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1

Chapter 1

Introduction

1.1 Motivation
This thesis aims to build a mathematical theory to understand, model, and determine
the fundamental limits1 of the influence that training data has in machine learning
(ML) under specific regularization schemes. In this context, training data is under-
stood as a set of samples drawn from an unknown probability distribution, often
composed of a pattern and a corresponding label, used to train machine learning
models. In general, the process of learning a model with an ML algorithm can be
viewed as a decision-making process driven by some statistic, which is a numerical
quantity used to describe or infer properties about a larger population from which
the samples are drawn, often considered in an infinite hypothesis sample space [1]. In
machine learning, an algorithm is a set of rules or procedures that enable a system
to learn patterns from data and make predictions or decisions [2]. Therefore, in most
training processes, ML algorithms rely on partial information about the stochastic
phenomena that characterize the environment in which the learning occurs. That is,
the learning process, more often than not, operates with incomplete information, and
for that reason, it must account for its information acquisition2. For example, the
sampled data for the training process might contain information that is distorted,
biased, or incomplete, exposing learning algorithms to undesired influences that can
steer the decision-making process away from the target task.

The problem tackled in this thesis lies at the intersection of information theory3

and ML. These subjects have gained attention in recent years due to the integration
of information and digital communication technologies in a wide variety of fields.
The increase in data storage capacity, the availability of large databases that can
be used to train ML algorithms for the discovery of patterns, the rapid increase
of computational capabilities due to technological developments such as GPUs, and
the relative simplicity of deploying existing algorithms are factors that have also
contributed to their popularity in different areas [4, 5]. Ensuring the reliability of
ML algorithms plays a central role. Examples of this reliability characteristic needed
arise in contexts that involve humans, machines, or both of them, e.g., paq Healthcare
diagnosis systems evaluating possible diseases in different patients; pbq Bio-metric

1A fundamental limit is a performance bound determined by Physics and/or Mathematics, e.g.
, the fundamental limit of the lowest temperature of a body is zero Kelvin; the fundamental limit
of information transmission over an additive white Gaussian noise channel is logp1 + SNRq bits per
channel use, where SNR is the signal to noise ratio.

2The process of supplying data, often sampled from an unknown distribution to machine learning
algorithms for training, validation, or testing [3].

3Information theory is the scientific study of the quantification, storage, and communication of
digital information
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recognition for identity verification; pcq Autonomous driving vehicles in unstructured
environments; pdq Detection of buried explosive objects; and peq Financial service
companies which rely on information to anticipate customer behavior and plan their
business strategy.

The wide range of applications in which ML can be used has propelled the technol-
ogy to the forefront of research and increased the demand in the industry. As ML
makes its way into everyday life, guaranteeing the reliability of systems that make
use of these algorithms is of prime importance to protect computer systems and net-
works. Consequently, the accuracy of systems that rely on ML algorithms must be
ensured before deployment. However, evaluating the performance of ML algorithms
is non-trivial and poses great difficulty both theoretically and in practical terms.
As a result, the mathematical challenges involved in developing rigorous theoretical
guarantees have naturally led to a stronger reliance on empirical testing to assess
robustness and reliability [6]. Although straightforward, empirical approaches inher-
ently constrain the evaluation to case-specific performance analyses and data-driven
testing procedures. However, due to the intrinsic limitations of finite datasets and ex-
perimental designs, such methods may unavoidably yield performance estimates that
do not fully capture the generalization capabilities of the underlying algorithms [7].
Thus, the implementation of ML in safety-critical settings is limited by the ability to
provide guarantees based on empirical methods [8]. Furthermore, the current imple-
mentation of ML algorithms is required to handle sensitive data privately and prevent
negative impacts on safety or fundamental rights [9]. This implies the algorithm must
ensure the reliability of the ML models derived from the data employed in the training
process, along with being robust and efficient [10]. For this reason, this thesis follows
the information-theoretic framework proposed in [11], which follows the derivation of
fundamental limits that can be generalized under the umbrella of supervised learning
in ML, as shown in [11–13].

As previously mentioned, evaluating the performance of ML algorithms is non-trivial
and poses great difficulty. As such, theoretical tools such as the VC dimension and
Rademacher complexity enable research to progress our understanding of ML accu-
racy. For example, [14] introduced the notion of adversarial examples4 which showed
ML algorithms have blind spots that are connected to the data distribution in incon-
spicuous ways. The potential for overfitting in these learning problems, even though
ML algorithms aim for strong performance on new data, requires careful study.

Despite current empirical validation frameworks enabling the discovery and testing
of the intrinsic relations between ML algorithms and data, building an understand-
ing of fundamental limits requires the characterization of these relations, which this
framework does not provide. Thus, information theory tools can be leveraged to pro-
vide operational meaning to the coupling enclosed by the statistical dependencies in
training data and the resulting model selection of ML algorithms [15]. Specifically,
the methodological framework developed for the study of the encoding, storage, and
transmission of data in information theory is a good fit for research on the founda-
tion of ML. This stems from the fact that ML foundations come from probabilistic
methods that drive the development of new algorithms [16].

Having established the general motivation of this thesis and the reason why informa-
tion theory and statistical learning are of particular interest, the context is hereby

4An adversarial example in ML is data points to which an imperceptible non-random perturbation
is applied in order to maximize the prediction error [14, p. 2]
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presented. The field of ML is significantly wide. However, most of the algorithms
fall into one of the following categories: paq Supervised learning, pbq Unsupervised
learning, pcq Semi-Supervised Learning, pdq Reinforcement Learning, peq Ensemble
Learning and pfq Instance-based Learning [6, 17]. The scope of this thesis is on the
branch of supervised learning problems, as these can be formulated in terms of the
classical Empirical Risk Minimization problem, which has been the central frame-
work across several fields. In this setting, learning can be understood as estimating
the underlying mapping from patterns X to labels Y, or equivalently, the conditional
distribution PX|Y=y.

1.2 Aim and Objectives
This thesis follows an exploratory approach, i.e. the research first develops compre-
hension over an issue more thoroughly, before attempting to establish patterns into
statistically inferable data. Therefore, the main objective is to theoretically charac-
terize the impact of regularization in supervised ML using information measures. To
accomplish this, the objectives are the following:

1. To characterize the role of asymmetry in the empirical risk minimization with
relative entropy regularization in supervised ML.

1.1 To develop bounds over the expected empirical risk with relative entropy
regularization that aids the selection of the regularization parameter.

1.2 To determine the benefits of relative entropy regularization DpQ‖P q over
DpP‖Qq and vice versa.

1.3 To generalize relative entropy regularization DpQ‖P q and DpP‖Qq to the
symmetrized relative entropy.

2. To study general f -divergences as regularizers in supervised ML.

2.1 To extend results obtained in the relative entropy analysis to the general
regularization based on basic properties of the f -divergences.

2.2 To characterize the normalization factor for f -divergences regularized learn-
ing algorithms.

2.3 To derive a general analytical solution to the empirical risk minimization
with f -divergence regularization in the form of a Radon-Nikodym deriva-
tive.

3. To characterize the generalization error for f -divergence regularized algorithms.

3.1 To solve the dual problem for empirical risk minimization with f -divergence.

3.2 To show the duality gap is zero via the Legendre-Fenchel transform.

3.3 To characterize the expected empirical risk for f -divergences regularized
learning algorithms.

3.4 To apply the method of gaps5 to empirical risk minimization with f -divergence
regularization.

5The method of gaps is a framework to characterize the generalization error of empirical risk
minimization with relative entropy regularization introduced in [18]
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1.4 Contributions
This thesis explores how divergence-based regularization on empirical risk minimiza-
tion affects learning algorithms in statistical learning. It focuses on both relative
entropy and its generalization to the broader class of f -divergences. The goal is
to understand how these regularizers influence model behavior, generalization, and
optimization. The work is organized into three main contributions.

Chapter 4:

The first contribution, Characterization of Asymmetry in Relative Entropy Regular-
ization, investigates the role of asymmetry in the relative entropy functional within
empirical risk minimization. The asymmetry is analyzed by solving the empirical
risk minimization problem regularized with the reverse relative entropy, where the
resulting solution is expressed as a function defining a change of measure. Then, by
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comparing this formulation with the known solution for the classical relative entropy
regularization, the properties and differences between the solutions are examined.
This work reveals how the use of reverse relative entropy DpQ‖P q, as opposed to the
classical form DpP‖Qq, induces a collapse of the support of the solution onto that of
the reference measure, revealing an inductive bias. The work also shows how relative
entropy can be made equivalent to reverse relative entropy through appropriate trans-
formations of the empirical risk, highlighting how the choice of regularizer shapes the
learning process.

• Solution to the Type-II ERM-RER problem [19, Theorem 1] (see Theorem 3.3.1)

• Collapse of the support, showing inductive bias [19, Lemma 3] (see Corol-
lary 3.3.3)

• pδ, ϵq Optimality of Type-II ERM-RER solution [19, Theorem 2] (see Theo-
rem 3.3.3)

• Asymmetry via empirical risk transformation [19, Theorem 3] (see Theorem 3.3.4)

Chapter 3:

The second contribution, Generalization to f -Divergences as Regularizers in the Em-
pirical Risk Minimization, extends the analysis from relative entropy to general f -
divergences. It provides general solutions to the regularized learning problem, ex-
pressed through a function determined by the choice of f -divergence, which charac-
terizes the change of measure between the reference and the optimal distributions.
Furthermore, it introduces a normalization function that guarantees the resulting so-
lutions define valid probability measures. The properties of this function, such as
being continuous and increasing, help in understanding and computing the solutions.
This broadens the use of divergence-based regularization in supervised learning and
connects theory with practical methods.

• Expanded the set of f -divergences to the ERM-fDR problem for which explicit
solutions can be derived [20, Theorem 1] (see Theorem 4.3.1)

• Introduction of the Normalization Function [20] (see Definition 4.3.1)

• Properties of the Normalization Function, [20, Lemma 2] (see Theorem 4.3.2)

• Equivalence of ERM-fDR via empirical risk transformation [20, Theorem 2]
(see Theorem 4.3.3)

Chapter 5:

The third contribution, Characterization of Generalization Error for f -Divergence
Regularized Algorithms, focuses on how these regularized models perform on unseen
data. Solving the dual version of the learning problem and proving that the duality
gap is zero offers a solid theoretical basis for generalization. The zero duality gap
establishes the equivalence between the Empirical Risk Minimization problem with
f -divergence regularization and its dual formulation at the optimal solution. This, in
turn, enables the derivation of expressions that characterize the generalization error
in terms of the optimal solution. Furthermore, the extension of the method of gaps to
f -divergences also gives a new tool to study generalization in a wide range of models.
These results help explain how regularization influences model performance beyond
the training data.
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• Solution to the Dual ERM-fDR problem [21, Theorem 2] (see Theorem 5.3.1)

• Show duality gap is zero between the Dual ERM-fDR and ERM-fDR problems
[21, Lemma 1] (see Lemma 5.3.2)

• Characterization of generalization error for general learning algorithm, [22, The-
orem 5] (see Theorem 5.4.1)

• Characterization of generalization Error for f -divergence regularized algorithm,
[22, Theorem 6] (see Theorem 5.4.3)

Together, these contributions build a clearer and more general understanding of how
divergence-based regularization affects learning and generalization in machine learn-
ing.

1.5 Notation and General Definitions
In this work, sets are denoted by calligraphic letters. Given a set M, the notation
F represents a sigma-field (σ-field) on M, such that the measurable space on M is
denoted by pM,F q. In the case in which M ⊂ Rd, for some d ∈ N, the Borel σ-field
on M is denoted by BpMq. The set of probability measures that can be defined upon
the measurable space pM,BpMqq is denoted by 4pMq. Given a probability measure
Q ∈ 4pMq the set exclusively containing the probability measures in 4pMq that are
absolutely continuous with respect to Q is denoted by 4QpMq, later defined in (2.14).
Alternatively, the set exclusively containing the probability measures P ∈ 4pMq for
which the reference measure Q is absolutely continuous with respect to P is denoted
by 5QpMq, later defined in (3.2). The Radon-Nikodym derivative of the measure P
with respect to Q is denoted by dP

dQ : M → r0,∞q.

Using this notation, an f -divergence is defined as follows.
Definition 1.5.1 (f -divergence [23]). Let f : p0,∞q → R be a convex function with
fp1q = 0 and fp0q ≜ limx→0+ fpxq. Let P and Q be two probability measures on the
same measurable space, with P absolutely continuous with Q. The f -divergence of P
with respect to Q, denoted by Df pP‖Qq, is

Df pP‖Qq ≜
∫
f

ˆ

dP

dQ
psq

˙

dQpsq, (1.1)

where the function dP
dQ is the Radon-Nikodym derivative of P with respect to Q.

The Kullback-Leibler divergence (or relative entropy) of P with respect to Q, denoted
by DpP‖Qq, is obtained from (1.1) when the function f satisfies fpxq = x logpxq. More
specifically,

DpP‖Qq =

∫
dP

dQ
psq log

ˆ

dP

dQ
psq

˙

dP psq, (1.2)

and the symmetries Kullback-Leibler divergence (or Jeffreys divergence ) is denoted
by

DJpP‖Qq = DpP‖Qq + DpQ‖P q. (1.3)

Furthermore, in the case in which the function f in (1.1) is continuous and differen-
tiable, the derivative of the function f is denoted by

9f : p0,+∞q → R. (1.4)
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If the inverse of the function 9f exists, it is denoted by

9f−1 : R → p0,+∞q. (1.5)

Note that under the assumption that the function f is strictly convex and differ-
entiable, the inverse function theorem in [24, Chapter 9, Theorem 1] holds, which
guarantees the existence of 9f−1. Moreover, the Legendre-Fenchel transform [25] of
the function f is defined below. Additionaly, an important assumption is that the
function 9f in (1.4) satisfies that

9fp1q = 0. (1.6)

This important distinction can be satisfied for all f -divergences without loss of gener-
ality as the f -divergence is invariant to afine transofmations. (see Appendix A.1)
Definition 1.5.2 (Legendre-Fenchel transform [25]). Consider a function f : I → R,
with I ⊂ R. The Legendre-Fenchel transform of the function f , denoted by f∗ : J →
R, is

f∗ptq = sup
x∈I

ptx− fpxqq, (1.7)

with

J = {t ∈ R : f∗ptq <∞}. (1.8)
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Chapter 2

Brief Introduction To Statistical
Machine Learning

Machine learning has become central to many modern applications, influencing di-
verse sectors such as healthcare, finance, and autonomous driving by enabling early
disease detection, fraud prevention, and vehicle control. It is essential to under-
stand when and why these algorithms perform reliably in high-stakes scenarios, which
necessarily follows from a clear understanding of the fundamentals behind machine
learning. At its core, machine learning relies on pattern recognition, which involves
analyzing statistical properties to model trends and build models [2, 26]. The objec-
tive of designing such a model is to classify or predict outcomes based on data, which
can be viewed as estimation and detection problems in general.

2.1 Machine Learning
The field of pattern recognition has become an important area of research because it
enables exploiting statistical properties of data to model patterns and trends that are
otherwise not obvious. The core idea of pattern recognition is to tune the parameters
of models using a set of data, often referred to as the training set [2]. The objective
of designing such a model is to classify or predict outcomes based on data.

This task of learning from data can be traced back to works from before the for-
malization of machine learning (ML). For example, the works on linear regression,
introduced by Legendre and Gauss in the early 19th century, paved the way [27] for
learning. Linear regression, a statistical method for fitting linear models and remains
central to learning, estimation theory, and many other fields. It uses norms such
as least squares or L1 regularization (lasso) to estimate parameters, drawing from
principles of estimation theory.

The notion of machine learning was first formalized by [28] and [29] in their work
on decision trees, which was later refined by [30]. Decision trees use conditional
hypothesis testing, rooted in the works of [31] and [32], to maximize outcomes at
decision nodes. Variants like ID3, C4.5, CART, and CHAID have been developed
for classification and regression tasks [33–35]. The Min-Max (MM) algorithm, for
instance, minimizes the worst-case loss, reflecting early connections between informa-
tion theory and machine learning. The k-nearest neighbor (k-NN) algorithm, intro-
duced by [36], overcomes the linear limitations of earlier models by creating nonlinear
decision boundaries based on distance metrics like Euclidean distance. While sim-
ple to implement, k-NN suffers from computational inefficiency as the sample size
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grows, though it benefits from the convergence of conditional probabilities with more
data [37].

The perceptron, introduced by [38], marked a significant advancement in linear dis-
criminant models. It uses a weight vector to transform inputs into outputs but is
limited to linearly separable data [39,40]. Building on the perceptron, [41] developed
the Support Vector Machine (SVM), which leverages kernel functions to enable non-
linear classification and scales well for high-dimensional data [42]. SVMs use quadratic
programming to find global optima, offering strong generalization guarantees.

Artificial Neural Networks (ANNs), inspired by biological systems [39, 43, 44], repre-
sent another significant class of algorithms. Feed-forward neural networks (FNNs),
including multi-layer perceptrons (MLPs), use activation functions and gradient de-
scent for training [2, 45]. Unlike SVMs, ANNs are prone to local optima and require
careful validation, though they can be more computationally efficient for prediction
tasks [46,47].

From the long history of learning, the algorithms used to solve the task can be grouped
according to the type of training data and information that is available to the algo-
rithm. These classes in which an algorithm may fall are:

paq Supervised Learning : Supervised learning is the branch of machine learning con-
cerned with learning a mapping from inputs or patterns X to outputs or labels Y.
Thus, relying on parings or also referred to as labeled data. Its core idea is to infer a
predictive function that generalizes well to unseen data by minimizing the expected
loss, typically approximated through empirical risk minimization [48]. Classical ex-
amples include linear regression, logistic regression, and support vector machines,
which formalize this principle under different loss and regularization settings. Super-
vised learning underpins most practical applications in classification and regression
tasks.

pbq Unsupervised Learning : Unsupervised learning deals with discovering patterns,
structure, or representations from data without labeled outputs. The main objective is
to model the underlying distribution or find latent structure within the observed data.
Early methods such as k-means clustering [49] and principal component analysis [50,
51] represent foundational approaches, focusing on data compression and grouping.
Modern developments extend these ideas in different areas, some rely on semantic
segmentation, such as [52], and others through probabilistic modeling and generative
methods that capture complex dependencies in high-dimensional data [53].

pcq Semi-Supervised Learning : Semi-supervised learning (SSL) lies between super-
vised and unsupervised learning, leveraging both labeled and unlabeled data to im-
prove predictive performance. The central idea is that unlabeled data can reveal the
data manifold or structure, which guides the learning of a more accurate decision
function. Foundational works by [54] formalized key methods such as self-training,
graph-based regularization, and consistency-based approaches. SSL has proven espe-
cially valuable in scenarios where labeled data are scarce or costly to obtain.

pdq Reinforcement Learning : Reinforcement learning (RL) studies how an agent
learns to make sequential decisions by interacting with an environment to maximize
cumulative rewards. The key principle is learning through trial and error, guided by
feedback rather than explicit supervision. Early foundations were laid in [55], which
built on ideas from control theory and dynamic programming in [56]. Reinforcement
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learning has matured into a comprehensive framework that integrates both value-
based and policy-based methodologies, with successes in wide areas such as game
playing and robotics.

peq Ensemble Learning : Ensemble learning aims to improve predictive accuracy and
robustness by combining multiple models instead of relying on a single one. The
central idea is to use a mixture of different learning algorithms on the same learning
task. The aggregation of different predictors reduces the variance, bias, or both.
Pioneering approaches include bagging [57], boosting [58], and stacking [59]. These
methods have become fundamental components of modern machine learning, often
being present in the state-of-the-art predictive systems.

2.1.1 Supervised Machine Learning

The focus of this thesis is on supervised machine learning. As mentioned above,
supervised learning is the branch of machine learning concerned with learning a map-
ping from inputs or features X to outputs or labels Y. More formally, it operates on
a training dataset consisting of inputoutput pairs z = {px1, y1q, px2, y2q, . . . , pxn, ynq}
drawn from an unknown joint distribution PX,Y . Although always assumed, the data
set is not a proper set, as this is just a sequence of pairs where repetition might
occur, which has significant implications for the learning task compared to having
access to the set of learning pairs in the space. The goal is to infer a predictive func-
tion fθ : X → Y , parameterized by θ, that accurately predicts the output y for new,
unseen inputs x. This predictive ability is evaluated in terms of the expected loss, or
population risk,

Lpθq =

∫
ℓpθ, x, yqdPX,Y px, yq, (2.1)

where ℓ is a task-specific loss function, such as the squared error for regression or the
cross-entropy loss for classification. However, due to the unknown distribution PX,Y ,
evaluating the population or true risk is not possible. Hence, the need for the empirical
risk minimization framework, which is further explained in Section 2.2.

Inferring a model solely from data without assumptions about its structure is, in gen-
eral infeasible. To make learning possible, one must introduce inductive biases, that
is, assumptions that restrict or guide the space of candidate functions (the hypothesis
space) from which the algorithm selects a model [60, 61]. These biases can take the
form of structural constraints (e.g., linearity), smoothness assumptions, regulariza-
tion terms, or architectural choices in neural networks. Without such constraints,
the hypothesis space would be too large, and the model could fit the training data
perfectly while failing to capture the true underlying relationship between inputs and
outputs.

These assumptions play a crucial role in the generalization ability of the model, which
refers to how well it performs on new data sampled from the same distribution as the
training set. A well-generalizing model captures the essential statistical dependencies
in the data rather than memorizing individual training examples. Generalization is
typically quantified through the generalization error, defined as the difference between
the expected and empirical risks,
Definition 2.1.1 (Generalization Error). Given a dataset z ∈ pX × Yq

n, let L and
Lz denote the true (population) and empirical risks, respectively. For any probability



12 Chapter 2. Brief Introduction To Statistical Machine Learning

measure P ∈ 4pM,F q, the generalization gap is defined as

GenpP q =

∫
pLpθq − LzpθqqdP pθq (2.2)

= RpP q − RzpP q. (2.3)

Minimizing this error is central to the design and analysis of supervised learning
algorithms, ensuring reliable performance beyond the training set and preventing
overfitting.

Supervised learning has evolved from early statistical estimation methods to a broad
class of algorithms capable of modeling complex, high-dimensional relationships.
Early approaches such as linear regression and logistic regression assume simple para-
metric forms, emphasizing interpretability and analytical tractability. Later devel-
opments, including support vector machines (SVMs) and artificial neural networks
(ANNs), extended the ERM framework to nonlinear and nonparametric settings
through the use of kernel methods and layered representations. Despite these method-
ological advances, all supervised learning algorithms rely on the same foundational
principle: learning from labeled examples under a set of assumptions that make gen-
eralization possible.

Supervised learning involves learning a function from a training set of input-output
pairs. The goal is to infer the correct model parameters so that the model can accu-
rately map new, unseen inputs to their corresponding outputs. However, inferring the
model without assumptions about its structure is infeasible, necessitating the intro-
duction of learning biasesassumptions that guide the model’s hypothesis space [60,61].
This leads to the concept of generalization, which refers to a model’s ability to perform
well on unseen data, ensuring it captures underlying patterns rather than memorizing
training examples. It is often measured by the generalization error and is critical for
avoiding overfitting and ensuring reliable performance of the model for field deploy-
ment.

In summary, supervised learning has evolved from early statistical methods like linear
regression to sophisticated algorithms such as SVMs and ANNs. These advancements,
rooted in statistical theory and estimation, have enabled the development of models
capable of handling complexity, thus requiring a general description of algorithms for
their study.

2.1.2 Statistical Machine Learning

Statistical learning originated from the study of estimation and detection, which seeks
to infer population properties from sample data [62, p. 157]. Foundational contribu-
tions by Fisher introduced key concepts such as consistency, efficiency, and sufficiency,
and led to the development of maximum likelihood estimation (MLE) [1,31], a corner-
stone of modern statistical inference. Subsequently, Neyman and Pearson formalized
hypothesis testing and defined Type-I and Type-II errors, providing a systematic ap-
proach to decision-making under uncertainty [63]. Their work distinguished between
testing a single hypothesis, as in Fishers framework, and comparing competing hy-
potheses through controlled error probabilities. Further developments by Wishart
established the role of moment-based methods in parameter estimation [64], while
later research extended these principles to dynamic systems through the Wiener and
Kalman filters, linking statistical inference to signal estimation [65, 66]. Together,
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these advances provided the theoretical and methodological foundations for statisti-
cal learning, emphasizing inference, uncertainty quantification, and optimal decision-
making.

Statistical machine learning builds on these foundations by integrating statistical
inference with computational and algorithmic tools to address problems of predic-
tion, generalization, and uncertainty quantification. It leverages probabilistic mod-
eling and hypothesis testing to extract meaningful patterns from complex datasets
in fields such as computer vision, speech recognition, and bioinformatics. At its
core, it seeks to model uncertainty to guide algorithm design [2], balancing model
complexity and generalization through techniques such as regularization and cross-
validation. The field maintains close ties to information theory, which quantifies
uncertainty and information in data (e.g., through entropy and mutual information),
and to Bayesian methods, which combine prior knowledge with observed evidence
for inference and decision-making [67]. By bridging statistical theory and compu-
tational algorithms, statistical machine learning provides a rigorous framework for
developing interpretable and predictive models capable of learning from data under
uncertainty.

In summary, statistical machine learning bridges the gap between statistical theory
and computational algorithms, allowing the derivation of guarantees that extend be-
yond the behaviour of an algorithm over training data and into unseen data, which
provides tools to quantify and control the generalization error. Through the inte-
gration of concepts from statistics, probability, and information theory, statistical
machine learning offers a unified and rigorous framework for understanding, analyz-
ing, and improving data-driven models.

2.2 Empirical Risk Minimization
Empirical risk minimization (ERM) is a central tool in supervised machine learn-
ing. Among other uses, it enables the characterization of sample complexity and
probably approximately correct (PAC) learning in a wide range of settings [68]. The
application of ERM in the study of theoretical guarantees spans related disciplines
such as machine learning [69], information theory [70, 71], and statistics [16, 72].
Classical problems such as classification [73, 74], pattern recognition [75, 76], regres-
sion [77,78], and density estimation [48,75] can be posed as special cases of the ERM
problem [48,79].

Let M, X and Y, with M ⊆ Rd and d ∈ N, be sets of models, patterns, and labels,
respectively. A pair px, yq ∈ X × Y is referred to as a labeled pattern or data point.
Given n data points px1, y1q, px2, y2q, . . ., pxn, ynq, a dataset is a tuple

z ≜ ppx1, y1q, px2, y2q, . . . , pxn, ynqq ∈ pX × Yq
n. (2.4)

Let the function h : M×X → Y be such that the label assigned to a pattern x ∈ X
according to the model θ ∈ M is hpθ, xq. Then, given the dataset z in (2.4), the
objective is to obtain a model θ ∈ M, such that, for all i ∈ {1, 2, . . . , n}, the label
assigned to pattern xi, which is hpθ, xiq, is “close” to the label yi. This notion of
“closeness” is formalized by the function

ℓ : Y × Y → r0,+∞q, (2.5)
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such that the loss or risk induced by choosing the model θ ∈ M with respect to
the labeled pattern pxi, yiq is ℓphpθ, xiq, yiq. The risk function ℓ is assumed to be
nonnegative, and for all y ∈ Y , it satisfies ℓpy, yq = 0. Hence, the smaller the risk
ℓphpθ, xiq, yiq, the closer the labels hpθ, xiq and yi are.

The empirical risk induced by a model θ with respect to the dataset z in (2.4) is
determined by the function Lz :M → r0,+∞q, which satisfies

Lzpθq=
1

n

n∑
i=1

ℓphpθ, xiq, yiq. (2.6)

The ERM problem with respect to the dataset z in (2.4) consists of the optimization
problem:

min
θ∈M

Lzpθq. (2.7)

The set of solutions to such a problem is denoted by

T pzq ≜ arg min
θ∈M

Lzpθq. (2.8)

Note that if the set M is finite, the ERM problem in (2.7) has a solution, and
therefore, it holds that |T pzq| > 0. Nevertheless, in general, the ERM problem does
not always have a solution. That is, there exist choices of the loss function ℓ and the
dataset z that yield |T pzq| = 0.

2.3 Information Theory
Information theory, pioneered by Claude Shannon in [80], provides a mathematical
framework for quantifying information, communication, and uncertainty. Although
initially developed for communication systems, its principles have profound implica-
tions for estimation, detection, and machine learning. At its core, information theory
deals with the encoding, transmission, and decoding of information, which can be
viewed analogously to the goals of statistical estimation and machine learning: ex-
tracting meaningful patterns from data to make informed decisions.

The connection between estimation and information theory is further highlighted by
the concept of Fisher information [1], which quantifies the amount of information
that an observable random variable carries about an unknown parameter. Fisher
information plays a crucial role in determining the efficiency of estimators and is
closely related to the Cramér-Rao bound, which provides a lower bound on the vari-
ance of unbiased estimators [81]. Furthermore, the Fisher Information is related to
the second derivative of the relative entropy, as shown [82]. These ideas are founda-
tional in both statistics and information theory, bridging the gap between parameter
estimation and information quantification. Therefore, ML can be thought of as a
communication problem where a sequence of data points is observed from an un-
known probability distribution, and the goal is to estimate a model or infer aspects
of the source distribution, but unlike classical information theory, the design of the
underlying model is fixed, that is, the encoder since it describes the process in the
learning problem [11,13,83,84].

Information theory plays a central role in modern machine learning. Entropy mea-
sures uncertainty and is used in decision trees for optimal splits [85], while mutual
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information identifies relevant features [86]. KL divergence quantifies differences be-
tween distributions, enabling techniques such as variational autoencoders [87]. The
information bottleneck theory explains how neural networks compress data while
preserving relevant information [88]. Tools such as the Kalman filter [66] and the Lu-
enberger observer [89] apply information-theoretic principles to minimize uncertainty
in the estimation.

2.3.1 Classical Generalization Bounds in Machine Learning

The theoretical foundations of machine learning are grounded in frameworks that es-
tablish fundamental limits on the performance of learning algorithms. These frame-
works describe the trade-offs between model complexity, sample size, and general-
ization performance, that is, how well a model trained on finite data performs on
unseen data. Three central concepts in this theory are the probably approximately
correct (PAC) learning framework, the VapnikChervonenkis (VC) dimension, and
Rademacher complexity. Together, these notions characterize when learning is pos-
sible, how many samples are required, and how the complexity of a hypothesis class
affects generalization.

The PAC framework, introduced by Valiant in [90], formalizes the idea that a learning
algorithm can, with high probability, achieve a small generalization error using only a
finite number of samples. A problem is said to be PAC-learnable if there exists an al-
gorithm that, for any ϵ > 0 and δ > 0, outputs a hypothesis with error at most ϵ with
probability at least 1− δ, using a finite sample size. This formalism provides proba-
bilistic guarantees on performance and establishes that not all problems are learnable
with finite data; for instance, hypothesis classes with infinite VC dimension are not
PAC-learnable [26]. A key result connecting generalization error in Definition 2.1.1
and information theory is given by the PAC-Bayes bound [91].
Theorem 2.3.1 (PAC-Bayes Bound [91]). For any prior Q ∈ 4pM,F q and any
posterior P ∈ 4QpM,F q, with probability at least 1− δ over the dataset z,

RpP q ≤ RzpP q +

c

DpP‖Qq − logpδq

2n
. (2.9)

This result shows that the generalization error depends on the empirical risk and the
divergence between the posterior and prior distributions over hypotheses, reflecting
how much the algorithm learns from data. Although general and widely applicable,
PAC bounds are often conservative in practice, particularly for complex models such
as deep neural networks.

An alternative but related perspective arises from information-theoretic generaliza-
tion bounds, which express the generalization gap in terms of mutual information
between the data and the learned parameters [92].
Theorem 2.3.2 (Mutual Information Bound [92]). If the loss function ℓpθ,X, Y q is
σ-subgaussian under PpX,Y qn, denoted PZ , then

ˇ

ˇGen
`

PΘ|Z
˘ˇ

ˇ ≤
c

2σ2

n
, IpZ;Θq. (2.10)

The VapnikChervonenkis (VC) dimension, introduced in [41], provides a combinato-
rial measure of the expressive power of a hypothesis class H. It is defined as the largest
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number of data points that can be shattered, that is, classified in all possible labelings,
by H. A finite VC dimension implies that the class is PAC-learnable [26].
Theorem 2.3.3 (VC Dimension Bound [41]). Let ℓ : M → r0, 1s and suppose H has
VC dimension d. Then, with probability at least 1− δ over an i.i.d. sample z, for all
θ ∈ M,

Lpθq ≤ Lzpθq +

d

8

n
d log

ˆ

2n

d

˙

+ log

ˆ

4

δ

˙

. (2.11)

While fundamental to statistical learning theory, the VC dimension does not account
for the specific structure or inductive biases of the model nor the influence of the
learning algorithm, which can lead to better generalization in practice. For example,
the VC dimension of deep neural networks with ReLU activations is typically infinite,
which renders the bounds vacuous [76]. Moreover, it does not capture the structural
or inductive properties of models that contribute to their ability to generalize well in
practice.

The Rademacher complexity [93–95] refines the VC-based approach by providing a
data-dependent measure of model capacity. It quantifies the ability of a hypothe-
sis class to fit random noise, yielding tighter, empirically grounded generalization
bounds. However, while more precise in principle, Rademacher complexity is difficult
to compute for high-dimensional or non-linear models, and it does not fully explain
the generalization behavior observed in deep networks.

The PAC, VC, and Rademacher frameworks collectively highlight the trade-off be-
tween model complexity and generalization. Simpler models, characterized by low VC
or Rademacher complexity, tend to generalize better but may underfit, while overly
complex models risk overfitting. This principle underlies classical model selection and
regularization strategies such as weight decay and dropout, which effectively control
model capacity [2, 96]. Nevertheless, the generalization performance of deep neural
networks often exceeds the predictions derived from these classical theories [97], indi-
cating the need for new complexity measures that account for structure, optimization
dynamics, and implicit regularization effects.

2.3.2 Information Stability Methods

Unfortunately, ERM is prone to training data memorization, a phenomenon also
known as overfitting [98–100]. For that reason, ERM is often regularized in order to
provide generalization guarantees [101–104]. Regularization establishes a preference
over the models by encoding features of interest that conform to prior knowledge. In
different statistical learning frameworks, such as Bayesian learning [91,105] and PAC
learning [90,106,107], the prior knowledge over the set of models can be described by
a reference probability measure. More general references can be adapted as proved
in [84, 108] for the case of σ-finite measures. Prior knowledge of the set of datasets
can also be represented by probability measures, e.g., the worst-case data-generating
probability measure introduced in [109]. In either case, the solution to the regularized
ERM problem can be cast as a probability distribution over the set of models.

The PAC and Bayesian frameworks, as discussed in [91] and [106], address the problem
in (2.7) by constructing probability measures, conditioned on the dataset z, from
which models are randomly sampled. In this context, finding probability measures
that are minimizers of the ERM problem in (2.7) over the set of all probability
measures that can be defined on the measurable space pM,F q, which is denoted
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by 4pMq, requires a metric that enables assessing the goodness of the probability
measure. From this perspective, the underlying assumption in the remainder of this
work is that the functions h and ℓ in (2.6) are such that for all px, yq ∈ X × Y , the
function gx,y : M → r0,∞q, such that gx,ypθq = ℓphpθ, xq, yq, is measurable with
respect to the Borel measurable spaces pM,F q and pR,BpRqq, where F and BpRq

are respectively the Borel σ-fields on M and R. Under these assumptions, a common
metric is the notion of expected empirical risk.
Definition 2.3.1 (Expected Empirical Risk). The expectation of the empirical risk Lzpθq

in (2.6), when θ is sampled from a probability measure P ∈ 4pMq, is determined by
the functional Rz : 4pMq → r0,+∞q, such that

RzpP q =

∫
LzpθqdP pθq. (2.12)

However, ERM is prone to overfitting [98–100], which affects the generalization capa-
bility of the selected model [2,110,111]. To remediate this phenomenon, the solution
of ERM must exhibit a small sensitivity to variations in the training dataset, which
is often obtained via regularization [84, 102–104, 112]. In this case, regularization is
achieved by adding to the expected empirical risk a statistical distance from a ref-
erence measure to the optimization measure. A common regularizer of the ERM
problem is the relative entropy of the optimization probability measure with respect
to a given reference measure over the set of models [11, 48, 92, 113]. The resulting
problem formulation, termed ERM with relative entropy regularization (ERM-RER),
has been extensively studied for both the case in which the reference measure is
a probability measure [11, 92, 113, 114] and the case in which it is a σ-finite mea-
sure [84, 108, 115]. While in both cases, the solution is unique and corresponds to a
Gibbs probability measure, the existence of the solution is ensured only in the case
in which the reference measure is a probability measure [84].

2.4 Type-I ERM-RER Problem
The classical ERM-RER problem formulation uses the relative entropy of the opti-
mization measure with respect to the reference measure. In this work, two distinct
problem formulations are used in the study of asymmetry. Thus, the classical ERM-
RER will be referred to as Type-I ERM-RER to avoid ambiguities and is formally
defined hereunder. The Type-I ERM-RER problem is parametrized by a probability
measure Q ∈ 4pMq and a real λ ∈ p0,∞q. The measure Q is referred to as the ref-
erence measure and λ as the regularization factor. The Type-I ERM-RER problem,
with parameters Q and λ, is given by the following optimization problem:

min
P∈△QpMq

RzpP q + λDpP‖Qq, (2.13)

where the functional Rz is defined in (2.12), and the optimization domain is

4QpMq ≜ {P ∈ 4pMq : P � Q}, (2.14)

with the notation P � Q standing for P being absolutely continuous with respect
to Q.

The solution to the Type-I ERM-RER problem in (2.13) is the Gibbs probability
measure reported in [92, 108] and [11]. To introduce such a measure, consider the
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function KQ,z : R → R that satisfies for all t ∈ R,

KQ,zptq = log

ˆ∫
expptLzpθqqdQpθq

˙

, (2.15)

with Lz in (2.6). Using this notation, the solution to the Type-I ERM-RER problem
in (2.13) is presented by the following lemma.
Lemma 2.4.1 ( [84, Theorem 3]). The solution to the optimization problem in (2.13)
is a unique probability measure, denoted by P pQ,λq

Θ|Z=z, which satisfies for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = exp

ˆ

−KQ,z

ˆ

− 1

λ

˙

− 1

λ
Lzpθq

˙

, (2.16)

where the function Lz is defined in (2.6) and the function KQ,z is defined in (2.15).

