Cj: Children(j) = {Ck : parent(Ck) = j}
7: if ∃Ck ∈ Children (j) , pbirth (Ck) ≥ T% then

8: reject Cj ▷ Cj has viable descendent states

9: return REJECT

10: end if

11: for each Cl with λbirth(Cl) ≥ λdeath(Cj) do

12: Compute percentage of unique points:

punique ← 100×
#
(
DataPoints(Cj) \DataPoints(Cl)

)
#(DataPoints(Cj))

13: if punique ≤ τ% then

14: reject Ci ▷ Redundant, mostly reoccurs later

15: return REJECT

16: end if

17: end for

18: accept Cj ▷ Cj is stable, terminal, and unique

19: return ACCEPT ▷ Accept cluster as distinct behavioural mode

199



Chapter 7. Selecting The Number Of States

turning angle distributions, such that movement in state 1 exhibit a great degree of

directional persistence than state 2. We generate 100 such datasets, each comprising

1000 observations, applying the DSF filtration approach to estimate the number of un-

derlying behavioural states each time. For comparison, we also employ the AIC, BIC,

and ICL criterion. These are the methods evaluated in the work of Pohle et al. (2017),

with the ICL performing well overall but suffering inaccuracy when faced with rare

outliers or inadequate emission distributions. We compare the four approaches under

two contrasting conditions:

1. The benchmark case, in which the data are generated exactly accorded the

model assumptions described above, with correctly specified emission distribu-

tions and no outliers. This setting represents the ‘best case scenario’, in which

Pohle et al. (2017) show that the AIC, BIC, and ICL approaches perform opti-

mally.

2. The outlier case, in which 1% of the data is randomly generated, a scenario we

may use as a proxy for observation error. For true coordinates (x, y), outliers are

given by x̃ = x+ ϵx and ỹ = y + ϵy, for independent and identically distributed

ϵx, ϵy ∼ Uniform (10, 20) .

Such errors mimic the effects of poor satellite coverage or other sources of anoma-

lously high positional uncertainty.

In each case, when fitting the DSL approach, we rescale the step length as a standard

normal distribution l̃t ∼ N (0, 1), comparing this value to cos (ϕt), a symmetric func-

tion chosen to ensure that circular-valued turning angles are treated according to their

absolute orientation, facilitating clustering based on directional similarity.

7.4.1 Results

The results from this simulation study are given in Table 7.1. The same random

seed was retained across both scenarios so that datasets containing outliers directly

correspond to those in the benchmark case.

In the benchmark setting, the BIC, ICL, and DSF approach each display a high

degree of accuracy in detecting the true number of behavioural states, with DSF per-

forming marginally better overall. These results differ slightly from the work of Pohle

et al. (2017), which demonstrated that both the BIC and ICL identified the correct

number of states every time in the benchmark case. However, this earlier study used a
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Figure 7.1: Step length distributions in each state within the simulation study. In state

1, the animal does not move very quickly, whereas in state 2 it is liable to move much

larger distances between observations.
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Figure 7.2: Turning angle distributions in each state. In state 1, the animal moves in

a more directed way, whereas in state 2 the animal turns far more frequently.
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much larger sample size (5000 observations) and assumed uniformly distributed turning

angles, both of which are likely to account for this discrepancy. Of particular note is

the relative improvement in AIC performance. Although it remains less accurate that

the other criteria, AIC outperforms its counterpart in the previous study by quite some

margin; this study demonstrates the AIC correctly assigning two states 73% of the

time, whereas in Pohle et al. (2017) this value was 37%. Given that AIC is known to

favour more complex models as sample size increases (Sen et al., 2018), its improved

accuracy here may reflect the fact that the simulated data is much smaller that in the

earlier work. Collectively, these findings are encouraging for the DSF method, which

achieves comparable or superior accuracy to the established model-selection criteria

while avoiding repeated model fitting.

Data type Method 1 state 2 states 3 states 4 states

Direct sample AIC - 73 23 4

BIC - 87 13 0

ICL - 87 13 0

DSF 4 92 4 0

Outliers AIC - 10 27 63

BIC - 10 59 31

ICL - 10 60 30

DSF 4 92 4 0

Table 7.1: The results from the simulation study. In this context, the automated DSF

outperforms all other criterion at selecting the correct number of states. When faced

with outliers in the data, the DSF approach is unaffected, whereas the existing criteria

suffer a great deal of inaccuracy.

In the presence of outliers, the robustness of the DSF approach becomes evident:

its results are unchanged from the benchmark case. By filtering out low-density re-

gions, the DSF method effectively isolates outlying data, ensuring stable and accurate

state estimation. In stark contrast, the AIC, BIC, and even ICL methods each identify

the correct number of states in only 10% of datasets. Moreover, the selection criteria

often infer four behavioural states—an overfitting artefact of attempting to accommo-

date extreme outliers—with the AIC in particular assigning 63% of datasets to four

states. This poor performance likely arises because fully parametric model selection

criteria interpret the outlying observations as evidence for additional latent states. The

degree of misclassification is exacerbated when outliers differ substantially across be-
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havioural modes. In practical applications, the impact of outliers may be mitigated

(if observation errors are less extreme) if such errors are explicitly modelled within the

hierarchical framework (Patterson et al., 2017). As noted by Pohle et al. (2017), re-

fining the model structure to account for observational uncertainty remains the ideal

solution. Nevertheless, for the purposes of assessing DSF as a fast, non-parametric

tool for determining model order, we expect that the present results are sufficient to

demonstrate its accuracy and resilience in the face of data contamination by error.

7.5 Case Study: Domestic Goat Data

As a real-world demonstration of the proposed methodology, we consider a data excerpt

from a free-ranging domestic goat (Capra aegagrus hircus) grazing on an alpine pasture

in the French Alps (Munden et al., 2021). The original data was recorded at a frequency

of 1 Hz, producing a total of 428,373 observations. To obtain a dataset that is more

representative of the temporal resolution typical of the analyses presented throughout

this thesis, we thinned the data to 714 temporally regular observations separated by 600-

second intervals. While Section 7.4 focuses on movement in terms of step lengths and

turning angles, this real-world example evaluates the performance of the DSF approach

in a non-directional context. Specifically, we use only the absolute displacement of the

x and y directions as model inputs, omitting directional information.

In this case study, we compare the DSF approach to AIC, BIC, and ICL once more,

although we fit a continuous-time, rather than discrete-time, HMM. As described in

Section 3.3, the animal’s movement is given by Brownian motion with diffusion rate

σ2
i specific to each behavioural state i. The behavioural process is determined by

some generator matrix GN = {gij} (as defined in Section 3.2.1) where gij denotes the

infinitesimal transition rate from state i to state j and additional notation N gives the

number of underlying states in the model.

The dendrogram resulting from the filtration over density supersets—annotated with

the data points contained at point of each cluster’s birth and death after assignment

of low-density points via shortest Mahalanobis distance—is presented in Figure 7.3.

The initial cluster (cluster 1) dissolves at densities just below λ = 5, at which point

a small, short-lived cluster (cluster 3) is formed, although this only contains around

0.1% of the total data. Simultaneously, the remaining data (cluster 2) bifurcates into

two distinct groups (clusters 4 and 5) at densities just above λ = 5. Although cluster

5 dies earlier than cluster 4, we interpret both as persistent enough to be considered

meaningful. At the density threshold of their birth, clusters 4 and 5 account for 67.6%
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Figure 7.3: The dendrogram obtained by implementing a filtration over density su-

persets based on a KNN algorithm with k = 70. We see that 5 clusters of varying

persistence form in total. Labelled are the amount of the data assigned to each cluster

at the time of its birth and death given assignment using Mahalanobis distance.

and 32.4% of the total data (this is reflected in the inferred generator matrix shown in

Equation 7.12). Based on both visual inspection of the dendrogram and the automated

procedure described in Section 7.3, we conclude that the data is best characterised by

two distinct clusters, and therefore two underlying behavioural states.

Comparing these results with those of derived from conventional model validation

criteria provides further context. Table 7.2 summarises the outcomes of model fitting

using AIC, BIC, and ICL on the goat data. Notably, these criteria yield somewhat

inconsistent conclusions across models with two, three, and four behavioural states.

To further investigate the underlying behavioural process in the data, thus validating

the results found by using the DSF approach, we explore the decoded state sequence,

inferred using the Viterbi algorithm (Viterbi, 1967), given each number of behaviours.

In each analysis, inferred parameter values are checked for biological feasibility.

For the two-state model, the estimated diffusion parameters are given by log σ2
1 ≈

−7.71 and log σ2
2 ≈ −3.83, corresponding to mean hourly displacements of approxi-

mately 0.03 km and 0.26 km, respectively. The estimated generator matrix is

G2 =

(
−0.246 −0.246

0.517 −0.517

)
, (7.12)
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indicating that the goat spends around 68% of its time in a slower (or ‘resting’) state

and 32% of its time in a more active state.

In the three state model, the estimated diffusion parameters are log σ2
1 = −7.70,

log σ2
2 = −3.83, and log σ2

3 = −1.77, corresponding to mean hourly displacements

of approximately 0.03 km, 0.26 km, and 0.52 km, respectively. The corresponding

generator matrix is given by

G3 =


−0.300 0.282 0.018

0.276 −0.580 0.304

2.13 0.0003 −2.13

 , (7.13)

which suggests that the transitions between the first two states occur at similar rates

to those of the two-state model, while transitions out of the newly introduced fast-

moving state occur particularly rapidly towards the resting state. Based on stationary

probabilities, the goat spends approximately 63.9% of its time in state 1, 31.1% of its

time in state 2, and a very low 5.0% of its time in state 3.

Finally, in the four-state model, the diffusion parameters are log σ2
1 = −7.72, log σ2

2 =

7.94, log σ3 = −1.69, and log σ4 = −3.98. This implies a mean hourly displacement

of approximately 66 km in state 2—an implausible value—indicated a serious case of

model overfitting. The generator matrix is

G4 =


−0.2388 0.0452 0.0020 0.1916

1138 −10174 1.742 9034

0.0000794 4.143 −4.145 0.00198

0.4024 0.5033 0.6686 −1.574

 . (7.14)

Here, the stationary distribution indicates that the goat spends 66.3% of its time in

state 1, ≈ 0% of its time in state 2, 4.7% in state 3, and 29% in state 4. Because the

four-state model introduces a redundant state with negligible occupancy, it is deemed

over-parametrised and hence excluded from further consideration.

Comparing the two- and three-state models, we know based on stationary proba-

bilities that third behavioural state captures only a small proportion of the data (5%)

and, based on the generator matrix in Equation 7.13, exhibits sporadic, short-lived

occurrences between resting and active states. Figure 7.4 shows that this third state

appears as brief, noisy excursions rather than a distinct, ecologically interpretable be-

haviour. Accordingly, we conclude that the two-state model most accurately represents

the goat’s behavioural dynamics.
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States AIC BIC ICL

2 −7040 −7022 −6976

3 −7137 −7096 −6990

4 −7164 −7091 −6870

Table 7.2: Each method of cross validation suggests that two states are superior to the

3 and 4 state models.
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Figure 7.4: The probability of being in each of the three states in the three-state model.
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7.5.1 Inference on goat data

The DSF method (along with state-decoding diagnostics on the environmentally ho-

mogeneous model) demonstrates that the goat’s movement is best described by two

underlying behavioural states. Of course, given that DSF does not take account of

the underlying behavioural process, we may take this result to mean that there are

two states in a non-homogeneous setting, also. Unlike previous case studies with non-

constant transition rates, because the continuous-time HMM is an established method-

ology (see Section 3.3 and the work of Glennie et al., 2023), we do not validate the

results that follow by using a two-stage approach fitting a GAM to Viterbi decoded

states.

As a supplement to the previously detailed model fitting, we perform full inference

within a continuous-time HMM framework. External temperature (◦C) is included as

a covariate, which—in keeping with the assumptions of the continuous-time HMM—is

assumed to be piecewise-constant between successive observations. The transition rate

from state i to state j, for i, j ∈ {1, 2}, is given by

gij (z) = exp
(
β
(0)
ij + β

(1)
ij z + β

(2)
ij z

2
)
, (7.15)

where β
(0)
ij , β

(1)
ij , and β

(2)
ij are constants and z represents the standardised external tem-

perature. With two fitted behavioural states, this formulation involves the estimation

of eight parameters in total.

