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Abstract 
 

The cutting and packing of large, solid structures presents a significant challenge in nuclear 

decommissioning as these two objectives exist in a trade-off. Segmenting a structure into 

smaller parts can improve packing efficiency and reduce the number of containers 

required, but at the cost of increased cutting effort. Conversely, minimising cuts reduces 

cutting cost but often leads to poor packing, raising overall disposal costs. Determining the 

optimal balance between cutting and packing is difficult, as the trade-off is highly context-

dependent, influenced by the geometry of the structure itself as well as the choice of cutting 

tools and container types used. 

This thesis addresses the lack of integrated approaches capable of resolving this trade-off 

by proposing a novel computational framework that jointly optimises both cutting and 

packing to minimise total cost. A new feedback-driven optimisation strategy is proposed, in 

which a genetic algorithm (GA) iteratively refines cutting plans based on both the cutting 

cost and packing cost, allowing for dynamic exploration of trade-offs between conflicting 

objectives.  

A simplified 2D prototype is developed to evaluate the proposed methodology for jointly 

optimising cutting and packing. Additional 2D studies are also undertaken to investigate 

ways to enhance the underlying cutting and packing processes, including hyper-heuristics 

for improving container utilisation, comparing multi-container packing strategies, and 

feasible disassembly sequencing for cut structures. 

Building on insights gained from the 2D studies, the methodology is extended to 3D and 

applied to three representative nuclear decommissioning scenarios. Results show that the 

integrated algorithm can consistently outperform separate cutting/packing approaches 

(with cost reductions of up to 17%) and achieve comparable performance to manually 

designed strategies.  

The thesis concludes with a detailed set of future work recommendations to enhance 

algorithm performance and real-world applicability, including the incorporation of feature-

based segmentation, post-processing for packing refinement, and integration with robotic 

disassembly systems. 
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CHAPTER 1 

INTRODUCTION 
 

1.1 Background 

Nuclear decommissioning is a complex and critical process involving the dismantling and 

safe disposal of materials from nuclear power plants that have reached the end of their 

operational life. According to the International Atomic Energy Agency (IAEA), as of 2020 

there are a total of 686 reactors globally in various stages of their life cycles, with 442 being 

fully operational, 52 under construction, 172 permanently shut down and 20 that have been 

fully decommissioned [1]. In the UK alone, decommissioning activities are expected to 

generate waste until 2136, producing a total volume of approximately 4.45x106 m3  [2]. Of 

particular relevance to this work are contaminated and activated metallic wastes (often 

arising from the size reduction of structures), which account for an estimated 436,200 m3 

of this total [2]. 

During the decommissioning of these facilities, it is inevitable that some structural 

components, such as reactor pressure vessels (RPVs), glove boxes, and pipe networks, will 

require size reduction via cutting before they can be packed for transport and disposal (e.g. 

Fig. 1-1, 1-2, & 1-3). The cutting process often involves specialised tools, such as band saws 

(Fig. 1-1 a), laser cutters (Fig. 1-1 b), electric hand saws (Fig. 1-2 a), plasma torches (Fig. 1-3 

a) and mechanical shears (Fig. 1-3 b), while packing requires the placement of cut parts into 

containers for storage or transport (Fig. 1-1 c, 1-2 b, 1-3 c). 

Both operations, however, come with significant financial costs that must be carefully 

considered. The costs associated with cutting and packing stem from several operational 

factors. Cutting costs include the purchase, operation, and maintenance costs of the 

cutting tools, along with labour costs for human workers or teleoperated robotic systems 

[3-5]. Packing costs primarily arise from the lifecycle expenses of containers, such as 

manufacturing, transportation, and storage costs, as well as labour costs for packing 

operations, whether performed by humans or teleoperated robots [6-8].  
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(a) (b) 

 
(c) 

Fig. 1-1. RPV cutting and packing. (a) – bandsaw cutting of an RPV at Bohunice, Slovakia [9]. (b) – remote laser 

cutting of Dragon reactor core neck ring at Winfrith, UK [10]. (c) – Packed segments of an RPV from the 

Vermont Yankee reactor, US [11]. 

 

  
(a) (b) 

Fig. 1-2. Glovebox cutting and packing at the Institute for Reference Materials and Measurements, Belgium. 

(a) – electric hand saw cutting of a glovebox [12]. (b) – cut glovebox parts packed into a waste drum [12]. 

 

   
(a) (b) (c) 

Fig. 1-3. Heat exchanger cutting and packing at the Horia Hulubei National Institute of Physics and Nuclear 

Engineering, Romania. (a) – manual plasma torch cutting of pipe segments [13]. (b) – remote operated 

mechanical shear cutting of pipe segments [13]. (c) – pipe segments packed into a waste drum [13]. 
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The problem with cutting and packing costs are that they exist in a trade-off. Consider, for 

example, the structure depicted in Fig. 1-4. In the left case, the structure is cut using fewer 

cuts than in the right case, resulting in a much lower cutting cost. The trade-off however is 

that it produces larger cut parts which do not pack together well, resulting in two containers 

needed instead of one. It Is difficult to know, prior to performing the cutting and packing, 

which of the two solutions (if any) is more cost effective. Furthermore, it may be possible to 

cut the structure with fewer cuts than in the right case and still pack the pieces into a single 

container, potentially yielding a better solution than either approach. 

 

 

              (a)                          (b) 

Fig. 1-4. Example of two ways to cut and pack a structure. (a) Few cuts (low cutting cost) and more containers 

(high packing cost). (b) Many cuts (high cutting cost) and fewer containers (low packing cost). Images 

courtesy of [14]. 

 

Despite its significance regarding optimal decommissioning strategies in nuclear 

decommissioning, this trade-off has received very limited attention in both academic and 

industry literature. To the best of the authors knowledge, the only case where this trade-off 

between cutting and packing has been experimentally analysed is in [15].  

In this study, the authors examine the cutting and packing of Zircaloy cruciform elements 

from the fuel rod assemblies used in the Trino nuclear power plant in Italy. Four different 

dismantling solutions were proposed (A-D in Table 1-1), which were then physically tested 

and compared:  

• Solution A involved horizontally cutting each element into three large sections 

(each approximately 100 cm in height) which were directly loaded into the 

containers without further processing.  

• Solution B used the same horizontal cutting strategy as A, but with an additional 

compaction step to try and improve volume reduction.  

• Solution C involved cutting at the gaps between two non-consecutive central 

stumps, allowing the cruciform element to be rearranged prior to packing. 
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• Solution D involved placing large vertical cuts along the overall height of the 

element, with the cut parts also being rearranged prior to packing. 

Whilst solution A involved a simple cutting approach, it resulted in low volume reduction 

and a large number of containers, increasing packing cost. For solution B, the added 

compaction step improved volume reduction but caused the cruciform parts to shatter into 

many small fragments, significantly complicating their remote retrieval from the cutting 

space. Solution C offered a more balanced approach, achieving high volume reduction with 

a relatively low amount of cutting. Solution D maximised volume reduction via extensive 

cutting but introduced additional issues in the form of large secondary waste generation 

(metal swarf from milling) and significant vibration of the piece during cutting.  

 

TABLE 1-1. Summary of dismantling solutions for Zircaloy cruciform elements. Table adapted from [15]. 

Solution No. Cuts No. Pieces 
Total 

Cutting 
Length (cm) 

Volume 
Reduction 

Simplicity 
of 

Execution 

No. of 
Machines 
Required 

A 2 3 76.8 Low Simple 1 

B 2 3 76.8 High Simple 2 

C 3 8 114.6 High Medium 1 

D 3 12 376.8 High Difficult 1 

 

Based on their findings, solution C (shown in Fig. 1-5) was chosen as the optimum strategy. 

Although the authors did not compute a single scalar ‘total cost’ for the four options, their 

choice of C reflects an implicit total cost assessment: C delivered high volume reduction 

(fewer containers) without the extra equipment and handling difficulty of B or the secondary 

waste generation and vibration problems of D, and avoided the poor container utilisation of 

A, yielding the best overall balance between cutting effort and volume reduction. 
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Fig. 1-5. Optimum cutting and packing strategy (solution C in Table 1-1) for Zircaloy cruciform elements. 

Images from [15]. 

 

Ultimately, the main challenge in the cutting and packing process lies in knowing where this 

optimal trade-off between cutting and packing exists. By increasing the size of cuts parts, it 

follows that the amount of cutting preformed is reduced (in turn lowering cutting costs), 

however this increase in cut part sizes will make it harder to find good packing arrangements 

(compact arrangements with minimal void space) which minimise the number of 

containers required. In contrast, cutting structures into smaller pieces helps improve 

packing density but will increase labour costs, tool usage and potential radiation exposure 

(for cases where human operators are used to perform cutting). Furthermore, the use of 

problem-specific tool and container combinations will heavily impact where this optimum 

trade-off lies, meaning there is no ‘one-size-fits-all’ solution which can be applied to all 

decommissioning scenarios. 

In current practice, the problem of cutting and packing is often tackled manually. For large, 

high-value structures such as RPVs, detailed 3D models may already exist which can be 

used by engineers to manually plan cutting and packing strategies in advance (e.g. [16], 

[17]). For smaller or less standardised structures, such as the glovebox and heat exchanger 

pipes depicted in Figs. 1-2 and 1-3 respectively, the strategy is often left to the discretion of 

the operators working inside the shielded hot cells, who decide in situ how best to cut and 

pack the structure. These approaches, while practical, have important drawbacks: either 
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the process lacks optimality (as in manual in situ decision making), or, in the cases where a 

3D model exists, identifying the best trade-off requires time-consuming manual planning 

and multiple iterations of trial and error. Furthermore, even after careful planning, it remains 

difficult to know whether a chosen strategy is close to optimal. This highlights the need for 

a more generalisable, automated approach that can explore a wide range of cutting and 

packing options for arbitrary structures, assess their trade-offs automatically, and identify 

optimal solutions without relying on physical trials or manual planning. 

These practical limitations in current planning methods also introduce broader challenges 

in terms of accurate cost and resource estimation during the early stages of 

decommissioning planning. Because the optimum balance between cutting and packing is 

highly context dependent, even experienced engineers may find it difficult to reliably predict 

which strategy will lead to the most cost-effective outcome without extensive trial and error. 

This uncertainty can result in suboptimal decommissioning outcomes (e.g. unnecessary 

segmentation or inefficient container usage) and poor cost estimation during the planning 

phase (e.g. overestimating the number of containers required).  

This is illustrated in the Zircaloy cruciform study ([15]) outlined above, where multiple 

cutting and packing strategies had to be trialled to evaluate trade-offs. Whilst this hands-

on approach proved effective in the context of this small-scale study, their process required 

pre-defined strategies, relied heavily on human judgement, and lacked the ability to 

generalise across other structures. In contrast, the approach developed in this thesis aims 

to automate this process. By embedding both cutting and packing within a unified 

feedback-driven optimisation framework, the proposed algorithm aims to dynamically 

explore this trade-off and converge to cost-optimised solutions without requiring human-

led iterative planning or physical trials. The result is a scalable and generalisable solution 

approach for arbitrary structures (under stated tool/container assumptions) that enables 

the planning of decommissioning tasks to be carried out more efficiently and accurately. 

 

1.2 Project Aim and Objectives 

The primary aim of this project is to develop a computational optimisation algorithm that 

can jointly consider cutting and packing for large irregular structures. The algorithm will take 

as an input a 3D model of a structure and will determine a cost-optimised cutting and 

packing strategy for it, explicitly addressing the trade-off between segmentation effort and 

container efficiency, whilst considering factors such as tool usage and container costs. 
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Objectives: 

 

1. Review literature and propose methodology – Conduct a review on existing 

literature on cutting and packing with particular focus on how previous approaches 

attempt to link the cutting and packing problem and how packing algorithms 

developed for the packing of 3D irregular objects tackle the complex task of 

optimally arranging heterogeneous objects in 3D space to maximise packing 

efficiency. Use this to propose a combined methodology for optimising both 

processes in a unified framework. 

 

2. Develop a 2D prototype for the cutting and packing algorithm – To simplify early 

implementation and accelerate testing, develop a 2D prototype of the cutting and 

packing algorithm. Use this simplified version to evaluate the proposed joint 

optimisation approach and identify areas for improvement before extending the 

methodology to the full 3D framework. 

 

3. Investigate methods to enhance solution quality and applicability – Following 

the testing of the 2D prototype, investigate strategies to improve the underlying 

cutting and packing processes (in 2D) to enhance solution quality and real-world 

applicability. Use insights from this work to inform the development of the 3D 

optimisation framework. 

 

4. Extend the framework to 3D – Update the methodology based on observations 

from the 2D testing, then translate the updated methodology into a 3D optimisation 

framework, capable of processing 3D input models of real-world structures and 

producing optimised cutting and packing plans for them. 

 

5. Test the 3D algorithm – Demonstrate the algorithms ability to handle different 

decommissioning scenarios by testing it using different models of real-world 

structures and containers found in decommissioning. Benchmark its effectiveness 

against conventional strategies to cutting and packing, including ‘minimal-cut-

then-pack’ approaches and manually generated cutting patterns. Perform 

sensitivity analyses to assess its robustness under varying cost assumptions and 

trade-off scenarios. 
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1.3 Thesis Structure 
 

• Chapter 1 – Introduction: This chapter introduces the problem of finding optimal 

trade-offs in cutting and packing, highlighting the motivation for this research. 

Based on this, the aims and objectives for this project are defined. 

 

• Chapter 2 – Literature Review:  To provide a foundation for the proposed approach, 

this chapter reviews existing literature on cutting and packing problems. It is 

structured in three parts: the first section reviews the limited prior work attempting 

to link cutting and packing and is used to highlight the motivation behind the 

proposed integration strategy. The second section provides a detailed review of 3D 

irregular object packing algorithms, detailing how complex packing problems are 

approached in existing literature. The final section then discusses key 

considerations specific to cutting optimisation in nuclear decommissioning. 

 

• Chapter 3 – Methodology: This chapter outlines the proposed methodology for 

solving the cutting and packing problem through an integrated optimisation 

framework. The approach is presented in a generalised form (which is applicable to 

both 2D and 3D representations) and serves as the foundation for the 

implementation and testing presented in later chapters. Details are given on the 

structure of the proposed framework, including input representation, cost 

modelling, and the overall optimisation strategy. Methodologies relating to the 

additional investigations into improving the algorithm are introduced in the chapters 

where they are implemented and tested. 

 

• Chapter 4 – 2D work: This chapter covers the 2D work conducted in this project. 

The first part covers the 2D implementation and testing of the proposed cutting and 

packing algorithm, including an analysis of problems identified with the proposed 

methodology based on the results from testing. The remainder of the chapter 

focuses on investigating ways to improve the algorithm, including hyper-heuristic 

optimisation for improving container utilisation, comparing different strategies for 

multi-container packing and investigating ways to optimise disassembly sequences 

for cut structures whilst adhering to real world constraints (such as structural 

stability). Based on these studies, a detailed overview is given for potential areas of 

future work. 
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• Chapter 5 – 3D work: This chapter covers the 3D work conducted in this project. It 

begins by outlining modifications made to the proposed methodology based on 

findings from the work carried out in the 2D chapter. The implementation of the 3D 

algorithm is then described and a detailed outline of the test scenarios used to 

assess the algorithms performance is given. The final part of this chapter details the 

results from these tests, including the algorithm’s performance on different 

structure and container combinations and benchmarking against conventional 

strategies such as minimal-cutting-followed-by-packing and manually planned 

cutting approaches. Based on these results, limitations with the existing algorithm 

are identified and areas for future work are discussed. 

 

• Chapter 6 – Conclusions: This chapter summarises the key findings of the research 

presented in this thesis and reflects on the effectiveness of the developed cutting 

and packing algorithm. It outlines the main contributions of the project and 

highlights limitations with the current methodology, along with providing a summary 

of proposed areas for future work, as discussed in detail in the 2D and 3D work 

chapters. 

 

Fig. 1-6 illustrates the structure of the thesis, outlining the tasks undertaken in this research 

project and how each task relates to the objectives outlined in the previous section. 
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CHAPTER 2 

LITERATURE REVIEW 
 

The current body of literature presents a very limited number of studies that directly address 

the trade-off between cutting and packing. Given the scarcity of research on this topic, this 

literature review will be structured in three parts. The first section will examine the few 

existing works that consider this dual optimisation problem, with particular focus on the 

methodologies employed to balance cutting and packing efficiencies as well as examining 

limitations which may make these approaches less suitable for nuclear decommissioning. 

The second section explores algorithms for 3D irregular object packing, including 

discussions on object representation, geometric complexity and its impact on 

computational demands, as well as the strategies used for placement optimisation and the 

constraints inherent in these approaches. The final section considers the specific 

challenges associated with optimising cutting processes in the context of nuclear 

decommissioning, highlighting areas of potential future research and innovation. 

 

2.1 Review of Previous Approaches to Cutting and Packing 

The primary issue with existing cutting optimisation [18], [19] and packing optimisation [20], 

[21] algorithms developed for nuclear decommissioning are that they fail to address the 

trade-off between cutting and packing.  

The cutting algorithms in  [18], [19] focus solely on minimising the amount of cutting 

required while ensuring all parts are within user-defined size limits, but they do not perform 

any kind of packing optimisation on the cut parts. As shown previously in Fig.1-4, when a 

structure is cut using a cutting-cost minimised solution, it will lead to large parts which may 

not pack together well (resulting in more containers required to pack them). By only seeking 

to minimise cutting (and ignoring packing), this will likely lead to cost inefficient solutions 

(with high packing cost) should a user wish to then pack the cut parts. 

In contrast, the packing algorithms in [20], [21] only optimise packing for a fixed set of 

objects without accounting for the cutting process. In [21], they start with a pre-partitioned 

3D model of an RPV whereas in [20] they use 3D point clouds obtained by scanning real 

world waste objects.  However, none of the algorithms consider how cutting (e.g. modifying 

the initial partitioning in [21], or splitting the scanned objects into smaller pieces in [20]) 

would affect the algorithms ability to pack the parts. Consequently, if a user wished to 



12 
 
obtain cost-optimised cutting and packing solutions using an existing packing algorithm, 

the user would have to manually design multiple different cutting patterns, re-running 

packing optimisation on each one. The problem with this approach is that it would be time 

consuming and requires a high degree of human input. 

To date, there are very few examples in literature where this trade-off between cutting and 

packing has been considered, with most examples being developed for additive 

manufacturing [22-25]. The goal of these algorithms is to partition an input object (which 

may be larger than the printing volume) and then pack the pieces into the printing volume 

with the goal being to optimise:  

1. Printing time/support material – finding packing solutions with part 

orientations/locations which facilitate faster printing and minimise the amount of 

support material required for printing overhangs. 

2. Packing volume – minimising the space required to pack the printed parts, useful for 

commercial cases where, for example, multiple instances of an object need to be 

printed and shipped in boxes. 

3. Constraint based partitioning – optimising the partitioning of the structure to meet 

problem specific objectives such as ease of assembly, avoiding cuts through high 

stress regions, and minimising the number of parts. 

The problem with approaches [22], [23] and [24] is their heavy reliance on a good initial 

partitioning. In [22], the authors solve the cutting and packing problem in an iterative 

fashion, starting with an initial partition and packing solution, and then iteratively optimising 

the partitioning (to enforce constraints such as minimising cuts through high stress regions 

– Fig. 2-1) and modifying the packing solution (to remove any overlap between parts caused 

by the modification of the partitioning). Whilst they do allow cuts to be modified during the 

optimisation process, they do not allow cuts to be removed or added (i.e. meaning the 

number of cut parts will always stay the same). They do offer the user several options in 

terms of initial partitioning schemes (e.g. shape diameter, random walk, random cuts, 

normalised cuts, fitting primitives, k-means and core extraction [22]), however this still 

limits the flexibility of the initial partitioning to a fixed set of options, and also requires the 

user to manually re-run the algorithm with the different initial partitioning options. 
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Fig. 2-1. Example of stress-field analysis from [22], used to avoid placing cuts through high-stress regions.  

 

In [23], the authors pack the initially partitioned object, after which the algorithm enters a 

cycle of trying to remove cuts (by merging parts together) and then re-packing them. They 

do not however allow existing cuts to be modified, or new cuts to be added, during this 

process. To generate the initial cutting pattern, they partition the mesh into 𝑁 clusters of 

roughly equal volume (where 𝑁 is set by the user) and then perform a pre-merging step to 

merge certain parts based on problem specific criteria (e.g. avoiding cuts through small 

cross sectional areas of the model [23]). The issue here again is that if a user wished to try 

different initial decompositions, they would need to manually re-run the algorithm for 

different values of 𝑁. Furthermore, the method's constraint of generating partitions with 

approximately equal volume reduces the flexibility of the initial partitioning, potentially 

limiting its effectiveness in scenarios where non-uniform partitioning may be more suitable.  

An additional point worth noting with this approach is their use of hollow shells to represent 

objects (Fig. 2-2). Before the initial segmentation stage, the input mesh model is hollowed 

out to remove the internal volume, leaving a 3D shell version of the input model. With 

regards to additive manufacturing, the benefit of this is that: a.) it greatly reduces the 

amount of material required to print the structure (since the internal material is removed), 

and b.) it allows the hollow parts to fit together well during the packing, allowing for tighter 

packing arrangements. Naturally, such an approach would be unsuitable for nuclear 

decommissioning since the parts would be cut from an existing structure rather than being 

printed from scratch. As such, it would be wholly unsuitable to remove internal volume from 

the input model as it would no longer be an accurate representation of the real-world 

structure. 
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Fig. 2-2. Example of hollow shell decomposition from [23]. 

 

In [24] cuts can only be added during the packing phase (where objects are packed one by 

one, with parts sometimes being split to facilitate more compact packing), but they do not 

allow existing cuts to be removed or modified. They generate the initial partitioning by 

decomposing the structure into a small number of ‘pyramidal primitive parts’ [24]. The use 

of pyramidal primitives makes sense within the context of additive manufacturing as it 

produces parts which can be printed in their upright orientations with no support material 

(e.g. Fig. 2-3) [24]. For nuclear decommissioning however, again, this limits the flexibility of 

the cutting approach by restricting the initial partitioning to a set type of cut parts (i.e. 

pyramidal primitives). 

 

 
Fig. 2-3. Example of whole printed structure with support material (left), and pyramidal decomposition 

allowing parts to be printed without support material (right). Images from [26]. 

 

In [22], the authors demonstrate their algorithm with the different initial partitioning 

schemes available to the user, and show that the quality of the solutions (in particular the 

packing space utilisation ratio) varies depending on the initial partitioning scheme. The 

primary difficulty with the simultaneous optimisation of cutting and packing lies in the 

difficulty of knowing what a ‘good’ initial partitioning will be (i.e. a partitioning which leads 
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to maximal packing space utilisation with minimal cutting). The problem of initialisation is 

arguably of less concern in additive manufacturing since these algorithms focus more on 

generating ‘good enough’ solutions in a short space of time, rather than spending a long time 

trying to improve the quality of a solution by a few percent. However, in the context of 

nuclear decommissioning, it can be argued that the latter is of more importance. Due to the 

technological and safety challenges associated with these unique environments, planning 

decommissioning strategies is a lengthy process often taking many months. It is not 

uncommon for the entire decommissioning process (i.e. planning, decommissioning and 

site remediation) to take years to complete [27]. Furthermore, nuclear decommissioning is 

a very expensive process, where improvements of even a few percent could translate to 

millions in financial cost savings. Given both factors, it can therefore be argued that solution 

quality (i.e. minimisation of cost) is of far greater priority when compared to speed. 

One possible solution to this problem would be to run the algorithms in a looped fashion, 

each time running it with a different initial decomposition, but none of them do this (at least 

not in an automated fashion). Additionally, this would still not alleviate the problem of 

deciding how to change the initial partition in each loop.  To truly help resolve this issue, the 

algorithm would need to consider information from both the cutting and packing solution 

produced by an initial partitioning to judge how good the starting decomposition is. The 

algorithm would need to use this information to try and guide the modification of the 

partitioning such that it leads to solutions which optimise both the cutting and the packing. 

The obvious issue with such an approach would be the increase in computation time, since 

the processes would have to run multiple times in a loop. However, again, it can be argued 

that such a trade-off would be acceptable if it leads to better optimised solutions. 

An additional point to note with approaches [22] and [24] is that they do not re-run packing 

optimisation from the start each time the partitioning is modified. For example, in [22], once 

the algorithm has generated the initial cutting/packing solution and enters the iterative 

optimisation phase, any subsequent modifications to the cuts do not trigger a full re-

packing of the parts. Instead, only local adjustments are made to the existing packing 

configuration to resolve part intersections introduced by the modification of the initial 

partitioning. In [24], once the initial partitioning is generated and the algorithm proceeds to 

the packing stage, parts are packed sequentially into the container. At each step, the 

algorithm has the option to either pack a part whole or to split it into two sub-parts before 

packing both. While this strategy can result in more locally compact configurations, it 

shares a similar limitation with [22] in that it does not re-pack the full set of parts from 

scratch when the partitioning is modified. A key limitation of not re-packing all parts from 
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scratch each time the partitioning changes is that changes to the cuts will inherently alter 

the geometric properties of the resulting parts. This in turn modifies the optimisation 

landscape of the packing problem, shifting both global and local optima. By focusing solely 

on local adjustments to an existing packing structure, rather than re-running packing 

optimisation each time the parts change, the algorithm risks overlooking more optimal 

packing arrangements that may now be achievable with the new set of parts. 

The algorithm presented in [25] doesn’t suffer from these problems, instead starting with a 

complete structure, which is then recursively split and re-packed until either the target 

packing efficiency, or maximum number of allowed parts, is reached. The key limitation with 

this approach lies in its requirement for the user to specify the target packing efficiency and 

maximum number of cut parts, with the quality of solutions being sensitive to these 

parameters. Additionally, if the algorithm reaches the part limit before achieving the target 

packing efficiency, the algorithm will become stuck, prompting the user to increase the 

maximum allowed number of parts [25]. From a nuclear decommissioning perspective, the 

issue here is that this is exactly the problem which needs to be solved, since it is not 

possible to know a priori what good values would be. For example, setting both the target 

packing efficiency and maximum number of parts too high would likely result in excessive 

splitting and re-packing, leading to solutions with good packing (low packing cost), but 

excessive cutting (high cutting cost). 

Another limitation with all these approaches is that they only pack objects into a single 

container, and assume the container is a cuboid in each case. Again, this may not be 

problematic for additive manufacturing (assuming the printing space is perfectly cuboid 

and the model is small enough that the parts can all fit), however nuclear decommissioning 

often deals with large and complex structures (which require multiple containers to pack), 

and often utilises different container designs depending on factors like the radioactivity 

levels of the waste or whether the waste is compactable or not. Any algorithm developed 

for nuclear applications should have the ability to pack objects across multiple containers 

(whilst seeking to minimise the number of containers) and should also allow the use of 

different container types depending on the problem.  

A more recent publication worth noting is the work in [28]. In this paper the authors present 

a cutting and packing algorithm designed specifically for RPVs in nuclear decommissioning. 

The problem is addressed in a feedback-loop fashion, with packing optimisation being run 

on each set of cut parts before the cutting/packing solutions are evaluated (based on the 

cutting time and container space utilisation). Additionally, a population-based 

metaheuristic (Genetic Algorithm) is used to optimise the partitioning, which helps alleviate 
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the dependence on a good initial partitioning by allowing the algorithm to start with a 

population of different cutting solutions.  

Conceptually, their approach shares several similarities with the methodology presented in 

this thesis, including the repeated evaluation of packing solutions for candidate cutting 

patterns and the use of population-based metaheuristics to explore alternative partitioning 

strategies. A key distinction, however, is that the method in [28] formulates cutting and 

packing as a multi-objective optimisation problem, whereas the 3D cutting and packing 

algorithm presented in this thesis combines cutting and packing costs into a single 

weighted objective function. 

One of the main strengths of the algorithm presented in [28] is the computational efficiency 

of its packing procedure. To achieve this, the authors simplify the 3D packing problem to a 

2D one by projecting the 3D cut blocks onto a 2D plane (Fig. 2-4). By simplifying to 2D, it 

removes a spatial dimension from the problem which in turn reduces the search space 

(allowing solutions to be obtained faster). It also allows them to utilise a common and fast 

approach in 2D packing called the No Fit Polygon [29], which can be used to find collision-

free locations for parts far quicker than conventional geometric approaches (which often 

require repeatedly testing for intersections between packed parts). 

A key limitation with this approach however (as acknowledged by the authors), is that it is 

only applicable for packing cases where the height of the cut parts is uniform (or with 

negligible difference), such as when cutting an RPV into segments of uniform height. As 

such, their packing methodology would be unsuitable for packing arbitrary shapes, limiting 

its flexibility to deal with arbitrary structures. 

 

 
Fig. 2-4. Illustration of 3D cut blocks projected onto 2D plane from [28]. 
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Another limitation of their work is that, as with the previous four algorithms, it also does not 

contain multi-container packing, instead assuming all parts will fit into a single large 

container. They also do not have the ability to use arbitrary container types, instead 

restricting the packing to cuboid containers. A final point to note is that the cutting approach 

they use is tailored specifically for cutting RPVs (by placing cuts radially from the central 

axis of symmetry). Whilst the cutting and packing methodology itself could be adapted to 

other structures, in its current form, their algorithm can only cut and pack RPV’s, limiting its 

flexibility. 

To the best of the author’s knowledge, their work and the work presented in this thesis are 

the only two examples in literature where this trade-off between cutting and packing has 

been considered within a nuclear decommissioning context.  

 

2.1.1 Concluding Remarks: Review of Previous Approaches to 

Cutting and Packing 

This review of existing algorithms which have attempted to link the cutting and packing 

problem highlights several limitations which make them unsuitable for nuclear 

decommissioning. A major issue across several methods ([22], [23] and [24]) is their heavy 

reliance on the initial partitioning of the input object, with limited flexibility to modify the 

cutting patterns during optimisation. The method in [25] does not suffer from this issue, but 

requires the user to specify target packing efficiencies and maximum number of cut parts 

in advance, which is problematic for decommissioning since such values are not known a 

priori. 

In addition to this, several approaches ([22], [24]) do not re-run packing from the start each 

time a cutting pattern is modified, which introduces the risk of overlooking better packing 

configurations. Although the method developed specifically for nuclear decommissioning 

([28]) does address this by re-optimising packing for each new cutting pattern, its 

simplification of the packing problem limits it broader applicability to cutting and packing 

arbitrary structures. 

A further limitation shared by all the reviewed methods is that they do not have the ability to 

pack objects across multiple containers and restrict packing to cuboid containers. 
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Table 2-1 below summarises the main limitations highlighted with each approach. These 

limitations highlight the need for a more adaptable framework, capable of handling arbitrary 

geometries, diverse container types and multi-container packing. This motivates the 

approach proposed in this thesis, which explicitly seeks to address these limitations in a 

generalisable algorithmic framework. 

 

TABLE 2-1. Summary of limitations for the 5 cutting and packing algorithms outlined in this review. 

Source – Year Application Limitations 

[22] - 2015 
Additive 

Manufacturing 

Sensitive to initialisation. No repacking of parts when cuts change. 

Single (cuboid) container packing. Number of cut parts remains 

constant throughout. 

[23] - 2014 Additive 
Manufacturing 

Sensitive to initialisation. Single (cuboid) container packing. Cuts 

cannot be added or altered (only removed to merge parts). Input 

model converted to hollow shell. 

[24] - 2015 
Additive 

Manufacturing 

Sensitive to initialisation. No repacking of parts when cuts change. 

Single (cuboid) container packing. Cuts can be added but not 

removed or altered. 

[25] - 2015 
Additive 

Manufacturing 

Requires user to specify target packing efficiency and maximum 

number of parts. Single (cuboid) container packing. 

[28] - 2025 
Nuclear 

Decommissioning 

Tailored specifically for RPV cutting and packing. Single (cuboid) 

container packing. Packing problem simplified from 3D to 2D (limits 

application to arbitrary shape packing). 

 

 

2.2 Review of 3D irregular Object Packing Algorithms 

Based on the review on previous approaches to cutting and packing optimisation presented 

in Section 2.1, it is evident that packing optimisation will play a crucial role in this project. 

Given that nuclear decommissioning often involves the cutting and packing of numerous 

different types of structures with varying levels of complexity, this review chapter will focus 

primarily on the packing optimisation of 3D irregular objects. The goal of 3D irregular object 

packing is to find an arrangement for a set of objects in 3D space, such that their 

compactness (i.e. how densely the objects are packed together) is maximised subject to no 

overlap between the packed parts. 

This is typically achieved by one of three strategies:  
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1. Minimising bounding enclosure: Minimising the convex hull or bounding box enclosure 

surrounding a set of objects in 3D space (e.g. [22], [30]). By compacting a set of objects, 

it follows that the bounding enclosure of the set of objects will become smaller. 

2. Minimising one dimension of an unbounded container: Using a container with 2 fixed 

dimensions (e.g. the length and width) and one dimension (e.g. the height) set to infinite, 

where the goal is to then minimise the height of the packing pile (e.g. [24], [31]). Given 

that two dimensions are fixed, it follows that by minimising the unbounded dimension of 

the packed pile (e.g. the overall height of the packing structure) the compactness of the 

packed structure will increase. 

3. Maximising utilisation in fixed-size containers with possible subset selection: When 

using a container with fixed dimensions, it is often infeasible to fit all objects into the 

container (which is especially true in multi container packing). In such cases, the 

problem involves an additional layer of complexity in the selection of subsets to pack 

into the container (e.g. [21], [32]). In such cases, the goal is to find a subset selection 

which maximises the amount of packed volume in the container, or, in the case of multi 

container packing, to partition the object set into multiple subsets, which lead to a 

reduction in the number of containers required to contain all the parts. 

Whilst the method of compaction and optimisation objectives may differ from problem to 

problem, the constant factor among them is that they all try to maximise packing 

compactness. This review will focus primarily on the techniques they use to achieve this. In 

addition to this, critical factors relating to the real-world packing of waste objects, including 

the geometric complexity and representation of shapes (and how this impacts 

computational complexity), and practical constraints that must be considered in real-world 

waste packing scenarios (such as the stability of packed parts within the container), will 

also be discussed. 

When it comes to packing optimisation algorithms, broadly speaking, they may be 

classified as either:  

1. Mathematical approaches: which aim to formulate the packing problem as a 

mathematical optimisation problem which is guaranteed to contain the global 

optimum. 

2. Heuristic approaches: which employ rule based, or metaheuristic strategies which 

sacrifice global optimality in favour of faster and more efficient exploration of the 

search space. 
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To date, the only methodology in packing literature which can formulate the packing 

problem mathematically is the ‘phi-function’ approach ([33-44]). The phi-function approach 

works by representing objects as either ‘primary phi-objects’ or ‘composed phi-objects’. A 

primary phi-object is either a sphere, parallelepiped, circular cylinder, circular cone, or 

convex polyhedron [35]. Through the union or intersection of primary phi-objects, more 

complex objects (including concave objects) can be represented (referred to as ‘composed’ 

phi-objects – e.g. Fig.2-5 below). 

 

  
(a) (b) 

Fig. 2-5. 2D example of primary phi-objects forming a composed phi-object. (a) – 3 primary phi-objects 

(circle, triangle, rectangle). (b) – Union of primary phi-objects forming a composed phi-object. 

 

Each primary phi-object has an associated phi-function which provides an analytic 

description of the object’s geometry. Through the pairwise combination of primary object’s 

phi functions, an analytic description of the distance between the objects can be 

formulated, which in turn can be used to check for object intersection. Consider, for 

example, the simple case illustrated in Fig. 2-6 for two circles. Circle 1 has a radius of 𝑟1 and 

has its position fixed at the origin (0,0). Circle 2 has a radius of 𝑟2 and is allowed to move 

freely. The equation √𝑥2 + 𝑦2 = 𝑟1 + 𝑟2 can be used to describe all possible positions of 

circle 2 such that both circles touch but do not overlap. It follows then that, √𝑥2 + 𝑦2 >

𝑟1 + 𝑟2, when the circles are separated, and √𝑥2 + 𝑦2 < 𝑟1 + 𝑟2 when the circles are 

intersecting. Hence, the phi-function describing the pairwise relationship between the two 

circles can be expressed as Φ(𝑥, 𝑦) =  √𝑥2 + 𝑦2 − (𝑟1 + 𝑟2), where: 

• Φ(𝑥, 𝑦) = 0 when the shapes are touching, 

• Φ(𝑥, 𝑦) > 0 when the shapes are apart, 

• Φ(𝑥, 𝑦) < 0 when the shapes are intersecting. 
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Fig. 2-6. Simple example of two primary phi-objects (circles) in contact with one another. Dotted line 

indicates all possible positions of circle 2 where the two circles are in contact. 

 

It is worth noting that the case of two circles is the simplest possible case as the phi-

function can be represented by a single function. However for more complex primary phi-

objects, a series of functions must be derived before the object’s phi-function can be 

obtained [45]. More detail on the construction of phi-functions for different shapes is given 

in [35]. 

From an optimisation perspective, the benefit of using phi-functions is that they provide an 

analytic description of the distance relationship between objects, considering the objects 

continuous rotation and translation. Employing this approach allows the packing problem 

to be formulated as a nonconvex and continuous nonlinear programming problem [33], 

[35], which can in theory be solved to global optimality using a nonlinear programming 

solver given enough time. 

Whilst the phi-function approach represents a good first attempt at representing the 3D 

packing problem mathematically, there are several drawbacks which would limit its efficacy 

for the application of nuclear waste packing. These drawbacks are as follows: 

1. 𝑶(𝒏𝟐) pairwise intersection checking: For a system with 𝑛 objects, the computational 

complexity of pairwise overlap checking scales approximately with 𝑂(𝑛2). Since 

complex objects are often composed of multiple phi-objects (each requiring their own 

phi-functions), the number of phi-function evaluations per object can grow significantly 

with an increase in both their number and complexity. Consequently, whilst the number 

of pairwise comparisons is quadratic with 𝑛, the computational cost of phi-function 
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evaluations can be much higher depending on the complexity of the objects involved. To 

try and reduce this issue, the authors of [46] introduce the concept of ‘quasi-phi-

functions’, a variation of the phi-function including auxiliary variables, which is 

substantially simpler than conventional phi-functions for certain types of primitive 

shapes (such as ellipses and polyhedra). Whilst this does help reduce the computational 

burden associated with the intersection checking of such objects, it does not remove the 

problem of having to decompose complex objects into many primary phi-objects and it 

does not remove the need to perform pairwise checking. 
 

2. Sensitivity to initialisation: The benefit of this mathematical formulation is that it 

allows all objects to be rotated and translated simultaneously and in a continuous 

fashion within the packing space. As stated, whilst this does theoretically mean the 

packing formulation is guaranteed to contain the globally optimum packing result, it 

does not guarantee this result will be found. In practice, the final optimised positions of 

the objects will depend heavily on their initial locations, meaning that the algorithm is 

only able to generate locally optimal solutions. In [33], the authors present a fast starting 

point algorithm to generate a feasible initial packing structure which is then followed by 

an optimisation compaction procedure (called COMPOLY). The COMPOLY procedure 

reduces the problem to a sequence of smaller dimension subproblems (with fewer non-

linear inequalities) which are then solved by a non-linear programming solver [33]. 

However, even with their use of a fast starting-point algorithm, simplification procedure 

and use of quasi-phi-functions, the algorithm is still only able to generate locally optimal 

solutions, which take a long time to obtain. As an example, in [33], the authors present a 

solution to a packing problem (involving 80 convex polyhedra) originally presented in 

[40]. Using their fast starting point and COMPOLY procedure, they are able to achieve an 

improvement of 27.88% in the packing solution compared to [40], however the reported 

run time to achieve this was 46035.78 seconds (≈12.8 hours). 
 

3. Decomposition of complex objects: As stated, the problem with representing complex 

3D objects is that they need to be decomposed into multiple primary phi-objects. 

Currently no algorithm exists which can automatically decompose arbitrary 3D shapes 

into primary phi-objects and calculate the corresponding phi-functions [45]. 

Consequently, the application of phi-function methods in literature is largely restricted 

to relatively simple and predominantly homogeneous shapes. This limitation remains a 

significant open challenge in the application of phi-function based packing approaches 

to complex real-world packing problems. 
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Due to the problems associated with mathematical approaches (specifically, 

computational complexity and difficulty with representing arbitrary shapes), this approach, 

at present, remains unsuitable for the application of nuclear waste packing (which can 

often include many complex and highly heterogeneous objects depending on the 

complexity of the problem). As such, attention is turned toward heuristic packing 

approaches for the remainder of this review. 

As stated, heuristic techniques are more problem dependent approaches which aim to find 

good locally optimal solutions in shorter time spans but have no guarantees of global 

optimality. Heuristic packing approaches may further be split into two separate classes; 

constructive heuristics and metaheuristics. Constructive heuristics are low-level heuristic 

approaches which incrementally build a solution from an initially empty solution, stopping 

once a complete solution is found. In contrast, metaheuristic approaches are constructive 

approaches which incorporate metaheuristic search techniques (e.g. genetic algorithms) 

to help escape local optima and find better solutions. 

In the following sections, relevant literature on constructive heuristic and metaheuristic 

approaches to 3D irregular object packing problems will be presented and discussed in 

greater detail (Sections 2.2.1 and 2.2.2 respectively). Additionally, a discussion on aspects 

relating to the design and implementation of packing algorithms and how these relate to 

real world packing of waste will also be presented (Section 2.2.3). Specifically, the following 

points will be discussed: 

• Object Representation – how objects are represented in different packing 

approaches and how this impacts computational complexity as well as an 

algorithm’s ability to capture complex real-world geometry. 

• Object Complexity – how the geometric complexity of objects (i.e. how ‘irregular’ 

the objects are) can affect solution approaches and algorithmic complexity. 

• Container Type – focusing specifically on whether algorithms use single container 

or multi container packing and whether they use bounded containers (containers 

with fixed dimensions) or unbounded containers (containers with one, or multiple 

dimensions unbounded). 

• Constraints – types of constraints used in previous packing algorithms with 

particular focus on whether any approaches from previous literature address 

constraint requirements (like stable and physically accessible part locations) in real 

world packing problems. 
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• Rotation – examining how algorithms deal with object rotation and how this affects 

computational complexity.  

 

2.2.1 Constructive Heuristics 

Constructive heuristics represent a class of intuitive, rule-based methods for incrementally 

building solutions from the ground up. Rather than searching over the entire solution space, 

these approaches sacrifice optimality in favour of generating approximate solutions more 

quickly. Within the context of 3D irregular object packing optimisation, a variety of tailored 

constructive strategies have been proposed, each designed to accommodate geometric 

complexity and spatial constraints related to the problems they are applied to. Table 2-2 

below provides a summary of publications where constructive heuristics have been used 

for 3D irregular packing, highlighting the diversity of strategies developed to address this 

class of problem. 

 

TABLE 2-2. Publications based on constructive heuristic approaches. 

Source 
- (year) 

Object 
Representation O

bj
ec

t 
C

om
pl

ex
it

y 

Container 
Type 

Packing Method Constraints Rotation 
Scheme 

[47] - 

2001 
Voxel High 

Single 

container 

(bounded) 

Objects dropped from top of container 

(addition rate set by user). Biased 

random walk which favours downward 

motion. 

No overlap. 

Containment. 

‘on’ (1-degree 

increments), 

or ‘off’ (no 

rotation). 

[30] - 

2008 
Mesh Med. 

Single 

container 

(unbounded) 

Objects start spread out. ‘Rubber 

band’ placed around objects which 

draws them together under elastic 

forces. 

No overlap. 

Continuous 

(objects only 

rotate if in 

contact with 

other objects). 

[48] - 

2009 
Voxel High 

Single 

container 

(bounded) 

Speed optimised version of [47]. 

Biased random walk. 

No overlap. 

Containment. 

Finite (set by 

user) 

[49] - 

2010 
Mesh Med. 

Single 

container 

(bounded) 

3 stage process; large objects grouped 

and packed one by one using ‘quad-

wall’ placement heuristic. Medium 

objects placed one by one (largest vol. 

to smallest) using bottom-left-back fill. 

Remaining small items packed using 

wall building. 

No overlap. 

Containment. 

Stability. 

Problem 

specific. 

Finite (90o) 

[50] - 

2013 

Cluster of 

parallelepipeds 
Med. 

Single 

container 

(bounded) 

Problem formulated as Mixed Integer 

Nonlinear Programme. ‘Approximate’ 

initial layout generated with some 

overlap allowed. MINLP solver 

optimises positions/rotations of 

No overlap. 

Containment. 
Finite (90o) 
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objects simultaneously to minimise 

packing height. 

[51] - 

2014 

Cuboid 

approximation 
Low 

Single 

container 

(bounded) 

One by one packing approach using 

Bottom-left-back-fill. Similar objects 

first grouped together. Sequencing 

algorithm calculates packing order 

and poses for part groups and parts 

within each group. Sequence aims for 

largest-to-smallest packing order but 

can change if a part fails to pack. 

No overlap. 

Containment. 
Finite (90o) 

[24] - 

2015 

Voxel (during 

packing). Mesh 

(during local 

refinement) 

High 

Single 

container 

(bounded) 

Input model partitioned into pyramidal 

primitives which then voxelised. Voxel 

objects packed one by one (bounded 

beam search selects which object to 

add next). Objects can also be split to 

facilitate tighter packing. Final 

refinement step to improve 

compaction. In both stages, height and 

vertical gaps are minimised. 

No overlap. 

Containment. 

Finite (90o) in 

voxel packing. 

Continuous in 

local 

refinement. 

[22] - 

2015 

Level-set 

functions 
High 

Single 

container 

(unbounded) 

Input model partitioned; parts 

converted to level-set representation. 

For packing, parts start spread out, 

container then shrunk and parts 

moved inside new boundary resulting 

in overlap. Parts iteratively translated 

and rotated to remove overlap. If 

overlap can’t be removed, level-set 

functions adjusted to remove overlap. 

No overlap. 

Containment. 

Problem 

specific. 

Continuous 

(can be 

manually 

restricted by 

user) 

[25] - 

2015 
Voxel High 

Single 

container 

(bounded) 

One by one placement (largest to 

smallest) using hole filling and height 

minimisation approach. Parts can be 

split further to facilitate better packing. 

No overlap. 

Containment. 

Finite (10 and 

40 uniformly 

spaced 

rotations) 

[52] - 

2015 
Mesh Low 

Single 

container 

(unbounded) 

One-by-one placement (largest vole to 

smallest) to minimise centre height of 

structure. 

No overlap. 

Containment. 
Finite (45o) 

[53] - 

2016 
Voxel High 

Single 

container 

(unbounded) 

One by one placement (largest vol. to 

smallest) using height minimisation. 

3D adaptation of No Fit Polygon used 

to find locations. 

No overlap. 

Containment. 
None 

[54] - 

2018 
Mesh High 

Single 

container 

(bounded) 

Packing space partitioned into cells, 

objects placed in cells at 10% their 

original size. Algorithm then tries to 

‘grow’ objects to their original size. If 

an object can’t fully grow, it can be 

swapped with other objects or 

replaced with non-packed objects. 

No overlap. 

Containment. 

Finite (20 

orientations 

with minor 

perturbation 

allowed) 

[55] - 

2018 
Mesh High 

Single 

container 

(bounded) 

One by one placement (largest vol. to 

smallest or user specified order) using 

heightmap minimisation. Placement 

locations must be accessible by 

robotic manipulator and allow objects 

to remain in static equilibrium. 

No overlap. 

Containment. 

Robot 

packable. 

Stability. 

Finite (rotation 

granularity of 

45o or 22.5o 

with N 

randomly 

sampled 

points) 

[20] - 

2019 

Point cloud 

(points as 

spheres) 

High 

Single 

container 

(unbounded) 

Objects packed sequentially (largest 

vol. to smallest) by aligning and 
No overlap. 

Finite (90o 

about first 

principal 
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When it comes to constructive approaches to packing, the most common approach is one-

by-one placement, where objects are placed one-by-one into the packing space (in a given 

packing order), with the location of objects determined by a ‘placement heuristic’ (or 

placement ‘rule’). For example, in [55], the authors pack objects into the container one-by-

one (with objects ordered from largest volume to smallest and packed starting with the 

largest), selecting object locations using a novel ‘heightmap minimisation’ placement 

heuristic, which aims to place objects as low as possible in the packing structure to 

minimise the increase in the packing structure’s heightmap.  In [58], the authors use a 

similar one-by-one placement approach to [55], which also packs objects from largest 

volume to smallest, and aims to minimise the height of the packing structure. They also 

include an additional post-processing step, which aims to compact the structure further by 

minimising the spacing between packed objects.  

In some cases, rather than placing all objects individually, authors may also employ 

grouping procedures to group subsets of items together before packing to minimise the 

positioning point clouds to maximise 

contact area.  

component 

axis) 

[56] - 

2019 
Mesh Low 

Single 

container 

(unbounded) 

Objects start randomly dispersed. 

Objects drawn together using dynamic 

vector fields to simulate 

motion/rotation. 

No overlap. Continuous 

[57] - 

2020 

Cluster of 

parallelepipeds 
High 

Single 

container 

(bounded) 

One by one placement (prioritises 

large objects first). For each object, 

placement heuristic identifies ‘free 

regions’ in the container which can 

contain it. Goal is to select 

region/object orientation combination 

which minimises unused space. 

No overlap. 

Containment. 
Finite (90o) 

[58] - 

2023 

Voxel (during 

packing). Mesh 

(during local 

refinement) 

High 

Single & multi 

container 

(bounded) 

One by one placement (largest vol. to 

smallest) using height minimisation 

penalty function. Local refinement 

step to improve compaction. First fit 

decreasing used for multi container 

packing. 

No overlap. 

Containment. 

Interlock free. 

Finite (90o in 

examples) 

[59] - 

2024 
Voxel High 

Single 

container 

(bounded & 

unbounded) 

One by one placement (largest vol. to 

smallest) using deepest bottom left 

fill. Followed by shaking process to 

improve compaction (object motion 

modelled using rigid body dynamics). 

No overlap. 

Containment. 

Finite during 

initialisation 

(90o), 

continuous 

during 

shaking. 

[60] - 

2024 
Mesh Med. 

Single 

container 

(unbounded) 

Objects start spread out. Objects 

drawn together by attraction-based 

acceleration. The farther apart two 

objects are, the stronger the attraction 

between them. 

No overlap. 

Problem 

specific. 

Continuous 
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number of variables (i.e. the number of objects to pack). For example, In [51], the authors 

pack objects one by one using a bottom-left-back-fill placement heuristic (a 3D adaptation 

of the popular bottom-left placement heuristic often used in 2D packing), which aims to 

place objects as close to the bottom-left-back corner of the container as possible. Before 

packing, they use a pre-processing step which groups objects based on the similarity of 

their geometric properties. In [49] the authors present a 3 stage packing approach for 

loading furniture into a van. The algorithm first groups large objects together which are 

packed into the van using a ‘quad-wall’ approach, which aims to select a grouping of 4 large 

subsets such that they can fit next to each other in the width and height of the container (to 

form a ‘quad-wall’) [49]. Medium sized objects are then packed one-by-one (largest volume 

to smallest) using a bottom-left-back-fill approach. Finally, the smallest items are packed 

into the remaining available space at the end of the van using a ‘wall-building’ approach 

(which aims to stack object on top of one another to form ‘walls’). 

The primary benefit of one-by-one placement approaches is that they mirror how humans 

or robotic systems pack objects in practice. Since the packing sequence is explicitly defined 

in the problem, humans (or robotic systems) can easily replicate the packing sequence in 

real life. Furthermore, the use of one-by-one placement also makes the incorporation of 

domain specific constraints (such as object stability and location accessibility) much 

easier since these constraints can easily be checked for violation each time objects are 

added.  

The main drawbacks with this approach however are that the choice of placement heuristic 

and packing order can significantly affect the quality of the packing result. To help mitigate 

the issue of packing order, one-by-one approaches are often combined with metaheuristic 

search techniques (such as genetic algorithms) to optimise the packing order (e.g. in [61-

63]). Another technique, more rarely used, is the concept of ‘hyper-heuristics’, where rather 

than having access to only a single placement heuristic, the algorithm may select from a 

set of placement heuristics. To the best of the authors knowledge, the only example in 

literature where this technique has been employed in 3D irregular object packing is in [31]. 

In this paper, the authors present several metaheuristic algorithms for solving 3D irregular 

packing problems, including one algorithm where the packing order and placement 

heuristics are optimised using iterated local search. As a point to note, for constructive 

approaches where the packing order is fixed, the objects are typically sorted from largest 

volume to smallest and packed in this order starting with the largest. The reasoning behind 

this is that it will lead to large objects being placed first (in the bottom of the container), with 

smaller objects filling the gaps between them as they are subsequently added. 
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In contrast to one-by-one placement (which aims to pack objects in a serial fashion), 

another common approach is to solve the problem in a parallel fashion, starting with an 

initial layout of all the objects in the container, and then translating/rotating the objects 

(either simultaneously or in an individual iterative fashion) to try and improve compactness. 

For example, in sources [30], [56], [60], the authors start with all objects spread out (without 

overlap) in the packing space and then use physics inspired approaches to simultaneously 

draw the objects together. [30] simulates a ‘rubber band’ stretched around all the objects 

which then draws them together under elastic forces, [56] uses dynamic vector fields to 

calculate object accelerations that consider both the packing objective (to draw objects 

together) and physical interactions between objects, and [60] uses attraction-based 

accelerations between objects which vary depending on the distance between them.  

Another common technique employed in parallel packing approaches involves relaxing 

intersection constraints between objects in the packing space (to allow some overlap 

between objects) and then iteratively translating/rotating objects to remove overlap. For 

example, in [22], the authors start with the objects spread out in a large container and then 

shrink the container, translating any object outside the new container boundary inside. This 

process often induces overlap between the packed parts, which the algorithm then tries to 

iteratively remove (by calculating travel directions/rotations for the objects which lead to a 

reduction in overlap). If an overlap free solution is found, the container is shrunk further and 

the process repeats, only stopping when the container cannot be shrunk further without 

causing irremovable overlap. The idea with such approaches is that by starting with a 

compact solution where some violation of the overlap constraint is allowed, the algorithm 

should converge to feasible local optima faster.  

A point worth noting is that iterative approaches involving a relaxation of intersection 

constraints are more prevalent in metaheuristics packing algorithms, such as in [64-66] 

where authors use simulated annealing to iteratively translate/rotate or swap objects to 

remove overlap. Without the use of metaheuristic search techniques to help avoid local 

entrapment, such techniques become very sensitive to the choice of initial locations for the 

objects. To help avoid this problem, the one constructive approach which uses overlap 

reduction, [22], restarts the packing algorithm 100 times with different random starting 

locations. 

A more unique example of a parallel packing approach can be found in [54]. In this paper, 

authors start by partitioning the packing space into cells where cell sizes are proportional 

to the size of the object assigned to it. The objects are then inserted into the cells at 10% of 

their original size. The algorithm then tries to simultaneously ‘grow’ the objects in their 
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respective cells to their original size, whilst allowing the objects to rotate. They also allow 

objects to be swapped in the packing space or replaced with unpacked objects, and use a 

hole filling method to fill any remaining gaps in the structure with unpacked objects. 

One of the main benefits of parallel approaches compared to serial approaches (i.e. one-

by-one packing approaches) is their flexibility in determining object placement. Unlike 

serial approaches which are limited by their choice of placement heuristic, objects in 

parallel approaches can move more freely within the packing space (with the degree of 

freedom controlled by the allowed rotation/translation step sizes) and are thus able to 

explore more potential layouts. One drawback of this however, as previously mentioned, is 

that they can be subject to sensitivity with the choice of initial solution. Furthermore, they 

also present problems from a real-world perspective in that there is no explicitly defined 

packing sequence, which can make it difficult to translate the solution into step-by-step 

instructions for manual or robotic packing. Additionally, incorporating real world 

considerations, such as object stability and accessibility, is more difficult since these 

constraints cannot be checked incrementally as each object is added. Without being able 

to check these constraints incrementally, it is possible, for example, that when trying to 

recreate the packing structure in the real world, objects might shift in the container halfway 

through packing, invalidating the solution. 

As a final point, it is worth noting that some constructive approaches also employ additional 

steps to try and find better solutions. For example, in [30], the authors allow temporary 

volume relaxation of the simulated rubber band stretched around the objects, to allow 

objects to rotate into more favourable positions. In [59], the authors use a post processing 

step which involves shaking the container up and down (modelling the motion of objects 

using rigid body dynamics), with the aim of allowing objects to naturally settle into more 

compact arrangements.  

To summarise, constructive approaches are intuitive and computationally efficient 

approaches for incrementally building packing solutions from an initially empty 

configuration, trading global search capability for rapid solution generation. Regarding the 

real-world application of waste packing, serial approaches (where objects are packed one 

by one) are arguably more suitable when compared to parallel approaches (where all 

objects start dispersed in the container and are then iteratively optimised). This is due to 

their ability to produce clear, reproducible packing orders (which can then be carried out by 

humans or robots) and their ability to easily incorporate constraint checking as objects are 

incrementally added. Furthermore, such approaches can easily be coupled with 

metaheuristic search techniques (e.g. to optimise the packing order) allowing them to 
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better explore the search space and avoid poor local optima entrapment. In contrast, 

parallel approaches, while having greater flexibility with the placement of objects, suffer 

from sensitivity to initial configurations and difficulty with constraint checking. 

Furthermore, they do not define an explicit packing order, making their solutions more 

difficult to translate to real-world settings. 

 

2.2.2 Metaheuristic Approaches 

Metaheuristic approaches are high-level optimisation strategies designed to explore 

complex search spaces efficiently, offering a practical means of escaping local optima to 

find higher quality solutions when compared to their constructive counterparts. Unlike 

constructive heuristics, which are tailored for specific problem types, metaheuristics are 

problem independent search strategies, making them applicable across a wide range of 

problems. Their flexibility and efficient search schemes make them especially useful in 3D 

irregular object packing problems where the search space is vast and exhaustive search is 

computationally impractical. Table 2-3 below presents publications that use metaheuristic 

approaches for 3D irregular packing. 