The problem in (2.13) exhibits a trivial solutions when the functional Rz is such
that for all P ∈ 4QpMq. In such a case, the solution is unique and equal to the
probability measure Q, independently of the parameter λ. To avoid this trivial case,
the notion of separability of the empirical risk function with respect to the measure
Q is borrowed from [84]. A separable empirical risk function with respect to a given
probability measure P is defined as follows.
Definition 2.4.1 (Definition 5 in [84]). The empirical risk function Lz in (2.6) is
said to be separable with respect to the probability measure P ∈ 4pMq, if there exist a
positive real c > 0 and two subsets A and B of M that are nonnegligible with respect
to P , and for all pθ1,θ2q ∈ A× B,

Lzpθ1q< c <Lzpθ2q <∞. (2.17)

A nonseparable empirical risk function Lz in (2.6) with respect to a measure P is a
constant almost surely with respect to the measure P . More specifically, there exists
a real a ≥ 0, such that

P p{θ ∈ M : Lzpθq = a}q = 1. (2.18)

When the empirical risk function Lz in (2.6) is nonseparable with respect to all
measures in P ∈ 4QpMq, the trivial case described above is observed.

Optimization problems with f -divergence regularization have been explored before
in [116] and [117] for the discrete case. In [118], the problem of non-exponentially
weighted aggregation is studied, and in the context of ERM, there are works on [20].
Such a problem involves an ERM with f -divergence regularization (ERM-fDR) sim-
ilar to the one studied in this work.
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Chapter 3

ERM-RER Asymmetry

The effect of relative entropy asymmetry is analyzed in the context of empirical risk
minimization (ERM) with relative entropy regularization (ERM-RER). The relative
entropy regularization of the reference measure with respect to the measure to be
optimized is considered, that is, the Type-II ERM-RER, and compared to the Type-I
ERM-RER regularization in Section 2.4. The main result is the characterization of
the solution to the Type-II ERM-RER problem and its key properties. By compar-
ing the well-understood Type-I ERM-RER with Type-II ERM-RER, the effects of
entropy asymmetry are highlighted. The analysis shows that in both cases, regular-
ization by relative entropy forces the solution’s support to collapse into the support
of the reference measure, introducing a strong inductive bias that can overshadow the
evidence provided by the training data. Finally, it is shown that Type-II regulariza-
tion is equivalent to Type-I regularization with an appropriate transformation of the
empirical risk function.

3.1 Introduction
Despite the many merits of the Type-I ERM-RER formulation in Section 2.4, it
has some significant limitations. Firstly, the absolute continuity of the optimiza-
tion measure with respect to the reference measure is required for the existence of the
corresponding Radon-Nikodym derivative, which is used by the relative entropy regu-
larization. This absolute continuity sets an insurmountable barrier to the exploration
of models outside the support of the reference measure. More specifically, models
outside the support of the reference measure exhibit zero probability with respect to
the Gibbs probability measure solution to ERM-RER, regardless of the evidence pro-
vided by the training dataset. Furthermore, selecting priors with full support often
leads to computationally expensive partition functions in high-dimensional spaces.
While such priors ensure the inclusion of high-performing models, the resulting mu-
tual absolute continuity between the classical ERM-RER solution and the chosen prior
also assigns non-zero probability to models with poor empirical risk. Secondly, the
choice of relative entropy over alternative divergences often follows arguments based
on the simplicity of obtaining generalization guarantees in the form of bounds [101].
Nonetheless, such bounds are often hard to calculate and are not always informative
when evaluated in practical settings [84,109,119–124].

In view of these, exploring the asymmetry of relative entropy is of particular interest in
advancing the understanding of entropy regularization in the context of ERM and its
role in generalization. Additionally, examining the asymmetry opens novel pathways
to overcome some of the constraints imposed by relative entropy regularization, such
as the ability to choose models selectively outside the support of the prior. The
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problem of ERM with a general f -divergence regularization has been explored in [116]
and [117] in the case of a finite countable set of models and recently extended to
uncountable sets of models in [118] and [125]. The authors in [116–118,125] constrain
the optimization domains to sets of measures that are mutually absolutely continuous
with respect to the reference probability measure. The use of the relative entropy of
the optimization measure with respect to the reference measure as a regularizer in the
ERM-RER is termed Type-I ERM-RER. Alternatively, the use of the relative entropy
of the reference measure with respect to the optimization measure is termed Type-II
ERM-RER. Interestingly, the existing results in [116–118], which lead to special cases
of the Type-I and Type-II ERM-RER problems by assuming that fpxq = −x logpxq

and fpxq = − logpxq, respectively, do not study the impact of the asymmetry of
relative entropy. Another observation that motivates studying the asymmetry of
relative entropy in ERM-RER is that numerical analyses of the Type-II ERM-RER,
presented in Section 3.3.3, suggest that Type-II regularization exhibits a markedly
different relationship between test error and training error when compared to that
of Type-I regularization. While the generalization capabilities of Type-I are better
in the simulations, the performance of the Type-II regularization is comparable and
displays promising properties that warrant further research.

This chapter presents the solution to the Type-II ERM-RER optimization problem
through a new method of proof. Unlike the Type-I ERM-RER case, where the opti-
mization is carried out in a space that allows the direct use of Gâteaux derivatives,
the Type-II formulation operates in a more general space where such differentiation
cannot be applied straightforwardly. In particular, mutual absolute continuity be-
tween the measures involved is not imposed. Nonetheless, mutual absolute continuity
is exhibited by the solution as a consequence of the structure of the problem. To
address this difficulty, the proof proceeds by first formulating and solving an aux-
iliary optimization problem defined in a space compatible with the classical Type-I
analysis. It is then shown that the solution to this auxiliary problem coincides with
the solution of the original Type-II problem, thereby establishing the desired result
through an indirect but rigorous argument. The key properties of the solution are
highlighted, and an equivalence between the Type-I and Type-II ERM-RER problems
is presented. This equivalence is achieved by replacing the empirical risk in the Type-I
ERM-RER problem with another function, which can be interpreted as a tunable loss
function, as described in [126–128]. The remainder of the chapter is organized as fol-
lows. Section 3.2 presents the ERM-RER problem and its two variations: Type-I
and Type-II. The main contribution of this chapter, which is the solution to the
Type-II ERM-RER problem, is presented in Section 3.3. This section also presents
key properties of the solution. Section 3.3.14 uses these properties to characterize the
expected empirical risk. Section 3.3.3 studies the equivalence between Type-I and
Type-II ERM-RER problems. This work is concluded by Section 3.5, with some final
remarks.

3.2 Type-II ERM-RER Problem
The Type-II ERM-RER problem is parameterized by a probability measure Q ∈
4pMq and a real λ ∈ p0,∞q. As in the Type-I ERM-RER problem, the measure Q
is referred to as the reference measure and λ as the regularization factor. Given the
dataset z ∈ pX × Yq

n in (2.4), the Type-II ERM-RER problem, with parameters Q
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and λ, consists of the following optimization problem:

min
P∈▽QpMq

RzpP q + λDpQ‖P q, (3.1)

where the functional Rz is defined in (2.12), and the optimization domain is

5QpMq ≜ {P ∈ 4pMq : Q� P}, (3.2)

with the notation Q � P standing for Q being absolutely continuous with respect
to P .

The difference between Type-I and Type-II ERM-RER problems lies in the regular-
ization. While the former uses the relative entropy DpP‖Qq, the latter uses DpQ‖P q.
This translates into different optimization domains due to the asymmetry of the
relative entropy. More specifically, in the Type-I ERM-RER problem, the optimiza-
tion domain is the set of probability measures on the Borel measurable space pM,F q

that are absolutely continuous with the reference measure Q. That is, the set 4QpMq

in (2.14). Alternatively, in the Type-II ERM-RER problem, the optimization domain
consists of probability measures defined on the Borel measurable space pM,F q, with
the additional condition that the reference measure Q must be absolutely continuous
with respect to them. This corresponds to the set denoted as 5QpMq in (3.2). From
this perspective, the techniques used in [84] for solving the Type-I ERM-RER no
longer hold. As shown in the next section, a new technique is used for solving the
Type-II ERM-RER.

3.3 Type-II ERM-RER Solution & Results
The solution of the Type-II ERM-RER problem in (3.1) is presented in the following
theorem.
Theorem 3.3.1. If there exists a real β such that

β ∈ {t ∈ R : ∀θ ∈ suppQ, 0 < t+ Lzpθq}, (3.3a)

and ∫
λ

β + Lzpθq
dQpθq = 1, (3.3b)

with the function Lz defined in (2.6), and λ and Q the parameters of the optimization
problem in (3.1), then, the solution to such a problem, denoted by P̄ pQ,λq

Θ|Z=z ∈4pMq,
is unique and for all θ ∈ suppQ, it satisfies

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ

β + Lzpθq
. (3.4)

Before introducing the proof of Theorem 3.3.1, two important results are presented.
The first result consists of the solution to the optimization problem in (3.1) when the
optimization domain is restricted to

©QpMq ≜ 5QpMq ∩4QpMq, (3.5)
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where the sets 4QpMq and 5QpMq are defined in (2.14) and (3.2), respectively. Such
an ancillary problem can be formulated as follows:

min
P∈⃝QpMq

RzpP q + λDpQ‖P q. (3.6)

The solution to the problem in (3.6) is described by the following lemma.
Lemma 3.3.1. The solution to the optimization problem in (3.6) is unique and iden-
tical to the probability measure P̄ pQ,λq

Θ|Z=z in (3.4).

Proof: The proof is presented in Appendix B.1.

The second result consists of comparing the optimal values resulting from the opti-
mization problems in (3.1) and (3.6), as shown hereunder.
Lemma 3.3.2. The optimization problems in (3.1) and (3.6) satisfy

min
P∈▽Q

RzpP q + λDpQ‖P q ≥ min
P∈⃝Q

RzpP q + λDpQ‖P q. (3.7)

Proof: The proof is presented in Appendix B.2.

Lemma 3.3.2 unveils the fact that the objective function in (3.1), when evaluated at
measures whose support extends beyond the support of Q, is larger than such an
objective function evaluated at measures whose support is identical to the reference
measure. This includes the case in which the set T pzq in (2.8) lies outside the support
of Q. Using these results, the proof of Theorem 3.3.1 is as follows.

Proof of Theorem 3.3.1: The proof follows by observing that from (3.5), it holds
that

©QpMq ⊆ 5QpMq. (3.8)

Hence, from (3.8), it follows that

min
P∈▽Q

RzpP q + λDpQ‖P q ≤ min
P∈⃝Q

RzpP q + λDpQ‖P q. (3.9)

From the inequalities in (3.7) and (3.9), it follows that

min
P∈▽Q

RzpP q + λDpQ‖P q = min
P∈⃝Q

RzpP q + λDpQ‖P q. (3.10)

Thus, the measure P̄ pQ,λq

Θ|Z=z in (3.4) is the solution of the optimization problem in (3.1),
which completes the proof of Theorem 3.3.1.

Lemma 3.3.2 implies that the solution to the optimization problem in (3.1) is in
the set ©QpMq in (3.4). A consequence of this observation is the following corol-
lary.
Corollary 3.3.3. The probability measures Q and P̄

pQ,λq

Θ|Z=z in (3.4) are mutually
absolutely continuous.

Corollary 3.3.3 also follows from Theorem 3.3.1 by observing that the solution to
the Type-II ERM-RER problem in (3.1) is expressed in terms of its Radon-Nikodym
derivative with respect to Q, which implies the absolute continuity of P̄ pQ,λq

Θ|Z=z with

respect to Q. The absolute continuity of the measure Q with respect to P̄
pQ,λq

Θ|Z=z
follows from the optimization domain of the Type-II ERM-RER problem. From this
perspective, Corollary 3.3.3 conveys the fact that there does not exist a dataset that
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can overcome the inductive bias induced by the reference measure Q. That is, sets
of models outside the support of Q exhibit zero probability measure with respect to
the measure P̄ pQ,λq

Θ|Z=z.

This observation is important as, at first glance, the Type-II relative entropy regular-
ization for the ERM problem in (3.1) does not restrict the solution to be absolutely
continuous with respect to the reference measure Q. However, Theorem 3.3.1 shows
that the support of the probability measure P̄ pQ,λq

Θ|Z=z in (3.4) collapses into the support
of the reference. A parallel can be established between Type-I and Type-II cases, as
in both cases, the support of the solution is the support of the reference measure. In
a nutshell, the use of relative entropy regularization inadvertently forces the solution
to coincide with the support of the reference regardless of the training data.

3.3.1 The Normalization Function

Let the set AQ,z ⊆ p0,∞q and CQ,z ⊂ R, with Q and z in (3.1), be such that if
λ ∈ AQ,z, then there exists a β ∈ CQ,z that satisfies the inclusion in (3.3a) and (3.3b).
From Theorem 3.3.1, specifically from the uniqueness of the solution to (3.1), it
follows that for all pλ, βq ∈ AQ,z × CQ,z and for all α ∈ R, with α 6= β, it holds that
pλ, αq /∈ AQ,z × CQ,z. This observation allows establishing a bijection between these
two sets. Let such a bijection be represented by the function

K̄Q,z : AQ,z → CQ,z, (3.11a)

which satisfies,
K̄Q,zpλq = β. (3.11b)

The function K̄Q,z in (3.11) is referred to as the normalization function. This is

essentially due to the observation that the Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4)
can be re-written for all θ ∈ suppQ, as

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ

K̄Q,zpλq + Lzpθq
, (3.12)

which together with (3.3b), implies that the function K̄Q,z ensures that P̄
pQ,λq

Θ|Z=z

in (3.4) is a probability measure.

The analysis of the normalization function K̄Q,z in (3.11) relies on the analysis of its
functional inverse, denoted by K̄−1

Q,z : CQ,z → AQ,z, which can be defined by noticing
that

1 =

∫ dP̄
pQ,λq

Θ|Z=z

dQ
pθqdQpθq (3.13a)

=

∫
λ

Lzpθq + β
dQpθq, (3.13b)

with the function Lz defined in (2.6), and λ and Q the parameters of the optimization
problem in (3.1). More specifically, from (3.11b), it follows that λ = K̄−1

Q,zpβq; and
from (3.13b), it follows that

K̄−1
Q,zpβq =

1∫
1

Lzpθq+β dQpθq
. (3.14)
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Note that while the function K̄Q,z in (3.11) is implicitly defined, as a closed-form
expression is not provided, its functional inverse K̄−1

Q,z is explicitly defined in (3.14).
Such functional inverse exists from the fact that K̄Q,z is a bijection.

The purpose of the remainder of this section is to provide a characterization of the
sets AQ,z and CQ,z. Some mathematical objects are introduced to characterize these
sets. Given a real δ ∈ r0,∞q, consider the Rashomon set [129], Lzpδq, defined as
follows

Lzpδq ≜ {θ ∈ M : Lzpθq ≤ δ}. (3.15)

Consider also the real numbers δ⋆Q,z and λ⋆Q,z defined as follow:

δ⋆Q,z ≜ inf{δ ∈ r0,∞q : QpLzpδqq > 0}, (3.16)

and

λ⋆Q,z ≜ inf AQ,z. (3.17)

Let also L⋆
Q,z be the level set of the empirical risk function Lz in (2.6) for the value

δ⋆Q,z. That is,
L⋆
Q,z ≜

{
θ ∈ M : Lzpθq = δ⋆Q,z

}
. (3.18)

Using the objects defined above, the following lemma introduces one of the main
properties of the function K̄Q,z in (3.11).
Lemma 3.3.4. The function K̄Q,z in (3.11) is strictly increasing and continuous.

Proof: The proof is presented in Appendix B.3.

The following lemma characterizes the sets AQ,z and CQ,z in (3.11a), which are the
domain and codomain of the function K̄Q,z in (3.11b).
Lemma 3.3.5. The set AQ,z in (3.11a) is either empty or an interval of the form

AQ,z =

{
rλQ,z,∞q if

∫
1

Lzpθq−δ⋆Q,z
dQpθq <∞

p0,∞q otherwise,
(3.19)

where

λQ,z = K̄−1
Q,z

`

−δ⋆Q,z

˘

, (3.20)

with K̄−1
Q,z in (3.14), the function Lz is defined in (2.6), and δ⋆Q,z is defined in (3.16).

Moreover, the set CQ,z in (3.11a) is either empty or an interval of the form

CQ,z =


”

−δ⋆Q,z,∞
¯

if
∫

1
Lzpθq−δ⋆Q,z

dQpθq <∞.
´

−δ⋆Q,z,∞
¯

otherwise.
(3.21)

Proof: The proof is presented in Appendix B.4.

Lemma 3.3.5 shows that the sets AQ,z and CQ,z in (3.11a) are convex sets (intervals).
This convexity is crucial for analyzing how the choice of λ influences whether the
Type-II ERM-RER problem in (3.1) has a solution. For instance, if λ ∈ AQ,z, then
the measure P̄ pQ,λq

Θ|Z=z is the unique solution to the problem in (3.1) (Theorem 3.3.1).
Moreover, if such λ is increased, the resulting Type-II ERM-RER problem still pos-
sesses a solution, which is formalized by the following corollary.
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Corollary 3.3.6. If the Type-II ERM-RER problem in (3.1) possesses a solution,
then, the following problem

min
P∈▽QpMq

RzpP q + αDpQ‖P q, (3.22)

with α ⩾ λ, also possesses a solution.

Additionally, Lemma 3.3.5 allows identifying how small λ in (3.1) can be, such that
the Type-II ERM-RER problem in (3.1) still possesses a solution. The regularization
factor λ can be made arbitrarily close to zero in some cases, as shown hereunder.
Corollary 3.3.7. If the set M is finite, then the set AQ,z in (3.11a) is p0,∞q.

Corollary 3.3.7 follows by noticing that if the set M is finite, the subset L⋆
Q,z in (3.18)

satisfies Q
´

L⋆
Q,z

¯

> 0. Thus, the integral in (3.21) is not finite, which follows from
the fact that for all θ ∈ L⋆

Q,z, Lzpθq − δ⋆Q,z = 0. Another immediate consequence of
Lemma 3.3.4 and Lemma 3.3.5 is the following corollary.
Corollary 3.3.8. If the real value δ⋆Q,z = 0, with δ⋆Q,z in (3.16), then the func-
tion K̄Q,z in (3.11b) is strictly positive.

Appendix E.1 introduces some examples to illustrate particular cases in which the
set AQ,z is open or semi-open. This section is closed by leveraging Lemma 3.3.5 for
presenting a key property of the function K̄Q,z in (3.11b).
Lemma 3.3.9. The function K̄Q,z in (3.11) satisfies

lim
λ→λ⋆

Q,z
+
K̄Q,zpλq = −δ⋆Q,z, (3.23)

where δ⋆Q,z and λ⋆Q,z are defined in (3.16) and (3.17), respectively.

Proof: The proof is presented in Appendix B.5.

The limit in (3.23) is determined by the set of models in the support of the prior with
the lowest empirical risk determined by the choice of loss function ℓ and function f
in (2.6).

3.3.2 Type-II ERM-RER Properties

Note that from Theorem 3.3.1, models resulting in lower empirical risks correspond

to greater values of the Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4). The following
corollary formalizes this observation.
Lemma 3.3.10. For all pθ1,θ2q ∈ psuppQq

2, such that Lzpθ1q ≤ Lzpθ2q, with Lz

in (2.6), the Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) satisfies

dP̄
pQ,λq

Θ|Z=z

dQ
pθ2q ≤

dP̄
pQ,λq

Θ|Z=z

dQ
pθ1q, (3.24)

with equality if and only if Lzpθ1q = Lzpθ2q.

Proof: The proof is presented in Appendix B.6.

The intuition that follows from Lemma 3.3.10 is that under the assumption that the
ERM problem in (2.7) possesses a solution in the support of the reference measure.

That is, the maximum of the function
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) is achieved by the models
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in T pzq ∩ suppQ, provided that it is not empty, where T pzq is defined in (2.8).

Furthermore, the Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ is monotonic with respect to
the empirical risk Lz in (2.6). This property is similar to that of the solution to the
Type-I ERM-RER problem in (2.16), as established in [84, Corollary 1].

The Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) is always finite and strictly positive.
This observation is formalized in the following lemma.

Lemma 3.3.11. The Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) satisfies for all θ ∈
suppQ,

0 <
dP̄

pQ,λq

Θ|Z=z

dQ
pθq ≤ λ

δ⋆Q,z + K̄Q,zpλq
<∞, (3.25)

where the function K̄Q,z and the real δ⋆Q,z are defined in (3.11a) and (3.16), respec-
tively. The equality holds if and only if θ ∈ L⋆

Q,z ∩ suppQ.

Proof: The proof is presented in Appendix B.7.

Asymptotes of the Radon-Nikodym Derivative

In the asymptotic regime, when the regularization factor λ in (3.1) grows to infinity,
i.e., λ → ∞, the measure P̄ pQ,λq

Θ|Z=z becomes identical to the reference measure Q, up
to sets of measure zero, as described in the following lemma.

Lemma 3.3.12. The Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) satisfies for all θ ∈
suppQ,

lim
λ→∞

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 1. (3.26)

Proof: The proof is presented in Appendix B.8.

Lemma 3.3.12 unveils a similarity between Type-I and Type-II regularization as the
Type-I measure P pQ,λq

Θ|Z=z in (2.16), also exhibits a similar behavior [84].

Alternatively, when the regularization factor decreases to zero from the right, i.e., λ→

0+, the Radon-Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) exhibits the following behav-
ior.
Lemma 3.3.13. If Q

´

L⋆
Q,z

¯

> 0, with the set L⋆
Q,z in (3.18), then the Radon-

Nikodym derivative
dP̄

pQ,λq

Θ|Z=z

dQ in (3.4) satisfies for all θ ∈ suppQ,

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

1

Q
´

L⋆
Q,z

¯1{θ∈L⋆
Q,z}. (3.27)

Alternatively, if Q
´

L⋆
Q,z

¯

= 0 and λ⋆Q,z in (3.17) satisfies λ⋆Q,z = 0, then for all θ ∈
suppQ, it holds that

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

{
∞ if θ ∈ L⋆

Q,z

0 otherwise.
(3.28)
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Conversely, if Q
´

L⋆
Q,z

¯

= 0 and λ⋆Q,z in (3.17) satisfies λ⋆Q,z > 0, then for all θ ∈
suppQ, it holds that

lim
λ→λ⋆

Q,z
+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ⋆Q,z

Lzpθq − δ⋆Q,z

. (3.29)

Proof: The proof is presented in Appendix B.9.

Lemma 3.3.13 highlights that in the asymptotic regime when the regularization fac-

tor decreases to zero from the right, i.e., λ → 0+, the value
dP̄

pQ,λq

Θ|Z=z

dQ pθq does not
depend on the exact model θ but rather on whether θ ∈ suppQ ∩ L⋆

Q,z. In the

case in which θ ∈ suppQ ∩ L⋆
Q,z, it holds that limλ→0+

dP̄
pQ,λq

Θ|Z=z

dQ pθq > 0. Other-

wise, limλ→0+
dP̄

pQ,λq

Θ|Z=z

dQ pθq = 0. In the special case in which δ⋆Q,z = 0, with δ⋆Q,z

in (3.16), the set L⋆
Q,z satisfies L⋆

Q,z = T pzq, where T pzq is defined in (2.8). This im-
plies a concentration of probability over T pzq∩suppQ, which establishes a connection
with the ERM problem without regularization in (2.7).

Furthermore, in the asymptotic regime, when the regularization factor decreases to
zero from the right, the solutions to the Type-I and Type-II ERM-RER problems
exhibit the same asymptotic behavior, as shown in [84, Lemma 6]. This aligns with the
observation that as λ decreases, the optimization problems in (2.13) and (3.1) exhibit
a weaker relative entropy constraint. A stronger result follows from Lemma 3.3.13
and is presented in the following lemma.
Lemma 3.3.14. If λ⋆Q,z in (3.17) satisfies λ⋆Q,z = 0, then the measure P̄

pQ,λq

Θ|Z=z

in (3.4) and the set L⋆
Q,z in (3.18) satisfy

lim
λ→0+

P̄
pQ,λq

Θ|Z=z

`

L⋆
Q,z

˘

= 1. (3.30)

Alternatively, if λ⋆Q,z > 0, then the measure P̄ pQ,λq

Θ|Z=z in (3.4) and the set L⋆
Q,z in (3.18)

satisfy

lim
λ→λ⋆

Q,z
+
P̄

pQ,λq

Θ|Z=z

`

L⋆
Q,z

˘

= 0. (3.31)

Proof: The proof is presented in Appendix B.10.

Lemma 3.3.14 shows that indeed when the regularization factor approaches zero from
the right, the probability measure P̄ pQ,λq

Θ|Z=z in (3.4) concentrates in the set of models
that induce the minimum empirical risk in suppQ.

The Expected Empirical Risk

This section focuses on the expected empirical risk induced by the probability mea-
sure P̄ pQ,λq

Θ|Z=z in (3.4). That is, the value Rz

´

P̄
pQ,λq

Θ|Z=z

¯

, with the functional Rz defined
in (2.12).

The following lemma establishes a relation between Rz

´

P̄
pQ,λq

Θ|Z=z

¯

, λ, and the function
K̄Q,z in (3.11b).
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Lemma 3.3.15. The probability measure P̄ pQ,λq

Θ|Z=z in (3.4) satisfies

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= λ− K̄Q,zpλq, (3.32)

where the functional Rz and the function K̄Q,z are defined in (2.12) and (3.11b),
respectively.

Proof: The proof is presented in Appendix B.11.

Lemma 3.3.15 characterizes the expected empirical risk of the Type-II ERM-RER so-
lution and establishes a direct connection to the regularization factor λ. Unlike Type-I
ERM-RER, in Type-II, λ serves as an explicit upper bound to the expected empirical
risk if there exists a model θ⋆ ∈ suppQ, such that its empirical risk is zero. Thus,
providing a clear interpretation: the choice of λ directly controls and bounds the av-
erage expected empirical risk. This property makes Type-II ERM-RER advantageous
for risk management through the explicit selection of λ. Additionally, Lemma 3.3.15
highlights that the function r : p0,∞q → p0,∞q such that rpλq = Rz

´

P̄
pQ,λq

Θ|Z=z

¯

, with
Q and z fixed, inherits all properties of the function K̄Q,z in (3.11b). The following
lemma formalizes this observation.
Lemma 3.3.16. The expected empirical risk Rz

´

P̄
pQ,λq

Θ|Z=z

¯

, with the functional Rz

in (2.12) and the measure P̄
pQ,λq

Θ|Z=z in (3.4), is continuous and nondecreasing with
respect to λ. Moreover, it is strictly increasing if and only if the empirical risk func-
tion Lz in (2.6) is separable with respect to the probability measure Q.

Proof: The proof is presented in Appendix B.12.

Another application of Lemma 3.3.15 is the characterization of the distance of the
Type-II ERM-RER solution to any probability measure P ∈ 4QpMq, which is for-
malized by the following theorem.
Theorem 3.3.2. The probability P̄ pQ,λq

Θ|Z=z in (3.4) satisfies for all P ∈ 4QpMq,

RzpP q − Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= λ

∫
dP

dP̄
pQ,λq

Θ|Z=z

pθqdQpθq − λ. (3.33)

Proof: The proof follows from observing that

λ

∫
dP

dP̄
pQ,λq

Θ|Z=z

pθqdQpθq − λ = λ

∫
dQ

dP̄
pQ,λq

Θ|Z=z

pθq
dP

dQ
pθqdQpθq − λ (3.34)

= λ

∫
Lzpθq + K̄Q,zpλq

λ
dP pθq − λ (3.35)

=

∫
Lzpθq + K̄Q,zpλqdP pθq − λ (3.36)

=

∫
LzpθqdP pθq −

`

λ− K̄Q,zpλq
˘

(3.37)

= RzpP q − Rz

´

P̄
pQ,λq

Θ|Z=z

¯

, (3.38)

where (3.34) follows from Corollary 3.3.3, (3.35) follows from (3.4), and (3.38) follows
from Lemma 3.3.15.

The importance of the expression provided in Theorem 3.3.2 is that it can also be
used to characterize the generalization error of the Type-II ERM-RER solution when
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used with the results presented in [18, Lemma 3]. This will be further developed in
general form in Section 5.4.

Bounds on the Expected Empirical Risk

This section builds on the characterization of the expected empirical risk and its
monotonicity with respect to the regularization factor λ in (3.1) to establish a range
of bounds on the expected empirical risk. The following lemma highlights a connec-
tion existing between the expected empirical risks RzpQq and Rz

´

P̄
pQ,λq

Θ|Z=z

¯

; and the

relative entropy D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

.

Lemma 3.3.17. The functional Rz defined in (2.12) and the measures Q and P̄ pQ,λq

Θ|Z=z

in (3.4) satisfy

RzpQq − Rz

´

P̄
pQ,λq

Θ|Z=z

¯

≥ λ
´

exp
´

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯¯

− 1
¯

. (3.39)

Proof: The proof is presented in Appendix B.13.

Note that D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

≥ 0 in (3.39), which leads to the observation that

´

exp
´

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯¯

− 1
¯

≥ 0. (3.40)

Hence, from Lemma 3.3.17, it follows that the solution to the Type-II ERM-RER
problem induces an expected empirical risk that is smaller than the one induced by
reference measure Q. This is formalized by the following corollary.
Corollary 3.3.18. The probability measures Q and P̄ pQ,λq

Θ|Z=z in (3.4) satisfy

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

≤ RzpQq, (3.41)

where the functional Rz is defined in (2.12), and equality holds if and only if the
empirical risk function Lz in (2.6) is nonseparable.

The following lemma presents a lower bound and an upper bound on the expected
empirical risk Rz

´

P̄
pQ,λq

Θ|Z=z

¯

in which the regularization parameter plays a central
role.
Lemma 3.3.19. The probability measure P̄ pQ,λq

Θ|Z=z in (3.4) satisfies

δ⋆Q,z ≤ Rz

´

P̄
pQ,λq

Θ|Z=z

¯

< λ+ δ⋆Q,z, (3.42)

where the functional Rz is defined in (2.12) and δ⋆Q,z is defined in (3.16). Moreover,
equality holds if and only if the empirical risk function Lz in (2.6) is nonseparable.

Proof: The proof is presented in Appendix B.14.

The bounds presented in Lemma 3.3.19 highlight that the regularization parameter
λ in (3.1) governs the increase of the expected empirical risk Rz

´

P̄
pQ,λq

Θ|Z=z

¯

with re-
spect to its minimum, i.e, δ⋆Q,z in (3.16). Moreover, the lower bound is tight for the
probability measure P̄ pQ,λq

Θ|Z=z in (3.4) in the asymptotic regime when λ decreases to
zero from the right, as shown hereunder.
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Lemma 3.3.20. The probability measure P̄ pQ,λq

Θ|Z=z in (3.4) satisfies

lim
λ→λ⋆

Q,z
+
Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= λ⋆Q,z + δ⋆Q,z, (3.43)

where δ⋆Q,z is defined in (3.16) and the functional Rz is defined in (2.12).

Proof: From Lemma 3.3.15, it holds that

lim
λ→λ⋆

Q,z
+
Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= lim
λ→λ⋆

Q,z
+
λ− lim

λ→λ⋆
Q,z

+
K̄Q,zpλq (3.44)

= λ⋆Q,z − lim
λ→λ⋆

Q,z
+
K̄Q,zpλq (3.45)

= λ⋆Q,z + δ⋆Q,z, (3.46)

where equality (3.46) follows from Lemma 3.3.9. This completes the proof.

Finally, note that the functional Rz in (2.12) is nonnegative. This observation together
with Lemma 3.3.15 lead to a new property for the function K̄Q,z in (3.11b), which is
stated by the following corollary
Corollary 3.3.21. The function K̄Q,z in (3.11b) satisfies, for all t > λ⋆Q,z, with λ⋆Q,z

in (3.17),
K̄Q,zptq ≤ t. (3.47)

pδ, ϵq-Optimality

This section presents a PAC guarantee for models sampled from the probability mea-
sure P̄ pQ,λq

Θ|Z=z in (3.4), with respect to the Type-II ERM-RER problem in (3.1). Such
a guarantee is presented using the notion of pδ, ϵq-optimality introduced in [84, Defi-
nition 6].
Definition 3.3.1 ( [84, Definition 6]). Given a pair of positive reals pδ, ϵq, with ϵ < 1,
the probability measure P ∈ 4pMq is said to be pδ, ϵq-optimal if the set Lzpδq in (3.15)
satisfies

P pLzpδqq > 1− ϵ. (3.48)

The pδ, ϵq-optimality guarantee in Definition 3.3.1 ensures that with probability at
least 1−ϵ, sampling models from P̄

pQ,λq

Θ|Z=z in (3.4) yields models that induce empirical
risks not greater than δ. The following theorem presents a pδ, ϵq-optimality guarantee
for the Type-II ERM-RER solution.
Theorem 3.3.3. Assume that λ⋆Q,z = 0, then for all pδ, ϵq ∈

´

δ⋆Q,z,∞
¯

× p0, 1q,
with δ⋆Q,z in (3.16), there always exists a λ ∈ p0,∞q, such that the probability mea-
sure P̄ pQ,λq

Θ|Z=z in (3.4) is pδ, ϵq-optimal.

Proof: The proof is presented in Appendix B.15.

3.3.3 Relative Entropy Asymmetry via Empirical Risk

This section presents a connection between the Type-I ERM-RER in (2.13) and
Type-II ERM-RER in (3.1) established via a transformation of the empirical risk
function. The connection is established by proving the existence of two functions
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WQ,z,λ : M → R and VQ,z,λ : M → R, such that the solution to the optimization
problem in (2.13) is identical to the solution of the following problem:

min
P∈▽QpMq

∫
WQ,z,λpθqdP pθq + DpQ‖P q, (3.49)

with λ and Q in (2.13); and the solution to the optimization problem in (3.1) is
identical to the solution of the following problem:

min
P∈△QpMq

∫
VQ,z,λpθqdP pθq + DpP‖Qq, (3.50)

with λ and Q in (3.1). The main result of this section is presented in the following
theorem.
Theorem 3.3.4. If the problems in (2.13) and in (3.1) have solutions, then

min
P∈▽QpMq

∫
LzpθqdP pθq + λDpQ‖P q

= min
P∈△QpMq

∫
VQ,z,λpθqdP pθq + DpP‖Qq, (3.51a)

where the function VQ,z,λ : M → R, referred to as the log-empirical risk, is defined
as

VQ,z,λpθq = log
`

K̄Q,zpλq + Lzpθq
˘

, (3.51b)

and

min
P∈△QpMq

∫
LzpθqdP pθq + λDpP‖Qq

= min
P∈▽QpMq

∫
WQ,z,λpθqdP pθq + DpQ‖P q, (3.52a)

where the function WQ,z,λ : M → R is such that

WQ,z,λpθq =
λ

exp
´

−Lzpθq

λ −KQ,z

`

− 1
λ

˘

¯ − K̄Q,zpλq, (3.52b)

where the functions KQ,z and K̄Q,z are defined in (2.15) and (3.11), respectively.

Proof: Denote by P̂ pQ,λq

Θ|Z=z the solution to the optimization problem in (3.50). From
Lemma 2.4.1, for all θ ∈ suppQ, it follows that

dP̂
pQ,λq

Θ|Z=z

dQ
pθq

=
expp−VQ,z,λpθqq∫

expp−VQ,z,λpνqqdQpνq
(3.53)

=
exp

´

log
´

1
Lzpθq+K̄Q,zpλq

¯¯

∫
exp

´

log
´

1
Lzpνq+K̄Q,zpλq

¯̄

dQpνq
(3.54)

=

´∫
1

Lzpνq+K̄Q,zpλq
dQpνq

¯−1

Lzpθq+K̄Q,zpλq
(3.55)
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=
K̄−1

Q,zpβq

Lzpθq+K̄Q,zpλq
(3.56)

=
λ

Lzpθq + K̄Q,zpλq
(3.57)

=
dP̄

pQ,λq

Θ|Z=z

dQ
pθq, (3.58)

where (3.54) follows from (3.51b); (3.56) follows from (3.14); (3.57) follows from (3.11b);
and (3.58) follows from Theorem 3.3.1. This completes the proof of (3.52a).

Similarly, denote by P̃ pQ,λq

Θ|Z=z the solution to the optimization problem in (3.49). From
Theorem 3.3.1, for all θ ∈ suppQ, it follows that

dP̃
pQ,λq

Θ|Z=z

dQ
pθq

=
λ

WQ,z,λpθq + K̄Q,zpλq
(3.59)

=
λ

λ

exp
´

− Lzpθq

λ
−KQ,zp− 1

λq
¯ − K̄Q,zpλq + K̄Q,zpλq

(3.60)

=exp

ˆ

−Lzpθq

λ
−KQ,z

ˆ

− 1

λ

˙˙

(3.61)

=
dP

pQ,λq

Θ|Z=z

dQ
pθq, (3.62)

where (3.59) follows from (3.12); (3.60) follows from (3.52b); and (3.62) follows from
Lemma 2.4.1. This completes the proof of (3.51a).

Theorem 3.3.4 establishes an equivalence between the regularization of Type-I and
Type-II. More specifically, Theorem 3.3.4 highlights that by modifying the empirical
risk function Lz in (3.51b) using the function VQ,z,λ in (3.51b), the Type-II ERM-RER
problem in (3.1) can be solved by solving the Type-I ERM-RER problem in (3.50).
It is noteworthy that Type-I regularization imposes the support of the solution to be
contained within the support of the reference measure, i.e., suppP pQ,λq

Θ|Z=z ⊆ suppQ.
Similarly, Type-II regularization imposes the support of the solution to contain the
support of the reference measure, i.e., suppQ ⊆ supp P̄

pQ,λq

Θ|Z=z. Interestingly, these
inclusions can be shown to be equalities from Theorem 3.3.1 and Lemma 2.4.1. That
is,

suppP
pQ,λq

Θ|Z=z = suppQ = supp P̄
pQ,λq

Θ|Z=z. (3.63)

The remainder of the section focuses on the transformation from Type-I to Type-II.
From the notion of log-empirical risk in (3.51b), the expected log-empirical risk is
defined as follows.
Definition 3.3.2 (Expected Log-Empirical Risk). Given the dataset z ∈ pX × Yq

n

in (2.4) and the log-empirical risk function VQ,z,λ in (3.51b), let the functional R̄Q,z,λ :
4pMq → R be such that

R̄Q,z,λpP q =

∫
VQ,z,λpθqdP pθq. (3.64)
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The value R̄Q,z,λpP q is the expected log-empirical risk induced by the measure P .

Using the expected log-empirical risk defined above, the optimization problem in (3.49)
can be rewritten as follows

min
P∈△QpMq

R̄Q,z,λpP q + DpP‖Qq, (3.65)

with λ and Q being parameters of the Type-I and Type-II ERM-RER problems
in (2.13) and (3.1). The Type-I - Type-II relation in Theorem 3.3.4 can be used to es-
tablish an equality involving the relative entropies D

´

Q‖P̄ pQ,λq

Θ|Z=z

¯

and D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

;

and the expected log-empirical risks R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

and R̄Q,z,λpQq, as shown here-
under.
Lemma 3.3.22. The functional R̄Q,z,λ in (3.64) and the probability measures P̄ pQ,λq

Θ|Z=z

and Q in (3.4) satisfy

logpλq = R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

+ D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

(3.66)

= R̄Q,z,λpQq − D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

. (3.67)

Proof: The proof is presented in Appendix B.16.