To ensure efficient convergence in a high number of dimensions, the Broyden-

Fletcher-Goldfarb-Shanno (BFGS) algorithm (Broyden, 1970; Fletcher, 1970; Goldfarb,

1970; Shanno, 1970) was used for numerical maximisation of the likelihood starting from

initial parameter estimates log σ2
1 = −3, log σ2

2 = 1, and β
(p)
ij = −3 for i, j ∈ {1, 2},

p ∈ {0, 1, 2}. Although global optimality when using the BFGS method cannot be

guaranteed, the aforementioned optimisation procedure produced similar results across

multiple runs with different starting parameters.

The maximum likelihood estimates and associated 95% confidence intervals for pa-

rameter values are given in Table 7.3. Inferred diffusion rate parameters are of the

same order of magnitude as those obtained under the homogeneous two-state model,

indicating once more than the goat travels according to a slow (resting) state and a fast

(active) state, and providing further evidence for the idea that the environmentally-

inhomogeneous model has two underlying states. The disparity between the speed

of the goat in each behavioural mode is illustrated in Figure 7.5. A summary of in-

ferred MLE point estimates and uncertainty values is given in Table 7.3. Based on

the points estimates for inferred covariate coefficient values, the stationary probability
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of the goat being in each behavioural state at each standardised external temperature

value is illustrated in Figure 7.6. The goat is extremely unlikely to be active at very

cold temperatures, with peak activity periods occurring around one standard deviation

above the mean temperature value.

log σ2
1 log σ2

2 β
(0)
12 β

(0)
21

Point estimates −8.59 −4.05 −2.04 −1.58

95% CI [−8.68,−8.49] [−4.18,−3.92] [−2.65,−1.43] [−2.26,−0.89]

β
(1)
12 β

(1)
21 β

(2)
12 β

(2)
21

Point estimates 0.66 −0.22 −0.34 0.12

95% CI [−0.10, 1.42] [−0.87, 0.44] [−0.95, 0.27] [−0.50, 0.73]

Table 7.3: Point estimates at 95% confidence intervals for parameter values in the

environmentally inhomogeneous two-state model.
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Figure 7.5: Inferred step lengths in the inhomogeneous two-state model, with 95%

confidence intervals.

A summary of the goat data case study

These results are consistent with ecological expectations. However, we expect that

temperature is highly correlated with time of day, and—with goats more active during

daylight hours (Piccione, 2008)—we expect this to somewhat confound the results of this
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Figure 7.6: The stationary probability of being in each state as temperature varies.

analysis. That being said, despite their adaptability, goats are known to exhibit reduced

activity in cold conditions compared to other livestock species (Bøe and Ehrlenbruch,

2013), often seeking shelter or huddling to conserve warmth (Stachowics et al., 2019;

EFSA Panel on Animal Health & Welfare et al., 2021). This behaviour naturally

reduces movement, which is reflected in the model as the state corresponding to lower

displacement rates being more likely to occur at low temperatures. Similarly, at high

temperatures, activity declines as goats respond to heat stress by lying down more

frequently (Ali et al., 2023) and reducing feed intake (Lu, 1989). This resulting decrease

in foraging time contributes to reduced fat and protein intake and, as a result, lower

milk yield (Zhu et al., 2020). Around 80% of the world’s goat population resides in

tropical regions of Asia and Africa, where goats play a key role in local dairy production

(Silanikove et al., 2009). Thus, a more thorough investigation accounting for the joint

effect of temperature and time-of-day could provide important insights into the potential

implications of climate variability and heat stress on global food security.

7.6 A Gaussian Refinement of Assignments

As defined in Section 7.3.3, the Mahalanobis distance between a background point

xi /∈ Lλ
(
f̃
)

and a high-density cluster Cj is given by

DM (xi, Cj) =
√

(xi − µj)T Σ−1
j (xi − µj),
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where µj and Σj denote the empirical mean and covariate matrix of cluster Cj. However,

a diffuse cluster may still give a modest Mahalanobis distance because its covariance is

large. To further mitigate the risk of spurious assignments to diffuse clusters, we may

choose to refine the assignment step using a log-Gaussian likelihood formulation,

logLj (xi) ∝ −
1

2

[
log |Σj|+DM (xi, Cj)

2] . (7.16)

Compared with Mahalanobis distance alone, this formulation includes the determinant

term log |Σj|, which penalises clusters with large covariance volume. Consequently, clus-

ter assignments with a Gaussian refinement are based not only on covariance-adjusted

distance from the cluster centre, but also on the overall diffuseness of the cluster. This

reduces the tendency for clusters with high variability to attract points simply because

their large spread makes many observations appear relatively close in Mahalanobis

terms (Hastie et al., 2009; McLachlan and Peel, 2000).

In contrast to a purely Euclidean assignment rule, both Mahalanobis and Gaussian-

likelihood assignment account for anisotropic covariance structure. The advantage of

this Gaussian refinement is not necessarily that it incorporates variance, but that com-

bines covariance-adjusted proximity with an explicit penalty for cluster volume. In pre-

liminary experiments on the data considered in this chapter, this refinement produced

little change in the inferred number of states, suggesting that the broader topology

of the density-based cluster tree remained somewhat stable. However, this step may

improve the robustness of the DSF approach in noisier settings, or where behavioural

modes exhibit overlapping emission distributions, by yielding a more conservative set

of assignments to diffuse clusters.

7.7 Discussion

In this chapter, we have introduced the density-level superset (DSF) filtration ap-

proach for order-selection via either an automated algorithm and an alternative, more

ecologically-informed workflow based primarily on an application of the density-based

filtration (Kent et al., 2013). The DSF method allows for set trees to be constructed for

density-based clusters in an animal movement dataset, which—alongside an assignment

of low-density data points via the Mahalanobis distance (Mahalanobis, 2018)—may be

used either as a standalone approach for selecting the number of states or incorporated

into the methodology of Pohle et al. (2017). We have shown that the DSF approach is

very accurate when compared with the Akaike information criterion (Takeuchi, 2020),

Bayesian information criterion (Schwarz, 1978), and integrated completed likelihood
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(Biernacki et al., 2013) criterion for a range of real and simulated data. This approach

is particularly effective when faced with outliers, and we contend that, due to its non-

parametric formulation, this is also the case when emission distributions are chosen

inadequately or when the underlying behavioural sequence in non-Markovian. A pri-

mary benefit gained from taking the DSF approach to order selection is in its ability

to select the number of states without repeated model fitting, which otherwise com-

pounds the computation expense of inference in an exact (or rigorously approximate)

continuous-time framework.

Clusters were initially identified using Euclidean distance, which preserves the geo-

metric structure of the underlying persistence-based clustering (the default when using

the TDA package; Fasy et al., 2019), while Mahalanobis distance (Mahalanobis, 2018) was

used for point assignment to account for local differences in covariance. There are, how-

ever, clear advantages to taking a variance-aware approach throughout. One method

for accounting for anisotropic variance in the data may be to carry out a ‘whitening’ or

‘sphering’ transformation to ensure that the Euclidean distance between points is equiv-

alent to Mahalanobis distance (e.g. Koivunen and Kostinski, 1999; Hastie et al., 2009).

However, such a step relies on the covariance matrix being known, meaning that it may

only be feasible to standardise the data using a global covariance estimate. In actuality,

we expect that the covariance is state-dependent, and as such this approach is unlikely

to fully capture variability in the data. As a two-stage method, it may be possible

to carry out initial clustering in Euclidean distance, before using provisional clusters

to estimate state-specific covariance matrices based on which we reassign points. We

believe that the viability of this extension merits further investigation.

Although we only compare DSF to the AIC, BIC, and ICL methods for order se-

lection, there are a plethora of (arguably less ‘standard’ or ‘well-used’) methods for

order selection in a state-switching framework, as described previously in Section 7.1.

As a potential avenue for future research, a more exhaustive simulation study may

be carried out comparing the performance of the DSF approach to methods such as

that of Dupont et al. (2025) or de Chaumaray et al. (2024), which are parametric and

non-parametric in their formulation, respectively. However, we are confident that the

simulation study, and later case study on real data, detailed in this chapter are ample

for exhibiting the performance of this novel methodology. Furthermore, it is arguable

that this approach is more accessible in terms of its usability than existing methods;

these require numerous tuning parameters (often more difficult to interpret that choos-

ing a value of k, or selecting thresholds in the automated setting) and lack visualisation

aids such as dendrograms.
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In this chapter, we control for ecologically informative behaviours by setting a ‘birth

threshold’ as described in Section 7.3.4. However, rare clusters—those with a low

number of associated points—may retain ecological importance, for instance, when they

represent mating behaviour (e.g. Aulsebrook et al., 2024). In such cases, a practitioner

may choose to focus more on the persistence of clusters rather than the amount of data

associated with them by reducing the ‘birth threshold’ as described in Section 7.3.4 and

drawing persistence diagrams (Edelsbrunner and Harer, 2010, e.g. see). The ability of

such an approach to identify rare behaviours is beyond the remit of this chapter, but

serves as a potential avenue for future research.

Alluded to—but not shown explicitly—within this chapter is the case where the

fitted emission distributions are inadequate. To facilitate this, we may carry out a

simulation study in which both the true step length and turning angle emission data

are represented by a mixture of distributions (Train, 2008). Alternatively, as shown in

the work of Pohle et al. (2017), we may utilise B-spline basis function (Langrock et al.,

2015) to simulate step lengths. Regardless of the methodology used, these approaches

reflect the often more realistic scenario in which the statistical distributions assigned in

the model don’t capture the true complexity of the animal’s movement. Given that the

DSL approach imposes no parametric assumptions on the distribution of the step length

or turning angle of the animal, we expect it to be very much unaffected in this case. In

contrast, Pohle et al. (2017) demonstrate that the AIC, BIC, and ICL criterion each see

a drastic decrease in performance in this scenario, much akin to in the case with outliers

seen in Section 7.4. Thus, the advantages of using the DSF in this context, we believe,

are implicit. Nonetheless, a more thorough simulation study comparing this scenario

alongside scenarios encompassing other potentially assumption-violating features such

as semi-Markovian, higher-order, or non-stationary behavioural processes may prove a

better exhibition of the resilience of the DSF method.

In this chapter, we have discussed a potential workflow that accounts for the tem-

poral structure of the data by either reformulating in terms of (Euclidean) step length

and turning angle, or step length in each dimension. When faced with a small level

of irregularity in the data, or with a few missing observations, the DSF approach re-

mains valid as a method for order selection due to its resilience to outliers, as shown

in the simulation study of Section 7.4. Similarly, we expect this method to be rather

unaffected by observation error, such that extreme observation error is unlikely to be

amenable to a state-space style model fitting regime in the first place. However, the

exact methodology demonstrated in this chapter may not be suited to data that is par-

ticularly temporally irregular, which may arise when tracking equipment malfunctions,
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for example. There are a number of approaches available to apply a DSF-type method

in such scenarios. For example, we may implement temporal scaling on the step length

to garner an estimate for the animal’s ‘movement rate’ by dividing the step length of

the animal by the time step of the interval; this is, at least conceptually speaking,

scale invariant. A further transformation of the animal’s step length is likely to be less

straightforward, having to account for both the circular nature of this value and for

sparser observations yielding higher turning angles even when behaviour is unchanged

(Michelot and Blackwell, 2019). One further option is to fit a ‘single state’ movement

process to the data, akin to the first stage of the multiple imputation approach of Mc-

Clintock (2017), and construct a point cloud based on the density of each data point

conditional on MLE single state parameter values. Ultimately, there exists scope for an

investigation into an extension of the DSF approach that is robust to highly temporally

irregular data.
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Chapter 8

Discussion

In this final chapter, we provide an extended discussion of the novel methodologies

developed throughout this thesis, spanning Chapters 4, 5, 6, and 7. We reiterate the

key strengths of each approach and explore avenues for future research that could

address current limitations. We provide examples demonstrating the broader utility of

each method, spanning areas such as financial statistics and the detection of maritime

crime. Finally, we offer a summary of progress against the aims initially outlined in

Section 1.2.