 

TABLE 2-3.  Publications based on metaheuristic approaches. 

Source 
- (year) 

Object 
Representation O

bj
ec

t 
C

om
pl

ex
it

y 

Container 
Type Packing Method Constraints 

Rotation 
Scheme 

[64] - 

1997 

Cuboid/cylinder 

approximation 
Low 

Single 

container 

(bounded & 

unbounded) 

Objects start randomly dispersed in 

packing space (overlap allowed). 

Simulated annealing used to iteratively 

translate/rotate/swap shapes to 

improve packing. 

No overlap. 

Containment. 

Problem 

specific. 

Finite (90o) 

[65] - 

1997 

Cuboid/cylinder 

approximation 
Low 

Single 

container 

(unbounded) 

Objects start randomly dispersed in 

packing space (overlap allowed). 

Simulated annealing used to iteratively 

translate/rotate/swap shapes to 

improve packing. 

No overlap. 

Finite 

(component 

specific) 

[66] -

1998 
Octree High 

Single 

container 

(bounded) 

Objects start randomly dispersed in 

packing space (overlap allowed). 

Simulated annealing used to iteratively 

translate/rotate/swap shapes to 

improve packing. 

No overlap. 

Containment. 

Problem 

specific. 

Finite (varied 

by simulated 

annealing) 

[61] - 

2001 
Voxel High 

Single 

container 

(bounded) 

One by one placement with bottom-

centre placement heuristic. Genetic 

algorithm optimises packing order. 

No overlap. 

Containment. 

Problem 

specific. 

Finite (5o and 

30o about x 

and y axis) 
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[67] - 

2002 

Cuboid 

approximation 
Low 

Single 

container 

(bounded) 

Objects start randomly dispersed in 

packing space (overlap allowed). 

Simulated annealing used to iteratively 

translate/rotate shapes to minimise 

height and reduce overlap. 

No overlap. 

Containment. 
Finite (90o) 

[32] - 

2002 
Voxel High 

Single 

container 

(bounded) 

One by one placement with fixed 

packing order (largest vol to smallest). 

Simulated annealing used to optimise 

position of each object. 

No overlap. 

Containment. 
None 

[68] - 

2004 

Cylinder 

approximation 
Low 

Single 

container 

(bounded) 

Initial layout generated. Simulated 

annealing used to iteratively 

translate/rotate individual shapes. 

No overlap. 

Containment. 

Problem 

specific. 

Finite 

(component 

specific) 

[69] - 

2005 
Mesh Med. 

Single 

container 

(bounded) 

One by one placement with 

‘attachment point’ placement 

heuristic. Distributed genetic 

algorithm optimises packing order and 

part orientations. 

No overlap. 

Containment. 

Problem 

specific. 

Finite (90o) 

[70] - 

2005 
Octree Low 

Single 

container 

(bounded) 

Objects start randomly dispersed in 

packing space (overlap allowed). 

Pattern search algorithm used to 

rotate/translate objects to reduce 

overlap and packing structure height. 

No overlap. 

Containment. 

Finite (step 

size controlled 

by pattern 

search 

algorithm). 

[71] - 

2006 
octree High 

Single 

container 

(bounded) 

Theoretical framework for algorithm 

presented in [70]. 

No overlap. 

Containment. 

Finite (step 

size controlled 

by pattern 

search 

algorithm). 

[72] - 

2007 
Mesh Low 

Single 

container 

(unbounded) 

Shapes randomly dispersed in 

container (overlap allowed). Overlap 

reduction run. If unsuccessful, guided 

local search used to escape local 

optima. If successful, container height 

decreased, objects moved inside, and 

overlap reduction run again. 

No overlap. 

Containment. 
None 

[62] - 

2008 
Voxel High 

Single 

container 

(unbounded) 

One by one placement with bottom-

left-back placement heuristic. Genetic 

algorithm optimises packing order and 

part orientations. 

No overlap. 

Containment. 

Finite (user-

defined set + 

45o rotation 

about z-axis) 

[73] - 

2008 

Cuboid 

approximation 
Low 

Single 

container 

(unbounded) 

One by one placement object height 

minimisation placement heuristic. 

Genetic algorithm optimises packing 

order and part orientations. 

No overlap. 

Containment. 
Finite (90o) 

[74] - 

2009 
Mesh Low 

Single 

container 

(unbounded) 

Same process as [72]. Additional 

problem specific constraints added. 

No overlap. 

Containment. 

Problem 

specific. 

None 

[75] - 

2009 
Mesh Low 

Single 

container 

(unbounded) 

Same process as [72]. [72] was a 

preliminary study, this fully generalises 

the algorithm to 3D. 

No overlap. 

Containment. 
None 

[63] - 

2010 
Voxel High 

Single 

container 

(bounded) 

One by one placement with bottom-

left-back placement heuristic. Genetic 

algorithm optimises packing order and 

part orientations. 

No overlap. 

Containment. 

Finite (with 

limited free 

rotation about 

each axis) 
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[76] 

2012 

Cluster of 

parallelepipeds 
Low 

Multi-

container 

(bounded) 

One by one placement with first fit 

placement heuristic. Hybrid genetic 

algorithm/tabu search used to 

optimise packing order and 

orientation. 

No overlap. 

Containment. 

Problem 

specific. 

Finite (90o) 

[77] - 

2014 
Voxel High 

Single 

container 

(unbounded) 

One by one placement with bottom-

left-front placement heuristic. Genetic 

algorithm optimises packing order and 

part orientations. 

No overlap. 

Containment. 

Finite (32 

orientations) 

[23] - 

2014 
Mesh High 

Single 

container 

(unbounded) 

Input model decomposed into parts. 

One by one placement with height 

field minimisation placement 

heuristic. Order optimisation with tabu 

search. 

Merging of parts allowed to minimise 

number of parts. 

No overlap. 

Containment. 
Finite (30o) 

[52] - 

2015 
Mesh Low 

Single 

container 

(unbounded) 

One-by-one placement to minimise 

centre height of structure. Packing 

order optimised by simulated 

annealing 

No overlap. 

Containment. 
Finite (45o) 

[78] - 

2015 
Sphere-tree High 

Single 

container 

(unbounded) 

Start with initial configuration. Objects 

iteratively translated/rotated to 

minimise height. Simulated annealing 

controls translation/rotation step size. 

No overlap. 

Containment. 

Finite (step 

size varied by 

simulated 

annealing) 

[79] - 

2018 
Voxel Med. 

Single 

container 

(unbounded) 

One by one placement with back-

bottom-left placement heuristic. 

Chaos firefly algorithm used to 

optimise packing order and part 

orientations. 

No overlap. 

Containment. 
Finite (90o) 

[80] - 

2020 
Mesh Low 

Single 

container 

(unbounded) 

One by one placement with deepest-

bottom-left placement heuristic. 

Genetic algorithm optimises packing 

order. 

No overlap. 

Containment. 
Finite (90o) 

[81] - 

2021 

Mesh (from point 

cloud) 
High 

Single 

container 

(bounded) 

Objects randomly dispersed close to 

container boundary. Simulated 

annealing used to minimise bounding 

volume by translating/rotating all 

objects simultaneously. 

No overlap. 

Containment. 
Finite (0.1o) 

[82] - 

2020 
2D projection High 

Multi-

container 

(bounded) 

One by one placement with back-

bottom-left placement heuristic. 

Genetic algorithm optimises packing 

order and allocation of objects to 

containers. 

No overlap. 

Containment.  

Finite (z-axis 

rotation only, 

90o) 

[83] - 

2022 

Cuboid 

approximation 
Low 

Multi-

container 

(bounded) 

One by one placement with deepest-

bottom-left-fill placement heuristic. 

Genetic algorithm optimises packing 

order and orientation of parts. 

No overlap. 

Containment.  
Finite (90o) 

[21] - 

2022 

Cuboid 

approximation 
Low 

Multi-

container 

(bounded) 

Extension of work presented in 

conference paper [83]. Same 

methodology used. 

No overlap. 

Containment.  
Finite (90o) 

[84] - 

2023 
2D projection High 

Multi-

container 

(bounded) 

One by one placement using bottom 

left fill. Novel placement heuristic to 

determine object rotation. Packing 

order optimised by genetic algorithm.  

No overlap. 

Containment. 

Finite (number 

of angles and 

values set by 

heuristic) 
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Fig. 2-7. Bar chart showing number of occurrences for each metaheuristic in the literature presented in 

Table 2-3. 

 

The bar chart presented in Fig. 2-7 shows the number of occurrences for each type of 

metaheuristic search technique used by the algorithms presented in Table 2-3, ordered in 

descending number of occurrences. From this figure it is evident that the two most used 
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[85] - 

2023 

Granulated 

convex hull of 

point cloud 

Med. 

Multi-

container 

(bounded) 

One by one placement. Deep Q-

network used to optimise the number 

and type of boxes, packing sequence 

and object orientations. 

No overlap. 

Containment. 

Finite (z-axis 

rotation only, 

90o) 

[31] - 

2023 
Voxel High 

Single 

container 

(unbounded) 

1st packing method: one by one 

placement using ‘No Fit Voxel’ to find 

potential sites. Packing order and 

placement heuristic choice optimised 

by iterated local search. 

No overlap. 

Containment. 
None 

[31] - 

2023 
Voxel High 

Single 

container 

(unbounded) 

2nd packing method: 

Initial layout generated. Container 

height shrunk to induce overlap. 

‘Strategic oscillation’ switches 

between overlap reduction and 

modifying container height. Tabu 

search to optimise object positions in 

overlap reduction step. 

No overlap. 

Containment. 
None 

[31] - 

2023 
Voxel High 

Single 

container 

(unbounded) 

3rd packing method: Same as 2nd 

packing method but using variable 

neighbourhood search instead of tabu 

search. 

No overlap. 

Containment. 
None 

[28] - 

2025 
2D projection Low 

Single 

container 

(bounded) 

Input model partitioned and cut parts 

projected onto 2D plane. One by one 

placement using no fit polygon and 

bottom left fill strategy. Packing order 

optimised using genetic algorithm. 

No overlap. 

Containment. 
None 
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metaheuristics are Genetic Algorithms (GA) and Simulated Annealing (SA), with the 

occurrences for these two metaheuristics alone being more than the occurrences of all the 

other metaheuristics combined. 

Genetic algorithms are population-based optimisation methods inspired by the principles 

of natural selection in Darwinian evolution [86]. They work by maintaining a pool (or 

‘population’) of candidate solutions to the problem, which are ‘evolved’ over successive 

generations. In each generation, solutions are selected based on their fitness (i.e. how 

‘good’ a solution is) after which, new solutions (or ‘child’ solutions) are generated via 

crossover and mutation. During crossover, two ‘parent’ solutions are selected, and parts of 

each parent are recombined to form two child solutions, with the process aiming to mimic 

biological reproduction and the inheritance of ‘good genes’ from the reproduction of fitter 

parents. During mutation, a child solution produced via crossover will be selected (usually 

with a small probability of selection), and parts of the solution will be randomly altered, 

mimicking the process of biological mutation within a population. Regarding the packing 

algorithms listed in Table 2-3 above, the most common application of GAs is for the 

optimisation of placement order in one-by-one placement methods (e.g. [28], [61], [84]). 

Some packing approaches also augment the GA by including the orientation of the parts as 

another optimisation variable, rather than allowing the placement heuristic to decide this 

automatically (e.g. [62], [63], [69]). 

One of the key advantages of GAs is their ability to explore diverse regions of the search 

space simultaneously due to their population-based nature. This diversity helps prevent 

premature convergence to poor local optima and makes GAs particularly well suited for 

complex problems with large search spaces where multiple suboptimal solutions may exist 

[86]. However, this better ability to explore the search space comes at the cost of higher 

computational demand (as the objective function must be evaluated for every population 

member). Furthermore, the algorithm’s success can be sensitive to choices inherent in GA 

design such as the population size, mutation/crossover rate and the mutation/crossover 

strategy, which often require manual tuning for effective performance. 

In contrast to the genetic algorithm, simulated annealing is a single-solution, trajectory-

based metaheuristic inspired by the physical process of annealing in metallurgy, where 

materials are heated and cooled to alter their physical properties (e.g. to remove defects) 

[87]. In the context of optimisation, SA begins with a single solution to the problem and 

iteratively explores neighbouring solutions by making conservative modifications to the 

current solution. If the new solution is better, it is accepted and replaces the current 

solution. If it is worse, it may still be accepted with a probability that decreases over time 
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(which is controlled by the ‘cooling schedule’). This probabilistic acceptance of worse 

solutions helps the algorithm escape local optima and explore a broader portion of the 

search space. Regarding the algorithms listed in Table 2-3, the most common application 

of SA is for the optimisation of object positions in parallel constructive approaches, such as 

in  [64-68], [81] where objects are iteratively translated/rotated (and in some cases allowed 

to swap), with the acceptance of translation/rotation/swapping moves controlled by the SA 

algorithm. A slightly different implementation of SA worth noting is in [78], where rather than 

translating/rotating objects by a fixed step size (with the chance of move acceptance 

controlled by SA), the authors instead use SA to directly control the step size that objects 

can take (with the step size decrease controlled by the cooling parameter). 

One of the primary benefits of simulated annealing is its operational simplicity and ease of 

implementation [87]. Furthermore, since it only works on a single solution (rather than a 

population of solutions), the algorithm will be much faster (when compared to a GA) as it 

requires fewer evaluations of the objective function. This feature, however, is somewhat of 

a double-edged sword, since the use of only a single solution also lowers the diversity of the 

algorithm, which can cause it to become more easily entrapped in poor local optima if the 

algorithm is configured poorly. As with GAs, SA algorithms are also sensitive to parameter 

choices (particularly with the choice of cooling schedule and step sizes), which must also 

be manually tuned for effective performance. 

Other less commonly used approaches (as shown in Fig. 2-7) include Guided Local Search 

(GLS), Pattern Search (PS), Tabu Search (TS), Iterated Local Search (ILS), Variable 

Neighbourhood Search (VNS), swarm-based approaches (chaos firefly), hybrid algorithms 

and Artificial Intelligence (AI). 

GLS, ILS, TS and VNS are all modified versions of simple local search, which starts with a 

candidate solution and then iteratively moves to neighbouring solutions (with a 

neighbourhood defined as a set of potential solutions which are minimally different to the 

current candidate solution) [87]. The problem is that local search is a greedy process, only 

accepting moves which lead to an improvement on the current solution. To help alleviate 

this greedy behaviour several modifications have been proposed:  

ILS is the simplest modification of local search and, as the name implies, functions by 

calling the local search process in an iterative fashion, using a different starting location 

each time [87]. For example, in [31], one of the algorithms presented is a one-by-one 

placement approach where local search is performed by modifying the placement heuristic 

of a single object and then re-packing the parts, with the starting solution reinitialised using 
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a ‘kick’ upon local optima convergence. The kick involves performing several position swaps 

in the packing order sequence (as well as changing the placement rules associated with the 

objects) at random and then re-running the local search process. 

VNS functions similarly to ILS in that it repeatedly restarts the search, but with the key 

difference being that it uses multiple pre-defined neighbourhood structures during the local 

search [87]. As stated, a neighbourhood refers to a set of solutions which can be reached 

from the current one by making a small change (e.g. changing the placement heuristic for a 

single object). While ILS perturbs the current solution to escape local optima, it always 

stays within a single neighbourhood (e.g. only changing the placement heuristic for one 

object). In contrast VNS systematically changes the neighbourhood itself to allow the 

algorithm to explore wider areas of the search space. For example, in [31], one of the 

presented algorithms is a parallel VNS-based packing approach (where an initial layout is 

iteratively optimised by translating objects) which contains several neighbourhood 

structures, two of which are ‘enclosing cube neighbourhood’ and ‘axis aligned 

neighbourhood’. The enclosing cube neighbourhood defines a local search area as a cube 

of voxels around an items position, allowing movement in all directions within a small, 

specified range (e.g. 1 voxel). In contrast, the axis aligned neighbourhood restricts 

movement along one of the principal axes (𝑥, 𝑦 or 𝑧) but typically allows for larger travel 

distances. Both approaches offer different ways to explore the search space, one by making 

small adjustments to the objects position in 3D space (enclosing cube neighbourhood) and 

the other by making larger axis-aligned translations of the object to a new position in the 

packing space (axis aligned neighbourhood). 

TS is more advanced than VNS and ILS, incorporating a memory-based mechanism to 

prevent solution cycling and encourage better exploration of the search space. The memory 

function is implemented as a ‘tabu list’ to store a set of the most recently visited solutions, 

which are temporarily prohibited to avoid the algorithm retracing its steps to soon [87]. For 

example, in [23], authors use a one-by-one placement approach with tabu search to 

optimise the packing order. The tabu list stores previously visited packing orders which have 

led to an improvement in the objective function, preventing the algorithm from revisiting 

these solutions for a certain number of (user defined) iterations. 

GLS is the most advanced of the four approaches, introducing dynamic penalty functions 

to penalise certain features or characteristics of the current solution which are believed to 

contribute to its poor quality [87]. These penalties are incorporated into the objective 

function, reshaping the optimisation landscape to help encourage the algorithm to explore 

less visited areas of the search space. For example, in [75], authors present a GLS-based 
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packing algorithm which optimises an initial layout by iteratively translating objects in axis 

aligned directions to reduce overlap. When the search encounters an infeasible local 

optimum (i.e. when no further axis-aligned moves can reduce overlap), a penalty term is 

added to the objective function. Penalty values are calculated for pairs of overlapping 

objects that contribute most to the total overlap in the packing structure. Once the penalty 

term is added, the search continues from the same layout with the new objective function. 

Now, with the augmented penalty term, the algorithm is motivated to separate the most 

problematic overlaps, even if doing so induces temporary overlap elsewhere.  

Despite their proven use in solving 3D packing problems, the four approaches (ILS, VNS, TS 

and GLS) all suffer from several common drawbacks. First, given that these algorithms work 

on a single solution at a time (rather than maintaining a population of solutions), they can 

be more susceptible to initialisation, especially in large or complex problem spaces (e.g. 

packing problems with many items). Second, these methods are primarily local search-

based, which limits their exploration ability, making them susceptible to becoming trapped 

in local optima despite mechanisms like variable neighbourhoods, restarts and memory. 

Finally, all four approaches have parameters that require careful tuning, such as penalty 

weights, neighbourhood sizes or memory lengths, with the performance of the algorithms 

depending heavily on these parameters. 

Pattern search is a direct search method that explores the search space by evaluating a set 

of pre-defined movement patterns, with a ‘pattern’ representing a distinct way to modify the 

current solution [88]. The algorithm tests all the patterns, identifying the most promising 

search direction based on the effect each movement pattern has on the objective function. 

Unlike local search methods which explore neighbouring solutions one small move at a 

time, accepting the first (or best) move which leads to an improvement, pattern search 

simultaneously evaluates a set of different moves before selecting the most promising one. 

For example, in [70], [71], authors present a parallel packing algorithm (where all objects 

start dispersed in the container with overlap allowed), where pattern search is used to 

iteratively translate/rotate objects to reduce overlap. Instead of directly testing all patterns 

and then selecting the best one, they use a novel function to estimate which pattern will 

likely lead to the most reduction in overlap (factoring in object translation/rotation as well 

as the step size of these moves). This allows them to speed up the algorithm, since 

estimation of the cost function for different moves is computationally cheaper than 

calculating the cost by testing all the moves. The main downsides with PS, as with the four 

local search algorithms, is that it has limited global search ability due partly to its greedy 

and deterministic nature (only accepting solutions which improve the objective function 
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value), and because it only works on a single solution at a time (meaning it lacks the diversity 

benefits of population-based approaches). 

In contrast to the previous single-solution algorithms, swarm based algorithms (such as the 

chaos firefly algorithm used in [79]) are population-based algorithms inspired by the 

collective behaviour of natural systems such as bird flocks, fish schools or insect colonies 

[87]. These algorithms solve optimisation problems by having a group of simple agents (e.g. 

fireflies) explore the solution space in a cooperative fashion, with the movement of the 

agents guided by their own best-known position in the search space as well as the entire 

populations best-known positions. This allows the agents to adapt their search direction in 

the search space based on local and global knowledge of the landscape. For example, in 

[79], authors propose a one-by-one packing algorithm where a firefly algorithm is used to 

optimise both the packing order and orientation of parts. Each firefly encodes a packing 

order and a list of orientations for each part. The algorithm evaluates each packing solution 

and then adjusts the ‘brightness’ of each firefly in proportion to its fitness (with fitter 

individuals being ‘brighter’). During the search process, fireflies are attracted to other 

fireflies based on their brightness and distance between them (with attraction degrading 

with distance). To handle the discrete nature of the problem, the algorithm uses the 

Smallest Position Value (SPV) rule [89] to map the continuous position vector of each firefly 

(defined in an 𝑛-dimensional search space where 𝑛 is the number of parts) to a discrete 

packing sequence. Additionally, chaotic maps are integrated into the algorithm to enhance 

exploration by introducing controlled randomness in the movement updates, helping the 

search escape local optima. 

Of the two population-based metaheuristics discussed here (the other being GA), there is a 

distinct lack of packing papers utilising swarm-based approaches, with most papers 

choosing GA instead. There are likely several reasons for this. Firstly, with swarm-based 

algorithms, since the position of each agent is encoded using continuous variables, an 

additional step is required to map the continuous variables to discrete space (e.g. a packing 

sequence). In contrast, the chromosome-based encoding scheme used by GAs can easily 

represent discrete sequences such as packing orders or part orientations. Secondly, GAs 

benefit from having a crossover operator, which enables the inheritance of advantageous 

traits (e.g. a good partial placement sequence) from the parent solutions. In contrast, 

swarm-based approaches are limited to gradual position updates based on attraction 

dynamics, which limits their ability to exploit promising solutions. Finally, GAs present a 

more modular solution approach, with components such as the selection operator for 

parent selection, crossover operators and mutation strategies easily being swappable with 
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other ones to suit the problem at hand. This factor, coupled with the vast array of literature 

on GAs makes them very versatile and flexible tools that can be applied to most 

optimisation problems. 

A final point worth noting is the distinct lack of hybrid and AI approaches in existing 

literature. With hybrid approaches, the aim is to combine multiple metaheuristic 

approaches to try and leverage the benefits of each. For example, in [76], authors propose 

a hybrid GA/TS algorithm for optimising packing order and part orientations, which 

leverages the search benefits of a GA, combined with TS to prevent solution cycling to 

promote better exploration of the search space. In contrast to traditional metaheuristic 

search techniques, AI approaches aim to leverage capabilities such as self-learning and 

adaptive decision making, to solve complex optimisation problems. For example, in [85], 

authors propose a multi-container packing algorithm where reinforcement learning is used 

to optimise the packing sequence, part orientations and choice of container. A key 

advantage of reinforcement learning in this context is that it does not require any prior 

knowledge of the problem (i.e. it doesn’t require training with pre-labelled datasets). 

Instead, it learns how to construct effective packing solutions by interacting with the 

environment through a predefined set of actions, guided by a rewards scheme which 

evaluates to quality of solutions and set of actions taken to achieve it, thereby encouraging 

beneficial decision making as the search progresses. 

To summarise, it is clear from this review that when it comes to metaheuristic optimisation 

of packing, there are many tried and tested options available to the user. The primary 

downside however is that, given the limited amount of consistent benchmarking within 

packing literature (with many authors choosing to use their own object datasets), it is 

difficult to say with certainty if one metaheuristic approach is better than another. The two 

approaches which stand out, however, as the most used are genetic algorithms and 

simulated annealing, with the frequency of their usage dominating other approaches used 

in literature. Genetic algorithms offer great flexibility with their implementation, allowing 

them to easily be adapted to a range of problems whilst also offering good global search 

ability due to their population-based nature. Simulated annealing acts as a single-solution 

counterpart to GAs, being much faster and simpler to implement, but with the downside of 

reduced global search ability due to not using a population of solutions. Additionally, both 

approaches are very well studied in literature [90], [91], meaning they are well established 

and understood technologies, with the added benefit of having much literature to draw on 

in terms of modifications for improvement. As a final point, a distinctive lack of hybrid 

optimisation approaches (where metaheuristics are combined to enhance their search 
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ability) and artificial intelligence approaches (where AI is used to independently ‘learn’ how 

to solve the problem) was also noted. As such, both areas present good opportunities for 

future research (in particular, trying to hybridise metaheuristics with AI). 

 

2.2.3 Discussion 

Having presented and discussed relevant examples of heuristic and metaheuristic packing 

algorithms in 3D irregular-object packing literature, the following section presents a 

discussion on the algorithm design choices most relevant to real-world waste packing. 

The discussion is organised around five key themes that strongly influence both 

computational effort, solution quality and practical fidelity: 1.) Object representation and 

its impact on computational cost and geometric fidelity, 2.) Object complexity and how 

this affects choice of object representation, 3.) Container type (single vs multi-container, 

bounded vs unbounded) and implications for deployability, 4.) Constraints relevant to real-

world packing and how they are enforced, and 5.) Rotation handling (from discrete angle 

sets to continuous sampling) and its impact on computational cost/solution quality. 

 

2.2.3.1 Representation of objects 

When it comes to packing optimisation, one of the key factors to consider (particularly from 

a computational complexity perspective) is how the objects are represented within the 

algorithm. Unlike simple shapes which can easily be modelled mathematically (e.g. 

spheres, cylinders, cones, etc.), one of the key challenges in 3D irregular object packing is 

how to model the complex surface geometry of highly irregular objects.  

Over the years, researchers have proposed multiple approaches to modelling 3D objects, 

which may be broadly classified into three different categories:  

• Simplified representation – e.g. 2D projection, bounding volume approximation 

(bounding box, cylinder, sphere etc.). 

• Volumetric representation – e.g. voxel, octree, parallelepiped approximation. 

• Surface representation – e.g. mesh, point cloud. 

Fig. 2-8 shows the most frequently used types of object representation (by category) for all 

the algorithms presented in Tables 2-2 and 2-3. 
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Fig. 2-8. Bar chart showing number of occurrences for each type of object representation in the literature 

(by category) presented in Tables 2-2 and 2-3. 

 

Simplified Representation 

 

 

 

(a) (b) 

Fig. 2-9. Examples of simplified representation. (a) – 2D projection of a 3D tube segment onto a flat surface. 

(b) – bounding box approximation of frog model (model adapted from [92]). 

 

Simplified representations are the most straightforward and computationally efficient 

methods for representing objects. The most common simplified representations are 2D 

projection (where a 3D shape is projected onto a 2D surface, transforming the 3D packing 

problem into a simpler 2D one), and bounding volume approximation (where objects are 

represented by a simple shape, such as a cuboid, sphere or cylinder, which bounds its 

volume). Fig. 2-9 shows examples of 2D projection and bounding approximation. 

The primary benefit of simplified representations is the increase in computational efficiency 

due to a reduction in the complexity of overlap checking between parts. The checking of 

overlap between packed objects in a container is by far the most frequent operation 
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performed in packing optimisation, accounting for approximately 90% of computational 

complexity [63]. Using simplified representations allows for much faster overlap checking 

between objects by reducing the geometric complexity involved in these checks.  

For example, with 2D projections, algorithms can make use of the popular No Fit Polygon 

(NFP) approach (commonly used in 2D packing) for determining feasible placement 

positions for objects without overlap. The NFP represents all relative positions where one 

objects is in contact with another without intersecting, effectively encoding all valid 

placements around a fixed object [45]. Its primary strength lies in its ability to determine 

placement locations for objects without having to perform repeated geometric intersection 

testing. As such, its use is very prominent in 2D packing algorithms, with multiple fast and 

robust approaches existing for its computation [93-95]. It is worth noting that, whilst use of 

the NFP method in 2D is an efficient and well-established technology, its application to 3D 

packing remains very limited, with only 2 studies existing where this has been attempted 

[31], [53]. As such, the adaptation of the NFP to 3D (in particular, how to calculate the NFP 

in a fast and efficient manner), remains an open challenge in 3D packing research. 

Similarly with bounding volume approximations, due to the use of low complexity shapes 

which can easily be modelled mathematically, the task of intersection checking is reduced 

to simple arithmetic comparisons. This avoids the need for mesh-level (or voxel level) 

collision detections which involve more computationally intensive operations such as 

triangle-triangle intersection testing (with triangular meshes) or voxel grid occupancy 

checks (with voxels), which grow more computationally expensive with an increase in the 

complexity of objects. 

Whilst simplified representations can greatly reduce computational complexity in packing 

problems, they are not well suited for arbitrary packing problems involving complex 

geometries. The problem with these representations is that they discard critical volumetric 

and geometric detail about the objects, which is essential to consider for efficient packing. 

For example, with 2D projections, by reducing the complex 3D geometry of an object to a 

simplified 2D footprint on a plane, critical information about the object, such as its height 

and internal cavities, are ignored. Similarly with bounding approximations, by abstracting 

objects to simple 3D shapes (e.g. cuboids, spheres, cylinders), critical information about 

the objects surface geometry is also ignored. 

A key issue with these simplified representations is the loss of nesting potential, i.e. the 

ability to fit shapes into one another (or ‘nest’ them) based on concave/convex regions on 

the objects surface geometry. By simplifying the shapes, key information needed to perform 
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nesting (i.e. information about the objects surface geometry) is lost. As a result, performing 

packing with simplified representations (particularly when the original objects are highly 

complex and irregular) will likely lead to inefficient packing solutions with large gaps 

between objects [61]. 

Another issue with simplified representations is the difficulty with implementing real-world 

constraints such as object stability (ensuring objects remain stable within the packing 

structure) and robotic packability (whether objects can be grasped by a robot and placed in 

the desired location). Such constraints often rely on precise information about the 

geometric surface of the object, for example, to calculate contact forces between touching 

objects or to determine grasping locations on an objects surface for a robotic manipulator. 

As a final point, it can be seen from Fig. 2-8 that the use of simplified representations is far 

more prevalent in metaheuristic approaches compared to constructive approaches. Given 

that metaheuristic packing algorithms often involve iteratively evaluating multiple 

candidate solutions (e.g. multiple packing orders in order optimisation), it naturally follows 

that researchers would seek ways to represent objects in more computationally efficient 

manners. 

Volumetric Representation 

 

  
(a) (b) 

 
 

(c) (d) 

Fig. 2-10. Examples of volumetric representation. (a) – Voxelised model of frog (adapted from [92]). (b) – 

Parallelepiped approximation of bowl (from [57]). (c) – Octree decomposition of rabbit (from [77]). (d) – Sphere 

tree decomposition of cow (from [78]). 
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Volumetric representation involves the discretisation of objects into a finite collection of 

discrete (and simple) volumetric shapes (e.g. cubes, spheres, parallelepipeds) which 

approximate the input object. Fig. 2-10 shows examples of different volumetric 

approximations that have been used in 3D packing. 

The most common type of volumetric representation is the voxel, where an input model is 

discretised into uniform cubic units on a grid. Since each voxel represents a uniform volume 

of space, this allows objects to be stored as 3 dimensional Boolean arrays, with 1 

representing an occupied grid cell, and 0 representing vacant space. The primary benefit of 

this is that such data structures are straightforward to implement and efficient work with 

[96]. For example, checking for collision between voxelised objects can be reduced to 

simple bitwise operations on the binary matrices, where collision occurs if the same voxel 

(i.e. grid cell) is marked as occupied by both objects [63]. 

The main downside however with voxel approaches is that the memory requirement for 

representing objects can increase exponentially with the size of the objects. For example, 

consider a simple solid cube of 10x10x10 voxels, with a volume of 1000. If the dimensions 

of each length are doubled (to 20x20x20), the new volume of the cube would be 8000 

(resulting in an eightfold increase in memory usage).  

Another approach closely related to voxels is octree decomposition. Octree decomposition 

works by recursively decomposing the 3D space into a hierarchical tree data structure, with 

each node split into eight child nodes, each representing a smaller subregion of the original 

volume [77]. In doing so, the model is split into cubic units (much like with voxels), but with 

the main difference being the ability to vary the resolution of the decomposition at different 

parts of the model. The benefit of this is that it allows for fine grained detail in complex areas 

(such as highly curved surfaces that are poorly approximated by course voxels), while 

maintaining lower resolution in simpler areas (such as flat or empty spaces), thereby 

improving memory efficiency. An interesting point to note is the work in [78], where rather 

than cubes, the authors propose a novel decomposition algorithm to decompose the 

structure into spheres (which they refer to as sphere tree decomposition). 

Whilst having the potential to be more memory efficient than fixed size voxel approaches, 

octree decomposition still presents several challenges. Firstly, whilst the memory usage 

may be lower, tree data structures are more complex to construct and traverse (when 

compared with simple binary arrays) which can lead to longer data access times [96]. 

Additionally, if the decomposition resolution is not uniform (i.e. to adapt the level of detail 

based on surface complexity), additional computation is required to decide which cells 
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should be further subdivided and which can remain course, increasing preprocessing 

overhead [97]. 

Another less used approach is parallelepiped decomposition, which is similar in 

appearance to octree decomposition, but with the key difference that the volumetric units 

are not constrained to cuboids but can be any parallelepiped (e.g. rectangles). The principle 

of parallelepiped representation is similar to multi-level octree decomposition in that it can 

allow for different levels of detail and can reduce memory usage, but the issue is that, unlike 

octree decomposition, there is no general method for decomposition, with methods often 

being proposed by the authors themselves (e.g. [57]). 

From Fig. 2-8, much like with simple representations, an increased use in volumetric 

representation for metaheuristic approaches is noted. As with simplified representations, 

this is likely due to the increased computation associated with using metaheuristic 

approaches and the fact that volumetric approaches offer a good trade-off between 

computational speed and level of object detail. Whilst simplified representations are the 

best in terms of speed, they suffer from very poor approximation of the object’s geometry. 

In contrast, volumetric-based models preserve a greater degree of surface detail 

(compared to simplified representations), whilst still allowing for computationally efficient 

operations like overlap checking. 

Surface Representation 

 
 

(a) (b) 

Fig. 2-11. Examples of surface representation. (a) – Triangular mesh model of a frog (obtained from [92]). (b) 

– Packed objects represented using point clouds (image from [20]). 

 

As opposed to volumetric representation, where objects are modelled as a collection of 

discrete volumetric units (e.g. cubes, spheres, parallelepipeds), surface representation 

captures the geometry of objects by instead defining them as a surface boundary. The most 

common of these is triangular mesh representation (e.g. Fig. 2-11 a), where the objects 

surface is modelled as a collection of triangular facets. The primary benefit of this 

representation is that it represents an industry standard, with many 3D modelling software 
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(such as computer aided design packages) using this representation. As such, packing 

algorithms developed using mesh representation often require no form of pre-processing of 

the shapes (e.g. to convert them to voxel representation). The main downside however is 

that intersection checking is typically more computationally expensive (especially for highly 

detailed models with many facets), since it requires pairwise checking of planar faces of 

two objects to check if any of the triangular faces intersect.  

A much less common form of surface representation is the point cloud (e.g. Fig. 2-11 b). 

Point clouds are a collection of points on an objects surface obtained from 3D scanning 

processes. The main benefit of point clouds are that they allow real world objects to be 

scanned and converted into digital counterparts. The main problem with point clouds 

however is that they are difficult to work with directly since intersection checking becomes 

very difficult when dealing with point coordinates with zero volume [85]. As such, all the 

papers presented in this study (which use point clouds), first convert the point clouds into 

some form of surface or volumetric representation before packing them (e.g. by modelling 

the individual points in the cloud as spheres [20], or by converting them to a convex hull 

representation [85]).  Due to the real-world applicability of point clouds and their lack of use 

in 3D packing literature, the use of point clouds in packing remains an interesting avenue 

for future work. 

 

2.2.3.2 Object Complexity 

Closely related to the point of object representation is object complexity. Object complexity 

plays a crucial role in both the performance and applicability of 3D packing algorithms. In 

many real-world scenarios (such as waste management, logistics or manufacturing), the 

objects being packed can often be highly irregular shapes with non-uniform sizes and high 

variation in surface features. As discussed in the prior section, these characteristics can 

pose significant challenges for packing optimisation as they increase the difficulty in 

accurately modelling object geometry, checking for object intersections in the packing 

space, and exploiting spatial arrangements like nesting. As such, understanding how 

different packing algorithms handle geometric diversity is essential for evaluating their 

robustness and suitability in practical applications. 

Complexity refers to the surface geometry of shapes, considering factors like convexity, 

symmetry and surface variation in curvature. For classifying geometric complexity, the 

classification system proposed in [98] is adopted, which classifies objects based on the 
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aforementioned factors (convexity, symmetry and surface variation). Their classification is 

based on two key statements: 

• “A convex object with no variation in surface curvature and multiple axes of 

symmetry is considered simple” [98]. 

• “A concave object with variation in surface curvature and little to no symmetry is 

considered complex” [98]. 

Using these observations, they proposed the following three conditions for classifying 

object complexity: 

1. The object is concave. 

2. The object has few, or no axes of symmetry. 

3. The object has variation in the curvature of its surface. 

The level of an object’s complexity can thus be described based on how many of the 

conditions are met. If a shape meets only one (or none) of the criteria, it is considered 

simple. If it meets two of the three criteria, it is classed as intermediate. If it meets all three 

criteria, it is classed as high. 

For example, Fig. 2-12 (a) depicts a cube and a sphere. Whilst the cube meets condition two 

(few axes of symmetry), it does not satisfy conditions one and three (the cube is convex and 

has no variation in surface curvature). The sphere meets condition three (variation in 

surface curvature) but does not meet conditions one and two (it is convex and has infinite 

lines of symmetry about the centroid). As such, both are classified as simple. 

Fig. 2-12 (b) shows a simple reactor pressure vessel. The model has infinite symmetry about 

the central z axis (meaning it does not satisfy condition two) but is also concave and has 

variation in the surface curvature (conditions one and three). As such, it is classed as 

intermediate. 

Fig. 2-12 (c) shows a heat exchanger pipe bundle. This model is concave, has no axes of 

symmetry and has variation in the surface curvature. As such, it satisfies all three 

conditions and is considered highly complex. 
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(a) (b) (c) 

Fig. 2-12. Examples of different complexity levels. (a) – Simple shapes. (b) – Intermediate shape (model from 

[99]). (c) – Complex shape (model adapted from [100]). 

 

Regarding object complexity, the main point to consider from a practical perspective is the 

trade-off between object fidelity and computational complexity. For example, complex real-

world objects often require fine-resolution representations (e.g. dense voxel grids or high 

resolution meshes) to accurately capture their complex surface geometry. However, this 

comes at the expense of increased memory usage (to store the object models), and 

increased computation time (since more overlap checks must be performed when 

packing). In contrast, using simplified representations for objects (like bounding boxes or 

2D projections), can reduce memory requirements and computational complexity, but 

often at the expense of packing quality (since the algorithm is unable to exploit geometric 

information to nest objects together). 

As such it is essential to consider object complexity when designing a packing algorithm. 

For example, in [28], the authors use a 2D projection-based approach to pack cut segments 

of a rector pressure vessel. This simplification is effective in their context, as the cut 

segments are relatively simple and uniform in size, meaning they can simplify the shapes to 

speed up the packing without a great loss in fidelity and quality of solution. However, this 

approach would likely struggle to efficiently pack more complex shapes, limiting its 

generalisability. 

 

2.2.3.3 Container Type 

The characteristics of the packing space play a crucial role in the formulation and 

complexity of 3D irregular object packing problems. One key consideration is whether the 

container is bounded (has fixed dimensions) or unbounded (where one or more of the 

dimensions may expand to accommodate the objects). Another key consideration is 

whether objects require packing into a single container only, or distribution across multiple 
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containers. Both factors will directly impact how solutions are constructed and evaluated, 

as well as affecting the type of constraints the algorithms must deal with. 

As stated, the term ‘bounded’ refers to objects being packed into a finite space (i.e. a space 

with fixed dimensions/volume). Such cases often arise in real world packing applications, 

such as additive manufacturing (e.g. [22], [24], [84]), transportation of goods (e.g. [49], [51]) 

and nuclear waste packing (e.g. [21], [28], [83]). The problem with bounded approaches is 

that, given the finite nature of the packing space, naturally, it is not always possible to pack 

all the objects. This issue is typically handled in one of two ways in literature; either they 

assume all objects can fit into the packing space (e.g. [64], [68], [81]), or they only pack a 

subset of items into the container (e.g. [32]). 

Regarding subset selection this can either be done prior or incidentally to the packing. With 

prior selection, a higher-level algorithm is used to select a subset of objects from the main 

object pool, which is then packed by the packing algorithm. Naturally, with such 

approaches the choice of subset will affect how well the parts can pack together; selecting 

poor subsets may lead to poor space utilisation (or in the case of multi-container packing, 

more containers). In contrast, with incidental approaches, the selection of objects occurs 

implicitly during packing, typically through one-by-one packing where objects are packed 

sequentially until the container is full. In such cases, the packing order of objects will 

determine how many objects can fit into the container and how well they pack together. As 

a result, the subset of packed objects emerges naturally by truncating the ordered list to 

only include objects which have been successfully packed. 

It is worth noting that of all the bounded container algorithms presented in Tables 2-2 and 

2-3, there are no examples where prior subset selection has been used. Instead, all the 

listed strategies (involving subset packing) use order optimisation with the allocation 

incident to the packing order. For order optimisation-based approaches, this is a logical 

choice since the packing order (and hence the allocation) is already being optimised, 

meaning it is simpler to stop packing once the container is full, rather than using a separate 

subset selection process. Using a subset selection process with order optimisation would 

only add to the complexity, requiring a higher-level algorithm to determine object grouping 

before calling the packing algorithm. 

For parallel approaches, where objects start dispersed in the container, they have a notable 

tendency to assume that all objects will fit into the packing space (e.g. [64], [68], [81]).  

Whilst such approaches may be suitable for certain applications (e.g. component layout 

where the placement space is large enough to accommodate all components), this 
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assumption would naturally be unsuitable for waste packing applications. For example, in 

[81], the authors present a parallel packing algorithm for waste applications where they 

assume all objects will fit into the container. Whilst the volume of the subset is smaller than 

the volume of the packing space (meaning the objects will all theoretically fit), through 

simulations they demonstrate that, in some cases, their algorithm is unable to find feasible 

solutions (where all objects are entirely within the container boundary). With such 

approaches, since there is no explicitly defined packing order, the only solution to this 

problem would be to couple the algorithm to a subset selection process. To the best of the 

authors knowledge, there are no 3D irregular-object packing approaches which also utilise 

subset selection, presenting an avenue for potential future research. 

In contrast, unbounded approaches do not use fixed containers, instead using either a 

container where one or more of the dimensions can expand (e.g. in [22], [31], [79]), to ensure 

all objects can be accommodated without overlap), or not using a container at all (e.g. [30], 

[56], [60]) where the goal is purely to maximise the compaction of objects by drawing them 

together from initially dispersed starting locations). While such flexibility simplifies the 

problem by ensuring all objects can fit into the packing space, it limits the practical 

application of such approaches to real-world waste packing problems, where containers 

have fixed dimensions.  

In contrast to single-container packing, multi container packing is essentially an extension 

of bounded-container subset packing, where the goal is to find a partitioning of the object 

set into subsets (each packed into a different container), such that the number of 

containers is minimised. 

One of the benefits of one-by-one placement strategies is that they offer a natural way to 

extend the methodology to multi-container packing. For example, in [21], [83], authors 

present a one-by-one multi-container packing algorithm for packing segments of a nuclear 

reactor pressure vessel. They use a common strategy referred to as ‘First-Fit Decreasing’ to 

pack objects, which works by placing objects into the first container that will accommodate 

it. If none of the existing containers can accommodate the part, a new container is opened, 

and the part is added to it. 

One of the drawbacks of parallel approaches, as previously discussed, is that they do not 

place objects sequentially into the container, meaning the extension to multi-container 

packing is more complex. As with single container subset packing, if parallel approaches 

are to be used for multi container packing, the algorithm must be coupled with a subset 

selection process. The downside of this however is that the starting locations of objects in 
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the packing space and the choice of subset will strongly influence whether the parts can fit 

into the container. This could potentially lead to packing algorithms having to trial many 

different subsets with many different starting locations just to feasibly pack a single 

container. 

As with bounded single container packing, there is a notable lack of literature on subset 

selection for 3D multi-container packing algorithms. 

 

2.2.3.4 Constraints 

In packing optimisation, the two most common constraints inherent in the majority of 

algorithms are: 

1. No overlap – Objects in the packing space must not overlap (i.e. intersect) with other 

objects in the packing space. 

2. Containment – In the event that a container is used, all objects must be entirely 

contained inside it, with no object protruding from the container boundary. 

In addition to these fundamental constraints, many packing problems also have additional 

problem specific constraints (e.g. limits on the rotational inertia of objects packed around 

a rotating axis [60], or maximum heat limits in the layout optimisation of heat generating 

components in electronic design [64]). Given that these constraints relate to problem 

specific requirements which are not relevant to the packing of nuclear waste, these 

constraints are classified as ‘problem specific’ in Tables 2-2 and 2-3. A more detailed review 

on such problem specific constraints in packing can be found in [101]. For the remainder of 

this section, the focus is on constraints relating to the packing of nuclear waste. 

When it comes to the packing of nuclear waste, the three main constraints to consider are:  

1.) Stability of the packed pile – will objects remain stable in their desired placement 

locations.  

2.) Manipulation feasibility – can objects be placed in their desired locations without 

collision with previously packed objects or the container. 

3.) Capacity constraints on the containers – regulatory constraints such as radiation 

and weight limits. 
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Stability 

Stability is a critical constraint for real world packing applications (like nuclear waste 

packing) where packing structures must not only be space efficient, but also physically 

viable. Unlike theoretical (i.e. virtual) packing structures, real world implementations of 

packing solutions must ensure that objects remain stable in the container under 

gravitational forces. Without incorporating this consideration into the virtual packing 

process, problems can arise if the packing structure is to be recreated in real life. For 

example, ignoring stability could result in packing solutions with poorly balanced or 

unsupported objects. In such cases, if the pile was to be recreated in the real world (e.g. by 

packing the parts using robotic manipulators), it is possible that such objects may topple 

or shift from their desired location when they are placed into the container (preventing the 

packing structure from being reproducible).  

To date, the majority of 3D irregular object packing approaches proposed in literature do not 

consider the stability of objects. For the limited cases where they do, the problem is that it 

is modelled in an overly simplistic way (e.g. in [49], where the goal of stability is to ensure 

that each item is supported about its centroid). For certain type of objects, such as simple 

cuboids, or shapes which can stack together well (e.g. items of furniture as in [49]), such 

simplistic stability modelling may be acceptable. For the packing of arbitrary (and often 

complex) geometries encountered in real-world decommissioning however, such 

simplifications would be unsuitable as they fail to accurately capture contact force 

interactions between objects in the packing space. 

Currently, the only example in literature where object stability has been modelled 

accurately is in [55]. In this paper, authors ensure that each object is placed in a state of 

static equilibrium, accounting for gravitational forces and contact interactions with 

previously packed objects. 

Whilst their work serves as an excellent first attempt at this problem, there are still several 

limitations to their work. Firstly, by limiting the placement of objects to locations where the 

object is in static equilibrium, it is possible that the algorithm may be unable to find such a 

location (in which case it terminates with failure [55]). Arguably, a better approach to this 

problem would be to prioritise placing objects in optimum locations (as found by the 

placement heuristic) and then simulating gravity and contact forces to allow the packing 

pile to settle naturally before adding the next item. Not only would this be more akin to real-

world packing (where the stability of objects is difficult to know before placing them), such 

an approach would also enable a relaxation of the stability constraints, ensuring a 100% 
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success rate for object addition whilst also potentially allowing for tighter packing 

arrangements.  

The second limitation with this approach is that, whilst static equilibrium may be achieved 

in the simulation, it does not necessarily mean that objects will behave this way in the real 

world. Force based simulations are inherently approximate by nature, since the accurate 

modelling of all physical interactions is highly challenging. As such, whilst they may give a 

good indication of stability in the real world, they cannot guarantee it. As an example, in [55], 

the authors validate their proposed methodology by attempting to recreate optimised 

packing plans using a robotic digital twin in a virtual physics-based environment. With a 

small number of objects (3-5 items), the robotic system successfully reproduced the 

packing structures with 100% success rate. However, as the number of objects increased 

(to 10), the success rate dropped to 80%, highlighting the increasing difficulty of replicating 

simulated packing structures as the complexity of the problem grows. 

Given the difficulty with perfectly modelling physics-based interactions in virtual packing 

simulations, a more robust solution would be to integrate real-world feedback into the 

digital planning loop. For example, a packing algorithm could be coupled with a physical 

robotic system equipped with an overhead 3D scanner. After each object is placed into the 

container by the physical robotic system, the scanner would capture the updated status of 

the packing pile, which could then be compared to the digital counterpart to identify 

discrepancies. If discrepancies are identified between the physical and digital systems, the 

packing algorithm could then be re-run using the scanned packing configuration and 

remaining unpacked objects, allowing the system to dynamically adapt to any real-world 

deviations.  

Manipulation Feasibility 

An additional point which must be considered if packing structures are to be recreated in 

the real world is whether the desired packing locations are physically accessible (without 

collisions with other objects or the container boundary). The simplest way to achieve this is 

by placing the object in the desired location and then translating it vertically upward whilst 

checking for overlap.  

Whilst this simplistic approach may be suitable for human packing, robotic packing must 

also account for the geometry and kinematics of the robot itself (to prevent collisions with 

both the environment and packed objects). As with stability, the only example in literature 

where this has been addressed is in [55]. Whilst also ensuring that objects are placed in 

static equilibrium, the authors also impose robotic manipulation constraints by simulating 
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a simplified top-down placement trajectory. This trajectory is explicitly modelled from the 

initial configuration to the final placement location, with continuous checking for inverse 

kinematic solvability, joint limit violations, and collisions. 

The primary downside with their work however is that they only consider simple linear 

trajectories, and furthermore, they only model the robot’s kinematic motion without 

simulating the robot’s full dynamic behaviour. For example, they do not consider forces 

required to lift and move objects, and they do not explicitly simulate gripper interactions 

with the objects (i.e. how the gripper will grasp and release objects). 

Capacity Constraints 

In nuclear decommissioning, capacity constraints such as maximum allowable weight and 

radiation levels are fundamental to safe and effective packing. As such, containers are 

often designed with strict upper limits for both weight and radioactivity to comply with 

operational and regulatory requirements [102]. 

Regarding radiation limits, a key point to consider is the concept of self-shielding, where 

denser, or less radioactive, objects can block or absorb radiation emissions from more 

hazardous objects. For example, by placing more radioactive objects near the centre of the 

container and surrounding them with less radioactive or denser materials, it may be 

possible to shield external emissions more effectively. This in turn may allow for more 

radioactive material to be packed without exceeding eternal dose limits. One way in which 

this could be achieved is by using radiation dose estimation methods, such as the point-

kernel approach (e.g. [103], [104]), which estimates radiation attenuation based on object 

geometry, material properties and placement. 

Another key point to consider within this context is whether to treat radiation and weight 

limits as hard constraints or as objectives within a multi-objective optimisation framework. 

Treating them as hard constraints is the simplest way to deal with the problem, since they 

can be checked each time an object is added, with the packing process terminating when 

one of the limits is reached. Whilst this ensures strict compliance with limits, by not 

considering object weights and radiation levels in the optimisation process, it could lead to 

suboptimal packing solutions. With a hard limit approach, the risk is that one of the 

constraints could be violated before the algorithm has a chance to efficiently pack the 

container. For example, if the algorithm places many small but highly radioactive objects 

into a container, it is likely the radiation limit will be reached before the weight or capacity 

limit is reached, resulting in a poorly packed container.  By distributing the small radioactive 

objects across containers, it could allow for much more efficient space utilisation. 
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To the best of the authors knowledge, there are no packing algorithms in literature which 

consider these factors. Whilst this is understandable for the majority of packing algorithms 

(as they are typically designed for non-nuclear applications), the limited examples in 

literature where packing algorithms have been developed for nuclear waste packing ([20], 

[21], [28], [81], [83]) do not consider these capacity constraint either, presenting an avenue 

for potential future work. 

 

2.2.3.5 Rotation 

In 3D irregular object packing, the rotation of parts plays a crucial role in determining how 

efficiently objects can be arranged in the packing space. In general, allowing objects to 

rotate freely (or using small angle increments) enables the objects to adopt a greater variety 

of unique poses, which in turn allows for more unique (and potentially better) packing 

layouts to be found. The primary limitation however is that this increases the search space, 

which in turn increases the computation time required to find solutions.  

For example, in serial approaches (i.e. one by one packing), each time an object is added, 

the algorithm must search for a location to place the object. This typically involves fixing the 

orientation of the object and then searching over the packing space for valid locations 

where it can be placed (e.g. [23]). The object is then rotated by a fixed amount, and the 

scanning process must repeat for the new orientation. Once the scanning process has been 

completed for all allowed orientations, the algorithm can then select a site based on the 

choice of placement heuristic (e.g. the location which minimises the height field of the 

packing structure [23]). The problem however is that this scanning process must be 

repeated for all allowed object orientations, which grows exponentially with a decrease in 

rotation step size.  

As a simple example, consider a case where object rotation is restricted to 90 degrees about 

each axis and another case where object rotation is restricted to 1 degrees about each axis. 

In the first case, the number of unique orientations the object can take is 43 = 64 (4 

orientations in 90-degree increments about each axis). In the second case, the number of 

unique orientations is 3603 = 46,656,000 (360 orientations in 1-degree increments about 

each axis). It is clear that, if the scanning process needs to be repeated for each allowed 

orientation, the number of times it would be repeated grows exponentially with a decrease 

in the rotation step size. The authors of [23] demonstrate this with their packing algorithm, 

producing the graphs shown in Fig. 2-13 below. It can clearly be seen that as they decrease 
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the rotation step size, the quality of the optimised solution increases (the bounding volume 

of the packed structure gets smaller), but the computation time grows exponentially.  

 

  
(a) (b) 

Fig. 2-13. Effect of rotation increment on quality of solution and run time. (a) – rotation increment Vs bounding 

volume of optimised packing structure. (b) – rotation increment Vs run time. Images from [23]. 

 

For one-by-one approaches where the orientation of parts is optimised by the high-level 

metaheuristic (rather than left to the placement heuristic to decide), the algorithm does not 

need to repeat the scanning procedure multiple times for each object (since the orientation 

for each object is pre-defined by the metaheuristic algorithm). The problem however is that 

by allowing objects to take on more orientations, the search space will grow, greatly 

increasing the time needed to find solutions which optimise both the packing order and the 

orientation of parts. The same problem also exists in parallel approaches, (e.g. where 

objects are drawn together from dispersed starting locations or where objects start with 

overlap which is iteratively resolved), since the number of allowed angles will directly affect 

the number of ways that objects can be translated/rotated at each iteration of the algorithm. 

To combat this issue, most papers restrict the rotation of components (e.g. to 90-degree 

increments about each axis [58], [83], by only allowing rotation about one axis [82], [85], or 

by fixing the rotation of certain parts based on design requirements [65], [68]), or they do 

not allow rotation at all [31], [32]. 

Of all the algorithms presented in Tables 2-2 and 2-3, only a limited number allow 

continuous, or near continuous (small discrete steps), rotation of objects. For example, in 

[56], [60], authors use physics-based calculations to model object rotation and translations 

in the packing space, allowing object to rotate continuously when in contact with one 

another (to minimise intersection), and to try and align flat faces of neighbouring objects 

when they are not in contact (to try and maximise contact area between them when they 

are brought together). Similarly to [56], [60], in [30] authors present a physics based 

algorithm where objects are drawn together under simulated elastic forces. In this 
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algorithm, objects are allowed to rotate continuously, but only when they are in contact with 

one another. In [22], authors start with objects overlapping in the packing space and then 

iteratively calculate translation/rotation directions to remove overlap. In [81], objects are 

drawn together using simulated annealing to control travel/rotation step directions. In [47], 

objects are dropped from the top of the container one by one and are translated/rotated 

using biased random walks which favour downward motion. A point worth noting is that the 

final two algorithms ([47], [81]) do not allow true continuous rotation, instead restricting 

rotation increments to small values (1 and 0.1 degrees respectively).  

It is also worth noting that in some cases authors use a two-stage approach, where an initial 

solution is generated using course finite rotation increments, followed by an improvement 

step where continuous rotation is allowed. For example, in [24], authors generate an initial 

structure where rotation is restricted to 90 degree increments, followed by a refinement 

step (where objects can translate/rotate continuously) to try and reduce the height of the 

packing structure further. In [59], similarly to [24], authors generate an initial layout with 

object rotation restricted to 90 degree increments. This is then followed by a shaking 

process which shakes the container up and down, allowing the objects to naturally settle 

into better packing arrangements. During shaking, objects can rotate/translate 

continuously, with their motion and interactions modelled using rigid body dynamics. 

From this small selection, it is evident that the use of continuous rotation is very limited in 

packing literature, with most papers limiting rotation to increase speed. For one-by-one 

placement approaches, this is understandable due to the aforementioned problems of 

computational complexity and search space increase, which would make free rotation of 

parts impractical. However, for such approaches, there is a notable lack of research on 

placement heuristics which aim to exploit domain knowledge (e.g. geometric properties of 

the packed structure and object to pack) to select rotation angles intelligently. Instead, they 

either incorporate the orientations into the metaheuristic optimisation process or allow the 

placement heuristic to do a brute force search over the packing structure for all allowed 

angles (which are typically limited to large increments to increase speed). 

To date, the only example in 3D irregular object packing where this has been attempted is in 

[84]. In this paper, the authors present a one-by-one packing algorithm for additive 

manufacturing where the packing problem is simplified to 2D by projecting the 3D objects 

onto a 2D surface. They utilise a novel angle selection heuristic to select a small subset of 

angles based on simple geometric properties of the objects (e.g., if the object resembles a 

circle then no rotation is permitted, if the object resembles a rectangle then 2 axis aligned 
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rotation angles are permitted). Whilst this study marks a good first attempt at trying to select 

rotation angles intelligently there are several limitations to their work: 

1.) They simplify shapes to 2D –  Whilst simplifying the packing problem to 2D allows it 

to be solved faster (and allows for easier exploitation of shape properties compared 

to complex 3D geometries), as discussed earlier, 2D projection methods are 

generally unsuitable for arbitrary 3D shape packing (e.g. waste packing) since it will 

likely lead to poor packing solutions, and makes incorporation of problem specific 

constraints (like object stability) much harder.  