Sensitivity of the Log-Empirical Risk

The sensitivity of the expected empirical risk, as presented in [84, Definition 7], is
defined as follows.
Definition 3.3.3 (Sensitivity of the Expected Empirical Risk). Consider the func-
tional Rz in (2.12) and let SQ,λ : pX × Yq

n × 4QpMq → R be a functional such
that

SQ,λpz, P q = RzpP q − Rz

´

P
pQ,λq

Θ|Z=z

¯

, (3.68)

where the probability measure P
pQ,λq

Θ|Z=z is defined in (2.16). The sensitivity of the

expected empirical risk Rz due to a deviation from P
pQ,λq

Θ|Z=z to P is SQ,λpz, P q.

Similarly, the sensitivity of the expected log-empirical risk VQ,z,λ in (3.51b) is defined
as follows.
Definition 3.3.4 (Sensitivity of the Expected Log-Empirical Risk). Consider the
functional R̄Q,z,λ in (3.64) and let S̄Q,λ : pX × Yq

n × 5QpMq → R be a functional
such that

S̄Q,λpz, P q = R̄Q,z,λpP q − R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

, (3.69)

where the probability measure P̄
pQ,λq

Θ|Z=z is in (3.4). The sensitivity of the expected

log-empirical risk due to a deviation from P̄
pQ,λq

Θ|Z=z to P is S̄Q,λpz, P q.

The sensitivity of the expected log-empirical risk due to a deviation from P̄
pQ,λq

Θ|Z=z
to P exhibits the following closed-form expression.
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Lemma 3.3.23. The sensitivity S̄Q,λ in (3.69) satisfies for all probability measures P ∈
©QpMq that

S̄Q,λpz, P q = D
´

P‖P̄ pQ,λq

Θ|Z=z

¯

− DpP‖Qq + D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

, (3.70)

where the probability measures Q and P̄ pQ,λq

Θ|Z=z are defined in (3.4).

Proof: The proof is presented in Appendix B.17.

An interesting interpretation of Lemma 3.3.23 follows from rewriting (3.70) using the
objective function of the Type-I ERM-RER problem in (3.50) as follows:

D
´

P‖P̄ pQ,λq

Θ|Z=z

¯

= R̄Q,z,λpP q − R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

+DpP‖Qq − D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

. (3.71)

That is, the relative entropy D
´

P‖P̄ pQ,λq

Θ|Z=z

¯

represents the variation of the objective
function of the Type-I ERM-RER problem in (3.50) due to a deviation from the
solution P̄

pQ,λq

Θ|Z=z to an alternative probability measure P .

In Lemma 3.3.23, when P is chosen to be identical to the reference measure Q, it
follows that

S̄Q,λpz, Qq = D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

+ D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

, (3.72)

where the right-hand side is a Jeffreys divergence, also known as the symmetrized
Kullback-Leibler divergence, between the measures P̄ pQ,λq

Θ|Z=z and Q. Furthermore, by

observing that D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

≥ 0, and D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

≥ 0 [84, Theorem 1], Lemma 3.3.23
leads to the following corollary.
Corollary 3.3.24. The probability measures Q and P̄ pQ,λq

Θ|Z=z in (3.4) satisfy

R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

≤ R̄Q,z,λpQq, (3.73)

where the functional R̄Q,z,λ is defined in (3.64).

Type-I and Type-II Optimal Measures

The solutions to the optimization problems (2.13) and (3.1), with regularization fac-
tors λ and α, respectively, are P pQ,λq

Θ|Z=z and P̄
pQ,αq

Θ|Z=z in (2.16) and in (3.4). These
measures exhibit the following property.
Lemma 3.3.25. The probability measures P pQ,λq

Θ|Z=z and P̄ pQ,αq

Θ|Z=z in (2.16) and in (3.4),
respectively, satisfy

D
´

P
pQ,λq

Θ|Z=z‖Q
¯

− D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯

= logpαq +KQ,z

ˆ

− 1

λ

˙

, (3.74)

where the function KQ,z is defined in (2.15).

Proof: The proof is presented in Appendix B.18.

Lemma 3.3.25 characterizes the relative entropy difference of Type-I and Type-II
ERM-RER solution with respect to the prior Q. In doing so, it provides an alternative
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way to evaluate this difference without directly computing the corresponding relative
entropies.

Finally, two important properties of the Type-I and Type-II optimal measures are
presented by the following corollary of Lemma 3.3.25.
Corollary 3.3.26. The probability measures P

pQ,αq

Θ|Z=z and P̄
pQ,λq

Θ|Z=z in (2.16) and
in (3.4), respectively, satisfy

S̄Q,α

´

z, P
pQ,λq

Θ|Z=z

¯

= D
´

P
pQ,αq

Θ|Z=z‖P̄
pQ,λq

Θ|Z=z

¯

−
ˆ

logpαq +KQ,z

ˆ

− 1

λ

˙˙

(3.75)

and
1

λ
SQ,λ

´

z, P̄
pQ,αq

Θ|Z=z

¯

= D
´

P̄
pQ,λq

Θ|Z=z‖P
pQ,αq

Θ|Z=z

¯

+ logpαq +KQ,z

ˆ

− 1

λ

˙

, (3.76)

where the functionals SQ,λ and S̄Q,α are respectively defined in (3.68) and in (3.69);
and the function KQ,z is defined in (2.15).

The equality in (3.75) quantifies the variation of the expected log-empirical risk due
to a deviation from the probability measure P

pQ,λq

Θ|Z=z in (2.16) to the probability

measure P̄ pQ,αq

Θ|Z=z in (3.4) via the sensitivity S̄Q,α

´

z, P
pQ,λq

Θ|Z=z

¯

. The equality in (3.76)
quantifies the variation of the expected empirical risk due to a deviation from the
probability measure P̄ pQ,αq

Θ|Z=z in (3.4) to the probability measure P pQ,λq

Θ|Z=z in (2.16) via

the sensitivity SQ,λ

´

z, P̄
pQ,αq

Θ|Z=z

¯

.

3.4 Numerical Results of Type-I and Type-II Regular-
ization

In machine learning, the generalization error indicates how well a probability measure
concentrates on models that correctly assign labels to unseen test data. The sensi-
tivity (Definition 3.3.3) of the optimization problem in (2.13) is closely related to the
generalization error [84, Theorem 16]. See also [109,130,131]. A probability measure
P ∈ 4QpMq, e.g., a machine learning algorithm that yields larger sensitivity, indi-
cates that the learning overfits with respect to the training data, leading to an increase
in the generalization error [130]. In this context, algorithms arising from the Type-I
and Type-II ERM-RER are used for the classification of two handwritten numbers
from the MNIST dataset [132]. The MNIST example is simplified to accommodate
parameterized models in R2 such that the approximations of the generalization error
for different regularization factors are valid [18]. In practice, however, the Type-I and
Type-II ERM-RER algorithm only require solving the statistical model once for given
λ, z, and Q, after which a model can be sampled from the resulting measure. This
approach enables training in higher-dimensional spaces. The increase in space dimen-
sionality continues to pose a significant challenge for ERM-RER statistical models.
This is primarily due to the computational complexity associated with calculating
the normalization function, which necessitates evaluating the empirical risk across all
possible models within the support of the reference measure. This task is known to
be #P -hard [133].
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Figure 3.1: 28 × 28 image of a handwritten six
from the MNIST dataset.

Figure 3.2: 28× 28 image of a handwritten seven
from the MNIST dataset.

The MNIST dataset consists of 60,000 images for training and 10,000 images for
testing. Out of the 60,000 training images, 12,183 are labeled as the digits six and
seven, while 1,986 out of the 10,000 test images correspond to these digits. Each image
is a 28× 28 grayscale picture and is represented by a matrix in r0, 1s

28×28. To reduce
the computational complexity, the pictures are processed following Appendix E.3 in
order to ensure the approximation of the generalization error. Consider the Type-I
ERM-RER problem in (2.13) and the Type-II ERM-RER problem in (3.1) and assume
that: piq the set of models is M = r−50, 50s

2; piiq the set of patterns X is formed
by computing the histogram of gradients (HOG) of the pictures such that X ⊂ R1296

of the handwritten six and seven in the MNIST dataset; piiq the set of labels is
Y = {6, 7}; pivq the reference measure Q is chosen to be a uniform probability measure
over the set of models; pvq the function f in (2.6) is defined as

fpθ, xq =

{
6 if 0 < pxW qθ,

7 if 0 > pxW qθ,
(3.77)

where the matrix W is defined in (E.112) in Appendix E.3; and pfq the loss function ℓ
in (2.5) satisfies

ℓpfpθ, xq, yq = 1{fpθ,xq ̸=y}. (3.78)

For the simulation, 8,100 data points are uniformly sampled from the 12,183 available
training images, forming the dataset z1, referred to as the training dataset. Similarly,
1,300 data points are uniformly sampled from the 1,986 available test images, forming
the dataset z2, referred to as the test dataset. Not all images are used because the
simulation is repeated only 100 times, and at each iteration, the datasets z1 and z2
are uniformly resampled.

Figure 3.5 displays an empirical approximation of the generalization error for Type-I
and Type-II algorithms. The smaller generalization error approximation of Type-II
suggests it is less prone to overfitting. In contrast, Figure 3.3 and Figure 3.4 show that
Type-I achieves a lower average training error, which results in a lower average test
error. These observations imply that Type-II promotes more conservative learning,
reducing the generalization gap by keeping average training and testing error closer,
while Type-I achieves lower training error at the cost of a higher generalization gap,
indicating greater reliance on the training data. This asymmetry balances the trade-
off between data preference and solution robustness.

Another key observation is that, for certain ranges of the regularization factor (e.g.,λ ∈
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Figure 3.3: Average Training Error: average of the expected empirical risks Rz1

´

P
pQ,λq

Θ|Z=z1

¯

and

Rz1

´

P̄
pQ,λq

Θ|Z=z1

¯

, with the measures P
pQ,λq

Θ|Z=z1
and P̄

pQ,λq

Θ|Z=z1
in (2.16) and (3.4), respectively, computed over

one hundred different training and test dataset random selections.

Figure 3.4: Average Test Error: average of the expected empirical risks Rz2

´

P
pQ,λq

Θ|Z=z1

¯

and Rz2

´

P̄
pQ,λq

Θ|Z=z1

¯

,

with the measures P
pQ,λq

Θ|Z=z1
and P̄

pQ,λq

Θ|Z=z1
in (2.16) and (3.4), respectively, computed over one hundred

different training and test dataset random selections.

p0.002, 0.09q and λ ∈ p0.3, 0.8q for Type-II), where the average test errors are com-
parable, Type-II exhibits lower generalization error. This suggests that Type-II can
achieve both small test error and generalization error for certain regularization fac-
tors, a highly desirable outcome. Overall, the observed behavior of the Type-I and
Type-II ERM-RER problems is as expected, where for larger values of λ the expected
empirical risk is larger than for smaller, which follows from the intuition of classical
empirical risk minimization. Furthermore, the observation of points in which Type-II
performs better than Type-I is expected due to the asymmetry. However, selecting
such regularization ranges and whether such points exist in all learning cases remains
an open question for future research under the theoretical framework presented in
this thesis.
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Figure 3.5: Average of the differences Rz2

´

P
pQ,λq

Θ|Z=z1

¯

− Rz1

´

P
pQ,λq

Θ|Z=z1

¯

and Rz2

´

P̄
pQ,λq

Θ|Z=z1

¯

−

Rz1

´

P̄
pQ,λq

Θ|Z=z1

¯

, with the measures P
pQ,λq

Θ|Z=z1
and P̄

pQ,λq

Θ|Z=z1
in (2.16) and (3.4), respectively, computed over

one hundred different training and test dataset random selections.

3.5 Conclusion
This work has introduced the Type-II ERM-RER problem and has presented its so-
lution through Theorem 3.3.1. The solution highlights that regardless of whether
Type-I or Type-II regularization is used in ERM problems, the models that are
considered by the resulting solution are necessarily in the support of the reference
measure. In this sense, the restriction over the models introduced by the reference
measure cannot be bypassed by the training data when relative entropy is used as the
regularizer. This limitation has been shown to be a consequence of the equivalence
that can be established between Type-I and Type-II regularization. These analytical
results lead to providing an operationally meaningful characterization of the expected
empirical risk induced by the Type-II solution in terms of the regularization param-
eters. The closed-form expressions for the expected empirical risk induced by Type-I
and Type-II errors are used to characterize the sensitivity of the expected empirical
risk and the sensitivity of the expected log-empirical risk in terms of the cumulant
generating function and Kullback-Leibler divergence. The analysis of the solution
to the optimization problem (3.1) shows that, under mild assumptions, there always
exists a positive real value λ such that, with probability 1 − ϵ, the measure P̄ pQ,λq

Θ|Z=z
concentrates on the set of models that minimize the empirical risk.
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Chapter 4

ERM with f-Divergence
Regularization

The solution to empirical risk minimization with f -divergence regularization (ERM-
fDR) is derived under mild conditions on the function f . Under such conditions, the
optimal probability measure is shown to be unique. Examples of the solution for par-
ticular choices of the function f are presented, and various previously known results
are obtained as special cases. These include the unique solutions to the empirical
risk minimization with Type-I and Type-II relative entropy regularizations. Further
analysis of the solution reveals the following properties of the ERM-fDR problem: iq
f -divergence regularization forces the support of the solution to match the support of
the reference measure, creating a strong inductive bias that can override the evidence
provided by the training data; iiq the normalization function defined as an implicit
function in Section 3.3.1 is extended for the general f -divergence regularization and
is explicitly characterized; and iiiq the solution to an ERM with f -divergence regular-
ization is identical to an ERM with g-divergence regularization, with an appropriate
modification of the empirical risk function, under some conditions on the functions f
and g.

4.1 Introduction
In statistical learning, the classical empirical risk minimization (ERM) problem [68,
69] is transformed by minimizing the expected empirical risk over a subset of all
probability measures defined on the set of models. A regularization term is added
to this expected empirical risk, often expressed as a statistical distance between the
optimization measure and a reference measure. A well-studied case in the information
theory community involves the use of relative entropy [11, 19, 84, 92, 108]. Other
works address the general case for f -divergences, known as ERM problems with f -
divergence regularization (ERM-fDR), with f -divergences, introduced in [134] and
further developed in [135] and [23]. For discrete cases, the ERM-fDR is explored
in [116] and [117], while more general settings are covered in [118] and [20]. The
method of proof favored in this chapter enables the derivation of new results that
have not been reported before. Firstly, the obtained solution holds for a family of
f -divergences that is larger than the one in [118]. For instance, the Type-II ERM-RER
studied in [119] and the ERM with Jensen-Shannon divergence regularization are both
special cases of the ERM-fDR problem studied in this paper. These are examples of
ERM-fDR problems that are not considered in [118]. Secondly, the permissible values
of the regularization factor that guarantee the existence of a solution are analytically
characterized. This is due that the works in [116, 117] and [118] are known only
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up to a regularization factor, without further analysis on the value. In this work,
analysis of the normalization factor is used to provide insights into possible future
paths to tackle the computational bottleneck of such a factor to make practical use
of the solution. For example, when using relative entropy as the regularizer, this
factor corresponds to the log partition function [115]. This computation for ERM-
fDR solutions is particularly challenging due to its dependence on evaluating the
empirical risk over all possible models in the support of the reference measure, a task
known to be #P -hard [133].

This chapter presents the solution to the ERM-fDR, which is obtained under milder
conditions than those in [118] using a method of proof that differs from those in [116,
117] and [118]. Then the solution is used to formalize the concept of the normalization
function introduced in [20] and derive an explicit form expression to the normalization
function by leveraging the implicit function theorem. Additionally, the new method of
proof allows showing that the solution to an ERM with f -divergence regularization
is identical to another ERM with g-divergence regularization, with an appropriate
transformation of the empirical risk function and some conditions on both functions f
and g.

4.2 ERM-fDR Problem
The ERM-fDR problem is parametrized by a probability measure Q ∈ 4pMq, a
positive real λ, and a function f : r0,∞q → R that satisfies the conditions in Def-
inition 1.5.1. The measure Q is referred to as the reference measure and λ as the
regularization factor.

Given the dataset z ∈ pX × Yq
n in (2.4), the ERM-fDR problem, with parame-

ters Q, λ and f , consists of the following optimization problem:

min
P∈△QpMq

RzpP q + λDf pP‖Qq, (4.1)

where the functional Rz is defined in (2.12). The optimization problem in (4.1) is
closely related to the following optimization problem:

min
P∈△QpMq

RzpP q (4.2a)

s.t. Df pP‖Qq ≤ η, (4.2b)

with η ∈ r0,∞q. The optimization problems in (4.1) and (4.2) do not share the same
solutions when for all θ ∈ suppQ, Lzpθq = c, for some c > 0. More specifically,
the set of solutions to the problem in (4.2) is {P ∈ 4QpMq : Df pP‖Qq ≤ η}, while
the set of solutions to (4.1) is the singleton {Q}. This distinction is mathematically
significant but can be ignored in practice, as it arises only when RzpP q in (2.12) is
constant for all measures P . In order to avoid the above case, the notion of separable
empirical risk functions in Definition 2.4.1 is adopted.

4.3 ERM-fDR Solution & Results
The solutions to the ERM-fDR problems in (4.1) and (4.2) are presented under the
following assumptions:

paq The function f is strictly convex and differentiable;
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pbq There exists a β such that

β ∈
{
t ∈ R : ∀θ ∈ suppQ, 0 < 9f−1

ˆ

− t+ Lzpθq

λ

˙}
, (4.3a)

and ∫
9f−1

ˆ

−β + Lzpθq

λ

˙

dQpθq = 1, (4.3b)

where the function Lz is defined in (2.6); and

pcq The function Lz in (2.6) is separable with respect to the probability measure
Q.

Under Assumptions paq and pbq, the solution to the optimization problem in (4.1)
was first presented in [20, Theorem 1]. Using Assumption pcq, the following theorem
shows that the problems in (4.1) and (4.2) share the same unique solution.
Theorem 4.3.1. Under Assumptions paq and pbq, the solution to the optimization
problem in (4.1), denoted by P pQ,λq

Θ|Z=z ∈ 4QpMq, is unique, and for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = 9f−1

ˆ

−β + Lzpθq

λ

˙

. (4.4)

Moreover, under Assumptions paq, pbq, and pcq, if λ in (4.1) and η in (4.2) satisfy

Df

´

P
pQ,λq

Θ|Z=z‖Q
¯

= η, (4.5)

then, the probability measure P pQ,λq

Θ|Z=z in (4.4) is also the unique solution to the opti-
mization problem in (4.2).

Proof: The proof is presented in Appendix C.1.

Interestingly, the proof presented in Appendix C.1 for (4.4), is different from the one
in [20, Theorem 1]. Also, the condition that β in (4.3b) satisfies Assumption pbq
in (4.3a), leads to observing that for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq > 0, (4.6)

which leads to the following corollary.
Corollary 4.3.1. Under Assumptions paq and pbq, the probability measures Q and
P

pQ,λq

Θ|Z=z in (4.4) are mutually absolutely continuous.

Corollary 4.3.1 reveals that the support of the reference measure Q establishes an
inductive bias that cannot be overcome, regardless of the choice of f -divergence. That
is, the support of the probability measure P pQ,λq

Θ|Z=z in (4.4) is identical to the support
of the reference measure Q. In a nutshell, the use of any f -divergence regularization,
under Assumptions paq and pbq, inadvertently forces the solution to the optimization
problems in (4.1) and (4.2) to coincide with the support of the reference measure
Q, independent of the training data. This observation has been already pointed out
for particular cases. For instance, when the function f is such that fpxq = x logpxq

in [84]; and fpxq = − logpxq in [119]. In general, this observation is particularly
important for choosing the reference measure Q.
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Examples

The following table presents the solutions to the optimization problem in (4.1) for
specific choices of the function f . Derivation of the table results are presented in
Appendix E.2.

Table 4.1: Solution to the ERM-fDR problem for different choices of f .

Name fpxq 9fpxq
dP

pQ,λq

Θ|Z=z

dQ pθq

Relative Entropy x logpxq 1 + logpxq exp
´

−β+λ+Lzpθq

λ

¯

Reverse Relative
Entropy − logpxq - 1x

λ
β+Lzpθq

Jeffreys x logpxq − logpxq logpxq + 1− x−1 exp
´

W0

´

exp
´

β+λ+Lzpθq

λ

¯¯

−β+λ+Lzpθq

λ

¯

Jensen-Shannon x log
´

2x
x+1

¯

+ log
´

2
x+1

¯

logp2xq − logpx+ 1q 1

2 exp
´

β+Lzpθq

λ

¯

−1

Hellinger p
?
x− 1q

2 1− 1?
x

´

λ
β+λ+Lzpθq

¯2

Pearson/ χ2 x2 − 1 2x λ+RzpQq−Lzpθq

2λ

It is noted that for the choice of relative entropy, the result from Theorem 4.3.1 re-
covers the results independently reported by several authors in [84, 92, 108, 113, 115],
and proved via a large variety of methods. Similarly, for the choice of reverse rela-
tive entropy, the result recovers the solution to the Type-II ERM-RER in Chapter 3,
which has been reported in [119]. Furthermore, the result also provides solutions to
unexplored divergences such as the Jeffreys Divergence and Hellinger, among oth-
ers.

Note also that for cases such as the χ2 divergence, it can be shown from Table 4.1
that there exist cases in which Assumption pbq is not met. For instance, if there exists
a model θ ∈ suppQ for which λ+ RzpQq < Lzpθq, then, for such a model θ, it holds
that 9f−1

´

−β+Lzpθq

λ

¯

= λ+RzpQq−Lzpθq

2λ < 0, which implies condition (4.3a) does not
hold. Alternatively, if λ > sup{Lzpθq − RzpQq : θ ∈ suppQ}, then β ∈ B, and thus,
P

pQ,λq

Θ|Z=z in (4.4) is the solution to the optimization problem in (4.1).

When Assumptions paq and pbq are not met, the solution to the optimization problems
in (4.1) and (4.2) cannot be obtained from Theorem 4.3.1. Moreover, in such a case,
nothing can be asserted on whether solutions to these optimization problems exist. In
a nutshell, the existence of the solution to the optimization problems in (4.1) and (4.2)
for the case in which Assumptions paq and pbq are not met is still an open problem.
Some interesting f -divergences do not meet both Assumptions paq and pbq, which is
the case of the total variation divergence.

Total Variation Divergence

Let the function f : p0,+∞q → R be such that fpxq = |x− 1|. The resulting f -
divergence Df pP‖Qq is the total variation between P andQ. Nonetheless, the function
f is not strictly convex and nondifferentiable at 1. Hence, the solution to the opti-
mization problems in (4.1) and (4.2) cannot be obtained from Theorem 4.3.1.

4.3.1 ERM-fDR Normalization Function

The notion of normalization function introduced in Chapter 3 is generalized by pro-
viding a definition for the ERM-fDR problem, defined hereunder, with a slight abuse
of notation for the definition of the sets AQ,z and BQ,z.
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Definition 4.3.1 (Normalization Function). The normalization function of the prob-
lem in (4.1), denoted by

NQ,z : AQ,z → BQ,z, (4.7a)

with AQ,z ⊆ p0,∞q and BQ,z ⊆ R, is such that for all λ ∈ AQ,z,∫
9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

dQpθq = 1. (4.7b)

The set AQ,z in (4.7a) contains all the regularization factors for which Assumption pbq
is satisfied. More specifically, it contains the regularization factors λ for which the
problem in (4.1) has a solution. Furthermore, the equality in (4.7b) justifies referring
to the function NQ,z as the normalization function, as it ensures that the measure
P

pQ,λq

Θ|Z=z in (4.4) is a probability measure.

The following theorem introduces one of the main properties of the function NQ,z

in (4.7), as it ensures that the measure P pQ,λq

Θ|Z=z in (4.4) is a probability measure.
Theorem 4.3.2. The function NQ,z in (4.7) is continuous within the interior of AQ,z

in (4.7a) and for all λ ∈ AQ,z, the NQ,zpλq is unique. Furthermore, if the function
f is twice differentiable, for all λ ∈ AQ,z,

NQ,zpλq = λ
d

dλ
NQ,zpλq − Rz

´

P pλq
¯

, (4.8)

where the probability measure P pλq ∈ 4QpMq satisfies for all θ ∈ suppQ,

dP pλq

dQ
pθq =

˜

:f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸¸−1

∫ ˜

:f

˜

dP
pQ,λq

Θ|Z=z

dQ
pνq

¸¸−1

dQpνq

. (4.9)

Proof: The proof is presented in Appendix C.2.

The result in Theorem 4.3.2 does not provide a direct computational method for
obtaining the solution to the optimization problem (4.1); instead, it functions as an
analytical tool for characterizing and controlling the evolution of the regularization
path. Its practical significance arises primarily when the choice of λ is treated as a
tunable parameter rather than as a fixed hyperparameter.
Lemma 4.3.2. Under the assumption that piq the function f is twice differentiable,
piiq the function 9f−1 is log convex, which is equivalent that for all u ∈ dom f such
that d

du

´

u :fpuq

¯

≥ 0, and piiiq the function f satisfies for all probability measures
P ∈ 4QpMq, ∫

dP

dQ
pθq 9f

ˆ

dP

dQ
pθq

˙

dQpθq ≥ 0. (4.10)

Then, the normalization function NQ,z in (4.7) is monotonicaly decreasing.

Proof: The proof is presented in Appendix C.3.

The continuity and monotonicity exhibited by the function NQ,z allow the following
characterization of the set AQ,z.



44 Chapter 4. ERM with f-Divergence Regularization

Lemma 4.3.3. The set AQ,z in (4.7a) is either empty or an interval that satisfies

AQ,z =


”

λ⋆Q,z,∞
¯

if
∫

9f−1

˜

− t+ Lzpθq

λ⋆Q,z

¸

dQpθq <∞,

´

λ⋆Q,z,∞
¯

otherwise,

(4.11)

where t > limλ→λ⋆
Q,z

+ NQ,zpλq and NQ,z is defined in (4.7).

Proof: The proof is presented in Appendix C.4.

Lemma 4.3.3 highlights two facts. First, the set AQ,z is a convex subset of positive
reals. Second, if there exists a solution to the optimization problem in (4.1) for
some λ > 0, then there exists a solution to such a problem when λ is replaced
by λ̄ ∈ pλ,∞q.

Note that even in cases where the reference measure Q is analytically or numerically
computable with respect to the empirical risk function Lz in (2.6), finding the value
of NQ,zpλq remains challenging. This is because NQ,zpλq appears inside the func-
tion 9f−1, which tends to introduce nonlinearity into the equation. The exception is
the χ2divergence, where the equation remains linear. In general, solving nonlinear
equations involving high-dimensional integrals is computationally demanding.

However, for the case in which the integrals with respect to Q are computable, the
results presented in Theorem 4.3.2, combined with Lemma 4.3.3, provide a pathway
to compute the value of the normalization function using bracketing methods. This
approach leverages the monotonicity and continuity of the solutions within the set
AQ,z, which allows computing the integral in (4.7b), for real values β and β̄, such
that β < NQ,zpλq < β̄. Specifically, in this case, the value NQ,zpλq that satisfies the
condition in (4.7b) can be obtained using root-finding algorithms, more precisely via
the bisection method.

The following lemma presents a case in which the set AQ,z in (4.7a) can be fully
characterized.
Lemma 4.3.4. If the function 9f−1 in (4.4) is strictly positive, then the set AQ,z is
identical to p0,∞q.

Proof: The proof is presented in Appendix C.5.

From Table 4.1, the condition of Lemma 4.3.4 is satisfied by the Kullback-Leibler
Divergence, Jeffreys Divergence, and Hellinger Divergence. For those cases, it holds
that AQ,z = p0,∞q. Alternatively, Table 4.1 shows that the Reverse Relative En-
tropy Divergence, Jensen-Shannon Divergence, and χ2 Divergence do not satisfy the
condition of Lemma 4.3.4. Thus, the value λ⋆Q,z in (3.17) depends on Q, z and ℓ,
such that in the case in which λ⋆Q,z > 0 implies the existence of an interval

´

0, λ⋆Q,z

¯

or
´

0, λ⋆Q,z

ı

, for which Theorem 4.3.1 does not provide insights into the solution to
the optimization problem (4.1). Appendix E.1 introduces some examples to illustrate
particular cases in which the set AQ,z is open or semi-open.

4.3.2 Properties of the ERM-fDR solution

This section studies the properties of the solution to the ERM-fDR problem in (4.1)
and (4.2). Note that from Theorem 4.3.1 models resulting in lower empirical risks
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correspond to greater values of the Radon-Nikodym derivative
dP

pQ,λq

Θ|Z=z

dQ in (4.4). The
following lemma formalizes this observation.
Lemma 4.3.5. For all pθ1,θ2q ∈ psuppQq

2, such that Lzpθ1q ≤ Lzpθ2q, with Lz
in (2.6), the Radon-Nikodym derivative in (4.4) satisfies

dP
pQ,λq

Θ|Z=z

dQ
pθ2q ≤

dP
pQ,λq

Θ|Z=z

dQ
pθ1q, (4.12)

with equality if and only if Lzpθ1q = Lzpθ2q.

Proof: The proof is presented in Appendix C.6.

The Radon-Nikodym derivative
dP

pQ,λq

Θ|Z=z

dQ in (4.4) is always finite and strictly positive.
This observation is formalized by the following lemma.

Lemma 4.3.6. The Radon-Nikodym derivative
dP

pQ,λq

Θ|Z=z

dQ in (4.4) satisfies for all θ ∈
suppQ

0 <
dP

pQ,λq

Θ|Z=z

dQ
pθq ≤ 9f−1

ˆ

−
δ⋆Q,z + β

λ

˙

<∞, (4.13)

where the equality holds if and only if θ ∈ L⋆
Q,z ∩ suppQ.

Proof: The proof is presented in Appendix C.7.

The next lemma shows that the expected empirical risk induced by the solution to the
optimization problems in (4.1) and (4.2), P pQ,λq

Θ|Z=z in (4.4), monotonically decreases
with respect to the regularization factor λ. This observation is formalized by the
following lemma.
Lemma 4.3.7. For all pλ1, λ2q ∈ p0,∞q

2, such that λ1 < λ2, the probability measure
P

pQ,λq

Θ|Z=z in (4.4) satisfies

δ⋆Q,z ≤ Rz

´

P
pQ,λ1q

Θ|Z=z

¯

≤ Rz

´

P
pQ,λ2q

Θ|Z=z

¯

≤ RzpQq, (4.14)

where the equality holds if and only if Lz in (2.6) is nonseparable with respect to the
probability measure Q.

Proof: The proof is presented in Appendix C.8.

4.3.3 Equivalence of the f-Regularization via Transformation of the
Empirical Risk

This section shows that given two strictly convex and differentiable functions f and g
that satisfy the conditions in Definition 1.5.1, there exists a function v : r0,∞q → R,
such that the solution to the optimization problem in (4.1) is identical to the solution
of the following problem:

min
P∈△QpMq

∫
vpLzpθqqdP pθq + λDgpP‖Qq, (4.15)

with λ and Q in (4.1). The main result of this section is presented in the following
theorem.
Theorem 4.3.3. Let f and g be two strictly convex and differentiable functions sat-
isfying the conditions in Definition 1.5.1. If the problem in (4.1) possesses a solution,
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then

arg min
P∈△QpMq

∫
LzpθqdP pθq + λDf pP‖Qq

= arg min
P∈△QpMq

∫
vpLzpθqqdP pθq + λDgpP‖Qq, (4.16)

where the function v : r0,∞q → R is such that

vptq = −λ 9g

ˆ

9f−1

ˆ

−
NQ,zpλq + t

λ

˙˙

− c, (4.17)

where NQ,z is the normalization function of the optimization problem in (4.1) and c
is a constant such that c ∈ R.

Proof: Note that from Theorem 4.3.1, the functions f and g are differentiable and
strictly convex. Hence, the functional inverse of the derivative is well-defined from
the fact that 9f and 9g are strictly increasing and bijective. Denote by P̂

pQ,λq

Θ|Z=z the
solution to the optimization problem in (4.15). Then, from Theorem 4.3.1, for all
θ ∈ suppQ, it follows that

dP̂
pQ,λq

Θ|Z=z

dQ
pθq= 9g−1

ˆ

−
N̂Q,zpλq + vpLzpθqq

λ

˙

(4.18)

= 9g−1

ˆ

9g

ˆ

9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙˙

+
c− N̂Q,zpλq

λ

˙

, (4.19)

where N̂Q,z is the normalization function of the optimization problem in (4.15). Then,
under the assumption that N̂Q,z satisfies N̂Q,zpλq > c, from the monotonicity of 9g−1,
for all θ ∈ suppQ,

9g−1

ˆ

9g

ˆ

9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙˙

−
N̂Q,zpλq + c

λ

˙

< 9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

. (4.20)

Similarly, under the assumption that N̂Q,z satisfies N̂Q,zpλq < c, from the mono-
tonicity of 9g−1, for all θ ∈ suppQ,

9g−1

ˆ

9g

ˆ

9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙˙

−
N̂Q,zpλq + c

λ

˙

> 9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

. (4.21)

Note that N̂Q,z needs be such that,

1 =

∫ dP̂
pQ,λq

Θ|Z=z

dQ
pθqdQpθq. (4.22)

Under the assumption that N̂Q,zpλq > c, from (4.20), it follows that

∫ dP̂
pQ,λq

Θ|Z=z

dQ
pθqdQpθq <

∫
9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

dQpθq (4.23)

= 1. (4.24)
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Similarly, under the assumption that N̂Q,zpλq < c, from (4.21), it follows that

∫ dP̂
pQ,λq

Θ|Z=z

dQ
pθqdQpθq >

∫
9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

dQpθq (4.25)

= 1. (4.26)

Therefore, the normalization function N̂Q,z satisfies

N̂Q,zpλq = c. (4.27)

Thus, from (4.19) and (4.27), for all θ ∈ suppQ that

dP̂
pQ,λq

Θ|Z=z

dQ
pθq= 9f−1

ˆ

−
NQ,zpλq + Lzpθq

λ

˙

(4.28)

=
dP

pQ,λq

Θ|Z=z

dQ
pθq, (4.29)

where (4.28) follows from (4.17), which completes the proof.

Theorem 4.3.3 establishes an equivalence between two ERM problems subject to dif-
ferent f -divergence regularizations. Such equivalence can always be established as
long as the corresponding divergences are defined by strictly convex and differen-
tiable functions. Furthermore, for all strictly convex f functions, the solution to the
corresponding ERM with f -divergence regularization is mutually absolutely contin-
uous with respect to the reference measure. Another important observation follows
from noting that for any strictly convex function f , the derivative 9f is strictly increas-
ing, and from Lemma 4.3.5 the function 9f−1 is strictly decreasing with respect to the
empirical risk implies that for a given λ the function v in (4.17) is monotonic.

The following example illustrates the equivalence between two f -divergence regular-
izations.
Example 4.3.1. Consider the optimization problems in (4.1) and (4.15) with fptq =
− logptq and gptq = t logptq, respectively. Under the current assumptions, the objective
of this example is to demonstrate the equivalence of the solutions to the optimization
problems in (4.1) and (4.15). The solution to the optimization problem in (4.1) is de-
scribed in Section E.2.1. Denote by P̂ pQ,λq

Θ|Z=z the solution to the optimization problem
in (4.15). From Theorem 4.3.1, it follows that for all θ ∈ suppQ,

dP̂
pQ,λq

Θ|Z=z

dQ
pθq=

λ

vpLzpθqq + β
, (4.30)

where the function v is defined in (4.17) and under the assumptions of this example
satisfies for all θ ∈ suppQ,

vpLzpθqq =
λ

exp
´

−Lzpθq

λ − log
´∫

exp
´

−Lzpνq

λ

¯

dQpνq

¯¯ − β. (4.31)

Plugging (4.31) into (4.30) yields

dP̂
pQ,λq

Θ|Z=z

dQ
pθq=

exp
`

− 1
λLzpθq

˘∫
exp

`

− 1
λLzpνq

˘

dQpνq
, (4.32)
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which is the solution to the optimization problem in (4.1) presented in Section E.2.1.

Hence, from the above example, it is possible to transform the empirical risk function
to map from problems with regularization Type-I to problems with regularization
Type-II and the converse is possible. Note that this is true for all other strictly
convex f -divergences as long as the choice of λ belongs to the set AQ,z in (4.7a) for
the optimization problems (4.1) and (4.2) with each of the chosen divergences.

Type-I Type-II

vpLzpθqq = λ logpN̂Q,zpλq + Lzpθqq

v̄pLzpθqq = λ

exp
´

− Lzpθq

λ
−log

´∫
exp

´

− Lzpνq

λ

¯

dQpνq
¯¯ − N̂Q,zpλq

Figure 4.1: Representation of the empirical risk transformation from the f -divergence induced by fptq =
− logptq and the g-divergence induced by gptq = t logptq.

4.4 Numerical Comparison of ERM-fDR Regularizations
This section presents a machine learning example used in Chapter 3 Section 3.4, by
computing the results for new choices of f in the ERM-fDR optimization problem.
The solution P pQ,λq

Θ|Z=z1
to the ERM-fDR optimization problems in (4.1) and (4.2) when

Figure 4.2: Average Training Error: average of the expected empirical risks Rz1

´

P
pQ,λq

Θ|Z=z1

¯

, for the f -
divergence regularization Type-I ERM-RER, Type-II ERM-RER, Shannon-Jensen and Hellinger in Table 4.1,

respectively, computed over one hundred different training and test dataset random selections.
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Figure 4.3: Average Test Error: average of the expected empirical risks Rz2

´

P
pQ,λq

Θ|Z=z1

¯

, for the f -divergence
regularization Type-I ERM-RER, Type-II ERM-RER, Shannon-Jensen and Hellinger in Table 4.1, respec-

tively, computed over one hundred different training and test dataset random selections.

Figure 4.4: Average of the differences Rz2

´

P
pQ,λq

Θ|Z=z1

¯

− Rz1

´

P
pQ,λq

Θ|Z=z1

¯

, for the f -divergence regularization
Type-I ERM-RER, Type-II ERM-RER, Shannon-Jensen and Hellinger in Table 4.1, respectively, computed

over one hundred different training and test dataset random selections.

choosing f to be the reverse relative entropy (Type-II ERM-RER) exhibits the largest
expected empirical risk Rz1

´

P
pQ,λq

Θ|Z=z1

¯

compared to the ERM-fDR solutions with
relative entropy (Type-I ERM-RER), Hellinger and Shannon-Jensen regularization
in Table 4.1, as shown in Figure 4.2 and Figure 4.3.