8.1 The Fast Integrated Continuous-Time HMM

This section discusses the contents of Chapters 4 and 5, in which the fast integrated

continuous-time HMM (FInCH) is introduced, and refined, respectively. This method-

ology, being a rigorous approximation of the exact integrated continuous-time HMM

(InCH) approach (Blackwell, 2020), serves as a crucial step in allowing precise models

formulated in continuous time to be accessible to ecologists. Fundamentally, the novelty

of the FInCH lies in the fact that it is the first practical, likelihood-based continuous-

time movement modelling method that decouples behavioural switching from observa-

tion times and facilitates direct optimisation, remaining computationally efficient. In

practice, this approach exists in the middle ground between fundamentally approxi-

mate continuous-time HMMs (Glennie et al., 2023) and fully exact—but potentially

computationally infeasible—switching diffusion models such as Blackwell et al. (2015)

and Blackwell (2020). However, the efficiency of this approach has been shown to be

competitive with its approximate counterparts, and its yields a close approximation of

the exact methods.

The FInCH approach—whether formulated using algorithms of Hobolth and Stone
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(2009) or via the FRInCH refinement detailed in Chapter 5—serves to greatly improve

the accessibility of continuous-time models for individual animal movement for ecolo-

gists, bypassing many of the barriers to their uptake. By allowing for inference in a

direct optimisation setting, FInCH facilitates modelling via a procedure with less per-

ceived complexity, that is more familiar to ecologists who are more au fait with the

workflow of popular packages such as moveHMM (Michelot et al., 2016) and momentuHMM

(McClintock and Michelot, 2018). Beyond the familiar framework, the computational

efficiency of the FInCH approach, at least in the case with Brownian motion represent-

ing animal movement, has been shown to compete with its discrete time counterparts

due to the implementation of a spline-based interpolation. Even in cases with complete

temporal irregularity, a degree of computational feasibility is assured by the use of a

spatiotemporal thin plate spline (TPS) approach. By allowing for complete likelihood

formulation the FInCH approach also allows for better mixing within a Bayesian setting,

given that the number and times of potential switches between observations no longer

need to be sampled, drastically reducing the dimensionality of the parameter space.

Furthermore, as is detailed throughout Chapter 5, we may choose to automate or even

remove the upper bound on transition rates, κ, depending on the strength of model

assumptions. This further improves the accessibility of this approach for ecologists,

who now have the choice of whether or not to impose an upper bound on transition

rates.

Of course, we have only demonstrated the FInCH approach for a very simple, spa-

tially homogeneous class of models. If faced with, for example, a Brownian motion

with drift, an Ornstein-Uhlenbeck process (Uhlenbeck and Ornstein, 1930) or non-

Gaussian movement process, we are less likely to find semi-analytic solutions such as

those described in Section 4.2.2, and the local densities may be further complicated

if the movement process is not isotropic. However, as explained in Section 5.4.4, if

working with irregular data, the loss in efficiency will be limited due to the spline-

based interpolation step. There exists the further option of utilising methodology such

as Gauss-Legendre (Bogaert, 2014) or Gauss-Hermite (Steen et al., 1969) quadrature

(which may be more amenable to exponential processes) for more efficient movement

density calculation (e.g., Masolele et al., 2024). Furthermore, when faced with spatial

inhomogeneity, a spline-based approximation of local likelihood terms is no longer pos-

sible, which we expect to increase computation time further—there is certainly scope

for more investigation of this scenario. However, in all cases, we are confident that

the FInCH approach improves on the efficiency of methods for exact inference such as

InCH (Blackwell, 2020) even with non-constant transition rates. A further potential
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limitation of the FInCH approach is that it is entirely location based, being fundamen-

tally unable to account for autocorrelation in velocity based largely on the requirement

that the likelihood be compartmentalised into local terms in order to implement the

forward algorithm (Baum et al., 1970). Directional persistence is often a quantity of

interest for ecologists, and this potential pitfall serves as motivation for the novel work

of Chapter 6 in which velocity-based continuous-time HMMs (VB-CTHMMs) are in-

troduced; this potentially serves as a first step in the construction of a velocity-based

FInCH approach.

8.1.1 The application to other areas

Naturally, the continuous-time Markovian process underpinning the FInCH-type ap-

proach and its exact counterparts such as InCH (Blackwell, 2020) is not limited in

its application, or unique, to individual animal movement data. In this section, to

illustrate the wide applicability of the methods introduced in this thesis, we detail a

(very much non-exhaustive) list of potential applications of a FInCH/FRInCH-based

approach in wider areas of statistics. Fundamentally, any domain in which observed

values depend on the trajectory or cumulative effect of Markov latent states between

(relatively) sparse or irregular observations is a candidate for a FInCH-style approach.

This makes it broadly applicable to many ecological, industrial, epidemiological, and

engineering systems, among others. For brevity, we detail the possible usage of FInCH

and FRInCH for the meshing of resource selection function and state-space models,

following by a summary potential applications in medical and financial statistics. Note

that, although this section is given in the context of FInCH, applications are also rele-

vant for the velocity-based continuous-time HMM (VB-CTHMM) wherever there exists

an additional scope for directional persistence, and wherever each approach is applicable

the DSF is appropriate for order selection.

Extensions to resource selection models

Although in this thesis we only detail FInCH in the context of individual animal move-

ment modelling in which the animal is assumed to move according to an isotropic

Brownian motion, there is plenty of scope for FInCH-type applications to other forms

of ecological model. By far, the two most common methods for modelling individual

animal movement are state-space models (i.e. the focus of this thesis) and resource-

selection models (Florko et al., 2025). It is with this in mind that we first detail potential

applications of the FInCH approach—or at least, the FInCH behavioural formulation—
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to facilitate the more accessible meshing of behavioural switching and resource selection

modelling.

There are very few methods for combining state-space and resource selection mod-

elling; this is especially problematic when making inference in the latter setting, as ig-

noring behaviour in habitat selection studies may lead to incorrect conclusions (Roever

et al., 2014). A two-stage approach may be taken, in which a HMM is fitted to animal

movement data before states are decoded using the Viterbi algorithm (Viterbi, 1967)

and resource-selection models are fitted to its trajectory in each behaviour separately

(e.g., Mawer et al., 2025). Furthermore, methodology has been developed that accounts

for switching between behavioural modes, with behaviour-specific resource selection pa-

rameters, in order to provide insight on behaviour-specific habitat selection in a single

step (e.g., Klappstein et al., 2023; Pohle et al., 2024). However, a pitfall for both of

these methodologies lies in the fact that—for the most part—parameters inferred in a

resource-selection framework are dependent on the sampling regime of the data. It is

due to this fact that continuous-time variations of the single-step approaches, in which

transitions between states are governed by a generator matrix, remain invalid on tem-

porally irregular data. However, given the benefits of taking a FInCH-type approach

on regular data, especially in scenarios in which the behaviour of the animal changes,

a model with the FInCH-type approach directly replacing the HMM may demonstrate

better performance than existing methodology.

The work of Michelot et al. (2019) utilises the Langevin distribution for the single-

state joint estimation of an animal’s habitat preference and movement parameters in

continuous time, facilitating inference on very fine temporally irregular data. Inference

in MCMC step selection models is introduced by Michelot et al. (2020), which allows

for concurrent behavioural-switch and resource selection modelling; this approach has

to additional advantage of facilitating inference in a direct optimisation framework.

However, this approach only infers one set of habitat selection parameters across all be-

havioural states and only allows for behavioural changes to occur at observation times

(akin to the continuous-time HMM). Furthermore, because the construction of the

likelihood requires the use of an MCMC sampling scheme, which compounds computa-

tional expense when carrying out likelihood maximisation, this approach is particularly

slow compared to existing resource selection approaches. Furthermore, this method is

very sensitive to the choice of initial parameter estimates, in one instance requiring 50

model fits based on randomly chosen initial parameters, serving to further compound

the computational inefficiency of this approach. Recent unpublished work (Blackwell,

in review) builds on the work of Michelot et al. (2019) to incorporate behavioural
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switching into the Langevin diffusion model while maintaining the interpretation of its

movement parameters as describing habitat selection within each behavioural state. As

an initial step, this model could be fitted using existing Langevin methods (Michelot

et al., 2019; Blackwell and Matthiopoulos, 2024) combined with standard HMM tech-

niques by assuming that both animal behaviour and spatial covariates remain piecewise

constant over each interval between observations. It would be interesting to see if this

approach is amenable to a FInCH-type behavioural-switching framework. Given that

the approach of Michelot et al. (2019) is only applicable on very high resolution data,

we are confident that the FInCH-type two-switch limit—or even a single switch limit

such as that imposed by Alkhezi (2019)—results in a high level of accuracy.

The recent work of Blackwell (2025) uses a special case of the piecewise determin-

istic Markov process (PDMP) of Davis (1984), called the velocity-jump model, as a

novel methodology for inference on individual animal movement. This approach as-

sumes that an animal’s movement is piecewise deterministic between probabilistically

generated ‘refreshment’ times, which correspond to a resampling of its velocity pro-

cess. Autocorrelation in velocity, and therefore directional persistence, may readily be

accounted for by setting the velocity sampling process as first-order Markov. How-

ever, in this approach, the animal’s trajectory between observations is sampled using

reversible-jump updates (Green, 1995). In a recent unpublished thesis (E. Bray, per-

sonal communication, November 16, 2025), this work has been approximated such that

only one refreshment may occur between observations; the time of which has then been

integrated out, allowing for the implementation of the forward algorithm (Baum et al.,

1970). Furthermore, this work introduces a simulation of the velocity-jump model

that accounts for state-switching between behavioural modes. Conceptually speaking,

this much akin to the FInCH approach. It may be possible to extend this work fur-

ther by incorporating behavioural states into an inferential setting, allowing for up to

two refreshments between observations and uniformising both the state-switching and

refreshment rate processes. We may then integrating out both potential switch and

potential refreshment times by using either algorithms from Hobolth and Stone (2009)

or a FRInCH-based approach.

Recent unpublished work by (E. Bray, personal communication, November 16, 2025)

incorporates both the animal’s movement and resource selection by introducing po-

tential bounces into velocity jump models. A key component of the bouncy particle

sampler (Côté et al., 2018), a bounce corresponds to an update of the animal’s velocity

as a Newtonian elastic collision tangential to the gradient of the animal’s utilisation

distribution. This approach is particularly impactful in its ability to account for the
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effect of an animal’s environment directly on its movement while easily dealing with

observation error, which is a potential pitfall of similar work by Michelot et al. (2019).

By further integrating out potential bounce times in a FInCH-style framework, this

potentially results in an approach that accounts for both an animal’s movement and

habitat selection process, which is amenable to irregular or high-error data and allows

for inference via direct optimisation. Of course, even if we assume there is only at most

one refreshment, bounce, or state change event per interval we are still faced with a

triple integration when formulating local likelihood. Computational feasibility may be

retained by adopting the Gaussian integration methods implemented in Masolele et al.

(2024) rather than carrying out adaptive quadrature. One thing to note here, however,

is that the FInCH approach would have to be suitably extended to allow for the incor-

poration of error in this setting, otherwise this feature of the velocity-jump model will

be lost.

Medical statistics

In a medical statistics setting, continuous-time HMMs are widely used to infer the

mechanics underpinning clinical measurements, which often feature irregular laboratory

tests or clinic visits (Bartolomeo et al., 2011; Liu et al., 2013), in which chronic disease

stages may only be diagnosed by some error-prone marker. An early application of the

continuous-time HMM (as described in Section 3.2.6) in a primarily medical statistics

setting is given in the msm package (Jackson, 2011), which is later implemented into

a more efficient expectation maximisation (EM) algorithm (Dempster et al., 1977) by

Liu et al. (2015). In this setting, the exact trajectory of the underlying state process

between observations does not affect the distribution of the final observed measurement;

the observation model is assumed to depend only on the state at observation times, not

the path taken to get there. Of course—for the most part—within the above context

(i.e. error-prone marker, subjective clinical assessment) this is a reasonable assumption

to make, as the snapshot property is largely retained. For example, studies considering

factors such as vital status (with alive or dead states), ward discharge status, or disease

infection status are all likely to have data in which the current state at observation

times is a sufficient summary of all relevant past information for predicting future

transitions. By contrast, when animal movement modelling, the behavioural sequence

between observations directly affects an animal’s movement path, and therefore matters.