2.) Their shape analysis is simplistic – they only use a small number of basic shape 

descriptors which may fail to account for more complex geometries which often 

arise in 3D waste packing. Furthermore, they must manually define the rotation 

criteria for each geometric classification, rather than using an intelligent process to 

calculate desirable rotation angles automatically. As such this approach is more of 

a classification-and-selection strategy (which is sensitive to human initialisation), 

rather than a truly independent and intelligent process. 

3.) No consideration for the packed pile or placement heuristic – Whilst they do 

consider the geometric properties of the next shape to pack, they do not consider 

the geometric properties of the packed pile or the choice of placement heuristic 

when deciding the rotation angles. As such it is difficult to know if the choice of 

rotation angles for objects is ‘good’ with regards to the current state of the packed 

pile and choice of placement rule being used. 

4.) No validation of proposed heuristic – Following on from the previous point, whilst 

they propose a novel heuristic for calculating object angles, they do not compare 

their approach to a more conventional approach with fixed increments for all 

objects (e.g. 90 degrees). As such, it is difficult to know with certainty whether their 

approach does in fact improve the quality of packing over this simplistic approach. 

Due to the aforementioned problems with this approach, the problem of how to intelligently 

select rotation angles in one-by-one packing methods remains an open challenge, with 

many avenues for potential future work. 

 

2.2.4 Concluding Remarks: Review of 3D Irregular Object Packing 

This review has explored the key strategies and challenges associated with 3D irregular 

object packing algorithms in literature, with particular focus on their application to nuclear 

decommissioning. 
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An in depth discussion has been provided on the strategies adopted by previous 

researchers for the packing of 3D irregular objects, examining how packing algorithms can 

build complete packing solutions from scratch (constructive approaches), and how the 

inclusion of metaheuristic optimisation algorithms (such as genetic algorithms) can be 

used to enhance the search ability of constructive approaches to find better packing 

arrangements (metaheuristic approaches).  

Alongside this, the review also examined several key factors relating to the design of such 

algorithms, including how objects are represented (and how this affects the trade-off 

between geometric fidelity and computational efficiency), how packing strategies are 

adapted to different container types (i.e. bounded vs unbounded, single container vs multi 

container) and how real world packing constraints (such as stability and accessibility) are 

integrated. Additionally, the impact of object rotation on packing quality and computational 

complexity was discussed, highlighting the inherent trade-off which exists between the two 

and the need for more intelligent rotation handling strategies. 

Based on this review, one-by-one constructive approaches emerge as being particularly 

well suited for waste packing applications due to: 

• Their flexibility (both in terms of adapting the strategies to multi-container packing 

and ease of metaheuristic search integration), 

• Their support for easier constraint checking (which can be performed as objects 

are sequentially added to the container), 

• And their alignment with real-world packing practices (by explicitly defining packing 

sequences which can be replicated in practice). 

 

Additionally, several areas are identified as promising areas for future work: 

 

• Consistent benchmarking – one of the main limitations with existing packing 

literature is the lack of consistent benchmarking, with most studies choosing to use 

their own object datasets. As such, this makes the comparison of different 

constructive approaches and metaheuristics very difficult. Future work should 

focus on developing benchmark datasets for specific problem instances (e.g. multi 

container packing) to allow for better comparison between methodologies. 

 

• Hybrid metaheuristic approaches – The existing metaheuristic approaches 

outlined in this review each have their own strengths and drawbacks. Given this fact, 
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combining metaheuristic techniques to try and leverage the strengths of different 

approaches (such as in [76] where a genetic algorithm was hybridised with a tabu 

search to prevent the algorithm revisiting past solutions), could help enhance their 

search abilities further. Given that the work in [76] is the only example where this 

has been done, hybridisation of techniques presents a promising avenue for 

potential future work. Furthermore, incorporating more advanced AI techniques, 

such as reinforcement learning, could help further enhance existing search 

techniques by allowing them to learn and dynamically adapt to different problems. 

 

• Allocation algorithms for multi container packing – of the 52 packing algorithms 

presented in Tables 2-2 and 2-3, 45 of them (≈86.5%) focus on single container 

packing. Of the few multi-container approaches identified, all used incidental 

allocation, where the assignment of objects to containers is implicitly determined 

by the packing order. Future work should focus on exploring multi-container packing 

for 3D irregular objects in greater detail, with particular focus on developing prior 

allocation-based approaches (where the allocation of object sets to containers is 

determined prior to packing) to see how they compare against incidental allocation 

approaches. 

 

• Hyper heuristics for object placement – One key limitation with one-by-one 

constructive approaches is that object placement is typically determined by a 

single placement heuristic (e.g. bottom-left-fill) which limits the number of 

potential placement locations for objects. Incorporating a hyper-heuristic 

framework (where the algorithm has access to multiple placement heuristics) could 

improve packing by offering more flexibility in terms of object placement. Of all the 

algorithms presented in this review, only one example exists (in [31]) where this has 

been done, highlighting the use of hyper heuristics as a promising avenue for future 

work. 

 

• Intelligent rotation angle selection – As highlighted in the discussion section of 

this review, most packing algorithms tend to limit the rotation of objects to large 

increments (e.g. 90 degrees about each axis) to reduce computational cost 

(particularly for one-by-one placement approaches). While effective at speeding up 

placement location searches, this can limit the algorithm’s ability to effectively fit 

objects together more tightly in the packing space. Despite this, there is a notable 

lack of research into intelligent rotation strategies which can exploit domain 
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knowledge (e.g. geometric features of the packed pile) to identify promising rotation 

angles, highlighting another avenue for future research.   

 

• Incorporation of real-world constraints – A common limitation across existing 

packing algorithms is their lack of consideration for real world constraints such as 

object stability and placement accessibility. Whilst this lack of consideration may 

be acceptable in applications like additive manufacturing (where packed parts are 

printed in the packing space), such constraints are critical in waste packing 

scenarios, where the packing structure must be physically reconstructed. Future 

work should focus on integrating realistic physical constraints into packing 

algorithms, for example, by developing more advanced physics-based stability 

models or incorporating robotic manipulator path planning to evaluate location 

accessibility. In addition to this, research should also explore how to better interface 

digital packing algorithms with real-world systems to help minimise discrepancies 

between virtual packing plans and physical execution. 

 

2.3 Cutting Optimisation in Nuclear Decommissioning 

Whilst the packing literature forms the primary focus of this literature review, it is also 

necessary to consider cutting optimisation, particularly within the context of nuclear 

decommissioning.  However, this section presents only a brief discussion rather than an in-

depth technical survey. This is a deliberate choice driven by three factors: 

• Firstly, the scope of this project is constrained by time and complexity and thus the 

decision was made to prioritise packing since packing is the limiting factor both 

from a computational perspective [22] (in large part due to computational costs 

associated with repeated intersection checks in packing) and from a cost 

perspective [15], [105] (primarily due to lifecycle costs arising from treatment, 

storage and disposal).  

• Secondly, the decision was made early in the project to restrict cutting to planar 

cuts as they are more practical and tractable from an implementation perspective 

(with arbitrary cuts, there is an infinite number of ways to modify them, making the 

task of knowing which cuts to modify and how, very difficult).  

• Lastly, whilst non-linear cuts may offer more flexibility, they also introduce 

additional modelling complexities beyond the scope of this project (such as dealing 

with interlocking parts produced by non-linear cuts). 



63 
 
As such, the following section will first present a brief overview of existing cutting 

optimisation algorithms in literature, including the limited examples developed specifically 

for nuclear decommissioning applications. Following this, a broader discussion will be 

presented highlighting several key practical considerations which arise in real-world 

nuclear decommissioning scenarios (such as factors affecting cutting cost, radiation 

exposure to workers, physical feasibility of part removal and structural stability during 

cutting), and how these considerations should inform the design of future cutting 

optimisation algorithms tailored for nuclear applications. 

Broadly speaking, cutting algorithms may be split into two categories: surface 

segmentation and volume segmentation. 

With surface segmentation, the goal is to partition the surface enclosure of an object. Such 

algorithms are often used for computer graphics tasks like texture mapping and animation 

[106]. Regarding nuclear decommissioning, the issue with surface segmentation methods 

are that they do not consider the objects internal volume when performing segmentation, 

i.e. they split the surface of the object into ‘patches’, but they do not volumetrically partition 

the model into distinct sub-parts. In reality, nuclear structures will be made of materials of 

varying thickness, or even solid volumes; any segmentation algorithm must account for this 

by segmenting the internal volume of the structure as well. Additionally, surface 

segmentation schemes do not produce individual cut parts (they only segment the surface 

of an object); if a packing optimisation algorithm is to be used to pack a set of cut parts (as 

is the case with this project), the cutting algorithm needs to produce individual cut parts 

which can then be packed. As such, surface segmentation schemes are omitted from this 

review section. 

In contrast to surface segmentation, volume segmentation schemes aim to segment an 

object volume into separate sub-volumes. Such algorithms are often designed for 

segmenting parts for additive manufacturing. For example, in [107] the authors propose a 

volume segmentation algorithm which aims to partition a 3D input model (for 3D printing) 

based on predefined surface features (such as different coloured regions or regions made 

of different materials). One of their requirements for segmentation is that the cut parts must 

be assemblable, meaning there must exist a sequence of collision-free linear part 

trajectories that allows moving the parts away from each other until they are no longer in 

contact, or vice versa, moving them from disjoint positions back into assembly [107].  

 In [108] the authors propose an algorithm which aims to decompose a 3D object by 

analysing the surface curvature of the input model. The goal of the algorithm is to partition 
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objects for 3D printing such that the partitions facilitate ease of final assembly. The 

algorithm works by first analysing the surface curvature of the model to identify and extract 

‘feature edges’ (edges shared by two faces whose normal vectors make an angle greater 

than a certain threshold). The edges are then grouped and filtered to produce a set of 

‘feature loops’ (loops in the model where partitioning can occur). The algorithm then 

identifies the ‘best-fit loop’ and performs a partition at this point.  

In [109] the authors propose two decomposition algorithms for the application of 3D 

printing based on planar cutting. The algorithms are: Multi-Objective Genetic Algorithm 

(MOGA) and Covariance Matrix Adaptation Evolution Strategy (CMA-ES). MOGA is designed 

to simultaneously evolve solutions with different topologies and is able to find a final set of 

decompositions at variable complexity (i.e. solutions with a different number of pieces). In 

contrast, CMA-ES evolves a population of solutions with identical topologies and can find a 

limited number of comparable decompositions (solutions with the same number of cut 

parts) with significantly less computational time [109]. Both approaches utilise an 

evolutionary approach where each population member represents a cutting pattern which 

can be applied to decompose the object into multiple sub-parts.  

In [18], the authors propose a genetic algorithm powered cutting algorithm for cutting 

nuclear structures, where the goal is to minimise tool wear, cutting time and scrap material. 

The algorithm is specifically tailored for cutting cylindrical objects (like reactor pressure 

vessels) and discoid objects (flat circular objects like a reactor core plate). The algorithm 

uses planar cuts, and for both cylinders and discoid objects, works in two stages. The first 

stage considers optimising cuts along one axis (y-axis for cylinders, x-axis for discoids) and 

the second stage optimises cuts along a second axis (xz-plane for cylinders, z-axis for 

discoids).  

In [19] the authors propose a segmentation algorithm for the segmentation of a spallation 

target in the China initiative Accelerator Driven System (CiADS). The objective of the cutting 

algorithm is to cut objects into different sizes based on the distribution of radiation doses 

on the structure. The algorithm works in three steps: in the first step, the tetrahedral mesh 

of the object is converted into a voxel representation, then, a genetic algorithm is used to 

find non-linear segmentations for the object, and finally, the voxelised object with the 

corresponding cutting paths is converted back into a tetrahedral mesh representation. 

As a point to note, the two examples of cutting algorithms outlined here are, to the best of 

the authors knowledge, the only cutting optimisation algorithms developed specifically for 

nuclear decommissioning applications. 
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2.3.1 Discussion 

Decommissioning  nuclear facilities is an expensive and complex process and as such, the 

optimisation of cutting plans for nuclear decommissioning must bear several key objectives 

in mind. The primary factors which should be considered are: minimising overall cost, 

minimising radiation exposure to workers, avoiding cutting through undesirable regions and 

ensuring the feasibility of a proposed cutting plan. Each of these factors are discussed in 

more detail below. 

 

2.3.1.1 Minimising Cost 

Minimising cost is one of the most important goals during the planning stages of nuclear 

decommissioning. The costs associated with the decommissioning of a nuclear plant is 

very high (often in the hundreds of millions per plant [110]); as such, one of the main ideas 

behind planning a cutting strategy is to find the most efficient way to dismantle structural 

components so as to lower costs. Costs are typically incurred in three ways; the type of 

tools used for a job, the total amount of cutting which is carried out and the number of cut 

pieces generated. 

Efficient tool selection 

Regarding tool usage, it is essential to consider the type of material and the thickness of the 

material being cut so that the right tool can be selected for the right materials. However, the 

problem with using different cutting tools is that some tools cost more to operate than 

others. For example, thermal cutting tools, such as plasma cutters can cut metal quickly, 

but also consume large amounts of energy and produce hazardous fumes/aerosols which 

require special ventilation or filtrations systems [3], adding significant cost and complexity. 

In contrast, mechanical cutting tools (such as saws, shears or nibblers) generally require 

less energy to operate and produce far less secondary waste (such as aerosols), reducing 

the need for more costly dedicated waste collection systems (e.g. filtration systems) [3]. 

As the majority of cutting algorithms  (such as [107-109] outlined above) are designed for 

additive manufacturing purposes [111], the lack of consideration for cutting tools is 

understandable as no physical cutting is necessary, however the two algorithms designed 

for nuclear applications do not consider this either. The authors of [18] state that their 

algorithm considers tool wear, however they do not consider the use of specific tools (i.e. 

the user does not have the option to specify different tool types) and furthermore, it only 



66 
 
minimises tool wear by minimising the amount of cutting which must be done (i.e. the goal 

is to minimise cutting, which indirectly leads to less tool wear). 

In  [112] and [113], the authors present a virtual cutting environment which allows users to 

plan how to cut a structure and then performs the cutting using virtual tools. The algorithm 

allows the user to input a desired cutting plan and then select from a range of different 

cutting tools. The algorithm then applies the user-defined cutting plan to the structure in a 

virtual environment (using simulated robotic cutting tools) and shows the segmented 

structure along with the cutting costs, waste materials from cutting, and the mechanical 

properties of the waste products (such as volume and weight). This software is an excellent 

example of a digital twin, allowing the user to carry out a decommissioning scenario in a 

virtual environment, but the main drawbacks are that it requires a user-defined cutting 

pattern, and it requires the user to define what tools to use. As such, it cannot optimise a 

cutting pattern to minimise the use of expensive tools. 

Going forward, an ideal cutting optimisation algorithm should incorporate information 

about the structure in question (such as the type and thickness of material present in the 

structure) and then use this to automatically select the most appropriate type of tool for 

different parts of the structure (e.g. using shears for thin pipe segments, using reciprocating 

saws for thicker steel components, etc), so that expensive tools (e.g. laser, plasma) are 

used only on sections where cheaper tools cannot perform effectively. 

Reducing cutting length and part count 

Apart from tool costs, the main factor affecting cutting cost will be the total amount of 

cutting required. Cutting through more material means more labour, more tool wear, more 

energy consumption and more secondary waste (e.g. swarf dust from metal cutting, aerosol 

from plasma cutting) that must be collected and disposed of. Therefore, the primary aim of 

cutting optimisation should be to minimise the overall cut length or volume. For example, in 

the cutting algorithm for nuclear decommissioning presented in [18], authors aim to 

minimise cutting by minimising the intersection volume between the cutting planes and the 

structure (which is analogous to minimising waste material, such as metal swarf, produced 

by the intersection of a cutting tool with cut material). In [19], the authors aim to minimise 

the length of the cuts applied to the surface of the structure whilst ensuring that the dose 

rate of each cut part remains within a user-specified limit. By tracking the cumulative length 

of cuts (or waste material removed by cuts), an optimisation algorithm can penalise 

solutions which involve excessive cutting in favour of solutions which achieve part 

separation with shorter cut paths (or reduced waste material). 
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Closely related to this is the minimisation of the number of cut parts produced. If a structure 

is cut into many small pieces, it will increase handling and packaging costs since each part 

must be cut, retrieved, and then placed into containers, which increases labour time and 

hence, costs. If possible, cutting plans should also aim to produce larger cut sections which 

can be removed in in one piece, rather than requiring division into many smaller pieces. 

Given the nature of this study (i.e. cutting and packing), in practice, this means a balance 

must be found: cut parts should be small enough to allow efficient packing into containers 

and to be handled safely given their weight/radioactivity, but not so small that it creates 

unnecessary amounts of labour. 

Currently, the two cutting algorithms developed for nuclear applications ([18] and [19]) do 

not consider the number of parts, however, as with cutting length, this is an objective which 

can easily be built into such algorithms by tracking the number of parts and favouring 

solutions which both the number of parts and the amount of cutting required (for example, 

using a multi-objective optimisation framework to find the optimum trade-off between the 

number of parts and cutting length).  

 

2.3.1.2 Minimising Worker Radiation Exposure 

Another key consideration in nuclear dismantling is keeping radiation exposure to workers 

as low as reasonable achievable (ALARA) [114]. Even with remote tools and protective gear, 

human operators often need to be involved in cutting and packing. 

Before a structure can be cut and packed, it may undergo decontamination to remove 

radioactive surface contaminants (e.g. flushing pipes, tanks or heat exchangers with 

chemical agents to capture and remove any remaining radioactive materials [115]). 

However, even with decontamination processes, it is not possible to remove all traces of 

radiation from nuclear structures, since some components (particularly components near 

the reactor core, such as RPVs) may become radioactive themselves due to irradiation by 

neutrons [116]. 

As such, even with prior decontamination and the use of protective equipment for workers, 

performing cutting still has the potential to expose workers to radiation. Due to this fact, a 

cutting algorithm developed for nuclear applications should also seek to isolate regions of 

higher radiation so that they can be cut and removed early in the decommissioning process. 

By cutting and removing highly radioactive components first (e.g. a highly activated reactor 

core plate or internals), these parts can be transferred to shielded storage, substantially 
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reducing the ambient does rate to workers moving forward (allowing them to work in the 

environment for longer). 

In practice, decommissioning planners often follow such ALARA principles. For example, 

the US Department of Energy recommends performing as much work as possible in low 

dose rate areas by removing radioactive components to areas with low radiation levels 

before working on them [117]. With regards to cutting, this means that if a contaminated 

structure can be detached and then cut up in a workshop or behind shielding, this is more 

preferable when compared to performing extensive cutting in situ next to potentially other 

radioactive structural components. A cutting algorithm developed for plant-level 

applications (i.e. not just the consideration of a single component in isolation, but 

considering multiple components in a plant) could incorporate such considerations by 

scheduling cuts which result in the largest ambient dose reduction payoff (e.g. isolating and 

removing large structures first to reduce ambient does rates, before making additional 

cuts). 

To date, the only cutting algorithm developed for nuclear applications which considers 

radiation dose rates for parts is [19]. In this algorithm, the authors utilise radiation mapping 

of the object and impose constraints on cut parts such that the dose rate of each cut part 

cannot exceed a user defined threshold. Whilst this is a promising first step, the algorithm 

only considers the radiation of the parts themselves without considering radiation exposure 

to the surrounding environment and workers. Future optimisation algorithms should aim to 

improve on this by incorporating methods to assess dose rates to the surrounding 

environment. For example, in [118] and [119], the authors propose a point-kernel based 

dose rate assessment algorithm for assessing the radiation dose of cut parts (produced by 

manually defined cutting schemes), and the radiation emitted to the surrounding 

environment. The algorithm also factors in the self-shielding properties (where the 

occlusion of a highly radioactive part by another less radioactive part blocks radiation) of 

materials to obtain more accurate dose rate estimations. This algorithm is an excellent 

example of dose rate assessment in virtual cutting (particularly because it factors in self-

shielding), but the issue is that it requires a pre-defined cutting pattern, meaning it can only 

be used to evaluate a pre-existing cutting pattern, but it cannot incorporate the radiation 

data to optimise the cutting pattern. 
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2.3.1.3 Avoiding Undesirable Cut Regions 

When planning how to cut a structure, there may often be regions or parts of the structure 

which should be avoided by cuts if possible. These could be regions which are highly 

activated (which may require isolation and removal as a single piece rather than cutting 

through it and risking the spread of contaminated material), or simply areas of a structure 

which are physically difficult to cut through or shouldn’t be cut through (e.g. a pump housing 

system connected to the side of a tank, or support structures used to maintain structural 

stability, respectively). A cutting algorithm developed for nuclear applications should 

include constraints to avoid cutting through such regions. The authors of the nuclear cutting 

algorithm presented in [18] state that their algorithm is designed to avoid placing cuts 

through thick parts of structures, however this is only achieved by minimising the 

intersection volume between the cuts and the structure (which naturally leads to the 

algorithm avoiding cuts through thick regions). They do not however, explicitly enforce this 

constraint (meaning that cuts can still end up going through thick regions). 

Implementing such ‘no-cut zones’ into an algorithm is relatively straightforward if the zones 

are known a priori (i.e. if there exists a map or labels indicating areas which shouldn’t be 

cut). In the case of high radiation regions, this would require a radiation map of the structure 

(which could be used to identify high activity regions), or in the case of physical 

obstructions, an annotated CAD model of the structure. The cutting algorithm could then 

heavily penalise, or even disallow, any cuts passing through such regions. 

The main challenge is that such regions must be known in advance. In real 

decommissioning scenarios, this means through characterisation: e.g. radiological surveys 

to map out contamination, and detailed engineering models or 3D scans to identify objects 

which should remain intact. This approach aligns with practical experience since human 

planners also make observational judgments such as “don’t cut through this welded joint 

or this highly activated region; cut around it instead.” Future work on cutting optimisation 

algorithm should therefore focus on ways to integrate information about the structure to cut 

(such as radiation heatmaps of 3D scans) to allow automation of such logic in the planning 

of cuts.  

 

2.3.1.4 Ensuring Feasible Disassembly Plans 

As with the packing of nuclear waste, another key point to consider when planning a cutting 

strategy using an optimisation algorithm is the feasibility of the cutting plan, i.e. can the plan 

be replicated in the real world? For feasibility, the main points to consider are the sequence 
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that parts will be removed (and whether each part can be removed from the structure 

without collision), and the stability of the structure during the disassembly (i.e. will the 

removal of a cut part affect stability of the remaining structure). 

Sequence and Collision-Free Removal Planning 

After making a cut, it is likely that the cut piece will require extraction (e.g. by a crane, robotic 

manipulator, or even a human operator). As such, there must exist collision free path that 

the part can follow such that it can be moved away from the structure and surrounding s 

without collision. Without consideration of this factor, an algorithm might propose cutting 

a large segment that cannot fit through available openings or is blocked by remaining parts 

of the surrounding structure. As an example, the cutting algorithm developed for additive 

manufacturing in [107] imposes feasible assemblability constraints by requiring that all the 

cut parts can be translated along linear trajectories out of the assembly without collision.  

Whilst the use of linear trajectories greatly simplifies the problem, it may not be suitable for 

any arbitrary structure. For example, in some simpler scenarios, complex path planning 

may be less of a concern. If a structure is in a large open area with ample space for crane 

access (e.g. an isolated RPV with an overhead crane mounted on a gantry), a feasible plan 

may be as simple as slicing the RPV into a few large ring segments and then lifting them 

vertically up and out [120]. However, for more cluttered environments (e.g. an RPV 

surrounded by pipes or other structures in the reactor hall), nonlinear trajectories may be 

required to extract parts without collision. In fact, material handling constraints (e.g. crane 

capacities, physical clearance of parts, or robotic manipulator reach) are among the most 

important practical limits in dismantling operations [5]. As such, plans must respect these 

limits by cutting and extracting parts such that they can be removed without obstructing 

narrow access passages or overloading equipment. 

Closely related to this is the concept of removal sequence (i.e. what order parts be cut and 

removed from a structure) which will also affect collision feasibility. For example, a part 

which is initially obstructed by surrounding components may become free after another 

part of the structure is removed first. As such, the order of part removal is also another key 

consideration which should be factored into cutting optimisation to help avoid potential 

deadlock scenarios (where a part cannot be extracted). 

As a final point, it is worth noting that not every decommissioning case will require careful 

consideration of disassembly sequencing and trajectories; in some cases, it may be 

acceptable to allow parts to simply drop after being cut. For example, during the 

decommissioning of the AT1 fuel reprocessing facility (La Hague, France), explosive cords 
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were used to cut sheet metal equipment in specially built hot cells [5]. The explosive cutting 

significantly reduced worker exposure (by minimising the time spent in the hot cells), but at 

the cost of producing scattered pieces and increased secondary waste (in the form of 

airborne particulate spatter) which needed subsequent collection and decontamination 

[5]. Additionally, during the dismantling of large concrete or masonry structures (such as 

chimney stacks or walls), the material of the structure may not lend itself to cutting into 

smaller, liftable sections. In such cases, it is often preferable to simply break the masonry 

and allow the rubble to fall (often inside the chimney stack or within an enclosure) to allow 

for subsequent collection and cleaning [121]. 

Such examples highlight the fact that not every decommissioning case will be a clean cut 

and remove scenario. If radiological conditions permit (or if it is necessary due to the 

structural material), allowing parts to drop and then cleaning up afterwards may be an 

acceptable strategy. 

As such, consideration of such constraints when planning a cutting strategy is more 

essential for cases were allowing parts to drop may be impractical due to: 

1. Safety reasons (e.g. allowing heavy cut segments from an RPV to drop, which could 

damage operators or the surrounding environment),  

2. The risk of uncontrolled spread of contaminated material (e.g. if not performed in a 

controlled environment like a ventilated hot cell), 

3. Or where dropping of parts may prevent further access to the remaining structure 

(e.g. if robotic manipulators are used to perform cutting in a constrained 

environment).  

Structural stability during dismantling 

Another key consideration regarding feasibility is ensuring that the remaining structure 

stays stable as parts are cut and removed. In contrast to additive manufacturing (where 

stability isn’t a concern since parts are printed after partitioning of the virtual model), 

nuclear dismantling must avoid instability to prevent collapses or structural failure during 

the cutting process.  For example, removing large sections lower down in a structure could 

result in the remaining structure bending or collapsing under its own weight. Conventional 

demolitions practice reduces this risk by working in a top-down fashion (removing higher 

parts before lower parts to prevent top heavy configurations), however due to the structural 

uniqueness of reactor buildings, this may not always be possible in nuclear 

decommissioning [122].  
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In reality, it is often common practice to add supporting elements to structures before 

performing dismantling [123]. However, even in such cases, it is still essential to consider 

structural stability to ensure that: a.) parts of the structure connected to the supports are 

not cut and removed first, and b.) any remaining parts of the structure connected to 

supports do not place excessive strain on the supports which could lead to failure in the 

support system. 

It is worth noting that both cutting algorithms developed for nuclear applications ([18] and 

[19]) do not consider stability (or disassembly sequencing), highlighting a gap in prior 

research. As such, future cutting algorithms developed for nuclear applications should 

focus on integrating disassembly sequence planning along with methods to calculate 

collision free paths for the parts (e.g. using path planning algorithms used to plan 

trajectories in robotics), and methods to assess structural stability each time a part is 

removed (e.g. using methods like finite element analysis or physics engines). In doing so, 

the algorithm could verify any cutting patterns produced to ensure that they are physically 

realisable. If a cutting pattern is found to be physically infeasible, the cutting planner could 

then either reject such a cutting pattern, heavily penalise it (in the hopes that the optimiser 

will be guided to produce patterns which are feasible), or try to repair the infeasibility (by 

directly modifying cuts to try and enforce feasibility). 

As a final point, it is worth highlighting the fact that consideration of both these factors 

(disassembly sequencing and stability) become much more important if robotic systems 

are to be used for cutting and packing applications. In practice, humans already apply 

principles such as disassembly sequencing and ensuring structural stability in practice 

during the planning of decommissioning. However, with increased interest in the use of 

robotics for autonomous dismantling activities [124-126], it follows that such systems will 

require reliable methods for planning and executing physically realisable cutting sequences 

to help further reduce the dependence on human operator planning. 

 

2.3.2 Concluding Remarks: Cutting Optimisation in Nuclear 

Decommissioning 

This section has presented a discussion on cutting optimisation in the context of nuclear 

decommissioning, outlining both prior research and key practical considerations relevant 

to real-world dismantling scenarios. 
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Previous examples of how 3D object segmentation has been approached in literature was 

given (including the limited number developed specifically for nuclear decommissioning), 

followed by a discussion on several key factors that future nuclear-specific cutting 

algorithms must account for to be practically useful in real-world environments. These 

include: 

• Minimising overall cost, not just by reducing the amount of cutting, but also by 

selecting cost effective cutting tools based on material and geometry. 

• Reducing radiation exposure to workers, by isolating and removing highly 

radioactive components early to reduce ambient dose rates. 

• Avoiding undesirable cut regions, such as activated zones or structural 

components which may be hard to cut through. 

• Ensuring physical feasibility of disassembly, by accounting for collision-free 

removal paths and maintaining structural stability throughout the cutting process. 

Based on this review, several future directions are suggested for the development of cutting 

optimisation algorithms tailored for nuclear decommissioning: 

• Tool-aware optimisation: Integrating knowledge of cutting tool types and material 

properties to enable automated tool selection for different parts of a structure (with 

the goal of minimising the use of expensive tools where possible). 

• Radiation-informed planning: Incorporating radiation data to allow cutting plans 

to isolate regions of high radioactivity so they can be removed first. 

• Constraint-aware segmentation: Related to the previous point, using structural 

data (along with radiation data) to prevent the algorithm placing cuts through areas 

of high radiation, or components which are physically difficult to cut through. 

• Feasible disassembly sequencing: Implementing mechanisms to check the 

extractability of a cut part and to ensure structural stability is maintained when parts 

are cut and removed. This point is especially important if robotics are to be used for 

remote/autonomous cutting. 

 

2.4 Literature Review Conclusions 

Given the limited research into the dual optimisation of cutting and packing, the purpose of 

this review was threefold: 
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1.) To examine the methodologies used to link the cutting and packing problem in the 

few cases in literature where this problem has been addressed and highlight 

limitations with the existing approaches. 

2.) To explore in detail the methodologies used in literature to optimally pack 3D 

irregular objects as well as discussing key aspects relating to the design and 

implementation of such algorithms and how these relate to the real-world packing 

of waste. 

3.) To examine the limited research on cutting optimisation algorithms developed for 

nuclear applications and provide a discussion on key design aspects which need to 

be considered when designing such algorithms. 

The review on previous cutting and packing algorithms (Section 2.1) highlighted several 

limitations in existing approaches, namely, their heavy reliance on a good initial partitioning 

of the object, their limited flexibility in how cuts can be modified during the optimisation 

process, and their lack of multi container packing strategies. 

The review on 3D irregular object packing algorithms (Section 2.2) highlighted one-by-one 

sequential placement approaches as the most appropriate for packing nuclear waste due 

to their explicit definition of a packing sequence (allowing the digital packing structures to 

be replicated in practice) and their support for easier checking of constraints such as object 

stability (which can be performed each time an object is added). Additionally, genetic 

algorithms were identified as the most used metaheuristic for optimising packing, owing to 

their design flexibility, strong search ability and suitability for handling discrete optimisation 

problems. Based on the review, several areas were identified for future research, including: 

the development of consistent benchmarking datasets, hybridisation of metaheuristics, 

pre-allocation strategies for multi-container packing, use of hyper-heuristics for placement 

decisions, intelligent rotation schemes, and more sophisticated incorporation of real-world 

constraints. 

The review of cutting optimisation (Section 2.3) presented several examples of object 

partitioning strategies in 3D and discussed key considerations for cutting in nuclear 

applications. These included the consideration of different cutting tools in the cost 

optimisation strategy, the need to minimise radiation exposure to workers, and the 

feasibility of removing cut parts from their surroundings. From this, several research 

directions were identified, including: tool-aware optimisation, radiation-informed cut 

planning, constraint-aware segmentation, and disassembly sequencing with consideration 

of part removal feasibility and structural stability. 
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Given the wide range of areas identified for future work and the limited timeframe of this 

project, only a subset of these gaps will be addressed in this project. Specifically, this 

project will focus on the following research contributions: 

1. Developing a general framework for linking the cutting and packing problem: 

Relating to research objectives 1 and 2 (Chapter 1, Section 1.2), the primary focus 

of this project is to develop a general framework for cutting and packing which aims 

to address issues with previous approaches by: making it less sensitive to 

initialisation, allowing for greater flexibility in the modification of cutting patterns 

during optimisation, and integrating multi-container packing. 

Relating to objective 3 (Chapter 1, Section 1.2), the project will also investigate the following 

ways to enhance solution quality and real-world applicability of the algorithm: 

2. Hyper-heuristics: Exploring the use of hyper-heuristic optimisation strategies to 

enhance the solutions quality in one-by-one packing approaches. 

3. Pre-allocation based multi-container packing: Comparing pre-allocation based 

multi-container packing to incidental allocation methods to examine their 

differences in terms of speed and solution quality. 

4. Disassembly sequencing for cut structures: Investigating different optimisation 

strategies for optimal disassembly sequencing while accounting for part 

accessibility and structural stability. 
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CHAPTER 3 

METHODOLOGY 

 

This chapter presents the proposed methodology for linking the cutting and packing 

problem to find the optimum trade-off between the two processes. The proposed 

methodology is then implemented in 2D and tested in Chapter 4 (which covers all the 2D 

work conducted in this project). Based on the results from the testing work performed in 2D, 

an updated methodology is then presented in Chapter 5 for the 3D implementation of the 

algorithm. 

Before implementing the final version of the algorithm in 3D, the decision was made to 

perform testing in 2D rather than 3D for two reasons. Firstly, reducing the dimensionality of 

the problem from 3D to 2D has the effect of greatly reducing the search space (e.g. by 

reducing the number of sites the packing algorithm must search over, and reducing the 

number of variables required to represent cuts), allowing ideas to be tested faster. 

Additionally, the 2D work was implemented primarily in MATLAB, which includes ready-

made functions for 2D polygon modelling (most notably, the ‘polyshape’ library). This library 

allows 2D shapes to easily be defined from a set of vertex coordinates and provides multiple 

useful functions for performing operations on them, such as Boolean set operations (union, 

intersection, subtraction), rigid transforms (translation, rotation, scaling) and geometric 

queries (area, centroid, bounding box), helping accelerate implementation. It is also worth 

noting that all 2D methodologies were deliberately designed to be directly transferable to 

3D to ensure that any ideas tested in 2D could be implemented in the final 3D cutting-and-

packing algorithm. 

In addition to testing the proposed methodology for linking the cutting and packing problem, 

Chapter 4 also presents several works (also implemented in 2D) which were conducted with 

the aim of investigating ways to improve the cutting and packing processes used in the 

algorithm. These works are: 

• Hyper heuristics for container packing (Chapter 4, Section 4.2): This study 

presents a novel single-container packing algorithm that uses a genetic algorithm 

to optimise the selection of placement heuristics. The framework is then extended 

to multi-container packing, where both the choice of heuristics and the packing 

order of objects are optimised, with the aim of minimising the number of containers 

required. 
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• Allocation based multi-container packing (Chapter 4, Section 4.3): This study 

implements a prior-allocation strategy where the object set is partitioned and 

assigned to containers before packing. This is compared against the hyper-heuristic 

order-optimisation method, where the allocation of objects is incidental to the 

packing order. The goal is to primarily to assess the speed and effectiveness of prior 

allocation versus incidental allocation. 

• Disassembly sequencing for cut parts (Chapter 4, Section 4.4): This study 

explores several novel strategies for optimising the disassembly sequence of a 

randomly cut 2D structure. The objective is to ensure that parts can be removed 

without collision and that structural stability is maintained throughout the 

sequence. 

The motivation for conducting these studies was as follows: 

• Hyper-heuristics: The packing strategy used in this project (described later in this 

chapter) uses a one-by-one placement approach where object locations are 

determined by a placement heuristic. Given this structure, combining multiple 

placement heuristics into a hyper-heuristic framework presented itself as a natural 

extension for improving packing quality. Additionally, the literature review (Chapter 

2, Section 2.2) highlighted that hyper-heuristics have received relatively little 

attention in the context of irregular packing, presenting an opportunity for novel 

contribution. 

• Multi-container packing: The motivation here was two-fold. Firstly, the packing 

method used in this project initially lacked support for multi container packing. 

Whilst this did not limit the ability to test the proposed methodology for linking 

cutting and packing in 2D, extending the algorithm to 3D required multi-container 

packing to better reflect real-world decommissioning (where large structures are 

typically cut and packed across multiple containers). Second, as highlighted in the 

review of previous cutting and packing approaches (Chapter 2, Section 2.1), none 

of the existing algorithms included multi-container packing, representing a clear 

gap in literature and opportunity for novel contribution. 

• Disassembly sequencing: Similarly, the investigation into disassembly sequencing 

was motivated by two factors. As discussed in Chapter 2 (Section 2.3), existing 

literature on cutting optimisation for nuclear decommissioning fails to address the 

feasible disassembly of cutting plans. Furthermore, whilst robotic systems are 

beyond the scope of this project, there is growing interest in the use of robotics for 

automating decommissioning tasks. In future autonomous cutting and packing 
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applications, algorithms like the one developed in this project could serve as a 

foundation for such systems, allowing them to plan the task with minimal human 

intervention. In such cases, ensuring that cutting patterns are physically realisable 

will be essential. This study therefore explores methods for evaluating feasible 

disassembly, laying the groundwork for more realistic and automation-capable 

cutting plans in future. 

As a final point to note, the detailed methodologies for these supplementary studies are not 

presented here for the sake of brevity. Instead, they are described in their respective 

sections within Chapter 4. 

The remainder of this chapter is structured in three parts: 

• Section 3.1 defines the problem being addressed in this project, including how 

objects are represented, the cutting and packing strategies used (and how the 

cutting and packing costs are quantified), and the constraints considered in the 

optimisation problem. This provides the necessary context for the development of 

the proposed solution approach. 

• Section 3.2 outlines the proposed approach for linking the cutting and packing 

problem. It introduces the feedback-based optimisation framework used in this 

project, explains the rationale for formulating the problem as a multi-objective 

optimisation task, and describes the justification for using a genetic algorithm to 

drive the search. 

• Section 3.3 provides a detailed overview of the genetic algorithm framework. This 

includes a general introduction to GAs, an explanation of how the GA algorithm was 

adapted for this application, and a discussion on the choice of GA operators and 

parameter tuning strategies. 

 

3.1 Problem Definition 

This section outlines the formal definition of the cutting and packing problem addressed in 

this project. It begins by describing how input geometries are represented (Section 3.1.1), 

followed by the cutting strategy used and corresponding cost metric (Sections 3.1.2 and 

3.1.3), and then the packing strategy and cost metric (Sections 3.1.4 and 3.1.5). Finally, 

relevant constraints and the strategy used to enforce them is discussed (Section 3.1.6). 
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3.1.1 Representation of Objects 

For the 2D version of the algorithm a combination of both mesh and voxel representation 

are used. The shape to cut is defined using mesh representation (given as a set of vertex 

coordinates with connecting edges), with the cutting operations performed on the mesh 

representation. For the packing of parts into the container, a voxel representation is used 

(where shapes are approximated as a collection of small cubic units). Given that the 

packing algorithm operates in discrete voxel space, the mesh models for the cut parts were 

first voxelised before being packed by the packing algorithm, after which, the packed 

structures were then converted back to mesh representation for visualisation. 

The decision to use this dual representation in the 2D version of the algorithm was made 

primarily for practical integration-related reasons. The packing algorithm used in this study 

(referred to as 'DigiPac', discussed in detail in Section 3.1.4) is a pre-existing packing 

algorithm developed in C++, which operates in voxel space and includes built-in 

functionality for voxelising mesh-defined objects. In contrast, the rest of the algorithm is 

implemented in MATLAB, which lacks native tools for the voxelisation of meshes. To bridge 

this gap between the two representations, the mesh-based shapes were defined and 

manipulated in MATLAB, then passed to DigiPac for voxelisation and packing. Once packed, 

the packing structure was converted back to mesh representation by DigiPac and then 

passed back to MATLAB for visualisation. This process greatly simplified the integration of 

the MATLAB code with the C++ based voxel packing algorithm, avoiding the need to develop 

a custom voxelisation algorithm within MATLAB. 

This same dual-representation approach was also used for the 2D packing projects 

presented in Chapter 4 (I.e. the studies into hyper-heuristic and allocation-based packing). 

In each case, shapes were defined using mesh representation in MATLAB, then passed to 

DigiPac for voxelisation and packing, before being converted back to mesh format for further 

analysis and visualisation. 

It is worth stating here that for the 3D implementation of the algorithm, a voxel-based 

representation was used throughout (both for cutting and packing operations). In this case, 

the input mesh models of the structures used for testing were converted to voxel format at 

the start, prior to being inputted into the voxel-based cutting and packing algorithm.  

The reason for this was due to the fact that the 3D algorithm was implemented into the 

decommissioning software ‘NuPlant’ (developed by StructureVision Ltd. at the University of 

Leeds – [127]) which is written entirely in C++ and uses voxel representation by default (both 

for cutting and packing operations). The benefit of working exclusively with voxels within the 
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algorithm is that it removes the need for repeated format conversions during the cutting and 

packing process. Unlike the 2D implementation (where format conversion had to be 

performed every time the packing algorithm was called), the 3D version requires conversion 

to voxels only once at the beginning, reducing computational overhead. 

The decision to use a voxel-based approach for 3D (and for packing in 2D) was primarily 

motivated by considerations of computational efficiency. Within the cutting and packing 

process, the packing stage tends to dominate the runtime due to the need for repeated 

intersection checks between complex objects. As discussed in the literature review, there 

is an inherent trade-off between the fidelity of shape representation and the speed of 

intersection checking during packing. Using simplified representations (such as 2D 

projection or bounding box approximation) will greatly increase the speed of the packing 

algorithm, but at the expense of poorer packing results due to an oversimplification of the 

shapes. Conversely, mesh-based representations provide more accurate modelling of 

object geometries, but are more computationally expensive due to the need to perform 

mesh-mesh intersection checks. 

Voxel representation therefore offers a more practical compromise. By discretising the 

shape onto a regular grid of binary values (with occupied = 1, empty = 0) overlap checking 

is reduced to simple grid occupancy checks using fast array-based Boolean operations. 

This enables a relatively accurate approximation of object geometry (compared to 

simplified approaches) whilst still allowing for fast and efficient packing. 

The primary downside of the voxel approach, however, is that there is no automatic way to 

determine the ‘best’ voxel resolution to use; this must be decided by the user on a per-

problem basis. As with the choice of object representation itself, the main point to consider 

when deciding resolution is the trade-off between speed and fidelity of the input models. 

Using a course resolution will decrease the computation time but will negatively affect how 

well the voxelised model approximates the input mesh (e.g. Fig. 3-1). 

 

 
                                  (a)                          (b)               (c) 

Fig. 3-1. Example of voxelisation (a) – Mesh model of a sphere. (b) – Voxelised sphere with course resolution. 

(c) - Voxelised sphere with fine resolution. Images from [128]. 
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For the work presented in this study, a ‘rule of thumb’ approach is adopted when selecting 

voxel resolution: use the lowest resolution possible that still preserves sufficient geometric 

detail, to maximise computation speed without significantly degrading the model quality. 

This rule of thumb approach is demonstrated in the following examples. 

With the 2D implementation, the voxel resolution is tied directly to the size of the mesh-

shapes as defined in MATLAB. For example, if a square is defined in MATLAB with (unitless) 

dimensions of 10x10, when voxelised, the dimensions will also be 10x10 voxels. As such, 

the voxel resolution is defined implicitly based on the scaling of the shapes in MATLAB. 

Referring to Fig. 3-2 as an example, when using a low voxel resolution (small shapes as 

defined in MATLAB), the voxelised shapes are unable to accurately capture the geometry of 

the input shapes. This leads to large digitisation error when converting the shapes back to 

mesh representation, which in turn leads to large gaps between the packed shapes in the 

mesh-based representation of the packing structure. In contrast, using a higher resolution 

captures the geometry of the shapes better, reducing the gaps in the structure when the 

shapes are converted back. The size of the shapes was therefore set to try and minimise the 

gaps without causing an excessive increase in the computation time. 

 

 
(a) 

 
(b) 

Fig. 3-2. Example of 2D packed shapes using different voxel resolutions. (a) – low-resolution results in large 

gaps in the structure when shapes are converted back to mesh. (b) – using a higher resolution reduces the 

gaps. 
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As with the 2D implementation, the voxel resolution of the models in 3D is also tied to the 

scaling of the input mesh model. Fig. 3-3 below demonstrates how the voxel resolution 

impacts geometric fidelity in 3D. Using too low of a resolution causes the pipe sections to 

merge during voxelisation (as can be seen in the cross-sectional view of the model), using a 

high resolution allows for better approximation of the input model at the expense of 

increased computational cost, the medium resolution offers a practical balance between 

the two. 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 3-3. Voxel resolution for a heat exchanger model (a) – original mesh model, obtained from [100]. (b) – 

voxelised model. (c) – cross section of model for 3 different voxel resolutions: low, medium and high. 

 

As a final point to note, it is important to acknowledge that the use of voxel representation 

comes with a particular problem which cannot be ignored. Whilst voxel-based 

representations help accelerate the packing process (by reducing the computational 
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complexity of overlap checks), they remain an approximation of the true real-world 

geometries regardless of resolution used. 

In 2D, even at finer resolution, minor gaps or overlaps may still be present between shapes 

due to the voxelated nature of the representation. In 3D, increasing voxel resolution can 

reduce discrepancies between the voxelised model and the original mesh, but it cannot 

remove them entirely. Consequently, even high-resolution voxel models cannot guarantee 

a perfect match with the physical geometry of real-world components. 

This discrepancy can have implications regarding attempts to physically replicate digital 

packing solutions in real world scenarios. For example, if the real-world object is slightly 

larger than its digitised counterpart, it may not fit into the intended location as defined by 

the packing algorithm. In contrast, if the digitised model is smaller than the real-world 

counterpart, it may introduce unintended gaps in the packing structure, allowing objects to 

shift which could compromise the stability of the packed pile. 

It is worth noting that, whilst this is a major limitation with the voxel-based approach, it is 

not unique to it; all forms of digital representation suffer from approximation issues to some 

extent. For example, mesh models approximate geometry using polygonal facets with the 

number of such facets directly affecting how well a real-world object is approximated. 

Similarly, with point cloud scans, the number of points and level of noise in the scan will 

also affect how well an object is represented. Ultimately, what this means is that all digital 

representations involve trade-offs between accuracy and efficiency, and it must be 

accepted that no method can provide a perfect 1:1 recreation of real-world shapes. 

 

3.1.2 Cutting Approach  

As stated in the literature review, due to the challenges associated with non-linear cutting 

(In particular, the difficulty in knowing how to modify arbitrary cuts and risk of intractability 

arising from the vast number of ways in which arbitrary cuts can be modified) along with 

time limitations on this project, the decision was made to restrict cutting to planar cuts. 

For cutting, a method called ‘Binary Space Partitioning’ (BSP) was selected. BSP works by 

recursively dividing the input shape into smaller parts [129]. Each cut is represented as a 

free-rotating straight line (in 2D) that splits an existing region, with subsequent cuts applied 

to the resulting sub regions to split them further. The cuts are constrained such that they do 

not intersect with existing cuts and are applied in a hierarchical fashion (Fig. 3-4). 
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Fig. 3-4. Illustration of Binary Space Partitioning in 2D showing hierarchical structure. Image from [130]. 

 

The decision to use BSP was motivated by a need for a general-purpose planar cutting 

scheme that was not tailored to a specific structure. For example, in the cutting and packing 

algorithm developed for RPV’s ([28]), planar cutting was used, however the cutting logic was 

specifically designed around the cylindrical geometry of RPVs (by using radial and 

horizontal cuts as illustrated in Fig. 3-5). 

 

 
                 (a)                                          (b) 

Fig. 3-5. Simplified illustration of RPV tailored cutting. (a) – Top-down view showing vertical radial cuts. (b) – 

Side view showing horizontal cuts. 

 

In contrast, by using free-moving and free-rotating cuts, BSP provides a more flexible 

framework (which doesn’t require assumptions about the input structure’s geometry), 

making it suitable for a wide range of arbitrary shapes. As a point to note, BSP has been 

adopted in previous segmentation algorithms for additive manufacturing (e.g. [131], [132]) 

due to this exact reason. Fig. 3-6 illustrates examples from prior work where BSP has been 

successfully used to partition arbitrary input models, further demonstrating its versatility in 

real-world scenarios. 
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                                               (a)                                     (b) 

Fig. 3-6. Examples of BSP cutting in additive manufacturing. (a) – 3D model showing BSP planar cuts. (b) 

examples of arbitrary shapes cut using BSP. Images from [132]. 

 

However, it is worth noting that this flexibility comes with a trade-off. Each BSP cut requires 

multiple variables to define it; an origin point and rotation angles about the centre point. In 

2D, this would require 3 variables (𝑥, 𝑦, 𝜃), and in 3D, six variables (𝑥, 𝑦, 𝑧, 𝜃𝑥 , 𝜃𝑦, 𝜃𝑧). This can 

significantly increase the number of optimisation variables when a large number of cuts is 

required, thereby expanding the search space. A larger search space means the algorithm 

must explore many more possible combinations to identify an optimal solution, making 

convergence slower. In contrast, with the aforementioned RPV cutting approach, each cut 

only requires a single variable; for radial cuts, an angle (𝜃) and for the horizontal cuts, a 

height value (𝑧). This reduces the number of combinations the algorithm needs to consider, 

simplifying the search and allowing better solutions to be found faster. 

As such, whilst BSP is adopted for the 2D testing of the algorithm, an alternative cutting 

strategy (referred to as ‘orthogonal cutting’) is also considered in the event that optimisation 

complexity becomes a bottleneck to performance. With orthogonal cutting, all cuts are axis 

aligned (i.e. orthogonal to the 𝑥, 𝑦, 𝑧 axes) and allowed to pass through one another (Fig. 3-

7). Previous cutting and packing research indicates that problems in which cuts are 

restricted to orthogonal directions are generally easier to solve than those with greater 

degrees of freedom (e.g. where cuts are allowed to rotate), due to the resulting increase in 

the size of the search space  [24], [133], [134]. 
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Fig. 3-7. Examples of orthogonal cutting applied to models of nuclear structures. Images from [135]. 

 

Whilst orthogonal cutting has reduced flexibility when compared to BSP, it is considered a 

compromise solution; it has more flexibility when compared to a structure-specific tailored 

approach, and it only requires one variable per cut (to control a cuts position along its 

respective axis) thereby reducing the complexity of the optimisation problem. If the BSP 

approach proves too complex during the 2D testing, the intention is to adopt orthogonal 

cutting as a fallback strategy for the 3D implementation. 

 

3.1.3 Cutting Cost 

The cutting cost of a cutting pattern is defined as the ‘waste material’ produced by all the 

cuts in the cut list. The cutting planes have a user-defined width and where the cutting 

planes intersect with the structure, the volume of the intersect region is taken as the ‘waste’ 

(Fig. 3-8). This is analogous to a cutting tool in the real-world producing waste material from 

the intersection of the tool with the material (e.g. a sawblade producing swarf in metal 

cutting). It follows that by minimising the waste material from a cutting pattern, the amount 

of cutting will be minimised. 

 

 
                                                            (a)                                                  (b) 
Fig. 3-8. Illustration of cutting cost. (a) – Structure (blue square) with cutting planes. (b) – Cut parts with plane 

intersection volume (i.e. ‘cutting cost’) shown in red. 
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The decision to use intersection volume as the cutting cost metric, as opposed to cutting 

length or cutting time, was made for several reasons: 

• Cutting length: The problem with cutting length is that it does not give any 

indication of the difficulty with making cuts since it does not account the thickness 

of the material being cut through. For example, a 10cm cut through a 1mm piece of 

steel sheet will be much easier than a 10cm cut through a 200mm thick steel RPV 

wall. 

• Cutting time: Whilst cutting time provides a more realistic measure of cutting 

effort, it introduces additional complexity. To estimate cutting time accurately, a 

conversion model would be required to translate geometric metrics (e.g. cutting 

length or intersection volume) into a measure of time. The problem with this is that 

estimating time is difficult due to its dependence of contextual factors such as the 

type of cutting tool used, the properties of the material and whether humans or 

robots are used to perform the task. Additionally, it can be argued that it adds a 

redundant step to the process, since a geometric measure of cutting (e.g. length or 

volume) is already required beforehand. It would be simpler, therefore, to work 

directly with this measure instead to avoid the need for a subjective conversion 

process. 

In contrast, cutting volume (waste material) is both straightforward to compute and 

provides a geometry-based estimation of physical cutting effort, offering a practical 

balance between simplicity and realism. Additionally, this metric can be used consistently 

across a variety of structures and cutting patterns without requiring assumptions about 

tools, materials, or operators. Furthermore, if required for decommissioning planning, 

metrics such as the cutting length or time can be estimated as a post-processing step using 

technique-specific models, without needing to change the optimisation objective (i.e. 

intersection volume). 

 

3.1.4 Packing Approach 

In this study, the placement of objects into the containers is performed by the DigiPac 

packing software [47], [136], developed by StructureVision Ltd. at the University of Leeds. 

All packing methods in DigiPac use voxel-based representations for objects. 

DigiPac offers several different methods for packing shapes into containers, which are: 



88 
 

• Random Walks: a stochastic method where objects are dropped from the top of 

the container one by one, with the motion of objects following random biased 

movements (rotations/translations). Downward motion is favoured (with upward 

motion only accepted with a small probability), mimicking a gravity based settling 

process. 

• Discrete Element Method (DEM): A physics-based method where interactions are 

explicitly modelled using contact forces between objects. This approach produces 

more realistic and physically stable packing structures, but is very computationally 

expansive, making it impractical for cases where packing optimisation must be run 

many times. 

• Optimal Stacking Packing (OSP): a one-by-one placement approach where 

objects are placed into the container one at a time, each time being placed 

according to the chosen placement heuristic. 

For this study, the OSP method was selected for the following reasons: 

1. Efficiency – OSP is much faster than DEM and is more predictable (and reliable) than 

stochastic random walks. 

2. Practicality – OSP packing mimics real world packing by placing objects one by one. 

This process naturally lends itself to reproducibility in the real world (whether by 

robots or humans). 

The process for packing an object using OSP is as follows. The algorithm first fixes the 

rotation angle of the object and then systematically translates it, in discrete steps, across 

each grid cell in the packing space lattice (Fig. 3-9 a), from the bottom of the container to 

the highest point in the existing packing structure (Fig. 3-9 c). At each discrete step, the 

algorithm performs an overlap check to see if the object overlaps with any of the previously 

packed shapes or container boundary (Fig. 3-9 b). If there is no overlap, the algorithm stores 

this site as a potential packing location. Once the entire lattice grid has been traversed, the 

object is rotated by a fixed angle increment (which is set by the user), and the shape is 

translated across the lattice grid again. Once the object has been translated across the 

packing space for all allowed orientations, the algorithm will search through all the stored 

feasible packing sites and select one based on the user-chosen placement heuristic (e.g. 

height minimisation which seeks to minimise the height of each object in the packing pile). 
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(a) (b) (c) 

Fig. 3-9. Illustration of OSP packing. (a) – object to pack shown in blue, packed object shown in green. (b) – 

example of feasible and infeasible site (overlap shown in red). (c) – travel path for blue object in packing space 

lattice. 

 

The motivation behind selecting DigiPac for the packing of objects was threefold. As 

discussed earlier, voxel-based representations simplify intersection checking, which is the 

primary source of computational overhead in packing optimisation [137]. Additionally, 

DigiPac is a commercially available software that has been developed and refined over 

many years, with multiple enhancements implemented to increase the speed of the 

algorithm (particularly with regards to overlap calculations) and reduce memory usage 

[138]. And finally, DigiPac also allows the use of arbitrary containers, rather than restricting 

the containers to cuboids (as is the case with previous examples of cutting and packing 

algorithms). 

Regarding the choice of placement heuristic, the decision was made to use height 

minimisation for the 2D implementation of the cutting and packing algorithm. This decision 

was motivated by observations in the literature review, which identified height minimisation 

as a commonly used placement strategy. The idea behind height minimisation is that, by 

seeking to actively minimise the height of the packing structure, it promotes more compact 

packing arrangements. Additionally, whilst the algorithm developed in this project does not 

explicitly simulate dynamic stability (e.g. object movement under gravity or contact forces), 

it has been noted in literature that height minimisation indirectly promotes stability in 

packing structures by lowering the centre of mass of objects, reducing the risk of collapse 

due to imbalance [139]. 

It is also worth noting that, for the hyper-heuristic work presented in Chapter 4, additional 

placement heuristics were implemented and tested. More details on these placement 

heuristics and the rationale behind them are given in Chapter 4, Section 4.2.2. 

Feasible Infeasible 
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As a final point to note, although the 3D version of the algorithm was implemented into the 

decommissioning software NuPlant, this software still utilised the DigiPac packing 

algorithm as the underlying packing process. 

 

3.1.5 Packing Cost 

As mentioned earlier, DigiPac initially lacked support for multi-container packing. Hence, 

for the 2D implementation of the cutting and packing algorithm, a single container with 

unbounded height is used for packing the shapes. As such, the packing cost in the 2D 

algorithm is taken as the percentage space utilisation of the container. This is calculated by 

dividing the volume of the packed objects by the volume of the packing space (defined as 

the width of the container multiplied by the peak height of the packing structure – Fig. 3-10). 