However, the sensitivity analysis in Figure 4.4 reveals that Type-I has a larger sensi-
tivity than the f -divergence regularization Type-II, Shannon-Jensen, and Hellinger in
Table 4.1. This suggests that Type-I is more likely to overfit than Type-II, Shannon-
Jensen, and Hellinger. Remarkably, for small values of the regularization factor λ, the
sensitivity of Type-I is significantly smaller on average than that of Type-II, Shannon-
Jensen and Hellinger, despite all solutions yielding comparable expected empirical risk
as shown in Figure 4.3. The example above showcases a simple implementation of the
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solutions for the ERM-fDR problem with different choices of f , in which sampling
from these distributions is achieved through MCMC and rejection sampling [136].
Following on the discussion in Chapter 3 Section 3.4, the tradeoff off asymmetry be-
tween the Type-I and Type-II ERM-RER solutions, where Type-I favors overfitting
data at the expense of sensitivity, while Type-II leans more towards a conservative
approach by underfitting the data at the expense of training error and test error,
seems to be balanced for cases in which symmetric regularization functions, such as
Hellinger and the Shannon-Jensen divergence are chosen. This particular observa-
tion opens the door for future study of f -divergences as potential regularizers that
can give tighter guarantees in statistical learning algorithms compared to the Gibbs
probability distribution, which results from the Type-I ERM-RER problem.

4.5 Conclusions
This work has presented the solution to the ERM-fDR problem under mild conditions
on f , namely, paq strict convexity and pbq differentiability. Under these conditions,
the optimal measure is shown to be unique and sufficient conditions for the existence
of the solution are presented. These conditions, jointly with the implicit function
theorem, provide an explicit expression for the normalization function. This result
unveils the fact that all parameters are involved in guaranteeing the existence of a
solution. Remarkably, the f -divergence regularizer can be transformed into a differ-
ent f -divergence regularizer by a transformation of the empirical risk. The mutual
absolute continuity of the ERM-fDR solutions to the reference measure can be un-
derstood in light of the equivalence between the regularization. The analytical results
have also enabled us to provide insights into choices of f -divergences for algorithm
design in statistical machine learning.
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Chapter 5

ERM-fDR Duality

A dual formulation of ERM-fDR is introduced and shown to have a duality gap zero
with respect to the ERM-fDR solution. This dual approach leverages the Legendre-
Fenchel transform to provide an alternative method to compute the expected em-
pirical risk of ERM-fDR solution. Furthermore, the alternative characterization of
the expected empirical risk enables explicit characterizations of the generalization
error for general algorithms under mild conditions and another for ERM-fDR solu-
tions.

5.1 Introduction
Dual problem formulations play a central role in optimization theory [137] and [25],
which can offer both theoretical insights and computational advantages for optimiza-
tion problems. Transforming the original (primal) problem into its dual counter-
part opens the door to making use of properties such as convexity and separability,
which are often not readily apparent in the primal formulation. In this context, the
ERM-fDR problem benefits from dual formulations due to its strict convexity. By
leveraging the techniques presented in [20] – which goes along the lines of the meth-
ods in [84, 109, 138]; and relying on the Gâteaux derivative [139] and vector space
methods [24], this chapter introduces a dual formulation for the ERM-fDR problem.
The proposed dual formulation provides a convenient way to compute the normal-
ization function, while offering operational insights into the characterization of the
generalization error for statistical learning algorithms.

This chapter makes the following contributions: A dual optimization problem to the
ERM-fDR is introduced in Section 5.2 and its solution is derived, jointly with con-
ditions provided to ensure equivalence between the dual and primal solutions. The
dual solution is used to characterize the normalization function via the implicit func-
tion theorem, connecting the ERM-fDR solution to the dual through the Legendre-
Fenchel transform. Finally, the connection between the Legendre-Fenchel transform
and f -divergence regularization is used to explicitly characterize the generalization
error for the ERM-fDR problem in Section 5.4.

5.2 ERM-fDR Dual Problem
The duality principle [25, Chapter 5] enables the reformulation of the optimization
problem in (4.1) into an alternative form, known as the dual problem. In this sec-
tion, this dual formulation is derived using the Legendre-Fenchel transform [25], see
Definition 1.5.2.
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Using this notation, consider the following problem

min
β∈R

λ

∫
f∗

ˆ

−β + Lzpθq

λ

˙

dQpθq + β, (5.1)

where the real λ, the measure Q and the function f are those in (4.1); and the
functions Lz and f∗ are defined in (2.6) and (1.7), respectively.

5.3 ERM-fDR Dual Solution & Results
The following theorem introduces the solution to the problem in (5.1).
Theorem 5.3.1. Under Assumptions paq and pbq the solution to the optimization
problem in (5.1) is NQ,zpλq, where the function NQ,z is defined in (4.7).

Proof: Let G : R → R be a function such that

Gpβq = λ

∫
f∗

ˆ

−β + Lzpθq

λ

˙

dQpθq + β, (5.2)

which is the objective function of the optimization problem in (5.1). Note that G
in (5.2) is a convex function, and thus satisfies:

d

dβ
Gpβq =

d

dβ

ˆ

λ

∫
f∗

ˆ

−β + Lzpθq

λ

˙

dQpθq + β

˙

(5.3)

= λ

∫
d

dβ
f∗

ˆ

−β + Lzpθq

λ

˙

dQpθq + 1 (5.4)

= −
∫

9f∗
ˆ

−β + Lzpθq

λ

˙

dQpθq + 1, (5.5)

where 9f∗ is the derivative of the function f∗ in (5.1). Let the solution to the opti-
mization problem in (5.2) be denoted by pβ ∈ R and note that the derivative of the
function G evaluated at pβ is equal to zero, that is∫

9f∗

˜

−
pβ + Lzpθq

λ

¸

dQpθq = 1. (5.6)

From [137, Corollary 23.5.1] and Assumption paq, the following equality holds for all
t ∈ J , with J in (1.8),

d

dt
f∗ptq = 9f∗ptq = 9f−1ptq, (5.7)

where the functions 9f−1 and 9f∗ are defined in (1.5) and (5.5), respectively. From (5.6)
and (5.7), it follows that ∫

9f−1

˜

−
pβ + Lzpθq

λ

¸

dQpθq = 1, (5.8)

which combined with (4.7b) and Assumption pbq yields

NQ,zpλq = pβ, (5.9)

and completes the proof.
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Note that the proof leads to the following corollary.

Corollary 5.3.1. The Radon-Nikodym derivative
dP

pQ,λq

Θ|Z=z

dQ in (4.4) satisfies for all θ ∈
suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = 9f∗

ˆ

−
Lzpθq +NQ,zpλq

λ

˙

, (5.10)

where the functions Lz, NQ,z and 9f∗ are defined in (2.6), (4.7) and (5.7), respectively.

Corollary 5.3.1 connect the results from Theorem 4.3.1 to the optimization problem
in (5.1) via Legendre-Fenchel transform in Definition 1.5.2. Using this connection,
the following lemma establishes that the problem in (5.1) is the dual problem to the
ERM-fDR problem in (4.1) and characterizes the difference between their optimal
values, which is often referred to as the duality gap [89, Section 8.3].
Lemma 5.3.2. Under Assumptions paq and pbq, the optimization problem in (5.1)
is the dual problem to the ERM-fDR problem in (4.1). Moreover, the duality gap is
zero.

Proof: Under Assumption paq and [25, Section 3.3.2], it can be verified that for all
t ∈ J , with J in (1.8), the function f∗ in (1.7) satisfies

f∗ptq = t 9f∗ptq − fp 9f∗ptqq, (5.11)

where the function 9f∗ is the same as in (5.7). Then, from (5.11) and Corollary 5.3.1,
for all θ ∈ suppQ, it holds that

Lzpθq + λf

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

dQ

dP
pQ,λq

Θ|Z=z

pθq

= −λf∗
´

−
NQ,zpλq + Lzpθq

λ

¯ dQ

dP
pQ,λq

Θ|Z=z

pθq−NQ,zpλq. (5.12)

Taking the expectation in both sides of (5.12) with respect to the probability measure
P

pQ,λq

Θ|Z=z in (4.4) yields

Rz

´

P
pQ,λq

Θ|Z=z

¯

+ λDf

´

P
pQ,λq

Θ|Z=z‖Q
¯

=−λ
∫
f∗

´

−
NQ,zpλq + Lzpθq

λ

¯

dQpθq −NQ,zpλq. (5.13)

Using Theorem 4.3.1 and Theorem 5.3.1 in the left-hand and right-hand sides of (5.13),
respectively, yields

min
P∈△QpMq

RzpP q + λDf pP‖Qq

= max
β∈R

−λ
∫
f∗

´

− β + Lzpθq

λ

¯

dQpθq − β. (5.14)

The proof that the optimization problem in (5.1) is the dual to the ERM-fDR problem
in (4.1) follows from (5.14) and [24, Theorem 1, Section 8.4]. The zero duality gap is
established by the equality in (5.14), which completes the proof.
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5.3.1 ERM-fDR Expected Empirical Risk

The following theorem connects the Legendre-Fenchel transform in Definition 1.5.2
and the normalization NQ,z function in (4.7), with respect to the solution to the
optimization problem in (4.1).
Lemma 5.3.3. The probability measure P pQ,λq

Θ|Z=zin (4.4) satisfies

Rz

´

P
pQ,λq

Θ|Z=z

¯

+λDf

´

P
pQ,λq

Θ|Z=z‖Q
¯

=−λ
∫
f∗

ˆ

−
Lzpθq+NQ,zpλq

λ

˙

dQpθq −NQ,zpλq,

(5.15)
and

RzpQq + λ

∫
f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

dP
pQ,λq

Θ|Z=zpθq =− λ

∫
f∗

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

dP
pQ,λq

Θ|Z=zpθq

−NQ,zpλq, (5.16)

where f∗ is the Legendre-Fenchel transform of f (see Definition 1.5.2), the functions
NQ,z is defined in (4.7), and the functional Rz is defined in (2.12).

Proof: The proof is presented in Appendix D.2.

5.4 Exact Characterization of the Generalization Error
Let the functional G : pX × Yq

n ×4pMq ×4pMq → R satisfy

Gpz, P1, P2q = RzpP1q − RzpP2q. (5.17)

The value Gpz, P1, P2q in (5.17) represents the variation of the functional Rz in (2.12)
when its argument changes from P2 to P1. This variation is referred to as an algorithm
driven gap in [18], which is justified by the fact that P1 and P2 can be assimilated to
learning algorithms. Using this notion, this section studies the generalization error
of machine learning algorithms.
Definition 5.4.1 (Generalization Error [18, Definition 4]). The generalization error
induced by the algorithm PΘ|Z ∈ 4pM|pX × Yq

n
q under the assumption that train-

ing and test datasets are independently sampled from a probability measure PZ ∈
4ppX × Yq

n
q, which is denoted by ¯̄G

`

PΘ|Z , PZ

˘

, is

¯̄G
`

PΘ|Z , PZ

˘

=

∫∫
`

Ru

`

PΘ|Z=z

˘

−Rz

`

PΘ|Z=z

˘˘

dPZpuqdPZpzq. (5.18)

Consider the following assumptions:

pdq For all z ∈ pX × Yq
n, the probability measure PΘ|Z=z is absolutely continuous

with respect to the probability measure PΘ ∈ 4QpMq, which satisfies for all
measurable subsets C of M

PΘpCq =

∫
PΘ|Z=zpCqdPZpzq. (5.19)

peq The probability measure PΘ in (5.19) and Q in (4.1) are mutually absolutely
continuous.
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Under Assumptions pdq and peq, it follows from [18, Lemma 3] that the generalization
error ¯̄G

`

PΘ|Z , PZ

˘

in (5.18) satisfies

¯̄G
`

PΘ|Z , PZ

˘

=

∫
G

`

z, PΘ, PΘ|Z=z

˘

dPZpzq (5.20)

=

∫
G

´

z, PΘ, P
pQ,λq

Θ|Z=z

¯

−G
´

z, PΘ|Z=z, P
pQ,λq

Θ|Z=z

¯

dPZpzq, (5.21)

where the measures P pQ,λq

Θ|Z=z and PΘ are defined in (4.4) and (5.19), respectively; and
the functional G is defined in (5.17). The following theorem presents the main tool
in this section.
Theorem 5.4.1. The probability measure P

pQ,λq

Θ|Z=z in (4.4) satisfies for all P ∈
4QpMq,

G
´

z, P, P
pQ,λq

Θ|Z=z

¯

=λ

∫ ˜

1− dP

dP
pQ,λq

Θ|Z=z

pθq

¸̃

f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

+ f∗
ˆ

−
Lzpθq+NQ,zpλq

λ

˙

¸

dQpθq,(5.22)

where the functions Lz, NQ,z, and f∗ are defined in (2.6), (4.7) and (1.7), respectively;

and the Radon-Nikodym derivative
dP

pQ,λq

Θ|Z=z

dQ is defined in (4.4).

Proof: The proof is presented in Appendix D.1.

Note that the Theorem 5.4.1 serves two purposes. The first is that it can be used
to quantify the information gap between any measure with respect to the solution.
This is particularly useful when compared to the prior Q as it becomes a metric on
the improvement in expected empirical risk with respect to priors for different choices
of f , which can be reduced to other statistical distances, as shown by the following
examples.

Relative Entropy: Let the function f : p0,+∞q → R be such that fpxq = x logpxq,
the gap in (5.17) of solution of the Type-I ERM-RER in (2.16) with respect to the
reference measure Q reduces to

G
´

z, Q, P
pQ,λq

Θ|Z=z

¯

= λDJ

´

Q‖P pQ,λq

Θ|Z=z

¯

, (5.23)

which recovers the results previously reported by other authors in [115, Lemma 3]
and [84, Lemma 20].

Reverse Relative Entropy: Let the function f : p0,+∞q → R be such that
fpxq = − logpxq, the gap in (5.17) of solution of the Type-II ERM-RER in (3.4) with
respect to the reference measure Q reduces to

G
´

z, Q, P̄
pQ,λq

Θ|Z=z

¯

= λχ2
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

. (5.24)

The second purpose of Theorem 5.4.1, it that it allows generalizing the method of
algorithm-driven gaps introduced in [18]. In particular the choice of fpxq = x logpxq

in Theorem 5.4.1 leads to [115, Theorem 1]. Moreover, using Theorem 5.4.1 in (5.21)
leads to the following characterization of ¯̄G

`

PΘ|Z , PZ

˘

in (5.18).
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Theorem 5.4.2. The generalization error ¯̄G
`

PΘ|Z , PZ

˘

in (5.18), under Assump-
tions paq, pbq, pdq and peq, satisfies

¯̄G
`

PΘ|Z , PZ

˘

= λ

∫ ∫ ˜

f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

+f∗

˜

−
Lzpθq +NQ,zpλq

λ

¸¸

˜

dPΘ

dP
pQ,λq

Θ|Z=z

pθq −
dPΘ|Z=z

dP
pQ,λq

Θ|Z=z

pθq

¸

dQpθqdPZpzq, (5.25)

where the functions Lz, NQ,z, and f∗ are defined in (2.6), (4.7) and (1.7), respectively;
and the probability measure P pQ,λq

Θ|Z=z and the real λ are those in (4.4).

Proof: The proof is presented in Appendix D.3.

The expression in (5.25) significantly simplifies for some choices of f . See for instance,
the case in which fpxq = x logpxq in [18, Lemma 4]. Another case in which such
expression becomes particularly simple is the case in which the algorithm PΘ|Z is the
solution to the optimization problems (4.1) and (4.2). In such a case, the following
holds.
Theorem 5.4.3. Consider the solution to the optimization problem in (4.1), P pQ,λq

Θ|Z=z

in (4.4), and consider also the generalization error ¯̄GpP
pQ,λq

Θ|Z , PZq defined as in (5.18).
Under Assumptions paq, pbq, pdq and peq, the following holds

¯̄G
´

P
pQ,λq

Θ|Z , PZ

¯

= λ

∫ ˜ ∫
9f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

dP
pQ,λq

Θ|Z=zpθq

−
∫

9f

˜

dP
pQ,λq

Θ|Z=z

dQ
pθq

¸

dP
pQ,λq

Θ pθq

¸

dPZpzq, (5.26)

where the function 9f is defined in (1.4).

Proof: The proof is presented in Appendix D.4.

The case in which fpxq = x logpxq in Theorem 5.4.2 and Theorem 5.4.3, which cor-
responds to the Gibbs algorithm, leads to the existing results in [84, Theorem 16]
and [104, Theorem 1]. Note that, from both Theorem 5.4.2 and Theorem 5.4.3, the
expression on the generalization error connect the population risk directly to the
stochastic behavior of the learning algorithm through the distribution of models it
induces. In practical terms, whenever the inner integral can be computed exactly
or bounded effectively, it becomes possible to derive quantitative guarantees on the
expected performance of the learned model across the population. Such expressions
enable the development of theoretically grounded generalization bounds, facilitate
the study of regularization effects, and provide a systematic route for comparing al-
gorithms under uncertainty. Nevertheless a major bottle neck to the usefulness of this
results remains the ability to computed the expressions. However, effective bounding
could prove useful.

5.5 Conclusions
This work has established the conditions under which the solution to the ERM-fDR
problem in (4.1) also serves as the solution to the optimization problem in (4.2).
Furthermore, the solution of the ERM-fDR problem has been connected to the
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Legendre-Fenchel transform by establishing the dual problem in (5.1) to the opti-
mization problem in (4.1). This connection between the dual formulation and the
Legendre-Fenchel transform provides explicit expressions on the expected empirical
risk. Notably, the link to the Legendre-Fenchel transform, under mild assumptions,
enables the derivation of an explicit expression for the generalization error of general
learning algorithms. Lastly, it offers a separate explicit expression for evaluating the
generalization error of algorithms arising as the solution to an ERM-fDR optimiza-
tion problem.
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Chapter 6

Conclusion

This research project has made significant contributions to the fields of statistical
learning and machine learning by theoretically characterizing the impact of regular-
ization in supervised learning using information measures. The exploratory approach
adopted in this work has enabled a thorough comprehension of the role of regulariza-
tion, particularly through the lens of relative entropy and general f -divergences, and
their implications for empirical risk minimization and generalization error.

6.1 Contributions
The contributions to statistical learning and ML are presented as follows:

The first objective, the Characterization of Asymmetry in Relative Entropy Regular-
ization, focused on understanding the role of asymmetry in empirical risk minimiza-
tion with relative entropy regularization. By solving the Type-II ERM-RER, this
work provides insight into the inductive bias of reverse relative entropy and relative
entropy, which causes the support of the solution to collapse into the support of the
reference measure. Additionally, the analysis of the benefits of using DpQ‖P q ver-
sus DpP‖Qq and the generalization to symmetrized relative entropy has advanced
the understanding of how the choice of the empirical risk function influences learning
algorithms, via their equivalence through appropriate empirical risk function transfor-
mation. These contributions are particularly valuable for statistical learning as they
offer insights into the trade-offs between model complexity and generalization.

The second objective, the Generalization to f -divergences as Regularizers, extended
the findings from relative entropy regularization to general f -divergences. By deriving
bounds over the expected empirical risk and providing a general analytical solution
in terms of the f -divergence functional, this research has broadened the applicability
of regularization techniques in supervised statistical machine learning. These results
also enable the characterization of the normalization function, which is akin to the
normalization factor. Thus, enhancing the understanding of the ERM-fDR solution
and providing properties that can be leveraged to compute the solution. This contri-
bution opens the door for further research in this venue as a possible tool to bridge
statistical learning theory and practical machine learning applications.

The third objective, the Characterization of Generalization Error for f -divergence
Regularized Algorithms, addressed the generalization error of f -divergence regular-
ized algorithms. By solving the dual problem for empirical risk minimization and
demonstrating that the duality gap is zero via the Legendre-Fenchel transform, this
work has provided a rigorous theoretical foundation for understanding the general-
ization properties of regularized models. Furthermore, the extension of the *method
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of gaps* to f -divergence regularization represents a novel contribution to the field,
offering a new framework for analyzing generalization errors in a broader class of
learning algorithms. This advancement is particularly significant for machine learn-
ing as it enhances the theoretical understanding of how regularization impacts model
performance on unseen data.

In summary, this research has made the following key contributions:

• Developed theoretical bounds and insights into the role of asymmetry in relative
entropy regularization, aiding in the selection of regularization parameters.

• Generalized regularization techniques to f -divergences, providing a broader
framework for empirical risk minimization.

• Characterized the generalization error for f -divergence regularized algorithms,
advancing the understanding of model performance and robustness.

These contributions collectively enhance the theoretical foundations of f -divergence
regularization in statistical learning, providing insight into properties of the f -divergence
family of regularization. The findings provide valuable tools for researchers and prac-
titioners to provide guarantees on the Generalization error of algorithms and design
their algorithms.

6.2 Limitations of the current work
The primary practical limitation of the ERM-fDR framework lies in the computa-
tional complexity associated with evaluating and optimizing the f -divergence term.
Except in special cases, most notably the relative entropy divergence and χ2, the nor-
malization condition for the optimal distribution P pQ,λq

Θ|Z=z does not admit a closed-form
expression, requiring the solution of nonlinear ODEs. When the support of Q con-
tains uncountably many models, the resulting optimization involves iterating over all
data points at each step, which introduces significant computational overhead. This
difficulty is further amplified in high-dimensional parameter spaces, where numerical
integration or Monte Carlo estimation of expectations under Q becomes expensive or
untractable.

Moreover, the pointwise transformation
dP

pQ,λq

Θ|Z=z

dQ pθq = 9f−1
´

−Lzpθq+NQ,zpλq

λ

¯

can be
ill-conditioned for certain choices of f , as expresed by the need of verifing Assump-
tion pbq. Divergences such as reverse-relative entropy or Hellinger introduce sharp
descontinuitis that amplify small numerical errors in the loss or in the estimation of
NQ,z. As a consequence, implementations often rely on approximate solvers, dis-
cretization schemes. Despite its analytical structure, the ERM-fDR formulation
therefore remains computationally challenging to scale in modern large-sample or
high-dimensional settings.

Another important concern is the sensitivity of the learned distribution P
pQ,λq

Θ|Z=z to
both the choice of the f -divergence and the regularization parameter λ. Different
divergences impose qualitatively distinct penalization: the relative entropy encourages
smooth reweighting relative to Q, while the reverse-relative entropy produce heavy-
tailed solutions from the analyisis in Chapter 3. However, current framework while
it gives solutions for P pQ,λq

Θ|Z=z, the solution does not directly allows understand which
choices of divergence may lead to desirable bias, and which to undesirable bias. In



6.3. Future Work 61

practice, the interpretability of λ also varies with f , ℓ and the given data in z,
complicating interpretability.

6.3 Future Work
The theoretical framework developed in this work opens several avenues for future
research that extend beyond its current scope.

A natural direction concerns the computational realization of f -divergence regular-
ized learning. While the theoretical solutions establish existence and optimality
conditions, practical implementation requires approximating intractable expectations
and normalization terms. Future work could investigate stochastic and variational
schemes to approximate these quantities efficiently, as well as explore gradient-based
optimization methods that can accurately aproximate the solution.

Additionally, this work can explore the idea of laveraging the generalization expres-
sions from Section 5.4 to find bounds. In particular, having acces to the explicit
expresion, even if it is not computationaly tractable, under specific assumed priors,
loss functions or other assumptions, computationaly tractable upper and lower bounds
can be derivede. Furthermore, by exploring this bounds for different f -divergences
it may shed light on desired properties of each f -divergene for specific senarios and
guiding selection of regularizers.

Other areas of interest for future work include, exploring the connection between the
ERMfDR formulation and Distributionally Robust Optimization (DRO). By recog-
nizing that ERMfDR can be interpreted as a DRO problem, where the learner mini-
mizes the worst-case risk over all distributions within an f -divergence ball around the
empirical distribution, one can leverage the extensive algorithmic advances in DRO
to make the theoretical framework of ERMfDR practically implementable. This con-
nection provides a principled mechanism to quantify and control distributional shifts,
thereby linking information-theoretic regularization to out-of-distribution (OOD) gen-
eralization and robust learning. Further research could investigate how different
choices of f -divergence influence the robustnessgeneralization trade-off, and how
sampling-based estimation methods such as contrastive variational inference or divergence-
constrained MCMC can be adapted to approximate or sample from the induced
robust solution. Bridging these perspectives would enable the design of practical,
information-theoretically grounded DRO algorithms that achieve both robustness
to distributional uncertainty and theoretical guarantees on generalization perfor-
mance.

Overall, these research directions aim to bridge the gap between the theoretical un-
derstanding of information-regularized learning and its computational and practical
realization, paving the way for the development of robust, interpretable, and theoret-
ically grounded learning algorithms.
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Appendix A

Preliminaries

A.1 Canonical form f-Divergence
Lemma A.1.1. For all differentiable functions f : r0,∞q → R that induce an f -
divergence, such that 9fp1q 6= 0, there exists a function f̃ : r0,∞q → R that satisfies
9̃
fp1q = 0 and that for all probability measures P and Q it holds that

Df pP‖Qq = Df̃ pP‖Qq. (A.1)

Proof: Let the function f : r0,∞q → R be differentiable and the function f̃ : r0,∞q →
R be

f̃puq = fpuq − 9fp1qpu− 1q. (A.2)

Note that, from (A.2) it follows that

f̃p1q = fp1q − 9fp1qp0q (A.3)
= 0. (A.4)

Similarly, the derivative of (A.2) yields,

9̃
fpuq = 9fpuq − 9fp1q, (A.5)

which implies that
9̃
fp1q = 0. (A.6)

The proof continues by showing that the equality in (A.1) holds. From the definition
of f -divergences, it follows that

Df̃ pP‖Qq =

∫
f̃

ˆ

dP

dQ
pθq

˙

dQpθq (A.7)

=

∫
f

ˆ

dP

dQ
pθq

˙

− 9fp1q

ˆ

dP

dQ
pθq − 1

˙

dQpθq (A.8)

=

∫
f

ˆ

dP

dQ
pθq

˙

dQpθq − 9fp1q

∫ ˆ

dP

dQ
pθq − 1

˙

dQpθq (A.9)

= Df pP‖Qq − 9fp1q

ˆ∫
dP pθq −

∫
dQpθq

˙

(A.10)

= Df pP‖Qq, (A.11)

where (A.8) follows from (A.2), (A.9) follows from the change of measure, (A.10)
follows from the fact that both P and Q are probability measures. This completes
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the proof of (A.1).

A.2 Asymmetry Minor Results
This appendix concludes by presenting Lemma A.2.1 used in the proof of Lemma 3.3.1
Lemma A.2.1. Let M be the set of measurable functions h : M → R, with respect
to the measurable space pM,F q and pR,BpRqq. Let S be the subset of M including
all nonnegative functions that are absolutely integrable with respect to a probability
measure Q. That is, for all h ∈ S , it holds that∫

|hpθq|dQpθq <∞. (A.12)

Let the function r̂ : R → R be such that

r̂pαq =

∫
− logpgpθq + αhpθqqdQpθq, (A.13)

for some functions g and h in S and α ∈ p−ϵ, ϵq, with ϵ > 0 arbitrarily small. The
function r̂ in (A.13) is differentiable at zero.

Proof: The objective is to prove that the function r̂ in (A.13) is differentiable at zero,
which reduces to proving that the limit

lim
δ→0

1

δ
pr̂pα+ δq − r̂pαqq, (A.14)

exists for all α ∈ p−ϵ, ϵq, with ϵ > 0 arbitrarily small. Let the function f : p0,∞q → R

be a function such that

fpxq = − logpxq. (A.15)

Note that the function r̂ can be written in terms of f as follows:

r̂pαq =

∫
fpgpθq + αhpθqqdQpθq, (A.16)

The proof of the existence of such a limit in (A.14) relies on the fact that the function
f in (A.13) is strictly convex and differentiable, which implies that f is also Lipschitz
continuous. Hence, it follows that

|fpgpθq + pα+ δqhpθqq − fpgpθq + αhpθqq|

≤ c |hpθq| |δ|, (A.17)

for some positive and finite constant c, which implies that

|fpgpθq + pα+ δqhpθqq − fpgpθq + αhpθqq|

|δ|

≤ c |hpθq|, (A.18)

and thus, given that h ∈ S , it holds that∫
|fpgpθq + pα+ δqhpθqq − fpgpθq + αhpθqq|

|δ|
dQpθq

≤ ∞. (A.19)
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This allows using the dominated convergence theorem as follows. From the fact that
the function f is differentiable, let 9f : R → R be the first derivative of f . The limit
in (A.14) satisfies for α ∈ p−ϵ, ϵq, with ϵ > 0 arbitrarily small,

lim
δ→0

1

δ
pr̂pα+ δq − r̂pαqq

= lim
δ→0

1

δ

ˆ∫
fpgpθq + pα+ δqhpθqqdQpθq

−
∫
fpgpθq + αhpθqqdQpθq

˙

(A.20a)

= lim
δ→0

∫
1

δ
pfpgpθq + pα+ δqhpθqq

−fpgpθq + αhpθqqqdQpθq (A.20b)

=

∫
lim
δ→0

1

δ
pfpgpθq + pα+ δqhpθqq

−fpgpθq + αhpθqqqdQpθq (A.20c)

=

∫
9fpgpθq + pα+ δqhpθqqdQpθq (A.20d)

<∞, (A.20e)

where the equalities in (A.20c) and (A.20e) follow from the dominated convergence
theorem [140, Theorem 1.6.9]. From (A.20e), it follows that the function r̂ in (A.13)
is differentiable at zero. This completes the proof.

A.3 Canonical form f-Divergence
Theorem A.3.1. Given a probability measure space pM,F pMq, µq and an open
subset A od R, let the function f : A × M → R be measurable with respect to
pA×M,F q and pR,BpRqq. If for all ν ∈ M, the function fp·,νq : AQ,z → R is
Lipschitz continuous and for some u ∈ A,

∫
fpu, νqdµpνq <∞, then

d

dt

∫
fpt, νqdµpνq

ˇ

ˇ

ˇ

ˇ

t=u

=

∫
d

dt
fpt, νqdµpνq

ˇ

ˇ

ˇ

ˇ

t=u

, (A.21)

Proof: Note that

d

dt

∫
fpt, νqdµpνq

ˇ

ˇ

ˇ

ˇ

t=u

= lim
δ→0

∫
fpu+ δ, νqdµpνq −

∫
fpu, νqdµpνq

δ
(A.22)

= lim
δ→0

∫
fpu+ δ, νq − fpu, νq

δ
dµpνq, (A.23)

where (A.23) follows from [140, Theorem 1.6.3]. The assumption that for all ν ∈ M,
the function fp·,νq is Lipschitz continuous implies that for all u ∈ A and some
δ ∈ R,

|fpu+ δ, νq − fpu, νq| < L |δ|, (A.24)
(A.25)

with L <∞. And thus, dividing the RHS and LHS of (A.24) by |δ| yields
ˇ

ˇ

ˇ

ˇ

fpu+ δ, νq − fpu, νq

δ

ˇ

ˇ

ˇ

ˇ

< L, (A.26)
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(A.27)

which implies that ∫ ˇ

ˇ

ˇ

ˇ

fpu+ δ, νq − fpu, νq

δ

ˇ

ˇ

ˇ

ˇ

dµpνq <∞. (A.28)

(A.29)

This allows using the dominated convergence theorem [140, Theorem 1.6.9] as follows.
From (A.23), the following holds

d

dt

∫
fpt, νqdµpνq

ˇ

ˇ

ˇ

ˇ

t=u

= lim
δ→0

∫
fpu+ δ, νq − fpu, νq

δ
dµpνq (A.30)

=

∫
lim
δ→0

fpu+ δ, νq − fpu, νq

δ
dµpνq (A.31)

=

∫
d

dt
fpt, νqdµpνq

ˇ

ˇ

ˇ

ˇ

t=u

, (A.32)

where (A.31) follows from the dominated convergence theorem [140, Theorem 1.6.9].
This completes the proof.
Lemma A.3.1. Given a strictly convex and differentiable function f : I → R, the
inverse of the derivative of f , denoted by the function 9f−1 : J → I, is strictly
increasing.

Proof: From the assumption that the function f : I → R is strictly convex, it follows
from the strict convexity definition that the derivative 9f : I → J is strictly increasing.
Using the continuous inverse theorem in [141, Theorem 5.6] implies that the function
9f−1 : J → I is strictly increasing, which completes the proof.

Lemma A.3.2. Given a strictly convex and twice differentiable function f : I → R,
and a differentiable function h : I⋆ → I, for all x ∈ I⋆ it holds that

d

dx
9f−1phpxqq =

9hpxq

:f
´

9f−1pxq

¯ . (A.33)

Proof: Let the function g : I → R be defined for all x ∈ I⋆ by

gpxq = 9f−1phpxqq (A.34)

By the definition of the inverse function, it follows that

9fpgpxqq = hpxq. (A.35)

Differentiating (A.35) with respect to x yields

d

dx
9fpgpxqq = :fpgpxqq 9gpxq (A.36)

= 9hpxq. (A.37)

From (A.36) the derivative of the function g in (A.35) is given by

9gpxq =
9hpxq

:fpgpxqq
(A.38)
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=
9hpxq

:f
´

9f−1phpxqq

¯ , (A.39)

where (A.39) follows from (A.34). Hence, from (A.34) and (A.39) it follows from

d

dx
9f−1phpxqq =

9hpxq

:f
´

9f−1phpxqq

¯ . (A.40)

This completes the proof.
Lemma A.3.3. The Legendre-Fenchel transform of strictly convex and differentiable
function f , satisfies for all t ∈ J , with J in (1.8),

f∗ptq = t 9f∗ptq − fp 9f∗ptqq. (A.41)

Proof: From the Legendre-Fenchel transform in Definition 1.5.2 it holds that for all
t ∈ J , with J in (1.8),

f∗ptq = sup
x∈I

ptz − fpxqq. (A.42)

For any z ∈ I, setting x = z yields

f∗pyq ≥ yx− fpxq, (A.43)

which rearranges to the Fenchel inequality,

fpxq + f∗pyq ≥ xy, (A.44)

where equality in (A.44) holds if and only if,

f∗pyq = yx− fpxq. (A.45)

By definition of f∗ in (A.42), the equality (A.45) implies that x achieves the supre-
mum in f∗pyq, which will be denoted by xy. In other words, xy is the maximizing
argument

xy = argmax
x∈I

xy − fpxq. (A.46)

Note that under Assumption paq, the solution to the maximization problem

max
x∈I

xy − fpxq, (A.47)

is unique, and satisfies

d

dx
pxy − fpxqq = y − 9fpxq (A.48)

= 0. (A.49)

From (A.49), the maximizing argument xy in (A.46) satisfies

xy = 9f−1pyq (A.50)
= 9f∗pyq, (A.51)
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where (A.51) follows from [137, Corollary 23.5.1]. Hence, from (A.51), the Legendre-
Fenchel transform of function the f , under Assumption paq, satisfies for all t ∈
J ,

f∗ptq = t 9f∗ptq − fp 9f∗ptqq, (A.52)

which completes the proof.
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Appendix B

ERM-RER Type-II

B.1 Proof of Lemma 3.3.1
The optimization problem in (3.6) can be rewritten in terms of the Radon-Nikodym
derivative of the optimization measure P with respect to the measure Q, which yields:

min
P∈⃝QpMq

∫
Lzpθq

dP

dQ
pθq dQpθq

− λ

∫
log

ˆ

dP

dQ

˙

dQpθq, (B.1a)

s.t.

∫
dP

dQ
pθqdQpθq = 1. (B.1b)

The remainder of the proof focuses on the problem in which the optimization is over
the function dP

dQ : M → R, instead of optimizing the measure P . This is due to the
fact that for all P ∈ ©QpMq, the Radon-Nikodym derivative dP

dQ is unique up to
sets of zero measure with respect to Q. Let M be the set of measurable functions
M → R with respect to the measurable spaces pM,F q and pR,BpRqq that are
absolutely integrable with respect to Q. That is, for all ĝ ∈ M , it holds that∫

|ĝpθq|dQpθq<∞. (B.2)

Hence, the optimization problem of interest is:

min
g∈M

∫
Lzpθqgpθq dQpθq − λ

∫
logpgpθqqdQpθq (B.3a)

s.t.

∫
gpθqdQpθq = 1. (B.3b)

Let the Lagrangian of the optimization problem in (B.3) be L : M × R → R such
that

Lpg, βq=

∫
Lzpθqgpθq dQpθq − λ

∫
logpgpθqq dQpθq

+ β

ˆ∫
gpθq dQpθq − 1

˙

(B.4)

=

∫
´

gpθqpLzpθq + βq − λ logpgpθqq

¯

dQpθq

− β, (B.5)
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where β is a real that acts as a Lagrange multiplier due to the constraint (B.3b). Let
ĝ : M → R be a function in M . The Gateaux differential of the functional L in (B.4)
at pg, βq ∈ M ×R in the direction of ĝ is

∂Lpg, β; ĝq≜ d

dγ
rpg + γĝ, βq

ˇ

ˇ

ˇ

ˇ

γ=0

, (B.6)

where the function r : R → R is such that for all γ ∈ p−ϵ, ϵq, with ϵ arbitrarily small,

rpγq=

∫
Lzpθqpgpθq + γĝpθqq dQpθq

− λ

∫
logpgpθq + γĝpθqq dQpθq

+ β

ˆ∫
pgpθq + γĝpθqqdQpθq − 1

˙

(B.7a)

=γ

∫
ĝpθqpLzpθq + βqdQpθq

+ λ

∫
logpgpθq + γĝpθqq dQpθq

+

∫
gpθqpLzpθq + βqdQpθq − β. (B.7b)

Note that the first term in (B.7b) is linear with respect to γ; the second term can be
written using the function r̂ : R → R in (A.13) such that

r̂pγq =

∫
− logpgpθq + γĝpθqqdQpθq; (B.8)

and the remaining terms are independent of γ.

Hence, based on the fact that the function r̂ in (B.8) is differentiable at zero (Lemma A.2.1),
so is the function r in (B.7), which implies that the Gateaux differential of ∂Lpg, β; ĝq

in (B.6) exists. The derivative of the real function r in (B.7) is

d

dγ
rpγq=

∫
ĝpθqpLzpθq + βqdQpθq

−λ
∫

ĝpθq

pgpθq + γĝpθqq
dQpθq (B.9)

=

∫
ĝpθq

ˆ

Lzpθq + β − λ

pgpθq + γĝpθqq

˙

dQpθq. (B.10)

From (B.6) and (B.10), it follows that

∂Lpg, β; ĝq=

∫
ĝpθq

ˆ

Lzpθq + β − λ

gpθq

˙

dQpθq. (B.11)

The relevance of the Gateaux differential in (B.11) stems from [24, Theorem 1, page
178], which unveils the fact that a necessary condition for the functional L in (B.4)

to have a stationary point at
ˆ

dP
pQ,λq

Θ|Z=z

dQ , β

˙

∈ M × r0,∞q is that for all functions

ĝ ∈ M ,

∂L

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
, β; ĝ

˛

‚= 0. (B.12)
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From (B.11) and (B.12), it follows that
dP

pQ,λq

Θ|Z=z

dQ must satisfy for all functions ĝ in M
that ∫

ĝpθq

¨

˝Lzpθq + β − λ

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

−1˛

‚dQpθq = 0. (B.13)

This implies that for all θ ∈ suppQ,

Lzpθq + β − λ

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

−1

= 0, (B.14)

and thus,
dP

pQ,λq

Θ|Z=z

dQ
pθq =

λ

β + Lzpθq
, (B.15)

where β is chosen to satisfy (B.3b) and guarantee that for all θ ∈ suppQ, it holds

that
dP

pQ,λq

Θ|Z=z

dQ pθq ∈ p0,∞q. That is,

β ∈
{
t ∈ R : ∀θ ∈ suppQ, 0 <

λ

t+ Lzpθq

}
, and (B.16)

1 =

∫
λ

Lzpθq + β
dQpθq. (B.17)

which is an assumption of the theorem.