There are, however, important contexts in medicine in which models that explicitly

account for the intermediate, unobserved state trajectory are both plausible and ad-

vantageous. In many chronic clinical processes, patient observations are not merely a
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function of the latent state at measurement times, but rather reflect cumulative time

spent in underlying physiological states between successive observations. A model that

explicitly represents that latent trajectory may therefore better leverage raw emission

data, such as continuous-valued biomarker measurements, than models that reduce

observations to a crude, error-prone diagnostic label.

A concrete example that may benefit from the implementation of such models is

chronic kidney disease (CKD). In CKD, clinicians typically monitor estimated glomeru-

lar filtration rate (eGFR), which is a measurement of how well the kidneys filter certain

substances, at irregular clinic visits. What matters clinically is often the change in

eGFR since its previous reading, rather than its absolute value. Indeed, long-term

follow-ups have demonstrated that many individuals have non-linear eGFR trajecto-

ries, represented by long period of non-progression interspersed with periods of rapid

decline (Li et al., 2012). One could reasonably represent the progression of CKD in this

scenario as a continuous-time Markovian framework with discrete latent states (e.g.,

‘stable’, ‘moderate progression’, and ‘rapid decline’) governing the dynamics of a dif-

fusion process for eGFR. If clinic measurements are fairly sparse, or if data is missing,

patients may transition between these states multiple times between readings. In such a

model, the entire trajectory of latent states, rather than the state at interval endpoints,

would contribute meaningfully to the observed change in eGFR.

By acknowledging that disease activity is not constant, and by using all available in-

formation in the raw data (i.e. the value and time of eGFR changes), rather than relying

on discrete, possibly mismeasured labels, the FInCH approach or existing exact method-

ology such as InCH (Blackwell, 2020) offer many advantages over the continuous-time

HMM in this scenario. Moreover, the pattern of eGFR decline—whether linear or non-

linear—has been shown to predict adverse outcomes such as progression to end-stage

renal disease or mortality (Ali et al., 2021). There is potential scope here for further

research both into the performance of the switching diffusion models compared to com-

monly used approaches for modelling chronic kidney diseases (e.g., Ramos et al., 2024)

and a direction comparison between the accuracies of FInCH/FRInCH and InCH-type

methodologies. The CKD example detailed here is analogous to many other medical

contexts, such as the progression of Alzheimer’s disease based on quantitative evalua-

tion of a patient’s cognition (e.g., Raket, 2020), or different forms of cancer based on

biomarker evaluations such as biopsy results (e.g., Inoue et al., 2008). At present, the

utilisation of methodology that accounts for intermediate Markovian states explicitly

is very limited in medical statistics.
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Financial statistics

One particularly relevant area of financial statistics for a switching diffusion-type model

lies in the context of credit rating transitions. A credit rating represents as assessment

of a borrower’s, such as a company’s or government’s, creditworthiness; that is, the like-

lihood that the entity will meet its debt obligations. These ratings, which are assigned

by agencies such as Standard & Poor’s (S&P), take ordinal values with AAA indicating

an extremely strong capacity to meet financial commitments, and D or SD representing

default or sub-investment grade. Although credit ratings are reported at discrete in-

tervals, such as monthly or quarterly, a borrower’s underlying creditworthiness evolves

continuously, meaning that, in effect, intermediate, unreported transitions between re-

ported ratings are liable to occur. Modelling these hidden credit rating transitions is

particularly important for financial institutions, as they constitute a key input in credit

derivative pricing models (Bluhm and Wagner, 2011) and in the evaluation of portfolio

credit risk (Trück and Rachev, 2009).

To model credit transition processes, Pfeuffer et al. (2017) employ an endpoint-

conditioned, uniformised Markov chain approach Jensen (1953); Fearnhead and Sher-

lock (2006) to simulate unknown credit rating changes given estimated parameter val-

ues. Conceptually, this uniformisation step shares similarities with the FInCH/FRINCH

approach. However, this credit-risk model assumes that the underlying states are known

at observation times, without incorporating continuous diffusion processes. Given the

sparsity of observed credit ratings and the resulting infrequency of observations, it may

often be preferable to use a continuous-valued proxy for credit risk with more frequent

updates, though the suitability of this approach naturally depends on the objectives of

the study.

As an illustrative approach, bond yields—the return an investor demands for lending

money—may be used as a proxy for market confidence. The work of Kou and Varotto

(2008) derives implied credit ratings from bond spreads, demonstrating that spread-

implied ratings frequently anticipate future rating changes by agencies, with market-

implied ratings providing a more timely reflection of creditworthiness. By modelling

bond yields as a diffusion process, one may once again treat credit-risk ratings as

underlying behavioural states, incorporating quarterly or monthly credit ratings in a

semi-supervised framework (analogous to the partly-observed framework discussed in

Section 4.6). This conceptualisation is naturally compatible with a switching diffusion

model such as InCH (Blackwell, 2020) and, provided the frequency of bond yield updates

is sufficiently high relative to market volatility, may be rigorously approximated in a

FInCH framework. Using the Viterbi algorithm (Viterbi, 1967), hidden credit-rating
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trajectories may be decoded between credit rating updates, potentially improving the

pricing of credit derivatives, portfolio risk assessment, and early-warning capabilities

relative to models that rely solely on discrete, infrequent rating observations.

Beyond credit risk, HMM-based modelling approaches are widely used in invest-

ment banking for market regime detection, with latent states corresponding to bullish,

bearish, or sideways markets based on continuous-valued returns, volatility, or liquidity

metrics, which in turn inform portfolio allocation strategies (Hamilton, 1989; Wang

et al., 2020). Although major equity markets generate extremely high-frequency data,

making them suitable for HMMs—whether formulated in discrete time or, if compu-

tationally feasible, continuous-time—there are exceptions such as market holidays and

less liquid markets. For instance, in the UK even the most liquid corporate bonds

do not trade daily, often resulting in numerous days without price changes (Laugwitz

et al., 2025). In such settings, discrete observations over sparse intervals suffice when

combined with the modelling of intermediate regime changes to accurately capture

background market dynamics.

Whereas in medical statistics the ‘snapshot’ property is often retained, in many fi-

nancial settings intermediate state trajectories influence observed values. This renders

the standard continuous-time HMM a potentially very inaccurate approximation of the

underlying process. By contrast, as demonstrated in Chapters 4 and 5, the FInCH ap-

proach provides a more rigorous approximation to the exact methodologies. Neverthe-

less, as is the case with medical applications, the practical use of exact regime-switching

methods with continuous emission data (Blackwell et al., 2015; Blackwell, 2020) re-

mains somewhat limited, likely due to computational constraints when handling large

datasets. Suitable extensions of the FInCH approach, offering a more computationally

efficient alternative to exact methods that allows for intermediate regime switching,

could therefore play a critical role in advancing both credit risk and market regime

modelling in practice.

8.2 Velocity-Based Continuous-Time HMMs

This section discusses the contents of Chapter 6, in which the velocity-based continuous-

time HMM (VB-CTHMM) is introduced. This method is a continuous-time HMM

approximation of the switching continuous-time correlated random walk (switching

CTCRW) approach Michelot and Blackwell (2019), incorporating the single-state Kalman

filter (Kalman, 1960) based approach of Johnson et al. (2008). The switching CTCRW

meshes a variation of the fully Bayesian sampling scheme akin to that of Blackwell
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(2003) with the global Kalman filter (Kalman, 1960) implementation of Johnson et al.

(2008). The VB-CTHMM approximates this approach by segmenting the likelihood

into overlapping windows of five observations and applying a variation of the Kalman

filter to each. In doing so, the VB-CTHMM is able to utilise the efficiency of both the

Kalman filter and the forward algorithm (Baum et al., 1970) in its likelihood construc-

tion; this integrates over visited behavioural states indirectly, rendering the Bayesian

sampling scheme unnecessary. As far as we are aware, the VB-CTHMM provides the

first state-switching, likelihood-based continuous-time method for individual animal

movement that allows direct optimisation of likelihood and retains velocity autocorre-

lation as a proxy for directional persistence. This work serves as a key step in improving

the accessibility of velocity-based models for ecologists, who would otherwise have to

choose between the accessible and efficient—yet scale dependent—step-and-turn HMM

and fully Bayesian methodology such as the switching CTCRW or the computationally

demanding fine-scale approximation of Parton and Blackwell (2017).

In Chapter 6, we see the VB-CTHMM allows for far faster inference than is possible

using the exact inference. The VB-CTHMM, like the switching CTCRW, infers the un-

derlying velocity autocorrelation across multiple observations. As such, both methods

require data to be high resolution, meaning that the assumptions of the continuous-

time HMM—which may be limiting when data is sparse—are now expected to have a

negligible effect; this is exhibited in the results of Chapter 6. As is the case with the

FInCH approach, by allowing the construction of the full likelihood by implementing

the forward algorithm we facilitate better mixing in a Bayesian MCMC setting due to

because we have significantly reduced the dimensionality of the parameter space from

which we sample.

In comparison with the exact inference, the VB-CTHMM is far better equipped to

handle spatial or temporal-inhomogeneity in a way that does not severely violate model

assumptions. When modelling using a continuous-time HMM, although we allow the la-

tent state to evolve in continuous time, we do not explicitly track the intermediate state

trajectory. It is therefore natural to make the computationally-convenient assumption

that covariates influencing behavioural transitions are constant between observations

(see Section 3.2.6). Indeed, it is common to make the assumption of piecewise constant

covariate values when working within an HMM framework (Patterson et al., 2008; Lan-

grock et al., 2012). By contrast, the switching CTCRW explicitly tracks intermediate

states; by assuming that covariate values—and therefore transition rates—are constant

over an interval, we ignore variation that may influence when switches in behaviour

occur. Thus, to be truly faithful to the process, switching CTCRW covariates should
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be treated as variable within each interval, such that the likelihood accounts for how

the intermediate states respond to changing conditions. In order to facilitate exact

spatially-inhomogeneous inference within a switching CTCRW framework—without lo-

cal likelihood components due to the global Kalman filter implementation—the more

computationally demanding approach of Blackwell et al. (2015) would have to be used

instead of that of Blackwell (2003). We expect that this will increase computational ex-

pense dramatically, pushing the spatially-inhomogeneous switching CTCRW approach

into realms of computational infeasibility. Nevertheless, as far as we are aware, the

accuracy of the switching CTCRW has not been formally tested under the assumption

of constant transition rates; the issues arising from taking this approach may be miti-

gated by fact that this method is only applicable to high resolution data. Furthermore,

this is the approach recommended when making inference using the FInCH approach

(described in Chapters 4 and 5) before it is suitably extended.

Of course, we have only demonstrated the VB-CTHMM in a context where the ve-

locity process is represented by an Ornstein-Uhlenbeck (Uhlenbeck and Ornstein, 1930)

process. Albeit less limiting the Brownian motion used to demonstrate the FInCH ap-

proach across Chapters 4 and 5, we may not obtain the same level of analytic tractability

when faced with non-Gaussian underlying velocity processes. Nonetheless, the work of

Fleming et al. (2017) demonstrates the amenability of the CTCRW approach to a wider

class of diffusion models, which we expect transfers well to both the exact switching

CTCRW and the VB-CTHMM approaches. Furthermore, as previously mentioned, this

approach relies on a first-order representation of a second-order Markov chain in or-

der to account for the behavioural process of an animal over each overlapping window.

This yields a transfer probability matrix that is very large, albeit sparse, increasing

in dimension disproportionately with the number of fitted behavioural states. The ex-

act effect of increasing the number of behavioural states on computational efficiency

warrants further investigation, although increasing the number of states is expected to

increase the time taken for any method. In practice, it is fairly uncommon for ecolo-

gists to fit more than four behavioural states (Pohle et al., 2017), although exceptions,

such as those that model behaviour on a fine scale, do exist (e.g. Langrock et al., 2014;

Rautiainen et al., 2022).

