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Abstract

Reactive flows in porous media are characterised by the development of a moving re-

action front separating reacted and unreacted regions. These fronts are observed in

many geoscience settings, such as mantle dynamics and hydrous flow in crustal rock.

The connection between reacted and unreacted regions can involve either a smooth or

sudden near-interfacial transition, in each of porosity and reactant concentration. This

thesis studies the contributions of transport and reaction to the control of the transition

in fundamental geometries, and seeks to demonstrate the quantitative use of the result-

ing relationships in geoscience examples. This thesis presents generalised novel regime

diagrams for the dynamics of reaction fronts in fundamental configurations.

The first of these configurations is the generation of a planar reaction front, supplied

by a constant flux of fluid. A detailed mathematical study of its predictions to classify

emergent regimes and their parametric controls is conducted. The limiting late-time

regimes are the sharp and the diffusionless regime, characterised by the separation of

scales between the porosity and concentration transitions and by the controlling balance

of transport respectively. The second configuration is a reaction front supplied by a local

point source, with a constant radial flux. A detailed asymptotic analysis of the emergent

regimes and their parametric controls is performed. In this configuration the reaction

front tends towards sharpness irrespective of the Péclet number, with the Péclet number

instead controlling whether the front tends towards the 1D reaction front in a quasi

constant-flux regime.

The third problem addressed in this thesis is to begin to understand the instability of

planar reaction fronts. The conditions for the linear stability of planar reaction fronts

in the sharp porosity transition limit are derived. The resultant dispersion relation is

applied to geoscience applications, demonstrating scenarios for which the linear model

can and cannot predict emergent instability.
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1
Introduction

The �ow of reactive �uids in porous media arises throughout the natural and industrial

world, across a wide range of scales. Examples include the �ow of fresh or saline water

through porous ice and snow [e.g. Poulikakos and Kazmierczak, 1988, Meyer and Hewitt,

2017], the forced or natural weathering of porous rocks [e.g. Hinch and Bhatt, 1990,

Merino and Banerjee, 2008, Szymczak and Ladd, 2009], and reactive two-phase �ows

in the Earth's mantle and magma reservoirs [e.g. Katz and Weatherley, 2012, Pec et al.,

2017, Edmonds et al., 2019]. The physical and chemical interactions between interstitial

�uids and porous solids lead to complex coupled interactions between �uid dynamics,

transport processes, reaction kinetics and solid structure.

Industrially, `acid treatment' of oil �elds is a frequently used technique in order to enhance

oil recovery [e.g. Williams et al., 1979]. In this scenario, an acid is injected under high

pressure into porous bed rock in order to dissolve away blockages (and in the case

of carbonates, the bed rock itself) to increase the permeability of the rock. Out of this

context arose some of the �rst observations of the `reaction-in�ltration' instability wherein

the injected acid appears to generate preferential pathways through the approximately

homogenous bedrock.

A key phenomenon in such �ows is the development of a reaction front, a zone of transi-

tion in both the porosity and the chemical (or thermal) concentration of a reactive agent
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between reacted and unreacted regions (�gure 1.1). Reaction fronts form from the inter-

action between molecular (or thermal) di�usion of the reactive agent, its advection within

the �uid, and the kinetic transfer of material between solid and �uid components. The

resolution of these e�ects can produce either relatively sharp, near-interfacial transitions

in porosity, or smooth large-scale transitions relative to the length scales of the �ow. Fig-

ure 1.1 shows a schematic representation of a reaction front, in two simple geometries, in

which the porosity (shown as grey circles) and concentration, varying from dark purple

(high concentration) to white (low concentration) vary across the front region. A planar

reaction front (�gure 1.1(a)) can be thought of as arising in the case where �ow is gen-

erated at a planar boundary, such as �ow originating from the edge of a melt vein. The

radial reaction front shown in �gure 1.1(b) originates from a point source of injection.

Control of reaction front dynamics in each geometry remains an open question, and in

particular understanding how the two geometries generally relate to one another remains

unstudied.

Prior work in the geophysical and industrial �elds [e.g. Hinch and Bhatt, 1990, Chadam

et al., 1986] has sought to understand the resolution of those e�ects. In order to study

models of reaction fronts with reduced complexity, each studies the contributing e�ects

that are important in their applications. Unifying these limiting scenarios that prior work

has studied into a general model allows us to understand where in the intermediate

parameter spaces each model applies and to understand what e�ects are most critical.