This gives a ratio between 0 and 1, with higher values indicating more compact packing 

solutions. 

 

 
Fig. 3-10. Illustration of how cost is calculated for 2D packing. 

 

As a point to note, a key focus of the research presented in this thesis is the extension to 

multi-container packing as this more accurately reflects requirements in nuclear 

decommissioning. Given this fact, the use of percentage space utilisation in the 2D case is 

considered more as a placeholder for packing cost until a multi-container strategy is 

implemented. Once implemented, the aim is to use the number of containers to represent 

packing cost, since the this is the primary factor in packing costs in real-world 

decommissioning (more containers means higher costs in terms of manufacturing, 

transport, and particularly, long term storage). 
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While percentage utilisation (in 2D) and number of containers (in 3D) are chosen for 

evaluating packing cost in this project, other metrics which were considered are: 

• Number of parts: As noted in the discussion on cutting optimisation in nuclear 

decommissioning (Chapter 2, Section 2.3), the number of parts will impact cost by 

increasing the amount of packing which must be done. The problem with using the 

number of parts however, is that it is a poor indication of packing efficiency. For 

example, a small number of regular shaped objects (e.g. cubes) may pack together 

efficiently, whereas the same number of highly irregular objects may result in a far 

less compact arrangement. 

• Packing time: The time taken to pack a set of objects may appear conceptually 

appealing (particularly for cases where operational time affects worker exposure), 

however as with cutting time, this is problematic as it would require detailed 

modelling of the packing process (e.g. motion planning for robotic manipulators or 

modelling of human handling times). Additionally, packing time can vary 

substantially depending on factors such as operator skill, available equipment and 

ease of container accessibility. As such, using packing time would be unsuitable as 

a general optimisation objective without significant additional modelling effort. 

In contrast, percentage space utilisation (2D) and container count (3D) are straightforward 

to compute and align with real-world objectives (i.e. maximising space efficiency to 

minimise the number of containers required). Additionally, these metrics do not require 

assumptions about specific packing tools or operators and can be applied consistently 

across a wide range of packing scenarios and container configurations. Furthermore, as 

with cutting cost, if additional parameters such as packing time are required for 

decommissioning planning, these can also be estimated as post-processing steps from the 

final packing solution using technique-specific models, without requiring any change to the 

optimisation objective. 

 

3.1.6 Problem Constraints 

In the context of the integrated cutting and packing algorithm, several constraints (relating 

both to the cutting and the packing side of the algorithm) must be considered to ensure all 

solutions are physically realisable in the real world. Effective constraint handling is 

therefore essential to guide the optimisation process toward solutions which are not only 

optimised, but physically realisable as well. 

Cutting Constraints 
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For the cutting side of the cutting and packing algorithm, a key constraint is to ensure that 

the cut parts produced by a cutting pattern are small enough to be packed into the desired 

containers. Even if a single cut part from a cutting pattern exceeds the maximum allowed 

size, the entire cutting pattern is considered infeasible. 

Regarding the handling of this constraint, three common constraint handling techniques 

used in optimisation were considered: 

• Death penalty approach: This approach is the simplest approach to dealing with 

constraint violation. With this approach, any solution which is infeasible (i.e. 

violates the constraint) is immediately discarded.  

• Penalty function method: In contrast to the death penalty approach, rather than 

simply discarding infeasible solutions, the penalty function approach measures 

the degree of constraint violation and then adds a penalty term to the objective 

function (i.e. cutting cost) to degrade it. The idea behind this is that it allows better 

exploration of the search space by allowing partially infeasible solutions to remain, 

which could be made feasible with slight modifications. 

• Repair mechanism: With repair mechanisms, rather than discarding or allowing 

infeasible solutions, the idea is to modify an infeasible solution to make it feasible 

(i.e. to enforce the feasibility constraint). Whilst such approaches can be highly 

effective, repair mechanisms are entirely problem dependent (meaning the user 

must devise a problem-specific method for modifying infeasible solutions to make 

them feasible). 

For the 2D implementation, the penalty function method was adopted. The penalty for a 

given cutting pattern is calculated by iterating through all the generated cut parts and 

measuring how much any oversized parts exceed the container dimensions. These violation 

values are then summed and scaled by a user-defined penalty multiplier before being 

added to the cutting cost for that cutting pattern to degrade it. 

The purpose of the penalty multiplier term is to control the severity of the penalty term by 

multiplying it to make it larger. This multiplier determines how strongly the algorithm is 

biased against infeasible solutions and will determine how aggressively the search is driven 

toward the feasibility region. Using a low penalty multiplier will lower the aggressiveness of 

the algorithm, allowing infeasible solutions to remain longer. This can help promote better 

exploration of the search space at the expense of longer convergence times. In contrast, 

using a high penalty multiplier will cause the algorithm to aggressively push solutions 
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toward feasibility, promoting faster convergence but with the risk of premature convergence 

to poor local optima.  

The idea behind using the penalty approach is that by penalising infeasible solutions (rather 

than discarding them), the algorithm retains solutions which may be only slightly infeasible 

(which could be made feasible with minor adjustments). For example, a cutting pattern 

which produces only one oversized cut part could potentially be made feasible with only a 

small modification to the existing cutting pattern. Keeping such solutions in the population 

can be beneficial as it allows the optimisation algorithm to explore nearby regions of the 

search space that might contain high quality, feasible solutions. In contrast, using a simpler 

‘death penalty’ approach (which immediately discards infeasible solutions) would cause 

such cases to be lost, potentially discarding promising search directions. Furthermore, 

once an infeasible solution is removed in the death penalty approach, it must be replaced, 

which is typically done by generating a new random solution. The issue with this is that there 

is no guarantee that randomly generated solutions will be feasible. If this process of removal 

and replacement happens repeatedly, the algorithm may spend many iterations generating 

and discarding solutions, effectively reducing the optimisation process to a random search 

and stalling meaningful progress. 

As a final point to note, the repair mechanism was not selected primarily due to the 

complexity of implementing them. As stated, the problem with repair mechanisms is that 

there is no general-purpose approach, meaning that every repair mechanism must be 

tailored by the designer for the specific problem in question. Regarding the chosen cutting 

approach (BSP), the problem with repair mechanisms lies in the fact that it is difficult to 

know how many cuts would be needed (and where they should be placed) in order to 

segment an infeasible part to within the feasible limits.  

However, it is also worth noting that if the fallback cutting method (orthogonal cutting) is 

adopted, a repair mechanism would be much simpler to implement. For example, if the 

distance between two consecutive cuts along an axis becomes too large, cuts can easily be 

inserted between them (e.g. Fig. 3-11). As such, in the event that the fallback cutting strategy 

is adopted, the plan is to implement this repair mechanism instead of continuing with the 

use of penalty functions. 
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Fig. 3-11. Illustration of proposed repair mechanism for orthogonal cutting. When distance between two cuts 

becomes too large, cuts can easily be added between them. 

 

Packing Constraints 

For the packing side of the algorithm, the primary constraints are: 

• No overlap between packed parts. 

• All packed parts must be contained entirely within the container boundaries. 

These constraints are treated as hard constraints and are enforced directly by the packing 

algorithm (DigiPac). During packing, when DigiPac translates a shape across the packing 

space lattice, it will only store candidate locations which satisfy these constraints. Any 

location that would result in a violation of these constraints is automatically discarded. As 

such, no additional penalty or repair mechanisms are required on the packing side. 

 

3.2 Proposed Optimisation Approach 

The goal of optimisation within the context of this project is to optimise both cutting cost 

and packing cost. As stated earlier, cutting cost is defined as the intersection volume 

between the cuts and the structure and packing cost is defined as the percentage space 

utilisation of the container. The aim, therefore, is to minimise cutting cost (i.e. reduce the 

amount of waste material produced during cutting) while simultaneously maximising 

packing efficiency (i.e. achieve high space utilisation within the container). The challenge, 

however, lies in the fact that these two objectives conflict with one another. Reducing 

cutting cost typically results in fewer and larger cut parts, which tend to pack less efficiently, 

leading to poorer space utilisation. In contrast, improving packing efficiency often requires 

breaking the object into smaller parts that fit more compactly, but this increases the total 

amount of cutting, thus raising cutting cost. 
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Because of this trade-off, the two objectives cannot be optimised independently. Solving 

one objective without considering its effect on the other can result in highly suboptimal 

solutions. For example, performing cutting optimisation in isolation to minimise cutting 

cost would likely produce large parts that are difficult to pack, leading to inefficient 

container use. Therefore, the problem must be approached as a multi-objective 

optimisation problem, where both objectives are considered together and solutions are 

evaluated based on how well they balance these competing goals. 

The next two sections outline this proposed optimisation framework. Section 3.2.1 

introduces the general principles of multi-objective optimisation, and the common 

strategies used to address such problems. Section 3.2.2 then presents the specific strategy 

proposed in this study to integrate cutting and packing within a single optimisation loop. 

 

3.2.1 Multi-Objective Optimisation 

When it comes to multi-objective optimisation problems with conflicting objectives (such 

as simultaneously minimising cutting and maximising packing efficiency), two primary 

approaches may be used to formulate and solve such problems: 

• Pareto-based (separate objective) optimisation: In this approach, the goal is to 

identify a set of optimal solutions that represent different trade-offs between the 

objectives. This set of is referred to as the ‘pareto frontier’ and comprises multiple 

solutions to the problem where no single objective can be improved without 

degrading another. The resulting frontier allows decision makers to select a 

preferred solution after optimisation, depending on problem specific priorities. 

• Weighted objective function: In contrast to the pareto approach (which treat the 

objectives as separate objectives), the weighted objective function approach 

instead combines the objectives into a single cost function, with each objective 

term in the function being multiplied by user-defined weights. These weights 

express the relative importance of each objective, allowing the optimisation 

algorithm to guide the search towards solutions that balance the trade-off 

according to these weights. 

For the 2D implementation of the algorithm, the separate-objective pareto approach was 

used. The concept of pareto optimality is further illustrated in Fig. 3-12 below. In this simple 

illustration, each square represents a solution evaluated against two objectives, f1 and f2, 

where the goal is to minimise both objectives. Points A and B lie on the pareto frontier, with 

all solutions on this frontier being referred to as ‘non-dominated’ solutions. These solutions 
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represent the best trade-offs found. Referring to points A and B, neither A nor B can be 

improved in one objective without degrading the other; while point A has a better (lower) f2 

value than point B, it has a worse (higher) value for f1, and vice versa. As such, neither A nor 

B is said to dominate one another (i.e. they are considered equally optimal). 

In contrast, point C is said to be ‘dominated’ by both A and B because it is worse than both 

A and B in at least one objective without being better in the other (i.e. neither objective value 

for point C is better than for points A and B). As such, dominated solutions (like C) are 

considered suboptimal and not included in the final pareto set. 

 

 
Fig. 3-12. Illustration of pareto optimality for a two-objective problem. Image from [140]. 

 

As such, the goal of multi-objective optimisation using this approach is to identify the 

pareto frontier (a set of solutions that dominate all other solutions in terms of their objective 

scores), thereby giving the user a set of optimal trade-offs from which a preferred solution 

can be selected based on problem specific priorities. 

The decision to adopt this approach in the 2D implementation was motivated by 2 main 

factors: 

1. Simplified implementation: The pareto approach allows the cutting and packing 

objectives to be optimised directly without the need to formulate a combined cost 

function. This simplifies the algorithm's design, particularly during early 

development stages, as it avoids the additional effort required to tune and validate 

appropriate weight values. 
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2. Lack of clear cost weight for space utilisation: In the 2D implementation, packing 

cost is defined as the percentage space utilisation of a container. Unlike discrete 

measures such as the number of containers (used in the 3D implementation), 

percentage utilisation lacks a natural and intuitive cost weight. It is unclear what a 

weight applied to such a ratio (e.g. 0.5 utilisation) would represent in real-world 

terms, making the formulation of a meaningful weighted cost function more 

difficult. 

Given these considerations, the separate-objective Pareto approach was deemed the most 

practical and intuitive option for handling the 2D cutting and packing optimisation problem. 

This choice is also consistent with previous cutting and packing research, where Pareto-

based multi-objective formulations have been used to explore trade-offs between cutting 

effort and packing efficiency without requiring predefined objective weights [28]. 

As a final point, it is worth noting that in the 3D implementation, a weighted cost function 

was used instead of the pareto-based approach. This change was made due to the use of 

multi-container packing in the 3D algorithm, which allows for the use of intuitive cost 

weights. For example, the cutting cost can be weighted by a unit cost representing the cost 

of removing a unit volume of material and packing cost can be weighted by the unit cost of 

a single container. This weighting scheme allows the computation of a single, interpretable 

total cost value for each cutting/packing solution, simplifying decision-making. A more 

detailed explanation of the cost formulation and the rationale for this change is provided in 

Chapter 5.  

 

3.2.2 Approach for Linking Cutting and Packing 

The optimisation of cutting and packing presents a unique challenge in multi-objective 

optimisation because the two objectives (minimising cutting and maximising packing 

efficiency) are sequentially dependent (i.e. packing cannot be performed until a set of cut 

parts has first been generated by the cutting process). This means that packing cost cannot 

be calculated from the cutting pattern alone, but only after the parts have been cut and then 

packed by the packing algorithm. As a result, conventional multi-objective solvers (which 

assume that all objectives can be evaluated simultaneously from a single candidate 

solution) cannot be applied to this problem. 

Based on the review of previous approaches to the cutting and packing problem (Chapter 

2, Section 2.1) two key limitations were identified with existing methodologies: 
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1. They have a heavy reliance on initial partitioning with limited flexibility to modify cuts 

during optimisation. 

2. They do not all re-run packing optimisation from the start each time cuts are 

modified. 

Due to the unique nature of this multi-objective problem and these identified limitations, a 

new methodology is proposed to explicitly link cutting and packing within this project. 

The proposed approach solves the cutting and packing problem in a feedback-driven 

manner using a Genetic Algorithm (GA) to generate cutting patterns which drive down both 

the cutting and packing costs (Fig. 3-13). In this process, the packing algorithm is treated as 

part of the solution evaluation process, rather than as a separate process to optimise in 

tandem with cutting. That is, the outputs from both processes (cutting cost and packing 

cost) are used to assess how good a cutting solution is. The theory behind this is that, by 

using both the cutting and packing costs to optimise only the cutting patterns, the GA will 

guide the modification of cutting patterns such that it leads to good cutting solutions and 

good packing solutions (cutting patterns with minimised cutting which facilitate compact 

packing arrangements for the cut parts). 

 

 
Fig. 3-13. Flowchart outlining the cutting and packing optimisation process. 

 

The algorithm itself is a population-based algorithm, meaning that it works on a set of 

solutions (i.e. a set of different cutting patterns), rather than just a single solution. In each 

iteration of the feedback loop, the set of cutting patterns are evaluated by applying each one 

to the input object to decompose it into a corresponding set of cut parts. Each cutting 

pattern’s associated set of parts is then packed by the packing algorithm, and the quality of 

each cutting pattern is assessed based on both cutting and packing costs. 

The GA then generates a new set of cutting patterns via crossover and mutation operations, 

which aim to exploit the best-performing solutions (cutting patterns) in the current 
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population by combining and modifying them to discover potentially better configurations. 

This process allows the algorithm to explore a diverse range of solutions while steadily 

improving overall performance. Through successive iterations, the population evolves 

toward higher quality solutions, ideally converging on an optimum trade-off (where the 

amount of cutting cannot be reduced without degrading the packing, and the packing 

cannot be improved without increasing cutting).  

The benefit of the proposed approach compared to literature is three-fold: 

1. By using a population-based optimisation approach (instead of a single-solution 

approach), it reduces the reliance on a good initial partitioning schemes (since the 

population can be initialised with multiple cutting patterns) and allows the 

algorithm to explore a more diverse range of solutions throughout the optimisation 

process (reducing the likelihood of convergence to a poor result). 

2. By using tailored crossover and mutation operators (which are discussed in greater 

detail in the subsequent section), the algorithm has the ability to add, remove and 

modify cuts in cutting patterns, increasing its flexibility in terms of how cutting 

patterns can be modified. 

3. By running packing optimisation on every cutting pattern generated by the GA (rather 

than focusing on locally improving a single packing solution), it reduces the 

likelihood of the algorithm overlooking good packing configurations which could 

otherwise be missed. 

The decision to use a genetic algorithm for solving the cutting and packing problem was 

based on a consideration of several alternative approaches, namely: 1.) simple search 

methods (such as brute force and random search), 2.) alternative metaheuristics 

(particularly single solution versus population-based approaches), and 3.) other 

population-based approaches aside form GAs. Each of these was evaluated for their 

suitability, as outlined below: 

• Brute force/random search: Naïve approaches such as brute force search 

(systematically trialling every possible way to cut a structure) or random search 

(randomly generating cutting patterns) were quickly ruled out due to their 

inefficiency. The issue with such approaches is that, even when cutting is limited to 

planar cuts, the number of ways to cut a structure is vast. Trying to exhaustively 

evaluate or randomly sample cutting patterns would be computationally expensive 

and unlikely to yield high-quality solutions in reasonable time. In contrast, 

metaheuristic algorithms are designed to explore large and complex search spaces 
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in a more intelligent, guided manner. Rather than generating solutions blindly, they 

iteratively refine solutions by building upon the success of previously found good 

solutions. This structured search approach makes them a much more attractive 

alternative compared to simplistic methods like brute-force or random searches. 

• Population based vs single solution metaheuristics: Single solution 

metaheuristics, such as the ones outlined in the 3D packing optimisation review 

(e.g. simulated annealing, local search algorithms and pattern search) were also 

considered but ultimately not selected. Such methods work by iteratively improving 

a single candidate solution (rather than a population of different solutions) and are 

more sensitive to initialisation, with a greater risk of premature convergence to poor 

solutions if initialised poorly. In contrast, population-based metaheuristics 

maintain and evolve a diverse set of candidate solutions, reducing their sensitivity 

to initialisation and enhancing their ability to better explore a diverse range of 

different solutions throughout the optimisation process. This makes population-

based approaches more suitable for the highly combinatorial nature of the cutting 

and packing problem addressed in this study. 

• Genetic algorithm vs other population-based metaheuristics: Among the 

various population-based approaches, genetic algorithms were selected due to 

their extensive track record in solving discrete, highly combinatorial and multi-

objective optimisation problems. GAs are well suited for this work since they offer a 

high degree of modularity and customisability, which is particularly useful when 

designing problem specific crossover and mutation operators tailored to cutting 

patterns. In contrast, swarm-based approaches (such as the firefly algorithm 

outlined in the 3D packing review) were considered less suitable since they are 

typically designed for continuous search spaces (where variables are defined on a 

continuous range) and require additional mapping strategies to handle discrete 

problem domains (like the voxel-based cutting used in the 3D algorithm). 

Additionally, unlike GAs, they lack crossover mechanisms which limits their ability 

to exploit and refine good traits (e.g. good partial cutting sequences). 

As a final point, it is worth acknowledging here that GAs were used extensively throughout 

this project, particularly in the 2D work presented in Chapter 4, due to these very 

advantages (i.e. reduced sensitivity to initialisation, good search ability and flexibility with 

implementation). Furthermore, as noted in the literature review, GAs are the most widely 

used metaheuristic in 3D packing optimisation, further supporting their suitability for such 

problems. Their strong track record in this domain, combined with the vast array of existing 
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literature on GA variants and enhancements, also make them an ideal foundation for future 

improvements regarding the work represented in this thesis. 

 

3.3 Genetic Algorithm Framework 

The following section outlines the structure and methodology for the GA used in this project, 

beginning with a general overview of the GA process (Section 3.3.1) followed by a detailed 

outline of the project-specific GA framework used to solve the cutting and packing problem 

(Section 3.3.2). The selection, mutation and crossover operators used in the proposed 

framework are then described in detail, along with the rationale for their use (Section 3.3.3), 

and the importance of key GA parameters (and the strategy used for tuning them) is 

discussed (Sections 3.3.4 and 3.3.5 respectively). 

 

3.3.1 General Overview 

Genetic algorithms (GAs) are a class of population-based metaheuristic optimisation 

techniques inspired by the process of natural selection and genetics. GAs have received 

much attention in literature over the years, being applied to many different complex, real-

life problems in a wide range of fields (such as economics, engineering, politics and project 

management) [141]. In particular, they are also well suited for solving constrained multi-

objective problems with large search spaces [142], such as the problem being addressed 

in this project.  

In a typical GA, the algorithm maintains a population of candidate solutions (called 

‘chromosomes’) which are evolved over multiple successive iterations (or ‘generations’). 

Each chromosome encodes a potential solution to the problem, and it is the fitness of each 

chromosome (i.e. how good the solution is with regards to the optimisation objective) which 

the algorithm seeks to improve over time. Fig. 3-14 below shows a flowchart for the standard 

GA optimisation process. 
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Fig. 3-14. Flowchart for a standard genetic algorithm. Image from [143]. 

 

The main steps involved in a GA are: 

• Selection: Determines which chromosomes in the population get to reproduce. 

Typically, selection is designed to favour the selection of better performing 

individuals (i.e. those with higher fitness with regards to the optimisation objective), 

with the aim being to pass on good genetic material from these high performing 

solutions to the next generation. Common strategies for selection include roulette 

wheel selection, rank selection and tournament selection (discussed in Section 

3.3.3 below). 

• Crossover (recombination): Combines two parent chromosomes (obtained via 

selection) to produce two offspring.  This process mimics the natural process of 

reproduction, with both offspring inheriting characteristics (or ‘genes’) from both 

parents. Various crossover methods exist in literature, such as single point, multi-

point and uniform crossover (discussed in Section 3.3.3 below). 

• Mutation: Introduces small, random variations to chromosomes to help preserve 

genetic diversity in the population and prevent premature convergence. This 

process is analogous to genetic mutation in nature, and typically involves altering 

one or more genes in a chromosome with low probability. 
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• Replacement and Elitism: When a new population of solutions is generated (via 

selection, crossover and mutation), this new population forms the next generation, 

replacing the population from the previous one. Additionally, GAs often employ 

‘elitism’, where a small portion of the best solutions from the current population are 

carried over to the new population. This ensures that the best-found solutions are 

not lost as the population evolves. 

It is through this iterative process that GAs are able to incrementally improve a diverse range 

of solutions, enabling them to explore large and complex search spaces (i.e. problems with 

many different combinations) in a directed and efficient way. 

 

3.3.2 Project Specific Framework  

The flowchart in Fig. 3-15 illustrates how the genetic algorithm works within the proposed 

optimisation framework. 

 

 
Fig. 3-15. Flowchart for the cutting and packing GA. 
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The GA begins with a randomly generated initial population of cutting patterns (with the 

population size set by the user) where each population member (chromosome) is a list of 

cuts, with each ‘gene’ in a chromosome representing a single cut. 

Once generated, each cutting pattern is then applied by the cutting algorithm to the input 

structure to decompose it, and each set of corresponding cut parts are then packed by the 

packing algorithm. The algorithm then ranks the population of solutions from best to worst 

based on the cutting and packing costs. For the 2D implementation, since the problem is 

solved using a separate pareto approach (see Section 3.2.1), a pareto-based ranking is used 

where the population is ranked into successive pareto fronts (i.e. the first front contains all 

non-dominated solutions, the second front contains solutions dominated only by those in 

the first front, and so on), as shown in Fig. 3-16 (a). In the 3D implementation, since a 

weighted objective function is used, the ranking is instead based on the single value (i.e. 

total cost) returned from the weighted cost function (Fig. 3-16 b). These rankings (whether 

Pareto fronts or scalar cost) are then used to guide the selection of individuals for 

reproduction. 

 

 
                                                                 (a)                                                                 (b) 

Fig. 3-16. Illustration of different ranking systems. (a) – Pareto based ranking (image adapted from [144]). (b) 

– objective score ranking. 

 

Once ranked, the algorithm then applies selection, crossover and mutation to the 

population to generate the new child population. For selection, tournament selection is 

used where the algorithm will select a random subset of individuals (the tournament pool) 

from the population (with the tournament pool size set by the user). The algorithm will then 

select the best individual from the tournament pool as a parent solution (Fig. 3-17).  
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Fig. 3-17. Illustration of tournament selection with a tournament size of 3. Image adapted from [145]. 

 

When generating child solutions, tournament selection is run twice to select two different 

parents for crossover (i.e. the same parent cannot be selected twice). For crossover, 

random single point crossover is used, where both cut lists from both parents are split at 

random points. The first child solution is then created by combining the first segment from 

one parent with the second segment from the other parent. The second child solution is 

produced in the same manner, but with the parent roles reversed, i.e. the first segment from 

the second parent is combined with the second segment from the first. This process is 

illustrated in Fig. 3-18. 

 

 
Fig. 3-18. Illustration of crossover and mutation. Image adapted from [146]. 

 

After crossover, the two child solutions are then subjected to mutation. During mutation, 

the algorithm will cycle through the list of cuts in a child solution, with each cut having a 

small chance of being mutated (with the chance of mutation set by the user). When a cut is 

mutated, the algorithm will apply a small random change to the cut to slightly perturb its 

position in space. 
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The process of selection, crossover and mutation will continue in a loop until enough new 

child solutions have been generated to fill the next generation’s population. However, before 

this process is run, a small portion of the best performing individuals from the previous 

generation (the ‘elite’ population) are directly carried over to the next generation without 

modification (with the size of the elite population also being set by the user). Once copied 

over, the algorithm will proceed to generate the rest of the population via selection, 

crossover and mutation until the total population size (i.e. the elites + the newly generated 

child solutions) reaches the user-defined population size.  

The algorithm then loops back to the start and the new population of cutting patterns is 

evaluated by the cutting and packing algorithm. The process of evaluating the population 

and generating a new one will repeat in a loop until the maximum number of generations 

(set by the user) is reached, at which point the algorithm will return the optimised pareto 

frontier (or in the 3D case, the solution with the lowest total cost). 

 

3.3.3 Operator Selection 

This section provides a justification for the selection, crossover and mutation operators 

used in the cutting and packing GA, along with a discussion on some commonly used 

alternatives. 

Selection Operator 

When it comes to parent selection in GAs, the three most commonly used methods are: 

• Roulette wheel selection: Each individual in the population has a probability of 

being selected based on its fitness value, with fitter individuals having a 

proportionally greater chance of being selected (Fig. 3-19). To select a parent, the 

wheel is spun and the individual whose segment the pointer lands on is chosen. This 

method works directly with raw fitness scores and is simple to implement but can 

suffer from issues if the fitness values are very similar (resulting in nearly equal 

segment sizes, reducing selection to near random selection), or if the population is 

skewed by outliers (where exceptionally fit individuals dominate the roulette wheel 

and are almost always selected) [147]. 
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Fig. 3-19. Illustration of roulette wheel selection. Image from [148]. 

 

• Rank based selection: Similar in principle to roulette wheel selection, except the 

selection probabilities (segment sizes in the roulette wheel) are assigned based on 

an individuals rank rather than raw fitness (e.g. rank 1 for the least fit, rank n for the 

most fit in a population of n individuals). This method reduces sensitivity to outliers 

and populations with similar fitness scores, but requires a mapping scheme (e.g. 

linear or exponential scaling) to convert the ranks to probability values [147]. 

• Tournament selection: A group of individuals (the ‘tournament pool’) is randomly 

selected from the population (with the pool size set by the user), and the fittest 

individual among them is selected as the parent [147]. Tournament selection is 

straightforward to implement and provides intuitive control over selection pressure 

(how strongly the algorithm favours fitter individuals) by varying the tournament 

size, making this method one of the most used approaches in GA literature [149]. 

From these three options, tournament selection was chosen for this project due to its 

simplicity, robustness and intuitive control over selection pressure. Unlike roulette wheel 

selection, it performs reliably even when population members have similar fitness scores, 

and it is not skewed by outliers. Compared to rank-based selection, it avoids the added 

complexity of defining rank-to-probability mapping schemes whilst still allowing intuitive 

control over selection pressure via the tournament size. These advantages, combined with 



108 
 
its strong performance and widespread use in literature make tournament selection a well-

suited choice for this application. 

Crossover Operator 

For performing crossover in GAs, the three most commonly used methods are: 

Single-point crossover: One crossover point is chosen randomly, and the halves form both 

parents are swapped to produce the two child solutions [150] (Fig. 3-20). 

 

 
Fig. 3-20. Illustration of single-point crossover. Image from [151]. 

 

Multi-point crossover: Two or more crossover points are generated and the segments 

between points are alternated to form the child solutions [150] (Fig. 3-21). 

 

 
Fig. 3-21. Illustration of multi-point crossover. Image from [151]. 

 

Uniform crossover: Each gene in the offspring is chosen independently from one of the two 

parents with a fixed probability (typically 50%), producing a uniformly mixed combination of 

both parents’ genes [150] (Fig. 3-22). 

 

 
Fig. 3-22. Illustration of uniform crossover. Image from [151]. 
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For this project, single point crossover was selected to ensure minimal disruption to the 

existing gene structures (i.e. to ensure that both child solutions can inherit ‘good parts’, such 

as consecutive genes, from both parent solutions). It is well known in GA literature that 

crossover methods with high gene disruption (such as multi-point or uniform crossover) 

often give offspring which are very different from both parent solutions due to the large 

amount of gene recombination [149], [152-154]. Whilst potentially beneficial for promoting 

population diversity, this can lead to slower convergence as good local gene structures can 

easily be lost.  

Additionally, rather than using the same crossover point, different random crossover points 

are used for both parents to allow the child chromosomes to vary in length (Fig. 3-18). Given 

that it is difficult to know beforehand what an ‘ideal’ number of cuts would be for a structure, 

allowing the length of chromosomes to change is beneficial as it introduces a natural way 

to vary the number of cuts in child solutions. 

Mutation Operator 

Unlike selection and crossover, which typically rely on established formats (e.g. tournament 

selection and single point crossover), mutation is a more problem specific operator which 

is typically tailored based on the problem and how the solutions are encoded. For example, 

if solutions are encoded as a binary string of ones and zeros, mutation could involve flipping 

a bit from a 0 to a 1. In permutation-based problems (such as order optimisation in packing), 

this could involve swapping the position of two objects in the permutation. For real-value 

encoded problems (such as this cutting and packing algorithm), mutation might add a small 

amount of random noise to a gene. 

In this project, each gene represents a cut in 2D (or 3D) space defined using a set of real 

values. The mutation operator was designed to apply small, random perturbations to 

individual cuts, enabling the fine-tuning of their positions without significantly disrupting 

the overall cutting pattern. 

One consideration across all problem types, however, is how aggressively to apply 

mutation, i.e. whether to mutate all genes in a chromosome or only a small number. 

Mutating all genes introduces greater diversity but risks erasing beneficial gene structures 

(i.e. good partial cutting patterns) inherited during crossover. In contrast, applying mutation 

to only a small number of genes helps preserve good partial gene structures whilst still 

allowing for some diversity to be introduced. For this reason, mutation in this algorithm is 

applied on a per-gene basis, with each gene having only a small chance of being mutated. 

This allows individual cuts to be adjusted whilst other remain unchanged, allowing some 



110 
 
cuts to be refined without excessively disrupting good partial gene structures inherited from 

crossover. 

 

3.3.4 Importance of GA Parameters 

A key aspect of genetic algorithm performance lies in managing the trade-off between 

exploration and exploitation. Exploration involves searching over a wide and diverse range 

of solutions to avoid premature convergence to poor ones. Exploitation focuses on the 

improvement of promising existing solutions to try and improve them further. 

Striking the right balance between the two is critical for the success of GAs. Leaning too 

heavily toward exploitation (i.e. aggressively refining only the best-found solutions) risks 

premature convergence to poor solutions. In contrast, excessive exploration, whilst helping 

to promote diversity, can lead to slow and inefficient search behaviour, preventing the 

algorithm from converging to high quality solutions. A well-tuned GA must therefore balance 

both aspects: it must maintain enough diversity to explore broadly whilst also focusing 

search efforts to refine and exploit the most promising solutions found so far. 

In this implementation, crossover acts as the primary method of exploitation by 

recombining genes from well performing parents to produce improved offspring. In 

contrast, mutation acts as the primary source of exploration by making small random 

changes to individual genes, helping to promote diversity and explore new regions of the 

search space. It is worth noting that, whilst crossover can introduce large changes to 

chromosomes (by varying the number of cuts), it remains fundamentally exploitative in 

nature since it can only recombine existing genes (but cannot introduce new ones). 

This balance between exploration and exploitation is further influenced by several key GA 

parameters: 

• Tournament Size: Controls selection pressure. Large tournament sizes favour fitter 

individuals, increasing exploitation. Smaller sizes increase exploration by allowing 

less fit individuals to contribute to the gene pool. 

• Mutation Rate: Higher mutation rates mutate more genes in a chromosome, 

promoting exploration, but at the risk of disrupting good gene structures. A low 

mutation rate promotes exploitation, but can lead to premature convergence. 

• Elite Population Size: Elitism preserves top performing individuals across 

generations, enhancing exploitation. However, a large elite population reduces the 
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number of new offspring, potentially limiting exploration. A smaller elite population 

increases diversity but risks losing high quality solutions. 

• Population size: A larger population offers greater diversity, improving exploration 

but with higher computational cost due to more solution evaluations per 

generation. Conversely, smaller populations reduce computational cost but may 

lack sufficient diversity. 

• Number of Generations: More generations allow for longer refinement, improving 

exploration, but with diminishing returns over time. Beyond a certain point, 

improvements tend to plateau [149], [155], [156] while computational cost 

continues to rise. 

Together, these parameters must be carefully balanced to ensure the algorithm effectively 

searches the solution space while steadily improving solution quality over time. 

 

3.3.5 Parameter Selection Strategy 

Given the computational complexity of the cutting and packing problem, performing 

rigorous parameter tuning through extensive testing was not possible. For the 2D work 

presented in Chapter 4, a more informal approach of trial-and-error was used to select 

suitable parameter values based on observed performance trends in the algorithm. For the 

3D work presented in Chapter 5, the effect of the different parameters is explored in greater 

detail, with particular focus on mutation rate, tournament size and population size. 

Regarding the number of generations, a fixed value of 100 was used for both the 2D and 3D 

testing of the cutting and packing GA. This value was chosen based on observations in 

literature and initial testing which found that the majority of performance improvements in 

the GA tend to occur within the first 0-50 generations, with diminishing returns beyond that 

point. Using 100 generations was therefore seen as a reasonable trade-off between 

ensuring that the algorithm has sufficient opportunity to evolve high quality solutions and 

keeping the computational costs manageable. 

 

3.3.6 Implementation and Software Development Effort 

Whilst the previous sections outlined the methodological and algorithmic aspects of the 

proposed cutting and packing framework, it is also important to clarify the extent of 

software development required to realise this methodology in practice. A large portion of 
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the work presented in this thesis involved original algorithm implementation, software 

integration, and iterative testing and debugging across multiple software environments. 

As outlined in Section 3.1.1, the 2D implementation of the cutting and packing framework 

was developed primarily in MATLAB, with DigiPac used as an external voxel-based packing 

engine. Enabling this workflow required interfacing MATLAB with the existing C++ DigiPac 

codebase. The necessary modifications to allow DigiPac to be called from MATLAB was 

carried out by the primary supervisor of this project (Dr Xiaodong Jia), however all cutting 

logic, optimisation frameworks (including genetic algorithm operators, cost evaluation 

criteria and constraint handling policies), and experimental procedures for the 2D work was 

implemented entirely by the author of this thesis in MATLAB. This included the development 

of the full 2D cutting and packing prototype, the hyper-heuristic packing framework, the 

allocation-based packing strategy, and the disassembly sequencing algorithms presented 

in Chapter 4. 

It is also worth noting that the disassembly sequencing work did not rely on DigiPac and was 

implemented entirely within MATLAB by the author, including the development of the 

underlying tree-based search logic and constraint checking mechanisms. 

For the 3D implementation presented in Chapter 5, the algorithm was integrated into the 

decommissioning software NuPlant, which is written in C++ and operates entirely in voxel 

space. The core implementation of the 3D cutting and packing framework within NuPlant 

was also carried out by Dr Xiaodong Jia, based on the methodology and algorithmic design 

developed by the author. The author’s contribution at this stage focused on defining the 

algorithm structure (including the GA feedback loop, custom genetic operators and multi-

container packing logic) as well as validating the implementation and conducting extensive 

testing and debugging. This involved the repeated execution of the 3D algorithm across 

multiple test cases, identification of edge-case failures, and detailed feedback to guide 

refinements to the implementation.  

Across both the 2D and 3D phases of the project, the work required the design, 

implementation and validation of several novel algorithmic frameworks developed as part 

of this research, including a 2D prototype of the cutting and packing algorithm, hyper-

heuristic and multi-container packing strategies and disassembly sequencing optimisation 

algorithms. While exact line counts are not reported due to iterative development and 

refactoring, the overall implementation effort comprised several thousand lines of original 

MATLAB code and substantial modifications to existing C++ codebases. This section is 
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intended to clarify the non-trivial software engineering effort underpinning the research 

contribution presented in this thesis. 
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CHAPTER 4 

2D WORK 
 

This chapter presents the 2D implementation and testing work conducted to evaluate and 

refine the proposed cutting and packing optimisation approach. The 2D setting provides a 

simplified environment for testing the methodology and exploring ways to enhance the 

algorithm’s performance and applicability before extending it to full 3D implementation. 

The findings from this Chapter were instrumental in informing the design choices for the 3D 

implementation of the algorithm (outlined in Chapter 5). 

The remainder of this chapter is structured in four parts: 

• Section 4.1 - Evaluating the proposed approach: Implementing a simplified 2D 

version of the algorithm and benchmarking its performance against a random 

search to evaluate the effectiveness of the proposed optimisation strategy for 

cutting and packing. 

• Section 4.2 - Hyper-heuristics for container packing: Implementing and testing a 

novel hyper-heuristic packing framework for improving both single-container and 

multi-container packing performance by optimising placement strategies. 

• Section 4.3 - Allocation-based multi-container packing: Comparing a prior-

allocation approach to an order optimisation approach for multi-container packing 

to assess the difference in terms of speed and solution quality. 

• Section 4.4 - Disassembly sequencing for cut structures: Developing and testing 

several optimisation approaches for finding feasible and mechanically stable 

disassembly sequences for cut structures. 

 

4.1 Evaluating the Proposed Approach 

To evaluate the efficacy of the proposed cutting and packing optimisation approach, a 

simple version of the algorithm was implemented in 2D in MATLAB. The performance of the 

algorithm was then benchmarked against a random search to establish a clear 

performance baseline. The random search provides a simple unintelligent approach for 

exploring the search space, making it an effective point of comparison for demonstrating 

the benefits of evolutionary principles such as crossover and mutation. By comparing the 

results to this baseline, it allowed an easy assessment on whether the proposed GA 
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approach can consistently outperform a non-heuristic approach in terms of quality and 

convergence speed. 

 

4.1.1 Implementation 

As stated in Chapter 3, the chosen cutting approach used to partition the input shape is 

Binary Space Partitioning (BSP). The implementation of this cutting approach is based on 

the implementation presented in [109] (Where BSP is used to partition 3D models for 

additive manufacturing), and is outlined as follows: 

Referring to Fig. 4-1 as an example, cutting patterns are represented as a list of successive 

cuts, where each entry in the list stores the location and orientation of a single planar cut. 

To apply a cutting pattern to the object, the algorithm applies the cuts one by one, starting 

with the first cut at the top of the list. For each cut, the origin point of its rotation axis is given 

by (𝑥, 𝑦), and the orientation about this point by 𝜃. The length of each cutting plane is set to 

be long enough to fully intersect with the object (to prevent partial cuts where the end of a 

cut stops mid-way through the object), however cuts are not allowed to intersect with one 

another. To keep the search space computationally tractable, the location and rotation 

values for each cut are restricted to integer values (otherwise the number of possible cut 

configurations would be infinite). 

 

 

 
                (a)                                                            (b) 

Fig. 4-1. Simple illustration of Binary Space Partitioning. (a) – BSP cutting of a square with 3 cuts. (b) – cut list 

used to define the 3 cuts. 
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Regarding the crossover and mutation operators in the GA, when crossover is performed, 

the two parent cut lists (selected via tournament selection) are split at random points and 

recombined to produce the two offspring (Fig. 4-2). The child solutions produced by 

crossover are then subjected to mutation, where the algorithm will cycle through all the 

individual cuts in a cut list with each cut having a small probability of being mutated (Fig. 4-

3). When a cut is mutated, a small amount of random noise is added to both the location of 

the origin point (𝑥, 𝑦) and the angle 𝜃, to slightly perturb them. Additionally, if the origin point 

of a cut lies on a previously placed cutting line, or if the origin point lies outside the objects 

bounding box (both of which can occur due to mutation), the cut will be deleted. 

 

 
(a) (b) 

Fig. 4-2. Illustration of crossover. (a) – Parent solutions. (b) – Recombined child solutions. 

 

 
(a) (b) 

Fig. 4-3. Illustration of mutation. (a) – Unmutated child solution. (b) – Mutated child solution with position and 

orientation of cut B mutated. 
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For packing the cut parts, the MATLAB code was interfaced with the packing software 

DigiPac. The shapes themselves are defined as a set of connected vertex coordinates. To 

pack a set of shapes, the vertex coordinates for each shape are first written to a text file. 

MATLAB then calls DigiPac which reads the shapes from the text file, voxelises them and 

then packs them one by one in the order they appear in the text file. Once packed, DigiPac 

converts the packed shapes back to vertex coordinates which are then printed to another 

text file (along with the relevant packing metrics). The text file is then read back into MATLAB 

to obtain the packing configurations for display. 

As stated in Chapter 3, At the time of this study, DigiPac did not have multi-container 

packing capabilities implemented. As such, a single unbounded container with fixed width 

and infinite height is used. The packing of the parts is achieved by placing them one by one 

into the container, with each part being placed according to the placement heuristic ‘height 

minimisation’ (which seeks to minimise the height of the object in the packing pile). When 

searching for valid packing sites for a part, the parts are allowed to fully rotate in 1-degree 

increments. For the packing order of parts, the parts are packed in the order they are 

produced from the cutting algorithm. When the cutting algorithm applies a cutting list to the 

object, cut parts will be appended to an array in the order they are cut from the structure, it 

is this order in which the objects are placed into the packing space.  

The cutting cost is defined as the intersection volume between the cuts and the structure, 

and the packing cost is defined as the percentage space utilisation of the container. Since 

the goal would naturally be to maximise the percentage utilisation, the value is multiplied 

by -1 to convert it to a minimisation problem. This was done for practical reasons, since the 

MATLAB function used for finding the pareto frontier assumes that all input objectives are 

to be minimised. 

The problem is solved in a multi-objective fashion, where the two objectives to minimise are 

the ‘cutting cost’ (intersection volume from cutting) and the ‘packing cost’ (negative 

percentage space utilisation). Regarding constraints, the user must set maximum 𝑥 and 𝑦 

size limits for the cut parts (where the limits must be less than or equal to the container 

dimensions to ensure the parts can be packed). If either the 𝑥 or 𝑦 dimension of a cut part’s 

bounding box exceeds these limits, the solution containing the part will be deemed 

infeasible, and a penalty term will be used to degrade both the cutting cost and packing 

cost. This penalty is calculated individually for each solution in the GA population during 

fitness evaluation to ensure that infeasible solutions are appropriately penalised during 

selection. 
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This dual penalisation of both objectives is necessary to ensure that the multi-objective 

search remains consistent across both objectives. For example, if only one objective is 

penalised, the algorithm may mistakenly favour infeasible solutions that appear optimal for 

the unpenalised objective. By degrading both the cutting and packing costs, the algorithm 

is better able to differentiate between feasible and infeasible solutions within both 

objectives. It is worth noting that both penalty terms are tied specifically to the part size 

constraint (i.e. if the part size constraint is violated, the penalty terms for both cutting and 

packing will increase in proportion to the degree of violation). 

For cutting cost, the penalty is calculated based on how much the parts violate the size 

constraint (Fig. 4-4). The algorithm will cycle through all the cut parts in a solution and check 

each part’s bounding box dimensions against the limits. Referring to Fig. 4-4 as an example, 

for each cut part which is larger than the limits, the algorithm will calculate how much larger 

the part’s bounding box is (both the 𝑥 and 𝑦 dimension), compared to the user defined 𝑥 and 

𝑦 limits. The differences in both dimensions (∆𝑥 and ∆𝑦 in Fig. 4-4) are summed to get the 

penalty value for that single part. Once the algorithm has cycled through all the cut parts in 

a solution, the penalty value for each infeasible part is summed and then multiplied by the 

penalty multiplier, before being added to the cutting cost for that solution. 

 

 
(a)                               (b) (c) 

Fig. 4-4. Penalty calculation for a cut part. (a) – Cut part with bounding box. (b) – Maximum allowed size for 

cut part. (c) – Size difference in 𝑥 and 𝑦 dimension. 

 

For packing, only parts smaller than the size limits are packed, and the penalty term is 

calculated based on how many of the parts violate the constraint (i.e. how many parts are 

unpackable). For each infeasible solution, the total volume of all the unpacked parts is 

divided by the total volume of all the parts in that solution. This gives a value between [0,1], 

equal to 1 if no parts are packed and 0 if all parts are packed. As with the cutting penalty, 
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this value is multiplied by a penalty multiplier before being added to the packing cost of that 

solution. 

As stated in Chapter 3, for ranking the solutions, the population is sorted into successive 

pareto fronts (a common approach in evolutionary multi-objective optimisation [157]). The 

process works by calculating the Pareto front for the entire population (i.e., the first frontier); 

the solutions on this frontier are then removed, and the algorithm computes the next 

frontier from the remaining solutions. This process repeats until all solutions have been 

assigned to a front. This results in a population ranked by dominance level, where solutions 

in earlier (lower-numbered) frontiers are considered superior to those in subsequent ones. 

For crossover and mutation, parent solutions are selected via tournament selection, where 

a random subset of the population (the tournament pool) is selected, and the best solution 

amongst them is chosen as the tournament winner. Since solutions are ranked by pareto 

front, solutions in earlier fronts dominate those in later ones. However, solutions within the 

same frontier are considered non-dominated with respect to each other, meaning they are 

treated as equal in terms of fitness. As such, if multiple solutions in the tournament pool 

belong to the highest-ranked (non-dominated) pareto front, one is selected at random 

among them. This ensures that all equally ranked top-performing solutions have a fair 

chance of being selected, helping to maintain diversity within the population. 

 

4.1.2 Simulation Setup 

For testing the algorithm, a simple scenario was devised where the goal was to cut a square 

(with length and width equal to 200 pixels) and then pack the parts into a container (with a 

width of 200 pixels) such that both the cutting cost and packing cost are minimised. Both 

the maximum allowed 𝑥 and 𝑦 size limits were set to 100. In doing so, it is plain to see that 

the best possible solution for this problem (i.e. the global optimum) is when the square is 

cut into 4 equal parts which are then packed to reconstruct the original input square in the 

packing space (Fig. 4-5 below).  

 

  
(a) (b) 

Fig. 4-5. (a) – globally optimal cutting result. (b) – globally optimal packing result. 
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To assess the performance of the GA, a popular metric often used in pareto-based multi-

objective optimisation, called the ‘hypervolume’ indicator [158], is used (Fig. 4-6). The 

hypervolume is calculated by forming a polytope between a reference point in the objective 

space and each pareto optimal solution and then calculating the volume of the union of all 

the polytopes [159]. The objective space refers to the space defined by the objective 

functions being optimised (e.g. cutting cost and packing cost), where each solution can be 

represented as a point within this space, based on its objective values. This measure was 

first referred to as the ‘size of the space covered’ in [160] and essentially shows how the 

pareto optimal set of solutions improves over time. A higher hypervolume indicates better 

performance, as it means the set of solutions dominates a larger region of the objective 

space (reflecting both improved quality and diversity in the trade-off solutions). Fig. 4-6 

illustrates this concept for the dual objective cutting and packing problem. 

 

 

For the GA, the following parameters were used: 

• Population size: 50 

• Generations: 100 

• Elite population: 10 (20% of the population) 

• Tournament size: 5 (10% of the population) 

• Mutation probability: 0.2 

• Cutting and packing penalty weights: 100 

 

 

Fig. 4-6. Illustration of the hypervolume in 2D objective space. Image adapted from [161]. 
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The GA parameter values outlined above were selected in accordance with the general 

discussion on GA parameter effects and the parameter selection strategy outlined in 

Chapter 3 (Sections 3.3.4 and 3.3.5). Given the computational expense of evaluating each 

cutting and packing solution, exhaustive parameter tuning was not feasible. Instead, 

parameters were chosen through informal trial-and-error based on observed performance 

trends (following standard GA design practice which aims to balance exploration and 

exploitation). In particular, the mutation probability, tournament size, population size and 

number of generations were chosen to maintain sufficient population diversity whilst 

ensuring convergence within manageable computational limits. 

The initial population was generated randomly, with both the number of cuts in a solution 

and the location/orientation of each cut generated at random. Elitism was applied to retain 

the best 10 solutions across generations, with the remainder of the population generated 

via crossover and mutation.  

The performance of the GA was benchmarked against a random search where 5000 cutting 

patterns (equal to the total number of solutions evaluated by the GA) were randomly 

generated in batches of 50 (analogous to the generations in the GA). For both the GA and 

the random search, the hypervolume was calculated using all solutions evaluated up to that 

point, not just using the 50 solutions in the current generation/batch. This results in a 

hypervolume value which can only increase as the pareto frontier of all found solutions 

improves. 
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4.1.3 Results 

 

Fig. 4-7. Average hypervolumes for both the GA and random trials. 

 

Both the GA and the random search were run 10 times. Fig. 4-7 shows the hypervolumes for 

the GA and the random search (plotted against their respective generation/batch number), 

with the black lines indicating the average over the 10 runs and the shaded regions showing 

the min/max range. It is immediately evident from this figure that the GA has outperformed 

the random search, with the final hypervolume values for all the GA runs being higher than 

that of the random search runs. This shows that the GA can find better approximations of 

the pareto frontier compared to the random search.  

The clear gap between the shaded regions for the two algorithms also shows that in all runs, 

the GA produces final solutions which dominate all solutions from the random search in the 

objective space. This is also evident from the example in Fig. 4-8, which shows the two 

optimised solutions (from all 10 GA and random search runs) that are closest to the global 

optimum (shortest Euclidean distance to the globally optimum cutting/packing costs in the 

objective space). It can be seen that in both solutions, the packing structures are similar in 

terms of percentage space utilisation (with values of 80.1% and 78.4% for the GA and 

random search respectively), however the cutting solution from the GA has noticeably fewer 

cuts (with the cutting costs being 92.2 and 152.7 for the GA and random search 
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respectively). This was a pattern which was observed consistently when examining the 

pareto optimal solutions produced by the two algorithms over the 10 runs. 

The sharp increase in hypervolume seen approximately between generations 0-10 in Fig. 4-

7 can be attributed to the use of penalty functions with relatively large penalty multipliers. 

In the early stages of the search, the majority of candidate solutions are infeasible with 

respect to the cut-part size constraints, resulting in large penalty values that dominate the 

objective functions (pushing the solutions far from the feasible region of the objective 

space). As the optimisation progresses, the population rapidly discovers feasible solutions, 

at which point, the penalty terms for these solutions are reduced to 0. This transition 

produces a large discontinuous improvement in the pareto optimal solutions in the 

objective-space, leading to a pronounced jump in the hypervolume. 

This interpretation is further supported by the trends observed in Fig. 4-9 and Fig. 4-10, 

which show a rapid increase in the average number of cuts in the population and a 

corresponding drop in the penalty values over the same generation range. Once most of the 

population lies within the feasible region, further improvements in hypervolume arise from 

incremental improvements in the trade-off between cutting and packing, resulting in the 

observed plateau behaviour. Similar ‘cliff-edge’ convergence patterns are commonly 

observed in penalty based evolutionary optimisation, where early search effort is mainly 

focused on pushing the search toward feasibility before the objective function itself is 

improved [162-164]. 
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Fig. 4-8. Closest cutting/packing solutions to the global optimum for the GA and random trials. 

 

Based on the results from this study, several problems with the GA were also noted, namely 

a slow convergence rate (leading to an inability to find the global optimum) and a loss of 

diversity in the elite solutions.  

Regarding slow convergence rate, from the example in Fig. 4-8, despite an average run time 

of approximately 15 hours, the GA is still unable to produce solutions which are even close 

to the global optimum (Fig. 4-5). There are several factors which are believed contribute to 

this slow behaviour: 

Number of variables: with the 2D implementation, the number of variables required to 

represent a single cut is three (𝑥, 𝑦, 𝜃). In 3D, this would increase to six (𝑥, 𝑦, 𝑧, 𝜃𝑥, 𝜃𝑦, 𝜃𝑧). It 

is well known in optimisation that increasing the number of variables expands the search 

space, making it more challenging to find optimum solutions. Although three variables per 

cut may seem modest, this scales quickly with the number of cuts in a solution. Using the 

proposed BSP cutting approach, the total number of optimisation variables becomes 3𝑛 for 

Cut Shape Packed Shapes 

Closest solution to global optimum – Random trials 

Closest solution to global optimum – GA trials 

Cut Shape Packed Shapes 
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2D and 6𝑛 for 3D, where 𝑛 is the number of cuts. As an example, the closest solution to the 

global optimum found by the GA (Fig. 4-8) contains 11 cuts, resulting in 33 variables for this 

cutting pattern. Given that this is a very simple example (i.e. simpler than cutting a real-

world structure which could require more cuts), this large number of variables poses a 

problem in terms of convergence speed (especially if the current approach is adapted to 

3D). 

Variable ranges: coexisting with the problem of many optimisation variables is the problem 

of large variable ranges. For each cutting plane, the 𝑥 and 𝑦 points that define the origin can 

take any integer value inside the structures bounding box. Additionally, the cutting planes 

were allowed to fully rotate about their origin point in 1-degree increments, giving 180 

possible planar orientations at any single point in space. For the simple square test 

scenario, this gives 200 ∗ 200 =  40,000 possible locations for a single plane origin point, 

with 180 possible orientations at each point, giving the total number of unique positions for 

a single cutting plane as 40,000 ∗ 180 =  7.2 ∗ 106. By cutting down the number of unique 

positions which individual cuts can take, it follows that the size of the search space will be 

reduced as well. For example, if the plane rotation increment was restricted to 90 degrees 

(orthogonal cutting), the algorithm would lose some flexibility in its ability to place cuts, but 

the number of unique positions would only be 40,000 ∗ 2 =  80,000. 

Use of penalty functions: The problem with using penalty functions to penalise constraint 

violation is that it allows infeasible solutions in the GA’s population. Whilst this can be 

beneficial in promoting better exploration of the search space, it also means some of the 

computational effort will be wasted evaluating infeasible solutions (which can slow 

convergence). Another problem is the sensitivity to the choice of penalty multiplier. If the 

penalty term is too low, the algorithm may tolerate infeasible solutions for too long, leading 

to slow convergence to a feasible optimum, or even a failure to find a feasible optimum 

within the allocated time. If the multiplier is too high the fitness function becomes 

dominated by the penalty term, leading to aggressive enforcement of feasibility at the 

expense of exploration of the search space.  

In this study, a high penalty multiplier was used to strongly discourage constraint violations 

with respect to the part size limits. As noted earlier, this approach succeeds in quickly 

pushing the population toward feasibility early in the search, however it does so by rapidly 

increasing the number of cuts (since adding cuts is an easy way to reduce the size of parts). 

This behaviour is evident in Fig. 4-9 and 4-10, which shows a sharp initial rise in the average 

number of cuts in the population accompanied by a corresponding drop in the average 

population penalty values. The problem however is that once the population reaches the 
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feasibility region, many of the population members contain more cuts than is necessary. 

Because removing cuts risks easily introducing constraint violations, the algorithm 

proceeds slowly, making only minor improvements to the existing solutions. As such, it 

becomes very difficult for the algorithm to quickly find feasible solutions with few cuts, 

leading to slow convergence. 

 

 
Fig. 4-9. Mean number of cuts in the population per generation (averaged over all simulations). 

 

 
Fig. 4-10. Mean raw cutting and packing penalty for the population, per generation (averaged over all 

simulations). 
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Regarding a loss in diversity, upon closer inspection it was also noted that many of the elite 

population members in the final generation of each GA run were very similar. As an example, 

Fig. 4-11 shows two elite solutions from the final generation of the best GA run. It is clear 

that both cutting patterns appear very similar, with only minor differences between them. It 

is also clear that, whilst the packing structures are visually different, they both have similar 

peak heights, leading to similar packing costs. This was a pattern which was observed 

across all the elite solutions in the final populations of the 10 GA runs. 

 

 
Fig. 4-11. Example of diversity loss in cutting patterns within the elite population. 

 

This issue is likely due to the choice of large elite population size. Given the complexity of 

the problem and the low likelihood of obtaining globally optimal solutions in realistic 

scenarios, the initial design of the algorithm emphasised maintaining a strong set of high-

quality solutions throughout the run. A large elite population size was intended to preserve 

the top-performing solutions across the generations, allowing the algorithm to 

incrementally refine them. The problem however is that in certain cases, the genetic 

operators would produce child solutions which were only marginally different from their 

parents. When this occurred within the elite subset, these similar offspring were often 

added back into the elite population alongside their parents, further reducing diversity. In 

retrospect, a smaller elite population would have likely struck a better balance between 

preserving quality and maintaining the exploratory capacity of the algorithm. 

 

Cut Shape Packed Shapes 

Cut Shape Packed Shapes 
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4.1.4 Concluding Remarks: Evaluating the Proposed Approach 

Based on the study presented, the efficacy of the proposed optimisation methodology was 

verified by showing that it can consistently outperform a brute force random search. Based 

on the results, several problems were noted with the current implementation of the GA, 

namely: 

1. Slow convergence: The combination of penalty functions coupled with the high 

number of optimisation variables (due to the representation of cuts) likely increases 

the time needed to find good feasible solutions. To help mitigate this issue, the 

fallback cutting strategy (orthogonal cutting) and repair mechanism (presented in 

Chapter 3, Section 3.1.2 and 3.1.6, respectively) will be implemented in the 3D 

algorithm, thereby reducing the number of optimisation variables and removing the 

need for penalty functions. 

