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Abstract

This journal-style thesis presents two new results concerning discrete moments of

derivatives of the Riemann zeta function.

In Chapter 2 we establish a generalisation of the Landau-Gonek Theorem, in

particular proving asymptotics uniform in X and 7T for

SX.T) = ), x(pX’,
T<S(p)<2T
where p = [ +iv are the non-trivial zeta zeros and Y is the factor from the functional
equation ((s) = x(s)¢(1 — s). This allows one to evaluate sums of approximate
functional equations evaluated at the non-trivial zeta zeros, and as a consequence of

this we are able to provide a new proof of the Generalised Shanks conjecture.

In Chapter 3 we consider sums of the form

Iwv)y=" > (W(p)K"(1-p).
0<S(p)<T
These sums were first considered by Gonek in 1984, whereby a leading asymptotic
was established. We extend this to a full asymptotic by establishing all of the lower
order terms in the asymptotic expansion. As a corollary we recover a 2008 theorem
due to Milinovich which provides a full asymptotic for 3, _g,)<7 ¢’ (p)]?, and we go
further by establishing the full asymptotic for 3 ;_g(,)<7 [C @) (p)|? for all positive
integers v. Our theorem is entirely unconditional, but we provide sharper bounds on

the assumption of the Riemann Hypothesis.
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Introduction

1.1 THE RIEMANN ZETA FUNCTION

The central object of this thesis is the Riemann zeta function, defined for R(s) > 1

) = :01 " (1.1
= Hn (1 - %)4 : (1.2)

where the latter expression is referred to as the Euler product representation of (s).
This immediately shows us that ((s) is connected to the primes, a theme we shall
see repeatedly in this thesis. Whilst (1.1) holds only in the region R(s) > 1, one
may analytically continue ((s) to the entire complex plane, except for a simple pole

at s = 1.

Riemann initially established this analytic continuation by proving the functional

equation
¢(s) = x(s)¢(1 = s), (1.3)

where the y-factor is defined by

r(3)

x(s)=m Tg)
= 2575 !sin (%S> ['(1-s).
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Here, I'(s) is the Gamma function defined for $(s) > 0 by
[(s) = / t~te tdt.
0

There are a wide variety of proofs of (1.3) — see [66] for some examples.

The following diagram will be useful for our purposes as it contains much of the

basic information about ((s).

3(s)
A é
®
3 Simple pole at s =1
H
®
®
Critical line >
®
®
®
o—0—90—90—0—0—o > §R(3>
— —— :
Trivial zeros ° 1
¢ I
® 1
¢ I
° .
¢ 1
‘ 1
® ]
$ I
R(s) =0 : 1 R(s) =1
2 1

Figure 1.1: Basic properties of ((s)

By virtue of (1.2) one may study ((s) in a straightforward manner whenever
J(s) > 1 — perhaps most importantly it may easily be shown that ((s) # 0 when
R(s) > 1. Furthermore, using (1.3) allows us to consider ((s) in the region R(s) < 0

similarly (the functional equation allows us to ‘flip” to R(s) > 1).

With more work, one can show that there are no zeros on the line R(s) =1, a
result which is in fact equivalent to the Prime Number Theorem (c.f. [66, Ch.3]).
This shows that there is a relationship between the primes and the locations of the

zeta zeros, an observation we will see repeatedly throughout this thesis.

It is the region in between, the critical strip whereby 0 < R(s) < 1 which is most
complicated. Denote by N(T') the number of zeros of ((s) (counted with multiplicity)
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with 0 < §(s) < T, i.e. the zeros contained within the critical strip with bounded

height. The following theorem establishes an asymptotic for N(7T').

Theorem 1 (Riemann von-Mangoldt formula). As T'— oo we have

T T T
= —log— — — 4+ OflogT).
21 Og27r 27r+ (og )

N(T)

Theorem 1 has as an immediate corollary that ((s) has infinitely many non-trivial
zeros, since N(T') — oo as T — oo, and furthermore that the zeros of ((s) get

logarithmically denser as we get higher up the critical line.

Theorem 1 tells us about the number of non-trivial zeros within the critical strip,
but it tells us nothing about where in the strip these zeros are located. The famous
Riemann Hypothesis is the assertion that all of the non-trivial zeros lie on the
line Rs = % Numerical computations have confirmed all zeros have R(p) = % for
1S(p)| < 3 x 102 (see [61]), but this cannot rule out zeros off the critical line with

|(p)| sufficiently large.

Unconditionally, little is known about the location of zeros within the critical strip.
The best one can do with current technology is to prove a zero-free region, that is,
pushing just to the left of the line R(s) = 1 and proving no zeros can exist in this
narrow band. The classical zero-free result discovered in 1899 by de la Vallée Poussin

[48], gives that there are no zeros p with

C

Re) 21 = 580

and | (p)| > 2 for an absolute constant C' > 0. Over the years the constant C
has been incrementally improved numerous times. In 1899, de la Vallée Poussin
showed that C' = m was permissible, and the most recent advance in 2022 was by

Mossinghoff, Trudgian & Yang [54] who established that C' = was permissible.

1
5.558691

Asymptotically one can do slightly better; as shown by Vinogradov & Korobov,

for sufficiently large |3 (p)| there are no zeros p with

C(e)
(log [S(p)])?/3+=

R(p) 21—

Much work has been done to establish explicit zero-free regions in various ranges

of J(p), which we omit as this is rather disparate from the results of this thesis but
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we nonetheless encourage the reader to consult [12] for the current state of the art

in this area.

In a slightly different direction, there have been some major advances in the study
of critical zeros in recent decades. By use of mollifiers, Conrey [7] proved that at
least 2/5 of the zeros lie on the critical line. Since then, there have been several
incremental improvements to this; the strongest proportion to date is 5/12, due to
Pratt, Robles, Zaharescu & Zeindler in 2018 [62].

For a detailed study of the Riemann zeta function, the reader is encouraged to
consult [1, 40, 65, 53].

1.2 MOMENTS OF ZETA AND SUMS OVER ZEROS

A classical problem within analytic number theory is to study sums of the form
Yo et f (p), where f is a suitably chosen function and p = § + iy denotes zeros
of {(s). Although sums over zeta zeros may appear unnatural, they underpin the

explicit formulae which connect zeros to primes.

Indeed, one can obtain some interesting results depending on the choice of function
f. If we consider the most straightforward case by setting f(s) = 1, then we recover
N(T) as defined previously.

With the choice f(s) = 2= we recover the von Mangoldt explicit formula, which

s

says that for any non-integer X > 1 we have

DA =X- ) ﬁ+o(w), (1.4)

n<X S(PI<T

where A(n) denotes the von Mangoldt function defined by

logp if n = p* for a prime p and integer k£ > 1
An) =

0 otherwise

The formula (1.4) can be found in, for example, [53, Theorem 12.5]. One may use
this, in conjunction with the fact that no zeros p have R(p) = 1, to show that
> n<x A(n) ~ X (since one can control the sum over zeros g <7 % = o(X), the
strength of this control depending on the proximity of zeta zeros p to the critical
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line). This is an equivalent formulation of the Prime Number Theorem. One can go

even further; indeed, we have

> Aln) = X + E(X), (1.5)

n<X

where (see [53, Chapter 6] for details)

X exp(—C'v/log X) using the classical zero-free region

E(X) < { Xexp <—%> using the Vinogradov-Korobov zero-free region

Xzte under the Riemann Hypothesis

One can do better under the assumption of the Riemann Hypothesis; indeed,
von Koch [47] established that assuming the Riemann Hypothesis one has the
power-saving bound E(X) < X2 log X.

If one could prove a fixed-width zero-free region which states there are no zeros p
with R(p) > a, then one could establish an error bound of the form E(X) = O(X*")
(indeed this is where the error term under the Riemann Hypothesis comes from).
Unfortunately such a result is not known. To see why the zero-free region has an
impact on the error term in (1.5), observe that one may use Perron’s formula to

write

S Am) =g [ S as,

neX 271 (c) g S
where (c¢) denotes the vertical line running from ¢ — ico to ¢ + iocc.

We may complete the contour with a rectangle (which introduces truncation errors),
and to get the least possible error term we should like to pull the contour left as far
as possible. The zero-free region tells us how far left we can shift the contour before

encountering a zeta zero.

This highlights the powerful strength the study of zeta zeros has when considering
problems relating to the distribution of primes. In particular, one sees that an
improved zero-free region would yield a stronger error term in the Prime Number
Theorem. The key is to be able to control sums » p %, which under the Riemann

Hypothesis exhibits square-root cancellation.

Perhaps as one might expect, establishing such cancellation is a significant problem,

and the best one can do is to use the triangle inequality (which immediately loses
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information about cancellation) to write

XP X R(p)
— < Z =0 (10g2T max me)) . (1.6)

S(p)<T P I(p)<T o] IS(p) ST

Clearly the right-hand side of (1.6) is dominated by the term with maximal |p]|.

We turn to a result due to Landau in [49], whereby we set f(s) = X* (this should

be viewed as a converse to (1.4)).

Theorem 2 (Landau, 1911). Given fized X > 1 we have

d Xr= —%A(X) + O(log T)

0<~<T

as T — oo, where A is the von Mangoldt function.

Clearly it is the prime powers which give the main contribution to the sum (since
A is supported only on prime powers); the way we interpret this is that the zeros p
can ‘sense’ when X is a prime power. This highlights the arithmetic nature of the
sum. Note, however, that Theorem 2 is not uniform in X; the error term does not
account for different ranges of X in relation to T since it assumes X fixed. In 1985

Gonek [23] was able to make Theorem 2 uniform in both X and 7', as follows.

Theorem 3 (Gonek, 1985). Uniformly for X,T > 1 we have

d Xxr= —%A(X) + O(X log(2XT) loglog(3X))

2
0<y<T

: X . 1
+0 (longln (T, m)) +0 (longln (T, m)) ,

where (X) is the distance from X to the closest prime power (different from X ).

It is clear that Theorem 2 follows from Theorem 3, and further that if X is an

integer no larger than 7', we have
T
> oXxr= —5-A(X) + O (X log(2XT) loglog(3X))
0<y<T g

that is, the latter two error terms in Theorem 3 are absorbed into the first error

term.

We also have the following corollary of Theorem 3.
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Corollary 4. If X € N is such that X < T, then

O;T%z 27; Ag) + O(10g(2XT) log log(3X)). (1.7)

with the constant implicit in the big-O term absolute.

We observe that the functional equation (1.3) implies that if p is a zeta zero, so
too is 1 — p (in fact they have the same imaginary part), which gives ), _ T % =

> ocy<r X »=1_ This is enough to deduce Corollary 4.

The reader will notice the repeated presence of the von Mangoldt function in these
explicit formulae. This is not a coincidence, and we shall explain briefly why this is
the case now. When we are evaluating sums over the zeta zeros, our strategy consists
of converting our sum into a contour integral; we are tacitly using the following
well-known result, which says that for a closed contour R containing no poles of f(s)

we have

S fip ()£ (s)ds. (1.8)

27?2
0<~<T = G

This is a straightforward variant of the argument principle, which one may recover
by setting f(s) = 1 in (1.8). We shall make repeated use of (1.8) throughout this

thesis without further reference.

Now, for R(s) > 1 we have

= A
_Zln

and so we choose a rectangular contour R which has one vertical edge just to
the right of (s) = 1 since this permits us to obtain sums involving A(n). If we
choose the left-hand vertical segment to lie to the left of R(s) = 0, an application
of (1.3) will result in an integral involving %(5) and also x(1 — s), which can be
dealt with via stationary phase techniques. Our truncation height will depend
on the context — in Chapter 2 (where our theorem is for a sum over zeros with
T <~ < 2T) we choose R to be the positively oriented rectangular contour with
vertices at ¢ +iT,c+2iT, 1 —c+2iT,1 — c+ 1T (where ¢ = 1+ 1OgT)
3 (where our theorem is for a sum with 1 <y < T') we choose R to have vertices
c+i,c+1T,1 —c+1T,1 — c+ 1 instead.

and in Chapter
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The starting point in both Theorems 2 and 3 is to apply (1.8) with f(p) := X*.
The strength of (1.8) is clear; it converts a seemingly intractable sum into a contour
integral which can be attacked via tools from complex analysis. Since this thesis is

dedicated to understanding sums over zeros, (1.8) will be used repeatedly.