Another equally important phenomenon in these reactive �ows is the development of

`reactive in�ltration instabilities', referred to as porosity channels, �ngers and melt channels

[Chadam et al., 1986, Aharonov et al., 1995, Grodzki and Szymczak, 2019], which broadly

speaking are localised regions of higher �ux through pathways of increased permeability

(generated by reaction), which causes a �nger like advancement of the reaction front ahead

of the stable reaction front. As the permeability of the region becomes higher, it is easier

for �uid to advance through the medium by following these pathways which in turn,

increases the permeability further creating an unstable feedback loop where focusing

into the �ngers continues to increase. Figure 1.2 shows samples of rocks obtained from

the South Island of New Zealand which show evidence of reactive in�ltration instability.
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(a)

(b)

Figure 1.1: Schematic diagrams depicting (a) a planar reaction front fed by a uniform 1D
source and (b) an axisymmetric reaction front fed by a constant �ux point source. The
concentration of reactant decreases smoothly from high concentration (dark purple) to
low concentration (white) and porosity from high (no particles) to low porosity (densely
packed particles).
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A vein through the centre of each sample is �lled with white granodioritic rock, where

melt would have �owed and reacted with the host rock on the side walls, generating the

pink garnet reaction zone which is seen having started to develop �ngers of preferential

�ow and reaction.

Prior work motivated by industrial applications [e.g. Hinch and Bhatt, 1990] have studied

the growth of �ngers from reaction fronts with no di�usion, to try to understand how the

growth is controlled. Prior work motivated by geophysical applications have sought to

understand the growth of �ngers from the reaction front [Chadam et al., 1986, Szymczak

and Ladd, 2012], as well as �ngers that grow from a uniform background �ow in the

scenario of mantle upwelling [Rees Jones and Katz, 2018, Rees Jones et al., 2021]. Experi-

mentally, Spruzeniece [2016], Pec et al. [2017, 2020], Beaudoin et al. [2018] have studied the

generation of this instability across a range of geological materials. In each case, samples

of known composition were placed in a bath of reactive �uid under pressure to induce

�ow and scanned using techniques such as electron microscopy periodically to observe

the developed reaction front over time. A limitation of experimental research in this area

is that the results of experiments are fairly speci�c to their set up, include all physics,

and extrapolation to e.g. smaller �owrates, or higher pressure scenarios is not necessarily

possible. Field observation is also limited as one cannot observe reactive �ngers as they

grow, but instead a snapshot in time of where they existed at some earlier time. Thus

temporal analysis of �eld examples requires the comparison of di�erent samples.

Numerical simulations, such as the discrete network model used in Koehn et al. [2021],

have advantages in this regard as one can include all the physics necessary to ones

problem, and subject to proper numerical treatment are able to simulate a wide parameter

space. Numerical treatments always have some associated numerical error which must

be quanti�ed. Numerical modelling from a continuum approach [e.g. Szymczak and

Ladd, 2013] has largely focused on the linear stability of reaction fronts, rather than on

the non-linear dynamics.

Theoretical treatments, as I carry out in this thesis, and as carried out by e.g. Chadam

et al. [1986] and Hinch and Bhatt [1990] require a simpli�ed physical model of the natural

phenomenon in order to produce analytical results which may be used to analyse phe-
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Figure 1.2: Images of rock samples from the South Island of New Zealand, showing
evidence of melt �ngers in a reaction front driven from a vein. Pen for scale.

Figure 1.3: Images of rock samples from the Bamble sector, S.E Norway, showing evidence
of hydrous in�ltration of granite rock [Putnis, 2021]. The regions of red rock indicate the
�ow routes of water through the rock, with which the host rock has reacted to become
red. Ring for scale.

nomena within the theoretical framework. In the case of theoretical models, one must

be selective in the physics included and therefore rely on this being the most important

physics. For example, we will neglect certain physical e�ects such as deformation of the

porous medium throughout our work. However, this thesis covers the development of

a broad parameter space by relaxing some of the assumptions that are made in existing

literature. The application of theoretical results to compare and subsequently interpret

�eld observations heuristically remains to be done, thus quantitative application of the

theoretical results in this thesis to observation in geoscience is performed in a preliminary

way here.
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1.1 Research aims and questions

In this thesis I present new theoretical modelling of a �uid with a reactive component

that �ows through a porous medium and reacts to consume some of the porous solid,

altering the porosity in turn. The aim of this modelling is to develop understanding of

the parametric and temporal controls on the reactive �ow behaviour, and to apply these

new results to examples in geoscience. These aims are summarised:

Research aims
ˆ To develop understanding of the temporal evolution of reactive �ow upon

initiation into an unaltered domain.