2. Loss of diversity in the elite population: A large elite population increases the 

chance that elite members are selected for crossover and mutation. Since these 

operators can produce offspring which are genetically similar to their parents, this 

can lead to a concentration of similar solutions in the elite population. To help 

mitigate this issue, a smaller elite population size will be used for the 3D 

implementation of the algorithm. 

3. Lack of multi container packing: The current implementation of DigiPac does not 

have multi container packing optimisation implemented. Given that nuclear 

decommissioning often involves large structures which need to be packed into 

multiple industry standard containers, multi container packing remains a high 

priority direction of research. 

 

4.2 Hyper-Heuristics for Container Packing 

From the review on 3D irregular object packing optimisation, it was noted that the number 

of studies investigating hyper-heuristics in 3D packing is very limited (with the only example 

being [31]). As a reminder to the reader, within the context of packing optimisation, ‘hyper-

heuristics’ refers to a high-level selection strategy designed to select low-level heuristics for 

solving the packing problem. As an example, this could involve using a set of different 

placement heuristics (i.e. rules to decide where objects are placed in the container, like 

height minimisation) which the algorithm can select from, rather than using only a single 

placement heuristic. In doing so, the algorithm gains more flexibility in its choice of 

placement locations when packing objects, potentially allowing it to find better solutions. 
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Given the limited research on this topic, and the fact that DigiPac is a one-by-one packing 

algorithm which utilises placement heuristics, investigating hyper-heuristics for improving 

the quality of packing solutions presented itself as a natural choice of research direction.  

The following two sections present an investigation into the use of hyper-heuristics for 2D 

single-container and multi-container packing (Sections 4.2.2 and 4.2.3 respectively). For 

the single container case, an optimisation algorithm is proposed with 4 placement 

heuristics combined in a novel hyper-heuristic fashion, where objects are packed in a fixed 

packing order (largest volume to smallest), with a GA used to optimise the choice of 

placement heuristic for each object. The proposed framework is then compared to a 

conventional single-heuristic order-optimisation approach to assess whether the proposed 

hyper heuristic framework can outperform it. In the multi-container work, the hyper-

heuristic framework is extended to multi-container packing by combining heuristic 

optimisation with order optimisation, where the goal of the GA is to optimise both the 

packing order (which changes the allocation of objects to different containers), and the 

placement heuristic used to pack each object (with the aim being to minimise the number 

of containers required to pack all parts). The proposed algorithm is then benchmarked 

against literature, and based on the findings, and updated hyper-heuristic framework is 

proposed. 

 

4.2.1 Background 

Whilst hyper heuristics have received almost no attention in 3D packing, the number of 

papers focusing on hyper-heuristics for irregular object packing in 2D is also very limited, 

with the majority of work being from the same research group [165-170].  

In [165], the authors introduce a first-version of their hyper-heuristic framework which uses 

an adaptive rule-based system to evolve combinations of low-level heuristics (using a 

genetic algorithm) to solve both regular and irregular 2D packing problems. In particular, 

they use two types of low-level heuristics for solving the problem: one set of heuristics 

which are designed to select which object to pack next and which container to place it into 

(e.g. first fit decreasing where objects are ordered from largest volume to smallest and the 

largest piece is placed into the first container that will accommodate it), and another set of 

heuristics for deciding where to place each object in the container (e.g. bottom left fill where 

the object is placed as low as possible in the container). The decisions are based on 

measurable properties of the current packing situation (referred to as the ‘problem state’), 
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such as how many pieces are left to pack, the size and shape categories of those pieces, 

and how much of a container is already filled. 

In [166], the authors apply their hyper-heuristic framework in a multi-objective fashion for 

solving 2D irregular stock cutting problems, where the two optimisation objectives are to 

minimise the number of containers for all the parts and the time required to place all the 

objects. In the same year, in [167], the authors build on their proposed hyper-heuristic 

framework by utilising data mining techniques to automatically define a set of problem 

features (rather than having them defined manually as before). The features help the hyper-

heuristic make better decisions by identifying patterns in the heuristic performance across 

different scenarios, helping to improve the selection of heuristics. In [168], the authors 

extend their framework to handle both 1D and 2D packing problems, showing that the 

methodology can generalise well to different types of packing problem. This idea was 

further consolidated in [169], where the authors propose a unified hyper-heuristic 

framework for solving 1D, 2D regular and 2D irregular packing problems. They expanded 

their heuristic set and validate the framework on 1400 benchmark instances, 

demonstrating its adaptability and robustness for a wide range of problems. Finally, in [170], 

they extend their hyper heuristic framework to a multi-objective domain where the two 

objectives are to minimise the number of containers and the time required to pack all 

objects. Whilst similar to their earlier work in [166], this version of the algorithm benefits 

from advances they made in their later work in automatic feature extraction and framework 

generalisation. 

Another example of hyper-heuristics for irregular object 2D packing (from a different 

research group) can be found in [171]. In this paper, the authors propose a hierarchical 

hyper-heuristic which shares some similarities with the earlier work by the previous 

research group. Both approaches use selection heuristics for selecting which object to 

pack next and placement heuristics to decide where to place each object. The main 

difference with their work however is that the heuristics operate on one container at a time, 

trying to fill the container as much as possible before moving onto the next one. Their 

hierarchical system builds solutions using three types of heuristic operators: selection, 

placement and hole filling. The selection heuristic selects which object to pack next (based 

on shape features such as aspect ratio or area) and the placement heuristics determine the 

placement strategy for the object (e.g. positioning objects from the bottom of the container 

to the top to form columns or positioning the objects from left to right to form rows). The 

hole filling heuristic is used at the end to try and fill any remaining gaps in the structure in a 

greedy fashion. 
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While the work by the authors of [165-170] and [171] centres on adaptive heuristic selection 

mechanisms based on problem state features, the approach proposed in this project differs 

in its use of a global optimisation framework. In their implementations, the hyper-heuristic 

framework operates as a local decision-making process, i.e. a high-level selection strategy 

chooses a heuristic at each step based on features of the current packing state. While this 

enables adaptability, it does not involve systematically trialling a wide range of heuristic 

combinations, meaning that potentially high-performing combinations may never be 

explored. For the hyper-heuristic framework proposed in this project, rather than selecting 

heuristics dynamically using a high-level selection strategy, a genetic algorithm is used to 

trial a wide range of different heuristic combinations (in the single container packing case), 

and different heuristic/packing order combinations (in the multi-container case) to identify 

the combinations which yield the best results. This transforms the hyper-heuristic from a 

reactive decision process to a more exploratory, global search process offering broader 

coverage of the search space with the potential to uncover higher quality solutions through 

iterative refinement. 

The final example covered here is presented in [172]. In this paper, the authors propose a 

hyper-heuristic algorithm for solving the strip packing problem (packing shapes into a single 

unbounded container). Conceptually, their approach functions similarly to the hyper-

heuristic multi-container algorithm developed in this project, in that a genetic algorithm is 

used to optimise both the packing order of the objects and the selection of placement 

heuristics. However, there are several key differences. Firstly, their work is limited to single-

container packing and does not extend to multi-container scenarios, which is a central 

focus of the present work. Additionally, their algorithm also optimises the rotation angles 

for objects within the GA (whereas in the current work, the angles are determined implicitly 

by the placement heuristics) as well as the granularity of the discretised packing space (in 

contrast to this study where the grid size remains fixed throughout), increasing the 

complexity of the search process. 

The following sections present the implementation and results of the proposed hyper-

heuristic framework, beginning with the single-container version before extending to the 

multi-container case. 

 

4.2.2 Single Container Packing 

To investigate the efficacy of hyper-heuristics, this research began with an MEng project 

[173] which focused on testing single-container hyper-heuristic packing. The goal of this 
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project was to implement a simple hyper-heuristic packing algorithm for packing shapes 

into a single unbounded container (with fixed width and infinite height), and to then 

compare the efficacy of the hyper-heuristic algorithm to a more conventional single 

heuristic order-optimisation approach. The project was conceptualised by the author of 

this thesis, with the programming work also conducted by the author. The testing, data 

collection and analysis was conducted by the student under close supervision by the 

author. 

The shape dataset chosen (by the student) for testing is referred to as ‘Jakobs1’ and is 

available from [174]. Fig.4-12 shows an example of a packed structure using the Jakobs1 

dataset. 

 

Fig. 4-12. Example of a packed structure created using the Jakobs1 dataset. Image from [173]. 

 

For the hyper heuristic algorithm, a placement-heuristic optimisation approach was used 

where the algorithm has several placement heuristics available which it can use to place 

objects. The objects were packed one-by-one from largest volume to smallest, each time 

being placed according to the placement heuristic assigned to it. The goal of hyper heuristic 

optimisation then, was to optimise the choice of placement heuristics for each object to 

maximise the percentage space utilisation of the container.  

The four placement heuristics used in this study were: 

1. Height Minimisation – Object placed in a location which minimises its height in the 

packing pile (Fig. 4-13 a). 

2. Seat Minimisation – Object is placed in the lowest available location in the packing 

structure (Fig. 4-13 b). A point to note, this placement heuristic is equivalent to the 

popular placement heuristic often used in packing referred to as ‘bottom left fill’ 

[80]. 
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3. Contact Area Maximisation – Object is placed in a location which maximises the 

contact area between itself and the objects in the packed structure (Fig. 4-14 a). 

4. Contact Number Maximisation – Object is placed in a location which maximises 

the number of objects in the packed pile that it is in contact with (Fig. 4-14 b). 

 

 

 

 

                (a)                                            (b) 

Fig. 4-13. Simple example to illustrate difference between height and seat minimisation. (a) – object placed 

using to height minimisation. (b) – object placed using seat minimisation. 

 

 

 

  
                            (a)                                            (b) 

Fig. 4-14. Simple example to illustrate difference between contact area and contact number maximisation. 

(a) – object placed using to contact area maximisation. (b) – object placed using contact number 

maximisation. 
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The motivation for selecting these four placement heuristics was as follows: 

• Height Minimisation – Based on the literature review on 3D irregular object packing 

algorithms (Chapter 2, Section 2.2), it was noted that height minimisation is a frequently 

used choice of placement heuristic. This is likely due to the fact that height minimisation 

naturally seeks to always keep the height of the packing structure as low as possible, 

leading to compact solutions with a lot of free space on top of the pile where new objects 

can easily be added. 

• Seat Minimisation – Based on the literature review, ‘bottom-left-fill’ was also noted as a 

commonly used placement strategy. Bottom-left-fill (which functions the same as seat 

minimisation) seeks to place objects such that the base of the object is placed as low as 

possible in the packing structure, with ties being broken by selecting the ‘left-most’ of 

the tied positions. The idea behind this placement heuristic is that by placing objects as 

low as possible in the packing structure, the algorithm fills the container space from the 

bottom up, helping to minimise large vertical gaps at the bottom of the container. The 

downside however is that it does not explicitly seek to minimise the height of the packing 

pile and as such, can produce solutions with objects sticking out of the top of the pile 

(e.g. Fig. 4-13 b). 

• Contact Area Maximisation – Contact area maximisation is a less widely explored 

placement heuristic that is considered more problem-specific when compared to height 

and seat minimisation. The idea behind contact area maximisation is that it is more 

beneficial for shapes that have large flat surfaces which can be placed in contact with 

one another to minimise gaps. 

• Contact Number Maximisation – Like contact area maximisation, contact number 

maximisation is also a more problem-specific placement heuristic. Whilst contact area 

is more beneficial for shapes with large flat sides, contact number maximisation is more 

beneficial for irregular, curved shapes where maximising contact area may be difficult. 

As a simple example, consider the packing of circles into a container. Due to the curved 

nature of circles, it is difficult to maximise contact area between them since the contact 

area itself is inherently limited. In such cases, maximising the number of other circles in 

contact will likely lead to better solutions with minimal gaps between them. 

For the hyper-heuristic algorithm, a genetic algorithm was used to optimise the choice of 

placement heuristics. Each chromosome in the GA is a 1-dimensional array where each 

entry (gene) corresponds to a placement heuristic (represented as a number between 0-3). 

The entry position in the array (from left to right) corresponds to which object is packed by 

the heuristic. E.g. the heuristic in position 1 of the array is used to pack the first object, the 
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heuristic in position 2 the second object, and so on. When performing crossover, single 

point crossover was used where the algorithm selects two chromosomes, splits them at 

random points and then recombines the top and bottom halves to produce two child 

solutions (Fig. 4-15). As a point to note, unlike in the GA used to optimise the cutting patterns 

in the previous section, the same random split point is used for both parents to ensure that 

both child solutions remain the same length (since the number of entries in the array 

corresponds to the number of objects to pack, which remains constant). For mutation, the 

algorithm takes a single chromosome and randomly changes one of the genes (placement 

heuristics) for a single object.  

 

 

Fig. 4-15. Illustration of single point crossover for a packing case with 10 objects.  

 

For the single heuristic packing, a simple order-optimisation based genetic algorithm was 

implemented, where each object is packed using a single placement heuristic and the GA 

optimises the packing order for the objects. Each chromosome in this GA represents a 

packing order with each gene representing an object. The objects are packed one by one 

starting with the first entry in the chromosome.  

Since the order optimisation problem is a permutation-based problem (where the goal is to 

optimise the permutation of objects in a chromosome), conventional crossover operators 

(e.g. random single point crossover) cannot be used as this runs the risk of producing 

solutions with duplicate or missing objects. As such, a popular crossover operator often 

used in permutation-based optimisation problems, referred to as Davis’s order crossover 

[175], is used. Referring to Fig. 4-16 as an example, the process begins by copying a random 

segment of genes (called the ‘crossover section’) from the first parent chromosome and 

then placing it into the first child chromosome. Then, starting from the second crossover 

point in the second parent chromosome, it copies the remaining unused genes into the first 

child chromosome in the order they appear in the second parent, wrapping around at the 
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end of the list [175]. The second child chromosome is created using the same process, but 

with the parent roles reversed.  

 

 
Fig. 4-16. Illustration of Davis’s order crossover. Image from [175]. 

 

This operator changes the permutation of objects whilst preserving the original object set 

(i.e. preventing duplicate or missing objects). It also has the advantage of passing 

contiguous gene segments from both parents to both child solutions. By preserving these 

segments (rather than just randomly changing the permutation for example), the operator 

increases the likelihood of passing good segments (i.e. good partial packing orders) to the 

child solutions. For mutation, the algorithm randomly selects two objects in a chromosome 

and swap their positions, thereby making a small change to the packing order. 

 

Results 

Fig. 4-17 Shows the results from the comparison between the hyper-heuristic algorithm and 

the single heuristic order optimisation algorithm for the 4 placement heuristics. For this 

test, the student ran the hyper-heuristic packing algorithm 40 times using the Jakobs1 

dataset (with a container width of 100 pixels). The student then ran the single heuristic 

algorithms 40 times for each placement heuristic and compared the results to the hyper 

heuristic. For both test cases, the objects were allowed to rotate in 90-degree increments 

when being packed. Both the hyper heuristic and order optimisation GA were run with a 

population size of 50 for 100 generations. 
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Fig. 4-17. Percentage space utilisation for hyper-heuristic algorithm and single-heuristic algorithms over 40 

trials. CA – Contact Area, CN – Contact Number, HM – Height Minimisation, SM – Seat Minimisation. Figure 

adapted from [173]. 

 

From Fig. 4-17 It can clearly be seen that the hyper-heuristic approach has outperformed 

the single placement heuristics for every trial. The student also noted that, from the single 

placement heuristic trials, contact area and height minimisation performed the best on 

average (with contact area performing marginally better than height minimisation), followed 

by seat minimisation and contact number last. It was also noted that the reason for such 

poor performance with contact number was likely due to the nature of the shapes in the 

dataset, with all the shapes having flat sides with minimal curvature. As such, the student 

was advised to re-run the hyper-heuristic algorithm with some curved shapes added to the 

dataset. The goal of this was to examine the optimised placement heuristics assigned to 

the objects to see if there was any pattern between the assigned placement heuristics and 

the types of shapes being packed. The student added 16 circles to the dataset (9 large and 

7 small ones) and then re-ran the hyper heuristic algorithm under the same conditions as 

before, producing the result shown in Fig. 4-18. 
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Fig. 4-18. Jakobs1 dataset with circular shapes added. Image from [173]. 

 

From this experiment, they noted that, after heuristic optimisation, all the circles were 

assigned the contact number placement heuristic and were grouped close together in the 

packing structure (as evident from Fig. 4-18). They also noted that many of the larger, flat 

sided objects were placed using contact area maximisation. This had the effect of 

producing interlocking of shapes with complementary edges (e.g. the ‘L’ shaped objects 

which nest together well), as well as producing a wall building effect where many of the flat 

sided objects were stacked against the side of the container (as can be seen in the left side 

of the container in Fig. 4-18). This suggests that shape properties play a large part in 

determining which placement heuristics are most appropriate to pack them. Given the 

limited scope of this study, this topic is considered worth exploring in greater detail in future 

work. 

 

4.2.3 Multi-Container Packing 

Based on the successful application of hyper heuristics in this study, the integration of 

hyper-heuristics with order optimisation for multi-container packing was subsequently 

investigated. The remainder of this section describes this extension. 

In this study, the goal of optimisation was to find both an ordering for a set of objects, and a 

placement heuristic for each object such that, when the objects are packed in this order 
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with each object placed according to its prescribed heuristic, the number of containers, 𝑁, 

needed to pack all the objects is minimised.  

Let 𝑂 =  {𝑜1, 𝑜2, . . . , 𝑜𝑛} denote a set of 𝑛 2D irregular objects which are to be packed into 

identical rectangular containers, with width and length denoted as 𝑊 and 𝐿 respectively. 

Additionally, let 𝐻 =  {ℎ1, ℎ2, . . . , ℎ𝑘} denote a set of placement heuristics available to the 

packing algorithm, where 𝑘 is the number of placement heuristics available. The 

optimisation variables can thus be defined as a 2-tuple set: Ω =

 {(𝑜1, ℎ𝑖
1), (𝑜2, ℎ𝑖

2), . . . , (𝑜𝑛, ℎ𝑖
𝑛)} where 𝑖 ∈  1, . . . , 𝑘. Each entry in the set Ω contains an 

object 𝑜 ∈  𝑂 with an associated placement heuristic ℎ ∈  𝐻 which is used to pack that 

object. 

Assuming the objects are packed in the order that they appear in Ω, the goal of optimisation 

can be stated as a desire to minimise 𝑁 by optimising 1.) the order of objects in the set Ω 

(by changing the permutation of the pair entries in the set), and 2) the choice of placement 

heuristics used to pack each object (by changing the index 𝑖 of each ℎ associated with each 

object in Ω), subject to the following constraints: 

1. No overlap between the packed objects. 

2. All packed objects are within the container boundary. 

Using 𝑁 directly as the optimisation objective will result in tied solutions for cases where 

there are multiple solutions with the same number of containers. Hence, the same 

objective as in [176] is adopted, which aims to maximise the percentage usage of each 

container. This is expressed as: 

𝐹 =  
∑ 𝑈𝑗

2𝑁
𝑗=1

𝑁
(1) 

Where 𝑈𝑗  is the utilisation ratio of each container 𝑗 ∈ 1, … , 𝑁 and is defined as: 

𝑈𝑗 =  
∑ 𝑎𝑚

𝑛𝑗

𝑚=1

𝐿𝑊
(2) 

Where 𝑎𝑚 is the area of object 𝑚 ∈ 𝑂. 

The benefit of this metric is that it places a higher score on packing solutions where most of 

the containers are well packed. For example, consider a simple case with two packing 

solutions, A and B. Both packing solutions have two containers, however in solution A, both 

containers have a utilisation score, 𝑈, of 0.5 whereas in solution B, one container has a 𝑈 

score of 0.9 and the other has a 𝑈 score of 0.1. Based on the number of containers, the 
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solutions are the same. However, if the 𝐹 scores are calculated for both cases, solution A 

has a score of 0.25, whilst solution B has a higher score of 0.41.  

To pack a set of objects, the algorithm begins by opening a single container into which the 

objects are placed one by one starting with the first object in the list. Each object is placed 

according to the placement heuristic assigned to it. If the next object in the list cannot be 

packed into the current container, the container is closed off and a new container is 

opened. The algorithm then continues packing the objects into the new container until the 

next object cannot fit. This process repeats until all the objects have been packed. 

The optimisation of the packing order and heuristics for each object is performed by a 

genetic algorithm. The population of the GA is made up of individual solutions, or 

‘chromosomes’, where each chromosome is equivalent to an instance of Ω and the number 

of chromosomes is set by the user. Each gene in a chromosome is equivalent to a 2-tuple in 

the set Ω and contains one object and a heuristic to pack it. The order of the genes 

determines what order the objects will be packed. In each generation, the GA employs 

crossover and mutation operators to create a new population of solutions (‘offspring’) for 

the next generation. For selecting parent chromosomes for crossover or mutation, 

tournament selection is used. When generating the new population, the algorithm will 

generate a random number between [0,1]. If the number is less than the user defined 

crossover rate, the algorithm performs crossover (producing two offspring), otherwise the 

algorithm performs mutation (producing a single offspring). This process iterates until a full 

population of new solutions has been generated.  

For crossover, Davis’s order crossover is used to generate child solutions with different gene 

permutations. It is worth noting that when performing crossover, the child solutions will 

have different gene permutations, however the crossover operator does not alter the 

placement heuristics assigned to each object in a gene. As such, each gene in a child 

chromosome will retain the placement heuristic it possessed in the parent chromosome. 

For mutation, the operator selects two different genes at random from a parent 

chromosome and swaps their positions. The operator then randomly changes the value of 

𝑖 for each ℎ in the two selected genes to a different value of 𝑖 from 1, . . . , 𝑘, thereby changing 

the placement heuristics use to pack those objects. The GA also utilises elitism to retain a 

small portion of the best solutions from each generation to carry over to the next generation. 

In doing so, the best solution found is retained throughout the GA run. 

For packing the shapes into the containers, DigiPac is interfaced with MATLAB. The 

placement heuristics used by the algorithm were the same four heuristics outlined 
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previously (height minimisation, seat minimisation, contact area maximisation and contact 

number maximisation). The initial population of solutions comprises randomly ordered 

solutions with the heuristics assigned to each object likewise generated at random. For all 

the tests in this study the algorithm was run for 100 generations with a population size of 

50. The crossover rate was set to 0.5, the number of elite solutions was set to 5 and the 

number of solutions for tournament selection was set to 10. 

For testing the algorithm, 5 irregular-object benchmark datasets were selected, all of which 

are available from [174]. The datasets are shown in Table 4-1 along with the number of 

objects in each set (𝑛), and the permitted rotation angles for objects as given by the original 

authors of each dataset.  

 

TABLE 4-1. Datasets with number of objects and given rotation angles. 

 Dataset 𝑛 Given Rotations  

 Fu 12 [0, 90, 180, 270]  

 Albano 24 [0, 180]  

 Swim 48 [0, 180]  

 Poly5b 75 [0, 90, 180, 270]  

 Shirts 99 [0, 180]  

 

The results are benchmarked against the results for the same datasets used in [176] for the 

‘Nest-MB’ (Medium Bins) instances, under the same container size conditions. For the 

Nest-MB instances, the authors of [176] define the container dimensions as 𝑊 =  𝐿 =

 1.5𝑚𝑑, where 𝑚𝑑 represents the maximum dimension (length or the width) across all the 

objects in an object set, in their given initial orientation. In this study, rather than scaling the 

containers in proportion to the shapes (as in [176]), fixed container dimensions of 𝑊 = 𝐿 =

100 pixels are used, and the shapes in each dataset are scaled accordingly. 

For the rotation angles of the objects, two separate trials were run on each set of shapes; 

one where the rotations were the same as the given rotations and another where the shapes 

were permitted to fully rotate in 1-degree increments. In [176], the authors also test packing 

the shapes using the given angles as well as using free rotation. Within the context of their 

paper, free rotation refers to the fact that objects can have any angle between 0 and 360 

degrees, however this does not mean that objects are continuously rotated when being 

packed. Instead, the authors use a pre-processing step before packing each object to 

identify promising angles based on edge alignment (aligning edges of the object to be 

packed with flat edges of previously packed objects and the container boundary). They then 
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select the top three rotation angles which maximise edge alignment, and test packing the 

shape for each angle. 

Results 

Table 4-2 lists the results of this study along with the results obtained in [176] for the same 

data sets, both of which are averaged over multiple runs. Fig. 4-19 shows an example of a 

packed structure obtained using full rotation (specifically, the best result obtained for the 

‘Albano’ dataset). For the data in this study, the algorithm was run 10 times for each dataset 

in both cases (given rotation and full rotation). The best results for each dataset are 

highlighted in bold. 

 

 
Fig. 4-19. Best packing result for the ‘Albano’ dataset. 

 
 

TABLE 4-2. Comparison of results from this study with literature. 

 
This Study Results From [176] 

Given Rotations Full Rotation (1o) Given Rotations Free Rotation 

Dataset 𝑁 𝐹 𝑁 𝐹 𝑁 𝐹 𝑁 𝐹 

Fu 4 0.421 4 0.436 4 0.443 4 0.440 

Albano 3 0.522 3 0.551 3 0.480 3 0.510 

Swim 5.9 0.334 5.3 0.404 5 0.397 5 0.390 

Poly5b 8.7 0.371 8 0.439 7 0.478 7 0.480 

Shirts 9 0.457 8.8 0.520 8 0.518 8 0.570 

 

Looking at the results in Table 4-2, the proposed algorithm performed better on all cases 

using full rotation in 1-degree increments when compared to using the given rotation angles. 

This is unsurprising as using full rotation allows the algorithm to find more potential sites 

for each object. When comparing the results from this study (using full rotation) with the 

results from [176], the algorithm outperformed theirs for the ‘Albano’ and ‘Swim’ datasets 

and achieved close results for the ‘Fu’ dataset. For the datasets with a higher number of 

objects (‘Poly5b’ and ‘Shirts’), the algorithm performed noticeably worse. Compared to the 

algorithm in [176], which uses an allocation algorithm to allocate subsets of objects to 



143 
 
different containers (which are then optimised individually), the algorithm in this study aims 

to solve the problem in a more global fashion by optimising the entire object set, rather than 

splitting it into subsets. The result is that, in theory, the proposed approach can achieve 

better results as it is better able to explore the solution space, however the downside is that 

the solution space quickly becomes very large for an increasing number of objects. 

The number of combinations for the approach in this study can be calculated as: 

𝑛𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑛! (𝑘𝑛) (3) 

Where 𝑛! is the number of ways to order a list of objects, 𝑛, and 𝑘𝑛 is the number of heuristic 

combinations for 𝑘 heuristics with 𝑛 objects. Fig. 4-20 shows a plot of the number of 

combinations (calculated using Equation 3, with 𝑘 = 4) plotted against the number of 

objects, with the 5 datasets used in this study marked with coloured lines. 

 

 
Fig. 4-20. Plot of the number of combinations Vs the number of objects to pack, with the 5 datasets used in 

this study shown by the coloured lines. 

 

From Fig. 4-20, it can clearly seen that the number of combinations grows very quickly with 

the number of objects in the dataset (primarily due to the 𝑛! term in Equation 3). 

Consequently, whether the proposed algorithm achieves good solutions or not will depend 

heavily on both the quality of the initial solutions in the GA, and on the number of 
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generations the GA is allowed to run for. For example, for the ‘Shirts’ dataset, the best 𝐹 

score achieved over the 10 runs by the algorithm was 0.593, which is better than the average 

score (0.570) for the same dataset in [176]. However, this was only achieved in one of the 

runs, with the rest producing worse results. As such, future work needs to be done to reduce 

the number of combinations for the problem so the algorithm can consistently achieve 

good solutions without requiring very long run times or multiple runs. 

Regarding computation times, the algorithm took much longer to run than the algorithm in 

[176]. The authors of [176] provided the run time, averaged over all datasets in ‘Nest-MB’ ,as 

116 seconds. For the full rotation case, the average run time in this study was 217 minutes. 

This longer run time can be attributed to the fact that the proposed approach tests many 

more packing orders and rotation angles for objects when compared to [176]. In [176] the 

authors keep the order of objects fixed from largest area to smallest and only test a small 

number of different orientations. Using a fixed order with only heuristic optimisation was 

tested with the algorithm in this study, however it was found to produce poor results. Using 

a fixed order works well when the object set is pre-allocated and the containers are 

optimised individually (as in [176]), because for each container, large objects end up at the 

bottom of the container with the smaller objects packed in the gaps. With the approach 

used in this study however, it was found that keeping the order fixed from largest to smallest 

area resulted in the first few containers all having only large objects (with many gaps 

between them) and the last container having many small objects (which only occupied a 

small portion of the container). 

 

4.2.4 Concluding Remarks: Hyper-Heuristics for Container Packing 

Based on the two short studies into hyper heuristics presented above, several points can be 

noted: 

• The proposed hyper heuristic strategy (with the four placement heuristics) 

outperforms single-heuristic based packing with the individual heuristics, verifying 

past observations in literature that no placement heuristic is universally optimal in 

producing good packing arrangements.  

• The properties of shapes are an important factor in terms of what placement 

heuristic is best for packing them, highlighting the importance of problem specific 

heuristic selection. 

• From the multi-container algorithm, it was found that the proposed global hyper-

heuristic approach can outperform literature for some small problem instances, but 
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that the search space quickly becomes very large with an increase in the number of 

shapes, making it difficult for the algorithm to consistently produce good quality 

solutions. 

Ultimately, the biggest problem regarding hyper-heuristic packing optimisation is that 

without an intelligent selection strategy for selecting low level heuristics, many different 

combinations must be tried to find a good one (e.g. via metaheuristic optimisation). The 

problem with this is that it increases the computation times, making such algorithms 

unsuitable for problems where computational complexity needs to me kept to a minimum. 

Future Work 

Based on these observations, there are several areas that should be focused on for future 

work: 

Object placement selection strategy: One promising direction for future work would be to 

investigate the relationships between shape properties and the placement heuristics used 

to pack them with the aim of developing an intelligent selection strategy for deciding what 

placement heuristic to use to pack a shape. This would involve developing a set of 

descriptive shape features (such as curvature, aspect ratio, symmetry, convexity, etc.) and 

then developing testing datasets with different shape types based on these features. The 

single container hyper heuristic algorithm used in Section 4.2.2 could then be run on the 

different shape datasets, with the final placement heuristics for each shape after 

optimisation being recorded. After recording the data, cluster-based analysis could then be 

used to try and find any links between the shape properties and the placement heuristics 

used to pack different shapes with these properties. 

To take this a step further, it would also be useful to analyse the features of the partially 

packed pile itself (e.g. the curvature of the surface of the pile, the variation in the pile height 

and the distribution of void spaces in the pile), to try and develop a more advanced 

selections strategy which is able to consider both the features of the shape to pack as well 

as the state of the partially packed pile when making choices for the selection heuristic. 

Whilst prior research into this has been conducted by the research group who authored the 

papers [165-170], the problem with their approach is that their choice of problem state 

descriptors focus primarily on the state of the unpacked shapes, rather than the geometric 

properties of the partially packed pile itself. 

It can be argued that focusing solely on the shape to be placed in isolation, without 

considering the geometric properties of the partially packed pile, may still lead to 
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suboptimal placement. As a simple example, a shape with large flat sides could be 

assigned contact area maximisation as the placement heuristic. However, if the pile itself, 

for example, has a highly curved or uneven surface, there may not be any locations where 

good contact area can be achieved. I.e. the choice of placement heuristic for the shape may 

not compliment the geometry of the existing pile. 

Rotation angle selection strategy: Currently, with the existing search process in DigiPac, 

every time a shape is to be packed, it must be translated across the entire packing space in 

discrete steps (with overlap checking performed at each step), for every allowed 

orientation. As an example, if shapes are allowed to rotate in 1-degree increments, each 

time a shape is to be packed (in 2D), the scanning process must be repeated 360 times (for 

each allowed orientation). It therefore follows that, the finer the angle resolution, the higher 

the computation time will be for packing the shapes. A simple solution to this problem (as 

is often used in most existing packing algorithms), is to limit the rotation increments to large 

values (e.g. 90-degree increments). However, this runs the risk of the algorithm missing 

potentially good locations for placing the shapes. 

As such, another promising area for future work would be to investigate using rotation 

selection schemes to intelligently limit the rotation angles for objects to more ‘promising’ 

rotations. For example, in the benchmark study ([176]), the authors use a rotation selection 

scheme which considers the flat edges of the object to pack as well as the edges of the 

packed objects and container to calculate rotation angles for the object which promote 

edge alignment between the packed objects or container wall. In [177], the authors use 

principal component analysis to identify convex features on the object to pack and use this 

to calculate rotation angles which aim to promote good nesting between the object and the 

packed pile. 

Future work should focus on developing additional rotation selection schemes and then 

trying to link them with the different placement heuristics in the hyper-heuristic algorithm. 

For example, a rotation selection scheme which favours matching flat edges (such as in 

[176]) could pair well with contact area maximisation since aligning long flat edges is likely 

to increase surface contact. The broader idea is to identify complementary pairings 

between rotation selection strategies and placement heuristics to promote optimal packing 

whilst minimising computation time when searching for packing locations. 

Integrating hyper-heuristics with allocation-based multi-container packing: As stated, 

one of the problems with the proposed multi-container hyper heuristic algorithm is the 

factorial growth rate of the search space with an increase in the number of objects to pack 
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(resulting from the 𝑛! term in Equation 3). In comparison, one of the main benefits of the 

benchmark algorithm is that it splits the multi container packing problem into sequential 

single container optimisation, where a separate optimisation process is used to allocate 

subsets of objects to each container and the packing order is fixed form largest to smallest. 

This approach largely reduces the computational burden by removing the need to evaluate 

many packing orders for the object set. 

Another promising research direction would be to integrate the proposed hyper-heuristic 

framework into this allocation-based multi-container algorithm. The benefit of doing so is 

that in theory, it would remove the need for placement heuristic optimisation (by using an 

intelligent process to allocate placement heuristics) and the need for order optimisation, 

whilst allowing the algorithm to leverage a hyper-heuristic framework to improve packing. 

Additionally, one of the other benefits of this proposed framework is that it decouples the 

problem of selecting which part to pack next from the hyper-heuristic decision-making 

process. This contrasts to previous approaches, such as the work conducted by the authors 

of [165-170], where the selection policy must select both the next shape to pack and how 

to pack it. The problem with this is that incorporating the decision on which part to pack 

next increases the size of the decision space. For example, in the work conducted by the 

authors of [165-170], they present several different placement heuristics with several 

different selection heuristics for picking which object to pack next, giving a total of 40 

different combinations (i.e. 40 different decisions) which the algorithm can select from. In 

contrast, by decoupling the object selection process from the hyper-heuristic packing, the 

proposed future hyper-heuristic algorithm would have a much smaller decision space (of 4 

placement heuristics with the current implementation), helping to simplify the decision-

making.  

Another problem with incorporating the decision of which part to pack next into the hyper-

heuristic framework is that care must be taken to ensure the algorithm doesn’t become too 

greedy (i.e. selecting shapes that prioritise short term gains, like selecting shapes that fit 

easily into the current pile, over long-term gains, like minimising the overall number of 

containers). One of the benefits of the allocation strategy used in the benchmark algorithm 

is that it uses a selection strategy which aims to minimise greedy behaviour by favouring 

larger objects (for a more detailed explanation on this, see section 4.3.1), helping to 

maintain a more globally informed packing strategy. 

Integrating the proposed hyper-heuristic framework into this process would therefore 

provide a more balanced hybrid strategy, with the allocation step controlling object 
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selection with global awareness, while the hyper-heuristic focuses solely on making 

adaptive placement decisions. This separation of processes would in turn help keep the 

decision space more tractable, help reduce greediness in part selection, and would allow 

the placement strategy to adapt to the local geometry of each container. 

Adapting the work to 3D: As a final point to note, whilst applying the proposed framework 

to 2D packing problems would still be a novel contribution to 2D packing literature, 

extending the approach to 3D would offer greater novelty. Given the very limited research 

on hyper-heuristics in 3D packing, a 3D implementation of the algorithm could yield 

valuable insights and help significantly advance the state of the art in this area. 

 

4.3 Allocation-Based Multi-Container Packing 

Whilst the focus of the previous section was on optimising object order and placement 

heuristics using a global optimisation strategy, the computational cost of this approach 

proved to be a significant limitation, particularly for the large object sets. In contrast, the 

benchmark study achieved strong results with substantially lower computation times by 

using an allocation-based strategy. 

Given that the proposed approach for solving the cutting and packing problem requires the 

evaluation of many different cutting patterns produced by the GA, this presents a problem 

for the hyper-heuristic algorithm. The hyper heuristic algorithm tested in the previous 

section is already computationally expensive, due to the need to optimise the packing 

order/placement heuristics. As such, incorporating such an approach into the 3D cutting 

and packing algorithm would likely lead to excessive computation times. Another issue 

which was noted in the multi-container hyper heuristic study was the inconsistency of the 

algorithm, particularly for larger object datasets. The problem with this is that, again, due to 

computational complexity considerations, it is not feasible to run the hyper-heuristic 

packing algorithm on each set of cut parts multiple times to obtain a good result. 

Given these facts, the decision was made to evaluate the efficacy of the allocation-based 

packing strategy from [176] using the 4 placement heuristics (height minimisation, seat 

minimisation, contact area maximisation, contact number maximisation), implemented in 

a single heuristic fashion, with the aim of:  

1. Examining how the allocation-based packing approach (implemented with the 

DigiPac placement strategy) scales with increasing number of objects (both in 
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terms of quality of solution and consistency), and how it compares to the hyper 

heuristic algorithm presented in the previous section. 

2. Conducting a more detailed comparison of the different placement heuristics (to 

investigate the efficacy of the different placement heuristics under different levels 

of problem complexity). 

 

4.3.1 Partial Bin Packing Algorithm 

The following section outlines in detail the general process for the allocation based packing 

algorithm proposed in [176]. 

Let 𝑂 =  {𝑜1, 𝑜2, … , 𝑜𝑛} denote a set of 𝑛 2D irregular objects which are to be packed into 

identical containers (of equal width and height), with volume denoted as 𝑉𝑐.  All the objects 

in 𝑂 are small enough to fit into the containers and the objective is to minimise the number 

of containers, 𝑁, needed to pack all the objects in 𝑂, subject to 1.) no overlap between 

packed objects, 2.) all packed objects being entirely contained within their respective 

containers. A solution to the problem can thus be defined as a set of containers 𝐶 =

{𝑐1, … , 𝑐𝑁}. 

Partial Bin Packing (PBP) is an allocation-based packing approach which aims to solve the 

multi-container packing problem one container at a time. PBP works by assigning a subset 

of objects from 𝑂 to an open container 𝑐𝑖, 𝑖 ∈ 1, … , 𝑁, whilst keeping the unpacked objects 

from 𝑂 in reserve. The subset is selected such that the sum of the allocated object’s 

volumes is maximised without exceeding the available volume in the container, 𝑉, where 

𝑉 = 𝑉𝑐 for an empty container. The allocated objects are then placed one-by-one into the 

container, 𝑐𝑖, in decreasing order of volume. If all the objects are successfully packed, the 

container is closed, a new container is opened, and the process of allocation and packing 

is repeated for any remaining unpacked objects. If all the allocated objects do not fit into 

the container (as is often the case), the assignment is mended until the packing becomes 

feasible. A simplified flowchart of this process is shown in Fig. 4-21, with the mending loop 

highlighted. 
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Fig. 4-21. Simplified overview of PBP packing process. 

 

When attempting to pack an allocated subset one-by-one, the mending procedure will 

trigger when the packing algorithm encounters an object which cannot be packed into the 

container. When this occurs, any successfully packed objects are kept in the container, the 

object which failed to fit is placed into a temporary exclusion set, and any remaining 

unpacked objects in the allocated subset are returned to the main object pool 𝑂. The 

algorithm will then update the available volume in the container (𝑉) based on the volume 

occupied by the packed objects, and the allocation process will run again to select another 

subset from 𝑂 to try adding to the partially packed container. The process of mending the 

assignment and packing the parts will repeat until either all allocated objects are 

successfully packed, or there are no remaining objects left to try adding to the container.  

Allocation Algorithm 

The allocation problem itself is a 1D knapsack formulation where objects are selected to 

maximise the sum of their volumes without exceeding the available volume in the container. 

The problem, however, with using the sum of object volumes directly as the optimisation 

objective is that it results in ‘greedy’ solutions, where smaller objects will be packed earlier 

on in the solution process, leaving larger objects till the end [178]. For example, consider a 

simple case with 3 objects of volume 𝑜1 = 𝑜2 = 𝑜3 = 5 and 3 objects of volume 𝑜4 = 𝑜5 =

𝑜6 = 3, which are to be packed into identical containers with volume 𝑉𝑐 = 9. Using a greedy 

approach which maximises the sum of volumes will lead to a 4-container solution where 

the first container holds 3 objects, 𝑜4, 𝑜5, 𝑜6, (with total volume of 9), and 3 containers each 

holding a single object, 𝑜1, 𝑜2, 𝑜3, (each with volume 5). However, by assigning one of each 

object type to a single container (i.e. one object with volume 5 and one object with volume 

3), it is possible to pack all the objects into 3 containers instead [178]. 
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To help mitigate this issue, the authors of [176] adopt an objective function widely used in 

1D multi-container packing, which favours assigning larger pieces [179]. The problem can 

formally be expressed as follows: 

𝑀𝑎𝑥. ∑ (
𝑣𝑘

𝑣𝑚𝑎𝑥
)

2

𝑞𝑘

𝑛

𝑘=1

     𝑠. 𝑡. (4) 

∑ 𝑣𝑘

𝑛

𝑘=1

𝑞𝑘  ≤ 𝑉,   1 ≤ 𝑘 ≤ 𝑛, (5) 

𝑞𝑘 ∈ {0,1},   1 ≤ 𝑘 ≤ 𝑛, (6) 

Where 𝑉 = 𝑉𝑐 for an empty container and 𝑉 <  𝑉𝑐 for a partially packed container,  𝑞𝑘, 𝑘 =

1, … , 𝑛 is a binary variable taking the value 1 when object 𝑘 is assigned to the container and 

0 otherwise, and 𝑣𝑘,  𝑣𝑚𝑎𝑥 are the volumes of object 𝑘 and the largest object, respectively. 

Detailed Algorithm Procedure 

A detailed step-by-step outline for the PBP procedure is given as follows: 

Step 0: Initialise: 𝐶 =  ∅, 𝑖 = 1 

• 𝐶 contains all the packed containers, initially set to empty. 

• 𝑖 is the container index, initially set to 1. 

Step 1: Initialise: 𝑂𝑒𝑥 =  ∅, 𝑂𝑡𝑒𝑚𝑝 = ∅, 𝑐𝑖  =  ∅, 𝑉 =  𝑉𝑐 

• 𝑂𝑒𝑥 is the exclusion set, containing objects to temporarily exclude from 𝑂 when 

mending an allocation. 

• 𝑂𝑡𝑒𝑚𝑝 is a temporary set which contains the allocated objects. 

• 𝑐𝑖 is container 𝑖, initially empty. 

• 𝑉 is the available volume in 𝑐𝑖, initially set to 𝑉𝑐 for an empty container. 

Step 2: Allocate objects:  

• If 𝑂 =  ∅ AND 𝑂𝑒𝑥 ≠ ∅:  

▪ No objects left in O to try adding to partially packed container. 

▪ Return objects in 𝑂𝑒𝑥 to 𝑂. 

▪ Close container 𝑐𝑖 and store to 𝐶. 

▪ 𝑖 = 𝑖 + 1, return to step 1. 

• Else: 

▪ Solve the 1D knapsack problem to select a subset of objects from 𝑂. 

Remove subset from 𝑂 and store to 𝑂𝑡𝑒𝑚𝑝. 

Step 3: Input 𝑂𝑡𝑒𝑚𝑝 to the packing algorithm: 

• If all objects successfully packed:  

▪ Close container 𝑐𝑖 and store to 𝐶.  

▪ If: 𝑂 = ∅ AND 𝑂𝑒𝑥 = ∅, stop and return 𝐶.  

▪ Else: return any items in 𝑂𝑒𝑥 to 𝑂, 𝑖 = 𝑖 + 1, return to step 1. 
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• If an object cannot be packed:  

▪ Stop packing, go to step 4. 

Step 4: If all the objects cannot fit into the container: 

• Store packed objects from 𝑂𝑡𝑒𝑚𝑝 to 𝑐𝑖. 

• Move object which didn’t fit from 𝑂𝑡𝑒𝑚𝑝 to 𝑂𝑒𝑥.  

• Return any other unpacked objects in 𝑂𝑡𝑒𝑚𝑝 to O. 

• Set 𝑉 = 𝑉𝑐 − 𝑣𝑜𝑙_𝑝𝑎𝑐𝑘𝑒𝑑_𝑜𝑏𝑗𝑒𝑐𝑡𝑠, 

• Return to step 2. 

 

4.3.2 Implementation and Datasets 

For implementation, as with the hyper heuristic algorithm, the PBP algorithm is 

implemented in MATLAB, with the shape packing performed by DigiPac (interfaced with 

MATLAB). To solve the allocation problem (Equation 4), MATLAB’s in-built GA solver was 

used (with the number of generations set to 500). The tests were run on the same desktop 

PC which was used in the hyper heuristic study to ensure a fair comparison between run 

times. For assessing the quality of the packed solutions, the same metric (𝐹-score) was 

used as before (Equation 1). 

The results are benchmarked against the same packing instance (Nest-MB) from [176] using 

the same container size as in the previous study (length = width = 100 pixels), however 5 

additional shape sets were added to the testing datasets, giving 10 shape sets in total 

(shown in Table 4-3). As before, the datasets were selected based on the fact that they 

provide a good distribution in terms of the number of objects to pack, enabling an 

assessment of how the algorithm performs with an increasing number of objects. 

 

TABLE 4-3. Datasets with number of objects and given rotation angles. 

 Dataset 𝑛 Given Rotations  

 Dighe2 10 [0]  

 Fu 12 [0, 90, 180, 270]  

 Mao 20 [0, 180]  

 Albano 24 [0, 180]  

 Poly2b 30 [0, 90, 180, 270]  

 Shapes1 43 [0, 180]  

 Swim 48 [0, 180]  

 Trousers 64 [0, 180]  

 Poly5b 75 [0, 90, 180, 270]  

 Shirts 99 [0, 180]  
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Regarding rotation, the algorithm was run using the given rotations (as before) and using 10-

degree rotation increments as well. During testing, PBP algorithm was tested with the height 

minimisation placement heuristic on all 10 datasets using 1-degree and 10-degree rotation 

increments. It was found that using the 1-degree increments only provided an average 

improvement in the F-score of 0.72% with an increase in run time of 130.34%. Given the 

large difference in run times between the two angle resolutions and minimal gains resulting 

from use of 1-degree rotation increments, the decision was made to use 10-degree 

increments for the comparison with the given rotations. 

 

4.3.3 Results 

Tables 4-4 and 4-5 (on the subsequent page) show the results obtained for each dataset for 

each placement heuristic (averaged over 10 runs). The run time, 𝑇, in seconds for each 

dataset (averaged over the 10 runs) is reported as well. 

From Tables 4-4 and 4-5 it is noted that, as with the hyper heuristic algorithm, the tests using 

the small rotation increment (10-degrees) outperform all the tests using the given rotation 

angles. Again, this is unsurprising since the use of small angle increment allows the packing 

algorithm to test more placement locations, allowing it to find better ones. One of the main 

notable differences between the results here and the hyper heuristic algorithm used in 

Section 4.2.3 above are the run times. As a reminder, the average run time for the 5 datasets 

presented in the hyper heuristic study was 217 minutes. In contrast, the average run times 

(for the 10-degree cases) for packing the 10 datasets was 89 seconds for seat minimisation, 

88 seconds for height minimisation, 86 seconds for contact area maximisation and 96 

seconds for contact number maximisation, giving a total average run time of 90 seconds 

overall. This is significantly faster than the hyper heuristic algorithm and more closely aligns 

with the average run times achieved for the nest-MB instances in [176] (116 seconds 

averaged over the datasets).  

Examining the results for the individual placement heuristics, it can be seen that, based on 

the average performance metrics (𝑁 and 𝐹), height minimisation performed the best overall, 

followed very closely by contact area. The better performance of height minimisation can 

be attributed to the fact that it naturally seeks to minimise the height of objects in the 

packing pile, leading to packing arrangements with tighter vertical compaction and more 

free space on top of the packing pile. In contrast, contact area is more shape dependent, 

performing well with objects that have large flat surfaces or complementary interlocking 

geometries. Whilst this can lead to compact local packing arrangements (i.e. nesting of 
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certain objects), it does not directly seek to minimise the height of the packing structure. As 

a result, it may lead to packing structures that are locally dense, but less optimal in terms 

of the overall vertical compaction. 

 

TABLE 4-4. Results obtained for seat and height minimisation placement heuristics. 

  Seat Minimisation  Height Minimisation 

  10 Degrees Given Rotations  10 Degrees Given Rotations 

Dataset  𝑁 𝐹 𝑇 𝑁 𝐹 𝑇  𝑁 𝐹 𝑇 𝑁 𝐹 𝑇 

Dighe2  2 0.246 8 2 0.24 5  2 0.26 8 2 0.258 5 

Fu  4 0.4 27 5 0.291 17  4 0.419 26 4 0.401 15 

Mao  3 0.284 15 3 0.262 9  2 0.506 13 3 0.262 9 

Albano  3 0.496 23 3 0.492 16  3 0.497 22 3 0.489 17 

Poly2b  4 0.398 44 4 0.373 36  4 0.389 42 4 0.369 40 

Shapes1  7 0.299 121 8 0.225 110  7 0.288 116 7 0.283 93 

Swim  5 0.391 83 5 0.378 69  5 0.395 83 5 0.377 70 

Trousers  3 0.597 61 4 0.372 34  3 0.587 57 3 0.565 38 

Poly5b  7.2 0.488 233 8 0.395 217  7 0.503 217 8 0.413 208 

Shirts  8 0.566 279 9 0.418 234  8 0.584 293 9 0.433 208 

Avg.  4.62 0.417 89 5.1 0.345 75  4.5 0.443 88 4.8 0.385 70 

  

 
 

TABLE 4-5. Results obtained for contact area and contact number maximisation placement heuristics. 

  Contact Area Maximisation  Contact Number Maximisation 

  10 Degrees Given Rotations  10 Degrees Given Rotations 

Dataset  𝑁 𝐹 𝑇 𝑁 𝐹 𝑇  𝑁 𝐹 𝑇 𝑁 𝐹 𝑇 

Dighe2  2 0.284 7 2 0.258 5  2 0.264 8 2 0.258 5 

Fu  4 0.414 26 5 0.291 16  4 0.414 27 5 0.291 16 

Mao  2 0.508 11 3 0.262 9  3 0.285 15 3 0.262 9 

Albano  3 0.498 23 3 0.492 17  3 0.501 24 3 0.489 17 

Poly2b  4 0.398 42 5 0.285 37  4 0.393 44 4 0.376 36 

Shapes1  7 0.283 93 8 0.243 117  8 0.229 138 8 0.227 96 

Swim  5 0.389 83 5 0.379 68  5.4 0.358 82 6 0.31 70 

Trousers  3 0.565 38 4 0.413 56  4 0.412 73 4 0.346 41 

Poly5b  7 0.503 226 8 0.401 208  7.6 0.458 231 8 0.397 219 

Shirts  8 0.556 309 9 0.418 229  8 0.561 316 9 0.42 240 

Avg.  4.5 0.44 86 5.2 0.344 76.2  4.9 0.388 96 5.2 0.338 75 
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Compared to height minimisation and contact area maximisation, seat minimisation 

performed the third best out of the four placement heuristics. The problem with seat 

minimisation is that, much like the other placement heuristics, it doesn’t seek to minimise 

vertical height, instead choosing to simply place objects at the lowest available site in the 

packing structure. This can potentially lead to uneven packing structures, with objects 

sticking out of the top of the pile, making it more difficult to add subsequent objects. 

Interestingly, even though seat minimisation shares this same drawback with contact area 

maximisation, it is outperformed by it. This is likely due to the fact that contact area 

maximisation encourages more interlocking between shapes, which can lead to naturally 

more compact arrangements. Given that seat minimisation functions equivalently to the 

well know bottom-left placement heuristic, despite its widespread use in literature, the 

results in this study results suggest that it may not perform as well as other placement 

heuristics for irregular object packing.  

Lastly, it is also evident that contact number maximisation performed the worst on average 

across the test cases. It is worth noting however that based on the simple experiment 

presented in Section 4.2.2 Fig. 4-18, contact number maximisation showed strong 

performance when packing circular objects. This suggests that contact number may still be 

a useful placement heuristic, but only in very specific scenarios (e.g. scenarios involving 

highly curved or spherical objects where maximising number of contact points can lead to 

compact arrangements). 

 

TABLE 4-6. Best results from PBP and hyper-heuristic algorithms, and best results from [176]. 

 PBP (10o) Hyper Heuristic (1o) From [176] 

Dataset 𝑁 𝐹 Heuristic 𝑁 𝐹 𝑁 𝐹 

Dighe2 2 0.284 CA - - 1 0.823 

Fu 4 0.419 HM 4 0.436 4 0.443 

Mao 2 0.508 CA - - 3 0.3 

Albano 3 0.501 CN 3 0.551 3 0.51 

Poly2b 4 0.398 CA/SM - - 4 0.4 

Shapes1 7 0.299 SM - - 6 0.39 

Swim 5 0.395 HM 5.3 0.404 5 0.397 

Trousers 3 0.597 SM - - 3 0.58 

Poly5b 7 0.503 CA/HM 8 0.439 7 0.48 

Shirts 8 0.584 HM 8.8 0.520 8 0.57 

Avg. 4.5 0.449 - - - 4.4 0.489 

Note: CA – Contact Area, HM – Height Minimisation, CN – Contact Number, SM – Seat Minimisation 
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Table 4-6 shows the best results obtained by the PBP algorithm in this study (with the 

placement heuristic which achieved this result), along with the best results obtained by the 

previous hyper-heuristic algorithm, and the best results obtained by the authors of [176] 

(with the best results for each dataset highlighted in bold). As a point to note, the average 

results for the hyper-heuristic results are omitted since the algorithm was not run on all 10 

datasets. Additionally, for the PBP results where two placement heuristics are listed, this 

was due to a tie in the F-scores between the two heuristics. 

Comparing the PBP algorithm to the hyper-heuristic algorithm, it can be seen that the PBP 

approach is outperformed by the hyper-heuristic for the smaller object number datasets 

(‘Fu’, ‘Albano’ and ‘Swim’) but is beaten by the PBP algorithm for the higher object number 

datasets (‘Poly5b’ and ‘Shirts’). Given that the scaling of the objects is consistent across all 

datasets (with the shapes scaled according to the Nest-MB benchmark used in [176]), this 

indicates that the observed performance differences are not driven by the object-container 

size ratios, but rather by the increasing number of objects. This validates the previous theory 

that the problem with the hyper-heuristic approach is the rapid growth of the search space 

with increasing object count, making it more difficult to find high-quality solutions. 

When comparing the results in this study to the result from [176], it is evident that, whilst 

the PBP algorithm in this study outperforms theirs on four of the datasets, on average the 

performance of theirs is better. This is most likely due to the use of voxels in this study, which 

restricts both the position and the orientation of objects to a discrete grid and discrete set 

of angles, potentially limiting its ability to find more compact arrangements. In contrast, 

their approach allows for continuous placement and true free rotation of objects (i.e. 

objects can take any orientation), enabling the algorithm to find placement sites that the 

algorithm in this study may miss due to its discrete nature. Furthermore, instead of relying 

on a fixed placement heuristic to select sites, they compute all the geometrically feasible 

packing sites where an object can be placed using the No-Fit-Polygon (NFP) and select one 

that minimises the bounding rectangle of the packing structure. This allows them to 

evaluate the global impact on the packing structure for each local placement, rather than 

making a decision based solely on individual objects in isolation. As a result, each object is 

placed in a way which contributes to the overall compactness of the packing structure, 

rather than just satisfying a local objective. 

While the method presented in [176] performs well in 2D, it is not well suited for the 

intended application of packing nuclear waste in 3D. The primary issue is that their packing 

method relies on the NFP concept for finding feasible packing sites for objects. As stated in 



157 
 
the literature review, calculation of the NFP in 2D is a well-studied subject with multiple fast 

and robust procedures proposed for its calculation. In contrast, extending the approach to 

3D is far from trivial, with only a very limited number of studies ([31] and [53]) attempting it. 

As such, there is no efficient, generalised method for generating NFPs in 3D limiting its 

practical use in real-world applications. 

A final point to note regarding the PBP and hyper-heuristic algorithms presented in this 

study is the consistency of the PBP approach compared to the hyper-heuristic. It was noted 

with the hyper-heuristic that it had a tendency (particularly with the higher object number 

datasets) to produce inconsistent results, leading to average container values (𝑁) which 

were not all integer values (as can be seen in Table 4-6). In contrast, the PBP algorithm 

produced much more consistent values across the 10 runs, almost always producing 

solutions with the same number of containers. This is because the hyper-heuristic uses a 

global optimisation approach that explores many object orderings and placement 

strategies, which rapidly increases the search space and makes it harder for the algorithm 

to consistently converge to the same optimum. In contrast, the PBP approach keeps the 

packing order fixed and only utilises a single placement heuristic, meaning the only source 

of variation in the solutions is from the allocation of subsets to the containers.  However, 

since the allocation problem (Equation 4) is much simpler and faster to solve (when 

compared to the packing order and placement search done by the hyper-heuristic), it tends 

to converge more reliably to the same (or very similar) solutions across multiple runs. 