We introduce the more classical discrete moments by putting them in context of
the study of simple zeros of ((s), that is, the zeta zeros which occur with multiplicity
one. The simple zeros conjecture asserts that every non-trivial zeta zero is simple;
whilst this has resisted proof so far, it is widely believed, and we shall now discuss

some of the progress on the problem.

Denote by N*(T') the number of simple zeros of ((s) with imaginary part at most 7T'.
By a straightforward argument we can show that N*(7') > T as follows. Following
Conrey, Ghosh & Gonek [7], we use Cauchy-Schwarz to write

2

<NYT) Y ) (1.9)

0<~<T

> dp)

0<y<T

It is clear that (1.9) counts only the simple zeros, since if a zero p had multiplicity
larger than 1 then (’(p) would vanish. If we can understand the moments on the left

and right hand sides, we can understand the count of simple zeros, since

2

- ZO<'}/ST ¢'(p)
B ZO<7§T |C’(P)’2'

N*(T) (1.10)

This places in context the importance of the types of discrete moment we study in
this thesis. It is important to note that our application of Cauchy-Schwarz in (1.9)
suffers from the so-called ‘loss of logarithm problem’ —~the count N*(T") > T is not
best possible, and by using a considerably more involved argument involving mollifiers,
Conrey, Ghosh & Gonek [9] established a positive proportion result N*(7') > T'log T'.

We do not study mollified moments in this thesis.

There are two types of moment we shall study in this thesis, both of which are to
be viewed as different types of average of zeta and its derivatives. We firstly consider
sums of the form ) _ S<7 € )(p), which allows us to average the higher derivatives
of zeta (and since we don’t take absolute values, this sum includes information about
oscillation of (™) (p)).
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Secondly, we consider the more classical family of discrete moments > ;- |§ @) (p) }zk;
since we have absolute values here, these moments are especially useful when consid-
ering extreme values of (*)(p) since the dominant contribution to these moments
occurs when () (p) is unusually large. In Chapter 3 we specialise to the case k = 1,
but we discuss the state of the art for &k € N.

1.2.1 SHANKS-TYPE MOMENTS

In 1961, Shanks conjectured (based on numerical evidence from Haselgrove [29])
that, when averaged over the non-trivial zeta zeros p = % + iy, the derivative ('(p)
is real and positive. This is prima facie an unusual conjecture — indeed, (’(s) is a
complex valued function and the zeros p are also complex, yet Shanks’ assertion is
that the imaginary parts cancel out on average. It turns out that this conjecture is
true, and much can be said quantitatively. The following summarises the progress

which has been made over the past century on this problem.

Table 1.1: Progress on Shanks’ conjecture

Authors Result
Shanks (1961) Formulated conjecture
Conrey, Ghosh & Gonek [9] (1985) Leading asymptotic
Fujii [16] (1994, 2012) Full asymptotic
Kaptan, Karabulut & Yildirim [42] (2011) | Leading asymptotic for higher derivatives
Hughes & Pearce-Crump [37] (2022) Full asymptotic for higher derivatives
Hughes, Martin & Pearce-Crump [36] (2024) Heuristic for leading order
Pearce-Crump [59] (2024) Sharpened error term
Durkan, Hughes, Pearce-Crump [10] (2025) New proof of full asymptotic

We now give more details on the results contained in Table 1.1. In 1985 Conrey,

Ghosh & Gonek [9] established, starting with (1.8), that

> dp) = Z1og?T+O(TlogT). (1.11)

47
0<y<T

The truth of Shanks’ conjecture follows as an immediate corollary of (1.11). Whilst
the error term is clearly subdominant to the main term, it is only so by a factor of a
logarithm. In obtaining the lower order terms, one can better understand the true
behaviour of the function. This is what Fujii [16] then did unconditionally (but with

a considerably smaller error term on the assumption of the Riemann Hypothesis) —
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where Cy and (' are the Laurent coefficients given by
1
¢(s) :;+00+C1(3—1)+"' ,

Fujii showed that
. T (T T T ) T
> dip) = —log ( 7T)Jr( 1+Co) - log (2W>+(1 Co—C3+3C1) —+B(T),
(1.12)

where E(T') is an error term given by

E(T) < Texp(—C+/logT) for a positive constant C', unconditionally
\/T(log T)% conditional on the Riemann Hypothesis.

Following this, in 2011 Kaptan, Karabulut & Yildirim [42] established an analogue
of (1.11) for the higher derivatives, proving the following:

> =S L (e ) vowaosTy).

Pt v+1 27 2

This alternating sign phenomenon shows that for odd v, (®)(p) is real and positive
in the mean, whereas for even v, (*)(p) is real and negative in the mean. This is

known as the Generalised Shanks conjecture in the literature.

Subsequently in 2022, Hughes & Pearce-Crump [37] established the full asymptotic
for the sum in (1.13), with a power saving error term (in the case v = 1 they
established that under the Riemann Hypothesis, E(T) < vT(logT)%). In his
thesis, Pearce-Crump [59] provided a sharpening on the error term given in [37] by
establishing that under the Riemann Hypothesis, one has E(T) < Tz (log T)"*4.
The full asymptotic of (1.12), and the leading asymptotic of (1.13), will both follow

from our main result of Chapter 2.

The proof of our result in Chapter 2 builds on 2024 work of Hughes, Martin &
Pearce-Crump [36], where the authors gave a heuristic which recovers the leading
term of (1.13), based on summing the approximate functional equation for (*)(s)
over the zeta zeros, with the entire weight placed on the first term of the approximate
functional equation. Whilst their heuristic does give the correct leading term, the
error terms dominate. However, in Chapter 2 we consider the entire approximate
functional equation, and in doing so we recover (1.12) and (1.13), with a sufficiently

small error term.
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1.2.2 THE CLASSICAL DISCRETE MOMENTS

We now turn to the type of moment on the right-hand side of (1.9). Clearly since
the absolute value is within the sum, these moments ZO<7§T ’C(”)(p) |2k are all real
and non-negative. These moments have been studied extensively in the literature,
and we shall give an overview of what is known so far, before explaining precisely

what we do in this thesis which extends on that.

The following table outlines the progress that has been made on this problem,

which we shall elaborate on.

Table 1.2: Progress on discrete moments » 3y 7 @) (p)|?*

Authors Result
Gonek (1984) Leading asymptotic for 3 o .7 CW(p)¢™ (1 - p)
Ng (2004) Upper and lower bounds for fourth moment of |¢’(p)|
Milinovich (2008) Full asymptotic for second moment of |{'(p)]
Milinovich (2010) Near-sharp upper bound for 2kth moment of |¢'(p)|
Milinovich & Ng (2014) Sharp lower bound for 2kth moment of |¢’(p)]
Kirila (2020) Sharp upper bound for 2kth moment of |¢**)(p)|
Benli, Elma & Ng (2023) Sharp lower bound for 2kth moment of [¢®)(p)|

We start by discussing the case v = 1. It was conjectured independently by Gonek
[24] and Hejhal [32] that for each real k,

> ¢ () = T(ogT)*+1".

0<y<T

Following the conjecture of Gonek & Hejhal, Hughes, Keating & O’Connell [35]
provided an independent and stronger conjecture for the first derivative case, based
on models arising from Random Matrix Theory. In particular, they conjectured the

following.

Conjecture 1. For (k) > —3/2 and bounded,

2 (k+1)2
0@2@ () ~ %a(kﬁ (log _ﬂ) , (1.14)

where
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and G is the Barnes G-function defined by
1 .
G(z) = (2m)" exp (—5(22 + 907 + z)) [[(1+2) e=ts

with vo denoting the Euler-Mascheroni constant.

Remark 1. The reader may ask whether Conjecture 1 extends to higher derivatives.
The models which led to the formulation of Conjecture 1 rely on a product represen-
tation for the characteristic polynomial for ¢'(s), an analogue of which does not exist

for higher derivatives.

Although this conjecture is deep, rigorously not much is known from a number
theoretic standpoint. The case k = 1 was handled by Gonek in [26] who proved the

following very general theorem (which agrees with Conjecture 1 for k = 1).

Theorem 5 ([26], Theorem 1). As T' — oo, for a real with || < Llog (%) and
w,v € N, we have

) S I O N (R
P (p“log%))C ( ’ Zlog&))

(=1~ T T 1
= " ogttvT2 ([ — - — H 2 —H —2
5 log o )\ (1, v, 2mcx) (1, v, —2m0v)
+ O(T(log )"+,
where ,
= (2maui)
H(p,v,2ma)
(i m ;€+u+ Nl+p+v+2)

Theorem 5 is unconditional. However, if we assume the Riemann Hypothesis we
may use ((1 — p) = ((p), so by setting & = 0 and g = v in Theorem 5 we obtain
a leading asymptotic for ), <n<T |C ) (% + z'fy) |2. In particular, as pointed out by

Gonek,
2 2 2042
0<ZA/;TC ( +W> (2V—l—1)(u—|—1)227r( %8 or + O (T(log T)**).

(1.15)

In 2007, Conrey & Snaith [6] conjectured the full asymptotic for (1.15) in the

special case v = 1.
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Then in 2008, in his thesis Milinovich [50] extended (1.15) to a full asymptotic in
the special case v = 1 and established the coefficients of the resulting degree four

polynomial and giving an error term demonstrating square-root cancellation.

Theorem 6 ([50], Theorem 1.3.1). Assume the Riemann Hypothesis. Then

/ 1 . _T . T g 1/24¢
Z C<§+w) —%;Aj(log%) +0(T ),

2

0<~y<T
where
B 1
112
270 — 1
gy o=t
3

Ay =1-2%+% —2n
Ap = —(2 =4y + 29§ + 275 + 10v0m — 4 + 72)

6+ 6v(5m + 42 —2) + 695 (70 + 75 + 671 + 1) — 1291 + 4297 + 372 + 1073

A 3

where the v, are the Stieltjes constants given by expanding ((s) around s =1,

C(S):Sil+70—71(8—1)+§(8—1)2+---+(_1)

Currently, only bounds of the conjectured order of magnitude are available for
k> 2.

Ng proved in [57] that under the assumption of the Riemann Hypothesis,
1
! .
> | (5+)

0<~<T
and went even further by establishing numerical upper and lower bounds. The upper

4
= T(logT)?,

bound was sharpened slightly in [19, Theorem 1]. Much work has been done in
the intervening years, which we outline now. For the higher moments of the first

derivative Milinovich & Ng [52] established sharp lower bounds of the form

(e

0<~y<T

2k
> T(log T)*+Y*,
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conditional on the Generalised Riemann Hypothesis. In the reverse direction Mili-

novich [51] proved under the assumption of the Riemann Hypothesis that
1
/ .
> Je(5+#)

0<y<T
for arbitrary € > 0, which is exceptionally close to the conjectured upper bound. In

2k
< T(lOg T) (k+1)24¢

2020, Kirila [46] was able to strengthen the bound by removing the ¢ (by use of an

adaptation of an argument of Harper [28]) and as a consequence proved that
1
, .
> Je(z+)

0<y<T
under the Riemann Hypothesis.

2% .
= T(log T)*+V°,

In fact, Kirila’s methods went even further and extended to higher derivatives.

Theorem 7 (Kirila). Under the Riemann Hypothesis, for k > % and v € N we have
1
> e (5+)

0<y<T
In 2023 work of Benli, Elma & Ng [3, Cor. 1.3], under the Riemann Hypothesis a

lower bound of the same magnitude was obtained (with the restriction that k,v € N)
1
(N B,
> ¢ (3+0)

0<y<T
Note also that (1.16) removes the assumption of the Generalised Riemann Hy-

2k
<<k,z/ T(lOg T)k(k+21/)+l ]

2k
1, T(log T)kk+2+L (1.16)

pothesis of [52] in the case v = 1 and replaces it with the weaker assumption of the

Riemann Hypothesis.

Combining this with Theorem 7 allows us to deduce that, on the assumption of

¢ (% + iv)

the Riemann Hypothesis,

2.