The proof continues by verifying that the measure P̄ pQ,λq

Θ|Z=z that satisfies (B.15) is the
unique solution to the optimization problem in (B.1). Such verification is done by
showing that the objective function in (B.1) is strictly convex with the optimization
variable. Let P1 and P2 be two different probability measures in pM,F q and let α
be in p0, 1q. Hence,

RzpαP1 + p1− αqP2q + λDpαP1 + p1− αqP2‖Qq

= RzpαP1q + Rzpp1− αqP2q

+λDpαP1 + p1− αqP2‖Qq (B.18)
> αRzpP1q + p1− αqRzpP2q

+ λpαDpP1‖Qq + p1− αqDpP2‖Qqq (B.19)

where the functional Rz is defined in (2.12). The equality above follows from the
properties of the Lebesgue integral, while the inequality follows from [84, Theorem
2]. This proves that the solution is unique due to the strict concavity of the objective
function, which completes the proof. ■

B.2 Proof of Lemma 3.3.2
Given a probability measure V ∈ 5QpMq, with 5QpMq in (3.2), let V0 and V1 be
two probability measures on the measurable space pM,F q such that for all A ∈ F ,
it holds that

V0pAq =
V pA \ suppQq

V pM\ suppQq
, (B.20a)
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and
V1pAq =

V pA ∩ suppQq

V pM∩ suppQq
. (B.20b)

Let the real value α be
α = V pM∩ suppQq. (B.21)

Hence, for all A ∈ F , the measure V satisfies that

V pAq = p1− αqV0pAq + αV1pAq. (B.22)

Moreover, from (B.22) it holds that: iq If V pAq = 0, then V0pAq = 0, which implies
that V0 is absolutely continuous with respect to V ; iiq If V pAq = 0, then V1pAq = 0,
which implies that V1 is absolutely continuous with respect to V . Furthermore, from
the definition of 5QpMq in (3.2), the probability measure Q is absolutely continuous
with respect to V . Hence, for all A ∈ F , it follows that

QpAq =

∫
A
dQpθq (B.23a)

=

∫
A

dQ

dV
pθqdV pθq (B.23b)

=

∫
A

dQ

dV
pθqdpp1− αqV0 + αV1qpθq (B.23c)

= p1− αq

∫
A

dQ

dV
pθqdV0pθq

+α

∫
A

dQ

dV
pθqdV1pθq (B.23d)

=

∫
A
α
dQ

dV
pθqdV1pθq. (B.23e)

Hence, from (B.23e) and the Radon-Nikodym Theorem in [140, Theorem 2.2.1, page 65]
the probability measure Q is absolutely continuous with respect to V1. This implies
that for all A ∈ F , it holds that

QpAq =

∫
dQ

dV1
pθqdV1pθq, (B.24)

where, for all θ ∈ suppV ,

dQ

dV1
pθq = α

dQ

dV
pθq. (B.25)

From (B.25), the following holds:

DpQ‖V q =

∫
log

ˆ

dQ

dV
pθq

˙

dQpθq (B.26a)

=

∫
log

ˆ

1

α

dQ

dV1
pθq

˙

dQpθq (B.26b)

=

∫
log

ˆ

dQ

dV1
pθq

˙

dQpθq

−
∫

logpαqdQpθq (B.26c)

= DpQ‖V1q − logpαq. (B.26d)
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From (B.26) it follows that

RzpV q + λDpQ‖V q

= Rzpp1− αqV0 + αV1q + λDpQ‖V1q

−λ logpαq (B.27a)
= p1− αqRzpV0q + αRzpV1q + λDpQ‖V1q

− λ logpαq (B.27b)
≥ αRzpV1q + λDpQ‖V1q − λ logpαq, (B.27c)

with equality if and only if α = 1, which implies that for all A ∈ F , it holds that

V pAq = V1pAq (B.28a)
= V pA ∩ suppQq, (B.28b)

where (B.28b) follows from (B.20b). This implies that (B.27c) holds if and only
if

suppQ = suppV, (B.29)

which implies that (B.27c) holds if and only if the measure V is mutually absolutely
continuous with respect to the reference measure Q. Finally, the above leads to

min
P∈▽QpMq\⃝QpMq

RzpP q + λDpQ‖P q

> min
P∈▽QpMq

RzpP q + λDpQ‖P q, (B.30)

which completes the proof. ■

B.3 Proof of Lemma 3.3.4
The proof is divided into two parts. The first part proves the monotonicity of the
function K̄−1

Q,z in (3.14); while the second part proves the continuity of the function
K̄−1

Q,z. The proof is finalized by using the continuous inverse theorem [141, Theo-
rem 5.6.5] to show both the monotonicity and continuity of the function K̄Q,z in
(4.7).

The first part is as follows. Let λ and β be two reals that satisfy (3.11b). Hence,
0 < λ <∞ and from (C.108), it holds that

0 <

∫
1

Lzpθq + β
dQpθq <∞, (B.31)

which, together with (3.14), imply

∞ > K̄−1
Q,zpβq > 0. (B.32)

That is, the function K̄−1
Q,z in (3.14) is positive and finite. Using this observation,

let the reals γ1 and γ2 be elements of the set CQ,z, with CQ,z in (4.7a) and γ1 < γ2.
Hence, for all θ ∈ suppQ, it holds that

1

Lzpθq + γ1
>

1

Lzpθq + γ2
, (B.33)
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which implies that ∫
1

Lzpθq + γ1
dQpθq >

∫
1

Lzpθq + γ2
dQpθq, (B.34)

and thus, from (3.14), it holds that

K̄−1
Q,zpγ1q < K̄−1

Q,zpγ2q. (B.35)

This proves that the function K̄−1
Q,z in (3.14) is strictly increasing, and completes the

first part of the proof.

In the second part, the objective is to prove the continuity of the function K̄−1
Q,z. To

do so, two auxiliary functions are introduced and proven to be continuous. Then, the
fact that K̄−1

Q,z in (3.14) is the composition of the two auxiliary functions is leveraged
to prove its continuity. Let the function h : p0,∞q → p0,∞q be

hpxq =
1

x
. (B.36)

Let also the function k : CQ,z → p0,∞q, be such that

kpγq=

∫
hpγ + LzpθqqdQpθq. (B.37)

The first step is to prove that the function k in (B.37) is continuous in CQ,z. This
is proved by showing that k always exhibits a limit in CQ,z. Note that if γ ∈ CQ,z,
with CQ,z in (4.7), then from (3.3a), it follows that for all θ ∈ suppQ, the inequality
Lzpθq + γ > 0 holds, which implies that γ > −δ⋆Q,z, with δ⋆Q,z in (3.16). Hence, the
proof of continuity of the function k in (B.37) is restricted to

´

−δ⋆Q,z,∞
¯

.

For two models θ1 and θ2 in suppQ, such that Lzpθ1q < Lzpθ2q, the function h
satisfies

hpγ + Lzpθ1qq>hpγ + Lzpθ2qq. (B.38)

Then, for all γ ∈
´

−δ⋆Q,z,∞
¯

and for all θ ∈ suppQ, it holds that

h
`

γ + δ⋆Q,z

˘

≥hpγ + Lzpθqq, (B.39)

where equality holds if and only if Lzpθq = δ⋆Q,z. The function h is continuous, and
thus, for all θ ∈ suppQ and for all a ∈

´

−δ⋆Q,z,∞
¯

, it holds that

lim
γ→a

hpγ + Lzpθqq=hpa+ Lzpθqq. (B.40)

Hence, from the dominated convergence theorem [140, Theorem 1.6.9], the following
limit exists and satisfies

lim
γ→a

kpbq=lim
γ→a

∫
hpγ + LzpθqqdQpθq (B.41a)

=

∫ ˆ

lim
γ→a

hpγ + Lzpθqq

˙

dQpθq (B.41b)

=

∫
hpa+ LzpθqqdQpθq (B.41c)
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=kpaq, (B.41d)

where (B.41c) follows from (B.40). The equality in (B.41d) proves that the function k
in (B.37) is continuous in the interval

´

−δ⋆Q,z,∞
¯

. Note that from (3.14) and (B.37),
it holds that

K̄−1
Q,zpγq =

1

kpγq
. (B.42)

Using (B.42), for all a ∈
´

−δ⋆Q,z,∞
¯

, it holds that

lim
γ→a

K̄−1
Q,zpγq = lim

γ→a

1

kpγq
(B.43)

=
1

lim
γ→a

kpγq
(B.44)

=
1∫

hpa+ LzpθqqdQpθq
(B.45)

=
1∫

1
a+Lzpθq

dQpθq
(B.46)

= K̄−1
Q,zpaq, (B.47)

where (B.44) follows from the continuity of the function h in (B.36) over the inter-
val p0,∞q; (B.45) follows from (B.41d); and (B.46) follows from (B.36). Thus, the
existence of the limit in (B.43) implies that the function K̄−1

Q,z is continuous in CQ,z.
This completes the second part of the proof.

The proof ends by using the continuous inverse theorem [141, Theorem 5.6.5]. That
is, given that the function K̄−1

Q,z is both continuous and strictly increasing, then, so
is the function K̄Q,z in (4.7). This concludes the proof. ■

B.4 Proof of Lemma 3.3.5
The proof is divided into two parts. In the first part, it is shown that the set CQ,z is an
interval of R. In the second part, the set AQ,z is shown to be also an interval. The first
part uses a partition of R formed by the following sets:

´

−∞,−δ⋆Q,z

¯

;
´

−δ⋆Q,z,∞
¯

;
and {δ⋆Q,z}, with δ⋆Q,z in (3.16). Each of these intervals is studied separately.

Let β be such that K̄Q,zpλq = β, with λ in (3.1) and assume that β ∈
´

−∞,−δ⋆Q,z

¯

.
Under this assumption, the inclusion in (3.3a) does not hold. This follows from the
fact that, if β < −δ⋆Q,z, for all θ ∈

{
ν ∈ suppQ : δ⋆Q,z ≤ Lzpνq < −β

}
, it holds that

Lzpθq + β < 0, which contradicts (3.3a). This implies that
`

−∞,−δ⋆Q,z

˘

∩ CQ,z = ∅. (B.48)

Assume now that β ∈
´

−δ⋆Q,z,∞
¯

. Then, from (3.16), it can be verified that the
constraint in (3.3a) is satisfied. More speciffically, for all θ ∈ suppQ, it holds that
Lzpθq + β > 0. The proof continues by showing that (3.3b) is also verified. For this
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purpose, note that ∫
1

Lzpθq + β
dQpθq ≤

∫
1

δ⋆Q,z + β
dQpθq (B.49a)

=
1

δ⋆Q,z + β
(B.49b)

<∞. (B.49c)

The finiteness of the integral in the left-hand side of (B.49a) implies that

0 < λ (B.50a)
= K̄−1

Q,zpβq (B.50b)

=
1∫

1
Lzpθq+β dQpθq

(B.50c)

<∞, (B.50d)

where (B.50a) follows from the assumption that λ ∈ AQ,z ⊆ p0,∞q; (B.50b) follows
from the fact that K̄Q,zpλq = β; (B.50c) follows from (3.14); and (B.50d) follows from
the inequality in (B.49c). In a nutshell,∫

1

Lzpθq + β
dQpθq <∞, and (B.51)

λ <∞, (B.52)

which implies that the product

λ

∫
1

Lzpθq + β
dQpθq =

∫
λ

Lzpθq + β
dQpθq (B.53a)

=

∫ 1∫
1

Lzpνq+β
dQpνq

Lzpθq + β
dQpθq (B.53b)

= 1, (B.53c)

where (B.53b) follows from (B.50c). This verifies (3.3b), which implies that
`

−δ⋆Q,z,∞
˘

⊆ CQ,z. (B.54)

Finally, under the assumption that β = −δ⋆Q,z, two cases are considered: paqQ
´

L⋆
Q,z

¯

>

0; and pbq Q
´

L⋆
Q,z

¯

= 0, with L⋆
Q,z defined in (3.18). In case paq, if β = −δ⋆Q,z and

Q
´

L⋆
Q,z

¯

> 0, then for all θ ∈ L⋆
Q,z, it follows that

1

Lzpθq − δ⋆Q,z

Q
`

L⋆
Q,z

˘

= ∞, (B.55)

which implies that, ∫
1

Lzpθq + β
dQpθq = ∞. (B.56)
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The equality in (B.56) implies that the constraint (3.3b) is not satisfied. Therefore,
for case paq it follows that,

−δ⋆Q,z /∈ CQ,z. (B.57)

In the alternative case pbq, if β = −δ⋆Q,z and Q
´

L⋆
Q,z

¯

= 0, then, the integral in (3.14)
is either ∫

1

Lzpθq − δ⋆Q,z

dQpθq <∞, (B.58)

which implies that −δ⋆Q,z ∈ CQ,z, with CQ,z defined in (4.7a), or the integral is∫
1

Lzpθq − δ⋆Q,z

dQpθq = ∞, (B.59)

which implies that −δ⋆Q,z /∈ CQ,z. Hence, from (B.48), (B.54), (B.57), (B.58), and
(B.59) the set CQ,z in (4.7a) is either the open set

´

−δ⋆Q,z,∞
¯

or the closed set
”

−δ⋆Q,z,∞
¯

. Note that the equality CQ,z =
”

−δ⋆Q,z,∞
¯

is observed, if and only
if, ∫

1

Lzpθq − δ⋆Q,z

dQpθq <∞, (B.60)

which completes the first part of the proof.

The second part of the proof is as follows. Two cases are considered: iq CQ,z =
”

−δ⋆Q,z,∞
¯

; and iiq CQ,z =
´

−δ⋆Q,z,∞
¯

. In case iq, the value −δ⋆Q,z is in the domain
of the function K̄−1

Q,z in (3.14), that is, the set CQ,z. Given that the function K̄−1
Q,z is

strictly increasing, then, −δ⋆Q,z should be mapped to the smallest value in the range
of K̄−1

Q,z, denoted by λQ,z. Hence,

K̄−1
Q,z

`

−δ⋆Q,z

˘

= λQ,z (B.61)
> 0, (B.62)

where (B.62) follows from the fact that zero is not in the domain of the function
K̄Q,z, that is, the set AQ,z. Using these elements, it is concluded that the set AQ,z

is the interval rλQ,z,∞q, which ends the analysis of case iq.

In the second case, from Lemma 3.3.4, the continuity and strict monotonicity of
the function K̄Q,z in (4.7) imply that AQ,z =

´

λ⋆Q,z,∞
¯

, with λ⋆Q,z in (3.17). The
remaining of the proof focuses on showing that λ⋆Q,z = 0 in this case, and thus,
AQ,z = p0,∞q. From Lemma 3.3.4 and the continuous inverse theorem [141, Theorem
5.6.5], it follows that function K̄−1

Q,z is strictly increasing and continuous. Hence,
using (3.14), it holds that

lim
γ→−δ⋆Q,z

+
K̄−1

Q,zpγq = lim
γ→−δ⋆Q,z

+

1∫
1

Lzpθq+γ dQpθq
(B.63)

=
1

lim
γ→−δ⋆Q,z

+

∫
1

Lzpθq + γ
dQpθq

(B.64)
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=
1∫

1
Lzpθq−δ⋆Q,z

dQpθq
(B.65)

= 0, (B.66)

where (B.64) follows from [142, Theorem 4.4], that permits the change of the limit
to the reciprocal; and (B.65) follows from (B.41); and (B.66) follows from (B.59).
From Lemma 3.3.4 and (B.66), it follows that in this second case, in which CQ,z =
´

−δ⋆Q,z,∞
¯

, it holds that AQ,z = p0,∞q. This completes the proof. ■

B.5 Proof of Lemma 3.3.9
From Lemma 3.3.4, the function K̄Q,z in (4.7) is strictly increasing and continuous.
Additionally, from Lemma 3.3.5, the domain and range of the function K̄Q,z, defined
by the sets AQ,z and CQ,z, respectively, are convex intervals. Consequently, combining
Lemma 3.3.4 and Lemma 3.3.5, it follows that

lim
λ→λ⋆

Q,z
+
K̄Q,zpλq = −δ⋆Q,z, (B.67)

with δ⋆Q,z defined in (3.16) and λ⋆Q,z defined in (3.17). ■

B.6 Proof of Lemma 3.3.10
For all θ1 ∈ suppQ and for all θ2 ∈ L⋆

Q,z, it follows that

Lzpθ1q ≥ Lzpθ2q, (B.68)

and thus, for all λ ∈ p0,∞q, it holds that

1

K̄Q,zpλq + Lzpθ1q
≤ 1

K̄Q,zpλq + Lzpθ2q
, (B.69a)

which implies
`

K̄Q,zpλq + Lzpθ1q
˘−1∫ `

K̄Q,zpλq + Lzpνq
˘−1

dQpνq

≤
`

K̄Q,zpλq + Lzpθ2q
˘−1∫ `

K̄Q,zpλq + Lzpνq
˘−1

dQpνq
. (B.70)

Hence, under the assumption that L⋆
Q,z ∩ suppQ 6= ∅, for all θ1 ∈ suppQ and for all

θ2 ∈ L⋆
Q,z ∩ suppQ, it holds that

dP̄
pQ,λq

Θ|Z=z

dQ
pθ1q ≤

dP̄
pQ,λq

Θ|Z=z

dQ
pθ2q, (B.71)

with equality if and only if θ1 ∈ L⋆
Q,z ∩ suppQ, which completes the proof. ■
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B.7 Proof of Lemma 3.3.11
From Lemma 3.3.10, it follows that for all λ ∈ p0,∞q, for all θ ∈ suppQ, and for all
ϕ ∈ L⋆

Q,z ∩ suppQ, it holds that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq ≤

dP̄
pQ,λq

Θ|Z=z

dQ
pϕq (B.72a)

=
λ

Lzpϕq + K̄Q,zpλq
(B.72b)

=
λ

δ⋆Q,z + K̄Q,zpλq
(B.72c)

<∞, (B.72d)

where (B.72a) follows from (3.4); the equality in (B.72b) follows from the fact that
Lzpϕq ≥ δ⋆Q,z; and (B.72d) follows from the fact that for all λ > 0, the function
K̄Q,zpλq < ∞. From the definition of δ⋆Q,z in (3.16) and L⋆

Q,z in (3.18) equality
in (B.72a) holds if and only if θ ∈ L⋆

Q,z ∩ suppQ. This completes the proof of
finiteness.

For the proof of positivity, observe that from Lemma 3.3.4 for all λ > 0, it holds
that

−δ⋆Q,z < K̄Q,zpλq <∞, (B.73)

which implies
0 < δ⋆Q,z + K̄Q,zpλq. (B.74)

From (3.4) and (B.74), it follows that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ

K̄Q,zpλq + Lzpθq
(B.75a)

=

1∫
1

K̄Q,zpλq+Lzpνq
dQpνq

K̄Q,zpλq + Lzpθq
(B.75b)

> 0, (B.75c)

which completes the proof. ■

B.8 Proof of Lemma 3.3.12
From Theorem 1, the Radon-Nikodym derivative of the measure P̄ pQ,λq

Θ|Z=z with respect
to Q, satisfies for all θ ∈ suppQ that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

=
λ

β + Lzpθq
(B.76a)

=
1

β + Lzpθq

1∫
1

β+Lzpνq
dQpνq

(B.76b)

=
1∫ β

β+Lzpνq
dQpνq +

∫ Lzpθq

β+Lzpνq
dQpνq

. (B.76c)
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Note that from the function K̄Q,z in (4.7) the equation in (B.76) can be written in
term of λ such that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

=
1∫ K̄Q,zpλq

K̄Q,zpλq+Lzpνq
dQpνq+

∫ Lzpθq

K̄Q,zpλq+Lzpνq
dQpνq

. (B.77)

Furthermore, by Lemma 3.3.5, the case where λ increases is equivalent to evaluating
the case where β increases, and from (B.77), it follows that

lim
λ→∞

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

= lim
λ→∞

1∫ K̄Q,zpλq

K̄Q,zpλq+Lzpνq
dQpνq+

∫ Lzpθq

K̄Q,zpλq+Lzpνq
dQpνq

(B.78a)

=
1

limβ→∞
∫ β

β+Lzpνq
dQpνq+limβ→∞

∫ Lzpθq

β+Lzpνq
dQpνq

. (B.78b)

where the function Lz is defined in p3q; and (B.78b) follows from Theorem 3.3.1, which
implies that the terms in the denominator are positive and the fact that the function
gpxq = 1

x is continuous over the positive reals. Recall that from the definition of the
function Lz in (2.6) for all θ ∈ suppQ, the empirical risk satisfies that Lzpθq < ∞.
Using this fact, the proof continues by evaluating the limits in the denominator, which
yields

lim
β→∞

∫
β

β + Lzpνq
dQpνq

=

∫
lim
β→∞

β

β + Lzpνq
dQpνq (B.79a)

=

∫
dQpνq (B.79b)

= 1, (B.79c)

where (B.79a) follows from the dominated convergence theorem [140, Theorem 1.6.9];
and,

lim
β→∞

∫
Lzpθq

β + Lzpνq
dQpνq

=

∫
lim
β→∞

Lzpθq

β + Lzpνq
dQpνq (B.80a)

=

∫
0 dQpνq (B.80b)

= 0, (B.80c)

where (B.80a) also follows from the dominated convergence theorem [140, Theorem
1.6.9]; Substituting (B.79) and (B.80) into (B.78) yields

lim
λ→∞

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 1, (B.81)

which completes the proof. ■
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B.9 Proof of Lemma 3.3.13
From Theorem 3.3.1, the probability measure P̄ pQ,λq

Θ|Z=z satisfies for all θ ∈ suppQ,

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ

Lzpθq + β
(B.82a)

=
λ

Lzpθq + K̄Q,zpλq
(B.82b)

=
K̄−1

Q,z

`

K̄Q,zpλq
˘

Lzpθq + K̄Q,zpλq
(B.82c)

=

1∫
1

Lzpνq+K̄Q,zpλq
dQpνq

Lzpθq + K̄Q,zpλq
(B.82d)

=

ˆ∫
Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

˙−1

, (B.82e)

where (B.82b) follows from (4.7); and (B.82d) follows from (3.14). Given θ ∈ suppQ,
consider the partition of the suppQ formed by the sets A0pθq, A1pθq, and A2pθq,
which satisfy the following:

A0pθq = {ν ∈ suppQ : Lzpθq − Lzpνq = 0}, (B.83a)
A1pθq = {ν ∈ suppQ : Lzpθq − Lzpνq < 0}, and (B.83b)
A2pθq = {ν ∈ suppQ : Lzpθq − Lzpνq > 0}. (B.83c)

Using the sets A0pθq, A1pθq, and A2pθq in (B.83), the following holds for all θ ∈
suppQ.

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

=

˜∫
A0pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

+

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

+

∫
A2pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

(B.84a)

=

˜

QpA0pθqq +

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

+

∫
A2pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

. (B.84b)

Consider the following partition of the suppQ:{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
, (B.85a){

ν ∈ suppQ : Lzpνq > δ⋆Q,z

}
, and (B.85b){

ν ∈ suppQ : Lzpνq < δ⋆Q,z

}
, (B.85c)
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with δ⋆Q,z in (3.16). The proof is divided into two cases. The first case follows under
the assumption that ∫

1

Lzpθq − δ⋆Q,z

dQpθq = ∞; (B.86)

and the second case follows under the assumption that∫
1

Lzpθq − δ⋆Q,z

dQpθq <∞. (B.87)

From Lemma 3.3.5, it follows that in Case 1, the set AQ,z in (4.7) is p0,∞q. Similarly,
in Case 2, the set AQ,z is

”

λ⋆Q,z,∞
¯

. Hence, Case 1 considers the limit λ→ 0+, which
comprehends the equalities (3.27) and (3.28). Case 2 considers the limit λ→ λ⋆Q,z

+,
which comprehends the equality (3.29).

B.9.1 Case 1

This case is divided into three parts. The first part evaluates limλ→0+
dP̄

pQ,λq

Θ|Z=z

dQ pθq,

with θ ∈
{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
. The second part considers the case in which

θ ∈
{
ν ∈ suppQ : Lzpνq > δ⋆Q,z

}
. The third part considers the remaining case in

(B.85).

Part 1

The first part is as follows. Consider that θ ∈
{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
and note

that {
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
= L⋆

Q,z, (B.88)

with L⋆
Q,z defined in (3.18). Hence, the sets A0pθq, A1pθq, and A2pθq in (B.83) satisfy

the following:

A0pθq = L⋆
Q,z, (B.89a)

A1pθq =
{
µ ∈ suppQ : Lzpµq > δ⋆Q,z

}
, and (B.89b)

A2pθq =
{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
. (B.89c)

From the definition of δ⋆Q,z in (3.16), it follows that QpA2pθqq = 0. Substituting the
equalities in (B.89) in (B.84) yields for all θ ∈

{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
,

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

=

˜

Q
`

L⋆
Q,z

˘

+

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

, (B.90)

which implies that for all θ ∈
{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
,

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq
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=

˜

Q
`

L⋆
Q,z

˘

+ lim
λ→0+

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

(B.91)

=

∞ if Q
´

L⋆
Q,z

¯

= 0

1
QpL⋆

Q,zq
otherwise

, (B.92)

where (B.92) follows from verifying that the dominated convergence theorem [140,
Theorem 2.6.9] holds. That is,
paq For all ν ∈ A1pθq, it holds that Lzpθq+K̄Q,zpλq

Lzpνq+K̄Q,zpλq
≤ λ

δ⋆Q,z+K̄Q,zpλq
.

pbq For all ν ∈ A1pθq, it holds that

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq

= lim
λ→0+

δ⋆Q,z + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
(B.93a)

=

ˆ

δ⋆Q,z + lim
λ→0+

K̄Q,zpλq

˙

lim
λ→0+

1

Lzpνq + K̄Q,zpλq
(B.93b)

= 0, (B.93c)

where (B.93b) follows from observing that for all ν ∈ A1pθq, it holds that limλ→0+ Lzpνq+
K̄Q,zpλq 6= 0 and [142, Theorem 4.2]; and (B.93c) follows from Lemma 3.3.9. This
completes the first part of Case 1.

Part 2

For all δ > δ⋆Q,z and for all θ ∈ {ν ∈ suppQ : Lzpνq = δ}, the sets A0pθq, A1pθq, and
A2pθq in (B.83) satisfy the following:

A0pθq = {µ ∈ suppQ : Lzpµq = δ}, (B.94a)
A1pθq = {µ ∈ suppQ : Lzpµq > δ}, and (B.94b)
A2pθq = {µ ∈ suppQ : Lzpµq < δ}. (B.94c)

Consider the sets

A2,1pθq =
{
µ ∈ A2pθq : Lzpµq < δ⋆Q,z

}
, and (B.95a)

A2,2pθq =
{
µ ∈ A2pθq : δ⋆Q,z ≤ Lzpµq < δ

}
, (B.95b)

and note that A2,1pθq and A2,2pθq form a partition of A2pθq. Moreover, from the
definition of δ⋆Q,z in (3.16), it holds that

QpA2,1pθqq = 0. (B.96)

Hence, substituting the equalities in (B.94) and (B.96) in (B.84) yields,

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

=

˜

QpA0pθqq + lim
λ→0+

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq
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+ lim
λ→0+

∫
A2pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

(B.97a)

=

˜

QpA0pθqq + lim
λ→0+

∫
A1pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

+ lim
λ→0+

∫
A2,2pθq

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

(B.97b)

=

˜

QpA0pθqq +

∫
A1pθq

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

+

∫
A2,2pθq

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

¸−1

, (B.97c)

where (B.97c) follows by verifying that the dominated convergence theorem [140,
Theorem 1.6.9] holds. That is,
paq For all ν ∈ A2,2pθq, it holds that Lzpθq+K̄Q,zpλq

Lzpνq+K̄Q,zpλq
≤ λ

δ⋆Q,z+K̄Q,zpλq
<∞; and

pbq For all ν ∈ A2,2pθq, it holds that

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq

= lim
λ→0+

δ + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
(B.98a)

=

ˆ

δ + lim
λ→0+

K̄Q,zpλq

˙

lim
λ→0+

1

Lzpνq + K̄Q,zpλq
(B.98b)

=
`

δ − δ⋆Q,z

˘ 1

Lzpνq − δ⋆Q,z

, (B.98c)

where (B.98b) follows from observing that for all ν ∈ A2,2pθq, it holds that limλ→0+ Lzpνq+
K̄Q,zpλq 6= 0 and [142, Theorem 4.2]; and (B.98c) follows from Lemma 3.3.9. From
(B.98c), it follows that∫

A2,2pθq

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

=
`

δ − δ⋆Q,z

˘

∫
A2,2pθq

1

Lzpνq − δ⋆Q,z

dQpνq. (B.99)

Moreover, from the fact that

QpA0pθqq ≤ 1, (B.100)

and the fact that ∫
A1pθq

lim
λ→0+

Lzpθq + K̄Q,zpλq

Lzpνq + K̄Q,zpλq
dQpνq

=

∫
A1pθq

δ − δ⋆Q,z

Lzpνq − δ⋆Q,z

dQpνq (B.101)

<

∫
A1pθq

δ − δ⋆Q,z

δ − δ⋆Q,z

dQpνq (B.102)

= QpA1pθqq (B.103)
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≤ 1, (B.104)

the following holds from Lemma 3.3.5 under the assumptions of Case 1:

∞ =
`

δ − δ⋆Q,z

˘

∫
1

Lzpνq − δ⋆Q,z

dQpνq (B.105)

=
`

δ − δ⋆Q,z

˘

˜∫
A0pθq

1

Lzpνq − δ⋆Q,z

dQpνq

+

∫
A1pθq

1

Lzpνq − δ⋆Q,z

dQpνq

+

∫
A2,2pθq

1

Lzpνq − δ⋆Q,z

dQpνq

¸

(B.106)

=

˜

QpA0pθqq +

∫
A1pθq

δ − δ⋆Q,z

Lzpνq − δ⋆Q,z

dQpνq

+

∫
A2,2pθq

δ − δ⋆Q,z

Lzpνq − δ⋆Q,z

dQpνq

¸

. (B.107)

From (B.100), (B.104), and (B.107), it follows that

`

δ − δ⋆Q,z

˘

∫
A2,2pθq

1

Lzpνq − δ⋆Q,z

dQpνq = ∞. (B.108)

Finally, from (B.97c), (B.99), and (B.108), for all θ ∈
{
ν ∈ suppQ : Lzpνq > δ⋆Q,z

}
,

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 0. (B.109)

This completes the second part of Case 1.

Part 3

The third part of the proof follows by noticing that the set
{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
is a negligible set with respect to Q and thus, for all θ ∈

{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
,

the value
dP̄

pQ,λq

Θ|Z=z

dQ pθq is immaterial. Hence, it is arbitrarily assumed that for all
θ ∈

{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
, it holds that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 0, (B.110)

which implies that for all θ ∈
{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
, it holds that

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 0. (B.111)

This completes the third part of Case 1.
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Under the assumption that Q
´

L⋆
Q,z

¯

> 0, from (B.92), (B.109), and (B.111), for all
θ ∈ suppQ, it follows that

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

1

Q
´

L⋆
Q,z

¯1{θ∈L⋆
Q,z}, (B.112)

which completes the proof of (3.27). Alternatively, under the assumption thatQ
´

L⋆
Q,z

¯

=

0, from (B.92), (B.109), and (B.111), for all θ ∈ suppQ, it follows that

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

{
∞ if θ ∈ L⋆

Q,z

0 otherwise
, (B.113)

which completes the proof of (3.28).

B.9.2 Case 2

Under the assumptions of Case 2, namely (B.87), it holds that

Q
`

L⋆
Q,z

˘

= 0. (B.114)

This can be proved by noticing that if Q
´

L⋆
Q,z

¯

> 0, then∫
1

Lzpθq − δ⋆Q,z

dQpθq

=

∫
L⋆
Q,z

1

Lzpθq − δ⋆Q,z

dQpθq

+

∫
L⋆
Q,z

c

1

Lzpθq − δ⋆Q,z

dQpθq (B.115a)

>

∫
L⋆
Q,z

1

Lzpθq − δ⋆Q,z

dQpθq (B.115b)

=
1

δ⋆Q,z − δ⋆Q,z

Q
`

L⋆
Q,z

˘

(B.115c)

= ∞, (B.115d)

which contradicts (B.114).

The proof of Case 2 is divided into three parts. The first part evaluates limλ→λ⋆
Q,z

+

dP̄
pQ,λq

Θ|Z=z

dQ pθq,

with θ ∈
{
ν ∈ suppQ : Lzpνq = δ⋆Q,z

}
. The second part considers the case in which

θ ∈
{
ν ∈ suppQ : Lzpνq > δ⋆Q,z

}
. The third part considers the remaining case in

(B.85).

Part 1

From (B.114) it holds that the set the set
{
µ ∈ suppQ : Lzpµq = δ⋆Q,z

}
is a negligible

set with respect to Q and thus, for all θ ∈
{
µ ∈ suppQ : Lzpµq = δ⋆Q,z

}
, the value

dP̄
pQ,λq

Θ|Z=z

dQ pθq is immaterial.
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Part 2

For all θ ∈
{
ν ∈ suppQ : Lzpνq > δ⋆Q,z

}
, it holds that

lim
λ→λ⋆

Q,z
+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = lim

λ→λ⋆
Q,z

+

λ

Lzpθq + K̄Q,zpλq
(B.116a)

=
λ⋆Q,z

Lzpθq − δ⋆Q,z

, (B.116b)

where (B.116b) follows from observing that limλ→λ⋆
Q,z

+ Lzpθq + K̄Q,zpλq = Lzpθq −
δ⋆Q,z 6= 0 (Lemma 3.3.9) and [142, Theorem 4.2].

Part 3

The third part of the proof follows by noticing that the set
{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
is a negligible set with respect to Q and thus, for all θ ∈

{
µ ∈ suppQ : Lzpµq < δ⋆Q,z

}
,

the value
dP̄

pQ,λq

Θ|Z=z

dQ pθq is immaterial. Hence, it is arbitrarily assumed that

dP̄
pQ,λq

Θ|Z=z

dQ
pθq = 0. (B.117)

This completes the third part of Case 2.

From (B.116b), for all θ ∈ suppQ, it follows that

lim
λ→λ⋆

Q,z
+

dP̄
pQ,λq

Θ|Z=z

dQ
pθq =

λ⋆Q,z

Lzpθq − δ⋆Q,z

, (B.118)

which completes the proof of (3.29). This completes the proof. ■

B.10 Proof of Lemma 3.3.14
The proof is divided into two cases. The first case follows under the assumption
that ∫

1

Lzpθq − δ⋆Q,z

dQpθq = ∞; (B.119)

and the second case follows under the assumption that∫
1

Lzpθq − δ⋆Q,z

dQpθq <∞, (B.120)

with δ⋆Q,z in (3.16) and the function Lz in (2.6). From Lemma 3.3.5, it follows that in
Case 1, the set AQ,z in (4.7) is p0,∞q. Similarly, in Case 2, the set AQ,z is

”

λ⋆Q,z,∞
¯

.
Hence, Case 1 considers the limit λ→ 0+, which comprehends the equality (3.30).
Case 2 considers the limit λ→ λ⋆Q,z

+, which comprehends the equality (3.31).
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B.10.1 Case 1

The first case is as follows. Consider the following partition of the set M formed by
the sets

A0 =
{
θ ∈ M : Lzpθq = δ⋆Q,z

}
, (B.121a)

A1 =
{
θ ∈ M : Lzpθq > δ⋆Q,z

}
, and (B.121b)

A2 =
{
θ ∈ M : Lzpθq < δ⋆Q,z

}
. (B.121c)

Note that A0 = L⋆
Q,z, with L⋆

Q,z in (3.18). For all λ ∈ p0,∞q, it holds that

1 = P̄
pQ,λq

Θ|Z=zpA0q + P̄
pQ,λq

Θ|Z=zpA1q + P̄
pQ,λq

Θ|Z=zpA2q (B.122a)

= P̄
pQ,λq

Θ|Z=zpA0q + P̄
pQ,λq

Θ|Z=zpA1q (B.122b)

= P̄
pQ,λq

Θ|Z=zpA0q +

∫
A1

dP̄
pQ,λq

Θ|Z=zpθq, (B.122c)

where (B.122b) follows from the fact that P̄ pQ,λq

Θ|Z=zpA2q = 0, which follows from the
mutual absolute continuity of P̄ pQ,λq

Θ|Z=z and Q (Corollary 4.3.1). The above implies
that

lim
λ→0+

ˆ

P̄
pQ,λq

Θ|Z=zpA0q +

∫
A1

dP̄
pQ,λq

Θ|Z=zpθq

˙

= lim
λ→0+

P̄
pQ,λq

Θ|Z=zpA0q

+ lim
λ→0+

∫
A1

dP̄
pQ,λq

Θ|Z=z

dQ
pθqdQpθq (B.123a)

= lim
λ→0+

P̄
pQ,λq

Θ|Z=zpA0q

+

∫
A1

lim
λ→0+

dP̄
pQ,λq

Θ|Z=z

dQ
pθqdQpθq (B.123b)

= lim
λ→0+

P̄
pQ,λq

Θ|Z=zpA0q, (B.123c)

= 1, (B.123d)

where, (B.123b) follows from Lemma 3.3.11 and the dominated convergence theorem
[140, Theorem 1.6.9 page 50]; and (B.123c) follows from Lemma 3.3.13. Hence, it
holds that

lim
λ→0+

P̄
pQ,λq

Θ|Z=z

`

L⋆
Q,z

˘

= 1, (B.124)

which completes the proof of (3.30).