 

4.3.4 Concluding remarks: Allocation-Based Multi-Container 

Packing 

Based on this short study, the efficacy of the PBP packing approach has been demonstrated 

against the order-optimisation based hyper-heuristic approach. Whilst the hyper-heuristic 

algorithm can produce better solutions for the smaller object number datasets, its 

performance significantly degrades for larger datasets due to the exponential growth of the 

search space. In contrast, by fixing the packing order and simplifying the problem to 

sequential single container packing, the PBP algorithm can produce solutions much faster 

and to a greater consistency than the hyper-heuristic approach, even outperforming the 

hyper heuristic approach (both in terms of speed and quality of result) for the large object 

number datasets. 

As a result of these findings, the decision was made to use the PBP approach for the multi-

container packing algorithm in 3D for three main reasons: 
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1. Whilst the hyper-heuristic performs better for the small object number datasets, 

realistically, nuclear decommissioning is likely to involve the cutting and packing of 

large structures, potentially leading to many cut parts. As such, a packing approach 

which shows strong and robust performance for large object datasets is favoured.  

2. Given the average run time for the hyper-heuristic algorithm was much larger than 

for the PBP algorithm, this would be particularly problematic if the hyper-heuristic 

algorithm was integrated into the proposed cutting and packing approach since the 

approach requires the evaluation of many cutting patterns.  

3. By using a more consistent packing approach (PBP) it also allows for the better 

linking of the cutting and packing problem. With the hyper-heuristic, it struggled to 

give consistently strong solutions for anything more than a small number of objects. 

Given the proposed cutting and packing approach ranks the quality of solutions 

based on both cutting and packing, this inconsistency could easily lead to cases 

where a good cutting solution is paired with a suboptimal packing solution, resulting 

in the combined solution being classed as poor, even though one component is high 

quality. 

Based on the comparison of the different placement heuristics it was found that height 

minimisation and contact area both performed the best, with height minimisation 

performing slightly better on average. Based on this finding, the decision was made to use 

height minimisation for the PBP implementation in 3D. In addition to this fact, height 

minimisation was also chosen for the following additional reasons: 

1. In terms of the average number of containers, height minimisation performed 

strongly not just for the 10-degree rotation case, but also for the given rotation cases 

as well, with the average number of containers being 4.8, which is only marginally 

worse than 4.5 for the 10-degree rotation cases. Given that packing in 3D adds two 

additional rotation axes, trying to test every orientation for an object in 10-degree 

increments would be impractical as it would involve having to test 363 (46,656) 

orientations. Given this fact, it is likely that the rotation of objects will need to be 

restricted to large increments (e.g. 90 degrees). As such, a placement heuristic 

which can still produce good packing solutions with larger angle increments is 

desirable. 

2. Additionally, one of the benefits of height minimisation is that by seeking to place 

objects with the height of the object as low as possible in the packing structure, it 

follows that the objects centre of mass within the packing pile will be minimised as 

well. The benefit of this is that it should naturally result in more stable packing 
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configurations. For example, in [55] the authors present a packing algorithm to pack 

objects into containers such that the objects remain mechanically stable in their 

resting locations. They use a placement heuristic referred to as ‘heightmap 

minimisation’ which seeks to minimise the increase in the container heightmap. 

Although their method differs from the height minimisation approach in this study 

(in that it uses the heightmap of the entire structure), the underlying principles are 

similar; both approaches aim to minimise the height of the packing structure to 

improve compactness and promote stability. Notably, their study also compared 

the heightmap minimisation heuristic against two others; a bottom left fill approach 

(equivalent to seat minimisation) and another heuristic referred to as ‘maximum 

touching area’ (equivalent to contact area maximisation). They showed that 

heightmap minimisation outperformed the other two placement heuristics in 

producing stable placements, further supporting the effectiveness of height-based 

placement strategies for producing stable packing arrangements. 

 

4.4 Disassembly Sequencing for Cut Structures 

Of the limited examples where cutting optimisation has been performed in nuclear 

decommissioning, none of the cutting algorithms consider disassembly sequencing for the 

structure. By disassembly sequencing, this means finding an order of cut part removal such 

that each cut part can be removed from the structure following a collision free trajectory, 

whilst ensuring the structure remains stable. Whilst such considerations may be less 

critical when cutting is performed manually (since humans are able to intuitively assess and 

adapt to such constraints in real time), disassembly planning becomes essential in the 

context of autonomous decommissioning. The long-term vision for the research conducted 

in this thesis is to develop a fully integrated cutting and packing pipeline for robotic 

decommissioning to allow for the fully autonomous cutting and packing of nuclear 

structures. Achieving this will require algorithms that not only optimise cutting patterns, but 

also generate feasible disassembly sequences to enable safe and efficient part removal by 

autonomous robotic systems. 

The following section details work into this subject as part of an MEng project ([180]) carried 

out under the supervision of the author of this thesis. The project was conceptualised by 

the author of this thesis, with the coding also carried out by the author. The student 

performed the testing and data collection for the results presented in this section. 
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4.4.1 Background 

The topic of disassembly sequencing is one which has received a great deal of attention in 

literature, particularly within the field of electrical and mechanical component recycling. 

Within this field, the idea behind disassembly sequencing is to find fast and efficient 

disassembly sequences for products which have reached the end of their life, with the aim 

of either recycling individual components, or reusing them in future devices. Examples of 

this include disassembly sequencing for household electrical items (such as desktop PCs 

[181], [182], coffee makers [183], electric drills [184], printers [185], [186] and LCD TVs  

[187-189]), as well as mechanical systems (such as car engine blocks [190], [191], 

gearboxes [192], [193] or water pump systems [194]). More detailed reviews on this topic 

can be found in [195], [196]. 

Whilst these methods have proven effective for such products, they are often not suitable 

for nuclear decommissioning. For example, they often do not consider structural stability 

(as there is often no need to do so, especially for small scale electronic devices) or greatly 

simplify part removal (e.g. by simplifying the removal to a set of removal directions without 

explicitly considering the part trajectories and whether they can move along the trajectory 

without collision).  

In contrast, nuclear decommissioning presents a different set of challenges. For example, 

structures can often be large and heavy, where improper sequencing for the removal of cut 

parts could lead to structural instability and potentially collapse (presenting safety risks). 

Additionally, with advancements in robotics, there is increased interest in the utilisation of 

such tools for performing cutting actions autonomously (to reduce the need for human-

performed cutting in radioactive environments). In such cases, problems relating to the use 

of robotics, such as the ability to remove cut parts from the structure without them colliding 

with the remaining structure, must also be considered. 

To date, the concept of disassembly sequencing within decommissioning contexts has 

received very little attention, with the only example in literature being  [197]. In this paper, 

the authors propose a safety-aware, cut-sequencing algorithm for large structures, 

motivated by decommissioning tasks such as shipbreaking and aircraft dismantling. Their 

algorithm starts with a pre-partitioned structure (i.e. the locations of the cuts is pre-

determined) where the goal is to decide what order to execute the cuts and where the 

human cutter should position themselves to minimise the risk of harm from falling 

components. The safety of each cut is quantified using two criteria; the ‘intensity’ of the 

motion of all parts after a cut is made and the ‘closeness’ of the cut segments paths as they 
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fall relative to the position of the cutter [197]. The goal when selecting the sequence of cuts 

is to maximise safety, by minimising the intensity of motion for the cut parts and by 

positioning the cutter such that they avoid the path of any falling cut parts.  

As a point to note, in their work, they allow parts of the structure to be cut and separated 

from the structure and then cut further after separation (i.e. a part can drop from the 

structure and then be cut further on the ground). In contrast, the focus in this study is on the 

removal of one cut part at a time (calculating linear, collision-free trajectories each part can 

follow to move it away from the structure), making the process more analogous to robotic 

disassembly where a robotic manipulator would cut the part while another manipulator 

grasps the part and removes it. Additionally, stability in this study is treated as a hard 

constraint, meaning parts are not allowed to be removed if it leads to instability. In contrast, 

whilst the authors of [197] aim to minimise the intensity of the motion of cut parts, they do 

not enforce stability as a hard constraint, meaning the structure can be allowed to topple 

over during the cutting process.  

Though not related to decommissioning, two other recent works which are worth noting are 

[198] and [199]. In [198], the authors propose an algorithm which aims to optimise the 

speed and efficiency of robotic assembly via a process referred to as ‘assembly by 

disassembly’, which works by finding an optimum disassembly sequence for a structure 

and then reversing it for assembly. As with the work in this study, the goal of their algorithm 

is to minimise the sum of the trajectory lengths for the parts to facilitate faster assembly 

times. Additionally, they also seek to find collision-free trajectories for the parts to follow 

and enforce stability of the partially disassembled structure. The main difference however 

is that their stability method is based on a simplified gravity constraint. Each time a part is 

removed, they check that all the remaining parts in the structure are all supported by 

ensuring that no part can move downward along the gravity vector (i.e. that the shortest 

distance a part can move under gravity is zero). This functions similarly to the connectivity 

constraint employed in this work, which ensures that the removal of a cut part does not 

result in any disconnected or unsupported parts, however it does not account for broader 

structural stability such as tipping or collapse. In contrast, this study treats stability as a 

hard constraint by performing static analysis to check whether the structure remains 

physically stable after a part is removed. 

In [199], the authors also present an assembly-by-disassembly algorithm which aims to find 

robotically executable assembly plans. They also seek to find collision free trajectories for 

the parts to follow and have constraints to ensure that the remaining structure is stable 

under gravity. Unlike the previous study ([198]) however, they explicitly model gravity using 
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a physics simulator to ensure physical stability throughout the assembly process, which is 

more advanced than the static stability approach employed in this study. However, their 

focus is primarily on feasibility rather than optimality since they do not try to minimise the 

sum of the trajectory lengths for all the parts, but instead aim to find any valid disassembly 

plan as quickly as possible. In contrast, the approach in this study treats path length as an 

explicit optimisation objective with the aim being to find more efficient sequences that 

minimise the disassembly time. 

In this study a novel methodology is presented for disassembling randomly cut structures 

where the goal is to minimise the sum of the trajectory lengths for the cut parts such that 

the structure remains physically stable. In particular, 3 algorithms are proposed and 

compared for solving the problem; a greedy search algorithm, a heuristic driven algorithm 

and a tree search-based algorithm, which are benchmarked against a random search. A 

novel and fast approach for estimating structural stability is also presented and the 

performance of the 3 proposed optimisation algorithms is compared under different cutting 

complexities. 

 

4.4.2 Optimisation Objectives and Constraints 

Given a randomly generated cutting pattern applied to a simple 2D test structure (shown in 

Fig. 4-22), the goal of disassembly sequencing is to find an order of part removal for the cut 

structure such that: 

1. The removal of a part does not result in any disconnected regions (cut parts not 

connected to the structure), since in the real world, such unsupported parts would 

fall due to gravity. 

2. The removal of a part does not render the structure unstable. 

3. There exists a linear collision-free trajectory each part can follow such that it can 

be removed from the structure without colliding with any of the remaining structure. 

The cutting method used to cut the structure is Binary Space Partitioning, which is the same 

cutting process as outlined in Section 4.1.1. The student tested two different cutting 

scenarios, cutting with free rotating planes (where the plane rotation angles can take any 

integer value between [1-180]), as shown in Fig. 4-22 a, and cutting with orthogonal planar 

cuts (where the rotation angles are limited to [0,90] degrees), as shown in Fig. 4-22 b. 
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(a) (b) 
Fig. 4-22. 2D test structure used in this study cut into pieces by randomly generated cutting patterns. (a) – 

cutting pattern with free rotating planar cuts. (b) – cutting pattern with orthogonal cuts. 

 

The cutting patterns are initialised with a user-specified number of cuts, with each cut’s 

location and orientation being randomly generated. After generating the random cutting 

pattern, the cutting pattern is applied to the structure to decompose it into a set of parts. 

The goal is to then find a disassembly sequence for the parts which minimises the ‘cost’ of 

the disassembly, whilst adhering to the 3 constraints. Cost is defined as the sum of the 

lengths of each cut part’s removal trajectory, where each trajectory is a straight line 

originating from the centroid of the cut part and extending outward until it intersects with 

the structure’s bounding box (Fig. 4-23). This was chosen as the optimisation objective 

since, within the context of robotic disassembly, minimising all the trajectory lengths will 

lead to faster disassembly times. 

 

 
Fig. 4-23. Illustration of ‘cost’ for a single cut part. Length of the linear trajectory for the cut part (black line) 

is the cost for that part. 

 
Each time a cut part is to be removed, the algorithm will check to see if it can feasibly be 

removed by evaluating the three aforementioned constraints. If none of the 3 constraints 
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are violated, the part can be successfully removed. The three constraints used to assess 

whether a part can be removed are implemented as follows: 

Connectivity 

The goal of the connectivity constraint is to check if the removal of a part will result in any 

disconnected regions in the structure (Fig. 4-24). The purpose of this is to prevent any 

disconnected, or ‘floating’, parts being produced due to the removal of a cut part, since in 

reality, such parts would fall under gravity. 

 

  
(a) (b) 

Fig. 4-24. Example of part removal leading to disconnected regions in the structure. (a) – Cut structure with 

labelled parts. (b) – part 2 removed, leading to two disconnected regions (part 1 and 3). 

 
The connectivity between parts is represented as an undirected graph, where the nodes 

correspond to the centroids (centre of mass) of the objects and the connecting edges 

indicate whether two parts are in contact with one another or not (Fig. 4-25 a). As a point to 

note, a virtual ‘base’ is also added to the structure which is included in the connectivity 

graph (the lowest node in Fig. 4-25 a). This is to ensure that the structure will always be 

supported at the base (i.e. always connected to the ground). 

 

 

 

(a) (b) 
Fig. 4-25. (a) - connectivity graph for a cut structure. (b) - corresponding adjacency matrix. 
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The connectivity graph for the parts is represented using an ‘adjacency matrix’ (Fig. 4-25 b). 

The adjacency matrix is a square binary matrix where each row/column corresponds to a 

single part. In this matrix, each element indicates whether there is a connection between 

two cut parts. The matrix is also symmetric, meaning that if part 𝑖 is connected to part 𝑗, 

both (𝑖, 𝑗) and ( 𝑗, 𝑖) entries in the matrix will be marked with a 1. If no connection exists 

between two parts, the corresponding entry is set to 0. As a point to note, the virtual ‘base’ 

for the structure corresponds to the last column/row in the adjacency matrix (column/row 

7 in the example shown in Fig. 4-25 b).  

Each time the connectivity is checked for the removal of a part, the adjacency matrix for the 

remaining structure (all remaining parts + the part which is being checked) is found, and the 

corresponding column/row entry for the part to be removed is then set to 0 (simulating its 

removal). After removing the part from the adjacency matrix, the algorithm will then check 

whether all the remaining parts are reachable from one another (i.e. whether each part can 

reach every other part through a series of connections). If the algorithm finds that some of 

the parts are no longer reachable from other parts, it identifies this as a disconnection. This 

is done by keeping track of all the parts which can be visited from any remaining part. If all 

the other parts cannot be reached from the starting part, the algorithm concludes that the 

structure is disconnected. 

Stability 

The goal of the stability constraint is to check whether the removal of a cut part will render 

the remaining structure unstable. To calculate stability, a simplified representation inspired 

by the concept of the ‘support polygon’ in robotics is used. For a legged robot (such as the 

one depicted in Fig. 4-26), it is considered statically stable on a horizontal plane if, at any 

given moment, the vertical projection of its centre of mass lies within its support polygon 

(the convex hull formed around the contact points with the ground) [200]. 

 

 
Fig. 4-26. Simple illustration of the support polygon concept for a 6-legged robot. Image adapted from [201]. 
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Regarding the stability of the cut structure, the support polygon principle is applied as 

follows: 

Each time a cut part is removed, the remaining structure must be checked for stability. The 

algorithm begins by vertically slicing the structure using evenly spaced horizontal slice lines 

(the red lines shown in Fig. 4-27 a). Then, for each slice line, the following steps are 

performed: 

1. Calculate the support polygon: Calculate the widest points at which the horizontal 

slice line intersects with the boundary of the structure (red circles in Fig. 4-27 b). 

The line between these two points is treated as the support polygon. 

2. Calculate the centre of mass: Calculate the centre of mass (centroid) for the 

portion of the structure which exists above the support polygon line. 

3. Project the centre of mass: Project the centre of mass vertically downward onto 

the support polygon to obtain the projected centre of mass (Fig. 4-27 b). 

 

  
(a) (b) 

Fig. 4-27. Illustration of how stability is calculated. (a) – structure is sliced using vertical lines. (b) – example 

of how the support polygon and projected centre of mass are obtained for a single slice line. 

 

Once this operation has been performed for each slice, the projected centre of mass for 

each slice is checked against its corresponding support polygon to see if it is outside or not. 

If any of the projected centre of mass points fall outside the support polygon at any part of 

the structure, the structure is classed as unstable. Fig. 4-28 gives a visual illustration of this 

concept. In this figure, the projected centre of mass points for each slice have been joined 

together to form the continuous red line running through the structure. Looking at the left 

example (Fig. 4-28 a), the red ‘stability line’ remains between the support polygon points 

(red circles) at all times, meaning the structure is considered stable. In contrast, with the 
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two examples on the right (Fig. 4-28 b), due to the removal of parts from the structures, the 

remaining structures now have large unsupported overhangs. These overhangs cause the 

support line to leave the support polygon points at several parts of the structure, meaning 

both are considered unstable. 

 

  
(a) (b) 

Fig. 4-28. Illustrated examples of stable and unstable structures. (a) – stable structure. (b) – unstable 

structures. 

 

Collision-Free Trajectory  

The goal of the trajectory constraint is to check, for a desired part to be removed, whether 

there exists a linear collision-free trajectory which the part can follow such that it can be 

moved away from the structure without collision. 

The trajectory itself is represented as an angle, 𝜃, around the part’s centroid (Fig. 4-29), with 

the goal of this constraint check being to find a feasible trajectory angle (if one exists). 

 

 
Fig. 4-29.   Trajectory for a cut part (blue rectangle) is given as an angle 𝜃 with respect to the origin (vertical 

dotted line). Travel direction for the cut part indicated by the red arrow. 

 

To find a feasible trajectory, the 360o circle (centred on the parts centroid) is sampled in 

uniformly spaced angle increments (where the angle step size is set by the user). For each 
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allowed angle, two lines are projected out from the cut part toward the edge of the 

structures bounding box. The two lines are obtained by calculating the width of the cut part 

orthogonal to the direction of travel and then drawing two parallel lines, extending out 

toward the bounding box, originating at the widest points of the part. This creates a virtual 

‘tunnel’ through which the part can move in a straight line such that its widest points will 

always be in contact with the tunnel walls. Fig. 4-30 illustrates this concept for three 

different angles, with the red lines showing the direction of travel, the blue lines showing the 

width of the object orthogonal to the direction of travel, and the black lines showing the 

calculated travel tunnel. 

 

 
Fig. 4-30. Illustration of trajectory calculation for a cut part (blue rectangle). Red arrow indicates travel 

direction, blue line indicates width of part orthogonal to the travel direction, black lines show the ‘travel 

tunnel’ for the cut part. Image adapted from [180]. 

 

After the travel tunnel has been calculated for a given angle 𝜃, an intersection check is run 

on the two tunnel lines to see if they intersect with any part of the structure. If intersection 

occurs (i.e. if any part of the structure falls within the travel tunnel lines), it follows that the 

part cannot be moved along this trajectory without causing collision with the structure. If 

there is no intersection, the algorithm calculates the trajectory length for that angle and 

then stores the angle with its associated trajectory length. In addition to checking collision 

with the structure, the virtual ‘base’ for the structure (equal to the width of the structure) is 

also checked for overlap. This is to prevent objects from travelling vertically downward 

through the floor. Once all the allowed rotations have been tested, the algorithm will select 

(from the stored solutions) the trajectory with the smallest trajectory length and return this 

solution from the trajectory function. If no feasible trajectory is found, the algorithm will 

return -1 from the function, indicating that it has not been able to find any feasible 

trajectories for that part. 

Regarding the choice of methodology for this constraint check procedure, the ‘tunnel’ 

approach was used, instead of simply translating the shape along the trajectory whilst 

checking for overlaps, to reduce computational burden. By using this tunnel approach, it 



169 
 
means that overlap checking only needs to be performed once (on the tunnel lines) for each 

value of theta. In contrast, using a shape translation approach would require translating the 

shape along the desired trajectory in discrete steps, running an overlap check each time the 

shape is moved.  

A final point worth noting is that this tunnel approach can theoretically fail if a cut part ends 

up between the tunnel lines. Referring to Fig. 4-31 as an example, if a cut part (shown by the 

red square) ends up between the tunnel lines, the intersection check will miss it. However, 

this situation could only occur if the part between the tunnel lines is disconnected from the 

rest of the structure, which is not allowed due to the connectivity constraint. As such, it is 

essential to run the connectivity check before searching for a feasible trajectory, to prevent 

this from occurring. 

 

 
Fig. 4-31. Example of how the overlap checking process can theoretically fail. Red square is between the 

tunnel lines and would not be detected in the overlap check procedure. Image adapted from [180]. 

 

4.4.3 Optimisation Algorithms 

To optimise the disassembly sequences, 4 different approaches are implemented and 

compared. The 4 approaches are as follows: 

1. First Feasible Random Search (FFRS) – The algorithm will generate random 

disassembly sequences, stopping at the first feasible disassembly sequence it finds. 

This is the simplest of the 4 algorithms and will act as a baseline for assessing the 

performance of the other 3 approaches. 

2. Height Decreasing Search (HDS) – This is a greedy search algorithm which works by 

always selecting the highest cut part in the structure which can feasibly be removed at 

each step. The height of a cut part is based on the y-coordinate of its highest point, 

rather than the height of its centroid. This process essentially ensures that the structure 

is disassembled in a top-down fashion. The idea behind this is that it aims to mimic 

real-world decommissioning practices, such as the dismantling of a reactor pressure 
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vessel where the structure is typically supported at the base and sides, with 

components being cut and removed sequentially from the top to help maintain stability 

and ease of access. 

3. Greedy Search (GS) – This is another greedy search algorithm which works by always 

selecting the (feasible) part with the shortest trajectory length at each step. Given that 

the goal is to minimise the sum of the trajectory lengths for all the cut parts, this 

algorithm aims to directly optimise this objective, but in a greedy fashion. By locally 

minimising the trajectory length at each step, the algorithm seeks to build a cost-

optimised disassembly sequence quickly (by prioritising short term gains in the total 

cost), but with no guarantees of global optimality. 

4. Stochastic Tree Search (STS) – The final algorithm is a stochastic optimisation 

algorithm inspired by the algorithm presented in [202]. The STS algorithm aims to 

incrementally build solutions from scratch, with the ability to backtrack in the search 

procedure if it encounters an infeasible dead end (a point where no more parts can be 

removed without violating constraints), or it has found a complete solution (in which 

case it backtracks to try and find a better one).  

The algorithm starts with an ordered list of parts which are sorted from highest part to 

lowest (based on each part’s highest point). The search process is structured as a 

branching decision tree where each node represents a partial or complete solution, 

and contains the following information: 

o X: a list of parts already removed from the structure. 

o J: a list of remaining parts in the structure. 

o Cost: the accumulated cost of the current partial solution (i.e. the sum of 

the trajectory lengths for all parts in X). 

The branches in the tree represent a binary yes/no decision on whether to remove the 

first part in J. At each node, the algorithm considers the first part in J and evaluates 

whether it can be removed: 

o If the part can feasibly be removed: the algorithm follows the ‘yes’ branch 

and removes the part (moving it from J to X and updating the accumulated 

cost). Simultaneously, it stores the alternative ‘no’ branch (in which the part 

is not removed and instead pushed to the back of J) into a temporary storage 

set for potential backtracking. 

o If the part cannot feasibly be removed: the algorithm has no choice but to 

take the ‘no’ branch, pushing the part to the back of J to be revisited later. In 
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this case, the ‘no’ branch is not stored, since there is no alternative path 

which can be taken. 

The tree is explored in a depth-first manner, meaning the algorithm will always attempt 

to build a complete solution (by selecting the ‘yes’ branch whenever possible) before 

backtracking. Stochastic backtracking occurs either when the algorithm encounters an 

infeasible dead end (where no more parts in J can be removed without violating 

constraints), or if the algorithm has found a complete feasible solution (in which case 

the goal of backtracking is to explore alternate paths to see if a better solution exists). 

When the backtracking procedure is triggered, a random node from the temporary 

storage set is selected and the algorithm resumes its search by taking the path that was 

not previously selected. 

To try and reduce the size of the search space and encourage the algorithm to explore 

more promising paths, a ‘pruning’ procedure is also implemented. Each time a cut part 

is selected for removal, the algorithm will compare the current accumulated cost of the 

partial solution with the total cost of the best-found solution so far. If the current cost 

exceeds the best cost, the algorithm does not continue down its current path, since 

doing so would only increase the cost more. In such a case, the stochastic backtracking 

procedure is triggered to push the algorithm down a different path (effectively ‘pruning’ 

that branch of the tree). 

As a point to note, for both the FFRS and STS algorithm, time limits must be set. With the 

random search, since it is purely random, it is possible (particularly for complex problems 

with many cut parts) that it may take a very long time to find a feasible solution. For the STS 

algorithm, the search process (depth first search with stochastic backtracking) will 

continue until all possible combinations have been explored. Since this would be 

computationally impractical (particularly for large problems), a time limit must also be set 

for this algorithm. For the STS algorithm, if the time limit is reached before all the 

combinations have been explored, the algorithm will return the best-found solution so far. 

 

4.4.4 Results 

As stated in Section 4.4.2, the student decided to test two different cutting scenarios; 

cutting with free rotating planes (where the rotation angle for the planar cuts can take any 

integer value between [1-180]) and orthogonal cutting (where the rotation angles are 

restricted to [0, 90] degrees). For each scenario (free rotation and orthogonal cutting), they 
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also decided to test the algorithms for increasing problem complexities. They defined 

problem complexity as ‘low’, ‘medium’ and ‘high’, with low complexity solutions containing 

3-5 cuts, medium complexity solutions containing 10-15 cuts, and complex solutions 

containing 40-45 cuts. 

For both scenarios, the student generated 24 different random cutting patterns in total. For 

the free rotation cutting scenario, they generated 8 low complexity cutting patterns, 7 

medium complexity cutting patterns and 9 high complexity cutting patterns. For the 

orthogonal cutting scenario, they generated 9 low complexity cutting patterns, 7 medium 

complexity cutting patterns and 8 high complexity cutting patterns. For each cutting pattern 

generated, the 4 algorithms were run 3 times, with the results averaged over the 3 runs. The 

cut-off time for the FFRS and STS algorithms was set to 3 hours, and the angle increment for 

the trajectory sampling was set to 10o. 

Fig. 4-32 and 4-33 show the results obtained by the 4 algorithms for the increasing 

complexity for both scenarios. The plots were created using the raw data found in Appendix 

A of this thesis (note: data originally presented in Appendices C and D in [180]). For each 

cutting pattern tested, the best result obtained by the 4 algorithms is considered the 

‘optimal’ result, results worse than this are considered ‘suboptimal’ and any time an 

algorithm failed to return a result, the result is listed as ‘fail’. The results in both figures show 

the percentage of solutions which achieved ‘optimal’, ‘suboptimal’ and ‘fail’ for the number 

of cutting patterns tested in that complexity case. 

 

 
(a) (b) (c) 

Fig. 4-32. Results for the free rotating cuts scenario. Result show percentage of solutions which were 

optimal, suboptimal and fail for: (a) the 8 low complexity patterns, (b) the 7 medium complexity cutting 

patterns, and (c) the 9 high complexity cutting patterns. 
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(a) (b) (c) 

Fig. 4-33. Results for the orthogonal cuts scenario. Result show percentage of solutions which were optimal, 

suboptimal and fail for: (a) the 9 low complexity patterns, (b) the 7 medium complexity cutting patterns, and 

(c) the 8 high complexity cutting patterns. 

 

Regarding problem complexity, from Fig. 4-32 and 4-33 it is evident that patterns begin 

emerging as the complexity increases. For the FFRS algorithm, in both scenarios as the 

problem complexity increases, the performance degrades very quickly, with the medium 

complexity cases struggling to find solutions and the high complexity cases failing to find 

any solution at all over all the runs. Given that this algorithm is purely random and that there 

are 3 strict constraints which each part must adhere to for it to be successfully removed, 

this poor performance for increasing complexity is unsurprising. 

Regarding the GS algorithm, it is evident that across all the complexity cases, it performed 

better for the orthogonal cuts when compared to the free-rotating cuts cases. The reason 

for this is likely due to the fact that with free-rotating cuts, it tends to produce cut parts with 

a higher variation in both size and geometric complexity, making it more difficult to find 

removal sequences where all three constraints are satisfied at all times. In particular, the 

increased geometric irregularity of the parts in the free-rotating case increases the 

likelihood that a part selected purely in a greedy fashion (based on its trajectory alone) may 

in fact have a critical structural role in maintaining the stability of the structure. Since the 

GS algorithm optimises only for cost (while merely enforcing structural constraints like 

stability), it is likely that it will be more prone to selecting parts which, when removed, lead 

to instability. 

For example, consider the structure depicted in Fig. 4-34. The structure shown is the low 

complexity (free rotation) cutting case for which the GS algorithm failed to find a solution. 

For this cutting pattern, if the cut parts shown in Fig. 4-34 (a) are disassembled in a greedy 

fashion, the disassembly sequence for the parts is [10,7,6,8,5,2,9,4,1,3]. 
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(a) (b) (c) 
Fig. 4-34. Example of how greedy search can fail. (a) – structure with cut parts labelled. (b) – with part 1 and 

part 3 remaining, structure is still stable. (c) – once part 1 is removed, structure becomes unstable. 

 

The problem with this disassembly sequence arises when there are only two parts left, part 

1 and part 3 (as shown in Fig. 4-34 b). With both parts remaining, the structure is still stable 

(as shown by the red stability line). However, when part 1 is removed (the large blue part), 

the remaining part (part 3) becomes unstable (as can be seen in Fig. 4-34 c, where the 

stability line is marginally outside the support polygon at the base of the part).  

This example helps highlight both the issue with free rotating cuts and the issue with using 

a greedy approach. The production of large, awkwardly shaped parts makes it harder to find 

a sequence which does not produce constraint violation (in particular, the stability 

constraint). The use of a greedy search process which favours selecting the cheapest 

trajectory part each time does not explicitly account for the constraints when making its 

decision, which can easily result in parts being removed early on that may lead to an 

infeasible dead end later in the search. 

Other than the occasional issue of becoming stuck in infeasible dead ends, it was also 

noted that the GS algorithm performed well with increases in the problem complexity, even 

outperforming the STS algorithm in terms of finding optimal solutions for the high 

complexity cases. The main reason for this is likely due to the fact that it directly optimises 

the cost objective (by always selecting the part with the shortest trajectory) which allows it 

to quickly build low-cost solutions without needing extensive exploration of the solution 

space. Whilst the STS algorithm also seeks to directly optimise cost, it relies on a broader 

search strategy which explores many more combinations of part removal orders. Since the 

number of possible disassembly sequences grows factorially with an increase in the 

number of cut parts, it follows that the search space will become very large very quickly for 
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increases in problem complexity. In such cases, the exploratory nature of the STS algorithm 

may become a disadvantage as it can end up spending large amounts of time evaluating 

suboptimal branches of the tree before reaching a promising region of the search space. In 

contrast, the GS algorithm’s heuristic-driven approach allows it to more efficiently find high 

quality solutions, even though it does not guarantee global optimality and is prone to 

becoming entrapped in infeasible dead ends. 

Regarding HDS, it showed strong performance across all complexities (for both orthogonal 

and free rotating cuts) in terms of finding feasible solutions, with only 1 case existing where 

it failed to find a solution. This strong performance is likely due to the fact that it prioritises 

top-down disassembly, which naturally leads to more stable configurations that reduce the 

likelihood of stability constraint violation. However, since the algorithm is also a greedy 

algorithm (always selecting the highest feasible part in the structure at each step), it is also 

prone to potentially becoming stuck in an infeasible dead end. This explains the single 

failure case with the orthogonal cutting, where the top-down strategy may have prematurely 

removed a key structural component, preventing the remainder of the structure from being 

feasibly disassembled (due to a violation of the stability constraint). Additionally, since HDS 

does not directly optimise the cost objective (i.e. it does not consider cost when selecting 

parts), it is more prone to finding suboptimal solutions (particularly for increasing problem 

complexity). 

Regarding STS, it performed the best overall in terms of finding feasible solutions, with no 

failure cases being produced in either cutting scenario across all complexities. Additionally, 

it showed strong performance for the low to medium complexity cases, managing to find 

optimum solutions every time (for both cutting scenarios). As previously mentioned, the 

only observable degradation in performance is for the high complexity cases, where it 

wasn’t able to consistently find the optimum result. 

The main downside with the STS algorithm compared to the other algorithms is the run time, 

which scales factorially with the number of parts to remove. Fig. 4-35 shows the run times 

for each algorithm plotted against the number of disassembly sequence combinations 

(calculated as 𝑛! where 𝑛 is the number of cut parts) for the low-complexity free-rotating 

cuts case. Note that the y-axis is logarithmically scaled. Additionally, only runs that resulted 

in feasible solutions are included in the plot; for example, the data point corresponding to 

the one low complexity run case where the GS algorithm failed to find a solution has been 

omitted. 
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Fig. 4-35. Run times for the 4 algorithms plotted against the number of disassembly sequence combinations 

for the low complexity, free-rotating cuts scenario. Image adapted from [180]. 

 
From this figure it is clear that the run time for the STS algorithm scales exponentially with 

an increase in the number of combinations to the problem, whilst the run time increases for 

the other algorithms show linear trends. As a point to note, for the STS and FFRS algorithms, 

only the run times for the low complexity cases are shown due to the fact that for the 

medium and high complexity cases, both algorithms always reached the 3-hour cut off 

time. Additionally, the final data point for the STS algorithm in Fig. 4-35, indicated by the 

green ‘x’, is marked as such because the algorithm reached the 3-hour cut-off time before 

being able to evaluate all combinations. These observations help highlight that, while the 

STS algorithm is effective at finding feasible (and often optimal) solutions, its computational 

cost scales poorly with increasing problem complexity, limiting its practicality for larger 

problem instances without a substantial increase in computational resources. 

Regarding the FFRS algorithm, whilst the trend is linear, the run times were generally always 

greater than that of the GS and HDS algorithms. Given that the FFRS algorithm is purely 

random by nature (i.e. it does not include any form of heuristic guidance mechanism), the 

larger run times are unsurprising. In contrast to the FFRS and STS algorithm, the GS and 

HDS algorithms show strong performance timewise for an increase in the problem 

complexity. This becomes more evident when examining the run times for the medium and 

high complexity cases (shown in Fig. 4-36). Note that the y-axis in this figure is not 

logarithmically scaled. Again, as before, results are only shown for the runs that returned 

feasible solutions. 
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Fig. 4-36.  Run times for the GS and HDS algorithms plotted against the number of disassembly sequence 

combinations for the medium and high complexity, free-rotating cuts scenario. Image adapted from [180]. 

 

From this figure, it can be seen that even for the highest number of combinations, all the 

algorithm search times remain under 90 seconds (which is considerably faster than the 3 

hours for all the STS solutions for the same complexity cases). It is also more clear from this 

figure that, whilst the run times for both the HDS and GS algorithm scale linearly, the run 

time for the GS algorithm shows a steeper increase in the gradient for increasing complexity.  

This is due to the fact that for the greedy search, each time it has to select a part, it must 

test every remaining part in the structure (for the 3 constraints), before selecting the part 

with the shortest trajectory. It therefore follows that the computational complexity will scale 

linearly with an increase in the number of parts. In contrast, for the HDS algorithm, since it 

always seeks to remove the highest feasible part in the structure, it does not require testing 

every remaining part in the structure at each step. Instead, it tests the remaining parts in 

height decreasing order, stopping at the first feasible part that can be removed. This greatly 

reduces the computational complexity when compared to the GS algorithm (by reducing 

the number of constraint checks required per iteration), meaning the linear increase in 

computation time is much less dramatic. 

As a final point to note regarding run time, only the results for the free-rotating cuts scenario 

are presented as the same computation trends were observed for the orthogonal cutting 

cases as well. Hence these results are omitted for brevity. 

Having examined the consistency of each algorithm in producing optimal and feasible 

solutions, as well as each algorithm’s computational efficiency, for the final section of the 

results analysis, attention is turned toward the quality of the solutions produced (i.e. how 

well each algorithm performs in terms of minimising the total disassembly cost). For 

comparing results across the simulations, a metric (which was devised by the student) 
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called ‘cost strength’ is used, which assesses the relative strength of each algorithms 

solution for a single cutting pattern. This metric evaluates each algorithm’s ability to 

approach the optimum solution (where ‘optimum’ refers to the best solution found for a 

cutting pattern), by comparing its returned cost to the best (minimum) observed cost for 

that cutting pattern. Specifically, the cost strength is calculated as: 

𝐶𝑜𝑠𝑡 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ =
𝑀𝑖𝑛 𝑅𝑒𝑡𝑢𝑟𝑛𝑒𝑑 𝐶𝑜𝑠𝑡

𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 𝑅𝑒𝑡𝑢𝑟𝑛𝑒𝑑 𝐶𝑜𝑠𝑡
(7) 

This equation gives a fractional value between 0 and 1 where: 

• 1 indicates that the algorithm returned the lowest (i.e. optimum) cost. 

• Less than 1 indicates a deviation from the optimum cost (with lower values 

signifying a greater deviation, and hence poorer performance). 

• 0 indicates an infeasible solution. 

As a simple example, consider the 4 cases presented below: 

𝐹𝐹𝑅𝑆 𝑐𝑜𝑠𝑡 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =  
88

92
= 0.957         𝐻𝐷𝑆 𝑐𝑜𝑠𝑡 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =  

88

94
= 0.936 

𝐺𝑆 𝑐𝑜𝑠𝑡 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =  
88

0
= 0              𝑆𝑇𝑆 𝑐𝑜𝑠𝑡 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =  

88

88
= 1 

In this example, the STS algorithm returned the lowest cost (resulting in a cost strength of 

1), and the GS algorithm failed to find a solution (resulting in a cost strength of 0). The HDS 

and FFRS algorithms returned suboptimal solutions (with higher cost than the best) and 

hence have fractional values between 0-1. 

For each cutting pattern tested, the cost strength of the four algorithms used to evaluate it 

is computed. For each complexity level (low, medium and high) the average cost strength 

across all the cutting patterns for each algorithm is calculated. Finally, for each algorithm, 

the average cost strength across all problem complexities is calculated. These results are 

listed in Table 4-7. 

 

TABLE 4-7. Average cost strength across different problem complexities and cutting scenarios. 

 Free Rotating Cuts Orthogonal Cuts 

Complexity 
Level 

FFRS GS HDS STS FFRS GS HDS STS 

Low 0.985 0.875 0.963 1.000 0.960 1.000 0.941 1.000 

Medium 0.140 0.710 0.898 1.000 0.137 1.000 0.662 1.000 

High 0.000 0.888 0.869 0.997 0.000 0.875 0.754 0.987 

Avg. 0.375 0.824 0.910 0.999 0.366 0.958 0.786 0.996 
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Based on the results presented in Table 4-7, it is evident that for both cutting scenarios (free-

rotating and orthogonal), the STS algorithm has the highest average cost strength, with the 

average across all complexities (for both scenarios) being close to 1. As before, it is noted 

that the only cases where the STS fails to achieve a perfect score (i.e. the cases where the 

STS algorithm failed to find the best solution) is for the high complexity cases. However, 

given that the average scores for the high complexity cases are very close to 1, this suggests 

that even when the STS algorithm finds suboptimal solutions, they tend to be very close to 

the optimum. In contrast, it can also be seen that the FFRS algorithm performs the worst 

overall, with very low averages overall for both complexities (and with the averages 

decreasing greatly as the complexity increases). 

Regarding the GS algorithm, the results in Table 4-7 confirm the observation that the GS 

algorithm performs better on average for the orthogonal cuts when compared to the free-

rotating cuts (with the average cost strength across all complexities being higher for the 

orthogonal cutting scenario compared to the free-rotating cuts scenario). The reason for the 

poorer GS performance for the free-rotating cuts is due to the multiple failures encountered 

(which drags the average scores down), whereas it only failed once over all the complexities 

for the orthogonal cutting. This observation aligns with the previous observation that the 

stability constraint is more likely to be violated for the free rotating cuts (due to the 

production of more irregular cut parts). This reinforces the hypothesis that orthogonal 

cutting leads to a reduction in the risk of instability during disassembly, thereby allowing the 

GS algorithm to perform more reliably (and effectively). 

In contrast, the opposite appears to be true for the HDS algorithm, with the average cost 

strength across all complexities being higher for the free-rotating cuts when compared to 

the orthogonal cuts. This is due to the fact that HDS prioritises top-down deconstruction 

which means it is more likely to find feasible solutions which do not violate the stability 

constraint. Hence, it has a higher average score for the free-rotating cuts since the GS 

algorithm failed multiple times (which lowers the average), whereas HDS did not fail at all. 

In contrast, the GS algorithm only failed once across all complexities for the orthogonal 

cutting scenario, meaning the average cost strength is less affected by outlier failures. 

Given that the average cost strength across all complexities for orthogonal cutting is higher 

for the GS algorithm compared to HDS, this suggests that when the risk of violating the 

stability constraint is reduced (as is the case with orthogonal cutting), GS can find solutions 

which are closer to the optimum.  As such, it can be concluded that while HDS is more 
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reliable in maintaining feasibility across the varying conditions, GS tends to produce much 

higher quality solutions when it does succeed.  

 

4.4.5 Concluding Remarks: Disassembly Sequencing for Cut 

Structures  

Based on the comparative study conducted between the 4 proposed algorithms, their 

performances can be summarised as follows: 

• FFRS – This algorithm showed strong performance for the low complexity cases (i.e. 

cases with few cut parts), managing to find good solutions in a short time for both 

orthogonal and free-rotating cuts. However, the performance (in terms of feasibility 

and quality of solutions) rapidly deteriorates for the higher complexity cases, 

making this approach the worst in terms of problem scalability. 

• STS – In contrast, this algorithm performed the best overall, managing to always find 

feasible solutions (even with increasing problem complexity), and managing to 

consistently find optimal, or near optimal, results. The main downside however is 

that the computational time scales factorially with an increase in the number of cut 

parts, with the cut-off time of 3 hours consistently being reached for the medium 

and high complexity cases. 

• HDS – This algorithm performed very well in terms of its ability to find feasible 

solutions (with only one failure case across both cutting scenarios) in a very short 

amount of time (with the run times for even the highest complexity cases not 

exceeding 7 seconds). Its good ability to find feasible solutions can be attributed to 

the top-down disassembly method which leads to a smaller chance of stability 

constraint violation. The downside however is that since it does not directly 

optimise the cost objective, it tends to produce highly suboptimal results. 

• GS – This algorithm showed strong performance in terms of the quality of solutions 

it finds, with most successfully found solutions being optimal. It also performs well 

from a computational perspective, with the run times not exceeding 90 seconds 

even for the highest complexity cases. The main downside however is that it has a 

tendency to get stuck in infeasible optima, especially when the cut parts are more 

irregular (as is the case with parts produced from the free-rotating cuts). 
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Future Work 

Unfortunately, due to time constraints, it was not possible to integrate the disassembly 

sequencing approach into the 3D cutting and packing algorithm. However, before such 

integration can be achieved, there are several important factors which must be addressed: 

Implementing a fast and robust optimisation algorithm: Given that the STS algorithm 

produced feasible and optimal/near optimal solutions, this algorithm would appear a 

natural choice for integration. The problem however is the run time which scales factorially 

with the number of cut parts. Given that the goal of this disassembly process is to integrate 

it into the cutting and packing algorithm to assess whether cutting patterns can be feasibly 

disassembled, having to run a computationally expensive disassembly process on each 

cutting pattern in the total cost GA would likely introduce excessive computational 

overhead (similar to the performance bottleneck observed with the hyper-heuristic packing 

algorithm). 

Given the success of the GS algorithm in finding optimal solutions in a short space of time, 

this approach would be a stronger option. However, its tendency to get stuck in infeasible 

optima poses a challenge. As such, a novel hybrid algorithm that combines elements of GS, 

HDS and STS is proposed. 

The proposed method retains the greedy, deterministic search approach of the GS 

algorithm, but with a height-based backtracking mechanism. Unlike the purely stochastic 

backtracking used in the STS algorithm, this approach aims to leverage information to guide 

the backtracking process. Specifically, the algorithm will track the height of each part as it 

is removed from the structure. If the greedy search process leads to an infeasible dead end, 

it will backtrack to an earlier decision point where a lower part of the structure was removed 

early in the sequence, and explore the alternative branch which delays the removal of that 

low part until later in the search. This heuristic-driven backtracking approach is based on 

the observation that removing lower components from the structure early in the search 

process increases the likelihood of instability later in the search. By using this heuristic 

backtracking approach, the aim is to escape dead ends efficiently (using height information 

to guide the recovery) without the computational cost of full stochastic sampling. 

Evaluating the accuracy of the stability model: The current implementation used to 

assess stability is a simplistic model aimed at reducing computational overhead (when 

compared, for example, to more accurate force-based simulation approaches like Finite 
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Element Analysis). Given that the goal is to use this algorithm to assess all the cutting 

patterns produced by the cutting and packing GA, it is highly desirable to keep the 

computation time of this sub-process to a minimum.  

Future work should focus on evaluating how well the simplified stability model 

approximates real structural behaviour by benchmarking it against more advanced physics-

based models. If the current approach is found to be sufficient at modelling instability, it 

can be retained for the 3D algorithm. If it is found to be unsuitable, a hybrid approach could 

offer an effective compromise.  

The idea behind the hybrid approach is that the existing stability model would act as a 

primary estimation process. Then, for cases where the structural stability is only marginally 

violated (such as with the example in Fig. 4-34), a more accurate physics-based method 

could be triggered. This would allow for improved accuracy in cases where instability is 

more uncertain without adding significant computational overhead. 

Robotic manipulator planning: A key goal moving forward is to transition from purely 

algorithmic disassembly sequencing to fully executable robotic disassembly. To achieve 

this, several challenges relating to robotic manipulator planning must be addressed.  

Firstly, whilst the current algorithm is able to generate sequences that satisfy the collision 

free trajectory constraint, the collision free requirement only applies to the part itself, i.e. 

there is no consideration for the kinematic of physical limitations of a robotic manipulator 

system. In real world robotic applications, robotic manipulators must be able to physically 

reach each part to remove, must be able to grasp it, and must execute the removal trajectory 

without self-collisions or joint limit violations. As such, future work must also focus on 

integrating more sophisticated motion planning algorithms that can accurately account for 

a robot’s degrees of freedom, reachability in the workspace, and environmental constraints 

(such as obstacles the manipulator must navigate around). 

Secondly, it would also be desirable to allow the parts to follow non-linear trajectories. 

Whilst enforcing linear trajectories simplifies the problem from a computational 

perspective, it significantly limits the flexibility of the algorithm (e.g. a part which cannot be 

removed under a linear trajectory may be removable using a non-linear one). Therefore, 

future work should also focus on implementing more sophisticated non-linear path 

planning algorithms for the part trajectories. 

Finally, cutting and grasp planning should also be incorporated to check if a.) a robotic 

manipulator fitted with a cutting tool can physically perform the cutting action (i.e. that the 



183 
 
robot can follow the cutting line with its tool without any part of the robot colliding with parts 

of the structure) and b.) a robotic manipulator fitted with a gripper can grasp the part without 

it slipping and dropping. Therefore, any future work which aims to incorporate kinematic 

models for the robotic manipulators must also account for this. 

A point worth noting is that implementing the aforementioned robotic capabilities would 

likely introduce large computational overhead. As such, future work should focus on 

developing fast approximation approaches that can predict robotic feasibility without 

having to perform full scale dynamic simulations. If such approaches prove to be 

insufficiently accurate, then a two-stage approach could offer a potential solution. In such 

an implementation, the fast model would be used within the cutting and packing algorithm 

(to retain computational efficiency), with a more advanced dynamic model being run as a 

post processing step to evaluate the final optimised cutting pattern.  

The main challenge here would be to minimise discrepancies between the fast 

approximation model and the advanced dynamic model. For example, if the post-

processing model finds that a cutting pattern is not feasible to disassemble, a fallback 

strategy would need to be implemented. The idea of the fallback strategy would be to 

identify the point of failure (i.e. the features of the cutting pattern which lead to infeasibility) 

and then try to correct them using a repair mechanism to restore feasible disassembly.  

How to integrate the disassembly sequence algorithm into the cutting and packing GA: 

As stated, the future aim with this disassembly algorithm is to integrate it into the cutting 

and packing optimisation framework. The goal of this would be run the disassembly 

sequencing process on each cutting pattern produced by the GA to check if it is feasible for 

disassembly. 

One possible option for integration would be to incorporate the disassembly check into 

cutting cost function, with a penalty term used to degrade the cost based on how ‘infeasible’ 

a cutting pattern is in terms of disassembly (e.g. based on how much a cutting pattern 

violates the stability constraint). In doing so, the algorithm would be motivated to favour 

cutting patterns with feasible disassembly sequences as this would drop the penalty term 

to 0, lowering the cutting cost. Whilst this penalty-based strategy presents the easiest 

option in terms of integration into the cutting and packing GA, the main downside is that 

penalty terms do not guarantee feasibility (i.e. there is no guarantee that the penalty term 

will be reduced to zero). As such, it is possible that the algorithm may not be able to find a 

cutting/packing solution where the cutting pattern is fully feasible for disassembly. 
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An alternative strategy would be to use a repair mechanism to try and enforce feasible 

disassembly. Rather than simply discarding cutting patterns with infeasible disassembly 

sequences or penalising them in the cost function, the idea behind a repair mechanism 

would be to modify the existing cutting pattern to enable feasible disassembly. This could, 

for example, include modifying cuts to move the projected centre of mass points into the 

support polygon lines when a cut leads to large unstable overhangs. The main problem with 

this approach is that it would be challenging to design a fast and efficient repair mechanism 

which can repair infeasible disassembly sequences without degrading the other 

optimisation objectives (i.e. the cutting cost and the packing cost). Future work should 

focus on first testing a penalty-based integration approach (to assess how consistently the 

algorithm can remove the penalty for infeasible disassembly cutting patterns), and if the 

approach is found to be unsuitable, exploring the concept of repair mechanisms in greater 

depth. 

 

4.5 Chapter 4 Summary 

In this chapter, the efficacy of the proposed optimisation approach for linking cutting and 

packing was evaluated. A simple version of the GA-based cutting and packing algorithm 

was implemented in 2D and benchmarked against a random search. It was found that the 

GA algorithm outperformed the random search for every trial tested, however some 

problems with the initial methodology were also noted. In particular, the number of 

variables required to represent cuts in the cutting method (BSP) coupled with the use of 

penalty functions for dealing with infeasible solutions resulted in slow convergence times. 

As such, for the 3D implementation of the algorithm, the cutting approach will be simplified 

(to orthogonal cutting) to reduce the number of optimisation variables, and to allow the 

implementation of a simple repair mechanism for infeasible cutting patterns (thereby 

removing the need for penalty functions). 

In addition to this, several projects were carried out to investigate ways to improve the 

cutting and packing processes within the algorithm. These were: 

Hyper-heuristics for container packing: To improve the quality of solutions produced by 

the DigiPac packing algorithm, a novel hyper-heuristic approach was implemented, both for 

single container packing (where the choice of placement heuristic for packing objects was 

optimised), and multi container packing (where both the placement heuristics and packing 

order was optimised to reduce the number of containers required to pack objects). The 

single container hyper-heuristic was compared against a conventional single-heuristic 
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order optimisation approach, with the proposed hyper-heuristic shown as being able to 

outperform it in every trial. The methodology was then extended to multi container packing 

and benchmarked against literature. It was found that the algorithm was able to outperform 

literature for datasets containing a small number of objects but struggled to find good 

solutions for datasets with a large number of objects. Based on the findings, a novel hyper-

heuristic framework was proposed, which aims to leverage information about the 

properties of both the shape to pack and the existing packing pile to intelligently guided the 

choice of placement heuristics. 

Allocation-based multi-container packing: Based on the strength of the allocation-based 

packing approach, which was benchmarked against in the hyper-heuristic study, the 

decision was made to implement their multi-container strategy with the DigiPac placement 

approach. The algorithm was then tested on multiple datasets (of increasing problem 

complexity) for each of the placement heuristics. From this study it was shown that the 

allocation-based strategy performs much faster than the hyper-heuristic algorithm and can 

consistently produce higher quality solutions for the datasets with many objects. It was also 

noted that, of the 4 placement heuristics tested, height minimisation and contact area 

maximisation performed the best on average. Based on these findings, the decision was 

made to use the allocation-based packing approach for the 3D cutting and packing 

algorithm, with height minimisation as the choice of placement heuristic. 

Disassembly sequencing for cut structures: In this study, a novel methodology for 

calculating mechanically stable and physically realisable disassembly sequences for pre-

partitioned structures was proposed. 3 different optimisation algorithms for optimising the 

disassembly sequencing were presented and compared: a greedy approach, a heuristic 

driven approach and a tree-search approach. From the comparative study it was found that 

the tree-search algorithm performed the best overall in terms of its ability to find feasible 

disassembly sequences, however it was also noted that the computation times scale 

factorially with the problem complexity. In contrast, the greedy search performed well in 

terms of finding optimal solutions in a short space of time, however it also had a greater 

tendency to get stuck in infeasible optima. The heuristic driven approach also performed 

very well in terms of finding feasible solutions in a short space of time, however the 

solutions found were often suboptimal. Based on the findings, a novel algorithm is 

proposed, which aims to combine the speed and efficacy of the greedy search algorithm 

with the backtracking ability of the tree-search algorithm to help it escape infeasible local 

optima. For the backtracking process, a new heuristic driven approach is proposed, which 

aims to backtrack to points in the search which likely lead to constraint violations. 
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Additionally, several improvements are discussed for future work, including more advanced 

stability calculation techniques as well as the incorporation of robotic models for 

accurately modelling the removal process for cut parts. 
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CHAPTER 5 

3D WORK 
 

This chapter presents the implementation and testing of the 3D version of the cutting and 

packing algorithm developed in this study. Building on the methodology proposed in 

Chapter 3 and the 2D work in Chapter 4, this chapter extends the approach to handle more 

realistic 3D structures and explores the effectiveness of the algorithm under more complex 

and practical conditions. 

The primary objective of this chapter is to evaluate the performance, flexibility and 

robustness of the 3D algorithm across a variety of decommissioning scenarios. This 

includes investigating how well the algorithm can minimise total cost, how different 

parameters affect solution quality, and how the algorithm compares against alternative 

approaches including manual methods. 

The remainder of this chapter is structured as follows: 

• Section 5.1 – Updated Methodology for 3D: Outlines the modifications made to 

the original methodology presented in Chapter 3, based on the insights gained from 

the 2D studies presented in Chapter 4. The rationale behind these changes is also 

discussed. 

• Section 5.2 – Implementation: Provides details on the algorithm’s implementation 

in 3D, with focus on how the cutting and packing components were implemented, 

and how the initial population was generated. 

• Section 5.3 – Hyperparameter Tuning: Presents a study into the effects of key 

genetic algorithm hyperparameters on optimisation performance. The outcomes 

from this study are used to set the hyperparameters for the remainder of the 

chapter. 

• Section 5.4 – Simulation Setup: Describes the test scenarios used to evaluate the 

algorithm, including three hypothetical decommissioning cases, benchmarking 

against a manual method and cost-weight sensitivity analysis. 

• Section 5.5 – Results: Presents the results from the tests described in Section 5.4, 

including a detailed analysis of algorithm convergence behaviour, cutting and 

packing performance across different structures, benchmarking against manual 

approaches, and the effects of varying cost-weight parameters on solution quality. 
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5.1 Updated Methodology for 3D 

This section outlines the updated cutting and packing methodology developed for the 3D 

implementation of the algorithm. As with the 2D version (outlined in Chapter 3, Section 

3.2.2), the approach for solving cutting and packing is a feedback-driven optimisation loop 

in which a genetic algorithm (GA) generates candidate cutting patterns which are then 

evaluated based on both the cutting cost and packing cost. The cutting algorithm segments 

the input object according to each candidate pattern (and calculates the cutting cost of 

each pattern), and the resulting parts are then passed to a packing algorithm to pack them 

(and calculate packing costs). These costs are then fed back into the genetic algorithm to 

guide the generation of improved cutting patterns. 

One key change to this methodology in the 3D version is that the GA no longer uses a pareto-

based ranking system. Instead, a weighted cost function (explained in Section 5.1.3 below) 

is used to sum the individual costs to give a single scalar value (i.e. total cost) for each 

cutting/packing solution. This allows the GA to simply rank the solutions from best to worst 

(i.e. lowest total cost to highest), based on this scalar value. The updated feedback 

structure is illustrated in Fig. 5-1, where the cutting and packing costs are now explicitly 

summed into total cost values before being used by the GA for selection and reproduction. 

 

 
Fig. 5-1. Flowchart outlining the updated cutting and packing optimisation process. 

 
In addition to this change, another key change is the use of voxel representation throughout 

the 3D algorithm (i.e. for both cutting and packing), rather than a dual representation 

approach (mesh for cutting, voxels for packing) as used in the 2D version. As stated in 

Chapter 3 (Section 3.1.1), the reason for this change is that it removed the need for repeated 

format conversions between the cutting and packing processes. Instead, the model only 

needs to be converted to voxels once at the start, reducing computational overhead.   
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In addition to these changes, several other modifications have been made to the 

methodology based on findings from the 2D testing work (Chapter 4). These include 

updates to the cutting strategy (Section 5.1.1), updates to the packing strategy (Section 

5.1.2) and updates to how cost is represented (Section 5.1.3). 