0<~y<T

2%
=5, T(log T)kk+2)+1,
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Generalisations of the Landau-Gonek Theorem and

applications to zeta mean values

Abstract

The Landau—Gonek Theorem evaluates X” summed over the non-trivial
zeros of the Riemann zeta function. Their result shows great sensitivity to
the arithmetic nature of X. We prove a related result concerning the sum of
X(p)X? over the zeros of zeta, where x(s) is the term arising in the functional
equation for the zeta function. Again, this result depends deeply on whether
X is an integer or not. We show the result splits into three cases, depending
on whether X is smaller than T, about the same size as T', or bigger than
T. The reason this result is useful is that it easily permits the calculation of
discrete moments of the Riemann zeta function via the approximate functional
equation. As an application of this result, we provide an alternative proof of

Shanks’ conjecture.

2.1 INTRODUCTION

Since Riemann’s 1859 memoir [63], the link between primes and the non-trivial zeros
of the Riemann zeta function ((s) has been a central topic within analytic number

theory. A common theme is to consider sums of the form

> 1) (2.1)

0<y<T

for a function f(s), where p = 8 + i7 is a non-trivial zero of the Riemann zeta
function ((s).

22
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Landau [49] established the following result for f(s) = X*, a variation on a sum

that occurs naturally when studying the Prime Number Theorem.

Theorem 8 (Landau, 1911). Given fized X > 1 we have

d Xr= —ZA(X) + O(log T),

2w
0<y<T

as T — oo, where A(n) is the von Mangoldt function.

This result tells us that the main term in the sum under consideration only appears
when X is a prime or a prime power, since A(n) is only supported when n equals a
prime power. Such a sum, relating the non-trivial zeros to the primes, is referred to
as an explicit formula. Gonek [22, 23] made Landau’s Theorem uniform in both X
and T

Theorem 9 (Gonek, 1985). Uniformly for X,T > 1 we have

d Xr= —%A(X) + O(X 1og(2XT) loglog(3X))

2
0<y<T

+0 (longin (T, é—>>) +0 (1og(2T) min (T, @)) ,

where (X) is the distance from X to the closest prime power (different from X ).

When we restrict X to be an integer, Gonek also notes that the last two error terms
are subsumed by the first two error terms. He also highlights the highly different
behaviour between the case when X is an integer and when X is an arbitrary real

number.

Gonek’s result was further generalised by Fujii [13, 14] who found lower order

terms in the expansion.

So far, we have been restricted to the case that X > 1. Gonek noted that we can
also consider the case 0 < X < 1 by noting that the functional equation for the zeta

function, given by
(s) = x(s)¢(1 = s) (2.2)

implies that if p is a zeta zero, so too is 1 — p (in fact they have the same imaginary

part). Then 7, X7 = >, X?~'. Using this observation leads to the

following corollary.
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Corollary 10 (Gonek, 1993). Uniformly for X > 1 and T > 1, we have

Z X = _LTAX) + O(log(2XT) log log(3X))

2 X
0<~y<T

+0 <longin (; %)) +0 (log@T) win G( legX>)
(2.3)

where (X) is the distance from X to the closest prime power (different from X ).

Again, when we restrict X to be an integer, Gonek also notes that the last two

error terms are subsumed by the first two error terms.

Another natural function to consider in (2.1) is f(s) = (’(s). Indeed, it was a
conjecture by Shanks [64] (based on numerical evidence from Haselgrove [29]) that,
when summed over the non-trivial zeta zeros, (’'(p) is real and positive in the mean.
This is a surprising conjecture, since both (’(s) and the non-trivial zeros are complex.

This conjecture was first proved by Conrey, Ghosh and Gonek [5] where they showed

that )
> e <log 1) +O(TlogT),

0<~<T
from which Shanks’ conjecture follows immediately. Trudgian [67] also gave an

alternative proof of this result.

This has been refined considerably since then. Fujii [16, 15] established the full
asymptotic, and in 2022 Hughes and Pearce-Crump [37] sharpened the error term
under the Riemann Hypothesis (RH).

Theorem 11 (Fujii, 1994).

T\’ T T T
> dp <10g —) +(70—1)5log (—) +(1=70—7%—3m)5-+E(T)
s 2T 27
0<~<T
where
£(T) = O (T exp(—C+/log T)) unconditionally, for some C > 0

O(T"?(log T)'3/%) under RH, due to Hughes—Pearce-Crump, 2022

Here vy and ~v; are the Stieltjes constants given by the following coefficients of the

Laurent expansion of ((s) around s = 1

Q(s):%—I—%—%(s—l)vL%(s—1)2+.... (2.4)
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One can similarly deal with the higher derivatives with f(s) = ¢®)(s) in (2.1). In
2011, Kaptan, Karabulut and Yildirim [42] established the leading-order asymptotic

for this function.

Theorem 12 (Kaptan-Karabulut—Yildirim, 2011). We have

> i = S (e ) +orrogTy), (25)

et v+1 27 27

In words, this result says that ((*)(s) is real and positive/negative in the mean
depending on whether v is odd/even, a result the second two authors of this paper

have coined the generalised Shanks’ conjecture.

Hughes and Pearce-Crump [37] subsequently established the full asymptotic with

all lower order terms made explicit, and with power-savings on the error term.

In 2023, Hughes, Martin, and Pearce-Crump [33] devised a simple heuristic which
gives the correct main term for this sum, but with an error term that dominates the
main term. The starting point of their heuristic is to use the approximate formula

(v) : v (10g m)y —o v
(Mo +it) = (=1)" ) i T 00 (logt)"), (2.6)

m<t

valid for ¢ > 0 and t large. Then, upon swapping the order of summation and
summing over the zeta zeros using Corollary 10, one recovers immediately the correct
leading term of Theorem 12. However, they showed the error terms dominate, so
the argument is heuristic, not rigorous. This heuristic may be viewed as taking
the approximate functional equation for the derivatives of the zeta function (see
Section 2.6) and placing the entire weight on the first piece, and then summing over
the zeta zeros. The aim of this paper is to develop a result allowing us to use both

pieces of the approximate functional equation, making the heuristic rigorous.

Finally, a combination of some of the functions considered above was considered
by Fujii [15] where he considered f(s) = ('(s)X?®, and by Pearce-Crump [58] where
he considered f(s) = (™) (s)X*. In both of these instances, the behaviour of such
sums changing depending on whether X is an integer or a general real number is
observed. In both cases the asymptotics are more complicated than those written

out above — we refer the reader to their papers for the full results.
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2.2 RESULTS

In this paper we prove Theorem 16, where we establish uniform asymptotics for (2.1)
with f(s) = x(s)X?®, where x(s) is the factor from the functional equation (2.2) for

zeta.

Let
SX,T)= > x(p)X”.

T<y<2T
We prove an asymptotic for the sum S(X,T") which is uniform in both X and T

Theorem 13 may be viewed as an oscillatory analogue of Theorem 9.
Theorem 13. Uniformly for X > 1 and T' > 1 we have

(xS AmE L EB(X,T) if X< L
%Lx<n§ﬂlx

S(X,T) = { X(log X)e™ + E(X, T) fL<x<t

An 27 X3 .
-x Y %625‘ +EX,T) ifX>T

X 2 X
\ T <n< =

where

E(X.,T) = O (T"*(10g T)?) + O (XM“OgT(logT>2> < T2 log T >

T4/? T — 27X |+ TV/2

T3/21og T
+0 (\T—WX\ +T1/2) . (2.7)

Remark. Note that the last two error terms are the same size as the main terms at

the jumps, when X = % and X = % Also note that the two sums over n become

empty at precisely those jumps.

We illustrate the theorem in Figure 2.1 by plotting S(X,T) in the complex plane
for all T" above the first zeta zero and below 300,000 and X = 2000. It is a discrete
set consisting of 1,466,163 points, and is beautifully intricate. The points in blue are
for T'< X, those in red are for 7.X < T < 27X (red), and those in green are for
T > 27X, clearing showing that S(X,T') has three distinct parts, all captured by

our theorem.
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5000

Figure 2.1: The complex values of S(X,T), plotted for T < 300,000 with X = 2000.
Note that the R- and $-axes have very different scalings

Our Theorem immediately recovers and sharpens the error term in a theorem due
to Pearce-Crump [59, 60] where he considered X = 1. This result was previously
known with a worse error term in [8, 44], so the results in this paper carries on the
progression of improving the error term in this special case. We state this result as

follows.

Corollary 14. We have

T O (Te‘“vlogT) unconditionally
_|_
0<A<T O(T"?(log T)?) wunder RH

for some a > 0.

Proof of Corollary 14. Setting X = 1 in Theorem 13 and summing over dyadic
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intervals we have

Llog(77(2"))J

log 2

> xlp) = Z S, 5 T)

0<y<T

=— Z A(n)+ 0O Tl/z(logT) )

n<T
— 27

T 0] <Te_aV1°g T) unconditionally
=+
2 | O(TY2(logT)?) under RH

The truncation of the dyadic sum is chosen so that both 27*T is larger than the
lowest zero for all k£ and also so that we only ever require the first case in Theorem 13.

2miXn — 1 for all n. We remark that the error

Since X is an integer in this corollary, e
term being conditional /unconditional arises solely from our evaluation of the sum of

the von Mangoldt function. O

Theorem 13 permits other positive integers, not just X = 1, to be summed over

all zeros up to height T, with a similar result.

Corollary 15. Let X € N be such that X = o(T') be an integer. Then

T O (Te‘“legT) unconditionally
Z X(p)X? = —5- 7t O(Xlog X) +
0<y<T T O(T*?*(log T)?) under RH

for some a > 0.

Proof of Corollary 15. There are three regions when performing the dyadic summa-
tion, corresponding to the three cases in Theorem 13. For k such that Q%T > 21X,
we have a contribution from the first case in that theorem, and the n-sums combine

to yield

O (Te‘“legT> unconditionall
X ) An)=-— + '
e T O(T'*(log T)?) under RH

—27X

There is exactly one value of k such that X € ( Lo—kT, %Q_kT}, and that will

27
cause the middle case of the theorem to contribute X log X.
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And finally, the k£ such that %T < 27X will yield contributions from the third

case, where the n-sums combine to yield

A(n) 2miX/n A(n) _

where, as before, we choose to stop at the dyadic interval when k is the largest

integer such that 27*T > 27,

When summed over all the dyadic intervals, the errors contribute

Llog T/(4m)
log 2

> E(X,27'T) = O0(T(log T)*) + O(X log X)
k=1

where the last two terms for F(X,27*T) in (2.7) potentially dominate for only one
k, when 27FT ~ 27X, say, when it yields O(X log X).

Unfortunately for 7" so small, that error term now dominates the main term
contributions from the second and third cases of the theorem. In order to not lose
these interesting subsidiary main terms, in the main theorem we evaluate the sum of

zeros between T" and 27", rather than over all zeros up to 7. O

As two further corollaries, we will use Theorem 13 to deduce new proofs for
Theorems 11 and 12 in Sections 2.5 and 2.6, respectively. Briefly, we follow the idea
of Hughes, Martin and Pearce-Crump [33], but rather than use the approximate
formula (2.6), we use the full approximate functional equation (2.14) for the derivative
of zeta. Our result enables us to control how much weight is put into each part of
the approximate functional equation, and this, when combined with Theorem 13,

turns their heuristic into a full proof.

After we placed an early version of this paper on the ArXiV, we were approached by
Seth Hardy [27] who informed us he had discovered similar results to us, completely

independently, and he shared with us his unpublished preprint.

2.3 OVERVIEW OF PAPER

In Section 2.4, we prove a key result using the method of stationary phase. Specifically,

we calculate the integral

2T
J(o,r,T) = / x(o +it)r'tdt

T
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which will enable us to evaluate S(X,T).