B.10.2 Case 2

Under the assumptions of Case 2, namely (B.120), it holds that

Q
`

L⋆
Q,z

˘

= 0, (B.125)
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which can be shown using the arguments in (B.115). Hence, the probability measure
P̄

pQ,λq

Θ|Z=z satisfies

lim
λ→λ⋆

Q,z
+
P̄

pQ,λq

Θ|Z=zpA0q

= lim
λ→λ⋆

Q,z
+

∫
A0

dP̄
pQ,λq

Θ|Z=z

dQ
pθqdQpθq (B.126a)

= lim
λ→λ⋆

Q,z
+

∫
A0

λ

Lzpθq + K̄Q,zpλq
dQpθq (B.126b)

= lim
λ→λ⋆

Q,z
+

∫
A0

λ

δ⋆Q,z + K̄Q,zpλq
dQpθq (B.126c)

= lim
λ→λ⋆

Q,z
+

λ

δ⋆Q,z + K̄Q,zpλq
QpA0q (B.126d)

= lim
λ→λ⋆

Q,z
+

λ

δ⋆Q,z + K̄Q,zpλq
Q

`

L⋆
Q,z

˘

(B.126e)

= lim
λ→λ⋆

Q,z
+

λ

δ⋆Q,z + K̄Q,zpλq
0 (B.126f)

= 0, (B.126g)

which completes the proof of (3.31). This completes the proof. ■

B.11 Proof of Lemma 3.3.15
From Lemma 3.3.1 and Corollary 4.3.1, it holds that for all θ ∈ suppQ,

dQ

dP̄
pQ,λq

Θ|Z=z

pθq =

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

−1

(B.127)

=
K̄Q,zpλq + Lzpθq

λ
, (B.128)

where the functions Lz and K̄Q,z are in (2.6) and (3.11b), respectively. From (B.128),
it follows that for all θ ∈ suppQ,

0 = λ
dQ

dP̄
pQ,λq

Θ|Z=z

pθq − Lzpθq − K̄Q,zpλq. (B.129)

Integrating both sides of (B.129) with respect to the probability measure P̄
pQ,λq

Θ|Z=z
yields

0 =

∫ ¨

˝Lzpθq − λ

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

−1

+ K̄Q,zpλq

˛

‚dP̄
pQ,λq

Θ|Z=zpθq (B.130a)

=

∫
LzpθqdP̄

pQ,λq

Θ|Z=zpθq
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−λ
∫ ¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

−1

dP̄
pQ,λq

Θ|Z=zpθq

+

∫
K̄Q,zpλqdP̄

pQ,λq

Θ|Z=zpθq (B.130b)

= Rz

´

P̄
pQ,λq

Θ|Z=z

¯

− λ

∫
dQpθq + K̄Q,zpλq (B.130c)

= Rz

´

P̄
pQ,λq

Θ|Z=z

¯

− λ+ K̄Q,zpλq. (B.130d)

From (B.130d), it holds that

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= λ− K̄Q,zpλq, (B.131)

which completes the proof. ■

B.12 Proof of Lemma 3.3.16
The proof of continuity is immediate from Lemma 3.3.4 and Lemma 3.3.15. The
proof of monotonicity is divided into two parts. The first part presents the first
derivative of the functional inverse K̄−1

Q,z in (3.14) and shows that its derivative is
strictly positive. The second part shows the expected empirical risk Rz

´

P̄
pQ,λq

Θ|Z=z

¯

decreases with lambdas decreasing.

The first part is as follows. For all θ ∈ M, the partial derivative of 1
Lzpθq+β , with

respect to β ∈
´

−δ⋆Q,z,∞
¯

, with δ⋆Q,z in (3.16), is

∂

∂β

ˆ

1

Lzpθq + β

˙

= − 1

pβ + Lzpθqq
2 . (B.132)

From [143, Theorem 6.28, page 160], the following holds

d

dβ

∫
1

Lzpθq + β
dQpθq =

∫
∂

∂β

1

Lzpθq + β
dQpθq (B.133)

= −
∫

1

pβ + Lzpθqq
2 dQpθq. (B.134)

From Lemma 3.3.4, the derivative of the function K̄−1
Q,z in (3.14) satisfies:

d

dβ
K̄−1

Q,zpβq

=
d

dβ

ˆ∫
1

β + Lzpθq
dQpθq

˙−1

(B.135a)

= −

˜

1∫
1

β+Lzpθq
dQpθq

¸2
d

dβ

∫
1

β + Lzpθq

dQpθq (B.135b)

= −

∫
− 1

pβ+Lzpθqq2
dQpθq

´∫
1

β+Lzpθq
dQpθq

¯2 (B.135c)
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=

∫
1

pβ+Lzpθqq2
dQpθq

´∫
1

β+Lzpθq
dQpθq

¯2 , (B.135d)

where (B.135c) follows from (B.134).

Note that from Jensen’s inequality [86, Theorem 2.6.2], it follows that
ˆ∫

1

β + Lzpθq
dQpθq

˙2

≤
∫

1

pβ + Lzpθqq
2 dQpθq, (B.136)

with equality if and only if the function Lz in (2.6) is noseparable (Definition 2.4.1).
Then, from (B.135d) and (B.136), for all β ∈

´

−δ⋆Q,z,∞
¯

, it holds that

d

dβ
K̄−1

Q,zpβq =

∫
1

pβ+Lzpθqq2
dQpθq

´∫
1

β+Lzpθq
dQpθq

¯2 (B.137)

≥ 1. (B.138)

This completes the first part of the proof.

The second part is as follows. Consider the pairs pλ1, β1q ∈ AQ,z×CQ,z and pλ2, β2q ∈
AQ,z×CQ,z, such that λ2 > λ1, which implies that K̄Q,zpλ2q > K̄Q,zpλ1q (Lemma 3.3.4).
Then, from Lemma 3.3.15, it follows that

Rz

´

P̄
pQ,λ2q

Θ|Z=z

¯

− Rz

´

P̄
pQ,λ1q

Θ|Z=z

¯

= λ2 − λ1 + K̄Q,zpλ1q − K̄Q,zpλ2q (B.139a)
= K̄−1

Q,zpβ2q − K̄−1
Q,zpβ1q + β1 − β2, (B.139b)

where (B.139b) follows from substituting (3.14) into (B.139a). Note that (B.138)
implies that

K̄−1
Q,zpβ2q − K̄−1

Q,zpβ1q ≥ β2 − β1, (B.140)

with equality if and only if the function Lz is noseparable. Thus, from (B.139b) and
(B.140) it follows that

Rz

´

P̄
pQ,λ2q

Θ|Z=z

¯

− Rz

´

P̄
pQ,λ1q

Θ|Z=z

¯

≥ 0, (B.141)

with equality if and only if the function Lz is noseparable. This completes the second
part of the proof. ■

B.13 Proof of Lemma 3.3.17
From Theorem 3.3.1 and Corollary 4.3.1, it holds that

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

=

∫
log

¨

˝

dQ

dP̄
pQ,λq

Θ|Z=z

˛

‚dQpθq (B.142)
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≤ log

¨

˝

∫
dQ

dP̄
pQ,λq

Θ|Z=z

pθqdQpθq

˛

‚ (B.143)

= log

ˆ∫
K̄Q,zpλq + Lzpθq

λ
dQpθq

˙

(B.144)

= log

ˆ

1

λ

∫
K̄Q,zpλq + LzpθqdQpθq

˙

(B.145)

= log

ˆ

1

λ

`

K̄Q,zpλq + RzpQq
˘

˙

, (B.146)

where (B.143) follows from Jensen’s inequality [86, Theorem 2.6.2]; (B.144) follows
from (3.4); and (B.146) follows from (2.12). From (B.146), it follows that

RzpQq ≥ λ exp
´

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯¯

− K̄Q,zpλq (B.147)

= λ exp
´

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯¯

+Rz

´

P̄
pQ,λq

Θ|Z=z

¯

−λ, (B.148)

where (B.148) follows from Lemma 3.3.15. Hence, the difference between the expected
empirical risk of the probability measures P̄ pQ,λq

Θ|Z=z and Q, from (B.148), satisfies
that

RzpQq − Rz

´

P̄
pQ,λq

Θ|Z=z

¯

≥ λ
´

exp
´

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯¯

− 1
¯

, (B.149)

which completes the proof. ■

B.14 Proof of Lemma 3.3.19
From Lemma 3.3.4 and Lemma 3.3.15, it holds that

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= λ− K̄Q,zpλq (B.150)
< λ+ δ⋆Q,z. (B.151)

Note also that

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

=

∫
LzpθqdP̄

pQ,λq

Θ|Z=zpθq (B.152)

≥
∫
δ⋆Q,z dP̄

pQ,λq

Θ|Z=zpθq (B.153)

= δ⋆Q,z, (B.154)

with Lz in (2.6) and δ⋆Q,z in (3.16). The proof continues by determining the conditions
for which (B.154) holds with equality. Assume the empirical risk Lz in (2.6) is sepa-
rable with respect to the probability measure P̄ pQ,λq

Θ|Z=z in (3.4) (see Definition 2.4.1).
Then, there exists a real value ϵ > 0 and two nonnegligible sets A and B with respect
to the probability measure P̄ pQ,λq

Θ|Z=z in (3.4), such that

A =
{
θ ∈ M : Lzpθq < δ⋆Q,z + ϵ

}
, and (B.155)

B =
{
θ ∈ M : Lzpθq ≥ δ⋆Q,z + ϵ

}
. (B.156)
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Note that the sets A and B form a partition of the set M. Hence, the expected
empirical risk satisfies

Rz

´

P̄
pQ,λq

Θ|Z=z

¯

=

∫
LzpθqdP̄

pQ,λq

Θ|Z=zpθq (B.157)

=

∫
A
LzpθqdP̄

pQ,λq

Θ|Z=zpθq

+

∫
B
LzpθqdP̄

pQ,λq

Θ|Z=zpθq (B.158)

≥
∫
A
δ⋆Q,z dP̄

pQ,λq

Θ|Z=zpθq

+

∫
B

`

δ⋆Q,z + ϵ
˘

dP̄
pQ,λq

Θ|Z=zpθq (B.159)

= δ⋆Q,zP̄
pQ,λq

Θ|Z=zpAq

+
`

δ⋆Q,z + ϵ
˘

P̄
pQ,λq

Θ|Z=zpBq, (B.160)

= δ⋆Q,zP̄
pQ,λq

Θ|Z=zpAq

+
`

δ⋆Q,z + ϵ
˘

´

1− P̄
pQ,λq

Θ|Z=zpAq

¯

(B.161)

= δ⋆Q,z + ϵ
´

1− P̄
pQ,λq

Θ|Z=zpAq

¯

(B.162)
> δ⋆Q,z, (B.163)

where inequality (B.159) follows from (3.16) and (B.156); (B.161) follows from the
fact that the sets A and B form a partition of the set M; and (B.163) follows from
the fact that the sets A and B are nonnegligible with respect to the probability
measure P̄ pQ,λq

Θ|Z=z, which implies P̄ pQ,λq

Θ|Z=zpAq < 1. This proves the strict inequality in
(B.153).

Consider the case in which the empirical risk Lz in (2.6) is not separable with respect
to P̄ pQ,λq

Θ|Z=z in (3.4). Then, for all θ ∈ supp P̄
pQ,λq

Θ|Z=z, the empirical risk satisfies Lzpθq =

δ⋆Q,z, which implies Rz

´

P̄
pQ,λq

Θ|Z=z

¯

= δ⋆Q,z. Hence, if the function Lz is noseparable,
then (B.153) holds with equality. Therefore, (B.153) holds with equality, if and only
if the function Lz is noseparable, which completes the proof. ■

B.15 Proof of Theorem 3.3.3
Let δ be a real in

´

δ⋆Q,z,∞
¯

, with δ⋆Q,z in (3.16). Let also γ ∈ p0,∞q satisfy the
following equality:

Rz

´

P̄
pQ,γq

Θ|Z=z

¯

≤ δ, (B.164)

where the existence of such a γ is ensured by the continuity of Rz

´

P̄
pQ,γq

Θ|Z=z

¯

with
respect to γ (Lemma 3.3.16); and Lemma 3.3.20 and Lemma 3.3.19. From (3.15), it
holds that

Lzpδq ⊇ L⋆
Q,z, (B.165)

and thus,

P̄
pQ,γq

Θ|Z=zpLzpδqq ≥ P̄
pQ,γq

Θ|Z=z

`

L⋆
Q,z

˘

, (B.166)
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with L⋆
Q,z defined in (3.18). Let λ be a positive real such that λ ≤ γ, and

P̄
pQ,λq

Θ|Z=z

`

L⋆
Q,z

˘

> 1− ϵ. (B.167)

The existence of such a positive real λ follows from Lemma 3.3.14. From (B.165), it
follows that

P̄
pQ,γq

Θ|Z=zpLzpδqq ≥ P̄
pQ,γq

Θ|Z=z

`

L⋆
Q,z

˘

. (B.168)

Hence, from (B.167) and (B.168), it holds that

1− ϵ < P̄
pQ,λq

Θ|Z=z

`

L⋆
Q,z

˘

(B.169)

≤ P̄
pQ,λq

Θ|Z=zpLzpδqq. (B.170)

The equality in (B.170) implies that the probability measure P̄ pQ,λq

Θ|Z=z is pδ, ϵq-optimal
(Definition 3.3.1), which completes the proof.

■

B.16 Proof of Lemma 3.3.22
The proof is divided into two parts. The first part is as follows, from Theorem 3.3.1,
it follows that for all θ ∈ M,

log

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚= log

ˆ

λ

K̄Q,zpλq + Lzpθq

˙

(B.171)

= logpλq − log
`

K̄Q,zpλq + Lzpθq
˘

(B.172)
= logpλq − VQ,z,λpθq, (B.173)

where the function VQ,z,λ is defined in (3.51b). Thus,

D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

=

∫
log

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dP̄
pQ,λq

Θ|Z=zpθq (B.174)

= logpλq −
∫

VQ,z,λpθqdP̄
pQ,λq

Θ|Z=zpθq (B.175)

= logpλq − R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

, (B.176)

where the functional R̄Q,z,λ is defined in (3.64). Hence, it follows from (B.176)
that

logpλq = R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

+ D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

, (B.177)

which completes the proof of (3.66) and concludes the first part.

The second part is as follows. From (B.173), it follows that

D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

=−
∫

log

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dQpθq (B.178)
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=− logpλq +

∫
VQ,z,λpθqdQpθq (B.179)

=− logpλq + R̄Q,z,λpQq. (B.180)

Hence, it follows from (B.180) that

logpλq = R̄Q,z,λpQq − D
´

Q‖P̄ pQ,λq

Θ|Z=z

¯

, (B.181)

which completes the proof of (3.67). This completes the proof. ■

B.17 Proof of Lemma 3.3.23
The proof uses the mutual absolute continuity between P̄ pQ,λq

Θ|Z=z in (3.4) and Q (Corol-
lary 4.3.1). Hence, a probability measure P ∈ ©QpMq is mutually absolutely contin-
uous with P̄ pQ,λq

Θ|Z=z. The proof follows by noticing that for such P and for all θ ∈ M,
it holds that

log

¨

˝

dP

dP̄
pQ,λq

Θ|Z=z

pθq

˛

‚

= log

¨

˝

dP

dQ
pθq

dQ

dP̄
pQ,λq

Θ|Z=z

pθq

˛

‚ (B.182)

= log

ˆ

dP

dQ
pθq

˙

− log

¨

˝

dP̄
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚ (B.183)

= log

ˆ

dP

dQ
pθq

˙

− log

ˆ

λ

K̄Q,zpλq + Lzpθq

˙

(B.184)

= log

ˆ

dP

dQ
pθq

˙

− logpλq

+ log
`

K̄Q,zpλq + Lzpθq
˘

(B.185)

= log

ˆ

dP

dQ
pθq

˙

− logpλq + VQ,z,λpθq, (B.186)

where the functions Lz, K̄Q,z and VQ,z,λ are defined in (2.6), (4.7) and in (3.51b),
respectively. The equality (B.184) follows from (3.4). Hence, the relative entropy
D

´

P‖P̄ pQ,λq

Θ|Z=z

¯

satisfies,

D
´

P‖P̄ pQ,λq

Θ|Z=z

¯

=

∫
log

¨

˝

dP

dP̄
pQ,λq

Θ|Z=z

pθq

˛

‚dP pθq (B.187)

=

∫ ˆ

log

ˆ

dP

dQ
pθq

˙

− logpλq

+VQ,z,λpθq

˙

dP pθq (B.188)

=

∫
log

ˆ

dP

dQ
pθq

˙

dP pθq − logpλq



96 Appendix B. ERM-RER Type-II

+

∫
VQ,z,λpθqdP pθq (B.189)

= DpP‖Qq − logpλq + R̄Q,z,λpP q (B.190)

= DpP‖Qq − R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

−D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

+ R̄Q,z,λpP q, (B.191)

where (B.188) follows from (B.186); (B.190) follows from (3.64); and (B.191) follows
from Lemma 3.3.22. Thus, from (B.191), it follows that

R̄Q,z,λpP q − R̄Q,z,λ

´

P̄
pQ,λq

Θ|Z=z

¯

= D
´

P‖P̄ pQ,λq

Θ|Z=z

¯

− DpP‖Qq + D
´

P̄
pQ,λq

Θ|Z=z‖Q
¯

, (B.192)

which completes the proof. ■

B.18 Proof of Lemma 3.3.25
From Lemma 3.3.22, for all α ∈ p0,∞q, it holds that

D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯

= −R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

+ logpαq, (B.193)

where the functional R̄Q,z,α is defined in (3.64).

Similarly, from [84, Lemma 20], for all λ ∈ p0,∞q, it holds that

D
´

P
pQ,λq

Θ|Z=z‖Q
¯

= −
ˆ

1

λ
Rz

´

P
pQ,λq

Θ|Z=z

¯

+KQ,z

ˆ

− 1

λ

˙̇

, (B.194)

with the functional Rz defined in (2.12). From [84, Theorem 3], the function SQ,λ

in [84, Definition 7] satisfies that

SQ,λ

´

z, P̄
pQ,αq

Θ|Z=z

¯

= Rz

´

P̄
pQ,αq

Θ|Z=z

¯

− Rz

´

P
pQ,λq

Θ|Z=z

¯

(B.195)

= λ
´

D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

+ D
´

P
pQ,λq

Θ|Z=z‖Q
¯

−D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯¯

(B.196)

= λ
´

D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

+ D
´

P
pQ,λq

Θ|Z=z‖Q
¯

+ R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

− logpαq

¯

(B.197)

= λ

ˆ

D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

− 1

λ
Rz

´

P
pQ,λq

Θ|Z=z

¯

−KQ,z

ˆ

− 1

λ

˙

+R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

− logpαq

˙

, (B.198)

where (B.197) follows from (B.193); and (B.198) follows from (B.194). Rearranging
(B.198) yields

1

λ
Rz

´

P̄
pQ,αq

Θ|Z=z

¯

− R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯
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= D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

− logpαq−KQ,z

ˆ

− 1

λ

˙

. (B.199)

Similarly, from Lemma 3.3.23 the function S̄Q,α in (3.69) satisfies that

S̄Q,α

´

z, P
pQ,λq

Θ|Z=z

¯

= R̄Q,z,α

´

P
pQ,λq

Θ|Z=z

¯

− R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

(B.200)

= D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

− D
´

P
pQ,λq

Θ|Z=z‖Q
¯

+D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯

(B.201)

= D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

− D
´

P
pQ,λq

Θ|Z=z‖Q
¯

−R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

+ logpαq (B.202)

= D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

+
1

λ
Rz

´

P
pQ,λq

Θ|Z=z

¯

+KQ,z

ˆ

− 1

λ

˙

− R̄Q,z,α

´

P̄
pQ,αq

Θ|Z=z

¯

+ logpαq, (B.203)

where (B.202) follows from (B.193); and (B.203) follows from (B.194). Rearranging
(B.203) yields

1

λ
Rz

´

P
pQ,λq

Θ|Z=z

¯

− R̄Q,z,α

´

P
pQ,λq

Θ|Z=z

¯

= −D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

−
ˆ

logpαq +KQ,z

ˆ

− 1

λ

˙˙

. (B.204)

The proof proceeds by subtracting (B.204) from (B.199), resulting in

1

λ
SQ,λ

´

z, P̄
pQ,αq

Θ|Z=z

¯

− S̄Q,α

´

z, P
pQ,λq

Θ|Z=z

¯

= D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

− D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

+2

ˆ

logpαq +KQ,z

ˆ

− 1

λ

˙˙

, (B.205)

where the functions SQ,λ and S̄Q,α are respectively defined in [84, Definition 7]
and (3.69). From [115, Theorem 1] and Lemma 3.3.23, it follows that

1

λ
SQ,λ

´

z, P̄
pQ,αq

Θ|Z=z

¯

− S̄Q,α

´

z, P
pQ,λq

Θ|Z=z

¯

= D
´

P̄
pQ,αq

Θ|Z=z‖P
pQ,λq

Θ|Z=z

¯

− D
´

P
pQ,λq

Θ|Z=z‖P̄
pQ,αq

Θ|Z=z

¯

+ 2
´

D
´

P
pQ,λq

Θ|Z=z‖Q
¯

− D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯¯

. (B.206)

Substituting (B.206) into (B.205) yields

D
´

P
pQ,λq

Θ|Z=z‖Q
¯

− D
´

P̄
pQ,αq

Θ|Z=z‖Q
¯

= logpαq +KQ,z

ˆ

− 1

λ

˙

, (B.207)
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which completes the proof. ■
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Appendix C

ERM-fDR

C.1 Proof of Theorem 4.3.1
Proof: The optimization problems in (4.1) and (4.2) can be re-written in terms of
the Radon-Nikodym derivative of the optimization measure P with respect to the
reference measure Q, denoted by dP

dQ : M → r0,∞q, which yields:

min
P∈△QpMq

∫
Lzpθq

dP

dQ
pθqdQpθq (C.1a)

s.t.
∫
f

ˆ

dP

dQ
pθq

˙

dQpθq ≤ η (C.1b)∫
dP

dQ
pθqdQpθq = 1. (C.1c)

The remainder of the proof focuses on the problem in which the optimization is over
the Radon-Nikodym derivative dP

dQ instead of the measures P . This is due to the
fact that for all P ∈ 4QpMq, the Radon-Nikodym derivative dP

dQ is unique up to sets
of measure zero with respect to Q. The first part is as follows. Let M be the set
of measurable functions M → R with respect to the measurable space pM,F q and
pR,BpRqq. Let S be the subset of M , including all nonnegative functions that are
absolutely integrable with respect to Q. That is, for all ĝ ∈ S , it holds that∫

|ĝpθq|dQpθq <∞. (C.2)

Note that the set M forms a real vector space and the set S is a convex subset of
M . Note also that the constraints (C.1b) and (C.1c) are satisfied by the probability
measure Q, which also satisfies Q ∈ 4QpMq. Hence, the constraints do not induce
an empty feasible set. Finally, note that without loss of generality, the minimization
in (C.1) can be written as a minimization problem of the form:

min
g∈S

∫
LzpθqgpθqdQpθq (C.3a)

s.t. 1

η

∫
fpgpθqqdQpθq ≤ 1 (C.3b)∫

gpθqdQpθq = 1, (C.3c)

where the expressions
∫
LzpθqgpθqdQpθq and

∫
gpθqdQpθq are linear with g; the

expression 1
η

∫
fpgpθqqdQpθq is convex with g. The proof continues by assuming

that the problem in (C.3) possesses a solution, which is denoted by g⋆ ∈ S . Let
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µ0 ∈ r0,∞q be

µ0 ≜ min
g∈S

∫
LzpθqgpθqdQpθq (C.4a)

s.t. 1

η

∫
fpgpθqqdQpθq ≤ 1 (C.4b)∫

gpθqdQpθq = 1 (C.4c)

=

∫
Lzpθqg⋆pθqdQpθq. (C.4d)

From [24, Theorem 1, Section 8.3], it holds that there exists two tuples pa1, b1q and
pa2, b2q in R2 such that

µ0=min
g∈S

{∫
LzpθqgpθqdQpθq +

a1
η

∫
fpgpθqqdQpθq+b1+a2

∫
gpθqdQpθq+b2

}
,(C.5a)

and moreover,

0 =
a1
η

∫
fpg⋆pθqqdQpθq + b1, and (C.5b)

0 = a2

∫
g⋆pθqdQpθq + b2. (C.5c)

Hence, the proof continues by solving the ancillary optimization problem in (C.5),
which allows the reformulation of the optimization problem in an unconstrained dual
problem. This reformulation is possible as the tuples pa1, b1q and pa2, b2q are such
that equalities (C.5b) and (C.5c) are satisfied, by definition.

Let the function L : S → R be such that

Lpgq =

∫
LzpθqgpθqdQpθq+

a1
η

∫
fpgpθqqdQpθq + b1 + a2

∫
gpθqdQpθq+b2. (C.6)

Let ĝ : M → R be a function in S . The Gateaux differential of the functional L
in (C.6) at pg, βq ∈ S ×R in the direction of ĝ is

∂Lpg; ĝq≜ d

dα
Lpg + αĝ, βq

ˇ

ˇ

ˇ

ˇ

α=0

. (C.7)

Let the function r : R → R be defined for some fixed functions g and ĝ and some
fixed a1, b1, a2 and b2 such that for all α ∈ p−ϵ, ϵq, with ϵ arbitrarily small,

rpαq=Lpg + αĝq. (C.8)

The proof follows by showing that the function r in (C.8) is differentiable at zero, to
prove the existence of the Gateaux differential in (C.7) for those functions g and ĝ
and reals a1, b1, a2, and b2. To do so, note that

rpαq=

∫
Lzpθqpgpθq + αĝpθqq dQpθq

+
a1
η

∫
fpgpθq + αĝpθqq dQpθq + b1

+ a2

∫
pgpθq + αĝpθqqdQpθq + b2 (C.9)
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which can be rewritten as follows,

rpαq=α

∫
ĝpθqpa2 + LzpθqqdQpθq

+
a1
η

∫
fpgpθq + αĝpθqqdQpθq

+

∫
gpθqpa2 + Lzpθqq dQpθq + b1 + b2. (C.10)

Note that the first term in (C.10) is linear with α; the second term can be written
using the function r̂ : R → R such that for all α ∈ p−ϵ, ϵq, with ϵ arbitrarily small, it
holds that

r̂pαq=λ

∫
fpgpθq + αĝpθqq dQpθq; (C.11)

and the remaining terms are independent of α. Hence, based on the fact that the
function r̂ in (C.11) is differentiable at zero (see Lemma A.2.1 in Appendix A.3), so
is the function r in (C.10), which implies that the Gâteaux differential of ∂Lpg, ĝq

in (C.7) exists.

The proof proceeds by calculating the Gateaux differential ∂Lpg, ĝq in (C.7), which
requires calculating the derivative of the real function r in (C.10). That is,

d

dα
rpαq =

d

dα

ˆ

α

∫
ĝpθqpa2 + LzpθqqdQpθq +

a1
η

∫
fpgpθq + αĝpθqqdQpθq

+

∫
gpθqpa2 + Lzpθqq dQpθq + b1 + b2

˙

(C.12)

=

∫
ĝpθqpa2 + LzpθqqdQpθq +

a1
η

∫
d

dα
fpgpθq + αĝpθqqdQpθq (C.13)

=

∫
ĝpθqpa2 + LzpθqqdQpθq +

a1
η

∫
ĝpθq 9fpgpθq + αĝpθqqdQpθq (C.14)

where (C.13) follows from Theorem A.3.1. From equations (C.7) and (C.14), it follows
that

∂Lpg; ĝq =

∫
ĝpθqpa2 + LzpθqqdQpθq +

a1
η

∫
ĝpθq 9fpgpθqqdQpθq (C.15a)

=

∫
ĝpθq

ˆ

a2 + Lzpθq +
a1
η

9fpgpθqq

˙

dQpθq. (C.15b)

From [24, Theorem 1, Chapter 7], a necessary condition to use for the functional L
in (C.6) to have a minimum at g⋆ is that for all functions ĝ ∈ S ,

∂Lpg⋆; ĝq = 0. (C.16)

From (C.15b) and (C.16), it follows that g⋆ must satisfy for all θ ∈ suppQ, that

Lzpθq +
a1
η

9fpg⋆pθqq + a2 = 0. (C.17)

Assuming that

a1 6= 0, (C.18)
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From (C.17), it follows that

g⋆pθq = 9f−1

ˆ

− η

a1
pLzpθq + a2q

˙

, (C.19)

where the values a1 and a2 satisfy (C.5b) and (C.5c) and (C.18).

The remainder of the proof focuses on determining the values of a1, a2, b1, and b2,
which must also be such that g⋆ in (C.19) satisfies the constraints (C.3b) and (C.3c)
under the assumption that Lz in (2.6) is separable. For instance, from constraints (C.3b)
and (C.5c), it follows that

a2 = −b2. (C.20)

From (C.20), the constraint in (C.5c) implies that the choice of a2 satisfies

1 =

∫
g⋆pθqdQpθq. (C.21)

Similarly, the function g⋆ in (C.19) is the Radon-Nikodym derivative with respect to
Q of the solution P ⋆ ∈ 4pMq to the problem in (C.1). Hence, (C.5b) can be written
as follows

a1
η
Df pP ⋆‖Qq + b1 = 0, (C.22)

which implies

b1 = −a1
η
Df pP ⋆‖Qq. (C.23)

Note that if a1 < 0, given two models θ1 and θ2 in M, such that Lzpθ1q < Lzpθ2q, it
holds that

−a1
η

pLzpθ1q + a2q < −a1
η

pLzpθ2q + a2q. (C.24)

From Lemma A.3.1 in Appendix A.3, the function 9f−1 in (C.19) is strictly increasing,
and thus,

9f−1

ˆ

−a1
η

pLzpθ1q + a2q

˙

< 9f−1

ˆ

−a1
η

pLzpθ2q + a2q

˙

. (C.25)

Hence, from (C.19) and (C.25), it follows that

g⋆pθ1q < g⋆pθ2q. (C.26)

The proof continues by showing that (C.26) implies that the expectation of g⋆ ∈ S
with respect to Q induces an expected empirical risk larger than, the function g⋆ is
nonnegative. Let the real value k ∈ R be

k = −a1
η

9fp1q − a2, (C.27)

and consider the partition of the set M formed by the sets M0 and M1, which satisfy
the following:

M0 = {θ ∈ M : Lzpθq < k}, (C.28)
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M1 = {θ ∈ M : Lzpθq ≥ k}. (C.29)

Note that from (C.27) for all θ ∈ M, such that Lzpθq = k, it follows

g⋆pθq = 1. (C.30)

From (C.26) and (C.30), it implies that for all θ ∈ M0,

g⋆pθq < 1, (C.31)

and for all θ ∈ M1,

g⋆pθq ≥ 1, (C.32)

Let P ⋆ denote the probability measures defined by the pairs pa1, a2q, such that

P ⋆pMq =

∫
M0

g⋆pθqdQpθq +

∫
M1

g⋆pθqdQpθq, (C.33)

where g⋆ is defined in (C.19). Under the assumption a1 < 0, the measures P ⋆ over
the set M0 in (C.28) satisfies

P ⋆pM0q =

∫
M0

g⋆pθqdQpθq (C.34a)

<

∫
M0

dQpθq (C.34b)

= QpM0q, (C.34c)

where (C.34b) follows from (C.31). Hence, from (C.31) and (C.34) it follows that∫
M0

Lzpθqg⋆pθqdQpθq <

∫
M0

LzpθqdQpθq. (C.35)

Similarly, under the assumption a1 < 0, the measures P ⋆ over the set M1 in (C.29)
satisfies

P ⋆pM1q =

∫
M1

g⋆pθqdQpθq (C.36a)

≥
∫
M1

dQpθq (C.36b)

= QpM1q. (C.36c)

where (C.36b) follows from (C.32). Hence, from (C.32) and (C.36) it follows that∫
M1

Lzpθqg⋆pθqdQpθq ≥
∫
M1

LzpθqdQpθq. (C.37)

Note that from (C.28) and (C.35), it holds that

0 <

∫
M0

LzpθqdQpθq −
∫
M0

LzpθqdP ⋆pθq (C.38a)

< kpQpM0q − P ⋆pM0qq. (C.38b)
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Similarly, from (C.29) and (C.37), it holds that∫
M1

LzpθqdP ⋆pθq −
∫
M1

LzpθqdQpθq > kpP ⋆pM1q −QpM1qq (C.39a)

= kpp1− P ⋆pM0qq − p1−QpM0qqq (C.39b)
= kpQpM0q − P ⋆pM0qq (C.39c)

Plugging, (C.38) into (C.39) yields∫
M0

LzpθqdQpθq−
∫
M0

LzpθqdP ⋆pθq <

∫
M1

LzpθqdP ⋆pθq−
∫
M1

LzpθqdQpθq, (C.40)

which can be rearranged into,∫
M0

LzpθqdQpθq+

∫
M1

LzpθqdQpθq <

∫
M1

LzpθqdP ⋆pθq+

∫
M0

LzpθqdP ⋆pθq. (C.41)

Thus, the expected empirical risk of the measures P ⋆ under the assumption a1 < 0
implies that

RzpQq < RzpP ⋆q. (C.42)

Note that from Definition 1.5.1, for all P ∈ 4QpMq, it follows that

Df pQ‖Qq ≤ Df pP‖Qq, (C.43)

with equality, if and only if P = Q. Hence, (C.42) and (C.43) imply

RzpQq + λDf pQ‖Qq < RzpP ⋆q + λDf pP ⋆‖Qq, (C.44)

which is a contradiction. Thus, the focus in the remainder of the proof is on the case
in which

a1 > 0, (C.45)

which implies that models θ1 and θ2 in suppQ that Lzpθ1q < Lzpθ2q, satisfy

g⋆pθ1q > g⋆pθ2q. (C.46)

Given the pairs pa1, a2q and pâ1, â2q in R2 such that each pair satisfies the constraints
in (C.5b) and (C.5c), from (C.19) there exist a solution for each pair given by

g⋆pθq = 9f−1

ˆ

− η

a1
pLzpθq + a2q

˙

, (C.47)

and

ĝ⋆pθq = 9f−1

ˆ

− η

â1
pLzpθq + â2q

˙

, (C.48)

where the functions g⋆ and ĝ⋆ are the Radon-Nikodym derivative of the solutions P ⋆

and P̂ ⋆ with respect to Q for each pair pa1, a2q and pâ1, â2q, respectively. Under the
assumption that a1 < â1, it holds that for all θ ∈ suppQ,

− η

a1
pLzpθq + a2q < − η

â1
pLzpθq + a2q, (C.49)
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which from Lemma A.3.1 in Appendix A.3 implies that that for all θ ∈ suppQ,

9f−1

ˆ

− η

a1
pLzpθq + a2q

˙

< 9f−1

ˆ

− η

â1
pLzpθq + a2q

˙

. (C.50)

From (C.50), it holds that

1 =

∫
9f−1

ˆ

− η

a1
pLzpθq + a2q

˙

dQpθq (C.51)

<

∫
9f−1

ˆ

− η

â1
pLzpθq + a2q

˙

dQpθq. (C.52)

Then, for the pair pâ1, â2q to satisfy,∫
9f−1

ˆ

− η

â1
pLzpθq + â2q

˙

dQpθq = 1, (C.53)

under the assumption that a1 < â1, the value â2 must satisfy a2 < â2. Using the fact
that 0 < a1 < â1 and a2 < â2, let the real value c ∈ R be

c =
a2â1 − â2a1
a1 − â1

, (C.54)

and consider the partition of the set M formed by the sets A0, A1 and A2, which
satisfy the following:

A0 ≜ {θ ∈ M : Lzpθq = c}, (C.55)
A1 ≜ {θ ∈ M : Lzpθq < c}, (C.56)
A2 ≜ {θ ∈ M : Lzpθq > c}. (C.57)

Note that for all θ ∈ A0, the pair pâ1, â2q satisfies

− η

â1
pLzpθq + â2q = − η

â1
pc+ â2q (C.58)

= − η

â1

ˆ

a2â1 − â2a1
a1 − â1

+
â2pa1 − â1q

a1 − â1

˙

(C.59)

= − η

â1

ˆ

a2â1 − â2â1
a1 − â1

˙

(C.60)

= −η
ˆ

a2 − â2
a1 − â1

˙

. (C.61)

Similarly, for all θ ∈ A0, the pair pa1, a2q satisfies

− η

a1
pLzpθq + a2q = − η

a1
pc+ a2q (C.62)

= − η

a1

ˆ

a2â1 − â2a1
a1 − â1

+
a2pa1 − â1q

a1 − â1

˙

(C.63)

= − η

a1

ˆ

a2a1 − â2a1
a1 − â1

˙

(C.64)

= −η
ˆ

a2 − â2
a1 − â1

˙

. (C.65)
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Hence, from (C.61) and (C.65) for all θ ∈ A0, it holds that

− η

â1
pLzpθq + â2q = − η

a1
pLzpθq + a2q. (C.66)

Then, from (C.19) and (C.66), it follows that for all θ ∈ A0,

g⋆pθq = 9f−1

ˆ

− η

a1
pLzpθq + a2q

˙

(C.67a)

= 9f−1

ˆ

− η

â1
pLzpθq + â2q

˙

(C.67b)

= ĝ⋆pθq. (C.67c)

Furthermore, from the fact that 9f−1 in (C.19) is strictly increasing (see Lemma A.3.1
in Appendix A.3.1), for all θ ∈ A1, it holds that

g⋆pθq > ĝ⋆pθq, (C.68)

and for all θ ∈ A2, it holds that

g⋆pθq < ĝ⋆pθq. (C.69)

Let P ⋆ and P̂ ⋆ denote the probability measures defined by the pairs pa1, a2q and
pâ1, â2q, respectively. From (C.47) and (C.48), it follows that

P ⋆pA1q =

∫
A1

g⋆pθqdQpθq, (C.70)

and

P̂ ⋆pA1q =

∫
A1

ĝ⋆pθqdQpθq. (C.71)

From (C.70) and (C.71), the measures P ⋆ and P̂ ⋆ over the set A1 in (C.56) satisfy

P ⋆pA1q =

∫
A1

g⋆pθqdQpθq (C.72a)

>

∫
A1

ĝ⋆pθqdQpθq (C.72b)

= P̂ ⋆pA1q, (C.72c)

where (C.72b) follows from (C.68). Hence, from (C.46) and (C.72) it follows that∫
A1

Lzpθqg⋆pθqdQpθq >

∫
A1

Lzpθqĝ⋆pθqdQpθq. (C.73)

Similarly, from (C.70) and (C.71), the measures P ⋆ and P̂ ⋆ over the set A2 in (C.57)
satisfy

P ⋆pA2q =

∫
A2

g⋆pθqdQpθq (C.74a)

<

∫
A2

ĝ⋆pθqdQpθq (C.74b)

= P̂ ⋆pA2q. (C.74c)
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where (C.74b) follows from (C.69). Hence, from (C.46) and (C.74) it follows that∫
A2

Lzpθqg⋆pθqdQpθq <

∫
A2

Lzpθqĝ⋆pθqdQpθq. (C.75)

Note that from (C.56) and (C.73), it holds that

0 <

∫
A1

LzpθqdP ⋆pθq −
∫
A1

LzpθqdP̂ ⋆pθq (C.76a)

< cpP ⋆pA1q − P̂ ⋆pA1qq. (C.76b)

Similarly, from (C.57) and (C.75), it holds that∫
A2

LzpθqdP̂ ⋆pθq −
∫
A2

LzpθqdP ⋆pθq > cpP̂ ⋆pA2q − P ⋆pA2qq (C.77a)

= cpp1− P̂ ⋆pA1qq − p1− P ⋆pA1qqq (C.77b)
= cpP ⋆pA1q − P̂ ⋆pA1qq (C.77c)

Plugging, (C.76) into (C.77) yields∫
A1

LzpθqdP ⋆pθq −
∫
A1

LzpθqdP̂ ⋆pθq <

∫
A2

LzpθqdP̂ ⋆pθq −
∫
A2

LzpθqdP ⋆pθq,(C.78)

which can be rearranged into,∫
A1

LzpθqdP ⋆pθq +

∫
A2

LzpθqdP ⋆pθq <

∫
A2

LzpθqdP̂ ⋆pθq +

∫
A1

LzpθqdP̂ ⋆pθq.(C.79)

Thus, the expected empirical risk of the measures P ⋆ and P̂ ⋆ satisfy

RzpP ⋆q < RzpP̂ ⋆q. (C.80)

Observe that from (C.80) and the assumption of a1 < â1, it follows that

d

da1
RzpP ⋆q =

d

da1

∫
LzpθqdP ⋆pθq (C.81a)

= lim
â1→a1

∫
LzpθqdP̂ ⋆pθq −

∫
LzpθqdP ⋆pθq

â1 − a1
(C.81b)

> 0, (C.81c)

where (C.81c) follows from (C.80). The proof continues by showing the induced f -
divergence by the function f is increasing with respect to a1, which is equivalent to
showing that the derivative of Df with respect to a1 is always positive. In order to do
so, note that from the Assumption paq in Theorem 4.3.1, that is the strict convexity
it holds from Jensen inequality

Df pP ⋆‖Qq − Df pP̂ ⋆‖Qq

=

∫
fpg⋆pθqqdQpθq −

∫
fpĝ⋆pθqqdQpθq (C.82a)

=

∫
fpg⋆pθqq − fpĝ⋆pθqqdQpθq (C.82b)

>

∫
9fpĝ⋆pθqqpg⋆pθq − ĝ⋆pθqqdQpθq (C.82c)

=

∫
9f

ˆ

9f−1

ˆ

− η

â1
pLzpθq + â2q

˙˙

pg⋆pθq − ĝ⋆pθqqdQpθq (C.82d)
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=

∫
− η

â1
pLzpθq + â2qpg⋆pθq − ĝ⋆pθqqdQpθq (C.82e)

=

∫
η

â1
pLzpθq + â2qĝ⋆pθq − η

â1
pLzpθq + â2qg⋆pθqdQpθq (C.82f)

=

∫
η

â1
pLzpθq + â2qĝ⋆pθqdQpθq −

∫
η

â1
pLzpθq + â2qg⋆pθqdQpθq (C.82g)

=

∫
η

â1
pLzpθq + â2qdP̂ ⋆pθq −

∫
η

â1
pLzpθq + â2qdP ⋆pθq (C.82h)

=
η

â1

ˆ∫
LzpθqdP̂ ⋆pθq + â2 −

∫
LzpθqdP ⋆pθq − â2

˙

(C.82i)

=
η

â1

ˆ∫
LzpθqdP̂ ⋆pθq −

∫
LzpθqdP ⋆pθq

˙

(C.82j)

=
η

â1
pRzpP̂ ⋆q − RzpP ⋆qq (C.82k)

> 0, (C.82l)

where (C.82c) follows from first-order contidon (see [25, Secction 3.1.3]; (C.82d) fol-
lows from (C.48); (C.82h) follows from (C.70) and (C.71); and (C.82l) follows from
(C.80) and the facts that 0 < η, â1. Observe that from (C.82) and the assumption of
a1 < â1, it follows that

d

da1
Df pP ⋆‖Qq =

d

da1

∫
fpg⋆pθqqdQpθq (C.83)

= lim
â1→a1

Df pP ⋆‖Qq − Df pP̂ ⋆‖Qq

a1 − â1
(C.84)

< 0, (C.85)

where (C.85) follows from (C.82l) and that a1− â1 < 0. Hence, from (C.81) the terms∫
g⋆pθqLzpθqdQpθq in (C.1b) is strictly increasing with a1 and from (C.85) the term∫
fpg⋆pθqqdQpθq in (C.1c) is strictly decreasing with a1. This implies that a1 > 0

shall be chosen such that

Df pP ⋆‖Qq = η, (C.86)

and justify the uniqueness of the solution.