As may be evidenced in the case study in Section 6.4.2, there remains the possibility

that the high levels of irregularity in the data—either in terms of the number of miss-

ing observations or the absolute variation in interval duration—has a negative effect

on the VB-CTHMM accuracy in its current form. By taking the empirical velocity at

the beginning of every window to be deterministic, negating uncertainty around this
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value, we may underestimate the width of confidence intervals around MLE parame-

ter estimates. By suitably extending the VB-CTHMM, taking account of refinements

highlighted in Section 6.5, we expect to mitigate this issue somewhat. Finally, the VB-

CTHMM, unlike the original switching CTCRW, does not have the innate capacity to

handle observation error. It may be possible for an error term to be included in the

local movement density over each window, although the choice of five observations may

not be sufficient for the Kalman filter to parse out the velocity process from the effects

of observation error. Further investigation in this regard is certainly warranted.

If an animal is expected to change behaviour regularly in comparison the resolution

of the data, we may wish to incorporate intermediate behavioural changes into the

VB-CTHMM. As such, in order to find a middle ground between this method and the

switching CTCRW (Michelot and Blackwell, 2019), this approach may be amenable to

a FInCH-type extension, in which the number of behavioural changes between observa-

tions is limited to one or two and the switching times are integrated out. Although we

expect that this may increase the analytic complexity of the VB-CTHMM, computa-

tional feasibility may be retained using Gaussian quadrature methods (Masolele et al.,

2024). As such, the VB-CTHMM may be regarded as the first step in the construction

of a velocity-based FInCH approach.

8.2.1 Application to other areas

As with the FInCH approach outlined in Chapters 4 and 5, the VB-CTHMM is not

restricted to the study of individual animal movement. Moreover, the extensions to

the FInCH methodology illustrated in Section 8.1.1 are largely transferable to the

VB-CTHMM, particularly when the objective is to distinguish between observation

process trajectories generated by random noise and those reflecting genuine, correlated

behavioural trends. For example, in financial analysis, the VB-CTHMM provides a

robust framework to disentangle persistent market trajectories from stochastic fluctua-

tions, offering an accessible methodology for parsing meaningful trends out from noise.

In statistical ecology, it is standard practice to combine resource selection models with

state-space frameworks by fitting step-and-turn HMMs (e.g., Mawer et al., 2025), where

the directional persistence of the animal is taken into account prior to separating tra-

jectories based on specific Viterbi-decoded states (Viterbi, 1967). The VB-CTHMM

is particularly suitable to these applications, as it allows for direct likelihood maximi-

sation in a manner analogous to discrete-time HMMs and avoids the computational

constraints of exact continuous time methods (Michelot and Blackwell, 2019).

Fundamentally, any Markovian system in which the observed values may be mod-
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elled as a diffusion process over intervals, and where directional persistence is of impor-

tance, constitutes a candidate domain for VB-CTHMM analysis. For brevity, we focus

here on one illustrative application: the prevention of maritime human trafficking and

forced labour.

Maritime crime prevention

Radar systems, first introduced in 1935 (Trim, 2002), have long been central to the de-

tection, classification, and tracking of aerial and naval vehicles (Khawaja et al., 2024).

Their applications span maritime security (Bakirci, 2025), defence and military surveil-

lance (Goodwin, 1947), search-and-rescue operations (Wallace et al., 1998), and even

sport analytics (Healey, 2021). In this discussion, we focus specifically on the appli-

cation of VB-CTHMMs for the utilisation of radar data to detect maritime crimes,

including human trafficking, forced labour, and illegal, unreported, and unregulated

(IUU) fishing. As a supplement to localised radar data, the Automatic Identification

System (AIS) provides a crucial stream of information, reporting a vessel’s identity,

position, speed, and heading, enabling the high resolution tracking of maritime traffic

(Emmens et al., 2021).

Maritime criminal networks frequently employ offshore rendezvous points to clan-

destinely transfer victims between vessels, deliberately reducing the risk of detection

and limiting opportunities for escape. Consequently, behaviours such as loitering and

sporadic transshipment are often indicative of trafficking or forced-labour operations

(Ford et al., 2018; Patino and Ferryman, 2017; Ray et al., 2019). Analysis of vessel

behaviour—including unexplained rendezvous or persistent loitering—is therefore used

by law enforcement and NGOs to flag high-risk activity (Selig et al., 2022). These be-

havioural indicators are also incorporated into case narratives to support legal action,

including the justification of interdictions, search warrants, and inspections. Legal re-

views, such as that of Surtees (2013), emphasise the integration of anomalous maritime

behaviour into the broader ‘prevention, protection, prosecution’ framework. Real-time

analysis further enhances operational response by enabling timely detection of clandes-

tine activities, thereby facilitating faster deployment of support, welfare interventions,

and rescue. Operational guidelines and policy briefs similarly stress the importance

of prevention and timely action as central counter-trafficking measures (U.S. Depart-

ment of Protection, 2025). Collectively, this underscore the important role of both

retrospective and real-time analytical methods.

Despite there appearing to be no universally accepted definition for maritime loi-

tering, this behaviour has been variously characterised as frequent turning within a
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localised area (Zhang et al., 2022), slow movement around the same spatial region

(Patino and Ferryman, 2017), and movement exhibiting extreme directional changes

(Wijaya and Nakamura, 2023). These descriptions closely parallel the notion of ‘forag-

ing’ behaviour in animal movement studies, as illustrated in Section 6.4.2. In contrast,

vessels engaged in normal transit generally exhibit goal-oriented movement, maintaining

consistent headings that reflect higher directional persistence. Assuming that transit

behaviour is adequately represented as a Markov process, the VB-CTHMM is particu-

larly well suited to capturing these dynamics, as it incorporated velocity autocorrela-

tion, whereby reduced directional persistence corresponds to loitering states. Further-

more, given that radar and AIS-based maritime observations often exhibit temporal

irregularity due to factors such as disturbance caused by sea wave crests (Ward et al.,

1990; Zakaria, 2017), the continuous-time formulation of the VB-CTHMM provides a

robust alternative to the discrete-time HMM, which is sensitive to the temporal scale

of observations. Furthermore, AIS-derived speed values, even if subject to (assumedly

unbiased) error, may feed into the deterministic initial velocity values at the start of

each VB-CTHMM window. In contrast, the FInCH approach outlined in Chapters 4

and 5 is less suitable to this form of analysis because it is not able to explicitly account

for directionality or autocorrelation in movement.

In retrospective analyses, the VB-CTHMM may be applied with two fitted be-

havioural states—representing loitering and normal transit—allowing the usual concur-

rent estimation of movement and transition rate parameters. Both inferred transition

rates and the Viterbi-decoded state sequences (Viterbi, 1967) enable the detection of

anomalous vessel activity in a computationally efficient manner. However, extending

this framework to real-time surveillance necessitates additional refinement such that

the VB-CTHMM is able to process sequential observations as they arrive, effectively

transforming it into an online algorithm. One practical approach involves performing

an initial VB-CTHMM analysis on a recent trajectory. Subsequent observations are

accumulated until either a specified temporal threshold or observation count is met, at

which point the VB-CTHMM is refitted. To maintain computational feasibility, earlier

observations may be discarded in proportion to newly collected data, ensuring that the

model may be refitted and Viterbi-decoded prior to arrival of subsequent observations.

This framework, incorporating a small temporal delay, aligns with fixed-lag smoothing

methodologies (Gloaguen et al., 2018) and, due to its finite memory, enables sequential

state updates while retaining computational feasibility.

The VB-CTHMM may also be amenable to broader adaptations, such as those

proposed by Cappe (2009), which allow for online estimation of both discrete- and
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continuous-time HMMs. These adaptations do not inherently incorporate fixed-lag

smoothing or finite-memory constraints, and build on the online expectation-maximisation

framework of Mongillo and Denève (2008), which was initial developed for discrete-time

HMMs. Sequential formulations of HMMs are similarly applicable in financial statis-

tics, which is discussed in Section 8.1.1, further highlighting the potential versatility

of VB-CTHMMs across multiple domains that require both timely detection and state

decoding. Indeed, a future avenue for research may be a comparison between both

offline and online variants of the VB-CTHMM and existing clustering approaches for

detecting anomalous vessel behaviours (e.g., Cazzanti and Pallotta, 2015).

8.3 State-Space Model Order Selection

This section discusses the work introduced in Chapter 7, in which the density-level

superset filtration method (DSF)—acronym chosen to avoid confusion with the depth-

first search (DFS) algorithm (Even, 2011)—is introduced. This approach introduces a

novel application of the density-level filtration method described by Kent et al. (2013)

in an algorithm for selecting the number of states in a state-space model. The DSF

approach is novel because it allows for the automatic identification of the number of

behavioural states without requiring parametric assumptions and—unlike existing non-

parametric methods (e.g., de Chaumaray et al., 2024)—the ecologist only needs to

choose a single neighbourhood parameter and, optionally, a few intuitive thresholds

(minimum state duration estimate, maximum overlap between clusters). The method

is also novel as it leverages the full density-level structure of the data to guide state

selection, and the inclusion of a dendrogram showing cluster birth and death over

density levels provides an interpretable, data driven visualisation to further inform

decisions on the number of behavioural states. This is not a feature typically available

to other non-parametric approaches. Given the added complexity of continuous-time

methods over their discrete-time counterparts, we are confident that the introduction

of an accessible method for order selection that does not compound computational

expense by requiring repeated fitting (although this is a feasible step) serves to support

the uptake of methodology formulated in continuous time.

The DSF approach may either be used in its automated form (see Algorithm 1) or

as part of a more ecologically informed procedure, which involves the repeated fitting

and decoding a range of fitted states, as demonstrated in the case study of Section 7.5.

Indeed, a joint implementation of both the automated algorithm informed by a more

qualitative workflow within the wider workflow suggested by Pohle et al. (2017) may
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be optimal. This approach yields a potential pragmatic order selection process:

1. Before the analysis commences, decide on the minimum and maximum number

of plausible behavioural states, typically between 2 and 4 (Pohle et al., 2017).

2. Implement the automated process outlined in Algorithm 1, taking note of the

estimated number of states. Using ecological intuition for threshold and neigh-

bour parameters, yielding a Mahalanobis distance (Mahalanobis, 2018) informed

dendrogram.

3. Based on dendrogram inspection, consider removing ostensibly infeasible state

numbers from the analysis (or at least take account of feasible state counts).

For example, if two clusters are born together before splitting into four distinct

viable clusters at approximately the same time, then we are unlikely to have three

behavioural states in the model. Likewise, if we consider up to four states but four

clusters never appear in the dendrogram, we may choose to discard this number

of states from the analysis.

4. For each remaining candidate number of states, fit the models and inspect the

MLE parameter values they yield along with their Viterbi-decoded (Viterbi, 1967)

state sequences.

5. At this stage the ecologist should make a pragmatic choice of the number of states

by taking into account findings from steps 2–4 along with any ecological insight,

computational limitations, and study aims.

6. As Pohle et al. (2017) suggest, if there is no cause to choose between two candidate

models (i.e. if the state count selected by the automatic DSF is not chosen for

any reason), results for each of these models should be reported.

As with Pohle et al. (2017), this strategy only applies to unsupervised learning, and—in

certain cases—semi-supervised learning. As previously mentioned, a strength of this

approach is that it does not necessarily require this more ecologically informed, but more

computationally intensive, method for order selection, as an automated algorithm may

be used to calculate the number of states in one step.