We then prove the main result of this paper, Theorem 13. To do this, we begin by
using Cauchy’s Theorem to write
1 ¢’
SX,T)= Y xX(p)X"=5= [ =(s)x(s)X* ds,

T<~y<2T 2mi Jr G
where R is a suitable contour containing all the required non-trivial zeros of the zeta
function. We will show that the contribution from the horizontal sides of this integral
can be absorbed into an error term, while the vertical segments both contribute to
the main terms. For the right-hand side of the contour, we can expand the zeta
functions as their Dirichlet series and then apply the result in our lemma concerning
J(o,r,T). We apply a standard trick using the functional equation for the zeta
function to map the left-hand side of the contour onto the right-hand side. We then

follow a similar method to that used on the original right-hand side.

In Section 2.5 we demonstrate the utility of Theorem 13 by applying it to derive
the full unconditional asymptotic in Theorem 11, which gives a new proof of Shanks’

conjecture.

In Section 2.6 we outline how one can use Theorem 13 to obtain the asymptotic
that proves the generalised Shanks’ conjecture. We obtain the leading-order result,
given by Theorem 12. This section, together with the calculations in the previous
section, completes our proof of showing that the heuristic in [33] can be made rigorous

by using the approximate functional equation.

2.4 PROOF OF THEOREM 13

We start this section by proving the following lemma used to prove Theorem 13.

Let

o1
J(o,r,T) = / x(o + it)ridt.
T

Lemma 2.4.1. For large T, uniformly for —1 < o < 2 we have
2rrt=ee?™ " + E(o,r,T) if T < 2mr <2T

J(o,r,T) = (2.8)
E(o,r,T) if 2rr < T or 2wr > 2T,
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where

" T3/2—0 T3/2—0c
E T=0(T""7)+0 O .
(0.7, T) ( )+ <|T—27rr\+T1/2> - <|2T—27rr|+T1/2)

Proof. This is essentially due to Gonek [26, Lemma 2|. We use Stirling’s approxima-
tion to expand x(o + it) for fixed o and ¢ > 1 as

x(o+it) = (%) o et (1 +0 G)) : (2.9)

This allows us to write our integral as

2T 30
J(o,r,T) = 6”/4/ L) exp |—itlog ! dt +O(TY*77).
o r \2m 2mer

By [26, Lemma 2|, we are able to write (after taking the complex conjugate of

what is shown there)

2T -0 1—0o 2mir
4 t\?2 t 2 —%e“™ + E(o,r, T
6”/4/ (—) exp {—z’t log ( )] dt = ( )
T 2m 2mer E(o,r,T),

(2.10)
where in the first case T' < 27r < 27, and in the second case 27r < T or 2nr > 27T,

and where

12 T3/27<7 T3/27O’
E Y=0(T"'"°)+0 O . (2.11
(7, T) ( )+ (|T—27rr|+T1/2)+ (|2T—27r7“|+T1/2> (2.10)

This completes the proof. n

To prove Theorem 13 we use Cauchy’s Theorem to write

S x0xe = = [ Cs)x(s)xe as,

21
T<~<2T = G

where R is the positively oriented rectangular contour with vertices c+¢7", c+ 27,1 —
c+2iT,1 —c+iT, where c =1+ 1/logT.

We shall restrict T so that both |7 —~| > 10ng and |27 — | > IO;T for all -, that

is, the contour is always a distance > @ from the ordinate v of any zero. This

incurs a small error term which we deal with now. It is well-known that there are
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O(log T') zeros between T and T+ 1 (for example, [66, Section 9.2]), and so by (2.9)

we see that we incur a cost bounded by

O (x(B+1T)X"1logT) 4+ O (x(1 — B+4T)X" " logT)

xX\* X (T\*
1/2

where 8 = max{R(p) : T' < J(p) < T + 1}, and we consider both the zero at § + iy
and 1 — 5 4 ¢7, as the dominant contribution changes depending on whether X < T
or X > T. Clearly the strength of the zero-free region we may assume will play a

role in the strength of the bound we obtain. If we use the trivial bound g < 1 we

0 (XlogT) +0 (T210gT) .

see this is

T1/2

The errors considered here will be shown to be absorbed into the errors F(X,T) in
(2.7).

Returning to the Cauchy integral, we will consider each piece of the contour in
turn. We write

1 C/ 1 c+2iT 1—c+2:T 1—c+iT c+iT C/
—— | =(s)x(s)X%ds = — ( +/ +/ +/ ) >=(s)x(s) X ds
2mi Jr € 210 \J it 2T 1—c+2iT 1-crit/) €

=L+ 1+ I3+ 14 (2.12)

We begin by bounding the two horizontal segments before handling the vertical

segments, which require a more careful approach.

Lemma 2.4.2. The integrals along the top and bottom of the contour are uniformly
bounded for X > 1,T > 1 by

X1+1/10gT log T)2
I, I, =0 (Tl/Q(log T)Q) +0 ( Tl/g )

Proof. By Gonek [26, p. 126], if T" is such that |T" — | > @ for any zero ordinate
v, then the bound

%(a +iT) = O ((logT)?)

holds uniformly for —1 < o < 2. We also have from (2.9) that

[x(o +iT)| = (%) o (1 +0 (%)) : (2.13)



2.4. PROOF OF THEOREM 13 33
Applying these bounds and trivially estimating the resulting integral by the

maximum of the integrand (which is maximised at c =1 —cif X < T, and at 0 = ¢
if X > T'), we have

T\®T X [X\®T
[2:0((10gT)2 (TW (%) 7 (7) ))

1 1
Now, since (%) e < ToeT = e we deduce that

X1+1/ logT(log T)2
s otr 0 (0

as required. O]

Note that in Lemma 2.4.2 the first term dominates if X <« T and the second term

dominates if X > T. We see also that these two terms collectively dominate the

error coming from restricting |T° — | > @.

error, E(X,T), given in (2.7).

This gives the first two terms in the

Lemma 2.4.3. The integral along the right-hand side of the contour in (2.12) is

given by
1 2T C/ '
L = Gy . Z(C-{— it)x(c+ Z't)XC—Ht dt
A(n) 2m X XlOgT
—x Y Amew oS,

pSn<E
with the error uniform for X > 1 and T > 1.

Remark. This result is non-trivial only for X > T, otherwise the sum over n is

empty.

Proof. Since ¢ > 1 we are to the right of R(s) = 1 and so we can use the Dirichlet

series

C—/(c+it):—zm.

C nc—‘rit

n=1
Swapping the sum and integral transforms I; into

I = —% N A(n) <%>/TQT (%)itx(cﬂt) dt.
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We now apply Lemma 2.4.1 to the integral in this expression, with ¢ = ¢ and
r = X/n. Since the main term only arises when 27r € (T, 27, we are forced into
the regime 7.X/T < n < 2rX/T and so

1 «— X\° X
]1 = —% 2 A(n) (E) J <C, E,T)

=-X > we%“/njui/\(n) (%)E(c%T)

X 2 X
T Sn<Ir

Observe that the first piece occurs as a main term in Theorem 13. Now we establish

an upper bound for the error term,

i/\(n) (%)E (c, %T) =0 (Xi %T—m)

n=1

= A(n) T/?
X° .
+0 ( Z ne |T —2xX/n|+ T2

n=1

Since ¢ =1+ 1/log T, the series Y A(n)n=¢ = —("/{(c) = O(log T') and so we can

easily bound the first error term by

O (X1+1/logT IOgT)

T1/2

For the second error term, using > A(n) < X, this is bounded by

OO 1-1/logT TV X T 1+1/log T 1
X° TAT 08 d [ - 0g d
/1 ! T —2nxX/n]+ T2 " T1/2/0 y —y[+1 2%

coming from letting y = 27X /(Tn). Splitting into regions around the relevant

majorants of the integral, and letting the upper limit be infinity, we can bound this
by
X 1/2 . X 3/2 1 X 00 1
—1+1/log Td d —d
T2 ), Y YT i e ly =1 +T712 YT TR 32 Y Y

XlogT XlogT X
T1/2 T1/2 + T2

Note that since

2n /T
/ yflJrl/logTdy > IOgT
0
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the contribution from y =/ 0 is a positive proportion of the total bound, so replacing
the upper limit from 27X /T with oo does not cause an overestimate of the total

error. O

Lemma 2.4.4. The integral along the left-hand vertical segment in (2.12) is

(—x Y A4 B(X,T) ifX <L
27rX<n§7rX

Is = 4 X(log X)e*™ + E'(X,T) ifL<x<T

. T
| E'(X,T) ifx>1

where

T%2log T ) 0 < T%2log T )

E'(X,T)=0(T"*1ogT) + O
(X, T) = O log T) + O\ i~ i 27 — 27X | + T1/2

To approach Lemma 2.4.4 we start by taking the logarithmic derivative of functional

equation for zeta (2.14) to obtain

1 2T C/

I3 = 5 c > (1 —c+it)x(1 —c+it) X et gt
™ Jr
1 2T CI X/ 4
=%/ (—E(c —it) + =1 —c+ zt)) (1 —c+it) X't qt
n X
1 2T CI 1 o
=— —it)x(1 —c+it) X' dt — —/ '(1—c+it) X't dt
o /. <(c it)x(1 —c+it) o /. X' (1 —c+it)
= I31 + I35.

We shall deal with I3; and I35 separately, and it is clear that Lemma 2.4.4 follows
from Lemmas 2.4.5 and 2.4.6, below.

Lemma 2.4.5. Uniformly for X > 1 and T > 1 we have

1 2T C! . "
I3 = — 1-—- ) X et
3= 5 c =(c—it)x(l —c+it) dt
=X Z A(n)e*™X™ 1 O(TY?log T).

27rX <7’LS X
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Proof of Lemma 2.4.5. By using the Dirichlet series for %(s) we are able to write

1 2T C/ '
BJZEE/T Z@—wwxu—c+¢ﬂxkﬁwﬁ
1 [T [ S An) ,
== : 1—c+at) X' dt
2r Jr (; ne—u X( c+it)
X1 X A(n)

— > / x(1 —c+it)(Xn)™" dt.

2 C
m — n T

The integral is in a form which may be handled by Lemma 2.4.1 with 0 =1 — ¢

and r = Xn, where we note that a non-error-term contribution only arises when
27 Xn € (T,2T], that is, % <n< % We therefore obtain

2T — n
2miXn 1—c = A(n)
=-X E A(n)e + X E ——2FE(l—¢,Xn,T).
nC
T T n=1

We now treat the error arising from I3; in similar way to the treatment in

Lemma 2.4.3, namely

x=3 2 po o xnTy=0 (Xl/ los 7§ —A(”)T1/2>
ne net
n=1

N = A(n) T3/
1/logT
+O<X ’ Z ne |T —2xXn|+TY? |

n=1

n=1

As before, since ¢ = 1+ 1/log T, the Dirichlet series can be evaluated and the first

term is

O (X—l/logTTl/2 IOg T)

and the second term can be bounded by

X—l/logT /OO n—l—l/logT T3/2 dn
1 T — 27 Xn|+ T1/2

e 1
_ T1/2/ Y11/l T dy
2 X/T 1=yl + T2
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where this time we substituted y = 20 Xn/T. If 2rX/T > 1 + € then the integral is
< [Ty VIeeTdy < 1, and if X/T = o(1) then there will be a contribution from

y ~ 0 and from y ~ 1. The former contributes

1/2 o —1/logT
/ y V18T gy <« log T <T> <logT
21 X/T

and the latter contributes

3/2 1
dy < logT.
Ly T

These can all be combined uniformly into one error, O(T"/?logT), which is an
overestimate by log7T in the case when X > T'¢!°¢T byt is a good bound for the

size of X required in our applications. ]
Lemma 2.4.6. We have
I .
13’2 = ——/ X/(l —Cc+ it)Xl_c+Zt dt
2m Jr
X(log X)e™™X + E'(X,T) if T <2rX < 2T
E'(X,T) fX<Eorif X>1I

with

3/2] 3/2
E/(X,T):O(Tl/QlogT)+O< I log T >+( T logT )

T — 2 X| + T/ 2T — 20X | + T/

Proof of Lemma 2.4.6. For s = o + it with |0| < 2 and ¢ > 1, we have

X : t 1
A - _1 _ Z
X(a it) °8 (27T> O(t) ’

so upon multiplying through by x(o + it) and using (2.13) this yields
t
X' (o +it) = —x(o + it) log (%) +0O (712,

In our case we have s = 1 — ¢ + it and so we can write

1 2T ¢ ‘
Iyp = —o— —x(L—c+it)log (== ) + O (t°*?) ) X'+ at
3,2 o7 /. ( x(1 —c+1it)log (27r> + 0 ( )
2T

t | 21
x(1 —c+it)log (—) Xttt qt + 0 (/ Xl—th—?’/?dt)
2 T

:gT
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Upon integration we see that our error term may be bounded as O(T%/2) which is
no bigger than the error terms already found in I5;. Finally, a variant of Lemma 2.4.1

with 0 =1 — cand r = X yields

I ! /2T (1—c+at) (! L) xi-etit g

= — —c+it) | log —

27 o T X g27r
X(log X)e*™™X + F(1 — ¢, X, T)logT if T < 27X <2T
E(l—¢,X,T)logT fX<LorifX>Z

where E(o,r,T) is given in Lemma 2.4.1, and we have simply applied that lemma
together with an integration by parts (which is the same argument used by Gonek [26,
Lemma 3)). O

2.5 DEDUCTION OF SHANKS’ CONJECTURE

In this section we show how Theorem 13 can be used to establish a new proof of
Theorem 11, albeit with worse error terms. We begin by recalling the approximate
functional equation for {'(o +it) (see [41, Lemma 1], for example), which states that
if0<a<land s=o0+1t

((s)=— Z los;n—i-x(s) Z M+O( c“/210gt)+0( 1“)/210,52;25)

s nl—s
nﬁ(%)a ng(i)l_a

(2.14)
where ((t) = log 5.