For the case in which the empirical risk function Lz in (2.6) is nonseparable (see
Definition 2.4.1), the objective function in (4.2) is a constant. Hence, the optimization
problems in (4.1) and (4.2) do not share the same solutions when for all θ ∈ suppQ,
Lzpθq = c, for some c > 0 and Lz in (2.6). More specifically, the set of solutions
to (4.1) is the singleton {Q}, while the set of solutions to the problem in (4.2) is
{P ∈ 4QpMq : Df pP‖Qq ≤ η}. Thus, the problem is ill-posted and justifies the need
for Assumption pcq in Theorem 4.3.1.

In a nutshell, choosing a real value λ = a1
η , the real a2 to satisfy

a2 ∈
{
t ∈ R : ∀θ ∈ suppQ, 0 < 9f−1

ˆ

− t+ Lzpθq

λ

˙}
, (C.87)
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and denoting the solution P ⋆ as P pQ,λq

Θ|Z=z, it holds that g⋆ in (C.19) can be written as
dP

pQ,λq

Θ|Z=z

dQ , and thus, for all pθq ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = 9f−1

ˆ

−Lzpθq + a2
λ

˙

, (C.88)

where λ is such that Df

´

P
pQ,λq

Θ|Z=z‖Q
¯

= η. This completes the proof.

C.2 Proof of Theorem 4.3.2
Proof: The proof is divided into three parts. The first part uses the properties
of the f -divergence regularization to prove the properties of an ancillary function.
The second part proves that the normalization function NQ,z : AQ,z → BQ,z, with
NQ,z implicitly defined in (4.7), has a unique solution and is continuous by using the
implicit function theorem on the ancillary function properties. The third part uses the
implicit function theorem result to derive an implicit expression for the normalization
function NQ,z.

Under the assumptions paq, pbq and pcq from Theorem 4.3.1, the sets AQ,z and BQ,z

in (4.7) are non-empty such that

ā = supAQ,z, (C.89)
a = inf AQ,z, (C.90)
b̄ = supBQ,z, and (C.91)
b = inf BQ,z, (C.92)

such that

A = pa, āq ⊆ p0,∞q, and (C.93a)
B =

`

b, b̄
˘

⊆ R. (C.93b)

Let the function F : A× B → R be

F pa, bq=

∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq − 1. (C.94)

The first part is as follows. Given the function F in (C.94), the continuity of F over
the sets A and B, defined in (C.93), is established by showing that F exhibits a limit
at every point in A and B, respectively. Then, for all pa, bq ∈ A × B and for all
θ ∈ suppQ, it holds that

9f−1

ˆ

−b− Lzpθq

a

˙

≤ 9f−1

ˆ

−
b+ δ⋆Q,z

a

˙

<∞, (C.95)

where equality holds if and only if Lzpθq = δ⋆Q,z. Now, from [137, Corollary 24.5.1]
the function 9f−1 is continuous, such that for all b ∈ B, it holds that

lim
b→β

9f−1

ˆ

−b− Lzpθq

a

˙

= 9f−1

ˆ

−β − Lzpθq

a

˙

. (C.96)
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Hence, from the dominated convergence theorem [140, Theorem 1.6.9], the following
limit exists and satisfies

lim
b→β

F pa, bq=lim
b→β

∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq − 1 (C.97)

=

∫ ˆ

lim
b→β

9f−1

ˆ

−b+ Lzpθq

a

˙˙

dQpθq − 1 (C.98)

=

∫
9f−1

ˆ

−β + Lzpθq

a

˙

dQpθq − 1 (C.99)

=F pβ, aq, (C.100)

which proves that the function F in (C.94) is continuous in B. Similarly, from [137,
Corollary 24.5.1] the function 9f−1 is continuous, such that for all a ∈ A, it holds
that

lim
a→λ

9f−1

ˆ

−b− Lzpθq

a

˙

= 9f−1

ˆ

−b− Lzpθq

λ

˙

. (C.101)

Hence, from the dominated convergence theorem [140, Theorem 1.6.9], the following
limit exists and satisfies

lim
a→λ

F pa, bq=lim
a→λ

∫
9f−1

ˆ

−b− Lzpθq

a

˙

dQpθq − 1 (C.102)

=

∫ ˆ

lim
a→λ

9f−1

ˆ

−b− Lzpθq

a

˙˙

dQpθq − 1 (C.103)

=

∫
9f−1

ˆ

−b− Lzpθq

λ

˙

dQpθq − 1 (C.104)

=F pλ, bq, (C.105)

which proves that the function F in (C.94) is continuous in A × B. Given a pair
pa, bq ∈ AQ,z × BQ,z, with AQ,z in (4.7), assume that

NQ,zpaq = b. (C.106)

This implies that

0 =

∫ dP
pQ,bq

Θ|Z=z

dQ
pθqdQpθq − 1 (C.107)

=

∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq. (C.108)

= F pa, bq. (C.109)

Note that the inverse 9f−1 exists from the fact that f is strictly convex, which implies
that 9f is a strictly increasing function. Hence, 9f−1 is also a strictly increasing function
in BQ,z [141, Theorem 5.6.9]. Moreover, from the assumption that f is strictly convex
and differentiable, it holds that 9f is continuous [144, Proposition 5.44]. This implies
that 9f−1 is continuous. From Lemma A.3.1 the function 9f−1 is strictly increasing
such that for all b ∈ BQ,z and for all θ ∈ suppQ, it holds that

9f−1

ˆ

−b+ Lzpθq

a

˙

≤ 9f−1

ˆ

−
b+ δ⋆Q,z

a

˙

, (C.110)
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with δ⋆Q,z defined in (3.16). Then, from (C.110) it follows that∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq <

∫
9f−1

ˆ

−
b+ δ⋆Q,z

a

˙

dQpθq (C.111)

= 9f−1

ˆ

−
b+ δ⋆Q,z

a

˙

(C.112)

<∞, (C.113)

where (C.113) follows from AQ,z ⊆ p0,∞q, which implies a > 0. For all pb1, b2q ∈ B2
Q,z,

such that b1 < b < b2, it holds that for all θ ∈ suppQ,

−1

a
pLzpθq + b1q > − 1

a
pLzpθq + bq > −1

a
pLzpθq + b2q, (C.114)

which from Lemma A.3.1 implies that

9f−1

ˆ

−1

a
pLzpθq + b1q

˙

> 9f−1

ˆ

−1

a
pLzpθq + bq

˙

> 9f−1

ˆ

−1

a
pLzpθq + b2q

˙

.(C.115)

From (C.115), it holds that

F pa, b1q > 0 > F pa, b2q, (C.116)

which implies that the function F in (C.94) is strictly monotonic with respect to b.

The second part is as follows. From the definnition of A and B in (C.93) there exists
atleast one point pλ, βq ∈ A× B, such that

pλ, βq ∈ AQ,z × BQ,z, (C.117)

which implies that

F pλ, βq=

∫
9f−1

ˆ

−β + Lzpθq

λ

˙

dQpθq − 1 (C.118)

=

∫ dP
pQ,λq

Θ|Z=z

dQ
pθqdQpθq − 1 (C.119)

=

∫
dP

pQ,λq

Θ|Z=zpθq − 1 (C.120)

=0. (C.121)

Note that from (C.97) and (C.102) the function F is continouse and thus the partial
derivative of F satisfy

∂

∂a
F pa, bq=

∂

∂a

ˆ∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq − 1

˙

(C.122)

=

∫
∂

∂a
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq (C.123)

=

∫
d

da
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq (C.124)

=

∫
b+ Lzpθq

a2
1

:f
´

9f−1
´

− b+Lzpθq

a

¯¯ dQpθq, (C.125)



112 Appendix C. ERM-fDR

where (C.125) follows from Lemma A.3.2; and

∂

∂b
F pa, bq=

∂

∂b

ˆ∫
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq − 1

˙

(C.126)

=

∫
∂

∂b
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq (C.127)

=

∫
d

db
9f−1

ˆ

−b+ Lzpθq

a

˙

dQpθq (C.128)

=

∫
−1

a

1

:f
´

9f−1
´

− b+Lzpθq

a

¯¯ dQpθq, (C.129)

where (C.129) follows from Lemma A.3.2. Note that, for all pa, bq×A×B, the partial
derivative ∂

∂bF , statisfies,
∂

∂b
F pa, bq < 0, (C.130)

From the fact that a > 0, and the strict convexity and twice differntiablity of f
implies that for all u ∈ R, the function :f satisfies, :fpuq > 0. Then, from The Implicit
Function Theorem in [145, Theorem 4] the function NQ,z is exists and is unique in
the open interval A with A in (C.93) and for all a ∈ A satisfies that

NQ,zpaq=b, (C.131)

such that

F pa,NQ,zpaqq=0, (C.132)

which completes the proof of continuity and uniqueness for the normalization function
NQ,z. The third part is as follows. From [145, Theorem 4] it follows that

d

da
NQ,zpaq=−

ˆ

∂

∂b
F pa,NQ,zpaqq

˙−1 ∂

∂a
F pa,NQ,zpaqq, (C.133)

=−

∫
NQ,zpaq + Lzpθq

a2
1

:f
´

9f−1
´

−NQ,zpaq+Lzpθq

a

¯¯ dQpθq

∫
−1

a

1

:f
´

9f−1
´

−NQ,zpaq+Lzpνq

a

¯¯ dQpνq

(C.134)

=

∫
NQ,zpaq + Lzpθq

a

1

:f
´

9f−1
´

−NQ,zpaq+Lzpθq

a

¯¯ dQpθq

∫
1

:f
´

9f−1
´

−NQ,zpaq+Lzpνq

a

¯¯ dQpνq

(C.135)

=

∫
NQ,zpaq + Lzpθq

a

¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚

−1

dQpθq

∫ ¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚

−1

dQpνq

(C.136)
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=
NQ,zpaq

a
+

1

a

∫
Lzpθq

¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚

−1

dQpθq

∫ ¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚

−1

dQpνq

(C.137)

=
NQ,zpaq

a
+

1

a

∫
Lzpθq

¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚

−1

dQpθq

∫ ¨

˝
:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚

−1

dQpνq

(C.138)

=
NQ,zpaq

a
+

1

a

∫
Lzpθq

1

:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pθq

˛

‚

∫
1

:f

ˆ

dP
pQ,aq

Θ|Z=z

dQ pνq

˙ dQpνq

dQpθq. (C.139)

The proof continues by considering a function ga : M → R, such that for all θ ∈
suppQ

gapθq=

1

:f

¨

˝

dP
pQ,aq

Θ|Z=z

dQ
pθq

˛

‚

∫
1

:f

ˆ

dP
pQ,aq

Θ|Z=z

dQ pνq

˙ dQpνq

. (C.140)

Note that from the assumption that f is strictly convex and twice differentiable,
the derivative 9f is increasing, and the second derivative :f is positive for all θ ∈
suppQ. Also, the denominator of the fraction is the integral of the reciprocal of
:f

ˆ

dP
pQ,aq

Θ|Z=z

dQ pνq

˙

with respect to the measure Q. This term serves as a normalization
constant ensuring that the resulting function is a proper probability density such
that ∫

gapθqdQpθq=1. (C.141)

Therefore, the function ga in (C.140) can be interpreted as the Radon-Nikodym
derivative of a new probability measure P paq, parametrizes by the regularization fac-
tor a with respect to Q. Specifically, if we define a measure P paq such that for any
set A ∈ FM,

P paqpAq =

∫
A

1

:f

¨

˝

dP
pQ,aq

Θ|Z=z
dQ

pθq

˛

‚∫
1

:f

ˆ

dP
pQ,aq

Θ|Z=z

dQ pνq

˙ dQpνq

dQpθq. (C.142)
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Therfeore, for all θ ∈ suppQ it follows that

gapθq=
dP paq

dQ
pθq. (C.143)

From (C.139) and (C.143)

NQ,zpaq=a
d

da
NQ,zpaq −

∫
Lzpθq

dP paq

dQ
pθqdQpθq (C.144)

=a
d

da
NQ,zpaq − Rz

´

P paq
¯

, (C.145)

whith Rz defined in (2.12), which completes the proof of the ODE for the normaliza-
tion function. This completes the proof.

C.3 Proof of Lemma 4.3.2
Proof: From the implicit function theorem the derivative of the normalization function
satisfies

d

dλ
NQ,zpλq=−

ˆ

∂

∂β
F pλ, βq

˙−1∂

∂λ
F pλ, βq, (C.146)

=

∫
β + Lzpθq

λ

¨

˝
:f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚

−1

dQpθq

∫ ¨

˝
:f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚

−1

dQpνq

(C.147)

=

∫
− 9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

¨

˝
:f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚

−1

dQpθq

∫ ¨

˝
:f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚

−1

dQpνq

(C.148)

=

∫
− 9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚
:f∗

¨

˝
9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚dQpθq

∫
:f∗

¨

˝
9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pνq

˛

‚

˛

‚dQpνq

(C.149)

Let the function ψ : R → R be

ψpyq =
:f∗pyq

9f∗pyq
=

d

dy
log

´

9f∗pyq

¯

. (C.150)

Then, from (C.149) and (C.150)

d

dλ
NQ,zpλq=

∫
Lzpθq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq∫
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq

. (C.151)
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Note that under Assumptions paq, it holds that for all v ∈ J , the functions 9f−1 and 9f∗

satisfy 9f−1ptq = 9f∗ptq. Hence, together with the assumption that 9f−1 is log convex, it
implies that the function ψ is increasing. Therefore, the map Lzpθq 7→ ψ

´

−Lzpθq+β
λ

¯

is
decreasing with respect to the empirical risk Lzpθq. Now, consider the integral∫

Lzpθq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq. (C.152)

Note that modelts θ ∈ M are samples i.i.d with respect to the probability measure,
therefore it holds that

1

2

∫ ∫ ˆ

Lzpθq + β

λ
− Lzpνq + β

λ

˙ˆ

ψ

ˆ

−Lzpθq + β

λ

˙

−ψ
ˆ

−Lzpνq + β

λ

˙˙

dP
pQ,λq

Θ|Z=zpθqP
pQ,λq

Θ|Z=zpνq

=
1

2

ˆ∫
Lzpθq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq

+

∫
Lzpνq + β

λ
ψ

ˆ

−Lzpνq + β

λ

˙

dP
pQ,λq

Θ|Z=zpνq

−
∫ ∫

Lzpθq + β

λ
ψ

ˆ

−Lzpνq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθqdP
pQ,λq

Θ|Z=zpνq

−
∫ ∫

Lzpνq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθqdP
pQ,λq

Θ|Z=zpνq

˙

(C.153)

=

∫
Lzpθq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq

−
∫

Lzpθq + β

λ
dP

pQ,λq

Θ|Z=zpθq

∫
ψ

ˆ

−Lzpθq + β

λ

˙

P
pQ,λq

Θ|Z=zpθq. (C.154)

Observe that for all pθ,νq ∈ suppQ such that Lzpνq ≥ Lzpθq then

ψ

ˆ

−Lzpθq + β

λ

˙

≤ ψ

ˆ

−Lzpνq + β

λ

˙

, (C.155)

whichit implies that
ˆ

Lzpθq + β

λ
− Lzpνq + β

λ

˙ˆ

ψ

ˆ

−Lzpθq + β

λ

˙

− ψ

ˆ

−Lzpνq + β

λ

˙˙

≤ 0. (C.156)

Similarly, for all pθ,νq ∈ suppQ such that Lzpθq < Lzpνq then

ψ

ˆ

−Lzpθq + β

λ

˙

> ψ

ˆ

−Lzpνq + β

λ

˙

(C.157)

it holds that
ˆ

Lzpθq + β

λ
− Lzpνq + β

λ

˙ˆ

ψ

ˆ

−Lzpθq + β

λ

˙

− ψ

ˆ

−Lzpνq + β

λ

˙˙

< 0. (C.158)

Ussing (C.154), (C.156) and (C.158)∫
Lzpθq + β

λ
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq
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≤
∫

Lzpθq + β

λ
dP

pQ,λq

Θ|Z=zpθq

∫
ψ

ˆ

−Lzpθq + β

λ

˙

P
pQ,λq

Θ|Z=zpθq. (C.159)

From (C.151) and (C.159), it follows that

d

dλ
NQ,zpλq≤

∫
Lzpθq + β

λ
dP

pQ,λq

Θ|Z=zpθq

∫
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq∫
ψ

ˆ

−Lzpθq + β

λ

˙

dP
pQ,λq

Θ|Z=zpθq

(C.160)

=

∫
Lzpθq + β

λ
dP

pQ,λq

Θ|Z=zpθq (C.161)

=

∫ dP
pQ,λq

Θ|Z=z

dQ
pθq 9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dQpθq. (C.162)

Note that from the assumption in (4.10), it follows that

d

dλ
NQ,zpλq≤0. (C.163)

whcih completes the proof.

C.4 Proof of Lemma 4.3.3
Proof: Given a reference measure Q, a dataset z, a strictly convex and differen-
tiable function f that induces an f -divergence and the empirical risk function Lz
in (2.6), under the assumption that there exists a λ ∈ p0,∞q, such that the opti-
mization problem (4.1) has a solution, the proof is concerned with characterizing the
set of all regularization factors λ for which a solution exists. This set of regular-
ization factors is denoted by AQ,z, where AQ,z ⊆ p0,∞q. The proof is divided into
three parts. In the first part, the Legendre-Fenchel transform of f is connected to
the Radon-Nikodym derivative of the solution to the optimization problem in (4.1)
presented in Theorem 4.3.1. In the second part, the strictly increasing property of
the Radon-Nikodym derivative, obtained from the connection established with the
Legendre-Fenchel transform of f , is used to evaluate the real values of λ under which
assumption (4.3a) holds. In the third part, the strictly increasing property is used to
evaluate the real values of λ under which assumption (4.3b) holds.

The first part is as follows. The Legendre-Fenchel transform of f is defined as

f∗ptq ≜ sup
s∈I

pts− fpsqq, (C.164)

where f∗ : J → R. From [137, Theorem 23.5] the Legendre-Fenchel transform f∗

in (C.164) satisfies

f∗ptq = t
d

dt
f∗ptq − f

ˆ

d

dt
f∗ptq

˙

. (C.165)

Furthermore, from [137, Corollary 23.5.1], the function d
dtf

∗ : J → I satisfies

d

dt
f∗ptq =

ˆ

df

dt

˙−1

ptq, (C.166)
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which is the functional inverse of the derivative of f , denoted by 9f−1 for simplicity.
Note that, given the assumption that f is strictly convex and induces an f -divergence,
it follows from [137, Theorem 12.2] that the function f∗ in (C.164) is also strictly con-
vex. From the strict convexity of f∗, it follows from Lemma A.3.1 that 9f−1 in (C.166)
is strictly increasing. Furthermore, from [137, Corollaey 26.3.1] f∗ in (C.164) is bi-
jective with df

ds : I → J , which completes the first part of the proof.

The second part is as follows. Evaluating the real values of λ under which assumption

in (4.3a) holds requires to show that the function
dP

pQ,λq

Θ|Z=z

dQ belongs to the set of
nonnegative measurable functions. From the f -divergence in Defintion 1.5.1 and the
fact that 9f−1 strictly increasing and bijective, the proof follows by showing that the
limit

lim
x→0+

9fpxq = t0, (C.167)

satisfies for all θ ∈ suppQ,

−Lzpθq + β

λ
> t0. (C.168)

Note that (C.168) is suficient from the fact that the monotonicity of 9f−1 implies that
for all t > t0,

9f−1ptq > 0. (C.169)

To evaluate the real values of λ under which assumption in (4.3a) holds, three cases
must be considered for the limit in (C.167).

Case 1: Assume that

lim
x→0+

9fpxq = ∞. (C.170)

Under the above assumption, for all θ ∈ suppQ,

−Lzpθq + β

λ
<∞, (C.171)

which implies that

9f−1

ˆ

−Lzpθq + β

λ

˙

< 0. (C.172)

Hence, assumption pbq of Theorem 4.3.1 is not satisfied and nothing can be stated
about the solution.

Case 2: Assume that

lim
x→0+

9fpxq = a, (C.173)

where a ∈ R. Under the above assumption, consider the set

D = {θ ∈ suppQ : −Lzpθq < aλ+ β}. (C.174)
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On one hand, note that if the function Lz in (2.6) is unbounded in suppQ, from (C.173)
the set D in (C.174) is nonegligble and measurable, such that for all θ ∈ D,

−Lzpθq + β

λ
< a, (C.175)

which implies that

9f−1

ˆ

−Lzpθq + β

λ

˙

< 0. (C.176)

Hence, assumption pbq of Theorem 4.3.1 is not satisfied and nothing can be stated
about the solution. On the other hand, if the function Lz in (2.6) is bounded in
suppQ, such that

M = sup
θ∈suppQ

Lzpθq. (C.177)

Then, there exists a λQ,z ∈ r0,∞q such that

−M = aλQ,z + β. (C.178)

From (C.178) for all λ > λQ,z, it holds that for all θ ∈ suppQ,

9f−1

ˆ

−Lzpθq + β

λ

˙

> 0. (C.179)

From (C.179), consider the following conditions: If there exists a model θ̄ ∈ suppQ
such that Lz

`

θ̄
˘

= M , where M is defined in (C.177), then the set of regularization

factors λ for which the function
dP

pQ,λq

Θ|Z=z

dQ is nonnegative is rλQ,z,∞q. Alternatively, if
for all models θ ∈ suppQ, it holds that Lzpθq < M , where M is defined in (C.177),

then the set of regularization factors λ for which the function
dP

pQ,λq

Θ|Z=z

dQ is nonnegative
is pλQ,z,∞q.

Case 3: Assume that

lim
x→0+

9fpxq = −∞. (C.180)

Under the above assumption, for all θ ∈ suppQ,

−Lzpθq + β

λ
> −∞, (C.181)

which implies that

9f−1

ˆ

−Lzpθq + β

λ

˙

> 0. (C.182)

Hence, for all λ ∈ p0,∞q assumption pbq of Theorem 4.3.1 is satisfie such that the

nonnegativity of function
dP

pQ,λq

Θ|Z=z

dQ is guaranteed. This completes the second part of
the proof.

The third part is as follows. Evaluating the values λ under which assumption (4.3b)

holds requires to show there exists a real value β ∈ R such that the integral of
dP

pQ,λq

Θ|Z=z

dQ
with respect to Q is one. From Theorem 4.3.2 the monotonicity of the normalization
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function NQ,z in (4.7) there is a minimum regularization factor λ⋆Q,z defined in (3.17).
Furthermore, from Theorem 4.3.2 the continuity of the function NQ,z implies that
for all λ ∈

´

λ⋆Q,z,∞
¯

, there exists a unique β ∈ BQ,z such that assumption pbq of
Theorem 4.3.1 is satisfied. From Theorem 4.3.2, it holds that

lim
λ→λ⋆

Q,z
+
NQ,zpλq = NQ,z

`

λ⋆Q,z

˘

, (C.183)

with the function NQ,z defined in (4.7) and the limit from the right is well defined
from the fact that the set AQ,z is convex. To determine whether the infimum in (3.17)
belongs to the set AQ,z two cases are considered.

Case 1: Assume that β > NQ,z

´

λ⋆Q,z

¯

, such that

∫
9f−1

˜

−β + Lzpθq

λ⋆Q,z

¸

dQpθq = ∞. (C.184)

Notice that from (C.184) for all β1 ∈
”

NQ,z

´

λ⋆Q,z

¯

, β
¯

and for all θ ∈ suppQ, it
holds that

9f−1

˜

−β1 + Lzpθq

λ⋆Q,z

¸

> 9f−1

˜

−β + Lzpθq

λ⋆Q,z

¸

. (C.185)

Hence, under the above assumption, NQ,z

´

λ⋆Q,z

¯

/∈ BQ,z which implies that the
set of all regularization AQ,z in (4.7) that satisfy assumption (4.3b) is AQ,z =
´

λ⋆Q,z,∞
¯

.

Case 2: Assume that β > NQ,z

´

λ⋆Q,z

¯

, such that

∫
9f−1

˜

−β + Lzpθq

λ⋆Q,z

¸

dQpθq <∞. (C.186)

From the monotonicity of the solution in part one and continuity of the function NQ,z

in (4.7) from Theorem 4.3.2, there exists a β⋆Q,z ∈ BQ,z such that NQ,z

´

λ⋆Q,z

¯

= β⋆Q,z,

which implies that the set of all regularization factors AQ,z =
”

λ⋆Q,z,∞
¯

.

Finally, from parts two and three of the proof the set AQ,z is a convex set such that
the regularization factors for which the assumptions of Theorem 4.3.1 hold and are
given by

`

λ⋆Q,z,∞
˘

⊆ AQ,z ⊆
“

λ⋆Q,z,∞
˘

, (C.187)

which completes the proof.

C.5 Proof of Lemma 4.3.4
Proof: The following proof is divided into two parts. In the first part, an auxiliary
function is introduced and proven to be continuous. In the second part, a contradic-
tion is shown under the assumption that 9f−1 is nonnegative and the continuity of the
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auxiliary function. Finally, it is shown that for nonnegative 9f−1, the set of admissible
regularization factors is the positive reals.

The first part is as follows. Let the function k : R → p0,+∞q, be such that

kpbq=

∫
9f−1

ˆ

−b− Lzpθq

λ

˙

dQpθq. (C.188)

The first step is to prove that the function k in (C.188) is continuous in R. This is
proved by showing that k always exhibits a limit. Note that from Lemma A.3.1 the
function 9f−1 is strictly increasing, it holds that for all b ∈ BQ,z with BQ,z defined
in (4.7) and for all θ ∈ suppQ, it holds that

9f−1

ˆ

−b− Lzpθq

λ

˙

≤ 9f−1

ˆ

− b

λ

˙

, (C.189)

where equality holds if and only if Lzpθq = 0. Now, from the [137, Corollary 24.5.1]
the function 9f−1 is continuous, such that for all a ∈ B, it holds that

lim
b→β

9f−1

ˆ

−b− Lzpθq

λ

˙

= 9f−1

ˆ

−β − Lzpθq

λ

˙

. (C.190)

Hence, from the dominated convergence theorem [140, Theorem 1.6.9], the following
limit exists and satisfies

lim
b→β

kpbq=lim
b→β

∫
9f−1

ˆ

−b− Lzpθq

λ

˙

dQpθq (C.191)

=

∫ ˆ

lim
b→β

9f−1

ˆ

−b− Lzpθq

λ

˙˙

dQpθq (C.192)

=

∫
9f−1

ˆ

−β − Lzpθq

λ

˙

dQpθq (C.193)

=kpβq, (C.194)

which proves that the function k in (C.188) is continuous.

The second part is as follows. From the assumption that BQ,z is nonempty, there is
a b ∈ BQ,z and a λ ∈ p0,∞q such that,

1 =

∫
9f−1

ˆ

−b+ Lz
λ

˙

dQpθq. (C.195)

From [137, Corollary 24.5.1] and Lemma A.3.1 the function 9f−1 is continuous and
strictly increasing, for all b1 ∈

´

b⋆Q,z, b
¯

and for all b2 ∈ pb,∞q, it holds that∫
9f−1

ˆ

−b1 + Lz
λ

˙

dQpθq > 1 >

∫
9f−1

ˆ

−b2 + Lz
λ

˙

dQpθq. (C.196)

Under the same argument, for all λ1 ∈ p0, λq and for all λ2 ∈ pλ,∞q, it holds
that ∫

9f−1

ˆ

−b+ Lz
λ1

˙

dQpθq < 1 <

∫
9f−1

ˆ

−b+ Lz
λ2

˙

dQpθq. (C.197)

Hence, given that the function k in (C.188) is continuous, strictly decreasing, from (C.196)
then, there always exists two reals b1 and b2 in BQ,z such that kpb1q < 1 < kpb2q, it
follows from the intermediate-value theorem [146, Theorem 4.23] that there always
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exists a unique real b ∈ BQ,z such that kpbq = 1. Furthermore, for all b ∈ BQ,z there
always exists two reals λ1 and λ2 in p0,∞q such that inequality (C.197) holds, it
follows from the intermediate-value theorem [146, Theorem 4.23] that there always
exists a unique real b ∈ BQ,z for all λ ∈ p0,∞q such that kpbq = 1. Finally, from the
fact that NQ,z in (4.7) is continuous and strictly increasing, if BQ,z =

´

t⋆Q,z,∞
¯

then
the set of admisible regularization factors AQ,z in (4.7a) is identical to p0,∞q, which
completes the proof.

C.6 Proof of Lemma 4.3.5
Proof: For all θ1 ∈ suppQ and for all θ2 ∈ L⋆

Q,z, it follows that

Lzpθ1q ≥ Lzpθ2q, (C.198)

and thus, for all λ > 0, such that β ∈ B, with B defined in (4.3a), it holds that

−Lzpθ1q + β

λ
≤ −Lzpθ2q + β

λ
. (C.199)

From Lemma A.3.1 the function 9f−1 is strictly increasing, which implies that

9f−1

ˆ

−Lzpθ1q + β

λ

˙

≤ 9f−1

ˆ

−Lzpθ2q + β

λ

˙

. (C.200)

Hence, under the assumption that L⋆
Q,z ∩ suppQ 6= ∅, for all θ1 ∈ suppQ and for all

θ2 ∈ L⋆
Q,z ∩ suppQ, it holds that

dP
pQ,λq

Θ|Z=z

dQ
pθ1q ≤

dP
pQ,λq

Θ|Z=z

dQ
pθ2q, (C.201)

with equality if and only if θ1 ∈ L⋆
Q,z ∩ suppQ, which completes the proof.

C.7 Proof of Lemma 4.3.6
Proof: From Lemma 4.3.5, it follows that for all λ > 0 such that β ∈ B, with B defined
in (4.3a), it holds that for all θ ∈ suppQ, and for all ϕ ∈ L⋆

Q,z ∩ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq ≤

dP
pQ,λq

Θ|Z=z

dQ
pϕq (C.202)

= 9f−1

ˆ

−
Lzpϕq +NQ,zpλq

λ

˙

(C.203)

= 9f−1

ˆ

−
δ⋆Q,z +NQ,zpλq

λ

˙

(C.204)

<∞, (C.205)

where (C.202) follows from (4.4); (C.203) follows from the fact that Lzpϕq ≥ δ⋆Q,z;
and (C.205) follows from the fact that for all λ > 0, the function NQ,zpλq <∞. From
the definition of δ⋆Q,z in (3.16) and L⋆

Q,z in (3.18) equality in (C.202) holds if and only
if θ ∈ L⋆

Q,z ∩ suppQ. This completes the proof of finiteness.
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For the proof of positivity, observe that from Corollary 4.3.1 it holds that for all
θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq > 0, (C.206)

which completes the proof.

C.8 Proof of Lemma 4.3.7
Proof: The proof is divided into two parts. The first part shows via contradiction that
for all λ > 0 such that P pQ,λq

Θ|Z=z is the solution to the optimization problems in (4.1) and
in (4.2) that the expected empirical risk of P pQ,λq

Θ|Z=z is less than the expected empirical
risk of the prior Q. The second part shows that as λ increases, the expected empirical
risk increases. The first part is as follows. Under the assumption that the function
Lz in (2.6) is serparable (see Definition 2.4.1), there exist a real value a > 0 and a
partition of the set M formed by some noneglible sets A0 and A1 with respect to Q
that satisfy the following:

A0 ≜ {θ ∈ M : Lzpθq ≥ a}, (C.207a)
A1 ≜ {θ ∈ M : Lzpθq < a}. (C.207b)

Under the assumption that the probability measure P pQ,λq

Θ|Z=z in (4.4) satisfies

P
pQ,λq

Θ|Z=zpA0q < QpA0q, (C.208)

and it follows that

Rz

´

P
pQ,λq

Θ|Z=z

¯

< RzpQq, (C.209)

with Rz defined in (2.12). From the fact that for all P ∈ 4QpMq, the f -divergence
in (4.2) satisfies

Df pP‖Qq ≥ 0, (C.210)

where the equality holds if and only if for all A ∈ F pMq, the probability P pAq =

QpAq. Then, under the assumption that the probability measure P pQ,λq

Θ|Z=z in (4.4)
satisfies

P
pQ,λq

Θ|Z=zpA0q > QpA0q, (C.211)

it follows that

Rz

´

P
pQ,λq

Θ|Z=z

¯

> RzpQq. (C.212)

From (C.210) and (C.212) it follows

Rz

´

P
pQ,λq

Θ|Z=z

¯

+ λDf

´

P
pQ,λq

Θ|Z=z‖Q
¯

≥ RzpQq + λDf pQ‖Qq, (C.213)
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which is a contradiction. This implies that for P pQ,λq

Θ|Z=z to minimize the optimization
problems in (4.1) and (4.2), the expected empirical risk of P pQ,λq

Θ|Z=z satisfies

Rz

´

P
pQ,λq

Θ|Z=z

¯

< RzpQq, (C.214)

which completes the first part of the proof.