 

5.1.1 Updated Cutting Approach 

The 2D implementation of the cutting and packing algorithm revealed several problems with 

the chosen cutting strategy and the way infeasible solutions were handled. Initially, the 

algorithm used a Binary Space Partitioning (BSP) approach (outlined in Chapter 3, Section 

3.1.2), which recursively divides the object using planar cuts. Infeasible solutions (i.e. 

cutting patterns which produced cut parts larger than the container dimensions) were 

penalised using a penalty approach to degrade the cutting and packing costs. 

Based on the results presented in Chapter 4 (Section 4.1.3) it was noted that the problem 

with both choices is that it resulted in slow convergence behaviour, with the algorithm 

requiring long computation times to obtain even feasible solutions. It was theorised that the 

source of the problem was likely two-fold; a high number of optimisation variables arising 

from the fact that each cut required 3 variables (in 2D) to represent it (a centre point given 

as 𝑥, 𝑦 coordinates and a rotation about the centre point given by 𝜃), and the use of penalty 

functions which resulted in the algorithm spending unnecessary additional time evaluating 

infeasible solutions. 

Based on these observations, the fallback cutting strategy (Chapter 3, Section 3.1.2) of 

orthogonal planar cutting was adopted for 3D, where each cut is orthogonal to the 𝑥, 𝑦 or 𝑧 

axis of the structures bounding box and is allowed to pass through other cuts (Fig. 5-2). 

 

 
Fig. 5-2. Original BSP cutting approach (left). New orthogonal cutting approach (right). Images adapted from 

[130]. 
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This updated methodology offers several advantages: 

• Each cut now requires only one variable (to define its position along a fixed axis), 

significantly reducing the number of optimisation parameters. In contrast, BSP in 

3D would require six variables per cut (𝑥, 𝑦, 𝑧, 𝜃𝑥, 𝜃𝑦, 𝜃𝑧), which could make the 

problem intractable for large structures. 

• The simplified representation enabled the introduction of a simple repair 

mechanism, which inserts additional cuts if the gaps between existing cuts exceed 

the container size limits (see Section 5.2.1). This ensures all generated cutting 

patterns are feasible. 

• Penalty functions are no longer required (as the GA now operates solely within the 

feasible search space) helping to improve the search efficiency. 

As an additional point to note, whilst the disassembly sequencing algorithm (Chapter 4, 

Section 4.4) couldn’t be implemented into the 3D algorithm due to time constraints, one of 

the key observations from this study was that orthogonal cutting tends to facilitate easier 

disassembly. It was noted that orthogonal cuts tend to produce parts which are more 

‘regular’ (less variation is size and shape) which lowers the risk of instability during the 

disassembly process. Given that the goal in future is to integrate the disassembly 

sequencing algorithm into the 3D cutting and packing algorithm, the benefit of using 

orthogonal cuts is that it should facilitate easier disassembly, allowing the sequencing 

algorithm to find optimum disassembly sequences faster and with a reduced chance of 

failure. 

 

5.1.2 Updated Packing Approach 

In the 2D work, a multi-container hyper-heuristic packing strategy was developed which 

combined packing order optimisation with placement heuristic optimisation (Chapter 4, 

Section 4.2.3). Whilst the approach was shown to perform well on datasets with a small 

number of objects, it struggled with scalability due to the factorial growth in the number of 

permutations as the number of objects increased, leading to slow convergence and 

inconsistent performance. 

Given that real-world decommissioning can involve packing hundreds of irregular cut parts, 

and that each modification to a cutting pattern changes the object set (requiring the re-

packing of the new parts), this approach was deemed impractical for the 3D 
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implementation. A faster and more scalable packing strategy was required, one which 

could pack large object sets in a fast and consistent manner. 

To address this, the Partial Bin Packing (PBP) strategy was adopted for the 3D 

implementation. As demonstrated in the 2D comparative study (Chapter 4, Section 4.3), 

compared to the hyper-heuristic algorithm, PBP achieved strong performance with 

significantly reduced computation time by decoupling object allocation from the packing 

order. PBP works incrementally, packing one container at a time and selecting subsets of 

objects using a knapsack-based allocation strategy. This avoids the need for repeated full-

set repacking (as is the case with order optimisation), making it particularly well suited for 

large scale problems with many objects. 

Additionally, among the placement heuristics tested with PBP in 2D, it was found that height 

minimisation produced the best overall packing efficiencies. As such, this placement 

heuristic was selected for the 3D implementation. In addition to its efficiency, height-based 

approaches have also been shown in literature to be effective at promoting stability in the 

packing pile [55]. Although physical stability is not explicitly modelled in the current 3D 

implementation, this is a constraint which will be considered in future work. Using height 

minimisation therefore presents a strong choice of placement heuristic as it is expected to 

encourage more inherently stable packing arrangements. 

As a final point to note, for the 3D implementation, an ‘accessibility’ constraint was also 

added, to ensure that all objects can be placed in the desired location without colliding with 

previously packed objects or the container boundary. In the 2D work, accessibility was not 

considered, meaning that smaller objects would often be placed in gaps underneath 

previously packed objects. Whilst this may not be problematic for 2D packing problems 

(where the goal is often to pack a set of shapes onto a sheet of material before cutting them 

out), the issue with 3D packing is that objects cannot be placed underneath packed objects 

without collision. As such, accessibility was necessary to ensure that objects will only be 

placed in locations which can be reached from the top of the container. Although this 

constraint may reduce the overall packing efficiency by limiting the number of placeable 

locations (see example in Fig. 5-3), is necessary for maintaining real-world feasibility. 
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Fig. 5-3. Example of a cut structure packed with and without accessibility constraints. Without accessibility 

constraint, all parts can fit into a single container. 

 

5.1.3 Updated Representation of Total Cost 

In the 2D implementation of the cutting and packing algorithm, the cutting and packing cost 

was optimised using a separate pareto-based optimisation framework. For the 3D 

algorithm, the two cost functions were instead combined into a weighted objective 

function, with the cost weights representing problem specific weights relating to the unit-

cost of cutting and packing. The decision to adopt a weighted objective function for 3D was 

made for several reasons: 

• Improved interpretability: Using a single scalar cost function gives a clear and 

intuitive indication of overall performance (i.e. the success of the algorithm can be 

directly measured in terms of cost decrease) and also allows the user to easily 

identify the cheapest solution without requiring any subjective decision making 

(such as selecting from a set of pareto optimal solutions). 

• Simplification of the decision making: The problem with having a set of pareto 

optimal solutions is that, for an algorithmic perspective, all of them are considered 

equally optimal. Whilst this may be beneficial in terms of providing users with a set 

of options, the problem is that it does not help the user make the final selection. 

Given that the goal in cutting and packing is to select the most cost-effective 

solution, users would need a way to convert the pareto optimal solutions into single 

cost values to allow for the selection of the cheapest solution. The problem here is 
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that this makes the multi-objective optimisation framework redundant. I.e. if the 

user needs a cost function to convert pareto-optimal solutions into cost values, a 

simpler approach would be to input the function directly into the algorithm. 

• Framework flexibility: Another benefit of using a weighted cost function is that it 

makes the algorithm more flexible in terms of modification for specific problems. If 

a specific decommissioning scenario requires additional cost components, these 

can easily be integrated into the cost function (either by modifying the existing terms 

or adding new terms) with no modification of the existing optimisation logic being 

required. 

The updated method for calculating total cost is given as follows. As with the 2D 

implementation, the cutting cost is defined as the intersection volume between the cuts 

and the structure (𝑉𝑐).  This value is then multiplied by a cost weight (𝑤1), which represents 

the unit cost per voxel of cutting. The unit cost per voxel (𝑤1) is a problem specific parameter 

which is calculated by the user, and would need to consider factors such as the operational 

cost of the cutting tools as well as any associated labour costs, cost of using teleoperated 

robots (if applicable), maintenance/repair costs, etc. Additionally, since the user can define 

the width of the cuts, if the user selects zero-width cutting, the intersection volume is 

instead calculated as the intersection area between the cuts and the structure (see Fig. 5-

4).  

 

 

                                                             (a)                                          (b) 

Fig. 5-4. 2D illustration of different cut widths. (a) cut width = 1, red region is the intersection volume of the 

cutting plane and the object. (b) cut width = 0, red lines are the intersection area between the cutting plane 

and the object. 

 

Since the 3D implementation of the algorithm has multi-container packing integrated, 

rather than using the percentage space utilisation of a single container (as with the 2D 

implementation), the packing cost is now calculated based on the number of containers 

(𝑁𝑝) required to pack all the cut parts. As with cutting, the number of containers is 

multiplied by a cost weight (𝑤2), which represents the unit cost per container. Again, this 

problem specific parameter would be calculated by the user and include factors such as 
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the manufacturing cost of the container, transportation and storage costs, and any 

associated labour/equipment costs. 

Thus, the total cost for a cutting and packing solution can now be expressed as the weighted 

objective function: 

𝑇𝑐𝑜𝑠𝑡  = 𝑤1𝑉𝑐  + 𝑤2𝑁𝑝 (8) 

Where the goal is to minimise 𝑇𝑐𝑜𝑠𝑡, subject to the following constraints:  

1) All cut parts must be small enough to fit into the containers.  

2) There must be no overlap between packed parts and all packed parts must be within 

the container boundaries.  

3) Each packing location must be accessible, with a linear collision-free trajectory 

from the top of the container to the desired packing location. 

 

5.2 Implementation 

The algorithm is implemented into the decommissioning software NuPlant (Developed by 

StructureVision Ltd. at the University of Leeds [127]), written in C++, and was run on a 

desktop PC with an Intel Xeon E5-1650 v3 3.50GHz processor and 64Gb of RAM. In NuPlant, 

the input structure is converted to voxel representation, and the packing of the cut parts is 

done using the DigiPac packing algorithm (also developed at the University of Leeds [47]). 

 

5.2.1 Orthogonal Cutting 

Referring to Fig. 5-5 as an example, a list of cuts is implemented as a 3-column vector, 

where each row corresponds to a single cut, and the position of the non-zero entry in each 

row determines which axis the cut is orthogonal to. The value assigned to the non-zero entry 

in each row dictates where along the axis each cut lies with respect to the origin point (front-

bottom-right of the structures bounding box). 
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Fig. 5-5. Illustration of orthogonal cutting in 3D. Left - blue cube cut with three planar cuts orthogonal to: x 

axis (red), y axis (green) and z axis (yellow). Right - cutting list with corresponding cuts colour coded. 

 

As with the 2D implementation, when performing crossover on two cut lists, single point 

crossover is used where both cut lists from both parents are split at random points. The top 

and bottom halves of the lists from both parents are then recombined to form two offspring.  

For mutating offspring, point mutation is used where the algorithm will cycle through a list 

of cuts, with each cut having a chance of being mutated (where the chance of mutation is 

dependent on the user-set mutation rate). When a cut is mutated, the algorithm will apply 

a small random change to the position of the cut to move it in the positive or negative 

direction. 

For the repair mechanism, at the algorithms start, the user is asked to set maximum 𝑥, 𝑦, 𝑧 

limits for the cut parts (which must be smaller than or equal to the internal container 

dimensions). If the algorithm finds that the distance between two consecutive cuts along 

an axis exceeds the limit set for that axis, the distance between the two cuts will be 

recursively divided until all sub-sections are smaller than the limit. The repair mechanism 

also removes duplicate cuts (cuts on the same axis with the same values) and cuts that 

have been mutated outside the structures bounding box. 

 

5.2.2 Partial Bin Packing 

The process for PBP is explained as follows (for a more detailed outline the reader is referred 

to Chapter 4, Section 4.3.1). The packing algorithm starts by opening an empty container 

and running an allocation algorithm to select a subset of cut parts to allocate to the 

container. The allocation algorithm itself is a modified version of the knapsack problem 

where objects are selected to maximise the sum of their volumes without exceeding the 

available volume in the container. To reduce the greediness of the allocation algorithm, a 

modified objective function is used which favours assigning larger objects. This aims to 
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prevent greedy (and poorer) solutions where small objects are packed together early on, 

leaving larger objects till the end [178]. 

The subset is then ordered by decreasing volume, and the parts are packed one by one, 

starting with the largest. If the algorithm finds that an object won’t fit, the allocation is 

mended. During mending, the successfully packed parts are kept in the container and the 

object which failed to fit is placed into a temporary exclusion set. The allocation process is 

then re-run to select another subset from the unpacked items to try adding to the partially 

packed container. This process of packing and mending the assignment will repeat until 

either all allocated objects are successfully packed, or there are no more objects left in the 

main object set to try adding to the container. Upon termination the packed container is 

closed, any objects in the temporary exclusion set are returned to the main object pool, a 

new container is opened, and the process repeats. This process, along with the repair loop, 

is illustrated in Fig. 5-6. 

 

 
Fig. 5-6. Simplified illustration of PBP approach. 

 

When determining where to place an object in the container, as with the 2D 

implementation, the DigiPac packing algorithm is used, where the voxelised object is 

translated, in discrete steps, across the discretised packing space for all allowed 

orientations (with the angle increment set by the user). At each step, overlap detection is 

performed to check for collisions with previously packed objects or the container boundary. 

If there is no overlap, the location is stored as a feasible packing site. The object is then 

placed at the location which minimises its height in the packing structure and is checked 

for accessibility by translating it vertically to the top of the container, whilst checking for 

overlap with previously packed objects and the container boundary. If no overlap occurs, 

the object is placed. If there is overlap, the next best site is tested. This process continues 

until an accessible site is found or the object cannot be packed. 
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For solving the allocation problem, as with the 2D implementation, a simple genetic 

algorithm is used. In this GA, the optimisation variable is a bit string of length 𝑛 (where 𝑛 is 

the number of objects to pack), with a value of 1 in position 𝑖, 𝑖 ∈ 1, … , 𝑛, of the bit string 

indicating that object 𝑖 is included in the allocation, and a value of 0 indicating that object 𝑖 

is not included. For crossover, single point crossover is used, where the same random split 

point is used for both parents (to ensure both child solutions remain at length 𝑛). For 

mutation, random bit flip mutation is used where the algorithm will cycle through a bit string 

produced via crossover, with each bit having a small probability of being flipped (changed 

from 0 to 1, or vice versa). 

 

5.2.3 Population Initialisation 

To generate the initial population, 12 cutting patterns are generated using fixed minimal-

cutting approaches, with the rest of the population being generated randomly. For the fixed 

cutting patterns, 4 different minimal cutting approaches (outlined in detail below) are used, 

which are initialised 3 times with different maximum allowed size limits (‘small’, ‘medium’ 

and ‘large’), giving 12 cutting patterns in total. Recall from Section 5.2.1 that when the 

algorithm is initialised, the user is asked to set maximum 𝑥, 𝑦, 𝑧 limits for the cut parts. For 

the ‘large’ size limit solutions, 4 different minimal-cutting solutions are generated with the 

maximum allowed part size set to 1 ∗ {𝑥, 𝑦, 𝑧}, i.e. with the part limits at their full size as set 

by the user. For the next 4 (‘medium’ size-limit) cutting patterns, the same 4 approaches are 

used to generate the minimal-cutting solutions, but with the part size limits set to 0.66 ∗

{𝑥, 𝑦, 𝑧}. For the final 4 (‘small’ size-limit) solutions, the process is repeated but with the 

limits set to 0.33 ∗ {𝑥, 𝑦, 𝑧}. Fig. 5-7 shows an example of a structure cut using the same 

minimal cutting approach but with different size limits (1, 0.66, 0.33 * {𝑥, 𝑦, 𝑧}). 

 

 
Fig. 5-7. Example of minimal cutting approach with different size limits for the cut parts. 

 

1*{x, y, z} 0.66*{x, y, z} 0.33*{x, y, z} 
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The 4 approaches used to generate the minimal cutting solutions are: 

Recursive division - Each axis of the structures bounding box (𝑥, 𝑦, 𝑧) is recursively split in 

half until each line segment is smaller than the limit for that axis. Fig. 5-8 illustrates this 

concept for a single axis of length 9. With an axis limit of 2, recursive division splits the line 

segment using 7 cuts. The line is first split in half at 4.5, then both halves are split at 2.25 

and 6.75, then the remaining 4 segments are split at 1.125, 3.375, 5.625 and 7.875, giving 

eight segments of length 1.125 < 2. 

 

 
Fig. 5-8. Illustration of recursive division approach. Line segment recursively divided until distance between 

cuts ≤ 2. 

 

Minimal cutting - For each bounding box axis, calculate minimum number of cuts as 𝑛𝑐  =

 ⌊𝑙𝑒𝑛𝑔𝑡ℎ/𝑙𝑖𝑚𝑖𝑡⌋, then, for 𝑖 =  1, . . . , 𝑛𝑐, add a cut at 𝑖 ∗  𝑙𝑖𝑚𝑖𝑡. Fig. 5-9 illustrates this with a 

simple example. With an axis length of 9 and a limit of 2, the minimum number of cuts 

required to split the line is ⌊9/2⌋  =  4. Cuts are added at 2,4,6,8. 

 

 
Fig. 5-9. Illustration of minimal cutting approach. Number of cuts to add = ⌊9/2⌋ = 4, cuts added at 2,4,6,8. 

 

Even division - Divide each axis with evenly spaced cuts where the distance between cuts 

is smaller than its respective axis limit.  Fig. 5-10 illustrates this with a simple example. In 

this case, the line segment is split into 5 equal segments of size 1.8 with 4 evenly spaced 

cuts. 

 

 
Fig. 5-10. Illustration of even division approach. Distance between cuts = 1.8. 

 

Random single cut - For each axis, place a single cut at a randomly generated point, then 

check the length of the line segment either side of the cut. If either one exceeds its 
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respective axis limit, recursively divide the line segment. In the example shown in Fig. 5-11, 

a randomly generated cut is added at 4; the line segments either side are then recursively 

divided until all line segments are within the limit. 

 

 
Fig. 5-11. Illustration of random single cut approach. Random cut (green) added at 4, line segments either 

side recursively divided. 

 

The four minimal cutting approaches outlined above correspond to baseline cutting 

strategies that were already implemented in the NuPlant software prior to the work 

conducted in this thesis. Additionally, the choice of using this combined approach (of fixed 

cutting patterns combined with randomly generated ones) was made for several reasons: 

• Firstly, by initialising the algorithm with pre-existing minimal cutting strategies, it 

creates a baseline for comparison, where solutions produced by the integrated 

cutting and packing algorithm can be compared to solutions produced by minimal 

cutting followed by packing optimisation. A major limitation with existing cutting 

algorithms and packing algorithms developed for nuclear is that they do not 

consider the trade-off between the two processes, instead optimising them in 

isolation. i.e. cutting algorithms aim to minimise cutting without considering 

packability, while packing algorithms work with fixed pre-cut parts. By initialising 

some of the population members with minimal cutting approaches, the aim is to 

show how an integrated approach can outperform separate optimisation strategies 

with minimal cutting followed by packing. 
 

• Additionally, the choice to initialise the population with fixed patterns with the limits 

set to 1, 0.66 and 0.33 times the maximum 𝑥, 𝑦, 𝑧 limits for the cut parts was made 

to ensure that the population starts with a good distribution of solutions (i.e. 

solutions with ‘large’, ‘medium’ and ‘small’ cut parts in them). In early testing of the 

3D algorithm, the population members were all initialised randomly (same as for the 

2D implementation). It was noticed however that this sometimes resulted in 

premature convergence to suboptimal solutions. For example, when testing the 

algorithm on the glovebox structure depicted in Fig. 5-12, it was observed that with 

purely random initialisation, the algorithm would sometimes converge to a sub-

optimal two-container solution (Fig. 5-12 a) with a higher total cost than if the 
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structure was packed into a single container (Fig. 5-12 b). After implementing the 

‘small’, ‘medium’, and ‘large’ cutting initialisation approach, the algorithm would 

always converge to a more optimal, single container solution. 

 

 

 

 

(a) (b) 

Fig. 5-12. Optimised cutting and packing solutions for a glovebox packed into drum containers. (a) – purely 

random initialisation leads to suboptimal solution with two containers. (b) – ‘small’, ‘medium’, and ‘large’ 

cutting initialisation approach leads to optimal solution with one container. 

 

5.3 Hyperparameter Tuning 

Regarding the hyperparameters for the GA, the effects of altering the mutation rate, 

tournament size (for tournament selection) and the population size were tested to identify 

optimum parameter choices for the remainder of the tests presented in this study. For 

testing the parameters, the simple low-resolution model of an RPV (adapted from [203]) was 

used, with the cut parts being packed into cuboid containers (shown in Fig. 5-13). The voxel 

dimensions for the RPV (given as 𝑙, 𝑤, ℎ) are (26, 28, 60) and the dimensions for the container 

are likewise given as (17, 17, 16). The maximum size limits for the cut parts (given as 𝑥, 𝑦, 𝑧) 

were set to (15, 15, 15). For all the testing presented in this section, cost weights of 𝑤1 = 1 

and 𝑤2 = 100,000 were used, with a maximum number of generations = 100, and an elite 

population size of 1 used for the GA. 
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(a) (b) 

Fig. 5-13. Structure and container used for hyper-parameter testing. (a) – voxelised input model and 

container. (b) – example of an optimised cutting and packing solution showing the structure packed into six 

containers. Note, containers are shown to scale. 

 

5.3.1 Mutation Rate Testing  

For testing the effect of mutation rate, 5 mutation rate values were selected to test: 0.1, 0.2, 

0.3, 0.4 and 0.5. As a point to note, given the fact that mutation is applied to all child 

solutions, with the probability of a single cut being mutated determined by the mutation 

rate, the choice was made not to test values higher than 0.5 since this would cause most of 

the cuts in child solutions to be mutated. In doing so, any good inherited genes from 

crossover would likely be lost and the algorithm would degenerate into a purely random 

search. 

For each mutation rate value, the algorithm was run 5 times with the results averaged over 

the 5 runs. A population size of 20 and a tournament selection size of 0.1 (i.e. 10% of the 

population size) was used. Fig. 5-14 shows how the total cost of the best solution in each 

generation (averaged over 5 runs) changes over 100 generations for each mutation rate 

value tested. 
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Fig. 5-14. Total cost (averaged over 5 runs) for each mutation rate value tested. 

 

From Fig. 5-14, it can clearly be seen that the runs using a mutation rate of 0.1 gave the best 

performance on average, with the performance gradually degrading as the mutation rate 

was increased. This is likely due to that fact that, as the mutation rate increases, it 

introduces more randomness into the search process, which in turn increases the 

likelihood of good solutions obtained from crossover being disrupted before they can be 

refined further. Whilst some mutation is necessary to help maintain diversity and help the 

algorithm explore the search space better, excessively high mutation rates can prevent the 

algorithm from converging effectively, leading to premature convergence to suboptimal 

solutions. 

In the 2D implementation of the cutting and packing algorithm (Chapter 4, Section 4.1), the 

performance of the cutting and packing GA was compared to a random search and it was 

found that the GA consistently produced solutions of higher quality when compared to the 

purely random search. This observation coupled with the observation of worse 

performance as the mutation rate is increased supports the idea that the strength of a 

genetic algorithm lies in its ability to balance exploration of the search space (through 

mutation) with exploitation of better solutions to produce new ones (through crossover). 

The problem with excessively high mutation rates is that it disrupts this balance, causing 

good solutions produced via crossover to be continuously disrupted by mutations, which 

ultimately leads to behaviour more closely resembling a purely random search. 
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This observation becomes more apparent when examining Fig. 5-15 below. This figure 

shows the average cost values (plotted on separate graphs) with the min/max ranges from 

the 5 runs indicated by the shaded regions. From these figures, the shaded regions become 

larger as the mutation rate is increased, indicating that the algorithm loses consistency (i.e. 

it becomes more prone to premature convergence to poor solutions). In contrast, whilst a 

slower convergence can be seen on the 0.1 rate graph when compared with the higher 

mutation rates, it is also evident from the smaller shaded region that the algorithm can more 

consistently converge to better solutions. 

 

 

Fig. 5-15. Total cost plots for each mutation rate value tested. Shaded regions indicate min/max values 

obtained from the 5 simulation runs. 

 

5.3.2 Tournament Size Testing 

From the 2D testing of the cutting and packing algorithm, it was noted that using a large elite 

population resulted in diversity loss in the elite population, with very similar results 

frequently being retained across generations. To help mitigate this issue in the 3D algorithm, 

a smaller elite population size of 1 was used to ensure that the best solution found is 

preserved in each generation without the risk of the elite population becoming 

overpopulated with similar solutions. 
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With the elite population size fixed, the effect of varying the selection pressure (by changing 

the tournament size) on the algorithm’s performance was investigated. Specifically, this 

investigation aimed to examine whether using a high selection pressure in combination with 

a minimal elite population size would lead to better solutions, or whether it would lead to 

premature convergence due to reduced diversity.  

For testing, 3 different selection pressures were tested, 0.1 (low), 0.25 (medium) and 0.5 

(high), which correspond to tournament sizes of 10%, 25% and 50% of the population size. 

Given that a population size of 20 is used for this section of the study, this corresponds to 

tournament sizes of 2, 5 and 10 respectively. As before, the algorithm was run 5 times for 

each selection pressure value, with the results averaged over the 5 runs. Additionally, a 

mutation rate of 0.1 was used. 

 

 
Fig. 5-16. Total cost (averaged over 5 runs) for each selection rate value tested. 

 

Fig. 5-16 shows the total cost of the best solution in each generation (averaged over 5 runs) 

for each selection rate tested. From this figure, it is evident that the algorithms performance 

degrades as the selection pressure is increased, with the higher selection rates showing 

premature convergence to worse values. Looking at the individual plots for total cost in Fig. 

5-17, it is also evident that the consistency of the algorithm degrades as well, with the 

ranges in total cost values across the 5 runs increasing with the selection pressure. 
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Fig. 5-17. Total cost plots for each selection rate value tested. Shaded regions indicate min/max values 

obtained from the 5 simulation runs. 

 

It is well known in GA literature that increasing selection pressure will likely lead to worse 

performance, particularly through a loss of diversity in the population [204], [205]. This is 

due to the fact that a larger tournament size means that fitter individuals in the population 

will more consistently be selected for crossover and mutation, increasing the greediness of 

the search [145].  

Another possible factor, closely related to this, which may also contribute to a degradation 

of the search quality is the problem of over exploitation of good solutions early in the search 

process. The problem with consistently selecting the best individuals for crossover and 

mutation is that it will highly favour these solutions early in the search. Unless the algorithm 

starts with strong solutions, this can lead to premature convergence to poorer local optima 

before the algorithm has a chance to explore other, potentially more promising, areas of the 

search space [149]. 

Fig. 5-18 shows the total cost of the best solution in each generation along with the average 

total cost of the entire population in each generation (averaged over the 5 runs), for each 

selection rate tested. 
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Fig. 5-18. Total cost plots for the best solution and the population average in each generation, for each 

selection rate value tested.  

 

From this figure, it can be seen that, despite there being some variation in the average total 

cost of the population across the generations, the average cost remains relatively steady 

across the 100 generations. That is, the average population cost does not decrease 

throughout the search, indicating that the population has maintained good diversity 

throughout all the runs. In contrast, if the entire population was prematurely converging due 

to high selection pressure, it would be expected that the average cost of the population 

would steadily decline over time as the individuals become increasingly similar (i.e. as 

diversity is lost). 

As such, it can be concluded that the observed drop in performance with increasing 

selection pressure is not due to a loss in diversity, but rather more likely due to over 

exploitation of poorer solutions early in the search. I.e. the high selection pressure makes 

the search heavily biased toward a small number of relatively good solutions early on, which 

prevents the algorithm from effectively exploring more promising areas of the search space 

as the search progresses. 

As a final point, it is worth noting that Fig. 5-18 exhibits a markedly different y-axis (total cost) 

scale compared to the previous figures in this section, along with a sharp reduction in the 

population-average total cost within the first 2-3 generations. This behaviour is due to the 

population initialisation strategy used for the 3D algorithm (see Section 5.2.3 above). As 

discussed earlier, four population members are initialised using the ‘small’ cutting limit, 

resulting in four cutting patterns with many cuts (and correspondingly high cutting costs). 

In the first generation, these high-cost individuals inflate the population-average total cost. 

However, due to their poor fitness, these solutions are quickly eliminated by the selection 

process within the first few generations, resulting in the sharp drop and stabilisation of the 

population-average total cost. 
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5.3.3 Population Size Testing 

For testing the population size, the algorithm was tested with population sizes of 20 and 

100, with the algorithm being run 5 times for each population size. The motivation for this 

test stems from the high computational cost associated with solving the 3D cutting and 

packing problem. For example, the average run time for a single run during the mutation rate 

testing (which was done with a population size of 20) was approximately 391 minutes 

(around 6.5 hours). Given this level of computational expense, it was not feasible to test a 

wider range of population sizes due to time constraints. Instead, the focus of this study was 

on comparing a small and large population size to determine whether using a more 

conventional large population size would yield better results, and whether the increase in 

quality of solution would justify the additional computational overhead. For the results 

presented in Fig. 5-19, a mutation rate of 0.1 and a tournament selection pressure of 0.1 

was used. 

 

 
Fig. 5-19. Total cost (averaged over 5 runs) for the small and large population sizes.  

 

From Fig.5-19, the algorithm’s performance is visibly better on average for the large 

population case when compared to the small population case. For the 100-population 

case, the algorithm converges faster earlier in the search when compared to the 20-

population case. It can also be seen that, on average, the 100-population runs converge 

more consistently to better solutions, with the final average cost being lower, and the range 
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of final cost values for the 5 100-population runs being narrower. This is unsurprising since 

having a large population promotes better exploration of the search space, helping to 

reduce the likelihood of premature convergence to local optima.  

However, the key point to note with this comparison is that the improvement in average total 

cost between the two cases, while evident, is very minor. Looking at the average final total 

cost values for both cases (693,985 for the 20-population case and 689,478 for the 100-

population case), the final average total cost for the 100-population runs is only 0.65% 

lower than for the 20-population runs. This suggests that even a small population size can 

still be effective for this problem when combined with well-tuned genetic operators. 

This observation has significant practical implications when considering the computational 

cost. For example, the average run time for the 100-population runs was approximately 

2,111 minutes (around 35.2 hours) which is an almost six-fold increase compared to the 

average runtime of 6.5 hours for the 20-population size runs. Given this significant increase 

in run time only resulted in minor improvements in the average total cost, it is evident that 

the increased computational expense is not worth this trade-off.  

 

5.3.4 Hyperparameters for the Cutting and Packing GA 

Based on the studies presented in this section, the parameters outlined in Table 5-1 are 

used for the remainder of this study (unless explicitly stated otherwise). 

As a point to note, for the results presented in this section, and for the remainder of this 

report, zero-width cuts were used, and the cut parts were allowed to rotate 90 degrees 

about each axis during packing (giving 10 possible orientations; the starting orientation + 

90, 180 and 270 degrees about each axis). 
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5.4 Simulation Setup 

Given that information regarding specific nuclear decommissioning protocols and costing 

models is often proprietary and not accessible for this study, the focus is instead placed on 

demonstrating the flexibility (and examining the efficacy) of the proposed optimisation 

approach. Instead of a direct real-world comparison, the algorithm is applied to three 

hypothetical decommissioning scenarios, each involving different structures (commonly 

found in decommissioning), cut with different cutting tools and packed into UK industry-

standard containers.  

This study is designed to serve several purposes: 

1. To illustrate how the algorithm can be applied to different structures (of varying size 

and complexity), using any type of container and cutting tool, to meet varying cutting 

and packing requirements.  

2. To examine the algorithms efficacy when faced with different structures of varying 

size and geometric complexity. 

3. To demonstrate how the algorithm can outperform a more conventional ‘minimal 

cutting followed by packing’ approach (where structures are partitioned using the 4 

minimal cutting approaches listed in Section 5.2.3). 

In addition to this, the efficacy of the proposed algorithm is further examined by:  

1. Benchmarking against a manual approach (where a human user designs the cutting 

patterns). 

TABLE 5-1. Hyperparameters used for the cutting and packing GA. 

Hyperparameter Value 

Population Size 20 

Number of Generations 100 

Number of Elites 1 

Selection Method Tournament Selection 

Selection Pressure 0.1 

Crossover Method Random Single-Point Crossover 

Mutation Method Point Mutation 

Mutation Rate 0.1 

Thickness of Cuts 0 

Packing Rotation Angle 90o 
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2. Investigating the algorithms performance under different cutting and packing cost 

weight combinations.  

 

5.4.1 Three Decommissioning Cases 

For the three decommissioning scenarios presented in this paper, the three 

structure/container combinations depicted in Fig. 5-20 are selected: a glovebox (Fig. 5-20 

a) packed into 500 L drums, and a small submarine RPV (Fig. 5-20 b) and heat exchanger 

pipe bundle (Fig. 5-20 c) both packed into 3 m3 boxes. The mesh model for the heat 

exchanger pipe bundle was obtained from [100], the RPV model from [99] and the model of 

the glovebox was adapted from [206]. For the glovebox, UK industry standard 500 L stainless 

steel waste drums [102] are used to pack the cut parts. These drums are commonly used in 

nuclear decommissioning due to their mass-producibility, suitability for intermediate-level 

waste, and ability to be grouted for additional radiation shielding (as is common practice in 

intermediate-level waste disposal) [207]. For both the RPV and heat exchanger pipe bundle, 

3 m³ stainless steel boxes were used [102], which are also industry standard and often 

widely used for packing larger items of intermediate-level waste (e.g. large cut structural 

components for which 500 L drums would be unsuitable). These boxes offer the same 

advantages, being robust, mass-producible, and capable of being grouted for long-term 

disposal, again in line with standard disposal practice [207]. 

 

  

(a) (b) 

 

(c) 

Fig. 5-20. Voxelised models of the three structures (and their respective containers) used in the three 

decommissioning scenarios. (a) – Glovebox and 500 L drum, (b) – Submarine RPV and 3 m3 box, (c) – Heat 

exchanger pipe bundle and 3 m3 box. Note, containers are shown to scale. 
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The voxel dimensions (given as 𝑙, 𝑤, ℎ) for the three structures is: (112, 48, 92) for the 

glovebox, (90, 90, 128) for the RPV, and (269, 82, 81) for the heat exchanger pipe bundle. 

To determine the voxelised dimensions of the containers, the real-world dimensions of the 

structures needed to be established, which was then used to calculate the appropriate 

container scales. For the RPV, the height is provided as 4.2 metres in [99]. The other two 

models however, the glovebox and heat exchanger pipe bundle, did not include real-world 

dimensions. For these structures, the dimensions of similar real-world models was 

referenced: a glovebox structure with a height of 1.82 metres, as listed in [208], and a heat 

exchanger pipe structure with a length of 10.4 metres, as provided in [209].   

With these values, and the dimensions of the voxelised structure models, the voxel size per 

centimetre for each structure was calculated (by dividing the real-world dimension value by 

its voxel counterpart), with the values for each structure listed in Table 5-2. Using the 

container height values given in [102], the container models are then scaled accordingly.  

This gives voxel dimensions (𝑙, 𝑤, ℎ) of: (43, 43, 63) for the 500 L drum container, (57, 57, 39) 

for the 3 m3 box used to pack the RPV, and (47, 47, 32) for the 3 m3  box used to pack the heat 

exchanger. For the part size limits (𝑥, 𝑦, 𝑧) these were set to (25, 25, 59) for the 500 L drum, 

(46, 46, 36) for the 3 m3 RPV container, and (37, 37, 28) for the 3 m3 heat exchanger 

container. A point to note; since the internal volume of the selected containers is not a 

perfect cuboid, the maximum size limits are set to match the largest cuboid that can fit 

within each container's internal packing space. 

Regarding the choice of cutting tools, as with the structure dimensions, real-world 

examples where similar structures have been decommissioned were referenced. For the 

glovebox and heat exchanger, an electric hand saw and plasma cutter was selected 

respectively, as both tools have been successfully used to dismantle similar structures in 

[12] and [13]. For the Reactor Pressure Vessel (RPV), abrasive water jet cutting was 

selected, based on its common application in reactor pressure vessel segmentation [17], 

[210], [211]. [4] provides information on each of the selected cutting tools, listing 

operational costs as ‘low’ for electric hand saw cutting, ‘medium’ for plasma torch cutting, 

and ‘high’ for abrasive water jet cutting. Based on this, cost-per-cm values of 0.01, 0.05, and 

0.1 were assigned to the electric hand saw, plasma cutter, and abrasive water jet cutting, 

respectively. With these cost values and the voxel size for each structure, the cutting cost 

weight, 𝑤1, for each structure (shown in Table 5-2) is calculated by multiplying the two 
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values together. For the cost of the containers (𝑤2), values of 100,000 and 500,000 were 

assigned for the drum container and 3 m3 box container respectively. 

 

TABLE 5-2. Parameters for the three decommissioning scenarios. 

Structure Cutting Tool 
Cutting 

Cost/cm 
Voxel Size 

(cm) W1 
Container 

Type W2 

Glovebox 
Electric Hand 

Saw 
0.01 (low) 1.98 0.0198 500 L Drum 100,000 

RPV Abrasive 
Water Jet 

0.1 (high) 3.23 0.323 3 m3 Box 500,000 

Heat 
Exchanger 

Plasma 
Cutter 

0.05 
(medium) 

3.84 0.192 3 m3 Box 500,000 

 

5.4.2 Benchmarking Against Manual Approach 

For clarity, the term ‘manual’ in this context refers to a non-automated, software-based 

planning process carried out entirely within the decommissioning software NuPlant; no 

physical cutting experiments or real-world trials were undertaken as part of this study. 

In the manual trials, a human user was tasked with defining 30 cutting patterns for each 

structure using an interactive interface within NuPlant. The user manually added and 

adjusted cuts (with cuts being limited to orthogonal cuts to ensure fair comparison to the 

GA), and once a pattern was defined, the resulting cut parts were processed through the 

packing algorithm. Afterward, the user reviewed the optimised cutting and packing 

solution, noting the individual cutting and packing costs, which helped inform the planning 

for the subsequent cutting pattern. Additionally, as with the GA approach, if the distance 

between two manually defined cuts along any axis exceeded the specified limit for that axis, 

the repair mechanism would automatically insert cuts between them to ensure the parts 

remained small enough to fit into the containers. 

The motivation behind this study stems from the fact that, currently, users have only two 

options for planning a decommissioning strategy digitally: using a separate optimisation 

approach, like minimal cutting followed by packing optimisation on the cut parts, or 

manually defining cutting patterns and then applying packing optimisation. In addition to 

comparing the algorithm to the four minimal cutting approaches (discussed in Section 

5.2.3), this test serves as a counterpart, allowing a comparison between the algorithm’s 

performance against the two existing approaches.  

Additionally, this test also served as an insight into understanding how the human user 

approached the task. Given the intelligence and flexibility of a human user compared to a 
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stochastic algorithm like a GA, this analysis aimed to identify strategies adopted by the 

human user which might offer insights for future improvements to the algorithm. 

 

5.4.3 Cost Weight Sensitivity Analysis 

For the cost-weight testing the same simple RPV structure and cuboid container 

combination which was used for the hyperparameter testing (shown in Fig. 5-11) was used. 

The same structure and container was used for all the cost weight testing to give a 

consistent and controlled test scenario, enabling the effects of changing the cost weights 

to be examined in isolation without introducing variability from the structure of container 

geometry. 

To test the algorithm’s response to different cost weight combinations, a grid search is 

performed across a range of cost weight values. Specifically, combinations of cutting and 

packing cost weights were tested using the following sets of 5 values: cutting cost weights 

= [0.01; 0.1; 1; 10; 100], packing cost weights = [1,000; 10,000; 100,000; 1,000,000; 

10,000,000]. 

The selection of these values was based on preliminary experiments which were used to 

establish a baseline where the cutting and packing terms contributed roughly equally to the 

total cost. For this structure and container combination, a cutting cost weight of 1 and 

packing cost weight of 100,000 was found to give total cost values where both cost terms 

were of similar orders of magnitude. With the baseline established, the effect of 

systematically increasing or decreasing each weight independently by orders of magnitude 

of 10 was explored. This allowed for an examination of how the algorithm performs when 

faced with cost trade-offs where either the cutting or packing is strongly prioritised (i.e. 

where one of the terms dominates the total cost). 

The motivation for conducting this cost weight testing was twofold. First, it enabled an 

investigation into how the relative importance of cutting versus packing costs affects the 

algorithms behaviour and the quality of the solutions produced. Secondly, it provided an 

opportunity to examine the algorithms robustness under extreme cost weight scenarios 

(e.g. disproportionately high packing cost weights) to determine whether the optimisation 

methodology would still perform reliably or if the performance would degrade under such 

conditions. 
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5.5 Results 

The following section presents the results and discussions for the test scenarios outlined in 

Section 5.4 above. 

 

5.5.1 Three Decommissioning Cases 

For the three decommissioning cases, the algorithm was run 5 times on each structure, with 

the results averaged over the 5 runs. The following section presents the results from these 

tests, and is structured in 4 parts: 

1. Total Cost Behaviour – This section provides an analysis of the total cost curve 

plots produced by the GA, with particular focus on the consistency, convergence 

speed and run time of the algorithm for each structure tested. 

2. Individual Cost Behaviour – This section examines in more detail how the 

individual cost elements of the cost function (cutting cost and packing cost) 

independently evolve over the course of optimisation, highlighting trade-offs 

between the costs and examining the convergence behaviour of the individual cost 

terms. 

3. Influence of Initialisation Strategy – This section briefly examines the effect of the 

initialisation strategy (outlined in Section 5.2.3) on the best initial solutions found 

by the algorithm. 

4. Best GA Results – This section presents the best solutions (lowest total cost) from 

the 5 GA runs, for each structure, with key metrics (e.g. number of cuts, containers 

and percentage utilisation of each container) highlighted. This section also 

discusses how structure complexity and the choice of cutting method influences 

packing performance for each structure. 
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Total Cost Behaviour 

 

 
Fig. 5-21. Total cost plots for each structure tested. Shaded regions indicate min/max values obtained from 

the 5 simulation runs. 

 

Fig. 5-21 above shows the total cost for the best solution in each generation, averaged over 

the 5 runs with the shaded regions showing the range (highest/lowest values across the 5 

runs). 

Over the 100 generations the GA was run for, an average cost reduction of 16.9% was 

achieved for the glovebox structure, 16.5% for the RPV, and 15.1% for the heat exchanger. 

Given that each of the 5 runs was initialised with four minimal-cutting approaches (where 

the part size limit is 1* 𝑥, 𝑦, 𝑧), the reduction in cost shows that the simultaneous cost 

optimisation approach proposed here can outperform a ‘minimal cutting followed by 

packing’ strategy. The problem with minimal cutting is that, whilst it helps keep cutting costs 

low, the focus on only reducing cutting cost leads to large cut parts which do not pack well, 
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leading to high packing cost and high total cost overall. This helps highlight the importance 

of considering both cutting and packing when planning optimised decommissioning 

strategies and suggests that using a cutting optimisation algorithm alone to minimise 

cutting (as in [18], [19]) is inadvisable as it will likely produce large, poorly packable parts. 

To gauge the consistency of the algorithm across the 5 runs for each structure, the relative 

range (spread) in total cost at generation 100 is calculated for each structure as: 

𝑆𝑝𝑟𝑒𝑎𝑑 (%) =  
max(𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡) − min(𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡)

𝑚𝑒𝑎𝑛(𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑠𝑡)
∗ 100 (9) 

This metric reports the width of the band which encloses the final five cost values, 

normalised over the average. For example, for the glovebox structure, a value of 4.9% was 

obtained, indicating that that the final highest and lowest total cost solutions across the 5 

runs differ by only 4.9% of the mean final cost (i.e. every run finishes within approximately 

±2.5% of the mean). The spread for the three structures tested is reported as: 4.9% for the 

glovebox, 5.4% for the RPV and 4.3% for the heat exchanger, meaning that overall, the best 

and worst final costs differ by approximately ±2-3% of their mean. Given the small values 

obtained for the three structures, and the consistency across them, this indicates that the 

algorithm has high repeatability (i.e. can obtain consistently good solutions) across a range 

of structure complexities. 

To gauge the convergence speed of the algorithm, the number of generations required for 

the average total cost to converge to within 5% and 1% of the final average total cost is 

calculated for each structure. The number of generations required to converge within 5% of 

the final total cost is reported as: 11 generations for the glovebox, 16 generations for the 

RPV and 11 generations for the heat exchanger. Likewise, the number of generations 

required to converge within 1% is given as: 34 generations for the glovebox, 56 generations 

for the RPV and 27 generations for the heat exchanger. This shows that the algorithm is able 

to capture ≥ 95% of attainable savings in cost within the first 10-20 generations, and ≥ 99% 

within 20-60 generations, with any cost gains after this being marginal.  

The implication for this is that in future, if reduction in computation time is needed, the 

algorithm could be augmented with an early stopping criterion (e.g. stop when the current 

generation best cost is within 1% of the best-found cost after 10 consecutive generations) 

without losing much in terms of cost savings. Relating to the 3 cases discussed above, if 

such a criterion were to be implemented, it could cut the run time by a factor of 2 – 4 times 

whilst still obtaining results almost indistinguishable from the results obtained after 100 

generations. 
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The average run times for the three structures is reported as 1.98 hours for the glovebox, 

14.40 hours for the RPV and 60.98 hours for the heat exchanger. The primary reason or the 

increase in computation times across the 3 structures can be attributed to the packing side 

of the algorithm. With larger structures, more containers are required to pack the cut parts. 

Recall that with the packing method chosen for this study (PBP), whenever an allocated set 

of parts fails to be fully packed into a container, the algorithm executes a ‘mending’ step 

where another subset of parts is allocated to the partially packed container. Given that the 

average number of containers needed to pack the heat exchanger was 16.6, compared to 

only 6 containers for the RPV and just 1 container for the glovebox, the significant increase 

in run time for the heat exchanger comes primarily from the larger number of containers 

required. More containers means the packing algorithm will need to perform the mending 

step more times, increasing the computation time needed to successfully pack all the cut 

parts. 

Table 5-3 below summarises the key statistical results discussed in the total cost analysis 

presented above. 

 

TABLE 5-3. Summary of key metrics from total cost analysis. 

Structure 
Run Time 

(hrs) 

Avg. Total 
Cost 

Reduction (%) 

Spread 
(%) 

Gen. of < 5% Gen. of < 1% 
Avg. Num. 

Containers 

Glovebox 1.98 16.9 4.9 11 34 1 

RPV 14.40 16.5 5.4 16 56 6 

Heat 
Exchanger 

60.98 15.1 4.3 11 27 16.6 

 

As a final point to note, regarding the larger number of generations required to reach the 5% 

and 1% convergence threshold for the RPV structure, this is likely due to the geometry of the 

structure and resultant cut parts. For the glovebox and heat exchanger, the more ‘irregular’ 

geometry of the structures allows the cutting algorithm to produce a wide range of cut parts 

in terms of their sizes. This makes the quality of the packing solutions less sensitive to the 

cutting, since the large parts can be packed first, with gaps being filled by smaller parts. In 

contrast, for the RPV, the cut parts tend to be larger and more uniform in size, with fewer 

small parts available to fill gaps in the packing structure. As such, the quality of the packing 

solutions becomes more sensitive to the specific locations of cuts, with small adjustments 

to the cuts easily affecting how well the ‘blocky’ cut parts slot together in the packing space. 

This increased sensitivity likely contributes to the longer time taken for the GA to find good 
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solutions for the RPV structure. An illustration of the differences in part uniformity is given 

in Fig. 5-22, which shows a packed container for the RPV (left) and the glovebox (right). 

 

 
Fig. 5-22. Illustration of difference in part uniformity for cut parts from the RPV (left) and from the glovebox 

(right). 

 

Individual Cost Behaviour 

Fig. 5-23 (on the subsequent page) shows the individual cutting and packing costs for the 

best solution in each generation, averaged over the 5 runs, with the shaded regions showing 

the range between the highest and lowest values obtained. 

From these plots, there are several observations which can be made: 

Firstly, trade-offs between the cutting and packing costs can be seen as the generations 

progress. When a drop in packing cost occurs (via a reduction in the number of containers), 

this is typically accompanied by a rise in the cutting cost. This is particularly evident for the 

heat exchanger case, which shows an almost oscillatory change in the cutting and packing 

costs as the algorithm converges in the first 0-30 generations. In such cases, even though 

the cutting cost increases (due to an increase in the amount of cutting), this rise in cutting 

cost is outweighed by the reduction in packing cost, resulting in a net decrease in total cost 

overall. These observations show that the algorithm can balance the two conflicting cost 

objectives and find optimised trade-offs. 
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Fig. 5-23. Cutting and packing cost plots for each structure tested. Shaded regions indicate min/max values 

obtained from the 5 simulation runs. 

 

Secondly, it can also be seen that the packing costs tend to converge early on, with the 

remainder of the cost reduction occurring from improvements in the cutting patterns. 

Specifically, for the heat exchanger and RPV cases, the packing costs converge within 0-30 

generations. For the glovebox, all the runs managed to find the optimal solution (in terms of 

the number of containers) right from the start, giving a constant packing cost throughout. 

This observation reinforces the previous observation that the majority of large changes in 

cost tend to occur early on (within approximately 0-50 generations), with cost reductions 

after this being marginal. 

It is also worth noting that for both the glovebox and RPV, the algorithm converged to the 

same number of containers in each run. In the heat exchanger case, three out of the five 

runs converged to 17 containers with the remaining two converging to 16 containers. 

Although this shows the algorithm’s variability for more complex structures, this is still a 

small variation of only 1 container, showing that the algorithm can effectively estimate the 

number of containers required for a decommissioning task to a high degree of accuracy. 
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One possible theory for the early convergences observed in packing cost could be due to a 

loss in population diversity, preventing the algorithm from finding better solutions. However, 

it was noted in the selection rate testing that, even with the highest selection pressure, the 

population diversity (measured as the average total cost across the population in each 

generation) did not converge toward the best cost value in each generation over 100 

generations. This observation suggests that diversity loss is not the likely cause for this early 

convergence behaviour. 

The more likely explanation is that the algorithm has converged to the optimal (or near 

optimal) number of containers within the capabilities of the packing algorithm. It is worth 

emphasising that ‘optimum number of containers’ here refers to the best achievable 

solution given the limitations of the packing approach used. Although the packing algorithm 

selected (PBP) uses an allocation strategy which aims to minimise greedy behaviour, the 

packing process is still ultimately a greedy constructive process, since it: a) focuses on 

constructing a solution from scratch and then stops, without trying to optimise it further, 

and b.) restricts the packing order from largest volume to smallest. As such, using a more 

advanced algorithm (such as the hyper-heuristic algorithm proposed in Chapter 4, Section 

4.2.3) could potentially allow the algorithm to find better solutions. The downside however, 

as discussed in Chapter 4, Section 4.2.4, is that the incorporation of a metaheuristic 

algorithm to optimise, for example, the packing order or choice of placement heuristics, 

would inevitably lead to much longer computation time, potentially making it impractical.  

Another potential option could be to run a secondary post-packing improvement step to try 

and improve the solutions produced by the PBP algorithm. For example in the paper where 

the PBP algorithm was proposed ([176]), the authors also propose a secondary 

improvement step, referred to as ‘Local Search 2’ (LS2), which takes items from the least 

utilised containers and tries to re-pack them into other, more filled containers. They noted 

that, for all the datasets tested, LS2 managed to improve the packing score by 3.99% on 

average. The downside however is that it required much longer to run compared to the PBP 

algorithm alone. The average run time across all datasets for just PBP is given as 116 

seconds, with the average run time for the LS2 procedure being 1158 seconds. This is an 

increase in run time of approximately 898% for only a 4% improvement on average. As such, 

using a procedure such as this, whilst potentially providing better solutions, would 

dramatically increase the runtime of the cutting and packing algorithm for only marginal 

gains in packing. 

As such, future work should focus either on ways to intelligently improve the packing 

process without having to resort to metaheuristic optimisation techniques to trial multiple 
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packing solutions, or on a fast improvement step to improve packing further without adding 

significant computational overhead. 

 

Influence of Initialisation Strategy 

As outlined in Section 5.2.3, the initialisation strategy adopted for the GA was a combination 

of fixed cutting patterns (initialised with ‘small’, ‘medium’ and ‘large’ size limits), with the 

rest being randomly generated. The goal of this was to ensure that the initial population of 

the GA contained a balanced distribution of cut part sizes to try and reduce the likelihood 

of convergence to poor solutions due to poor initialisation. 

When examining the best initial solutions for the five runs for each structure, several 

observations were noted. For the glovebox structure, each of the 5 best initial cutting and 

packing solutions were obtained from fixed initialisation cutting patterns. For the heat 

exchanger, 4 of the 5 best initial solutions came from fixed initialisation with one from 

random initialisation. However, for the RPV, 4 of the 5 best initial solutions came from 

random initialisation, with only 1 solution from fixed initialisation. 

This suggests that, whilst the chosen initialisation strategy can provide good initial cutting 

patterns, random initialisation can still yield superior starting solutions. Furthermore, the 

solutions created using fixed initialisation take up a large portion of the initial population (12 

of the 20 initial population members). For the structures where fixed initialisation provided 

the best initial solutions, this may not be an issue, however for the RPV case, if such a large 

portion of the population is initialised with poor solutions (i.e. worse than randomly 

generated ones), it could potentially limit the algorithm’s ability to explore better ones. 

As such, future work should focus on trying to reduce the number of fixed initial solutions 

to allow more randomness in the initial population, helping to improve the balance between 

exploration and exploitation. Additionally, work should focus on more intelligent 

initialisation strategies rather than using the simplistic minimal cutting approaches 

employed here, to ensure that they provide a stronger starting point for the algorithm. 

 

Best GA Results 

Fig. 5-24, 5-25 and 5-26 show the best total-cost optimised solutions obtained from the 5 

runs for the glovebox, RPV and heat exchanger, respectively. The key metrics relating to 
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these solutions (number of cuts and cut parts, number of containers required, average 

percentage utilisation across the containers and run times) are also reported. 

 

 
Fig. 5-24. Best solution found from the 5 glovebox runs. 

 

 
Fig. 5-25. Best solution found from the 5 RPV runs.  

 

From these figures, additional observations can be made. 

For the glovebox structure, the algorithm has successfully packed all the cut parts into a 

single container. Given that all parts fit into a single container, the utilisation score achieved 

is the highest possible for this structure and container combination. It can also be seen that 

the orthogonal cutting scheme is effective for this structure, producing mainly flat, regular 

shaped parts which stack efficiently in the container. 
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Fig. 5-26. Best solution found from the 5 heat-exchanger runs.  

 
For the RPV structure, the orthogonal cutting scheme also shows good performance, 

producing many flat sided, evenly sized blocks which fit together well in the containers. This 

results in good consistency across the packed containers with a high average utilisation 

score. As an example, in [83], the authors present a multi-container packing algorithm for 

packing segments of a manually-partitioned RPV model. Their model is partitioned into 126 

cut parts which are then packed into three large containers, with an average utilisation 

score of 0.297 (29.7%). In contrast, in the solution presented in Fig. 5-25, the average 

utilisation across the 6 containers was 0.452 (45.2%). Whilst this is not intended as a direct 

benchmark comparison (since they do not consider both cutting and packing optimisation), 

it highlights the difficulties with achieving high utilisation scores in the packing of irregular 

objects. 

Finally, examining the solution for the heat exchanger structure revels additional problems 

with increasing problem complexity. Looking at the individual utilisation scores for the 



224 
 
containers, a noticeable drop in the scores can be seen as the packing progresses through 

subsequent containers (with the first and last containers having scores of 0.509 and 0.176 

respectively). 

Despite the allocation algorithm using an objective function which aims to minimise greedy 

behaviour (where small parts are grouped together early on leaving large parts till the end), 

the packing solution still shows a greedy trend. The problem is that, early in the packing 

process, the allocation algorithm has access to a broad range of parts in terms of their sizes, 

allowing for well-balanced allocations (large parts which are packed first, with gaps being 

filled by smaller parts, such as individual cut pipe segments). However, as the packing 

process advances to subsequent containers, the number of smaller cut parts quickly gets 

depleted, leaving mostly larger, more irregular shaped parts. As a result, despite the 

allocation algorithms attempt to minimise greedy behaviour, it cannot do so since there is 

no longer a good variety of parts left to pack. As stated previously, this problem could 

potentially be alleviated by running a secondary improvement step to try and re-pack the 

parts in the most poorly utilised containers, however doing so would incur additional 

computational overhead. 

Another possible limitation could be with the cutting approach itself. Although the 

orthogonal cutting approach performed well for the glovebox and RPV, for the heat 

exchanger, it can be seen from Fig. 5-26 that it struggled to consistently separate the 

individual pipe segments from the partitioning baffles. For the cases where pipe segments 

were entirely separated from the baffles, the packing algorithm was able to effectively fill 

the gaps between larger parts with these smaller pipe segments. However, for cases where 

the pipe segments were not separated, it resulted in larger, more irregular parts which were 

more challenging to pack (this is more evident from the last few containers in Fig. 5-26). 

In real world decommissioning, heat exchangers are typically dismantled by separating the 

pipe segments from the partitioning baffles (as shown in Fig. 5-27). If the algorithm could 

consistently replicate this real-world separation process, it would result in an increased 

number of smaller individual pipe segments. This could potentially mitigate the 

aforementioned problem observed with the allocation approach (where it runs out of small 

parts during the packing of later containers), helping to improve the overall packing 

efficiency. 
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Fig. 5-27. Real-world heat exchanger cutting example showing the pipe segments separated from the 

partitioning baffle. Image from [212]. 

 

5.5.2 Benchmarking Against Manual Approach 

The following section presents the results from the 30 manual (non-automated, software-

based) trials for each structure, and is structured in 2 parts: 

1. Comparison to GA – This section examines the best results obtained from the 

manual trials for each structure and compares them to the results obtained from 

the GA, with particular focus on the differences in solution quality and run times.  