Taking the sum over non-trivial zeros p = % + 1y with 0 < v < T', we have

, lon logn
Y-y Y =y ZL

0<~y<T 0<Y<T () 0<~<T n<( 2

ﬂ

-y Y AR p1)€£7)+0(T1“/210gT)+O(T”“a/210gT) (2.15)

0<~y<T ( ) ne
n<
and we label the three sums on the right-hand side A;, A, and Aj respectively.

We will see that if 0 < o < 1 these can all be summed using our results, but first
we collect some standard results which we shall need for the evaluation of these

suis.
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Lemma 2.5.1. We have the following asymptotic expansions:

1.

1 1
2—210g$+70+0<—),
n xXr

n<x

where vy 15 Fuler’s constant.

| 1 |
5 Ogn:—(logw)z—l—%—i-()(ogx),
n 2 T

n<x

where the Stieltjes constant y; is given in (2.4).

A(n)logn 1
S MR Mg ay? — (33 -+ 23) + O ()
n<x

for some a > 0, where the Stieltjes constants vy, v1 are given in (2.4).

4. For C' > —1,
C+11 C+1
c T ogw x C
1 = — O 1 .
;z” Bn=—G1 T ogie O lea)
5. For C' > —1,
C+11 C+1
C - T og T T C+1 _—a+/logx
E A(n)1 = — O Vlog
mj” (n)logn C+1 (C+1)2 +O( e )

for some a > 0.

Proof. We note that parts (1) and (2) are standard and can be found in [1, p.55, 70]
, /
respectively. Part (3) is an application of Perron’s formula on (g—(s)> . We may

¢
=t

obtain (4) using partial summation with a,, = logn, f(t) . From this, another

partial summation with a, = A(n) and f(t) = nlogn establishes (5). O

We handle A; first. By swapping the order of summation we may write

A= Z Zalo;;gpn

0= (3

= — Z logn Z %.

n<(£)" 2mnl/o<y<T
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Using the Landau-Gonek formula, (2.3), we have

T
A= Y logn (—%Am) A1+ Ollog Tlogos )

n<(£)

T T\> T T T
= (log —) - 5o (log —) +5-(=16 —2m +0*) + 0 (TeeveeT)
T T T

(2.16)

having applied Lemma 2.5.1 parts (3) and (5) with the choices = (£)" and
C = —1+1/a (and using that trivially '/ = L and logz = a (log £ ) ). Note that
we need a < 1 for the claimed error term in the last line (coming from summing the
von Mangoldt function) to dominate the error term in the middle line (coming from

the Landau-Gonek formula).

Now we turn to A,. We have

logn
-y Mok

0<~y<T S( v )
logn
= 2. - > Xl
n<(Z) " 2mnl/ (=) <y <T
T Z logn n Z n /(=0 o0
27T 11— n 11—
n<(37) n<(37)
logn
O ((logn)*) + O Te Ve
+ Zl_a< ((logn)?) + ( ——Te
n<(37)
T ) T\> T ) T T )
- a2 (loeg ) + oot (log g ) - S+ (- )
+0 (Te—“’vlogT) , (2.17)

where in passing from the first line to the second we have swapped the order of
summation, in passing from the second to the third line we have applied Corollary
15 (with the unconditional error term). To get from the third line to the fourth, we
have applied Lemma 2.5.1 parts (2) and (4) with 2 = (%)17& and C = -1+ L.
Note that we must have a > 0 for the claimed error term to be dominant when

passing from the third to the fourth line.
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Finally we turn to A3. We have

el
—27r
1 g
- - }j =Y xonlosk
n 21
O

by swapping the order of summation. By Abel summation and Corollary 15 we can

easily evaluate this inner sum using

t
ZX nplog— :/ log (—) dS(n,t)
2m
~v<T
T 1
=log —S(n,T) —/ =S(n,t) dt
2 9 &
T T T
| - - O (T 7a\/logT>
. 0g o + o + e
which we obtain simply by substituting in Corollary 15 and simplifying. Note that
since n = O(T*™%) with a > 0, the claimed error term is the dominant one of the

two in the Corollary. Therefore, by substituting this expression into the definition of

Asz and subtracting the terms with v < 27mﬁ we deduce

1 T T T 1 =T
A = — Z —<——log—+—+ nﬁlogn—nﬁjLO(Te’“ 10gT)),

L 21 2r 27 1 —«
n<(zz) "

and once again applying Lemma 2.5.1 gives

T

T T\* T
A3—2—(1—a)(10g%> +—7T(70—2(1—a (Iog—>—2—’yo+2a—1))

( vlogT) (2.18)
for any 0 < @’ < a.

We combine A;, A; and Az from (2.16), (2.17), and (2.18) respectively into (2.15),

to obtain

T T\? T T T
/ _ - - - - o o 2 . -
> )= g <10g QW) (0 —1)5- (log 27r) + (1= =% =315
0<y<T
+0 (o)

for some a > 0. This recovers Theorem 11 with the unconditional error term.



42 CHAPTER 2. GENERALISATIONS OF THE LANDAU-GONEK THEOREM

Remark. If we had assumed the Riemann Hypothesis, then the error terms in
Lemma 2.5.1 would be smaller (roughly x'/?) and the resulting error terms would
look like T and T~ times certain powers of logarithms, and thus be optimised
when the approximate functional equation has roughly equal weight in both its pieces,

i.e. when a =1/2.

2.6 DEDUCTION OF THE GENERALISED SHANKS’ CONJECTURE

The purpose of this section is to deduce Theorem 12 from Theorem 13. This follows
essentially the same approach as that in Section 2.5. We firstly start by recalling the
approximate functional equation for (*)(c 4+ it) (see, for example, Equation (36) of
[41]), which says that

N
<) ns()"

+0 (7 (logt)"™) + O (t7172(log t)" 1)

for 0 < o < 1, where £(t) = log 5.

Before proceeding, we shall need the following lemma which is analogous to
Lemma 2.5.1.

Lemma 2.6.1. We have the following asymptotic expansions: For v > 0 and
C > -1,

' = Ao’ _ (o5
> c , 9 (logx)” Co+1 v—1
;A(n)n (logn)” = —F——+0 (" (logz)" ).
> ogn)? _ (log )" V
; = 4 0((loga))
i’ 2O (log )" .
ch(log n)’ = Y i + O (z'(logz)" ™) .

n<x
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Proof of Lemma 2.6.1. Part (1) may be found in [43, p.30], from which Part (2)
follows by partial summation. Parts (3) and (4) are standard applications of the

Euler—-Maclaurin summation formula. O

Taking the sum over non-trivial zeros p = 8 + iy with 0 < v < T', we have

> =y Yy ek

0<y<T 0<Y<T g ()

> Z X ogn— ()Y

+0 (Tlfa/Z(log T)V+1) +0 (T1/2+a/2(10g T)l/+1)

with 0 < a < 1. We label the two sums on the right-hand side B;, and Bs,
respectively.
For the first term Bj, we may use the Landau—-Gonek formula, (2.3), and we have

Z Z logn

0<Y<T ()"

e D DT S

ng(%)“ 2nnt/e<~<T
— v v _i —141/a
=(-1) ZT a<10g n) ( 27rnA(n) + A(n)n + O(log T'loglog T')
n<(37)
T A(n)(log )"
— (—1)+H1 _NTNVNTOe T 141/
(—1) o Z " Z A(n)(logn)'n

n<(37)" n<( =)

+ O (T*(log T)"*'loglog T)

It follows immediately from part (1) of Lemma 2.6.1 that

T A(n)(logn)” ot T T\ .
o Z - = 1o lg% + O (T(logT)").

n<(3:)"

Moreover, from part (2) of the same lemma we see that

Z A(n)(logn)'n~ 1V = O(T(log T)")

n<(35)"
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Therefore, if a < 1,

By =(-1)

vt ottt T T
2

v+1
T 1on log —) +O(T(logT)"). (2.19)

For By we use the binomial theorem and swap the order of summation to write

B= Y Y Wiogn i)y

EVJ(”SHW Yy oleniG)
>\ ) s
)

oy B S ey

j=0 T\1-a 2mnt/(1—a) <y<T
n<(z7) i =7=

I
]
N\
AN

We may handle the innermost sum in a similar way as we did for v = 1, to obtain

v—j v—j v—i
Z X(p)np (10g %) ’ = (log z) S(n’ T)+MS (n’ 27Tn1/(1_a))

2 (1 — )
2t/ (1=e) < <T

—(v—17) /2 (ogse) * S(n,t) dt

anl/(1—a) t

and using Corollary 15 to evaluate S(n,T’) we see this is, for a > 0,

v—j T TN\"  pl/a=a)(logn)—i
> x(pw (10g%> =—— (10g—> + (logn)

(1—a)—i
2nnl/(1—a) <y<T

+ O (T(logT)" )
Part (3) of Lemma 2.6.1 shows

(logn)! T T\"7 (1—a)yttT T\
> — (log — = (log—
n 27 2m Jj+1 27 2m

ng(%)lfa

and Part (4) shows
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We deduce that for o« > 0

By = (—1)"+! g(—w’ (Z) (1;—“)1]“% (log %)M +O(T(log T)").

It follows from the binomial identity that

S () i -

= 7 v+1

This allows us to simplify By as

l—a"t' T T\
BQ = (—1)V+1ﬁ% (lOg %) + O(T(log T)V)

Finally since > ;_ - (" (p) = By + B, and inserting B; from (2.19), we see that

1wt T v+l
> Mp) = (1/1—1)—1 o (log%) +O(T(log T)"),

0<~<T

which recovers Theorem 12.
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The discrete second moment of mixed derivatives of the

Riemann zeta function

Abstract

We establish the full asymptotic for the discrete second moment of the Rie-
mann zeta function of mixed derivatives evaluated at the zeta zeros, providing
both unconditional and conditional error terms. This was first studied by
Gonek, where only the leading order asymptotic was given, later extended by
Conrey—Snaith and Milinovich to include the lower order terms for the first

derivative. We extend the case of the first derivative to all derivatives.

3.1 INTRODUCTION

The central object of this paper is the discrete second moment of mixed derivatives

of the Riemann zeta function, given by the sum

I(pv) =1, T) = Y (W —p), (3.1)

0<~<T

as T — oo, where the sum is over non-trivial zeros of zeta p =  + iy, and where
¢W(s) denotes the u'" derivative of the Riemann zeta function. We will establish a
full asymptotic expansion for this sum, with a power-saving error term under the

Riemann Hypothesis.

This type of discrete moment was introduced by Gonek [26], who proved for

46
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positive integers u, v, a leading order asymptotic of the form

> W(p)c (1= p)

0<y<T
= (—1 ptv _ — (1 - O (T T/L+V+1
=) (u+u+1 (u+1)(u+1)) 27r(0g27r) +0 (T(log 7))
(3.2)
as T' — oo.