Ultimately, in Chapter 7, the DSF approach appeared to be more accurate than

popular repeated fitting criteria such as the AIC (Akaike, 1998), BIC (Schwarz, 1978),

and ICL (Biernacki et al., 2013), on both real and simulated data. As mentioned

throughout Chapter 7, these three methods are not an exhaustive summary of existing

approaches. Indeed, the recent work of Dupont et al. (2025) uses a double penalised
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maximum likelihood estimate (DPMLE) for the estimation of the number of states and

parameters of HMMs in which transition probabilities are non-homogeneous. Despite

being a parametric approach, the DPMLE was shown to perform well in the face of con-

ditions such as outliers (albeit only effecting 0.5% of the data), although this approach

was shown to falter compared to BIC in the case with individual heterogeneity in the

observed process and violation of the conditional independence assumption (Guttorp,

1995). Although we believe that a direct comparison between the performance of these

two approaches is an interesting avenue for future research, we do not expect the DSF

approach to suffer inaccuracies in either of the two scenarios that conversely affected

the DPMLE. Subsequently, we are confident in the benefits of this methodology.

The DSF approach fundamentally ignores any imposed Markovian structure in the

state process, and as a consequence does not explicitly account for features of the

generator matrix which may inform the state sequence (such as cyclic patterns). As

a consequence, the DSF approach may suffer inaccuracies in the special, potentially

rare case. However, in the event of this scenario—if the updated pragmatic step-by-

step order selection process detailed above is followed—then it should be clear to an

ecologist that the underlying state process is such, meaning that less stock may be

placed on the most likely number of states based on the DSF algorithm or dendrogram.

It may be that the DSF approach is particularly robust to contexts such as this, but

until the methodology has been suitably investigated in this regard we urge a reasonable

level of caution.

8.3.1 Further applications

As with both the FInCH approach, outlined in Chapters 4 and 5, and the VB-CTHMM

approach, which is given in Chapter 6, the density-level superset filtration (DSF) ap-

proach has many applications beyond individual animal movement modelling. In each

of the aforementioned potential applications for the novel state-space models described

throughout this thesis, this method for order selection may be used. Indeed, the density-

level filtration approach of Kent et al. (2013) may be applied to any dataset where the

notion of density or proximity is meaningful, and the DSF method for order-selection

described in Chapter 7 is useful wherever distinct states are of interest, regardless of

whether these are assumed to be Markovian or not. Thus, in this section, we do not

detail an application to a separate, distinct area of statistics. We instead detail a poten-

tial extension of the DSF approach into a non-parametric single-stage switching-regime

model on large group movement.
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Higher order persistent homology

The DSF method may be viewed as a topological approach to identifying behavioural

states through a filtration process applied over density-level supersets. Conceptually,

this method is closely related to persistent homology, a central construct in topological

data analysis (TDA) that characterises the evolution of topological features such as

connected components, loops, and voids across a filtration parameter (Munch, 2017).

In a DSF framework, as the density threshold, λ, increases, new connected components

(i.e. clusters) of the level set appear, while existing components merge, producing a

hierarchical structure equivalent to a zero-th order (H0) persistence diagram.

Persistent homology is a rapidly developing area of research with diverse appli-

cations spanning glass science (Sørensen et al., 2022), finance (Ismail et al., 2022),

and astrophysics (Green et al., 2019). Its application to ecology has also shown great

promise, particularly with regard to the collective behaviour of large groups of animals

(Gharooni-Fard et al., 2024; Chen et al., 2025). For example, the work of Corcoran

and Jones (2017) analyses the collective motion of golden shiner fish by accounting for

temporal structure in the data explicitly by using an approach known as ‘zigzag’ per-

sistent homology (Carlsson and Silva, 2010). This method groups data into windows

of 10 successive observations—akin to the sliding window approach utilised in Chapter

6—and extracts topological features from the shoal’s evolving density field, which are

represented as a normed vector space (Bubenik and D lotko, 2017). By subsequently

applying K-medoids clustering to these topological features, a method that requires the

number of clusters to be pre-set (Park and Jun, 2009), this work successfully classifies

the collective dynamics of the fish shoal into three distinct behaviours.

We expect it to be relatively straightforward to extend the method of Corcoran and

Jones (2017) into the DSF framework developed in Chapter 7, allowing for topology-

based behavioural clustering in which the number of latent states is not predetermined.

Moreover, behaviour-classifying persistent homology may mesh well with switching-

regime models such as those discussed throughout this thesis, in which the underlying

behaviour is inferred as an underlying Markov chain. Such switching homology models

may provide a class of more flexible and efficient methods for inference than their

fully parametric counterparts for modelling group animal movement in continuous time

(Frost, 2021; Niu et al., 2020). Furthermore, by allowing for the estimation of the

number of states and behavioural inference simultaneously, we retain a key feature of

one-stage approaches such as that of de Chaumaray et al. (2024) and Dupont et al.

(2025). Given the increasing availability of high-resolution, temporally regular shoal,

swarm, or flock movement data extracted from video recordings (e.g., Tunstrøm et al.,

232



8.4. A Summary of Progress on Thesis Aims

2013; Pedersen et al., 2020), such hybrid frameworks hold substantial potential as an

avenue for future research.

8.4 A Summary of Progress on Thesis Aims

Throughout this chapter, we have detailed the implications, limitations, and potential

wider applications of the novel methodology introduced in this thesis. In this section,

we provide a more general summary of the progress made towards the thesis aims first

outlined in Section 1.2, as well as future work that further facilitates the achievement of

these aims. In Table 8.1, we present a direct comparison of the novel methods developed

in this thesis with the original fully Bayesian formulations.

• Develop accessible continuous-time statistical methods for individual

animal movement

In Chapters 4 and 5, we developed and refined the fast integrated continuous time

HMM (FInCH) approach, which rigorously approximates existing fully Bayesian

methods for exact inference (Blackwell et al., 2015) by assuming that no more

than two behavioural changes occur between successive observations. This work

builds on that of Blackwell (2020) by framing the exact inference as a forward

algorithm defined at potential switching times, enabling the use of an efficient

forward recursion. The FInCH methodology demonstrates high accuracy across

a wide spectrum of temporally regular and irregular datasets and supports infer-

ence in both frequentist and Bayesian frameworks. Furthermore, through the use

of both temporal and spatiotemporal spline-based interpolations, the approach

achieves non-linear scaling with the size of the data, ensuring computational fea-

sibility across a broad set of contexts. Indeed, when applied to large, regular

datasets, the efficiency of FInCH allows it to compete directly with more approx-

imate discrete-time methods. One further implication of the FInCH approach is

that, by simply increasing the maximum number of behaviours between observa-

tion times, we may obtain arbitrarily exact inference in a frequentist, maximum

likelihood-based framework.

• Construct velocity-based continuous-time methods that enable efficient

likelihood-based (frequentist) inference

The FInCH approach, being location-based, does not explicitly account for an ani-

mal’s directional persistence over time. To address this limitation, in Chapter 6 we
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developed the velocity-based continuous-time HMM (VB-CTHMM), which, like

FInCH, supports both frequentist and Bayesian inference. We demonstrate that

this methodology remains accurate across a wide range of temporally regular and

irregular data, and that frequentist inference via direct likelihood maximisation

converges substantially faster than the equivalent fully Bayesian exact approach,

which is computationally expensive (Michelot and Blackwell, 2019). Together,

FInCH and VB-CTHMM provide two novel methodologies that are conceptu-

ally similar to the exact approaches they approximate but substantially more

accessible, supporting a wider range of inferential frameworks while remaining

computationally tractable.

• Introduce a more efficient, single-stage methodology for selecting the

number of behavioural states

In Chapter 7, we introduced a non-parametric, density-based approach for order

selection in state-switching models; the density-based superset filtration (DSF)

method. This approach does not require repeated model fitting for a successively

increasing number of states, and it outperforms standard state-selection criteria

on both benchmark datasets and datasets containing outliers. When modelling

in continuous time, large data volumes or the use of exact inference may render

even a single model fit computationally demanding. The adoption of this novel

methodology therefore mitigates the need for multiple fits during order selection,

reducing the risk of compounding computational cost while carrying out either

exact or rigorously approximate inference in continuous time.

Overall, substantial progress has been made towards the thesis aims of enhancing

both the accessibility and computational efficiency of continuous-time methods for mod-

elling individual animal movement. The development of the FInCH and VB-CTHMM

approaches represent a key advance in enabling rigorous inference on irregular or par-

tially missing telemetry data, while retaining conceptual similarity to fully Bayesian

exact methods. In summary, the FInCH and VB-CTHMM approaches facilitate the

efficient, accessible, continuous-time modelling of individual animal movement in both

non-directional and velocity-based settings, respectively. The choice of a continuous-

time HMM framework in the velocity-based setting both ensures the analytic—and

therefore computational—feasibility of this method, while taking advantage of the fact

that, for autocorrelation in velocity to be accounted for, the animal movement data

must be high resolution by necessity, which renders the modelling of intermediate state

trajectories somewhat unneeded in many cases. In contrast, by accounting for interme-
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diate state changes, the FInCH approach is well suited to data that is more sparsely

observed, for which we may expect velocity autocorrelation to have negligible effect

(this is further explained by Michelot and Blackwell, 2019).

In addition to these continuous-time methodologies, significant progress has been

made in approving the efficiency and accessibility of behavioural state selection. The

DSF method introduced in this thesis mitigates the need for repeated model fitting,

reducing computational cost when modelling in continuous time and outperforming

traditional state-selection criteria, particularly in the presence of outliers. If there is

tolerance for the computational cost of repeated model fitting, we also offer a method

for incorporating the DSF method into a more ecologically-informed workflow.

8.4.1 Future work on thesis aims

There are many potential avenues that may facilitate the better achievement of the

thesis aims addressed above. Here, we detail potential features that may warrant further

exploration with the objective of better fulfilling the aims of this thesis.

Measurement error

While the methods developed in this thesis substantially improve both the accessi-

bility and computational efficiency of continuous-time inference, they are not without

limitations. Both the FInCH and VB-CTHMM currently do not account for measure-

ment error in their respective model formulations, which serves as a feature of much

movement data. It may be possible to incorporate measurement error directly into the

FInCH approach by marginalising over the animal’s true location; we expect that this

is tractable if the error process is assumed to be Gaussian. Further investigation into

the analytical tractability and accuracy of this approach in a FInCH-type framework

is definitely warranted. Furthermore, as detailed in Chapter 6, it may be possible to

extend the VB-CTHMM to account for Gaussian measurement error in the same way as

is used in the exact inference (Michelot and Blackwell, 2019), although—by separating

the likelihood into distinct windows of five observations—we may not have sufficient

information to parse the error process out from the underlying velocity process. As

with the previous case, further investigation into the effects of accounting for error may

be warranted. Alternatively, non-Gaussian error may potentially be accounted for in

the velocity-based case by taking a Laplace approximation (Fournier et al., 2012), as is

done by Albertson et al. (2015)

If error is not modelled explicitly, a state-space model may present a ‘spurious’
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InCH Switching CTCRW

Scale Yes Yes

invariance

Accuracy Exact Exact

inference inference

Accessibility Low; Bayesian only Low; Bayesian only

Computational Medium; reasonable Medium; only with

feasibility ESS per second spatial homogeneity

Directional No Yes

persistence

FInCH Velocity-based HMM

Scale Yes Yes

invariance

Accuracy Rigorously Behavioural changes

Approximate at observations

Accessibility High; Bayesian or High; Bayesian or

frequentist frequentist

Computational High; especially for Medium to high; higher

feasibility regular data order Markov chain

Directional No Yes

persistence

Table 8.1: Comparing novel methodology (boldface) with existing approaches for exact

inference, in contrast with the comparison with existing approximate methods demon-

strated in Table 3.3 in Chapter 3. In the central column, we compare methods for

non-directional switching diffusion, namely the exact integrated continuous time HMM

(InCH) method of Blackwell (2020) and the fast InCH (FInCH) method demonstrated

in Chapter 4. The column on the right-hand side compares methodology that accounts

for directional persistence, encompassing the exact switching continuous-time corre-

lated random walk approach of Michelot and Blackwell (2019) and the velocity-based

HMM described in Chapter 6. Features of each model are ranked from best to worst

by order of green → yellow → red. Note that we choose the fact that behavioural

changes only occur at observation times in the velocity-based HMM approach to be

yellow rather than red because velocity-based methods require a fine timescale to ac-

count for autocorrelation in velocity. We are confident that, on data that lacks sparsity,

this assumption is not particularly limiting.
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additional state that captures irregular steps arising from positional error rather than

genuine behaviour (e.g. Langrock et al., 2012; Parton and Blackwell, 2017). Such ‘er-

ror states’ arise as artefacts of the modelling framework and are generally considered

undesirable, highlighting the importance of explicit measurement-error models. The

DSF approach has been shown to deal well with outliers, which may be interpreted as

measurement error—at least relative to existing methodology. However, this method

may benefit from extensions that more explicitly account for error. By accounting for

error explicitly, the continuous-time methods described herein may exhibit an advan-

tage over discrete-time counterparts, which demand a more computationally intensive

multiple imputation (MI) approach (McClintock, 2017) when measurement error is

non-negligible.