ˆ To develop understanding of the regimes that reaction fronts may occur

within if they reach steady �ow

ˆ To apply results of �rst principles modelling of reactive �ow in porous me-

dia to scenarios in geoscience and understand where this type of modelling

works.

The speci�c research questions that I seek to address are:

Research questions

RQ1. How do reaction fronts evolve in fundamental geometries?

RQ2. What controls the extent of chemical and porosity transitions in steadily

propagating 1D fronts?

RQ3. How does a radially decaying �ux in�uence reaction fronts versus a constant

uniform �ux?

RQ4. How does the stability of 1D reaction fronts inform understanding of reactive

fronts in geological porous media?

The speci�cs of these questions are detailed in Chapter 2, putting them into the context

of the detailed background.

6



Chapter 1. Introduction

1.2 Thesis outline

This thesis contains 7 chapters. Chapter 2 introduces key background, including geo-

logical motivation for this study, reviews existing mathematical work around reacting

porous medium and develops the general continuum model studied in this thesis. This

is followed by Chapters 3�6 of novel scienti�c research.

Chapter 3 develops a 1D model for reactive �ow, outlines the implementation of the

method of lines to solve the model formulation in 1D, describes the temporal evolution of

1D reaction fronts as a function of parameters, fundamentally ending in a travelling wave

system. This is studied and the parameter space is partitioned based upon asymptotic

behaviour. This Chapter represents the work of a paper, which is being prepared for

submission to the Journal of Fluid Mechanics under the title `Two-phase reaction fronts in

porous media: control of emergent structure, sharpness and regime analysis.'

Chapter 4 develops an axisymmetric model for reactive injection into porous media and a

temporal regime diagram explaining the development of reaction fronts in axisymmetry

is developed. This is motivated by the fact that in�ltration by a reactive �ow can occur

locally as well as in one-dimensional along a boundary and therefore allows for di�ering

dynamics. This Chapter describes the fundamental regimes arising and partitions the

parameter space to describe the late-time evolution of concentration and porosity in this

domain. This Chapter forms the basis of a publication under the title `Reactive injection into

a porous medium' which is being prepared for submission to the Journal of Fluid Mechanics.

Chapter 5 develops an analysis of the linear stability of the di�usive limit of the one

dimensional reaction front. It then develops applies the result of the stability analysis to

geological settings in which reactive in�ltration instability may or may not arise and seeks

to use the linear stability results to form a toolkit for understanding geological scenarios.

This forms the basis of a paper drafted for submission to the Geologist Magazine, for an

audience of geologists.

Chapter 6 outlines the extension of the method of lines solver to the two-dimensional

domain and validates the use of the method of false transients to do so. Initial results
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validate the predicted wavelength of instability and demonstrate how initial conditions

can alter reaction fronts.

Finally, Chapter 7 provides a general discussion of the �ndings of this work, in the speci�c

light of the research questions above, and �nishes with conclusions on the limitations of

this work and potential areas for future work.
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2
Background

This Chapter reviews the motivation for this study, theory and model development of

previous works which investigate reaction fronts in porous media. It begins with an

overview of the geological motivation for understanding the parametric control of reaction

fronts and reactive in�ltration instabilities, and an overview of geological knowledge of

the transport of �uids (melt and aqueous �uids) through a porous host rock. It then

reviews mathematical works motivated by a wide range of instances of reaction fronts

and the theories developed in those works, before also reviewing mathematical treatments

of reactive in�ltration instabilities. Finally I put the research questions of section 1.1 into

the context of the existing work in this area of study.

2.1 Geological context

Two-phase �ows arise in many geological settings, owing to complex temperature and

pressure pro�les as we move through the Earth's lithosphere. Such �ows may control

the melting or partial melting of crustal rock and magma. It is thought that this melting

can induce �ow of molten rock through host rock of a di�erent composition, resulting

in two-phase compositions which are preserved and can be observed in the �eld. While

the amount of free �uid in the Earth's crust is small relative to solid, it is thought to play

a major role in many processes, including the �ow of lithospheric and asthenospheric
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