The special case 1 = v, called the discrete second moment of zeta, is given under

the Riemann Hypothesis by

W [ = . _ T(..T O (Tllow 12t
0<27;T ‘ (2 +W> 2u+1)(v+1)227 (Og 27T> + ( (log T') )
7 (3.3)
as T — oo.

Conrey and Snaith [6] conjectured under the Riemann Hypothesis that for e > 0
arbitrary and L = logt/2m,

/ 2 _ 1 g
> Kl =5 [

1 2
(EL4 + %Lg + (5 —2m) L* = (27 +2%0n +12) L
0<y<T 1

10
+ <27§ + 27371 + 1472 4 8972 + %) ) dt + O (T1/2+€) 7

as T — oo, where the =, are the Stieltjes coefficients from the expansion of ((s)

around s = 1,
1 2

C(S):5_1+’70—’}/1<8—1)—0—5(3—1)24_...4_(_1)

Milinovich [50] proved this conjecture under the assumption of the Riemann
Hypothesis, writing the asymptotic as

b)

2

2.

0<~<T

2T

_ £p4 (10g %) +0 (T%JrE) (3.4)



48 CHAPTER 3. THE DISCRETE SECOND MOMENT OF MIXED DERIVATIVES OF ZETA

as T'— oo, where Py(z) is a degree four polynomial given by

1 4
_Ex

2’)/0—1 3
—i—( 3 ):1:
+ (1 =2+ —2m) 2°

+ (—2 + 4~ — 273 — 273 — 10v071 + 4 — 72) T

N (6 + 67 (571 + 492 — 2) + 693 (70 + 8 + 671 + 1) — 12 + 4293 + 379 + 1073>
3

Py(x)

Remark. The equivalence of Milinovich’s result and the conjecture of Conrey and

Snaith follows by performing the integral.

Some examples of other generalisations of the results discussed above are shifted
second moment results [21, 20], higher moment conjectures [25, 31, 34, 56], extreme
values of derivatives of zeta [55], upper and lower bounds [45, 2] on moments, and

negative moments [25, 18, 30, 17, 4].

3.2 STATEMENT OF RESULTS

We generalise the results of both (3.2) and (3.4) by proving a full asymptotic
expansion for the discrete second moment of mixed derivatives of the Riemann
zeta function (3.1), both unconditionally and conditionally under the Riemann

Hypothesis.

Theorem 16. For positive integers i, v, we have
T T
> W)= p) = —Pus (log 2—) +0 (e =) (35)
s 7r
0<y<T

as T — oo, where C' is a positive constant and where P, ,(x) is the polynomial of

degree 1 + v + 2 given by

ptrv+2 v U
P () = (1) ()t m. e
k=0

o

m=

ptrv+2 p

e <’g) (cf”m(m, k) + O (m, k)> z™, (3.6)

k=0

[en]

m=
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where

i (m, k) =

;

m +v+1-—m

(0= Sy 1= o,
m! = (nt k27

(1:k)
Cltv+2-m m> ke
(k+m—v)! -

_1)m _k k42 ' 1— i)

( ) (V ) Z (_1)M+V_](,U,—|—V—|— j) C(u,k) mfl/—]{—l
m! = (w+k+2—j)"

\ —
where cg.“’k) are the Laurent series coefficients around s =1 of
<) ()W ()L = 3 5 — 1y kst 57)

¢

J=0

and where

CH) (m, k) =

m +v4+1—m .

(<_1) (M_k—i_l)u Z (_1)H+V*j(:u+y+1_j)!d(u,k)+

m! o v+k+1—=751"

s
prvreTm >nu—k+1
(k4+m—p—1)! me=p -
v+k+1
(—1)™(n—k+1) "} v+ =) o
—1)Htv—i d: <u—k

\ m! JZ:;( ) v+k+1—-74)1" =

where dé”’k) are the Laurent series coefficients around s = 1 of
1 « .
(v) (k) — Wk) (o _ 1\-v—k—2+
AN = Do s =1
]:

If one assumes the Riemann Hypothesis, the error term may be replaced with
O <T%+E> for arbitrary € > 0.

We now state several corollaries of this result, with Corollary 17 clearly following

immediately from this theorem and with Corollaries 18 and 19 proved in Section 3.6.
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Corollary 17. Assume the Riemann Hypothesis. For v a positive integer, the

discrete second moment of zeta for all derivatives is given by

> [ (% + iv)

0<y<T

_ % - (ZV:(_QV (Z) (Qny’V)(m, k) + C) (m, k))) <log %)mm (T%“) ,

m=0 \k=0

2

where C}V’V)(m,k:) and C’Q(V’V) (m, k) are defined in Theorem 16.

Corollary 18. Assume the Riemann Hypothesis. In the case p = v = 1, (3.5)

recovers the polynomial Py(z) in (3.4).

Corollary 19. For p,v positive integers, the leading order coefficient of P, (x)

agrees with the leading order given in (3.2).

As we see in Milinovich’s polynomial Py(z) in (3.4), the coefficients quickly become
unwieldy. We give an example of our result for discrete second moment of the second
derivative in Appendix .1 by explicitly writing out the polynomial for the second
derivative. Finally, in Appendix .2 we demonstrate the theorem by plotting the

graphs for the first and second derivatives.

3.3 BRIEF OUTLINE OF THE PROOF

Forc=1+ @ and R the rectangular contour with vertices c+1, c+41', 1 —c+1T),

and 1 — ¢+ ¢, we may use Cauchy’s theorem to write

I(pv) =Y (W(p)"(1-p)

0<~y<T
1 !
— o SO ) ds

1 c+iT 1—c+iT 1—c+i c+i C/
=— ( —l—/ +/ +/ ) 2 (5)¢M(s)¢M(1 — 5) ds
211\ Jeus c+iT 1—c+iT 1—c+i/ §

:Il(:u7y>+IQ<:U’7V)+[3(:LL7V)+[4<M7V>' (38>

It is immediate that I,(p, v) = O(1) since the integral has finite length and bounded
integrand. Furthermore, as shown by Gonek [26], we have Iy(u,v) = O (T%“) with
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the harmless restriction that 7" lies a distance > 1/logT from a zero ordinate ~.
We shall use this restriction without loss of generality throughout our proof. From
this it follows that

I(u,v) = Li(u, v) + Is(u,v) + O (T%+€) . (3.9)

In Section 3.4 we deal with the right-hand vertical segment I;(u,v). The starting
point is by introducing a functional equation which allows us to write (*)(1 — s) in
terms of ((¥)(s) for k between 0 and v. As a consequence we may write I, (u,v) as
an integral of an absolutely convergent Dirichlet series. We then use the method of

stationary phase to rewrite this integral as the sum
Z A(ny)(log ng)*(log n3)*(log nyngng)” ",
mmmﬁ%
plus a small error that is subsumed by our error term written above.

We evaluate this sum without the (log ningns)”~* factor through Perron’s formula.
This gives the sum as the residue of a Dirichlet series at s = 1, which in turn is a
polynomial of degree i 4+ v + 2. Finally we reinsert the logarithmic term via partial

summation.

In Section 3.5 we handle the left-hand segment I3(u, v). We use another functional
equation to relate the left vertical segment of our integral to the right vertical
segment, and then follow similar methods to those used in Section 3.4 to establish
the asymptotics for the left vertical segment. Combining these two contours, together

with the error term that we carry through the proof, gives Theorem 16.

Finally, as mentioned in the introduction, in Section 3.6 we prove some corollaries

of our result.

3.4 'THE RIGHT-HAND VERTICAL SEGMENT

3.4.1 INITIAL MANIPULATIONS

We start by writing /; (¢, v) in a form more amenable to analysis. Recall that

T 1
Lip,v) = %/1 %(c +it)¢ W (e +it) (1 — ¢ — it) dt.
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We apply the functional equation for ¢ (”)(1 — ¢ —it) so we can write the resulting

expression in terms of convergent Dirichlet series.

Lemma 3.4.1. [37, Lemma 4] For s = o + it, with 0 > 1 and t > 1 we have

(L—8) = (115 Y (k) (1og %)Hc“@(s)w (##(10g1)") . (3.10)

k=0

where x(s) is the factor from the functional equation ((s) = x(s)¢(1 — s).

Substituting (3.10) into our expression for I (u,v) gives

Ii(p, v)
U S v—k
- (1) [ Sterineesing®ier inyi-c-in (=) a

1O (T%+€> .

Each term in the integrand can be expressed as a Dirichlet series since R(s) = ¢ > 1,

namely

Cls) = 3 A ¢M(s) = (=" ) (oan)”,

C n=1 ne n=1 e
where A(n) is the von Mangoldt function.

It follows that, by multiplying the Dirichlet series in the integral above together,
we can write

!

EECAHCO(s) = (-1 (Z %) (Z _<1oig2>“> (Z —(loigg)k>

ni=1 no=1 nzy=1
o0 A%Uﬁk)
-y
n=1
where
AR o= (1Y T A (log o) (log s ) (3.11)

ninan3=n

The integral I;(p, ) can then be written as

[1(M7 V)

_ (_2713” y <Z> /1 (—e—it) (log %>_k (i i’({k:) at+0 (T4 (log T)")

n=1
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We now use a lemma due to Gonek [26, Lemma 5] which comes from the method
of stationary phase which will permit us to write this integral as a sum, which we

shall subsequently evaluate via the method of Perron.

Lemma 3.4.2. Let {a,}>°, be a sequence of complex numbers that satisfy a,, < nf
for arbitrary e > 0. Let c =1+
T > 1 we have

1 T . t\" [ ap, m o1 m
%/1 X(1—c—it) (log%> <; nchit) dt = Z a,(logn)™+0O <T (logT) >

T

logT’ and let m be a non-negative integer. Then for

Then by Lemma 3.4.2, we can rewrite I;(u, ) as the sum
Li(p,v) = (~1 Z( ) Z ABR) (1og 1)V~ +O(T%+5). (3.12)

3.4.2 EVALUATING THE INNER SUM WITHOUT THE LOGARITHM

Throughout this section we set ¥ = % for notational convenience.

We now evaluate the sum in (3.12). One could use Perron’s formula, relying on

the Dirichlet series expansion

e ka’) oo n /
> AR e (S

n=1

However it turns out to be simpler and more convenient to use Perron’s formula to
calculate ) AYP ithout any logarithms, and then use partial summation to

reinsert them later.

We start by using a truncated version of Perron’s formula.

Lemma 3.4.3. Let AY be given by (3.11). For2<V <Y, asY — oo,

Sag = L [ e st my),

n<y c—iV C

where

R(Y,V)=0 (;(log Y)ﬂ+’f+3) :
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Proof. Bounding Ry (Y, V) is all we need to do to prove the lemma, since the integral
comes directly from Perron’s formula (and the truncation gives the error term). By

[53, Cor 5.3] we can bound the remainder as

R(Y,V) < Z | AR | min (

%<n<2Y

= A+ B, (3.13)

LY 494 Ve AP
"VIY —nf

ne
n>1

say. To evaluate the error, we start by giving an upper bound for AP Note that
A(n) < logn with equality holding if and only if n is prime. We bound AW®) crudely
by

AU < Y (logn)(logn)*(logn)* = (log n)" ™ 'ds(n),

ninenz=n
where d3(n) is the 3-fold divisor function. Bounding A in (3.13) by the maximum of

AP and using the notation ¢ = Y —m)|,

A < (logY)rrktt Z d3(m) min <1, %)

%<m<2Y
Y1
< (log Y )ttt Vzd:%(g)

<Y

Y
< V(log Y )i,

using the fact that -, d3é£) < (logY)? (see, for example, [53, p.43]).

Next we turn to bounding B in (3.13). Since ¢ = 1 + @ the Dirichlet series

converges, and so

40 YC / Y
B = T | T )] < 15 1o Y,
using the fact that Y = % and also that
¢ 1
=1+ —= logT' 14
C lOgT << Og Y (3 )
and
1
(1 log T)#+1 1
(14 ) < logT) (3,19

as required. O
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Next we write the integral in Lemma 3.4.3 in terms of the residue of the integrand
at s = 1. We obtain an error term from completing the contour into a rectangle
which we will deal with in Lemma 3.4.4. We remark that this lemma is the only
place where we get different errors depending on whether we assume the Riemann

Hypothesis or not, so we shall consider both cases separately.