Velocity-based rigorous approximations

As previously mentioned, the continuous-time HMM formulation the VB-CTHMM has

been viewed as not overly limiting, due to the fact that models that account for au-

tocorrelation in velocity demand data with a fine temporal resolution (Michelot and

Blackwell, 2019). However, it may be desired for this approach to incorporate inter-

mediate switches in the same manner as the FInCH approach, which are integrated

out when formulating local density terms. This is liable to result in additional compu-

tational expense, especially if the we allow for more than a single behavioural switch

between observations, in return for potential inferential gain.

If this extension is pursued, the VB-CTHMM may be regarded as a first step in

developing a velocity-based FInCH approach. Given that a major advantage of the

discrete-time HMM approach is its straightforward incorporation of directionality, any

extensions that facilitate the more accurate velocity-based inference are a benefit for

the uptake of continuous-time methods.

Accounting for intermediate location

Although the FInCH approach readily accounts for intermediate potential behavioural

change times, in its current formulation it does not readily account for the animal’s

location at potential switches, which is often sampled in the exact inference to inform

the probability of an actual switch (Harris and Blackwell, 2013; Blackwell et al., 2015;

Blackwell, 2020). In Section 4.4, we detail preliminarily conceptualised methodology

for incorporating both discrete and continuous spatial effects; these methods warrant

further investigation and stress-testing before their usage, however. As a stand in

for these methods before FInCH has been suitably extended, we suggest applying the
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assumption that covariate effects are piecewise constant between successive observa-

tions. The VB-CTHMM incorporates these piecewise constant effects also, albeit in

a way that is faithful to the continuous-time HMM assumption that behaviour only

changes at observation times. As a non-parametric method that disregards the under-

lying state process, the DSF method for order selection may readily be applied before

fitting spatially-inhomogeneous state-space models (see the case study in Section 7.5).

Nonetheless, an extension that accounts for intermediate locations may allow for more

accurate approximation of the exact methodology, and the more conceptually consistent

incorporation of environmental effects by ecologists.

Order selection given temporal irregularity

Whereas the FInCH and VB-CTHMM allow for scale invariant inference, thus dealing

well with temporal irregularity (with a potential limitation to moderate irregularity in

the latter case), the DSF state-selection formulation as described in Chapter 7 assumes

that the data has temporal regularity, relying on scale-dependent metrics to cluster the

data. If temporal irregularity is moderate (e.g. if there exists minimal missing observa-

tions), we expect that the DSF retains its accuracy because it performs well in the face

of outliers, disregarding the contribution of intervals with anomalous duration in its

calculations. However, throughout this thesis we argue that it is better to incorporate

all of the data, and thus the development of a scale-invariant DSF may be desirable.

One method of achieving this could be to take a similar step to the multiple imputation

approach outlined in Section 4.3.2 (McClintock, 2017) and fit a single state diffusion

model to the data, infer scale-invariant MLE parameters, and formulate a point cloud

based on the density value of observed step lengths based on this density. If direction-

ality is of interest, a single state CTCRW (Johnson et al., 2008) may be fitted before

a VB-CTHMM local density is used to transform the data. In doing so, we may be

able to glean behaviour-specific movement patterns in the data while accounting for

temporal irregularity. Dealing with temporal irregularity is very important given that

the focus is on continuous-time modelling, which has the advantage of being amenable

to such data.

The development of accessible software

The final avenue for future work outlined in this section is the development of a soft-

ware, in the form of an accessible R package, for use by ecologists. This extension

would likely serve to aid to the dissemination and utilisation of the continuous-time
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methods, especially given the widespread popularity of R packages implementing state-

space models that are formulated in discrete time, such as moveHMM (Michelot et al.,

2016) and momentuHMM (McClintock and Michelot, 2018).
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Appendix A

Exponential Matrix Derivation

In this appendix we demonstrate that, given some increment in time δt and (at least

locally) spatially homogeneous generator matrix G, the transition probability matrix

is given by Γ = exp (δtG).

Let G = {gij} be the generator matrix governing an animal’s behaviour, for any

distinct states i, j ∈ {1, . . . , N}. Let the animal’s behaviour be given by St and St+δt at

times t and t+ δt, respectively, such that δt represents some time increment. We have

a first order approximation for entries of Γ (t+ δt) = {Pr (St+δt = j|St = i)} given by

Pr (St+δt = j|St = i) =

gijδt+ o (δt) for i ̸= j,

1− giδt+ o (δt) otherwise,

where the little-o notation o (δt) represents higher order terms than vanish faster than

δt as δt→ 0. This definition leads naturally to the approximation

Pr (St+δt = j|St = i) ≈

gijδt for i ̸= j,

1− gijδt otherwise,

for sufficiently small δt. Now, without loss of generality, let t = 0. In matrix form, we

may write

Γ (δt) = I + Qδt+ o (δt) , (A.1)

≈ I + Qδt when δt is small, (A.2)

where I represents the N × N identity matrix. The derivative of Γ (δt) as δt → 0 is

defined as

Γ′ (0) = lim
δt→0

Γ (δt)− Γ (0)

δt
. (A.3)
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Appendix A. Exponential Matrix Derivation

Given that Γ (0) = I, such that no transitions occur if the behavioural process is not

given chance to run, we may substitute Equation A.1 into Equation A.3 to obtain

Γ′ (0) = G = Γ (0)G. (A.4)

By the Chapman-Kolmogorov equations (Van Kampden, 2007), for any two time in-

crements δt1 and δt2 we have

Γ (δt1 + δt2) = Γ (δt1)G (δt2) , (A.5)

from which we know that Γ (δt) evolves smoothly and consistently over time. The way

in which the TPM evolves for any timestep δt is, of course, governed by the generator

matrix G, which we have assumed is constant over time. We therefore arrive at

Γ′ (δt) = Γ (δt)G, (A.6)

which is the Kolmogorov forward equation (Kolmogorov, 1992).

A.1 Transition Probabilities as Matrix Exponential

Terms

The matrix exponential Y (δt) = exp (Gδt) is defined by the power series

Y (δt) = exp (Gδt) =
∞∑
n=0

(Gδt)n

n!
, (A.7)

where exp (δt) at δt = 0 is defined by the identity matrix I, with the same dimension

as G (Hall, 2015). The derivative of the matrix exponential term in Equation A.7 is

simply the sum of derivatives, such that

Y ′ (δt) =
d

dδt
exp (Gδt) =

d

dδt

∞∑
n=0

(Gδt)n

n!
. (A.8)

Now, let A (δt) = (Gδt)n represent the numerator term (for arbitrary n) in Equation

A.7. By the chain rule, we have

d

dδt
A (δt) =

d

d (Gδt)
((Gδt)n)

d

dδt
(Gδt) , (A.9)

where the first derivative is given by

d

d (Gδt)
((Gδt)n) = n (Gδt)n−1 , (A.10)
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and the latter term gives
d

dδt
(Gδt) = G, (A.11)

such that
d

dδt
A (δt) = Gn (Gδt)n−1. (A.12)

Given the expression for the derivative of A (δt) given in Equation A.12, we may write

the derivative of the exponential matrix Y (δt) as

Y ′ (δt) =
∞∑
n=1

Gn (Gδt)n−1

n!
= G

∞∑
n=1

(Gδt)n−1

(n− 1)!
= GY (δt) , (A.13)

thus arriving back at the Kolmogorov forward equation by substituting in the power

series expansion of Y (δt), which is given in Equation A.7. By Equation A.6, we

therefore have that

Y ′ (δt) = Y (δt)G,

Γ′ (δt) = Γ (δt)G,

Y (0) = Γ (0) = I.

Finally, let D (δt) = Γ (δt)−Y (δt) represent the difference between Y (δt) and Γ (δt).

We have that

D′ (δt) = (Γ (δt)− Y (δt))G,

where D (0) = I − I = 0 and D′ (0) = (I − I)G = 0. We therefore have that each

entry of D (δt) is zero-valued at δt = 0, and with D′ (0) also being zero-valued we know

that each entry of D (δt) is constant. We may therefore conclude that D (δt) = 0 for

all values of δt, meaning that

Γ (δt) = Y (δt) = exp (Gδt) , (A.14)

for all δt ∈ [0,∞).
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Appendix B

Location Density Calculations

In this chapter of the appendix, we demonstrate calculations for the FInCH location

density of an animal moving in a two-dimensional isotropic Brownian motion. The case

with no change in behaviour is not covered; this corresponds to a Brownian motion

with constant diffusion rate.

B.1 One Change Per Interval

In this section, we consider the case with one potential change in behaviour between

observations (i.e., M = 1). Let the length of a given interval be given by t, and—without

loss of generality—assume that the animal is initially at location x0 = 0 = (0, 0) at

time t0 = 0. The location of the animal at the end of the interval is given by some

arbitrary coordinates x = (x, y), such that the animal’s Euclidean step length over

the interval is given by R =
√
x2 + y2. Let i represent the animal’s initial state, with

corresponding diffusion rate σ2
i , and j be the animal’s final state, with diffusion rate

σ2
j . We suppress conditioning on model parameters throughout. For some potential

switching time u ∈ (0, t), the movement density of the animal over the interval is given

by

ρ (x, y|t, i, j,M = 1) =

∫ t

0

f
(
x, y|0, uσ2

i + (t− u)σ2
j

)
ρ (u|i, j,M = 1) du, (B.1)

where f (x, y|.) is a normal density with mean 0 and variance given by the temporally

weighted diffusion rates and ρ (u|.) represents the switching time density. Note that

if i = j then f (x, y|.)—and therefore the movement density given in Equation B.1—

is equivalent to the movement density in the zero-switch case. Given that we are

working within a uniformised process, we have that ρ (u|i, j,M = 1) = 1/t. Letting
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ω (u) = uσ2
i + (t− u)σ2

j represent the total weighted diffusion rate, we have that

ρ (x, y|t, i, j,M = 1) =
1

t

∫ t

0

1

2πω (u)
exp

(
− x2

2ω (u)

)
exp

(
− y2

2ω (u)

)
du

=
1

2πt

∫ t

0

1

ω (u)
exp

(
− R2

2ω (u)

)
du.

To obtain semi-analytic solutions to this integral, we utilise an integration by substi-

tution, with respect to the total diffusion rate weighted by the state sequence, ω (u).

Given that

d

du
ω (u) = σ2

i − σ2
j ,

we are able to obtain the expression

ρ (x, y|t, i, j,M = 1) =
1

2πt
(
σ2
i − σ2

j

) ∫ σjt

σit

1

ω
exp

(
R2

2ω

)
dω.

A further substition, z (ω) = −R2/ (2ω), such that

d

dω
z (ω) =

R2

2ω2
,

leads to a final expression

ρ (x, y|t, i, j,M = 1) = − 1

2πt
(
σ2
i − σ2

j

) ∫ − R
2σjt

− R
2σit

1

z
exp (−z) dz (B.2)

=
1

2πt
(
σ2
i − σ2

j

) ∫ − R
2σit

− R
2σjt

1

z
exp (−z) dz, (B.3)

for which instances with i = j may be assessed using a Brownian motion with unchanged

variance σ2
i , as with the no-switch case.