2. Analysis of User Strategy – This section provides an analysis of how the human 

user approached the task, with observations drawn from the progression of solution 

quality over the 30 trials for each structure. Particular attention is given to the 

sensitivity to structure complexity and trends in user behaviour (in particular, the 

use of geometric features on the structures which the user used to strategically 

place certain cuts) 

 

Comparison to GA 

Fig. 5-28 shows the best total cost solutions obtained from the 30 manual trials for each 

structure, alongside the averaged results from the 5 GA runs (with population size of 20), 

with an additional GA run performed using a population size of 100. The large population 

size runs were conducted after the manual trials to test whether the use of a larger 

population size would enable to algorithm to outperform the human user. 
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Fig. 5-28. Total cost plots for each structure tested showing total cost for: 5 20-population size GA runs 

(shaded regions showing range), best total cost from manual trials, total cost for 100-population size GA run. 

 

Based on these results, several observations can be drawn: 

• Glovebox: For the glovebox structure, the best total-cost result achieved by the human 

user outperformed the average total cost for the 5 20-population GA runs, with the total 

cost from the best manual trial being 2.03% lower than the final average total cost from 

the 5 GA runs. However, it can also be seen that the best manual result falls within the 

shaded range band for the 5 GA runs, indicating that the 20-population size GA can 

outperform the human user, although not consistently. For the 100-population size run, 

the final total cost was lower than for the best manual trial, however the improvement 

was only marginal, with a percentage decrease of 0.73% in total cost compared to the 

manual trial. This supports the idea that using a large population can achieve better 

results (compared to both the 20-population size GA and manual trials), but only by 

marginal amounts. 
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• RPV: For the RPV, the best total cost achieved by the human user was worse than the 

average total cost for the 5 20-population GA runs, with the total cost from the best 

manual trial being 1.50% higher than the final average cost from the 5 GA runs. 

However, as with the glovebox trials, the best manual result also falls within the shaded 

range band for the 5 GA runs, indicating that the GA can produce results worse than the 

human user. For the 100-population run, the final total cost value was also lower than 

the best manual trial, with a decrease of 3.38% in total cost compared to the best 

manual trial. It was noted previously that the convergence time for the RPV was larger 

compared to the glove box and heat exchanger, with the theory being that the higher 

uniformity in cut parts made the algorithm more sensitive to smaller changes in the 

cutting patterns. The difficulty for the human user to match the GA for the RPV can be 

attributed to this theory. I.e. given the sensitivity of the solutions to changes in the 

cutting pattern, similar to the GA, the human user struggled more with this structure. 
 

• Heat Exchanger: The most significant difference between the manual trials and GA 

trials can be seen for the heat exchanger. For this structure, the best result from the 

manual trials is 2.26% lower than the final average cost from the 5 GA runs. 

Additionally, the best manual trial is just outside the shaded region for the 5 GA runs, 

showing that for this structure, the human user managed to outperform every GA run. 

For the 100-population run, the final total cost value obtained was almost identical to 

the best solution from the manual trials, with the final cost from the 100 population run 

being only 0.05% lower than the best manual trial. This shows that the GA struggles 

more for the complex structure with a small population but can achieve comparable 

solutions to the human user when the population size is increased.  

Regarding the time taken to perform the 30 manual trials for each structure, the manual 

trials were not precisely timed, however the human user noted that it took approximately 

1.5-2 working days (~12-16 hours) to complete the 30 trials per structure. In comparison, 

the average run times for the 5 20-population GA runs was 1.98 hours for the glovebox, 14.40 

hours for the RPV and 60.98 hours for the heat exchanger. For the 100 population size runs, 

the run times increased substantially to 8.88 hours, 72.87 hours and 325.86 hours 

respectively. 

Although the GA required considerably longer computation times (especially for the 100 

population runs), it is worth noting that, unlike the manual trials, the GA does not require 

any form of human interaction throughout the optimisation process. From a practical 

perspective, while the GA may take longer to obtain solutions, it removes the need for a 
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human operator to manually define cutting patterns, helping to free up human resources 

for other tasks. 

Table 5-4 below summarises the key results discussed in the comparison between the best 

solutions obtained from the manual trials and GA runs, as discussed above. 

 

TABLE 5-4.  Summary of key metrics from comparison between manual trials and GA. 

Structure 
Best Manual vs 

20-pop GA Avg. 

100- pop GA vs 

Best Manual 

20-pop GA Avg. 

Run Time 

100-pop GA 

Run Time 
Manual Time 

Glovebox 
Manual 2.03% 

better 

100-pop GA 0.73% 

better 
1.98 hrs 8.88 hrs ~ 12-16 hrs 

RPV 
20-pop GA 

1.50% better 

100-pop GA 3.38% 

better 
14.40 hrs 72.87 hrs ~ 12-16 hrs 

Heat 

Exchanger 

Manual 2.26% 

better 

100-pop GA 0.05% 

better 
60.98 hrs 325.86 hrs ~ 12-16 hrs 

 

Overall, given the small percentage differences in total cost between the results obtained 

by the human user compared to the GA, it can be concluded that the algorithm can produce 

results comparable to a human (especially if the algorithm is run with a larger population). 

Whilst the computation times are generally larger for the GA, the closeness of the GA results 

to the manual results demonstrate that the algorithm is a practical alternative to time-

consuming manual approaches, especially if longer computational times are acceptable. 

 

Analysis of User Strategy 

Fig. 5-29 (on the subsequent page) shows the progression of total cost across the 30 manual 

trials conducted by the user for each structure. 

For the glovebox the user quickly identified a solution which was able to pack all the cut 

parts into a single container. However, once this optimal one-container solution was found, 

the user struggled to reduce the cutting cost further without degrading the packing solution. 

This can be seen in the fluctuations on the total cost plot for the glovebox. During these 

‘jumps’ in total cost, the user was attempting to reduce the cutting cost by removing or 

altering existing cuts. The problem is that this often resulted in the cut parts no longer fitting 

into a single container (with parts spilling over into a second one), leading to sharp 

increases in total cost due to a large increase in packing cost. The user would then try to 

reintroduce cuts in an attempt to achieve a single container packing solution again, 

resulting in the distinct oscillations seen in the total cost plot. This observation shows that, 
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once the user identifies promising solutions (in terms of the number of containers), it 

becomes difficult to reduce the cutting cost further without inadvertently degrading the 

quality of the packing solution. 

 

 
Fig. 5-29. Total cost of each manual trial, plotted against the 30 trials conducted by the user, for each 

structure. 

 

For the RPV, the graph clearly shows greater fluctuation in the total cost across the 30 trials 

when compared to the other two structures. This reinforces the previous observation that 

this structure is more challenging due to the sensitivity to minor changes in the cutting 

pattern. The large block-like parts produced from the RPV are highly dependent on the exact 

locations of cuts, with even small changes to the cuts resulting in parts which no longer fit 

together well in the packing space. This larger sensitivity makes in more challenging for the 
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human user to refine the solutions over the 30 trials, since even small changes to the cuts 

can have a large impact on the quality of the overall solution. 

For the heat exchanger, the total cost shows a more consistent downward trend across the 

30 trials, showing that the user was able to incrementally improve the solutions. Given the 

larger number of containers required to pack all the cut parts (typically 16-17) coupled with 

the larger distribution in cut part sizes, the packing solution is less sensitive to minor 

changes in the cutting pattern (with adjustments to cuts having little or no effect to the 

number of containers). This allows the user to make incremental changes to improve the 

cutting cost with lower risk of dramatically affecting the quality of the packing solutions. 

As a final point to note, an interesting observation made during the manual trials was the 

tendency of the user to place certain ‘feature-based’ cuts early one, which remained largely 

unchanged over the 30 trials. Referring to Fig. 5-30 as an example, for the glovebox, the user 

often placed cuts at the edges of the glovebox, to remove the top and sides, and to separate 

the top box section from the supporting legs. For the heat exchanger, the user often placed 

cuts at the edges of the partitioning baffles (to separate the pipe segments) and at the end 

of the structure to separate the pipes from the domed cap.  

 

 
Fig. 5-30. Examples of ‘feature-based’ cuts applied to the glovebox and heat exchanger. 

 

To a human user, the placement of cuts in these locations presents a logical choice based 

on the features of the structures. For the glovebox, separation of the top and sides allows 

these parts to be cut further into smaller flat segments which stack well in the packing 

space. For the heat exchanger, separation of the pipe segments from the partitioning baffles 

and end cap allows the smaller pipe segments to be efficiently placed into smaller gaps in 

the packing structure. This suggest that some cuts are more ‘important’ or ‘natural’ due to 

inherent features of the object. 

The implication of this observation is that it could potentially be used to reduce the number 

of optimisation variables in the cutting and packing algorithm, helping to speed up the 
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search process. For example, future work could focus on developing a pre-processing 

feature-based partitioning scheme which attempts to separate the structure into primary 

parts based on cuts which mimic the human approach to feature-based cutting. Once 

placed, these cuts would not need to be optimised further, leaving the optimisation 

algorithm to focus more on ‘uncertain’ cuts (cuts where the effect on the solution quality is 

more uncertain). 

 

5.5.3 Cost Weight Sensitivity Analysis 

The following section presents the results and discussion for the cost weight sensitivity 

testing. For this experiment, the algorithm was run once for each cost weight combination 

shown in Table 5-5, for 100 generations, using the same RPV and container combination 

used for the hyperparameter tuning (Fig. 5-13). 

Table 5-5 shows percentage decrease in total cost over 100 generations for the best solution 

in each generation. The table is colour coded with a heatmap, with values in green indicating 

larger percentage decreases and values in red indicating smaller percentage decreases. 

 
TABLE 5-5. Percentage decrease in total cost over 100 generations for different cost weight combinations. 

 
Cutting Cost Weight 

0.01 0.1 1 10 100 

Packing 

Cost 

Weight 

1,000 15.15 17.1 9.31 2.78 1.76 

10,000 17.98 10.9 19.35 6.52 1.99 

100,000 4.4 10.59 11.5 24.32 8.7 

1,000,000 0.53 4.54 13.92 15.71 12.61 

10,000,000 0.05 0.4 3.55 7.67 5.75 

 

For the low packing cost/high cutting cost weight results (the 3 red results in the top right 

corner of Table 5-5), the algorithm struggles to make significant cost savings since the 

cutting cost term dominates the total cost in the cost function. In such cases, the algorithm 

cannot add cuts without significantly degrading total cost (even if doing so would improve 

packing, since the savings in packing would be far outweighed by the increase in cutting 

cost). Upon closer inspection of these three solutions, it was noted that in all three cases, 

the number of cuts remained constant (at 6) throughout the optimisation process, 

confirming this observation. It was however also noted that, despite the number of cuts not 

changing, in all three cases, the number of containers decreased. For the cutting/packing 

cost weight combination of (10 / 1000), the number of containers decreased by 3 (14 
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containers to 11) over 100 generations. For the (100 / 1000) and (100 / 10,000) cost weight 

cases, the number of containers decreased by 2 (13 containers to 11). This shows that, 

despite the algorithm being unable to add more cuts (due to large increases in cutting cost), 

it can still move the existing cuts around to produce cut parts which pack better. 

For the high packing cost/low cutting cost weight results (3 red results in the bottom left 

corner of Table 5-5), an opposite trend was observed. In these cases, the algorithm 

struggles to make significant cost reductions due to the packing cost term dominating the 

total cost in the cost function. As such, the algorithm is unable to reduce the cutting without 

degrading the quality of the packing solution, which would significantly degrade the total 

cost. Examining the three solutions closer showed that in all three cases, the number of 

cuts was reduced, but the number of containers remained constant throughout (at 3). For 

the cutting/packing cost weight combination of (0.1 / 10,000,000), the number of cuts 

decreased by 7 (36 cuts to 29), and for both the (0.01 / 10,000,000) and (0.1 / 1,000,000) 

cases, the number of cuts decreased by 8 (36 cuts to 28). 

These cases demonstrate that, even under extreme cost weight combinations, the 

algorithm can still improve the cutting/packing solutions, however the improvement 

becomes less noticeable (when examining the percentage decrease in total cost) due to 

one of the cost terms in the cost function dominating the total cost. 

Fig. 5-31 shows the cutting/packing solutions for the two most extreme cutting/packing cost 

weight scenarios; (100 / 1000), shown left, and (0.01 / 10,000,000), shown right, which 

corresponds to the top right and bottom left cells in Table 5-5 respectively. These examples 

help illustrate how varying the cost weights can dramatically affect the algorithms 

behaviour, with high cutting cost weights favouring a reduction in cutting at the expense of 

more containers (left example), and high packing cost weights favouring a reduction in the 

number of containers, at the expense of more cutting (right example). 
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Fig. 5-31. Cutting/packing solutions from extreme cost weight cases; (100 / 1000), shown left, and (0.01 / 

10,000,000), shown right. 

 

Additional observations were also made when examining the solutions along the diagonal 

(top left to bottom right cases). Table 5-6 below shows the solutions along the diagonal from 

Table 5-5, from top left (0.01 / 1000) to bottom right (100 / 10,000,000), along with the 

percentage decrease in total cost and the number of cuts and containers in the best initial 

and best final solutions. 

 

TABLE 5-6. Comparison of initial and final solutions for cases along the diagonal in Table 5-5. 

Cutting/Packing 
Cost Weights 

Cost 
Decrease (%) 

Num. Cuts 
(Initial) 

Num. 
Containers 

(Initial) 

Num. Cuts 
(Final) 

Num. 
Containers 

(Final) 
0.01 / 1,000 15.15 10 7 9 6 

0.1 / 10,000 10.9 13 5 9 6 

1 / 100,000 11.5 13 5 9 6 

10 / 1,000,000 15.71 10 7 9 6 

100 / 10,000,000 5.75 11 6 10 6 

 

From Table 5-6, it can be seen that, whilst the percentage cost decreases along the diagonal 

are different (column 2), the final solutions (in terms of the number of cuts and containers) 

are very similar (column 5 and 6). This suggests that when the ratio of the cost weights is the 

same, the algorithm will converge to similar solutions. This in turn suggests that it is the ratio 

of the weights, rather than the magnitude of each weight, which has a larger effect on the 

algorithm’s performance. 

Given that the percentage cost decreases are different across the diagonal (despite the final 

solutions being very similar), this suggest that the difference in percentage decrease in cost 

can be attributed to the quality of the initial solutions found by the algorithm, rather than 

the weights used. This observation is confirmed by looking at columns 3 and 4 in Table 5-6, 
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which shows the number of cuts and containers in the best initial solution from the GA runs. 

Given that the number of cuts and containers is consistent for the final solutions, but not 

for the initial ones, this verifies that the difference in percentage cost decreases is due to 

the quality of the initial solutions, with larger percentage decreases being due to poorer 

initial solutions. 

As a final point to note, the highest percentage decrease observed in Table 5-5 (24.32 which 

corresponds to cutting/packing weights of 10 and 100,000) can also be explained by this 

phenomenon. Table 5-7 below shows the results (% decrease in cost, number of 

cuts/containers in best initial and final solutions) for the 24.32 case in Table 5-5 and the two 

cases diagonally adjacent to it. 

 

TABLE 5-7. Comparison of initial and final solutions between the 24.32 case and the cases diagonally 

adjacent to it in Table 5-5. 

Cutting/Packing 
Cost Weights 

Cost 
Decrease (%) 

Num. Cuts 
(Initial) 

Num. 
Containers 

(Initial) 

Num. Cuts 
(Final) 

Num. 
Containers 

(Final) 
1 / 10,000 19.35 9 10 7 8 

10 / 100,000 24.32 9 10 7 7 

100 / 1,000,000 12.61 9 9 7 8 

 

When comparing the 19.35 and 24.32 cases, the number of cuts and containers in the best 

initial solutions are the same (columns 3 and 4). However, for the best final solutions, whilst 

the number of cuts is still the same across both solutions, the number of containers is 

worse for the 19.35 case compared to the 24.32 case (columns 5 and 6). As such, the reason 

for this larger decrease in cost for the 24.32 case can be partly attributed to the fact that it 

converged to a better solution (with fewer containers). 

Additionally, when comparing the 24.32 case to the 12.61 case, the number of cuts in the 

best initial solutions is the same for both cases, but the number of containers for the 12.61 

case is better. In contrast, for the best final solutions, the number of cuts is still the same 

for both cases, but the number of containers is better for the 24.32 case. 

From these observations, two conclusions can be drawn:  

1. For the 24.32 case, the reason for such a large decrease in total cost is due to the 

algorithm starting with a poor solution and converging to a very good one (i.e. the 

difference between the best initial and final solutions is larger, leading to a larger 

percentage decrease in cost).  
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2. In contrast, for the 12.61 case, the reason for the smaller decrease in cost when 

compared to the other two cases in Table 5-7 is because it started with a good 

solution (better than for the other two cases), meaning the difference between the 

best initial and final solutions is smaller (leading to a smaller percentage decrease 

in total cost). 

 

5.6 Chapter 5 Summary 

In this chapter, the updated methodology for the 3D implementation of the cutting and 

packing algorithm has been presented (Section 5.1), along with several studies aimed at 

assessing the performance and effectiveness of the proposed algorithm (Section 5.5). From 

the studies presented, several conclusions can be drawn: 

Three Decommissioning Cases: In the analysis of the three decommissioning cases, it 

was demonstrated that the proposed algorithm can consistently achieve significant 

reductions in cost when compared to a separate ‘minimal cutting followed by packing’ 

approach. Additionally, the algorithm was shown to have good performance across a range 

of structure complexities, achieving average cost reductions between 15.1% and 16.9%. 

From the analysis of the total cost plots, it was shown that algorithm converges rapidly, with 

95% of attainable cost savings being achieved within the first 0-20 generations, and 99% 

within approximately 20-60 generations. The algorithm also showed high consistency, with 

the average deviation in total cost across the 5 runs for each structure being approximately 

±2-3% of the final mean cost across the 5 runs.  

The analysis of the individual cutting and packing costs showed that the proposed 

methodology can make trade-offs between the two conflicting costs to drive down total 

cost. It was also noted however that the packing cost converges early in the optimisation 

process, highlighting the potential for improvements through the use of more advanced 

packing methods or post-processing steps to improve packing further. 

The evaluation of the initialisation strategy showed that, whilst the fixed cutting approaches 

initialised with ‘small’, ‘medium’ and ‘large’ size constraints can provide good starting points 

for the algorithm, random initialisation occasionally found better starting solutions. This 

suggests a need for a more advanced initialisation strategy to help enhance diversity and 

solution quality further. 

Examining the best solutions produced by the algorithm for each structure provided further 

insights into the efficacy of the chosen cutting and packing approaches. The orthogonal 
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cutting and PBP packing approaches showed strong performance for the glovebox and RPV, 

producing regular-shaped parts which facilitated good packing, leading to good container 

utilisation. However, the heat exchanger highlighted limitations with the existing methods. 

The complex geometry of the heat exchanger resulted in suboptimal separation of pipe 

segments from the partitioning baffles which in turn negatively affected the packing 

algorithm’s ability to efficiently pack the parts (particularly for the later containers). 

Benchmarking Against Manual Approach: The comparison between the manual trials and 

the GA highlighted the competitiveness of the proposed approach, with the best results 

from the manual trials all being within approximately ±2.5% of the mean cost from the 5 20-

population GA runs for each structure. The single 100-population run of the GA on each 

structure demonstrated that with a larger population size, the GA can outperform the 

human user (with cost reduction of between 0.05-3.38% compared to the best manual 

results). Although computationally expensive (especially with a larger population) this 

demonstrates that the algorithm can produce solutions of equivalent quality (and in some 

cases better) when compared to the manual approach. 

The analysis of the user strategy helped provide further insight into the approach adopted 

by the user when tackling this task, highlighting the tendency to place certain ‘feature-

based’ cuts which remained largely unchanged throughout the manual trials due to their 

logical geometric placement. This suggests that implementing a feature-based partitioning 

scheme to pre-partition the structure with immovable, feature-based cuts could be used to 

enhance performance by reducing the number of cuts requiring optimisation. 

Cost Weight Sensitivity Analysis: The analysis of the algorithm under different cost-weight 

combinations demonstrated how varying the cost weights to favour cutting or packing can 

dramatically affect the final solutions produced by the algorithm. It also showed that even 

under extreme cost weight scenarios (where one cost term dominates the total cost), the 

algorithm is still able to find improvements. Notably, the study also revealed that final 

solutions produced largely depend on the ratio of the cost weights rather than their absolute 

magnitudes, and showed that the quality of the initial and final solutions will have a large 

impact on the achievable percentage decrease in cost.  

 

5.6.1 Future Work 

Based on the observations from these studies, there are several areas for potential future 

work: 
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Improvements to the GA  

Given the observations that for all three decommissioning cases, 99% of attainable cost 

was achieved within approximately 20-60 generations, a logical step to improve the 

algorithm would be to implement a stopping criteria based on the convergence, rather than 

using a fixed number of generations. This could include, for example, keeping track of the 

best-found solution so far and stopping the algorithm if the improvement in the best 

solution is less than 1% after a set number of generations. The benefit of this is that it could 

cut down the run times for the algorithm, whilst still producing results almost identical in 

terms of total cost to the solutions produced after 100 generations. 

Given that the algorithm managed to perform well with a small population (with only 

marginal gains found with a large one), another potential avenue for future work could be to 

adapt the GA into a ‘Micro-GA’. Micro-GA’s, originally proposed in [213], are small 

population genetic algorithms specifically designed for problems where evaluation of the 

objective function is computationally expensive. They typically work with a very small 

population (potentially as low as 4 individuals [214]) of high quality solutions, and 

incorporate diversity preservation mechanisms (such as restarting the population with 

random individuals whilst retaining the best previous solution [215]) to help maintain 

diversity throughout the search. Micro-GA’s, though not as well researched as standard 

GA’s, have proven themselves to be effective at solving a wide range computationally 

intense problems, often being capable of performing as well as, or even better than 

standard GA’s [215-219]. 

To further enhance the search abilities of the algorithm, a self-adapting mechanism could 

also be incorporated into the GA to allow the hyperparameters to be dynamically adjusted 

throughout the search process. It is well known in GA literature that choice of parameters 

will have a large impact on performance and that parameters must carefully be tuned 

depending on the problem to be solved [220-223]. One of the limitations with the work 

presented in this study is that, due to time constraints, the effects of parameter choices 

could not be explored in detail across a range of structures. The problem with this is that the 

parameters which were tuned for the simple RPV/container combination used in Section 

5.3, may not generalise across all structures (i.e. a set of parameters which is optimal for 

one structure, may not be optimal for another). 

The main principle behind a self-adapting GA is to allow the hyperparameters (such as the 

mutation rate, population size or tournament size) to dynamically change as the search 

progresses, thereby encouraging better exploration of the search space and reducing the 
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likelihood of premature convergence to poor solutions. It has been shown in literature that 

such self-adapting GA’s show great promise when compared to their fixed hyperparameter 

counterparts, often being able to outperform them due to their better ability to effectively 

balance exploration and exploitation throughout the search [224-228]. 

The benefits of incorporating a self-adapting mechanism into the cutting and packing GA 

are twofold. Firstly, it removes the need for parameter tuning, helping to reduce setup times 

and allowing the hyperparameters to automatically adapt to any input structure. Secondly, 

by allowing the parameters to dynamically adjust in response to evolving population 

characteristics (such as the population diversity), it can help further enhance the search 

process to allow for better solutions to be found. 

Improvements to Packing 

Given the fast convergence of the packing costs in the three decommissioning scenarios 

and the observation of greedy behaviour when packing the heat exchanger parts, another 

logical step for future work would be to seek ways to enhance the packing optimisation. 

Regarding the greedy behaviour observed for the heat exchanger packing, one possible 

solution could be to try and improve the allocation objective function to try and further 

reduce the greediness in part selection. The problem, however, is that this may be 

insufficient, since the allocation process has no awareness of how well an allocated subset 

will pack in practice. A subset that appears optimal in terms of volume usage may still result 

in inefficient packing. For example, when comparing the solutions from the heat exchanger 

and RPV, the heat exchanger had a broader distribution of parts but still showed greedy 

packing (leading to poorly utilised containers). In contrast, for the RPV, despite the parts 

having relative uniformity (i.e. poor volume distribution), they packed together effectively 

due to their block-like geometry. This shows that volume distribution alone is a poor 

indicator of packability. 

A potential solution to improve packing then, could be to introduce a post-processing step 

which reviews the final packing solution, identifies underutilised containers, and then 

selectively re-cuts objects to redistribute them more effectively (with the aim of reducing 

the number of containers). For example, Fig. 5-32 below shows the final 4 containers from 

the best heat exchanger cutting and packing solution (originally shown in Fig. 5-26). Using 

the proposed post processing step, the algorithm could take the objects in the last 

container (U% = 0.176) and try to cut them smaller and repack them into the previous 

containers. 

 



239 
 

 
Fig. 5-32. Example of poorly utilised containers from the best heat exchanger run. 

 

Crucially, such a post processing move would only be accepted if it results in a reduction in 

total cost, i.e. if the savings in packing cost (from a reduction in the number of containers) 

outweighs the increase in cutting cost (from the additional cutting of parts).  

One issue with this post processing step, however, is that it would increase computational 

overhead if run in the main optimisation loop. To alleviate this problem, two possible 

strategies could be considered: 

1. Apply post-processing selectively to a small number of top-ranked solutions in each 

generation within the cutting and packing GA. 

2. Run post-processing only on the final best solution, outside the GA loop. 

Another logical step to improve packing would be to improve the placement process itself 

(i.e. the DigiPac placement strategy). One possible way to do this would be to implement 

the updated hyper-heuristic framework proposed in Chapter 4, Section 4.2.4. By using an 

intelligent selection strategy (which considers the geometry of both the part to pack and the 

packed pile) for selecting which heuristic to use for placing a part, it would remove the need 

for metaheuristic optimisation of placement heuristics (reducing computational overhead) 

whilst still giving the algorithm greater flexibility in terms of where it can place parts (thereby 

improving utilisation).  

Another potential improvement to the placement process would involve implementing the 

methodology used to find placement sites as proposed in [229]. The problem with the 

placement process utilised by DigiPac is that it requires scanning the object across the 

discretised packing space voxel by voxel, checking for collisions at each step. The problem 

with this is that it becomes computationally expensive as the size of the grid increases. In 

contrast, the approach in [229] (referred to as ‘spectral packing’) reformulates the collision 

detection and site evaluation as convolution operations performed in the frequency domain 

using Fast Fourier Transform (FFT). This allows collision-free positions to be identified 

across the entire container volume in a single batch operation (i.e. all at once), as opposed 

to sequentially (as in the scanning process used by DigiPac), greatly reducing 
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computational complexity. For example, they claim that using a brute force scanning 

process on a 240x123x100 voxel grid takes 9.4 seconds, while their FFT approach reduces 

this time down to 0.003 seconds. If true, adopting such an approach could potentially 

increase the speed of packing by several orders of magnitude, allowing for higher resolution, 

large scale packing problems to be tackled more efficiently.  

As a final point to note, more could also be done to improve the real-world applicability of 

the packing algorithm by incorporating the following:  

• Radiation and weight-aware allocation: As discussed in the literature review, 

using hard limits for radiation and weight on the container runs the risk of poor 

container utilisation if one of the limits is hit first. E.g. if a small number of highly 

radioactive components are allocated to a single container, the radiation limit could 

be reached before the weight limit or container capacity is reached, resulting in poor 

utilisation. In contrast, using an allocation strategy which specifically optimises for 

these objectives during allocation could re-distribute these small radioactive parts 

across multiple containers, allowing more to be packed into them. 

• Incorporating stability checking: Whilst the stability of packed parts wasn’t 

considered in this project, it will be essential to consider in future to ensure packing 

structure can be recreated in the real world (i.e. to ensure that parts don’t shift 

unexpectedly during packing, preventing the structure from being reproducible). 

Whilst DigiPac currently has the ability to simulate dynamic forces during packing 

using its in-built DEM (Discrete Element Method) packing process, the problem is 

that it is very computationally expensive. As such, it would be impractical to use this 

packing approach in the GA optimisation loop. Future work should focus on ways to 

incorporate fast stability checking that can be integrated into the optimisation 

process with minimal computational overhead. 

• Waste stream segregation: In real-world decommissioning, waste is often sorted 

into different categories (such as low-, intermediate- and high-level waste) 

depending on radioactivity, with each category often requiring different containers 

and shielding levels. Another improvement could be to incorporate radiation 

information for the cut parts and allow the user to specify different containers for 

the different classifications. In doing so, the packing algorithm could separate parts 

into different waste streams and pack them into the different containers depending 

on which waste stream they belong to. 
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Improvements to Cutting 

One promising avenue for future works stems from the observation made during the manual 

benchmarking that human users tend to place certain ‘feature-based’ cuts (e.g. to separate 

the domed cap from the main body of the heat exchanger, or separating the flat sides of the 

glovebox), which remain largely unchanged throughout subsequent modifications to the 

cutting patterns. 

One way to achieve this would be to use ‘semantic segmentation’, which is a technique 

commonly used in computer vision and 3D shape recognition to assign class labels or part 

categories to regions, or subcomponents, of a 3D object [230]. This would involve using 

point cloud or voxel-based deep-learning models to segment structures into semantically 

meaningful components, such as ‘side wall’, ‘end cap’, ‘partition baffle’, ‘pipe segment’, etc. 

Algorithms such as the ones developed in [230-234] have shown considerable success in 

this domain, particularly for indoor scenes and object decomposition (Fig. 5-33). Such 

models could potentially be repurposed to segment decommissioning structures into 

meaningful subcomponents. 

Once segmented, the algorithm could then add cuts between major subcomponents as a 

pre-processing step, leaving the cutting and packing optimisation process to focus on 

optimising cuts on the subcomponents. This would reduce the number of optimisation 

variables, allowing the algorithm to focus the search on more uncertain cuts (cuts where 

the effect on solution quality is more uncertain). 

The primary challenge with such an approach would be in training an AI model to reliably 

recognise these structural features. One solution would be to train the model using 

manually segmented and labelled structures; however, this would require significant time 

and manual effort. Therefore, future work should focus on developing approaches that can 

learn to identify key structural components with limited human supervision. 
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(a) 

 
(b) 

Fig. 5-33. Examples of semantic segmentation. (a) – Segmentation of RGBD scanned rooms, from [233]. (b) 

– Part segmentation of point cloud scans, from [231]. 

 

In addition to this, more could also be done to improve the real-world applicability of the 

cutting process, such as: 

• Better cost estimation: With the current implementation, it is assumed that the 

same cutting tool is used for the entire structure (i.e. a single cutting cost weight in 

the cost function, and a fixed cut width applied to all cuts). As discussed in the 

literature review (Chapter 2, Section 2.3), it would be beneficial to incorporate 

support for multiple cutting tools (with different cost weights and cut widths) 

depending on the material being cut through. For example, this could involve 

creating a user interface to allow the user to label different regions of the structure 
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and assign different cost weights/cut widths to them. Going further, if a 

segmentation algorithm is also incorporated, an AI model could be trained to 

recognise such regions and assign appropriate cutting parameters automatically 

(removing the need for manual labelling). 

• Region avoidance: In the current implementation, cuts are allowed to pass 

through any part of the structure. However, as discussed in the literature review 

(Chapter 2, Section 2.3), certain regions may need to be preserved or avoided. 

These could include, for example, areas of high radiation (which may be safer to 

isolate and remove as a single piece to minimise ambient exposure), or parts of a 

structure which may be difficult or impractical to cut through (such as a pump 

housing connected to the side of a tank). It would therefore be beneficial to allow 

such parts of a structure to be identified and labelled (either manually or by a 

trained AI) prior to optimisation. Once identified, these regions could be excluded 

from cutting by either isolating and removing them prior to optimisation or by 

incorporating an avoidance mechanism into the algorithm (e.g. penalising cuts that 

intersect protected zones or enabling cuts to deform around them). 

• Disassembly sequencing: As demonstrated in the 2D investigation (Chapter 4, 

Section 4.4), disassembly sequencing is an important aspect of real-world 

applicability (especially if the goal is to perform cutting and packing using 

autonomous robotic systems). In the current 3D algorithm, disassembly 

sequencing was not considered, meaning that cutting patterns could theoretically 

result in obstructed or unstable removal sequences. Future work should focus on 

integrating disassembly considerations into the optimisation loop (by incorporating 

fast stability checks and collision-free path planning for cut parts). Building on the 

2D work, the aim would be to develop a fast and robust disassembly planner 

capable of validating whether cutting patterns are physically realisable during 

deconstruction. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 
 

The research presented in this thesis set out to address a fundamental challenge in the 

decommissioning of large, irregular structures: how to plan the cutting and packing of a 

solid structure in a way that balances the trade-off between size-reduction effort and 

packing efficiency. This challenge is particularly relevant in nuclear decommissioning, 

where the physical dismantling and packaging of large structures must be carefully 

optimised to minimise total cost and ensure regulatory compliance. 

Due to the absence of integrated approaches that can jointly optimise both cutting and 

packing, this project aimed to develop a computational optimisation framework capable of 

generating cost-effective cutting and packing plans for irregular 3D structures. Specifically, 

the objective was to create an algorithm that could take a 3D input model of a structure and 

produce a cost-optimised cutting plan and corresponding packing configuration, whilst 

accounting for real-world constraints such as tool usage and container type. 

To achieve this, the work was conducted in several phases: a literature review to identify 

limitations with existing approaches to cutting and packing optimisation, the development 

of a simplified 2D prototype to test proposed concepts, and the creation of a full 3D 

optimisation framework. A series of tests was performed to evaluate the methodology, 

including testing the algorithm’s ability to handle arbitrary structures of different geometric 

complexity, benchmarking against conventional and manual methods, and sensitivity 

analysis for different cost weights. 

This chapter concludes the thesis by summarising the main contributions and findings of 

the research, followed by a consolidated overview of suggested directions for future work.  

The first part (Section 6.1) provides a reflection on the key outcomes of this project in the 

context of the research aims and objectives introduced in Chapter 1. It revisits the 

challenges addressed in this thesis and highlights how the proposed methodology and 

experimental testing contribute towards addressing them. 

The second part (Section 6.2) outlines future work directions, based on detailed 

discussions provided throughout the thesis. Rather than repeating in-depth discussions 

offered in previous sections of the thesis, this section offers a concise summary of 

opportunities for extending and improving the methodology, grouped around core aspects 

of the algorithm design. 
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6.1 Summary of work 

This section summarises the work completed in this thesis, structured around the 

objectives outlined in Chapter 1. 

 

Objectives 1 & 2 – Review existing literature, propose methodology, and evaluate in 2D 

The first stage of the research focused on reviewing existing literature on cutting and 

packing optimisation, with the goal of identifying key limitations and developing a 

methodology to address them. A detailed literature review was conducted across three 

main areas: previous efforts to link cutting and packing, packing optimisation for 3D 

irregular objects, and cutting optimisation within the context of nuclear decommissioning. 

In the review on previous attempts at linking cutting and packing (Chapter 2, Section 2.1), a 

number of limitations were identified. The primary limitation with most existing approaches 

is that they are highly sensitive to initialisation (i.e. they rely heavily on the quality of the 

initial partitioning), with limited ability to modify the cutting patterns during the optimisation 

process. Additionally, the strategies often fail to re-optimise packing from scratch each time 

the cutting pattern is modified (meaning the algorithm may potentially miss good 

cutting/packing solutions). Ultimately, this means the feedback loop between cutting and 

packing is either weak or absent, preventing these algorithms from accurately capturing the 

trade-off between segmentation effort and packing efficiency. Furthermore, it was also 

noted that these algorithms all assume the cut parts will fit into a single container, with no 

ability to pack objects across multiple containers (restricting their applicability to real-

world problems where a single container is rarely sufficient). 

Given that within cutting and packing optimisation, packing is the limiting factor (both from 

a computational and cost perspective), a comprehensive review on irregular object packing 

in 3D was also presented (Chapter 2, Section 2.2). This review helped identify commonly 

used placement strategies and metaheuristic algorithms used in packing optimisation, 

alongside presenting a detailed discussion on key factors relating to packing algorithm 

design. Several research gaps were also identified, including the need for consistent 

benchmarking datasets, limited research into different multi-container packing strategies, 

and the incorporation of higher-level decision strategies such as hyper-heuristics. 

The final part of the review focused on cutting optimisation algorithm design within the 

context of nuclear decommissioning (Chapter 2, Section 2.3). This section identified 

several practical considerations that are often overlooked in cutting optimisation algorithm 



246 
 
design (including the influence of different cutting tools on cost, the importance of 

minimising radiation exposure, and the need for feasible part removal), highlighting several 

areas for potential future work 

Based on these findings, a new methodology was proposed (Chapter 3, Section 3.2), in 

which cutting and packing are treated as a coupled optimisation problem. The core concept 

is a feedback driven approach in which a genetic algorithm (GA) generates candidate cutting 

patterns. Each pattern is evaluated by the cutting and packing sub-processes, and both the 

cutting and packing costs are then used to evaluate the quality of the cutting patterns and 

guide their modification. By using a population-based optimisation approach (GA) with 

tailored genetic operators for crossover and mutation, the proposed method alleviates the 

problems with previous approaches by reducing the reliance on a good initial partitioning 

and allowing cuts to be modified in a more flexible manner during optimisation. 

To test the feasibility of the proposed approach, a simplified 2D implementation of the 

algorithm was developed (Chapter 4, Section 4.1). This prototype incorporated a basic 

cutting strategy and a container packing algorithm, with both processes embedded within 

a genetic algorithm optimisation loop. The performance of the proposed method was 

benchmarked against a random search strategy that modified cutting patterns without 

guidance. The results showed that the feedback-driven GA outperformed the random 

approach, demonstrating that integrated optimisation of cutting and packing can produce 

higher-quality solutions. 

However, the 2D implementation also revealed several challenges, particularly with the 

chosen representation of cutting patterns and the use of penalty functions for dealing with 

infeasible solutions (cut parts larger than the container). The binary space partitioning (BSP) 

approach used in the initial implementation required multiple parameters per cut (leading 

to a high number of variables), and the use of penalty functions resulted in the algorithm 

wasting excessive time evaluating infeasible (and poor quality) solutions. Both factors 

resulted in slow convergence, leading to several key design changes being made for the 3D 

algorithm (including the adoption of a simplified orthogonal cutting approach and a 

feasibility-preserving repair mechanism). 

 

Objective 3 - investigate ways to enhance solutions quality and applicability 

As noted in the literature review, there are many research gaps which exist within the topics 

of cutting and packing optimisation. Due to time constraints, only a subset of these 
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problems were explored in this project. To simplify implementation and accelerate testing, 

the studies were conducted using 2D representations (with all methodology being 

transferable to 3D). These studies (originally presented in Chapter 4) were designed to 

explore methods for enhancing the solution quality and real-world applicability of the 

cutting and packing processes within the broader optimisation framework. The studies 

investigated were as follows:  

• Chapter 4, Section 4.2- Hyper-heuristics for packing optimisation: Given the 

limited attention given to hyper-heuristics in packing literature and the use of a 

placement heuristic-based packing approach in this project, hyper-heuristics were 

identified as a natural extension for improving solution quality in packing. A novel 

hyper heuristic framework was proposed which used a genetic algorithm to 

optimise the placement heuristic (from a choice of four) used to pack each object. 

After successfully demonstrating the efficacy of the proposed framework for single 

container packing, the methodology was extended to multi-container packing by 

combining placement heuristic optimisation with packing order optimisation (to 

change the allocation of objects to different containers). Testing showed that the 

hyper-heuristic approach can outperform literature, especially for small to 

moderate object sets. However, performance declined with an increasing number 

of objects due to the factorial growth in permutation of packing orders, highlighting 

scalability issues. 

• Chapter 4, Section 4.3- Comparison of multi container packing strategies: 

Following the scalability limitations observed with the order-optimisation based 

hyper-heuristic, an alternative multi-container packing strategy (called Partial Bin 

Packing – PBP) was investigated. Unlike the hyper-heuristic algorithm, where the 

allocation of objects to different containers is tied to the packing order, PBP 

separates the allocation process from the packing process and optimises the 

packing one container at a time. It works by using a separate allocation algorithm to 

select subsets of object to allocate to a container, before the objects are packed by 

the packing algorithm. This decoupling of the allocation and packing reduces 

computational burden, enabling solutions to be generated much faster. 

Comparative testing showed that PBP consistently outperformed the hyper-

heuristic method in terms of speed and packing quality for large object sets, making 

it better suited for real-world decommissioning problems involving dozens or 

hundreds of cut parts. 
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• Chapter 4, Section 4.4 - Disassembly sequencing for cut structures: A third 

study was conducted to explore disassembly sequencing for enhancing the realism 

of the cutting process. This was motivated by the observation that a viable cutting 

plan must not only produce efficiently packed parts but also ensure that those parts 

can be physically removed from the structure without obstruction or instability. Four 

optimisation strategies were implemented and compared for finding feasible 

disassembly sequences based on a simplified 2D representation of a cut structure, 

incorporating constraints for mechanical stability and part accessibility. Whilst this 

methodology could not be implemented into the 3D cutting and packing algorithm 

due to time constraints, the study demonstrated its potential value by highlighting 

how different algorithms varied in their ability to find feasible and cost-effective 

disassembly sequences. The study revealed key trade-offs between computational 

efficiency, sequence feasibility, and solution optimality, with some strategies able 

to quickly find valid sequences, while others were more prone to becoming trapped 

in infeasible dead-ends, or required significantly more time to explore the solution 

space. 

 

Objectives 4 & 5 – Extend the framework to 3D and evaluate performance 

The final stage of the project focused on extending the cutting and packing framework to 3D 

and evaluating its performance across several case studies (Chapter 5). Based on the 

insights gained from the 2D studies, several key modifications were made to the 

methodology, including replacing the original BSP cutting approach with a simplified 

orthogonal cutting strategy, introducing a repair mechanism to ensure cut parts remained 

within the packing constraints, and implementing the PBP approach for fast multi-container 

packing (Chapter 5, Section 5.1). 

The 3D algorithm was tested on three case studies, each representing different structures 

of varying geometric complexity: a glovebox, a reactor pressure vessel (RPV), and a heat 

exchanger. For each case, the performance of the algorithm was evaluated in terms of total 

cost reduction, convergence rate and execution time. In addition, results were 

benchmarked against both a minimal cutting strategy (where segmentation is minimised 

and only packing is optimised) and a set of 30 manually designed cutting plans created by 

a human user. 

The results showed that the proposed integrated cutting and packing approach consistently 

outperformed the minimal-cutting-followed-by-packing approach, achieving average total 
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cost reductions between 15-17%. The GA optimisation process also showed strong 

convergence behaviour, with 95% of attainable cost savings achieved within the first 20 

generations and 99% by generation 60. Additionally, the algorithm was found to be highly 

consistent, with a typical variation of only ±2-3% in the final total cost across repeated runs. 

Benchmarking against the manual approach showed that the algorithm can produce 

solutions of comparable (and sometimes even superior) quality. With a larger population 

size (of 100 compared to 20), the algorithm achieved up to 3.38% improvement in total cost 

compared to the best manual solutions, demonstrating that this automated approach can 

rival expert human judgement.  

Analysis of the final cutting and packing results also offered insights into the strengths and 

limitations of the methodology. The orthogonal cutting and PBP packing approach showed 

strong performance for the more regular-shaped structures like the glovebox and RPV, but 

struggled with the more complex geometry of the heat exchanger, where packing efficiency 

was more sensitive to the separation of parts. These findings reinforce the robustness of the 

approach while also highlighting opportunities for future improvement, particularly in 

handling highly complex geometries and improving container utilisation. 

 

6.2 Future work 

This section consolidates the various opportunities for extending and enhancing the cutting 

and packing framework, as discussed throughout the thesis. Suggested directions for future 

work are grouped into three categories: algorithmic improvements (improvements to the GA 

process used to link cutting and packing), packing enhancements (improvements to the 

underlying packing process), and cutting enhancements (improvements to the underlying 

cutting process). 

 

6.2.1 Algorithm Improvements 

This subsection outlines general improvements to the GA optimisation strategy, motivated 

primarily by observations made during testing of the 3D algorithm (Chapter 5). 

• Improved stopping criteria: As discussed in Chapter 5, Section 5.6.1, the 

algorithm currently uses a fixed number of generations as its termination condition. 

Whilst this simplifies implementation, it can lead to unnecessary computation once 

the search plateaus (recall that by generation 60, 99% of attainable cost savings had 
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been achieved). Introducing dynamic stopping criteria (such as stopping the search 

when the improvement in total cost across a small window of generations falls 

below a threshold), would allow the algorithm to terminate early when convergence 

has occurred, saving time with minimal impact on solution quality. 

• Micro-GA: As shown in Chapter 5, Section 5.3.3, the algorithm showed strong 

performance even with a relatively small population size (of 20), with only marginal 

gains observed from using a larger one (of 100). As discussed in Chapter 5, Section 

5.6.1, this suggests that adapting the GA to a ‘Micro-GA’ ([215-219]) could be a 

promising direction for future work. Micro-GAs are a specialised type of GA 

designed specifically for problems where evaluating the objective function is 

computationally expensive (as in this project). They operate with a very small 

population of high-quality solutions and employ diversity preserving mechanisms 

to prevent premature convergence. Though not as widely studied as traditional GAs, 

they have shown strong performance across a range of computationally intensive 

optimisation tasks. Adopting a Micro-GA could significantly reduce run-times while 

maintaining solution quality. 

• Self-Adapting GAs: The GA used in this project relies on manually tuned 

parameters (see Chapter 3, Sections 3.3.4 and 3.3.5). As discussed in Chapter 5, 

Section 5.6.1, allowing parameters to dynamically change as the search progresses 

can help the algorithm explore the search space better (e.g. by increasing the 

mutation rate when population diversity is lost to encourage exploration, or 

increasing selection pressure in a highly diverse population to encourage 

exploitation of fitter individuals). Future work should also seek to implement self-

adapting strategies to allow the parameters to dynamically change in response to 

evolving population characteristics (e.g. diversity). 

 

6.2.2 Improvements to Packing 

This subsection outlines improvements to the packing side of the algorithm, based on 

limitations identified during testing of the 3D algorithm (Chapter 5) and earlier 2D 

investigations (Chapter 4). 

• Hyper-Heuristics for packing: One of the main limitations with the GA-based 

hyper-heuristic algorithm proposed in Chapter 4, Section 4.2 was that it required 

metaheuristic optimisation to trial many different packing order/placement 

heuristic combinations (leading to long computation times). In Section 4.2.4, an 
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updated methodology was proposed where the idea is to use a high-level intelligent 

selection strategy to select which placement heuristic to use to pack the next 

object, based on geometric features of the object and the packed pile. 

Implementing such an approach would remove the need for metaheuristic 

optimisation, helping to speed up packing whilst still retaining the enhanced 

flexibility of a hyper-heuristic approach. 

• Post-Processing for packing improvement: Analysis of packing solutions showed 

that in certain cases, not all the containers in a multi-container packing solution 

had high utilisation. A promising area of future work (as discussed in Chapter 5, 

Section 5.6.1), would be to implement a post-processing step that analyses poorly 

utilised containers and attempts to re-cut and redistribute objects in them to 

reduce the number of containers. This could involve selectively cutting large items 

from under-utilised containers and repacking them into other poorly utilised 

containers. 

• Incorporating real-world constraints: As discussed in Chapter 5, Section 5.6.1, 

there are also several constraints that should be incorporated into the packing 

process to increase real world applicability. These include: radiation and weight 

limits on the containers (to ensure regulatory compliance), incorporating physics 

engines into packing to ensure that parts remain stable in the container as they are 

added (to ensure structures can be replicated in the real world), and waste stream 

separation of objects into different container types depending on radioactivity (to 

better reflect real world decommissioning practice). 

 

6.3.3 Improvements to Cutting 

This subsection outlines proposed improvements to the cutting process, based on findings 

from the 2D and 3D studies (Chapters 4 and 5) and additional insights from the manual trial 

analysis. 

• Feature-based initialisation: a key insight from the manual trials (Chapter 5, 

Section 5.5.2) was that the user tended to place certain cuts in geometrically 

meaningful locations (e.g. removing the side panels of the glovebox or separating 

the domed end cap from the main body of the heat exchanger), which remained 

largely unchanged across repeated trials. This suggests that some cuts are more 

‘natural’ due to the object’s inherent geometry. Future work could investigate 

incorporating a pre-processing feature-based partitioning step to replicate this 
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behaviour automatically. Semantic segmentation methods (see Chapter 5, Section 

5.6.1) could be used to detect high-level structural components, enabling the 

algorithm to insert immovable, ‘feature-based’ cuts before optimisation begins. This 

could reduce the number of optimisation variables and improve convergence by 

allowing the GA to focus on more uncertain or non-obvious cut locations. 

• Disassembly sequencing for cut structures: As stated earlier, disassembly 

sequencing is an important factor which must be considered to ensure cutting 

plans created by the algorithm can be executed in the real world. Future work should 

therefore focus on integrating disassembly feasibility checks into the 3D 

optimisation loop. This will require fast, scalable algorithms to assess part 

removability under structural and accessibility constraints. A promising solution (as 

discussed in Chapter 4, Section 4.4.5) is the proposed hybrid greedy algorithm with 

height-based backtracking, which combines the efficiency of greedy search with a 

heuristic backtracking mechanism to escape infeasible dead-ends. Additionally, 

the simplified stability model used in this study should be benchmarked against 

physics-based methods (e.g. finite element analysis) to evaluate its predictive 

accuracy. Finally, to progress toward full robotic execution, future work should also 

work on incorporating more advanced robotic models and motion planning 

algorithms for assessing cut part extractability. 

• Tool aware cutting and region avoidance: As outlined in Chapter 2, Section 2.3.1 

and discussed further in Chapter 5, Section 5.6.1, there is more which could be 

done to improve the realism of cutting plans by accounting for practical cutting 

constraints. Currently, the algorithm assumes that a single cutting tool is used and 

allows cuts to pass through any part of the structure. In reality, different parts of a 

structure may require different tools due to variations in material or geometry, and 

some regions (e.g. highly radioactive zones or complex components like pump 

housings) may need to be avoided entirely. Future work should focus on developing 

a tool-aware cost model, where users can assign different cutting tools (with 

different costs) to specific parts of a structure. In addition, the algorithm should 

include region avoidance by either isolating sensitive regions and removing them 

before optimisation or penalising/redirecting cuts that pass through them. 
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APPENDIX A 
 

Data for results presented in Chapter 4, Section 4.4.4. 

 

Free-Rotating Cuts 

 

 

 

 

 

TABLE A–1. Data for low complexity, free rotating cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search 

Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

24 4 34.00 1.000 1.29 34.00 1.000 0.50 34.00 1.000 0.38 34.00 1.000 0.71 
120 5 39.50 0.962 2.20 38.00 1.000 0.69 38.00 1.000 0.32 38.00 1.000 1.21 
720 6 59.20 0.980 4.44 58.00 1.000 0.99 61.00 0.951 0.50 58.00 1.000 9.13 

5040 7 45.00 1.000 10.24 45.00 1.000 2.06 45.00 1.000 0.87 45.00 1.000 23.71 
40320 8 63.00 1.000 18.67 63.00 1.000 1.34 77.00 0.818 0.38 63.00 1.000 145.28 

362880 9 67.00 1.000 30.47 67.00 1.000 5.67 67.00 1.000 2.75 67.00 1.000 1929.22 
3628800 10 92.00 0.957 49.42 0.00 0.000 0.00 94.00 0.936 0.80 88.00 1.000 3291.97 

39916800 11 64.00 0.984 3.04 63.00 1.000 3.12 63.00 1.000 0.61 63.00 1.000 10800.00 
Avg. Cost 
Strength   0.985   0.875   0.963   1.000  
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TABLE A–2. Data for medium complexity, free rotating cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

2.09E+13 16 0.00 0.000 0.00 112.00 0.982 5.56 135.00 0.815 1.15 110.00 1.000 10800.00 
3.56E+14 17 0.00 0.000 0.00 118.00 1.000 5.38 118.00 1.000 1.53 118.00 1.000 10800.00 
6.40E+15 18 0.00 0.000 0.00 120.00 1.000 8.29 121.00 0.992 1.35 120.00 1.000 10800.00 
2.43E+18 20 120.00 0.983 18.88 118.00 1.000 10.25 152.00 0.776 1.19 118.00 1.000 10800.00 
5.11E+19 21 0.00 0.000 0.00 0.00 0.000 0.00 163.00 1.000 2.36 163.00 1.000 10800.00 
6.20E+23 24 0.00 0.000 0.00 184.00 0.989 15.61 195.00 0.933 2.61 182.00 1.000 10800.00 
3.05E+29 28 0.00 0.000 0.00 0.00 0.000 0.00 252.00 0.770 2.09 194.00 1.000 10800.00 
Avg. Cost 
Strength 

  0.140   0.710   0.898   1.000  

TABLE A–3. Data for high complexity, free rotating cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search 

Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

1.38E+43 37 0.00 0.000 0.00 277.00 1.000 39.76 301.00 0.920 3.92 277.00 1.000 10800.00 
5.23E+44 38 0.00 0.000 0.00 273.00 1.000 34.12 322.00 0.848 3.22 274.67 0.994 10800.00 
8.16E+47 40 0.00 0.000 0.00 313.00 0.995 40.00 334.00 0.932 3.50 311.33 1.000 10800.00 
1.41E+51 42 0.00 0.000 0.00 346.00 1.000 50.51 414.00 0.836 4.19 348.67 0.992 10800.00 
6.04E+52 43 0.00 0.000 0.00 287.00 1.000 44.94 396.00 0.725 4.92 287.00 1.000 10800.00 
2.66E+54 44 0.00 0.000 0.00 303.00 1.000 48.58 364.00 0.832 5.30 303.00 1.000 10800.00 
1.20E+56 45 0.00 0.000 0.00 0.00 0.000 0.00 375.00 0.904 5.45 339.00 1.000 10800.00 
1.24E+61 48 0.00 0.000 0.00 378.00 1.000 58.51 436.00 0.867 5.57 379.00 0.997 10800.00 
3.04E+64 50 0.00 0.000 0.00 370.00 1.000 82.87 386.00 0.959 8.55 374.00 0.989 10800.00 
Avg. Cost 
Strength 

  0.000   0.888   0.869   0.997  
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Orthogonal Cuts 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TABLE A–4. Data for low complexity, orthogonal cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search 

Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts Cost 

Cost 
Strength 

Mean 
time (s) Cost 

Cost 
Strength 

Mean 
time (s) Cost 

Cost 
Strength 

Mean 
time (s) Cost 

Cost 
Strength 

Mean 
time (s) 

24 4 19.00 1.000 0.16 19.00 1.000 0.21 19.00 1.000 0.21 19.00 1.000 0.21 
120 5 26.00 1.000 1.97 26.00 1.000 1.14 26.00 1.000 0.57 26.00 1.000 2.09 
720 6 43.00 1.000 3.13 43.00 1.000 1.27 43.00 1.000 1.32 43.00 1.000 1.21 

5040 7 50.00 1.000 1.75 50.00 1.000 1.85 50.00 1.000 0.60 50.00 1.000 219.09 
40320 8 60.00 1.000 5.06 60.00 1.000 1.91 60.00 1.000 0.47 60.00 1.000 1663.56 

362880 9 105.00 0.648 4.73 68.00 1.000 5.01 113.00 0.602 0.80 68.00 1.000 10800 
3628800 10 95.00 0.990 30.90 94.00 1.000 2.47 94.00 1.000 0.68 94.00 1.000 10800 

39916800 11 92.00 1.000 18.26 92.00 1.000 3.04 106.00 0.868 0.68 92.00 1.000 10800 
4.79E+08 12 107.00 1.000 26.91 107.00 1.000 4.87 107.00 1.000 0.76 107.00 1.000 10800 
Avg. Cost 
Strength 

  0.960   1.000   0.941   1.000  

TABLE A–5. Data for medium complexity, orthogonal cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search 

Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

1.31E+12 15 0.00 0.000 0.00 118.00 1.000 5.41 138.00 0.855 0.92 118.00 1.000 10800.05 
2.09E+13 16 133.00 0.962 138.57 128.00 1.000 7.04 0.00 0.000 0.00 128.00 1.000 10800.02 
3.56E+14 17 0.00 0.000 0.00 112.00 1.000 7.73 158.00 0.709 1.84 112.00 1.000 10800.05 
6.40E+15 18 0.00 0.000 0.00 127.00 1.000 6.26 164.00 0.774 1.01 127.00 1.000 10800.03 
1.12E+21 22 0.00 0.000 0.00 160.00 1.000 10.38 213.00 0.751 1.32 160.00 1.000 10800.04 
1.55E+25 25 0.00 0.000 0.00 178.00 1.000 13.60 224.00 0.795 1.62 178.00 1.000 10800.06 
1.09E+28 27 0.00 0.000 0.00 200.00 1.000 16.86 266.00 0.752 2.22 200.00 1.000 10800.05 
Avg. Cost 
Strength 

  0.137   1.000   0.662   1.000  
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TABLE A–6. Data for high complexity, orthogonal cuts. Green indicates optimum solution, yellow is suboptimal solution, red means failed to find a solution. 

  
  

First Feasible Random 
Search 

Greedy Search  Height Decreasing Search Stochastic Tree Search 

No. of 
Combinations 

No. cut 
Parts 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

Cost 
Cost 

Strength 
Mean 

time (s) 
Cost 

Cost 
Strength 

Mean 
time (s) 

2.65E+32 30 0.00 0.000 0.00 243 1 24.39 264 0.9205 2.83 243 1 10800 
2.95E+38 34 0.00 0.000 0.00 0 0 0 380 0.6947 2.45 264 1 10800 
1.38E+43 37 0.00 0.000 0.00 255 1 34.58 400 0.6375 3.25 255 1 10800 
5.23E+44 38 0.00 0.000 0.00 252 1 45.42 386 0.6528 4.34 272 0.9265 10800 
3.35E+49 41 0.00 0.000 0.00 293 1 39.55 364 0.8049 3.89 293 1 10800 
6.04E+52 43 0.00 0.000 0.00 340 1 33.54 388 0.8763 2.91 340 1 10800 
2.59E+59 47 0.00 0.000 0.00 340 1 55.48 498 0.6827 6.52 349 0.9742 10800 
8.07E+67 52 0.00 0.000 0.00 384 1 69.3 506 0.7589 5.98 387 0.9922 10800 
Avg. Cost 
Strength 

  0.000   0.875   0.754   0.987  