Lemma 3.4.4. ForY = %, as V,Y — oo, we have

!/

) )

1 c+iV C/

| S

ds = Ri
21 Jow € T (
where E1(u, k;Y) is given by

1. &(p, kYY) = (Ye*CVIOgY> unconditionally for a positive constant C'

2. & (kYY) = (Y%+E> under the Riemann Hypothesis.

Proof of Lemma 3.4.4. We consider the positively oriented rectangular contour with
vertices at ¢ 1V, £V, where % < ¢ < 1 is large enough that no zeros of zeta
with |y| <V lie on or to the right of the ¢’ line. Therefore the only pole contained

within this contour is at s = 1, and by Cauchy’s Residue Theorem,

e (S0 )

¢
c+iV ' +iV o —iV iV . ol
" 2mi </ / /c’+iV +/c’iv) %(S>§(M)(S)C(k)(5)? ds.

By rearranging this expression and switching the orientation of some of the integrals

we have that the desired integral is equal to

1 c+iV </ /

1 e () ® () s — GSC ) ()0 (g) L
o [ S0 s = Res (S 9600 )

e e

The result will follow from finding appropriate bounds for the three line integrals.
We consider the conditional and unconditional cases separately as they involve

different values of ¢ and different bounds for zeta.
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The unconditional case

As noted in Titchmarsh [66, p.54], there exists some absolute constant C' > 0 such
that for ¢ =1 — %, any zero of ((s) lies a distance > @ away from the line
between ¢ — iV and ¢ + V.

Therefore, on the two horizontal pieces we may apply the bound of Gonek [26, §2]
which applies uniformly for —1 <o < 2

%(a +iV) < (log V)2

We also use the convexity bounds inside and to the right of the critical strip

(W (o £4V) < VA OogVyt if0s o<1 (3.16)
(log V)rt1 if o> 1,

which may be established by using Ivic’s bound for v = 1 [39] and applying Cauchy’s
estimate for derivatives of analytic functions around a disc of radius 1/log V' with

centre at o + V.

With these bounds we deduce that

1 ctiVo 41 s c

Y Yy v
57 Jor €SO ()7 do < (log V)T (e — ) < gr(log V),

where we have used the fact that ¢ — ¢ <« @ and Y¢ =< Y.

Now we turn to the vertical segment of the contour. Away from the pole, we can
use the same bounds as above, and for t ~ 0 we bound the terms in the integral
by the appropriate Laurent expansions, (3.14) and (3.15). Therefore on the line
s=cd +it, =V <t <V, we can bound the integral by

V /
/ Yc /
Y (log V)Pt 4 / (log V)“+k+47 dt < Y (log V)rHk+s,
1

Since Y¢ =Y exp (—%) this completes the proof of the unconditional case.

The conditional case

Under the assumption of the Riemann Hypothesis, we can both shift the line

of integration further to the left without crossing any zeros, and also use better
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(conditional) bounds on zeta and its derivatives. Specifically we shift the contour to

just to the right of the critical line, letting ¢ = % + log1;V7 and we use (™(s) < t° for

arbitrary € > 0.

At any point on the vertical segment the closest zero is > @ away, so we have
%(s) < (log V)? and so the vertical integral is bounded by

for arbitrary € > 0.

The horizontal segments are dealt with similarly to before, only this time the
length of integration is bounded and we will bound terms like log V' by V¢ since
that’s sufficient for our purposes. The two horizontal pieces are bounded by

Y.
%
and this completes the proof in the conditional case. O

Completion of the proof of Lemma 3.4.4

Using Lemma 3.4.3, thus far in Lemma 3.4.4 we have shown that

!/ YS
> A = Res (SO ) + RV) + V)
<y s=1 C S
where we now pick an optimal V' in terms of Y, depending on whether we are

bounding the error terms conditionally or unconditionally.

In the unconditional case, we can choose V' = exp(1/C'logY’) to optimise the error
terms. This then gives an error term of

ptk+5

R(Y,V)+&E(VY) < Ye VOl (1og V) 2 « Yexp(—Cy/logY)

for some C' > 0.
In the conditional case, we take V =Y and find
Ry (Y, V) + &(V,Y) < Y3+,
for arbitrary € > 0, as stated in Lemma 3.4.4.

We now compute the residue term. In the following lemma we will write the
residue in terms of the Laurent coefficients of our triple Dirichlet series given in
(3.11) around s = 1.
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Lemma 3.4.5. We have

¢ R prtk+2 ) e
R%51<Z@KWNQG)@%§)::Y.Z%(u+%i%2 ﬁ(bgyw++ 7 )

where cy’k are the Laurent series coefficients around s = 1 of
1 < .
> (1) K)(\Z (k) (o q\—p—k—3+
()¢ ()M s)2 = D (s = 1) (3.18)
7=0
Proof. The function —( )¢ (s)¢™(s)L has a pole of order p+ k+ 3 at s =1. We
write this expansion as the series given in (3.18).

The expansion of Y* about s =1 is

Y%:Y(y+@—1n%y2%“;fyngf+~~+(&é”?ngf+~~).

and so the residue of %’(s)((“)(s){(k)( )X is given by the sum of

oK)

J locY ptk+2—j
(u+k;+2—])(Og )

foreach j =0,...,u+k+ 2. O]

3.4.3 REINSERTING THE LOGARITHM IN THE INNER SUM

Throughout this section we set Y = % for notational convenience.

Lemma 3.4.6. For 0 < k < v, we have that

+v+2
> At (logn)”” YHZ ) (m, k) (log V)™ + O (Ve OVREY )
m=0

n<Y

where form > v —k,

m ptvtl-m (k)
C(“’”)(m k) = )" (v —k) Z (=1t (h+v+1—7) RCON Cutv+2-m
! ’ m! pre (,u+k+2—j)'j (k+m—v)!

and form <v —k

Ofﬂﬂ/)(m7 k) = (=)™ —k) MZ (_1)#4—1/—] (n+v+1-— ]) o
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Remark. The differences in the two expressions for C’f“’y) (m, k) are the extra term
for larger m, and the different upper limit on the j-sums. Those two upper limits
are the same when m = v —k — 1. Finally, when m = p+ v + 2, which is the largest

it can be, the j-sum is empty.

Proof. We have shown using Lemmas 3.4.3, 3.4.4 and 3.4.5 that

k42 )
A wk) _ —-Y J (log Y)u+k+2 j + O ( —C logY> )

By partial summation we have

(1,k) (k) v—k (k) logt)” kol
> AP logn)F = Y AW (log V)~ (v—k) ZA dt.

n<yY n<Y

Clearly

ptk+2 c(“’k)
AR ) (logY) F =Y : log Y)rt 2=
(e ) wmers v S )

n<Y

+0 ((log Y)Y e logy> :

where C' > 0 isn’t necessarily the same constant throughout. Relabelling the sum so
m = p+ v+ 2—j (to help make the power of logY clear), the first piece on the
right-hand side of (3.19) is

pivt2 o (wk)

AR (log Y=k =y Cutvaz=m )00y (Y —CvlogY). 2
,; (log m;k ko )(og M+ 0 (Ye (3.20)

Next, note that the second term in (3.19) is

ptk+2 c(u,k) Y ‘
-k Y T T / (log t)*+*+179 dt + O (Ye_c‘/logy> . (3.21)
=0 T

Note that, by repeated integration by parts,

/ Y(log 8" dt = (—1)"nlY Z 1Og Y> +0(1), (3.22)
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so using (3.22) with n = p+ v + 1 — j we have that

/ (ZA )Mdt

n<t
ptk+2 (k) ptv+l—j
i _j : (=1)™(logY)™
— 7 DR v+ 1= )Y
; #+k+2_])( ) (w 7) mzo o

+ 0 (veovmEr).

Next swap the order of summation in the double sum to give

v—k— 1 10g Y)m ptk+2 C(.,u,k)
Y Z > L G (v 1= )
= (u+k+2—7)!
u+u+1 ptrv+l1-m (,k)
log y)m c; _ :
+Y J : _1,LL+1/+1j,u+V+1_J!
2T |
(3.23)
Combining the pieces (3.20), (3.21), and (3.23) gives
)
ALk (] % Cwtvizem g0y
S ApHogny =y S gy
n<Y m=v— k
ptr+1 m m min{ptv+l-m, p+k+2}
(v —k)Y Z (=1)"(logY) Z (—1)* v (v +1—j)! k)
m=0 m! =0 (p+k+2=7)!
+0 (Ye_c‘/logy> (3.24)
for some C' > 0, as required. n

Finally, since I1(u,v) is equal to
(-1 Z( ) Z ALP o ny = + 0 (T4,
we have by Lemma 3.4.6 that

T ptrv+2 v U () T m .
_(_1\W_ v - —C/1ogT
L) = (15 > 3 <k>cl (m, k) <log 27r) —|—O(Te ) (3.25)

with the C}"”(m, k) given in the statement of Lemma 3.4.6.
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3.5 THE LEFT-HAND VERTICAL SEGMENT

The evaluation of the left-hand segment I3(u, v) follows closely that that of I (u, v),
so in this section we give the overview and highlight where the differences between

the two calculations lie.
3.5.1 INITIAL MANIPULATIONS

We start by writing I3(p, v), given in (3.8), in a form which relates I3(u,v) to
I (p,v). We have

1 TC/

sl (1 —c+it) (WA —c+it) ¢V (c —it) dt.

]3(/1’7 V) =

By [26, Lemma 6] we have (where t # 0)

C-s =t (1) - S0 +0(135) (3.26)

SO

Ii(p,v) = % /1T (log (%) - %(C —it) + O (ﬁ)) CWA = c4it) (W (c—it) dt
= T, ) + L) + O (T%+€) , (3.27)

where the overline denotes complex conjugate, and where we write for s = ¢ + it

I t
J = — log — ) ¢")(1 — s)¢™(s) dt.
) =5 [ (g5 ) 1= ¢
We have already evaluated I (i, v) (although note that u and v are switched here).
It therefore only remains to compute J(u, ). This follows a similar approach, the
difference being only minor technical details (in particular, we have a logarithm term

in our integrand in place of the logarithmic derivative of zeta in I (u, v)).

Remark. We will evaluate J(p,v) explicitly in terms of the Stieltjes coefficients to
be consistent with our approach for I(u,v). However, an alternative approach would

be to adapt Ingham’s approach [38], which yields

Hou) = | ' (1og %) R (cu ra)+ (%) e a>>

dt+0 (T

a=0



62  CHAPTER 3. THE DISCRETE SECOND MOMENT OF MIXED DERIVATIVES OF ZETA
3.5.2 INITIAL MANIPULATIONS OF J(u,v)

We start by using Lemma 3.4.1 on ("(1 — s) to write J(u,v) as

( ()/ (W c+it) (W (c+it)x (1—c—it) (log%>u_k+1 dt+O(T%+€>.

k=0

Since we are in the region R(s) = ¢ > 1 we can make use of the Dirichlet series

representations of these terms, namely

i 00 B7(L1/,k)
()W) = 30
n=1
where
By = (1) 3" (logni)”(log ny)*
ning=n
so that
_1 w w T - t /J,—k—‘rl o0 BT(ll/,k) 1

J(p,v) = ( 273 Z ('Z) / X(1—c—it) (log %> ZW dt+0O <T2+£> .

k=0 1 n=1

Next, by applying Lemma 3.4.2 we have
J(pu,v) = (-1 Z ( ) Z BYH (logn)» 1 4 0 (T2+€> . (3.28)

3.5.3 EVALUATING THE INNER SUM

Throughout this section we we set ¥ = % for notational convenience.

We have the following lemmas, closely resembling Lemmas 3.4.3 and 3.4.4. The key
difference here is that we don’t have a ¢’/((s) term (or, equivalently, we don’t need to
perform a sum over primes), meaning we don’t need to split the error term depending

on whether we assume the Riemann Hypothesis or not, as we do in Lemma 3.4.4.