B.2 Two Changes Per Interval

For the case with the two potential changes in behaviour (M = 2) over a given interval,

using the same notation as in Appendix Section B.1 albeit with an additional state k

visited at potential switching time v ∈ (u, t). Let the animal’s diffusion rate in this

state be given by σ2
k, and let the total weighted diffusion rate of the animal be given by

ω2 (u, v) = σ2
i u+ σ2

j (v − u) + σ2
k (t− v) (B.4)

=
(
σ2
i − σ2

j

)
u+

(
σ2
j − σ2

k

)
v + σkt. (B.5)
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We then have

ρ (x, y|t, i, j, k,M = 2) =

∫∫
0<u<v<t

f (x, y|0, ω2 (u, v)) ρ (u, v|i, j, k,M = 2) dudv

=

∫∫
0<u<v<t

2

t2
1

2πω2 (u, v)
exp

(
− R2

2ω2 (u, v)

)
dudv

=
1

πt2

∫ t

v=0

{∫ v

0

1

ω2 (u, v)
exp

(
− R2

2ω2 (u, v)

)
du

}
dv.

The internal integral may be found in terms of the exponential integral using a series

of substitutions much akin to the one-switch case of Appendix Section B.1 to obtain

ρ (x, y|t, i, j, k,M = 2) =
1

πt2

∫ t

0

{
1

σ2
i − σ2

j

∫ b

a

1

z
exp (−z) dz

}
dv, (B.6)

where

a =
R2

2 (σ2
i v + σ2

k (t− v))
, b =

R2

2
(
σ2
j v + σ2

k (t− v)
) .

As with the previous section, the internal integral may be found using existing routines

from the Gnu Scientific Library (Galassi et al., 2006) in R. The external integral is found

numerically, using routines for adaptive quadrature in base R. Note that, in cases with

equal successive states (i.e., i = j or j = k), the one-switch formulation is used.
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Appendix C

Results From the Large Data Case

Study

The FInCH approach as described in Chapters 4 and 5 is computationally feasible for

large datasets due to a cubic spline interpolation, which approximates the local likeli-

hood between observations as functions of the animal’s Euclidean spatial step length.

This is done separately for each subset of the data with equal (or very similar) tem-

poral spacing, meaning that the improvement in computation time gained from using

this approach is dependent on the regularity of the data. However, if we consider cases

with temporal irregularity as a result of missing data, or observations at contrasting

frequencies (e.g., between observations taken at day and night) then the FInCH spline

interpolation is impactful.

One advantage of taking the spline-based interpolation approach is that the amount

of similarly temporally spaced data used—and thus the trade-off between accuracy

and computation time—is entirely user-defined. We may alter this value to ensure

computational feasibility for any given datasetbased on its size. In this section, we

give more detail for the results taken in the short comparison shown in Section 4.3.3.

Two large simulated temporally regular datasets were considered with n = 100, 000 and

n = 10, 000 observations, respectively. Both datasets were spaced such that 0.1 changes

in behaviour were expected between intervals. Results were produced using 0.1% and

0.5% of the data in the spline interpolation calculations, respectively. In each case, we

produce an approximation of the truth that is closer than the HMM, which is shown

in Tables C.1 and C.2 for the 100, 000 and 10, 000 observation cases, respectively. As

mentioned, if we wish to improve the estimate obtained by using the FInCH approach,

we may choose to increase the proportion of data used in the spline interpolation. Doing

this may yield improved accuracy at the expense of increased computation time.
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log σ2
1 log σ2

2 g12 g21 p12 p21 Computation time

Truth -2.00 1.00 0.001 0.001 0.091 0.091 —

FInCH -1.56 1.16 0.00095 0.00081 0.087 0.074 95.4s

HMM -1.53 1.13 — — 0.084 0.067 64.9s

Table C.1: Point estimates for diffusion and transition rates when making inference

on the large, regular datasetconsisting of n = 100, 000 observations. In this individual

case, the FInCH approach performs better than the HMM at estimating all parameters

except the fast log-diffusion rate, log σ2
2 (although this was only marginally worse).

The FInCH approach certainly competes in terms of efficiency, taking 95.4 seconds to

compute compared to 64.9 seconds for the HMM. The FInCH spline interpolation in

this analysis used 0.1% of the data.

log σ2
1 log σ2

2 g12 g21 p12 p21 Computation time

Truth -2.00 1.00 0.001 0.001 0.091 0.091 —

FInCH -1.57 1.16 0.00087 0.00084 0.080 0.077 16.4s

HMM -1.54 1.12 — — 0.077 0.069 9.38s

Table C.2: Point estimates for diffusion and transition rates when making inference

on the large, regular datasetconsisting of n = 10, 000 observations. Here, the FInCH

approach performs very well once more, with only a slightly higher estimate for the fast

state log diffusion rate (as before). For a spline interpolation utilising 0.5% of the data,

the FInCH approach took only 16.4 seconds, the same order of magnitude as the 9.38

seconds taken when using the HMM approach.
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Additional Results From the

Refined FInCH Evaluation

D.1 Results From the Spatiotemporal Spline Simu-

lation Study

In this section, we detail the results—in the form of median parameter estimates—

from the short simulation study comparing the computation speed of the fast, refined

integrated continuous-time HMM (FRInCH) approach with spatiotemporal splines (ST-

FRInCH) to the base FRInCH framework (with no spline). The results highlighted

herein serve to evidence that the quantity of data used for explicit local likelihood

calculation was sufficient in ensuring accurate inference.
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Approach Observations log σ2
1 log σ2

2 g12 g21 Computation time (s)

Truth — −2 1 0.001 0.001 —

FRInCH 1000 −2.01 1.03 0.0010 0.0013 106.2

ST-FRInCH −1.93 1.01 0.00097 0.0010 71.7

FRInCH 500 −2.04 0.98 0.0010 0.0012 44.7

ST-FRInCH −1.97 1.00 0.00091 0.0012 55.7

FRInCH 200 −1.99 1.06 0.0011 0.0010 20.6

ST-FRInCH −1.82 1.07 0.00091 0.00093 40.4

FRInCH 100 −2.03 1.02 0.0014 0.0013 10.9

ST-FRInCH −1.90 0.95 0.00012 0.0017 32.4

Table D.1: Point estimates yielded from inference on each datasetin the brief simulation

study-based comparison between the FRInCH approach and the FRInCH approach

formulated using a spatiotemporal spline.
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Velocity-Based Local Likelihoods

In this chapter, we detail calculations for formulating the local likelihood terms in the

velocity-based continuous-time HMM framework described in Chapter 6, specifically

with regard to the formulation of an underlying velocity process. This work serves as

an example of the general case for calculating convolutions of Gaussians.

E.1 Formulating an Underlying Velocity Process

As in Section 6, consider a window of five successive observations, corresponding to four

intervals. For ease of exposition, we only consider the one-dimensional case here, such

that scaling this up to an isotropic two-dimensional formulations is rather straightfor-

ward. Let the location of the animal at the w-th observation in the window be given

by zw−1 at its observation time be given by tw−1, for w ∈ {1, . . . , 5}. In this Section,

we calculate an expression for the animal’s instantaneous underlying velocity at the

second-to-last observation time t3. Let the empirical velocity of the animal at time t1

be given by

v̂1 =
z1 − z0
t1 − t0

,

such that we make no assumptions regarding the animal’s state in the first interval. In

the following two intervals, however, we assume that the animal exhibits behaviours i

and j, respectively.

With the animal in behaviour i at time t1, its underlying velocity at time t2 is given

by the OU process, where—suppressing conditioning on data and model parameters—

we have

ρ (v2) = N
(
µi + e−βiδ2 (v̂1 − µi) ,

σ2
i

2βi

(
1− e−2βiδ2

))
, (E.1)

where δ2 = t2 − t1 and parameters µi, βi, and σ2
i are state specific. Given that the
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animal swaps to behavioural state j at time t2, its velocity at time t3 conditional on v2

is given by

ρ (v3|v2) = N
(
µj + e−βjδ3 (v2 − µj) ,

σ2
j

2βj

(
1− e−2βjδ3

))
, (E.2)

moving with parameters {βj, σj, µj} specific to this second visited behaviour, j.

The marginal density for the animal’s instantaneous velocity distribution at time t3

may then be found as

ρ (v3) =

∫
v2

ρ (v3|v2) ρ (v2) dv2.

Let µ̃2 = µi + e−βiδ2 (v̂1 − µi) and µ̃3 = µj + e−βjδ3 (v2 − µj) represent the expec-

tation of ρ (v2) and ρ (v3|v2), respectively, and let σ̃2
2 =

σ2
i

2βi

(
1− e−2βiδ2

)
and σ̃3

3 =
σ2
j

2βj

(
1− e−2βjδ3

)
be their respective variances. We then have that

ρ (v3) =

∫
v2

1√
2πσ̃2

2

exp

(
− 1

2σ̃2
2

(v2 − µ̃2)
2

)
1√

2πσ̃2
3

exp

(
− 1

2σ̃2
3

(v3 − µ̃3)
2

)
dv2

=
1

2πσ̃2σ̃3

∫ ∞

−∞
exp

(
−(v2 − µ̃2)

2

2σ̃2
2

− (v3 − µ̃3)
2

3σ̃3
3

)
dv2.

We expand the term µ̃3, which consists of v2, and let a = exp (−βjδ3) and b = µj (1− a),

such that µ̃3 = av2 + b. The individual terms of the exponent are then given by

(v2 − µ̃2)
2

2σ̃2
=
v22 − 2µ̃2v2 + µ2

2

2σ̃2
2

,

(v3 − av2 − b)2

2σ̃2
3

=
a2v22 − 2a (v3 − b) v2 + (v3 − b)2

2σ̃2
3

,

such that the sum within the exponent is given by

−(v2 − µ̃2)
2

2σ̃2
− (v3 − av2 − b)2

2σ̃2
3

(E.3)

= −1

2

[(
1

σ̃2
2

+
a2

σ̃2
3

)
v22 − 2

(
µ̃2

σ̃2
2

+
a (v3 − b)

σ̃2
3

)
v2 +

(
µ̃2

σ̃2
2

+
(v3 − b)
σ̃2
3

)]
.

(E.4)

Further compounding terms, define

A :=
1

σ̃2
2

+
a2

σ̃2
3

, B :=
µ̃2

σ̃2
2

+
a (v3 − b)

σ̃2
3

,

such that quadratic exponent is then given by

1

2

(
Av22 − 2Bv2

)
+ E (v3) ,

280



E.1. Formulating an Underlying Velocity Process

where E (v3) represents all terms not depending on v2 (and therefore terms that may

be treated as constant in these calculations). Completing the square on v2 terms, we

obtain

Av22 − 2Bv2 = A

(
v22 −

2B

A
v2

)
− A

(
B

A

)2

,

such that the density for animal’s velocity at the penultimate observation in the window

is given by

ρ (v3) = exp

(
−1

2

(
µ̃2

σ̃2
2

+
(v3 − b)
σ̃2
3

)
+
B2

2A

)∫ ∞

−∞
exp

(
−1

2
A

(
v2 −

B

A

)2
)
dv2,

where, by substituting z =
√
A
(
v2 − B

A

)
, we have∫ ∞

−∞
exp

(
−A

2

(
v2 −

B

A

)2
)
dv2 =

1√
A

∫ ∞

−∞
exp

(
−1

2
z2
)
dz =

√
2π

A
.

This yields an expression for ρ (v3) given by

ρ (v3) =
E (v3)

2πσ̃2σ̃3

√
2π

A
(E.5)

=
1√

2π
(
a2σ̃2

2 + σ̃2
3

) exp

(
−(v3 − (aµ̃2 + b))

2 (a2σ̃2
2 + σ̃2

3)

)
. (E.6)

Equation E.6 represents a Gaussian in v3, such that

ρ (v3) = N
(
mv, s

2
v

)
, (E.7)

where, by plugging in terms, we have mean value

mv = aµ̃2 + b (E.8)

= exp (−βjδ3) (µi + exp (−βiδ2) (v̂1 − µi)) + µj (1− exp (−βjδ3)) (E.9)

= µj + exp (−βjδ3) [µi + exp (−βiδ2) (v̂1 − µi)− µj] , (E.10)

with variance

s2v = a2σ̃2
2 + σ̃2

3 (E.11)

= exp (−2βjδ3)
σ2
i

2βi
(1− exp (−2βiδ2)) +

σ2
j

2βj
(1− exp (−2βjδ3)) . (E.12)
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