The second part is as follows. Given two regularization factors pλ1, λ2q ∈ r0,∞q
2,

such that λ1 < λ2, it holds for all i ∈ {1, 2} that

dP
pQ,λiq

Θ|Z=z

dQ
pθq = 9f−1

ˆ

−Lzpθq + βi
λi

˙

(C.215a)

= 9f−1

ˆ

−
Lzpθq +NQ,zpλiq

λi

˙

(C.215b)

where equality (C.215b) follows from (4.7). From Theorem 4.3.2 and the fact that
λ1 < λ2 it holds that NQ,zpλ1q < NQ,zpλ2q. Let a in (C.207) be

a =
λ1NQ,zpλ2q − λ2NQ,zpλ2q

λ2 − λ1
. (C.216)

Note that for all θ ∈ suppQ such that Lzpθq = a, it holds that

dP
pQ,λ1q

Θ|Z=z

dQ
pθq =

dP
pQ,λ2q

Θ|Z=z

dQ
pθq. (C.217)

Then, for all θ ∈ A0, it holds that

dP
pQ,λ1q

Θ|Z=z

dQ
pθq ≥

dP
pQ,λ2q

Θ|Z=z

dQ
pθq, (C.218)

and for all θ ∈ A1, it holds that

dP
pQ,λ1q

Θ|Z=z

dQ
pθq <

dP
pQ,λ2q

Θ|Z=z

dQ
pθq, (C.219)

where inequalities (C.218) and (C.219) follow from (C.217) and the fact that that 9f−1

in (C.19) is strictly increasing. Hence, the probability measures P pQ,λ1q

Θ|Z=z and P pQ,λ2q

Θ|Z=z
over the set A1 satysfy

P
pQ,λ1q

Θ|Z=zpA1q =

∫
A1

dP
pQ,λ1q

Θ|Z=z

dQ
pθqdQpθq (C.220)

<

∫
A1

dP
pQ,λ2q

Θ|Z=z

dQ
pθqdQpθq (C.221)

= P
pQ,λ2q

Θ|Z=zpA1q, (C.222)

where inequality (C.221) follows from (C.68). Therefore, from (C.222) the expected
empirical risk satisfies

Rz

´

P
pQ,λ2q

Θ|Z=z

¯

< Rz

´

P
pQ,λ2q

Θ|Z=z

¯

, (C.223)
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which implies that the expected empirical risk increases with respect to λ. This
completes the proof.
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Appendix D

Dual ERM-fDR

D.1 Proof of Theorem 5.4.1
Proof: From Theorem 4.3.1, Theorem 5.3.1 and Lemma A.3.3, the Legendre-Fenchel
transform in Definition 1.5.2 satisfies for all θ ∈ suppQ,

f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚= −
Lzpθq +NQ,zpλq

λ

dP
pQ,λq

Θ|Z=z

dQ
pθq − f⋆

ˆ

Lzpθq +NQ,zpλq

λ

˙

,(D.1)

where (D.1) can be rearranged into

−
Lzpθq +NQ,zpλq

λ

dP
pQ,λq

Θ|Z=z

dQ
pθq = f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f⋆
ˆ

Lzpθq +NQ,zpλq

λ

˙

.(D.2)

Using (D.2), it can be shown that

λ

∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−
Lzpθq +NQ,zpλq

λ

˙

˛

‚

¨

˝1− dP

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθq

= λ

∫
−
Lzpθq +NQ,zpλq

λ

dP
pQ,λq

Θ|Z=z

dQ
pθq

¨

˝1− dP

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθq (D.3)

= λ

∫
Lzpθq +NQ,zpλq

λ

¨

˝

dP

dQ
pθq −

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dQpθq (D.4)

= λ

∫
Lzpθq +NQ,zpλq

λ
dP pθq − λ

∫
Lzpθq +NQ,zpλq

λ
dP

pQ,λq

Θ|Z=zpθq (D.5)

=

∫
LzpθqdP pθq −

∫
LzpθqdP

pQ,λq

Θ|Z=zpθq +NQ,zpλq −NQ,zpλq (D.6)

= RzpP q − Rz

´

P
pQ,λq

Θ|Z=z

¯

, (D.7)

= G
´

z, P, P
pQ,λq

Θ|Z=z

¯

, (D.8)

where (D.3) follows from (D.2), (D.4) follows from the fact that P is absolutely
continuous with respect to Q; and (D.4) follows from (5.17). This completes the
proof.
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D.2 Proof of Lemma 5.3.3
Proof: The Legendre-Fenchel transform of a strictly convex function f : I → R

satisfies

f∗ptq ≜ sup
s∈I

pts− fpsqq. (D.9)

From [137, Theorem 23.5] if f is strictly convex then maximizing argument of the
convex conjugate f∗ satisfies

f∗ptq = t
d

dt
f∗ptq − f

ˆ

d

dt
f∗ptq

˙

. (D.10)

Furthermore, from [137, Corollary 23.5.1] the function 9f−1 is the derivative of the
convex conjugate of f in (D.10), which implies that Differential Equations

f∗ptq = t 9f−1ptq − f
´

9f−1ptq
¯

. (D.11)

From Theorem 4.3.1, let t = −Lzpθq+β
λ in the optimization problems in (4.1) and (4.2),

then it holds that for all θ ∈ suppQ,

f∗
ˆ

−Lzpθq + β

λ

˙

= −Lzpθq + β

λ

dP
pQ,λq

Θ|Z=z

dQ
pθq − f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚. (D.12)

Taking the integral of (D.12) with respect to the reference measure Q, yields∫
f∗

ˆ

−Lzpθq + β

λ

˙

dQpθq

=

∫ ¨

˝−Lzpθq + β

λ

dP
pQ,λq

Θ|Z=z

dQ
pθq − f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

˛

‚dQpθq (D.13)

= − 1

λ

´

Rz

´

P
pQ,λq

Θ|Z=z

¯

+ β
¯

− Df

´

P
pQ,λq

Θ|Z=z‖Q
¯

. (D.14)

Arranging (D.14) results in

Rz

´

P
pQ,λq

Θ|Z=z

¯

+ λDf

´

P
pQ,λq

Θ|Z=z‖Q
¯

= −λ
∫
f∗

ˆ

−Lzpθq + β

λ

˙

dQpθq − β,(D.15)

which completes the proof.

The second part of the proof is as follows. From Lemma 4.3.1, equality (D.12) can
be rewriten as

Lzpθq + β

λ

= −f∗
ˆ

−Lzpθq + β

λ

˙

dQ

dP
pQ,λq

Θ|Z=z

pθq − dQ

dP
pQ,λq

Θ|Z=z

pθqf

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚. (D.16)

Taking the integral of (D.16) with respect to the reference measure Q, yields

1

λ
RzpQq +

β

λ
= −

∫
f∗

ˆ

−Lzpθq + β

λ

˙

dQ

dP
pQ,λq

Θ|Z=z

pθqdQpθq
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−
∫

dQ

dP
pQ,λq

Θ|Z=z

pθqf

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dQpθq. (D.17)

Arranging (D.17) results in

RzpQq + λ

∫
dQ

dP
pQ,λq

Θ|Z=z

pθqf

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dQpθq

= −λ
∫
f∗

ˆ

−Lzpθq + β

λ

˙

dQ

dP
pQ,λq

Θ|Z=z

pθqdQpθq − β, (D.18)

which completes the proof.

D.3 Proof Theorem 5.4.2
Proof: From (5.17) the gap for an arbitrary dataset z and two arbitrary probability
measures P1 and P2 satisfies

Gpz, P1, P2q = RzpP1q − RzpP2q (D.19)

From Theorem 5.4.1 the gap for an arbitrary dataset z and two arbitrary probability
measures P1 and P2 in 4QpMq, is given satisfies

Gpz, P1, P2q

= G
´

z, P1, P
pQ,λq

Θ|Z=z

¯

− G
´

z, P2, P
pQ,λq

Θ|Z=z

¯

(D.20)

= λ

∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝1− dP1

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθq

−λ
∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝1− dP2

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθq(D.21)

= λ

∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝

dP2

dP
pQ,λq

Θ|Z=z

pθq

− dP1

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθq. (D.22)

Substituting the probability measures P1 and P2 for the probability measures PΘ|Z=z

and PΘ; and taking the expectation of (D.22) with respect to PZ yields

G
`

PΘ|Z , PZ

˘

= λ

∫ ∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝

dPΘ|Z=z

dP
pQ,λq

Θ|Z=z

pθq

− dPΘ

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθqdPZpzq, (D.23)

which completes the proof.
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D.4 Proof Theorem 5.4.3
Proof: From Theorem 4.3.1 and [137, Corollary 23.5.1], the Legendre-Fenchel trans-
form in Definition 1.5.2 satisfies for all θ ∈ suppQ,

9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

dP
pQ,λq

Θ|Z=z

dQ
pθq = f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f⋆
ˆ

−Lzpθq + β

λ

˙

.(D.24)

Then, from Theorem 5.4.2 and (D.24), the generalization error of the solution to the
ERM-fDR problem in (4.1) satisfies

G
´

P
pQ,λq

Θ|Z , PZ

¯

= λ

∫ ∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

˜

dP
pQ,λq

Θ|Z=z

dP
pQ,λq

Θ|Z=z

pθq

−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

¸

dQpθqdPZpzq (D.25)

= λ

∫ ∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝1−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθqdPZpzq(D.26)

= λ

∫ ∫
9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

dP
pQ,λq

Θ|Z=z

dQ
pθq

¨

˝1−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθqdPZpzq (D.27)

= λ

˜ ∫ ∫
9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

dP
pQ,λq

Θ|Z=z

dQ
pθqdQpθqdPZpzq

−
∫ ∫

9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

dP
pQ,λq

Θ

dQ
pθqdQpθqdPZpzq

¸

(D.28)

= λ

˜ ∫ ∫
9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dP
pQ,λq

Θ|Z=zpθqdPZpzq

−
∫ ∫

9f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dP
pQ,λq

Θ pθqdPZpzq

¸

, (D.29)

where (D.27) follows from (D.24), (D.28) follows from Corollary 4.3.1. This completes
the proof.

D.5 Proof Remark 1
Proof: Under the assumption that the function f in (4.1) is

fpxq = x logpxq, (D.30)

from the Legendre-Fenchel transform in Definition 1.5.2 it follows that

f⋆ptq = exppt+ 1q. (D.31)
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Note that for the relative entropy, it also holds that

d

dt
f⋆ptq = exppt+ 1q, (D.32)

which together with (D.31) and Theorem 4.3.1 yields

f⋆
ˆ

−Lzpθq + β

λ

˙

=
dP

pQ,λq

Θ|Z=z

dQ
pθq. (D.33)

Then, under the assumption in (D.30), the Gibbs algorithm satisfies for all z ∈
suppPZ and for all θ ∈ suppQ,

dPΘ|Z=z

dQ
pθq =

dP
pQ,λq

Θ|Z=z

dQ
pθq. (D.34)

Then, from Theorem 5.4.2 it follows that,

G
´

P
pQ,λq

Θ|Z , PZ

¯

= λ

∫ ∫ ¨

˝f

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ f∗
ˆ

−Lzpθq + β

λ

˙

˛

‚

¨

˝

dP
pQ,λq

Θ|Z=z

dP
pQ,λq

Θ|Z=z

pθq

−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

˛

‚dQpθqdPZpzq (D.35)

= λ

∫ ∫ ¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+
dP

pQ,λq

Θ|Z=z

dQ
pθq

˛

‚

˜

1

−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

¸

dQpθqdPZpzq (D.36)

= λ

∫ ∫ ¨

˝log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ 1

˛

‚

dP
pQ,λq

Θ|Z=z

dQ
pθq

˜

1

−
dP

pQ,λq

Θ

dP
pQ,λq

Θ|Z=z

pθq

¸

dQpθqdPZpzq (D.37)

= λ

∫ ˜ ∫ ¨

˝log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ 1

˛

‚

dP
pQ,λq

Θ|Z=z

dQ
pθqdQpθq

−
∫ ¨

˝log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚+ 1

˛

‚

dP
pQ,λq

Θ

dQ
pθqdQpθq

¸

dPZpzq (D.38)

= λ

∫ « ∫
log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dP
pQ,λq

Θ|Z=zpθq

−
∫

log

¨

˝

dP
pQ,λq

Θ|Z=z

dQ
pθq

˛

‚dP
pQ,λq

Θ pθq

ff

dPZpzq, (D.39)

where (D.35) follows from (D.30) and (D.34). Note also that (D.38) is the result of
substituting 9fpxq = logpxq+1 into Theorem 5.4.3. This completes the proof.
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Appendix E

Complementary

E.1 Examples

E.1.1 Example 1

Consider the ERM-fDR problem in (4.1) with reverse relative entropy and assume
that: paq M = X = Y = r0,∞q; pbq z = p1, 0q; and pcq Q � µ, with µ the Lebesgue
measure, such that for all θ ∈ suppQ,

dQ

dµ
pθq = 4θ2 expp−2θq. (E.1)

Let also the function f : M×X → Y be

fpθ, xq = xθ, (E.2)

and the loss function ℓ in (2.5) be

ℓpfpθ, xq, yq = pxθ − yq
2, (E.3)

which implies

Lzpθq = pxθ − yq
2, (E.4)

with the function Lz defined in (2.6). Furthermore, from assumptions paq, pbq,
and (E.4), it follows that there exists θ⋆ ∈ suppQ such that Lzpθ⋆q = 0, which
implies that

δ⋆Q,z = 0. (E.5)

Under the current assumptions, the objective of this example is to show that BQ,z =
”

δ⋆Q,z,∞
¯

. For this purpose, from Lemma 4.3.3, it is sufficient to show that the

conditions in (4.3) hold. From Theorem 4.3.1, it follows that P pQ,λq

Θ|Z=z in (E.71) satisfies
for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dµ
pθq =

λ

Lzpθq + β
4θ2 expp−2θq, (E.6)

with β satisfying (4.3). Thus,∫
1

Lzpθq − δ⋆Q,z

dQpθq
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=

∫
1

Lzpθq − δ⋆Q,z

4θ2 expp−2θqdµpθq (E.7)

=

∫ ∞

0

4θ2 expp−2θq

pxθ − yq
2 − δ⋆Q,z

dθ (E.8)

=

∫ ∞

0

4θ2 expp−2θq

θ2 − δ⋆Q,z

dθ (E.9)

=

∫ ∞

0

4θ2 expp−2θq

θ2
dθ (E.10)

=

∫ ∞

0
4 expp−2θqdθ (E.11)

= 2, (E.12)

where (E.7) follows from (E.1); (E.9) follows from the assumption that px, yq = p1, 0q;
and (E.10) follows from the fact that δ⋆Q,z = 0. Finally, the function NQ,z in (4.7)
satisfies NQ,z

`

1
2

˘

= 0, which implies −δ⋆Q,z ∈ BQ,z, thus the set AQ,z = p0,∞q.

E.1.2 Example 2

Consider Example 1 in Appendix E.1.1 with z = pp1, 1qq. Note that (E.5) holds for
this example. Under the current assumptions, the objective of this example is to show
that AQ,z =

´

δ⋆Q,z,∞
¯

. For this purpose, from Lemma 4.3.3, it is sufficient to show
that the conditions in (4.3) do not hold. That is,∫

1

Lzpθq − δ⋆Q,z

dQpθq

=

∫
1

Lzpθq − δ⋆Q,z

dQ

dµ
pθqdµpθq (E.13)

=

∫
4θ2 expp−2θq

Lzpθq − δ⋆Q,z

dµpθq (E.14)

=

∫
4θ2 expp−2θq

pxθ − yq
2 − δ⋆Q,z

dµpθq (E.15)

=

∫
4θ2 expp−2θq

pθ − 1q
2 dµpθq (E.16)

= 4

∫
θ2 expp−2θq

pθ − 1q
2 dµpθq (E.17)

= 4

∫ ˜

θ expp−2θq + expp−2θq

2

θ − 1

−
− expp−2θq

2 − expp−2θq

2

pθ − 1q
2

¸

dµpθq (E.18)

= 4

˜∫
θ expp−2θq + expp−2θq

2

θ − 1
dµpθq

+

∫ expp−2θq

2 + expp−2θq

2

pθ − 1q
2 dµpθq

¸

(E.19)

= 4

ˆ

1

2

∫
2θ expp−2θq + expp−2θq

θ − 1
dµpθq
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+
1

2

∫
expp−2θq + expp−2θq

pθ − 1q
2 dµpθq

˙

, (E.20)

where (E.13) follows from the assumption thatQ� µ, (E.14) follows from (E.1), (E.16)
follows from (E.5) and the assumption that px, yq = p1, 1q. Using integration by parts
on the second integral in (E.20), let the functions ϕ : M → R and ψ : M → R be

ϕpθq = θ expp−2θq + expp−2θq, and (E.21a)

ψpθq = − 1

θ − 1
. (E.21b)

The derivatives of ϕ and ψ satisfy

dϕ

dµ
pθq = −2θ expp−2θq − expp−2θq, and (E.22a)

dψ

dµ
pθq =

1

pθ − 1q
2 , (E.22b)

respectively. Note that given a subset ra, bs ⊂ M with a, b ∈ R such that a < b it
holds that, ∫

ra,bs

expp−2θq + expp−2θq

pθ − 1q
2 dµpθq

=

∫
ra,bs

ϕpθq
dψ

dµ
pθqµpθq (E.23)

=
”

ϕpθqψpθq

ıb

a
−
∫

ra,bs

dϕ

dµ
pθqψpθqdµpθq (E.24)

=
”

− θ expp−2θq + expp−2θq

θ − 1

ıb

a

+

∫
ra,bs

−2θ expp−2θq − expp−2θq

θ − 1
dµpθq, (E.25)

where (E.25) follows the equalities (E.21) and (E.22). Substituting (E.25) into (E.20)
yields ∫

1

Lzpθq − δ⋆Q,z

dQpθq

= 4

∫
r0,∞q

θ2 expp−2θq

pθ − 1q
2 dµpθq (E.26)

= 4

∫
r0,1s

θ2 expp−2θq

pθ − 1q
2 dµpθq

+ 4

∫
p1,∞q

θ2 expp−2θq

pθ − 1q
2 dµpθq (E.27)

≥ 4

∫
r0,1s

θ2 expp−2θq

pθ − 1q
2 dµpθq (E.28)

= 2

˜∫
r0,1s

2θ expp−2θq + expp−2θq

θ − 1
dµpθq

+

∫
r0,1s

expp−2θq + expp−2θq

pθ − 1q
2 dµpθq

¸

(E.29)
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= 2

˜∫
r0,1s

2θ expp−2θq + expp−2θq

θ − 1
dµpθq

+
”

− θ expp−2θq + expp−2θq

θ − 1

ı1

0

−
∫

r0,1s

2θ expp−2θq + expp−2θq

θ − 1
dµpθq

¸

(E.30)

= 2
”

− θ expp−2θq + expp−2θq

θ − 1

ı1

0
(E.31)

= ∞, (E.32)

where (E.26) follows from the assumption that M = r0,∞q, (E.28) follows from
observing that for all θ ∈ r0,∞q, it holds that θ2 expp−2θq

pθ−1q2
> 0, in (E.29) follows

from (E.20), and (E.30) follows from substituting (E.25) into (E.29). From (E.32), it
follows that the function NQ,z in (4.7) is undefined at zero, which implies δ⋆Q,z 6∈ AQ,z,
and this, AQ,z = p0,∞q.

E.1.3 Example 3

Consider the ERM-fDR problem in (4.1) with reverse relative entropy (E.69) and
assume that: paq the set B is a proper subset of M, and pbq the probability measure
Q satisfies

QpBq = ϵ, and (E.33a)
QpM\Bq = 1− ϵ, (E.33b)

with ϵ > 0. Let the empirical risk function Lz in (2.6) be

Lzpθq =

{
0 if θ ∈ B
c if θ ∈ M \ B, (E.34)

with c > 0. Under the current assumptions, the objective of this example is to show
that for all z ∈ pX × Yq

n, it holds that BQ,z =
´

−δ⋆Q,z,∞
¯

and AQ,z = p0,∞q.
To show this, it is necessary to characterize the function NQ,z in (4.3b). Hence,
from the fact that the Lagrangian multiplier β for the optimization problem in (4.1)
satisfies ∫

λ

β + Lzpνq
dQpνq = 1, (E.35)

which follows from Theorem 4.3.1, the empirical risk function Lz : M → R+
0 in (E.34),

which is a simple function, and the probability measure Q in (E.33a), it holds
that ∫

λ

β + Lzpνq
dQpνq

= λ

ˆ

1

β + c0
QpT pzqq +

1

β + c1
QpM\ T pzqq

˙

(E.36)

= λ

ˆ

1

β + c0
QpT pzqq +

1

β + c1
p1−QpT pzqqq

˙

(E.37)

= λ

ˆ

pβ + c1qQpT pzqq + pβ + c0qp1−QpT pzqqq

β2 + βpc0 + c1q + c0c1

˙

(E.38)
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= λ

ˆ

pc1 − c0qQpT pzqq + β + c0
β2 + βpc0 + c1q + c0c1

˙

. (E.39)

From (E.35) and (E.39), it follows that

0 = β2 + βpc0 + c1q + c0c1 − λppc1 − c0qQpT pzqq + β + c0q (E.40)
= β2 + βpc0 + c1 − λq + c0c1 − λc0 − λpc1 − c0qQpT pzqq. (E.41)

From (E.41) and the fact that c0 = 0 in equation (E.34), it holds that

0 = β2 + βpc1 − λq − λc1QpT pzqq. (E.42)

Observe that the expression in (E.42) is a quadratic polynomial that has two roots r1
and r2. Hence, (E.42) in terms of r1 and r2 satisfies

0 = β2 − pr1 + r2qβ + r1r2 (E.43)
= pβ − r1qpβ − r2q, (E.44)

where the roots r1 and r2 are given by the quadratic formula such that

r1 = −pc1 − λq

2
−

d

ˆ

c1 − λ

2

˙2

+ λc1QpT pzqq, (E.45)

and

r2 = −pc1 − λq

2
+

d

ˆ

c1 − λ

2

˙2

+ λc1QpT pzqq. (E.46)

The proof continues by verifying that the roots in (E.45) and (E.46) are real and
there is only one positive root for all λ ∈ p0,+∞q and for all QpT pzqq ∈ r0, 1q.

Note that for all c1 ∈ p0,∞q and for all λ ∈ r0,+∞q, it holds that

−c1 − λ

2
≤

ˇ

ˇ

ˇ

ˇ

c1 − λ

2

ˇ

ˇ

ˇ

ˇ

(E.47)

=

d

ˆ

c1 − λ

2

˙2

(E.48)

≤

d

ˆ

c1 − λ

2

˙2

+ λc1QpT pzqq. (E.49)

Observe that for all QpT pzqq ∈ r0, 1q, c1 ∈ p0,∞q and λ ∈ r0,∞q the expressions
´

c1−λ
2

¯2
and λc1QpT pzqq are always positive. Thus, the square roots in (E.45)

and (E.46) are real, which implies that r1 and r2 are real. From (E.49), for all
λ ∈ r0,+∞q and for all QpT pzqq ∈ r0, 1q, it holds

r1 < 0; (E.50)

and following the same arguments

r2 > 0. (E.51)
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Hence, the solution for the Lagrange Multiplier β that satisfies (E.35) given the
empirical risk function Lz in (E.34) and the probability measure Q in (E.33a) is

β = −pc1 − λq

2
+

d

ˆ

c1 − λ

2

˙2

+ λc1QpT pzqq, (E.52)

which implies that the functionNQ,z in (4.3b) under the current assumptions in (E.33)
and (E.34) satisfies

NQ,zpλq = −pc− λq

2
+

d

ˆ

c− λ

2

˙2

+ λcQpBq. (E.53)

The proof of equality (E.53) is presented in appendix E.1.3.

From Theorem 4.3.1, it follows that P pQ,λq

Θ|Z=z in (E.71) satisfies for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq

=
λ

Lzpθq − pc−λq

2 +

b

`

c−λ
2

˘2
+ λcQpBq

. (E.54)

Under the current assumptions, from Lemma 4.3.3, it is sufficient to show that for
all c ∈ p0,∞q and λ ∈ p0,∞q in (E.34), the function NQ,z in (4.3b) is strictly greater
than −δ⋆Q,z. From (E.53), it holds that

NQ,zpλq = −pc− λq

2
+

d

ˆ

c− λ

2

˙2

+ λcQpBq (E.55)

> −pc− λq

2
+

d

ˆ

c− λ

2

˙2

(E.56)

= −pc− λq

2
+

ˇ

ˇ

ˇ

ˇ

c− λ

2

ˇ

ˇ

ˇ

ˇ

(E.57)

≥ 0 (E.58)
= −δ⋆Q,z, (E.59)

which proves that for all c ∈ p0,∞q and for all λ ∈ p0,∞q, it holds that NQ,zpλq >
−δ⋆Q,z which implies that −δ⋆Q,z 6∈ BQ,z with the set BQ,z defined in (4.7) and thus
AQ,z = p0,∞q.

E.2 ERM-fDR Table Derivation
This section presents the solutions to the optimization problem in (4.1) for specific
choices of the function f .

E.2.1 Relative Entropy

Let the function f : p0,+∞q → R be such that fpxq = x logpxq. The derivative of
the function f satisfies

9fpxq = 1 + logpxq. (E.60)
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In this case, the resulting f -divergence Df pP‖Qq is the relative entropy of P with
respect to Q, also known as Kullback-Leibler divergence. That is,

Df pP‖Qq = DpP‖Qq, (E.61)

with D defined in (1.2). From (E.60) and Theorem 4.3.1, it holds that for all θ ∈
suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = exp

ˆ

−β + λ+ Lzpθq

λ

˙

, (E.62)

where β can be obtained explicitly using (4.3b), which yields

1 =

∫
exp

ˆ

−β + λ+ Lzpθq

λ

˙

dQpθq (E.63)

= exp

ˆ

−β + λ

λ

˙ ∫
exp

ˆ

−Lzpθq

λ

˙

dQpθq, (E.64)

which implies that

β = −λ+ λ log

ˆ∫
exp

ˆ

−Lzpθq

λ

˙

dQpθq

˙

. (E.65)

Plugging (E.65) into (E.62) yields

dP
pQ,λq

Θ|Z=z

dQ
pθq =

exp
`

− 1
λLzpθq

˘∫
exp

`

− 1
λLzpνq

˘

dQpνq
. (E.66)

This result has been independently reported by several authors in [84,92,108,113,115],
and proved via a large variety of methods.

E.2.2 Reverse Relative Entropy

Let the function f : p0,+∞q → R be such that fpxq = − logpxq, and note that the
derivative of the function f satisfies

9fpxq = −1

x
. (E.67)

In this case, the resulting f -divergence Df pP‖Qq is the relative entropy of Q with
respect to P . That is,

Df pP‖Qq = DpQ‖P q, (E.68)

where D defined in (1.2). This result, in contrast to the previous example, justifies
referring to Df pP‖Qq as the reverse relative entropy. From (E.67) and Theorem 4.3.1,
it holds that for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq =

λ

β + Lzpθq
. (E.69)
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While a closed-form expression for β in (E.69) is unknown, the regularization factor
λ and β satisfy the following

λ =
1∫

1
β+Lzpθq

dQpθq
, (E.70)

which follows from (4.3b). Note that (E.70) establishes a one-to-one relation between
λ and β. This observation leads to the following

dP
pQ,λq

Θ|Z=z

dQ
pθq =

pLzpθq + βq
−1∫

pLzpνq + βq
−1 dQpνq

, (E.71)

which follows from plugging (E.70) into (E.69). This result has been previously
reported in [119].

E.2.3 Jeffreys Divergence

Let the function f : p0,+∞q → R be such that fpxq = x logpxq − logpxq and note
that the derivative of the function f satisfies

9fpxq = logpxq + 1− x−1. (E.72)

In this case, the resulting f -divergence Df pP‖Qq is Jeffreys divergence between P
and Q, also known as symmetrized relative entropy or symmetrized Kullback-Leibler
divergence, which follows from observing that

Df pP‖Qq = DpP‖Qq + DpQ‖P q, (E.73)

with D defined in (1.2). From (E.72) and Theorem 4.3.1, it holds that for all θ ∈
suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq=exp

ˆ

W0

ˆ

exp

ˆ

β+λ+Lzpθq

λ

˙˙

− β+λ+Lzpθq

λ

˙

, (E.74)

where the function W0 : r0,∞q → r0,∞q is the Lambert function, which for a func-
tion g : R → R such that gpxq = x exppxq satisfies W0pgpxqq = x. The coupling
induced by the Lambert function in (E.74) between the parameters β and λ prevents
the characterization of β in closed-form. Hence, β must be obtained via numerical
methods using

1=

∫
exp

ˆ

W0

ˆ

exp

ˆ

β+λ+Lzpθq

λ

˙˙

− β+λ+Lzpθq

λ

˙

dQpθq, (E.75)

which follows from (4.3b).

E.2.4 Jensen-Shannon Divergence

Let the function f : p0,+∞q → R be such that fpxq = x log
´

2x
x+1

¯

+ log
´

2
x+1

¯

. The
derivative of the function f satisfies

9fpxq = logp2xq − logpx+ 1q. (E.76)
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In this case, the resulting f -divergence Df pP‖Qq is the Jensen-Shannon’s divergence
between P and Q, and similarly to the Jeffreys divergence, it is also symmetric, which
follows from observing that

Df pP‖Qq = D

ˆ

P‖P +Q

2

˙

+ D

ˆ

Q‖P +Q

2

˙

, (E.77)

with D defined in (1.2). From (E.76) and Theorem 4.3.1, it holds that for all θ ∈
suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq =

1

2 exp
´

β+Lzpθq

λ

¯

− 1
, (E.78)

where β = −λ logp2cq, with c > 0 that satisfies the fixed-point equation

c =
1∫

1

exp
`

1
λLzpθq

˘

− c
dQpθq

, (E.79)

which follows from (4.3b).

E.2.5 Hellinger Divergence

Let the function f : p0,+∞q → R be such that fpxq = p1−
?
xq

2. Note that the
derivative of the function f satisfies

9fpxq = 1− 1
?
x
. (E.80)

In this case, the resulting f -divergence Df pP‖Qq is Hellinger’s divergence of P with
respect to Q, and similarly to (E.73) and (E.77), it is also symmetric, which follows
from observing that

Df pP‖Qq =

∫ ˜

1−

d

dP

dQ
pθq

¸2

dQpθq. (E.81)

From (E.80) and Theorem 4.3.1, it holds that for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq =

ˆ

λ

β + λ+ Lzpθq

˙2

, (E.82)

where β is chosen to satisfy∫ ˆ

λ

β + λ+ Lzpθq

˙2

dQpθq = 1, (E.83)

which follows from (4.3b).

E.2.6 χ2 Divergence

Let the function f : p0,∞q → R be such that fpxq = x2 − 1, whose derivative
satisfies

9fpxq = 2x. (E.84)
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In this case, the resulting f -divergence Df pP‖Qq is the Pearson-divergence, also
known as the χ2-divergence between P and Q. From (E.84) and Theorem 4.3.1,
it holds that for all θ ∈ suppQ,

dP
pQ,λq

Θ|Z=z

dQ
pθq = −β + Lzpθq

2λ
, (E.85)

where β satisfies (4.3b), which implies

1 = −
∫ ˆ

β

2λ
+

Lzpθq

2λ

˙

dQpθq, (E.86)

and thus,

β = −pλ+ RzpQqq. (E.87)

Plugging (E.87) into (E.85) yields

dP
pQ,λq

Θ|Z=z

dQ
pθq =

λ+ RzpQq − Lzpθq

2λ
. (E.88)

E.3 Numerical Simulation
The MNIST dataset consists of 60,000 images for training and 10,000 images for
testing. Out of the 60,000 training images, 12,183 are labeled as the digits six and
seven, while 1,986 out of the 10,000 test images correspond to these digits. Each image
is a 28× 28 grayscale picture and is represented by the matrix I ∈ r0, 1s

28×28.

E.3.1 Features extraction of the Histogram of Oriented Gradients

The grayscale images are processed by calculating their corresponding histogram of
oriented gradients (HOG) [147]. The HOG for each image is computed through the
following steps:

1.q For each pixel location pi, jq ∈ {1, 2, ..., 28}2 in the image, the gradients in the
w- and h-directions (width, height) are computed using finite differences given by the
functions Gw : {1, 2, ..., 28}2 → R and Gh : {1, 2, ..., 28}2 → R, which are defined
as

Gwpi, jq =


Ipi+ 1, jq − Ipi− 1, jq if i ∈ {2, . . . , 27}
Ipi+ 1, jq − Ipi, jq if i = 1

Ipi, jq − Ipi− 1, jq if i = 28

, (E.89)

and

Ghpi, jq =


Ipi, j + 1q − Ipi, j − 1q if j ∈ {2, . . . , 27}
Ipi, j + 1q − Ipi, jq if j = 1

Ipi, jq − Ipi, j − 1q if j = 28

, (E.90)

where Ipi, jq ∈ r0, 1s represents the pixel intensity at location pi, jq.

2.q Given a pixel loacation pi, jq ∈ {1, 2, ..., 28}2, the magnitude and orientation of
a pixel at location pi, jq is given by the functions M : {1, 2, ..., 28}2 → R and ϕ :
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{1, 2, ..., 28}2 → R, such that

Mpi, jq =

b

Gwpi, jq2 + Ghpi, jq2, and (E.91)

ϕpi, jq = arctan

ˆ

Ghpi, jq

Gwpi, jq

˙

. (E.92)

3.q The matrix I is divided into sub-matrices of size 4 × 4, such that the number of
sub-matrices along the width and height are:

Nw =
28

4
= 7, and (E.93)

Nh =
28

4
= 7, (E.94)

where Nw represents the number of sub-matrices along the width, and Nh rep-
resents the number of sub-matrices along the height. These sub-matrices, with
w ∈ {1, · · · , Nw} and h ∈ {1, · · · , Nh}, are referred to as cells, and denoted by

Cw,h =

»

—

–

Ipaw, bhq · · · Ipaw + 3, bhq
... . . . ...

Ipaw, bh + 3q · · · Ipaw + 3, bh + 3q

fi

ffi

fl

, (E.95)

where the real values aw and bh are

aw = 4pw − 1q + 1 (E.96)
bb = 4ph− 1q + 1. (E.97)

This implies that the matrix I can be represented as

I =

»

—

–

C1,1 · · · CNw,1
... . . . ...

C1,Nh
· · · CNw,Nh

fi

ffi

fl

. (E.98)

From (E.95), the set of all pairs pi, jq of pixel coordinates in I that lie within the cell
Cw,h is given by:

Aw,h = {aw, aw + 3} × {bh, bh + 3}, (E.99)

with aw in (E.96) and bh in (E.97).

4.q For each cell Cw,h in (E.95) the orientations ϕpi, jq in (E.92) are divided into k
bins, with k ∈ N. That is, the nth bin, with 1 ≤ n ≤ k, satisfies that

Bpnq

w,h =

{
ϕpi, jq ∈ R : 180

ˆ

n− 1

k

˙

≤ ϕpi, jq < 180
´n

k

¯

: pi, jq ∈ Aw,h

}
.(E.100)

Note that for the simulations, the parameter is set to k = 9. The contribution of
each pixel to its corresponding bin is based on its gradient magnitude. That is, the
value of the n-th bin from the pw, hq-th cell Cw,h in (E.95) is given by the function
Hw,hpnq : {1, 2, . . . , k} → R, such that

Hw,hpnq =
∑

pi,jq∈Aw,h

Mpi, jq1{
ϕpi,jq∈Bpnq

w,h

}, (E.101)
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with M in (E.91); and Bn in (E.100). Thus the histogram of gradient orientations of
the cell Cw,h is represented by the vector Hw,h ∈ Rk, such that

Hw,h = rHw,hp1q,Hw,hp2q, · · ·Hw,hpkqs, (E.102)

with the function Hw,h in (E.101).

5.q To account for illumination and contrast variations, the histogram Hw,h in (E.102)
is normalized. To normalize the histograms for all cells Cw,h in (E.95), the cells are
grouped into sub-matrices formed by 2×2 cells with a cell overlap denoted by o ∈ N.
For the simulations, the overlap is set to o = 1, such that number of sub-matrices is:

Nt = pNw − oq × pNh − oq (E.103a)
= p7− 1q × p7− 1q (E.103b)
= 36, (E.103c)

with Nw in (E.93) and Nh in (E.94). These sub-matrices of the matrix I in (E.98),
with pm, sq ∈

{
1, · · ·

?
Nt

}2 are referred to as blocks, and denoted by

Bm,s =

„

Cm,s Cm+1,s

Cm,s+1 Cm+1,s+1

ȷ

, (E.104)

with Cm,s in (E.95). From (E.98) and (E.104), a block Bm,s is a sub-matrix of size
8 × 8, i.e., Bm,s ∈ R8×8. The size of a block, denoted by B, is given by the ratio of
the total number of pixels in a block to the number of pixels in a cell:

B =
Nb

Nc
(E.105a)

=
8× 8

4× 4
(E.105b)

= 4, (E.105c)

where Nb is the number of pixels in a block and Ncis the number of pixels in a
cell. The normalized histogram of a cell Cw,h in a block Bm,s is denoted by the
vector Ĥ

pm,sq

w,h ∈ Rk. This normalization of is typically done using the L2-norm, such
that

Ĥ
pm,sq

w,h =
Hw,h

d ∑
pi,jq∈{m,m+1}×{s,s+1}

H2
i,j + ϵ2

, (E.106)

where Hw,h in (E.102) is the unnormalized histogram, and the ϵ > 0 to avoid division
by zero.

6.q For an image with 36 blocks (see (E.103)), 9 orientation bins, and a size of block
4 (see (E.105)), the size l ∈ N of the HOG feature vector x̂ ∈ Rl is:

l = Nt ×B × k (E.107a)
= 36× 4× 9 (E.107b)
= 1296. (E.107c)
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The HOG feature vector x̂ is formed by concatenating all the normalized histograms
Ĥ

pm,sq

w,h such that

x̂ =
”

Ĥ
p1,1q
1,1 , Ĥ

p1,1q
1,2 , Ĥ

p1,1q
2,1 , Ĥ

p1,1q
2,2 ,

Ĥ
p2,1q
2,1 , Ĥ

p2,1q
2,2 , Ĥ

p2,1q
3,1 , Ĥ

p2,1q
3,2 , · · · ,

Ĥ
p6,6q
6,6 , Ĥ

p6,6q
6,7 , Ĥ

p6,6q
7,6 , Ĥ

p6,6q
7,7

ı⊤
. (E.108)

E.3.2 Principal Component Analysis

The final step in the data processing is to reduce the dimensionality of the pattern x̂ in
(E.108) from Rl, with l in (E.107) to R2, while ensuring that the important structure
of the pattern is preserved. In this simulation, principal component analysis (PCA) is
used to project the high-dimensional data onto a lower-dimensional subspace. From
60,000 images for training in the MNIST, the HOG of two handwritten numbers (in
this simulation 6 and 7) are computed, as mentioned in Appendix E.3.1. The resulting
12,183 HOG vectors x̂ ∈ Rl, with l in (E.107) and x̂ in (E.108) are reduced to R2

using PCA in the simulation as follows:

1.q To reduce the dimensionality, the first step in PCA is to compute the covariance
matrix of the data. This matrix captures the relationships between the different
features (or dimensions) of the data. The covariance matrix is calculated as fol-
lows:

C =
1

n− 1

n∑
i=1

px̂i − µqpx̂i − µq
⊤, (E.109)

where n = 12,183 and C ∈ Rl×l, with l in (E.107), and µ is the mean of all the
training patterns given by

µ =
1

n

n∑
i=1

x̂i. (E.110)

2.q The next step in PCA is to perform an eigenvalue decomposition of the covariance
matrix C in (E.109). The decomposition can be written as:

C = VΛV⊤, (E.111)

where V ∈ Rl×l is a matrix whose columns are the eigenvectors of C, Λ ∈ Rl×l is a
diagonal matrix containing the corresponding eigenvalues.

3.q Following the computation of the eigenvectors, the dimensionality is reduced from
Rl to R2 by selecting the two eigenvectors associated with the largest eigenvalues.
Denote these top two eigenvectors as w1 and w2. These eigenvectors constitute the
columns of the projection matrix W ∈ Rl×2, defined as

W = rw1w2s. (E.112)
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4.q Once the projection matrix W is computed, each high-dimensional pattern x̂ ∈
Rl can be projected onto the new R2 subspace. The projection is performed as
follows:

x = W⊤x̂, (E.113)

with x̂ in (E.108), W in (E.112) and x ∈ R2 is the 2-dimensional coordinates of the
original pattern x̂ in the reduced-dimensional space.

E.3.3 Simulation Dataset

In this simulation, a datapoint is a tuple px̂, yq ∈ Rl×{6, 7}, with x̂ in (E.108) and y
being the label assigned by MNIST to the image I in (E.98). The label y corresponds
to the digit in the image I. Such an image produces the vector x̂, when its HOG
features are computed.
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