Lemma 3.5.1. AsY — oo we have

Z Br(lu,k) _ l}zels (Q(”)(S)C(k)(s)§) +0 (Y%+E) ) (3.29)

n<Y
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Proof. As in Lemma 3.4.3 we have for 2 <V <Y, as Y — oo we have

c+iV s
Spen- L7 C(”)(S)C(k)(s)%ds 40 <§(log Y)”+k+2) |

2m -
n<Y —iV

Similar to Lemma 3.4.4, we shift the contour to the vertical line ¢/ = 1/2, noting
that the integrand has no singularities other than at s = 1. On the two horizontal
pieces o £+ iV we use the unconditional convexity bounds for ¢ (“)(U + V') given in
(3.16), giving an error of size

! Ye Y
VA=) (log V)2 _do < =V,
/1/2 ( ) |4 Vv

The vertical contour on the line ¢ = 1/2 is bounded by

1/2
dt

)
< [ 1+ |0+ in] -
1

t
v () (1 . 2\ 1/2 v (W) (1 . 2\ 1/2
< Y/? </ IS (2t+”)| ) (/ IS (2:“5)‘_) < Y2ye
1 1

the last inequality following from Ingham’s [38] evaluation of the second moment
of derivatives of zeta on the critical line. Picking any V satisfying VY <V <Y

produces the desired error, and proves the lemma. O]

Evaluating the residue in (3.29) can be done in a similar way to Lemma 3.4.5.

Lemma 3.5.2. We have

YS
E{:els (C(V)(S)C(k)(s>?) Y Z i/+k:J—|—1 7 (logy)u+k+1 j

where d§”’k) are the Laurent series coefficients around s = 1 of

1 :

v k — (Vvk) —V—k—2+

CACD(s) = D d s = 1)7h2,
j=0

By combining Lemma 3.5.1 and 3.5.2 we have

v+k+1 d(-" k)
Bk —y j log Y/ E+1=i 4 O <Y2+5> .
> B z:: ki guieey) -

n<Y

The next lemma is analogous to what was proved in Lemma 3.4.6, where we

reinsert the logarithm in the sum above.
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Lemma 3.5.3. For k=0,1,...,u we have that

+v+2
ZB (logn) 1t = YMZ i (m, k) (log Y)™ + O (Y2+5>,

n<Y m=0

where form > pu—k+1,

v+1l—-m
—)m(p—k+ 1) (w1 =D ok
C(Mﬂ/) k) = ( ] )mtv—i d(-V’ )
2 (m ) m! ; =) (v+k+1—j)7
(v,k)
du—i—l/—i—?—m

(k+m—p—1)!
and form < u — k,

v+k+1 .
(—1)™(p—k+1) "L (1)t (Rt v+1=5)

(1v) _
Gy m. k) = ml wtk+1— )

j=0
Remark. In the case when m = p+ v + 2 (which is the largest m can be), the sum

in C’é“’y)(m, k) is empty.

Proof. As with the right hand vertical segment in Lemma 3.4.6, we use partial
summation to reinsert the logarithmic term. By the partial summation formula we

have

Z Bk (log n)#=F+1 = <Z BY ) (log Y)r—k+1
n<Y n<Y
logt
—(p—k+1) Z BY dt.

n<t

The first term is

v+k+1 d(Vk)
B(u,k) 10 Y )4~ k+1 __ -V loeY ptv+2—j +0 <Y2+£>
<;n)g) Zy+k+1 FyilesY)
s 1
—Y T (o0 Y™ 4 O (yw)

— =1\

m=p— k+1 m+k H 1>

and the second is equal to
v+k+ d(’/k)

Y
1 1 ptv+1—j Yl+a
—(u—k+ E: V+/€+1—j)/(0gt) dt+0< 2 )
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and using (3.22), this evaluates to

v+k (v,k) ptv+1—j
d : (—1)"(log¥)™
k+1) 1)ty 1-5)Y
~(u=h+1) ; V+k'+1—j)< ) (pv+1=j) n;) m!
Swapping the order of summation, the double sum is
p—k +k+1
logY) et r+1=9) o
E+1)Y — 1)t d;
T T e T
putrv+1 ptv+1l-—m
(=)™ (log V)™ (w+v+1—=7) wpr
—k+1)Y 1)kt d;".
*u +1) 72 m! — v+k+1—-75)"
m=p—k+1 Jj=0

Combining the two pieces gives the formula for C’Q(“ ) (m, k) and completes the

proof. ]

Applying Lemma 3.5.3 to (3.28) we have

p+r+2 ( T m
V) - %-‘,—5
v = (1= S0 ( >(J (m, k) (1og QW) +0(T4) . (330

m=0 k=0

Switching the role of 1 and v in (3.25), we have that

u+V+2 W m
T —C+/lo
Li(v, p) 27r E E < > (m, k) (logg) +O(Te © lgT> (3.31)
m=0 k=0

so combining J(u,v) and I (v, ) in (3.27) gives

u+u+2 Iz

Ly, v) "o Z Z( )( C ) (m, k) + C (m, /f)) (1053;%)7”

m=0 k=0
+0 (Te_c‘/logT) (3.32)

Substituting (3.25) and (3.32) into (3.9), we deduce that

m=0 k=0
ptrv+2 N C(#’V) y : T m olr T
- 2”220,;()( )+ S4m0) (1o )40 (7e7057).

completing the proof of Theorem 16.



66 CHAPTER 3. THE DISCRETE SECOND MOMENT OF MIXED DERIVATIVES OF ZETA

3.6 PROOF OF THE COROLLARIES

As already noted, Corollary 17 follows immediately from Theorem 16.

Proof of Corollary 18. We show that our theorem with y = v = 1 recovers precisely

Milinovich’s full asymptotic expansion for the first derivative, stated in (3.4).

Theorem 16 states that, under the Riemann Hypothesis,
1
! .
S Je(5+)

0<y<T
T & S
= o= > (=201 (m,0) — €5V (m, 0) = 201" (m, 1) — €52 (. 1)) (log —)

2

27
m=0
+0 (T%“) .
We now calculate the various terms in this expansion. We have
(
c[()l’o) — cgl’o) + cgl’o) — cél’o) ifm=0
—Cél’o) n Cgl,O) _ Cg,o) n Cgl,o) o — 1
1,1 .
C’{ )(m, 0) = %C(()l’o) — %cgl’o) + cgl’o) if m=2
—%c(()l’o) + %cgl’o) itm=3
\ %cél’o) ifm=4
(1’0) 3
where ¢; " are the coefficients of
! s 2 c(lvo) C(lvo) 0(170) 0(170)
¢'(s) __% T L% LG T

s (s—=1)2* (s=1)3 (s=1)2 (s—1)

and where )
6dy"” —4di"” + 24" ifm=0

—6d"” +4d{"” — 245" ifm =1
CS D (m,0) = { 3d0) — 2400 4 dlM® it =2

—d§0 4 gt if m=3

| 3d” if m = 4
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where d§1,0) are the coeflicients of

1,0 1,0 1,0
C)6s) _ dg” A dY
s (s—1)3  (s—1)2 (s—1)
and where
(
cil’l) itm=0
A iftm=1
C{(m, 1) = 1 i =2
%cgl’l) ifm=23
1) .
\ 2—140((] ) ifm=4
where cgl’l) are the coefficients of
O c[()l’l) 651,1) Cgm) cél’l) cil’l)

()5 (-1F  (s—18  (5—1p  (s—DF  (s—1)
and where

dot —di" +dy —dgtt itm =0

—d§ 4 dD — a4 dMY =1

1,1 1,1 1,1 .
D (m, 1) = { 2diY — Lait? 4 ditY if m =2
—Lgith gty if m = 3
aith if m = 4

\

where dg-l’l) are the coeflicients of

YRY) d(l,l) d(l,l) d(l’l) d(l,l)
¢'(s) _ 0 L% LB LB I
s (s—1* (s—1p3 (s—1)2 (s—1)

) 1,0
which we note are the same as c(- )

;" in this special case.

Evaluating the Laurent coefficients c§1’k) and d§1’k) and inserting them into C4(m, k)
and Cy(m, k) yields (3.4). O
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Proof of Corollary 19. By explicitly evaluating the highest-order term in the poly-
nomial in Theorem 16 we can recover the leading order coefficient, first found by

Gonek.

By Theorem 16 we have that the leading order is given by taking the m = p+v+2
term in (3.6), that is,

14

(-1 (Z) V(i + v+ 2, k)

k=0

ui()( CYUM (4 v+2,k) + 05“’”)(u+u+2,k:)). (3.33)

At the very top power , the sum over j pieces in C7, Cy are empty and so only the

first terms remain,

(1K) k41
—1)HrRtt k)
C(/’LJ/) + + 2’ k — CO — (
vty ) (k+p+2)! (k+p+2)
(v,k) v4k+1
—1) vik!
o) o 1y — €0 _(
P2k = e T T v T 2)
A O D L)

CY N+ v+2,k) =

(k+v+1)!  (k+v+1)
Substituting these values into (3.33) gives

cre () e o () (P )

k=0

and evaluating these sums completes the proof of Corollary 19. [

.1 THE SECOND DERIVATIVE

Employing Mathematica, we evaluated the full asymptotic polynomial for the second

derivative. This demonstrates the complexity when writing the result out in full.

" 1 .
“(5+7)

where the coefficients A; are given in Table .1.

We have
2

6 :
T J

= E A; <log —)
2m

m=0

2.

0<y<T
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Similarly, we have

1 (1 T < T\’
L ¢(z+n)e (z-n) =5 2 (e

0<y<T

where the coefficients B; are given in Table .2.

.2  GRAPHICAL ILLUSTRATION

We illustrate the power of our result by plotting the graphs for p = v =1 in Figure .1

and p = v = 2 in Figure .2, in each figure showing the full sum
1
> e (5+0)

0<y<T
the sum minus the leading order asymptotic term, and the sum minus the full

2

I

asymptotic as given in Theorem 16. Even though we only plot this over the first

100,000 zeros, the graphs clearly demonstrate the power of the result.

Similarly in Figure .3 we plot the graph for =1 and v = 2. The true sum is not

real, but the imaginary parts are very small compared to the real parts, and we show
1 1
o =t . mf -
& Z ¢ <2—|—2’y)§ (2 w)
0<~y<T

as well as the error coming from subtracting the full asymptotic from the real part

of the sum.
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Ag | =

45

_8 4 1y
As 15"" 15

8 _ 1llyo 2 _ 8
A4 3 3 +70 3

3
Ay | —F+1 - g = P+ B I + B

Ay | 32 — 44y + 1292 4 898 4 474 — 3291 + 367071 + 2472y + 2472 —
272 + 167072 + 22

Ay | =64+ 889 — 2475 — 1675 — 875 + 64y — T29071 — 4875711 — 85 —
4877 — 247077 + 472 — 327072 — 129872 — 327172 — T — 803 — 3
Ag | 64 — 88yy 4 2472 4+ 1673 + 872 — 88 — 64y + T2v0m1 + 487271 +
8v5m1 — 48v5m1 + 4877 + 249077 — 729577 — 1697 — 4y + 327072 +
127375 — 169372 + 327172 — 2470m 72 + 493 + 258 + 81073 + 87173 +
4% + 29074 + %—5

Table .1: The coefficients of the asymptotic degree-6 polynomial for the absolute
value squared of the second derivative, |C” (% + 2'7) {2.

12

5 _ 2%
B, 12 3

By | =3+ 80 — 2+ 2y
By | 5 =8y + 375 + 275 — 671 + 107071 + 12

By | =10 + 1679 — 675 — 495 — 275 + 123 — 207071 — 12957 — 1497 —
272 — 87072 — T2
By | 10 — 1670 + 672 + 473 + 298¢ — 1271 + 207071 + 129271 4 1472 + 27 +

10
87072 + —3°

Table .2: The coefficients of the asymptotic degree-5 polynomial for the mixed first
and second derivative, ¢’ (3 +iv) (" (3 —iv).
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Figure .1: The first derivative
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Figure .2: The second derivative
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Figure .3: The mixed first and second derivatives
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